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Abstract

It is easily proved that, ifP is a class of graphs that is closed under induced subgraphs, then
the family of matroids whose basis graphs belongPtas closed under minors. We give simple
necessary and sufficient conditions for a minor-closed class of matroids to be induced in this way, and
characterise when such a class of matroids contains arbitrarily large connected matroids. We show
that five easily-defined families of matroids can be induced by a class of graphs in this manner: binary
matroids; regular matroids; the polygon matroids of planar graphs; those matroids for which every
connected component is either graphic or cographic; and those matroids for which every connected
component is either binary or can be obtained from a binary matroid by a single circuit-hyperplane
relaxation. We give an excluded-minor characterisation of the penultimate class, and show that the
last of these classes has infinitely many excluded minors.
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1. Introduction

Let M be a matroid, and le€8(M) be its set of bases. Thiasis graph of M, denoted by
BG(M), hasB(M) as its set of vertices. Two bases are adjacent inBGif and only if
the size of their symmetric difference is two. The basis graph has been extensively studied
in [1,4,5], and others.
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Maurer [5] has proved that, if we I@ be the class of graphs that have no induced sub-
graph isomorphic to the octahedron, thefris a binary matroid if and only if BGW) € P.

We generalise this idea to other classes of graphs that are closed under isomorphism and
induced subgraphs. Such a class of graphs will be known beradiitary class.

Suppose thaP is an hereditary class. Le¥{(P) be the class of matroids such that
M € M(P) ifand only if BG(M) € P. We shall say thaM (P) isinduced by P. If M isa
class of matroids, and there exists an hereditary class of grapksich thatM = M (P),
then M is aninduced class.

A basis graph does not determine a matroid uniquely. For instance, adding a loop or
coloop does not change the basis graph of a matroid. However, Holzmann, Norton, and
Tobey [1] showed that a basis graph does uniquely determine a loopless and coloopless
matroid up to a natural form of equivalence, which we now describe.

Suppose thal =M1 & --- d M,,, andN = N1 & - --  N,, are the decompositions of
two matroids into their connected componentsnlE n, and there exists a permutation,

7 € Sy, such that eitheM; = N,y or M; = N;;(,.) foralli € {1,..., m}, then we shall say
thatM andN aregeneralised duals. In particular, ifM is connected and/ is a generalised
dual of M, then eitherN = M or N = M*. It is easy to see that the relation of being
generalised duals is an equivalence relation.

Theorem 1.1 [1, Theorem 5.3] Two loopless and coloopless matroids have isomorphic
basis graphsif and only if they are generalised duals.

If M andN are two matroids of the same rank, th&ris arank-preserving weak-map
image of M if N is isomorphic to a matroi@’, such thatt (N’) = E(M), andB(N') C
B(M). This relation is denoted byf ~>> N.

It is clear that, ifP is an hereditary class, them (P) is closed under generalised
duality and the addition of loops and coloops. Furthermore, sinck¥, i a minor or a
rank-preserving weak-map imageMf, then BGN) is an induced subgraph of B®), it
follows that M (P) is closed under minors and rank-preserving weak maps. These neces-
sary conditions turn out to be sufficient also.

Theorem 1.2. Let M be a class of matroids that is closed under isomor phism and minors.
Then M isaninduced classif and only if it isclosed under generalised duality, the addition
of loops and coloops, and rank-preserving weak maps.

The motivation for studying these classes of matroids came from considering parame-
ters of basis graphs, such as the clique number and the chromatic number. It was natural
to look at, for example, the class of matroids with propérgolourable basis graphs; in
other words, the clasa1(P;), wherePy is the class of graphs with chromatic number
at mostk. The characterisation of these classes for small valuéssbiows that they do
not contain large connected matroids [6]. The next result shows exactly \wh@h does
contain large connected matroids.

Theorem 1.3. Suppose that P is an hereditary class of graphs. Then M (P) contains ar-
bitrarily large connected matroids if and only if 7 contains arbitrarily large cliques.
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Binary matroids, regular matroids, and the polygon matroids of planar graphs are all
induced classes. So too is the set of matroids that are generalised duals of graphic matroids.
The excluded-minor characterisations of the first three classes are well known. In Section 5
we provide an excluded-minor characterisation of the last class, which shows that it has 21
non-isomorphic excluded minors. In Section 6 we present an induced class that has an
infinite number of excluded minors.

Terminology and notation will follow Oxley [8]. When convenient to do so, we shall
make no distinction between the bases of a matroid and the vertices of its basis graph.

2. A characterisation of induced classes

In this section we will prove Theorem 1.2. We require some preliminary results. Sup-
pose that is a vertex of the grapty. Theclosed neighbourhood of v is the subgraph ofs
induced byv and all its neighbours. It is denoted B; (v), or by N (v) when the context
is clear. Theneighbourhood of v is obtained by deleting from JVG(U). It is denoted by
Ng(v) or N(v). If v’ is a vertex in the same connected componeu asv, thendg (v, v')
denotes the length of a shortest patlGinhat joinsv to v'.

The next result is implied by [1, Lemma 3.2] and [4, Lemma 1.4].

Proposition 2.1. Suppose that v and v’ are vertices in a basis graph, BG(M), and that
deem) (v, v') = 2. There exist two non-adjacent verticesin V(N (v)) N V(N (v')).

Suppose that is isomorphic to the basis graph of a matraM, A proper labelling
of G is a bijection,s : V(G) — B(M), whereM is a matroid, and where two vertices are
adjacent inG if and only if the symmetric difference of their labels has size two. Note that
M andN need not be equal, nor, indeed, isomorphic.

