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ABSTRACT
When applying the cointegrated autoregressive distributed lag model it is common to include indicator variables for outliers. This
is often done in a somewhat ad hoc way. Least Trimmed Squares estimation provides a more systematic approach. This estimator
is robust to a large number of outliers of many types. We analyse the estimator in a model that allows a range of contamination and
show that it has the same asymptotic properties as the infeasible Ordinary Least Squares estimator applied to a model generated
by the good errors.

1 | Introduction

When applying a cointegrated Autoregressive Distributed Lag
(ADL) regression, it is common to include indicator variables for
outlying errors. This is done out of a concern that inference may
be distorted if there are unmodelled outliers and an intuition that
standard inference may be valid when outliers are modelled. We
investigate this intuition through an asymptotic analysis of the
Least Trimmed Squares (LTS) estimator.

A simple approach to outlier detection is to apply Ordinary Least
Squares (OLS) to the full sample, remove or dummy out obser-
vations with outlying residuals and reestimate the model by
OLS. This approach has long been used in econometric analy-
sis of time series. Early examples include indicators and level
shifts in UK economic models [1, 2]. For instance, the latter
includes a consumption function with dummies relating to the
1968 introduction of purchase tax. These dummies were later
adopted by Davidson et al. [3] in their consumption function
analysis using an ADL model in equilibrium correction form.
This simple approach relies on consistency of the initial OLS
estimator. As outliers can bias the initial OLS estimator, this
procedure is not robust in general and it has to be used with
care [4].
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The robustness concern has lead to various algorithms that
search for outliers but do not start from full sample OLS esti-
mators. This includes the Forward Search [5] with an imple-
mentation to structural time series in [6], and Impulse Indicator
Saturation [7] which is aimed at ADL models and implemented
in OxMetrics [8], as Gets in R [9] and in the Eviews software.
Asymptotic analysis of these methods has focused on the situa-
tion without outliers [10–12] and with little emphasis on coin-
tegration. In time series, it is common to distinguish between
additive and innovative outliers [13], both of which can be rel-
evant in cointegrated models [14]. Methods based on extreme
value theory can detect a finite number of additive outliers in
a first order autoregression [15]. Here, the aim is to cover fairly
general contamination including a diverging number of additive
or innovative outliers. In order to make progress with the theory,
we consider the LTS estimator as vehicle for analysis in models
with contamination. LTS has not been used much in time series
econometrics, although some simulation evidence for a station-
ary vector autoregression (VAR) is available [16].

The least trimmed squares (LTS) estimator [17] is defined as fol-
lows. The investigator specifies that there are ℎ ‘good’ observa-
tions and 𝑇 − ℎ ‘outliers’ in a sample of 𝑇 observations. The set
of good observations is estimated by the ℎ-subsample with the
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smallest residual sum of squares. OLS is then applied to the esti-
mated set of good observations. In particular, if ℎ = 𝑇 then LTS
is simply full sample OLS.

The literature offers two models for outliers with very differ-
ent inference theories. First, in the Huber [18] contamination
model, all regression errors are independent draws from a normal
distribution mixed with a contamination distribution. This for-
mulation excludes leverage effects whereby the locations of the
outlier errors depend on the regressors. Asymptotic theory has
been developed for the case of stationary regressors and symmet-
ric contamination. Even so, inference involves nuisance param-
eters depending on the contamination distribution and propor-
tion [19]. It is therefore challenging to conduct reliable statistical
inference in this model.

Second, LTS has recently been found to be maximum likelihood
in a regression model where ℎ good observations have normal
errors and 𝑇 − ℎ outliers have errors that are more extreme than
the realized good observations [20]. Under regularity conditions,
it can be shown that the estimator is asymptotically bounded in
probability with the oracle property that it has the same asymp-
totic distribution as the OLS estimator applied infeasibly to the
actual good observations [21]. In particular, LTS is asymptotically
efficient relative to the infeasible OLS estimator with the same
asymptotic power properties.

In this paper we check the LTS regularity conditions for an ADL
regression for data generated by a vector autoregression with
cointegration. We recall that, two variables are cointegrated if
they have random walk trends, but a linear combination does not
[22, 23].

The general LTS theory balances two types of regularity condi-
tions for the regressors. First, to show boundedness of the LTS
estimator, it is assumed that the regressors are not too concen-
trated. Second, to derive an asymptotic expansion of the LTS esti-
mator, it is assumed that the regressors are not too spread out.
These LTS conditions have not been fully analysed in the con-
text of cointegrated processes. We do so here using a cointegrated
ADL model. The proofs require a modification of the classic coin-
tegration representations [22, 24, 25] to permit outliers and in
format that retains the autoregressive structure.

We find that if the proportion of outliers vanishes, but their
number possibly diverges, then the LTS estimator has the ora-
cle property in a cointegrated ADL model. Due to the autore-
gressive structure, the amount of outliers that the LTS estima-
tor can cope with in the cointegrated ADL case is lower than
in cross-sectional models. Notwithstanding, the oracle property
holds with a diverging number of outliers.

The practical consequence of the results is that the asymptotic
theory known for OLS estimation of ADL models without out-
liers transfers to LTS estimation of ADL models with outliers.
In particular, under weak exogeneity [26, 27], the hypothesis of
no cointegration can be tested using Dickey–Fuller-type distri-
butions with a likelihood ratio statistic [28] or various t-statistics
[29, 30]; tests on coefficients in the cointegrating vector have stan-
dard normal inference [27, 31]; and tests for lag length [32] can
be used.

In the analysis of LTS, the number of good observations, ℎ, will be
taken as given. Estimation of ℎwill be discussed in the empirical
application and in the conclusion.

Outline: Section 2 describes the ADL equation and the LTS esti-
mator. Section 3 presents a vector autoregression describing the
system of variables along with the Granger–Johansen representa-
tion. Section 4 describes the data generating process including the
outliers. Section 5 presents the asymptotic theory for LTS applied
to cointegrated ADLs. Section 6 has simulations illustrating the
theory. Section 7 gives an empirical illustration using consump-
tion data. Section 8 concludes. An Appendix has the technical
derivations.

2 | Regression Equation and Estimation
Method

We describe the ADL equation that is to be used in modelling and
the LTS estimator.

2.1 | Autoregressive Distributed Lag Equation

We consider an ADL regression in equilibrium correction form
for a scalar 𝑦𝑡 given a (𝑝 − 1)-dimensional vector 𝑧𝑡. Let 𝒙𝑡 =
(𝑦𝑡, 𝑧′𝑡)

′. The regression equation is

Δ𝑦𝑡 = 𝜔′Δ𝑧𝑡 + 𝛼
(
𝑦𝑡−1 − 𝜅′𝑧𝑡−1 − 𝜈𝑐

)
+
𝑘−1∑
𝑗=1
𝛾 ′
𝑗
Δ𝒙𝑡−𝑗 + 𝜎𝜀𝑡 for 𝑡 = 1, . . . , 𝑇 . (2.1)

The joint distribution of the contemporaneous regressor 𝑧𝑡 and
the errors 𝜀𝑡 is described in subsequent Sections. In vector
notation, the ADL equation is equivalent to

Δ𝑦𝑡 = 𝑥′𝑡𝛽 + 𝜎𝜀𝑡 for 𝑡 = 1, . . . , 𝑇 , (2.2)

where 𝑦𝑡 is as before, the regressor vector is 𝑥𝑡 =
(Δ𝑧′

𝑡
, 𝑦𝑡−1, 𝑧

′
𝑡−1,Δ𝒙

′
𝑡−1, . . . , Δ𝒙

′
𝑡−𝑘+1, 1)

′ and the regression param-
eter is 𝛽 = (𝜔′, 𝛼,−𝛼𝜅′, 𝛾 ′1, . . . , 𝛾

′
𝑘−1,−𝛼𝜈𝑐)

′.

We also consider a model with a linear trend, for which we have

Δ𝑦𝑡 = 𝜔′Δ𝑧𝑡 + 𝛼
(
𝑦𝑡−1 − 𝜅′𝑧𝑡−1 − 𝜈𝓁𝑡

)
+
𝑘−1∑
𝑗=1
𝛾 ′
𝑗
Δ𝒙𝑡−𝑗 + 𝜇𝑐 + 𝜎𝜀𝑡,

(2.3)
the regressor vector 𝑥𝑡 = (Δ𝑧′

𝑡
, 𝑦𝑡−1, 𝑧

′
𝑡−1,Δ𝒙

′
𝑡−1, . . . ,Δ𝒙

′
𝑡−𝑘+1, 1, 𝑡)

′

and the regression parameter is 𝛽 = (𝜔′, 𝛼,−𝛼𝜅′, 𝛾 ′1, . . . ,
𝛾 ′
𝑘−1, 𝜇𝑐,−𝛼𝜈𝓁)

′.

2.2 | Least Trimmed Squares Estimation

LTS estimation was suggested by Rousseeuw [17]. The estimator
divides the data in two groups. There is a given number of ℎ good
errors with indices in an unknown ℎ-subset 𝜁 of 1, . . . , 𝑇 . The
indices in 𝜁 need not be consecutive. The remaining 𝑇 − ℎ indices
in 𝜁𝑐 are the outliers. The LTS estimator finds the ℎ-subsample
with the smallest residual sum of squares [33]. Thus, the LTS
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estimator is defined as follows. Given a ℎ-index set 𝜁 , the OLS
estimators are

𝛽𝜁 =

(∑
𝑡∈𝜁
𝑥𝑡𝑥

′
𝑡

)−1∑
𝑡∈𝜁
𝑥𝑡Δ𝑦𝑡 and 𝜎̂2

𝜁
= ℎ−1

∑
𝑡∈𝜁

(
Δ𝑦𝑡 − 𝑥′𝑡𝛽𝜁

)2
,

(2.4)
where

∑
𝑡∈𝜁 𝑥𝑡𝑥

′
𝑡

is assumed invertible for any choice of 𝜁 . In pass-
ing, we note that this follows from the assumptions below, see
Appendix A. The LTS estimators are then

𝜁 = arg min
𝜁

𝜎̂2
𝜁
, 𝛽 = 𝛽𝜁 , 𝜎̂2 = 𝜎̂2

𝜁
. (2.5)

As the number of ℎ-sets is finite, we need not be concerned about
measurability issues. LTS reduces to full-sample OLS when all
errors are good, ℎ = 𝑇 .

LTS estimation requires evaluation of all ℎ-subsets of the 𝑛 obser-
vations. The computational order is huge. This computational
problem can be approximated by the fast LTS algorithm [33, 34].

3 | The Vector Autoregression

For inference, we set up a joint vector autoregressive model for
the variables. Next, we consider the special case of a univariate
autoregression to provide intuition for the importance of initial
observations of good episodes in outlier analysis. We then elabo-
rate on the Granger–Johansen representation to show how initial
observations are transmitted.

3.1 | Definition of the Model

The vector autoregression. The ADL equations involve a
𝑝-vector of observations 𝒙𝑡 = (𝑦𝑡, 𝑧′𝑡)

′. We describe the distribu-
tion of 𝒙𝑡 by an unobserved components formulation with either
a constant level or a linear trend as in (2.1) or (2.3). Thus, let

𝒙𝑡 = 𝒙∗𝑡 + 𝝉𝑐 or 𝒙𝑡 = 𝒙∗𝑡 + 𝝉𝑐 + 𝝉𝓁𝑡, (3.1)

where the vector 𝒙∗
𝑡

satisfies a vector autoregression (VAR)

Δ𝒙∗
𝑡
= 𝜶𝜷′𝒙∗

𝑡−1 +
𝑘−1∑
𝑗=1

𝚪𝑗Δ𝒙∗𝑡−𝑗 +𝑨𝜺𝑡 for 𝑡 = 1, . . . , 𝑇 . (3.2)

We describe the distribution of the errors in Section 5. The
Granger–Johansen representation manipulates the Equation
(3.2), but does not rely on the distribution of the errors. That dis-
tribution will involve outliers. Despite the outliers, we apply the
terminology of Johansen [25] and refer to, for example, 𝜷′𝒙∗

𝑡−1 as
the cointegrating relation. The parameters satisfy𝜶, 𝜷 ∈ ℝ𝑝×𝑟 and
𝚪𝑗 ,𝛀 ∈ ℝ𝑝×𝑝, such that 𝛀 is positive definite and

𝛀 = 𝑨𝑨′ =

(
𝛀𝑦𝑦 𝛀𝑦𝑧

𝛀𝑧𝑦 𝛀𝑧𝑧

)
.

Relation between ADL and VAR parameters and errors.
When linking the ADL to the VAR we rely on partial system anal-
ysis [27] and the notion of weak exogeneity [26]. For this purpose,

we assume a unit cointegrating rank, a unit coefficient for the
first element of the cointegrating vector and a weak exogeneity
assumption restricting the adjustment to the cointegrating vector,
that is

𝑟 = 1, 𝜷′ =
(
1 , −𝜅′

)
, 𝜶 =

(
𝛼

0

)
. (3.3)

For the derivation of the ADL equation, define the popu-
lation regression coefficient 𝜔′ = 𝛀𝑦𝑧𝛀−1

𝑧𝑧
. The ADL equation

is obtained by pre-multiplying 𝒙𝑡 by (1,−𝜔), exploiting the
Equations (3.1), (3.2) and solving for Δ𝑦𝑡. This leads to the ADL
Equations (2.1), (2.3) with

𝛾𝑗 = (1,−𝜔)𝚪𝑗 , 𝜎2 =
(
1 , −𝜔′)𝛀( 1

−𝜔

)
= Ω𝑦𝑦 − Ω𝑦𝑧Ω

−1
𝑧𝑧
Ω𝑧𝑦.

The ADL errors are defined through

𝜎𝜀𝑡 =
(
1 , −𝜔′)𝑨𝜺𝑡. (3.4)

For the deterministic quantities, we define 𝚿 = 𝐼𝑝 −
∑𝑘−1
𝑗=1𝚪𝑗 and

get either

𝜈𝑐 = 𝜷′𝝉𝑐 or 𝜈𝓁 = 𝜷′𝝉𝓁 , 𝜇𝑐 = (1,−𝜔′)𝚿𝝉𝓁 − 𝛼𝜷′𝝉𝑐 .

The implied triangular system. The VAR Equation (3.2) also
implies an equation for the regressor 𝑧𝑡. Consider the case with a
constant level, so that Δ𝒙𝑡 = Δ𝒙∗

𝑡
. Pre-multiplying Equation (3.2)

by (0, 𝐼𝑝−1) and using the restriction to𝜶 in (3.3) shows thatΔ𝑧𝑡 =
(0, 𝐼𝑝−1)Δ𝒙𝑡 satisfies

Δ𝑧𝑡 =
𝑘−1∑
𝑗=1

(
0 , 𝐼𝑝−1

)
𝚪𝑗Δ𝒙𝑡−𝑗 +

(
0 , 𝐼𝑝−1

)
𝑨𝜺𝑡. (3.5)

Taken together with the ADL Equation (2.1), we get a triangular
system where 𝑧𝑡 feeds into the ADL equation for 𝑦𝑡 given 𝑧𝑡. When
𝜺𝑡 is normal, we find that the errors in the ADL Equation (2.1),
(3.4) are independent of those in the Equation (3.2) for 𝑧𝑡.

The situation where there is an outlier in the Equation (3.5)
for 𝑧𝑡 at a particular 𝑡, but not in the errors (3.4) of the ADL
Equation (2.1), is of special interest. The ADL equation may
then have a structural interpretation. This relates to the ideas of
super-exogeneity [26, 35] and causal transmission [36]. We will
allow for this situation.

3.2 | A Univariate Representation

For the distributional analysis we must turn the autoregressive
model Equation (2.1) into a moving average type representation.
We will be interested in the role of the initial observation. It is
useful to start from the special case of a univariate first order
autoregression

Δ𝑦𝑡 = 𝛼𝑦𝑡−1 + 𝜎𝜀𝑡 for 𝑡 = 1, . . . , 𝑇 , (3.6)

with some initial observation 𝑦0. In general, we have the solution

𝑦𝑡 =
𝑡−1∑
𝑠=0

(1 + 𝛼)𝑠𝜎𝜀𝑡−𝑠 + (1 + 𝛼)𝑡𝑦0, (3.7)
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which applies regardless of any distributional assumptions. We
consider the I(0) case of a stationary root, |1 + 𝛼| < 1 and the I(1)
case 𝛼 = 0 so that 1 + 𝛼 = 1 is a unit root.

In the I(0) case, |1 + 𝛼| < 1, the model Equation (3.6) has a
stationary solution when the innovations are independent nor-
mal. We can express the stationary initial distribution in terms
of an infinite past of independent normal innovations, 𝑦†0 =∑∞
𝑠=0(1 + 𝛼)𝑠𝜎𝜀−𝑠. The stationary solution to (3.6) is then of

the form

𝑦†𝑡 =
𝑡−1∑
𝑠=0

(1 + 𝛼)𝑠𝜎𝜀𝑡−𝑠 + (1 + 𝛼)𝑡𝑦†0 =
∞∑
𝑠=0

(1 + 𝛼)𝑠𝜎𝜀𝑡−𝑠. (3.8)

In the asymptotic analysis, we consider sums of data. For
instance, we can rewrite the normalized average using the above
solutions (3.7) and (3.8) as

1√
𝑇

𝑇∑
𝑡=1
𝑦𝑡 =

1√
𝑇

𝑇∑
𝑡=1

{
𝑦†𝑡 +

(
𝑦𝑡 − 𝑦

†
𝑡

)}
= 1√

𝑇

𝑇∑
𝑡=1
𝑦†𝑡 +

𝑦0 − 𝑦
†
0√

𝑇

𝑇∑
𝑡=1

(1 + 𝛼)𝑡. (3.9)

The first term is asymptotically normal for large 𝑇 [37, theorem
20.1]. For the second term, the geometric sum converges, while
𝑦†0 is bounded in probability. Thus, the entire second term van-
ishes if also the initial observations 𝑦0 is bounded. If 𝑦0∕

√
𝑇

converges, we get a non standard limit distribution. However, if
𝑦0∕

√
𝑇 diverges, the normalized average also diverges.

In the I(1) case, 𝛼 = 0, the initial observation has a similar influ-
ence. The solution (3.7) reduces to

𝑦𝑡 =
𝑡∑
𝑠=1
𝜎𝜀𝑠 + 𝑦0. (3.10)

In particular, for any 0 ≤ 𝑢 ≤ 1 and using the floor function ⌊⋅⌋,
we get

1√
𝑇
𝑦⌊𝑇 𝑢⌋ = 1√

𝑇

⌊𝑇 𝑢⌋∑
𝑠=1
𝜎𝜀𝑠 +

𝑦0√
𝑇
. (3.11)

If the innovations are independent normal, the first term con-
verges to a Brownian motion as a process in 𝑢 [37, theorem 16.1].
Again, the second term vanishes if the initial observations 𝑦0 is
bounded. A non-standard limit arises when 𝑦0∕

√
𝑇 converges.

