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Abstract

Both biological micro-organisms and synthetic micro-robots propel through viscous liquids

to achieve their goal, be it to invade new territories or to deliver drugs to infected regions.

Considerable attention is devoted to learning how to prevent or encourage these processes,

and understanding the interactions between micro-swimmers and their complex environments

is an essential part of this. In vivo conditions provide a challenge to model, although novel

experimental, computational and theoretical techniques have provided clear insights into the

continuous interplay between the effects of strong confinement, hydrodynamic interactions,

and local activity that drives living systems out of equilibrium.

To analyse the underlying mechanisms of micro-swimmer processes, we develop a hydro-

dynamic framework based on the fundamental solutions of the Stokes equations to compute

swimmer-generated flow fields. These flows affect the motion of swimmers via reflections in

surfaces, mix and enhance the uptake of nutrients, and enable cells to sense one another’s

presence.

Hence, we study the accumulation of microbes on surfaces, which could be relevant for the

initial stages of biofilm formation, and compute the strength required for externally imposed

flows to detach them. Moreover, we evaluate the ability to swim upstream and uncover that

viscoelasticity can provide a natural sorting mechanism for sperm cells. Other ecological

effects are considered, including the transport of nutrients by micro-flows, the interaction

with water-air interfaces, and the impact of thermal noise and biological fluctuations.

To verify our results, we compare our theory to extensive simulations using a ‘Raspberry’

swimmer model in combination with the Lattice-Boltzmann fluid solver algorithm. This

allows us to determine previously unknown model parameters and hence make suggestions to

improve micro-organism treatment and micro-robot design.
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CHAPTER 1

Introduction

“Scientists have a responsibility, or at least I feel I have a responsibility, to
ensure that what I do is for the benefit of the human race. It is important that
we try to point out facts to help those in power to make decisions. Unfortunately,
this is not often the case. Although knowledge cannot guarantee good decisions,
common sense suggests that wisdom is an unlikely consequence of ignorance.”

Sir Harold Kroto FRS (1939–2016)

The title of this thesis reads ‘Hydrodynamics of micro-swimmers in complex fluids and

environments’. Before immersing oneself into any details, one might want to ask what is

meant by these hydrodynamics, micro-swimmers, complex fluids and complex environments.

This chapter introduces the foundations of these concepts and how they are connected to each

other, both in the natural world and in the design of new technologies. §1.1 summarises the

types of micro-swimmers that exist and why they are studied. §1.2 lays out a mathematical

framework to study the hydrodynamic interactions between swimmers and their environment.

§1.3 then describes what complexities lie within these environments, and it introduces the

equations of motion that are used to model these features in the remaining chapters of the

thesis. §1.4 provides an overview of these chapters.

In the spirit of discussing science in a wider context, each chapter of this thesis starts with

a quotation. The first one is by Prof Sir Harold Kroto FRS, with whom I had to honour to chat

during the 2012 Nobel Laureate Meeting in Lindau. He gave the best powerpoint presentation

I have ever seen, frequently going over 10 slides per minute, at least 2 of which being jokes,

but keeping perfect coherence. Using memorisation and improvisation, a computer and a

1
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Figure 1.1: (a) Video still of Microbial Olympic swimming, at a low Reynolds number,
Re ∼ 10−5, organised by the extraordinary committee Youle et al. 7 . (b) Olympic swimming,
at a high Reynolds number, Re ∼ 104. Photo: AP/Mark Humphrey. Note the differences in
flows, turbulence and interactions with the walls.

piano, graphical design and natural objects, he sparked my imagination and established

connections between science and the world we live in. Sadly, just as I was writing this thesis,

Harold Kroto died on the 30th of April 2016. I hope his knowledge and enthusiasm for open

discussion will be passed on for many future generations to come.

1.1 Micro-swimmers

First of all, one should ask: What is meant by a ‘micro-swimmer’? I will define the word, or

its abbreviation ‘swimmer’, as referring to a large group of entities that share two properties:

they are small (say < 1mm) and move autonomously through a liquid8–10. Because of their

small size, the liquid motion is completely different compared to large-scale flows because

the associated Reynolds number is very small (Fig. 1.1). Consequently, they must use

special swimming strategies in order to move forwards at all, since viscosity dominates over

inertial effects11. Moreover, because of the energy that swimmers produce continually at

the smallest length scales, their motion cannot be described by classical thermodynamics

since their nature is driven inherently out of equilibrium12,13. As a result, many unexpected

phenomena can occur in swimmer systems, including giant number fluctuations, rectification,

and collective motion9,14,15. We will consider two separate classes: biological and synthetic
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micro-swimmers.

Prevalent examples of biological micro-swimmers are motile cells, such as swimming

bacteria or spermatozoa, and many other unicellular organisms such as archaea, protozoa,

algae and fungi. The study of unicellular organisms is interesting by itself, as they are thought

to be the oldest form of life on Earth16. Another reason to study them is to prevent infections,

such as malaria caused by the plasmodium parasite17, sleeping sickness disease carried

by trypanosomes18, or many other bacterial, tropical or sexually transmitted diseases19,20.

Multi-cellular swimmer examples are parasitic flatworms called schistosomes, responsible

for Schistosomiasis, which is considered “the second most socioeconomically devastating

parasitic disease” by the World Health Organisation21–23, with “hundreds of millions infected

worldwide”.

On the other hand, during the last decades researchers have achieved technological

breakthroughs that enable fabrication on colloidal (1 nm - 1 µm) length scales, developing

techniques to create a new type of micro-machine: the ‘active colloid’ or self-motile particle24,25.

Different designs have been proposed and realised, with direct applicability in nano-technology,

medicine and soil remediation26–28. Active colloids, for instance, could be used to transport

precious drugs through the bloodstream for tumour-directed local delivery29,30. Moreover,

some of these ideas could be extended to systems beyond the micro-scale, as countless

macroscopic self-propelled ‘particles’ that occur naturally have been identified, including

fish31, birds32, insects33 and humans34.

Both for biological and synthetic micro-swimmers it is important to understand how they

move through a liquid and how they interact with their environments, e.g. how they do or

don’t get stuck to surfaces. In order to achieve this, theoretical biophysicists can study ‘model

swimmers’ that exhibit certain physical features of real organisms or micro-machines, without

unnecessary complexity. Likewise, experimental biophysicists can study ‘model organisms’

that are easy to cultivate but represent a much larger class of species. The remainder of this

section describes a number of the most-often studied theoretical, biological and synthetic

model swimmers, following the latest developments in the literature.
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Figure 1.2: Biological model micro-swimmers: (a) Bright field image of a Peritrichous
Salmonella bacterium with bundled flagella. Inset: the flagellar motor embedded in the
cell membrane. Reproduced from Namdeo et al. 46 . (b) SEM image of a Chlamydomonas
reinhardtii alga with two beating eukaryotic flagella. Reproduced from Elgeti et al. 8 . (c)
SEM image of an Opalina ranarum ciliated protozoon with metachronal waves travelling
along the black arrows (top to bottom). Adapted from Tamm and Horridge 47 . (d) SEM
image of human spermatozoa (blue) attempting to fertilise an egg cell (orange). Photo:
Yorgos Nikas/Getty Images.

1.1.1 Biological micro-swimmers

1.1.1.1 Bacteria

Bacteria are all around us. On the surfaces we touch, and even in the atmosphere the

concentration of cells typically exceeds 104 m−3 over land35. A group of actinobacteria called

actinomycetes is thought to give rain its ‘argillaceous’ or earthy smell36,37, and there are

suggestions that bacteria can even ‘make rain’ themselves by actively producing proteins

that help ice crystals nucleate38. But bacteria are not just in the air around us. The adult

human body is made up of approximately 1023 human cells39 but the intestine hosts a factor

of ten times more microorganisms, including archaea, eukarya and bacteria40,41. Moreover,

compared to any other ecosystem, intestinal bacteria can reach the highest cell densities42.

Gut microbes can even change the appetite, regulating food intake by releasing proteins that

activate anorexigenic neurons in the brain43. It is therefore not surprising that understanding

micro-organisms was already deemed of the greatest importance by early microbiologists such

as Louis Pasteur44,45.

Of all model micro-swimmers, bacteria are considered to be evolutionary lower as they are

prokaryotes without a cell nucleus, mitochondria, or any other membrane-bound organelle.

This makes it easy to change features like the swimming speed using genetic modifications,

allowing interference with the swimming behaviour in a well-defined and controlled way48,49.

If it has not been subjected to this ‘genetic toolbox’, the organism is said to be a member of
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the ‘wild type’. The typical wild-type bacterial cell body is cigar-shaped, about ∼ 1− 2µm

long and ∼ 0.2 − 1µm wide. The propulsion mechanism usually consists of one or more

external helical flagella, ranging between ∼ 5− 20µm in length, rotated through a flagellar

hook by a motor complex anchored to the cell wall50. The helix filament width is ∼ 6nm, the

radius ∼ 0.25µm and wavelength ∼ 2.5µm51. Often-studied bacteria with a single flagellum

located at the cell pole are Vibrio cholerae and Pseudomonas aeruginosa, while common

‘peritrichous’ species with multiple flagella, located at random positions on the cell, are

Escherichia coli and Salmonella (Fig. 1.2a). In the latter case, when the different helices

turn in the same direction they combine into flagellar bundles52. In both cases, the rotation

of the flagella (with rotation rate ∼ 50Hz) generates a thrust force and torque, causing the

cell body to counter-rotate (with rotation rate ∼ 10Hz) as it moves forwards (with speed

∼ 25µm/s)51,53,54.

Bacteria manifest a special swimming strategy called ‘run-and-tumble’ motion. During

the run phase the cell moves along a straight line for ∼ 1s, and during the tumble phase

it spontaneously reorientates within a short interval of ∼ 0.1s, only to run again55. This

mechanism is not just meant to randomise the swimming direction, but to help organisms to

optimise their search for nutrients or chemicals, a process called chemotaxis11,56. When the

cell senses that it swims into a preferable region it tumbles less, and if it swims into a region

with toxins or less nutrients it can tumble more. Uni-flagellated bacteria can initiate a tumble

by reversing the flagellar rotation direction, and hence their motion, which triggers a buckling

instability of the flagellar hook that abruptly changes the swimming direction57. Peritrichous

bacteria can also tumble by making a few of the helical filaments rotate in different directions

so that they unbundle, perturbing the linear motion58. Because the bundling process depends

strongly on hydrodynamic interactions between the helices, these interactions are affected in

the presence of walls. The tumbling efficiency of E. coli has been observed to decrease near

surfaces59.

1.1.1.2 Chlamydomonas

One of the model micro-organisms we shall consider frequently in this thesis is the unicellular

green alga Chlamydomonas reinhardtii. The story of investigating ‘Chlamy’ started in a potato

field in the vicinity of Amherst Massachusetts. In that field, in December 1945, G.M. Smith

isolated the first strain that is still sold today60. Since then this species has received special
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attention in several areas of cell and molecular biology, as it became a model organism to

study organelle biogenesis, photosynthesis, intercellular recognition and growth of eukaryotic

flagella61. Also physicists became interested in examining its swimming behaviour because it

is a relatively uncomplicated organism with a few non-trivial features like self-synchronising

flagella and an eyespot that can detect light intensity and direction62,63. Like for E. coli, a

substantial genetic toolbox has been developed to change characteristics like the swimming

speed, and the entire genome has been sequenced to facilitate experimental reproducibility64.

Three main strains are used for research now: the Cambridge line, the Sager line, and the

Ebersold/Levine line61.

A typical wild-type cell is spheroid-shaped, ∼ 12µm long and ∼ 9µm wide61. Inside are all

the standard eukaryotic organelles, including a cell nucleus, mitochondria, a Golgi apparatus,

etc. A single eyespot is located near the equator that is used to perform phototactic motion

towards light65,66. There is a single but large chloroplast, shaped like a horse shoe, where

photosynthesis takes place. The chloroplast also contains a pyrenoid at the bottom of the

cell, which is responsible for carbon fixation. Because of the sugar accumulation here the cell

is slightly bottom-heavy, so gravity generates a gyrotactic torque that can turn the cell in

the upward-swimming direction67.

The most prominent organelles are the two slender flagella extruding from the front of the

cell, each ∼ 12µm in length and ∼ 0.25µm thick, mounted on the cell wall via a basal body

(Fig. 1.2b). The eukaryotic flagellum is more complex than the single-molecule bacterial helix,

as it consists of over 500 different proteins68. The structure inside is called the ‘axoneme’,

which is made of two central microtubules (basically long rigid protein rods) surrounded

by nine microtubule pairs – this is often referred to as the standard 9+2 structure, which

is universal in almost all lower- and higher-order organisms, including eukaryotic flagella,

mammalian cilia and spermatozoa tails68,69. In fact, the flagellum is one of the oldest and

most conserved structures in eurakyotic cells, including those of humans70,71. The central

microtubule pair is attached to the tip of the flagellum, and they can slide with respect to

the other nine pairs that are fixed at the basal body. The exact mechanism that generates

the flagellar stroke is complex and not fully understood, but for this introduction it suffices

to note that dynein molecular motor proteins72 exert forces on the sliding microtubules to

make them bend and initiate motion73. Consequently, Chlamy’s two flagella beat in an

equal and opposite fashion to one another, almost exactly in a single plane, like an Olympic
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swimmer performing a breast stroke74. The typical beat frequency is ∼ 50Hz, which leads

to a net swimming speed of ∼ 100µm/s. However, the velocity is time-varying as the body

moves forwards approximately 3µm during the power stroke, but 1µm backwards during the

recovery stroke, which leads to highly oscillatory flow fields75.

A particularly interesting feature of Chlamy is that the two flagella can synchronise

with one another76. This is important because the coordinated motion, sometimes called

collective motion, of flagella plays a major role in more complex systems such as cell-cell

signalling77 and metachronal waves of cilia in the human respiratory tracts are able to

transport viscous liquids very effectively78,79. Some researchers even suggest a connection

to the initial stages of multicellularity80,81. Recent developments have shown that flagellar

synchronisation can be explained with hydrodynamic interactions82,83. This has implications

for the motion of Chlamy itself. When the flagella beat in phase the cell travels forward,

but asynchronous beating allows the organism to make sharp turns, like the bacterial run-

and-tumble mechanism74,84. Experiments have shown that the periodic breaststroke beating

is recovered after ‘phase-slips’ due to transient hydrodynamic forcing85, in good agreement

with theoretical predictions86,87.

1.1.1.3 Ciliated organisms

Rather than being propelled by a few large flagella mounted at the back (cf. bacteria) or front

(cf. Chlamy) of the body, there are many species of unicellular organisms that are completely

covered by a carpet of small flagella, called cilia. These ciliated organisms can swim by

generating metachronal waves that travel along their surface, pushing liquid backward and

hence driving the cell forward88. A very clear example of this ‘squirming’ motion is recorded

for the Opalina 47 and the Paramecium protozoa89,90, both approximately 200µm in size

with typical swimming velocities of 103µm/s (Fig. 1.2c). Another example is Volvox carteri,

which is a spherical shell composed of up to 50.000 flagellate cells similar to Chlamydomonas

that form a ciliary carpet91, also ∼ 400µm in diameter and swimming ∼ 102µm/s. A very

detailed list of many other ciliated species is given by Lighthill in his Von Neumann lecture92.

This class of model organism, like Chlamy, has attracted considerable attention in the

last few years because of the synchronisation between the cilia, particularly in connection

with tissues of epithelial cells in humans93–96. Ciliary failure can lead to a number of diseases,

called ‘ciliopathies’, including cystic fibrosis (CF), chronic obstructive pulmonary disease
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(COPD) and primary ciliary dyskinesia (PCD)97.

In the micro-swimmer literature, ciliated organisms are closely connected to a class of

theoretical model swimmers called ‘squirmers’98,99. In this model the swimmer-generated

flows are determined by the slip velocity of the liquid at the cell surface, which couples well

to the surface flows generated by the metachronal waves24. See §1.2.6.2 for more details on

this model.

1.1.1.4 Spermatozoa

The spermatozoon (motile sperm cell; cf. the non-motile ‘spermatium’) is key to the sexual

reproduction of most animals and in particular mammals100. Because of the difficult path

they have to follow to fertilise the egg, a selection procedure that is probably harsher than any

job interview with only one in 107 candidates being successful101, the cell must employ special

strategies to find its way102. A number of guidance mechanisms has been suggested, including

thermotaxis (motion with respect to temperature gradients)103–105, chemotaxis (motion w.r.t

chemical gradients)106,107 and rheotaxis (motion w.r.t flow strength gradients)108–111. For

mammalian sperm it is still very much a question of debate which of these is the dominant

mechanism. However, for marine invertebrates like sea urchins there is a reasonable consensus

that sperm cells are attracted by signalling peptides released by the egg112,113.

The typical human spermatozoon has a head that carries the genetic material, 4.8µm

long and 3.3µm wide114, and a eukaryotic flagellum up to 20µm long (Fig. 1.2d), which is

connected via a middle section that forms the basal body and is lined with mitochondria to

generate energy (see §1.1.1.2). Most other mammalian cells also follow these dimensions

closely, although an interesting exception is the giant sperm of the Drosophila bifurca fruit fly,

measuring up to 58mm in length115,116. Propulsion is generated by a bending wave travelling

down the flagellum117. The swimmer moves in a straight line when the beat is symmetrical

about the axis that defines the swimming direction, but the introduction of an asymmetry

leads to a steering mechanism118,119 that is coupled with the cell’s chemo-sensors120 which

can lead to complex sperm navigation along helical paths121.

1.1.2 Synthetic micro-swimmers

Several classes of synthetic swimmers, often also called ‘active particles’, have emerged recently

in order to understand the physics of biological micro-swimmers, but also to engineer new
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Figure 1.3: Synthetic model micro-swimmers: (a) Example of a Janus particle: A rod with
gold and platinum at either end, with a chemical reaction is catalysed at the Pt side to drive
the particle. Adapted from Paxton et al. 127 . (b) A tubular nano-jet catalyses a reaction
inside a tube, which is conically and spirally shaped here so that it rotates and moves along
a helical trajectory. Reproduced from Solovev et al. 128 . (c) The flow field produced by an
active droplet in the laboratory frame, with streamlines (yellow) and magnitude (colour scale).
Reproduced from Herminghaus et al. 129 (d) A magnetic helix particle, fabricated by the
self-scrolling of helical nano-belts and driven by a magnetic head. Reproduced from Zhang
et al. 130 .

types of self-propelled vessels that can perform tasks in locations that cannot be reached by

conventional probes15,122–126 or allow minimally invasive medicine27. In the words of Geoffrey

Ozin25, “Such tiny machines, individually or assembled into designed architectures, might

someday transport medicine in the human body, conduct operations in cells, move cargo

around microfluidic chips, manage light beams, agitate liquids close to electrode surfaces,

and search for and destroy toxic organic molecules in polluted water streams.” This section

aims to summarise how some of these ‘nanomachine dreams’ might be converted into ‘dream

nanomachines’.

1.1.2.1 Catalytic Janus particles

As mentioned in the Nobel lecture of Pierre-Gilles de Gennes131, Janus particles are named132

after the two-faced Roman god, because they have a surface with at least two different

physical properties (Fig. 1.3a). The particles can become motile when energy is provided to

them, either internally (e.g. by the use of a fuel) or externally (e.g. via the medium they

sit in). Among the first experimental successes were the catalytic nano-rods127,133, which

are bimetallic Au-Pt rods where the chemical reaction 2H2O2 → 2H2O + O2 is catalysed

only at the platinum end. Hence, an asymmetric and out-of-equilibrium distribution of

reaction products is formed around the particle, such that it is driven forwards. The exact

mechanism that provides the resultant forces is still under debate, but much theoretical work



Chapter 1. Introduction 10

has been done to understand this process called ‘diffusio-phoresis’134–140. Other experimental

realisations of this swimmer type are partially coated polystyrene or silica beads141,142 or

even light-activated colloidal surfers143.

1.1.2.2 Thermo-phoretic particles

Another mechanism to generate self-propulsion is by creating thermal gradients around

the particle, a process called ‘thermo-phoresis’. This has been achieved by illuminating a

half-coated bead with an intense light beam, such that a local temperature difference drives

the particle forward144–147. Even though the energy is provided by an external source, all

forces applied to the particle and the fluid are local, which strongly affects the local fluid

mechanics (see §1.2.4)145. A very interesting extension of this mechanism is achieved by

immersing the particles in a binary fluid mixture near the demixing critical point148, which

also allows to explore viscoelastic mixtures149.

1.1.2.3 Tubular micro-jets

Whereas Janus particles employ an asymmetry in the surface lining, it is also possible to

engineer symmetric particles that move. An example is the tubular micro-jet, a hollow

cylinder with Pt inside and Au outside150,151. The catalysis happens inside the tube, so

that oxygen bubbles emerge only from one end, driving the particle in the other direction by

spontaneous symmetry breaking. Furthermore, if the tubes are rolled up asymmetrically they

move in a corkscrew-like trajectory (Fig. 1.3b), allowing them to drill and embed themselves

into biomaterials128.

1.1.2.4 Active droplets

Active droplets are a special type of particle because they are not solid. One rendition

is a water drop containing bromine fuel, immersed in oil with surfactant molecules at the

interface129,152,153. The bromine reacts chemically at the interface, which by spontaneous

symmetry breaking leads to propulsion due to Marangoni flows154. Another type is a droplet

made of a liquid metal like EGaIn or Galistan in contact with Aluminium flakes in an

electrolyte solution155. Particularly noteworthy of these active droplets is that they mimic

the locomotion of ‘squirming’ organisms (see §1.1.1.3), since their propulsion is induced by

interfacial slip flows (Fig. 1.3c).
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1.1.2.5 Magnetic particles

The magnetic helix, turned by a rotating external magnetic field such that it drills its

way through the liquid130,156 (Fig. 1.3d), is perhaps the least complicated synthetic micro-

swimmer but intricate follow-ups have appeared157,158. Note that these magnetic helices are

not autonomous swimmers, because they are free of external forces but not of external torques.

Other sophisticated magnetically actuated particles exist, including magnetic disks159 and

rotating dumb-bells160. Moreover, by linking a chain of magnetic beads attached to a red

blood cell, an extraordinary swimmer was made that mimics the beating flagellum of a

spermatozoon161. Finally, using a ferrofluid as ‘digital material’ it is possible to make logic

gates for droplet computing162.

1.2 Hydrodynamics of Micro-swimmers

In order to understand the behaviour of micro-swimmers, their dynamics or statistics, it is

important to realise in what conditions they operate and to what forces they are subjected.

By moving its body, a swimmer exerts forces on the surrounding liquid that generate

flow fields. Subsequently, these flows can be reflected by other immersed or solid objects

nearby. Reflected flows, in turn, affect the motion of the swimmer. This feedback loop

of ‘hydrodynamic interactions’ can be described with a mathematical framework, which is

outlined below.

1.2.1 The Stokes equations

The flow of liquids on macroscopic scales is governed by the Navier-Stokes equations163,

ρ

(
∂u

∂t
+ (u · ∇)u

)
= ∇ · S + f , (1.1)

∂ρ

∂t
+∇ · (ρu) = 0, (1.2)

where u(x, t) is the velocity field of the fluid at position x and time t, ρ(x, t) is the fluid

density, S(u,x, t) is the stress tensor and f are other external force densities, e.g. gravity

fg = −ρg. Here the first equation is derived from the momentum balance of a fluid parcel, or

momentum conservation in the absence of external forces, and the second from conservation

of mass. Further equations for energy and entropy balances do exist, but since we consider
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isothermal systems, Eqs. 1.1–1.2 fully describe the physics of interest. The stress tensor is

given by a constitutive equation for a particular fluid164. Particularly, for a simple Newtonian

fluid like water at room temperature and pressure the stress is

Sij = −pδij + µ

(
∂ui
∂xj

+
∂uj
∂xi

)
+ ξδij

∂uk
∂xk

, (1.3)

using tensor notation in Cartesian coordinates where i, j ∈ {1, 2, 3}, δij is the Kronecker

delta, p(x, t) is the pressure, µ is the fluid’s dynamic viscosity, and ξ is the bulk or volume

viscosity. Inserting this tensor in Eq. 1.1 yields

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+ µ∇2u+ (ξ + µ/3)∇(∇ · u) + f . (1.4)

In most systems of interest to micro-swimmer dynamics it is common to assume that the

medium is incompressible, ∇ · u = 0, so that the bulk viscosity terms do not contribute.

Hence, Eq. 1.4 reduces to the result first derived by Navier165

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+ µ∇2u+ f . (1.5)

Not all animals in this equation are equal166, and to determine which of the terms are

relevant in the world of micro-swimmers it is helpful to scale the time by a characteristic value

T0, the velocity field by U0 and length by L0. Hence, one can introduce the dimensionless

variables x̃ = x/L0, t̃ = t/T0, ũ = u/U0, p̃ = (p − patm)/(µU0/L0), f̃ = f/(µU0/L
2
0), and

∇̃ = L0∇. Rewriting Eq. 1.5 in terms of these variables yields

Reo

∂ũ

∂t̃
+ Re(ũ · ∇̃)ũ = −∇̃p̃+ ∇̃2ũ+ f̃ , (1.6)

where the Reynolds number and the oscillatory Reynolds number are

Re =
ρU0L0

µ
=
U0L0

ν
, (1.7)

Reo =
ρL2

0

µT0
=

L2
0

νT0
, (1.8)

and ν = µ/ρ is called the kinematic viscosity8,10.

These numbers can be interpreted as the ratio between the inertial and viscous forces. By

inserting the characteristic size and swimming speed of a bacterium (§1.1.1.1), L0 ∼ 1µm

and U0 ∼ 10µm, together with ρ = 103kg/m3 and µ = 10−3kg/ms, one finds Re ∼ 10−5



Chapter 1. Introduction 13

Figure 1.4: (a) Purcell’s three-link swimmer has two degrees of freedom: the angles θ1 and θ2

of the two wings with respect to the body. It can only swim if it changes its conformation
(middle) such that the angles move through a non-reciprocal loop in θ1 − θ2 space (bottom).
Reproduced from Purcell 11 . (b) A droplet of ink is mixed into a viscous liquid with two
paddles oriented at angles θ1 and θ2. If the mixing path in θ1 − θ2 space is retraced, the ink
droplet reemerges unmixed, as shown in the film of G. I. Taylor168. Image reproduced from
Olivier Dauchot169.

so the viscosity is overwhelmingly dominant. Therefore, the Reynolds number of a typical

micro-swimmer is often assumed to be zero, so the non-linear term in Eq. 1.6 can be dropped.

The importance of the oscillatory Reynolds number depends on the characteristic timescale

T0 compared to L0/U0. For slow processes compared to swimming it is common to define

T0 = L0/U0 so that Reo = Re ∼ 0. To study fast processes however, like flows near the

rapidly rotating bacterial helix, the first term on the LHS of Eq. 1.6 can be kept, leaving

the linearised Landau-Lifshitz Navier-Stokes equation

ρ
∂u

∂t
= −∇p+ µ∇2u+ f . (1.9)

This equation allows to study time correlations in the fluid or propagation of pressure waves

at large scales167. However, in the micro-swimmer systems studied in this thesis we assume

T0 ∼ L0/U0, so Eqs. 1.2,1.9 reduce to the Stokes equations

0 = −∇p+ µ∇2u+ f , (1.10)

0 = ∇ · u. (1.11)

These equations are linear and time-independent, which has important implications for

the strategies that swimmers must employ to achieve propulsion. The scallop theorem states
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that, in the words of Edward Purcell11, “I change my body into a certain shape and then I go

back to the original shape by going through the sequence in reverse. . . So, if the animal tries to

swim by a reciprocal motion, it can’t go anywhere.” Another way of phrasing this is that any

effective swimming stroke cannot be reciprocal, so a swimmer must have more than one degree

of freedom and break time-reversal invariance (Fig. 1.4a). Bacteria overcome this challenge

with their complicated rotary motor50, whereas sperm cells make the reciprocal beating

of the flagellum non-reciprocal by allowing for extra degrees of freedom via elasticity120.

Chlamydomonas is motile despite its stroke being almost reciprocal, although for every 3µm

forwards it goes 1µm backwards during the recovery stroke (§1.1.1.2). The design of new

micro-machines must take this difficulty into account170.

A second consequence is that Stokesian liquids are hard to stir, firstly because large forces

are required to drive viscous liquids and diffusion is slow, secondly because reciprocality leads

to zero mixing, and thirdly because there are no intrinsic non-linearities that can lead to

chaotic flows171. For example, Fig. 1.4b shows two paddles that have rotated to mix a droplet

of ink into a viscous liquid. When the paddles are rotated in reverse the droplet reappears,

whole168,169,172–175. Despite the difficulty, however, it is possible to engineer devices that mix

efficiently176,177, or break droplets into many smaller ones178. Another interesting way to

approach chaotic fluid advection is by studying the topology of the liquid as it is stirred179.

1.2.2 The Stokeslet

To solve the Stokes equations (Eq. 1.10 and Eq. 1.11), the linear properties are key. The

fundamental solution is the flow and pressure due to a point force, called a ‘Stokeslet’. We

write the external force fS
j (x, t) = fj(t)δ

d(x− y) in Eq. 1.10, where δd(x) is the Dirac delta

function in d dimensions, and we aim to find a solution of the form

pS(x,y, t) = fj · Pj , and uS
i (x,y, t) = fj · Gij , (1.12)

where Pj and Gij are called the Green’s functions or Oseen tensors. Fourier transforming the

Stokes equations 1.10–1.11, we obtain

−ikαp̂ = −µk2ûα + fα and − ikαûα = 0, (1.13)
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where p̂ and ûα are the transformed pressure and velocity fields. Inserting Eq. 1.12, rewriting

fα = δαβfβ and dividing through fβ yields

−ikαP̂β = −µk2Ĝαβ + δαβ, (1.14)

−ikαĜαβ = 0. (1.15)

Multiplying Eq. 1.14 through by kα and using Eq. 1.15 gives

−ikαkαP̂β = kαδαβ (1.16)

∴ P̂β =
ikβ
k2
, (1.17)

which is the solution of the pressure Green’s function in Fourier space. For the velocity

Green’s function, we insert Eq. 1.17 into Eq. 1.14 to find the transformed solution

µĜαβ =
δαβ
k2
−
kαkβ
k4

. (1.18)

Inverse Fourier transforming Eqs. 1.17–1.18 in three dimensions yields the Green’s functions

Pβ(x,y) = −∂β
(

1

4πr

)
, (1.19)

Gαβ(x,y) =
1

8πµ

(
δαβ
r

+
rαrβ
r3

)
, (1.20)

where r = x−y and r = |r|. Therefore, the pressure and velocity fields of a three-dimensional

Stokeslet are

pS(x,y,f) = fj(t) ·
rj

4πr3
, (1.21)

uS
i (x,y,f) = fj(t) ·

1

8πµ

(
δij
r

+
rirj
r3

)
. (1.22)

Notice that this solution has a long-ranged character, as the flow decays with distance as 1/r,

which is a major property of Stokesian hydrodynamics163.

1.2.3 The Faxén relations

Using the famous Stokes relation f = 6πµacvc, the flow at position x generated by a sphere

(or ‘colloid’) of radius ac at position y that is pulled through a viscous liquid with velocity
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vc(t) can be written180 in terms of Eq. 1.22 as

uc(r,vc) =

(
1 +

a2
c

6
∇2

)
uS(r,f = 6πµacvc) (1.23)

= vc

(
3ac

4r
+

a3
c

4r3

)
+ r

vc · r
r2

(
3ac

4r
− 3a3

c

4r3

)
, (1.24)

where r = x− y. Indeed, the flow at the surface satisfies the no-slip condition in the rest

frame uc(r = ac) = vc.

Conversely, using the Lorentz reciprocal theorem, it can be shown that the force and

torque acting on a sphere translating with velocity vc and rotating with angular velocity ωc

in an external flow uE(x) with vorticity ωE(x) are given by

F = 6πµac

(
1 +

a2
c

6
∇2

)
uE(x)− 6πµacvc, (1.25)

T = 8πµa3
c (ωE(x)− ωc) , (1.26)

which are referred to as the Faxén relations163. From these, for example, it is possible to

estimate the advection velocity vc of a spherical particle in an arbitrary ambient flow.

1.2.4 Multipole expansion of the swimmer-generated flow field

The flow fields generated by the propulsion of micro-swimmers have gathered a large interest

from the fluid mechanics community181–186 because they play an indispensable role in their

ecological traits such as mechanosensing187,188, energy expenditure75, rheology189–191, fluid

mixing192–198 and nutrient uptake199–201. Despite the widespread implications of swimmer-

generated flows, the underlying hydrodynamics and its impact on the ecology of swimming

cells have remained largely unexplored.

From the result of Eq. 1.22, an approximation of flow field at position x generated by a

micro-swimmer can be found. Consider a swimmer located at position ys with a surface S

located at position y = ys + ξ. By changing its shape, the swimmer exerts forces and torques

on the fluid. We model these forces as a distribution of Stokeslets, f(ξ), summed over the

swimmer’s surface S(ξ), and define the relative position variable r = x − ys, as shown in

Fig. 1.5. Using Eq. 1.22, the swimmer-generated flow field is then given by

usw
i (x,ys,ps) =

∫
S(ξ)
Gij(x,ys + ξ)fj(ξ)dS =

∫
S(ξ)
Gij(r − ξ,0)fj(ξ)dS. (1.27)
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Figure 1.5: Geometry diagram for a swimmer in an infinite fluid. The swimmer generates a
distribution of forces f(ξ) over its surface S(ξ) acting on the fluid, and hence induces a fluid
velocity field usw(x,ys,ps).

Like in electrostatics202, it is possible to perform a multipole expansion of the swimmer’s

velocity field. The field is a vector now, unlike the scalar-type electrostatic potential, but the

same concepts apply. Expanding for small ξ values around the relative position r gives

usw
i (r) =

∫
S

(
Gij −

∂Gij
∂rk

ξk +
1

2

∂2Gij
∂rk∂rl

ξkξl + . . .

)
fj(ξ)dS. (1.28)

The Oseen tensor and its derivatives are independent of ξ, thus

usw
i (r) = Gij

(∫
S
fjdS

)
− ∂Gij
∂rk

(∫
S
fjξkdS

)
+

1

2

∂2Gij
∂rk∂rl

(∫
S
fjξkξldS

)
+ . . . ,(1.29)

where the arguments have been omitted for transparency. We identify the successive integral

expressions as the force strength tensor Fj , dipole moment tensor Djk, and the quadrupole

moment tensor Qjkl etc. Hence we obtain the expansion

usw
i (r) = GijFj − GijkDjk +

1

2
GijklQjkl −

1

3!
GijklmOjklm + . . . , (1.30)

where the multipole moment tensors are

Fj =

∫
S
fjdS, Djk =

∫
S
fjξkdS, Qjkl =

∫
S
fjξkξldS, . . . , (1.31)

and where the dipole singularity tensor Gijk, the quadrupole singularity tensor Gijkl, etc. are

successive derivatives of the Oseen tensor Gij with respect to r. Therefore, the successive

terms in Eq. 1.30 scale as r−1, r−2, r−3, etc. A more detailed explanation of the multipole

expansion can be found in the work by Yeomans et al. 180 or Jeffrey and Onishi 203 .
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1.2.5 Physical significance of the multipole contributions

An autonomous swimmer cannot rely on external forces to move forwards. Hence, we assume

that the total force Fj = 0 ∀j, if the effects of gravity are negligible. This assumption is true for

swimmers that are neutrally buoyant, or if their sedimentation velocity is negligible compared

to their swimming speed204. Therefore, the swimmer-generated flow field (Eq. 1.30) reduces

to

usw (x,ys,ps) = uD + uQU + uO + uH + . . . (1.32)

which contains Stokes dipole uD(x,ys,ps), quadrupole uQ(x,ys,ps), octupole uO(x,ys,ps)

and higher order terms. Moreover, many micro-swimmers have, to a good approximation,

a shape that is cylindrically symmetric about the swimming direction. This helpfully

restricts the number of non-zero components of the swimmer multipole moments. If the force

distribution is symmetric about the swimming direction, ps, many of the components in the

multipole moment tensors Djk,Qjkl vanish by symmetry. In the following subsections we

provide explicit expressions of the residual multipole flow fields and describe their physical

significance.

1.2.5.1 Dipolar contribution

Next to being force-free, an autonomous swimmer is also not subjected to any net external

torques. Hence, together with the cylindrical symmetry, only one out of nine dipolar moments

Djk is non-zero and linearly independent180. Therefore the leading order term in Eq. 1.32,

given in terms of the Stokeslet flow (Eq. 1.22), is the dipolar flow field

uD(x,ys,ps) = κ (ps · ∇̃)uS(x,ys, 8πµ ps) (1.33)

=
κ

r3
(3 cos2 θ − 1)r, (1.34)

where the derivative ∇̃ acts on the swimmer position ys, θ is the angle between ps and r,

and κ is the dipole moment with units [µm3/s].

