On Some Non-Periodic Branch
Groups

UNIVERSITY OF

OXFORD

Elisabeth Fink

University College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Hilary Term 2013






Acknowledgements

I would like to thank my supervisor, Dan Segal, for his great advice and encouragement in all
steps of this thesis. I would also like to thank everyone at the Mathematical Institute who has
helped me with various questions over the last years. In particular, I would like to thank my

college advisor John Wilson for his advice and support.

Especially I would like to thank my family without whose enduring help and invaluable support
this would not have been possible. I am very grateful for the friends I found here in Oxford, who

made a huge difference during my time here.

A big thank you goes to the staff here at the Mathematical Institute for many cups of tea and

coffee and support in many non-academic things.

I would like to thank University College and the Landesregierung Steiermark for awarding me a

scholarship. Their awards were greatly appreciated.



ii



“It is good to have an end to journey toward;

but it is the journey that matters, in the end.”

Ernest Hemingway

iii






Contents

1 Preliminaries

1.1 Trees . . . o o o o e
1.2 Automorphism Groups . . . . . . . . ...
1.3 Selected Results and Examples . . . . . ... .. ... o oL

2 A Class of Groups

2.1 Main Construction . . . . . . . . . .. L e
2.1.1 Basic Properties . . . . . . . . . ..
2.1.2 A Description for G/ . . . . . . ...
2.1.3 Finite Generation of Normal Subgroups and Proper Quotients . . . . . .

2.2 Abelianisations . . . . . . ...
2.2.1 Virtual First Betti Number . . . . . .. .. ... . ...

2.3 Largeness and Free Subgroups . . . . . . . . . . ... L.
2.3.1 Largeness . . . . . . . . ...
2.3.2 Free Subgroups . . . . . . ...

2.4 Open Questions . . . . . . . . . . . e

3 Morally Self-Similar Groups

3.1 The Construction . . . . . . . . . . . . . e
3.1.1 Definition . . . . . ...
3.1.2 The Action of G . . . . . . . .

3.2 Abelianisation . . . . . . ..o

4 Presentation and Growth
4.1 Presentation . . . . . . . . .. e e

4.1.1 G is Infinitely Presented . . . . . . . . . ... oL



CONTENTS

4.2 Relatorsin G . . . .. ... o
4.3 Growth . ... ... .
4.3.1 Definitions and Basics . . . . ... ... ... ..
432 Growthof G . ... ... .. ... ........
4.4 Open Questions . . . . . . . ... ...

5 Hausdorff Dimensions

5.1 Introduction . . . . . . . .. ... ... L.
5.2 Fractal Dimensions . . . . . . ... ... ... ... ...
5.3 Dimension of Gin Aut(T) . . . .. ... ... ... ...
5.4 Hausdorff Spectrum . . . ... .. ... ... ... ...

5.4.1 The Constructionof G . . . . .. ... ... ...

5.4.2 The Finitely Generated Spectrum

5.5 Open Questions . . . . . ... ... ..

A Selected Topics

A.1 Profinite Groups . . . . ... .. ... ... ... ...
A11 Inverse Limits. . . . . ... ... ... ... ...
A.1.2 Profinite Groups . . . . . . . .. ...

A2 Wreath Products . . . . ... ... ... . .......
A.2.1 Definition . . .. ... ... ... ..
A.2.2 Standard Wreath Products . . . . ... ... ..
A.2.3 The Lamplighter Group . . . . . ... ... ...

A3 Modular Law . . . . . ... ... ... ...

A4 Mathieu Groups . . . . . .. .. ...

A5 Prime Number Theorem . . . . ... ... ... .....
A.5.1 The Function w(x) . . . . . ... ... ... ...

References

vi

CONTENTS



List of Figures

1.1
1.2
1.3
1.4
1.5
1.6
1.7

2.1
2.2
2.3
24

3.1
3.2

4.1
4.2
4.3
44
4.5
4.6

5.1
5.2

Al

An example of a spherically homogeneous rooted tree. . . . . ... ... .....
Example of a labelling of a tree.. . . . . . . .. . ... ... ... ... ..
The portrait of a rooted automorphism . . . . . . . . ... ...
The portrait of g and its sections. . . . . . . . . . ... oL
Example of a portrait of a spinal automorphism b. . . . . . ... ... ... ...
Portrait of a spinal automorphism b,,. . . . . .. ... ... ... 0oL,

The spinal automorphism b. . . . . . . .. ... oo

The spinal automorphism b;. . . . . . . . . ... L L
The commutator ¢; in detail. . . . . . . . . .. . ... .
The commutator [[b,67],b%]. . .. . ...

The elements dy, ;, = (dk,it’h . 7dk,it,yj)i, ,¥; € N, lie on different layers 7.

Action of B;. . . . . e

Spinal form of elements in G. . . . . . . .. ... ...

The portrait of m;;(R). . . . . . . .. L
Portrait of py,. . . . . oo
p . ¢ b“nil qk,n

ortrait o k.0 e e e e e e
Action of bo and b, on the tree. . . ... ...
The n-th iterated conjugate k™(w). . . . . . .« .. L

Partial self-similar structure of G . . . . . . . . .

Portrait of the automorphisms C and . . . . . . . .. ... ... ... . ... ..

Hausdorff spectrum of G,. . . . . . . . . . . . .

Commutative diagram. . . . . . . . . . . . ...

vii

48

93

98



LIST OF FIGURES LIST OF FIGURES

A.2 Universal property of inverse limits. . . . . . . .. .. .. ... ... ....... 84

A.3 Dedekind’s Modular Law. . . . . . . . . . . ... .. 92

viii



Abstract

In this thesis we study groups of automorphisms acting on rooted trees. We will define in
Chapter 1 rooted trees, automorphisms acting on them and state selected theorems about them.

The main ideas of the constructions in this thesis are coming from [LS03].

In Chapter 2 we describe an explicit construction of a group G. The first Section describes the
generators of this group and some of its properties. In Section 2.2 we determine the abelianisation,
which is the largest abelian quotient, of G and some of its subgroups. In the last Section we
prove further algebraic properties of G. In particular, we give an algorithm how we can for any
g, h in G construct a non-trivial word wy j(z, y) in the free group F(z,y) such that wgy 5(g,h) =1
in G.

In Chapter 3 we alter the construction of Chapter 2 to obtain more refined results. In the first
Section we describe this new construction and show that we have some flexibility in its definition.
In particular, we will see in Section 3.2 that we can control some of the algebraic properties that

G will have by a group P that this construction uses and that embeds into G.

The fourth Chapter is about the presentation and word growth of the group defined in Chapter
2. We will show in Section 4.1 that G cannot be finitely presented. In Section 4.2 we describe
a recursive set of relators that hold in G. In Section 4.3 we show that G has exponential word
growth under certain assumptions. This provides the first known example of a branch group of

exponential growth which does not contain free subgroups.

In Chapter 5 we describe the notion of Hausdorff dimensions for groups acting on rooted trees.
In the first two Sections we discuss the terminology and give some background. In Section 5.3
we explicitly calculate the Hausdorff dimensions of the groups from Chapter 2 and Chapter 3
and generalise those results. In the last Section we construct branch groups I', with finitely
generated subgroups of irrational Hausdorff dimension « in I',. This answers an open question

about the finitely generated Hausdorff spectrum of a finitely generated branch group.






Chapter 1

Preliminaries

In this Chapter we will recall some of the notation and definitions from [BGv03] and [Seg01]. We
will start with defining graphs and automorphisms on trees. We discuss different ways a group

of such automorphisms can act on a tree and give important results about such groups.

1.1 Trees

A graph G is an ordered pair of disjoint sets (V, F) such that E is a subset of the set of pairs of
V. The set V is the set of vertices and E is the set of edges. If (z,y) € E(G) then x and y are
adjacent. Two edges are adjacent if they have exactly one common endvertex. We observe that
writing the edge e = (z,y) as a pair determines a direction on e, which leads to the notion of a

directed graph. We define an equivalence relation on E via
e1 = (z,y) ~ ez = (u,v) if and only if (z,y) = (v,u) or (z,y) = (u,v).
The graph (V, E/ ~) is then called the undirected graph with vertex set V and edge set E/ ~.
A path is a graph P of the form
V(P) ={wo,z1,..- 21}, E(P)={(z0,21),(x1,22),-.,(T1-1,71)}

and [ = |E(P)] is the length of P. A cycle is a path where xy = x;. A graph is connected if for

every pair (z,y) of distinct vertices there is a path from x to y.

