Integers Represented as a Sum of Primes and
Powers of T'wo

D.R. Heath-Brown and J.-C. Puchta
Mathematical Institute, Oxford

1 Introduction

It was shown by Linnik [10] that there is an absolute constant K such that every
sufficiently large even integer can be written as a sum of two primes and at most
K powers of two. This is a remarkably strong approximation to the Goldbach
Conjecture. It gives us a very explicit set K(z) of integers n < x of cardinality
only O((log z)¥), such that every sufficiently large even integer N < x can be
written as N = p+p’'+n, with p, p’ prime and n € K(z). In contrast, if one tries
to arrange such a representation using an interval in place of the set IC(z), all
known results would require KC(x) to have cardinality at least a positive power
of x.

Linnik did not establish an explicit value for the number K of powers of 2
that would be necessary in his result. However, such a value has been computed
by Liu, Liu and Wang [12], who found that K = 54000 is acceptable. This result
was subsequently improved, firstly by Li [8] who obtained K = 25000, then by
Wang [18], who found that K = 2250 is acceptable, and finally by Li [9] who
gave the value K = 1906. One can do better if one assumes the Generalized
Riemann Hypothesis, and Liu, Liu and Wang [13] showed that K = 200 is then
admissible.

The object of this paper is to give a rather different approach to this problem,
which leads to dramatically improved bounds on the number of powers of 2 that
are required for Linnik’s theorem.

Theorem 1 FEvery sufficiently large even integer is a sum of two primes and
exactly 13 powers of 2.

Theorem 2 Assuming the Generalized Riemann Hypothesis, every sufficiently
large even integer is a sum of two primes and exactly 7 powers of 2.

Quite independently of this work, and at about the same time, Pintz and
Ruzsa have also investigated Linnik’s theorem. In a paper in preparation they
establish Theorem 2 with the same value K = 7. Moreover they give a version
of Theorem 1 requiring only 8 powers of 2. We only learnt of this work after
the present paper was essentially completed. Indeed, although we were unaware
of it, Pintz had already in 2000 announced the values K = 12 unconditionally,
and K = 10 on the Generalized Riemann Hypothesis. We have not seen Pintz
and Ruzsa’s paper, but we understand that that our approach is different in a
number of respects.



We should also report that Elsholtz, in unpublished work, has shown that
one can obtain K = 12 in Theorem 1, by a variant of our method. He does
this by improving our constant 2.7895 in (25) to 2.96169, by using D = 21, and
replacing our estimate (41) for Cy by Cy < 1.992.

Previous workers have based their line of attack on a proof of Linnik’s the-
orem due to Gallagher [3]. Let w be a small positive constant. Set

S(a) = Z e(ap), (1)

wN<p<N
where e(x) := exp(2miz), and

log N/2K

T(a)= > e(a2), L= Tog 2

1<v<L

!

As in earlier proofs of Linnik’s Theorem we shall use estimates for meas(.A) ),
where
Ay ={a€[0,1]:|T(a)] > AL}.

In §7 we shall bound meas(Ay) by a new method, suggested to us by Professor
Keith Ball. This provides the following estimates.
Lemma 1 We have
meas(Ay) < N~FX
with E(0.722428) > 1/2 and E(0.863665) > 109/154.
We are extremely grateful to Professor Ball for suggesting his alternative ap-

proach to us. An earlier version of this paper used a completely different tech-
nique to bound E(\) and showed that one can take

E()\) > 0.822)2 + o(1)

as N — oo. This sufficed to establish Theorems 1 and 2 with 24 and 9 powers
of 2 respectively.

For comparison with Lemma 1, the best bound for F()\) in the literature is
due to Liu, Liu and Wang [11; Lemma 3], and states that

2+\/§n)_F(1_2+4ﬂ

B(1l-n) <1-F(2S ) +o(1)
for n < (7e)~!, where F(z) = x(logz)/(log 2).

The estimate provided by Lemma 1 will be injected into the circle method,
where it will be crucial in bounding the minor arc contribution. On the major
arcs we shall improve on Gallagher’s analysis so as to show that hypothetical
zeros close to ¢ = 1 play no réle. Thus, in contrast to previous workers, we will
have no need for explicit numerical zero-free regions for L-functions. Naturally
this produces a considerable simplification in the computational aspects of our
work. Thus it is almost entirely the values of the constants in Lemma 1 which
determine the number of powers of 2 appearing in Theorems 1 and 2.

The paper naturally divides into two parts, one of which involves the circle
method and zeros of L-functions, and the other of which is devoted to the proof
of Lemma 1. We begin with the former.



One remark about notation is in order. At various stages in the proof,
numerical upper bounds on w will be required. Since we shall always take @ to
be sufficiently small, we shall assume that any such bound is satisfied. Moreover,
since w is to be thought of as fixed, we will allow the implied constants in the
O(...) and < notations to depend on w.

2 The Major Arcs

We shall follow the method of Gallagher [3; §1] closely. We choose a parameter
Pintherange 1 < P < N2/5 and define the major arcs M as the set of a € [0, 1]
for which there exist a € Z and g € N such that ¢ < P and

lo— 2| < P
q ~ qN’
If x is a character to modulus ¢, we write
1 an
en(X) = Zx(a)e(?)
a=1
and
! a
(x) = Zx(a)e(5)~

Moreover we put

AB) = Y. x(p)e(Bp)

wN<p<N

and

P/sN
LX) = / ACw. YA, B)e(—Bn)dp.

