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Abstract

Mathematical modelling is an important tool in helping make projections of infectious

disease dynamics. In this thesis, we address epidemiological modelling questions at both the

population and within-host scales. By focussing on problems relating to immunity and within-

host immunological dynamics, we aim to establish how the accuracy of model projections can

be improved.

First, we consider the spread of SARS-CoV-2, using a stochastic model to determine the

probability that infected individuals introduced into a population with low case prevalence

initiate an outbreak. We consider Israel and the Isle of Man as case studies, two regions that

have had few cases and that are quickly vaccinating their populations. Our results suggest

that when travel restrictions are relaxed, in order to prevent local transmission, it will still be

necessary to implement surveillance of incoming passengers to identify infected individuals.

We then consider forecasting influenza epidemics. Previous exposure to influenza viruses

confers cross-immunity against future infections with related strains, however this e↵ect is not

always included in influenza forecasting models. We use case notification data from Japan

from the 2009 H1N1 influenza pandemic to estimate parameter values and then consider a

hypothetical future epidemic. Our results show that a more epidemiologically realistic model,

in which cross-immunity is represented explicitly, can generate more accurate projections

during outbreaks than if cross-immunity is not included.

We next model influenza virus dynamics at the within-host scale. We consider a hierarchy

of three ordinary di↵erential equation models which describe the kinetics of influenza infection;

a complex model which explicitly accounts for an immune response to the virus, and two

simpler models in which the infection is limited by the availability of target-cells. We show

that the simplest target-cell limited model can reproduce synthetic data generated from the

complex immune response model, and furthermore that the parameters of the target-cell

limited model vary in a systematic manner as the parameters in the complex model used to

generate the data are changed. Finally, we extend these within-host models to describe the

severity of symptoms experienced by a host. We show that a simple model can be used to

make real-time forecasts of the severity of influenza symptoms and be used to classify patients

based on estimated model parameter values.
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Chapter 1

Introduction

1.1 Public health impacts of viral pathogens

Viral infectious diseases have caused a significant global burden throughout history. Numerous

epidemics have occurred around the world caused by a multitude of viral pathogens. In recent

years these include HIV/AIDS since 1981 [50], the 2002-2004 SARS outbreak [13], the 2012

MERS outbreak [114], the 2013-2016 Western African Ebola virus epidemic [331], and the

2015-2016 Zika virus epidemic [232].

Most notably since the turn of the 20th century, the 1918 Spanish Flu influenza pandemic

has been estimated to have caused 50 million deaths [193]. As viral agents adapt and evolve,

new variants emerge [222], and increasing international travel provides the opportunity for

pathogens to spread [33, 178]. This has been seen starkly over the past year by the worldwide

impact of the COVID-19 pandemic caused by the SARS-CoV-2 virus, which as of June 2021

has caused over three million deaths [390]. The burden is not limited to mortality, with

epidemics also putting substantial pressures on healthcare systems, and non-pharmaceutical

interventions such as national lockdowns causing disruption to the daily lives of individuals

[14]. Secondary e↵ects of the COVID-19 pandemic, and the interventions introduced to reduce

its transmission, have been seen in trade, unemployment, education, and mental health [2].

In this thesis we shall focus on influenza viruses and SARS-CoV-2 as they have caused

the largest pandemics in recent history. Influenza is a highly contagious disease caused by

influenza viruses. Seasonal strains are estimated to cause approximately three to five million

severe cases and result in 290,000 to 650,000 respiratory deaths annually worldwide. The

majority of these deaths have been in high-risk groups, such as young children, the elderly,

and individuals with chronic health conditions [187, 389]. These strains cause epidemics during

the winter months in temperate regions in the northern and southern parts of the world, while

epidemics may occur at any time of the year near the equator [389]. Considerably more lethal

strains emerge periodically, giving rise to global pandemics in 1918, 1957, and 1968 [202].

In 2009, reassortment of North American and Eurasian swine viruses generated a new

strain of H1N1, triggering the first influenza pandemic of the 21st century [75, 372]. The

virus is believed to have originated in Mexico in April 2009, and then spread quickly across
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the globe, reaching 43 countries by May that year [119, 372]. The case fatality rate was

lower than that of previous pandemics in the 20th century [195]. However, the scale of the

pandemic, with estimates that 11%–21% of the global population contracted the virus, led to

pressures on healthcare systems [200].

In December 2019, a new coronavirus (later named SARS-CoV-2) emerged in the city of

Wuhan in China [280]. It spread rapidly throughout Wuhan, and then across the world, with

over 170 million cases reported as of June 2021 [390]. Many countries were unprepared for

a global pandemic, with poor initial surveillance and control strategies leading to large case

numbers [224], and healthcare systems being overwhelmed requiring restrictions on travel

and ‘stay-at-home’ orders to be put in place [115, 215, 219]. While the pandemic remains

ongoing, governments around the world face numerous challenges such as deciding when to

lift restrictions and balancing the risks of cases against economic damage and non-COVID-19

health harms. With the emergence of e↵ective vaccines, there are promising signs that the

pandemic is starting to be controlled in many countries [81, 380]. However, as vaccines do not

completely prevent transmission [157, 199], the virus may continue to spread even if severe

disease and mortality is reduced.

This thesis considers epidemiological modelling questions at the population and host level

scales related to how model projections of influenza and SARS-CoV-2 disease dynamics can

be improved. In this chapter we provide a background to the role of mathematical modelling

in infectious disease forecasting and an overview of viral emergence, immunity, and viral

infection. We then review the literature on population level epidemic models and within-

host infection models. We describe the data we use in our research, parameter estimation

techniques which are a key component of the methodology, and then outline the research

content of the thesis.

1.2 Role of mathematical modelling

Mathematical modelling is an important tool for making projections about the dynamics of

an epidemic, guiding intervention strategies, and developing an understanding of the epidemi-

ological and immunological processes which drive transmission and infection [176]. Recently,

mathematical models have helped guide interventions for COVID-19 [134, 364]. They have

been used to determine when interventions should be put in place and when they should

be relaxed [110]. They are being used to inform decisions on how to exit lockdowns [367],

and make long-term forecasts of the transmission dynamics through the postpandemic period

[206]. Similarly, mathematical models have been used to guide decision making and policy to

control influenza pandemics [24, 177, 179, 229, 376], and other viral diseases such as Ebola

[223] and SARS [146]. Models also play an important role in determining optimal vaccine

strategies; such as whether to prioritise vaccinating high-risk individuals to directly protect
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them from severe disease or death, or vaccinating low-risk individuals who may be more likely

to contribute to transmission to stop the spread of the virus [30, 51, 98, 246].

As we shall explore in Chapter 2, in the context of the ongoing COVID-19 pandemic,

mathematical models can be used to determine the risk that an outbreak will occur following

the introduction of a small number of infected individuals into a susceptible population [49,

83, 214]. In Chapter 3, we investigate making real-time forecasts of the number of cases

during an epidemic. Much attention has been paid to these (often short-term) forecasts which

are updated with new data, such as during the 2009 H1N1 influenza pandemic [278, 369],

for seasonal influenza epidemics [41, 337], and currently for the COVID-19 pandemic [325].

Using historical data, models can also be used to provide insight into past epidemics, to better

understand pathogen transmission and the impact of intervention strategies [99, 161].

However, mathematical models are not only used to explore transmission dynamics at the

population scale. Within-host models, describing the viral dynamics in an infected individual,

can aid understanding of epidemiological processes and analyses of experimental results [298].

They can elucidate the role of the immune response in clearing a viral infection [77, 93, 150,

153, 344, 397], and be used to make predictions about the di↵erences in viral kinetics between

strains [293, 346] as well as the emergence of pandemic strains [322]. Furthermore, models

can be used to help assess the e�cacy of antiviral treatments [32, 56, 92, 152, 194, 220, 259].

In Chapters 4 and 5 we will show how models can be used for forecasting purposes, to predict

the dynamics of the viral load and the severity of symptoms.

Making accurate projections using mathematical models is challenging [324]. It is impos-

sible to capture every detail in an infection process, and thus simplifying assumptions must

be made [12]. Compromises have to be made between the level of detail included, and hence

a model’s ability to reproduce and forecast infectious disease dynamics accurately - at either

a population or within-host level - and its transparency and utility, that is, how well we can

understand the interplay between various model components. We may be able to improve

the accuracy of a model by including increasing levels of epidemiological detail, but we may

sacrifice the ability to qualitatively understand the system’s behaviour and estimate model

parameters accurately when fitting models to data.

1.3 Viral emergence and immunity

There are four types of influenza viruses, A, B, C, and D, with influenza A viruses being

responsible for most human infections and severe illness. Influenza viruses can also infect

a range of animal species, including birds and pigs, and new zoonotic strains may spread

from animals to humans [386]. Zoonotic influenza appears to be transmitted from animals to

humans via direct contact with pigs for swine flu, and exposure to contaminated bird droppings

for avian influenza [388]. Influenza A is classified into subtypes, for example H1N1 or H3N2,

based on the surface proteins haemagglutinin (HA) and neuraminidase (NA). Immunologically,
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HA and NA are critical for virulence as they are targets for neutralizing antibodies of acquired

immunity. HA binds to susceptible cells causing cellular infection, and NA frees the virus to

infect other cells, resulting in the spread of the virus within a host [145].

It is thought that SARS-CoV-2, the virus responsible for the COVID-19 pandemic, has

zoonotic origins, having emerged from a bat-borne coronavirus [300, 403]. Ongoing research

seeks to determine whether the virus came directly from bats or through an intermediate host

[357]. The virus belongs to the same group of coronaviruses that caused SARS in 2003 [295]

and MERS in 2012 [407]. New variants of the SARS-CoV-2 virus have emerged since its initial

discovery, and there is evidence that some of these new variants spread more easily and are

associated with an increased risk of mortality [63, 116]. So far though, studies suggest that

current vaccines confer protection against these new variants [104, 238], although they do not

completely prevent transmission [157, 199]. Booster vaccines to increase protection against

newly emerging variants may be required [237, 382]. Furthermore, assessing the e↵ects of

waning immunity is an important area for future research [169].

Influenza A viruses mutate over time, either due to antigenic drift, where a small mutation

in the genes of the virus leads to changes in the surface proteins, producing a closely related

strain, or, antigenic shift, an abrupt, major change in the virus due to recombination and

reassortment, resulting in new surface proteins [46, 204]. A new form of the virus that has

emerged due to drift is likely to have similar antigenic properties to the original virus and,

thus, individuals who were infected with the original virus may have acquired some immunity

to the altered virus. However, when antigenic shift occurs, many individuals are likely to have

little or no immunity to the new virus (depending on their lifetime history of infection). Due to

the random nature in which new influenza strains seem to emerge, it is not currently possible

to predict when future pandemics will occur, and which strains will cause these pandemics

[272].

Previous exposure to an influenza virus confers homosubtypic cross-immunity, that is

cross-immunity to strains of the same subtype, due to cross-reactive neutralizing antibodies

[142, 210, 211, 288]. These neutralizing antibodies, predominantly against HA proteins on the

surface of the virus, block viral entry to the host cell [182, 355]. It has also been suggested

that cross-protective non-HA antibody immunity may lead to reduced disease severity [109].

NA specific antibodies have also been shown to reduce influenza viral titres, morbidity, and

virus shedding [79, 106, 264, 267, 335, 383]. As well as homosubtypic immunity, there is

evidence of heterosubtypic immunity, namely cross-protection generated by prior exposure to

a di↵erent but related influenza subtype [117, 142, 273]. Cross-immunity - either homosubtypic

or heterosubtypic - may explain why there has not been a global influenza pandemic as severe

as the 1918 pandemic in the last century [361].

SARS-CoV-2 has been able to spread so rapidly because it is a novel virus, hence individ-

uals have little pre-existing immunity to the disease. As of June 2021, 17 vaccines have been
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administered across the globe [245]. In the UK, the elderly, health and social care workers,

and individuals with pre-existing health conditions have been prioritised for vaccination [88].

In general, many vaccines work by leaving the host with a supply of ‘memory’ T-cells which

fight pathogens as well as B-cells which produce antibodies to neutralize the virus. If the

host then encounters the virus again, these T- and B-cells quickly act to attack the virus and

infected cells. Typically, it takes a few weeks after vaccination for the host to produce these

T- and B-cells. For the majority of COVID-19 vaccines, two doses are required, administered

at least three weeks apart, as it has been shown that having a second dose results in a stronger

immune response than having a single dose [379]. However, a single dose has been shown to

confer some protection compared to being unvaccinated [380].

1.4 Epidemiology of viral infection and outbreaks

Influenza is a short-lived infection; its viral kinetics in humans are characterised by rapid

exponential growth over one to three days, to a peak viral load, followed by a decline over

the subsequent week [60]. In uncomplicated cases, the virus infects epithelial cells in the

respiratory tract of the host [276]. Symptoms include high fevers, coughs, headaches, muscle

and joint pains, a sore throat, and a runny nose. The majority of individuals recover within

a week [389], however in high-risk groups the duration of infection and symptoms may be

prolonged by several days or even weeks [321, 375]

The infection lifecycle begins when the pathogen enters the body. The primary mechanism

of transmission is via respiratory droplets released when a nearby infected individuals coughs

or sneezes [203]. Less commonly, transmission may occur when an individual touches a surface

which has the pathogen on it and then touches their mouth, nose, or eyes.

Viral replication begins when a virion (virus particle) binds to a susceptible target-cell

(Figure 1). The virus then replicates within the nucleus of the cell [95]. After a period of

between five and twelve hours new virions are released [31, 339], and infect other cells, leading

to the initial exponential growth of infected cells and virions. Infection results in cellular

dysfunction and apoptosis (programmed cell death) [111]. Free virions outside cells also lose

infectivity and are eliminated by non-specific mechanisms such as mucociliary clearance [345].
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Figure 1.1: A diagram of influenza viral infection at the cellular level. Redrawn from Lumen
Learning [234].

The immune response to viral infections can be divided into the innate and adaptive re-

sponses [349]. The innate immune response is non-specific, limiting pathogen replication and

spread in the body and priming the adaptive immune response. The secretion of proinflam-

matory cytokines, particularly type I interferon, induces an antiviral state in susceptible cells

and further activates signalling pathways and cellular responses. Inflammatory mediators in

the innate immune response cause systemic symptoms which may persist even after the virus

has been primarily cleared and viral load levels are low [87]. The innate response also includes

immune cells such as Natural Killer cells [188].

The adaptive immune response is specific to the pathogen and can be characterised as

either cellular or humoral. In humans it takes four to seven days for the adaptive immune

response to take e↵ect after being stimulated by a pathogen [192]. Cellular adaptive immunity

is mediated by T-cells; CD4+ cells which ‘help’ other immune cells by releasing cytokines, and

cytotoxic CD8+ cells which clear infected cells through several mechanisms, including lysis,

the induction of apoptosis, and the production of pro-inflammatory cytokines [141, 183]. The

humoral adaptive immune response controls infection via antibodies secreted by B-cells, which

recognise and bind to specific epitopes on the virus. These antibodies (the most prominent

being IgA, IgG, and IgM) bind to the HA protein of the influenza virus and inhibit the virion’s

attachment and entry into a target-cell, thus neutralising the virion [269]. The immune

response upon infection with influenza A is influenced by a multitude of factors such as age
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[155, 216], and comorbidities including obesity [180] and heart disease [184]. A schematic of

the immune response timeline is given in Figure 1.2.

Figure 1.2: Influenza immune response timeline. The innate immune response, primary com-
ponents being type I interferons (IFN-I, signalling proteins belonging to the family of cy-
tokines) and Natural Killer (NK) cells, is first to act. The adaptive immune response, primar-
ily driven by CD8+ T-cells and antibodies (Abs) then helps to clear the infection. Redrawn
from Boianelli et al. [45].

The time between infection with an influenza virus and the development of symptoms,

known as the incubation period, is typically one to four days. However, viral shedding may

occur before the onset of symptoms, resulting in an individual being infectious [144], and so,

presymptomatic transmission may occur, leading to the undetected spread of the virus [291].

Shedding lasts for five to ten days in most individuals. However, viral shedding may persist

in young children or immunocompromised individuals for weeks or even months [7].

When a novel pathogen, such as a new strain of influenza, is introduced into a population,

there is a lack of immunity in the host population. Initially, due to the random nature of

transmission, there is a chance that extinction will occur, that is, only a small number of

individuals will become infected, before the pathogen dies out [8]. However, if an outbreak

does occur and the number of infected individuals crosses a certain threshold, the number of

cases will increase exponentially due to the large pool of susceptible individuals, in a manner

analogous to the spread of the pathogen within the host. If no interventions are put in place,

the number of cases will continue to rise until the peak of the epidemic, after which, herd

immunity has been reached and the number of cases declines.
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1.5 Infectious disease models

1.5.1 Population level epidemic models

One of the first epidemic models was derived in 1927 by Kermack and McKendrick [201].

The model describes pathogen transmission through a population, laying the foundation of

grouping individuals into compartments based on their infection or symptom status. Many

new models retain the same compartmental structure as we shall illustrate in this thesis.

Commonly, when modelling the spread of influenza, an ‘SEIR model’ is used to describe

transmission in which individuals are either Susceptible, Exposed (i.e. infected but not yet

infectious), Infectious, or Recovered [12]. A schematic of the model and an example of popu-

lation level epidemic data which can be described by the model are given in Figure 1.3.

Figure 1.3: (a): Schematic of the SEIR model. (b): Example of population level epidemic
data of the number of weekly cases during the 2009 H1N1 influenza epidemic in Japan [278],
which we shall consider in Chapter 3.

The model, when formulated as a system of time-dependent ordinary di↵erential equations

(ODEs), is given by

susceptible individuals
dS

dt
= � �

N
SI, (1.1)

exposed individuals
dE

dt
=

�

N
SI � E, (1.2)

infectious individuals
dI

dt
= E � µI, (1.3)

recovered individuals
dR

dt
= µI, (1.4)

where � is the transmission rate, 1/ the latent period between being exposed and becoming

infectious, 1/µ the infectious period, and N the population size.

Infectious disease outbreak models, such as the SEIR model, assume that individuals have

similar characteristics [37, 72]. More complex models account for di↵erences between indi-

viduals. For example, in many studies that aim to determine optimal vaccination strategies,
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populations are split into low-risk and high-risk groups [98, 125], and spatial heterogeneity can

be incorporated by classifying individuals according to their location [230, 283]. Commonly,

to account for age-dependent di↵erences in contact rates and fatality rates, age-structured

models are used to compartmentalise groups of individuals into distinct age-group classes

[73, 85, 133, 208, 246, 364]. Models of influenza transmission that incorporate evolutionary

and multi-strain dynamics [97, 166, 398], as well as phylodynamics (accounting for tempo-

ral changes in pathogen phylogenies) have also been considered [121, 143, 209]. Models in

which populations are structured according to whether or not individuals carry pre-existing

immunity can also be formulated by compartmentalising individuals based on their level of

immunity [15, 243, 297, 320, 361].

Infectious disease models are often formulated as time-dependent systems of ordinary

di↵erential equations, as in equations (1.1)–(1.4). Di↵erential equation models describe the

mean-field dynamics of the underlying system (i.e. what would happen ‘on average’) and are

deemed appropriate to use when they model a large number of infected individuals. Such an

approach may be relevant when simulating a nationwide epidemic or pandemic, as we shall

consider in Chapter 3 where we model an influenza epidemic in Japan. At the population scale

when the number of infected individuals is large, stochastic e↵ects underpinning transmission

and disease progression do not dominate the dynamics of the outbreak.

Stochastic models can also be formulated to describe epidemics. They are commonly

formulated as discrete- or continuous-time Markov chains or stochastic di↵erential equations

[8, 47]. Microscale stochastic agent-based models can even be used to describe interactions

between individuals in a small system [299]. Most simply, stochastic branching process models

can be used, where the number of infected individuals at each time is calculated as the sum

of all the new ‘o↵spring’ infected individuals at previous times [9]. We consider this type of

model in Chapter 2, where we investigate whether importing an infectious individual into a

disease-free location will lead to an outbreak. Examples of stochastic models used to describe

epidemics include [265, 278, 395] for influenza and [1, 167, 404] for COVID-19.

A key di↵erence between stochastic and deterministic models is that stochastic models

provide more information about the variation of potential outcomes of the epidemic. In

deterministic models, an outbreak will always occur if the basic reproduction number, R0,

the average number of secondary cases of disease arising from a primary case in an entirely

susceptible population, is greater than one [170]. This is because each infected individual

generates more than one other secondary case. However, importantly, as we shall explore in

Chapter 3, in a stochastic model an outbreak can become extinct even if R0 > 1 due to the

randomness of the underlying epidemiological process. Thus, if modelling the early stages of

an outbreak, or an outbreak in a small population, it may be necessary to use a stochastic

model.
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We show the results of simulations of an epidemic using an ordinary di↵erential equation

and stochastic discrete-time Markov chain SEIR model, modelling an epidemic in a small

population of 1, 000 individuals (Figure 1.4 (a)) and a large population of 1, 000, 000 individ-

uals (Figure 1.4 (b)). In panel (a) we see significant variation in the stochastic trajectories,

and in many cases the outbreak becomes extinct. In such cases using a stochastic model is

important to capture the variation in the dynamics. However, in panel (b), because there is a

large population and initially a relatively large number of infected individuals, there is little

variation in the stochastic trajectories, they are all similar to the ODE trajectories.

Figure 1.4: Comparison of SEIR epidemic models in small and large populations with di↵erent
initial conditions. Simulations of an ordinary di↵erential equation (ODE) model (equations
(1.1)–(1.4)) and 50 sample paths of a stochastic discrete-time Markov chain (DTMC) model.
Parameter values are � = 2 weeks-1,  = 0.5 and µ = 1 weeks-1 in each panel, with N = 103,
I0 = 1 in (a) and N = 106, I0 = 100 in (b). The number of cases given in this figure defined
as the number of currently infected individuals, I.

1.5.2 Within-host models

More recently, mathematical models have been used to describe the within-host viral dynamics

of cells and virions in an analogous manner to population scale epidemic models, inspired

largely by Nowak and May [282] and Perelson [298]. Cells can be classified as susceptible

(uninfected), latently infected, productively infected, and removed (dead) at a within-host

level in the same way that individuals can be classified at a population level. A schematic

of such a model is presented in Figure 1.5. The model, which is known as the TEIV model,

also accounts for the number of free virions. Also included in Figure 1.5 are typical viral titer

data.
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Figure 1.5: (a): Schematic of the TEIV model. (b): Example of within-host infection data
of the viral titer (corresponding to V ) in mice infected with influenza A [189], which we shall
consider in Chapter 4.

The TEIV model is given by the set of ordinary di↵erential equations:

uninfected cells
dT

dt
= ��TV, (1.5)

latently infected cells
dE

dt
= �TV � E, (1.6)

productively infected cells
dI

dt
= E � �I, (1.7)

dead cells
dD

dt
= �I, (1.8)

free virions
dV

dt
= pI � cV, (1.9)

where � is the infection rate, p is the virion production rate, 1/ is the duration of the latent

eclipse phase, 1/� is the duration of the productively infectious phase, and c is the clearance

rate of free virions.

Within-host influenza modelling is a younger field compared to population scale influenza

epidemic modelling. However, the works of Baccam et al. [19] which adopted the target-cell

model, previously used to describe other viral infections such as HIV and hepatitis B [298, 323]

has led to the rapid development of this field.

As we explain below, these models have improved our understanding of within-host epi-

demiological mechanisms, and can be used to describe and forecast a patient’s disease and

immunological dynamics, and to identify therapeutic targets to control infection. The full in-

terplay between the virus and a host’s immune response is not completely understood though.

Within-host epidemiological models can broadly be classified into two types. First, target-

cell limited models, in which the infection is limited by the availability of susceptible cells

[19, 91, 147, 152, 342]. Second, models can explicitly account for the immune response at

varying levels of detail [44, 55, 58, 150, 172, 220, 252, 292, 330, 371]. Some models focus on one

aspect of the immune response (for instance type I interferons [19, 330]), while others describe
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the multitude of mechanisms involved in the immune response [220]. Due to the availability

of data, the quantity of interest is typically viral load, although symptom dynamics have

also been considered [55, 56, 57, 233, 240]. In Chapter 5 we investigate whether a simple

di↵erential equation model can describe the temporal changes in the severity of symptoms in

di↵erent patients. Mathematical modelling has also been used to assess the e�cacy of antiviral

treatments such as neuraminidase inhibitors and adamantanes [32, 56, 92, 152, 194, 220, 259].

Models also exist which describe co-infection with influenza and another pathogen which may

be another virus [303, 304, 305], or bacteria such as Streptococcus pneumoniae [67, 343, 347].

These models usually comprise ordinary di↵erential equations, however stochastic Markov

chain models have also been considered [23, 152, 168, 294, 305, 396]. In Figure 1.6, we present

a schematic diagram which shows how cells and virions interact in the target-cell TEIV model.

We also present typical model simulations showing the characteristic exponential increase and

then decrease in viral load.

Figure 1.6: Left: Schematic of within-host infection. Right: Simulation of the TEIV target-cell
model (equations (1.5)–(1.9)), displaying the viral titer, and fraction of susceptible cells and
productively infected cells. Parameter values are � = 1.5⇥ 10�5 PFU-1 days-1, p = 2⇥ 10�3

PFU days-1 cells-1, � = 2 days-1, c = 10 days-1,  = 4 days-1, V0 = 10 PFU, and T0 = 109.

1.6 Data and parameter estimation

1.6.1 Data

To make forecasts and quantify infectious disease dynamics, it is important that models are

informed by real-world data. Many di↵erent types of data may be utilised in epidemiological

modelling studies. At the population level, data on the number of daily or weekly cases,

hospitalisations, deaths, and vaccinations are often available. At the individual host level, viral

titer data are commonly recorded, as well symptom severity and concentrations of components
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of the immune response. Host level data, such as the duration of latent or infectious periods,

can also inform population level models.

In Chapter 2, we utilise data on the number of vaccine doses administered in Israel and

the Isle of Man to estimate the susceptibility to SARS-CoV-2 infection of each population

[185, 286]. In Chapter 3, we use data relating to the 2009 H1N1 influenza epidemic in Japan,

specifically the number of weekly cases seeking medical attention [278]. We use data relating

to the viral titer, fraction of dead cells, and immune response of both immunocompetent and

immunosuppressed mice infected with influenza in Chapter 4 [189]. In Chapter 5, we use data

of the symptom scores, viral titer, and immune response in humans infected with influenza

[120].

In each of Chapters 3–5, we use data first to calibrate models by estimating parameter

values, and then to generate synthetic data. The generation of synthetic data is a valuable tool

as we can describe how a model behaves in a range of di↵erent scenarios and epidemiological

cases [360]. For example, in Chapter 4 we model within-host infection dynamics in hosts

with di↵erent immunological characteristics. In Chapter 3 we model an epidemic spreading

through a heterogeneous population, with di↵erent subpopulations having di↵erent levels of

susceptibility. As data are generated from a model which has been well-parameterised, we can

assume that they reflect real-world data to some extent. With synthetic data it is possible to

control the quality of data used in modelling studies, and to make predictions about situations

for which real-world data are currently unavailable. Large test and training datasets can be

built using synthetic data, and it is often more convenient to carry out sensitivity analyses

using synthetic data [4]. Studies have also used semi-synthetic datasets which combine real-

world data with synthetic outbreaks [52]. Depending on the aim of the study, synthetic

data can be used to replace real-world data, identify the data that need to be collected to

resolve uncertainties, or be used as a proxy to accelerate research and produce findings when

real-world data are scarce [137].

1.6.2 Parameter estimation

In order to make projections and understand epidemiological and immunological processes,

parameter values must be estimated by fitting models to data. In this thesis, we use two

methods to estimate parameter values using time series data: maximum likelihood estimation

(MLE) which provides a point parameter estimate [6, 113], and Markov chain Monte Carlo

(MCMC) estimation, a Bayesian approach which generates distributions of parameter values

[130].

Both methods require a likelihood function. Under this assumption that the di↵erences

between the data and model forecasts are normally distributed and are independent of the
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size of the data, this likelihood function takes the form

L(y|✓) =
nY

j=1

exp

✓
�(z(tj ; ✓)� yj)2

2�2

◆
, (1.10)

where z(tj , ✓) are model outputs generated using parameters ✓, yj are the observed data, and

� is a noise scaling parameter. By taking a logarithm of the likelihood function (1.10), the

cost function can be derived,

J(✓; y) =
nX

j=1

A (yj � z(tj ; ✓))
2 . (1.11)

In equation (1.11) the parameter A is a function of � which we need not consider since it is

constant and therefore does not influence the cost function, and can without loss of generality

be set equal to 1. Hence, the MLE point estimate can be determined by solving the least

squares problem

✓̂ = argmin
✓2⇥

J(✓; y), (1.12)

where ⇥ is the feasible set of parameter values.

By treating the fitting parameters ✓ as random variables, Bayesian parameter inference

can provide a probabilistic distribution of ✓, given observed data y, known as the posterior

distribution f(✓|y). Bayesian inference relies on Bayes’ theorem, which states the relationship

between the posterior distribution, prior distribution ⇡(✓), and likelihood function

f(✓|y) / L(y|✓)⇡(✓). (1.13)

We can exploit equation (1.13) to determine the posterior distribution using only the

likelihood function and prior distribution. Prior information of the parameter distribution ⇡(✓)

may be incorporated by, for instance, knowing epidemiological constraints or using parameter

estimates based on historical data. If no prior knowledge is known, we use a uniform prior,

fixing ⇡(✓) as constant. Often, due to the number of unknown parameters and computational

cost, it is di�cult to sample the posterior f(✓|y) directly. In such situations, Markov chain

Monte Carlo (MCMC) numerical estimation methods can be used. These methods construct

a Markov chain, with f(✓|y) as a stationary distribution. A sequence of random samples taken

from the chain can be used to estimate the posterior distribution f(✓|y). Throughout this

thesis, we use the Metropolis-Hastings algorithm to perform MCMC parameter estimation

[160, 250, 285, 353].

In Figure 1.7 we present an illustrative example of an SEIR ordinary di↵erential equation

model (equations (1.1)–(1.4)) fitted to synthetic data, using both MCMC and MLE.
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Figure 1.7: SEIR model (equations (1.1)–(1.4)) fitted to synthetic epidemic case data using
MLE and MCMC. The shaded region in (a) indicates the central 95% credible intervals of
model trajectories based on the posterior distributions of parameters, and the red solid line in-
dicates the model trajectory with point estimate MLE parameters. Posterior fitting parameter
distributions estimated using MCMC of � and N shown in (b) and (c), with MLE parameter
estimates shown by vertical red lines. We performed 105 MCMC sampling iterations, discard-
ing the first 104 iterations as the ‘burn-in’ period and recording every 100 iterations thereafter
to reduce autocorrelation. Uniform priors � 2 [1, 10] and N 2 [100, 100, 000] were used.

1.7 Thesis outline

This thesis addresses epidemiological modelling questions at the population and within-host

scales. By focusing on problems relating to immunity and within-host immunological dynam-

ics, we aim is to establish how the accuracy of model projections of infectious diseases can be

improved. The main body of work in this thesis is contained in Chapters 2 to 5. Chapters

2 and 3 are concerned with modelling the spread of pathogens, SARS-CoV-2 and influenza,

at a population level, while Chapters 4 and 5 involve modelling influenza infection dynamics

within a host. The work in Chapters 4 and 5 was done in conjunction with our industrial

partner (Biosensors Beyond Borders) with the intention of investigating within-host models

which describe infection dynamics in di↵erent groups of patients. An outline of the models,

data, and pathogens considered in each chapter is given in Table 1.1.

In Chapter 2, we consider the spread of SARS-CoV-2. We use a stochastic model to

determine the probability that infected individuals introduced into low prevalence settings

initiate an outbreak. We consider Israel and the Isle of Man as case studies, since they have

few COVID-19 cases currently, and are actively vaccinating their populations. Using a range

of mathematical methods, including the ‘Numerical Outbreak Risk’ which we conceive in this

chapter, we determine the risk of an outbreak occurring given that an infected individual enters

the country. Our results suggest that when travel restrictions are relaxed in low prevalence

settings, it will still be necessary to implement surveillance of incoming passengers to identify

infected individuals quickly until global case numbers are reduced. This piece of work has been

accepted for publication in Communications Medicine (https://doi.org/10.1101/2021.

05.21.21257589).
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Table 1.1: A summary of the content of Chapters 2 to 5 in this thesis.

In Chapter 3, we focus on forecasting influenza epidemics. Previous exposure to influenza

viruses confers cross-immunity against future infections with related strains. However, this

e↵ect is not always included in mathematical models used for forecasting during influenza

outbreaks. We consider two infectious disease outbreak forecasting models: the ‘1-group

model’ which does not account for cross-immunity and the ‘2-group model’ which does. We

fit both models to estimated case notification data from Japan during the 2009 H1N1 influenza

pandemic, and then generate synthetic data for a future outbreak by assuming that the 2-group

model more accurately represents the epidemiology of influenza infections. In this scenario,

the 1-group model only produces accurate outbreak forecasts once the peak of the epidemic

has passed. The main contribution of this work is to show that more a epidemiologically

realistic model, in which cross-immunity is represented explicitly, can generate more accurate

projections during outbreaks than if cross-immunity is not included. This piece of work has

been published in Epidemics (https://doi.org/10.1016/j.epidem.2020.100432).

We model influenza at the within-host rather than the population scale in Chapter 4.

We consider a hierarchy of models which describe the kinetics of influenza infection: the

‘IR model’ explicitly accounts for the immune response to the virus, whereas the simpler,

target-cell limited TEIV and TV models do not. We show that we can parametrise the IR

model using available experimental murine data on viral titer, dead cells, and immune response

levels, which substantiates the results of complementary structural and practical identifiability

analyses. We use the IR model to generate synthetic data relating to infections in hosts who

di↵er in the competence of their immune responses. We fit the TV model to these synthetic

data, and show that, in many cases, it can describe the characteristic exponential increase

and decay of viral load generated by the IR model. Furthermore, we demonstrate that the

parameters of the TV model vary systematically as the immune response parameters in the
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IR model used to generate the data are changed. This piece of work is being prepared for

submission to the Journal of Theoretical Biology.

In Chapter 5, we extend the models from Chapter 4 by introducing an additional variable

which describes the severity of symptoms experienced by a host, to formulate the ‘SD model’.

We fit this model to pooled human data on viral titer, innate immune response levels, and

symptom scores, estimating the model parameters in the process, and for the first time fitting

a model to these three sets of data. We then generate synthetic data relating to both healthy

patients and a hypothetical population of comorbid patients and assess the forecasting ac-

curacy of a two-variable model, the ‘TS model’, that we derive from the TV model used in

Chapter 4. The TS model describes how the fraction of susceptible cells and the severity of

symptoms change during infection. We investigate our ability to use the TS model to make

real-time forecasts which can be updated daily. We also investigate whether it is possible to

classify patients by fitting the TS model to their symptom data. Finally, in Chapter 6, we

discuss the contributions of the results obtained in the thesis and make suggestions for future

work.
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Chapter 2

The risk of SARS-CoV-2 outbreaks
in low prevalence settings following
the removal of travel restrictions

2.1 Introduction

Combinations of non-pharmaceutical interventions (NPIs) such as travel restrictions and

national lockdowns have been introduced worldwide to counter the COVID-19 pandemic

[69, 80, 83, 221, 227, 311]. The development and deployment of vaccines has also lowered trans-

mission [157, 326, 336] and reduced the number of individuals experiencing clinical symptoms

or severe disease once infected [21, 307, 379].

E↵ective NPIs have led to low levels of transmission in some locations, for example in

Australia and New Zealand. With travel restrictions, short-term lockdowns, quarantine of

inbound travellers, and contact tracing to identify infected contacts whenever cases have been

discovered, the spread of the pathogen has been suppressed in these regions [25, 26, 181].

Rigorous interventions targeted at inbound travellers in low prevalence settings reflect the

fact that imported cases can contribute significantly to local incidence [328], and potentially

initiate outbreaks with substantial local transmission [171, 365]. At the time of writing (1st

May 2021), Israel is the country that has vaccinated the largest proportion of its citizens, and

the vaccination campaign there has been credited with reducing transmission [326], prompting

some NPIs to be removed.

Despite the success of both NPIs and vaccines, the current overall picture is complicated.

Vaccines do not prevent transmission entirely [157, 199], and vaccine uptake is incomplete,

particularly in some ethnic groups and in underserved communities [318]. Current tentative

estimates suggest that first doses of the Pfizer and AstraZeneca SARS-CoV-2 vaccines are

around 60% e↵ective at preventing infection, with the second doses leading to 65-85% e�cacy

against infection [199]. Furthermore, the appearance of novel SARS-CoV-2 variants makes

eliminating transmission more challenging. For example, the Alpha variant (B.1.1.7, or VOC

202012/01) that first appeared in the United Kingdom in late 2020 has been found to be more
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transmissible than the SARS-CoV-2 virus that originally emerged in China [86]. Although

public health measures have had some successes, these concerns raise a key question: Can

NPIs such as travel restrictions be removed without any risk in low prevalence settings where

vaccines have been distributed widely, or might outbreaks occur initiated by SARS-CoV-2

reimportations from elsewhere?

Epidemiological models are often used to assess the risk of outbreaks in scenarios in which

the potential for pathogen transmission is not changing. According to the mathematical

theory of branching processes, the probability that cases introduced into a new host population

generate an outbreak driven by sustained local transmission is given by

Prob(outbreak) = 1�
✓
1

R

◆
I0

, (2.1)

in which R is the reproduction number of the pathogen and I0 is the number of introduced

infectious cases. This expression had been used to assess the risks of outbreaks of pathogens

including the Ebola virus [11, 249, 366], before being applied early in the COVID-19 pan-

demic to assess outbreak risks outside China [365]. Equation (2.1) reflects the risk that intro-

duced cases generate an outbreak, and is based on a simple underlying transmission model in

which individuals mix homogeneously and infected individuals are infectious for exponentially

distributed time periods. Equation (2.1) also involves an assumption that pathogen trans-

missibility is fixed at its current level. In other words, the value of R is implicitly assumed

to remain constant over the initial phase of the potential outbreak. With a background of

rapidly changing population immunity due to vaccination acting to reduce transmission, this

assumption may not be accurate. To assess the risk of outbreaks if NPIs are removed during

an ongoing vaccination campaign using branching process models, standard epidemiological

modelling theory must be extended to account for temporally changing population immunity.

Here, we use branching processes to investigate whether or not an introduced case is likely

to initiate an outbreak, accounting fully for temporal changes in population immunity due

to an ongoing vaccination campaign. We use four metrics to assess the risk of an outbreak

and consider two examples of vaccination campaigns from around the world, from the Isle

of Man and the country of Israel. In both locations, vaccination is progressing quickly and

prevalence is currently low. Given the relatively low numbers of cases in these locations during

the pandemic, there is also likely to be a background of limited immunity from previous

infections. We assess the risk of outbreaks in these places when travel restrictions and other

NPIs are removed, considering scenarios in which NPIs are removed at di↵erent stages of

the vaccination campaigns. Our goal is not to develop a detailed epidemiological model for

estimating precise outbreak risk estimates. Instead, we use a simple model to show generally

that, even when all vaccines have been deployed in low prevalence settings (i.e. a maximum

vaccination proportion ⌫ of individuals have been vaccinated, where the precise value of

⌫ varies between locations), we project that the combination of incomplete vaccine uptake,
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imperfect vaccination and variants of concern means that the risk of outbreaks due to imported

cases will not be eliminated completely when NPIs are removed. This highlights the need for

careful monitoring of imported cases until global prevalence is reduced to low levels. Until

vaccines are rolled out worldwide, there is still a risk of local transmission arising in low

prevalence settings initiated by importations from elsewhere.

2.2 Methods

2.2.1 Epidemiological model

We performed our main analyses using a stochastic branching process model that describes

virus transmission in the initial stages of a potential outbreak. In this model, following the

arrival of a case in the local population, new infections occur at rate �(1�⇤(t)) and infected

individuals have a mean infectious period of 1/µ days (Figure 2.1 (a)). The times between

successive events in the model are assumed to follow exponential distributions. The function

⇤(t) reflects the extent to which transmission has been reduced by vaccination, where a value

of ⇤(t) = 0 corresponds to an entirely unvaccinated population. We consider scenarios in

which travel restrictions and other NPIs are removed, and transmission is only limited by

vaccine-acquired immunity.

To model an ongoing vaccination campaign, we set ⇤ (t) = ⌘1V1 (t� ↵) + ⌘2V2 (t� ↵),

where V1 (t) is the proportion of individuals in the population who have received a single

vaccine dose at time t and V2 (t) is the proportion of individuals in the population who have

received two vaccine doses at time t (Figure 2.1 (b)). The parameters ⌘1 and ⌘2 reflect

the e↵ectiveness of the vaccine at preventing infection after one and two e↵ective doses,

respectively (specifically, ⌘1 and ⌘2 represent the multiplicative reduction in susceptibility

following one or two e↵ective doses, compared to an unvaccinated individual, so that 0  ⌘1 
⌘2  1), and the parameter ↵ represents the delay between a vaccine dose being administered

and being e↵ective in the recipient. In our main analyses, since we are modelling relatively

low prevalence settings, we do not consider immunity due to prior infections, although we

present a supplementary analysis in which we considered the robustness of our results to this

assumption in Appendix A.

Under this model, the time-dependent reproduction number, accounting for any vaccines

that have been administered and are e↵ective at time t, is given by

RV (t) =
�(1� ⇤(t))

µ
. (2.2)

The value of RV (t) represents the expected number of secondary infections generated by a

single infected individual in the population at time t, under the assumption that no further

vaccinations take place in future. It is therefore representative of the ‘instantaneous’ trans-

missibility at time t. Indeed, RV (t) is sometimes referred to as the instantaneous reproduction
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number [118, 363, 385]. In the absence of vaccination, so that ⇤(t) = 0, then RV (t) is equal

to the basic reproduction number, R0.

Figure 2.1: The epidemiological model used in our analyses. (a): Following the introduction
of an infected individual into the host population, local transmission may happen with infec-
tions occurring at rate �(1 � ⇤(t)), where ⇤(t) reflects the vaccination coverage in the local
population. Infected individuals have a mean infectious period of 1/µ days. (b): The vacci-
nation process is modelled by setting ⇤(t) according to the proportion of individuals in the
population who have been vaccinated with one (V1) or two (V2) doses. The first vaccine dose
is assumed to have e↵ectiveness ⌘1 and the second vaccine dose has e↵ectiveness ⌘2. Vaccine
doses are e↵ective ↵ days after they are administered. This leads to declining population
susceptibility as a vaccine is rolled out across the population.

