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Abstract

This work proposes an efficient algorithm to examine the observability and iden-
tifiability of rational nonlinear systems in the presence of unmeasured and un-
known inputs. The proposed algorithm allows for determining whether the
dynamic states, unknown parameters and unmeasured inputs of a dynamical
system can be, in theory, successfully identified from a given set of input-output
measurements. The underlying theory of the algorithm is based on a further ex-
tension of the recently suggested extended Observability Rank Condition while
focusing on rational instead of analytic nonlinearities. For the robust devel-
opment of the algorithm, a power series based framework is established for
computing the observability matrix efficiently. The occurring framework sub-
stantially alleviates the computational burden of the standard implementations
of the extended Observability Rank Condition approaches, which allows for ap-
plications to real-world engineering systems that are often large and complex.
Several examples of large-scale and high-complexity engineering structures are
used to demonstrate the performance and capability of the algorithm. Further-
more, the proposed algorithm is used to investigate the feasibility of monitoring
a sub-system that is independently separated from a full system under the in-
troduction of additional unmeasured inputs.
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1. Introduction

System Identification (SI) is of vital importance in reconstructing and in-
ferring dynamic states, unknown parameters and even unmeasured inputs of
dynamical systems from measured input and output signals [1], and in minimis-
ing the gaps between real engineering systems and their mathematical models.
A fundamental requirement for a successful SI campaign is that these dynamic
states, unknown parameters and unmeasured inputs must be observable based
on the mathematical description of the system and the given setup of sensors
[2]. Otherwise any effort on identifying the unobservable quantities of a dynam-
ical system using any SI method would not be a productive exercise, and could
lead to potentially erroneous results which have been proven to be associated
with Lie symmetries of the system [3, 4, 5]. As one of the consequences of
identifying an unobservable system, engineers may mistakenly adopt the incor-
rect identification results of those unobservable quantities as their true solutions
without gaining the knowledge of their observability properties. To avoid such
problematic situations, it is thus necessary to undertake a priori observabil-
ity testing when proposing an identification campaign. Effective observability
analyses would bring further benefits of suggesting how to design the pattern of
sensor installations, adjust the mathematical model of the system and/or make
suitable model assumptions so as to obtain an observable system.

Methods for examining the theoretical observability of nonlinear systems
with fully measured inputs have been well-explored over the past decades. It
should be noted that, theoretical observability considered throughout this pa-
per does not take the effect of measurement noise into account, which stands
at the opposite of so called practical observability/identifiability [6, 7]. Iden-
tifiability is a term used as a particular case of observability to account for
whether unknown parameters can be identified. Hermann and Krener [8] intro-

duced the well-known Observability Rank Condition (ORC) to analyse the local
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weak observability of analytic nonlinear systems. Implementation of the ORC is
through rank evaluation of the observability matrix constructed from successive
Lie derivative computations [9, 10]. Other approaches exist for various nonlin-
earities, which can be found in [11] based on exploring the existence of algebraic
relations between states and measurements, in [12] based on the power series
method, in [13] based on the local state variable isomorphism method, in [14]
based on the characteristic set or standard bases computation, in [15] based on
the elimination method in differential algebra, etc. Numerous works have also
been devoted into specific engineering applications, such as studying the global
identifiability of shear-type structures [16], the observability of non-smooth sys-
tems [2] and modally reduced order models [17] among others.

On the other hand, joint state-parameter-input estimation has received in-
creasing attention in recent years. The motivation arises from the fact that it is
often too difficult, expensive or even impossible to measure all inputs or excita-
tions of a system in practice, for instance during a Structural Health Monitoring
(SHM) campaign on a large-scale infrastructure. Research has been oriented to-
ward development of robust identification algorithms with the objective of relax-
ing the requirement for input measurements [18, 19, 20]. Accordingly, it was not
until very recently that the extensions of the existing observability approaches
for systems where some or potentially all of their inputs are unmeasured drew
attention.

Martinelli [21] introduced the extended ORC or EORC to gain an insight
into the observability of input-affine nonlinear systems with unknown inputs.
Maes et al. [22] provided a further extension, namely the ORC-DF, where the
existence of direct feedthrough in output measurements was taken into consid-
eration. The situation of output measurements affected by direct feedthrough
is often encountered in practice, as for example the case of acceleration mea-
surement in structural dynamics. The effectiveness and usefulness of both the
EORC and ORC-DF approaches have been demonstrated through a number of
classical mechanical and civil engineering models of modest size. However, the

default implementations of the EORC and ORC-DF require symbolic compu-
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tations of the Lie derivatives of an augmented form of a tested system. Such
symbolic implementations on a computer of standard specifications are expen-
sive needing tremendously high physical memory, especially when they are used
for large and complex systems [23]. The applicability of the EORC and ORC-
DF to real-life engineering systems is thus limited to a significant extent. The
similar means of state augmentation, as in [21, 22], was adopted by Villaverde
et al. [24, 25] to develop a Full Input-State-Parameter Observability algorithm,
FISPO, where assumptions were made for unknown inputs being polynomial
functions of time up to a specific order to suit the purpose of biological appli-
cations. The FISPO algorithm suffers from the same computation issue due to
its symbolic nature.

While a considerable amount of works have been focused on tackling the
computational complexity problem of observability for the case of all inputs
being measured [3, 26, 27, 28], there is still a lack of attention on the case of
unmeasured inputs. This paper proposes an efficient algorithm to assess the
observability of rational nonlinear systems driven by measured and unmeasured
inputs. The underlying theory of the algorithm is based on an extension of
the ORC-DF removing the need for systems being affine in inputs. A power
series based framework is obtained to construct the observability matrix by
making use of an auxiliary variational system of differential equations and the
method of Newton’s iteration. The occurring framework opens up the route
for using random numerical realizations of variables and modular operations,
resulting in a semi-numerical implementation. A MATLAB implementation of
the proposed algorithm is freely available at the following link in footnote 2.
Superior performance of the algorithm is demonstrated through applications to

several suitably chosen examples of engineering models.

2https://eng.ox.ac.uk/non-lineardynamics /hidden-resources-mssp-xp2
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2. The extended Observability Rank Condition for rational nonlinear

systems with unmeasured inputs and direct feedthrough

The ORC-DF presented in [22] introduced an approach to examine the ob-
servability of input-affine nonlinear systems with unmeasured inputs and direct
feedthrough. This section further relaxes the ORC-DF’s requirement for systems
being affine in inputs, but more specifically focuses on rational nonlinearities.
Without loss of generality, the considered systems herein can be written in the
following state-space representation:

&= f(x,0,u,w), 6=0

(1)

y = h(x,0,u,w)
where = [11,...,7,]7 is the vector of dynamic states, 8 = [y, ...,0;]T is the
vector of unknown time-invariant parameters, w = [u1, ..., u,,|7 is the vector of
measured inputs, w = [wy,...,w,]T is the vector of unmeasured and unknown
inputs and y = [y1, ...,yp]T is the output measurement vector. The output
measurements can be affected by direct feedthrough, that is, they are functions
of both the measured and unmeasured inputs. f and h are vectors of ratio-
nal nonlinear functions, where a rational function is any function defined by
a fraction such that both its numerator and denominator are polynomial func-
tions. For the system described in equation (1), it is of importance to determine
whether it is theoretically feasible to estimate the unknown parameters 8, and
track the dynamic states & and the unmeasured inputs w over time given the
input-output w — y measurements.

