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Abstract

We derive an investor’s optimal trading strategy of electricity contracts traded in two locations
joined by an interconnector. The investor employs a price model which includes the impact of
her own trades. The investor’s trades have a permanent impact on prices because her trading
activity affects the demand of contracts in both locations. Additionally, the investor receives
prices which are worse than the quoted prices as a result of the elasticity of liquidity provision
of contracts. Furthermore, the investor is ambiguity averse, so she acknowledges that her
model of prices may be misspecified and considers other models when devising her trading
strategy. We show that as the investor’s degree of ambiguity aversion increases, her trading
activity decreases in both locations, and thus her inventory exposure also decreases. Finally,
we show that there is a range of ambiguity aversion parameters where the Sharpe ratio of the
trading strategy increases when ambiguity aversion increases.

Keywords: Ambiguity aversion, model uncertainty, electricity interconnector, statistical
arbitrage

1. Introduction

In this paper, we show how an investor employs a statistical arbitrage strategy by taking
simultaneous and offsetting positions in electricity contracts traded in two locations, which
are joined by an electricity interconnector. An interconnector is a physical asset to transmit
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electricity between two locations. Investors take advantage of disparities in prices by purchas-
ing electricity in the location with the lower price and selling it in the other location. This
trading activity affects the supply and demand of electricity in both locations, which affects
clearing prices of wholesale electricity and its derivative contracts.

Here, the investor employs a model that incorporates two ways in which her trades affect
the prices of contracts in the interconnected locations. When the investor takes liquidity by
executing a trade (buy or sell contracts), the prices she receives are worse than the prevailing
quoted prices as a result of the inelasticity of the liquidity of the supply of contracts. Moreover,
the buy and sell pressure stemming from the investor’s trades have a permanent effect on the
prices of contracts in both locations, see Cartea et al. (2015).

The investor acknowledges that her model of prices, which is characterized by the reference
measure P, may be misspecified. She deals with this model uncertainty, also referred to as
ambiguity aversion, by considering alternative models when developing the optimal trading
strategy. Specifically, the investor considers models characterized by probability measures
that are equivalent to the reference measure P. The decision to reject the reference measure
is based on a penalty the investor incurs if she adopts an alternative model. The magnitude of
the penalty depends on the investor’s degree of ambiguity aversion and is based on a ‘measure’
of the distance between the reference and the alternative measure.

In this paper, we solve the investor’s optimal trading problem and show how ambiguity
aversion affects the trading strategy. We find that, as the investor’s degree of ambiguity
aversion increases, her trading activity of electricity contracts in both markets decreases,
hence her inventory holdings (long or short) decrease, and this has an impact on expected
profits and volatility of profits. In particular, we employ simulations to illustrate the behavior
of the strategy and measure its financial performance by computing the ratio of the average
profits to the standard deviation of profits (i.e., Sharpe ratio assuming zero risk-free rate). We
show that there is a range of ambiguity aversion parameters where the Sharpe ratio increases
as ambiguity aversion increases.

The recent work of Cartea et al. (2016) is the first to study the effect of model uncertainty
in commodities. The authors showed how the prices that consumers are willing to pay, and
producers to receive, for forward contracts and other derivatives, depend on the degree of
confidence that they place on their reference measure. Model uncertainty has been used in
several other applications in the literature. For applications in portfolio optimization and
consumption problems, see Hansen and Sargent (2001), Uppal and Wang (2003), Hansen and
Sargent (2007), and Guidolin and Rinaldi (2013); for credit derivatives, see Jaimungal and
Sigloch (2012); for algorithmic trading, see Cartea et al. (2017); for real-options, see Cartea
and Jaimungal (2017).

Another line of research is that of Bannor et al. (2016), where the authors investigate



model uncertainty in energy markets. Our approach is different because the investor deals
with model uncertainty by considering a large class of alternative models. This class consists of
all models described by a probability measure, where the only requirement is that the measures
are equivalent to the investor’s model, which is characterized by the reference measure P.

Previous work on electricity interconnectors include Cartea and Gonzalez-Pedraz (2012),
who develop a tool to value an interconnector as a stream of options written on the spread
of electricity spot prices in two locations. The recent work by Cartea et al. (2018) shows
how electricity flows between interconnected locations have a direct and indirect effect on
electricity prices in the different locations. The direct effect refers to how prices between two
locations are affected when power is flowing between these two locations only. The indirect
effect refers to how the flows between two locations affect the price of power in other locations
that are part of the interconnected electricity network. The authors propose a model that
takes into account these direct indirect price effects and show how to optimally trade power
in three interconnected locations.

The work of McInerney and Bunn (2013) study the Irish and British electricity markets
and show that transmission capacity auctions have been persistently undersubscribed and
transmission rights are not fully utilised. Moreover, the authors find that auction prices for
transmission rights are undervalued against spread option valuations. The work of Newbery
et al. (2016) studies the gains from estimates the potential benefit of coupling interconnectors,
so that all electricity is (moderately) efficiently allocated across the EU by a single auction
platform, to increase the efficiency of trading day-ahead, intra-day and balancing services
across borders.

Our paper differs from that by Cartea and Gonzalez-Pedraz (2012) in three important
aspects. First, in our approach the investor trades electricity contracts instead of spot elec-
tricity. Second, our investor solves a dynamic optimization problem, whereas Cartea and
Gonzdlez-Pedraz (CG) solve a static problem that is not dynamically optimal. Third, we
model the investor’s price impact, whereas CG incorporate price impact by assuming that
the value of the option to transmit electricity through the interconnector is capped at an
arbitrary level.

In this paper, the investor employs a reference model that is in the class of arithmetic
models, as in Benth et al. (2007). There is a large list of reduced-form models for wholesale
power prices and electricity derivatives that could be employed to derive the optimal strategy
for an investor trading in interconnected locations. For a model of electricity forwards see
Benth et al. (2003). Models of wholesale electricity have been extensively covered in the extant
literature, see for example Roncoroni (2002), Cartea and Figueroa (2005), Weron (2007),
Benth and Saltyte-Benth (2006), Hikspoors and Jaimungal (2007), Benth et al. (2008), and
Jaimungal and Surkov (2011). The factors driving the uncertainty in our model are similar
to those proposed in the early work of Hambly et al. (2009). Finally, Aid (2015) provides



a survey of the common features of the microstructure of power markets and models, and
describes the state of the art of the different electricity price models to price derivatives.

The remainder of this paper is organized as follows. Section 2 presents the investor’s
reference model for the price dynamics of electricity contracts. Section 3 shows how model
uncertainty affects the investor’s trading strategy. Section 4 derives the investor’s optimal
trading between the two interconnected locations. Section 5 employs simulations to illustrate
the trading strategy and shows the financial performance of the strategy. Section 6 concludes.
Proofs of some propositions are collected in the Appendix.

2. The model

In this section, we develop the framework for an investor who trades electricity contracts
in two locations joined by an electricity interconnector. To streamline the discussion, Sub-
section 2.1 presents the investor’s reference model for the dynamics of contract midprices
in the absence of her own trading activity. Subsection 2.2 shows the prices received by the
investor and how her trading activity affects supply and demand of electricity contracts in
both locations.

2.1. Midprice dynamics

Throughout this paper, we focus on one type of contract and assume it is traded in both
locations. The midprice of the contract is denoted by P! = (Pf)te[o,T], and, in the absence
of the investor’s trading activity, the investor assumes the following model for the midprice
dynamics:

dP} = k"(0] — P})dt + o dW} + dJ; (1)

where i € {1, 2} denotes location, x* > 0, o > 0 are constants, J* = (J;){o<i<7} are compen-
sated pure jump processes, Wi = (Wf)te[&ﬂ are standard P-Brownian motions with correla-
tion d [W?, W?], = pdt, p € [1, —1], and functions ' = (6;)c[o,r represent the deterministic
seasonal components of prices. For simplicity and mathematical tractability we assume that
the jumps within and across locations as well as the jumps and the Brownian motions, are
independent of each other.