Physically this flow can be seen as generated by two forces, equal and opposite to one

another, representing the balanced propulsion and drag. If the forces are pointing away from

each other, the swimmer is called a ‘pusher’ with a positive dipole moment κ, whereas it is
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Figure 1.6: Schematic and experimentally measured flow fields generated by a pusher-type E.
coli bacterium (a-b; κ > 0) and a puller-type Chlamydomonas alga (c-d; κ < 0). Adapted
from Refs.8,75,205.

negative for a ‘puller’ with the forces pointing towards each other (Fig. 1.6). The dipolar

streamlines are oriented in the radial direction, with a cross-over from outward to inward

flows at an angle θ = arccos(1/
√

3) ∼ 54.7◦. Pushers effectively push liquid forward with

their head and backward with their tail, and suck liquid in along their waist to conserve liquid

mass. This flow is called ‘extensile’. Pullers effectively pull liquid in towards their body with

their flagella, and out along the waist. This flow is called ‘contractile’. The advantage of this

nomenclature is that swimmers can be classified in a physically meaningful way according to

their dipole moment κ, since the experimental technique of particle image velocimetry (PIV)

can now be used to measure flow fields at microscopic levels directly206. For example, the

flow field generated by E. coli bacteria has been measured in experiments205 and determined

to be extensile. Chlamydomonas algae flows were measured in a thin liquid film as a function

of time throughout the beat cycle75, and determined to be contractile. Other examples

of pushers are sperm cells and dinoflagellates, and other pullers are Tetraselmis suecica or
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Pyramimomas parkeae 207.

1.2.5.2 Quadrupolar contribution

Some swimmers, however, have the propulsion and drag forces spread out over their surface

very equally, so that κ ∼ 0. These are called ‘neutral’ swimmer with a predominantly

quadrupolar flow field. Ciliated organisms (§1.1.1.3) and active droplets152 are good examples.

Some of these higher-order moments have been measured for the microphyte Volvox carteri 208.

The quadrupolar flow field of a cylindrically symmetric swimmer can be written as

uQU(x,ys,ps) = −1

2

(
Q‖∇̃2

‖ +Q⊥∇̃2
⊥ − 2Qr(ps · ∇̃)∇̃×

)
uS(x,ys, 8πµ ps), (1.35)

where ∇̃2
‖ = (ps · ∇̃)2 and ∇̃2

⊥ = ∇̃2 − ∇̃2
‖ are the Laplace operators parallel to, and in the

plane perpendicular to, the swimming direction ps acting on the swimmer position ys. Q‖, Q⊥

and Qr are the quadrupole moments with units [µm4/s]. Eq. 1.35 can be rewritten in terms

of the parallel quadrupole, source doublet and rotlet doublet flows as uQU = uQ +uSD +uRD,

where

uQ(x,ys,ps) = −1

2
ν (ps · ∇̃)2uS(x,ys, 8πµ ps), (1.36)

uSD(x,ys,ps) = −1

2
σ ∇̃2uS(x,ys, 8πµ ps), (1.37)

uRD(x,ys,ps) = −1

2
τ (ps · ∇̃)∇̃× uS(x,ys, 8πµ ps), (1.38)

where ν = Q‖−Q⊥, σ = Q⊥ and τ = −2Qr are referred to as the quadrupole, source doublet

and rotlet doublet moments, respectively. The quadrupole flow corresponds at first order

to the fore-aft asymmetries of the Stokeslet density along the swimmer’s surface (Fig. 1.5).

For example, this could describe the size difference of the bacterial flagella compared to

the smaller head, shifting the propulsion force backwards with respect to the swimmer’s

body centre. Hence, we expect ν > 0 for flagellated bacteria, such as E. coli. The source

doublet flow field allows one to describe the flow around the swimmer body. This can help

tracer particles to avoid encountering the singularity at the swimmer’s body centre and hence

account for the finite size of the cell. Ciliated organisms with a slip velocity at their surface,

like Volvox, possess positive σ values, whereas for non-ciliated swimmers one would expect

σ < 0 because this corresponds to the Faxén correction to the Stokeslet flow for a finite-sized

solid sphere (Eq. 1.23). Finally, the term with coefficient τ is a rotlet doublet that represents
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the rotation of the flagella and counter-rotation of the head. If τ > 0, looking from tail to

head, the flagella (resp. head) rotate in the (resp. counter) clock-wise direction.

1.2.5.3 Octupolar contribution

The octupolar velocity field for a cylindrically symmetric swimmer is

uO(x,ys,ps) = (ps · ∇̃)

[
O‖
6
∇̃2
‖ +

O⊥
2
∇̃2
⊥ +

Or
2

(ps · ∇̃)∇̃×
]
uS(x,ys, 8πµ ps), (1.39)

where O‖, O⊥ and Or are the parallel, perpendicular and rotlet octupolar coefficents re-

spectively. These terms are fore-aft symmetric, and hence describe more detailed near-field

features of the swimmer in the radial and azimuthal directions. The hexadecapolar flow field

also has three coefficients, H‖, H⊥ and Hr, and may be obtained by acting on Eq. 1.39 with

(ps · ∇̃). These terms are fore-aft anti-symmetric and hence describe more detailed near-field

features of the swimmer in the longitudinal direction. Higher order flow fields may be derived

in the same fashion.

1.2.5.4 Time dependence

In general, the multipole moments are time-dependent quantities that relate to details of the

swimming stroke. If the stroke period τs is small compared to a typical swimming timescale,

say the time taken to swim one body-length, τa, then the swimming parameters may be

approximated by constants obtained through time-averaging over the swimming stroke. A

non-zero stroke period, however, may give rise to additional average drift of tracer particles,

analogous to Stokes drift. To first order, the magnitude of this effect is proportional to τs/τa.

E.g., for E. coli we have V ∼ 20µm/s and body length lsw ∼ 5µm, so τ−1
a ∼ 4 Hz compared

to the stroke frequency τ−1
s ∼ 100 Hz209, which gives a good separation of time scales. For

C. reinhardtii τ−1
a ∼ 100/8 = 13 Hz and τ−1

s ∼ 50 Hz210.

1.2.6 Theoretical micro-swimmers

Using this mathematical framework, it is possible to think of theoretical model micro-swimmers

that reproduce certain physical features in a simplified but analytically tractable way. By

using these models it is possible to understand the behaviour of biological swimmers, and to

overcome physical barriers and improve the design of synthetic swimmers.
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Figure 1.7: Flow fields produced by a micro-swimmer corresponding to different multipole
expansion singularities, as seen in the (z, ρ) plane in the laboratory frame, where the swimmer
is located at the origin and the swimming direction is from left to right. Colours portray
the relative velocity magnitude ranging from zero (blue) to unity (red) and white denotes
the singularity centre. Arrows indicate the velocity direction in the (z, ρ) plane, except in
figures (f, h) where the direction is directly into and out of the plane indicated by the ⊗ and
� symbols respectively.

1.2.6.1 Multipole swimmers

Perhaps the simplest theoretical model is the dipolar swimmer (Fig. 1.6). This model can

be extended with higher-order terms so that the ‘multipole swimmer’, as the name implies,

generates a flow field that is given by a multipole expansion, Eq. 1.32. Fig. 1.7 gives a

pictorial summary of the multipole contributions up to octupolar order. These flow fields are

all singular at the swimmer position, so the swimmer is effectively point-like unless steric

or other non-hydrodynamic interactions are included in the equations of motion to avoid

close-range contact. The disadvantage of this model, therefore, is that near-field effects cannot

be taken into account without very many terms, so other models could be preferable to study

this regime. On the other hand, the advantage is that each term in the multipole expansion

can be linked with a physical property of the swimmer. Furthermore, far-field hydrodynamics

are generally well approximated with the inclusion of a limited number of terms. Therefore,

the multipole swimmer features often in this thesis (see §1.3.1).
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1.2.6.2 Squirmers

The squirmer model was introduced by Lighthill 98 to examine squirming motion of nearly

spherical deformable bodies. Later an extension of this model was used by Blake 99 to study

ciliary propulsion using a spherical envelope approach (Fig. 1.8a). A squirmer is modelled

as a sphere, with a finite radius asw, with a prescribed tangential slip velocity at its surface

given by

usw
θ (ys,ps, t) =

∞∑
n=1

− 2

n(n+ 1)
BnP1

n(cos θ), (1.40)

where θ is the angle between the position on the surface and the swimming direction ps, the

coefficients Bn(t) determine the ‘squirming modes’ and P1
n(x) are the associated Legendre

polynomials of the first kind. The first mode determines the swimming velocity, vs = 2B1/3,

and the resulting flow field tends to a source doublet in the far field (Fig. 1.7e). The second

mode is associated with the dipole moment, with B2 ∝ −κ (Fig. 1.7b). Indeed, all modes

can be mapped to the multipole expansion in the far field204, but the near field is not singular

but always has a finite slip velocity at the squirmer surface. Note that a radial flow velocity

component can also be included, as in Lighthill’s original paper98.

Squirmers are a good model for ciliated organisms (§1.1.1.3) or active droplets (§1.1.2.4),

since they do not have a no-slip surface but generate slip flows that are approximately tan-

gential to the body. This model has been used to study swimmer-swimmer interactions in di-

lute211,212 and concentrated suspensions of squirmers213, as well as interactions between swim-

mers and external flows214,215. Squirmers have been studied using Lattice-Boltzmann215–217,

multi-particle-collision-dynamics218–220, and other hydrodynamic solvers187,213,221–224. The

model has many appealing features, for instance, the ability to specify the exact hydrodynamic

character of the swimmers and the possibility to add lubrication corrections204. Recently,

the squirmer model has also been extended to ellipsoidal swimmers224.

1.2.6.3 Linked-sphere swimmers

Since the flow field generated by a sphere is known exactly (Eq. 1.24), it is possible to

estimate the flows generated by swimmers constructed from two or more linked spheres. The

links can be seen as rods that are assumed to be thin enough not to influence any flows, and

contractile or extensile forces between the spheres are carried by these. Vic’s swimmer226,
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Figure 1.8: Theoretical model micro-swimmers: (a) The squirmer model, where metachronal
waves generated by an array of cilia induce an effective slip flow tangential to the swimmer
surface. Reproduced from Blake 99 . (b) The non-reciprocal swimming stoke of Vic’s two-sphere
swimmer in 4 stages. Reproduced from Yeomans et al. 180 . (c) The non-reciprocal swimming
stoke of the three-sphere swimmer in 4 stages. Adapted from Najafi and Golestanian 225 .

which is based on an earlier linked-sphere model227, is made of two spheres of oscillatory

radii a1(t) and a2(t) separated a distance L(t) apart, where

a1(t) = a0 + λ sin(ωt+ φ1), a2(t) = a0 + λ sin(ωt+ φ2), L(t) = L0 + ξ sin(ωt). (1.41)

The particle can swim by breaking non-reciprocality as follows (Fig. 1.8b): First it enlarges

the back bead and diminishes the front bead in size. Secondly, it pushes the two beads

apart with equal and opposite forces, but the smaller bead experiences less drag and moves

forward more. Thirdly, the front bead is made bigger and the back bead smaller. Finally, the

swimmer contracts the two beads, but now the back bead is pulled forward. Assuming that

a0, λ, ξ � L0, the time-averaged swimming speed is found226 to be

〈vsw〉 =
λωξ

4a0

(
1− 3a0

2L0

)−1

sin

(
φ1 − φ2

2

)
cos

(
φ1 + φ2

2

)
. (1.42)

Note that if the bead sizes oscillate in phase, φ1 = φ2, there is no net motion due to the

scallop theorem (Fig. 1.4). The time-averaged flow field generated by Vic’s swimmer at

distances r > L0 is dipolar (Eq. 1.33) with a known dipole moment 〈κ〉 ∝ 〈vsw〉a0L0.

An interesting extension of the two-sphere swimmer is that of apolar ‘dumb-bell’ swimmers

with spheres that do not oscillate in size, λ = 0. An individual dumb-bell swimmer cannot

move, but a collection of dumb-bells can move if they oscillate out of phase228,229. This way,

tethered swimmers could be used as a micro-pump.

The three-sphere swimmer by Najafi and Golestanian 225 has beads with constant radii
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a1, a2, a3 and performs a swimming stoke by contracting two rods (Fig. 1.8c) according to

L1(t) = l1 + λ1 sin(ωt+ φ1), L2(t) = l2 + λ2 sin(ωt+ φ2). (1.43)

The time-averaged swimming speed230 is then given by

〈vsw〉 =
1

2

3a1a2a3

(a1 + a2 + a3)2

(
1

l21
+

1

l22
− 1

(l1 + l2)2

)
λ1λ2ω sin(φ1 − φ2). (1.44)

This model has been used to examine the effect of an external load or a cargo container231,232.

Further extensions of this class of theoretical models are the generalised three-sphere

swimmer that features a two-dimensional stroke and the linear four-sphere and multi-sphere

filament swimmers233. Linked spheres provide excellent models to examine swimmer-tracer

interactions180,226 and swimmer-swimmer interactions234–237.

1.3 Complex Fluids and Environments

So far we have considered swimmers in an open fluid without any interactions with objects or

each other. In reality, however, both biological and synthetic micro-swimmers must operate in

a complex environment. This complexity could arise from confinement (e.g. between channel

walls), externally imposed flows, viscoelasticity, or thermal and biological fluctuations. In this

section we introduce how these effects can be modelled and how they affect the swimmer’s

motion.

1.3.1 Swimmer equations of motion

In order to model the dynamics of micro-swimmers, we use a model based on the multipole

swimmer (§1.2.6.1). To account for the swimmer’s finite size, we model it as a prolate

ellipsoid of semi-major and minor axes a and b, respectively. It should be noted that

we do not account separately for the swimmer’s body and flagella, but we model the

swimmer’s shape as an ellipsoid with an aspect ratio that includes the flagellar length. For

convenience of computation we express the swimmer orientation in spherical polar co-ordinates,

ps = −(cos θ cosφ, sin θ, cos θ sinφ). When the system of interest is symmetric about the z

axis, θ may be set to zero at the initial time without loss of generality.

Following examples from the literature214,238,239, we write the equations of motion for a
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micro-swimmer as

ẏs = vA + vST + vHI + vF + vVE + vkBT , (1.45)

ṗs =
(
ΩA + ΩST + ΩHI + ΩF + ΩVE + ΩkBT + ΩRT

)
× ps. (1.46)

The contributions to the motion come from active self-propulsion (characterised by velocity

vA and angular velocity ΩA), steric interactions with surfaces (vST and ΩST), hydrodynamic

interactions with surfaces (vHI and ΩHI), advection and rotation by a background flow (vF

and ΩF), cross-streamline migration and rotation due to viscoelasticity (vVE and ΩVE), and

stochastic dynamics due to thermal noise (vkBT and ΩkBT ) or run-and-tumble dynamics

(controlled by ΩRT). In the following sections we discuss each of these terms in turn.

The active terms are simplified for an axisymmetric swimmer so that it moves with a

swimming velocity vA = vsps and ΩA = 0. However, asymmetries in the swimming stroke

can result in both translational and rotational modes of motion, since they induce torques

that significantly perturb the swimming path leading to circular motion. Circular swimming

in a bulk fluid has been observed in experiments of biological240 and synthetic241,242 micro-

swimmers. However, the time-scale of rotational motion can be much larger than those of

other characteristics, such as the time taken to navigate in narrow channels or run-and-tumble

motion. In this thesis we will only consider translational activity and set ΩA = 0, but adding

this term back in would be an interesting extension.

1.3.2 Surfaces

Surfaces, interfaces and confinements are ubiquitous in microbial environments8,243, and most

micro-swimmer experiments are performed near surfaces such as microscope slides. Beyond

simply containing microbes and their surrounding fluids, surfaces and interfaces alter the

behaviours, dynamics and even biological traits exhibited by swimming cells8,188. Specifically,

both in biological and synthetic systems swimmers often tend to accumulate near surfaces,

as observed experimentally59,205,244–251 and explained theoretically in terms of long-range

hydrodynamic interactions and collisions of cells with the surface91,238,246,247,252–263.

Living near surfaces can provide a variety of benefits to microbes over life in bulk fluids.

Whereas interfaces may be the source of oxygen and sunlight, solid surfaces accumulate

sediments including nutrients and offer anchoring points for the formation of extracellular
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matrices and biofilms264,265. On the other hand, for a synthetic swimmer the effect of

surfaces can be detrimental, as they might get damage from it before reaching the final target.

Even when it is not damaged and remains moving, a swimmer can be trapped in bound

orbits253,266–270. Still, the interactions of biological or artificial swimmers with surfaces can

be used to drive a micro-rotor, using only the energy provided by an active suspension271–273.

Hence, it is an ongoing quest to determine what mechanisms govern these interactions.

1.3.2.1 Swimmer-generated flow field near a surface

In order to begin understanding how surfaces and interfaces impact the flow field generated

by microbes, we return to the multipole model (§1.2.4). We define the flow in the absence

of any boundaries as usw∞, the flow with boundaries present as usw and the difference,

usw∗ = usw − usw∞ is called the ‘auxiliary’ or ‘reflected’ flow.

Close to a boundary the confinement affects the flow field as it introduces extra boundary

conditions to the solutions of the Stokes equations (1.10-1.11). For a free-slip surface such

as a liquid-air interface there is a no-penetration and a no-shear condition. For liquid-solid

boundaries there is a no-slip boundary condition. These boundary conditions can be satisfied

by the method of images202, as outline below.

The image system of a Stokeslet (Eq. 1.22) for an infinite, flat, free-slip boundary is

a direct reflection. If the boundary is located in plane z = 0, then the image Stokeslet is

located at y∗ = M · y, where the mirror matrix is M = diag(1, 1,−1). The resulting image

flow is uS∗(x,y∗,f) = T · f , where the free-slip boundary tensor is

Tij(x,y∗) = MjkGik(x,y∗) =
Mjk

8πµ

(
δik
r∗

+
r∗i r
∗
k

(r∗)3

)
, (1.47)

where r∗ = x− y∗ and r∗ = |r∗|.

For a no-slip boundary the image system is more complicated because all three components

of the velocity field must vanish at the boundary. The solution was derived first by Lorentz

using the reciprocal theorem. Later it was rederived by Blake 183 using a Fourier transform

approach that yields a more intuitive solution in the form of a Green’s function, so that the

velocity field can be written in the form of Eq. 1.47. This Green’s function, often called the

Blake tensor, is

Bij(x,y∗) =
1

8πµ

[
−
(
δij
r∗

+
r∗i r
∗
j

r∗3

)
+ 2hMjl

∂

∂r∗l

(
hr∗i
r∗3
−
(
δi3
r∗

+
r∗i r
∗
3

r∗3

))]
, (1.48)
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where the height h = ys · êz > 0. For a Stokeslet oriented parallel (or perpendicular) to the

boundary this image system can be decomposed into three parts. The first part is a Stokeslet

of equal magnitude f but pointing in the opposite direction. The second is an asymmetric

dipole, sometimes called the Stokes doublet (symmetric dipole uD), with dipole coefficient

D13 (D11) equal to 2hf . The third part is source doublet uSD oriented in the opposite (same)

direction with magnitude σ = 2h2f . Hence, the Blake tensor can be rewritten as

Bij(x,y∗) = (−δjk + 2hδk3∂̃j + h2Mjk∇̃2)Gik(x,y∗), (1.49)

which is an implicit function of x and y, where the derivatives ∂̃j = ∂
∂yj

= Mjl
∂
∂y∗l

and

∇̃2 = ∂̃l∂̃l are with respect to the force position y.

The swimmer-generated flow field near a surface can now be written in terms of these

tensors, by replacing the Stokeslets uS∞(x,ys,ps) in Eqs. 1.33-1.39 with the effective

Stokeslets uS(x,ys,ps) = (G + B) · ps or (G + T ) · ps for a no-slip or free-slip boundary

respectively. The advantage of this formalism is that the flow can still be written in terms of

the Oseen tensor and derivatives thereof.

1.3.2.2 Steric Interactions with a surface

Consider a surface in the plane z = 0 with a normal vector n = êz so that the swimmer

is oriented with respect to the wall with an angle ϕ = arccos(êz · ps) and located at height

h = êz · ys. Steric interactions with the surfaces are modelled by a repulsive force and torque,

which at zero Reynolds number result in the linear and angular velocities

vST(ys,ps,n) = − ∂

∂h
U(h, ϕ), (1.50)

ΩST(ys,ps,n) = − ∂

∂ϕ
Ur(h, ϕ). (1.51)

Different prescriptions of steric interaction potentials U,Ur have been used in the litera-

ture266,274,275, but at least qualitatively these lead to the same physical behaviour. An

example of a hard-core repulsion prescription is

vST =
vsA(ϕ)12

z12
êz, (1.52)

ΩST = a2|vST|ξ−1G sin (2ϕ) êy, (1.53)
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so that a microbe facing the surface would be at equilibrium at the distance of closest

approach between the swimmer’s body and the boundary275,276. For an ellipsoidal swimmer,

that distance is A(ϕ) =
√
a2 + (b2 − a2) cos2 ϕ and ξ is the rotational drag coefficient with

units of volume. The angular dependence sin (2ϕ) on ΩST seems a crude approximation, but

recent experiments have shown this to be a reasonable assumption247.

1.3.2.3 Hydrodynamic Interactions with a surface

Knowing the flow fields that a motile microbe produces within a film allows us to model the

hydrodynamic interactions with the bounding surfaces. The swimmer’s motion is modified

by the flow field it generates (Eq. 1.32) because it is advected and rotated by the reflection

of this flow in the boundaries. The surface-induced translational and rotational velocities

are then found by solving the Faxén relations (Eq. 1.25) for the force-free and torque-free

swimmer. Writing terms up to second order in particle length gives

vHI(ys,ps) =

(
1 +

1

6
a2γ−2∇2

)
u∗(x)|x=ys

, (1.54)

ΩHI(ys,ps) =

[
1

2
∇× u∗ +Gps × (Γ∗ · ps)

]
x=ys

, (1.55)

where the derivatives are with respect to the position x, the geometry factor G = γ2−1
γ2+1

∈ [0, 1)

is a function of the aspect ratio γ = a/b of the elongated swimmer, and Γ∗ = (∇u∗+(∇u∗)T )/2

is the strain rate tensor. The image flow u∗ for a single surface is obtained from Eq. 1.47

or Eq. 1.49. In chapter §4 we show how it can be derived for a liquid film geometry with

parallel slip and no-slip surfaces.

1.3.3 Interactions with an external flow

Background flows are omnipresent in microbial habitats, both in the ocean and micro-

channels277. Flow gradients lead to shearing than can strongly affect microbial swimming

and spatial distributions239,278. Moreover, externally imposed flows can guide bacteria to

migrate upstream near surfaces279. Motion with respect to flow strength gradients (rheotaxis)

has been observed in various experimental setups, both in the presence of boundaries280 and

in open fluids281.

As a result, there has been a substantial increase of interest in modelling the interplay

between micro-swimmers and externally imposed flows111,214,275,282–285. Here, we model the
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advection and rotation of a swimmer by solving the Faxén relations, as for reflected swimmer-

generated flows discussed in §1.3.2.3, which yields the same expressions (1.54-1.55) with

the image flow u∗ replaced by the background flow uF.

1.3.4 Viscoelasticticity

The liquids in which micro-organisms or robots must propel are often not simple Newtonian

liquids. This can be because of polymers or other elastic molecules dissolved in the fluid, so

that the simple constitutive equation for the stress tensor (Eq. 1.3) in the Navier-Stokes

equations no longer holds. Consequently, viscoelastic effects can change the flows generated

by swimmers uSW and the background flow uF. An every-day example is the square-shaped

‘plug’ flow that emerges when squeezing a tube of tooth paste286, which would have been

shaped like a parabola for a Newtonian Poiseuille flow287. Another counterintuitive example

is the possibility to walk on a swimming pool filled with water and cornstarch flour, as

numerous YouTube clips attest.

Similar unexpected effects have been reported for micro-swimmers in non-Newtonian fluid

flows190,191,288,289. Important correlations have been found between non-Newtonian behaviour

of the fluid and pathological phenomena. Gastric mucus viscoelasticity affects swimming of

H. pylori, an abundant pathogen in the stomach and leading cause of ulcers290–292. It has

been shown that viscoelasticity is a more crucial factor in controlling the maximum velocity

of lyme disease pathogen B. burgdorferi through skin than even chemical composition293.

Viscoelastic properties of mucus have a remarkable impact on the swimming of spermatozoa

and sperm-egg encounter rates109. Indeed, in Chapter §3 we discuss viscoelastic effects on

the upstream motion of swimmers in channels, such as sperm cells in the Fallopian tube.

However, many questions related to viscoelasticity are still unresolved. The swimming speed

of microbes has been said to increase or decrease depending on the swimmer and liquid model

used294–303. It should also be noted that ordinary Newtonian liquids surrounded by elastic

boundaries show interesting features that deserve further exploration304.

1.3.5 Thermal and biological fluctuations

Finally, the last terms in the equations of motion (1.45–1.46) represent thermal noise, but

also biological fluctuations as often featured in many biological systems85,94,263,305–309. We
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model the thermal part as white noise that obeys the relations

〈vkBT (t)〉 = 0, 〈vkBT (t) · vkBT (t′)〉 = 6Dδ(t− t′), (1.56)

〈ΩkBT (t)〉 = 0, 〈ΩkBT (t) ·ΩkBT (t′)〉 = 4Drδ(t− t′), (1.57)

where the brackets represent an ensemble average and the translational and rotational diffusion

constants are D and Dr. For a non-motile particle in the absence of flows and boundaries,

the diffusional mean-squared displacement and loss of orientational memory after a time t is

〈(ys(t)− ys(0))2〉 = 6Dt, (1.58)

〈(ps(t)− ps(0))2〉 = 2(1− exp(−2Drt)). (1.59)

However, for motile swimmers this result changes significantly because the coupling between

the deterministic activity vA and the rotational thermal noise ΩkBT leads to

〈(ys(t)− ys(0))2〉 = 6Dt+
2v2

s

Dr

(
t+

1

Dr
(exp(−2Drt)− 1)

)
(1.60)

= 6

(
D +

v2
s

3Dr

)
t = 6Defft for t� D−1

R . (1.61)

This effective diffusion coefficient Deff can be ∼ 100 times (!!) larger than D for typical

bacteria (§1.1.1.1) with D ∼ 1µm2/s, Dr ∼ 1µm2/s and vs ∼ 25µm/s.

Finally, the run-and tumble motion is modelled as a sudden change of direction with a

probability PT = δt/τr during a small time-step interval δt, where τr is the average time

between tumble events. This is a Poisson process with Dr = π2/τr as effective rotational

diffusion constant.

1.4 Overview of the Thesis

This thesis is composed of six related studies concerning the ‘Hydrodynamics of micro-

swimmers in complex fluids and environments’. Here we outline the content of each chapter,

and touch on the potential wider implications. As such, this section §1.4 is aimed at a

slightly wider audience than the specialist readership, and I hope a curiosity can be triggered

from these initial remarks. In addition to the six main chapters (§2–7), the final chapter

reviews our findings more formally and provides an outlook for future research (§8).
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1.4.1 Chapter 2

In chapter §2 we investigate the effect of a micro-swimmer on its liquid environment. The

main question is how microbe-generated flows could affect the motion of tracer particles,

which could represent nutrients, toxins or other extracellular molecules. We find that the

tracer entrainment is enhanced in the vicinity of a boundary, as if a little bulldozer pushes

the particles forwards, despite the no-slip boundary condition that inhibits advection at

the surface. This is explained with hydrodynamics: Swimmer flows are ‘reflected’ by the

boundary and add to the tracer displacement. Moreover, for a fluidised interface with a

free-slip condition, the tracer trajectories are doubled in size and the final tracer displacement

increases by a factor four. This effect could greatly enhance tracer diffusion, as is observed

in recent experiments, and the mathematical model laid out here could input into a more

quantitative calculation of increased diffusion constants. Organisms could benefit from stirring

their environments to increase nutrient uptake by sweeping sedimented molecules up from

boundaries.

1.4.2 Chapter 3

In chapter §3 we investigate the effect of the environment on a micro-swimmer. Sperm and

microbial cells must often move through complex, springy and sticky bodily fluids, such as

mucus, blood and gastric flows in the stomach. To make matters worse, they must often

swim upstream. Our work predicts that swimming cells in biological flows naturally exploit

fluid properties to reorient towards the centre of channels where they migrate upstream. The

swimming cells reorient because of their motion through mucus-like fluids that flow, which

differs from sperm in non-flowing fluids where they accumulate at walls. We explain that cells

move upstream more quickly in fluids that thicken (like cornstarch when stirred) because

they can spend more time in slower flows near walls, where they have the chance to move

further upstream. These insights suggest a new sorting mechanism to differentiate microbes

by adjusting the flow speed relative to swimming speeds of cells. Since swimming speed

is used to assess the fertility of human semen, we suggest that fertility estimates might be

improved by performing measurements in mucus-like fluids. Then all the sperm would swim

upstream along the centreline of applied flows where they can have a fair race, without some

cheating sperm sneaking up along the walls.
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1.4.3 Chapter 4

In chapter §4 the attention is shifted to swimmers in a liquid film. Almost no life is found

on completely dry surfaces, but countless microbial habitats are associated with liquid

films, including e.g. moist skin or plant leaves. Water is the key ingredient to life itself, it

dissolves all necessary nutrients, and it allows for micro-organisms to swim and spread their

population further. To understand the hydrodynamics of swimming in a film, we developed a

mathematical framework to compute swimmer-generated flows bounded by a solid wall and a

liquid-air interface. Organisms can use these flow fields to feel each other’s presence, to stir

nutrients around, or even to reduce the power required to swim. We find that hydrodynamic

interactions attract swimmers more strongly to the wall than to the air interface. Once the

microbes are at the bottom wall, we see they are likely to stay there. This could lead to

the formation of large encapsulated colonies that stick to a surface, called biofilms. These

biofilms are can severely damage tissues and are hard treat with antibiotics. Hence, it is

important to apprehend the initial stages of swimming to attachment and vice versa.

1.4.4 Chapter 5

In chapter §5 we develop our swimmer model further and introduce background flows.

Microbial colonies that stick to surfaces or tissues are difficult to remove. The simplest way

to try to detach them is to scrub them off, for example when brushing one’s teeth, but the

exertion of mechanical forces can damage fragile tissues and most microbes are concealed in

cavities or crevices that are hard to reach. Hence, a less invasive yet thorough treatment can

be to rinse microbes off the surfaces. However, our research shows that washing swimming

bacteria from clean surfaces works well only up to a point. At large flow strengths detachment

becomes less effective, but instead an optimal flow strength exists, so there is a sweet spot for

rinsing bacteria away. In liquid films, a critical flow strength is first needed to peel microbial

swimmers off surfaces. If much stronger flows are applied then the interplay between the

flowing film and the swimming causes the microbes to move back towards the surface, where

they are more likely to form biofilms. Preventing the formation of biofilms reduces the need

to apply biocides to hauls and maritime structures, lowers the chances of infection of medical

implants, and generally keeps submerged equipment working optimally.
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1.4.5 Chapter 6

In chapter §6 we develop a new method to perform detailed simulations with ‘Raspberry

swimmers’. Raspberry swimmers are the in silico representatives of biological micro-organisms

or synthetic micro-robots. Their name derives from their structure as they are composed

of closely packed and coupled drupelets. Raspberry swimmers can be constructed with any

shape desired, just like edible Raspberries are cultivated in various colours and shapes. By

applying a force to the Raspberry and an equal and opposite counterforce to the surrounding

liquid, representing propulsion and drag respectively, we create a model swimmer that is

free of external forces and moves autonomously. The Lattice-Boltzmann computer algorithm

then allows to solve the flow fields around a Raspberry swimmer for a given force and body

conformation. We find the flows are very different for point-, sphere-, rod-, and cylinder-

shaped swimmers, and we illuminate the flow characteristics. Finally, the model is tested for

consistency by cross-checking against results obtained earlier for different swimmer models.

1.4.6 Chapter 7

In chapter §7 we use our model Raspberry swimmers to study their dynamics in a confined

geometry. Except in the ocean, almost all micro-organisms must move with little space in

enclosed environments such as a liquid film on skin, a little pore in soil, a cavity, crevice or

channel. Micro-robots designed to deliver drugs inside the body must also move through

narrow capillaries. In order to study their interactions with walls we employ our Raspberry

swimmers to perform detailed computer simulations of a micro-channel fabricate. As recently

observed for synthetic self-propelled droplets, we find that in channels wider than a few body

sizes the swimmers begin to oscillate between one wall and the other. This is explained because

the flows they generate are reflected by the channel walls to reorient them. Oscillations can

grow in size for certain swimmer shapes, but the Raspberry swimmers can also be designed

such that they repel the walls and move smoothly along the channel centreline. These insights

could perhaps be used to avoid micro-robots from colliding with objects or sticking to surfaces.

They could then navigate safely to fulfil their tasks.



CHAPTER 2

Tracer Trajectories and Displacement due to a

Micro-swimmer near a Surface

“My health may be better preserved if I exert myself less, but in the end
doesn’t each person give his life for his calling?”

Clara Schumann (1819–1896)

2.1 Introduction

As micro-organisms move they set up velocity fields which stir the surrounding fluid (§1.2.4).

The displacement of tracer particles in the flow leads to enhanced diffusion, or stirring.

This is thought to confer a biological advantage by increasing nutrient supply200,201,310

and may have application to enhance mixing in microfluidic channels192. Stirring was first

measured experimentally in concentrated suspensions311 and later in dilute suspensions in

various geometries193,195,196. Simulations of microswimmer suspensions also shows enhanced

diffusivities194,312–315.

To understand enhanced diffusion in a dilute swimmer suspension it is helpful to first

consider the motion of a single tracer particle in the flow field of a passing swimmer. Conversely,

understanding the features of tracer trajectories obtained in experiments may help analyze

propulsion and flows created by micro-swimmers. Analyzing typical tracer trajectories is

the main purpose of this chapter. It has recently been shown that, for a swimmer that

moves along an infinite straight trajectory, tracer particles far from the swimmer move in

35
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closed loops, whereas those close to the swimmer are entrained by its motion316,317. However,

in reality bacterial paths are not infinite but often can be approximated by straight lines

interspersed with random reorientation phases, called runs and tumbles respectively55. The

effect of random reorientations on tracer diffusion has been considered in226,318–320. Here

we will discuss the effect of finite swimmer paths on individual tracer trajectories. Most

experiments on micro-swimmers are performed in finite geometries (see §1.3.2). Therefore,

here we extend the research on tracer trajectories near an individual swimmer to the cases

where the swimmer is close to a no-slip or free-slip boundary.

In §2.2 we use the multipole expansion for the most usual physical case of an axisymmetric

swimmer (§1.2.5). This allows us to set up a perturbation theory in r−1 for the tracer

displacement, where r is the distance from the swimmer. Using this framework, we obtain

the trajectories of tracer particles as a swimmer moves along a straight path of finite length,

considering the cases of a boundary absent or present.

We show in particular how a suitable choice of dipolar and quadrupolar coefficients in

the multipole expansion can be used to account for flows created by swimmers having finite

effective size. Therefore, the multipole expansion can be employed to study features of tracer

trajectories both in the far-field and the near-field of micro-swimmers. An example is the

entrainment of tracer particles as the swimmer passes close by.

In §2.3 we present results for a swimmer in an unbounded fluid. These are based both

on numerical solutions of the tracer equation of motion and the perturbation expansion. We

compute terms up to sixth order in r−1 to collect enough information to study the transition

from an infinite to a finite swimming path. The tracer paths have a loop-like structure with

a size that scales as r−1. The loops are almost closed with a final displacement of order r−3

for an infinite swimming path. For a finite swimming path the loops open up further, giving

rise to substantial tracer displacements. We also show that another significant contribution

to tracer displacements stems from spiralling of particles about the swimmer axis when

micro-swimmers propel by rotating their flagella.

In §2.4 we present results for a swimmer moving along a path parallel to a no-slip

boundary. We show that even though fluid motion is inhibited near the boundary, tracer

particles are pulled along the swimming direction, for pushers and pullers alike, and even

more so for swimmers that produce quadrupolar flow fields. Moreover for swimmers close to

the boundary the tracer particles are displaced in the plane perpendicular to the swimming
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direction even for non-rotating micro-swimmers. We repeat our calculations for a swimmer

near a free-slip boundary, and describe the main similarities and differences.

Our results are summarised and discussed in §2.5. Please note that this chapter is

accompanied by a Supplementary Information (SI) file at URL321.

2.2 Mathematical model

Consider a micro-swimmer moving in the direction ps = êz along a line a distance H above

and parallel to a plane boundary located at x = 0. We assume the swimmer moves with

constant speed vs so that it is located at position ys = R(t) = (Rint
z + vst) êz +Hêx at time t.

By its motion the swimmer generates a flow field given by Eq. 1.32. Hence, we aim to study

a tracer particle initially located at position rint
T = xint

T êx + yint
T êy + zint

T êz at t = 0, and after

time t at position rT(t). In the case of a swimmer in an unbounded fluid, in the limit H →∞,

it is convenient to switch to a cylindrical coordinate system so that R(t) = (Rint
z + vst) êz

and rint
T = ρint

T êρ + zint
T êz. For brevity, we will write ρ = ρint

T from now onwards.

The tracer displacement is defined as ∆rT(t) = rT(t) − rint
T , and the final tracer dis-

placement after the swimmer has passed is ∆r∞T = limt→∞∆rT(t). The relative position

vectors of the tracer particle with respect to the swimmer and its image system are written as

r = rint
T −R(t) and r∗ = rint

T −R∗(t) respectively, where R∗ = MR with M = diag(−1, 1, 1).

This geometry is depicted in Fig. 2.1.

