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A Posteriori Error Analysis for Systems of
Nonlinear Convection—Diffusion Equations
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In this paper we derive an a posteriori error estimate for the
Lagrange—Galerkin discretisation of a nonlinear system of unsteady
convection—diffusion problems in two space-dimensions. The proof
of the error estimate is based on strong stability estimates of an
associated [inearised dual problem, together with the Galerkin or-
thogonality of the finite element method. Based on this a posteriori
error estimate, we design the corresponding adaptive algorithm to
ensure global control of each component of the discretisation error,
with respect to a fixed tolerance.
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1 Introduction

The aim of this paper is to extend our work on adaptive Lagrange-Galerkin
finite element methods for convection—diffusion problems, developed in [7,8,9]
for linear problems, to a system of nonlinear equations of the form

u; + (a(x,t,u) - Vju —vAu = f,

u(x,0) = up(x),

where v > 0, in two space-dimensions.

As in the linear case, the a posteriori error estimate will be constructed
using strong stability estimates of an associated linearised dual problem, together
with the Galerkin orthogonality of the finite element method. However, the
linearisation used to construct the dual problem must be chosen in such a way
that an error representation formula, depending only on the numerical solution
u;, and the solution of the dual problem, may be established. Furthermore, we
note here that the coefficients of the dual problem will now depend on both
the analytical solution u and the Galerkin approximation uy; and therefore the
strong stability constants C* arising in the a posteriori error estimate will depend
on both u and uy, i.e. C* = C*(u,u,). For related work on nonlinear problems,
see Larson [12], Sandboge [14] and Johnson et al. [3,5,10], for example.

The outline of this paper is as follows: in Section 2 we summarise some of the
notational conventions that we shall use. In Section 3 we formally state the model
problem to be considered and formulate the Lagrange—Galerkin method for this
problem. Then, in Section 4 we derive a global a posteriori error estimate for
our model problem in the L*(0,7; L*(£2)?) norm. Based on this error estimate,
in Section 5 we design an adaptive algorithm to ensure global control of the error
with respect to a pre-determined tolerance, TOL. Next, in Section 6 we briefly
comment on the practical estimation of the strong stability constants arising in
the a posteriori error estimate. Finally, in Section 7 we summarise the work
presented in this paper.

2 Notation and basic definitions

Let Z denote the set of integers, N the set of positive integers, Ny the set of
non-negative integers, R the set of real numbers and R* the set of positive real
numbers.

Let w be a bounded open subset of R? (d € N) with boundary dw. For
1 < p < oo, let LP(w) denote the usual Lebesgue space of real-valued functions
with norm || - ||zr(). For p = 2 and for u,v € L?(w) we denote by (-,-), the



L?(w) inner product defined as

(u,v), ::/wu(x)v(x)dx.

For w = Q, where  will be specified later, we denote [ - || 12 by || ||, and (-, )
by ('7 )

Let a = (ay,...,qq), with each o € Ny, i = 1,...,d. Further, let D* :=
D ...Dy* and D; = 9/0x; for 1 < j < d. For m € Ny, we denote by C™(w
the set of all continuous real-valued functions defined on w such that D“u is
continuous on w for all |a] < m. C™(©) will denote the set of all u in C™(w)
such that D%u can be extended from w to a continuous function on @ for all
|| < m. In particular, when m = 0 we simply write C'(w) instead of C°(@). The
subspace C§*(w) will denote the set of functions in C"(w) which have compact
support in w.

For m € RT U {0}, let W™?(w) denote the classical Sobolev space endowed
with the norm || - [[wmr () and the semi-norm |- |pym.r (cf. Adams [1]). Further,
Wy (w) will denote the closure of C§°(w) in the norm of W™?(w). For p = 2
we write H™(w) and Hy"(w) for W™?(w) and Wy (w), respectively.

Let X be any of the spaces just defined. Then X2 will denote the topological
product X x X.

3 Model problem and discretisation

Given a final time 7' > 0, we consider the following problem: given f = (f,g)
and uy = (ug, vp), find u = (u, v) such that

u; + (a(x,t,u) - Vju —vAu = f, x€Q, te(0,7], (3.1a)
u(-,t) = 0, x €09, t€[0,T], (3.1b)
u(x,0) = up(x), x€Q, (3.1¢)

where Q is a bounded convex polygonal domain in R? with boundary 99 and
v > 0. Further, we assume that a, f and ug satisfy the following hypotheses:

HI1. a(-,-,-) is a locally Lipschitz continuous function of all its arguments.

H2. There exists a locally Lipschitz continuous function 9(-,-) such that

la(x, t, v)

X, 1,V
|a(X7 tv u) - a(X7 tv V)

O(Ivl,1);

| <
| < O(|u| +|v], t)ju—v|.

H3. £ € CY(Q x [0, 7))



H4. uy € [HE(Q) N H(Q))? for some 1 > 1.
We may now state the following existence and uniqueness result for problem

(3.1).

Theorem 3.1 Suppose that hypotheses H1 to Hj hold; then there exists a unique
solution to (3.1), such that

1. ueC([0,T] x Q)>nC(0,T;C*Q)?%) and

2. uy € C((0,T) x Q).

