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Let k=5 be an integer, and let x>1 be an arbitrary real number. We derive a
bound

Oux( X2 x3/k\/1?+2/k(k—l)+e)

for the number of positive integers less than or equal to x which can be represented as
a sum of two non-negative coprime kth powers, in essentially more than one
way. (© 2002 Elsevier Science (USA)
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1. INTRODUCTION

For integer k=5, the purpose of this paper is to describe in some
quantitative way the paucity of non-trivial rational solutions to the familiar
Diophantine equation x¥ + x4 = x4 4 xk. In fact it has long been supposed
that there are no non-trivial integer solutions for k>5. Writing

F(X):xlf—l—x’z‘—xé‘—xlj, (1)

we see that F =0 defines a non-singular projective surface, and by
exploiting its intrinsic geometry we shall ultimately glean arithmetic
information concerning the number of representations of an integer as a
sum of two kth powers. We shall actually consider the slightly more general
form

Fyp(x) = axf + Bk — oxh — B, (2)

for non-zero «, f € Z and integer k=5, so that (1) is just ' = Fj ;. In the

equation F, 3 = 0 we may certainly suppose without loss of generality that

o > 0 and that «, f are both k-free and coprime. Furthermore, when & is
'Supported by E.P.S.R.C. award number 9800166x.
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odd, it will suffice to assume that f > 0 and that F, g takes the shape
Fop(x) = ok + Bxh + ook + k. (3)

Although there is actually little extra work needed to consider the
generalised form F,p, the situation as it stands is rather disappointing
whenever F, g # F.

Let B>1, and suppose that /' € Z[x;, x», x3,x4] is a non-zero form of
degree k. In order to be in a position to state our main result, we define the
counting function

N(f;B) = #{x € Z*: x primitive, |x|<B, f(x) =0},

where |x| denotes the Euclidean length of the vector x, and such a vector is
said to be primitive if the greatest common divisor of its vector components
is 1. It is not hard to see that whenever /' = F, s is given by (2), the trivial
solution x; = x3, x> = x4 shows that we have /" (F,p; B) > B2. Since it has
been recently shown by Heath-Brown [6, Theorem 9] that

N (f; B) <ox BT (4)

for any absolutely irreducible form f of degree k> 2 (though this estimate is
elementary in the case f = F, ), it makes sense to define ./ (f; B) to be the
number of vectors counted by A(f; B), excluding any that lic on lines in the
surface f = 0. Thus, .47 (f; B) can be thought of as counting the non-trivial
rational points on the surface. The goal of this paper is to exploit the
intrinsic geometry of the surface F,; = 0, in order to improve upon the
general bound

JVl(f‘; B) Lok Blte _~_B3/\//;+2/(k71)+1: (5)

due to Heath-Brown [6, Theorem 11], which is valid for any given ¢ > 0 and
non-singular form f of degree k>2. If 4 4(f; B) denotes the number of
vectors counted by A (f; B), excluding any that lie on curves of degree <d
contained in the surface, then for ¢ > 0 and non-singular f* as above, the
same result states that

N a2 (fs B) ek BS/\/E+2/(k—1)+g. )

The backbone of our main result—when applied in conjunction with
Heath-Brown’s bound (6)—is the following description of the rational plane
sections of the surface F, 3 = 0.

THEOREM 1. Let k=5 be such that k — 1 is not divisible by 3. Then there is
no rational plane section of the surface F, g = 0 which contains an irreducible
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curve of degree 6 > 1, where <k — 2 for k even and <k — 3 for k odd. In
particular, no rational plane section of the surface contains an irreducible
quadric curve for k>=6.

When o = f =1, so that F,p = F, the previous statements hold for any
k=5.

The proof of Theorem 1 will be presented in Sections 3 and 4, according
to the parity of k, and we implicitly assume throughout the proof of the
theorem that k> 5 is such that k — 1 is not divisible by 3, unless . = f = 1.
Here, and in all that follows, irreducible is taken to mean irreducible over Q
unless otherwise stated.

Our primary result is the following, and will be established in Section 5.

THEOREM 2. Let o, € Z be non-zero and fix B=1. Then for any ¢ > 0
and integer k=5 such that k — 1 is not divisible by 3, we have

'/t/}l (F{x‘ﬂaB) <<}:,k BZ/3+S +B3/\/1;+2/(k71)+6.

Moreover, the bound holds for every k=5 in the case F,p = F. In particular,
we have

N'\(F; B) <, BT
for every k=21.

One particular arithmetic consequence of this result—when applied to
F,p = F—is an estimate for v(x), where for arbitrary x>1 and integer
k=3, we define vi(x) to be the number of positive integers not exceeding x
which are expressible as the sum of two non-negative coprime kth powers, in
essentially more than one way. There is a rich body of work dedicated to
estimating the quantity vi(x), and for k=5 such propositions provide
theoretical evidence for the deep conjecture vi(x) =0 mentioned above.
Applying Theorem 2 with B = x!/¥ it is easy to deduce the following result.

THEOREM 3. Let k=5 be an integer, and fix x=1. Then for any ¢ > 0 we
have

Vi (X) Lok X2/3k+8 + xﬂk+s,
where 1, = 3/k\/k +2/k(k — 1). In particular, we have
2/3k+e

Vie(X) Lok X

for every k=21.
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It is interesting to place our result in the context of recent work done in
this area. The first estimate to beat the trivial bound vi(x) <, x¥/**¢
arising from (4) for general k>3, was that of Greaves [4]. Using the two-
dimensional large sieve inequality, he developed a flexible argument leading
to the bound

Osk(xll/6k+8)

for vi(x). Completing earlier work on the subject, Hooley dealt separately
with the cases of k having odd and even parity, in an impressive pair of
papers [7, 8], respectively. Developing a delicate sieving technique, and a
modified method for estimating certain exponential sums, he arrives at the
estimate

O&k (x5/3k+z:)

for vi(x). In an important paper, whose ideas have been successfully
extended to further paucity problems in diagonal Diophantine systems,
Skinner and Wooley [10] achieve the bound O, 4 (x¥/?+%+¢) for vy (x); where

1/k? if k=3,5,
Ok = . (7)
1/k(k —1) otherwise.
This latter result so far represented the first means of attacking the general
problem without recourse to sieving, but has since been beaten by the
second such method—Heath-Brown’s bound (5) above—which yields

vk(x) <<£,k xl/lc«H: _’_xn,\.ﬂ:’ (8)

for k>3 and 5, as in the statement of Theorem 3. Although no longer very
important, the author has recently discovered a means by which Skinner and
Wooley could have rearranged their existing argument in order to take
Or = 1/k? for all values of k> 3. Estimate (8) is currently the best available
for the cases 6 <k <12, but we see that our Theorem 3 surpasses this bound
for k=13 and becomes the foremost result available for such cases. In the
low degree situation k<5, Hooley’s results are surpassed only in the case
k =3. Here, a bound v3(x) <, x*°*¢ is provided by Heath-Brown [5],
obtained as a corollary to work done on the density of rational points on
cubic surfaces containing 3 rational, coplanar lines. The author [2] has
provided a conditional treatment of the bound vs(x) <, x*/°*¢; this is
superior to Hooley’s result, but depends upon a certain hypothesis
concerning the size of the rank of an elliptic curve.