2.2.1 Modelling the swimmer’s near-field

We show that including quadrupole terms in the expansion of the swimmer velocity field allows

us to model the swimmer body and hence avoid the singularities of the multipole expansion at

the origin. Consider the flow field in the rest frame of the swimmer, urest = ulab− vsêz, where

the laboratory frame flow fields are listed in §1.2.5. The flow field of a purely dipolar pusher,

given by Eq. 1.33 with κ > 0, is shown in the swimmer rest frame in Fig. 2.2a. Notice a

stagnation point a distance z∗ directly in front of the swimmer. This point corresponds to

êz · uD,rest(z∗) = 0, which can be inverted to give z∗ =
√

2κ/vs. The incoming fluid moves

around the stagnation point and the streamlines join again at the singularity. However, the

near-field behaviour is unphysical because of the singularity – as expected for a far-field

expansion.
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Figure 2.1: Geometry diagram for a micro-swimmer moving along a path parallel to a
boundary. The unit vector normal to the boundary is n̂ = êx and the swimmer moves at a
distance H from the boundary with velocity vs in the z-direction. Note that the axes are
displayed in the bottom-right corner, not at the origin O, for clarity.

Next we consider the source doublet flow given by Eq. 1.37 with σ ≡ Q‖ = Q⊥ and

Qr = 0, and shown in the swimmer rest frame in Fig. 2.2b. For this multipole there is a

surface of streamlines connecting two stagnation points in front and behind the swimmer.

There is no flow crossing this surface, the separatrix, and hence the singularity region is

separated from the rest of the flow. Therefore we can argue that, even though the swimmer

is described by point singularities, it has an effective finite size. For a pure source doublet

the position of the separatrix can be calculated exactly. Details of this calculations are given

in SI-§3. The result is a spherical shell with radius

asw =

(
2σ

vs

)1/3

. (2.1)

Figure 2.2c shows the case when a dipole term is added to the flow field, in addition

to the source doublet. If |κ| � |σ|/asw the separatrix remains approximately spherical with

radius asw given by Eq. 2.1. If |κ| takes larger values, the separatrix changes shape. Indeed,

the shape can be adjusted by tuning the dipole and quadrupole parameters. For instance,

Fig. 2.2d shows a separatrix with an elongated shape, approximately 4µm long and 2µm

wide, characteristic of rod-shaped bacteria or the head of a mammalian spermatozoon114.

In SI-§3 we show that the separatrix exists for all finite values of κ provided Q⊥ > 0 and
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(a) Pure dipole
κ = 30µm3/s,
Q‖ = 0µm4/s,
Q⊥ = 0µm4/s.
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(b) Source doublet
κ = 0,

Q‖ = 30µm4/s,
Q⊥ = 30µm4/s.
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(c) Combined
κ = 30µm3/s,
Q‖ = 30µm4/s,
Q⊥ = 30µm4/s.
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(d) Combined
κ = 5µm3/s,
Q‖ = 10µm4/s,
Q⊥ = 30µm4/s.

Figure 2.2: Flow fields corresponding to the given multipoles in the rest frame of a micro-
swimmer moving with velocity vs = 20µm/s. Inclusion of quadrupole terms results in
formation of a closed surface of streamlines separating the flow into the internal and external
regions, see (b), (c) and (d). The external region is singularity-free and can model the flow
field of a finite size swimmer. The separatrix shape can be adjusted by tuning the quadrupole
parameters. It can, for example, produce elongated shapes characteristic of the head of a
mammalian spermatozoon, see (d). Here colours portray the velocity magnitude, ranging from
zero (blue) through vs (green) to 2vs (red) and white denotes the singularity center. Arrows
indicate the velocity direction in the (z, ρ) plane. The thick black line is the separatrix.

−1 < Q‖/Q⊥ < 2, and we derive an explicit expression for its position.

This result will turn out to be convenient throughout this chapter when numerically

integrating tracer displacements, as it provides a useful and physically reasonable way of

accounting for the near-field structure of flows created by micro-organisms.

2.2.2 Expansion of the tracer equation of motion

We aim to generate an expression for the tracer displacement as a power series in 1/r. The

tracer particle is advected directly by the fluid, and its equation of motion is

drT

dt
= usw (rT −R; êz) + usw∗ (rT −R∗; êz) , (2.2)

which is an implicit equation subject to the initial condition rint
T , and where we explicitly write

usw∗, the velocity field of the image system, needed when a boundary is present. Eq. 2.2 can

either be solved numerically or one can proceed analytically if the tracer displacement is small

compared to the distance to the swimmer, |∆rT| � |r| ∀t. If the swimming motion is with

a constant speed vs, then taking the time-derivative of this condition yields the equivalent

condition |∂trT(t)| = |usw| � vs ∀t.

We change variables in Eq. 2.2 to write drT
dt = d∆rT

dt = usw (r + ∆rT) +usw∗ (r∗ + ∆rT)
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and expand for small values of ∆rT to give

d∆rT

dt
= {usw[r] + usw∗[r∗]}+ (∆rT · ∇) {usw[r] + usw∗[r∗]}

+
1

2
(∆rT · ∇)2 {usw[r] + usw∗[r∗]}+O

(
|∆rT|
r

)3

. (2.3)

To solve for ∆rT as a power series in 1/r we write

∆rT(t) = ∆r
(1)
T + ∆r

(2)
T + ∆r

(3)
T + . . . , (2.4)

where the terms ∆r
(n)
T scale as r−n. Since the swimmer moves with a constant speed vs along

z we may write d
dt = vs

d
dRz

= −vs
d
drz

= −vs
∂r
∂z

d
dr . Therefore, the time derivatives ∂t∆r

(n)
T

scale as r−n−1. Hence, substituting Eq. 2.4 into Eq. 2.3, using Eq. 1.32 and equating

successive powers of 1/r yields

∂t∆r
(1)
T = uD, (2.5)

∂t∆r
(2)
T = uQU, (2.6)

∂t∆r
(3)
T = uO +

(
∆r

(1)
T · ∇

)
uD, (2.7)

∂t∆r
(4)
T = uH +

(
∆r

(2)
T · ∇

)
uD +

(
∆r

(1)
T · ∇

)
uQU, . . . (2.8)

where we have used the short-hand notation uD = uD(r(t), êz) and similarly for uQU, uO

etc., and where the image system flow fields are incorporated in the u’s.

The tracer trajectory can be found by integrating Eqs. 2.5-2.8 successively, and substi-

tuting the resulting expressions into the higher order equations of motion. In SI-§4.1 we

describe this procedure for a swimmer in an unbounded fluid and in SI-§4.2 and 4.3 we

repeat the calculations for a swimmer near a no-slip and free-slip boundary respectively.

2.3 Results: swimmer in an unbounded fluid

We now present results for the trajectory of a tracer particle when a micro-swimmer moves

along a straight path of finite length. In §2.3.1 we discuss tracer displacements in the radial

and swimming direction in the (ρ, z) plane and in §2.3.2 we examine spiralling of tracers in

the (x, y) plane. In §2.3.3 we address the limit of infinite swimming path lengths.
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2.3.1 Tracer loops in the (ρ, z) plane

Figure 2.3 shows the tracer displacements. The values of the swimming speed and the dipole

strength were chosen to correspond to a E. coli bacterium205. As the run length 2L between

two tumbling events of E. coli varies from 5 to 30 µm55, we have chosen 2L = 10µm to

emphasize the effects of a finite length swimming path. Different initial tracer positions are

depicted by planes of small black dots at zint
T = −8,−6, . . . , 6, 8µm. Coloured dots show the

final tracer positions after the swimmer has completed its run. In several cases trajectories

are also shown, running from the open circles to the black dots. These results were obtained

from a numerical solution of Eq. 2.2.

Results for a purely dipolar pusher (κ > 0) are shown in Fig. 2.3a. The tracer trajectories

form loops in the region adjacent to the swimming path, where |zint
T | � L, as previously

shown by Dunkel et al. 226 . The shape of the trajectory is triangular for a dipolar swimmer

and is a smaller three-loop structure for a purely quadrupolar swimmer. Notice that the

tracer trajectories almost close on themselves, but there is a finite opening of the loop that

defines the final tracer displacement ∆rT.

Far away from the swimming path, where |rint
T | � L, the final displacement scales as 1/r

and reflects the dipolar flow field because the swimming path approximates a point source,

limr�L ∆rT = usw∆t, where ∆t = 2L/vs. Additional quadrupole moments do not affect the

far-field displacement, as shown in Fig. 2.3b, since these terms decay as 1/r2. Tracers in

front of a pusher are moved forwards, while those behind the swimmer are moved backwards.

Displacement along the radial direction is towards the swimming path for |zint
T | < L and away

from the swimming path for |zint
T | > L. For the equivalent puller (κ→ −κ) the tracers move

over the loops in the opposite direction and the displacement in the far-field reverses sign, as

shown in Fig. 2.3c.

Closer to the swimming path the tracer displacement does not simply reflect the flow field

as the higher order advective terms in Eq. 2.3 become significant. In other words, there

is interference between the tracer displacements caused by different multipole components

of the swimmer velocity field, as seen in the second term of Eq. 2.7. We observe that,

predominantly, tracer trajectories are larger as the initial distance to the swimming path

ρint
T decreases. For tracers that start adjacent to the swimming path, where |rint

T | � L, the

final tracer displacement vanishes along the ρ direction. Along the z direction it becomes
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increasingly negative as ρ decreases, for purely dipolar pushers and pullers alike317. However,

as shown in Fig. 2.3a, it becomes unphysical to use the pure dipolar swimmer model

for tracers close to the swimmer where we expect entrainment in the forwards direction.

Furthermore, the pure dipole model neglects the effects of finite body size important for

tracers close to the swimmer, as discussed in §2.2.1.

Therefore, we present results in Fig. 2.3b and 2.3c for tracer trajectories near a finite

size swimmer obtained by taking Q‖ = Q⊥ = 5µm4/s, corresponding to a swimmer with

a characteristic size asw ≈ 1µm. The effect of the finite swimmer body size is clearly seen

in the transition from backward-displacement to forward-entrainment for tracers with an

initial position in the middle of the swimming path, at zint
T = 0, around ρint

T ≈ 0.4µm. This

transition can be calculated analytically for particles initially located close to the swimming

path, i.e. in the limit |rint
T | � L. In §2.3.3 we present a detailed calculation and discussion

of entrainment effects due to quadrupolar and higher order terms.

The finite swimmer body size is also responsible for the shape of the tracer trajectories

around zint
T = 5. This becomes apparent in Fig. 2.3d, where the trajectories are plotted in the

rest-frame of the swimmer. Here the tracer trajectories are explicitly shown for zint, rest
T = 10µm

and final displacements are shown for zint, rest
T = 2, 4, . . . , 18µm = zint, lab

T + 10µm compared to

the laboratory frame. The tracers are advected by the flow, following a trajectory around

the swimmer located at z = 5µm, and ending up in the same positions as the tracers in

Fig. 2.3b. The trajectories do not cross the separatrix around the swimmer, as discussed in

§2.2.1.

2.3.2 Azimuthal tracer displacements

Swimmers that rotate as they swim, such as numerous biological cells that propel by rotating

their flagella, will also displace tracers in the azimuthal direction. Hence, a tracer trajectory

will spiral about the direction of the swimmer. Since swimmers are torque-free as well as

force-free, their heads and tails rotate in the opposite directions and may cause the tracer

spiral trajectories to change chirality as the swimmer passes by. The resulting net azimuthal

tracer displacement is far from obvious and will depend on the distance between the tracer and

the swimmer path. We describe it using analytical results for tracers far from the swimmer

path and numerical results for tracers closer to the swimmer path.

Far from the swimming path an analytic expression showing the contributions of the
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(d) Same as (b) in swimmer’s rest frame

Figure 2.3: Tracer trajectories and final displacements due to a micro-swimmer in an
unbounded fluid. The swimming speed and the dipole strength characteristic for the E.
coli bacterium have been used: κ = 30µm3/s and vs = 20µm/s. Quadrupole strengths
Q‖ = Q⊥ = 5µm4/s were chosen in (b-d) to represent a swimmer with a characteristic size
asw ≈ 1µm. All higher order multipole coefficients set to zero. The trajectories are computed
using numerical integration of Eq. 2.2. Figures (a-c) are in the laboratory frame, where the
swimmer moves along a finite line from −5µm to L = 5µm. Initially, tracers are located in
planar sheets perpendicular to the z-axis at zint

T = −8,−6, . . . , 6, 8µm, uniformly distributed
between ρ = 0 and ρ = 3µm, and shown by small back circles. The final positions of the
tracer sheets are depicted by larger, coloured dots. Several trajectories of individual tracers
are also shown as light, black lines, running from starting points denoted by open circles to
ending points denoted by closed dots. (a) Purely dipolar pusher. (b) Regularised pusher with
finite size. (c) The equivalent puller with finite size. Figure (d) is equivalent to (b) in the
rest-frame of the micro-swimmer, which itself is located at z = 5µm, tracers were initially
located zint

T = 2, 4, . . . , 16, 18µm, and final tracer positions are shown after a time ∆t = 2L/vs

has passed. Full tracer trajectories are shown for the planar sheet zint
T = 10µm.
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different multipoles to the tracer displacements follows from Eqs. 4.3-4.8 of the SI. Let

us consider swimmers with a finite path from −L to L and tracers located initially in the

midplane zint
T = 0. To the lowest orders in ρ−1, where ρ � L and noting that we use the

short-hand notation ρ ≡ ρint
T , the tracer displacement is

∆rLT = − κ
vs

2ρL

r3
L

êρ +
2L3(Q‖ − 2Q⊥)− (Q‖ +Q⊥)Lρ2

vsr5
L

êz +
Or
vs

6ρL

r5
L

êφ +O

(
1

ρ3

)
(2.9)

where r2
L = L2 +ρ2. The first, dipolar, term confirms our conclusion that for a pusher (puller)

the tracer is attracted to (repelled from) the swimming path. The second, quadrupolar,

term corresponds to displacement along the swimming direction. The third term in Eq. 2.9,

leading to azimuthal tracer displacement, is the octupolar rotlet. It is notable that the lower

order quadrupolar rotlet term does not appear here because, due to the forward-backward

symmetry of the quadrupole rotlet velocity field component, the tracer is rotated in one

direction by the head but then in the opposite direction by the tail through an equal angle.

This angle, which may be relevant to fluid stirring, is

∆φT =
∆rφT
ρ

= −2Qr
vs

(
1

ρ3
− 1

r3
L

)
+O

(
1

ρ4

)
, (2.10)

using SI-Eq. 4.8. For long swimming path lengths ∆φT tends to a finite value for a given

value of ρ.

Close to the swimmer path Eq. 2.9 is invalid as the higher order terms become important.

These terms correspond to interference between the tracer displacements. In particular,

the tracer displacement due to the dipole and the quadrupole rotlet components interfere

in Eq. 2.8. Hence, the cancellation of the net azimuthal tracer displacement due to the

forward-backward symmetry of the quadrupole rotlet velocity field does not occur even for

tracers initially placed in the mid-plane. Therefore we should expect enhanced fluid stirring

in the azimuthal direction near the swimmer. In the limit |rint
T | � L this effect can be

quantified analytically and we will present these results in §2.3.3. Here we analyse the

enhancement of azimuthal stirring close to the swimmer for a finite swimming path using

numerical calculations.

Fig. 2.4 shows the net tracer displacement in the azimuthal direction for a finite size

swimmer having the quadrupole rotlet strength Qr = 10µm4/s. The enhancement of

azimuthal stirring due to interference of the dipole and quadrupole rotlet terms is highlighted
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Figure 2.4: Azimuthal tracer displacement due to a rotating micro-swimmer moving along a
finite path, from −5 to 5µm. Parameters used are κ variable, Qr = 10µm4/s, Q‖ = Q⊥ =
1µm4/s, vs = 20µm/s, and all other multipole coefficients are set to zero. (a) Dependence of
the azimuthal displacement on κ. Initially, tracers are located along a line with ρ = 2µm
and zint

T ∈ [−10, 10]µm. Final tracer positions are found numerically for κ = 0 (solid),
κ = +30 (dotted), and κ = −30µm3/s (dashed). (b) Displacements projected on the (x, y)
plane, with êz pointing into the paper. κ = 30µm3/s. Tracers are initially located in the
plane zint

T = 0, distributed on a grid, shown in light grey, with ρint
T ∈ [0, 3]µm with spacing

hρ = 1/3µm and φint
T ∈ [−π, π] with spacing hφ = 2π/36 = 10◦. The final tracer displacement

is shown by means of the transformed grid. Examples of tracer trajectories, initially located
at ρint

T = 1, 4/3, . . . , 3µm, run from open circles to black dots.

in Fig. 2.4a. When κ = 0 tracers starting at zint
T = 0 have the net azimuthal displacement

∆φT = 0. However, addition of a positive (pusher) dipole term leads to a significant increase

of the displacement. A negative (puller) dipole term would also result in a significant

displacement, though of a lesser magnitude than for a pusher of the same absolute dipole

strength. At the two extrema zint
T = ±L tracers are only rotated in one direction by the

head (or tail). Inserting the parameters of Fig. 2.4a and L → 2L into Eq. 2.10 gives

∆φT = ∓7.1◦ at zT = ±5µm, in good agreement with the numerical results. At larger z

the interference effect becomes negligible and the ∆φT corresponding to different κ values

converge on the same curve.

Fig. 2.4a shows that overall pushers are more efficient at stirring fluid in the azimuthal

direction than pullers of the same absolute dipole strength. This observation has a simple

explanation: in Eq. 2.9 we have shown for a finite straight swimming path that tracers

are attracted to the path if the swimmer is a pusher and repelled from it if the swimmer

is a puller. Consequently, tracers spend more time closer to the path of a pusher and the

interference effect is stronger. As the attraction/repulsion effect decays with the swimming
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Figure 2.5: Dependence of the tracer displacement ∆rT on the swimming path length 2L.
Initially, the tracer is located at zint

T = φint
T = 0 and ρint

T = 2µm. Final displacements,
obtained numerically, in the ρ, φ, z-directions are denoted by the solid, dotted and dashed
line respectively. Parameters used are: vs = 20µm/s, κ = 30µm3/s, Q‖ = Q⊥ = 5µm4/s and
Qr = 1µm4/s. All other multipole coefficients are set to zero.

path length L, this difference between pushers and pullers wanes accordingly. Indeed, we

will show in §2.3.3 that for an infinite swimmer path the azimuthal tracer displacement is

dominated by a term proportional to κQr/v
2
s that has the same magnitude for pushers and

pullers of equal absolute dipole strength.

In Fig. 2.4b the tracer displacement is shown in the (x, y) plane for tracers initially

located at zint
T = 0 for κ > 0. Far away from the swimming path, whilst being attracted to

the swimming path, the tracers are first rotated in the negative (anti-clockwise) φ direction

as the swimmer moves from −L to 0 then back in the positive φ direction as the swimmer

moves from 0 to L. For example, the tracer trajectories starting between ρint
T = 2µm and

3µm show this well. The magnitude of the rotation is again predicted by Eq. 2.10. Close to

the swimming path there is a strong rotation of tracer particles in the positive (clockwise) φ

direction. This positive angular displacement corresponds to the dotted line in Fig. 2.4a. In

particular, the tracer trajectory starting at ρint
T = 1µm illustrates that a pusher first attracts

the tracer particle towards the swimming path, rotates it several times about the z-axis, and

then repels it back to a ρ value close to the initial value ρint
T .

2.3.3 Tracer motion in the limit |rint
T | � L

We now consider tracer particles which are located near a long swimming path, so that

|rint
T | � L. For L→∞ the lowest order expression for the net tracer displacement (Eq. 2.9)
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vanishes. Physically this means that tracer trajectories become, generally, almost closed

loops. Indeed, numerical results for the tracer displacement as a function of the swimming

path length L, presented in Fig. 2.5, show that the ρ-component of the displacement decays

as ∆rρT ∼ L−2. This dependence follows directly from the first term in Eq. 2.9. The z and

φ-components, however, remain finite for large swimming path lengths. In order to describe

this behaviour analytically we need to take into account higher order terms in the expansion

for the tracer displacement (Eq. 2.4).

In SI-§4.1 we compute contributions up to the sixth order inclusive, which gives us enough

information to study a both short swimming path (Eq. 2.9) and also the two leading order

contributions in powers of 1/ρ along each of the directions z, ρ and φ in the limit L→∞.

Hence, writing terms up to O
(
1/ρ6

)
we obtain the final tracer displacement

∆r∞T =

(
− πκ

2

16v2
s

1

ρ3
+

9π(9Q2
‖ + 14Q‖Q⊥ + 41Q2

⊥)

1024v2
s

1

ρ5
−

9πκ(3O‖ + 7O⊥)

256v2
s

1

ρ5

)
êz

+

(
9πκQr

8v2
s

1

ρ4
−

225π(2Qr(O⊥ +O‖) +Or(Q⊥ + 3Q‖) + 2κHr)

512v2
s

1

ρ6

)
êφ. (2.11)

First, consider the final tracer displacement in the swimming direction, êz. Far from

the swimmer, for large ρ values, the κ2 dipole term dictates a tracer displacement along

the negative z direction that scales as ∆rz ∝ ρ−3. This far-field result is the same for both

pushers and pullers, since it is proportional to κ2. Closer to the swimming path, the negative

displacement is countered by a forward-entrainment due to the quadrupole term, which is

positive for all values of Q‖ and Q⊥. We have already seen this behaviour for tracers that

start close to the middle of a finite swimming path in Fig. 2.3b. In principle the octupole

and higher order terms, which will depend on individual swimmer details, could contribute to

a backwards displacement, although eventually a forward entrainment is expected very close

to the swimmer due to the no-slip boundary condition at its surface. So, in general, although

Eq. 2.11 is only guaranteed to be exact in the limit of large ρ, it gives a qualitatively correct

picture of tracer displacements even for tracers initially located close to the swimmer. In

particular, there is a characteristic critical radius ρ = ρc where the displacement in the

swimmer direction changes sign:

ρc =
3
√

9Q2
‖ + 14Q‖Q⊥ + 41Q2

⊥ − 4κ(3O‖ + 7O⊥)

8κ
. (2.12)



Chapter 2. Tracer Trajectories and Displacement near a Surface 48

For ρ � ρc the far-field dipole approximation holds whereas for ρ � ρc the near-field

dominates the tracer displacement. Notice that substituting the parameters of Fig. 2.3b

into Eq. 2.12 gives ρc = 0.5µm, in reasonable agreement with the numerical results, given

the small value L = 5 chosen to emphasize the effects of a finite swimming path.

In the angular direction, êφ, Eq. 2.11 shows that the displacement of tracer particles

about the z-axis scales as ∆rφ ∝ κQrρ−4 far from the swimming path. Therefore a micro-

swimmer with a head (tail) rotating in the (counter) clock-wise direction will stir particles in

the counter clock-wise direction in the far-field. Dividing by the trajectory circumference

2πρ, the number of revolutions made by a tracer scales as ρ−5. Inserting the parameters of

Fig. 2.4b into Eq. 2.11 gives ∼ 2.7 revolutions for a tracer particle with ρint
T = 1µm, which

is in reasonable quantitative agreement with the figure where the particle is rotated ∼ 3.2

times around the swimming path.

Along the radial direction, êρ, our calculations show that all contributions to the final tracer

displacement vanish up to order O(ρ−7) and numerical integration of the implicit differential

Eq. 2.2 also shows no resultant displacement to within machine precision. Although

for L = ∞ the tracer does move along êρ, it returns to its original distance from the

swimming path ρint once the swimmer has moved past. Physically, this is reasonable as we

are assuming the fluid to be incompressible. That is, if ∆rρT had a finite negative (positive)

value, constant for all initial tracer positions zint
T along the infinite swimming path, then this

would lead to a singular accumulation (depletion) of particles at the z-axis, which would

violate incompressibility. The final tracer displacement must be divergence free and hence

the radial displacement vanishes for a long swimming path.

2.4 Results: swimmer moving parallel to a boundary

In experiments, micro-swimmers are often observed in the presence of boundaries and in

biological systems micro-organisms often tend to accumulate near surfaces, as described by

Spagnolie and Lauga 238 , Berke et al. 246 , Li et al. 248 . Therefore, we next present results

for tracer trajectories and final displacements due to a micro-swimmer moving parallel to a

planar surface. Compared to a swimmer moving in an unbounded fluid with swimming path

length L, the swimmer body size asw (SI-Eq. 3.9) and the entrainment radius ρc (2.12),

there is an additional length-scale in this system, the distance H between the swimmer and
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the boundary.

As in §2.3, we start by describing numerical results for the tracer trajectories where

parameters were chosen to represent a typical E. coli bacterium near a no-slip boundary in

Fig. 2.6. We also show analogous results for a free-slip boundary in Fig. 2.7 and summarise

similarities and differences between the two boundary types. In analogy to §2.3, in the SI we

aim to develop a more quantitative understanding of tracer motion, particularly in terms of

the distance H. In SI-§4.2 and 4.3 we compute tracer displacements up to fourth order, for

the no-slip and free-slip boundaries respectively, and in SI-§6 and 7 we discuss these in the

limit of an infinite swimming path.

In Fig. 2.6 and 2.7 we show tracer displacements and several trajectories for a swimmer

moving from −L to +L parallel to the boundary. These results were obtained by numerically

integrating Eq. 2.2 including the appropriate image term. The image system of a swimmer

near a free-slip boundary is simply a mirror swimmer. Near a no-slip boundary, however, the

image of a dipolar pusher (puller) is the equivalent puller (pusher) plus more complex terms

of quadrupolar and octupolar structure (see SI-§2.6). To see the effect of the boundary it is

useful to compare with Fig. 2.3 and 2.4 for swimming in an infinite fluid, H =∞. Close to

the swimming path the tracer displacements are almost independent of H and the results of

§2.3.3 hold. However far from the swimmer, and also between the swimmer and the surface,

there are boundary effects because here the distances to the swimmer and to the image are

comparable.

Fig. 2.6a and 2.7a show the tracer displacement in the (x, z) plane. Far away from the

swimmer and the free-slip boundary the trajectories are doubled in size, since the swimmer

and its mirror image cooperate. For the no-slip boundary, however, the dipolar terms of the

swimmer and image cancel (in SI-Eq. 4.21), so that the tracer trajectories are no longer

triangular loops as for a dipolar swimmer but instead the dominant quadrupolar terms give a

smaller 3-loop trajectory.

Consider now what happens close to the boundary. Our first observation is that despite

a no-slip boundary condition, there is a significant forward-displacement of tracer particles

between the swimming path and the boundary. Also for a finite swimming path, tracers that

start at z > 0 tend to be displaced forwards. For the free-slip boundary this effect is about 3

times larger with the absence of the no-slip constraint.

This is emphasised in Fig. 2.6b and 2.7b which show the longitudinal displacement in
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Figure 2.6: Numerical results for tracer displacements and trajectories due to a micro-swimmer
moving along a finite path parallel to a no-slip boundary. The units of length and time are
µm and s. The swimming path is from −5 to 5. The boundary is denoted by a thick black
line. Several tracer trajectories are shown as light, black curves, running from starting points
denoted by open circles to ending points denoted by closed red dots. The trajectories were
computed using numerical integration of Eq. 2.2. Parameters used are κ = 30, Q‖ = Q⊥ = 1,
vs = 20. All other multipoles are set to zero. (a) Tracer displacements in the x− z plane for
H = 1.5. Initially, tracers are located in sheets perpendicular to the boundary at yint

T = 0
and zint

T = −8,−6, . . . , 6, 8, uniformly distributed between xint
T = 0 and 4.5, as shown by small

black dots. The final positions are shown by larger dots in various colours. (b) x− y cross
section showing the displacement along the z axis of tracers which start in the plane zint

T = 0
for H = 1.5. Colours indicate the magnitude of the displacement. White indicates strong
forward entrainment (displacements > 1.5). (c) Dependence of tracer trajectories in the x− z
plane on distance from the boundary H. The x axis is scaled w.r.t. H but the z axis is
not scaled. Initially, tracers are located along the line yint

T = zint
T = 0. The final positions

are shown by continuous lines in red, orange, green, blue and purple for H = 1, 1.2, 1.4, 2, 4
respectively. (d) x− y cross section showing the in-plane displacement of tracers which start
in the plane zint

T = 0. The swimmer rotation strength Qr = 0. Tracers are initially uniformly
distributed on a grid with 0 ≤ xint

T ≤ 4 and −2 ≤ yint
T ≤ 2 with spacing h = 1/5. The final

displacement is depicted by means of the transformed grid.
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Figure 2.7: Numerical results for tracer displacements and trajectories due to a micro-swimmer
moving along a finite path parallel to a free-slip boundary. Apart from the boundary type,
this figure is identical to Fig. 2.6.
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the x− y plane for tracers initially at z = 0. The maximum forwards displacement between

swimmer and boundary is about 0.3µm in the no-slip case compared to 1µm for the free-slip

boundary. Comparing Fig. 2.6b and 2.7b shows that the longitudinal displacement is

positive in the far-field for the no-slip boundary but negative for the free-slip boundary.

Fig. 2.6c and 2.7c show the dependence of the tracer displacements on H. Note that

in this figure the x axis is scaled w.r.t. H but the z axis is not scaled. The purple curve

for H = 4µm approaches the unbounded swimmer case. As H decreases the forwards

displacement between the swimmer and the boundary increases as κ2/v2
sH

3, and is maximum

at ζ = 0 and ζm = 0.3 for the free-slip and no-slip boundary respectively. For small H values,

compared to the other system length-scales, the near-field entrainment interferes with the

forwards displacement at the boundary. For the no-slip boundary this shifts the maximum to

lower ζ values and for the free-slip boundary this merges the entrainment of the boundary

and near-field, so that at H = asw the swimmer acts like a little bulldozer.

In Fig. 2.6d and 2.7d the tracer displacements in the transverse directions, along x

and y, are shown in the (x, y) plane for z = 0. Despite the fact that Qr = 0, representing

a non-rotating swimmer, we find significant mixing of tracer particles in the transverse

directions, up to 0.8µm close to the swimming path for a no-slip boundary. With decreasing

H, the strength of this effect increases as κQ⊥/v2
sH

4, independently of Q‖. Furthermore,

tracers near a free-slip boundary are not attracted towards the swimming path, cf. the limit

H →∞ given by Eq. 2.9, but towards the boundary instead.

In SI-§6 and 7 we describe the tracer motion near a free-slip and no-slip surface respectively

in terms of a pertubative expansion analogous to that in §2.3.3. Hence, we find analytic

expressions in terms of the experimental parametersH, vs, L, κ etc. for the additional boundary-

induced entrainment and transverse stirring of tracer particles.

2.5 Discussion

In this chapter we have studied the way in which an axisymmetric swimmer moves tracer

particles as it swims through a fluid, concentrating on straight swimming trajectories of finite

and infinite length, in an unbounded fluid and parallel to a surface, considering both slip and

no-slip boundary conditions. Numerical results were obtained by integrating the equations of

tracer motion. Analytical results followed from expanding the tracer displacement in powers
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of r−1, the inverse distance between swimmer and tracer.

We started by considering a finite swimming path from z = −L to L. Far from the

swimmer the tracer particles move in loop-like trajectories with a size that scales as κ/ρ,

where κ is the strength of the swimmer dipole moment and ρ = min r(t), the distance between

tracer and swimming path. As the swimmer trajectory becomes infinitely long the tracer

trajectories tend to almost closed loops, but a finite final net displacement remains that

is backwards relative to the swimming direction and scales as −κ2/ρ3. The introduction

of a slip surface doubles the loops in size, and for an infinite swimming path enhances the

final tracer displacement by a factor four. For a no-slip boundary, however, the far-field

tracer loops are much smaller, with a final radial displacement that scales as κ/ρ3 for a

finite swimmer trajectory crossing over to a scaling +κ2/ρ5 in the swimming direction for an

infinite swimming path.

Closer to the swimmer the tracer particles still move in loop-like trajectories. However

they are now entrained by the swimmer, showing a significant net forwards displacement.

We show that this can usefully be modelled by including quadrupolar terms in the flow field.

These lead to a surface around the singularity across which there is no flow, mimicking a

finite swimmer size and removing the problem of the singularities in the multipole expansion

of the flow field. A proper combination of the quadrupole coefficients can model the near-field

of swimmers of the elongated shapes typical of many micro-organisms.

Along the surface itself tracer particles are displaced forwards along the swimming

direction, both for slip and for no-slip boundaries, for pushers and for pullers. As the distance

H between the boundary and the swimming path increases, the forward displacement wanes

as κ2/H3.

To quantify these effects consider a typical swimmer with parameters chosen to represent

an E. coli bacterium, κ = 30µm3/s, vs = 20µm/s and L = 5µm. A tracer particle initially

located at zint
T = 0 and ρint

T = 1.5µm follows a triangular loop-like trajectory of size ∼ 1µm.

Its final displacement is ∼ 0.25µm against the swimming direction. The crossover from

final backward displacement to forward entrainment, if we take the quadrupole strengths

Q‖,⊥ = 5µm4/s, occurs at a distance ρc ∼ 3Q‖,⊥/κ ∼ 0.5µm from the swimming path. Close

to a slip boundary, if the swimmer moves at a distance H = 1.5µm, the tracer particle

is displaced ∼ 0.9µm along the swimming direction, compared to ∼ 0.3µm for a no-slip

boundary.
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Non-rotating swimmers do not displace tracers in the azimuthal direction when they

swim far from the boundaries. A rotating swimmer with the head rotating in the clock-wise

direction (and the tail rotating in the counter clock-wise direction) rotates tracer particles

in the counter clock-wise direction. For example, for a swimmer with rotation strength

Qr = 10µm4/s, a tracer particle initially located a distance ρ = 1µm from the swimming

path can be rotated up to ∼ 3 times around it. For a pusher this stirring effect is larger than

for a puller, as it first attracts a tracer towards the swimming path, where the azimuthal flow

is stronger, before repelling it back to its initial radius ρint
T .

Close to a boundary even non-rotating swimmers create fluid flows in the plane perpen-

dicular to the swimming direction. This may be ecologically significant as a mechanism for

resuspension of small sedimented particles. The strength of this effect scales as the product

κQ⊥.

Loop-like tracer trajectories have been observed in several experiments with biological195

and non-biological swimmers126, but quantitative matching of our results to experiment at this

point is difficult due to the unpredictability of swimmer trajectories and insufficient quality

of experimental data. Currently, however, new experimental techniques are being developed

that could allow simultaneous observation of multiple trajectories of tracer particles59. Also,

development of artificial microswimmers that are more easily controllable could provide the

data for a quantitative match between theory and experiment.

Throughout this chapter we neglect the smearing effect of Brownian fluctuations on

the tracer trajectories. Its relative importance depends on the physical size of advected

particles and is typically weak for particles larger than one micron193. Moreover, the effect

of Brownian fluctuations on mixing can be accounted for by adding the Brownian and the

biogenic contributions to the effective tracer diffusion coefficient198.

Our results connect well to recent works315,319,320 that address recent observations of non-

Gaussian tracer displacement193,195,201,318. Our expressions could input into a more accurate

calculation of the displacements distribution and of the diffusion coefficient by accounting for

a finite swimmer size. This latter provides a cut-off for large particle displacements. Hence, in

the long run the distribution will converge to a Gaussian. Furthermore, we expect enhanced

biomixing in fluid layers near boundaries since tracers are entrained further. This prediction

is in agreement with the experiments by Mino et al. 196 , but it provides an alternative

explanation for this effect. Our expressions could allow for a first approximation of the
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anisotropic tracer diffusion coefficients near an interface as a function of H.

This chapter has only considered swimming paths oriented parallel to the boundary,

motivated by experiments by Molaei et al. 59 that show that the tumbling of wild-type E.

coli is suppressed up to distances 20µm from a no-slip surface, and when they tumble the

reorientations are largely skewed towards the surface-parallel directions. Nevertheless, the

analysis may easily be extended for swimmers approaching or leaving the boundary at a

given angle or along a defined trajectory214,238 or moving in, say, a circular trajectory253,322.

Moreover, it would be of interest to understand the effect of other types of confinement, such

as between two parallel flat plates or inside a thin liquid film on tracer trajectories. The single

swimmer problem provides a step towards estimating the tracer motion and diffusion due to

a suspension or beam of swimmers, and how this is altered by the presence of a boundary.



CHAPTER 3

Sorting of micro-swimmers in viscoelastic fluids

“Be careful about reading health books. You may die of a misprint.”

Mark Twain (1835–1910)

3.1 Introduction

Whereas the work in chapter §2 assumes that the swimmers move in straight lines parallel

to a boundary, real motile micro-organisms can undergo more complicated dynamics as

they inhabit confined and complex micro-environments. Geometrical constraints are a key

regulator of rheotaxis, the reorientation of swimmers in response to externally imposed

flows110, and are essential in the design of microfluidic devices for drug delivery systems,

hematology and cytometry323,324. Additionally, the complexity of embedding fluids is crucial.

One important aspect of the complexity arises from the dual fluidic and elastic (viscoelastic)

behaviour of many biological fluids such as mucus and extracellular matrix gels325–327 or

blood at macroscopic length-scales328–330.

Despite the widespread implications of viscoelastic effects on biological processes, research

on motile microorganism dynamics in confined environments is largely limited to Newtonian

fluids214,239,262,275,283,289,304,331–334. Recently, a large number of studies have considered

locomotion in quiescent non-Newtonian fluids at the scale of micro-swimmers, in experiment,

simulations and theory294–297,299–302, but little is known about the dynamical behaviour of

swimmers subject to large-scale non-Newtonian flows.

56
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Figure 3.1: Schematic of a microswimmer at position rs and moving with speed vs in the
direction ps subject to a viscoelastic flow within a microchannel of height 2H. The Poiseuille
flow vF is shown for shear-thinning (blue, dashed), Newtonian (red, solid) and shear-thickening
(green, dotted) fluids.