In interconnected markets, one expects prices of contracts in both locations to exhibit joint
co-movements. In this model, co-movements are captured by the correlation of the Brownian
motions. One also expects that jumps in the price of the contract in one location may cause
a jump in prices of electricity contracts in the other location, or that prices of contracts jump
at the same time. Jumps in contract prices could result from weather conditions that affect
electricity prices in both locations, which affects the price of the contracts. Also, jumps in



the price of electricity in one location may cause a jump in the price of electricity in the other
location due to market participants who trade and transmit power across the interconnector
to take advantage of electricity price discrepancies. In our model of contract prices we can
include co-movements in the jump component. This would make our model more realistic,
but less tractable.

As usual, we work on a completed filtered probability space (€2, {F;}icpo,r), P), where
P is a probability measure, and F; is the natural filtration generated by the quadruplet
(Wt w2, Jt, J?).

To generate the alternative models in the sequel, it is useful to first write the jump process
J' in terms of its Poisson random measure (PRM) w;(dy, dt) and compensator v;(dy, dt), so
that

= [ o e = g )

We assume that the compensator can be written in the form v;(dy, du) = \; G;(dy) du, so that
the pure jump process J* is a pure jump Lévy process. If ffooo Gi(dy) = 1, J' is a homogeneous
compound Poisson process with intensity A;. For technical details on Poisson measures and
compensators, see Cinlar (2011).

In practice, relevant contracts (for the statistical arbitrage employed by the investor) in
the European market are those traded in the intraday markets where the investor can take
positions in contracts with delivery period of one hour or less. For example, most intraday
markets open at 3pm every day and one can trade each hourly contract (or 15-minute contracts
in the case of Germany) for a number of hours before start of physical delivery or financial
settlement. For example, if today is 1 June, one can trade a contract with delivery at 4 pm
on 2 June for a period of 24.5 hours, and one can trade a contract with delivery at lam on
2 June for a period of 9.5 hours. The liquidity of these contracts varies, so the price impact
when buying and selling them depends on the supply and demand of the contracts as the
delivery period or expiry approaches.

2.2. Price impact of investor’s trading across locations

The investor’s objective is to maximize expected profits by taking advantage of price
discrepancies in both locations. We assume that the investor is continuously trading and
takes simultaneous and offsetting positions in both locations. The speed at which she trades
is denoted by v = (4)cjo,r] and has the following interpretation: over a small time step At,
if 14 > 0, the investor (i) buys v; At contracts in location 1 and (ii) sells the same quantity

!See for example intraday contracts traded in the EEX Exchange https://www.eex.com .



of contracts in location 2. Similarly, if v, < 0, the investor sells v; At units of electricity in
location 1 and buys the same amount in location 2.

The investor’s trading activity affects the prices of contracts in each location, because her
trading affects the quantity demanded of electricity contracts in both markets. We label this
effect as permanent price impact. In addition, when the investor executes orders, the price

she receives may be worse than the quoted marginal prices to buy and sell contracts. We
label this effect as temporary price impact. We discuss both effects in more detail and show

how they are modelled in our setup.

Permanent price impact

When the investor buys electricity contracts in location ¢, the demand in that location
increases and exerts an upward pressure on clearing prices. Similarly, when the investor
sells electricity contracts in the other location, she exerts a downward pressure on clearing
prices. The impact on midprices depends on the magnitude of the buying and selling pressure,
which results from the investor’s rate of trading. We assume that the impact on midprices is
permanent and linear in the investor’s speed of trading. Specifically, if, over the infinitesimal
time-step dt, the investor purchases an amount v; dt of electricity contracts in location i = 1,
then the price in that location will drift upwards by b, v, dt, and downward in location 2 by
by vy dt, where b; > 0 is the permanent price impact parameter. Note that, if the investor is
selling contracts in location 1 then 1, < 0, so midprices are pushed down in location 1 and
up in location 2.

Therefore, when the investor trades in both locations, her reference model is as in (1), but
with the additional price impact components. Thus, the midprice dynamics of the electricity
contracts become

AP = k1 (0F — PM)dt + by vy dt + oy AW} + dJ} (22)
AP = 1y (07 = P") dt — by vy dt + 0 W2 + dJ7 (2b)

where we use the notation P™ to stress that midprices are affected by the investor’s (con-
trolled) speed of trade, and recall that all the parameters and sources of risk are under the
reference measure P.

Temporary price impact

When the investor trades, she receives prices that are worse than the prevailing midprice
she observes. This difference results from the immediate buy and sell pressure exerted by
the investor’s trading activity and the elasticity of the liquidity of contracts supplied in both
locations. For example, if the investor is selling electricity contracts and the liquidity offered



by counterparties is very inelastic, then the price she receives will be lower than the price
at which the market would have cleared, ceteris paribus, in the absence of the investor’s sell
pressure.

We denote by P the execution prices the investor receives:

P = P +ayu, (3a)
P} = P —ayun, (3b)

where PZ"” are the quoted midprices as in (2) and a; > 0 are the temporary price impact
parameters.

3. Trading in interconnected locations

So far we have described the model under the measure P, which is the investor’s view on
market dynamics for the contracts she trades. However, the investor acknowledges that her
model may be misspecified, so she is willing to entertain other models to devise an optimal
trading strategy. In this section we show how the investor considers alternative models to the
reference measure PP, and how she chooses a particular model from all available choices.

3.1. Model uncertainty

The investor is not confident about the model for price dynamics, so she considers other
models specified by a measure Q that is equivalent to the reference measure P. We denote by
O the set of equivalent measures that the agent considers — below we provide the mathematical
details of this set.

Furthermore, the investor requires a criterion to select a model in the set O, which trivially
contains IP. As part of the selection process, the investor assumes that she will incur a cost
if the reference model is rejected in favor of an alternative model. Intuitively, the rejection
cost is based on a measure of ‘distance’ between the reference measure P and the alternative
measure Q. This measure of distance is encoded in a penalty function, which also accounts
for the investor’s degree of ambiguity aversion. For instance, if the investor is very confident
about the reference model, any ‘small’ deviation, that is small distance, from the reference
measure P is heavily penalized, so it is very costly to reject the reference model. On the other
hand, if the investor is extremely ambiguous (i.e., very underconfident) about her choice of
the reference model, the cost incurred for accepting alternative models is very small.

Before providing the details of the penalty function, we specify the investor’s inventory
and cash process to formalize the investment problem. Let Q" = (Q})o<i<r} denote the



inventory in electricity contracts in location 1. This inventory is affected by how fast she
trades and satisfies

dQV = v dt, Q4 =0. (4)

Recall that the investor takes offsetting positions in both markets, so the inventory in location
21is —QY.

The cash accumulated from trading is given by the process X" = (X}){o<i<7} and satisfies

¢
Xf:/ flu, Py, vy) vy du, Xy =0, (5)
0

where P = (Ptl’”,Pf’”)te[O’T], ft, Py = P> — P — av, is the instantancous profit
from taking simultaneous positions in both locations, and a = a1 + a» denotes the aggregate
temporary price impact in both locations.

The investor’s value function is (with a slight abuse of notation P represents the point in
state space corresponding to the midprices)

T
H(tv P7 QV) - Sup égg]EgP,QV |:/ f(ua PU7 V’LL) du + h<T7 PT7 Q;) + H(QHP) ‘ ]:t:| I (6)
veA t

where
WT, Pr,Q7) = (Pp — P2 QY — a Q2 (7)

is the cost of unwinding all contracts at the terminal date 7" and the constant o > 0 represents
inventory liquidation cost. Moreover, A is the set of admissible trading strategy A = {v
EF[ fOT v2du] < +oo}, and the operator Egpg [-] denotes expectation conditioned on (with
slight abuse of notation) PL. = P!, P2 = P? and Q} = (Q}, —QY). Furthermore, H(Q|P) > 0
is the (convex) penalty function, that is, the cost of choosing a candidate measure Q over the
reference measure P.