And, when 𝑦0∕
√
𝑇 diverges, the normalized average also diverge.

In Section 4, we present a model for good and outlying innova-
tions. Episodes of good innovations will be interspersed by one
or more outlying innovations. The outlying innovations combine
into the initial value for the following good episode. In analogy
with the above derivations, a few large outliers or many smaller
outliers may combine into large initial values that can influ-
ence the asymptotic theory. Thus, the initialization of the good
episodes will be a key ingredient for the asymptotics.

In cointegration analysis, the Granger–Johansen representation
of Johansen [25, theorem 4.2] has that I(0) terms start in a station-
ary distribution and therefore combines the ideas behind (3.8),

(3.10). For outlier analysis, we will need a representation of the
form (3.7). This is derived in the following subsection.

3.3 | A New Granger–Johansen Representation

We need a Granger–Johansen representation to show how the
time series depends on the initial observations. The proof general-
izes univariate ideas in [38]. Unless explicitely stated, the results
make no assumptions to the innovation distribution.

Recall the unobserved components formulation 𝒙𝑡 = 𝒙∗𝑡 + 𝝉𝑐
from (3.1), where the dynamic part 𝒙∗

𝑡
satisfies the VAR in (3.2).

Define the companion vectors

𝒚∗
𝑡−1 =

⎛⎜⎜⎜⎜⎜⎝

𝜷′𝒙∗
𝑡−1

Δ𝒙∗
𝑡−1

⋮

Δ𝒙∗
𝑡−𝑘+1

⎞⎟⎟⎟⎟⎟⎠
, 𝒚

∗
𝑡−1 =

(
Δ𝒙∗

𝑡

𝒚∗
𝑡−1

)
,

𝒚
∗
𝑡−1 =

(
Δ𝑧∗

𝑡

𝒚∗
𝑡−1

)
=
(
0, 𝐼dim 𝒚

)
𝒚
∗
𝑡−1, (3.12)

where dim 𝒚
∗
𝑡
= dim 𝒚

∗
𝑡
− 1 = dim 𝒚∗

𝑡
+ 𝑝 − 1 = 𝑟 + 𝑘𝑝 − 1. The

model Equation (3.2) implies

𝒚∗
𝑡
= 𝒀 𝒚∗

𝑡−1 + 𝒆𝒚∗𝑨𝜺𝑡, (3.13)

where

𝒀 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝐼𝑟 + 𝜷′𝜶 𝜷′𝚪1 · · · 𝜷′𝚪𝑘−2 𝜷
′𝚪𝑘−1

𝜶 𝚪1 · · · 𝚪𝑘−2 𝚪𝑘−1

0 𝐼𝑝 0 · · · 0
⋮ ⋱ ⋱ ⋱ ⋮

0 · · · 0 𝐼𝑝 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, 𝒆𝒚∗ =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝜷′

𝐼𝑝

0
⋮

0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

We assume that 𝒀 has eigenvalues with absolute values less than
unity. This implies that (3.13) has a stationary solution when the
errors are independent normal.

Assumption 1. Stationarity. |eigen (𝒀 )| < 1.

The stationary condition implies, in particular, that the eigen-
values of 𝒀 differ from unity. This, in turn, is equivalent to the
so-called I(1) condition by [25, theorem 4.2], see [39] for a proof.
To express the I(1) condition, suppose 𝜶, 𝜷 ∈ ℝ𝑝×𝑟 have orthogo-
nal complements 𝜶⊥, 𝜷⊥ ∈ ℝ𝑝×(𝑝−𝑟) such that, (𝜷, 𝜷⊥) is invertible
and 𝜷′𝜷⊥ = 0. Let 𝚿 = 𝐼𝑝 −

∑𝑘−1
𝑗=1𝚪𝑗 . The I(1) condition is that

𝜶′
⊥
𝚿𝜷⊥ is invertible.

Further, define the common trend impact matrix and a parameter
that will be used to describe how the I(1) part of the process 𝒙∗

𝑡

depends on the I(0) components:

𝑪 = 𝜷⊥(𝜶′
⊥
𝚿𝜷⊥)−1𝜶′

⊥
, 𝝍 ′ = −𝜷′

⊥
𝑪

(
𝚿𝛽,𝚪1, . . . ,

𝑘−1∑
𝑗=1

𝚪𝑗

)
.

(3.14)
The extended series 𝒚∗

𝑡
satisfies a VAR with moving average errors

(VARMA):
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𝒚
∗
𝑡
= 𝒀 𝒚∗

𝑡−1 + 𝜺̃
∗
𝑡
, (3.15)

with

𝒀 =

(
0 𝝎′

0 𝒀

)
, 𝜺̃

∗
𝑡
=

(
𝑨𝜺𝑡

𝒆𝒚∗𝑨𝜺𝑡−1

)
(3.16)

and where 𝝎 is defined by writing the homogeneous model
Equation (3.2) as Δ𝒙∗

𝑡
= 𝝎′𝒚∗

𝑡−1 +𝑨𝜺𝑡. When 𝒀 has absolute
eigenvalues less than unity, so does 𝒀 .

We now extend the representation of Johansen [25, theorem 4.2].
To support the subsequent analysis, we formulate the represen-
tation for indices 𝑡 satisfying 𝑡 < 𝑡 ≤ 𝑡with particular attention to
the dependence on the initial observation at time 𝑡. This initial
observations is a time series aggregation of previous innovations.
Later on we will think of the indices 𝑡 < 𝑡 ≤ 𝑡 as good while the
observation at time 𝑡 could represent a single outlier or the aggre-
gated effect of a cluster of outliers as discussed in Section 3.2.

Theorem 1. Granger-Johansen representation. Consider
the model Equation (3.2) for 𝑡 larger than some 𝑡 and suppose
Assumption 1.

a. I(1) component. Define 𝑪 , 𝝂 as in (3.14). Then

𝜷′
⊥
𝒙∗
𝑡
= 𝜷′

⊥
𝑪𝑨

𝑡∑
𝑠=𝑡+1

𝜺𝑠 + 𝝍 ′𝒚∗
𝑡
+ 𝜷′

⊥
𝒙∗
𝑡
− 𝝍 ′𝒚∗

𝑡
for 𝑡 < 𝑡.

(3.17)

b. I(0) component. Suppose 𝜺𝑡 are independent N𝑝(0, 𝐼𝑝) for 𝑡 <
𝑡 ≤ 𝑡 ≤ ∞. Then
i. 𝒚∗

𝑡
and 𝒚∗

𝑡
can be given stationary initial distributions.

ii. min𝑡+𝑘<𝑡≤𝑡 min eigen Var(𝒚∗
𝑡
|𝒚∗
𝑠
, 𝑡 − 𝑘 < 𝑠 ≤ 𝑡 − 𝑘) > 0.

As mentioned previously, the identity for the I(1) component uses
no distributional assumptions to the VAR errors 𝜺𝑡. The explicit
expressions for the I(0) parts and for the initial observations are
consistent with Johansen’s implicitly defined expressions.

4 | The Data Generating Process

In this section, we describe the assumptions on the ADL errors,
the regressors which are generated by a VAR, and the permitted
sequences of data generating processes.

We allow for outliers in both the ADL and the VAR. It will be
possible that ADL errors are good while VAR errors are outlying,
corresponding to super exogeneity or causal transmission.

4.1 | The ADL Errors

Set of good ADL errors. Let 𝜁𝑇 be aℎ set of indices for good obser-
vations. Suppose ℎ∕𝑇 → 𝜆 where 1∕2 < 𝜆 ≤ 1.

The good ADL errors are assumed independent standard normal

𝜀𝑡
D
= IIN(0, 1) for 𝑡 ∈ 𝜁𝑇 . (4.1)

Relaxation of this assumption is discussed in Appendix A.

The outlier ADL errors must be extreme relative to the stan-
dard normal ADL good errors. Extreme value theory shows that
max𝑡∈𝜁𝑇 𝜀𝑡∕

√
2 logℎ → 1 almost surely [40, example 8.13]. We

assume |𝜀𝑡| ≥√
2 logℎ for 𝑡 ∉ 𝜁𝑇 . (4.2)

Further, we require independence of

𝜀𝑡 and Δ𝑧𝑡−𝑠,𝒙𝑡−𝑠−1 for 𝑡 ∈ 𝜁𝑇 and 𝑠 ∈ ℕ0, (4.3)

to get a martingale difference structure for the good observations.
In Section 4.2, we constrain the magnitude of the outlying VAR
errors, which indirectly constrains the ADL errors. There will
be no other assumptions to the outlying ADL errors in terms
of marginal distribution, dependence structure and relation with
the past, current and future observations. The assumptions per-
mit additive and innovative outliers in the sense of [13].

4.2 | The VAR Generating the ADL Regressors

The assumptions to the ADL errors indirectly give a one-
dimensional linear constraint to the 𝑝-dimensional VAR errors
through (3.4). Next, we introduce conditions to the good and out-
lying VAR errors. The parameters𝜶,𝜷,𝚪1, . . . ,𝚪𝑘−1,𝑨, and either
𝝉𝑐 or 𝝁𝑐 , 𝝉𝓁 do not depend on 𝑇 .

Set of good VAR errors. Let 𝜁𝑉 𝐴𝑅,𝑇 be a ℎ𝑉 𝐴𝑅 set of indices
of good VAR errors, so that 𝜁𝑉 𝐴𝑅,𝑇 ⊂ 𝜁𝑇 and ℎ𝑉 𝐴𝑅 ≤ ℎ ≤ 𝑇 .
If ℎ𝑉 𝐴𝑅 < ℎ super exogeneity or causal transmission may be
present. The set 𝜁𝑉 𝐴𝑅,𝑇 is further divided into𝐺 episodes of length
ℎ𝑔 = 𝑡𝑔 − 𝑡𝑔 . We require that ℎ𝑔 is non-decreasing in 𝑇 while G
does not depend on 𝑇 . This condition limits the complexity of
the proof, but could potentially be relaxed. Simulations reported
in the supplement indicate that this could be the case.

The good and outlying VAR periods are interspersed such that
the good episode 𝑔 starts at 𝑡

𝑔
+ 1 and ends at 𝑡𝑔 , the next outlier

episode runs from 𝑡𝑔 + 1 to 𝑡
𝑔+1, and timings satisfy

0 = 𝑡0 ≤ 𝑡1 < 𝑡1 < · · · < 𝑡
𝑔
< 𝑡𝑔 < · · · < 𝑡

𝐺
< 𝑡𝐺 ≤ 𝑡

𝐺+1 = 𝑇 .
(4.4)

The good VAR errors are assumed independent normal:

𝜺𝑡
D
= IIN𝑝(0, 𝐼𝑝) for 𝑡 ∈ 𝜁𝑉 𝐴𝑅,𝑇 .

We note that this implies (4.1), through (3.4), as well as

max
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

|𝜺𝑡|2∕(2 logℎ𝑉 𝐴𝑅
) 𝑎.𝑠.
= 1. (4.5)

4.3 | Conditions for Boundedness

For the boundedness result, we must check a short list of condi-
tions as shown in Theorem A.1 in the Appendix. The OLS estima-
tor, 𝛽 say, in the regression 𝑦𝑡 = 𝛽𝑥𝑡 + 𝜀𝑡 with scalar 𝑦𝑡, 𝑥𝑡 provides
some intuition. By the Cauchy-Schwarz inequality, |𝛽 − 𝛽|2 =|∑𝑇

𝑡=1𝑥𝑡𝜀𝑡∕
∑𝑇

𝑡=1𝑥
2
𝑡
|2 ≤

∑𝑇

𝑡=1𝜀
2
𝑡
∕
∑𝑇

𝑡=1𝑥
2
𝑡
. When the innovations are

i.i.d., we must show that 𝑇 −1∑𝑇

𝑡=1𝑥
2
𝑡

is not too small. Because of
the selection involved in the LTS estimation, we will have a more
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complicated condition, see Assumption A.1(𝑖𝑣) in the Appendix.
Nonetheless, boundedness can be achieved when as many as 1/3
of the observations are outlying and the outliers are rather large.

The outlier errors must be of polynomial order

max
𝑡∉𝜁𝑉 𝐴𝑅,𝑇

|𝜺𝑡|2 = OP(𝑇 𝑐) for some 𝑐 < ∞. (4.6)

Due to the bound (4.5) to the good, normal errors, all errors satisfy

max
𝑡≤𝑇

|𝜺𝑡|2 = OP(𝑇 𝑐). (4.7)

The initial observations |𝒙−𝓁|2 for 0 ≤ 𝓁 < 𝑘 must satisfy the
same bound.

Further, the number of good observations is bounded from
below as

ℎ𝑉 𝐴𝑅 > 2𝑇 ∕3. (4.8)

This assumption will be sufficient to prove boundedness of the
LTS estimator 𝛽 for the ADL regression that selects ℎ observa-
tions, where ℎ ≥ ℎ𝑉 𝐴𝑅. It shows that the LTS estimator remains
bounded if up to 1/3 of the observations are outliers.

The present conditions contrast with i.i.d. models with continu-
ous regressors where up to 1/2 of the observations can be outliers.
The issue is that LTS looses its robustness if too many regres-
sors are outlying as noted in [41]. In autoregressions, past out-
lier errors propagate into the regressors, see Remark B.1 in the
Appendix for an example.

4.4 | Conditions for Consistent Selection
and Expansions

For consistency and asymptotic distribution results we must
check the assumptions of Theorem A.2 in the Appendix. Most
bindingly, the normalized, infeasible OLS estimator on the good
observations should have a standard asymptotic distribution.
This requires that the initial observations for each good episode
should not be too large as seen in the univariate example in
Section 3.2. These initial observations represent the cumulated
effect of all outliers in the previous outlier episode both through
their number and their magnitude. In practice, outlier innova-
tions appear to be of the same order of magnitude as the largest
good innovations. We will adopt this stringent assumption to the
magnitude of the outlier innovations in order to maximize the
possible number of outliers.

We strengthen the assumptions, so that the regressors are of the
same logarithmic order as the good errors. Since the outlier errors
propagate autoregressively into the regressors, we now require

max
𝑡∉𝜁𝑉 𝐴𝑅,𝑇

|𝜺𝑡|2 = OP(2 logℎ). (4.9)

Thus, in light of (4.5) all errors satisfy

max
𝑡≤𝑇

|𝜺𝑡|2 = OP(2 logℎ). (4.10)

The initial observations |𝒙−𝓁|2 for 0 ≤ 𝓁 < 𝑘 are assumed
OP(log 𝑇 ).

We will also need to bound the intermediate quantiles of the
regressors such that regressors do not concentrate too much. Let
the squared (Euclidean) norm of the vector of 𝒚∗

𝑡
and 𝜷′

⊥
𝒙∗
𝑡
∕
√
𝑇

have increasing order statistics 𝑞1 ≤ · · · ≤ 𝑞𝑇 satisfying

∀0 < 𝛿 < 1,∃0 < 𝑟 < 1 ∶ 𝑞𝑇−⌊𝑇 𝑟⌋∕𝑞𝑇 ≤ 𝛿
{

1 + oP(1)
}
. (4.11)

The maximum of a normal I(1) series is of the same order as
the series itself, whereas the maximum of the norm of a station-
ary, normal VAR diverges, but satisfies the condition (4.11) [42].
Therefore, the condition pertains to the behaviour of the process
during outliers episodes.

Finally, we strengthen the lower bound to the number of good
observations to

ℎ𝑉 𝐴𝑅 = 𝑇 − o(
√
𝑇 ∕ log 𝑇 ). (4.12)

In Section 3.2, we saw that initial values that are oP(𝑇 1∕2)
do not matter for asymptotic distributions. This is the case
here: Given (4.12), (4.10), there are at most 𝑇 − ℎ𝑉 𝐴𝑅 =
o(
√
𝑇 ∕ log 𝑇 ) outliers, each of which is of magnitude

OP{(2 logℎ)1∕2}. The maximal combined effect is the product
o(
√
𝑇 ∕ log 𝑇 )OP{(2 logℎ)1∕2} = oP(𝑇 1∕2).

At first glance, the assumptions (4.9–4.12) may appear restrictive,
yet they do cover many situations seen in practice. The bound
(4.9) allows outlier errors that are a multiple of the largest good
errors. The condition (4.12) permits infinitely many outliers as
long as the proportion of outliers shrinks at the indicated rate.
The simulation study indicates that this may not be too restric-
tive in finite samples. The condition (4.12) does however rule out
unmodelled level shifts interpreted as a proportion of outliers.

5 | Asymptotic Results for LTS Applied to an
ADL

We now consider the asymptotic theory for LTS applied to an
ADL. This rests on the general LTS theory from Berenguer-Rico
and Nielsen [21], which is summarized in Appendix A. First, we
provide a boundedness result. Second, we study consistent selec-
tion and asymptotic expansions. Third, we discuss asymptotic
distributions for some inferential procedures of interest.

5.1 | Boundedness

We now show boundedness of the LTS estimator 𝛽 for the ADL
Equation (2.2). As the LTS estimator may not be unique, we let
𝑇 denote the set of minimizers 𝜁 of 𝜎̂2

𝜁
.

Theorem 2. Boundedness. Consider the setup in Sections
4.1, 4.2, 4.3. Then, the LTS estimator 𝛽 for the ADL model (2.2)
is bounded: max𝜁∈𝑇

|𝛽𝜁 − 𝛽𝜁𝑇 | = OP(1).

For boundedness, nearly a third of the observations can be out-
liers and the outliers can be rather large as outlined in Section 4.3.
The proportion of possible outliers is an asymptotic parallel to
the finite sample breakdown point [43] analysed for LTS in
[44, section 3.4]. In cross sections the breakdown point is 1/2
with continuous regressors but smaller with discrete regressors
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[45]. Here, 1/3 is binding as shown in Remark B.1. For further
discussion in the context of M-estimators, see [46].

With Theorem 2 we avoid compactness assumptions for the
parameter space.

5.2 | Consistent Selection and Expansions

We give further asymptotic properties for the LTS estimators
𝜁 , 𝛽, 𝜎̂.

Theorem 3. Consistent selection and expansions. Con-
sider the setup in Sections 4.1, 4.2, 4.4. Let 𝜉𝑇 = 𝜁𝑇 or 𝜉𝑇 = 𝜁𝑉 𝐴𝑅,𝑇 .
Then, the LTS estimators 𝜁 , 𝛽, 𝜎̂ for the ADL model (2.2) satisfy:

a. Consistent selection: ∀0 < 𝜂 < 1: max𝜁∈𝑇
#(𝜁 ∩ 𝜉𝑐

𝑇
)∕ℎ =

OP(ℎ𝜂−1).

b. Expansion for scale: max𝜁∈𝑇
ℎ1∕2|𝜎̂2

𝜁
− 𝜎̂2

𝜉𝑇
| = oP(1).

c. Expansion for regression:

max
𝜁∈𝑇

|||
(∑
𝑖∈𝜁
𝑥𝑡𝑥

′
𝑡

)1∕2(
𝛽𝜁 − 𝛽

)
−

(∑
𝑖∈𝜉𝑇

𝑥𝑡𝑥
′
𝑡

)1∕2(
𝛽𝜉𝑇 − 𝛽

)||| = oP(1).

