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We prove a result on the large deviations of the central values
of even primitive Dirichlet L-functions with a given modulus.
For V ~ aloglog ¢ with 0 < a < 1, we show that
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This yields the sharp upper bound for the fractional moments
of central values of Dirichlet L-functions proved by Gao, upon
noting that the number of even, primitive characters with
modulus ¢ is # + O(1). The proof is an adaptation to
the g-aspect of the recursive scheme developed by Arguin,
Bourgade and Radziwill for the local maxima of the Riemann
zeta function, and applied by Arguin and Bailey to the large
deviations in the t-aspect. We go further and get bounds
on the case where V' = o(loglogq). These bounds are not
expected to be sharp, but the discrepancy from the Central
Limit Theorem estimate grows very slowly with ¢. The
method involves a formula for the twisted mollified second
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moment of central values of Dirichlet L-functions, building on
the work of Iwaniec and Sarnak.
© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction

This paper is on the central value of Dirichlet L-functions with fixed modulus ¢g. The
most famous result in the study of the distribution of the values of Dirichlet L-functions
is Selberg’s Central Limit Theorem. In [Sel46], it is shown that the normalised values of
the logarithm of the Riemann zeta function in a dyadic interval high up the critical line
have a Gaussian limiting distribution. More precisely, for any measurable set £ C C,

1

Jim %meas te[T,2T): bg(f(—5+”)) B = % /e*”éyz dedy.  (L1)
5 loglog T E

A remarkable feature of Selberg’s Central Limit Theorem is that it gives information

about the distribution of the imaginary part of the logarithm of the Riemann zeta func-

tion on the critical line, the fluctuation of which is connected to zeros of the Riemann

zeta function, without assuming the Riemann Hypothesis.

Much work has been done to generalise Equation (1.1), both in extending the range of
the Gaussian behaviour, and proving central limit theorems for other problems related
to Dirichlet L-functions. For example, in [HW20], it is shown that the real parts of the
logarithm of distinct Dirichlet L-functions in a dyadic interval high up the critical line
behave like independent Gaussian variables. More precisely, for any integer IV, if (x;) §V:1
is a sequence of distinct Dirichlet characters, then Theorem 1.3 of [HW20] states that
for ¢ uniformly distributed in the interval [T, 27] with T large, the random vector

1 1

approximately has the distribution of a real Gaussian random variable with mean Op
and variance % (loglogT) Iy.

There are many similarities between the distribution in the g-aspect of central values

..., log

of Dirichlet L-functions with a large modulus, and the distribution in the t-aspect of the
values of a given Dirichlet L-function, such as the Riemann zeta function, high up the
critical line. The analysis of the distribution of values of L-functions via their moments
is a widely investigated area, and parallels can be drawn here between the g-aspect and
the t-aspect. The Keating-Snaith Conjecture from [KS00] predicts asymptotics for the
moments of the Riemann zeta function. It conjectures that, for all real A > —%:
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where C), is an explicit constant. For the g-aspect, an analogous result is conjectured in
[RS05]. They report a widely believed conjecture, that for all k € N:

2\
dt = Cj, (1.2)

1 1\ |*

b s ) e s
[=s) k2 ’ N2)
q#%?nod 4 <,0(q) (IOg q) X primitive mod ¢ 2
where (' i is an explicit constant.
In [Gao21], it is shown that
2B

1 1 2

@ Z ‘L <X, 5) = (IOgQ)ﬁ ) (1.4)

X primitive mod ¢

for all 8 € (0,1). This means that, up to a constant, these moments of |L (X, %) , for
x ranging over the primitive characters with modulus ¢, match the moment generating

function of a Gaussian random variable with variance % loglog g.
Moreover, we have a lower bound for all the integer moments of the conjectured correct
order from [RS05]. Here, it is shown that, for k any fixed natural number and g a large

()

Equation (1.5) is proven in [RS05] for the case where ¢ is a large prime, but the method

prime,

2k
¥ >4 (log g)*”. (15)

SO(Q) X primitive mod gq

of proof easily generalises to the general case for large values of ¢ not congruent to 2
modulo 4. From Equation (1.5), we see that the integer moments of the central values
are bounded below by the moment generating function of a Gaussian random variable.
We prove further that the large deviations of the real part of the logarithm of the central
value are bounded above by a Gaussian tail.

Further work on central limit theorems in the g-aspect can be found in [Das22]. For
example, in their Theorem 4.2.1, a central limit theorem over the g-aspect is proven,
averaging both over the character and a short interval around the central value. If V' is
a fixed positive real number, then uniformly for all v € [V, V], for g large, we have:

1 1 /1
— meas 1§t§1:10g‘L (X,+it)‘2v —loglog q
(q) 2 { 2 2

X primitive mod ¢

1 [ .
~ 5 du. 1.6
\/2#/6 " (1.6)
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The standard deviation of the random variable log ’L (X7 %)| is approximately 4/ % loglogq,
so in Equation (1.6), an asymptotic is provided for deviations of the same order as the
standard deviation. In this paper, we will instead consider large deviations of order

loglog ¢, which are of the same order as the variance. We will also be able to consider

the values at the central point, %7 rather than having to average over an interval of the
critical line.

Moreover, in [RS15], a weaker bound than a Central Limit Theorem proven for the
degree 2 L-functions is associated to elliptic curves over Q. If E/Q is an elliptic curve
with conductor N, then the Hasse-Weil function associated to E is normalised in [RS15]

as

L(E,s) =Y _a(n)n™", (1.7)

n

where a(n) is normalised so that the Hasse bound reads |a(n)| < d(n). Note that un-
1
2
coefficients of the L-function are not normalised, the central point lies at 1. Using this

der this normalisation, the central point of this L-function is at 5, whereas when the

normalisation convention, the authors prove an upper bound for the tail distribution
of central values of the L-functions associated to the twisted elliptic curves. If d is a
fundamental discriminant coprime to 2V, then Ej; is defined as the twist of the elliptic
curve by d. The character x4 is defined as xq = (?), so that the normalised L-function
associated to the twisted elliptic curve, instead of Equation (1.7), reads

L(Eq,s) = Za(n)xd(n)n_s. (1.8)

n

One sees that the completed L-function

A(Ey, s) == (\/N|d|> r (s + %) L(Eq4,s) (1.9)

27
is entire and satisfies the functional equation:
A(Eg, s) = eg(d)A(Eg,1 — s), (1.10)
where the root number is defined as:
er(d) = epxa(—N). (1.11)

If eg(d) = —1, then from Equation (1.10), one obtains L(Eq4, 3) = 0, and so the authors
restrict their attention to twists with root number 1. They define this set with variable
central value:

&€ = {d : d a fundamental discriminant with (d,2N) =1 and eg(d) = 1}. (1.12)
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Then Theorem 1 in [RS15] states that for 0 < k < 1 a real number, as X — oo,

2

1 1 1
= Hd e ld <X, L (Ed, 5) > (log |d|)k2}’ < (logX)"T.  (1.13)

This is not quite as sharp as Conjecture 3 in [CKRS06], that, for d € £, the quantity
log L (Eq4, 3) has a normal distribution with mean —1 loglog |d| and variance loglog |d|.

More concretely, adjusting for different normalisation conventions, the conjecture pre-
dicts:

log L(Eg4,%)+loglog |d
[eesnmsx B hmme s c @}l 1 F ey
s {d e &.[d < X} - m/ exp (‘7> "
(1.14)
The most famous conjecture about the non-vanishing of Dirichlet L-functions is the

Generalised Riemann Hypothesis, which predicts that all non-trivial zeros of primitive
Dirichlet L-functions lie on the critical line with real part % However, even on the critical
line, one can consider whether it is possible for any Dirichlet L-function to vanish at a
certain point. It is conjectured that no primitive Dirichlet L-function vanishes at the
central point. In [Pral9], it is shown that for large values of ¢, at least 50.073% of the
central values of L-functions associated to primitive characters of modulus ¢ are non-
vanishing. In this article, we are able to show that the large deviations of order loglog g
are bounded above by a Gaussian tail. If one were able to extend this to show that
the large deviations beyond the order +/log qloglogq were also bounded by the same
Gaussian tail, one would be able to show the non-vanishing of all central values, however
the authors were unable to extend their results to this range.

This paper is heavily motivated by the paper [AB23], where a large deviations result
is proven for the Riemann zeta function; here we show an analogous result holds for the
central values of Dirichlet L-functions with a given modulus. It was necessary to prove
certain results used in the proof of the large deviations result in [AB23] for the context
of central values of Dirichlet L-functions; most notably, the twisted mollifier formula for
second moments of the Riemann zeta function needed to be adapted to the g-aspect,
cf. Theorem 1.5. As in [[S99], we restricted our attention to looking at just the even
primitive characters; the case of odd primitive characters yields the same results.

1.1. Main results

Theorem 1.1. Let g be a large natural number, with ¢ # 2 mod 4. Suppose that V ~
aloglogq, with 0 < a < 1. Then

V2
1 1 e Togloga
—# {X even, primitive mod q : log |L (X» —)‘ > V} L — . 1.15
e(q) 2 Vioglogq (115)
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In Section 5, we deduce an upper bound on the fractional moments of the central
values of primitive Dirichlet L-functions, in line with Gao’s result, Equation (1.4).

Corollary 1.2. Let 0 < 8 < 1 and q be a large natural number, with ¢ # 2 mod 4. Then

we have
1
L -
(v3)

where the implicit constant is uniform for 8 lying in any interval (0, B), for any B < 1.

1 2 2
a2 < (1ogg)”", (1.16)

X even, primitive mod q

Note that the range for 8 in Corollary 1.2 is controlled by the range of « for which
Theorem 1.1 is valid. Indeed, if we were able to extend the range of Theorem 1.1 to be
valid for 0 < a < A, for some A > 1, then we would be able to extend our bound on the
moments in Corollary 1.2 to the range 0 < 8 < A.

In [AB23], they re-prove a result of Heap, Radziwill and Soundararajan from [HRS19],
which is the analogous result to Corollary 1.2 in the t-aspect.

Corollary 1.3 (Corollary 1.2 in [AB23]). Let 0 < 3 < 2. Then there exists a constant Cg
such that

28 ,
< Cs(logT)?", (1.17)

1 ° 1
T

for all T sufficiently large.

The bounds in [AB23] have Cg — oo as § — 0. However, by tightening the bounds
when we adapt their method, we are able to avoid our constant in the g-aspect becoming
unbounded near 8 = 0. Because we are able to tighten our bounds, we are able to attain
(weaker) bounds which include the case when V' = o(loglog q).

Theorem 1.4. Let q be a large natural number, with ¢ # 2 mod 4 and V' > 0 with
V =o(loglogq). Let £ be as in Equation (1.21). Then

L { mitive mod q : log | L ( 1)‘ V} < Lo s (1.18)
—— 1 X even, primitive mod q : log X, = || > e .
v(q) 2 Vloglog g

Note that .Z grows very slowly in ¢. Indeed, for a given natural number n, the maxi-
mum value of ¢ for which . = n grows like the Ackermann function F(4,n).
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1.2. Notation and structure of the paper

We will be taking expectations and sums over different sets of characters with modulus

e The set of primitive even characters with modulus ¢, denoted +.
e The set of all even characters with modulus ¢, denoted ®.
e The set of all primitive characters with modulus ¢, denoted .

Where we take probabilities, P will always denote the probability where a character X
is drawn uniformly at random from the space of primitive even characters with modulus

q.
1.8. Structure of the proof

Theorems 1.1 and 1.4 are proved in Section 4. The proof of Corollary 1.2 follows easily
and the details are given in Section 5. Theorem 1.1 is derived from the recursive scheme
first developed for the t-aspect in [ABR20]. The idea is to approximate log|L (x, %) | by
Dirichlet polynomials of increasing length and whose values are restricted.

To this end, we split up the primes contributing most to the Dirichlet L-functions
into intervals. We iteratively define steps by setting gy = 1.5, and setting

1
q = exp <&> (1.19)

log; 1 (q)®

for [ > 1, where log; means the natural logarithm iterated [/ times. Here, s is a variable
taking large values which depend only on m, and taking s > 105 as in Equation
(4.10) will suffice. We then set

n; =loglogq;, [>1, (1.20)

which turns out to be the suitable scale for considering the variance of Dirichlet polyno-
mials supported on primes up to ¢;. We halt our steps at £, the largest value of [ such
that

106
. 10%

exp(lOG(loglogq _ nl)1056m+1) = gomit2 q)10°—s < ql%ﬁ. (1.21)

For k > 0, we define a truncated sum of the formal logarithm of the Dirichlet L-series
at 1
2

. x(p) | x(p)?

Sy = E A . 1.22

k T o (1.22)
p<e®
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The absolute value of the L-function at % may be controlled by the real part of the above
series. We further define

_ x(p) | x®®)
Sp = 25}%(—;+W . (1.23)
b p
p<e®
We expect for k large, Sk to be close to R(log L (X, %)) Indeed, we only consider the
values of Sy for k close to loglog ¢, at the time steps k = ny, for 1 <1 < Z.
We also need to control the difference log | L (X, § )| —Sk. To do so, we define a mollifier

of the contribution of the primes in the interval (¢;—1,q]. Given 1 <1 < .Z, set

Mi(x, s) = > ulmx(n) (1.24)

pln = pe(qi-1.@1] _
Q(n)<10(n; —ng—1)*”

where Q;(n) denotes the number of prime factors with multiplicity of n in the interval
(¢1—1,q]. The idea is that the mollifiers are long enough that M;...M, (X, %) should
mollify all primes up to ¢;. We want to show |Mj...M;| to be a good approximation of
exp(—Sp,). Then, we will have |M1...MlL (X, %)| not too small or large, so we will have
mollified the L-function at % successfully.