If the investor trades instruments that are financially settled, then, these instruments
must be settled in cash at expiry, or are unwound prior to expiry (as is the case we discuss
in this paper). Either way, the cost of closing the positions is captured by the cost function
hT, Pr,Q%). In the case of financial settlement, the penalty parameter o« would be very low
(to reflect any other costs in addition to the financial settlement) or zero. Alternatively, if the
contracts are physically settled, then the temporary and permanent price impacts (captured
by a; and b; for ¢ = 1,2) will reflect these constraints, e.g., when committed electricity flows
are approaching the interconnector’s capacity, the magnitude of price impact will be higher.

Now we discuss the penalty imposed by the investor when adopting an alternative measure.
We build this penalty in three steps. First, we discuss the penalty imposed when deviating
from the reference measure for only the diffusive factor. Second, we discuss the penalty
imposed when deviating from the reference measure for only the jump factor. Finally, we show

8



how these two penalties are combined to obtain the general penalty H(Q|P) that appears in
equation (6).

3.2. Penalty function: cost of adopting an alternative model

A popular choice for the penalty function is based on relative entropy:

~ 1 dQ
H P) = —log —, 8
r(@P) = ~log T2 8
where v > 0 is a constant that reflects the investor’s degree of confidence in the reference
model. In the limiting case v | 0, the investor is ambiguity neutral and therefore, she rejects
any alternative model, because the cost of adopting an alternative measure is too high. On
the other hand, the more ambiguous is the investor about the reference model, the larger is

v. In the extreme case v — oo, the investor contemplates the worst case scenario.

Now we define the class of alternative models that the investor considers. The investor is
ambiguous to the two sources of uncertainty in the reference model : the diffusive factor and
the jump factor. We characterize the class of equivalent measures for each factor separately.
The investor may feel more or less confident about the reference measure for the diffusion than
for the jump component — Bannor et al. (2016) find that, in wholesale electricity markets,
jump risk is by far the most important source of model risk, see also Stahl et al. (2012). In
addition, the investor could also feel more or less ambiguous to the reference measure for each
location.

Ambiguity aversion to the diffusive factor. The investor considers alternative models
of the diffusive factor characterized by the Radon-Nikodym derivative

dQ" | o
T exp{—- > ', du— AW, | 9
dP eXp{ 2/0 M2 M G0 /0 M (9)

where W, = (W, W2, m = (0,)icpr) is a two-dimensional F;-adapted process, the matrix
transpose operator is denoted by ’, and

¢
2:(1 T), so that W?:—/nudu—l—Wt
P 0

are Q"-standard Brownian motions.

This change of measure is parameterized by the F-predictable process 1, which changes
the drift of the reference model. In addition, the set of candidate measures

T
Q" = {Q” : 1 is F-predictable and E” {/ n,x'n, du} < oo} (10)
0



and the entropic penalization specific to the diffusive factor is as in (8), takes the form

Lo 1 T / 1 T /
H (Q"!P)=—§/ 7,35 nudu—/ 7, AW
0 0

where @ is an ambiguity matrix with inverse given by
10 00
o 'l=px"! : 11
¢ + & <O O) + @2 <O 1) (11)

Here ¢ > 0 is an ambiguity aversion parameter common to the diffusion components of
the model for midprices P! and P?, and ¢; > 0 and ¢, > 0 are ambiguity aversion parameters
for the midprices P! and P2, respectively.

Finally, the Q"-expectation of the penalty function, specific to the diffusive factor, is

T
EY [H*(Q"|P)] = EY F / 7, ® ' n, du} :
2 Jo

Ambiguity aversion to the jump factor. Analogously, the alternative models of the
jump factor are parameterized by the F-predictable random field g = (g,(-))tcjo,r), and are
characterized by the Radon-Nikodym derivative

dgi = exp {—/OT /: (egﬂy) - 1) vi(dy, du) + /OT /: g-(y) /Li(dy,du)} , (12)

where g, == (¢/, 97)-

The Q9'-compensator of pi(dy, dt) is, then,
Voo (dy, dt) = e% Wy (dy, dt) (13)
and we choose items into the class of candidate measures
] ] ) T 00 )
QY = {ng . ¢'(+) is F-predictable and EF {/ / (9% (y))? vi(dy, du)} < oo} . (14)
0 —00

with penalty function

=1 (— / ) (e = 1) wiagan) + [ ) | aw m(dy,du)) ,

H(Q7

where ¢ > 0 is the ambiguity aversion parameter specific to the jump factor, and the QY-
expectation of the penalty is

E% [1°(Q" IP)| = E® E / ' / Z (0 (g () = 1) +1) vildy, du)} .
10



Figure 1: Two alternative routes from the reference measure P to a candidate measure Q"9 in which the
diffusion and jump component are altered.

3.2.1. Ambiguity aversion to diffusive and jump factors

Now that we have specified the set of candidate models for each individual factor, we
discuss the set of candidate measures that the investor considers when accounting for ambi-
guity to both factors at the same time. Thus we seek a ‘total’ change of measure such that

p_2e Qn9.

Since the PRM driving the jumps in midprices and the Ornstein Uhlenbeck (OU) process
are mutually independent, a Radon-Nikodym derivative that generates an equivalent measure
can be factored into the product of two independent components. Figure 1 shows that this
decomposition can be viewed as two consecutive measure changes, which yield the desired
total measure change. This total measure change can be reached via two canonical paths:
(i) alter only the diffusive components, and then alter the jump components, or (ii) alter the
jump components, and then alter the diffusive components:,

dQme  dQn. dQne o dQme  dQ9 dQe

dp P dQn dP dP  dQ9

Both paths arrive at the same total change of measure, which is given by the Radon-Nikodym
derivative

domng T T
0 :exp{ —%/ n;E_lnudu—/ n,, dW,
0 0

dP
-> [ /OT /‘: <@9:;<y> — 1) vi(dy, du) — /OT /Z g (y) s(dy, dU)} }

i=1,2

(15)

We remark that, while this measure change is induced by a product of stochastic exponentials,
the resulting probability measure may induce dependence between the various processes since
the random fields g,(-) and the processes 1, are allowed to be dependent on all state variables.

11



Finally, the set of candidate measures is

T
{Q"g n and g are F, — predictable, E¥ [/ n, X 'n, du} < 00,
0

Z// (9 (y l/ldy,du)]<oo}.

3.8. Dynamic programming equation

(16)

The dynamic programming equation associated with the optimal control problem (6)
suggests that the value function H (¢, P, Q") is the unique solution of the Hamilton-Jacobi-
Bellman-Isaacs (HJBI) equation:

0=0H(t,P,q) + sup (LY + f(t,P,v))H(t, P,q)

+3 A inf / {e“W A H(t, P,g) + L (14 "W (g:(y) — 1)} Gildy)  (17)

i=1,2
+inf {0 QDH(t, P,q)+ 30 ® ' n} ,
n

where .

op 0 1 L p\ OprH
(0 0'2) ’ ¢ (p ].) ’ <8P2H ’
the operators A;(y)H act on functions as follows:
Ai(y)H(t, P, q) = H(t, P+ yli,q) — H(t, P,q), (18)
with 1, = (1,0) and 15 = (0,1), and the generator

LY = (/471 (61—P1)+bly) ap1+(/€2(62—P2)—b21/)ap2

2
U 1 (19)
+ 50%8131;)1 + §O'gap2p2 + poyogOprp2 + 1/8q - E Azwzapl ,
=1

where

%z/ooyGi(dy),

[e.9]

is the mean jump size in location .

For simplicity we have assumed that ¢; | 0 for ¢« = 1, 2 — an assumption that we keep
throughout the remainder of the paper.

12



Proposition 1. Trading under model uncertainty.
After taking the supremum and infinum in the HJBI equation in (17), we have

(0 + L) H(t,P,q) + £ [(010p1 — byOp2 4 0,) H(t, P, q) + (P2—P1)}2

—~ L(DH(t,P,q)) ¥ &' Q(DH(t,P,q))

(20)
0 1 _ e—eAi(y)H(t,P,q)
R - Gi(dy) = 0.
i=1,2
subject to the terminal condition
H(T,P7Q):(P1—P2)Q—Oéq27 VP17P27Qa
and the infinitesimal generator
£:K1 (01—P1)0p1—|—/<,2 (92—P2> 8]32
1, 1, 2 (21)
+ 5(71 Opip1 + 5 05 Op2p2 + pay 63 0pip2 — ;)\ﬂﬂzapl .