—P/sN

If x is a character to a modulus r|q we also write x, for the induced character
modulo ¢, and if , X’ are characters to moduli r and r’ respectively, we set

TnOoX) =Y #q)QCn(XqX;)T(Xiq)T(E)In,qOOX/)'
q<P

[T,?"lHq

Then, by a trivial variant of the argument leading to Gallagher [3; (3)], we find
that

/mz S(ae(—an)da = 3" Ju(x.x') + O(P*/2), @)

for any integer m, the sum being over primitive characters x, x’ to moduli r,r’
for which [r,r'] < P. In what follows we shall take 1 <n < N.

To estimate the contribution from a particular pair of characters y, x’ we
put

P/gN
A,00 = { / o A OB



and

Z ¢ Icn XaXo)T(Xa) T(Xo)|-

[m‘ ]\q

Note that what Gallagher calls ||A(x)|| is our A1 (x). We have A,(x) < An(X)
whenever m < g. Then, as in Gallagher [3; (4)] we find

[T (06 X)) < Cn06X ) Apr () A (X)) (3)

It is in bounding C,(x,X’) that there is a loss in Gallagher’s argument. Let
" be the conductor of xx’, and write m = [r,r’]. Moreover, for any positive
integers a and n we write

Then Gallagher shows that

Cul:X) < (rr'e") 237 (8(a)9(an))

q<P, m|q

where g/m is square-free and coprime to m. Moreover we have r”’|m,,. It follows
that

(rr'7"") /2

- (s 5)p(sn).
< Smatm) - ()/d(s)¢(sn)

(s,m)=1

Cn(x,X') <

The sum on the right is

1
H(1+7(p_1)2) 11 (1+(p )< ]

pfmn pln,pfm pln,pfm

(

and

m P n my
- | | < .
B(m) (p—1) = ¢(n) ¢p(my)
pln,p| m
We therefore deduce that

(rr'PY2 m,  n

m @ (mn) ¢(n)’

Crlx: X)) <

Now if p¢||r and pf||r’, then ple=/!|r"  since 7" is the conductor of xx’. (Here
the notation p°||r means, as usual, that p¢|r and p¢*1 ) r.) We therefore set

h=(r,7) and r=hs, ' = hs, (4)

so that ss'|r"" and m = hss’. Since

Mnp, w—1
<Lm
¢*(my) "

we therefore have

(’I"T/T”)l/Z on

< (SS/)—l/erll/anw—l.
m ¢*(my)




Now, using the bounds " < m,, and ss’ < r”, we find that

(TT/TN)UQ Mnp n—1/2, n1/2 pw—1
<
- P (m) (ss")=H =" 5y

(ssl)—l/QT//wfl/2
< (s8)® N

Alternatively, using only the fact that m,, > r”, we have

(7"7'/7"")1/2 Mn —1/2,1/2,  w—1
Py < ) mlm

n

< mZz Y2

These estimates produce

Cn(x,X') < min{(ss )", mZ~ 12}

_n
¢(n)
On combining this with the bounds (2) and (3) we deduce the following result.

Lemma 2 Suppose that P < N2/5~%_ Then

/ S(a)?e(—an)da = J,(1,1) + O( Sp) + O(NT=7),
m

_n
p(n)
where

= Z A1 (X) A (X)) min{(ss") "%, m;1/3},

the sum being over primitive characters, not both principal, of moduli r,r’, with
[r,r'] < P.

We have next to consider A,,(x). According to the argument of Montgomery
and Vaughan [15; §7] we have

x+h
Am(x) € N2 max  max (h +mN/P)7Y Z x(p)
xT

wN<z<N 0<h<

Note that we have firstly taken account of the restriction in (1) to primes
p > wN, and secondly replaced (h + N/P)~! as it occurs in Montgomery
and Vaughan, by the smaller quantity (h+mN/P)~!. The argument of [15; §7]
clearly allows this.

By partial summation we have

z+h z+j
ZX < (logx)™" max ZX ) log p.

0<j<h

Moreover, a standard application of the ‘explicit formula’ for ¥ (z, x) produces
the estimate

x+j

ZX Ylogp < N1/2+3% (log N)? +Z|
p

(x+j)° x”|

p p



where the sum over p is for zeros of L(s, x) in the region

1

When x is the trivial character we shall include the pole p = 1 amongst the
‘zeros’. Since j < h and

P P
M _ < min{jNB_l, Nﬁh\_l},
P P

we find that

P N1/2
An(x) < EN“’” +

o ¥ Lo, (b +mN/P)7' ) NP~ minfh, Ny ™'},
B P

However we have
_h A
h+H h+H

whenever h, H, A > 0. Applying this with H = mN/P and A = N|y|7!, we
deduce that

. . A
min{ } < min{1, E}

P N1/2
Am 7N4w
() < m + log N

ZNﬂ_l min{1, Pm~ty|7'}. (5)
p

3 The Sum S,

In order to investigate the sum S,, we decompose the available ranges for r,r’
and the corresponding zeros p, p’ into (overlapping) ranges

R<r<RN®, R <1 <R'N®, ©
T-1<]y|<TN®, T —1<|y|<T'N=.

Clearly O(1) such ranges suffice to cover all possibilities, so it is enough to
consider the contribution from a fixed range of the above type. Throughout
this section we shall follow the convention that p = 1 is to included amongst
the ‘zeros’ corresponding to the trivial character.