A tree is an undirected connected graph T" which has no non-trivial cycles. If T" has a distinguished
root vertex r it is called a rooted tree. The distance of a vertex v from the root is given by the

length of the path from 7 to v and called the norm of v. The number

dy={e€ E(T):e=(v1,v2),v =101 or v =103}
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is called the degree of v € V(T).

The tree is called spherically homogeneous if vertices of the same norm have the same degree.
Let Q(n) denote the set of vertices of distance n from the root. This set is called the n-th
level of T. We will further consider exclusively spherically homogeneous trees. Figure 1.1 shows

an example of a spherically homogeneous rooted tree. A spherically homogeneous tree T with

Figure 1.1: An example of a spherically homogeneous rooted tree.

root 7 is determined up to isomorphism by, depending on the tree, a finite or infinite sequence
l= {l,},7, where [,, + 1 is the degree of the vertices on level n for n > 1 and [ is degree of the
root. We denote the dependence of T on [ by T} where needed and call [ the defining sequence
of T;. Each level Q(n) has H?:_Ol l; vertices. We denote this number by m,, = |Q2(n)|, which is

explicitly given as

n—1
m, = H l;. (1.1)
1=0

The tree determined by the sequence [ is unique up to isomorphism. If we want to specify a
particular tree, we also need to choose an order of the vertices of T' on each level. If the tree is
spherically homogeneous it is enough to specify an order among the [,, subvertices of each vertex
v on level n — 1.

A tree is called regular if the defining sequence [ is given such that I; = l;;1 for all i € N. Let
T'[n] denote the finite tree where all vertices have norm less than or equal to n and write T, for
the subtree of T' with root v. For all vertices u,v € Q(n) we have that T, ~ T, because T is
spherically homogeneous. Denote a tree isomorphic to T, for v € Q(n) by T,,. This will be the
tree with defining sequence (I,,,l,11,...). To each sequence [ we associate a sequence {Xnthen
of alphabets where X,, = {’ugn), . ,vl(:)}. A path beginning at the root of length n in 77 is

identified with the sequence x1,...,x;, ..., T, where x; € X; and infinite paths are identified in a

natural way with infinite sequences. Vertices will be identified with finite strings in the alphabets
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V121 V122 V121,

Figure 1.2: Example of a labelling of a tree.

X;. Vertices on level n can be written as elements of Y,, = Xy x --- x X,,_1. Alphabets induce
the lexicographic order on the paths of a tree and therefore on the vertices. We can identify
paths in an infinite tree with infinite sequences in ) = lim,_. Y, = Hioio X;. We denote by
Y; , the infinite sequences Y;,, = X; X --- x X;4,, and by J; the set V; = lim,_, ¥; . We can

describe the sets just defined as follows:
e X, : alphabet at level 7
e Y, : words up to level ¢
e ) : infinite paths

e ); : infinite paths starting at level 4
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1.2 Automorphism Groups

An automorphism of a rooted tree T' = Tj is a bijection from the set of vertices V(T') to itself
that preserves edge incidence and the distinguished root vertex r. The set of all such bijections
on T is denoted by Aut(7T') and is called the full automorphism group of the tree T'. This group

induces an imprimitive permutation on Q(n) for each n > 2. Tt is given by

Aut(T') = lim Sym (ln—1) 1+~ 2Sym (lp) .

Let g € Aut(T) be an element of the full automorphism group. The section of g at a vertex

u € Q(n) is the automorphism g,, of T, defined via the vertex permutations

9(u) - gu(w) = g(uw)
for w € T,, where g denotes the projection of g onto T'[n].

Assume that X,, = X for a fixed alphabet X for all n, then ); = ) for all i > 0. We say a group
G < Aut(T) acts self-similarly if for every x € X, y € Y and g € G there exists a t € X and
h € G such that

g(zy) = th(y).
In this thesis we will encounter groups that are defined via a sequence {Ai}izo of finite groups

A;. We denote this by G = G ({Ai}zzO)' We say a group G,, is morally similar to G ({Ai}izo)
if G,, is the group defined via G,, = ({A2}12n> This allows us to generalise the definition of

self-similarity.
We say a group G ({Ai}po) < Aut(T) acts morally self-similarly if for every z € X, y € V1

there exists a group G <{Ai}i>j) with g € G; and elements ¢ € X; and h € G4 such that

g(zy) = th(y).

We now introduce important subgroups of groups acting on rooted trees. Those will allow us to
deduce structural properties such as residual finiteness or being a branch group in some important

cases.

With any group G < Aut(7T') we associate the subgroups

Sta(u) ={g € G : g(u) = u},
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the stabilizer of a vertex u. Then the subgroup
Sta(n)= [ Ste(w)
ueN(n)
is called the n-th level stabilizer and it fixes all vertices on the n-th level. The following Lemma

is an easy consequence of the above definitions, however it is an important fact that we will often

refer to.
Lemma 1.2.1. Stg(n) is a normal subgroup of finite index in G.

Proof. Denote by Aut(T'[n]) the automorphism group acting on the finite tree T'[n], which is a
finite group. The subgroup Stg(n) is exactly the kernel of the map G — Aut(T'[n]), hence has
finite index in G. O

A group G of tree automorphisms satisfies the congruence subgroup property if for every finite

index subgroup H of G there exists an integer n such that Stg (n) < H.
Another important class of subgroups associated with G < Aut(T") are the rigid vertex stabilizers
rstg(u) ={g € G: Yo e V(T)\V(Ty) : g(v) = v}.
The subgroup
rstg(n) = rstg(u) X -+ X r8tg (U, )

for u; € Q(n) is called the n-th level rigid stabilizer. Obviously rstg(n) < Stg(n). Depending on
rstg(n) we can classify groups acting on rooted trees. Let G be a subgroup of Aut(T") where T

is as above. As defined in [Bv01] we say that G acts on T as

1. a branch group if it acts transitively on the vertices of each level of T and rstg(n) has finite

index for all n € N,

2. as a weakly branch group if all rigid level stabilizers are non-trivial (which implies that they

are infinite)

3. as a rough group if all rigid level stabilizers are trivial.

This definition implies that branch groups are infinite and residually finite groups. The ex-
amples in Section 1.3 will demonstrate that it is rather easy to obtain a non-trivial group of tree

automorphisms that is not a branch group.
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Although not used in this thesis, we also give a purely algebraic definition of a branch group as

can be found in [BvO01].

The group G is a branch group if it has trivial centre and contains descending chains of subgroups

{H,},2,, {L,},—,, where each L, is a subgroup of H, such that the following hold:

(a) (i) Hy, is normal in G, the index |G/H,| is finite and (., H,, = 1.

(ii) There is a sequence {N,,},- ; of natural numbers such that N,, divides N, 11, and there
are subgroups LS), ey L%N") of G, each isomorphic to L,, = L$P, such that H,, can

be represented as the direct product
H, =LWM x ... x LNo) (1.2)

in such a way that the product decomposition (1.2) of H,,41 refines that of H,; that is,
each factor Lgf) from (1.2) contains a product of m,+1 = Np4+1/N,, factors LSJ)A with

(t—1) -mpy1 +1<j <i-myq1, from the corresponding decomposition of H,, .

(iii) When G acts on itself by conjugation, for each n = 1,2,... the factors in (1.2) are

permuted transitively among themselves.

(b) The profinite group G is a branch group if it satisfies the conditions (a), with the additional

proviso that all the subgroups under discussion are closed.

We can specify an automorphism g of T" that fixes all vertices of level n by writing

9="(91,92,--9m, )

with g; € Aut (T},) where the subscript n of the bracket indicates that we are on level n. Each

automorphism can be written as

g = (917927"'agmn)n e

with g; € Aut (T,,) and a an element of Sym ({,,—1) - -2 Sym (lp). If an automorphism g is such
that we can write gas g = (1,...,1);-0 with ¢ € Sym (ly), then we call g a rooted automorphisms.
We have just seen that we can identify those with the elements of Sym (lo).

We will often use the portrait on the tree of an automorphism g to describe how g acts on the tree.
This is a decoration of the tree T', where the decoration of the vertex v belongs to Sym (X Iv\)’

and is defined inductively as follows: first, there is my € Sym (Xy) such that g = hmp and h € G
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Figure 1.3: The portrait of a rooted automorphism a.

9

Figure 1.4: The portrait of g and its sections.

stabilises the first level. This 7y is the label of the root vertex. Then, for all € Xy, label the

tree below x with the portrait of the section of g at x.