In this chapter, we use our theoretical framework for individual micro-organisms swimming

in confined, flowing micro-biological environments of non-Newtonian fluids (§1.3.1). We study

the macroscopic effects of shear-dependent viscosity and viscoelasticity, both in separation

and in conjunction, for a weakly viscoelastic fluid. Image systems are used, regularizing

the hydrodynamic interaction of micro-swimmers with the walls, and swimmer trajectories

are characterised. Shear-dependent viscosity is seen to greatly impact the upstream motion

of motile cells and our analysis shows that the presence of normal stress differences in

viscoelastic fluids results in a remarkable upstream migration along the centre line. We

provide quantitative measures of the upstream motion and propose a novel sorting mechanism

for motile organisms in confined viscoelastic flows.

3.2 Model

A single microorganism of radius a is modelled as swimming in flowing, incompressible,

non-Newtonian fluid within a channel of height 2H (Fig. 3.1). We use the equations of

motion (1.45-1.46) without thermal noise (vkBT and Ωk
BT ) or run-and-tumble fluctuations

ΩRT, initially with a Newtonian Poiseuille background flow vF = vmax(1 − (x/H)2)êz and

ΩF = 1
2∇ × v

F. The translational invariance of these along the y and z directions allows

us to consider motion of swimmers in the y = 0 plane and orientation can be represented

as ps = − sin(φ)êx − cos(φ)êz, where φ ∈ [−π, π] is the angle in the x− z plane. Upstream

swimming corresponds to φ = 0 and downstream to ±π (Fig. 3.1). Consequently, the
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Figure 3.2: Typical trajectories for swimmer dynamics in a Newtonian Poiseuille flow shown
in x − φ phase space, and in the x − z plane (insets). The swimmer and maximum flow
velocities are vs = 1 and vmax = 0.75, and the dipole moment is κ = 0. a) Non-regularised
HI, σ = 0. b) Regularised HI with σ = (3/10)3 so that hm = 3/10. The background colours
indicate the velocity in the z direction.

dynamics of the system can be represented by two coupled equations, ẋ = ẋ(x, φ) and

φ̇ = φ̇(x, φ), and a third uncoupled equation ż = ż(x, φ). We nondimensionalise lengths by

half the channel height, H, and velocities by the swimming speed, vs. Therefore, changes

in the swimming speed due to viscoelasticity, as studied in Refs.294–297,299–302, are readily

incorporated in this model.

3.3 Results

3.3.1 Newtonian liquid

In a Newtonian fluid, this system shows the emergence of swinging and tumbling microswimmer

trajectories in Poiseuille flow214,283. Upstream-oriented swimmers are rotated by background

vorticity so that they oscillate about the centre line (Fig. 3.2(a-b); green trajectory). For large

oscillation amplitudes, however, the swimmer runs into the walls (Fig. 3.2(a); red trajectory).

Because of the proximity, HI with the boundaries must be included214. Simply including

the far-field force dipole of strength κ and an image system consisting of a superposition of

point-force singularities238 in the HI produces non-physical singular flow fields near the walls,

unless a physical cut-off length is provided.

We construct a more physical representation by including a source doublet of strength

σ in the swimmer’s flow and image fields, producing a more accurate near-field flow and
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regularising the HI with the boundaries. This ensures that the swimmer is turned away from

the boundaries by the closest distance of approach hm = (σ/vs)
1/3, which sets a natural

cut-off and gives an effective size. This may be understood to be its hydrodynamic radius,

ah = (2σ/vs)
1/3, as discussed in §2.2.1, which we expect to be directly proportional to the

swimmer size; ah ∼ a, and thus hm ∼ a. E.g. Volvox has σ ∼ 109µm
4

/s and vs ∼ 102µm/s,208 so

that ah ∼ 270µm compared to a ∼ 200µm. By including the near-field correction, unphysical

swimmer-wall contact is ruled out and the swimmer trajectory runs parallel to the wall with

the offset hm (Fig. 3.2(b); blue trajectory). To consistently account for finite swimmer

size effects, we also include the Faxén corrections to the flow induced translational, vF, and

angular velocity, ΩF, of the swimmer (Eq. 1.54).

3.3.2 Effect of shear-dependent viscosity

Non-Newtonian effects modify the background flow and trajectories of micro-swimmers.

Non-Newtonian fluids generally feature two properties different from a Newtonian counterpart

— namely, shear dependent viscosity and normal stress differences. Here shear-thinning and

-thickening effects are accounted for via a power-law fluid model η = η0(γ̇/γ̇0)n−1, where γ̇ is

the shear rate, η0 is the viscosity at the shear-rate γ̇0, and n is the shear-thinning parameter.

The background Poiseuille flow of a power-law fluid is

vF(r) = vmax

(
1−

(
|x|
H

) 1+n
n

)
êz, (3.1)

where vmax is the maximum flow speed. This results in a stronger (weaker) flow near

the walls, in shear-thinning (-thickening) fluids compared to a Newtonian fluid with the

same vmax (Fig. 3.1). HI with the walls remain approximately Newtonian for weakly non-

Newtonian fluids since the asymmetric correction for a dipolar swimmer335,336 decays rapidly

as ∼ r−3,337,338 which is small compared to the Newtonian contribution and amounts to a

minor correction on the quadrupolar term.

The upstream motion of a swimmer is enhanced in a shear-thickening fluid compared to a

shear-thinning counterpart without normal stresses (Fig. 3.3 and Supplemental Material

movie 1 at URL339). This is associated with changes in vorticity in the vicinity of the

walls. The stronger vorticity of the shear-thinning fluid near the wall results in a more rapid

reorientation towards the centre line. Consequently, the swimmer has less time to move

upstream.
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Figure 3.3: Swimmer dynamics in Poiseuille flow of a shear-thinning (n = 1
2) and -thickening

fluid (n = 2) without normal stresses, shown in the upper and lower halves of subfigures (a-c).
vs = vmax = 1, κ = 0 and σ = (1/10)3. a) Trajectories in the x− z plane, with initial position
rs = (0, 1/2) and orientations φ = 0 (blue), π/2 (green), and π (red). b) Trajectories in x−φ
phase space. The background colours indicate the velocity in the z direction. c) Upstream
swimming velocity, −ż, averaged over a large time, for all upstream-oriented initialisations in
x−φ space. d) Upstream retention ratio, defined by (c) averaged over these initial conditions,
as a function of the flow speed. Points show full numerical solutions, dashed lines show
theoretical predictions, and solid lines show the limit vmax � vs, Eq.(3.2). The inset focusses
on this limit.

An initially upstream oriented swimmer (Fig. 3.3(a); blue trajectory) in a shear-thinning

fluid moves a short distance upstream after the first oscillation about the centre line, whereas

the swimmer in the shear-thickening fluid progresses an order of magnitude further. Swimmers

initially orientated towards the walls (dashed green trajectories) are carried by the flow, but

in a shear-thickening fluid they move further upstream near the walls. Similarly, swimmers
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initially orientated downstream (dotted red trajectories) experience an enhanced downstream

motion in a shear-thinning fluid. This demonstrates that the dynamics in flowing non-

Newtonian environments can have a more significant effect on motion than relatively small

modifications to the swimming speed in quiescent non-Newtonian fluids294–297,299–302.

If vmax = vs, swimmers oriented directly upstream at the centre line do not progress, while

those that oscillate about the centre line experience less counterflow on average and therefore

are able to migrate upstream (Fig. 3.3(b-c)). However, if the oscillations about the centre

line are too large, the swimmer cannot move upstream. Therefore, the effective upstream

motility is not well described by any given trajectory but rather by a retention ratio340,

the ratio of the time-averaged z-component of swimmer velocity to the swimming speed,

R =
〈
T−1

∫ T
0 −ż(t;x0, φ0)dt

〉
/vs, where we average over all upstream-oriented trajectories

x0 ∈ [−H + hm, H − hm] and φ0 ∈ [−π/2, π/2]. The upstream retention ratio can be

determined numerically (Fig. 3.3(d); points) and be approximated analytically. A conserved

quantity of motion can be found by integrating ẋ/φ̇, giving C = 1 + 1
2vmax|x|(1+n)/n− vs cosφ.

Hence, the distance travelled along z per oscillation can be computed, D =
∫
traj żdt, as well

as the period, T =
∫
traj dt. Dividing these and averaging over the initial conditions gives

R = −〈 DvsT
〉 (Fig. 3.3(d); dashed lines). In the limit of vmax � vs we find the linear relation

(Fig. 3.3(d); solid lines)

R =
2

π
− 2 + 9n+ 7n2

2 + 10n+ 12n2

vmax

vs

. (3.2)

Hence, the difference in upstream retention ratio for shear-thinning and -thickening fluids

grows with increasing flow speed. This determines the crossover between upstream or

downstream motion of the majority of swimmers where R = 0 (see inset of Fig. 3.3(d)).

The slopes change at larger flow speeds, vmax > 4vs, when the tumbling trajectories start to

outnumber the oscillating trajectories214 and the full solution for R must be applied (dashed

lines). In this vmax � vs regime, the difference in upstream retention ratio for shear-thinning

and -thickening fluids can be large (Fig. 3.3(d)). For vmax = 10vs, the shear thickening

(n = 2) R-value differs by 33% from the shear-thinning (n = 1/2) value, which is substantial

compared to the 5− 10% change in swimming speed observed in quiescent non-Newtonian

fluids294–297,299–302.

The significant modification of upstream retention ratios in non-Newtonian fluids can
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have important consequences in micro-biological flows. For instance, our results suggest that

a motile H. pylori, swimming with an average velocity of 27µm/s291 and subjected to gastric

mucosal flow with a similar velocity and n = 0.5, would have a 50% reduction in upstream

retention ratio than if it were swimming in a Newtonian fluid flow (n = 1). Since the velocity

of the mucosal flow can vary broadly341 and n can be as small as ∼ 0.15,291,341,342 this serves

as a conservative example.

3.3.3 Effect of normal stress differences

In addition to shear-dependent viscosities, many micro-biological fluids are characterised

by viscoelastic normal stress differences. To describe these, with a power-law viscosity,

we employ the second-order fluid model343. Instead of Eq. 1.3, we use the stress tensor

Sij = −pδij + η(γ̇)D
(1)
ij −

1
2ψ1D

(2)
ij + (ψ1 + ψ2)D

(1)
ik D

(1)
kj , where ψ1 and ψ2 are the first and

second normal stress coefficients and D
(1)
ij and D

(2)
ij are the Rivlin-Eriksen tensors. The

Deborah number is De = ψ1−2ψ2

η
vmax
H � 1. The normal stress coefficients characterize the

fluid elasticity. These terms do not alter the undisturbed flow profile of Eq. (3) in the absence

of swimmers. However, the disturbance flow around a finite-sized swimmer in combination

with non-uniform shear across the channel results in a normal stress imbalance that causes a

lateral migration across streamlines. Normal stress-induced migration of passive, inertialess

particles in pressure-driven flow is well documented288,344–351. To determine the migration

velocity we use Chan and Leal’s solution for general quadratic flow345 by expanding the

background flow profile (Eq. 3.1) about the swimmer position, as reported previously288. In

our system, the migration velocity is then

vVE = −ψn
(
|x|
H

) 3−2n
n

êx, (3.3)

where ψn = ψsa
2v3−n

max γ
n−1
0 f(n)/η0H

4−n, f(n) = 5(1 + n)3−n/36n4−n and ψs = ψ1 − 2ψ2.

The function ψn encapsulates both the non-Newtonian effects of normal stress differences

and shear-dependent viscosity. A viscoelastic torque ΩVE is not included in the equation of

motion Eq. 1.46, because this term is not significant compared to the vorticity when De� 1

and, by symmetry of the swimmer, does not lead to preferred orientations.288

In both the shear-thinning and -thickening cases with normal stresses, the swimmer is

driven to the centre line, and the coupling between motility and streamline migration rotates

the swimmer to move upstream along the centre line (Fig. 3.4(a)). Unlike in a Newtonian
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Figure 3.4: Swimmer dynamics in Poiseuille flow of a shear-thinning viscoelastic fluid with
De = 0.1, n = 0.8, and vmax = 1vs. The swimmer parameters are a = 0.1, vs = 1, κ = 0
and σ = 10−3. a) Oscillating trajectory in the x− z plane with initial position rs = (0, 0.9)
and orientations φ = 0. b) Corresponding trajectory in x− φ phase space. Colours indicate
time progressing, from t = 0 (blue) to t = 1000 (red). The swimmer is focussed towards the
centre line and are reoriented to move upstream. c-d) Two ensembles of swimmers, with
vs = 1.1 (blue) and vs = 0.9 (red), are released from a random x-position and orientation
in the channel at z = 0. In a Newtonian fluid (c), the swimmers are dispersed but in a
viscoelastic fluid (d) they remain clustered and are sorted according to swimming speed over
time.

fluid, the oscillations about the centre line are now damped in amplitude as the phase space

origin (x = φ = 0) is a stable, attractive spiral (Fig. 3.4(b)). The attraction is stronger for

shear-thinning than shear-thickening fluids.

We analyse this effect by linearising the equations of motion (1.45-1.46) about the origin

so that (φ̇, ẋ)T = M(φ, x)T where

M =

 −3κ
4 vF + 3σ

2

−vs + σ
4 + 3ν

2
3κ
2 − ψn

 . (3.4)

In M , ψn and dipolar HI terms are responsible for the spiral. Away from the walls,
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viscoelasticity dominates over HI effects and the eigenvalues of M without HI are found to be

λ± = 1
2(−ψn ±

√
ψ2
n − 4vmaxvs). Hence, the origin is a stable fixed point if ψ2

n > 4vmaxvs with

two real negative (attractive) eigenvalues. Otherwise, the origin is a stable spiral with complex

eigenvalues and negative real parts, meaning that swimmers perform damped oscillations

about the centre line as verified in Fig. 3.4(a,b). Because the function f(n) decreases

monotonically with n, ψn is larger for shear-thinning fluids and therefore the attraction

towards the centre line is greater.

3.4 Discussion

Swimmers in flowing viscoelastic fluids tend to move upstream along the centre line after some

time, regardless of initial position or upstream orientation. This effect is more pronounced in

shear-thinning than shear-thickening flows. It allows for a sorting mechanism to select swim-

mers with a given swimming speed larger than the tunable Poiseuille flow, as demonstrated

in Fig. 3.4(c,d), where distributions of swimmers with different self-propulsion velocities

are initially introduced at random positions and orientations in the channel in Newtonian

and shear-thinning viscoelastic fluids. Unlike for the Newtonian fluid, swimmers with larger

motility are separated by moving upstream in the viscoelastic fluid (see Supplemental Material

movies 2,3 at URL339). It is worth noting that we expect this sorting mechanism to be

robust against translational and orientational noise since small amounts of noise will keep

the oscillation size nonzero, enhancing the upstream retention ratio and hence the sorting.

To summarize, unlike the prevalent boundary accumulation in quiescent Newtonian fluids,

swimmers’ trajectories show oscillatory motion about the centre line. Average migration

against Poiseuille flows is enhanced (reduced) in shear-thickening (-thinning) fluids compared

to simple Newtonian fluids. It is not necessary that the non-Newtonian nature of these

fluids be appreciable on the microscale since altered trajectories arise from differences in

vorticity at macroscopic scales. This constitutes a substantial change to the effective upstream

motility, that is comparable to or greater than observed changes in motility due to microscopic

effects on swimming in quiescent non-Newtonian fluids294–297,299–302. The oscillations are

damped towards the centre line in the presence of viscoelastic normal stress differences

resulting in direct upstream migration. This offers a sorting mechanism to differentiate motile

micro-organisms according to speed.



CHAPTER 4

Hydrodynamics of Micro-swimmers in Films

Responding to the remark: ‘In science, you’re never sure of anything’:

“The idea that one might be wrong, that is not a weakness, it is one of the
Grandeurs of science. Albert Einstein said: ‘No experiment will ever prove that
I’m correct, but only one experiment at any time can prove that I am wrong’. If
everybody had this feeling of the possibility that they might be wrong, it would
be the end of bigotry; the end of fanaticism.”

Prof. Edmond H. Fischer (1920–)

4.1 Introduction

In chapter §3 we considered a micro-channel with two parallel no-slip surfaces. However,

innumerable habitats of small organisms are characterised as films. Confinement between a

rigid substrate and an interface is particularly fascinating with respect to microbial life, since

it offers the immediate presence of two surfaces with differing properties. Intense biological

activities and accumulations of swimming cells are often associated with films187,352,353.

Indeed, countless species of bacteria secrete their own extracellular polymeric substances

in order to form biofilms354–356, within which they then move. Films on passive or living

substrates allow pathogens to swim or even swarm in order to colonise a wide variety of surfaces

including soil, plant leaves, animal tracts or skin243,357,358. Hence, many experimental setups

used for studies of various aspects of swimming cell dynamics essentially confine a culture

of micro-organisms between a substrate and liquid-liquid or liquid-air interface. Liquid-air

65
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interfaces have recently attracted interest because of bioremediation of oil consuming bacteria

at oil spill sites359–361.

The majority of research has focused on the effect of solid boundaries on swimming

dynamics. In particular, the accumulation of bacteria at solid walls has been well demonstrated,

both theoretically and in the experiments, as discussed in §1.3.2. However, less intensely

studied is the motion of micro-swimmers near fluid-fluid interfaces75,284,361–364 and, to the

best of our knowledge, theoretical studies of motility in liquid films in contact with solid

substrates (Fig. 4.1) are rarely reported in the literature, despite their natural prevalence365.

In this chapter, a detailed hydrodynamic description of swimmer dynamics within viscous

films is developed by deriving the three-dimensional flows of a Stokeslet in a liquid film using a

recursive series of image systems (§4.2.1). Moreover, in the Appendix that accompanies this

chapter we also derive the exact solution using the method developed by Liron and Mochon 184

(§4.A). Hence, we examine the effect of film height on the multipole flows generated by a

swimming micro-organism. (§4.2.2 and §4.B). Comparing the recursive series and the exact

solution demonstrates their respective advantages and disadvantages in various regimes of

film thickness (§4.2.3 and §4.C). We conclude that the series solution is more amenable to a

hydrodynamic multipole expansion and for numerically computing hydrodynamic interactions

with the surfaces when the micro-swimmer is small compared to the film thickness. In §4.3

these results are used to predict the trajectories of ideal micro-swimmers. We explicitly

map the dynamics and boundary accumulation of ideal cells defined by each successive

hydrodynamic multipole moment (§4.3.1–§4.3.3). Employing our findings (§4.3.4), we

propose an experimental method to determine a swimmer’s rotary multipole coefficient, and

its three-dimensional position under a microscope by measuring the radius of curvature of its

projected trajectory.

4.2 Flow fields in a film

To derive the flow fields generated by a microbe swimming within a film constrained between

a rigid wall and a free surface, we use a multipole expansion of the Stokes flow solution

in a film. Performing such a multipole expansion requires a tractable analytic form of the

hydrodynamic fields due to a force singularity (Stokeslet) within a viscous incompressible

film of height H and dynamic viscosity µ. While the fundamental flow fields between two
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Figure 4.1: Schematic showing the geometry of a micro-swimmer in a film at ys = y(0) with
orientation ps. Within the film micro-swimmers generate Stokesian flow fields that are found
using a method of successive images at positions y(m),Y (m), shown by the red points. The
swimmer and each of its infinite series of images contribute to the flow at any point x.

parallel boundaries have been found using a Fourier transform method184, we will present

an analytical form that is particularly amenable to including the higher multipole moments

required to accurately model micro-swimmers. This method is based on successive image

reflections for finding the Stokeslet flow in a film. Previous studies have used a similar

framework for studying the flow produced by mobile colloids367. To test our recursive series

solution and establish the regimes where it is applicable, we derive the exact solution of the

Stokeslet flow in a liquid film in §4.A by extending the method by Liron and Mochon 184 .

4.2.1 Liquid film Stokeslet flow

We aim to solve the Stokes equations (1.10–1.11) for the flow in a liquid film uF at position

x = (x1, x2, x3) due to a point force fS = f δ3(x − y) (Stokeslet) that acts at position

y = (y1, y2, y3 = h). The boundary conditions are the no-slip condition u(x, t) = 0 at the

solid wall x3 = 0 and both impermeability u3(x, t) = 0 and no-shear ∂3u(x, t) = 0 at the

interface x3 = H. In an unbounded fluid, the Green’s function is the Oseen tensor Jij(x,y),

which is derived in §1.2.2. If the film height is taken to infinity (H → ∞), then only the
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single no-slip boundary remains at x3 = 0 and the Stokeslet flow field uS is altered by the

addition of an auxiliary flow field, that can be written in terms of a system of images. This

image flow field is given by the Blake tensor (Eq. 1.49 with h = y3), which is centred at the

position Y (0) = (y1, y2,−y3) = M · y. The tensor Bij(x,Y (0)) is recorded in the first row of

Table 4.1. Similarly, if only a shear-free interface is present at x3 = H, the auxiliary flow

field of the Stokeslet flow is a direct reflection centred at the position Y (−1) = (y1, y2, 2H−y3),

with the corresponding free-slip boundary tensor given by Eq. 1.47. This result Tij(x,Y (−1))

is recorded in row two of Table 4.1.

When both boundaries are present, the image system at Y (0) corrects the boundary

conditions at the solid no-slip wall (x3 = 0) but disturbs the boundary conditions at the film

interface (x3 = H), and vice versa for the image at Y (−1). This difficulty can be overcome

by using an infinite series of images to find the flow that satisfies the film Stokes equations.

That is, the image system at Y (0) (or Y (−1)) can be reflected in the interface (or wall) to

form a secondary image system at position y(−1) (or y(1)), and so on. Hence, the positions of

the image systems are

y(m) = (y1, y2, y3 − 2mH), (4.1)

Y (m) = (y1, y2,−y3 − 2mH), (4.2)

where m = 0,±1,±2, . . . .

Fig. 4.1 schematically shows the series of images. As the number of images goes to infinity,

the boundary conditions at both boundaries are satisfied. Table 4.1 lists the procedure

to find the image system tensors Gij , and hence the velocity fields, of the first few image

systems of a Stokeslet in a film. Table 4.2 gives the resulting expressions of these tensors

explicitly. The tensor of a given image system can be obtained by replacing all the Oseen

tensors Jij in the tensor of the previous image system by the appropriate Blake tensor Bij

or free-slip boundary tensor Tij given by Eqs. 1.48-1.47, respectively. It is key that all

resulting expressions are still in terms of Oseen tensors and their derivatives, which can again

be replaced at the next reflection operation. Hence, by successively repeating the reflection

operations (denoted by B or T for a ‘bottom’ or ‘top’ surface, operating from right to left),

the image system tensor and thus the velocity field of the image systems is found via the
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recursion relations

Gij(x,Y (m)) = B Gij(x,y(−m)), (4.3)

Gij(x,Y (−m)) = T Gij(x,y(m−1)), (4.4)

Gij(x,y(m)) = B Gij(x,Y (−m)), (4.5)

Gij(x,y(−m)) = T Gij(x,Y (m−1)), (4.6)

where m ≥ 1, and the reflection operators B and T act linearly on all the Oseen tensors Jij

present in the image system tensor Gij , as defined in Table 4.1. The foundations of the

recursion relations are

Gij(x,Y (0)) = B Jij(x,y(0)) = Bij(x,Y (0)), (4.7)

Gij(x,Y (−1)) = T Jij(x,y(0)) = Tij(x,Y (−1)). (4.8)

From these rules we obtain the Green’s function in a film from the infinite series

Fij(x,y) =
∞∑

m=−∞

[
Gij(x,y(m)) + Gij(x,Y (m))

]
, (4.9)

giving the film Stokeslet flow uF
i (x,y,f) = Fijfj .

This successive reflection method can also be used to construct the flow fields in more

general confinement geometries, such as the flow bounded by two no-slip plates or the flow

between a no-slip and a fluid-fluid (partial-slip) interface, by using the appropriate reflection

operations, instead of those in Eqs. 1.48-1.47. Furthermore, Staben et al. 185 showed that

the flow field generated by a Stokeslet between two no-slip plates can be written as two Blake

images and a rapidly decaying integral term. We anticipate that the same could achieved for

the Stokeslet flow in a liquid film.

4.2.2 Effect of film height on swimmer-generated flow fields

A micro-organism is modelled as a multipole swimmer, as is introduced in §1.3.1. Unless

otherwise stated we use a as the characteristic swimmer size throughout the text. The

organism is located at position ys with orientation ps, swimming in a film of height H

(Fig. 4.1). Without loss of generality we set θ = 0 at the initial time, so that the swimmer

orientation is ps = −(cosφ, 0, sinφ). The swimmer-generated flow field is written in terms
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(n) Position Replace with

(0) y(0) — Jij(x,y(0))

(1) Y (0) BJij(x,y(0)) Bij(x,Y (0)) = (−δjk + 2y3δk3∂̃j + y23Mjk∇̃2)Jik(x,Y (0))

(2) Y (−1) TJij(x,y(0)) Tij(x,Y (−1)) = MjkJik(x,Y (−1))

(3) y(−1) TJij(x,Y (0)) MjkJik(x,y(−1))

(4) y(1) BJij(x,Y (−1)) (−δjk + 2(2H − y3)δk3Mjl∂̃l + (2H − y3)2Mjk∇̃2)Jik(x,y(1))

(5) Y (1) BJij(x,y(−1)) (−δjk + 2(2H + y3)δk3∂̃j + (2H + y3)2Mjk∇̃2)Jik(x,Y (1))

(6) Y (−2) TJij(x,y(1)) MjkJik(x,Y (−2))

(7) y(−2) TJij(x,Y (1)) MjkJik(x,y(−2))

(8) y(2) BJij(x,Y (−2)) (−δjk + 2(4H − y3)δk3Mjl∂̃l + (4H − y3)2Mjk∇̃2)Jik(x,y(2))

(9) Y (2) BJij(x,y(−2)) (−δjk + 2(4H + y3)δk3∂̃j + (4H + y3)2Mjk∇̃2)Jik(x,Y (2))

(10) Y (−3) TJij(x,y(2)) MjkJik(x,Y (−3))

(11) y(−3) TJij(x,Y (2)) MjkJik(x,y(−3))

(12) y(3) BJij(x,Y (−3)) (−δjk + 2(6H − y3)δk3Mjl∂̃l + (6H − y3)2Mjk∇̃2)Jik(x,y(3))

(13) Y (3) BJij(x,y(−3)) (−δjk + 2(6H + y3)δk3∂̃j + (6H + y3)2Mjk∇̃2)Jik(x,Y (3))
...

...
...

...

Table 4.1: Recursion relations for the successive image systems of a Stokeslet in a liquid film.
The first image system of the Oseen tensor (Eq. 1.22) from reflection in the bottom wall
is the Blake tensor (Eq. 1.48), and the second image from reflection in the top interface is
the mirrored Oseen tensor (Eq. 1.47). Subsequent image systems are obtained from further
reflection operations with B denoting the “bottom” (no-slip wall) and T the “top” (no-shear
interface), that operate linearly on all the Oseen tensor terms Jij of the image system tensor
Gij .

(n) Image system tensor Gij(x,y(m) or Y (m)) =

(0) Jij(x,y(0))

(1) (−δjk + 2y3δk3∂̃j + y23Mjk∇̃2)Jik(x,Y (0))

(2) MjkJik(x,Y (−1))

(3) (−δjk + 2y3δk3∂̃j + y23Mjk∇̃2)MklJil(x,y(−1))

(4) Mjk(−δkl + 2(2H − y3)δl3Mko∂̃o + (2H − y3)2Mkl∇̃2)Jil(x,y(1))

(5) (−δjk + 2y3δk3∂̃j + y23Mjk∇̃2)Mkl(−δlo + 2(2H + y3)δo3∂̃l + (2H + y3)2Mlo∇̃2)Jio(x,Y (1))

(6) Mjk(−δkl + 2(2H − y3)δl3Mkp∂̃p + (2H − y3)2Mkl∇̃2)MloJio(x,Y (−2))

(7) (−δjk + 2y3δk3∂̃j + y23Mjk∇̃2)Mkl(−δlo + 2(2H + y3)δo3∂̃l + (2H + y3)2Mlo∇̃2)MopJip(x,y(−2))
...

...

Table 4.2: Explicit expressions of the image system tensors Gij of the first few image systems
of a Stokeslet in a liquid film. The indices i, j, k, l, o, p ∈ {1, 2, 3} and repeated indices are
summed over. Added together, these tensors yield the Green’s function in a film (Eq. 4.9).
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Figure 4.2: Flow fields produced by a micro-swimmer at the centre of a film of height H,
obtained using the recursive series method with n = 9 images. Shown are (a) Dipolar uD,
Eq. 1.33, (b) Quadrupolar uQ, Eq. 1.36, (c) Source doublet uSD, Eq. 1.37, and (d) Rotlet
doublet uRD, Eq. 1.38. The flow fields shown correspond to planar cuts close to the swimmer,
x1 = −a, x2 = a and x3 = h− a, where h = H/2, a = H/100 and all lengths in the figure are
scaled with respect to H. The schematic swimmer points in the swimming direction ps = ê1.
Colormaps show the velocity magnitude normalised by its maximum on a logarithmic scale,
ranging from 10−2 (blue) to 1 (red), and are superimposed by streamlines (black lines).

of a multipole expansion (Eq. 1.32) of the Stokes flow solution in the film (Eq. 4.9). For

example, the dipolar flow is given by replacing uS with uF(x,y, 8πµ ps) in Eq. 1.33. These

multipole flow fields are shown in Fig. 4.2 for a swimmer oriented parallel to the film surfaces.

In a film of sufficiently large thickness the flow field is relatively unaffected by the

boundaries (Fig. 4.3a). Upon decreasing the height of the film, the flow profiles in the

x1 − x3 and x2 − x3 planes remain unaffected, except near the surfaces where the boundary

conditions must be satisfied. However, as the thickness of the film is reduced the flow field in



Chapter 4. Hydrodynamics of Micro-swimmers in Films 72

Figure 4.3: The flow field generated by a micro-swimmer is modified in thin films. Panels
(a,b,c) show flow fields for decreasing values of the film height, H = 10H0, H = 3H0, and
H = H0, respectively. The micro-swimmer is located at the middle of the film, at h = H/2,
and oriented in the direction ps = ê1. Although the flow is purely dipolar far away from
the boundaries (a), this lower-order multipole is screened with increasing confinement and
a recirculating flow pattern appears (b,c). The number of images, planar cuts and colour
legends are defined as in Fig. 4.2.

the x1 − x2 plane is modified and recirculating flow patterns appear close to the swimming

cell (Fig. 4.3b). Such patterns are reminiscent of those seen for a Stokeslet between two

parallel plates184. The recirculating regions are enhanced in size as the film thickness is

further reduced (Fig. 4.3c) compared to the size of the swimmer.

The effect of reducing the film thickness on altering the flow structure is understood

by considering the minimisation of the energy dissipation by a self-propelled organism in

Stokes flow. As the thickness of the film is reduced, the propulsion energy is more effectively

dissipated by the boundaries. This introduces a length scale of order ∼ H beyond which

the primary contributions to the flow field are screened. As a result of the emergence of

this screening length, the flow field is suppressed in the plane normal to the film height and

recirculating flow patterns are formed.

To understand the case of strong confinement, we derive the Stokeslet and swimmer-

generated flow fields in the thin-film limit (§4.B). In this limit, the flows in the i direction

due to a swimmer pointing in the j direction decay exponentially with the lateral distance if

either i or j or both are equal to three (i.e. directed perpendicular to the film). Only the

parallel components of the flow do not decay exponentially, and those have a half-parabolic

profile along x3. The Stokeslet has a recirculating pattern of two loops in the x1 − x2 plane,

the dipole has four loops, the quadrupole has six loops, and the source doublet maintains

its bulk-flow structure with two loops (Fig. 4.10). The solution for higher order multipoles
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between two no-slip surfaces, which we have not found elsewhere in the literature, are the

same, but with a parabolic profile along x3. These thin-film limit expressions could be used,

for example, to model swimmer-swimmer interactions in films of thickness comparable to the

swimmer size.

4.2.3 Comparison to the exact solution

To establish the length scales for which the recursive series solution (§4.2.1) is applicable, we

compare it to the exact solution (§4.A). There are four important length scales in the system

of a micro-swimmer in a liquid film: the organism size a, the film height H, the distance to

the nearest surface ĥ = min(h,H − h), and the size of the flow region of interest, measured

by the distance from the swimmer to where the flow is evaluated r = |x− ys|.

Fig. 4.4 shows the flow fields generated by a Stokeslet in a liquid film, using the recursive

image series (left panels) and the exact solution (right panels). The Stokeslet is located at

a distance h = 0.45H from the bottom wall and is oriented in the direction parallel (top

panels) and perpendicular (bottom panels) to the film surfaces. Close to the point force,

where a ∼ r � ĥ < H, the flow in a bulk fluid given by the Oseen result (Eq. 1.22) is

recovered. If the film height is increased, with h kept constant so that a ∼ r ∼ h� H, then

the Blake result (Eq. 1.48) is recovered (see details in §4.C, Fig. 4.11). Similarly, if the

Stokeslet is located close to the top interface, the local flows can also be described with a

single image system (Eq. 1.47). However, for a Stokeslet in the middle of the film (ĥ ∼ H),

the image systems above and below the film contribute with equal significance.

If one is interested in distant flows, (a < ĥ ∼ H � r; Fig. 4.4, outside the white dashed

lines), the regime equivalent to the thin-film limit (§4.B), then all images are approximately

equidistant from the point x so that many terms are required in the series to eliminate

differences between the two methods. If one is interested in local flows (a < r < ĥ ∼ H;

Fig. 4.4, inside the white dashed lines), then there is good agreement between the recursive

image series (left panels) and the exact solution (right panels), even with a limited number

of images (n = 9). This can be understood because in this domain the series converges

and can be truncated, as discussed quantitatively in §4.C and below. Since this work is

concerned with the effect of hydrodynamic interactions with film surfaces on the dynamics of

micro-swimmers, the recursive image series method is seen to be accurate.

Convergence of the swimmer-generated flow fields at the surfaces is shown in Fig. 4.5
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Figure 4.4: Comparison of flow fields produced by a Stokeslet in a liquid film using the
solution obtained with the recursive series method (left panels; §4.2.1), where n = 9 images
have been used; and the exact solution (right panels; §4.A). The film has height H, the
Stokeslet is located at h = 0.45H just beneath the centre, an arbitrary non-trivial point, and
it is oriented in the x1 direction (a,b) or in the x3 direction (c,d). The planar cuts and colour
legends are defined as in Fig. 4.2. The white dashed lines mark the region r1

H ,
r2
H < 1, inside

which the series solution is accurate.
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Figure 4.5: Convergence of the flow fields generated by a micro-swimmer in a film as a
function of the number of images n, normalised with respect to the value if only the swimmer
itself is present (n = 0), on a logarithmic scale. Only odd values of n are shown, which
corresponds to pairs of image systems being added on both sides of the film. The swimmer
is located just underneath the middle of the film y = (0, 0, 0.45H), and the flow is sampled
at arbitrary points on the two surfaces x = (0, H/4, 0) and x = (0, H/4, H). In panels (a-d)
the swimmer is oriented in the ê1 direction, and in panels (e-h) the swimmer is oriented in
the ê3 direction. The convergence of the boundary conditions is shown at the bottom wall
(a,c,e,g), and top interface (b,d,f,h) for the normal and parallel flow components. Note that if
no marker is shown, the value is exactly zero.



Chapter 4. Hydrodynamics of Micro-swimmers in Films 76

as a function of the number of images used in the recursive series. The values of the flow

(or shear rate) at the boundaries are shown, and these must approach zero to accurately

calculate the flows. Here n = 0 means no images are present, and only the flow generated by

the Stokeslet in bulk is considered. As n increases more image reflections are included, where

the image numberings are defined in Table 4.1. The swimmer location is chosen near the

centre of the film, as a worst-case scenario, and we show the flows at the surfaces where the

boundary effects are strongest and the convergence is the slowest, with ĥ ∼ H ∼ r. Both

at the bottom wall (Fig. 4.5; left panels) and the top interface (Fig. 4.5; right panels),

however, the correction to the flow field is small after only a few images. Furthermore,

with n = 1, 5, 9, . . . image systems included the boundary conditions at the bottom wall are

satisfied exactly, and similarly with n = 3, 7, 11, . . . the top interface boundary conditions

are fully satisfied. This feature of the recursive series method can be leveraged if an exact

boundary condition is required at one of the two surfaces. For thin films compared to the

swimmer size, or distances much greater than the film height, more images will be required

for a given accuracy. The convergence can be justified by noting that each term of each image

decays as ∼ (−1)m |2mH|−1. Since at every image reflection point (y(m),Y (m)) the leading

term is a Stokeslet pointing in the direction opposite to the one at the previous reflection

point, this infinite series of alternatingly opposing Stokeslets converges and can be expressed

as converging integral expressions (§4.A.2). For a dipole swimmer the leading terms decay

as ∼ (−1)m |2mH|−2, so the infinite series of alternatingly opposing dipoles converges more

rapidly.

In short, the recursive series can compute flows accurately in the region r < H for any

h, x3 (Fig. 4.4, inside the white dashed lines). This is a region of particular interest since it

is, by construction, where the swimmer resides and where perturbations to the flow fields are

most significant. Secondly, one requires a� ĥ to evaluate hydrodynamic interactions with

surfaces using the multipole expansion, but it is noteworthy that Spagnolie and Lauga 238

argue that far-field hydrodynamic interactions give surprisingly accurate results even for

small swimmer-wall separations a ∼ ĥ. When these two conditions are satisfied, we find that

n = 9 images are sufficient to describe micro-swimmer flows with an error less than ∼ 1%.