The mollifier described above is part of a larger family of Dirichlet polynomials which
vary corresponding to the even primitive characters mod ¢ by a scaling of their coeffi-
cients. Namely, if x is an even primitive character mod ¢, then its associated Dirichlet
L-function is

Lons) = S X0 (1.25)

nS

n

For a sequence of real coefficients (a,,), which is uniform for all even primitive Dirichlet
characters with modulus ¢ and supported on the integers 1 < m < M, we consider the
associated Dirichlet polynomial

Qlx,s) = Z%m) (1.26)

We say Q = Q(x) is a degree e™ well-factorable polynomial if we can write

l
Q=] @ (1.27)
A=1

where @ is a Dirichlet polynomial with the support of the coefficients restricted by their
prime factors, and with the coefficients having the same dependence on x as in Equation
(1.26), say
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plm = p€(gr—1,9x] .
Qk(m)§10(n>\—n>\,1)10

i.e., each factor @Qx(x,s) has coefficients supported on integers with all prime factors in
the interval (gx—1,¢»], and is not too long. We are only interested in the central values
of the Dirichlet polynomials; for a Dirichlet polynomial @ with such a property we will
write @ for Q (X» %)

We show that if ) is a degree e™ well-factorable Dirichlet polynomial, then Mj... M,
mollifies L successfully, after a twist by Q. We consider the Euler product of L, which
doesn’t converge at %, but can still give good intuition. Since M;...M; is a good mollifier
of L, we would expect only the primes greater than ¢; to affect the value of M;...M;L.
Hence, if @ is a Dirichlet polynomial which only depends on the primes up to g;, then
we would expect LM;...M; and @ to be weakly dependent. This is a crucial step of the
recursive scheme. We show this in Section 3, where we prove the following theorem:

Theorem 1.5. Let Q be a degree €™ well-factorable polynomial and L and the mollifiers
My, ..., M be as defined above. Then the mollified twisted second moment satisfies

lo
E LM MQP] < 1 22
0gaqi

Eo[|QI). (1.29)

The expectation over + is the expectation where y is drawn uniformly at random from
the primitive even characters mod ¢, whilst the expectation over @ is where x is drawn
uniformly from all even characters mod ¢ (so includes the imprimitive even characters),
and has simpler orthogonality relations. These relations are discussed in Section 2. We
see that the ratio of the expectations in Theorem 1.5 is bounded by a factor independent
of the twist @, which suggests LM;...M; and () are weakly dependent. We need a slightly
stronger mollified twisted moment than in Theorem 1.5, to handle twists by polynomial
functions of the real parts of Dirichlet polynomials, such as S — Si_1.

We require a similar version to being well-factorable in the real case. We say a function
F = F(x) is l-sufficient if we may write:

F=]F, (1.30)

l
1

J

where for each 1 < j <[, we have

Fj=K; (%(Zx(m)b{m))), (1.31)

m

for some sequence of complex numbers b{m) and polynomial K; of degree d; with real

coefficients. The coefficients bgm) are assumed to be 0 unless pjm = p € (¢;_1,¢;] and
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4
10(n;—n;_1)""
d.

Qj(m) < vj for v; = . The bound on the number of prime factors ensures

J
that the length of F} is less than 10(n; — n;_1)*". In Section 3, we will prove:

Theorem 1.6. Let 1 <1 < .Z and let F be l-sufficient. Then the twisted second moment
mollified by F satisfies

log q
log q;

E.[|LM;..M;F*] < Eq[F?]. (1.32)

By applying Theorem 1.6 for suitable choices of F', we will deduce Theorem 1.5. In
order to prove Theorem 1.6, we require bounds on the twisted moments of Dirichlet
L-functions by real parts of Dirichlet polynomials. We will follow the formulae for twists
by the whole Dirichlet polynomial (not just the real part), i.e., E4 [|LM|2}, where M
is a short Dirichlet polynomial. In [BPRZ20], the authors give a bound where M has
length up to q%. However, for our purposes it suffices to follow the proof of the simpler
formula in [1S99] for Dirichlet polynomials of length smaller than g2.

Acknowledgments. Both authors thank Jon Keating for insightful discussions on the
subject, and Emma Bailey, Jad Hamdan and Morenikeji Neri for their corrections to
an earlier draft, and the referee for their helpful improvements. The research of L.-
P. A. is partially supported by the NSF grant DMS 2153803 and the EPRSC grant
EP/Z535990/1. The research of N.C. is supported by the EPRSC grant EP/W524311/1.

2. Moments in the g-aspect

In this section we collate some simple bounds on the moments of even Dirichlet poly-
nomials with a fixed modulus, which will be needed in the proof of Theorems 1.1, 1.5
and 1.6.

2.1. Moments over all even characters with a fized modulus

The following identity is exact, as opposed to the t-aspect, where the diagonal terms
only give a leading order approximation.

Lemma 2.1. Let g be a modulus, N < % a positive integer, and (an)N_; be a sequence of
complex numbers. Then

where the expectation is taken over all even characters mod q.
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Proof. Given integers 1 < m,n < N, we have
—— x(n) +x(=n)\ ——=
> = Y (M) 22)
x mod g even x mod g

This equals @ if n = m, and (n,q) = 1, and 0 otherwise, since we cannot have

n = —m mod ¢. Upon substitution into the right-hand side of Equation (2.1), we get:

N 2

Bo || Y o] | = o D aam D xwx@m. (@3)

n=1 1<n,m<N x mod g even
Only the diagonal terms survive, and we conclude. 0O
We deduce the following splitting theorem:

Lemma 2.2. If A and B are two Dirichlet polynomials varying with x, each of length
shorter than \/g with support on integers with prime factors in disjoint sets, then

Eo [JAB(1/2, 01| = EollA(1/2,0)Es [|B(1/2,)]. (2.4)

Note again that the expectation splits exactly due to the exact orthogonality rela-
tions, which is a stronger result than in the t-aspect (cf [AB23], Lemma 13). We also
require results on the moments of real parts of Dirichlet polynomials in the g-aspect. It
is convenient to introduce the random variables (X (p), p primes) that are independent
and uniformly distributed on the unit circle. The random totally multiplicative variable
X (n) is then defined multiplicatively by

X(n) = X(pl)al "'X(pr)arv (25)

for an integer n with prime factorisation n = p{*...per.
1
22d

2
be a positive integer, B = (b,))_, be a sequence of real variables, with b, = 0 un-

2
less n is a prime or a square of a prime. Then Eg [K (?R (2521 bnx(n))> ] =

[o (o)) ]

Proof. Since K is a polynomial with real coefficients, we may write

N
K (?R (Z bnx(n)>> = Z ¢k X () x (k) (2.6)
n=1

Jk<N?
plik = p<N

Lemma 2.3. Let g be large, K be a polynomial of degree d with real coefficients, N <
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for certain coefficients c; 1, B,k depending on the polynomial K and the coefficients B =
(b, )N_,, satisfying

Cjk,B,K = Ck,j,B,K - (2.7)

We may cancel any common factors of k and j using the relation: x(n)x(n) = 1 for any
character with modulus g and any integer n coprime to q. For coprime integers m and r
with at most N¢ with prime factors all at most N, let

CmrB.x = Vmr Z Cjk,B,K- (2.8)

J

@R =m
G
(Jk,q)=1

Note that the sum is zero unless m and r are coprime, with all their prime factors at
most NV so we may drop these conditions. Using Equation (2.7), we see

Cm,r,B,K = Cr,m,B,K~ (29)

Here, the factor v/mr in Equation (2.8) was introduced to give the same scaling conven-
1
2

the Dirichlet polynomial from Equation (1.26). From Equation (2.6), we see:

N
K (3? (Z an(n)>> = Z C’T/’Lr’ri’l(x(m)x(r). (2.10)
n=1

m,rSNd

tion for coefficients at the point s = = used in other sections of the article, such as for

Hence,

N 2
§ Cm r BKCm ro,B,K
K % bn n = mim rr 1,"1,D, 2,72,0, .
( (nzl X( )>> X( ' 2>X( ! 2) mirimarz

o, d
mi1,mz,r1,r2<N

(2.11)

1
The restriction N < % ensures that we cannot have myms = —ryry mod ¢, and that
mime = 11ro mod ¢ <= mimg = rirs. (2.12)

Moreover, the restrictions on the support of the coefficients (mq,r1) = (ma,rs) = 1
ensure that the condition in Equation (2.12) is only achieved in the support if

myp =To, M2 =T71. (213)

Using the relation from Equation (2.1) for the Dirichlet polynomial in Equation (2.11),

we see:
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al ’ C C
Eg | K <§R (Z bnx(n)>> = Z m’T’B’er’m’B’K. (2.14)
n=1

m,rSNd

Finally, using Equation (2.9), we see

Eg |K (R 3 b 2 = E G|
® > bux(n) = e (2.15)
n=1

m,rSNd

The corresponding identity with x(n) replaced by X (n) is proved similarly

E K<§R (anX(n)>> > 70775[(2 (2.16)

m,rgNd

since the orthogonality relation in Equation (2.1) holds by the definition of X (n). O

Using Lemma 2.3, we deduce a splitting relation for the real part of Dirichlet polyno-
mials.

Lemma 2.4. Let 1 <1< .% and F be l-sufficient as defined in FEquation (1.30).
Then

1 2
Eg [F?] = [[Ee |K; (ER (Z b§g’>x(n)>> . (2.17)

Proof. Using the notation from the proof of Lemma 2.3, we see that for each 1 < j <1,
the coefficients C

m,r,BG) K, are supported on coprime integers with prime factors all

lying in (g;—1, ¢;], and we similarly drop this condition from the sum. Then

2
j C B K., C, BU) K
K| ® E by (n - 2: i V¥ (11 7) LB K Zma e, BU) K
’ ( ( n " X( )>> mi,Mmo,T1,T2 X( ' 2)X( ' 2> mimariT2

(2.18)
Moreover, for all values of r and m, we have

Cm,r,B(j>,Kj = Cr,m,B(j),Kja (219)

and since b,(j) is zero umless Q;(n) < v;, we see C,,, pu g, 18 zero unless
Q,(r),€,(m) < 10(n; —n;_1)'°". By Equation (2.1), we obtain:

‘Cm r,B() K;

Ee [R <Kj (Z bgpx(n))) => T (2.20)
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Given coprime integers v and v, each having all their prime factors at most ¢;, we may
write

l l

u:Hmj,vznrj, (2.21)

Jj=1 Jj=1

where m; and r; are coprime integers with all their prime factors lying in the interval
(gj—1,¢;]- Then set

l
H s BO) K (2.22)

where we suppress the dependence of C‘u,v on the sequences B and the polynomials
K for ease of notation. The relation from Equation (2.19) means that

Cu,'u = év,u- (223)
We note that CN’W, is supported on coprime integers v and v with all their prime factors at

most q;, so we drop this from the summation criteria to show that for any even primitive
character modulo g,

l
jl;[lKj <%<§n:b53)x )) Zm (0). (2.24)

The restriction on the support of the coefficients C’u’v means C’u’v =0 unless u,v < L,

so we may apply Equation (2.1) to yield

! 2 ~
Ee ([15 (m (stz>x(n>>> =Z’Cz;j . (2.25)

Splitting into the components from prime factors in each interval, and using the

support of the coefficients C’u,v, we may write the right-hand side of Equation (2.25) as

2

‘O Looms T
Z H]:; J’HJ:l J . (226)

Hj:l mjn;

V1<j<l,p|lm;n; = p€(q;-1,9;]

Using Equation (2.22), we may write this as

2

l ‘Cm n:.BU) K

VRV E) IR}
I | E _ 2.27
= mjnj ( )

Lplmjn; = p€(qj—1,q;]
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Finally, using Equation (2.20), we may write the above expression as

l 2
[[Es |K; (m (Zbg>x(n)>> : (2.28)

This completes the proof of Lemma 2.4. O
2.2. Moments over even primitive characters with a given modulus

In most of the proofs, we take the expectation of Dirichlet polynomials over all even
characters. However, we require a bound on the expectation of certain Dirichlet polyno-
mials where we restrict to just the even primitive characters.

Lemma 2.5. Let (a,)Y_; be a sequence of length N < q%. Then we have the following
bound on the expectation over even primitive characters with modulus q:

2

N
< anl®. (2.29)
n=1

N
Z anX(n)
n=1

Note that Equation (2.29) is an upper bound for the case where there is no restriction
to primitive characters in Equation (2.1), for the restricted length N < ¢s.

Proof. Expanding the square out in Equation (2.29) shows that the left-hand side is
equal to

N +

L) 3 o ) XX | - (2.30)
7,k=1

X even, primitive mod ¢
Using the Cauchy-Schwarz inequality, this may be bounded as

.
I D R G (231)
J<N

k<N X even, primitive mod g
So it suffices to show that

+

= S ED SRR P 2:3)

k<N |Xx even, primitive mod ¢

uniformly for each j coprime to gq.
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Equation 3.2 in [IS99] gives the sum over primitive characters with modulus ¢ (even
and odd), at an individual value. Using Mdobius inversion and the orthogonality of char-
acters, they show, with the notation as set out in Section 1.2, that for any m coprime to

q:

*

Sxtmy = Y nw)ew). (2.33)

vw=gq
m=1 mod ¢

We have

*

+
S x(m) = 5 37 (x(m) + x(-m)). (230

Upon substituting the relations from Equations (2.33) and (2.34), we see that the
left-hand side in Equation (2.32) is bounded as:

<[ 2] X wwew|+ X1 X weew)| |- @)

k<N vw=q k<N vWw=4q
- j=k mod w - j=—k mod w

If we write t = (j — k,q) and u = (j + k, ¢), then we transform the bound in Equation
(2.35) into:

< g | #EE NG =k =113 u (L) etw) (2.36)

tulq wlt

+ RSN Gtk = by [u (L) o)

wlu

But given any factors ¢ and u of ¢, we have

N N
#{ESN:(j—kq =t} < 7+1, #ESN:(j+kq=ut< E”Ll’ (2.37)
so that the expression in Equation (2.36) may be bounded as

< ﬁz (% + 1) Z,u (%) o(w)|. (2.38)

ulq wlu

We may write the prime factorisations of ¢, u and w as:

mn — b n — n
q=p7.pir, ou= pll...pz . w=pit.pir, (2.39)
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respectively, where the p; are distinct, a; > 1 for all 7, and 0 < ¢; < b; < a;. Examining
the term p (%), we see that the contribution to Equation (2.38) is zero, unless b; €
{a; — 1,a;} for all 4. Then the choices for ¢; giving non-zero contribution to Equation
(2.38) are:

cizai—l bizai—l
. (2.40)
c; € {ai — l,ai} b; = a;

If we define S = {1 < i <n:b; =a;—1}, to represent the prime factorisation of u, then
the expression in Equation (2.38) becomes:

@ Zn}< sz+1>

1T r@de@H T (wewi) + u(pi)w(p?il))‘ :

Sc{1,..., i€S €S i¢S
(2.41)
We split the sum up by the factors in the first bracket. We have to bound:
By = L ) a;—1 1 a; ) a;—1 249
e [T r@)e@d ™ T (Me@) + pp)e@i)|,  (242)
ieS ¢S

SC{1,n}

and

%’zzi Z sz'

qw(q)SC{lwn}ieS

[ e@oe@i ) T ((Wemi) + u(pi)w(p?i_l))| :
€S ¢S
(2.43)
We will show that both %; and %5 are of order 1, completing the proof of Lemma 2.5.
Bounding %,. The expression for %, splits into a product over the prime factors of
q. If the factorisation is as in Equation (2.39), then we see:

™

1 —Eﬁ?) (le@g M| + @) — @ h)) - (2.44)

Since @(p? 1) < p(p%), we see that the inner term is identically 1, and so %; = 1.
Bounding %>. The term for %, also splits as a product over prime factors of q

If the factorisation is as in Equation (2.39), then we may write ¢ = ¢6 [I;p,° . The
contribution of any given S C {1,..,n} to the right hand side of Equation (2. 45) is

— [T pino ey =) T (D)o@ + P )| - (2.45)

H p] icS i¢s

Summing over all possible S C {1,...,n}, we see:
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N n
q—% H (Ipiea)™ | + o(p) — o)) - (2.46)

<o) < A, (2.47)

For p; = 2 we simply use that

()| < Lo, (2.48)

to show that the term associated to p, = 2 is bounded. Under these bounds we see that
Equation (2.46) yields:

N 1 : -1
B <~ [ = (p—2 + P ) (2.49)
a pi>2p® NPT pi

The term in the product:

i i — 1
(p + p) (2.50)
can only be greater than 1 for finitely many choices of p; and a;, and so we see that
B < &7 =. By the bounds on N, this yields #; < 1. O

Remark. From the proof, one can show that

E

ianx(n)QH (1 +0 ( )) Z lan|?, (2.51)

and hence deduce a version of Lemma 2.2 for splitting expectations over primitive char-
acters. One could then perform all the expectations in this paper over the even primitive
characters with modulus ¢, without adding in all the non-primitive characters. However,
we take the view that, for simplicity, it is easier to just work with all the even characters,
to avoid the cumulative error term in Equation (2.51).

