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31 IntroductionThe aim of this paper is to extend our work on adaptive Lagrange{Galerkin�nite element methods for convection{di�usion problems, developed in [7, 8, 9]for linear problems, to a system of nonlinear equations of the formut + (a(x; t;u) �r)u� ��u = f ;u(x; 0) = u0(x);where � > 0, in two space{dimensions.As in the linear case, the a posteriori error estimate will be constructedusing strong stability estimates of an associated linearised dual problem, togetherwith the Galerkin orthogonality of the �nite element method. However, thelinearisation used to construct the dual problem must be chosen in such a waythat an error representation formula, depending only on the numerical solutionuh and the solution of the dual problem, may be established. Furthermore, wenote here that the coe�cients of the dual problem will now depend on boththe analytical solution u and the Galerkin approximation uh; and therefore thestrong stability constants Cs arising in the a posteriori error estimate will dependon both u and uh, i.e. Cs = Cs(u;uh). For related work on nonlinear problems,see Larson [12], Sandboge [14] and Johnson et al. [3, 5, 10], for example.The outline of this paper is as follows: in Section 2 we summarise some of thenotational conventions that we shall use. In Section 3 we formally state the modelproblem to be considered and formulate the Lagrange{Galerkin method for thisproblem. Then, in Section 4 we derive a global a posteriori error estimate forour model problem in the L2(0; T ;L2(
)2) norm. Based on this error estimate,in Section 5 we design an adaptive algorithm to ensure global control of the errorwith respect to a pre-determined tolerance, TOL. Next, in Section 6 we brie
ycomment on the practical estimation of the strong stability constants arising inthe a posteriori error estimate. Finally, in Section 7 we summarise the workpresented in this paper.2 Notation and basic de�nitionsLet Z denote the set of integers, N the set of positive integers, N0 the set ofnon-negative integers, R the set of real numbers and R+ the set of positive realnumbers.Let ! be a bounded open subset of Rd (d 2 N) with boundary @!. For1 � p � 1, let Lp(!) denote the usual Lebesgue space of real-valued functionswith norm k � kLp(!). For p = 2 and for u; v 2 L2(!) we denote by (�; �)! the



4L2(!) inner product de�ned as(u; v)! := Z! u(x)v(x)dx:For ! = 
, where 
 will be speci�ed later, we denote k � kL2(
) by k � k, and (�; �)
by (�; �).Let � = (�1; : : : ; �d), with each �i 2 N0; i = 1; : : : ; d. Further, let D� :=D�11 : : :D�dd and Dj = @=@xj for 1 � j � d. For m 2 N0, we denote by Cm(!)the set of all continuous real-valued functions de�ned on ! such that D�u iscontinuous on ! for all j�j � m. Cm(�!) will denote the set of all u in Cm(!)such that D�u can be extended from ! to a continuous function on �! for allj�j � m. In particular, when m = 0 we simply write C(�!) instead of C0(�!). Thesubspace Cm0 (�!) will denote the set of functions in Cm(�!) which have compactsupport in !.For m 2 R+ [ f0g, let Wm;p(!) denote the classical Sobolev space endowedwith the norm k �kWm;p(!) and the semi-norm j � jWm;p(!) (cf. Adams [1]). Further,Wm;p0 (!) will denote the closure of C10 (!) in the norm of Wm;p(!). For p = 2we write Hm(!) and Hm0 (!) for Wm;2(!) and Wm;20 (!), respectively.Let X be any of the spaces just de�ned. Then X2 will denote the topologicalproduct X �X.3 Model problem and discretisationGiven a �nal time T > 0, we consider the following problem: given f = (f; g)and u0 = (u0; v0), �nd u = (u; v) such thatut + (a(x; t;u) �r)u� ��u = f ; x 2 
; t 2 (0; T ]; (3.1a)u(�; t) = 0; x 2 @
; t 2 [0; T ]; (3.1b)u(x; 0) = u0(x); x 2 
; (3.1c)where 
 is a bounded convex polygonal domain in R2 with boundary @
 and� > 0. Further, we assume that a, f and u0 satisfy the following hypotheses:H1. a(�; �; �) is a locally Lipschitz continuous function of all its arguments.H2. There exists a locally Lipschitz continuous function #(�; �) such thatja(x; t;v)j � #(jvj; t);ja(x; t;u)� a(x; t;v)j � #(juj + jvj; t)ju� vj:H3. f 2 C1(�
� [0; T ])2.



5H4. u0 2 [H10 (
) \H�(
)]2 for some � > 1.We may now state the following existence and uniqueness result for problem(3.1).Theorem 3.1 Suppose that hypotheses H1 to H4 hold; then there exists a uniquesolution to (3.1), such that1. u 2 C([0; T ]� �
)2 \ C(0; T ;C2(
)2) and2. ut 2 C((0; T )� 
)2.Proof This result is a special case of the more general existence and uniquenesstheorem proved by Hill [6] (see Theorem 3.38) for a = a(x; t;u;ru). 2We note that under the above hypotheses on a, there exists a 2�2 `quotient'matrix Q = (Q)ij for i; j = 1; 2, satisfyinga(x; t;v)� a(x; t;w) = Q(x; t;v;w)(v�w) 8x 2 
 8t 2 [0; T ]; (3.2)for any v and w, where(Q(�; �;v;w))ij = Z 10 @ai@uj (�; �; �v + (1� �)w)d�;and vi denotes the ith component of the vector v.Remark 3.1 To emphasise the dependence of the convection term a on the so-lution u, we shall sometimes write a(u) in lieu of a(�; �;u).We now formulate the Lagrange{Galerkin method for problem (3.1). How-ever, let us �rst introduce the following notation.Let 0 = t0 < t1 < : : : < tM < tM+1 = T be a subdivision (not necessarilyuniform) of [0; T ], with corresponding time intervals In = (tn�1; tn] and timesteps kn = tn� tn�1. For each n, 0 � n �M + 1, let T n = f�g be an admissiblesubdivision of 
 into closed triangles �, with corresponding mesh function hnsatisfying c1h2� � meas(�) 8� 2 T n; (3.3a)c2h� � hn(x) � h� 8x 2 � 8� 2 T n; (3.3b)where h� = diam(�) and c1 and c2 are positive constants independent of hn.Further, h is de�ned to be the global mesh function given by h(x; t) = hn(x), for(x; t) 2 
 � In and we de�ne the corresponding time step function k = k(t) byk(t) = kn; t 2 In.



