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Abstract

In this paper, numerical simulations of fully developed internal flows are used to disentangle the effects of hydrodynamic and
thermal boundary conditions, as well as viscous heating and property variation. Each factor affecting heat transfer is introduced
independently to elementary flow simulations, such that 1D analyses may be used to characterise its effects.

Conventional adiabatic wall temperature correlations for accounting for dissipative heating were found to lose their effectiveness
when dissipation makes up more than 10% of total heat flux. A more robust method is proposed whereby heat transfer is defined
by separate dissipative and convective Stanton numbers. Property variation was found to be well characterised by modified film
referencing, with a new formulation proposed which outperforms the classical form. Property variation could also be accounted
for by power-laws on temperature ratio, but the results suggest that the exponents are not universal. It was also found that such
corrections apply equally to heated and cooled flows when confounding factors are effectively controlled.

Friction and heat transfer results are then generated for more complex flows over a range of temperature gradients, with realistic
constitutive relations such that all phenomena occur simultaneously. Without appropriate correction, the results appear highly
scattered for both low (due to dissipation) and high (due to property gradients) temperature ratio heat transfer. The methods
developed successfully condense these results onto a single unequivocal Re- f -St characteristic. The isolation of this characteristic
from these secondary factors is invaluable for making valid comparisons between variable-property CFD results and experiments.

This investigation focuses on air at moderate temperatures, however the findings may be expected to take on greater significance
in high Mach, high Prandtl number, or cryogenic applications.
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1. Introduction

Thermal management is a critical area in a number of emerg-
ing technologies such as cryogenic cycles, electric propulsion,
and geared turbofan engines[1]. The design of such systems
relies on accurate estimates of the heat fluxes. At least in a
preliminary design setting, these may be obtained from heat
transfer coefficient (HTC) correlations extracted from relevant
experiments or calculations. HTC correlations are a synthetic
representation of the phenomena taking place in the flow and
their effect on the near-wall temperature gradient. For convec-
tive heat transfer, this gradient is largely determined by the abil-
ity of the flow to exchange heat between the bulk of the flow and
the fluid in contact with the wall. For a given flow and thermal
boundary condition (BC), the temperature field becomes self-
similar when normalised to a reference fluid-to-wall tempera-
ture difference. This results in a consistent heat flux occurring
per degree of temperature difference. This quantity is the HTC.

For heat transfer to be accurately described by a HTC, the
flow must be well constrained by its boundary conditions: a
common engineering component where such constraint exists
is within the long-thin passages in a compact heat exchanger.
In this case, the flow reaches a mechanically fully developed

∗Corresponding author, email: thomas.drezet@pmb.ox.ac.uk

state, allowing heat transfer to be well characterised as a func-
tion of the sectional geometry, bulk flow conditions, and ther-
mal boundary conditions. It is common practice to make
simplifications[2] which allow HTCs for a given section ge-
ometry to be represented by a function of sectional Reynolds
number[3].

Thermally fully developed flows are approximated in ex-
periments of finite length by imposing particular thermal con-
straints on walls. Three effects complicate the extraction of Re-
St correlations from such data: heating by frictional dissipation,
thermal boundary condition effects, and sectional gradients in
fluid properties. Natural choices of experimental conditions of-
ten hide these effects. For example, measurability constraints
demand a significant flow of heat, which obscures any contribu-
tion from frictional heating at lower Mach numbers. However,
this same constraint forces experiments to operate a significant
wall-fluid temperature difference. Therefore, approximate cor-
rection factors must be used to estimate the constant-property
correlation from finite heat-flux results[3]. The unreliability of
such correction factors diminishes the reliability of heat transfer
correlations, particularly when absolute temperatures are low or
heat fluxes are high.

Literature on the relation between constant and variable
property HTCs is highly inconsistent[4][5][6][7], due to an ev-
idence gap between heating and cooling experiments. This gap
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exists due to practical constraints: firstly, the aforementioned
difficulty in measuring small heat fluxes prevents HTC mea-
surement near the constant property limit. Secondly, thermal
boundary conditions are not consistent between heating and
cooling works, with cooled flow works generally employing
water jacket rigs, whereas heated flow works generally opt for
electrical heating. The incohesive nature of this experimental
body severely limits the certainty by which general conclusions
can be drawn[7][8].

In this work, numerical simulations will be used to rigorously
characterise the effect of viscous dissipation, thermal boundary
conditions, and temperature-dependent property effects upon
heat transfer. From this, the efficacy of corrective methods are
assessed, resulting in a rigorous methodology for mapping be-
tween realistic heat transfer predictions and idealised (I.E. pas-
sive temperature) correlations.

Nomenclature

∆T Temperature Relative to Wall (T − Tw)
q̇ Heat Flux to wall per unit area
St Stanton Number: HTC/(cpρu)
µ Molecular Viscosity (dynamic)
µT Eddy Viscosity (dynamic)
ρ Density
Brq Brinkman Number: µu2/Dq̇ (u=ub in present work)
cp Specific Heat Capacity at Constant Pressure
Dh Hydraulic Diameter: 4(Area/Perimeter)
f Friction Factor (wall shear)/ 1

2ρu
2
b

Nu Nusselt Number: HTC(Dh/κ) (where κ is conductivity)
Pr Prandtl Number: µcp/κ (where κ is conductivity)
Qr Convection-Dissipation ratio (see Equation (21))
r Recovery Factor (see Equation (6))
Re Reynolds Number: ρuD/µ
T Absolute Temperature
u velocity
x, y, r, z Coordinates: sectional plane, radial, and streamwise
D Dissipation-Driven, dT/dz = 0 Boundary Condition
H Constant Wall Heat Flux Boundary Condition
T Constant Wall Temperature Boundary Condition

BC Boundary Condition
HTC,h Heat Transfer Coefficient: q̇/∆T where ∆T = Tre f −Tw

Shape Factor: Perimeter2/Area
+ In wall units
0 Stagnation Quantity
f Film Quantity
H/T Convective (from H / T boundary condition)
m Modified Quantity
aw Adiabatic Wall Quantity
b Bulk (mass flow) Average Quantity
CP Constant Property Value
D Dissipative
w Wall Quantity

2. Background

2.1. HTC Reference Temperatures for Internal Flows
The sectional heat transfer coefficient is defined as

h =
q̇
∆Tre f

=
q̇

Tre f − Tw
(1)

Where Tw is the wall temperature at the section of interest (as-
sumed peripherally uniform in this work). Tre f must represent
the fluid temperature local to this section. In this work, Tre f

defined as the mixed bulk (or mixing cup) temperature:

Tb =

1
A

∫
A ρuTdA

1
A

∫
A ρudA

(2)

This is a popular choice for internal flows[3] as the streamwise
evolution of Tb is easily related to net heat transfer to the fluid.