A vertex v is in the support of an automorphism g if g is not in the stabilizer St (v). Let P be an
infinite path {p;} with vertices p; in T'. Following the definition in [FA11], if we consider, for every
n > 1, an immediate descendant s,, of p,,_1 not lying in P, we say that the sequence S = (sn)n21
is a spine of the tree T. An element g € G is a spinal automorphism if the support of g is a finite
union of spines. Figure 1.5 depicts an example of the portrait of a spinal automorphism b that

acts as b;; on the first [; vertices of level ¢ and on all unlabelled vertices as the identity.

An automorphism group G is called a spinal group if G is generated by a set A of rooted
automorphisms and a set B of spinal automorphisms which are defined via the same path. As

in [BGv03, Section 2], this can be more formally described in the following way:

Let w be a triple consisting of a group of rooted automorphisms A, a group B and a doubly

indexed family w of homomorphisms
wZJB—>Sym(XZ), ZGN,]G{Z,JZ} (13)

Such a triple is called defining triple. Each b € B defines a spinal automorphism b, whose

portrait is depicted in the diagram in Figure 1.6.
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byy bsy  bio

bos 533- a -bl23

bos bss -5134

Figure 1.5: Example of a portrait of a spinal automorphism b.

23(b) UJ3-3 (b) wiys(b)

: w4 (b)u}34- (-bj - Wiz4 (b)

Figure 1.6: Portrait of a spinal automorphism b,,.

Remark 1.2.2. We note that the notation in this thesis is slightly different from the one used

in [BGv03]. A spinal group as defined there, requires j in (1.3) to be between 1 < j < I; — 1.

10
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This means that the spines go along the right-most path of the tree rather than the left-most path
as depicted in all figures of this thesis. It can easily be verified that the resulting groups are

isomorphic.

Therefore, B, = {b,|b € B} is a set of spinal automorphisms. We can think of B as acting on
the tree T' by automorphisms. We define now the group G,,, where w is a defining triple, as the

group of tree automorphisms generated by A, and B,, namely G, = (A, U B,).

11
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1.3 Selected Results and Examples

In this Section we will quote important Theorems about branch groups that are often referred

to throughout this thesis.

Theorem 1.3.1 ([Gri84]). Let I' < Aut(T) be a spherically transitive subgroup of the full auto-
morphism group on T. If 1 # N < T, then there exists an n with rstr(n)’ < N.

The next result gives a criterion for branch groups to be just infinite.

Theorem 1.3.2 ([Gri00], Theorem 4). If T is a branch group, then the group T is just infinite

if and only if for each n > 1 the index of the commutator subgroup rstg(n)’ in rstg(n) is finite.

Sunik originally proved in his thesis [QOO} that a wider class of automorphism groups on trees

cannot be finitely presented. The Theorem is also stated and proved in [BGv03].

Let us define the shifted triple o"w, for r € Ny. The triple ¢"w consists of the group Ay, of
rooted automorphisms of 7T;. defined by

Aore = <U (B)er> )

=2

the same group B as in w, and the shifted family ¢"@ of homomorphisms
Witrj: B = Sym (Yiy,), €N, je{2,... 0t }.

Theorem 1.3.3 ([BGv03, 4.4]). Let C be a class of groups that is closed under homomorphic
images and subgroups (of finite index) and w = (A, S, ) be a sequence that defines a spinal group
in C. Further, assume that, for every r, there exists a triple n") of the form n(") = (Agry,, S, 7)),

where ") is a doubly indexed family of homomorphisms
nij: S — Sym (X;), ie{r+1,r+2,...}, je{2,...,L}

defining a group of tree automorphisms (not necessarily spinal) G, that acts on the shifted tree

n(r

T°" ) and is not in C. Then the spinal group G., is not finitely presented.

We will now see that not all groups of automorphisms on a rooted tree are branch groups. As
the first example demonstrates, it is rather simple to even get a group acting roughly on a tree.

Many other such examples can be defined in a similar way.

12
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A Roughly Acting Group

We take the regular binary tree T’ defined by the defining sequence I = (2,2,2,...). Assume all
vertices apart from the root are labelled by finite sequences ...z, with x; € {0,1}. Let a be
an automorphism that swaps the two vertices on the first level and acts as the identity on all
vertices below. Let b be another automorphism such that b acts in the following way: if v is
such that v = (0...01) then let b swap the two subvertices of v. In addition, let b act in a way
such that if u is given by a sequence u = (1...10) then it swaps the two subvertices of u. Figure
1.3 depicts this automorphism b, where the decoration € on a vertex denotes a swap of the two
subvertices. Now define G = (a,b). Because b acts on two subtrees of the root simultaneously

we deduce that rstg(n) is empty for all n > 1.

€

Figure 1.7: The spinal automorphism b.

A Weakly Branch Group

An example of a weakly branch group is the Basilica group as introduced and studied by Grig-
orchuk and Zuk in [GZ02]. It is an automaton group and can be defined on the binary tree as a

group G = (a,b) where a = (1,b) and b = (1, a)e where € denotes a swap of the two subvertices.

This group shares some fundamental properties with the group constructed in Chapter 2 as the

following Theorem from [GZ02] compared with Theorems 2.1.29, 4.3.5 and 2.3.12 shows.
Theorem 1.3.4 ([GZ02]). The basilica group
(a) is torsion free,

(b) has exponential growth (with containing a free semigroup),

13
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(c) every of its proper quotients is soluble and
(d) has no free non-abelian subgroups.

Branch Groups

Probably the most well-studied and well-known branch groups are the Grigorchuk group and the
class of Gupta-Sidki-Groups. Both of them are acting on a binary respectively a p-regular tree
and are infinite torsion groups. Further examples of branch groups can for example be found in

[BGv03)].

14



Chapter 2

A Class of Groups

In this Chapter we introduce a construction of a branch group G using a sequence {4;} of finite
abelian groups. The determining factor will be a sequence of coprime integers {li}fio such that

each group A; has order ;.

Such a construction provides new examples of groups acting on rooted trees similar to the ones
in [LS03]. We will see that it also provides the first example of a branch group without free

subgroups which has exponential word growth.

In the first Section we describe how we construct this group G and prove various technical results.
The derived subgroup G’ of G is of particular interest and will be shown to be finitely generated.
We then apply some well-known theorems about branch groups to deduce that in fact every
normal subgroup of G is finitely generated. Similar to some other examples of branch groups we

will see that every proper quotient of G is soluble.

In Section 2.2 we compute the abelianisation of G and of some of its subgroups. We will in
particular see that G is not just infinite. We will also prove that it has a sequence of subgroups
of finite index whose abelianisation rank grows unboundedly, which is expressed as its virtual

first Betti number being infinite.

In the last Section we show that the group G is not large for any choice of defining sequence
{l;}. A more refined argument then allows us to construct non-trivial relations between any two
elements in G if {l;} satisfies a certain condition. Hence G can then not contain a non-abelian

free subgroup.

15
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2.1 Main Construction
In this Section we describe the construction of G and deduce various technical results.

2.1.1 Basic Properties

A group in this class of groups depends on a sequence of finite d-generated abelian groups {A4;} i>0-
To simplify statements we set Ng = NU{0}. We let the groups A; have coprime orders I; = |A,],
where [; is odd for every ¢ € N. We will later require that I; > 3 when d = 1 and even [; > 9 in
some cases when d > 1 for some more refined results. According to the definitions in Chapter 1

we consider the rooted tree T' = TY;,y defined by the sequence {li}izo and recall the definition of

n—1

i=0
We fix an order for the generators of each group A; and write A; = (a1 ,,...,aq,). Denote by g¢;;
the order of the j-th generator of A;, where j = 1,...,d. We also fix an order for the elements in

A; and write A; = {g1i,--.,91,:} and assume without loss of generality that ¢g; ; = 1. Further,

we fix an order of the subvertices of a vertex v € Q(i — 1) as follows:

1. fix a first vertex vq,; € Q(3),
2. let the j-th vertex be such that v;; = v1,;9;..

This means that A; is acting regularly on the I; = | 4;| vertices of level i + 1. Identifying vertices

with group elements then gives that this action is given by right multiplication.

Where unambiguous, we will speak of position ¢ to mean a subvertex of v € Q(n — 1) with
decoration g; , on a level n. The elements aj,...,aq0 act as rooted automorphisms on the
vertices (1) of the first level of the tree T. We recursively define spinal automorphisms b; for

i=1,...,d on each level as

bin = (bin+1,@int1, 1,05 1), 0

Figure 2.1 depicts the action of b; on the tree T, where we let it act as the identity on all
unlabelled vertices.

Some of the latter results will depend on d. We define a group

Ga=(ai0,.-.,ad,0,b1,0,---,bd0)

16
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Figure 2.1: The spinal automorphism b;.

if d > 2 and
Gc = (a1,0,b1,0)

if d = 1 which is the case when all groups A; are cyclic. We then use the abbreviated notation
a = ajp and b = by, so the definition of G¢ then simplifies to Go = (a,b). If we do not

distinguish between G¢ and G 4 then we will speak of G to mean both groups.

