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This thesis presents a semiclassical dev-
elopuent of the theory reguired for the inter-
pretation of thermal energy molecular beam exper-
iments in the study of moleéular interactions, and
for the prediction of new effects.

Chapter (1) provides a brief inbtroduction to
molecular scattering and describes the work in
the following Chapters.

In Chapter (2), semiclassical connection
formulae based on an exact solution of the
Schrédinger equation for a parabolic well and a
parabolic barrier are derived and their properties
developed. These results are required in later
Chapters. The connection fornulae for a parabolic
well (barrier) are valid for energies which lie
either above or below the well minimum (barrier
maxinum) and provide a direct connection between
one classically disallowed (allowed) region and
another. These connection formulae contain import-
ant quantum correction functions which remove
certain singularities from the semiclassical analysis,

Chapter (3) presents a semiclassical analysis

of resonance effects in molecular orbiting collisions.

The explicit introduction of a complex energy is



o g
ou—
aan o

used to characterize the quasi-stationary states
in the dip of the effective potential for the
collision., Expressions for the résonance energies
and widths of the quasi-stationary states are
derived from the semiclassical wavefunction,obtained
with the help of the connection formulae in
Chapter (2), and a formula is given for the
resonant contribution to the measurable total
elastic cross section.

- In Chapter (4),a quantum mechanical theory
i1s developed for an electronically adiabatic
bimolecular exchange reaction,with the restriction
that the threce atoms are constrained to move on
a straight line but with the whole system free to
rotate in three dimensions. An importent feature
of the analysis is the use of a set of coordinates
which pass smoothly from those suited to reactants
to those suited to products. A vibrationally
adiabatic approximation is used to reduce the
scattering problem to the solution of one dimensional
Schrddinger equations. Semicla%?cal techniques are

used to evaluate the partial wave summations that

occur in the theory and elastic and reactive
differential cross sectionsare calculated for three

different kinds of potential surface. An interesting
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feature of the calculations is the occurrence of
a new kind of rainbow effect,which is named a
"cubic! rainbow since it arises when the deflection
function varies cubically with impact parameter.
The classical and semiclassical theory of cubic
rainbows is developed.
Chapter (5) investigates the effect of a dip
in the activation barrier for a chemical reaction
using the model developed in Chapter (4). The complex
energy technigques introduced in Chapter (3) are used
to relate the resonance tunnelling through the
barriers to DBreit~Wigner theory. A novel feature
of the theory is the use of a complex energy with
an imaginary part that may be positive,negative
or zero., Such a complex energy is the natural
consequence of applying a 'forward moving waves only!
boundary condition and the sign of the imaginary
term has a straightforwvard interpretation in
terms of the population of states within the dip.
Chapter (6) investigates the effect of the
rotational motion of the reactants on the
differential cross sections of a chemical reaction.
In order to allow a tractable development of the

theory,a model is adopted with the following

restrictions: first the atoms are constrained to



move in a plane and secondly the central atom
is given an infinite mass. The use of a set of
natural collision coordinates and an adiabatic
separation of variables is used to reduce the
scattering problem to the solution of one
dimensional Schrddinger equations. Partial wave
expansions for the elastic and reactive scattering
amplitudes are obtained.

Appendix (A) is devoted to various numerical
aspects of the theory. 'he properties of the

integral:
€«

gexp[i(x4 + ax)]dx,

-
which characterizes the semiclassical description
of the cubic rainbow effect are considered together
with its numerical evaluation. Numerical methods
for the evaluation of phase integrals and their
derivatives are described when one of the integration
limits is zero (existing methods break down for this
case),

Appendix.(B) presents a discussion of two

dimensional elastic scattering from a central
potential for use in conjunction with Chapter (6).

The topics considered ianclude the partial wave



expansion of the wavefunction,the semiclassical
approxination for the phase shift and the
correspondence with classical tTwo dimensional

scattering.,



'Only connect...'

E M Forster

This emotive phrase occurs on the

title page of 'Howards End’
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CHAPTER OvE: INTRODUCTION



4oleculér beam e:xnerinents provice direct
information on the details or molecular collisions.
The ultimate tean emperiment is easy to descrive:
velocity and state sglected atoms =nd nolecules
are nade Lo collide at various angles and the identities,
velocities,quantum states and ansular distributions
of the products are neasured. Considersble progress
towards this goal has been achieved and informnation
on molecular interactions has been obtained that
is inaccessible to conventional bulk experinents
which involve measurements of average propervies
over a wide distribution of velocities and internal
states., This thesis describes calculations that
have been made in order to assist in the inter-
pretation of molecular beam experiments and vo
precict new effects. |

In general the scatlering of sn atom by another
atom or molecule is a many body problem requiring
consideration of both electrons and nuclei,
Hovever,for many systems the Born-Oppenheimer
separation of nuclear and electronic motions is
valid because the nuclear velocities are small
relative to the velocities of the electrons at

the collision energies of chemical 1’.nterest:./l This



decoupling of nucleer and electronic motions
reduces the collision problen to one involving
nuclear coordinates only. Thus many collision
processes are adiabatic in the sense that the
energy of a single elecironic wavefunction cdefines
the potential surface (or curve) which governs the
notion of the nuclei. Only electronically adiabatic
collisions are considered in this thesis.

The scattering of heavy particles (etonms and
molecules) may often be described successfully by
means of semiclassical mechanics., For exemple,the
thermal energy elasbtic scattering of atoms and molecules
exhibits specific quantum effects (rainbows,glories,
etc.) whose seuniclassical interpretation provides
detailed information on the intermolecular po‘-:e::rfc:i.al.2"4
In this case the semiclassical method provides
a straightforward analytical treatment of The
scattering,leads to a simple understanding of the
physical situation and substantially reduces the
labour of a Tull quéntum mechanical treatment.

The seniclassical or WKBJ (Ventzel,Kramers,
Brillouin,Jeffreys) method provides (approxinate)

asymptotic solutions of cifferential equations of

the one dimensional Schrbdinger type. The semiclassical



solutions may break dowh in certaln regions and

this recuires fhe derivation of 'connection fornulze'
to bridge these regions. The connection formulae

may be decduced from exact solutions of the Schrbdiinger
equation with model potentials. For exanple,

'linesr connection forumulze' are derived from solutions
of the -Schrbdinger ecuation with a linearly wvarying
poteni:ial.5 In Chapter (2) semiclassical connection
fornulae based on an exact solution of the Schrbdinger
eguation for a parabolic well and a parabolic

barrier are derived and their properties developed.
These connection formulae are called 'parabolic
connection formulae' and are deduced from the
asynptotic repressntations of VWeber parabolic

cylinder functions,in an analogous manner Lo the
derivation of linear connection formulae from the
asymptotic representztions of the iAiry function.5

The connection formulee for a paraboiic berrier (well)
are valid for energies which lie either atove or

below the barrier maximum (ﬁell minimum) and provide
a direct connection between one classically allowed
(disallowed) region and another., in inportvant

feature of the connection formulae is the existence

of explicit exvressions for the so-called quanvum

. n . 6 - .
correction functions,., ‘These nlay an important



role in removing an unacceptable singulerity fron
the semiclassical analysis of orbiting collisions,
as wvas first pointed out by Ford,Hill,/akano and

Wheeler.6

The connection formulae are aovpnlied to a
veriety of provlems in Chapters (3)-(6).

Chapter (%) vresents a semiclassical anslysis
of resonance effects in molecular orbiting collisions.
The simplest system to study with molecular beans 1is
the elastic scattering of two atoms interacting via
a single spherically symmetrical potential energy
curve., High energy beam scatterings have yielded
reliable values for the short range forces between
atoms,4’7 whilst thermal energy nmeasurements provide
information on the intermediate and long range nature

of the potential.2'4

Typically the interatomic
potential has a long range atitractive part and a short
range repulsive part (for example,the Lennard-Jones
(12,6) potential) so that the effective potential (=
interatonic potential + centrifugal potential) may
possess a maxinmum and a2 minimum,., The presence of a

dip in the effective potential implies the possibility
of setting up quasi-stationary states. These states
may produce a severe distortion in the radial
wavefunction of the system which gives rise to

orbiting-resonance effects. Such behaviour is under-



stood in Breit-izner theory in Terms of complex
energies whose real and imsginary parts determine
the resonance energies and widths of the cuasi-

8

stvationary states respectively.  Expressions for the

resonance energles and widths of the quasi-stationary
states are derive@ from the semiclassical wavelfunctions.,
Using the boundary condition that the radial wave-~
function is regular at the origin together with
parabolic connection formulae,the asymptotic form

of the wavefunction is found. This allows the phase
shift\to be determined. Imposing the further boundary
condition that there be no incoming wave yields a
conplex Bohr-Sommerfeld quantization condition for

the resonance energies and widths of the cguasi-
stétionary states, It 1s shown that when the widths

of the energy levels are small compared with their
separation,explicit expressions may be deduced for

the resonance energies and their widths. These
expressions allow the phase shift,scattering anpl-
itude,differential and total cross sections to be
expressed in a Breit-l/igner resonance form., This
procedure pernits a simple discussion of the reson-

ance effects and provides an additional insight into

the molecular orbiting phenomenon,



The investigetion of chenical reactions by
inoleculer beaﬁ'techniques is nmuch more cifficult
than the svudy of pure elastic scattering. Houever,
considerable progress has been mace since the Jirst
successful detection of a cheunical reaction in a
crossed molecular bean experinent by Taylor and Datz
in 1955.9 Observations hove been made on the
differential and total reaction cross sections,
internal excitation and velocity distribution of the
products,and the influence of steric factors on the
reaction.qo“12 lieasurenents of »nroduct angular
distributions have revealed two possible ré@tion
nechaniszs, Anisotropic reactive differential cross
sections are taken as evidence for direct colligsions,

in which the collision complex disintegraotes before

it can rotate through half a turn., Exanples of

direct reactions are: rebound reactions (e.g, K + CHBI
KI + CH3) in which most of the product KI recoils
backwards relative to the direction of the inconing

K atom,and stripping reactions (e.g. K + Br, = KBr + Br)
in which the product KBr is mostly scattered in the
forward direction relative to the incoming K atom.qo"qa

Intermediate beheviour betwcen the rebound and

. . . . . 1
stripping mechanisms is also known. 5 Complex



collisions on the other hand (e.g. Cs + RbCLl =

CsCl + Rb) are charecterized by reactive differential

cross sections that are symmetrical about 900 in

the centre of nass fraune and this is talzen to indicate
1

that collision complexes with lifetimes long

compared with a rotational period are formed.14
The theoretical approaches to reactive scatt-
ering fall into three main groups: classical
dynamical calculations, statistical calculations
and cuantum mechanical calculations.
The classical mechanical approach czlculates
the trajectories of the reccting otons on an
assumed potential energy surface by numerical integ-
ration of the classical equations of motion from a
given set of initial parameter_s.15 Information on
collision times,internal energy distributions,and
differential and total reaction cross secvions are
obtained by lonte Cerlo aversging of initial
impact parameters,orientations and phases. Calculations
have been perforned for collisions on a line,in a
plane and in three dimensions. dybrid quasi—claSsical
calculetions have also been nade wherein the initial
vibration-rotation energies are selected according

. 16,17 n
to cuantum mechanically allowed values. The



Monte Carlo approach has been the most successful
to date,although the limitations of the nethod are |
Cifficult to assess at the »resent tine. I--Iortensen/]8’/]9
has coupsred the clessical and quanbtum results for
the reaction H + H2 = H2 + H on a line and has concluded
that a quantum mechsnical treatment of this reaction
is essential.,

'Absolute' transition state theory is the best
known example of a statistical approach. In this
theqry The dynamical agpects of the problem are

20

replaced by a quasi-equilibrium assumption, Marcus

has shown how this approach may also be used to

21522 pnother

calculate reaction cross sections.,.
statistical theory is the phase space theory
developed by Light and co-workers,25 where it is
“assumed that in a strong coupling collision,energy

is eqguilibrated in all degrees of freedom availeble
to the system,subject to the constraints of the
conservation laws. The probability of formation

of a given productyis then assumed to be proportional
to some measure of the phase space avallable to that
product.

Quanbtum mechanics provides the most rigorous

approach to reactive scattering. The classical and
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statisticel Theories dedcribed above recguire guantum
nechanical theories in order to assess their
validity,limitations cand possile extensions., It

is well Xnown however that the quantum mechanics

of thrce body systens intecracting via strong forces

s I

tes is a difficult problem

0

ond involving many st
cnd approxinctions nust be introduced., In Chapters

(%)

ceveloped for the electronically aciabalic bimolecular

)

o

nd (5) a quanbum mechanical theory is

exchange recction:
A+ BC = AB + C,

with the restriction that the three atons are
constrained to move on a straight line bubt wis

the systen free to rotate in three dimensions in
such a manner so s to conserve angular momentum.24
In this way one can discuss collisions with all
inpact perancters and hence calculate differentisl
end total cross sections. The restriction to the
case of zero impact paraneter (head-on collision)
would allow only bthe calculcation of a recction

18,19,25,26

probability. The assumption of an infinitely

heavy central mass that is present in an earlier

28

n0del is renoved, An imvnortent feature of the
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analysis is lthe use of a set of coordinates which
pass s:itoothly froa those sulted to recctants to
those suited to products. Such 'natural collision
coorcdinstes' were introduced independently by
Childz7 and. harcuszg_jo in 1966, In the way the
theory is developed,the reaction is characterized
by the novion of a representative particle along a
reaction coordinate s,which varies in value from -0
at the beginuing of the reaction to +c¢0 at the
end., Initially s represents the reclative translation
of A with respect to BC,in the region s = 0 it
represents the asymmetric stretching vibration
of the ABC complex and finally s represents the
reletive translation of C with respect to AB . A
vibrational coowrdinate v is also defined such that
initially v corresponds with the BC vibrzbtion,for
s & 0 it corresponds with the (non-reactive) symnmetric
stretch of the ABC complex and finally v corresponds
with the vibration of the AB molecule.

In order to solve the Schrddinger equation that
involves these coordinates a vibrationally adiabatic

27,28 In this,terms

approximation is introduced.
wvhich couple together different vibrational states

are neglected so that the system rencins in the



scre vibrational state throu~hout the course of

the recction. Vibrationally adiabatic reacitions

cre of porticuler interest since they form Ghe

basis of the current justification of absolute
transition staote theory.aq"'53 An adiabatic reactive
collision is the analosue of an elastic collision

in non-reactive scattering; in bolth caoses there is
no change in the quantum nuabers associated with

the collision, However large chenses in The physical
neture of the adiabatic degrees of freedom nay

occur curing the course of the reacvion and adiabatic
correlation Ciogzgrunms may be drawn for the changes

in energy Uthat taze place as the reaction proceeds,

.
P

The adiabatic approximation allows the
scattering problem to be reduced to the solution
of one dimensional Schrddinger equations for the

adiabatically separated coordinates, It is shown

that for a given impact pareneter and collision energy

the effective barrier to reaction along the
reaction coordinate s has contributions from Three
possible sources: (1) the potential energy barrier
(if any) that belonzs to the original potential
surface, (2) the change in vibrational enersgy for

a given vibrational state as the reaction »nroceeds,

12



(3) the centriiupal barcier associaved with the
conservation of cngsular nomenbun, The Schrddinger

ecuation for motion aloung the reaction coordinate

}_)

0]
9]

is solved seniclessically in Chanter (&) for the
case that the erffective vorrier to reaction hos a
single mexinmunm, Semiclassical tTechnicues are also
used to eviluate the v»ortial wave sumnations vihat
occur in the theory. The resulting ecuatvions are
sufficlently straightforwverd for a calculation

of the elastic =2nd reactive differenvizl Cross
sactions to be undertaken and calculations are

Eal

nade for three different kinds of »potential surface.
An interesting feature of The calculations is the
occurrence of a new kind of rasinbow elfect, This

is called a 'cubic! rainbow because it arises when
the deflection function varies cubically with inmpact
paraneter,as opposed to the more usual 'quadratic'
rainbow in which the deflection function possesses

a maximum or a minimun (that is varies quadratically
with impact parameter). The integral that
characterizes the seniclassical analysis of the

cubic rainbow effect is:
@

¢c(a) = exp[i(x4+ax)]dx:7

-0

13
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and this intezral plays an analo;ous role to the
Airy invegral in the seniclessical description
of the quadratic reinbovy effeot.3

Chapter (5) conéiders the case when the
activation barrier bhelonging to the potentizl
energy surface for the resction possesses two
maxina along the reaction coordinate. he presence
of a c¢ip in the effective potential inplies the
possibility of setting up quasi-stationary states.
Child24 hos shown that the existence of these states
has an inportant effect on the reaction cross
section and rate constant. At enersies in the region
of the dip,the reaction cross section shows a well
resolved reconance struclure whenever the energy
available for reaction coincides with one of the
asymmetric vibration--rotation states of the activated
complex., “his provides a powerful mechanisn for
tunnelling through the barrier even wien the colligion
energy is far‘below the barrier naxina and the rate
constant then shows a different bechaviour fronm
that eipected for sinple tunnelling through a single
humped berrier. The name resonance tunnelling has

!
been proposed for tinis phenomenonggo



This system 1s investigated using the
parabolic connection fornulae of Cha»ter (2)
to dcrive the gemniclassical form of the wavefunciion,
The complex energy'téchniques introduced in Chapter
(3) are used to relate the resonance tunnelling
phenomenon to Breit-i/igner theory. The resonance
features 1in the reactive scattering nay be under-
stood Dby inposing the usual 'oubgoing waves'! only
boundary condition,which results in the usual

compleX energy:

E = EnL...l LL/Q,

where EnL is The rcsonance energy and [#;L Tthe lecvel
width which is a positive quantity. Terms involving
FEL also contribute to the elastic scattering butb
there is also another term,which is best understood
by applying a 'forward moving wave' only bouadary
condition., This results in a novel form of complex

energy s

B o= By +1Y/2,

where X}ﬂhis positive if the second barrier is larger

than the first barrier,negative if the first barrier

is larger than the second one and zero if <The two

15
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barriers are of ecuol sige, The sign ofyﬁgL hes a
natural interpretation in terms of the pooulation

of states within the dip. A positive sign corresponds
vith a building up and a nezative sign with a decay.
The czlculations described in Chapter (5) complement
those in reference (24) where a complex cnergy
approach was not used and only the reaction cross
section (and rate constant) was calculated.,

The nodel adopted for rcactive molecular
collisions in Chanters (4) and (5) does not take
into account the effect of the initial BC rotations
on the reaction, This problem is considered in
Chupter (6). In order to allow a tractable
develovmient of the theory a model is adopted with
the following restrictions.27-First the atons are
constreined to move in a plone in order o sinplify
the discussion of angular momentum and secondly
B is given an infinite nass so that a set of natural
collision coordinates may be defined for the rcaction.
in adiabatic seporation of variebles is again used
to reduce the scalttering problem vo the solution of
one dimensional Schrddinger equations. These
correspond to motion along the reaction coordinate,

the purely vibrational motion of the atoms and
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the internal rotational motion of the atons. '"he new
feature of tnis model is the invernz) rotations of
the system. At 8 = -w and +®@ these corresmond with
the free rotation of BC and AB respectively. Tor
meny systens the initially free rotation of the 3¢
nolecule is quenched as the reaction enters the
Transition state and the internal rotational

motion then corrcsponds with the bending vidbration
of the A3C comnlex at s & 0. As the rotational
energy of BC increases howecver,a situation nay
obtalin where the robtational motion of BC remains
essentially free in the transition stalte region.

A partial vave analysis allows the differential
cross sectlions to be determined. It is shown that
for free internal rotational notion in the transition
state region,each partial wave has the sane anzular
part which gives rise Lo an isotronic differential
reactive cross section. On the other hand when the
initial rotational notion of BC is quehched as the
reaction proceeds,cach partial wave has a different
angular part and an anisotropic differential reactive

cross section will (in general) resultb.
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Appendix (A) is devoted to various nunmerical
aspects of'thentheory developed in the preceding
Chapters., The properties of the integral C(a) (defined
above) are considered together with its nunericsl
evaluation, Also nuacrical methods for the cvaluation
of semiclassical phase interrals and their derivatives
are described which are valid when one of the limits
of invegration is zero (existing methods break down
for this case),

Apoendix (B) »resents o discussion of two
dimensional elastic scattering from a cenbtral
pocential,as there does not avpecr to be an account
avallable in the literature. The results of tinis
Appendix are required in Chepber (6). fnong the topics
considered are the partial wave expansicn of the

avefunction,the semiclassical approximetion for the
phase shift and the correspondence with classical
two dimensional scattering,

The work described in Chapters (2),(3) and a
portion of Chapter (5) have formed the contents of
36

! - .
two rescarch papersal”55 and a research note in

llolecular Physics.
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2.4 L1RODUCT T O

The seniclassical or WEBJ method provides

asyuptovic solutions of the one diuensional

Schrddinger equation:5

Aree) %/E[E'V(S)JS[/(S):O)
‘F\L

alS’L

vhere E is the total energy of the system, A is

Planck's constant divided by Zﬂz/u and V(s) are (in

general) an effective mass and an effective potentie

(2.1)

1

that choracterize the system respectively,and QV(S) is

the vavefunction for s notion. s tazes values from = O

to +@ ; radial wave equations are nol thereby
excluded as the Langer transformation57 nay be used
to map [b,+a® oato (-0 ,+) - see Appendix (B) for
a specific example of this technique in two
dinmensional elastic scattering. Semiclassical
solutions of equation (2.1) are valid when the
de Broglie wavelength is sufficiently swall that
the fractional change in V(s) over a wavelength
is negligible:5

A X(5)

A7) &
m 5

(2.2)



wvhere

A(s) = 1/k(s),

and
1E3

ki) = i 8 ['5*"\/(:»)'1;

n ¢

The sendclassical solutions of ecuation (2.1)

satisfying condivion (2.2) are of two types: oscillatory

for EPV(s) and exponentially increasing. and
decrcasing for 2L V(s). Condition (2.2) clearly
breaks down if E&V(s),that is necr the classical
turning points of the movion and evidently the exact
solution of equation (2.1) differs substantially
from its asynptotic representations near thece points.
Moreover,the sane asymptotic form cannot be used
to represent an exact solution of ecuetion (2.1) on
either side of the turning point,but on the
contrary different asymptotic forms are required.
This is the Stoke's phenomenon.58 Vhen present it is
necessary to essociate these diffevent asymptotic
representations with each other and this requires
the deduction of connection formulae.

There are two isin approaches available Jor

the calculation of connection formulae:

21



A, The real veriatle s in ecuation (2.1) is replecced
by a complex variable s, A conbour is then chosen
in the couplex s plane which avoids the turning
point neighbourhood. yet connects either side of
th§ turning point as recuired. This approach,
which has been called the phase integral nethod
(a terminology adopted in this thesis),has been

3 7 3 M - . L
described by Headlng59 and rfrdman and brbman.LO

B. Equation (2.1) is replaced by an equation which
approximates equation (2.1) in the turning point
rezion end for which an exact solution is known.

The asymptotic representations of this exact
solution are tnen joined on to the semiclassical
solutions of equation (2.1),from which the connection

formulae sre deduced.5

IMMethod (B) is the one used in this thesis.
Semiclassical connection formulae based on exact
solutions of the Schrddinger equation for a »narabolic
barrier and a parabolic well cre derived and their
properties developed. The resulting connection
formulaz contain explicit exoressions Ifor the
quantumn correction functions,whose importance was
first pointed out by Iord,Hill,l/akano and Iheeler.6

These correction rfunctions remove a singularity in

22
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the semiclassical description of orbiting collisions
(the 'orbiting singularity'), In contrast the
magnitude of these quantum;correction functions
cannot be determined by method (A).40,41 The
derivation of the connection formulae is described
below and in the following Chapters they are used

in a simple and direct manner to solve verious

physical problens.
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2,2 CONNECTION FUR.ULAE FCR [ PARABOLIC BAKKIE@

In this section semicl;ssical connection
formulae are derived from the properties of the
asymptotic representations of the Schr8dinger
equation for a parabolic barrier and their properties
ére developed.,

In the first instance the solutions of eqguation
(2.1) are assumed bto be subject to the boundary
conditions thet they represent incident,reflected
end transmitted waves with the trensmitted
vave noving off to the right (see figure (1)).