Proof This result is a special case of the more general existence and uniqueness
theorem proved by Hill [6] (see Theorem 3.38) for a = a(x,t,u, Vu). O
We note that under the above hypotheses on a, there exists a 2 x 2 ‘quotient’
matrix Q@ = (Q),; for i,j = 1,2, satisfying
a(x,t,v) —a(x,t,w) = Q(x,t,v,w)(v—w) VxeQ vVtel0,T], (3.2)
for any v and w, where

Qv = [ 22 v + (1 - )w)as,

7 0 811]‘

and v; denotes the ith component of the vector v.

Remark 3.1 To emphasise the dependence of the convection term a on the so-
lution w, we shall sometimes write a(u) in lieu of a(-,-,u).

We now formulate the Lagrange—Galerkin method for problem (3.1). How-
ever, let us first introduce the following notation.

Let 0 =1t <t < ... <tM < tM*! = T be a subdivision (not necessarily
uniform) of [0, 7], with corresponding time intervals I"™ = (t"~' ¢"] and time
steps k, = t" —t"~!. For each n, 0 <n < M +1, let 7" = {k} be an admissible
subdivision of € into closed triangles x, with corresponding mesh function A,
satisfying

meas(k) Ve e T", (3.3a)

<
< hg Vxer Ve T", (3.3b)
where h, = diam(x) and ¢; and ¢y are positive constants independent of h,,.
Further, h is defined to be the global mesh function given by h(x,t) = h,(x), for
(x,t) € Q x I" and we define the corresponding time step function k = k() by
k(t) =k, t €I



For some n € Ny, we associate with 7" the set E" = {7} consisting of those
line segments in R? which appear as an edge of some x € T". We also denote
by EP, those 7 in E™ which are interior to © (i.e. not part of 952).

Let S" = Qx I"; for r € N and s € Ny we define the following finite element
spaces

St = {v e Cy(Q) : v]. € P(rk) Vi € T},
Vi = {vio(x,t)|ge =t v; € S}

Jj=0

Vh = {viu(x,t)|gn €V n=1,...,M+1}.

In the following we shall assume that s = 0. We note that if v € V" then v is
continuous in space at any time, but may be discontinuous in time at the discrete
time levels t". To account for this, we introduce the notation

vl = Sli}rghv(t" +s) and [v"]:=0} —0".

The construction of the Lagrange-Galerkin method involves writing problem
(3.1) in a Lagrangian form. To this end, we assume for simplicity that
u e C ([0, T Wy™()?) ;
a(x,t,0) =0, forxedQ, te(0,T].
Then, also a(u) € C([0, T]; W, >(Q)?).
We may now define the particle trajectories, Xy (x, s;-) for x € Q and s €

(0, T], associated with problem (3.1) as the solution of the following initial value
problem

—Xu(x,s:t) = a(Xu(x,s;t),t,u(Xu(x,s;t),t)),

Xu(x,s;8) = x.

Further, the material derivative D,u may be defined as

Diu(x,t) := (Xulx,s;t),t) |s=t

" B

_ %u(x,t)ﬂa(x,t, w) - Viu(x,t) VxeQ te(0,1].

Hence, using the material derivative, equation (3.1) may be rewritten in the
following (weak) form: find u(¢) € V, such that

(Deu(-,t),v) + (vVu(-,t),Vv) = (f(-,t),v) VeV, (3.4a)
(u(,0),v) = (ue(:),v) Vvey, (3.4b)



where V' = H}(Q)?. The Lagrange—Galerkin time—discretisation involves ap-
proximating the material derivative D;u by a backward Euler method, giving for
n=20,...,M:

(u(-,t”“) _ U(Xu(',tn+1;tn),tn) V)
kn+1 ’

+wVu(-,t"), Vv) ~ (f(,t"),v) vveV, (3.5a)

(u(+,0),v) = (ue(+),v) Vv e V. (3.5b)

If we now let u}} = (-, "), where u;, = (uy, vs) denotes the Galerkin finite el-
ement approximation to u; then applying the finite element method to (3.5) yields

2
the Lagrange Galerkin discretisation of (3.1) as follows: find u}*! € (Sh"+1)
for 0 < n < M such that

(uz“ — 5 (X, (-, "5 47)) V)
kn+1 7

+@Vurtt vv) = (" v) VVE(Sh"+1)2, (3.6a)
(Wov) = (w.v) ve(s™), (3.6b)

where we define Xy, |gn+1 for 0 <n < M by

d
ath (x,s7t) = a(Xy,(x,s;t),t,u,(Xy, (x,s;1),t")), (3.7a)

Xy, (x,878) = x, (3.7b)

and f"T1(.) := f(-,¢"™!). This is the same approach as that used by Bercovier &
Pironneau [2], Pironneau [13] and Siili [15, 16], for example.

Further, integrating (3.6a) with respect to ¢ over I"™! we obtain the follow-
ing equivalent formulation: find w, such that, for n = 0,1,..., M, uy|gnt1 €

(Vh"+1)2 and satisfies
_ 2
(DMag, V)py1 + (VU V) = (Fv)a W e (Vh”“) ., (3.8a)
(W .v) = (wv) V¥ve(s™),  (38D)
where
Dy | gntr = (g (Xy, (x5, "5 ") 7T — - (X, (5,85 8), ) /s,

and f|gn1 := £(-, "), Further, for v,w € L2(I"*1; L*(Q)), we have used

tn+l

(U, W) py1 := (v, w)dt.
tn



4 A posteriori error analysis

In this section we shall derive an a posterior: estimate for the error e = u — uy,,
in the L?(0, T; L?(Q)?) norm, where u and u, are the solutions of (3.1) and (3.8),
respectively. However, before we proceed, we shall first introduce the following
notation: given a vector function v = (vy,v2) we define the 2 x 2 Jacobi matrix
Vv = (Vpv),; fori,j = 1,2, where

Bvi
(va)ij = oz ;
j

in addition, we write Vﬂv to denote the transpose of V,,v. Further, for v, w €
L*(0,T; L*(€2)) we define

M ntl
(v,w)g :== > (v, w)dt,
n=0 tn
[vllg = ((v,v)0)"?,

where Q = Q x (0,7).