An important point in this context is that apart from Theorem 3, each of
the preceding estimates for v (x) remain valid when applied to the quantity
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vi(x), defined to be the total number of positive integers not exceeding x
which are expressible as the sum of two non-negative kth powers in
essentially more than one way. It is clear that

Vi) < Y A(FxRaTh,

d<x!/k

so that for k>27 Theorem 2 implies that v¥(x) <, x x>0+ 3" d=2/3 and
we therefore no longer improve upon the bound afforded by (8), since
S, d23 > x1/068)

Bennett et al. [1] have also studied the surface [, g =0, though their
approach is far more arithmetic in nature. Although they achieve the bound
N 1(Fyp; B) <y i BY2HRo+e where Jy is given by (7), their main concern is
with an estimate for the total number of integers with absolute value not
exceeding X >1 which are represented by the binary additive form ox* +
By*, in essentially more than one way. In particular this requires a careful
analysis of the possible sizes of the components of each integer zero x of (2)
or (3). Although it would be possible to deduce an estimate of this type from
Theorem 2 by following the work of Bennett ez al [1, Sect. 6], we content
ourselves here simply with a sharper bound for A" (F, p; B).

2. PRELIMINARY LEMMATA

Our primary tool for counting points on the possible curves C C P? of
varying degree contained in the surface F, g = 0, will be the following result
due to Heath-Brown [6, Theorem 5].

LEMMA 1. Let X =1, and suppose that C C P is an irreducible curve
of degree d. Then C has O,4(X**%) primitive points x € Z*, in the cube
‘X,‘| < X.

The following elementary result will prove valuable in demonstrating the
irreducibility of a certain type of curve.

LEMMA 2. Let n>2. The ternary form G(X) = X + f(X2, X3), for some
binary form f of degree n, is irreducible over Q unless f is square-full in
Q[X7, X3].

Proof. Factorise f as a product of irreducibles in the unique factorisa-
tion domain L= Q[X>, X3], f =[], gy, and then apply Eisenstein’s
criterion to the polynomial X7 + f € L[X;]. Thus G is irreducible in L[X]
unless ¢; =2 for every 1<i<r. 1
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In order to handle the possibility of reducible plane curves the following
four results concerning cyclotomic numbers will prove vital. The fourth is
proved using methods originating in an argument produced by Dummigan
[10, Lemma 2.4], and it is in Lemma 5 that Theorem 2’s restriction that 3
must not divide k£ — 1 can be traced back to, for the general case F, 3 #F.
We begin by stating a result concerning the norm of a certain cyclotomic
integer, which ought to be well known. Let K, denote the cyclotomic field of
nth roots of unity.

LeEmMA 3. Let {, be a primitive kth root of unity, and denote by
N = N, the norm map. Then

2 k:Pe; 6217
1 otherwise.

N(I—Ck)—{

Proof. We may assume that k is a prime power, since for k > 1 divisible
by at least two distinct primes, 1 — {; is a unit in K} [3, Theorem 45]. For
any m>=1, we have

=1 =[] ax),

d\m

where @q(x) =[] -1 (x — C/d) € Z|x] is the dth cyclotomic polynomial.
Applying M&bius inversion we obtain

@q(x) = [T &' = ',

d\m

so that in particular

But then if k = p° is a prime power, we have N(1 — ;) = &,(1) = p, as
required. 1

LEMMA 4. Let n=4 be an even integer, and let n,,1,,45 be nth roots of
unity such that

L+n +n+n;=0.

Then in fact 1 +n; = 0, for some 1<i<3.
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Proof. Viewing the nth roots of unity #,,#,, n; geometrically, we deduce
that |1 + ;| = |#, + 15]; so that the angle between 1 and #, is equal to the
angle between 71, and ;. But the sums are opposite in direction, and so
it follows that each component in the pair (1,#,) has to be opposite a
number in the pair (1,,#3); unless 1 +n, =1, + 13 = 0. That is, we must
have 1 +n; =0 for some 1<i<3. 1

LEMMA 5. Let n=3 be an integer, and let n,n, be any two nth roots
of £1 such that n;#1, for i = 1,2. Suppose that

1—n\"
612(—1) e Q*.
1 —mn

£q*! e (20,277,(2/3)"7, (4/3)"2, 3%,

Then either ¢ = £1, or

and n,,n, belong to the set of twelfth roots of unity.
Specifically, if q is a perfect (n+ 1)th power, or if n is not divisible by 3,
then we must have g = £1.

Proof. 1In particular 5, and 5, will be (2n)th roots of unity, and so we
work over Kj,, the cyclotomic field of (2r)th roots of unity. Furthermore, let
r1 and r, denote the exact multiplicative orders of #; and #,, respectively, so
that #; will be a primitive r;th root of unity for i = 1,2. We recall that no
cyclotomic field contains an irrational mth root of an integer for m > 2 (see
[9, Lemma 2], for example). Thus if ¢ € @* we must have g = " or ¢ = r"/?
for some r € Q*, where we write r = a/b for coprime a,b € Z. We first

consider the possibility
a\n (1 —n, &
(E) - (1 —'12) 7 ®

and take the norm N = Nk, g of it

a\®@n)  N(1 —1n)
(E) N1 —n,)

Let
mij = N(1 —n;) = Ng,,/x, (N, j(1 —n;)) € Z,

for i = 1,2, and observe that since a and b are coprime we have a?®") | m,
and p¥n) | mp. By Lemma 3, we deduce that @ = £1 unless r; = p® fore>1,
say, and m; = p?"/¢(")_ But then a®") | p, so that we must have ¢(r;) = 1,
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whence either ¢ = £1 or a = +2 and 5, = —1. One argues similarly for the
condition »?") | my, and then ultimately concludes that either ¢ = £1 as
required, or a possibility equivalent to a/b = +2 and n; = —1 comes to pass.