The basic idea for achieving the derivation of the observability criterion is
to augment the considered system by treating the unmeasured inputs and their
time derivatives as additional states [22], which then allows for discussion of the
property of the Lie derivatives of the augmented system leading to the use of
the rank condition from [8]. Following what was done in [22], the system in

equation (1) can be augmented by including x, 8, w and its time derivatives up
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to order k in a common state vector, x*:

zk = [:BT,BT,'wTJbT, ...,w(k)T]T (2)

such that the state-space equations with respect to ¥ become:

f(xa 97 u, w) 0n><1
0l><1 0l><1
w 0,x1
ik = _ + .X = F*(z*, u,w(k+1)) (3)
w(k) 07‘><1
0rx1 wk+)

k
where w*) = 4w

ik > While the output equations of the system remain the same.

It should be noted that the augmented system in equation (3) still contains r
unmeasured inputs which now coincide with the (k+1)** order time derivatives
of the original unmeasured inputs, i.e. w®*+1.

To proceed with the derivation, it is necessary to define the Lie derivatives,
also referred to as the extended Lie derivatives as in [27], of the output functions
of the augmented system using the following formulation:

. 6L’ 'h oL 1h oLy ™! h
Lih=—— Z@ G- Z(’) G- ¢ (4)
where L}h is defined as the i*" order (extended) Lie derivative of h associated
with the vector field f, which can be calculated recursively given the zero-
order Lgh = h(x,0,u,w). Throughout this paper, the operation ‘Z—‘S/ for a
column vector V' = [v1,v2,...,0,]7 with respect to a column or row vector

S = [s1, 82, ..., Sm] refers to the Jacobian:

dui vy Ov1

0s1 Oso T OSm

Qua  Ouy dvy
aV _ 0s1 0s2 U 0sm (5)
oS : : - :

v, v, Ovp

631 652 e 35‘"7

It should be noted that the Lie derivatives herein are introduced for smooth

u, i.e. infinitely differentiable with respect to time, and thus involve the time
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derivatives of u, while [22] expressed u as piecewise-constant over infinitesimally
short intervals. The two representations of u are equivalent to yield identical
observability results, since the measurements of input signals will be treated as
infinitely fast.

A straightforward calculation based on the chain rule shows that the i

order Lie derivative is equivalent to:

i—1 i
pin= s M _dh (6)
f dt dt
Let w’g = [ng,0T7w0T71b0T7...,wg(’“)T]T denote the initial condition of

the augmented state vector ¥ at t = 0, where x¢ and wo®) are respectively
the initial conditions of & and w®). The flow ®(t,zk¥, u, w*+Y) of the vector

field F* is used to describe the trajectory of & over time, which satisfies:

d®
dt

Let @, (t, 2k, u, w* D) and &, (¢, 28, u, w* V) denote the components of &

= F*(®,u,w*), &(0,28 u,wh ) = zk (7)

used to describe respectively the trajectories of x and w, with ® (0, wlg, u, w(’”l)) =

xo and i’w(O,wlg,u,w(kH)) = wgp. Then for convenience, x and w reached at
time ¢ starting from the initial condition may be expressed as:

x(t; :c’g) = P, (1, mg, u, w(kH))

(8)
w(t; 93’3) = (I)w(ta CE,(;:’ u, w(k+1))

Consider t € [0,t1 + t2 + ... + t;] which consists of ¢ small time intervals, i.e.
[0,t1}7 [thtl + tQ], ceny [tl + .o+t t + + tl] with 0 < t; < €. The system
outputs at t = t; +t3 + ... + t; can thus be expressed as:

y(tl + ... —|—ti) = h(m(tl + ..+t $’8>,9,u(t1 + ... +ti),w(t1 + ...+t :1:'3)) (9)

Indistinguishable states in the presence of unmeasured inputs are defined in

[21] as a pair of initial conditions, a:’g’ o and w’g’b, producing identical system
outputs for any measured inputs w, under in general two different vectors of

unmeasured inputs. For any 4, the indistinguishable states must satisfy:
h(az(tl + ...+ ti;x’g,a), 0., u(tl + ...+ ti),w(tl + ...+t w’g,a))

(10)
:h(:L'(tl + ...+ ti;wlg,b),eb, u(t1 + ...+ ti)7w(t1 + ..+t iL‘g’b))
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for all possible ¢4, ...,t;. From this differentiating equation (10) with respect to
t1, ..., t; gives:

dih(ac(tl —+ ...+ ti;w’g,a),ea,u(tl + ...+ ti),w(tl + ...+ ti;ar:’g’a))
dt1dts...dt;

b1yt =0
dih(az(tl + o+ ti;wlg’b), Ov, u(ty + ... + ), w(ty + ... + mg,b))
- dtldtg...dti t1,...,t;—0
(11)

Through successive applications of the chain rule, the following equality can be

obtained for i =0, ..., k:

dtidts...dt;

t1,...,t;—0 (12)
:L}h

k k
zP=xgu,...,uF=ug,...,uo®

where ug® is the initial condition of w(®) at ¢+ = 0. It should be noted that
the Lie derivatives up to order k are independent of w**1 and its higher order

time derivatives, as can be easily deduced from equation (4). Equation (11)

therefore becomes:

Lsh

k k
b=z ,u,.. ulF)=ug,...,ug(*)

(13)
=Lih

k__k .
x :mo,b,u,".,u(k):uo,“.,uo(k)

for i = 0,...,k. For the sake of brevity, equation (13) may be written as
L}h(w’a”a) = L;h(:cg,b), which implies that the Lie derivatives of the aug-
mented system up to order k£ are equal when evaluated for indistinguishable
states.

Similar as in [22], the afore-shown property of the Lie derivatives allows
for applying the rank condition from [8] (see Theorem 3.1 and Lemma 3.2) to

establish the observability criterion for the augmented system in equation (3).
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Arrange the Lie derivatives for i =0, ..., k in a column vector:
L3h(xg)

k
QF _ th.(a’o) (14)

L:h(xk)

The Jacobian of 2F with respect to .7:’3 results in the so called k-row observability

matrix dQk:
ok = onr _ dQE dQk dak dQk 1
= ok = [dQE, d, Wy wr] (15)
0
where
OL}h L%k OL}h OLGh
8:1)1,0 e al’n,o 064 e 00,
dQk = LA I : Qg = o : :
x - . . Y 9 - = . .
9o dL%h OL%h 06 dL%h dL%h
f f I f
81170 e OCE-,L,O 8491 e 60[
[6L%h T
s 0 0
;o o
dLsh  OLzh 0
k a’u}j)[) (’M)j,o e .
Q= G=1..7)
oL%h  OL%h OL%h
| Owjo  Owjo 7T gwh) |
(16)

If dQ* is a full-rank matrix, i.e. rank(dQ¥) = n + 1+ (k + 1)r, the Inverse
Function Theorem [29] ensures that within the neighbourhood of zf, there does
not exist any indistinguishable state which results in identical outputs and Lie
derivatives as w’g. This consequently means that it is possible to distinguish
and observe m’g from its neighbours using the given input-output measurements.
Following the above fact, the observability criterion can be concluded: the aug-
mented system in equation (3) is said to satisfy the extended Observability Rank
Condition such that the augmented state vector =* is (locally weakly) observ-
able, if and only if there exists a k such that dQ2¥ is of full-rank for all possible
zk € RHHGHDT (normally except for some singular realizations of ¥ where
ranks of the matrix would be reduced). If ¥ is observable, then , @ and w are

equivalently observable as its components and therefore the considered system
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in equation (1) is observable. From a practical standpoint and for the purposes
of this paper, further distinctions between the concepts of locally weakly ob-
servable, locally observable, weakly observable and globally observable, as in
[8], are not considered herein.