2.2. Thermal Boundary Conditions
While the concept of a fully developed velocity profile is

fairly unambiguous for internal flows[2], streamwise temper-
ature derivatives remain finite in any diabatic flow1[9]. That
being said, the temperature field may be become fully devel-
oped when normalised to sectional reference temperatures:

d
dz

(
Tw−T
Tw−Tb

)
= 0 (3)

Analysis by [10], with temperature as a passive scalar, shows
this to occur when wall heat flux decays exponentially in the
streamwise direction. The upper and lower bounds for this de-
cay correspond to constant wall heat flux H and constant wall
temperature T boundary conditions respectively, illustrated in
Figure 1. It is noted by [10] that most fluid-fluid heat exchanger
applications fall somewhere between these cases.

Figure 1: Sketch of fully developed temperature profiles along a pipe

Local streamwise temperature gradient may be derived from
condition (3) as:

dT
dz
=

dTw

dz
+

(
Tw−T
Tw−Tb

) (
dTb

dz
−

dTw

dz

)
(4)

1Unless at thermal equilibrium with an internal heat source, e.g. dissipation
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For cases H and T , this simplifies to:

H :
dT
dz
=

dTw

dz
=

dTb

dz
, T :

dT
dz
=

Tw−T
Tw−Tb

dTb

dz
,

dTw

dz
=0 (5)

Under the H condition, a heated fluid is absorbing heat
from a surface at a temperature which linearly increases in
the streamwise direction. Experiments [11][12][13] show this
to increase the temperature gradient at the wall, thus increase
HTC, compared to constant wall temperature T boundary con-
ditions. In laminar flows, NuH exceeds NuT by 9% for chan-
nels, but can be higher, e.g. 26% for triangular ducts due to their
higher shape factor[2]. In turbulent flows, thermal resistance
being concentrated close to the wall results in heat transfer
being less sensitive to how temperature gradient is distributed
through the flow[2]. Even so, [11] reports Nusselt numbers to
be 4.3% higher for the H boundary condition than T for turbu-
lent boundary layers. Experiments[3] suggest that larger differ-
ences may occur for higher sectional shape factors, as temper-
ature gradient distribution for H and T boundary conditions
differs most near the wall. Neglecting such boundary condition
effects may mislead experimental findings [8], or introduce un-
certainty in CFD validation.

2.3. Dissipation

The temperature distribution in a flow is determined by
convection, diffusion, and dissipation. The latter is often
neglected[2], however there are engineering flows where this
transfer of kinetic to thermal energy is a critical aspect of heat
transfer prediction, such as microtube flows (e.g. polymer in-
jection) and high speed flows (e.g. turbomachinery).

Dissipation manifests as an additional source of heat orig-
inating within the boundary layer, distorting the temperature
distribution and thus affecting HTC. In laminar flow analyses
[14][15][16][17], the significance of this effect is quantified by
the Brinkman number Brq, with [18] showing than the introduc-
tion of a large degree of dissipation to a fully developed flow
(I.E. high Brq) causes the HTC to more than double. These
works also show that dissipation causes a non-zero fluid-wall
temperature difference at the adiabatic condition, resulting in a
singularity in HTC. Misalignment between ∆T=0 and q̇=0 is of
particular concern when determining HTCs from finite-velocity
duct flows, as it introduces a strong dependence of HTC on wall
temperature at small heat fluxes [19]. In high-speed flow works,
this is avoided by setting Tre f in Equation (1) to the adiabatic
wall temperature, Taw; I.E. the temperature reached by the wall
under adiabatic thermal equilibrium for a flow of given static
and total bulk temperature. With this adjustment, heat fluxes
may be predicted using HTCs from low speed experiments2. In
complex turbomachinery flows, experimental [21] and numer-
ical [22] works often evaluate the adiabatic wall temperature
field directly, however for simpler flows, adiabatic wall temper-
ature may be estimated in relation to bulk quantities:

2In high-speed experiments, dissipative heating invariably causes property
variation. Works such as [20] thus attempt to characterise both simultaneously

Taw = Tw +
1
2

rb(u2)b = Tb + rb(T0b − Tb) (6)

where rb is the recovery factor; the proportion of dynamic tem-
perature by which the wall exceeds the bulk temperature in
the adiabatic case[19][23]. This is particularly convenient as
it has been shown in experiments[19][24][25] that this factor
is minimally dependent on Reynolds number, with laminar and
turbulent flat-plate flows correlating well to

√
Pr and 3

√
Pr re-

spectively3. The recovery factors for laminar internal flows are
significantly different, with pipe flow analysis [26] obtaining
a recovery factor equal to Pr. Turbulent pipe flows are seen
to behave similarly to external flows due to their flatter veloc-
ity/temperature profile, with [19] measuring rb as 0.88 for tur-
bulent air flow through a pipe, only ∼1% different from the cor-
responding flat plate value.

Universal rb correlations are usually sufficient for heat flux
prediction, however in the present work the zero-flux limit must
be approached, thus a greater degree of precision is needed.
To achieve this, the principle of superposition[11][27] is used
to rigorously isolate the effect of dissipation on the tempera-
ture field, including minor geometry and Reynolds number ef-
fects. This allows the effect of dissipation on the temperature
field to be characterised, and related to the the adiabatic wall-
temperature concept for heat transfer prediction.