But then substitution into (9) reveals that |1 —#,| = 1, so that », must in
fact be a primitive sixth root of unity.
We now turn to the second case and consider the identity

0= (=) o

which via exactly the same application of Lemma 3 leads to the condition
that a®") | p? for r; = p¢ a prime power, and similarly for b. If a®") = +p
then we must have ¢(r1) = 1, which can only happen when r; = 2, since rq is
assumed to be a prime power. But then ¢ = +2 and 5, = —1. If a®") = 4p?
then we must have ¢(r;) = 1 or 2, which can only happen when r; = 2,3
or 4, again since r| is a prime power. We must therefore have either
a = +4,43 or +2, respectively, if a®") = +p2. Furthermore, the first case
corresponds to n; = —1, the second case to x; being a primitive cube root of
unity, and the third case to #; being a primitive fourth root of unity.
Proceeding similarly for the condition %) | p?, for r, = p° a further prime
power, we use the fact that ¢ and b are coprime to deduce that either
a/b=+£1, or

+(a/b)™ € {3,4.2,3,4}.

Moreover, the second possibility can only occur if n, and 7, are both either
sixth or twelfth roots of unity. Indeed, integer values of =+(a/b)™'
correspond to a specific value of 5, or #,, and then the value of #, or 5,
is found by simply substituting the known values of a,b and 5, or 7, into
(10), and taking the modulus of it.

We therefore conclude the proof of Lemma 35, since it is patent that if
q = (a/b)"™" for coprime a,b € Z, then in fact a/b==+1, as required.
Moreover, K5, can only contain the complete set of sixth or twelfth roots of
unity if 6 divides 2n. 1

LEMMA 6. Let n=3 be an integer, and let n,,n, be any two nth roots
of £1. Let x,y be non-zero integers such that

y;1+1(1 +7]l +n2)n — :l:xn-&-l.

Then in fact x = +y.



EQUALS SUMS OF TWO kTH POWERS 301

Proof.  With the norm N = Nk, /g as in the proof of Lemma 5, we
deduce that

\ ()6 (2n)

N +n +np)" = (;)

It is clear that [N (14, +1,)|<3??) and that since N(1 +n, +1,) € Z,
we can write x/y uniquely as a product of integral prime factors. For any
r(p) > 0, where r(p) is defined to be the p-adic order of x/y, we may deduce
from the fact that p’® | N(1 + 5, + n,), that

pr(p)(n-H)d)Qn) < 311(1)(2/1) < 3(n+l)zf)(2n);
whence p'?) <3. Thus the only possibility is p =2 and r(2) = 1, which
together with the equation in the statement of Lemma 6, leads to the
simplification

{4 +np)/2}" = +2.

This implies that K5, contains the nth root of +2, which is impossible as
stated in the proof of Lemma 5. Thus the statement of Lemma 6 is true for
alln=3. 1

3. PROOF OF THEOREM 1 FOR THE CASE k EVEN

For k=6, we begin by rewriting the equation of our surface (2) as
F,p(x) = axk 4+ 0pxh — axh — opxk, (11)

where now o, f > 0 and ¢ is 1 or —1 according as our initial f§ is positive or
negative, respectively. Naturally, o, f remain both k-free and coprime. For
primitive non-zero y € Z*, let us consider the plane section x -y = 0, of the
surface F, 3(x) = 0. In order to get an explicit equation for the curves which
are contained in the plane, we shall use the plane equation to substitute for
one of the x; into (2). Indeed, suppose without loss of generality that y, #0,
and let L(xy,x2,x3) = y1X1 + y2X2 + y3x3. Then for each integer vector y we
are led to consider the curve

Gy: Gy(x) = yh(oxh + 5pxE — axh) — SBL(x)" = 0. (12)

In the analysis of these curves it clearly suffices to assume that y; >0 for all
1 <i<4. Furthermore, we shall only be interested in those vectors y for
which %y is reducible; and so a singular curve. Thus let U denote the set of
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primitive non-zero vectors y € Z* for which %y is singular. Furthermore, let
A" denote the subset of A consisting of those vectors with each component
being non-zero. It should be clear from the identity Gy(x) = F,g(yaxi,
VaXx2,yax3, —L(X)), that points lying on rational lines in the curve %y will
correspond to points lying on rational lines in the surface F, 3 = 0, and so
ultimately contribute nothing to .47 (B).

In order to get a satisfactory handle on the set of vectors A, we shall
derive an explicit condition for the curve %y to be singular. Indeed, %y has a
singular point at P, say, if and only if 0Gy/0x; =0 at P, for i = 1,2,3. But
by (12) this is so if and only if there exists a triple (1;,7,,%3) of (kK — 1)th

roots of +1, where ¢~ =5, yA=! = 1 and n4~! = -4, such that
K/ (k-1 k-1
B =L (13)
and
k) (k-1 1)1k
/DD = g 10y D L) (14)

at P, for i =1 and 3. Clearly, L(x)#0 at P, since otherwise the fact that
y47#0 would imply that x = 0; which is impossible. Hence we deduce from
(13), (14) and the equation for L(x), that

U= {B/a /ya) 0 4y o foa) D o { B o(ws fya) 3 EY.

Therefore, €y has a singular point at P if and only if there exists a triple of
numbers Q = (w2, w3, w4), where each w; is a (k — 1)th root of 4, —1 or -
according as i = 2,3 or 4, such that Fp(y) = 0 where

Fo(y) = (B %D 4 ()50 4 3 (BY5) 5D 4 oy () VD (15)

and so if and only if

= HFQ(Y) =

Q

where the product is taken over all of the possible triples Q. Foc,/f is an
absolutely irreducible form with rational coefficients and degree at least 2,
and is known as the dual of F, g. Here it should be specified that we are
taking positive (k — 1)th roots of «, f and y* for 1<i<4.

It will be convenient to split our considerations according to precisely
how many components of the vector y are equal to zero. Since y,#0, it is
immediate from (15) that curves corresponding to y; = y» = y3 = 0 must be
absolutely irreducible. Thus the remaining subsections each handle the
possibility of precisely two, one or none of the components of y being equal
to zero.
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3.1. Exactly Two Zero Components of y. We remark that whenever two
of the components of the vector y are zero, a rather trivial consideration of
(15) and the primitivity of y reveals that % is absolutely irreducible unless
one of the following three possibilities comes to pass:

. Wehavea =f=1,0=—1and y, = (0,0,1,1).
2. We have y; = (0,1,0,1).
3. Wehavea=f=1,0=+1and y, = (1,0,0,1).

