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ABSTRACT

We evaluate the exact dipole coupling strength between a single emitter and the radiation field within an optical cavity, taking into account
the effects of multilayer dielectric mirrors. Our model allows one to freely vary the resonance frequency of the cavity, the frequency of light
or atomic transition addressing it, and the design wavelength of the dielectric mirror. The coupling strength is derived for an open system
with unbound frequency modes. For very short cavities, the effective length used to determine their mode volume and the lengths defining
their resonances are different, and also found to diverge appreciably from their geometric length, with the radiation field being strongest
within the dielectric mirror itself. Only for cavities much longer than their resonant wavelength does the mode volume asymptotically
approach that normally assumed from their geometric length.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0047145

The development of universal quantum computation remains a
key endeavor in the coherent control and manipulation of light and
matter quantum states. A principal component of this effort is improv-
ing the inherent scalability of current architectures and developing
methods for the reliable interconnection of distant qubits and quan-
tum processors.” A promising approach is the use of high finesse opti-
cal cavities to couple individual states of light and matter, connecting
stationary emitters and traveling photons as the hosts of quantum
information. A strong coupling within the cavity allows this to be a
controllable, deterministic, and inherently reversible interaction, essen-
tially establishing an idealized quantum interface.”” In principle, this
allows for the generation of light-matter entanglement,” entanglement
swapping,” and the distribution of cluster states over an extended
quantum network.” Similar systems have been used extensively for the
enhanced production of single photons, across a variety of emitter
types and platforms such as neutral atoms,” ions,” NV centers,” and
quantum dots."’

The Purcell effect plays an important role in the realization of
cavity mediated light-matter coupling schemes. It describes the
enhancement to the spontaneous emission rate of a quantized emitter
within a resonant cavity. When compared to spontaneous emission

into free space, the rate of emission into the cavity mode for an atom
localized at the field maximum is enhanced by'' F, = 3°Q/4n?V,
where Q is the quality factor of the resonator, A is the transition wave-
length, and V is the optical mode volume of the resonator. In cavity
QED systems which only couple to a single emitter, this factor is
expressed as system cooperativity, given by 2C = F, = g*/(xy),
where g is the atom-cavity coupling rate, k is the cavity field decay
rate, and 27y is the rate of atomic spontaneous emission. Strongly cou-
pled systems are correspondingly defined as those where g > (k,7),
ie., where the coherent coupling rate surpasses incoherent decay
mechanisms.'” The suppression of photonic decay within the cavity
generally requires the use of highly reflective mirrors, characterized by
a large cavity finesse,”” # = nv/R/(1 — R), where R is the mirror
reflectivity. Given the equivalent representation of finesse as the ratio
of cavity free spectral range to its linewidth, a high finesse ensures that
an emitter couples to a single cavity resonant mode.

To achieve the mirror reflectivity required for coherent atom-
cavity interactions, highly reflective dielectric coatings or Bragg stacks
are used as standard.” These comprise layer pairs of quarter-
wavelength optical thickness dielectric material, with alternating
refractive indices. Generally, a high reflectivity is only achieved for a
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large number of such layers, implying a notable penetration of the
stack by incident light. A common strategy for enhancing cooperativ-
ity is the minimization of mode volume, which generally requires
reducing mirror spacing. At its extreme, the mirror spacing can be of
the same order as the resonant wavelength of interest.'” This uninten-
tionally increases the relative portion of the cavity mode within the
dielectric stack,"*'*"” rendering inaccurate the standard spectral prop-
erties of a Fabry-Pérot resonator such as its resonance frequency, line-
width, and free spectral range. The propagation of light in cavities
limited by dielectric mirrors has been studied under the resonance
condition, where the frequency of the light matches a resonance fre-
quency of the Fabry—Pérot cavity as well as the design frequency of the
mirror stack."*'”'* Additionally, this problem has also been studied
numerically for calculating the mode volume of leaky optical cavi-
ties.'” ' Here, we go a step further in considering the more general
case of a wave of arbitrary wavelength traveling through the stack:
This is always the case if the emitter coupled to the cavity is not reso-
nant with the cavity mode. To this end, in this paper, we write a closed
expression for the coupling between an atom and the field within a
cavity whose mirrors are dielectric multilayer stacks, which has only
been reported in the case of single-layered dielectric mirrors.”

