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Abstract

This thesis investigates the image of modules of rational Cherednik algebra under the
KZ functor and its the compatibility with the unitarity conditions of modules of cyclotomic
Hecke algebras. The special case of type A has been well-studied in the literature. Here
we aim to generalize the result to rational Cherednik algebras of G(I,1,n) with generic
parameters, and postulate that the KZ functor preserves unitarity. The approach is via
the isomorphism between the KZ functor and the direct sum of generalized weight space
functors, which leads to the introduction of weighted Khovanov-Lauda-Rouquier (KLR)
algebras encoding the action of the intertwining operators. The cyclotomic Hecke algebra
whose representations are images under the KZ functor is isormorphic to the cyclotomic
KLR algebra as a subalgebra of the weighted KLR algebra. We use this subalgebra as
a bridge to discuss how the image of the direct sum of generalized weight space functors
becomes a representation of the cyclotomic Hecke algebra, and show that KZ(M.(\)) & VA7
for generic parameters. Then we pass the x-operation on the rational Cherednik algebra
to the cyclotomic Hecke algebra. We compare the x-operation with the star-operation that
defines unitarity of cyclotomic Hecke algebras. Furthermore, we prove a stronger statement

by equating the asymptotic signature of the Hermitian form 3., of rational Cherednik

algebras with the signature of Hermitian forms of cyclotomic Hecke algebras.
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0 Introduction

The KZ functor is a functor sending a module from Category O of a rational Cherednik algebra to
a representation of some cyclotomic Hecke algebra [2]|. This thesis studies the images KZ(L.(7)) of
simple modules L.(7) under the KZ functor of rational Cherednik algebra of G(I,1,n) and whether
the KZ functor is compatible with the unitarity conditions of modules L.(7) and KZ(L.(7)).

The direct computation of the image under the KZ functor is very difficult. We may study a
direct sum of generalized weight space functors Pg¢ pn Watfi:,l instead, which is isomorphic to the KZ
functor [25]. The generalized weight space functors W, + send modules of rational Cherednik algebras
to their generalized eigenspaces with respect to the generalized eigenvalues (a,t). Hence the question
of computing the image under the KZ functor becomes computing certain generalized eigenspaces.

The image under the KZ functor is a representation of the cyclotomic Hecke algebra. However, it
is unclear that why the direct sum of some chosen generalized eigenspaces forms a representation of
cyclotomic Hecke algebra. According to Webster [25], the direct sum of all generalized eigenspaces of
a modules from a rational Cherednk algebra is isomorphic to a module of the weighted KLR algebra,
where latter is extended from the concept of the KLR algebra. Moreover, the completion of the affine
Hecke algebra is isomorphic to the completion of the KLR algebra [24]. We combine the above two
aspects and find a KLR algebra as a subaglebra of the weighted KLR algebra, whose cyclotomic
quotient is isomorphic to the cyclotomic Hecke algebra. To simplify the computation, we assume that
the parameters are generic for both rational Cherednik algebras and cyclotomic Hecke algebras, It
turns out that the image under @4 pn Wad#l is exactly a representation of this KLR algebra and

hence of the cyclotomic Hecke algebra for generic parameters.

Theorem 0.1. Suppose the parameters are generic for both rational Cherednik algebras and cyclo-

tomic Hecke algebras. Then KZ(Lc(7)) = V™', where V™' is an irreducible representation of the

cyclotomic Hecke algebra.

The unitarity conditions of their representations of type A are already known [9], that is when
the parameter lies in an interval plus some isolated rational numbers. The result that the KZ functor
preserves the unitarity of L.(7) of type A rational Cherednik algebras for parameters ¢ € (—1, 3] [19]

inspires us to postulate the following conjecture.



Conjecture 0.2. The KZ functor preserves the unitarity if simple modules of rational Cherednik

algebra of G(I,1,n), that is KZ(L.(7)) is unitary of L.(7) is.

In order to discuss unitarity of modules of rational Cherednik algebras and cyclotomic Hecke
algebras, we need to define star operations on both algebras. Under the assumption that parameters
are generic for both algebras, we consider the image under the KZ functor as a subspace of the module
of rational Cherednik algebra and pass the star operation of the rational Cherednik algebra (called *-
operation) to the cyclotomic Hecke algebra via the weighted KLR algebra, and finally compare it with
the original star operation on the cyclotomic Hecke algebra. Unfortunately, the x-operation passed on
from the rational Cherednik algebra is different from the star-operation that defines unitarity in the
cyclotomic Hecke algebra. But it still gives us some insight into the KZ functor and the two Hermitian
forms involved.

Motivated by our inconclusive attempt to understand the KZ functor and unitarity, there is a need
for new directions. In addition, the converse of Conjecture 0.2 does not hold, i.e, for any simple module
L.(7) from Category O, the unitarity of the image KZ(L.(7)) does not imply the unitarity of L.(7).
To build a bridge that works in both ways, we may weaken the condition of unitarity and consider
the concept of quasi-unitarity introduced by Shelley-Abrahamson [18]. It is shown that if KZ(L.(7))
is unitary, then L.(7) is quasi-unitary for type A algebras. Relaxing unitarity to quasi-unitarity may
be the modification we need.

In order to define quasi-unitarity, Shelley-Abrahamson invented the concept of asymptotic sig-
nature for the modules of rational Cherednik algebras. It measures how large the positive-definite
portion is in the module when the degree goes to infinity. A module is quasi-unitary if the asymp-
totic signature is £1, i.e., either positive-definite or negative-definite part of the module dominates
the module when the degree goes to infinity. Hence unitarity implies quasi-unitarity. In the same
paper [18], a stronger statement is proved that the asymptotic signature of L.(7) is the same as the
signature of KZ(L.(7)) up to a sign for real reflection groups. Based on the evidence in the rational
Cherednik algebra of type A and cyclic groups, we postulate and prove the main result of the thesis

in Section 9.2 for generic parameters

Theorem 0.3. Let L.(7) be a simple module from Category O. Suppose the parameters of the
rational Cherednik algebra and the cyclotomic Hecke algebra are generic. The asymptotic signature

of L.(7) equals to the signature of KZ(L.(7)) up to a sign.



This theorem implies that for generic parameters the KZ functor preserves unitarity (Conjec-
ture 0.2), and L.(7) is quasi-unitary if and only if KZ(L.(7)) is unitary. However, cases of non-generic
parameters still requires further study.

The structure of the thesis is as follows. We introduce the basic concepts of rational Cherednik
algebras and their representations in Section 1. We define a star operation on the rational Cherednik
algebra H, denoted as *x-operation. There is a unique Hermitian form on the Verma module M such
that (v-m,m’) = (m,v* -m/) for v € H and m,m’ € M. The unique simple quotient of the Verma
module is said to be unitary if the Hermitian form restricted to this quotient is positive-definite. The
section is a review of [9], [8] and [2].

In Section 2, we study closely on the rational Cherednik algebra of G(I,1,n). In particular, we
study the intertwining operators and their action on the basis elements in simple modules. The section
is a review of [11], [12] and [13].

Section 3 gives a detailed description of the KZ functor and an example of H.(Z;,C). This section
is based on Section 4 of [2].

Section 4 introduces the diagrammatic algebra, i.e., the weighted KLR algebra and the generalized
weight space functor. At the end of the section, Theorem 4.20 establishes the direct sum of weight
space functors that is isomorphic to the KZ functor. This section is a review of [25], [23], [26].

Section 5 constructs the KLR algebra inside the weighted KLR algebra, whose completion is iso-
morphic to the cyclotomic Hecke algebra. Section 5.1 is my original work. The first half of Section 5.2
is a review of [24] and the second half is my original work.

In section 6, we compute the cyclotomic Hecke algebra whose representations are images under
the KZ functor. We prove Theorem 0.1 that is the images under the KZ functor are isomorphic to
irreducible representations of the cyclotomic Hekce algebra for generic parameters as Theorem 6.10.
This section is my original work.

In section 7, we compute the unitarity conditions of representations of cyclotomic Hecke algebras.
By comparing the unitarity conditions of representations of cyclotomic Hecke algebra and rational
Cherednik algebra, we show that in cyclic group and type B the KZ functor preserves the unitarity of
the representations of rational Cherednik algebra for generic parameters. This section is my original
work.

Section 8 passes the x-operation of the rational Cherednik algebra to the cyclotomic Hecke algebra



via the weighted KLR algebra. We compare the star operation defining unitarity of representations of
the cyclotomic Hecke algebra with the induced *-operation. Then we discuss the differences between
unitarity conditions for the representation of the rational Cherednik algebra and that of the cyclotomic
Hecke algebra. This section is my original work

In Section 9, we introduce the concept of quasi-unitarity and the asymptotic signature of Verma
modules. We prove Theorem 0.3 in Section 9.2. Section 9.1 is a review of [18] and Section 9.2 is my
original work.

Finally we conclude the paper with a brief discussion of the possible future research directions in
Section 10. We introduce the Gaussian inner product and discuss why it fails in the case of G(I, 1, n).
Moreover, the Janzten filtration may give us deeper understanding of the connections between the K%
functor and the zeroes of Hermitian forms that is filtered by their orders. This section is a review of

[18].

1 Rational Cherednik Algebras

This section introduces the rational Cherednik algebra and its modules. We define unitary represen-

tations and give examples at the end of the section. It is a review of [8], [9] and [2].

1.1 Basic Concept

Consider an n-dimensional complex vector space h with a positive-definite Hermitian inner product
(+;+)p- Let b* be the dual of h. We define T : h — bh* to be the anti-linear isomorphism such that
TW)(y') = (v, y)p for all y,y' € h. Then we define the inner product on h* to be compatible with
T, i.e., (z,2")p = (T (x), T71(2"))y for any z,2’ € h* under the inner product in h. We denote an
orthonormal basis of h as {y; | ¢ = 1,...,n} and the dual basis as {z; |i=1,...,n}.

Suppose that W is a finite subgroup of the group of the unitary transformations of h. An element
s € W is called a reflection if the kernel ker(1 — s) in the vector space h has dimension n — 1.
Equivalently, s is a reflection if it is conjugate to the matrix diag(A,1,...,1) for some root of unity A.
Let be the set of reflections. We define a W-invariant function ¢ : S — C such that for any g € W,
and s € S, c(gsg~!) = c(s). For simplicity, we will denote c(s) by c; .

For any reflection s, we can choose a vector o from im(1 — s) in h*. Because the dimension of

im(1 — s) is 1, ay is unique up to a scalar. Similarly, we can choose a vector ) from im(1 — s) in b.



Since the reflection s is conjugate to the matrix diag(), 1,...,1) for some non-zero A, as and o are

eigenvectors of s with non-trivial eigenvalues in b* and b respectively. Moreover, we know that T'(a)

is an eigenvector of s with some non-zero eigenvalue, which implies « is a scalar multiple of T'(aY).

Hence we have a, (o)) # 0. Let us choose a; and « such that as(a)) = 2. If we take As to be the

non-trivial eigenvalue of s in h*, then the non-trivial eigenvalue of s in b is A; 1.

Since the dimension of im(1 — s) is 1 in b*, we have (1 — s)(x) = dya; for any x € h* and some

constant d, € C. In order to compute the constant d,, we need to use the equation

(S(I)vas)h* = (mvsil(as))h* = (Iv/\glas)h* = /\S(x7a$)h* .

It gives

which implies that
d, =

Similarly, for any y € b, we have

1 =3)(y) = —5—as(y)a

We also need the following properties.

Lemma 1.1. If X, = Ca, and Y, = CaY, then we have X = ker(1—s) C h* and Y& = ker(1—s) C

Moreover, we have ker(as) = Y;5 C b and ker(a)) = X C b.

(1.1)

(1.2)

b.

Proof. For any z € ker(1 — s), we have (z, as)p+ = s(z) and s(as) = (as, Asvs)p+, which implies that

(1= A71) (@, ag)p= = 0. Since )\ is non-trivial, we have (x, ag)p = 0. As X+ and ker(1 — s) have the

same dimension, they are the same vector space. The same arguments can be applied for Y.

To prove the second part, consider y € Y-, then



— 1_7)\3_1(045, (1—=35)T(y))p-

=0. (1.5)
Since Y-, and ker(ay) also have the same dimension, they are the same. This can be applied to
ker(a)) as well. O

Now we are ready to define the rational Cherednik algebra using the above construction.

Definition 1.2. The rational Cherednik algebra H.(W, b) is the quotient of the algebra CW x T'(hdh*)

under the relations

[v,2'] = [y, 4] = 0, (1.6)
[y’x] = x(y) - Z Csas(y)x(a;/)s’ (17)
ses

for all z,2' € b* and y,y’ € b.

We can prove that sx = s(z)s and sy = s(y)s for all s € S, x € b*, and y € b, using the product
rule of the semi-direct product of two groups.

Let Sym(V) be the symmetric algebra of the vector space V. It is proved in Proposition 3.5
of [8] the PBW theorem, which is that H.(W,}) is isomorphic to Sym(h*) @ CW ® Sym(h) as vec-
tor space. Hence every element in the rational Cherednik algebra can be expressed as a sum of
xil xi{’y{l .. .ylng, where i1,...,in,51,-.-,jn €N, and g € W.

Now let us look at some examples.

Example 1.3. Suppose Z; = {s? | j =0,...,1 — 1 and s/ = s° = 1} is a multiplicative group with
identity 1, h = C(y), and h* = C(x). Let ¢ be an I-th primitive root. The elements of the group W
act on h by s7 - v = (Ju, for s7 € W and v € h. This defines an action of Z;. For any s € W and
j #0, s7 is a reflection. We can choose a,; = o = V2z and asvj = a;-/ = /2y with eigenvalues ¢~/

and (7 respectively. Hence the commutation relation becomes

ly,z] =1— Z cjaj(y)x(ajv)j =1- Z 2¢js; . (1.8)

J#0 J#0



Example 1.4. Suppose W is the symmetric group 5,, and h = C". We know that h has a standard
basis {y1,...,Yn}. Then h* = C" has a dual basis {z1,...,2,}. The reflections of S,, are s;; = (1, ),
where 1 < i # j < n. Since all the reflections are conjugate, ¢ is a constant map. We can choose

Qj = o, = o — 5 and a;/j =aY =y — y;. Then we have A\;; = A;,, = —1. Therefore the rational

Sij Sij

Cherednik algebra is generated by {x1,...,2n}, {y1,...,Yn}, and W with the relations

[i, 2] = [yi,y;] =0, (1.9)

[yi,.’L‘i] =1-c Z Sij s (1.10)
i#]

[yi,xj] = CSjj for 1 7& j . (111)

1.2 Dunkl Embedding

If we think of the elements in h as differential operators on polynomials of € h*, then we can have
an alternative definition of the rational Cherednik algebra in terms of differential operators. It gives
an intuitive way of understanding the action of b, and allows for straightforward computations later.

Let breg be the set of the regular points of h, which is the set of the points not fixed by reflections
in W. Let D(hyeg) be the ring of the differential operators on hyes. Then we can define the Dunkl

operator as the following.

Definition 1.5. For any y € b, we define the Dunkl operator D,, € D(hyes) X W by

2¢s sy
Dyzay—zl_)\%u—s), (1.12)
sES s s

where 0, denotes the partial differentiation with respect to y.
By Proposition 2.15 in [8], we have the following lemma.

Lemma 1.6. For any x € h* and y,y’ € b, we have

Dy, 2] = 2(y) = Y csas(y)z(ay), (1.13)

ses

[D,,Dy] =0. (1.14)



Remark. Lemma 1.6 tells us the Dunkl operators and x have the same commutation relation with x

and y in the rational Cherednik algebra.

Let A be a filtered algebra over field k, ie., k = FPA C F'A C ... and |J; F'A = A. We define
the Rees algebra of A to be Rees(4) = @;-, F'A. The semi-product CW x D(byeg) has a natural
filtration given by setting CW x C[h,¢4] in degree zero and § in degree one. We define H to be the
subalgebra inside Rees(CW x D(h,eg)) generated by = € h*, g € W, and D,, for y € ) with respect to

this filtration. Then we have the following theorem from Proposition 3.2 in [8].

Theorem 1.7. The subalgebra H is isomorphic to the rational Cherednik algebra H, (W, ).

1.3 Modules of Rational Cherednik Algebras
1.3.1 Verma Modules and Category O

Suppose 7 is an irreducible representation of W. We can define the Verma module of the rational
Cherednik algebra as

M(1) = Ho(W,h) @cw xsym(p) T (1.15)

where h acts on 7 by zero. We may view M.(7) = Sym(h*) ®c 7 as an Sym(h*)-module. As a result,
every element in the Verma module can be written as a sum of xil c.xin o for my,..., 2, € B,
i1,...i, € Nand v € 7. A quotient of M. (7) is called a lowest weight module with lowest weight 7.

Now we introduce the Euler element h by

h = Z Ty + dim(h) _ Z 2 . (1.16)

2 = 1—As

According to Proposition 3.18 of [8], we have the following equations.

[h,z] =z, (1.17)

h,y] = —y. (1.18)

One of the properties of Euler element is in the following proposition.

Proposition 1.8. The Euler element h acts semi-simply on M.(7), and hence on every lowest weight

module M.



Before proving the above proposition, we need to consider the following lemma first.

Lemma 1.9. The sum ) ¢ 12_%5 is in the center of CW.

Proof. Tt is sufficient to prove the result for g € W,

(5 5 -

ses seS
gsg—ltes 1- Ags@il
2
=3 f/\ s (1.19)
ses 8

Now we are well-equipped to prove Proposition 1.8.

Proof of Proposition 1.8. Let v € 7. We have

ses

By Schur’s Lemma, we know that if z € CW is in the centraliser of W, then it acts on any irreducible
module 7 by a scalar. We denote this scalar by z ‘T.

Because y; acts on 7 by zero and Lemma 1.9 is true, we have
h-v=nh.(r)v, (1.21)

where the eigenvalue h.(7) is

dim(h 2¢cy
he(r) = ( 2( ) -2 1—/\SS‘T> '

ses

Assume that the dimension of § is n. Our goal is to use mathematical induction to prove

h-z ...zl @v = (N + he(r))v, (1.22)

~10 -



where 2?21 i; = N. We already have the base case of N = 0. Suppose it is true for N > 0. Suppose

the sum Z;’:l ij equals N + 1. Without loss of generality, we assume that i; > 0. Then we have

, _— _—
h-zl'. ..oy @u=[hz]z}' ...y @u+aziha]' ™ ... Qo
_ 21 —1 7 71—1 7
=x1-27 o @uA a1 (N 4+ he(r))2x] ™ o Qo

= (N +1+he(r))zl .. .zir@v. (1.23)

Therefore, by mathematical induction, (1.22) is true for any N € N. We conclude that h acts semi-

simply on M.(7). O

Remark. By Proposition 1.8, we may grade the Verma module M.(7) by the following

deg(z) =1 for xzebh”, (1.24)
deg(y) = —1 for yebh, (1.25)
deg(v) =0 for ver. (1.26)

With respect to the above grading, the defining relations of rational Cherednik algebra are homoge-

neous. Then h acts on the elements of degree N by the scalar N + h.(7).

Proposition 1.10. There exists a unique smallest quotient L.(7) of M.(7). Equivalently, there exists

a maximal proper submodule of M.(7) .

Proof. Tt suffices to prove that there exists a maximal proper submodule of M. (7). Let N be a proper
submodule of M. (7). Since 7 is an irreducible representation of W, CW -v = 7 for any nonzero v € 7.
Hence if any v € 7 is also belongs to N, then H.(W,§)-v = M.(7) is a submodule of N, which means
that N = M.(7). As a result, the degree zero elements are not in any of proper submodules, hence
not in their sum. Let J be the sum of all the proper submodules. Then J is the maximal proper

submodule and we are done. O

Because of the triangular decomposition by PBW theorem, we can introduce the concept of the
Category O for rational Cherednik algebras, borrowing the idea of Category O in Lie algebras [2]. We
say that a module M is locally finite over Sym(h) if Sym(h) - m is finite dimensional for all m € M. A

module M is locally nilpotent over b if there exists some N >> 0 such that h™ -m = 0 for each m € M.

— 11 -



Definition 1.11. We then define Category O to be the subcategory of H.(W, h)-modules whose objects
are finitely generated under the action of Sym(h*), locally finite under Sym(h) and locally nilpotent

over b.

Lemma 1.12. For all 7 irreducible representations of W, the modules M.(7) and L.(7) belong to

Category O.

Proof. Suppose the dimension of § is n. Let {y1,...,yn} be a basis of b, and {z1,...,2,} the dual

basis of h*. Any element m € M.(7) can be written as a sum

m = Z .z @u. (1.27)

T1yeebn
vET

We can pick an element in the sum with the highest degree j. The commutation relations tell us that

y; always lowers the degree by 1. Hence y’fl oyl

eliminates m for any Z:=1 ks > j. It shows that
M. (7) is locally nilpotent, and so are all its quotients. Since 7 is finite dimensional, it is obvious that

M. (7) is finitely generated by Sym(h*). O

Recall that the Euler element h acts semi-simply on the Verma modules M. (7). We have a similar

property for any M in Category O by Lemma 2.4.3 in [2].

Proposition 1.13. Any object M in Category O can be decomposed into a direct sum of generalized
h-eigenspaces, i.e.,

M= M., (1.28)

zeC

where M, = {m € M | 3 N € N such that (h — 2)¥m =0.}.

By the universality of the Verma modules, we have the following proposition from Lemma 2.6.2

in [2].

Proposition 1.14. The set {L.(7) | 7 irreducible representation of W} is a complete set of non-

isomorphic simple modules of Category O.
According to Proposition 1.10, the following proposition can be derived as in Corollary 2.8.7 of [2].

Proposition 1.15. Category O is semi-simple if and only if M.(7) = L.(7), for all irreducible repre-

sentation 7 of W.

- 12 —



Remark. If the function ¢ = 0 is the zero function, then we have H.(W, ) = D(h) x W whose modules
form the precise category of W-equivariant D-modules on . From now on, we will assume that ¢ # 0

for the rest of the paper.

1.3.2 Unitary Representations

Unitary representations are very important in many aspects of mathematics and physics. In unitary
representations, each element from the group becomes a unitary operator, which preserves magnitudes
of vectors. It is widely applied in quantum physics. Unitary representations of rational Cherednik
algebras are previously studied by many mathematicians such as Etingof, Stoica and Griffeth. The
unitarity condition of rational Cherednik algebra of type A can be found in [9]. Griffeth described
unitarity representations of rational Cherednik algebra of G(I, 1, n) combinatorially in [13]. This section
introduces the concept of unitary representations, reviews previous results and presents the problem
of determining when a representation is unitary.

A star operation is an anti-linear anti-automorphism on a C-algebra. It is usually denoted by * or
*, whose actions are denoted by a* or a* respectively. In order to define unitarity, we need to define
some Hermitian form with respect to a star operation on the rational Cherednik algebra. Let ¢' be
the function that c{ = ;== . Given by Proposition 2.2 in [9], the following proposition is the key to

define the unitary representations of the rational Cherednik algebra.

Proposition 1.16. Suppose the parameter ¢ satisfies ¢/ = ¢. There exists a unique W-invariant Her-
mitian form S, , on M.(7) such that it coincides with the Hermitian form (-, -) ‘T of the representation

7 in degree zero, which satisfies the contravariance condition

Bc,r(y -m, m/) = ﬂc,‘r(ma T(y) . ml) (129)

for all m,m € M.(7) and y € h. The kernel of 3., coincides with the maximal proper submodule

Je(1) of M.(T). So B - descends to a non-degenerate form S, ; on the quotient L.(7) = M.(7)/J.(7).

Definition 1.17. We define a star operation on the rational Cherednik algebra by extending
1

y—=T(y), x— T (z), s st

for any z € h*, y € h, and s € S. It is called the x-operation.

~ 13—



Remark.

1. The contravariance condition in Proposition 1.16 can be generalized to any element in H.(W,§)
under the x-operation, i.e.,

Ber(a-m,m’) = Ber(m,a* -m') (1.30)
for all m,m’ € M.(r) and a € H.(W,}).

2. Given two elements m,m’ € M.(7)), Bcr(m,m’) # 0 implies that m and m’ have the same

degree. In other words, if m and m' have different degrees, then the form J., must vanish.
Let C be the set of all W-invariant function ¢ : S — C such that ¢ = ¢f.

Definition 1.18. For ¢ € C, the representation L.(7) is said to be unitary if the form 3. ; is positive-

definite on L.(7). Moreover, we say M.(\) is unitary if L.(A) is.

Definition 1.19. We define U(7) to be the subset of C' such that L.(7) is unitary, and define U*(7)

to be the subset of U(7) where ¢ is a constant.

The set U(7) is one of our main interests of study in this area. In particular, we want to find the
relation between ¢ and 7 that makes the simple module L.(7) unitary. Although the general relation
is not fully understood, we can demonstrate the relation in some special cases with the examples in

the next section.

1.3.3 Examples of Unitary Representations

Example 1.20. Cyclic group of order I: Z;

Let W = Z;, h = C(y), and h* = C(z) where T(y) = x, just like in Example 1.3. Let ¢; denote
the function value ¢(j), for all j = 1,...,1. Let 7 be the trivial representation of W. We would like
to determine the set U(7). We know from the last section that as an Sym(h*)-module, the Verma
module M. (7) satisfies

MC(T) = C[Z‘] ®Sym(h)><1VV T = (C[J?} . (1'31)

Then we normalize 3. , such that 8. ,(1,1) = 1. If we define ay, to be 3. . (z*, z¥), then we can compute
ay, inductively using

ap = Bc,r(xka xk) = Bc,‘r(l’kilv (Tﬁlw)xk) . (132)
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Claim. We have the equation
k 1 - C Jk k
yrb = | k-2 § e (1.33)

for k € N.

Proof. We can prove this claim by induction. In the case of k = 1, y and j act on elements of degree

zero by 0 and 1 respectively. So by definition we have
yr=zy+1-Y  ciai(y)a(af)g
J#0
=1-2) ¢. (1.34)
J#0
On the other hand, when k equals to one, the right hand side of (1.33) is
1— ¢k
k— 221_<j G =1-2Y ¢. (1.35)
J#0
As (1.34) and (1.35) give the same result, we have shown that (1.33) is true for k = 1.

Suppose it is true for the case k — 1 > 0, we have

k k—1

yr® =yr-x —xy-mk_l—i—xy-xk_l

= [y, e + a(ya" )

k-1 C itk—1) k-2
= 1—22cjj " 4 —1—22:0] — "
J#0
k-1 i(k—1) k-1 — 1-¢tD
J#0 =1
1— ¢ 9k=1)
— k-1 _2Zcﬂ< C it 1))
Jj#0
_ k-1 9 1—¢* 1
=z _Zlfga’ (1.36)
Hence by mathematical induction the claim holds for any k£ € N. O
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Applying (1.33) in the above claim, we can complete the computation by

ap = Bc,‘r(xkilv (Tﬁlx)$k)

1— ¢k
ﬁmxH,Mﬁz e

1—¢
1— Ik
— _QZlfCJ k. (1.37)
Let b, =2 Zl ! lljcj Since the equation c¢; = ¢—; holds, we have

-1 ;
1-¢~ Jk I_CJ’C
“‘;1—Uj+§1—@%

I e e
_Z <1_C ; j+ 1—C_j Cj) .

Since by, is the sum of a complex number and its complex conjugate, by is a real number. Hence ay,

becomes i
ap = [JG—b). (1.38)

i=1
Together with the fact that the matrix A, with entries Aj, = 11_ = " for 1 < jand k <[, is non-
degenerate, we conclude that {by,...,b,—1} forms a real linear coordinate system on C. Hence, the

unitarity condition of M.(7) can be described as the following proposition, according to Proposi-

tion 3.10 of [9].
Proposition 1.21.