Proposition 2.2 [1, Corollary 3.2.1] Let 0 : V(G) — B(M) be a proper labelling of a
basis graph, G. Suppose that v and v’ are vertices of G and that dg (v, v') = 2. Let x and
y be two non-adjacent verticesin V(N (v)) N V(N (v')). Then

U(v’) = (o(x) N a(y)) U (a(x) — o(v)) U (a(y) — o(v)).

Proposition 2.3[1, Lemma 4.1] Suppose that v isa vertex in the basis graph of aloopless
and coloopless matroid, M. There exist partitions, = and =, of V (N (v)) into non-
empty sets, such that:

(i) If v1, v2 € V(NBGm)(v)), then vy and v, are adjacent if and only if a member of = or
7’ contains both v, and vo.
(i) fperandgen’,then|png|<1.

Proof. Suppose that corresponds to the basls= {x1, ..., x,} of M. Suppose also that
EM)— B={y1,..., Yu—r}, Wherer =r(M) andn = |E(M)|. For 1< i < r define p;
tobethese{B' e B(M) | BBNB=B —x;}. For1<i<n-—rletg ={B € B(M) |
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B’ — B = {y;}}. Definen (B, M) to be the collection{p1, ..., p,} andz’(B, M) to be
{q1,...,gn—r}. Thenm (B, M) and’(B, M) are partitions ofV (N (v)) that satisfy the
conditions of the proposition. O

If = andr’ are partitions oV (N (v)) that satisfy the conditions of Proposition 2.3, then
they need not be the same as the natural partitiot8, M) andz’(B, M). However, as
we shall seegy andz’ must correspond to the natural partitions of some matroid, in fact a
generalised dual off.

Suppose thaM = M1 & --- & M, andN = N1 & --- @ N, are generalised duals. By
relabelling we may assume that, for al€ {1,...,t}, M; is isomorphic to eithew; or
N/. Therefore there is a bijectiop, betweenE (M) and E(N), such thatp restricted to
E(M;) is an isomorphism betweeW; and one ofV; or N;*. Definep to be the bijection
betweenB(M) and B(N), so that if B is a basis ofM andi € {1, ...,t}, theng8(B) N
E(N;) = p(B N E(M;)) when M; = N;, and B(B) N E(N;) = E(N;) — p(B N E(M;))
whenM; = N/. Itis easy to see that is an isomorphism between R®) and BGN).

In the next result we will use the following, obvious, definitionsBifC B(M) is a set
of bases of\f, theng(B') = {B(B’) | B’ ¢ B'}; if t ={Ba, ..., B,} is a collection of sets
of bases, thep(t) = {B(B), ..., B(B,)}.

Proposition 2.4 [1, Lemma 4.1] Suppose that v is a vertex in BG(M), where M is a
loopless and coloopless matroid, and that v corresponds to the basis B. If = and =’ are
partitions of V(N (v)) that satisfy the conditions of Proposition 2.3, then there is a gener-
alised dual, N, of M, such that B(w) =7 (8(B), N) and B(x’) = n'(B(B), N), where 8
isthe natural bijection between B(M) and B(N).

The following proposition is easy to verify.

Proposition 2.5. Let M and N bematroids. If N isaminor or arank-preserving weak-map
image of M, then BG(N) is an induced subgraph of BG(M).

A converse result also holds.

Lemma 2.6. Supposethat M isa matroid. If G isan induced subgraph of BG(M), and G
isitself isomorphic to a b?SiS graph, then there exist matroids, M1 and M, such that M1
isaminor of M, and M1 LN M>, and, furthermore, BG(M>) = G.

We remark here that, although this result seems not to appear in the literature, it is
almost certainly known.

Proof of Lemma 2.6. Let us suppose that: V(BG(M)) — B(M) is the labelling that
maps vertices of BGW) to their corresponding bases of. Suppose also that is a
vertex ofG, and thatB = o (vg) = {x1, ..., x,}, while E(M) — B ={y1, ..., yu—r}, Where
r=r(M)andn = |E(M)|.

The partitions, #(B,M) = {p1,...,p,} and n’(B,M) = {q1,...,qu—r}, Of
V(NBa(m) (vo)) were defined in the proof of Proposition 2.3. These partitions naturally
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induce two partitions on the vertex set®§ (vo), although some of the blocks of these in-
duced partitions may be empty. Let us therefore introduce two sets of indiee§: | 1 <

i <r, piNV(Ng(vo) # ¥} andJ = {j | 1< j <n—r,q; N V(Ng(vo)) # ¥}. We may
now define the partitions = {p; NV (NG (vo)) | i € I} andn’ = {¢;NV(Ng(vo)) | j € J}.

It is easy to see that and =’ satisfy the conditions of Proposition 2.3. It follows
from Proposition 2.4 that there exists a loopless and coloopless mafrpgljch that
BG(L) = G, and, furthermore, ifvg corresponds to the basi®' of L, thenz andn’
correspond to the natural partition$B’, L) andx’(B’, L).

We now construct a proper labelling,of G. LetX ={x; |[i e I} andY ={y; | j € J}.
The labelling,z, will be from V (G) to subsets o U Y. Let t(vg) be X. If v € Ng(vo),
thenv is in exactly one member of and exactly one member af. If v € p; Ngq;, where
i el andj e J, then label with (X —x;) U y;. The rest of the labelling is constructed
recursively. Suppose that is a vertex ofG such thatig (vo, v') =i (wherei > 1) and all
the vertices ofG that are closer tog thanv’ have already been labelled. LBtbe a path
of lengthi from vg to v/, and letv be the vertex inP such thatdg (v, v") = 2. Suppose
that x and y are two non-adjacent vertices N(Ng (v)) N V(Ng(v')). Sincev, x, and
y have already received labels, we can use Proposition 2.2 ta {irfigl Proposition 2.2
guarantees that is indeed a proper labelling. In fact, M is the matroid on the ground
setX UY that hast (V(G)) as its set of bases, théifi, = L.