Here we have used the fact that y4#0 in order to conclude that there are
precisely three ways in which the vector y has precisely two zero
components. Then in order to deduce Case 1 for example, we consider the
possibility y; = y» = 0 and infer from (15) that §fy% = —ay%, whence o = y%
and = —dy% since (y3,»4) = (¢, B) = 1. But then it follows that in fact
o= =1and 6 = —1 since «,  are k-free and both strictly positive. Cases 2
and 3 are handled similarly.

Thus we must consider the nature of the curves %y for y € {yo,y1,¥>};
which are defined by the forms

Gy, = x} — x5, Gy, = a(x} — x3) and Gy, = x5 — X},
respectively. Although the binary form X* — Y* will in general have
irreducible quadratic factors for arbitrary values of even k, it can easily be
seen that points lying on these curves actually lie on lines contained in the
surface F, 3 =0, and so contribute nothing to A" (F,; B). Indeed, this is
plain from the elementary identity

(x+ ) = (x—y)f =2xy Z <2r—|—1> X2 = 2y Si(x, y),
0<r<k/2
say, where Si(x,y) =0 for x,y € R if and only if x =y = 0.

3.2.  Exactly One Zero Component of y. We now turn to the case in which
precisely one of the components of y is equal to zero. First, consider the case
¥1 =0, y2y3y4#0, where our necessary condition (15) for the curve %y not
to be absolutely irreducible becomes

(@) + s () + o) =0, (16)
for w; a (k — 1)th root of —0 and w4 a (k — 1)th root of —1. The immediate

goal of this section is to show that if the curve %, is not absolutely
irreducible then the vector y must satisfy a second distinct equation

k— k— k k—
()Y (B 4wl ()Y =0, (17)
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where w} and ), are two further (k — 1)th roots of —d and —1, respectively,
such that we cannot simultaneously have w3 = w} and w4 = o).
We begin by noting that in this situation we may use (12) to write

NGy (%) = (opax)* + £ (3x2,%3),
where

S (2, x3) = F T (hOBNE — yhak — GBL(%)%),

and L(x) = yoxy +y3x3. It then follows from an application of Lemma 2
that Gy is absolutely irreducible unless there exists a factorisation into
irreducibles f = ], g5 over Q[x2, x3], with ¢;>2 for 1 <i<r. But then the
binary form /" must be highly singular, in that Vf is zero when evaluated at
any given root xo = (0, x2,x3) of any given factor g; of f. Thus we have
Egs. (13) and (14), for i = 3, holding at any such xy; where we must have
x2x3L(x) #0 at Xo, and 7,, 773 as defined there. But we may then deduce from
the equation for L(x), in the same way that (15) was deduced above, that an
equation of the form (16) holds, for w;, w4 as above. We have therefore
shown a correspondence between distinct roots x¢g = (0, x5, x3) of any given
factor g; of f, and distinct equations of form (16). Thus whenever Gy is not
absolutely irreducible, we conclude that either there are at least two distinct
equations of form (16), or f must be a perfect kth power of some linear form
[ € Q[xz, x3]. It remains to eliminate this last possibility in order to conclude
the first half of this section. But then if x; is the unique zero of /(xz, x3), we
have

g
0T —k(k - 1)3pyaysL(x)*

8x26x3 a
ol 0l %l
_1.7jk—2 I R
=kl {(k 1)6X2 GX3 8)628)63}
=0

at xj, since k >2; whence L(x;) =0, which contradicts our previous
remarks.

Therefore, if Gy is not absolutely irreducible, we have that y satisfies at
least two distinct Egs. (16) and (17), which we may subtract in order to
deduce that

B E (w3 — o) = a/EDy D () — o),

B (s k_ 1\
() == ()

whence
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where 7, and 7, are both (k — 1)th roots of unity, disjoint from 1. A simple
application of Lemma 5 reveals that

k
ﬁ(ﬂ) _ 4,
x\V4

since either 3}(k — 1) or o« = f = 1. But then y3 = y4 and « = ff = 1, since
o, B,y > 0fori=2 34, and o, f are both k-free and coprime. Substitution
into (16) yields

k k—
vE =851+ )

for  some (k — 1)th root of 6. A simplified version of Lemma 6 then enables
us to deduce that y, = y3, and hence we are left with the case y = (0, 1,1, 1),
by the primitivity of the vectors y. It follows from (16) that the relation

1 + w3 + w4 = 0 must hold, where w{~! = —§ and wf~! = —1. Since then
1 = |1 4+ w3| = |1 + w4| = |w3 + w4|, we easily infer that the set {1, w3, w4} is

equal to the complete set of cube roots of unity. This is impossible, since if
3|(k — 1) then the (k — 1)th power of each cube root of unity would be I;
and if 3} (k — 1) then the set of 2(k — 1)th roots of unity does not contain
the cube roots anyway. Thus %, must be absolutely irreducible. The cases in
which y; = 0 for exactly one of i =2 or i = 3 follow similarly, because in
either case at least one w; will be a (k — 1)th root of —1 in the equation
corresponding to (16).

We conclude therefore that every rational plane section of surface (11), in
which precisely one component of the defining vector is equal to zero,
produces an absolutely irreducible plane curve of degree k.

3.3. The General Case yiy,y3y4#0. The following simple result will
prove useful in dealing with the various possible singular points of %y, in the
general case 11,734 #0. Recall that U is the set of all such vectors y which
lead to singular forms Gy.

LEMMA 7. Let y € W and k=6 be even, and suppose that €y has a
singular point at P. Then

P = [(py) " on(ay) " () VI € PR@), (19)
for some pair (w,w3), where o5™'=06 and ™' = —1. Furthermore,
distinct singular points of €y correspond to distinct factors Fq of the dual
Sform F,g.
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Proof. Since no component of y is equal to zero, we may assume by (13)
and (14) that L(x)x;x,x3#0 at P; and so conclude that

x\' B x\ x\*! oy
O @ @
X2 3%) X3 V3 X3 Bys

at P. Writing
X =0Byi Xy, X =ands, X = 0By X,

for X\, X>, X3 € C*, ratios (20) imply that X; = X, = X3 at P; and so any
singular points P occurring on the curve ¢y do indeed have the given shape.