In order to model the dynamics within a cavity, the quantized
light field is normalized in terms of its quantization volume, which
usually corresponds to the geometric volume of the optical resona-
tor.”” However, in the case of the resonator considered, modeling the
surface of the mirror as a hard boundary to the cavity mode is no lon-
ger appropriate. To rectify this, we consider an open cavity system,
where the electric field is able to propagate through the dielectric mir-
ror and couples to external free-space modes. This departs from the
standard notion of having a mode volume and well defined frequency
modes of the resonator, suitably modifying our calculation of the
Purcell Factor. This goes substantially beyond the aspects that have
been addressed before,”*”” now taking into account a large number of
dielectric layers and the off-resonant case, where the field and the
design wavelength of the dielectric stacks are different.

We revise the concept of mode volume and cavity resonance for
a cavity formed from dielectric mirrors and describe the general quan-
tization procedure to be used for an atom within a cavity, where it
interacts with a global electromagnetic field. This procedure departs
from the standard input-output formulation used to model open opti-
cal systems.”***” A targeted application of this quantization model is
the production of single photons leaking out from one side of the cav-
ity. By applying the quantization procedure to a multilayer stack, we
allow for a discussion on a more realistic specification of effective cav-
ity length and corresponding mode volume for short cavities. We
show that the expected resonance frequency of the cavity, the reso-
nance frequency of the emitter, and the design frequency of the dielec-
tric stack may differ substantially from one another. Finally, by
considering the boundary to these effects, we demonstrate that the
standard models of optical resonance are asymptotically re-achieved at
extended cavity lengths.

We commence by characterizing the electromagnetic field within
a cavity. Since the considered mirror structures are either flat or have
large curvature radii, the field is described by its longitudinal propaga-
tion, in what is called the paraxial approximation.”” Hence, for sim-
plicity, we omit writing explicitly the transverse mode structure, any
inclusion of which can be absorbed in the mode function obtained

scitation.org/journal/apl

below. The solution for the longitudinal component is described by
solving the Helmholtz equation

d2 2
(@Jr & (x) °:—2)<1>w(x) =0, (1)

where ¢, (x) is the relative permittivity of the physical medium, ®@,,(x)
is the space-dependent field eigenmode of continuous index
® = 2mc/A, A is the wavelength of the traveling wave, and ¢ is the
speed of light. The corresponding quantized electric field can be writ-
ten in the Schrodinger picture as

E(x) = —iro dw\/g(fbw(x)&w — @ (x)al). )

We can write the general electromagnetic field as a sum of terms
within, through, and outside the mirrors, ®@,(x) = @, in(x)
+D,, stack (X) + Doy out(x). The quantization procedure is performed in
the whole universe, unlike any approaches first quantizing the field
inside a perfect cavity and subsequently coupling the field modes to
the outside using input-output formalisms.***”

After the global field has been quantized, the Hamiltonian to
include the atom within the cavity: Consider a point-like two-level
atom with states |g) and |e) separated in energy by fim, is positioned
at x = x,, between a perfect, mirror placed at x = —¢, and a partially
transparent dielectric mirror positioned at the origin. Here,
—{. < x4 < 0, where /, is the geometric length of the cavity. The elec-
tric field at the position of the atom can be written by evaluating
Eq. (2) at x = x4, and we consider a field-atom dipolar interaction
V = —dE(x,), where d = d&, + d*6_ is the dipole operator of the
atom, 6 = |e)(g|,and 6_ = |g)(e].

The total Hamiltonian of the described system in rotating wave
approximation is

N —+00
H = hoao6_ + J dohoala,
0
00
b | dongdn - nale). )
0
where the first two terms correspond to the atom and electromagnetic
field energy, and the third term to the interaction of said field with the
atom placed between the mirrors. Additionally, the light-matter cou-
pling 7,, is described by

1)
No = 4 /%dq%,m(m)- (4)

For a passive (non-dispersive and non-dissipative) system, one can
equivalently express the coupling term using Green functions, solu-
tions of the Helmholtz equation with a Dirac-delta function as a
source.””’