If the k-row observability matrix for a chosen k = kg is not a full-rank matrix,
i.e. rank(d2*) < n +1+ (k+ 1)r, it is then of interest to detect the observ-
ability property of each individual component of ¥. This can be achieved by
removing the i*" (i = 1,....,n + 1+ (k + 1)r) column of dQ2*: if the rank of the
occurring matrix is smaller than the rank of df2¥, then the i*" state (dynamic
state/parameter/unmeasured input) of x* is observable; otherwise, the state
is so-called k-row unobservable as defined in [22]. It should be noted that a
k-row unobservable state might be detected observable or remain k-row unob-
servable for a larger k > ko, while an (k-row) observable state can be concluded
immediately. For this reason, the suggested implementation of the ORC-DF
involves iterative increment of k starting from ko (ko = 0 in [22]) with repeated
rank evaluation and observability detection of the corresponding observability
matrix at each increment of k. In theory, such increment is continued until the
detected observability properties of all the components of x* remain invariant,
i.e. converge, for any larger k and thus conclude the observability results.

The following algorithm summarizes the procedure of observability testing
for the nonlinear system in equation (1).

Algorithm I
Initialization: Set k = 0, wlg = [zo7, o7, wo T, L’;h(ac’g) = h(xg, 6, ug, wo),

kg ook

Ak — 5‘Lg’;§;o)
1. Set k =k +1;

1T
2. Set m’g = [wlg 1 L weMT|T,
oL® *h k  OL* *n . koL ‘n .
3. Compute L’;h =~ F+Xi 8wal)w(J) +3 au{ﬁum;
. |42t o
4. Compute and arrange d2* = oLkh(k) |
amg

5. Compute the rank of dQ*, and if rank(dQ2*) < n +1+ (k + 1)r, detect the

k-row observability of @, 8 and w;

10
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6. End if rank(d2*) = n +1+ (k+ 1)r, or x, @ and w are observable, or the
detected observability of x, @ and w has been convergent;
7. Go to step 1;

The above algorithm should be implemented symbolically, i.e. symbols are
used as generic representations of the involved variables in the algorithm. Such
a symbolic implementation is computationally cumbersome and suffers from
the issues related to high physical memory requirements and low processing
speed, especially when used for large systems [23]. Even if a tested system is of
modest size, the size of the augmented form of the system for a large k& might
still result in an intractable computation problem on a standard computer.
Therefore in order to maximise the applicability of the observability testing
approach to real-world engineering systems that are often large and complex, a
more computationally efficient framework for implementing the approach, more
specifically for calculating the observability matrix, is developed and presented

in the following section.

3. Efficient algorithm

The computation and rank evaluation of dQ2* could be implemented nu-
merically by using random values as the generic representations of the involved
variables, which would significantly save computational resources. This can be

done by making:

Jiozi(], 0:0, ’l.U(),...,’LUO(k) 0 ey W (k)

k ~ ~ (k
5 ’LLO,...,UO( ): UO,...,’LLO( )

(17)
where a variable with ~ stands for a set of nonzero numbers. These numbers are
randomly chosen in order to avoid the aforementioned singular realizations of
ac’g. This section presents a power series-based framework which allows for using
such random numerical realizations to calculate the elements of d£2* without
the need to perform the repeated Jacobian operations.

Making use of equation (6), the following power series expansion of h in ¢

11
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truncated at order k is considered:

tk
LYh(xg) + Leh(zg)t + ... +L’;h(m’§)ﬁ + O(tF+h) (18)

k

Let w;.“’o denote the initial condition of the vector w; = [wj, ... (k)]

w; "], and taking

7

derivatives of equation (18) with respect to g, 8 and w;?’ o respectively yields

the power series expansions of dd—h <2 and
zo

OLGh(xf) . ath(;c’g)t - OLEh(xf) th

k+1
oxq o0 ome w1 1O
OLSh(xk) OL h(xk OLkh(xk) ¢
T+ fae( °)t+...+7f89 g O (19)
OLph(xs)  OLsh(al),  — OLEhGO) &
6w;?,0 8w;.“,0 8w;.“,0 k!

Comparing equation (19) to equations (15) and (16), it is immediately observed

that the coefficients of the power series correspond to the elements of d2*. In

particular, the coefficients of the power series of %, % and diﬁ correspond
3.0

to the elements of dﬂf’z, dﬂ’g and dﬂfvj respectively. This suggests that finding
a means of computing the power series in equation (19) can lead to the con-
struction of d2*. For the sake of brevity, in the rest of this paper the power
series expansion of any variable z in ¢, truncated at order k, will be denoted by

the notation z[t, k], i.e.:
2[t, k] = 20 + 21t 4 ... + 24t" (20)

where zg, ..., 2z are constant coefficients.

Applying the chain rule to the power series in equation (19), now denoted

12



250

255

260

265

as %[LkzL dh[t, k] and - dh [t k], the following equations are obtained:

a4 = (5 i
g;‘ [t, k] ;);0 [t,k] (mod t*+1)
%[t’ I= (gjg% + gZ)[t k]
gh [t k] g@ [t, k] + gz [t k] (mod t*+1) (21)
chﬁ’;,o[t’k](ghafﬁo $31%0>[t,k]
gZ [t, k]aaa,i [t, k] + %[t k] a‘?uwgo it k] (mod t5+1)

where mod t*+1 denotes the truncation of the occurring power series at order

k. Equation (21) can then be used to calculate 2= =t k], dh[t, k] an nd —<%— [t k]
through obtaining GR[t, k], GG [t, k], Hi-[t, k], 68;0 [t, k], Salt. k], 5 [t k] and

aan [t, k] g;‘, g—z and aT;j can be calculated symbolically and are generally

expressions of @, 6, u and w. Their power series expansions S2[t, k], 2&[¢, k]

and g—;}j [t, k], under the random numerical realizations, can be obtained by sub-
stituting & = z[t, k], 0 = 0, u = u[t, k] and w = wlt, k] and truncating at order

k. It should be noted that if g—;, ‘g—g and %hj are polynomial expressions, such

substitutions result directly in 22[t, k], 2[t, k] and 2 [t k]; if they are ratio-

nal expressions, obtaining 9%[t, k], 2t k] and 2 [t k] may require additional

power/Taylor series expansion operatlons. Amongst all the power series needed

to calculate %[t, k], ZZ [t, k]

[t k] in equation (21), ult, k], w[t, k] and

;w—“go [t, k] are readily obtained as:
; o it : L
ult, k] =t + ... + Uo ik wlt, k] = g + ... + Wo o
. o )
p) kj [t7k] = [Lt;-"; E]
Wi, '

The remaining unknowns x[t, k|, 88; [t. k], 22[t, k] and a? [t, k] can be calcu-
lated indirectly by making use of an auxiliary system of ordinary differential

equations.