Let N(o, x,T) denote as usual, the number of zeros p of L(s, ), in the region
B>o0,|y] <T,and let N(o,r,T) be the sum of N(o,x,T) for all characters x
of conductor r. Since

g
NP1 = N3=-1/2 4 / N7 1(log N)do
1/243w
for § > 1/2 + 3w, we find that
> NPT < NO=TV2RT 4+ I(r)log N, (7)
P

where the sum is over zeros of L(s,x) for all x of conductor r, subject to
T—-1<|y| <TN%, and where

1
I(r) = / N 'N(o,r, TN®)do.
1/243w



In view of the minimum occuring in (5) it is convenient to set

P
T) = min(1, —).
m(R,T) = min(l, 7-)

We now insert (7) into (5) so that, for given r,7’, the range (6) contributes to
2 A
(mod r)

a total

1/2

P N
7N4‘w
< qS(r)m + log N

< PNS% £ NY2m(R,T)I(r). (8)

m(R, T)NS=~Y2RT + NY2m(R, T)I(r)

Similarly, for the double sum

> Y An()An(X)

X (mod r)x’ (mod r’)
the contribution is

< PANY 4 PNY2H6=m (R, T)I(r) (9)
+ PNY/2+6=m(R  TI(r") + Nm(R, T)m(R', T')I(r)I(r").

We then sum over r,r’ using the following lemma.
Lemma 3 Let

max N(o,r,T) = Ni(R), max N(o',7",T") = N1(R'),

r<R <R/

and

ZN(JaraT):NQ(R)a Z N(JlarlvT/):NQ(R/)'

r<R r' <R

In the notation of (4) we have

Z Z (0,7, T)N (o', 7', T") (58" ) 71 (10)

r<Rr'<R’/
< {NU(R)N2(R)N1(R')Na(R')}/2{ Na(R)No (R') }*%,
for1/2<o,0' <1.

Moreover, if
P < ]\[45/154—4w7

then
> m(R, T)m(R',T")N(o,r, TN)N(o’, v/, T'"N<)(ss") ", (11)

< N(l—w)(l—a’)—i—(l—w)(l—d/) (12)

for 1/2 + 3w < 0,0’ < 1, where the summation is for R < r < RN¥ and
R <y < R'N%.



We shall prove this at the end of this section. Henceforth we shall assume
that P < N45/154—4m.
For suitable values of n in the range

0<n<loglog N (13)

we shall define B(n) to be the set of characters x of conductor r < P, for which
the function L(s, x) has at least one zero in the region

U
6>1710g7N’ |v] < N.

According to our earlier convention the trivial character is always in B(n). Now,
if we restrict attention to pairs x, x’ for which x & B(n) we have

> > Nm(R,T)m(R,T)I(r)I(r')(ss')= "
R<r<RN® R'<r'<R'N®

1-n/log N p1

< / / lew(lfcr)fw(lfcr’)do,/do_
1/2+43c 1/2+3c

< Ni==n/ logN(log N)_2

= e “TN(logN)~2.

Terms for which x € B(n) but x’ € B(n) may be handled similarly. This

concludes our discussion of the final term in (9) for the time being.
To handle the third term in (9) we use the zero density estimate

> N(o,r, T) < (R*T)*) 0=, (14)
r<R
where 5 L 5
= +w, 5<0c<3%
_ 2—0o » 2 =20 3>7

This follows from results of Huxley [5], Jutila [7; Theorem 1] and Montgomery
[14; Theorem 12.2]. For each fixed value of ' we have

Z(Ssl)wfl < Z(T//h)W71 Z Swfl

T hlr! s<P/h
< Y (r/mT NPT
h|r!
<« N7.

The contribution of the third term in (9) to S, is therefore

< PN'V2T=m(R 1)y " I(r).
7'/

However the bound (14) shows that

P
m(R',T") > N(o,r',TN¥) < min{1, UK HRZN?=T N=)r)(1=a)

T



Since
0<k(e)(1—-0)<1

in the range 1/2 + w < o < 1, this is
< (PQNSW)K,(O‘)(l—(T).
Moreover, if P < N45/154_4w, then

(P2N3W)K(U)(170)N0'71 < Nf(t'i)

with
fl0) = (z2(0) = 1)1~ 0)
< (e +m)-D(-0)
< (-0
< 31
= ﬁ—i—w

It follows that the contribution of the third term in (9) to S, is
< PN1/2+7w.N31/154+w < lew.

The second term may of course be handled similarly.
Finally we deal with the first term of (9) which produces a contribution to
S,, which is

< P2N12w Z(Ssl)w—l

rr’

< P2N12‘w Z (Ssl)wfl
ss’h<P

< P2N12w Z P(Ssl)w—2
ss'<P

< P3N12w

< N7 =,

for P < N45/15474w
We summarize our conclusions thus far as follows.

Lemma 4 If P < N45/154~4w ypen

Sn< D An()Am(X)my? + 0(e " N(log N)~2).
X>x'€B(n)

To handle the characters in B(n) we use the zero-density estimate

N(o,r,T) < (rT)")0=2), (16)



with (o) given by (15). This also follows from work of Huxley [5], Jutila [7;
Theorem 1] and Montgomery [14; Theorem 12.1]. Thus

P
m(R, T)N(o,r, TN) < max{l, Z=}(rTN=)*07)

< PNQw)m(o’)(l—a)

(
< (PN2w)(12/5+w)(lfa)
< N(l—w)(l—a)

for P < N43/154—4w o deduce that

m(R, T)I(r) < (log N)~*.
It follows from (8) that

Am(x) < NY%(log N)~L.
We also note that

#B(n) <> N1 -

g N) < (P2N)3n/1oe N« on

by (14), since k(o) < 3 for all 0. We therefore have the following facts.

Lemma 5 If x € B(n), we have A,,(x) < NY/2(log N)~!. Moreover, we have
#B(n) < e

We end this section by establishing Lemma 3. We shall suppose, as we may
by the symmetry, that

Na(R)N1(R') < No(R')Ni(R). (17)

Let U > 1 be a parameter whose value will be assigned in due course, see (18).
For those terms of the sum (10) in which ss’ > U we plainly have a total

<Y > N(oyr, T)N(o',r', T\ U < Na(R)No(R)YU= .
r<Rr'<R’

On the other hand, when ss’ < U we observe that, for fixed s, s’ we have

> N(o,hs,T)N(o',hs',T') < Y N(o,hs, T)N:(R)
h h

< Y N(o,r,T)Ny(R')

< N3(R)N:(R).