Furthermore, the optimal speed of trading in feedback form is
V(t, P,q) = & [ (010p1 — baOp2 + 0,) H(t, P,q) + (P*> — P)]
and the optimal measures for the diffusion and jump components are characterized by
n'(t, P,q)=—®QDH(, P,q) and  g;(t,y,P,q) = —<Di(y)H(t,P,q), (22)

fori={1,2}, respectively.

PROOF. The optimal trading speed is obtained by maximizing the second term of (17).
Since this term is quadratic in v, it is trivial to obtain the first order condition (FOC). The
coefficient of 2 is negative hence it obtains a maximum value there. Similarly, to obtain
gi(+), we observe that the maximum value of the integral in the second line of (17) is obtained
by maximizing the integrand pointwise in y, and independently for each ¢. Furthermore, the
function £(z) = ¢* f + 1 (14 e*(z — 1)) is convex and attains a unique minimum at z* = —¢ f
for arbitrary f € R, and € > 0. Next, since ® is positive semi-definite, the infimum in the
third line is attained at the FOC of the quadratic form, which is given by (22). Finally,
substituting the feedback forms of v*, n*, and ¢;(-) into (17) results in (20). n

13



4. Optimal trading across locations

The HJBI equation satisfied by the value function is nonlinear and for the general case
when the investor is ambiguity averse to both the jump and diffusive components of the
reference model, we cannot find a closed-form solution to (20). However, if the investor is
ambiguity averse to only the diffusive factor, Proposition 2 below provides the value function
and the optimal speed of trading in closed-form. Moreover, Subsection 4.1 shows an expansion
method to approximate the value function when the investor is ambiguity averse to both the

diffusion and jump factors of the model for the midprices of electricity contracts.

Proposition 2. Trading under diffusion ambiguity.
When e | 0 and ¢ > 0, so that the investor is ambiguity averse only to the diffusive component

of the reference measure P, the HJBI equation in (20) reduces to

1 1
(O + L) H + o [(010p1 — bap +0g) H + (P?— PY]* - ; DH' Q@' QDH

2 o0 (23)
+Z)\i/ AH; Gi(dy) = 0.

i=1 —o0
Moreover, this HJBI equation admits a solution of the form

H(t,P,q) = l(t) + £(t) P+ Py P + ((1o(t) + (P' = P?) + £](t)P) q+ bo(t) 7, (24)
where

Coi(t) loor (t)  3Co12(t) (11 (t)
£o(t) = e = ? , 4=
Coa(t) 3lo12(t)  Looa2(t) C1o(t)
are vector- and matriz-valued deterministic functions of time. In this case, the optimal speed
of trading is
1

vt = P (I5(t) + (1) PT+65(t) P>+ 15(t) q) (25)

and the optimal drift adjustments are
My = —¢ o1 (ﬁm(t) +ploz(t) + (2 Loaa (1) + plona(t)) P
+ (Lora(t) + 2 ploza(t)) P? + (Ga(t) + plia(t) +1 = p) Q> )
Ny = —P 02 (P Cor(t) + Loa(t) + (2 p oo (t) + Lona(t)) P*

+ (plor2(t) + 2€o22(t)) P* + (pla1(t) + L12(t) + p— 1) CI) ;

(26)
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where 5, 7,5 and 5 have the affine structure:

(5(t) = b1lo1(t) — baloa(t) + L1o(1), (27a)
[5(£) = 2b1Lo21 () — balora(t) + L1 (1), (27b)
[5(t) = bylora(t) — 2balos(t) + Lia(t) (27¢)
() = by (brr (8) + 1) — ba(Cra(t) — 1) + 26a(2) (27d)

and Ly(t), Lor(t), -+ ,l2(t) are deterministic functions of time, which solve the ODE system

provided in (7.1) in the Appendiz.

PROOF. See Subsection A.1 for the proof.

We use the results in Proposition 2 to obtain the dynamics of midprices when the investor

is ambiguous to only the diffusive factor, as shown in the following Corollary.

Corollary 1. Midprice dynamics under diffusion ambiguity.

When € | 0 and ¢ > 0, so that the investor is ambiguous to only the diffusive component,

the midprices satisfy the following stochastic differential equations (SDEs) under the optimal

.
measure Q" :

dPtl’V = K (Qtl - %01 (Op1+ pOp2) H(t, Py, q;) —

dPtQ’V = Ko <9;:2 — ,%02 (pOpr + Op2) H(t, Py, qi) —

where W™ = (mi*){ogth} are standard Q" -Brownia

*

*

Op2H(t, P, q) = lgy + 250, P* +1

Pf”’) dt + by v dt + oy AW + dJL,
(28a)

Pf’”) dt — by vy dt + oo AW + dJ?

(28b)
n motions with correlation p and
o2 PP+ (5 + 1) q, (29a)
o2 PH (1, — 1) q. (29b)

PROOF. Given (23) yields to solution (24), we substitute (26) in the Radon-Nikodym deriva-

tive (9) and a straight forward application of Girsanov’s theorem allows us to write the
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P-Brownian motions in terms of Q7 -Brownian motions as we can write
AW =n,dt + dW, .

Then, rewriting the SDEs in terms of these new Brownian motions leads to (28). [ ]

Thus, when € | 0 and ¢ > 0 the investor rejects the reference model in favor of one where
midprices mean-revert to a level that consists of the seasonal trend in the reference model plus
the new term —% o1 (0prH + p dp2 H) for midprices in location 1 and a similar expression for

midprices in location 2. The new term that appears in the drift of midprices is proportional

to the ambiguity aversion parameter ¢ and to the volatility of the diffusive component o;.

4.1. Asymptotic Analysis First Order

The HJBI equation (20) is nonlinear and we cannot obtain a solution in closed-form, so

we employ perturbation methods to approximate the value function by the expansion
H(tvpaQ) = Ho(t,P,(J) + ¢HD(t7P7Q) +€HJ(t7P>q) + O(U) ) (30)

where v = max(¢?, ¢¢, €2). The following three Propositions provide closed-form solutions

for each term in the right-hand side of (30).

Proposition 3. when (¢,¢) | (0,0), the value function of the ambiguity neutral investor,
which is denoted by Hy(t, P, q), satisfies the partial integro-differential equation (PIDE)

2

0= (0 + L) Ho+ 15 [(b10pr — by Op2 + 9,) Hy + (P? — P')]

+ Z )\Z»/OOAZ-(y)Ho Gi(dy),

i=1,2 7~

(31)

subject to the terminal condition Hy(T, P*, P%, q) = (P' — P?) q—a ¢?, and admits the ansatz

Ho(t, P,q) = €,)(t) + £7(t) P + PT€5) P

(32)
+ (€00 + (P = P + 6T (OP) g+ (1) ¢,
where
20 — I0) 20 — G (t) L) O o
0 ( ) 0) ) 01 ( ) 1 /(0) (0) ) 1 ( ) )
loo (1) Loon(t)  Lo(t) 2O
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are vector- and matriz-valued deterministic functions of time that satisfy the ODE system

provided in Subsection A.2 in the Appendiz.
PROOF. see Subsection A.2 for the proof. [ ]

Proposition 4. Let H(t, P,q) be as in (30), then Hp(t, P,q) satisfies

2
(O + L) Hp + fp(t, P, q) (b10pr — by Op2 + 0;) Hp + Z Ai / Ai(y)Hp Gi(dy)
i=1 *°° (33)

1
—%DH()Q’@*QDHOZO,

with terminal condition Hp(T, P,q) = 0, where
P.q) = — [(b1 Op1 — by Dps + O,) Holt, P P> — P!
fD(t7 7Q)_%[(1 pt — b2 0p2 + q) 0(t7 aQ)+( - ):|
FEquation (33) admits the ansatz

Hp(t, P,q) = 6,)(t) + £7(t) P + PT€}) P

(0) (0) (34)
+ (600 + 87T P) g+ L) ¢
where
oo (6@ Y IO 0 o (670
£02 (t) §£012(t) 6022 (t> €12 (t)

are vector- and matriz-valued deterministic functions of time that satisfy the ODE system

provided in Subsection A.3 in the Appendiz.