It is now clear that distinct singular points of %y correspond bijectively to
distinct pairs (w;, 3). Furthermore, substitution of the point P (as given in
the statement of the lemma) into Gy =0 reveals that the distinct pairs
(w2, w3) each correspond to a distinct factor Fo of the dual form Fa_ﬁ;
where Q = (w,, w3, w4) is the triple achieved by adjoining wy4, a (kK — 1)th
root of —4, to the pair (w,,w;). 1

In order to classify exactly the possible factorisations of the family of
forms Gy for y € o', and when each of the various possibilities arises, the
following result will prove instrumental.

LeEMMA 8.  For even k=6, if the curve 6y is not absolutely irreducible, then
it has at least k — 1 distinct singular points.

Proof. Suppose that Gy factors non-trivially as Gy = GGy, say. If 61, %>
denote the projective curves defined by G; =0 and G, = 0, respectively,
then each intersection point of %} and %, will produce a singular point in
%y. However, since deg(Gi)deg(G,)>deg(Gy) — 1, Bézout’s Theorem
implies that %, and %, intersect in at least k — 1 points in the projective
plane; when counted according to multiplicity. The result will therefore be
immediate upon demonstrating that all the intersection points of ¥} and %>
have intersection multiplicity one.

Suppose that the curves ¢, and %, intersect at a point P, say. If P has
intersection multiplicity strictly greater than one, then without loss of
generality we have

0G| 0Gy 9G\ _ ,(0G> 9G: 0G;
8x1 ’ 8)(27 8x3 o 8)(1 ’ 8)(?27 8)63
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at P, for some A € C. Making use of the fact that G; = G, = 0 at P, we
easily establish the relations

aZGY =2 @ @
ax,-axj_ 8xi (9)(?]' ’

at P, for 1<i<j<3; whence

G, \’_ (9°G,\ (G, o)
xiox;) — \ ox7 )\ ox? )

at P, for 1 <i<j<3. But a simple calculation establishes the formulae

Gy

g = KUk = Do ™ - SBTL(x)" Y, (22)
a k k=2 2 k=2
o - = 0pk(k — D{yixy =y L(x)" (23)
8;? = —k(k = 1){oyixy 7 + 3B3L() (24)
and
aigfcj = —k(k = 1)3pyiyL(x) 7, (25)

for 1<i<j<3. Hence, taken together with the fact that H?:ly,»;éo,
Eqgs. (21)—(25) imply that

ok (x1x2)* 2 = {0ByIs 2 + o2 L(x)
ok (x1x3)" 72 = {0y 2 — 9pyIxt 2 L(x)*

o (x2x3)" 7 = {o3 7 = 6Byind PIL(x)

at P. It is clear that as an intersection point of ¥ and %>, P must also be a
singular point of @y, and so we must have L(x)x;x2x37#0 at P, as noted in
the proof of Lemma 7 above. Thus we may take ratios of the previous
system of equations in order to conclude that

k-2 k-2 > k-2
(ﬂ) ﬁyl (ﬁ) _ (E) _ 5% (26)
X3 ocy2 X3 y3 X3 By3
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at P. For example, the first two equations yield
X5 (0pying T = 0Byin{T?) = X3 2 (0Byng P + a3 ?)

at P, whence the last equality in (26). It is now straightforward to ascertain a
contradiction from (20) and (26); thus we must have the impossible
inequality

0< (1 /y3)" 7 = (01 /o) T = — (1 /33)* 7 <0,
This completes the proof of Lemma 8. 1

The remainder of this section will be spent demonstrating the proof of the
following result, which categorises exactly the possible factorisations of the
forms Gy, and completes the proof of Theorem 1 in the case of even k=6
such that 34 (k — 1) whenever F, 3 #F.

PROPOSITION 1. Let k=6 be an even integer such that 34(k—1),
whenever F,3#F. Then for any vector y € W, the form Gy is absolutely
irreducible unless 'y € By, where By is the set of integer vectors'y € W which
satisfy at least one of the following three conditions:

1. We have y| = y3 and y; = y4.
2. We have y\ = y4, y» =y3 and oo = f = 1.
3. We have y1) =y, y3=ya, 0= =1and 6 = —1.

Moreover, for 'y € By the corresponding form Gy is either the product of
a linear factor and an absolutely irreducible factor of degree k — 1; or if
ao=p=1 and y=(1,1,1,1), it is the product of two linear factors
and an absolutely irreducible factor of degree k — 2.

Together, Lemmata 7 and 8 show that whenever %, is not absolutely
irreducible there are at least k — 1 distinct pairs (w2, w3) such that Eq. (15)
holds for some further number w4. We claim that there exist at least two
equations Fo =0 and Fy = 0, say, which share the same value of either
w7, w3 or wy. Indeed, our claim is only false when the &k — 1 equations all
have different values of w,. Similarly, all is well unless the equations each
have different values of ws; and unless there are k — 1 different values of wy.
Since k — 1 is odd, we know in this case that dw,, —w3 and —dw, are all
(k — 1)th roots of unity. Hence we have k — 1 equations Fop = 0, no two of
which share the same value of dw,, —w3; or —dw4. Adding all of these
equations together clearly results in the identity (k— l)y]](/ k=) — 0;
contradicting the fact that y; #0.
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We now proceed to show how the claim can be used to deduce that for
even k, and %y singular but not absolutely irreducible, we must have that
one of the following three cases comes to pass:

a=f=1and y3=y4, y2=y4, or a=f=1and y,=y; (27)

Suppose that w, = w) in our two equations Fo=0 and Fy =0, and
subtract them from each other to obtain

k1) k] (k=1 1) /(=1
(03 = )BT 4 (s — ) BN <0,
where we clearly cannot have w; = o or w4 = ). Then, since wf‘l =
()*7" for i = 3,4, there exist (k — 1)th roots of unity #,,1,%1 such that

k k—1

i) == (=)

B\»s 1=,
An application of Lemma 5 yields oc/ﬁ(y4/y3)k = =+1 since either 3} (k — 1)
or o = =1, whence in fact « = f =1 and y; = y4, since «, § are k-free,
coprime and o, 3, y; > 0 for 1 <i<4. The cases in which w; = w} or w4 = )
both proceed in exactly the same manner; leading to the second and third
conclusions, respectively, in (27).