1. The Verma module M,.(7) is irreducible if and only if k& — b, # 0 for all k¥ > 1. Assuming it is

irreducible, it is unitary if and only if k — by >0 forall k =1,...,1—1.

2. The set U(7) is the set of all vectors (by,...,b_1) such that all entries of the vector (1 —by,2 —

ba,...,l —1—1b,_1) are all positive before the first possible zero.

Example 1.22. Symmetric group of n: S, (Type A)
It can be shown that every irreducible representation of S, is in one-to-one correspondence to a

partition of n [21]. We can label the partition of n by its corresponding irreducible representation
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7 of S,,. Each partition 7 can be represented by a Young diagram. Let the conjugate partition of
some partition 7 be the partition obtained by flipping 7 along the diagonal and denote it by 7". We
denote the length of the largest hook of the Young diagram of 7 by I(7), and denote the multiplicity

of the largest part of 7 as m. (7). Then we can define
N(7)=1Ur) —ma(7) + 1. (1.39)

Since all the reflections are conjugate to each other, the function ¢ is constant and C' C C. Moreover,
we have ¢y = G;—1 = ;. It implies that ¢ is real and U(7) C R. Then the set U(7) can be shown to

have the following properties as in Proposition 5.1, Proposition 5.2, and Theorem 5.5 of [9].
Theorem 1.23.
1. If a partition 7 # (1™), then ¢ < ﬁ for c € U(7).

2. For each partition 7, we have the interval [fﬁ, ﬁ] CU(7).

3. If a partition satisfies 7 # (n) and 7 # (1™), then the set U(7) is the union of the interval
[—ﬁ, ﬁ] and the finite set of isolated points , where the integer k satisfies N (7) < k < (1)
and —I(7") < k < —N(7'").

The computation of unitarity condition on modules of rational Cherednik algebra is generally not

a straightforward task. To generalize the above result, we can deploy a tool, called the KZ functor, to

translate the problem into more familiar areas. We will discuss it further in later sections.

2 Rational Cherednik Algebras of G(/,1,n) and Dunkl-Opdam Subalgebra

From now on, we focus on the rational Cherednik algebra of G(I,1,n). All the result will be about this
particular algebra. In this case, Verma modules decompose into a direct sum of generalized eigenspaces
with respect to a commutative subalgebra, called the Dunkl-Opdam subalgebra. We also encode the
generalized eigenspaces combinatorially by an n-tuple of natural numbers and a Young tableau. The
section is a review of [12], [11], [13].

Consider two fixed positive integers I,n € NT. First we let ( = exp(2mi/l) be an [-th primitive

root of unity.
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Definition 2.1. The group G(I,1,n) is the subgroup of GL(n,C) generated by the permutation

matrices and the diagonal matrices ¢; = diag(1,...,1,¢,1,...,1), where ¢ is in the i-th position.
Remark. By definition, we can also write the group G(I,1,n) as a wreath product S, ! Z;.

There are two types of conjugacy classes of reflections in G(I,1,n). Firstly, all the transposi-

tions are conjugate to each other, and (}s;;¢; ¢ are conjugate to the transpositions. The eigenvectors

corresponding to the nontrivial eigenvalue Ay = —1 are
as ="ty -y, (2.1)
o) =y —yj (2.2)
for s = Csz’jCi_t with t = 0,...,0l — 1. We can denote the corresponding cs as ¢y. Secondly, for each

fixed t € {0,1,...,1 — 1}, we have that (f is conjugate to (} provided i,j < n. In contrast, ¢} is not
conjugate to Cit' for ¢ # t'. We denote the function ¢+ for the conjugacy class of {¢t}iz1,.. 0 by ¢ for

some fixed ¢. For s = (!, the eigenvectors a; and a are given by

as =T, (2.3)

al =2y;. (2.4)

For simplicity, we will also regard the function c as parameters co, ..., ¢;—1. Let the complex vector space

h be C™. Then the defining relations 1.7 of the rational Cherednik algebra H.(W,h) of W = G(l,1,n)

become
i, 2] = (i, 25) — Z css(yi)zj(a)s
seS
-1
= ol s (2.5)
t=0
for i # j and

i, xi] = (yi, 2i) — Z csas(yi)zi(ey)s

ses
-1 -1
=1->"3 collsriC =) 2t (2.6)
t=0 ki t=1
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There is an alternative way to parametrize the equations by using hg, ..., h;_1 instead of c¢s, with

the constraint hg = 0. Forany ¢t =1,...,n
-1 -11-1
i ] = 1= Y collsriC; " =D > (he = he1)CTCE, (2.7)
t=0 ki r=0 t=1

where h_; is defined to be h;_1. Comparing the coefficient of ¢! in (2.6) and (2.7), the parameters h;

can be expressed in terms of ¢; by the matrix given below

1 1 1 1 ho = h—1 0

1 ¢t L i = o “

1o¢2 ¢ty ho—h | ==2f ¢ |- 29
1 ¢ =200 =0T F A\ gy -1

This matrix is invertible and so is the mapping. So there is a bijection between the parametrizations
in ¢, and the parametrization in h;. After a computation, we get the relations between ¢; and h; to

be
l

1 1— Cij
- 1_ C_i C;. (29)

hj=—

~| N

7

From now on we will use the parameters h; and cs interchangeably.

We borrow the ideas of the Cartan subalgebra and the Cartan decomposition from Lie algebras,
and construct a commutative subalgebra. The generalized eigenspaces of the subalgebra generators in
the Verma modules will give us deeper understanding of the modules. We define an element z; in the
rational Cherednik algebra by

2 = Y% + cods (2.10)

where

-1
di= > > (st (2.11)

1<j<i t=0

Due to Proposition 4.2 and Proposition 4.3 of [12], we have the following lemma.

Lemma 2.2. The elements {z;};=12 ., and {¢;};=12,. » in the rational Cherednik algebra generate

a commutative subalgebra of H.(W,§), which is called the Dunkl-Opdam subalgebra and denoted as
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The advantage of the Dunkl-Opdam subalgebra is that it is abelian. Hence the generators z; and
¢; share the same (generalized) eigenvectors for all ¢, j = 1,...,n. After rearranging its components,
it is not hard to see that the euler element h =, 2z, — 5+, Zi;i 2¢4 %g is in the subalgebra. In
order to get a finer decomposition of eigenspaces, we may consider the simultaneous eigenspaces of z;
and (; instead of h. We denote the generalized eigenspace of z; and (; in a module M in Category O

corresponding to a generalized eigenvalue (a,t) = ((a1,...,an), (t1,-..,tn)) by
Moy ={meM | (z—a)"m=(¢"—t;)Nm = 0 for big enough N}. (2.12)

Before we get into the eigenvectors, we need some tools to work with them.

Definition 2.3. For any i =1,...,n — 1, we define the intertwining operators o; by
c
Zi = Zit1
where
-1
=2 G (2.14)
p=0

The intertwining operators o; are well-defined on the (generalized) eigenspaces of t, where either
z; — Zi+1 1s invertible or m; = 0.

We also define the intertwining operators ® and ¥ as

D =2,5,_1...5251, (2.15)

\Ilzylslsg...sn_l. (216)

Let us define an algebra homomorphism 6 : t — t by

G(Z,L) = Zi4+1, (217)

0(Ci) = Git1 (2.18)
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fori=1,...,n—1, and

-11-1

0(zn) =21+ 1= Y (hr — he1)CT7, (2.19)

r=0 t=0
0(Cn) =71 (2.20)
Then we have the following lemma due to Lemma 5.2 and Lemma 5.3 in [12].
Lemma 2.4.

1. For any f € t, we have

oif = (si- fog, (2.21)
where s; permutes z; with z;;1 and permutes ¢; with (;41.

2. For any f € t, we have

fO =®0(f) and f¥ =T (f). (2.22)
3.
-1 1—1
QU =z, — 1+ > Y (b — 1) (2.23)
r=0 t=0
4.
Ud =z (2.24)
5. For 2 <i<n—1, we have
@Si = Si,1q3 . (225)
6. For 1 <i <n— 2, we have
\1/.51; = 5i+1\1’ . (226)
7.
P?s) = 5,1 D? (2.27)
8.
U?s, 1 = 5 0? (2.28)
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-1

Vs 1@ = 0510+ > ¢TI¢lC,! (2.29)
t=0

Definition 2.5. We define v to be the bijection C™ — C™ such that

V((a17a27"'7an)7(t11t27~“7tn)) ((an_17a17"~7an71)7(Ctrutl?"'atnfl))7 (230)

Vﬁl((al, az, ..., CLn), (t1, tg, e e ,tn)) = ((0,27 ..y Qpn,01 + 1), (tg, e ,tn, Ciltl)) . (231)

Proposition 2.6.

1. The intertwining operators o; send a generalized eigenvector in L.(\)a to a generalized eigen-

vector in Le()s, (a,t)-

2. The intertwining operator ® sends a generalized eigenvector in L.(A)a¢ to a generalized eigen-

vector in Le(A)y—1(at)-

3. The intertwining operator ¥ sends a generalized eigenvector in L.(\)a ¢ to a generalized eigen-

vector in Le(A)y(at)-

Proof. The proof relies on Lemma 2.4. To prove the statement for o;, consider m € L.())a ¢ and apply

(2.21) in Lemma 2.4. If j # i,i + 1, we have

(21— a;) " (03(m)) = o3((s; - ) — a;)¥ (m) = 0. (2.32)

If j =i, we have

(2 — aig1) (0:(m)) = 03((si - 21) — aig1)™ (m)
= 0i(2is1 — aiy1) (m)

=0. (2.33)

If j =i+ 1, we have
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=0. (2.34)

Hence, we can conclude that o;(m) € Lc()‘)si(a,t)~ Similaly, the statements on ® and ¥ can be shown

by applying (2.22) in Lemma 2.4. O

More explicitly, Griffeth in [11] shows that there is a basis of L.()\) containing the common
generalized eigenvectors of z; and (; for ¢ = 1,...,n, such that all z; and (; act in the upper triangular
manner. Moreover, the eigenvectors are encoded by a pair (i, L) of an n-tuple in Z%,, and a standard
Young tableau of some [-multipartition of n . An [-multipartition of n is an [-tuple of Young diagrams
with the total number of boxes to be n. Suppose we have an [-multipartition A = (A%, A!, ... A=1) of

n. Then we define a function g : {the boxes in \} — {0,...,l—1} by

B(B) =1, if the box B lies in \“. (2.35)

The content of a box B in the i-th row and j-th column in \* is defined to be j — i , denoted by

ct(B) =j —i. (2.36)

A Young tableau is an [-multipartition A of n with filling 1,...,n that each number appears once.
Then X is the called the shape of the Young tableau. A standard Young tableau is a Young tableau
such that the fillings are strictly increasing along both rows and columns. Suppose L is a Young
tableau. We denote L(7) to be the box containing the number i. Let s; be the transposition in S,
permuting ¢ and ¢ + 1. Then we define s; - L to be the Young tableau by interchanging the positions
of filling ¢ and ¢ + 1 in L. Let SYT(A) be the set of all standard Young tableaux of shape A. By
the Theorem 3.1 in [11], we get that the irreducible representations of G(I,1,n) are parametrized by
[-multipartition A of n with a basis {vy | L € SYT(A)}.

Let = (1, ..., pn) be an n-tuple in Z%,. We denote j; to be the non-descending rearrangement

of p. Assuming that S, acts on u by

w- = (Muﬁl(l)w"aﬂw*l(n))a (237)

we define w, to be the longest element in S, such that the order of w -y = py. Let >4 be the
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dominance order. For any two n-tuple p,v € Z%,, we say p > v if either u >4 v, or py = v4 and
wy, > w, in the Bruhat order. Let us define the partial order of the pair in ZZ, x STY(A) to be

(u, L) > (v, L") exactly if 4 > v. According to Theorem 5.1 in [11], we have the following theorem

-1

T
. v, and ot =24t . xpr. The

Theorem 2.7. Suppose A is an [-multipartition of n. Let v} = w

action of ¢; and z; for all i = 1,...,n on the Verma module M_.()\) are given by
Gi - atok = (AL D =i gyl (2.38)
Zi x“v% = ((/M +1) - l(hB(L(wH(i))) — hﬂ(L(wM(i)))—;u,—l) — C()lCt(L('wH(Z')))) fur + Z C(u,L’)$VUZ’7

(v, L") <(n,L)

(2.39)

for some scalar c(,,1) € C. If we assume that Category O is semi-simple, then for each pair (u, L)

there is a unique eigenvector f, 1, of z; and (; such that f, ; = z#v¥ + lower terms .

In the same paper, Lemma 5.3 tells us how the intertwining operators act on the eigenvectors.

The result coincides with Proposition 2.6 and gives us a detailed formulae.

Lemma 2.8. Suppose the setting remains the same as above. Then we have (a) If u; < py1 or

ti — pi1 Z B(L(wp(i))) — B(L(wy(i + 1)) mod I, then
;- fu,L = fs,i~u,L- (240)
(b) If p1i > pigr and i — pir = B(L(wp (i) — B(L(wy(i + 1)) mod I, then

6 —leg) (0 + e
0i* fuL = ( Ogg O)fsi.u,b (2.41)

where § = (,Ufz — ,ul-_H) — l(hﬁ(L(wM(i))) — hB(L(wM(IL’_A'_l)))) - Col(Ct(L(wu(i))) - ct(L(wu(i + 1)))

(¢) If pi; = prit1, set j = wy (i), then

0 if s;_1 - L is not standard,
T fuL = 4 fus, 1L if ¢ALG)) £ BULG=), (2.42)
1 1
(1~ (Grg=m=amgn) )2 fus1-L else.
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Q- fur=rforpur (2.43)

()

(ttn = UhB(L(w, (n))) — PBL(w,(n)))—pn) — Colet(L(wp(n)))) fup,L if piy, > 0,
V. f = B(L(wu(n))) B(L(wu(n)))—p W 7 (2.44)

0 if p, = 0.

3 K7Z Functor

3.1 Construction of KZ functor

The Knizhnik-Zamolodchikov (KZ) functor is a functor from the Category O to the category of rep-
resentations of H,(W), where H,(W) is the cyclotomic Hecke algebra of W with parameter g. The
introduction of the KZ functor is to tackle the problem described in Section 1.3.2, by studying the
unitarity condition in the cyclotomic Hecke algebra and the compatibility of the KZ functor with the
unitarity. The following construction of the KZ functor is based on Section 4 by Bellamy [2].

First, we want to establish an isomorphism between the localized rational Cherednik algebra, and

the semi-direct product of the rings of the differential operators D(h.cg) and the group W, i.e.,

H (W, 5)[07"] = D(breg) x W, (3.1)

where § =[], a,. Recall the Dunkl operator from Definition 1.5 that

2¢s  as(y)

S

Because « is invertible in brcg, the Dunkl operator D, lies in the semi-direct product D(hyeg) X W.

If we identify the Dunkl operator D, with y in byee, then we have
H.(W,) CD(hreg) X W (3.2)
Since §7! is an element of D(hey), we also get

Ho(W,5)[67] € D(breg) % W (3.3)
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Definition 3.1. An element f € C[f] is said to be W-semi-invariant if there exists a character function

X : W — C* such that w- f = x(w)f, for all w € W.
Lemma 3.2. The product § = [[, o, is W-semi-invariant.

Proof. Let w € W and s € S. By the definition of the reflections, it is obvious that wsw=! € S. We

can prove the lemma by showing that w(as) = Bay,e,—1 for some nonzero scalar 8. The equation
(wsw™Hw(as) = ws(as) = whsas) = Aw(as) . (3.4)

implies that w(ca) is the nontrivial eigenvector of wsw~! with eigenvalue \,. Hence w(as) and vy g -1

differ by some scalar 35 ,,. Then we apply w to ¢ to get

w(d) =w (H as>
= H ﬁs,wawsw*1

=1 Bews. (3.5)

We define the function x : W — C by

W = Y = H Bs,w . (36)

Then we have
Yewrwsd = W1W2(8) = Ya, Yawy 6 - (3.7)
So it is clear that ¢ is W-semi-invariant. O

Now there exists some r that for any w € W, we have w” = 1. Consequently, we also have v,, =1,
which implies that " € C[H]". The powers of 6" form an Ore set in H.(W,h) and we may localize

H.(W,h) at 6”. Since the sum belongs to the algebra, i.e.,

S 2y e i, 55)

S
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by the definition of the Dunkl operators, we conclude that

0= D, + Y oo W) e m w5, (3.9

Hence now we have constructed the required isomorphism in (3.1).

By the definition of h,cq, the group W acts freely on hyes, which implies that 7 : hreg — Oreg/W
is a finite cover map. In particular, its differential map d,7m : Ty (breg/W) — Tr(z)(breg/W) is an
isomorphism for all x € b, where T denotes the tangent space.

According to Proposition 4.4.1 of [2], we have the following proposition.
Proposition 3.3. There is a natural isomorphism D(hreg)W = D(Breg/W).
Then we have a corollary as in Proposition 4.4.3 of [2].

Corollary 3.4. The functor ()" : M + M"W defines an equivalence between the category of the
W-equivariant D-modules on by (i-e., the category of D(Bhreg) X W-modules) and the category of

D(hreg/W)-modules.

By the isomorphism defined in (3.1) and Corollary 3.4, we can localize M in Category O at ¢, and
apply the ()" functor to get a D(h,eg/W)-module. Then we can have the solution space to this new

module, which is a local system.

Definition 3.5. An integrable connection is a D(hyeg)-module which is finitely generated as a C[byeg]-

module.

Let N be an integrable connection. It is proved that every integrable connection is free as a

C[Breg]-module [[15], Theorem 1.4.10]. Hence, we have

k
N =D Clbreg|us, (3.10)
i=1

for some u; € N. Recall that h* = (xy,...,x,). We have C[h] = C[zy,...,x,]. Then we can obtain

n X k differential equations to describe the action of rings of differential operators:

k
Op i =y fluy, (3.11)
j=1
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for some polynomial flji7 and !l =1,...,n,i=1,... k. One way to study the integrable connections

is to examine their space of solutions to the differential equations (3.11). Since very few differential

equations have polynomial solutions, this approach only makes sense in analytic topology. Let bl
an

be the same space as h,ee but equipped with an analytic topology. We write C[ reg] as the ring of

holomorphic functions on bhyZ. For instance, we have

D(breg) = Clbreg] @cihreg] P(breg) - (3.12)
Then there exists a natural functor:

()% : D(Breg) ¥ W-mod — D(H) x W-mod,

reg)
M — M = (C[[jfeng] ®C[breg] M. (3.13)

Since C[h2] is faithfully flat, then M = 0 implies that M = 0.

reg

On any simply connected open subset U of %" the dimension of Homp g)an (N CIU]) is k

reg’
because it is the solution of a matrix of k£ x k first order linear differential equations. These solution
spaces glue together to form a local system Sol(IV) on byeg.

If dim(h) = 1 and h* = C(z), then we have C[hyes] = Clz,271]. We say that N is a regular

connection or has regular singularities if (3.11) becomes

k
Z ?J (3.14)

for all a;; € C, with respect to some C[ -basis of N®". When the dimension of b is larger than one,

res)
we say that N has regular singularities if the restriction N o has the same form as (3.14) after the
change of basis for any smooth curve C' C byeg.

We can denote the category of the integrable connections with regular singularities on hree by
Conn"*(b,eq), and denote the category of the finite dimensional local system on b2 by Loc(hreg). We
define two functors Conn"®(h,eg) — Loc(breg): the solution functor

Sol : N+ Hompye ) (N, OF" ) (3.15)

Breg/
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and the de Rham functor

DR N — Hom’D(h:Lerg)(Ong7 N(J/ﬂ) . (3.16)

There exist two duality functors: I : Conn™&(h,eg) — Conn™&(hyee) and D' : Loc(hreg) — Loc(hreg)-

They are contravariant equivalences whose square is the identity, intertwining Sol and DR such that

D’ o DR = DR oD = Sol, (3.17)

D’ 0 Sol = Solo D = DR. (3.18)

We have the following theorem due to Theorem 4.3.1 of [2].
Theorem 3.6. The de Rham functor and the solution functor are equivalences.

Any function f € DR(N) = Homp(yan)(OF” , N*") is completely determined by the value of f(1).

Because we have 0, f(1) = f(0z, 1) = 0, the image DR(N) can be identified as
DR(N)={ne N |8,,n=0Vi} = N". (3.19)

Consider the fundamental group 7y (hreg). A local system L going along a given loop « based at
a fixed point zo gives an invertible endomorphism ~, : L;, — L;,. The map 7. only depends on
the homotopy class of v € 71 (hreg). Subsequently, the stalk L,, can be viewed as a representation of

7Tl(hreg)-

According to Proposition 4.2.1 of [2], we have the following proposition.

Proposition 3.7. If b, is connected, then the functor Loc(bhreg) — 71 (hreg)-mod defined by L — Ly,

is an equivalence.

Now we are ready to combine all the ingredients and define the KZ functor. If we take a module M
from Category O and localize it at 4, it becomes the D(hyeg) X W-module, M[§!]. Then the functor
()W sends it to (M[671])W, which is a D(hreg/W)-module. It is shown in [10] that (M[5~1])"V is a
regular connection. Finally, we apply the de Ram functor to get a representation of the fundamental

group ﬂ-l(hreg/W) given by

KZ: O — m1(hreg/W)-mod
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M — DR(M[0-4]") = (M[5~'])™")*")" .

Remark. Since all the functors are exact in (3.20), the KZ functor is exact.

3.2 Examples of KZ Functor

(3.20)

We continue with our previous calculations for the case of W = Z;. Suppose that we have h = Cy

and h* = Cz. We apply he same setup as in Example 1.3 except that here we consider W as a

multiplicative group instead of an additive one. Let s be a generator of Z; such that s(y) = y and

s(x) = (~tx. We know that Z; has [ different irreducible representations p; for i = 0,...,] — 1 such

that s acts on p; by ¢'Id,,,. Then each representation p; corresponds to an [-partition \; of n = 1 which

is empty everywhere except the box in the i-th coordinate. Recall from Section 1.3.1 that the Verma

module M. (p;) = Cl[z] ® p; can be regarded as a C[z]-module, and that y - (1 ® p;) = 0. According to

Definition 1.5, the Dunkl operator becomes

2¢;  agi(y)
D, =0, — J 5 1-¢
Y 8 ) 1_)\31' asj ( S)
Jj=1
-1
2c; 1
=0, — ) (1—4
Jj=1

If we apply D, to degree zero element in the Verma modules, we obtain

Dy-(I1®pi)=y-(1®p;) =0,

which implies that

L 2% 1

1-(iz

Jj=1

If we set

-1 %
j— E J ij
Q; =~ 1 é—,j (1 C )7

then we have

“1®p).
x(®p)

-1

(1= ¢T)(1 @ py).

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Recall that 6 = [[._; ag = 25 21=1 as defined for (3.1). The Verma modules M.(p;) can be
=1



localized at § to give

M(p)[67] = Cla,z7 ] @ pi.
If we let z = 2!, then the chain rule gives

0z

aw:a?

9, =1z'"19,,

which implies that
1

SN %

Applying the functor (-)V, for W = Z;, on the localized module M. (p;)[0~!] produces
Mc(pi)[6~1% = Clz, 27 ](a" © pi) -
Since s acts on p; by (%, we can compute (3.14) as

1 . =1 1 i i
= ll’lillm (1 b2 pz) + lxl,]_ €T ;(1 ®Pz)
t4a;, ;

If we denote z* ® p; by m;, then the result of the above calculation can be written as

t+a;l
8z m; = I : —m;,
z
which has the solution given by
ita;
m;=Cz71T .

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

Note that this result is obtained when the solution functor Sol is applied to M..(p;)[6~!]%. The solution

for the de Rham functor DR can be computed directly by applying the duality functor D’ to the above

ita;

result, which sends the local system of m; = C 277 to

—(it+ay)
mi=Cz— 1

~ 31—
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Now consider the cyclotomic Hecke algebra Hq(Z;) with parameters Q = (Q1,...,Q;), which is
generated by only one generator, Ty, with the relation
l
(To — Qi) = 0. (3.34)
i=1
This generator Ty is represented by the loop t — exp(—27n/—1), which acts on the local system

as

Tp- 2 —e exp <—27r\/—1 (@ +l ai))z(ilmi) . (3.35)

Therefore, this local system is a representation of the corresponding cyclotomic Hecke algebra. If we

identify exp(—ZW\/—l(i*'liai)) with @;. Then, the action of Ty can be written in terms of @); as

—(itay) ) y —(itay)
To -z T exp(?m/l@)z T

—(itay)
2

= Qiz (3.36)

In conclusion, the image of M.(\) under the KZ functor is a one dimensional vector space on

which the cyclotomic Hecke algebra acts by the scalar Q; = exp(—27r\/—1(i+l7ai)).

4 Weighted KLR Algebras and Category O of G(I,1,n)

This section introduces weighted KLR algebras and their connection with the weight spaces of modules
of rational Cherednik algebras. It can be shown that there is an isomorphism between the KZ functor
and a direct sum of weight space functors. It is the key to show the compatibility of the KZ functor

and the unitarity condition of rational Cherednik algebras.

4.1 Weighted KLR Diagrams and Weighted KLR Algebras

Even though we can calculate the image of KZ functor by its definition, it is not intuitive and obvious.
Fortunately, Webster in his paper [25] showed that KZ functor is isomorphic to a direct sum of weight
space functors, which gives us the explicit look of KZ(M.(\)), for each Verma module M.(\). To
acquire this result, we need a detour to weighted KLR algebras and how their modules relate to the

modules of rational Cherednik algebras. The section is a review of [23], [26] and [24].First of all, we are
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going to prepare for the definitions. Let D be a quiver, with vertices and oriented edges. We assume

every edge has the same fixed weight k € R.

Definition 4.1. A weighted Khovanov-Lauda-Rouquier (KLR) diagram attached to the quiver D is a
diagram on R x [0, 1] with two real lines at y = 0 and y = 1, between which there are smooth strands

whose projections are onto the closed interval [0, 1]. These strands satisfy the following:

1. The vertical direction of the strand is unchanged between y = 0 and y = 1, that is a strand can

not go from bottom to top, go back to bottom and then go top.
2. There is no loop in any strand.
3. Each strand has distinct endpoints on both lines at y = 0, 1.
4. Each strand is labelled by a vertex of D.
5. Each strand may carry finitely many dots.

6. We add a ghost to each strand, i.e., a dotted strand shifted by k relative to the strand. The shift

is to the right if £ > 0 and to the left otherwise.

7. There is no tangency between any two strands and no dot on intersection of two strands. All
points of intersection of any two strands are distinct from each other. In other words, there are

no three strands intersect at the same point.

To make sense of the definition, we give an example of a weighted KLR diagram in Figure 1.
There are three strands of positive weight & labelled by the vertices i1,2,i3 € D. They carry 0,2, 1
dots respectively.

The lines at y = 0 and y = 1 are called the bottom and the top of the diagram respectively. They
are omitted in the rest of the paper. Let iRi’ denote the collection of all diagrams with bottom labels
i={i1,...,im} and top labels i’ = {i},...,i,} from left to right. Suppose we have two diagrams A
and B. The composition of the two diagram AB is defined by putting A on top of B provided that

the bottom of A matches the top of B. Otherwise, the composition is zero.