The square root matrices are defined through joint diagonal-
ization, see Remark B.2.

For the asymptotic expansion, the number and magnitude of out-
liers is constrained as outlied in Section 4.4. The number of out-
liers can still diverge but only as long as the proportion of outliers
vanishes. The outliers should be of the same order of magnitude
as the large good observations. It is plausible that the result would
also apply with fewer, but slightly larger outliers. We expect that
such conditions would apply in a range of practical applications.

Theorem 3 gives the oracle property that the LTS estimators 𝛽, 𝜎̂
have the same asymptotic expansions as the infeasible OLS esti-
mators on the actual set 𝜁𝑇 of good errors. For an asymptotic
distribution theory, we will need to clarify how the propagation
of past outlier errors into the regressors matters. This is addressed
below.

We note that the polynomial order of the outlier errors required
in (4.6) for the boundedness result is here replaced with the log-
arithmic order in (4.9). This may not be necessary if the number
of outliers is restricted further. A case with cointegration and a
single outlier of order

√
𝑇 is discussed in [47].

5.3 | Asymptotic Distributions

Theorem 3 shows that the LTS estimators 𝛽, 𝜎̂ have the same
asymptotic distribution as the OLS estimators applied infeasibly
to the actual set of good observations. However, as the outliers
propagate into the good observations, removing the outliers does
not remove their effect fully. Nonetheless, asymptotic inference

for the LTS estimators can be applied as if the outliers were com-
pletely absent from the data generating process.

The argument for the inferential results is as follows. Lemma B.7
shows that the propagation effect of outliers is asymptotically
negligible. In turn, Lemma B.8 shows that limit distributions can
be expressed in terms of normal distributions for the I(0) parts
and Dickey Fuller type distributions for the I(1) parts matching
those from standard models where outliers are absent.

For the ADL model (2.1), the inference results include:

1. The hypothesis of no cointegration, 𝛼 = 0, can be tested
using Dickey-Fuller type distributions with a LR-statistic on
the good observations selected by LTS [28], possibly with
level or trend breaks [48], or t-statistics as in [29, 30].

2. Hypotheses on the cointegration parameter 𝜅 can be tested
using standard normal inference on the good observations
selected by LTS [27].

It should be noted that those results require weak exogeneity. For
the autoregressive model (3.6), the unit root hypothesis 𝛼 = 0 can
be investigated by

3. The Dickey and Fuller [49, 50] t or F test on the good obser-
vations selected by LTS. The model can be augmented with
lags and deterministic terms.

Further,

4. A lag-length restriction, such as 𝛾𝑘−1 = 0 in (2.1), can be
tested using normal inference on the good observations
selected by LTS, see [32] for a derivation.

5.4 | Remarks on Stationary Regressions

The above asymptotic theory extends to regressions with station-
ary regressors. Suppose, we apply the LTS estimator to the regres-
sion

𝑦𝑡 = 𝛽′𝑥𝑡 + 𝜎𝜀𝑡, (5.1)

where 𝑥𝑡 may include a constant and/or a linear trend, while
its remaining components are generated by a stationary VAR.
The theory developed in Appendix B applies in this situation.
The proofs do not require a particular cointegration rank and
we can simply ignore parts pertaining to the I(1) components.
In more detail, the theory can be applied as follows. First, the
Granger–Johansen representation in Theorem 1 applies with
an empty I(1) component. Second, the boundedness result in
Theorem 2 applies. For this, it is required in (4.8) that the num-
ber of good observations satisfies ℎ ≥ ℎ𝑉 𝐴𝑅 > 2𝑇 ∕3. Third, the
asymptotic expansion in Theorem 3 applies with the additional
condition (4.12) that the proportion of outliers vanishes.

6 | Simulations

Assumption (4.12) requires that the number of outliers grows to
infinity at a modest rate. We use simulations to investigate how
binding this assumption is in finite samples. We find that for some
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simulation designs more outliers can be tolerated, whereas for
other simulation designs it appears to be binding. Here, we focus
on the t-tests for the cointegrating coefficient and LR-tests for the
hypothesis of no cointegration. Tests on other parameters and
variations of the simulation design are reported in Supporting
Information. The code was written in Matlab with LTS estimation
done using the libra code [51].

We consider data generating processes of the form

Δ𝑦𝑡 = 𝜔Δ𝑧𝑡 + 𝛼(𝑦𝑡−1 − 𝜅𝑧𝑡−1 − 𝜈) + 𝜎𝜀𝜀𝑡, (6.1)

Δ𝑧𝑡 = 𝜎𝜂𝜂𝑡, (6.2)

where 𝜀1, . . . , 𝜀𝑇 , 𝜂1, . . . , 𝜂𝑇 are independent. We vary 𝛼 and 𝜅,
but set 𝜔 = 0.5, 𝜎𝜀 = 𝜎𝜂 = 1 and 𝑧0 = 0. We let 𝑦0 = 𝜈 when 𝛼 ≠ 0
and 𝑦0 = 0 when 𝛼 = 0. We study the performance of the indi-
cated tests at a 5% level and computed using OLS and LTS with
known ℎ. The number of repetitions is 104 giving a Monte Carlo
standard deviation of 0.002 for 5% tests.

We do not consider the effect of estimating ℎ. Various procedures
have been suggested, but no complete asymptotic theory is avail-
able as yet. Berenguer-Rico et al. [20] suggested a method on eval-
uating normal cumulants for different values of ℎ. In a small sim-
ulation study they showed that the proportion of outliers may be
consistently estimated. For now, developing an asymptotic theory
for LTS using an estimated value of ℎ remains work in progress
and we will not persue that here.

6.1 | Inference Under Cointegration

We consider the t-test on the cointegrating parameter 𝜅 in the
data generating process (6.1), (6.2) as follows. We set 𝜅 = 1 and
use either 𝛼 = −1 or 𝛼 = −0.2.

It is convenient to let 𝜓 = −𝛼𝜅 and 𝜇 = −𝛼𝜈 and rewrite model
(6.1) as

Δ𝑦𝑡 = 𝜔Δ𝑧𝑡 + 𝛼𝑦𝑡−1 + 𝜓𝑧𝑡−1 + 𝜇 + 𝜎𝜀𝜀𝑡. (6.3)

We estimate 𝜃 = (𝜔, 𝛼, 𝜓, 𝜇) by regressing Δ𝑦𝑡 on 𝑥𝑡 = (Δ𝑧𝑡,
𝑦𝑡−1, 𝑧𝑡−1, 1) giving 𝜃̂𝑠 = (𝜔̂𝑠, 𝛼̂𝑠, 𝜓̂𝑠, 𝜇̂𝑠)′ for 𝑠 ∈ {𝑂𝐿𝑆,𝐿𝑇𝑆}.
The estimates 𝑠2

𝑠
for 𝜎2

𝜀
are degrees of freedom corrected. We test

the hypothesis H0 ∶ 𝜅 = 1 indirectly using 𝑡𝜅,𝑠 = (𝜅̂𝑠 − 1)∕s.e.(𝜅̂𝑠)
where the standard errors s.e.(𝜅̂𝑠) = s.e.(𝜓̂𝑠∕𝛼̂𝑠) vary with s and
are obtained using the 𝛿-method. To that end, let 𝐷 = 𝜕𝜅∕𝜕𝜃 be
the 4-vector of partial derivatives of 𝜅 = −𝜓∕𝛼 with respect to
𝜃 = (𝜔, 𝛼, 𝜓, 𝜇). Define 𝐷̂𝑠 as the vectors 𝐷 evaluated at the esti-
mator 𝑠. Let 𝑀𝑂𝐿𝑆 =

∑𝑛

𝑖=1𝑥𝑡𝑥
′
𝑡

and 𝑀𝐿𝑇𝑆 =
∑
𝑖∈𝜁 𝑥𝑡𝑥

′
𝑡
. Then, we

get s.e.(𝜅̂𝑠) = (𝑠2
𝑠
𝐷̂

′
𝑠
𝑀−1

𝑠
𝐷̂𝑠)1∕2.

We vary the sample size and the magnitude of the outliers as fol-
lows. Let 𝜁𝑇 indicate the good observations while 𝜁𝑐

𝑇
indicates

the outliers. For 𝑡 ∈ 𝜁𝑇 , let 𝜂𝑡, 𝜀𝑡 ∼ 𝑖.𝑖.𝑑.N(0, 1). For 𝑠 ∉ 𝜁𝑇 , let
𝜂𝑠 =

√
2 logℎ + 𝜉𝜂𝑠 while 𝜀𝑠 =

√
2 logℎ + 𝜉𝜀𝑠 + 10 where 𝜉𝜂𝑠 and

𝜉𝜀𝑠 are i.i.d. standard uniform.

The number of outliers, 𝑇 − ℎ, varies as
√
𝑇 ∕2,

√
𝑇 and 2

√
𝑇 .

This is more than o(
√
𝑇 ∕ log 𝑇 ) in (4.12), so that we can explore

the boundaries for validity of standard inference. For the same
reason, we investigate both small and rather large samples.

Figure 1 shows examples of data generating processes with 𝑇 =
100 observations. Variables 𝑦, 𝑧 are shown in rows 1 and 3, while
𝑦 − 𝑧 are shown in rows 2 and 4. The adjustment parameter 𝛼
is −1 in the upper two rows and −0.2 in the lower two rows.
Outliers are generated the same way in each column. Column 1
has

√
𝑇 ∕2 = 5 outliers in 5 episodes, such that observations 20,

40, 60, 80, 100 are outliers. Column 2 has 2
√
𝑇 = 20 outliers in

5 episodes, such that observations 17–20, 37–40, 57–60, 77–80,
97–100 are outliers. Column 3 has

√
𝑇 ∕2 = 5 outliers in a central

episode, such that observations 49-53 are outliers. Column 4 has

FIGURE 1 | Examples of data generating processes. [Colour figure can be viewed at wileyonlinelibrary.com]
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TABLE 1 | Outliers distributed in 5 episodes.

Method
𝑻 − 𝒉

√
𝑻∕2

√
𝑻 2

√
𝑻

√
𝑻∕2

√
𝑻 2

√
𝑻

𝑻 𝜶 = −1 𝜶 = −0.2

OLS 25 0.056 0.047 0.488 0.312
100 0.023 0.011 0.009 0.088 0.050 0.030
400 0.002 0.000 0.000 0.004 0.000 0.000

1600 0.005 0.000 0.000 0.001 0.000 0.000
6400 0.055 0.039 0.010 0.002 0.000 0.000

LTS 25 0.070 0.347 0.108 0.365
100 0.059 0.058 0.045 0.067 0.063 0.056
400 0.051 0.052 0.055 0.054 0.053 0.054

1600 0.053 0.049 0.051 0.055 0.049 0.052
6400 0.047 0.049 0.049 0.048 0.049 0.049

TABLE 2 | Outliers in one central episode.

Method
𝑻 − 𝒉

√
𝑻∕2

√
𝑻 2

√
𝑻

√
𝑻∕2

√
𝑻 2

√
𝑻

𝑻 𝜶 = −1 𝜶 = −0.2

OLS 25 0.034 0.034 0.055 0.052 0.015 0.005
100 0.013 0.005 0.006 0.013 0.060 0.313
400 0.003 0.000 0.000 0.013 0.028 0.113

1600 0.006 0.000 0.000 0.000 0.003 0.378
6400 0.027 0.001 0.000 0.000 0.004 0.049

LTS 25 0.071 0.076 0.362 0.089 0.082 0.665
100 0.057 0.053 0.076 0.063 0.057 0.364
400 0.056 0.054 0.055 0.058 0.057 0.132

1600 0.049 0.053 0.049 0.052 0.050 0.029
6400 0.045 0.052 0.051 0.047 0.000 0.047

2
√
𝑇 = 20 outliers in a central episode, such that observations

41–60 are outliers.

In Table 1, the 𝑇 − ℎ outliers occur in 𝐺 = 5 episodes and in
both 𝜀𝑡 and 𝜂𝑡. In each episode there are ⌊(𝑇 − ℎ)∕𝐺⌋ outliers.
Outlier episodes are equally spaced by ⌊ℎ∕𝐺⌋ good observations.
Specifically, the system starts with ⌊ℎ∕𝐺⌋ good observations,
after which there is an episode with ⌊(𝑇 − ℎ)∕𝐺⌋ outliers. This
is followed by another ⌊ℎ∕𝐺⌋ good observations, after which
another episode with ⌊(𝑇 − ℎ)∕𝐺⌋ outliers follows. This repeats
for 𝐺 = 5 episodes in the sample. We find that OLS inference
is misleading. LTS performs quite well except for 𝑇 = 25 with
2
√
𝑇 = 10 > 𝑇 ∕3 outliers, so that the boundedness condition

(4.8) fails.

In Table 2, the outliers are located in the middle of the sample
so that

𝜁𝑐
ℎ
= {⌈ℎ∕2⌉ + 1, ⌈ℎ∕2⌉ + 2, . . . , ⌈ℎ∕2⌉ + (𝑇 − ℎ)},

where ⌈⋅⌉ denotes the ceiling function. For 𝑧𝑡, the cumu-
lated effect of these outliers is a level shift of magnitude (𝑇 −
ℎ)
√

2 logℎ.

Again, OLS performs poorly. LTS is not quite as good as before.
The performance is good with less persistence, 𝛼 = −1, apart
from when 𝑇 − ℎ = 2

√
𝑇 with 𝑇 = 25. With more persistence,

𝛼 = −0.2, LTS works well for 𝑇 − ℎ =
√
𝑇 ∕2 and for small values

of
√
𝑇 but breaks down otherwise.

Overall, the simulations support the validity of the asymptotic
theory when the number of outliers is o(

√
𝑇 ∕ log 𝑇 ) as required

in (4.12). The conclusions from the asymptotic theory also appear
to be valid when the number of outliers is

√
𝑇 ∕2, but not neces-

sarily with a larger number of outliers and in particular not if the
outliers are very concentrated.

6.2 | Power of Test on Cointegrating Parameter

We now study the power of the test on the cointegrating param-
eter 𝜅 in (6.1), (6.2) by testing for 𝜅 = 1 as before, but setting
𝜅 = 1 + 𝛿 in the data generating processes. Otherwise, the setup is
the same as in the size simulations reported in Tables 1, 2. We only
consider the case with feedback coefficient 𝛼 = −0.2 and

√
𝑇 ∕2

outliers as in the fourth columns of those tables. Thus, Table 3
has the outliers in five episodes, whereas Table 4 has the outliers
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TABLE 3 | Outliers in 5 episodes. Power. 𝜅 = 1 + 𝛿.

Method 𝑻 𝜹 = 1∕64 1∕32 1∕16 1∕8 1∕4 1∕2

OLS 100 0.106 0.129 0.183 0.324 0.597 0.855
400 0.014 0.053 0.276 0.710 0.935 0.997

1600 0.042 0.437 0.805 0.953 0.998 1.000
6400 0.697 0.910 0.983 1.000 1.000 1.000

LTS 100 0.073 0.087 0.150 0.349 0.704 0.942
400 0.146 0.375 0.766 0.961 0.999 1.000

1600 0.798 0.974 1.000 1.000 1.000 1.000
6400 1.000 1.000 1.000 1.000 1.000 1.000

TABLE 4 | Outliers in one central episode. Power. 𝜅 = 1 + 𝛿.

Method 𝑻 𝜹 = 1∕64 1∕32 1∕16 1∕8 1∕4 1∕2

OLS 100 0.011 0.008 0.005 0.002 0.002 0.030
400 0.007 0.004 0.001 0.000 0.002 0.066

1600 0.000 0.000 0.000 0.000 0.030 0.656
6400 0.000 0.001 0.066 0.250 0.311 0.886

LTS 100 0.077 0.112 0.232 0.572 0.919 0.996
400 0.248 0.667 0.969 1.000 1.000 1.000

1600 0.986 1.000 1.000 1.000 1.000 1.000
6400 1.000 1.000 1.000 1.000 1.000 1.000

TABLE 5 | Testing for no cointegration with break inducing outliers.

𝑻 Central episode 5 distinct episodes

𝑶𝑳𝑺 𝑳𝑻𝑺 𝑰𝑶𝑳𝑺 𝑶𝑳𝑺 𝑳𝑻𝑺 𝑰𝑶𝑳𝑺

25 0.058 0.018 0.018 0.100 0.028 0.024
100 0.258 0.013 0.013 0.042 0.015 0.015
400 0.453 0.010 0.010 0.170 0.013 0.013
1600 0.794 0.011 0.011 0.659 0.012 0.012
6400 0.974 0.010 0.010 0.967 0.013 0.013

in the middle of the sample. As before, we consider tests based on
full sample OLS and on LTS.

The reported rejection frequencies use the asymptotic critical val-
ues as it is unclear how to size correct the OLS test. On this mea-
sure the LTS-test has better power. This is perhaps more mean-
ingful for the LTS-test, which typically has good size control as
seen in Tables 1, 2.

The OLS test has better power properties with 5 episodes in
Table 3 than with one central episode in Table 4. In Table 3, OLS
is slower to reach high power than the LTS test. This is compen-
sated by the low sizes reported in Table 1 even if size is poorly
controlled. In Table 4, OLS struggles to reach the very low sizes
reported in Table 2.

6.3 | Testing for No Cointegration

We now consider the test for no cointegration by testing for
𝛼 = 0 in (6.1), (6.2). This restriction implies 𝜓 = −𝛼𝜅 = 0 and

𝜇 = −𝛼𝜈 = 0 in (6.3), so that the regressors 𝑦𝑡−1, 𝑧𝑡−1 and the inter-
cept are excluded in the restricted model. We use the Likelihood
Ratio (LR) test of [28].

It is well known that intercepts play a very different role in autore-
gressions with a unit root and with a stationary role. This lead [50]
to restrict the coefficient to the intercept when imposing the unit
root. The present cointegration test takes this effect into account.
Now, this interplay between autoregressive roots and determin-
istic terms carries over to outliers. The effect of a large positive
outlier or of many positive outliers vanishes in the stationary case,
but gives a level shift in the unit root case. Also in the case of
unit root testing, the location of outliers may matter [10]. We will
explore some of these effects.

In Table 5, the outliers cumulate to a break under the hypothesis
of no cointegration. We consider the two scenarios where out-
liers occur in either (i) one central episode or (ii) five dis-
tinct episodes. The outliers are generated as in Section 6.1. The
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TABLE 6 | Testing for no cointegration when outliers do not induce break.