2.4. Variable Property Effects

Fluid properties vary throughout a cross-section when tem-
perature gradients are significant, causing the flow field to de-
viate from the constant property solution. This occurs due to
property temperature dependence. For example, the viscosity
of air increases with temperature[28], resulting in heated lami-
nar flows exhibiting a sharper velocity profile due to viscosity
increasing toward the wall[29]. Density also has temperature
dependence, decreasing with temperature for ideal gases. Un-
der heating, this results in eddy viscosity increasing away from
the wall - in turbulent flows this effect dominates, flattening the
velocity profile of heated turbulent flows[30]. Thermal diffu-
sivity, both molecular and turbulent, responds to temperature
changes in a similar way to viscosity.

Because gas properties generally scale with some power-law
to absolute temperature, it is often proposed to represent the
resultant friction factor and Nusselt number variation by a sum-
mary power law[3]:

Nu
NuCP

=

(
Tw

Tb

)n f
fCP
=

(
Tw

Tb

)m

(7)

Popular constants/formulae for n are given in Table 1.
Although correlation[4] is widely accepted[3], Table 1 illus-

trates a lack of consensus between different experiments. The
disappearance of property effects in cooled flows in particular
lacks physical basis and evades analytical reproduction[7][6].

3These investigations apply to external flows, where (6) is based upon free-
stream quantities rather than bulk quantities
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Source Tw/Tb BC n (in (7))
Humble et al. [4] 1-2.5* H −0.55

0.46-.82* T 0
Nicoll et al. [5] 0.33-.66* T 0

Mizushina et al. [6] 0.27-1 T −0.12 - 0
Petukhov [7] >1 H −0.36−0.3 ln

(
Tw
Tb

)
(semi-analytical) <1 H −0.36

Fitt et al. [31] 0.3-1.3 T −0.25 ± 0.03
Table 1: Empirical sources for n in (7) for turbulent flows (*average HTCs)

It is proposed by [8][32] that this stems from inconsistency be-
tween heating and cooling experiments. In cooled flow exper-
iments, heat transfer is measured when extracting heat from
the gas via water jacket, which imposes a T BC[4][5][33].
Such experiments calculate HTCs which are averages over a
finite length pipe, where wall-fluid temperature difference de-
cays exponentially in the streamwise direction. In heated flow
experiments, heat is usually applied electrically[4], producing
an H BC. These may be expected to capture property effects
more accurately as local HTC measurements are made[7], and
wall-fluid temperature difference remains more consistent with
length under H BCs. Fitt et al.[31] is the exception, using
transient flat-plate apparatus consistently between heating and
cooling tests. While these conditions don’t represent fully de-
veloped pipe flow, the results do suggest that the distinction
between heating and cooling sensitivity seen in other sources
may be spurious.

An alternative to (7) used by many works [30][4][33][8] is to
modify the definitions of Re and Nu such that results collapse
well onto a single line. The modifications consist of evaluating
properties at alternative temperatures which better characterise
key areas of the flow (e.g. film f , surface s):

Source Re Nu
Deissler 1950 [30] Rem f =

ρ f ubD
µ f

Nu f =
hD
µ f

Humble et al. 1951 [4] Rems =
ρsubD
µs

Nus =
hD
µs

Sleicher et al. 1975 [33] Re f =
(ρu) f D
µ f

Nub =
hD
µb

Table 2: Sources redefining Re/Nu to eliminate temperature sensitivity

Here, m denotes a ’modified’ quantity whereby ρ is evaluated
at the chosen reference temperature while ub=ṁ/ρbA is retained.

The works summarised in tables 1&2 show many incon-
sistencies: while much of this may stem from experimental
uncertainty[8], it may also indicate weakness in the common
assumption[2] that correction (7) applies consistently between
geometries, Reynolds numbers, and boundary conditions.

3. Methodology

The aim of this work is to characterise 3 key thermal
effects in terms of their impact on heat transfer correla-
tions for fully developed flow. This is explored by evalu-
ating heat transfer for 3 key flow geometries over a para-
metric space of Reynolds numbers, temperature ratios, and
Mach numbers appropriate to compact heat exchangers[3]:

5×103≤Re≤2×105, 0.8≤Tw/Tb≤1.2, Mach< 0.1
To populate this parametric space at a feasible cost, calculations
are performed using RANS methods, which have been care-
fully optimised such that key DNS/experimental results are ac-
curately reproduced. In sections 4.1-4.3, each feature of inter-
est is characterised individually via 1D computations of pipes
and channels, In section 4.4-4.5, the robustness of the proposed
characterisations are assessed when applied to 2D computations
of a square duct flow with all effects modelled simultaneously.

3.1. 1D Turbulent Computations
1D results are solutions of the momentum and energy equa-

tions in terms of streamwise velocity and static temperature:

�
��du

dt
+
�
��u
du
dz
=

1
ρ

dP
dz
+

1
ρ

1
r j

d
dy

(
r j (µ + µTu)

du
dy

)
(8)

�
��dT

dt
+ u

dT
dz︸︷︷︸

convection

=
1
ρ

1
r j

d
dy

(
r j
(
µ

Pr
dT
dy
+

−v′t′︷  ︸︸  ︷
µTu

Prt

dT
dy

))
︸                                  ︷︷                                  ︸

diffusion

+
µ + µTu

ρcp

(
du
dy

)2

︸            ︷︷            ︸
dissipation

(9)
where setting j=0 models a channel while j=1 models a pipe.

The solution is obtained via the author’s own code as follows:
The equations are discretised using a second order, cell centred,
finite volume scheme. These are cast as a set of algebraic re-
lations with corresponding analytical derivatives. This system
is then solved implicitly by Newton’s method. Turbulence is
modelled using the non-linear k-ε model of Abe[34], adapted
to 1D by defining an equivalent eddy viscosity, µTu,

µTu = µT

1 + 11
3

(
CdµT

ρk

)2 (
du
dy

)2−1

, µT = Cµ fµ
k2

ε
(10)

�
��dk

dt
+
�
��u
dk
dz
=

1
ρ

1
r j

d
dy

(
r j

(
µ +
µT

σk

)
dk
dy

)
+ µTu

(
du
dy

)2

− ε (11)