2.2.2 Vaccination data

In the model, V1(t) and V2(t) were set based on vaccination data from the location under

consideration (either the Isle of Man or Israel). Data describing the proportion of the total

population who had received one or two vaccine doses were available for the periods up until

11th April 2021 (for the Isle of Man [185]) and 21st April 2021 (for Israel [286]).

To explore how the risk of outbreaks is likely to change in future, we projected the vaccine

rollout forwards beyond these dates in the following way. We considered the total population

size of the location under consideration (denoted N), as well as the numbers of individuals

(N1(t) and N2(t)) vaccinated with one or two doses, so that V1(t) = N1(t)/N and V2(t) =
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N2(t)/N . We assumed that a constant number of vaccine doses are available each day in

future (denoted D), and that there is a target period of ⌧ days between each vaccine dose. On

any day in future, each available dose is assigned to an individual who has been vaccinated

with their first dose at least ⌧ days ago, with remaining doses then assigned to unvaccinated

individuals. Resulting values of N1(t) and N2(t) were then converted to corresponding values

of V1(t) and V2(t). To reflect the fact that vaccine uptake is imperfect, we assumed that

a maximum proportion ⌫ of the population can ever be vaccinated. Consequently, once the

vaccination programme is complete, then ⇤(t) = ⌘2⌫. The value of ⌫ varies between locations,

and depends on factors such as the age distribution of the host population. Since there is

uncertainty in the vaccine uptake going forwards, we conducted supplementary analyses in

which we considered a range of di↵erent values of ⌫ (Appendix A). Values of the model

parameters used in the analyses in the main text for the Isle of Man and Israel are shown in

Table 2.1.

2.2.3 Outbreak risk metrics

We used four di↵erent metrics to assess the risk that an infected individual, introduced into

the population at time t, initiates an outbreak driven by sustained local transmission. The

values of each of these metrics vary temporally. Each of these metrics is used to estimate

the risk that an imported case initiates an outbreak under the assumption that all travel

restrictions and other NPIs are removed (in other words, pathogen transmissibility at time t

is determined by RV (t), which represents an adjustment to the basic reproduction number R0

due to vaccine-acquired immunity, as described above). Under the assumption of the branch-

ing process model, the distribution of epidemic sizes is bimodal for RV (t) > 1, where either

the disease dies out with few individuals ever becoming infected, or it becomes widespread in

the population [366]. An outbreak describes the latter, where the disease becomes widespread,

which we define to be 100 individuals infected at one time when a practical threshold is re-

quired, a value chosen which is a significant number of cases in relation to the populations of

both the Isle of Man and Israel.

2.2.3.1 Instantaneous Outbreak Risk (IOR)

The first metric we considered is the Instantaneous Outbreak Risk (IOR). The IOR represents

the risk that an imported case initiates an outbreak as opposed to the virus simply fading out,

under the assumption that pathogen transmissibility is fixed at its value when the imported

case enters the population. If the introduction occurs at time t, when the infection rate is

�(1�⇤(t)) and the time-dependent reproduction number is RV (t) = �(1�⇤(t))/µ, then the

outbreak probability can be derived by first denoting by qI(t) the probability that an outbreak

does not occur starting from I(t) infected individuals. Conditioning on whether the first event
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Parameter Description Value Source

� Transmission rate parameter Set so that R0 = �/µ takes

a prescribed value

Two scenarios were consid-

ered, with mean R0 values of

3 (sim. to original SARS-

CoV-2 variant [42]) and 5

(sim. to Alpha variant

(B.1.1.7) [86])

1/µ Duration of infectiousness 5 days [212]

↵ Delay between a vaccine dose

being administered and be-

ing e↵ective

14 days [62]

⌘1 Multiplicative reduction in

susceptibility of an individ-

ual vaccinated with a single

e↵ective dose (compared to

an unvaccinated host)

0.6 [199]

⌘2 Multiplicative reduction in

susceptibility of an individ-

ual vaccinated with two ef-

fective doses (compared to

an unvaccinated host)

0.85 [199]

⌫ Vaccine uptake 0.8 (Isle of Man) and 0.7 (Is-

rael). Other values are con-

sidered in Appendix A

[332]

N Total population size 84,500 (Isle of Man) and

8,772,800 (Israel)

[391]

D Number of vaccine doses

available each day (in future

projections)

1,000 (Isle of Man) and

56,000 (Israel)

Average number of doses ad-

ministered each day in the

previous 30 days (up to 11th

April 2021 for Isle of Man

[185] and 21st April 2021 for

Israel [286])

⌧ Target period between vac-

cine doses (in future projec-

tions)

84 days (Isle of Man) and 21

days (Israel)

[186, 387]

Table 2.1: Default parameter values used in our analyses.
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is an infection or a removal event gives

qI(t) =
�(1� ⇤(t))

�(1� ⇤(t)) + µ
qI(t)+1 +

µ

�(1� ⇤(t)) + µ
qI(t)�1. (2.3)

In particular, starting from a single introduction at time t,

q1 =
�(1� ⇤(t))

�(1� ⇤(t)) + µ
q2 +

µ

�(1� ⇤(t)) + µ
q0. (2.4)

Since infections occur according to a branching process, q2 = q21. Furthermore, an outbreak

will not occur if there are no infected individuals (i.e. q0 = 1), so that

�(1� ⇤(t))q21 � (�(1� ⇤(t)) + µ)q1 + µ = 0. (2.5)

Solving this quadratic equation, and taking the minimal non-negative solution (as dictated

by Markov chain theory when calculating the probability that a branching process fades out

[281]) leads to the IOR,

IOR = 1� q1 =

(
0, for RV (t)  1,

1� 1
RV (t) , for RV (t) > 1.

(2.6)

This quantity represents the expression shown in equation (2.1), with R = RV (t) and

I0 = 1. The IOR reflects the risk of an outbreak occurring starting from a single infected

individual at time t, but under the assumption that the vaccine rollout does not continue

after time t so that pathogen transmissibility is unchanged. While the IOR is straightforward

to calculate, it does not reflect changing population immunity due to vaccination over the

initial phase of the potential outbreak. This standard metric is often used to assess the risk

of outbreaks in scenarios where pathogen transmissibility does not vary temporally [11, 49,

197, 249, 362, 365, 366].

2.2.3.2 Case Outbreak Risk (COR)

The second metric is the Case Outbreak Risk (COR). The COR is an extension of the IOR,

accounting for changes in population susceptibility, �(1 � ⇤(t)), due to vaccination over the

initial phase of the potential outbreak. The COR has previously been used to assess outbreak

risks using branching processes for models in which pathogen transmission varies periodically

[17, 27, 49, 59].

We denote the probability that an outbreak does not occur starting from I infected indi-

viduals in the population at time t by qI(t). Then, starting from a single introduction into

the population at time t and conditioning on the possible events in the next �t days (where

�t represents a short time period, so that at most a single event can occur in the interval

[t, t+�t)) gives

q1(t) = �(1�⇤(t))�tq2(t+�t)+µ�tq0(t+�t)+(1��(1�⇤(t))�t�µ�t)q1(t+�t). (2.7)
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Since infections occur according to a branching process, q2(t+�t) = q1(t+�t)2. Furthermore,

an outbreak will not occur if there are no infected individuals (i.e. q0(t+�t) = 1), so that

q1(t) = �(1� ⇤(t))�tq1(t+�t)2 + µ�t+ (1� �(1� ⇤(t))�t� µ�t)q1(t+�t). (2.8)

Rearranging this expression, and taking the limit �t ! 0, gives

dq(t)

dt
= �(1� ⇤(t))q(t)(1� q(t)) + µ(q(t)� 1), (2.9)

in which the variable q1(t) has been replaced by q(t) for notational convenience. This equation

can be solved numerically, after which the COR at time t (i.e. the probability that an outbreak

occurs) is given by 1� q(t).

Solving equation (2.9) numerically requires the value of q(t) to be known at a single time-

point. In scenarios in which the time-dependent reproduction number is above one when the

vaccine programme is completed, we solve equation (2.9) backwards in time starting from the

final condition q(t⇤) = 1
RV (t⇤) , where t⇤ is the time at which the vaccination programme ends.

The rationale for this choice is that the COR then matches the IOR in scenarios in which virus

transmissibility does not change in future (e.g. the end of the vaccination programme). For

scenarios in which RV (t) is instead below one when the vaccination programme is completed,

we set q
�
t̃
�
so that 1 � q

�
t̃
�
matches the Numerical Outbreak Risk (NOR) (see below) at

some time t = t̃ where R
�
t̃
�
> 1. We solve equation (2.9) backwards and forwards in time

starting from t = t̃. In our analyses we set t̃ such that R
�
t̃
�
= 1.05. This value of t̃ was

chosen such that this gives close agreement between 1� q (t ) and the NOR.

2.2.3.3 Simulated Outbreak Risk (SOR)

The third metric we considered is the Simulated Outbreak Risk (SOR). The SOR involves

repeated simulation of the branching process model, using the direct version of the Gillespie

stochastic simulation algorithm [131] adapted to account for temporally varying pathogen

transmissibility (due to changing population immunity).

To simulate the branching process model, we follow the following steps:

1. Set the initial time t, and set I(t) = 1.

2. Calculate the time of the next event, t+ ⌧ , using the expression

Z
t+⌧

t

(�(1� ⇤(s)) + +µ)I(s) ds = � ln(r1), (2.10)

where r1 is a random number sampled from a uniform distribution on (0, 1).

3. Determine whether the next event is an infection event or a removal event. To do this,

sample a second random number (r2) from a uniform distribution on (0, 1). If

r2 <
�(1� ⇤(t+ ⌧))

�(1� ⇤(t+ ⌧)) + µ
, (2.11)
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then the next event is an infection event; set I(t+⌧) = I(t)+1. If instead the inequality

above is not satisfied, then the next event is a removal event; set I(t+ ⌧) = I(t)� 1.

4. Repeat steps 2–3 while the outbreak is still ongoing and the threshold value of M = 100

has not been hit (i.e. I(t) > 0 and I(t) < M).

Simulations were run starting with a single infected individual introduced into the pop-

ulation at time t. The SOR then corresponds to the proportion of simulations in which a

local outbreak occurs; an outbreak is said to occur if the total number of individuals infected

simultaneously exceeds a pre-defined threshold value, M . In our analyses, we set M = 100.

2.2.3.4 Numerical Outbreak Risk (NOR)

Finally, we consider the Numerical Outbreak Risk (NOR). The NOR is analogous to the

SOR, but with the advantage that it can be calculated without performing model simu-

lations. The NOR, therefore, also represents the risk that a single infected individual in-

troduced into the population at time t initiates an outbreak in which at least M = 100

individuals are ever infected simultaneously. To calculate the NOR, we define the vector

p (t) = (p0 (t) , . . . , pM�1 (t) , pM (t))T, where, for i  M � 1, pi (t) represents the probability

that I (t) = i and that the number infected has not reached threshold M by time t. The

variable pM (t) is defined as the probability that I (t) has reached threshold M by time t.

As with the SOR, we again use a value of M = 100 in our analyses. Then, the Kolmogorov

forward equations [198] are
dp(t)

dt
= Q(t)p(t), (2.12)

where

Q (t) =

0

BBBBBBBBBBBBBBBBB@

0 µ 0 · · · · · · 0
0 �(� (1� ⇤ (t)) + µ) 2µ · · · · · · 0
0 � (1� ⇤ (t)) �(2� (1� ⇤ (t)) + 2µ) · · · · · · 0
0 0 2� (1� ⇤ (t)) · · · · · · 0
...

...
...

. . .
...

...

0 0 0
... (M � 1)µ 0

0 0 0
... �((M � 1)� (1� ⇤ (t)) + (M � 1)µ) 0

0 0 0
... (M � 1)� (1� ⇤ (t)) 0

1

CCCCCCCCCCCCCCCCCA

. (2.13)

In this matrix, the state I (t) = M is an absorbing state (analogous to stopping the simu-

lations as soon as I (t) reaches the threshold M when calculating the SOR). The probability

that there are at least M infected individuals at some stage following the introduction of a

single infected host into the population at time t is then given by NOR(t) = lim
s!1

(pM (s)),

where p (t) = (0, 1, 0 . . . , 0, 0)T. The NOR is therefore calculated by solving the Kolmogorov

forward equations numerically until the system converges to an equilibrium state.

We use the IOR to show the potential error in using a metric that only takes into account

the instantaneous reproduction number without accounting for future vaccinations, and the
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SOR, COR, and NOR to validate the results of the outbreak risk when temporal changes in

the reproduction number are considered.

2.3 Results

2.3.1 Modelling the vaccination process and population susceptibility

As described in the Methods, we first generated projections of the number of vaccinated

individuals in future for the Isle of Man (Figure 2.2 (a)) and Israel (Figure 2.2 (d)), based

on past vaccination data in those locations. To explore the impact of vaccination on virus

transmission, we calculated the time-dependent reproduction number (RV (t); equation (2.2))

throughout the vaccination campaigns. We considered two di↵erent scenarios. In the first,

we set the mean value of R0 (i.e. the reproduction number in the absence of vaccination)

equal to 3, as was the situation early in the COVID-19 pandemic (Figure 2.2 (b),(e)). In the

second scenario, we set the mean value of R0 equal to 5 (Figure 2.2 (c),(f)) to reflect the fact

that currently circulating SARS-CoV-2 variants are more transmissible than the original virus

[86]. This second scenario is therefore likely to be a more realistic reflection of the current

and future risk.

2.3.2 Modelling the risk of an outbreak

We then calculated the values of the four di↵erent outbreak risk metrics throughout the period

considered (18th December 2020 to 20th August 2021) based on these vaccination projections

(Figure 2.3). This involves a scenario in which NPIs are removed entirely, so that RV (t) is

not reduced by interventions other than vaccination. These metrics then reflect the risk that

a single case first entering into the population at the date of introduction shown initiates an

outbreak driven by sustained local transmission, given that no NPIs are in place. For each

metric, and each time during the vaccination programme, we calculated the outbreak risk by

integrating over the full distribution for RV (t) shown in Figure 2.2. In practice, the precise

value of RV (t) is not known exactly: the purpose of this integration is to account for this

uncertainty in outbreak risk estimates. The resulting outbreak risk therefore represents a

point estimate of the risk accounting for uncertainty in pathogen transmissibility.

The IOR represents the probability of sustained local transmission based only on the value

of RV (t) at the precise instance that the virus is introduced into the population. When an

introduction occurs while a vaccine is being deployed, there is a background of decreasing

population susceptibility, and so RV (t) may in fact decrease over the initial stages of a poten-

tial outbreak. For that reason, it is unsurprising that the IOR sometimes overestimates the

outbreak risk compared to the other risk metrics (see e.g. black lines in Figure 2.3 (a),(c) –

and see Discussion). We note though that for large values of RV (t), for example RV (t) = 5,

either the outbreak occurs rapidly or the disease dies out early on, and so future vaccinations

27



Figure 2.2: E↵ect of vaccination on population susceptibility. (a): The proportion of the
population of the Isle of Man who are unvaccinated (1 � V1 (t) � V2(t)), vaccinated with a
single dose (V1 (t)) and vaccinated with two doses (V2 (t)). The period in which vaccination
data were available is shown in white, and the period in which vaccination data were projected
is shown in yellow. (b): The time-dependent reproduction number (RV (t)) corresponding to
the vaccination data in panel (a), starting from a mean initial value of RV (0) = R0 = 3. To
account for uncertainty in the value of R0, a normal distribution was assumed about the mean
value of R0 with variance �2 = 0.25, which is reflective of the range of R0 values estimated
early in the COVID-19 pandemic [42]. (c): Analogous to panel (b) but starting from a mean
initial value of RV (0) = R0 = 5. (d)-(f): Analogous to panels (a)-(c) but using vaccination
data for Israel. In all panels, t = 0 days corresponds to 18th December 2020. Ticks on the
x-axes refer to the starts of the months labelled. Parameter values are shown in Table 2.1.

do not have much of an e↵ect on the outbreak risk, so the IOR and other outbreak metrics are

in close agreement. It is when RV (t) is only slightly greater than 1, for example RV (t) = 1.1,

where it might take a number of weeks to reach 100 cases and so future vaccinations have

more of an impact, where the IOR gives a significant overestimate of the outbreak risk.

In contrast, we found close agreement between the COR, SOR and NOR. Due to the high

assumed vaccine uptake in the Isle of Man, the outbreak risk at the end of the vaccination

programme there was calculated to be lower than when the vaccine rollout was completed in

Israel (although we also considered supplementary analyses with di↵erent assumed vaccine

uptake values – Figure A.1). In the first scenario that we considered (mean R0 = 3), which

is representative of the transmissibility of the original SARS-CoV-2 virus, the outbreak risk

was projected to be low following the vaccination programme in the Isle of Man.

However, when the virus was assumed to be more transmissible (mean R0 = 5), as is

the case for variants of concern such as the Alpha variant (B.1.1.7), the outbreak risk was

found to be substantial even following the projected end of the vaccination campaigns in

both the Isle of Man and Israel. For example, when the assumed vaccine uptake values of
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⌫ = 0.8 and ⌫ = 0.7 had been achieved in the Isle of Man and Israel, respectively, the

NOR took values of 0.37 (95% Credible Interval (CrI): [0.22, 0.48], calculating using the

95% CrI for RV (t) at the end of the vaccination rollout) and 0.51 (95% CrI: [0.39, 0.59]) in

those locations. Given the uncertainty in any epidemiological modelling projection, the main

take-home message is simply that these values are greater than zero (rather than the exact

outbreak risk estimates themselves), suggesting that outbreaks can still occur when NPIs are

removed following the completion of vaccination programmes. This result is robust to a range

of assumptions surrounding virus transmission and the e↵ectiveness of vaccines (see Appendix

A).

Figure 2.3: The risk that an infectious case introduced at each stage of the vaccination
campaign initiates an outbreak if travel restrictions and other NPIs are removed. (a): The
outbreak risk assessed using the four metrics (IOR – black; COR – blue dashed; SOR – green
dots; NOR – red), based on vaccination data from the Isle of Man and assuming mean R0 = 3,
as in Figure 2.2 (b). The period in which vaccination data were available is shown in white,
and the period in which vaccination data were projected is shown in yellow. (b): Analogous
to panel (a) but with mean R0 = 5 (see Figure 2.2 (c)). (c): Analogous to panel (a) but
using vaccination data for Israel (see Figure 2.2 (e)). (d): Analogous to panel (a) but using
vaccination data for Israel with mean R0 = 5 (see Figure 2.2 (f)). Ticks on the x-axes refer
to the starts of the months labelled. Parameter values are shown in Table 2.1.
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2.4 Discussion

As vaccines are administered in countries around the world, attention has turned to the

possibility that transmission will soon be reduced to the extent that travel restrictions and

other NPIs can be relaxed. Here, we have investigated the impact of removing NPIs on the

risk of outbreaks occurring in locations with low prevalence and a significant proportion of

the population vaccinated. We used four metrics to estimate the risk that a case introduced

at any stage in the vaccination rollout leads to an outbreak driven by local transmission, in a

scenario in which NPIs are removed. We calculated temporal changes in the values of these

metrics in the context of vaccination in the Isle of Man and in Israel, two locations with low

prevalence and vaccination campaigns that have progressed quickly.

We found that vaccination is leading to a substantial drop in the potential for virus

transmission in both the Isle of Man and Israel, as indicated by a decreasing value of the

time-dependent reproduction number, RV (t) (Figure 2.2). However, even when the vaccine

rollout is completed (with 80% of individuals fully vaccinated in the Isle of Man, and 70% in

Israel; other values are considered in Appendix A), the combination of vaccines not preventing

transmission entirely, incomplete vaccine uptake and the emergence of novel SARS-CoV-2

variants suggests that the risk of outbreaks initiated by infected individuals arriving from

elsewhere will not be eliminated when NPIs are removed (Figure 2.3). This conclusion remains

true unless the vaccine uptake is very high (Figure A.1). This suggests that, when NPIs such

as travel restrictions are relaxed, it will still be advisable to be aware of the potential for

local transmission. Ensuring that case numbers are reduced elsewhere (i.e. in locations that

imported cases might travel from) will reduce the risk of importations, and strategies should

be considered to suppress outbreaks quickly if importations occur.

One potential use of our modelling framework by policy-makers is to identify the dates

on which travel restrictions can be relaxed, based on a maximum acceptable outbreak risk.

As an example, if the maximum acceptable value of the NOR is 0.4, then our analysis with

R0 = 5 suggests that travel restrictions can be lifted on the Isle of Man at the end of July 2021

(Figure 2.3 (b); the first date on which the NOR falls below 0.4 is 29th July 2021). However,

as described above, since the risk of local transmission following introductions remains, it will

be necessary to continue to monitor inbound passengers in low prevalence settings to identify

infected individuals, even once vaccination programmes are complete.

Our modelling approach for assessing outbreak risks was motivated by studies in which

the potential for pathogen transmission varies periodically [17, 18, 27, 49, 59, 190, 207, 277],

due, for example, to seasonal changes in weather conditions that a↵ect transmission. In that

context, Carmona and Gandon [59] describe a ‘winter is coming e↵ect’, in which the risk of

an outbreak is lower than current environmental conditions suggest if conditions become less

favourable for transmission in the near future. If current environmental conditions promote

pathogen transmission, then the IOR is expected to be high. This is because the IOR reflects
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the outbreak risk based on the conditions at the precise instance when the virus is intro-

duced into the population. However, if environmental conditions are expected to become less

favourable for transmission in the near future, then the values of the other risk metrics are

lower than the IOR, since those metrics account for changes in transmissibility over the initial

phase of the potential outbreak. Although in general we found a close agreement between

the four metrics that we considered, a background of decreasing population susceptibility can

lead to a similar e↵ect in which the IOR is larger than the COR, SOR or NOR (e.g. Figure

2.3 (a),(c)).

In this chapter, we used a simple branching process model to investigate the risk of out-

breaks when NPIs are removed during a vaccination programme. This involved considering

whether introduced cases are likely to lead to sustained local transmission or instead fade out

without causing an outbreak. We made the standard branching process modelling assump-

tion that population immunity is una↵ected by infections in the earliest stages of potential

outbreaks [11, 231, 171, 249, 365, 366]. In other words, infection-acquired immunity following

the arrival of the pathogen in the host population is not considered. While this is reasonable

when case numbers are low in the initial stages of potential outbreaks, a more detailed model

is needed to explore other quantities, such as the eventual size of outbreaks. Following a vac-

cination programme, outbreaks are likely to be smaller than those that occur before vaccines

are widely administered.

Another simplification of our model is that we only accounted for changes in population

susceptibility due to the vaccine rollout. We did not account for prior immunity of some

members of the population due to previous exposures to the virus. At the time of writing (1st

May 2021), there have been 1,154 confirmed cases in the Isle of Man and 838,000 confirmed

cases in Israel. Since these case numbers correspond to a relatively small proportion of the

host population (representing 1.4% and 9.6% of the population in the Isle of Man and Israel,

respectively), we do not expect this assumption to a↵ect our key findings. Furthermore,

immunity is likely to wane over time [53, 206], reducing the e↵ect of previous exposures on the

outbreak risk. To test the potential impact of infection-acquired immunity arising from cases

occurring before May 2021, we also conducted a supplementary analysis in which the value

of R0 is reduced by 1.35% in the Isle of Man and 9.55% in Israel, and we found qualitatively

similar results (Figure A.2): even in this ‘best case’ scenario, there is still a risk of outbreaks

due to imported cases once the vaccination programmes are completed. Importantly, in other

countries in which higher numbers of cases have occurred, prior immunity may play a larger

role in reducing the risk of outbreaks compared to the low prevalence settings considered here.

Understanding the extent of this e↵ect, based on the rate at which immunity wanes, is an

important target for further study.

In this research, we assumed that vaccines reduce transmission by lowering the probability

that a vaccinated host becomes infected compared to an unvaccinated host. Two e↵ective
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vaccine doses were assumed to reduce the probability of infection substantially (by ⌘2 = 0.85),

which is in line with estimates for the Pfizer vaccine used in the UK Government’s COVID-19

roadmap modelling [199]. However, there is uncertainty about the precise level of protection

o↵ered by di↵erent COVID-19 vaccines. For that reason, we also conducted a supplementary

analysis (Figures A.3 and A.4) in which we considered a range of values of ⌘2. In every scenario

that we explored, the risk of outbreaks following the completion of vaccination programmes

in low prevalence settings was greater than zero, with larger outbreak risks for lower values

of ⌘2.

In addition to reducing the risk that a host becomes infected as assumed here [312],

vaccination may also reduce the risk of onwards transmission following infection [157], reduce

the risk of severe disease developing, or a combination of these e↵ects [136]. In principle,

it would be possible to develop a more complex model that accounts for all of these e↵ects

separately. It would also be possible to develop a transmission model in which either vaccine-

and/or infection-acquired immunity wanes. There is currently significant uncertainty about

the extent and speed of waning immunity, with hope that antibody responses and/or cellular

immune responses may provide long-lasting immune memory, at least in some individuals

[359, 408]. Booster vaccination for vulnerable individuals is currently being considered in

several high-income countries, given the possibility that vaccine-acquired immunity may wane.

We note that any waning of immunity will act to enhance our main qualitative conclusion

that the risk of outbreaks is unlikely to be eliminated completely in low prevalence settings

by vaccination programmes.

Further considerations for future analyses include other factors a↵ecting transmission and

vaccination, for example the impact of population-structure on both vaccine e�cacy [51] and

transmission [48, 84], or the possibility that individuals’ behaviour may be di↵erent following

the pandemic compared to beforehand, even when NPIs and travel restrictions are removed.

For precise quantitative outbreak risk predictions to be made, it may be necessary to estimate

R0 in di↵erent locations. It would also be necessary to incorporate changes in R0 due to further

new variants in our analyses, although we note that any increases in transmissibility will act

to strengthen our main conclusion that vaccine-acquired immunity alone is unlikely to be

su�cient to prevent outbreaks. Another important consideration is the degree of heterogeneity

in transmission between di↵erent infected individuals. For a range of pathogens including

SARS-CoV-2, the majority of transmissions are generated by a relatively small proportion

of infectious hosts [105, 228, 367]. We therefore also conducted a supplementary analysis in

which we considered the dependence of outbreak risk estimates following the completion of

vaccination programmes in the Isle of Man and Israel on the assumed individual-level variation

in SARS-CoV-2 transmission. While a high degree of heterogeneity (i.e. a higher probability

of ‘superspreading’ events) acts to lower the outbreak risk, in each scenario explored outbreaks
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were still possible in low prevalence settings following vaccination programmes when NPIs are

removed (Appendix A.5).

To summarise, our analyses have demonstrated the general principle that, even following

complete vaccination programmes in low prevalence settings, the risk of outbreaks remains

when NPIs are removed. Our intention is not to argue that travel restrictions and other NPIs

should not be relaxed once vaccination programmes are su�ciently advanced, but rather that

measures should be taken to ensure that any clusters of cases are suppressed quickly if they

arise. A local outbreak requires two steps: first, the virus must be imported from elsewhere;

second, local transmission must occur. The first step emphasises the need for a global approach

to minimising transmission, since large case numbers at a potential source location translates

into a higher importation risk. The second step emphasises that, while vaccination acts to

reduce transmission substantially, continued surveillance of inbound passengers for infection,

combined with isolation and testing of contacts of detected infected individuals, is important

when travel restrictions and other NPIs are relaxed. These measures are necessary, since only

once the global prevalence of SARS-CoV-2 infections is reduced substantially can the risk of

outbreaks in low prevalence settings be eliminated.
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Chapter 3

Accounting for cross-immunity can
improve forecast accuracy during
influenza epidemics

3.1 Introduction

In 2009, an H1N1 influenza pandemic was caused by a new strain generated by a reassortment

of North American and Eurasian swine viruses. Believed to have originated in Mexico, the

virus then spread rapidly worldwide [119, 372]. While the case fatality rate was lower than

previous influenza pandemics, an estimated 11-21% of the global population contracted the

virus [200].

As detailed in Chapter 1, previous exposure to an influenza virus confers cross-immunity to

antigenically related strains of the original virus [117, 142, 210, 211, 273, 288]. A significant

proportion of elderly individuals carried pre-existing immunity (due to cross-reactive anti-

HA antibodies) to the influenza strain that was responsible for the 2009 pandemic [28, 140,

151, 156, 393]. This may be due to the similarities between the 2009 H1N1 virus and the

1918 Spanish Flu virus, as viral descendants of the 1918 Spanish Flu virus continued to

circulate until the 1957 pandemic [341, 394]. The suggestion that immunity was due to

previous infections that occurred decades earlier implies that this form of cross-immunity is

likely to be lifelong [399]. The consequences of pre-existing immunity can be seen in the

age distribution of infected individuals in Japan in the 2009 pandemic, where only a small

proportion of the individuals who sought medical attention were elderly [258]. A number of

studies in animal models have also shown that prior infection with seasonal H1N1 strains have

been able to provide substantial protection against infection with the 2009 H1N1 pandemic

virus [102, 103, 196, 217]. As well as the heterogeneity between hosts in infection risk and age

mentioned in Chapter 1, models in which populations are structured according to whether or

not individuals carry pre-existing immunity can also be formulated [15, 243, 297, 320, 361].

In this chapter, our attention is directed towards how cross-immunity (either homosubtypic

or heterosubtypic) a↵ects the predictability of major epidemics. We use mathematical models
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to investigate whether or not it is necessary to account for cross-immune individuals in the

population when forecasting the dynamics of future influenza epidemics of antigenically related

strains. We consider two epidemiological models. In the first, cross-immunity is ignored (the

‘1-group model’). In the second, more epidemiologically realistic model (the ‘2-group model’),

individuals with and without cross-immunity are accounted for explicitly.

First, we estimate the values of the parameters of each model (specifically, the transmis-

sion rate and the e↵ective population size) using data from the 2009 H1N1 influenza epidemic

in Japan. We then consider a synthetic future influenza outbreak of an antigenically simi-

lar strain, simulated using the more epidemiologically realistic 2-group model. We explore

whether or not accurate forecasts of this epidemic can be obtained in real-time. If uninforma-

tive priors are used and parameters are estimated in real-time, even the more realistic 2-group

model is unable to generate accurate forecasts of the remainder of the epidemic before the

peak occurs. This motivates us to incorporate information from the 2009 epidemic to set

informative priors. We show that forecasts made using the 1-group model in advance or at

the start of a future epidemic are inaccurate, even if informative priors are used, because that

model does not account for di↵ering levels of cross-immunity between the starts of the 2009

epidemic and the future epidemic. We then use both information from the 2009 epidemic

and data obtained as the future outbreak is ongoing to generate real-time forecasts using the

1-group and 2-group models. Early in the outbreak, only the 2-group model can provide ac-

curate forecasts of the remainder of the epidemic. For that reason, cross-immunity should be

included in epidemiological forecasting models whenever a large influenza outbreak is related

to an antigenically similar strain that has previously caused a major epidemic.

3.2 Methods

3.2.1 Data

Our analysis involves case notification data from the 2009 H1N1 influenza epidemic in Japan

comprising the estimated numbers of weekly cases seeking medical attention in that country.

These nationwide data were based on sentinel data from 4800 hospitals, extrapolated to

the total number of medical facilities in Japan [278, 284]. The data were acquired from

Figure 1 of the analysis by Nishiura [278] using the data extraction tool https://automeris.

io/WebPlotDigitizer/. The data represent the numbers of patients per week who sought

medical attention and met at least one of the following criteria: (i) acute course of illness, (ii)

fever higher than 38�C, (iii) cough, sputum or breathlessness (symptoms of upper respiratory

infection), (iv) general fatigue, and (v) positive laboratory diagnosis.

It was estimated that 23.5% of the Japanese population were infected during the epi-

demic, and that 16.1% were infected and sought medical attention [258]. Therefore (23.5 �
16.1)/23.5 = 31.5% of infected individuals did not seek medical attention. We assume that
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those infected individuals who did not seek medical attention su↵ered mild symptoms of in-

fluenza because they were cross-immune to the virus (see Discussion). Hence, extrapolating

to the rest of the population and assuming that the susceptibility of hosts is una↵ected by

cross-immunity, we assume when fitting the 2-group model that 31.5% of the population were

cross-immune to the virus initially and that 68.5% were immunologically naive (i.e. had

not previously acquired cross-immunity to the 2009 H1N1 pandemic strain as they had not

been infected by a previous antigenically similar strain of the virus). However, we also test

the robustness of our results to this assumption by conducting analyses in which di↵erent

proportions of the population are initially cross-immune (Appendix B.2).

3.2.2 Models

We consider two models characterising influenza outbreaks. In the first (the 1-group model),

which is the commonly used SEIR model introduced in Chapter 1 [12, 66, 72, 256, 366],

cross-immunity is neglected. In the second (the 2-group model), individuals who have been

infected previously by a related strain are assumed to recover from infection more quickly

than individuals who are immunologically naive. A schematic illustrating the compartmental

structures of the two models is shown in Figure 3.1.

(a) 1-group model (b) 2-group model

Figure 3.1: Schematic of the 1-group and 2-group models. In both cases, the population
is compartmentalised into susceptible S, exposed (infected but not yet infectious) E, infec-
tious I, and recovered R classes. The 2-group model distinguishes between cross-immune
and immunologically naive individuals, and involves the assumption that only infected naive
individuals are recorded in case notification data (with perfect reporting). The 1-group model
does not distinguish between cross-immune and immunologically naive individuals, and in-
volves the assumption that all infected individuals are recorded in case notification data (again
with perfect reporting).

3.2.2.1 1-group model

The 1-group SEIR model is described by the following di↵erential equations, in which indi-

viduals are either susceptible and available for infection, exposed (i.e. infected but not yet
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infectious or symptomatic), infectious or, recovered:

dS

dt
= � �

N
SI, (3.1)

dE

dt
=

�

N
SI � E, (3.2)

dI

dt
= E � µI, (3.3)

dR

dt
= µI. (3.4)

In this model, the infection rate is governed by the parameter �, the mean latent period is 1/

weeks, and the mean infectious period is 1/µ weeks. The basic reproduction number under

the 1-group model is given by

R0 =
�

µ
. (3.5)

Following Cintrón-Arias et al. [76], the number of recorded cases in week j (recorded at

the end of that week) where j is the integer number of weeks since the epidemic began, is

given by

C(j) =

Z
j

j�1
E dt. (3.6)

The constant value S+E+I+R = N represents the e↵ective population size. Since pathogens

are most likely to be transmitted locally, individuals in distant locations are not available for

infection and so N is expected to be smaller than the true population size [127, 308]. In Table

3.1, we list the parameters that appear in equations (3.1)-(3.4) and estimates of their values

for the Japanese 2009 H1N1 epidemic (see also Section 3.2.3 and 3.3.1).

3.2.2.2 2-group model

The 2-group model is an extension of the standard SEIR model in which immunologically

naive and cross-immune individuals are distinguished between. The 2-group model is given

by the following system of di↵erential equations:

dSI

dt
= � �

N
SI(II + IN ), (3.7)

dEI

dt
=

�

N
SI(II + IN )� EI , (3.8)

dII
dt

= EI � µIII , (3.9)

dRI

dt
= µIII , (3.10)

dSN

dt
= � �

N
SN (II + IN ), (3.11)

dEN

dt
=

�

N
SN (II + IN )� EN , (3.12)

dIN
dt

= EN � µNIN , (3.13)

dRN

dt
= µNIN . (3.14)
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The basic reproduction number R0 of the 2-group model is given by

R0 =
�⌫

µI

+
�(1� ⌫)

µN

, (3.15)

where the two terms represent the relative contributions from the cross-immune and immuno-

logically naive groups respectively. The first term represents the expected number of infections

generated by a single infected individual with previously acquired cross-immunity (assuming

that no other individuals are infected at the time of introduction), scaled by the proportion of

infected individuals who previously acquired cross-immunity. The second term represents the

expected number of infections generated by a single infected individual who were previously

immunologically naive, scaled by the proportion of infected individuals who were previously

immunologically naive. See Appendix B.3 for details of the calculation.

There is evidence that cross-immunity in the elderly population reduced the disease sever-

ity of the 2009 H1N1 pandemic virus [65, 254]. We assume that cross-immune individuals

experience less severe disease and therefore typically recover more quickly than immunolog-

ically naive individuals (i.e. 1/µI < 1/µN ). Cross-immunity is therefore partial: it does

not reduce disease completely. To isolate this e↵ect alone on the predictability of epidemics,

in this model it is assumed that cross-immune and naive individuals are otherwise identi-

cal. In particular, we assume that susceptible cross-immune individuals and susceptible naive

individuals are equally likely to be infected and have the same latent periods.

We assume that only cases of severe disease (i.e. infected individuals who were previously

immunologically naive) report infection, so that the number of recorded cases in week j is

given by

C(j) =

Z
j

j�1
EN dt. (3.16)

Since we assume that only immunologically naive individuals report infection, the infectious

period of immunologically naive individuals in the 2-group model is assumed to be identical

to the infectious period of individuals in the 1-group model (i.e. 1/µN = 1/µ).

Denoting the proportion of individuals in the population that are cross-immune by ⌫, we

have that SI + EI + II + RI = ⌫N and SN + EN + IN + RN = (1 � ⌫)N , where SI + EI +

II + RI + SN + EN + IN + RN = N is the total e↵ective population size. In Table 3.1, we

list the parameters that appear in equations (3.7)-(3.14) and estimates of their values for the

Japanese 2009 H1N1 epidemic (see also Section 3.2.3 and 3.3.1).

3.2.3 Parameter estimation and forecasting

When fitting the models to each dataset in this chapter (either the data from 2009 in Japan or

simulated future outbreak data), the transmission rate parameter, �, and e↵ective population

size, N , are estimated using Markov chain Monte Carlo (MCMC) with the Metropolis-Hastings

algorithm [160]. All other parameters are assumed to be known. A likelihood function is used

in which it is assumed that the di↵erences between the data and model forecasts (where the
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Parameter Description Values Source
� Transmission rate 1.644 Weeks

-1
Est. from data (Figure 3.3)

N E↵ective population size 3.072⇥ 10
7

Est. from data (Figure 3.3)

1/ Latent period 4/7 Weeks [373]

1/µ Infectious period 1 Week [373]

C(0) Initial number of recorded cases 24,073 [258]

(a): 1-group model

Parameter Description Values Source
� Transmission rate 1.947 Weeks

-1
Est. from data (Figure 3.3)

N Total e↵ective population size 4.660⇥ 10
7

Est. from data (Figure 3.3)

⌫ Cross-immune fraction 0.3149 [258]

1/ Latent period 4/7 Weeks [373]

1/µI Infectious period (cross-immune individuals) 3/7 Weeks Est. based on [112]

1/µN Infectious period (naive individuals) 1 Week [373]

C(0) Initial number of recorded cases 24,073 [258]

(b): 2-group model

Table 3.1: Descriptions of parameters of the 1-group and 2-group models and estimates of
their values for the Japanese 2009 H1N1 epidemic.

di↵erences are due to noise not accounted for in the models) are normally distributed, and

that this noise scales with the square root of the size of the data (i.e. the number of cases).

We estimate this noise scaling parameter, �, in the likelihood function (which we then fix

throughout this chapter), by first fitting each model to data from the 2009 Japan epidemic

using a least squares approach [76]. An analysis of the residuals (the scaled di↵erences between

each datapoint and the corresponding model values) is given in Appendix B.4, justifying the

square root noise scaling assumption. In each MCMC simulation, we perform 2⇥105 sampling

iterations, discarding the first 104 iterations as the ‘burn-in’ period and record every 100

iterations thereafter to reduce autocorrelation. Further details are given in Appendix B.5.

When making forecasts in real-time after t = m weeks of the epidemic, we calibrate our

model forecasts with the observed data for weeks 0, 1, ...,m of the epidemic, estimating model

parameters using the method described above. To generate forecasts, we use the estimated

distributions of these model parameter values and project the models forwards, starting in

week m with initial conditions estimated based on the number of cases observed in weeks

0, 1, ...,m (for details, see Appendix B.6).

To compare di↵erent model forecasts throughout this chapter, we use the deviance infor-

mation criterion (DIC) as stated in Spiegelhalter et al. [350]. Details and DIC values are given

in Appendix B.7.

3.2.4 Modelling the size of the cross-immune population between epidemics

For the 2-group model, we assume that all immunologically naive individuals infected dur-

ing an earlier epidemic acquire cross-immunity to antigenically related strains of the virus.
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Individuals who were cross-immune at the beginning of the 2009 epidemic, as well as individ-

uals who were infected during the 2009 epidemic, are therefore assumed to be cross-immune.

Furthermore, we assume that cross-immunity to related strains is lifelong [399]. Using these

assumptions, we can model the cross-immune fraction of the population over the years be-

tween the end of a first epidemic and the start of a future epidemic of a related strain of

influenza accounting for population turnover (births and natural deaths). This is important,

since the period between major influenza epidemics (or pandemics) is typically many years

[202]. Further details are given in Appendix B.8. We seed the future epidemics by assuming

there are 10,000 recorded cases in the first week from which we generate forecasts (three orders

of magnitude smaller than the e↵ective population sizes used in our models). When using the

2-group model to forecast future epidemics, we assume that the cross-immune fraction of the

population is known exactly.

3.2.5 Approaches to forecasting a future epidemic

We use the 1-group and 2-group models (Figure 3.1) to explore the accuracies of three dif-

ferent potential forecasting approaches (see Figure 3.2 for a schematic illustrating these ap-

proaches). Specifically, we consider: generating a forecast using case notification data collected

in real-time but without incorporating prior information from an earlier epidemic (Strategy

1); generating a forecast in advance of the epidemic, but using the previous epidemic as prior

information (Strategy 2), and; generating a forecast using case notification data collected in

real-time and also using the previous epidemic as prior information (Strategy 3).

3.3 Results

3.3.1 Fitting the models to the 2009 H1N1 influenza epidemic in Japan

We fit the 1-group and 2-group models to data from the 2009 H1N1 influenza epidemic (Figure

3.3 (a)-(b)). The shaded regions represent the 95% prediction credible intervals (CrIs) of

epidemic trajectories based on the posterior distributions of fitting parameters � and N . Since

the 1-group model does not account for infected but unrecorded individuals, the estimated

parameters for the model represent a lower e↵ective population size N than the for the 2-

group model, while the estimated basic reproduction numbers R0 are similar (Figure 3.3

(c)-(d)). The mean estimated values of R0 for the 1-group and 2-group models are 1.644

(95% CrI [1.627, 1.661]) and 1.597 (95% CrI [1.580, 1.612]) respectively, comparable with the

interquartile range of 1.30 to 1.70 based on 57 studies of the 2009 H1N1 pandemic strain [39].

The values for the estimated parameters and their corresponding CrIs are stated in Table 3.2.