The semiclassical solutions of equation (2.1)

velid at large |s| are:

S
N o A o { ) k(ﬁh&’%dd}, =
¢ (s) Jee) P j (2.3)

for the transmitted wave and

(//(5) - ‘/.f(;)@x]o{ ('51((5’)4(5’1»6[%} T ‘/,_Ewexf{—-iikls')als’_yix}7 (2.4)

for the reflected wave (first term) and the incident
wvave (second term), Equations (2.3) and (2.4) need %o

be supplied with convenient phase reference points



Flgure 1

'"he potential energy curve V(s). V(s) is -
assuned to ve quadratic in s near its
naxinum. a and ¢ denote the classical
turning points and b is the position of

the barrier maximum. E is the total energy
of the system. The arrows indicate incident,

reflected and transmitted waves.
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(either the classical turning poiants or the top'
of the bsrrier - see below). In writing down phase
integrals as in equations (2.3) and (2.4) the
following conventions will be adopited: the intezrand
will be written in such a way as to nmake it positive
definite and the integration limits will be arranged
so that (uppef 1linit) ) (Lower limit). Other authors
adopt c¢ifferent conventions and somé care is necessary
when comparing results in the literature.

The problem thus reduces to the determination
of A,B,C which can always be chosen to be real,and of
the phases<i,%,x which depend on the choice of
phase reference points,such that the solution valid
for s)» O connects wibth that valid for s<«O.

The potential V(s) is assumed to be parabolic
near its centre so that (in the notation of figure

(1)):

VI = V) = gpd b, 2.5)

shere ) is the classical angular frequency of
oscillation in the upturned barrier. Equation (2.1),
together with equation (2.5) may be simplified by

the change of variable:
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¢ - E-VO),
H 19

ilv
Xo= (M) (,5”‘9)3

to give

A0 4 e ]¥0) = 0

A’ (2.6)
Ecguation (2.6) is a form of Yeber's equc—ltion.“g’q'3
The solution of equation (2.6) that satisfies the
above boundary conditions is in UTerms of Veber
parabolic cylinder functions:
. ~ (g ,
L{/()&) — U("‘v&) L b (2.7)

vpere the symmetrical notation U(a,x) of Iiller has
been used rather than the older notation D_aw%(x)
of '~;."}:1J‘.tt:1ker.42’4‘3 Ecuation (2.7) is related vo the
tabulated ?unctions (-€,+x) by:

, ) -/ T e : . i
U("Li,%z /4 - \77!-_2!5/4"2xf,[- o% + %araﬁ(tfai)]z:(‘i}%)’ (2.8)



and
-1 ot
E(’i,x) = k \/\/é—'t}?\) -+ Lkl \/\/("ﬁ,"%)) (209)
in vhich
K Cre &3 - o7
= ¥ 2 € '

mauations (2.8) and (2.9) are convenient for the
nunerical evaluation of equation (2.7). Using the

asynptotic representations of /(-~¢,+x) that are valid

for |x| le| ,nemely:H+2s*>

\/\/<,4_, (‘lk h[s o5 ’2}‘+ mex-LNjP(z‘“i) Z}

-5, S;“{Z{L s lan ~ iargﬁ({«» (;._).4-2 %] 5
and

VJC%JWQ ~ ( jh[ﬂiwn %friﬂﬂ*‘ijrYl*“ PA}

.{-5,_(@{ il—&-’z,fm)t «{MJP(%*“}*E}] ;

with




the asymptotic form for'(y(x) in equation (2.7)

becomes:

HV(x) L
YA
valid for x3 O and

Ple) LT

TE
2 zxf{c[%+éinx+g:{})

n

iR

-

v melq

(2.10)

(2.11)

- : .
+.L [H'J; ] 2 -exfl’t[‘ﬁ—rz,ﬁmle'%%—ijCJ{“i)]})

N

Vi)

valid for x&0; ia deriving equations (2;10) and (2.11)

. =2 . . )
terms in x (vhich represent first order corrections

to the asynptotic wavefunction) and higher have been

neglected., In equation (2.11) the first term represents

a.reflected wave and vhe second term an incident
wave (the direction of propagation of a wave is the
dircction in which its phase increases). Comparison
of the semiclassical solutions of equation (2.6)
with equations (2.10) and (2.11) then deternmines
the constants in ecuations (2.3) and (2.4). As a
concrete exanmple consider the case of a Transnitted
wave in the enerzy region £<0 with the classical
turning point (x = 2¢q£l) chosen as the phase

reference point (this is the situation illustrated
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in figure (1)). The seniclassicel solution of

ecuation (2.5) is in this case (xy» 0):

—-{f X
Pe) = Lo i)™ apf {1 2] ]
2V . ’

-
—

[/i -"li,lj exf{i :‘;1’}()(1,41&,)1!1/[f,[/iy\[x'f(}cl,éﬂil)'nj

+(smmaﬂ
y

{it
2 ' -
~ (5;) <xf{tlj% — el dnx % % EM'Z’]} (2.12)

In deriving equation (2.12) terms of order x™2 and

higher have agein been neglected. Compsrison of
equation (2.12) with equation (2.10) gives for the

constants A and A:

-niel/4 = T 4 (& —1e) tnle]
— - + - T t= *
A= < /\/9\ 3 A g 7 T3 Ic

A similar calculation nay be cerried out for the
o . , ¥ , :

incident and rglected waves,from which the
following connecvion foriiwulae maoy be deduced,

The funcivions:



5
| 2% { ¢£ e ¢s)els! 2 hT}
—— 4 -— — 2./1

valid for s ) ¢ connect with

A
: l . { j ] / ) ~Tt
— LxP3i T [<(s)0l§ ;“-ES,@
Vk(s) % 4

a

l 2] ~— / ¢ id{é(il -1ln¢ '
+\/—l;s)£¥'{ + LJSkU'MS * % }{ [1+ 2 ) (2.14)

valid for s@fa. The quantum correction function 4(6)

is defined by:

¢(2) = ¢ + arg(j(ﬁ;+iz) — ¢ hnlel, | (2.15)

WVhen the energy is incident above the barrier
maximum,a convenient phase reference point is the
top of the barrier s=b. On repeating the calcul-
ation described above,it is found that the connection
formulae (2.13) and (2.14) remain valid provided the
turning points a and ¢ are replaced by b. The
connection formulae are therefore valid for‘energies

which lie either above or below the barrier maximum,

32
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and They provide a direct connection between one
classically allowed resion and snother. The ractors
T/4 have been included in the connection Foriulae
(2.13) znd (2.14) to facilibtate their use in
conjunciion with connection formulae based on a
linezr turning point.5 The lower set of signs

in (2.13) and (2.14) arises by taling the complex
conjugate of the semiclassical solutions (2.3) and
(2.4)., The rforaulae (2.13%) and (2.14) provide one

of the desired set of connection formulsze., A similar

analysis based on the solution:

VQ(x) L)(’La) ’J¢4'0ﬁ4>)

of equation (2.6) leads to the second set of connection

il

formulee, ‘‘he functions:

A

[ . {-+;Sg ; (/_iiﬁ} o 4
LI X (s )els 4 (2.16)
k() I" 5 ’

valid for s a connect with

[ ; -f J - -Né
— 2 X« k(,)ds T
Vk(5) K ¢ > ) 4}6

s
l . I, ji¢(” - b
+ Qxf{ . k(ﬂyh,itﬂ.}z |+ (2.17)
Vi (s) i ! B ] :



3¢

valid for s)c and ?(2) is again cefined by
equation (2.15).,
lumerical values of ¢(£) are (nven in Table
(1) whils$ Figure (2) shows.a plot of <$(£) against
f_(argrk%+i£)‘is tabvulated in reference (42)), Since
arg(3+1€) = ~argl (3-i€), ¢(e) is an odd

function of ¢

b1 - - Pl

50 it is only necessary to plot ¢(E) for positive
¢ (say). The followving properties are cvident:
$(0) = 0 and ¢(0) = 0 with ¢ (&) rising to a

naxinum of 20,15 at ¢~ 0.3, Ecuation (2.15) shows

that the slope of c?(&) tends %o +@ as £~ 0

because of the presence of the logarithnmic

singularity at € = O, It will be seen in Chapters

(3)-(6) that this logarithmic singularity exactly

cancels znother logarithnmic singularity and thereby

removes an unphysical singularity from the
semiclassical analysis. IFisure (2) also shows plots

of:
Eb| ()" (55 4 £ e, (2.18)

where Zr= 1.78107 and



[iumerical values of ¢(a) = & + argrﬂ(%+ii) - ¢ln¢,

: o

0.00 0.,0000%**
0,05 00,1020 -
0,10 0.,1%567
0415 0.1491
0,20 0.1498
0.25 0.1442
04,30 0.1354
0,40 0.1149
0450 0.0958
0,60 0,080
0,70 0.0578
0.80 0.0583
0,90 0.0508
1,00 0.0450
1.50 0.0287
2,00 0.0212
2,50 0.0168
3,00 0.0140
4,00 0.0105
5,00 0.,0083

** UJging Iim €¢lng = O
£—=>0



Figure 2

The quantum correction function ¢(£).
he full line is equabtion (2.15).

The dotted line is equation (2.19).
“'he dashed line is the first term of
the series (2.22).

The dash-dot line is equation (2.18).
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3%

é;?m[| v b ~ 13 [, 4+ (-%) ] (2.19)
L e d T e Ll e

6,41

been su:sested for argrq(%+i£). The asymptotic

behaviour of <#(£) may be derived from the relation:

gyﬁrV{R?): a@rW@zg-aﬂrku)_—zaaz, (2.20)
13

wvhich follows from the duplication fornula:

M2z2) = @n)" 2™ ") 1(4+2),

with z = 1€ . In addition:*
o
1y-L
l Br (2 21)
; . i é Land 2 — — o [
ahz]rl(wll ~ 5/&\(7—) 2 Z—r Z v (2r-)) ot
i =

where Br are the Bernoulli nunbers,the rirst

three of which are:

B, = 1/6, B, =1/30, By = 1/42.

/]

Inserting equations (2.20) end (2.21) into

equation (2.15) leads %to:



CP(Z) S _Br «_‘f—,«(w; )’

2 1) s
o (2v ) s

e T 3oy (2.22)
24 ¢ 2330 ¢ 4¢320%

{!

The first term of the series (2.22) is within 15%
of the exact value of ¢(£) for £0.25 and '
within 10% for €)1.0; 1/24€ is also plotted in
Figure (2).

A suide to the regions where the semiclassical
solutions of ecuation (2.6) are valid may be
obtalined from the first order correction terms to
the asymptotic wavefunctions (2.10) and (2.14). In

particular if F+ 1s given by:

-

Ro- - g 2iGoY),
22"

it is found that equation (2.10) and the first term
of ecuation (2.11) zre to be multiplied by F_ whilst
the second term of ecuation (2.11) is to be
nultiplied by F+. A oomparisén of the asymptotic

representations (2.10) and (2.11) with the exact



4.0

solutions (2.8) and (2.9) indicates thet the

rense of x values for vhich (2.10) end (2.11) are
within an order of magnitude of the exact solution
may be Tound from the inequélities fil/x2~< 0,05
or (2-]¢1)/2x% < 0.05,with the larger value of X
being taken each time, For [¢| = 0,2 this condition
is satisficd at points one or Two wavelengths
outside the roots of the equation (x2 - &le]) = 0.

It is of interest to note that the trans-
nission coefficient derived from ecuations (2.13)
and (2.14),nemely (1+exp(n2rré))"1 has been proposed
on intuitive grounds by Bellm‘L (in 1959). His
considerations were based on the known behaviour
for ¢£%0 (transmission coefficient of unity), £<K O
(WIKBJ result based on two linear turning points)
and ¢ = O (transmission coefficient of approx-—
inately one half for an Eckart potential), Actually
this result for a parabolic barrier was lknown nuch
earlier45 although apparently not noticed.

Child®’ has intuitively derived seniclassical
connection formulae for a parabolic barrier fron
the ratios of the amplitudes of the incident and
reflected waves and his fornulse differ by the

onission of the phase factor <?(£). It was this



lack that pronpted the above more cebailed
investigation, Phase integral methods have also
been used to derive connection foriulae for a
barrier,40’44 out in this approach the vélue of
{D(e) cennot be deternined. On the other hand,
the phase invegral itreatment does notv require the
barrier to be exactly parabolic but only approx-
imately so. By comparison with the phase integral

results,equations (2.13)~(2.17) may be generalized

by the substitutions:

(4

~Trs —> jfk(S)‘JS €<O

)
&
éc
~TTs —> RQLJKGJVB 2>03
L

in which ia and ic represent the complex zeros of
the integrand in the substitution (2.23b). The
arrows becoile equality signs for an exactly para-
bolic barrier. TFor potentials which are even in s ,
the right hand side of the substitution (2.23%b)

contains no inmaginary part and the opveration Re is

4-1

(2.23a)

(2.23Dh)



superflucus.In the cneryy region € K0,the
substitution (2.23a) tosether with the parabolic
connecivion formulae become eguivalent to
connection formulee based on two linecor Lurning
points.5

The principel results of this section are
given vy the rormulae (2.1%)-(2.17). They may be
sunmarized in another way as follows., If the
semlclassical solutions of equation (2.1) to the

left and right of the barrier are written as:

A A
_El 2 {-—LJR{SUJS’} + < exf{ iskisgvh’;
Jar U Jrat UL,

5 .S
f_uxr{-;jkwwh’} + 4 u)o{c’jka')ds’f
e (5) < Vir(s) ¢ >

respectively,then the coefficients ¢, and C, are

related to C3 and Cy by:

where



IS LN
('_(_-‘Ti [l _L-L\l ~ 2 q‘(i)
C oy E\ . g:lﬁij([\:a_,“ﬂt_) _ L_L-l\i

otice also that C = C"q,that is C is a self-

reciprocal matrix

43
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249 COLNECTLON FORMULAE FOR A PARABOLIC VWELL

In this section exact solutions of the
ochridinger equation for a parabolic well will be
used o derive the approprizte seniclassical
connection formulae. In particular the waveiunction
is taicen To be exponentieally decreasing in one
classically inaccessible region and a semiclassical
expression for its form in the other classically
inaccessible rezion is found, The method follows
similar lines to that already described in Section
(2.2).

The potential energy for a parabolic well is:

ViEs) = Vi(b) + g/u‘@fl(-’»’b)l, (2.24)
where & is the classical angular vibration frequency
for the well and b is the classical equilibrium

value of s (the notation of Figure (3) will be used).,

With the change of variable

T 2 Ee-V(E
he

)

il
< () e,



Fizure 3

The potential energy curve V(s)., V(s) is
assumned To be uadratic in s near its
minimum., 2 and ¢ denote the classical
turning »oints and b is the position of
the well minimum, E is the total energy

of the systemn.

45
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equation (2.1) together with equation (2.24) becomes:

dtq’@‘) A [?;’- QL-L] U/(%) = O, (2 25)
1 4 - :
o(‘)k

A solution of equation (2.25) with the desired form
(exponentially decreasing for X}) 0) is in terms of

Weber parabolic cylinder functions:

Gee) = Ul-%,x), (

n
Y]
()}
~—

with an asymptotic re_presentation valid for {x]$7l€1

of:
G(x) ~ \./;'; exr('3‘+2,€mx), | (2.27)

)
for x»0 and since:4“’45

wV(-3)5) = [(3-2)[ Ulen) —snmt Ule,0)]

A"

Vegn) ~ (é)

= L 4xy(+ﬁ?-?£n%>)

the asympbtotic representation for x«O0 is

o~ —w‘/LH'?fﬁv\l)nl TAS 7 T b
Yir) ~ 0% +  (2n) _L[/“' Rl

3 (2.28)
V] (-7 Vi



a 9 "'2 . - . o
and terms of order « heve teen negleccted in
ecuations (2.27) and (2.28). For € »0,the seni-
classical solution of ecuation (2.25) corresponding

o ecuation (2.27) is

"
~ —f/ ')‘”' ~ ”L 1
S[/(y_) = [ ?l-;fl - iJ ?LX]O{ - \V/(N[ ; - ] 5{7\ % 3 (2.29)
2/ e

v . o
v (2> J;,x‘o}" + S t

ba
-« 4

Rl

where the lower integretion limit has been chosen

as the classical turning point (x = 24/%) in

ecuation (2.29) and in equation (2.3%0) terms »f

order x"g have zgain been neglected. Similar
semiclassical solutions nay be written down that
correspond to the asymptotic forms (2.28). By
comparing thesec semiclassical solubions with equations
(2.27) and (2.28) the following connection fornulec

may be deduced, The function:

S
1 " - ; /
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valid for s))c connects with

-~ a . a
YoTE ok {* (k(s’)d’} + A® { He(s)) A } (2.%2)
Jreor UMy S el feons :

valid for s<Ka,whére
Az) = _@n) 2xf(€ﬁ-?jml?o. (2.3%)

Equations (2.31)-(2.33) provide one of the desired
connection foruulae., A similar analysis based on the

solution:

(‘#(x) = U(“g’) ")“))

of equation (2.25) leads to the second connection

formula,namely for tW/O the function:

l i iyl * z
/IFZ;)‘] —QXID[ —l]kb)lds'}} (2.34)

valid for s« a connects with:

4m T ‘ AC ) J
Ly 2x _ . (S')’c'( I} Ll o, { “((')lcl 2.
s f{ ih< g + JeoT i 5 5} (2.35)

valid for sPHc¢ and A(%Y) is agein defined by

equation (2.33). The functions (2.31)-(2.35) nay



90

also be shown to be valid for €<0 provided
tne classical turning points a and ¢ are replaced
by b,the classical e uilibriun value of s. Thus the
connection formulee are valid for energies which lie
either above or below the bottom of the well and
they provide a direct connection between one classically
inaccessivle region and another,

The behaviour of 4(%) as a function of % is
shown in Figure (4). For €Y 0 the function oscillates
whilst for T < 0 the function asympbotically
approaches unity. For €70 equation (2.33) may be

written:

2 it o FE (2.36)

Acg)

\\

where the cuantum correction function ‘X(?) is

defined by:
N(F) = Fht =7 - Bu[(44%) w Lda2w, (2.37)
The reflection fornula?
[(4-2)(44%) = /e,

has been used in deriving ecuations (2.3%6) and (2.37).
X (%) in equation (2.%7) takes the values 0.35 at

> <5

¢ = O,2nd then decays to zero being 0.07 at ¢ = 0.5,



Fizure 4

The function A(E).
The full line is equation (2.%3),
''ne dashed lines are equations

(2.38) and (2.39).
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0.0k at €= 1.0 and 0.02 at € = 2,0, Numerical
values of ‘A(%) are given in wable (2)., wotice also
that (%) possesses a logarithmic singularity at
% = 0 and that the slope éf X (%) is infinite
there (comnare Cﬁ(i)). “ith the help of Burnside's

formula:46

’Q’V‘r][—%) hd (%~{:),ﬁ‘,‘(3¢-£) - % +:i’,”£«17_1—r y

the asyupbtotic form of A(Y) for 2”>70 becones:

AlT) ~ 2woae. (2.38)

. . ot
In a similar way,for ©<(0:

Alz) ~ | - (2.39)

Equations (2.58) and (2.39) give A(%) to within 10%
of its exact value for I?I)CLMu Their behaviour is
also shown in Figure (4). Comparison of ecuation (2.15)
with e_uation (2.37) shows that the quantum correction

functions ? and’y'are related via:

G () = —Tm(in),

It is clear that for large s the exponentially
increasing terms in the connection formulae (2.32)

and (2.35) completely dominate +the . exponentially



Table 2

ot (%)
0.0 O, 547*=
0.1 0.192 °
0.2 0.1%6
0.3 0,106
0.4 0,087
0.5 0,072
0.6 0.062
0.7 0,054
0.8 0,049
0.9 O.0O44
1,0 0,040
1.2 0.0%3
1.4 0.028
1.6 0.026
1.8 0.02%
2.0 0.021
2¢5 0,016

*+ Using Lim %lnt = O
T-oo
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decreasing terms except when

N

2 = Y\""-‘l" n = 0} ,)2j"') (2.1.'0)

in which case according Lo ecuation (2.36) the
coefficient of the increasing tern venishes. Ecuation
(2.40) then gives the eigenvalues of the corresvonding
bound state problem., It is this abrunt disavpearance
and subsecuent change in sign of the coefficient of
the leading term that gives rise to resonance effects
in orbiting collisions discussed in Chapter (3). On
the other hand,for @?(O according to equétions (2.3%)
and (2.39),A(%) is always finite and no resonant
behaviour is expected.

‘ihen the well is only approxinately parcbolic,
analogous substitutions to those employed in Section
(2.2) nay be used,namely:

<
TE —> jk(s)ofﬁ , o,

0
(2.41)

Ty —> Reijlk(ﬂjjs) T<O .

The arrows become equality signs when the well is

exactly mperabolic.



For use in later apnplications connection
formulae vnased on a linear turning point are
sumarized below.5 For the Iirst turaing point in

Figure (1) the functions:

&
-L »ZXf){i(jk(s’)Jsli (i
/() 5

——

§, (2.42)

AN

valid for s a connect vith:

S 5
e ) ¢ ol fna],
SR k(s")Ids } £ - { jlfli)lc ; 2443)
k)] i 2V k)] ’ & ) (

valid for sPya. For the second turning point in

Figure (1) the functions:
S

Jf:l:) if{’{ + 6! k(s1)ls' 402 }, (2.44)
valid for sy ¢ connect with:
: ¢ ¢
\/ﬂ;’;}'] .exf{ !lk(s’)lds'f jz?ﬁ—(—;’)—j ‘“F{ “J!HS')H;IS ) (2.45)

valid for s (c.
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3,1 INTRODUCTION

The system under consideration consists of
two particles interacting via a single s»herically
symnetrical povential energy curve., Systens of this
type have been the object of considerable study
by molecular veam technicues and a large auount of
24

information has been acquired, The SchrBdinger

equation that determines the scattering is:

,_2;_": V(R) 4 [VG)-EJY(7)= 05 (3.1)

vhere /A is the reduced mass of the particles, V(r)

is the interaction potential and E is the initial
relative kinetic energy or collision energy. 1t is
always possible to remove the centre of mass notion
provided the particles move in a homogeneous space,
Equation (3.1) is subject to the boundary condition
that asymptotically ‘#(f) represents an incoming plane

wave and an outgoing scattered wave:

R ke chey
P(F) ~ 2770 1 fee (3.2)

r



where © 1s the scattering angle and f£(©) the
scattering amplitude. The asympitotic form (3.2)
holds provided V(x) drops off more rapidly than r 1.47

The method of partial waves glves for f(e):8

f(e) = ?:(Uﬂ)(ez 5——!)@2(0«09), (3.3)

lLk :0

where in ecquation (3.3) k = (gu&/ﬁa)? is the
incident wave number, P;(cos®) is the Legendre
polynomial in cos9 and 2% is the {th order phase
shift defined below. The scattering vroblen thus
reduces to the determination of the phase shifts,
which in turn are found from the asymptotic form

of the regular solution of the radial wave equation:

- H AR [W) + AU ,t]r{j(,) O,  (3.4)
A 7

with
Ry(r) ~ in (lev = R +87), (5.5)
and

Re(2)= O, (3.6)

The reference phase in equation (3.5) is that

determined by the asymptotic form of the corres»onding

59



fth order spherical Bessel function,that is the

free particle solution. A semiclassical expression
for 5& in the orbiting case is derived below,
Inportant measur_able quantities are the differential
and. total cross séctions, I(®) and < which are

given in terms of the phase shifts by:8

T(8) = |fe)l", (3.7)
‘ (2040
O‘~ = 4:1‘; E:,(ibv\lgx' (508)
k™ X

The orbiting phenomenon arises from the form
of V(r),which typically has a short range repulsive
part and a long range attractive part so that the

effective potential defined by:

Volr) = V) + 20U
Yone*
haes a naximul and a minimum for a certain range of
f values and for a certain range of energy, E - %ﬂr)
possesses three zeros or classical turning points .
(An additional possibility is that V(r) itself
possesses a nexinum and minimum). This situation,

which is illustrated in Figure (5),gives rise to

the phenomnenon of orbiting or spiralling,48 Classically



fizure 5

“he effective povential energy curve Vx(r).
E denotes the collision energy. &y, Cp, €
are the classical turning points, dﬂ is the
position of the barrier maximum and ?ﬂ is

the position of the well nminimun.,

6l
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orbiting occurs when the collision energy ecuals

the value of the effective potential at its mexinum,
that is when E = YRCdﬂ) in the notation of Figure
(5),and the particles then drbit around each other
for an infinite léngﬁh of time. It is shown below that
in a semiclassical treatment this infinite lifetinme
is replaced by a finite one. For E somewhat greater
(or somewhat less) than Vﬂ(dl) the two particles
execute several orbits before separating again., This
type of behaviour will also be encountered in
Chapters (&4)-(6).