6 For some n 2 N0, we associate with T n the set En = f�g consisting of thoseline segments in R2 which appear as an edge of some � 2 T n. We also denoteby Eni , those � in En which are interior to �
 (i.e. not part of @
).Let Sn = 
� In; for r 2 N and s 2 N0 we de�ne the following �nite elementspaces Shn = fv 2 C0(
) : vj� 2 Pr(�) 8� 2 T ng;V hn = fv : v(x; t)jSn = sXj=0 tjvj; vj 2 Shng;V h = fv : v(x; t)jSn 2 V hn; n = 1; : : : ;M + 1g:In the following we shall assume that s = 0. We note that if v 2 V h, then v iscontinuous in space at any time, but may be discontinuous in time at the discretetime levels tn. To account for this, we introduce the notationvn� := lims!0+ v(tn � s) and [vn] := vn+ � vn�:The construction of the Lagrange{Galerkin method involves writing problem(3.1) in a Lagrangian form. To this end, we assume for simplicity thatu 2 C �[0; T ];W 1;10 (
)2� ;a(x; t; 0) = 0; for x 2 @
; t 2 (0; T ]:Then, also a(u) 2 C([0; T ];W 1;10 (
)2).We may now de�ne the particle trajectories, Xu(x; s; �) for x 2 
 and s 2(0; T ], associated with problem (3.1) as the solution of the following initial valueproblem ddtXu(x; s; t) = a(Xu(x; s; t); t;u(Xu(x; s; t); t));Xu(x; s; s) = x:Further, the material derivative Dtu may be de�ned asDtu(x; t) := ddtu(Xu(x; s; t); t) js=t= @@tu(x; t) + (a(x; t;u) �r)u(x; t) 8x 2 
; t 2 (0; T ]:Hence, using the material derivative, equation (3.1) may be rewritten in thefollowing (weak) form: �nd u(t) 2 V , such that(Dtu(�; t);v) + (�ru(�; t);rv) = (f(�; t);v) 8v 2 V; (3.4a)(u(�; 0);v) = (u0(�);v) 8v 2 V; (3.4b)



7where V = H10 (
)2. The Lagrange{Galerkin time{discretisation involves ap-proximating the material derivative Dtu by a backward Euler method, giving forn = 0; : : : ;M : u(�; tn+1)� u(Xu(�; tn+1; tn); tn)kn+1 ;v!+(�ru(�; tn+1);rv) � (f(�; tn+1);v) 8v 2 V; (3.5a)(u(�; 0);v) = (u0(�);v) 8v 2 V: (3.5b)If we now let unh = uh(�; tn), where uh = (uh; vh) denotes the Galerkin �nite el-ement approximation to u; then applying the �nite element method to (3.5) yieldsthe Lagrange{Galerkin discretisation of (3.1) as follows: �nd un+1h 2 �Shn+1�2for 0 � n �M such that un+1h � unh(Xuh(�; tn+1; tn))kn+1 ;v!+(�run+1h ;rv) = (fn+1;v) 8v 2 �Shn+1�2 ; (3.6a)(u0h;v) = (u0;v) 8v 2 �Sh0�2 ; (3.6b)where we de�ne XuhjSn+1 for 0 � n � M byddtXuh(x; s; t) = a(Xuh(x; s; t); t;uh(Xuh(x; s; t); tn)); (3.7a)Xuh(x; s; s) = x; (3.7b)and fn+1(�) := f(�; tn+1). This is the same approach as that used by Bercovier &Pironneau [2], Pironneau [13] and S�uli [15, 16], for example.Further, integrating (3.6a) with respect to t over In+1, we obtain the follow-ing equivalent formulation: �nd uh such that, for n = 0; 1; : : : ;M , uhjSn+1 2�V hn+1�2 and satis�es(Dht uh;v)n+1 + (�ruh;rv)n+1 = (�f ;v)n+1 8v 2 �V hn+1�2 ; (3.8a)(u0h�;v) = (u0;v) 8v 2 �Sh0�2 ; (3.8b)whereDht uhjSn+1 := (uh�(Xuh(x; tn+1; tn+1); tn+1)� uh�(Xuh(x; tn+1; tn); tn))=kn+1;and �f jSn+1 := f(�; tn+1). Further, for v; w 2 L2(In+1;L2(
)), we have used(v; w)n+1 := Z tn+1tn (v; w)dt:



84 A posteriori error analysisIn this section we shall derive an a posteriori estimate for the error e = u� uh,in the L2(0; T ;L2(
)2) norm, where u and uh are the solutions of (3.1) and (3.8),respectively. However, before we proceed, we shall �rst introduce the followingnotation: given a vector function v = (v1; v2) we de�ne the 2� 2 Jacobi matrixrmv = (rmv)ij for i; j = 1; 2, where(rmv)ij = @vi@xj ;in addition, we write rTmv to denote the transpose of rmv. Further, for v; w 2L2(0; T ;L2(
)) we de�ne (v; w)Q := MXn=0 Z tn+1tn (v; w)dt;kvkQ := ((v; v)Q)1=2 ;where Q = 
� (0; T ).4.1 Error representationThe linearised (backward) dual problem takes the form: �nd � = (�;  ) suchthat��t �r � (a(u)�) + hQTrTmuhi�� ��� = e; x 2 
; t 2 [0; T ); (4.1a)�(x; t) = 0; x 2 @
; t 2 [0; T ]; (4.1b)�(x; T ) = 0; x 2 
; (4.1c)where r � (a�) :=  r � (a�)r � (a )! :Alternatively, if we let Qc1 and Qc2 denote the columns of the matrix Q, respec-tively, then we may write (4.1a) in the following component form,��t �r � (a(u)�) + (Qc1 �ruh)�+ (Qc1 �rvh) � ��� = u� uh; (4.2a)� t �r � (a(u) ) + (Qc2 �ruh)�+ (Qc2 �rvh) � �� = v � vh; (4.2b)for x 2 
 and t 2 [0; T ).In the following theorem, we shall establish the existence, uniqueness andregularity of the solution � to the dual problem (4.1); for completeness, we shall



9explicitly indicate the regularity of the data of the dual problem (4.1) needed forthe statement of the theorem to hold, although, we note that these conditionsare automatically satis�ed.Theorem 4.1 Suppose that the following regularity assumptions hold:e 2 L1(0; T ;L2(
)2);ja(u)j2 2 L2(0; T ;L2(
));jQTrTmuhjF 2 L2(0; T ;L2(
));where j � j denotes the vector two{norm, j � jF the Frobenius norm for matrices and
 is an open bounded domain in R2. Then, (4.1) has a unique (weak) solution� 2 C([0; T ];L2(
)2) \ L2(0; T ;H10(
)2). Further, if 
 is convex ande 2 L2(0; T ;L2(
)2);a(u) 2 L1(0; T ;W 1;1(
)2);hQTrTmuhiij 2 L1(0; T ;L1(
)) for i; j = 1; 2;then � 2 H1(0; T ;L2(
)2) \ L2(0; T ; [H10 (
) \H2(
)]2).Proof The �rst part of the theorem follows from Lady�zenskaya et al. [11] (Theo-rem 1.1, Chapter VII). The remaining part of the proof is essentially identical to theproof of Theorem 4.1 in [7]; here, we follow the steps in the proof of Theorem 4.1 foreach component of � separately, and make use of Lemma 4.7 (see Section 4.3). 2We shall now proceed to prove the following error representation: multiplying(4.2a) by u� uh and integrating by parts in both space and time, we getku� uhk2Q= MXn=0 Z tn+1tn (u� uh;��t �r � (a(u)�)� ���) dt+ MXn=0 Z tn+1tn (u� uh; (Qc1 �ruh)�+ (Qc1 �rvh) ) dt= MXn=0 Z tn+1tn (ut + a(u) �r(u� uh); �)dt+ MXn=0 Z tn+1tn (�r(u� uh);r�)dt� MXn=0([unh]; �(tn)) + (u0 � u0h�; �(0))+ MXn=0 Z tn+1tn (u� uh; (Qc1 �ruh)�+ (Qc1 �rvh) ) dt= MXn=0 Z tn+1tn (f � a(uh) �ruh; �)dt� MXn=0 Z tn+1tn (�ruh;r�)dt



10 � MXn=0([unh]; �(tn)) + (u0 � u0h�; �(0))� MXn=0 Z tn+1tn ([a(u)� a(uh)] �ruh; �) dt+ MXn=0 Z tn+1tn (u� uh; (Qc1 �ruh)�+ (Qc1 �rvh) ) dt; (4.3)where we have used (3.4a). Similarly, multiplying (4.2b) by v�vh and integratingby parts in both space and time, we getkv � vhk2Q= MXn=0 Z tn+1tn (g � a(uh) �rvh;  )dt� MXn=0 Z tn+1tn (�rvh;r )dt� MXn=0([vnh ];  (tn)) + (v0 � v0h�;  (0))� MXn=0 Z tn+1tn ([a(u)� a(uh)] �rvh;  ) dt+ MXn=0 Z tn+1tn (v � vh; (Qc2 �ruh)�+ (Qc2 �rvh) ) dt: (4.4)Hence, adding (4.3) and (4.4), and using (3.2) givesku� uhk2Q= (f � a(uh) �ruh; �)Q � (�ruh;r�)Q � MXn=0([unh]; �(tn)) + (u0 � u0h�; �(0))+(g � a(uh) �rvh;  )Q � (�rvh;r )Q � MXn=0([vnh ];  (tn)) + (v0 � v0h�;  (0))+ ([Q(u� uh)] �ruh; �)Q � ([a(u)� a(uh)] �ruh; �)Q+([Q(u� uh)] �rvh;  )Q � ([a(u)� a(uh)] �rvh;  )Q= (f � a(uh) �ruh; �)Q � (�ruh;r�)Q � MXn=0([unh]; �(tn)) + (u0 � u0h�; �(0))+(g � a(uh) �rvh;  )Q � (�rvh;r )Q � MXn=0([vnh ];  (tn)) + (v0 � v0h�;  (0)):If we now let �h = (�h;  h) 2 �V h�2, then using (3.8) we havekek2Q = ku� uhk2Q= MXn=0 Z tn+1tn X�2T n+1([unh]=kn+1 + a(uh) �ruh � ��uh � f; �h � �)� dt+ MXn=0 Z tn+1tn 0@ X�2T n+1(��uh; �h � �)� + (�ruh;r(�h � �))1Adt