The numbers of recorded, unrecorded, and combined total weekly cases estimated using the

2-group model are shown in Appendix B.9.

We used the mean estimated transmission rate and e↵ective population size from the

2-group model to generate synthetic data for future epidemics. We assumed that, if the
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Figure 3.2: Schematic illustrating the modelling approaches considered for forecasting the
dynamics of a future epidemic. The shaded regions indicate the 95% CrIs of epidemic tra-
jectories and forecasts. (a) Strategy 1: Forecast in real-time, using data from the ongoing
epidemic and assuming no prior information about the fitting parameters. Cyan and green
forecasts calibrated using data up to week 10 and 20 of the epidemic, respectively. (b)-(c)
Strategy 2: Forecast in advance of a future epidemic using prior parameter distributions es-
timated from fitting the model to data from a previous epidemic (priors are shown as panels
in (b)). (d)-(e) Strategy 3: Forecast in real-time, using data from the ongoing epidemic as
well as prior parameter distributions estimated from fitting the model to data from a previous
epidemic (priors are shown as panels in (d)).

simulated epidemic takes place further in future, then the immune fraction of the population

is lower due to deaths of cross-immune hosts and births of immunologically naive hosts (see

Appendix B.8). In Appendix B.1 we show a sensitivity analysis of the latent and infectious

period parameters in the 1-group and 2-group models.

3.3.2 Forecasting an epidemic in real-time without prior information

If a major influenza epidemic were to occur, real-time forecasts could be made using live data

describing the numbers of cases each week to update predictions. We considered a future
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(a) 1-group model (b) 2-group model

(c) 1-group model estimated parameters (d) 2-group model estimated parameters

Figure 3.3: (a)-(b): The 1-group and 2-group models fitted to data describing the numbers
of new recorded cases each week from the 2009 H1N1 influenza epidemic in Japan, using
the transmission rate � and e↵ective population size N as fitting parameters. Solid lines and
shaded regions indicate the mean and 95% CrIs of epidemic trajectories based on the posterior
distributions of the fitted parameters. (c)-(d): Scatter plots of the posterior distributions of
R0 (which is directly proportional to �) and N . Red dots represent the mean estimates of
the parameters. DIC values are given in Table B.1. Estimated parameters along with their
CrIs are given in Table 3.2.

Parameter Mean 95% CrI
� 1.644 [1.627, 1.662]

N 3.072⇥ 10
7

[2.905, 3.246]⇥10
7

(a): 1-group model

Parameter Mean 95% CrI
� 1.947 [1.927, 1.966]

N 4.660⇥ 10
7

[4.388, 4.938]⇥10
7

(b): 2-group model

Table 3.2: Mean values and CrIs of the fitting parameter posterior distributions, for the
1-group and 2-group models fitted to data from the 2009 H1N1 influenza epidemic in Japan.

epidemic due to a strain that is antigenically similar to the 2009 H1N1 virus occurring 25

years after the 2009 outbreak. We generated forecasts using the 1-group and 2-group models,

at 10, 20, and 30 weeks after the first recorded cases. The results presented in Figure 3.4

show how the model forecasts change as case notification data become available during the

epidemic. The uncertainty in the forecasts of both models is large when predictions are

generated early in the epidemic. By contrast, if forecasts are generated later, the remainder

of the epidemic is predicted accurately. However, for the more accurate predictions obtained

in week 30, the peak of the epidemic has already passed, and so accurate forecasting may
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be less practically useful. We conclude that it is challenging to generate practically useful

forecasts of the remainder of an epidemic in real-time without prior information about the

parameters governing pathogen transmission. This result motivates us to use information

from previous epidemics when forecasting the dynamics of a future one; we investigate this

further below.

3.3.3 Forecasting epidemics in advance

We considered informing forecasts of a future epidemic using gamma distributed estimates of

the fitting parameters (N and �). The mean values of these gamma distributions, which were

determined from the fit to the 2009 epidemic data, are given in Appendix B.10.

We used our models to generate forecasts of the dynamics of future major influenza epi-

demics in Japan arising from a related strain and occurring 25, 50, or 75 years after the 2009

epidemic (with no major epidemics occurring in each intervening period). The forecasts in

Figure 3.5 show that, if the 1-group model is used, the dynamics of a future epidemic are

predicted to be identical to those of the 2009 epidemic, regardless of when it occurs. By

contrast, for the 2-group model, a large proportion of the population would be cross-immune

after the 2009 epidemic, resulting in a lower basic reproduction number. Consequently, if an

antigenically related strain were to emerge 25 years later, the epidemic would be smaller than

in 2009 (Figure 3.5 (a)-(b)). If the next major epidemic instead occurred 75 years later, a

large proportion of the population would be immunologically naive to a related strain of the

2009 virus (because of population turnover due to births and deaths), resulting in a greater

basic reproduction number. Hence, if all other factors were similar to those in 2009, the future

epidemic would be larger than in 2009 (Figure 3.5 (e)-(f)).

Assuming that the 2-group model reflects the underlying epidemiology more accurately

than the 1-group model, we conclude that forecasts generated using the 1-group model may

not predict the dynamics of a future epidemic in which cross-immunity is present closely.

Forecasts using larger and smaller variances of the distributions of � and N are presented in

Appendix B.11. The dependence of a range of parameters obtained using the 2-group model

(the cross-immune fraction at the start of the future epidemic, the basic reproduction number

R0, the total number of recorded cases, duration, and size and timing of the epidemic peak)

on the time period between the 2009 epidemic and the future epidemic is shown in Appendix

B.12. As seen in Figure 3.5, the further into the future the next epidemic of a related strain

occurs then, all else being equal, the greater the total and peak number of cases and the

shorter the duration of the epidemic. This is due to the smaller proportion of cross-immune

individuals leading to a higher value of R0. We note that the impact of R0 on the peak, final

size, and duration of an epidemic has been explored previously for simple epidemiological

models [362, 384].
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(a) 1-group model: week 10 (b) 2-group model: week 10

(c) 1-group model: week 20 (d) 2-group model: week 20

(e) 1-group model: week 30 (f) 2-group model: week 30

Figure 3.4: Forecast Strategy 1: Real-time forecasts obtained from the 1-group and 2-group
models for a future epidemic occurring 25 years after the 2009 epidemic, calibrated by fitting
the model parameters � and N to data describing the weekly numbers of new cases, using
uninformative uniform priors. Forecasts were made in weeks 10, 20, and 30 of the epidemic,
using the observed data up until those times to estimate model parameters. Dashed vertical
lines separate the calibration and forecasting periods. Other dashed lines indicate the mean
of the epidemic trajectories in the model calibration period. Solid lines and shaded regions
indicate the mean and 95% CrIs of the forecasts, based on the posterior distributions of the
parameters. The synthetic data were generated using the mean parameters of the 2-group
model fitted to data from the 2009 epidemic. Uniform priors N 2 [1 ⇥ 107, 12.8 ⇥ 107] and
� 2 [1, 3] were used in the estimation. DIC values are given in Table B.1.

3.3.4 Forecasting an epidemic in real-time with prior information

As shown above, real-time forecasts of a future influenza epidemic, without informative priors
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(a) 1-group model: 25 years later (b) 2-group model: 25 years later

(c) 1-group model: 50 years later (d) 2-group model: 50 years later

(e) 1-group model: 75 years later (f) 2-group model: 75 years later

Figure 3.5: Forecasts Strategy 2: Forecasts obtained at the start of future epidemics using
the 1-group and 2-group models, for epidemics occurring 25, 50, and 75 years after the 2009
epidemic. Forecasts were generated by assuming that the parameters � and N follow a gamma
distribution, the parameters of which were determined by fitting the models to data from the
previous 2009 epidemic (Appendix B.10). Solid lines and shaded regions indicate the mean
and 95% CrIs of the forecasts. The synthetic data were generated using the mean parameters
of the 2-group model fitted to data from the 2009 epidemic. DIC values are given in Table
B.1.

for the fitting parameters, were typically very uncertain (e.g. Figure 3.4 (a)-(b)). We therefore

also considered using priors to inform the fitted parameter values, so that real-time forecasts

are based on both historical data (from the 2009 epidemic) and live data from the ongoing

outbreak. Gamma distributed priors were set for � and N , with mean values based on the

parameter estimates obtained using the data from the 2009 epidemic.

45



As before, we considered a scenario in which an epidemic occurs 25 years after the 2009

epidemic. In turn, predictions were made 0, 10, 20, and 30 weeks after the start of the future

epidemic (Figure 3.6 (a)–(b), (c)–(e), (f)–(h), and (i)–(k), respectively).

We considered di↵erent widths of priors used to inform the epidemic forecasts (Figure

3.6 and Appendix B.13). Under the baseline variance considered, when the 1-group model

was used, there was sometimes a discrepancy between the calibrated model trajectory and

the observed epidemic data (e.g. left part of Figure 3.6 (f)). For that reason, we also show

epidemic forecasts obtained using a wider prior (Figure 3.6 (d), (g), and (j)), so that the

model fits the observed data more accurately. When the 1-group model is used, the forecast

is either inaccurate (when a prior with low variance is used; e.g. Figure 3.6 (c)) or imprecise

(when a prior with higher variance is used; e.g. Figure 3.6 (d)). In either case, as shown

quantitatively by the DIC values in Table B.1, our main conclusion is unchanged: predictions

are improved when the more epidemiologically realistic 2-group model is used.

3.4 Discussion

Influenza epidemics and pandemics place a significant burden on healthcare systems through-

out the world [260]. Exposure to an influenza virus confers cross-immunity to antigenically

related strains [211], however cross-immunity is not frequently included explicitly in influenza

forecasting models [22, 313]. In this chapter, we have investigated whether or not it is nec-

essary to account for cross-immunity when forecasting influenza epidemics and, moreover,

whether data from previous epidemics can be used to improve forecasts.

We have considered two di↵erent mathematical models that describe pathogen transmis-

sion: a 2-group model in which immunologically naive and cross-immune individuals are dif-

ferentiated between and a 1-group model in which all individuals are assumed to have similar

characteristics. We parameterised each model using data describing the estimated numbers

of infected individuals seeking medical attention per week in Japan during the 2009 H1N1

influenza pandemic [278]. We then considered a scenario in which we predict the dynamics

of an epidemic of an antigenically related strain occurring 25 years after the 2009 pandemic.

When no prior knowledge about the values of the transmission rate and e↵ective popula-

tion size is assumed, neither model can predict future dynamics of the epidemic in real-time

early in the outbreak with any certainty. Previous research has also indicated that significant

uncertainty exists when ordinary di↵erential equation models are used to generate real-time

forecasts early in influenza epidemics [149].

We then considered the e↵ect of the time period between epidemics on the accuracy

of epidemic forecasts made in advance of the future epidemic. Immediately after the 2009

epidemic, a large fraction of the population will have been cross-immune to strains that are

related to the 2009 H1N1 virus. This fraction reduces as the time since the 2009 epidemic

increases, as individuals (a large proportion of whom may have acquired cross-immunity) die
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Baseline Prior Variances

(a) 1-group model: week 0

Baseline Prior Variances

(b) 2-group model: week 0

Baseline Prior Variances

(c) 1-group model: week 10

Prior Variances Increased

(d) 1-group model: week 10

Baseline Prior Variances

(e) 2-group model: week 10

Baseline Prior Variances

(f) 1-group model: week 20

Prior Variances Increased

(g) 1-group model: week 20

Baseline Prior Variances

(h) 2-group model: week 20

Baseline Prior Variances

(i) 1-group model: week 30

Prior Variances Increased

(j) 1-group model: week 30

Baseline Prior Variances

(k) 2-group model: week 30

Figure 3.6: Forecast Strategy 3: Forecasts obtained using the 1-group and 2-group models
during a future epidemic occurring 25 years after the 2009 epidemic, at the start of the
epidemic (a)-(b), and using real-time case notification data obtained during the epidemic
(c)-(k). Gamma distributed priors are prescribed on the fitting parameters � and N , the
parameters of which were determined by fitting the models to data from the previous 2009
epidemic (Appendix B.10). Forecasts are generated in weeks 10, 20, and 30 of the epidemic,
using the observed data up until those times to estimate model parameters. Dashed vertical
lines separate the calibration and forecasting periods. Other dashed lines indicate the mean
of the epidemic trajectories in the model calibration period. Solid lines and shaded regions
indicate the mean and 95% CrIs of the forecasts, based on the posterior distributions of the
parameters. The synthetic data were generated using the mean parameters of the 2-group
model fitted to data from the 2009 epidemic. DIC values are given in Table B.1.
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and immunologically naive individuals are born. Consequently, the expected size of a future

epidemic of a related strain increases the further into the future it occurs. If we neglect

cross-immunity by using the 1-group model, we predict the same epidemic dynamics as in

2009, regardless of when the future epidemic occurs. This is because changing numbers of

cross-immune individuals are not accounted for in that model. This would either result in an

overestimation of the size of a future epidemic, if the cross-immune fraction was greater than

the baseline cross-immunity in 2009 (i.e. if the future epidemic occurred soon after 2009), or

an underestimation of the epidemic size if the cross-immune fraction was lower than in 2009

(i.e. if the future epidemic occurred long after 2009).

Finally, we considered incorporating knowledge of parameters from the 2009 epidemic,

combined with using case notification data obtained in real-time during the future epidemic,

to update forecasts as the future epidemic is ongoing. When the 1-group model was used to

make forecasts, we found that priors with significant uncertainty had to be used to calibrate the

model trajectories to the data, especially if estimation was carried out using case notification

data from before the epidemic peak alone. Although these priors, set based on the model fits

to the 2009 epidemic data, led to improved forecasts compared to when no prior information

was used, the forecasts were still inaccurate or uncertain when made before the peak of the

epidemic. By contrast, the 2-group was able to generate more accurate forecasts. This is

because cross-immunity is accounted for in the 2-group model, and the priors reflect the

values of the true underlying parameters more accurately. We conclude that, to forecast

the long-term dynamics of major influenza epidemics caused by strains that are antigenically

related to those responsible for previous epidemics, a model that accounts for cross-immunity

should be used, and data from related previous epidemics taken into account. Additionally,

we note that short-term forecasts on the order of one to four weeks (a time horizon used by

the US Centers for Disease Control when constructing seasonal influenza forecasts [40, 41, 61])

are also more accurate when made using the 2-group model (as shown in Figure 3.6).

We note that there may be instances in which the underlying epidemiology of an outbreak

is not well known, or where a complex model cannot be parameterised due to poor surveillance

or limited data availability [129, 367]. In such cases, using a simple model akin to the 1-group

model used in this chapter may be the only possible option for making predictions. Although

forecasts made using a simple model may lack precision, they could still be useful to policy

makers during an epidemic. For example, the 1-group model was able to predict the duration

of the epidemic accurately when using data from the first 10 weeks of the outbreak, even if

it could not predict the trajectory of the entire epidemic perfectly. Simple models may be

particularly useful for short-term forecasts [124]. By constantly updating model predictions

using newly acquired data, and refining the modelling framework when it is unable to replicate

observed data, simple models that do not describe the underlying epidemiology of an epidemic

fully may still provide useful insights.
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We investigated whether or not it is necessary to include a particular source of hetero-

geneity (i.e. cross-immunity) when constructing influenza epidemic forecasts. Our analysis

used notification data from Japan collected during the 2009 influenza pandemic. Although

the exact dataset underlying our analysis was not central to our main conclusion, it would

be possible to replicate the analyses here based on any number of other influenza datasets

[94, 99, 270, 309]. Going forwards, we could also consider how accounting for cross-immunity

would a↵ect forecasts of seasonal epidemics, in which case the particular strains driving dy-

namics in di↵erent seasons would need to be considered [301]. Consideration of whether and

how forecasts of epidemics of pandemic influenza may be influenced by circulating seasonal

strains [117] is a target for future work. We could extend our models to investigate whether

or not other sources of heterogeneity should be accounted for. For instance, age-structure

could be incorporated, taking into account the e↵ects of immune imprinting [139, 140] and

variable contact rates. Additionally, we could include spatial heterogeneity, by partitioning

the population into distinct geographical regions or introducing a contact network structure

[251, 255, 283, 377, 378]. Another potential avenue for further investigation may be to incorpo-

rate transmission models which account for cross-immunity into a phylodynamic framework to

predict which strains of influenza may emerge and the dynamics of their respective epidemics

[143].

In this chapter, we have considered the simple example of binary immunity (i.e. a class

of cross-immune individuals and a class of immunologically naive individuals). In reality, the

landscape of immunity within a population is much more complex, with individuals exhibiting

varying levels of immunity based on their lifetime history of exposure to influenza viruses

[139, 140, 217] and their age [155, 216]. Underlying health conditions such as obesity and

heart disease may also impact individuals’ immune responses [180, 184]. Nonetheless, even

the simple framework that we considered allowed us to show that cross-immunity should be

accounted for when making influenza forecasts. Future work could involve models containing

numerous classes to account for population heterogeneities, or even a continuum level of

immunity within the population based on the above-mentioned factors [15, 243].

In the 2-group model considered here, we assumed, as in Reichert et al. [319], that im-

munoprotection does not prevent infection, only its consequences. Di↵erent types of cross-

immunity to related strains of a virus can be considered. For example, in Thompson et al.

[361] it was assumed that cross-immunity decreases susceptibility, that is, the probability that

an individual becomes infected each time they come into contact with an infectious host. This

assumption has also been made in influenza transmission models [173]. Similarly, in Chapter

2, in the context of SARS-CoV-2, we made the assumption that vaccine-induced immunity

reduces susceptibility. Moreover, infectivity and the duration of the latent period could also

be assumed to di↵er between cross-immune and naive individuals. Future work could consider
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whether or not the results of this chapter hold when di↵erent assumptions are made about

the precise e↵ects of cross-immunity.

In the 2-group model, in order to study the e↵ects of cross-immunity in as simple a setting

as possible, we assumed that infected individuals who did not seek medical attention had cross-

immune protection to the virus. However, a range of factors (including age and behaviour)

a↵ect whether or not, and how quickly, an individual seeks medical attention [365]. This

could be built into the underlying modelling framework considered here, although additional

data would be needed to parameterise the resulting model. Other additions to the 1- and

2-group models could also be considered. Non-pharmaceutical interventions (NPIs) such as

school closures were enforced during the 2009 H1N1 epidemic in Japan. The wide range of

interventions that are implemented during outbreaks could be included in the models explicitly

to determine their influence on epidemic dynamics and quantities such as transmission rates

[20, 125, 229].

Nonetheless, our approach has demonstrated that including cross-immunity in influenza

epidemic forecasting models can lead to more accurate forecasts. Cross-immunity due to

previous infections has been shown to play a major role in the dynamics of influenza epidemics,

with clear evidence emerging from analyses of data from the 1918 Spanish Flu pandemic [358]

and the 2009 H1N1 influenza pandemic [151]. Cross-immunity will contribute to shaping the

dynamics of future influenza epidemics. Consideration of cross-immunity by epidemiological

modellers is therefore of clear public health importance.
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Chapter 4

A target-cell limited model can
reproduce influenza infection
dynamics in hosts with di↵ering
immune responses

4.1 Introduction

While in Chapters 2 and 3 we considered epidemics at a population scale, in Chapters 4 and 5

we now consider influenza viral infection within a host. Influenza viruses infect epithelial cells

in the respiratory tract of the host in uncomplicated cases [276]. Their kinetics in humans

are characterised by exponential growth in viral load over one to three days followed by a

decline [60]. Most individuals recover with one week, although the duration of infection may

be longer in high-risk groups [375].

As stated in Chapter 1, the immune response to influenza infection can be divided into

the innate and adaptive responses [349]. The innate immune response is non-specific to the

pathogen, and is comprised of the secretion of cytokines and immune cells such as Natural

Killer cells. The adaptive immune response is specific to the pathogen and is comprised of

antibodies secreted by B-cells as well as T-cells which clear infected cells.

Mathematical models of influenza viral infection can be categorised into two types. First,

target-cell limited models, in which the infection is limited by the availability of susceptible

cells [19, 91, 147, 152, 342]. Second, models that explicitly account for components of the

immune response at varying levels of detail [44, 55, 58, 150, 172, 220, 252, 292, 330, 371], in

which the virus is predominately cleared by the immune system.

Model selection studies have been performed to compare models based on di↵erent bio-

logical mechanisms. In particular, comparisons of target-cell limited and immune response

models, as we shall explore in this chapter, have been made in the context of infection dynam-

ics in mice of di↵erent ages [172], drug treatment [152], and infection in immunocompromised

and immunocompetent patients [58]. For a comprehensive review of within-host influenza

models, see Beauchemin and Handel [31], Handel et al. [154], Smith [343], and Smith [344].
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As described in Chapter 1, when constructing models to describe the within-host dynamics

of viral infection, a compromise has to be made between model complexity and parameter

identifiability (the ability to determine parameter values from the available data). In many

studies, point-estimates for model parameters are obtained [19, 153, 175, 263, 330], but it

is not always clear whether these parameter values can be uniquely determined or whether

other parameter values can provide a similarly good fit. Parameter identifiability can be an

issue especially for complex models, as often, only viral load data are available [253, 274]. As

we investigate in this chapter, when additional data on the immune response are available

(for example, antibody or cytokine levels), values of model parameters may be identified with

tighter credible intervals than when only viral load data are available [93].

In this chapter, we address the question of what type of model with what level of biolog-

ical detail should be used to model within-host influenza dynamics given di↵erent available

data. Furthermore, we investigate whether a target-cell limited model can reproduce and

di↵erentiate between the viral load infection dynamics in di↵erent groups of patients within

a population, and thus be used for classification purposes.

To address these questions, we consider a hierarchy of models which describe the kinetics

of influenza infection. The IR (immune response) model which we adapt from Handel et al.

[153], the target-cell limited TEIV model which can be derived from the IR model by remov-

ing the immune response terms, and the TV model that comprises only one class of cells.

Motivated by the fact that often unknown parameters in within-host models cannot be esti-

mated from partially observed data [252], we perform a structural identifiability analysis to

assess if the parameters in theory can be uniquely identified based on the model structure, and

then a practical identifiability analysis to determine parameter identifiability given noise-free

synthetic data. We then fit each model to experimental murine data [189], first to the viral

load kinetics from immunocompetent mice, and then fit the IR model to pooled time series

data of the viral load, the fraction of dead cells, and the adaptive and innate immune re-

sponses from immunocompetent and immunosuppressed mice (they lack an adaptive immune

response). We show that the IR model can be parameterised using the pooled data, then use

it to generate synthetic viral load data relating to hosts which have di↵erently functioning

immune responses. We then fit the TV and TEIV models to the synthetic data, and show

that, in many cases, they can reproduce the viral load data accurately. The parameters of the

TV model are shown to depend on the immunological characteristics of the patient groups

used to generate the data. Finally, by comparing the TV and IR models, we show that the

TV model may be preferred when forecasting the viral load as it has fewer parameters and

hence the parameter values can be estimated, which is not the case for the IR model.
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4.2 Methods

4.2.1 Models

In this chapter, due to the availability of data relating to viral load, dead cells, and immune

response quantities, we consider three models that describe the within-host dynamics of in-

fluenza infection. These models are termed the IR, TEIV, and TV models. A schematic of

the models is shown in Figure 4.1.

4.2.1.1 IR model

The immune response (IR) model comprises six ordinary di↵erential equations (ODEs) and is

adapted from Handel et al. [153]. Uninfected epithelial cells, T , are infected by virions V at

rate � and become latently infected cells, E. After a period of 1/ days, latently infected cells

become productively infected, I. Productively infected cells produce virions, at a maximum

rate p (if the innate immune response is inactive). The lifespan of virions is 1/c days, while

the lifespan of productively infected cells is 1/� days. The time-scale of the infection (one

to two weeks) is much shorter than the average lifespan of uninfected epithelial cells (on the

order of one year) [316], so we neglect their natural death and regrowth in our model.

Following infection, the innate immune response is activated by the identification of the

virus by immune cells [356]. We consider the role of interferons, F , which inhibit viral replica-

tion [289] and are secreted by infected cells. Rather than describing the dynamics of interferons

via a di↵erential equation, we follow Handel et al. [153] and Hernandez-Vargas et al. [172],

and account for their action via a prescribed function F (t) which grows exponentially for

0 < t < t⇤ and decays exponentially for t > t⇤ (see equation (4.7)). In equation (4.5), we

assume that interferons reduce the rate at which productively infected epithelial cells produce

virus particles, and introduce the parameter s to indicate the strength of this inhibition. As

in Baccam et al. [19] and Handel et al. [153], a time delay ⌧ is included to account for the time

between the production and action of interferons. In practice, interferons initiate a signalling

cascade that eventually induces an anti-viral state in cells, and thus a time delay between

their production and action may be expected [126, 351].

The adaptive immune response is specific to the virus and takes longer to act than the

innate response. Following Handel et al. [153], we assume that the adaptive response, X, is

activated at a rate proportional to the viral load V (rate constant f), and undergoes clonal

expansion at rate r/m when viral densities are high, and at rate r when viral densities are

low. In most cases, V � 1, and so the ratio r/m governs the exponential growth rate of

the adaptive response. It has been shown that the main action of anti-influenza antibodies

is to neutralize the virus by removing free virions present in the extracellular space [287].

Accordingly, we assume free virions are neutralized by antibodies at rate k. We further

assume that antibodies have a ‘lifespan’ of 1/� days. Finally, following [19], we assume that

the reduction in viral load due to target cell infection is negligible, and, thus, do not include
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Figure 4.1: Schematic of the models. (a) IR Model: Uninfected epithelial cells, T , are in-
fected by free virions, V , at rate �, and then become latently infected, E, until they become
productively infected, I, at rate . Productively infected cells die (becoming dead cells, D)
at rate �. They also produce virions at a maximum rate p. Following infection, the innate
immune response, F , becomes active after a time delay ⌧ and reduces virion production with
a strength parameter s. The strength of the adaptive immune response, X, increases at a
rate which depends on the numbers of free virions and productively infected cells, governed
by parameters f , r, and m. It decays at rate �. Free virions are cleared by the adaptive
immune response at rate k, and have a decay rate c. (b) TEIV Model: Analogous to the
IR model, but without including the immune response explicitly. Hence obtained by setting
the adaptive and immune response variables in the IR model to zero (F = X = 0). (c) TV
Model: Simplest possible model of within-host infection dynamics in which free virions infect
epithelial cells at rate �̂ and p̂ new virions are produced per infected cell.

it in the model. We note that in Handel et al. [153] this mechanism has a significant e↵ect

on the infection dynamics in some cases but postpone consideration of this e↵ect for future

work.

Combining the above assumptions, we arrive at the following system of equations which
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describe the time evolution of the infection:

uninfected cells
dT

dt
= ��TV, (4.1)

latently infected cells
dE

dt
= �TV � E, (4.2)

productively infected cells
dI

dt
= E � �I, (4.3)

dead cells
dD

dt
= �I, (4.4)

free virions
dV

dt
=

pI

1 + sF (t� ⌧)
� cV � kV X, (4.5)

adaptive IR
dX

dt
= fV +

rXV

1 +mV
� �X, (4.6)

where the innate immune response is represented by the function

innate IR F (t) =

8
><

>:

0, for t  0,

A1e�1t for 0 < t  t⇤,

A2e��2t for t > t⇤.

(4.7)

As we neglect growth and natural death of uninfected cells, we can show that, by adding equa-

tions (4.1)–(4.4), the total number of cells T +E+ I +D is constant. Further, equation (4.4)

decouples from the system. Throughout this study, and as in Handel et al. [153] in which the

same murine data were analysed, we prescribe the functional form of F (t) where the parame-

ters A1, A2, �1, �2, and t⇤, which govern its dynamics, are fixed. We justify this assumption

by noting that the interferon dynamics in immunocompromised and immunocompetent mice

are almost identical in the data we consider (see Figure 4.4 and Iwasaki and Nozima [189]).

In what follows, it will be convenient to introduce C = D/T0, the fraction of dead cells, a

term we will use when fitting the model to experimental data. We close equations (4.1)–(4.7)

by imposing the following initial conditions: T (0) = T0, E(0) = I(0) = D(0) = 0, V (0) = V0,

X(0) = 0, where T0 is the initial number of uninfected cells and V0 is the initial viral load.

Throughout this chapter, the unit of V is viral titer measured in 50 percent plaque forming

units (PFU) and C is dimensionless. We shall denote the unit of X, the titer of neutralizing

antibodies, by uX , and the unit of F , the titer of interferon, by uF (see Iwasaki and Nozima

[189] for further details on these units).

4.2.1.2 TEIV model

The TEIV model assumes that the infection is limited by the availability of uninfected target

epithelial cells [19]. We derive the TEIV model by setting F = X = 0 in equations (4.1)-(4.7),
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giving

uninfected cells
dT

dt
= ��̃TV, (4.8)

latently infected cells
dE

dt
= �̃TV � ̃E, (4.9)

productively infected cells
dI

dt
= ̃E � �̃I, (4.10)

dead cells
dD

dt
= �̃I, (4.11)

free virions
dV

dt
= p̃I � c̃V, (4.12)

where �̃, 1/̃, �̃, p̃, and c̃ are the infection rate, duration of eclipse phase, infected cell

clearance rate, virion production rate, and virion clearance rate, respectively. As before,

equation (4.11) decouples. We close equations (4.8)–(4.12) by imposing the following initial

conditions: T (0) = T̃0, E(0) = I(0) = D(0) = 0, and V (0) = Ṽ0.

4.2.1.3 TV model

The TV model does not distinguish between di↵erent types of infected cells [147]. Free

virions are assumed to infect epithelial cells at rate �̂, and p̂ determines how many virions are

produced by each infected cell. The model equations are given by

uninfected cells
dT

dt
= ��̂TV, (4.13)

free virions
dV

dt
= p̂�̂TV � ĉV. (4.14)

We note that although the three models contain similar functional forms, their interpre-

tations di↵er. In particular, in the IR model, we fix � and c, the inverse of the lifespan of

infected cells and free virions, respectively. However, in the TEIV model, we view �̃ and c̃ as

fitting parameters and ĉ in the TV model as a fitting parameter. Descriptions and estimated

values of parameters for all three models are given in Table 4.1.

4.2.2 Experimental data

Following Handel et al. [153], we use data from an experimental study by Iwasaki and Nozima

[189] in which naive C3H/He mice were infected with the H1N1 influenza strain A/PR8. The

data are from the tracheobronchial washings of immunocompetent mice, and immunosup-

pressed mice with suppressed antibody production. The data were collected over 12 days and

consist of viral load titer, measured in 50 percent plaque forming units (PFU), the fraction

of dead cells as measured by lung lesions, IgA, IgM, and IgG antibody titers, and combined

type I and II interferon (IFN) levels. The antibody data represent the combined levels of

IgA and IgM (IgG is neglected since it was not found to influence the infection dynamics

[153, 189]). Further details of the experimental procedure are given in the original study

[189]. Data were extracted from Iwasaki and Nozima [189] using the data extraction tool

https://automeris.io/WebPlotDigitizer/.
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Parameter Description Values (Units) Source
� Infection rate Fitting parameter (PFU

-1
days

-1
)

p Virion production rate Fitting parameter (PFU days
-1

cells
-1
)

1/� Lifespan of infected cells 2 days [153]

1/c Lifespan of free virions 10 days [153]

1/ Duration of latent eclipse phase 4 days [153]

⌧ Innate IR action time delay Fitting parameter (days)

s Strength of innate IR Fitting parameter (u
�1
F )

r Expansion rate of adaptive IR Fitting parameter (PFU
-1

days
-1
)

f Recruitment rate of adaptive IR Fitting parameter (uX PFU
-1

days
-1
)

m Adaptive IR growth parameter 1

� Decay rate of adaptive IR 1.159 days
-1

[90]

k Kill rate of adaptive IR Fitting parameter (u
�1
X days

-1
)

A1 Innate IR dynamics parameter 0.8236 uF [153]

A2 Innate IR dynamics parameter 2.128⇥ 10
6
uF [153]

�1 Innate IR dynamics parameter 1.241 days
-1

[153]

�2 Innate IR dynamics parameter 1.712 days
-1

[153]

t⇤ Innate IR dynamics parameter 5 days [153]

T0 Initial no. of uninfected cells 7⇥ 10
9
cells [153]

V0 Initial viral load Fitting parameter (PFU)

(a): IR model - equations (4.1)–(4.7).

Parameter Description Values (Units) Source

�̃ Infection rate Fitting parameter (PFU
-1

days
-1
)

p̃ Virion production rate Fitting parameter (PFU days
-1

cells
-1
)

�̃ Clearance rate of infected cells Fitting parameter (days
-1
) [153]

c̃ Clearance rate of virions Fitting parameter (days
-1
) [153]

1/̃ Duration of latent eclipse phase 4 days [153]

T̃0 Initial no. of uninfected cells 7⇥ 10
9
cells [153]

Ṽ0 Initial viral load Fitting parameter (PFU)

(b): TEIV model - equations (4.8)–(4.12).

Parameter Description Values (Units) Source

�̂ Infection rate Fitting parameter (PFU
-1

days
-1
)

p̂ Virion production coe�cient Fitting parameter (PFU cells
-1
)

ĉ Clearance rate of virions Fitting parameter (days
-1
) [153]

T̂0 Initial no. of uninfected cells 7⇥ 10
9
cells [153]

V̂0 Initial viral load Fitting parameter (PFU)

(c): TV model - equations (4.13)–(4.14).

Table 4.1: Descriptions and parameter values of the IR, TEIV, and TV models.

4.2.3 Structural identifiability analysis

We perform a structural identifiability analysis to determine whether in theory based on

the model structure it is possible to uniquely recover model parameters, given data for one

or more model outputs is observed [34]. In general terms, we wish to establish the struc-

tural identifiability of a model with unknown parameters ✓, observable quantities y(t; ✓) =

[y1(t; ✓), ..., yM (t; ✓)] and known initial conditions y(0) = [y1(0), ..., yM (0)]. We employ the

Taylor series approach [64, 71, 306], which assumes that the observable functions yj(t; ✓) for

j = 1, ...M and their time derivatives are unique analytic functions of time. Hence, it is pos-

sible to represent the observable functions via Taylor series expansions in a neighbourhood of
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an initial state. Uniqueness of this representation in terms of the model parameters and initial

conditions guarantees structural identifiability. The Taylor series expansion of the observable

functions at time t = 0, is given by

yj(t, ✓) = yj(0; ✓) + y(1)
j

(0; ✓)t+ y(2)
j

(0; ✓)
t2

2!
+ ...+ y(i)

j
(0; ✓)

ti

i!
+ ..., (4.15)

for j = 1, ...,M , where

y(i)
j
(0, ✓) =

di

dti
yj(0; ✓). (4.16)

Let us define

aij(✓) = lim
t!0

y(i)
j
(t; ✓). (4.17)

Then a su�cient condition for global structural identifiability is

aij(✓) = aij(✓
⇤) for i = 1, ...imax and j = 1, ...,M =) ✓ = ✓⇤, (4.18)

where imax is the smallest integer for which solutions for the parameters ✓ can be obtained in

terms of the Taylor series coe�cients ai
j
(✓) [71]. Hence, the problem reduces to establishing

whether a particular system of algebraic equations for the parameters ✓ has a unique solution.

A parameter is termed globally identifiable if a unique value of the parameter can be identified,

and locally identifiable if the value of the parameter can be uniquely identified in a local region

of parameter space.

4.2.4 Practical identifiability analysis

Structural identifiability depends on model structure and is independent of experimental data,

and is a prerequisite for practical identifiability [314]. A parameter is deemed practically

identifiable if it can be uniquely determined in a local region by fitting the model to data

(either real-world or synthetic). We use a profile likelihood based approach to determine

practical identifiability in which di↵erences between the model output and data are calculated

as parameters vary. This approach is widely used in biological models with large numbers of

fitting parameters and does not impose any restrictions on the form of the model equations

[314, 315].

Using the likelihood function (C.1) given in Appendix C.1, we define �2(✓) by

�2(✓) = J(✓; y) =
MX

i=1

NiX

j=1

✓
�[zi(tj ; ✓)� yij ]2

2�2
i

◆
, (4.19)

where zi(tj , ✓) represent model outputs generated with parameters ✓, yij represent data, and

�i are noise scaling parameters. The subscripts i = 1, ..,M relate to the observables (e.g.

viral titer, fraction of dead cells, etc.) and the subscripts j = 1, .., Ni relate to the output

time-points. The maximum likelihood estimated value of ✓ corresponds to

✓̂ = argmin
✓2⇥

J(✓; y). (4.20)
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Likelihood-based confidence intervals can be defined from a confidence region

{✓|�2(✓)� �2(✓̂) < �↵} with �↵ = �2(↵, df), (4.21)

the boundaries of which represent confidence intervals [247], where �↵ is the quantile of the

�2 distribution with df degrees of freedom and a confidence level ↵. As in Raue et al. [314],

we use �↵=0.68. We also calculate the profile likelihood (PL) �2
PL

�2
PL(✓i) = min

✓j 6=i

[�2(✓i)], (4.22)

meaning the re-optimization of �2(✓i) with respect to all other fitting parameters ✓j 6=i (i.e.

for each value of ✓i, the value of �2(✓i) is minimised using ✓j 6=i as fitting parameters). Fol-

lowing Raue et al. [314], a parameter estimate ✓̂i is defined to be practically identifiable if the

likelihood-based confidence region is not infinitely extended in increasing and/or decreasing

directions of ✓i (i.e. �2
PL(✓i) crosses the threshold �↵ for a desired confidence level, ↵, to the

left and right of ✓̂i).

4.2.5 Parameter estimation

As described in Chapter 1, we use two methods to estimate model parameters: Markov chain

Monte Carlo (MCMC), with the Metropolis-Hastings algorithm [160] (Figures 4.3, 4.4, and

4.9) and maximum likelihood estimation (MLE) (Figures 4.3, 4.6, 4.7, and 4.8). For each

MCMC simulation, we perform 5⇥ 105 sampling iterations, discarding the first 104 iterations

as the ‘burn-in’ period and recording every 100 iterations thereafter to reduce autocorrelation.

See Appendix C.1 for further details on parameter estimation.

We use the deviance information criterion (DIC) as stated in Gelman et al. [128] and

the corrected Akaike Information Criterion (AIC) [53] to compare di↵erent model forecasts

(details given in Appendix C.2).

4.2.6 Global sensitivity analysis

Sensitivity analyses quantify the extent to which variability in model parameters contributes

to variability in model outputs [402]. We focus on global sensitivity analysis, where parame-

ters co-vary over a pre-defined region of parameter space. We use Sobol sensitivity analysis

[348], and extended Fourier amplitude sensitivity analysis (eFAST) [333, 334] as they are com-

monly applied to biological models [242]. Both methods are based on variance decomposition

techniques, the primary di↵erence being the algorithm used to perform the multidimensional

integration of the sensitivity indices. In eFAST, variance partitioning works by varying each

parameter at a particular frequency using a sinusoidal function and Fourier analysis is used

to measure the strength of each parameter’s frequency in the model output; Sobol sensitiv-

ity analysis uses a Monte Carlo integration method. Both methods output first-order and
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total-order sensitivity indices between 0 and 1. The first-order sensitivity index of a param-

eter evaluates its fractional contribution to the output variance, while the total-order index

accounts for interactions with other model parameters.

4.3 Results

4.3.1 Structural identifiability analysis

We performed structural identifiability analyses for the IR, TEIV, and TV models, the results

are summarised in Table 4.2. Through nondimensionalisation (see Appendix C.4), we can

show that for each model, only the grouping pT0 can be identified, as we do not observe

data of the number of uninfected or infected cells [19, 147, 153, 330]. Furthermore, if X is

not observed in the IR model, then the grouping fk is identifiable but not each parameter

independently.

Continuing to consider the IR model, if V and X or C and X are observed (Table 4.2,

Cases 3 and 4), then all unknown parameters of the IR model, namely (�, p, ⌧ , s, r, f , k, V0),

are at least locally identifiable if there is no time delay (⌧ = 0 in equation (4.5)). If C and

V are observed until at least time t where t > t⇤ + ⌧ , then all unknown parameters including

⌧ are globally identifiable (Case 1a). Results are also presented which prove identifiability of

certain parameter groups if only one or two sets of data are observed (Cases 2-7). For Cases

2-7 we assume certain parameter values in addition to ⇥ are known (e.g. we assume we know

the value of k for Case 2) such that we could determine identifiability; with only ⇥ known, it

was computationally infeasible to prove structural identifiability of all other parameters due

to the high order of derivatives that needed to be computed symbolically.

For the TEIV and TV models, it is possible to show that all unknown parameters are

identifiable (Cases 8 and 9), and hence can be estimated from viral load data. Hence from

this analysis, we are at least in theory able to determine all fitting parameter values from the

available data in this study [189]. See Appendix C.4 for details of structural identifiability

calculations for the IR model given data for V , C, and X.
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Model Case
Observable Globally Locally

Known
Data Identifiable Identifiable

IR 1a V ⇤, C⇤, X �, p, ⌧ , s, r, f , k, V0 ⇥
1b V , C, X �, p, s, r, f , k, V0 ⇥, ⌧ = 0
2 V , C �, f , V0 p, s, r ⇥, ⌧ = 0, k
3 V , X r, f , k, V0 �, p, s ⇥, ⌧ = 0
4 C, X �, p, s, r, f , k, V0 ⇥, ⌧ = 0
5 V V0, f �, p, s ⇥, ⌧ = 0, k, r
6 C �, p, f , s ⇥, ⌧ = 0, k, r, V0

7 X �, p, s, r, f , k, V0 ⇥, ⌧ = 0
TEIV 8 V Ṽ0, c̃ �̃, p̃, �̃ T̃0, ̃
TV 9 V V̂0, �̂, p̂, ĉ T̂0

Table 4.2: Results of the structural identifiability analysis of the IR, TEIV, and TV models
given di↵erent observable data. For the IR model (Case 1a) V ⇤ and C⇤ refer to data which
are observed until at least time t > t⇤+⌧ . The set of parameters that is assumed to be known
for the IR model is ⇥ = [A1, A2,�1,�2, t⇤,, �, c,m, �, T0].

4.3.2 Practical identifiability analysis

Structural identifiability does not guarantee practical identifiability. Indeed, even if a param-

eter is structurally identifiable, it may not be possible to determine its value by fitting the

model to data. Profile likelihood curves for Cases 1, 8, and 9 are presented in Figure 4.2 (see

Appendix C.5 for Cases 2-7). Parameters are deemed to be practically identifiable if their

profile likelihoods intersect the thresholds (black horizontal dotted lines) from above and be-

low, creating a ‘U’ shape. When V , C, and X are observed then all unknown parameters in

the IR model are identifiable (Case 1, Figure 4.2 (a)) However, if only one or two variables are

observed, then most of the parameters are not practically identifiable. We note further that

if X is not observed, the profile likelihood curves for f and k are identically zero for all values

of f and k, which is consistent with our earlier observation that f and k are not structurally

identifiable.