𝑻

Central episode 5 distinct episodes

𝑶𝑳𝑺 𝑳𝑻𝑺 𝑰𝑶𝑳𝑺 𝑶𝑳𝑺 𝑳𝑻𝑺 𝑰𝑶𝑳𝑺

25 0.333 0.201 0.066 0.197 0.927 0.080
100 0.016 0.117 0.054 0.756 0.050 0.050
400 0.050 0.050 0.050 0.716 0.054 0.054
1600 0.038 0.053 0.053 0.596 0.054 0.054
6400 0.035 0.052 0.052 0.401 0.049 0.049

FIGURE 2 | UK individual income and consumption expenditure. [Colour figure can be viewed at wileyonlinelibrary.com]

number of outliers is 2 × round(
√
𝑇 ∕4) in scenario (i) and 5 ×

round(
√
𝑇 ∕10) in scenario (ii). Since there is no cointegration,

these outliers induce a level shift in the time series 𝑦𝑡.

The induced level shift is non-negligible as the number of outliers
is higher than permitted by the theory. Thus, the standard [28]
limit distribution is not applicable. One should develop theory
along the lines of [48], but the particular limit distribution is not
of general interest as users may prefer modelling the level shifts
in this situation. Rather, we can test the oracle property in the
simulation by including tests based on OLS applied infeasibly to
the actual good observations (IOLS). We see that the OLS test has
poor size control, whereas the LTS test matches the IOLS test very
well. Thus, the oracle property for LTS in Theorem 3 appears to
apply more widely than its assumptions indicate.

In Table 6 the outliers are constructed so as not to cumulate to
a break. This is done as follows. In scenario (i), the first half
of the outliers have 𝜂𝑠 =

√
2 logℎ + 𝜉𝜂𝑠 and 𝜀𝑠 =

√
2 logℎ + 𝜉𝜀𝑠 +

10, whereas the second half of the outliers have 𝜂𝑠 = −(
√

2 logℎ +
𝜉𝜂𝑠) and 𝜀𝑠 = −(

√
2 logℎ + 𝜉𝜀𝑠 + 10). In scenario (ii), outliers

come in pairs with a positive outlier followed by a negative outlier.

The IOLS columns indicate that the [28] limit distribution is
now correct. The LTS based tests performs well except for small

sample sizes. The OLS test performs reasonably well for scenario
(i) although the size control is wobbly. OLS does not perform well
in scenario (ii).

7 | Empirical Illustration

We illustrate the theory through a consumption function anal-
ysis. For simplicity we only consider consumption and income,
although it has been argued that changing housing collateral and
credit constraints should be taken into account [52]. We use the
R [53] package robustbase for LTS estimation and PcGive [54] for
other calculations.

Figure 2 shows annual series of individual consumption (𝐶𝑡)
and income (𝑌𝑡) for the United Kingdom.1 Panel (a) shows 𝑌𝑡
and 𝐶𝑡 in levels. Panel (b) shows the series in logs (𝑦𝑡 and
𝑐𝑡). The trending, non-stationary behavour of the series is evi-
dent with large drops in consumption in the 2009 financial
crisis and in the 2020 pandemic. Panel (c) shows the growth
rates, which could be I(0). Panel (d) shows the log consump-
tion ratio log(𝐶𝑡∕𝑌𝑡) = 𝑐𝑡 − 𝑦𝑡. This is a candidate cointegrating
relation.

Full sample OLS estimation. We start by fitting a full sample
ADL model with two lags and linear trend using OLS. This gives
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FIGURE 3 | Mis-specification graphics for model estimated by OLS. [Colour figure can be viewed at wileyonlinelibrary.com]

Δ𝑐𝑡
(𝑠.𝑒.)

= −0.402
(0.113)

𝑐𝑡−1 + 0.460
(0.142)

𝑦𝑡−1 − 0.0014
(0.00130)

𝑡

− 0.510
(0.492)

+ 0.796
(0.158)

Δ𝑦𝑡 + 0.223
(0.132)

Δ𝑐𝑡−1 − 0.179
(0.182)

Δ𝑦𝑡−1,

𝜎 = 0.0242, 𝓁 = 158.021, 𝑇 = 67,

F𝑎𝑟1−2(2, 58) = 2.46 [𝑝 = 0.09], 𝜒2
𝑛𝑜𝑟𝑚𝑎𝑙

(2) = 39.7 [𝑝 = 0.00],

F𝑎𝑟𝑐ℎ1(1, 65) = 0.22 [𝑝 = 0.64],Fℎ𝑒𝑡𝑒𝑟𝑜(12, 54) = 1.15 [𝑝 = 0.34].
(7.1)

The OLS estimates are somewhat surprising. The income to con-
sumption ratio is 0.460∕0.402 = 1.14. This is quite a bit larger
than unity, perhaps driven by the data during the pandemic.
Compensating for this, the slope coefficient is negative. As usual,
it is a good idea to check the validity of the model before drawing
any inferences.

We check for mis-specification tests using standard output from
PcGive. The test statistics are F𝑎𝑟1−2 for residual second order
autocorrelation [55], F𝑎𝑟𝑐ℎ1 for first order autocorrelated condi-
tional heteroskedasticity [56], 𝜒2

𝑛𝑜𝑟𝑚𝑎𝑙
for non-normality using the

[57] version of the cumulant based test developed in 1880 by
Thiele, and Fℎ𝑒𝑡𝑒𝑟𝑜 for heteroskedasticity [58]. These papers do
not cover the cointegration setting. Cointegration is considered
by [32] for F𝑎𝑟1−2 and [59] for 𝜒2

𝑛𝑜𝑟𝑚𝑎𝑙
. The normality test statistic

is very extreme, but the other statistics do not reject the model.

Figure 3 gives mis-specification graphics from PcGive. Data and
fit are shown in panel (a), scaled residuals in (b), correlograms
for residuals in (c), QQ-plot of the quantiles of the residuals ver-
sus the quantiles of the fitted normal distribution in (d), three
versions of the [60] test in (e,f,g) and recursive residual sum of
squares (RSS) in (h). The error bands are pointwise with level of
5% for (d) and 1% for (e,f,g,h). Theory for the cointegration set-
ting is available for the QQ plot [61], the 1-step Chow test [62]
and for the RSS plot [63]. We see evidence of big outliers around
the pandemic and all recursive tests reject the model strongly.

LTS estimation. We now fit an ADL model using LTS. We set the
number of outliers to be 𝑇 − ℎ = 5 and provide evidence in favour
of this choice below. LTS finds outliers for 2009, 2020, 2021, 2022,
2023 matching the financial crisis, the pandemic and the Ukra-
nian war. The sample covers many years with many crises. These
include the two oilcrises in 1973-74 and 1979 and the 1991 reces-
sion. These crises appear to be small relative to the 2009 financial
crisis and the pandemic and are not selected by LTS.

The model is now estimated by full sample OLS using 5 impulse
indicators, that is,

Δ𝑐𝑡
(𝑠.𝑒.)

= −0.147
(0.065)

𝑐𝑡−1 + 0.152
(0.076)

𝑦𝑡−1 − 0.0001
(0.0008)

𝑡 − 0.035
(0.295)

+ 0.630
(0.086)

Δ𝑦𝑡 + 0.362
(0.117)

Δ𝑐𝑡−1 − 0.261
(0.110)

Δ𝑦𝑡−1 − 0.046
(0.013)

𝐼2009

− 0.144
(0.013)

𝐼2020 + 0.082
(0.022)

𝐼2021 + 0.039
(0.017)

𝐼2022 − 0.048
(0.017)

𝐼2023,

𝜎 = 0.0123, 𝓁 = 206.405, 𝑇 = 67,

F𝑎𝑟1−2(2, 53) = 1.23 [𝑝 = 0.23], 𝜒2
𝑛𝑜𝑟𝑚𝑎𝑙

(2) = 0.01 [𝑝 = 0.99],

F𝑎𝑟𝑐ℎ1(1, 65) = 1.93 [𝑝 = 0.17],Fℎ𝑒𝑡𝑒𝑟𝑜(12, 49) = 2.28 [𝑝 = 0.02].
(7.2)

The income to consumption ratio 0.152∕0.147 = 1.030 is now
closer to unity.

We apply the same mis-specification tests as before. The previ-
ously mentioned papers do not cover the outlier detection. The
lag length test is discussed in Section 5.3. Outlier selection is con-
sidered by [64] for 𝜒2

𝑛𝑜𝑟𝑚𝑎𝑙
and [65] for Fℎ𝑒𝑡𝑒𝑟𝑜. The theory suggests

that it is plausible that all tests are valid with LTS estimation using
the assumptions in Section 4. Figure 4 gives mis-specification
graphics. None of the mis-specification tests reject the model.

The theory presented in Section 5.3 shows that the 𝑡-statistics
formed by dividing coefficients in (7.2) by their standard errors

12 Oxford Bulletin of Economics and Statistics, 2026

http://wileyonlinelibrary.com


FIGURE 4 | Mis-specification graphics for model estimated by LTS. [Colour figure can be viewed at wileyonlinelibrary.com]

have the same asymptotic distributions as in models without out-
liers and outlier selection.

The hypothesis of no cointegration is tested using a likelihood
ratio statistic for zero coefficient on 𝑐𝑡−1, 𝑦𝑡−1, 𝑡 giving LR-statistic
2(206.41 − 203.39) = 6.0. The 80% critical value is 11.0 [28, table
2], thus indicating absence of cointegration.

Imposing cointegration nonetheless, the equilibrium correction
form of the model is

Δ𝑐𝑡
(𝑠.𝑒.)

= −0.147
(0.065)

{
𝑐𝑡−1 − 1.030

(0.231)
𝑦𝑡−1 + 0.0005

(0.0054)
𝑡

}
+ · · · . (7.3)

The t-statistic for homogeneity in the consumption function is
(1 − 1.030)∕0.231 = −0.13, which is not significant when com-
paring with a standard normal distribution.

Testing weak exogeneity. The above inferences assume weak
exogeneity of the income variable. Thus, we consider the follow-
ing model for income:

Δ𝑦𝑡
(𝑠.𝑒.)

= 0.181
(0.099)

(𝑐𝑡−1 − 𝑦𝑡−1) − 0.0002
(0.0001)

𝑡 + 0.026
(0.007)

− 0.024
(0.167)

Δ𝑦𝑡−1

+ 0.322
(0.180)

Δ𝑐𝑡−1 − 0.002
(0.021)

𝐼2009 − 0.013
(0.020)

𝐼2020

+ 0.070
(0.033)

𝐼2021 − 0.042
(0.025)

𝐼2022 − 0.016
(0.024)

𝐼2023,

𝜎 = 0.0193, 𝓁 = 174.728, 𝑇 = 67,

F𝑎𝑟1−2(2, 55) = 5.19 [0.01], 𝜒2
𝑛𝑜𝑟𝑚𝑎𝑙

(2) = 5.88 [0.05],

F𝑎𝑟𝑐ℎ1(1, 65) = 1.71 [0.20],Fℎ𝑒𝑡𝑒𝑟𝑜(8, 53) = 1.32 [0.25].

Here, estimation is by OLS as the indicator dummies are taken
as given and are not necessarily significant. The t-statistic for the
cointegrating relation 𝑐𝑡−1 − 𝑦𝑡−1 is 0.181∕0.099 = 1.83 which is

smaller than, but close to the two-sided 5% critical value from a
normal distribution. This is marginal evidence in favour of weak
exogeneity.

Estimating the number of good observations. Next, we con-
sider two formal methods for estimating ℎ. It should be pointed
out, though, that both methods have incomplete theory and
it has not been established yet whether the LTS estimator
based on the estimated ℎ has oracle properties. The first
method, following [20], estimates the model by LTS for dif-
ferent ℎ, computes normality test statistics and then minimize
over ℎ.

Table 7 reports normality test statistics for large values of ℎ. The
first, top panel shows ℎ lumping values 38 − 60 together. The cor-
responding number of outliers 𝑛 − ℎ is also shown. The second
panel shows normality test statistics 𝑇ℎ, which are minimized for
ℎ = 62. The value ℎ = 𝑇 = 67 is clearly not attractive. The third
panel shows the estimated coefficients for 𝑐𝑡−1, 𝑦𝑡−1 and 𝑡, which
are relevant for the cointegrating vector. We see a large difference
for ℎ < 𝑇 and for ℎ = 𝑇 = 67 with smaller variation in the first
group. The fourth panel shows the identified outliers. We see that
the sets of outliers are expanding in a nested way (from the left)
when increasing the number of outliers up to 4. Then there is
some instability with 2022 declared an outlier for 5 outliers, but
not for 6 outliers.

The second method uses Impulse Indicator Saturation (IIS) in
PcGive [8]. The non-indicator variables in (7.2) were not selected
over. Choosing user defined gauges of 0.5%–0.9% gave four out-
liers 2009, 2020, 2021, 2023 matching the LTS estimation with 4
outliers. To appreciate the sentitivity on the choice of gauge, we
also used some of the default values: a tiny gauge (0.1%) gave three
outliers in 2020, 2021, 2023 while a small gauge (1%) gave six out-
lier in 2009, 2010, 2016, 2020, 2021, 2023, where 2016 is the year of
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TABLE 7 | Determining ℎ.

𝒉 38-60 61 62 63 64 65 66 67
𝑻 − 𝒉 29-7 6 5 4 3 2 1 0

Tℎ >1.2 2.057 0.699 1.427 2.185 4.215 0.901 647.072
𝛼 −0.190 −0.147 −0.198 −0.224 −0.238 −0.299 −0.402
𝛼𝜅 −0.195 −0.152 −0.178 −0.197 −0.246 −0.273 −0.460
𝜅 1.028 1.030 0.897 0.877 1.032 0.913 1.146
𝑡 −0.000 −0.000 0.001 0.001 −0.000 0.001 −0.001
Outliers 2009 2009 2009

2010
2016
2020 2020 2020 2020 2020 2020
2021 2021 2021 2021 2021

2022
2023 2023 2023 2023

the Brexit referendum. IIS could not be brought to select 5 outliers
by changing the gauge.

We decided to go with 5 outliers as suggested by Table 7. The
t-statistic for the 2022 dummy is a modest 2.29 in (7.2). Due to the
instability in the identified outliers, we also tried a model with 4
outliers giving results of similar quality.

8 | Discussion

We have derived conditions for oracle properties of LTS inference
in a cointegrated autoregressive distributed lag (ADL) model.
The key assumptions are that outlier errors are more extreme
than good errors and that the proportion of outliers, (𝑇 − ℎ)∕ℎ, is
asymptotically vanishing. With these assumptions the LTS esti-
mator has the same asymptotic properties as an OLS estimator
applied to a model generated from the good errors with absence
of any outliers.

The analysis assumes that the number of good observations ℎ
is known. In practice, one would want to estimate this num-
ber. A number of algorithms are available for this purpose: the
index plot method [44], a method based on the normal cumulants
[20] and a bootstrap method [66]. Related algorithms include
the Forward Search [5] and the Impulse Indicator Saturation
implemented as Autometrics in PcGive [8], as Gets in R [9] and
in the Eviews software. Some asymptotic theory is available for
data generating processes with normal errors and no outliers [7,
10–12]. It would be desirable to develop a theory for selection of
ℎ in the presence of outliers.

ADL inference rests on weak exogeneity. This can be a ques-
tionable assumption in practice as seen in the empirical illus-
tration. The standard advice is then to use the VAR methods
developed by Johansen [24, 25]. We would then need a systems
version of Least Trimmed Squares. One approach is to use the
Minimum Covariance Determinant approach [67]. Extensions
are available to a VAR [16] and to a VAR with different outliers

in different equations [68]. Theory for these methods would be
desirable.
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Endnotes
1Household data is from https://www.ons.gov.uk in quarterly accounts
for Q3 2024, 2nd release in December 2024. ONS codes CRXX: Real
disposable Income per head, current prices. CRYJ: Final consumption
expenditure per head, current prices. Data is included in Supporting
Information.
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Appendix A

General Asymptotic Theory for LTS

Consider scalar observations 𝑦𝑡 and normalized regressors vectors 𝑥𝑡𝑇 sat-
isfying

𝑦𝑡 = 𝑥′𝑡𝑇 𝛽 + 𝜎𝜀𝑡 for 𝑡 = 1, . . . , 𝑇 . (A1)

The 𝛽 appearing here and the resulting LTS estimator 𝛽 are normalized
versions of those appearing in model Equation (2.2) and in Section 2.2.
We use the same notation as the distinction only matters in the end of the
proof of Theorem 3 in the of this Appendix.

The sequence of data generating processes has common 𝛽, 𝜎. For each 𝑇
there are ℎ = ⌊𝜆𝑇 ⌋ good observations for a common 1∕2 < 𝜆 ≤ 1 and a ℎ
index set 𝜁𝑇 of good observations. The regularity conditions are as follows.

Assumption A.1. Suppose

i. Frequency of ‘good’ observations: ℎ∕𝑇 → 𝜆 where 𝜆 > 1∕2.

ii. ‘Good’ errors 𝜀𝑡 are independent N(0, 1) for 𝑡 ∈ 𝜁𝑇 .

iii. ‘Outlier’ errors: min𝑡∉𝜁𝑇 𝜀
2
𝑡
≥ (2 logℎ){1 + oP(1)}.

iv. Frequency of regressors near hyperplanes: Define

𝐹𝑇ℎ(𝑎) = max
𝜁∶#𝜁=ℎ

sup
𝛿∶|𝛿|=1

ℎ−1
∑
𝑡∈𝜁

1(|𝑥′
𝑡𝑇
𝛿|≤𝑎). (A2)

Let 𝜉 satisfy 0 < 𝜉 < 2 − 𝜆−1 and suppose

lim
(𝑎,𝑇 )→(0,∞)

P{𝐹𝑇ℎ(𝑎) > 𝜉} = 0, (A3)

that is ∀𝜖 > 0, ∃(𝑎0, 𝑛0) > 0: ∀𝑎 ≤ 𝑎0, 𝑇 ≥ 𝑇0: P{𝐹𝑇ℎ(𝑎) > 𝜉}
< 𝜖.

v. Regressors: ||∑𝑛

𝑖=1𝑥𝑡𝑇 𝑥
′
𝑡𝑇
|| = OP(𝑇 ).

vi. Regressors: Let |𝑥𝑡𝑇 | have order statistics 𝑥(1) ≤ · · · ≤ 𝑥(𝑇 ) satisfy-
ing either
a. 𝑥(𝑇 ) = OP(1); or
b. 𝑥2

(𝑇 ) = OP(log 𝑇 ) and ∀0 < 𝛿 < 1, ∃0 < 𝑟 < 1: 𝑥2
(𝑇−⌊𝑇 𝑟⌋)∕𝑥2

(𝑇 ) ≤
𝛿{1 + oP(1)}.

vii. Infeasible OLS estimator: (𝛽𝜁𝑇 − 𝛽)
′(
∑
𝑡∈𝜁𝑇

𝑥𝑡𝑇 𝑥
′
𝑡𝑇
)(𝛽𝜁𝑇 − 𝛽) =

OP(1).