PROOF. See Subsection A.3 for the proof. [ ]

Proposition 5. Let H(t, P,q) be as in (30), then H,(t, P,q) satisfies
(O + LYH; + fu(t, P,q) (b1 Opr — baOp2 + 0,) H;
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subject to the terminal condition H;(T, P,q) = 0, where

1
fH<t,P,q) = % [(bl 8p1 — bg ap2 + 8q) H()(t, P,q) + (P2 _ Pl)} .

Equation (35) admits the ansatz

Hy(t,P,q) = €)(t) + £7(t) P + PT£3) P

0 ) (36)
+ (A0 0+ 67 0P) g+ (i) 0
where
W= (@0 @ — (O 20} e, (610
0 ’ 01 — , 1 — 7
(O LSty e (t) ()

are vector- and matriz-valued deterministic functions of time that satisfy the ODE system

provided in Subsection A.J in the Appendiz.
PROOF. See Subsection A.4 for the proof. [ ]

Proposition 6. Given the first order expansion in (30), the residual function R*S(t, P, q)
satisfies the following PIDE:

1
(O + LYRY® + 1 [(L1R7)* + 2 LoHo| + My(Ho, Hp, Hy, e, ¢) B

1
+ My(Hy, Hp, Hy,e,0) Q¥ @ QDR — 3 (DR**) Q@ ' QDR**
2 oo
. (R — S (A $.e)2
D! /- (Axy)R " (i) B*) (31)

+ M3(Ai(y) Ho, Ai(y) Hp, Ai(y) Hy, ¢, €) Ai(y)R¢’€> Gi(dy)

+ M4(H07 HD7 HJ7 g, ¢> + M5(A2(y)H07 Az(y)HDa Al(y)HJJ ¢7€) + 0(H> = 07

with the terminal condition

R¢’E(T7 P? Q) = 07 vpl? P27 Q7
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where My, My, M3, My, M5 are given by:
1

M1 = %Ll(ngD"i‘gHj),

M, =~-D(Hy+¢Hp +eH;),
My = —¢ Ay(y)Ho — e Ai(y)Hp — £* Ay(y) Hy

M4 = ¢2(£1HD)2 + 62 (ElHJ)2 + 2¢€ (ﬁlHD) (ElHJ)

1
~ 3 D(OHp +cH))Q® ' QD($Hp +c Hy) — (DH)Q® 'QD(¢ Hp +c H)),
£

—§(¢2 (As(y)Hp)? +&* (Ai(y)Hy)? +2 ¢ (As(y)Ho) (Ai(y)Hp)

+2e (Ai(y)Ho) (Ai(y)Hy) +2e ¢ (Ai(y) Hp) (Ai(y)Hy)) -

M; =

(38)

PROOF. Substitute (30) into (20) and, using PIDEs (31), (33) and (35), we obtain the above
PIDE satisfied by R?(t, P, q). N

5. Trading across locations: ambiguity aversion effects and performance of strat-

egy

In this section, we show how ambiguity aversion affects the investor’s model for the mid-
price dynamics and illustrate the financial performance of the trading strategy. In Subsection
5.1, we assume that the investor is confident about the jump factor in the reference model (i.e.,
e ] 0) and show how ambiguity specific to the diffusive factor affects the investor’s model for
the midprices of electricity contracts. In Subsection 5.2, we employ simulations to illustrate
the investor’s trading strategy under model ambiguity to the diffusive and jump factors and

show the strategy’s financial performance for various levels of ambiguity aversion.
The midprices of contracts are simulated under the statistical measure P. we assume that
the distribution of jumps in both locations is the double exponential distribution:
+ - .
Gi(dy) = {pi mi e ™Y Lysg+ (1 —pi)my e ™ ¥ nygo} dy,i=1,2, (39)

where mjt > 0, A; are the arrival rate of jumps, and p; are the probabilities of upwards jumps

in midprices in each location.

19



Model | k1 | k2 | 01 | 09 p | 01| 02| m] m; my | my | A1 | Ae p1 P2

P 35 (35| 1 |15]105(20]|20] 07|07 |03]03] 2 2 0.6 | 0.6
Py 301251 |15706|20|20| 06 |06 |04]|04]25|25]|0.65]0.65
Py 401451 (1504|2020 | 08|08 1] 02|02/ 1515|055 0.55

Table 1: Parameters of reference model P and statistical measure P (using two sets of parameters).

Under the statistical measure, midprices satisfy the SDEs in (2), but the parameters are
different from those employed by the investor in her reference measure P. As an additional
robustness check we assume that the parameters of the statistical measure are estimated with
error, thus we assume that prices are simulated under the statistical measure using two sets

of parameters, which are denoted by f"l and I?DQ.

We remark that we have chosen a statistical measure P that is in the set Q, and thus
equivalent to the investor’s reference measure P. However, in our model we do not require
that P € Q. Clearly, the main problem addressed by model uncertainty is that the investor

does not know the ‘correct’ model of prices.

Table 5 shows the parameters estimated by the investor and those used to simulate prices.
Finally, the permanent price impact parameters are b; = 1x 107, by = 2x107%; the aggregate
temporary price impact parameter is @ = a; + as = 3 x 107%; and the terminal liquidation

inventory cost is a = 1000 X a.

5.1. Effect of ambiguity aversion to diffusive factor

When the investor is ambiguous to only the diffusive factor, we obtain the optimal measure
in closed-form, and the midprices of the electricity contracts satisfy the SDEs (28a) and (28b)

in Corollary 1, which we repeat here for convenience:

dPtl’V = K <9t1 - :;101 (aPl +p8P2)H(t7PtaQt) _Ptl’y> dt + by vy dt + 0y thl* ‘l'd*]tla

dP?" = ky (93 - ,,% oy (pOp, + Op,) H(t, Py, qr) — Pf’y) dt — byvy dt + oy AW+ dJ .
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Figure 2: Optimal drifts ni* = —¢ o1 (Op, + pOp,) H, and n?* = —p o2 (pdp, + Op,) H, left panel: Pt = 19,
P? = 21, right panel: P! =21, P2 =19, Q =0, ¢ = 1076,

To gain insights into how the investor modifies the dynamics of the reference model
to incorporate ambiguity aversion, Figure 2 shows the optimal drift adjustments n/* =
—¢ oy (Op, + pOp,) H(t, Py, q;) and n?* = —d oy (pOp, + Op,) H(t, Py, q;) for fixed prices P! =
19 and P? = 21. Under the reference measure, for P! < !, the upward trend x,(6} — P"") dt
is positive and prices revert back to the seasonal level of prices. The effect of ambiguity
aversion is shown in the left panel of the figure. We observe that the term 7}* dt makes the
midprice revert to the seasonal trend 6} at a faster pace than that in the ambiguity neutral
case. Similarly, if the midprice is above its seasonal trend, the drift in the optimal measure is
negative, so the price of electricity is pulled down quicker to the seasonal level of the reference

model.

Moreover, from the dynamics of P;" and P?” shown in equations (28a) and (28b), re-
spectively, we see that the drift adjustment is proportional to the volatility of midprices and
the ambiguity aversion parameter. Recall that 0y = 1 and oo = 1.5, which explains why
the drift adjustment for midprices in location 2 is larger than that in location 1. It is also
straightforward to see that the more ambiguous (i.e., higher ¢) is the investor to the diffusive

component, the stronger is the effect on the drift to pull midprices to the seasonal trend 6:.
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5.2. Strategy’s performance: effect of ambiguity aversion to diffusive and jump factors

Here we employ simulations to show how ambiguity aversion to the diffusive and jump
factors affects the investor’s trading behaviour and the financial performance of the trading
strategy. We use the expansion solution for the value function derived in Subsection 4.1
to compute the investor’s speed of trading. Recall that the simulations of price paths are

performed under the statistical measure @, where we use the parameters in Table 5.