All four parameters of the TV model are practically identifiable when V is observed (Case

9, Figure 4.2 (c)). For the TEIV model, the parameters �̃, c̃, and Ṽ0 are identifiable, while p̃

and �̃ are not (Case 8, Figure 4.2 (b)). In what follows though, as in Baccam et al. [19], we

will continue to fit all five parameters of the TEIV model such that we can compare the TV

model (four unknown parameters) to another target-cell limited model with a greater number

of fitting parameters.

4.3.3 Fitting the models to experimental viral load data

We fit the IR, TEIV, and TV models to data of the viral load kinetics in immunocompetent

mice (Figure 4.3). The shaded regions represent the 95% credible intervals (CrIs) of model

trajectories based on the posterior distributions of fitting parameters calculated using MCMC.

We also show the maximum likelihood model trajectory (dashed red line) in each case. Each

model captures the exponential increase and decrease in viral load, with only small di↵erences.
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Model Case Observable Data Identifiable Non-Identifiable Known
IR 1 V , C, X �, p, ⌧ , s, r, f , k, V0 ⇥

2 V , C �, p, ⌧ s, r, f , k, V0 ⇥
3 V , X ⌧ , s, r, f , V0 �, p, k ⇥
4 C, X r �, p, ⌧ , s, f , k, V0 ⇥
5 V �, p, ⌧ , s, r, f , k, V0 ⇥
6 C �, p, ⌧ , s, r, f , k, V0 ⇥
7 X �, p, ⌧ , s, r, f , k, V0 ⇥

TEIV 8 V �̃, c̃, Ṽ0 p̃, �̃ T̃0, ̃
TV 9 V �̂, p̂, ĉ, V̂0 T̂0

Table 4.3: Results of the practical identifiability analysis of the IR, TEIV, and TV mod-
els given di↵erent observable data. Synthetic data were generated by simulating the rel-
evant models using the parameter values given in Table 4.1, MLE values in Table 4.6 for
the IR model, and MLE values in Table 4.4 for the TEIV and TV models, over a 12
day period. The set of parameters that is assumed to be known for the IR model is
⇥ = [A1, A2,�1,�2, t⇤,, �, c,m, �, T0]. Profile likelihood curves relating to Cases 1, 8, and
9 are shown in Figure 4.2, while curves for Cases 2-7 are given in Appendix C.5.

However, for the IR model, the posterior distributions of fitting parameters span many orders

of magnitude (Figure 4.3 (b)), confirming that they are not identifiable given these data [338].

Although the posterior distributions of the TEIV model parameters are unimodal, they also

span several orders of magnitude. By contrast, the TV model parameters have tighter credible

intervals and their distributions have compact support. Estimated parameter values for each

model are stated in Table 4.4. As the DIC values of the TEIV and TV models are lower than

that of the IR model (Table 4.5), the TEIV and TV models should be preferred over the IR

model when describing this particular viral load data. We also note that although the MLE

fit of the IR model is more accurate than for the TEIV and TV models, as shown by the lower

sum of squared residuals (SSR), the IR model’s AIC value is larger due to the greater number

of fitting parameters (Table 4.5), again confirming that the TEIV and TV models should be

preferred.

4.3.4 Fitting the IR model to pooled experimental data

As in Handel et al. [153], we fit the IR model to pooled data of the viral load, fraction of dead

cells, and adaptive immune response in immunosuppressed and immunocompetent mice (Fig-

ure 4.4 and Table 4.6). The same parameters are used to describe the immunocompetent and

immunosuppressed mice, except that no adaptive immune response is elicited in the immuno-

suppressed mice (i.e. f = r = 0). The model captures the infection dynamics of both sets of

mice. Initially the infection dynamics in both sets are similar. However, after approximately 4

days, the immunocompetent mice elicit an adaptive immune response, which clears the virus

and limits the number of cells which die. By contrast in the immunosuppressed mice, the viral

load resurges after reaching an initial peak because the innate immune response decays after

approximately 5 days and they do not elicit an adaptive immune response. Consequently, vi-

ral production increases, causing all remaining cells in the immunosuppressed mice to become
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Figure 4.2: Profile likelihood (�2
PL) curves generated by fitting the IR, TEIV, and TV models

models to synthetic data for specific cases in Table 4.3: (a) IR model, Case 1, (b) TEIV
model, Case 8, and (c) TV model, Case 9. Thresholds for confidence intervals relating to
�↵=0.68 are given by horizontal dashed lines. Parameters are deemed practically identifiable
if their profile likelihoods intersect the confidence interval thresholds from above and below.
All parameters are practically identifiable for the IR model (Case 1) and the TV model (Case
9), whereas parameters p̃ and �̃ are not identifiable for the TEIV model (Case 8).

infected and then to die. As shown in Figure 4.4 (b), the distributions of all fitting parameters

are unimodal, with credible intervals spanning approximately one order of magnitude, except

for V0 which has a larger credible interval. These results are consistent with the structural and

practical identifiability results that all fitting parameters should be identifiable when these
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Figure 4.3: (a): The IR, TEIV, and TV models fitted to experimental data on the viral load of
infected immunocompetent mice. Solid lines and shaded regions indicate the mean and 95%
CrIs of model trajectories based on the posterior distributions of parameters. Red dashed
lines indicate model trajectories relating to the maximum likelihood estimated parameter
set. (b)-(d): Posterior distributions of fitted parameters for each model computed using
MCMC parameter estimation. Normalised Frequency refers to the probability of selecting an
observation within that bin interval. Log scale used on the x-axes to show the parameter
distributions clearly. Fixed and estimated parameter values are stated in Tables 4.1 and 4.4
respectively.

data are observed. We note however that here we observe data for immunosuppressed and im-

munocompetent mice; we did not consider this case in the identifiability analyses. Estimated

parameter values are given in Table 4.6.
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Parameter MLE
� 2.519 ⇥10�7

p 5.464 ⇥10�2

⌧ 1.757
s 8.251 ⇥10�3

r 2.241 ⇥10�2

f 1.271 ⇥10�5

k 1.881
V0 2.198 ⇥103

(a): IR model

Parameter MCMC Mean MCMC 95% CrI MLE

�̃ 1.546 ⇥10�5 [3.598 ⇥10�6, 4.979 ⇥10�5] 8.059 ⇥10�6

p̃ 3.245 ⇥10�3 [1.168 ⇥10�4, 2.772 ⇥10�2] 9.430 ⇥10�4

�̃ 13.254 [0.6486, 128.05] 5.939
c̃ 7.816 [0.6427, 54.15] 0.8390
Ṽ0 1.869 ⇥103 [6.028 ⇥101, 1.109 ⇥104] 6.181 ⇥102

(b): TEIV model

Parameter MCMC Mean MCMC 95% CrI MLE

�̂ 3.710 ⇥10�6 [1.354 ⇥10�6, 7.945 ⇥10�6] 1.085 ⇥10�6

p̂ 1.836 ⇥10�4 [7.235 ⇥10�5, 4.080 ⇥10�4] 4.764 ⇥10�4

ĉ 0.9138 [0.6276, 1.387] 1.718
V̂0 4.392 ⇥102 [1.974 ⇥101, 1.942 ⇥103] 1.607 ⇥103

(c): TV model

Table 4.4: Parameter values and credible intervals (CrIs) of the IR, TEIV, and TV models
estimated using MCMC and MLE respectively by fitting the models to data on the viral load
of infected immunocompetent mice (Figure 4.3). MCMC parameter values are not stated for
the IR model due to non-identifiability of parameters.

Model DIC (MCMC) AIC (MLE) SSR (MLE)
IR 16.73 79.15 0.5586

TEIV 13.81 19.72 4.032
TV 13.57 20.25 10.25

Table 4.5: Deviance information criterion (DIC) relating to MCMC parameter estimation,
and corrected Akaike information criterion (AIC) and the sum of squared residuals (SSR)
relating to MLE, of the IR, TEIV, and TV models fitted to data on the viral load of infected
immunocompetent mice (Figure 4.3).

4.3.5 Modulating the immune response in the IR model

In practice, the immune response may vary between hosts. Therefore, we investigate how the

dynamics of the IR model change as parameters s, ⌧ , k, and r, associated with the immune

response, are varied. We introduce the following quantities to summarise the dynamics of the

infection: (i) the area under the viral load curve (AUC), (ii) the duration of symptomatic

infection, and (iii) the fraction of dead cells at the end of the infection. Following Dobrovolny

et al. [91], we define the duration of symptomatic infection as the duration of time for which
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Figure 4.4: (a): The IR model fitted to pooled experimental data on the viral load, fraction
of dead cells, and adaptive immune response in immunosuppressed and immunocompetent
mice. Solid lines and shaded regions indicate the mean and 95% CrIs of model trajectories
based on the posterior distributions of parameters. The innate immune response is assumed
to be known precisely and is described by the same function as in Handel et al. [153]. (b):
Histograms of the posterior distributions of estimated parameters. Normalised Frequency
refers to the probability of selecting an observation within that bin interval. Linear scale
used on the x-axes to show tight credible intervals. Fixed and estimated parameter values are
stated in Tables 4.1 and 4.6 respectively.

V > 6.9⇥ 103. Hence, letting tV be the time the viral titer crosses this threshold from above,

we define the AUC as
R
tV

0 V (t) dt, and the fraction of dead cells at the end of the infection as

C(tV ). We note that since only the parameter grouping fk a↵ects these quantities, it su�ces

to vary k alone.
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Parameter MCMC Mean MCMC 95% CrI MLE
� 9.145 ⇥10�8 [5.803 ⇥10�8, 1.361 ⇥10�7] 9.730 ⇥10�8

p 0.2393 [0.1313, 0.4049] 0.2020
⌧ 0.9401 [0.7199, 1.167] 1.032
s 8.022 ⇥10�2 [4.502 ⇥10�2, 1.305 ⇥10�1] 6.854 ⇥10�2

r 0.3102 [0.2482, 0.3747] 0.3088
f 1.549 ⇥10�6 [8.382 ⇥10�7, 2.708 ⇥10�6] 1.400 ⇥10�6

k 2.815 [2.008, 3.786] 2.508
V0 7.516 ⇥102 [1.040 ⇥102, 2.583 ⇥103] 4.870 ⇥102

Table 4.6: Parameter values and credible intervals of the IR model estimated using MCMC
and MLE respectively by fitting the model to pooled data of viral load, fraction of dead cells,
and adaptive immune response in immunosuppressed and immunocompetent mice (Figure
4.4).

We varied pairs of parameters relating to the innate immune response (s and ⌧ : Figure

4.5 (a)-(c)) and adaptive immune response (k and r: Figure 4.5 (d)-(f)). In general, as the

innate and adaptive immune response parameters are increased, the infection outcome of the

infection is improved as the AUC, the final fraction of dead cells, and the infection duration

all decrease. We note though that for fixed values of ⌧ (0 < ⌧ < 2 days), the AUC and

fraction of dead cells increase as the strength of the innate immune response s is increased.

This is because, for this set of parameter values, a stronger initial innate immune response

causes fewer cells to be infected early on. Consequently, when the innate immune response

dies out, more susceptible cells remain for the virus to infect.

We performed a global parameter sensitivity analysis using the eFAST and Sobol methods

(see Appendix C.3). The parameters �, p, and T0 were found to have the largest influence

on the three model outputs. However, the immune response parameters s, ⌧ , r, and k, which

may di↵er between hosts based on their immunological characteristics, significantly influence

the dynamics of the IR model, which we shall explore further in the following sections.

4.3.6 Using the TEIV and TV models to reproduce viral load dynamics of
the IR Model

We now investigate whether the TEIV and TV models can reproduce the dynamics of the

IR model and, in particular, the viral load dynamics. We generate synthetic data from the

IR model for di↵erent values of the parameters associated with the immune response (i.e. r,

k, s, and ⌧ in equations (4.1)–(4.7)). We view �̃, p̃, �̃, and c̃ as fitting parameters for the

TEIV model, and �̂, p̂, and ĉ as fitting parameters for the TV model (see Table 4.1). We fix

Ṽ0 = V̂0 = 100 PFU (a relatively small starting value) as using the initial viral load as an

extra fitting parameter did not improve model fits (results not shown).

For each parameter in the IR model that we vary, there is a region of parameter space

where the TEIV and TV models accurately replicate the viral load dynamics (with an SSR of

less than 15). In each case, the best-fit values of the TEIV and TV models vary systematically

as the respective IR model parameter is increased. With only three fitting parameters, these
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Figure 4.5: The change in the three infection-related quantities of interest as the IR model
innate immune response parameters s and ⌧ are varied ((a)-(c)), and the adaptive immune
response parameters k and r are varied ((d)-(f)). Scale factors (SF) refer to the parameter
values normalised by those given in Table 4.6. The unit of the area under the viral load
curve is (PFU days), the unit of the duration is (days), while the fraction of dead cells is
dimensionless.

variations are clearer in the TV model. For instance, as the value of s is increased, the best-fit

values of �̂ in the TV model increase, while the values of p̂ and ĉ decrease (Figure 4.7 (h)).

For illustrative purposes, we also show the synthetic data and best-fit models (Figures 4.6 and

4.7 right columns) for parameter values that are 0.1, 0.5, 2, and 10 times the values given in

Table 4.6. In general, the TEIV and TV models can accurately replicate dynamics for which

the viral load increases exponentially to a peak value and then decreases exponentially (see,

for example, the bottom left panels in Figures 4.6 (f) and 4.7 (f)). However, neither model

can reproduce dynamics for which the viral load exhibits a resurgence and second peak (see,

for example, the top left panels in Figures 4.6 (l) and 4.7 (l)).

When comparing the TEIV and TV model fits, we observe that the SSRs are similar

(Figures 4.6 and 4.7 left columns). To directly compare the model fits, we computed the

mean SSR for each varied value of the IR parameter (see Table 4.7). In each case, the simpler

TV model has a lower mean SSR, suggesting that the extra fitting parameter in the TEIV

model does not improve the model fitting. We conclude that the TV model should be used to

describe synthetic viral load data generated from the IR model rather than the TEIV model.
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Figure 4.6: The TEIV model fitted to synthetic data as the immune response parameters in
the IR model used to generate the data are individually varied. Left column ((a), (d), (g),
(j)): The sum of squared residuals (SSR) of the best-fit TEIV model fitted to the synthetically
generated data from the IR model as individual parameters of the IR model are varied. Central
column ((b), (e), (h), (k)): Best-fit parameter values when the TEIV model is fitted to the
synthetic data generated from the IR model. The relative TEIV parameter values refer to
parameter values normalised by those given in Table 4.4. Right column ((c), (f), (i), (l)):
The synthetic data (black dots) and best-fit TEIV model (blue lines) for di↵erent values of
the IR model parameters. Green shaded regions represent regions of parameter space where
SSR < 15 as this indicates a good fit. The parameter values of the IR model are defined in
Tables 4.1 and 4.6, unless otherwise stated. Scale factors (SF) refer to IR parameter values
normalised by those given in Table 4.6. Vertical dashed lines in the left and central columns
refer to scale factors of 0.1, 0.5, 2, and 10 respectively as used to generate synthetic data in
the right column. The TEIV model is fitted to the synthetic data using MLE, with Ṽ0 = 100
and T̃0 = 7⇥ 109.
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Figure 4.7: The TV model fitted to synthetic data as the immune response parameters in
the IR model used to generate the data are individually varied. Left column ((a), (d), (g),
(j)): The sum of squared residuals (SSR) of the best-fit TV model fitted to the synthetically
generated data from the IR model as individual parameters of the IR model are varied.
Central column ((b), (e), (h), (k)): Best-fit parameter values when the TV model is fitted
to the synthetic data generated from the IR model. The relative TV parameter values refer
to parameter values normalised by those given in Table 4.4. Right column ((c), (f), (i), (l)):
The synthetic data (black dots) and best-fit TV model (blue lines) for di↵erent values of
the IR model parameters. Green shaded regions represent regions of parameter space where
SSR < 15 as this indicates a good fit. The parameter values of the IR model are defined in
Tables 4.1 and 4.6, unless otherwise stated. Scale factors (SF) refer to IR parameter values
normalised by those given in Table 4.6. Vertical dashed lines in the left and central columns
refer to scale factors of 0.1, 0.5, 2, and 10 respectively as used to generate synthetic data in
the right column. The TV model is fitted to the synthetic data using MLE, with V̂0 = 100
and T̂0 = 7⇥ 109.
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IR Model Parameter
Mean SSR
TEIV TV

r 30.53 28.44
k 16.17 16.11
s 61.89 60.50
⌧ 21.43 19.33

Table 4.7: Mean SSR values as assumed with the fits of the TEIV and TV models to the
viral load data generated from the IR model shown in the left columns of Figures 4.6 and 4.7
respectively.

4.3.7 Using the TV model to reproduce viral load dynamics in hosts with
di↵erent immunological characteristics

In the previous section we showed that the TEIV and TV models could be fit to viral load

data generated from the IR model when individual parameters were varied. In practice, the

strength of the innate and adaptive immune responses can vary greatly between hosts, and

depends on age and the presence of comorbidities such as obesity [155, 180, 184, 216]. We now

determine whether the TV model can reproduce viral load dynamics when multiple immune

response parameters of the IR model are varied simultaneously. We consider four hypothetical

groups of hosts; ‘baseline’, ‘elderly’, ‘obese’, and ‘partially immune’, and use the IR model

to generate synthetic viral load data relating to hosts in each group. Although the IR model

is parameterised with murine data, we use this parameterisation to explore the qualitative

di↵erences that might exist in humans. We assume that the immune response parameters s,

⌧ , and k vary between and within groups. Accordingly, we prescribe gamma distributions

for these three parameters (while assuming the remaining model parameters are fixed) to

characterise the variations between hosts within each group. The baseline group refers to

healthy hosts (i.e. hosts who are not considered to be elderly, obese, or partially immune, and

whose parameters have mean values as in Table 4.6).

Influenza severity is strongly linked with age due to the gradual deterioration of the im-

mune system during natural aging [132, 155, 216]. Both the innate and adaptive immune

responses are altered during viral infections in the elderly. For example, it has been shown

that influenza A infected monocytes from older hosts have impaired antiviral interferon pro-

duction, and, specifically that IFN-� levels in the monocytes of elderly hosts were half those

in similarly infected monocytes of young hosts [302]. The antibody response is also reduced

in older individuals, with virus-specific antibody titers shown to be lower in elderly compared

with young hosts [43, 123]. Based on these results, we shall assume that in elderly hosts values

of the adaptive IR kill rate k and the strength of the innate IR s are half the baseline values

given in Table 4.6.

Similarly, obesity is linked with influenza severity as it impairs the host’s innate and

adaptive immune responses [241]. For example, when obese hosts are infected with influenza,
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their expression of type I interferons is delayed and reduced compared to non-obese hosts

[180]. Based on these findings, we characterise obese hosts as having values of s and ⌧ which

are half and double their respective baseline values.

We also consider hosts who are partially immune to the virus (due for example to previous

infection with an antigenically related strain or vaccination), and, as a result, have stronger

immune responses [210, 211, 329]. We assume that their values of k and s are double the

baseline values. The mean values of s, ⌧ , and k for each group are summarised in Table 4.8.

We found that the TV model accurately replicates the infection dynamics of individuals

in each group (Figure 4.8 (a)). We then generated 105 viral load datasets for each group and

fit the TV model to each dataset using MLE. Noting that previously an SSR value below 15

corresponded to a good fit, Figure 4.8 (b) shows that the TV model describes the synthetic

data accurately for each group. In Figure 4.8 (c)-(k) we show how the distributions of the

IR model parameters s, ⌧ , and  for each group map to the TV model parameters �̂, p̂, and

ĉ. The histograms and scatter plots of the TV model parameters show that for each group,

the fitted parameters cluster into di↵erent regions of parameter space. We observe that the

infection rate �̂ is smaller for elderly and obese hosts than for the baseline group, whereas

the virion production coe�cient p̂ is larger than the baseline for these two groups. The virion

clearance rate ĉ is greater than the baseline in the partially immune and obese groups. We

conclude that the TV model can accurately reproduce the viral load dynamics of influenza

infection in hosts with di↵erent immunological characteristics, with di↵erent model parameter

values for each group.

Group s ⌧ k
Baseline 1 1 1
Elderly 0.5 1 0.5
Obese 0.5 2 1
Partially Immune 2 1 2

Table 4.8: Mean parameter values of the gamma distributions of s, ⌧ , and k for the di↵erent
groups of hosts, normalised by values given in Table 4.6. These distributions are sampled from
for each simulation of the synthetic data to represent variability in parameters between hosts
within a population. The assumed standard deviations for each distribution are 0.1 times the
mean values. Distributions are shown explicitly in Figure 4.8.
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Figure 4.8: The TV model fitted to synthetic data relating to di↵erent patient groups. (a):
TV model fitted to viral load data relating to the four groups using MLE, with mean values
of s, ⌧ and k used to generate the data. (b): Boxplots of the SSR of the TV model fitted to
synthetic data relating to hosts from each group. (c)-(e): Distributions of s, ⌧ , and k for the
di↵erent groups in the IR model. (f)-(k): Histograms and scatter plots of the fitted TV model
parameters for each group. For each group, 105 synthetic datasets were generated. The TV
model was fitted to the synthetic data using MLE, with V̂0 = 100 and T̂0 = 7 ⇥ 109. The
synthetic data were generated using the IR model with the default parameter values given in
Tables 4.1 and 4.6.
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4.3.8 Forecasting influenza viral load dynamics

We have used synthetic data to show that the TV model can reproduce the viral load dynamics

in di↵erent host groups. We now present a practical application of a scenario where the TV

model would be preferred to the more complex IR model. Specifically, we consider making

real-time forecasts of patient-specific influenza infection viral load dynamics.

In Figure 4.9 we show forecasts made of viral load progression using the TV and IR models.

Model parameters were estimated by fitting the models to six viral load training datasets. The

training data, along with the test data, were generated from the IR model using parameter

values relating to obese hosts as this group had the lowest TV model SSR (Figure 4.8 (b)).

Both models generate accurate forecasts in advance if the parameters are calibrated using

training data (Figure 4.9 (a)-(b)). However, the TV model forecast is significantly more

accurate when the forecast is updated in real-time at day 6 using the new test data up until

that time (Figure 4.9 (c)-(d)); the TV model yields a DIC value of 1252 compared to 3585

for the IR model. This is due to the high dimension of the eight fitting parameters and the

fact that the parameters are non-identifiable in the IR model, making it infeasible to update

parameters using MCMC estimation. However, as the TV model contains only three fitting

parameters and they are all identifiable, it can be used to update forecasts in real-time to

improve forecast accuracy (Figure 4.9 (c)). Furthermore, computing forecasts with the TV

model is less computationally expensive than using the IR model. Hence, when only observing

data for viral load, in this scenario, the simpler TV model should be used to make forecasts.

We investigate within-host forecasting further in Chapter 5.
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Figure 4.9: Comparison of viral load forecasts obtained using the TV and IR models. Training
data from six hosts were used to calibrate the models. Dashed blue lines indicate the mean
of the model trajectories during the calibration period. Solid blue lines and shaded regions
indicate the mean and 95% CrIs of the forecasts, based on the posterior parameter distribu-
tions. Synthetic training and test data were generated using the IR model by sampling obese
parameter values (Table 4.8) and fixing the remaining parameters at the default values given
in Tables 4.1 and 4.6. DIC values are: (a) 5281, (b) 4050, (c) 1252, and (d) 3585.

4.4 Discussion

Influenza infection is a complex biological process involving multiple interactions between the

immune response, cells, and the virus [95, 122]. Consequently, when developing mathematical

models for understanding the within-host mechanisms driving viral infections, compromises

must be made between biological realism and analytical tractability.

In this chapter, we have considered a hierarchy of ordinary di↵erential equation mod-

els which describe influenza infection; the IR model which explicitly models the innate and

adaptive immune responses, and the simpler TEIV and TV models which do not. We first

performed a structural and practical identifiability analysis, showing that, given perfect data,

the unknown parameters of the IR model can be identified if data on the innate and adap-

75



tive immune responses are available, while the TV model parameters (and some of the TEIV

model parameters) can be identified using viral load data alone. We then fit the models to

experimental data from Iwasaki and Nozima [189], showing that the TV and TEIV model

parameters can be estimated using viral load data from immunocompetent mice, and that

the IR model parameters can be estimated using pooled data from immunocompetent and

immunosuppressed mice that detail viral load, fraction of dead cells, and immune response

levels.

Using the IR model with these estimated parameters, we then generated synthetic viral

load data, and showed that the TV model can reproduce the data with accuracy in cases where

the data rises to a single peak and then decays. Also, we determined that when considering

this synthetic data, the TV model should be preferred over the TEIV model due to having

fewer parameters but equivalent model flexibility. Furthermore, the parameters of the TV

model that reproduce the data vary systematically as the immune response parameters in

the IR model used to generate the data are changed (e.g. as s in the IR model is increased,

�̂ in the TV model increases, while p̂ and ĉ decrease). Thus, changes in parameter values

in the TV model can be used to compare the viral load dynamics of di↵erent hypothetical

groups of hosts who have di↵erent functioning immune responses. Finally, we presented an

example of viral load forecasting for which the simpler TV model may be preferred over the

IR model. Although we considered influenza, our results may also generalise to other viral

infections which can be modelled using target-cell limited and immune response models, such

as SARS-CoV-2 [96, 107], West Nile virus [29], Adenovirus [225], Respiratory Syncytial Virus

[138], yellow fever virus [261], and Zika virus [36] among others.

The way in which the immune response is modelled is driven by the available data. Thus,

to advance our understanding of the immunological processes that a↵ect infection dynamics,

it is key that modellers and experimentalists work together in a cycle of data-driven math-

ematical modelling and model-driven experimental design [268, 343, 344]. Here the roles of

interferons in the innate immune response and antibodies in the adaptive immune response

are included in the IR model due to experimental data on interferon and antibody levels be-

ing available. These mechanisms are incorporated such that interferons reduce viral load, and

antibodies clear free virions [153]. However, other mechanisms may be at play and could be

incorporated into the IR model. For example, interferons may promote resistance to infection

in target epithelial cells, e↵ectively moving them to a refractory class where they are no longer

susceptible [172]. Furthermore, although interferon levels may be used as a proxy for the en-

tire innate immune response [152], cellular components such as neutrophils and macrophages

may also cause infected cell death and/or clear free virions [159, 239]. Regarding the adaptive

immune response, T-cells are also known to kill infected cells [35, 101, 235]. Di↵erent expan-

sion and activation mechanisms of the innate and adaptive immune responses could also be

considered. In particular, a mechanistic di↵erential equation model which describes the innate
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immune response could be formulated to replace equation (4.7), which although attempted in

this study as in Handel et al. [153], could only describe the response in the immunocompetent

mice and not the immunosuppressed mice that elicited an innate immune response but lacked

an adaptive immune response.

Due to the availability of data, viral load has been used as the predominant infection

related quantity we have been describing. However, influenza pathogenesis is linked to both

viral load and elevated cytokine levels [87], a prime example of the latter being the 1918

influenza pandemic in which it is hypothesised that ‘cytokine storms’ led to severe disease

and mortality [296]. Metrics related to cytokine and chemokine expression may be better

proxies for disease severity [162, 213, 226]. Thus more work could address the problem of

modelling influenza severity and pathogenesis more directly [55], for example by modelling

a host’s ‘symptom score’ which is based on the number of symptoms an infected host is

su↵ering from (see Chapter 5). Although the TV model replicated the viral load dynamics

well in many of the cases we considered, it could not reproduce complex dynamics such as

when the viral load rose to a second peak. Therefore, to describe more complex viral kinetics,

a model incorporating the immune response may be needed, along with su�cient data to be

able to parameterise it. Di↵erent sampling intervals could also be considered, which may

a↵ect the ability of the TV model (or any other model) to describe the data. Furthermore,

data could also be generated from a stochastic model to account for the inherent randomness

in the infection process [23, 152].

We generated synthetic viral load data pertaining to di↵erent hypothetical groups of hosts;

baseline, elderly, obese, and partially immune. By fitting the TV model to these data, we

showed that we could cluster hosts into di↵erent groups. If suitable real-world data on di↵erent

patient groups were available, future work could examine whether or not it is still possible

to separate patients into clusters based on the TV model parameters. The goal of this study

though is not tightly linked to the specific infection dynamics of any group in particular, but

serves to show that a simple model can be used to describe the infection dynamics in groups

with su�ciently di↵erently functioning immune responses.

Model selection should be guided by the problem being addressed. If the aim is to make

accurate forecasts given past data without infection-mechanism interpretability, then machine-

learning [381] or phenomenological mathematical models which do not attempt to describe

the biology [82] have their advantages due to their flexibility and ease of use. If the aim

is to understand the mechanisms a↵ecting the infection, then more complex mathematical

models would be more appropriate. For instance, it was shown in Cao and McCaw [58] that

the assumed mechanism of viral control (either target-cell limitation or immune-mediated

control) markedly altered the viral kinetics of infection under antiviral treatment and, as

such, an immune response model was more suitable for predicting infection dynamics and the

e↵ect of antiviral treatment in immunocompetent hosts.
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In summary, we have explored which models should be used to describe within-host in-

fluenza infection dynamics. Parameter identifiability is often an issue in within-host modelling

studies [253, 274]. Given su�cient data relating to the immune response, we showed that the

IR model could be parameterised. However, these data are often not commonly collected (es-

pecially for infections in humans), and thus only data pertaining to the viral load are typically

available. When this is the case, we found that simple target-cell limited models such as the

TV model should be used to describe the kinetics of infection [147]. Moreover, we showed that

the TV model can di↵erentiate between the infection dynamics in hosts which have di↵erently

functioning immune responses. Hence, although target-cell limited models do not fully de-

scribe the underlying immunology of infection, their simplicity and parameter identifiability

make them a useful tool with regards to describing and predicting infection dynamics, whilst

still maintaining biological interpretability and facilitating an understanding of the processes

that drive infection.
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Chapter 5

Modelling and forecasting the
symptom dynamics of influenza

5.1 Introduction

In Chapter 4, we formulated the IR model to describe influenza infection, and showed that

a simple TV model can reproduce its dynamics. There we focused on the time evolution of

viral load. In practice, however, viral load is typically only measured in a clinical setting, and

as previously stated there may be better proxies for the disease severity of influenza. Here,

we extend the work from Chapter 4 to account for the severity of influenza symptoms.

Upon infection, individuals often su↵er from malaise and fever, followed by respiratory

symptoms, headaches, and muscle fatigue. In adults, fever and systemic symptoms usually

last approximately three days, while respiratory symptoms, including coughs, may persist for

one to two weeks [164]. However, symptoms and patient outcomes vary; young and elderly

individuals and those with underlying health conditions are at greater risk of severe illness

and mortality [389].

The biological mechanisms that cause influenza symptoms are not fully understood [162].

However, it is thought that respiratory symptoms are caused by cytopathic e↵ects (structural

changes in host cells caused by viral invasion) on respiratory epithelial cells, and that sys-

temic symptoms are due to cytokine production [100, 327]. There is likely overlap between

these mechanisms, with both the virus and cytokines driving local and general e↵ects [163].

Cytokines that may be responsible for influenza symptoms include IFN-�, IL-6, IL-10, and

TNF-↵ [148, 244, 400], although it remains to be established which has the biggest e↵ect on

symptoms.

In experimental studies, symptoms can be quantified using a ‘symptom score’. Here an

individual self-reports their symptoms on a scale, and their total symptom score is the sum

of contributions from each symptom [78, 120, 162, 165]. Mathematical models describing

influenza symptom scores have been formulated and fit to data. In Canini and Carrat [55], a

model is formulated to describe symptom dynamics, and then extended to distinguish between

systemic and respiratory symptoms [57]. Models which incorporate symptom dynamics have
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also been used to study treatment with neuraminidase inhibitors (NAIs) which suppress viral

reproduction [56, 290]. Moreover, models have been fitted to symptom score data for di↵erent

strains of influenza [240] and to both viral titer and symptom score data [233]. Previous studies

have also captured inter-individual variability of virus kinetics and symptoms [55, 233].

While there has been considerable development in within-host viral dynamics modelling

[31, 154, 343, 344], little attention has been directed towards real-time forecasts of disease

progression at a host level, even though population level forecasts have been widely studied.

This may be due to di�culties in collecting quantitative data on disease severity, and the

short time-scales of influenza and similar respiratory diseases. In the same manner that

population level projections aid in controlling the spread of an epidemic, being able to predict

the evolution of symptoms of an individual may help improve patient outcomes. Individuals

who may become critically ill could be identified earlier by measuring their symptoms and

then referred to receive more specialist treatment or other medical assistance. However, more

complex within-host models which describe di↵erent aspects of the immune system are less

amenable to making real-time forecasts due to problems with parameter identifiability [252],

as explored in Chapter 4. Thus, as we shall investigate in this chapter, simple models of host

disease progression may be preferred for forecasting.

In this chapter, we investigate whether a two-variable ordinary di↵erential equation model,

the ‘TS model’, can be used to forecast the symptom score of an individual infected with

influenza in real-time. First, we extend the IR model from Chapter 4 and parameterise a

symptom dynamics model, the ‘SD model’, using pooled human data of symptom scores, viral

titer, and cytokine levels. We then use the SD model to generate synthetic data relating to

symptom scores in groups of healthy and comorbid influenza patients. We investigate whether

the progression of symptoms of a host can be predicted in real-time during an infection as this

may contribute towards improving patient outcomes, by, for instance, informing treatment

methods. We show that if data from previous patients are available, the TS model can

accurately predict the symptom scores of a patient in real-time if su�cient data are observed,

even if the time of infection is unknown. There is also significant variability in the symptoms

displayed by influenza patients which, in part, may be due to underlying health conditions

[389]. Similarly to Chapter 4, we find that by analysing the distributions of parameters, the

TS model can be used to classify patients into di↵erent groups (e.g. healthy and comorbid).

Thus, we show how a simple ODE model can be used to forecast symptom dynamics, as a

first step towards further work on host level infectious disease forecasting.

5.2 Methods

5.2.1 Models

In this chapter we consider ordinary di↵erential equations models that describe the symptom

dynamics of influenza infection. A schematic of the models is shown in Figure 5.1.
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Figure 5.1: Schematic of the models. (a) SD Model: Uninfected epithelial cells, T , are infected
by free virions, V , at rate �, and then progress to the eclipse phase (latently infected), E.
Latently infected cells become productively infected I, at rate . Productively infected cells
produce virions at a maximum rate p, which is modulated by the innate immune response,
F , with a strength parameter s. Infected cells die at rate �. Infected cells also activate the
innate immune response, F , at rate ⌫. This response decays at rate µ. The strength of
the adaptive immune response, X, increases at a rate which depends on the numbers of free
virions and productively infected cells, governed by parameters f , r, and m. It decays at rate
�. Free virions are cleared by the adaptive immune response at rate k, and have a decay rate
c. Symptoms, S, are induced by the innate immune response, F , at rate !, and dissipate
at rate ⌘. (b) TVS Model: Free virions, V , are assumed to infect epithelial cells at rate �̂,
and are produced at a rate which is proportional to the rate at which target-cells are infected
(constant of proportionality p̂). The symptom score, S, is assumed to be proportional to the
viral load, V . The viral load is cleared at rate ĉ. (c) TS Model: A semi-nondimensional
model, where the fraction of uninfected cells T , is infected at a rate which is proportional to
the symptom score, S, governed by parameters b and q. Symptoms dissipate at rate r.

5.2.1.1 SD model

First, we formulate a model to describe the symptom dynamics of an influenza infection,

which we term the SD model. This model extends the IR model considered in Chapter 4, to

include di↵erential equations for the symptom dynamics variable, S, and the innate immune

response, F (which in Chapter 4 was described by an algebraic function as a di↵erential

equation could not describe the innate immune response data for both the immunocompetent

and immunosuppressed mice).

As in the IR model, we assume that uninfected epithelial cells, T , become infected by

virions at rate � and then become latently infected, E. After a period of 1/ days, latently

infected cells become productively infected, I, and produce virions, V , at rate p (if the innate

immune response is inactive). The lifespan of virions is 1/c days, while the lifespan of infected

cells is 1/� days.

Following infection, the innate immune response, F , is activated. We again focus on the

role of cytokines, which may be viewed as a proxy for the entire innate immune response
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[153]. Infected cells are assumed to activate the innate immune response, F , at rate ⌫, and

F is assumed to decay at rate µ. We suppose that the innate immune response inhibits the

rate of production of the virus; the parameter s determines the strength of this reduction.

The adaptive immune response, X, (see equation (5.5)) is modelled via the same di↵erential

equation as in the IR model.

In the SD model, the symptom score S measures the magnitude of symptoms experienced

by a host. We assume that the innate immune response induces symptoms as the kinetics of

immunopathology are determined by pro-inflammatory cytokines [368]. Thus, as in Canini

and Carrat [55], we assume that S increases at a rate proportional to F at rate !, and that

symptoms dissipate via first order kinetics, at rate ⌘. Combining the above assumptions we

arrive at the following system of equations which define the SD model:

uninfected cells
dT

dt
= ��TV, (5.1)

latently infected cells
dE

dt
= �TV � E, (5.2)

productively infected cells
dI

dt
= E � �I, (5.3)

free virions
dV

dt
=

pI

1 + sF
� cV � kV X, (5.4)

adaptive IR
dX

dt
= fV +

rXV

1 +mV
� �X, (5.5)

innate IR
dF

dt
= ⌫I � µF, (5.6)

symptom score
dS

dt
= !F � ⌘S. (5.7)

Descriptions and estimated values of model parameters are given in Table 5.1 (a). Throughout

this chapter, the unit of V is viral titer measured in TCID50/ml, the unit of F is cytokine

concentration measured in pg/ml, and S is dimensionless. As in Chapter 4 we denote the

unit of X by uX . Initially, the immune response and symptom score variables are zero such

that X(0) = F (0) = S(0) = 0. We note that although each of the individual mechanisms in

the model have been previously used in the literature, the combination of these mechanisms

to describe symptom dynamics makes this model novel.

5.2.1.2 TS model

Our aim is to describe and forecast the symptom dynamics S of a viral infection. In what

follows, the SD model will be used to generate synthetic symptom score data but due to the

larger number of unknown parameters it would be infeasible to fit the SD model to data and

make forecasts (if only symptom score data are observed). Hence we consider an adaptation

of the TV model in Chapter 4 in which symptom output scores S is proportional to the viral
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load. Hence, in dimensional form, the ‘TVS model’ is given by

dT

dt
= ��̂TV, T (0) = T0, (5.8)

dV

dt
= p̂�̂TV � ĉV, V (0) = V0, (5.9)

S = ↵V. (5.10)

Due to our focus on the symptom score S, we nondimensionalise V and T , writing T = T ⇤T̃

and V = V ⇤Ṽ , where T̃ and Ṽ are dimensionless, and T ⇤ and V ⇤ are the respective dimensional

scaling parameters. We set T ⇤ = T0 and V ⇤ = 1/↵, relabel b = �̂/↵, q = p̂�̂T0, r = ĉ, and

assume S0 = ↵V0, which gives S = Ṽ . After dropping the tildes for ease of notation, we write

the model as

dT

dt
= �bTS, T (0) = 1, (5.11)

dS

dt
= qTS � rS, S(0) = S0. (5.12)

We shall refer to this model as the TS model, and henceforth use it to forecast symptom

scores. We note that as we are only considering S we need not explicitly model the viral load,

but V = S/↵ so viral load can be easily determined. Descriptions of model parameters for

the TVS and TS models are given in Tables 5.1 (b) and (c) respectively. We note the TS

model is mathematically equivalent to the TV model from Chapter 4, but with S = V and

the number of cells nondimensionalised.

5.2.2 Experimental data

We focus on an experimental study in which eight human volunteers were infected with in-

fluenza A/Texas/36/91 (H1N1) and data on their viral titers, cytokine levels, and symptom

scores were collected over a 7-day period [120]. The data for each quantity are the mean

values of eight volunteers from a placebo group. The volunteers assessed their symptoms on

a 4-point scale with scores of 0 and 3 corresponding to no symptoms and severe symptoms

respectively. The symptoms assessed were nasal stu�ness, runny nose, sore throat, cough,

sneezing, earache/pressure, breathing di�culty, muscle aches, fatigue, headache, feverish feel-

ing, hoarseness, chest discomfort, and overall discomfort. The individual symptom scores

were divided into three groups (systemic symptoms, upper respiratory symptoms, and lower

respiratory symptoms). We sum the scores from each symptom group to arrive at a total

symptom score. Levels of cytokines IL-6, IFN-�, TNF-↵, and IL-10 were measured in pg/ml.

We sum their concentrations to arrive at a total cytokine concentration (a similar approach

was adopted by Hernandez-Vargas et al. [172]). Viral titer was measured in TCID50/ml.

Further details of the experimental procedure are given in the original study [120]. Data

were extracted from Figures 1, 3, and 5 in Fritz et al. [120] using the data extraction tool

https://automeris.io/WebPlotDigitizer/.
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Parameter Description Values (Units) Source
� Infection rate Fitting parameter ((TCID50/ml)

-1

days
-1
)

p Virion production rate Fitting parameter (TCID50/ml days
-1

cells
-1
)

1/� Lifespan of infected cells 2 days [153]

1/c Lifespan of free virions 10 days [153]

1/ Duration of latent eclipse phase 4 days [153]

s Strength of innate IR 0.0686 ml/pg Chapter 4

r Expansion rate of adaptive IR 0.309 (TCID50/ml)
-1

days
-1

Chapter 4

f Recruitment rate of adaptive IR 1.40⇥ 10
�6

uX (TCID50/ml)
-1

days
-1

Chapter 4

m Adaptive IR growth parameter 1

� Decay rate of adaptive IR 1.159 days
-1

[90]

k Kill rate of adaptive IR 2510 u
�1
X days

-1
Est. based

on Chapter 4

⌫ Expansion rate of innate IR Fitting parameter (pg/ml days
-1

cells
-1
)

µ Decay rate of innate IR Fitting parameter (days
-1
)

! Expansion rate of symptom score Fitting parameter (ml/pg days
-1
)

⌘ Decay rate of symptom score Fitting parameter (days
-1
)

T0 Initial no. of uninfected cells 7⇥ 10
9
cells [153]

V0 Initial viral load 1 TCID50/ml [120]

(a): SD model - equations (5.1)–(5.7).