We now note that precisely the same argument can be applied to the
>k — 1 distinct singular points of the form

P = (Br) (o) Y () e PR@), (28)

for pairs (n,,n,) where n¥~! = —1 and n4~! = —§; or equally to the distinct
singular points of the form

P = [0(By) ) (o) VY G (By) VY] € PA(@), (29)

for pairs ({;,{3) where Cll‘*l =6 and Cé‘*l = —0. Here, the distinct singular
points correspond to equations of type (15), with w4 replaced by some
further number 7, or {4, respectively. Thus applying the same argument as
above to the singular points of form (28) will yield the possibilities

yvr=ys, ao=f=1land yy=ys or a=pf=1and y; =y, (30)

and once applied to those singular points of form (29), it yields the
possibilities

a=f=1land y3=y4, a=f=1and yy=ys or y =y;. (31)

Collecting these three conditions (27), (30) and (31) together, we deduce that
either y € By, or yy =2, y3=y, a=f =1 and d =+1, or 3 of the
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components of y are equal and o = ff = 1. In the second case, we easily use
(15) to show that for positive coprime integers 4,B and é = +1, the
corresponding form Gy(x) = BX(xK + x5 — %) — (4x) + 4x2 + Bx3)* s
absolutely irreducible unless y = (1,1,1,1). Indeed, the form G, will be
singular only if y = (4, 4, B, B) satisfies the equation

AN\ 1=, k=1
() - (=)
where 7,1, are both (k — 1)th roots of —1. In particular we have 5,#1 for
i=1,2 and so an application of Lemma 5 yields 4 = B=1, by the
primitivity of y. In order to complete the proof of the first part of
Proposition 1, we note that whenever o« =f =1 and three of the
components of y are equal, we will obtain an equation of the form handled
in Lemma 6. Indeed, suppose that y; =y, = y3;, and substitute into
Fo(y) = 0 to obtain

A +m+m) " =4
for some (k — 1)th roots of £1, ; and #,. Since y; > 0 for 1<i<4, we
deduce from Lemma 6 that y; = y4, and so in fact y = (1,1,1,1) € B;.

It remains to investigate the nature of the curves %, for y € B, and
we begin by considering the case y#(l,1,1,1). Suppose first that
y=(4,B,4,B), for coprime 4,B € N not both equal to 1. Then Gy
has the shape

Gy(x) = B* (o + x5 — axh) — 5B(Ax) + Bxy + Axz)k, (32)

Immediately, we note that Gy has the linear factor (x| + x3), and so there
exists a degree k — 1 form H, say, such that

Gy(x) = (x1 + x3)H(x). (33)

We hope to show that H is absolutely irreducible; in fact we shall
demonstrate that it is non-singular. Any singular point P of H will be a
singular point of Gy, so that we may use (15) in order to deduce that

(BA) V(1 + w3) = —(@B) T (@3 + w4)

for some triple (wa,ws,w4) of (k—1)th roots of 6, —1 and -0,
respectively. If 1 4+ w3 were not equal to 0, we could go on to derive

Eé k:_é 1_’11 k—1
o\ B 11—, ’
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for (k — 1)th roots of unity #,,#,; so that « = f = 4 = B = 1, by the usual
application of Lemma 5 and the fact that (o, f) = (4, B) = 1. Hence we may
assume that 1+ w3 =0 and Lemma 7 implies that our singular point P
satisfies x; + x3 = 0 at P. We therefore deduce from (33) that

&Gy _oH
8)(16)62 - 8x2’

at P. By (25), it is not hard to see that for P to be a singular point of H, with
x1 +x3 =0 at P, then we must have x, =0 at P; this contradicts the
statement of Lemma 7. Hence H is indeed non-singular.

The case in which y = (4, B, B, 4) and « = f§ = 1, for coprime 4,B € N
not both equal to 1, is entirely similar. It suffices to set « = =1 and
interchange x; and x;, and also 4 and B, in the preceding argument.
Similarly, in order to treat the remaining case y = (4, 4, B, B), for coprime
A, B €N both not equal to I, we set . =f =1 and é = —1, and simply
interchange x; and x3 in the argument corresponding to form (32).

We complete the proof of Proposition 1 by considering the special case
a=pf=1landy=(1,1,1,1). It is not hard to spot the linear factor x; + x3
of Gy, but it can be seen that further obvious linear factors will depend upon
the sign of 0. Thus if 6 = +1, there exists a degree k — 2 form J, such that

Gy(x) = (x1 4 x3) (%2 + x3)J 4 (x). (34)

Applying Lemma 4 to the corresponding dual equation Fg(y) =1l4+w+
w3 + wgq = 0, where w,, w3, w4 are all 2(k — 1)th roots of unity, we deduce
that either 1 + w3 = 0 or w, + w3 = 0. Indeed, the case 1 + w, = 0 cannot
come to pass since w5~! = § = 1. Thus in order for P to be a singular point
of J; (and hence of Gy), Lemma 7 implies that we must have x; +x3 =0
or x; +x3 =0 at P. Suppose that x; + x3 =0 at P. Then, since J; =
0J./0x; = 0 at P for 1 <i<3, we deduce from (34) that 0>Gy/0x,0x, = 0 at
P; whence L(x) =0 at P by (25), which contradicts the opening line
of the proof of Lemma 7. Similarly, if x, +x3 =0 at P we deduce
that 0>Gy/9x10x3 =0 at P, which again provides the necessary contra-
diction. Hence J, is indeed absolutely irreducible. If 6 = —1, Eq. (34) is
replaced by the factorisation

Gy(x) = (x1 + x2)(x1 + x3)J-(x),

where J_ is a degree k — 2 form. Furthermore, J_ is easily shown to be
absolutely irreducible via an application of Lemma 7, in precisely the same
way that J, was shown to be so above. This therefore completes the proof of
Proposition 1.
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4. PROOF OF THEOREM 1 FOR THE CASE k£ ODD

Let k=5 be odd, and let y € 7* be a non-zero primitive vector. Using
the form for F,p(x) given by (3), much of the preceding section
becomes notationally less encumbered. Thus, for primitive non-zero
y € Z* we consider the plane section x -y = 0 of the surface F,p(x) =0,
and again assuming without loss of generality that y4#0 we attain the
curve

Gy Gy(x) = Vi (k4 Bk + k) — BL(x)* =0

where L(x1,X2,Xx3) = y1X1 + y2x2 + y3x3. We can obviously no longer use
this equation for %y in order to assume that ;>0 for 1<i<4, though it is
clear that points lying on rational lines in %y still contribute nothing to
A71(B). In much the same way as before, it is straightforward to get a
satisfactory handle on 2 and 2, defined to be the same set of vectors y as
defined at the start of the treatment of the even k case. Indeed, %y has a
singular point at P say, if and only if there exists a triple of (k — 1)th roots
of unity Q = (w,, w3, w4) such that Fo(y) = 0, where Fy(y) is a factor of the
dual form Fu,ﬂ given by (15). Here it should be specified that we are taking
positive (k — 1)th roots of «, .