We comment on the assumptions. In (𝑖𝑖), the good errors are normal. This
can be relaxed for known ℎ [21], but a distributional assumption seems
necessary for estimating ℎ [20]. In (𝑖𝑖𝑖) the outlier errors are more extreme
than the good errors noting that under normality max𝑡∈𝜁𝑇 𝜀

2
𝑡
∕(2 logℎ) → 1

𝑎.𝑠. In (𝑖𝑣) the concentration of the regressors is bounded. This implies
that

∑
𝑡∈𝜁 𝑥𝑡𝑇 𝑥

′
𝑡𝑇

is invertible for any ℎ-set 𝜁 [70]. Condition (𝑣) has a
trade-off with (𝑣), (𝑣𝑖) which limit the magnitude of the regressors.

We quote the general LTS asymptotic theory [21]. As before, let 𝑇

denote the set of minimizers 𝜁 of 𝜎̂2
𝜁
.

Theorem A.1. Boundedness. Suppose Assumption A.1(𝑖, 𝑖𝑖, 𝑖𝑣). Then
the LTS estimator 𝛽 for (A1) is bounded: max𝜁∈𝑇

|𝛽𝜁 − 𝛽𝜁𝑛 | = OP(1).

Theorem A.2. Consistent selection and expansions. Suppose
Assumption A.1. Then the LTS estimators 𝜁 , 𝛽, 𝜎̂ for (A1) satisfy:

a. Consistent selection by 𝜁 . ∀0 < 𝛽 < 1: max𝜁∈𝑇
#(𝜁 ∩ 𝜁𝑐

𝑇
)∕ℎ =

OP(ℎ𝛽−1).

b. Expansion for 𝜎̂2. max𝜁∈𝑇
ℎ1∕2|𝜎̂2

𝜁
− 𝜎̂2

𝜁𝑛
| = oP(1).
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c. Expansion for 𝛽.

max
𝜁∈𝑇

|||
(∑
𝑖∈𝜁
𝑥𝑡𝑇 𝑥

′
𝑡𝑇

)1∕2(
𝛽𝜁 − 𝛽

)
−

(∑
𝑖∈𝜁𝑇

𝑥𝑡𝑇 𝑥
′
𝑡𝑇

)1∕2(
𝛽𝜁𝑇 − 𝛽

)||| = oP(1).

The square root matrices are defined through joint diagonalization, see
Remark B.2.

The conditions (𝑣), (𝑣𝑖) are sufficient for consistent selection and expan-
sions, but not necessary. Berenguer-Rico and Nielsen [21] provide a set of
alternative conditions.

Appendix Proofs B

Proof of Representation

Proof of Theorem 1. Part (𝑎). Start from the homogeneous model
Equation (3.1). Subtract

∑𝑘−1
𝑗=1𝚪𝑗Δ𝒙

∗
𝑡

on both sides and use that 𝚿 = 𝐼𝑝 −∑𝑘−1
𝑗=1𝚪𝑗 to get

𝚿Δ𝒙∗
𝑡
= 𝜶𝜷′𝒙∗

𝑡−1 +
𝑘−1∑
𝑗=1

𝚪𝑗
(
Δ𝒙∗

𝑡−𝑗 − Δ𝒙∗
𝑡

)
+𝑨𝜺𝑡.

Insert Δ𝒙∗
𝑡−𝑗 − Δ𝒙∗

𝑡
= −

∑𝑗−1
𝑠=0Δ

2𝒙∗
𝑖−𝑠 and interchange the two sums

to get

𝚿Δ𝒙∗
𝑡
= 𝜶𝜷′𝒙∗

𝑡−1 −
𝑘−2∑
𝑠=0

(
𝑘−1∑
𝑗=𝑠+1

𝚪𝑗

)
Δ2𝒙∗

𝑡−𝑗 +𝑨𝜺𝑡.

On the left, pre-multiply 𝒙∗
𝑡

by the identity 𝐼𝑝 = 𝜷⊥𝜷
′
⊥
+ 𝜷𝜷′ and

move the 𝜷′𝒙∗
𝑡

term to the right. Also, pre-multiply both sides by 𝜶′
⊥

.
This gives

𝜶′
⊥
𝚿𝜷⊥𝜷

′
⊥
Δ𝒙∗

𝑡
= −𝜶′

⊥
𝚿𝜷𝜷′Δ𝒙∗

𝑡
− 𝜶′

⊥

𝑘−2∑
𝑠=0

(
𝑘−1∑
𝑗=𝑠+1

𝚪𝑗

)
Δ2𝒙∗

𝑡−𝑗 + 𝜶
′
⊥
𝑨𝜺𝑡.

Pre-multiply by the inverse of 𝜶′
⊥
𝚿𝜷⊥, which exists by Assumption 1.

Then pre-multiply by 𝜷′
⊥
𝜷⊥. Use the definition 𝑪 = 𝜷⊥(𝜶′

⊥
𝚿𝜷⊥)−1𝜶′

⊥
.

This gives

𝜷′
⊥
Δ𝒙∗

𝑡
= −𝜷′

⊥
𝑪𝚿𝜷𝜷′Δ𝒙∗

𝑡
− 𝜷′

⊥
𝑪

𝑘−2∑
𝑠=0

(
𝑘−1∑
𝑗=𝑠+1

𝚪𝑗

)
Δ2𝒙∗

𝑡−𝑗 + 𝜷
′
⊥
𝑪𝑨𝜺𝑡.

Using the definition of 𝝂, we can write this in compact form as

𝜷′
⊥
Δ𝒙∗

𝑡
= 𝝂Δ𝒚∗

𝑡
+ 𝜷′

⊥
𝑪𝑨𝜺𝑡.

Sum over 𝑡 to get the desired expression.

Part (𝑏, 𝑖). The normality assumption and assumption 1 ensure that
𝒚∗
𝑡

can be given a stationary initial distribution. Now, 𝒚∗
𝑡

can also
be given a stationary initial distribution as it is a linear function of
𝒚∗
𝑖+1, 𝒚∗

𝑡
.

Part (𝑏, 𝑖𝑖). Rearrange the homogenous model Equation (3.1) as by sub-
tracting the intermediate differences 𝜷′Δ𝒙∗

𝑡−𝑗 from 𝜷′𝒙∗
𝑡−𝑘 and defining

𝚪†
𝑗 = 𝚪𝑗 + 𝜶𝜷′ to get

Δ𝒙∗
𝑡
=

𝑘−1∑
𝑗=1

𝚪†
𝑗Δ𝒙

∗
𝑡−𝑗 + 𝜶𝜷

′𝒙∗
𝑡−𝑘 +𝑨𝜺𝑡. (B1)

This matches the formulation in [24]. In the same vein, let

𝒚
†
𝑡 =

⎛⎜⎜⎜⎜⎜⎝

Δ𝒙∗
𝑡

⋮

Δ𝒙∗
𝑡−𝑘+2

𝜷′𝒙∗
𝑡−𝑘+1

⎞⎟⎟⎟⎟⎟⎠
, 𝒀 † =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝚪†
1 · · · · · · · · · 𝚪†

𝑘−1 𝜶

𝐼𝑝 0 · · · · · · 0 0
0 ⋱ ⋱ ⋮ ⋮

⋱ ⋱ ⋱ ⋮ ⋮

0 · · · 0 𝐼𝑝 0 0
0 · · · 0 0 𝜷′ 𝐼𝑝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, 𝒆𝑝 =

⎛⎜⎜⎜⎜⎜⎝

𝐼𝑝

0
⋮

0

⎞⎟⎟⎟⎟⎟⎠
,

such that there is linear, bijective mapping between 𝒚∗
𝑡

and 𝒚†𝑡 and

𝒚
†
𝑡 = 𝒀

†𝒚†
𝑡−1 + 𝒆𝑝𝑨𝜺𝑡. (B2)

Apply the autoregressive equation 𝑘 times to get

𝒚
†
𝑡 =

⎛⎜⎜⎜⎜⎜⎝

𝐼𝑝 ∗ · · · ∗
0 ⋱ ⋱ ⋮

⋮ ⋱ 𝐼𝑝 ∗
0 · · · 0 𝜷′

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝

𝑨𝜺𝑡

⋮

⋮

𝑨𝜺𝑡−𝑘+1

⎞⎟⎟⎟⎟⎟⎠
+ 𝒀 †𝑘𝒚†

𝑡−𝑘, (B3)

where ∗ represents quantities that are not of importance. As 𝜷′ has full
row rank by Assumption 1, so does the first matrix in (B3). The vector of
errors in (B3) has an invertible covariance matrix whenever 𝑡 − 𝑘 + 1 > 𝑡.
It is also independent of the 𝜎-algebra 𝑡−𝑘 generated by 𝒚†

𝑡−𝑘+1, . . . , 𝒚
†
𝑡−𝑘,

while 𝒚†
𝑡−𝑘 is 𝑡−𝑘 measurable. Therefore, Var(𝒚†𝑡 |𝑡−𝑘) is constant and

invertible for 𝑡 ≥ 𝑡 + 𝑘.

We now concatenate 𝒚†𝑡 with Δ𝑥∗
𝑡+1. By the model Equation (B1), we have

Δ𝒙∗
𝑡+1 = 𝑨𝜺𝑡+1 +

𝑘−1∑
𝑗=1

𝚪†
𝑗Δ𝒙

∗
𝑡−𝑗+1 + 𝜶𝜷

′𝒙∗
𝑡−𝑘+1 = 𝑨𝜺𝑡+1 + 𝝂′†𝒚

†
𝑡 ,

for a suitably defined 𝝂†. Thus, we have

𝒚
†
𝑡
=

(
Δ𝒙∗

𝑡+1

𝒚
†
𝑡

)
=

(
𝐼𝑝 𝝂′†

0 𝐼dim 𝒚∗

)(
𝑨𝜺𝑡+1

𝒚
†
𝑡

)
.

As𝑨𝜺𝑡+1 and 𝒚†𝑡 are independent and each has invertible, constant covari-
ance, we get that Var(𝒚†

𝑡
|𝑡−𝑘) is constant and invertible for 𝑡 ≥ 𝑡 + 𝑘.

Finally, the 𝜎-algebra 𝑡−𝑘 generated by 𝒚†
𝑠

for 𝑡 − 𝑘 < 𝑠 ≤ 𝑡 − 𝑘 can equiv-
alently be generated by 𝒚†

𝑠
for 𝑡 − 𝑘 < 𝑠 ≤ 𝑡 − 𝑘 − 1 due to the concate-

nation with Δ𝑥∗
𝑡+1, or by 𝒚∗

𝑠
for 𝑡 − 𝑘 < 𝑠 < 𝑡 − 𝑘 by a linear, bijective

transformation. ◽

The Normalized Regressor Vector

Assumption A.1 uses a normalized regressor vector 𝑥𝑡𝑇 , which we define
here. The ADL Equation (2.1) with a constant has regressors

Δ𝑧𝑡,𝒙𝑡−1,Δ𝒙𝑡−1, . . . ,Δ𝒙𝑡−𝑘+1, 1, (B4)

where 𝒙𝑡 = (𝑦𝑡, 𝑧𝑡)′. The unobserved components formulation (3.1) has
𝒙𝑡 = 𝒙∗𝑡 + 𝝉𝑐 so that Δ𝒙𝑡 = Δ𝒙∗

𝑡
and where 𝒙∗

𝑡
satisfies the VAR in (3.2).

Thus, the regressors in (B4) form a bijective, linear function of

Δ𝑧𝑡,𝒙∗𝑡−1,Δ𝒙
∗
𝑡−1, . . .Δ𝒙

∗
𝑡−𝑘+1, 1.

Now, 𝒙∗
𝑡−1 is a linear combination of 𝜷′𝒙∗

𝑡−1 and 𝜷′
⊥
𝒙∗
𝑡−1. Concatenate

𝜷′𝒙∗
𝑡−1,Δ𝒙

∗
𝑡−1, . . . ,Δ𝒙

∗
𝑡−𝑘+1 as 𝒚∗

𝑡−1, see (3.12). The Granger–Johansen rep-
resentation Theorem 1 writes 𝜷′

⊥
𝒙∗
𝑡−1 as a linear combination of a random

walk, 𝒚∗
𝑡−1 and initial values. Normalize the random walk by

√
𝑇 . Then

the regressors in (B4) are a linear function of

𝑥𝑡𝑇 =

(
Δ𝑧𝑡 , 𝒚∗′𝑡−1 , 𝑇

−1∕2
𝑡−1∑
𝑠=1
𝜺′
𝑠
, 1

)′

, (B5)

which has dimension 𝑝 − 1 + 𝑝 + 𝑟 + (𝑘 − 1)𝑝 + 1 = (𝑘 + 1)𝑝 + 𝑟.
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When checking parts (𝑖𝑣, 𝑣) of Assumption A.1, we extend the vector 𝑥𝑡𝑇
with Δ𝑦𝑡, 𝑡∕𝑇 . Since Δ𝑦𝑡,Δ𝑧𝑡,Δ𝒚∗𝑡−1 concatenate as 𝒚∗

𝑡−1 we get that 𝑥𝑡𝑇 is
a subvector of

𝑥𝑡𝑇 =

(
𝒚
∗′
𝑡−1 , 𝑇

−1∕2
𝑡−1∑
𝑠=1
𝜺′
𝑠
, 𝑡∕𝑇 , 1

)′

, (B6)

which has dimension (𝑘 + 1)𝑝 + 𝑟 + 2. We removeΔ𝑦𝑡 in martingale argu-
ments:

𝑥𝑡𝑇 =
{

0, 𝐼(𝑘+1)𝑝+𝑟+1
}
𝑥𝑡𝑇 . (B7)

Conditions for Boundedness

We check the boundedness Assumption A.1(𝑖𝑣) for 𝑥𝑡𝑇 defined in (B5).
This is a subvector of 𝑥𝑡𝑇 in (B6). We link the 𝐹𝑇ℎ(𝑎) functions for 𝑥𝑡𝑇
and 𝑥𝑡𝑇 .

Lemma B.1. If 𝑥𝑡𝑇 is a subvector of 𝑥𝑡𝑇 then

𝐹𝑥
𝑇ℎ
(𝑎) = max

𝜁∶#𝜁=ℎ
sup
𝛿∶|𝛿|=1

1
ℎ

∑
𝑖∈𝜁

1(|𝛿′𝑥𝑡𝑇 |≤𝑎)
≤ max
𝜁∶#𝜁=ℎ

sup
𝛿∶|𝛿|=1

1
ℎ

∑
𝑖∈𝜁

1(|𝛿′𝑥𝑡𝑇 |≤𝑎) = 𝐹𝑥𝑇ℎ(𝑎).

Proof of Lemma B.1. Write 𝑥𝑡𝑇 = 𝑠′𝑥𝑡𝑇 for a selection matrix 𝑠 of dimen-
sion dim 𝑥 × dim 𝑥with zero coeffients apart from one unit coefficient in
each column. If 𝛿 is a unit vector of length dim 𝑥, then 𝛿 = 𝑆𝛿 is a unit
vector of length dim𝑥. Therefore,

sup
𝛿∶|𝛿|=1

∑
𝑖∈𝜁

1(|𝛿′𝑥𝑡𝑇 |≤𝑎) = sup
𝛿=𝑆𝛿∶|𝛿|=1

∑
𝑖∈𝜁

1(|𝛿′𝑥𝑡𝑇 |≤𝑎) ≤ sup
𝛿∶|𝛿|=1

∑
𝑖∈𝜁

1(|𝛿′𝑥𝑡𝑇 |≤𝑎).

Divide by ℎ and take maximum over ℎ-sets 𝜁 to get 𝐹𝑥
𝑇ℎ
(𝑎) ≤ 𝐹𝑥

𝑇ℎ
(𝑎). ◽

Lemma B.2. If 𝑥, 𝑦 ∈ ℝ, 𝑎 > 0 then |1(|𝑥|≤𝑎) − 1(|𝑦|≤𝑎)| ≤ 1(|𝑥−𝑎|≤|𝑦−𝑥|) +
1(|𝑥+𝑎|≤|𝑦−𝑥|).
Proof of Lemma B.2. Let 𝑑 = |𝑥 − 𝑦|. Rewrite the difference of indica-
tors as

1(|𝑥|≤𝑎) − 1(|𝑦|≤𝑎) = 1(−𝑎≤𝑥≤𝑎) − 1(−𝑎+𝑥−𝑦≤𝑥≤𝑎+𝑥−𝑦).

This difference is zero outside the sets −𝑎 − 𝑑 ≤ 𝑥 ≤ −𝑎 + 𝑑 and 𝑎 − 𝑑 ≤
𝑥 ≤ 𝑎 + 𝑑. On those sets, their difference may be −1, 0 or 1. Hence, the
bound applies. ◽

We give conditions ensuring that the 𝐹𝑥
𝑡𝑇

function for 𝑥𝑡𝑇 vanishes within
a good episode indexed by 𝑡 = 1, . . . , 𝑇 . We combine the separate argu-
ments for stationary processes, random walks and linear trends in [70].

Lemma B.3. Let 𝑧𝑡𝑇 = (𝑢′
𝑡
, 𝑣′
𝑡
∕
√
𝑇 , 𝑡∕𝑇 , 1)′ where 𝑢𝑡 ∈ ℝdim 𝑢,

𝑣𝑡 ∈ ℝdim 𝑣. Let 𝐹𝑧
𝑇𝛿
(𝑎) = 𝑇 −1∑𝑇

𝑡=11(|𝑧′
𝑡𝑇
𝛿|≤𝑎). Suppose that, for some

𝑞𝑇 ≥ 1 such that 𝑞𝑇 ∕𝑇 → 0,

i. I(0) component.
a. ∀𝜖 > 0, ∃𝐶 > 0: max𝑞𝑇 <𝑡≤𝑇 P(|𝑢𝑡| > 𝐶) ≤ 𝜖.
b. ∃𝐶 > 0: max𝑞𝑇 <𝑡≤𝑇 sup𝛿𝑢∶|𝛿𝑢|=1 sup𝜈∈ℝ P(|𝑢′

𝑡
𝛿𝑢 + 𝜈| < 𝛼) ≤ 𝛼𝐶 ,

ii. I(1) component.
a. ∀𝜖 > 0, ∃𝐶 > 0: P(max𝑞𝑇 <𝑡≤𝑇 |𝑣𝑡∕√𝑇 | > 𝐶) ≤ 𝜖.
b. ∃𝐶 > 0: max𝑞𝑇 <𝑡≤𝑇 sup𝛿𝑣∶|𝛿𝑣|=1 sup𝜈∈ℝ P(|𝑣′

𝑡
𝛿𝑣∕

√
𝑡 + 𝜈| < 𝛼) ≤ 𝛼𝐶 .