4.1 Error representation

The linearised (backward) dual problem takes the form: find ¢ = (¢,1) such
that

—¢, — V- (a(u)g) + [QTV£uh] ¢p—vAp=e, x€Q, te|0,T), (4.1a)
P(x,t) =0, xe€9Q, t€[0,T], (4.1b)
o(x,T) =0, x¢€Q, (4.1c)

where

V- (ag) = (gg:i;)

Alternatively, if we let Qf and QS denote the columns of the matrix Q, respec-
tively, then we may write (4.1a) in the following component form,

—pr— V- (a(u)p) + (QF - Vup) ¢+ (QF - Vup) v —vA¢p = u—uy, (4.2a)
—y — V- (a(u)y) + (Q5 - Vuy) o+ (Q5 - Vo) —vAY = v—uwy,, (4.2b)
forx e Qand t €[0,7).

In the following theorem, we shall establish the existence, uniqueness and
regularity of the solution ¢ to the dual problem (4.1); for completeness, we shall



explicitly indicate the regularity of the data of the dual problem (4.1) needed for
the statement of the theorem to hold, although, we note that these conditions
are automatically satisfied.

Theorem 4.1 Suppose that the following reqularity assumptions hold:
e € L'(0,T; L*(Q)*);
la(u)|* € L*(0,T; L*(Q2));
Q" V., wilr € L*(0,T; L*(Q));
where |-| denotes the vector two-norm, |-|r the Frobenius norm for matrices and
Q is an open bounded domain in R?. Then, (4.1) has a unique (weak) solution
¢ € C([0,T]; L*(Q2)?*) N L*(0,T; H(2)?). Further, if Q is convezr and
e € L*(0,T; L*(Q2)*);
a(w) € L(0,T; W*(2)?)
[QTV£uh] € L>(0,T; L>(Q)) fori,j=1,2;
ij

then ¢ € H(0,T; L*(Q)%) N L2(0, T; [HL(Q) N HA(Q)]?).

Proof The first part of the theorem follows from Ladyzenskaya et al. [11] (Theo-
rem 1.1, Chapter VII). The remaining part of the proof is essentially identical to the
proof of Theorem 4.1 in [7]; here, we follow the steps in the proof of Theorem 4.1 for
each component of ¢ separately, and make use of Lemma 4.7 (see Section 4.3). O

We shall now proceed to prove the following error representation: multiplying
(4.2a) by u — u;, and integrating by parts in both space and time, we get

lu = unllg

[ (95 V) 6+ (QF V) 0 dr

tn+l

-y /t (s +a(u) - V(u— up), d)dt + Z—:o/t (VY (1 — wp), V) dt
=D _([up], ¢(t")) + (uo — up_, $(0))
[ (95 V) 6+ (QF - V) 0 dr

tn+l

=> /t (f — a(w,) - Vuy, ¢)dt — fj/t (vVuy, Vo)dt
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- S0 60 + o =000 = 3 [ (fatw) — alwl] Tt
+ ﬁ:f: /:H (u—up, (Qf - Vup) ¢+ (Qf - Vuy) 1) dt, (4.3)

where we have used (3.4a). Similarly, multiplying (4.2b) by v—wv;, and integrating
by parts in both space and time, we get

o = ol

-y /t:"+l( —a(w) - Von, ¥)dt - 3 /tm (V¥ un, V)di

- S )+ = 0D = 3 [ () — )} T
+Z/tn+l — vn, (Q5 - Vup) ¢+ (Q3 - V) ¥) dt. (4.4)

Hence, adding (4.3) and (4.4), and using (3.2) gives
(Rl

= (f —a(up) - Vup, ¢)g — WVun, Vo)g —
n=0

upl, o(t")) + (uo — wp_, $(0))
)

(i
+Hg = aw) - Von, ¥)g = (Vo Vg = Y- (07 0(E")) + (v = v ¥(0)

n=0

+([Qu—wy)]- Vun, 0)g — ([a(w) — a(un)] - Vg, ¢),

+([Qu—uy)]- Vun, ¢) = ([alw) —alup)] - Vi, ¢)q
= (f —a(w) - Vun, ¢)g = (#Vun, Vo)g - 2_:0([%], (")) + (uo — up_, 6(0))
+g —a(wy) - Vo, d)g = vV, Vi) — Z:U([UZ], V(") + (vo — vh_. ¥(0)).

If we now let ¢, = (¢, ¥n) € (Vh)Q, then using (3.8) we have

el = [l —ullg

= Y [ (/e +alu) - Vs — vAuw — £, 60— 0)x

n=0 nET”‘i’l

+ ﬁ/[: /:HH ( > (VAU O — @) + (VV U, V(h — d)))) dt

keTn+l
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tn+l

#32 [ Dbun = () o+ al) - V).

tn+l

+ Z [ () a6 = G A+ (7 = T 6n)a + (0 = uh,6(0))

+ Z / ([vp]l/kny1 + alag) - Vo, — vAv, — g, ¢, — ), dt
NET"“
M g+l
+> / ( > (AU Y — )k + WV, V(U — w))) dt
n=0"t" keTn+l
M 1
+ Zo/t (Dfvn = ([vp]/kns1 + a(uy) - Von), vy )dt
M $n+1
+ Z:U/tn (0p)/ kns1, 0 — (™) dt + (g — G,¥n)g + (vo — vh_, ¥(0))

= [+H04+1I+IV+V+VI+ VII+ VID+IX+ X+ XTI+ XII  (4.5)

Ve, € (V).

