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ABSTRACT



V VII

This thesis presents a serniciassical dev­ 

elopment of the theory required for the inter­ 

pretation of thermal energy molecular beam exper­ 

iments in the study of molecular interactions, and 

for the prediction of new effects.

Chapter (i ) provides a brief introduction to 

molecular scattering and describes the v;ork in 

the following Chapters.

In Chapter (2), semiclassical connection 

formulae based on an exact solution of the 

Schr5dinger equation for a parabolic well and a 

parabolic barrier are derived and their properties 

developed. These results are required in later 

Chapters. The connection formulae for a parabolic 

well (barrier) are valid for energies which lie 

either above or-below the well minimum (barrier 

maximum) and provide a direct connection between 

one classically disallowed (allowed) region and 

another. These connection formulae contain import­ 

ant quantum correction functions which remove 

certain singularities from the semiclassical analysis.

Chapter (3) presents a semiclassical analysis 

of resonance effects in molecular orbiting collisions. 

The explicit introduction of a complex energy is



V ̂  ̂III

used to characterize the quasi-stationary states 

in the dip of the effective potential for the 

collision. Expressions for the resonance energies 

and widths of the quasi-stationary states are 

derived from the serni classical wavef unction, obtained 

v/ith the help of the connection formulae in 

Chapter (2), and a formula is given for the 

resonant contribution to the measurable total 

elastic cross section.

In Chapter (4-)>a quantum mechanical theory 

is developed for an electronically adiabatic 

biiaolecular exchange re action, v/ith the restriction 

that the three atoms are constrained to move on 

a straight line but with the whole system free to 

rotate in three dimensions. An important feature 

of the analysis is the use of a set of coordinates 

which pass smoothly from those suited to reactants 

to those suited to products. A vibrationally 

adiabatic approximation is used to reduce the

scattering problem to the solution of one dimensional
sSchrtidinger equations. Seiniclas/ical techniques are

used to evaluate the partial v/ave summations that 
occur in the theory and elastic and reactive

differential cross sections are calculated for three 

different kinds of potential surface. An interesting



feature of the calculations is the occurrence of 

a new kind of rainbow effect,which is named a 

'cubic 1 rainbow since it arises when the deflection 

function .varies cubically with impact parameter. 

The classical and semiclassical theory of cubic 

rainbows is developed.

Chapter (5) investigates the effect of a dip 

in the activation barrier for a chemical reaction 

using the model developed in Chapter (4-). The complex 

energy techniques introduced in Chapter (3) are used 

to relate the resonance tunnelling through the 

barriers to Breit-Wigner theory. A novel feature 

of the theory is the use of a complex energy with 

an imaginary part that may be positive,negative 

or zero. Such a complex energy is the natural 

consequence of applying a 'forward moving waves only 1 

boundary condition and the sign of the imaginary 

term has a straightforv/ard interpretation in 

terms of the population of states within the dip.

Chapter (6) investigates the effect of the 

rotational motion of the reactants on the 

differential cross sections of a chemical reaction. 

In order to allow a tractable development of the 

theory,a model is adopted with the following 

restrictions: first the atoms are constrained to



move in a plane and secondly the central atom 

is given an infinite mass. The use of a set of 

natural collision coordinates and an adiabatic 

separation of variables is used to reduce the 

scattering problem to the solution of one 

dimensional Schr5dinger equations. Partial v/ave 

expansions for the elastic and reactive scattering 

amplitudes are obtained.

Appendix (A) is devoted to various numerical 

aspects of the theory. The properties of the

integral:
co

exp[i(x + ax)]dx, 
-co

which characterizes the semiclassical description 

of the cubic rainbow effect are considered together 

with its numerical evaluation. Numerical methods 

for the evaluation of phase integrals and their 

derivatives are described when one of the integration 

limits is zero (existing methods break down for this 

case).

Appendix (B) presents a discussion of two 

dimensional elastic scattering from a central 

potential for use in conjunction with Chapter (6). 

The topics considered include the partial v/ave



expansion of the v/avefunction,the seiniclassical 

approximation for the phase shift and the 

correspondence with classic.ai tv/o dimensional 

scattering.



'Only connect..« !

E M Forster

This emotive phrase occurs on the 

title page of 'Howards End 1
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CHAPTER ONE: INTRODUCTION



Molecular beam experiments provide direct 

information on the details of molecular collisions. 

The ultimate beam experiment is easy to describe: 

velocity and state selected atoms and molecules 

are made to collide at various angles and the identities, 

velocities,quantum states and angular distributions 

of the products are measured. Considerable progress 

towards this goal has been achieved and information 

on molecular interactions has been obtained that 

is inaccessible to conventional bulk experiments 

which involve measurements of average properties 

over a wide distribution of velocities and internal 

states. This thesis describes calculations that 

have been made in order to assist in the inter­ 

pretation of molecular beam experiments and to 

predict new effects.

In general the scattering of an atom by another 

atom or molecule is a many body problem requiring 

consideration of both electrons and nuclei. 

However,for many systems the Born-Oppenheimer 

separation of nuclear and electronic motions is 

valid because the nuclear velocities are small 

relative to the velocities of the electrons at 

the collision energies of chemical interest. This



decoupling of nuclear and electronic notions 

reduces the collision problem to one involving 

nuclear coordinates only. Thus many collision 

processes are adiabatic in the sense that the 

energy of a single electronic wavefunction defines 

the potential surface (or curve) which governs the 

motion of the nuclei. Only electronically adiabatic 

collisions are considered in this thesis.

The scattering of heavy particles (atoms and 

molecules) may often be described successfully by 

means of semiclassical mechanics. For example,the 

thermal energy elastic scattering of atoms and molecules 

exhibits specific quantum effects (rainbows,glories,

etc.) whose sei.iiclassical interpretation provides
2-4-

detailed information on the intermolecular potential.

In this case the semiclassical method provides 

a straightforward analytical treatment of the 

scattering,leads to a simple understanding of the 

physical situation and substantially reduces the

labour of a full quantum mechanical treatment.
/

The seniclassical or WKBJ (Wentzel,Kramers, 

Brillouin,Jeffreys) method provides (approximate) 

asymptotic solutions of differential equations of 

the one dimensional SchrMinger type. The semiclassical



solutions may break down in certain regions and 

this requires the derivation of 'connection formulae 1 

to bridge these regions. The connection formulae 

may be deduced from exact solutions of the Schrbdinger 

equation with model potentials. For example, 

'linear connection formulae 1 are derived from solutions 

of the -SchrGdinger equation with a linearly varying 

potential. In Chapter (2) semiclassical connection 

formulae based on an exact solution of the Schr6dinger 

equation for a parabolic well and a parabolic 

barrier are derived and their properties developed. 

These connection formulae are called 'parabolic 

connection formulae' and are deduced from the 

asymptotic representations of Weber parabolic 

cylinder functions,in an analogous manner to the 

derivation of linear connection formulae from the 

asymptotic representations of the Airy function.-* 

The connection formulae for a parabolic barrier (well) 

are valid for energies which lie either above or 

below the barrier maximum (well minimum) and provide 

a direct connection between one classically allowed 

(disallowed) region and another. An important 

feature of the connection formulae is the existence 

of explicit expressions for the so-called quantum 

correction functions. These play an important



role in removing an unacceptable singularity from 

the seiniclassical analysis of orbiting collisions, 

as W3.S first pointed out by Ford,Hill,V/akano and 

Wheeler. The connection formulae are alied to a

variety of problems in Chapters

Chapter (3) presents a semiclassical analysis 

of resonance effects in molecular orbiting collisions. 

The simplest system to study v/ith molecular beams is 

the elastic scattering of two atoms interacting via 

a single spherically symmetrical potential energy 

curve. High energy beam scatterings have yielded

reliable values for the short range forces between
4 7atoms, >r v/hilst thermal energy measurements provide

information on the intermediate and long range nature
2-4

of the potential. Typically the interatomic

potential has a long range attractive part and a short 

range repulsive part (for example, the Lennard- Jones 

(12,6) potential) so that the effective potential (= 

interatomic potential 4- centrifugal potential) may 

possess a maximum and a minimum. The presence of a 

dip in the effective potential implies the possibility 

of setting up quasi -stationary states. These states 

may produce a severe distortion in the radial 

uavefunction of the system which gives rise to 

orbiting-resonance effects. Such behaviour is under-



6

stood in Breit-T..'igner theory in terms of complex 

energies v/hose real and imaginary parts determine 

the resonance energies and widths of the quasi-
o

stationary states respectively. Expressions for the 

resonance energies and widths of the quasi-stationary 

states are derived from the serai classical wavef unctions. 

Using the boundary condition that the radial wave-­ 

function is regular at the origin together with 

parabolic connection formulae,the asymptotic form 

of the wavefunction is found. This allows the phase 

shift to be determined. Imposing the further boundary 

condition that there be no incoming wave yields a 

complex Bohr-Somrnerfeld quantization condition for 

the resonance energies and widths of the quasi- 

stationary states. It is shown that when the widths 

of the energy levels are small compared with their 

separation,explicit expressions may be deduced for 

the resonance energies and their widths. These 

expressions allow the phase shift,scattering ampl­ 

itude, differential and total cross sections to be 

expressed in a Breit-Wigner resonance form. This 

procedure permits a simple discussion of the reson­ 

ance effects and provides an additional insight into 

the molecular orbiting phenomenon.
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The investigation of chemical reactions by 

molecular beam techniques is much more difficult 

than the study of pure elastic scattering. Hov/ever, 

considerable progress has been made since the first 

successful detection of a chemical reaction in a 

crossed molecular beam experiment by Taylor and Satz
Q

in 1955* Observations have been made on the 

differential and total reaction cross sections, 

internal excitation and velocity distribution of the

products,and the influence of steric factors on the

10-12 reaction. measurements of product angular
Ot

distributions have revealed tv;o possible re/ction

mechanisms. Anise-tropic reactive differential cross 

sections are taken as evidence for direct collisions, 

in which the collision complex disintegrates before 

it can rotate through half a turn. Examples of 

direct reactions are: rebound reactions (e.g. K + CEUI =

KI 4- CHrr) in which most of the nroduct KI recoils 
5

backwards relative to the direction of the incoming 

K atom,and stripping reactions (e.g. K * Brp = KBr + Br) 

in which the product KBr is mostly scattered in the 

forward direction relative to the incoming K atom.

Intermediate behaviour between the rebound and
1-5

stripping mechanisms is also known. ^ Complex



collisions on the other hand (e.g. Gs + RbCl =

CsCl -f- Rb) are characterized by reactive differential

cross sections that are symmetrical about 90° in

the centre of mass frame and this is taken to indicate

that collision complexes with lifetimes long
si h

compared v/ith a rotational period are formed.

The theoretical approaches to reactive scatt­ 

ering fall into three main groups: classical 

dynamical calculations, statistical calculations 

and quantum mechanical calculations.

The classical mechanical approach calculates 

the trajectories of the reacting atoms on an 

assumed potential energy surface by numerical integ­ 

ration of the classical equations of motion from a
1Sgiven set of initial parameters. ^ Information on

collision times,internal energy distributions,and 

differential and total reaction cross sections are 

obtained by Monte Carlo averaging of initial 

impact parameters,orientations and phases. Calculations 

have been performed for collisions on a line,in a 

plane and in three dimensions. Hybrid quasi-classical 

calculations have also been made \vherein the initial 

vibration-rotation energies are selected according
/\£L /in

to quantum mechanically allov/ed values. * ' The



Monte Carlo approach has been the most successful 

to date,although the limitations of the method are 

difficult to assess at the present time. Hortensen' ' 

has compared the classical 'and quantum results for 

the reaction H + H^ = H2 + H on a line and has concluded 

that a quantum mechanical treatment of this reaction 

is essential.

'Absolute' transition state theory is the best 

known example of a statistical approach. In this

theory the dynamical aspects of the problem are
20replaced by a quasi-equilibriuin assumption. Marcus

has shown how this approach may also be used to
21 22calculate reaction cross sections. ' Another

statistical theory is the phase space theory
23 developed by Light and co-workers, ^ where it is

assumed that in a strong coupling collision,energy 

is equilibrated in all degrees of freedom available 

to the system,subject to the constraints of the 

conservation laws. The probability of formation 

of a given product is then assumed to be proportional 

to some measure of the phase space available to that 

product.

Quantum mechanics provides the most rigorous 

approach to reactive scattering. The classical and



statistical theories described above require quantum 

mechanical theories in order to assess their 

validity,limitations and possible extensions. It 

is well known however that the quantum mechanics 

of three body systems interacting via strong forces 

and involving many states is a difficult problem 

and approximations oust be introduced. In Chapters 

(4) and (5) a quantum mechanical theory is 

developed for the electronically adiabatic bimolecular 

exchange reaction:

A + BC = AB + 0,

with the restriction that the three atoms are 

constrained to move on a straight line but v/ith

the system free to rotate in three dimensions in
pi*

such a manner so :\s to conserve angular momentum. ~

In this way one can discuss collisions with all 

impact parameters and hence calculate differential 

end total cross sections. The restriction to the 

case of zero impact parameter (head-on collision) 

would allow only the calculation of a reaction 

probability. 18 >^9,25,26 r^Q assumption of an infinitely 

heavy central mass that is present in an earlier
Oh

model is removed. An ii.roortant feature of the



Jf

analysis is the use of a set of coordinates v/hi'ch 

pass smoothly from those suited to reactants to 

those suited to products. Such 'natural collision

coordinates 1 were introduced independent!:/ by
on p,Q_~o 

Child*1 ' and harcus^0 ^ in 1966. In the way the

theory is developed,the reaction is characterized 

by the notion of a representative particle along a 

reaction coordinate s,which varies in value from -co 

at the beginning of the reaction to + oo at the 

end. Initially s represents the relative translation 

of A with respect to BC,in the region s » 0 it 

represents the asymmetric stretching vibration 

of the ABC complex and finally s represents the 

relative translation of G with respect to AB . A 

vibrational coordinate v is also defined such that 

initially v corresponds with the BG vibration,for 

s & 0 it corresponds with the (non-reactive) symmetric 

stretch of the ABG complex and finally -v corresponds 

with the vibration of the AB molecule.

In order to solve the Schrfldinger equation that 

involves these coordinates a vibrationally adiabatic
po po

approximation is introduced. ' ' In this,terras 

which couple together different vibrational states 

are neglected so that the system reno.ins in the



same vibrational state throughout the course of

the reaction. Vibrationally adiabatic reactions

are of particular interest since they forn the

basis of the current justification of absolute
31 _^3

transition state theory.-' J' An adiabatic reactive

collision is the analogue of an elastic collision 

in non-reactive scattering; in both cases there is 

no change in the quantum numbers associated with 

the collision. However large changes in the physical 

nature of the adiabatic degrees of freedom may 

occur during the course of the reaction and adiabatic 

correlation diagrams may be drawn for the changes 

in energy that take place as the reaction proceeds.

She adiabatic approximation allows the 

scattering problem to be reduced to the solution 

of one dimensional Schrodinger equations for the 

adiabatically separated coordinates. It is shown 

that for a given impact parameter and collision energy 

the effective barrier to reaction along the 

reaction coordinate s has contributions from three 

possible sources: (1) the potential energy barrier 

(if any) that belongs to the original potential 

surface, (2) tb.p> change in vibrational energy for 

a given vibrational state as the reaction proceeds,



(3) the centrifugal barrier associated with the 

conservation of angular momentun, 'The Schro1 dinner ' o

equation for motion along the reaction coordinate 

is solved semiclassically in Chapter (4-) for the 

case that the effective barrier to reaction has a 

single maximum. Semiclassical technicues are also 

used to evaluate the partial wave sunnations that 

occur in the theory. The resulting equations are 

sufficiently straightforward for a calculation 

of the elastic and reactive differential cross 

sections to be undertaken end calculations are 

made for three different kinds of potential surface. 

An interesting feature of the calculations is the 

occurrence of a new kind of rainbow effect. This 

is called a 'cubic 1 rainbow because it arises when 

the deflection function varies cubically with impact 

parameter,as opposed to the more usual 'quadratic 1 

rainbow in which the deflection function possesses 

a maximum or a minimum (that is varies quadratically 

with impact parameter). The integral that 

characterizes the se;.iiclassical analysis of the 

cubic rainbow effect is:

CO
f

C(a) = exp[i(x + ax)] dx ,

-co
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and this integral plays an analogous role to the 

Airy integral in the semiclassical description 

of the quadratic rainbow effect.*

Chapter (5) considers the case when the 

activation barrier belonging to the potential 

energy surface for the reaction possesses two 

maxima along the reaction coordinate. The presence 

of a dip in the effective potential implies the

possibility of setting up quasi-stationary states*
p/i 

Child has shown that the existence of these states

has an important effect on the reaction cross 

section and rate constant. At energies in the region 

of the dip,the reaction cross section shows a well 

resolved resonance structure whenever the energy 

available for reaction coincides with one of the 

asymmetric vibration-rotation states of the activated 

complex. This provides a powerful mechanism for 

tunnelling through the barrier even when the collision 

energy is far below the barrier maxima, and the rate 

constant then shows a different behaviour from 

that expected for simple tunnelling through a single

humped barrier. The name resonance tunnelling has
Oh.

been proposed for tnis phenomenon  
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This system is investigated using the 

parabolic connection formulae of Chapter (2) 

to derive the se'ilclassical form of the v/avef unction. 

The complex energy techniques introduced in Chapter, 

(3) are used to relate the resonance tunnelling 

phenomenon to Breit-v/igner theory. The resonance 

features in the reactive scattering nay be under­ 

stood by imposing the usual 'outgoing waves' only 

boundary condition, which results in the usual 

complex energy:

E -

where -E -r is the resonance energy and I -,- the level 

width which is a positive quantity. Terms involving 

(~!T also contribute to the elastic scattering but 

there is also another term, which is best understood 

by applying a ' forward moving wave ' only boundary 

condition. This results in a novel form of complex 

energy :

E -

where 0 ^- is positive if the second barrier is larger 

than the first barrier , negative if the first barrier 

is larger than the second one and zero if the two



barriers are of equal size. The sign of 0 ^r has a 

natural interpretation in torms of the population 

of states within the dip. A positive sign corresponds 

with a building up and a negative sign with a decay. 

The calculations described in Chapter (5) complement 

those in reference (24) where a complex energy 

approach was not used and only the reaction cross 

section (and rate constant) was calculated.

The model adopted for reactive molecular 

collisions in Chapters (4) and (5) does not take 

into account the effect of the initial BO rotations 

on the reaction. This problem is considered in 

Chapter (6). In order to allow a tractable 

development of the theory a model is adopted with 

the following restrictions.~' First the atoms are 

constrained to move in a plane in order to simplify 

the discussion of angular momentum and secondly 

±5 is given an infinite mass so tiiat a set of n?,tural 

collision coordinates may be defined for the re-action. 

An adiabatic separation of variables is again used 

to reduce the scattering problem to the solution of 

one dimensional SchrBtiinger equations. These 

correspond to motion along the reaction coordinate, 

the purely vibrational motion of the atoms and
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the internal rotational motion of the atoms, 'rhe new 

feature of this model is the internal rotations of 

the system. At s - -co and +co these correspond with 

the free rotation of' j3G and A.B respectively. IT or 

many systems the initially free rotation of the BO 

molecule is quenched as the reaction enters the 

transition state and the internal rotational 

motion then corresponds with the bending vibration 

of the ABO complex at s & 0. As the rotational 

energy of BG increases however,a situation may 

obtain where the rotational motion of BC remains 

essentially free in the transition state region.