�
��dε

dt
+
�
��u
dε
dz
=

1
ρ

1
r j

d
dy

(
r j

(
µ +
µT

σε

)
dε
dy

)
+CεlµTu

(
du
dy

)2

−Cε2 fε
ε2

k
(12)

where all model closures are as given in [34]. The contribution
of k to Equation (9) is neglected. Turbulent Prandtl number is
set locally by Kays’s empirical formula[35]:

Prt=
1

0.5882 + 0.228
(
µTu
µ

)
−0.0441

(
µTu
µ

)2[
1−exp −5.165

(µTu/µ)

] (13)

µTu is used here due to the way Prt is defined in [35]:

Prt =
u′v′/du/dy

t′v′/dT/dy
→ t′v′ = −

µTu

Prt

dT
dy

(14)

The grid is set to a height of ∆y+=0.7 at the wall, expanding
geometrically up to ∆y+=10. ε is set to 2νk/y2 in the near-wall
cell. The resolution is such that the solution is indistinguish-
able from a solution obtained using an orthogonal collocation
method with spectral accuracy.
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The turbulent viscosity and Prandtl number closures have
been selected to provide a high degree of accuracy, both ther-
mal and mechanical, for the elementary flows examined in this
study. This is demonstrated in figures 2a&2b, which show
channel and pipe flow predictions to be in excellent agreement
with DNS in terms of both friction and heat transfer.

3.2. 2D Turbulent Computations

2D results are computed by a similar method to the 1D re-
sults (using the author’s own code), now solving the compress-
ible continuity, momentum (x, y, z), energy, k, and ε equations
in the sectional plane of a square duct. Convection is modelled
by the preconditioned flux of Weiss and Smith[36], and turbu-
lence by the fully anisotropic form of Abe’s k-εmodel[34]. The
turbulent diffusivity defined by (13,14) is retained. The mesh is
a simple Cartesian grid with geometric refinement toward the
walls. The grid is modified for each Re, ensuring that f and St
are independent of grid resolution and that ∆y+<0.7 at the wall.

The flow through a square duct differs from that of a pipe or
channel in that the stress and heat flux is not circumferentially
uniform. It also includes in-plane convection in the form of sec-
ondary flow, shown in Figure 3. Secondary flow predictions are
of similar magnitude to DNS, and Figure 4 shows the resulting
heat transfer and friction results to be in excellent agreement
with DNS and experiment.

3.3. Variable Property Models

Variable density is modelled by the ideal gas law:

ρ =
p

RT
(15)

Where p is the local pressure (uniform reference pressure in
1D simulations). Variable viscosity is modelled by Sutherland’s
law[28]:

µ = µ0c
T0c + S
T + S

(T/T0c)1.5 (16)

The gas represented is air, with T0c= 273.15K, S = 110.4K,
µ0c=1.716×10−5kg/ms, R = 287J/kgK, cp = 1005J/kgK, and
Pr=0.71. For clarity, ρ and µ are modelled as constant in sec-
tions 4.1&4.2.
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Figure 2: Friction factor and Stanton number predictions for 1D flows compared to DNS
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Figure 3: Secondary flow in the lower left quadrant of a square duct at Reb = 4, 410, compared to DNS [46] (contours: |vsec |/Ub, %)
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Figure 4: Friction factor and Stanton number predictions for turbulent square duct flow compared to DNS[46][47][48][49] and experiment[50][3] (CP, (H) BC)
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3.4. Thermal Boundary Conditions

The boundary conditions applied to Equation (9) must con-
strain the solution to represent the flow through a specific cross-
section of an evolving, but self similar, flow. This is enforced by
setting the wall temperature and the distribution of local stream-
wise temperature gradient, dT

dz , as given by Equation (4).
To simulate a constant average heat flux boundary condition,

H , a uniform streamwise temperature gradient is set according
to Equation (5):

dT
dz
=

dTw

dz
=

dTb

dz
(17)

As wall temperature evolves in unison with bulk temperature
under H conditions, specifying the local wall temperature de-
fines the streamwise position represented by the sectional flow.

To simulate a constant wall temperature boundary condition,
T , a uniform normalised streamwise temperature gradient is

set according to Equation (5):

dT
dz
=

Tw−T
Tw−Tb

dTb

dz
(18)

As bulk temperature gradient decays exponentially in the
streamwise direction, specifying the local dTb

dz defines the
streamwise position represented by the sectional flow.

4. Results and Discussion

4.1. Thermal Boundary Conditions

In an idealised low-speed flow with constant properties, the
dissipation term in Equation (9) is zero and the diffusivity is
independent of temperature. Therefore, the temperature distri-
bution (thus HTC) for a given flow is determined by the distri-
bution of the convection term. Figure 5 shows the distribution
of the convection term for a laminar channel flow under the H

and T BCs. For the T BC, this term can be seen to atten-
uate toward the wall as T→Tw, causing a shallower near-wall
temperature gradient than for H . This results in StH exceeding
StT for laminar flows by 9.5% in plane channels, and 19.6% in
pipes. These results are in agreement with analysis [2].

Figure 6 shows a similar comparison for a turbulent channel
flow. Here, the majority of the thermal resistance occurs in a
thin sub-layer by the wall. This reduces the sensitivity of the
temperature field to the wider distribution of convection over
the section, reducing the difference between StH and StT . This
is reflected in the results shown in Figure 7, where StH

StT
reduces

at higher Reynolds numbers and lower shape factors, as the vis-
cous sub-layer becomes less and less significant.