On summing over s and s’ we therefore obtain a total

< No(R)N1(R') Y (s8))%71 < No(R)Ny (R U,
ss'<U

It follows that the sum (10) is
< No(R){No(RU**~! + N, (R U*7}.

10



We therefore choose
U = Ny(R)/Ni(R'), (18)

whence the sum (10) is

< Ny(R)N{(RHU*®
< Nap(R)N1(R'){Na(R)No(R')}*®
< {N3(R)N1(R')No(R )Ny (R)}/*{Na(R)N(R')}*

in view of (17). This produces the required bound.
To establish (12) we shall bound N;(R) and Ny(R’') using (16). Moreover
to handle N3(R) and No(R') we shall use the estimate

(RQT)N(U)U*U) lio<o<2
N T B ) 2 38
g (0’, T, ) < { (R2T6/o)/\(170), % <o S 1,
where
A= 2 +w
=3 .

This follows from (14) and (15) along with Heath-Brown [4; Theorem 2| and
Jutila [7; Theorem 1].
We now see that the sum (11) may be estimated as

<m(R, T)R'T*m(R, T")R"T'*.N*, (19)
say, where
{ 3r(0)(1 = 0)(3 +2w),  j+3wo <
{k(o) +2X}(1 = 0)(5 + 2w), <0<,
and 1 23
c:{ n(o)(l—o)(l—I—Q?), §—|—2§)w§0§§
{k(o) +6A/5}(1 —0)(5 + 2w), <0<,

and similarly for b and d. Moreover we may take
e=06w(l—o0)+6w(l—0o).

It therefore follows that 0 < ¢,d < 1, whence (19) is maximal for T = P/R
and 7" = P/R’. Similarly we have a > ¢ and b > d. Thus, after substituting
T = P/R and T = P/R’ in (19), the resulting expression is increasing with
respect to R and R’, and hence is maximal when R = R’ = P. We therefore see
that (20) is

< P*TPNe,
Finally one can check that
45
= dm)a<(1- 1—
(355 — 4m)o < (1= Tw)(1 o),

and similarly for b. This suffices to establish the bound (12) for P < N45/154-4w

11



4 Summation Over Powers of 2

In this section we consider the major arc integral

/ S(a)?T(a)ke(—aN)da,
m

where we now assume N to be even. According to Lemmas 2, 4 and 5 we have

/ S(a)*T(a)Xe(—aN)da = %o+ O(e"®"N(log N)~2%)
m
+O(N(log N)™2%,), (20)

where

So=>_ Jn(1,1),

n
=2 5w
and Z Z n s
EQ = —m; .
XX €B(n) n ()

In each case the sum over n is for values
K
n=N-Y 2% (21)
j=1

We begin by considering the main term 3. We put

T(3) = Z e(Bm)

wN<mIN logm
and
R(B)=S(B) —T(B)
We also set
P/N y
R|| = R
1Rl= [, RGP
and

J(n) = Z (logmi) ™" (logma) ",

wN<mi,ma<N

mi+mao=n

Then, as in Gallagher [3; (11)], we have

Jo(1,1) = J(n)S(n)+O(N(10gN)_2¢(nn)d(n)loip)
O (V2 0g N) IR +IRIPD, (22

where



In analogy to (5) we have
Bl < PN 4 VS st g, ppy !
IR|| < +10gNZp: min{1, Ply|™'},

where the sum over p is for zeros of ((s) in the region
1
fz5+3@ <N

We split the range for || into O(1) overlapping intervals

and find, as in (8) that each range contributes

P 1
<« PN*® 4 NY2min{1, = }{NO6=-1/27 1 / N°"'N(0,1,TN®)do}
T 1/243w

to [|R]|. Using the case R = 1 of (14), together with Vinogradov’s zero-free

region
€0

(log T)3/4(log log T')3/4
(see Titchmarsh [16; (6.15.1)]), we find that this gives

|R|| < N'/?(log N)™1°,

say, for P < N45/154=4%_ The error terms in (22) are therefore O(N (log N)~?).
We also note that

J(n) = (logN)2#{mi,ms : wN < mi,mo < N, my +my = n}
+O(N(log N)™?)
= (logN)"?R(n) + O(N(log N)~?),
where
2N —n, (1+w@)N <n<2N,
R(n) =< n—2wN, 2wN <n<(l+4+w)N,
0, otherwise.

In particular, we have R(N —m) = (1 — 2ww)N(log N)~2 + O(m(log N)~2) for
1 <m < N. Since .
S(n) €« —— <K loglog N,
< S
we find, on taking n of the form (21), that

Z J(n)S(n) = (1 — 2w)N(log N) 2 ZS(n) + O(N(log N)K—5/2)

for K > 2, whence

So = (1 —2w)N(log N)"*> " S(n) + O(N(log N)¥~%/2),

13



Since the numbers n are all even, we have

p—1
Sn)=2Cy [] i 2C, Y k(d),
pln,p#2 dln

where
1

Co=[l0- —) (23)

—1)2
b =1
and k(d) is the multiplicative function defined by taking

0, p=2ore>2,

k(p®) = { (p—2)71, otherwise. 24

For any odd integer d we shall define £(d) to be the order of 2 in the multiplicative
group modulo d, and we shall set

H(vaaK) = #{(Vlv"'7VK) i1 <y < €(d), d|Niz2ul}
Then for any fixed D we have

> S(n) 2Co > k(d)#{n : d|n}
n d

Y

2C, Y k(d)#{n : d|n}
d<D
2Cy Y k(d)H(d; N, K)[L/=(d)]"
d<D
{1+ 0((log N)"")}2CoL* >~ k(d)H (d; N, K)e(d) .
d<D

Y

v

We shall take D = 5. We trivially have ¢(1) =1 and H(1; N,K) =1 for all N
and K. When d = 3 or d = 5 the powers of 2 run over all non-zero residues
modulo d, and it is an easy exercise to check that

(=DF}, df N

Hd-1)F
DK(@d—1)}, dN.