Following this proof, we can also get the expectation of polynomials of real parts of
Dirichlet characters over primitive even characters, as opposed to over all even characters
in Lemma 2.4. We observe that the definition of an [-sufficient function means that the
length is O(q0).

Lemma 2.6. Let 1 <1 < .Z and F be l-sufficient as defined in (1.30).
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Then the expectation of F' over primitive even characters satisfies

1 2
E, [F?] < [[Ee |K; (afe (Z bgg’)x(n)>> . (2.52)

Jj=1

Lemma 2.7. Given k an integer, let Sy, be as defined in Equation (1.22). If m < n, and
2k < 1‘;#, then

E, [}Sn—Smf’“} < Kl(n—m+1)*. (2.53)

Note this is an analogue of Lemma 3 in [Sou09], but we give more details. We first
explain some intuition behind the result. We split the sums S,, and S, into the con-
tributions from the primes and the contribution from the square of the primes. The
expectation of the contribution of the primes give the n — m term. For fixed k, the con-
tribution of the square of the primes is negligible, and in [Sou09] is neglected. But to
take k increasing, we must consider the contribution of the squares of primes in Equation
(2.53). This gives an upper bound of (n —m + 1)¥, rather than (n —m)*, which is what
we would expect from just the primes. We first consider the contribution of the primes,
without the squares. We require a lemma on the expected value of Dirichlet polynomials
supported on primes.

Lemma 2.8. If a(p) is a sequence of complex numbers, x <y and y is a natural number
such that y* < q, then

k
* 2k 2
Z Z a(p)ic(p) < gk! Z Ia(i)l . (2.54)
X z<p<y p z<p<y

Proof. This follows from the proof of Lemma 3 in [Sou09], using the orthogonality rela-
tions for Dirichlet characters from Lemma 2.5. O

Proof of Lemma 2.7. The contribution of the primes to the sum S, — S,, is:

U= Y x(p). (2.55)

Hence, applying Lemma 2.8, we see

1
By flonf ] <m| D | <R —m, (2.56)

e <p<e”
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where the last inequality follows by Mertens’ estimate.
We need to evaluate the contribution of the terms from the squares of primes. The
contribution of the squares of primes to the sum S, — S,, is:

Upi= Y x(w) (2.57)

2p

657n Spgeen

(o2
)

Given an integer N, define a variable ay (V) as follows: If we can write N = Hf;l D;

where the p; are distinct primes in the interval (e¢”,e®"), and Zf;l o; = k, then we set

k il o
akmn(N) = (al aR) l];[a(pi) , (2.58)

and otherwise we set a m.n(N) = 0. We see on expansion that

U2k _ Z ak,m,n(:)X(TQ) ; (259)

and applying the same arguments as in the proof of Lemma 3 in [Sou09], with the
orthogonality relations for Dirichlet characters shows that

k
X 1
E, [|U2|ﬂ < k! mz e kI(1)E. (2.60)
e <p<e®
Hence
E, [|§n - Sm|2"’] —E. [|U1 + U2|2’“] < Eln—m+ 1) (2.61)

by Hoélder’s inequality. O

By setting k = [
inequality:

n_‘fn:_l] in Equation (2.53), we get by Stirling’s formula and Markov’s

Lemma 2.9. Let g be a large integer, with ¢ £ 2 mod 4, V >0 and 0 < m < n < qg.
Then

b

. - 2
( )# {X even primitive mod q : |Sn — Sm| > V} < Lexp (V> .
g

(n—m+ 1)% n
(2.62)

We require a stronger result for the moments of the real parts of the truncated sums.
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Lemma 2.10. Let m <n < .Z and 2k < 3 logq . Then

(2h)!

2k
E+ |SQn - SQ7n| < 22kk'

(loglog ¢, — loglog gm)*. (2.63)
Note that Equation (2.63) is stronger than the analogous Lemma A.2 in [AB23].

Proof. Let

(2.64)

1 pa prime in (gm, gn]
Apm,n = . :
0 otherwise

Then set Uy, = Z ’”1/2 Xx(p), and T1 = RU,, », to be the real part of the sum U, ,.

Then T is the contrlbutlon of the primes to the difference S,, — S,,. Then if we set
T = (S, — Sm) —T1, then T; is the contribution of the square of primes to the difference.
Clearly, we have

k
HGUEESY (i’“)ww T ). (2.65)

Using the same orthogonality relations as in the proof of Lemma 2.7, and observing that
log
the choice of k means (S, — Sp,)¥ has length ¢2% < (g,,)¥s4m = ¢3, we obtain

k .
1 2k —2k—j
2k
E, [T* ]<<2—ijO<J)]E[U’ Unmon } (2.66)
where
Onn= Y. 2X(p), (2.67)
qm <p<gn p=

and X(r) is defined in Equation (2.5). Under this definition, Equation (2.66) becomes:
E(T1)%* < E[R(Un.n)? ). (2.68)
We need the following proposition, which is a straightforward computation.

Proposition 2.11. For any k € N and choice of complex numbers ap, if X(p) are as
defined in Equation (2.5), then we have:

2k

Ell X R@Xm)] | <o) (2:69)
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where

1
st = 5 Z lay|? . (2.70)

z<p<y

Note that the right-hand side of Equation (2.69) is the moment of a Gaussian random
variable with mean 0 and variance s?. Substituting the values of a, = a, ., as defined
in Equation (2.64), and setting © = @,y = ¢, in Equation (2.69), an application of
Mertens’ estimate shows that:

1 log log ¢, — loglog g,
> 1 _ (loglogg 5 081084n) | g, (2.71)
Am <P<Qn
Hence,
2k)!
E [ITllz’“] < ;k,)d (loglog g, — loglog g )". (2.72)

We can use a similar method to bound E[|T5|*"]. We take

: (2.73)

o = ﬁ p a prime in (gm, qn]
i 0 otherwise

in Equation (2.69). Since T¥ has length < q% we may pass to the random variables X.
We obtain:

k
2k (2Kk)! 1
Ellef <o | X =] - (2.74)
PE(qm qn]
Another application of Holder’s inequality shows:
1 k
2%k (2k)! k pe(gm r
E [|Sn—Sm| } < gpm—m)f (10 | e | (2.75)
pe(‘]qun]
We show the error term is negligible. If m > 1, then
=
P
msdn 1
el o — (2.76)

2

PE(qmqn]

am

Since k < log g, the error term in Equation (2.75) is < 1+ O (13%) < 1.If m =0, then

3 # < 1, whilst
PE(qmqn]
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1
Z — > loglog g, > loglogq. (2.77)
pe(QhuQn]

Hence, we see ‘g—f’ < m. By the choice of k, we have (¢,,)* < ¢, so that k < logs q.
In either case, we obtain

SRR
p2
PE(qmqn]

2

PE(gm,qn]

1+0 <1, (2.78)

S

so the sum over squares of primes doesn’t change the order of the sum and we con-
clude. O

3. Twisted second moments in the g-aspect

This section is dedicated to the proof of Theorem 1.6. We first need an expression for
the mean value of |M; ... M;F|? given in Proposition 3.1.

Let F be an [-sufficient function, as defined in Equation (1.30). We use the same
notation as in the proof of Lemma 2.4. By Equation (2.24), we may write F' as

F=) —Zx(u)x(). (3.1)
By construction of the coefficients, we have
!
u,v < exp Zlﬂ(nj - nj_1)104 logg; | < (]10737 (3.2)
Jj=1

so that we may apply Lemma 2.20 to each F}; for 1 < j </, and Lemma 2.4 to F'.
By Lemma 2.4, the second moment of F' may be expressed as:

52
E@“ﬁ]—EZL]jL' (3.3)

We need to bound the twisted mollified moment by llggg;’l Eg [F?]. Put M = M...Mj,
and let

M =MF (3.4)

be the mollified twist. Our restrictions on the coefficients of M; and F' ensure we may
write
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M
M) =3 EEG)xR), (3.5)
j,k=1

ﬁ‘
x| =

for some choice of coefficients x; , integers 7 and k up to a finite length M. We define
an array X = () k-

Proposition 3.1. Let M and X be defined as above. Then

B [IM7] < ol 200 + 0 (7 max | ) (36)
where
2(X) = i I (J1ka, j2k1) o <R2(j1/€2,j2k1)2>
T TRk T ok ks J1j2kiks
J1,32,R1,k2=
(41,0)=3j2,9)=(k1,9)=(k2,q)=1
(3.7
and we use the notation from [IS99]:
1 1
R*§+§¢(*)+7+7l( ) (3.8)
I'(s)
_ logp
n(g)=> b1
plg

and 7(q) denotes the number of divisors of g.

Proof. In [IS99], (Section 5, Equation 5.5) they produce an estimate for the Fourier

transform:
+ N
Blmma) = 32 x| (x3) (39)
If (¢,q) = 1, then
B(emg,emg) = B(my, ma), (3.10)

so in order to understand B(m1,ms), it suffices to consider the case where (my, ms) = 1.
In [IS99], they bound the terms B(mj, ms) in the following lemma.

Lemma 3.2 (Lemma 3.2 in [1599]). Suppose (myi,m2) = 1 and let B(my, ma) be as
defined in Equation (3.9). Then



120 L.-P. Arguin, N. Creighton / Journal of Number Theory 273 (2025) 96-158

*

B(my,mo) = Y plo)e(w) Y W(rnna/q), (3.11)

vw=q mini=msaong mod w
where
14+ic0
W) = — [ (5 +1) @)y rds (3.12)
Y= o 274 yoas ‘
1—200

and G(s) is a holomorphic function in the region |R(s)| < 1 such that

Gls) = G(=s), G (%) e (—%) —0, GO)r G) _1, (3.13)

and

sl

G(s) < |s|Pe . (3.14)

In Equation (3.11), the x restricts the summation to numbers coprime to ¢q. Moreover,
the dominant term is the diagonal contribution to B(mj, mg) in Equation (3.11) when
mini = Mong, which by their Lemma 4.1 is:

D=

Bo(my,mg) = £ @¢(0) log( i )+0<T<q>q ) (3.15)

q+/mi1mz mimsa

The error terms from the other terms contribute at most S(my, my), where
T
W < 1 2)
q

and the sums for the different signs for 4 are taken separately. Using Equation (3.16),

B(mi,mg) = Z (ming = mang, q)(nlng)_%

mini#Emansa
(n1,9)=(n2,9)=1

, (3.16)

they obtain:

Blmnmg) = £ DD oy (L) 4 03mma) 4 7). @D

where R is as defined in Equation (3.8) and ¢*(q) is the number of even primitive
characters modulo ¢. In order to get a sufficient error bound when we substitute Equation
(3.17) into the terms forming M, we require a bound on the values of j and k which
contribute to the sum in Equation (3.5).