Definition 4.2. We define the loadings as the maps i : R — D U0 by sending finitely many of points

of R to D and all the other points to 0.
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Figure 1. Weighted KLR diagram with three strands of positive weight
y=1

i i i

The loadings ¢ encode where the endpoints of weighted KLR diagrams lie in R, and how the
endpoints are labelled. We will refer the information of positions and labels of endpoints on top

(bottom) of a weighted KLR diagram as top (bottom) loadings.

Definition 4.3. A weighted KLR algebra T is an algebra over C generated by the weighted KLR

diagrams attached to the quiver D under the local relations

>< = >< for i 77, (4.1)
i i
X - X

’ (4.2)
>< = + ’ (4.3)
1 ) ) 1 ) )
Ei = 0 and = ‘ for i #£ 7, (4.4)
i i J i g
52 < = : ‘ iti=j, (4.5)
i J i J
K > = ‘ ifi—=j, (4.6)
i J (A
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30 < = : * - : ‘ ifi—7, (4.7)

i J i J 1 J
& > - * - *‘ ifi g, (4.8)

i J i J i J
K= X (19
T Jgm i Jm

O X = X -] e

i J o i J o i JoJ

Q:, >< = :>> >< unless j =mand i — j, (4.11)

i Jj m i j m
KC= X ) - |l
i i i i ioi

' < = >< > unless i = j and ¢ - m. (4.13)
om iJ 7

v ]

The concept of the weighted KLR algebra is an extension of the original KLR algebra constructed
in [16], which has a polynomial representation. Therefore, we expect the weighted KLR algebra to
have a polynomial representation as well. According to Proposition 2.7 of [23] and Proposition 3.9

of [24], the polynomial representation is described in the following proposition.

Proposition 4.4. Let use denote |j| := m, for any j = {j1,...,Jm}. The weighted KLR algebra has

a polynomial representation

P=@P Clary,...,zy 4. (4.14)
j

Given a collection of diagrams iRi’, each diagram in iRi’ acts on P by mapping the polynomials in
the ring Clz1;,...,2),i] to the polynomials in the other ring C[xz1y,..., %)y ], and mapping all

the polynomials in other summands to zero. Let f € Clzyj,..., 25 ;], we define the action of the
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transposition s, ; = (r,t) for r <t by

f(xl_,j, . ,.’ﬂm 7j)ST’t = f(xlﬁsm.j, Ce ,xt’smij, . 7xT75r,t'j . 71"_“ ,Sr,t,'.i) . (415)

The action of a diagram is defined by the actions of its component dots and crossings. Let the r-th
strand in a weighted KLR diagram be the one connected to the r-th endpoint labelled by i, at the

bottom. Recall that the label of each strand is a vertex in quiver D .

1. If the top and the bottom loading of a diagram iRi are the same, and endpoints are connected

by straight strands without dots, then it acts by identity on C[x1 i, . .. ,x|i|’i] and zero elsewhere.

2. If the top and the bottom loading of a diagram iRi are the same, and endpoints are connected
by straight strands with a dot on the r-th strand, then the diagram acts by multiplying by x,;

on C[xyg,...,x) ;] and zero elsewhere.

3. If there is an edge from the label of the r-th strand to label of the ¢-th strand in quiver D, then

the crossing between the r-th strand and the ghost of the ¢-th strand acts as follows:

(a) The crossing \,/\’ acts as the identity if ¥ < 0, and acts by multiplying (z;y — 1) if
k> 0.

(b) The crossing >\/ acts as the identity if & > 0, and acts by multiplying (x¢y — @, 4) if
k <0.

4. If there is no edge between the label of the r-th strand and the label of the ¢-th strand in the

quiver D, then both of the crossings in 3 act as the identity.

5. The crossing between the label of the r-th strand and the (r + 1)-th strand, >< acts as the

Sr—1

permutation s, if the two strands have different labels, and as the Demazure operator — e

if the two strands have the same labels.

Definition 4.5. A Crawley-Boevey quiver D, is a quiver constructed by adding an extra vertex oo
to the quiver D and all possible edges from the new vertex co to each original vertex ¢ in D . We

assign a weight 6; € R to the new edge connecting vertices ¢ and oo.

Definition 4.6.
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1. The weighted KLR diagrams attached to the Crawley-Boevey quiver D, are the weighted KLR

4.2

diagrams attached to D with an additional strand labelled by oo. The ghosts of the additional
strand labelled by oo are shifted to the right (left) by |6;] if 6; > 0 (8; < 0) and labelled by 3.

We color these ghosts in red.

. The weighted KLR algebra attached to the Crawley-Boevey quiver D, is the algebra generated

by the weighted KLR diagram Tp_ under the relations in Definition 4.3, and the following

additional relations:

Ei = * and i | for i # j, (4.16)
1 1 1 i J '
K= R+ | \ | (417)
i Jgm igm {

K- XX - X mmon
with their mirror images.

i Jm i gm

There is a special case of the weighted KLR algebra attached to the Crawley-Boevey quiver,
where the strand labeled by oo is a vertical line at * = 0 and all the red strands are at = 6,.

It becomes relevant when considering rational Cherednik algebras.

Weighted Modules and Weighted KLR Algebras

Recall from Section 2 that the Dunkl-Opdam subalgebra plays an important role in studying simple

modules. In this section, we construct an alternative presentation of rational Cherednik algebras in

terms of the generators of the corresponding Dunkl-Opdam subalgebra. Based on this presentation,

we can give a diagrammatic description of the action of the subalgebra on its modules. This section

is a review of [25].

In Section 2, we have parameters ¢y and hg,...,h;_1 of rational Cherednik algebras of G(I,1,n).
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We can define the function p : C — C by

1-11-1
pu) =3 ¢ hut (4.19)
s=0r=0
For any ¢ =0,1,...,l — 1, we denote
ri=—p(C) 4i=—lh; +1i. (4.20)

Let us recall the definition of z; in (2.10). Then we have the modified Dunkl-Opdam operators

wp =z —p(("G) - 1. (4.21)

It is obvious that u; belong to the Dunkl-Opdam subalgebra t for all i = 1,...,n. Hence the Dunkl-

Opdam subalgebra is generated by w; and (;. The reason why we use u; instead z; is that u; has a

simpler commutation relation with other generators. Once we fix these u; and (; for i = 1,...,n, we
can define
Gi=C¢"Cion (4.23)

for any n € N. Then the commutation relations can be described in the following lemma.

Lemma 4.7.

1.
’LLZ(I) = (I)Ui+1 and Ui\I/ = \I/Ui_l (424)
2.
CZ(I) = (I)Ci-l-l and Cz\I/ = \I]Ci—l (425)
3. If j #14,i+ 1, then
U;Sj = S5Uj - (426)
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Ui S5 = SiUi+1 — CoT; (427)

Proof. These follow directly from Lemma 2.4. O
We are now prepared to build the alternative presentation of rational Cherednik algebras.

Proposition 4.8. The rational Cherednik algebra H.(W, ) is generated by ®, U, u;, ¢;, and s; for

i=1,...,n.

Proof. The generators ®, U, w;, (;, and s; definitely generate a subalgebra of H.(W, ), which we
denote as H. Recall the generators x; and y; for i = 1,...,n from Section 1. It suffices to prove that
all x; and y; belong to H.

Because x, = ®s; ...s,_1 by the definition of ®, we know that z,, lies in H. After conjugating

T, with s;,, we get ©; = SinTnSin € H. The same argument applies for y; and W. O

If we write Proposition 4.8 in terms of abstract algebra, then we get the following theorem due to

Theorem 2.3 of [25].

Theorem 4.9. Let A be the free algebra generated by (;, u;, $i, ®, and U under (2.25)—(2.28) in
Lemma 2.4, (4.24)—(4.27) in Lemma 4.7 and the followings:

1.
TO =1i; —p(Ci¢) +1, (4.28)

2.
(B\I’ = ﬂn - p(én) ) (429)

3.
§2=1, (4.30)

4. For i # (j £ 1), we have

5;5; = §;5;, (4.31)

5.
(5i5i11)° =1, (4.32)
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;G = G (4.33)
7.
Uity = Ujtly , (4.34)
8.
GGy = GG (4.35)
9.
-1
B350 = U5,18 — co(Y_ PR (4.36)
p=0

Then A is isomorphic to the rational Cherednik algebra H.(G(l,1,n),C").

By Lemma 2.6 in [25], the elements uq,...,u, and (i, ...,(, generate an algebra isomorphic to
the quotient Cluy, ..., un, (1, .-+, Ca)/(CE —1,...,¢! — 1) of the ring of polynomial . This alternative
presentation gives a polynomial representation of the rational Cherednik algebra on this ring. To get
ready for next step, we may define 6’(u;) = u;41 and 0'(¢;) = ;41 resembling the original 6 defined in

Section 2. According to (2.13)—(2.17) in [25], we have the following proposition.

Proposition 4.10. Recall from (2.14), we have m; = Z;;IO ¢7¢; 5. There is a faithful polynomial
representation C[Uy,...,U,, Th,...,T,] of H.(W,h). For any f € C[Uy,...,U,,T1,...,Ty], the actions

are defined as follows:

wi- f=Uf, (4.37)
G- f=Tf, (4.38)
si-f=["— COU{_::J(;WM (4.39)
o f=0"f), (4.40)
U f= (U +p(CMT) +1)O(f) (4.41)

where f® is the polynomial f but interchanging u; with w;11, and {; with (;41, and 7; acts on the

monomial ¢{" ... by 16, ., ,-
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From now on, we work over the generalized eigenspaces of u; and (;. The direct sum of these
generalized eigenspaces is also a representation of the weighted KLR algebra, which gives us the
equivalence between the category of the representations of the rational Cherednik algebra and the

category of the representations of the weighted KLR algebra.

Definition 4.11. We define H.(W, h)-mod,, as the subcategory of H.(W, h)-mod, where Cluy, ..., uy]

acts locally finite with finite dimensional generalised weight spaces.
Remark. Category O is a subcategory of H.(W,§)-mod,,.

Definition 4.12. Let 1;(C) be the set of I-th roots of unity in C. For any a = (ay,...,a,) €
C™ and t = (t1,...,t,) € w(C)", we define the exact generalized weight space functor Way :
H.(W,h)-mod, — Vectc as

Wat(M)={me M| (u; —a;)m = (¢ — t;)"m = 0 for large enough N € N}, (4.42)

for any M € H.(W,h)-mod,. The image of the weight space functor is called the weight space and

the pair (a,t) is the weight of this weight space.

Remark. In Section 2, we define the generalized eigenspaces of M from Category O with respect to

a generalized eigenvalue (a,t) = ((a1,...,an), (t1,...,tn)) by May. Then we have
Wa,t(M) = Ma,t 3

for any M € H.(W,§)-mod,.

For any pair (a,t) € Cx u;(C), there exists an integer m, such that t = (™. We have a well-defined

a function X : C x 1;(C) — C/Z by
S(a,t) = HTm mod 7. (4.43)

For some chosen D, the preimage ¥ ~!(D) forms a set of generalized eigenvalues of u; and ;.

Definition 4.13. We define H.(W, §)-modp to be the subcategory of H.(W,h)-mod,, killed by the

functors Wa ¢, where (a;,t;) ¢ £71(D) for some i.
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Now we let k be the value —cg, where ¢ is the parameter ¢, for transpositions in H.(G(l,1,n)).
We turn this subset D into a quiver by adding edges i — i + k if both vertices are in D. If £ € Q and
k= %, where b and e are co-prime, then D is a union of e-cycles. Otherwise, D is a union of infinite
linear quivers. Recall the definition of 7; from (4.20). Let 7; be 7t mod Z. We define the Crawley-
Boevey quiver D, attached to the quiver D by adding a new vertex co and new edges connecting 7;
and oo whenever 7; lies in D.

Let Y : C — R be the Q-linear map, sending x to x if x € Q and to 0 otherwise. For all pairs
(a,t) such that X(a;,¢;) € D for all i = 1,...,n, we choose a positive real number € < W

whenever a; —a; # 0 . We assign Y (k) as the weights of the old edges in D but not in Do, and assign

Y(p(lci)) — 1€ as the weights of the new edge connecting 7; and oo.
Let the loading iat : R — D U0 be the map sending Y (%) + ie to ¥(a;,t;) € D and all other

values to zero.

Definition 4.14. Suppose Tp__ is the weighted KLR algebra attached to the quiver D, as (3) in
the Definition 4.6. Then the weighted KLR algebra Rp is defined to be the subalgebra of Tp_
generated by the diagrams, which have the top loading i, + and the bottom loadings ia ¢ satisfying
Y(a;, t;),2(al,t;) € D for all i = 1,...,n. Tt is called the weighted KLR algebra associated with the

rational Cherednik algebra H.(W, ).

We denote ﬁD as the completion of Rp with respect to the grading

deg >< :*Zéi,ja deg . :5i—k,j7 deg R :5’£+k,ja

1) i) [
deg * =2, deg >< =0;;, deg >< =0;;.
i v J ]

We define the idempotent diagram e(a, t) such that the loadings of the top and the bottom are both
iat, and are connected by vertical straight strands. We call the strand corresponding to (a;,¢;) the
i-th stand.

Consider the affine Weyl group S,, x Z™. The permutations in S,, act on (X71(D))" in the usual

way, and the translation (mq,...,my) € Z™ acts by

(a,t) = (a1 +ma,...,an +my), (™1, ..., ™1,)) . (4.44)
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Recall the map v defined in Definition 2.5. It can be rewritten as an element in S, x Z" by
(-1,0,...,0)s1,...,5,. We can see easily that the affine Weyl group is generated by v and s; with
i =1,...,n— 1. Note that the action of the affine Weyl group on (a,t) does not change the label
Y (a;,t;) for all ¢, i.e., we have 3(a;, t;) = X(w - (a;,1;)) for w € S, x Z™.

Consider an element w in the affine Weyl group acting on a pair (a,t) € X~}(D), i.e., w- (a,t) =
(a’,t'). We define £(a,t,w) to be the diagram that has top loading i, ¢, bottom loading ia/ ¢, and
strands connecting Y (%) + i€ to Y(%) + je, where a; = w - a;. All the diagrams in Rp are generated
by {£(a,t,w) | (w =s; with i =1,...,n — 1) or (w = v*)}, the idempotent diagrams e(a, t), and the
diagrams obtained from idempotent diagrams by adding a dot on the i-th strand, for i = 1,...,n.

There are seven shapes for the diagrams £(a,t,s;) . If we take k > 0 as an example, then the

seven shapes can be drawn as in Figure 2, 3, and 4.

Figure 2. Shapes of £(a,t,s;) for a; > aiy1

(7) .

In the diagram £(a,t,v) , all strands except the n-th one are inclined from top left to bottom
right, with an off-set of €, while the n-th strand is inclined from bottom left to top right by %—I—e(n— 1).
For the inverse diagram &(a,t, 1), all strands except the first one are inclined from bottom left to

top right by e, while the first strand is inclined from top left to bottom right by % + e(n — 1). Unlike
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the diagrams &(a, t, s;), The diagrams £(a, t, v) can create crossing between regular strands and red
ghosts.

Let Pgt be the quotient

PR, = HoW,0)/ (32 (H(Wb) (s = a)™ + Ho(W,0)(G — t)™)) (4.45)

which are modules of H. These modules P;\ft form a projective system. We denote the projective limit
by
Py =lm Py, (4.46)

which represents the functor Wy ¢ shown in Theorem 3.11 in [25].
Finally we are ready for one of our most important results. Due to Lemma 3.9 of [25], the
following proposition turns the direct sum of the generalized eigenspaces of H into a representation of

the weighted KLR algebra.

Proposition 4.15. There is an isomorphism = between the completion Rp and the endomorphism

End(@, ¢ Pat), ic.,
Z:Rp — End (P Pay)- (4.47)

a,t

Every diagram in }A%D with top loadings ¢a¢ and bottom i,/ maps the elements in P, 4 to the
elements in P, ¢, and the elements outside of Py ¢ to zero. Recall the actions of s;, m;, ¥, ® from

Proposition 4.10. We can define the action of each diagram on @a’t P, ¢ as follows:

1. The idempotent e(a, t) acts as the identity on P, ¢ and zero elsewhere.
2. The dot on the strand corresponding to (a;,t;) of e(a,t) acts by multiplying by (u; — a;).

3. If t; # tiy1, then E(&(a,t, s;)) acts by e(a, t)s;.
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4. If ti = ti+17 then

e(a,t)m«ui — Uit1)S; — CoT;) for a; + col # a;y1 # a;
_ e(a, t)((uz — ui+1)5i — C()T('Z‘) for a; + Col = Qj41 7§ a;
E¢(at, i) = :
e(a,t)m(si -1) for a; + col # aip1 = a;
e(a,t)(1 —s;) for a;+col = a1 = a;
(4.48)
5.
e(a,t)¥ for a, = —p(t,)
=(é(at, ) = . (4.49)
e(a,t)(lm for a, # —p(tn)
6.
E((a t, 1)) = e(a, t)®. (4.50)
Example 4.16. Consider the case where [ = n = 2. Then we have { = exp(%) = —1. Let us choose
k= %, ho =1, and h; = —1. By direct computation, we have
ro = p(¢°)
— COhO +<~0h0 4 C()hl 4 §71h1
= 2hg
—9 (4.51)
and
r=p¢h)+1

= (OhoC® + Oho¢ ™t + Ohi O + ¢ T 1
=2h1+1

— 1. (4.52)

Suppose that the graph is D = {[0], 3], [2]}. Since 7o =0 € D, there is an edge from 7 to oo, which
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means that there is a red strand in the diagram at Y (2 (go)) = 1. Via calculation we see that

2 4
YD) ={(a,{™) |a+m=2nora+m= 3 +2nora+m= 3 + 2n for some integer n}. (4.53)

We take (a,t) = ((2,1),(1,—1)) as an example and choose € = 37 < % = . The correspond-
ing loading is then
2
3 3 2 1
at: 2de=" o NS =[
? )t 2 +€ 8 = (3? ) [3}7
1
3 1 1 2
3412 =- = %(=,-1)=[3]. 4.54

We would like to know the actions of the diagrams £(a, t, s1), (a, t,v), and £(a, t,v~1). First we need

to compute the loadings of three new pairs of a,t as follows:

1
. 3 5 1 2
Zsl(a,t) : §+6 = 24 = 2(5771) = [g]a
2
3 5 2 1
i —_ — = | —
Sioe=2 o B(5 1) =[5 (4.55)
2
3 7 2
1 _3 - _ =2 1)=1[2
ZV(a,t) 2 t+e 24 = ( 3’ ) [3]7
2
3 5 2 1
3 - = Z = [=
5 + 2¢ 5 — 2(3,1) [3} (4.56)
e Be= st 2}
v—1(a,t) 9 2 33 3 )
5
3 11 5 1
3 19¢=" 92, -1 =[] 4.
5 T2e=135 = B3, - =[3] (4.57)

For the above computations in (4.55), (4.56), and (4.57), the corresponding diagrams are shown in
Figure 5, 6, and 7.

Since the condition a; + ¢ol # as # a1 holds, by (4.48) in Proposition 4.15, Z({(a, t, s1)) shown
in Figure 5 acts on P, by permuting the first variable and the second variable. For the diagrams

&(a,t,v) shown in Figure 6, the condition in (4.49) of Proposition 4.15 is required on as and t5. We
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Figure 5. Generating diagram £(a, t, s1)

1 1

1 1

1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1

can then compute

11
plt2) = D ¢yt

s=0 r=0

= h0t2 — hltz
=2

?é —asz, (458)

which means that =(¢(a,t,v)) acts by \I/uﬁ;(tz). For the diagram £(a, t, 1) shown in Figure 7, we

have Z(£(a, t, v~ 1)) acts by ® due to (4.50) of Proposition 4.15.

Furthermore, Proposition 4.15 leads us to the following theorem, from Theorem 3.13 in [25], which

is about the relation between the category of the representations of the rational Cherendik algebra

— 47 -



and the category of the representations of the weighted KLR algebra.

Theorem 4.17. Let ED—mOdfd be the category of modules M over the algebra ED such that e(a, t)M

is finite dimensional for all (a,t). The functor W define by

W : H-modp — Ep-modfd

M @ Wa (M) (4.59)

a,t
is an equivalence.

4.3 Weighted KLR Algebra and Category O

Let the graph Dy C C/Z be the set

Dy:={rfi+mecy|me|[-n,nlandi=0,...,1—1}
7

Z{—hi—Fl

+meco |m € [-n,n]andi=0,...,l -1} (4.60)

for the rest of the paper. The preimage X~ (Dg) of Dy contains a subset of eigenvalues of u; and (;
for all i = 1,...,n in all Verma modules. The chosen eigenvalues are closely connected to the image
under the KZ functor.

Let us recall Category O from Definition 1.11. A vector y € b acts nilpotently on objects in
Category O. Now we denote Category O by O, and define a dual category O~ such that modules in
O~ are finitely generated and acted by x; nilpotently. Before we head to our final result, we want to

rule out all the ‘bad’ diagrams in the weighted KLR algebra.

Definition 4.18. Recall that loadings are maps R — D U0 from Definition 4.2. A loading is said to

be positive unsteady if there exist a real number

0> max, {Y (p(fi))} (4.61)

such that a non-empty set of points in the loading have a value 2 € R greater than ¢ + |Y (k)| and

all the other sets have = < §. Similarly, a loading is said to be negative unsteady if there exist a real

5< min, {Y (p(lgi)>} (4.62)

number
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such that a non-empty set of points in the loading have x < § — |[Y (k)| and all others have z > §. The
quotient of Rp by the ideals generated by positive (negative) unsteady loadings are called positive

(negative) steady quotient, which is denoted by Rp(+) (Rp(—)).

The =+ sign in the above definition gives us a hint of how we can expect the modules of the
corresponding algebra are connected.

Due to Theorem 3.12 from [25], we have the following theorem.
Theorem 4.19. The functor W induces an equivalence OF = Rp (£)-mod.

From Theorem 4.17 and 4.19, we know the connection between the modules in Category O and
the modules of the diagrammatic algebra. We would like to use it to build an isomorphism between
the KZ functor and the generalized weight space functor. Suppose that we fix a lift n : Dy — C such
that > (n(d), 1) = d. We choose a big enough N such that

N> max {IY (p(CNLNY (R Y (n(d)] [Y (n(d) —n(d))]} - (4.63)
d,d'€Dg

For every d = (dy,...,d,) € D}, we define

aa® = ((n(d1) £IN),..., (n(dn) £nIN)) , (4.64)

1=(1,1,...,1). (4.65)

Then we have the following theorem according to Theorem 3.15 in [25].

Theorem 4.20. The KZ functor on OF is isomorphic to EBdeD{; Way*.1-

ad—,

Remark. In the proof of Theorem 4.20, Webster used that the cyclotomic Hecke algebra H, q is

a quotient of the WF type Hecke algebra $;, and the category H, q-mod is a quotient category of

S
n
55 -mod. The equivalence between Category O and the category $5-mod intertwines the KZ functor

and the quotient functor :H, g-mod — $5-mod sending M + ep, , M, where ep, , is an idempotent.

However, Theorem 4.20 doesn’t inform us why the direct sum of generalized weight spaces forms a
representation of the cyclotomic Hecke algebra remains a mystery and requires us further investigation.

In the next two sections, we will follow a similar path to Webster’s and construct the images under

the KZ functor as representations of the cyclotomic Hecke algebra. It is proven that the WF type
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Hecke algebra is isomorphic to the weighted KLR algebra [26]. We will show that the cyclotomic KLR
algebra is a quotient of the weighted KLR algebra and the cyclotomic Hecke algebra is isomorphic to
the cyclotomic KLR algebra. As a result, the category H, q-mod is a quotient category ﬁD-mOdfd
defined in Theorem 4.17. Thus a direct sum of weighted spaces forms a representation of the cyclotomic

Hecke algebra under the actions of the weighted KLR algebra, which we will conclude in Theorem 6.10.

5 KLR Algebra and its Isomorphism to Cyclotomic Hecke Algebra

Now we have an idea of how the images of KZ functor look like from Section 4.3. Yet, we still do
not know how the image under this direct sum of weight spaces becomes a module of the cyclotomic

Hecke algebra. In order to connect the dots, we note the following two facts:

1. By both Brudan and Kleshchev [4], and Webster [24] there is an isomorphism between the

(completion of) cyclotomic KLR algebra and the (completion of) cyclotomic Hecke algebra;

2. The weighted KLR algebra is an extension of the KLR algebra. So it is expected to reduce to

the original KLR algebra when we impose extra constraints.

Combining the knowledge already known, our goal in Section 5.1 is to find a subalgebra in the weighted
KLR algebra that is isomorphic to a KLR algebra, whose representation is €4, D Wag+1(M), for
any module M in Category O. This subsection is my original work. Then we will prove its cyclotomic
quotient is isomorphic to the cyclotomic Hecke algebra induced from the KZ functor in Section 5.2.

This subsection is partly a review of [24] and [4], and partly my original work.

5.1 KLR Algebra as a Subalgebra in Weighted KLR Algebra

Let us define KLR algebra first as the following.

Definition 5.1. Let D be a quiver. Fix a positive integers n. A KLR algebra is an algebra Rp ,

generated by the set of elements {e(d) |d = (d1,...,dn) € D"} U{y1,...,yn} U{th1,...,¢0n_1} over
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a field K under the relations

e(d)e(d’) = dq,are(d), (5.1)
> e(d) =1, (5.2)
d
yie(d) = e(d)yi, (5.3)
Yi¥j = Vi¥is (54)
Yie(d) = e(s; - d)i;, (5.5)
Vb =i i |i— gl > 1, (5.6)
Yiyy =y ii# G+ 1, (5.7)
yitie(d) = ¥iyisre(d)  unless d; = ditq, (5.8)
vi+1¥ie(d) = ¢iyie(d)  unless d; = d;41, (5.9)
Yivisre(d) — yihie(d) = yiravie(d) — ¢iyie(d) = e(d)  if di = diya, (5.10)
0 it di = din
e(d) if d;#dit1, di - dipq and d; < diq
bie(d) = § (vigr — yi)e(d) if d;j — dipy and d; o dis , o (511)
(vi = yit1)e(d) if d; «+ d;11 and d; - diq
(=¥7 +2yivit1 — yip)e(d) if di & dip
e(d) it di =diyo ¢ diy1 and d; » diq
—e(d) if d; =diy2 = dip1 and d; & diqq
(Vithir1¥s — Yir1pipiyr)e(d) = .
—(yi +Vite)e(d) it di=dir2 = diga
0 otherwise

(5.12)

Remark. Similar as the weighted KLR algebra, the KLR algebra can be presented as a diagram on
R x [0, 1], with fixed n points at z = 1,...,n on both the top y = 1 and the bottom y = 0, connected
by n strands. Each strand is labelled by a vertex in the quiver D. For example, if n = 3, an element in

the KLR algebra would be like Figure 8. Then the generating set of Rp , can be drawn as Figures 9a
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Figure 8. An example of a KLR algebra diagram
1 2 3

19 11 13

to 9c. The differences between the weighted KLR algebra and the KLR algebra are

(a) Diagram of e(d) (b) Diagram of ; (c) Diagram of y;

dy dy - d, dy - didig1 -+ dy dy - dye d,

1. The intersections between a strand and both the top and the bottom of the diagram are fixed
in the KLR algebra, but determined by the loadings and can vary vastly in the weighted KLR

algebra.
2. There is no ghost in the KLR algebra.