Then sup𝛿∶|𝛿|=1 𝐹
𝑧
𝑇𝛿
(𝑎) = oP(1) as (𝑎, 𝑇 ) → (0,∞).

Proof of Lemma B.3. Truncation. Write 𝐹𝑧
𝑇𝛿
(𝑎) = 𝑁𝑇𝛿(𝑎) +𝑄𝑇𝛿(𝑎) +

𝑅𝑇𝛿(𝑎, 0) where 𝑁𝑇𝛿(𝑎) = 𝑇 −1 ∑
𝑡≤𝑞𝑇

1(|𝑧′
𝑡𝑇
𝛿|≤𝑎) ≤ 𝑞𝑇 ∕𝑇 → 0 by

assumption, while

𝑄𝑇𝛿(𝑎) =
1
𝑇

∑
𝑡>𝑞𝑇

1(|𝑧′
𝑡𝑇
𝛿|≤𝑎,|𝑧𝑡𝑇 |>𝐴),

𝑅𝑇𝛿(𝛼, 𝜇) =
1
𝑇

∑
𝑡>𝑞𝑇

1(|𝑧′
𝑡𝑇
𝛿−𝜇|≤𝛼,|𝑧𝑡𝑇 |≤𝐴),

for an 𝐴 > 0 to be chosen. We show that 𝑄𝑇𝛿 and 𝑅𝑇𝛿 vanish uniformly
in 𝛿.

The term Q vanishes. The process 𝑧𝑡𝑇 = (𝑢′
𝑡
, 𝑣′
𝑡
∕
√
𝑇 , 𝑡∕𝑇 , 1)′ satisfies

|𝑧𝑡𝑇 | ≤ |𝑢𝑡| + |𝑣𝑡|∕√𝑇 + |𝑡∕𝑇 | + 1 ≤ |𝑢𝑡| + max
𝑞𝑇 <𝑡≤𝑇

|𝑣𝑡|∕√𝑇 + 2

by the triangle inequality. Thus, we get the set inclusions, for
𝐴 ≥ 4, (||𝑧′𝑡𝑇 𝛿|| ≤ 𝑎, ||𝑧𝑡𝑇 || > 𝐴) ⊂ (||𝑧𝑡𝑇 || > 𝐴)

⊂
(||𝑢𝑡|| > 𝐴∕4

)
∪
(

max
𝑞𝑇 <𝑡≤𝑇

|||𝑣𝑡∕√𝑇 ||| > 𝐴∕4
)
,

uniformly in 𝛿, 𝑎. Thus, we can bound, uniformly in 𝛿, 𝑎 and for
𝐴 ≥ 4,

𝑄𝑇𝛿(𝑎) ≤ 𝑄̃𝑇 = 1
𝑇 -𝑞𝑇

∑
𝑡>𝑞𝑇

1(|𝑢𝑡|>𝐴∕4) + 1( max
𝑞𝑇 <𝑡≤𝑇

|𝑣𝑡∕√𝑇 |>𝐴∕4).

Take supremum and then expectation to bound

Esup
𝛿
𝑄𝑇𝛿(𝑎) ≤ E𝑄̃𝑇 = max

𝑞𝑇 <𝑡≤𝑇
P
(||𝑢𝑡|| > 𝐴∕4

)
+ P

(
max
𝑞𝑇 <𝑡≤𝑇

|||𝑣𝑡∕√𝑇 ||| > 𝐴∕4
)
.

This is small for large 𝐴 since 𝑢𝑡 = OP(1) uniformly in 𝑡 while
max𝑡≤𝑇

|||𝑣𝑡∕√𝑇 ||| = OP(1) by conditions (𝑖, 𝑎; 𝑖𝑖, 𝑎). Thus, ∀𝜖 > 0, ∃𝐴 > 0
such that E sup𝛿∶|𝛿|=1 𝑄𝑇𝛿(𝑎) < 𝜖.

The term R. We parametrize the unit vector 𝛿 as

𝛿 =
(
𝛿′
𝑢

cos𝜓 cos𝜙 cos 𝜃 , 𝛿′
𝑣

sin𝜓 cos𝜙 cos 𝜃 , sin𝜙 cos 𝜃 , − sin 𝜃
)′
,

(B8)
where 𝛿𝑢 ∈ ℝdim 𝑢, 𝛿𝑣 ∈ ℝdim 𝑣 such that |𝛿𝑢| = |𝛿𝑣| = 1 while 0 ≤ 𝜓 ≤ 𝜋∕2
and |𝜙|, |𝜃| ≤ 𝜋∕2. Initially, we distinquish between cos 𝜃 = 0 and cos
𝜃 > 0.

The case cos 𝜃 = 0. If cos 𝜃 = 0 then |𝑧′
𝑡𝑇
𝛿| = 1 so that 𝑅𝑇𝛿(𝑎) = 0 for all

𝑎 < 1.

The case cos 𝜃 > 0. We bound 1∕ cos 𝜃; we chain over 𝛿 and analyse the
oscillation term; we remove the truncation; and, finally, we consider three
subcases.

Bounding 1∕ cos 𝜃. Write 𝑧′
𝑡𝑇
𝛿 = 𝑧′

𝑡𝑇
𝛿𝜃=0 cos 𝜃 − sin 𝜃 where 𝛿𝜃=0 has the

form (B8) with 𝜃 = 0, so that cos 𝜃 = 1 and sin 𝜃 = 0. As |𝛿𝜃=0| = 1
then |𝑧′

𝑡𝑇
𝛿𝜃=0| ≤ |𝑧𝑡𝑇 | ≤ 𝐴. By [70, lemma 3.1], we find for 𝑎 ≤ 1∕2

and |𝜃| ≤ 𝜋∕2 that | − sin 𝜃 + 𝑧′
𝑡𝑇
𝛿𝜃=0 cos 𝜃| ≤ 𝑎 implies 1∕ cos 𝜃 ≤ 2(1 +|𝑧′

𝑡𝑇
𝛿𝜃=0|) ≤ 2(1 + 𝐴).

Chaining. The set |𝛿| = 1 is compact. For 𝜖 > 0 we make a finite
cover with 𝐿 balls with centers 𝛿𝓁 and radius 𝜖. Linear chaining
gives

sup
𝛿
𝑅𝑇𝛿(𝑎, 0) ≤ max

𝓁≤𝐿
{𝑅𝑇𝛿𝓁 (𝑎, 0) + sup

𝛿∶|𝛿−𝛿𝓁 |≤𝜖|||𝑅𝑇𝛿(𝑎, 0) − 𝑅𝑇𝛿𝓁 (𝑎, 0)|||}. (B9)

Oscillation term in (B9). By the triangle inequality,

|||𝑅𝑇𝛿(𝑎, 0) − 𝑅𝑇𝛿𝓁 (𝑎, 0)|||
≤

1
𝑇

∑
𝑡>𝑞𝑇

|||1(|𝑧′𝑡𝑇 𝛿|≤𝑎,|𝑧𝑡𝑇 |≤𝐴) − 1(|𝑧′
𝑡𝑇
𝛿𝓁 |≤𝑎,|𝑧𝑡𝑇 |≤𝐴)|||.

Apply the inequality |1(|𝑥|≤𝑎) − 1(|𝑦|≤𝑎)| ≤ 1(|𝑥−𝑎|≤|𝑦−𝑥|) + 1(|𝑥+𝑎|≤|𝑦−𝑥|) from
Lemma B.2 with 𝑥 = 𝑧′

𝑡𝑇
𝛿𝓁 and 𝑦 = 𝑧′

𝑡𝑇
𝛿 so that |𝑦 − 𝑥| ≤ |𝑧𝑡𝑇 ||𝛿𝓁 − 𝛿| ≤

𝐴𝜖. Thus, uniformly in 𝛿,
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|||𝑅𝑇𝛿(𝑎, 0) −𝑅𝑇𝛿𝓁 (𝑎, 0)|||
≤

1
𝑇

∑
𝑡>𝑞𝑇

{
1(|𝑧′

𝑡𝑇
𝛿𝓁−𝑎|≤𝜖𝐴,|𝑧𝑡𝑇 |≤𝐴) + 1(|𝑧′

𝑡𝑇
𝛿𝓁+𝑎|≤𝜖𝐴,|𝑧𝑡𝑇 |≤𝐴)

}
= 𝑅𝑇𝛿𝓁 (𝜖𝐴, 𝑎) + 𝑅𝑇𝛿𝓁 (𝜖𝐴,−𝑎). (B10)

Remove truncation. We can now remove the truncation, so that

𝑅𝑇𝛿(𝛼, 𝜇) ≤
1
𝑇

∑
𝑡>𝑞𝑇

1(|𝑧′
𝑡𝑇
𝛿𝓁−𝜇|≤𝛼) = 𝑆𝑇𝛿(𝛼, 𝜇). (B11)

Return to the chaining inequality (B9), apply the bounds (B10), (B11) to
bound

sup
𝛿
𝑅𝑇𝛿(𝑎, 0) ≤ max

𝓁≤𝐿
𝑆𝑇𝛿𝓁 (𝑎, 0) + max

𝓁≤𝐿
𝑆𝑇𝛿𝓁 (𝜖𝐴, 𝑎)

+ max
𝓁≤𝐿

𝑆𝑇𝛿𝓁 (𝜖𝐴,−𝑎).

We show that these terms vanish. For variables 𝑆𝓁 ≥ 0, the Boole and
Markov inequalities give P(max𝓁 𝑆𝓁 > 𝜂) = P ∪𝓁 (𝑆𝓁 > 𝜂) ≤

∑
𝓁 P(𝑆𝓁 >

𝜂) ≤ (𝐿∕𝜂)max𝓁 E𝑆𝓁 . Apply this to 𝑆𝑇𝛿𝓁 as defined in (B11) noting 𝑇 −
𝑞𝑇 ≤ 𝑇 to get, for any 𝛼 ≥ 0, 𝜇 ∈ ℝ,

P
{

max
𝓁≤𝐿

𝑆𝑇𝛿𝓁 (𝛼, 𝜇) > 𝜂
}

≤
𝐿

𝑇𝜂
max
𝓁≤𝐿

∑
𝑡>𝑞𝑇

P
(|𝑧′

𝑡𝑇
𝛿𝓁 − 𝜇| ≤ 𝛼)

≤
𝐿

𝜂
max
𝓁≤𝐿

max
𝑡>𝑞𝑇

P
(|𝑧′

𝑡𝑇
𝛿𝓁 − 𝜇| ≤ 𝛼). (B12)

We must bound P(|𝑧′
𝑡𝑇
𝛿 − 𝜇| ≤ 𝛼). We distinguish between the cases

sin2𝜙 ≥ 1∕2 and cos2𝜙 ≥ 1∕2, cos2𝜓 ≥ 1∕2 and cos2𝜙 ≥ 1∕2, sin2𝜓 ≥
1∕2.

The case sin2𝜙 ≥ 1∕2 and the linear trend term. Since sin𝜙 ≠ 0, cos 𝜃 > 0,
we find

𝑧′
𝑡𝑇
𝛿 − 𝜇

sin𝜙 cos 𝜃
= 𝑡

𝑇
+ 𝜈1 with

𝜈1 =

(
𝑢′
𝑡
𝛿𝑢 cos𝜓 + 1√

𝑇
𝑣′
𝑡
𝛿𝑣 sin𝜓

)
tan𝜙 − sin 𝜃 + 𝜇

sin𝜓 cos 𝜃
.

Noting that 1∕ cos 𝜃 ≤ 2(1 + 𝐴) as found above while sin2𝜙 ≥ 1∕2 is
assumed, we can bound 𝛼∕(| sin𝜙 cos 𝜃|) ≤ 𝛼2(1 + 𝐴)

√
2 = 𝛼1. Taken

together, we get

(||𝑧′𝑡𝑇 𝛿 − 𝜇|| ≤ 𝛼) ⊂
(|||||

𝑧′
𝑡𝑇
𝛿 − 𝜇

sin𝜙 cos 𝜃

||||| ≤ 𝛼1

)
=
(|||| 𝑡𝑇 + 𝜈1

|||| ≤ 𝛼1

)
.

This describes an interval for 𝑡 of length 2𝑇𝛼1. Thus, the indicator for
(|𝑧′

𝑡𝑇
𝛿 − 𝜇| ≤ 𝛼) is unity for at most 2𝑇𝛼1 + 1 values of 𝑡. It follows that,

as (𝛼, 𝑇 ) → (0,∞),

𝑆𝑇𝛿(𝑎) ≤ 𝑇 −1(2𝑇𝛼1 + 1
)
≤ 𝛼4(1 + 𝐴)

√
2 + 𝑇 −1 → 0.

The case cos2𝜓, cos2𝜙 ≥ 1∕2 and the I(0) term. As cos𝜓, cos𝜙, cos 𝜃 > 0,
we find

𝑧′
𝑡𝑇
𝛿 − 𝜇

cos𝜓 cos𝜙 cos 𝜃
= 𝑢′

𝑡
𝛿𝑢 + 𝜈2 with

𝜈2 = 1√
𝑇
𝑣′
𝑡
𝛿𝑣 tan𝜓 + 𝑡 tan𝜙

𝑇 cos𝜓
− sin 𝜃 + 𝜇

cos𝜓 cos𝜙 cos 𝜃
.

Noting that 1∕ cos 𝜃 ≤ 2(1 + 𝐴) as found above while cos2𝜓, cos2𝜙 ≥
1∕2 are assumed, we can bound 𝛼

∕
(| cos𝜓 cos𝜙 cos 𝜃|) ≤ 𝛼4(1 + 𝐴) = 𝛼2.

Taken together, we get

(||𝑧′𝑡𝑇 𝛿 − 𝜇|| ≤ 𝛼) ⊂
(|||||

𝑧′
𝑡𝑇
𝛿 − 𝜇

cos𝜓 cos𝜙 cos 𝜃

||||| ≤ 𝛼2

)
=
(||𝑢′𝑡𝛿𝑢 + 𝜈2

|| ≤ 𝛼2
)
.

Taking probability and applying condition (𝑖, 𝑏), we find a 𝐶 > 0 exists
such that

P
(||𝑧′𝑡𝑇 𝛿 − 𝜇|| ≤ 𝛼)

≤ max
𝑞𝑇 <𝑡≤𝑇

sup
𝛿𝑢∶|𝛿𝑢|=1

sup
𝜈2∈ℝ

P
(||𝑢′𝑡𝛿𝑢 + 𝜈2

|| ≤ 𝛼̃2
)
≤ 𝛼̃2𝐶. (B13)

Combine the inequalities (B12), (B13) with the definition of 𝛼2 to get

P

{
max
𝓁≤𝐿

𝑆𝑇𝛿𝓁 (𝛼, 𝜇) > 𝜂
}

≤
𝐿

𝜂
𝛼2𝐶 = 𝐿

𝜂
𝛼4(1 + 𝐴)𝐶 → 0, (B14)

as (𝛼, 𝑇 ) → (0,∞) since 𝜂, 𝐿, 𝐴, 𝐶 are fixed.

The case sin2𝜓, cos2𝜙 ≥ 1∕2 and the I(1) term. As sin𝜓, cos𝜙, cos 𝜃 > 0,
we find

𝑧′
𝑡𝑇
𝛿 − 𝜇

sin𝜓 cos𝜙 cos 𝜃
= 1√

𝑇
𝑣′
𝑡
𝛿𝑣 + 𝜈3 with

𝜈3 = 𝑢′
𝑡
𝛿𝑢 cot𝜓 + 𝑡 tan𝜙

𝑇 sin𝜓
− sin 𝜃 + 𝜇

sin𝜓 cos𝜙 cos 𝜃
,

Noting that 1∕ cos 𝜃 ≤ 2(1 + 𝐴) as found above while sin2𝜓, cos2𝜙 ≥
1∕2 is assumed, we get 𝛼∕(| sin𝜓 cos𝜙 cos 𝜃|) ≤ 𝛼4(1 + 𝐴) = 𝛼3. Taken
together, we get

(||𝑧′𝑡𝑇 𝛿 − 𝜇|| ≤ 𝛼) ⊂
(|||||

𝑧′
𝑡𝑇
𝛿 − 𝜇

sin𝜓 cos𝜙 cos 𝜃

||||| ≤ 𝛼3

)
=
(|||𝑣′𝑡𝛿𝑣∕√𝑇 + 𝜈3

||| ≤ 𝛼3

)
.

Taking probability, normalizing by
√
𝑇 ∕𝑡 and applying condition (𝑖𝑖, 𝑏),

we find a 𝐶 > 0 exists such that, uniformly in 𝑞𝑇 < 𝑡 ≤ 𝑇 , 𝛿𝑣 ∶ |𝛿𝑣| = 1,
𝜈3 ∈ ℝ

P
(||𝑧′𝑡𝑇 𝛿 − 𝜇|| ≤ 𝛼) ≤ P

(||||||
𝑣′
𝑡
𝛿𝑣√
𝑇

+ 𝜈3

|||||| ≤ 𝛼3

)

= P

(||||||
𝑣′
𝑡
𝛿𝑣√
𝑡
+ 𝜈3

|||||| ≤ 𝛼3

√
𝑇√
𝑡

)
≤ 𝛼3𝐶

√
𝑇√
𝑡
. (B15)

Combine the inequalities (B12), (B15) and
∑𝑇

𝑡=2𝑡
−1∕2 ≤ ∫ 𝑇1 𝑡

−1∕2𝑑𝑡 <

𝑇 1∕2∕2 with the definition of 𝛼3 to get

P

{
max
𝓁≤𝐿

𝑆𝑇𝛿𝓁 (𝛼, 𝜇) > 𝜂
}

≤
𝐿

𝑇𝜂
max
𝓁≤𝐿

∑
𝑡>𝑞𝑇

𝛼3𝐶

√
𝑇√
𝑡

≤
𝐿

𝜂
𝛼2(1 + 𝐴)𝐶 → 0,

as (𝛼, 𝑇 ) → (0,∞) since 𝜂, 𝐿, 𝐴, 𝐶 are fixed. ◽

We bound the 𝐹𝑇ℎ function for the ADL model with finitely many good
episodes.

Lemma B.4. Consider the setup in Section 4. Then

𝐹𝑇ℎ(𝑎) = max
𝜁∶#𝜁=ℎ

sup
𝛿∶|𝛿|=1

1
ℎ

∑
𝑡∈𝜁

1(|𝑥′
𝑡𝑇
𝛿|≤𝑎) ≤ 𝑇 − ℎ𝑉 𝐴𝑅

ℎ
+ oP(1).