Proposition 3.3. If max{j,k} > qlTl)O, then zj 1, =0
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Proof. Non-zero coefficients in M come from products of terms of M;i...M; and F. By
construction, for each 1 < j <[, M; has length < exp((n; — nj_l)los log g;), and so by
construction of the values ¢;, Mi...M; has length < exp ((nl+1 — nl)105> e, which is
< q10*4_

By Equations (3.1) and (3.2), we may write

D (ro! (3.18)

We see that we may take
M < ¢, O (3.19)

For the context of [-sufficient functions, since the coefficients of M; have size at most
1, and Mj...M; has length <« q10_4, the coefficients of M satisfy:

|5, 10~* ‘éu v|
] iy 3.20
i Vik SaomEx Vuv (3:20)
Using Equation (3.5), we may write
M R VAIS Y
2 X(1k2)x(j2k1) .
|M|” = Z Lj1,k1Ljz ko (3.21)

Virkijeke

‘ J1,J2,k1,k2=1
(71,9)=(42,9)=(k1,9)=(k2,9)=1

The expression in Equation (3.17) for B(mj,ms) is only valid when m; and mso are
coprime. To put all the non-zero terms in the above expression in this form, we rewrite

it as:
M . -
\M|2 _ Z X ( Jika ) X ( Jak1 ) Ty k1 Lo ko .
a1 (J1k2, j2k1) (J1k2, j2k1) ) Virkijaks
(J1,9)=(42,9)=(k1,9)=(k2,9)=1
(3.22)
Using Equation (3.17), we can write:
M
E. [|LM|2} < > Ljy ke Ljz,kz X
J1,J2,k1,ke=1
(41,9)=(2,9)=(k1,9)=(k2,9)=1
i1ka, Jok R?(j1ko, jok1)?
90((1)(]1‘ 2,J2 1)log< (?1‘2,,72 1) >+ (3.23)
qj1jek1ks Jijekik

j1k ok 1
B ((jl’gzl,jzkl)’ (jllgzzyjlzkl)) +7(9)g?
0(@)Virk1j2kz '
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If we put X = (2;);k, then we may rewrite the right-hand side of Equation (3.23)
as:

|9Cj,k-\2

- max; N i1k Joki
o 2 5" o _p
Pla)e 0 v(q) Z m(@)g*+5 (Jika, jok1) " (Jrke, j2k1)

Ji,Jg2,k1,k2
(3.24)
Using the relation from Equation (3.20), we may re-express the error bound as:

1073 ~ 2 M
maxe,y |Cu,v 1
<<0<q Yo [Cusl < S T(@)q* +

<p(q) J1,92,k1,k2=1
(41,9)=(42,9)=(k1,9)=(k2,9)=1

jle ijl
’ ((jlkz,jzkl)’ (j1k27j2k;1))>>' (3.25)

‘We need to bound

M

Jika Jok1 >
- - y T - . 3.26
Z B <(31/€2732k1) (J1kz, jok1) (3.26)

] J1,J2,k1,ke=1
(41,9)=(42,9)=(k1,9)=(k2,9)=1

We recall from Equation (3.16), if (mq,mg) = 1, then

B(mi,ma) = Z (min1 £ mang, Q)(nmz)_%

miny#mansg
(n1,9)=(n2,9)=1

Hence,

M

> ﬂ<(, ikz ___ Jzks ) (3.28)

J1.32,k1,k2=1 Jika, jak1)” (jikz, j2k1)

(J1,9)=(32,9)=(k1,9)=(k2,9)=1
W <7rn1n2>
q

_1
= (ning)™2
Since j1, j2, k1, k2,n1 and no are coprime to ¢, the inner sum:

M N .

3 <M q>
J1,d2,k1,k2=1 (]1k2,j2k1)
ni1ji1ka#najok

(n1,9)=(n2,q)=1

M n1j1ks £ nojiok M
1J1~h2 2J2~1 . .
E <W, q) = g (nljle + najaks, Q) (3'29)
J1,92,k1,k2=1 Jik2, Jaf J1,32,k1,k2=1
ni1j1ke#nzj2k1 n1]1k2¢n2J2k1
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may be bounded as < ZMT4 < M*7(q). For Equation 4.8 in [[S99], the authors use
dlq
W(y) < (1 +y)~!. Hence the sum in Equation (3.28) may be bounded above by

M4T(q)2(n1ng)7% <1+n1:2)1 <M* | 7(q) Z (n1n2)7%+q Z (nlng)fg

ni,n2 n
1m2>
nin2<q 4

< M4T(q) Vqlogg.

ni,n2

(3.30)
Using this bound for the error term expressed in (3.25) for the expression in Equation
(3.24), the bound in Equation (3.19), and the bounds

q
——7(q) < ¢, 3.31
o(q) @ (33
we obtain
E, {|M\2} <o) t2(X)+0 (q_% max |C~’U,U2> . (3.32)
This completes the proof of Proposition 3.1. O

Proof of Theorem 1.6. Having proven Proposition 3.1, we proceed with the proof of
Theorem 1.6. We want to calculate 2(X) for the value of X determined by the coefficients
of M as defined in Equation (3.4).

We recall from Equation (3.3), the following formula for the expectation of the function
F:

) 3 |Cul®
pluv = p<q
(u,v)=1

Combining Equations (3.20) and (3.33) with the bounds

q q c
POREEO) 7(q) <e ¢°, (3.34)

for any € > 0, we see that the error term in Equation (3.6) is

0 (E@ [\F\QD . (3.35)
We will show that
2(X) < llggg; E, [|F|2} : (3.36)
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which upon substitution into Equation (3.6) will complete the proof of Theorem 1.6.

We need to substitute the choice of M into Equation (3.6). First, we rewrite the
expression for 2(X) in Equation (3.7) to group terms coming from the same term in
Q(x) together. Let M have coefficients given by:

y erx(f)
M(x) = . .
(=) 5 (3.37)
f
Expanding M = MF, we see
k=Y Cuner. (3.38)
uf=j
Substituting this relation into Equation (3.7) yields:

E o A E €f1€fa R2(U1k2f1,u2k1f2 2)
2(X) = Cul 1Cu2 2 lo
(%) * * [urka f1, uzks f2] & ( w1 ko fruoky fo

u1,k1,uz,ke f1,f2

.39)
For fixed choices of u1, k1, us and ko, we can separate the log factor in Equation ( 39)

/—\

into two terms:

log (Rz(ulk1f2,u2k2f1)2> — log (Rz(ulk2,uzk1)2) o (flf?(ule,Ule)z) .
uky fauzks f1 urkyugks (urka f1, uzky f2)?
(3.40)
If we take this first term on the right hand side, which is constant in f; and f3, out,
then the remaining factor inside the logarithm is doubly multiplicative in f; and fo for

a fixed choice of ¢; and cg, which makes it easier to sum over. We write Equation (3.39)

as:
2X) =P - P (3.41)
where
A = R2(uiko, usky)? ere
ul,l;ug’kZCul,leuz,kz log < (ullkft’u]; ) ) 2 [u1k2ffll’ szlfz}’ (3.42)
and

E 5 = E €111, flfz(ulkz,uzk1)2>

Py = Cui k:Cu lo . 3.43

2 : ) 1,k1 Y uz ko [U1k2f17u2k1f2] g <(u1k2f1, U2k1f2)2 ( )
ul,K1,u2,82 1,J2

We think of P; as being the sum where we take an approximate value for the logarithm
factor by setting f1 = fo = 1, and P> being the oscillatory term which takes into account
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the variation in the logarithmic factor for different values of f; and fo. We bound both
P, and P», and show:

log q 2
PP < 21E {F} 3.44
DR L |F| (3.44)
We first bound P; by taking the maximum value of the logarithm factor. From the
definition of R, we see the logarithmic factor be bounded by log ¢ and so

~ = R?(uy ko, ugky)? ef ey
P < Cuy ke Cug ey | —_— - —l Ps,
| 1| = Z 1,k1 2,k2 Og( Ulklu2k2 Z[u1k2f17U2k’1f2] <5
'U/17kf17u27k2 1,J2
(3.45)
where
A A €f1€fs
Py =1 ’CU . S L; B 3.46
T osd Z ph ek Z [urka f1, uzks f2] (3.46)
ul,kl,UQ,k‘g 1,J2
We show that P; may be bounded by lfgg;IE@HQ\Q] in Section 3.1 below.
Proposition 3.4. Let P3 be defined as above. Then
log g 2
P; <« ——Eg[F~7]. 3.47
< g [ (3.47)

For P, we also want to bound the sum absolutely to begin with. We have from
Equation (3.43),

A ~ €f1€fa f1fa(urks, usky)?
Pl < I . 4
‘ 2‘ - Z ‘Culvklcuz,kz ’ Z [ulefl, Usky fz] 0og ((Ulefl, qu1f2)2 (3 8)

u1,k1,u2,ke 1,f2

We want to approximate the logarithm by multiplicative functions, to make them easier
to sum. Observe that, given T' > 1, as § — 0 we have by Taylor’s Theorem:

ogt= =" Lo 3.49

=" .
where the error decays uniformly in 3, for all 1 < ¢ < T. This will enable us to bound
Ps.

We substitute ¢ for

Jifo(uika, uzky)?
(urka f1, uzky f2)?’

(3.50)
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in the definition of P, in Equation (3.43). We see that ¢ > 1, whilst the restrictions
on prime factorisations ensure that if ey es, # 0, then ¢t can be bounded by some T'
depending only on ¢. Hence, P, may be approximated by taking the limit as 8 — 0 in
Equation (3.49). Indeed, if we set:

P4(6)=% Z ‘Ou1,kléu2,k2 (3.51)

u1,k1,u2,k2

P [u1ka f1, uz2ky fo (urko f1,u2ky f2)? (urka f1, usks f2)? ;

1,J2

then the bound in Equation (3.48) becomes |Ps| < limg_,o+ Ps(5). We show in Sec-
tion 3.2:

Proposition 3.5. Let P, be defined as above. Then

log q
log i

Blirg1+ Py(B) < Eg [F?]. (3.52)

Combining Propositions 3.4 and 3.5 completes the proof of Theorem 1.6. 0O
3.1. Proof of Proposition 3.4

The formula for P; is used for estimating the sum P; in (3.41). The bound P; > P,
was obtained by bounding the absolute value of the logarithmic factor by its maximum,
which is smaller than log ¢. The expression for P5 splits into products over contributions
of expectations of the components of the Dirichlet polynomial supported on the integers
with primes in the interval (¢;—1, ¢;], for 1 <4 <. Since F is [-sufficient, the contributions
of the different intervals are weakly dependent, and the expectation of the P; may be
bounded by the product of the expectations from each interval. Indeed, we have:

Py =logq [ i, (3.53)

where N; is the contribution to Ps from the F; component in the factorisation of F =
l
[Ties B

o p(fop(f2) _ _
Nz = ‘ Z m‘ Z ‘C’LLl7k1,B(‘)7K1jc’u.2,k2,B(‘)7K1j

p|f1,f2 = pE(qi—1,4] . u1,k1,uz,ko
Qi (1), (f2)<(ni—ni—1)'°

(3.54)
In Lemma 3.6 below, we show we may lift the restriction on the number of prime factors
of coefficients fi; and f5 of the mollifier M; with negligible error; in Lemma 3.7 we bound
the sum with the restriction removed.
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We use Rankin’s trick to show that we can remove the restriction on the number of
prime factors of f; and fs, the terms coming from the mollifier M, with negligible error.
If we were able to remove this restriction completely, then M would completely mollify
the component of the Euler product of the Dirichlet L-function coming from primes
in the interval (g;—1, ¢;]; this next lemma essentially shows that the factors of mollifier
My, ..., M, are long enough to have this mollification effect. Lemma 3.7 then evaluates
the sum with this restriction removed.

Lemma 3.6. For 0 <i <1, the expression in Equation (3.54) is

p(f1)p(f2)
Z [urka f1, uzk: f2] (3.55)

§ : |Cu17k17B(i)7KiCu27k27B<i)7Ki

u1,k1,uz, ke plfi,f2 = p€(qi—1,4q:]

+ O (e—loo(ni—ni,l)E@ |:|F7,|2j|) )

Proof. The contribution of those values of f; where Q;(f1) > (n; — ni_1)105, which are
excluded by the restriction on the length of the mollifier, to the expression in Equation
(3.55) may be bounded for any p > 0 as:

< e*P(nFm—l)wS

2 : ’Cm,khB“'),Ki Cuz,kz,B“'),Ki

u1,k1,uz,ke plfi = p€(qi—1,4i]
PP|fs = pe(qi-1,9:]

X

Z ot I (f2)  (3.56)
[u1ky f1, ugky fo]

We sum over the possible indices of each prime p in the interval in the prime factorisations
of f1 and fy, which both must be squarefree to contribute to the sum. Say the exponent
is dp; = vp(fi) € {0,1}. Then, for fixed values of uq,ug, k1 and kg, the inner sum over
f1 and f5 in Equation (3.56) is:

ePwi(pP:1)
H Z pmax{(dp,1+vp(uik2)),dp 2+vp(uzki)} (3.57)
P€(qi-1,ail dyy,1 ,dp 2€{0,1}

For a given prime p in the interval (g;—1,¢;], the term in the inner product may be
expressed as:

1 j : epwi(Pdp’l)
pmax{v,,(ul k2),vp(u2ki)} pmax{d,ﬂ—&-vp(ul k2),dp 24vp(uzk:)} —max{vy(uiks),vp(uzki)}”
dp,1,dp,2€{0,1}

(3.58)
Considering the possible values for the exponent

max{d, 1 + vp(u1ks), dp 2 + vp(uzks)} — max{v,(uiksa), vp(uzk1)},



128 L.-P. Arguin, N. Creighton / Journal of Number Theory 273 (2025) 96-158

this term associated to the prime p may be bounded by:

1 {1 + % ’Up(ulkg) Up(’ltzkl) (359)

preler (kD Gt} T 1000wy (urks) # vp(uzky)

Since uq,us9, k1 and ko have relatively few prime factors, we expect for typical primes
in the interval, v,(ui1ks) = v,(u2ki) = 0, so that Equation (3.59) only yields the larger
bound 100e” on a few primes. Note that the contribution of p € (g;—1, ¢;] with v, (u1ke) =
vp(uzky) may be bounded by taking the product of the bound in Equation (3.59) over
all primes in the interval. Thus, their contribution is at most

]_ P
I 1+ (3.60)

pE(qi—1,4:] b

An application of the Prime Number Theorem shows that the contribution of these
typical primes may be bounded by:

100e”
( log gi ) — 1006P (ni—ms 1) (3.61)
log gi—1

Hence, if we define a function a to collate the contribution of all the bounds in
Equation (3.59) used for each prime in the interval, then the coefficient for each term in
the polynomial, which we are calculating in Equation (3.57) may be bounded by:

a(urka, u2k1) 100e0 (ni—ni 1)
b)

3.62
[U1/<12, U2k1] ( )

where « is a doubly multiplicative function such that:

100e”

a(p™,p") =1+ for all n > 1, and a(p™, p™) = 100e” for n,m > 0 with n # m.
(3.63)
Returning to Equation (3.56), the effect of adding in the extra values of f; with many
prime factors may be bounded by

105 a(urka, ugk)
—p(n;—mn;_ +100e” (n; —ni— 12, U2/iv]
e Pl v (nemmizs) 2 : ’CulaklvB(i)1K'iCu2ak27B(i)aK'i! [

w1k, ugki]
u1,k1,uz2,k2

(3.64)
Using the Cauchy-Schwarz inequality:

2) , (3.65)

1
|Cul,k1,B(i),K1‘ u2,k2,B(i)7Ki| S 5 (|Ou17k178(i)7K11|2 + ‘Cuz,k:g,B(i)7Ki

and dropping the restriction on ;(u1) and Q;(k2), we can bound the sum in Equation
(3.64) by:
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§ : |Ou27k2’3(i),Ki

uz, ko plurki = p€(qi—1,9i]
(u1,k1)=(uz,k2)=1

2 Z Oé(ulkg,’l,bgkl) ' (366)

[u1 ko, ugk:]

We seek to bound the inner sum,

E a(urka, ugky)
Turks, ugky] 3.67
[u1kz, uzk:] (3.67)
plurke = pe(qi_1,qi]
(u1,k1)=(u2,k2)=1

The restriction (uq, k1) = (ug, k2) = 1 ensures that
[ule,Ule] == [ul,UQ] [khkg]. (368)

Meanwhile, using that for any prime p € (g;—1, ¢;], for vp(u1k2) # vp(uzk:) we must have
either vy, (u1) # vp(ug) or vy (k1) # vp(ke2), we see that

a(urka, ugkr) < a(ug,ug)a(ke, k). (3.69)
Hence we may bound the sum in Equation (3.67) for any values of us and ke by:

a(uy, ug)a(ky, ka) a(uy, ug)
Z [ur, uzl[ky ko] Z [u1, uo]

plurks = pe(gi-1,4i] plur = pe(qi—1,4i]

> s ew

plk2 = p€(qi—1,4:]

We follow [ABR20], Section 8.2, where we change their notation to write a for their
function f. Using their bounds, we have for any integer co whose prime factors all lie in
the interval (¢;—1,¢i]:

1

) aleves) 1o (2006”(7% —ni_1) + 10%p(n; — ni,l)m““) . (3.71)
[cr,e2] T o

pler = p€(qi—1,4:]

Combining Equations (3.62), (3.66) and (3.71) we see that the expression in Equation
(3.56) may be bounded above by:

2
efp(ni—n,;_l)ms+5006"(n7:7m—1)+2.104p(n7:7n7:—1)w4+1 E —‘Cu%k%Bm’Ki (3.72)

ugko
uz,ka

For 1 < <[ we have by Equation (1.20),

n; —ni—1 = s(log; 1 (q) —log;,2(q)), (3.73)
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and so, by choice of s, we have n; — n;_; > 10°. Hence, picking p = 1000 in Equation
(3.72), we may bound the expression in Equation (3.56) by

67100(ni7ni,1)]E@ I:‘F‘z|2:| .