Hence the clever trick that Webster applied in the construction of the weighted space functor Py Dy Wagt .1
is making ¢/ N much bigger than the lifting n(d;) in the eigenvalues 7(d;) +ilN, so that we can consider
the positions of the strands at the top and the bottom being approximately fixed at (IN,...,niN).
Furthermore, because the distances between strands are huge, comparatively the ghosting shift & is
insignificant, meaning it is possible to ignore the ghost in this case. This result is proven in Theorem
4.6 in [24]. Even though it is a theorem about the type W Hecke algebra, it is also a valid statement

for the KLR algebra because the completion of the two are isomorphic.

Recall the definition of Dy in (4.60). According to our goal set at the beginning of the section, we
expect to find a subalgebra Rp, , of weighted KLR algebra associated with quiver Dy, such that the

image of a module from Category O under the weight space functor 4. Dz Waj 1 is a representation
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of Rp, n.- Before constructing the subalgebra, we note that for any Verma module M.(A), the direct
sum of weight spaces ®deD3 Wag+1(Mc(X)) is not a representation of the weighted KLR algebra
Rp,. For instance, one of the generating elements {(a, t, s;), for some pair (a,t), permutes the i-th
and (i 4+ 1)-th eigenvalues in the eigenspaces. If the sourcing eigenspace has the i-th and (i + 1)-
th eigenvalues to be n(d;) + «N and n(d;1+1) + (i + 1)IN respectively, then the i-th and (i + 1)-th
eigenvalues in the target eigenspace become 7(d;+1) + (i + 1)IN and n(d;) + N respectively. By
comparing the coefficient in front of [V, it is easy to see that the target eigenspace is not a direct
summand in @deDg' Wag+.1-

Despite this inconvenience, the idea of constructing the generating element of the KLR algebra is

straightforward. The only choices of idempotents e(d) are
e(n(dy) +IN,...,n(d,) + nlN) for (dy,...,d,) € Dg.

Hence the identity here is

> e(n(dy) +IN, ..., n(dy) + nIN).
deDy

Let y;e(d) be the diagram with a dot on the i-th strand of the diagram e(n(d1) +IN, ..., n(d,) +niN).
The last and the most difficult part is to build the elements ;. In a representation of KLR algebra,
the elements v; usually send from an eigenspace of y; to another, by permuting the corresponding
the i-th and the (i + 1)-th eigenvalues. We would want the candidates of generators 1; of the KLR
algebra to mimic the action of v;, but still to have EBdGDSL Wag+,1(M) for any M in Category O as
their representation, that is to permute 7(d;) and n(d;+1), but leave ilN and (i + 1)IN unchanged. In

order to achieve this, we
1. interchange the i-th and (¢ + 1)-th eigenvalue,
2. put the current i-th eigenvalue to the last coordinate,
3. apply the diagram &£(a, t,v),
4. rotate everything back to its original position,

5. repeat Step 2-4 [N times
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Step 2-4 only reduce 1 from the i-th eigenvalue and in order to make the current i-th eigenvalue become
of the form 7(d;4+1) + i N they are required to repeat (N times. Similarly for the current (¢ 4+ 1)-th
eigenvalue, we rotate necessary eigenvalues, put the current (i+1)-th eigenvalue to the first coordinate,
apply the diagram &£(a,t,v~!) and rotate every moved coordinate back to the former position. This
procedure is repeated [N times for the same reason as above. Summarizing the construction we have

the following definition,

Definition 5.2. We define the potential candidates that generate a KLR algebra inside a weighted
KLR algebra by

e(d) ==e(n(dy) +IN, ..., n(dn) +nIN), for any d = (d,...,d,) € D? (5.13)
vie(d) :=the diagram e(n(dy) + IN,...,n(d,) + nlN) with a dot on the i-th strand,
for any d = (dy,...,d,) € D} (5.14)
Yie(d) :=[S(a, b, si01)€(as b, sit2) .. &(as b, sn1)€(a, b, 51)8(a,t, 52) . E(a, , 5)
E(a,t, v He(a,t, 51)€(a,t, 52) ... a, t, 8)E(a, b, si-1) ... E(a, t, 51)]Y
[E(a,t,sp_1)(a,t,8n—2)...E(a,t,s,101)¢(a, t,s;-1)&(a,t,8,-2)...&(a,t,s1)
E(a,t,v)E(a,t, sn-1)é(at, sp—2) ... £(a,t, 5:)€(a,t, 5i01) - .- €(a, b, s-1)]

g(avtvsi)7 (515)

where (a, t) are the (generalized) eigenvalues of u; and (; respectively, corresponding to w - (aq, 1) for

some combination of permutations in S,, and v*!.

With the motivation from above, we are left to show that the proposed candidates of the generating

elements indeed form a KLR algebra. The rest of the section is to prove the following theorem.

Theorem 5.3. The candidates {e(d) | d = (d1,...,dn) € D"}U{y1,. .., yntU{¥1,...,¥n_1} generate

a KLR algebra over the complex numbers.

The proof Theorem 5.1 is not straightforward. The idea is to construct an isomorphism between
the polynomial representation of the weighted KLR algebra and the polynomial representation of
the KLR algebra, and shows that actions of our candidates coincide with the actions of the KLR
algebra generators on the polynomial representations of the KLR algebra. By the faithfulness of the

representation, our candidates indeed generate a KLR algebra.
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Before doing the full proof, we gather necessary ingredients first. Let us recall from Proposition

4.4 that there is a faithful polynomial representation

P= @ (C[l‘Lj, ce ,£L‘|j| yj]
J

of the weighted KLR algebra Tp. Each summand C[zyj,...,2); ;] in P has the same number of
variables as the number of labels in j. If the diagram in the weighted KLR algebra does not have the
same number of strands as the number of variables in the summand C[zyj, ..., )3 ], then it acts on
this summand by zero. The diagrams in the weighted KLR algebra Rp associated with the rational
Cherendik algebra of G(I,1,n) defined in Definition 4.14 always have n strands. The position and
label of the strand uniquely correspond to a pair of eigenvalues of u; and (; for some i = 1,... n.
Hence, if we specify the quiver to be Dy, then the polynomial representation of the weighted KLR

algebra associated with the rational Cherednik algebra is

P= @ Clr1d,---+Tn a]-
d=(d1,...,dn)ED]
Moreover, by the choice of the lifting 7 from the vertices in Dy to C, we can assign each n-tuple d in
D¢ with eigenvalues of u;, which is aq in (4.64).
In order to determine whether our candidates satisfy the generating relations of the KLR algebra,
we need to know their actions on the polynomial representation and compare them with the actions

of the generators of the KLR algebra. Recall from Section 4.2 that the label of i-th strand is defined

by
Bai, i) = Sai, (™) = HE (5.16)
Considering the eigenvalues in the direct summands of the weight space functor, we have
Y(n(d;) +ilN,1) = (n(d;) +ilN,¢°) = d;. (5.17)

Because the choice of 1(d) is fixed for d € Dy, there is a one to one correspondence between the n-tuple
d = (di,...,dy) of vertices in Dy and the n-tuple of eigenvalues (n(d;) +IN,...,n(d,) +nlN) via the

lifting 1 and the function ¥. Thus we could use these two notations interchangeably.
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The idempotents e(d) project onto the polynomial ring Clx1 q, ..., %, 4] and y;e(d) act by mul-
tiplying by x; 4 for all i. The tricky part is to compute the action of ;. Firstly, we recall from
Section 4.2 the loading of the generating diagrams {(a,t,w) sends G +ie to X(a;, t;), for w = s, vt
It is obvious that initially the loadings in the diagrams are far away from each other, hence there is
no potential crossing between either two strands or a strand and a ghost for most £(a,t,s;) in the
product of 1;. The action of £(a, t,s;) on f would simply be f*i. However, when we apply &(a, t, %),
the distance between the i-th and the (i + 1)-th strands are getting closer by % Since the procedure
is applied 2IN times, and N > |n(d;) — n(d;t+1)], the i-th, the (i + 1)-th strands and their ghost will
eventually cross. In the diagrammatic form, the whole element 1); can be presented as three crossings,
one between the i-th and (i 4+ 1)-th strands and the other two between one of the strands and the

ghost of the other strand. They can be drawn as in Figure 10 and Figure 11.

Figure 10. Diagram of v¢;e(d) when ¢o < 0
1 7

dy di  diy1 dy dy di  diy1 dy dy di  diy1 dy

when n(d;) > n(diy1) when 7(d;) < n(di+1) when 7(d;) = n(dit1)

Figure 11. Diagram of ¢;e(d) when co > 0
7

c—_———— = -
<

>

dy di  diy1 dy dy d;  diy1 dy dy di  diy1 dy

when n(d;) > n(di+1) when 7(d;) < n(di+1) when 7(d;) = n(di+1)
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Thus, the action of v; is solely determined by these three crossings and the labels of theses two
strands. We recall from (4.15) the action of transpositions on the polynomial in the polynomial
representation. In the quiver Dy, there is an edge d — d’ from d to d’, if d = d — ¢y. According to

Proposition 4.4, action of v; can be categorized into three cases:

1. If d; ¢ d;+1 and d; # d;4+1, then the two crossings between a strand and a ghost act by the

identity and the crossing between two strands acts by s;.

2. If d; < d;+1, then the one crossing between a strand and a ghost that is below the crossing
between two strands, acts by x; 4 — ;+1,4, and the other strand acts by identity. The crossing

between strands acts by s;.

3. If d; = d;41, then the two crossings between a strand and a ghost act by the identity and the

Si—l

one crossing between two strands acts by Taceia
[3 N i,

Combining both actions, the diagram ;e(d) acts explicitly by the following rule.

fsi if d; di+1 and d; 7é di+1
wi : f = (Ii-l-l,sqrd — I’Lsi,d)fsi if dl < d1'+1 and dl 7& di+1 ) (518)
S L) S if d; - diy1 and d; = djq

Zi4+1,d—Ti,d

for any f € Clz1.d,-..,%n.d]-
Next we construct the polynomial representation of the KLR algebra given by Khovanov and

Lauda in Proposition 2.3 and Corollary 2.6 of [16], and also in Equation 3.7 in [24].

Proposition 5.4. Let D be a quiver and Rp, the KLR algebra associated with D. Suppose P is

the free abelian group defined to be direct sum of the polynomial rings

P = &y P4, (5.19)

d=(dy,...,d,)ED™

where

Pa = C[yl (d>7 < 7yn<d)}' (5'20)
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The transposition s; acts on f € Pq by

fyi(d), .. yn(d)® = fyi(si-d), ... yir1(si - d),yi(si - d), ..., yn(si - d)). (5.21)

Then the abelian group P is a faithful polynomial representation of the KLR algebra Rp , under the

action
e(d) - f=daaf (5.22)
vi f=wi(d)f, (5.23)
fo if d; +~ d;yq1 and d; # diq
Vi f =19 (ig1(si-d) —yi(si - Q) f5 ifdy < dipy ; (5.24)
TCEmcy if d; = disy
where f € Pgq.

There is an isomorphism from the polynomial representation of the weighted KLR algebra and

the polynomial representation of the KLR algebra by the following lemma

Lemma 5.5. Let D be a quiver. Let d = (dy,...,d,) be an n-tuple in D. Suppose Rp is the
weighted KLR algebra associated with the rational Cherednik algebra of G(I,1,n), and Rp , is the
KLR algebra in Definition 5.1. The weighted KLR algebra Rp has a polynomial representation
P = ead:(dl,...,dn)eD" Clz1,4,-..,Tn,a] shown in Proposition 4.4. Then there is an isomorphism
J : P — P that maps z; q to y;(d) and extend it by J(g192) = J(g91)J (g92) for any g1, go € P. Via this
isomorphism, we can consider the polynomial representation P as a representation of the weighted

KLR algebra by the action
reJ(f) = J(r-f), (5.25)

for any r € Rp, f € P.

Proof. We only need to show that the action on P by the weighted KLR algebra is well-defined.
It is obvious that J is injective on @4cpn ClT1,d;- -+, Tn,a]- So for any non zero f € P there is a

unique g € P such that f = J(g). The action of the weighted KLR algebra is compatible with the
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isomorphism J. For any r,s € Rp, f € P

=rs-f. (5.26)

Now we are fully prepared to prove Theorem 5.3.

proof of Theorem 5.3. Let R be the algebra generated by {e(d) | d = (dy,...,d,) € D"}JU{y1,...,yn U
{t1,...,¢n_1}. Since it is a subalgebra of the weighted KLR algebra, we can view P as an R-module.
For any non zero f € Pq with f = J(g) for some g € Clx1.4,...,%n.a], the action of the generators

are given by (5.25) and Proposition 4.4 as follows.

e(d) - f=J(e(d)g) = J(0a,a:9) = da,a [, (5.27)

vi-f=J(vi-g9) = J(@iag) = J(xia)J(9) = yi(d) [, (5.28)

Vi f=J(Wig) (5.29)
J(g) = f* if d; - dipq and d; # diyq

=V J(@it1,6,d — Tis;-a9%) = (Wir1(si - d) —yi(s; - d)) f* if dy < diyq and d; # diq, (5:30)

J(—= ) = yi(d{:;c:l(d) if d; « diy1 and d; = di1.

Tid—Ti+1,d

The action is the same as the ones of the generators of the KLR algebra in Proposition 5.4. By the
faithfulness of the polynomial representation, the candidates are the generators of the KLR algebra. [
5.2 Isomorphism Between Cyclotomic KLR Algebras and Cyclotomic Hecke Algebras

The next goal is to prove that a cyclotomic quotient of the KLR algebra is isomorphic to a cyclotomic
Hecke algebra. In the paper [24], Webster constructed an isomorphism between the completion of the

KLR algebra and the completion of the affine Hecke algebra. Based on this theorem, we only need
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to show that cyclotomic condition in the cyclotomic Hecke algebra is equivalent to the one in the

cyclotomic KLR algebra. To get prepared with the theorem, we define the affine Hecke algebra first.

Definition 5.6. Let ¢ be a complex number on the unit circle. Let us assume g # 1. The affine Hecke
algebra H,(n) is the algebra generated by {X1,..., X, }U{T1,...,T,,—1} and their inverses under the

relations

XX =X X" foranyij=1,...,n, (5.31)
(T; —q)(T;+1)=0 fori=1,...,n—1, (5.32)
T, X, T, =qX;y1 fori=1,....n—1, (5.33)
Tl T, =TTyl fori=1,...,n—1, (5.34)
TX; = X;T, ifj#ii+]1, (5.35)
T =T,T, ifi#j+1. (5.36)

Remark. Equivalently, the affine Hecke algebra can be defined by the algebra generated by Ty, 17,

.., Tr,_1 under the relation

(T; —q)(T; +1) =0 foranyi=1,...,n—1, (5.37)
TT, =TT, ifij=1,....n i#j+1, (5.38)
TTT; = i TTisy  fori=1,...,n—1, (5.39)
ToT ToTy = Ty ToTi T, (5.40)

Those two definition are equivalent by identifying X; with Ty, and T; X,;T; with ¢X;11 inductively.

Definition 5.7. Suppose we fix positive integers [ and n. Let Q = {Qo, ..., Qi—1} be a set of complex
numbers. The cyclotomic Hecke algebra H, q(n) of G(I,1,n) is the cyclotomic quotient of affine Hecke

algebra under the ideal generated by

(X1 = Qo)(X1 = Q2) ... (X1 — Q1) =0. (5.41)

There is a similar definition for the cyclotomic KLR algebra.
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Definition 5.8. Suppose R, p is a KLR algebra associated with the quiver D. Let A be a sequence of
| D| many non-negative integers (Ag)4ep and )., Ag = [. The cyclotomic ideal I of A is generated
by

{yde(d)=0|d=(dy,...,d,) € D" and d = d;} .

The cyclotomic KLR algebra RQ’ p is the quotient algebra R, p/I*.

Brundan and Kleshchev in their paper [4] constructed a system of orthogonal idempotents

{e(v) }v:(vl,...,vn)eC"

such that the idempotent e(v) projects the finite generated module M of H, q(n) to the generalized
eigenspaces e(v)M of X;’s with eigenvalues v;’s. We are left to describe the completion of the affine

Hecke algebra.

Definition 5.9. Consider a finite subset V' C C\{0} and add an edge from v to v’ if v/ = quv. Let the

ideal Z generated by [[, .1/ (X; —v), for all i = 1,...,n. Then we have a nested sequence of ideals in

veV
—_—

H,(n) given by Z,, = H,(n)I"H,(n). The topological algebra H,(n) is the completion of H,(n) with

respect to the sequence Z,,.

With respect to this completion, the identity becomes 1 = >y, e(v). Similarly, we define the

completion of the KLR algebra as follows.

Definition 5.10. Let V be the same subset as above. Let J be the ideal in C[yq, ..., y,] generated by
y; for all 7 in the KLR algebra Ry, associated with V. Consider the nested ideals J, = Ry,,J" Ry,.
The completion of ﬁ\\/n of the KLR algebra Ry, is defined to be the limit respect to the system of

ideals J,,.
Now Theorem 5.11 states the isomorphism between the two completions.

Remark. By the generating relations of X;’s and T;’s, the cyclotomic restriction on X; implies some
cyclotomic restrictions on all X;. If we apply the cyclotomic quotient of the affine Hecke algebra on
its completion, then we get the same cyclotomic Hecke algebra as we directly apply the quotient on
the affine Hecke algebra. This is because the cyclotomic quotient gives a limit of degrees on the power

series of X; — u, for all = 1,...,n. The same argument is true for the cyclotomic KLR algebra and
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y;. However, the construction of completions of both algebras is not in vain, as the isomorphism we

will introduce below is between the completions instead of the original algebras.

We define the function b: C — C
b(y) = exp(2mv/—1y) (5.42)

to be the exponential map for the rest of the paper. We have the isomorphism between the completion
of the affine Hecke algebra and the completion of the KLR algebra constructed by Theorem 3.10 in
[24].

Theorem 5.11. Let g be a complex number on the unit circle. Let V' be a quiver in C where the
edges v — qu are joined by multiplying by ¢ € C. Let E{,\n be the completion of the KLR algebra

associated with V' and Hy(n) be the completion of the affine Hecke algebra with respect to V. We

identify the idempotents in E;l and ITQ(\n). Suppose we have v = (v1,...,v,) € V™. Let

l—gq
Vy”i#“i%—l v

Z"l‘l V, U =Vi41

There is an isomorphism between the completion of affine Hecke algebra and the completion of the

KLR algebra via the map

—

v : Hq(n) = Ry,

such that

YXi) =Y _vib(yi)e(v), (5.44)

Y(@i) = hiAYe(v), (5.45)

where the power series AY is defined to be

b(y;)—qb(yq .
b(éfi)ﬂgf(z(;j)) (Vi1 = i) if vi = iy
AY = b(yit1)=b(yi) if v; = quis1 - (5.46)

(@7 10(yit1)—b(y:))(yi—yit1)

vib(yi)—qui+1b(yi+1)

otherwise
v;b(yi)—vit1b(yit1)
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Remark. The quiver V is different from the quiver Dy. The quiver V has edges v — quv corresponding
to the multiplication by ¢, while the edges d — d — ¢ of the quiver Dy correspond to the addition by
—cg. We would like to connect this two quiver by the exponential map. Note if we set the vertex set
of the quiver V' C C to be {b(d)}4ep and edges to be b(d) — ¢b(d) where ¢ = b(—cy), then quiver V is
equivalent to the quiver Dy. Hence if we associate the KLR algebra with the quiver D C C/Z instead

of V, then v can be rewritten as

Y(Xi) = bdi)blyi)e(d), (5.47)

deDy

V@) = Y wiAfe(a), (5.48)

deDp
where the power series A9 are defined accordingly.
Finally we need to show that cyclotomic conditions are the same in two algebras.

Proposition 5.12. Given a quiver D with edges defined by addition and let Rp ,, and H, q(n) be
the KLR algebra and the affine Hecke algebra associated with D. Then the cyclotomic ideal generated
by

(X1 —Qo)(X1 —Q1)... (X1 —Qi—1) =0 (5.49)

in the cyclotomic Hecke algebra Hy q(n) for Q = (Qo, Q1,-..,Qi—1) = (b(30),b(01),...,b(d;-1)) is

isomorphic to the cyclotomic ideal generated by
{ye(d)=0|d € D" and dy = 0; for some i =0,...,0 — 1}, (5.50)

where Q; = b(0;) appears Ay, many times in (5.49).

Proof. Suppose we have the cyclotomic quotient in the Hecke algebra. If X7 is substituted by v(X1),

we get the equation

-1

(D b(d)bly1)e(d) — b(d;)) =0 (5.51)
d

0

J

After we multiply the idempotent e(d) for some d, if there is no ¢ = 0,...,1 — 1 such that d; = dy,
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then the term (b(d1)b(y1) — b(9;))e(d) is invertible. The product becomes

(b(d1)b(y1) — b(0;))**7e(d) =0  for some ; = dy, (5.52)

e(d)=0 forallj, d; #d;. (5.53)

The second equation already gives us one of the cyclotomic condition of KLR algebra. Multiplying by

b(dy)~! and applying Taylor expansion on b(y1) rewrites the first equation as

(b(y1) = )*ie(d) =0 (5.54)
<2y =1y - (2“/;1”)2 L)Mie(d) =0 (5.55)
_2mV=1Iy _

s2rV/—1y)*i (1 C)Mie(d) = 0. (5.56)

2!

In the completion of KLR algebra, all elements consisting only of y; are a product of some power
of y; and a unit. If this element vanishes, this power of y; is zero. Hence it can be deduced that
yfaj e(d) = 0 in the above equation. We are done with one direction.

For the other direction, we assume the cyclotomic condition for the KLR algebra holds. For d that
e(d) = 0, the equation (X7 — b(09))(X1 — b(01))... (X1 — b(0;-1))e(d) = 0. If the other condition

{yi\” e(d) =01 dy =0;} is met, then the following expression vanishes

(X1 = b(0;)) " e(d)
=b(0;)"i (b(y1) — 1)**ie(d)

2my/—1y1)?
=b(0;)s (1 + 2mV/~ Ty + % +

—1)Meie(d)
2 2m/—1)2
=b(0;) i yy ™ (mv/ 1 + % +.. ) Meie(d)
=0. (5.57)
This is true for all e(d) # 0. Hence if we add up all the idempotents, then we get the cyclotomic

condition on the affine Hecke algebra. O

Corollary 5.13. The cyclotomic KLR algebra R,fi p is isomorphic to the cyclotomic Hecek algebra

Hgq(n).
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Proof. Tt is a direct consequence of Theorem 5.11 and Proposition 5.12. O

6 Cyclotomic Hecke Algebra and Image of KZ Functor

6.1 Cyclotomic Hecke Algebra via KZ Functor

In Section 6.1, we want to study the cyclotomic Hecke algebra H, q(n) under the KZ functor and
the direct sum of weight space @deDg Waga+1 as a Hyq(n)-mod. In order to get the cyclotomic
Hecke algebra whose representations are images under the KZ functor, we re-parametrize the rational
Cherednik algebra first in Section 6.1.1, which is a review of Section 4 of [2]. Then we compute the

cyclotomic Hecke algebra Hy q(n) directly in Section 6.1.2. This subsection is my original work.

6.1.1 Re-Parametrization and Cyclotomic Hecke Algebra

Recall from Section 1 that in rational Cherednik algebras, we have the function ¢ : S — C, which is
invariant under conjugation. For each s € S, we define a hyperplane Hy = ker(a;) C h. Let A be the

set of all hyperplanes Hy for some s € S. We then have the cyclic subgroup of W
Wy ={weW |wh)=hforhecH} (6.1)

for each H € A. Let W}; = Wg\{1}. By Lemma 1.1 and the definition of reflection in Section 1, it is

not hard to deduce that

S=J wi. (6.2)
He A

Without loss of generality, we may assume that
Y, for s,5 € Wj;. (6.3)
Let us denote ny = |Wy|. We obtain the primitive idempotents in CW

1 .
em; = — E (det(w))*w for 0<i<nyg-—1. (6.4)
n weWg
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Based on the above construction, we define the parameter kg ; € C by

’I’LHfl
-2 Z CsS =MNH Z (kmit1 —kmi)em,, (6.5)
sEW}, i=0
ko =Fkuny =0, (6.6)

for H € A. By comparing the coefficients in front of s, we see that
1 TLHfl ]
Cs = —5 Z (det(s))l(kH’i+1 — k‘Hﬂ) . (67)

=0

Then the commutation relations (1.7) in the rational Cherednik algebra become

[y, 2] = 2(y) — 3 csas(y)r(al)s

sES
= z(y) — (Z ocH(y)w(quq)> > s
HeA sEW}
1 nH—l
=z(y) + 5 <Z CMH(ZI)I(&%)"H> ( Z (Kmiv1 — kH,i)eH,z) : (6.8)
HeA i=0
Since we have ¢; = ¢g50-1 and Wy = gWrg™!, we can get
ng—1 . ng(H)—1 4
Z (det(s))’(kH,Hl - kH,i) = Z (det(gsg_l))z (kg(H)_’rLLi,l - kg(H),i) , (69)
i=0 =0
ng—1 ng(H)—1
S @et(s))i kit — ki) = Y (et(s)) (hycyios — Kogrnys) (6.10)
i=0 1=0

Because it is true for any reflection, it forces kg ; = kg(),; for 0 <i < ny. Then we have H.(W,h) =

Hi (W, ), where

k:{k/’H,i|If€.A7 1<t<nyg—1; kH,OZkH,nH =0 kH,z:kw(H)z for anwaW, H, and Z}

We assume that T is the s-generator of the monodromy around H = ker(ay). Note that the braid

group 1 (hreg /W) is generated by {75 | s € S}, satisfying the braid relations. Suppose that we have
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a rational Cherednik algebra with parameter k. We define
qri = (det(sg)) ™" exp(27r\/ flkHyi) (6.11)

for all H € Aand 1 < i < nyg — 1, where sy is the generator of Wy. For these fixed parameters
qd = {qmiccx | H € A}, we have an alternative definition of the cyclotomic Hecke algebra Hq (W),

which is the fundamental group 1 (hreg/W) under the relation

ng—1

H (Ts —qu,i) =0 (6.12)

=0

for all s € S and H = ker(as).
Based on the above settings, below is one of the most important theorems on the KZ functor,

proved by Ginzburg, Guay, Opdam, and Rouquier in Theorem 5.13 of [10].

Theorem 6.1. The KZ functor factors through category of representations of Hq(W).

6.1.2 Cyclotomic Hecke Algebra of G(l,1,n) under KZ Functor

We are now prepared to compute the parameters of cyclotomic Hecke algebra. There are two kinds
of reflections Cfsijg“[t and (!, for some 0 < ¢t <[ —1and 0 < i # j < n with order 2 and I
respectively. If we take s = (!, it is obvious that H = ker(«y) is spanned by 41, ..., Yi—1,Yit1,---YUn

and Wy ={1,¢;,..., Cffl}, where g; means omitting the element y;. Then we have ng = [ and

ng—1
1

ey =— » (det(¢)))¢

n
H s=0

1 -1 4
7 Z &led (6.13)
s=0

By comparing the coefficient in front of {7 in (6.5), the expression of ¢; in terms of kg ; becomes

1 ng—1

Z ¢ (km i — kuyg), (6.14)

=0

Ctzii
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for all t =1,...,0 — 1. All the equations can be written as matrices, i.e.,

1 Cl C(l_l) k1 — ko e
1 ¢ - <2(l—1) ko —kma ) Co
1 C(l_l) C(l—l)(l—l) kerg — ki C—1
We know that kgo = kg, =0, we get
kma c1
km2 2
A . = -2 ,
kri—1 Cl—1
where
1— Cl Cl _ C2 . C(l72) _ C(lfl)

1— CQ <2 _ C4 C2(l72) _ CZ(Zfl)
A =

1— U= =1 _ 201 L. c(=2)0=1) _ cU=1)(-1)

The inverse of A is given by

1—¢t 1—¢2 1—¢— U=

1-¢—1 1-¢—2 1-¢-0-1

1—¢2 1—¢—4 1—¢—20-1)

JE R e e T
1—¢—0-1 j_¢=20-1) 1_¢—(=10-1)

1—¢C- 1T 1—C-2 e 1—¢—0-D

Then we can write kg, ; in terms of ¢; as

kg = —

Hence the gp ; in terms of kp ; are

qH,; = det(sH)_jb(k;H,j)
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= (Ib(kn,;),

where we choose the generator sy of Wy to be (; ! here.