4.2 Interpolation/projection estimates for the dual prob-
lem

2
We shall now define ¢, € (Vh) in (4.5) to be the quasi-interpolant of ¢ in space
and the L2-projection of ¢ in time, cf. [9]; i.e. we first define the spatial operator

I, : LY(Q) — S,

to be the quasi-interpolation operator introduced in [9]. Secondly, we define the
operator

Tt L2(I™) — Po(I™),

to be the temporal L2-projection defined by

/t::(ﬂngb _gyudt = 0 Vo € Po(I"). (4.6)
Then, we can define (locally) ¢, |s» € (Vh")2 by letting

Silsn = Lumnd = mZudp € (V)

where ¢ = ¢|s». Further, we introduce 7 and 7 by

(Z¢)|sn = L(p|sn), (4.72)
(m@)|sn = mu(Plsn), (4.7h)
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and we let ¢, € (Vh)2 be

¢, =Irp=nIpe (V).

We now give the following error estimates for the operators Z and 7 in order
to estimate ¢ — ¢, = ¢ — Zmwp; we refer to [9] for the proofs of these estimates.
However, let us first introduce the following notation: for the rest of this section,
we shall write ® and ®;, to denote either ¢ and ¢;, respectively, or v and ),
respectively. Further, for each edge 7 € E”, let n, denote the unit normal to 7

(2

in the outward direction to x, and define for v € S"» (for some n € Ny),

l 9v ] = lim (Vo(x+ sn,) — Vu(x —sn,)) -n,, XE€T,

on, s—0t

that is, [0v/dn.] is the jump across 7 in the normal component of Vu. Finally,
we introduce the discrete second derivatives

ov
Div|n N Z [an ]

TEORNET
Lemma 4.2 Suppose that T" satisfies conditions (3.3) forn=0,1,..., M +1;
then there erists a positive constant C} such that

1
—, KEeT"
hy,

Leo(r)

@4l < Cil@]lo.

Moreover, forw € HE(Q)NH2(Q), there exists positive constants Ci and Ci such
that

1/2 .
(ZhﬁW—ame> < Cilwlnea),

KET™

1/2 .
(thW—AM%w> < il

KET™

respectively.

Lemma 4.3 Suppose that R € L?(0,T; L*(2)) and w € V" then
(R, 20 — ®)q| < CT[IN*Rllo[lA2]lo,

M tn+l ~ ~
> ( > AW, L,11® — @) + (VVw, V(L1 P — @))) dt
n=0

tn
keTntl

< 3|0 DywllollvAdllq,

where CF = Cicy?, CF = CH(Cheyt + C1) /(2¢2) and C* = 4v/2 /¢y
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Lemma 4.4 Suppose that R € L*(0,T;L*(Q)) and w € V" then

(R, Z(n® — @))o| < CHIIkRllo|®:llo,
tn+1

{j/t (R, ®" — ®)dt

n

< CPlIkRllol|®:lq,

(vVuw, VI(1® — ®))o = 0,

M g+l B
Z /tn ( Z (Vvaszrl(ﬂ—nJrlq) — q)))n> dt = ()7
n=0

keTn+l

where CP = CiCH, ¢ =1//2, C? =1 and " = ®(x, t").

4.3 Strong stability of the dual problem

In this section we derive strong stability estimates for the dual problem (4.1); to
simplify the notation, throughout this section we shall suppress the dependence
of a on u by writing a in lieu of a(u).

Lemma 4.5 Let ¢ be the solution of (4.1); then there ezists a constant C; =
C?(u,uy, T,a) such that

11700 0.:02(c2)) + 211V VBl < Csllel|5,,
where
[ 2V |l = [V PV gllg + ([ 2V [5,

C? = 2exp (fOT ml(t)dt) and

ml(t)
=1+ [V -a(t) =2(Q1 - Vun) ()l o) + IV - alt) = 2(Qz - Vou) (1) | (g
+11(Qz - Vun) () + (Q7 - Von) (8)]| e ) - (4.8)

Proof Multiply (4.2a) by ¢ and integrate over  to obtain,

5 SOOI = (V- alo(t), 6(1)) + (2 - V) (116(1), 6(1)
Q5 - o) (0010, 6(1)) + AP T = (ut) — wi (1), 6(1)- (4.9

Similarly, multiplying (4.2b) by v and integrating over 2 we obtain,

2 SR — (9 - alt)(t), w(t) + (95 - Vun) (D)6(1), (1)
(95 Vo) (000, 6(6) + I 2997 = (o(0) = one), (1)) (4.10)
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Adding (4.9) and (4.10) together and applying the Cauchy-Schwarz inequality and
Holder’s inequality, gives

LAy s+ 1 2ve 2

2dt
< Ju(t) — (MO + 1o(t) — ool 0O
+3veam - @ vay | pewl?
L>(Q)