By using induction on distance fromy, and again applying Proposition 2.2, it is not
difficult to see that the labellingsando are essentially the same.

2.6.1. Ifve V(G), theno(v) =1t(v) U (B — X).

Let M1 be the matrtr)idM/(B —X)\ (E(M) — (X UY U B)). It follows easily from
statement 2.6.1 that, e, Mo. This completes the proof of Lemma 2.6

We may now prove Theorem 1.2. It will follow immediately from the next result.

Theorem 2.7. Suppose that M is a family of matroids that is closed under isomorphism
and minors. Let EX(M) be the set of excluded minors for M. The following conditions
are equivalent:

(i) Thefamily M isclosed under generalised duality, the addition of loops and coloops,
and rank-preserving weak maps.
(i) Every member of EX(M) is loopless and coloopless, and EX(M) is closed under
generalised duality. Furthermore, if N € EX(M), and N’ =2 N, then N’ ¢ M.
(iii) There exists an hereditary class of graphs, P, such that M = M (P).

Proof. Itis not difficult to confirm that (iii) implies (i). To show that (i) implies (ii) let us
assume thai\ is closed under generalised duality, rank-preserving weak maps, and the
addition of loops and coloops. It is clear that the excluded minordfomust be loopless

and coloopless, and that EX1) must be closed under generalised duality. Suppose that
N € EX(M), and thatN’ TP N. It cannot be thatV’ e M, for thenN, too, would be a
member ofM.
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To complete the proof we show that (ii) implies (iii). Suppose that (ii) holds A@&be
the set{BG(N) | N € EX(M)}. Define the graph propertf, so thatG € P if and only if
no induced subgraph @ is isomorphic to a member &G. We wish to show that\t =
M(P). First suppose tha¥ ¢ M. Then there must exist a matroity, e EX(M), such
thatM has anV-minor. Therefore B@&) has an induced subgraph isomorphic to(BG.
Hence BGM) ¢ P andM ¢ M(P). From this we conclude that1(P) C M.

Now suppose thal ¢ M(P). Then there must exist a grap8, € 5G, such that
BG(M) contains an induced subgraph isomorphictoLet N be a member of EXKM)
such that BGN) = G. Lemma 2.6 implies that there exist matroid$, andM>, such that
M; is a minor of M and My LN Mo, while BG(M>2) = BG(N) = G. We may assume
that E(M1) = E(M>), and thatB(M») C B(M1). Let L be the set of loops oM, and
L* the set of coloops. It is not difficult to see thafy /L* \ L LN My/L* \ L. Further-
more, BGM2/L* \ L) = BG(M2) = BG(N). Since bothM/L* \ L and N are loopless
and coloopless, Theorem 1.1 implies that/L* \ L is ageneralised dual @¥, and must
therefore be an excluded minor fget. As M1/L* \ L LN Mo/L*\ L, it follows that
My/L*\ L, and thereforé/, is not a member oM. HenceM C M(P), and the proof is
complete. O

3. Connected matroidsin induced classes
In this section we prove Theorem 1.3, which we restate more formally here.

Theorem 3.1. Let P be an hereditary class of graphs. The induced class M (P) contains
a connected matroid of size m, for every positive integer m, if and only if P contains K,
for every positive integer n.

Before proving this we will need to establish some preliminary results{Bgt. . ., B;}
be a collection of bases of the matrdifl Let X = ﬂﬁzl B;.We shall say thatB1, ..., B}
hasproperty | in M if |X| =r(M) — 1, and there exists a s&t= {y1, ..., y;} such that
Bi=XUy; forallie({l,...,t}. We shall say tha{B1, ..., B;} hasproperty Il in M if
|X| =r(M) —t + 1, and there exists a s&t={y1,..., y;} such thatB; = (X UY) — y;
forall i e {1,...,¢t}. It is easy to see that a set of basBshas property | inM, if and
only if the corresponding set of cobasgs$,= {E(M) — B | B € B}, has property Il im/*.
Similarly, B has property Il inM if and only if B* has property | imV*.

It is obvious that a set of bases with property | or Il forms a clique in the basis graph.
The converse also holds.

Lemma 3.2. Let {B1,..., B;} (wheret > 2) be a set of distinct bases of M that forms a
cliquein BG(M). Then {By, ..., B;} haseither property | or II.

Proof. The proof will be by induction on. If r =2, then|X| =|By1 N Ba| =r(M) — 1,
since B1 and Bz are adjacent in B@/). Let y; be the single element iB; — B2 andy,
the element inB2 — Bj. Itis now clear that{ B, B2} has property .
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Let us suppose that > 3, and that the lemma holds for all collections of- 1
pairwise adjacent bases. We shall consider the colledtRn. .., B,_1}. Suppose that
{B1,..., B;—1} has property |. TherX’ = ﬂf;i B; has cardinality-(M) — 1, and there
exists a set’’ = {y;,...,y,_;} such thatB; = X" U y! for all i € {1,...,1 — 1}. Since
B, is adjacent toB1, there exist elements; € By — B, and y € B, — B1, such that
B; = (B1 — x) U y. First assume that € X’. Theny; € B;, but y] ¢ B,. SinceB; is
adjacent toBy, it follows that|B; — B2| = 1, s0oB; — B2 = {y;}. Sincey € B; — By it
follows thaty # y/. Thereforey € B, buty ¢ B1. SinceBz — By = {5}, this implies that
y = y,. Itfollows thatr = 3, for, if r > 3, thenB; # Bz, and sinceB; — B3 contains both
andy;, the bases3; and B3 cannot be adjacent. Make the following definitions:= y5;
y2 =y, andys = x. Also, letY = {y1, y2, y3}, and letX be X' —x = ﬂf’le,-. We may
now observe thaftBs, B>, B3} has property Il.