(6.20)

The other type of reflections is s = Cfsijgft for some 0 <t <l—1and 0 < i # j <n. The

non-trivial eigenvector of s is as = (~'z; — x;;. Hence the hyperplane H' is ker(a;) generated by

{¢"yi + vj, Yk ki,j- The subgroup that stabilizes the hyperplane is Wy = {1, s} and ng- = 2. Then

the idempotents eg+ ,, k= 0,1 are

1
€H/70 = 5(1 =+ 8),

eg'1==(1-s).
H' 1 2( )
The relations between cy and kg 1 is

—2¢cos = 2[(kpr2 — kur1)em 1+ (kura — kuro)en o)
1 1
& — CoS = (0 — kH/71)§(1 + S) + (kH/J — 0)5(1 — S)
& —cos = —kn/ 1S

= Co = kH’,l .
Hence the gg- ; in terms of ¢; are

qro = det(sg) bk o) = 1,

qm 1 = det(sg) " o(kp 1) = —b(co),

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

where the generator of Wy is s with determinant —1. Thus the cyclotomic Hecke algebra Hq (W) is

the quotient of braid group generated by {Ts | s € S} satisfying the braid relations under the quotient

of

(Ts — 1)(Ts + b(cp)) =0, for s = Cfsijci_t
-1

[T — bk ;) =0, for s =,

J=0
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Since the reflections are generated by {¢;}i=1,..n U {8;}i=1,...n—1, We are able to generate the algebra
with fewer generators. Let T; be short for T, and Tj short for T¢,. Then the cyclotomic Hecke algebra

Heg ey (n) is the quotient algebra generated by Ty, T, ...,T,—1 under the relations

(T; —1)(T; + b(cp)) =0 forany i =1,...,n — 1, (6.28)

1—1
H To — ¢(Ib(kp ) = 0. (6.29)

However according to the last section, we would want the cyclotomic Hecke algebra to associate with
the quiver Dy, whose vertices are of the form —h; + % +mcg for some m € [—n,n|. Hence the relations
between kg ; and h; are required. If we examine the (6.19) closely and compare it (2.9), then it is

obvious that
kuj = hi—j. (6.30)

Then the generating relation of Ty becomes
-1

1@ - o)) =0, (6.31)

J=0

After multiplying by Tofl Hé;t ¢J exp(—27r\/—1hl,j), we get
-1 '
1@ = ¢ exp(—2nv=1hi_;) =0, (6.32)

=0

which is the same as

-1 .
1@ b(hey + 52 =0 (6:33)

Jj=0

Now we get the equation of T in terms of the vertices of Dy. Likewise, we multiply (6.28) by Ti_z,

then we get
ST +D((=T71) = b)) =0 (6.34)
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We define

¢ = b(—co), (6.35)

szb((—hj+%)) for j=0,....1—1. (6.36)

Lemma 6.2. The cyclotomic Hecke algebra Hq(W) we get via the KZ functor is isomorphic to

H,.q(n) by sending T; to —T; ' fori =1, ...,n — 1, and Ty to Ty *.

Proof. 1t is a direct consequence of (6.33), (6.34), and the fact ToT1ToTy = T1ToT1To is equivalent to
o Ty = T T T, O

Corollary 6.3. The algebra Hq(W) is isomorphic to the cyclotomic KLR algebra of quiver Dy,

quotiented by

{yA"e(d) |dy = —h; + % for some ¢, and A; is the number of times that @Q; appears in Q.}U

7

{e(d):0|d17’é—h¢+l

for any i.} (6.37)

Proof. 1t is a direct consequence of Lemma 6.2 and Corollary 5.13 O

6.2 Images of KZ Functor as Modules for Cyclotomic Hecke Algebras

In this section, we will assume that the parameters are generic. In this section we will prove that the
image of the Verma module M, (A\) under the KZ functor is isomorphic to the representation VAT of
cyclotomic Hecke algebra, which corresponds to the conjugate of A\. This section is my original work.

Generic parameters have some unique advantages. The first advantage is that the formulae of
eigenvalues and eigenvectors in the Verma module of the rational Cherednik algebra are already com-
puted by Griffeth [13] for the generic parameters. The second advantage is that under the same
condition, there is a straightforward way to write down the actions of generators on the basis of
irreducible modules of the cyclotomic Hecke algebra. So in this section, let us assume that the all
parameters are generic.

First of all, we want to clarify what generic parameters mean in this context. We call the cyclotomic

Hecke algebra H, q is a semi-simple algebra is all of its modules are projective modules.
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Definition 6.4. We say the parameters of a cyclotomic Hecke algbera are generic if H, q is semi-

simple.
According to Proposition 2.9 in [1], we have the conditions of generic parameters as follows.

Proposition 6.5. Let Q = (Qo,...,Q—1) be an [-tuple in C. Then H, q is semi-simple if and only

if¢'Q; — Qr (Jil <n, j#k)and 1 +q¢+...+¢" (1 <i<n) are all non zero.
Similarly, we can define the genericity of parameters in rational Cherednik algebra.

Definition 6.6. The parameters in rational Cherednik algebra are generic if Category O is semi-

simple.

As a consequence of generic parameters, the eigenvalues of z; with respect to f,, 1 in M.()) stated

in Theorem 2.7 are distinct. Hence z; acts diagonally on M.(\) with the right basis.

Corollary 6.7. The parameters of rational Cherednik algebra are generic if and only of M.(\) = L.(\)

for all irreducible representations A of G(I,1,n).

Proof. Tt is a consequence of Proposition 1.15. O

6.2.1 Image of KZ Functor as a Direct Sum of Weight Spaces

As stated in Theorem 4.20, the KZ functor on Category O is isomorphic to the direct sum of weight
space functor Py Dy Wagy+,1- The weights, or the (generalized) eigenvalues of u; and ¢; in the weight
spaces are lifted from the vertices in Dy by 1. On the other hand, from Theorem 2.7, the eigenvalues
of z; and ¢; in Mc(A) can be expressed in terms of a pair (u, L) € Z%,; x SYT(A). We want to have
a closer look at how those two facts are connected, and how certain sum of certain weight spaces of
Verma module makes a representation of the cyclotomic Hecke algebra. In the Verma module M. (1)),
given a pair (u, L) € Ly % SYT, the eigenvalues of z; and (; with respect to the eigenvector f, 1 are
(i +1) = U(hg(L(w, (1)) = PB(L(w, (1)) — i —1) — Colet(L(wy, (7)) and ¢BE(wu())=1i yespectively according

to Theorem 2.7. By the definition of u, in (4.21), u; acts on the eigenvector f, 1 by

Ui+ fu,n = [ — g, (1)) — colet(L(wy(9)))] fu,L- (6.38)

—79 —



In order to connect the vertices in Dy, and eigenvalues of u; and (;, we define the lifting n : Dy — C

by
7+ meo = —h; + % +meo = —lh; + j + Imco. (6.39)
Because all the parameters are generic, —h;, + ng +mico = —hj, + ]72 + maco € Dy C C/Z cannot be

satisfied for either j; # jo or my # mso. Suppose we have the n-tuple in Dg to be

d= (_hj1 + .771 +mico, ..., _hjn + an + mnco),
then the eigenvalues aq are
aq = (7lhj1 + j1 —+ lm100 —+ ZN, ey 7”1]’7_0 + ]n —+ lmnco + TllN) (640)

Since Pqc pp Wag+risa direct sum of the (generalized) eigenspaces of u; and (;, by (6.38), for every

i=1,..,n we get that the i-th coordinate in agq can be written as
—lhj, + ji +Imico +ilN = p; — lhgw, (5)) — colet(L(wy())), (6.41)

for some pair (u,L) € Z%; x SYT()A). Since the eigenvalues of ¢; = ¢AL(wu(D)=hi i5 1, we have

B(L(w,(i))) = u; mod!. Due to genericity of the parameters, we get

Ji = B(L(wy(7))), (6.42)
m; = —ct(L(w,(7))), (6.43)
wi = B(L(w,(i))) + ilN. (6.44)

It is clear that the eigenvalues are completely determined by the standard Young tableaux L. We
will omit 4 and denote the eigenvalues of u; in the direct summand W, + 1(M.(\)) by fr instead
of f, . Since the integer N is much bigger than the rest of the numbers, we have the ordering
1 < po < ... < un. Hence the permutation w, is the identity in S,,. Then the first two equations

becomes

AL() = Ji, (6.45)
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m; = —ct(L(1)). (6.46)

Using the above data, we can reconstruct the standard Young tableau L by placing the box
containing 1 to n one by one, where the box of i is in M¢ with the content being —m;. The box L(1),
no matter which coordinate A of A = (A\°,...  AI=1) it is in, is always on the top left. So the content
of the box L(1) is zero for any L, implying m; = 0 if the weight space Wa, 1(M.()\)) is non empty. If
there is no standard Young tableaux of shape A corresponding to (—lh;, +j1+Imico+IN, ..., —lh;, +
Jn + Impco + nlN), then the weight space Wa, 1(M:(\)) = 0.

In conclusion, the n-tuple d = (dy,...,d,) € D} is in one-to-one correspondence with the eigen-
values aq, where the latter is uniquely associated with a Young tableau. To clarify the relations in the
notations, we may use dy, = (dr1,...,dL,) to represent the n-tuple of vertices in Dy that corresponds

to the standard Young tableau L.

6.2.2 Image of KZ Functor as a Module of Cyclotomic Hecke Algebra

There is still one question remaining, that is why @4 py Wa 4+.1(Mc(N)) is a representation of the
cyclotomic Hecke algebra H, q(n), for any Verma module M.()\). To answer this question, we first
need to know how the KLR algebra Rp, , defined in Section 5 as the subalgebra of the weighted KLR

algebra Rp, acts on this direct sum of weight spaces.

Lemma 6.8. Let M.(\) be the Verma module of H.(G(l,1,n),C™) associated with the irreducible
module A of G(I,1,n). Then the direct sum @dED{{ Wag+1(Mc(N)) is a representation of the KLR

algebra defined in Theorem 5.3 by the actions
1. The idempotents e(d) project onto the weight space Wy, + 1 (Mc(N));
2. The element y;e(d) acts by zero;

3. The element t; maps from the weight space corresponding to the standard Young tableau L
to the weight space corresponding to s; - L, which is the Young tableau after interchanging the

boxes containing 7 and ¢ + 1 in L if it is standard, and zero otherwise.

Proof. The action of the idempotents is obvious. The element y;e(d) acts by u; — (n(d;) + ilN)
according to the statement 2 in Proposition 4.15. Since the parameters are generic, all the generalized

weight spaces are eigenspaces. Hence y;e(d) acts by zero.
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The element 1; maps the weight space Wa, 1(M.(\)) to the weight space Wa, ,,1(Mc())). The
eigenvalues in Wa, 1(Mc(A)) and Wa, 4,1(Mc(N)) can be written as

aq =(—lhj, + j1 +1lmico +IN,... = lhj, + ji +Imico + LN, =lh;, , + jitx1 + Imip1co + (i + 1)IN,
ooy =l + jn + lmpco + niN) and (6.47)

si-aq =(—lhj, +j1 +Imico +IN,... —lhj_, + jiy1 +Imipico +ilN, —lhj, + j; + Imico + (i + 1)IN,
ooy =l + jn + lmpco + nlN), (6.48)

respectively. Suppose the first and second eigenvalues correspond to the standard Young tableau L

and L' respectively. By (6.45) and (6.46), we have the relations

B(L(p)) = jp = BL'(p)), forp#ii+]1 (6.49)
ct(L(p)) = —m, = ct(L'(p)), forp#i,i+1 (6.50)
B(L(i) =ji=B(L'(i+1)) and  B(L(i+1)) = jisr = BL' (1)), (6.51)
t(L()) = —mi = ct(L'(i+ 1)) and  ct(L(i+ 1)) = —mir1 = ct(L'(i)). (6.52)

Hence by comparing the positions and the contents of the boxes in L and L', it is obvious that
L’ = s; - L. If there is no standard Young tableau corresponding to the weight space Wa_ 4 1(Mc(N)),

then ; maps to zero. O

Lemma 6.8 and Corollary 5.13 imply ®deD3 Wag+1(Mc(N)) is a representation of the cyclotomic

Hecke algebra. The actions of the generators v); are
gie(dr) - fr = al fsL, (6.53)

for some scalar a? € C. Moreover, we would like to check whether this representation can be written

in the Young semi-normal form shown in the appendix, where v; acts by
¢i VL = Vs, L, (654)

for some basis {vg, | L € SYT(A)}. If s;- L is not standard, we set vs,., = 0 by convention. The Young
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semi-normal form can be achieved by rescaling the basis elements f;,, for some Young tableau L. We fix
one f, and rescale with respect to the pair (L, s; - L), that is to set v, = fr, and vs,.;, = aiLfSi.L. Then
within these two basis elements, 1); acts in the desired way. However, there are different paths to scale
to get the same vy,. For example, vy, ,s,.1 can be defined along the pairs (L, s;- L), (s;-L,s;115;-L),
and then (sj115; - L,5;5:415; - L). On the other hand, we have v, . ,s,.. = Vs, 15:5,4,-L, Where
the latter can also be achieved by rescaling along the pairs (L, s;41 - L), (Siy1 - L, sisiy+1 - L), and
(siSi+1 + L, si+18:8i+18; - L). Thus we need to check if all the paths are compatible. Because of
the properties of symmetric group, it is sufficient to show that two paths in the above example are
compatible. If there is an edge among the vertices dr;, dr;11 and dr ;1 o, i.e vertices of the edge differ
by co, then the boxes corresponding to the involved vertices are in the same tableau A\* in A, and
are adjacent to each other. Hence they are not interchangeable and vss, s, = 0 = Vs, 15,541 L

Otherwise, the boxes corresponding to the vertices dr;, dr;4+1 and dr ;o are interchangeable. Hence

the two rescaling paths are compatible by

Vsisiprsi-L = Viliv1VUs fr = Vi 1ViViv1 [T = Vsi1sisip0-L s (6.55)

where the second equality holds by (5.12). As the mentioned above, the content of L(1) is zero for
all standard Young tableaux L. The only possible d = (dy,...,d,) satisfying e(d) # 0 is when
dy = —h; + % for some j = 0,...,I — 1. Under this condition, we have

J

yle(d) = 0, for d1 = 7hj + I

By Corollary 5.13, the cyclotomic Hecke algebra, which isomorphic to the cyclotomic KLR algebra, is

the cyclotomic quotient of the affine Hecke algebra H,(n) by the ideal
-1 .
[T - b(~h; + %)) =0. (6.56)

=0

It is the same cyclotomic Hecke algebra whose representations are images of modules of H.(G(l,1,n),C")

under the KZ functor. By the isomorphism between the KLR algebra and the affine Hecke algebra in

- 76 —



Theorem 5.11, the generators X; of the Hecke algebra act on the basis vy, by

Xi-vp =Y b(di)b(yi)e(d) - vr
deDy

= b(dpr,)b(yi)e(dr) - v

= b(dLi)UL.

By the correspondence between d and L, we know that

dLi = —lhji + ]z + lmico = —lhB(L(i)) + ﬁ(L(l)) — lCt(L(i))Co.

Especially we have for X7,

TO v = X1 VL = b(—lhB(L(l)) + ﬁ(L(l)))UL = QB(L(l))'UL-

Similarly, the action of ®; is

(I)i -V = ZQ#ZA?G(C].) - VL,
d

— b(dr,)b(y:) — gb(dr,,, )b(yi+1)
" 0(dr)b(yit1) = b(dr,,)b(yi)

_ b(dr,) —qb(dr, )
B b(dL) - b(dL
Bf

e(dL) s

i-L
)

vSi'L7

where

BF = b((=lhg(ray) + B(L()) — let(L(i))co))
— gb((—1lhgr(i+1)) + B(L(i + 1)) — lct(L(i + 1))co))
CF = b((=lhgpay) + BL(H)) — let(L(i))co))

= b((=lhg(r(i+1)) + B(L(i + 1)) — let(L(i + 1))co)).-
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By the definition of ®;, the action of T; can be deduced as

1- Xin+1

Bf (1 — @b((=lhprii+1) + B+ 1)) — let(L(i + 1))co))

= Vs,.L
L 7Si L
Ci Cz

T; - v, = (P, fz%e(u))ozm

VL. (664)

In order to compare this representation to the well-known representations of cyclotomic Hecke algebra,
we define the irreducible representation V* from [14] as follows. For any [-multipartition A of n, we
denote the set of standard Young tableaux of shape A by SYT()). Let V* be the vector space spanned
by the basis {v¥ | L € SYT()\)}. We define

ctq(B) = Qp(p)g™?, for any box B, (6.65)
-1
(T)r=— 5 for1<i<n—1. (6.66)
T LG+

Then the vector space V* turns into an irreducible representation of H, q(n) in Equation 2.3 of [14]

as follows.

Proposition 6.9. By the above setting, the vector space V* is an irreducible representation by the

action

To - v = cty(L(1))o", (6.67)

T; - vl = (T) ol + (1 + (Ty) )%t for 1<i<n-—1, (6.68)

where s; - L is the standard tableau interchanging the position of ¢ and ¢ + 1 in L. If s; - L is not

standard, then we set s; - L = 0.

The set V = {V* | X is an l-multipartition of n} forms the complete set of non-isomorphic irre-
ducible representations of H, q(n) [5] [14].

For any Young diagram A and Young tableau L, we define their conjugate by flipping along the
diagonal and denote them A" and L!'" respectively. The conjugate of any Young diagram remains
a Young diagram, and conjugation preserves the standardness of Young tableaux. Suppose we have
an [-multipartition A = (A%, ..., A"~1). Define the conjugate A'" to be ((A\%)*",... (AM=1)!"). For a

standard Young tableau L of shape A, we define the conjugate of L as ((LO)W7 . (Ll_l)tr) and denote
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it by L*". The conjugate L'" is of shape A!". It is easy to see that

B(L(i)) = B(L(3)), (6.69)
ct(L(i)) = —ct(L' (1)), (6.70)
for any ¢ =1,...,n. Then we have our crucial result as in Theorem 0.1 as follows.

Theorem 6.10. Let H, q(n) be the cyclotomic Hecke algebra with parameters ¢ = b(—cop) and

R

Qi =b(=h;+%),i=0,---,0— 1. There is an isomorphism @deDg Wag+1(Mc(N)) = VA" as left

modules of Hy q(n).

Proof. Based on the rules defined in Proposition 6.9, the cyclotomic Hecke algebra acts on the basis

vl of the irreducible representation V* by

BL1))

Ty - v" = ctg(L(1) = Qarana™ ™ = b((~hsway + 7 )t (6.71)
T; - ot
= (Ty) o™ + (1 + (T;)L)v* "
_ q— 1 L q— 1 si-L
T L@ v+ (14 | L@ Jv
ctqL(i+1) ctgL(i+1)
_ (¢ — 1)Qp(L(it1)) g+ b+ (14 (q— 1)QB§L(i+1))QCt(L(iH)) L
Qp(L(i+1) @ T — Qg(1(57) g FD) Qp(L(i+1) @ T — Qg1 (37 ¢ D)
_ (4 = DD((=hs(rn + PEHF 4 et(L(i +1)eo)) o

b((—ha(risny + 2D 4 et(L(i 4 1))co)) — b((—Pawy + 25D 4 ct(L(i))eo))
b((—hargy) + 25 + ct(L())eo)) — ab((—ha(risny + ZEELD 4 et(L(i + 1))00))1;5""‘
b((—hppgrny + 2L 4 ct(L(i + 1))co)) — b((—hany + ZED + ct(L(i))co))

B (1 = @)b((=lhp(rer(iyry) + BLT (i + 1)) — lct(L (i +1))eo))
= OL" VUs;-L CL" L
7 K3

(6.72)

By comparing the actions of T; on EBdGDg Wag+1(Mc(N)) in (6.60) and (6.64), with the actions
on VA" in (6.71) and (6.72), it is clear that there is an isomorphism between the left modules

@deD'g Way+1(Mc(X)) and VA" of Hy q(n) by sending vy, — v and extending it linearly. O

Remark. Corollary 6.11 in [10] states that if ¢q is a positive real number, then KZ(M_.())) is isomor-
phic to the Specht module S* corresponding to A defined in Definition 3.28 in [5]. However the result

of Theorem 6.10 does not lead to a contradiction. It is because that the irreducible module V* is
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not necessarily S*, assuming the parameters are generic. For example, if we consider the irreducible
representation V(™ of the cyclotomic Hecke algebra of type A, then we always have

ctq(L(2))

— . —g Ll foralli=1,....n—1. 6.73

Hence the generator T} acts on the only basis element v* by
T; - vl = (T) ol = gl for alli =1,...,n — 1. (6.74)

It is not the trivial representation, but the sign representation, which corresponds to the Specht module

S0t

Example 6.11. Let W be the cyclic group Z;, with irreducible representations p; defined in Sec-
tion 3.2. Each p; corresponds to the l-multipartition that is an I-tuple of partition with empty partition
everywhere except the i-th coordinate. It is one dimensional and generated by {vt | L € SYT(\)}. By
Theorem 6.10, we have

KZ(M,(p;)) = VP = VP
By the definition of the representation of Vi, the action of Ty on v is

T() . ’Ui = lei = b(—hj + %)'Uz .

Recall the definition of a; in Section 3.2 and we get a; = —lh;. The action of Ty becomes

i (e77 ) i
TO . U’LL = b(T + Z)’UL .
The cyclotomic Hecke algebra constructed in Section 3.2 is the algebra H, g(n) from Section 6.1.2.
Since we obtained the cyclotomic Hecke algebra H, q(n) by sending the generators Ty of Hq(W)
to Ty in Lemma 6.2, the generator Ty in Hq(W) acts by b(—(% + %)). The result coincides with

Section 3.2.
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7 Examples on KZ Functor Preserving Unitarity

In this section, we will warm up and provide some evidence supporting that the KZ functor preserves
unitarity of representations of the rational Cherednik algebra. In the appendix of [9], Griffeth discussed
the condition for a representation of the rational Cherednik algebra of type A to be unitary. Stoica
in [19] proved that when we restrict the value of the function ¢ to be between (—3, ] for the rational
Cherednik algebra of type A, M.()) is unitary if and only if KZ(M_.(\)) is unitary. For any n > 2, the
module M ()) of H.(G(l,1,n),C") is not unitary outside the interval (—3, 2] [9]. We will not discuss
the type A case further here, but instead focus on other cases, such as the type B or when W is a
cyclic group. In order to use the result from Secion 6.2, we assume all parameters are generic. This

section is my original work.

7.1 Unitarity Condition of Representations of Cyclotomic Hecke Algebra

We would like to compare the unitary condition on Verma modules M. (A) of the rational Cherednik
algebra and representations VA" of the cyclotomic Hecke algebra. First let us determine the unitarity
condition of the irreducible representation V* in this section. Let H, q(n) be the cyclotomic Hecke
algebra with generic parameters ¢, Q = (Qo, ..., Q;_1), and V* the irreducible representation defined

in Propostion 6.9 with basis {v* | L € SYT(\)}.

Definition 7.1. Let x-operation be the star operation on the cyclotomic Hecke algebra sending X;
to X{l and T; to Tfl. We say that a representation V of H, q(n) is unitary if it is equipped with a

contravariant Hermitian form (-,-) with respect to the x-operation, i.e

(h-v,v"y = (v,h* -V, (7.1)

for all v,v" € V and h € Hy q(n), and it is positive definite.

According to to Stoica [20], for any ¢ on the unit circle, the positive-definite contravariant Her-
mitian form of V* is unique up to a rescaling by a positive real number. It suffices to find a positive-

definite Hermitian form (-, -) such that
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for all L, L' € SYT()), for all i = 1,...,n. The definition of the irreducible V* does not specify how
X; acts on the basis for ¢ > 1. However from Equation 2.6 and Proposition 2.7 in [14], we know the

action of X; on the basis element v¥ is
X; - vF = cty(L(i))v”, (7.4)

for any standard Young tableau L of A\, where the function ct, is defined in (6.65). Moreover, it is

easy to see that

Substituting the action of X in (7.2), we get

(ctq(L(D)0" v") = (wF, ety (L' (8) "0

Sty (L(i) Wk, v = ety (L' (i) (", ). (7.6)

If the tableaux L and L’ are the same, then the equation is automatically satisfied. If not, then that
there exists an 7 € {1,...,n} such that cty(L(4)) # cty(L'(i)), which implies (v*,v*") = 0. Hence the

Hermitian form is orthogonal. We apply the actions of T; to (7.3) and the get

S{(T)ev™ + 1L+ (D))o h ) = (oF, (é(Ti)L’ * é — 1ot + é(l + (T ). (1)

If L and L' are the same tableaux, the equation implies that (T;)r = (%(Tz) L+ % — 1), which is trivial
by the definition of (T;)r. If L and L’ are different and s; - L is not standard, then both sides of the
equation are zero. If s; - L is standard, then both sides of the equation are zero unless L' = s; - L.

Equation 7.7 becomes

(T ot + (1 + (T vr) = (ot %(Ti)y + é = 0"+ 21+ (T
S0+ (T o) = gL+ T wh,oh)
(1 + (T @) " = <§}”LL,’ jji?> (7.8)
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If we have (vl vL) = 0 for some L, then (vl vL) = 0 holds for all L by (7.8), since any standard Young
tableau L’ can be obtained by applying series of transpositions on L. Let us assume that (v, v%) # 0.
The Hermitian form (-,-) is positive-definite if and only if (v v%) > 0 for all L € SYT()), or
equivalently (1 + (T3))(q(1 + (T;)s,-2)) " > 0 and (v*,v*) > 0 for all L € SYT()) such that s;-L # 0.

We want to discover what condition the above inequality (14 (T3))(q(1 + (Ti)s,.2)) " > 0 gives

us. Let us define d¥ = ct(L(i)) — ct(L(i + 1)) and Pl = %. Then (7)1, becomes

q—1
1—(PL) 1 dL'

Then we have

L+ (T)e) (@ + (T)s,n) " >0
q—1 q—l B
oot ()

-1
q—1 q—1
s (1+— 1+ ——— >0
< 1—<PL>16“> q( 1—(Pfﬁzdf>)

1 1db\ !
Rt (1—«Pﬂ d) 0

_ (pLy-1 dL Ly—1,dF
1—(P7)~ ()

L

. PL_q%i

The fraction % is a positive real number, and so is its complex conjugate. The sum of them is
P —q

still a positive real number. Hence we have the following inequality.

aPl —q*  (qPl g%\ _ |
P_L _ quL-',-l I

L
gPF —q% N (PP g%
PL qdf+1 (PiL)—l _ q—(dfﬂ)

>0

@24+2¢4—2qﬂﬁpf—2¢*Pf4
9 _ qf(diLJrl)PiL — qdf+1(piL)—1

(7.10)

We recall that ¢ is defined to be ¢ = b(—cy) = exp(—QW\/—lcO), which implies ¢+¢~1 = cos(—2mcy) =
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cos(2mcp). Similarly, by the definition of dF, P* and Q;, we have

gt Lop-1
q d; ]:)iL‘i’qdl PiL

—cos (2 (eolet(L(0) — et(Bi+ 1) + ey — 25 < ey + ZEE) ) )

q—(df+1)PiL + qdf+1(PiL)—1

BL())
l

= cos (27r (co(ct(L(i)) — et(L(i + 1)) + 1) + hg(ry) — W)) .