The StH/StT predictions for turbulent pipe flow shown in Fig-
ure 7 show reasonable agreement with DNS[44], and with the
∼1-4% observed in experiments[2][51]. This small BC effect
on HTC becomes pertinent when analysing small sensitivities,
which has led to the notion that improper comparison of H and
T data has misled analyses of property gradient effects[8].
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Figure 5: Temperature profiles and convection budget for a heated laminar 1D
channel, Reτ = 50
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Figure 6: Temperature profiles and convection budget for a heated turbulent
1D channel, Reτ = 590
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4.2. Dissipation

In a constant property flow governed by Equation (9), the dif-
fusivity remains independent of temperature, therefore the tem-
perature field is determined by the distribution of the convection
and dissipation terms. Figure 8 shows how the dissipation term
is distributed in comparison to the convection term (under H

thermal BC) for a turbulent channel flow. Also shown are the
temperature distributions which arise due to each term:
• Temperature field ∆TD is produced by the dissipation term

in (9), with the convection term set to zero (I.E. dTb
dz =0)

– These conditions are denoted D henceforth
• Temperature field ∆TH , is produced by the H BC with

dissipation set to zero
The two terms are distributed very differently, with the convec-
tion term acting predominatly near the mid-channel while the
dissipation term is strongest in the high-strain region near the
wall. This results in a significantly steeper near-wall tempera-
ture gradient for case D compared to H .
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Figure 8: Normalised temperature profiles produced under (D) and (H) BCs,
and the convection and dissipation terms in (9) for a 1D, constant property

turbulent channel flow, Reτ=180

The steeper temperature gradient at the wall results in the
dissipation-heated flows having a higher HTC than the flow
heated/cooled by streamwise temperature gradient. This can
be seen in Figure 9, where the Stanton numbers computed for
flows under condition D are shown to be approximately twice
that of flows under H BCs for Pr∼1. While S tD/S tH de-
creases with Prandtl number for turbulent flows, for laminar
flows S tD/S tH is independent of Pr. The S tD/S tH values of
2.2 and 2.1 computed for laminar pipes and channels respec-
tively are in agreement with analyses [18] and [15].

In more general flows, both convection and dissipation influ-
ence the temperature field. The integral contributions of these
terms sum to the total heat flux at the wall, q̇. The contribution
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Figure 9: Ratio of Stanton numbers between dissipation and convection (H)
driven heating for 1D, constant property flows at various Prandtl numbers

from the convection term is given by:

q̇H = (ρu)bcp
dTb

dz
Area

Perimeter
(19)

While the contribution from the dissipation term is given by:

q̇D = −ub
dp
dz

Area
Perimeter

=
1
2
ρu3

b f (20)

It is convenient to express the relative significance of these
mechanisms by the ratio4:

Qr = −
q̇H

q̇D
≈

cp
dT
dz

− 1
ρb

dp
dz

=

(
Enthalpy

Rise

)
(

Pumping
Work

) (21)

Figure 10&11 show how temperature distribution and Stanton
number change as Qr is varied for a turbulent channel flow
They may be described as follows:

1. Qr ≤ 0: Both dissipation and convection supply heat to
the section, causing St to smoothly transition from StH to
StD as Qr goes from −∞ to 0

2. Qr = 0: Dissipation in thermal equilibrium, St = StD

3. Qr > 0: The fluid begins to absorb the heat of dissipation

4. Qr∼0.5: The opposing source (dissipation) and sink (con-
vection) terms lead to non-monotonic temperature pro-
files, causing a singularity in St as Tb crosses Tw

5. Qr = 1: Adiabatic condition: all dissipated heat absorbed

6. Qr > 1: Net cooling, St converges to StH as Qr goes to∞

4Qr can be related to Brinkman number as used in [15] Qr = 1− 2/Reb f Brq
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4.2.1. Decomposition of the Temperature Field
Clearly, the temperature field cannot be effectively charac-

terised by a single HTC (defined as (1)) for Qr∼1. Fortunately,
the linearity5 of Equation (9) in T allows the temperature field
to be decomposed as follows:

∆T = ∆TH + ∆TD ∆Tb = ∆THb + ∆TDb (22)

Where ∆TH is the temperature field component due to the con-
vection term in (9), and ∆TD is the temperature field component
due to the dissipation term. Figure 12 demonstrates the valid-
ity of this decomposition, where ∆TD (the ∆T field at Qr=0)
is subtracted from the ∆T fields shown in Figure 10 to isolate
dissipation-invariant distributions, ∆TH .

5When properties are held constant
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Figure 12: Normalised ∆TH profiles for mixed dissipative-convective(H)
heating/cooling of a 1D, constant property turbulent channel flow, Reτ=180

∆TH and ∆TD relate to partial heat fluxes (19,20) by HTCs:

q̇H = hH∆THb q̇D = hD∆TDb (23)

Substitution of (23) into (22) allows StH to be expressed as:

StH =
q̇ − q̇D

Gcp∆Tb −
q̇D
StD

(24)

This formula allows the ideal (passive temperature) Stanton
number to be obtained from non-ideal (finite Qr) results using
the Stanton number obtained with Qr = 0. Figure 11 shows the
results produced by (24) to be invariant to Qr.

4.2.2. Recovery Factor
It is discussed in section 2.3 that heat transfer with dis-

sipation may be well-characterised by a the low speed HTC
(I.E. hH) if temperatures are referenced to Taw. This method
is more convenient than Equation (24), in that auxilliary infor-
mation about StD is not required, as the adiabatic wall temper-
ature may be calculated via (6) with an appropriate correlation
for recovery factor. The Staw results shown on Figure 11 are
calculated in this manner. Staw is well isolated from dissipa-
tion effects over most of the plot, however as Qr approaches 1,
Staw becomes erratic. This behaviour may be analysed via the
decomposed temperature field.

The adiabatic wall condition may be expressed, via (23), as:

0 = q̇H + q̇D = hH(Tb − Taw︸    ︷︷    ︸
∆Tb

−∆TDb) + hD∆TDb

→ Taw = Tb + ∆TDb

(
hD

hH
− 1

)
︸            ︷︷            ︸

δTr

(25)

where δTr is temperature recovery. By relating q̇D to f via (20),
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δTr may be cast in terms of a recovery factor as given by (6)6 :

δTr =
q̇D

hD

(
1

hH
−

1
hD

)
=

1
2cp

(
f

S tH
−

f
S tD

)
︸          ︷︷          ︸

r′b

u2
b (26)

=

(
f

S tH
−

f
S tD

)
u2

b

(u2)b︸                  ︷︷                  ︸
rb

(T0b − Tb) (27)

It can be shown that the heat flux predicted by (1) using the low
speed HTC(≡hH) is exact when referenced to Taw:

hH(Taw − Tw) = hH

(
∆Tb + ∆TDb

(
hD

hH
− 1

))
= hH∆TH + hD∆TDb ≡ q̇H + q̇D (28)