L=+ (-

H(d;N,K) = {
Thus if K > 7 we have
1
H(3;N,K)e(3)™" > 5(1-27°)

and

whence
2> k(d)H(d; N, K)e(d) ™™ > 2.7895
d<D

for any choice of N. We therefore conclude that

Yo > 2.7895(1 — 2w)CoN (log N)2LE + O(N(log N)X—5/2) (25)

14



providing that K > 7.
To bound X1 we note that

We deduce that
IR “q #{n: qln}.

g<N,2/q
However, if ¢ is odd, then
L
#{rv:0<v<L2"=m (modq)}<<l+$.
q
It follows that
#{n: qn} < LK1 + L5 /e(q),

whence

¥ < (log N)E + (log N)X Z e q
g<N, 2}(q q

To bound the final sum we call on the following simple result of Gallagher [3;
Lemma 4]

Lemma 6 We have )
1= (q)
$*(q)

q < logx.
e(q)<w

From this we deduce that

Z m < logx. (26)

WS P ) .

We take x to run over powers of 2 and sum the resulting bounds to deduce that

ZMQ

g<N, 2,}’q q

and hence that
¥ < (log N)X. (27)

Turning now to Yo, we fix a particular pair of characters x,x’ € B(n), and

investigate
noo-1/3 _ /
—— My, 7 = Mo X)),
> e 206 X')

say. Let m = [r,r'] as usual, and write m = 2 f, with f odd. Put g = (f,n) so
that

n

ngfn:f/g7 (28)

and consider

15



As before we have

—<<Z”

qn,2fq

Terms ¢ with ¢ > d(n) can contribute at most 1 in total, so that in fact

2
¢>Eln) < ) 1 (Q)_
gl 2] ¢.q<d(n) ¢

Thus, if

D = max d(n),
1<n<N

we deduce as before that

Yo o< X Sl

gln q<D,2fq

@ k-1, (log N)¥
< DZX {os N5 "gral)

Here we note that
log N

-1
E logD € —=——.
7 <l < loglog N

q<D
To deal with the remaining terms let £ be a positive parameter. Then
Z 1 (q) < N
e(lg, -
q<(lg, q]) e 1

log €
6 b

<
by (26). If £(q) < ¢ we note that

g<2°9 1, for ¢ >1,

so that ¢ < 2¢. Thus

1 (q) 1% (q)
oz 9e(le,d) = qgs qz(9)
¢
< oo

On choosing & = y/e(g) we therefore conclude that

u log e(9)
Z e(9)

and hence that

Z % < (lOgN)K{(log ]ogN)*l + 6(9)71/3}.
gln

16



It follows from (29) that £(g) > log g, and we now conclude that

Z — << (log N)X{(loglog N)~! + (log g)~'/?}.

We now observe from (28) that
/ P
Bt

Let 7 > 1 be a parameter to be fixed in due course. Then terms in which
(f,n) < f/7 contribute

1/3

<33 T:n) = 77138 < 73 (log N)K

by (27). The remaining terms contribute

< ¥ (f/g>1/3|2 ﬁ

glf,9>f/7

< Y (f/97*(log N)¥{(loglog N)™" + (log g)~'/%}
alf.g>f/T

< Y (logN)*{(loglog N)~" + (log f) "/}
glfig>f/7

< Y (log N){(loglog N)~" + (log f)~"/*}
ilf <

< 7(log N)X{(loglog N)~* + (log f)—1/3}'
We deduce that
Sa(x, X) < 773 (log N)X + (log N){(loglog N)~* + (log )"/}

We therefore choose

= {(loglog N)~* + (log f)~1/3}=3/4,

whence
Sa(x, X') < (log N)¥{(loglog N)~*/* + (log f)~*/12}. (30)

In order to bound f from below we note that, since x, x’ are not both trivial,
we may suppose that y, say, is non-trivial. We then use a result of Iwaniec
[6; Theorem 2]. This shows that if L(5 + i, x) = 0, with |y| < N, and x of
conductor < N, then either x is real, or

1— 3> {logd + (log N loglog N)3/4} =1,

where d is the product of the distinct prime factors of r. In our application we
clearly have f > d/2, so that if x, say, is in B(n) we must have

n

Tog N > {log f + (log N loglog N)*/4}~1

17



if x is not real. Thus, if we insist that n < (log N)'/5 it follows that either
log f > 1 tlog N > (log N)4/5,

or x is real. Of course if x is real we will have 16 ) r, whence f > r. Moreover
we will also have

log N)—4/5 n 1— w—1/2
(log N) >>7logN>> B> ,

so that f > 7> (log N)3/2. Thus in either case we find that log f > loglog N,
so that (30) yields

Z2(x,X') < (log N)* (loglog N) /2.
In view of the bound for #B(n) given in Lemma 5, we conclude that
Yy < e'?(log N)X (loglog N)~1/12, (31)
We may now insert the bounds (25), (27) and (31) into (20) to deduce that
/ S(a)?T(a)fe(—aN)da > 2.7895(1 — 2w)CoN (log N)~2LK
s

+O(N(log N)* /%)
+ O(e” "N (log N)%~2)
+ O(e'?"N (log N)X~2(loglog N)~1/12).

We therefore define n by taking
e = (loglog N)1/145,
so that 7 satisfies the condition (13), and conclude as follows.