—hsa+ny) + i

(7.12)

Hence the inequality becomes

2 cos(2mco) — 2 cos (277 (co(ct(L(i)) — ct(L(i 4+ 1)) + hacniy — 25D by + M))

2 — 2cos (27T (co(ct(L(i)) —ct(L(i+ 1)) + 1)+ hgwu) — M — hg(r@i+1)) + w))

>0

(7.13)

The denominator is larger than or equal to zero. However it is never zero, because the inequality

(7.13) is equivalent with (7.8) and we assume that (v”, vl) # 0. The numerator can be transformed
into
. ‘ . L(s L(i+1
— 4sin (7r <co T eo(et (L)) — et(L(i + 1)) + hpoy — z( D iy + 5((l))>)

-sin <7T (CO —co(et(L(i)) — ct(L(i + 1))) — h,B(L(i)) + B(LZ(Z)) + h,B(L(i+1)) — W)) (7.14)

It is positive if the two sine factors have opposite signs. Hence we have the following proposition.

Proposition 7.2. Let ¢,Q = (Qo, ... Qi—1) be the generic parameters of the cyclotomic Hecke algebra

H, q(n), and ¢ lie on the unit circle. Then the irreducible representation V? is unitary if and only if

sin <7T <CO + CQ(Ct(L(i)) — Ct(L(i + 1))) + hB(L(i)) — B(IE(Z)) — hB(L(H—l)) + W))

L% L(t+1
- sin (ﬂ' <Co — CQ(Ct(L(i)) — Ct(L(i + 1))) — h,B(L(z)) + M + h,B(L(iJrl)) - M)) < 07

(7.15)

forallt=1,...,n—1and L € SYT such that s; - L is a standard Young tableau of .
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7.2 Example of W =G(l,1,1)

Consider the simplest case where W is the cyclic group Z;. The irreducible representations of the
cyclotomic Hecke algebra of G(I,1,1) are all one-dimensional, hence unitary automatically. However,
based on Example 1.20, a certain condition needs to be met to have unitary Verma modules of
H.(G(l,1,1),C). As a consequence, KZ functor preserves the unitarity, that is if M.()\) is unitary,
then so is KZ(M_.()\)). However the converse is not necessarily true.

7.3 Example of Type B

In the case of type B, the underlying group in the rational Cherednik algebra is G(2,1,n). Griffith
discussed the unitarity condition for a Verma module in Section 8.2 of [13]|. For the 2-multipartition

A= (A% A1), we define
1. by, b} to be the box of \° and A! with the largest content respectively,
2. by, b to be the box of A’ and A\! with the smallest content respectively,

Then the unitarity condition of M.(\) for generic parameters can be stated in the following proposition,

combining the results from Corollary 8.4 and Corollary 8.5 in [13].

Proposition 7.3. Let H.(G(2,1,n),C™) be the rational Cherednik algebra of type B with generic

parameters such that ¢ > 0. Recall the construction of h;,i =0,...,1 — 1 in (2.9).
o If A= ((1"),0), then M,(}) is unitary if and only if hy > —3.

o If A= (A% 0) or (P, \!) for some A? # (1™), then M.(])) is unitary if and only if

1 1
< d —h t(b < -, 7.16
DS o) —ct(oy) 11 4 T etlbeo < 3 (7.16)
or
1
o and — hy + ct(b1)eo < =, (7.17)

<
~ ct(b)) —ct(b)) +1

respectively.
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o If A = (A% A\!) where neither A\° nor A! is (), then the condition of M.()\) being unitary is

iy (ct(br) — ct(b)) + 1)co < % (7.18)
i+ (eb(bs) — et(0) — o < (7.19)
By + (ct(b)) — ct(ba) + 1)co < % (7.20)
hy + (ct(bly) —ct(b1) — 1)eo < % (7.21)

The KZ functor maps M.(\) to VA" In the case of type B, we can show that the KZ functor

preserves unitarity between these two representations.

Proposition 7.4. Let H.(G(2,1,n),C") be the rational Cherednik algebra of type B with generic pa-
rameters such that ¢g > 0. For any 2-multiparition A of n, M.()) is a Verma module of H.(G(2,1,n),C").
Let H, q(n) be the cyclotomic Hecke algebra whose representations V* are images of M.(\) under

the KZ functor for all \. Then V*" is unitary if M.()) is unitary.

Proof. We will prove it by dividing it into three cases.

1. If A= ((1™),0), then VA" is one dimensional, hence always unitary.

2. If A= (A9, 0) for \° # (1), and ¢y > 0, then B(L'"(i)) = B(L'"(i+1)). For any standard Young

tableau L of shape X such that s; - L is standard, Equation (7.15) becomes

sin (7 (co 4 co (ct(L (i) — ct(L* (i +1))))) sin (7 (co — co (ct(L(4)) — ct(L7" (i +1))))) <0
< sin (7 (eo + ¢o (ct(L(7)) — ct(L(i + 1))))) sin (7 (co — co (ct(L(2)) — ct(L(i 4+ 1))))) < 0.
(7.22)

Assume that M.(\) satisfies the unitary condition in Proposition 7.3. Because ¢y > 0, we have

the inequality

co + co(ct(L (1)) — ct(L(i +1))) < colct(by) — ct(bg) + 1) < 1. (7.23)
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It implies the inequality

co — co(ct(L(2)) — ct(L(i + 1)) < co + co(ct(L(i + 1)) — ct(L(%))) < colet(by) —ct(by) +1) <1
(7.24)

holds. Moreover, if we relax the restriction on ¢ from ¢y < to ¢g <

1 1
ct(by)—ct(ba)+1 ct(by)—ct(bg)—1"

we get the inequalities

co + co(et(L(2)) —et(L(i 4+ 1))) > co(ct(by) —ct(by) +1) > —1, (7.25)

Cco — Co(Ct(L(Z)) — Ct(L(l + 1))) Z Co(Ct(b4) — Ct(bl) + 1) Z —-1. (726)

Suppose we have the inequality ct(L(z))—ct(L(i+1)) > 0. It implies that ct(L(7)) —ct(L(i+1)) >
1, because L(i) and L(i + 1) are in the same tableau and they cannot have the same content.

Then we have the inequality
co — co(et(L(2)) —et(L(i +1))) < 0. (7.27)
Multiplying 7 on inequalities (7.24), (7.25), (7.26) and (7.27) and rearranging terms, we get

— 7 <7 (co+ co(et(LP(4)) — et(L" (i +1)))) <0 (7.28)

0 < (co — co(ct(L (i) — ct(L" (i + 1)))) < . (7.29)

Equalities cannot occur due to the facts that s;-L is standard implies difference between ct(L!(4))
and ct(L'"(i + 1)) is larger than one. Within this range of ¢, the inequality (7.22) holds, and

tr o, .
hence V" is unitary.

Likewise, when ct(L(4)) — ct(L(i + 1)) is less than zero, we have
co + co(ct(L(i)) — ct(L(i + 1))) < 0. (7.30)
After multiplying 7, inequalities (7.24), (7.25), (7.26) and (7.27) give us

— 7 <7 (co— co(ct(L(4)) — et(L"(i +1)))) <0 (7.31)
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0 < (co + co(ct(L (i) — ct(L (i + 1)))) < m, (7.32)

under which the irreducible representation VAT s unitary. The same argument applies to A =

(0, A1),

. Suppose A = (A%, A!) where neither of A\, i = 0,1 is empty. Equations (7.18) to (7.21) imply

that
1 , 1
— 5 — h1 S (Ct(bl) — Ct(b4) + I)CO S 5 + hl and (733)
1 1
— 5 +hy < (Ct(b’l) — Ct(b4) + 1)60 < 5 — hy. (734)
Adding them together, we get
— 1 < (ct(by) — ct(bly) + 1)co — (ct(b)) — ct(bs) + 1)co < 1
& — 1< (et(by) —ct(bg) + 1)cg + (ct(b)) — ct (b)) + 1)cp < 1. (7.35)

Since both ct(b1) — ct(bg) + 1 and ct(b]) — ct(b)) + 1 are larger than zero, and ¢y > 0, the two
summands ct(by) —ct(bs) +1)co and (ct(d)) —ct(b))+1)co in (7.35) are in the range (0, 1). Hence
it guarantees that if L'"(i) and L'"(i + 1) are in the same A/, then the Hermitian form involving

vrtr and v, ¢ is positive-definite by the same argument used in the previous case.

Recall that hg = 0 by definition. If L(i) is in A\Y and L(i+1) is in A!, then the unitarity condition
of VA" (7.15) becomes

7 | co + co(ct(L (7)) — ct(L" (i + 1)) — hy + ;))

(e
-sin Ew ECO —co(et(L (7)) — ct(L" (i + 1)) + hy — ;)) <0
(e

7 | co — co(ct(L ))Ct(L(i+1)))h1+;>>

co + co(ct(L(2)) — ct(L(i +1))) + hy — ;)) <0. (7.36)
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By (7.18), we get that

1
co — co(et(L(2)) —ct(L(i+1))) — hy + 5
1
ZCO — Co(Ct(bll) — Ct(b4)) — hl + 5 2 0. (737)
Moreover, (7.20) implies that
. . 1
co — co(ct(L(z)) — ct(L(i + 1)) — hy + 3
1
=co + co(ct(L(i + 1)) —ct(L(4))) — h1 + 3
1
<co + co(ct(by) — ct(by)) — h1 + S <L (7.38)
Similarly, we have the inequality
1
—1 <cg—coct(L(i)) —ct(L(i+ 1))+ hy — 3 <0 (7.39)

because of (7.19). Equalities cannot hold, since the boxes L(i) and (i 4+ 1) are interchangeable
and their content difference is larger than one. As a result of (7.37), (7.38) and (7.39), the
unitarity condition of V’\tr(7.36) holds. The same argument can be applied for the case where
L(i) is in A' and L(i + 1) is in A%.

In conclusion, under the unitarity condition for M.(A), the irreducible representation VAT s

unitary.

O

Remark. There is an isomorphism between H.(W,h) and H_.(W,h) that sends elements in h and
h* to themselves and reflections s to —s. The cyclotomic Hecke algebra whose representations are
images of modules of H_.(W, h) under the KZ functor is H,-1 -1, which is isomorphic to the original
cyclotomic Hecke algebra H, q by mapping the generators to their inverses. Hence Proposition 7.4 is

also true for ¢y < 0. The result can also be calculated directly from their unitarity conditions.
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8 KZ Functor and Unitarity

We are now well-equipped to take on our most important question, which is whether the KZ functor
preserves unitarity of the representations of the rational Cherendik algebra of G(I,1,n). We will derive
the x-operation of the cyclotomic Hecke algebra from the rational Cherednik algebra, and compare it
with the x-operation of the cyclotomic Hecke algebra introduced in the previous section. This section
is my original work

The rational Cherendik algebra can be parametrized by either ¢, or h;, while the cyclotomic Hecke
algebra whose representations are images under the K7 functor is given in terms of ;. So we need to
work with h; to tackle this problem.

The first step is to derive the condition on h; equivalent to ¢, = cl, which is required to define

unitarity on the rational Cherendik algebra.

Lemma 8.1. Let us recall that c| is defined to be ¢,-1. Then the condition c¢; = ¢} holds for all

reflection s if and only if ¢y and h; are real for all j =0,...,l — 1.

Proof. If the equation ¢, = ¢l holds for all s € S, then

Co = Cs;; =Tt =Cs; 5 = T, (8.1)
which implies that ¢y is real. Moreover, for the other parameters c;,7 =1,...,l — 1, we have
Cj=Cq =Cci =C . (8.2)
By (2.9), h; can be wrttien as
h]?lill_g_]c (8.3)
= 7% 2 11_§_J ci — % l: 11_<<Jc_ (8.4)
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The parameter h; is a sum of a complex number and its conjugate, therefore real.
If h; are real for all j = 0,...,1 — 1, then kg ; are real for all j = 0,...,l — 1 by the fact that

kg,j = hi—; in (6.30). The parameters ¢; then can be written in terms of kg ; in (6.14)

’anl
1 }
=y > kg —kuyg) (8.7)
§=0
et
=3 > ¢ (knj — kn) (8.8)
j=0
= C—;- (89)

Moreover, ¢ is real implies that cs,, = clij. That proves the condition ¢ = ¢ holds for all reflections

s. O

For the rest of the section, we will assume that ¢y and h; are real. Under this assumption, the
eigenvalues of u; in the Verma module M.()), which are p; — lhg(u, i)) — colct(L(w,(i))) for some
pair (u, L) € Z%; x SYT(A), are real. Recall that the *-operation on the rational Cherendik algebra

in Definition 1.17 sends z; to ¥;, ¥; to x; and s to s~!. If we apply the *-operation on u;, we get

yzxz + ¢ Z Z CtSng7 C Cz) - 1)

1<5<i t=0
-1 -1 1-1
=afyi teo D Y (G SEECH =D (¢ ¢ -
1<j<it—0 5=0 r=0
-1 1-1
=Yi%; + Co Z ZCtSng K ZZ Crsh CC
1<j<i t=0 s=0 r=0
-1 0 1-1
=yiwitco y > Clsp(Tt = Y D RGN T -
1<j<i t=0 s=—I+17r=0

Let us recall the projective modules P, defined in (4.46) that represent the weight space functor
Wat. Similar to the construction of idempotents of the cyclotomic Hecke algebra in [4], there is
a system {e(a,t)} of mutually orthogonal idempotents in the rational Cherednik algebra such that
e(a,t) projects on the projective P, . We have the following lemma of the x-operation acting on the

idempotents.
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Lemma 8.2. e(a,t)* =e(a,t).

Proof. Let us consider H.(W, h) as the left and right module of the Dunkl-Opdam subalgebra t by the
left and right multiplication, and denote them by H; and H, respectively. We define P®* to be the

projective limit with respect to the right multiplication, that is

Pt = lim H(W, )/ (i - a;)N Ho(W, b) + (G — )" He(W, 1)), (8.11)
fora=(a1,...,a,) ER" and t = (¢1,...,t,) € w(C). For any v € Py ¢, we have
)Y v =0, (8.12)

for large enough N. Since it is an equation of multiplication in the rational Cherednik algebra, we can

apply the x-operation to get

v (u; —a;))N =0. (8.13)

The same argument applies to (¢; — ;)N - v = 0. It implies that Py C P&t Similarly, we have
pat* ¢ P, . Hence the two subsets P; ¢ and P23t are equal. If we denote the idempotents projecting

onto P®% in H,. by é(a,t), then we have Hye(a,t)* = H,é(a,t). Hence e(a,t)* = é(a,t)

Claim. There is an anti-involution a of H.(W,h) that preserves the Dunkl-Opdam subalgebra by

mapping z to T'(z), y to T~ 1(y) and s to s for any z € h*, y € b, s € {s1,...,8,_ 1} U{C1,...,Ca}

Proof. Tt suffices to check that the anti-involution a preserves the generating relations and group
actions. It is trivial to show (1.6). It is obvious that (1.7) is equivalent to (2.5) and (2.6). When
applying a both (2.5) and (2.6), we get

-1

a(fyi,zj]) =Y co¢"al((lsii )

=0
= -1

& [yl =Y ol ¢ st =Y ¢ st for i # (8.14)
t=0 t=0
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-1

alyi, i) =1=Y > coa((sni¢; Z 2ca(C

t=0 k#i
-1 -1

&yl =1-Y Y cl  smicl = > 2e¢) (8.15)
t=0 k#£i t=1

We get the same generating relation as before. For the group action, we need to make sure that the
anti-involution a preserve the equality of sy = s(y)s and sx = s(z)s, for all reflection s, y € h and
x € h*. It is enough to check if it is true for the generators s; fori =1,...,n—1land (; fori=1,...,n

We apply the anti-involution a, then all the possible situations hold as follows

a(siyj) = x;8; = sixj = a(y;s;), for i #j,j+1 (8.16)
a(siz;) = yjsi = siy; = a(xjs;), fori#j,j+1 (8.17)
a(siyi) = 2isi = Si%iv1 = aYiy15i) (8.18)
a(siyi) = Ti8; = 8iTiv1 = a(Yi+15i) (8.19)
a($iYit1) = Tip18i = sivi = a(y;s;) (8.20)
a(siTiv1) = Yir18i = siyi = a(@;5;) (8:21)
a(Giyy) = ;¢ = Gzj = ay;G), for i # j (8:22)
a(Giz;) = Y6 = Gy; = alz;¢;), fori#j (8.23)
a(Giyi) = 2:G = (G = a(CyiC) (8.24)
a(Giri) = yiGi = ¢ Gyi = a(¢ wi). (8.25)

When we apply the anti-involution a on the generators of Dunkl-Opdam subalgebra, the equation

a(¢;) = ¢; holds by the definition of a, and

-1
a(z)=a [ ywi+ Y Y i

1< <i t=0
= Y al sl
1<j<i t=0
-1
=yimi+ Y > (G lsiudl)
1<j<i t=0
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Because the Dunkl-Opdam subalgebra is abelian, the anti-involution preserving its generators implies

that the algebra itself is also preserved under a. O

Since the Dunkl Opdam subalgebra is commutative, we can consider both H; and H, as its bi-

modules. Then The involution a gives an isomorphism between these modules by
a(t-v) =a(v) -t (8.27)

The idempotents e(a, t) and é(a,t) come from the same vector space and they both project onto the
generalized eigenspaces with the same eigenvalues. Hence we have e(a,t) = é(a, t). By the fact that

e(a,t)* = é(a,t), the equation e(a,t)* = e(a, t) holds. O

8.1 The *-Operation on Weighted KLR Algebra

We are left to trace the x-operation throughout the process of applying the KZ functor, from the
rational Cherednik algebra to the weighted KLR algebra, then to the KLR algebra and, finally to
the cyclotomic Hecke algebra. The x-operation on the weighted KLR algebra of quiver Dy associated
with the rational Cherednik algebra H.(G(l,1,n),C") is derived from the #-operation on the rational
Cherednik algebra by the action on the projective limit P, in Proposition 4.15. The idempotent
e(a, t) in the completed weighted KLR algebra ED also projects onto P, ¢. Hence by the Lemma 8.2,
we have

e(a,t) =e(a,t)” (8.28)

in ]/%D. The dot on the i-th strand in the diagram e(a,t) corresponding to the multiplication by
(u; — a;) is preserved by the x-operation because of (8.10). Let us recall that the intertwining operator
o; is defined in (2.13). If the eigenvalues of ¢; and (;41 are different, then 7; acts by zero. The action

of diagram &(a, t, s;) in Proposition 4.15 can be expressed in terms of o; as follows

e(a, t)Si = e(a,t)ai if ti 75 ti+1

Ui —Uit1 : _
€(a,t)m0i if t; = ti-i—l and a; + Col 7é ai+1 7é a;

E(¢(a,t,s)) = (8.29)

e(a,t)(ui - 'I.Ll'+1)0'i if ti = ti+1 and a; + Col = Qj4+1 # a;

e(a,t)é(si — 1) if ti = ti+1 and a; + Col 75 Ai+1 = Q.

wi—u;y1+col
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The fourth case cannot be written in terms of o, since it is not defined on the eigenspace with a; = a; 41

and t; = t;+,. The diagrams £(a, t, ™) have already been expressed by the intertwining operators ®
and ¥ via the isomorphism =. Hence the actions of the x-operation on all three types of diagrams

£(a,t,s;) and £(a, t,v%) depend on ¢}, ®* and ¥*, which can be computed by the lemma below.

Lemma 8.3. Recall the x-operation defined in Definition 1.17. Then its actions on intertwining

operators are

ol =o; V i=1,...,n—1, (8.30)
ot =, (8.31)
U= (8.32)

= afsi...sh
=Y181...-Sn,
=0, (8.33)

Moreover, we know that (®*)* = ® by the definition of the x-operation. It is easy to deduce that
U* = . O

Applying the x-operation on the diagrams, we get

sie(a, t) = aie(a, t) if ti 75 ti—i—l
ai%e(a,t) if ti = ti+1 and a; + Col 7é Ai+1 7é a;

E(¢(a,t,8:))" = (8.34)

Ui(’LLZ' — ui+1)e(a,t) if ti = ti+1 and a; + Col = ;41 7é a;

(Si — 1)me(a,t) if t; = tit1 and a; + col # A1 = Q4
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_ De(a, t) if a,, = —p(t,)
E(¢(a,t,v)" = (8.35)
mée(a, t) otherwise;

=(¢(a,t,vh))* = Te(a, t). (8.36)

Due to the injectivity of the map =, after comparing the actions of *-operation on the generating

diagrams with the generating diagrams we already know, it is not hard to deduce that

§(si . (a7 t), Sl) if ti 75 ti+1
%g(si . (a, t), Si) if ti = ti+1 and a; + Col 75 Ai+1 75 a;
§(a,t, Si)* = 7m§(81 . (a,t), Sz) if ti = ti+1 and a; — C()l = Q41 # a;
(uiJrl — u; + Col)f(si . (a,t)7 52) if t; = tiv1 and a; + col = a;4+1 £ a;
et (s + 2Rt =ty and o & ol # ainy = ai;
(8.37)
X Ev-(at), v if ap, = —p(tn)
£(a,t,)" = (8.:38)
mg(y (a,t),v71) otherwise;
—1yx* é(y_l ’ (avt)vl/) if ap = _p(tn)
Ea, )" = (8.39)

vt (a,t),v)(un + p(tn)) otherwise.

8.2 The *-Operation on KLR Algebra

The *-operation of the completion of the KLR algebra Rp, , is induced from the one of the completion
of the weighted KLR algebra Rp,, as the former is a subalgebra of the latter. The same rules apply

to the generators e(d) and y; of the KLR algebra, that is

e(d)* =e(d) for any d € D (8.40)

Yi = Yi- (8.41)

— 96 —



Using the un-braiding generating relations (5.11), the power of 1; can be reduced to one or zero in

*

any element. Hence (¢;e(d))* can be written as

(tie(d))" = e(d) fi,a(y)¥i + e(d)gi,aly), (8.42)

where f; a(y) and g; a(y) are power series of variables y1,...,y,. Since the domains and the images
of diagrams &(a, t,s;) and &(a, t,vt) are reversed after applying *-operation, by definition so are the
ones of 1;e(d). The element (i;e(d))” maps the weight space Wi, .(ay,1)(M) to the weight space
Wiaq,1)(M). Therefore, we have

(tie(d))” = e(d) fi,a(y)¥i, for di # diya; (8.43)

(ie(d))” = e(d) fi,a(y)i + e(d)gia(y), otherwise. (8.44)

The generator i;e(d) is a product of many diagrams of £(a,t,s;) and &(a,t,v*) as shown in
Figures 2, 3 and 4, so (1;e(d))* is determined by the *-operation on each component.

Flipping the diagram &(a, t, s;) along the horizontal line will give us the diagram £(s; - (a, t), s;)
for any a, t and j. When we flip a product of diagrams, the loadings on the top and the bottom of
each diagram are switched, and the order of the diagrams in the product is reversed. After flipping

*

the diagram 1;e(d), we get the product of the same diagrams in (¢;e(d))* with the same order, but
with an adjustment of the power series f; a(y)-

If we flip ;e(d) along the horizontal line, we get a digram of two crossings, one between two strands
and the other between a strand and a ghost with the bottom loading s; - aq and the top loading aq. It
is exactly the diagram v;e(s; - d). Hence the power series f; a(y) is solely dependent on the difference
between the diagrams £(a, t,w)* in the product of (¢);e(d))* and the diagrams {(w - (a,t), w) for some
w = sj,vE.

When we apply the x-operation on a product of generating diagrams £(a,t,s;) and £(a,t,v), we
get a power series of uq,...,u, from the %-operation on each generating diagram in (8.37) to (8.39).

We need to commute the power series through the generating diagrams after applying the x-operation,

which rotates the u’s according to the rules:

g(a,t, sj)u,; = u,;&(a,t,sj) le # ],] + 1, (845)
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f(a,t, si)ui = ui+1£(a,t, 81‘) if ti 7é ti—i—l or, ti = ti+1 and a; 7é 41, (846)

f(a,t, Si)ui+1 = uif(a,t, Si) if ti 75 ti+1 or, ti = tiJrl and a; 7& i1, (847)

U; — Ui+1 + CoTr;

§(a,t, si)ui = ui+1§(a,t, Sl) — Wi — Ui I Col if t; = ti—l—l and A; = Qj41, (848)
U; — Uj41 + CoT; .
§(a, t, si)uiH = uiﬁ(a, t, 3@) + #ﬁl—l—;l if ti = ti+1 and A; = Aj41, (849)
(a,t,v)u; = uip1é(a, t,v), (8.50)
§(a7t7l/_1)ui = ui*lg(a,thy_l% (851)
where the last two equations are deduced from (4.24), and for any i ¢ {1,...,n}, u; is defined in

(4.22). For instance, suppose we start with a product of two diagrams &(a,t,s;){(a,t,s;4+1) with
t; = tip1 = tizo, a; £ col # a1 # a;, and a; 41 + col = a;419 # a;41. After applying the s-operation,

the product becomes

((at,s5)¢(a,t,5541))" (8.52)

Uij1 — U; + col
—&(s5 - (,t), 85 8.53
e U a0 (8.5

§(8i+1 . (a, t), Si+1)§(8i . (a, t), SZ'). (854)

=(Uit2 — Uit1 + col)€(Siv1 - (A,t), Siq1)

Ui — Ui41 + col

=(Uit2 — Uit1 + col)
U; — Uj+1 — Col

If there are m generating diagrams in the product, then this needs to be done for all u’s, resulting a

product of power series in the front of diagram after applying the x-operation. According to (8.37),

(8.38), and (8.39), the product of power series may include factors of Z:Z:_rigﬁ, —us_ulr_COl, (us —
Uy + col), Z:ZJ_ES%, u.;+1>(ts)’ and (us + p(ts)) for some r and s from {1,...,n}, depending on the

diagrams and their loadings. Recall that if there exists an edge d — d’ if d = d — ¢y. This gives us

the power series f; 4 in the following lemma.

Lemma 8.4. Applying *-operation on v;e(d) gives us

(Yie(d))" = e(d) fia(y)vi, for di # diy1; (8.55)

(ie(d))* = e(d) fi.a(y)yi + e(d)gia(y), otherwise, (8.56)

where

1. For d; # d;+1 and d; < d;41, all the diagrams {(a,t,s;) for j = 1,...,n in the product ;e(d)
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act by either

e(a, t)S] = e(a, t)O'j if tj # tj+1 (857)

Uj — Ujt+1

or e(a,t) o; ift; =t;41 and a; + col # a1 # a;. (8.58)

Uj — Ujy1 — Col

Let p be the number of times the condition in (8.58) is met. The power series provided by

the diagrams &(a, t, ™) cancel out each other. The power series fia is a product of p factors

of Us—Ur+col

Us—Upr—col’?

where s and r are different in each term depending on the diagrams and their

position.