13
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3.1. Variational system

This subsection defines an auxiliary system of ordinary differential equations

S : ox oz oz
for deriving a means of calculating @[t, k|, 52-[t, k], g t, k] and Bk [t,k]. The

system of ODEs, so-called the variational system, is an extension of the equa-

tions derived in [3] for rational nonlinear systems with fully measured inputs,
i.e. the number of unmeasured inputs » = 0. Similar to what was done in [3],
the rational functions f are expressed as fractions with their numerators and

denominators being polynomial functions:

fru,1 1
fde,1 faenx 777 0 f””’l
.f(wa 0,u, w) = = (23)
el Lo mn] Woen
where fnu1, s frun and fge1, ..., fde,n are all polynomial functions of x, 6,

u and w. The state-space equations of the system in (1) can then be written
as a set of polynomial ordinary differential equations, denoted by P = 0, in the

following form:

fde,l cee 0 j’!] fnu,l
P(z,z,0,u,w)=| @ " = ¢ | T Onxa (24)

0 s fde,n xn fnu,n

Taking derivatives of P = 0 with respect to xg, 8 and w;‘, o respectively yields:

AP _ 0P 0& 0P 0w _

dro 0% 0o Ox dzo "
dP _OPOx OPOx 0P
E_a_i'%—’—a_m%—i_a_@_onﬂ (25)
dP oP 0% OP Oz OP 0w

E O 9k Op Hank T Do Aok
A & Owk T Jwk w; Qw*
dwi, 0% owi, Oz ow;, Ow;ow;,

=0, xk

14
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Using equations (24) and (25), the variational system, VP, is defined as the

following set of differential equations:

P(iL’, T, 0,u, w) =0,x1

OP Jd + OP Oz

VP(x Ox Ox O 0. u,w) 9% Do T 9% Dmo — Onxn
TOmo’ 007 dwk," T | opos | oPoe L 0P _
’ o 90 T 9x 98 T 98 — “nxl
oP 9% OP Oz oP Odw; __
Oa aw;c’ + BE aw + awj 8w?’0 — On><k
(26)
where %—1;, 86—1;, 88193 nd gf can be calculated symbolically and are generally

expressions of x, &, €, u and w. VP is a system of first order polynomial

ODEs with the dependent variables x, 887“0, g—‘g and ,c and the independent
Wj,0

variable t. The associated initial conditions are:

oz
Bmo

83;
=0,x1, —— 5w = 0,xk (27)
gO t=0

I ox

:I:‘t:O = &o, = ana%
t=0 t=0

Using the random numerical realizations and letting 8 = 6, u = ult, k], w =

ow
VP(x ,8‘9;07 gz 0 T k .0, u[t k], wlt, k]) then allows for the use of Newton’s it-

wlt, k] and é:;”] = 8““ [t k], the occurring polynomial differential system
j,O

eration method to obtain the power series solutions of its dependent variables

t k] and =22 [t k].

Sk
owj

up to order k, i.e. x[t, k], 2= [t, k|

) dxo ’80[

3.2. Newton’s iteration

The details about the use of Newton’s iteration for finding power series
solutions of polynomial ODEs up to an order of interest can be seen in Chapter
4 of [30], Section 5 of [31] and Section 3 of [3].

This subsection, first of all, places the attention on the first equation of

VP(x ,g;wgg,awk .0, @lt, k], w[t, k), i.e

P(x,d,0,ult, k], w[t, k]) = 0,1 (28)

The objective of Newton’s iteration is to solve equation (28) for the power
series expansion of @ up to order k, i.e. x[t,k], through a number of iterative

computations. The iterations start from the initial condition &g which is the first

15



term of x[t, k]. At each iteration, the power series expansion of @ is computed
up to a certain order and it is then used for the next iteration to compute the
power series up to a higher order; the iterations are terminated when order k
is reached. Let x4 denote the power series computed at the ¢'" iteration of
ws  the Newton’s method. The formula of Newton’s iteration for equation (28) is

obtained by means of linearization of the equation around the point € = x4_1,

yielding:
oP oP
o (Bg—Tg—1)+H (Tg—xq—1)+P = 0px1
ox T=xq_1 oz T=xg_1,&=Tq_1 T=T4y_1,B=Tq_1
(29)

Equation (29) is a first order linear ODE of the form:
C1(t)0 + C2(t)v+ C3(t) =0 (30)

Equation (30) can be solved analytically using the method of integrating factor,

s giving the solution:
v(t) = —e—folCzdt/ef01’102df(cl—1c3)dt+c4e—f°‘f102dt (31)

where C7 is an invertible matrix, and Cj4 is a matrix of constants which is
determined by knowing the initial condition v(0). Following equation (31), the

correction term Eg4(t) defined as:
Eq(t) = 2g —2q-1, Eq(0) =0 (32)

is determined as an analytical solution to equation (29), and x4 can then be

as  expressed in terms of xq_1 as:

Tq = xTq—1 + Eq(t)
1 (33)

=xg_1—€ f(%_g)flg_idt/ef(%_grl%_idt(a—l.) P)dt
o

Within equation (33), the power series of the matrix exponentials and inverses
can be computed efficiently by using nested Newton’s iterations (see details in
[3] and [31]). For example, if A4 and By represent the power series expansions of
e~ J(38)7 554 and its inverse e/ (38) ' %54t respectively, they can be obtained

»20 through the following algorithm.
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Algorithm II
Initialization: Set ¢ =0 and Ag = Bg = I, xn-
1. Set g=g+1;
2. Compute Ag = Ag_1 + Ag_1 fBg_l(—(%—g)’lg—I;)Ag_l — Bg_lAg_ldt
truncated at order 29 — 1;

3. Compute Bg = 2B;_1 — Bg_1AysBg;_; truncated at order 29 — 1;

4. End if g = q. Otherwise go to step 1;

Using Algorithm II equation (33) becomes:

-1
Tg=1Tg_1 — Aq/Bq(g—ljj P)dt (34)
Starting from xg = & under the numerical realizations, equation (34) can
readily be used to update x4 from x4 by calculating more terms of power se-
ries. It has been proven that the convergence of Newton’s iteration is quadratic,
which means the additional correct terms computed at the ¢** iteration are
twice as many as those at the (¢ — 1)" iteration [31]. At the ¢ iteration, the
first 29 terms of the obtained x4 are correct, and thus x4 should be truncated
at order 27 — 1, i.e. x4 = @[t,2? — 1], to remove the incorrect terms. The
iterative process is continued until the ¢&* iteration when the maximum order
of correct terms 2% — 1 > k. The computed power series xq, = @[t,2% — 1] is
then truncated at order k leading to the result of x[t, k.