As above, it will be convenient to split our considerations according to
how many vector components y; of y are equal to zero. However, owing to
the similarities between this case and the case of k being even, our
investigations will be significantly condensed.

4.1. The Case yy,y3y4=0. The case in which y; =y, =y3=0
obviously produces an absolutely irreducible curve %y, by Eq. (15) for
Fo(y) and the fact that y;#0. Following the previous methods, it is easy to
see that whenever precisely two of the components of the vector y are zero,
%y must be absolutely irreducible unless one of the following three
possibilities comes to pass:

1. We have . = =1 and y, = (0,0, 1, 1).
2. We have y{ = (0,1,0,+1).
3. Wehavea = f=1andy, = (1,0,0,1).

Here we have used the fact that y4#0 in order to conclude that there are
precisely three ways in which the vector y has precisely two zero
components. Then in order to deduce Case 1 for example, we consider the
possibility y; = y; = 0 and infer from Fy(y) = 0 that % = ayk since k — 1
is even. Thus « = f =1 and y; = y4 = 1, because «, f > 0 are k-free and
(y3,¥4) = (o, ) = 1. Cases 2 and 3 are handled similarly. We must now
consider the nature of the curves %y fory € {y,, yi,y,}; these are defined by
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the forms

Gy, = X} + x5, Gy: = a(£xf + x%) and Gy, = x5 + x4,
respectively. Although for odd k the binary form X* + Y* will in general
have irreducible quadratic factors it can easily be seen as in the case of k
even, that points lying on these curves actually lie on lines in the surface
F, 3 = 0. Indeed, this is plain from the identity

! c k o
R 2D (2”1)#‘ = T (),
0<r<k/2

say, where Ty (x,y) =0 for x,y € R if and only if x =y = 0.

We now turn to the case in which precisely one of the components of y is
equal to zero; supposing as before that y; = 0, and y,y3y4 #0. Thus the dual
factor Fg(y) becomes (16) above, but with w; and w4 now both (k — 1)th
roots of unity. Following the corresponding case for even k, it is easy to
employ Lemma 2 in exactly the same fashion in order to deduce that if the
curve 6y is not absolutely irreducible then the vector y must satisfy a second
distinct Eq. (17), with o}, ) both (k —1)th roots of unity such that
{w3, 4} #{wh, w,}. Tt is then straightforward to subtract this from (16)
in order to deduce Eq. (18), with ¢ replaced by 1 and (k — 1)th roots of
unity #n,,1,# 1. A simple application of Lemma 5 yields

k
E(&) Y
x\V4

since either 34(k — 1) or « = ff = 1, whence y3; = £y4 and o = f§ = 1, since
o, f > 0 are k-free and coprime. We substitute this into (16), and then the
same simplified application of Lemma 6 that was applied previously, suffices
to deduce that in fact y; = +y4 = +y,. Thus the only possibly reducible
curves correspond to y = (0, £1,+1, 1) when y; = 0; but it is now perfectly
feasible for the roots w3 and w4 to be cube roots of unity, unlike in the case
of k even. Instead, we intersect

Gy(x) = xll‘ + xlzc + xé‘ — (£x X3)k

with the line x, — x3 =0, to obtain the binary form f(x,x;) = x’f + ax’z‘;
where a = 2 or 2(1 4 2K~1). By Eisenstein’s criterion for the prime 2, we
deduce that f' is irreducible over Q; so that Gy must also be irreducible over
Q. The cases y; =0 for i =2,3 are handled identically, and so we may
conclude that all such plane sections produce irreducible curves €.
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4.2. The Case y1y2y3ya#0. It is clear that a result of the type given by
Lemma 7 holds equally well in this setting, with w; and w; now both
(k — 1)th roots of unity. Although practically identical, the following result
is sufficiently divergent from the corresponding Lemma 8 to warrant more
explicit attention.

LEMMA 9. For odd k=35, if the curve €y is not absolutely irreducible then
there exist at least k — 1 distinct triples Q = (w2, w3, w4) such that Fo(y) = 0;
unless o = f=1andy = (1,1,1,£1).

Proof. The proof is entirely similar to the case of even k, except in one
important aspect. Essentially, the argument of Lemma 7 leads us to
conclude that any singular point P of %, will be of the form (19) for
(k — 1)th roots of unity w,, w3, and we will also have the following odd k
version of ratios (20)

k-1 k-1 k-1
(ﬂ) _bn (ﬂ) _»n (2) _an (35)
X2 OC)Q’ X3 y3’ X3 ﬁy37

holding at P. The proof of Lemma 8 leads us to conclude that

(ﬂ) o (ﬂ) i (ﬂ) R S
X2 op3’ X3 3 X3 By3

at P, corresponding to ratios (26) in the case of k even. We are no longer in a
position to use (35) and (36) to get a straightforward contradiction, but they

do demand that « = f =1 and y; = y» = y3. To see this, invert ratios (35)
and multiply each of them with the corresponding ratio in (36) to deduce

X2 )i X3 )1 X3 0
) T T T T
X1 )2 X1 V3 X2 )3

at P. Combining these with the form (19) that P takes is sufficient to
establish the claim, since o, >0 are coprime and k-free. But then
substitution into Fo(y) = 0 yields the familiar equation y%(1 4 w; + w3 )<
= yk; to which a straightforward application of Lemma 6 yields ys = +.
Thus Lemma 9 fails whenever « = =1 and y=(1,1,1,£1), by the
primitivity of the vector y. This completes the proof of the lemma. 1l

We conclude this section by demonstrating the following result, which
exactly describes the possible factorisations of the form Gy for odd k> 5 and
y € A'. Again, we will take advantage of work already done in the case of
even k in order to significantly abridge the proof.
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PROPOSITION 2. Let k=5 be an odd integer such that 3} (k — 1), whenever
F,p#F. Then for any vector y € W, the form Gy is irreducible unless y € B,
where B, is the set of vectors satisfying any one of the three conditions defining
the set By of Proposition 1, with all references to o suppressed.

Moreover, for 'y € B the corresponding form Gy is either the product of
a linear factor and an absolutely irreducible factor of degree k — 1; or if
a=p=1andy=(1,1,1,1), it is the product of three linear factors and an
absolutely irreducible factor of degree k — 3.