. For d; # d; 41 and d; < d;41, all the diagrams £(a, t,s;) for j = 1,...,n in the product 1;e(d)

act by either

e(a, t)Sj = e(a, t)O'j if tj 7é tj+1 (859)
Ui —Uj+1

or e(a,t)—oj if t]‘ = tj+1 and Qj + C()l 7é aj+1 7é Qaj, (860)
Uj — Ujy1 — Col

except the one diagram where a; — ¢gl = a;41 + m and it acts by e(a, t)(u; — u;41)0;. Let p be

Uj Ut

the number of times when the condition of the second action e(a, t)m
J J

o; is met. The
power series provided by the diagrams &(a, t, %) cancel out each other. The power series fia is
a product of p factors of ZL“LCOZ and one factor of (ur — u; + col) for some j, k € {1,...,n},

—u,—col

where s and r are different in each term depending on the diagrams and their position.

. For d; # d;41 and d; — d;41, all the diagrams £(a, t,s;) for j = 1,...,n in the product ¥;e(d)

act by either

e(a,t)s; =e(a,t)o; ift; #tj1q (8.61)
Uj — Uj41

ore(a,t)——>——o0; ift; =t;41 and a; + col # ajq1 # a;. (8.62)
Uj — Ujy1 — C()l

Let p be the number of times the second action applies. The power series provided by the
diagrams &(a, t, vF) cancel out each other. All the diagrams behave the same as in case 1 except

&(a,t, s;), where a; — cgl = a;+1. The x-operation on this diagram gives an extra power series

1

1 s —Urtc
Uk —Uj 7001

1 i o u ol _
TrE—TE—— The power series f; q is a product of p factors of CTpT——— and one of
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for some j,k € {1,...,n}, where s and r are different in each term depending on the diagrams

and their position.

4. For d; = dij;1 and d; +» d;11, all the diagrams £(a, t, s;) for j = 1,...,n in the product ¥;e(d)

act by either

e(a, t)Sj = e(a, t)O'j if tj ;é tj+1 (863)
Uj — Ui+l

ore(a,t)——————o0; ift; =t;41 and a; + col # a1 # aj, (8.64)
Uj — Ujy1 — Col

except the diagram &(a,t,s;) for a; = a;41 and t; = t;41 = 1. It gives an extra power series

Ui—Uit1+col
Uit1—uitcol”

Uj—Ujt1

Let p be the number of times when the condition of the action e(a, t)maj
J J

is met. The power series provided by the diagrams &(a, t,v*) cancel out each other. The power

u,+col

. . _ P l
series f; 4 is a product of p factors of %= and one of Xi—urtcol
s

Ur—col up—uj+col

for some j,k € {1,...,n},

where s and r are different in each term depending on the diagrams.

_ fi,d(}’)*le(d).

Moreover, we have g; a(y)e(d) —

Proof. The computation of f; g is straightforward by applying (8.37) to (8.39) to the product 1;e(d)
and moving all the power series given by the *-operation to the front of the terms by (8.45) to (8.51).
When d; = d;11, we can compute g;q in term of f; q by (5.10). Applying the x-operation on

(Yit19: — Yiyi)e(d) = e(d), we get

e(d)(¥]yit1 —yit}) = e(d)
<e(d) ((fiaW)vi + 9i.a(¥)yitr — vilfia(¥)i + gi.a(y))) = e(d)
<e(d) (fia(y)(yii +1) = gia(y)yier — yifia(¥)¥i — yigia(y)) = e(d)
&e(d)gia(y)(yi — yis1) = e(d)(fialy) = 1(y)
fialy) -1

©gia(ye(d) = me(d)' (8.65)

8.3 The *-Operation on Cyclotomic Hecke Algebra

Let H, q be the cyclotomic Hecke algebra with parameters ¢ = b(—cp) and Q = (Qo,...,Qi—1) =

(b(=ho +9),...,b(=hy—1 + 52)). Finally we can pass the x-operation onto the cyclotomic Hecke
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algebra H, q via the isomorphism to the cyclotomic KLR algebra in Theorem 5.11. Furthermore, we

want to compare this *-operation with the x-operation that defines unitarity on the cyclotomic Hecke

algebra’s modules in Definition 7.1. Let us recall that v is the isomorphism between the completion of

affine Hecke algebra and the completion of KLR algebra from Theorem 5.11 If we apply the x-operation

on v(X;) for any ¢, then we get

y(Xa) = D bldi)b(yie(d)

deDp

= Zb(*di)b(*}%‘)e(d)
d

(X,

Similarly, applying the *-operation on ~v(®;) leads to

( Z ¢iA?e(d))
deDpy
( > pie(d) AT
deDy

V(®:)"

=D (AN (Wie(a))".

The summands in v(®;)* can be divided into trichotomy.

)*

1. For d; # d;i1,d; 41 — co, the summand (A2)*(1;e(d))* becomes

b(di)b(yi) — qb(div1)b(yis1)

dy* (4.0 * =
(ADY* (1hie(d)) (b(di)b(}%‘) -

b(dit1)b(yi+1)
_ b(—di)b(—yi) — qb(—diy1)b(—yit1)

— b(—=di)b(—yi) = b(—dit1)b(—yis1)
_ b(dis1)b(yit1) — q~'b(di)b(v:)

b(di1)b(yis1) — b(di)b(ys)
_ 10(di)b(yi) — gb(di+1)b(yi+1)

(8.66)
(8.67)
) Jiavie(s; - d)
fiavie(si - d)
fiavie(s; -d)
fi,atie(s; - d) (8.68)

q b(di)b(yi) — b(dit1)b(yit1)
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2. For d; = d;y1 — o, the summand (A2)*(y;e(d))* is

e My )\
(A e @)” = (ras SaG y) Fatiels
&

_ b(—yi+1) — b(—yq) e
= (gb(—=yix1) — b(=y:))(vi yHl)fz,d‘/)z (si-d)
_ b(yi) — b(yi+1) ele
~ (gb(yi) — b(yis1))(yi — yi+1)fz,d7/}z (55 -d)
= fiai b(yit1) — b(yi)

i,dWi (¢b(yit1) — b(v:))(Yit1 — v4)

o gsied OVip1) —b(yi)
= fz,dl[}zAi q2b(}’i+1) — b(}’z‘) (YH-l Yz)e(sz d)' (8'69)

e(s; - d)

3. For d; = d;4+1, we have the summand

Qo)) = (20D = @) N
(42 ie(@) = (G5O s 3] (fravs + 1a)ela)

_ b(—yi) = q~"b(=yit1) (vs
b(—yirr) —b(=y)
b(yit1) —q bly:)

~ () — by (vitr = yi)(fi.ai + gia)e(d) .

—vi)(fi,a¥i + gi.a)e(d)

(8.70)

Now the #-operation in the rational Cherednik algebra H.(G(l,1,n),C™) has already been passed
onto the cyclotomic Hecke algebra H, q. If the Verma module M, (X) of the rational Cherednik algebra
H.(G(l,1,n),C") is unitary, then contravariant Hermitian form of the representation VA with respect
to x-operation on the cyclotomic Hecke algebra is positive-definite.

Let us recall the definition of x-operation and unitary representations of cyclotomic Hecke algebra
in Definition 7.1. The star operation x gives us explicit information about its actions onto 7; instead

of ®; and e(d). In order to compare the two star operations, we need to know ®7 and e(d)*, which

motivates the following lemma.

Lemma 8.5. Suppose H, q(n) is a cyclotomic Hecke algebra with ¢ and Q; on the unit cirle for all

i=0,...,n—1. Let V. ={v = (vy,...,v,)} be the set of possible eigenvalues of X!s. Then we have

e(v)* =e(v), (8.71)
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1
= -, (8.72)

Proof.

1. Proof of e(v)* = e(v).
The proof of e(v)* = e(v) is similar to the proof of Lemma 8.2. Consider the cyclotomic Hecke
algebra H, q(n) as a left (right) module of itself by the left (right) multiplication, and denote it
as H; (H,). Let e(d) be the idempotents in the right module of the cyclotomic Hecke algebra.
Since H; and H, are both finitely generated H, q(n)-modules, they can be written as a direct
sum of generalized eigenspaces of X/s, which are P Hie(v) and @, ¢y e(v)H,. Let m be a

generalized eigenvector in Hje(v). Then we have
(Xi —v;)Nm =0, (8.73)

forany ¢ = 1,..,n and N € N large enough. Since the left hand side of the equation is an element

in the cyclotomic Hecke algebra, we can apply the x-operation on the equation,

(X, —v)¥o) =0 (8.74)
em* (Xt —v ) =0 (8.75)
(:)m*(XZ — Ui) = 0, (876)

for any 4. It implies that (Hje(v))* C e(v)H,. The same argument applies for generalized
eigenvalues in e(v)H, and Hje(v) = €(v)H,. Let @ be an anti-involution on H, q(n) that maps
X, to X; and T; to T;. It preserves the commutative subalgebra generated by {X,}i=1, n. If
we consider H; and H, as representations of the abelian subalgebra generated by X;, then both
of them become bi-modules of this abelian subalgebra. The involution @ gives an isomorphism
between H; and H, by

h-v=a(v)-h, (8.77)

for any h,v € Hy p(n). Hence the idempotents e(d) and €(d) coincide.

2. Proof of ®F = é@i.
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Let us compute @ directly from definition.

o= | T, + Z %e(v)—k Z e(v)

VU £Vi41 i+1 V,0; =0V 41
714 Z ie(v) + Z e(v)
’ 1—- X' X -
VU Vi1 ¢ VU=V 41
1 < 1> 1 q—1 1
=-Ti—(1--]+ — e(v) + e(v)
q q v,vﬁﬁzvi+1 (q X; XH-I —1 X'Z 1X¢+1 V7U;’L+1
1 1 1 q—1 1
=-T; —|— + — —1|e(v)+ (1 =1)e(v)
q v U%H (q X; Xerl 1X; X0 ) v Ulzvm
1 1 X )(z —q¢ ' 1
=-Ti+ Z —e(v) ( o7 ) e(v)
q VUi =Vi41 q VUi AVt 1- X XZ‘H q
1 1 1 —1
=Tt Y e Y e elY)
q VUi =Vit1 VUi AV 41 q X Xz-i—l 1
1
S— (8.78)
q

Proposition 8.6. The x-operation is different from the x-operation.

Proof. Suppose the x-operation is the same as the x-operation. Then we have &} = %@i. As a result,

when d; # d;+1, di+1 — co, Equation (8.68) becomes

b(d;)b(y:) — qb(diy1)b(yit1)
b(di)b(y:) — b(dit1)b(yi+1)

fia=1 (8.79)

by (8.68). Recall that y;e(d) = (u; —a;)e(d). The power series f; 4 contains variables y1,...,y, given

b(di)b(y:i) —gb(di+1)b(yit1)
in Lemma 8.4, it can never be the inverse of the power series D@00 ) =b(d )by rs) that only has

variables y; and y;4+1. Hence the two operations are different. O

Unfortunately the x-operation on the cyclotomic Hecke algebra is different from the x-operation
required to define unitarity. Hence this method cannot give a conclusive result on whether the KZ
functor preserves unitarity. But we will shift our focus to quasi-untarity. We will compute asymptotic
signature of Verma modules and discover its connection with representations of cyclotomic Hecke

algebra.
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9 Quasi-Unitarity, Asymptotic Signature and KZ Functor

The example in Section 7.2 tells us that the KZ functor automatically sends a unitary representation
in Category O of H.(Z;,C) to a unitary representation of Hq(Z;). However, it also reveals that the
converse of the statement is not true. Because it is shown in Example 1.20 that L.(7) has to satisfy
certain conditions to be unitary, for trivial representation 7, while the image v of L.(7) under KZ
functor is automatically unitary.

In order to have a statement that holds in both ways, we need to loosen the condition on unitarity.
There is a weaker version of unitarity, called quasi-unitarity introduced by Shelley-Abrahamson in [18].
It is proved that if W is a Coxeter group, then for any irreducible representation A of W, the unitarity of
the image KZ(L.(A)) under the KZ functor implies the quasi-unitarity of L.(\). It is worth extending

this result to the more general group G(I,1,n).

9.1 Definitions and Examples

This section introduces the concepts of asymptotic signature and quasi-unitarity. It is a review of [18].
I will give an original example at the end of the section.

Suppose we have the rational Cherednik algebra H.(W, ), for some group G(I,1,n). By Proposi-
tion 1.13, we know any M € Category O can be written as a direct sum of generalized eigenspaces of

the Euler element h, i.e.,

M= M.. (9.1)

zeC
Recall that Verma modules are objects in Category O. Then we can define the character of Verma

module M, () based on this decomposition.
Definition 9.1. Let M.(\) be a Verma module for some irreducible representation A of G(I,1,n).

1. The character ch(M.(\)) of M.()\) is the formal series
ch(Me(N)(w, 1) := Y " Tra,n). (w) (9-2)
zeC

for w e W.
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2. The shifted character cho(M,.())) is defined by
cho(Me(\)(w, t) := t =" ch(M.(\)) (w, 1), (9.3)

where h.(A) is defined in (1.21).
We still need other two ingredients to define quasi-unitary.

Definition 9.2. Let 8 be a Hermitian form on a finite dimensional complex vector space. We define

the signature sig(3) of S to be

sig(8) =p—q, (9.4)

where p and ¢ are the dimension of any maximal positive-definite and negative definite subspace with

respect to (3 respectively.

Definition 9.3. Let M.()\) be a Verma module for some irreducible representation A of G(I,1,n) with

the Hermitian form g .

1. The signature character sch(M.(X), B¢,x) is defined by

sch(Mc(N), Bea)(t th sig((Ben),) s (9.5)

zeC
where (f.,x), is the restriction of the form f. ) to the weight space M.(N)..

2. Similarly, the shifted signature character scho(M.(\), B¢,») is defined to be
scho(Me(A), Ben) () = 7" sch(Me(A), Be) (D). (9-6)

In practice, we usually omit 5. in scho(Mc(A), Be,x) and sch(M.(X), Be.x) when it is clear from

the context.

Recall that the set C' is {c|c’ = ¢}. The next lemma defines the asymptotic signature of 3, ,

according to Lemma 3.5.2 in [18].

Lemma 9.4. Let ¢ bein C, and let A be an irreducible representation of W. Let ﬂgf be the restriction

of B to the space L.(A)=" := {elements in L.()\) that have degree less than or equal to n}, for any
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n € N. Then the limits

lim —— VR iy 72 (9.7)

exist in the interval [—1,1] and equal to the same rational number denoted by a. . We call this

rational number the asymptotic signature of L.()).
Proof. The argument is the same as in the proof of Lemma 3.5.2 in [18] for the real reflection group. O
Definition 9.5. The module L.(\) is said to be quasi-unitary if a. y = 1.

Remark. If a Verma module M.()) is unitary, then its asymptotic signature a. x equals to one. By
definition, M.()\) is quasi-unitary. However, quasi-unitarity doesn’t ensure unitarity, which will be

shown in the next example.

Example 9.6. Now we move on to compute if L.(\) is quasi-unitary for any irreducible representation
of Z;. According to Proposition 1.8 and (1.22) in its proof, we know that for W = Z;, the Verma

module can be decomposed as

Mc(N) = @ Me( Nkt ho(n) s (9.8)
keN

where Mc(A)g4n.(n) = CzF @ A, Recall the definition of ¢ in Example 1.3. We choose s to be a
generator of Z;. For any 1 = 0,1,...,l — 1, we denote p; as the irreducible representation of Z;, where
the generator s acts by ¢’. After normalization, we have the Hermitian form (1,1) =1 on p; for each
i. Duplicating the construction of the numbers aj, and by, in the representation pg from Example 1.20,

we have similar numbers for each p;, given by
al, = Bep(a®,2F)  for keN and i=0,.,01—1. (9.9)
Inductively we can build b} such that

aj, = Be,p; (a*, 2")
= Bc,pqz (yxk7 xkil)
= Be,pi (Dy xk’ wk_1>

-1
2¢; aSj(y) _
= Bep (0, = Y 79— =L (1 = 5)ab 2k )
j=1 s7 Si
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= (k —b})aj_y (9.10)

where Dy, is the Dunkl operator with respect to y.

-1 1_( ik By
chl_gj for k>0. (9.11)
For any : € 0,...,l — 1, we have @ = b};. Hence b}, are real numbers.

On the one hand, if there is no k& € NT such that b, = k, then ker(8.,,) = 0, which implies
L.(pi) = M.(p;). By Corollary 6.7, the parameters are generic in this case. By From (9.10), the
signatures sig(B4n,(p)) = 1 if (k — b},) and aj_, have the same sign, and sig(Bpin,(p)) = —1
otherwise. Since we have bj, = b}, for all k € N, then there exists some large N € NT such that
N > maxg—1,.;{b}}. It implies that k — b} > 0 for all & > N. Hence for k¥ > N the signatures

$ig(Bk-+h.(p;)) are either all 1 or all —1. By definition, we have

scho(Le(pi))(8) = Y t* $18(Brrha(pn) - (9-12)

keNt

and

cho(Le(p =y (9.13)

keNt

Hence we can compute the numbers a. ,, by

lim EkeN+ tF Sig(5k+hc(m))
cp, = lim :
t—1 Zk€N+ t

— 41, (9.14)

Suppose there exists some i € {0,...,l — 1} the parameters satisfy 1 < b}, 2 < b} and k > b}, for
all k > 2. Then M.(p;) is not unitary, as sig(B145,(p,)) < 0. However it is quasi-unitary as shown
above.

On the other hand, if there exists k € N such that bi =k in M.(p;). Then ker(B.,,,) # {0} and

the parameters are non-generic. We can pick the smallest of such numbers as

B; = min {b. | b = k}. 9.15
kflelg}r{ﬂ k } ( )
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Then the kernels ker(f,,,,) become

ker(Be,p,) = @ Me(pi)kthe(ps) - (9.16)
k>B;

Since the simple modules L.(p;) are the quotient of M.(p;) by the kernels of the Hermitian forms 3. ,,,

we get

L(p) = @ Mlpi)rsnoon - (9.17)
0<k<B;—1

Then we have the signature characters as

scho(Le(p))(t) = Y ¥ sig(Brrna(pn) (9.18)

0<k<B;—1

and a.,,, become

. EogkgBﬁl t* Sig(ﬂkJrhc(Pi))
c,p, = lim - . (9.19)
t—=1- ZogkgBi—l t
Hence we have a.,, = 1if 3. ,, are positive-definite on L.(p;), and a. ,, can never be —1 as they are
defined to be positive-definite on degree 0. Therefore, L.(p;) are quasi-unitary if and only they are

unitary.

It is obvious to see the difference in a.,, between the two situations of L.(p;) = M.(p;) and
L.(pi) # Mc(p;). When L.(p;) = Mc(p;), the signatures sig(8,,) oscillate between 1 and —1 in the
generalized eigenspaces of lower degrees, and stabilize at 1 or —1 in higher degrees. Hence if we add up
the sig(f.,p,) of all degrees, the contributions from higher degrees dominate, thus giving limit values
c,p; = £1, as written in (9.14). In contrast, if L.(p;) # M.(p;), then the Hermitian forms 3. ,, are
killed at higher degrees. So the signatures sig(5.,,,) do not have the chance to stabilize. As a result,

the numbers a. ,, only depend on the first B; degrees where S, ,, are nonzero, as stated in (9.19).

Example 9.7. Shelley-Abrahamson has proved the result in Coxeter groups that M.(\) is quasi-

unitary if and only if KZ(M.())) is unitary in [18].

Remark. If L.()) is of finite dimensional, then KZ(L.(A)) = 0. The irreducible modules L.()\) are
infinite dimensional in most cases. For example, in type A case, the only possible finite dimensional
representation of H.(S,,C") are the trivial and sign representation with certain parameters [3]. This

result indicates that it is still possible for the Hermitian form f. ) to stabilize at higher degrees.
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9.2 Asymptotic Signature and KZ Functor

For the rest of the section, we would like to explore the connection between the notion of quasi-unitarity
and the KZ functor, and answer the question whether M.()) is quasi-unitary if and only KZ(M.(\))
is unitary for the groups G(I,1,n). Furthermore, if so, does it indicate any relation between the KZ
functor and the asymptotic signature, as the value of the latter is a strict implication of quasi-unitarity?
Since we only have the unitarity condition of representations of the cyclotomic Hecke algebra with
generic parameters, and for the sake of simplicity in computations, we will assume that the parameters
are generic for both the rational Cherednik algebra and the cyclotomic Hecke algebra for the rest of
the section. Hence we have that the simple quotient L.()\) is the Verma module M.(\). Inspired
by Theorem 5.0.1 in [18] that the asymptotic signature a. x of the simple module L.()\) equals to

sig((-,)

Tm(KZ(L.00y) UP to a sign, where (-,-) is the contravariant Hermitian form with respect to the -

operation for the cyclotomic Hecke algebra of the finite Coxeter group, we propose and prove the most

important theorem here. This subsection is my original work.

Theorem 9.8. Suppose W is the group G(I,1,n), and X is an irreducible representation of W. Let
the parameters be generic for both the rational Cherednik algebra H.(W, ) and the cyclotomic Hecke
algebra H, q(n), whose irreducible representation VA" is the image of M.(\) under the KZ functor.
Let (-,-) be a x-operation invariant Hermitian form of VA", The asymptotic signature a. x of M.(X)

is given by the formula
o g )

A Ty (9.20)

up to a sign.

By the definition of the asymptotic signature in Lemma 9.4, it can be presented as a limit of

. . sig(sz’)
the fraction lim,,_, T

YA EDE We will tackle the problem by directly computing the signature

sig(ﬂff\l) and comparing it with dim(M.(A\)="). The common eigenvectors f, 1, of z; and (; in Verma
module M. ()) are labelled by pairs (1, L) € Z%,x STY () and they generate the entire Verma module.
For any m € M.()), let us call . x(m, m) by the norm squre of m. In order to check the signature of
Be,x, it is sufficient to consider the norm square of the eigenvectors f,, 1, for all (u, L) € Z%, x STY(A),

of which Griffeth gave a formula in Theorem 6.1 [11] as follows.
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Proposition 9.9. For convenience, we define
att = ct(L(w,(d))) and pok = B(L(w,(3))) . (9.21)

Then the norm square of eigenvectors f, . equals to

no i

Bea(fuis fur) = [T TT(k = Uz =y ) = coaf™®)

i=1k=1

< 11 11

1<i<j<n, 1<k<p;—pj,
HiZHi p=pi b _piL mod 1
i J

i I1

1<i<j<n, 1<k<p;—pi—1,
pi<ui=l p=pt-l —piot mod 1

(k= Uy = hyus) = col (" = a;))? = (col)?
(k = Uy = hyur) = col(al™” — a;))?

(k= Ubypr = hyer) = col(a; — al))? = (col)?
(k - l(hb;f,L — hb‘,"l‘) — Col(aj _ alL,L))2
J i

i

. (9.22)

Proof of Theorem 9.8. : The general plan of the proof is as follows.

1. We consider the the norm square of eigenvectors f, r in the Verma module and rearrange the

product in (9.22).

2. We introduce the concept of stabilization point of n-tuple p and show that we can only consider

about p above the stabilization point.
3. We show that the order of coordinates of u does not matter for 11 above the stabilization point.

4. We compute the condition needed to have consistent signs for the norm square of eigenvectors

for non-descending p above the stabilization point.

5. We compare this condition with the unitarity condition of the representation VA" of cyclotomic
Hecke algbera, and compute the asymptotic signature in terms of the sign of the Hermitian form

of VA,

We rewrite (9.22) as

/BC,)\(f}L,L) f;L,L) = A,u,LB,u,LC,u,La (923)

- 111 -



where

Apr =T TL k= Uy = by ) = coalt™®) (9.24)

Bur= H H

1<i<j<n,  1<k<pi—p;,
Hi>pj =gl _pil 64
i J

R col(al"" — a!"))? — (col)?

9.25
(k = Uhyps = yper) = col(al" — at))? (9.25)
Cor = H H
1<i<j<n, 1<k<p;—p;—1,
pi<pi =1 p=piol —pl mod 1
(k = U(hypr = hyur) — col(al" — al"))? = (col)?
. : ) (9.26)

(k — l(h’bH’L — hbu,L) — COl(a?’L —_ aéL’L))Q

The sign of norm square of f, ; is determined by A, r, B, and C} 1, while the signature of
the Hermitian form f. ) is determined by its signs on large degree eigenvectors. As long as p; are
large enough for all ¢ = 1,...,n, the equation A, ; produces the same sign. For each standard Young
tableau L, the sign of the product B, C), 1 oscillates when the value of p; for some i = 1,...,n are
small and stabilizes when |p; — pj| > 0 for all pair ¢ # j. That is, although the absolute value of
Bea(fu,L, fu,1) increases as the values of p; increase, the sign will not change when the differences
|pi — ] is larger than Z(hb?,L - hb/;,L) + col(a" — a;ﬂL) + |eol| for all i # j. We say such p is “above
the stabilization point”, and others are “below the stabilization point”. Let us denote the number of
standard Young tableaux of shape A by |STY(A)|. Then the dimension of elements of degree N in
M.(N) is (N +1)""YSTY (). Let k" be

K=y = by ) + col (@l = 0. (9.27)

For any standard Young tableau L, the number of n-tuples p = (1, ..., ity,) with some p;, pt; such

that |pu; — pj| < l(hb?,L - h/b;,L) + Col(a?’L — a?vL) + |eol] is

Lkt ) | 2k
Ky =Y > (N-2a-k)", (9.28)
i#j k=0 z=0
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which is a polynomial of degree at most (n—2). Thus the number of eigenvectors above the stabilization
point is a polynomial of degree (n — 1). It is much more significant compared to the the number of
eigenvectors below the stabilization point when N — oco. As a consequence, from now on we only
consider the eigenvectors with p that are above the stabilization point.

Let ut = w, () be the non-decreasing arrangement of y, where w,, is the longest element in S,

that makes p non-decreasing. Suppose the inequality p; > p; holds, for some ¢ # j € {1,...,n}. Let

—1

. '(a) and j = w, ' (b). By the definition of wy,, we have a > b.

a and b be integers such that i = w "
It implies w,,(¢) > w,(j). Hence in both B, 1 and C,, 1, no matter the value of ¢ and j, the factors
k— l(hbf,L - hb?,L) —col(at" — a?’L) in the products are always k — l(hby,L - hb;,L) — col(a" — a?’L)

for wy, (i) > w,(j). Hence the product B, ;C,, 1 can be rewritten as

BurCur = H H

wu(i)>wu(j)’ 1§k§p‘i_l"]‘7
li=pi[>1 f=bto" —p " mod 1

(k= Uy = hypr) = col(al"" — a!"))? = (col)?
(k — U(hypr — hyor) — col(al"™ — at™))2

< 11 II

1<i<j<n,  1<k<pi—p;,
mi=pi+l o pmpi L _pilooq g
[ J

(k= Uy — yes) = col(@ — a )2 — (col)?

J

(k = Uhyps = Pyer) = col(al" — alt))2

(9.29)

Since the n-tuple  is above the stabilization point, we have p; # p; for all i # j. Hence w,+ is
the identity element in S,,. With some straightforward computations, we have
WL Ny -1/, _u,L
al " = ct(L(i)) = ct (L(wy, (w, ' (i) = a:y;l(i) ) (9.30)
T . —1/- N
b = BL(0) = B (L(wy (w, (D)) =V - (9.31)

Hence the product B+ Cy+ 1 is

Bp+,LCu+,L = | I | I
i>j 1<k<pi—py,
+ +
K=ol =" mod 1
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which is the same as the product of index (u, L).