To describe the dynamics of the open atom-cavity system accu-
rately, an effective atom-cavity coupling strength needs to take into
account the structure of the partially transparent mirror. A multilay-
ered mirror consists of an alternating stack of two dielectric materials:
The first type of layer has a width ¢ with refractive index #;, while the
second one has a width o with index n,. The stack has 2N — 1 layers:
N - 1 pairs of dielectric and one additional layer of index n;. As such,
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FIG. 1. lllustration of the considered cavity: a perfect mirror stands at x = —¢;,
delimiting a cavity of geometric length ¢, with an alternating dielectric stack stand-
ing from zero.

the first and last layers of the stack have the higher refractive index™’
(ny > ny). For the sake of simplicity, we disregard the substrate on
which the coating is deposited. This model is shown in Fig. 1, having a
relative permittivity given by

1, —l<x<0,

&(x) = ”%7 j1(5+06)<x§j1(5+a)+5’ (5)
v m, (2—1)0+a)+35<x<p(d+a),

I, x>N(@6+a)—a,

where j, € {0,1,2,...,N—1} and j, € {1,2,...,N — 1}. The mir-
ror is designed to reflect best at Ay, which is used to specify the quarter
wave dielectric optical thickness: 6 = 4o/4n; and o = A9/4n,. For
simplicity, we set n, = 1. In every region, Helmholtz’s equation is
solved by a superposition of plane waves,

(I)w(x) :A+ei‘—;\/e,(x)x +A_e7i“—c’ e,(x)x. (6)

The distinct solutions are connected by the condition that @, (x)
and d®,,(x)/dx ensure continuity throughout the discontinuities of
€r(x), fixing the values of A and A_ for every region. The complete
expression for the electromagnetic field is given by

2N

D,,(x) = Y CAj(@,%)1q,, 7)
j=0

where j runs over the 2N — 1 possible layers, labeled ©; C R. y, rep-
resents the indicator function y,,(x) = 1 for x € 2 C R and 0 other-
wise. The 2Nth term describes the mode exiting the cavity. C is a
common normalization factor, and A;(w, x) corresponds to terms of
the form of Eq. (6) with adequately chosen coefficients.

(a) 0=y, bc=N/2 (b) ®=1.02w9, lc = Ao/2

4
~ 15
§ 3 I
. 10
£ 2
=
o 5
ol
0 0
0 N(@é+a)—oa 0 N(@+a)—a
x x
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The solutions are shown in Fig. 2, and the analytic expression for
the coefficients of each layer is shown in the supplementary material.

After the modes have been described in the form of Eq. (7), we
consider the effective optical response of the structure. Following the
normalization of the modes in Eq. (7), the inside and outside modes
have the form

2i o
Do) = e T ()sin [24 )] ®)
1 i, f(w) Ly —i%x
q"“"’“t(’“)zm(ez @ ) )

where .o/ is the transverse area of the mode (a quantity which is calcu-
lated when the mode is normalized in three dimensions). Here, 7 (w)
is the field amplitude ratio of the structure, which has the form

o= i2(bA+(N=1)(5+2)) t(o)
Biyp(0) 1+ e@eits@)r(w)

where ¢p(w) = arg(Bon—2/B5y_,), and the single-layer spectral
transmission response functions (@) and r(w) are defined”

(1- r%)ei(nl—l)%é

1— ezinl%b' r%

T (0) = , (10)

tHw) = , (11)
Ty 11 (ez"’“%& — 1)
) 1 — e2imep?

where ry is the single-layer reflectivity. Figure 3 shows a series of differ-
ent cavity response functions for different numbers of layer stacks and
cavity lengths. Our model exhibits the standard behavior of an optical
cavity since an increase in the number of layers decreases the line-
width, as expected from an increased mirror reflectivity. Furthermore,
the free spectral range of the cavity decreases as its length is increased.

As in single-layered cavities (see the details in the supplementary
material), we can decompose |7 (w)|* as a sum of Lorentzian-like
functions,

r(w) =e = |r(w)]e?@), (12)

o0

¢ % (@)

T(0)]* =
TOl= 2 | Sy

(c) © =098y, Le = Ao/2 (d) o = 1.115ay, L. =32/4

7
15 6
5
10 4
3
5 2
1
0 1 0

0 N(@+a)—a 0 N(@+a)—a

x x

FIG. 2. Mode propagation of a wave of wavelength / for a stack with ny = 1.25. A perfect mirror stands at x = —/;, forming a cavity of length ¢, with a stack of 21 alternating
layers of width & = Ao/4ns and o = Jq/4n; (here, n, = 1). The propagation frequency w = 2rc/A is varied. In (a), the case when ¢, = 2o/2 and w exactly matches with
the cavity design resonance frequency wy is shown, obtaining the strongest confinement of light inside of the cavity. In (b) and (c), the intensity changes when the propagating
light is slightly off resonance. Finally, in (d) we set £, = 39/4 and achieve resonance coupling when o = 1.115wy. Moreover, in this case, the field intensity within the stack

exceeds the intensity inside of the cavity.
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Parameter Evolution