Lemma 7 If p < N*/154=4% 4nd K > 7 we have
/ S(a)*T ()X e(—aN)da > 2.7895(1 — 3w)CyN (log 2) "2 LK 2
m
for large enough N.

5 A Mean Square Estimate

In this section we shall estimate the mean square
Im) = [ |8()7(@)Pda.
m

where m = [0, 1] \ 9 is the set of minor arcs. Instead of this integral, previous
researchers have worked with the larger integral

1
= « 06204.
Jf/O 1S(@)T()?d

18



Thus it was shown by Li [9; Lemma 6], building on work of Liu, Liu and Wang
[13; Lemma 4] that

Co
log? 2
In this section we shall improve on this bound, and give a lower bound for the
corresponding major arc integral

J < (24.95 + o(1))

J(M) = /zm 1S(a)T ()| dar.

By subtraction we shall then obtain our bound for J(m).
We begin by observing that

J= Y r@"-2v),

p,v<L
where
r(n) = #{wN < p1,p2 <N :n=p; —pa}.
Moreover, by Theorem 3 of Chen [2] we have

N

r(n) < CoClh(n)W,

for n # 0 and N sufficiently large, where Cj is given by (23),
O = 7.8342, (32)

and

p—1
h(n) = H (i)-

pln, p>2

Observe that our notation for the constants that occur differs from that used
by Liu, Liu and Wang, and by Li. Since h(2# —2") = h(2#~" —1) for p1 > v we
conclude, as in Liu, Liu and Wang [13; §3] and Li [9; §4] that
v N l
> @t —2Y) <2000 ey Y (L=DR(2' - 1), (33)

2
p#v<L (log N) 1<I<L
while the contribution for u = v is Lw(N) — Lw(wN) < LN (log N)~1, for large

N. Now
hn) = S k(d),
d|n

where k(d) is the multiplicative function defined in (24). Thus

> -1 >
1<5<J d=1
>



However [0] = 6 + O(6/2) for any real § > 0, whence

> W2 1) =Cod +O(JV?) (34)
1<5<J
with
_ k(@)
Cz—zg(d). (35)
d=1
Here we use the observation that the sum
i k(d)
1/2
= e(d)

is convergent, since Lemma 6 implies that

k(d) —-1/2 (i (d)d log
E Lz E < (36)
1/2 2 1/2
z/2<e(d)<z E(d) / z/2<e(d)<z ¢ (d) wt/

for any x > 2.
We may now use partial summation in conjunction with (34) to deduce that

S (L-Dre-1)= 02%2 + O(L3?),

1<I<L
Thus, using (33) we reach the following result.

Lemma 8 We have

CyC,C 1
012 L~ 4 o(1)}N,

<
T=A log?2  log?2

with the constants given by (23), (32) and (35).

We now turn to the integral J(9). According to Lemma 3.1 of Vaughan
[17], if

and ¢ < 2log x, we have

Y e(ap)logp = =2

p<z
with

v(B) = e(Bm).

m<zx
It follows by partial summation that
1(q) a 4
Sla) = —=w(ae— =)+ O(N(log N ,
(@) o) ( q) (N(log N)™7)
with

w(B) = Z e(Bm)

logm’
wN<m<IN

20



providing that

(a,q) =1 (37)

and ¢ < log N. Then if a denotes the set of a € [0, 1] for which such a, ¢ exist,
we easily compute that

Jom > J)
-/ |f;§3w(a - 4)(a) Pda + O(N(log N) ),

where, for each a € a, we have taken a/q to be the unique rational satisfying
(37). By partial summation we have

w(B) < (||8][log N)~,

whence

(log N)/N a 1/2 a
[ e ppas= [ T+ HRs+ON o N) ).
q —1/2 q

—(log N)/N

It follows that

2 1 a
J(a) = Z Z MQEq)/O |w(ﬂ)T(5+5)|2dﬁ+O(N(logN)*lloglogN).

q<log N (a,q)=1 9

The integral on the right is

S cla2t — 29)/)S (2"~ 2°),

0<pu,v<L
where
S(n) = Z (logmy)~*(logmy)™*
WN<m1,m2§N
mi1—ma=n
= (log N)2#{mi,my : wN < mi,ms < N, m; —my =n}
+O(N(log N)™3)
= (logN) ?max{N(1 —w) — |n|, 0} + O(N(log N)~3).
Thus

S(n) = (1—w)N(logN)~2 + O(|n|(log N)~2) + O(N(log N)~3) (38)

for n <« N. On summing over a we now obtain

o= > ¥ “28 cq(2 — 2)S(2" — 2¥) + O(N(log N) ' loglog N),
0<w,v<L g<log N

where ¢,(n) is the Ramanujan sum. When ¢ is square-free we have ¢,(n) =
w(q)u((g,n))é((¢,m)). Thus the error terms in (38) make a total contribution
O(N(log N)~tloglog N) to J(a). Moreover

pA(@)eg(n) = p(a) Y pd)d,

dl(g,n)

21



whence

> 1w (@)egn) = plq) Y p(d)d#{p,v: 1< pv < L, d[2* — 2"}

0<p,v<L dlq
If d is odd we have
#{p,v: 1< p,v <L, d?2" —2"} = L*(d)~' + O(L),
while if d is even, of the form 2e with e odd, we have
#{p,v: 1< p,v <L, d2" —2"} = L?*(e) "t + O(L).