We will now assume that ¢ X'. It follows thatx = y;. Clearly,y ¢ {y]....,y/_;}-
Therefore we may set; = yi/ forallie{l,...,t —1} andy, = y. Then{B1, ..., B;} has
property .

Let us assume thafBs, ..., B;_1} has property Il. Thereford(E(M) — B1),...,
(E(M) — B;_1)} has property | in*. We may use the techniques of the last paragraph to
show that{(E(M) — B1), ..., (E(M) — B;)} has either property | or Il ild*, and hence
{B1,..., B;} has property lor Il inM. O

If B is a basis ofM, ande ¢ B, then B U ¢ contains a unique circuit af/, denoted
by C(e, B), which contains. Dually, if e € B, then(E(M) — B) U e contains a unique
cocircuit, denoted by * (e, E(M) — B), which containg.

Proposition 3.3. Let M be a matroid on the ground set E, and let {By, ..., B;} be the
vertex set of a maximal clique in BG(M). Either there exists a basis, B, and an element
e € B,suchthat C*(e, E — B) ={e1,...,e;},and B; = (B —e)Ue; foralli € {1,...,1};
or, there exists a basis, B, and an element ¢ ¢ B, such that C(e, B) = {e1, ..., ¢}, and
Bi=(BUe)—e¢;foralie{l,...,1t}.

Proof. We will first suppose thatBy, ..., B;} has property I, so thaX = ﬂ§:1 B; has
cardinalityr (M) — 1, and there exists a sBt={y1, ..., y;} such thatB; = X U y; for all
i €{l,...,t}. Clearly ckX) is a hyperplane, antf C E — cl(X). Assume that’ is not
equal toE — cl(X) and lety be an element it — (cl(X) UY). ThenX U y is a basis,
distinct from, and adjacent to, the bag®s. .., B;. This contradicts the maximality of the
cligue. Thereford = E — cl(X). If we take an arbitrary elemeante Y, thenB = X Ue is
the desired basis, ar@ (e, E — B = E — cl(X) =Y is the desired cocircuit.

The case whefB1, ..., B,} has property Il is similar. O

The cligue number of a grapli;, is denoted by (G). If M is a matroid, then let(M)
denote the size of the largest circuit &, and letc* (M) equalc(M*). The next result
follows easily from Proposition 3.3. Again, this result seems not to be in the literature,
although it is presumably already known.

Theorem 3.4. Let M be a matroid. Then w (BG(M)) = maX{c(M), c*(M)}.
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There has been much attention paid to the problem of how large a connected matroid
may be if it has upper bounds @(M) andc*(M). The best possible result of this sort is
due to Lemos and Oxley [2]. The proof of Theorem 3.1 will follow from this result and
from Theorem 3.4.

Theorem 3.5 [2, Theorem 1.4]Let M be a connected matroid with at least two el ements.
Then |E(M)| < Le(M)c*(M)/2].

Proof of Theorem 3.1. Suppose thaP containsk, for all integersn > 1. Then, since
BG(U,-1.n) = K, the induced clasaA(P) containsU,_1 , for all n > 1. HenceM (P)
contains a connected matroid of siz€or every positive integet:.

We will now assume thaP does not contain every clique. Lebe the greatest integer
such thatkK; € P. Let M be a connected member 8f(P). Clearly w(BG(M)) < ¢. It
follows from Theorem 3.4 that(M), ¢*(M) < t, and hencéE(M)| < |t?/2]. O

4. Well-known induced classes
Certain natural families of matroid are induced classes.

Proposition 4.1. The families of binary matroids, regular matroids, and the polygon ma-
troids of planar graphs are induced classes.

Proof. Maurer [5] has noted that the binary matroids are exactly those which have no in-
duced subgraph isomorphic to the octahedron in their basis graphs. In any case, it is easy
to see that these three classes are closed under minors, the addition of loops or coloops,
and generalised duality. Lucas has proved that they are closed under rank-preserving weak
maps [3, Theorem 6.5 and Proposition 6.13]. Hence they are induced classes by Theo-
rem2.7. O

It is worth remarking here that if is a field of size greater than two, then the set of
F-representable matroids is not an induced clas#l I§ a circuit-hyperplane of the ma-
troid M, then the seB(M) U {H} is the collection of bases of a matroid on the EéM).
This matroid is said to be produced frabh by relaxing the circuit-hyperplane H. Let us
consider the following matroidst7, the Fano planef;, which is obtained by relaxing
a circuit-hyperplane of7; and F5-, which is obtained by relaxing a circuit-hyperplane of
F7 . We may also obtaiF;- by adding a point freely to a 2-point line of (K4).

It is an easy exercise to show thatFihas characteristic two, and is not equal to(BF
thenFZ is representable ovét, but 77 is not. SinceF~ LN F, it follows that the set of
F-representable matroids is not closed under rank-preserving weak maps, and is therefore
not an induced class.

Similarly, if the characteristic oF is not two, thenF; is F-representable, but7 is
not [3]. SinceF; LNy again follows that the set df-representable matroids is not
an induced class.
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We now consider a lesser-known class of matroids. We shall say that a matne#l-is
graphic if it is a generalised dual of a graphic matroid. Equivalently, a matroid is near-
graphic if and only if every connected component is either graphic or cographic.

Proposition 4.2. The family of near-graphic matroidsis an induced class.

Proof. Obviously the class of near-graphic matroids is closed under minors and the addi-
tion of loops or coloops. Itis closed under generalised duality by construction.