A similar calculation shows we may lift the restriction on €;(f2), incurring an error
of at most order e~100(i—mi-1)E 4 [|F;|2]. This concludes the proof of Lemma 3.6. O

It remains to estimate the main term in the product for Ps in (3.55), i.e.,

Z Z p(f1)p(f2)
i . i . L . 4
’CUIsklaB( ), K Cuz,kz,B< ),K; [u1k2f1’ u2k1f2] (3 7 )

u1,k1,uz,ko plf1,f2 = p€(qi-1,q:]
Lemma 3.7. The value of the expression in Equation (3.74) is
Eq {|Fi|2} < 11 (1 - 1> . (3.75)
p
p€E(qi—1,4:]

Proof. We consider the contribution to the sum for different values of uy, us, k1 and ks.
We recall that the coprimality conditions for the support of the summand mean that
urke = usk; <= uy = ug, k1 = ko. Suppose uiks # usk;. We show the sum vanishes,
so that only the diagonal terms from taking wi;ke = usk; remain. Since uiks and usky
have distinct prime factorisations, there must be some prime which divides them to a
different exponent. Hence,

Ip* € (qi—1, ] : vpr (u2k1) # vp« (urk2). (3.76)
Without loss of generality, we may assume
Up* (Ule) > Up* (’U,lkg). (377)

We consider the prime decomposition of fi, fo,usk; and uqks into powers of p* and a
remainder. Write

fi= A" fa= 0% uki =c1(p?)® uiks = ca(p*)®,

where di,dy € {0,1} and p* t f{, f5,c1,c2. The factor multiplying |C,, 1, 5ok,
C

o ke, B0 K, | I Equation (3.74) is:

1
pUS) (1) ()
L R 2 w8

plf1,f5 = p€(gi—1,4:]\p

1,d2=0

From Equation (3.77), we see d3 > dy, so that the inner sum over (dy, dz) is:
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1 \dy 1
Z(;*;L%Z(l)dz =0, (3.79)

d1=0 do=0

so the whole sum vanishes in the case usk; # uike. We are left with the sum over the
diagonal terms usky = uqky in Equation (3.74), which is:

§ : |y (uzks)|? § : p(f)p(f2)
TIAmemT . 3.80
uky Cfi fo] (3.80)
pluzks = p€(qi—1,qi] plfi,f2 = p€(qi—1,4q:]

Qi(u2),Q:(k1)<10(gi —qi—1)"°

Since the functions are multiplicative, the factor coming from the sum over f; and
fo is Hpe(qifl,qi] (1 — %), which multiplies each wusk; term, completing the proof of
Lemma 3.7. O

Combining Lemma 3.6 and Lemma 3.7, we see the contribution to the product in
Equation (3.54) is:

N; = Eq [|Fi|2} 11 (1 - %) + O(e~100mi—niza)y | | (3.81)

PE(qi—1,9i]
Using the Prime Number Theorem to estimate the product over p, this yields:
1
N; = Eg [|Fi|2} I1 (1 - —) (1 + O (e~ 1))) . (3.82)
PE(qi—1,9i] p

Substituting this value of N; into Equation (3.53), we take the product to get

l
log q 2 logg
P E [Fi }_ E [F } 3.83
< gy 1B 1] = 5B 17 (3.83)

where we used Lemma 2.4 to multiply the expectations. This concludes the proof of
Proposition 3.4.

3.2. Proof of Proposition 3.5

We want to write Py(8) in terms of the sums of multiplicative functions, which can
then be calculated accurately. As in the calculation of Pj, we first want to remove the
restriction on the number of prime factors of f; and fs, using Rankin’s trick, and then
evaluate the sum with these restrictions removed.

Given integers ui, k1, us, ko with prime factors all at most ¢; such that (uq,k;) =
(ug, k) = 1, define
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i
€f1Efa f1f2(u1k27u2k1)2>
H(B,uy, ki,u2, ks) = ’
(B sz, o) Z [u1ks f1, u2k1 fo] <(u1k2f1,u2k1f2)2
p|f1f2 :pE(melychn]
(3.84)
so that
1 ~ N
Py(B) = - Z |Cuy e C oo | [H (B ua, 1wz, ko) — H(—B,u1, k1, ug, ka)l .
26 ki,uzk
(3.85)

The expression for H(f,u1, k1, us, ks) in Equation (3.84) splits into the products of
contribution supported on integers with prime factors all in the intervals (g, gm—1] for
each 1 < m <. Indeed, we may express Equation (3.84) as:

I
H(B,u1, k1, u2, ko) = H R(m, B,u1, ki, uz, k2), (3.86)

m=1

where R(m, 8, u1, k1, us, ka) is defined as:

€rhefs f1f2(ulk2,u2k1)2>w
Z [Ulszl,'u,gklfg] ((u1k2f13u2k1f2)2 . (387)

plfif2 = p€(gm—1,9m]

In Lemma 3.8, we show using Rankin’s trick that we may remove the restriction
on the number of prime factors of coefficients of the mollifier M;...M; in calculat-
ing limg_,o+ Pa(B), with error bounded by O(logq]E@[|F|2]). Note that this is of

log 1
the same magnitude as the bound in Theorem 1.6 for the whole twisted moment

Eg [|LM1...M1F|2] We want to show P,() may be approximated by 7°(3), where

T(ﬁ): % Z ‘éu1,k1éu2,k2’}f{(ﬁvulvkhu%kQ)_ﬁ(_ﬂuulaklau27k2)|v
(u1,k1)=(uz,k2)=1
(3.88)
and for integers wq, k1, us, ke with prime factors all at most ¢, such that (uq,k;) =
(ug, ko) = 1, H(B,u1, k1, uz, ko) being defined as:

i _ p(f1)u(f2) f1fa(urks, usky)? ”
HiB v, b, o) = Z [u1ks f1, u2ks fo] ((Ulszl,u2k1f2)2> .

p|f1f2 - pE(melquL]
(3.89)
In Lemma 3.11, we bound the sum without the restriction on the number of prime

factors in the mollifier, and show this may also be bounded as O (ll;’gg; Egl|F |2]) This

will complete the proof of Lemma 3.5.

Lemma 3.8. Let Py(B) be defined as in Equation (3.51), and T(8) be as defined in Equa-
tion (3.88), for F an l-sufficient function. Then
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loggq
log ¢;

PAB) = T(5) + O (122 [IFT) + 0500, £(1). (3.90)
In order to prove Lemma 3.8, it is first necessary to understand the terms defining
7'(8) in Equation (3.88) better, so that we may split it into the contribution from primes
in different intervals (g;_1,¢;], for 1 < j < I. This follows the proof of the estimate in
Lemma 3.6, which allowed the restriction on the coefficients of M to be lifted in bounding
Ps5. Given positive integers ¢y, co, f1 and fo with all their prime factors at most g, let

fifa(cr,e2)?

U(ci,ca, fi, 3.91
( 1,C2 fl f2) (lelac2f2) ( )
Further define
w(f)r(f2) Uler,ca, fr, f2) = Uler, co, f1, f2) =
Ogs(c1, o) = - 3.92
pler,e2) Z [c1f1, cafo] 2if3 (3.92)
plfi,fo = p<a
Then we see that Equation (3.88) may be rewritten as:
T(ﬁ) = Z |C~YU1J<1 C~'u27k2| ‘@5(%1]@, u2k1)| . (393)

u1,k1,uz,k2

We will show that most tuples (uq, k1, uz, ko) don’t contribute to the summand in Equa-
tion (3.93). Indeed, we will show only the diagonal terms u; ke = usk;, and those tuples
where the prime factorisations of uike and wuqk; differ at a single prime, have non-zero
contribution to Equation (3.93), in the limit as 3 — 0%. We will bound both of these
contributions, and show that, summing over j, both sets of contributions can be bounded

by the desired bound <« Eg [|F\2] X llt?gg(z'

Lemma 3.9. Let ¢; and co be integers with all their prime factors at most q;.

e Ifcy = cq, then

O(cr, 1) :Ci 11 (1 - l) 3 (2{‘)?’;/) +oss0r, #(1). (3.94)

1 p p
P P<a

o If there exists a unique prime p* < q; such that vy(c1) # vp(c2) <= p=p*, then

(p* —1)log p*

96(61’62) = (p )max{vp* (c1),vp (c2)}+1 H ma.x{vp(cl),vp(cz)}-i-l + 050+, F(l)
p< qar
p#p”
(3.95)
o If the prime factorisations of c1 and co differ in more than one prime, then
ﬂli}r{)l+ ©p(c1,c2) = 0. (3.96)
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Proof. Define

bolere) = Y [C(jjl)’ Cigv(cl,@,fl,fm (3.97)
plfi,fo = p<a
Then
Os(c1, c2) = %;Tg’fﬁ (3.98)

and we can calculate ¢g(c1,c2) as the sum of functions doubly multiplicative in f; and

f2.
We first calculate the diagonal terms ©(cy, ¢1). We have

1 8
wiewed=z 3 MEER () em
plf1,f2 = p<aq

On the diagonal terms, ¢g(c1, c1) factors as an Euler product. If we write dp,; = v,(f;),
then we obtain

-1 dp,1t+dp,2 . .
¢ Clgcl H Z ( ) (pk1+k2—2mln{k1,k2})’tﬁ. (3100)

max{dp,1,dp,2}
U p<a dp1,dp,2€{0,1}

We can write this as a product over primes in the interval,

1 2p
Il 45 Aps=1+ - Z; . (3.101)
P<q
Hence,
1 ¢_p(c1,c1) ( opler,cr)
Op(c1,c1) = %7 (pp(c1,e1) —p—pler,cr)) = %5 <¢ﬁ(01701) - 1) . (3.102)

Each term in the Euler product for % is 1 + O(f), hence we may express Equation

(3.102) as

1

Op(c1,e1) = (goler, e1) + O“”Z% (% - 1) : (3.103)

r<q

But setting § = 0 in Equation (3.101) shows that:

dolerer) = — 11 (1 — 1) : (3.104)

C1
P<q p

For each prime p < ¢,
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_(1_ L\ (_2iBlogp 2
Apg= (1 p) (1 P ) + 0(87), (3.105)
hence
Ay 4iflogp 9
— =]1-—=>40 . 3.106
i CBE 4 0 (3.106)

Hence, as 8 — 01 in Equation (3.103), and we take the sum over the contribution of all
the primes in (g;j—1,¢;] to the sum on the right-hand side, we obtain:

Op(cr 1) :Ci 11 <1 - %) 3 (i}ogﬁl) o500, (). (3.107)

’

P<qi P’ <aq

This proves Equation (3.94).
It remains to calculate the off-diagonal terms for Og(cy,c2). The Euler product,
instead of the diagonal term from Equation (3.100), becomes the more complicated

formula:
pp(cr,c2) = H §(ps c1,c2), (3.108)
PE(qj—1,45]
where
- (_1)dp,1+dp,2
513 (p’ €1y 62) - Z pmax{vp(ulkg)erp,l,vp(ugkl)erp,g} x

dp,1,dp,2€{0,1}

(pdp,1+dp72+2 min{vp (u1k2),vp(u2k1)} ) B

p2 min{dy, 14vp(u1kz),dp 2+vp(u2ki)} (3109)

This is different to most of the Euler products, since some of the terms may be O(f3),
rather than 1 + O(5). We remark that this doesn’t occur when splitting ¢g(ci1,c1) into
the A, 3 in Equation (3.103), because the leading term for A, 53 is A, g =1— % which is

non-zero, and hence AA”’B/} =1+ 0(B).
o
We now evaluate &g(p,c1,c2); the limiting value will depend on whether or not

vp(c1) = vp(e2). If vp(er) = vp(e2), then

1—2p"F~t4pt

gﬁ(p7 01762) = pmax{vp(cl),vp(CQk)}' (3110)
We expand this to first order terms in 5 to show:
p—1
55(p7 ‘o 62) - pmax{vp(cl)vvp(%)}-‘rl + O(ﬂ) (3111)

If vy(c1) # vp(c2), then
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1 7pi571 7p7iB +p71

s(p,c1,c2) = ) (3.112)
We expand to terms of order 82 to show:
i(p—1)Blo
€a(p,c1,c) = (p=1Blosp 11 o)), (3.113)

pmax{vp(cl),vp (c2)}+1

From Equation (3.113), we see that if v,(c1) # vp(c2) for more than one prime p < g,
then substituting into Equation (3.108), we will have ¢15 = O(f?), since more than one
term in the product will be O(8). Substituting the values for ¢+ into Equation (3.98),
we see that ©g(cy,c2) = O(B), meaning that the coefficient vanishes in the limit as 3
approaches zero. This proves Equation (3.96).