The error terms contribute O(N (log N)~!loglog N) to J(a), by (38), so that

J(a) = (logzN L’ Z

2
g<log N ¢ )

Z (d)de(d)™" + O(N(log N) " *loglog N),

where e(d) is to be interpreted as £(e) when d = 2e. Now

u _ w(d)d 1(q)
Z ¢2 Z o Z d) Z (b?(q)

q<log N d<log N 4<log N
dlq
_ p(d p(jd)
d<%N ( ) ]<(1§V)/d ¢2(]d)
pA(d)d 1)
= 2 >
d<log N ( )¢%(d) i<(log N)/d ¢*(J)
(4,d)=1
_ pdd o5~ pl) d
- d%gzw (De@ ' Z} 2() T iog )
(4,d)=1
= 2 ( H{l— -1
d<log N
((log N)™ 1 (39)
° d<log N &‘(d

If d = 2e with e odd, we have
H{l —1)7%} = 2Cok(e)/=(d),

while if d is odd we have

[T-e-12 =0

pld
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since the factor with p = 2 vanishes. Moreover

Z k(d) log N
e(d)  loglog N

d>log N

by Lemma 6, applied as in (36). The leading term in (39) is therefore 2C,Cy +
o(1), with Cy and Cs as in (23) and (35).
To bound the error term we use Lemma 6, which shows that

Z p?(d)d? Xlogzx
DD S @
X<d<2X
r<e(d)<2z

According to (29) we must have x > log X, so on summing as x runs over
powers of 2 we obtain

2(d)d>  Xloglog X
5 Eu() « Xloglog

xliax S log X

Now, summing as X runs over powers of 2 we conclude that

Z w?(d)d? < (log N)(logloglog N)
e e(d)9?(d) loglog N '
We may therefore summarize our results as follows.

Lemma 9 We have

2(1 —
g > (22D ),
log® 2
and hence Co(Cr— 2+ 2w)C )
0(C1 — 2+ 2w)Co
< 1)}N
Tm) < [T s (DI,

by Lemma 8.

It remains to compute the constants. We readily find

II a-@-17?) =o06601..

2<p<200000

Since

[[a-e-)=J[a-n?)=1-K",

p>K

we deduce that

3
=t

Co > 0.999995 x 0.6601 > 0.66. (40)

However the estimation of Cy is more difficult. We set

m=[]@ -1

elzx
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and

s(z) = Y k(d),

e(d)<z

whence

@) < k)
dlm

= h(m)

_ p—1

- plng>2(p2)
(p—1)° p

< E(P@—?))ﬂ(p—l)

_ -1 M

= S gy

Moreover we have m/¢(m) < e7logx for > 9, as shown by Liu, Liu and Wang
[13; (3.9)]. It then follows that

Cy = / s(x)d—;t
1

T
M [e's)
dzx dx
= /1 s(a:)ﬁ—I-/M s(m)ﬁ
M oo
d d
< / k(d)—f+co—1w/ log z 2
e(d z M T
e(d)<m V()
1 1 1+ log M
< k(d)(—= — —) +2.744
> ) (g = )+ 2T
e(d)<M
for any integer M > 9.
We now set
k(d) = k(e)

so that

> kle)= > kle).

eld e(e)|d

However ¢(e)|d if and only if e[2¢ — 1. Thus

Z k(e) = Z k(e) = h(2¢ —1).

eld e|24—1

We therefore deduce that

K(e) =Y ple/d)h(2" —1).
d

This enables us to compute

24



by using information on the prime factorization of 2¢ — 1 for d < M. In partic-
ular, taking M = 20 we find that

S w(m)(~ — ) = 1.6659. ..,

m<20 m 20
and hence that
1 1 1+ log 20
< —_— T44(————) = 2.2141 . .. 1
Cy < E ﬁ(m)(m 20)+274( 50 ) =22 (41)

For comparison with this upper bound for Cs we note that
Co> 3 k(d)/e(d) = 1.93%...
d<10000

This latter figure is probably closer to the true value, but the discrepancy is
small enough for our purposes.
From (32), (40) and (41) we calculate that

(C1 —2)Cy + Cy ' log 2 < 13.967,
so that Lemma 9 yields the following bound.

Lemma 10 We have
N

J(m) < {13.968 4 o(1)}Co —5—.
log® 2

6 Completion of the Proof

Let R(N) denote the number of representations of N as a sum of two primes
and K powers of 2 in the ranges under consideration, so that

R(N) = /0 S(0)2T() e(—aN)da.

To estimate the minor arc contribution to R(N) we first bound S(«). Ac-
cording to Theorem 3.1 of Vaughan [17] we have

Z e(ap)logp < (logz)*{xq™ 2 + 2*/° 4 21/2¢1/%}
p<z

if o — a/q| < ¢% with (a,q) = 1. Thus if & € m we may take P < ¢ < N/P
to deduce that
S(a) < (log N)3{N*5 4 NP~1/2},

Taking P = N45/154=4% e obtain
S(a) < \263/308+3w

If one assumes the Generalized Riemann Hypothesis, we may apply Lemma
12 of Baker and Harman [1], which implies that

Z A(n)e((g + 8)n) < (logz)*{g min(z, |71 + 2/ %¢"? + z(q|8))/?}
q

n<z
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when |3| < 271/2. Tt follows by partial summation that
a 1 _
S(; +6) < (log N){g™" min(N, |37") + N'/%¢'/* + N(g|)"/*}

for || < N='/2. According to Dirichlet’s Approximation Theorem, we can find
a and ¢ with

q S N1/2.
Thus
S(a) < (log N)N3/4

unless ¢ < NY* and |a—a/q| < ¢"'N—3/%. Since & € m and P = N*45/154—4= >
N4 these latter conditions cannot hold.
We therefore conclude that

S(Ot) <<N0+o(1)

for @« € m, where we take § = 263/308 in general, and # = 3/4 under the
Generalized Riemann Hypothesis.
We now have

/ S(0)?T(a) e(—aN)da < meas(Ay) N2+oW LK
mnNAx

<« N-EO+20+0(1)

< N,

providing that F(\) > 20 — 1. Thus, according to Lemma 1, we may take
A = 0.863665 unconditionally, and A = 0.722428 under the Generalized Riemann
Hypothesis.