It remains to show that the class of near-graphic matroids is closed under rank-
preserving weak maps. We first note that the class of graphic matroids is closed under
rank-preserving weak maps [3, Proposition 6.13]. It is easy to see thatit> N, then
M* 225 N1t follows that the class of cographic matroids is also closed under rank-
preserving weak maps.

Suppose thaM is a near-graphic matroid, and thet =25 N. Let N’ be a connected
component ofN. ThenN’ is contained in a connected componet, of M [3, Propo-
sition 5.2]. There exists a minod”, of M’, such thatM” P N [3, Theorem 5.8]. By
definition, M’, and therefor@/”, is either graphic or cographic. Hend® is either graphic
or cographic, and thud is near-graphic. O

The induced classes that we have discussed in this section all consist of binary matroids.
Not all induced classes need be contained in the set of binary matroids, as may be observed
by noting that the set of matroids which haveligs-minors is an induced class.

5. A characterisation of near-graphic matroids

The excluded-minor characterisations of binary matroids, regular matroids and the
polygon matroids of planar graphs are classical results of Tutte’s [10,11]. However the
near-graphic matroids have not been characterised via their excluded minors. We give such
a characterisation in this section.

We first require some preliminary material M is a matroid, andX, Y) is a partition
of E(M) such thatr(X) +r(Y) <r(M) +k — 1, then(X,Y) is ak-separation of M. If
equality holds then the separation is said taskext. We say thaiV is n-connected ifM
has nok-separation wherk < n.

Let My and M> be two matroids such tha(M1) N E(M>2) = {p}. The 2sum of M,
and M» along the basepoint p, denoted byM1 &, M, is a matroid on the ground set
(E(M1) U E(M>)) — p. The collection of circuits oM &2 M2 is

C(M1\ p)UC(M2\ p)U{(CUC")—p|CeC(My), C'eC(M2), peCNC'}.

It is well known that(X,Y) is a 1-separation oM if and only if M = (M | X) &
(M | Y). Similarly, (X, Y) is an exact 2-separation 8f if and only if there exist matroids,
M1 and M, on the setsX U p andY U p respectively (wherg ¢ E(M)), such thatM is
equal to the 2-sum af7; and M alongp [9, (2.6)].

The next fact is well known, and follows easily from [8, Proposition 7.1.15].
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Proposition 5.1. Suppose that M1 and M» are two matroids, and that E(M1) N E(M>2) =
{p}. If e € E(M1) — p, then (M1 @2 M) \ e = (M1 \ e) @2 Mp, and (M1 ®2 M3)/e =
(M1/e) &2 Ma.

Suppose thatf; and M are two binary matroids and th&t(M1) N E(M2) = T, where
M1 | T =My | T = Uz3. Seymour [9] defined the 8im of M1 and M2, denoted byW1 @3
M>, to be the matroid o0E (M1) U E(M>)) — T, the circuits of which are the minimal non-
empty sets that can be expressed as the symmetric difference of a disjoint union of circuits
of M1, and a disjoint union of circuits ao¥/>.

The next result follows from [8, Proposition 12.4.19].

Proposition 5.2. Suppose that M1 and M, are binary matroids, and that E(M1) N
E(M) =T. Suppose also that M1 | T = Mo | T = Ua3z. If e € E(M1) — T, then
(M1 @3 M2) \ e = (M1 \ e) ©3 M2, and if e € E(M1) — Cly, (T), then (M1 &3 M2)/e =
(M1/e) ®3 M>.

The matroidsR10 andR12 are binary self-dual matroids of rank five and six respectively.
The matrices in Figs. 1 and 2 represéip and R1o over GK2).

The matroidR12 can also be expressed as the 3-su{6tK3 3) andM (Ks) \ e, where
e is any element oM (K5). Figure 3 shows representationsMf (K3 3) and M (Ks) \ e,
while Fig. 4 shows a representation of their 3-sukm;. In this diagram, the elements of
R12 are labelled with the corresponding columns of the matrix in Fig. 2.

The matroidsk1p and R12 play a central role in Seymour’s decomposition theorem for
regular matroids. The next result will be crucially important for our characterisation of
near-graphic matroids.

100001100
010001110
001 0O0O0111
0 0010O0O0T11
000011001

Fig. 1. A GR2)-representation oR1g.

123 456 7 8 910 11 12
1 000O0O0OI1IT110 O
01 00O0O0OT11I1O01 O
001 00O0O1O0O0O0 1
0 00100O0O1O0O0 O
0 0001 O0O0O0OT1O0 1
0 000O0O0O1O0O0O0T1 1

Fig. 2. A GR2)-representation oR1>.
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M*(Ks3) M(Ks)\e

Fig. 3. M*(K33) andM(Ks) \ e.

1

Fig. 4. A representation a1».

Proposition 5.3 [9, (14.2)] Let M be a 3-connected regular matroid. Then M is either
graphic or cographic, or has a minor isomorphic to one of R1g or R12.

We can now state and prove our excluded minor characterisation of near-graphic ma-
troids.

Theorem 5.4. The excluded minors for the class of near-graphic matroids are: Uz 4; the
Fano plane, F7, and itsdual, F7; Rio; R12; and those matroids that are formed by taking
the 2-sum of the polygon matroid of one of the graphs in Fig. 5 with the bond matroid of
one of the same graphs, using the element marked p as the basepoint.

Proof. Let us first note that the class of near-graphic matroids is closed under direct sums,
so all the excluded minors for this class are connected. The excluded minors for graphic
matroids arelz 4, F7, F7, M*(Ks), and M* (K3 3), while the excluded minors for co-
graphic matroids ar&> 4, F7, F7, M(Ks), andM (K3 3) [11]. SincelUs 4, F7, andF7 are
excluded minors for both graphic matroids and cographic matroids, and are connected, it
follows that they are also excluded minors for near-graphic matroids.