+ H%V ~a(t) — (Q5 - V) () I ()17
Lo (Q)
Q5 - Tun) (1) + (25 Vo) ()| oe ey IS D)
< Sle(®?
% (1411 - a(t) = 2(Q5 - V) (1)]| o )
Q5 - Fun) (1) + (5 - F0n) (D] () 0D
+% (1 +||V-a(t) —2(95- Vo) (t>||L°°(Q)

105 - Vun) (1) +(Q5 - Vou) () ey ) I00) 1%

Now, integrating with respect to time over the interval (¢,7) and using (4.1c), we get

ot +2 [ 125 < felly + [ mi()lgllas,
t t

where m;(s) is as defined by (4.8). Applying Gronwall’s lemma (cf. Girault & Raviart
[4], Lemma 1.8, p.167.), we have

T
d
1812~ (075200 + 21072V B < 2edo MO )2
as required. 0O

Lemma 4.6 Let ¢ be the solution of (4.1); then there exists a constant C5 =
Cs(u,uy, T,)a,v) such that

1V 2V oo 120 + IVABIG < Csllell?),
where
C3 = 2min {||ma|=o:r)exp (4l1all (0,000 /7)
(||m2||L°°(0,T) + 2Cf||a||%°°(0,T;L°°(Q))/V)} :
ma(t) = 4 [1+C7 (IV - a(t) = (QF - V) ()]} o) + 125 - V) (8)][F (e
+[IV - alt) = (Q5 - Vo) Dz + Q5 - Vou) (D 7ey)] - (4:11)
and C7§ 1s as defined in Lemma 4.5.
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Proof Multiply (4.2a) by —vA¢ and integrate over € to obtain,
d
SV + b as)
= — (u(t) —un(t) + V- (a(t)o(t)) — (Q1 - Vun) (1)6(t) — (Q1 - Vo) ()¢(t), vAe(1)) -
Using the Cauchy—-Schwarz inequality, gives
1d
—§EIIV1/2V¢(¢>|I2 +[lvAs(t)|?
< lu(t) = un(t) + V- (a(t)p(t)) — (Q1 - Vup) (£)o(t) — (QF - Vo) ()0 (@) [vAs(t)]
1
< 5 llu(®) —un() + V- (a(t)6(t)) = (Q1 - Vun) ()¢(t) — (Q1 - Vvn) (v
1
3l As().
In addition, applying the triangle inequality and Holder’s inequality, gives
d
—allvmwb(t)ll2 +[lvAs(t)|?
< Allut) = un (@) + 4[|V - a(t) = (QF - Vur) ()7 0y (D)
4
Jr;!lﬁl(t)llioo(g)HVI/ZV(b(t)II2 +41(Q5 - Von) (B[ (o 0B (4.12)
Similarly, it can be shown that
d
—allvmwﬁ(t)ll2 +[lvAay(n))?
< Aflo(t) = on()> + 411V - a(t) = (Q5 - Vou) ()| 7oy 1V ()]
4
+;Ha(t)llioo(g)||V1/2V¢(t)!|2 +4(Q5 - Vun) ()7 (@) I8 ()1 (4.13)
Adding (4.12) and (4.13) together and using Lemma 4.5, gives
d
—aHVUZVcb(t)II2 +lvag(t)|?
4
< 4fle(®)]* + ;Ila(lﬁ)H%oo(g)III/I/ZVsb(lt)H2
14 [V - a(t) - (Qf - Vun) (]2 + (25 - Vun) ()3 gy 60)
14 [V - a(t) ~ (05 Vou) (Dl + 125 - Ton) (O3] IHIP
4
< ma(t)|le(t)|* + ;||a(t)||%m(9)||z/1/2V</>(t)||2,

where mg(t) is as defined by (4.11). Now, integrating with respect to time over the
interval (¢,7") and using (4.1c) and Hélder’s inequality, we get

T
2V eI + [ vAd(s)|ds
T T
< [ mas)le)Pds+ 2 [ a(s)]f oy lv 9 o(s) s

4 T
< [mallzo o) llelld + ;/t [a()[[7 0 (0 1>V () |*ds.
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Applying Gronwall’s lemma gives

12V 13 o 151200 + I ABID < 2Amallm oy el e om0 (4.1
Alternatively, using Holder’s inequality and Lemma 4.5, we have
12V @7 0.7 22052)) + VAP
<2 (Imell~ o) + 265 al} = 07,10 /v) lelll:  (4.15)
The lemma now follows from (4.14) and (4.15). O

Lemma 4.7 Let ¢ be the solution of (4.1); then there exists a constant C§ =
Ci(u,uy,, T, a,v) such that

Il + 1129 $(0)| < C5llell?y,

where C5 = (“mZ“L‘”(O,T) + (2/v) min {CfHa”%w(o,T;Lw(Q))v 2025“3“%2(0,1’;1,00(9 ) )7
C? is as defined in Lemma 4.5 and C§ and my(t) are as defined in Lemma 4.6.