Parameter Description Values (Units)
�̂ Infection rate - ((TCID50/ml)

-1
days

-1
)

p̂ Virion production rate - (TCID50/ml cells
-1
)

ĉ Clearance rate of virions - (days
-1
)

↵ Symptom score parameter - (virions
-1
)

T0 Initial no. of uninfected cells - (cells)

V0 Initial viral load - (TCID50/ml)

(b): TVS model - equations (5.8)–(5.10).

Parameter Description Values (Units)
b Infection rate (= �̂/↵) Fitting parameter (days

-1
)

q Symptom growth rate (= p̂�̂T0) Fitting parameter (days
-1
)

r Symptom decay rate (= ĉ) Fitting parameter (days
-1
)

S0 Initial symptom score 0.01

(c): TS model - equations (5.11)–(5.12).

Table 5.1: Descriptions and parameter values of the SD, TVS, and TS models.

5.2.3 Parameter estimation and forecasting

We perform parameter estimation and forecasting using the methods used in Chapters 3

and 4. In brief, when fitting models to data, parameters are estimated using Markov chain

Monte Carlo (MCMC) with the Metropolis-Hastings algorithm [160]. We also determine the

maximum likelihood estimation (MLE) parameter estimates when fitting the SD model to

data from Fritz et al. [120]. See Appendix D.1 for further details.

When making real-time forecasts, we calibrate our model forecasts using observed symp-

tom score data for days 0, 1, ...,m of the infection, estimating model parameters using the

MCMC method described above. We use the estimated distributions of these model param-

eter values to project the model forwards, starting at day m with initial conditions based on
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the symptom score at day m.

To compare di↵erent model forecasts throughout this study, as in Chapter 4, we use the

deviance information criterion (DIC) stated in Gelman et al. [128]. DIC values are given in

Appendix D.5.

5.2.4 Generating synthetic data

Throughout this chapter we generate synthetic symptom score data using the SD model.

We consider two groups of patients, ‘healthy’ and ‘comorbid’. To account for intra-group

variation, we prescribe gamma distributions for the parameters �, p, s, r, f , k, ⌫, µ, !, and

⌘̃ = ⌘/! to characterise the variations between hosts within each group. When fitting the SD

model to real-world data we will show that the parameter grouping ⌘̃ = ⌘/!, rather than ⌘,

has a larger influence on the model kinetics (see Appendices D.2 and D.3 for further derails).

For healthy patients, the mean values of these gamma distributions are given in Tables 5.1 and

Table 5.2 (MLE parameters). Comorbid patients are characterised by values of ⌘̃ which are

half those of patients in the healthy group, which results in a larger peak symptom score. We

fix the standard deviations of the gamma distributions for each parameter to be 0.3 times the

mean parameter value. This ensures that the all parameters have the same relative variability

regardless of their absolute values.

To add realism to the synthetic data, we add normally distributed noise, scaling noise

levels with the square root of the amplitude of the data. The noise in the synthetic data are

representative of the level of noise in the experimental data [120]. The synthetic data are

outputted every 12 hours over a period of 10 days.

5.2.5 Classification

Here we outline the method used to classify patients as either healthy or comorbid by com-

paring the posterior distributions of the TS model parameters. Let us define the combined

matrix of posterior distribution parameter values relating to the TS model fitted to previ-

ously observed healthy and comorbid patient synthetic symptom score data by ✓H and ✓C

respectively. These consist of three-dimensional vectors ✓Hi and ✓Ci relating to parameter

values b, q, and r. The index i relates to each previously observed patient, where in this study

i = 1, ..., 12. We decompose the three-dimensional parameter space of b, q, and r into an

R⇥R⇥R grid of ‘subcubes’. We define the density values mHj and mCj where j = 1, ..., R3

as the number of parameter value vectors ✓Hi and ✓Ci which lie in each respective subcube.

Now let us define a matrix of posterior distribution parameter values relating to the TS

model fitted to a new patient as ✓P and calculate its density values mPj for the same R⇥R⇥R

grid of subcubes. We can then determine the similarity between ✓P and ✓H , and ✓P and ✓C ,
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respectively, by calculating

DH =

P
R

3

j=1mHj ⇥mPj

P
R3

j=1mHj

, DC =

P
R

3

j=1mCj ⇥mPj

P
R3

j=1mCj

. (5.13)

If DH > DC , we classify a patient as healthy, and if DC > DH , we classify them as comorbid.

We use R = 32 in this study as this decomposes the parameter spaces finely enough to

di↵erentiate between the two groups of patients in general, but is still small enough such that

the classification is computationally feasible.

5.3 Results

5.3.1 Fitting the SD model to pooled experimental data

We fit the SD model to pooled data of viral load, the innate immune response (cytokine levels),

and symptom scores from Fritz et al. [120]. To the best of our knowledge, this is the first time

a host level influenza model has been fit to these three measurements simultaneously. The

results presented in Figure 5.2 show that the model describes the data accurately, capturing

the initial increase and subsequent decrease in viral load, as well as the growth and decay of

the innate immune response and symptom scores. In model simulations, the viral load peaks

after 1.5 days, while the innate immune response and symptoms peak after approximately

2.5 days. We fit the six unknown parameters �, p, ⌫, µ, ⌘, and !, using both MCMC and

MLE; the posterior distributions calculated using MCMC are presented in Figure 5.2 (b).

The distributions are unimodal, suggesting parameter identifiability [338], and those for �, p,

⌫, and µ have tight credible intervals (CrI; see Table 5.2). The credible intervals for ! and ⌘,

which govern the symptom dynamics, span several orders of magnitude. However, they are

highly correlated (see Appendix D.2). Therefore we shall define ⌘̃ = ⌘/µ and write equation

(5.7) as dS

dt
= !(F � ⌘̃S) for the remainder of this study, such that we can generate synthetic

data which display a wider range of dynamics.

Parameter MCMC Mean MCMC 95% CrI MLE
� 1.203 ⇥10�3 [4.602 ⇥10�4, 2.752 ⇥10�3] 1.164 ⇥10�3

p 7.074 ⇥10�4 [1.895 ⇥10�4, 1.704 ⇥10�3] 5.868 ⇥10�4

⌫ 7.250 ⇥10�7 [5.679 ⇥10�7, 8.992 ⇥10�7] 7.211 ⇥10�7

µ 0.7675 [0.6059, 0.9502] 0.7876
! 22.20 [0.7180, 152.40] 1.606
⌘ 478.6 [15.49, 3278] 33.92

Table 5.2: Mean and 95% CrIs of estimated parameters using MCMC parameter estimation,
and estimated parameters using MLE, of the SD model fitted to data for viral load, innate
immune response (cytokines) and symptom score from Fritz et al. [120] (Figure 5.2).

5.3.2 Fitting the TS model to synthetic symptom score data

We generate synthetic data of symptom scores using the SD model for two groups of patients.

The infection dynamics of healthy patients are simulated using parameter values estimated
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Figure 5.2: (a): The SD model (equations (5.1)–(5.7)) fitted to experimental data on the viral
load, innate immune response (cytokines), and symptom score from Fritz et al. [120]. Solid
blue lines and shaded regions indicate the mean and 95% CrIs of model trajectories based
on the posterior distributions of parameters. Red dashed lines indicate the model trajectory
relating to the maximum likelihood estimated parameter set. (b): Posterior distributions of
fitted model parameters computed using MCMC parameter estimation. Normalised Frequency
refers to the probability of selecting an observation within that bin interval. Fixed and
estimated parameter values are stated in Tables 5.1 and 5.2 respectively.

from the real-world experimental data and stated in Table 5.2. We suppose that comorbid

patients are assumed to recover more slowly than healthy patients by assuming that the value

of their symptom recovery rate ⌘̃ is half that of healthy patients, while other parameter values

are the same. In Figure 5.3 we fit the TS model to synthetic symptom score data from a

healthy and comorbid patient. In both cases, the TS model fits the data well. Moreover, the

estimated model parameters are shown to be identifiable and to localise in distinct regions

of parameter space (Figure 5.3 (b)-(c) and Table 5.3); the comorbid patient has a larger

symptom growth rate q while a lower infection rate b and symptom decay rate r, compared

to the healthy patient. This indicates that for this set of data, the TS model can distinguish

symptom dynamics in these two patient groups, with parameter values that lie in distinct

regions of parameter space.

87



Figure 5.3: The TS model (equations (5.11)–(5.12)) fitted to synthetic symptom score data
generated from the SD model for a healthy and comorbid patient. (a): Solid lines and shaded
regions indicate means and 95% CrIs of model trajectories based on the posterior distributions
of parameters. (b)-(c): Histograms and scatter plots of estimated parameter values of the TS
model for the healthy and comorbid patients. Normalised Frequency refers to the probability
of selecting an observation within that bin interval. The synthetic data were generated from
the SD model using the parameter values stated in Table 5.1 and the mean MCMC estimated
parameters in Table 5.2, with normally distributed noise added.

5.3.3 Forecasting symptom scores in real-time using the TS model

We have shown that the TS model can describe symptom score data accurately when the

entire infection is observed. We now attempt to predict future symptom scores, in real-

time, and update our forecasts as new data becomes available. First, we forecast a patient’s

symptom score in real-time, without using prior information about the symptom progression

from previous patients. Before the peak of symptoms, forecasts are uncertain, and it is di�cult

to predict when the peak will occur (Figure 5.4 (a)-(b)). At 3 days, just after the peak (Figure
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Parameter Mean 95% CrI
b 0.2741 [0.2313, 0.3210]
q 4.421 [4.223, 4.632]
r 0.7892 [0.6800, 0.9052]

(a): Healthy synthetic symptom score data.

Parameter Mean 95% CrI
b 0.1564 [0.1387, 0.1753]
q 5.033 [4.878, 5.195]
r 0.7426 [0.6696, 0.8185]

(b): Comorbid synthetic symptom score data.

Table 5.3: Mean and 95% CrIs of estimated parameters using MCMC parameter estimation
of the TS model fitted to synthetic symptom score data generated from the SD model for a
healthy and comorbid patient (Figure 5.3).

5.4 (c)-(d)), forecasts remain uncertain. While forecasts made at day 4 are more accurate as

demonstrated by the smaller DIC values (see Table D.1), they are less useful as the peak has

passed and symptoms are diminishing.

In order to investigate whether incorporating data from previous patients improves fore-

casting predictions, we generated synthetic data of the entire course of infection for 24 patients

(12 healthy and 12 comorbid shown explicitly in Figure D.3). We used these data to compute

informative priors by fitting the TS model to these data. In this case, the TS model can pre-

dict the future symptom scores of the new patients accurately, even before the peak of their

symptoms (Figure 5.5 (a)-(b)). As expected, precision and accuracy of forecasts improve as

more data are observed (Figure 5.5 (c)-(f) and Table D.1).
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Figure 5.4: Real-time forecasts obtained from the TS model of the symptom score dynamics
of a healthy and comorbid patient using no prior information from previous patients (i.e.
uninformative priors). Forecasts were made at days 2, 3, and 4 after infection, using the
observed data (black dots) up until those times to estimate model parameters. Dashed vertical
lines separate the calibration and forecasting periods. Other dashed lines indicate the mean
of the symptom score trajectories in the model calibration period. Solid lines and shaded
regions indicate the mean and 95% CrIs of the forecasts, based on the posterior distributions
of the parameters. The synthetic data were generated from the SD model using parameter
values stated in Tables 5.1 and 5.2, with normally distributed noise added. DIC values are
given in Table D.1.
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Figure 5.5: Real-time forecasts obtained from the TS model of the symptom score dynamics
of a healthy and comorbid patient using prior information of symptom scores from 24 previous
patients (i.e. informative priors are set on the fitting parameters b, q, and r). Forecasts were
made at days 2, 3, and 4 after infection, using the observed data up until those times to
estimate model parameters. Dashed vertical lines separate the calibration and forecasting
periods. Other dashed lines indicate the mean of the symptom score trajectories in the model
calibration period. Solid lines and shaded regions indicate the mean and 95% CrIs of the
forecasts, based on the posterior distributions of the parameters. The synthetic data were
generated from the SD model using parameter values stated in Tables 5.1 and 5.2, with
normally distributed noise added. DIC values are given in Table D.1.
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So far we have made forecasts using observed data from the beginning of the infection,

where the time of infection was known. However, patient data are often only collected later

in infection [406]. We now consider the scenario when the first symptom score datapoint is

observed at some unknown time t0 = 1, 2, or 3 days after infection respectively. We fit the TS

model to the observed data, now using t0 as a fitting parameter along with b, q, and r. As the

true value of t0 increases from 1 (Figure 5.6 (a)-(b)), to 2 (Figure 5.6 (c)-(d)), to 3 (Figure 5.6

(e)-(f)), the simulations made backwards in time from the time of the first observed datapoint

to the time of infection become more uncertain. If only data for after the peak are observed, it

is challenging to predict when the peak occurred and hence make forecasts of the unobserved

previous symptom dynamics. In each case though, as shown by the posterior distributions in

each panel, the true value of t0 falls well within the 95% CrIs of the distributions.

Following on, we next consider making real-time forecasts where the time of infection is

unknown. As before, we consider three cases where the true time of infection is 1, 2, and 3

days before the first observed datapoint. Now though, to investigate the capability of using

the model to make forecasts with limited data over a short time-span, we only observe three

datapoints over a period of one day. Thus this forecasting study is directly comparable to

Figure 5.5, the di↵erence here though being that we do not observe the initial data and do not

know the time of infection. As in Figure 5.5, we use synthetic symptom score data from 24

previous patients to inform forecasts. Despite only observing three datapoints, the TS model

accurately predicts the future course of the symptom dynamics (Figure 5.7), with the forecasts

only slightly less accurate than when the initial course of the infection was also observed (see

Figure 5.5 and Table D.1 for comparison of DIC values).
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Figure 5.6: The TS model fitted to the symptom score data of healthy and comorbid patients,
when the first symptom score datapoint is observed at some unknown time t0 after infection.
Data at earlier times are not observed (white dots); the model is fit to the observed data
(black dots), and t0, b, q, and r are fitting parameters. The posterior distributions of t0 are
shown within each panel, where the true values of t0 are 1 (a)-(b), 2 (c)-(d), and 3 days (e)-(f)
respectively, shown by vertical black lines. Solid lines and shaded regions indicate the mean
and 95% CrIs of model trajectories based on the posterior distributions of parameters. The
synthetic data were generated from the SD model using parameter values stated in Tables 5.1
and 5.2, with normally distributed noise added. DIC values are given in Table D.1.
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Figure 5.7: Real-time forecasts obtained from the TS model of the symptom score dynamics
of a healthy and comorbid patient where the time of infection is unknown. Prior information
of symptom scores from 24 previous patients is used (i.e. informative priors are set on the
fitting parameters b, q, and r). A non-negative uniform prior is set on the fitting parameter
t0. In each case, forecasts are made with three observed datapoints (black dots) to estimate
model parameters, where the true values of t0 are 1 (a)-(b), 2 (c)-(d), and 3 days (e)-(f)
respectively. Dashed vertical lines separate the calibration and forecasting periods. Other
dashed lines indicate the mean of the symptom score trajectories in the model calibration
period. Solid lines and shaded regions indicate the mean and 95% CrIs of the forecasts, based
on the posterior distributions of the parameters. The synthetic data were generated from
the SD model using parameter values stated in Tables 5.1 and 5.2, with normally distributed
noise added. DIC values are given in Table D.1.
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5.3.4 Fitting the TS model to symptom score data to classify patients

Finally, we determine whether the estimated parameter values of the TS model can be used

to classify patients as healthy or comorbid. As training data, we use the same synthetically

generated data of symptom scores from 12 healthy and 12 comorbid patients over 10 days as to

inform priors in Figures 5.5 and 5.7 (shown in Figure D.3). We assume that the classifications

(healthy or comorbid) of these 24 patients are known. We then observe ‘test’ symptom score

data for a new patient twice per day for up to 10 days. By fitting the TS model to the data

for the new patient, and comparing the parameter estimates to those of the previous healthy

and comorbid patients as detailed in Section 5.2.5, we predict whether the new patient is

healthy or comorbid. As each new symptom score datapoint for the patient is observed, the

classification can be updated by re-fitting the TS model.

In Figure 5.8 (a) we show simulations of symptom scores using the TS model for healthy

and comorbid patients, using parameter values estimated by fitting the model to the 12 ob-

served patients in each group. The large credible intervals are due to the di↵erences in symp-

tom scores between patients in the same group (see Figure D.3). Data for a new unclassified

patient is shown (black dots), and the model fitted to the patient presented in green. Scatter

plots comparing the healthy and comorbid parameter distributions are given in Figure 5.8

(b). In most cases, di↵erent regions of parameter space describe the two groups of patients,

although there is some overlap due to patient variability (for instance a healthy patient may

have a higher peak symptom score than a comorbid patient). Parameters relating to the new

patient are shown in green, where in this case the new patient is classified as being healthy.

We consider 100 new patients (50 healthy and 50 comorbid), and make classifications

every half day after having observed at least one day of data. In Figure 5.8 (c) we show the

percentage of patients that were classified correctly. Early on, at day one or two, the chance

of a correct classification is shown to be just only over 50% (random chance). After three

days, approximately when the peak symptom score occurs on average, almost 90% of patients

are classified correctly. Observing more data at later times does not significantly improve the

classification accuracy, with no changes in classification given after five or more days of data.

In total, 89 of 100 patients were classified correctly by using the parameters of the TS model,

showing that the TS model can distinguish well between di↵erent groups of patients. We note

that due to the variability in symptom score data in this synthetic study and the overlap in

symptom score dynamics between groups, achieving a more accurate classification percentage

would be challenging.

95



Figure 5.8: The TS model used to classify patients as healthy or comorbid. Prior symptom
scores from 12 healthy and 12 comorbid patients are observed as training data, and the symp-
tom score of a new patient is observed in real-time. The new patient is classified as healthy
or comorbid by comparing the posterior distributions of the TS model parameters fitted to
the data with the posterior distributions for the previously observed healthy and comorbid
patients. (a): The 95% CrIs of the model trajectories of the combined posterior parameters of
the previously observed healthy and comorbid patients, as well as the new patient data (black
dots) and the 95% CrIs of the TS model trajectories fitted to the new patient data. (b): A
scatter plot of the combined posterior distributions of the estimated parameters relating to
the previously observed healthy and comorbid patients and the posterior distributions of the
estimated parameters relating to the new patient. (c): The percentage of patients classified
correctly using the TS model parameter distributions as the number of days of observed data
are increased, for 100 di↵erent patients (50 healthy and 50 comorbid). The synthetic data
relating to all patients in this figure were generated from the SD model using parameter values
stated in Tables 5.1 and 5.2, with normally distributed noise added.

5.4 Discussion

Although making real-time forecasts is common when modelling the dynamics of an epidemic

at the population level, less attention has focused on forecasting host level symptoms. Ac-

curate forecasting of a patient’s symptoms can improve patient outcomes by informing treat-

ment, and may also impact control strategies during an epidemic, as symptom progression is

related to transmissibility [291]. In this chapter, we have combined the forecasting techniques

from Chapter 3 with the within-host models from Chapter 4 to address this gap. We have
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proposed a new model, the SD model, by extending the IR model to include a symptom score

variable.

By fitting this model to pooled human patient data of influenza infection viral load, the

innate immune response (cytokine levels), and symptom scores, we were able to estimate

values for the unknown fitting parameters �, p, ⌫, µ, ⌘, and !. We then used the SD model

to generate synthetic symptom score data for two sets of patient groups, healthy individuals,

and comorbid individuals who had higher peak symptom scores.

We adapted the TV model from Chapter 4 to formulate the TS model, in which symp-

tom scores are assumed to be proportional to viral load, which, in turn, is assumed to be

proportional to the number of infected cells. Thus, the TS model is analogous to the TV

model, but with the number of cells nondimensionalised and the symptom score variable, S,

replacing the viral load, V . We showed that the TS model can describe synthetic data from

the SD model. Further, its parameters are identifiable and di↵er in values between healthy

and comorbid patients. When using the TS model to generate forecasts in real-time without

prior information, accurate forecasts can only be made after the symptom scores have reached

their peak. When informed by previous patient data, forecasts are shown to be more accurate,

even during the early stages of an infection.

Symptom score data are typically self-reported. In the first few days of an infection,

individuals may not be aware that they are infected if their symptoms are mild, and thus,

may not record them. As such, the time of infection may not be known. We showed that if

the first datapoint is observed at some unknown time after the infection occurred, the original

time of infection can be estimated by fitting the TS model to the observed data and simulating

the model backwards in time. Further, real-time forecasts can be made, even when the time

of infection is unknown. Finally, by fitting the TS model to observed patient data, we were

able to correctly classify patients as healthy or comorbid based on the fitted values of their

model parameters.

As for the IR model in Chapter 4, the innate and adaptive immune responses are incorpo-

rated into the SD model by reducing the rates of viral production and clearance respectively.

Models in the literature have included additional terms relating to the killing of infected cells,

by Natural Killer cells and macrophages which form part of the innate immune response, and

T-cells which form part of the adaptive immune response [107, 172]. We have also assumed

explicitly that an increase in symptom severity is due to the innate immune response, while

there is evidence that symptoms may also be caused by the death of infected cells as well

as virions, and thus, the innate immune response may not be the only mechanism to con-

tribute to symptoms [327]. We have chosen to neglect these mechanisms in our model as

values for the corresponding parameters are not well known, and we do not have su�cient

data to determine them through model fitting. More experimental data, including studies of
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immunocompetent and immunocompromised hosts [189], would enable us to formulate mod-

els which capture these additional mechanisms, identify parameter values and, thereby, assess

the relative importance of each mechanism on the infection dynamics and symptoms.

We have considered a single measurable variable in this study, the symptom score. Symp-

tom scores can be subdivided into systemic and respiratory symptoms. Following Canini

et al. [57], in future work we could formulate a symptom dynamics model which outputs both

symptom scores. Further model outputs such as temperature or nasal discharge weight, which

have been used as measures of disease severity [120, 162], could also be incorporated into the

symptom dynamics modelling framework described here. A forecasting model which extends

the TS model to account for these quantities could then be formulated and used to investigate

which data are most informative for making predictions, and to establish whether additional

model complexity and additional data improve forecast accuracy.

One advantage of using output metrics such as self-reported symptom scores, is that

collecting these data does not require medical professionals or resources that may only be

available in hospitals or clinics. However, the disadvantage is that self-reported scores are

inherently subjective, especially when reported outside of a clinical setting. What one indi-

vidual may deem to be a severe symptom may be considered mild by another. Establishing

clear distinctions for di↵erent symptom score levels where possible may help, although there

will always be uncertainty in the data. Thus, having a large dataset is important. An example

of a study in which time series data were collected on a large scale is the COVID Symptom

Study, where over 4 million individuals in the UK and US used a mobile application to record

their COVID-19 symptoms [248]. A model coupled to such data could enable individuals who

record their symptoms to have updated real-time forecasts of their predicted disease evolu-

tion, and potentially be alerted if high symptom scores are predicted in future based on their

initial data. However, for this to be clinically useful, the relationship between self-reported

symptoms and disease severity would need be established to ensure that symptom thresholds

are aligned with specific states of disease severity. A model could also be used to guide treat-

ment. For this to be e↵ective though, accurate forecasts may need to be attainable during

early stages of the infection [205].

While non-complicated influenza infections are short-lived (on the order of one week), the

methodology used in this chapter could be extended to other viral infections which occur

over longer time-scales such as Hepatitis C [310]. For longer-term infections, forecasts may

be more useful as they could be made many days or weeks before peak symptom severity.

As well as forecasting the entire symptom score progression, the TS model could also be

used to predict scalar quantities such as the duration of infectiousness and peak symptom

scores. If su�cient data were available on previous patients, this could be used to train

models and improve predictions for subsequent individuals and to estimate the likelihood of

hospitalisations, severe disease, or mortality.
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Medical data are often noisy, partially observed, and sampled infrequently or at uneven

intervals. Future work could explore the accuracy of TS model forecasts where measurement

noise levels, sampling intervals, and the numbers of prior patient symptom scores are varied.

The findings of such a study could also be validated with real-world data to establish whether

the TS model can make accurate forecasts with more irregular data. As the methods in this

study may be widely applicable to a range of scenarios, this does not necessarily have to be

done using influenza data or even symptom scores, but some measure of disease severity for

any relevant viral disease such as COVID-19 [108].

We have used an ordinary di↵erential equation model to make forecasts. Supervised and

unsupervised machine learning progression models could also be used [257, 262, 354, 381].

It would be interesting to compare machine learning forecasts to ODE model forecasts. An

advantage of an ODE model is that prior parameter distributions to inform forecasts can

be estimated from the symptom scores of a single patient, while machine learning models

typically require a large amount of training data. As noted in Chapter 4, a further advantage

of using a mechanistic model such as the TS model is that it is based on an infection process,

and hence, its parameters are interpretable. One of its disadvantages though is that it can

only describe symptoms which increase to a single peak and then decay. While this describes

most primary influenza infections, as discussed in Chapter 4, more complex models would be

needed to describe dynamics which resurge.

We considered two groups of patients, healthy and comorbid, and accounted for intra-

group variability by assuming that model parameters from each group are drawn from a

distribution. This work could be extended to consider multiple patient groups, for instance

groups with specific comorbidities (e.g. COPD or diabetes) where individuals in the di↵erent

comorbid groups exhibit di↵erent dynamics. As we have demonstrated using synthetic data,

the TS model has the potential to be used to classify patients based on the distributions of

its parameters. Often, especially in developing countries, comorbidities are not diagnosed,

so individuals may be unaware that they have underlying health conditions [340]. If reliable

classification is possible, by discovering that a patient’s symptoms align with the symptoms

of those with comorbidities, they could be referred for further testing.

In this chapter, we have used an ODE model to make real-time forecasts of influenza

symptom scores. We generated synthetic data from a symptom dynamics model which ex-

plicitly describes the innate and adaptive immune responses, and then showed that a simpler

two-variable model can accurately generate real-time forecasts of symptom scores and classify

patients into di↵erent groups. Although there is significant scope for future work, in particular

validating the TS model with real-world data to determine its utility in a clinical setting, we

have shown that the model has the potential to make predictions about a patient’s symptom

progression.
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Chapter 6

Discussion

6.1 Introduction

Infectious diseases are a leading cause of mortality worldwide [352]. The COVID-19 pandemic

has, thus far, claimed the lives of over three million people [390], and influenza epidemics have

caused millions of deaths around the world and the disease remains a global burden [389].

Increased understanding of infectious disease dynamics is important for developing e↵ective

strategies to fight and control these diseases. Mathematical modelling is a valuable tool which

can help in this quest.

In this thesis, we have considered mathematical models at the population and host scales,

focusing on influenza viruses and SARS-CoV-2. In each of Chapters 2–5, we have sought

to address a specific epidemiological modelling question. As such, our work is relevant to

modellers and public health o�cials concerned with understanding and controlling epidemics

at the population scale (Chapters 2 and 3), and experimentalists and medical professionals

concerned with understanding and treating infection dynamics at a patient level (Chapters

4 and 5). Although each chapter represents a self-contained piece of work, they address

common themes in terms of investigating which models should be used to make projections

and assessing how more accurate forecasts can be made in heterogeneous populations.

6.2 Summary of results

In Chapter 2, we sought to assess the risk of an outbreak occurring in populations charac-

terised by low case prevalence, no non-pharmaceutical interventions, and ongoing vaccination

programmes. Using SARS-CoV-2 in the Isle of Man and Israel as case studies, we used four

metrics to quantify the risk of an outbreak, under the assumption that infections can be

described via a branching process model in the initial stages of a possible outbreak. We calcu-

lated the temporal changes in the outbreak risk as vaccinations take place and illustrated how

vaccinations can lead to a significant drop in the potential for virus transmission. We showed

that, if the Instantaneous Outbreak Risk metric is used (the IOR considers the reproduction

number at a single point in time), then the risk of an outbreak is overestimated, as future
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vaccinations are neglected. By contrast, the Numerical Outbreak Risk calculates the risk in

a population with varying infection susceptibility due to ongoing vaccinations. The NOR can

be computed without having to perform multiple simulations of the branching process model.

In the two geographical regions we considered, we found that even when vaccine rollouts are

complete, the risk of an imported case causing an outbreak will not be entirely eliminated.

Therefore, to reduce the risk of local outbreaks, it may be necessary to continue monitor-

ing inbound passengers for infection. If infections are detected, contact tracing and isolation

strategies can then be used to prevent substantial local transmission.

In Chapter 3, we investigated the importance of accounting for cross-immunity when fore-

casting influenza epidemics. We considered two mathematical models that describe influenza

transmission; a 2-group model which distinguishes immunologically naive and cross-immune

individuals, and a 1-group model which assumes a homogeneous population. We parame-

terised each model using case data from the 2009 H1N1 influenza epidemic in Japan, and

then used the models to predict the epidemic dynamics caused by an antigenically related

strain occurring at a future date. If no prior knowledge about the values of the unknown

model parameters is assumed, then predictions of the future dynamics of both models are

uncertain. If we neglect cross-immunity (and use the 1-group model), then the epidemic

dynamics are identical to those from 2009, regardless of when the future epidemic occurs.

We then used knowledge of parameters from the 2009 epidemic to inform our forecasts

which were also updated using synthetic real-time case notification data. We found that the

1-group model only produces accurate forecasts once the peak of the epidemic has passed.

By contrast, the 2-group model generates accurate forecasts, even early during the outbreak.

We conclude that cross-immunity should be included in models used to forecast the long-term

dynamics of influenza epidemics, and that data from previous related epidemics caused by

antigenically related strains should also be taken into account.

In Chapter 4, we modelled the within-host dynamics of influenza. We considered three

mathematical models: the IR model which explicitly describes the host immune responses,

and the target-cell limited TEIV and TV models, which do not. We showed, via structural and

practical identifiability analyses, that parameter identification is possible. We then fitted the

IR model to experimental data from immunocompetent and immunosuppressed mice. We also

generated synthetic viral load data using the IR model, and showed that the TV model can

reproduce these data and, furthermore, that the TV model should be preferred over the TEIV

model since it has fewer parameters and equivalent model flexibility. This study demonstrates

that the TV model can be used to describe the viral load dynamics in (hypothetical) patient

groups that di↵er in the strength of their immune response. Our analysis also reveals a

relationship between the parameters of the TV and IR models, when the TV model is fitted

to synthetic data generated from the IR model.
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Finally in Chapter 5, we extended the IR model from Chapter 4 to include a symptom score

variable to describe the severity of symptoms in patients, thus formulating the SD model. We

fitted the SD model to pooled experimental time series data describing the viral load, innate

immune response, and symptom scores in influenza-infected patients. We then generated

synthetic symptom score data for two patient groups; healthy individuals, and comorbid

individuals, the latter characterised by higher peak symptom scores. We adapted the TV

model from Chapter 4, to formulate the two-variable TS model, in which it is implied that

symptom severity is proportional to viral load. We showed that the TS model can reproduce

the synthetically generated data from the SD model, that its parameters are identifiable, and

that they di↵er in value between healthy and comorbid patients. We conclude that the TS

model may be able to distinguish between patient groups.

When the TS model is informed by previous patient data, it accurately forecasts synthetic

symptom scores during early stages of the infection. In practice, however, the initial time of

infection may not be known. We showed that, in such situations, the original time of infection

can be estimated by fitting the TS model to the observed data and simulating backwards in

time. Further, real-time forecasts can be made when the time of infection is unknown. Finally,

by fitting the TS model to observed patient data, we were able to classify patients as healthy

or comorbid based on the estimated model parameter values. The work in Chapters 4 and 5

also provided insight into within-host disease forecasting for our industrial partner, and the

models developed may be built upon for wider clinical use.

6.3 Model complexity and incorporating immunity

In Chapter 2, we investigated which metrics should be used when calculating the risk of an

outbreak given imported cases, and in Chapters 3–5, we investigated which models should be

used for forecasting epidemic and within-host dynamics respectively. Thus, a key theme in

this thesis is investigating which approach should be used to make the most accurate possible

projections of future dynamics. A variety of model types can be used for infectious disease

forecasting, including ordinary di↵erential equations [329], stochastic branching processes [10],

agent-based models [174], and machine learning approaches [405]. The level of epidemiological

detail included in a model varies greatly depending on the available data and the problems

being addressed. Early in an outbreak caused by a novel pathogen, lack of data may mean

that simple models which assume population homogeneity may be preferred when making

projections [191], while more detailed models may be appropriate at later times, as more epi-

demiological parameter values are quantified [16]. Many di↵erent modelling approaches have

been used to forecast the COVID-19 pandemic, and an important yet di�cult question is to

determine which approach is best suited for a specific problem as di↵erent models may gener-

ate di↵erent projections [324]. During the early stages of an outbreak, it may be challenging

to determine which model forecasts are accurate [74]. To address this, ‘ensemble’ models have
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been proposed which combine forecasts from multiple mathematical and statistical models

into a single forecast to improve robustness [317, 392].

An overarching theme of this thesis was to investigate whether it is necessary to explicitly

incorporate immunity into mathematical models of viral infectious diseases. In practice, pop-

ulation level immunity increases following vaccination. In Chapter 2, we demonstrated the

importance of accounting for the future increased immunity due to vaccinations to accurately

predict the likelihood of an outbreak occurring. In a similar manner, in Chapter 3, we consid-

ered a scenario where population level immunity wanes over time due to births and deaths,

and showed that accounting for changes in immunity increases the accuracy of forecasts of

the dynamics of a future epidemic. In both population level studies, accounting for immunity

was important for generating accurate projections.

By contrast, in Chapters 4 and 5, we showed that in the context of within-host modelling,

the simpler TV and TS models can reproduce viral load and symptom score data generated

by the more complex IR and SD models. Hence, the immune response does not need to be

included in within-host models to reproduce these quantities in these scenarios when the viral

load or symptom score grow to a single peak and then decay. The parameter values of the

simple models can be varied to represent hosts which have di↵ering immune responses.

However, in the within-host modelling studies, we only considered partially observed data,

with a single model output when we fitted the TV and TS models to the synthetic data. In

future work, it would be interesting to consider situations in which more than one model

output is observed (for example, viral load and symptom scores, or alternatively, the fraction

of dead cells, viral load, and symptom scores). It might then be necessary to incorporate

di↵erent aspects of the immune response. Clearly, the level of detail included in a model

should relate to the available data and the problem of interest.

In Chapter 3, we assumed that individuals previously infected with a similar influenza

strain only su↵ered from mild disease, and that naive individuals su↵ered from severe disease.

In Chapter 2, we assumed that being vaccinated reduced susceptibility to SARS-CoV-2. Other

studies have indicated that immunity, through prior infection or vaccination, may also reduce

infectiousness [157]. As of June 2021, ongoing work is investigating the e↵ects of immunity

and vaccinations on the spread of SARS-CoV-2 and outcomes of COVID-19 [48, 84]. Once

this is understood, it could inform future work on predicting the likelihood of outbreaks in

vaccinated or previously infected populations.

With a number of circulating variants, multiple prior waves, and di↵erent vaccines, there

is a heterogeneous immunological landscape within the global population. An important

question is what level of granularity is needed in mathematical models to accurately forecast

the future dynamics of the COVID-19 pandemic. For instance, is it necessary to account for

di↵erent vaccines with di↵erent e�cacies, di↵erent variants with di↵erent transmission rates,

and waning immunity from di↵erent waves in a mathematical model to make an accurate
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projection? Or will assuming ‘average’ values and a homogeneous population su�ce in certain

scenarios? By comparing forecasts generated from models of di↵erent complexities and using

synthetic data, as we did in Chapter 3, it should be possible to shed light on the problem of

model complexity in the context of the COVID-19 pandemic.

6.4 Areas for future research

In this thesis, we have investigated a range of problems at the population and within-host

scales. However, the mathematical methods and models used at each scale are similar. For

example, in Chapter 3, we made real-time forecasts, and showed that, without prior data

from a previous epidemic, forecasts were uncertain. However, with prior data, we were able to

make accurate projections. Similarly, in Chapter 5, we showed that making accurate real-time

forecasts of symptom dynamics requires previous patient data.

Future work could combine within-host and population level forecasts using multi-scale

models [68, 135, 266]. At a population scale, we track the number of cases, hospitalisations,

and deaths to inform control measures and to assess the spread of the pathogen. However,

these predictions require knowledge of the infection at a host level; the length of the latent

period, the duration of infection, and the probability of severe disease. A better understand-

ing of within-host dynamics could improve forecasts and enable more informed decisions to

be made at the population level [158]. Further, observing more patients at a host level in-

creases the knowledge of the distributions of population level parameters. Additionally, model

structure and complexity can be informed by observing patient level data as the appropriate

heterogeneities can then be included in population level models.

By collecting data at a within-host level we can build more sophisticated epidemic models,

in which, for instance, the infectiousness profiles are known accurately for groups of hosts

with di↵erent epidemiological characteristics. Within-host models could be parameterised

using patient level data and coarse-grained into a population model to make more accurate

forecasts [275]. An open question is whether full multi-scale models which explicitly describe

the epidemiological mechanisms at a host level are needed, or whether simply understanding

within-host dynamics to obtain parameter values for population scale models is su�cient.

By varying the parameters related to the immune response in a within-host model, we could

investigate how this a↵ects symptom scores, the duration of infection, and infectiousness, and

feed this information into a population scale model. Thus, being able to forecast within-host

dynamics more accurately could lead to improved forecasts of population level dynamics.

Surveillance is key early in an outbreak, for making informed predictions and optimising

interventions [365]. Although it is impractical to measure viral load or aspects of the immune

response, such as cytokine and antibody levels in patients at a large scale (due to the resources

required), the majority of patients can track their own symptoms. This has been done for

COVID-19, with millions of individuals recording their symptoms using a mobile app [248].
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If patients track their symptoms, then variability in disease progression between and within

groups of patients sharing epidemiological characteristics can be assessed. As stated previ-

ously, this will also aid population modelling e↵orts, as it can inform the level of heterogeneity

that should be included in models and facilitate parameter estimation.

The evolution of an epidemic in a population and the dynamics of viral disease progres-

sion within a host are intrinsically complex processes. Models represent these processes by

classifying individuals and cells respectively into di↵erent states, with the transition between

states determined by epidemiological and immunological parameters. Models require a mul-

titude of parameter estimates which are each subject to uncertainty [401]. As we have done

throughout this thesis, we have examined uncertainty by producing multiple realisations of

model simulations under di↵erent parameter sets, showing credible intervals for forecasts.

However, for tractability, we have made assumptions about certain parameter values which

could be relaxed to explore uncertainty in forecasts further. For example, future work could

consider uncertainty in the latent and infectious periods of infected individuals in Chapter 3,

and analogously the latent and infectious periods of infected cells in Chapters 4 and 5.

We could extend the work in this thesis to model the infection dynamics of di↵erent strains

of influenza [293] and SARS-CoV-2 [218]. At a host level, if su�cient data were available,

through model fitting and parameter estimation, we could elucidate the epidemiological mech-

anisms that cause di↵erent infection kinetics for di↵erent strains, for instance, determining if

the viral production rate is greater for one strain compared to another. Moreover, we could in-

vestigate whether the simple TV and TS models can reproduce the dynamics of hosts infected

with di↵erent strains, as was done for di↵erent groups of hosts with di↵erent epidemiological

characteristics. In Chapter 2, we considered two di↵erent strains of SARS-CoV-2 with di↵er-

ent levels of transmissibility. If newer strains were to emerge, then we could use the same the

methodology to assess the risk of an outbreak caused by these novel strains.

Future work could build upon the models used in this thesis and identify whether it is nec-

essary to incorporate age-structure, a common heterogeneity considered in infectious disease

modelling [73, 364]. In Chapter 3, we modelled a future epidemic caused by a hypothetical

strain of influenza antigenically related to the 2009 H1N1 variant. We could also consider

epidemics caused by di↵erent subtypes and investigate whether an age-structured model is re-

quired to make accurate forecasts for each subtype. Models which distinguish between groups

of individuals based on their age may be required because di↵erent subtypes have been the

dominant circulating strain at di↵erent periods of time over the past century; H1N1 1918–

1957, H2N2 1957–1968, H3N2 1968–2015 [139]. Hence, di↵erent generations of people have

varying levels of protection against these subtypes as an individual’s first influenza infection

confers lifelong protection against subtypes of the same phylogenetic group. Similarly, we

could incorporate age-structure into the branching process infection model used in Chapter

2 as there is evidence that susceptibility to infection depends on age [84]. This ties in with
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the work in Chapter 4, where we considered a group of elderly patients who exhibited di↵er-

ent infection viral dynamics and assumed that their immune responses di↵ered from those of

younger patients.

The models used in this thesis are tied to real-world data. The IR and SD models in

Chapters 4 and 5 explicitly modelled the kinetics of cytokines and antibodies. However, there

are many other aspects of the immune system that could be considered, including cellular

components such as Natural Killer cells and T-cells. Host level modelling is currently limited

by the lack of data. By working together, experimentalists and modellers have the potential

to develop a better understanding of how the immune system responds to viral infection,

and heterogeneity in the immune response between di↵erent hosts [343]. In Chapter 3, at a

population level, the data we considered were of the number of individuals who su↵ered from

severe disease. It would be interesting to investigate whether the conclusions of this chapter

still hold if we also forecast the total number of cases or only mild cases [38]. This would

require additional data collected through heightened surveillance and reporting. We could also

incorporate more information about the specific vaccines administered to di↵erent individuals

into the methodology in Chapter 2. This may also tie in with using an age-structured model,

as in some countries the type of vaccine administered is age-dependent [236].

Whilst in each of Chapters 2–5 we focused on either SARS-CoV-2 or the influenza virus,

our results and methodologies may be applicable to both pathogens. In Chapter 2, we in-

vestigated the spread of SARS-CoV-2 in Israel and the Isle of Man, two regions with high

vaccination rates. We showed that importation of a case may still result in an outbreak,

especially for more transmissible variants. So, even if all eligible individuals in a population

are vaccinated, localised outbreaks may still occur. It is likely that SARS-CoV-2 will con-

tinue to spread in many regions of the world for the foreseeable future [206], with new strains

constantly emerging, and large mutations in the virus potentially resulting in strains which

may cause new localised epidemics [54]. In that case, the work in Chapter 3 may be relevant

to modelling SARS-CoV-2, as it could be necessary to explicitly account for cross-immunity

between coronavirus strains when forecasting epidemics. Moreover, although in Chapters 4

and 5 we have considered the host level dynamics of influenza, we could adapt these models to

describe the dynamics of SARS-CoV-2 infection [205]. We could investigate whether simple

models can describe SARS-CoV-2 infection dynamics in patients with di↵erent characteristics

and furthermore in hosts infected with di↵erent strains of the virus.