11+ MXn=0 Z tn+1tn (Dht uh � ([unh]=kn+1 + a(uh) �ruh); �h)dt+ MXn=0 Z tn+1tn ([unh]=kn+1; �� �(tn))dt+ (f � �f; �h)Q + (u0 � u0h�; �(0))+ MXn=0 Z tn+1tn X�2T n+1([vnh ]=kn+1 + a(uh) �rvh � ��vh � g;  h �  )� dt+ MXn=0 Z tn+1tn 0@ X�2T n+1(��vh;  h �  )� + (�rvh;r( h �  ))1Adt+ MXn=0 Z tn+1tn (Dht vh � ([vnh ]=kn+1 + a(uh) �rvh);  h)dt+ MXn=0 Z tn+1tn ([vnh ]=kn+1;  �  (tn))dt+ (g � �g;  h)Q + (v0 � v0h�;  (0))� I + II + III + IV + V + VI + VII + VIII + IX + X + XI + XII (4.5)8�h 2 �V h�2.4.2 Interpolation/projection estimates for the dual prob-lemWe shall now de�ne �h 2 �V h�2 in (4.5) to be the quasi-interpolant of � in spaceand the L2-projection of � in time, cf. [9]; i.e. we �rst de�ne the spatial operator~In : L1(
) ! Shn;to be the quasi-interpolation operator introduced in [9]. Secondly, we de�ne theoperator �n : L2(In) ! P0(In);to be the temporal L2-projection de�ned byZ tntn�1(�n�� �)vdt = 0 8v 2 P0(In): (4.6)Then, we can de�ne (locally) �hjSn 2 �V hn�2 by letting�hjSn = ~In�n� = �n~In� 2 �V hn�2 ;where � = �jSn. Further, we introduce ~I and � by(~I�)jSn = ~In(�jSn); (4.7a)(��)jSn = �n(�jSn); (4.7b)



12and we let �h 2 �V h�2 be�h = ~I�� = �~I� 2 �V h�2 :We now give the following error estimates for the operators ~I and � in orderto estimate �� �h = �� ~I��; we refer to [9] for the proofs of these estimates.However, let us �rst introduce the following notation: for the rest of this section,we shall write � and �h to denote either � and �h, respectively, or  and  h,respectively. Further, for each edge � 2 Eni , let n� denote the unit normal to �in the outward direction to �, and de�ne for v 2 Shn (for some n 2 N0)," @v@n� # = lims!0+(rv(x+ sn� )�rv(x� sn� )) � n� ; x 2 �;that is, [@v=@n� ] is the jump across � in the normal component of rv. Finally,we introduce the discrete second derivativesD2hvj� = X�2@�\Eni 




" @v@n� #




L1(�) 1h� ; � 2 T n:Lemma 4.2 Suppose that T n satis�es conditions (3.3) for n = 0; 1; : : : ;M + 1;then there exists a positive constant C~i1 such thatk�hkQ � C~i1k�kQ:Moreover, for w 2 H10 (
)\H2(
), there exists positive constants C~i2 and C~i3 suchthat  X�2T n h�4� kw � ~Inwk2L2(�)!1=2 � C~i2jwjH2(
); X�2T n h�2� jw � ~Inwj2H1(�)!1=2 � C~i3jwjH2(
);respectively.Lemma 4.3 Suppose that R 2 L2(0; T ;L2(
)) and w 2 V h thenj(R; ~I�� �)Qj � C ~p1kh2RkQk��kQ;������ MXn=0 Z tn+1tn 0@ X�2T n+1(��w; ~In+1�� �)� + (�rw;r(~In+1�� �))1A dt������� C ~p2kh2D2hwkQk���kQ;where C ~p1 = C~i2c�22 , C ~p2 = Ct(C~i2c�12 + C~i3)=(2c22) and Ct = 4p2 =c1.



13Lemma 4.4 Suppose that R 2 L2(0; T ;L2(
)) and w 2 V h thenj(R; ~I(��� �))Qj � C ~p3kkRkQk�tkQ;����� MXn=0 Z tn+1tn (R;�n � �)dt����� � C ~p4kkRkQk�tkQ;(�rw;r~I(��� �))Q = 0;MXn=0 Z tn+1tn 0@ X�2T n+1(��w; ~In+1(�n+1�� �))�1A dt = 0;where C ~p3 = C~i1Ci1, Ci1 = 1=p2, C ~p4 = 1 and �n = �(x; tn).4.3 Strong stability of the dual problemIn this section we derive strong stability estimates for the dual problem (4.1); tosimplify the notation, throughout this section we shall suppress the dependenceof a on u by writing a in lieu of a(u).Lemma 4.5 Let � be the solution of (4.1); then there exists a constant Cs1 =Cs1(u;uh; T; a) such thatk�k2L1(0;T ;L2(
)) + 2k�1=2r�k2Q � Cs1kek2Q;where k�1=2r�k2Q := k�1=2r�k2Q + k�1=2r k2Q;Cs1 = 2exp �R T0 m1(t)dt� andm1(t)= 1 + kr � a(t)� 2 (Qc1 �ruh) (t)kL1(
) + kr � a(t)� 2 (Qc2 �rvh) (t)kL1(
)+ k(Qc2 �ruh) (t) + (Qc1 �rvh) (t)kL1(
) : (4.8)Proof Multiply (4.2a) by � and integrate over 
 to obtain,�12 ddtk�(t)k2 � 12(r � a(t)�(t); �(t)) + ((Qc1 �ruh) (t)�(t); �(t))+ ((Qc1 �rvh) (t) (t); �(t)) + k�1=2r�(t)k2 = (u(t)� uh(t); �(t)): (4.9)Similarly, multiplying (4.2b) by  and integrating over 
 we obtain,�12 ddtk (t)k2 � 12(r � a(t) (t);  (t)) + ((Qc2 �ruh) (t)�(t);  (t))+ ((Qc2 �rvh) (t) (t);  (t)) + k�1=2r (t)k2 = (v(t) � vh(t);  (t)):(4.10)