To gain insights into how ambiguity aversion affects the performance of the strategy, we
consider three cases: Case 1: the investor is ambiguous to only the diffusive factor; Case 2:
the investor is ambiguous to only the jump factor; Case 3: the investor is ambiguous to the

diffusive and jump factor.

For each case, we show: (i) sample midprice paths under the measure P, (i) the trad-
ing speed for various levels of ambiguity aversion, (iii) the inventory held by the investor
throughout the life of the strategy (performing 10,000 simulations in each instance), and (iv)
the Sharpe ratio of the strategy for various levels of ambiguity aversion. The Sharpe ratio is
calculated as the average profits of the strategy divided by the standard deviation of profits

(risk-free rate is zero).

In the three cases described below, the effect of model uncertainty is to make the trading
strategy more conservative than that resulting from the model without ambiguity aversion.
Specifically, everything else equal, ambiguity aversion slows down the trading speed of con-
tracts in both locations. Thus, compared to the case (¢,¢) | (0,0) (i.e. no model uncer-
tainty) the less confident the investor is about the reference model, the less inventory she

holds throughout the life of the strategy.

Furthermore, for a range of values of ambiguity aversion parameters, as the strategy
becomes more conservative, the Sharpe ratio increases. Clearly, there is a tradeoff between
the expected profits of the strategy and the volatility of the profits. As the investor becomes
more ambiguous about the reference model, she reduces the quantity of contracts she is willing

to hold in both locations and this has an effect on the expected and volatility of profits.
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Case 1: ¢ [ 0 and ¢ > 0.

Here the investor is ambiguous to only the diffusive factor. When investor overestimate
model parameters which corresponds to real measure P case. Figure 3 shows: one simulation
of prices in both locations, the investor’s speed of trading (in location 1) for three levels of
ambiguity aversion specific to the diffusive factor, and the corresponding inventory path in

location 1.

The second panel in Figure 3 shows that, as the investor becomes more ambiguity averse,
the speed at which she trades, ceteris paribus, slows down. Intuitively, as the investor is less

certain about her reference model, she becomes more conservative by trading less contracts.

The third picture in the figure shows the paths of inventory holdings. Clearly, as the
investor becomes more ambiguity averse, and slows down the speed of trading, the amount of

contracts held at any point in time is lower.

Finally, Figure 4 shows the Sharpe ratio of the strategy and percentiles of the inventory
holdings using 10,000 simulations. As the investor becomes more conservative, as a result of
model uncertainty, she trades less and holds less inventory, all of which has an effect on the
average and the standard deviation of strategy’s profits. We measure the effect on profits by
computing the strategy’s Sharpe ratio; this is depicted in the left-hand side picture of Figure
4 for a range of values of the ambiguity aversion ¢. Moreover, the right-hand side of the figure
shows the percentiles of the inventory holdings for various levels of ambiguity aversion to the

diffusive factor.

¢ x10° €40
4
4 yoa\
=] o \
£ )\
2 8 /
s Zo M
19 ‘l J \_/\4
b
3 i 1 -4
18— 02 o8 o8 1 0 02 04 06 08 1 0 02 04 06 08 1
Time Time Time

Figure 3: Midprice paths, speed of trading, inventory holdings in location 1. Values of ¢ and ¢ | 0 under I?Dl
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Figure 4: Sharpe ratios and percentiles of inventory holdings in location 1 for various values of ¢ and € | 0

under ﬁl

As robustness checks, we also show the performance of the strategy when prices are given
by the statistical measure P,. The results are depicted in Figures 5 and 6 and the interpre-

tation is similar to that above.

Speed
Inventory

Time Time Time

Figure 5: Midprice paths, speed of trading, inventory holdings in location 1. Values of ¢ and € | 0 under IFDQ
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Figure 6: Sharpe ratios and percentiles of inventory holdings in location 1 for various values of ¢ and € | 0

under ]ﬁg

Table 2 shows the mean and standard deviation of the PnL of the investor’s strategy. For

completeness we also show the Sharpe ratio, which has been depicted in the left-hand panels

of Figures 4 and 6. As noted above, we see that as ambiguity aversion increases, the mean

PnL decreases and so does the standard deviation of the PnL. The rates at which these two

statistics of the PnL decrease are not the same. Observe that the rate at which the standard

deviation of the PnL decreases (as the ambiguity aversion parameter increases) is faster than

the rate at which the mean Pnl. decreases, thus the Sharpe ratio increases.

¢ 10 2x107% 5x107° 107* 2x104
P

Mean PaL (x10°) 2.66  2.49 222 174 0.69
Std Dev PnL (x10°) 455  4.23 375 290 105
Sharpe Ratio 930  9.33 939 954  10.36
P,

Mean PnL (x10°) 484 451 400 313 1.22
Stad Dev PnL (x10°) 11.6  10.8 952 731 266
Sharpe Ratio 6.62  6.64 6.66 679  7.29

Table 2: Statistics of PnL and annualized Sharpe ratio for values of ¢ and € | 0 under Py and Py
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Case 2: ¢ >0 and ¢ | 0.

Here the investor is ambiguous to only the jump factor. Figure 7 shows: one simulation
of prices in both locations, the investor’s speed of trading (in location 1) for three levels of
ambiguity aversion specific to the jump factors, and the inventory path in location 1. The

interpretation of the results is similar to that in Case 1.

x10° $10 6X104 $10
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Figure 7: Midprice paths, speed of trading, inventory holdings in location 1. Values of € and ¢ | 0 under ]f”l
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Figure 8: Sharpe ratios and percentiles of inventory holdings in location 1 for various values of € and ¢ | 0

under I@"l

We also show, Figures 9 and 10, the Sharpe ratio of the strategy and inventory holdings

when the statistical measure is ]?’2.
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Figure 9: Midprice paths, speed of trading, inventory holdings in location 1. Values of ¢ and ¢ | 0 under @2
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Figure 10: Sharpe ratios and percentiles of inventory holdings in location 1 for various values of € and ¢ | 0

under ﬁg

Table 3 shows the mean and standard deviation of the PnL of the investor’s strategy. For
completeness we also show the Sharpe ratio depicted in the left-hand panels of Figures 8 and

10.
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€ 10 5x107% 107° 15x107® 2x107°

P,

Mean PnL (x10°) 2.70 2.38 2.04 1.69 1.32
Std Dev PnL (x10%)  4.56 3.99 3.40 2.78 2.12
Sharpe Ratio 9.40 9.46 9.54 9.68 9.89
Py

Mean PnL (x10°) 4.83 4.25 3.63 2.99 2.33
Stad Dev PnL (x10°) 11.6 10.1 8.58 6.97 5.32
Sharpe Ratio 6.62 6.66 6.72 6.82 6.96

Table 3: Statistics of PnL and annualized Sharpe ratio for values of ¢ and ¢ | 0 under P; and Py

Case 3: ¢ >0 and ¢ > 0.