Denote by S,, the symmetric group on n points. The action of G4 and G¢ on the vertices of
level n of the tree T'[n] induces a map 7, : G — Sy,,,. The following Proposition 2.1.1 will help

to interpret several later results.

Proposition 2.1.1. The group G acts as the iterated wreath product A,_11---0 Ay on the set

Q(n) of m,, vertices of each level n.

Proof. This follows by induction on the level n. The statement is clear for n = 1, because the
action there is given by Ag. Now assume G acts as A,,_o1---1 Ap on level n — 1. For every
a € A,_1 there exists an integer ¢ € Z and hence an element ¢ € G with ¢ = b™»-17 such that
c=(s"1a,1,...,1), , where b € (b1,...,bapo) and s € (b1 —1,...,bgn—2). By Lemma

A.2.3 and by induction hypothesis we now get the result. O

17
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For our further considerations it is useful to define the groups
B= <b{{g,...,b§{g> and similarly B, = <bf;;, N .,b2;>. (2.1)
We denote by G’ = [G, G| the derived subgroup of G.

Lemma 2.1.2. The group G can be written as G = B x Ay and so G' = B’ - ([B, Ag]).

Proof. We observe BN Ag =1 and B < G. Every element g € G can be written as

Tg
9= Haff;,o ’ bfflz’
i=1
hi k; € {1,...,d}, S; € {07~-~7th,0_ 1} and t; € Z and Tg e N. O]

We define G,, = (A,, By,). This group is then morally similar to G as defined in Section 1.2.
The notation G,, will therefore be useful to study the morally self-similar properties of G.

mMn

We now fix a notation for the rest of this thesis. If we write [[."" G,, we mean the subgroup H

of Aut(T) that acts as G,, on each of the subtrees T),, for all vertices v; € Q(n).
Proposition 2.1.3. (a) Stg(1) < Gy x -+ x Gy

(b) Stg(n) =GN (G, x -+ x Gy).

(¢) B =Sta(1).

Proof. The stabilizer Stg(1) is generated by a-conjugates of b; o for a € Ag. On level 1 these
act as ;1 and a;1. Both ;7 and a;1 are in Gy for all ¢ € {1,...,d}. Part (b) now follows
immediately. For the last claim we observe B < Stg(1). Using G = B - Ay and the modular law
(A.3.2) with B < Stg(1) gives us

Ste(1) = B (A NSte(1)) = B

because Ag N Ste(1) = 1. O
Denote by B? the subgroup (b7, ..., bg)A
kn = H;‘L:1 lj.

Lemma 2.1.4. b* . € G and hence B*"

i,n—1 ,n—1

° of B for some g € Z and by k,, the product of orders

<G.

Proof. This follows immediately from observing that bf " can be identified with bffﬁq € Bin—1

because af”;,: 1forallr <mnandje{l,...,d}. O
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Lemma 2.1.5. Ifly > 3 and ly is odd then we have B'B" < rstg(1).

Proof. We first show B’ < rstg(1). Let u,v € Ag and by, b; be two generators of B for k,l €
{1,...,d}. We claim
(17 ey 17 [a/k?,la bl71] ) 17 LR 1) if g2,0u = gi1,0v and 92,00 7& gi,0Uu
1...,

[ 7I$7 b;j] = (15 ey 1) [bk‘,la al,l] s 4y 1) if 92,0V = g1,0U and g2,0u 7é g1,0v
1 else.

Evaluating the commutator gives
(b, b7] = u oy, tuv b fou g un by,

We consider three cases and compute the action on the first layer, where unfilled positions

indicate trivial action.
1. the elements g1 0u, g2,0u, g1,0v, g2,0v are pairwise distinct:
u vl —1 —1 —1 —1 _
[ kvbl] = ( . .7bk71bk,1, .. .,ak,lak,l, .. "bl.,l bl,17~ .. ,al’l Qr1y-- .)1 =1.

2. go,0u = g1,0v:

by, 7] = (...,b,;}lbm,...,a,;jb;llak,lbl,l,...,a,;,llal,l,...)1 = (s fakasbial,. o),
3. g2,0v = g1,0ut
b, 5] = (...,bf,llbl,l,...,b,;llalfllbk,lal,h...7a,;11ak,17...)1 = (s bk aal,. o), -
The inclusion B4 < rstg(1) follows straight from Lemma 2.1.4. O

Remark 2.1.6. The above cases do not include gz ou = g1,0v and g10u = g2,0v. FEasy trans-

formation shows that this can only happen if we allow elements of order 2, which is excluded by

the requirement that ly is odd.

Corollary 2.1.7. Ifl, > 3 and [, is odd then we have B;LB,]?‘“ XX B,’leL"“ <rstg(n+1) <
G.

Remark 2.1.8. The conclusion B4 < 1stg(1) in the above proof can be improved by considering
the factors of I1. We recall that qi.1,...,qq4,1 are the orders of the generators aiq,...,aq1 of
Ai. It would be sufficient to consider <b‘ff(’)1,...,bgf(’)1>. However, the statement B < rstg(1)

as given in the Lemma will be enough to deduce useful results later on.
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2.1.2 A Description for G’

We now aim towards finding explicit generators for G’. It will be shown that G’ is finitely

generated. This allows us to deduce results about the moral self-similarity of G.
We denote by Fgq, = F (21,1, ..,%4,,) the free group on d - |y generators. The map

f_ F(xl,la"'7']:1,[073:2,17"')xd,lo) —>F;b:Z(d)
@i — 2y, forallie{l,...,d}

is surjective. The kernel of f describes all words for which the sum of exponents of each block

Tj1,%j2,...,T;, of generators is zero. We will denote it by N (211, ..., %q,,) = ker(f).
1 . F
Lemma 2.1.9. N (z11,...,%44,) = <xi7;xj7;xi7s:cj7t p,q,s,t €{l,...,lo},i,j € {1,...,d}> .

Proof. We set X = <x;’;x;;xi75mj7t | p,g,s,t€{l,...,0o},i,5 €{1,..., d}>F and observe that

we have F/ < X and X < N. We compare the quotients N'/F’ and X/F’. The first one

consists of all products {xilll ...m‘lzliéo coeat! "'xczldiéo} with z;, € Z and where the sum
22021 zix = 0 for all 4 = 1,...,d. The second quotient consists of products of the form

Il (a:_zk LA L )fk with zp,tr, 7 € Z and fi € F,pr, qk, Sk, tr € {1,...,d} ik, jk €

Phstk” Qs Jk ™ Skytk th,Jk

{1,...,lp}. Slight rearranging now shows equality, because the sum of exponents of each block

is zero in the latter expression. O

Recall that we fixed an order for the elements of A; as {g14,...,9,,:} with g1; = 1 and define
No =N (B 050 0 6

and similarly

1,n >

_ 91,n 9l in gi,n 9l
Nn—/\/(b TN OO /0 )

We have a natural map 7 from the free group Fy.;, on d -y generators onto B. We identify the

group Np with the image of N" under 7 and similarly for V;. We will further write N for Np.

Lemma 2.1.10. Assume that {l;} is given such that l; > 3 and l; is odd for all i € N. Then
G' = Ny and hence G}, = N; for all i € N.

Proof. Lemma 2.1.5 and the proof of Lemma 2.1.9 give B’ < Ny. Lemma 2.1.2 gives G’ < Ny
because [B, Ag] < Ny. Using that

—a —a a G

No = <bi,0" “bio" - big ~bj0)

with ay, ay,a, € Ag now gives triviality of the quotient Ny/G’. O
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The following two Lemmas show that contrary to N' < Fj,, the subgroup N of G is finitely

generated.
Lemma 2.1.11. Ifd=1, Iy > 5 and ly is odd, then N is finitely generated.