6.5 Concluding remarks

Mathematical modelling has a key role to play in understanding and combatting infectious

disease epidemics. This has been highlighted in the past 18 months during the COVID-19

pandemic. Although the pandemic is starting to be suppressed in many regions of the world,

it will continue to cause disease burden, and its secondary e↵ects will be felt for years to

106



come. Future outbreaks may occur, even in regions where SARS-CoV-2 has been controlled,

and COVID-19 may become endemic, in a similar manner to influenza [370].

Being able to predict epidemic dynamics enables public health o�cials to prepare inter-

ventions and reduce disease burden. Similarly, being able to predict the disease progression of

patients already infected at a host level can result in more e↵ective treatment and care. Thus,

forecasting at the population and within-host levels go hand-in-hand in reducing morbidity

and mortality. The work in this thesis has provided insights into the level of model complexity

needed to describe infectious disease dynamics and make more accurate projections. We hope

that the approaches described here will be developed further and applied during a range of

future epidemics.
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Appendix A

Appendix to Chapter 2

A.1 The e↵ect of the assumed vaccine uptake on the outbreak
risk

Figure A.1: The e↵ect of the assumed vaccine uptake on the outbreak risk. (a): Isle of
Man - A reproduction of Figure 2.3 (b) in the main text, with vaccine uptake ⌫ = 0.8. (b):
Analogous panel to Figure 2.3 (b) in the main text, but with vaccine uptake ⌫ = 0.9. (c):
Analogous panel to Figure 2.3 (b) in the main text, but with vaccine uptake ⌫ = 0.95. (d):
Israel - Analogous panel to Figure 2.3 (d) in the main text, but with vaccine uptake ⌫ = 0.8.
(e): Analogous panel to Figure 2.3 (d) in the main text, but with vaccine uptake ⌫ = 0.9. (f):
Analogous panel to Figure 2.3 (d) in the main text, but with vaccine uptake ⌫ = 0.95. Ticks
on the x-axes refer to the starts of the months labelled.
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A.2 The e↵ect of immunity due to prior infections on the out-
break risk

Figure A.2: The e↵ect of immunity due to prior infections on the outbreak risk. (a): Isle of
Man - Analogous panel to Figure 2.3 (b) in the main text, but with R0 reduced by 1.4% (an
approximation of the proportion of the population that had been infected before 1st May 2021,
based on 1,154 confirmed cases out of a population of N = 84, 500). (b): Israel - Analogous
panel to Figure 2.3 (d) in the main text, but with R0 reduced by 9.6% (an approximation
of the proportion of the population that had been infected before 1st May 2021, based on
838,000 confirmed cases out of a population of N = 8, 772, 800). Ticks on the x-axes refer to
the starts of the months labelled.
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A.3 The e↵ect of the assumed e↵ectiveness of two vaccine
doses on the outbreak risk

Figure A.3: The e↵ect of the assumed e↵ectiveness of two vaccine doses on the outbreak risk.
(a): Isle of Man - Analogous panel to Figure 2.3 (b) in the main text, but with ⌘2 = 0.65.
(b): Analogous panel to Figure 2.3 (b) in the main text, but with ⌘2 = 0.95. (c): Israel -
Analogous panel to Figure 2.3 (d) in the main text, but with ⌘2 = 0.65. (d): Analogous panel
to Figure 2.3 (d) in the main text, but with ⌘2 = 0.95. Ticks on the x-axes refer to the starts
of the months labelled.
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A.4 Sensitivity analysis of the outbreak risk to model param-
eters

Figure A.4: Sensitivity analysis of the outbreak risk to model parameters. The final outbreak
risk after the vaccination rollout has been completed in Israel as (a): the reproduction number
in a fully naive population, R0, and the fraction of population previously infected, ✓, are varied,
and (b): the susceptibility reduction of two vaccine doses, ⌘2, and the vaccine uptake, ⌫, are
varied. Fixed parameter values are ⌘2 = 0.85 and ⌫ = 0.7 in (a), and R0 = 5 and ✓ = 0 in
(b).

A.5 Individual level variation in SARS-CoV-2 transmission

Under the simple model of SARS-CoV-2 transmission considered in the main text, infected

individuals are infectious for an exponentially distributed period of time (with mean 1/µ days)

and generate new infections at rate �(1�⇤ (t)) per day. Using this model, we found that the

risk of outbreaks is likely to be greater than zero in low prevalence settings when NPIs are

removed, even following vaccination programmes in which significant numbers of individuals

are fully vaccinated. Here, we test the robustness of this conclusion to the assumed level of

heterogeneity in transmission between di↵erent infected individuals.

In the analysis in the main text, when vaccination programmes are completed, the o↵spring

distribution (the number of infections generated by each infected individual) follows a geomet-

ric distribution with mean RV (t) = �(1�⌘2�)
µ

(we denote this final value of RV (t) = �(1�⌘2�)
µ

by RV for the remainder of this section). Since virus transmissibility is then constant in

future, the IOR is appropriate for assessing the risk of outbreaks.

In reality, however, there is significant variation in the number of infections generated

by di↵erent infected individuals. The potential that superspreading events occur leads to a

longer tailed o↵spring distribution than that of a geometric distribution. To allow for this in

epidemiological models, a negative binomial distribution can be used instead of a geometric

distribution to characterise the o↵spring distribution.
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Here, we explore the outbreak risk at the end of the vaccination programmes in the Isle of

Man and Israel using a negative binomial o↵spring distribution. Specifically, the probability

that an infected individual generates x secondary cases is given by

P (X = x) =
� (k + x)

x!� (k)

✓
RV

RV + k

◆
x
✓
1 +

RV

k

◆�k

, (A.1)

where k is the dispersion parameter [228]. When k = 1, this is equivalent to the geometric

distribution assumed in the main text, but when k < 1 then there is more individual level

variation in transmission (i.e. a higher potential for superspreading).

Under this more complex transmission model, the probability that an infected individual,

introduced into the population at any time following the vaccination programme, initiates an

outbreak driven by sustained local transmission, is given by

IOR = 1� q, (A.2)

where q is the minimal non-negative solution of

q =

✓
1 +

RV (1� q)

k

◆�k

, (A.3)

as described by Lloyd-Smith et al. [228] and Nishiura et al. [279]. As noted above, when the

dispersion parameter k = 1, then the o↵spring distribution is geometric, in which case the

IOR is given by the expression in equation (2.6) (with RV (t) = RV , since the vaccination

programme is assumed to be completed).

We estimated the IOR at the ends of vaccination campaigns in the Isle of Man and Israel

for di↵erent values of the dispersion parameter, k (Figure A.5). As in the main text, we

considered two scenarios corresponding to di↵erent mean R0 values (these values are R0 = 3

and R0 = 5). Blue dots in Figure A.5 correspond to k = 1 (so that the IOR matches the

IOR values at the ends of the vaccination programmes in the corresponding panels of Figure

2.3 in the main text), and red dots in Figure A.5 correspond to k = 0.1 (which is line with

published estimates of k for SARS-CoV-2 transmission [105]).

In each scenario, the IOR once vaccination programmes are completed is greater than

zero for realistic values of the dispersion parameter, k. The IOR is particularly large in the

scenarios in which the mean value of R0 = 5. We expect these scenarios to reflect the current

and future risks most accurately, due to the emergence of variants that are more transmissible

than the original SARS-CoV-2 virus. The results in Figure A.5 support our main conclusion

that the risk of outbreaks in low prevalence settings (in the absence on NPIs) is unlikely to be

eliminated by vaccination. Surveillance strategies that aim to find infected inbound travellers

in locations with low infection prevalence are of clear importance, even once vaccination

programmes are completed.
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Figure A.5: The e↵ect of individual level variation in transmission between di↵erent infected
individuals (determined by the dispersion parameter, k, of the negative binomial o↵spring
distribution) on the IOR following the completion of the vaccination programmes. (a): Isle
of Man, with mean R0 = 3 at the beginning of the vaccination programme (as in Figure 2.3
(a) in the main text). (b): Isle of Man, with mean R0 = 5 at the beginning of the vaccination
programme (as in Figure 2.3 (b) in the main text). (c): Israel, with mean R0 = 3 at the
beginning of the vaccination programme (as in Figure 2.3 (c) in the main text). (d): Israel,
with mean R0 = 5 at the beginning of the vaccination programme (as in Figure 2.3 (d) in the
main text). Blue dots correspond to k = 1 (the underlying assumption of the simple branching
process model used in the main text) and red dots correspond to k = 0.1 (as estimated for
SARS-CoV-2 transmission in [105], although larger values of k have been estimated in some
studies [3, 5]). The values of other parameters are given in Table 2.1 in the main text.
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Appendix B

Appendix to Chapter 3

B.1 Sensitivity analysis: latent and infectious periods

In the 1-group and 2-group models, the parameter values relating to the latent and infectious

periods are taken from the literature [112, 373]. However, these are only estimates, and

therefore it is instructive to carry out a sensitivity analysis by simulating the models with

di↵erent parameter values and seeing the e↵ects on the epidemic dynamics. We show results

of this sensitivity analysis in Figure B.1.

Figure B.1: Sensitivity analysis of the latent and infectious period parameters in the 1-group
and 2-group models. (a)-(b): Simulations of the 1-group model with varied  and µ. (c)-(e):
Simulations of the 2-group model with varied , µI , and µN . In each case, all other parameters
values remain fixed and are given in Table 3.1.
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B.2 Sensitivity analysis: the cross-immune fraction

Based on data describing the proportion of individuals who sought medical attention, we

assumed that the cross-immune fraction of the population during the 2009 epidemic was

⌫ = 0.3149. To verify that the conclusions obtained in this study are robust to the assumed

value of ⌫, here we show the primary results of the study with ⌫ = 0.5 ⇥ 0.3149 = 0.1575

and ⌫ = 2 ⇥ 0.3149 = 0.6298. Using these di↵erent values of ⌫, we estimate di↵erent values

of � and N when fitting the 2-group model to data from Japan from the 2009 epidemic, and

hence the future epidemic 25 years later is predicted to vary in size. Forecasts made in week

10 of the future epidemic with no prior information, in advance at week 0, and in week 10

with prior information from the 2009 epidemic, in these two di↵erent scenarios, are presented

in Figures B.2 and B.3. In these cases, accounting for cross-immunity by using the 2-group

model still results in more accurate forecasts compared to when the 1-group model is used,

and thus the qualitative conclusions of our study are robust to the assumed value of ⌫.
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(a) 1-group model: week 10 (no prior) (b) 2-group model: week 10 (no prior)

(c) 1-group model: week 0 (prior) (d) 2-group model: week 0 (prior)

(e) 1-group model: week 10 (prior) (f) 2-group model: week 10 (prior)

Figure B.2: The primary results of the study, repeated with half the value of the cross-immune
fraction ⌫ at the beginning of the 2009 epidemic compared to the value assumed in the main
text (⌫ = 0.5 ⇥ 0.3149 = 0.1575). Forecasts obtained using the 1-group and 2-group models
of a future epidemic occurring 25 years after the 2009 epidemic. Forecasts are generated in
three scenarios. (a)-(b): Forecasts generated in week 10 of the future epidemic, with no prior
information about the fitting parameters. (c)-(d): Forecasts generated at the start of the
future epidemic, with parameters based on the model fits to data from the 2009 epidemic.
(e)-(f): Forecasts generated in week 10 of the future epidemic, with priors of the fitting
parameters based on the model fits to data from the 2009 epidemic.
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(a) 1-group model: week 10 (no prior) (b) 2-group model: week 10 (no prior)

(c) 1-group model: week 0 (prior) (d) 2-group model: week 0 (prior)

(e) 1-group model: week 10 (prior) (f) 2-group model: week 10 (prior)

Figure B.3: The primary results of the study, repeated with double the value of the cross-
immune fraction ⌫ at the beginning of the 2009 epidemic compared to the value assumed
in the main text (⌫ = 2 ⇥ 0.3149 = 0.6298). Forecasts obtained using the 1-group and 2-
group models of a future epidemic occurring 25 years after the 2009 epidemic. Forecasts are
generated in three scenarios. (a)-(b): Forecasts generated in week 10 of the future epidemic,
with no prior information about the fitting parameters. (c)-(d): Forecasts generated at the
start of the future epidemic, with parameters based on the model fits to data from the 2009
epidemic. (e)-(f): Forecasts generated in week 10 of the future epidemic, with priors of the
fitting parameters based on the model fits to data from the 2009 epidemic.
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B.3 Calculation of R0 for the 2-group model

Following Diekmann et al. [89] and van den Driessche and Watmough [374], we use the

next generation matrix approach to calculate R0 for the 2-group model. Defining x =

(EI , II , EN , IN )T and y = (SI , SN )T , then using equations (3.7)-(3.14), we can write the

following subsystem

ẋ = F(x,y)� V(x,y). (B.1)

We note that
@Fi

@yj
(0,y0) =

@Vi

@yj
(0,y0) = 0, (B.2)

where y0 = (⌫N, (1 � ⌫)N)T is the disease-free equilibrium. Thus, the linearized equations

for x are given by

ẋ = (F � V )x, (B.3)

where F and V have entries

Fij =
@Fi

@xj
(0,y0), Vij =

@Vi

@xj
(0,y0), (B.4)

which are given explicitly by

F =

0

BB@

0 �⌫ 0 �⌫
0 0 0 0
0 �(1� ⌫) 0 �(1� ⌫)
0 0 0 0

1

CCA , V =

0

BB@

 0 0 0
� µI 0 0
0 0  0
0 0 � µN

1

CCA . (B.5)

Hence, the next generation matrix K = FV �1 is given by

K =

0

BB@

�⌫/µI �⌫/µI �⌫/µN �⌫/µN

0 0 0 0
�(1� ⌫)/µI �(1� ⌫)/µI �(1� ⌫)/µN �(1� ⌫)/µN

0 0 0 0

1

CCA . (B.6)

The basic reproduction number R0 is the spectral radius of K, which is equal to

R0 =
�⌫

µI

+
�(1� ⌫)

µN

. (B.7)
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B.4 Residual analysis of models fitted to the 2009 epidemic

There may be situations in which the assumptions of a model underlying any parameter

estimation framework are violated. For instance, the amplitude of the noise in the data

may scale di↵erently compared to the corresponding assumption in the model. Incorrect

assumptions may not be immediately apparent when observing the fitted models and data.

However, to look for any systematic deviations between the fitted models and data, we can

carry out a residual analysis, plotting the residuals (the scaled di↵erences between the model

values and observed data) against time and the model values [76].

In Figure B.4 we plot the residuals, as calculated by equation (B.13) of the 1-group and

2-group models with least squares estimated parameters (see Appendix B.5), fitted to data

from the 2009 H1N1 influenza epidemic in Japan, against the model values (number of cases)

and time. There are no trends or any discernible patterns in any panel in Figure B.4, which

suggests that it is reasonable to assume that the noise in the observed data of the number of

cases scales with the square root of the size of the data.

(a) 1-group model (b) 1-group model

(c) 2-group model (d) 2-group model

Figure B.4: Residuals of the 1-group and 2-group models fitted to data from the 2009 H1N1 in-
fluenza epidemic in Japan, with least squares estimated parameters, calculated using equation
(B.13), plotted against the model values and time.
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B.5 Parameter estimation

We use Markov chain Monte Carlo (MCMC) with the Metropolis-Hastings algorithm to esti-

mate model parameters [160]. It is assumed that the noise in the observed data scales with

the square root of the size of the data (i.e. the number of cases), hence we use the likelihood

function

L(✓; y) =
nY

j=1

1

Z
exp

✓
�(z(tj ; ✓)� yj)2

2z(tj ; ✓0)�2

◆
, (B.8)

where z(tj , ✓0) are the number of cases given by our model with parameters ✓, yj are the

observed data, and Z is a normalisation constant we need not consider and thus set equal to

1.

To determine �, we first fit the 1- and 2-group models to data from the 2009 epidemic

in Japan using a least squares procedure, again assuming that the observed data scales with

the square root of the size of the data, and that the observed data deviates from the model

forecasts due to noise which the model does not account for, such that

yj = z(tj ; ✓) + ✏jz(tj ; ✓)
1/2 for j = 1, ..., n, (B.9)

where ✏j are assumed to be independent and identically distributed random variables with

zero mean E[✏j ] = 0 and finite variance var[✏j ] = �2. We define the cost function

J(✓; y) =
nX

j=1

(yj � z(tj ; ✓))
2

z(tj ; ✓)
. (B.10)

The least squares parameter estimates are given by

✓̂ = argmin
✓2⇥

J(✓; y), (B.11)

where ⇥ is the feasible set of parameter values. We solve the optimisation problem (B.11)

using MATLAB’s fminsearch function.

Following Cintrón-Arias et al. [76], we estimate the noise scaling parameter �2 by

�2 ⇡ 1

n� p
J(✓̂), (B.12)

where p is the number of parameters estimated from the data, and define the residuals by the

ratio

resj =
yj � z(tj ; ✓̂)

z(tj ; ✓̂)1/2
. (B.13)

When fitting the models to data from the 2009 epidemic in Japan, we estimate � using

equation (B.12), calculating � = 123.5 for the 1-group model and � = 123.9 for the 2-

group model respectively. Hence, we use the value � = 124 in the likelihood function (B.8)

throughout this chapter. A residual analysis of both models with the least squares estimated

parameters is given in Appendix B.4, justifying the assumption the noise in the observed data

scales with square root size of the data.
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B.6 Estimation of initial conditions

The observable data we consider is the number of cases that have been recorded each week,

C(j). Given that we observe C(j) for j = 0, 1, ...,m, we wish to estimate the number of

individuals in each compartment of our models at week j as initial conditions to make forward

forecasts.

When estimating initial conditions from case data from multiple previous weeks (i.e. when

we are part way through an epidemic), it is necessary to take data from every week into

account, as for instance, an individual who was reported as being infected many weeks ago

may not have recovered yet. As we estimate initial conditions from the observed data rather

than model trajectories, we make the assumption that the cases are generated uniformly in

time (e.g. if there were seven cases reported in one week, we assume that there was one new

case each day).

Assuming an exponentially distributed infectious period as in our models, and first consid-

ering the 1-group model, if C(j) cases were reported each week for j = 0, 1, ...,m, the number

of infected individuals I at week m is given by

I(m) =
mX

j=0

Z
j

j�1
e�µ(m�t)C(j) dt (B.14)

=
mX

j=0

C(j)

µ

h
e�µ(m�j) � e�µ(m+1�j)

i
. (B.15)

Restating equation (3.6), we have

C(m) =

Z
m

m�1
E dt. (B.16)

Hence, by assuming a constant E over the past week, we can make the estimation

E(m) =
C(m)


. (B.17)

The number of newly recovered individuals each week is given by the di↵erence between

the number of new cases and the number of individuals relating to those cases who are still

infected. Hence, we estimate the number of recovered individuals R at week m by

R(m) = C(j)

✓
1� 1

µ

h
e�µ(m�j) � e�µ(m+1�j)

i◆
. (B.18)

As we have assumed a total fixed e↵ective population size N , the number of susceptibles at

week m is given by

S(m) = N � [E(m) + I(m) +R(m)]. (B.19)

We now consider the 2-group model. As it is assumed that only cases of naive individuals

becoming infected are reported, we estimate the number of infected naive individuals at week

m to be

IN (m) =
mX

j=0

C(j)

µN

h
e�µN (m�j) � e�µN (m+1�j)

i
. (B.20)
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As cross-immune and naive individuals are equally likely to be infected, we estimate the

number of new (unrecorded) cases of infectious cross-immune individuals each week to be
⌫

1�⌫
C(j). Hence, we estimate that

II(m) =
mX

j=0

⌫

1� ⌫

C(j)

µI

h
e�µI(m�j) � e�µI(m+1�j)

i
. (B.21)

The number of exposed, recovered, and susceptible individuals at week m in each group are

estimated by

EN (m) =
C(m)


, (B.22)

EI(m) =
⌫

1� ⌫

C(m)


, (B.23)

RN (m) =
mX

j=0

C(j)

✓
1� 1

µN

h
e�µN (m�j) � e�µN (m+1�j)

i◆
, (B.24)

RI(m) =
mX

j=0

⌫

1� ⌫
C(j)

✓
1� 1

µI

h
e�µI(m�j) � e�µI(m+1�j)

i◆
, (B.25)

SN (m) = (1� ⌫)N � [EN (m) + IN (m) +RN (m)], (B.26)

SI(m) = ⌫N � [EI(m) + II(m) +RI(m)]. (B.27)

B.7 Deviance information criterion (DIC)

To compare model forecasts throughout this chapter, we use the deviance information criterion

(DIC) as stated in Spiegelhalter et al. [350]. The deviance D(✓) = �2 log(L(✓; y)) + C where

C is a constant we need not consider and therefore set equal to 0. With our likelihood function

L(✓; y) defined as in (B.8), the deviance is

D(✓) =
nX

j=1

(z(tj ; ✓)� yj)
2

z(tj ; ✓)�2
. (B.28)

Then the DIC is given by

DIC = D(✓) + pD, (B.29)

where pD = D(✓)�D(✓̄) and ✓̄ is the mean value of the parameters ✓. Models with a smaller

DIC value should be preferred when describing data and making forecasts.

The DIC values for each forecast in this study are given in Table B.1.
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1-group model 2-group model
Figure DIC Figure DIC
3.3 (a) 50.90 3.3 (b) 52.80
3.4 (a) 24,960 3.4 (b) 1,669
3.4 (c) 8,588 3.4 (d) 1,772
3.4 (e) 4.151 3.4 (f) 3.644
3.5 (a) 2,621 3.5 (b) 175.7
3.5 (c) 440.5 3.5 (d) 258.5
3.5 (e) 2,476 3.5 (f) 306.5
3.6 (a) 2,621 3.6 (b) 175.7
3.6 (c) 414.6 3.6 (e) 25.62
3.6 (d) 608.7
3.6 (f) 305.5 3.6 (h) 13.00
3.6 (g) 389.5
3.6 (i) 4.556 3.6 (k) 2.535
3.6 (j) 4.666
B.2 (a) 7,493 B.2 (b) 152.3
B.2 (c) 22,280 B.2 (d) 2,144
B.2 (e) 1,029 B.2 (f) 33.60
B.3 (a) 440.1 B.3 (b) 194.3
B.3 (c) 7,789 B.3 (d) 539.0
B.3 (e) 84.10 B.3 (f) 13.01
B.7 (a) 4,972 B.7 (b) 871.2
B.7 (c) 5,195 B.7 (d) 2,105
B.7 (e) 39,800 B.7 (f) 2,212
B.8 (a) 2,190 B.8 (b) 33.46
B.8 (c) 120.8 B.8 (d) 48.64
B.8 (e) 1,372 B.8 (f) 58.57
B.10 (a) 4,972 B.10 (b) 871.2
B.10 (c) 647.4 B.10 (d) 76.35
B.10 (e) 342.5 B.10 (f) 40.39
B.10 (g) 4.392 B.10 (h) 3.064
B.11 (a) 2,190 B.11 (b) 33.46
B.11 (c) 630.0 B.11 (d) 10.27
B.11 (e) 299.9 B.11 (f) 4.270
B.11 (g) 44.50 B.11 (h) 1.652

Table B.1: The DIC values for each forecast in Chapter 3.

B.8 Modelling the cross-immune fraction of the population

We assume that all infected naive individuals in the 2009 H1N1 influenza epidemic in Japan

acquired cross-immunity to the virus and related strains. Hence, we can compute the cross-

immune fraction of the population immediately after the epidemic, ⌫⇤, by

⌫⇤ = ⌫ +
CT

N
, (B.30)

where ⌫ is the cross-immune fraction before the epidemic, CT is the number of total cases

recorded in the data, and N is the total e↵ective population size. Hence, from the 2-group

model fitted to data from the epidemic as shown in Figure 3.3, we estimate the cross-immune

fraction of the population immediately after the epidemic to be ⌫⇤ = 0.7443, using the mean

estimated total e↵ective population size, N = 4.660⇥ 107.
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To determine the cross-immune fraction when a second epidemic in the future begins, we

shall compute the fraction as a function of the time since the end of the first epidemic. We

shall assume that once an individual acquires cross-immunity, they remain cross-immune for

their lifetime.

Using population data from Japan in 2009 [271], which we display in Figure B.5, we define

the number of individuals aged a by b(a), and the number of deaths of individuals aged a by

d(a). Hence, the probability, P (a, n), that an individual of age a survives for n more years is

given by

P (a, n) =
a�1Y

i=0

✓
1� d(n+ i)

b(n+ i)

◆
, (B.31)

where d(a)/b(a) is the probability than an individual aged a dies within one year.

The fraction of individuals who have survived for n years is then given by

1

M

amX

a=0

b(a)P (a, n), (B.32)

where M =
P

am
a=0 b(a), and am is the assumed maximum age of an individual, which we take

to be 110 years old. Hence, assuming a constant population size and that all individuals are

born immunologically naive, we can calculate the immune fraction ⌫, n years after the first

epidemic to be

⌫(n) =
⌫⇤

N

1X

a=0

P (a, n), (B.33)

where ⌫⇤ is the immune fraction immediately after the first epidemic. The result is shown

in Figure B.9 (a) (see Appendix B.12). For an epidemic occurring 25 years after 2009 as we

consider in this study, the cross-immune fraction of the population at the start of the epidemic

is ⌫ = 0.5129.

(a) Age Distribution (b) Probability of Death

Figure B.5: (a): The age distribution of the population of Japan in 2009. (b): The age
distribution of the probability that an individual in Japan dies within one year, based on
mortality and population data from 2009. Data accessed from National Institute of Population
and Social Security Research [271].
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B.9 The 2-group model fitted to the 2009 epidemic: total
recorded and unrecorded cases

We assume that all cases of immunologically naive infected individuals are recorded in the

data, and that no cases relating to cross-immune individuals are recorded, due to the assump-

tion that naive individuals su↵er more severe symptoms and are therefore more likely to seek

medical attention. In Figure B.6 we display the number of (recorded) infected naive individu-

als, the number of (unrecorded) infected cross-immune individuals, and their combined total,

estimated by the 2-group model fitted to the data from the 2009 epidemic in Japan.

Figure B.6: The weekly number of recorded, unrecorded, and total (recorded and unrecorded)
cases as estimated by the 2-group model with mean estimated parameters, fitted to data from
the 2009 H1N1 influenza epidemic in Japan.
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B.10 Prior fitting parameter distributions

We prescribe prior gamma parameter distributions on � and N using estimated values from

the 2009 epidemic. Di↵erent variances of these distributions may be considered when making

forecasts, values of which are given in Table B.2.

Figure Parameter Mean Variance Relative Variance
3.5, 3.6 (a), 3.6(c), 3.6(f), 3.6(i) � 1.644 5⇥ 10�3 1
3.5, 3.6 (a), 3.6(c), 3.6(f), 3.6(i) N 3.063⇥ 107 1⇥ 1013 1
3.6 (d), 3.6 (g), 3.6 (j), B.7, B.10 � 1.644 2.5⇥ 10�2 5
3.6 (d), 3.6 (g), 3.6 (j), B.7, B.10 N 3.063⇥ 107 5⇥ 1013 5
B.8, B.11 � 1.644 1⇥ 10�3 0.2
B.8, B.11 N 3.063⇥ 107 2⇥ 1012 0.2

(a): 1-group model

Figure Parameter Mean Variance Relative Variance
3.5, 3.6 � 1.947 5⇥ 10�3 1
3.5, 3.6 N 4.649⇥ 107 1⇥ 1013 1
B.7, B.10 � 1.947 2.5⇥ 10�2 5
B.7, B.10 N 4.649⇥ 107 5⇥ 1013 5
B.8, B.11 � 1.947 1⇥ 10�3 0.2
B.8, B.11 N 4.649⇥ 107 2⇥ 1012 0.2

(b): 2-group model

Table B.2: Mean and variance of prior gamma distributions of the transmission rate � and
e↵ective population size N used to make forecasts of future epidemics using the 1-group and
2-group models, set by fitting models to data from the 2009 epidemic.
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B.11 Forecasting epidemics in advance using di↵erent prior
parameter distributions

We show forecasts of future epidemics made in advance of future outbreaks occurring 25, 50,

and 75 years after the 2009 epidemic, if variances five times larger (Figure B.7) or five times

smaller (Figure B.8) of both � and N are used, compared to forecasts made in Figure 3.5.

(a) 1-group model: 25 years later (b) 2-group model: 25 years later

(c) 1-group model: 50 years later (d) 2-group model: 50 years later

(e) 1-group model: 75 years later (f) 2-group model: 75 years later

Figure B.7: Forecasts obtained from the 1-group and 2-group models of epidemics occurring
25, 50, and 75 years after the 2009 epidemic as in Figure 3.5, but with variances of the gamma
distributions of � and N five times larger (details in Appendix B.10).
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(a) 1-group model: 25 years later (b) 2-group model: 25 years later

(c) 1-group model: 50 years later (d) 2-group model: 50 years later

(e) 1-group model: 75 years later (f) 2-group model: 75 years later

Figure B.8: Forecasts obtained from the 1-group and 2-group models of epidemics occurring
25, 50, and 75 years after the 2009 epidemic as in Figure 3.5, but with variances of the gamma
distributions of � and N five times smaller (details in Appendix B.10).
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B.12 Outbreak statistics of future epidemics

In Figure B.9 we show how the cross-immune fraction, basic reproduction numbers, and

various quantities of interest relating to the dynamics of a future epidemic (estimated using

both the 1-group and 2-group models) vary dependent on when the future epidemic occurs.

The cross-immune fraction decreases approximately linearly before tapering to zero as time

increases (Figure B.9 (a)). This results in an increase in the basic reproduction number, R0,

of the 2-group model (Figure B.9 (b)).

We explore various quantities of interest which would inform policy makers on how best

to control the epidemic: (i) the total number of recorded cases of individuals seeking medical

attention, (ii) the duration of the epidemic, (iii): the maximum weekly number of recorded

cases, and (iv): the time at which the maximum weekly number of recorded cases occurs.

Under the assumptions of the 1-group model, these are all forecasted to be fixed irrespective

of when the next epidemic begins, and identical to that of the 2009 epidemic. However, under

the assumptions of the 2-group model, these quantities all vary, which we now describe, as

well as motivations for determining them.

The total number of recorded cases of individuals seeking medical attention reflects the

number of total medical resources (e.g. antivirals, hospital beds, and sta↵) required to treat

individuals (Figure B.9 (c)). This increases in the 2-group model the further into the future

the next epidemic begins, due to the decreasing cross-immune population fraction. It would

be useful for public health o�cials and medical facilities to know the expected duration of the

epidemic so they can plan and allocate resources accordingly. Here we define the duration of

the epidemic to be the time until the number of recorded cases reaches fewer than 1000 per

week (orders of magnitude smaller than the peak of the epidemic). The duration of the next

epidemic would decrease the further into the future it occurred, and is inversely correlated

to the number of cases (Figure B.9 (d)). This is because if there was a greater proportion of

immunologically naive individuals in the population, the basic reproduction number would be

larger and hence the virus would spread more quickly leading to a shorter epidemic duration.

The maximum weekly number of recorded cases (i.e. the peak of the epidemic) and

the time at which this peak occurs are important to public health o�cials with regards to

determining the maximum number of resources required to help treat patients, and when

these resources would be needed. There is a direct correlation between the total number of

recorded cases and the peak number of weekly recorded cases, as well as the duration of the

epidemic and the time of the peak number of cases (Figure B.9 (e)-(f)).
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(a) Cross-immune fraction (b) Basic reproduction number

(c) Total cases (d) Duration of epidemic

(e) Maximum weekly cases (f) Time of maximum weekly cases

Figure B.9: (a)-(b): The cross-immune fraction of the 2-group model and the basic repro-
duction numbers of the 1-group and 2-group models if a second epidemic were to occur at a
given time after the 2009 epidemic. (c)-(f): The total number of recorded cases, the dura-
tion of the epidemic, the maximum number of weekly recorded cases, and the time at which
this maximum occurs, if a second epidemic were to occur at a given time after the 2009
epidemic, as calculated by the 1-group and 2-group models. Quantities calculated using the
mean parameter values estimated by fitting models to the 2009 H1N1 epidemic in Japan.
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B.13 Forecasting an epidemic in real-time with prior informa-
tion using di↵erent prior parameter distributions

We show real-time forecasts of an outbreak occurring 25 years after the 2009 epidemic (using

prior information from the 2009 epidemic), if variances five times larger (Figure B.10) or five

times smaller (Figure B.11) of both � and N are used, compared to forecasts made in Figure

3.6. Variances remain fixed in each figure.

(a) 1-group model: week 0 (b) 2-group model: week 0

(c) 1-group model: week 10 (d) 2-group model: week 10

(e) 1-group model: week 20 (f) 2-group model: week 20

(g) 1-group model: week 30 (h) 2-group model: week 30

Figure B.10: Forecasts obtained from the 1-group and 2-group models of a future epidemic
occurring 25 years after the 2009 epidemic in real-time using information from the 2009
epidemic as in Figure 3.6, but with variances of the gamma distributions of � and N five
times larger (details in Appendix B.10).
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(a) 1-group model: week 0 (b) 2-group model: week 0

(c) 1-group model: week 10 (d) 2-group model: week 10

(e) 1-group model: week 20 (f) 2-group model: week 20

(g) 1-group model: week 30 (h) 2-group model: week 30

Figure B.11: Forecasts obtained from the 1-group and 2-group models of a future epidemic
occurring 25 years after the 2009 epidemic in real-time using information from the 2009
epidemic as in Figure 3.6, but with variances of the gamma distributions of � and N five
times smaller (details in Appendix B.10).
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Appendix C

Appendix to Chapter 4

C.1 Parameter estimation

We use Markov chain Monte Carlo (MCMC) with the Metropolis-Hastings algorithm [160]

and maximum likelihood estimation (MLE) to estimate model parameters. Both methods

utilise the same likelihood function. We assume that the measured viral titer and adaptive

immune response levels are lognormally distributed around their true values, with standard

deviation 0.3 log10 (as in Hadjichrysanthou et al. [147]) and 0.1 log10 respectively, and that the

measured dead cell fractions are normally distributed around their true values, with standard

deviation 0.05 (these latter two values determined by estimating the level of noise in the data

using MLE). The likelihood function for parameter estimation is given by

L(✓; y) = 1

Z

MY

i=1

NiY

j=1

exp

✓
�[zi(tj ; ✓)� yij ]2

2�2
i

◆
, (C.1)

where zi(tj , ✓) represent model outputs generated with parameters ✓, yij represent data, and

�i are noise scaling parameters. The subscripts i = 1, ..,M relate to the observables (e.g.

viral load, fraction of dead cells, etc.) and the subscripts j = 1, .., Ni relate to the output

time-points.

We fix the normalisation constant Z = 1 without loss of generality. When considering

data for the viral load or adaptive immune response, as in Handel et al. [153], zi(tj , ✓) and yij

are the base 10 logarithms of the model outputs and data. If we assume normally distributed

noise, then we can also define the weighted sum of squared residuals (SSR) via the cost

function J(✓; y) where

J(✓; y) =
MX

i=1

NiX

j=1

✓
�[zi(tj ; ✓)� yij ]2

2�2
i

◆
. (C.2)

The MLE parameter values are defined in terms of the cost function as follows:

✓̂ = argmin
✓2⇥

J(✓; y), (C.3)

where ⇥ denotes the set of feasible parameter values. We solve the least squares optimisation

problem (C.3) using MATLAB’s fminsearch function.
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C.2 Deviance information criterion (DIC) and Akaike infor-
mation criterion (AIC)

To compare model fits and predictions when parameters are estimated using MCMC, we use

the deviance information criterion (DIC) as stated in [128]. With the likelihood function

L(✓; y) defined as in (C.1), the deviance, D(✓) = �2 log(L(✓; y)) is given by

D(✓) =
MX

i=1

NiX

j=1

✓
�[zi(tj ; ✓)� yij ]2

2�2
i

◆
, (C.4)

and the DIC is given by

DIC = D(✓) + pD, (C.5)

where pD = 1
2var(D(✓)). Models with a smaller DIC value should be preferred when describing

data and making forecasts.

To compare model fits and predictions in which parameters were estimated using MLE,

we use the corrected Akaike Information Criterion (AIC) [53], which is given by

AIC = 2m+ n log
MX

i=1

NiX

j=1

✓
�[zi(tj ; ✓)� yij ]2

2n�2
i

◆
+

2m(m+ 1)

n�m+ 1
, (C.6)

where m� 1 is the number of parameters, and n is the total number of datapoints.
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C.3 Global sensitivity analysis

We carry out a global sensitivity analysis of the IR model, using the area under the viral

load curve (AUC), duration of symptomatic infection, and fraction of dead cells at the end

of the infection as quantities of interest. For robustness we use both the eFAST and Sobol

techniques [333, 334, 348]. We sample from the parameter space ✓i 2 [0.5 ⇥ ✓̂i, 2 ⇥ ✓̂i] where

✓̂i are the parameter values given in Tables 4.1 and 4.6.

The first-order sensitivity index of a parameter evaluates the fractional contribution of a

single parameter on the output variance, while the total-order index accounts for the interac-

tion between the parameter of interest and other model parameters. A first-order sensitivity

index of 1 indicates that all the variance in the model output is due to variation in that

parameter. Similarly, a total-order sensitivity index of 1 indicates that all the variance in the

model output is due to variation in that parameter and its interactions with other parameters.

Parameters with a total-order sensitivity index less than or equal to that of the dummy pa-

rameter ‘du’ using the eFAST technique should be considered not significantly di↵erent from

zero.

The results presented in Figure C.1 reveal that the viral infection rate �, viral production

rate p, and initial number of uninfected epithelial cells T0 are the most important parameters

with regards to the three model outputs. We note further that each of these parameters

relate explicitly to viral production and cell infection rather than viral clearance. Many

other parameters, notably �, c, , ⌧ , r, and m have a significant e↵ect on the duration of

infection, which is to be expected as these parameters determine the immune response and

viral clearance. The good agreement between the results of the eFAST and Sobol sensitivity

indices demonstrates the robustness of our findings.
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Figure C.1: eFAST (a),(b),(c) and Sobol (d),(e),(f) sensitivity analyses of the IR model, where
model parameters ✓i are sampled from the range ✓i 2 [0.5 ⇥ ✓̂i, 2 ⇥ ✓̂i] and ✓̂i correspond to
the parameters stated in Tables 4.1 and 4.6. The unit of the area under the viral load curve is
(PFU days), the unit of the duration is (days), while the fraction of dead cells is dimensionless.
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C.4 Structural identifiability analysis of the IR model

C.4.1 Nondimensionalisation

We partially nondimensionalise the IR model by defining

T̃ =
T

T0
, Ẽ =

E

T0
, Ĩ =

I

T0
, C =

D

T0
, X̃ =

X

f
. (C.7)

Under this partial nondimensionalisation, equations (4.1)–(4.7) transform to give

fraction of uninfected cells
dT̃

dt
= ��T̃ V, (C.8)

fraction of latently infected cells
dẼ

dt
= �T̃ V � Ẽ, (C.9)

fraction of productively infected cells
dĨ

dt
= Ẽ � �Ĩ , (C.10)

fraction of dead cells
dC

dt
= �Ĩ , (C.11)

free virions
dV

dt
=

(pT0)Ĩ

1 + sF (t� ⌧)
� cV � (fk)V X̃, (C.12)

normalised adaptive IR
dX̃

dt
= V +

rX̃V

1 +mV
� �X̃, (C.13)

innate IR F (t) =

8
><

>:

0, for t  0,

A1e�1t for 0 < t  t⇤,

A2e��2t for t > t⇤.

(C.14)

We conclude that if only the viral load V is observed and we do not observe data on the

number of cells (T , E, I, or D) or the adaptive immune response X, then we can only identify

the parameter groupings pT0 and fk.

C.4.2 Taylor series calculations: ⌧ = 0 (Case 1b extension)

We first consider the case where we observe data for the viral load V , fraction of dead cells

C = D/T0, and adaptive immune response X. We assume that the values of the parameters

T0, �, , A1, and �1 are known, and that ⌧ = 0 (i.e. no time delay). We seek to determine

the identifiability of parameters �, p, V0, s f , r, m, k, �, and c (an extension of Case 1b in

Table 4.2 where we assume �, r, and c are also known).

We expand the observables, V (t; ✓), C(t; ✓), and X(t; ✓) in a neighbourhoud of t = 0 as a

Taylor series given by

V (t; ✓) = a0 + a1t+ a2
t2

2!
+ ..., (C.15)

C(t; ✓) = b0 + b1t+ b2
t2

2!
+ ..., (C.16)

X(t; ✓) = d0 + d1t+ d2
t2

2!
+ ..., (C.17)
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where

ai = lim
t!0+

V (i)(t; ✓), (C.18)

bi = lim
t!0+

D(i)(t; ✓)

T0
, (C.19)

di = lim
t!0+

X(i)(t; ✓). (C.20)

The non-zero coe�cients needed to determine model identifiability are

a0 = V0, (C.21)

a1 = �V0c, (C.22)

a2 = �fkV 2
0 + V0c

2, (C.23)

a3 = V0f(2V0ck + V0k(� � (V0r)/(V0m+ 1)))� V0c(c
2 � 2V0fk) (C.24)

+ (T0V0�p)/(A1s+ 1), (C.25)

a4 = �V0c(f(2V0ck + V0k(� � (V0r)/(V0m+ 1)))� c(c2 � 2V0fk)

+ V0f(2ck + k(� � (V0r)/(V0m+ 1))

� V0k(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)) + 2V0cfk + (T0�p)/(A1s+ 1))

� V0f((� � (V0r)/(V0m+ 1))(2V0ck + V0k(� � (V0r)/(V0m+ 1)))

� 2V 2
0 fk

2 + V0k(c
2 � 2V0fk) + V0c(2ck + k(� � (V0r)/(V0m+ 1))

� V0k(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)))� T0V0�(((cp)/(A1s+ 1)

+ (�p)/(A1s+ 1) + (A1�ps)/(A1s+ 1)2) + (2p)/(A1s+ 1)

+ (A1�ps)/(A1s+ 1)2)� (T0V
2
0 �

2p)/(A1s+ 1)� (A1T0V0��ps)/(A1s+ 1)2,

(C.26)

b3 = V0��, (C.27)

d1 = fV0, (C.28)

d2 = �V0cf � V0f(� � (V0r)/(V0m+ 1)), (C.29)

d3 = V0c(cf + f(� � (V0r)/(V0m+ 1))� V0f(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2))

� V0f(V0fk � (� � (V0r)/(V0m+ 1))2 + V0c(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2)),

(C.30)
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d4 = V0c(f(V0fk � (� � (V0r)/(V0m+ 1))2 + V0c(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2))� c(cf + f(� � (V0r)/(V0m+ 1))� V0f(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2)) + V0f(fk + c(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)

+ 2(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)(� � (V0r)/(V0m+ 1))

� V0c((2mr)/(V0m+ 1)2 � (2V0m
2r)/(V0m+ 1)3)) + V0c(2f(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2)� V0f((2mr)/(V0m+ 1)2 � (2V0m
2r)/(V0m+ 1)3)))

+ V0f((� � (V0r)/(V0m+ 1))(V0fk � (� � (V0r)/(V0m+ 1))2 + V0c(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2)) + V0c(fk + c(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2) + 2(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)(�

� (V0r)/(V0m+ 1))� V0c((2mr)/(V0m+ 1)2 � (2V0m
2r)/(V0m+ 1)3))

+ V0k(cf + f(� � (V0r)/(V0m+ 1))� V0f(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2))

� 2V 2
0 fk(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)) + (T0V0�fp)/(A1s+ 1).