Here we show how the strategy performs when the investor is ambiguous to both factors.
The left-hand side of Figure 11 shows the Sharpe ratio for fixed ¢ = 107 and values of the
jump ambiguity parameter €. Similarly, the right-hand side of Figure 11 shows the Sharpe
ratio for fixed ¢ = 107° and various values of the diffusive ambiguity parameter ¢. Finally,

we also report the results when the statistical measure is I?Dg, see Figure 12.

e=10"° $=10"
10.2 10.4

10.2
10

Sharpe Ratio
Sharpe Ratio
©
o
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log(1 + ¢) %10 log(1 +¢) %107

Figure 11: Sharpe ratio for a set of values € > 0, ¢ > 0 under P,
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Figure 12: Sharpe ratio for a set of values € > 0, ¢ > 0 under }TDQ

Tables 4 and 5 show the mean and standard deviation of the PnL of the investor’s strategy

under measure P; and IF’Q, respectively. For completeness we also show the Sharpe ratio

depicted in Figures 11 and 12.

e=10"% and ¢ 10 2x107% 5x107° 10-* 1.5 x 104
P

Mean PnL (x10°) 2.01 1.82 1.53 1.00 0.441
Std Dev PnL (x10°)  3.38  3.04 2.51 1.58 0.698
Sharpe Ratio 9.44 9.50 9.64 10.05 10.03

¢ =107 and ¢ 10 105 2x107° 25x107° 3x107°
P,

Mean PnL (x10%) 2.61 1.95 1.22 0.823 0.409
Stad Dev PnL (x10%) 4.41 3.23 1.94 1.26 0.658
Sharpe Ratio 9.42 9.58 9.97 10.36 9.86

Table 4: PnL statistics and annualized Sharpe ratio for values of € and ¢ under ﬁ’l
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e=10"° and ¢ 10 2x107® 5x107° 1074 1.5 x 1074

P,

Mean PnL (x10°) 3.63 3.28 2.73 1.78 0.778
Std Dev PnL (x10°)  8.58 7.69 6.32 3.97 0.178
Sharpe Ratio 6.72 6.77 6.87 7.13 6.93
¢=10"°and ¢ 10 1075 2x107° 25x107% 3x107°
P,

Mean PnL (x10°) 4.68 3.46 2.14 1.44 0.711
Stad Dev PnL (x10°) 11.2 8.14 4.84 3.16 1.68
Sharpe Ratio 6.63 6.75 7.01 7.25 6.73

Table 5: PnL statistics and annualized Sharpe ratio for values of € and ¢ under P,

6. Conclusions

We show how an ambiguity averse investor trades electricity contracts in two locations
joined by an interconnector. The investor employs a model that incorporates the price impact
of her trades: her trading activity has a permanent effect on the prices of contracts in both

locations, and the prices she receives are worse than the prevailing quoted prices.

The investor acknowledges that her model of prices may be misspecified. She deals with
this model uncertainty by considering alternative models when developing the optimal trading
strategy. We show that the effect of model uncertainty is to make the trading strategy more
conservative than that resulting from the model without ambiguity aversion. Specifically,
everything else equal, ambiguity aversion slows down the trading speed of contracts in both
locations and the investor holds less inventory throughout the life of the strategy. Finally,
we show that, for a range of values of the ambiguity aversion parameters, as the strategy
becomes more conservative, the Sharpe ratio of the strategy (mean PnL to volatility of PnL)

mcreases.
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7. Appendix

7.1. Proof of Proposition 2

Proor. To solve (23), we employ ansatz (24). Collecting terms in powers of ¢, that is terms

with factors ¢2, P'q,--- , P?, P!, and constant terms, we obtain the following ODE system:

by(lyy + 1)+ by(1 — ¢ 2
(1(11+);- o 12)—1—52

1
0: 8t€2+—
a

£
— = [0 (11 + 1)% + 2p0105 (011 + 1) (112 — 1) + 05 (12 — 1)?] |

2
1 [(0y(01 +1)+be(1 =2
0= atfll_’il(fll‘f'l)‘f‘a UICH )2 2 12)

+ lo| [2b1€021 — bolog + £11]

e
- = [40%6021@11 + 1) + 2p0‘102((€11 + 1)5012 + 2€021(£12 — 1) + 20‘%(612 — 1)5012} s

2
I [(0y(01 +1)+be(1 =2
0= 81:512—/432(512—1)4-; UICH )2 2 12)

+ Uy | [b1€o12 — 2b2€p22 + (12]

g
— 5[20%6012(611 + 1) + 2p0102(2(€11 + 1)6022 + 6012(612 — 1) + 40%(612 — 1)@022] >

1 [(by(l17 +1)+by(1 =7
0= a1:610+/’€191(£11*l—l)-i-f<&292(€12—1)+5 GIGH )2 2( 12) + Lo | [b1€or — baloa + 10]

€
— 5[20’%601(611 + 1) -+ 2p0'10'2((£11 "% 1)602 + 601(612 — 1)) + 20’5(612 - 1)602] y
1 €
0= Olooa — 2raln22 + E[bléom — 2b9lyas + f12]2 - 5[0%(2)12 + 4poi102lp12lo22 + 4036(2)22] )
1
0= 0oz — (K1 + K2)lor2 + %[legom — bollp1a + £11][b1lo12 — 2b2lyas + £12]
€
— 5[40%60215012 + 2p0102(4lo1 Loz + 6812) + 40350125022] )
1 €
0= 0loor — 210021 + E[leéom — balo1o + fu]Q - 5[40%(2)21 + 4po1o2lpa1lor2 + 035312] )
1
0 = 0Wlys + k1018g12 + 2K2020000 — Kolpy + %[515012 — 2b9lp22 + l12][b1lo1 — baloe + C10]

€
- 5[20%5012501 + 2p0109(20p22001 + Lo12002) + 4055022502] ;

1
0= 0lo1 + 2r101 0021 + K2020p12 — K1lo1 + %[2515021 — bolor2 + l11)[b1lor — baloe + Cr0]
_ ¢
2

0= 0y + k16101 + Kabalog + (0%021 + 2poi02lp12 + 035022)

[402Loa1lor + 200109 (Lo1€o1a + 2€02102) + 203L0al012] ,

o0

2
1 €
+ R[blgm — 62602 + 610]2 + E 5022‘/ y2 Gl(dy) — 5[0’%631 + 2,00'10'2601&)2 + 036(2)2] s
i=1

—00
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with terminal condition

EQ(T) = —Oé,go(T> = 601<T) = ... = Em(T) =0.

7.2. Proof of Proposition 3

PRrROOF. Use ansatz (32), and, after some tedious computations, (31) reduces to the 10-ODE

system:
1 [y (0y +1) +bo(1— ¢ 2
at£2+—[( 1l 1) + ba 12>+eg] =0,
a 2
1 [(by(6yy +1 bo(l — /¢
Olyy — k(b + 1) + - [( 1l ); 2( 12) +€2} [2b10p21 — balpe + €11] =0,
1 [ (by(€17+1)+by(1—¢
Ol — Kao(l1a — 1) + " [( GV )2 2 12) +£2] [b10o12 — 2bolyag + £12] =0,

(D1 (Crr + 1) + ba(1 — £y2)

5 + Ly | [b1lor — baloe + l10) =0,

Ol1o + K101 (11 + 1) + Roby(l12 — 1) + % {
Oullozs — 2Kalogs + i[blﬁm — 2baylas + l12)° =0,
Oors — (s -+ a)lova + 5~ [2buLugy — balore + ] babons — Dbl + (1] =0,
Orlog1 — 2k10091 + 4—160[21)1%21 —boloia + (n]> =0,
Olon + k1010012 + 2K20210009 — Kaloa + %[blém — 2b9lyag + 12][b1lo1 — baloe + l10] =0,
O0ilor + 2k101Lo21 + Kabolors — K1lor + %[2()16021 — balo1a + l11][b1lo1 — balos + L10] =0,
Ol + k101001 + Koboloy + (07on + 2p0 109012 + 05los) + ﬁ[blem — boloy + £10)* =0,

with the terminal condition

gg(T) = —Oé,go(T> == €01<T) = ... — €12<T) =0.