A partial wave analysis allows the differential 

cross sections to be determined. It is shown that 

for free internal rotational notion in the transition 

state region,each partial wave has the same angular 

part which gives rise to an isotropic differential 

reactive cross section. On the other hand when the 

initial rotational motion of BO is quenched as the 

reaction proceeds,each partial wave has a different 

angular part and an anisotropic differential reactive 

cross section will (in general) result.



Appendix (A) is devoted to various numerical 

aspects of the theory developed in the preceding 

Chapters. The properties of the integral C(a) (defined 

above) are considered together v:ith its nui.iericel 

evaluation. Also numerical nethods for the evaluation 

of seoiclassical phase integrals and their derivatives 

are described v/hich are valid when one of the limits 

of integration is zero (existing methods break down 

for this case).

Appendix (B) presents a discussion of two 

dimensional elastic scattering from a central 

potential,as there does not appecr to be an account 

available in the literature, The results of this 

Appendix are required in Chapter (6). Among the topics 

considered are the partial wave expansion of the 

wavefunction,the semiclassical approximation for the 

phase shift and the correspondence with classical 

two dimensional scattering.

The work described in Chapters (2),(3) and a 

portion of Chapter (5) have formed the contents of
7.LL TyCy :56

two research papers-' '^^ and a research note in 

Molecular Physics.



CHAPTER TV/0: PARABOLIC CONNECTION FORMULA



2.1

The semiclassical or V/KBJ method provides 

asymptotic solutions of the one dimensional 

Schr5dinger equation:-3

4- - ^ 0 } (2.1)

where E is the total energy of the system, > is 

Planck's constant divided by 2Tf, u. and V(s) are (in 

general) an effective .mass and an effective potential 

that characterize the system respectively, and (J/(s) is 

the wavef unction for s notion, s ta:.:es values from ~ co

to 4- CO ; radial wave equations are not thereby
37excluded as the Langer transformation^' may be used

to map [O,t0£) onto (-Ctfj+ctf) - see Appendix (B) for 

a specific example of this technique in two 

dimensional elastic scattering. Semiclassical 

solutions of equation (2.1) are valid when the 

de Broglie wave length is sufficiently small that 

the fractional change in V(s) over a wavelength 

is negligible i-3

« I, (2 ' 2)



v/here

and

The serdclassical solutions of equation (2.1) 

satisfying condition (2.2) are of two types: oscillatory 

for E)^V(s) and exponentially increasing, and 

decreasing for E«V(s). Condition (2.2) clearly 

breaks down if E ̂ V(s) ,that is near the classical 

turning points of the motion and evidently the exact 

solution of equation (2.1) differs substantially 

from its asymptotic representations near these points. 

Moreover, the same asymptotic form cannot be used 

to represent an exact solution of equation (2.1) on 

either side of the turning point, but on the

contrary different asymptotic forms are required.
 58 

This is the Store's phenomenon. V/hen present it is

necessary to associate these different asymptotic 

representations v/ith each other and this requires 

the deduction of connection formulae.

There are two i.iain approaches available for 

the calculation of connection formulae:



A, The real variable s in equation (2.1) is replaced 

by a complex variable s. A contour is then chosen 

in the cooplex s plane which avoids the turning 

point neighbourhood, yet connects either side of 

the 'turning point as required. This approach, 

which has been called the pho.se integral method 

(a terminology adopted in this thesis),has been 

described by Heading-^ and ?r5inan and FrSman.

B. Equation (2.1) is replaced by an equation which 

approximates equation (2.1) in the turning point 

region and for which an exact solution is known. 

The asymptotic representations of this exact 

solution are tnen joined on to the semiclassical 

solutions of equation (2.1),from which the connection 

formulae are deduced.

Method (B) is the one used in this thesis. 

Semiclassical connection formulae based on exact 

solutions of the Schrodinger equation for a parabolic 

barrier and a parabolic well ere derived and their 

properties developed. The resulting connection 

formulae contain explicit expressions for the 

quantum correction functions,whose importance was 

first pointed out by Ford,Hill,Uakano and "heeler. 

These correction functions remove a singularity in
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the seniiclassical description of orbiting collisions 

(the 'orbiting singularity 1 ). In contrast the 

magnitude of these quantum correction functions 

cannot be determined by method (A). ' The 

derivation of the connection formulae is described 

below and in the following Chapters they are used 

in a simple and direct manner to solve various 

physical problems.



2.2 COMMEGglON ffORi-iULAB j'OK A i^ARAiJOLIO

In this section seniclc.ssical connection 

formulae oxe derived from the properties of the 

asymptotic representations of the Schrfldinger 

equation for a parabolic barrier and their properties 

are developed.

In the first instance the solutions of equation 

(2.1) are assumed to be subject to the boundary 

conditions that they represent incident , reflected 

and transmitted waves with the transmitted 

wave moving off to the right (see figure (1)).

The seiniclassical solutions of equation (2.1) 

valid at large |s| are:

for the transmitted wave and

for the reflected wave (first term) and the incident 

wave (second term). Equations (2.3) and (2.4-) need to 

be supplied with convenient phase reference points



Figure 1

potential energy curve V(s). V(s) is   

assumed to be quadratic in s near its 

maximum, a and c denote the classical 

turning points and b is the position of 

the barrier maximum. E is the total energy 

of the system. The arrows indicate incident, 

reflected and transmitted waves.



to



(either the classical turning points or the top 

of the barrier - see below). In v/riting down phase 

integrals as in equations (2.3) and (2.4-) the 

following conventions will be adopted: the integrand 

will be written in such a way as to make it positive 

definite and the integration limits will be arranged 

so that (upper limit) ) (lower limit). Other authors 

adopt different conventions and some care is necessary 

when comparing results in the literature .

The problem thus reduces to the determination 

of A,B,G which can alv/ays be chosen to be real, and of 

the phases o(, 0>,Y which depend on the choice of 

phase reference points, such that the solution valid 

for s)J>0 connects with that valid for s«0.

The potential V(s) is assumed to be parabolic 

near its centre so that (in the notation of figure 

(1)):

where u) is the classical angular frequency of 

oscillation in the upturned barrier. Equation (2.1), 

together with equation (2.5) may be simplified by 

the change of variable:



-ft to

to give

^'r^j -f i t -t ^ i f>j = o .
(2.6)

ji ^j

Equation (2.6) is a form of Weber's equation. ' 

The solution of equation (2.6) that satisfies the 

above boundary conditions is in terms of Weber 

parabolic cylinder functions:

- cTT/4- ^\

(2.7)

v/here the symmetrical notation U(a,x) of Miller has

been used rather than the older notation D t(x)-a jg-

of V/hittaker.^2 '^ Equation (2.7) is related to the 

tabulated functions W(~£,+x) by:
i

-OJj^*- —\\. i^ £-"31 LJ.^;J c- ^-t,^/ 5 (2.8)



and

in uhich

k 0 t «T lTri J' - e'" 1 ,

Equations (2.8) and (2.9) are convenient for the 

numerical evaluation of equation (2.7). Using the 

asymptotic representations of T.7(~ 6,+x) that are valid 

for Ixl^ 11| ,namely. ''

W (-*,

and

WK-)

v/ith
$ =

" ^ - lr 3



the asymptotic form for' U/(x) in equation (2.7) 

becomes :

. (2.10) /

valid for x}^ 0 and

(2.11)

valid for x«0; in deriving equations (2.10) and (2.11)
 2

terms in x (which, represent first order corrections

to tne asymptotic v/avefunction) and higher have been 

neglected. In equation (2.11) the first term represents 

a- reflected wave and the second tern an incident 

v/ave (the direction of propagation of a v/ave is the 

direction in which its phase increases). Comparison 

of the semiclassical solutions of equation (2.6) 

v/ith equations (2.10) and (2.11) then determines 

the constants in equations (2.5) and (2.4-). As a 

concrete example consider the case of a transmitted 

v/ave in the energy region £<^0 with the classical 

turning point (x = 2/|£l) chosen as the phase 

reference point (this is the situation illustrated



in figure (1)). The seraiclassical solution of 

equation (2.6) is in this case (x» 0) :

V|T|

In deriving equation (2.12) terms of order x and 

higher have again been neglected. Comparison of 

equation (2.12) with equation (2.10) gives for the 

constants A and

__ n - g

A similar calculation :nay be carried out for the 

incident and reflected waves, from which, the 

following connection formulae may be deduced. 

The functions:

3/



valid for s> c connect with

~Ti 1

valid for s<£a. The quantum correction function <i( fc) 

is defined by:

V/hen the energy is incident above the barrier 

maximum, a convenient phase reference point is the 

top of the barrier s=b. On repeating the calcul­ 

ation described above, it is found that the connection 

formulae (2.13) and (2.14) remain valid provided the 

turning points a and c are replaced by b. The 

connection formulae are therefore valid for energies 

which lie either above or below the barrier maximum,



and they provide a direct connection betv:een one 

classically allov/ed region and another. The factors 

TT/4 have been included in the connection formulae 

(2.13) and (2. 14-) to- facilitate their use in

conjunction v;ith connection formulae based on a
c

linear turning point. The lower set of signs

in (2.13) and (2. 14) arises by taking the complex 

conjugate of the semiclassical solutions (2.3) and 

(2.4). The formulae (2.13) and (2.14) provide one 

of the desired set of connection formulae. A similar 

analysis based on the solution:

of equation (2-6) leads to the second set of connection

formulae. The functions:

(2.16)

valid for s<£a connect with

n -Til

A cO (2.17;



valid for s^> c and <?(£) is again defined by
/

equation (2.15).

i'uiaerical values of <£(£) are given in Table

(1) whilst Figure (2) shows a plot of <f(O against

!
- i 
(ib-iO is tabulated in reference (4-2)), Since

argl (J-f-il) = -arg I (4  i   ), (P (£) is an odd
T

function of £ :

O it is only necessary to plot <p(O for positive 

1 (say). The following properties .are evident: 

= 0 and <£(o?) = 0 v/ith ^(1) rising to a 

maximum of #0,15 a"k l^O.J, Equation (2,15) shov/s 

that the slope of d?(£,) tends to +CO as £  ̂ 0 

because of the presence of the logarithmic 

singularity at C = 0. It will be seen in Chapters 

(3)-(6) that this logarithmic singularity exactly 

cancels another logarithmic singularity and thereby 

removes an unphysical singularity from the 

semiclassical analysis. Figure (2) also shows plots 

of:

where < = 1.78107 and
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Table 1

Numerical values of (p(O s L * argl (-£+ii) - £ln £ .

0,00 0.0000**
0,05 0.1020- 
0,10 0.1367
o,15 0.1491
0,20 0.1498
0,25 0.1442
0,30 0.135^
0,40 0.1149
0,50 0.0958
0,60 0.0301
0,70 0.0678
0,80 0.0583
0,90 0.0508
1,00 0.0450
1,50 0.0287
2,00 0.0212
2,50 0.0168
3.00 0.0140
4.00 0.0105
5.00 0.0083

** Using Lim £lru = 0



Figure 2

The quantum correction function Cp(£). 

The full line is equation (2.15). 

The dotted line is equation (2.19). 

The dashed line is the first terra of 

the series (2.22;. 

The dash-dot line is equation (2.18;.
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(2.19)

v/hich use analytical approximations that have 

been suggested for c\rgl (J+il) . ' The asymptotic 

behaviour of <£>(£) may be derived from the relation:

(2.20)

which follov/s from the duplication formula: ^

v/ith z = IS. . In addition:

^ i

where B are the Bernoulli numbers,the first 

three of v/hich are:

B1 - 1/6, B2 « 1/50, B^ -

Inserting equations (2.20) and (2,21) into 

equation (2.15) leads to:



. ^

The first term of the series (2.22) is within 

of the exact value of <£(e) for £)>0.25 and 

v/ithin 10^ for 1^1.0; 1/2^-6 is also plotted in 

Figure (2).

A guide to the regions where the semiclassical 

solutions of equation (2.6) are valid may be 

obtained from the first order correction terras to 

the asymptotic wavef unctions (2.10) and (2.11). In 

particular if F is given by:

F+ -. I - JL ± ^\-^)
~™ r^f &* ' * ' /X- -i i.

it is found that equation (2.10) and the first term 

of equation (2.11) are to be multiplied by F_ v/hilst 

the second term of equation (2.11) is to be 

multiplied by F . A comparison of the asymptotic 

representations (2.10) and (2.11) with the exact



solutions (2.8) and (2.9) indicates that the 

range of x values for which (2.10) and (2.11) are 

within an order of magnitude of the exact solution 

may be found from the inequalities U|/x2 <( 0.05 

or ( £- | £| V)/2x2 < 0.05,with the larger value of x 

being taken each time. For |l| = 0,2 this condition 

is satisfied at points one or two wavelengths 

outside the roots of the equation (x ~ 4-Kl) = 0.

It is of interest to note that the trans­ 

mission coefficient derived from equations (2.13)
 "1

and (2.14),namely (1+exp(-2rr£ ))"" has been proposed

on intuitive grounds by Bell (in 1959)* His 

considerations were based on the known behaviour 

for t)y>0 (transmission coefficient of unity), £« 0 

(V/KBJ result based on two linear turning points) 

and £ - 0 (transmission coefficient of approx­ 

imately one half for an Eckart potential). Actually

this result for a parabolic barrier was known much
ZL c 

earlier ^ although apparently not noticed.

Child ' has intuitively derived seniclassical 

connection formulae for a parabolic barrier from 

the ratios of the amplitudes of the incident and 

reflected waves and his formulae differ by the 

omission of the phase factor <f(£). It was this
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lack that prompted the above more detailed 

investigation. Phase integral methods have also 

been used to derive connection formulae for a 

barrier,4-0,41 but in tllis approach the'value of

&>(£,) cannot be determined. On the other hand, 

the phase integral treatment does not require the 

barrier to be exactly parabolic but only approx­ 

imately so. By comparison with the phase integral 

results,equations (2.13)-(2.17) nay be generalized 

by the substitutions:

(2.23a)

(2.23b)

in v/hich ia and ic represent the complex zeros of 

the integrand in the substitution (2.23b). The 

arrows become equality signs for an exactly peo?a- 

bolic barrier. For potentials v/hich are even in s , 

the right hand side of the substitution (2.23b) 

contains no imaginary part and the operation Re is



*- y'cS.

superfluous. In the energy region l«0,the 

substitution (2.23a) together with the parabolic 

connection formulae become equivalent to 

connection formulae bused on two linear turning 

points. -*

The principal results of this section are 

given by the formulae (2.13)-(2.17)  They may be 

summarized in another way as follows. If the 

seraiclassical solutions of equation (2.1) to the 

left and. right of the barrier are written as:

-t-

and

respectively, then the coefficients c* and Cp are

related to and by:

/c,

\

v/here



Li

—*
Notice also that C = C ,that is C is a self 

reciprocal matrix
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2,3 GOiliraCTION .FORMULAE FOR A PARABOLIC WELL

In this section exact solutions of the 

Schrodinger equation for a parabolic well v/ill be 

used to derive the appropriate semiclassical 

connection formulae. In particular the wave!' unction 

is taken to be exponentially decreasing in one 

classically inaccessible region and a semiclassical 

expression for its form in the other classically 

inaccessible region is found. The method follows 

similar lines to that already described in Section 

(2.2).

The potential energy for a parabolic well is;

where o is the classical angular vibration frequency 

for the well and b is the classical equilibrium 

value of s (the notation of Figure (3) will be used). 

With the change of variable

A tfY"v ^(*£-) ; >



3-5

Figure 3,

The potential energy curve V(s). V(s) is 

assumed to be quadratic in s near its 

minimum, a and c denote the classical 

turning points and b is the position of 

the well minimum, E is the total energy 

of the system.
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equation (2.1) together with equation (2.24) becomes:

A solution of equation (2.25) v;ith the desired form 

(exponentially decreasing for x))> 0) is in terras of 

Weber parabolic cylinder functions:

v/ith an asymptotic representation valid for fx) ^ I 

of:

for x^>0 and since "'

and

~ 'TT
k

the asymptotic representation for x<<0 is

(2.25)

(2.26)

(2.2?)

4 _r J. Jt , (2
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-2 
and terms of order x have been neglected in

equations (2.27) and (2.28). For '£^0,the semi- 

classical solution of equation (2.25) corresponding 

to equation (2.27) is

.
f r :*"- ~7 J|V , /-J [|-*J ^'

(2.29)

2\ ^xf - ^ 4 r^L^ 4- I - f > (2.30)' -

v;here the lower integration limit has been chosen 

as the classical turning point (x = 2 /T) in 

equation (2.29) and in equation (2.30) terms of 

order x~" have again been neglected. Similar 

semiclassical solutions nay be written down that 

correspond to the asymptotic forms (2.28). By 

comparing these semiclassical solutions with equations 

(2.27) s-nd (2.28) the following connection formula 

may be deduced. The function:



valid for s))c connects with

* 1 . . ^ 4 f
/. , if \ • - f \ — ' \ • T ~ I I i'»^\.'y'"'ii \ e~- * S syik^i

valid for s«a,v/here

(2.33)

Equations (2.31 )-(2.33) provide one of the desired 

connection formulae. A similar analysis based on the 

solution:

of equation (2.25) leads to the second connection 

formula, namely for ^-0 the function:

valid for s<£a connects with:

>/|lc(s)J

valid for s^>c and A(f) is again defined by 

equation (2.33). The functions (2.3l)-(2.35) may

(2.35)



also be shov/n to be valid for o provided

tne classical turning points a and c are replaced

by b,the classical equilibrium value of s. Thus the

connection formulae are valid for energies which lie

either above or below the bottom of the well and

they provide a direct connection between one classically

inaccessible region and another.

The behaviour of A(T) as a function of f is 

shov/n in Figure (4). For T> 0 the function oscillates 

whilst for 1T<0 the function asymptotically 

approaches unity. ?or ?"^0 equation (2.35) may 

written:

AC?) = OL wTti*- (2-56)

where the quantum correction function t is 

defined by:

The reflection formula?

has been used in deriving equations (2.36) and (2.37).

(T) in equation (2.3?) takes the values 0.35 at

= 0,and then decays to zero being 0.07 at ? = 0



SI

Figure 4-

The function A('£), 

The full line is equation (2*33)« 

'i'he dashed lines are equations 

(2.38) and
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0.04 at = 1.0 and 0.02 at T = 2.0. Numerical 

values of ^(T) are given in 'jJable (2). notice also 

that ^(2) possesses a logarithmic singularity at 

T = 0 and that the slope of ^X (^) is infinite 

there (compare <p(i)). With the help of Burnside's 

formula :

the asymptotic form of A(£) for ^0 becomes:

, (2.38)

In a similar v/ay,for t^O:

(2.39)
Equations (2.33) and (2.39) give A(£) to within 10# 

of its exact value for (fj VrO.4. Their behaviour is 

also shov/n in Figure (4). Comparison of equation (2.15) 

with equation (2.37) shov/s that the quantum correction 

functions <i and Y are related via:

It is clear that for large s the exponentially 

increasing terms in the connection formulae (2.32) 

and (2.35) completely dominate the . exponentially



Table 2

numerical values of ^(i) = 7lnt - t - InP(-^t) + £ln2ir.

0.0
0.1

0.2

0.3

0.4

0.5
0.6
0.7
0.8

0.9
1.0

1.2
1.4

1.6

1.8

2.0

2.5

0.347**

0.192
0.136
0.106
0.087

0.072

0.062
0.054

0.049

0.044

0 . 040

0.033
0.028

0 . 026

0.023
0.021

0.016

** Using Lira clnt = 0
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decreasing terns except when

f =• n + i n = <V,2, ,.., (2.4-0)

in which case according to equation (2,36) the 

coefficient of the increasing term vanishes. Equation 

(2.40) then gives the eigenvalues of the corresponding 

bound state problem. It is this abrupt disappearance 

and subsequent change in sign of the coefficient of 

the leading term that gives rise to resonance effects 

in orbiting collisions discussed in Chapter (3)» On 

the other hand, for 5c<^0 according to equations (2.33) 

and (2.39)»A(£) is always finite and no resonant 

behaviour is expected.