Proof. We denote
b(k) =b* (2.2)

and observe that

b(i+1lp-2)="0b(i) for i€ {1,...,lo},z €Z.
We prove that
{b(2)*1b(1), b(3)71b(2), ..., b (lo) b (o — 1), b(l)*lb(lo)}

is a generating set for N = <b(2)_1b(1)>G. Set D = (b(2)7b(1),...,b(1)" b (ly)). We show that
(b(2)~16(1))"™ € D. Concatenation yields that b(j)~'b(i) € D for all i,j € {1,...,l}. Using

that Iy > 5 we can see that
b(i)b(i — 1)1 = b(i +2) 7 b(i) - b(i — 1) b(i + 2)

because [b(i), b(j)] = 1if 4, j are such that |i—j| mod Iy > 1 by Lemma 2.1.5. Hence all elements
b(j)b(k)~! for all j, k are in (D). We can write

(b(i)~2b(i — 1)) = b(k) (i) (i — 1)b(k)

=b(k)"'b(i +2) - b(i +2)b(d) " - b(i +2) 7 b(i — 1) - b(i + 2) " b(k)

because b(i + 2) commutes with b(i) and b(: — 1). The latter is a product of four elements of
D. This yields D®* < D for all b € B and so D® = D which gives N = D and so N is finitely
generated. O

We now use the same idea for d > 1 and adapt it to multiple generators.
Lemma 2.1.12. Ifd > 1, lyp > 9 and ly is odd then N is finitely generated.
To simplify notation we set b; (a,) = by, a, € Ag,i € {1,...,d} for the rest of this Chapter.

Proof. We again set

D= <bi (@)™ - b; (@) "+ bi () - b‘,-(1)> s Gy 4w € Agyiyj € {1,...,d}.
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. . o . —1 -1 br(az)
Without loss of generality it is enough to show that (bi (au) " bj (ay)” " b; (aw) bj(l)) eD

for a, € Ag. Again we insert three elements of the form by, (a.), ht € {1,...,d},t € {1,2,3},a, €

Ap, which commute with all factors in the product
bi (a2) " - bi (@u) ™ by (@w) " by (@w) bi(1) - by (az) -

The elements in the product decorate five pairs of places (x.,y.), ¢ € {1,2,3,4,5}. The elements
bp, (a,) must be such that [b (a,),bs (az)] = 1 for all s € {j,4,k} and all z € {u,v,w,1}. Let

f, g be the places that the three elements by, (a,) decorate. The four elements
bi (au), bj (av),bi (aw),b;(1)

decorate a most 8 places with the pairs (z.,y.),c € {1,2,3,4}. This is the worst case and then
we can choose (f,g) = (24, Yi,) for some ig € {1,2,3,4,5}. Otherwise, if the ay, a,, a, are such
that none of the b; (ay) ,b; (av) , b; (aw) , b;(1) commute, then they decorate at most 5 places and
we can choose a, such that by, (a,) commutes with all of them. In either case 8 places suffice.

This is given by the assumption that I; > 9 for all : € N. We can then write the product as
bi (GZ)_l bh, (ar)_l bns, (ar) bp, (ar)

by (au) "t by () " bi (aw) bi(1)
bhy (ar)_l bh, (ar)_l bn, (ar) by (az)
which is a product of three elements of D if hy = h3 and hy = k. O

Lemma 2.1.13. We have the equalities N' = B’ and N/ = B for alli € N if lp > 5 and Iy is
odd.

Proof. The inclusion N < B gives N’ < B’. We now aim to write the generators of B’ as a

commutator of elements in N. Using the same idea as in the proof of Lemma 2.1.12 we get

[, 85°] = b (au) ™" by (a0) ™" by () by (ay)

i 7]

= b; (an) " br (aa) " bi (aq) br (aa)
bj (a) " by, (aa) ™" b (a) br (as)
b, (aa)71 bi (aa)71 bk (aa) bi (au)

br, (aa) " bj (aa) " br (aa) by (ay)
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for an appropriate position of a, such that [b; (ay), bk (aq)] =1 and [bj (ay), bk (aq)] = 1. This
also implies that [b; (av),bi (ae)] = 1 and [b; (ay),bj (aa)] = 1. It is possible to choose such an
ao € Ag because of the assumption that Iy > 5. O

Remark 2.1.14. In the above Lemma we only require lg > 5. However, to also have the assertion

of Lemma 2.1.12 we will sometimes have to assume lg > 9.

We will now further explore the morally self-similar structure of G.

Lemma 2.1.15. (a) N/ = N, 41 X -+ X Npy1 with m,, factors in the direct product.

(b) B,y =Npx---xXN, <B, X x B, where we have my_1 factors in the direct product.
(¢) B), = B}, x---x By, with m, factors in the direct product.

Proof. Using B < G1 X -+ X G immediately gives N' = B’ < N7 X --- x N; by Lemma 2.1.10.
For the other inclusion we prove G} x .-+ x G} < B’ which then gives N7 x --- x Ny < N'.
The group G can be written as G; = By - Ay and hence G| = B - [By, A1]. We first show
B} < B'. For this we write a generator [b; 1 (av,1),bj,1 (aw,1)] of By as a commutator of elements
in B. Assume we want to reconstruct B; on position y of level 1. Choose a, € Ag such that
g2,0ay =y and s, € Ag such that g; 95, = y. Assume g1 pay, =  and g2 05, = z with =,z # y.
Denote by b, € B the element with b, = (by1,00,1,1,..., 1)1 and by b,, € B the element with

bw = (buw,1,0w,1,1,...,1),. Writing out the terms and cancellation then show

i (@), By ()] = {(bl (sy)—1>”51(%) ’ (bm (Sy)1>bwl(%)] :

For the subgroup [B1, A1] we write

[bi1(ag1),ae1] = bl_l1 (ag1) - (bix (ag1))™".
Then similar considerations give

bia (ag.0) saua) = [bi (5,)" ) by (a,)] € B

The statement for N; and parts (a) and (c¢) are now immediate consequences of this and Lemma

2.1.13. O

This allows us to sharpen the result from Lemma 2.1.5 in the case when d = 1, when G is a

2-generator group.
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Lemma 2.1.16. Ifd =1, Iy > 3 and ly is odd then we have
!l 1 A —1 1 Arxeexd
rsta(1) = B' - BY = <b(1) L b () bu(2) 7 b (1), by (1) My (11)>

Proof. The inclusion B'B! < rstg(1) is the statement of Lemma 2.1.5. We observe that the
last I; generators are precisely the generators of B’ = N’ = Ny x .-+ x N;. Assume g € G is an
element that acts trivially outside a subtree T'|,, for a vertex v; € (1). The element g must be

such that it can be written as
lo g
g=TITI0Gx"", teNgreZijee{l,... Lo},
=1 k=1

qi,k

where we require that each product []}_, b(ijx)%* only acts on exactly one vertex of Q(1).

Then g can only be either of the form b't or a word in the generators by (i) of B; such that the

sum of the exponents of the b (i) is zero, which is equivalent to g € Ny X --- x Nj. O

Remark 2.1.17. The above Lemma 2.1.16 can be generalised for the case d > 1 with

d d
I"Stg(l) - . H <bgi‘o>A0 _ (Nl X oo X Nl) . H <b;1i,0>A0 ’

i=1 i=1
where we have ly factors in the direct product of the N1. Then the generators of rstg(1) are given
by

i = (70")"°, gro € Ao,

and by y; ; which are given by the finitely many generators of Ny x --- x Ny, where we have ly

factors in the direct product.

Denote in the case d = 1 the 2l generators of rstg (1) by
2 = b)) and gy = (by(i+1)"1by(i))" .
Lemma 2.1.18. Ifd =1, then we have rstg(i) < Stg(i + 1).

Proof. Easy computation verifies that each z; and y; ; stabilises level 2, hence rste (1) < Stg(2).

We now use the self-similar structure of G to deduce that

rstg(i) = rstg,_, (1) NG < Stg,_,(2) NG < Stg(i +1).

We will see in the following Lemma that this inclusion is in general strict.
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Lemma 2.1.19. If d =1, then the inclusion rstg(2) < Stg(3) is strict.
Proof. The element z = b(2)b(2)%b(2)/2~1 (b(2)b)l2_1 b(2)~2? is an element of St (3):

ayplo—1 (pa1y\la—173-21 la—1 lo—1_—21
z:(l,blbllbf (b71)2 b1 7% a1a10 Ta? ag 2,1,...71)1

lo—13—21 lo—17100—1 _ —21 lo—1
:<1,...,1,b2b22 b2, azbaalz b2 0y %2, ayal2 ,1...,1)2

_ (1,...,1,b;lz,a2b2a§2—1b§2—1a;2lz,1,...,1)2.

The sum of the exponents of as in the second term is —Is, hence it stabilises level 3 and we

conclude that z € St (3). Assume that z € rstg(2). Then k = (b;b, 1,..., 1) is in rstg(2) and
2
in particular in G. Hence also b2k = (1,@112, 1,..., 1) € G and so (1,a1,1,...,1); € G which
1

would give G; X --- x G; < G, a contradiction. O

We have chosen to show rst(2) is strictly included in Stg(3) because we have rstg(1) = Stg(2).
Although this property of course holds for any of the groups G;, we cannot deduce that we have
rst(7) = Ste(i + 1). This is because

rstg(i) = H (rste,_,(1)NG),
but on the other hand
Sta(i+1) = (H Stgi71(2)) nG.