(C.31)

We can solve for the unknown parameters, which are uniquely given by

V0 = a0, (C.32)

c = �a1/V0, (C.33)

f = d1/V0, (C.34)

k = �(a2 � V0c
2)/(V 2

0 f), (C.35)

� = b3/(V0�), (C.36)

p = (3(a3 + V0c
3 + V0d2k � 3V 2

0 cfk)(a3�+ V0c
3�+ V0d2k�

� 3V 2
0 cfk�))/(T0V0�(a4 + 2ca3 + a3� + a3+ 3a3�+ V0c

4 + V 2
0 �c

3

+ V0�a3 + V0d3k � 3V 3
0 f

2k2 + V0c
3� + V0c

3+ 3V0c
3�+ V 2

0 �d2k

� 2V0cd2k + V0d2�k + V0d2k+ 3V0d2k�� 3V 3
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0 c�fk

� 3V 2
0 cfk� 9V 2

0 cfk�)),
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(C.38)
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(C.40)
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(C.41)

We conclude that the parameters �, p, V0, s f , r, m, k, �, and c are globally identifiable.

C.4.3 Taylor series calculations: ⌧ > 0 (Case 1a extension)

We now consider the case where the time delay ⌧ > 0. As above, we assume V , C, and X are

observed and seek to determine whether �, p, V0, s f , r, m, k, �, c, and now ⌧ are identifiable.

We assume that T0, �, , A1, A2, �1, �2, and t⇤ are known (an extension of Case 1a in Table

4.2 where we assume that �, r, c are also known). We construct Taylor expansions around

three time-points t0, t1, and t2, where t0 = 0, ⌧ < t1 < ⌧ + t⇤, and ⌧ + t⇤ < t2.

Let us define the Taylor series coe�cients

a0i = lim
t!t0

V (i)(t; ✓), a1i = lim
t!t1

V (i)(t; ✓), a2i = lim
t!t2

V (i)(t; ✓), (C.42)

b0i = lim
t!t0

C(i)(t; ✓), b1i = lim
t!t1

C(i)(t; ✓), b2i = lim
t!t2

C(i)(t; ✓), (C.43)

d0i = lim
t!t0

X(i)(t; ✓), d1i = lim
t!t1

X(i)(t; ✓), d2i = lim
t!t2

X(i)(t; ✓). (C.44)

We first consider the expansions around t = t0. As ⌧ > 0 we do not consider the sF term as
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this is zero at t = t0. The non-zero coe�cients needed to determine model identifiability are

a00 = V0, (C.45)

a01 = �V0c, (C.46)

a02 = �fkV 2
0 + V0c

2, (C.47)

a03 = V0f(2V0ck + V0k(� � (V0r)/(V0m+ 1)))� V0c(c
2 � 2V0fk) + (T0V0�p), (C.48)

b03 = V0��, (C.49)

d01 = fV0, (C.50)

d02 = �V0cf � V0f(� � (V0r)/(V0m+ 1)), (C.51)

d03 = V0c(cf + f(� � (V0r)/(V0m+ 1))� V0f(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2))

� V0f(V0fk � (� � (V0r)/(V0m+ 1))2 + V0c(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2)),

(C.52)

d04 = V0c(f(V0fk � (� � (V0r)/(V0m+ 1))2 + V0c(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2))� c(cf + f(� � (V0r)/(V0m+ 1))� V0f(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2)) + V0f(fk + c(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)

+ 2(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)(� � (V0r)/(V0m+ 1))

� V0c((2mr)/(V0m+ 1)2 � (2V0m
2r)/(V0m+ 1)3)) + V0c(2f(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2)� V0f((2mr)/(V0m+ 1)2 � (2V0m
2r)/(V0m+ 1)3)))

+ V0f((� � (V0r)/(V0m+ 1))(V0fk � (� � (V0r)/(V0m+ 1))2 + V0c(r/(V0m+ 1)

� (V0mr)/(V0m+ 1)2)) + V0c(fk + c(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)

+ 2(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)(� � (V0r)/(V0m+ 1))

� V0c((2mr)/(V0m+ 1)2 � (2V0m
2r)/(V0m+ 1)3)) + V0k(cf + f(�

� (V0r)/(V0m+ 1))� V0f(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2))

� 2V 2
0 fk(r/(V0m+ 1)� (V0mr)/(V0m+ 1)2)) + T0V0�fp.

(C.53)
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The unknown parameters are uniquely given by

V0 = a00, (C.54)

c = �a01/V0, (C.55)

f = d01/V0, (C.56)

k = �(a02 � V0c
2)/(V 2

0 f), (C.57)

� = b03/(V0�), (C.58)

p = (a03 + V0c
3 + V0d02k � 3V 2

0 cfk)/(T0V0�) (C.59)
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� = �(3c2d302 + cd202d03 + 6V 4
0 c

3f4k � 6V 5
0 cf

5k2 � 3V 4
0 d02f

4k2 � 3V0cd
2
03f

+ 3V0d
3
02fk + 3V0c

3d202f � 2V 2
0 c

2a03f
3 + 3V 2

0 c
4d02f

2 + V 2
0 c

3d03f
2

+ 2V 2
0 c

2d04f
2 � 9V 3

0 cd03f
3k � 3V 2

0 d02d03f
2k + 2V0cd02d04f + 9V 2

0 cd
2
02f

2k

+ 6V 3
0 c

2d02f
3k � 2V0cd02a03f

2 � 4V0c
2d02d03f)/(3cd

3
02 + 3V 3

0 c
4f3 � 3V 5

0 f
5k2

+ 3V 2
0 d

2
02f

2k + 6V0c
2d202f � 2V 2

0 ca03f
3 + 2V 2

0 cd04f
2 � 3V 3

0 d03f
3k + 6V 2

0 c
3d02f

2

� 5V 2
0 c

2d03f
2 � 5V0cd02d03f).

(C.62)

We conclude that we can identify the parameters V0, c, f, k,�, p, r,m, and �. It remains

to establish whether we can identify the parameters s and ⌧ . We define Vj = V (tj) and
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Ij = I(tj) for j = 0, 1, 2. Considering the Taylor expansions at t = t1 and t = t2 we have that

a11 =
pI1

1 + sA1e�1(t1�⌧)
� cV1, (C.63)

b11 =
�I1
T0

, (C.64)

a21 =
pI2

1 + sA2e�2(t2�⌧)
� cV2, (C.65)

b21 =
�I2
T0

. (C.66)

Manipulating (C.63)–(C.66) using the substitutions I1 = T0b11/� and I2 = T0b21/� we get

that

se��1⌧ =
1

A1e�1t1


pT0b11

�(a1 + cV1)
� 1

�
= Y1, (C.67)

se��2⌧ =
1

A2e�2t2


pT0b21

�(a2 + cV2)
� 1

�
= Y2, (C.68)

where we define Y1 and Y2 to simplify the following expressions. From (C.67) and (C.68) we

deduce that

⌧ =
1

�2 � �1
log

✓
Y1
Y2

◆
, (C.69)

s = Y
�2

�2��1
1 Y

�1
�1��2
2 . (C.70)

Hence we can identify the parameters s and ⌧ given data at times t1 and t2 where ⌧ < t1 <

⌧ + t⇤ and ⌧ + t⇤ < t2. We conclude that the parameters �, p, V0, s f , r, m, k, �, c, and

⌧ are globally identifiable if we observe data until time t where t > ⌧ + t⇤. This structural

identifiability analysis was performed, in part, with the GenSSI software package [70].
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C.5 Practical identifiability analysis: profile likelihood curves

Figure C.2: Profile likelihood (�2
PL) curves for each fitting parameter of the IR model, when

data for V and C are observed (Case 2). Thresholds for confidence intervals given by horizontal
dashed lines.

Figure C.3: Profile likelihood (�2
PL) curves for each fitting parameter of the IR model, when

data for V and X are observed (Case 3). Thresholds for confidence intervals given by hori-
zontal dashed lines.
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Figure C.4: Profile likelihood (�2
PL) curves for each fitting parameter of the IR model, when

data for C and X are observed (Case 4). Thresholds for confidence intervals given by hori-
zontal dashed lines.

Figure C.5: Profile likelihood (�2
PL) curves for each fitting parameter of the IR model, when

data for V are observed (Case 5). Thresholds for confidence intervals given by horizontal
dashed lines.
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Figure C.6: Profile likelihood (�2
PL) curves for each fitting parameter of the IR model, when

data for C are observed (Case 6). Thresholds for confidence intervals given by horizontal
dashed lines.

Figure C.7: Profile likelihood (�2
PL) curves for each fitting parameter of the IR model, when

data for X are observed (Case 7). Thresholds for confidence intervals given by horizontal
dashed lines.
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Appendix D

Appendix to Chapter 5

D.1 Parameter estimation

Using the same methodology as in Chapters 3 and 4, we estimate model parameters us-

ing Markov chain Monte Carlo (MCMC) with the Metropolis-Hastings algorithm, as well as

maximum likelihood estimation (MLE). We assume that the measured viral titer levels are

lognormally distributed around their true values, with standard deviation 0.3 log10 (as in

Hadjichrysanthou et al. [147]) and that the innate immune response and symptom scores are

normally distributed around their true values, with standard deviations of 12 and 0.7 respec-

tively (these values determined by estimating the level of noise in the data using MLE). The

likelihood function for parameter estimation is given by

L(✓; y) = 1

Z

MY

i=1

NiY

j=1

exp

✓
�[zi(tj ; ✓)� yij ]2

2�2
i

◆
, (D.1)

where zi(tj , ✓) represent model outputs generated with parameters ✓, yij represent data, and

�i are noise scaling parameters. The subscripts i = 1, ..,M relate to the observables (e.g.

viral load, fraction of dead cells, etc.) and the subscripts j = 1, .., Ni relate to the output

timepoints.

We fix the normalisation constant Z = 1 without loss of generality. When considering

data for the viral load, as in Handel et al. [153], zi(tj , ✓) and yij are the base 10 logarithms

of the model outputs and data. If we assume normally distributed noise, then we can also

define the weighted sum of squared residuals (SSR) via the cost function J(✓; y) where

J(✓; y) =
MX

i=1

NiX

j=1

✓
�[zi(tj ; ✓)� yij ]2

2�2
i

◆
. (D.2)

The MLE parameter values are defined in terms of the cost function as follows:

✓̂ = argmin
✓2⇥

J(✓; y), (D.3)

where ⇥ denotes the set of feasible parameter values. We solve the least squares optimisation

problem (D.3) using MATLAB’s fminsearch function.
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D.2 Scatter plots of ! and ⌘

Figure D.1: Scatter plots of posterior distributions of ! and ⌘ (a), and ! and ⌘̃ = ⌘/! (b),
when the SD model is fitted to data on the viral load, innate immune response (cytokines),
and symptom score (Figure 5.2).

D.3 Modulation of ! and ⌘

Figure D.2: Infection-related quantities of the SD model as parameters ! and ⌘ are varied
(a)-(d), and ! and ⌘̃ = ⌘/! are varied (e)-(h). Relative parameter values refer to those
normalised by those given in Table 5.2.
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D.4 Synthetic prior patient data

Figure D.3: The synthetic data relating to 12 previously observed healthy and comorbid
patients used in Figures 5.5–5.8. Data generated from the SD model using parameters given
in Tables 5.1 and 5.2, with normally distributed noise added.

D.5 Deviance information criterion (DIC)

Healthy Comorbid
Figure DIC Figure DIC
5.4 (a) 67660 5.4 (b) 92510
5.4 (c) 9091 5.4 (d) 37230
5.4 (e) 311.4 5.4 (f) 43.95
5.5 (a) 739.5 5.5 (b) 1543
5.5 (c) 90.81 5.5 (d) 129.7
5.5 (e) 17.76 5.5 (f) 29.20
5.6 (a) 9.106 5.6 (b) 17.10
5.6 (c) 33.05 5.6 (d) 171.0
5.6 (e) 5.740 5.6 (f) 206.5
5.7 (a) 1572 5.7 (b) 2879
5.7 (c) 121.7 5.7 (d) 267.7
5.7 (e) 66.6 5.7 (f) 149.4

Table D.1: The DIC values for each forecast in Chapter 5.
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Appendix E

MATLAB code

MATLAB code required to reproduce the results presented in this thesis is available at https:

//doi.org/10.5287/bodleian:o0QPRkA8P.
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Appendix F

The risk of SARS-CoV-2 outbreaks
in low prevalence settings following
the removal of travel restrictions

Chapter 2 was published as a journal article in Communications Medicine (https://doi.

org/10.1101/2021.05.21.21257589).

Each of the authors contributed to the following facets of the published work:

• Conceptualisation: RS-P, RNT, LD.

• Methodology: RS-P, RNT.

• Investigation: RS-P.

• Supervision: RNT, HMB.

• Writing – original draft: RS-P, RNT.

• Writing – review and editing: RS-P, RNT, HMB, LD.
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ARTICLE

The risk of SARS-CoV-2 outbreaks in low
prevalence settings following the removal
of travel restrictions
Rahil Sachak-Patwa1, Helen M. Byrne 1, Louise Dyson 2,3 & Robin N. Thompson 2,3✉

Abstract

Background Countries around the world have introduced travel restrictions to reduce SARS-

CoV-2 transmission. As vaccines are gradually rolled out, attention has turned to when travel

restrictions and other non-pharmaceutical interventions (NPIs) can be relaxed.

Methods Using SARS-CoV-2 as a case study, we develop a mathematical branching process

model to assess the risk that, following the removal of NPIs, cases arriving in low prevalence

settings initiate a local outbreak. Our model accounts for changes in background population

immunity due to vaccination. We consider two locations with low prevalence in which the

vaccine rollout has progressed quickly – specifically, the Isle of Man (a British crown

dependency in the Irish Sea) and the country of Israel.

Results We show that the outbreak risk is unlikely to be eliminated completely when travel

restrictions and other NPIs are removed. This general result is the most important finding of

this study, rather than exact quantitative outbreak risk estimates in different locations. It

holds even once vaccine programmes are completed. Key factors underlying this result are

the potential for transmission even following vaccination, incomplete vaccine uptake, and the

recent emergence of SARS-CoV-2 variants with increased transmissibility.

Conclusions Combined, the factors described above suggest that, when travel restrictions

are relaxed, it may still be necessary to implement surveillance of incoming passengers to

identify infected individuals quickly. This measure, as well as tracing and testing (and/or

isolating) contacts of detected infected passengers, remains useful to suppress potential

outbreaks while global case numbers are high.

https://doi.org/10.1038/s43856-021-00038-8 OPEN

1Mathematical Institute, University of Oxford, Oxford, UK. 2Mathematics Institute, University of Warwick, Coventry, UK. 3 Zeeman Institute for Systems
Biology and Infectious Disease Epidemiology Research, University of Warwick, Coventry, UK. ✉email: robin.n.thompson@warwick.ac.uk

Plain language summary
The effectiveness of public health
measures against COVID-19 has
varied between countries, with some
experiencing many infections and
others containing transmission suc-
cessfully. As vaccines are deployed,
an important challenge is deciding
when to relax measures. Here, we
consider locations with few cases,
and investigate whether vaccination
can ever eliminate the risk of COVID-
19 outbreaks completely, allowing
measures to be removed risk-free.
Using a mathematical model, we
demonstrate that there is still a risk
that imported cases initiate outbreaks
when measures are removed, even if
most of the population is fully vacci-
nated. This highlights the need for
continued vigilance in low prevalence
settings to prevent imported cases
leading to local transmission. Until
case numbers are reduced globally,
so that SARS-CoV-2 spread between
countries is less likely, the risk of
outbreaks in low prevalence settings
will remain.
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Combinations of non-pharmaceutical interventions (NPIs)
have been introduced worldwide to counter the
COVID-19 pandemic1–3. These measures include travel

restrictions4,5 and a range of other NPIs intended to reduce the
number of contacts between individuals6. The development and
deployment of vaccines have also lowered transmission7–10 and
reduced the number of individuals experiencing clinical symp-
toms or severe disease once infected11–13.

Effective NPIs have led to low levels of transmission in some
locations. Australia and New Zealand have often been cited as
examples of countries that have implemented NPIs effectively, with
travel restrictions and quarantine of inbound travellers combined
with short-term lockdowns and contact tracing to identify infected
contacts whenever cases have been discovered14–17. Rigorous inter-
ventions targeted at inbound travellers in low prevalence settings
reflect the fact that imported cases can contribute substantially to
local incidence18, and potentially initiate outbreaks with substantial
local transmission19,20. At the time of writing (1st May 2021), Israel is
the country that has vaccinated the largest proportion of its citizens,
and the vaccination campaign there has been credited with reducing
transmission8, prompting some NPIs to be removed.

Despite the success of both NPIs and vaccines, the current
overall picture is complicated. Vaccines do not prevent trans-
mission entirely7,21–24, and vaccine uptake is incomplete, parti-
cularly in some ethnic groups and in underserved communities25.
Current tentative estimates suggest that first doses of the Pfizer
and AstraZeneca SARS-CoV-2 vaccines are around 60% effective
at preventing infection, with second doses leading to 65-85%
effectiveness against infection21. Furthermore, the appearance of
novel SARS-CoV-2 variants makes eliminating transmission
more challenging. For example, the Alpha variant (B.1.1.7, or
VOC 202012/01) that first appeared in the United Kingdom in
late 2020 has been found to be more transmissible than the SARS-
CoV-2 virus that originally emerged in China26. Although public
health measures have had some successes, these concerns raise a
key question: Can NPIs such as travel restrictions be removed
without any risk in low prevalence settings where vaccines have
been distributed widely, or might outbreaks occur initiated by
SARS-CoV-2 reimportations from elsewhere?

Epidemiological models are often used to assess the risk of
outbreaks in scenarios in which the potential for pathogen
transmission is not changing. According to the mathematical
theory of branching processes, the probability that cases intro-
duced into a new host population generate an outbreak driven by
sustained local transmission is then greater than zero whenever
R > 1, where R is the reproduction number of the pathogen. For
the most common branching process model, used to represent the
spread of directly transmitted pathogens, the probability that I0
introduced infectious cases initiate an outbreak is given by

Prob outbreakð Þ ¼ 1$ 1
R

! "I0 : ð1Þ

This expression had been used to assess the risks of outbreaks
of pathogens including the Ebola virus27–29, before being applied
early in the COVID-19 pandemic to assess outbreak risks outside
China20. Eq. (1) is based on a simple transmission model in
which individuals are assumed to mix homogeneously and
infected individuals are infectious for exponentially distributed
time periods. Equation (1) also involves an assumption that
pathogen transmissibility is fixed at its current level. In other
words, the value of R is implicitly assumed to remain constant
over the initial phase of the potential outbreak. With a back-
ground of rapidly changing population immunity due to vacci-
nation acting to reduce transmission, this assumption may not be
accurate. To assess the risk of outbreaks if NPIs are removed

during an ongoing vaccination campaign using branching process
models, standard epidemiological modelling theory must be
extended to account for temporally changing population
immunity.

Here, we use branching processes to investigate whether an
introduced case is likely to initiate an outbreak, accounting fully
for temporal changes in population immunity due to an ongoing
vaccination campaign. We use four metrics to assess the risk of an
outbreak and consider two examples of vaccination campaigns
from around the world, from the Isle of Man and the country of
Israel. In both locations, vaccination is progressing quickly and
prevalence is currently low. Given the relatively low numbers of
cases in these locations during the pandemic, there is also likely to
be a background of limited immunity from previous infections.
We assess the risk of outbreaks in these places when travel
restrictions and other NPIs are removed, considering scenarios in
which NPIs are removed at different stages of the vaccination
campaigns. Our goal is not to develop a detailed epidemiological
model for estimating the outbreak risk precisely. Instead, we use a
simple model to show that, even when all vaccines have been
deployed in low prevalence settings (i.e. a maximum vaccination
proportion ν of individuals have been vaccinated, where the
precise value of ν varies between locations), the combination of
incomplete vaccine uptake, imperfect vaccination, and variants of
concern means that the risk of outbreaks due to imported cases
will not be eliminated completely when NPIs are removed. This
highlights the need for careful monitoring of imported cases until
global prevalence is reduced to low levels. Until vaccines are
rolled out worldwide, there is still a risk of local transmission
arising in low prevalence settings initiated by importations from
elsewhere.

Methods
Epidemiological model. We performed our main analyses using
a stochastic branching process model that describes virus trans-
mission in the initial stages of a potential outbreak. In this model,
following the arrival of a case in the local population, each
infected individual generates new infections at rate βð1$ Λ tð ÞÞ
and infected individuals have a mean infectious period of 1=μ
days (Fig. 1a). The times between successive events in the model
are assumed to follow exponential distributions. The function
Λ tð Þ reflects the extent to which transmission has been reduced by
vaccination, where a value of Λ tð Þ ¼ 0 corresponds to an entirely
unvaccinated population. We consider scenarios in which travel
restrictions and other NPIs are removed, and transmission is only
limited by vaccine-acquired immunity.

To model an ongoing vaccination campaign, we set
Λ tð Þ ¼ η1V1 t $ αð Þ þ η2V2 t $ αð Þ, where V1 tð Þ is the proportion
of individuals in the population who have received a single
vaccine dose at time t and V2 tð Þ is the proportion of individuals
in the population who have received two vaccine doses at a time t
(Fig. 1b). The parameters η1 and η2 reflect the effectiveness of the
vaccine at preventing infection after one and two effective doses,
respectively (specifically, η1 and η2 represent the multiplicative
reduction in susceptibility following one or two effective doses,
compared to an unvaccinated individual, so that 0≤ η1 ≤ η2 ≤ 1),
and the parameter α represents the delay between a vaccine dose
being administered and being effective in the recipient. In our
main analyses, since we are modelling relatively low prevalence
settings, we do not consider immunity due to prior infections,
although we present a supplementary analysis in which we
demonstrate the robustness of our results to this assumption.

Under this model, the time-dependent reproduction number,
accounting for any vaccines that have been administered and are
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effective at time t, is given by

RV tð Þ ¼
βð1$ Λ tð ÞÞ

μ
: ð2Þ

The value of RV tð Þ represents the expected number of
secondary infections generated by a single infected individual in
the population at time t, under the assumption that no further
vaccinations take place in the future. It is therefore representative
of the “instantaneous” transmissibility at time t. Indeed, RV tð Þ is
sometimes referred to as the instantaneous reproduction
number30–33. In the absence of vaccination, so that Λ tð Þ ¼ 0,
then RV tð Þ is equal to the basic reproduction number, R0.

Vaccination data. In the model, V1 tð Þ and V2 tð Þ were set based
on vaccination data from the location under consideration (either
the Isle of Man or Israel). Data describing the proportion of the
total population who had received one or two vaccine doses were
available for the periods up until 11th April 2021 (for the Isle of
Man34) and 21st April 2021 (for Israel35).

To explore how the risk of outbreaks is likely to change in the
future, we projected the vaccine rollout forwards beyond these
dates in the following way. We considered the total population
size of the location under consideration (denoted N), as well as
the numbers of individuals (N1 tð Þ and N2 tð Þ) vaccinated with one
or two doses, so that V1 tð Þ ¼ N1 tð Þ=N and V2 tð Þ ¼ N2 tð Þ=N . We
assumed that a constant number of vaccine doses are available
each day in the future (denoted D), and that there is a target
period of τ days between each vaccine dose. On any day in the
future, each available dose is assigned to an individual who has
been vaccinated with their first dose at least τ days ago, with

remaining doses then assigned to unvaccinated individuals.
Resulting values of N1 tð Þ and N2 tð Þ were then converted to
corresponding values of V1 tð Þ and V2 tð Þ. To reflect the fact that
vaccine uptake is imperfect, and some population groups are not
vaccinated, we assumed that a maximum proportion ν of the
population can ever be vaccinated. Consequently, once
the vaccination programme is completed, then Λ tð Þ ¼ η2ν. The
value of ν varies between locations, and depends on factors such
as the age distribution of the host population. Since there is
uncertainty in the vaccine uptake going forwards, we conducted
supplementary analyses in which we considered a range of
different values of ν. Values of the model parameters used in the
analyses in the main text for the Isle of Man and Israel are shown
in Table 1.

Outbreak risk metrics. We used four metrics to assess the risk
that an infected individual, introduced into the population at time
t, initiates an outbreak driven by sustained local transmission.
The values of each of these metrics vary temporally. Each metric
is used to estimate the risk that an imported case initiates an
outbreak under the assumption that all travel restrictions and
other NPIs are removed (in other words, pathogen transmissi-
bility at time t is determined by RV tð Þ, which represents an
adjustment to the basic reproduction number R0 due to vaccine-
acquired immunity, as described above). An overview of the four
metrics explored is provided here; additional details are available
in the Supplementary Information (Supplementary Methods).

The first metric we considered is the Instantaneous Outbreak
Risk (IOR). This quantity represents the expression shown in Eq.
(1), with R ¼ RV tð Þ and I0 ¼ 1. The IOR reflects the risk of an

Fig. 1 The epidemiological model used in our analyses. a Following the introduction of an infected individual into the host population, local transmission
may happen with each infected individual generating new infections at rate βð1$ Λ tð ÞÞ, where Λ tð Þ reflects the vaccination coverage in the local population.
The mean infectious period of infected individuals is 1=μ days, and the rates shown are per infected individual. b The vaccination process is modelled by
setting Λ tð Þ according to the proportion of individuals in the population who have been vaccinated with one (V1) or two (V2) doses. The first vaccine dose
is assumed to have effectiveness η1 and the second vaccine dose has effectiveness η2, where the values of η1 and η2 are the multiplicative reductions in the
susceptibility of individuals who have been vaccinated with one or two vaccine doses, respectively (compared to an unvaccinated host). Vaccine doses are
effective α days after they are administered. This leads to declining population susceptibility as a vaccine is rolled out across the population.
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outbreak occurring starting from a single infected individual at
time t, but under the assumption that the vaccine rollout does not
continue after time t so that pathogen transmissibility is
unchanged. While the IOR straightforward to calculate, it does
not reflect changing population immunity due to vaccination over
the initial phase of the potential outbreak. This standard metric is
often used to assess the risk of outbreaks in scenarios where
pathogen transmissibility does not vary temporally 20,27–29,36,37.

The second metric is the Case Outbreak Risk (COR). The COR
is an extension of the IOR, accounting for changes in population
susceptibility due to vaccination over the initial phase of the
potential outbreak. The COR has previously been used to assess
outbreak risks using branching processes for models in which
pathogen transmission varies periodically38–40. Its calculation
involves solving the differential equation

dq tð Þ
dt

¼ βð1$ Λ tð ÞÞq tð Þ 1$ q tð Þ
! "

þ μ q tð Þ $ 1
! "

: ð3Þ

The COR at time t is then given by 1$ q tð Þ, where q tð Þ
represents the probability of an outbreak failing to occur (i.e.
ultimate extinction of the virus in the branching process model41)
starting from a single infected individual introduced into the
population at time t. Further details, including the derivation of
Eq. (3), are provided in the Supplementary Information
(Supplementary Methods).

The third metric we considered is the Simulated Outbreak Risk
(SOR). The SOR involves repeated simulation of the branching
process model, using the direct version of the Gillespie stochastic
simulation algorithm42 adapted to account for temporally varying
pathogen transmissibility (due to changing population immunity
as vaccines are deployed). Simulations were run starting with a
single infected individual introduced into the population at time
t. The SOR then corresponds to the proportion of simulations in
which a local outbreak occurs; an outbreak is said to occur if the
total number of individuals infected simultaneously exceeds a
pre-defined threshold value, M. In our analyses, we set M ¼ 100:

Finally, we considered the Numerical Outbreak Risk (NOR).
The NOR is analogous to the SOR, but with the advantage that it
does not require large numbers of model simulations to be run.
The NOR, therefore, also represents the risk that a single infected
individual introduced into the population at time t initiates an
outbreak in which at least M ¼ 100 individuals are ever infected
simultaneously.

Results
As described in the Methods, we first generated projections of the
number of vaccinated individuals in the future for the Isle of Man
(Fig. 2a) and Israel (Fig. 2d), based on past vaccination data in
those locations. To explore the impact of vaccination on virus
transmission, we calculated the time-dependent reproduction
number (RV tð Þ; Eq. (2)) throughout the vaccination campaigns.
We considered two different scenarios. In the first, we set the
mean value of R0 (i.e. the reproduction number in the absence of
vaccination) equal to 3, as was the situation early in the COVID-
19 pandemic (Fig. 2b,e). In the second scenario, we set the mean
value of R0 equal to 5 (Fig. 2c,f) to reflect the fact that currently
circulating SARS-CoV-2 variants are more transmissible than the
original virus26. This second scenario is therefore likely to be a
more realistic reflection of the current and future risk.

We then calculated the values of the four different outbreak
risk metrics throughout the period considered (18th December
2020 to 20th August 2021) based on these vaccination projections
(Fig. 3). This involves a scenario in which NPIs are removed
entirely, so that RV tð Þ is not reduced by interventions other than
vaccination. These metrics then reflect the risk that a single case
first entering the population at the date of introduction shown
initiates an outbreak driven by sustained local transmission, given
that no NPIs are in place. For each metric, and each time during
the vaccination programme, we calculated the outbreak risk by
integrating over the full distribution for RV tð Þ shown in Fig. 2. In
practice, the precise value of RV tð Þ is not known exactly at any
time: the purpose of this integration (which is over values of
RV tð Þ, rather than values of t) is to account for this uncertainty in
outbreak risk estimates. The resulting outbreak risk therefore

Table 1 Default parameter values used in our analyses.

Parameter Description Value Source

β Transmission rate Set so that R0 ¼ β
μ takes a

prescribed value
Two scenarios were considered, with mean R0
values of 3 (similar to the original SARS-CoV-2
variant65) and 5 (similar to the Alpha variant
(B.1.1.7)26)

1=μ Duration of infectiousness 5 days 66

α Delay between a vaccine dose being
administered and being effective

14 days 67

η1 Multiplicative reduction in susceptibility of an
individual vaccinated with a single effective dose
(compared to an unvaccinated host)

0.6 21

η2 Multiplicative reduction in susceptibility of an
individual vaccinated with two effective doses
(compared to an unvaccinated host)

0.85 21

ν Vaccine uptake 0.8 (Isle of Man) and 0.7 (Israel).
Other values are considered in the
Supplementary Information

68

N Total population size 84,500 (Isle of Man) and 8,772,800
(Israel)

69

D Number of vaccine doses available each day (in
future projections)

1000 (Isle of Man) and 56,000
(Israel)

Average number of doses administered each
day in the previous 30 days (up to 11th April
2021 for Isle of Man34 and 21st April 2021 for
Israel35)

τ Target period between vaccine doses (in future
projections)

84 days (Isle of Man) and 21 days
(Israel)

70,71
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represents a point estimate of the risk accounting for uncertainty
in pathogen transmissibility.

The IOR represents the probability of sustained local trans-
mission based only on the value of RV ðtÞ at the precise instant
that the virus is introduced into the population. When an
introduction occurs while vaccines are being deployed, there is a
background of decreasing population susceptibility, and so RV ðtÞ
may in fact decrease over the initial stages of a potential outbreak.
For that reason, it is unsurprising that the IOR sometimes
overestimates the outbreak risk compared to the other risk
metrics (see e.g. black lines in Fig. 3a, c – and see Discussion).

In contrast, we found close agreement between the COR, SOR,
and NOR. Due to the high assumed vaccine uptake in the Isle of
Man, the outbreak risk at the end of the vaccination programme
there was calculated to be lower than when the vaccine rollout
was completed in Israel (although we also considered supple-
mentary analyses with different assumed vaccine uptake values –
Fig. S1). In the first scenario that we considered (mean R0 ¼ 3),
which is representative of the transmissibility of the original
SARS-CoV-2 virus, the outbreak risk was projected to be low
following the vaccination programme in the Isle of Man.

However, when the virus was assumed to be more transmis-
sible (mean R0 ¼ 5), as is the case for newly emerged variants of
concern such as the Alpha variant (B.1.1.7), the outbreak risk was
found to be substantial even following the projected end of the
vaccination campaigns in both the Isle of Man and Israel. For
example, when the assumed vaccine uptake values of ν ¼ 0:8 and
ν ¼ 0:7 had been achieved in the Isle of Man and Israel,
respectively, the NOR took values of 0.37 (95% Equal-Tailed
Credible Interval (CrI): [0.22,0.48], calculating using the 95%
Equal-Tailed CrI for RV ðtÞ at the end of the vaccination rollout)
and 0.51 (95% Equal-Tailed CrI: [0.39,0.59]) in those locations.

Given the uncertainty in epidemiological modelling projections,
the key point to note is that these values are greater than zero
(rather than the exact outbreak risk estimates themselves), sug-
gesting that outbreaks can still occur when NPIs are removed
following the completion of vaccination programmes. This result
is robust to a range of assumptions surrounding virus transmis-
sion and the effectiveness of vaccines (Figs S1-S4).

Discussion
As vaccines are administered in countries around the world,
attention has turned to the possibility that transmission will soon
be reduced to the extent that travel restrictions and other NPIs
can be relaxed. Here, we have investigated the impact of removing
NPIs on the risk of outbreaks occurring in locations with low
prevalence and a substantial proportion of the population vac-
cinated. We used four metrics to estimate the risk that a case
introduced at any stage in the vaccination rollout leads to an
outbreak driven by local transmission, in a scenario in which
NPIs are removed. We calculated temporal changes in the values
of these metrics in the context of vaccination in the Isle of Man
and in Israel, two locations with low prevalence and vaccination
campaigns that have progressed quickly.

We found that vaccination is leading to a substantial drop in
the potential for virus transmission in both the Isle of Man and
Israel, as indicated by a decreasing value of the time-dependent
reproduction number, RV tð Þ (Fig. 2). However, even when the
vaccine rollout is completed (with 80% of individuals fully vac-
cinated in the Isle of Man, and 70% in Israel; other values are
considered in Fig. S1), the combination of vaccines not pre-
venting transmission entirely, incomplete vaccine uptake and the
emergence of novel SARS-CoV-2 variants suggests that the risk of

Fig. 2 Effect of vaccination on population susceptibility. a The proportion of the population of the Isle of Man that is unvaccinated (1$ V1 tð Þ $ V2ðtÞ),
vaccinated with a single dose (V1 tð Þ) and vaccinated with two doses (V2 tð Þ). The period in which vaccination data were available is shown in white, and the
period in which vaccination data were projected is shown in purple. b The time-dependent reproduction number (RV tð Þ) corresponding to the vaccination
data in panel a with all travel restrictions and non-pharmaceutical interventions removed, starting from a mean initial value of RV 0ð Þ ¼ R0 ¼ 3: To account
for uncertainty in the value of R0, a normal distribution was assumed about the mean value of R0 with variance σ2 ¼ 0:25, which is reflective of the range of
R0 values estimated early in the COVID-19 pandemic65. c Analogous to panel b but starting from a mean initial value of RV 0ð Þ ¼ R0 ¼ 5. d-f Analogous to
panels a-c but using vaccination data for Israel. In all panels, t ¼ 0 days corresponds to 18th December 2020. Ticks on the x-axes refer to the starts of the
months labelled. Parameter values are shown in Table 1.
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outbreaks initiated by infected individuals arriving from else-
where will not be eliminated when NPIs are removed (Fig. 3).
This conclusion holds unless the vaccine uptake is very high (Fig.
S1). This suggests that, when NPIs such as travel restrictions are
relaxed, it will still be advisable to be aware of the potential for
local transmission. Ensuring that case numbers are reduced
elsewhere (i.e. in locations that imported cases might travel from)
will reduce the risk of importations, and strategies should be
considered to suppress outbreaks quickly if importations occur.

One potential use of our modelling framework by policy-
makers is to identify the dates on which travel restrictions can be
relaxed, based on a maximum acceptable outbreak risk. As an
example, if the maximum acceptable value of the NOR is 0.4, then
our analysis with R0 ¼ 5 suggests that travel restrictions can be
lifted on the Isle of Man at the end of July 2021 (Fig. 3b; the first
date on which the NOR is projected to fall below 0.4 in our
illustrative analysis is 29th July 2021). However, as described
above, since the risk of local transmission following introductions
remains, it will be necessary to continue to monitor inbound
passengers in low prevalence settings to identify infected indivi-
duals, even once vaccination programmes are completed.

Our modelling approach for assessing outbreak risks was
motivated by studies in which the potential for pathogen trans-
mission varies periodically38–40,43–46, due, for example, to sea-
sonal changes in weather conditions that affect transmission. In
that context, Carmona and Gandon38 describe a “winter is
coming effect”, in which the risk of an outbreak is lower than
current environmental conditions suggest if conditions become
less favourable for transmission in the near future. In the ter-
minology used in our manuscript, if current environmental
conditions promote pathogen transmission, then the IOR is

expected to be high. This is because the IOR reflects the outbreak
risk based on the conditions at the precise instance when the virus
is introduced into the population. However, if environmental
conditions are expected to become less favourable for transmis-
sion in the near future, then the values of the other risk metrics
are lower than the IOR, since those metrics account for changes
in transmissibility over the initial phase of the potential outbreak.
Although in general we found a close agreement between the four
metrics that we considered, a background of decreasing popula-
tion susceptibility can lead to a similar effect in which the IOR is
larger than the COR, SOR, or NOR (e.g. Figure 3a, c).

In this study, we used a simple branching process model to
investigate the risk of outbreaks when NPIs are removed during a
vaccination programme. This involved considering whether
introduced cases are likely to lead to sustained local transmission
or instead fade out without causing an outbreak. We made the
standard branching process modelling assumption that popula-
tion immunity is unaffected by infections in the earliest stages of
potential outbreaks19,20,27–29,47. In other words, infection-
acquired immunity following the arrival of the pathogen in the
host population is not considered. While this is reasonable when
case numbers are low in the initial stages of potential outbreaks, a
more detailed model is needed to explore other quantities, such as
the eventual size of outbreaks. Following a vaccination pro-
gramme, outbreaks are likely to be smaller than those that occur
before vaccines are widely administered.

Another simplification of our model is that we only accounted
for changes in population susceptibility due to the vaccine rollout.
We did not account for prior immunity of some members of the
population due to previous exposures to the virus48. At the time
of writing (1st May 2021), there have been 1,154 confirmed cases

Fig. 3 The risk that an infectious case introduced at each stage of the vaccination campaign initiates an outbreak, if travel restrictions and other non-
pharmaceutical interventions are removed. a The outbreak risk was assessed using the four metrics (Instantaneous Outbreak Risk – black; Case Outbreak
Risk – blue dashed; Simulated Outbreak Risk – green dots; Numerical Outbreak Risk – red), based on vaccination data from the Isle of Man and assuming
mean R0 ¼ 3, as in Fig. 2b. The period in which vaccination data were available is shown in white, and the period in which vaccination data were projected
is shown in purple. b Analogous to panel a but with a mean R0 ¼ 5 (see Fig. 2c). c Analogous to panel a but using vaccination data for Israel (see Fig. 2e). d
Analogous to panel a but using vaccination data for Israel with a mean R0 ¼ 5 (see Fig. 2f). Ticks on the x-axes refer to the starts of the months labelled.
Parameter values are shown in Table 1.
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in the Isle of Man and 838,000 confirmed cases in Israel. Since
these case numbers correspond to a relatively small proportion of
the host population (representing 1.4% and 9.6% of the popula-
tion in the Isle of Man and Israel, respectively), we do not expect
this assumption to affect our key findings. Furthermore, immu-
nity is likely to wane over time49–51, reducing the effect of pre-
vious exposures on the outbreak risk. To test the potential impact
of infection-acquired immunity arising from cases occurring
before May 2021, we also conducted a supplementary analysis in
which the value of R0 is reduced by 1.4% in the Isle of Man and
9.6% in Israel, and we found qualitatively similar results (Fig. S2):
even in this scenario, there is still a risk of outbreaks due to
imported cases once the vaccination programmes are completed.
Importantly, in other countries in which higher numbers of cases
have occurred, prior immunity may play a larger role in reducing
the risk of outbreaks compared to the low prevalence settings
considered here. Understanding the extent of this effect, based on
the rate at which immunity wanes, is an important target for
further study.

In this research, we assumed that vaccines reduce transmission
by lowering the susceptibility of vaccinated hosts compared to
unvaccinated hosts. Two effective vaccine doses were assumed to
reduce the probability of infection per exposure substantially (by
η2 ¼ 0:85), which is in line with estimates for the Pfizer vaccine
used in the UK Government’s COVID-19 roadmap modelling21.
However, there is uncertainty about the precise level of protection
offered by different COVID-19 vaccines. For that reason, we also
conducted a supplementary analysis (Fig. S3) in which we con-
sidered a range of values of η2. In every scenario that we explored,
the risk of outbreaks following the completion of vaccination
programmes in low prevalence settings was greater than zero,
with larger outbreak risks for lower values of η2.

In addition to reducing the risk that a host becomes infected as
assumed here52, vaccination may also reduce the risk of onwards
transmission following infection53, reduce the risk of severe dis-
ease developing, or a combination of these effects54. In principle,
it would be possible to develop a more complex model that
accounts for all of these effects separately, at the cost of having to
estimate (or assume) values of the associated parameter values.
Vaccines can be assumed to reduce the risk that vaccinated hosts
become infected by lowering their susceptibility to infection
compared to unvaccinated hosts (leaky vaccines), or by protecting
a subset of the vaccinated hosts completely from infection (all-or-
nothing vaccines)24, and the implications of these different
mechanisms on outbreaks while a vaccination campaign is
ongoing could be considered. It would also be possible to develop
a transmission model in which either vaccine- and/or infection-
acquired immunity wanes. There is currently substantial uncer-
tainty about the extent and speed of waning immunity, with the
hope that antibody responses and/or cellular immune responses
may provide long-lasting immune memory, at least in some
individuals55,56. Booster vaccination for vulnerable individuals is
being considered in high-income countries, given the possibility
that vaccine-acquired immunity wanes. We note that any waning
of immunity will act to enhance our main qualitative conclusion
that the risk of outbreaks is unlikely to be eliminated completely
in low prevalence settings by vaccination programmes.