I/hen the well is only approximately parabolic, 

analogous substitutions to those employed in Section 

(2.2) may be used, namely:

(2.4-1)

rrt —> K^fl^s)l/5 , T<0

The arrows become equality signs when the well is 

exactly parabolic.
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For use in later applications connection

formulae based on a linear turning point are
c

summarized below.^ For the first turning point in

Figure (1) the functions:

valid for

f c\
±

connect uith:

(2.^-2)

f -t- *t f

valid for s^a, For the second turning point in 

Figure (1) the functions:

valid for s^>c connect with:

_
N/IMOI

(2.45)

valid for s «c.
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3 . 1 . _ _ I.M TR ODU.CT I Og

The system under consideration consists of 

two particles interacting via a single spherically 

symmetrical potential energy curve. Systems of this 

type have been the object of considerable study

by molecular beam techniques and a large amount of
2 4information has been acquired. 1'he Schrddinger

equation that determines the scattering is:

[V(r)-tJ^')- O, u

where M is the reduced mass of the particles, V(r) 

is the interaction potential and E is the initial 

relative kinetic energy or collision energy. It is 

always possible to remove the centre of mass motion 

provided the particles move in a homogeneous space. 

Equation (3«1) is subject to the boundary condition 

that asymptotically ^(r) represents an incoming plane 

wave and an outgoing scattered wave:

_ 5 (3.2) 
r



where 0 is the scattering angle and f (9) the 

scattering amplitude. The asymptotic form (5 

holds provided V(r) drops off more rapidly than r . ' 

The method of partial v;aves gives for
iT*

v/here in equation (3*3) k = (2/uE/ii ) 2 is the 

incident v/ave number, P^ (cosQ) is the Legendre 

polynomial in cos9 and & is the Ah order phase 

shift defined below. The scattering problem thus 

reduces to the determination of the phase shifts, 

which in turn are found from the asymptotic form 

of the regular solution of the radial v/ave equation:

JL+

v/ith

(Icy -

and

- (9 . (3.6)

The reference phase in equation (3-5) is that 

determined by the asymptotic form of the corresponding



j?th order spherical Bessel function, that is the 

free particle solution. A semiclassical expression 

for 6># in the orbiting case is derived below, 

Important measurable quantities are the differential 

and total cross sections, 1(0) and <T which are
O

given in terms of the phase shifts by:

(5.7)
(aw)

<r - Tx*^. (3 ' 8) 
k JL

The orbiting phenomenon arises from the form 

of V(r),which typically has a short range repulsive 

part and a long range attractive part so that the 

effective potential defined by:

V(') +

has a maximum and a minimum for a certain range of 

Rvalues and for a certain range of energy, E - V/r) 

possesses three zeros or classical turning points . 

(An additional possibility is that V(r) itself 

possesses a maximum and minimum). This situation, 

which is illustrated in Figure (5)>gives rise to 

the phenonenon of orbiting or spiralling. 2^ Classically



Figure 5,

cJhe effective potential energy curve 

E denotes the collision energy, a«, c n 

are the classical turning points, dg is the 

position of the barrier maximum and bn is 

the position of the well minimum.
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orbiting occurs when the collision energy equals 

the value of the effective potential at its maximum, 

that is when E = Vo.(<lo) in the notation of Figure 

(5) } and the particles then orbit around each other 

for an infinite length of time. It is shown below that 

in a semiclassical treatment this infinite lifetime 

is replaced by a finite one. For E somewhat greater 

(or somewhat less) than Vrt(dn) the two particles 

execute several orbits before separating again. This 

type of behaviour will also be encountered in 

Chapters (4)-(6).

Figure (5) also shows that quasi-stationary 

states may exist in the dip of the effective potential. 

From a classical viewpoint these states are stable 

but quantum mechanically they have a finite lifetime 

because of the possibility of tunnelling through 

the barrier. Such quasi-stationary behaviour may 

be understood in terms of complex energies,whose 

real and imaginary parts determine the resonance 

energies and widths of the states respectively. In 

Sections (3.2) and (3*3) expressions for the resonance 

energies and their widths are determined from the 

semiclassical expressions for the wavefunction 

derived with the help of the connection formulae



given in Chapter (2).

Using the boundary condition that the 

wavefunction is regular at the origin,together 

with linear and parabolic connection formulae the 

form of the wavef unction in the region r}\ e- is 

found. For energies near the maximum in the effective 

potential,connection formulae for a parabolic barrier 

are valid for the semiclassical analysis,whilst for 

energies near the bottom of the well,connection 

formulae for a parabolic well must be used. Imposing 

the further boundary condition that there be no 

incoming v/ave in the region r)^ e^ yields a complex 

Bohr-Soinmerfeld quantization condition for the 

resonance energies and widths of the quasi-stationary 

states. This quantization condition may be solved 

to give explicit expressions for the resonance 

energies and their widths when the separation of 

the states is much greater than their widths. It 

is shown below that these expressions allow the 

phase shift and cross sections to be expressed in 

a Breit-Wigner resonance form.

Orbiting collisions are of interest in a 

variety of collision processes and related 

phenomena, i'hese include atom-atom, ^ atom-molecule,^ 5^



50 51 52 ion-molecule, and ^ particle collisions, »^

rotational predissociation^(which may be regarded 

as the inverse process to orbiting), the effect of 

curve crossing on elastic scattering^ '-^ (the 

existing se:,iiclassical theory breaks down v/hen E ^ V* (dn ) 

for a lower adiabatic curve of the shape shown in 

Figure (5)),and three body recombination reactions. 

In the last example,a recent theory of three body 

recombination reactions assumes the mechanism:

X + X ^ X*,

*
where X^ denotes an orbiting complex,which then

suffers an inelastic collision with a third body M

X + M



5.2 SErilCLASSICAL ANALYSIS.

The choice of connection formulae is determined 

by the value of the collision energy relative to the 

minimum and maximum in the effective potential. In 

the first instance it is supposed the collision 

energy is near the barrier maximum so that the use 

of parabolic connection formulae for a barrier is 

valid for the semiclassical analysis. When the 

collision energy is near the minimum in the effective 

potential, parabolic connection formulae for a well 

nust be used.

The boundary condition. (3«6) that Ko(r) be 

regular at the origin requires that the semiclassical 

solution of equation (3. 4) be exponentially 

decreasing in the region r«a*. This boundary 

condition cannot be satisfied by the ordinary 

semiclassical solution hov/ever because V(r) varies

rapidly for r^O. By means of the Langer transformation^' 

it is possible to use the semiclassical approximation

near the origin provided that, J?(#+1) is replaced
p by (J2+-J) in the effective potential. The semiclassical?

solution in the region r«a is therefore:



R, yi (5-9)

v/here

and K is a constant whose value is chosen later. The 

use of linear connection formulae,equations (2.4-4-) 

and (2.4-5) gives for the semiclassical solution 

in the region a««r<<;cn which connects with equation 

(5-9):

coo f f *•

Equation (3*10) may be written in terms of the 

phase reference point c» (or d^ when

4

v;here denotes the nhase integral:

(3-10)

(5.11)

(3.12)



Equation (3.11) is now in a form suitable for the 
application of parabolic connection formulae for 
a barrier.(equations (2.16) and (2.1?)). The result 
for the v/avef unction in the region r^ e, is:

(3.13) where

A 1— •%. - /» i i *-M *a i ^ ^ U+-e ^J -h

and

v/ith c^ the classical angular frequency of vibration 
in the upturned barrier. To avoid cumbersome equations 
in what follov/s the notation TT^ v/ill be retained 
for the integral substitutions (2.23). Equation (3.13) 
(together v/ith equations (3.14) and (3*15)) is the 
key equation in what follows. From it is derived the 
phase shift and the resonance energies and widths of 
the quasirstationary states. Notice that the first 

term in equation (3.13) is the complex conjugate of the 
second term - in accord v/ith the conservation of flux.



Equation (3*13) nay be rewritten as:

(3.16)

v/nere

m)i/
v/ith

(3.17)

r - '/ v
3 [

and the branch of the arctangent is determined by 

the continuity of <?«(E) in equation (3«1?)» The 

constant K in equation (3*^3) has been chosen so that 

the coefficient of the sine wave in equation (3*16) 

is unity. The reference phase is that determined by 

the asymptotic form of the J?th order spherical Bessel 

function (see equation (3*5)) so that the phase

shift .(E) for this three turning point problem is:

-t

where

L^ f fk, (,'>l/_ k/ + (H + k}\ -W. (3.19) 
•/->«• I



In the energy region £^0 the factor (l>( £^)-1 )(1'(%)+1) 

rapidly approaches unity so that &. (E) contributes 

a term ^(E) to the phase shift ( <^( <£^) —^ 0 as t 

v/hich becomes:

r

5/e) - L~ -f

Equation (p.20) is just the value for the phase 

shift in the absence of a barrier.-'

When 1^0 the phase integrals occurring in 

equations (3.17) and (3.19) may be expanded in a 

similar manner to that employed in Chapter (2):

(3-20)

(3.21)

v/here 'other terms 1 denotes contributions not 

related to the top of the barrier. In the absence of 

the quantum correction function A( £/>),equation (3.21) 

v;ould predict an infinite rate of change of the 

phase shift with g. at ^, = 0 and derivatives of the

phase shift (such as the deflection function © -

) v;ould be divergent at £n = 0. This is
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the orbiting singularity. Recalling the definition 

of cp(Sj) (equation (2.15)) it is seen that this 

singularity is exactly cancelled and the divergences 

do not occur.

In the energy region ^«0 the factor 

(T( ̂ )-1)(0?( %)+1)~1 is very small and consequently
oM.

the contribution from dn'Z is constant excet when:

(3.22)

in v/hich case according to equation (3»1?J the phase 

shift rapidy increases by TT. In this energy region 

0 (E) is the resonance contribution to the phase

shift whilst (Ej is the non-resonance or 'potential 1 

contribution. In section (3.3) it is shown how, with 

the help of equation (3 • 1 4) , equation (5,17) ^^y 

be reduced to a Breit-V/igner resonance form.

It is instructive to compare the phase shift 

given by equations (3»1 r7) and (3.19) with the simple 

seiniclassical result for this problem. The latter
Zl/1may be written:

(5.23)



where ©(€«) is a step function:

O t« <

Comparing equations (3 .1 7.) and (3 •19) v/ith equation 

(3*2:5) shov/s that the latter contains no provision 

for tunnelling through the barrier or resonance 

effects when ^<0 or for the partial reflection of 

the incoming wave by the centrifugal barrier when 

2-je^O. The failure of the simple semiclassical phase 

shift (3.23) in comparison v/ith the exact phase 

shift obtained by numerical integration of the 

radial wave equation in the orbiting region is well 
known. 58-60

Ford, Hill, V/akano and Wheeler have obtained 

an expression for the phase shift by fitting a parabola 

to the maximum in the effective potential. However 

their result is not expressed in terms of classical 

phase integrals and is consequently very complicated. 

Herm and Dubrovsky have obtained expressions in 

closed form for the phase shift and it may be shown

that the simple result contained in equation (3.18) 

is equivalent to their much more complicated results.
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Herni has compared his' semiclassical phase shift 

with the exact numerical results of Bernstein,Curtiss,

Iman-Rahajoe and Wood for a Lennard-Jones (12,6)
59potential. Excellent qualitative and good

quantitative agreement v/as found. The semiclassical 

result began to fail for small values of the orbital 

angular momentum quantum number (J0£10).

Phase integral methods have also been used to

derive phase shifts for this three turning point
41problem. Miller has explicitly demonstrated that

in this approach Cp( €^) is of an unknown magnitude.
63Livingston *^ has also applied phase integral methods

to this problem and has concluded that resonance 

effects are associated with pairs of virtual 

energy levels in the dip of the effective potential. 

Since the semiclassical phase shifts discussed above 

(and those mentioned in references (64) and (65) 

below) show no such pairing effect (nor have 

calculations involving numerical integration of the 

radial wave equation-7 "~ ), it is important that 

this discrepancy in the theory be resolved. It is 

shown below that whilst Livirigston 1 s expression for 

the phase shift is essentially correct,the pairing 

effect arises from an incorrect specification of the



resonance conditions in reference (63).

A resonance occurs i/hen c. small increase in 

energy results in a rapid but smooth increase in 

the phase shift. The centre of the resonance is the 

point of maximum rate of this increase - a point of 

inflection in the pjiase shift . Equation (3.1?) 

shov/s that the points of inflection which determine 

the resonance conditions are given by:

Equation (3.24-) is an extension of the standard 

seniclassical quantization condition (-J 

represents a level shift). Livingston's expression 

for the phase shift may be written:

-I

v/hich is obtained from equation (3«1?) via the 

identity :

-f

(3.24)

_TT 
2.

(3.25)

v;ith
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As noted above, a phase integral derivation of 

equations (3.1?) and (3.25) does not allow the 

nagnitude of <p( £g) to be determined. Comparison
<3.*O

of equation^ with equation (30) of reference (63) 

shows that the latter corresponds to the choice 

= ±"H"« From the preceding discussion it is 

clear that this choice is incorrect. The form of 

equation (3.25) led Livingston to conclude that a 

resonance occurs whenever the denominator of 

equation (3.25) vanishes, or equivalently whenever

that is 3 resonance pairs situated on either side of

o(,(E) = (n+-J)TT + ismfcg)* It 2.3 easy to show however
x* '

that this resonance condition is incorrect since it 

does not correspond to a point of inflection in 

the phase shift. The points of inflection are of 

course given by equation (3.24-) because equations

(3.1?) and (3.25) are identical. The prediction of 

resonance pairs must therefore be abandoned.

^Livingston (private communication) has agreed with 

the above analysis.



An important case not covered by equation (3. 

occurs when the collision energy takes on values 

near the ninimum of the effective potential well. 

Connection formulae for a parabolic well must then 

be used in the semiclassical analysis. Imposing the 

boundary condition that R^(rJ be regular at the 

origin gives equation (3«-9.) as the solution valid 

for r<<(an. In the region c, «r«:e^,the connection 

formula (2,55) gives for the solution there:

-f Mlil t*p I Olct(/)U'j . (5.26)
I 1 / «/ if

v/here

S^s
and eO^ is the classical angular frequency of 

oscillation in the potential well. In addition:



The phase integrals in (3.26) may be written in 

terns of the phase reference point e^ and linear 

connection formulae, equations (2.A-4-) and (2.4-5) 

used to find the solution valid for r e . OJhe 

result is:

and v;here (^(E) denotes the phase integral:

/w
K is a constant in equation (3.27). Equation (3.27)

x->^

is restricted to i^C^the energy range where 

resonance effects are observed. Equation (3.27) 

may be written in the form:

with K ha\vJLng been chosen so that the coefficient 

of the sine wave is unity. In equation (3.28):
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(3.27)
v/here

+ f

(3.28)



(3<29)

and the phase shift becomes:

, (3.30)
v/ith

For energies near the bottom of the v/ell (3^(£) may 

be expanded (corapaxe equations (3.21)):

and recalling the definition of C?^) (equation (2.37)) 

it is seen that the logarithmic singularity in 

is exactly cancelled by that in

Buckingham and Dalgarno r and Berry ' have derived 

formulae for the phase shift equivalent to equations

(3.29) and (3-31) but from which the quantum correction
/i /j 

function ^("?%) is absent. Miller has demonstrated

by phase integral methods'tho necessity for a factor 

of this type,but tho correction function that he



suggests is analogous to that for a potential 

barrier and therefore incorrect?*

Equations (3.1 7) &&£ (3.19) hold for energies 

near the maximum in the effective potential, whilst 

equations (3.29) and (3.31) are valid for energies 

near the minimum in the effective potential. The 

connection between these two cases follows from the 

observation that equation (3*1?) reduces to:

(3.32)

for l^'O, which together with the integral represent­ 

ations for £^ and t^ (equations (2.23) and (2.4-1)) 

and the results :

> O K] -7 00,

shows that the phase shifts (3.18) and (3.30) 

become equivalent in the energy region in which

** Miller (private communication) has agreed that 

t/0 is the appropriate quantum correction function

to use.



they overlap. In particular the argument and 

coefficient of the tangent term in equations (3.1?) 

and (3t29) are within 10$ of those in equation 

(3.32J for ^<-0.25 'and ^ )• 0.4-0, where for 

convenience the identifications fa = *n"/^| and

°^ ~ "fi"? ^"ir/'J. (the value at the first resonance) 

are made. On the other hand if the dip in the potential 

is so slight that the true three-turning-point 

problem cannot be regarded as a composite of one- 

and two-turning-point regions,the above analysis 

breaks down and another approach is required.

The derivation of the phase shift presented 

above appears to break down in certain other cases 

also. For example for energies above the barrier 

maximum the range in which connection formulae for 

a parabolic barrier can be used between a^ and do 

decreases as the energy increases (see Chapter (2)) } 

but as &,(E) rapidly approaches the value of the 

phase shift in the absence of a dip,equation (5.18) 

may be taken as valid in this region. A similar 

consideration applies to energies below the minimum 

in the effective potential.



FORHALISl

1'he quasi-stationary states in the dip of 

the effective potential have a finite lifetime 

because of the possibility of tunnelling through 

the barrier. This situation is represented by 

imposing tho boundary condition, that solutions of 

equation (3«4-) represent outgoing v/aves at infinity.

This boundary condition requires that the energy be 

complex,

In the first case it is assumed that the solution 

valid for r^ e* is given by equation (3»13)« The 

complex eigenvalues of the energy are found by 

equating the amplitude of the incoming wave in 

equation (3.13) to zero (that is A* = 0). This leads 

to:

(5.35)

with n = 0,1,2,... which is a complex Bohr- 

Sommerfeld quantization condition. If the potential 

barriers surrounding the dip v/ere infinitely 

high and wide so that 6^ -$-00 , equation (3.33) 

would reduce to:



f j (^»
Aj

the usual Bohr-Soramerfeld quantization condition 

for a potential well. The extra terras on the right 

hand side of equation (3.33) thus arise from the 

quasi-stationary nature of the states. The introduct­ 

ion of a complex energy:

£   M - ±i •> £M>tf,>tf, (3.35)

o
characterizes these properties in a simple way. 

In equation (3«35) ^n « is the resonance energy 

and Pn « the level v/idth v/ith the physical 

interpretation that the system decays according to 

the exponential" lav; exp(- P t/li) and the lifetime

of a state is given by

There is an alternative physical interpretation 

for iLg however. If the amplitude of the outgoing 

v/ave in equation (3«13J is set equal to zero, there 

results the quantization condition:

(^4-gTT f^^fcj H- *. , (3.36)

v/ith n = 0,1,2,,... Associated with equation (3«36)



is the complex energy:

o >

v/ith the physical interpretation that the system 

builds up in tiue according to exp(Y .,t/ii). It is 

also clear that T . = PL,? . In Chapter (5) it will 

be shown that setting the amplitude of the incoming 

and outgoing waves to zero in the semi classical 

description of resonance tunnelling reactions will 

result in Yn} f TnjJ .

Equation (3.33) (and equation (3*36)) is valid 

for energies above or below the barrier naximum 

but physically the most interesting case is when 

the energy levels within the dip possess small 

widths compared v/ith their separation. For this 

case equation (;5»33) may be written:

a,

Inserting the complex energy (3*35) into k 

and expanding to first order in P (a valid

(3.37)

procedure since f^E .. for sharp resonances) gives:

L.