Proof of Lemma B.4. Objective. First, we bound 𝐹𝑇ℎ(𝑎) ≤ 𝐹ℎℎ(𝑎) + (𝑇 −
ℎ)∕ℎ where 𝐹ℎℎ(𝑎) = sup𝛿∶|𝛿|=1 ℎ

−1 ∑
𝑡∈𝜁𝑇

1(|𝛿′𝑥𝑡𝑇 |≤𝑎) by [21, Equation 4.2].
As 𝐹𝑇ℎ sums over 𝜁 , bound 𝜁 ⊂ 𝜁𝑇 ∪ 𝜁𝑐

𝑇
and then bound the indicators on

𝜁𝑐
𝑇

by unity.

Second, in a similar fashion, bound 𝐹ℎℎ(𝑎) ≤ (ℎ𝑉 𝐴𝑅∕ℎ)𝐹𝑉 𝐴𝑅(𝑎) + (ℎ −
ℎ𝑉 𝐴𝑅)∕ℎ, where 𝐹𝑉 𝐴𝑅(𝑎) = sup𝛿∶|𝛿|=1 ℎ

−1
𝑉 𝐴𝑅

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

1(|𝛿′𝑥𝑡𝑇 |≤𝑎). Note that
ℎ𝑉 𝐴𝑅∕ℎ ≤ 1.
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Third, the number 𝐺 of periods with good ADL and VAR errors is
finite by assumption. The indices for the good periods are, 𝑡

𝑔
< 𝑡 ≤

𝑡𝑔 for some 𝑔 ≤ 𝐺 where 𝐺 is finite, see (4.4). We bound 𝐹𝑉 𝐴𝑅(𝑎) ≤∑𝐺

𝑔=1(ℎ𝑔∕ℎ𝑉 𝐴𝑅)𝐹𝑔(𝑎) where ℎ𝑔 = 𝑡𝑔 − 𝑡𝑔 noting ℎ𝑔 ≤ ℎ𝑉 𝐴𝑅 and where

𝐹𝑔(𝑎) = sup𝛿∶|𝛿|=1 ℎ
−1
𝑔

∑𝑡

𝑡=𝑡
𝑔
+11(|𝛿′𝑥𝑡𝑇 |≤𝑎).

Fourth, we have that ℎ𝑔 is non-decreasing. Suppose ℎ𝑔∕ℎ→ 0 as ℎ →
∞ and note that 𝐹𝑔(𝑎) ≤ 1 by construction. Then (ℎ𝑔∕ℎ)𝐹𝑔(𝑎) → 0. For
groups 𝑔 where ℎ𝑔∕

√
𝑇 diverges, we will bound ℎ𝑔∕ℎ ≤ 1. Combine all

the bounds as

𝐹𝑇ℎ(𝑎) ≤
ℎ − ℎ𝑉 𝐴𝑅

ℎ
+

𝐺∑
𝑔=1

1(ℎ𝑔∕
√
𝑇 diverges)𝐹𝑔(𝑎) + o(1). (B16)

Each good episode. Consider 𝐹𝑔(𝑎) for some 𝑔 such that ℎ𝑔∕
√
𝑇

diverges. By assumption, the ADL and VAR errors are normal. We apply
Lemma B.3.

Condition (𝑖, 𝑎). The I(0) component of 𝑥𝑡𝑇 is the process 𝒚∗
𝑡−1. We

show that a 𝑞𝑇 exists such that 𝑞𝑇 ∕𝑇 → 0 and ∀𝜖 > 0, ∃𝐶 > 0 such
that max𝑡

𝑔
+𝑞𝑇 <𝑡≤𝑡𝑔 P(|𝒚∗

𝑡
| > 𝐶) ≤ 𝜖. Now, 𝒚∗

𝑡
satisfies the VARMA equation

(3.15). The Granger-Johansen representation Theorem 1(𝑏, 𝑖) shows that
VARMA equation has a stationary solution, 𝒚∗

𝑆𝑇𝐴𝑇 ,𝑡
say, such that 𝒚∗

𝑡
=

𝒚
∗
𝑆𝑇𝐴𝑇 ,𝑡

+ 𝒀
𝑡−𝑡

𝑔 (𝒚∗
𝑡
𝑔

− 𝒚∗
𝑆𝑇𝐴𝑇 ,𝑡

𝑔

). By stationarity (and normality), the com-

ponents 𝒚∗
𝑆𝑇𝐴𝑇 ,𝑡

and 𝒀
𝑡−𝑡

𝑔𝒚
∗
𝑆𝑇𝐴𝑇 ,𝑡

𝑔

are bounded in probability for 𝑡
𝑔
<

𝑡 ≤ 𝑡𝑔 . Further, by the VARMA equation, 𝒚∗
𝑡
𝑔

= OP(1 + max𝑡∉𝜁𝑉 𝐴𝑅,𝑇 |𝜺𝑡|).
This is OP(𝑇 𝑐) by (4.6). Further, 𝜌 = max |eigen(𝒀 )| < 1 by Assumption 1.
Now, let 𝑞𝑇 = 𝑇 1∕4 so that 𝑞𝑇 ∕ℎ𝑔 ≤ 𝑞𝑇 ∕𝑇 → 0, but log(||𝒀 ||𝑞𝑇 𝒚∗

𝑡
𝑔

) =

𝑇 1∕4 log ||𝒀 || + 𝑐OP(log 𝑇 ) → −∞, so that 𝒀
𝑞𝑇
𝒚
∗
𝑡
𝑔

= oP(1). It follows that

𝒚
∗
𝑡
= OP(1) uniformly in 𝑡

𝑔
+ 𝑞𝑇 < 𝑡 ≤ 𝑡𝑔 and the run-in period 𝑞𝑇 is van-

ishing. Thus, condition (𝑖, 𝑎) is satisfied.

Condition (𝑖, 𝑏). The Granger-Johansen representation Theorem 1(𝑏, 𝑖𝑖)
shows that

min
𝑡+𝑘<𝑡≤𝑡

min eigen Var
(
𝒚̃∗
𝑡
|𝒚̃∗
𝑠
, 𝑡 − 𝑘 < 𝑠 ≤ 𝑡 − 𝑘

)
> 0.

In particular, the variance bounded applies for 𝑡 > 𝑡 + 𝑞𝑇 . Under normal-
ity, this implies the densities are bounded and in turn condition (𝑖, 𝑏)
follows.

Condition (𝑖𝑖, 𝑎). For each episode we have 𝑣𝑡 =
∑𝑡

𝑡=𝑡
𝑔
+1𝜺𝑡. Let 𝑇𝑔 = 𝑡𝑔 −

𝑡
𝑔

and 𝑢 ∈ [0, 1]. The normalized time series 𝑣⌊𝑢𝑇𝑔⌋∕𝑇 1∕2
𝑔 converges to a

Brownian motion on 𝐷[0, 1] with the Skorokhod metric. The supremum
is a continuous mapping. The Continuous Mapping Theorem gives the
desired bounded [37].

Condition (𝑖𝑖, 𝑏). For any unit vector, we get that 𝑣′
𝑡−𝑡

𝑔

𝛿𝑣∕(𝑡 − 𝑡𝑔)
1∕2 is stan-

dard normal. Therefore, a 𝐶 > 0 exists such that P(|𝑣′
𝑡−𝑡

𝑔

𝛿𝑣∕(𝑡 − 𝑡𝑔)
1∕2| +

𝜈 < 𝛼) ≤ 𝛼𝐶 uniformly in 𝑡 > 𝑡
𝑔

and 𝜈 ∈ ℝ. The condition
follows.

Lemma B.3 now shows that 𝐹𝑔(𝑎) = oP(1) as (𝑎, 𝑇 ) → (0,∞) for each 𝑔 as
ℎ𝑔 diverges. Insert in (B16) to finish the proof. ◽

Proof of Theorem 2. We check the Assumption A.1 (𝑖, 𝑖𝑖, 𝑖𝑣) used in
Theorem A.1.

Assumption A.1 (𝑖, 𝑖𝑖) are satisfied by assumption, see Section 4.1.

Assumption A.1 (𝑖𝑣). We find a 𝜉 such that 0 < 𝜉 < 2 − 𝜆−1 and
P{𝐹𝑇ℎ(𝑎) > 𝜉} → 0 as (𝑎, 𝑇 ) → (0,∞). First, 2 − 𝜆−1 > 1∕2 if and only if
𝜆 > 2∕3, which is required in (4.8). Second, applying Lemma B.4 with the
present assumptions gives

𝐹𝑇ℎ(𝑎) ≤
𝑇 − ℎ𝑉 𝐴𝑅

ℎ
+ oP(1).

We have 𝑇 − ℎ𝑉 𝐴𝑅 < 𝑇 ∕3 by (4.8) and ℎ ≥ ℎ𝑉 𝐴𝑅 > 2𝑇 ∕3, see Section 4.3.
As (1∕3)∕(2∕3) = 1∕2, then 𝐹𝑇ℎ(𝑎) < 1∕2 + oP(1). Thus, a 𝜉 can be found
as desired. ◽

Remark B.1. The bound 𝜆 > 2∕3 in (4.8) is necessary to meet
Assumption A.1(𝑖𝑣). Indeed, for a first order autogression where
𝑝 = 𝑘 = 1, the model Equation (2.1) is

Δ𝑦𝑡 = 𝛼(𝑦𝑡−1 − 𝜈𝑐) + 𝜎𝜀𝑡 for 𝑡 = 1, . . . , 𝑇 .

Let data be generated by 𝛼 = −1, 𝜈𝑐 = 0, 𝜎 = 1 so that 𝑦𝑡 = 𝜀𝑡. Let ℎ =
#𝜁𝑇 = ⌊𝜆𝑛⌋ and 𝜁𝑇 = 𝜁𝑉 𝐴𝑅,𝑇 = (1, . . . , ℎ) with outliers 𝜀𝑡 =

√
2 logℎ for

𝑡 ∈ 𝜁𝑐
𝑇

so that 𝑡 > ℎ. Then

𝑥𝑡𝑇 =

(
𝜀𝑡−1

1

)
for any 𝑡, 𝑥𝑡𝑇 =

(√
2 logℎ

1

)
for 𝑡 > ℎ.

We lower bound 𝐹𝑡𝑇 . Since the vector 𝛿∗ = (−1,
√

2 logℎ)′ is orthogonal
to 𝑥𝑡𝑇 for 𝑡 ∈ 𝜁𝑐

𝑇
so that 𝑥′

𝑡𝑇
𝛿∗ = 0 and we get for any 𝑎 ≥ 0 that

𝐹𝑡𝑇 (𝑎) = max
𝜁∶#𝜁=ℎ

sup
𝛿∶|𝛿|=1

ℎ−1
∑
𝑡∈𝜁

1(|𝑥′
𝑡𝑇
𝛿|≤𝑎) ≥ ℎ−1

∑
𝑡∈𝜁𝑐

𝑇

1(|𝑥′
𝑡𝑇
𝛿∗|≤𝑎) = 𝑇 − ℎ

ℎ
→

1 − 𝜆
𝜆

.

Assumption A.1(𝑖𝑣) requires (1 − 𝜆)∕𝜆 < 2 − 1∕𝜆, which is equivalent to
𝜆 > 2∕3.

Conditions for Consistent Selection and Expansions

Lemma B.5. Consider the setup in Section 4. Then

a. max1≤𝑡≤𝑇 |𝑥𝑡𝑇 |2 ≤ max1≤𝑡≤𝑇 |𝒚∗𝑡 |2 + max1≤𝑡≤𝑇 |𝑇 −1∕2∑𝑇

𝑠=1𝜺𝑠|2 + 2.

b. max1≤𝑡≤𝑇 |𝒚∗𝑡 | = OP(
√

log 𝑇 ).

c. max1≤𝑡≤𝑇 |𝑇 −1∕2∑𝑇

𝑠=1𝜺𝑠| = OP(1) + (#𝜁𝑉 𝐴𝑅,𝑇 )OP{
√
(log 𝑇 )∕𝑇 }.

Proof of Lemma B.5.

a. The vector 𝑥𝑡𝑇 has components 𝒚∗
𝑡−1 and 𝑇 −1∕2∑𝑡−1

𝑠=1𝜺𝑠 as well as 𝑡∕𝑇 and
1, see (B6). The latter two are bounded by unity.

b. The I(0) component. For any 𝑡, we use the triangle inequality to bound|𝒚∗
𝑡
| = |∑𝑡

𝑠=0𝒀
𝑠
𝜺̃
∗
𝑡−𝑠| by

∑∞
𝑠=0||𝒀 ||𝑠 max1≤𝑡≤𝑇 |𝜺̃∗𝑡 |. The geometric sum is

convergent and the VAR errors are OP(
√

log 𝑇 ) due to (3.16), (4.10). Thus,
max1≤𝑡≤𝑇 |𝒚∗𝑡 | = OP(

√
log 𝑇 ).

c. The I(1) component. Expand this as

1√
𝑇

𝑡−1∑
𝑠=1
𝜺𝑠 =

1√
𝑇

𝑡−1∑
𝑠=1
𝜺𝑠1(𝑠∈𝜁𝑉 𝐴𝑅,𝑇 ) +

1√
𝑇

𝑡−1∑
𝑠=1
𝜺𝑠1(𝑠∉𝜁𝑉 𝐴𝑅,𝑇 ). (B17)

The first term in (B17) is a standard, normal random walk and converges
to a Brownian motion when embedded in𝐶[0, 1]with the uniform metric
[37]. In particular, the maximum of its absolute value is OP(1). We bound
the second term in (B17). It has at most #𝜁𝑐

𝑉 𝐴𝑅,𝑇
elements, which have

order max𝑡≤𝑇 |𝜺𝒕| = OP(
√

log 𝑇 ) by (4.10). Overall, the I(1) component is
(#𝜁𝑐

𝑉 𝐴𝑅,𝑇
)OP{

√
(log 𝑇 )∕𝑇 }. ◽

Lemma B.6. Consider the sequence of data generating process of Section
4. Then 𝑥𝑡𝑇 , 𝑥𝑡𝑇 = (0, 𝐼𝑞)𝑥𝑡𝑇 defined in (B6), (B7) satisfy

a. 1
𝑇

∑𝑇

𝑡=1𝑥𝑡𝑇 𝑥
′
𝑡𝑇

= 1
𝑇

∑
𝑡∈𝜁𝑇

𝑥𝑡𝑇 𝑥
′
𝑡𝑇

+ o(1) = 1
𝑇

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

𝑥𝑡𝑇 𝑥
′
𝑡𝑇

+ o(1).

b. 1√
𝑇

∑𝑇

𝑡=1𝑥𝑡𝑇 𝜀𝑡 =
1√
𝑇

∑
𝑡∈𝜁𝑇

𝑥𝑡𝑇 𝜀𝑡 + oP(1) =
1√
𝑇

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

𝑥𝑡𝑇 𝜀𝑡 +
oP(1).
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Proof of Lemma B.6.

a. We have 𝜁𝑉 𝐴𝑅,𝑇 ⊂ 𝜁𝑇 by assumption so that 𝜁𝑐
𝑇
⊂ 𝜁𝑐

𝑉 𝐴𝑅,𝑇

and 𝑇 −1 ∑
𝑡∈𝜁𝑐

𝑇
|𝑥𝑡𝑇 |2 ≤ 𝑇 −1 ∑

𝑡∈𝜁𝑐
𝑉 𝐴𝑅,𝑇

|𝑥𝑡𝑇 |2 = 𝑇 . Lemma B.5
shows max𝑡≤𝑇 |𝑥𝑡𝑇 |2 = OP(log 𝑇 ){1 + (#𝜁𝑐

𝑉 𝐴𝑅,𝑇
)2∕𝑇 }. Thus, 𝑇 ≤

𝑇 −1(#𝜁𝑐
𝑉 𝐴𝑅,𝑇

)OP(log 𝑇 ){1 + (#𝜁𝑐
𝑉 𝐴𝑅,𝑇

)2∕𝑇 }. This vanishes when
#𝜁𝑐
𝑉 𝐴𝑅,𝑇

= o{𝑇 2∕3∕(log 𝑇 )1∕3}, which is implied by (4.12).

b. As before, it suffices to bound 𝑇 = 𝑇 −1∕2 ∑
𝑡∈𝜁𝑐

𝑉 𝐴𝑅,𝑇
|𝑥𝑡𝑇 𝜀𝑡|, which we

can bound by 𝑇 ≤ 𝑇 −1∕2(#𝜁𝑐
𝑉 𝐴𝑅,𝑇

)(max𝑡≤𝑇 |𝑥𝑡𝑇 |)(max𝑡≤𝑇 |𝜀𝑡|). As, the
maxima are OP(

√
log 𝑇 ) by Lemma B.5 and by (4.10), we get 𝑇 ≤

OP(log 𝑇 ∕
√
𝑇 )#𝜁𝑐

𝑉 𝐴𝑅,𝑇
= oP(1) as #𝜁𝑐

𝑉 𝐴𝑅,𝑇
= o(

√
𝑇 ∕ log 𝑇 ) by condition

(4.12). ◽

Lemma B.7. Consider the sequence of data generating process of Section
4. Let 𝒚†

𝑔
denote a stationary solution of the normal VARMA Equation (3.15)

for 𝑡
𝑔
< 𝑡 ≤ 𝑡𝑔 . Let

𝑥†
𝑡𝑇

=

⎛⎜⎜⎜⎜⎜⎝

∑𝑡−𝑡
𝑔
−1

𝑠=0 𝒀
𝑠
𝜺̃
∗
𝑡−𝑠 + 𝒀

𝑡−𝑡
𝑔𝒚

†
𝑔

1√
𝑇

∑𝑡−1
𝑠=1𝜺𝑠1(𝑠∈𝜁𝑉 𝐴𝑅,𝑇 )
𝑡∕𝑇

1

⎞⎟⎟⎟⎟⎟⎠
, 𝑥

†
𝑡𝑇

=
(
0𝑞×1, 𝐼𝑞

)
𝑥†
𝑡𝑇
,

where 𝑞 = (𝑘 + 1)𝑝 + 𝑟 + 1. Then 𝑥𝑡𝑇 , 𝑥𝑡𝑇 = (0, 𝐼𝑞)𝑥𝑡𝑇 defined in (B6), (B7)
satisfy

a. 1
𝑇

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

|||𝑥𝑡𝑇 − 𝑥†
𝑡𝑇

|||2 = oP(1).

b. 1
𝑇

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

𝑥𝑡𝑇 𝑥
′
𝑡𝑇

= 1
𝑇

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

𝑥†
𝑡𝑇
𝑥†

′

𝑡𝑇
+ oP(1) +

o
{(

1
𝑇

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

|||𝑥†𝑡𝑇 |||2)1∕2}
.

c. 1√
𝑇

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

𝑥𝑡𝑇 𝜀𝑡 =
1√
𝑇

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

𝑥
†
𝑡𝑇
𝜀𝑡 + oP(1).