By Lemma 9, we know that whenever %y is not absolutely irreducible and
y#(1,1,1,+£1), there are at least k — 1 distinct triples of (k — 1)th roots of
unity Q = (w,, w3, w4) such that Fo(y) =0. The claim made at the
beginning of the proof of Proposition 1 equally holds in this framework,
and so we may assume that there exist at least two distinct equations Fo = 0
and FQ/ = 0, say, which share the same value of either w;, w3 or wy. Since we
are no longer in a position to assume that y;>0 for 1<i<4, applying
Lemma 5 and the techniques employed in the proof of Proposition 1 will
lead to the conclusion that Gy is absolutely irreducible unless

yi==%ys and  yy =y, (37)
ora=f=1and
yi==xm and V3 =%y or
yi==%ys and =Ly, (38)

where the case in which the modulus of three of the components of y are
equal is handled exactly as in the case of k even, and shown to be included in
possibilities (37) and (38).

We defer the treatment of the curves %y arising from those y whose
components all have modulus 1 until later; concentrating instead on the
nature of the curves %y for y satisfying |y;| > 1 for some 1 <i<4, and (37) or
(38). This laborious task will be made easier by noting that it suffices to
consider those G, for which y = (4,B,+4,+B); where A,Bc Z are
coprime and not both with modulus equal to 1. Indeed, the arguments for
the alternative cases in which o« = =1 and y = (4,B,£B,+4) or y =
(4,+A, B, £B), will follow in precisely the same way. Indeed for both cases
one sets & = f = 1 and interchanges the roles of both x; and x;, and those of
A and B in the first alternative; and just the roles of x, and x3 in the second.

There are four basic permutations of y to consider; and we use the
equation Fo(y) = 0 to deduce that

(BAk)l/(k—l) +602(OCBk)1/<k_l) +CO3(:|:,8Ak)1/(k_l) +w4(:|:O(Bk)l/<k_l) _ 07
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for (k — 1)th roots of unity w;, w3, ws. Thus there exists a pair (y,,7,) of
(k — 1)th roots of 1, such that

BAK(1 = (—3n;))" = aB (1 = (—wqnf2))*

If we put {; = —w3n; and {, = —wan,/w,, we see that if one of {; or {,
is equal to 1, then so is the other, since affAB+#0. But it is clear that
{; ={ = lifand only if #; and 5, are both (k — 1)th roots of +1; which can
only occur when y = (4, B, A, B). Alternatively, we have {;#1 for i = 1,2,
and we can apply Lemma 5 in addition to the fact that 34(k—1) or
o= p =1, in order to deduce that « = f =1 and y = (&1, 1, %1, +1), since
(o, ) = (4, B) = 1. Before analysing this special case, we return to the case
y = (4, B, 4, B), and immediately notice a linear factor (x; + x3) appearing
in the corresponding form Gy. The argument previously applied to form
(33), once translated to the setting of odd k, will suffice to show that Gy is the
product of a rational linear form and an absolutely irreducible form of
degree k — 1.

Nowleta = f =1andy = (£1,£1,+£1,1). We observe that the equation
for Fg(y) = 0 demands that the corresponding curve % has a singular point
if and only if there exists a triple (w,, w3, w4) of (k — 1)th roots of unity such
that

(:tl)l/(kfl) +w2(il)l/(k71) +w3(i1)1/(k71) +(,04 _ O
This can clearly be rewritten as
m+n+n+1=0, (39)

where 7,,#%, and 15 are (k — 1)th roots of 1. Further, for 1 <i<3, each #; is
clearly a (k — 1)th roots of 41 if and only if the corresponding component y;
of y is equal to +1. We hope to show that the only possibility is that at least
two components of y can be taken to be +1, and the remaining two share the
same sign. Indeed, writing n = 2(k — 1) and working over the cyclotomic
field of nth roots of unity, we deduce from Lemma 4 that there can only be
trivial solutions to (39), whence

ye{(l,1,1,1),(1,-1,—-1,1),(=1,1,—1,1),(—=1,—1,1,1)}.

Consider first those y containing components of opposite sign. Thus for the
vector y = (—1,1,—1,1), we have Gy(x) = x} + x5 + x5 + (x; —x2 + x3)F,
and we easily notice that Gy can be written in form (33), for some degree
k—1 form H. By our application of Lemma 4 to (39) and since
y=(-1,1,—1,1), we use exactly the same sort of argument that was used
to show that the form J, in (34) was non-singular, in order to deduce that
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X1 4+ x3 = 0 at any singular point of H. Following the usual argument, we
are led to the fact that H itself must be non-singular and hence absolutely
irreducible. One proceeds in a similar manner for the vectors y = (1, —1,
—1,1) and y = (—1,—1,1,1), with corresponding linear factors (x; + x3)
and (x; + x2) of Gy.

Turning to the final special case y = (1,1, 1, 1), we have the factorisation

Gy(x) =xf + x5 + 2% — (x) + 2+ x3)"
= (x1 + x2)(x1 + x3) (%2 + x3)J (%),

where J is some form of degree k — 3. Again, by our previous application of
Lemma 4, and through basically the same sort of argument that was used
above, we deduce that J itself must be absolutely irreducible; which
completes the proof of Proposition 2.

5. PROOF OF THEOREM 2

In light of Heath-Brown’s bound (6), all that remains is to estimate the
contribution to A" (F,p; B) from those primitive points x € 7* for which
|x| <B, and x lies on some irreducible curve of degree <k — 2 which is
contained in the surface F, g = 0. When F, s # F we assume that k — 1 is not
divisible by 3, with no such restriction when F, 3 = F.

By a useful theorem of Colliot-Théléne [6, Appendix], any degree k non-
singular surface in P contains just Oy (1) irreducible curves of degree
<k — 2. Moreover, the case in which the curve is a line is to be omitted
by definition of A"(F,p;B). Whenever the irreducible curve has
degree d, for 3<d<k —2, an application of Lemma 1 provides the
bound O,;(B*3*%) for each of the curves. Thus it remains to handle
the case of F,s =0 containing irreducible quadric curves, which will
necessarily be planar, and so an application of Theorem 1 neatly eliminates
this possibility whenever k>6. This therefore completes the proof of
Theorem 2, since for kK =5 any quadric curves in the surface will each
produce a contribution of O,(B'*¢) to A"(F,s; B) by Lemma 1, which is
satisfactory.
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