It remains to consider the set m\ A,. Here we have, by Lemma 10,

| S(a)’T(a)Xe(—aN)da|
m\ Ay

IN

()2 [ [8(a)T(@)da

C
< (AL)K213.968—2—N.
10g22

Finally we compare this with the estimate for the major arc integral, given
by Lemma 7, and conclude that

/1 S(a)?T(a)fe(—aN)da > 0
0

providing that N is large enough, w is small enough, and
13.968\% % < 2.7895.

When A = 0.863665 this is satisfied for K > 12.991, so that K = 13 is admissible.
Similarly, when A\ = 0.722428 one can take any K > 6.995, so that K = 7 is
admissible. This completes the proof of our theorems, subject to Lemma 1.
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7 Proof of Lemma 1

In this section we shall prove Lemma 1. We shall again use w to denote a small

positive constant. We shall allow the constants implied by the O(...) and <

notations to depend on w, although sometimes we shall mention the depen-

dence explicitly for emphasis. As mentioned in the introduction, the method

we shall adopt was suggested to us by Professor Keith Ball, and is based on the

martingale method for proving exponential inequalities in probability theory.
It is convenient to work with

Tr(a) =T(a/2)= > e(a2")

0<n<L-1
in place of T'(«). Clearly we have
meas{a € [0,1] : |TL(a)| > AL} = meas(A,).

Let M = 1+ [27/w] and suppose that |Tr(a)| > AL with arg(T(a)) = ¢.
Write m = [M¢/2n] and p,, = e(—m/M). Then

X 2mm 2T
—i¢ _ <lp-—T—|< <
whence
Re(pmTL(e)) > Re(e Ty(a)) — @|Ty(a)l
= (1 -w)TL(e)]
> (1—w)AL.

It follows that

meas{a € [0,1] : |T1(a)| > AL}

M-1
< meas{a € [0,1] : Re(pmTr()) > (1 —w)AL}
m=0
<L ‘51‘1_p1 meas{a € [0,1] : Re(pTL(a)) > (1 — w)AL}.

We now set .
S(€p.1) = | expl€Re(sTy (o) }eo,
for an arbitrary real £ > 0, whence
S(&, p, L) > exp{&(1 — w)AL}meas{a € [0,1] : Re(pTL(c)) > (1 — w)AL}.
It therefore follows that

meas(Ay) < exp{—&(1 —w)AL} sup S(&,p, L). (42)
lp|=1

For any integer h, we have Ty (a) = Tr,_p(2"a) + Tj,(a). Moreover, for any
function f we have

12h—1

1 1 ﬁ
|t =g | > S+ g
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It therefore follows that

12h—1

S(E D)= g [ 3 expleReloTion(5+ )} expleRe(oTi( )}
r=0

Since T'(«) has period 1 this becomes

1 1 2h—1 ﬂ‘i‘r

| espleReloTu (@)l gy 3 explehelo(Z)}s,
r=0
If we now set
122 B+r
Feh) = _sw o 3 espleRelpTi( "5} (43)

we deduce that
S p L) <5 p, L—=h)F (& h).
Using this inductively we find that
5(&p, L) < S, p, L= nh)F(& h)",
and taking n = [L/h] we deduce that
S(6p L) <en F(ED)" <en F(& )",
When we combine this with (42) we deduce that
meas(Ay) e no exp{—&(1 — @)AL}F(E, h)"/".
It follows that we may take

A logF(§h)  wéA
log 2 hlog2 log 2

E(\) =

for any h € N, any £ > 0 and any w > 0.
We proceed to show that the supremum in (43) occurs at 8 =0 and p = 1,

whence
h

FEh) = 5 Z exp{€Re(Th(57)}- (44)
r=0
Since
Re(oth (P 0)) = Lm0 4 pm (<L),

we find that

| B4r

> exp{&Re(pTi( on )

r=0




2" —1 n n
> (G ) =X () stmn )
r=0 m=0
where
2h—1
Snm,h8) = 30 Ty (FE =y (15)
r=0

It follows that

F(&h) < fsupzz)nn, X_j( >Snmhﬂ) (46)

Belo,1]

We now expand the powers of T}, occurring in (45), and perform the sum-
mation over r. We then see that S(n,m,h, 3) is a sum of terms

oM exp{2miB(24 + ... 4 20m —2b1 —  — 9bn—m) /ohY
over integer values a;,b; between 0 and h — 1, subject to the condition
20 4 4 20m =2br 4 4 9l (mod 2M).
It is now apparent that |S(n,m,h, 3)| < S(n,m,h,0), whence (46) yields

1 & 1 n ~ n
27’1227’171'5 Z<m>s(nam7ha0)
’ 0

F(&,h)

IN

2h 1
r

= o Z exp{&Re(Th( h))}

r=0

The assertion (44) now follows.

Hence it remains to compute F'(£, h) using (44) and optimize for £&. We
have carried out the computations for h = 16. Comparing the results for this
value with the outcome for smaller values of h, it appears that the potential
improvements obtainable by choosing h larger than 16 are only small. After
taking suitable care over rounding errors we find that we may take £ = 1.181 to

get

109 .
B(0.863665) > 7= + 10~

and & = 0.905 to get
1
E(0.722428) > 3T 1075,
Using Mathematica 4.1 on a PC, computing the values Tyg(r/2%) for the inte-

gers 0 < r < 26 — 1 took about 7 minutes, and summing these values up to
obtain F'(£, h) took 24 seconds for each of the two values of &.
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