Having obtained x[t, k] from the first equation of VP, é(?Tmo t, k], g—z [t, k] and
ox
ow”

3,0

[t, k] are computed based on the remaining three equations, i.e. equation
(25) under the numerical realizations. Substituting x[t, k] into the equations

gives the following first order linear ODEs:

oP| o0& 0P oo g
o z=x[t,k] Oxg Oz z=x[t, k], d=&[t,k] dxo e
oP ot N oP ox N oP 0
—- —_— —_— —_— — = l
o z=x[t,k] 90 Ox =t k], &=t k] 06 00 z=x[t,k],2=2[t,k] "
oP O oP ox oP Ow;
Er AR Sury * ou; g K= Ot
T =zt k] 8wj,o T | o=t k] d=d[t k] awj,o Wi | p=w|t,k],2=2[t,k] awj,o

(35)
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ox Oz and oz

with the given initial conditions of a5 06 Sk in equation (27). Using
3,0

equation (31) the solutions of equation (35) are given by:

aa_m EEIC SR
o
ox _ [(2By-18P 4 OP\-1 9P g4 8P_13P
% — —¢ f( am) ) /ef( am) o (% %)dt (36)
—1
O = e g [ g OB OP Oy gy
owk, Ok dw; ows,

With the power series manipulations of integration, differentiation, matrix ex-

ponential and inverse, the power series forms of 22, 9Z and
? 8:730’ Bl

oz

can be ob-
k
owj o

tained from equation (36). These power series contain correct terms up to order

: 0 ol é) :
k, leading to the results of 72-[t, k], 55[t, k] and awf?,ﬂ [t, k] through truncation.

3.8. The algorithm and modular operations

It is now sufficient to summarize and present the procedure of computing
dQY* for a choice of k based on the power series methods in the following algo-

rithm.

Algorithm IIT

Preprocessing: Compute g—;‘, g—’g and g),—uz (j = 1,...,r) symbolically. Convert

the state-space equations to P = 0 using equation (24), and compute g—g, %—1;,

%—199 and g—ui symbolically.
Initialization: Choose the sets of nonzero values randomly &g, 5, Wy, ..., ’lIJo(k )
and g, ..., @0 ™. Let ult, k] = dio+...+i0 ™ &, w(t, k] = o +... 40" L, and
evaluate g—’;, 2—37 g—u'}j, P, %—1;7 %—1;, %—193 and g—i at@=0,u= ult, k], w = wlt, k|.
Set g = g and g = 0.
1. Compute x[t, k] through Newton’s iteration:
a. Set q=q+1;
b. Evaluate P, ‘2—1; and g—i at * = xq_1, £ = £q—1, truncated at order
29 —1;
c. Compute A4 and By using Algorithm II;

d. Compute x4 using equation (34) truncated at order 29 — 1;
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e. If 29 — 1 > k, x[t, k] = x4 truncated at order k and go to step 2.
Otherwise go to step a;
2. Evaluate 88—1;, %—1;, %—S and g—i at ¢ = x[t, k], & = x[t, k], truncated at order
k;

3. Compute 2Z[t, k], 92[t, k] and -2%—[t, k] using equation (36) and Algorithm
To Owj g

II, truncated at order k;

4. Compute g—g[t,k], g—Z[t,k] and (%‘j[t,kz] by evaluating g—z, ‘g—g and gffj at

x = x[t, k], truncated at order k. Take Taylor series expansions if necessary;

5. Compute %[t, k], %21t k] and —2%—[t, k] using equation (21);

dwj g
6. Extract the coefficients of a‘,%[t, K], z—Z[t, k] and di’,’; [t, k] to construct dQF,

3,0

dﬂ’; and dQ’ij respectively based on equations (16) and (19);
7. Arrange the observability matrix dQ2* = [dﬂ’;, dﬂg7 dﬂful, ey dﬂfur].

Similar to what was discussed in [3] for the case of all inputs being mea-
sured, in Algorithm III all the computations between power series can be done
with modular operations so as to further improve the efficiency. The means of
achieving so is through selecting a large positive prime number p at the initial-
ization step, and choosing random integers within the range 1 to p — 1 for &y,
é, Wy, ...,'u?o(k) and g, ...,ﬂg(k). For all the occurring power series through-
out the algorithm, modular operations are applied to their coefficients, i.e. the
values of coefficients mod p. The arithmetic of modular operations can be sim-
ply described as follows [32]: an integer a mod p calculates the least positive
remainder of a divided by p, resulting in an integer between 0 and p — 1; a
fraction of two integers b/c mod p, based on the rule of modular multiplicative
inverse, also gives an integer between 0 and p — 1. As a consequence of the
modular operations, all the occurring coefficients of power series throughout
the algorithm are restricted within the range 0 to p—1. The problem of number
growth is thus effectively controlled to prevent expensive computations between
very large numbers.

If the modular operations are applied, the output from Algorithm III is

equivalent to the following matrix, due to the distributive property of modular
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arithmetic in polynomial calculations [28]:
k _ 10k
d€d; = d2¥ mod p (37)

where the mod operations are used element-wise. The observability is then
determined by evaluating the rank of dﬂ’; over a finite field IF,, through applying
the modular operations to Gaussian elimination [3, 32, 33, 34]. Similarly as
discussed in [3, 28], dQ2F and dQ* contain almost identical rank information
over the corresponding fields and can hence deliver agreed observability results
with a very high probability of success. The probability of disagreement, when
the observability results obtained with and without the modular operations do
not coincide, is vanishingly small if p is selected to be large as proven in [3]. This
probability can even become practically negligible if the algorithm is repeated
using different choices of p and numerical realizations.

Algorithm IIT demonstrates how to obtain the k-row observability matrix
after pre-selecting a value of k of interest. However, if the user realizes that
the higher order Lie derivatives, i.e. a larger k, are required to compute for
understanding the observability of a tested system, the drawback of Algorithm
IIT is that some computations would need to be repeated. In the following, a
recursive version of Algorithm III, termed as Algorithm IV, is presented where
k is incrementally changed to match the order of the leading term of the power
series produced from Newton’s iteration, i.e. k = 27—1. At each increment of k,

the k-row observability properties are detected from the corresponding matrix.

Algorithm IV

Preprocessing: Compute g—'w‘, g—g and % (j =1,...,r) symbolically. Convert
J
the state-space equations to P = 0 using equation (24), and compute %—I;, %—1;,
%—Ig and % symbolically.
J

Initialization: Select a large positive prime number p, and choose the sets of
integers randomly &g, é, Wy, ...,zbo(k) and g, ...,'&O(k) within the range 1 to
p—1. Let ult,k] = g + ... + 0™ &, wlt, k] = o + ... + o ¥ £, and evaluate
g—’;, g—z, (?Thjv P, %—1;, 68—1;, %—1; and {?ij at @ = 0,u = ult, k], w = wlt, k]. Set
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xo = Tg and g = 0.