In the above ODE system, when b; = by = 0, the ODEs are of Riccati type and can be
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solved analytically:

ac
alt—T)—a’

l11(t) = Cyexp (/ﬁt - —/ du) 4+ —
0 — KR1aQ
glg(t) = 02 exp (/{ﬂ? — —/ )

0

1
folt) = Cyexp (_5/ Awd ) (=201 (001 () + 1) — oy (s ) — 1)] e (2OO=I 0 80) gy
0 0

ly(t) =

— /ig(l

1
_ 2Kt & 2K2 (t—u) y2
6022(75) 046 P /0 (& f (u)
1 t
lora(t) = Crelm )t — 2—/ PR 01 (u) 4y (u) du,
a Jo
1 t
fon (1) = Cue® = o [ 2002, ) .
0
t 1
602(25) _ C7€m2t o / 6&2(15—“) </€16‘1€012(U) + 2%2926022(10 + %612(’&)610(20) d’LL,
0
¢ 1
lor(t) = Cge™' — / er (=) (2%1915021(70 + Kobalpia(u) + %gll(u)glo(u)) du,
0

t 1
go(t) = —/ (n191£01 (U) + 14292&)2(’&) + (0’%6021 (U) + 2[)010’26012(10 + USEOQQ(U)) + EK%O(U)) CZU,
0

where (Y, --- , (g are constants, so the above solutions satisfy their boundary conditions. It
is easy to see that the solutions are continuous functions, such that on the finite interval [0, T']

they are uniformly bounded. [ ]

7.8. Proof of Proposition 4

PROOF. Use ansatz (34) for (33) to obtain the following ODE system:

(bl + by + 0ily — bal7y)
a 2

A
+ S A0+ 1) = 2456 + D6, = 1) + As(C, — 17,

(9t£2

+ E; (blgn — bgflg + 262)

1
Ol =kK1l11 — %[(2171%21 — bolyyy + 071) (1611 — baly + 205)
+ (bl(gil + ].) - bg(fb — 1) + 2€;)(2b1€021 — b2€012 + 611)]

A ES ES % % * * *
+ 5 5 [4 arlog (€11 + 1) — 2 Ao (01 + 1)lg1o + 2050, (15 — 1)) + 2 A3(1y — 1)Lg]

33



1
8t€12 :H2£12 — %[(blg(k)m — 2626822 + €T2>(b1€11 — b2€12 + 2€2>
+ (01 (65, + 1) = bo(l35 — 1) + 205) (bilo1a — 2b2loze + {12)]

A * * * * * * * *
+ _4[2 Al(gll + ]')EOIQ —2 A2(2(£11 + 1)6022 + (£12 - 1)€012) + 4A3(€12 - ]')EOQQ] )

2
1
8t€10 = — /1101611 — H202€12 — %[«61681 — b2€32)(€i + 1) — b2(€>{2 — 1) + 26;)([)1&)1 — bggog + glO)]
A * * * * * * * *
+ 74[2 Al(gll + 1)601 - 2A2<<€11 + 1)602 + 601<£12 - 1)) + 2A3<€12 - 1)602] )

1
Oloae =2K20p22 — %(515312 — 2090595 + 015) (b1lo12 — 2b2lgas + £12)

2 A1) 4 Asbirabis + 4 As(Cis)?)
Drlors = (k1 + ) lors — %[(%legm byl + 1) (brlors — 2balors + 12)
b (0101 — 2boliny + £1) (2516021 — balota +011)]
+ % [4 AL 0510 — 2 Ag (4050, Uy + (6515)%) + 4 Aslionliss]
Oulioms 261 Lot — %[(leﬂgm bl & ) (21 lomn — balora + f11)]
Ay

+ 7[4 A1(G1)? — 4 Al Uy + As(£515)7]

1
Oloz = — K1010o12 — 2K2020022 + Kol — %[(hféu — 2090399 + 015)(b1lor — balor + l10)
+ (blg()lg — 2b2£022 + 612)([)1681 — bgééz -+ ETO)]
A * * * * * * * *
+ 74[2 A5, 0519 — 2. A5 (205, 500 + €512002) + 4 Aslia o]

1
Olor = — 2r1010p21 — Kab2lo12 + K1l — 5 (2010591 — b2li1o + 011) (01401 — balos + C1p)

2a
+ (51561 — b2£32 + E{O)(2b1€021 — b2£012 + 611)]
A4 k * k * * * k *
+ 7[4 Al ooy — 2 Ao (€51 €510 + 20591 000) + 2 Azl o)
where (5, (5, -+ = L1, (3 are the solution of the ODEs in (7.2). Moreover, {oy, - - - , 11, {5 satisfy

the terminal condition

EOl(T) = éll(T) — . = gQ(T) =0,
and Aq,---, Ay are the following constants:
2 2 1
Ay =07, Ay =po10z, A3 =05, Ay = 11— 2
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Given by = by = 0, for £y, £11, {15, the ODEs have the general form

OF(t) = FOF() + (1), (40)

where f(t) is the linear combination of some uniformly bounded deterministic functions. It
is easy to see that all f(¢) in (40) can be expressed as linear combination of functions of £*’s
which are uniformly bounded functions we show in proof of proposition 2. The solution of
the ODE (40) is
F(t) = Ceho f@ds /tg(s) elo 1) dv=1(s) gg'
0

where C' is a constant to make the solution satisfies the boundary condition. Then we get

U5, 111,112 are uniformly bounded.

Furthermore, as ¢y also yields to the form (40) with ¢(¢) is the combination of ¢*’s and

011, U152, and with same logic as above we can establish that ¢y is uniformly bounded.

With the assumption that b1 = bg = O, EQ, 5107 611, flg and all £* are bounded, €0227 €012 and
£o21 have the form

O,F () = aF(t) + g(t),

so by the same argument, F'(¢) is uniformly bounded.

Similarly, after we establish that (s, {19, 11, €12 and fgo2, Lo12, Lo21 are bounded, the ODE

lo1, Loz are also uniformly bounded.

Since all £’s function are uniformly bounded, we can easily see that the value function and

optimal strategy are finite and show the verification theorem by a standard approach. [ ]
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7.4. Proof of Proposition 5

PRrROOF. Use ansatz (36) for (35), and obtain the following ODE system:

1 [ (by + by + bylh, — byl%y)

_ L 2
s = a 2

A A
05| (bylyy — bylys + 205) + 51(61‘1 +1)%, + 5(% —1)%4y,

Ot =rals — =[Ol — by + C10) brlar — bty +265)
by (€5 4 1) = ba(€5y — 1) + 265) (2b10os1 — baloss + C11)]
+ 201050, (071 + 1) fr2 + Aol515 (01 — 1) foa,
O =rals — o[(balysz — Malizy + (1) brlo — bty +265)
+ (b1 (07, + 1) — ba (L35 — 1) + 205) (b1 lo12 — 2b2lg22 + (12)]
+ M550 + 1) fia + 2055502 (015 — 1) faa,
Do = — mabulas — rafolrs — o [(0ilsy — Dol + Gio)(Brlhs — oy +205)
b (B1(E 4 1) — ba(Cy — 1) +265) (brlor —babon + {10)]
+ M [lor (011 + 1) fra + Loy (611 + 1) faa] + Aa[loo (€1 — 1) fao + Loga (£l — 1) fas]
Ol =2K2lp22 — %(blg&g — 2090595 + 015) (b1lo12 — 2b2lpaa + l12) + %(%12)2]012 4+ 200(€599)? fo2
Olors =(r + m2)lons — 5[y~ Balina + £1) Brfone — sl + 1)
+ (010515 — 2020590 + C19) (2b1€oa1 — balora + C11)] + 2A1 €591 0510 12 + 2X20509 0010 f22
Oloor =2k10p21 — %(2()1%21 — bolgyo + 011) (2610021 — bolora + l11) + 20 (5621)2f12 + %(%12)2)[22
Olos = — K101 lora — 26iaBsloss + alos — 2—1(1[(1916312 byl + L) (brlor — balon + Lro)
T (bilors = 2bsbess + £12) (105 — baliy + £5)]
+ M (20616 12.F12 + Co120001 F13) + 200 (£oalian faz + (£522)” fas)

1
Oplor = — 26101 lo21 — Kab2lora + K1lor — %[(2515821 — baliyo 4 €71) (b1lor — baloz 4 C1p)
+ (015 — balgy + €10)(2b1Loo1 — balora + £11)]
+ 20 (o1 loon frz + (Ga1)” fi3) + A2 (20520012.foz + Coaalina fos) -

Here 05,05, -+ - , €1, (3 are the solutions of the ODEs in (7.2). And foy,- - , f11, 2 satisfy the
terminal condition

(on(T) = 11(T) = --- = 5(T) =0,
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and fi9, f13 are the second and third moments at location 1 and fos, fo3 are 2nd and 3rd

moments at location 2.

Assuming that the jump components at both locations have finite 2nd and 3rd moments,
and with the permanent impact parameters b = by = 0, we can establish the uniformly

bounded property of H; iteratively as Hp. ]
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