It is known [9] that if ¢ is any element ofR1g, then R1p \ ¢ = M(K33), and that
Rio/e = M*(K33). ThereforeRqg is neither graphic nor cographic. However, if we re-
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move any element we clearly obtain a matroid that is either graphic or cographic. Since
R0 is connected, it is therefore an excluded minor for near-graphic matroids.
The next result is slightly more difficult.

5.4.1. R12 isan excluded minor for near-graphic matroids.

Proof. Itis known thatR1; is neither graphic nor cographic [8, p. 519] (in fact, it is easy
to see thaiR1» has both anM* (K3 3)-minor, and anM (K3 3)-minor). Let us assume that
R12 is labelled as in Fig. 4. Sinc12 can be expressed as the 3-sumMif(K33) and
M(Ks) \ e, andM* (K3 3) is an excluded minor for graphic matroids, Proposition 5.2 im-
plies that if we remove one of the elements{in2, 5, 6,9, 10} from R12, the resulting
matroid can be obtained by taking the 3-sum of two graphic matroids. It follows from [8,
Proposition 12.4.19] that the class of graphic matroids is closed under 3-sums. Therefore
removing one of these elements fratp, produces a graphic matroid.

Let us now consider the matroids produced by removing an elem&ht4n7, 8, 11, 12}
from R12. The class of cographic matroids is not closed under 3-sums, so we must do a
more detailed analysis. It is clear that up to isomorphism there are only two matroids that
we can obtain. These are shown in Figs. 6 and 7, along with labelled graphs which show
that both matroids are cographic.

SinceR12 is connected and neither graphic nor cographic, but all of its proper minors
are graphic or cographic, it is an excluded minor for the class of near-graphic matraids.

Let G be the set of graphs shown in Fig. 5.

p p
p
Dy X
(a) (b) (©) (d)
Fig. 5.
5
1
A 8 1
6 4 9
9 27
10

Fig. 6. R12\ {12} is cographic.
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1

Fig. 7. R12/{12} is cographic.

5.4.2. If G and H aretwo, not necessarily distinct, graphsfrom G, then the 2-sumof M (G)
and M*(H) along the basepoint p isan excluded minor for near-graphic matroids.

Proof. Both M(G) and M*(H) are minors ofM(G) &2 M*(H). ThereforeM (G) &>
M*(H) is neither graphic nor cographic, a$(G) has either anV (Ks)-minor, or an
M (K3 3)-minor, andM*(H) has either ad/*(Ks)-minor, or anM* (K3 3)-minor.

It is not difficult to show that deleting or contracting an edge other théntom a graph
in G produces a planar graph. Therefore, removing an element otheptfram M (G)
produces a matroid that is both graphic and cographic. Proposition 5.1 then implies that if
e€ E(M(G))—p,both(M(G) @2 M*(H))\e and(M(G) ®, M*(H))/e can be expressed
as the 2-sum of two cographic matroids. The classes of graphic and cographic matroids are
preserved under 2-sums [8, Corollary 7.1.23](80(G) @2 M*(H)) \ e and (M (G) &2
M*(H))/e are both cographic. Similarly, i € E(M*(H)) — p, then M*(H) \ e and
M*(H)/e are graphic and cographic, 6% (G) &> M*(H)) \ e and(M(G) ®2 M*(H))/e
are both graphic. O

We may now complete the proof of Theorem 5.4. Mebe an excluded minor for near-
graphic matroids, and suppose tid#thas no minor isomorphic t0' 4, F7, F5, Rio, Of
R12. This implies thatV is regular [10]. It follows immediately from Proposition 5.3 that
M is not 3-connected.

Since M is not 3-connected, but is connected, there exist matraiisand M», such
thatE (M1) N E(M>2) = {p} andM = My &, M». Both M1 and M2 must be connected, for
otherwiseM is not connected. Sinc&; and M» are proper minors oM, they must be
either graphic or cographic. If both were graphic or cographic, tMewould be graphic
or cographic. Therefore, we will assume thé is graphic, but not cographic, and thidp
is cographic but not graphic.

It follows that M1 must have a (Ks)- or anM (K3 3)-minor. LetN be a minor ofM
such thatV is isomorphic to eitheM (Ks) or M (K3 3). Suppose that € E(M1) — p. We
wish to show thatV/; \ e does not have alv-minor. Suppose that it does. Théh\ ¢ has
an N-minor, and anV/>-minor, and therefore is neither graphic nor cographic. Sivicee
is near-graphic, it follows thaW \ e is not connected. A8/ \ ¢ is the 2-sum of\/1 \ e and
M3>, it must be the case thaf; \ e is not connected. Le¥’ be a connected component of
M1\ e that has arV-minor. It cannot be the case tha cly, (E(M’)), for in that casely
is not connected. Therefoees a coloop inM1 | (E(M’) U e), and hence, if we contraet
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from M; | (E(M") U e), we obtain a matroid that has afrminor. ThusM1 /e has anN-
minor. Becausé/ \ e is not connectedy/ /e must be connected. Howeved; /e is a minor
of M /e, and hencé /e has anV-minor. SinceM /e also has am/2-minor, it follows that
M /e is neither graphic nor cographic. This is a contradiction}g% is connected. We
conclude that; \ e does not have aiV-minor.