1. Set g =q+1;

2. Evaluate P, %—1; and %—1; at ® = xg_1, & = T4q—1, truncated at order
29 — 1;

3. Compute A, and B, using Algorithm II;

4. Compute z[t, k] = x4 using equation (34) truncated at order k = 29 — 1;

5. Evaluate ‘?9—1;, %—1;, %—Ig and gf at ¢ = x[t, k], & = &[t, k], truncated at order
J
k;

6. Compute g—;ﬂ[t, k), %2t k] and BZE [t, k] using equation (36) and Algorithm

k
3,0

II, truncated at order k;

7. Compute g—'m’[t,kL g—g[t,k] and %[t,k] by evaluating g—’m’, g—g and aaThj at

x = x[t, k], truncated at order k. Take Taylor series expansions if necessary;

dh dh dh i : :
8. Compute z.:[t, k], gg[t, k] and m[t,k] using equation (21);

9. Extract the coefficients of %[t, K], fl—g[t, k] and dd',ﬁ [t, k] to construct dQ¥,
wj,o

d§2E and dﬂﬁj respectively based on equations (16) and (19);

10. Arrange the observability matrix dQF = [dQF, dQk, dﬂﬁll, vee dQﬁ,T];

11. End if rank(d2*) = n+1+(k+1)r, and =,  and w are detected observable;

12. If rank(dQ*) < n + 1+ (k + 1)r, detect the k-row observability properties
of the components of z¥;

13. End if &, 8 and w are detected observable. Otherwise go to step 1;

Algorithms III and IV can be implemented efficiently in a variety of soft-
ware with symbolic computing tools, such as MATLAB with symbolic toolbox
[35], Maple [36] and Mathematica [37]. Algorithm IV succeeds in identifying an
observable system or the observable quantities (dynamic states, parameters or
inputs) of an unobservable system. However it has not been feasible to theo-
retically conclude the observability of those k-row unobservable quantities. In
the examples of this paper, a practical guideline is provided on how to certify
unobservable quantities with sufficient confidence by making use of the subma-
trices of the observability matrix of a large k. Theoretically addressing this

convergence problem will be the focus of future extensions of this work.
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4. Illustrative examples

4.1. A 2 degrees of freedom (DOFs) nonlinear system

/] ——u

/)

k+Ak X, k,

L I o s
) )

Figure 1: A 2 DOFs nonlinear system driven by measured and unmeasured inputs.

This example demonstrates the use of the proposed algorithm, with the
versions of Algorithms IIT and IV, to examine the observability of a 2 DOFs

w0 nonlinear system driven by both measured and unmeasured inputs as shown
in Figure 1. Let =1, x3, v, v and ©7, v2 denote the displacements, velocities
and accelerations of the two masses m of the system respectively. A measured
input u is applied at the first mass and an unmeasured input w is applied at the
second mass. The stiffness of the nonlinear spring that connects the first mass

w5 to the fixed support is displacement-proportional and given by ky + Akjx;. The
linear spring connecting the two masses has the stiffness of k. The dynamic
states of the system are x1, x2, v1 and vy, and the unknown parameters to be

identified are ki, Akq, ko and m. Therefore:

x = [x1,22,v1,02]", 0= [k1, Ak, ko, m]" (38)
The state-space equations of the system are given by:
T U1 k‘l
. d |z2 Vo . d | Ak
T= o = 7(k1+Ak1a:1)a::n+]g2(12,$1)+u , 0= pr N =04x1 (39)
vy ka(z1—x2)tw m

m
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Two different sensor setups are considered with the measurements taken in the

setups denoted as y; and yo respectively:

R T
Y1 = . - ko(z1—x2)+w
(%) - m
- - (40)
. —(k1+Akiz1)z1+ke(z2—21)+u
— U1 — m
Y2 = | o ko (z1—z2)tw
V2 T m

Using the measurement of the first sensor setup y1, Algorithm IV terminates
at k = 7 reporting that the dynamical system is fully observable, that is, , 6
and w are all observable. The observability result is in agreement with those
reported from the symbolic Algorithm I and the ORC-DF algorithm presented
n [22]. With respect to the measurement of the second sensor setup y2, how-
ever, the system is not detected observable. To analyse the k-row observability
properties of @, @ and w and their convergence, Algorithm III is used to cal-
culate the observability matrix d€2* with a choice of & = 15. The resulting
dQ'® then allows for obtaining d2°, ..., dQ'* by making use of its submatrices.
Figure 2 plots the ranks of dQ2* in (a) and the k-row observability properties
detected from d2¥ in (b) for k = 0,...,15. As can be seen for the measurement
y1, rank(d2*) = n+1+ (k+1)r occurs and all the «, @ and w correspondingly
become observable at k = 7. In the case of measuring ys, v1, vo, Aky, ko and m
become observable at k = 6, but x1, x2, k1 and w remain k-row unobservable
throughout all the k considered. From k = 6 to 15, rank(dQ2*) (red-dashed
line) and the rank condition n+ 1+ (k + 1)r (black-dashed line) increase at the
same rate leading to two parallel lines. The occurrence of the parallel lines is
in indication that it is highly likely that x1, x2, k1 and w would remain k-row
unobservable for larger k& — oo, which implies that these quantities are in fact
unobservable. An advantage of using the proposed algorithm is that dQ* of a
larger k (e.g. k = 100) can be calculated to further investigate the ranks and
the k-row observability properties (for e.g. k = 16 to 100), such that the ob-
servability of those k-row unobservable quantities can be concluded with more

sufficient confidence.
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Figure 2: (a) The ranks of dQ2* for the case of y1 measurement (blue line) and the
case of y2 measurement (red-dashed line), with comparison to the rank condition
n+1+ (k+1)r (black-dashed line), (b) the observable quantities (circles) and k-row
unobservable quantities (z-marks) for the case of y1 measurement (blue) and the

case of y2 measurement (red).
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Figure 3: The observability of the augmented form of the system with w(*+1) assumed to be

known for the case of y2 measurement.

The afore-described graphical method for determining unobservable quanti-
ties with a high level of confidence is suggested in [22]. This example illustrates
an alternative way to conclude that x1, x2, k1 and w are indeed unobservable
with respect to the measurement y,. Assuming w*+1) is known, the corre-
sponding augmented form (3) of the considered system can be treated as a
system with fully known or measured inputs. For such a system, Algorithm IV
can be used as the regular ORC algorithm to examine its observability. When
the algorithm operates up to a convergent point, the k-row unobservable quan-
tities found can be immediately concluded to be unobservable (see [2, 3, 8] for
the details of the ORC). Figure 3 summarizes the results of observability with
assuming w**1) to be known for k+1 = 0,...,8. As shown in the figure, z,
T9, k1 and w are detected unobservable at kK + 1 = 1 and remain unobservable
further. If a quantity is unobservable for a known w()| it is guaranteed to be

unobservable for an unknown w®) which is the case of this example. Therefore
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si0 it can be concluded that z1, xs, k1 and w are certainly unobservable, while the
remaining quantities are observable as shown in Figure 2. It is not possible to
properly estimate z1, z2, k1 and w based on the measurements of u and y2 using
any system identification method. In the MATLAB implementation available
2. the authors have included an ‘Example’ file that allows the reader to use the

sis code to reproduce the observability results of this example under the setup ys.

4.2. A 101 DOFs nonlinear system with a pendulum tuned mass damper

100w/101

2w/101

e NS

G —1 =

ke akpes AW
Ol e =

Figure 4: A 101-storey shear building with a pendulum TMD.