-^, - ^ (3.33)



where

is the classical angular frequency of vibration for 

the well. If the mini mum of the well is quadratic 

in r then the integral (3.37) nay be evaluated 

directly in which case the expansion (3.38) is 

exact. Comparing the real and imaginary parts 

of equation (3«37) and (3.38) yields:

P.

(3.39)

The subscript n on £ in equations (3.39) 

(3.4-0) indicates tiiat E has been replaced by E - 

in the equation defining ̂ (equation (3*15)) since 

terms arising from the imaginary part of E in 

the right hand side of equation (3.37) ^&y be 
neglected in this order of approximation. Comparing

equation (3.39) with equation (3«3ZO shows thai; the 
resonance energy has been lowered relative to the



energy levels of the bounded system since (#(/£ 0^ 0> 

in accord with the greater freedom of the system.

A similar analysis may be carried out for the 

case of collision energies near the bottom of the 

well. Equating to zero the amplitude of the 

incoming wave of equation (3.27) yields the 

following complex quantization condition:

and introducing the complex energy (3-35). into 

equation (3*41 ) gives:

7. z. A 4- 7 » f-z t\O\^-me - ^ ) {$.H-d.)

and

for the resonance energies and widths of the 

quasi-stationary states respectively. Equations 

(3-42; and (3*4-3) become equivalent to equations 

(3.39; and (3.40; in the energy region where the

two cases overlap.
Equations (3.39J,(3.4-0;,(3.42; and (3.43) provide 

expressions for the resonance energies and widths of



the quasi-stationary levels when the widths of 

the levels axe small compared with their separation, 

•i'hese states may be regarded as a continuation 

of the true bound states embedded in the continuum 

by the centrifugal barrier and thus may be 

characterized by a vibrational and rotational 

quantum number (n and Jl ). In particular the orbital 

angular momentum quantum number becomes the internal 

rotational .quantum number of the collision complex. 

An approximate solution of equation (3*39) may be 

found by writing:

on the assumption that the potential well is 

sufficiently localized to allow the moment of inertia 

I of the complex to be regarded as constant and 

that the interaction potential possesses a quad­ 

ratic minimum. V .„ is the minimum value of V(r).nun

Equation (3*39) gives in this case:

-f + lo 4



and the snail tera that -represents a level shift 

in equation (3»39) has been neglected. Then 

equation (3«4-zO shows explicitly that a resonance 

occurs whenever the collision energy coincides with 

one of the vibration-rotation states of the complex. 

Equation (3.4-2) can be treated in a similar manner. 

Returning now to the real energy case, when the 

collision energy is near a resonance:

where E and £E are both real and |FE|« E . and 

following the derivation of equation (3*38):

4 ^§2

Substituting equation (3*4-5) into the expression 

for the phase shift, equation (3. 18), and making the

approximation valid for all t :j*~

together with equations (3*39) and (3*4-0) allows 

the phase shift to be written:



2(5,1-e)'»j

Equation (3» z!-6) is an expression of Breit-Uigner
o

form, and clearly demonstrates the increase of

Tf in 6^(E) on passing through a resonance. In a 

similar way for energies near the well minimum, 

equation (3»30) together with equations (3«4-2) 

(3.43) nay be reduced to the resonance form of equation

(3.46).

From equation (3«46) the scattering amplitude, 

differential and total elastic cross sections may be
o

written down. 0 If only-a relatively small number 

of partial waves contribute to the scattering 

amplitude (3«3)>it is possible to associate the 

special features observed in the differential cross 

section (3*7) with individual partial waves. \7hen 

a large number of partial waves contribute,the stand­ 

ard semiclassical techniques for. the evaluation of 

the scattering amplitude cannot be used as these 

require ^(E) to be a slowly varying function of Jl 9 * 

The total elastic cross section (3.8) is given 

by:



<T(C) - d

where

Equation (3.^-8) shov/s that a resonance occurs for

Jfi = En and that the shape of the resonance is

determined by the value of $::. When <$. = nTT a

large positive spike appears in the total cross section

on passing through a resonance whilst for S. =

a large negative spike is present. For other values

of ^ both positive and negative contributions v/ill

be present.

The measured total cross section v/ill not be

that given by equations (5.4-7) and (3.4-8; because 

in an experimental determination there v/ill be a 

certain energy spread AE with



measured total cross section /\3^ from a single 

resonance spanned by ̂ E is:

(3.49)

and the resonant behaviour of the cross section is 

now determined by the second term in equation (3

Equation (3»4-9) has a bearing on a recent 

controversy concerning the correct classical limit 

for the three turning point problem, ^''^ Curtiss 

3Jid Powers ' » derived an expression for the semi- 

classical phase shift (using'a formalism based on 

the density of states) which indicated that in the 

classical limit there is a contribution from the 

classically inaccessible potential well region 

aj<£r«Cj2, but that this contribution (as was pointed 

out by Barker and Johnson0 ') is independent of the

height or shape of the barrier in the region

c^^r^e^. This difficulty has been resolved by

the work of Berry -? . Berry points out that the phase



shift is not an observable quantity and that 

the correct procedure in passing to the classical 

limit is to take averages of observable quantities 

such as cross sections. When this done,the 

contributions of classically inaccessible regions to

averages of observable quantities vanishes in the
GS classical limit. ^ It is clear that the second term

in equation (3.^9) vanishes for ft->0 since,from 

equations (3-40) and 0«4-2) the width vaxies as 

aft exp (-b/ft). fi'his is also the case if equation (3» 

is averaged over many resonances (the level separation 

varies as eft) so that the contribution from the

potential well disappears in the classical limit. 

As a general guide to the detection of the

resonances,the strongest well-resolved resonances

may be taken to have a width equal to the rotational
p constant ft /2I of the collison complex because

from equation (3*^) >although resonances with low J? 

values would 'overlapj those with high jj values would
OIL

be well resolved.

1'he orbiting resonances will appear as additional 

structure superimposed on the glory oscillations of 

the total elastic cross section.* i-he glory oscillations 

arise because the partial wave summation for the



total cross section,equation (3«8) contains two 

ranges of i values for which ^ is a slowly 

varying function*. Calculations of the total cross 

section using equation (3-8) together with phase 

shifts obtained by numerical integration of the

radial wave equation have clearly shown the expected
66 70 71 resonance effects. } ' " I'he first experimental

detection of these resonances (for the system 

H + Hg) h^s been reported by Stwalley,Niehaus 

and Herschbach.' Hov/ever the resolution was poor 

and no detailed information could be deduced.-



CHAPTER POUR: REACTIVE hOLECULAR COLLISIONS ~

THREE DII-iEITSIOifAL MODEL



4.1 INTRODUCTION

In this Chapter a tractable formalism is 

developed for the calculation of the differential 

and total elastic and reactive cross sections for 

electronically adiabatic bimolecular exchange 

reaction:

A + BC -> AB + 0.

The model chosen to describe the reaction (4.1) 

is one in which the three atoms are at all tines in 

their preferred configuration (which is taken to be 

linear) and with the whole system free to rotate in 

three dimensions. The restriction of B having an

infinite mass that is present in eoi earlier model
24is removed. This model does not take into account

the effect of the BC rotations on the reaction. An 

approach to this problem for a two dimensional 

system is described in Chapter (6).

The plan of this Chapter is as follows. The 

hamiltonian for the system is derived in Section 

(4.2). An important feature in the development of 

the theory is the introduction of a mathematically 

meaningful reaction coordinate which varies in value



from - co at the beginning of the reaction to 4- co 

at the end. In Sections (4.3) and (4.4) it is shown 

how an adiabatic separation of variables reduces 

the scattering problem to the solution of a one 

dimensional Schrddinger equation for motion along 

the reaction coordinate. A seiniclassical 

determination of the phase shifts and reflection 

and transmission coefficients that occur in the 

partial wave expansions for the elastic and reactive 

scattering amplitudes is the subject of Section 

(4.5)« Seiniclassical approximations for the 

partial wave summations are also considered.

The remainder of the Chapter is concerned with 

the calculation of the phase shifts,deflection 

functions and elastic and reactive cross sections 

for three types of potential surface. The three 

potential profiles along the reaction coordinate 

that are chosen are (1) a profile of lorentzian 

shape; this also includes the special case of a .. 

flat potential surface along the reaction coordinate. 

This form of barrier is chosen because the phase 

shifts,deflection functions and cross sections may 

be explicitly evaluated in terms of elliptic and 

related integrals. (2) a profile of downhill type.



(3) a modification of the Lennard-Jones potential 

so that the resulting profile contains both a well 

and a barrier. It is shown that at relatively low 

collision energies,this potential surface gives rise 

to two quadratic rainbows in the elastic scattering 

pattern and that as the collision energy increases 

these coalesce to form a cubic rainbow. Cubic 

rainbows have not apparently been considered before 

and they are considered both classically and 

seraiclassically in this Chapter.



4.2 HAMILTOuIAw AuD BOUNDARY GOllDITIOiNS

The masses of A,B,G in reaction (4.1) are 

taken to be m^,m-n,mG respectively with the distance 

A to B and B to G being r^ and rG respectively. It 

will also be useful to define pA(Pn) as "^ne distance 

of A(G) to the centre of mass of BC(AB):

Q?he classical kinetic energy 'I' for this system 

(after removal of the centre of mass motion) is' :

- rt

where

and the dots denote differentiation with respect to 

time. In equations (4.2) and (4.5),Mis the total mass

(4.2)



of the system:

ixi = mA + mB + mG ,

and 1 is the moment of inertia of the complex 

about its centre of mass:

Finally. 0 and fj> are the polar angles that characterize 

the position of A. It is well known that scaling 

TA and r^ together v/ith a skewing of the coordinate 

axes removes the cross terms in equation ( zl-.2) and

that this is equivalent to writing the kinetic
*72

energy in terms of r^ and PA (or r* and PQ)» This

is illustrated in Figure (6). The following relations 

are apparent from that Figure :

Cj

where k« and k., are mass scaling factors. The values 

chosen for kn and k A aj?e:

M



Figure 6

The coordinate system.

The quantities PA» TQ, k^, kQ, x, y, c< , and 

are defined in the text.
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and calculated from:

ill

For example fl = 90 if B is of infinite mass and 

7f = 60 if the three particles are of equal mass. 

In terms of r~ and

X — ^

M
and the kinetic energy takes the simple form:

Plots of the potential energy in the (x,y) space 

normally possess two valleys,one of which corresponds 

with the initially separated reactants and the other

with, the finally separated products. These valleys 

may be separated by one or more saddle points. If 

no saddle point is present the surface is o-f the



dovmhill (or uphill) type. Surfaces of the dovmhill 

type and those possessing one saddle point are 

considered in this Chapter; surfaces with two 

saddle points are treated in Chapter (5). The 

reaction path for the surface is defined as tne 

path of minimal potential energy in- passing from 

the reactants region to the products region. If 

it is assumed that the only energetically accessible 

regions of the surface are those close to the 

reaction path then it is useful to introduce 

two new coordinates: a reaction coordinate s and 

a vibrational coordinate v. If the tangent to the 

reaction path makes an acute angle o( with the 

x coordinate (see Figure (6)) then s and v are 

defined by: '

(A

V = o<^W<< + u

At the beginning of the reaction o( = 0 and

11
nA



,'lt-

Thus initially s and v are proportional to the 

distance of A to the centre of mass of BO and the 

BC bond distance respectively,v/ith mass weighting 

factors equal to the square roots of the reduced 

mass of the reactants and the BO molecule respectively. 

Near s~0,that is in the central region of the 

potential where the three atoms are interacting 

strongly,s and v represent the asymmetric and symmetric 

stretching vibrations of the ABO complex respectively. 

Finally,at the end of the reaction where <X ~ TT

M
Mi)] f .

. "fvv .= , —— , ,[ TT^J
so that s is proportional to the distance of G to

the centre of mass of A# with mass weighting factor
•zqumf-t. feet ^ tk-*

equaling the/ reduced mass of the products and v equals 

the A±* bond distance multiplied by the square root of



the reduced mass of AB. .u'he mass weighting factors 

therefore change as the reaction proceeds.

In terms of those natural collision coordinates 

the classical kinetic energy becomes:

4-

v/here )<(s) = -d^ds is the curvature of the reaction
po

path at each s. Marcus has derived for the kinetic 

energy of a linear collision:

- lXH crH 4 M^

v/here the subscript M indicates that the definition 

of s and v differ from those employed in equation

(4.4;. Comparing equation (4.5) with (4. 6), it is 

seen that the two expressions are similar except 

for the curvature terns. These terms are neglected 

in what follows; their most important effect is to 

induce vibrational transitions as the system passes 

round the curved portion of the reaction path. The 

kinetic energy expression becomes:



|o5

IT =

In terns of the conjugate momenta px 

equation (4.7) becomes:

and the kinetic energy operator is now in a suitable 

form for quantization.

V/hen the classical kinetic energy is given by:

ii tjv/here g J is an element of the conjugate metric 

tensor, the corresponding quantum mechanical 

hamiltonian is given

'V"1 -+• V,

where Y is the potential energy of the system,
• •

g = det(g 3) ? and the normalization volume element 

is

In the first instance the choice made for r is

— ~ P P 
r = g""2", that is the volume element (s +v )sin6dsdvd9d<p



lob

of mass weighted three dimensional space. From 

equations (4.8) and (4.9) the haniltonian in this

space is:

+

where is the total angular momentum operator:

1 0 V ft ,9 1 —• i_ ^*v« " $L *~ __^—

The Schro'dinger equation is*.

v/ith boundary conditions:

J^ -»-

->«f 0?

,» 
k 3 n

c " r 
f

The first term in (4.10; represents the motion of A 

as an incoming plane v;ave moving in the z direction

and with J30 in the .vibrational state n (with

(4.10)
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eigenf unction 1 n (v)). The second tern corresponds v/ith 

non-reactive elastic and inelastic scattering 

whilst the third terra corresponds to reactive 

scattering (outgoing .waves only). The notation used 

in (4.10) anticipates the further development of 

the theory where it will be shown that the scatt­ 

ering problem may be reduced to consideration of 

only two channels: an initial elastic channel and 

a final reactive channel (these will be denoted 

by a superscript (-) and (+) sign respectively). 

f (0) and f (0) are the respective scattering

amplitudes and kc~7 and k^ are the initial and final 

mass reduced wave numbers. The summations in (4.10)

must be consistent v/ith the conservation of energy.

For the immediate development of the theory it is

convenient to define a (non-physical) space v/ith 

volume element sin0dsdvd0d<£ . The hamiltoniau in 

this space is (from equation (4.9)):

and the Schrfldinger equation is:



Comparing the volume elenents of these two spaces 

shows that:

(4.12)

and this may be verified by direct substitution. From 

equations (4.10) and (4.12) the boundary condition 

on ^ becomes:

• ; t-}.

• i 
ok



4.3 ADIAMT^^CT^.ATION.Og VARIABLES

For many systems the purely vibrational 

motion of the atoms is much faster than the notion 

along the reaction coordinate, a circumstance which 

allows an adiabatic separation of variables to 

be carried out.

The internal vibrational wavef unctions f (s;v) 

at each s are defined by:

v/here Vn (s) is the internal vibrational energy and 

both jn(s;v) and V"n (s) depend parametrically on s. 

For s— > -co (+£o) ^ (s;v) and< Vn (s) become the 

vibrational eigenfunctions and eigenvalues of the 

reactant (product) molecules respectively. An 

approximate solution of equation (4.14) is obtained 

by assuming that the displacement along v is small 

at each s so that V(s,v) may be taken to be quadratic

in v: \ (s;v) and V (s) are then harmonic oscillator ^n. ' x n s
eigenf unctions and eigenvalues respectively.

Since the ^n^ s 5 y ) f°riT1 a complete set of functions 

at each s,the total wavef unction may be expanded in



no

terms of them:

(4.15)

Substituting the expansion (4.15) into the 

Schrddinger equation (4.11),multiplying by 5 n (s;i 

and integrating over dv yields an equation obeyed 

by v//n ( s ,e):

^— i *—

vr
(4.16) 

v/here

4

and ve is the equilibrium value of v. The terms 

Cnn? (s) on the right hand side of equation (4.16) 

couple together different vibrational states of the 

system. Neglect of these terms means that the system 

always stays in the same vibrational state: the 

reaction is vibrationally adiabatic,and the expansion 

(4.15) then consists of a single term. The purpose 

of introducing natural collision coordinates is to 

minimize this coupling as far as possible. In many 

reactive systems it should be possible to treat the 

Gn ,(s) terms as perturbations. However if different
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vibrational states become strongly coupled as the 

reaction proceeds the above approach breaks down, 

v/ith neglect of the coupling terns the equation for 

simplifies to.:

and from equations (^.15) 

condition for n̂ (s,9) becomes:

boundary

\

7

Only two channels therefore remain in the theory: 

an initial (elastic) channel and a final (reactive) 

channel.

(4.18)
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4.4 PARTIAL WAV-d) AI-TALiSIS

The v/avefunction (s,@) may be expanded as a 

sun over an infinite number of partial waves:

CO

v;here L is the total angular momentum quantum number 

and A£ is a constant to be chosen in accord with 

the boundary conditions (4.18). Substituting the 

expansion (4.19) into equation (4.1?) gives an 

equation obeyed by S

4 k,O) 5»LtO ~ £ > (4.20)
w I *

v;here

and

+ ~^~^- (4.21)

The effect of the potential barrier VnL(s) is 

to cause partial reflection and partial transmission
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of the incident wavo. Equation (4-,21.) shows explicitly 

that the barrier to reaction along the reaction 

coordinate has three contributions: (1 ) the potential 

energy barrier (if any) belonging to the original 

potential surface along the reaction coordinate, 

(2) the change in internal vibrational energy as 

a function of s. These two contributions are contained 

in the term Vn (s), (3) the centrifugal potential 

associated with the conservation of angular 

momentum. It may also be noted that k^~' = k-,-(±<#). 

i'he boundary condition for S T-(S) is written in 

the form:

where the reflection coefficient K^,transmission

coefficient T-^ and phase shifts S^ an^- ^L are 

all real quantities. The first term in (4.22) 

represents the phase of the incoming part of a plane 

wave:

•iH. -ckC-0- a .



The phases of the elasti'cally and reactively 

scattered waves in (4,22) have been v/ritten in such 

a v;ay as to bring out the similarity with pure 

elastic scattering from a central potential. The 

semiclassical determination of KJ^TL^^, OL is the 

subject of the next section and also Chapter (5)«

Substituting the partial wave expansion (4-.19) 

into the boundary condition (4.22) and comparing 

with (4.18) (into which (4.23) has been substituted) 

it follows that:

• i t k

and that the elastic and reactive scattering 

amplitudes are given by:

Hf

(4.24) 
L J 

L

- 
(iL+.jTc.^P,.^^, (4.25)

From equation (4.24) the elastic differential cross 

section is given by:



H5

(4.26)

and the total elastic cross section is:

ir
<r e) = ^ j

o

— J^ \~~ fiL + \}^A-R s^T S^ 4- I f? -l) 1'~] C4,28) 
k^ 1 t_

In a similar v/ay,the reactive differential cross

section is:

. (+\ . . i
, (^-29)

and the total reactive cross section is:

When KT = 1, i'j = 0 there is no contribution from 
the reactive scattering and equations (4.24) and

(4.28) reduce to the pure elastic scattering case,



compare equations (5»3) s^i& (3 .8). V;hen KT = 0, 'i'y = 1 

on the other hand, equations (4-. 28) end. (4-. 31) show

that the partial elastic and reactive cross sections

du") become equal and are of magnitude 

fj'(2L+1 )/k")z , This is in agreement with more formal
nn

results available in the literature.'
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4.3

In this Secti on, seni classical expressions are 

derived for the reflection coefficient KT, 

transmission coefficient i'L ,and the phase shifts <?L

and c-r that occur in the partial wave expansions for 

the elastic and reactive scattering amplitudes (4- .24) 

and (4.25). Since these partial wave expansions v/ill 

typically involve many partial waves, semiclassical 

procedures analogous to those used in atom-atom

scattering may be applied to the evaluation of f r (0)
H) 

and f (9). This is described in the latter part of

this section.