Figure (5) also shows that quasi-stationary
states may exist in the dip of the effective potential.
From a classical viewpoint these staltes are stable
but quantum mechanically they have a finite lifetine
because of the possibility of btunnelling through
the barrier., Such guasi-stationary behaviour may
be understood in terms of complex energies,whose
real and imaginary parts determine the resoneance
energies and widths of the states respectively. In
Sections (%3.,2) and (3.3) expressions for the resonance
energies and their widths are determined from the
seniclassical expressions for the wavefunction

derived with the help of the connection formulae
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s

given in Chapter (2).

Using the boundary condition that the
wavefunction is regular at the origin,btogether
with linear and parabolic connection formulae the
form of the wavefunction in the regicn r»>§2 is
found. For energies nezsr the maximum in the effective
potential,connection formulae for a pnarabolic barrier
are valid for the semiclassical analysis,whilst for
energies near the bottom of the well,connection
fornulae for a parabolic well nust be used. Imposing
the further boundary condition thatl there be no
incoming wave in the region r»>eg yields a complex‘
Bohr-Sommerfeld quantization condition for the
resonance energies and widths of the quasi-stationary
states. This quantization condition may be solved
to give explicit expressions for the resonance
‘energies and their widths when the separation of
the states is much greater than théir widths. It
is shown below that these expressions allow the
phasevshift and cross sections to be expressed in
.a& Breit-iligner resonance form,

Orbiting collisions asre of interest in a
variety of collision processes and related

I

phenomena. ‘Yhese include atom—atom?" atom-molecule,10’49



. e g s s 1
1on~molecule,5o and « particle coL1151ons,5 y 02
rotational predissociation?a(which may be regarded
as the inverse process %o orbitingzg), the effect of

. - st cttapingd DD
curve crossing on elastic scatlering (the
existing seniclassical Ttheory breaks down when E %’Vj(dﬂ)
for a lower adiabatic curve of the shape shown in

: . . : : 56,57
Tigure (5)),and three body recombination reactions.”  ?
In the last example,a recent theory of three body

recomnbination reactlions assunes the mechenism:

X+ X @ X5,
E3

wvhere X2 denotes an orbiting complex,which then

suffers an inelastic collision with a third body M

X2 + M — L&2 + M,
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3.2 SENLICLASSICAL  ANALYSIS

- The choice of connection formulae is determined
by the value of the collision energy relative to the
nininunm aﬁd maximuﬁ in the effective potential. In
the first instance it is supposed the collision
energy is near the barrier maxinum so that the use
of parabolic connection formulae for a barrier is
valid for the semiclassical analysis, When the
collision energy is near the minimum in the effective
potential,parabolic connection formulae for a well
nust be used.,

The boundary condition. (3.6) that Rg(r) be

regular at the origin requires that the semiclassical
solution of equation (3.4) be exponentially
decreasing in the region r<<ai. This boundary
condition cannot be satisfied by the ordinary
semiclassical solution however because Vx(r) varies
rapidly for rx~ 0, By means of the Langer transformation37
it is possible to use the semiclassical approximation
near the origin provided that [({+1) is replaced
by (Q+%)2 in the effective potential, The semiclassical:

solution in the region rayg is therefore:
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. A
R = K axpl = i
’ i | iﬁﬂ N4 (3.9)
where
. el
k() = 2] £ - Vi) — () }
) = (%] ORI

and K is a constant whose value is chosen later, The
use of linear connection formulae,equations (2.44)
and (2.45) gives for the semiclassical solution

in the region ai<(r<gq£ which connects with equation

(3.9):

.
Rete) = 2K cm{ Skﬂ(r')wh’g}- (3.10)
\/kj(f) %R

Equation (3.10) may be written in terms of the

phase reference point ¢y (or d, when B>V1<di)):

. C( .'(: (E) - C1 ‘
¥ (E) . ) , "SZ ¥ m
bl = . [e j “f[- le’l({ )A{’-Lg} T ﬁxrjtik"( L ‘%”9

()
(3.11)
where «;(E) denotes the phase integral:
/s Ce
& (€) = fkﬂ(r)dr. (3.12)

A,
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Equation (3.11) is now in a form suitable for the
application of parabolic connection for.ulce for
a barrier. (equations (2,16) and (2.17)). The result

for the wavefunction in the region r};gz is:

Ry(r) i/éi{{) [ { ﬂf{(f'):lfdr} + A .QXID{-‘LJ!T,(({I)gf + g” ]

(3.13)
where
(e =d(e)]~ ae, i - (Xy(€) -
A L4 (E)-¢ (e TLH-Q)' ML . Q"fa) (3.14)
and
s -~ Vo (4
ZQ [: E( 1) (5015)

’R%

with dg’ thevclassical angular frecuency of vibration
in the upburned barrier. To avoid cumbersome equations
in what follows the notation T¢g will be reteoined

Tfor the integral substitutions (2.23). Equation (3.13)
(together with equations (3.14) and (3.15)) is the

key ecuation in what follows. From it is derived the
phase shift and the resonéﬁce energies and widths of
the quasistationsary states. Hotice that the first

tern in equation (3.13) is the complex conjugate of the

second term -~ in accord with the conservation of Tlux,.
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Bguation (3.1%) may be rewritten as:

R)z(f) = _L se'm{ XIQ(I‘)AU;J - Ld(a) +u;)(t:)} (3.16)
k/kj(() 24
wnere
(r
5 ) = G { TG)- e [l9)- 1 ¢ e (3.17)
T(&)+1
with
2 t
T(e) = L[+ < A

and the branch of the arctangent is determnined by

, . U\ . )

the continuity of ¢%(L) in equation (3.17). The
constant K in equation (3%3.1%) has been chosen so that
the coefficient of the sine wave in equation (3.16)
is unity. The reference phase is thal determined by
the asynptotic form of the fen order spherical Bessel
function (see equation (3.5)) so that the phase

shift 4%(E) for this three turning point problenm is:

. @) ()

Op l€) = (E) t 9y (€), (3.18)
where

5 = Lo { fkc, [ k«} + WL - 1)L (3.19)

R A 2R/
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In the energy rezion 21770 the factor (T(Eﬁ)«ﬂ)(m(g)+1)“1
rapidly approaches unity so thatb éka) contributes
a term <{I(E) to the phase shift (CF(@Q)-—%>O as ¢,-7¢0),

which tecones:

-
5ﬂ(g) = Lom { ka(«’)&/'uk/} + (i*i)"{' (%3.20)
>y “)z

Equation (3.20) is just the value for the phase
shift in the absence of a barrier.5

When ¢;,40 the phase integrals oocun;ng in
equations (%3.17) and (3.19) may be expanded in a

similar manner to that employed in Chapter (2):

o(ﬂ (E) = 5:& - %yfe”\ l <5J + other tzrms A
. ~ » (3.21)
Jki(f')cf/(, = 5} - %ﬁ'ﬂ'\lij(, + sther  Cavms ;

2

where 'other terms' denotes contribubtions not

related to the top of the bvarrier. In The absence of
the quantum correction function <¢(£p),equation (3.21)
would »nredict an infinite rate of change of the

phase shift with £ at % = 0 and derivatives of the

phese shift (such os the deflection function )
2 9%(E)/D,Q) would be divergent at &y = O, This is



the orbiting singularity. Recalling vhe definition
of ?(%;) (equation (2,15)) it is seen tha’ this
ingularity is exactly cancelled and the divergences
GO not occur,

In the energy region ¢<«0 the factor
(T(%ﬁ)-q)(T(fi)+1)~1 is very small and coasccuently

() TR ”~ Q(') [ ] (] 3
the contribution from <&<E) 1s constant exceuvt when:

dﬁ(g) ~ CM%’)W * "icf'(il) y P00 (3.22)

in which case according to equation (%.17) the phase
shift rapii% increases by Ti. In this energy region

(SE%E) is the resonance contribution to the phase
shift whilst éng) is the non-resonance or 'potential!
contribution., In section (3.3) it is shown hew,with
the help of equation (3.14),equation (3.17) may
be reduced to a Breit-i/igner resonance form.,

It is instructive to conpare the phase shifi

given by ecuations (%3.17) and (3.19) with the sinmple

semiclassical result for this problem. The latter

may be written:qq
-
(€)= Lo { ka((')a((’—kr} + (#)% (3.23)
e 2,

+ G ot b )]
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where S(QQ) is a step function:

O (%)

[ & v 0O

W

0

O g, < 0O,

Comparing equations (3.17) and (3%3.19) with equation
(3.2%) shows that the latter contains no provision
for tunnelling through the barrier or resonance
effects when £<O0 or for the partial reflection of
the inconing wave by the centrifugal barrier when
t,7 0, The failure of the simple semiclassical phase
shift (3.23) in comparison with the exact phase
shift obtained by numerical integration of the
radial wave equation in the orbiting region is well

known.58-6O

6 have obtained

Ford,Hill,Wakano and Vheeler
an expression for the phase shift by fitting a narabola
to the maximum in the effective potential, However
their result is not expressed in terms of classical
phase integrals and is consequently very compnlicated.

61 and Dubrovsky62 have obtained expressions in

Hern
closed form for the phase shift and it may be shown
that the simpnle result contained in equation (3.18)

is equivalent to their much more complicoted results,
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1 . . . s
Herm6 has compared his' semiclassical phase snift

with the exact numerical results of Bermstein,Curtiss,
Iman-Rahajoe and Yood for a Lennard-Jones (12,6)
potentia&igExcellent qualitative and good
quanE;tative agreenent was found. The semiclassical
result begzan to fail for small values of the orbital
angular momentum quantum number ( {4£10).

Phase integral methods have algso been used to
derive phase shifis for this three turning point

problen. Miller41

has explicitly demonstrated that
in this approach (f(iz) is of an unknown nmagnitude.
Livingston65 has also applied phase integral methods
to this problem and has concluced that resonance
effects are associated with pairs of virtual

energy levels in the dip of the effective potential.
Since the seniclassicsal phase shifts discussed above
(and those mentioned in references (64) and (65)
below) show no such pairing effect (nor have
calculations involving numerical integration of the
radial wave equation58"6o), it is important that
this discrepancy in the theory be resolved. It is
shown below that whilst Livingston's expression for
the phese shift is essentially corfecﬁ,the pairing

effect arises from an incorrect specification of the



T

resonance conditions in reference (63),.

A resonance occurs vihen o small increase in
enerzy results in a ranid but smooth increase in
the vhase shift. The centre of the resonance is the
point of mexinum rate of this increase ~ a point of
inflection in the phase shift . Equation (3.17)
shows that the points of inflection which determine

the resonance conditions are given by:

il

(E) = (arb)T = £ llen)), 0= 0,120

(3.24)
Equaticn (3.24) is an extension of the standard

seniclassical quantization condition (%*#OiMD
represents a level shift). Livingston's expression

for the phase shift may be written:

%(€) » SSNE) + L D ECED, cpi‘i{z[(xi(e)ﬁcp(ez)]} _m
> 2T ) o i - 0| 2

Lch 3 ! ] . (3.25)
which is obtained from equation (%.17) via the
identity:

- -\ i }
6 (-27) = 4 L)) -

with

s (HT)/{ (“T)Cﬁfdf(s)-{crzu)j}.



As noved atove,a thase intexral derivation of
equations (3.17) and (3.25) does not allow the
nzgnitude of ¢(52) to be determined, Comparison
of equatio§;$ith equation (%0) of reference (63)
shows thalt the latter corresponds to the choice
@(%Q = +T . From the preceding discussion it is
clear that this choice is incorrect. The form of
equation (3.25) led Livingston to conclude that a

resonance occurs whenever the denominator of

equation (%.25) vanishes,or equivalently whenever
. -1
Com [ 45 (8) =L ten)] = = (T+1)(T-1)7,

that is,resonance pairs situated on either side of
%ﬁE) = (n+3)TT  + %&(21). It is easy to show however

that this resonance condition is incorrect since it

aoes not correspond to a point of inflection in

the phase shift. The points of inflection are of

course given by ecuation (3.24) because equations
(3.17) and (3.25) are identical. The prediction of

»

*
resonance pairs nust therefore be abandoned.

**Livingston (private communication) has agreed with

the above analycis,
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An important case not covered by ecuation (3.13)
occurs when the collision energy taites on values
near the nininum of the effective poltential well.
Connection formulae for a parabolic well nust then
be used in the seniclassical anelysis. Inposing the
boundary condition that Ry(r) be regular at the
origin gives ecquation (3.9) =s the solution valid
for ré(gl. In the region q}4<r<<qﬂ,the connection

formula (2.35) gzives for the solution there:

‘ﬁﬁjg;xjr{- [buﬂh@j} + Aéa})zxp Lq@th} (3.26)
Ik ()] <% ik, ] { iz )
wvhere

> . E - Vel(b
22 - E Vg(i)_)
Oy

Y. . . o
and tp is The classical angular frequency of

oscillation in the potential well. In addition:

H
Alz) = (2] o[ & -Baa]
[(-%)

= Qo) exp(~X(5)) f 0.



The phase intezrals in (%.26) may be written in
verns of the phase reference point ey and linear
connection formulae,equations (2.44) and (2.45)
used. to find the solution valid for rS?el . The

result is:

77

Ao S B 1l | .
0+ o] o] el o]

where
B = Coam(ndy)enpl-re)] + 4 wa(mi)exp| pale)-X(5)],

and where @(E) denotes the phase integral:
22
(52(5) = yl GIEE
2
¥ is a constant in equation (%.27). Equation (3.27)
is restricted to E;}{hthe energy range where
resonance effects are observed, Equation (%.27)

may be written in the form:

. )
Rot) = AL sl flt)t'+ T+ G, (E)}
i J, ) { éf

~
wvith K hav_ing been chosen so that the coefficient

of the sine wave is unity. In equation (%.28):

(3.27)

(3.28)
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Z,‘E")(g) = (Io«:' { Z:C Q:(F[—"Z{ I‘A’z(f)‘i;’}/(g,’e)h &W‘P‘ g;i }3 (3.29)

and the phase ghift becones:

€)= 5@ + 5. (E) (3.30)
with
-
SHUE) = (L:; {lﬂkfi"")”i’l” kr} + éi‘f{)—l{ . (3.31)

For energies near the bottom of the well @ICE) nay

be expanded (compare equations (3.21)):

Gﬁ(g) = - 3:'5 -+ &b’s} + &ther term;,
P P

and recalling the definition of‘?{?}) (equation (2.37))
it is seen that the logarithmic singularity in (p(E)

is exactly cancelled by that in X( %,).

64

Buckinghem and Dalgarno and Berry65 have derived

formulae for the phase shift equivalent to equations

(3.,29) and (3.31) but from which the quantum correction

& has demonstrated

functionf}(?&) is absent, lHiller
by phase integral methods the necessity for a factor

of this type,but the correction function that he
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sugpests 1s analogous to that for a notential
barrier and therefore incorrecti*

Scuations (3.17) and (5.19).hold for enerzies
near the naximum in the effective povential,whilst
ecuations (%2.29) and (3.31) are valid for enercies
near the minimum in the effective potential., The
connection between these two cases follows from the

observation that equation (3%3.17) reduces to:

.32)

N

r - - if
s = LM e (

for ¢,&0,which tozether with the integral represent-
ations for ¢, and %, (equations (2.23%) and (2.41))

and The results:

¢<|§J) -2 | €] = o,

shows that the phase shifts (3.18) and (3.30)

become equivalent in the energy recion in which

ey -

** 11iller (private communication) has azreed that
’X(E}) is the appropriate guantum correction function

to use,.



they overlap. In particular the argument and
coefficient of the tangent term in equations (3.17)
and (3.29) are within 10% of those in equation
(3.%2) for 2Q<“0'25 and ’?;}O.Z!-O,x-ihere for
convenience the identifications {4 =Tz and

dy = ﬂ@i‘}?ﬁ?. (the value at the first resonance)
are made., On the other hand if the dip in the potential
is so slight that the {true three~turning-point
problem cannot be regarded as a composite of one-
and ‘two-turning-point regions,the above analysis
breaks down and another approach is required.

The derivation of the phase shift presented
above appears to break down in certain other cases
also. For example for energies avove the barrier
naximun the rangé in which connection formulae for
a parabolic barrier can be used between ay and dﬂ
decreases as the energy increases (see Chapter (2)),
but as %E) rapidly approaches the value of the
phase shift in the absence of a dip,equation (%3.18)
nay be teken as valid in this region., A similar
consideration applies to energies below the mininum

in the effective potential,



3,3 COIPLEX EWFRGY FORUAT,ISH

The guasi-stationcry states in the dip of
the effective potential have a finite lifetime
because of the possibility of tunnelling through
the barrier. Yhis situation is reoresented by
imposing the boundary condition that solutions of
equation (%.4) represent outgoing waves at infinity.8
This boundary condition requires thalt the energy be
comnlex,

In the first case it is assumed that the solution
valid for r§7§1 is given by equation (3.13). The
conplex eigenvalues of The energy are found by
equating the amplitude of the incoming wave in
equation (3.13) %o zero (that is A* = 0). This leads

to:

(E) = (n+E)T + & dle,) “--j;/?w('”m); (3

with n = 04,1,2,.+. which is a complex Bohr-
Sommerield quantization condition., If The potential
barriers surrounding the dip were infinitely

high and wide so that ¢ —»=-w , equation (3.33)

would reduce to:

gl
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Ay (Ew) = §k10>d« = ()T, (3.34)

ag
The usual Bohr-Sommerfeld quantization condivion
for a potential well, ‘‘he extra terms on the right
hand side of equation (3.%%) thus crise from the
quasil-stationary nature of the states. The introduct-

ion of a complex energy:

E 2 EHZ - —;—:« ne Y Eh,f> 0 ) I’:i >0) (5-35)

cheracterizes these properties in a sinnle way.8

In equation (3.%5) B i1s the resonance energy

ng
and F7ng the level width with the physical

interpretation that the system decays according to
the exponentiall law exp(uljnit/iﬁ)and the lifetime

Voad ' . o~ b A~ = /ﬁ
Ty of a state is given by 1y, /[ﬂn}.

There is an alternative physical interpretation
for [’LJ

wvave in equation (3.13) is set equal to zero,there

however, If the amplitude of the outgoing

results the quantization condition:
. 2
LH(e) = ()T +Lla) ?ﬂm(:u”ﬂ), (3.36)

with n = 0,1,2,.... Associated with ecuation (3.36)
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is the complex energy:

o= By A %{”)E‘ﬂﬂc’a oz > 0

with the physical interpretation that the gysten
builds up in tine according to exp(]hﬁt/ii).lt is
also clear that ¥, = \”’mZ . In Chapter (5) it will
be shown that setting the amplitude of the inconing
and outzoing waves To zero in the seniclassical
description of resonsnce tunnelling reactions will
result in'Yﬁﬂ + ’#Lﬂ ]

LZcuation (3.33) @nd equation (3.%5)) is valid
for energies above or below the barrier naximun
out physically the most interesting case is when
the energy levels within the dip possess small
widths conmpared Qith their separation., For this

case equation (3.3%3) may be written:

Ce .
&Skz(v’)t}# = (n+{)T|' '{9‘5(‘ 5;2() —iﬂv‘ (I+£—2HI%21), (3.37)
]

Inserting the complex energy (3.%5) into kx(r)
and expanding to first order in fjnﬁ (a valid

procedure since r;TQCE for sherp resonances) gives:

ng

<y C»(
j’kf(y) Ao A %l* j {Z/u [Ehl' \/i(()J}tllolr - @ 5 (3.58)
C(I C(l 27: L‘)hl
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wnere

L%J<E = /CMJ %MLEM NQ(ﬁH ”Ebj

is the classical angular frequency of vibration for
the well, If the minimum of the well is quadratic
in r then the integral (3.37) nay be evaluated
directly in which case the expansion (3.38) is
exact. Coapering the real and imaginary parts

of equation (3.%7) and (3.38) yields:

e
Iy
«"é‘“%fewwmlﬁf = ()7 -Lg(lz0),  (3.39)
4
e = R (g gleal) (3.40)
21T
The subscript n on ¢ in equations (3.%9) and

ng
(3.40) indicates that ¥ has been replaced by Eny

in the equation definings%(equation (%2.15)) since
terms arising from the imaginary part of E in

the rizht hand side of ecuation (3.37) may be
neglected in this order of approximation. Comparing
equation (3.%9) with ecuation (%.34) shows that the

resonance energy has been lowered relative to the
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energy levels of the bounded sysiem since (#(M%J)>,O,

in accord with the greater freecdom of the system.
A similar analysis may be carried out for the
case of collision energies near the bottom of the
well, Equating to zero the amplitude of the
inconing wave of equation (3.27) yields the

following complex quantization condition:
~ | , -1 : ' ~
meg, = (’n+{)?u‘ - ¢ (,oju\ ‘{4"“? [_Z(Sz(g)"/)((iz)]}a

and introducing the complex energy (3.35) into

equation (3.41) gives:

and

—

ry:( - 2FW, w’bL”'{l,Luf[Z B (€)= ’Y(iu)]},

for the resonance energies and widths of the

quasi-stationary states respectively. Equations
(3.42) and (3.43) become equivalent to equations
(3.39) and (3.40) in the energy region where the

two cases overlap.

(3.41)

(3.42)

(3.43)

Eguations (3.3%9),(3.40),(3.42) and (3.43) provide

expressions for the resonance energies and widths of



the quasi~stationary levels when the widlihs of

vhe levels are small comrared with their separation.
‘‘hese states may ve regarded as a contvlinuation

of the true bound states enbedded in the continuunm
by the centrifugal barrier and thus may be
characterized by a vibrational and rotational
quantum nuaver (n and ). In particular the orbital
angular momentum quantum number beconmes the internal
rotational quantun number of the collision conplex.
An approximate solution of equation (5.39) nay be

found by writing:

\/JZ(”) = Viiw + é/wfv"—t- 1(1“”?')

7 27To

on the assumption that the potential well is

36

sufficiently localized to allow the moment of inertia

Io of the conplex to be regarded as consvant and

that the interaction potential possesses a quad-

ratic minimum. V is the minimum value of V(r).

min
Equation (%.39) gives in this case:

Ehl = VM + (”‘*—’L)tk) 4 j—_(:kijl,_)_kL)
2T,

(3.44)



and the small tern that ‘represents a level ghift

in eauation (%.39) has been neglected. Then
equation (3.44) shows explicitly that a resonance
occurs wienever the collision energy coincides with
one Qfﬂthe vibration-rotation states of the conplex,
Bauetion (3.42) can be treated in a similar manner.