.0
w(wo)

FIG. 3. Inside-outside intensity ratio, i /lout, @ a function of the angular frequency of the light and the number of layers, 2N — 1. The parameters of the cavity are as in Fig. 2.
(a) shows £ = 49/2, (b) £c = 1.2540/2, (c) £; = 2.52¢/2, and (d) £, = 649/2. All curves can be decomposed as sums of Lorentzian functions in . The dashed lines cor-

(m)

respond to cavity classical resonances: wp, = mnc/¢;, where m is the number of antinodes between the mirrors. The black, solid lines correspond to w% , the peak
responses followed by the modes. These do not coincide with w,,, and are strongly dependent on the number of layers. () and (f) show the values of Lf\,'") and yy )"as a func-

tion of the layer number N for different values of ¢;.

where
o) =2, (19
_cm (¢, () + dp(w) + )
Oy = %m —c 5 . (15)

The term ¢(w) in Eq. (15) accounts for the multilayer nature of the
mirror. In the single-layered case, this has the form ¢p (@) = 24,0 /c.

Figure 3 implies that the multilayer structure leads to a narrowly
peaked Lorentzian response function. In order to obtain the individual
Lorentzians corresponding to each peak in the response function, we
fit each individual peak to the exact cavity response function shown
in Eq. (13), obtaining numerical values of LI(\,m)7 yl(\]m), and wl(\,m),

(m)
T ()P =3 — L4 . (6)

(m) 2
m 2LN 2 (m)
(w — wl(\]m)) + (7)1\2’ )

We now examine what happens when we vary the spacing
between the mirrors. By taking into account the multilayer structure of
the mirror, we also observe resonance frequency shifts from the
expected resonances, i.e., for a cavity having a mirror spacing ¢, the
expected resonance frequency would be w,, = 2nc/A,, = nm(c/L,),
where m is the number of antinodes between the mirrors. However,
the resonance frequencies that we obtain with a multilayered structure,
in general, do not match the values of ®,, described above (see Fig. 4).
In other words, if in the multilayered case we write wes = w%n)
= nm(c/leg) for the resonance frequencies, then, in general, le is

different from /.. In particular, fqs is the same as ¢ only if
L. = plo/2, where p € 7. Moreover, the shorter the cavity, the greater
the difference between g and ,,.

Each term in Eq. (16) corresponds to a well separated single
Lorentzian at a resonance frequency w%"), hence for the response
function, we can write 7 (w) = >, 7 m(w), where

c ¥y
T (@) = N . (17)
L N
N (w—wﬁ,’”’ 4N
2
(b) Long cavity
i ———
30
1.01
& 100 20
5]
0.99 10
0.7 » 0.3 — 0
0.5 1.0 1.52.0 2.5 3.0 3.5 101 102 103
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FIG. 4. Calculated inside/outside intensity ratio using the electromagnetic propaga-
tion of the mode vs mmc/ ¢, shown in dotted lines. With very short cavities, the mis-
match is appreciable and the maximum inside/outside ratio lines predicted
classically differ significantly with respect to the mode prediction. The predicted and
actual lines only match when ¢, = p2y/2, for p € Z.
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This expression for the response function is general; being appli-
cable to cavities of any length, dielectric layer number, and refractive
index n;, and leads to the description of a general coupling strength

Ny = anczfoo Non = ancz—ao Cw.ma,m> where

N (18)
: 60L1\7’ of

(m)
1
Lom = ¢'¢ sin @ (xA + gc) W . (19)
' c 2n (m) y(rn)
(w N ) + i%

We highlight that taking into account the transverse features (atom
off-axis or higher-order modes) would simply result in the reduction
of this coupling factor by a scalar.

Comparing this result with the single-layer case shown in the
supplementary material, we can see that the expressions are the same,
with the exception that for the multilayer case we have Lg\,m) instead of
£ and yg\,m) instead of I',,,. Similarly, if we interpret the product Lg\,m) o
in the pre-factor as the effective mode volume, it is no longer defined
through the geometric length of the cavity, due to the discrepancy
between Ly;" and ¢,.

Over the width y%") of a single Lorentzian, e is close to (,e);\,m) and
varies very slowly; therefore we can further approximate the mode
selective cpupling: Nepm = émﬁj"),mCW"' o N

Previously, we presented a Hamiltonian describing the global
closed system consisting of atom, cavity, and environment [Eq. (3)].
We now intend to extract an effective Hamiltonian to describe the
dynamics of the open atom-cavity system. This extraction has been
studied in the literature for the single-layer case.”