Proof Multiply (4.2a) by —¢; and integrate over €2 to obtain,

90 = 53T o)
== (u(t) —un(t) + V - (@t)¢(t)) = (Q1 - Vun) (£)o(t) — (Q7 - Vun) (H)Y(t), ¢ (1)) -
Using the Cauchy—-Schwarz inequality, gives

1d
oI = 55 129001

< lu(t) = un(t) + V- (a(t)o(t) = (Q1 - Vun) (#)o(t) = (Q1 - Vor) ()¢ ()] l|¢:(1)]]
< % lu(t) = un(t) + V- (@(t)é(t)) = (QF - Vun) (£)(t) — (QF - Von) (1)e(t)]|”

1 2
3l
In addition, using the triangle inequality and Holder’s inequality, gives
d
loe(1)]” — aHVWVW)II2
< Allut) = un (> + 41V - a(t) = (QF - Vur) ()7 oy (D)
4 C
= a0l () P2V SO +41(Q5 - Ven) (Ol WO (4.16)
Similarly, it can be shown that
d
e ()% ~ EIIZ/I/ZVTZJ(%)H2
< Aljo(t) = a1 + 411V - a(t) = (Q5 - Vou) ()7 (g 10 ()]

4
) 3o o 12V G2+ 41(Q5 - Fan) (O ey I0D2 (417)
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Adding (4.16) and (4.17) together and using Lemma 4.5, gives

DI~ ST (1)
< Ale()I” + ) e oy I T (1)
F[IV - alt) = (5 Fun) (D2 w0y + 125 - Tun) (D2 ] 10
+4 [V - a(t) = (Q5 - Vou) (B)[ 7= ) + 1(Q5 - Vou) ()17 e | IO
< mo(t) eI+ Ja(t) 3 oy IV 2V B,

where mg(t) is as defined in Lemma 4.6. Now, integrating with respect to time over
the interval (0,7) and using (4.1c), Holder’s inequality and Lemma 4.5 again, we get

4
940+ 10 2T SO < lmallieollelfs + 5 Tall w7, e 19 01
2 s
< (Imallzwiom + £ CilallEworumon ) el (418)

Alternatively, integrating with respect to time over the interval (0,7") and using (4.1c),
Holder’s inequality and Lemma 4.6, gives

b:l13 + [lv'/>V p(0)?
4
< |lmall g0, llelld + ;“a“%Q(O,T;L“’(Q))“VI/ZVQbH%OO(O,T;L?(Q))
4 S
< (Imall o) + 5 CSlall3 riom ey ) el (419

The lemma now follows from (4.18) and (4.19). O

4.4 Completion of the proof of the a posteriori error
estimate

We shall now proceed to estimate the terms I-XII on the right—hand side of (4.5).
For the first term I, we have

I=> / > ([wpl/ ko + a(uy) - Vuy — vAw, — f,ép — @), dt

t’VL
n=0 keTnt!

= (Rl(uhaf)v?h_ﬁb)Q .
= (Rl(uha f)vng - ¢)Q + (Rl(uhv f),I(?Tgb - Qb))Q
=1 + 1y,

where 7 and 7 are as defined by (4.7), and

Ry(un, )| = [u}]/kns1 +aluy) - Vuy, — vAuy, — f, for k € T,
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By Lemma 4.3 and Lemma 4.6, it follows that

~ Cﬁ /Cs
0] < GNP Ba(un, fllollAdlle < —===[In*Ri(un, f)llellelle-
Similarly, using Lemma 4.4 and Lemma 4.7, we have

L] < CE|[kRy (un, f)llolldello < CEVC3 kR (uns £l olle]lo-

Hence,

i/

1] <
14

1h*Ra(un, )llollelle + C5/C3 kR (un, f)llollello-

Analogously,

M gt ~ )
= Z /t" ( Z (VAuh7In+1¢ - ¢>n + (VVUh, V(In+1¢ — ¢))) dt

+(Vup, Vj:n+1(7rn+1¢ - ¢>>) dt
= II; + Ils.

By Lemma 4.3 and Lemma 4.6, we have
1L | < CEIR2DiunllollvAdlle < C5\/Cs 1M DEuillollello-
Also, by Lemma 4.4,
Il = 0.
Thus, we have that
1] < C2/C3 |0* Dwillolello-

Next, we consider term III: applying the Cauchy—Schwarz inequality, Lemma
4.2 and Lemma 4.5, it follows that

| < [|kRs(un)llollonllq < CillkRs(un)llelllle
< CIVT ||kRs(un) gl éll 2 0,7;22(0)

< CLOIT |k Rs(un)llqllello,
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where

Rs(up)|snee = (Dyun = ([up]/knsr + alun) - Vun)) /Ko

Now, we consider term IV: using Lemma 4.4 and Lemma 4.7, we get

V] < CFlIkRs(un)lollérllq < CF\/C3 Ik Ra(un)llllello.

where

Ra(un)|sner = [up]/knsr = (Wi — up)/bnsr.

Next, we consider term V: using the Cauchy—Schwarz inequality, Lemma 4.2
and Lemma 4.5, we get

V| < ||Jf — fllollénlle < Cillf = fllall¢lle
< CIVT|If = fllolléllz=orir2@)

< CCGTf = Flallelle.