Returning now to the real energy case,vhen the

collision encrgy is near a resonance:

E = E“i + 5E

7 2 - fa) o < T
wvhere E , and §E are both real and [SE|K E ) end

following the derivation of equation (3.38):

C'l Cx
jk,z(r)fl« 8 Jf{ L 'Vz(«)]}‘hc(/ + BT
a"z g 6‘1 _Ew-.d

Substituting equation (3.45) into the expression
for the phase shift,ecuation (3.18),and making the

~

approximation valid for all £&_

n/Q'

_L/va(l-k[m'ihd) ~ T ($g) 'l,
G T(ihx)""

together with ecuations (3.39) and (3.40) allovs

the phase shift to be written:

(3.45)
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Z(Ehﬁ- E)
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By ()

Equation (3.46) is an exoression of Breit-lisner
form,8 and clearly demonstrates the iacrease of

7 in ;&(E) on passing through a resonance., In a
similar way Zor energies near the well minimun,
equation (3.30) together with equations (3.42) and
(3.43) may be reduced to the resonance form of equabi
(3.46),

From equation (3.46) the scattering amplitude,
differential snd total elastic cross sections may be
written down.® If only-a relatively sma2ll number
of partial waves contribute to the scattering
anplitude (3.3),it is possible to associete the
special fealures observed in the aifferential cross
section (3.7) with individual partial waves.66 t/hen
a large number of partial waves contribute,the stand-
ard seniclassical technicues for. the evaluation of
the scattering amplitude cannot be used as these
require<@CE) to be a slowly varying fuanction of,f.3

The total elastic cross section (3.8) is given

by:

3%

(3.46)

on
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& (E)

il
&
>
)
3
K? -~
=
—

(3.47)

where

%\"@Z(e’) = (Enl -t )L %"’51(") + U—:ih)l wasz)

(En,l'E)L‘f' (’:‘411)1 (EM‘E)I'*‘(G,(’?-)‘I
* KuhX&r@wﬁwwf{ (3.48)
(E,-€)"+ (L)

Equation (3.48) shows that a resonance occurs forp

5 o= qu and that the shape of the resonance is

determined by the value of %fh t/hen 5?‘: nm a

large positive spike appears in the total cross section
. . . (c

on passing through a resonance whilst for <%)= (n+3)T™

a large negative spike is present. For other values

)

(( . L » L] ] * N el *
of ¢," both positive and nezative contributions will

be present.

The :easured total cross section will not be
that given by equations (3.47) and (3.48) because
in an experimental deternination there will be a

certain energy spread AE with AE)?l/Tnjo The
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neasured total cross secévion [k@ fron a sincgle
resonance spanned by AR is:
Eo + DEL

Ns = ‘i‘};}{ ('Ll—H)Z_SlE_ j %L[%(E)jojg)
EM’AE/L

= AT ()| w5 4 Tﬁmﬁf’], (3.49)
kl ZAE i

and the resonant behaviour of the cross section is
now determined by the second term in equation (%.49).
Equation (3.49) has a bearing on a recent
controversy concerning the correct classical limit
for the three turning point problem,65’67“69 Curtiss

and Powers67’68

derived an expression for the semi-
classical phase shift (using a formalism based on
the density of states) which indicated that in the
classical linit there is a contribution from the
classically inaccessible potential well region

a, & r<«cy but that this contribdbution (as was pointed
out by Barker and Johnson69) is independent of the
height or shape of the barrier in the region
cprgeg. This difficulty has been resolved by

the work of Berry65. Berry points out that the phase
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shift is not an observable quantity and that

the correcv procedure in passing to the classical
limit is to take averages of observable quantities
such &s cross sections, Vhen this done,vhe
contributions of classically inaccessible regions to
averages of obLservable quantities vanishes in the
classical limi‘i;.65 It is cleaxr that the second Term

in equation (%.49) vanishes for i—>0 since,from
equations (%.40) and (3.43) the width varies as

ah exp (=b/A). This is also the case if equation (3.48)
is averaged over nany resonances (the level separation
varies as c¢c4) so tha% the contrivbution from the

potential well disappears in the classical linit.

As a general guide to the detection of the
resonances,the strongest well-resolved resonances
may be taken to have a width equal to the rotational
constant*ﬁ2/2lo of the collison conplex because
from equation (3.44),although resonances with low X
values would overlapythose with high £ values would
be well resolved.24

'’he orbviting resonances will appear as additional
structure suverimposed on the glory oscillations of
the total elastic cross section,? phe glory oscillations

arise because the partiszl wave sunnation for the
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total cross section,ecuation (3.8) contains two

. . . < .
renges of A volues for vhich ¢ is a slowly

section using equation (3.8) %ozether with phase
shifts obtained by nuierical integration of the

radial wave ecuation have clearly shown the expected

~
resonance effects.06’70’71 ‘'he first experimental

detection of these resonances (for the systen

H + Hg)

Y

126 been reported by Stwalley,liiehaus
and‘Herschbach.7q However the resolution was poor

and no detailed information could be deduced.s
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4,1  IHTRODUCTILION

In this Chaplter a tractable formalism is
developed for the calculation of the differential
and total eleastic and reactive cross sections for the
electronically adiabatic bimolecular exchange

reaction:
A+ BC — AB + C, (1)

The model chosen to describe the reaction (4.1)
is one in which the three atoms are at all times in
their preferred configuration (which is taken to be
linear) and with the whole system free to rotate in
three dimensions. The restriction of B having an
infinite mass that is present in an earlier model
is removed.24 This model does not take into account
the effect of the BC rotations on the reaction. An
approzch to this problem for a two dimensional
systen is described in Chapter (6).

The plan of this Chapter is as follows. The
hamiltonian for the system is derived in Section
(4.2). An important feature in the development of
the theory is the introduction of a mathematically

neaningful reaction coordinate which veries in value



5

from - ¢0 at the beginning of the reaction to +

at the end. In Sections (4.3) and (&4.4) it is shown
how an adiavatic separation of variables reduces

the scattering problem Vo the solution of a one
dinensional Schrddinger ecuation for motion along
the reaction coordinate. A semiciassical
deternination of the phase shifts and reflection

and transmission coefficients that occur in the
partial wave expansions for the elastic and reaétive
scattering amplitudes is the subject of Section |
(4.5)., Semiclassical approximations for the

partial wave summations are also considered.

The remainder of the Chapter is concerned with
the calculation of the phase shifts,deflecticn
functions and elastic and reactive cross sectioas
for three types of potential surface. The three
potential profiles along the reaction coordinate
that are chosen are (1) a profile of lorentzian
shapej this also includes the special case of a
flat potential surface along the reaction coordinate.
This form of barrier is chosen because the phase
shifts,deflection functions and cross sections may
be explicitly evaluated in terms of elliptic and

related integrals. (2) a profile of downhill type.
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(3) a modification of the Lennard-Jones potential

so that the resulting profile contains both a well
and a barrier. It is shown that at relatively low
collision energies,this potential surface gives rise
to two quadratic rainbows in the elastic scatbering
pattern and that as the collision energy increases
these coalesce to form a cubic rainbow, Cubic
rainbows have not apparently been considered before
and they are considered both classically and

semiclassically in this Chapter.



L,2 HAMTILAYONTAN AnD BOUNDARY COMDITIONS

The masses of A,B,C in reaction (4.1) are
taken to be mA;mB,mC'respectively with the distance
A to B and B to C being r, and ry respectively. It
will also be useful to define Eg(ﬁj) as the distance

of A(C) %o the centre of mass of BC(AB):

MG—)' mC
(J¢ = (-c, T __"‘ﬂﬁ__ ( .
MA. -+ '“0 '
The classical kinetic energy T for this system

(after removal of the centre of mass motion) is72:

-T— = T; -i‘ Tr,
where

q

2T

it

I( él'_i_ %‘LQ;P'L))

and the dots denote differentiation with respect to

time. In equations (4.2) and (4.3),Mis the total nass

97

= L 3 0 e ‘1
GT(: ﬁ'[mf;oﬂnhﬂ(){ﬁ + QmAmeAfc + ML(MA—‘HHG)(C ] ) (4.2)

(&+.3)
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of the systen:

tl

i
B
+
3

and I is the noment of inertia of the complex

about its centre of nass:

T = |\l/]_ [MA (V'1b+m(,) \/‘AL + QMAM(_{AQ + M¢(Mﬂ+\v\ﬁ)r:] .

Finally © and ¢ are the polar angles that characterize
the position of A, It is well known that scaling

Ty and To together with a skewing of the coordinate
axes renoves the cross terms in equation (4.2) and

that this 1s ecuivalent to writing the kinetilic

energy in terms of r, and (or r, and 1).72 his
A A C

C
is illustrated in Figure (6). The following relations

are apparent from that Figure:

g = kC.r‘- '3;4'\\6)

1 . = k/A'{A + k(,\,r( CU’DX)

where kA and kU are mass sceling fectors., ''he values
chosen for kC and kA are:

il

kc = [wk(MA+MQ] y
. M




Figure 6

The coordinate systen.
The quantities r,, rg, kp, kg, %X, ¥, , and
¥ are defined in the text.,

1
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To
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m ( ) ;h,
_ A My + m
= [ v LJ’

and ¥ is calculated from:

i1

X = | MeM ] |

e

'MA M

For examnle K'= 900 i1f B is of infinite mass and
O [3 L]  ®
Y = 60° if the three particles are of equal mass.

In terms of T and eA:

_ 1
[..,_“féﬁ&w] fe
m6+"’7c
v
[mlq(‘mg—%rng)] A
)
v

and the kinetic energy takes the simple form:

l

4

X

i

L

AT = o + gL-+ (m‘+3‘)(é14—%%19¢L).

Plots of the potential energy in the (x,y) space

normally possess two valleys,one of which corresnonds

vith the initially separated reactants and the other

wvith the finally separated products. These valleys

may be separated by one or more saddle points, If

no saddle noint is present the surface is of the

ol



downhill (or uphill) type. Suriaces of the downhill
Uype and those poésessing one saddle point are
considered in this Chapler; surfaces with two

saddle points are treated in Chapter (5). The
reaction path for the surface is defined as the

patn of minimal potential energy in passing from

the reactants region to the v»roducts region. If

it is assumed that the only energetically accessible
regions of the surface are those close to tThe

reaction path then it is useful to iatroduce

two new coordinates: a reaction coordinate s and
a vibrational coordinate v, If the tangent to the
reaction path makes an acute angle o with the
X coordinate (see Figure (6)) then s and v are

defined by:27

{ = —x wwd ¢ 3 S )

gc,gw\og +ij(,<,‘90§.

<
il

At the beginning of the reaction o = O and

5§ = - [}“A(M&‘fMC)] rA ,

02

(4.4)
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- _ TRE
v = { mG&‘:’\c ] r(‘
)

Mg t me
Thus initially s and v are ovroportional to the
distance of A to the centre of mass of BC and the
BC bond distance respectively,with mass weighting
factors equal to the square roots of the reduced
nass of the reactants and the BC molecule respectively.
Near s = 0,that is in the central region of the
potential where the three atoms are interacting
strongly,s and v represent the asymmetric and symmetric
stretching vibrations of the ABC complex resvectively.

Finally,at the end of the reaction where o = w-Y% :

v
§ = [ML(MAw‘MYB)]l&C’
M

i
V = [ MAmMg ] -

-
M+ MG Ay

so that s is proportional to the distance of C to

the centre of mass of AB with mass weighting factor
squafe (oct cf the

equaling theAreduced nass of the products and v equals

the AB bond distance multiplied by the square root of
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the reduced mass of AB, the ness weizhting factors
therefore change as the rcaction »rocceds,
In terns of these natural collision coordinstes

the classical kinetic enersy becones:

s T 1 1,1 av NI -
AT, = v+ (} + W5 1}; Hs + ARC +)/\Lb‘)) (4.5)
AT, = (s™o™)( 6 + sm B d™),

where X(s) = =~do/ds is the curvature of the reaction

28

path at each s. btiarcus has derived Tfor the kinetic

energy of a linear collision:

where the subscript M indicates that the definition
of s and v differ from those employed in eguation
(4.4), Comparing equation (4.5) with (4.6),it is
seen that the two expressions are sinilar except
for the curvature terms. These terms are neglected
in what follows; their most important erffect is to
induce vibrational transitions as the system passes
round the curved portion of the reaction path. The

kinetic energy expression becones:
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1T = é-+0- + (9%0”)((51* om0 sﬂm) ' (4.7)

In terns of the conjugate momenta px ='DT/Déd

equation (4.7) becomes:

O\T-L 1 ‘{_ “ + ‘——’.—_ + , 1
P t fo et Po <sm9m’ (+,8)

and the kinetic energy operator is now in a suitable
form for guantization.

/hen the classical kinebtic energy is given by:

2T = jz: ﬁ P P)’

where glJ is an element of the conjugate metric
tensor,the c¢orresponding quaniun mechanical

hamiltonian is given by:73

4 A Ik '/%Z-J 9"“}/‘5 ‘;/9_ ‘“’r -+ \/, (4.9)

where V is the potential energy of the systen,

g = det(gij),and the normalization volume element

is fEqui.

In the first instance the choice made for r is

a
T =g ¢, that is the volume element (32+v2)sinedsdvd9d¢
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of mass weighted three dimensional space. From
equations (4.8) and (4.9) the hamiltonian in this

space 1is:

- L * oI % 1A
ﬁ'f:"i{z +_2_$_.£2r{-'ﬁ/, .—(»WZ_([_.Q +t LL ‘_{__\/(_g)u-))

2 Lost st )s JUT sttuV :9_0‘ 2Lstevt)
_ 202 . Y At "t
where AL" is the total angular momentum operator:
AL - N
L = =1 2960 - _1 2,
Ym B 8 78 Ym0 DO
The Schrédinger equation is:
HY = EEP )
with boundary conditions:
&)
- ' — i s b -y
SL/(})U;Q) i 2 fn[u—) + < 5—()(9)?1(7),
57w
-3)
1 &
K N
(4.,10)
~ Jff&)ﬁ 'f(‘f-)(E)g )
. ~€ -
§= + " o 0,
5
“)
N

The first term in (4.10) represents the motion of A

. . . . Ay o
as an incoming plane wave moving in the z diection

and with BC in the vibrational state n (with
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eigenfunction § n(v)). The second tern corresponds with

non-reactive elastic and inelastic scavtering

whilst the third term corresponds to reactive

scattering (outgoing .waves only). The notation used

in (4.10) anticipates the further development of

the theory where it will be shown that the scati-

ering provlem may be reduced to consideration of

only two channels: an initial elastic channel and

a final reactive channel (these will be denoted

by a superscript (-~) and (+) sign respectively).

féke) and f&%e) are the respective scattering

amplitudes and k7’ and k¢ are the initial and final

mass reduced wave numnbers. The sumnations in (4.,10)

nust be consistent with the conservation of energy.
For the immediate develonnent of the theory it is

convenient to define a (non-physical) space with

volume element sinedsdvd@d4>. ihe hemiltonian in

this space is (from equation (4.9)):

[ 2D A-(L) 4 V(s,9),
H = 2{9 7}+l(s+0‘)

and the Schr8dinger eguation is:

Hy = E ¢, (%.11)
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Conparing the volume elenents of these two sypaces

shows that:

g? = %9 (s*+ JL)—/LJ (&4.,12)

and this may be verified by direct substitution. Fron
ecuations (4.,10) and (4.12) the boundary condition

on l# becomes:

“_Ck(:) e b ‘L-C-) ”
%%5@9) y;iw (-5)< 5 fn@)‘fzg:-i ks}‘?@)fnbﬁ,

h?ﬁh

(4.13)

(: (Hs .
N 2 ff“Yé)fn(d .
5>+00 —

k(f )’ n
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4,% ADTABATIC SEPARATION OF VARIABLES

For many systems the purely vibrational
motipn of the atoms is much faster than the notion
along the reaction coordinate,a circunstance which
allows an adicbatic separation of variables to

be carried out.24

The internal vibrdtional wavefunctions fn(s;v)

at each s are defined by:

{~"f§ 2} + V(5,0) gh(g;v) = V}(Q'Sm(s;u)) (&.14)
2 Ju™
wvhere V,(s) is the internal vibrational energy and
both Sn(s;v) and V,(s) depend parametrically on s.
For s—= ~w (+¢0) §n(s;v) andJVn(s) become the
vibrational eigenfunctions and eigenvalues of the
reactant (product) molecules respectively. An
approximate solution of equation (4.14) is obtained
by assuming that the disolacemnent along v is smell
at each s so that V(s,v) may be tsken to be quadratic
in v: fn(s;v) and V_(s) are then harmonic oscilletor

eigenfunctions and eigenvalues respectively,
Since the $3(s;v) form a complete set of functions

at each s,the total wavefunction may be expanded in
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terns of then:

Flsme) = Y U, 6)§as59) ) (#.15)

Substituting the expansion (4.15) intd the

» . *
Schrédinger eguation (4.11),multiplying by Sn(s;v)
and integrating over dv yields an equation obeyed

by ¥,(s,0):

1
Curs) = B [$h059 2 frt0de + 8030 Dhetsaded
g 25 3

and Ve is the equilibrium value of v. The bterms
Chp1(s) on the right hand side of equation (4,16)
couple toszether different vibrational states of the
system., lleglect of these terms means that the system
always stays in the same vibrational state: the
reaction is vibrationally adiabatic,and the expansion
(4.,15) then consists of a single term. The purpose

of introducing natural collision coordinates is to
minimize this coupling as far as possible, In many
reactive systems 1t should be possible to treat the

Cnn'(s) terms cs perturbations., However if different
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vibrational states become strongly coupled as the
recction »roceeds the above approach brecks down,
Vith neglect of the coupling terms the equation for

Y (s,0) sinplifies to:

\

{'—f‘ J5 4 Vals) + hr(L +) _E Yu(5,6) = O, (4.17)

2 I 2 (s*+ v)
and from equations(4.1%) and (4.15),%the boundary

condition for ?h(s,@) becomes:

-k 0 - e
QQ(EE)S;YM CHPIRE SRS

(4.18)

@)
ks #+) ;
5=+
Cnly two channels therefore remain in the theory:

an initial (elastic) channel and a final (reactive)

channel,
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b4 PARWTAL WAV: AUATYSIS

The wavefunction 4/ (s,0) may be erpended as a
swa over an infinite number of partial waves:
o

Z AL Sat(s) P;_(mé), (4,19):

[ =0

if

tl/n(j/ 9)

where L is the total angular momentum quantum number
and A; is a constant to be chosen in accord with

the boundary conditions (4.18). Substituting the
expansion (4.19) into equation (4.17) gives an

equation obeyed by SnL(s):

[.(df + kia)]sms) = o, (4.20)
o
wvhere
o) - ALE- Ve,
and
Vars) = Vul) 4 tlz[(L:mL:;i»;'J. (#.21)

The effect of the potential bvarrier VnL(s) is

to cause partial reflection and partial transmission



of the incident wvava., Lquation (4.21) shows explicitly
that the berrier to reaction along the reaction
coordinate has three contributions: (1) the potential
energy barrier (if any) belonging to the original
potential surface along the reaction coordinate,

(2) the chenge in intvernal vibrational energy as

a function of s, These two contributions are contained
in the term Vn(s), (3) the centrifugal potential
associated with the conservation of anguler

momentum, It may also be noted that k(i) = .L(icv).

ihe boundary condition for S ;(s) is written in

the form:
s+ (L) zLS” _ okt
Sonls) ~ 2 + Rie )
5~
Lt
] ‘IL. 2co +) ck&)
( Es_) e 2
~ @) ?
§=> +0o k

where the reflection coefficient Ry,trensmission
coefficient 1} and phase shifts Sf)zﬂxl 5?) are
all real quantities. The first term in (4.22)

represents the phase of the incoming part of a plane

—(: ) ('.(L+' m < 6-) o
_ - K3 ~ _L (2041)] & ks+€ )Q ks F (w8),
( 5)2 9
- L
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(&.22)

(4.23)



The ohiases of the elastically and reactively
scattered waves in (4.22) have been written in such
a way as to bring out the gimilecrity with pure
elastic scattering from a central potential., The
seniclassical debtermination of RL,lL,LL,c)) is the
subject of the next section and also Chapter (5).
substitulbing the partial vave expansion (4.19)
into the boundary condition (4.,22) and comparing

with (4.18) (into which (4.23) has been substituted)
it follows that:

AL - (:zuw)

2K

and that the elastic and reactive scattering

amplitudes are given by:

]CH(H _ - kﬂ >__ <2L+')[RL£ —I]P (w8),  (u,28)

‘+) Qca(, .
‘P(f(é) = W“}ﬁ (ZL'H)T p[_(to)l?), (4.25)

VA

L

From equation (4.24) the elastic differential cross

section 1is given by:



T = 17l

and the total elastic cross section is:

-
A 5 v G TE) I
o

)

kulz (2L+\)[4—R,_sm15(‘ + (Re-1)"],

In a similar way,the reactive differential cross
section is:

&) . 1
IS
e

Iﬁ'}(e) ~

and the total reactive cross section is:

w
st ZWJ%@IG'(&)M‘,

U
Pl#
~~
PN
L
oy

vhen Ry = 1, Wy, = O there is no contribution from
the reactive scatbtering and equations (4.24) and

(4.28) reduce to the pure elaestic scattering case,

115

(4.26)

(&.27)

(4.23)

(&.29)

(4.20)

(4.31)
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compare ecuations (3.3) and (3.8). When Ry = 0, i = 1

on the other hond,equations (4.28) and (4,31) cshow
that the partial elastic and reactive cross sections
62&)(dfﬂz%;0f5 become equal and are of magnitude
ﬂ(2L+1)/K®1 « This is in agreement with more formal

results available in the literature.74



i

4,5 SEr;ICL:‘LSZ‘lIC.'\JJ z“:“i“’i;igd SR

In this Section,seniclassical expressions are
derived for the reflection coefficient rg,
transnission coefficlent vr,and the phase shifts 5;0
and gg)that occur in the partisl wave cupansions for
the elastic and reactive scattering emplitudes (4.24)
and (4.25). Since these partial wave expansions will
t&pically involve many partial waves,scemiclassical
procecures snalogous to those used in atom-atonm
scattering may be applied to the evaluation of f%ke)
and f”(e). "his is described in the latter part of
this section.,.

The vroblem is first to find the semiclassical
form of the elasticelly and reactively scattered waves
in the boundary condition (4.22) given the form of
the initial inconming wave,

In the first case it is assumed that ERV_;(s)

in ecuation (4.20). The incoming wave in equation

(4.22) may be written seniclassically as:

1 I o R B S R (XD
= | xp °J[kLcs)- K ]ds' 2 (4.%2)
ke (¢) ~ o
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an expression valid for all s, If k9 = k% the
boundery condition (4.22) together with the expression
(4.%32) inmediately give for the reactive phase

shift and traensmission coefficient:

15?’) = j[h(s)-—k&)]cjs + (Lfl)ﬂ, (4,35)
7
and.
TL = "0

In this approximation there is no reflected wave;

all the incoming wave is trensmitted. When k7 # x®
integrals of the type (4.33) no longer converge and
one must proceed as follows. If by is an arbitrary
phase reference point (a convenient choice is bL = 0)

then the wavefunction (4.%2) may be written as:

t’\, LL 5
(") R . . : .o 2 . -+
(,ﬁ_ )ur{ LkaL(S)—kt)]alsnbcJ[k,_(s')Akm]J;'.f RELMTb, 4 L) 4 ikh
kLU) ~to be

(&.34)

Taking the limit s—e in (4.34) and comparing with

the boundary condition (4.22) leads to:
be

QD
&)

20 = ﬁ:k._(s%ke’]c{; + J['m)-k@’]g?; + [KHETb, 4 (f-ﬂ)ﬂ‘, (4.35)

-0 LL
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and

Hotice that the derivation given above does not
nake 1t necessary to assume any particular shape for
VnL(s) (except that requiréd for the validity of +the
semiclassical method), -

In the second case considered in this Chapter,
E is allowed to have any wvalue relative to VnL(s)
but VnL(s) is restricted to having a single maximun
which is assumed to be approximately quadratic in s.
‘'his allows the use of connection fornulae for a
parabolic barrier to bridge the regions where the
semiclassical solution (4.%2) Tails. The notation
of TFigure (1) will be used.