Therefore in this work, we utilise n = 9 images in all presented figures.

The advantage of the traditional Fourier transform solution is that it is exact and provides

access to all regions of the film. In particular, it converges rapidly in regions far from the
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swimmer, r � H, and therefore a tractable expression for the flows in the far-field limit

can be extracted (§4.B). On the other hand, this exact solution can be more tedious to

handle, especially when taking derivatives, as is necessary for a multipole expansion of a

swimming microbe. In comparison, the image series in Eq. 4.9 is constructed purely from

the Oseen tensor and its derivatives, and can be manipulated with ease, both analytically

and computationally. The best choice of method therefore depends on the purpose in mind.

In the far field the Fourier transform method excels, and in the near field the recursive series

method is more convenient. Since we are interested in local hydrodynamics, we work with

the latter in the remainder of this chapter.

4.3 Swimmer dynamics in a liquid film

Knowing the flow fields that a motile microbe produces within a film allows us to model the

hydrodynamic interactions with the bounding surfaces. In this section we will describe the

effects of these hydrodynamic interactions on the swimmer dynamics. Because we focus on

the effect of surface accumulation at the bottom wall and the liquid air interface, we consider

swimmers much smaller than the film height, a� H. Furthermore, for simplicity we do not

include swimmer-swimmer interactions. In this regime, all flows of interest are in the region

r < H where the use of the recursive series solution is appropriate (see §4.2.3).

We consider the equations of motion (1.45–1.46), where in addition to the swimmer’s

activity (vA) the motion of a swimming cell is affected by steric and hydrodynamic interactions

with the bounding planes (vST and vHI). For simplicity, steric interactions are assumed to be

adequately represented by hard-sphere interactions214. The hydrodynamic interactions with

the surfaces are given by the equations discussed in §1.3.2.3. Hence, in the following sections

we describe the effects of individual multipole contributions of the swimmer-generated flow

field (Eq. 1.32) on the swimmer dynamics within a film.

4.3.1 Dipolar term hydrodynamic interactions

To determine the dipolar hydrodynamic interactions with the film surfaces, we insert the

auxiliary dipolar flow field (Eq. 1.33; uD* = uD − uD∞) into Eqs. (1.54-1.55). The first
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(n) Pos. vD
1 , vD

2 vD
3 ΩD

1 , ΩD
2

ΩD
3

(1) Y (0) 1
ζ2 − 1

ζ2
1
ζ3 0

(2)
Y (−1) 0 2

3(ζ−1)2 − 1
(ζ−1)3 0

(3) y(−1) − (ζ − 2) ζ 1
3

(
−3ζ2 + 8ζ − 2

)
1− 2ζ 0

(4) y(1) (ζ − 2) ζ ζ2 − 4ζ
3 −

2
3

2ζ − 3 0

(5) Y (1) 4(ζ−1)ζ
(ζ+1)5 − 2(ζ3+13ζ2−ζ−1)

3(ζ+1)5
ζ(ζ+14)−3

(ζ+1)5 0

(6)
Y (−2) − 1

(ζ−2)2
1

(ζ−2)2 − 1
(ζ−2)3 0

(7) y(−2) − 1
4 (ζ − 1) 2 1

4

(
−ζ2 + 3ζ − 1

)
1
8 (1− 4ζ) 0

(8) y(2) 1
4 (ζ − 1) 2 1

4

(
ζ2 − ζ − 1

)
1
8 (4ζ − 7) 0

(9) Y (2) ζ4+8ζ3+72ζ2−32ζ+16
(ζ+2)6 − ζ

4+8ζ3+96ζ2−16
(ζ+2)6

ζ(ζ(ζ+6)+140)−56
(ζ+2)6 0

(10)
Y (−3)

4(ζ−2)(ζ−1)
(ζ−3)5

2(ζ3−19ζ2+63ζ−57)
3(ζ−3)5

− (ζ−18)ζ+29
(ζ−3)5 0

...
...

...
...

...
...

prefactor 3κ
4H2 p1p3, 3κ

4H2 p2p3
3κ
8H2 (p21 + p22 − 2p23)

3κ
8H3 p2p3,
− 3κ

8H3 p1p3

Table 4.3: Dipolar hydrodynamic interactions of a micro-swimmer with the surfaces of a
film. Given are the boundary-induced translational and rotational velocities due to the first
image systems (Table 4.1 and Table 4.2) as a function of non-dimensionalised swimmer
position ζ = y3/H and orientation p = (p1, p2, p3) with respect to the no-slip wall at ζ = 0
and free-slip interface at ζ = 1. In each case, the functional term listed is to be multiplied by
the stated prefactor. For simplicitly, we consider small swimmers with respect to the film
height, so the higher-order Faxén term proportional to a2 in Eq. 1.54 is omitted here.

(n) Pos. vSD
1 , vSD

2 vSD
3 ΩSD

1 ,ΩSD
2

ΩSD
3

(1) Y (0) 1
ζ3

1
ζ3

1
ζ4 0

(2)
Y (−1) − 1

2(ζ−1)3 − 1
4(ζ−1)3 0 0

(3) y(−1) 1
2 (5− 3ζ) 1

4 (3ζ − 7) −1 0
(4) y(1) 1

2 (3ζ − 1) 1
4 (−3ζ − 1) 1 0

(5) Y (1) ζ(ζ+20)−5
2(ζ+1)5

ζ(ζ+32)+7
4(ζ+1)5

8
(ζ+1)5 0

(6)
Y (−2) − 1

(ζ−2)3 − 1
(ζ−2)3 − 1

(ζ−2)4 0

(7) y(−2) 1
8 (5− 3ζ) 1

16 (3ζ − 8) − 1
4 0

(8) y(2) 1
8 (3ζ − 1) 1

16 (−3ζ − 2) 1
4 0

(9) Y (2) ζ(ζ(ζ+6)+108)−40
(ζ+2)6

ζ(ζ(ζ+6)+84)+32
(ζ+2)6

(ζ+2)2+80
(ζ+2)6

0

(10)
Y (−3) − (ζ−24)ζ+39

2(ζ−3)5 − (ζ−36)ζ+75
4(ζ−3)5

8
(ζ−3)5 0

...
...

...
...

...
...

prefactor − σ
4H3 p1, − σ

4H3 p2 − σ
H3 p3

3σ
8H4 p2, − 3σ

8H4 p1

Table 4.4: Same as Table 4.3, but for source doublet hydrodynamic interactions.
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(n) Pos. vRD
1 , vRD

2 vRD
3 ΩRD

1 , ΩRD
2

ΩRD
3

(1) Y (0) 0 0 − 3
ζ4

1
ζ4

(2)
Y (−1) − 1

(ζ−1)3 0 − 1
(ζ−1)4

1
(ζ−1)4

(3) y(−1) 1− ζ 0 3 1
(4) y(1) ζ − 1 0 −3 −1

(5) Y (1) ζ(ζ+8)−1
(ζ+1)5 0 ζ−15

(ζ+1)5
− 1

(ζ+1)4

(6)
Y (−2) 0 0 3

(ζ−2)4 − 1
(ζ−2)4

(7) y(−2) 1
4 (2− ζ) 0 7

16 − 1
16

(8) y(2) ζ
4

0 − 7
16

1
16

(9) Y (2) 32(2ζ−1)
(ζ+2)6 0 −3ζ(ζ+4)−172

(ζ+2)6
1

(ζ+2)4

(10)
Y (−3) − (ζ−12)ζ+19

(ζ−3)5 0 − ζ+13
(ζ−3)5

1
(ζ−3)4

...
...

...
...

...
...

prefactor
− 3τ

4H3 p2p3,
3τ
4H3 p1p3

3τ
8H4 p1p3, 3τ

8H4 p2p3
3τ

16H4 (p21 + p22 − 2p23)

Table 4.5: Same as Table 4.3, but for rotlet doublet hydrodynamic interactions.

two image systems give

vD
1 = κ

sin(2φ)

16

(
a2γ−2

(H − h) 4
− 3a2γ−2

h4
+

6

h2

)
, (4.10)

vD
3 = κ

3 cos(2φ)− 1

32

(
−a2γ−2

(H − h) 4
+

3a2γ−2

h4
+

4

(H − h) 2
− 6

h2

)
, (4.11)

ΩD
2 = κ

3 sin(2φ)

64

(
4 + 2G− 2G cos(2φ)

(H − h) 3
+

4 + 3G−G cos(2φ)

h3

)
. (4.12)

The complete list of dipolar hydrodynamic interactions due to the first 10 image systems

is given in Table 4.3 for a small swimmer, with a � H in Eq. 1.54, in terms of the

dimensionless position ζ = h/H.

A pusher-type swimmer is attracted towards both surfaces and tends to align parallel to

them (Fig. 4.6a)238,246. The h − φ phase space in Fig. 4.6a shows stable fixed points at

h = b,H − b;φ = 0, π, 2π demonstrating that the specific trajectories shown (red, blue and

green trajectories) are representative of the general behaviour of pusher swimmers in films.

A puller, on the other hand, tends to orient perpendicular to the planar boundaries

(Fig. 4.6b). A puller’s stable fixed points are found at h = a,H − a;φ = ±π/2. For both

pusher and puller types, the hydrodynamic interactions are a factor of 3/2 stronger at the solid,

no-slip bottom wall than the no-shear free interface. All dipolar swimmers initially oriented

parallel to the surfaces and located below a critical height h∗ will accumulate at the bottom

wall. E.g. the blue trajectories in Fig. 4.6a and Fig. 4.6b correspond to h = H/2 < h∗
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Figure 4.6: The effect of dipolar hydrodynamic interactions on the dynamics of a micro-
swimmer in a film. Swimmer trajectories in real x1 − x3 space are shown in the left hand
panels, and the right hand panels show the same dynamics in h−φ phase space. For simplicity
we consider spherical swimmer bodies. The swimmer size is small compared to the film
height, a = b = H/100. The background colours in the phase space plots indicate the
sign of the velocity in the x3 direction, where yellow is upward swimming and light blue is
downward swimming. a) A pusher swimmer with κ = 1/20

[
H2vs

]
. b) The equivalent puller

with κ = −1/20
[
H2vs

]
. All other multipole moments are set to zero. The schematic black

micro-organisms indicate the swimming direction.

and demonstrate that cells which began swimming parallel to the surfaces along the centre

line accumulate at the bottom wall. An analytic estimate for this critical height can be

obtained using the first two image systems (Eq. 4.10-4.12). This gives h∗ ≈
(
3−
√

6
)
H

compared to the numerically determined value h∗ = 0.565H, which is different by 2.6%. In

brief, hydrodynamic interactions attract both pushers and pullers more toward the no-slip

wall than toward the film interface, when averaged over all initial swimmer positions and

orientations.

4.3.2 Source doublet term hydrodynamic interactions

For ciliated micro-organisms, such as Paramecium and Volvox, the source doublet coefficient

σ > 0. For non-ciliated but flagellated organisms, one expects the coefficient σ < 0. Table 4.4

lists the hydrodynamic interactions of a small swimmer with the surfaces due to its source
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Figure 4.7: The effect of source doublet hydrodynamic interactions on the dynamics of a micro-
swimmer in a film, as defined in Fig. 4.6. a) A ciliated swimmer with σ = (1/10)3

[
H3vs

]
so

that the distances of closest approach are hB = H/10 and H − hT = 0.937H. b) A flagellated
sphere with σ = −(1/10)3

[
H3vs

]
. The cyan trajectories are for non-spherical swimmers with

an aspect ratio of γ = 3 with a/3 = b = H/100.

doublet flow field. The first two image systems give

vSD
1 = σ

cos(φ)

8

(
−2a2γ−2

h5
+

1

(H − h) 3
+

2

h3

)
, (4.13)

vSD
3 = σ

sin(φ)

4

(
−2a2γ−2

h5
+

1

(H − h) 3
+

4

h3

)
, (4.14)

ΩSD
2 = σ

3 cos(φ)

32

(
G(cos(2φ)− 3)

(H − h) 4
+
−3G cos(2φ) + 9G+ 4

h4

)
. (4.15)

While the force dipole is the most significant contribution to the hydrodynamic interactions

attracting swimmers to the film surfaces, we find that the higher-order terms can account for

a boundary repulsion if σ > 0 (Fig. 4.7a). This can be understood since the source doublet

component of the flow field regularises the singular description of the swimmer’s flow field

and hence gives the swimmer an effective characteristic hydrodynamic size, aH = 3
√

2σ/vs, as

discussed in §2.2.1. When the source doublet contribution is significant, the hydrodynamic

size can be substantially larger than the characteristic geometric size of the swimmer a, which

can aid escape from boundaries or keep the swimmers from coming in direct contact with
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surfaces. The corresponding hydrodynamic interactions turn a swimmer away from a no-slip

wall, so that the distance of closest approach is hB = aH/21/3. Likewise, close to a free-slip

interface, the closest distance of approach is hT = aH/2.

For spherical (γ = 1) ciliated swimmers the angular velocity vanishes near the top no-shear

interface. Such swimmers are only turned away from the bottom boundary and therefore the

source doublet leads to accumulation at the top surface. The red and dark blue trajectories

in Fig. 4.7b show this explicitly and the h− φ phase space shows that all swimmers that

initially approach the bottom wall are turned away and accumulate at the film interface

where they have the same orientation as that with which they initially approached the bottom

wall. Ciliated swimmers that initially approach the interface immediately accumulate there,

maintaining their initial angle (Fig. 4.7a).

Elongated (γ > 1) ciliated swimmers, however, are subject to an additional angular

velocity at the top surface, which also turns the swimmer away. Hence, accumulation at both

boundaries can be prevented by the action of the source doublet and the elongated swimmer

(γ = 3) oscillates between the two surfaces (cyan trajectory in Fig. 4.7a.)

Non-ciliated organisms with σ < 0, conversely, are bound more strongly to the surfaces

than ciliated swimmers. The source doublet hydrodynamics for any swimmer initially oriented

towards the wall act to further orient the swimmer towards a head-on collision with the wall

(Fig. 4.7b; red and blue trajectories). This is because a spherical body that translates past

a solid wall also rotates in a rolling fashion due to hydrodynamic interactions163. In the

case of a swimmer this effect points the propulsion direction towards the boundary, thus

trapping the swimmer. The h − φ phase space shows that all swimmers initially oriented

towards the wall approach the stable fixed point at h = hB;φ = ±π/2. Spherical swimmers

initially oriented towards the top interface move with a roughly constant φ and keep that

orientation, which is similar to ciliated swimmers (Fig. 4.7a). Elongated swimmers, instead,

rotate towards the interface (cyan trajectory).

In summary, higher-order hydrodynamic moments are required to fully characterize

swimmer dynamics in confined geometries as large hydrodynamic radii, aH � a, can lead to

non-trivial trajectories and hence particle distributions.



Chapter 4. Hydrodynamics of Micro-swimmers in Films 83

Figure 4.8: The effect of quadrupolar hydrodynamic interactions on the dynamics of a
micro-swimmer in a film, as defined in Fig. 4.6. a) A swimmer with a long flagellum and
small body , ν = (1/10)3

[
H3vs

]
and hB = 0.096H and H − hT = 0.921H. b) A swimmer

with a short flagellum and big body, ν = −(1/10)3
[
H3vs

]
.

4.3.3 Quadrupolar term hydrodynamic interactions

Next, we characterise the impact of the quadrupolar term (Eq. 1.36). This describes the

weighting of propulsion forces towards the posterior end of flagellated organisms and therefore

accounts for the fore-aft asymmetry. Accounting for the first two images gives

vQ

1 = ν
cos(φ)

128

(
3a2γ−2(5 cos(2φ)− 3)

(h−H) 5
+

4a2γ−2(5− 11 cos(2φ))

h5

+
4(3 cos(2φ)− 1)

(H − h) 3
+

54 cos(2φ)− 26

h3

)
, (4.16)

vQ

3 = ν
sin(φ)

32

(
a2γ−2(5 cos(2φ) + 1)

(h−H) 5
− 2a2γ−2(7 cos(2φ) + 3)

h5

+
4(3 cos(2φ) + 1)

(H − h) 3
+

2(9 cos(2φ) + 5)

h3

)
, (4.17)

ΩQ

2 = ν
3 cos(φ)

512

(
2(3G cos(4φ)− 4(2G+ 5) cos(2φ)− 11G+ 12)

(H − h) 4

+
−3G cos(4φ) + 12(G+ 4) cos(2φ) + 79G− 16

h4

)
. (4.18)
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For swimmers with long flagella and small bodies, the quadrupolar coefficient is positive, ν > 0

(Fig. 4.8a). For small angles of approach measured from the surface tangent (blue and green

trajectories), the swimmer is turned away from the top and bottom surfaces. Such swimmers

with φ ≈ π perpetually oscillate between the two bounding surfaces. However, for larger

angles of approach the swimmer can get stuck at the fixed point φ = π/2 pitched downwards

(Fig. 4.8b, red trajectory), or pitched upwards at φ = −π/2. This mechanism could help

prevent the flagella from touching the surface, facilitating an easier escape. For a spherical

swimmer (as in Fig. 4.8) both fixed points are stable. However, the stability decreases at

the bottom wall with increasing elongation γ, which favours top-surface accumulation.

Conversely, swimmers with a large body and small flagella, i.e. ν < 0, are only weakly

rotated towards the boundaries (Fig. 4.8b, blue trajectory). Interestingly, such swimmers

have different fixed points than the others: The majority of the fixed points in Figs. 4.6,

4.7, 4.8 are at φ = 0,±π/2,±π with the exception of Fig. 4.8b where swimmers have fixed

points at an exceptional angle to the surfaces (φ = ±π/4).

Like the source doublet hydrodynamics, the quadrupolar term turns the swimmer away

from both the no-slip and no-shear surfaces for small angles of approach measured from

the surface tangent. The distance of nearest approach allowed by the quadrupolar term is

hB = 3
√

7ν/8vs for the no-slip wall and hT = 3
√
ν/2vs for the no-shear interface. While it is

well known that it is energetically favourable for small colloids to reside at interfaces, this

is not commonly observed for microbes in the presence of air-water interfaces. The source

doublet and quadrupolar distance of nearest approach provides a possible explanation for

cases when a < hT.

4.3.4 Rotlet doublet term hydrodynamic interactions

Lastly, we describe the hydrodynamic interactions due to the rotlet doublet flow field of

strength τ , representing the counter-rotating swimmer head and tail. Table 4.5 lists the

hydrodynamic interactions due to this term in the flow field. A swimmer immediately above

a single no-slip boundary moves in circles in the plane parallel to the boundary. E. coli

bacteria are observed to move in the clockwise direction, as seen from the liquid side, but in

the counter-clockwise direction near a free-slip surface238,245,362,368,369. In a film these effects

are additive. Fig. 4.9(a) shows the radius of curvature of the circular trajectory R(h, γ) as a

function of the swimmer’s position in the film h and its aspect ratio γ. Using the first two
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Figure 4.9: Spiralling trajectories in a film due to the counter-rotation of a swimmer’s head
and tail. (a) Radius of curvature R(h, γ) of the swimmer moving in circles in the plane
parallel to the surfaces for various aspect ratios γ, normalised with respect to R0 = R(H2 , 1).
(b) An example trajectory of an elongated swimmer (γ = 4) that has just escaped from the
bottom wall, with a small out-of-plane angle φ = 0.1◦. Colours indicate time passing, ranging
from violet to red. The rotlet doublet coefficient is τ = 1/10

[
H3vs

]
, all other multipole

coefficients are set to zero, and n = 9 images have been used.

image systems (n = 2) gives an analytic estimate of the radius of curvature

R(h, γ) ≈ 16vs
3τ

(
1−G
h4 + 1+G

(H−h)4

)−1
, (4.19)

where G = γ2−1
γ2+1

. This function is maximised in the middle of the film, at h = H/2, if

the swimmer has a spherically symmetric body. The maximum radius of curvature is then

R0 = R(H2 , γ = 1) ≈ vsH
4/6τ . For an elongated swimmer the function R(h, γ > 1) is no

longer symmetric about the film centre line: the radius of curvature is larger near the bottom

wall but smaller near the top surface. Consequently, elongated swimmers’ trajectories bend

more near the water-air interface (Fig. 4.9b).

In microfluidic experiments the radius of curvature of swimming trajectories can be used

to determine whether micro-organisms are located near the top or bottom microscope slide,

as was shown qualitatively in experiments by Guidobaldi et al. 370 . More quantitatively, the

knowledge of the function R(h, γ) now allows one to compute the exact vertical position h

by inverting Eq. 4.19. The rotlet doublet coefficient τ can also be determined with this

equation using the maximum in radius of curvature in the middle of the film. This may

be more reliable and effective than earlier calibration techniques used near a single surface,

where an accurate measurement of the swimmer-wall separation is critical and higher-order
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multipole terms and lubrication effects are hard to separate out.

Between two no-slip walls such as two glass slides, the rotary coefficient τ is challenging

to determine because the maximum radius of curvature R0 is infinite. However, once the

parameters γ, τ,H are deduced in the film, the vertical position h between two microscope

slides can be computed from experimentally measured radii of curvature, using the equivalent

of Eq. 4.19 for two paralel no-slip plates: R(h, γ) ≈ 16vs
3τ

(
1−G
h4 − 1−G

(H−h)4

)−1
. Moreover, the

parameters can be used in different experimental geometries, such as a lubrication layer

(solid-liquid-liquid) or a floating oil film (liquid-liquid-air) for which similar expressions for

R(h, γ) can be computed.

4.4 Conclusions

Surfaces and interfaces are ubiquitous in the microscopic world of microbial swimmers and

one of the most important mechanisms by which they impact the behaviour and dynamics of

microscopic life is through hydrodynamic flows. To analyse these, we have derived the Stokes

flow Green’s function in a viscous film via a recursion relation for a series of images. The

multipole expansion of this fundamental solution provides the detailed flow fields of a force-

and torque-free micro-swimmer. By comparing this recursive series to the exact solution, we

find that n = 9 images are sufficient to describe local hydrodynamic interactions with the

bounding surfaces.

Using these results, we studied surface accumulation of swimmers in a thick film, dis-

tinguishing between the wall and the liquid-air interface. Here the hydrodynamic flows

determine the trajectory and dynamics of a single organism. Pusher- and puller-type dipolar

swimmers are attracted to both boundaries, though there is a long-ranged bias to accumulate

at the no-slip wall. We give an analytic approximation distinguishing which initial conditions

lead to accumulation at the solid wall. However, we also find that quadrupolar and source

doublet hydrodynamic interactions are important in modulating the interface versus wall

accumulation, regardless of initial conditions. Ciliated swimmers (with a positive source

doublet moment) are turned away from the bottom wall and accumulate at the top interface.

On the other hand, non-ciliated swimmers (with a negative source doublet moment) are

more strongly bound to the no-slip wall because the swimming direction is rotated down

towards the rigid boundary. Additional quadrupolar terms due to the swimmer’s fore-aft
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asymmetry further contribute to this, but also result in more complicated dynamics such as

trajectories oscillating between the surfaces. When the rotlet doublet contribution is included

the swimmer possesses rotary dynamics within the plane and we have analytically predicted

the radius of curvature of these trajectories at all points within viscous films for both spherical

and elongated swimmers. The formula derived allows to first calibrate the rotlet doublet

coefficient in a film, and then determine the out-of-plane position of swimmers in a film or

other geometries, such as between microscope slides, from experimentally available radii of

curvature.

In addition, we note that decreasing the film height leads to the appearance of recirculating

flow patterns, for which we provide expressions in the thin-film limit. These flows could

potentially affect motility-related traits such as nutrient uptake and the energy expenditure

of cells within films. Likewise, the screening of hydrodynamic flows within films seen here is

expected to have important consequences for mechanosensing and predator-prey interactions

between microbes within films. These flow fields are a necessary prerequisite for future

simulations of the dynamics of micro-swimmers and of motility-based phenomena within

films. Particularly, our thin-film limit expressions could be used to model swimmer-swimmer

interactions in films of thickness comparable to the organism size, where swarming and

collective motion have been observed.

4.A Exact solution of Stokeslet flow in a liquid film

In this section, we derive the flow fields generated by a Stokeslet in a liquid film of uniform

thickness using a Fourier transform method. We follow the method of Liron and Mochon 184

for a Stokeslet between parallel flat plates using the appropriate boundary conditions for a

film (no-slip at the bottom wall and no-shear at the top interface).

4.A.1 Formulation of the problem

In order to find the flows due to a Stokeslet in the liquid film, we split the solution in two

parts. For the velocity and pressure Green’s functions, respectively, we write

Fij = Vij +Wij , i, j ∈ {1, 2, 3}, (4.20)

Pj = Qj + Sj , (4.21)
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where the first part (Vij , Qj), which we call the series part, accounts for the singularity in

the film and satisfies some of the boundary conditions at the film surfaces. As detailed in the

next section, the series part is composed of an infinite series of image reflections of the Oseen

tensor (Eq. 1.22), and contains the Stokeslet singularity in the region 0 ≤ x3 ≤ H.

The second part (Wij , Sj), called the auxiliary solution, is then added to the first to

satisfy the other boundary conditions. Because this part does not contain any singularities in

the region 0 ≤ x3 ≤ H the Stokes equations reduce to the homogeneous equations

∂iSj = µ∇2Wij , (4.22)

∂iWij = 0, (4.23)

with boundary conditions

Wij = −Vij on x3 = 0, (4.24)

W3j = −V3j on x3 = H, (4.25)

∂3Wαj = −∂3Vαj on x3 = H, (4.26)

where here and throughout this Appendix, the Greek-letter indices α, β ∈ {1, 2} only run

over the directions parallel to the film surfaces.

4.A.2 Infinite series of image reflections

The first part of the solution consists of the infinite series of image reflections of the Stokeslet

flow in bulk, as in the work of Liron and Mochon 184 . The images reflected in the top and

bottom surface are located at

y(m) = (y1, y2, y3 − 2mH), (4.27)

Y (m) = (y1, y2,−y3 − 2mH), m = 0,±1,±2, . . . (4.28)

Here the original Stokeslet is located at y(0), and the relative distances with respect to any

point in the film are defined as r(m) = x − y(m) and R(m) = x − Y (m). Hence, the series

part of the total flow field is

Vij =
1

8πµ

∞∑
m=−∞

[(
δij

r(m)
+
r

(m)
i r

(m)
j

(r(m))3

)
−

(
δij

R(m)
+
R

(m)
i R

(m)
j

(R(m))3

)]
, (4.29)
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where r(m) = |r(m)| and R(m) = |R(m)|, and the corresponding pressure is

Qj =
1

4π

∞∑
m=−∞

[
r

(m)
j

(r(m))3
−

R
(m)
j

(R(m))3

]
. (4.30)

This flow and pressure combination satisfies the Stokes equations, as the point force at y(0)

is included, and all other images lie outside the fluid region 0 ≤ x3 ≤ H.

Note that this image series is not the same as the series discussed in §4.2.1. Here we only

consider Stokeslet reflections, and not successive Blake 183 reflections that contain derivatives

of the Stokeslet as well. Therefore, this series can be written as an integral expression without

any truncation. This is achieved with the Lipshitz integral

1√
ρ2 + a2

=

∫ ∞
0

J0(ρλ)e−|a|λdλ (4.31)

where we identify ρ2 = (x1−y1)2 +(x2−y2)2 = r2
1 +r2

2 = rαrα, with the standard summation

convention, but with the indices α, β taking the values 1 and 2 only. Hence, by summing the

geometric series of the exponential factors, the velocity field can be written as

4πµVij = δij

∫ ∞
0

J0(ρλ)
sinhλh

sinhλH
sinhλ(H − x3)dλ

+ δiαδjβ
rαrβ
ρ

∫ ∞
0

λJ1(ρλ)
sinhλh

sinhλH
sinhλ(H − x3)dλ

− δi3δj3

∫ ∞
0

λJ0(ρλ)
d

dλ

[
sinhλh

sinhλH
sinhλ(H − x3)

]
dλ

+ sgn(x3 − h)(δi3δjα + δiαδj3)rα

∫ ∞
0

λJ0(ρλ)
sinhλh

sinhλH
coshλ(H − x3)dλ

for x3 ≥ h. (4.32)

For x3 < h, Eq. 4.32 is used but with x3 replaced by H − x3 and h by H − h under the

integral signs. Similarly, the pressure is

2πQj = δjα
rα
ρ

∫ ∞
0

λJ1(ρλ)
sinhλh

sinhλH
sinhλ(H − x3)dλ

+ sgn(x3 − h)δj3

∫ ∞
0

λJ0(ρλ)
sinhλh

sinhλH
coshλ(H − x3)dλ, x3 ≥ h. (4.33)

Again, for x3 < h, one replaces x3 by H − x3 and h by H − h under the integral signs only,

using the minus sign for the second term.

From the infinite series expressions (4.32–4.33), we derive the boundary conditions (4.24–
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4.26) on the auxiliary solution Wij . On the bottom wall (using 4.32 for x3 < h), we have

4πµWij(x3 = 0) = (δi3δjα + δiαδj3)rα

∫ ∞
0

λJ0(ρλ)
sinhλ(H − h)

sinhλH
dλ. (4.34)

Similarly, on the liquid-air interface

4πµW3j(x3 = H) = −δjαrα
∫ ∞

0
λJ0(ρλ)

sinhλh

sinhλH
dλ for i = 3, (4.35)

∂34πµWij(x3 = H) = δij

∫ ∞
0

λJ0(ρλ)
sinhλh

sinhλH
dλ

+ δiαδjβ
rαrβ
ρ

∫ ∞
0

λ2J1(ρλ)
sinhλh

sinhλH
dλ for i = 1, 2. (4.36)

In the next two sections, we transform the equations (4.22–4.23) together with these boundary

conditions into Fourier space and hence find a solution.

4.A.3 Auxiliary solution in Fourier Space

To proceed, we define the two-dimensional Fourier transform and its inverse transform for an

arbitrary function ψ(r1, r2, x3) as

ψ̂(λ1, λ2, x3) =
1

2π

∫ ∞
−∞

∫ ∞
−∞

ψ(r1, r2, x3)e+i(λ1r1+λ2r2)dr1dr2, (4.37)

ψ(r1, r2, x3) =
1

2π

∫ ∞
−∞

∫ ∞
−∞

ψ̂(λ1, λ2, x3)e−i(λ1r1+λ2r2)dλ1dλ2. (4.38)

The Stokes equations (4.22–4.23) are then transformed into

−iλαδαiŜj + δi3
∂

∂x3
Ŝj = µ

(
∂2

∂x2
3

− ξ2

)
Ŵij , (4.39)

−iλαŴαj +
∂

∂x3
Ŵ3j = 0, (4.40)

where the conjugate of ρ2 is ξ2 = λ2
1 + λ2

2. The pressure must obey the Laplace equation

∇2Sj = 0 and so we have (∂2
3 − ξ2)Ŝj = 0.

The general solution to this equation, following Liron & Mochon, can be written as

Ŝj = Bj sinh ξ(H − x3) + Cj cosh ξ(H − x3), (4.41)
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and the solution to equation (4.39) is then

Ŵij = Bij sinh ξ(H − x3) + Cij cosh ξ(H − x3)

+ (Bjδi3 + Cjδαiiλα/ξ)x3 sinh ξ(H − x3)

+ (Cjδi3 +Bjδαiiλα/ξ)(x3 −H) cosh ξ(H − x3). (4.42)

The coefficients, {Bj , Cj , Bij , Cij}, are coupled through the transformed incompressibility

condition. Inserting the transformed pressure and velocity fields (4.41–4.42) into (4.40) yields

the relations

Cj = ξHBj + ξB3j + iλβCβj , (4.43)

Bj = −ξHCj + ξC3j + iλβBβj . (4.44)

These coefficients will now be found by applying the boundary conditions on Ŵij .

4.A.4 Transforming the boundary conditions

The boundary conditions (4.34–4.36) for the liquid film can be transformed by recognising

that the integral form in which they appear is the (inverse) zeroth order Hankel transform.

Therefore, these transform to

4πµŴij(x3 = 0) = −i(δi3δjα + δiαδj3)
∂

∂λα

[
sinh ξ(H − h)

sinh ξH

]
∀i, (4.45)

4πµŴij(x3 = H) = +iδi3δjα
∂

∂λα

[
sinh ξh

sinh ξH

]
for i = 3, (4.46)

∂34πµŴij(x3 = H) = δiαδjβ

(
2δαβ +

λαλβ
ξ

∂

∂ξ

)
sinh ξh

sinh ξH
for i = 1, 2. (4.47)

Here, it should be noted that the indices α, β ∈ {1, 2}, so for j = 3 the right-hand sides of

equations (4.46) and (4.47) are equal to zero.
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4.A.5 Solving the transformed auxiliary solution

By equating these transformed boundary conditions to the ansatz (4.42), the coefficients

{Bij , Cij} are determined to be

Bαβ =
1

2πξ2

(
−2δαβ

sinh ξh

sinh ξH
ξ + 2πi(Bβ −HξCβ)λα −

∂

∂ξ

[
sinh ξh

sinh ξH

]
λαλβ

)
,

Bα3 =
i(B3 −HξC3)λα

ξ2
,

B3j = HCj coth ξH + iδjα
H − h

2πξ

sinh ξh

sinh ξH
λα,

Cαβ =
tanh ξH

2πξ2

(
2δαβ

sinh ξh

sinh ξH
ξ + 2πi(Bβ(ξH coth ξH − 1) + CβξH)λα +

∂

∂ξ

[
sinh ξh

sinh ξH

]
λαλβ

)
,

Cα3 =
iλα tanh ξH

4πξ2

(
− 2ξ

sinh ξH

∂

∂ξ

[
sinh ξ(H − h)

sinh ξH

]
+ 4π(B3(ξH coth ξH − 1) + C3ξH)

)
,

C3j =
δjα
2πξ

∂

∂ξ

[
sinh ξh

sinh ξH

]
iλα, (4.48)

where the pressure coefficients are

Bj = −iδjαλα
1

2πξ

sinh ξh

sinh ξH
, (4.49)

Cα = − iλα
2ξH − sinh 2ξH

1

πξ
(ξh sinh ξ(H − h) + sinh ξh sinh ξH) , (4.50)

C3 = − sinh ξH

2ξH − sinh 2ξH

ξ

π

∂

∂ξ

[
sinh ξ(H − h)

sinh ξH

]
. (4.51)

Inserting the coefficients (4.48–4.51) into equations (4.41–4.42), we obtain complete expressions

for the transformed velocity and pressure. These must be inverse transformed to obtain Wij

and Sj , as described next.

4.A.6 Inverse transforming the auxiliary solution

The transformed auxiliary solution (4.41–4.42) must now be inverse transformed. We first

consider W11, which has a term proportional to unity and another to λ2
1.