It remains to consider the case where the prime factorisations differ in exactly one
prime. If we have exactly one prime p* < ¢; such that vp-(c1) # vp-(c2), then Equation
(3.113) gives expressions for {5(p*, c1, c2) and £_g(p*, ¢1, ¢2), while Equation (3.111) gives
expressions for £3(p, c1,c2) and £_g(p, c1,c2) for all other primes p < g;. Substituting
these expressions into Equation (3.98), we see:

1
2iB°

B 2i(p* — 1)Blogp*
Osler, 2) = (p* )max{v *(e1),vpx (c2) }+1 » max{”p(fl)w;a(cfz)}-ﬁ-l x (L+0(8)) x
p<q
p#pl

(3.114)
This completes the proof of Equation (3.95) in Lemma 3.9. O

Proof of Lemma 3.8. From Lemma 3.9, we have limg_,o+ Og(uiks, ugki) is a non-
negative real number for all choices of ui,k;,us and k;. Hence, we may remove the
final modulus signs in Equation (3.93) to write

r(B) = Z |Ou1,kléu2,k2| Op(urks, u2kt) + 0go+, p(1). (3.115)
u1,k1,uz2,k2

We now split the right-hand side of Equation (3.115) into the contribution from primes
in different intervals. Given 1 < j <[, define

P(J, B) = Z ’le,th(]) K;Cmara, B K, | @3(M1T2, M2r1). (3.116)

mi,71,M2,72

We may decompose a tuple (u1, k1, us, k2), such that pluikiusks = p € (gj-1,¢;] into
its factors from each interval. If

I I I !
uy, ug, ki, ke = H m;1, H m;2, H 1, H T2, (3.117)
j=1 Jj=1 Jj=1 j=1

where p|mj1m;ar;ji7j2 = p € (¢j—1,9;], then we may write Equation (3.115) as:
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l
H )+ 0p50+, p(1). (3.118)

For any 1 < j < [, upon setting ¢« = j we have ¢(j,0) is the value of the expres-
sion in Equation (3.74), which is evaluated in Lemma 3.7 to be the non-zero quantity,

Eg [‘Fﬂﬂ Hpe(qj,l,qj} (1 - %) Hence, using Equation (3.118), we may write

l

Z( o 213 ) H Ee ['FA‘ } 11 (1;) + 00+, £(1).

Jj=1 A=1,A#j5 PE(gr—1,9x]

(3.119)

We must bound the contribution to Equation (3.119) of the extra terms in M both with
max{Q;(f1),Q;(f2)} > 10(n; — nj,l)los for each j, and the terms with

max{(f1), W (f2)} > 10(nx — na_1)'*" for each A # j. In order to bound such
terms, we first need to understand the expression related to numbers with prime factors
all lying in the interval (g;_1, ¢;]-

Proposition 3.10. Let 1 < j <1 and (4, 3) be as above. Then

(d)(j,ﬁ) — 0, —

2i8v%(j, B) ﬁ)) < (loggj —loggqj—1)Eg ['Fj|2] 11 (1 - %) +o0p0+, p(1).

PE(qj—1,9;5]

(3.120)

Proof. We define a restriction of the function ©; defined in Equation (3.92) to numbers
with all their prime factors lying in the interval (g;_1, ¢;]. Given positive integers ¢; and
o with all their prime factors lying in the interval (g;j_1,¢;], define

B w(f)p(f2) Uler,ca, f1, f2) = Uler, co, f1, f2)
Ospler c2) = Z [c1 f1, cafa) 2if3 ’

(3.121)
where U is the function defined in Equation (3.91). Then we see that the left-hand side
of Equation (3.120) is

plf1,f2 = p€(qj-1,9;]

Z ‘ij'yl,Tj’l,B(j),Kj ijyz,’l‘]',z,B(j),Kj |@j75(m]’717‘j72,mj727"j72)‘ ° (3'122)

mj,1,75,1,1M5,2,75,2

Following the proof of Lemma 3.9, restricted to primes in the interval (gj_1,q;], we
see that most tuples (m; 1,71, m;2,7;2) don’t contribute to the summand in Equation
(3.93). We have the same result with the condition p < ¢; replaced by p € (¢;-1,¢;].

We use this in Equation (3.122), and notice that on the support of the coefficients
CmJJ7Tj117B(j)7Kjijj’,r,jyz’B(j),Kj, we have mj17j2 = mjarj1 = Mj1 = Mj2,Tj1 =
75,2. Hence the above equals
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2
1 Cim, 1,75,1,B9), K
7 I J
H 1— 5 — + (3.123)
17,1
pe(qj—h‘b'] mg;, 1,751 7 J
log(p*) Z ’ij,h?“j,hB(j),Kj Omj,z,rj,Q,B(f),Kj
ogp
. . [mj17j,2,mj27j1]
p*E€(qj-1,9;] vp(my,1rj,2)Fvp(my,2rj 1) <= p=p

The diagonal term corresponding to the first sum in Equation (3.122) may be handled
directly using Lemma 2.3, to show it contributes: HpG(qi—l 4] (1 —% Eg ‘Fj‘2]' It
remains to show the off-diagonal terms from the second sum can be bounded above by:

(log g —log qj—1) H (1 - %) Eg [|FJ|2} .

PE(q;j—1,9;]

The contribution of the second sum to Equation (3.122) may be bounded above by:

(5

pE(a;-1,43] (45-1,45]
2 : ij,hrj,le(j)’Kj ij,27rj,27B(j>ij
. [mj,a7j,2,mj07j 1]
vp(my,17j,2)Fvp(my,2ri1) <= p=p
(3.124)

Applying Cauchy-Schwarz and using the support of the coefficients ij’m B, K, shows
that Equation (3.124) may be bounded above by:

1 2
H ] (1 B 5) Z ‘ij,l,’l"jﬁl,B(j),Kj (3125)

PE(gj-1,4; plmj1rj1 = pE(g;-1,95]
(mj,1,m5,1)=1

1
E log p*
. [mjarj2,mjorji]
p"€(qj-1,45]
(mj,2,75,2)=1
vp(my,17j,2)#vp (Mj,27;5,1) < p=p"

Considering a fixed prime p*, the values of coprime pairs of integers m;i,7;1 and
. % .
mj,2,752 With vp(m;1752) # vp(mj2rj1) <= p = p* may be expressed as:

mip=m'(p )M, v =r(p)"2, mja=m/(p)%, o =r"(p)%,  (3.126)
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where p*  m'r’ and dy, ds, d3, dsy are non-negative integers. The conditions:
(mj1,7j1) = (M2, 752) = 1and vp(m;17;2) # vp(m;2rj1) <= p=p" mean

min{dy, ds} = min{ds,ds} =0, (3.127)
and
d1 + d4 = d3 + d2 + n, (3128)

where n is a non-zero integer. Hence, using this restriction, the inner sum over m;» and
rj2 in Equation (3.125) may be expressed as

Z IOg p* (p*)dl +do—max{d; +d4,d2+d3}. (3129)
mjiTy,1
n#0
We handle the terms from positive n and negative n separately. We first consider positive
n; the case of negative n follows by symmetry.
For positive n, we have

dy +do — max{d1 + dy,do + d3} =dy — dy — n, (3.130)

so that the contribution to the inner sum in Equation (3.125) is a geometric series. In
the case da > 0 we have d; = 0 by Equation (3.127), so that Equation (3.128) yields
that

dy > ds. (3.131)

There are relatively few choices of p* for which dy # 0 since r; 1 is constrained to have
few prime factors. Note that for fixed n,d;,ds and d4, ds is determined uniquely by
Equation (3.128). The two cases to consider are when ds = 0 and dz > 0. In the case
dy = 0, we see the contribution to the sum in (3.129) of positive n is hence

*

1 1 log p
< E log p* E < E : 3.132
or —/marga ()" myara p* (3132)

P €(q5-1,94] P E€(q5-1,45]

Using the Prime Number Theorem, the bound above is

1 i —1 i
< 084 —10845-1 (3.133)
mj17j,1
For the case dy > 0, there are at most 10(n; —n;_1)'%" choices of (p*) for which dy > 0.
By Equation (3.131), they each have contribution
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log p* log q;_
<> 8P 841 (3.134)
! mjiaria(p*)" T miariigi—1
n

so that the total contribution to the sum in (3.129) is

10°

NG — N log q;_ 1

< Mimnymy) loggin o . (3.135)
mj175,1q5-1 myj,175,1

Combining the bounds from (3.133) and (3.135) we see the total contribution to (3.129)
for positive n is

» log q; — long—ll

< (3.136)
mj 17,1
By symmetry, the contribution to the sum in (3.129) for negative n is also
logq; — logq;—
<« 2895 — 08 4j—1 (3.137)

m;iT;1

Substituting this bound into Equation (3.125), we have that the left-hand side of Equa-
tion (3.120) is
2
‘ijvlvrj,l,B(j%Kj

1
< (logg; —loggj—1) [] (1—5> Z . . (3.138)

PE(q;-1,45] (mj1,r5,1)=1

Using Lemma 2.3 to handle the sum shows that the above expression is

(logg; —logg;—1) [] (1 - 1) Egq [F?]. (3.139)

Pe€(g;—1,95] P

This completes the proof of Proposition 3.10. 0O

‘We are now in the position to show that we may lift the restriction on the prime factors
of coefficients of M in calculating limg_,o+ P4(B). By Rankin’s trick, the contribution

to the term (%}W) in the summand in (3.119) of those fi; with Q;(f1) >
10(n; —n;j_1)'" for some 1 < j < I may be bounded for any p > 0 by:

5
—10p(n;—n;-1)*° . )
¢ t le,ThB(J),Kj Cm2,T2,B(7),Kj X (3.140)

mi,Tr1,m2,r2

Z () p?(f1)p?(f2)

[mara f1, mary fo]

log <f1f2(m17“2, m2r1)2> ’ +

. (m172f1,m27’1f2)2
plf1f2 = p€(q;-1,95]



L.-P. Arguin, N. Creighton / Journal of Number Theory 273 (2025) 96—-158 141

05ﬁ0+’ F(]-)

The restriction on the number of prime factors in the interval (g;_1,¢g;] in the internal
sum over fi and f> in (3.140) is inherited from the support of C, .. i i, But since

Jifa(mara, mory)?
LS Crafrmar )2 = 112 (3.141)
we see:
f1f2(m172,m27“1)2>‘
o <(m17"2f1,mg7”1f2)2 < log(f1f2)- (3.142)

Hence, the expression in (3.140) may be bounded by:

5
—10p(n;—nj—1 10 ) )
e (n; i-1) le,’r'l,B(]),KjCmg,'l'z,B(J),Kj X (3143)

mi,71,M2,72

Z 6ij(f1) ,u2(f1),u'2(f2) ] log (flf?) +0[3—>0+7 F(l)

[m17“2f17m27“1f2
plfif = pE(q;j-1,q5]

For each tuple (my,r1, ma,r3), define

2 2
D;(mq,r1,mo,ry) = eP(f) _H (o (f2) lo 3.144
J( v ’ 2) plf1f2 :zp;(q,l ;] [m17"2f17m27"1f2} g(flfQ) ( )

to be the coefficient multiplying ‘C’ulyklmemeCUQ’,Q’K(],)’BU) in the internal sum in
(3.143), arising from the inner sum over values of f; and fs.
The term log(f; f2) in Equation (3.144) may be written by factorising fi fo into its

prime factors, so that the sum can be rewritten as a sum over logarithms of primes in
the interval. Indeed, we have

log(fif2) = Y _ (logp)uy(f1f2). (3.145)
plfi1f2

If we write d,, ; = v,(f;), and observe that the exponents can be at most 1 to contribute
to the sum, we see:

Dj(m17r17m27r2) < Z log p Z eij(pdpJ) «

PE(q;j—1,9;] dp,1,dp,2€{0,1}

L < I b (3.146)

pmax{dpyl +vp(mire),dp 2+vp(mari)}
t<q
t#p
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where for each prime t € (gj_1,¢;], we define:

NS
he = Z tmax{ds,1+ve(mir2),de 2 +ve(mari)}t’ (3147)
d¢1,d,2€{0,1}

The sum over dj, 1 and dp, » is at most:

P .
: { TR up(urky) = vp(uzky) (3.148)

pmax{vp (mar2),vp(mari)}

100e” logp otherwise

The sum over d; 1 and d; o for ¢ a prime in the interval not equal to p in Equation (3.147),
which we have denoted by h¢, is at most:

' {1 10 i vy (mary) = viramn) (3.149)

(o mara) v mar)] 100e” otherwise

Hence, substituting the bounds from (3.148) and (3.149) into (3.146), we may bound
Dj(my,r1,m2,72) by:

Dj(my,71,ma,m2) <

I ) 1006”% if vp(marz) = vp(mary)
[m17’2, szl]

100e” logp otherwise
(3.150)

100e” otherwise

1 4 100" i¢ ve(myra) = vi(mary)
X H { t )
t#p

We remove the restriction on ¢ # p to obtain that:

100e”% (P) 1og p

1 —c - D8P if =
Dj(my,ry,ma,ry) < —— X Z ) 1 vnlimara) = ey
[marg, mar] 100e”% (P logp  otherwise

(3.151)

- | 100e7$% ) otherwise

{1 + 71006'10"(” if vy (myre) = ve(mary)
<1 .

Observe that the above expression factors into a sum over primes p in the interval, and
a product over primes t. We bound the contribution of both the sum over p and the
product over t. The contribution of those p with v,(mir2) = v,(mery) to the sum in
Equation (3.151) may be bounded as:

100e” 1
< Z M < epe("j_nj_l), (3.152)

p
Ppe(qj—1,9;]
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where we used the Prime Number Theorem to get the final bound.