The proposed algorithm is now applied to test the observability of a large
dynamical system. Increasing the number of masses of the system in Example
4.1 to 101, the occurring 101 DOF's nonlinear system can be viewed as the model

s0 of a 101-storey shear building. In this example, the effects of damping on the
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dynamics of the shear building are taken into consideration. As shown in Figure
4, linear viscous dampers with their coefficients ¢; are connected successively
between the floors of the model; a pendulum tuned mass damper (TMD), with
its mass, stiffness and damping parameters being mgy, kg and cg respectively,

s 1s suspended from the top floor. The modelling of this example is inspired by
the design of the Taipei 101 skyscraper in Taiwan. It is further assumed that
unmeasured wind load with linearly increased magnitude is applied along the
building. The maximum magnitude of the wind, w, appears at the level of top
floor, and the load applied at the i** floor is %.

530 Let x; and v; denote the displacement and velocity of the mass m; respec-

tively. 8 and vy denote respectively the sway angle and angular velocity of the

pendulum TMD. The dynamic states of the considered system are therefore:
xr = [Il,...,13101,0,1}1,...,UlOl,Ug]T (41)

k; is the stiffness of the linear spring between m;_; and m;, and the stiffness of
the nonlinear spring at the bottom is again given by ki + Akyx;. The unknown

s parameters are assumed to be:
6 = [ky, ..., ki1, Ak1, c1, ..., o1, M, ka, ca] (42)

The equations used to describe the dynamics of the pendulum TMD are given

by:

0 =g
i k101($101 - $100) C101(1)101 - ’0100) mio1 + Mq (k i mdg)@ (43)
o = - d
myo1 L mio1 L m101M4 L
mio1 + Mg w
_ LU0 —
m101M4 myo1L

The following equations describe the dynamics of myg1:

101 =V101
. k101(®101 — T100 c101(V101 — V100 kaL + mag)0
i = — T ) _ cnl )4 { P
mio1 mio1 mio1
cqlv w
alvy

miol mio1
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while the state-space equations of the remaining parts of the system can be
written referring to the standard modelling of shear buildings [38]. Ten sensors
are installed at every ten floors along the building to measure five displacements

and five accelerations. Specifically, the measured outputs are:
. . . . . T
y = [V101, To1, V81, T71, V61, T51, Va1, T31, V21, T11) (45)

Algorithm IV reports that the shear building with the pendulum TMD is
fully observable, that is, &, @ and w are all observable for the measurement y.
It should be noted that the symbolic Algorithm I, the ORC-DF algorithm in
[22] and the FISPO algorithm in [24] are far from being capable of handling
this example on a standard computer, due to their limitation of high memory
requirements. In fact, most systems studied using the ORC-DF in [22] have only
2-3 DOF's which is at the same level of dimensionality as Example 4.1. The limit
of symbolic Algorithm I is expected to be similar to that of the ORC-DF. As
shown in [25], the FISPO algorithm can reach the ability of assessing a biologi-
cal model with 25 dynamic states, 26 unknown parameters, 5 unknown inputs
and 15 output measurements, which is however a consequence of applying the
model decomposition strategy and some other manual treatments, e.g. perform-
ing several rounds of observability testing where in each the Lie derivatives of a
first few orders are calculated and parts of identifiable parameters detected are
then assumed to be known. Moreover, additional assumptions on the proper-
ties of inputs may facilitate the study of certain systems of larger size, by both
the ORC-DF and FISPO; such assumptions, e.g. assuming that the inputs are
polynomial with respect to time and of a certain low order, however affect the
observability results and are avoided in this work. In comparison, the proposed
algorithm in this work is efficient in the usage of physical memory and is imple-
mented relatively fast to test such a large system which contains a total of 410
dynamic states and unknown parameters. The efficiency of the algorithm could
be further improved through implementing in a high-performance computer and

making use of more computer cores.
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Figure 5: (a) A 2D FE model of wind turbine, and (b) a substructural model of the wind

turbine.

4.8. A 2D finite element (FE) model of wind turbine

In this example, the observability of a wind turbine model as shown in
Figure 5 is examined using the proposed algorithm. Figure 5(a) demonstrates a
simplified 2D FE model of the wind turbine, where the rotor blades and nacelle
are lumped at the top of the tower as a mass m with the associated moment of
inertia I,,,. It is assumed that m is known but I,,, is an unknown parameter to be
identified. The mass is subject to a lateral thrust force w which is unmeasured.
It is assumed that the torsional stiffness of the wind turbine is infinitely large
and the torsional vibration is not taken into consideration in the modelling. The
tower is discretized into 40 uniform Euler-Bernoulli beam elements. Let x; and

0; denote the displacement and rotation of the beam node i respectively, and
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v; and vy; the translational and rotational velocities respectively. The dynamic
state vector of the model is a collection of all the nodal displacements, rotations

and the corresponding velocities:

T = 1,01, .., Ta1, 041, V1, Vo1, v, Va1, Voa1] " (46)

th

The stiffness and mass matrices of the ¢** beam element between nodes i and

i+ 1 are given by:

12 6L —12 6L
EI, | 6L 4L?* —6L 2L?
L |_12 —6L 12 —6L
6L 2L?> —6L 4L?
156 22L 54  —13L
_ pAL | 220 4L 13L  -3L?
420 | 54 130 156 —22L
—13L —3L%> —22L 4L?

where E1; is the unknown stiffness parameter of the element, and p, A; and L are
the known density, cross-section area and length respectively. The foundation

of the wind turbine is modelled as the following macro-element:

Fspr _ ki1 ko Z1 (48)
Mpy ki koo| |61

where F,, and My, are the resistant force and moment respectively provided
by the springs. The stiffness parameters ki1, k12 and koo are to be identified.

For the wind turbine model, the unknown parameter vector is:
0 = [I,,, EIL, ..., Elsg, k11, k12, k22" (49)
and the state-space equations are written in the following form:

&=Ax+ Bw, 6=0 (50)
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s  where

Os2x1

A Osaxg2  Tsaxs  B= y Os0x1 (51)
~M 'K Ogoxso M 1
0

where K and M are respectively the model stiffness and mass matrices con-
structed from the assembly [38] of the element stiffness and mass matrices of the
lumped mass, the beam elements of the tower and the springs of the foundation.
Figure 5(b) shows a substructural model of the wind turbine which occurs

ses by introducing a cut below the nacelle. A shear force w; and a bending moment
wso, which are unmeasured, are applied as a result of the cut to account for
the dynamic effects from the upper-structure. This model is used to investigate
whether it is theoretically possible to identify this substructure of interest using
only measurements obtained from it. An advantage of the treatment in Figure

o0 5(b) is that modelling of the rotor blades and nacelle is not required and the
associated mass properties do not need to be known. In this case, the state-space

equations of the substructural model are written as:

T =Ax + B1w1 + B2’LU2

. d T (52)

0 = a Efla---,Ef4o,k11,k127k‘22} =0

where
Og2x1 Os2x1
0 0

B, — B 80x 1 By - 3 80x 1 (53)

M 1 M 0

0 1

For both the models in Figure 5(a) and Figure 5(b), four sensors are installed
os at every ten nodes along the tower. Four different sensor setups are examined

with the measurements taken denoted as y1, y=2, Y3 and y4 respectively:

Y1 = [U41, 031,021, 011), Y2 = [0a1, 031, V21, U11]

Yz = (041,031,021, 011], Ya = [0a0,031, V21, V11]
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Measurements Y1 Y2 Y3 Ya

(@) Observable 0 x, 0 and w z, 0 and w xz, 6 and w
a
Unobservable x and w - - -
Observable ] 0, 04 and vgy1 x, 0, wy and wo the remaining

Unobservable | @, w; and wy  the remaining - -

k-row Ely, 41, va1, 01

unobservable V941, w1 and we

Table 1: The observability of the full model in Figure 5(a) and the substructural model in

Figure 5(b) with respect to the measurements y1, y2, y3 and ya.