Let us consider term VI: using the Cauchy—Schwarz inequality and Lemma
4.5, we have

VI < lluo = up_[l[|0(O)] < lluo — wp_ & ]| =(o,r;2(0)
< VGt lluo — up_llllellq-

The terms VII-XII, relating to the second component v, of the finite element
solution uy, are treated in exactly the same way. Hence, we may now state the
following a posteriori error estimate:

Theorem 4.8 Let u and uj, = (up,vy) be solutions of (3.1) and (3.8), respec-
twely. If T", 0 < n < M + 1, satisfies conditions (3.3); then

lello = [lu — unllo < &(up, b k, ), (4.20)
where

£y, bk, £) = E(up, bk, £) + E(ug, u’_, h),
E(up, h, k, £) = C1[[1* Ry (un, f)llg + CollkRy (un, f)llg + Csllh*Ra(un)|lq
+Cul|[kR3(un)llq + Csl|kRa(un)llq + CollkRs(f)llq
+C1 [P Ry (vn, 9) @ + CallkRy(vn, 9)llg + Csllh* Ra(vn) |
+Cul[kR3(vn)|l@ + Csl[kRa(vn)ll@ + Csl[kRs(9) |
Eo(ug, uy_, h) = Crllug — up_|| + Crllvg — vy _|l,
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and, for wy, = uy or wy, = v, and f' = f or f' = g, respectively, we define
Ri(wn, f)]e = [wi]/knsr + alwp) - Vwyp — vAwy, — f', for v € T
RZ(wh> - D}lehv
Ry(wp)|snir = (Dywn — ([wpl/kns1 +alwn) - Vwn))/kusa,
Ry(wp)]sn+r = [wh]/knta,
Rs(f') = (f" = f)/k.
_ OO _ OGS
v civ
Cy = CF\/C5 = C1C1 G5,
Cs = C\JC5 = C'\/C5 (Ciey ' + C})/(26)),
Cy = CH/CsT,
Cs = C}\/Cs,
Ce = Cy = CiL/CsT,
Cr =4/Cj.

i

)

5 Adaptive algorithm

For a given tolerance TOL, we now consider the problem of finding a discretisa-
tion in space and time 8" = {(7™,¢")},>0 such that:

L. |Jlu— 1wl < TOL;

2. S" is optimal in the sense that the number of degrees of freedom is
minimal.

In order to satisfy these criteria we shall use the a posteriori error estimate
(4.20) to choose S" such that:

o]

1. &(up, h,k,f) < TOL;
2. The number of degrees of freedom of 8" is minimal.

The term &Ey(ug,u) ,h) is easily controlled at the start of a computation; so
here we shall only consider the problem of constructing S" in an efficient way to
ensure that

E(wy, h,k,f) < TOL,
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where TOL = TOL' + &(ug,u) ,h). Asin [7,8], we split the tolerance TOL'
into a spatial part, TOLj, and a temporal part, TOL.

We propose the following adaptive algorithm for choosing 8", assuming that
the final time 7T is fixed: for each n = 1,2,..., M + 1, with 7" a given initial
mesh and £, an initial time step, determine meshes 7" with N elements of
size h, j(x) and time steps &, ; and corresponding approximate solution uj ; =
(up ;, vk ;) defined on IT such that, for j = 0,1,...,7 — 1,

Cullhy i Ra(up s, F)lle2ee) + Callhe o Ro(u )| 20
TOL,

+C1|hy 1 Ru(vr 5, 9) 2y + Csllhl o Ro(vp )l p2(ey = N Ve € T/,

3

Collkn,j1Ra(up, 5 )N + Callkn jr1 Rs (uy, ;)
+Csl[kn g1 Ra(up )| + Collknjp1 Rs(f) ]
+Ca ||k jr1 R (vgy 5 9) || + Callky g1 R (v ;)|
TOL,
Nk

where I? = (t"~', "' + k, ;] and TOL' = TOLj, + TOL;. We define 7" = T,
k, =k, and h, = h, s, where for each n, the number of trials 7 is the smallest
integer such that for j = n, the stopping condition

)
)
)
+Cs[kn ji1 Ra(vp )| + Collknjr1 Rs(g)]] =

Cullhs o R (g s P)llz2ey + Csllhg s Ra (g )|z o)

TOL
+C|[hg i Ra (03 s 9|20y + Callh s Ro (g i)l 2y < = VeeTy,
NeT

Co| ki Ba (uhy 5y P + CallknaRs (u 5) |
+Cs][knaRa(uy 5) || + Col[FnaRs(f)|
+Col[kn sl (U5, 9| + Callkna s (vh5) |

TOL

+C5[knaRa(vg )| + Csllkna 5 (g)]] < :

Nialk

is satisfied.

Remark 5.1 We may improve the accuracy of the calculation of the particle
trajectories Xy, |s» by using information from the adaptive algorithm. For in-
stance, for j = 0 we simply calculate Xy, |s» using only information about u} *,
cf. (3.7); but for j =1,...,n, the calculation of Xy, |s» may involve information
about both u} ' and uy, i g, where ay ;4 is the solution calculated on the mesh
T;%y in the previous iteration of the adaptive algorithm.
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6 Computational estimation of the strong sta-
bility constants

In this section we shall briefly comment on the computational estimation of
the strong stability constants C?(u,u,) for i = 1,...,3, arising in the adaptive
algorithm formulated in the previous section; in the following we shall simply
write C*(u, uy) to denote these stability factors.

The natural extension of the approach described in [7] would be to replace

u and uy, in the dual problem by uf®® and u$°®*¢, respectively, and calculate

coarse

the corresponding stability factor C*(ull*®, u§°®*°) by solving the dual problem

fine coarse,

numerically with the right-hand side function e replaced by e, = u,"® — u;°*"**;
here, we note that ufi™® and u§°®*® are numerical approximations to u calculated
on fine and coarse meshes, respectively.

An alternative approach proposed by Larson [12], Sandboge [14] and Johnson
et al. [3,10] is to calculate C*(uy, uy,) as an approximation to C*(u,uy), since if
the error e is sufficiently small, then we may expect that C*(u, up) ~ C*(u,, uy).
We note, however, that this approach still requires the calculation of u;***® for
the right—hand side function of the dual problem.