Due to the restriction on the number of prime factors of mq,mo, 71 and ro, there are
at most 40(n; — nj_1)105 primes p with v,(mire) # vp(mery) in the interval (g;j—_1, g;].
Hence, the contribution of those p with v,(u1ks) # vp(u2ki), of which to the sum in

Equation (3.151) is
< (nj — nj,l)ws (log g;)e”. (3.153)

We now turn to bound the product over ¢ in Equation (3.151). The contribution of
those t for which vi(myr2) = v¢(mar1) = 0 to the product in Equation (3.151) is

1 14
< JI 1+ % < 100" (nj=ni-) (3.154)
t€(q;j-1,495]

Hence, we may bound the product over ¢ in Equation (3.151) as

= 1006 (n; —n; _y) @(MaT2, MaT1) (3.155)
[marg, mory]

where « is the multiplicative function defined as in Equation (3.63). Combining the
bound in Equation (3.153) for the sum over p with the bound in Equation (3.155) for
the product over ¢ in Equation (3.151), we obtain:

a(mry, mary)

Dj(mi,m1,ma, ) < (n; —n;1)' (log g;)e! 00" (" =m5-2) (3.156)

[m17"27 mar 1]
Substituting this bound for the internal sum over f; into (3.140), we see the contribution

of the extra values of fi and f5 to the term (%W) is at most:

—10p(n-—n~,1)105 . ) 10° \,100e” (nj—nj _1)
€ r (nj —nj—1)" (logg;)e 7T

E : ’Cm1,7‘17K(j)7B(j)Cm2,7‘27K(j)7B<j>

mi,71,M2,72

a(myre, mary)

1
[my7r2, mar1] *0p-0r, £(1),

(3.157)
proceed as in the proof of Lemma 3.6. The expression in Equation (3.157) may be
bounded by:

5
—10p(n;—n;_1)'° +100e? (n;—n;_ ) ) 10° )
e~ 10ptni=ma—1) (ra=na=1)(n; —n;1)'" (log g;)

2 a(myre, mary)
Z ‘sz’W’K(j)’B(j) Z [ml'r‘g,,ﬁlz?j] +op-0t, r(L)

plmars = pE€(q;j—1,44] plmirs = p€(q;—1,95]
(m1,m1)=(m2,r2)=1

(3.158)
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Using Equations (3.70) and (3.71) to bound the internal sum over m; and 71, we may
bound the expression in (3.158) as

5 4
—10p(n;—n;_1)'% +400ef(n;—ni_1)+2.10*p(n;—n;_,)0 1 10° 100e” (n;—n;_
<e p(n; j 1) (ns i—1) p(n; j—1) (nj_njfl) (logqj>e (nj j 1)

(3.159)
2
‘CmQ,Tz,K(J‘) ,B(j)

1).
) e+ 0ss0r, £ (1)

plmar: = pe(qj-1,9;]

Observing that the sum over ma, 73 is Eg [|Fj|]2, we may bound (3.159) as

<< log(q)eflop(nj7’nj_1)105+6008{)(’ni7’ni_1)+2.104p(’n]‘7n_7_1)104+1IE® |:|Fj|2i| + OB_>0+7 F(l)
(3.160)
Taking p = 1000, the above is < log(q)e™ 10— E {|Fj|2] + 050+ p(1). By
symmetry, the contribution of those values of f; with too many prime factors to the
term (%W) is also < log(q)e 100 —ni-1)[ o {|F]|2} + 00+, r(1).
Substituting this bound into Equation (3.119), the contribution of the extra terms f;
and fs5 to (%W), summed over all 1 < 7 <[, is

l
<Y log(gy)e M Eg (|
j=1

ﬁ Eg [|FA|Q} H <1 — %) + 00+, r(1). (3.161)

A=1,\#j PE(gr—1,92]

Using Lemma 2.4, the expression in (3.161) is < Eq[F?].
It remains to show the contribution of the values of f; and fo with
max{Q (1), W (f1)} > 10(nx — nx—1)*" to the expression in Equation (3.119) for
A # j can also be bounded by Eg [FQ} . By Lemma 3.6, we see that the contribution of the
extra terms f; and fy to E [Ff] is O (e‘loo("*_"**l)E@ [|F>\\2D By Proposition 3.10,
the term associated to the interval (g;_1, ¢;] in Equation (3.119) is

¢ .aB - Q/J .7 _B 1
( U Qi)ﬁw(j,%) )> < (logg; —loggj—1)Eq {|F]|2} pe(q];[hqj] (1 - 5) + 0ﬁ_>ar7F(1).

(3.162)
Hence, the contribution of all the extra terms in the intervals with A # j to (3.119) is
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! I
< Z(logqj —logqi-1)Eg [\F]ﬂ H (1 - 1) Z e 100(mA =1 o [|F/\\2}

J=1 PE(gj—1,45] P/ T34
(3.163)

l
1 1
I <1 _> 0 =[r] I (1 _> T 030, (1),
PE(gr—1,9x] b w=1,u#X,j PE(Qp—1,9u] b
An application of the Prime Number Theorem and Lemma 2.4 shows the above bound
is
]E@ [FQ l l

1 S (logg; —loggi_1) Y e 10T Lop oy (1), (3.164)
R A=TAA]

<

The sum over A # j is bounded uniformly for each 1 < j < 1, hence the contribution
of the additional primes to the terms A # j is < Eg [FQ] This completes the proof of
Lemma 3.8. O

We now bound Y'(3).
Lemma 3.11. Let Y'(B) be as defined as in Equation (3.88). Then

logq

Th) < log g

Es {|F|2} + 0550+, (1), (3.165)

Proof. Recall from Equation (3.119):

-3 (WSO T eafief] T (-5)soran st

j=1 A=1,A#j PE(gr_1,9x]

MN

(3.166)

By Proposition 3.10, we may rewrite Equation (3.166) as

1(5) < Xttogas s Es 5F] [I 11 Ee[mf] I (1-3)

PE(d51,05) A=LAE] PE(@r1,02] p
(3.167)

‘M~

<
Il
—

+ 0g0+, p(1).
Using Lemma 2.4 and the Prime Number Theorem yields

1
1
T(B) < Eg[F?] Z (log g; —loggj—1) H (1 — ]—7) + 050+, (1)
j=1

p<aq

< Eg[F? 4+ 050+ r(1). O (3.168)
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This completes the proof of Lemma 3.11. Using Lemma 3.8 and Lemma 3.11 we
conclude the proof of Proposition 3.5, and hence the proof of Theorem 1.6.

Proof of Theorem 1.5. This essentially follows from writing |Q;]* = ?R(Qf) + R(iQ;)?.
Taking K;(z) = x to be the identity polynomial and for each subset S C {1, ...,{} taking
Fj to be Q;i'U<%) in Theorem 1.6, we obtain

! !
§ H A3 log g o
]EEB |LM|2 %(Qﬂl(jes))Q < i E E@ I | %(Qﬂl(]es))z
j=1 "

1
Sc{1,...,1} qulsc{1 ..... 1} Jj=1
(3.169)
or
log ¢ 2
Ea |[LMQ| E ) 3.170
o ILMQP] < 07 ke ||Qf] . o (3.170)

4. Large deviations

In this section, we prove Theorems 1.1 and 1.4. In order to prove the large deviations
results, we deploy a barrier method to show the random walk model for log (L (X, 3))
stays within a controllable region for most characters, X.

4.1. Method of proof

The orthogonality relations in the previous section are very similar to the orthogo-
nality relations used in the t-aspect in [AB23], and Theorem 1.5 provides the analogue
for the twisted second moment of zeta. Using these points of reference, the method of
proof for the large deviations in the g-aspect uses a recursive scheme in the same spirit

as [AB23].
n= {2 (x.2) =)}, "

We consider the event
where X is drawn uniformly at random from the even primitive characters with modulus

q. Since the number of even, primitive characters is asymptotic to @, we have

%#{X even, primitive mod ¢ : ‘L <X, %)‘ >V} =<P(H). (4.2)
Plg

We partition the event H on good events pertaining to the partial sums 5, defined in
Equation (1.23) (and Equation (1.22) for the complex ones). More precisely, we consider
the restrictions {S,, € [Li, U;]} where

Ly = kny — s(log; 15 q), Uy = kny + s(logy, 5 q), (4.3)
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and k is the slope

Vv

=—. 44
" loglogq (44)

We recall that V' ~ aloglogq for some 0 < o < 1, so that K — «a. The idea is that
if that the “full sum” log (L (%, %)) is close to klogloggq, then the most likely values
for Sy, should be xn;. The terms £s(log;,,¢) handle the fluctuations around the lin-
ear interpolation. To properly mollify log (L (X, 1)), more restrictions are needed. We
would expect the slope of the random sub-walk S, — S, , to be not too much larger
than the total slope for most characters, i.e. bounded by k, and so we condition on
the event that the slope is smaller than some large parameter, /. For this slope to
obey a typical behaviour, and not be influenced too much by large local fluctuations,
the interval [n;_1,n;] must be sufficiently large, and we see from Equation (1.19) that
n; —ni—1 = s (logiy2(q) —log;,1(q)), where s is a large parameter. The exact values
of these parameters in the recursive scheme are informed by the necessary inequalities
which must be satisfied to prove the Gaussian bound, and are selected in Section 4.2. We
1

recursively define the following events, where the dependence on 5 and X is suppressed

for simplicity:

Gi=AnNBNCND

A=A 0 {|Sn = Sny| < (s — i)}

By =Bi_1N{Sy < U} (4.5)
Cr=Cy N {Sn, > L1}

D, =D, 1N {|Le—Snl ’2 < ¢ ‘LM1M1‘2 + e—@(loglogq—nzfﬂ} ,

where ¢; = H§:1<1 + e "i-1), and Ay, By, Co, Dy = {primitive even characters mod ¢}
is the full sample space. Here, the event D; ensures the truncation of the logarithm of the
mollifier M;...M; into Sy, is a sufficiently good approximation, and & is a large param-
eter which ensures that the approximation has a small error. The following proposition
gathers the necessary estimate to bound the probability of H on the good events.

Proposition 4.1. Let V = kloglogq with ﬁ < k < 1. Then for some § > k
dependent on k, we have

V2

(i) P(HNGS) < Sz (loglogg)™; 2
__vs
(ii) for 1<I<L—1, P(HNG NG,,) < e (logi29) %

2

A%
e loglogg
(111) P(HﬂGﬁ) < m.
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Proof of Theorem 1.1. The proof of Theorem 1.1 is completed by writing

ZL—-1
P(H) <P(HNGS)+ » P(HNGNGy,)+P(HNGy) (4.6)
=1

and observing that Zi1(10g1+2(9))_5 =0(l)asq¢g—o0. O

Proof of Theorem 1.4. We employ the same method to prove Theorem 1.4, but since
we may take V' = o(loglogq), we cannot obtain as sharp bounds as in Theorem 1.1. If
V = o(loglogq) and N is a fixed positive integer, then by the construction of £ we
have log »_,,(¢) > 1 as ¢ — oo for each 1 <n < N. Since k = o(1), we can only obtain
d = o(1) from these bounds. Hence the contribution from P(H NG, NG%,,_,) in

2

_ A%
Proposition 4.1 may be 0(1).%7 and we obtain the weaker bound:
v2
v
P(H) < & x S (4.7)

Vioglogq

4.2. Choice of parameters

In order to ensure the bounds on P(H) are sharp enough to prove Proposition 4.1,
we require certain bounds on the parameters to ensure certain inequalities below are
satisfied. For Equation (4.38), we will require:

1+s(k? — %+ 2k) <0, (4.8)

whilst for Equation (4.50) we will also require s to satisfy:

1
3t K2 42(k —1)s < 0. (4.9)

Equation (4.9) forces us to take s proportional to ﬁ We take

10°
1—«x

s = , (4.10)
which ensures Equation (4.9) holds. The factor 10° is to ensure Equation (1.21) holds.
Taking ./ = 10 n ensures Equation (4.8) holds. Finally, we take 2 = 10* as in [ABR20],
which gives sufficiently good bounds on P(A; N Df), to apply Lemma 4.2.

With these choice of parameters, we see that given A\ < 1, there exists some € < 0
depending on A such that the difference of left-hand side and the right-hand side of the
inequalities in Equations (4.8) and (4.9) are smaller than ex for all 0 < x < A. This
enables us to consider the range with k — 0 in Theorem 1.4, i.e., V' = o(loglogq). In
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contrast, the inequalities with the choice of parameters in [AB23] do not hold with this
uniformity, which prevents them from extending their range of V.

4.3. Proof of Proposition /.1(i)
We split the event H N GY as
HNG{CAJUB{U(HNC{NA;NDy)U (DN Ay). (4.11)

We bound each of the probabilities of each of the four event on the right-hand side, very
similarly as in the proof of Proposition 2.1 in [AB23]. We give the details for A§ and
DfNA;. The estimates involving By and C} are similar to those done in the next section,

but simpler.
Clearly, P(A§) = P (|S,,| > @/n1). Thus, using Theorem 2.9 with k = [25/%n4], we
obtain

e*KQ log log ¢

P(AS —a? ——(logl -0
(A9) < /n1 exp( ny) < Toalons (loglogq)~°,

(4.12)

for some § > 0.
For P(D§ N A;), we first require a lemma, which allows the restriction Ay to force L
to be large unless D, is satisfied.

Lemma 4.2. Let | > 1 and suppose |S,, — Sn,_,| < 103(n; — ny_1). Then
e”Bn =) < (14 ey M| 4 e 10 () (4.13)
Proof. This follows from the proof of Lemma 23 in [ABR20] using the identity:

[I a-x@p)=eEn Sk

pE(q—1,q1]

- 1, —k
where R = Zk:ZB ZPG(QZ—L‘H] &P .o

The event Ay N {|L| < (log q)?} is contained in A; N D;. This is because, on A;, one
can apply Lemma 4.2 to get

Le 5™ | < 2|LM;| + |Lle™ '™ < 2|LM;| + (log q)%e 10"

Hence, P(D§{N A1) < P(L > (logq)?). By Markov’s inequality this probability is

—k2loggq
_ e _
< (logq) E4[IL]] < JosTosa’ osloga, (4.14)

Here we used that
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EL[|L*] ~ logg, (4.15)

which is a standard bound and may be seen by taking M = 1 in Equation (3.7).
4.4. Proof of Proposition /.1 (ii)

As for the proof of Proposition 4.1(i), we use a union bound on the event HNG;NGY,
and bound each probability in the union bound individually.
We have the containment:

HnGiNGY,, C (Alc+1ﬂGl)U(BlCJrlﬂGl)U(HﬂClc+1ﬁAl+1ﬂDl+1ﬂGl)U(DlC+1ﬂAl+1ﬁGl).