However, it should be noted that rb values obtained through
correlations will be inexact. If the estimated rb is defined as
r̂b = (1 + ϵ)rb, where ϵ is the error, the resulting Taw estimate
produces an HTC given by:

hâw =
q̇

Tb + (1 + ϵ)δTr︸             ︷︷             ︸
ˆTaw

−Tw
= hH

1 − ϵ

ϵ + 1−Qr
1− hH

hD

 (29)

Equation (29) is shown as solid lines in Figure 11, and can be
seen to fit the data well. The ϵ for each St definition is calculated
relative to the true rb according to (27) (0.862 for this flow):
• St: Equivalent to r̂b = 0 , giving ϵ = −100%
• St0: Equivalent to r̂b = 1 , giving ϵ = 1/0.862−1 = 16%
• Staw: r̂b =

3
√

Pr = 0.892, giving ϵ = 0.892/0.862−1 = 3.5%
It is notable that Equation (27) forms rb in terms of f and

St, whereas in most prevalent correlations r is determined en-
tirely by Pr[2][24]. However, it is well known[2] that f and StH

are highly correlated, with the scaling between the two usually
being well characterised by some power upon Pr[53]. With
StD/StH shown to also being well characterised by Pr, it can
be seen how r′b in (26) also reduces to a function primarily of
Prandtl number. The nonuniformity factor, u2

b/(u2)b, in (27) is
discussed by [54][55], and is specific to recovery factors ref-
erenced to bulk quantities. The recovery factors computed for
several flows are shown in Figure 13. The importance of using
internal flow correlations is most clear for the laminar results,
which are clearly better characterised by rb∼Pr given by [26]
for pipes than by the rb∼

√
Pr correlation [2][24] for external

boundary layers. The recovery factors for turbulent flows can
be seen to scale to lower powers of Pr as Re increases; it might
be expected that, as Re increases and r′b→rb[54], the turbulent
recovery factors would approach the external flow correlation
rb∼Pr1/3 by [56]. However, the results show rb to scale with
Pr to a power less than 1/3 at the highest Reynolds numbers.
Given that the recovery factors all align with the experimental

6r′b differs from rb in that Equation (26) is referenced to u2
b (due to the def-

inition of f [3]), whereas T0 is referenced to (u2)b [52]. This distinction is
increasingly important at lower Re as the velocity profile becomes sharper.

range given by [19], it is possible that this is simply an artefact
of the PrT model (13) being calibrated for air[2]. However, as
seen in laminar studies [26], this may also suggest that some of
the assumptions underpinning the external flow correlation may
break down for internal flows.
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Figure 13: Recovery factors evaluated by Equation (27) from 1D pipe and
channel computations, with experimental result by [19]

4.3. Variable Property Effects

The separate and combined effects of introducing variable
density and viscosity to the model for a turbulent channel flow
are shown in Figure 14. As seen in [30], the dominant effect
of heating is an increase in eddy viscosity away from the wall
due to density gradient. This decrease in mid-channel velocity
results in a reduction in Reb for a given Reτ.
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Figure 14: Change in velocity profile in a turbulent 1D channel due to variable
viscosity and density effects (air, Reτ = 180)
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The y+-t+ profile for a given Reτ changes similarly, how-
ever it should be noted that HTCs are determined by the (y/δ)-
(∆T/∆Tb) profile, and correlations are referenced to Reb. Ref-
erence to bulk quantities adds additional ρ dependence; heating
a flow causes density to increase away from the wall, weighting
bulk quantities toward mid-channel values. The summary effect
of this can be seen in the outer-scaled bulk-normalised temper-
ature profiles at controlled Reb, shown in Figure 15. This shows
heating to result in reduced near-wall temperature gradient, thus
a reduced HTC (as seen by [30]). Examples of how HTC varies
with heating/cooling are shown in Figure 16.
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Figure 15: Change in temperature profile in a turbulent 1D channel due to
variable viscosity and density effects (air, Reb = 11, 310)
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Figure 16: Variation of Stanton number with wall temperature for variable
property 1D flows at fixed Reb, alongside [4][31][7] (see Table 1)

4.3.1. Power-Law Correction Factor
Tw/Tb-St results for 0.8< Tw

Tb
<1.2 have been computed for a

range of geometries and Reynolds numbers. These results were

found to be well characterised by power-law fits of the form (7),
as illustrated by the 2 examples shown in figure 16. The expo-
nent, n is found to be relatively invariant to Tw/Tb, exhibiting nei-
ther the smooth variation with Tw/Tb predicted by Petukhov[7],
nor the heating-cooling discontinuity posited by Humble[4]. As
such, the present results support the notion (discussed in section
2.4) that discontinuous forms of (7) are artefacts arising from
inconsistencies between heated and cooled flow experiments.

Having shown that property gradients affect the viscous and
turbulent regions of the flow differently, one may expect the
relative significance of these regions to affect the flow’s over-
all sensitivity to temperature gradient. This manifests as a
variation of n between boundary conditions, geometries, and
Reynolds numbers. Figure 17 shows the best-fit value of n
obtained over the range of cases computed, showing bound-
ary condition, geometry, and Reynolds number to each have a
significant effect. Thus, the present results challenge the as-
sumption by [3][7][4] that a precise universal n can be defined.
That being said, the present results are in closest agreement to
the results obtained by [31]; interestingly, this is the only sur-
veyed reference which employs a consistent methodology be-
tween Tw>Tb and Tw<Tb tests.
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Figure 17: Variation of best fit exponent for Equation (7) with Reynolds
number alongside results of [31]

4.3.2. Modified Reference Quantities

An often-cited advantage of the above method for property
correction is that it allows the following unambiguous definition
of bulk Reynolds number[3] to be retained:

Reb =
(ρu)bDh

µTb

, (ρu)b =
ṁ
A

(30)
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Whereas when modified reference quantities are employed,
(ρu)b must be decomposed into ρb and ub:

(ρu)b =
1
A

∫
A
ρudA = ρb ×

1
A

∫
A ρudA

ρb︸       ︷︷       ︸
ub

(31)

where ρb is defined by (15) with p set to p =
∫

pdA and T set to
Tb [4]. Retaining p, alternate values of ρ and µmay be specified
by evaluating (15) and (16) at a film temperature, defined as:

Tλ = (1 − λ)Tw + λTb, λ ∈ [0, 1] (32)

µ and ρ appear a total of 4 times in the definitions of Re, f , and
St, thus a reference framework may be described by 4 λ values,
i, j, k, and l. These are defined as presented in equations (33-
36). Such quantities are of use in cases where the flow is better
characterised by properties at a temperature other than Tb. Sev-
eral popular referencing configurations are given in Table 3.