Using duality, we may also show that,dfe E(M1) — p, thenM;/e does not have an
N-minor. Hence, eithe# is isomorphic toM (Ks) or M (K3 3), or M1 is isomorphic to a
matroid obtained by extending or coextendigKs) or M (K3 3) by a single element,.
Similarly, M is either isomorphic td/*(Ks) or M*(K33), or can be obtained from one
of these matroids by extending or coextendingpby

Let us suppose tha¥Z; is a single-element extension or coextensionMfKs) or
M (K3 3). Recall thatM; is graphic. SinceM; is connectedp cannot be a loop or a
coloop of M;. If p is a member of a parallel or series pair Mf,, then it is easy to see
that M1 @2 M> has a proper minor isomorphic to eithe( Ks) €2 M2 or M (K3 3) &2 M.
Neither of these matroids is near-graphic, so we have a contradiction. Given these restric-
tions, it follows thatM1 must be either the single-element coextensioW¢Ks) that is the
polygon matroid of the graph (c) in Fig. 5, or the single-element extensidfi(&fs 3) that
is the polygon matroid of graph (d). By similar reasoniffy must be the bond matroid of
one of the graphs ig. This completes the proof.O

6. Aninduced classwith infinitely many excluded minors

The classes of binary matroids, regular matroids, and the polygon matroids of planar
graphs are known to have 1, 3, and 7 non-isomorphic excluded minors respectively. In the
previous section we have shown that the class of near-graphic matroids has exactly 21 non-
isomorphic excluded minors. It is natural to ask whether there exists an induced class of
matroids that has infinitely many excluded minors. In this section we will show that such a
class exists. The example we consider was suggested by a referee of this paper.

If H is a circuit-hyperplane oM, and M’ is produced by relaxing{ in M, then, for
every element € E(M) — H, the setH U e is a circuit of M’. If B is any basis of a
matroid, and, for every elementg B, the setB Ue is a circuit, then we shall say thatis
aloosebasis. If B is a loose basis aff, then the selB(M) — { B} is the family of bases of a
matroid onE (M) [7, (1.5)]. This matroid will be said to be produced frawhby tightening
the loose basis B. Clearly this operation is the inverse of relaxing a circuit-hyperplane.

We now define the clas§” of matroids, so thaM € N if and only if every connected
component of¥/ is either binary, or can be obtained from a binary matroid by relaxing a
single circuit-hyperplane.

Theorem 6.1. The class A/ isan induced class.

We defer the proof of Theorem 6.1. Proving th\tis closed under generalised duality
and taking minors is relatively simple, but the proof that it is closed under rank-preserving
weak maps is more difficult.
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We will note here that\V" has an infinite number of excluded minors: Jgtdenote the
n x n matrix of ones. For > 1, let M, be the binary matroid that is represented ovetBF
by A, =[1, | J, — I,,]. Let the columns ofA, be labelledu; ...a,, b1 ...b,. We will take
the ground set oM, to be the set of column labels. dfis even, therH = {a1, b2...b,}
andHz = {az...a,, b1} are both circuit-hyperplanes #1,. Let N, be the matroid obtained
by relaxing both of these circuit-hyperplanes.

Proposition 6.2. If r > 4, and r iseven, then N, isan excluded minor for \.

Proof. If B is a loose basis of a binary matroitlf, ande and f are two elements of
E(M) — B, then bothB U e andB U f are circuits ofM. Since the symmetric difference
of two circuits in a binary matroid is itself a union of circuits, it follows that f} must be
a circuit of M. Note thatH; is a loose basis aV,.. Sincer > 4, it follows that{ao, b1} is
an independent pair of elements contained (&v,) — H1. ThereforeN, cannot be binary.
Furthermore, we can show th& and H; are the only loose bases #f.. Let N/ be the
matroid obtained by tightening1. ThenHx is a loose basis itv/, anda; andby are both
contained inE (N,) — Hp. Sincer > 4, it is not the case that; andb, are parallel, sav,
is not binary. Using the same argument, we may show that tighteiing ~, does not
produce a binary matroid. Therefohs ¢ V.

However, it is easy to see that removing a single element fprproduces a matroid
that has exactly one loose basis, and tightening this basis produces a binary matroid.

Proposition 6.3. The class \V is closed under generalised duality.

Proof. Suppose thad is in ', and thatM; is a connected component 8f. If M; is
binary, then so i9/7, so we need only show that, M is obtained from a binary matroid
by relaxing a circuit-hyperplane, thewt; can be obtained from a binary matroid in the
same way. This follows immediately from [8, Proposition 2.1.7%

The next result follows without difficulty from [8, Proposition 3.3.9].
Proposition 6.4. The class V' is closed under taking minors.

Let (M1, M2, M3, M4) be a sequence of matroids, such that, fet il< 4, the matroid
M; contains at least two elements, and is either uniform of rank one, or uniform of corank
one. For 1< i < 4, lete; be an element of (M;). Let N be isomorphic tdJ 4, and sup-
pose that the ground set &fis {e1, ..., ea}. We will use the notation (M1, M2, M3, My)
to denote the matroid

(((N @2 M1) @2 M2) @2 M3) &2 Ma,

where the 2-sum that involves/; uses the element; as its basepoint. Note that
M (M1, M2, M3, M4) is obtained fromUs 4 by a sequence of up to four parallel or series
extensions.

We will need the following result, which can easily be deduced from a theorem of
Oxley’s.
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Theorem 6.5 [7, Theorem 1.2]Let M be a non-binary matroid, such that, for every ele-
ment e € E(M), either M \ e or M /e isbinary. Then, either:

(i) MeN;
(i) therank or the corank of M isequal to two; or,
(i) there exists a sequence, (M1, M2, M3, My), such that M = M (M1, M2, M3, My).

Lemma 6.6. The class AV is closed under rank-preserving weak maps.