The subtle difference comes from the fact that if g = (h, k) € H x K is an element of a subgroup
T < H x K then we cannot deduce that (h, 1) or (k, 1) are elements of G as the following example

demonstrates:

Example 2.1.20. Let H and K both be Z = (1) in additive notation and choose T' = ((2, 2)),
a subgroup of H x K. Then (2,2) € T, but neither (2,0) nor (0,2) are in 7.

Remark 2.1.21. Lemma 2.1.18 and Lemma 2.1.19 can be generalised to d > 1.

Proposition 2.1.22. Ifl; > 3 and odd for all i € Ny then the subgroup GV can be written
as

GUH_U:G;LX"'XG;

forn > 0.
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Proof. We note

Gt = (@)™ = N = (N)D = NPT s NPTY N, x e xON,
by using Lemma 2.1.15 iteratively. With Lemma 2.1.10 we get G"tD) = G/ x --- x G O
Lemma 2.1.23. Ifl; > 3 and odd for all i € Ny then G+ < rsta(n).

Proof. Proposition 2.1.22 gives G"*tY) = N,, x --- x N,, < (GNG,) x ---x (GNG,) = 18ta(n).
O

Corollary 2.1.24. Ifl; > 9 and odd for all i € N then we have rstg(n) = Npi11 X -+ X Nyt

with m,, factors in the direct product and hence rstg(n)’ is finitely generated for all n € N.

Proof. The proof of Lemma 2.1.23 shows N,, x --- X N,, < rstg(n) and so by Lemma 2.1.15 and
Lemma 2.1.13 we get that B, X --- X B}, = N}/ X -+ X N}/ = N1 X+ X Npy1 < rstg(n). With
tstg(n) < B, X -+ x B, this gives Ny41 X -+ X N1 = rstg(n)’ and hence rstg(n)’ is finitely

generated. O
Lemma 2.1.25. Stg(n) = (G X - x Gu)NG) =G x - x G

Proof. The n-th level stabilizer Stg(n) is given by G N (G, X -+ x G,,) which gives the first
equality. By using G],_; X --- x G, _1 < (G, X -+ x G,) NG we get

Glx- o xGl =G  x--xG!_ | <((Gpx--xGpn)NG)

n

<G x-xGINGE =G NG =G =@ x - x G

O
Theorem 2.1.26. Assume l; > 3 and odd for all i € Ny. Then the quotient rsstti((:ll)) is abelian
and has exponent less than or equal to ly - --- - 1,,. Consequently rstg(n) is of finite index in G,

so G is a branch group.

Proof. We get Sta(n)’ = G'N(G), x --- x G)) = G+ by Lemma 2.1.25 and Proposition 2.1.22
and further G("*1) < rstg(n) by Lemma 2.1.23. Hence the quotient Stg(n)/rstg(n) is abelian.

Further we see that
Stg(n)htn = (Stg(n)ln)l1 """ b < (Blp x - x Bl")l1 """ o < rstg(n)

by Lemma 2.1.4. O
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Sta (n+1)
rstg(n)

Proposition 2.1.27. The quotient
l; > 3 and odd for all i € Ny.

has rank less than or equal to lg - -+ l,_1 - d if

Proof. Lemma 2.1.18 and Remark 2.1.21 show that rstg(n) < Stg(n + 1). Together with
Stg(n+1) < B, x -+ x By,

and
Np X -+ x Ny = GUFY < 1st(n)
this gives that

Stg(n+1) . tion of B, x---x By,
——— % isa section of ———".
rstg(n) N,, x -+ x N,

The latter is the image of En,‘d/NFln~d under the identification z;; b;”o Hence % is the

image of H?Zl 7Z and so % has rank less or equal than ly---1,_1 - d. O

2.1.3 Finite Generation of Normal Subgroups and Proper Quotients

We show that the group G has the property that if H <t G then H is finitely generated. This is

a non-trivial observation because we will see later in Theorem 2.2.4 that G is not just infinite.

Theorem 2.1.28. If H < G is a non-trivial normal subgroup of G and {l;} is such that l; > 9
and odd for all i € N, then H is finitely generated.

Proof. Corollary 2.1.24 states that rstg(n)’ is finitely generated for all n. By Theorem 1.3.1 from
Chapter 1 every non-trivial normal subgroup K <1G contains rstg(n)’ for some n. This yields that
(K Nrstg(n)) /rstg(n) is a subgroup of the finitely generated abelian group rstg(n)/ rsta(n)’,
therefore finitely generated and abelian. On the other hand, (K Nrstg(n)) /rstg(n)’ is a normal

/!

subgroup of finite index in K/rstg(n)" and hence K/rstg(n)’ is a finite extension of a finitely

generated abelian group, hence finitely generated. Now rstg(n)’ is finitely generated, hence so

is K. O

Theorem 2.1.29. Ifl; > 3 and odd for all © € Ny and K is a non-trivial normal subgroup of
G, then G/K is soluble.

Proof. Lemma 2.1.23 implies G("*2) < rstg(n)’. By Theorem 1.3.1 we therefore deduce that if
K is a non-trivial normal subgroup of G, then there exists an n such that G("*t2) < K. Hence

G/K is soluble. H
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The property shown above in Theorem 2.1.29 is shared by many other examples of branch groups.

Lemma 2.1.30. Let T" be a just infinite p-group. Then every proper quotient of ' is nilpotent,

in particular soluble.
Proof. Let N be a normal subgroup of I'. Then I'/N is a finite p-group, hence nilpotent. O

In particular, it was shown by Grigorchuk and Zuk in [GZ02] that every proper quotient of the

weakly branch basilica group is soluble.
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2.2 Abelianisations

This Section is about the abelianisation of G and of some of its subgroups. Using the rich
structure that branch groups provide, we will be able to deduce that G is not just infinite and

that it has infinite virtual first Betti number.

We start with determining the abelianisation of G and write for it G = G/G’ respectively
B = B/B’ and rstg(n)® = rstg(n)/stg(n)’. We recall that we denoted the order of the j-th

generator a; ; of A; by ¢; ;.

Theorem 2.2.1. Let G be generated by {(a1,...,aq,b1,...,bq) with orders q; o for a;. Then

d d d
[[Cao x Coo <G <[ Caro x ][] C
i=1 i=1 i=1
and
My -d My My -d My, -d
II Co x[[Ce < G2 < ] Cao x [ Ce-
i=1 i=1 i=1 i=1
Proof. We define the group W(n) to be W(n) = A,—11--- 1 Ag. We have a surjective map
G W(n)
SOZG—»a—»W:An,]_ X"'XAO.

The order of ¢ (b;) in W(n)2 is H;le ¢i,;- This grows unboundedly with n hence the order
of ¢ (b;) must be infinite in G®®. The generators ay,...,aq have orders qi,...,qao0 in the
abelianisation by construction. The other inclusions are given by the bounds from the generators

of G and G,,. O]

As a straight forward Corollary we get the abelianisation of B and of all groups B,, for each level

n > 0.

Corollary 2.2.2. The abelianisation of B satisfies

lo lo-d
RPN
i=1 =1

Similarly, for all n > 0, the abelianisation of B, satisfies

Mn41 Mnp41°

d
Il C<B2 < ] Cw
i=1 i=1
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Proof. The images of b; have infinite order in G*. By Lemma 2.1.13 we have a sequence of
surjections
B B G
B — = =< —.
B/ Gl — G/
Hence the images of b; in B also have infinite order. Now look at the elements (b%)"* and (b?)"
fori,j=1,...,dand u,v € Ay. If u # v, then (b;‘)l1 and (bf)l1 decorate disjoint subtrees. Hence

their images in B’ must be distinct as well. O

The rigid stabilizers play an important role in determining the structure of branch groups. It is
therefore of particular interest to calculate their abelianisations. Knowing about them allows us

to deduce whether a branch group is just infinite or not.