+ +
(= Uy 2 = hb5+,L) — col(al " —al )2 — (col)?
R col(al ™" — at™r
wy (wh () —w, (wh (5)) Llékém;uj,
k=b"" b“’_ mod [
wy, L) wy, (5)
_ _ u,L _ L 2 _ 2
(k l(hb;,LL u)_hb“’fl(v)) COl(awll(i) WEI(J'))) (col)
Bl —hys )= col mLo gl )2
( ( b b ) 0 (
wip (@) wi () wi (@)
:B,u,LC;L,L ;

result of the product. From now on, we assume that p is non-decreasing.

Let L be a standard Young tableau of shape A. The boxes

for some g € {1,...,

between the terms a’” L

Compare B, 1.C,, 1.

BuyL’CmL’

1Sk<ﬂg+1 Hg,
— L Ly
k=bt L —bE mod 1

(k — (dyy

? ’L

- db;"fl) — col(akt —

at bl and b°E associated with (p,

" = et(L(i)) = ct(L'(i)) = at"

K2

L
ayt = ct(L(g)) = ct(L'(g +1)) = agis,

al"f = ct(L(g +1)) = ct(L' (9)) = alV,

g
bt = BLG) = BL/ (i) = b"" for i g,9+1,

byt = B(L(g)) = BL'(g +1) = by,
bk = B(L(g+ 1)) = B(L'(g)) = byE'.

and B,, 1/C), 1 by the above relations, we get

") to be

w,L
g+1

) — col)

alh) + col) (k — (dypor — db“’ﬁ) — col(at — a
(k= (dygor = dyer) = collay”™ — afi))?
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Hence the order of p does not play a role in the

L(g) and L(g + 1) are interchangeable
n—1}, ie., L' = s, - L is also a standard Young tableau. We have the relations

L) and (p, L

(9.33a)
(9.33b)
(9.33c)
(9.33d)
(9.33¢)

(9.33f)



< I

k=t bt mod 1

w,L . -1
(k — (db’;fl - dbg,L) col(alyy — akl) + col) (k — (dbf;fl - dbg,,L) col(at g+1 —aht) — col)
u, L u, L
(k — (dbgfl - dbg,L) —col(alyy —ag™))?
X By, .Cpu 1
k— k" col)? — K — (col)?
_ H ( g, g+1) ( 0 ) H (( g+1, g) ( 0 ) )_1BM7LCH7L
1<k<pgi1—pg, (k k‘];qul) 1<k<pgy1—pg, (k k9+17‘7)
k=btot —pt:E mod 1 k=btl —br mod 1
; L
_ H (k- k“gﬂ + col)(k — kggﬂ col)
1Sk§/"fg+1*/"fg: ( k:g g+1)
A A
-1
k—kE 4 col)(k— kM5 — ol
x H <( g ol i1 ~ ) B,1Cur. (9.34)
1<k<pgii1—pg, (k kg+1 g)
k=bt5 —biE mod 1
For simplicity, we assign
kg g+1 Col s (935)
Ko =kl +col. (9.36)
Note that k* gL_H = fk;‘fl - Then By, 1C,, 1, and By, 1/C,, v have the same sign if and only if

11 (k — k1) (k — Ka) 11 ((k+ k1) (k + K2)) "1 >0 (9.37)

1<k</t9+1 g, 1<k<pgi1—pg,
L L L
k=b" b“_'_1 mod 1 k= bZ_Hfb“ mod 1

The sign of product in (9.37) oscillates when 1511 — g is less than both |k;| and |k2|, and remains
the same for any p, and pig41 when pgi1 — pg > |1/, |k1]. There are four cases in terms of the signs
of k1 and ko after the sign stabilizes. Before the discussion of the cases, we have an observation as

follows.
Observation For any positive number &, any integer a and any positive integer [,

e there are even number of integers in the interval [0, k] that are the same as a modulo [ if and

only if 2ml < k —a < (2m + 1)l for some integer m.
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e there are odd number of integers in the interval [0, k] that is the same as a modulo [ if and only

if (2m — 1)l <k —a < 2ml for some integer m.

Case I Suppose 1 > 0 and k2 > 0. Then the sign of (9.37) is determined by [ ], _ bt (k—

et mod [

k1)(k — ko). It is positive if and only if [T 1<r<p, 1—p,, (K— k1) and ] 1<k <ty 11—, (k — K2)

k=blt —pt:E mod 1 k=bll—pE mod 1

have the same sign, which is the same as that either there are even number of integers that are less
than or equal to both x; and k5 that are bg“L b“ °r1 modulo [, or there are odd number of integers
that are less than or equal to both k1 and x5 that are bg’L b“ °1 modulo /. By the above observation,

this condition is equivalent to

oml < ry — (BT — bB) < (2m + 1)1

g g+1
and
om/l < kg — (BAF — bl < (2m/ + 1)1, (9.38)
or
(2m — 1)l < kg — (B — bl < 2mi
and
(2m' — 1)l < kg — (b - b’;_]_l) < 2m’l (9.39)

for some integers m and m’. Substituting in the definitions of k1 and kg, we get

2ml < (e — g1 )+ col(alt —alily) — col — (b0 — b)) < (2m + 1)1 (9.40)
and
2m'l < 1Ty — hbgiﬁ) + col(al" — g+1) + col — (b" — bg_ﬁ) < (2m' + 1)1, (9.41)
or
(2m = 1)l < Uy = o) + col(aly Ll — el — (bt — k) < 2mi, (9.42)
and
(2m' = DL < Uhypn = hyes) + col(at™ —alnf) + col — (B8 — b)) < 2m'l. (9.43)
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Case II Suppose k1 < 0 and kg < 0. Then the sign of (9.37) is determined by

11 (k + &1)(k + Ka) .

1§’€§Mg+1*ug,

k=bth —bik mod 1

By similar arguments, it is positive if and only if

2ml < —l(hbg,L - hbgfl) + COZ(QZ’L — aZ_’,rLl) + col — (b[gili—Ll — blg‘vL) < (2m+ 1)l

and
2m'l < ~Uhypr = Pyes) + col(alt —alh) — col — (Bfy — bty < (2m + 1)1, (9.44)
or
2m-1) < —l(hbg,L - hblg‘fl) + Col(al;’l’ — aZ_’,rLl) + col — (bg-’i-Ll — bng) < 2ml
and
(2m' = D)< ~U(hypr = yes) + col(al™ —ali) — col — (bfy — bty < 2m/l (9.45)

for some integers m and m’. If we multiply by —1 on the inequalities, we get the same condition as in
Case I

Case III  Suppose 1 > 0 and ko < 0. Then the sign of (9.37) is determined by

11 (k — K1) 11 (k+ K2) .

ISkSHngl_Ngv 1Skgﬂg+1_ﬂga
L L N L
k=bl —b5+1 mod [ k:b;Jrl—bg mod 1

By similar arguments, the product is positive if and only if

2ml < l(hbg,L —hyur) + Col(ag’L —afE) — ol — (BT — L) < (2m + 1)1
g1

g+1 9 g+1
and
2m'l < —I(hypr = hyes) + col(alt —alh) — col — (Bfy — b by < (2m + 1)1, (9.46)
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or

(2m = D)l < Uhypr = hyger) + col(al ™ —alil) — col — (b5 — b)) < 2mi

and

(2m' = DI < ~Uhyyr = Py ) + col(alt —alnl) — col — (B — bty < 2m/l (9.47)

for some integers m and m’. If we multiply by —1 on the second and fourth inequalities, we get the

same condition as in Case I

Case IV Suppose k1 < 0 and k2 > 0. Then the sign of (9.37) is determined by

11 (k — ko) 11 (k4 K1)

1<k<pg+1—Hg, 1<k<pg+1—Hg,
o nL L L N
k=bY 7b_g+1 mod [ k:bg+1fb‘g‘ mod [

By similar arguments, the product is positive if and only if

2ml < —l(hbg,L — hb’;’ﬁ> + col(ang — a_f;fl) + col — (05 —bME) < (2m + 1)1

g+1 g
and
2m'l < Uhypr = hyez) + col(al™ —al) + col — (b5 —blofy) < (2m! + 1)1, (9.48)
or
(2m -1 < —l(th‘L — hb’;'fl) + col(ang — a,’g“f'l) + col — (bgerl — bZaL) < 2ml
and

(2m' = D)< Uhyps = Pyez) + col(al™ — ally) + col — (b5 — b)) < 2m'l (9.49)

for some integers m and m’. If we multiply by —1 on the first and third inequalities, we get the same
condition as in Case I.
Recall that the unitarity condition of the irreducible representation V> of cyclotomic Hecke algebra

with generic parameters is

sin <7r <co + co(et(L(4)) — ct(L(i + 1)) + hp(ra)) — ﬁ(i(l)) — hpngisen) + W))
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- sin (7‘(’ <Co — CQ(Ct(L(i)) — Ct(L(?: + 1))) — h[—}(L(z)) + w + h/B(L(iJrl)) - B(L(’L[Fl)))) < 07

(9.50)
foralli=1,...,n—1and L € SYT(X) such that s; - L is a standard Young tableau of \.

For any ¢ = 1,...,n and any interchangeable boxes L(i) and L(i + 1) in the standard Young

tableau L of shape A, the unitarity condition can be rewritten as

9m < co + co(et(L(#)) — et(LGi + 1)) + haoay) — w ~ hneny) + w <om+1
and
o’ 1 < o — cafet(D(0)) — et(LGi+ 1)~ aay + 2t yigpanyy — PEEED g
(9.51)
o
m =1 < e+ olet (D) — et(Lli+ 1)) + iy — 2o — hgagieny + 2 < o
and

2m’ < ¢o — co(ct(L()) — ct(L(i + 1)) — hgray) + 6(12(2)) + ha(Lii+1) — BlLi+1) <2m’' +1

(9.52)

for some integers m and m’. By comparing the condition with the inequalities (9.40) to (9.43), the
unitarity condition of VA" is the same as the condition for B, 1.C,. 1 to have the same sign for all
standard Young tableau L, and pu is non-descending and above the stabilization point. For any pair
of standard Young tableau L and L' = s, - L, it implies that B, 1 C,, 1 and B, 1-C,, 1/ have the same
sign for p above the stabilization point if and only if they satisfy the conditions (9.40) to (9.43), or
equivalently the square norms of basis element v and v®" in V2" have the same sign.

Any standard tableau J can be obtained from applying a series of transpositions to a standard
tableau L on the interchangeable boxes. Whether or not the sign of B,, ;C,, s is the same as B, .C,, 1,
is determined by the number of pairs of standard Young tableaux satisfying the condition (9.40) to
(9.43) in the process of applying the transpositions. They have the same sign if there are even number

of them, and opposite sign otherwise. The same argument applies to the square norms of basis elements
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v~ and v/ in the representation VA", As a result, the sign of B, ;C,,  is the same as B, 1.C,, 1, if and
only if the square norm of v and v’ are of the same sign. If initially the square norms of v’ has the
same sign as A, 1B, 1Cy. 1, then sig(-,-) = p — ¢, where p and ¢ are respectively the numbers of the
standard tableaux L such that A, j and B, 1C, 1 have the same sign and opposite sign. Otherwise
sig(-,) = ¢ — p. Inheriting the notation of p and ¢, finally let us compute the asymptotic signature as

follows.

o~ (V4" - KY) (0 - 0) = K7 o~ (N4 = KY) - )+ K}Y)

lim <aey < lim
n—1 = %ed = n—1
M—o0 = (N + 1) M—o0 = (N + 1)
(9.53)
It implies that a.x = p — ¢, which is the signature of (-,-) of V)‘tr7 up to a sign. O

Corollary 9.10. The Verma module M.()) of the rational Cherednik algebra H.(G(l,1,n),C") is
quasi-unitary if and only if the irreducible module VA" of the cyclotomic Hecke algebra H, q(n) is

unitary.

Proof. Tt is a direct consequence of Theorem 9.8. O

10 Exploration of Further Study

10.1 Gaussian Inner Product

As discussed in Section 8, the connection between the 5-Hermitian form and the Hermitian form (-, -)
of representations of cyclotomic Hecke algebra via the KZ functor is not what we expected. In this
section, we will explore other Hermitian forms that may have stronger links with the Hermitian form
(-,). Etingof defined a Gaussian inner product for real reflection groups based on the S-Hermitian
form [9]. Since the Gaussian inner product admits a star operation that sends z to z, it has an
integral representation. Shelley-Abrahamson showed that the “kernel” of this integral representation
corresponds to the Hermitian form (-,-) [18]. We would like to extended this idea to the groups
G(l,1,n).

Let us review the definition and properties of the Gaussian inner product for real reflection groups
first. Suppose W is a real reflection group and hg is the n-dimensional real reflection representation

of W. Let h = C ®g hr be the complexified reflection representation with basis {y1,...,yn}. Let h*
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be the dual of h with dual basis {z1,...,z,}. Let H.(W,h) be the rational Cherednik algebra of W.
In real reflection groups, any non trivial eigenvalues of reflections are —1. Recall the Euler element

h=3" zyi+%—>.cq 127%5 =Y TYi+ % — > ,cq¢ss. We define the operators F, E, H to be

F = %ny, E = 7%2%2
i=1 i=1

The set {E, F,h} forms a sly-triple.

Definition 10.1. Recall that c¢f = ,=7. Let the parameter c satisfy ¢ = cf. Let M.(\) be a Verma
module acquired by tensoring the irreducible representation A of W. We define the Gaussian inner

product of M.(X\) with respect to the parameter ¢ to be
Yer(m,m') = Bex(exp(F) - m,exp(F) -m'). (10.1)

This bilinear form is also called y-Hermitian form.

Remark. The Gaussian inner product is well-defined, since the operator F' acts nilpotently on the

module M. (X).

The following proposition introduces some nice properties of the Gaussian inner product, based

on Proposition 4.2.3 in [18]

Proposition 10.2. The Gaussian inner product satisfies

Yearlxm,m') = yex(m,zm’),  for any x € h*y, m,m’ € M.(\), (10.2)

Yealym,m') = yex(m, (—y +T(y))m'), for any y € br, m,m’ € M.(}). (10.3)

We can extend the map sending z to x and y to —y+T(y), to a star operation on H.(W, §), which

we call the e-operation .

Lemma 10.3. The e-operation is conjugate to the x-operation by exp(—F)exp(E), i.e.,

a® = exp(—F)exp(E)a* exp(—E) exp(F), forany a € H.(W,}). (10.4)
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Proof. By the definition of the Gaussian inner product, for any m,m’ € M.(\) and a € H.(W, ) we

have

Yo m,m') = Gor(exp(F)(a- m), exp(F)m)
= Bex(m, exp(—E)a” exp(F)m)
= Be(exp(—F) exp(F)m, a” exp(—E) exp(F)m’)
= Be(exp(F)m, exp(E)a” exp(—E) exp(F)m’)
= Be(exp(F)m, exp(F) exp(—F) exp(E)a” exp(—E) exp(F)m)

= Yer(m,exp(—F) exp(E)a* exp(—E) exp(F)m'). (10.5)

O

Without assuming ¢ = ¢!, we can extend the idea of the Hermitian form Be,x on the Verma module
M.(X) to a pairing
Be s Mc(N) x Mt (X)) — C

given in Definition 4.1.1 [18] that coincides with the Hermitian form of A on degree zero and con-
travariant with respect to the x-operation. It descends to the Hermitian form B, on M.()), once
the restriction ¢ = ¢! is added back. The Gaussian inner product 7. on M.(A) x M, ()\) can be
defined accordingly. The integral representation of the Gaussian inner product is constructed by

Shelley-Abrahamson in Theorem 4.3.1 [18] as follows.

Theorem 10.4. For any finite Coxeter group W and irreducible representation A of W, there is
a unique family K. ) holomorphic in ¢ invariant under conjugation, of Endc(A)-valued tempered
distributions on hgr, such that the following integral representation of the Gaussian inner product ~y. x

holds for all ¢ invariant under conjugation:

AN / _‘$|2
Yer(m,m') = . m’ (2) K.\ (x)m(z) exp(2>da:7 (10.6)

for all m,m’ € C[h] ® A\, where we make the standard identification of M.(A) and M (\) with
C[h] ® X\. Furthermore, K. satisfies the additional property: For any = € hgrreq, the operator

K. (z) € Endc()\) determines a pairing that is compatible with the x-operation in the cyclotomic
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Hecke algebra
() : KZ(M.(\)) x KZ(M_ (\)) — C

by the formula (vy,vs) = ng% Av1. When we have ¢ = ¢f, the pairing reduces to the Hermitian form

{-,-) of the cyclotomic Hechke algebra up to a positive scalar mentioned in the previous sections.

There is a direct link between the Hermitian form S and (-,-) of cyclotomic Hecke algbera via
the operator K., for real reflection groups. The question is whether we can extend it to G(I, 1,n).
The definition of the Gaussian Hermitian form remains valid for the Verma modules of H.(W,b)
for G(I,1,n). It is still compatible with the e-operation. However, we do not always have z® =
for any group G(I,1,n). Hence, there is no obvious integral representation for the Gaussian inner
product of G(I,1,n). One method to tackle the problem is to compute the operator K,  directly, like
in [7] and [6]. Another method is to find other connections between the Gaussian inner product and
K. x, which will finally leads to the Hermitian form on representations of cyclotomic Hecke algebra.

In the construction of the KZ functor, one needs to compute the local system and derive the
representation of the fundamental group. Losev in [17] showed that it is possible to reverse this process
and create a module of the rational Cherednik algebra out of a representation of the cyclotomic Hecke
algebra. It is worth exploring how the reversed process is related to the Hermitian forms and star

operations of both algebras.

10.2 Janzten Filtration

In the search of the solution to the unitarity conditions of modules of rational Cherednik algebras for
the non-generic parameters, we encounter the Janzten filtration. Instead of viewing the Hermitian
form f3. 5 in terms of a binary operation, we could view it as an analytic function parametrized by the
parameters c. It filters the Verma modules of rational Cherednik algebra by the order of the zeros of
its B¢ » Hermitian form.

Let us define the Janzten filtration in a general setting [22].

Definition 10.5. Let E be a finite dimensional complex vector space, and (-,); an analytic family
of Hermitian forms on E defined for small real ¢. Assume that (-,-); is non-degenerate for sufficiently

small non-zero t. The Jantzen filtration of E is the sequence of subspaces

E:EQDElDEQD...EN:{O},
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defined as follows. Fix k € N. Then an element e € E belongs to Ej if and only if for some € > 0
there is an analytic function

fe:(—€€) = E,

with the following properties:
1. fe(0) =e,
2. (fe(t),€') vanishes at least to order k at t = 0 for any ¢’ € E.

Suppose e, €’ are in Ej; choose f., for accordingly. Set

(6, el)k = lim l(fe(t)v Jer (t))t .

t—0 tk

It is independent of the choices of f. and fer.

Jantzen also showed the connection between (-, ~)k and the submodule Fy and Ej_1. It is quoted

by Vogan in Theorem 3.2 of [22].

Theorem 10.6. In the setting of Definition 10.5, (-,-)¥ is a Hermitian form on FEj, with radical

exactly equal to F;_1. In particular,
1. Rad(-,-)? = Ey; and
2. (-,-)* is a non-degenerate Hermitian form on Ej/Ej_1.

Suppose in rational Cherednik algebra H.(W, ) of G(I,1,n), the parameter c satisfies ¢ = ¢'. For
all i =0,...,1—1, let ¢;(t) = ¢; + tc}, for some ¢; € C such that c(t) = c(t)T. Assume that B,y is
non-degenerate for ¢ € (—d,d)\ {0}. Recall that M.()) is isomorphic to S[h*] ®c A, which we will treat
as F in Definition 10.5. Let M.())[d] be the finite dimensional subspace of M.(\) containing elements
of degree d, and S \[d] is the Hermitian form .« » restricted on M.(A)[d]. Then the subspace

M. (X)[d] along with 3. x[d] forms a filtration with variables ¢,
M(N)[d] = Mc(N)[d]Z° > Mc(N)[d]Z! D ... > Mc(N)[d]=" = {0}.
Let the Hermitian form 8. [d]=* be the Hermitian form (-,-)* in the definition, that is

60,/\[d]2k(ma m/) = tlg% tlkﬁc(t),)\[d](fm(t)a fm' (t)),
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for some analytic functions f,(t), fm/(t) defined in Definition 10.5. By Theorem 10.6, the radical of the
Hermitian form B, [d]2¥ is exactly M.(A\)[d]=*, and . x[d]Z* is non-degenerate on M, (\)[d]=* /M. (\)[d]Z+1L.

Let us define M.(\)Z* =Das0 Mc(A )[d]Z*. Then there is filtration
M, (N\)Z% = M.(\) D M. (\)Z' D ...,

Lemma 10.7. The filtration of M, (\) by the subspaces M. (\)Z* is a filtration by H,.(W, h)-submodules.
We have M. (\)Z* = 0 for sufficiently large k.

Proof. The argument is the same as the proof of Lemma 3.1.3 in [18]. O

The filtration in the above lemma is referred to as Janzten filtration of the Verma module M.()).

If we denote M.(A\)* as the quotient M.(\)Z*/M.(A)Z*~1, then we have an exact sequence
0= M(N)ZF1 = Mo(A)ZF — Mo(N)* — 0.

In particular the second submodule M.(\)=! in the filtration is the kernel of B, i.e the largest
submodule inside M.()\). Hence the quotient M.(\)! is the irreducible module L.(\) by definition.

Since the KZ functor is exact, it preserves the Janzten filtration by preserving these exact sequences.

Example 10.8. In this example, we will compute the Janzten filtration of the Verma module M. (\)
of H.(Z;,C). Recall that the rational Cherednik algebra H.(Z;, C) has parameters ¢y, ..., c¢;—1, where
¢; corresponds to (! for each i. Let ¢;(t) = ¢; + tc, be the parameters defined above. Let M.(\) be
the Verma module, where X\ is the trivial representation of Z;. In the Example 1.20, we compute the

value B, (2%, 2%), which equals to

d
ﬂC,/\(xdv xd) = H(Z - bi) )
i=1
where b; 222 11 11 cj. The subspace M,.(\)[d] is one-dimensional and is generated by z?.
Suppose there are k many zeros of ﬁc’)\(l‘d, x?) at degree d, that is there are integers 0 < i; < ..., <

i, < d such that i; = b;, for all j =1,..., k. Then the Janzten filtration looks like

M,(N)[d] D> M. (N)[d)Z* D ... D M.(N)[d]Z* > M. (\)[d)ZF! = {0} .
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Let b;(t) denote 2 22;11 1;_%:; ¢;(t). Then we have

-1 .
_ 1_<_” ’
bi(t) =0 +2tj; ﬁc

Let the analytic function f,« be the identity map. The Hermitian form 65 , becomes

d
11T,
Beald (a,a") = lim 7 TG - bi(®)
=1
d k -1
1 . 1_C7” /
=tim TI G-no 16—t -23 =)
i=1, j=1 j=1
i;é’il,“ 1k
d k -1 ij
1 1-¢v
= lim I G-vep L2t 1—¢ 7¢5)
i=1, Jj=1 Jj=1
TFU ey ih
d -1 i7
. 1-¢v
= I G-l i —=%- (100
il j=t g=1
1F11 3k

The direction of the deformation differs, for different parameters ¢;. There are at most [ — 1 many

zeros in B, x(x?, 2?), since there are at most [ — 1 many distinct b;. Hence M.(\)* = {0}, if k& > L.
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Appendix

A  Young’s Semi-Normal Form of Cyclotomic Hecke Algebra of Complex

Reflection Group

Let ¢ € C*. We define e, to be the smallest positive integer e such that 1+ ¢+ ...¢°~! = 0. If there
is no such positive integer e, we set e := 0. Brudan and Kleshchev constructed Young’s semi-normal
form of the integral KLR algebra of symmetric groups when e, = 0 in Section 5 of [4]. In this appendix,
we want to extend the result and show that Young semi-normal forms exist for all KLR algebras of
G(l,1,n).

Let us fix a complex number ¢ and a positive integer [. Let D be a finite subset of C/Z. We make
D a quiver by adding edges d — d + ¢ joined by adding ¢, whenever both d and d + ¢ are in D. Let
A = (Ag)dep be a sequence of integers with ;. Ag = . Then R’Bm is the quotient of the KLR
algebra associated with the quiver D under the ideal I as in Definition 5.8. Let s(A) be some I-tuple
(g1,--.,41), where g; are vertices of D and g; appear Ay, times in s(A). Consider an [-multipartition

of n. For any standard Young tableau L of A, we define the residue sequence

v} = (9p2(1)) + cet(L(1)), ..., gp(Lny) + cct(L(n))). (A1)

We then construct the Young’s semi-normal form as follows.

Theorem A.1l. Assume D is a union of the line segments ¢; — (n — 1)c — ...¢; = g; +c¢... —
gi + (n — 1)c for all i. These line segments don’t interact with each other, and there is no loop in D.
Then for any l-multiparititon A of n, there is a representation W* of R%W generated by the basis

{vr | L € SYT(X)}. The generators of R%m acts on the basis element v, by

e(d)vy =dqr,vr, forde D" (A.2)
vi-v, =0, fori=1,...,n (A.3)
Y -vL =vs,., fori=1,...,n—1 (A4)

where s, - L is the tableau L after switching the positions of ¢ and ¢+ 1 if s; - L is standard, and vs,.1,

is zero otherwise.
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Proof. Tt is sufficient to check that the actions satisfy (5.1) to (5.12). The equations (5.1) to (5.4)
are trivial. If we switch the position of ¢ and ¢ + 1 in the standard Young tableau L, then the boxes

containing 7 and i + 1 exchange the contents and the positions in A7. Hence we have
rd =51}, (A.5)

which implies the action satisfies (5.5). For (5.6), since the distance between ¢ and j is larger than 1,

we have

(Vi) - vL = Y5 - Vs, L = Vs,(s3.0) = V(Si - (85 - L)) = ¥y - vs,. 1. = (Yiy)5) - v (A.6)

Both the left hand side and the right hand side of (5.7) to (5.9) are zero when acting on the basis
element vy,. Hence those equations are satisfied.

In (5.10) and (5.11), if d; = d;11 in d € D", then the corresponding r} satisfies

9p(L(iy) T cct(L(7)) = gp(r(irr)) + cct(L(i+1)).

Because of the shape of D, the boxes containing 7 and 7 + 1 are in the exact same position, which is
impossible. Hence there is no standard Young tableau L corresponding to d and the equation acts on
the basis element by zero.

There are five cases in (5.11), where the last case doesn’t apply here. We have covered the first case
d; = d;+1 in the previous argument. If d; — d;41 or d; < d;41, then the boxes containing ¢ and 7 + 1
in the corresponding standard Young tableau L are in the same coordinate A\¥ in \, and switching the
position of the two boxes gives us a non-standard tableaux. Hence 1; acts by zero, which is the same

as £(yi+1 — yi). If none of the constrains apply, then L(i) and L(i + 1) are interchangeable. We have

V2 -vp = ;v = v =e(d) -vp. (A7)

In the first three cases of (5.12), there is no standard Young tableau L corresponding to d. Thus
both sides of the equation are zero. In the last case, on one hand, if one of the pairs (L(7), L(i + 1)),
(L(i+1),L(i+2)), and (L(), L(i 4+ 2)) is not interchangeable, then both sides of the equation act by

zero. On the other hand, if they are all interchangeable, then both sides of the equation also act by
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zero because of $;8;415; = S;4+15;Si+1-
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Dy, 8 Csy, D
chg(M.(\)), 106 cf, 13
ch(M.(N)), 105 e(d, 50
scho(Mc(A), Be,x), 106 e(a,t, 42
sch(M.(N), Bex), 106 fuL, 24
sig(B), 106 he(T), 10
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0, 20 i, 38
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&(a,t,s;), 43 ui, 38
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