Formulations B-E are the conventionally defined[30] modi-
fied film quantities where all properties are evaluated at a single
film temperature. G is a conventionally defined film quantity
where (ρu)b may be retained and only µ modified. F has been
added by the author on the basis:

• Viscous stress/diffusion peaks at the wall: µre f = µwall
• Turbulent stress/diffusion peaks near the wall: ρre f = ρ0.4

Rei, j =
ρiubDh

µ j
=

(
ρi

ρb

) (
µb

µ j

)
× Reb (33)

fk =
τw

1
2ρku2

b

=

(
ρb

ρk

)
× fb (34)

Nul =
hDh

kl
=

hDhPr
µlcp

=

(
µb

µl

)
× Nub (35)

Sti, j,l =
Nul

Remi, jPr
=

h µ j

µl

ρiubcp
=

(
ρb

ρi

) (
µ j

µl

)
× Stb (36)

i j k l ref.
A 1.0 1.0 1.0 1.0 (bulk)
B 0.0 0.0 0.0 0.0 [4]
C 0.4 0.4 0.4 0.4 [30]
D 0.5 0.5 0.5 0.5 [30]
E 0.6 0.6 0.6 0.6 [30]
F 0.4 0.0 0.4 0.4 Present
G 1.0 0.5 - 1.0 [33]

Table 3: λ values for reference quantity definitions under investigation

The usefuless of a reference formulation is determined by its
ability to map variable property results onto a constant prop-
erty characteristic. The investigations cited in Table 3 assess
this ability based upon databases of HTCs at a limited number
of temperature ratios, which suffer from the experimental in-
consistencies discussed in section 2.4. To assess these modified
characteristics over a more complete range of conditions, Re-
f -St computations are performed for 0.8< Tw

Tb
<1.2 at fixed Reb.

This is repeated for several values of Reb, the results of which
are plotted for definitions A-G (see Table 3) in Figure 18.
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Figure 18: Re- f & Re-St characteristics produced by varying heat flow to a 1D channel (H) at several fixed Reb, Symbols at Tw/Tb ∼ 0.8
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Figure 18 shows the film referencing of G[33] to achieve min-
imal displacement from the CP solution, however the charac-
teristics do not align well with CP trend line. The modified film
referencing of [30](C-E) is more effective at aligning the char-
acteristics with the CP trend-line. Of these forms, no single λ
achieves consistent alignment with the constant property trend-
lines throughout the domain of Re, however λ = 0.5 (D) gives
the best compromise for both f and St (This is also the con-
clusion reached by [30]). The new formulation, F, gives much
more consistent alignment for both f and St. This implies that
the surface viscosity provides a better characterisation of the
thermal and mechanical flow that the film viscosities used by
[30][33].

Formulations D, F, and G demonstrate the ability to miti-
gate Tw/Tb sensitivity for Re- f -St correlations, in that changing
Tw/Tb moves along the CP characteristic rather than departing
from it. As the most effective formulation, F is adopted hence-
forth, subscripted m f . Similar results for pipe flows (see A.23,
A.24) indicate that this effectiveness is retained for different ge-
ometries and thermal boundary conditions.

4.4. Application to Complex 2D Flows

To assess the proposed methods, square duct simulations are
performed at a range of Reynolds numbers and streamwise tem-
perature gradients. The unprocessed results are shown in Fig-
ure 19, where the spread of the data illustrates the inadequacy
of “naive” Re-St correlations for variable property flows.

It is clear that the results shown in Figure 19 do not converge
toward the constant property characteristic as temperature gra-
dient is reduced. This “deflection” of results away from the
constant property characteristic at low Qr is best explained by
looking at a single Reb, shown in Figure 20. This shows how
dissipation (as Figure 11) and property gradient (as Figure 16)
effects to combine in a way which prevents St→StH .

Figure 20 suggests that, if not accounted for, dissipation dis-
torts the Tw/Tb-St characteristic by reducing gradient and adding
a discontinuity. This may explain the reduced property varia-
tion and heating-cooling discrepancy observed by [8] between
heated[4][7] and cooled[5][6] flow experiments.

4.5. Applying Corrections to 2D Re-St Correlations

The scatter between computed characteristics shown in Fig-
ure 19 summarises the problem sections 4.1-4.3 aim to address.
The effectiveness of these methods may therefore be evaluated
by their ability to reduce this scatter, presented in Figure 21.

4.5.1. Dissipation Rejection
With geometry and fluid properties fixed, frictional heating

scales with Reynolds number, resulting in the magnitude of Qr
decreasing with Reb for a fixed dTb/dz. This makes it non-trivial
for test campaigns at fixed temperature gradients to avoid prob-
lematic Qr values over large Reb ranges. The minimum and
maximum Qr values for the present datasets are given in Ta-
ble 4. Figure 19 shows low Qr datasets to converge toward the
StD characteristic (‘0’) at high Reb - this is a symptom of this
inverse relation between Reb and Qr.
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Figure 19: Reb-Stb computations at a range of dT/dz (see Table 4) for a
variable property turbulent square duct under (H) BCs, Mach 0.1-0.3

Tw/Tb Qr Tw/Tb Qr
C6 0.81, 0.87 -50, -5 C5 0.85, 0.91 -35, -3
C4 0.92, 0.95 -17, -1.5 C3 0.966, 0.988 -4, -0.2
C2 0.977, 0.996 -1.1, -.1 C1 0.980, 0.998 -0.26, -.01
0 0.981, 0.999 0

H1 0.984, 1.000 0.03, .27 H2 0.987, 1.001 0.1, 1.1
H3 1.001, 1.009 0.2, 4 H4 1.04, 1.05 1.5, 17
H5 1.09, 1.11 3, 35 H6 1.13, 1.18 5, 55

Table 4: Temperature and dissipation ratio ranges for the fixed dT/dz datasets
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Figure 21: Corrected Re-St characteristics for a variable property turbulent square duct under (H) BCs, Mach 0.1-0.3 (see Figure 19 for legend)

Figures 21a&21b show the Stanton numbers corrected using
rb =

3
√

Pr. Where |Qr−1|≫1, this can be seen to cluster re-
sults toward a single characteristic quite effectively, however
the correction breaks down close to the adiabatic condition. In
general, this causes the scatter between characteristics to in-
crease at higher Reb as Qr moves toward zero. An extreme
deviation from the CP characteristic is apparent in dataset H3
near Reb=14, 000, as H3 passes through Qr∼1.