The problem is first to find the semiclassical 

form of the elastically and reactively scattered waves 

in the boundary condition (4.22) given the form of 

the initial incoming wave.

In the first case it is assumed that 

in equation (4.20). The incoming wave in equation
«

(4.22) may be written semiclassically as:

« »



an expression valid for all s. If k^ = k^ the 

boundary condition (4.22) together with the expression 

(4.52) immediately give for the reactive phase 

shift and transmission coefficient:

CO

" . . X-N —f i \

*> (4.33)
-CO

and

In this approximation there is no reflected wave; 

all the incoming wave is transmitted. When kw ^ k (^ 

integrals of the type (4.33) no longer converge and 

one must proceed as follows. If b-r is an arbitrary 

phase reference point (a convenient choice is b-r = 0) 

then the wavefunction (4.32) may be written as: 

k 5
t t «• -, . -iHc I

Taking the limit s -$co in (^.3^) and comparing with

the boundary condition (4.22) leads to:
k<- a? 

2 SL*'= J[VLW-kHJ;<i 4 riaW-fe^i 4 [^i-^'Jt,. 4 (<-+i)Tr ;



and

% - 1 •
notice that the derivation given above does not 

make it necessary to assume any particular shape for 

^nl/ 3 ^ (except that required for the validity of the 

semiclassical method).

In the second case considered in this Chapter, 

E is allowed to have any value relative to V -r(s) 

but V T(S) is restricted to having a single maximum 

which is assumed to be approximately quadratic in s. 

This allows the use of connection formulae for a 

parabolic barrier to bridge the regions where the 

semiclassical solution (4.32) fails. The notation 

of Figure (1) will be used.

The incoming wave in the boundary condition 

(4.22) may be written semiclassically in terms 

of the turning point a-^ (or b-r when E>V -r(b-rj) as:

/.H\"V r .r" , ?L , (} , i
K_ -«X|»J ' Ol(>)-k ]M - <. k^sVi -t i'k « t + i(l--tl)IT( , (^.36) 

U.W/ I -i I I

V;hich is valid for s<^a-r. The parabolic connection
•

formulae (2.13) &nd (2.14) may be reexpressed in a

form convenient for application to the expression (4.36)

namely:



The incident wave:

valid for connects with the reflected wave:

-exf

valid for

wave :

and connects v.dth the transmitted

A,

valid for S»CL « In the formulae (4.38J and

•L

where Or is the classical angular frequency of 

oscillation in the upturned barrier. Applying the 

connection formula (4-«37)~(4«39) to the incoming 

wave (4-.36),taking the limit s ~» - oo (or +co as 

appropriate) and comparing with thQ boundary condition

(4.22) gives:
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c

In the limit 2-^->1 the expression (^.40) goes over to 

the phase shift (4.35) already derived whilst in the 

limit R-r-^1 ,the expression (4.41) becomes equivalent 

to the phase shift based on a linear turning point, 

equation (5.20). Equations (4.40J~(4.43) may therefore 

be considered valid for all energies. From the dis­ 

cussion of Section (3«2) ii; is clear that the singular 

contribution to the phase integrals in equations 

(4.40) and (4.41) is exactly cancelled by the quantum 

correction function Y(^)« The numerical evaluation



of c^ and CT is considered in the next section. 

Plots of 6V for the potential profiles shown in 

Figure (7) are illustrated in Figures (8)~(10).

Since,in a typical case,many partial waves v/ill 

contribute to the scattering,semiclassical 

techniques similar to those used in elastic scattering 

from a central potential nay be used to evaluate the 

elastic and reactive scattering amplitudes 

and (4.25). 5)75 The deflection function 

plays an important role in the analysis as is shown 

below.

The first case considered is the elastic 

scattering amplitude f (0). For angles 9

so that equation (4.24) becomes:

The follov/ing four approximations are nov; introduced

into equation (4-.440 :^»75 (1) SjJ is replaced by its 

semiclassical value,equation (4.41) (2) P.,.(cos 6) is

replaced by its asymptotic value valid for sin6>1/L:

{22
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(3) the summation is replaced by an integration. 

Equation (4-. 4-40 then becomes:

where

(4-. 4-5)

The final approximation is (4-) that the integral 

(4.4-6) may be evaluated by the method of stationary 

phase, 'j.he stationary points of the integrand are 

when 2<EiOO/2L=-0 v/hich leads to ®^1?S?/?L v/here

' is the elastic deflection function. ® takes 

values from IT to -co and is to be distinguished from 

the scattering angle v/hich (by convention) lies in 

the range 0^0<tT. A similar analysis using the reactive

scattering amplitude (4.25) results in ©^ 1 5 SfV ?L . 

The overall result applicable to both elastic and

reactive scattering may therefore be expressed as 

the seraiclassical equivalence relationship:



»N r vJ i
2- ££t ,

Section (4-. 7) is devoted to the numerical evaluation
/*>(*) ft] 

of (# and typical plots for & are shown in

Figures (11)-(15).

The scattering amplitude f*(0) may be further 

simplified by expanding Q as a Taylor series:

v/here

<-?

L=L;

For example if a = c = 0, then possesses a 

maximum or a minimum (see Figures (12), (15^ and

whilst if a = q = 0, © possesses a- point of inflection 

(see Figure (13)). From the semiclassical 

equivalence relationship (4.4-7) >"the phase shift 

is given by:

For the elastic deflection function, the region of 

of stationary phase is contained in the ^f(L) term



of equation (4.46) so that the elastic scattering 

amplitude becomes:

125

,fv

X
-co

(4.49)

v/here u = L-L^ and the lov;er limit of the integral 

has been extended to -co.

The simplest approximation that may be intro­ 

duced into equations (4.48) and (4.49) is to set 

q = c = 0. The integ3?al in equation (4.49) reduces 

to a Fresnel integral and the elastic differential 

cross section,equation (4.26) takes the simple form:

Although derived for ©^ 0,equation (4.50; is also 

valid for @/0. In a similar way the reactive 

differential cross section is given by (via equation 

(4.29)):



7

, V

"' - - (4.51)
"t«H n

Equations (4.50) and (4.51) are essentially the 

classical expressions for the differential cross 

sections. A rainbow occurs when d ©/clL = 0 and the 

classical cross sections (4.50) and (4.51) then 

become infinite. In a seed-classical analysis the 

classical singularities are replaced by finite peaks 

(see below).

When the elastic or reactive deflection functions 

possess more than one branch (that is when the 

scattering at a given 9 has a contribution from 

more than one impact parameter b '= (lH-J)/k^),it is

necessary to sum equations (4.50) and (4.51) over
3 7Sthe various branches:^' '^

where j labels the particular branch and ft is the 

number of branches. Serniclassically there is 

interference between the branches as may be seen by 

v/riting the scattering amplitude in the form:



which is valid when the branches are v/ell separated.

is a phase factor in equation

The seniclassical analysis also allows for 

interference between branches of the deflection 

function which are not v/ell separated.
/**6-)

Suppose in the first example ($ possesses a 

minimum (see Figures (12), (15) and (15)) so that:

From equation (4.49) and (4. 26;, the differential 

cross section is:

q

v/here Ai(x) is the Airy integral:

The corresponding classical result is from equation

12?
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&<
£•» v

(4.55)

o

assuning that no other branches contribute. The 

minimum corresponds to a 'negative' rainbow in the

sense that in the angular distribution,intensity is
76 77 focused into angles smaller than the extremum angle.' >''

ri'he dark sid.e of this rainbow faces large angles 

and the bright side faces small angles (see Figures 

(21)~(23) and (25)).

<j5^ may also possess a maximum (see Figures 

(12) and (13)) so that in this case:

and following the derivation of equation (4-. 54-)»the 

semiclassical expression for the cross section is:

whilst from equations (4-.50) and (4.56) the 

classical result is:



* o

The rainbov/ corresponding to equations (4.57) and 

(4.58) is of 'positive' type since in the angular 

distribution,intensity is focused into angles larger

than the extremum angle and the dark side faces
76 77 snail angles and the bright side large angles' »''

(see Figures (21)~(23))«

Figure (13) shows that it is also necessary 

to consider a cubic variation, of © 'with L:

', <*><>>
This gives rise to a 'cubic1 rainbov; as opposed to 

the 'quadratic1 rainbows of equations (4.53) and (A1-.56). 

Cubic rainbows have not been considered before 

either classically or semiclassically. From 

equation (4.49) the scattering amplitude is given 

by:

(4.59)



X I 17,

where C(a) denotes the integral:

" a
c <x >••

-CO

fi'he integral in (^-.61) therefore plays an analogous 

role to the Airy integral in the quadratic case, 

equations (4.54) and (4.57). The properties of 

G(a) together with its numerical evaluation are 

described in Appendix (A). From equation (4.60) the 

differential cross section is given by:

The classical differential cross section for the 

deflection function (4.59) is from equation (4.50):

130



for both 9<9C and 9> 0 . If the integral C(a) in

equation (4.62) is replaced by its asymptotic

representation,equation (A5),the classical

expression (4.63) is obtained. As in

the case of the quadratic rainbow the classical

infinity is replaced by a finite peak (see Figure

(24)).

131
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4 • 6_ PHASE ̂ SHIFTS

This Section is devoted to the numerical 

evaluation of the phase shifts c) T and 2) ^ 

are defined by equations (4.40) and (4.41) respect­ 

ively. Three potential energy profiles are chosen 

for the potential function V (s).

The first potential barrier that is considered 

is one of lorentzian shape:

(4.64)
This also includes the special case of a flat 

potential profile along the reaction coordinate by 

setting H = 0. The form of equation (4-. 64) is 

chosen because the phase integrals in equations (4.4 

and (4.41) may be evaluated explicitly in terras of 

elliptic and related integrals. The remaining

two choices requ^ire numerical methods for the eval-
c (•*) rH 

uation of o -r and o T .
«

The second potential profile that is chosen is 

one of downhill type :

, (4.65)

and the third choice is a modification of the



the Lennard-Jones (12,6) potential.
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The potential (4.66; possesses both a well and a 

barrier,varies as s2 for small s and falls off as 

s for large s. The potentials (4.64)«(4.66) are 

shown" in figure (7; plotted in terms of reduced 

variables. Also shown is the potential

4-
14 14

which is the modified Lennard-Jones potential (4.66) 

to v/hich a steeply repulsive contribution has been 

added. This potential is used later on to assess 

the extent to v/hich deviations from the elastic 

differential cross section calculated from equation 

(4.67; can be attributed to reaction.

The potentials (4.64) and (4.66) are even in 

s so that <5r and Or as given by equations (4.40) 

and (4.41; may be simplified:

(4.66)

(4.68)

2T 
t

(4.69)
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]?or these potentials it is therefore only necessary
cM cC-f)

to calculate 0^ (say) as d-r may be obtained 

from equation (4.69). If a classical cutoff is

assumed in the angular momentum quantum nunber

only values of L^L will determine the elastic scatt­

ering and likewise for the reactive scattering,

only values for L<^L need be considered (see below).

For the lorentzian potential 

effective wave number is given by:

(4.70)

v/here

6 -- H

so that manipulation of the phase integral in equation 

(4.68) and the expression (4-70) allows 5r to be 

expressed in terms of elliptic and related integrals. 

The result is:

M '/Iv/hen k v < J3 and



137

H 'I* 
when k v^> B-r and E and .b are the functions

e ' Jj s~ /^

defined (and tabulated) by Jahnke o.nd Emde.

From equation (2.23), £T may also be evaluated in

terms of elliptic integrals.

For the potentials (4.65) and (4.66),the 

phase integrals in equations (4-.4-0) and (4.4-1) 

cannot be evaluated in terms of knov/n functions 

and numerical methods must be used. Hov/ever 

existing methods for the numerical evaluation of 

the phase integrals in (4.40) and (4.41) become 

inefficient as the turning points approach zero 

and break down altogether if a-r ~ 0,for example. 

To overcome this difficulty a scaled version of the 

Clenshaw-Curtis. method recommended by Kennedy and 

Smith'^ was developed. The details of this procedure 

are given in Appendix (A).

Figures (8)~(10J show the results of the phase 

shift calculations for the potential (4.64)-(4.66) 

at several collision energies. The values chosen 

for the parameters occuring in the potentials are

given in the Figure captions as are the classical 
cutoff values of the orbital angular momentum quantum 

number (the cutoffs are represented by arrows on the 

graphs). The choice of parameters is governed by



Figure 8

The elastic phase shift OL for the

lorentzian potential (4.64).

The values of the parameters in equation

(4.64) are H = 199.25, ve = 10 A amu*.

The classical cutoff values are LQ = 47.5, 68.1, 98.5

for k^A""1 amu""^") = 5, 7, 10 respectively.
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Figure 9.

The elastic phase shift for the modified 

Lennard-Jones potential (4.66). 

The values of the parameters in equation (4.66) 

are A = 9.487 A amu^, e = 0.25 kcal mole""'1 ,

v = 10 A amu*. The classical cutoffs are for G
LQ = 32.3, ^.0, 55.0, 65.7, 76.2, 86.5 for

1 ainu"^) - 4, 5, 6, 7, 3, 9 respectively.
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Figure 10

The phase shift for the dovmhill potential (4-.65)t 

The values of the parameters in equation ( z!-.65) 

are A = 1.581 A amu 2", £ = 5.0 kcal mole"1 ,
o JL

V. = 10 A aniu 2 . The classical cutoffs occur at "

Lo = 54.7, 75.5, 96.1 for k"(A"' amu"*) = 5, 7, 9 

respectively. 6 L - 7T/4. is plotted for L^^o and

g L for L > Lo-



phase shift (rad)

' SI £ /. W f
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necessity for inclusion of sufficient partial waves 

to allov/ semiclassical analysis , without introducing 

an excessive computational burden. fj.'he term in <f (£ 

has been neglected in calculating the phase shifts 

since it is only of significance for two or three 

partial waves and is very small in magnitude; the 

slopes of the phase shifts are therefore infinite 

at the classical cutoffs. Likewise, the reflection 

(transmission) coefficient changes in value from 

0 to 1 (1 to 0) over two or three partial waves 

and has been replaced by its classical value. For

the lorentzian and modified Lennard-Jones potentials,
)
is plotted against L whilst for the downhill

potential (4.65), - Tf/4 is plotted for L<LQ and

SL for
vhe phase shifts for all three potentials are

seen to be positive; the potentials (4. 64) -(4. 66)
o

may therefore be described as attractive. Consid­ 

ering first the phase shifts that contribute to the 

reactive scattering (that is the region to the left 

of the arrows in the Figures), it is seen that each 

one possesses a maximum. In the differential cross 

section this gives rise to a glory since the deflection 

function, equation (4.47) is then zero. Comparing



145

'(8; with Figure (9) shov:s that the well oi1 

the modified Lennard-Jones potential (4,66) has 

had little effect on the reactive scattering. 'i'he 

downhill potential gives rise to phase shifts v/hose 

maxima are closer to the classical cutoffs than 

is the case for the other two potentials.

The presence of a well for the potential (4-.66) 

has a more dramatic effect on the elastic scatt­ 

ering (that is the region to the right of the arrows 

in the Figures). At small values of k the elastic 

phase shift clearly possesses two points of inflection 

whereas this behaviour is absent for the potentials 

(4.64) and (4.65). In this region, Figure (9) 

•shows that there is 5. range of L values for which 

(5-r is relatively slov/ly varying (in addition to the 

region of large L). It is therefore conceivable 

that the total elastic cross section will possess 

an oscillatory structure similar to the glory 

oscillations observed in the elastic scattering of.. 

tv/o atoms'. In the atom-atom case however the oscill­ 

ations arise because the phase shift possesses a 

maximum rather than a point of inflection.



DEFLECTION

'i'his Section is devoted to the numerical 

evaluation of the delection function Q)^ defined 

by the semiclassical equivalence relationship (4 

for the three potentials introduced in Section (4.6).

Since 0-^ and CT are not considered for L values v/hich 

overlap in v/hat follows, there will be no ambiguity in 

dropping the ( + ) superscripts from 0 when it is 

convenient to do so. Recalling the semiclassical 

definition of a£, equations (4.40) and (4. 41), it 

follov/s that equation (4.47) is equivalent to:

a<

,H -ir - I(LH) ^—— - ^w • (4.74) 
- JCsV/)lcuO PL

-CD

Figures (11)-(14) shov; graphs of © against L 

for the potentials defined in Section (4.6). 'i'he terms 

3$( £<-)/2L have been neglected in the calculation; 

they are only important for tv/o or three partial 

waves o-nd in this region @ &^9fy(tjflL is large.
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Figure

The deflection function for the lorentzian 

potential (4,64-). The values of the parameters 

chosen for this potential are given in the 

caption to Figure (8).
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Figure ...12

The deflection function for the modified 

Lennard-Jones potential (4.66). The values 

of the parameters chosen for this potential 

are given in the caption to Figure (9)*
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Figure

The deflection function for the modified 

Lennard- Jones potential (4.66). The values 

of the parameters chosen for this potential 

are given in the caption to Figure (9)»
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Figure 14-

The deflection function for the downhill 
potential (4.65;. The values of the 
parameters chosen for this potential 
are given in the caption to Figure (10).
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Explicit expressions for © are available for the 

lorentzian potential (4.64-). Differentiation of 

equations(4.71; and (4.72) gives:''78

As in the case of the phase shifts,existing 

methods for the numerical evaluation of the integrals 

in equations (4.75) 8Jid (/|..7Z|.) break down when 

a-^ = CT = 0. A scaled Gauss-Mehler quadrature designed 

to overcome this difficulty is described in Appendix

(A).

Consider first of all the reactive deflection
/~)*0 ^C+) 

function (*y . The shape of (it) is similar for

all three potentials. The low impact parameter 

scattering corresponds to. A approaching BO,pieking 

up B and rebounding in the backward direction with

C departing in the forward direction. As b increases
/A

(5? decreases until at the glory impact para­ 

meter & = 0. This corresponds to the maximum in



the phase shift as previously mentioned. The 

value of the glory impact parameter also provides 

a test of consistency between the phase shift 

calculations and the'deflection function calculations. 

For larger values of the impact parameter ® goes 

over to an orbiting situation as the collision 

energy approaches the maximum in the effective 

potential.

The elastic deflection function ® for 

the lorentzian potential (4.64) and the downhill 

potential (4.65) are seen to be similar in shape.

monotonically increases as the impact parameter 

increases and approaches zero as b tends to infinity. 

Of more interest is tne behaviour of & for 

the modified Lennard-Jones potential (4.66). At 

low values of k , (§) possesses a maximum and 

minimum. These extrema correspond to the points of 

inflection in the phase shift o-r of Figure (9) and 

give rise to rainbows in the differential cross 

sections (see Section (4.5))« As k^ decreases
£> "1 "t

below 4 A amu*~¥ it is clear from Figure (12) 

that the negative rainbow would give av/ay to 

orbiting. As k6"* increases the extremum behaviour 

in ($ becomes less pronounced until for
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S

(~) % —1 — •?-kc' = 9 A aniu H the two quadratic rainbows
s*~\ £-)

have coalesced to form a cubic rainbow o.nd & 

possesses a point of inflection (Figure (13))- ^ 

larger values of k c"} the behaviour of ® C~ approache 

that of figures (11) and (14; . The influence of the 

well on the scattering has then become negligible. 