In the measurement y; all the sensors are measuring lateral accelerations, while
in yo an accelerometer at the top of the tower is replaced by an inclinometer.
Two inclinometers are used in y3. In y4 an inclinometer is moved from the top
to node 40.

The observability results obtained from the proposed algorithm are summa-
rized in Table 1. When all the four sensors are accelerometers as in the mea-
surement gy, both the full and substructural models are found unobservable:
neither their dynamic states nor the unmeasured forces applied are observable,
but all the unknown parameters are identifiable. The use of inclinometer(s) in-
stead of accelerometer(s) improves the observability properties: the full model
becomes observable for the measurements y2, y3 and y4, and the substructural
model becomes fully observable for the measurement ys; the more unmeasured
forces exist the more inclinometers are needed. Using the measurement y4 for
the substructural model, 4 dynamic states, 1 parameter and the 2 unmeasured
forces are found k-row unobservable for a large k using Algorithm III. A com-
parison between ys and y4 implies that, a sensor should be considered to be
placed at the location where the cut is introduced, i.e. node 41 in this example,

in order to achieve feasible substructural identification.

4.4. A 2D FE model of a truss-beam bridge

The observability of a 2D FE model of a truss-beam bridge whose geometry
is inspired by the design of Tokyo Gate Bridge [39] is examined in this example.
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Figure 6: (a) The geometry of the truss-beam bridge, (b) the investigated substructural model

of the bridge with a given sensor setup.
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The bridge is a three-span structure of a steel box girder and steel bars in the
arrangement of trusses, as shown in Figure 6(a). The investigated model is a
substructure of the bridge, as shown in Figure 6(b), which occurs by introducing
a cut at the central span. The model consists of the left 320m part of the girder
and the associated trusses. An unmeasured shear force w; and an unmeasured
bending moment wsy are applied as a result of the cut to account for the dy-
namic effects from the remaining bridge structure. A measured excitation u is
applied vertically at the marked position on the deck, which in practice could
be provided by a hammer or an actuator.

The substructure of the bridge is modelled using linear frame-type macro-
elements: the steel girder is discretized into 20 uniform Euler-Bernoulli beam
elements, and the other pin-jointed members are treated as truss elements. Each
of the truss nodes 1-11 and 32-42 has 2 DOFs, i.e. translational motions along
horizontal and vertical axes. The axial stiffness of the truss element between
nodes 4 and j is k;j, which is a parameter to be identified. The mass matrix
of each truss element is obtained by assuming the element mass is lumped as
point masses along the translational DOFs at the ends. The point mass from all
the jointed members lumped at each truss node is assumed to be known. Each
of the beam nodes 12-31 has 2 DOFs, i.e. vertical motion and rotation with
the axial motion being neglected. The stiffness and mass matrices of the beam
element between nodes ¢ and j follow equation (47), where the corresponding
stiffness parameter E;; is to be identified. The left end of the girder is assumed
to be fixed and the bottom truss is connected with pin-joints to the piers.

The state-space equations of the model are written in the following form:
& = Ax + Byrw; + Baws + Bsu, 9 =0 (55)

where the dynamic state vector @ contains all the nodal displacements, rota-
tions and the corresponding velocities. The parameter vector 8 includes all the
unknown stiffness parameters of the truss and beam elements. The form of
the system matrix A follows equation (51), where K and M are respectively

the model stiffness and mass matrices constructed from the assembly of all the
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element stiffness and mass matrices of the truss and beam elements. By, Bs
and Bg are the input-affine vectors for the measured and unmeasured inputs
to the model. Four sensors are installed on the deck at the positions shown in
Figure 6(b), where two vertical displacements and two vertical accelerations are
measured to record the response of the bridge to the applied excitation u.

The proposed algorithm reports that the substructural model of the bridge
is fully observable. Based on the measurements obtained from the given sensor
setup, it is theoretically feasible to estimate the unknown properties of the sub-
structure and track its vibrations, as well as the unmeasured forces, using some
suitably chosen system identification methods. Similarly to what was found in
Example 4.3, the result of this example suggests the theoretical possibility of an
alternative strategy that can be used to identify or perform health monitoring
on a large structure (e.g. as for the bridge), especially when there is a lack of
sensors. A substructure of the large structure, whose properties and dynamics
are of interest, could be properly selected, modelled and identified by separat-
ing this substructure from the remaining structure through a carefully chosen
cut, as long as the occurring structure is observable for the examined sensor
setup. A counter-intuitive result is that a cut may lead to a subsystem whose
observability properties are improved over the original full system despite the
introduction of some unmeasured inputs. Such a strategy of substructural iden-
tification would help in tackling problems related to dimensionality and in using
the available sensors more efficiently. In the cases of substructural identification
and many other realistic scenarios, the observability algorithm proposed in this
paper would allow researchers to freely investigate the viability of various sys-
tem models and sensor patterns without concerning about any computational

constraint.

5. Conclusions

In this paper, an efficient algorithm is developed to implement the extended

Observability Rank Condition for testing the observability and identifiability of
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rational nonlinear systems subject to measured and unmeasured inputs. The
framework of the algorithm aims to construct the observability matrix by ex-
tracting the coefficients of the power series associated with system outputs. To
obtain the target power series, Newton’s iteration is used to solve a variational
system of ordinary differential equations for power series solutions. The occur-
ring computational framework allows for using random numerical realizations
of the involved variables and applying modular operations to control number
growth, leading to a semi-numerical implementation that can handle robustly
very large and complex systems. Compared to the standard symbolic implemen-
tation of the observability approach, repeated Jacobian operations are avoided
throughout the proposed algorithm; the arithmetics of power series with nu-
merical coefficients are substantially cheaper than those computations between
symbolic expressions. Also due to the quadratic convergence property of New-
ton’s iteration, a large number of the Lie derivatives can be computed through
only a small number of iterations.

The proposed algorithm is applied to several illustrative examples of engi-
neering systems including a high-rise shear building, finite element models of
a wind turbine and a truss-beam bridge. Meanwhile, a practical guideline is
provided for determining the unobservable quantities of a tested system. The
examples demonstrate the superior capability of the algorithm to handle real-
world engineering systems of large-size and high-complexity. To the best of
authors’ knowledge, none of the existing observability methods can have even
close performance on the shown models. In addition, the investigation into
substructural identification problems suggests that, it is feasible to identify a
sub-system that is separated from a full system under properly designed sensor
placement and introduction of unmeasured inputs. The result recommends a
meaningful strategy for monitoring large systems from a theoretical observabil-

ity /identifiability perspective.
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