14Adding (4.9) and (4.10) together and applying the Cauchy{Schwarz inequality andH�older's inequality, gives�12 ddtk�(t)k2 + k�1=2r�(t)k2� ku(t) � uh(t)kk�(t)k + kv(t) � vh(t)kk (t)k+ 



12r � a(t)� (Qc1 �ruh) (t)



L1(
) k�(t)k2+ 



12r � a(t)� (Qc2 �rvh) (t)



L1(
) k (t)k2+ k(Qc2 �ruh) (t) + (Qc1 �rvh) (t)kL1(
) k�(t)kk (t)k� 12ke(t)k2+12 �1 + kr � a(t)� 2 (Qc1 �ruh) (t)kL1(
)+ k(Qc2 �ruh) (t) + (Qc1 �rvh) (t)kL1(
)� k�(t)k2+12 �1 + kr � a(t)� 2 (Qc2 �rvh) (t)kL1(
)+ k(Qc2 �ruh) (t) + (Qc1 �rvh) (t)kL1(
)� k (t)k2:Now, integrating with respect to time over the interval (t; T ) and using (4.1c), we getk�(t)k2 + 2 Z Tt k�1=2r�(s)k2ds � kek2Q + Z Tt m1(s)k�(s)k2ds;where m1(s) is as de�ned by (4.8). Applying Gronwall's lemma (cf. Girault & Raviart[4], Lemma 1.8, p.167.), we havek�k2L1(0;T ;L2(
)) + 2k�1=2r�k2Q � 2eR T0 m1(t)dt kek2Q;as required. 2Lemma 4.6 Let � be the solution of (4.1); then there exists a constant Cs2 =Cs2(u;uh; T; a; �) such thatk�1=2r�k2L1(0;T ;L2(
)) + k���k2Q � Cs2kek2Q;whereCs2 = 2minnkm2kL1(0;T )exp �4kak2L2(0;T ;L1(
))=�� ;�km2kL1(0;T ) + 2Cs1kak2L1(0;T ;L1(
))=��o ;m2(t) = 4 h1 + Cs1 �kr � a(t)� (Qc1 �ruh) (t)k2L1(
) + k(Qc2 �ruh) (t)k2L1(
)+ kr � a(t)� (Qc2 �rvh) (t)k2L1(
) + k(Qc1 �rvh) (t)k2L1(
)�i (4.11)and Cs1 is as de�ned in Lemma 4.5.



15Proof Multiply (4.2a) by ���� and integrate over 
 to obtain,�12 ddtk�1=2r�(t)k2 + k���(t)k2= � (u(t)� uh(t) +r � (a(t)�(t)) � (Qc1 �ruh) (t)�(t)� (Qc1 �rvh) (t) (t); ���(t)) :Using the Cauchy{Schwarz inequality, gives�12 ddtk�1=2r�(t)k2 + k���(t)k2� ku(t)� uh(t) +r � (a(t)�(t)) � (Qc1 �ruh) (t)�(t) � (Qc1 �rvh) (t) (t)k k���(t)k� 12 ku(t)� uh(t) +r � (a(t)�(t)) � (Qc1 �ruh) (t)�(t)� (Qc1 �rvh) (t) (t)k2+12k���(t)k2:In addition, applying the triangle inequality and H�older's inequality, gives� ddtk�1=2r�(t)k2 + k���(t)k2� 4ku(t)� uh(t)k2 + 4 kr � a(t)� (Qc1 �ruh) (t)k2L1(
) k�(t)k2+4� ka(t)k2L1(
)k�1=2r�(t)k2 + 4 k(Qc1 �rvh) (t)k2L1(
) k (t)k2: (4.12)Similarly, it can be shown that� ddtk�1=2r (t)k2 + k�� (t)k2� 4kv(t) � vh(t)k2 + 4 kr � a(t)� (Qc2 �rvh) (t)k2L1(
) k (t)k2+4� ka(t)k2L1(
)k�1=2r (t)k2 + 4 k(Qc2 �ruh) (t)k2L1(
) k�(t)k2: (4.13)Adding (4.12) and (4.13) together and using Lemma 4.5, gives� ddtk�1=2r�(t)k2 + k���(t)k2� 4ke(t)k2 + 4� ka(t)k2L1(
)k�1=2r�(t)k2+4 hkr � a(t)� (Qc1 �ruh) (t)k2L1(
) + k(Qc2 �ruh) (t)k2L1(
)i k�(t)k2+4 hkr � a(t)� (Qc2 �rvh) (t)k2L1(
) + k(Qc1 �rvh) (t)k2L1(
)i k (t)k2� m2(t)ke(t)k2 + 4� ka(t)k2L1(
)k�1=2r�(t)k2;where m2(t) is as de�ned by (4.11). Now, integrating with respect to time over theinterval (t; T ) and using (4.1c) and H�older's inequality, we getk�1=2r�(t)k2 + Z Tt k���(s)k2ds� Z Tt m2(s)ke(s)k2ds+ 4� Z Tt ka(s)k2L1(
)k�1=2r�(s)k2ds� km2kL1(0;T )kek2Q + 4� Z Tt ka(s)k2L1(
)k�1=2r�(s)k2ds:



16Applying Gronwall's lemma givesk�1=2r�k2L1(0;T ;L2(
)) + k���k2Q � 2km2kL1(0;T )kek2Q e(4=�)kak2L2(0;T ;L1(
)) :(4.14)Alternatively, using H�older's inequality and Lemma 4.5, we havek�1=2r�k2L1(0;T ;L2(
)) + k���k2Q� 2�km2kL1(0;T ) + 2Cs1kak2L1(0;T ;L1(
))=�� kek2Q: (4.15)The lemma now follows from (4.14) and (4.15). 2Lemma 4.7 Let � be the solution of (4.1); then there exists a constant Cs3 =Cs3(u;uh; T; a; �) such thatk�tk2Q + k�1=2r�(0)k2 � Cs3kek2Q;where Cs3 = �km2kL1(0;T ) + (2=�)min nCs1kak2L1(0;T ;L1(
)); 2Cs2kak2L2(0;T ;L1(
))o�,Cs1 is as de�ned in Lemma 4.5 and Cs2 and m2(t) are as de�ned in Lemma 4.6.Proof Multiply (4.2a) by ��t and integrate over 
 to obtain,k�t(t)k2 � 12 ddtk�1=2r�(t)k2= � (u(t)� uh(t) +r � (a(t)�(t)) � (Qc1 �ruh) (t)�(t)� (Qc1 �rvh) (t) (t); �t(t)) :Using the Cauchy{Schwarz inequality, givesk�t(t)k2 � 12 ddtk�1=2r�(t)k2� ku(t)� uh(t) +r � (a(t)�(t)) � (Qc1 �ruh) (t)�(t)� (Qc1 �rvh) (t) (t)k k�t(t)k� 12 ku(t)� uh(t) +r � (a(t)�(t)) � (Qc1 �ruh) (t)�(t) � (Qc1 �rvh) (t) (t)k2+12k�t(t)k2:In addition, using the triangle inequality and H�older's inequality, givesk�t(t)k2 � ddtk�1=2r�(t)k2� 4ku(t)� uh(t)k2 + 4 kr � a(t)� (Qc1 �ruh) (t)k2L1(
) k�(t)k2+4� ka(t)k2L1(
)k�1=2r�(t)k2 + 4 k(Qc1 �rvh) (t)k2L1(
) k (t)k2: (4.16)Similarly, it can be shown thatk t(t)k2 � ddtk�1=2r (t)k2� 4kv(t) � vh(t)k2 + 4 kr � a(t)� (Qc2 �rvh) (t)k2L1(
) k (t)k2+4� ka(t)k2L1(
)k�1=2r (t)k2 + 4 k(Qc2 �ruh) (t)k2L1(
) k�(t)k2: (4.17)



17Adding (4.16) and (4.17) together and using Lemma 4.5, givesk�t(t)k2 � ddtk�1=2r�(t)k2� 4ke(t)k2 + 4� ka(t)k2L1(
)k�1=2r�(t)k2+4 hkr � a(t)� (Qc1 �ruh) (t)k2L1(
) + k(Qc2 �ruh) (t)k2L1(
)i k�(t)k2+4 hkr � a(t)� (Qc2 �rvh) (t)k2L1(
) + k(Qc1 �rvh) (t)k2L1(
)i k (t)k2� m2(t)ke(t)k2 + 4� ka(t)k2L1(
)k�1=2r�(t)k2;where m2(t) is as de�ned in Lemma 4.6. Now, integrating with respect to time overthe interval (0; T ) and using (4.1c), H�older's inequality and Lemma 4.5 again, we getk�tk2Q + k�1=2r�(0)k2 � km2kL1(0;T )kek2Q + 4� kak2L1(0;T ;L1(
))k�1=2r�k2Q� �km2kL1(0;T ) + 2�Cs1kak2L1(0;T ;L1(
))� kek2Q: (4.18)Alternatively, integrating with respect to time over the interval (0; T ) and using (4.1c),H�older's inequality and Lemma 4.6, givesk�tk2Q + k�1=2r�(0)k2� km2kL1(0;T )kek2Q + 4� kak2L2(0;T ;L1(
))k�1=2r�k2L1(0;T ;L2(
))� �km2kL1(0;T ) + 4�Cs2kak2L2(0;T ;L1(
))� kek2Q: (4.19)The lemma now follows from (4.18) and (4.19). 24.4 Completion of the proof of the a posteriori errorestimateWe shall now proceed to estimate the terms I-XII on the right{hand side of (4.5).For the �rst term I, we haveI = MXn=0 Z tn+1tn X�2T n+1([unh]=kn+1 + a(uh) �ruh � ��uh � f; �h � �)� dt� (R1(uh; f); �h � �)Q= (R1(uh; f); ~I�� �)Q + (R1(uh; f); ~I(��� �))Q� I1 + I2;where ~I and � are as de�ned by (4.7), andR1(uh; f)j� = [unh]=kn+1 + a(uh) �ruh � ��uh � f; for � 2 T n+1:



18By Lemma 4.3 and Lemma 4.6, it follows thatjI1j � C ~p1kh2R1(uh; f)kQk��kQ � C ~p1pCs2� kh2R1(uh; f)kQkekQ:Similarly, using Lemma 4.4 and Lemma 4.7, we havejI2j � C ~p3kkR1(uh; f)kQk�tkQ � C ~p3qCs3 kkR1(uh; f)kQkekQ:Hence, jIj � C ~p1pCs2� kh2R1(uh; f)kQkekQ + C ~p3qCs3 kkR1(uh; f)kQkekQ:Analogously,II = MXn=0 Z tn+1tn 0@ X�2T n+1(��uh; �h � �)� + (�ruh;r(�h � �))1Adt= MXn=0 Z tn+1tn 0@ X�2T n+1(��uh; ~In+1�� �)� + (�ruh;r(~In+1�� �))1Adt+ MXn=0 Z tn+1tn 0@ X�2T n+1(��uh; ~In+1(�n+1�� �))�+(�ruh;r~In+1(�n+1�� �))�dt� II1 + II2:By Lemma 4.3 and Lemma 4.6, we havejII1j � C ~p2kh2D2huhkQk���kQ � C ~p2qCs2 kh2D2huhkQkekQ:Also, by Lemma 4.4, II2 = 0:Thus, we have that jIIj � C ~p2qCs2 kh2D2huhkQkekQ:Next, we consider term III: applying the Cauchy{Schwarz inequality, Lemma4.2 and Lemma 4.5, it follows thatjIIIj � kkR3(uh)kQk�hkQ � C~i1kkR3(uh)kQk�kQ� C~i1pT kkR3(uh)kQk�kL1(0;T ;L2(
))� C~i1qCs1T kkR3(uh)kQkekQ;



19where R3(uh)jSn+1 = (Dht uh � ([unh]=kn+1 + a(uh) �ruh))=kn+1:Now, we consider term IV: using Lemma 4.4 and Lemma 4.7, we getjIVj � C ~p4kkR4(uh)kQk�tkQ � C ~p4qCs3 kkR4(uh)kQkekQ;where R4(uh)jSn+1 = [unh]=kn+1 = (un+1h � unh)=kn+1:Next, we consider term V: using the Cauchy{Schwarz inequality, Lemma 4.2and Lemma 4.5, we getjVj � kf � �fkQk�hkQ � C~i1kf � �fkQk�kQ� C~i1pT kf � �fkQk�kL1(0;T ;L2(
))� C~i1qCs1T kf � �fkQkekQ:Let us consider term VI: using the Cauchy{Schwarz inequality and Lemma4.5, we have jVIj � ku0 � u0h�kk�(0)k � ku0 � u0h�kk�kL1(0;T ;L2(
))� qCs1 ku0 � u0h�kkekQ:The terms VII-XII, relating to the second component vh of the �nite elementsolution uh, are treated in exactly the same way. Hence, we may now state thefollowing a posteriori error estimate:Theorem 4.8 Let u and uh = (uh; vh) be solutions of (3.1) and (3.8), respec-tively. If T n, 0 � n �M + 1, satis�es conditions (3.3); thenkekQ = ku� uhkQ � �E(uh; h; k; f); (4.20)where�E(uh; h; k; f) = E(uh; h; k; f) + E0(u0;u0h�; h);E(uh; h; k; f) = C1kh2R1(uh; f)kQ + C2kkR1(uh; f)kQ + C3kh2R2(uh)kQ+C4kkR3(uh)kQ + C5kkR4(uh)kQ + C6kkR5(f)kQ+C1kh2R1(vh; g)kQ + C2kkR1(vh; g)kQ + C3kh2R2(vh)kQ+C4kkR3(vh)kQ + C5kkR4(vh)kQ + C6kkR5(g)kQ;E0(u0;u0h�; h) = C7ku0 � u0h�k+ C7kv0 � v0h�k;



20and, for wh = uh or wh = vh and f 0 = f or f 0 = g, respectively, we de�neR1(wh; f 0)j� = [wnh]=kn+1 + a(uh) �rwh � ��wh � f 0; for � 2 T n+1;R2(wh) = D2hwh;R3(wh)jSn+1 = (Dht wh � ([wnh ]=kn+1 + a(uh) �rwh))=kn+1;R4(wh)jSn+1 = [wnh]=kn+1;R5(f 0) = (f 0 � �f 0)=k;C1 = C ~p1pCs2� = C~i2pCs2c22� ;C2 = C ~p3qCs3 = C~i1Ci1qCs3 ;C3 = C ~p2qCs2 = CtqCs2 (C~i2c�12 + C~i3)=(2c22);C4 = C~i1qCs1T ;C5 = C ~p4qCs3 ;C6 = C4 = C~i1qCs1T ;C7 = qCs1:
5 Adaptive algorithmFor a given tolerance TOL, we now consider the problem of �nding a discretisa-tion in space and time Sh = f(T n; tn)gn�0 such that:1. ku� uhkQ � TOL;2. Sh is optimal in the sense that the number of degrees of freedom isminimal.In order to satisfy these criteria we shall use the a posteriori error estimate(4.20) to choose Sh such that:1. �E(uh; h; k; f) � TOL;2. The number of degrees of freedom of Sh is minimal.The term E0(u0;u0h�; h) is easily controlled at the start of a computation; sohere we shall only consider the problem of constructing Sh in an e�cient way toensure that E(uh; h; k; f) � TOL0;