4πµW11 =

∫ ∞
0

4 sinh ξh sinh ξx3

ξ sinh 2ξH
J0(ρξ)ξdξ +

∂

∂r1

r1

ρ

∫ ∞
0

Â11(ξ, x3)J1(ρξ)ξ2dξ,(4.52)
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where

Â11 = − 1

ξ3(sinh(2Hξ)− 2Hξ)

(
2 sinh(ξ(H − x3))

(sinh(hξ) sinh(Hξ)(coth(Hξ)(H2ξ2csch2(Hξ)− 1)

+ξ(x3 − 2H)) + hξ2(H − x3) sinh(ξ(h−H)))

+ cosh(ξ(H − x3))(2 sinh(hξ)(sinh(Hξ)

+ξ(2H − x3) cosh(Hξ) +Hξ(ξ(x3 −H)csch(Hξ)− 2sech(Hξ)))

−2hHξ2 tanh(Hξ) sinh(ξ(h−H))) + 2hξ cosh(hξ)

(2Hξcsch(2Hξ)− 1) sinh(ξx3)
)
. (4.53)

Similarly, with Â11 = Â22, we have

4πµW22 =

∫ ∞
0

4 sinh ξh sinh ξx3

ξ sinh 2ξH
J0(ρξ)ξdξ +

∂

∂r2

r2

ρ

∫ ∞
0

Â22(ξ, x3)J1(ρξ)ξ2dξ.(4.54)

For i = α 6= j = β, there is only one term proportional to λαλβ, so

4πµWαβ =
∂

∂rβ

rα
ρ

∫ ∞
0

Âαβ(ξ, x3)J1(ρξ)ξ2dξ, (4.55)

where

Â12 = Â21 = − 1

ξ3(sinh 2Hξ − 2Hξ)

(
2 sinh(ξ(H − x3))(sinh(hξ) sinh(Hξ)

(coth(Hξ)(H2ξ2csch2(Hξ)− 1) + ξ(x3 − 2H)) + hξ2(H − x3) sinh(ξ(h−H)))

+ cosh(ξ(H − x3))(2 sinh(hξ)(sinh(Hξ) + ξ(2H − x3) cosh(Hξ)

+Hξ(ξ(x3 −H)csch(Hξ)− 2sech(Hξ)))− 2hHξ2 tanh(Hξ) sinh(ξ(h−H)))

+2hξ cosh(hξ)(2Hξcsch(2Hξ)− 1) sinh(ξx3)
)
. (4.56)

For i = 3, j = α there is only one term proportional to λα, so

4πµW3α =
rα
ρ

∫ ∞
0

Â3α(ξ, x3)J1(ρξ)ξ2dξ, (4.57)
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where

Â31 = Â32 =
1

ξ
h

cosh(hξ)

sinh(ξH)
cosh(ξ(H − x3))

+
1

ξ

1

2Hξ − sinh(2Hξ)

1

sinh(ξH)

(
cosh(ξ(H − x3))(sinh(hξ)(−2H2ξ coth(Hξ)

+(2H − x3) cosh(2Hξ) + x3) + 2hξ(x3 −H) sinh(Hξ) sinh(ξ(h−H)))

+ sinh(ξ(H − x3))(2hHξ cosh(Hξ) sinh(ξ(h−H))

+ sinh(hξ)((h− 2H + x3) sinh(2Hξ)− 2Hξ(h−H + x3)))
)
. (4.58)

For i = α, j = 3, there is also only one term proportional to λα, so

4πµWα3 =
rα
ρ

∫ ∞
0

Âα3(ξ, x3)J1(ρξ)ξ2dξ, (4.59)

where

Â13 = Â23 =
1

ξ

1

2Hξ − sinh(2Hξ)

1

sinh(ξH)

(
((h− 2H) sinh(hξ)− h sinh(ξ(h− 2H)))

(ξ(x3 −H) sinh(ξ(H − x3)) + (Hξ coth(Hξ)− 1) cosh(ξ(H − x3)))
)
.(4.60)

For i = j = 3,

4πµW33 =

∫ ∞
0

Â33(ξ, x3)J0(ρξ)ξdξ, (4.61)

where

Â33 =
ξ

2Hξ − sinh(2Hξ)

1

sinh(ξH)

(
((h− 2H) sinh(hξ)− h sinh(ξ(h− 2H)))

((x3 −H) cosh(ξ(H − x3)) +H coth(Hξ) sinh(ξ(H − x3)))
)
. (4.62)

Finally, the auxiliary pressure field is given by

Sj =

∫ ∞
0

[
δαj

rα
ρ
Âα(ξ, x3)J1(ρξ)ξ2 + δ3jÂ3(ξ, x3)J0(ρξ)ξ

]
dξ, (4.63)
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where

Â1 = Â2 =
1

πξ

cosh ξ(H − x3)

2Hξ − sinh(2Hξ)

(
hξ sinh(ξ(h−H))− sinh(hξ) sinh(Hξ)

)
− 1

2πξ

sinh ξh

sinh ξH
sinh ξ(H − x3), (4.64)

Â3 =
ξ

2π

1

2Hξ − sinh(2Hξ)

cosh ξ(H − x3)

sinh ξH

·
(
− 2H sinh(hξ)− h sinh(ξ(h− 2H)) + h sinh(hξ)

)
. (4.65)

The final solution for the flow uF and pressure P F generated by a Stokeslet of force strength

f in a liquid film is then obtained by adding the expressions for the image series (4.32–4.33)

and the auxiliary solution (4.52–4.63), so that

uF
i = Fijfj where Fij = Vij +Wij , (4.66)

and

P F = Pjfj where Pj = Qj + Sj . (4.67)

4.B Velocity and pressure in the thin-film limit

In this section, we consider the solution outlined in Appendix §4.A in the thin-film limit

where the film height is much smaller than the lateral distances between the flow source and

the point where the flow is evaluated (H � ρ). This limit can also be seen as the far-field

limit when all distances are large compared to the film height. To achieve this result, we follow

Liron and Mochon 184 further, and transform the integral expressions into an alternative

form. Once we have obtained the thin-film expression for the Stokeslet, we continue to derive

the thin-film flows and pressures generated by a force-free and torque-free micro-swimmer

through the use of a multipole expansion (§4.2.2). This could be particularly relevant in the

study of hydrodynamically interacting microbes with a size comparable to the film height,

when neighbouring organisms are a distance of more than one film height apart in the ρ

direction.
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4.B.1 Stokeslet in a thin liquid film

To transform the integral expressions in equations (4.32–4.33) and (4.52–4.63), we use the

Hankel transformation184 p 296, given by

∫ ∞
0

Jν(bξ)ξν+1F (ξ)dξ = iπ(sum of residues

in the upper half plane of F (z)zν+1H(1)
ν (bz)

including one half of the residue at z = 0), (4.68)

where b is real, F (z) is an even function of z that decays exponentially to zero on the real

axis as Re z → ±∞, and the integral is taken over the Hankel contour C in the complex

plane184 Figure 3. Using this Hankel transformation, the integrals can be written as infinite

series

∫ ∞
0

J0(ρξ)
sinh ξh

sinh ξH
sinh ξ(H − x3)dξ =

2

H

∞∑
n=1

sin
nπh

H
sin

nπx3

H
K0

(nπρ
H

)
, (4.69)

∫ ∞
0

ξJ1(ρξ)
sinh ξh

sinh ξH
sinh ξ(H − x3)dξ =

2

H

∞∑
n=1

nπ

H
sin

nπh

H
sin

nπx3

H
K1

(nπρ
H

)
. (4.70)

By identifying the singularities in the functions Âij , the residues can be found and hence the

integrals in equations (4.52–4.61) can be transformed.

For a Stokeslet bounded between a no-slip wall and a parallel no-shear interface, this leads

to a far-field velocity field Fij that decays exponentially with ρ if either i or j or both are

equal to three. Therefore, the only components of the flow that do not decay exponentially

are those oriented parallel to the surfaces, if the Stokeslet is also oriented parallel to the

surfaces. These are flows with a half-parabolic profile with a maximum at the top interface

Fij ∼ −
3H

πµ

x3

H

(
1− cx3

H

) h

H

(
1− c h

H

)
1

ρ2

[
δαβ
2
−
rαrβ
ρ2

]
δiαδjβ +O

(
e−ρ/H

)
, (4.71)

where c = 1/2. The structure of this flow in the x1 − x2 plane is shown in Fig. 4.10a. The

corresponding pressure due to a Stokeslet in a thin film is given by

Pj ∼
3

2πH

h

H

(
1− c h

H

)
rα
ρ2
δjα +O

(
e−ρ/H

)
. (4.72)

The same far-field analysis can be performed for a Stokeslet bounded between two parallel

plates184. The r1 and r2 dependence of these solutions are identical, and the solution is
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obtained by simply setting c = 1. Both thin-film/far-field solutions can be classified as

having the structure of a two-dimensional source doublet. That is, if a 2D source generates

a flow si = ri/ρ
2, then a 2D source doublet oriented in the j direction generates a flow

dij = −∂jsi = −δij/ρ2 + 2rirj/ρ
4.

4.B.2 Micro-swimmer in a thin liquid film

We now extend this result to deduce the flows generated by a force-free and torque-free

micro-swimmer in a thin liquid film. We do this by expressing the swimmer-generated flows

by a multipole expansion, as introduced in §4.2.2, written as

u (x,y,p) = uD + uQ + uSD + uRD + . . . , (4.73)

where the swimmer is located at the position y and oriented in the direction p, and the

multipole contributions are the Stokes dipole uD, the quadrupole uQ, the 3D source doublet

uSD, and the rotlet doublet uRD. Each contribution to the multipole expansion can be written

in terms of derivatives of the Green’s function in the thin film (Eq. 4.71), as given by

Eqs. 1.33–1.38.

If we look at flows parallel to the film surfaces (i = 1, 2) and the swimmer is also oriented

parallel to the surfaces (p = êj with j = 1, 2), then the leading dipolar contribution to the

flow field far from the swimmer is given by

uD
i (x,y, êj) = −24κH

x3

H

(
1− cx3

H

) h

H

(
1− c h

H

)[
2δijrj
ρ4

+
ri
ρ4
−

4rir
2
j

ρ6

]
, (4.74)

with c = 1/2 for the film. The quadrupole term is

uQ

i (x,y, êj) = −36νH
x3

H

(
1− cx3

H

) h

H

(
1− c h

H

)[
δij
ρ4
−

4δijr
2
j

ρ6
− 4rirj

ρ6
+

8rir
3
j

ρ8

]
, (4.75)

and the 3D source doublet is

uSD
i (x,y, êj) = −24cσ

x3

H2

(
1− cx3

H

)[ δij
2ρ2
− rirj

ρ4

]
. (4.76)

For flows (i = 3) or swimmers (j = 3) oriented perpendicular to the film surfaces, the

dipolar, quadrupolar and source dipole flow fields decay exponentially in the far field.

Fig. 4.10 shows the flow fields generated by a Stokeslet (a) or by the dipole and higher-

order multipoles of a force- and torque-free microswimmer (b–d). The Stokeslet flow consists
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(a) Stokeslet (b) Dipole

(c) Quadrupole (d) Source Doublet

Figure 4.10: Flow fields generated by a micro-swimmer in the thin-film limit, equivalent to
the limit far from the swimmer in the lateral direction, so that H � ρ. The swimmer is
oriented parallel to the film surfaces, in the positive x1 direction. Shown are streamlines
in the x3 = H plane for the (a) Stokeslet, (b) Stokes dipole, (c) quadrupole and (d) source
doublet.
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of a recirculating flow pattern of two loops, whereas the dipole has four loops, the quadrupole

has six loops, and the source doublet maintains its bulk-flow structure with two loops. These

recirculating flow patterns are an effect of the minimisation of energy dissipation of Stokesian

flow, because the energy loss by vortices (shear gradients) becomes less and less significant

compared to viscous dissipation by the boundaries with increasing confinement.

4.B.3 Micro-swimmer between parallel plates

For completeness, we also give the flow fields generated by a micro-swimmer in a channel

composed of two closely spaced parallel flat plates. The structure of these flows is identical

to those in a thin liquid film (4.74–4.76), but using the prefactor c = 1.

4.C Comparison between the recursive series and the exact

solution

In Fig. 4.11 we show the velocity profiles generated by a Stokeslet for various film heights

H. We compare the solutions obtained with the recursive series method (§4.2.1) and with

the exact solution (Appendix §4.A). The left panels show the absolute flow values for both

solutions (points and solid lines, respectively), and the right panels show their relative

difference. Note that the same parameters have been chosen as in Liron and Mochon 184 so

that a direct comparison can also be made with Figs. 4–6 therein.

The flow structure is displayed in the left panels of Fig. 4.11. Flows parallel to the

film surfaces due to a Stokeslet also oriented parallel, (Fig. 4.11a), are half-parabolic in the

thin-film limit, as discussed in Appendix §4.B. For film heights comparable to the swimmer

height (blue dotted line; H = 2h) the no-shear condition is still satisfied at the top interface,

and the flow is still half-parabolic near the bottom wall. The overall profile however is

non-trivial. In the thick-film limit (black line; H → ∞) the single-wall result is recovered.

Flows oriented perpendicular to the surfaces (Fig. 4.11c,g) are not half-parabolic, but vanish

at both x3 = 0, H. If the Stokeslet is oriented parallel to the surfaces (Fig. 4.11a,c), the

values do not cross zero, whereas for Stokeslets oriented perpendicular (Fig. 4.11e,g) they

do to satisfy incompressibility. In agreement with the conclusion by Liron and Mochon 184 , if

H < 8h, we find that the effect of the second surface cannot be neglected.

Lastly, we discuss the relative difference between the two solutions, defined as |(F series
ij −
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Figure 4.11: Comparison of the velocity profiles of the Stokeslet flow uS
i (x,y, f êj) = Fijf

for various values of the film height H, as a function of the dimensionless coordinate x3/h,
with a constant Stokeslet position y3 = h and constant r1 = r2 = h. The Stokeslet is oriented
parallel (a–d; f = f ê1) or perpendicular (e–h; f = f ê3) to the film surfaces, and has force
strength f = 4πµ. The left panels show flows obtained with the exact solution (solid lines),
and with the recursive series method (points), where n = 9 images have been used. The right
panels show the relative difference between the values obtained from the two methods. The
solid black line represents the case of H →∞, where only one no-slip wall is present, plotted
using the Blake solution (Eq. 1.48).
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F exact
ij )/F exact

ij |, and thus the accuracy of the recursive series solution (Fig. 4.11, right panels).

The agreement is not acceptable in the thin-film limit, h ∼ r1 < H, as more images are

required because they become approximately equidistant to the point of interest. However,

the agreement is good for large films heights, h ∼ r1 � H, where the series can be safely

truncated. For example, if H = 100h the error is < 10−4 for all x3 values, with the largest

error at the top interface and the smallest error at the bottom surface as the series solution

satisfies the no-slip boundary conditions exactly with n = 9 images.



CHAPTER 5

Dynamics and statistics of micro-swimmers in

flowing films

“Wisdom begins in wonder.”

Socrates (469–399 BC)

5.1 Introduction

In chapter §4 we have shown how hydrodynamics affect micro-swimmer dynamics near

boundaries in a liquid film as surfaces, interfaces and confinements are ubiquitous in microbial

environments8,243. Here we extend these results by including background flows and run-tumble

dynamics, focussing on biological traits. No-slip surfaces locally slow flows and may provide

peaceful respite from violent mixing. However, an unavoidable consequence of no-slip surfaces

embedded in flows is shearing and, though microbes at surfaces may not be subject to large

velocities, they are commonly subjected to non-negligible shears110. The interplay of a flowing

fluid and swimming cells has been studied recently for Newtonian111,214,239,275,280,282–285

and non-Newtonian fluids190,191,288,289. Additionally, biological systems often feature large

fluctuations that affect the dynamics of living cells85,94,263,305–309. Together, these works

emphasise the pivotal roles of confinement, the background flow and noise as determinants of

swimmer trajectories in micro-environments. However, despite the widespread implications

the combined effects of motility, external flows, hydrodynamics and biological non-determinism

remain obscure due to the complexity of the dynamics.

102
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Figure 5.1: A micro-swimmer immersed in a liquid film. The film flows in the x direction,
indicated by the arrows and the parabolic velocity profile. The micro-swimmer is advected
and rotated by this flow, and interacts with the film surfaces, sterically, and hydrodynamically
through its self-generated flow field. Angles −π/2 < φ < π/2 indicate upstream orientation.

In this chapter, we present a comprehensive description of the dynamics and statistics

of swimming microbes in flowing films. We focus on two classes of model micro-organisms:

flagellated swimmers, like E. coli bacteria, and ciliated swimmers, such as Volvox carteri

microphytes. To model swimming trajectories and the distribution of micro-swimmers

within films, we consider the various contributions to a swimmer’s equations of motion, first

separately then concurrently. We begin by considering only the effects of external flow and

steric interactions with the film boundaries (§5.2) before including detailed hydrodynamic

interactions with the two surfaces (§5.3). Additionally, stochastic effects must also be

accounted for. We scrutinise the swimmer distributions that will arise in flowing films because

swimmers are subjected to thermal noise (§5.4.1). It is well known that the primary source

of biological stochasticity in many flagellated microbes is run-tumble dynamics, whereas

ciliated organisms are subject to enhanced Brownian fluctuations, e.g. due to cilia beating

out of synchrony. Run-tumble dynamics are seen to prevent boundary accumulation more

successfully than equivalent levels of enhanced Brownian noise (§5.4.2). Our results have

implications for the control of cell distributions within flowing films, and highlight the cellular

swimming strategies against which defouling schemes must contend.
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(a) Slow flow, spherical swimmers (b) Slow flow, elongated swimmers

(c) Fast flow, spherical swimmers (d) Fast flow, elongated swimmers
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Figure 5.2: Deterministic trajectories of a micro-swimmer in a liquid film flowing from left
to right, with steric interactions but without hydrodynamic interactions. Three trajectories
are shown with initial orientation φ = 0.1, x = 0 and z = 0.1, 0.5, 0.9 in solid red, dashed
blue and dotted green lines, respectively, where the x and z axes are normalised with respect
to the channel height H. The background flow is (a,b) slow: vmax = 2vs and (c,d) fast:
vmax = 10vs. The swimmer body shape is (a,c) spherical (like Volvox ) with a = b = H/20 and
(b,d) elongated (like E. coli) with aspect ratio γ = 3, size a = 3b = 3H/20 and rotational drag
coefficient ξ = 10a3. (Main panels) Dynamics in real x− z space. Motion is from left to right,
along with the background flow, and arrows indicate the direction of swimmer orientation.
(Side panels) Corresponding dynamics in φ− z phase space. Background colours indicate the
sign of the z component of the swimmer velocity. The white regions are inaccessible for the
swimmer due to the steric interactions.

5.2 Swimming cell trajectories with steric interactions

We consider a motile swimming microbe within a flowing film, with a bottom no-slip wall at

z = 0 and a no-shear top interface at height z = H. As before, the micro-swimmer is modelled

following §1.3.1 with position rs = (x, y, z). The translational invariance of the equations of

motion (1.45-1.46) along the directions parallel to the surfaces allows us to consider motion

of swimmers in the y = 0 plane where we take the flow along the x direction. Hence, the

swimmer orientation is represented in cylindrical coordinates as ps = −(cosφ, 0, sinφ), where

upstream orientation corresponds to φ = 0 (Fig. 5.1).

We begin by examining the simplified picture that microbes swim in a flowing film where

their interactions with the film boundaries are purely steric. Several recent studies have

considered pure kinematic interaction of swimmers with solid boundaries in the search for

non-hydrodynamic mechanisms of boundary accumulation258,371. Neglecting hydrodynamic

interactions is expected to give qualitatively relevant conclusions but not quantitative results.

In §5.3 and §5.4 we characterise the roles of hydrodynamic interactions and noise, respectively,

but until then we only use equations (1.45-1.46) with
{
vHI,vkBT ,ΩHI,ΩkBT ,ΩRT

}
= 0.
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The background fluid flow in the x direction is prescribed with a half-parabolic profile372,

uF (r) = vmax

[
2
z

H
− z2

H2

]
êx, (5.1)

which has a maximum speed vmax at z = H. The flow uF enacts a drag on a swimmer

at position r, which induces the velocity vF and angular velocity ΩF. The flow-induced

translational and rotational velocities of the force-free and torque-free swimmer are

vF = vmax

[
2
z

H
− z2

H2

]
êx, (5.2)

ΩF = vmax

[
H − z
H2

(1−G cos 2φ)

]
êy. (5.3)

Steric interactions with the surfaces are modelled by a repulsive force and torque, as in

§1.3.2.2 but for two surfaces, resulting in the linear and angular velocities

vST = vsA(φ)12

(
1

z12
− 1

(H − z)12

)
êz, (5.4)

ΩST = a2vstξ
−1G sin (2φ) êy. (5.5)

The trajectories of a microbial swimmer in a flowing film (without hydrodynamic interac-

tions or noise) are shown in Fig. 5.2. The vorticity of the background flow is strongest at

the bottom wall but vanishes at the top, turning an upstream-oriented swimmer up towards

the film interface. In slowly flowing films, spherical swimmers, such as Volvox, remain there

whilst being advected downstream and slowly rotated, until their orientation is sufficiently

changed to swim down into the film, where the vorticity is larger. Hence, the swimmer ‘dips’

down but quickly finds itself returned towards the free interface once again, only for the

process to repeat (Fig. 5.2a).

Elongated swimmers, such as E. coli, tend to reside at the top surface longer due to their

Jeffery orbits283 (Fig. 5.2b). Furthermore, the steric interactions reorient the long bodies

parallel to the surface. When an elongated swimmer is oriented in the upstream direction at

the top interface, the vorticity and steric torque due to motility counter each other, leading

to a stable fixed point in phase space at (φ = 0, z = H − b) (red and green trajectories).

The downstream-oriented fixed point is unstable at the top of the film, because the vorticity

and steric torque cooperate, so that the swimmer can move away from the top interface

(blue trajectory). Conversely, at the bottom wall the (upsteam-) downstream-orientation
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fixed point is (unstable) stable, as shown by the red trajectory. Therefore, even without

hydrodynamics, steric interactions can cause trapping of elongated swimmers at surfaces,

oriented downstream at the bottom wall and upstream at the interface, in agreement with

simulations256 and experiments247.

At sufficiently large flow speeds, an additional type of trajectory can be observed: A fast

rotation (‘spinning’) of swimmers. Spinning trajectories are confined to the lower regions of

the film where, due to the strong vorticity of the flow, the swimmer is rotated rapidly. Hence,

its motility averages to zero, leaving the swimmer vorticity-trapped. For spherical Volvox, we

see spinning in the lower region of the film without trapping at the bottom wall (Fig. 5.2c;

red trajectory). In the top region, swimmers start ‘dipping’ but interact sterically with the

top surface. Therefore, they are forced to follow the trajectory exactly between dipping and

spinning in the middle region (blue and green trajectories). This special trajectory is called

the separatrix, in which swimmers dip from the top, down to a critical height z∗. Elongated

E. coli also feature dipping and spinning in the middle region (Fig. 5.2d; blue trajectory),

but in the top and bottom regions they can get trapped close to the surfaces (red and green

trajectories). The chance of encountering a surface is smaller when the motility is averaged

to zero in rapid rotation, thus the probability of spinning increases with flow speed.

The transition between dipping and spinning is defined by the separatrix in phase space.

Dipping trajectories are above this line and spinning trajectories below the separatrix. The

lowest point in the film that this special trajectory can reach is the critical height,

z∗ =

(
1− 2√

vmax/vs

)
H, (5.6)

both for spherical Volvox and elongated E. coli. Therefore, the separatrix touches the bottom

wall at a critical flow vmax = 4vs. Spinning trajectories do not exist below that flow. The

larger the flow rate, the larger the fraction of phase space taken up by spinning trajectories,

and therefore the probability of finding these trajectories in the lower regions of the film.

In summary, these results show that in the absence of hydrodynamic interactions and

noise, the background flow and steric interactions of a micro-swimmer with the boundaries

lead to distinct swimmer trajectories depending critically on background flow speed. Above

the critical flow speed vmax > 4vs a swimmer is likely to be observed spinning near the bottom

boundary due to trapping in the high-vorticity region, whereas if vmax < 4vs swimmers tend

to reside near the top surface.



Chapter 5. Dynamics and statistics of micro-swimmers in flowing films 107

(a)
(b)

[µm] [mm]

Figure 5.3: Typical deterministic swimming trajectories in a quiescent film for two different
organism types: (a) E. coli bacteria as an example of flagellated swimmers. H = 10µm,
a = 1.5µm, b = 0.5µm, vs = 50µm/s, κ = 30µm3/s, σ = −25µm4/s, ν = 25µm4/s,
τ = −8.3µm4/s and ξ = 1µm3. Axes units are in µm. (b) Volvox microphytes as an
example of ciliated swimmers. H = 4mm, a = b = 200µm, vs = 100µm/s, κ = 106µm3/s,
σ = 109µm4/s and ν = τ = 0µm4/s. Axes units are in mm. (a,b) All other multipole
moments are set to zero. Trajectories result from numerical integration of the equations of
motion. Colour indicates time passing, ranging from violet (t = 0) to red (t = 2s for (a) and
t = 4s for (b)). Inset images show typical examples of flagellated and ciliated organisms.

5.3 Trajectories of swimmers with hydrodynamic interactions

In addition to differing size and shape, Volvox and E. coli have pronouncedly different

swimming strategies. E. coli propels itself forwards by rotating long exterior helical filaments,

whereas Volvox beats many cilia that are small compared to the organism size. Consequently,

they have very different hydrodynamic interactions with the bounding surfaces of the film

through the swimmer-generated flow field246. We utilise the hydrodynamic interactions with

the film boundaries (vHI and ΩHI), that are derived in Chapter §4. We then use our results to

describe the specific hydrodynamic effects on trajectories of our example swimmers (§5.3.1)

and study the opposing effects of hydrodynamic boundary accumulation versus peeling of

swimmers from the bottom wall by flow (§5.3.2).

5.3.1 Two specific examples: E. coli and Volvox

Here we apply our model to two specific example organisms of different classes: the flagellated

E. coli bacterium and the ciliated Volvox carteri microphyte. Many of the micro-swimmers

occurring in nature can be classified in one of these two categories. For a detailed list of

species, we refer to e.g. Lighthill92. Using experimental data we estimate the swimming

parameters including the multipole coefficients and swimming speed, and use these to calculate

the swimming trajectories.

For E. coli, we estimate the dimensions as a = 1.5µm and b = 0.5µm. The dipole strength

has been measured as κ ≈ 30µm3/s205. The source doublet coefficient is expected to be
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negative for a non-ciliated organism and can be estimated from an approximate hydrodynamic

size aH ∼ 1µm and swimming speed vs ≈ 50µm/s52, leading to σ ≈ −1
2a

3
Hvs ≈ −25µm4/s.

Similarly, we estimate the quadrupolar coefficient ν ≈ 25µm4/s for a flagellated bacterium.

The rotlet dipole coefficient τ can be estimated from experimental measurements of the

radius of curvature of swimming trajectories near surfaces245,253,362,368,373. Using a radius

of curvature R ≈ 20µm, aspect ratio γ = 3 and swimming height z = b ≈ 0.5µm gives

τ ≈ 32z4vs
3R(1−G) ≈ −8.3µm4/s, where G = γ2−1

γ2+1
and the minus sign corresponds to swimming in

the clock-wise direction above the no-slip wall. To emphasise the effects of a relatively thin

film, we choose H = 20b = 10µm.

For Volvox, we estimate the dimensions as a = b = 200µm, and for the film height

we choose H = 20b = 4mm. The primary multipole coefficients have been measured as

κ ≈ 106µm3/s and σ ≈ 109µm4/s as has the swimming velocity vs ≈ 100µm/s208. This type

of organism is fore-aft symmetric and so ν ≈ 0, and it does not have rotating flagella so we

also expect τ ≈ 0. Volvox is not always neutrally buoyant and therefore a Stokeslet flow field

should be present, but we neglect the effects of gravity here, assuming the sedimentation speed

is smaller than the swimming speed. This model would, however, be even more appropriate

for the many smaller ciliated micro-organisms in nature92 of which the multipole coefficients

have not yet been measured directly.

Fig. 5.3 shows typical trajectories for the two example organisms in the absence of

flow. Random initial positions and orientations were chosen to show the diversity of the

dynamics. E. coli -like organisms tend to accumulate at the surfaces (Fig. 5.3a), with a small

bias towards the bottom wall because of the dipolar hydrodynamic interactions, and they

remain tightly bound there because of quadrupolar hydrodynamics, in agreement with earlier

calculations (see §4.3). At both surfaces the swimmers move in clockwise circles, but the

radius of curvature of the trajectories at the bottom wall is larger than at the top interface

by a factor of γ2 + O(b2/H2) ≈ 9 due to the body elongation. Volvox -like organisms, in

contrast, turn away from the bottom wall but assemble at the top interface (Fig. 5.3b). The

hydrodynamic binding to the top interface is not so strong as that of the bacteria, because of

the positive source doublet moment. With a small fluctuation this allows for motion away

from the interface into the film, before returning back to the top again.

The resulting trajectories for these different swimmer types could offer important biological

implications. Micro-organisms such as E. coli bacteria might have developed into slender
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and fairly fore-aft symmetric bodies that tend to accumulate at boundaries, e.g. to facilitate

biofilm formation. Likewise, sperm cells could benefit from the ability to swim upstream

along the walls of the female reproductive tract. On the other hand, ciliated organisms like

the Paramecium protozoa or Volvox tend to accrue at the top interface only, which could be

beneficial to collect oxygen or to facilitate photosynthesis.

5.3.2 Flow-induced peeling

Next, we re-introduce the external flow to the dynamics of the swimming microbes, in addition

to steric and hydrodynamic interactions with the surfaces. The trajectories for swimmers

including hydrodynamic interactions (Fig. 5.3) are substantially modified because of the

additional vorticity of the background flow. They more closely resemble the swimming paths

of Fig. 5.2 far from the surfaces. However, close to the surfaces, and particularly near the

bottom wall where the vorticity is largest, there is a competition between the external flow

field and the hydrodynamic interactions with the wall.

The external flow can prevent hydrodynamic interaction-induced boundary accumulation

by peeling swimmers off the bottom wall. This detachment from surfaces by imposed flows

has been demonstrated recently in experiments280. In Fig. 5.4 the minimum flow strength

required to detach a swimmer from the bottom wall is shown as a function of dipole moment

κ and source doublet moment σ. Notice the asymmetry – a pusher can be washed off more

easily than its equivalent puller. Recall that both E. coli and Volvox are pushers with κ > 0.

Neutral swimmers (κ = 0; steric interactions only) can accumulate at the surfaces in strong

confinement, but can also be detached with small background flows.

We theoretically estimate the critical flow speed required to detach swimmers from

the bottom wall by equating the angular velocity of the dipolar interactions (ΩD given in

Eq. 4.12) and of the flow (Eq. 5.3). Considering only two images and spherical swimmers,

we obtain

vmax

vs

∣∣∣∣
crit

=
3

16

H |κ|
a3vs

|sin 2φc| , (5.7)

where φc is the critical angle that the swimmer must rotate through to overcome the

hydrodynamic barrier. Note that this expression scales linearly with the film height, because

the local vorticity decreases with increasing H. This equation is straightforwardly generalised
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Figure 5.4: Minimum flow strength required to peel micro-swimmers off the bottom wall of a
liquid film, for (a) A swimmer with only a variable dipole moment κ [µm3/s]. (b) A swimmer
with variable dipole and source doublet moment σ [µm4/s]. Lines in (a) show theoretical
predictions for a puller (red, solid) and pusher (blue, dashed) from Eq. 5.7. Blue dots in (a)
and contours in (b) result from numerical integration of the equations of motion. Included are
motility, external flow, steric and hydrodynamic interactions with the walls, but no noise. All
other multipole coefficients are zero. Swimmers are released facing the bottom wall (z = a,
φ = π/2). Film height H = 10µm, swimmer dimensions a = b = 0.5µm and swimming speed
vs = 50µm/s.

to account for elongated swimmers, such as E. coli, by replacing the radius a with the

distance of closest approach between the ellipsoid and the wall, A(φ) =
√
a2 + (b2 − a2) cos2 φ.

Furthermore, by defining a dimensionless number λ = a3vmax/κH that characterises the degree

of detachment by external flows (Table 5.1), Eq. 5.7 can be recast as λcrit = 3 |sin 2φc| /16,

which is independent of the swimming speed. Here λ < λcrit corresponds to attachment and

λ > λcrit to detachment.

For pullers, the equilibrium orientation without flow is pointing towards the wall, φ = π/2.

Hence, pullers must turn upwards over the hydrodynamic barrier from φc = π/2 to the

orientation parallel to the wall, φ = (0, π), in order to swim away. Inserting this angle φc and

the figure parameters into Eq. 5.7 gives a prediction for the minimum flow strength required

for pullers (red line in Fig. 5.4a).

Pushers are oriented parallel to the wall at equilibrium, but they must also overcome the

attraction towards the bottom wall. Therefore, the angle at which the pushers can swim

away, using two image systems, is given by the requirement that

− sinφc >
3

16

κ

vsa2
(3 cos 2φc − 1). (5.8)

Inserting the resulting angle φc into Eq. 5.7 gives a prediction for the minimum flow strength
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required for pushers (blue dashed line in Fig. 5.4a). Since the angle is smaller for pushers

than for pullers, the former can escape from the surface more easily.

The inclusion of higher-order multipoles in the hydrodynamic interactions with the surfaces

changes the critical flow speed (Fig. 5.4b). Flagellated swimmers with source doublet

moment σ < 0 are more tightly bound to the wall, thus requiring a stronger flow to peel

them off. Pushers such as E. coli in Fig. 5.3a with κ = 30µm3/s and σ = −25µm4/s require

vmax ≈ 25vs compared to ≈ 2.5vs when σ = 0. Non-ciliated pullers such as Chlamydomonas

reinhardtii with both κ, σ < 0 are even more tightly bound. Ciliated swimmers with σ > 0,

on the other hand, are much less strongly attracted to the wall (Fig. 5.3b) and hardly need

any flow for detachment.

5.4 Swimmer distributions

Swimmer trajectories in real microbial environments are subject to stochastic fluctuations.

Having established the deterministic features of the swimmer trajectories in the presence

of flow, steric and hydrodynamic interactions, we now examine the distributions of micro-

swimmers if noise, originating from both thermal fluctuations and run-tumble dynamics,

is added. This is important because measuring distributions of swimming cells is easier

in many experimental setups than following individual trajectories. For simplicity, in the

following we examine archetypal spherical swimmers with a dominant contribution from

dipolar hydrodynamic interactions.

We model the thermal/Brownian noise as drawn from a Gaussian distribution so that

the mean squared displacement and angular displacement are 〈|r(t) − r(0)|2〉 = 6Dt and

〈|φ(t) − φ(0)|2〉 = 2Drt in the large-time limit, where D and Dr are the translational and

rotational Brownian diffusion coefficients, respectively. For typical micron-sized swimmers we

approximate the thermal diffusion coefficients as D ≈ 0.25µm2/s and Dr = 0.2rad2/s. We

assume that these diffusion coefficients are isotropic and remain constant as a function of

film height. To be concrete, we consider a narrow film of height H = 10µm and organisms of

dimensions a = b = 0.5µm and swimming velocity vs = 50µm/s.

When only thermal noise is considered, the swimmers’ trajectories are deterministic over

a timescale of crossing the film. Once they reach a surface, there is a competition between the

noise, flow and hydrodynamic interactions. Using only the dipolar contribution from the first
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image system (vD,ΩD given in §4.3.1), we define translational and rotational Hydrodynamic

Interaction Péclet numbers to be

PéHI ≡ vHIa

D
=

3κ

8b2
a

D
, (5.9)

PéHI
r ≡

ΩHI

Dr
=

3κ

16b3
1

Dr
. (5.10)

With a dipole strength of κ = 30µm3/s, we estimate PéHI ∼ 100 and PéHI
r ∼ 200. Since both

PéHI, PéHI
r � 1, thermal noise is not sufficient to allow swimmers to overcome hydrodynamic

attraction to the surfaces, in the absence of a background flow. Experiments have shown that

flagellated bacteria have smaller passive rotational diffusion coefficients than unflagellated

cells205,308, so PéHI
r ∼ 200 represents a conservative estimate. Consequently, other mechanisms

must be employed by swimming cells to prevent boundary accumulation within films.

In §5.4.1, we first study the combined effect of Brownian noise and external flow on

distributions of archetypal micro-swimmers, i.e. neutral swimmers, pushers and pullers. In

§5.4.2, we add non-thermal fluctuations and investigate the impact of the nature of this

noise by comparing swimmers subject to run-and-tumble dynamics (tumblers) and enhanced

Brownian noise (drifters).

5.4.1 Prevention of boundary accumulation by external flow

§5.2 described the effect of flow on steric swimmers without noise. In §5.3 we included

hydrodynamic interactions with the surfaces, but still excluded noise. In this section, we

investigate the combined effects of steric and hydrodynamic interaction, film flow, and thermal

noise.

The accumulation of swimmers at the surfaces is evaluated using the swimmer density

distribution ρ(z, φ), normalised such that (2πH)−1
∫ H

0

∫ π
−π ρ(z, φ)dφdz = 1. This distribution

is established by solving the equations of motion (1.45–1.46) numerically for a population

of 104 swimmers that are initially distributed at random positions z ∈ [0, H] and orien-

tations φ ∈ [−π, π]. The simulation is continued until the distribution ρ(z, φ) reaches a

steady state. Subsequently, the spatial distribution is found by integrating over the angular

coordinates, f(z) = (2π)−1
∫ π
−π ρ(z, φ)dφ, and similarly for the orientational distribution,

g(φ) = H−1
∫ H

0 ρ(z, φ)dz. The fraction of swimmers at the bottom wall and top interface

are evaluated as fw = H−1
∫ ε

0 f(z)dz and fi = H−1
∫ H
H−ε f(z)dz, where ε = 1.1a to allow for
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Figure 5.5: Prevention of boundary accumulation of micro-swimmers due to an external
flow in a film. Statistics are shown for an ensemble of 104 swimmers, 30 seconds after
release from a random position and orientation, when distributions have reached steady-state.
(a) Distributions of swimmer position across the film for various background flow rates.
(b) Distributions of swimmer orientation. (c) Fraction of swimmers at the bottom wall
(fw; filled symbols) and top interface (fi; empty symbols). (d) Schematic of the observed
dynamics. Colours indicate neutral swimmers (green circles), pushers (orange squares) and
pullers (blue diamonds). Parameters used are film height H = 10µm, swimmer dimensions
a = b = 0.5µm, swimming speed vs = 50µm/s, thermal diffusion coefficients D = 0.25µm2/s
and Dr = 0.2rad2/s, dipole strength κ = 30µm3/s and all other multipole coefficients are set
to zero. Flow rates are normalised with respect to the swimming speed, vs, and the z axis is
normalised with respect to the channel height H.

small fluctuations.

Fig. 5.5 shows distributions of swimmer positions and orientations as a function of the

background flow for neutral swimmers (κ = 0), pushers (κ > 0) and pullers (κ < 0), while

subject to thermal diffusion. In the absence of a background flow, the swimmers accumulate

at the two surfaces due to steric and hydrodynamic interactions, with a small bias towards the

bottom wall for the pushers and pullers due to the stronger hydrodynamic dipolar interactions

near no-slip surfaces (Fig. 5.5a; first window). Once trapped, the equilibrium orientation

for pushers is parallel to both surfaces (Fig. 5.5b, orange peaks at φ = 0,±π). Pullers are

bound more strongly since their equilibrium orientation is perpendicular to the surface (blue

peaks at ±π/2). Indeed, Schaar et al. 220 have shown that the detention times of pullers in

the absence of external flow can be several orders of magnitudes larger than those of pusher
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or source doublet swimmers.