It will also prove useful in the next Section 

to obtain an analytical approximation for ($ in 

the orbiting region. Consider first the case of the
FP\£~)

elastic deflection function & . Expanding the
r&

phase integral in v -^ (equation (4.41); about 

the orbiting maximum gives:

-co

In order to apply the semiclassical equivalence 

relationship (4.4?; to obtain $ H it is first 

necessary to relate ^ (v/hich refers to variable E
fVliiWK.^tUvw

and fixed L ) to the angular^displaceraent variable 

L-L (v/hich refers to variable L and fixed E). 

Recalling the definition of £ from Section (4.5)
•"o

this relation to first order in L-L is:

C t-* «i)



so that (y may be written as:

v/here

f*\t+)
In a similar manner (y may be v/ritten as:

v/here d is again defined by equation (4*79) and 

0^. and 0< are constants in equations (4.78) a

1SU

(4.78)

(,.79)

(4.80)

Figure (15) shows the deflection function 

calculated for the potential (4.67). It shows the 

usual negative rainbov/ that is characteristic of 

an attractive well in atom-atom scattering.



Figure 15

The deflection function for the potential (4.67).

The values of the parameters chosen for the

potential (4.67) are A = 9.487 A amu2", t = 0.25 kcal mole"'1 ,

V. = 10 A amu"2". The values of kw (A""1 amu"""2 ) are y
*,5,7,9.





4.8 DIFFERENTIAL ̂ CROSS_ SECTIONS

In this Section the angular distributions of 

the elastically and reactively scattered products 

are calculated using the deflection functions 

previously described.

The first point to be made is that Figures 

(11)-(14) show that interference effects (discussed 

in Section (4.5)) will be present in the reactive 

differential cross sections for all three potentials 

(4-.640-(4.66) and also in the elastic differential 

cross sections for the modified Lennard-Jones 

potential C4-.66) at low values of k c~l . Otherwise 

interference effects will be absent in the elastic 

scattering from the potentials (4.64-) and (4.65) 

and also from the potential (4.66) at large values 

of k^J . (Interferences between the © and & 

branches and for values o£ & <-TT have been 

neglected in making the above remarks). However the 

high frequency oscillations in the differential 

cross sections that arise from the interference

effects will not be considered any further in what

follows because experimentally they have not been
10 "IP observed in the scattering of reactive systems.
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(the oscillations have been detected in high 

resolution atom-atom scattering however,1")

Figures (16>-(13; show the reactive 

differential cross sections I (0) (weighted with

sin 6) calculated according to the classical 

expression (4. 51) for the potentials (4.64;-(4.66). 

For the lorentzian potential (4. 64), an explicit 

expression for d <2)/dL is obtained by differentiating 

equation (4.?6) for &^ :

. H .. Sr «/U

deflection function, the term involving (^r) has 

been set equal to zero and the reflection and 

transmission coefficients given their classical 

values. This approximation breaks down only for two 

or three partial waves; their contribution to the 

cross section is however very small. For the 

downhill potential (4.65; and the modified Lennard-
fA

Jones potential (4.66), d $/dL was obtained by

five point lagrojigian numerical differentiation 
of the deflection function. Comparison with the

exact result (4.81) for the lorentzian potential

(4.81) 
As in the calculation of the phase shift and



Figure 16

The reactive differential cross section T (6) (A2 amu) 

(weighted with sin (0) ) for the lorentzian 

potential (4.64-). The values of the parameters 

chosen for this potential are given in the 

caption to Figure (8).
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Figure 17

The reactive differential cross section I (0) (A amu) 

(weighted with sin (0) ) for the modified Lennard- 

Jones potential (4.66). The values of the parameters 

chosen for this potential are given in the caption 

to Figure (9)
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Figure 18

The reactive differential cross section I (0) (A amu) 

(weighted with sin (0)) for the downhill potential 

(4.65). The values of the parameters chosen for this 

potential are given in the caption to Figure (10).

/67
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shov/ed that the numerical differentiation procedure 

becomes unreliable in the orbiting region (that
/A

is when dGr/cLL is large;, In this region therefore 

the deflection function v;as fitted to the 

analytical form (4.80;,fron which d (S^dL = -d(Lo-L). 

Contributions to the differential cross section 

from angles © ^-TT were neglected. The angular

distributions in Figures (16)-(18) are therefore a 

sum over the remaining two branches of Q . The 

shape of the angular distributions for the lorentzian 

potential (4.64) and modified Lennard-Jones potential 

(4.66) are seen to be similar. .Both sets of 

distributions are broad and peaked in the forward 

(9 = 0) direction for all values of k" considered. 

In contrast the downhill potential (4.65) peaks at
fr) °— 1 —4-rad for k = 5 A amu 2 , the maximum

moving in the forward direction as k6*increases. The 

angular distribution is broad.for this case also.

Figures (19)-(24) show the elastic differential 

cross sections 3/ (9) (also weighted with sinO) 

calculated from the classical equation (4.50) (drawn 

as a solid line). For the lorenztian potential> 

differentiation of equation (4.75) gives:



17°

Figure 19

The elastic differential cross section 1^(9) (A2 amu) 

(weighted with sin (0)) for the lorentzian 

potential (4.64-). The values of the parameters 

chosen for this potential are given in the 

caption to Figure (8).



ei.oi.

01-

(XH
jfc

*<D

ooa



172.

Figure 20

The elastic differential cross section I (0) (A amu) 

(weighted with sin (0)) for the dov/nhill potential 

(4,65). The values of the parameters chosen for 

this potential are given in the caption to 

Figure (10).
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Figure 21

H °p The eiasoic differencial cross section I (0) (A amu)

(weighted with sin (0)) for the modified Lennard- 

Jones potential (4.66) for k^ = 4 A""'1 ainu""2". 

The values of the parameters chosen for this 

potential are given in the caption to Figure (9)«



1000;

.5
O

100

10

1
0



Figure 22

The elastic differential cross section IW(0) (I2 amu) 

(weighted with sin (0)) for the modified Lennard- 

Jones potential (4.66) for k^ ~ 5 A amu~~*. 

The values of the parameters chosen for this 

potential are given in the caption to Figure (9)»
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Figure 23

The elastic differential cross section I (0) (A amu) 

(weighted with sin (0)) for the modified Lennard- 

Jones potential (4.66) for k("} = 7 A amu""*. 

The values of the parameters chosen for this 

potential are given in the caption to Figure (9)»
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Figure 24-

The elastic differential cross section I (6) (A amu) 

(weighted with sin (9)) for the modified Lennard- 

Jones potential (4.66) for k6^ = 9 I"1 amu~z. 

The values of the parameters chosen for this 

potential are given in the caption to Figure (9)«
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For the remaining two potentials d$/dL was 

found by five point lagrangian numerical differ­ 

entiation of the elastic deflection function, as in 

the reactive case. In the large angle orbiting 

region, the deflection function was fitted to the 

analytic form (4.78); this gives a cross section of 

the form:

where (J) = -9 for -1T4 ®H ̂  0,that is exponentially
o.

decreasing for large angles. This limiting large 

angle behaviour is clearly visible from the graphs. 

The classical quadratic rainbow singularities in

expressed by equations 

are also clearly illustrated in Figures (21)-(23)«

As k^ increases the positive and negative rainbows
(-) ff ~1 -4- 

move closer together until at K -. 9 A ainu * they

have coalesced to form a cubic rainbow (equation 

(*f.63)). Ppr higher values of k^ the peak in the



cross section diminishes until the limiting 

behaviour of Figures (19) and (20) is reached. 

The region between the quadratic .rainbows represents 

a sum over the three branches of the deflection 

function of Figures (12) and (13).

Figures (21)-(23) show as dotted lines the 

differential cross sections for the quadratic 

rainbows calculated according to equations (4.54) 

and (4.57). For k c"} = 4,5 A"1 annT^ the contribution 

from the third branch of the deflection function 

has been added to that obtained from equations (4.54) 

and (4.57)» Figure (24) shows the semiclassical 

differential cross section for the cubic rainbow 

calculated according to equation (4.62J. The classical 

infinity is replaced by a finite peak. The semi- 

classical cross section also possesses a small 

oscillation; this may be described as a super­ 

numerary cubic rainbow*

Experimentally, the exponential fall off at 

large angles given by equation (4.82) has been 

observed for reactions with large cross sections 

and differential cross sections similar to those 

shown in Figures (19) and (20) have been found. 10



No- measurements of elastic differential cross sections 

possessing tv/o maxima akin to those calculated here 

for the modified Lennard-Jones potential have been 

reported. It is clear from Figures (21)-(240 that 

the variation with angle of the rainbows as a 

function of k*"'would provide a decisive test of 

the present model as v/ell as yielding detailed 

information on the interinolecular potential.



The total reactive cross sections are readily 

calculated from equation (4-. 31.):

<T L1 ' = -!i 
«c"

(4.85)

or from the area under the curves of Figures (16)- 

(18) by means of equation (4-.30). fi'he results are 

presented in Table (3). The total reactive cross 

section -.increases as k^ increases for the lorentzian 

and modified Leunard-Jones potential but decreases 

as kH increases for the dov/nhill potential. This 

is in accord with a simple classical model for the

reactive cross section.
ZLQ 

Ross,Greene and Cov/orkers J have suggested that

the difference between the observed elastic

differential cross section in a reactive system

and the elastic differential cross section calculated

from a hypothetical potential for no reaction may

be used to estimate the reactive total cross section.

This hypothesis has been tested as follows. To the



Table 3 Total Reactive Cross Sections.

k is the mass reduced incident v/ave number (in units
« xl 1

of A" amu""2"), LQ is'the classical cutoff value in the
a)

orbital angular momentum quantum number, G is the 

total reactive cross section calculated from equation
0 O

(4.83) (in units of A^ amu), ESA (elastic scattering 

analysis) estimates the total reactive cross section 

(in units of A amu) by an indirect method explained 

in the text.

Potential

lorentzian
(4.64)

dov/nhill
(4.65)

.

modified
Lennard-Jones
(4.66)

k

5
7

10

5
7'9

4

5
7
9

Lo

47.5
68.1
98.5-

54.7
75.5
96.1

32.3
44.0
65-7
86.5

6*'

295
306
311

390
375
365

218
254
285
297

ESA

130
229
193
161
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modified Lennard-Jones potential (4.66) has been 

added a steeply repulsive wall (this is the potential 

(4.67) previously introduced and for v/hich the 

deflection function was calculated in the previous 

section,Figure (15)) and elastic differential 

cross sections have been calculated for it by 

techniques similar to those described above, i'he 

results are shown in Figure (25). ^'he negative 

rainbows are clearly visible as is the bow shaped 

high angle curve that is characteristic of scattering 

from a repulsive wall.It is known from detailed
op

numerical studies0 that the quadratic rainbow 

effect depends mainly on the nature of the potential 

beyond the well minimum. For the potentials (4.66) 

and (4.67) therefore the rainbows are very similar 

to each other (after the contribution from the third 

branch has been subtracted out). From Figure (25) 

an integral cross section was calculated for 9> 9 

for the repulsive branch of the deflection function 

by the formula:
-rr

f\ _ <T -

it 

ITT jl(fr)

A similar integral cross section was calculated from 

.figures (21)-(24) for the orbiting branch (also for



Figure

The elastic differential cross section 1(0) (1 amu) 

(weighted with sin (0)) for the potential (4.67)

for kw = 4,5,7,9 A""1 amu~? . The values of the

parameters chosen for this potential are given 

in the caption to Figure
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0">9n ). The difference between these two integral 

cross sections is also given in '.Cable (3)« ^'he 

reactive cross section calculated via the elastic 

scattering is seen to be 40#, 10$, 32^,4-5$ (for

k = ^*5»7j9 A amu""2" re/pectively) smaller than
U the true vajjues. It thus appears that reaction

cross sections for the modified Lennard-Jones 

potential (4-,66) may be estimated to within a factor 

of approximately tv/o from the deviations in the 

elastic scattering from the expected pattern in a 

simple central force field.
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CHAPTER FIVE: RESONANCE TUNNELLING REACTIONS



3*1. . INTRODUCTION

This Chapter investigates the effect of a 

dip in the activation barrier for a chemical reaction 

using the model developed in Chapter (4-). In the 

previous Chapter it was shown that the theoretical 

treatment of the electronically adiabatic bimolecular 

exchange reaction:

A + BC = AB + C,

could be simplified by the introduction of a 

mathematically meaningful mass weighted reaction 

coordinate which varied in value from - GO at 

the beginning of the reaction to +co at the end.
»

Motion along the reaction coordinate could be 

separated from the angular motion of the system as 

well as the purely vibrational motion of the atoms 

and is determined by the one dimensional 

Schrttdinger equation:

= e?
2. ^

with boundary conditions representing incident, 

reflected and transmitted v/aves:



.
ft L(>) ~ 4. 

5-7 -»

(5.2)

The elastic and reactive differential and total

cross sections are related to OT , d-r , RT , TT by equations

In the present case Vn(s) is assumed to possess 

a dip in the activation barrier for the reaction at 

s ^ 0. For a certain range of values of the orbital 

angular momentum quantum number,the effective 

potential V^Csj will also possess a dip. The volcano 

shape of V^(s) in this case is shown in Figure (26). 

This effective potential profile therefore gives 

rise to a four turning point problem as opposed to 

the two turning point problems considered in 

Chapter (4) or the three turning point problem of 

Chapter (5).

The presence of a dip in the barrier implies 

the possibility of setting up quasi-stationary



Figure 26

The effective potential energy curve V -r(s). 

E denotes the total energy of the system.

^IL' °1L> a2L> C2L are tlie classica^ turning 

points, bxj-r and b-r <ire the positions of the 

'barrier maxima.
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states (compare the orbiting resonance states of

Chapter (3)). The existence of these states has been
24shown by Child to have an important effect on

the reaction cross section and rate constant. When 

the collision energy is in resonance with one of 

the asymmetric vibration-rotation states of the 

activated complex,tunnelling through the barrier 

can occur even when the collision energy is far 

below the barrier maxima. The reaction cross section 

then possesses a well resolved resonance structure 

and the rate constant shows-.a different behaviour 

from that expected for simple tunnelling through a

single humped barrier. This phenomenon has been
P4named resonance tunnelling .

This system is investigated using the parabolic 

connection formulae to derive the seiniclassical 

form of Or , Cj , RT, TT and the complex energy 

techniques developed in Chapter (3) are used to 

reduce these quantities to a Breit-Wigner resonance

form.

A novel feature of this approach is the intro­ 

duction of a complex energy:

£



where qj, may be positive,negative or zero. Such 

a complex energy is the natural consequence of 

demanding that solutions of equation (5.1) 

represent incoming and transmitted waves only. 

When the second barrier is larger than the first 

in Figure (26) T L is positive,whilst when the

first barrier is larger than the second one v T 

is negative. When the two barriers are of equal 

size TfqL is zero. Clearly ^ Q]\ ma7 be interpreted 

in terms of the relative fluxes through the two 

barriers. The calculations described in this 

Chapter complement those in reference (24) where 

a complex energy approach was not used and 

where only the transmission coefficient T-r was 

calculated. The equations given here also correctly 

take the 'orbiting'singularity 1 into account.



ANALYSIS

Semiclassical expressions for the transmission 
coefficient G?L , reflection coefficient RL and phase 
shifts C-^ and 2-^ that occur in the boundary 
condition (5-2) are determined in this Section and 
their properties described. The next Section 
shows how these quantities may be reduced to 
Breit-Wigner form by the application of complex 
boundary conditions.

The physical boundary condition to be imposed 
is that in the region s^> c2L there is only a 

transmitted wave :

t«j

(5-3)

where T-r and 5-r are as yet unknown quantities. 
In semiclassical form the expression (5*3) raay be 

written:

0?
, /i. i -r i ; / r~ * i M "\ T & 11

(5.4)

may now be reexpressed in terms of the phase 
reference point c2L (or b2L v/hen E )VnL(b2L)):



The expression (5«5) is nov/ in a convenient form 

for application of parabolic connection formulae 

for a barrier,equations (2.13) and (2.14). 

Successive application of the connection formulae 

across the turning points gives (5»6) as the 

semiclassical solution valid for s^

-t

in which.

Ar

and



. . (5.8)

denotes the phase integral:

- J M>
'IL

and q) is the quantum correction function (2.15)j

n

with

where t<)^ is the classical frequency of oscillation 

in the upturned barrier; d>2 and Cgj, are similarly 

defined for the second barrier. When the collision 

energy lies above either of the barriers in Figure (26) 

the appropriate classical turning points in (5«6)- 

(5.9) are to be replaced by bxj L or b2Ij . Equation 

(5.6) may be written in a form that is suitable



for comparison with the boundary conditions (5.2):

Comparing the incident wave of (5.11) with the
. . rM

incident wave of (5*2) allows T^ and d£ to bo 

determined:

T, =

T , /^'^^) [ f ^ V

v/here /
T =/1 —.

?' - ft>ttn-kfr';M$
"^ <^iL (5.13-)

From equation (5. 8), equation (5.12) becomes:

j «



Use of the identity:

-t

CO (.<•-(]

allov/s to be written:

1 s*»
-66

-j-
(5.16)

In a similar manner comparing the reflected wave 

in (5.11) with the reflected v/ave of (5.2) allows 

the identifications:

(5.17)

and for the elastic phase shift:

ML



which from equations (5.?) and (5.16) and the 

identity (5*15) becomes:

(5*18)
The important results of this Section are

equation (5«14) for the transmission coefficient 

(and hence equation (5.1?) for the reflection 

coefficient), equation (5.16) for the reactive 

phase shift and equation (5*13) for the elastic 

phase shift. All these formulae contain the 

quantum correction functions <p( and ^ . It 

is clear from the discussion in the previous 

Chapters that their presence exactly cancels the 

orbiting singularities -contained in the phase 

integrals.

When E))VnL (b1L ) and E^VnL(b2L) equation (5.14) 

shows that the transmission coefficient rapidly 

approaches the classical value of unity. If £^^7 0 

then TL equals [l + exp (-2rr^L)J""2 and likewise



for egjO, TL a 1 + exP-2 L5 these 
expressions axe just those for the transmission 
coefficient through a single barrier. For energies
in the region E < vnjJ (^L) and E<^ VnI/b2LJ» equation 
(5. 14) shov;s that the transmission coefficient passes 
through a series of maxima which become increasingly 
sharp as the energy drops below the barrier maxima. 
A typical maximum value of equation (5.14) is 
given by:

TT ( €, L t~-r- "
7 L

when the condition:

holds. It is shown in the next Section that the 
Bohr-Sommerfeld quantization condition (5*19) 
determines the resonance energies of the quasi- 
stationary states. The condition for maximum 

transmission is thus that the incident energy is in 
resonance with one of the quasi-stationary energy 
levels in the dip.



Comparing the reactive phase shift of equation 

(5.16) with the corresponding result for the two 

turning point problem of Chapter (4) (equation (4-.4-0)), 

it is clear that the presence of the dip is accounted 

for by the arctangent term in (5.16). For ^/) 0 

so that T,j~>a? 5 tne last term becomes <X L (E)

(recall that ^(-vO for fc/C**""^ * «> ) and the 

phase shift is:

- ^j-f + -> + .-^--
J y . 

-® ^u. (5.20)

Equation (5.20) is the same as that 

derived for a single barrier,that is the influence 

of the well on the scattering has become negligible. 

When Tp-^tf? an equation similar to equation (5.20) 

holds but with ^ replacing ^ 2 * When T^--^1 and T2—> 1, 

that is for collision energies below the barrier 

maxima,the factor (1^2- 1)/O^T2H- 1) is small and 

the contribution from the arctangent is constant 

unless the resonance condition (5.19) holds in 

which case £-r rapidly increases by ^/2. on passing 

through a resonance.