However, irrespective of which of the above approaches is adopted, the task
of computing these stability factors for time—dependent problems is further com-
plicated by the fact that the amount of computer memory required to store the
data for the dual problem (i.e. uf"® and u§°®°, for example) for the entire length
of the computation is immense, cf. [7]. Furthermore, the reliability of the adap-
tive algorithm can no longer be fully guaranteed, since the stability factors are
numerically estimated; the degree of reliability will depend on the amount of

computational effort devoted to calculating these constants.

7 Closing remarks

In this paper we have derived an a posteriori error estimate for the Lagrange—
Galerkin discretisation of a system of nonlinear convection—diffusion equations in
two space—dimensions. Moreover, based on this error bound, we have designed
an adaptive algorithm to ensure global control of the error (i.e. reliability) in
the L2(0,T; L*(2)?) norm with respect to a pre-determined tolerance TOL. This
algorithm will be implemented into an adaptive Lagrange—Galerkin finite element
code as part of our program of future research.

We note that the theory developed in this paper may equally be applied to
the incompressible Navier—Stokes equations to establish an error representation
formula for the velocity error in terms of the residual of the Galerkin approxi-
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mation and the solution to the associated (linearised) dual problem; in this case,
Q will simply be the identity matrix. Furthermore, based on this error repre-
sentation formula, an a posteriori error estimate bounding the velocity error in
the L?(0,T; L*(€2)?) norm may be derived. Finally, we note that the extension of
the results presented in this paper to three space dimensions is easily arrived at
following the arguments presented here; in this case, we let 2 be a convex poly-
hedral domain in R?® and assume that uy € [H () N H"(Q)]? for some n > 3/2.
Furthermore, we note that the minimal regularity conditions prescribed on the
data of the dual problem in the first part of Theorem 4.1 are slightly modified to:
la(u)|? € L2(0,T; L3(Q)) and |QT'V ! u,|r € L?(0,T; L*(Q)); although, again we
note that these conditions are automatically satisfied.



24

References

1]
2]

[5]

[6]

7]

[10]

[11]

R.A. Adams. Sobolev Spaces. Academic Press, New York, 1975.

M. Bercovier and O. Pironneau. Characteristics and the finite element
method. In T. Kawai, editor, Proceedings of the Fourth International Sym-
posium on Finite Element Methods in Flow Problems, pages 67-73. North—
Holland, 1982.

K. Eriksson and C. Johnson. Adaptive finite element methods for parabolic
problems IV: Nonlinear problems. SIAM Journal of Numerical Analysis,
32(6):1729-1749, 1995.

V. Girault and P.-A. Raviart. Finite Element Approzimation of the Navier—
Stokes Equations, Volume 749 of Lecture Notes in Mathematics. Springer—
Verlag, 1979.

P. Hansbo and C. Johnson. Streamline diffusion finite element methods for
fluid flow. von Karman Institute Lectures, 1995.

A. T. Hill. Attractors for Convection—Diffusion Equations and their Nu-
merical Approximation. PhD thesis, University of Oxford, 1992.

P. Houston and E. Siili. Adaptive Lagrange—Galerkin methods for unsteady
convection—dominated diffusion problems. Technical Report NA95/24, Ox-
ford University Computing Laboratory, Wolfson Building, Parks Road, Ox-
ford OX1 3QD, 1995.

P. Houston and E. Siili. On the design of an artificial diffusion model for
the Lagrange—Galerkin method on unstructured triangular grids. Techni-
cal Report NA96/07, Oxford University Computing Laboratory, Wolfson
Building, Parks Road, Oxford OX1 3QD, 1996.

P. Houston and E. Siili. A posteriori error analysis for linear convection—
diffusion problems under weak mesh regularity assumptions. Technical Re-
port NA97/03, Oxford University Computing Laboratory, Wolfson Build-
ing, Parks Road, Oxford OX1 3QD, 1997.

C. Johnson, R. Rannacher, and M. Boman. Numerics and hydrodynamic
stability: toward error control in computational fluid mechanics. SIAM
Journal of Numerical Analysis, 32(4):1058-1079, 1995.

O.A. Ladyzenskaya, V.A. Solonnikov, and N.N. Ural’ceva. Linear and
Quasilinear Equations of Parabolic Type, Volume 23 of Translations of
Mathematical Monographs. American Mathematical Society, 1968.



[12]

[13]

[14]

[15]

[16]

25

M.G. Larson. Adaptive finite element methods for models of compress-
ible fluid flow. Technical Report 1995-01, Department of Mathematics,
Chalmers University of Technology, Goteborg, Sweden, 1995.

O. Pironneau. On the transport—diffusion algorithm and its applications to
the Navier—Stokes equations. Numerische Mathematik, 38:309-332, 1982.

R. Sandboge. Adaptive Finite Element Methods for Reactive Flow Prob-
lems. PhD thesis, Chalmers University of Technology, 1997.

E. Siili. Lagrange—Galerkin mixed finite element approximation of the
Navier—Stokes equations. In K.W. Morton and M.J. Baines, editors, Nu-
merical Methods for Fluid Dynamics 11, pages 439-448. Clarendon Press,
1986.

E. Sili. Convergence and nonlinear stability of the Lagrange—Galerkin
method for the Navier—Stokes equations. Numerische Mathematik, 53:459—
483, 1988.