Other factors that may merit consideration in further analyses
of future outbreak risks include the impact of population struc-
ture on both vaccine effectiveness57 and transmission58,59, and
the possibility that individuals’ behaviours may be different fol-
lowing the pandemic compared to beforehand, even when NPIs
and travel restrictions are removed. For precise quantitative
outbreak risk predictions to be made, it may be necessary to
estimate R0 in different locations. It would also be necessary to

incorporate changes in R0 due to further new variants in our
analyses, although we note that any increase in transmissibility
will act to strengthen our main conclusion that vaccine-acquired
immunity alone is unlikely to be sufficient to prevent outbreaks.
Another important consideration is the degree of heterogeneity in
transmission between different infected individuals. For a range
of pathogens, including SARS-CoV-2, the majority of transmis-
sions are generated by a relatively small proportion of infectious
hosts60–63. We therefore also conducted a supplementary analysis
(Supplementary Notes) in which we considered the dependence
of outbreak risk estimates following the completion of vaccination
programmes in the Isle of Man and Israel on the assumed
individual-level variation in SARS-CoV-2 transmission. While a
higher degree of heterogeneity (i.e. a higher probability of
“superspreading” events) acts to lower the outbreak risk, in each
scenario explored outbreaks were still possible in low prevalence
settings following vaccination programmes when NPIs are
removed (Fig. S4).

To summarise, our analyses have demonstrated the general
principle that, even following vaccination programmes in low
prevalence settings, the risk of outbreaks remains when NPIs are
removed. Our intention is not to argue that travel restrictions and
other NPIs should not be relaxed once vaccination programmes
are sufficiently advanced, but rather that measures should be
taken to ensure that any clusters of cases are suppressed quickly if
they arise. A local outbreak requires two steps: first, the virus
must be imported from elsewhere; second, local transmission
must occur. The first step emphasises the need for a global
approach to minimising transmission, since higher case numbers
at a potential source location translate into a higher importation
risk. The second step emphasises the need to ensure that, while
vaccination acts to reduce transmission substantially, continued
surveillance of inbound passengers for infection, combined with
isolation and/or testing of contacts of detected infected indivi-
duals, is important when travel restrictions and other NPIs are
relaxed. These measures are necessary, since only once the global
prevalence of SARS-CoV-2 infections is reduced substantially can
the risk of outbreaks in low prevalence settings be eliminated.

Reporting summary. Further information on research design is
available in the Nature Research Reporting Summary linked to
this article.

Data availability
All data required to reproduce the results presented here are available at https://
github.com/robin-thompson/Outbreaks_Low_Prevalence_Settings/64. Data on the
proportion of the population vaccinated was obtained from 34 and 35 (see Methods).
Source data for the main figures in the manuscript can be accessed at https://github.com/
robin-thompson/Outbreaks_Low_Prevalence_Settings/64. No restrictions exist on data
availability.

Code availability
All code required to reproduce the results presented here are available at https://
github.com/robin-thompson/Outbreaks_Low_Prevalence_Settings/, along with relevant
documentation64.
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A B S T R A C T

Previous exposure to influenza viruses confers cross-immunity against future infections with related strains.
However, this is not always accounted for explicitly in mathematical models used for forecasting during
influenza outbreaks. We show that, if an influenza outbreak is due to a strain that is similar to one that
has emerged previously, then accounting for cross-immunity explicitly can improve the accuracy of real-time
forecasts. To do this, we consider two infectious disease outbreak forecasting models. In the first (the ‘‘1-group
model’’), all individuals are assumed to be identical and cross-immunity is not accounted for. In the second
(the ‘‘2-group model’’), individuals who have previously been infected by a related strain are assumed to
be less likely to experience severe disease, and therefore recover more quickly, than immunologically naive
individuals. We fit both models to estimated case notification data (including symptomatic individuals as
well as laboratory-confirmed cases) from Japan from the 2009 H1N1 influenza pandemic, and then generate
synthetic data for a future outbreak by assuming that the 2-group model represents the epidemiology of
influenza infections more accurately. We use the 1-group model (as well as the 2-group model for comparison)
to generate forecasts that would be obtained in real-time as the future outbreak is ongoing, using parameter
values estimated from the 2009 epidemic as informative priors, motivated by the fact that without using prior
information from 2009, the forecasts are highly uncertain. In the scenario that we consider, the 1-group model
only produces accurate outbreak forecasts once the peak of the epidemic has passed, even when the values
of important epidemiological parameters such as the lengths of the mean incubation and infectious periods
are known exactly. As a result, it is necessary to use the more epidemiologically realistic 2-group model to
generate accurate forecasts. Accounting for cross-immunity driven by exposures in previous outbreaks explicitly
is expected to improve the accuracy of epidemiological modelling forecasts during influenza outbreaks.

1. Introduction

Three major influenza pandemics occurred in the 20th century, in
1918, 1957, and 1968 (Kilbourne, 2006). Each pandemic resulted in
over one million deaths, with the death toll of the 1918 Spanish Flu
pandemic estimated to be 50 million people (Johnson and Mueller,
2002). In 2009, reassortment of North American and Eurasian swine
viruses generated a new strain of H1N1, triggering the first influenza
pandemic of the 21st century (Trifonov et al., 2009; Christman et al.,
2011). The virus is believed to have originated in Mexico in April 2009,
and then spread rapidly across the globe, reaching 43 countries by May
that year (Fraser et al., 2009; Trifonov et al., 2009). The case fatality
rate due to the virus was lower than that of previous pandemics in
the 20th century (Kamigaki and Oshitani, 2009). However, the scale

< Corresponding author.
E-mail address: rahil.sachak-patwa@maths.ox.ac.uk (R. Sachak-Patwa).

of the pandemic, with estimates that 11%–21% of the global popu-
lation contracted the virus, led to a significant burden on healthcare
systems (Kelly et al., 2011).

Influenza A viruses mutate over time, either due to antigenic drift,
where a small mutation in the genes of the virus leads to changes in the
surface proteins producing a closely related strain, or, antigenic shift,
an abrupt, major change in the virus due to recombination and reas-
sortment, resulting in new surface proteins (Bouvier and Palese, 2008;
Kim et al., 2018). A new form of the virus that has emerged due to drift
is likely to have similar antigenic properties to the original virus, and
thus individuals who were infected with the original virus may have
acquired some immunity to the altered virus. However, when antigenic
shift occurs, many individuals are likely to have little or no immunity
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to the new virus (depending on their lifetime history of infection). Due
to the random nature of the emergence of new influenza strains, it is
not currently possible to predict when future pandemics will occur,
and which strains will cause these pandemics (Neumann and Kawaoka,
2019). However, mathematical models have been used extensively for
forecasting and informing public health measures when outbreaks are
ongoing (Ferguson et al., 2006; Hall et al., 2007; Nishiura, 2011;
Ohkusa et al., 2011; Tizzoni et al., 2012; Biggerstaff et al., 2016;
Thompson and Brooks-Pollock, 2019).

The most basic infectious disease outbreak models assume that
individuals have similar characteristics (Chowell et al., 2006; Betten-
court and Ribeiro, 2008). More complex models account for differences
between individuals. For example, in many studies that aim to deter-
mine optimal vaccination strategies, populations are split into low-risk
and high-risk groups (Gani et al., 2005; Dushoff et al., 2007), and
spatial heterogeneity can be incorporated by partitioning individuals
according to their location (Longini Jr. et al., 2004; Ohkusa et al.,
2009). Commonly, due to different contact rates between individuals
of different ages, as well as varying case fatality rates between age
groups, age-structured models are used (Chowell et al., 2009; Medlock
and Galvani, 2009; Glasser et al., 2010; Klepac et al., 2018; Davies
et al., 2020; Thompson, 2020b). Models of influenza transmission
that incorporate evolutionary and multi-strain dynamics (He et al.,
2015; Yang et al., 2015; Du et al., 2017), as well as phylodynamics
(accounting for temporal changes in pathogen phylogenies), have also
been considered (Grenfell, 2004; Koelle et al., 2006; Frost et al., 2015).

Other types of heterogeneity also play an important role in the dy-
namics of influenza outbreaks. Previous exposure to an influenza virus
confers homosubtypic cross-immunity to antigenically related strains of
the original virus due to cross-reactive neutralising antibodies (Grebe
et al., 2008; Kreijtz et al., 2011; Krammer, 2019; Padilla-Quirarte et al.,
2019). These neutralising antibodies, predominantly against haemag-
glutinin (HA) proteins on the surface of the virus, block viral entry
to the host cell (Sym et al., 2009; Huang et al., 2013). It has also
been suggested that cross-protective non-HA antibody immunity may
lead to reduced disease severity (Fang et al., 2011). Neuraminidase
(NA) specific antibodies have also been shown to reduce influenza viral
titres, morbidity, and virus shedding (Schulman et al., 1968; Murphy
et al., 1972; Couch et al., 1974; Webster et al., 1988; Epstein et al.,
1993; Mozdzanowska et al., 1999). As well as homosubtypic immunity,
there is evidence of heterosubtypic immunity, namely cross-protection
generated by prior exposure to a different but related influenza sub-
type (Nguyen et al., 2007; Grebe et al., 2008; Fox et al., 2017).
Cross-immunity – homosubtypic and/or heterosubtypic – may explain
why there has not been an influenza pandemic as severe as the 1918
pandemic in the last century (Thompson et al., 2019).

A significant proportion of elderly individuals carried pre-existing
immunity (due to cross-reactive anti-HA antibodies) to the influenza
strain that was responsible for the 2009 pandemic (Hancock et al.,
2009; Xing and Cardona, 2009; Bandaranayake et al., 2010; Hardelid
et al., 2010; Gostic et al., 2019). This may be due to the similarities
between the 2009 H1N1 virus and the 1918 Spanish Flu virus, as viral
descendants of the 1918 Spanish Flu virus continued to circulate until
the 1957 pandemic (Skountzou et al., 2010; Xu et al., 2010). The
suggestion that immunity was due to previous infections that occurred
decades earlier implies that this form of cross-immunity is likely to be
lifelong (Yu et al., 2008). The consequences of pre-existing immunity
can be seen in the age distribution of infected individuals in Japan in
the 2009 pandemic, where only a small proportion of the individuals
who sought medical attention were elderly (Mizumoto et al., 2013). A
number of studies in animals have also shown that prior infection with
seasonal H1N1 strains have been able to provide substantial protection
against infection with the 2009 H1N1 pandemic virus (Ellebedy et al.,
2010; Kash et al., 2010; Laurie et al., 2010; Ellebedy et al., 2011).
As well as the heterogeneity between hosts in infection risk and age

mentioned previously, models in which populations are structured ac-
cording to whether or not individuals carry pre-existing immunity can
also be formulated (Andreasen et al., 1997; Martcheva and Pilyugin,
2006; Reluga et al., 2008; Penman et al., 2016; Thompson et al., 2019).

In this paper, our attention is directed towards how cross-immunity
(either homosubtypic or heterosubtypic) affects the predictability of
epidemics. We use mathematical models to investigate whether or not
it is necessary to account for cross-immune individuals in the popu-
lation when forecasting the dynamics of future influenza epidemics.
We consider two epidemiological models. In the first, cross-immunity is
ignored (the ‘‘1-group model’’). In the second, more epidemiologically
realistic model (the ‘‘2-group model’’), individuals with and without
cross-immunity are accounted for explicitly.

First, we estimate the values of the parameters of each model
(specifically, the transmission rate and the effective population size)
using data from the 2009 H1N1 influenza epidemic in Japan. We
then consider a synthetic future influenza epidemic of an antigenically
similar strain, simulated using the more epidemiologically realistic 2-
group model. We explore whether or not accurate forecasts of this
epidemic can be obtained in real-time. If uninformative priors are used
and parameters are estimated in real-time, even the more realistic 2-
group model is unable to generate accurate forecasts of the remainder
of the epidemic before the peak occurs. This motivates us to incorporate
information from the 2009 epidemic to set informative priors. We show
that forecasts made using the 1-group model in advance or at the
start of a future epidemic are inaccurate, even if informative priors
are used, because that model does not account for differing levels
of cross-immunity between the starts of the 2009 epidemic and the
future epidemic. We then use both information from the 2009 epidemic
and data obtained as the future outbreak is ongoing to generate real-
time forecasts using the 1-group and 2-group models. Early in the
outbreak, only the 2-group model can provide accurate forecasts of
the remainder of the epidemic. For that reason, cross-immunity should
be included in epidemiological forecasting models whenever a large
influenza outbreak is related to an antigenically similar strain that has
previously caused a major epidemic.

2. Methods

2.1. Data

Our analysis involves case notification data from the 2009 H1N1 in-
fluenza epidemic in Japan comprising the estimated numbers of weekly
cases seeking medical attention in that country. These nationwide
data were based on sentinel data from 4800 hospitals, extrapolated
to the total number of medical facilities in Japan (Nishiura, 2011;
Omori and Nishiura, 2011). The data were acquired from Fig. 1 of
the analysis by Nishiura (2011) using the data extraction tool https:
//automeris.io/WebPlotDigitizer/ and the extracted data are available
in Supplementary Data S1. The data represent the numbers of patients
per week who sought medical attention and met one or more of the
following criteria: (i) acute course of illness, (ii) fever higher than 38˝C,
(iii) cough, sputum or breathlessness (symptoms of upper respiratory
infection), (iv) general fatigue, and (v) positive laboratory diagnosis.

It was estimated that 23.5% of the Japanese population were in-
fected during the epidemic, and that 16.1% were infected and sought
medical attention (Mizumoto et al., 2013). Therefore (23.5*16.1)_23.5 =
31.5% of infected individuals did not seek medical attention. We assume
that those infected individuals who did not seek medical attention
suffered mild symptoms of influenza because they were cross-immune
to the virus (see Discussion). Hence, extrapolating to the rest of the
population and assuming that the susceptibility of hosts is unaffected
by cross-immunity, we assume when fitting the 2-group model that
31.5% of the population were cross-immune to the virus and that
68.5% were immunologically naive (i.e. had not previously acquired
cross-immunity to the 2009 H1N1 pandemic strain, as they had not
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been infected by a previous antigenically similar strain of the virus).
However, we also test the robustness of our results to this assumption
by conducting analyses for different proportions of the population that
are cross-immune (Supplementary Information Section S.1).

2.2. Models

We consider two models characterising influenza outbreaks. In the
first (the 1-group model), which is the commonly used SEIR model
(Anderson and May, 1991; Mills et al., 2004; Chowell et al., 2006; Chen
and Liao, 2008; Thompson et al., 2016), cross-immunity is neglected.
In the second (the 2-group model), individuals who have been infected
previously by a related strain are assumed to recover from infec-
tion more quickly than individuals who are immunologically naive.
Schematics illustrating the compartmental structures of both models
are shown in Fig. 1.

2.2.1. 1-group model
The 1-group SEIR model is described by the following differential

equations, in which individuals are either (S)usceptible and avail-
able for infection, (E)xposed (i.e. infected but not yet infectious or
symptomatic), (I)nfectious or (R)emoved:

dS
dt

= * �
N

SI , (1)

dE
dt

= �
N

SI * E, (2)

dI
dt

= E * �I , (3)

dR
dt

= �I . (4)

In this model, the infection rate is governed by the parameter �, the
mean latent period is 1_ weeks and the mean infectious period is
1_� weeks. The basic reproduction number under the 1-group model
is given by

R0 =
�
�
. (5)

Following Cintrón-Arias et al. (2009), the number of recorded cases
in week j (recorded at the end of that week), where j is the integer
number of weeks since the epidemic began, is given by

C(j) =  
j

j*1
E dt. (6)

The constant value S + E + I + R = N represents the effective
population size. Since pathogens are most likely to be transmitted
locally, individuals in distant locations are not available for infection
and so N is expected to be smaller than the true population size (Gart,
1968; Pouillot et al., 2008). In Table 1(a), we list the parameters that
appear in Eqs. (1)–(4) and estimates of their values for the Japanese
2009 H1N1 epidemic (see also Sections 2.3 and 3.1).

2.2.2. 2-group model
The 2-group model is an extension of the standard SEIR model

in which immunologically naive and cross-immune individuals are
distinguished between. The 2-group model is given by the following
system of differential equations:
dSI
dt

= * �
N

SI (II + IN ), (7)

dEI
dt

= �
N

SI (II + IN ) * EI , (8)

dII
dt

= EI * �III , (9)

dRI
dt

= �III , (10)

dSN
dt

= * �
N

SN (II + IN ), (11)

dEN
dt

= �
N

SN (II + IN ) * EN , (12)

dIN
dt

= EN * �NIN , (13)

dRN
dt

= �NIN . (14)

The basic reproduction number under the 2-group model is given by

R0 =
�⌫
�I

+ �(1 * ⌫)
�N

, (15)

where the two terms represent the relative contributions from the cross-
immune and immunologically naive groups respectively. The first term
represents the expected number of infections generated by a single
infected individual with previously acquired cross-immunity (assum-
ing that no other individuals are infected at the time of introduc-
tion), scaled by the proportion of individuals who previously acquired
cross-immunity. The second term represents the expected number of
infections generated by a single infected individual who was previ-
ously immunologically naive, scaled by the proportion of individu-
als who were previously immunologically naive. See Supplementary
Information Section S.2 for details of the calculation.

There is evidence that cross-immunity in the elderly population
reduced the disease severity of the 2009 H1N1 pandemic virus (Miller
et al., 2010; Chen, 2010). We assume that cross-immune individuals
experience less severe disease and therefore typically recover more
quickly than immunologically naive individuals (i.e. 1_�I < 1_�N ).
Cross-immunity is therefore partial: it does not reduce disease com-
pletely. To isolate this effect alone on the predictability of epidemics,
in this model it is assumed that cross-immune and naive individuals
are otherwise identical. In particular, we assume that susceptible cross-
immune individuals and susceptible naive individuals are equally likely
to be infected.

We assume that only cases of severe disease (i.e. infected individuals
who were previously immunologically naive) report infection, so that
the number of recorded cases in week j is given by

C(j) =  
j

j*1
EN dt. (16)

Since we assume that only immunologically naive individuals report
infection, the infectious period of immunologically naive individuals in
the 2-group model is assumed to be identical to the infectious period
in the 1-group model (i.e. 1_�N = 1_�).

Denoting the proportion of individuals in the population who are
cross-immune by ⌫, we have that SI +EI +II +RI = ⌫N and SN +EN +
IN+RN = (1*⌫)N , where SI+EI+II+RI+SN+EN+IN+RN = N is the
total effective population size. In Table 1(b), we list the parameters that
appear in Eqs. (7)–(14) and estimates of their values for the Japanese
2009 H1N1 epidemic (see also Sections 2.3 and 3.1).

2.3. Parameter estimation and forecasting

When fitting the models to each dataset in this study (either the data
from the 2009 H1N1 epidemic in Japan or simulated future outbreak
data), the transmission rate parameter, �, and effective population size,
N , are estimated using Markov chain Monte Carlo (MCMC) with the
Metropolis–Hastings algorithm (Hastings, 1970). All other parameters
are assumed to be known. A likelihood function is used in which it
is assumed that the differences between the data and model forecasts
(where the differences are due to noise not accounted for in the
models) are normally distributed, and that this noise scales with the
square root of the size of the data (i.e. the number of cases). We
estimate the noise scaling parameter, �, in the likelihood function, by
fitting each model to data from the 2009 Japan epidemic using a least
squares approach (Cintrón-Arias et al., 2009). The value of � is then
fixed throughout this study. An analysis of the residuals (the scaled
differences between each data point and the corresponding model
values) is given in Supplementary Information Section S.3, justifying
the square root noise scaling assumption. In each MCMC simulation,
we perform 2 ù 105 sampling iterations, discard the first 104 iterations
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Fig. 1. Schematics illustrating the structures of the 1-group and 2-group models. In both cases, the population is compartmentalised into susceptible S, exposed (infected but
not yet infectious) E, infectious I , and recovered R classes. In the 2-group model, cross-immune and immunologically naive individuals are distinguished between, and it is
assumed that only infected naive individuals are recorded in case notification data (with perfect reporting). In the 1-group model, there is no distinction between cross-immune
and immunologically naive individuals, and it is assumed that all infected individuals are recorded in case notification data (again with perfect reporting).

Table 1
Descriptions of parameters of the 1-group and 2-group models and estimates of their values for the Japanese 2009 H1N1
epidemic.
Parameter Description Values Source

� Transmission rate 1.644 Weeks-1 Estimated from data (Fig. 3)
N Effective population size 3.072 ù 107 Estimated from data (Fig. 3)
1_ Latent period 4/7 Weeks Tuite et al. (2009)
1_� Infectious period 1 Week Tuite et al. (2009)
C(0) Initial number of recorded cases 24073 Nishiura (2011)

(a): 1-group model

Parameter Description Values Source

� Transmission rate 1.947 Weeks-1 Estimated from data (Fig. 3)
N Total effective population size 4.660 ù 107 Estimated from data (Fig. 3)
⌫ Cross-immune fraction 0.3149 Estimate based on Mizumoto et al. (2013)
1_ Latent period 4/7 Weeks Tuite et al. (2009)
1_�I Infectious period (cross-immune individuals) 3/7 Weeks Estimate based on Fielding et al. (2013)
1_�N Infectious period (naive individuals) 1 Week Tuite et al. (2009)
C(0) Initial number of recorded cases 24073 Nishiura (2011)

(b): 2-group model

as the ‘burn-in’ period and record every 100 iterations thereafter to
reduce autocorrelation. Further details are given in Supplementary
Information Section S.4.

When making forecasts in real-time after t = m weeks of the
epidemic, we calibrate our model forecasts with the observed data
for weeks 0, 1,… ,m of the epidemic, estimating model parameters
using the method described above. To generate forecasts, we use these
estimated model parameters and project the models forwards, starting
in week m with initial conditions estimated based on the number
of cases observed in weeks 0, 1,… ,m (for details, see Supplementary
Information Section S.5).

To compare different model forecasts throughout this study, we use
the deviance information criterion (DIC) (Spiegelhalter et al., 2002).
Details and DIC values are given in Supplementary Information Section
S.6.

2.4. Modelling the size of the cross-immune population between epidemics

For the 2-group model, we assume that all immunologically naive
individuals infected during an earlier epidemic acquired cross-immunity
to antigenically related strains of the virus. Individuals who were cross-
immune at the beginning of the 2009 epidemic, as well as individuals
who were infected during the 2009 epidemic, are therefore assumed
to be cross-immune. Furthermore, we assume that cross-immunity to
related strains is lifelong (Yu et al., 2008). Using these assumptions, we
can model the cross-immune fraction of the population over the years
between the end of a first epidemic and the start of a future epidemic of
a related strain of influenza accounting for population turnover (births
and natural deaths). This is important, since the period between major
influenza epidemics (or pandemics) is typically many years (Kilbourne,
2006). Further details are given in Supplementary Information Section

S.7. We seed the future epidemics by assuming that there are 10,000
recorded cases in the first week from which we generate forecasts (three
orders of magnitude smaller than the estimated effective population
sizes). When using the 2-group model to forecast future epidemics,
we assume that the cross-immune fraction of the population is known
exactly.

2.5. Approaches to forecasting a future epidemic

We use the 1-group and 2-group models (Fig. 1) to explore the
accuracies of three different potential forecasting approaches (see Fig. 2
for a schematic illustrating these approaches). Specifically, we consider:
generating a forecast using case notification data collected in real-time
but without incorporating prior information from an earlier epidemic
(Strategy 1); generating a forecast in advance of the epidemic, but
using the previous epidemic as prior information (Strategy 2), and;
generating a forecast using case notification data collected in real-time
and also using the previous epidemic as prior information (Strategy 3).

3. Results

3.1. Fitting models to the 2009 H1N1 influenza epidemic in Japan

We fit the 1-group and 2-group models to data from the 2009
H1N1 influenza epidemic (Fig. 3(a), (b)). The shaded regions represent
the 95% prediction credible intervals (CrIs) of epidemic trajectories
based on the posterior distributions of fitting parameters � and N .
Since the 1-group model does not account for infected but unrecorded
individuals, the estimated parameters for the model represent a lower
effective population size N than the for the 2-group model, while
the estimated basic reproduction numbers R0 are similar (Fig. 3(c),
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Fig. 2. Schematic illustrating the modelling approaches considered for forecasting the dynamics of a future epidemic. The shaded regions indicate the 95% CrIs of epidemic
trajectories and forecasts. (a) Strategy 1: Forecast in real-time, using data from the ongoing epidemic and assuming no prior information about the fitting parameters. Cyan and
green forecasts calibrated using data up to week 10 and 20 of the epidemic, respectively. (b)–(c) Strategy 2: Forecast in advance of a future epidemic using prior parameter
distributions estimated by fitting the model to data from a previous epidemic (priors are shown as subfigures in (b)). (d)–(e) Strategy 3: Forecast in real-time, using data from
the ongoing epidemic as well as prior parameter distributions estimated by fitting the model to data from a previous epidemic (priors are shown as subfigures in (d)). (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

(d)). The mean estimated values of R0 for the 1-group and 2-group
models are 1.644 (95% CrI [1.627, 1.662]) and 1.597 (95% CrI [1.580,
1.612]) respectively, comparable with the interquartile range of 1.30
to 1.70 based on fifty-seven studies of the 2009 H1N1 pandemic strain
(Biggerstaff et al., 2014). The values of the estimated parameters and
their corresponding 95% CrIs are stated in Table 2. The numbers of
recorded, unrecorded, and combined total weekly cases estimated using
the 2-group model are shown in Supplementary Information Section
S.8.

We used the mean estimated transmission rate and effective pop-
ulation size from the 2-group model to generate synthetic data for
future epidemics. We assumed that, if the simulated epidemic takes
place further into the future, then the cross-immune fraction of the
population is lower due to deaths of cross-immune hosts and births of
immunologically naive hosts (see Supplementary Information Section
S.7).

Table 2
Mean values and CrIs of the fitting parameter posterior distributions, for the 1-group
and 2-group models fitted to data from the 2009 H1N1 influenza epidemic in Japan.
Parameter Mean 95% CrI

� 1.644 [1.627, 1.662]
N 3.072 ù 107 [2.905, 3.246]ù107

(a): 1-group model

Parameter Mean 95% CrI

� 1.947 [1.927, 1.966]
N 4.660 ù 107 [4.388, 4.938]ù107

(b): 2-group model

3.2. Forecasting an epidemic in real-time without prior information

If a major influenza epidemic were to occur, real-time forecasts
could be made using live data describing the numbers of cases each
week to update predictions. We considered a future epidemic due to a
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Fig. 3. (a)–(b): The 1-group and 2-group models fitted to data describing the numbers of new recorded cases each week from the 2009 H1N1 influenza epidemic in Japan, using
the transmission rate � and effective population size N as fitting parameters. Solid coloured lines and shaded regions indicate the mean and 95% CrIs of epidemic trajectories
based on the posterior distributions of the fitted parameters. DIC values are given in Supplementary Information Section S.6. (c)–(d): Scatter plots of the posterior distributions of
R0 (which is directly proportional to �) and N . Red dots represent the mean parameter estimates. Estimated parameters along with their CrIs are given in Table 2.

strain that is antigenically similar to the 2009 H1N1 virus occurring
25 years after the 2009 outbreak. We generated forecasts using the
1-group and 2-group models, at 10, 20, and 30 weeks after the first
recorded cases. The results presented in Fig. 4 show how the model
forecasts change as case notification data become available during the
epidemic. The uncertainty in the forecasts of both models is large
when predictions are generated early in the epidemic. By contrast, if
forecasts are instead generated later, the remainder of the epidemic
is predicted accurately. However, for the more accurate predictions
obtained in week 30, the peak of the epidemic has already passed,
and so accurate forecasting may be less practically useful. We conclude
that it is challenging to generate practically useful forecasts of the
remainder of an epidemic in real-time without prior information about
the parameters governing pathogen transmission. This result motivates
us to use information from previous epidemics when forecasting the
dynamics of a future one; we investigate this further below.

3.3. Forecasting epidemics in advance

We considered informing forecasts of a future epidemic using
gamma distributed estimates of the fitting parameters (� and N). The
mean values of these gamma distributions, which were determined

from the fit to the 2009 epidemic data, are given in Supplementary
Information Section S.9.

We used our models to generate forecasts of the dynamics of future
influenza epidemics in Japan due to a related strain and occurring 25,
50, or 75 years after the 2009 epidemic (with no major epidemics
occurring in each intervening period). The forecasts in Fig. 5 show that,
if the 1-group model is used, the dynamics of a future epidemic are
predicted to be identical to those of the 2009 epidemic, regardless of
when it occurs. By contrast, for the 2-group model, a large proportion
of the population would be cross-immune after the 2009 epidemic,
resulting in a lower basic reproduction number. Consequently, if an
antigenically related strain were to emerge 25 years later, the epidemic
would be smaller than in 2009 (Fig. 5(a)–(b)). If the next major
epidemic instead occurred 75 years later, a large proportion of the
population would be immunologically naive to a related strain of the
2009 virus (because of population turnover due to births and deaths),
resulting in a greater basic reproduction number. Hence, if all other
factors were similar to those in 2009, the future epidemic would be
larger than in 2009 (Fig. 5(e)–(f)).

Assuming that the 2-group model reflects the underlying epidemi-
ology more accurately than the 1-group model, we conclude that
forecasts generated using the 1-group model may not predict the dy-
namics of a future epidemic in which cross-immunity is present closely.
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Fig. 4. Forecast Strategy 1: Real-time forecasts obtained from the 1-group and 2-group models for a future epidemic occurring 25 years after the 2009 epidemic, calibrated by
fitting the model parameters � and N to data describing the weekly numbers of new cases, using uninformative uniform priors. Forecasts were made in weeks 10, 20, and 30 of
the epidemic, using the observed data up until those times to estimate model parameters. Dashed vertical lines separate the calibration and forecasting periods. Other dashed lines
indicate the mean of the epidemic trajectories in the model calibration period. Solid coloured lines and shaded regions indicate the mean and 95% CrIs of the forecasts, based on
the posterior distributions of the parameters. The synthetic data were generated using the mean parameters of the 2-group model fitted to data from the 2009 epidemic. Uniform
priors N À [10 ù 106 , 128 ù 106] and � À [1, 3] were used in the estimation. DIC values are given in Table S1.

Forecasts using larger and smaller variances of the distributions of �
and N are presented in Supplementary Information Section S.10. The
dependence of a range of quantities obtained using the 2-group model
(the cross-immune fraction at the start of the future epidemic, R0, total

number of recorded cases, duration, and size and timing of the epidemic
peak) on the time period between the 2009 epidemic and the future
epidemic is shown in Supplementary Information Section S.11. As seen
in Fig. 5, the further into the future the next epidemic of a related
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strain occurs then, all else being equal, the greater the total and peak
number of cases and the shorter the duration of the epidemic. This is
due to the smaller proportion of cross-immune individuals leading to a
higher value of R0. We note that the impact of R0 on the peak, final size
and duration of an epidemic has been explored previously for simple
epidemiological models (Weiss, 2013; Thompson et al., 2020a).

3.4. Forecasting an epidemic in real-time with prior information

As shown above, real-time forecasts generated during a future in-
fluenza epidemic, without informative priors for the fitting parameters,
can be very uncertain (e.g. Fig. 4(a)–(b)). We therefore also considered
using priors to inform the fitted parameter values, so that real-time
forecasts are based on both historical data (from the 2009 epidemic)
and live data from the ongoing outbreak. Gamma distributed priors
were set for � and N , with mean values based on the parameter
estimates obtained using the data from the 2009 epidemic.

As before, we considered a scenario in which an epidemic occurs
25 years after the 2009 epidemic. In turn, predictions were made 0, 10,
20, and 30 weeks after the start of the future epidemic (Fig. 6(a)–(b),
(c)–(e), (f)–(h) and (i)–(k), respectively).

We considered using priors of different widths to inform the epi-
demic forecasts (Fig. 6 and Supplementary Information Section S.12).
Under the baseline variance considered, when the 1-group model was
used, there was sometimes a discrepancy between the calibrated model
trajectory and the observed epidemic data (e.g. left part of Fig. 6(f)).
For that reason, we also show epidemic forecasts obtained using a
wider prior (Fig. 6(d), (g) and (j)), so that the fitted model reflects
the observed data more accurately. When the 1-group model was used,
forecasts were either inaccurate (when a prior with low variance was
used; e.g. Fig. 6(c)) or imprecise (when a prior with higher vari-
ance was used; e.g. Fig. 6(d)). In either case, as shown quantitatively
by the DIC values in Table S1, our main conclusion is unchanged:
predictions improved when forecasts were generated using the more
epidemiologically realistic 2-group model.

4. Discussion

Influenza epidemics and pandemics place a significant burden on
healthcare systems throughout the world (Monto, 2004). Exposure
to an influenza virus confers cross-immunity to antigenically related
strains (Kreijtz et al., 2011), however cross-immunity is not frequently
included explicitly in influenza forecasting models (Baguelin et al.,
2013; Rajaram et al., 2017). In this study, we have investigated whether
or not it is necessary to account for cross-immunity when generating
forecasts during influenza epidemics and, moreover, whether data from
previous epidemics can be used to improve forecast accuracy.

We have considered two different mathematical models that de-
scribe pathogen transmission: a 2-group model in which immunolog-
ically naive and cross-immune individuals are differentiated between
and a 1-group model in which all individuals are assumed to have
similar characteristics. We parameterised each model using data de-
scribing the estimated numbers of infected individuals seeking medical
attention per week in Japan during the 2009 H1N1 influenza pan-
demic (Nishiura, 2011; Omori and Nishiura, 2011). We then considered
a scenario in which we predict the dynamics of an epidemic of an
antigenically related strain occurring 25 years after the 2009 pandemic.
When no prior knowledge about the values of the transmission rate
and effective population size is assumed, neither model can predict
future epidemiological dynamics in real-time early in the epidemic
with any certainty. Previous research has also indicated that significant
uncertainty exists when ordinary differential equation models are used
to generate real-time forecasts early in influenza epidemics (Hall et al.,
2007).

We then considered the effect of the time period between epidemics
on the accuracy of epidemic forecasts made in advance of the future

epidemic. Immediately after the 2009 epidemic, a large fraction of the
population will have been cross-immune to strains that are related to
the 2009 H1N1 virus. This fraction reduces as the time since the 2009
epidemic increases, as individuals (a large proportion of whom may
have acquired cross-immunity) die and immunologically naive individ-
uals are born. Consequently, the expected size of a future epidemic of
a related strain increases the further into the future at which it occurs.
If we neglect cross-immunity by using the 1-group model, we predict
the same epidemic dynamics as in 2009, regardless of when the future
epidemic occurs. This is because changing numbers of cross-immune
individuals are not accounted for in that model. This could result in
overestimation of the size of a future epidemic, if the cross-immune
fraction was greater than the baseline cross-immunity in 2009 (i.e. if
the future epidemic occurred soon after 2009), or underestimation of
the epidemic size if the cross-immune fraction was lower than in 2009
(i.e. if the future epidemic occurred long after 2009).

Finally, we considered incorporating knowledge of parameters from
the 2009 epidemic, in combination with case notification data obtained
in real-time during the future epidemic, to update forecasts as the
future epidemic is ongoing. When the 1-group model was used to make
forecasts, we found that priors with significant uncertainty had to be
used to calibrate the model trajectories to the data. Although these
priors, set based on the model fits to the 2009 epidemic data, led to
improved forecasts compared to when no prior information was used,
the forecasts were still inaccurate or uncertain when made before the
peak of the epidemic. By contrast, the 2-group model was able to
generate more accurate forecasts. This is because cross-immunity is
accounted for in the 2-group model, and the priors reflect the values of
the true underlying parameters more accurately. We conclude that, to
forecast the long-term dynamics of major influenza epidemics caused
by strains that are antigenically related to those responsible for pre-
vious epidemics, a model that accounts for cross-immunity should be
used, and data obtained during previous epidemics should be taken into
account. Additionally, we note that short-term forecasts on the order of
one to four weeks – a time horizon used by the US Centers for Disease
Control when constructing seasonal influenza forecasts (Biggerstaff
et al., 2016, 2018; Centers for Disease Control and Prevention (CDC),
2020) – are also more accurate when generated using the 2-group
model (see Fig. 6).

We note that there may be instances in which the underlying epi-
demiology of an outbreak is not well-known, or where a complex model
cannot be parameterised due to ineffective surveillance or limited data
availability (Gibbons et al., 2014; Thompson et al., 2020d). In such
cases, using a simple model akin to the 1-group model used in this
study may be the only possible option for making predictions. Although
forecasts made using a simple model may lack precision, they could
still be useful to policy makers during an epidemic. For example, the 1-
group model was able to predict the duration of the epidemic accurately
when using data from the first 10 weeks of the outbreak, even if
it could not predict the trajectory of the entire epidemic perfectly.
Simple models may be particularly useful for short-term forecasts (Funk
et al., 2019). By constantly updating model predictions using newly
acquired data, and refining the modelling framework when it is unable
to replicate observed data, simple models that do not describe the
underlying epidemiology of an epidemic fully may still provide useful
insights.

We investigated whether or not it is necessary to include a partic-
ular source of heterogeneity (i.e. cross-immunity) when constructing
influenza epidemic forecasts. Our analysis used case notification data
from Japan collected during the 2009 influenza pandemic. Although
the exact dataset underlying our analysis was not central to our main
conclusion, it would be possible to replicate our study using any num-
ber of other influenza datasets (Donaldson et al., 2009; Pourbohloul
et al., 2009; Earn, 2012; National Institute of Infectious Diseases, 2020).
Going forwards, we could also consider how accounting for cross-
immunity would affect forecasts of seasonal epidemics, in which case
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Fig. 5. Forecast Strategy 2: Forecasts obtained at the start of future epidemics using the 1-group and 2-group models, for epidemics occurring 25, 50, and 75 years after the 2009
epidemic. Forecasts were generated by assuming that the parameters � and N follow a gamma distribution, the parameters of which were determined by fitting the models to
data from the previous 2009 epidemic (Supplementary Information Section S.9). Solid coloured lines and shaded regions indicate the mean and 95% CrIs of the forecasts. The
synthetic data were generated using the mean parameters of the 2-group model fitted to data from the 2009 epidemic. DIC values are given in Table S1.
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Fig. 6. Forecast Strategy 3: Forecasts obtained using the 1-group and 2-group models during a future epidemic occurring 25 years after the 2009 epidemic, at the start of the
epidemic ((a)–(b)), and using case notification data obtained in real-time during the epidemic ((c)–(k)). Gamma distributed priors are prescribed for the fitting parameters � and
N , the parameters of which were determined by fitting the models to data from the previous 2009 epidemic (Supplementary Information Section S.9). Forecasts are generated in
weeks 10, 20, and 30 of the epidemic, using the observed data up until those times to estimate model parameters. Dashed vertical lines separate the calibration and forecasting
periods. Other dashed lines indicate the mean of the epidemic trajectories in the model calibration period. Solid coloured lines and shaded regions indicate the mean and 95%
CrIs of the forecasts, based on the posterior distributions of the parameters. The synthetic data were generated using the mean parameters of the 2-group model fitted to data
from the 2009 epidemic. DIC values are given in Table S1.

the particular strains driving dynamics in different seasons would need
to be considered (Petrova and Russell, 2017). Consideration of whether
and how forecasts of epidemics of pandemic influenza may be influ-
enced by circulating seasonal strains (Fox et al., 2017) is a target for
future work. We could extend our models to investigate whether or not
other sources of heterogeneity should be accounted for. For instance,
age-structure could be incorporated, taking into account the effects

of immune imprinting (Gostic et al., 2016, 2019). Additionally, we
could include spatial heterogeneity by partitioning the population into
distinct geographical regions or introducing a contact network struc-
ture (Meyers et al., 2006; Volz and Meyers, 2007; Ohkusa et al., 2009;
Volz et al., 2011; Miller and Kiss, 2014). Another potential avenue
for further investigation may be to incorporate transmission models
that account for cross-immunity into a phylodynamic framework to
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predict which strains of influenza may emerge and the dynamics of
their respective epidemics (Grenfell, 2004).

In this study, we have considered the simple example of binary
immunity (i.e. a class of cross-immune individuals and a class of
immunologically naive individuals were included). In reality, the land-
scape of immunity within a population is much more complex, with
individuals exhibiting varying levels of immunity based on their life-
time history of exposure to influenza viruses (Laurie et al., 2010; Gostic
et al., 2016, 2019) and their age (Lambert et al., 2012; Haq and McEl-
haney, 2014). Underlying health conditions such as obesity and heart
disease may also impact individuals’ immune responses (Hui et al.,
2006; Honce and Schultz-Cherry, 2019). Nonetheless, even the simple
framework that we considered allowed us to show that cross-immunity
should be accounted for when making influenza epidemic forecasts.
Future work could involve models containing numerous classes to
account for population heterogeneities or detailed infection dynam-
ics (Thompson and Hart, 2018; Hart et al., 2020), or even a continuum
level of immunity within the population based on the above-mentioned
factors (Andreasen et al., 1997; Martcheva and Pilyugin, 2006).

In the 2-group model considered here, we assumed, as in Reichert
et al. (2012), that immunoprotection does not prevent infection, but
instead alters its consequences. Different types of cross-immunity to re-
lated strains of a virus can be considered. For example, cross-immunity
could instead be assumed to reduce an individual’s susceptibility to
infection (Hill et al., 2019; Thompson et al., 2019). Future work could
consider whether or not the results of this study hold when different
assumptions are made about the precise effects of cross-immunity. In
the 2-group model, in order to study the effects of cross-immunity in as
simple a setting as possible, we assumed that infected individuals who
did not seek medical attention had cross-immune protection against
the virus. However, a range of factors (including age and behaviour)
affect whether or not, and how quickly, an individual seeks medical
attention (Thompson, 2020c). This could be built into the underlying
modelling framework considered here, although additional data would
be needed to parameterise the resulting model. Other additions to the
1- and 2-group models could also be considered. For example, the wide
range of interventions that are implemented during outbreaks could be
included in the models explicitly (Gani et al., 2005; Longini Jr. et al.,
2005; Backer et al., 2019).

Despite its simplicity, our approach has enabled us to demonstrate
that including cross-immunity in influenza epidemic forecasting models
can lead to more accurate forecasts. Cross-immunity due to previous
infections has been shown to play a major role in the dynamics of
influenza epidemics, with clear evidence emerging from analyses of
data from the 1918 Spanish Flu pandemic (Taubenberger and Morens,
2006) and the 2009 H1N1 influenza pandemic (Hancock et al., 2009).
Cross-immunity will contribute to shaping the dynamics of future in-
fluenza epidemics. Consideration of cross-immunity by epidemiological
modellers is therefore of obvious public health importance.
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