Theorem 2.2.3. The abelianisation of the rigid stabilizer rstg(n) of level n satisfies

Mn41

rstg(n)ab > H Coo.
i=1

Proof. By Lemma 2.1.15 and Lemma 2.1.10 we get

M, Mn
HB;L <rstg(n) <rstg(n) < || Ba
=0 i=1
and hence find that
rsta(n) | . g , Mni1
e A S t f —, B> C
rsta(n) is a section o I15 > H 0
i=1 =1

by Corollary 2.2.2. The elements (bm”“)t for t € A,, are all in rstg(n) by Lemma 2.1.4 because

i,n

H;:ll l; divides m,,. The proof of Theorem 2.2.1 again gives that each (b?;;‘“)t has infinite order

in 1stg(n)® for all i € {1,...,d} and t € A,,. By the same arguments as above the images of
(bZ?j’“)t and (bzzl“)s are different for s,t € A,, if s # t. We deduce that the abelianisation of
rstg(n) contains [[/27" Coo. O

The following Theorem is now an immediate consequence of Theorem 2.2.1.
Theorem 2.2.4. G is not just infinite.
2.2.1 Virtual First Betti Number

The first Betti number by (L) of a group T is the torsion-free rank of H; (I';Z) ® Q. This is the
rank of ['*.

The virtual first Betti number vby(T') of T is defined [LLRO8] to be

vby(T) =sup {b1(H) : |T/H| < o0} .
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Theorem 2.2.5. The virtual first Betti number vby(G) of G is infinite.

Proof. Theorem 2.2.3 states that the rank of rstg(n)? is greater than or equal to m,, for all
n. By Theorem 2.1.26 the subgroups rstg(n) all have finite index. We have therefore found a

sequence of subgroups for which the above supremum is infinite. O

2.3 Largeness and Free Subgroups

We will first see that G cannot be large because all its proper quotients are soluble. We will then
prove the absence of free subgroups for the case of the 2-generator group G¢, given by a sequence

of finite cyclic groups. It is to be expected that G has similar properties in the 2d-generator case.

We will construct for any two g, h € G a non-trivial word wy ,(z,y) € F; in the free group Fj
on two generators such that wy (g, h) =1 in G. This construction is rather technical. Example

2.3.13 demonstrates the idea behind it with two explicit elements of G.

2.3.1 Largeness

Denote by F5 the free group of rank 2. A group I is called large if there exists a finite index
subgroup H <y I' such that H surjects onto F5.

We observe that if a group I is large, then I' also has infinite virtual first Betti number as defined
in Subsection 2.2.1. It is an open question, whether there exist finitely presented groups with
infinite virtual first Betti number but which are not large. We will see in the following that there
at least exist finitely generated groups which can have infinite virtual first Betti number but are

not large.

Example 2.3.1. The group Z1Z as described in Section A.2.3 of Section A.2 has infinite virtual

first Betti number but is not large.
The following Theorem 2.3.2 shows that there also exist more complicated examples.
Theorem 2.3.2. The group G is not large.

Proof. Assume that there exists a subgroup H of finite index in G that maps onto Fy. Hence
H also maps onto As, the alternating group of order 60. Write N for the kernel of H — As. If
we define No = (1, IV, then H/Nj is an insoluble quotient of H. On the other hand, H has
finite index in G and hence G/Nj is finite. By Theorem 2.1.29 it must also be soluble, hence

cannot have a section isomorphic to As. O
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The above Theorem 2.3.2 together with Theorem 2.2.5 gives an example of a finitely generated
group that is not large, yet has infinite virtual first Betti number. This and Example 2.3.1 are

the only known examples of such groups.

2.3.2 Free Subgroups

Under certain assumptions we can sharpen this result and deduce that G¢ does not contain
any free subgroups. Our aim is to show that if the defining sequence is such that all [; are
distinct primes and the sequence is ascending and it satisfies [; > 36 for all i € N then the group
constructed above has no free subgroups of rank 2. Indeed, given any two elements g1, go of the
group we construct a non-trivial word wg, 4, (z,y) € F(z,y) in the free group of rank 2 such that
Wy, g5 (91,92) = 1 in G. We will for all further considerations write G for G¢ and denote the

two generators simply by a and b.

It follows from Lemma 2.1.2 that we can write every g € G as ¢ = a” szl b (k)" with r,q; € Z,
ki e{l,...,lp} and t € N.

Definition 2.3.3. A spine s = g~ 1b%g is a power of a g-conjugate of b with ¢ € G and some
q € Z\ {0}. Denote by
t
€(g) = min {t | g=a Hb(ki)‘“}
i=1
the number of spines of g and by

t

Mg) =7+ (ai + 2k - 2)
i=1

the length of g. This is the usual notation for the word length of an element which can be seen

by considering the definition of b (i) = =" 'ba’~!

Remark 2.3.4. The number of spines A\(g) should not be confused with the word length of g € B

as a word in the generators of B.
Lemma 2.3.5. A(gh) < A(g) + A(h) and hence A (g") < X(g) + 2A(h) for any g, h € G.
Proof. This follows immediately from the definition. O
Let g1, 92 € G be fixed for the rest of this Section. Recursively define commutators
i—2

c1=[g1,92] and ¢ = [Ci—1,CE,1 ] , for i > 2 with ¢ = ¢;. (2.3)

With those definitions we get the following Lemma:
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Lemma 2.3.6. If 91,92 € G, then the length X (c;) of the commutator ¢; defined as above is
bounded by X (c;) < 5% (X(g1) + A(g2)) for all i > 0.

Proof. We use induction. It follows from Lemma 2.3.5 that A (c1) < 2A(g1) +2A(g2) < 5-
(A(g1) + A (g2)). Then by induction hypothesis

A (Cl) S 4\ (Ci—l) + 4\ (C»L‘_Q)
<457 (A (g1) + A (g2)) +4-572 (Ag1) + A (g2)) <5 (A(g1) + A(g2)) -
O

The strategy for constructing a word is to observe that the number of spines of the commutator
¢; grows more slowly with ¢ than the number of vertices on each level. We note the position of
the spines of ¢; and aim to move them by conjugation such that none of the conjugated spines
is at an old position. This new element will then commute with c¢;.

The following Lemma 2.3.7 gives one of the key properties of the commutators defined in (2.3).
Lemma 2.3.7. For every i > 1 we have ¢; € rstg(i — 1) < Stg(i).
Proof. We have ¢y € G” <rstg(1) < G. Hence ¢5' € rstg(1) and so

c3 = [ca, c5'] € st (1) < Sta(1) < rste(2)

by Lemma 2.1.25 and Lemma 2.1.23. Now assume c,_; € 1stg(n — 2) < G. Then c¢," > €

rstg(n — 2) and hence again
en = [Cne1, 6] € 1sta(n — 2)" < Sta(n —2) <rsta(n—1).
The last statement rstg(n — 1) < Stg(n) is given by Lemma 2.1.18. O

We will now describe the commutators ¢;. We will see below that after some finite level, their

non-trivial decorations can only be one of two rather simple types of elements.

Proposition 2.3.8. The commutators c; have the recursive form ¢; = (d; k1, .. -adi,k,mk)k on

level k where each d; 1, ; falls into one of the four cases:
1odig; =1,
2. dig,; = bl fort € Z,by the generator of Gy, by € By,

3. digj=a}-zwithq#0 modl;,z € Bg,ay € Ay or
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4. dikj = (di,k+1,1+(j71)li7---;di,k+1,j-li)k.+1-

Further, there exists some level n such that all d; ,, ; will have fallen into one of the first three

cases.
The indices in d; 1,; are as follows:
e i: means that d; ; ; is coming from the commutator ¢;,
e k: describes the level £ on which we look at the commutator c¢;,
e j: indicates the position j on level k on which d; 1 ; acts.

Write |i/7] for the biggest integer ¢ such that ¢ < %

Proof. From Lemma 2.3.7 we have ¢; = (d; i1, .-, diiom,); € Gi X --- X G; with

uj
_ 4j fi,‘,k
dii;=af [ bi (rijw)™
k=0

and qj, fijx € Z,u; € N,y € {1,...,0;}. As an element of G, d;; ; can only either be of the
form alz with a; € A;,z € B; which is the third case, or d;;; € B;. If d;; ; is an element of

B; x -+ x B; <Gi41 X - -+ X G441 then it can be written as
T
diig =[] bi (g™
k=1

Now assume that r > 1, hence d; ; ; is not of the form b for some ¢ € Z, hence does not fall into

the second case. Then d;; ; can be expressed as

disij = (diit1,14G-1)100 - - 7di,i+1,j~li)i+1 € Stg(i+ 1),

where each of the d; ;11 5 is an element of G; 41 for h € {1,...,m;41}. Assume that at least one

d; it1,n is again of this form, which is the forth case. Then

Yn
dijiv1,n = ajyy H biv1 (fn,s)™"

s=1
with qn,zns € Z, yo € Nand fi, s € {1,...,l;41}. We assume that not all f,, ; are equal to 1
and that ¢, = 0 mod [; to eliminate cases 2 and 3. However, if there exists an fj s, # 1 then
d; ;. was such that b1 (fr.s,) = bi(c)?( D" for some ¢ € {1,...,1;} and some g € Z\{0}. This
yields that the word lengths satisfy A (d; i41,n) < A(di,i;) —1if j = [h/l;| and hence there exists

a level n such that all d; ,, ,, fall into one of the first three cases. O
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The following Proposition deduces from the decoration of a particular vertex v what the decor-

ation of the vertex directly above v must look like.
Proposition 2.3.9. Let x,y be elements of rstg(n — 1). If [z,y] ¢ rstg(n + 1) then either
x ¢ rstg(n) ory & rstg(n).