21where TOL = TOL0 + E0(u0;u0h�; h). As in [7, 8], we split the tolerance TOL0into a spatial part, TOLh, and a temporal part, TOLk.We propose the following adaptive algorithm for choosing Sh, assuming thatthe �nal time T is �xed: for each n = 1; 2; : : : ;M + 1, with T n0 a given initialmesh and kn;0 an initial time step, determine meshes T nj with Nnj elements ofsize hn;j(x) and time steps kn;j and corresponding approximate solution unh;j =(unh;j; vnh;j) de�ned on Inj such that, for j = 0; 1; : : : ; n̂� 1,C1kh2n;j+1R1(unh;j; f)kL2(�) + C3kh2n;j+1R2(unh;j)kL2(�)+C1kh2n;j+1R1(vnh;j; g)kL2(�) + C3kh2n;j+1R2(vnh;j)kL2(�) = TOLhqNnj T 8� 2 T nj ;C2kkn;j+1R1(unh;j; f)k+ C4kkn;j+1R3(unh;j)k+C5kkn;j+1R4(unh;j)k+ C6kkn;j+1R5(f)k+C2kkn;j+1R1(vnh;j; g)k+ C4kkn;j+1R3(vnh;j)k+C5kkn;j+1R4(vnh;j)k+ C6kkn;j+1R5(g)k = TOLkpT ;where Inj = (tn�1; tn�1 + kn;j] and TOL0 = TOLh + TOLk. We de�ne T n = T n̂n ,kn = kn;n̂ and hn = hn;n̂, where for each n, the number of trials n̂ is the smallestinteger such that for j = n̂, the stopping conditionC1kh2n;n̂R1(unh;n̂; f)kL2(�) + C3kh2n;n̂R2(unh;n̂)kL2(�)+C1kh2n;n̂R1(vnh;n̂; g)kL2(�) + C3kh2n;n̂R2(vnh;n̂)kL2(�) � TOLhqN n̂nT 8� 2 T n̂n ;C2kkn;n̂R1(unh;n̂; f)k+ C4kkn;n̂R3(unh;n̂)k+C5kkn;n̂R4(unh;n̂)k+ C6kkn;n̂R5(f)k+C2kkn;n̂R1(vnh;n̂; g)k+ C4kkn;n̂R3(vnh;n̂)k+C5kkn;n̂R4(vnh;n̂)k+ C6kkn;n̂R5(g)k � TOLkpT ;is satis�ed.Remark 5.1 We may improve the accuracy of the calculation of the particletrajectories XuhjSn by using information from the adaptive algorithm. For in-stance, for j = 0 we simply calculate XuhjSn using only information about un�1h ,cf. (3.7); but for j = 1; : : : ; n̂, the calculation of XuhjSn may involve informationabout both un�1h and unh;j�1, where unh;j�1 is the solution calculated on the meshT nj�1 in the previous iteration of the adaptive algorithm.



226 Computational estimation of the strong sta-bility constantsIn this section we shall brie
y comment on the computational estimation ofthe strong stability constants Csi (u;uh) for i = 1; : : : ; 3, arising in the adaptivealgorithm formulated in the previous section; in the following we shall simplywrite Cs(u;uh) to denote these stability factors.The natural extension of the approach described in [7] would be to replaceu and uh in the dual problem by u�neh and ucoarseh , respectively, and calculatethe corresponding stability factor Cs(u�neh ;ucoarseh ) by solving the dual problemnumerically with the right{hand side function e replaced by eh = u�neh � ucoarseh ;here, we note that u�neh and ucoarseh are numerical approximations to u calculatedon �ne and coarse meshes, respectively.An alternative approach proposed by Larson [12], Sandboge [14] and Johnsonet al. [3, 10] is to calculate Cs(uh;uh) as an approximation to Cs(u;uh), since ifthe error e is su�ciently small, then we may expect that Cs(u;uh) � Cs(uh;uh).We note, however, that this approach still requires the calculation of ucoarseh forthe right{hand side function of the dual problem.However, irrespective of which of the above approaches is adopted, the taskof computing these stability factors for time{dependent problems is further com-plicated by the fact that the amount of computer memory required to store thedata for the dual problem (i.e. u�neh and ucoarseh , for example) for the entire lengthof the computation is immense, cf. [7]. Furthermore, the reliability of the adap-tive algorithm can no longer be fully guaranteed, since the stability factors arenumerically estimated; the degree of reliability will depend on the amount ofcomputational e�ort devoted to calculating these constants.7 Closing remarksIn this paper we have derived an a posteriori error estimate for the Lagrange{Galerkin discretisation of a system of nonlinear convection{di�usion equations intwo space{dimensions. Moreover, based on this error bound, we have designedan adaptive algorithm to ensure global control of the error (i.e. reliability) inthe L2(0; T ;L2(
)2) norm with respect to a pre-determined tolerance TOL. Thisalgorithm will be implemented into an adaptive Lagrange{Galerkin �nite elementcode as part of our program of future research.We note that the theory developed in this paper may equally be applied tothe incompressible Navier{Stokes equations to establish an error representationformula for the velocity error in terms of the residual of the Galerkin approxi-



23mation and the solution to the associated (linearised) dual problem; in this case,Q will simply be the identity matrix. Furthermore, based on this error repre-sentation formula, an a posteriori error estimate bounding the velocity error inthe L2(0; T ;L2(
)2) norm may be derived. Finally, we note that the extension ofthe results presented in this paper to three space dimensions is easily arrived atfollowing the arguments presented here; in this case, we let 
 be a convex poly-hedral domain in R3 and assume that u0 2 [H10 (
) \H�(
)]3 for some � > 3=2.Furthermore, we note that the minimal regularity conditions prescribed on thedata of the dual problem in the �rst part of Theorem 4.1 are slightly modi�ed to:ja(u)j2 2 L2(0; T ;L3(
)) and jQTrTmuhjF 2 L2(0; T ;L3(
)); although, again wenote that these conditions are automatically satis�ed.
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