Given that the quantum information processing, retrieval, and
storage of single photons all happen within the limited scenario of a
single excitation within the cavity,” we limit the Hilbert space to a sub-
space containing the excited atom state |e,0) and the single excitation
of the cavity in a superposition of frequency modes around the reso-
nance frequency a)Nm>: |g, 1,n). To write the effective Hamiltonian for
such a system, we define the operator

1 00
Ay = —J dw Ny, o, (20)
&m Jo

satisfying the commutation relations [@,, a!,] = Gy, [@m; ] = 0.
The definition in Eq. (20) allows one to transform the continuous
model (3) into a discrete one, and to define the single photon excita-
tion around the resonance frequency wf\,m) as|1,,) = a’ |0).

It can be shown that g, is a normalization constant given by (see
the supplementary material)

+0(&) (1)

o) wl™
Td e te sin | (xa +£¢)
FIE()LN of ¢

up to an error of the order €2, where ¢ = y%”) "A—:’l‘ The width y%")
decreases with a greater number of layers and cavity length, hence €
becomes smaller (see Fig. 3) and the approximation is well validated.

Assuming that only one of the cavity modes at " is close to
the resonance frequency w, of the atom, all other modes can be safely
disregarded and the effective Hamiltonian then reads (see the supple-
mentary material)

scitation.org/journal/apl

2
+ilignG ay — ihgl6_al (22)

(m)
Hep = hwp6 46— + (hw}v'” —ih VL) al an

where wg") —wy K (,e);\,m), g is the coupling of a single cavity mode

o\ with the atom, and 7\ is the width of Lorentzian centered at

the resonance frequency w%").

Equation (21) has the form of the atom-cavity coupling for a per-
fect cavity [see the supplementary material, Eq. (§73)], with a corrected
geometric cavity length and resonance frequency.

In conclusion, analyzing the multilayer structure enabled a more
realistic description of the effective cavity length and corresponding
mode volume. The effective cavity length les, as defined in the litera-
ture,' "% determines the cavity resonance and, as we have shown,
does not correspond to the coupling factor cavity length Lx") used for
determining the cavity-matter coupling. We have found that these two
lengths are not necessarily equal when considering a multilayer struc-
ture. Additionally, the resonance frequencies defining /. no longer
coincide with the expected resonances at integer multiples of ¢/(21;).
A pronounced consequence of this discrepancy is that the most com-
mon approach'” for determining a cavity length by means of measur-
ing its free-spectral range is bound to fail for very short cavities. The
geometric length of the cavity might differ by up to 4y/2 from the
effective length determining the free spectral range.

Additionally, we have explicitly calculated the atom-cavity cou-
pling rate both for on and off resonant behavior from an open-system
Hamiltonian calculated from the general quantized field. This quanti-
zation from first principles of more realistic open cavities is a prelimi-
nary step for considering complex dynamics that feature laser driving,.
Work is ongoing to derive microscopic models™ for controlling pho-
tonic states produced from such cavities.”

We also note that submicrometric confinement of light in (dissi-
pative and dispersive) metallic media gives rise to surface plasmon
polaritons that can be used for quantum optics at nanoscale.”" Albeit
these are no multilayered structures, the construction of quantized
models taking into account the resulting losses follows a similar
approach and is based on a microscopic oscillator model for the
medium coupled to the electromagnetic field”” with a particular care
for finite-size media.’*"

The model introduced here will be useful to describe the leakage
of single photons from the cavity to the environment. This is relevant
when using emitters inside of short cavities, where this effect is mani-
fested. Some of the following are potential applications: coupling of
ions'® and atoms to fiber-tip optical cavities,” quantum dots,” the use
of two different frequencies within a short multilayered cavity,”” NV
centers”'”*! (where the mode structure and more-resonances have
been studied in fiber-tip cavities'*) and, in general, whenever there is a
very short cavity that couples strongly to a discrete quantum emitter.
In many cases, the substantial deviations from the simple model dis-
cussed would make it impossible to establish strong coupling unless
these corrections were considered. These results could also prove use-
ful for the spectral characterization of devices with multilayered
structures.”’

See the supplementary material for a derivation of the physical
properties of the single-layer model, the analytical formulas for the
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modes shown in Fig. 2, a description of the Lorentzian structure of
the cavity response function, and a derivation of the Hamiltonian in
Eq. (22).
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