Figure 21c shows the results obtained using Equation (24),
where StD is obtained by interpolating data set 0 using m f prop-
erty referencing. This method is more effective than the former,
unconditionally collapsing results onto a single characteristic
with less than 0.5% scatter.

4.5.2. Property Variation
Figure 21c&21d show that, when paired with effective dis-

sipation rejection, both the power-correction and film-quantity
methods condense results to a single line with less that 0.5%

scatter. Figure 17 shows that the property exponent for the
square duct is lower than for a pipe or channel, but exhibits
the same downward trend with Re. The characteristic shown in
Figure 21c is corrected using the average n of −0.265, which
was found to no less effective than using n= f n(Re) in the
range investigated. This may explain the perceived adequacy
of constant-power corrections[3] for small temperature differ-
ences and Re ranges.

It may be noted that the results shown in Figure 21a&21b
increase in scatter and deviate slightly below the constant prop-
erty characteristic at high Reynolds numbers. This is likely
due to variable property corrections being calibrated to H / T -
driven temperature fields: With dissipation becoming signif-
icant in the higher Re results, the temperature profiles devi-
ate from those produced under ideal H / T conditions, thus
the variable property corrections are less accurate. This ef-
fect is less pronounced in Figures 21c&21d, indicating that the
film-referenced StD characteristic captures the effect of property
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variation on dissipative heating more robustly than a fixed rb

value. This issue is addressed in empirical work [20] by adding
a kinetic term to the film temperature definition.

4.5.3. Data Requirements
While characterisation by the power-law and film-quantity

methods are on par in terms of efficacy, it is important to
note that the power law method is less convenient: data for
a range of Tw/Tb must be obtained at controlled Reb in or-
der to fit exponent n. The film-quantity method is more gen-
eral, allowing scattered data for a single heat flow to fully de-
fine a Re-St correlation. Similarly, the disadvantage of the
dual-coefficient method for dissipation accounting is that rather
than using universal correlations for recovery factor, auxiliary
geometry-specific data is required. It should be noted that while
this auxiliary data takes the form of a Re-StD in this work, Equa-
tion (27) shows that similar performance may be achieved via a
geometry-specific Re-rb correlation.

4.5.4. Friction Factor
For completeness, Figure 22 shows the film correction ap-

plied to friction factor. This shows film reference F to also be
effective at condensing Re- f data to a single characteristic, with
a scatter of ±0.5% for 0.8 < Tw/Tb < 1.2.
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Figure 22: Square duct friction factor results (see Figure 19 legend)

5. Conclusions

The methods presented in this work improve the robustness
of Re-St correlations for predicting heat transfer to/from fully
developed flows where dissipation or property variation are
significant. Accounting for such features mitigates them as a
source of uncertainty, allowing heat exchanger matrix geome-
tries to be rapidly characterised by CFD. These advantages im-
prove the flexibility and reliability of correlation-based mod-
elling in design.

The present investigation focuses upon air-like gasses at
moderate temperatures, where the 3 mechanisms discussed are

of secondary significance. However, their significance may
be expected to increase at lower Prandtl numbers (e.g.liquid
metals)[2], lower absolute temperatures (e.g.cryogenic flows),
or higher heat fluxes.

5.1. Thermal Boundary Conditions
A simple methodology for representing constant heat flux

and constant wall temperature conditions for fully developed
flows is presented. While the constant heat flux formulation is
widespread in CFD[57][58], the constant wall temperature for-
mulation differs from most CFD studies of such[59][60][61] in
that it doesn’t require redefinition of the transport equations,
easing implementation. The formulations successfully repro-
duce the difference between H and T HTCs seen in both
laminar[2] and turbulent[44] studies. These results highlight
the importance of controlling boundary conditions when com-
paring/validating against any experimental data.

5.2. Dissipation
The results presented demonstrate HTC to be sensitive to

dissipative heating as temperature ratios approach unity, even
when Mach number is low. The conventional method, where
adiabatic wall temperature is estimated via universal correla-
tions, is shown to be effective so long as dissipation makes up
less than 10% of the total heat flow. An alternative method,
where separate HTCs are evaluated for convection and dissi-
pation, was found to isolate dissipation more robustly. This
method requires auxiliary results to determine the dissipative
Stanton number, which was found to be ∼ 2× the convective
Stanton number for Pr∼1.

5.3. Variable Property Effects
The present results are used to scrutinise several long-

suspected[8] flaws in experimental investigations into property-
gradient effects. This led to two key findings about power-law
corrections:
• Power-law corrections are found to apply consistently be-

tween heated and cooled flows
• Exponents were seen to vary (n ∼ −0.25 ± 0.05) between

geometries and operating points
The latter introduces the need for auxiliary Re-n correlations.
For this reason, it is more convenient to instead account for
property variation using modified reference quantities.

Modified film quantities were found to effectively capture for
property gradient effects on both Re- f and Re-St correlations
over the full range of geometries and boundary conditions in-
vestigated. The conventional modified film definition of [30]
performed adequately in this regard, however better consistency
was achieved with an improved formula (F, Table 3).
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Appendix A. Film Comparisons for Pipe Flows
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Figure A.23: Re- f & Re-St characteristics produced by varying heat flow to a pipe (H) at several fixed Reb, see Table 3 for formulae
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Figure A.24: Re- f & Re-St characteristics produced by varying heat flow to a pipe (T) at several fixed Reb, see Table 3 for formulae
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