(4.16)
In order to bound the probabilities of each event, we need two important lemmas that
express the probabilities of the events involving the partial sums in terms the random
model where the characters x are replaced by the random phases X defined in Equation
(2.5). We first prove an analogue of Lemma 2.6 in [AB23], which allows us to bound the
twisted moment with the truncated sums bounded above and below by conditioning on
B, NC,.

Lemma 4.3. Let 1 <1 < £, and Q; = Q;(x) be a Dirichlet polynomial of length N < gto0
supported on integers all of whose prime factors are greater than q;. Then for w € [L;, U]
we have

_w

e
B (1120 15N G (S € (wow+ 11} < Ba [lQu01/2.01]
Proof. The proof is by approximating the indicator functions in terms of a short Dirichlet
polynomial, as in [AB23] and [ABR20]. We give the details for completeness. We define
J to be the set of [-tuples u = (uy, ..., u;) satisfying:

(4.17)

J l
well~LU+1Yi<l, Y welw-lw+2 (4.18)

i=1 i=1

Since k < 1, we see for u to satisfy these bounds on the partial sums S,,; for 1 < j <1,
we require for all j > 1,

Moreover, we must have the inclusion
BiNCN{Sy, € (w,w+ 1]} C Uues{Yj € [uj,u; + A1} (4.20)

Hence, we obtain:
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(B, NnCN{Sy, € (w,w+1]}) < Z H {Y; € [uj,u; + A;l]}. (4.21)

uej 1<5<i

We then proceed to bound each indicator function with a short Dirichlet polynomial.

Let A > 10, j <land Aj; = (n; —n;j_1). We take Da; a(x) to be the polynomial
of Lemma 2.8 in [AB23]. Specifically, Da; a(x) is a polynomial of degree at most A}OA
such that

1 € [u; + A7) < [Da,,ale = w))[* (14 cem ), (4.22)

where c is an absolute constant. If we let X = Y} then, by construction of the support
of the coefficients of Y}, we see that Da; a(Y; —wu;) is a Dirichlet polynomial on integers
with all prime factors in the interval (g;_1, ¢;] of length at most exp(2e™ A;OA).

Hence we obtain

A—

L(Y; € [ujuy + A7) < | Dajal¥y —up)| (14 cem ), (4.23)

where Y; = S, — Sy, _, for 1 < j <. Putting this back in the expectation, we get

B [1Qu(1/2, 01 1B N Cr 01 {8y, € (w,w+1]}]

, (4.24)

<> By [1Q1/20P T +cem7) |Da, a(Y; - u))]

u€J J

Following the decomposition of |@Q;|? into the contribution from its real and imaginary
parts as in the proof of Theorem 1.5, we may apply Theorem 1.6 and Lemma 2.4 to
this combination of products of expectations of Dirichlet polynomials, );, and real parts
of Dirichlet polynomials, Da; a(Y; — u;). Using Lemmas 2.4 and 2.6 to remove the
restriction on the characters being primitive in the expectation in Equation (4.24), and

bounding the error terms 1 + ce=A7 -1 trivially, we see that the expectation is

< Eg |1Qu1/2, 0P []|Day.a(¥; —u))[*| . (4.25)
7

Using Lemma 2.4, the expectation above splits, so the right-hand side is simply:

Eq [|Qu1/20F] []Es [|Da,a% - w)]. (4.26)

The orthogonality relation for the real part of even Dirichlet characters, Lemma 2.3,
implies that for each 1 < j </,

Eg UDAJ-,A(Y]‘ - Uj)ﬂ =E DDAJ-,A(% - uj)ﬂ ; (4.27)
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where (%], j < 1) are independent random variables of the form

V=Y ReX(p). (4.28)

2
q;—1<p<gq;

These are the exact analogue of the random variables defined in Equation 54 in [AB23].
Their distribution doesn’t depend on being defined for the t-aspect or the g-aspect. These
variables can be compared to Gaussian explicitly as in [AB23] starting at Equation 54.
Proceeding as such, we obtain the result. O

We also require a lemma which is similar to Lemma 4.3, but includes the mollifier
LMj....M; in the moment. This is analogous to Lemma 2.7 in [AB23].

Lemma 4.4. Let 1 <1 < L. Let Q; be a Dirichlet polynomial as defined in Lemma 4.3,
and w € [L;, Uy]. Then

7112

logq e

logqr /i~

Proof. The proof follows from the proof of Lemma 4.3. We see using Equations (4.22)
and (4.23), that the left-hand side of Equation (4.29) becomes

Ey [|LM .. MQ*1(B, N Cy, Sy, € (w,w—i—l])} < Eg [|Qﬂ x (4.29)

_AA-T 2
< (1 ee™™)Y Be |[LMy M QP T] D, a(Y; - uy)]

u€J J

(4.30)

Setting
Q=Q [[Da, a(Y; —uy), (4.31)
J

we see that @ is a well-factorable Dirichlet polynomial. Applying Theorem 1.5 shows
that the expression in (4.30) is

_AA-1 lo 2
< (14 ce )logi;’le]E@ Qi TT1DayaY; — w)?| - (4.32)
uedJ J

Proceeding as from Equation (4.25), we obtain Equation (4.30). O

Returning to the events in Equation (4.16), we begin by showing that for [ > 1,

V2
¢ Toglogq

P(A7, NG ——1 =9
( 1+1 l) < \/m( OglJrl(q))

(4.33)
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For any k > 1, we have, P(Af, , N G)) is bounded by:

|§nz+1 B Snz‘zk
E E 1(BNCN{Sy, € (u,u+1 . 4.34
i + (ﬂ(nl+1_nl))2k ( l l { 1 ( ]}) ( )
uwelL;,Up

We let k = [/?(ny41 — ny).] The Dirichlet polynomial (S,,,, — S’M)k satisfies the con-

ni4+1
ditions of Lemma 4.3 for each u € [L;, Uj], so we may bound the expression from (4.34)

as:

Eg USTL1+1 - Sm|2k] 67%
< . 4.35
(ﬂ'{(nlﬂ - nl))% E;U] VAl ( )

We can then use Lemma 2.10 to bound the moment, giving the above expression as:

ENngp1 —n + 1
< 4.36
(d(nlJrl - nl Z ( )
u€(Ly, Uz]

We apply Stirling’s formula to bound the above expression as:

\/E(ﬂf ("H—l ni+1)? ) _u?

(o (nig1 — ) Z

w€e[L;,Up)

<

—(rng+m)?

ng

e,ﬂz(nm,m)m Z QT (4.37)
1

r>—slog; -4q

Since L; = xn; — slog;, 5 q, the above expression is

K2 _ .2
< " M logy,y @) 72 (logy Ly g) Y < o loglogq(logz g)r T s
/n; + Vloglog q +

(4.38)
The choice of parameters for Equation (4.8) ensures the exponent is negative.
Next, we bound P(Bf, ;NG;). Here again we have a sharper bound than the analogous
result in [AB23], which allows us to take V' = o(loglog ¢). We have:

PBf,NG) < Y. P({Sn,, €nut1]}NG)). (4.39)
u>Ujqq
Using Lemma 4.3 with @Q; = 1, we see this is:

w2

[

Ul Ulpr = W1 =0
< it e it , (4.40)
u>zU: vl1oglog q; \/log 1og kzzo
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_ 2kUpg,
by writing k& = [Ujy1 — u]. The sum over k is < > e "+t < 1. So we see that the
£>0
right-hand side in Equation (4.40) is
U2
6_ n;ii e—m2 loglog q e—mz log log q

emzs log; 3 g—2kslog; 3¢ < m(n—2)s.

< Vhglogg © Vioglheg Vioglogq (logi424)
(4.41)

The choice of parameters ensures the exponent is negative.
We now turn to bound P(H N Cf , N Aj11 N Dypy NGy). By using Lemma 4.2 and
partitioning on the values S;,,, = u according to the range allowed by the event G, as
nipr — Sn, allowed by the event Ay N CY, |, we see that the

probability may be bounded above by:

well as the values v = S

> PS8 € (mut1],Su,, S € v+ 1],

u€[Ly,Ui]
u+v<Lit1
[v| < (nip1—ma)
1 —(u-+v
|LM;y.. M| > mev Wt N B NG). (4.42)

We improve on the analogous bound in [AB23] by using Lemma 2.10, which is a better

upper bound on the moment of the truncated sums S,,,, — S,, than was achieved in

1+1
Equation (79) in [AB23]. This allows us to attain an implicit constant in Theorem 1.1

which is bounded as a@ — 0, and gives us the bounds to prove Theorem 1.4 for values of
V where we may have V = o(loglog q). The probability in (4.42) may be bounded by:

> VIR LMy M PL({Sn, € (uu+ 1],

u€[Ly,U;]
u+v<L;q11
[v|<e (ni41—m)

S,

MNi+1

— Sy, € (11, v+ 1]} NnB;N Cl)] (4.43)

By Markov’s inequality, if we set r = [(L—‘, then this is:

npp1—mng)

< Z o2V H2(utv) o

w€[L,U;]
u+v<L;i1
[v|< (nit1—m)

E |Sm+1 B Sm |2T

— |LM;y.... Myp1 P 1({Sy, € (w,u+ 1} N B NC)) | . (4.44)

Using Lemma 4.4 with Q; = (S,

ny41

—S,,)" and Equation (2.63) yields that this is



L.-P. Arguin, N. Creighton / Journal of Number Theory 273 (2025) 96—-158 155

| Ty
—2V+2(u+v) ,2(loglog g—ny41) (27‘) _ r €
< e e ————— (N1 —ny) X . 4.45
+Z ey (P =) X (4.45)
We can use Stirling’s formula to bound this as
< 1 Z 6—2V+2(u+v) e2(10g log g—nyq1) <T(nl+1 - nl) ) " 67% (4 46)
— . .
vl1oglog g s ev
Substituting the value for r, this is:
< 1 Z 6—2V+2(u+v)62(log log q—nHl)e_#z_nle*%. (447)
vloglog q vl
Making the change of variables a = u — kn;, b = v — k(n;+1 — n;) shows this is:
) e;znm 2(logl ) (2—20)(a+b)  ~
< —————*0B 0B AT ETERNATE) o i1 T (4.48)
a+b<Liy1—Knit1 IOg IOg q
Performing the sum over a gives that the above expression is
2
e M o log log — ot —(2-2k)slog 40 d
< Z e2(loglog g—nit1) o " o 29 (4.49)
vl1oglogq
b
Using a Gaussian bound, the above expression is:
< e—nzmﬂ eQ(log logq_nl“)\/me_(2—2fs)slogl+2q
vl1oglog q
2
e F loglog q N 2 o
< m(loglﬂ )RR (4.50)

By construction of s, the exponent of log;,; q is negative. We remark that log;,; ¢ >
log; , 5 ¢, so that this bound is even sharper than the total bound for Proposition 4.1(ii).
It remains to bound P(Df, ; N Aj41 NGy). The event Df, | N A;11 NG is contained in

{|LM,...M;| > e (oslosa—ni)1 0 ;. (4.51)

This is because {|LM;...M;| < e¥(ogloga=n)YN\ Dy is in A;11ND;; 1 by using Lemma 4.2.
By Markov’s inequality, we have

P({|LM,...M;| > e?(ogloga—n)y 0 @) « e~ 27 (ogloga—n)g LM M2 1(GY)|
(4.52)
Using Lemma 4.4, we can bound the right-hand side as
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2
—k“loglogq
< e—2(d—1)(10g10gq—m) % e ™ €

< lo
\/n_l log logq ( gl+1 q

The choice of &7 ensures the exponent is negative.

)25(5—&-1—&{)' (453)

4.5. Proof of Proposition 4.1(iii)

We have the obvious bound P(HNG.) < P(G.). It then suffices to apply Lemma 4.4.
Note that the length of the interval [L., U] is of order one. Therefore,

P(Gy) L —vtyng o € EbE (4.50)
)<< sup ———e L ——. .
velLe,Ug) VIL loglog g

5. Proof of Corollary 1.2

Corollary 1.2 follows from Theorem 1.1 in a similar way to the proof of Corollary 1.2
in [AB23].

Proof. Consider the CDF of the random variable log L (.’f, %) with X drawn uniformly
from the even primitive characters mod ¢, i.e., F(V) = P (log |L (x, %)’ < V). Then if

we set
1\ [*
L= 5

for 0 < B < 1, the moments can be written as:

Mp =Ey

“+o0 [e%e]
My = / PVAR(V) = [eQBVS(V)]fZ';+ / 26e*V S(V)dV. (5.2)

Since S(V)) < 1, the boundary term at —oo is zero. Since there are only finitely many
characters, the boundary term at +oo is also zero. The contribution of negative values
of V' in Equation (5.2) is negligible, since

0 0
/ 26V S(VYdV < / 26e*Vav = 1. (5.3)

In order to estimate fooo 23e2PV S(V), consider 3_ and B, with
0<p_<pB<Pr<l. (5.4)

We want to show the dominant contribution of to the integral on the right-hand side of
Equation (5.2) comes from the interval [5_ loglog g, 8+ loglogg].
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We take f_ = %, By = #. Using Theorem 1.1 to bound S(V), we have

B+ loglogq B+ logloggq 2
28V 2pv € 'o8losd
ePV S(V)dV <« / e’V ———=dV
p V) vl1oglog q

B loglogq B_loglogq

log 1
B2 loglog q By loglogg (55)
€ —(Bloglogq—V)?/loglogq
= —— e dVv

~ Vlogloggq

B loglogq

2
< eﬁ loglog q )

The contribution of the interval [0, 5 loglogg] to the integral in Equation (5.2) is of a
lower order since it is bounded by:

B loglogq
28e2PVAV < e

52 loglogg
2

(5.6)

For the interval [84 loglog ¢, 00), we require a bound on S(V') in this range. But we have

()

and so Markov’s inequality yields S(V) < e~2Vlogq. Hence the contribution in the

2

Eif ] <logg, (5.7)

range [34 loglog g, o) to the integral in Equation (5.2) is

< loggq / 286DV gy = %6(2(5—1)5++1)log10gq. (5.8)

B+ loglogq
This is o(e?” 181°89) by the choice of B.. O
Since we chose the parameters in Section 4.2 such that the inequalities held uniformly
for 0 < kK < 1, we see that the implicit constant in Equation 1.2 is bounded as 8 — 0.

As previously stated, this contrasts with the proof in [AB23], where in Equation (1.17),
their bound had Cg — o0 as § — 0.
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