The incoming wave in the boundary condition
(4.22) may be written semiclassically in terms
of the turning point ap (or by, when E)VnL(bL)) as:

“ il
(Li )
k.19)

which is vealid for s<&ap. The parabolic connection

v 6(" Cl,,
mf{ ':f [ket)- k70 - ‘f k (9l + K, i(f-ﬂ)ﬁ} ; (4.36)
~ o 5

formulee (2.1%) and (2.14) may be reexpressed in a
form convenient for application to the expression (4.3%6)

namely:



The incident wave:

(AL
e .a(p{ "zflqtf)ds'},
\/kL(>) ' 5

valid for s<Kay, connects with the reflected wave:

AL

._Ls £ X { ¢ kl_(s')c{s’ - 6‘(5,_)-.;‘1}'} | /zfraL "’/’-
Vo (s) i l # X ff? J )

valid for ségaL and connects with the transmitted

wave

5
s -Qxf{ LJRLU'M;' - i(/(s.L)}, [[ + {’lﬂf:.]"ll

'/kl.(}) <L J

valid for syycp. In the formulae (4.,38) and (4.39):

£ = E - \/nL(BL) s
%kt

where wi is the classical angular frequency of
oscillation in the upburned barrier. Applying the
connection formula (4.%37)=-(4.39) to the incoming

wave (4.36),taking the limit s - -co (or +co as

|20

(&.37)

(4.38)

appropriate) and comparing with the boundary condition-

(4,22) gives:
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a ®
Aot 5" Lot (- .
SOy F ~ka“”"< 'Jids '\-ijL(s)-k“]cls K -1 - Fle)r (e, (4.40)
<L .
ag
qcl . 1
28, = 1jf‘n<s)~lc”h> ¢ 2k, — (e t(Lry) 7, (4.,41)
- &
~ ~2we -l
’f,_. = L' + & " LJ 3 (4.42)
~ilv
Re - [' t ‘elrri(—] . (4.43)

In the limit Ty -1 tne expression (4.40) goes over to
the phase shift (4.35) already derived whilst in the
limit RL—?ﬂ,the expression (4.41) becomes equivalent
to the phase shift based on a linear turning point,
equation (3.20)., Equations (4.40)~(4.43) may therefore
be consicdered valid for all energies. From the dis-
cussion of Section (3%3.2) it is clear that the singular
contribution to the phase integrals in equations
(4,40) and (4.41) is exactly cancelled by the quantum

correction function ¢(£L). The numerical evaluation
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+) )
of EL and EL is considered in the next section,

Plots of 5% for the potential profiles shown in
Figure (7) are illustrated in Figures (8)-(10).
Since,in a typicel case,nmany parti=l waves will
contribute to the scattering,semiclassical
technicues similar to those used in elastic scattering
from a central potential may be used to evaluate the
elastic and reactive scattering amplitudes (4.24)
and (4-25)-3’75 The deflection function GDQ=E295§VBL
plays an inportant role in the analysis as is shown
below,
The first case considered is the elastic

-
scattering amplitude f)(e). For angles © #£ O:

ZQLH)PLZCUDE‘) = 0,

L

so that equation (4.24) beconmes:

~¢)

’f(.)(e) = '2_’,;}) ? (zL+1) QL{‘Q[OL PL((A;)(;‘), (4.,44)

The following four approximations are now introduced

. € . .
into equation (4.44):3’75 (1) 5Ifls replaced by its

semiclassical value,equation (4.41) (2) PL(cos(B)is

replaced by its asymptotic value valid for sin®©>1/L:
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i[L
PL(wDé?) ~ ’: % ] %[(U{)(}-‘wg‘], (4,45)
T(L+L) 4mb N

(3) the summation is replaced by an integration.

Bguation (4.44) then becones:

Op) = _ wr (E@ (P
"\V ) (‘) (~u S ”L Ak RL(L+ ) }_Q - % ]J (4.46)

where

$i(u) - 285 1 (L) 2Ty,
The final approximation is (4) that the integral
(4,46) may be evaluated by the method of stationary
phase. “he stationary points of the integrand are
vhen & d4()/Jl=0 which leads to B 1258/ 7L where
@ is the elastic deflection function. @ Ppakes
values from T %o = and is to be distinguished from
the scattering angle which (by convention) lies in
the range 06K, A similar analysis uSLng the reactive
scattering amplitude: (4.25) results in GD&h: QDSFVDL ,

The overall result applicable to both elastic and

reactive scattering may therefore be expressed as

the seniclassical ecuivalence relationship:



124-

\rf('-“

-
@ = 1ia, (427)

Section (4.7) is devoted to the numerical evaluation
of @FJ and typical plots for G are shown in
Figures (11)-(15).

The scattering amplitude £ (8) may be further

. ¢ o . ~ .
simplified by expanalng(a) as a ‘laylor series:

3

ALT

@ = - d at-t) g (L-t) E () (4.48)
where
bomE) - '
A = o @ , i: 1 D‘L ()} st JZ@H
_ : A
L=L, 6

2

—

For exanmple if a = ¢ = O, then(@f)possesses a

maxinum or a minimum (see Figures (12),(1%) and (15))
whilst if a = q = O,Gﬁquossesses a point of inflection
(see Figure (13)). From the semiclassical

equivalence relationship (4.47),the phase shift

is given by:

3 -1 ?
958 = 957 g(tti) + a(-u)tH g(e-b) L (L)

For the elastic deflection function,the rezion of

of stationary phase is contained in the §+(L) tern
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of equation (4.46) so that the elastic scatterihg

amplitude becomes:

'(" *l J't .
‘} (¢) = - (L) R"" ‘zxr{([’l&u"r (L,#1)6 + 2]}
K (2rsm )™

0
X{c?u( zxf{t‘[(él'%)u + %ML-{— _:éu3+ équ}’ (4,49)
-t

where u = L—L1 and the lower linit of the integral
has been extended to =¢o.

The simplest approximation that may be intro-
duced into ecuations (4.48) and (4.49) is to set
q = ¢ = 0, ‘“he integral in equation (4.49) reduces
to a Fresnel integral and the elastic differential

cross section,equation (4.26) takes the simple form:

1) et = (bt )R (4.50)
|40
AL— @(“);9

Although derived for Gjﬂ<0,equation (4,50) is also
valid for (/') 0. In a similar way the reactive

differential cross section is given by (via equation

(4.29)):
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Te) it = ~,(L'+L‘)TL' (+.51)
& w &
k ]of@/ )
TL 6% ¢

Equations (4.50) and (4.51) are essentially the
classical expressions for the differential cross
sections. A rainbow occurs when,dlEaﬁL = 0 and the
classical cross sections (4.50) and (4.51) then
become infinite., In a semiclassical analysis the
classical singularities are revlaced by finite peaks
(see below).,

\Vhen the celastic or reactive deflection fuactions
possess more than one branch (that is when the
scattering at a given © has a contribution from
more than one impact parameter b = (L+3)/k¢),it is

necessary to sum equations (4,50) and (4.51) ovver

the various branches:B’75
N ()
1) *
I()(GL) = Z 'IJ’ (9) )

J=!
where j labels the particular branch and N is the
number of branches. Semiclassically there is

interference between the branches as may be seen by

writing the scattering amplitude in the form:
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N
Ele) = S LTI e L] (#.52)
T .s' J v "dt(l ) _ , o
J‘

wvhich is valid when the branches are well seperatved.
jf) is a phase factor in eqguation (4.52).

The semiclassical analysis also allows for
interference between branches of the deflection
function wnich are not well separated.

. s &)
Suppose in the first example ® possesses a

mininum (see Figures (12),(13) and (15)) so that:
69&) . - Qh + 7m([_—Lh)“ : €n> o, (4‘55)

From equation (4.49) and (4.26),the differential

cross section :i.s:75

TE) omt = Ry (Lasd) | 20 Aal(‘?’e"), (4.54)

7_[3 i3

k(-) v ‘2;« In

where Ai(x) is the Airy integral:

Ai(n) = —-% fzxr(w‘v\ +ca>olu )

4

The corresponding classical result is from equation

(4,50):
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1.
IH(?) wnb = R, (Lard) ) l <9,
k&-iu 2[ (5 ’&)J‘“ )
falon (4.55)
o - 0, & 76a,

assuning that no other branches contribute. The
minimum corresponds to a 'nmegative' rainbow in the
sense that in the anguler distribution,intensitly 1is
focused into angles smaller than the extrenunm angle.76’77
The dark side of this rainbow faces large angles
and the bright side faces small angles (see Figures
(21)~(23) and (25)).

@) nay also possess a maxinum (see Figures

(12) and (13)) so that in this case:
@(‘) . - e:)o - 7,,(L—Lr,)1' N T (4.56)

and following the derivation of equation (4.54),the

semiclassical expression for the cross section is:

I(—)“/g),u-“ b = pr (:FL*“&') . 2-:% . ALL( 6’?:39)’ (4.57)
k A 7e

whilst from equations (4.50) and (4.56) the

classical result is:



IH(f’) am b = RLV ( 1:;: 1) . l = F> 9f ,
k 2] 9p(8-2p)] (4.58)

Ti

O

Lhe rainbow corresponding to equations (4.57) and
(4.58) is of 'positive type since in the angular
distribution,intensity is focused into sngles larger
than the extremum sngle and the dark side faces
snall angles and the bright side large zaungles76’7‘7
(see Figures (21)-(23)).

Figure (13) shows that it is also necessary

. - . e “) . .
to consider a cubic variation of GD with L:

2 . 3
<><l = -0 + <(L-L.) ’ ey o, (4.59)

This gives rise to a 'cubic rainbow as opposed to

the 'quadratic! rainbows of equations (4.53) and (4.56),
Cubic rainbows have not been considered before

elther classically or semiclassically. from

equation (4.49) the scattering amplitude is given

by:



[ (Le+1) RLC ‘exf{ [2(,(; +(Lett) 9""]7/1( Wsﬂ‘&)

SN (g_l‘n) C<["(<‘949¢))

where C(a) denotes the integral:

0
far+ 2]
C(G\) = J’ 2 17()" .

-0

"he integral in (4#.61) therefore plays an analogous
role %o the Alry integral in the quadratic case,
equations (4.54) and (4.57). The properties of

C(a) together with its numerical evaluation are
described in Appendix (A). From equation (4.60) the

differential cross section 1s given by:

I6) int = Rﬁit;) s I (J"(&;fd)l.

The classical differential cross scction for the

deflection function (4.59) is from equation (4.50):

150

(4.60)

(4.61)

(+.62)
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IH((}) son = Ro. (Le¥t) ! ) e
kC“) o 3 [c (¢-8,)] "

for both ©<0, and 67 0,. If the integral C(a) in
equation (4.62) is replaced by its asymptotic
representation,equation (A5),the classical
expression (4.63) is obtained., As in

the case of the quadratic rainbow the classical
infinity is replaced by a finite peak (see Figure
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1,6 PHASE SHIFTS

This Section is devoted to the nunmerical
eveluabion of the phase shifts 5(3 and Z(’I)J that
are ¢efined by equations (4,40) and (4.41) respect-
ively. Three potential energy profiles are chosen
for the potential function Vn(s).

The first potential barrier that is considered
is one of lorentzian shape:

Vote) = HE” (4.64)

(st +v})

This also includes the special case of a flat
potentiél crofile along the reaction coordinate by
setting H = O, Lhe form of equation (4+.,64) is
chosen because the phase integrals in equatvions (4.40)
and (4.41) may be evaluated explicitly in terms of
elliptic and related integrals. The remaining
two choices requ_ire numerical methods for the eval-
vation of 5(2 and 5;.

The seconé potential profile that is chosen is

one of downhill type:

Vi) = -e[1+ tehGm)], (4.65)

and the third choice is a modificavion of the
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the Lennard-Jones (12,6) potential,

V (s) = < ' - 3 (s ]3 | 4,66
"t [H (s/4)"™ I+ (IA)T (169

The potential (4.506) possesses both a well and a

barrier,varies as s
S-6

for small s and falls off as
for large s. The potentials (&4.64)-(4.66) are
shown  in Figure (7) plotvted in terms of reduced

variables., Also shown is the potential

2¢(02 +(3A) 3(sIA)"
] o _ 3¢ $< 0 4,67)
Vals) = E[Q o Treme | <0 S

which is the modified Lennard-Jones potential (4.66)
to which a steeply repulsive contribution has been
added, This potential is used later on to assess
the extent To which deviations from the elastic
differential cross section calculated from equation
(4,67) can be attributed to reaction.

The potentials (&4.64) and (4.66) are even in
s so that 5$?and 5£)as given by equations (4.40)

and (4.,41) may be simplified:

S
50 < { f’%’)c/s'-lé"s} - $9le) + L) (4.68)
- 55wl ¢

éfﬂ , 5il + g: ) (4.69)
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F‘-ju(é 7
Tlruz Fo‘tlntml Qne(ﬂj P(O]([hg (4.64)— (4“67)

f)io’cteoQ h reduced untt s,

Tka solid  lme » the Suﬂctlbh;

Vie) - L - 3t
b+t 1+ x?

The dotted e Ehe {*umf&m:

. 20) 03+ ] 351
Vi) = I x<0.
l+x't |+

The doshed  line  w the fuaction:
Vi) = L
)+t

The dot- dosh lne o the dunchion,

\/*O‘) = =~ Canha.
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Tor these poventials it is therefore oanly necessary
=) &
to calculate BI‘(say) as él‘may be obtained

from equation (4.69). If a classical cutoff is

iy

asswaed in the anzular momentum quantum nuaber (LO),
only values of L)>LO will detecrnine the elastic scatt-
ering and likewise for the reactive scatltering,

only values for L<<LO need be considered (see below).

For the lorenitzian potential (4.64),the

effective wave number is given by:
kX6) = KTP - B [(sTeud), (4.70)

where

6, = H + Lr)tl

so that menipuletion of the phase integral in equation
S,

(4,68) and the expression (4.70) allous 5j;to be

expressed in terms of elliptic and related intvegrals,

The result is:

50 = - BUE(KW/el) - e v )T (.71

if2

_ @
when kv, < By and

hy r
5P - - S B8] - pfte) wlet)ty (ag2)

(&
K'u,
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. (3 ' s
wvhen K 'v_ 5 By and & and 8 are the functions
e ~

defined (and tabulated) by Jahnke and Ende., 0
From ecuation (2.23), €L nay also be evaluated in
termns of elliptic integrols.

For the potentials (4.55) and (4.66),the
phase integrals in equations (4.40) and (4.41)
cannot be evaluated in terms of known functions
and numnerical methods rnust be used. However
existing methods for the numerical evaluavion of
the phase integrals in (4.40) and (4.241) become
inefficient as the turning points approach zero
and break down altogether if ap = 0,for exanmnple,
To overcome this difficully a scaled version of the
Clenshaw—~Curtis netiod recommended by Kennedy and
Smi‘ch‘79 was developed. The cetails of this procedure
are given in Appendix (A).

Figures (8)~(10) show the results of the phase
shift calculations for the potential (4.64)-(4.66)
at sevéral collision energies. 'he values chosen

for the parameters occuring in the potentials are

given in the Figure captions as are the classical
cutoff values of the orbital angular momentum quantum

nunber (the cutoffs are represented by arrows on the

graphs). The choice of paranebers is governed by
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Figure 8

The elastic phase shift 55) for the

lorentzian potential (4.64),

The values of the parameters in equation

(4.64) are H = 199,25, Ve = 10 K amu%.

The classical cubtoff values are LO = 47.5, 68.1, 98,5
for kH(K"q amu"%) = 5, 7, 10 respectively.
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Fizure 9

The elastic phase shift ZE‘ for the modified
Lennard-Jones potential (4.66).

The values of the parameters in equation (4.66)

l -
are A = 9.487 A enu?, ¢ = 0.25 kcal mole 4,

Ve = 10 X amu%. The classical cutcffs are for

L, = 2.3, 4.0, 55.0, 65.7, 76.2, 86.5 for

Y, 0 e - .
K7(A 1 amu Z) = 4, 5, 6, 7, 8, 9 respectively.
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Figure 10

"he phase shift for the downhill potential (4.65).
The values of the parameters in equation (4.65)
are A = 1,581 A amu%, ¢ = 5,0 kcal mole"q,

Vo = 10 A amu%. The classical cutoffs occur at

Ly = 54.7, 75.5, 96.1 for ¥} (A1 anu™?) = 5, 7, 9
respectivelya‘S% ~ /4 is plotted for L<L, and

&)
EL for L>LO.
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necessity for inclusion of sufficient pariial waves
to allow semiclassical anslysis,without introducing
an excessive computational burden. “he term in 5b(£L)
has been neglected in calculating the phase shifts
since it is only of significance for two or three
partial vaves and 1s very small in magnitude; the
slopes of the phase shifls are therefore infinitle
at the classical cutoffs., Likewise,the reflection
(transmission) coefficient changes in value from
0 to1 (1 to 0) over two or three partial waves
and has been replaced by its classical value, IFor
the lorentzian and modified Lennard-Jones potentials,
5; is plotted against I whilst for the downhill
potential (4.65), 5? - /4 is plotted for L<:Lo and
§7 for LY L.

‘‘he phase shifts for all three potentials are
seen to be positive; the potentials (4.64)-(4.66)

8 Consid~-

nay therefore be described as atiractive,
ering first the phase shifts that contribute to the
reactive scattering (that is the region to the left
of the arrows in the Figures),it is seen that each
one possesses a mnaxiium,. in the differential cross

section this gives rise to a glory since the deflection

function,equation (4.47) is then zero. Comparing
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rigure (8)‘with Figure (9) shows that the well of
the modified Lennard-Jones potential (4.66) has

had 1ittle effect on the recctive scattering. whe
cownhill povential gives rise to phase shifts whose

maxina are closer to The classical cutorfs than

]

is the case for tne other two potentials.

The presence of a well for the potential (4.65)
has a more dramatic effect on the elastic scatt-
ering (that is the region to the right of the arrows
in the Figures). At small values of k9 the clastic
phase shift clearly possesses two points of inflection
whereas this behaviour is absent for the potentials
(4.64) and (4.65). In this region, TFigure (9)
shows that there is = range of L wvalues for which
5£ is relatively slowly varying (in addition to the
region of large L). It is therefore conceivable
that the total elastic cross section will possess
an oscillatory structure similar to the glory
oscillations observed in the elastic scattering of.
two atoms'.5 In the atom-atom case however the oscill-

ations arise because the phase shift possesses a

naximun rather than a point of inflection,
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4,7 DEFLECTION = FUNCTION

This Section is devoted to the nunerica
evaluation of the delection function &969 defined
by the seniclassical equivalence relationship (4.47)
for the three potentials introduced in Section (4.6).
Since 8€)and Sg)are not consicered for L values which
overlap in what follows,there will be no ambiguity in
dropping the (¥) superscripbs from @fﬁ when it is
convenient to do so. Recalling the semiclassical
definition of f,equations (4,00) and (4.41),it
follows that equation (4.47) is equivalent to:

Qe

. As - g QQQJ
0o ) AL**»)f ds - 2%, (4.73)
B = T - S ek kS
-0 L
Ac
¢) - L+L) s ~ ZJ‘"(‘“) . 4,74
@ = T 2( (s+,r) ket JL (8.74)
~0

Figures (11)=(14) show graphs of ® against L
for the potentials defined in Section (4.6). 'he terus
Of(s)] 9L have been neglected in the calculation;

they are only important for two or three partial

waves and in this region @@%+9¢@J/QL is large.
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Figure 11

The deflection function for the lorentzian
potential (4.64), The values of the parameters
chosen for this potential are given in the

caption to Figure (8).
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Figure 12

The deflection function for the modified
Lennard-Jones potential (4.66). The values
of the parameters chosen for this potential

are given in the caption to Figure (9).
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Higure 1%

The deflzction function for the modified
Lennard-Jones potential (4.66). The values
of the parameters chosen for this potential

are given in the caption to Figure (9).
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Fieure 14

The deflection function for the downhill
potential (4.65). The values of the
parameters chosen for this potential

are given in the caption to Figure (10),
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Explicit expressions for @ are availadle for the
lorentzian potential (4.64)., Diffecrentiation of

equations(4.71) cnd (4,.72) gives:78

7 = T - w‘f’“('ﬁ‘r’:) - 1), (4.75)
g M\ b JL
| _ 2 k() L 2, (4.76)
@& = T @ ~ &) QL
k U:Q k Va

As in the case of the phase shifts,existing
nethods for the numerical evaluation of the intTegrals
in equations (4.7%) and (&.74) break down when
ap, = Cp, = O. A scaled Gauss-llehler quadrature designed
to overcome this difficulty is described in Appendix
(4).

Consider first of all the reactive deflection
function @(4) « The shape of @M is similar for
all three potventials, The low impact parameter
scattering corresponds to. A approaching BC,picking
up B and rebounding in the backward direction with
C departing in the forward direction. As b increases
Gfg decreases until at the glory impact para-~

G . . .
neter (9+’ O, This corresponds to tThe maxinum in

1835



the phase shift as previously mentioned. The
value of the glory impact parameter also orovides

a test of consistency bvetween the phase shift

calculations and the deflection function calculations.

For larger values of the impact paremeter (Ef” goes
over to an orbiting situation as the collision
energy approaches the naoximum in the effectivé
potential,

The elastic deflection function @%4 for
the lorentzian potential (4.64) and the downhill
potential (4.65) are seen to be similar in shape.
Cf” monotonically increagses as the impact parameter
increases and approaches zero as b tends to infinity.
Of more interest is the behaviour of C)H for
the nodified Lennard-Jones potential (4.66). Ag
low values of k&, ® possesses a maximum and
minimum., These extrema correspond to the points of
inflection in the phase shift &7 of Figure (9) and
give rise to rainbows in the differential cross
sections (see Section (&4.5)). As x ) decreases

2 - - e A .
below 4 4~ anu™? it is clear from Figure (12)
that the negative raintow would give away to
orbiting. As kx® increases the extrenum behaviour

. ~ € »
in ® vecomes less pronounced until for

156
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) -1 - e .
¥ =9 £ anu ¢ the two quadratic rainbovs
. . )
have coalesced to form a cubic rainbow ond (Y
possesses a point of inflection (Fisure(13)). For
.~ , oS (,") b} . =3 v (-)
larser values of k™ the behaviour of (¥ approaches
that of Figures (11) and (14). The influence of the
well on the scattering heas then become negligible.,
It will elso prove useful in the next Section
to obtain an analytical approximation for & in
the orbiting region., Consider first the case of the
. . o . '~ E) - .
elastic deflection function " , Expanding the
. . © . \
phase integral in ey, (equation (4.41)) about

the orbiting maximum gives:

Ay,

f kods = G = ok ] +  other Bons (4.77)
O 2.

-0

In order to appiy the semiclassical ecuivalence
. £) . . .
relationship (4.47) to obtain @>) it is first

necessary to relate Zp (vwhich refers to variable L

o mom anbum

and fixed LO) to the angulary displacement variable
L-L, (which refers to variable L and fixed ).
Recalling the definition of £L from Section (4.5)

0

thi.s relation to first order in L~LO is:

ELO —_ -~ (Lo’f’ t)‘k ) (L"Lb) y
(bi+vs )Wy
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. 3|
so that QP nay be written as:

s

'~ (= ‘ -
@ ! = 97 + dﬁw E_EL‘.S L>L, ) (15.0'78)
0

wvhere

: !
Ol _ . (L0+L)‘t o (4.79)

(b::‘)" U-QL) i«),:

- ¢ .
In a siinilar nanner @9 may be written as:

4

where d is again derined by ecuation (4.79) and
6, and ©¢ are constants in equations (4.78) and
(#.80) .

Figure (15) shows the deflection fuaction
calculated for the potential (#4.67). It shows the
usual negative rainbow that is characteristic of

an attractive well in atom-atom scattering.
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Figure 15

The deflection function for the potential (4.67).