Proof of Lemma B.7.

a. Write 𝑥𝑡𝑇 = 𝑥†
𝑡𝑇

+ (𝑥𝑡𝑇 − 𝑥†
𝑡𝑇
). Recalling the definition of 𝑥𝑡𝑇 and 𝒚∗

𝑡

from (B6), (3.15) we find for 𝑡
𝑔
< 𝑡 ≤ 𝑡𝑔 that 𝑥𝑡𝑇 − 𝑥†

𝑡𝑇
= (𝑧′1𝑡, 𝑧

′
2𝑡, 0, 0)

′

where 𝑧1𝑡 = 𝒀
𝑡−𝑡

𝑔 (𝒚∗
𝑡
𝑔

− 𝒚†
𝑔
) and 𝑧2𝑡 = 𝑇 −1∕2∑𝑡−1

𝑠=1𝜺𝑠1(𝑠∈𝜁𝑐𝑉 𝐴𝑅,𝑇 ). By the trian-
gle inequality and the submultiplicativity of the spectral norm, we then
get that

‖‖‖ 1
𝑇

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

(
𝑥𝑡𝑇 − 𝑥†

𝑡𝑇

)(
𝑥𝑡𝑇 − 𝑥†

𝑡𝑇

)′‖‖‖
≤

1
𝑇

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

|||𝑥𝑡𝑇 − 𝑥†
𝑡𝑇

|||2 = 𝑍1𝑇 +𝑍2𝑇 , (B18)

where 𝑍𝑗𝑇 = 𝑇 −1 ∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

|||𝑧𝑗𝑡|||2.

For 𝑍1𝑇 , bound |𝑧1𝑡|2 ≤ ||𝒀 ||2(𝑡−𝑡𝑔 )(|𝒚∗
𝑡
𝑔

| + |𝒚†
𝑔
|). Here, 𝑔 takes

finitely many values, max1≤𝑡≤𝑇 |𝒚∗𝑡 | = OP(
√

log 𝑇 ) by Lemma B.5(b),|𝒚†
𝑔
| = OP(1), while the geometric series

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

||𝒀 ||2(𝑡−𝑡𝑔 ) =∑𝐺

𝑔=1
∑𝑡𝑔
𝑡=𝑡

𝑔
+1||𝒀 ||2(𝑡−𝑡𝑔 ) is bounded by 𝐺

∑∞
𝑡=0||𝒀 ||2𝑡 < ∞. Combine and

normalize by 𝑇 to get 𝑍1𝑇 = OP(
√

log 𝑇 ∕𝑇 ) = oP(1).

For𝑍2𝑇 , we bound𝑍2𝑇 ≤ 𝑇 −1(#𝜁𝑉 𝐴𝑅,𝑇 )max1≤𝑡≤𝑇 |𝑧2𝑡|2. Bound #𝜁𝑉 𝐴𝑅,𝑇 ≤
𝑇 , so that 𝑍2𝑇 ≤ max1≤𝑡≤𝑇 |𝑧2𝑡|2. Now, |𝑧2𝑡| ≤ 𝑇 −1∕2(#𝜁𝑐

𝑉 𝐴𝑅,𝑇
)max𝑡≤𝑇 |𝜺𝑡|

uniformly in 𝑡. Here, we have max𝑡≤𝑇 |𝜺𝑡| = OP(
√

log 𝑇 ) by (4.10)
and #𝜁𝑐

𝑉 𝐴𝑅,𝑇
= oP(

√
𝑇 ∕ log 𝑇 ) by (4.12). Combine these bounds to get

max1≤𝑡≤𝑇 |𝑧2𝑡| = oP(1), so that 𝑍2𝑇 = oP(1).

b. Write 𝑥𝑡𝑇 = 𝑥†
𝑡𝑇

+ (𝑥𝑡𝑇 − 𝑥†
𝑡𝑇
) = 𝑣𝑡 +𝑤𝑡 say. For vectors 𝑣𝑖, 𝑤𝑖 and|| ⋅ || denoting the spectral norm, the triangle, sub-multiplicative and

Cauchy-Schwarz inequalities give

‖‖‖ 𝑛∑
𝑖=1
𝑣𝑖𝑤

′
𝑖

‖‖‖ ≤
𝑛∑
𝑖=1

‖‖‖𝑣𝑖𝑤′
𝑖

‖‖‖ ≤
𝑛∑
𝑖=1

||𝑣𝑖||||𝑤𝑖|| ≤
(

𝑛∑
𝑖=1

||𝑣𝑖||2 𝑛∑
𝑖=1

||𝑤𝑖||2
)1∕2

.

With this and the triangle inequality, we can bound

𝑛∑
𝑖=1

(
𝑣𝑖 +𝑤𝑖

)(
𝑣𝑖 +𝑤𝑖

)′
≤

𝑛∑
𝑖=1
𝑣𝑖𝑣

′
𝑖
+

𝑛∑
𝑖=1
𝑤𝑖𝑤

′
𝑖

+ 2

(
𝑛∑
𝑖=1

||𝑣𝑖||2 𝑛∑
𝑖=1

||𝑤𝑖||2
)1∕2

.

We apply this bound with 𝑣𝑡 = 𝑥
†
𝑡𝑇

, 𝑤𝑡 = 𝑥𝑡𝑇 − 𝑥†
𝑡𝑇

and sum over 𝑡 ∈
𝜁𝑉 𝐴𝑅,𝑇 . Thus, it suffices that 𝑇 −1 ∑

𝑡∈𝜁𝑉 𝐴𝑅,𝑇
|𝑤𝑡|2 = oP(1), which was

shown in part (a).

c. We argue that
∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

(𝑥𝑡𝑇 − 𝑥†
𝑡𝑇
)𝜀𝑡 = oP(𝑇 1∕2). Since 𝑥 = (0, 𝐼𝑞)𝑥̃ and

𝜁𝑉 𝐴𝑅,𝑇 has finitely many good episodes, see (4.4), and 𝑥̃𝑡𝑇 − 𝑥̃†
𝑡𝑇

=

(𝑧′1𝑡, 𝑧
′
2𝑡, 0, 0), see part (𝑎), then it suffices to argue that

∑𝑡𝑔
𝑡=𝑡

𝑔
+1𝑧𝑗𝑡𝜀𝑡 =

oP(𝑇 1∕2) for each 1 ≤ 𝑔 ≤ 𝐺, 𝑗 = 1, 2.

For 𝑗 = 1, we have
∑𝑡𝑔
𝑡=𝑡

𝑔
+1𝑧1𝑡𝜀𝑡 = (

∑𝑡𝑔
𝑡=𝑡

𝑔
+1𝒀

𝑡−𝑡
𝑔 𝜀𝑡)(𝒚

∗
𝑡
𝑔

− 𝒚†
𝑔
). The geomet-

ric average of the independent normal 𝜀𝑡 is OP(1), while it was estab-
lished in (𝑎) that 𝒚∗ = OP(

√
log 𝑇 ) and 𝒚†

𝑔
= OP(1). Thus,

∑𝑡𝑔
𝑡=𝑡

𝑔
+1𝑧1𝑡𝜀𝑡 =

OP(
√

log 𝑇 ) = oP(
√
𝑇 ).

For 𝑗 = 2, we have
∑𝑡𝑔
𝑡=𝑡

𝑔
+1𝑧2𝑡𝜀𝑡 = 𝑧2𝑡

𝑔

∑𝑡𝑔
𝑡=𝑡

𝑔
+1𝜀𝑡. Here, 𝑧2𝑡

𝑔
= oP(1) by (𝑎),

while the sum of normals is OP(
√
𝑇 ). Thus,

∑𝑡𝑔
𝑡=𝑡

𝑔
+1𝑧2𝑡𝜀𝑡 = oP(

√
𝑇 ). ◽

Lemma B.8. Consider the sequence of data generating process of Section
4. Let 𝒚†

𝑔
denote stationary solution of the normal VARMA Equation (3.15)

for 𝑡
𝑔
< 𝑡 ≤ 𝑡𝑔 . Let 𝑊 be standard 𝑝-dimensional Brownian motion so that

𝐵 = 𝜎−1(1,−𝜔)𝑨𝑊 is a standard univariate Brownian motion. Concate-
nate𝑊𝑢, 𝑢, 1 as 𝐹𝑢. Let 𝒚†

𝑔
denote stationary solution of the normal VARMA

Equation (3.15) for 𝑡
𝑔
< 𝑡 ≤ 𝑡𝑔 . Let Σ𝑦𝑦 be the variance of (0, 𝐼𝑟+𝑘𝑝−1)𝒚

†
𝑔
.

Suppose ℎ𝑉 𝐴𝑅 = #𝜁𝑉 𝐴𝑅,𝑇 → ∞ as 𝑇 → ∞. Then(
1

ℎ𝑉 𝐴𝑅

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

𝑥
†
𝑡𝑇
𝑥
†′
𝑡𝑇
,

1√
ℎ𝑉 𝐴𝑅

∑
𝑡∈𝜁𝑉 𝐴𝑅,𝑇

𝑥
†
𝑡𝑇
𝜀𝑡

)
D
−−→

[(
Σ𝑦𝑦 0
0 ∫ 1

0 𝐹𝑢𝐹
′
𝑢
𝑑𝑢

)
,

(
𝑁

∫ 1
0 𝐹𝑢𝑑𝐵𝑢

)]
, (B19)

where𝑁 is N(0,Σ𝑦𝑦) and independent of 𝑊 and hence also of 𝐹 ,𝐵.

Proof of Lemma B.8. Chan and Wei [71] prove this for a univariate
autoregression without deterministic terms and a zero initialization. The
impact of starting in a stationary solution is negligible. Chan [72] extends
this to include deterministic terms. Johansen [25, appendix B] extends
this to VARs. ◽

Proof of Theorem 3. We apply Theorem A.1 and must check
Assumption A.1. Parts (𝑖, 𝑖𝑖, 𝑖𝑣) were checked for Theorem 2.

Assumption A.1(𝑖𝑖𝑖) is satisfied by (4.2) in Section 4.

Assumption A.1(𝑣). We show that 𝑇 −1∑𝑇

𝑡=1𝑥𝑡𝑇 𝑥
′
𝑡𝑇

= OP(1). As 𝑥𝑡𝑇 is
a subvector of 𝑥𝑡𝑇 in (B6), it suffices that 𝑇 −1∑𝑇

𝑡=1𝑥𝑡𝑇 𝑥
′
𝑡𝑇

= OP(1).
Lemma B.6(a) using that 𝑇 − ℎ𝑉 𝐴𝑅 = o{𝑇 2∕3∕(log 𝑇 )1∕3} show that this
sum equals 𝑇 −1 ∑

𝑡∈𝜁𝑉 𝐴𝑅,𝑇
𝑥𝑡𝑇 𝑥

′
𝑡𝑇

, which is OP(1) by Lemma B.7(𝑏) as
𝑇 −1 ∑

𝑡∈𝜁𝑉 𝐴𝑅,𝑇
𝑥†
𝑡𝑇
𝑥†

′

𝑡𝑇
= OP(1) by Lemma B.8.

Assumption A.1(𝑣𝑖, 𝑏), first part. We have max𝑡≤𝑇 |𝑥𝑡𝑇 |2 is bounded by
OP(log 𝑇 ) + max1≤𝑡≤𝑇 |𝑇 −1∕2∑𝑇

𝑠=1𝜺𝑡|2 by Lemma B.5(𝑎, 𝑏). The random
walk term is OP(log 𝑇 ) by Lemma B.5(𝑐) as #𝜁𝑉 𝐴𝑅,𝑇 = 𝑇 − ℎ𝑉 𝐴𝑅 = O(

√
𝑇 )

by condition (4.12).
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Assumption A.1(𝑣𝑖, 𝑏), second part concerns the intermediate order statis-
tics of 𝑥𝑡𝑇 . These relate to the intermediate order statistics of 𝒚∗

𝑡
, since the

random walk part, the linear trend and the constant of 𝑥𝑡𝑇 are OP(1) by
Lemma B.5using that #𝜁𝑐

𝑉 𝐴𝑅,𝑇
= 𝑇 − ℎ𝑉 𝐴𝑅 = O(

√
𝑇 ) by condition (4.12).

Thus, the intermediate order statistics of 𝑥𝑡𝑇 relate to those of 𝒚∗
𝑡
. Again,

this can be split in a normal, stationary VARMA part and the outlier part.
For the normal, stationary VARMA part the intermediate extreme decline
as required [42]. For the outlier part, the desired behaviour of the inter-
mediate extremes of the outliers must be assumed as done in (4.11).

Assumption A.1(𝑣𝑖𝑖). Let 𝛽𝜁𝑇 ,𝑇 denote the LTS estimator for regression on
𝑥𝑡𝑇 . Write 𝑆𝜁𝑇 = (𝛽𝜁𝑇 ,𝑇 − 𝛽)′(

∑
𝑖∈𝜁𝑇

𝑥𝑡𝑇 𝑥
′
𝑡𝑇
)(𝛽𝜁𝑇 ,𝑇 − 𝛽) as

𝑆𝜁𝑇 =

(
1√
ℎ

∑
𝑖∈𝜁𝑇

𝜀𝑡𝑥
′
𝑡𝑇

)(
1
ℎ

∑
𝑖∈𝜁𝑇

𝑥𝑡𝑇 𝑥
′
𝑡𝑇

)−1(
1√
ℎ

∑
𝑖∈𝜁𝑇

𝑥𝑡𝑇 𝜀𝑡

)
, (B20)

where ℎ = #𝜁𝑇 . We show 𝑆𝜁𝑇 = OP(1). As 𝑥𝑡𝑇 is a subset of 𝑥𝑡𝑇 , which is
a subset of 𝑥𝑡𝑇 , the desired result follows by replacing 𝜁𝑇 by 𝜁𝑉 𝐴𝑅,𝑇 using
Lemma B.6 requiring 𝑇 − ℎ𝑉 𝐴𝑅 = o(

√
𝑇 ∕ log 𝑇 ), replacing 𝑥𝑡𝑇 , 𝑥𝑡𝑇 with

𝑥
†
𝑡𝑇

, 𝑥†
𝑡𝑇

using Lemma B.7, and using the convergence in Lemma B.8.

We can now apply Theorem A.1 to get

max
𝜁∈𝑇

|||
(∑
𝑖∈𝜁
𝑥𝑡𝑇 𝑥

′
𝑡𝑇

)1∕2(
𝛽𝜁,𝑇 − 𝛽

)
−

(∑
𝑖∈𝜁𝑇

𝑥𝑡𝑇 𝑥
′
𝑡𝑇

)1∕2(
𝛽𝜁𝑇 ,𝑇 − 𝛽

)||| = oP(1).

Finally, 𝑥𝑡𝑇 = 𝐵𝑇 𝑥𝑡 for some invertible matrix 𝐵𝑇 . The above expres-
sion is invariant to rotations as explained in Remark B.2. Thus, we can
replace 𝑥𝑡𝑇 with 𝑥𝑡 as desired. We can also replace 𝜁𝑇 by 𝜁𝑉 𝐴𝑅,𝑇 by use of
Lemma B.6. ◽

Remark B.2. In Theorem 3, the square roots of the matrices 𝑀 =∑
𝑡∈𝜁 𝑥𝑡𝑥

′
𝑡

and 𝑁 =
∑
𝑡∈𝜁𝑇

𝑥𝑡𝑥
′
𝑡

must be found through joint diagonaliza-
tion. As 𝑀 , 𝑁 are symmetric and positive semi-definite, there exists an
invertible matrix 𝑆 and a diagonal matrix Λ such that𝑁 = 𝑆𝑆′ and𝑀 =
𝑆(𝐼dim 𝑥 + Λ)𝑆′ [25, lemma A.5]. The elements 𝜆 of Λ solve the equation
det{(1 + 𝜆)𝑁 −𝑀} = 0 where 1 + 𝜆 > 0 with corresponding eigenvec-
tors 𝑣, such that (1 + 𝜆)𝑁𝑣 =𝑀𝑣 and where the 𝑣’s are the columns
of 𝑉 = (𝑆′)−1. We define the right square roots 𝑁1∕2 = 𝑆′ and 𝑀1∕2 =
(𝐼dim 𝑥 + Λ)1∕2𝑆′. In particular, we can write

𝐷𝜁 =

(∑
𝑖∈𝜁
𝑥𝑡𝑥

′
𝑡

)1∕2(
𝛽𝜁 − 𝛽

)
−

(∑
𝑖∈𝜁𝑇

𝑥𝑡𝑥
′
𝑡

)1∕2(
𝛽𝜁𝑇 − 𝛽

)
=

(∑
𝑖∈𝜁
𝑥𝑡𝑥

′
𝑡

)1∕2(∑
𝑖∈𝜁
𝑥𝑡𝑥

′
𝑡

)−1∑
𝑖∈𝜁
𝑥𝑡𝜀𝑡

−

(∑
𝑖∈𝜁𝑇

𝑥𝑡𝑥
′
𝑡

)1∕2(∑
𝑖∈𝜁𝑇

𝑥𝑡𝑥
′
𝑡

)−1∑
𝑖∈𝜁𝑇

𝑥𝑡𝜀𝑡

= 𝑆′(𝑆𝑆′)−1∑
𝑡∈𝜁
𝑥𝑡𝜀𝑡 −

(
𝐼dim 𝑥 + Λ

)1∕2
𝑆′

{
𝑆
(
𝐼dim 𝑥 + Λ

)
𝑆′}−1∑

𝑡∈𝜁𝑇

𝑥𝑡𝜀𝑡

and then eliminate terms to get

𝐷𝜁 = 𝑆−1
∑
𝑡∈𝜁
𝑥𝑡𝜀𝑡 −

(
𝐼dim 𝑥 + Λ

)−1∕2
𝑆−1

∑
𝑡∈𝜁𝑇

𝑥𝑡𝜀𝑡.

In the proof of Theorem 3 a rotated, normalized version of the regres-
sors is used as in 𝑥𝑡𝑇 = 𝐵𝑇 𝑥𝑡. We then get that

∑
𝑡∈𝜁 𝑥𝑡𝑇 𝑥

′
𝑡𝑇

= 𝐵𝑇𝑀𝐵′
𝑇
=

𝐵𝑇𝑆(𝐼dim 𝑥 + Λ)𝑆′𝐵′
𝑇

and
∑
𝑡∈𝜁𝑇

𝑥𝑡𝑇 𝑥
′
𝑡𝑇

= 𝐵𝑇𝑁𝐵′
𝑇
= 𝐵𝑇𝑆𝑆′𝐵′

𝑇
. Argue-

ing as above, we find

𝐷𝜁,𝑇 =

(∑
𝑖∈𝜁
𝑥𝑡𝑇 𝑥

′
𝑡𝑇

)−1∕2∑
𝑖∈𝜁
𝑥𝑡𝑇 𝜀𝑡

−

(∑
𝑖∈𝜁𝑇

𝑥𝑡𝑇 𝑥
′
𝑡𝑇

)−1∕2∑
𝑖∈𝜁𝑇

𝑥𝑡𝑇 𝜀𝑡 = 𝐷𝜁 .
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