Introduction of a small flow is enough to drive the majority of neutral swimmers towards

the top surface (Fig. 5.5a; second window). The transition to free interface accumulation is a

general trend for all swimmer types, but occurs at different flow speeds for each. The fraction

of neutral swimmers at the bottom wall (fw) drops rapidly to zero around vmax ≈ 0.5vs and

at the top interface the fraction (fi) rises to unity (Fig. 5.5c; green circles). Pushers start to

get detached from the bottom wall around vmax ≈ 2vs (orange squares), which is a bit smaller

than the value predicted in §5.3.2 for deterministic swimmers (Fig. 5.4a; vmax ≈ 2.5vs at

κ = 30µm3/s). This is because the noise occasionally kicks microbes away from the wall.

By vmax ≈ 4vs (Fig. 5.5a; third window), the majority of pushers have accumulated at the

top interface. Pullers remain attached until a flow of strength vmax ≈ 8vs is applied (blue

diamonds), also a bit smaller than the deterministic equivalent ≈ 9vs. The distributions

across the film show this in more detail (Fig. 5.5a,b; windows 2, 3 & 4 for the three swimmer

types respectively).

Interestingly, by further increasing the flow speed, swimmers can again get trapped near

the bottom wall. This is not due to hydrodynamic interactions but rather is directly related

to the ‘spinning’ trajectories in high-vorticity flows that were described in §5.2. Consequently,

at high flow rates swimmers do not accumulate in the regions of smaller vorticity near the

top interface. This is consistent with earlier findings of shear-trapping by Rusconi et al. 239 .

It occurs because, whereas the vorticity alone is too small at the top surface to reinject

swimmers into the film at a significant rate, small thermal fluctuations can lead swimmers to

the high-vorticity region where they get trapped. Therefore, the number density of swimmers

in the film is again larger near the bottom wall for flow rates vmax > 8vs, and the accumulation

at the top surface is suppressed entirely at large flow rates (Fig. 5.5c and Fig. 5.5a,b; last

two windows).

In summary, the results show that in the absence of the background flow the swimmers

accumulate at the top and bottom surfaces. Introducing flow and thermal Brownian noise

can substantially modify distributions of swimmers in the film (Fig. 5.5d). For moderate

flow rates they are peeled off the bottom wall and accumulate at the top interface. However,

for large flow rates the swimmers can get vorticity-trapped near the bottom wall again. This

counter-intuitive result suggests that faster flow rates are not always the best strategy to

discourage wall accumulation and the consequent initiation of biofilms. Instead, there is a
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(a) Run-Tumble dynamics (b) Enhanced Brownian noise

Figure 5.6: Prevention of boundary accumulation of micro-swimmers due to (a) run-and-
tumble dynamics and (b) Gaussian-distributed enhanced Brownian noise, evaluated at the
same rotational HI Péclet number. Statistics are shown for an ensemble of 104 swimmers,
after 10 seconds of release from a random position and orientation, when the distributions
have reached steady-state. Shown is the fraction of swimmers at the bottom wall (fw; solid
lines) and top interface (fi; dotted lines). Colours indicate pushers (orange), pullers (blue)
and neutral swimmers (green). Parameters used are film height H = 100µm, swimmer
dimensions a = b = 0.5µm, swimming speed vs = 50µm/s, dipole strength κ = 30µm3/s, all
other multipole coefficients are set to zero and there is no background flow.

finite range of intermediate flows within which the top-accumulation is optimised.

5.4.2 Prevention of boundary accumulation by run-tumble dynamics

Typical microbial swimmers do not rely solely on thermal noise to prevent boundary accumu-

lation — the HI Péclet numbers (Eqs. 5.9-5.10) are much too large. Many micro-organisms

have developed different mechanisms to actively change their orientation at a given moment.

This could be an effective enhanced rotational Brownian noise, e.g. due to cilia which

temporarily beat out of synchrony85,94,374–376 or to inhomogeneous external influences309.

Moreover, many microbial species make use of a ‘tumbling’ mechanism that allows them

to suddenly change their orientation, rather than slowly decorrelating over time55. Various

tumbling mechanisms have been observed, including ones based on flagellar unbundling51,209

and flagellar buckling instabilities57 for bacteria. Such strategies are not limited to flagellated

bacteria but are also employed by ciliated organisms such as Paramecium that suddenly eject

trichocysts377.

In this section, we measure the extent to which such mechanisms cause boundary detach-

ment by comparing swimmers with run-tumble dynamics (tumblers) to swimmers subject to

a Gaussian-distributed enhanced Brownian noise (drifters) of the same effective rotational

diffusion coefficient.

Fig. 5.6 shows the fraction of tumblers and drifters at the film surfaces for a given run
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time between tumble events, τr ∈ [0.01, 100]s. This range corresponds to PéHI
r ∈ [0.1, 1000],

since the effective rotational diffusion coefficient is Deff
r = π2/(2τr). In agreement with the

expectations, microbes of all swimmer types are seen to accumulate at the two surfaces at

large HI Péclet numbers.

Tumblers can detach fairly easily from the surfaces when the HI Péclet number is reduced

(Fig. 5.6a), because sudden decorrelating tumbling events are momentarily sufficient to

overcome the hydrodynamic attraction. With increasing tumbling rate, there is a gradual

crossover from surface accumulation to residence in the bulk of the film. Interestingly, we find

that the hydrodynamic swimmer-type has little effect on this crossover. This is an important

observation as it indicates that hydrodynamic interactions are not a dominant factor when

run-and-tumble dynamics are present, as in E. coli.

Neutral drifters (swimmers subject to enhanced Brownian noise) can also escape from

the surfaces with ease. However, drifters with hydrodynamic interactions remain attached to

the surfaces at much lower HI Péclet numbers (Fig. 5.6b). Moreover, the escape crossover

is much sharper. This difference arises because the slowly accumulating Brownian noise is

continuously countered by hydrodynamic and steric interactions, and therefore a certain

threshold must be exceeded before swimmers can escape from a surface. The level of critical

noise is PéHI∗
r ≈ 8 for pusher drifters and ≈ 2 for puller drifters. Also notice that the

attraction towards the bottom wall is a factor of 3/2 larger for pushers (see Eq. 4.11), and

therefore the fraction of pushers at the bottom wall peaks before decaying with decreasing

HI Péclet number.

This crossover from boundary accumulation to detachment is particularly relevant in many

typical micro-environments. For E. coli -like with τr ≈ 0.9s (PéHI
r ≈ 8), the total fraction at

both surfaces is fs = fw + fi ≈ 0.3. However, for longer run times near surfaces59, τr ≈ 2s

(PéHI
r ≈ 20), the fraction almost doubles to fs ≈ 0.55.

In summary, the tumbling mechanism is more effective in preventing surface accumulation

than Brownian noise of equivalent strength, particularly at the HI Péclet numbers relevant

in nature. Flagellated organisms like E. coli bacteria could employ this to their advantage,

using hydrodynamic interactions to get close to surfaces (§5.3) and then tumbling to escape

them. We have demonstrated that hydrodynamic interactions with confining walls break

the equivalence between active Brownian motion and run-tumble dynamics. While it is

commonly true that active Brownian motion and run-tumble dynamics are equivalent this is



Chapter 5. Dynamics and statistics of micro-swimmers in flowing films 117

Symbol Definition Name

λ a3vmax/κH Detachment number

PéHI 3aκ/8b2D Translational HI Péclet number

PéHI
r 3κ/16b3Dr Rotational HI Péclet number

Table 5.1: Summary of dimensionless number definitions.

not always the case305. Recent research that did not account for hydrodynamic interactions

has shown that run-and-tumble dynamics lead to different density distributions near surfaces

than simple active Brownian particles263. Our results support this previous finding and

further demonstrate that run-tumble dynamics dominate over hydrodynamic interactions

that can likely be safely neglected in future studies of bacteria.

5.5 Conclusions and discussion

In this chapter we have presented a comprehensive description of the dynamics and statistics

of swimming cells in flowing films, demonstrating that swimmer trajectories show distinct

behaviours depending on the swimming mechanism of the organism. We focus on two

classes of model organisms, flagellated (E. coli-like) and ciliated (Volvox -like) swimmers,

with parameters tuned to experiments. Flagellated swimmers accumulate at surfaces due to

hydrodynamic interactions, whereas ciliated organisms can avoid surfaces.

We have shown that swimmers can be detached from the bottom wall above a critical flow

strength, which we predict analytically and obtain numerically for dipolar and higher-order

hydrodynamic interactions. Conversely, we see that steric interactions with the surfaces and

background film flow favours wall (interface) accumulation above (below) a critical flow speed,

due to a vorticity-trapping mechanism. Therefore, boundary accumulation is not always

prevented by imposing stronger flows. Instead, there is a finite range of intermediate flows for

which microbes do not accumulate at the bottom wall. Our work predicts the extent of this

range for both pusher and puller swimmers in terms of three dimensionless numbers (Table

5.1). The flow-controlled crossover from surface accumulation to interface accumulation may

have important implications for biofouling.

In addition, we demonstrate that run-and-tumble dynamics can act as a mechanism that

organisms, such as E. coli, could employ to prevent boundary accumulation at surfaces,

whereas enhanced Brownian noise requires much smaller Péclet numbers (greater noise)
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to achieve this goal. Whereas hydrodynamic interactions are important for systems with

enhanced Brownian noise, we find that they have little impact on the swimmer distributions

for the run-tumble dynamics expected for micro-organisms such as E. coli. This conclusion

has ramifications for future theoretical and computational investigations as it implies that

computationally expensive and theoretically cumbersome hydrodynamic interactions may be

neglected in biologically relevant scenarios if experimentally significant run-tumble noise is

accounted for.

Our results provide a number of testable predictions with implications for biofilm initiation.

Genetic modification of E. coli can alter run-and-tumble dynamics55. E. coli modified in

this way is predicted to have markedly different distributions within flowing films compared

to unmutated samples. Likewise, different motile microbes, such as Volvox, are expected to

reside at different points in the flowing film due to their different swimming strategies. The

fraction of swimmers at the no-slip wall compared to the number at the no-shear interface

could be measured. Measuring such fractions as a function of flow rate would provide direct

experimental verification of the predictions made here. The rate of biofilm initiation at the

solid surface is expected to correlate with the fraction of swimmers at the wall and so our

work suggests a non-monotonic dependence of the initiation rate on the film flow velocity,

with a maximum at moderate flow strengths.



CHAPTER 6

Lattice-Boltzmann Simulations of Anisotropic

Microswimmers

“The children grew but you don’t see them grow.”

Voice of Hope soprano Pumeza Matshikiza (1979–)

6.1 Introduction

In chapters §2–§5 we have developed a mathematical framework to model micro-swimmers

and used this to predict swimmer dynamics and distributions in micro-channels and liquid

films. In order to test the theoretical predictions made, we seek to perform more detailed

computer simulations and resolve swimmer flows and hydrodynamic interactions (HI).

A wide range of techniques is available to study the behaviour of active particles using

simulations. The most common model is active Brownian model (ABM), which does not

take HI into account. It has been applied to simulate shape-anisotropic particles, in bulk378,

under confinement274, and in capturing geometries379. Hydrodynamics can be incorporated

to first order, by introducing a point-like dipole interaction, either using lattice-Boltzmann

(LB) simulations380,381, or using a Stokesian description382–385. Universal aspects of swimmer

dynamics are known to arise from these long-range hydrodynamics. Therefore, having models

that can effectively simulate the correct long-range HI, without concern for specific short-range

interactions is very valuable.

119
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Thus far, there have been very few studies of highly shape-anisotropic particles, where HI

have been taken into account261,386–389. The models that have been considered are typically

highly system specific, or too computationally expensive to simulate a large number of particles.

An intermediate form is therefore required that takes into account HI and strikes a balance

between the accurate simulation of shape-anisotropic particles and computational efficiency.

The LB algorithm has been shown to efficiently simulate HI and is therefore considered ideally

suited to this task. In particular, the simulations of Nash et al.381 demonstrate that LB can

readily simulate thousands of swimmers.

In this chapter, we introduce a model with the aforementioned features. We simulate active

colloids of arbitrary shape by approximating them as clusters of spheres, see Fig. 6.1. These

clusters are coupled to an LB fluid using the viscous coupling scheme introduced by Ahlrichs

and Dünweg390, in which the friction depends on the relative velocity of particle and fluid.

The effect of this coupling is the formation of a hydrodynamic hull around the points, which

thus gain an effective hydrodynamic size390. Thereby, a solid particle can be modelled, which

resembles a raspberry391 for a sufficient density of coupling points392,393. Self-propulsion is

introduced by following the principles of Refs.380,382,383: We assign a direction (unit) vector

to the raspberry particle and apply a persistent force along this direction and an equal

and opposite (counter) force to the fluid (see Fig. 6.1a). The location of the counter force

determines the nature of the leading dipole moment and distinguishes pusher (extensile) from

puller (contractile) swimmers.

Using our model, we demonstrate that the anisotropy of the particle induces higher order

multipole moments, in addition to the dipole moment that we impose. These multipole

moments account for the flow of fluid around the object. We introduce a method to

determine the magnitude of these multipole moments by means of a Legendre-Fourier analysis

– we limit ourselves to axisymmetric anisotropic swimmers here. This characterisation

technique is applicable beyond our raspberry swimmers, and may be of use in establishing the

hydrodynamic nature of complex swimmers, for which the flow field has only been determined

numerically144,145,394,395. We confirm that we obtain the correct leading-order dipole moment

by considering the displacement of a tracer particle in the flow field caused by the swimmer.

This also serves as a proof of principle that our raspberry-swimmer model has applications in

more complex settings than single-particle bulk simulations.

The raspberry swimmers introduced in this chapter present a facile method, by which
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anisotropic swimmers can be modelled. It allows us to incorporate HI that go beyond the

principal dipole and are essential to the accurate description of shape-anisotropic swimmers.

The raspberry swimmers can be utilised to gain new insights into the behaviour of anisotropic

swimmers in various geometries, as we will further demonstrate in the next Chapter §6.

6.2 Methods

In this section, we give an overview of the approaches followed to obtain the results presented

in §6.3. We first outline the principles of the raspberry model and the construction of the

raspberry swimmers. Next, we specify the Molecular Dynamics (MD) and LB parameters

used in our work. We subsequently provide details of the simulations used to characterise

the shape of the swimmers. This is followed by a discussion on the determination of

the hydrodynamic moments via a Legendre-Fourier decomposition method, as well as by

considering the displacement of a tracer particle.

6.2.1 The Raspberry Model

Ahlrichs and Dünweg390 introduced a simple coupling scheme to simulate moving particles in

an LB fluid without using Ladd (grid-based) bounce-back boundary conditions396. In this

approach, the particles are described as points that couple to the fluid through a frictional

force, acting both on the solvent and on the solute, which depends on the relative velocity. A

hydrodynamic hull forms around the points, which thus gain a finite hydrodynamic extent

(effective hydrodynamic radius)390, due to this coupling and the interpolation of the force

onto the LB grid. This method is particularly suited to simulate a monodisperse system of

colloids where the far-field hydrodynamics dominate over the near-field contributions, which

are typically not accurately captured.

Lobaskin and Dünweg391 utilised the point coupling to simulate extended objects moving

through a fluid by introducing the “raspberry” model. A larger particle – compared to a

single coupling point – is modelled by discretising the surface (and interior392) of the particle.

The method derives its name from this discretised nature of the surface, which resembles a

raspberry, when represented by molecular-dynamics (MD) beads. When a sufficient number

of points is used to couple to the fluid, the LB fluid inside the particle co-moves with the

coupling points, thus modelling a hydrodynamically solid object. This raspberry coupling
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typically leads to an effective hydrodynamic extent of the object, that is larger than that of

outmost coupling points392. Despite the introduction of other methods of describing extended

particles in a LB fluid, the raspberry method has remained popular, due to its simplicity.

6.2.2 Raspberry Swimmers

We study four different particle shapes. These are a point-particle, a sphere (Fig. 6.1b),

a rod (Fig. 6.1a,c), and a cylinder (Fig. 6.1d). The details of the construction of generic

raspberry particles are given in Ref.392. We will only remark on several important construction

differences and features of our models in the following.

The point-particle is similar to the system of Nash et al.380,381 and will serve as a reference

to which we compare our anisotropic particles. It should be noted that the Ahlrichs and

Dünweg coupling scheme390 does not lead to rotational motion in a quiescent LB fluid (without

an external torque), because there is no rotational coupling to the vorticity of the fluid flow.

Nash et al. have suggested a simple model to introduce such rotations, which we find to be

sensitive to lattice artifacts without external flow, even when a 3-point interpolation scheme

is used. We therefore prefer to introduce rotational coupling by utilising the properties of an

extended raspberry model, which is known to accurately reproduce the desired rotational

coupling391–393.

We chose an axisymmetric distribution of 269 coupling points for the sphere raspberry

with two concentric shells to introduce internal coupling points. The shells contain 134

points each, split up over 12 semi-circles with 11 equidistantly spread points and 2 points

at the pole; the central bead makes for 269. This is different from the construction recipe

provided in Ref.392, where a random distribution of coupling points was used. We favored

an axisymmetric distribution here, since the swimmer has a preferred direction, namely its

direction of motion. An asymmetric (random) distribution leads to undesirable deviations

from rectilinear motion in the absence of external torques.

The rod and cylinder raspberry models simulate oblong particles. The rod is built up of 9

coupling points spaced 0.5σ apart over a line, with σ the LB grid spacing (σ is also the MD

unit length). The cylinder consists of 161 coupling points spread over 23 groups of hexagonal

disks (7 particles with distance σ), stacked alternatingly with a separation of 0.5σ along

the axis. The rod is a simplified version of the cylinder, because the rod cannot experience

fluid-flow induced rotation about its short axis in the standard coupling scheme for the same
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Figure 6.1: The construction of raspberry swimmers. (a) A sketch of the construction of
pusher and puller raspberry swimmers, in this case rods. The viscous coupling leads to
an effective hydrodynamic radius, as indicated by the use of green spheres with a radius
comparable to the effective one (∼ 0.5σ). A force F (blue arrow) is applied to the central
bead (blue cross) in the direction of the symmetry axis ps (black arrow). A counter force
−F (red arrow) is applied to the fluid at a point lps (red cross), with l the dipole length.
For l > 0 the particle is a puller and for l < 0 it is a pusher. (c-d) The flow field around
puller raspberry swimmers. The normalised magnitude of the flow velocity in the lab frame
is indicated by the coloring (red max |u(r)| = 1, dark blue |u(r)| = 0) in a plane through the
symmetry axis that is parallel to one of the box faces; only a part of the box is shown. The
location of the counter-force point is clearly visible as a red region. The white curves are
stream lines to the flow field and the magenta arrow heads indicate the direction of flow. We
show three of our models: (b) the rod, (c) the sphere, and (d) the cylinder.
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reasons that the point particle cannot rotate390. Moreover, the hydrodynamic coupling of the

rod is substantially reduced with respect to that of the cylinder, such that the quality of the

cylindrical surface that it approximates is limited, due to the low coupling-point density392.

Finally, it should be noted that the cylinder model has been constructed to be approximately

axisymmetric about the direction of motion. Technically the symmetry group is discrete, Cn

for an given n, but if n is large enough it will approximate axisymmetry with good accuracy.

All particles are made into swimmers by assigning a unit (direction) vector û = ps to the

particle, along its symmetry axis and originating from its center of mass (CM), see Fig. 6.1a.

This ps is updated according to the particle’s orientation and its position (it co-moves). We

apply a force F to the CM in the direction of ps (F = Fps) to cause the raspberry particle

to move. We follow the approach of Nash et al. and apply a counter force −F to the fluid

at a position lps, with l the dipole length that can be positive or negative, see Fig. 6.1a.

Thereby, the swimmer reaches a terminal (swimming) velocity U and its flow field is force

free. For positive values of l the swimmer is a puller and for negative values it is a pusher,

see Fig. 6.1a. Our choice of the force coupling causes the dipole moment to be off center

with respect to the CM. For the swimmer to obtain a reasonable U , we require l > σ.

6.2.3 Simulation Parameters

We used a graphics processing unit (GPU) based LB solver,397 that is attached to the MD

software ESPResSo398,399. The GPU variant of LB implemented in ESPResSo utilises a

D3Q19 lattice and a fluctuating multi-relaxation time (MRT) collision operator400. All of our

simulations were performed in a quiescent (unthermalised) a LB fluid with periodic boundary

conditions. We employed the LB viscous coupling of Ref.390, with a 3-point interpolation

stencil396. We found the 2-point interpolation to give rise to lattice artifacts, e.g., oscillations

in U of over 20% for the point particle.

Here, we employ the same LB parameters as in Refs.392,393, since these lead to faithful

reproduction of the Stokesian mobility tensor – both in bulk and under confinement. We set

the fluid density to ρ = 1.0m0σ
−3, the lattice spacing to 1.0σ, the time step to ∆t = 0.005τ

(τ is the MD time unit), the (kinematic) viscosity to ν = 1.0σ2τ−1, and the bare particle-fluid

friction to ζ0 = 25m0τ
−1, with m0 the MD mass unit. We refer the reader to Ref.392 for a

detailed description of the dimensionless numbers that specify the fluid properties to which

these choices correspond.
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shape R/σ H/σ M/m0 I‖ I⊥ Rh/σ Hh/σ

point - - 4.8 4.8 4.8 0.56 -
sphere 2.5 - 66. 160 160 3.1 -

rod - 2.0 7.1 1.5 17 0.87 2.9
cylinder 1.0 5.5 85. 95. 1100 1.6 6.1

Table 6.1: List of the properties of our raspberry swimmers. From left to right, the particle
shape, the imposed radius R and half length H, the mass of the particle M , the moment of
inertia parallel to the axis of symmetry I‖ (with unit m0σ

2), the moment perpendicular to
this axis I⊥ (with unit m0σ

2), and the measured effective hydrodynamic radius Rh and half
length Hh. We used the MD units σ (unit length) and m0 (unit mass) to non-dimensionalise
our parameters.

On the MD level, the raspberry particles are allowed to freely move and rotate, unless

otherwise specified. All the forces acting on the MD beads are transferred to the central bead

via the virtual sites (rigid bonds). To stabilise the simulation for the bare friction coefficients

used, we set the (bare) mass and rotational inertia of the raspberry; these quantities should

not be confused with the virtual mass of the body in a fluid, see, e.g., Ref.401 for the definition.

The mass and rotational inertia tensor are based on the particle’s dimensions and the fluid

mass density, and must be chosen reasonably to ensure the stability of the algorithm. The

values of the imposed physical quantities are listed in Table 6.1.

6.2.4 Raspberry Characterisation

We employed the methods of Refs.392,393 to characterise the hydrodynamic properties of the

raspberry particles. For the point and sphere swimmer, the methods of Refs.392,393 could

be applied directly to determine the effective hydrodynamic radius Rh. For the rod and

cylinder swimmer, we used the formalism developed in Ref.392 for a dumbbell. The theoretical

expressions for the hydrodynamic mobility tensor (HMT) of a cylinder segment402 were used

to extract the effective hydrodynamic radius Rh and half length Hh of the rod and cylinder.

There are two fit parameters for a rod-shaped particle (Rh and Hh) that can be extracted

from the measurements, to which the extrapolated bulk HMT must be fit. In order to

determine these two parameters simultaneously, we minimised the following functional

f(H,R) =
(
(µm‖ − µ‖(H,R))2 + (µm⊥ − µ⊥(H,R))2

+ (µmr − µr(H,R))2
)
, (6.1)
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where the superscript ‘m’ signifies the measured quantity, µ‖ is the translational mobility

parallel to the symmetry axis, µ⊥ the translational mobility perpendicular to this axis, and

µr the mobility associated with reorientation of the symmetry axis. To minimise internal

inconsistency we use a single fit parameter for both Hh = H + ∆ and Rh = R + ∆. That

is, we minimise f(H + ∆, R+ ∆), with H and R the imposed half-length and radius. This

also ensures a well-definedness of the result for R = 0 (the rod), since we have ∆ > 0 which

eliminates the divergences in the logarithmic terms of Ref.402. The value of ∆ found for the

rod is then its effective hydrodynamic radius and should be comparable to the effective radius

of a point. This is indeed the case, as can be inferred from the measured parameters listed in

Table 6.1.

6.2.5 Moment Characterisation

The hydrodynamic properties of the raspberry swimmers are assessed by placing a single

swimmer in the center of a cubic box with side length L = 150σ and periodic boundary

conditions, that is centered on the origin and axis aligned. This length L is a trade-off

between simulation speed and minimisation of periodicity effects. We let the swimmer move

along the z-axis in the positive direction and allow a steady-state flow field to set in and take

a snapshot, see Fig. 6.1b-d. We determine the distance d travelled by the swimmer and we

shift the measured flow field by this distance, such that the swimmer’s CM is located in the

origin.

The flow fields display a clear hydrodynamic dipole. The near-field curvature of the

flow-lines is due to the finite separation of the force and counter-force point. Note that the

flow lines mostly pass around the extended raspberries (sphere and cylinder), indicating that

the viscous coupling indeed causes a hydrodynamic hull to form around the raspberry. Those

that pass through the object are mostly due to the result being shown in the laboratory frame,

although the extended raspberries can have a slight porosity392. It is the flow around the

object, coupled to the shape-anisotropy, that is responsible for the presence of higher-order

moments in the swimmer’s flow field. Finally, far away from the swimmer (not visible on the

scale of Fig. 6.1b-d) the flow lines are closed due to the periodic boundary conditions.

The flow field is Legendre-Fourier (LF) decomposed into modes to determine these

hydrodynamic moments. First, we transform the fluid velocity field u(r) from Cartesian

coordinates to spherical polar coordinates, with φ the azimuthal and θ the polar angle. The
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azimuthal φ̂ component is zero due to symmetry and can be ignored, leaving the radial r̂ and

polar (tangential) θ̂ components. This flow field is then cylindrically averaged around the

z-axis to arrive at expressions of the form ur(r, θ) and uθ(r, θ) for the radial and tangential

components of the flow field, respectively. Finally, we project out the θ dependence using LF

decomposition

ux,n(r) =
2n+ 1

2

∫ π

0
sin(θ)Ln(cos(θ))ux(r, θ)dθ, (6.2)

with n the index of the mode, Ln the Legendre polynomial of order n, and x = r or x = θ

depending on the component. For the series of mode functions ur,n(r) and uθ,n(r), we fit the

long-range decay using a power-law, see, e.g., Fig. 6.2. Note that for uθ it might be more

convenient to perform the decomposition using the associated Legendre polynomials, but

either method works.

We compare the power-law decay obtained in our modes to the expected decay of the

monopole (S, Stokeslet), dipole (D), source-doublet (SD), quadrupole (Q), octupole (O), and

source-octupole (SO) moments. We found that there are no monopole and source terms1 (uS,

uSD, and uSO = 0). Thus the expressions for the flow fields generated by a swimmer that is

centered at the origin and pointing along the ẑ direction are given by a sum of

uD(r, θ) =
A

r2

(
1 + 3 cos(2θ)

2
, 0

)
; (6.3)

uQ(r, θ) =
B

r3

(
− cos(θ) + 3 cos(3θ)

2
,
sin(θ)− 3 sin(3θ)

8

)
; (6.4)

uO(r, θ) =
C

r4

(
3 + 4 cos(2θ) + 25 cos(4θ)

16
,
−2 sin(2θ) + 5 sin(4θ)

8

)
, (6.5)

up to fourth order. Here, the coefficients A, B, and C give the strength and we list the

components r̂ (first entry) and θ̂ (second entry). When the first four hydrodynamic moments

are LF decomposed, we obtain a series of power-law decays.

Table 6.2 shows the mode decomposition and the following observations can be made.

(i) Every moment has a ‘unique’ power-law decay: uS r−1, uD r−2, uQ r−3, uO r−4, etc.;

provided that the source terms can be ignored. (ii) It is sufficient to consider uθ,0 and check

for r−1 decay to determine if the system is force free. (iii) The dipole is the only moment that

1The absence of source terms is specific to the LB force/counter-force raspberry swimmer. That is,
there are no sources or sinks of the LB fluid. However, other models such as the squirmer98,99 can
have source-dipole contributions that must be considered in fitting the data.
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name uS uD uSD uQ uO uSO

decay r−1 r−2 r−3 r−3 r−4 r−4

n comp pref pref pref pref pref pref

0
r̂ 0 0 0 0 0 0

θ̂ −π/22 0 π/22 π/25 0 0

1
r̂ 2 0 2 2/5 0 0

θ̂ 0 0 0 0 −3π/25 −3π/23

2
r̂ 0 2 0 0 −6/7 −2

θ̂ 5π/25 0 −5π/25 −25π/27 0 0

3
r̂ 0 0 0 −12/5 0 0

θ̂ 0 0 0 0 203π/29 7π/25

4
r̂ 0 0 0 0 20/7 0

θ̂ 9π/28 0 −9π/28 387π/212 0 0

Table 6.2: The Legendre-Fourier (LF) mode decomposition of the first hydrodynamic moments
for a swimmer that can have an arbitrarily complex flow field. The first row lists the moments:
monopole (S, Stokeslet), dipole (D, Stresslet), source-dipole (SD), quadrupole (Q), octupole
(O), and source-octupole (SO). The second row provides the decay. The third row labels
the content of the rest of the table, from left to right: the mode, the radial/tangential
component, and the prefactors. We only specify modes up to n = 4 here. The table is used to
determine a specific LF mode by combining the prefactor with the decay and relevant strength
coefficient. For example, the 2nd mode of the tangential component of the quadrupole is
given by uqu

θ,2(r) = −25πB/(27r3), where B is the quadrupole coefficient.

has exactly one nonzero entry in its LF spectrum. Thus A can be extracted by fitting r−2 to

the ur,2 mode. (iv) For the quadrupole moment, the ur,3 mode is ideally suited to determine

the factor B, as there is no n = 3 component to the source-dipole. (v) If we subtract the

measured quadrupole moment from the uθ,2 mode then we find no remaining r−3 decay,

proving the absence of the source dipole moment. (vi) The strength B of the quadruple

moment can be double checked by using any of the other nonzero entries, provided that

the source-dipole term can be excluded. (v) Finally, a similar approach can be followed to

establish the value of C for the octupole moment (by fitting r−4 to ur,4) and the higher-order

moments.

It should be noted that there are short-ranged monopolar signatures, because point

forces are used in the raspberry force/counter-force scheme. However, there is no long-range

(r � max(H,R)) decay that is proportional to r−1. In fact, all the decays must be measured

sufficiently far away from the swimmer, as the 3-point interpolation and finite size of the

object will significantly modify the near-field shape of the decay, as we will see. Another

source of error, when fitting, is the periodicity of the LB simulation domain. Care must be

taken to only use the decay sufficiently far from the edge of the periodic simulation box. In
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practice, this limits the regime over which the decay can be fitted but these limitations are

apparent from the data.

Finally, it is possible to use the LF mode decomposition to extract moments in other

swimmer bases. We have used this method to extract a series of coefficients for the squirmer

model98,99. The result is a set of coefficients that is analogous to the above moment

decomposition and may be used to map our models onto LB simulations of squirmers – we do

not provide these coefficients here. Interestingly, the near-field correspondence between the

raspberry flow field and that of the matched squirmer is not substantially improved, even for

a spherical particle. We attribute this to the difference in method of achieving self-propulsion.

That is, squirmers have a predefined surface slip velocity, which inadequately captures the

presence of the counter-force point in the near field.

6.2.6 Tracer Displacement Matching

We confirmed that our LF decomposition gives reasonable values for the strength of the dipole

moment, by considering the displacement of a tracer particle in the flow field of the swimmer.

Again, we performed our simulations in a cubic box with edge length L = 150σ, with periodic

boundary conditions. The swimmer is initially positioned at (0, 0,−L/2) pointing in the ẑ

direction, and the tracer is placed at (15σ, 0, 0). The minimum swimmer-tracer separation

of 15σ gives reasonable results that are not too strongly affected by periodicity. As the

swimmer moves from one edge of the box to the other, the tracer is advected (displaced) by

the swimmer’s flow field. A sketch of this situation is provided in Fig. 6.3.

The expression for the dipole moment can be used to numerically solve for the trajectory

of a tracer using the form

∂rt

∂t
= uD(rt − rs), (6.6)

where rt is the position of the tracer, rs the position of the swimmer, and uD the dipole flow

field generated by the tracer (see Eq. 2.2). Since the trajectory of the swimmer is a straight

line and it moves at a constant speed, Eq. 6.6 becomes a differential equation in terms of

the tracer position only, which can be numerically evaluated. The theoretically predicted

trajectory can then be fitted to the trajectory observed in the LB simulations for strength of

the dipole moment, which we denote by A∗ to differentiate it from the value obtained from
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the mode decomposition.

The trajectory of the tracer has a characteristic concave triangular shape (see Fig. 2.3);

an example is shown in Fig. 6.3 for a puller. This shape is formed as follows (in the case

of a puller). First, the tracer is pulled towards the swimmer, as the tracer is in front of

the swimmer (i in Fig. 6.3). Then the tracer is pushed away from the swimmer, when it

is alongside the swimmer (ii). Finally, when the swimmer moves away from the tracer, the

tracer is again pulled towards the swimmer (iii). Here, we have accounted for the effects of

periodic boundary conditions on the displacement trajectories, which are minor.

6.3 Results

In this section we present our results. We first discuss the reasons for choosing specific values

for the force/counter-force point separation l. This is followed by an analysis of our LF-mode

decomposition applied to the raspberry particles that we constructed. Finally, we provide

results for the displacement experiment that we performed to verify our mode decomposition.

6.3.1 Swimming Speed and the Counter-Force Point

We first measured the hydrodynamic mobility of our particles to determine their shape and

size using the procedures outlined in §6.2.4, see Table 6.1. Please refer to Refs.391,392 for

additional details on the way in which the effective size and shape of the raspberry particles

can be established. Using our fitted shape parameters, the mass and rotational inertia can be

determined using the standard expressions for cylindrical and spherical objects, assuming a

mass density that is the same of that of the fluid, see Table 6.1. This ensures the stability of

the simulation392. To verify that our anisotropic distribution of coupling points did not give

the sphere an anisotropic hydrodynamic mobility tensor, we measured the sphere’s mobility

around different axes. We found the mobility to be isotropic to within an acceptable tolerance:

all measurements gave mobilities that differed by at most 2%.

We varied the dipole lengths and force values to study their impact on the velocity and

dipole strength. Provided the counter-force point is sufficiently far from the swimmer, one

would expect the velocity of the swimmer to be dominated by the force applied to it directly

and its hydrodynamic mobility, with the counter-force point having almost no effect. However,

when the counter-force point is close to the swimmer, it starts to influence the measured
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shape l/σ F U Upr A A∗ B C
× 1 1 10−3 10−3 10−2 10−2 10−2 1

point
1.0

0.37
20.

35.
−1.4 −1.4 N/A N/A

−1.0 20. 1.4 1.4 N/A N/A

sphere
3.5

3.8
3.5

67.
−10. −10. N/A −3.1

−3.5 3.3 10. 10. N/A 3.1

rod
2.7

0.21
2.5

3.4
−1.3 −1.4 3.7 −0.11

−2.7 2.5 1.3 1.4 3.7 0.11

cylinder
6.5

0.60
0.99

4.8
−2.7 −3.2 23. −2.1

−6.5 1.0 2.7 3.2 23. 2.1

Table 6.3: The imposed and measured properties of our LB raspberry swimmers. The table
provides the shape, the position l at which the counter force is applied (positive for a puller
and negative for a pusher), the force F in units of m0σ/τ

2, the measured velocity U of the
swimmer in units of (σ/τ), the velocity Upr in units of (σ/τ) that is predicted on the basis of
force and mobility, the dipole strength A from the LF decomposition in units of (σ3/τ), the
dipole strength A∗ as measured in the displacement experiment, and B and C the quadrupole
and octupole strength from the LF decomposition in units of (σ4/τ and σ5/τ), respectively.
The entries N/A indicate that a certain moment was not found.

velocity. In all cases, the velocity decreases with respect to that of a swimmer where the

counter force is applied far away. When the counter-force point is too close, the effective

swimming speed is negligible. This is also partially due to the 3-point interpolation applying

the counter-force directly inside the volume occupied by the raspberry particle. Fortunately,

when the counter-force is applied more than 1 grid spacing away from the closest coupling

point, we found that the velocity U of the swimmer is dominated by the mobility µ‖ and

the value of F , i.e., U = µ‖F , and reasonable swimming speeds can be obtained. Table 6.3

provides the swimming parameters (specifically the value of l) that we used for the remainder

of our investigation. Our choice is based on a trade-off between stability and speed of the

swimmer (or equivalently, overall run time of the simulation).

The values of the measured and predicted speed (Upr = µ‖F ) in Table 6.3 illustrate

the speed reduction due to the counter-force being applied relatively close to the swimmer.

For a sphere the effect is most pronounced, since we have Upr = F/(6πηRh) ≈ 6.7 10−2 σ/τ ,

where Rh is the effective hydrodynamic radius (as discussed in §6.2), and we observe

U = 3.5 10−3 σ/τ . For the point, rod, and cylinder, on the other hand, Upr is comparable to

U , as these shapes experience less of an effect of the counter force. Also note that there can

be a measurable difference between the speed of a pusher and a puller for the same raspberry

particle, see the sphere entry in Table 6.3. This difference is caused by the asymmetry in

the way the forces are applied for the two types of swimming, as shown in Fig. 6.1a, and
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Figure 6.2: Legendre-Fourier mode decomposition of the flow field around a puller-type
rod-shaped raspberry swimmer. Log-log plot of the first four radial modes obtained by our
averaging and decomposition procedure: ur,1 (red), ur,2 (green), ur,3 (blue), and ur,4 (black).
The dashed curves show the LB data, while the gray curves show the power-law fits to this
data. The thick gray vertical line indicates r = l.

is most strongly revealed for the simulations where the counter-force point is close to the

swimmer. Finally, it should be pointed out that we averaged U over several periods of the

oscillations resulting from the lattice interpolation, see Ref.392 for a discussion. The deviation

from this average was found to be limited to less than 5%.