The values of the parameters chosen for the

0 A -
potential (4.67) are A = 9.487 A amu?, ¢ = 0.25 kcal mole 1,

o A - 0 ___1.
vy = 10 & amu?. The values of k° (A1 amu™2) are

4,5,7,9.
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4,8 DIFFERENTIAL CROSS SECTIONS

In this Section the angular distribubions of
the elastically and reactively scetiered products
are calculated using the deflection funciions
previously described.,

The first point to be made is that Fisgures
(11)-(14) show that interference effects (discussed
in - Section (4.5)) will be present in the reactive
differential cross sections for all three potentials
(4.64)=(4.66) and also in the elastic differential
cross sections for the modified Lennard-Jones
potential (4#.66) at low values of k. Otherwise
interference effects will be absent in the elastic
scattering from the potentials (4.64) and (4.65)
and also from the potential (4.66) at large values
of k9, (Interferences between the @%H and GQH
branches and for values of @ﬂ&hi*7r hzve been
neglected in making the above remarks). However the
high frequency oscillations in the differential

cross sectlions that arise from the interference

effects will not be considered any further in what

follows because experimentally they have not been

observed in the scattering of reactive systems.10"12



(the oscillations have been detected in high
resolution atom--atom scattering howeverg)

Figures (16)~(18) show the reactive
differential cross sections IM(e) (veighted with
sin ©) calculated according to the classical
expression (4.51) for the potentials (4.64)-(4,66).
For the lorentzian potential (4.64),an explicitb
expression for d ®%4L is obtained by differentiating

equation (4.76) for ()M

499 . - 2| (8Y) L g8 ] 2,
Al Kvg | 7\ Ky —BL KK vy

As in the calculation of the phase shift and

\’3

deflection function,the term involving ¢(£L) has
been set equal to zero and the reflection and
transmission coefficients given their classilical
values. This approximation breaks dowvn only for two
or vhree partial waves; their contribution vo The
cross section is however very small, For the
downhill potential (4.65) and the modified Lennard-
Jones potential (4.66), dJ@?dL was obtained by

five point lagrasngian nuaerical differentiationSo
of the deflection function. Comparison with the

exact result (4.81) for the lorentzian potential

162

(4.81)
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Figure 16

The reactive differential cross section fﬂ(@) (32 amu)
(weighted with sin (©) ) for the lorentzian

potential (4,64). The values of the parameters

chosen for this potential are given in the

caption to Figure (8).
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Ficure 17

The reactive differential cross section IM(G) (Agamu)
(weighted with sin (8) ) for the modified Lennard-
Jones potential (4.66), The values of the paraneters

chosen for this potential are given in the caption

to Figure (9)
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Fizure 18

( 2
The reactive differential cross section I,(e) (A2 amu)
(weighted with sin (8)) for the downhill potential
(4.65), The values of the parameters chosen for this

potential are given in the caption to Figure (10).
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showed that the nunericsl differentiation wrocedure
becomes unrecliable in the orbiting region (that
is when a@%ar is large),In this region therefore
the deflection function was fitted to the
analytical form (4.80),fron which 4 @%dL = ~-d(L-L).
Contributions to the differential cross section
o t), - .
from angles ® -7 were neglected. The angular
distributions in Figures (16)-(18) are therefore a
1 —~ LI . - (*) Y
sunl over the remaining two branches of C? . The
shape of the angular distributions for the lorentzian
potential (4.64) and modified Lennard-Jones potential
(4,66) are scen to be similar, Both sebs of
distributions are broad and peaked in the forward
. . @ . 4
(6 = 0) direction for all values of k  consicdered.,
In contrast the downhill potential (4.65) peaks at
A InY = é') o""q "%' KIR| °
@< 1.5 rad for X' = 5 A" anu ¢, the mexinum
. . 1 -~ . . &) . .
noving in the forward direction as k ) increases. The
angular distribution is broad.for this case also,
Fisures (19)-(24) show the elastic differential
- I‘.) 3 1 » L] [ d
cross sections (8) (also weighted with sin®)
calculated from the classical equation (4.50) (drawn
as a solid line). For the lorenztian potential,

differentiation of equation (4.75) gives:
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Figure 19

The elastic differential cross section 19(6) (K2 amu)
(weighted with sin (©)) for the lorentzian

potential (4.64). The values of the parameters

chosen for this potential are given in the

caption to Figure (8).
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Figure 20

(_
The elastic differential cross section I)(e) (KZ amu)
(weighted with sin (8)) for the downhill potential
(4#.65), The values of the parameters chosen for

this potential are given in the caption to

Figure (10),
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Figure 21

N . ( ¢ o
The elastvic differentvial cross section Iﬂ(e) (A2 amu)

(weighted with sin (©)) for the modified Lennard-

’%

Jones potential (4.66) for K = 4-&"1 anu” 2,
The wvalues of the parameters chosen for this

potential are given in the caption to Figure (9).
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Figure 22

The elastic differential cross section IH(G) (Kz amu)
(weighted with sin (6)) for the modified Lennard-
Jones potential (4.66) for k¥ = 5 A1 amu"%.

The values of the parameters chosen for this

potential are given in the caption to Figure (9).

176



S

1000

10F

™




Figure 23

The elastic differential cross section Iﬁke) (Ke amu.)
(weighted with sin (6)) for the modified Lennard-
Jones potential (4.66) for k7 = 7 il amu"%.

The values of the parameters chosen for this

potential are given in the caption to Figure (9).
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Figure 24

The elastic differential cross section IH(e) (ﬁz amu)
(weighted with sin (8)) for the modified Lennard-
Jones potential (4.66) for k© = 9 g1 amu"%.

The values of the parsmeters chosen for this

potential are given in the caption to Figure (9).
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M

Cl@é} . - 2 :Lf, + (L*'{)" (&e) - ;2-}3({").
m - ~ . Tt - By gl JL

Hy
84. < YU =

For the remaining two potentials déﬁ?dL vas
found by five point lagrengian numerical differ-
entiation of the elastic deflection function,as in
the reactive case, In the large angle orbhiting
region,the deflection function was fitted to the

analytic form (4.78); this gives a cross section of

the form:
T sinb = R (ory) 5"-¢"'°[~(M>]’ (#.82)
ké-)‘L ‘_J 0(

where ®7= -6 for -T< @7« 0,that is exponentially
decr%?ing for large angles. This limiting large
angle behaviour is clearly visible from the graphs.
The clessical quadratic rainbow singularities in
I&%G) expressed by equations (4.55) and (4.58)

are also clearly illustrated in Figures (21)-(23).
As ¥k increases the positive and negative rainbows
move closer together until atb -9 £ anu~? they
have coalecsced to form a cubic rainbow (equation

(4.63)). For higher values of k® the peak in the



Cross section diminishes wntil the limiting
benaviour of Figures (19) and (20) is reached,
The region between the cguadratic rainbows represents
a suld over the three branches of the deflection
function of TFigures (12) and (13).
Figures (21)-(23) show as dotted lines the

differential cross gections for the quadratic
rainbows calculated according to equations (4.54)
and (4.57). For k) - 4,5 gl amu"% the contribution
from the third branch of the deflection function
has been added to that obtained from ecuations (4.54)
and (4.57). Figure (24) shows the semiclassical
differential cross section for the cubic rainbow
calculated according to equation (4.62). “‘he classical
infinity is replaced by a finite veak, 'The semi-
classical cross section also possesses a small
oscillation; this may be described as a super-
nmwmmycﬂﬁcrﬁmhmf*

Experimentally, the exponential fall off at
large angles given Ly equation (4.82) has been
obgserved for reactions with large cross sections
and differential cross gecsiions similzar to those

shown in Figures (19) and (20) have been found,10

133



o measurenents of elastic differential cross sections
possessing two nmaxina akin to those celculated here
for the modified Lennard-Jdones potential have been
reported. It is clear from Figures (21)-(24) that

the variation with angle of the rsinbows as a

function of k& would provide a decisive test of

the present model as well as yielding detailed

information on the intermolecular potential,
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4.9 TOTDAL REACILIVE CxOSS  SECLIONS

vthe Total recciive crosgss scctions are readily

calculated from equation (4.3%1):

E

(’f) - ] — L
a | o }ii(ZLf')ll )

r

R

& (L) (.83)
or from the area under the curves of Figures (16)=

(18) by means of equation (4.%0). ‘'he results are
presented in i‘able (3). “he total reactive cross
section .increases as k™ increases for the lorentzian
and modified Lennard-dJdones potential but decreases

as k¥ increases for the downhill potential. This

is in accord with a simple classical model for the

) X 1
reactive cross sectlon.8

9 A LL‘ L.

Ross,Greene and Coworxers 2 have suggested that
the difference between the observed elastic
differential cross section in a reactive systen

and the elastic differential cross section calculated
from a hypothetical potential for no reaction may

be used to estimate the reactive total cross section,

“his hypothesis has been tested as follows, Lo the
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Table 5 Total Reactive Cross Sections,

x7 is the mass reduced incident wave number (in units
of A~ amu"%), L, is the classical cutoff value in the
orvital angular momentum gquantumn number,‘fm is the
total reactive cross section c%@ulated from equation
(4.8%) (in units of e amu), ESA (elastic scattering
analysis) estimates the total reactive cross section

(in units of e amu) by an indirect method explained

in the text,

Potential K™ L, ¢ ESA
5 47,5 295
lorentzian 7 68 .1 306
(&,64) 10 98.5, 31
5 S4.7 390
downhill ’7 7545 375
(4.65) 9 96.1 365
4 22,3 218 120
modified 5 44,0 254 229
Lennard-Jones 7 65.7 285 193
(4.66) 9 86.5 297 161
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modified Lennard-Jdones potential (4.66) has been
added a steeply repulsive wall (this is the potential
(4.67j previously introduced and for which the
deflection function was caléulated in the previous
section,Figure (15)) and elastic differential

cross sections have been calculated for it by
techniques similar to those described above. 'he
results are shown in Figure (25). The negative
rainbovs are clearly visible as is the bow shaped
high angle curve that is characteristic of scattering

from a repulsive wall.It is known from detailed

nunerical studie882

that the quadratic rainbow
effect depends mainly on the nature of the potential
beyond the well minimum. For the potentials (4.66)
and (4.67) thefefore the rainbows are very similar
to each other (efter the contribution from the third
branch has been subtracted out). From Figure (25)

an integral cross secbtion was calculated for 67’Gn

for the repulsive branch of the deflection function

by the formula:
_r'

f
Of = QTTJIU?)‘UMQJQ
B

A similar integral cross section was calculated from

rigures (21)-(24) for the orbiting branch (also for



Fizure 25

The elastic differential cross section I(89) (Ka amu.)
(weighted with sin (8)) for the potential (4.67)

for X' = 4,5,7,9 A1 amu"%, The values of the
parameters chosen for this potential are given

in the caption to Figure (15).
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©70,). The difference between these two integral
crossrsections is also given in ‘“able (3). The
reactive cross section calculated via the elastic
scattering is seen to be 40%,10%,%2%,45% (for

k¢ = B45,749 il amu"% ré%ectively) smaller than

the true v%pes. It thus appeers that reaction

cross sections for the modified Lennard-Jones
potential (4.66) may be estimated to within a factor
of approximately two from the deviations in the
elastic scattering from the expected pattern in a

simple central force field,
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CHAPTER FIVE: RESONANCE TUNNELLING REACTIONS
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5,1 TNTRODUCTION

This Chapter investigates the effect of a
dip in the acuvivation barriér for a chemical reaction
using the model developed in Chapter (4). In the
previous Chapter it was shown that the theoretical
treatment of the electronically adiabatic bimolecular

exchange reaction:
A+ BC = AB + C,

could be simplified by the introduction of a
mathematically meaningful mass welghted reaction
coordinate which varied in value from - ® at

the beginning of the reaction to +& at the end.
Motion aloné the reaztion coordinate could be
separated from the angular motion of the system as
well as the purely vibrational motion of the atoms
and is determined by the one dimensional

Schr8dinger equation:
[“f‘-L -j—“ + Vi 08 -—E]snch.) =0, (5.1)
2 As™

with boundary conditions representing incident,

reflected and transmitted waves:



| § v il 150 b
Sal(3) ~ e | + Ree 2
59—t
(5.2)
&) IIL 2(:(5(,0) (-.’CFHS
( .@_) T e
[aYd
k(ﬁ
s> w

The elastic and reactive differential and total
cross sections are related to 5£:<5gz Ry, T; by equations
(L.24)-(4.31).

In the present case Vn(s) is assumed to possess
a dip in the activation barrier for the reaction at
s & 0., For a certain range of values of the orbital
angular momentum quantum number,the effective
potential VnL(s) will also possess a dip. The volcano
shape of VnL(s) in this case is shown in Figure (26).
This effective potential profile therefore gives
rise to a foﬁr turning point problem as opposed to
the two turning point problems considered in
Chapter (4) or the three turning point problem of
Chapter (3).

The presence of a dip in the barrier implies

the possibility of setting up quasi-stationary



Figure 26

The effective potential energy curve V ;(s).
E denotes the total energy of the system.

81,9 Cqpe 201 Cop 8re the classical turning
points. qu and b2L are bthe positions of the

"barrier maxima,

-.'.;\;;
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states (compare the orbiting resonance states of
Chapter (3)). The existence of these states has been
shown by Child24 to have an important effect on
the reaction cross section and rate constant. Vhen
the collision energy is in resonance with one of
the asymmetric vibration-rotation states of the
activated complex,tunnelling through the barrier
can occur even when the collision energy is farx
below the barrier maxima., The reaction cross section
then possesses a well resolved resonance structure
and the rate constant shows.a different behaviour
from that expected for simple tunnelling through a
single humped barrier. This phenomenon has been
named resonance tunnallingg4.

This system is investigated using the parabolic
connection formulae to derive the semiclassical
form of :CE,)? ég), Ry s Ty, and the complex energy
techniques developed in Chapter (3) are used %o
reduce these quentities to a Bfeit—Wigner resonance

fornm.

A novel feature of this approach is the intro-

duction of a complex energy:

E

1
T

(95
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where ?(QL may be positive,negatlive or zero. Such
a complex energy is the natural consequence of
demanding that solutions of ecuation (5.1)
represent incoming and transmitted waves only.
Wnen the sccond barrier is larger than the first
in Figure (26) ‘KAL is positive,whilst when the
first barrier is larger than the second one 'KqL
is negative., When the two barriers are of equal
size -KQL is zero., Clearly .KQL may be interpreted
in terms of the relative fluxes through the two
barriers., The calculations described in this
Chapter complement those in reference (24) where

a complex energy approach was not used and

‘where only the transmission coefficlent TL was

calculated. The equations given here also correctly

take the 'orbiting singularity' into account,



-
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5.2 SENMICLASSICAL ANATLYSIS

Semiclassical expressions for the transmission
coefficient TL, reflection coefficient RL and phase

<@ &
shifts 2; and ?L

that occur in the boundary
condition (5.2) are deternined in this Section and
their properties described. The next Section
shows how these quantities may be reduced to
Breit-ligner form by the application of complex
boundary conditions.

The physical boundary condition to be imposed

is that in the region sjych there is only a

transmnitted wave:

A I ) +
(.,_k_,) T, zx,o‘[ NS 1255’], (5.3)
k(ﬁ

where TL and ngare as yet unknown quantities.

In semiclassical form the expression (5.3) may be

written:

(kkﬂ > T, Lxr{"‘jtk(s) k“']ﬂ}ﬁxr[ k% ng ] (5.4)
L 09)

(5.4) may now be reexpressed in terms of the phase

reference point cpy (or byp vhen EHV ;(bop)):



ke; I '5 t
— | T exp LJ e t)ds” = Clouts) - k€' Tels + ke, + 2e5806, (5.5)
k,_[s) ¢ L

2 .

S

The expression (5.5) is now in a convenient form
for application of parabolic connection formulae
for a barrier,equations (2.13) and (2.14).
Successive application of the connection formulae
across the turning points gives (5.6) as the

semiclassical solution valid for S<K81L:

) v . v/ . o
(JS ) T «exp{ - jCkbts)»k‘*’jJ, e e leq - zi + czjb}

kz_(.’) CLL

2 (TR di

Xl Aese| et 2] + & “r{,;j':w)ct,m‘%}], (5.6)

$

in which

~-T€ T - ;
Ar B 2 ILQ_ L[ L (€) ¢,] El+4*ln£‘L] h

- ~L‘ 54 ‘.' - ifv
4 ot ol m[i + e‘m“]), (5.7)

and
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Ac. _ “e‘-‘”(iu.r éib)-&cdb(6)

n z..ttoln_(c:J - (4'),+¢L)J [I +_e’7*""'—:)lw)jl +€-znzu_Jan (5.8)

[

<XL(E) denotes the phase integral:

A2t
L () = J.l\’L(s)&IS (5.9)

<ie

and ch is the quantum correction function (2,15):

47{ = <i>(£,._)

1 .
i“— + d\fﬂ' (!l:{'(’ z"-) - il,_/l"\r, tcu])

with

£“_ 2 E - an(blu)J

o (5.10)

where wqi is the classical frequency of oscillation

in the upturned barrier; ¢, and €,y are similarly
defined for the second barrier. When the collision
energy lies above either of the barriers in Figure (26)
the appropriate classical turning points in (5.6)-

(5.9) are to be replaced by qu or bQL‘ Equation

(5.6) may be written in a form that is suitable



2¢]

for comparison with the boundary conditions (5.2):

xh. A, )
3 A { (_j () ) &) . - p .
(k,_(“) 2rf -CL»(L(s Jc/s +1k q“_+¢'[( Co ” Lj{ - ¢ Dﬁ,cﬁ) ,[‘_:‘)]‘715 L L—Zb’f‘)_ d{(-é},
7 CLL
A
+ AL‘“F{ -Lj[k-‘-“)‘k@’ﬁ'(ﬁ 'i(f,du_ +ikY Qe ’Lr(:'ﬂ,b} e7ds + LQDL +k" }] .
e CiL
(5.11)
Comparing the incident wave of (5.11) with the
.. &)
incident wave of (5.2) allows Ty, and BL to be
determined:
To= AT, (5.12)
an
)
Q§L = JD&(&) k(’JvIS 4-[[‘\1(5) k“_],,[; + f( an - k(ﬂcu_ - affj A{ + (LH)TT.
-5 2
(5.13)

From equation (5.8),equation (5.12) becomes:

-~

7(¢
T SO s T a9l

(5.14)

i

Ty = Tlw) » D77

i
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Use of the identity:

tm"[ Aemdot) -k | g, (;,;[ 4l (e ¢) ], (5.15)
LD (,’»—{‘) + Lk 2 a +1
allows JL)to be written:

a

<& ) &

loL = yfﬁ_(s) 'JJ> "j[kt—(s)'k ,]0'5 + kqu ~le )Cu_'i(‘;l 41) + (L+)w

—w &X1

-~/ —_
+ G| T -! [;“.{d,_(g)-{c@wl)}_. (5.16)
7’;T'L+|

In a similar manner comparing the reflected wave
in (5.11) with {the reflected wave of (5.2) allows

the identifications:

Re . T | Ar]

= [i-1]™ (5.17)

and for the elastic phase shift:

a4, o

¢) }
258 I D)= K35 = (DK 7ds + Kk, 742074 gy,

-0 C
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which from equations (5.7) and (5.16) and the
identity (5.15) becomes:

an
g Bf) = 1{[‘&(9)»1«‘”]@1’5 & 1k, - $ + (L+B)E
-0

-{
4 Gn [T'_Til CZM{O‘L(E)'{(‘E*%)J + @n"[m (Z“{RL(E) ‘H?QM’J?}.

Tt T[Tl
(5.18)

The important results of this Section are
equation (5.14) for the transmission coefficient
(and hence eguation (5.17) for the reflection
coefficient), equation (5.16) for the reactive
phase shift and equation (5.18) for the elastic
phase shift., All these formulae contain the
guantum correction functions ¢‘ and. ¢l. It
is clear from the discussion in the previous
Chapters that their presence exactly cancels the

orbiting sinéularities-contained in the phase
integrals.

When E»V,(bqg,) and E\/7VnL<b2L) equation (5.14)
shows that the transmission coefficient rapidly
approaches the classical value of unity. If €11,57 ©
then TL equals [’l + exp ("'2”521,)]"% and likewise
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for €2L}>O, T, = fﬂ + exp(~2ﬁéqL5]"%; these
expressions are just those for the transmission
coefficient through a single barrier, For energies
in the region E‘<VnL(b1L) and E<(VnL(b2L), equation
(5.14) shows that the transmission coefficient passes
through a series of maxima which becomeo increasingly
sharp as the energy drops below the barrier maxina,

A typical maximum value of equation (5.14) is

given by:
§ ﬂ(eu.‘f‘iu,)
ax
’T‘_ = < b)
TT, —|
when the condition:
A (Ep) ~ Get)T +44+4), 22910, (5.19)

holds., It is shown in the next Section that the
Bohr-Sommerfeld quantization condition (5.19)
determines the resonance energies of the quasi-
stationary states. The condition for meximum
transmission is thus that the incident energy is in
resonance with one of the quasi-stationary energy

levels in the dip.



2465

Comparing the reacﬁive phase shift of equation
(5.16) with the corresponding result for the two
turning point problem of Chapter (#4) (equation (4.40)),
it i1s clear that the presence of the dip is accounted
for by the arctangent term in (5.16). For €4, M O
so that T, @ 4 the last term becomes X{(E) - %¢é
(recall that(ﬁq(¢2)4>o for 24652Q~9 tw ) and the

phase shift is:

Ay &
& - N ——
4 5[_’ = J[kl_(ﬁ) -K7] ds + ko) - k‘“]d's + !cwqu_ - kG/Cu_ + otL(g) - Q;)L-f’ (LH) W,
- o (5.20)

Equation (5.20) is the same as that
derived for a single barrier,that is the influence
of the well on the scattering has become negligible,
When T,-> 0 an equation similar to equation (5.20)
holds but with ¢, replacing ¢+ When T;-»1 and T,—>1,
that is for collisicn energies below the barrier
maxima,the factor (I4T5- 1)/(T4To+ 1) is small and
the contribution from the arctangent is constant
unless the resonance condition (5.19) holds in
which case Eg)rapidly increases by 7/2 on passing
through a resonance.

, “
The limiting behaviour of ZL can be discussed

in a similar manner, If Tq—acv the last two terms
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of equation (5.18) give a contribution éﬁi(E)~%¢2]
to the phase shift,which becomes equivalent to

that for a single barrier (in this case the second
barrier in Figure (26)). When Tr~>e0 the last two
terms of the phase shift are of Opposite sign and
cancel leaving the phase shift for a single barrier
(this time the first barrier in the Figure). The
behaviour of equation (5.18) for T,~2! is similar
to that for To,—»> @, When Tr—~1,the last two terms

become equal and the phase shift reduces to:

Qi
2-55) = thhlﬁ~k@145-k2kﬁﬁu;-% + (LT (5.21)

-t

+2 GM[T’____' t%[ms)—{rﬂ] :
T t1

Equation (5.21) is Jjust the expression for the
phase shift deduced for orbiting collisions in
Chapter (3) (equations (3.17)-(3.19)). When T, = Tg

as is the case for a symmetvrical potential,the

last term vanishes identically. Notice that the sign

of the last term differs according to Tq/T2j>1 or



T,l/T2<’I.

In deriving equations (5.6) and (5.11),it
has been assumed that the classically accessible
range Cqp.L S 2o, within the dip is sufficiently
large for the semiclassical approximation to hold
there. For energies near the minimum in VnL(s) this
condition must break down since  this range then
tends to zero., A complete treatment of this problem

would then employ parabolic connection formulae for

“) &)
59, 5<.

However from a practical standpoint tThe previous

a well to derive the form of T;, R

treatment may be considered valid for the lowest
energies of interest unless the potential is
markedly anharmoni¢ in the region of the dip. For
energies above one or both barrier maxima,it
follows from the discussion of Chapter (22) that the
range in which the semiclassical solutions may

be used decreases as the energy increases,but as
T1., Ry, 5 géfrapldly approach their wvalues in
the absence of a dip,equations (5.6) and (5.11) may be
considered valid in this region also., It may happen
however that the dip in the potential barrier is

so slight that the present method of regarding the

four~turning-point problem as a composite of two two-



turning-point reglions is invalid and another

approach is then required.

269
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5.3 COMPLEX ENFRGY FORMALISM

Since the potential walls surrounding the dip
are not infinitely high and wide,the system may
tunnel through the barriers and disintegrate.
Complex energy techniques similar to those devel-
oped in Chapter (3) may therefore be used to
characterize the quasi-stationary states.