The limiting behaviour of SL can be discussed 

in a similar manner. If Q-i> co the last two terms
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of equation (5.18) give' a contribution 

to the phase shift,which becomes equivalent to 
that for a single barrier (in this case the second 
barrier in Figure (26)). When T2 ~->^ the last two 
terms of the phase shift are of opposite sign and 

cancel leaving the phase shift for a single barrier 
(this time the first barrier in the Figure). The 
behaviour of equation (5.18) for T*~*l is similar 
to that for T2 ->#> . when a?2-^1,the last two terms 

become equal and the phase shift reduces to:

(5.21)
; /

-C*

4
T,

Equation (5,21) is just the expression for the 

phase shift deduced for orbiting collisions in 

Chapter (3) (equations (3.1?)-(3.19)). When 0?1 = T2 
as is the case for a symmetrical potential,the 
last term vanishes identically. Notice that the sign 
of the last term differs according to 0/T^l or



2*7

In deriving equations (5»6) and (5.11),it 

has been assumed that the classically accessible

range c^^^ s -^^L w^'^^n ^ne ^P i- s sufficiently 

large for the semiclassical approximation to hold 

there. For energies near the minimum in V^r(s) this 

condition must break down since this range then 

tends to zero. A complete treatment of this problem 

would then employ parabolic connection formulae for 

a well to derive the form of TT, RL) 6 T , 0-r. 

However from a practical standpoint the previous 

treatment may be considered valid for the lowest 

energies of interest unless the potential is 

markedly anharmonio in the region of the dip. For 

energies above one or both barrier maxima,it 

follows from the discussion of Chapter (2) that the 

range in which the semiclassical solutions may 

be used decreases as the energy increases,but as 

Tjj, RT, S L , 6-r rapidly approach their values in 

the absence of a dip,equations (5«6) and (5.11) may be 

considered valid in this region also. It may happen 

however that the dip in the potential barrier is 

so slight that the present method of regarding the 

four-turning-point problem as a composite of two two-



turning-point regions is invalid and another 

approach is then required.



Since the potential walls surrounding the dip 

are not infinitely high and wide,the system may 

tunnel through the barriers and disintegrate. 

Complex energy techniques similar to those devel­ 

oped in Chapter (3) may therefore be used to 

characterize the quasi-stationary states.

In the first case consider the boundary 

condition that solutions of equation (5«'1.) repres­ 

ent outgoing waves only at s =i«> . This boundary 

condition is realized by setting the amplitude of 

the incoming wave of equation (5«11) "to zero (that 

is A. = 0) so that only the reflected and transmitted 

components remain. This operation leads to the 

Bohr-Soinmerfeld quantization condition:

\ j (5.22)
ML

v/ith q = 0,1,2,... . Physically the most interesting 

case is when the quasi-stationary states possess

small widths compared v/ith their separation. The 

imaginary term on the right hand side of equation



±10

(5.22) is then small in magnitude. Following the 

development of Chapter (3), equation (5.22) may be 

characterized in terms of the complex energy:

£ „ t_ / I I /, )''>». y-i /r O'Z'N 
= HL - c V/i , I IL > 0 j (5«23)

with the physical interpretation that the system, 

decays according to the exponential lav; exp(~ 

Inserting equation (5.23) into the left hand side 

of equation (5.22) and expanding to first order in 

f?T. gives:qL

-(5.24)

where tO* is the classical angular frequency of 

oscillation in bhe well:

If the minimum is quadratic in s then °^(s) may be 

integrated directly in which case (5.24) is exact. 

Comparing the real and imaginary parts of (5.22) 

and (5-24) gives:



4
f\_

*.<v
(5>25)

iyr;^ (5-26)

and the subscript q on c and T indicates that E 

has been replaced by E L since terms arising from 

the imaginary part-: of E on the right hand side 

of equation (5.22) may be neglected to this order 

of approximation. Comparing equation (5*25) v/ith 

equation (5.19) shows that the condition for 

maximum transmission is that the incident energy 

is in exact resonance v/ith one of the energy 

levels in the dip.

Considering now the case where the incident 

energy is near to a resonance:

t

where E -^ and E are both real and following the 

derivation of equation (5.24):



4,

ft? J (5.27)

Equation (5«27) together v/ith equations (5"* 25) and 

(5.26) may be used to reduce the transmission 

coefficient (5.14) and the reactive phase shift (5.16) 

to Breit-YJigner form. For example from equation (5.27) 

the transmission coefficient becomes:

(5.28)

which from equation (5«26) . and the result:

allows equation (5.28) to be written:

f

where

(5.29)
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is a measure of the asymmetry of 

the potential. It becomes unity for a symmetrical 

potential wnere £1qL = ^qL* From equations (5.29) 

and (4-. 31) the reaction cross section is given by:

(5-30)

Equation (5oO) is an equation of the Breit -Wigner 

type and clearly illustrates the resonance behaviour 

of the reaction cross section.

An important quantity that is related to the 

reaction cross section is the rate constant.*

Assuming an initial Boltzmann distribution of
24- states Child showed that the high and low temperature

behaviour of the rate constant, followed an Arrhenius 

temperature dependence. This observation may be 

related to more formal results. At high temperatures, 

where tunnelling may be neglected, the calculations 

described in reference (24) form a concrete example 

of a vibrationally adiabatic derivation of transition

state theory.^ ^ Eu and Ross *, using Wigner ! s R 

matrix theory, have shown that a sufficient condition 

for the derivation of transition state theory is the

existence of a collision complex whose energy levels



•

possess small v/idths compared v/ith their separation. 

This is clearly the case for resonance tunnelling 

reactions at low temperatures.

In a similar manner to that described above

the reactive phase shift may be reduced to the•»
Breit-Wigner form:

IC J f- -''<?> I / c >M "\c; c 4- l UM I _J:—- 15 • 2Uu^i-e) J'

v/here P.^ is given by equation (5*26) and o ,. is 

the non-resonant contribution to the phase shift 

in equation (5«16)«

It is also clear that the first arctangent 

term in the elastic phase shift (5»18) &ay also 

be reduced to the Breit-Wigner form of aquation 

(5«31)• The second arctangent term may also be 

reduced to a Breit-Wigner form by applying a 

•forward moving waves 1 only boundary condition to 

solutions of equation (5«"U* Setting Ap = 0 in 

equation (5.11) leads to the quantization 

condition:

(5.32)



2.15

Restricting attention to the case when the

imaginary term in equation (5.52) is small and intro­

ducing the complex energy:

E - F + t'i (5-53)

into the left hand side of (5.32) , expanding to 

first order in ft -^ and comparing real and imaginary 

parts gives :

J. 
*

Equation (5*3^) for the resonance energies is 

equal to. that previously derived, equation

Equation (5*35) fco? the width ^ -^ shov;s that L 

may be positive, negative or zero depending on the 

magnitude of T^ relative to that of ^* ̂  comPlex

energy v/ith an imaginary part possessing such prop­ 

erties has not been considered before. The 

behaviour of "Jf -^ may be rationalized as follows. 

This complex energy arises from the boundary 

condition that there is only an incident wave and



a transmitted v/ave. The time dependence of the 

system exp(^ g^t/ft) therefore provides a measure of 

the flux of particles through the first barrier 

and the loss of particles through the second 

barrier. When the barriers have the same dimensions 

the flux of particles through the first barrier 

equals that through the second barrier, *£* - Tp a 

and from equation (5»35)^ alj = 0. When the second 

barrier is larger than the first one, more particles 

will tunnel through the first barrier than will 

leak through the second barrier and the net effect 

will be an increase with 'time in the number of

particles in the well, ^n^^pa an<^ ^aL^^* Likewise 

if the first barrier is larger than the second one

Returning to the real energy case it may be 

shown that following the lines of the derivation 

of equations (5.29) and (5. 51), the elastic phase 

shift may be reduced to the Breit-Wigner form:

It may be noticed that as ^ -^1, I L and L 

become equal and equivalent to the width derived 

in the case of -orbiting collisions, equation (3.40).



CHAPTER SIX: REACTIVE MOLECULAR COLLISIONS -

TV/0 DIMENSIONAL MODEL.



6.1 INTRODUCTION

In the preceding two Chapters a model system 

for the reactive molecular collision:

A + BC - AB + C,

was developed in which the three atoms are 

constrained to move along a straight line but 

with the whole system free to rotate in three 

dimensions. The effect of the initial BC rotations 

on the reaction was therefore ignored. This Chapter 

describes a model system in which the BC rotations 

are taken into account but with the following 

restrictions: firstly in order to simplify the 

discussion of angular momenta,the atoms are 

constrained to move in a plane and secondly B is 

taken to have an infinite mass so that the same 

coordinates may be used on both sides of the reaction. 

The coordinate system is shown in Figure (27).

Child ' has shown how this model may be used 

to calculate reaction cross sections and here the 

relevant theory is developed for differential cross 

sections. The theory follows similar lines to that 

described in Chapter (4-). Natural collision coordinates 

s and v are introduced to replace r and r of



Figure 27

The coordinate system for the two 

dimensional model of reactive molecular 

collisions.



A



Figure (27) and an adiabatic separation of variables 

is used to reduce the problem to the solution 

of three one dimensional Schro'dinger equations. 

These correspond with motion along the reaction 

coordinate s,the purely vibrational motion of the 

atoms,and the internal rotational motion of the atoms. 

The internal rotation reduces to the free rotation 

of the BC or AB molecules at the beginning or end 

of the reaction respectively and for those 

reactions in which the initial BC rotation is 

quenched as the reaction proceeds,with the bending 

vibration of the ABO complex at s^O. Alternatively 

the rotational motion of BG may remain essentially

free in the transition state region.

In the way the theory is, developed,the wavefunction

for the internal rotational motion satisfies a 

differential equation with non-periodic boundary 

conditions. A detailed analysis is made of this
O£|

equation with the aid of Floquet's theorem. ^ 

Semiclassical expressions for the internal energy 

levels are derived using the parabolic connection 

formulae of Chapter (2).

A partial wave analysis of the reactive and 

elastic scattering amplitudes allows the respective 

cross sections to be determined. It is shown that



for free internal rotational motion in the trans­ 

ition state region each partial wave has the same 

angular part,which gives rise to an isotropic 

reactive differential cross section,but this 

is not (in general) the case for reactions which 

proceed via a preferred configuration)where each 

partial wave has a different angular part.

The theory described in this Chapter is 

developed in such a way as to bring out the connection 

with two dimensional elastic scattering from a 

central potential. An account of two dimensional 

elastic scattering is given in Appendix (B),



AND BOUNDARY CONDITIONS

The classical kinetic energy T for the 

system shown in Figure (27) is given by:

ec , (6.1) 

where q^ and q^ denote the mass weighted coordinates:

* rA
A 9

rc,

and m^ and m^ are the masses of A and C respectively. 

The total angular momentum of the system is:

v/here I is the total moment of inertia of the system:

and cO is defined by:

u) =

In terms of tO and the angle # defined by:

(6.3)



the kinetic energy expression (6.1) may be 

written:

• V -T, *" », VtO -f J, 0^ ,

*
where I is a reduced moment of inertia:

T* =

Since the potential energy U of the system is of 

the form :

is the ignorable coordinate associated with 

the conservation of total angular momentum. However 

for the immediate development of tne theory, the form 

(6.1) is more convenient than (6.4) since the 

quantum mechanical boundary conditions are more 

simply written in terms of ^jqQj^j^Q than

Introducing the conjugate momentum 

allows (6.1) to be written:

i-

From equation (6.5) the corresponding quantum 

mechanical hamiltonian may be written down by means 

of equation (4.9). The choice of volume element is



s v/eighted two 

dimensional space. The haniiltonian is:

is\

and the SchriJdinger equation:

The boundary condition satisfied by Y is

-f

f

The first term in (6.7) represents the motion of A 

by a plane wave moving in the positive x direction 

v/ith BG in the rotational state j ̂  (with eigen­

function exp(ij^9c ), jW = 0,±1,±2,.,.) and
^

vibrational state n (v/ith eigenfunction q^~" 

n = 0,1,2,... ). The second terra corresponds v/ith 

elastic and non-reactive inelastic scattering and 

the third term corresponds v/ith reactive scattering.

(6.6)
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and f (OQ) are the corresponding scattering

amplitudes and k L and k ct the respective mass reduced' 

wave numbers. As in Chapter (4),the notation used 

in the boundary condition (6.7) anticipates the 

further development of the theory where it will be 

shown that it is only necessary to consider an initial 

elastic channel and a final reactive channel.

The hamiltonian (6.6) may be simplified by the 

substitution:

(6.8)

with the result:

• if Fi^ ox. ^xK , -£\ L + I + ± I +

where

v
The Schr5dinger equation is:

and from (6.7) and (6.8) the boundary condition 

obeyed by is:
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'

,-:> co
-t-

(6.10)

Ax

,. , 
f

Natural collision coordinates s and v are now 

introduced to replace qA and qG ,as discussed in 

Chapter

5 ^= — -f

v;here the angle o( is shown in Figure (6). In the

present case where B has an infinite mass,the 

angle of skewing Y = 90b . Substituting (6.11) into 

(6.9) and with neglect of the curvature terms,the

hamiltonian becomes:

(6.11)

+ (6.12)

and the boundary condition (6.10) becomes:



-«.v> \
?-Vfl ^f lP/0,

I (6.13)

*/.
f 
f

Although the boundary conditions are simply written 

in terms of s,v,0^,6Q these latter tv;o coordinates 

are not convenient for the further development of 

the theory because they do not take advantage of 

the conservation of angular momentum. To this end, 

the coordinates vJ and ty defined by equations (6.2) 

and (6.3) are introduced to replace 6. and OQ. The 

hamiltonian becomes:

By separation of variables in equation

every solution may be v/ritten as the partial wave

sum:
q_

= T_ (6.15)
-w



v/here L is the total angular momentum quantum 

number and AT is a constant to be chosen so that 

the boundary condition (6.15) is satisfied.

As an example of the partial wave expansion 

(6.15) consider the initial asymptotic limit in 

the boundary condition (6.15). From Appendix (B; 

the asymptotic form of the two dimensional plane 

wave partial wave expansion is:

v/here . is the initial orbital angular momentum 

quantum number. The first term in (6.13) 

.therefore be written:

where the summation over $ ' has been changed to 

one over L:

L - ^i

and g-r denotes the quantity:

(6<16)



Operating on the partial wave expansion (6.15)

by the hamiltonian (6. 14-) gives an equation obeyed

by

In the next section it is shov/n how, with 

the aid of an adiabatic separation of variables-, 

may be written as the product:

where £>-£.*•)( s) is the wavef unction for motion along 

the reaction coordinate /6Ln(s;v) is the wavef unction 

for the internal vibrational motion of the atoms 

and f-r.j£)(s5TO is 'the wave.Ju unction for the internal 

rotational motion of the atoms. From the asym­ 

ptotic representations of the wavef unctions in 

the product (6. 18), the scattering amplitudes may 

be determined.

(6.18)



6.3 . ADIABATIG SEPARATION Off VARIABLES

This Section shows hov/ an adiabatic separation 

of variables reduces equation (6,17) "to three one 

dimensional Schrftdinger equations in the variables 

s, v, and

Following the development of Chapter (4-) 

internal v/avef unctions (fL^(s;v 5 /)0 are defined by:

v/here V^(s) is the internal energy of the system. 

Since the ^^(s;v,/)<)form .a coraplete set at each s, 

may be expanded in the form:

L-

whence the S(S) satisfy:

v/nere

23|

-f VLe^)- £ 3Lc^ - ^yW (6.20)

(6.21)



Neglect of the coupling terras (6.21) means that the 

system always stays in the same internal state (since 

this approximation neglects rotational transitions 

it is expected to be .rather poor in practice) and 

equation (6.20) simplifies to:

fi 4 (6.22)

The boundary conditions satisfied by equation (6.22) 

are taken in the form:

-f

t/v•'
TL

where the first term represents an incoming wave 

(with phase determined by equation.(6.16)) and the 

second and third terms represent elastically and 

reactively scattered waves, Seiniclassical methods 

for the determination of the phase shifts <§-,- and 

&-7 and the reflection and transmission coefficients

R and 
L

for various choices of profile for

(6.23)



have been described in Chapters (4) and 

In order to solve equation (6.19) for the 

internal notion it is assumed that at a given 

value of s :

f Ws,

that is vibration-rotation interactions have been 

neglected. In this case equation (6.19) separates 

into, an equation for the internal vibrations and 

one for the internal rotations:

-f e/^Sj. (6.25)

The Schr5dinger equation for the internal vibrations 

is:

;^ (6.26)

and that for the internal rotations:



* *
and IQ indicates that I has been replaced by its

equilibrium value at v ~ v .e
An approximate solution of equation (6.26) is 

obtained by replacing I v/ith I0 and assuming thatv2

V(s,v) is a quadratic function in v - v^,so that

is a harmonic oscillator function and the 

internal energy VLn(s) is:

—— V + C* + iJtu> rw<V,V" (6.28)i

v/here « is the classical vibration frequency.

Equation (6.25) shows that the barrier to 

reaction along the reaction coordinate has four 

contributions (1 ) the variation of the original 

potential surface along the reaction coordinate, (2) 

the centrifugal barrier associated with the 

conservation of angular momentum, (3) the change in
>•

internal vibrational energy for a given vibrational 

state. Contributions (2) and ($) are explicitly 

illustrated by equation (6. 28), (4) the change in the 

internal rotational energy for a given rotational 

state as the reaction proceeds.

Contributions (1)-(3) v/ere found previously 

in Chapters (4) and (5). The internal rotational 

energy is obtained from equation (6.27). The solution



of tnis equation is more difficult than that for 

the internal vibrational states and is considered 

in the next Section.



From the previous Section the equation to be 

solved is:

(6.29)

where the potential V(s,^() is periodic in ̂  . For 

a system in which the ABC complex forms a linear 

preferred configuration (^ = TT) for example, a 

Fourier analysis of V(s,^() given for the first two 

terms :

' (l + Wf) . (6.30)

Typically H(s) takes its maximum value for s^O 

and tends to zero as s->±eo .

Consider now the boundary condition obeyed by

f-r.j^(s;70. The coordinates to and 9< were chosen in 

such a way so as to avoid a cross term between them 

in the kinetic energy (6.4). The coupling still 

exists however and is apparent in the boundary 

conditions. In the theory of hindered rotations this 

approach forms part of the 'internal axis method 1 .85,86
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Since V(s,oO is periodic in $ Floquet's theorem 

states that a particular solution of equation (6.29) 
v/ill have the

where P(^) is periodic in ^ and <r is a real 
constant (the characteristic exponent). <r may be 

found by considering the total angular part of the 
v/avef unction u(0A ,00) where:

. (6.32)
Making the changes :

9A _? 9A + 2Trn/] (

v;here n^ and m^ are integers, it is clear that 
since the physical situation is unchanged, the 
total angular part of the v/avef unction is also 

unchanged.

~ u (erftL 0-f2trn) (6.33)

Substituting equations (6.31 ) and (6.32) into 
equation (6.33) it follows that:

L t^ifi + ^&] * <T(i,-n x ) ~ n ^ (6.34)



v/here n is an integer. Equation (6.54) therefore 

determines 6" :

ff - ..n^ii -f 3 L , (6.55)
A | - y\\.

pv/here gL = LqG /I is the quantity introduced 

previously. Since DJ and n2 (and n) are arbitrary, 

a convenient choice is that which makes the first 

term on the right hand side of equation (6.35) zero 

so that (T = gT and equation (6.31) gives:

. (6.36)

For an increase in $ of 2'tf equation (6.36) shows 

that the boundary condition obeyed by 

takes the form:

(6.37)

; (6.38)

v/here hL = LqA2/I. Notice also that gL + hL = L.