6.3.2 The Legendre-Fourier Decomposition

Fig. 6.2 shows a representative example of the LF decomposition of the flow fields for the

specific case of the rod-shaped puller. There are several points of interest. (i) The long-range

decay of each mode follows a power law. These decays are fitted using r−2, r−3, and r−4,

respectively, showing that the flow field can be well approximated by a dipole, quadrupole,

and octupole moment, to fourth order. (ii) For ur,1 Table 6.2 predicts a sum of r−n terms,

with n = 1, 3. However, there is clearly no r−1 term, signifying that there is no long-range

monopole moment, and the remaining decay is well captured using the r−3 term only. (iii)

Deviations far from the particle can be attributed to the periodicity of the simulation domain,

but are limited, as can be seen. (iv) The small r deviations from the expected power laws

mark the onset of the near-field region in the immediate vicinity of the swimmers. For

r < l, as indicated using the thick dark-gray line in Fig. 6.2, the projection onto LF modes
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integrates over parts of the fluid where the particle is present. For r ≈ l the maximum is

achieved, due to the counter-force point being included in the projection. (v) As explained in

§6.2.5 the ur,1 and ur,3 curves can be fitted to determine the value of B independently. (vi)

The value of C was extracted from ur,4 and verified against other modes that decay as r−4.

Table 6.3 lists the moments that were obtained using the decomposition. The error on the

fit is very small, but there are numerous sources of systematic error (interpolation, averaging,

etc.). From our analysis, we consider an estimated 15% error to be justified, which we arrive

at by considering the value obtained for the various modes.

We found quadrupole moments for both the rod and the cylinder using our LF decompo-

sition. For the point swimmer, there was no sign of a quadrupole moment, since the viscous

coupling and application of the counter force lead to a symmetric (albeit off-center from the

bead) force configuration. Surprisingly, for the sphere we could not establish a quadrupole

moment. The extent of the sphere, coupled with the off-center force/counter-force scheme

that we used, should result in a quadrupole moment. However, it is likely that it was too

small to be measured, despite the application of high forces for this swimmer. This leads us to

conclude that the shape anisotropy of the rod and cylinder is the primary reason behind the

large quadrupole moment. Spagnolie and Lauga238 relate the appearance of the quadrupole

moment to a length asymmetry between the body and flagellum in a mechanically propelled

swimmer. This interpretation lends itself to our data, as the shape anisotropic particle applies

force to the fluid over a much greater length than the counter-force point does. However,

Spagnolie and Lauga also claim that the size of the body induces a source dipole, which we

do not observe in our results. Finally, we found an octupole moment for all particles, save

the point swimmer (as expected). This implies that our model swimmers can be described by

a series of force multipoles only, rather than a combination of force and source multipoles.

6.3.3 Tracer Displacement by a Raspberry Swimmer

To verify our mode decomposition and demonstrate the utility of the raspberry-swimmer

model, we considered the displacement of a tracer particle in the fluid flow field generated

by a swimmer, as explained in §6.2.6. Fig. 6.3 shows a representative example of such an

displacement curve, in this case for the rod-shaped puller with a fitted coefficient A∗. The

value of A∗ could be fitted with an estimated error of 15%, due to the asymmetry in the

curve. The curve is far less sensitive to the value of the quadrupole and octupole moment,
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Figure 6.3: Displacement curve for a tracer in the flow field of a rod-shaped raspberry
swimmer. The parameters ∆x and ∆z show the amount of deviation from the tracer’s original
position as the swimmer, in this case a puller, moves through the box. The red curve shows
the result of our LB simulations, while the blue dashed curve shows the fitted theoretical
result. The numbers and magenta arrows indicate the way in which this curve is traversed by
the tracer. The inset shows a sketch of the trajectory of a puller-type swimmer (green arrow)
and the displacement of the tracer (red dot) that this effects.

because of their faster decay, which made it difficult to establish these moments from the

curve with any accuracy. A much smaller tracer-swimmer separation would be required to

measure the quadrupole moment and an even smaller separation for the octupole moment.

However, this too introduces difficulties due to the near-field deviations from the power-law

decay, as shown in Fig. 6.2.

Retardation effects cause the deviation observed on the left-hand side of Fig. 6.3; part (i)

of the trajectory. This is the part of the trajectory for which the swimmer moves towards the

particle. However, as the swimmer starts off in a quiescent fluid, it takes a finite simulation

time for the steady-state flow field to be established, which is reflected in that part of the

trajectory. Nevertheless, the fact that we can reproduce far-field tracer trajectories with a

high level of accuracy indicates that our method can be successfully applied to more complex

situations.
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6.4 Conclusion and Outlook

Summarising, we have introduced a new model to simulate anisotropic self-propelled colloids

with hydrodynamic interactions utilising the lattice Boltzmann method. Our LB model is

based on the raspberry-type viscous coupling method introduced in Refs.390,391 and recently

re-examined in detail in Refs.392,393. The raspberry particles are made to move by applying

a force along a unit vector that describes their orientation. The correct force-free flow

field is achieved by applying an opposing counter force to the fluid, see Fig. 6.1a. This

force/counter-force formalism is similar to the ones introduced in Refs.380,382,383. However,

we go beyond the level of description presented there to introduce the particle shape and size.

We verified that our raspberry swimmers model self-propelled colloids, by considering

four basic shapes: a point, a sphere, a rod, and a cylinder, see Fig. 6.1. We discussed the

creation of these swimmers, as well as the limitations of our method in detail. We introduce

and carefully detail a Legendre-Fourier mode decomposition of the steady-state flow field (in

bulk). This LF decomposition allowed us to determine the hydrodynamic moments of our

swimmers, by fitting the mode-space decays with characteristic power-laws. The exponent

of the decay for a specific mode is characteristic of a certain hydrodynamic moment. Using

this formalism, we found that there is no monopole moment, as physically required for a

force-free swimmer. The strengths for the series of higher-order moments were determined up

to the octupole term. Our LF decomposition formalism is sufficiently generic to be applied

to other swimmer bases as well and, for example, can be used to obtain the coefficient list for

a squirmer.

To validate our LF decomposition result, as well as providing a proof-of-concept application

of our simulation method, we considered the displacement of a tracer particle in the flow

field of a passing swimmer. The displacement curve allowed us to verify the dipole moment

predicted by the decomposition. The quadrupole and octupole moments could not be

verified in this fashion, due to their faster decay as well as near-field discretisation artifacts.

Fortunately, using the LF modes allows for internal verification of their strength. We observed

that anisotropy introduces a strong quadrupole moment into the flow field surrounding the

swimmer, as is expected.

The advantage of our raspberry-swimmer description over previously introduced mod-

els380,382,383 is that we obtain the hydrodynamic mobility tensor of our swimmers directly from
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the LB coupling, which ensures that the raspberry swimmers display the correct translational

and rotational behaviour in flow. In addition, our raspberries have a finite extent, which leads

to a more physical description of particle-particle collisions than can currently be achieved by

LB sub-lattice methods380,381. The coupling to the LB fluid makes it difficult to accurately

describe the near-field HI, which is also a limiting factor for other methods. However, our

raspberry method ensures that fluid flows around the body, provided that a sufficient number

of coupling points is used392. This allows us to capture the higher-order sub-dominant HI

terms, which can be of importance for the long-range flow field.

In chapter §7 we continue this work by considering the effect of the shape anisotropy

and the quadrupole moment on the motion of self-propelled particles in confining geometries.

The presence of such modes will prove crucial to the behaviour of such particles, despite

their much stronger decay compared to that of the dipole moment. Further extensions of the

formalism could include incorporating rotational contributions to the flow field, in a similar

spirit the work of Nash et al.380, as well as verification of the method for non-axisymmetric

shapes. Finally, the characterisation method of LF decomposition, as described here, can be

applied to determine the HI of complex swimmers, for which only numerical solutions to the

flow field exist. We therefore expect that raspberry swimmers and the methods developed in

this chapter will open the way for new directions in the study of active anisotropic particles.



CHAPTER 7

Understanding the Onset of Oscillatory Swimming

in Micro-channels

“The instruction we find in books is like fire. We fetch it from our neighbours,
kindle it at home, communicate it to others, and it becomes the property of all.”

Voltaire (1694–1778)

7.1 Introduction

We extend the Raspberry model swimmer of chapter §6 by including boundaries, as the loco-

motion of self-propelled particles typically occurs under confinement. Accurately describing

the effect of confinement on swimmers is of significant interest to understanding the behaviour

of micro-organisms and artificial micro-robots. In modelling these systems, hydrodynamic

interactions (HIs) are often ignored, which is a valid approximation in some cases, such

as when microbial swimmers’ run-and-tumble dynamics dominate (see §5). However, HIs

can play an important role, e.g., see Refs.205,253,362,403,404, and therefore cannot be a priori

ignored in modelling. Recent experiments on self-phoretic colloidal swimmers have shown

that their orientation is strongly influenced by HIs due to the presence of a wall405. However,

there is ongoing debate on the importance of near-wall effects and the level at which to

truncate the hydrodynamic moment expansion238.

A specific example of this are the helical and oscillatory trajectories of single swimmers in

confining geometries as observed experimentally by Jana et al.403 and in simulations221,389,406.

137
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Such oscillatory trajectories appear to be common place, having been reproduced by many

models, and independent of specific swimmer type. However, a physical understanding of

these oscillations remains wanting. It is indisputable that the oscillations do not arise simply

from the lowest order hydrodynamics, which result in direct attraction to surfaces246, while

the inclusion of higher-order modes can lead to more complex behaviour238,407. Although

observed in confined quiescent fluids, these oscillatory trajectories are reminiscent of those

observed in the rheotaxis of swimmers subjected to external flows214, which result primarily

from the interplay between the flow and persistent particle motion due to self-propulsion.

Zöttl and Stark219,239 indicate that near-field lubrication theory can be used when there is

no externally applied flow to describe such trajectories. Yet, the observations of Zhu et al.

demonstrate that oscillatory trajectories arise in a channel that is three times as wide as

the self-propelled particle. Additionally, the trajectories of squirmers close to single walls in

quiescent fluid show oscillations216, which have been explained by the competition between

far-field HIs and short-ranged wall-swimmer potentials217. Thus, there is a clear need to

establish to what extent the observation of oscillatory trajectories in systems with confinement

originate from a near- or far-field effect and, in conjunction, to assess the importance of

higher-order hydrodynamic modes.

In this chapter, we demonstrate that the onset of time-varying oscillatory trajectories

in systems confined within a channel and without external flow can be well-understood

using far-field theory, as discussed in §4. We investigate the specific case of two parallel

infinite plates that enclose the fluid and a single rod-shaped swimmer, using our lattice-

Boltzmann (LB) ‘raspberry’ force/counter-force formalism (see §6 and Fig. 7.1; insets). We

have previously shown that the rod-shaped LB swimmers have well-defined higher-order

hydrodynamic moments; see Table 7.1 for representations of the first five moments. These

simulations conclusively show that a puller-type rod that starts far from the wall but off-

centre follows a damped oscillatory trajectory towards the middle of the channel, whereas a

pusher-type rod moves between the walls along a sinusoidal path with increasing amplitude.

Surprisingly, the oscillations are observable even for plate separations as great as ten times

the length of the rod. We explain these observations within the framework of our far-field

hydrodynamic theory: the dipole and octupole moments induce hydrodynamic forces towards

the centre (puller) or towards the walls (pusher), while the quadrupole moment causes pure

oscillatory motion. The oscillatory trajectories within plate confinement thus provides an
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Figure 7.1: The trajectory of swimmers between two parallel plates with separation H. The
horizontal displacement x and vertical position z are given for a swimmer that is initially
oriented parallel to the walls and at z = 1σ, with σ the MD unit of length (LB lattice size)
and z = 0 the centre of the channel. (a) The results for pushers: rod for H = 13σ (red, solid),
cylinder for H = 40σ (blue, dashed), and rod for H = 50σ (green, dots). The inset shows a
schematic representation of the raspberry rod-swimmer (scaled for H = 13σ), the force is
indicated in red and counter force in blue. (b) The results for pullers, otherwise the systems
are the same. The ESI contains a companion figure showing the evolution of the angle φ for
these swimmers.

indirect means to characterise the hydrodynamic properties of swimmers, which would grant

access to moments beyond those that can be obtained from lattice swimming408 or tracer

paths (see §6). This chapter is accompanied by an Electronic Supplementary Information

(ESI) file at URL409.
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7.2 LB simulations

We consider two raspberry swimmers (rod and cylinder) to study the movement of shape-

anisotropic swimmers under confinement using the ESPResSo LB implementation (see insets

in Fig. 7.1 and model details in §6). These raspberry particles are placed in a fluid between

two parallel (no-slip) bounce-back plates, with normals in the êz direction, separated by

a distance H. The fluid domain is periodic in the other two (xy) directions. The vertical

position of the swimmer’s centre of mass (CM) is indicated using z ∈ [−H/2, H/2], with

z = 0 the middle of the channel. Lateral displacement is given by x and measured from the

swimmer’s initial position (x = 0) — our trajectories are straight in the xz-plane. Finally, the

angle of the swimmer’s director ps with the plate normal êz is given by φ ∈ [−π/2, π/2], with

φ = 0 swimming parallel to the plates. To prevent the swimmers from penetrating the wall, a

short-ranged (almost hard) Weeks-Chandler-Anderson (WCA) interaction is imposed between

the raspberry swimmers and the walls (ESI). This wall-swimmer interaction is necessary as

our LB algorithm does not explicitly account for near-wall lubrication corrections392. All of

the results shown in the main text employ a WCA diameter d = σ, with σ the LB lattice

spacing. We limit the swimming speed to ensure the low Reynolds number regime, Re < 0.01.

Fig. 7.1 and the supplemental movies (ESI) demonstrate the onset of oscillatory tra-

jectories. These are representative sample swimmer trajectories, where the swimmers start

off-centre and oriented parallel to the plates. Both the rod and cylinder models of pushers and

pullers display time-varying oscillatory behaviour. In the specific case of our rods, the wave-

length of the oscillations is λ ≈ 4H. All pushers move towards the wall and the pullers move

towards the centre of the plates. After only a few periods, the pullers move along the centre

line of the channel whereas pushers arrive in the near-wall region, where swimmer-specific

details and lubrication corrections are required to accurately predict dynamics. Oscillations

are observed for all cylinder and rod swimmers in plate separations that we could simulate

(5σ ≤ H ≤ 50σ). The rod is ∼ 5σ in length, thus the oscillatory trajectories arise in systems

with a channel height to particle size ratio up to at least 10.

To verify the generality of the initial oscillations, we considered several initial positions z

and orientations φ for rod pusher and puller swimmers. We found that depending on the type

of swimmer and its initial position/orientation, several oscillations in the physical regime can

be observed, before near-wall effects cannot be ignored. We further showed that oscillations
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Rod Cylinder

⇓ Coefficient LB theory LB Theory

κ ±0.013 ±0.0153 ±0.027 ±0.0312
ν 0.038 0.0294 0.21 0.194
µ 0.0 0.0 0.0 0.0
o1 0.0 0.0 0.0 0.0
o2 ±0.113 ±0.1256 ±2.11 ±2.176
vs 0.0025 0.0025 0.0010 0.0010

µκ ν ο
1

ο
2

Table 7.1: Multipole moments of the swimmer-generated flow field for the two swimmer
types: the rod and the cylinder. The columns labelled ‘LB’ provide the values measured
in Chapter §6 by means of Legendre-Fourier decomposition in a close-to-bulk system with
periodic boundary conditions. The columns labelled ‘theory’ provide the moments fitted from
the trajectory in our confining geometry by using the theoretical model (Eq. 1.45). Values
are given in LB simulation units, and the positive/negative signs correspond to puller and
pusher swimmers, respectively. The bottom row shows representations of the flow field of the
first five hydrodynamic moments in bulk: dipole κ, quadrupole ν, source dipole µ, source
octupole o1, and octupole o2. The arrows are stream lines and the colors indicate flow away
from (red) or towards (blue) the swimmer.

for rod-like swimmers appear for a large range in rod aspect ratios (ESI). At long times the

LB pusher rods display a limit cycle, whereas the pusher cylinder does not. To what extent

such a limit cycle (Fig. 7.1a; solid red curve) or sliding dynamics (Fig. 7.1a; dashed blue

curve) might be physical is not considered here, as algorithmic artifacts close to the walls

impact the near-wall dynamics. The ESI provides a discussion of these limitations and this

work does not confirm their physical nature406. However, our results establish that the initial

oscillations before the rod comes close to the wall (a proximity of ∼ 2σ) are physical. It

is this onset of oscillatory trajectories that we concern ourselves with here and subject to

theoretical analysis in the following.

We study the raspberry particles theoretically using our multipole swimmers (§1.3.1).

The shapes of its multipole flows (Eq. 1.32) in bulk are shown in Table 7.1. The effect of the

confining walls (two parallel no-slip plates) is accounted for by the method of images, where

we truncate the approximation after four image systems on each side of the micro-channel.

Subsequently, the hydrodynamic interactions with the surfaces are calculated (§4).
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7.3 Results

To predict the swimmer dynamics of Fig. 7.1 theoretically, we integrate the equations of

motion (1.45–1.46). Here, we use the same swimming speed and initial conditions as in

the LB simulations, but we allow the multipole coefficients to vary about their measured

values. We can thus fit the multipole coefficients via a least-squares method. To obtain the

best agreement with the measured trajectory, we used the four initial oscillations (ESI). The

3rd and 5th columns of Table 7.1 show the multipole coefficients found in this manner for

swimmers of the rod and cylinder type, respectively. Using only a single oscillation leads

to a change in the fitted values of ∼ 20%, showing our method to be robust and requiring

only fragments of a trajectory to be effective. In addition, we verified that the result of

the fitting was independent of the height H of the channel, eliminating the possibility of

boundary artifacts. In chapter §6 we obtained the multipole coefficients directly from the flow

field of the swimmers in our LB simulations by means of projection via a Legendre-Fourier

decomposition. These values are listed in the 2nd and 4th columns of Table 7.1, respectively.

The projection was carried out in the absence of confinement, using a large simulation box

with periodic boundary conditions, for which the finite-size effects differ strongly from those

of the confining geometry. There is excellent correspondence between the two measurements

of the hydrodynamic moments for both swimmer shapes. This demonstrates the applicability

of far-field theory to describe the onset of the observed oscillatory trajectories. The far-field

result is accurate until the swimmer-wall distance becomes too small.

Let us now focus on the general features of the theoretical model and analyze the impact

of the various hydrodynamic moments on the motion of the swimmer. Firstly, our calculations

confirm that the pusher swimmer (κ > 0) undergoes oscillatory trajectories that move away

from the centre of the channel, and pullers (κ < 0) converge towards the centre line. However,

oscillations about the centre only occur if the quadrupolar terms are included, and the

oscillation wavelength decreases with the associated quadrupolar coefficients ν and µ. A

spherical swimmer with ν = µ = 0 (§6) does not display such oscillations. The octupolar

contributions further control the damping and growth of the trajectories, where the positive

signs of o1 and o2 correspond to motion towards the boundaries. The aspect ratio γ leads only

to a second-order correction in the theory. That is, the hydrodynamic moments dominate

the dynamics of the swimmer, therefore rods with different aspect ratios still show similar
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Figure 7.2: Trajectories of swimmers in (φ,z) phase space, for a rod-type pusher (a) and
puller (b) with a wall separation of H = 13σ. The LB simulation data are shown as thick,
dashed, blue and red lines. The theoretical predictions are superimposed as black arrows.

oscillations (ESI).

The dynamical system can be understood further by considering the motion of the

swimmer in phase space. Due to the translational invariance in the x and y coordinates, the

equations of motion can be reduced to two coupled first-order PDEs in (φ,z) space, next to

the uncoupled equation for the x coordinate. Fig. 7.2 shows the LB swimmer trajectories in

phase space, superimposed with the theoretical model, where the fitted multipole moments

in Table 7.1 have been used. The dipolar term leads to a star-type fixed point (curves

radiating from a point) at the origin, that is stable for pullers and unstable for pushers.

The oscillatory motion due to the quadrupolar contributions corresponds to a circle-type

phase-space trajectory (closed loops around a point) centred on the origin. Together the dipole

and quadrupole produce a spiral. For pushers, the trajectories spiral outwards (Fig. 7.2a),

and inwards for pullers (Fig. 7.2b). The theoretical predictions do not show a limit cycle in

Fig. 7.2. Both the far-field framework and the LB method are unable to adequately capture

hydrodynamic interactions in the near-wall region and further study of this region, where

both lubrication corrections219 and short-ranged potentials217 can play a role, is required.

Our result shows that movement of a swimmer under confinement can in principle be

used to quantitatively determine the hydrodynamic moments, even up to the octupolar

moment as shown here. Specifically, about one period is the minimum path length required

to fit these modes to the theory with discrepancy less than ∼ 20%. This suggests that
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Figure 7.3: Illustration of the mechanisms of oscillatory swimmer motion in micro-channels.
(a) Quadrupolar moment only. The HI rotates the swimmer away from the nearest wall
resulting in an oscillatory trajectory. (b) Quadrupole and puller-type dipole. The dipole
pushes the swimmer away from the nearest wall, decreasing the oscillation amplitude.

our method has applicability to experimental systems where thermal noise and tumbling

can effect the trajectory. The presence of these sources of noise would require ensemble

averaging trajectories in (φ, z) space, which can then be fitted using our procedure. Noise

also implies that parts of the trajectory will occur many times during measurements, meaning

the near-wall dynamics in which we observed a limit cycle, does not play an important role.

One simply averages many different trajectories away from the wall to improve the fitting

statistics.

7.4 Physical intuition

A physical intuition for the onset of oscillatory swimming can be distilled from the LB

simulations and far-field hydrodynamic description by considering the trajectory of a swimmer

initially set at z0 near the centre line and oriented parallel to the walls (Fig. 7.3). Since

our raspberry swimmers have large quadrupolar moments (ν ∼ 10−1), we first consider only

the flow fields generated by the positive quadrupole. This flow serves to rotate the swimmer

away from the nearest wall, as shown schematically in Fig. 7.3a. The continual rotation

away from the nearest wall establishes the oscillations. By linearly expanding the equations

of motion about the centre line, the micro-swimmer dynamics can be captured by a linear

system of coupled differential equations (ESI). Whenever there is only a quadrupolar flow

field, the trajectory is approximated to be simple oscillatory motion z (t) ≈ z0 cos (ωt) with

angular frequency ω = 4
(
3νvs/H

5
)1/2

and wavelength λ ≈ 2πvs/ω. Although µ = 0 in this

study, a source dipole moment also leads to simple oscillations (ESI). This also theoretically

explains the observations of persistent oscillations for neutral squirmers made by Zhu et
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al.221, even though there are differences in the confining geometry.

Next we add the dipolar term to the expansion, which yields

z (t) ≈ z0e
αt cos (ωt) (7.1)

where α = 3κ/H3, which is negative for pullers. The dipolar term also modifies the frequency

ω due the wall-induced rotation ΩHI, but this effect is negligible if ν � 81κ2/ (48Hvs), which

is the case here. A pusher also obeys Eq. 7.1 but with α > 0 and exponentially growing

amplitudes, which leads to a rapid breakdown of the near-centre line assumption. The

sensitivity of oscillations to channel height is unmistakable in the exp
(
H−3

)
-dependence of

Eq. 7.1 reflecting the fact that the essential hydrodynamic moments are high order. Whereas

higher order moments are required to predict the oscillation wavelength and damping factor

quantitatively, the dipolar and quadrupolar moments can be fit from the dynamics using (7.1)

with a error margin of ∼ 40% compared to the LB-measured values. Hence, Eqs. 1.32, 7.1

allow for characterisation of the swimmer’s hydrodynamic properties based on experimental

trajectories and can be readily transferred to the observations made by Zhu et al.221. Likewise,

LB raspberry simulations can be extended to more complex 3D geometries such as square

channels and round tubes, in which we observed helical motion (ESI).

7.5 Conclusion

In conclusion, we have studied the onset of oscillatory motion of swimmers in micro-channels

without externally applied flow and in an otherwise quiescent medium using both LB simula-

tions and hydrodynamic theory. The pusher-type swimmers follow a sinusoidal trajectory

with increasing amplitude, whereas pullers perform a damped oscillation towards the centre

of the channel. Our results and previous observations of such phenomena221 can be explained

by our theoretical model, which uses far-field hydrodynamics only. We conclude that the

onset of oscillations can be described without taking into account near-wall lubrication effects

as has been previously presumed219 provided that a quadrupole moment (or source-dipole)

is accounted for in addition to the primary dipole moment. To fully characterise particle

trajectories in relatively wide channels, many hydrodynamic moments are required, as high

as the octupole in our case. However, the excellent match of our trajectory-fitted moments

to those measured in bulk suggests that similar experimental measurements can be used to
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determine the hydrodynamic moment decomposition of micro-organisms or artificial swim-

mers. Our work stresses the relevance of far-field hydrodynamics in confining geometries

and thus opens the way for new studies that aim to exploit these insights in microfluidic

environments408. Future work will focus on the analysis of more complex force/counter-force

swimmers to model the richness in shape and hydrodynamic moments of experimentally

available swimmers.



CHAPTER 8

Discussion

“Words are but pictures of our thoughts.”

John Dryden (1631–1700)

Multiple aspects of ‘Hydrodynamics of Micro-swimmers in Complex Fluids and Environments’

are considered in this thesis. In §8.1 the main conclusions of these considerations are

summarised, and their potential impacts on biologically or industrially relevant situations are

discussed. Finally, §8.2 provides an outlook for research that I am currently working on or

propose to do in future.

8.1 Summary of conclusions

8.1.1 Chapter 2

In this chapter we consider tracer particle transport due to the flows created by a self-propelled

micro-swimmer, such as a swimming bacterium, alga or a microscopic artificial swimmer.

Recent theoretical work has shown that, as a swimmer moves in the fluid bulk along an

infinite straight path, tracer particles far from its path perform closed loops, whereas those

close to the swimmer are entrained by its motion. However in biologically and technologically

important cases tracer transport is significantly altered for swimmers that move in a run-and-

tumble fashion with a finite persistence length, or/and in the presence of a free surface or a

solid boundary. Here we present a systematic analytical and numerical study exploring the

147
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resultant regimes and their crossovers. Our focus is on describing qualitative features of the

tracer particle transport and developing quantitative tools for its analysis. Our work is a

step towards understanding the ecological effects of flows created by swimming organisms,

such as enhanced fluid mixing and biofilm formation.

8.1.2 Chapter 3

Interactions between microorganisms and their complex flowing environments are essential in

many biological systems. In this chapter we develop a model for micro-swimmer dynamics in

non-Newtonian Poiseuille flows. We predict that swimmers in shear-thickening (-thinning)

fluids migrate upstream more (less) quickly than in Newtonian fluids and demonstrate that

viscoelastic normal stress differences reorient swimmers causing them to migrate upstream

at the centreline, in contrast to well-known boundary accumulation in quiescent Newtonian

fluids. Based on these observations, we suggest a sorting mechanism to select microbes by

swimming speed.

8.1.3 Chapter 4

One of the principle mechanisms by which surfaces and interfaces affect microbial life is by

perturbing the hydrodynamic flows generated by swimming. By summing a recursive series

of image systems we derive a numerically tractable approximation to the three-dimensional

flow field of a Stokeslet within a viscous film between a parallel no-slip surface and a no-shear

interface and, from this Green’s function, we compute the flows produced by a force- and

torque-free micro-swimmer. We also extend the exact solution of Liron & Mochon (1976) to

the film geometry, which demonstrates that the image series gives a satisfactory approximation

to the swimmer flow fields if the film is sufficiently thick compared to the swimmer size.

Concentrating on the thick film case, we find that the dipole moment always induces a bias

towards swimmer accumulation at the no-slip wall rather than the water-air interface, but that

higher-order multipole moments can oppose this. Based on the analytic predictions we propose

an experimental method to find the multipole coefficient that induces circular swimming

trajectories, allowing one to analytically determine the swimmer’s three-dimensional position

under a microscope.
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8.1.4 Chapter 5

Biological flows over surfaces and interfaces can result in accumulation hotspots or depleted

voids of micro-organisms in natural environments. Apprehending the mechanisms that lead

to such distributions is essential for understanding biofilm initiation. Using the formalism

developed in Chapter 4 we resolve the dynamics and statistics of swimming microbes within

flowing films, considering the impact of confinement through steric and hydrodynamic

interactions, flow, and motility, along with Brownian and run-and-tumble fluctuations. Micro-

swimmers can be peeled off the solid wall above a critical flow strength. However, the

interplay of flow and fluctuations causes organisms to migrate back towards the wall above a

secondary critical value. Hence, faster flows may not always be the most efficacious strategy

to discourage biofilm initiation. Moreover, we find the run-and-tumble dynamics commonly

used by flagellated microbes to be an intrinsically more successful strategy to escape from

boundaries than equivalent levels of enhanced Brownian noise in ciliated organisms.

8.1.5 Chapter 6

There are a plethora of active matter models that describe the behaviour of self-propelled

particles (or swimmers), both with and without hydrodynamics. However, there are few studies

that consider shape-anisotropic swimmers and include hydrodynamic interactions. Here, we

introduce a simple method to simulate self-propelled colloids interacting hydrodynamically in

a viscous medium using the lattice-Boltzmann technique. Our model is based on raspberry-

type viscous coupling and a force/counter-force formalism which ensures that the system

is force free. We consider several anisotropic shapes and characterise their hydrodynamic

multipolar flow field. We demonstrate that shape-anisotropy can lead to the presence of strong

quadrupole and octupole moments, in addition to the principal dipole moment. The ability

to simulate and characterise these higher-order moments will prove crucial for understanding

the behaviour of model swimmers in confining geometries.

8.1.6 Chapter 7

Self-propelled colloids (swimmers) in confining geometries follow trajectories determined by

hydrodynamic interactions with the bounding surfaces. However, typically these interactions

are ignored or truncated to lowest order. We demonstrate that higher-order hydrodynamic
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Figure 8.1: The flow field produced by a Raspberry swimmer oscillating in a micro-channel.
Streamlines are shown in white and the magnitude of the velocity field ranges between zero
(blue) and unity (red). This is a pusher-type swimmer with a force applied to the liquid
behind the swimmer body made of green drupelets.

moments cause rod-like swimmers to follow oscillatory trajectories in a quiescent fluid

between two parallel plates (Fig. 8.1), using a combination of far-field calculations and

Lattice-Boltzmann simulations of the raspberry swimmers developed in Chapter 6. This

behaviour occurs even far from the confining walls and does not require lubrication results.

We show that a swimmer’s hydrodynamic quadrupole moment is crucial to the onset of the

oscillatory trajectories. This insight allows us to develop a simple model for the dynamics near

the channel centre based on the higher hydrodynamic moments, and suggests opportunities

for trajectory-based experimental characterisation of swimmers’ hydrodynamic properties.

8.2 Outlook

It could be argued that the structure of the research presented in this thesis is based on a

’bottom-up’ approach. We started by looking at micro-swimmers with imposed swimming

trajectories, and afterwards the dynamics were allowed to vary. We then considered the

effects on the swimming dynamics of adding more and more terms; steric interactions with

the walls, hydrodynamics interactions, externally imposed flow fields, the inclusion of thermal

and biological fluctuations, and viscoelasticity. The advantage of this approach is that each

term in the model can be tuned and compared to individual experiments or simulations. The

hydrodynamic effects, for example, could be matched with simulations of Raspberry swimmers.

This way, the model parameters can be determined for a particular micro-swimmer, so that
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its behaviour in different circumstances can be predicted.

During the last year of the PhD more and more contacts were established with collaborators:

In particular with Joost de Graaf (University of Edinburgh), Anke Lindner (ESPCI Paris)

and Marco Polin (University of Warwick). I am very thankful for the experimental and

computational data they share, the valuable discussions we have, and for inviting me to their

labs in order to get closer to reality. Consequently a number of diverse projects emerged,

some of which are completed and some are work in progress:

With Anke we are trying to understand experiments on micro-swimmers in corners.

Microbial life is known to be connected tightly with surfaces, and in particular to cavities

and crevices where organisms are protected from harsh environmental conditions such as

externally imposed flows. With a new experimental technique of 3D tracking of individual

cells, we study the influence of different imposed flow speeds on corner accumulation and the

ability to swim upstream.

With Joost we have already published two papers, discussed in this thesis, on raspberry

swimmers. Since the LB algorithm allows to construct arbitrarily shaped swimmers and

swimmer environments, the next natural step to take in this study is to look at different

more complicated swimmer shapes and different geometries such as swimmers in a water

droplet or in a porous medium. Another interesting line of thought would be to include

swimmer-swimmer interactions and look at dense suspensions of organisms, for which very

non-trivial phenomena such as swarming have been observed.

With Marco we continue to investigate tracer displacement by Chlamydomonas algae.

The multipole expansion model we have used until now gives a good prediction of the flow

fields far away from the swimmer, but the model breaks down nearby. Therefore we have

constructed a new model that accounts for the finite size of the swimmer and its no-slip

surface. By matching the model parameters with experiments we aim to explain and quantify

the long entrainments of tracer particles close to the swimmer body.
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[389] H. Wu, M. Thiébaud, W.-F. Hu, A. Farutin, S. Rafai, M.-C. Lai, P. Peyla, and
C. Misbah. Amoeboid motion in confined geometry. Phys. Rev. E, 92:050701, 2015.
doi:10.1103/physreve.92.050701.

[390] P. Ahlrichs and B. Dünweg. Simulation of a single polymer chain in solution by combining Lattice
Boltzmann and molecular dynamics. J. Chem. Phys., 111:8225, 1999. doi:10.1063/1.480156.

[391] V. Lobaskin and B. Dünweg. A new model of simulating colloidal dynamics. New J. Phys., 6:
54, 2004. doi:10.1088/1367-2630/6/1/054.

[392] L. Fischer, T. Peter, C. Holm, and J. de Graaf. The raspberry model for hydrodynamic
interactions revisited, part i: Periodic arrays of spheres and dumbbells. J. Chem. Phys., 143:
084107, 2015. doi:10.1063/1.4928502.

[393] J. de Graaf, T. Peter, L. Fischer, and C. Holm. The raspberry model for hydrodynamic
interactions revisited, part ii: The effect of confinement. J. Chem. Phys., 143:084108, 2015.

http://dx.doi.org/10.1063/1.4918979
http://dx.doi.org/10.1017/jfm.2015.520
http://dx.doi.org/10.1146/annurev.fluid.36.050802.122049
http://dx.doi.org/10.1038/ncomms5913
http://dx.doi.org/10.1016/j.cub.2004.11.019
http://dx.doi.org/10.1073/pnas.1300895110
http://dx.doi.org/10.1098/rsif.2013.1160
http://dx.doi.org/10.1073/pnas.1016687108
http://dx.doi.org/10.1088/0953-8984/24/46/464130
http://dx.doi.org/10.1103/physreve.88.022311
http://dx.doi.org/10.1103/physreve.77.026709
http://dx.doi.org/10.1103/physrevlett.104.258101
http://dx.doi.org/10.1103/physrevlett.95.204501
http://dx.doi.org/10.1103/physrevlett.99.058102
http://dx.doi.org/10.1063/1.3594790
http://dx.doi.org/10.1088/1742-5468/2015/06/p06017
http://dx.doi.org/10.1088/1742-5468/2015/06/p06017
http://dx.doi.org/10.1063/1.2908078
http://dx.doi.org/10.1021/jp205018u
http://dx.doi.org/10.1039/c5sm01678a
http://dx.doi.org/10.1103/physreve.92.050701
http://dx.doi.org/10.1063/1.480156
http://dx.doi.org/10.1088/1367-2630/6/1/054
http://dx.doi.org/10.1063/1.4928502


Chapter 9. References 169

doi:10.1063/1.4928503.

[394] J. de Graaf, G. Rempfer, and C. Holm. Diffusiophoretic self-propulsion for partially catalytic
spherical colloids. NanoBioScience, 14(3), 2015. doi:10.1109/tnb.2015.2403255.

[395] S. Samin and R. van Roij. Self-propulsion mechanism of active Janus particles in near-critical
binary mixtures. Phys. Rev. Lett., 115:188305, 2015. doi:10.1103/physrevlett.115.188305.

[396] A. Ladd. Numerical simulations of particulate suspensions via a discretized boltzmann equation.
part 1. theoretical foundation. J. Fluid Mech., 271:285, 1994. doi:10.1017/s0022112094001771.

[397] D. Roehm and A. Arnold. Lattice Boltzmann simulations on GPUs with ESPResSo. Eur. Phys.
J. ST, 210:73, 2012. doi:10.1140/epjst/e2012-01639-6.

[398] H. J. Limbach, A. Arnold, B. A. Mann, and C. Holm. ESPResSo – an extensible simu-
lation package for research on soft matter systems. Comp. Phys. Comm., 174:704, 2006.
doi:10.1016/j.cpc.2005.10.005.

[399] A. Arnold, O. Lenz, S. Kesselheim, R. Weeber, F. Fahrenberger, D. Roehm, P. Košovan, and
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