In the first case consider the boundary
condition that solutions of equation (5.1) repres-
ent outgoing waves only at s =3¢« , This boundary
condition is realized by setting the amplitude of
the incoming wave of equation (5.11) %o zero (that
is A; = 0) so that only the reflected and transmitted
components remain. Tuis operation leads to tThe
Bohr-Sommerfeld quantization condition:

Aae

j kiods = ("Lfk)w + -{(‘1;*‘?»} - %-XMT)TL ) (5.22)
Cic

with @ = 0,1,2,¢+. o Physically the most interesting

case is when the quasi~stationary states possess’

small widths compared with their separation. The
imaginary term on the right hand side of equation



(5.22) is then small in magnitude. Following the
development of Chapter (3),equation (5.22) may be

characterized in terms of the complex energy:

E = ECLL - v.l.;:‘_l ) li" ? ()7

with the physical interpretation that the system.

2io

(5.23)

decays according to the expomential law exp(- raLt/&ﬁh

Inserting equation (5.2%) into the left hand side

of equation (5.22) and expanding to first order in

TZL gives:

-

fkw)a‘ﬁ v Hl‘:zcewvﬂcm)‘% - iy

— )
CIL Qe 21; l\}[;L
where d?L is the classical angular frequency of

ogscillation in bthe well:

LJ /J[Z(G L“V"‘-(s))] AS .

S

If the minimum is quadratic in s then o<L(s) may be

integrated directly in which case (5.24) is exact.,

Comparing the real and imaginary parts of (5.22)

and (5.24) givesé

(5.24)



A

éjf“?rvmc‘s»f"ds = (gri)n 44 (Bt duy),
Cie

- _ tw s
'iL ) -;;ﬂb}k lg T,

and the subscript q on <f and T indicates that E
has been replaced by EQL since terms arising from
the imaginary part: of B on the right hand side
of equation (5.22) may be neglected to this order
of approximation. Comparing equation (5.25) with
eguation (5.19) shows that the condition for
maximum transmission is that the incident energy
is in exact resonance with one of the energy
levels in the dip.

Considering now the case where the incident

energy is near to a resonance:
£ - l:q,u"f‘g‘—‘a

where Eg; and $E are both real and following the

derivation of equation (5.24):

21l

(5.25)

(5.26)
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j kuts)ds A/ ’;' J El('?iz. “VAL(>)):]=/:(5 + 3 "
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2N

(5.27)

Equation (5.27) together with equations (5.25) and

(5.26) may be used to reduce the transmission

coefficient (5.14) and the reactive phase shift (5.16)

to Breit-tligner form. For example from equation (5.27)

the transmission coefficient becomes:

n (iﬂ-LL t+ ili"‘)

T, =» < [ (g Ty-)"+ AT a5

which from equation (5.26).and the resulb:
T, — i )/ T To
}Q'Tﬁli ~ (}Jh ')//'i 4 )

allows equation (5.28) to be written:

S PR W T
KXot (Tel)™+ (B-E)

where

..[,\,

(5.28)

(5.29)
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XqL>/1 is a measure of the asymmetry of
the potential. It becomes unity for a symmetrical
potential where EﬂqL = ieqL' From equations (5.29)

and (4.31) the reaction cross section is given by:

) i 2L.T__+’ ;. (72&/1)1' . (5.30)
d - kH\« L. XALL ("‘ZL/L)I% (E%L-E)" .

Equation (5.%0) is an equation of the Breit-Wigner
type and clearly illustrates the resonance behaviour
of the reaction cross section.

An important quantity that is related to the
reaction cross section is the rate constant.52
Assuming an initial Boltzmann distribution of
states Child24 showed that the high and low temperature
behaviour of the rate constant followed an Arrhenius
temperature dependence., This observation may be
related to more formal results. At high temperatures,
where tunnelling may be neglected, the calculations
described in reference (24) form a concrete example
of a vibrationally adiabatic derivation of transition
state theory.m”33 Eu and ROSSSB, using VWigner's R
matrix theory,have shown that a sufficient condition

for the derivation of transition state theory is the

existence of a collision complex whose energy levels



possess small widths compsred with their separation,
This is clearly the case for resonance tunnelling
reactions at low temperatures,

In a similar manner to that described above
tPe reactlve phase shift may be reduced to the

Breit-l/igner form:

53‘ = DR v [,_E.L], (5.31)
L 2(€,, -€)

where FQL is given by equation (5.26) and Zyg is
the non-resonant contribution to the phase shift
in equation (5.16).

It is also clear that the first arctangent
term in the elastic phase shift (5.18) may also
be reduced to the Breit-Wigner form of aquation
(5.31). The second arctangent term may also be
reduced to a Breit-Wigner form by applying a
'forward moving waves' only boundary condition to
solutions of equation (5.1). Setting A, = 0 in
equation (5.11) leads to the quantization

condition:
dy,
jk,,cs)cls = (gri)m 4 4 (%) 14k D (5.32)
2

S
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Restricting attention to the case when the
inaginary term in equation (5.%2) is small and intro-

ducing the complex energy:

E o= Ep o+ Y| (5.53)

p)

into the left hand gide of (5.32),expanding to

first order in KqL and comparing real and inaginary

parts gives:

Q“_
| AN
Y g['l(EaL-VnL(s))J‘o(s = (q+4)m + t(¢,£+c;>,,2 ; (5.34)
""‘L
b,i(_ = @'LL /ﬁv‘ :Ei. (5055)
T T,_,)/

Equation (5.34) for the resonance energies 1is

equal to that previously derived,equaticn (5.25).
Equation (5.35) for the width béL shows that 3&L
may be positive,negative or zero depending on the

magnitude of T relative to that of qu. A complex

1q
energy with an imaginary part possessing such prop-
erties has not been considered before. The

behaviour of'UéL may be rationalized as follows.
This complex energy arises from the boundary

condition that there is only an incident wave and



b

a transmitted wave, The time dependence of the‘
system eXP(?%Lt/ii)therefore vrovides a measure of
the flux of particles through the first barrier
and the loss of particles through the second
barrier. When the barriers have the same dimensions
the flux of particles through the first barrier
equals that through the second barrier, qu =2 qu
and from eguation (5.55)\6qL = O, When the second
barrier is larger than the first one,more particles
will tunnel <through the first barrier than will
leak through the second barrier and the net effect
will be an increase with timé in the number of
particles in the well, T1q>>T2q and‘KqL>>O. Likewise
if the first barrier is larger than the second one
Thq <Tpq and ¥, <O.

Returning to the real energy case it may be
shown that following the lines of the derivation
of equations (5.29) and (5.%1),the elastic phase

shift may be reduced to the Breit-Wigner form:

g R -1y
5 ) 5 G 4+ A b« e ¢ L Ga__Iu
L= ¢ 3 16, ¢ z 2(€,~E)

1, I ‘
27" 'L and b,‘qL

become equal and equivalent to the width derived

It may be noticed that as T

in the case of -orbiting collisions,equation (3.40),
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6.1 TIHTRODUCTION

In the preceding two Chapters a model system

for the reactive molécular collision:
A+ BC = AB + C,

was developed in which the three atoms are
constrained to move along a strai_ght line but
with the whole system free to rotate in three
dimensions. The effect of the initial BC rotations
on the reaction was therefore ignored. This Chapter
describes a model system in which the BC rotations
are taken into account bubt with the following
restrictions: firstly in order to simplify the
discussion of angular momenta,the atoms are
constrained to move in a plane and secondly B is
taken to have an infinite mass so that the same
coordinates may be used on both sides of the reaction,
The coordinate system is shown in Figure (27).
Child27 has shown how this model may be used
to calculate reaction cross sections and here the
relevant theory is developed for differential cross
sections. The theory follows similar lines to that

described in Chapter (4). Natural collision coordinates

s and v are introduced to replace Ty and T of



2

Figure 27

The coordinate system for the two
dimensional model of reactive molecular

collisions.
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Figure (27) and an adiabatic separation of variables
is used to reduce the problem to the solution

of three one dimensional Schrddinger equations.
These correspond with motion along the reaction
coordinate s,the purely vibrational motion of the
atoms,and the internal rotational motion of the atoms,
The internal rotation reduces to the free rotation
of the BC or AB molecules at the beginning oxr end

of the reaction respectively and for those

reactions in which the initial BC rotation is
quenched as the reaction proceeds,with the bending
vibration of the ABC complex at sA/0. Alternatively
the rotational motion of BC may remain essentially

- free in the transition state region.

In the way the theory is developed,the wavefunction

for the internal rotational motion satisfies a
differential equation with non-periodic boundary
conditions. A detailed analysis is made of this
equation with the aid of Floquet's theorem.84
Seniclassical expressions for the internal energy
levels are derived using the parabolic connection

formulae of Chapter (2).

A partial wave analysis of the reactive and
elastic scattering amplitudes allows the respective

cross sections to be determined. It is shown that

a2l
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for free internal rotational motion in the trans-
ition state rezion each partial wave has the sane
angular part,vhich gives rise to an isotropic
reactive differential cross section,but this

is not (in general) the case for reactions which
proceed via a preferred configuration,where each
partial wave has a different angular part,

The theory described in this Chapter is
developed in such a way as to bring out the connection
with two dimensional elastic scattering from a
central potential., An account of two dimensional

elastic scattering is given in Appendix (B),
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6.2 HAMITLTONIAN AND BOUNDARY CONDITIONS

The classical kinetic energy T for +the

systen shown in Figure (27) is given by:

i

]

D

!

'T

e L » \ ‘LéL “ * L
qa ¥ 40+ qath 900, (6.1)

where q, and Qg denote the mass weighted coordinates:
1

Ay = mp® Ty

a4 = m.E
9% = D¢" Tg,

and m, and my are the masses of A and C respectively.

The total angular momentum of the system is:
v v ) [}

= Jw

J

~—

where I is the total moment of inertia of the system:

2
I = qu + Qq

and ) is defined by:

w = [gptarged/ T (6.2)
In terms of « and the angle /4 defined by:

. 2 9 ’9(.
i " ) (6.3)
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the kinetic energy expression (6.1) may be
written:
* 0

AT = gx + 40+ To" + T4, (6.4)

x*
where I is a reduced moment of inertia:

4 T —
T* = grgc /T
Since the potential energy U of the system is of

the form:
u = U(quqC’?()’

1) is the ignorable coordinate associated with
the conservation of total angular momentum. However
for the immediate development of the theory,the form
(6.1) is more convenient than (6.4) since the
quantum mechenical boundary conditions are more
simply written in terms of q,,q4,9,,8g than g ,qq, W, X.
Introducing the conjugate momentum py = YT/ &

allows (6.1) to be written:

L8 1 + L
AT = P T P2 ¥ é‘}re, + é}reg. (6.5)

From eguation (6.5) the corresponding quantum

mechanical hamiltonian may be written down by means

of equation (4#.9). The choice of volume element is
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459c32,39,d49,d0,, that is the mass weighted two

dimnensional svace. The hamiltonian is:

Y

'5‘1::‘—’({‘7%494_!9 o, (. Bk , .
P AF LT t+ N T U( 14 c_,("ég
Wop” Vg 1% Jge GoET Woe A )

— (6.6)
and the Schrddinger equation:
LT = EY .
The boundary condition satisfied by EP is:
K26 415 Rig”
-1 YooY B,
L s OL" - (‘ZL) -+ ’i(, § (‘l:_){ {' {f\—))
v K6
1AL )
(6.7

k. , §5,
~ 7 o ) )

g W UI o, z J
K))n

The first term in (6.7) represents the motion of A

by a plane wave moving in the positive x direction
with BC in the rotational state j¢ (with eigen-
function exp(ij® ey), § = 0,%+1,%2,...) and
vibrational state n (with eigenfunction qc-%fn(qo):
n=0,1,2,... ). The second term corresponds with
elastic and non-reactive inelastic scattering and

the third term corresponds with reactive scattering,



ﬂﬂ(GA) and f&kec) are the corresponding scattering
amplitudes and k® and k¢ the resvective mass reduced’
wave numbers. As in Chapter (4),the notation used
in the boundary condition (6.7) anticipates the
further developnent of the theory where it will be
shown that it is only necessary to consider an initial
elastic channel and a final reactive channel.

The hamiltonian (6.6) may be sinplified by the

substitution:

4 = (%‘lc)mg:’ > (6.8)

with the resulb:

2 91,? Yo ity 2076 ) .

where
V (gprq0 0x-00) Vlgpraoron-te) = w917,
The Schrddinger equation is:

HYy = EW,

and from (6.7) and (6.8) the boundary condition
obeyed by Vb is:

b )

C;-q



227

;\_ t’( Z/,U/)e,\ ¢ 6‘ ;'k(-‘,l”‘ ,_"("’9(’ .
L{/i /‘;,CO 1/4 £ in(& )-&} + Z*‘Z fn (@; ;2,) 'F(}{éjﬁ),)

kK, jun
L (6.10)
(+£Z
T ) < Sae’ phe).
W 6
/)I
Natural collision coordinates s and v are now
introduced %o replace g, and ¢5,as discussed in
Chapter (4):
S = --7,;&;)04- + e ?w:ﬂo(,
(6.11)
VAR Gr ek + g ey

where the angle of is shown in Figure (€). In the
present case where B has an infinite mass,the
angle of skewing Y = 90°. Substituting (6.11) into
(6.9) and with neglect of the curvature terms,the

hamiltonian becomes:

and the boundary condition (6.,10) becomes:



K500 E8 .k o ép
LI/ ~ -5 2 A n(‘f)-e': : + z,g kﬁ;,,[b').g/) b»f('f(g,%))

5>~

N
6>t

Although the boundary conditions are simply written

in terms of s,v,0,,0, these latter two coordinates

are not convenient for the further development of

?U”n

L‘ké!») LP(HQ
& e M),

kQH (H "

l)/

the theory because they do not take advantage of

the conservation of angular momentum., To this end,
the coordinates w and /X defined by equaticns (6.2)
and (6.3) are introduced to replace ©, and 6;. The

hamiltonian becomes:

T ~z}-{zwz‘ +
™

n
2 (gt I

2E%

(6.13)

+ 4 2-\- } + V(5,9 ’X)) (6.14)

DL
W It

By separation of variables in equation (6.14),

every solution may be written as the partial wave

sum s

00 C
g&(%u)q,w) = TZ_ AL‘+L(ﬁﬂqqq.e

L> -

L

(6.15)



wvhere L is ‘the total angular momentum gquantum
numnber and AL is a constant to be chosen so tha¥b
the boundary condition (6.13) is satisfied.

As an exanple of the partial wave expansion
(6.15) consider the initial asymptotic limit in
the boundary condition (6.13). From Appendix (B)
the asymptotic form of the two dimensional plane

wave partial wave expansion is:

e - L. 0%, - S
ks wn By | z Al —des ks o+ (4 *t)ﬂ']
=52 A < € + 2 )
V2l F-w
where 1) is the initial orbital angular momentum
quantum number. The first term in (6.13) may

therefore be written:

L. g g SLE L L - Y L
gn(’o—) Z 2 [) 5 ],X[‘e-'LkS-f_ .QCk} + (L J +‘*)‘Tf]~e (6.16)

)
2pik Le-w@

where the summation over Q&)has been changed to

one over L:

and 81, denotes the quantity:

ﬁL: L:ié'.
L



Operating on the partial wave expansion (6.15)

by the hamiltonian (6.14) gives an equation obeyed

by i//L(S’V,/X):
{,-“51[214';) £ 4 2_‘] - A + V(5v, ¥) - }t}/,_(s .;7() . (6.17)

In the next section it is shown how,with

the aid of an adiabatic separation of variables,

Y1,(s,v,%) may be written as the product:

LH_(S\, = sLhJ.e.)(ﬁ)'th (S'Iv') {\L}-H(S) ’)() j (6.18)

where S @(s) is the wavefunction for motion along

Inj
the reaction coordinate,gLn(s;v) is the wavefunction
for the internal vibrational motion of the atoms

and ij@(s;i) is the wave_function for the internal
rotational motion of the atoms. From the asym-
ptotic representations of the wavefunctions in

the product (6.18),the scattering amplitudes may

be determined.,

0
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6.3 ADIABATIC SEPARATION OF VARIABLES

This Section shows how an adiabatic separation
of wvariables reduces equation (6.17) to three one

dimensional Schrddinger equations in the variables
s,v, and X.
Following the development of Chapter (4)

internal wavefunctions ¢it(s;v,7) are defined by

AN B2 LR Ve [f = Vet e, (6219)
2 v Xt ot 23

where Vy,.(s) is the internal energy of the system.

Since the ¢Lt(s;v;x)formxa conplete set at each s,

%i(s,v,m) may be expanded in the form:

YL (59,7 ) }; S1ets) Puc 500
whence the SLt(S) satisfy:

[.1;\-4; Vi) — €] 5c6) = gcw () Suls) | (6.20)

7 dsv

wnere

éLC(:'(S) = t1'§5¢u_9 ¢Lt’AUJ7( + 'kjS ¢Lt ?if;_t/o/cfo")( (6.21)
5" Js



lleglect of the coupling terms (6.21) means that the
systen always stays in the same internal state (since
this approximation neglects rotational transitions

it is expected to be rasther poor in practice) end
equation (6.20) simplifies to:

[-;a*o,l_‘ 4 VieGs) -e] Sel) = O, (6.22)

2 ”lg"

The boundary conditions satisfied by equation (6.22)

are taken in the form:

vy ©) - <) R T O ¢
. . ks o (L= ) 200 -k
$ -t )

(6.23)

Y

~ )

$->+t0 K

where the first term represents an incoming wave
(with phase determined by equation. (6.16)) and the
second and third terms represent elastically and

reactively scattered waves. Semiclassical methods

for the determination of the phase shifts ég’and

&
gL

RL and TL for various choices of profile for

and the reflection and trensmigssion coefficients
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V;+(s) have been described in Chapters (4) and (5).
In order to solve equation (6.19) for the
internal motion it is assumed that at a given

value of s:

Vis,v, %) = Ve + Vi,

that is vibration-rotation interactions have been
neglected. In this case equation (6.19) separates
intd. an equation for the internal vibrations and

one for the internal rotations:

el %) 5 Fenes,e) fje (5;4) (6.24)

Vo) = Vi) 4 Vijer(s) (6.25)

The SchrBdinger equation for the internal vibrations

is:

'112" + _E-__‘j‘_" + VU,V)]thU;\J’)a VL"Mi.;nU}V)) (6.26)
2 Jdvv 2.7

and that for the internal rotations:

R A A .
| i,"‘u t VU’/X)] fa,j'@'(s)'?()’ VL}"'J(S}](L/'H(W?‘)) <6’27)
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and I: indicates that I* has been replaced by its
equilibrium value av v = \
An approximate solution of equation (6.26) is
obtained by replacing I with Ie and assuming that
V(s,v) is a quadratic function in v -~ Vv ,s0 that
ﬁLn(s;v) is a harmonic oscillator function and the

internal energy VLn(s) is:

VLn(s) = I_—-:.EL o+ (“*’\:)'Z?w n:0, %, - (6.28)
2T,

where © is the classical vibration frequency.

Equation (6.25) shows that the barrier to
reaction along the reaction coordinate has four
contributions (1) the variation of the original
potential surface along the reaction coordinate, (2)
the cenbtrifugal barrier associated with The
conservation of angular momentum,(3) the change in
snternal vibrational energy for a given vibrational
state. Contributions (2) and (%) are explicitly
;illustrated by equation (6.28),(4) the change in the
internal robtational energy for a given rotational
state as the reaction proceeds.

Contributions (1)-(3) were found previously
in Chapters (#) and (5). The internal rotational

energy is obtained from equation (6.27). The solution
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of this equation is more difficult than thatv for
the intcrnzl vibrational states and is considered

in the next Section,
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6.4 INTERNAT, ROTATIONAL STATES

From the previous Section the equation to be

solved is:

[’ff‘; A+ V“'?‘)]hjc’-»(w) - VipOfe Brs),  (6.29)
237, Ax®

where ‘the potential V(s,%) is periodic in X . For

a'system in which the ABC complex forms a linear

preferred configuration (Q(= ) for example,a

Fourier analysis of V(s,y) gives for the first two

terms:

visx) = (e wx) . (6.30)

Typically H(s) takes ity maximum value for s &0
and tends to zero as s>t .,

Consider now the boundary condition obeyed by
ij@(s;ﬁ). The coordinates w and KX were chosen in
such a way so as to avoid a cross ternm between then
in the kinetic energy (6.4). The coupling still
exists however and is apparent in the boundary
conditions. In the theory of hindered rotations this

approach forms part of the 'internal axis method',85,86
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Since V(s,4) is periodic in % Floquet's theorem
states that a particular solution of eqguation (6.29)

will have the form:84

c&xp

'ﬁjH(sfx) = e (¢)7 (6.31)

where P(X) is periodic in X and ¢ is a real
constant (the characteristic exponent). o may be
found by considering the total angular vart of the

wavefunction u(9,,04) where:

clw
U(ta,8.) fejo (5,077, (6.32)
Making the changes:
Oy — Oy + 2ﬁn17

eC -7 eC + EﬁnE)

where D, and n, are integers,it is clear that
since the physical situation is unchanged,the
total angular part of the wavefunction is also

unchanged.
u(®,,9:) = u(@A+2ﬂn4,@C+2ﬁh2)) (6.33)

Substituting equatiom (6.%1) and (6.32) into
equation (6.3%) it follows that:

L (nqn + hwzt) + 0 (n,-n) - ,
=

—

(6.34)

il
3



23%

where n is an integer. Equation (6.34) therefore

determines ¢

g o> DM 49 (6.35)

where g = Lqy"/I is the quantity introduced
previously. Since n and ns (and n) are arbitrary,

a. convenient choice is that which makes the first
term on the right hand side of equation (6.35, zero

so that ¢ = gy and equation (6.31) gives:

fuets; o L% rex) (6.36)

For an increase in 4 of 2% equation (6.36) shows
" that the boundary condition obeyed by ijm(s,%)
takes the form:

217 L .
')CLj(;, (S/'X‘f’lﬂ) = 2 " 3 ’FL}‘L/(Q/ /X) ) (6.37)

~1mih .
= & Hfyesx) - (6.38)

where hL = Lqu/I. Notice also that &1, + hy, = L.
Solutions of equation (6.29) may be obtained

in the limiting cases of H(s) ~>0 and H(s)—> co0 ,
In the first instance suppose H(s) = O; this

is the case of free internal rotation. Equation (6.,29)
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éif 2 —'LKF) (6.39)
a‘YL '
vhere
LW
;. [21‘1‘_ vLj-w(s)] '
ﬁ\,

The solutions of equation (6.39) are:

P (6.40)

It is also evideat that

P(x) - -eﬂj‘/x,

where jﬁﬂ is an integer,so that from equation (6.%6):
R R T
foutin) = < Lj€-g-3%, (6.41)
Comparing with equation (6.40) gives:
:t C = "'L)G, + g(_,

from which:

Vijerts) - fj(";f):]l?:l., (6.42)
LT e



At the beginning of the reaction &1, = O and equation
(6.42) g.ives the energy of rotation of the BC
molecule, All levels are two fold degenerate except
i® = 0 (the degeneraéy corresponds with the two
possible directions of rotation). As gp increases

in value however this degeneracy is removed until

at certain values of gp,equation (6.42) shows that
the energy levels cross each other in pairs.27’87
This happens when jq + Jjo = 235, and since jq and jo
are integers,the crossings occur for 81, having
integer values (when jﬂ and. 32 have the same parity)
or half integer values (when 31 and j2 have opposite
parity).