Solutions of equation (6.29) may be obtained 

in the limiting cases of H(s) ~>0 and H(s)—> co

In the first instance suppose H(s) = 0; this 

is the case of free internal rotation. Equation (6.29)



becomes:

v/here

(6.39)

C *

'Iv

The solutions of equation (6.39) are:

f (6.^-0)

It is also evident that

P(TCJ -e

where j is an integer,so that from equation (6.36):

(6.41)

Comparing v/ith equation (6,40) gives:

from which:

(6.42)



At the beginning of the reaction SL = 0 and equation 

(6.42) g^ives the energy of rotation of the BG 

molecule. All levels are two fold degenerate except 

j£) = 0 (the degeneracy corresponds with the two 

possible directions of rotation). As g^ increases 

in value however this degeneracy is removed until 

at certain values of gL , equation (6.42) shows that 

the energy levels cross each other in pairs. '* 

This happens when ^ + J£ = 2gL and since j^ and 

are integers, the crossings occur for g-^ having 

integer values (v/hen j^ and ^ have the same parity) 

or half integer values (v/hen j^ and j^ have opposite 

parity).

Equations (6.41) and (6.42) are in a form suit­ 

able for the reactants side of the collision since 

Sjj-^ 0 as s— ?> - co . On the products side of the 

reaction, the solution of equation (6.29) in the 

free rotation case may be likewise written:

and the energy is:

v;here d is the final rotational angular momentum



i-H

quantum number of AB, which is related to L by:

L -

. /u

where H is the final orbital angulej? momentum 

quantum number of 0.

When there is free rotation throughout the 

course of the reaction, the wavef unctions (6.41) 

and (6.43) are equivalent so that:

from which:

(6.44)

that is the initial orbital angular momentum of 

A becomes the final rotational angular momentum of 

AB and the initial rotational angular momentum of 

BG becomes the final orbital angular momentum of C. 

However if the initially free rotational motion of 

BG at s = - CO becomes quenched at s^0,the above 

simple correlation no longer holds.

The second limiting case for which solutions of 

equation (6.29) niay be obtained is v/hen the internal 

energy is much less than the barrier height. The



motion takes place within such a snail range of 

that the exponential in equation (6.3GJ will be 

practically constant. P(-/<) on the other hand will 

be rapidly varying in this region. The internal 

wavef unction may therefore be written:

(6.4-5)

v/here 9 is the equilibrium value of

is a harmonic oscillator wavef unction for 

example. This nay be seen for the potential (6. 30) 

for example by expanding the cosine up to powers 

of $2 around the point <Xe = ff • Equation (6.4-5) 

provides the connection with the fixed orientation 

model described in Chapter (4-), The exponential 

factor in equation (6.4-5) &ay be removed by 

measuring 9^ from the preferred configuration,so 

that -Xe 8 0.

When V(s,-X) does not take one of the limiting 

forms described above, exact solutions of equation 

(6.29) will in general require numerical methods. 

Approximate expressions for the energy levels may 

however be obtained semiclassically by means of 

the parabolic connection formulae derived in

Chapter (2). The m fold barrier problem has been
/i/i

treated by Miller' 1 . His results are incomplete



however because they do not include the quantum corr­ 

ection function (£'(£)• The necessary extension .is 

given below. Child has explicitly considered the

one and two barrier cases. ''' The use of matrix
41notation leads to an elegant solution.

Figure (28) illustrates the symmetrical three 

barrier case and for definiteness this example is 

considered in the first instance.

In region I, the wavef unction may be written:

t i f *' 1
f -f fi txf if«r(yW/ L (6.46)' [

and in region II:

where in equations (6.4-6) and (6.4-7):

From Chapter (2), the connection between the coefficients 

cc is:



Figure 28

The barrier to internal rotation in the 

symmetrical three fold case.
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where

t-e rL
nt -,'K t«
J ^

(6.49)

and 1 is the reduced energy displacement variable 

introduced in Chapter (2). In region IV the 

wavefunction is:

(6.50)

and repeated use of the connections (6.48) and (6.49) 

allows cCo to be related to cCo«

(6.5D

where

v/here o( is the usual phase integral across the well. 

The boundary condition (6.37) is taken in the form:

(6.52)



Using equations (6.46) and (6.50),the boundary 

condition (6.52) is equivalent to:

Equating equations (6.51) and (6.53) gives:

This has non-trivial values for Oxj and c2 only if:

or equivalently (since det(B) ^ 0):

This is the result for a three fold potential 

barrier. It is clear that the result for an m 

fold barrier is:

or if the potential barriers and v;ells are not all 

the same :

with a different £- <^ for each barrier and v/ell.



Since det(D) = det(B) = 1, equation (6.54) 

is equivalent to:

Tr £DfcJ M * a^Ot. (6.55)

A trace is invariant under a similarity transformation: 

"TV (OS,)" » TV

/I

and if U is chosen so that UDJBu" is diagonal then
* 

the diagonal elements of UDJ3U are the eigenvalues

of Du, In this way it is found that:

TV (bG)"1 - l^Cwo, (6.56)

where

p , (l 4^tir

From equations (6.55) &n(3- (6,56),the quantization 

condition for the internal rotational energy 

levels is:

where o^ ~ 0,11,^2,.... and for the alternative 

boundary condition (6. 38), the quantization 

condition is:

where 0 W = 0,11,^2,... .



When the height of ttie barrier tends to 

zero so that £-> a> the above quantisation 

conditions yield the free rotation results 

previously derived (for example equation (6.4-2)). 

As the height of the barriers increase on the 

other hand so that t~>-cc then the usual Bohr- 

Sommerfeld quantization condition for a v/ell is 

obtained.



SCATTERING AMPLITUDES-- -

In Section (6. 3), it has been shown how an 

adiabatic separation of variables allows the 

partial v;ave expansion of the total wavef unction 

to be written:

Inserting the initial asymptotic limit for

By .c-)(s) equation (6. 23), and for fT .^(s;-/*) equation jjiijj -^<j
(6. 4-1) j into equation (6.57) and comparing v/ith 

equation (6.16) allows A-^ to be determined, namely :

In a similar manner, if the asymptotic limits for

jf»)(s) and fT -c-iCs;^) for the elastically and
JU. J JJ J

reactively scattered waves are substituted into equ­ 

ation (6. 57), comparison v/ith the boundary condition 

(6.15) an<i equation (6.16) allows the elastic 

and reactive scattering amplitudes to be determined. 

The results are:
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•
or reverting back to' the angles GA and 0G from <J 

and C in the above equations:

and the differential cross sections are obtained 

from equations (6,58) and (6.59) by:

(6<60)

The elastic scattering amplitude may be further 

approximated by the semiclassical procedure 

described in Chapter (4) and Appendix (B).

The treatment accorded the reactive scattering 

amplitude depends on how the final rotational 

angular momentum correlates with the initial 

rotational angular nomentum. For the free rotation



case described in Section (6.4) 3® » ^ f) and 

equation (6,59) becomes:

ttl-lc

Each partial wave therefore has the same angular 

part so that the reactive differential cross section 

(6.60) is:

IccT^'l 1-

that is the differential cross section is isotropic.

On the other hand suppose the initial 

rotational angular momentum is quenched in the 

transition state region in such a way that j^' = 

0^ •+ c, where c is a constant (for example c = 0 for 

a symmetric reaction). Equation (6.59) gives:

i v- _
- Z_ ^L^ * . (6.62)

In this case each partial wave possesses a different 

angular part and the standard semi classical 

approximations may be applied to equation (6.62) 

(Chapter (4) and Appendix (B)). The cross section 

resulting from equation (6.62) will in general be
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anisotropic.

The effect of the rotational state of BG on 

the reactive differential cross section may 

therefore be described as follows. At low j ĉ  values 

the rotational motion of BG v/ill (typically) be 

quenched as the system enters the transition state 

and these rotational states will (in general) 

give rise to an anisotropic contribution to the 

differential cross section. At high j^values 

however,free rotation in the transition state region 

will prevail and these states will give an isotropic 

contribution to the cross section* There will 

also be an intermediate range of devalues in 

which a transition from anisotropic to isotropic 

behaviour takes place.



2S?

APPENDIX A: NUMERICAL ASPECTS
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This Appendix describes various numerical 

aspects of the v/ork considered in the remainder of 

this thesis. All the calculations were programmed 

in ALGOL on the Physical Chemistry Laboratory's 

Elliott 903 computer.
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DO

^JL-JSL.^^ )1?2L

The integral:

(30

-co

was encount^ed in Chapter (4-) in connection with 

the semlclassical description of the cubic rainbow 

effect. The properties of the integral (A.1) are 

described in this Section together with its numerical 

evaluation.

An important property apparent from the 

definition (A.1) is that C(a) is even in a:

C(a) = C(--a).

A series expansion,which is used to evaluate 

C(a),iaay be obtained as follows. By writing C(a) 

in the form:

CM - M*J 4 D^H -f ^[D^w-f- &*(-«), (A.2)

where

D <

o>
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reduces C(a) to knov/n integrals. Applying the

expansions:'

u.

_ J_p

co i /kvn f-t) k - ( -f-JrVkat
• • - CA

Ic! m
to Dc(a) and Ds(a) gives:

i^ill-nlzr J

(A.3)

-0-3)33* -

T tc,

•••>

C(a) was evaluated by means of equation (A.2) and 

summation of the series (A.3) and (A.4). The maximum 

number of terms the computer could handle was k^20 

v/hich allowed a determination of C(a) to three 

significant figures for 0^a<^6. The gamma functions



as?

were calculated by using the recurrence formula 

|(z+1) = zl (z) to express each gamina function 

in terms of P(z+1) with 0^z<1 and using a
PQ

polynomial approximation for the latter. ' Graphs 

of ReC(a), ImG(a) and (c(a)| are shewn in Figures 

(29)~OD.

Writing C(-a) in the form:

-0?

allov/s G(-a) to be evaluated for large values of 

a by the method of stationary phase. There is 

only one stationary point in the integrand, namely 

when x = 4~^ from which the asymptotic behaviour of 

C(-a) is found to be:

«-•>
The asymptotic behaviour of Re C(a)j ImC(a)and 

|C(a)| according to equation (A. 5) is also shown 

in Figures (29)~(3^)» The graphs indicate that 

equation (A. 5) may ^e used v/ith confidence to 

evaluate C(a) for a-X6. The plot for |c(a)|

illustrates the quantum mechanical pounding off



Figure .2.9

mThe solid line represents the function ReC(a), 

whilst the dashed line is its asymptotic 

representation.
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The solid line represents the function ImC(a), 

whilst the dashed line is its asymptotic 

representation.
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Figure

The solid line represents the function |C(a)| , 

v/hilst the dashed line is its asymptotic 

representation*



O

CO CM



of the classical mechanical infinity discussed 

in Chapter (4). Mote also that the asymptotic form 

for |c(a)[ is monotonic whereas ]C(a;| possesses a 

minimum at a^3.9 and a maximum at a<V4.7. The 

oscillation is however a weak one. This result is 

of interest in connection with supernumerary 

cubic rainbows.



Kennedy and Smith' ' have made a systematic 

investigation of methods for evaluating phase 

shifts within the semi classical approximation. 

They have recommended a modified Clenshau-Curtis 

integration procedure which has the advantage 

of being efficient and accurate and for which it 

is straightforward to obtain reliable error estimates. 

However the formulae given by Kennedy and Smith become 

inefficient for small values of the turning point 

and break down altogether if the turning point is 

zero. Other computational methods for semiclassical 

phase shifts suffer the same disadvantage. A scaled 

version of the Clenshaw-Curtis method which avoids 

this difficulty is described below.

In the Clenshaw-Curtis method the interval of 

integration is first changed to (-1,1) by a linear 

chane of variable so that the integral takes the form;

r(t)jt.

The integral is expanded in a Chebyshev polynomial 

series and integrated term by term. However this 

is equivalent to a quadrature of the form:
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IH
* 0

where the weights h are defined

(A.6)

N

An estimate of the error is given by:.79

.for , where

'-'
Aj

(A. 7)

(A.8)

and "JT means that the first and last terms in the 

summation are halved. Comparing equations (A «

and (A.8) with equation (A. 6) shows that reliable



error estimates may be obtained v/ith little extra 

work.

From Chapter (4),the phase shift may be written 

in the form:

where

-

r^ is the zero of the integrand or the top of

the barrier v/hen £V(r) does not possess a real zero.

Before the quadrature (A.6) can be applied 

the singularities in the integrands of equation (A.9) 

must be removed. For all cases considered in this 

thesis k^-^L and following Kennedy and Smith,equation 

(A.9) may be transformed to:

^o TT/v

v/here



in v/hich d, is a scaling factor. Changing the 

limits in equation (A.10) to (-1,1) and applying 

the Clenshaw-Curtis formula (A, 6) leads to:

KH

Kl-l

In equation (A.11):

•V £ f ^ ̂  \e, -- i/i + w>^ i , » t * ^ c %)

In the computer programme the weights h^ v/ere 

computed initially and stored for N = 2,4,8,..., 

The phase shift v/as then computed until the error 

v/as less than the permitted error £ . In practice 

£ was set equal to 0.01 v/hich gives four figure

> 7 b i



accuracy for ^10. For this error it v/as found 

that 32 terms v/ere required for small L values 

(occasionally 64- terms were' required) and this 

reduced to 8 terms for large L values. The 

computational procedure described above was found 

to be well suited for this problem, There v/as 

no obvious case wnere the error estimation £*j 

failed. A satisfactory choice for the scaling 

parameter v/as found to be <* = 5. The convergence

for r-^ £ 0 was not affected. The turning points
91r-^ v/ere found by the Newton-Ralphs on method,

The computer programme was checked by 

calculating phase shifts for the lorentzian 

potential of Chapter (4-) and comparing these 

with the exact results in terms of elliptic 

integrals.



EVALUATION

In Chapter (4-) it was shown that the 
deflection function GP is related to the 
phase shift via the semi classical equivalence 
relationshi:

(A. 12)

With' 2) given by equation (A.9),equation (A.12) 
gives:

ffS - IT ~ (A.13)

QO
Smith7 has also made a study of methods 

available for the numerical evaluation of integrals 
similar to (A. 15), and has recommended the use of 
Gauss-Mehler quadratures. As in the case of the 
phase shift, Smith's procedure needs scaling 
to allow for the possibility of r-^ being zero (or
what is the same thing ve ^ 0),

In the Gauss-Mehler quadrature method the integral
to be evaluated is written in the form:

i



and this is approximated by:

Unlike the Clenshaw-Curtis method there is no 

reliable error estimate that is also easy to use 

in practice. Denoting the integral in equation 

(A. 13) by I:

CO

l

by change of variable this may be written:

T - r i~+* I -——^-3-J_

-/

v/here

A (I * ^ f * ^ + * ~ °^ 
2- ' yc,

in which o( is the scaling factor. From equation 

(A.14) the expression for the deflection function

becomes:
hf

~ -T< - (LIU'^JZ X"f(^^^, (A.15)

v/ith



The choice «( = 10 was found to be satisfactory. The 

difference IN- 1^/2 was use<i as an estimate of the 

error £^. The summation in equation (A.15) was 

computed until 1 N < t with 1 = 0.001. However

"% ~ %/2 ^" s no^ a reliaD^e error estimate. Several 

examples were found where this condition failed. 

To guard against this possibility all values of

requiring W<16 were recomputed using a smaller 

error estimate until JN^16.

The deflection function programme was checked 

by comparison with the exact results for the lor- 

entzian potential of Chapter
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INTRODUCTION

This Appendix presents .a discussion of tv/o 

dimensional elastic scattering from a central 

potential as there does not appear to be an 

account available in the literature. In particular 

the partial wave expansion of the wavefunction is 

considered together v/ith the semiclassical 

approximation for the phase shift and the 

correspondence v/ith tv/o dimensional scattering of 

classical particles. The results of this Appendix 

are used in Chapter (6).



As in the three dimensional case, the two 

dimensional partial wave analysis proceeds by 

analogy with the scattering of sound waves. 

In polar coordinates the two dimensional 

Schrodinger equation is:

. <* o
r '

The boundary condition on yCr,^) is that at large 
distances it represents an incoming plane v/ave 

and an outgoing scattered one:

-f- -f«f (B.2)

in v/liich f() is the scattering amplitude, f 

is related to the differential cross section 

and total cross section <f(k) by:

KIT,



J.I I

By separation of variables every solution of

equation (B.1) may be written as sums of products
i 

of the form Rm (r)cxp(im|))/r"a* with m « - fl> ,... ,-1 ,0,1

and v/here Rm (r) satisfies:

f L r-

Equation (B.3) is equivalent to the three dimensional 

radial equation if the substitution m-^JJ+J is 

made (see equation (3»4-)). The boundary conditions 

satisfied by Rm (r) are:

where m is the (real) phase shift and the 

reference phase is that determined by the free 

particle solution (that is V(r) = 0) given below.. 

Using the two dimensional partial wave expansion of 

a ulane wave:

' / • JCVM n/i. C M (fA ^ f

w>



it is not difficult to deduce that the partial 

wave expansion of ^r,^) satisfying the boundary 

conditions (B.2) and (B.4-) is:

vn

and that the scattering amplitude is:

-']• (B.5)

The total cross section takes the simple form:

<r(k) - ±



B.3 SEMICLASSICAL PHASE SHIFT

The semiclassical formalism cannot be applied 

directly to equation (B.3) because of the rapid 

variation of V(r) near r = 0. This difficulty is 

overcome by using the Langer transformation to 

map [0,0?) onto (- <x> , + co ).57 y^Q substitutions:

r =

V

gives an equation for U :

f L

to which the semiclassical approximation can be 

applied. The semiclassical solution of equation 

(B.6) in terms of the original variables is:

27?

(B.6)

(B.7)

v/here rm is the zero of the integrand. The reference 

phase is that given by equation (B.7) v/ith V(r) = 0, 

so that the phase shift £ is:



<~
OL

I .•
Ue, VVA

\\K
I /L i )vk

(B.8)

This is analogous to the three dimensional phase 

shift if the substitution j?-i-J-?m is made.



M - CLASSICAL' CORRESPONDENCE

The correspondence between the quantum cross 

section and the classical cross section for two 

dimensional collisions is outlined below. By

excluding <£= 0,the second summation in equation (B.5) 

may be dropped leaving:

00 .- '''"'" , (B.9)

where ^ denotes a factor of •§• v/hen m = 0. This 

result follows by noting t

and

Replacing the summation by an integration over m 

gives for the scattering amplitude:

n 
J

where



Since the terms in the integrand are oscillating 

rapidly, it is appropriate to use the method of stat­ 

ionary phase. The stationary point of the first 

term yields 2*'Sm/7m « - j> and that of the second

term yields 2^/Dm = 6 . Thus in terms of the deflect­ 

ion function cj> there results the semiclassical 

equivalence relation:

1 - CB.11)

From equation (B. 8) , equation (B.11) becomes:

CO

' ?

If the correspondence nrli = J is made then 

equation (B.12) is just the classical expression 

for the deflection function.

Returning to the expression for the scattering 

amplitude, equation (B. 10), and supposing that only 

the first term contains a point of stationary 

phase, standard theory gives :
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If ) 2A+ (m)/)m2 < 0 then the right hand side of 

equation (B.13) is to be multiplied by exp(-i7T/2). 

Making use of the equivalence m = bk where b is the 

impact parameter gives for the differential 

cross section:

v;hich is the classical result. Notice that there 

is no effect analogous to the glory in two 

dimensional scattering. The above derivation has 

assumed a monotonic variation of J with b. Vihen 

this is not the case, the development of the 

three dimensional theory may be applied.
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