Proof. Let us suppose that the lemma does not hold. Then there exists a matr@dech
that M1 <% M, where M, € N, but M ¢ A'. Among such counterexamples &t be
chosen to be as small as possible, so that'ifis a rank-preserving weak-map image of a
matroid in\, and|E(M")| < |E(M)|, thenM’ itself is in \V.

6.6.1. The matroid M is an excluded minor for the class .

Proof. Suppose that/’ is a proper minor o . There exists a minof/;, of M such that
M; P M’ [3, Theorem 5.8]. Sincét; € NV, itfollows thatM’ isin . O

SinceN is, by construction, closed under direct sums, it follows tHais connected.
6.6.2. Thematroid M3 isnot binary.

Proof. It has already been noted, and is easy to prove directly, that a rank-preserving weak-
map image of a binary matroid is itself binary. HencelMf were binary, then would
be binary, and would therefore belongté O

We conclude thad; can be obtained from a binary matroidp, by relaxing a circuit-
hyperplaneH.

6.6.3. r(M) > 2.

Proof. Suppose otherwise. Since every matroid of rank at most one beloAgshe rank

of M, and thereforeM;, must be two. Sincé/; is not binary, but can be obtained from

a binary matroid by relaxing a circuit-hyperplane, it follows th&t must contain exactly

four parallel classes. Any connected rank-preserving weak-map imadg ttiat is not
isomorphic toM1 contains at most three parallel classes, and is therefore binary. From this
contradiction we conclude thatM) > 2. O

SinceN is closed under dualityy/* is also a minimal counterexample to Lemma 6.6.
By applying the arguments above, we may concludethit’) > 2.

6.6.4.1fe € H,then M \ eisbinary, andif e ¢ H, then M /e isbinary.
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Proof. Let e be an element of (M). It is not the case that is a coloop ofM1 or M,
for M is connected, and & were a coloop of\/1 it would be a coloop of\f. Therefore
M1\ e P M \ e. Suppose that € H. Then [8, Proposition 3.3.9] implies thaf; \ e =
Mo\ e. ThereforeM1 \ e is binary. SinceM \ e is the rank-preserving weak-map image of
a binary matroid, it is also binary.

Similarly, e is not a loop inM1 orin M. ThereforeMy /e LN M/e. Also, if e ¢ H, then
M1/e = M>/e. It follows thatM /e is binary. O

From Theorem 6.5, and our assumption on the rank and corakk wfe conclude that
there exists a sequend@{1, M2, M3, My), such thatM = M (M1, M2, M3, My).

If, for somei € {1, ..., 4}, the matroidM; is isomorphic taU1 2, we will say thatM; is
trivial. Note thatM &, U12 = M, for any matroidM .

6.6.5. No more than two of the non-trivial matroidsin (M1, M2, M3, M4) are cocircuits,
and no more than two are circuits.

Proof. Itis easy to see that
(M (M1, M2, M3, Ma))" = M (M7, M3, M3, M).

Furthermore, the order of the matroids(iM1, M2, M3, M) is insignificant. Therefore,
if the claim in 6.6.5 is false, then, by duality and relabelling, we may assume&\that
U1, Wheren; > 2, for all i € {1, 2, 3}. It follows that M4 is a circuit of size at least
three, for otherwise (M) = 2. By deleting all but two elements froa(M;) — e;, for
1 <i < 3, and contracting all but one element fraff{M4) — e4, we see that has a
minor isomorphic toM’ = M (Uy3, U1 3, U1,3, U1 2). This is the rank-2 matroid that has
three parallel classes of size two, and one parallel class of size one. It is not difficult to show
that M’ is an excluded minor fal', so M must be isomorphic ta4’. But this contradicts
our assumption that(M) > 2. O

6.6.6. Thereareno trivial matroidsin (M1, M2, M3, My).

Proof. If the claim is false, then we may assume théi = Uy ». It cannot be the case
that every matroid inM1, M2, M3, My) is trivial, for then M would have rank two. By
referring to 6.6.5, and using duality and relabelling, we may assumeé#hé a circuit of
size at least three, and thifs and M4 are cocircuits. Then the rank 81 is |E(M>)|, and
it is easy to see thatE (M1) U E(M>)) — {e1, e2} is a loose basis off.

The only non-spanning circuits in the matroid obtained by tightening this basis are:
(E(M1) U E(M>)) — {e1, e2}; any pair of elements i£ (M3) — e3; any pair of elements
in E(M4) — eq4; and, any triple of elements containing the single elemer @) — e1,
an element fronE (M3) — e3, and an element fromt' (My) — e4. It is easy to see that this
matroid is isomorphic to the 2-sum of two binary matroids, and is therefore binary. This
implies thatM is a member ofV'. O
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We may now assume thgk (M;)| > 2 for all i € {1, ..., 4}. Furthermore, from 6.6.5,
and by relabelling if necessary, we will assume th&tand M» are cocircuits, while\s
andM, are circuits. Itis easily demonstrated that the rankfaf | E(M3)| + |E(My)| — 2,
and that(E (M3) U E(M4)) — {e3, ea} is aloose basis af/. The only non-spanning circuits
in the matroid obtained by tightening this basis &e(M3) U E(My)) — {e3, e4}; any pair
of elements inE (M1) — e1; any pair of elements it (M2) — e2; the union ofE (M3) — e3
with an element fromE (M) — e1 and an element fronk (M») — e2; and, the union of
E (M4) — eq with an element fron (M) — e1 and an element fromi (M») — e5. It is not
difficult to see that this matroid is binary, and thidtis therefore in\. This contradiction
completes the proof of the lemman

Proof of Theorem 6.1. The proof follows from Theorem 2.7, Proposition 6.3, Proposi-
tion 6.4, Lemma 6.6, and the obvious observation tais closed under the addition of
loops and coloops. O
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