Equations (6.41) and (6.42) are in a form suit-
able for the reactants side of the collision since
g,—~> 0 as s—>~ @ . On the products side of the
reaction,the solution of equation (6.29) in the

free rotation case may be likewise written:

. N
{Lj(-lcsl 7<) = 2 CJ ' h ]’X ) (6045)

and the energy is:

rél -L\L
WLJ'H(S) = Lj¥-h J"% ,

11,

where jé” is the final rotational angular momentum
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quantum number of AB,which is related to L by:
] &l \
L - f + ‘)(H)

where Qw is the final orbital angulsr momentum
quantum number of C,

Yhen there is free rotation throughout the
course of the reaction,the wavefunctions (6.41)

and (6.43) are equivalent so that:

(-

=g JYhe

from which:

J(-H N 2(’)
(6.44)

A jGI
that i1s the initial orbital angular momentum of
A becomes the final rotational angular momentum of
AB and the initial rotational angular momentum of
BC becomes the final orbital angular momentum of C,
However if the initially free rotational motion of
BC at 8 = - 0 becomes quenched at s «0,the above
simple correlation no longer holds,

The second limiting case for which solutions of
equation (6.29) may be obtained is when the internal

energy is much less than the barrier height. The
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motlon takes place within such a small range of Q(
that the exponential in equation (6.36) will be
practically constant, PC%) on the other hand will
be rapidly varying in this region. The internal

wvavefuanction may therefore be written:

L-'z_’x
’FLJ'H(S,"X) = Qg {X@(’X“X{), (6.45)

where 7% is the equilibrium value of X and
XqGX—7%) is a harmonic oscillator wavefunction for
example. This may be seen for the potential (6,30)
for example by expanding the cosine up to powvers
of %2 around the point X, = 77 . Equation (6.45)
provides the connection with the fixed orientation
model described in Chapter (4). The exponential
factor in equation (6.45) may be removed by
measuring O, from the preferred configuration,so
that X, = 0.

When V(s,X) does not take one of the limiting
forms described above,exact solutions of equation
(6.,29) will in general require numerical methods.
Approximate expressions for the energy levels nmay

however be obtained semiclassically by means of
the parabolic connection formulae derived in

Chapter (2). The m fold barrier problem has been

41

. L .
treated by Millex™ ! , His results are incomplete
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however because they do not include the quantum corr-
ection function ¢(£). The necessary extension .is
given Dbelow, Child has explicitly considered the
one and two barrier éases.27’87 The use of matrix
notation leads to an elegant solution,t]

Fizure (28) illustrates the symmetrical three
barrier case and for defihiteness this example is
considered in the first instance,

In region I,the wavefunction may be written:

% X
c - ! ) C ; )
() = U oaxp] ~kly )M} S expf | k(x)dy } (6.46)
fe0 Jk xf{ 4 Virix) F{ i K
and in region II:
‘ ] , . ¥ )
fatt) >t el o o S e {‘Lf"’ 7]y (e

where in equations (6.46) and (6.47):
() - {QL RATICEAYS Y/]}

From Chapter (2),the connection between the coefficients

CqyCo and CzyCy 1S:

(65 - D (:) ) (6.48)
Cy



Figure 28

The barrier to internal rotation in the

symmetrical three fold case,
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where

D = , (6.49)

. -Tt ~ng 77t ”f
L2 (:l + 4 ] <

and & is the reduced energy displacement variable
introduced in Chapter (2). In region IV the

wavefunction is:

/Y ’
4 4 .
) . =2 .exl’{'if‘r<1')alﬁ"; + = ] ¢ ROy (6.50)
fo ey Ly Vo) {7{ b

and repeated use of the connections (6.48) and (6.49)

allows ¢oyCg to be related to c, ,c5.

¢y <
= DRDAD 5 (6.51)
¢ o
1
where
¢ % o
<
B = P
0 =

where o is the usual phase integral across the well,

The boundary condition (6.37) is taken in the form:

fiotsam) - "I e o) (6.52)
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Using equations (6,46) end (6.50),the boundary

condition (6.52) is equivalent to:
/,'7 (:1'\’ _ C -
( > L e (;), (6.5%)
e

Equating equations (6.51) and (6.53) gives:

(DBD@D B _elnéc._{sq)(:")z 0.

This has non~trivial values for Cq and c, only if:

1 g '
dek (D6 DBD ~ 2 Itg) s O

or equivalently (since det(B) # 0):

dt ( (D8) - LTI ) L 0.

This is the result for a three fold potential
barrier. It is clear that the result for an m

fold barrier is:

dik ( 08)" - 2T9) - 0, (6.54)

or if the potential barriers and wells are not all

the same:
Ak ((08),(08), . . . (DB), — LML) . o,

with a different €0y for each barrier and well,
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Since det(D) = det(B) = 1,equation (6.54)

is equivalent to:
T( Cbg).m 2 L e (Z'Uf]L‘) . (6055)
A trace is invariant under a similarity transformation:

Te (D8)™ . T, (uoBuUT)™

and if U is chosen so that UDBU"/l

-1

is diagonal then
the diagonal elements of UDBuU are the eigenvalues

of Ds, In this way it is found that:

Te (da)™ 2 ws (mb), (6.56)

where

(' 4 _e“l“‘):hm (d—%(il),

1

w> &

From equations (6.55) and (6.56),the quantization
condition for the internal rotational energy

levels is:

M[&‘(f(i)J - [l _f_e—LWi:]-t)»m[?:::(_j f‘),gz.)]q,

where j© = 0,#1,t2,.... and for the alternative
boundary condition (6.%8),the quantization

condition is:

W~

Cr+ <] " [.ﬂ' J4-h],

vhere ' = 0,11,%2,.4. .

o oL~ ¢e) ]
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hen the height of the barrier tends to
zero so that ¢->@ the above quantiszation
conditions yield the free rotation results
previougly derived (for exaﬁple equation (6.42)).
As the height of the barriers increase on the
other hand so that ¢->-e¢« then the usual Bohr-

Sommerfeld quantization condition for a well is

obtained.
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6.5  SCATIRRING AMPLITUDES

e o

In Section (6.3),it has been shown how an
adiabatic separation of variables allous the
vartial wiave expansion of the total wavefunction

to be written:

Y509 %,0) = 2 A S0t O) Gen(s0) Fujo Gy e 2, (8:5D)

Inserting the initial asymptotic limit for

SLnj@(s) equation (6.2%),and for ij@(s;ﬁ) equation
(6.41),into equation (6.57) and comparing with
equation (6.16) allows Ap to be determined,namely:

AL - !

In a similar manner,if the asymptotic‘limits for
SLnj@(s) and ijH(s;ﬁ) for the elastically and
reactively scattered waves are substitubted into equ-
ation (6.57),comparison with the boundary condition
(6,13) and equation (6,16) allows the elastic

and reactive scattering amplitudes o Le determined.,

The results are:

¢ I "‘“Héc - ‘:('("’ L ’7[ 2(“(‘1 Lw
{‘?(va) e S e 2 jq+) [P\Le ()L"f:).q,
Vin k L 9
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‘-G)e -1 &) .
. -t A (_( "l"l-)/,{"'“ 1((/(, LLD\)
1L“’(e ) - L > o7 2 lhhbe 2

¢ i lrr{kw L

or reverting back to the angles Cp and € from

and.% in the above equations:

- ((L““(" @, -~ L"'5«.
’f(ad - %{lﬂﬁ ?;ie J )A);RLzz -/I] ) (6.58)

< )
nck

L‘(L"("’)e 1¢ vru
Fe) 1Y e S AP

> . (6.59)
1nok L
and the differential cross sections are obtained
from equations (6,58) and (6.59) by:
T 1160
I A) - { A )
) ) T
I&'(G‘c) 2 _E_(_.’ ,f' {9()/ ¢ (6.60)

The elastic scabttering amplitude may be further
approximated by the semiclassical procedure
described in Chapter (4) and Appendix (B).

The treatment accorded the reactive scattering
amplitude depends on how the final rotational
angular momentum correlates with the initial

rotational angular nomentum. For the free rotation
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# - jé‘)

case described in Section (6.4) and
equation (6,59) becomes:
Ve )
- () t.) e e o c \I'G)
fhlfR) = e Y T

‘/lm. k.en L

Fach partial wave therefore has the same angular

part so that the reactive differential cross section

(6.60) is:

< (+1 - ___‘__ / T 265«.9"1'
T7(0) - ? L < , (6.61)

that is the differential cross section is isotropic.

On the other hand suppose the initial
rotational angular momentum is quenched in the
transition state region in such a way that j¥ =
j“’+ ¢c,where ¢ is a constant (for example ¢ = O for

a synmebtric reaction). Equation (6.59) gives:

o (. [)(-)“"'CJ e‘ (:(. pg 2‘.5‘(‘,‘,
2 7 Tie e (6.62)
\/'Zni k(ﬂ .

‘f(ﬂ(et) =

In this case each partisl wave possesses a different
eangular part and the stendard semiclassical
approximations may be applied to equation (6.62)
(Chapter (4) and Appendix (B)). The cross section

resulting from equation (6.62) will in general be



anisotropic.,

The effect of the rotational state of BC on
The reactive differential cross section may
therefore be described as follows. At low j% values
the rotational motion of BC will (typically) be
quenched as the system enters the transition state
and these rotational states will (in general)
give rise to an anisotropic contribution to the
differential cross section. At high j¢)values
however,free rotation in the transition state region
will prevail and these states will give an isotropic
contribution to the cross section. There will
also be an intermediate range of j¢ values in
which a trénsition from anisotropic to isotronic

behaviour tekes place,

253
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APPENDIX A: NUMERICAL ASPECTS



L1 INTRODUCTION

This Appendix describes varicus numerical
asrects of the work considered in the remainder of
this thesis. All the calculabtions were programmed

in ALGOL on the Physical Chemistry Laboratory's

Elliott 903 computer.
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w
A,2 THE TLTTGRAL (exp[i(x4 + ax)]dx
| i
The integral:
&c
C(a) = JQKF[i(ﬁ*+arJ]oh~) (A1)
~ 00

was encounted in Chapter (4) in connection with

the semiclassical description of the cubic rainbow
effect. The properties of the integral (A.1) are
described in this Section together with its numerical
evaluation.,

An important property apparent from the
definition (A.1) is that C(a) is even in a:
C(a) = C(-a),
A series expansion,which is used to evaluate
¢(a),may be obtained as follows. By writing C(a)

in the form:

C(“J 2 DC(“) + Dc(~6*) + LED;(&J + Ds(-c«)], (A.2)

where
o

DL(A) - S‘Luj (’r‘k-{—a/)&)o()\)

v

@

Ds(a) - j%@«(x“+¢%)dn)
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reduces C(a) to known integrals. Applying the

expansions:88
¢ A k (4-p)+
G + | ly - 4V
YC&)(&X& bx¥)dn = L Z(:l’-) ) [%,‘]7
P k" r
0 K20 °

. @k - (
(%«fn(m\'m_m"’);(r = IZ’LZ (:l,_) o r )I-—,( kﬁ!';il) Q,;.,,[k(’g 'PZ#IT\] ,
0

to Dc(a) and Ds(a) gives:

Dc[&x) ™ i . (.a)k I"‘l( k‘fl) [;{kﬁ], (A.3)

e OB —03Ba-0.052Ua 400404 —

D5(,a) 5 4. z (—a)‘r (k‘-ﬂ) [(;;_kﬂ]) (A.4)

O-3%b9 £ 031334 = 01415, Y — 0.008)g % . ,

Cc(a) was evaluated by neans of equation (A.2) and
summation of the series (4.3) and (A.4). The maximum
number of terms the computer could handle was k220
which allowed a determination of C(a) to three

significant figures for O0<£a {6, The gamma functions
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were calculated by using the recurrence formula
[M(z+1) = zl '(z) to express each gemma function
in terms of fj(z+1) with O £2 &1 and using a
polynomial approximaﬁion for the latter.89 Graphs
of ReC(a), ImC(a) and {C(a)I are shown in Figures
(29)-(31).

Writing C(-a) in the form?

©

cl-a) = a'“fcxr[iatm(-‘f—q’x)]4”7

-~

allows C(-a) to be evaluated for large values of

a by the method of stationary phase.’© There is
only one stationary point in the integrand,namely
when x = 43 from which the asymptotic behaviour of

C(-~a) is found to be:

i
i/}v_
1]

. M3y
Cla) ~ ("LT) oGt )] s

The asympbotic behaviour of Re C(a), ImC(a) and
|c(a)| according to equation (A.5) is also shoun
in Figures (29)-(31). The graphs indicate that
equation (A.5) may be used with confidence to
evaluate C(a) for aX6. The plot for |[C(a)]

illustrates the quantum nechanical rounding off



Figure 29

The solid line represents the function Re C(a),
whilst the dashed line is its asymptotic

representatcion,
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Figure 30

The solid line represents the function ImC(a),
whilst the dashed line is its asymptotic

representation.
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Figure %1

The solid line represents the function I[C(a)l,
vhilst the dashed line is its asymptotic

representation,



5
[

9Ln

()0}




of the classical mechanical infinity discussed

in Chapter (4). Hote also that the asymptotic form
for |C(a)| is monotonic whereas |C(a)| possesses a
minimun at a®¥ 3,9 and a meximum at as4.7. The
oscillation is however a weak one, This result is

of interest in connection with supernumerary

cubic¢c rainbows.
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A.5 PHASE SHIFT EVALUATION

Kennedy and Smith79 have made a systematic
investigation of methods for evaluating phase
snifts within the semiclassical approximation.
They have recomniended a modified Clenshaw-Curtis
integration procedure which has the advantage
of being efficient and accurate and for which it
is straightforward to obtain reliable error estimates.
However the formulae given by Kennedy and Smith becone
inefficient for small values of the turning point
and break down altogether if the turning point is
zero. Other computational msthods for semiclassical
phase shifts suffer the same disadvantage. A scaled
version of the Clenshaw—Curtis method which avoids
this difficulty is described below.

In the Clenshaw-Curtis method the interval of
integration is first changed to (-1,1) by a linear
change of variable so that the integral takes the form:

T = [Fea.
-1
The integral is expanded in & Chebyshev polynomial
series and integrated term by term. However this

is equivalent to a quadrature of the form:



N

L WIF(ey

£=0

il

Ty

where the weights h§» are defined by:9o

N2

Lre—

i NI N — 2r-|

KR NG v 5\ s [Ge)som]

{N —_
hs ) - | \ 5 = U)N .

Vel

An estimate of the error is given ‘by:‘79

&y = o max (anly [ana ], ITe-Tupul),
for N &,where

. N,
) = 215 0 F (2)

529

()

[aN-‘LI )

.3./ EN:”(-I_)S &,k)(%ﬁ‘) F (o» s
N N 4

5z ¢

l 3
and E:Imeans that the first and last terms in the

summation are halved. Comparing equations (A.7)

and (A.8) with equation (A.6) shows that reliable

57

(A.6)

1< SN,

(A.7)

(A.8)
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error estivimates may be obtained with little extra
WOork,
From Chapter (4),the phase shift may be written

in the form:

——

S = k Lun {Jrum~ !(!- '“ }> (A.9)

R~ ¢o

where

Fote) = {' -2V - EL(LH)H]}"L
Ry kv k_‘L(r\+ U—tL) .

h (L+4)]k

1)

Ty, is the zero of the integrand or the top of

the barrier when FL(r) does not possess a real zero,
Before the quadrature (A.6) can be applied

the singularities in the integrands of equation (A.9)

must be removed., For all cases counsidered in this

thesis b ry and following Kennedy and Smith,equation

(A.9) may be transformed to:

98 T
5 - (md){;: (n) wmb 40+ kbf[f’ ()~ smb] b gy 10)
0 (071'9 0 ("")9

vhere



-] b
= ftd _ fp = W ford y 7 )
| - T ) g wh b

¢ €

in which o 1is a scaling factor., Changing the
linits in equation (A.10) to (-1,1) and applying

the Clenshew-Curtis formula (A.6) leads to:

NI
b = k(f,jm)-(oi WOV () 5t
* S5=0 @ﬁlp'
N-l
+ Kb cw[,:,_(;,/me)..wcz] nby (1.11)
521 5} 61
In equation (A.11):
b, = rfl+ W 6. » T [| +wTs
! Z(I '\’) ) : 4( N)

o A T nox Lt
h 4o t &

In the computer programme the weights h<)
computed initially and stored for N = 2,4,8,...., .
The phase shift was then computed until the error €N

was less than the permitted error £ . In practice

s was set egual to 0.01 which gives four figure
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accuracy for 23210. For this error it was found
that 32 terms were required for small L values
(occasionally 64 terms were required) and this
reduced to 8 terms for large L values. The
conputational procedure described above was found
to be well suited for this problem. There was

no obvious case where the error estimation £N
failed. A satisfactory choice for the scaling
parameter was found to be & = 5, The convergence
for-rL # 0 was not affected. The turning points

ry, were found by the Newton-Ralphson method.91

The computer programme was checked by
calculatiﬁg phase shifts for the lorentzian
.potential of Chapter (4) and comparing these
with the exact results in terms of elliptic

integrals.
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A4 DEFLECTTON FUNCTION EVALUATION

In Chapter (4) it was shown that the
deflection function (® is related to the

phase shift via the semlclassical equivalence

relationship:

@ = 2 2) | (A.,12)

With 9 given by equation (A4.9),equation (A.12)

gives:
co y
9 (L+1) 4 .
~ T - ——— (A.13)
® l kK J(e) ) |
L

Smith92 has‘also nade a study of methods
available fof the numerical evaluation of inﬁegrals
similar to (A.13), and has recommended the use of
Gauss-liehler quadratures. As in the case of the
bPhase shift, Smith's procedure needs scaling
to allow for the possibility of ry, being zero (or
what is the same thing ve # 0),

In the Gauss-Mehler quadrature method the integral

to be evaluated is written in the form:
[

T - Y.iﬁigﬁﬁ ; (8.14)
-1 (“")



and this is approximated by:

N
2/~ ~
Z, Tt

J..

Unlike the Clenshaw~Curtis method there is no

. T
‘TN- N

reliable error estimate that is also easy to use
in practice. Denoting the integral in equation
(A,1%3) by I:

t0

J’ A .
L 7 (43*) Flv)

L

by change of variable this may be written:

i

T o L+ f— (jﬂ 7
2 ‘y}(/”fu;‘) F(v)
where
LS utd oy
oL = ‘}'U‘("j) j -~ )

in which « 1is the scaling factor. From equation
(A.14) the expression for the deflection function

becones:

(L

K
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N
@ A T - +£)((L+0L)£ Z]L(w %/_\T)) (4.15)
IE

with
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fly) = AN

= '}:\(',L_“}{L) FL Cr)

»

The choice X = 10 was found to be satisfactory. The
difference IN- IN/2 vas used as an estimate of the
error &y, The summation in equation (A.15) was
computed until € <& with € = 0.001. However
IN - IN/E is not a reliable error estimate. Several
exanples were found where this condition failed.
To guard against this possibility all values of
() requiring N <16 were recomputed using a smaller
error estimate until N 16.

The deflection function programme was checked
by comparis_on with the exact results for the lor-

entzian potential of Chapter (4).
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B.1  TNTRODUCTTION

Lhis Appendix presents a discussion of two
dimensional elastic scattering from a central
notential as there does not appear to be an
account available in the literature. In particular
the partial wave expansion of the wavefunction 1s
considered together with the semiclassical
approximation for the phase shift and The
correspondence with two dimensional scattering of

classical particles. The results of this Appendix

are used in Chapter (6).

27
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B.2 PARTIAL WAVE AALYSIS

As in the three dimensional case,the two
dimensilonal partial wave aﬂalysis proceeds Dy
analogy with the scattering of sound waves.93
In polar coordinates the two dimensional

Schrodinger equation is:

)

Leg « 1Tk k [e-vm]} Livg) = 0. (B.1)
Y

i (G X

The boundary condition on $(r,f) is that at large
distances it represents an incoming plane wave

and an outgzgoing scattered one:

- Cr
Hig) o~ 2t ft1z (2.2)
-

in which f(é} is the scattering amplitude. f(¢)
is related to the differential cross section I(k,p)

and total cross section G(k) by:

i

T (k ¢) | £0é)1™

g(k)

}]

rﬂk, ¢) ¢ .
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By scparation of variables every solution of
equation (B.1) may be written as sums of products
1
of the form Rm(r)oxp(im{))/r2 With m = =@ ,.04,=7,0,1,400,+0,

and where R (r) satisfies:

JIR“ 2 —V(y - “‘L-l) ] =
L‘»'U} + [ 4‘3{5 7ay ( rj]RMU 0, (B.3)

Equation (B.3) is equivalent to the three dimensional
radial equation if the substitution m-> £ +% is
made (see equation (%.4)). The boundary conditions

satisfied by R, (r) are:

Qm (O) = 0 b
(B.4)

Ry () ~ Cc’.)[kr—-ﬂl(mi-{)-é—gmj)

where 5m is the (real) phase shift and the
reference phase is that determined by the free
parbicle solution (that is V(r) = 0) given below,
Using the two dimensional partial wave expansion of

93

a plane wave:

o w . .
-Qckl bu’)¢ - ;‘ N LW\YT/L.Q(.M¢ J:n(k())

M=~

v PR
¢) L1 un(f
o . E e v =10 [ ),
(tkl) < * [ L( )j

m ™



it is not difficult to deduce that the partial

wvave expansion of #(r,%) satisfying the boundery

conditions (B.2) and (B.,4) is:

5‘1 S ‘5 ' \

r _ Q gmlt/L clwm . LVA(;

() = () > T R0

T v
)

and that the scattering amplitude is:

f - LY.

m

The total cross section takes the simple fori:

o) = £S5 w3,
K o

L73

(B.5)
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B.3 SHEUICLASSICAL PHASE SHIET

The semiclassical formalism cannot be applied
directly to equation (B.3) because of the rapid
variation of V(r) near r = O, This difficulty is
overcome by using the Langer transformation to

map [0, @) onto (—c0,+co).57 The substitutions:

gives an equation for Um

ag%mcr\) 4 [t [E - V(e)} * et [Un) 2 0 (B.6)

to which the semiclassical approximation can be
applied. The semiclassical solution of eguation

(B.6) in terms of the original variables is:

pt = [t Tt ity ],

(3.7)
where vy is the zero of the integrand. The reference ;
phase is that given by equation (B.7) with V(r) = O
so thet the phase shift 0 is
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R
S j [ (e -y th wt T
R>w (7, . ke

Zun v) g =t - . .
g wa{ [[. F W)} Jl( kR} % (B.8)

This is analogous to the three dimensional phase

shift if the substitution J+41->mn is made.
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B, 4 CUAITUMN - CLASSICAL CORRESPONDENCE

The correspondence tetween the quantum cross
secticn and the classical cross section for two
dimensional collisions is outlined below., By
excluding ¢= O,the second summetion in equation (B.S5)

may be dropped leaving:

a0

f( ¢) ) .___'_. Z / QZEOM [e Cmf‘{_e—imf’] ’ (B.9)
Vinck wm=0

/
where jz. denotes a factor of % when m = O, This

result follows by noting that??:

iz‘"w _ %[‘(T%)H) 40,
me -3 v (£)

and

Low L0+ _ o $t0,
T>w oo (4)

Replacing the summation by an integration over m

gives for the scattering amplitude:

]

(B.10)

oL Arom) Al
fu) = = [T

V27ick

where
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As(m) = 20, zmg,

Since the terms in the integrand are oscillating
rapldly,it is appropriate to use the method of stat-

ionary phase. The stationary point of the firs?t

1

term yields 23% /Um -7(3 and that of the second
term yields 2U§m/9m = % . Thus in terms of the deflect-
ion function g} there results the semiclassical

equivalence relation:

A\

2

|

v [ (B.11)

m

<9

From equation (B.8),2quation (B.11) becomes:

£o

- W'ljx- ol i (B.12)
r{ €] "R/

<

(o

If the correspondence mA = J is made then
equation (B.12) is Jjust the classical expression
for the deflection function.

Returning to the expression for the scatiering
amplitude,equation (B.10),and supposing that only
the first term contains a point of stationary

phase,standard theory gives:38
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£(¢)

(8.13)

il
[l
>
+~
)
<
T
X
—\i‘
)
P { N
> i+
e |~
X
N
e
-
1
"y

If }2A+(m)/3m2'< O then the right hand side of
equation (B.13) is to be multiplied by exp(-it/2).
Making use of the equivalence m = bk where b is the
impact parameter gives for the differential

cross section:

o
Ile) = '//;{E)wa )

which is the classical result. Hotice that there
is no effect analogous to the glory in two
dimensional scattering. The above derivation has
assuned a monotonic variation of § with b. When
this is not the case, the development of the

three dimensional theory may be applied.
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