Proof. The elements x and y can also be seen as elements of G,,_;. The word

[z,y] = (h1,.. . hm,),

is a commutator and hence by Proposition 2.3.8 we get that each h; falls into one of the four
cases above. Now assume that both x and y are of the form 1,2 or 4. Then z,y € B,, X -+ X By,

and so
[h,k] € Bl, x ---x Bl, =N/ x---x N =1stg(n) <rstg(n+1) < Stg(n+ 2)
and hence h; cannot be of the third type because this case does not stabilise level n. O

Corollary 2.3.10. For every d; ; ; in c; that is of the second or third type we have that either

d. .
o . — a9 i-2,13/(li—1k)] _ g
dz,zfl,U/liJ =a; 1z Or di,i—l,l_j/lij =a;, 1%

with ¢ 20 mod [;, z € B;_1, hence at least one of the two was of type 3.

d o
Figure 2.2 depicts where the elements d;; j, d; ;_1,;1,] and d; ;’:E'Lb]//l(/_lj"lli)J act relative to each

other.

di,i— g i—1li
i1 divi1, 1) od, 2L/ Gimti)]

,i—1, LJ/I’LJ

2,2,

Figure 2.2: The commutator ¢; in detail.

d o
Proof. This is an application of Proposition 2.3.9 with = d; ;_1,|,,1,| and y = d, 2’:12'LLJ7//Z§_IJ*1Z‘)J.

Figure 2.2 depicts that in that case both = and y decorate the vertex immediately above d; ; ;. [
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Example 2.3.11. We illustrate Proposition 2.3.9 with an example for which we assume [; > 3.

We compute the commutator of
z=[b,0] = (1,[a1,b1],1,...,1); (2.4)

and

y="b"=(b},a},1,...,1), (2.5)

given by [[b,b°],b%]. Writing out the terms shows that on the first level this commutator is given
as

[[6,6°],0%] = (1,67 "ay "braray ay "oy tarbiad, 1,0 1)
After evaluating the term on the second position we get on level 2
-1 -1 -1 —1
(1,...,1,b5%, a5 ba, by, by tag, a3, 1,0, 1),

where the first non-trivial term b, ! is at position /1 + 1, which is the first subvertex of the second

vertex of level 1. Figure 2.3 shows this.

by' az'd be bylas ay
Figure 2.3: The commutator [[b,b%],b?].

Analysing the example shows that we have some vertex decorations of type 2 or 3 on the second
level. The second position of y in (2.5) is given by a} and decorates the vertex immediately

above any non-trivial terms of the second level of [z, y].

Corollary 2.3.10 allows us to deduce that if we have a vertex with non-trivial decoration, then

there must be a decoration above it with a non-trivial rooted part, a power of some a; € A;.

Theorem 2.3.12. Assume that the defining sequence {l;} satisfies l; > 36" where the l; are

pairwise coprime odd integers and we have ly > 3. Then G has no free subgroup of rank 2.
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iy Ik,i2
=iy —_

d,
TS k. j5
—_

4k,j54
T

K, jg

dk,j7
n dk,js

Figure 2.4: The elements dj ;, = (dk’ihh - 7dk’if’yj)it ,¥; € N, lie on different layers ;.

Proof. Let g1, g2 € G. From these we construct a non-trivial word wg, 4, (,y) such that we have

Wy, g5 (91,92) = 1. Find a level k such that
A (ep) < 6. (2.6)

Such a k exists because we had that A (cx) < 5% (X (g1) + A(g2)) by Lemma 2.3.6.

Write ¢, = (dik,1,- -5 dikymy )y, Some of the dy r; might be of the fourth, recursive, case.
Proposition 2.3.8 states that this case only occurs down to some finite level n. Every dy : that
is of the recursive case will then satisfy that there exists a level 7; such that dy, ;, ;, is of case 1,2
or 3, decorating a vertex v;, of level i; with k¥ < ¢; < n and j; with {jt/ ( ff;kl ZT>J =1t In
this situation we have that dy ;, j, decorates a subtree T, , with root v;, € Q(i;). We need to
look at those vertices which have a non-recursive decoration coming from ci. Those will as just
argued lie on different levels i; between n and k which Figure 2.4 illustrates.

We aim to form commutator words. Let v;, € (i) be the vertex of level 4, on which dy;, ;,

acts. By Corollary 2.3.10 we now have either

Ch-tlv, =alz or czk_’f|vh =alz (2.7)

with ¢ # 0 mod [;, and z € B;,. We now shift the spines of ck\ujt by conjugation such that their
new position does not overlap with their previous one assuming /;, is large enough which we will
justify in the second half of this proof. We are using the non-trivial power ¢ of a;, from (2.7) to
conjugate the spines of dy, ;, ;, to empty positions. This conjugated element of dy, ;, ;, will then
commute with dj, ;, ;,. The non-trivially decorated subvertices of v;, can only have positions p
with —A (cx) < p < A(ck) because in order to decorate a subvertex of vj;, at position p on level

i; + 1 we need to have a power afﬁ, which will add p to the word length of ¢;. We have found 6*
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to be an upper bound for the word length of ¢; in (2.6). With these considerations we conclude

that either

d 6k
" 4 k,itz,u/(zkz”_l)J)

Ay i1, /05 ) kyig—=1,15/1;,]
— T ’ it J—
d= ldk,iw‘u dy, or e= |dii,jo>dyy, j, (2.8)

yUtyJt

is such that d|,; =1 or e|,,, =1 for all vertices v;, € Q(i;). We have the case that dl,;, =1 if

. . . Cle—
we had c_1],;, = aj z in equation (2.7) and we have el,, =1 if we had ¢;" 7|, =af .

We now describe how this will yield a word wy, 4,(z,y) € F(z,y). Similarly to the definition of

¢k recursively define commutators in F'(z,y) as

Yo=x, M1 =[z,y], vi= [71—1,7;132]

with v; € F(z,y)®, the i-th derived group of F(z,y). We begin our word w by w; =

’Yk—l)Gk

Vi (74 This will give identity on the vertices v;, with d[,; = 1 with d as in (2.8).

Cr—2
(Ck—l

6k
We will then proceed with wy = [wl, w; ) ] to get identity for the vertices in which only
the case e[, =1 applied.

The two cases in (2.8) are the only ones possible for any vertex v;,. Hence we either have
w1 (91, g2) \th = 1 after the first step or ws (g1,92) |1,jt = 1 after the second step. Assume
w1 (91, 92) |v;, # 1 for some vertex v;,. Then this means that dkis—1,1j/1;,) € Bi,—1, hence there
is no rooted action and conjugating by dj ;,—1,|;/1,,) will not move any spines. We then get that

w3 (g1, 92) |v;, = 1 in the second step.

We now have to justify that I; is big enough in each step. We are conjugating by the power 6 in

(2.8). This applies to an element af , where |g| < X(cx) < 6%. We get that this moves spines by

62k 62k

at most — 6%. Hence we need at most places to fit these at most 6 spines in and so each

I; for 4 > k must be such that 62* < [;. It is hence enough to require that the sequence {li}ieN0
is such that {; > 36% and [y > 3.

The procedure described above will result in a non-trivial word wy, 4,(z,y) in the free group
F(z,y) on the two generators = and y. This word has the form of a nested commutator and is
an element of F(z,3)®), the k-th derived group of F(z,y), where k depends on the word length

of the two chosen elements ¢g; and go. This now implies that G cannot contain a non-abelian

free subgroup under the given assumptions on the defining sequence {I;}. O
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The proof of Theorem 2.3.12 at least allows slight improvements on the bound for [;. However,
it seems likely that the construction of a non-trivial word will require the sequence I; to grow at

least as fast as [; > C* where C > 0.

Private communication with Nekrashevych suggests that the result from his paper [Nek10] could

possibly be used to prove the absence of free subgroups for all defining sequences {I;}.
We now illustrate Theorem 2.3.12 by computing an example.

Example 2.3.13. We choose two elements
g1 =a *ab)* and gy = [b, 07

and will construct a non-trivial word wg, 4,(x,y) € Fo,w # 1 such that wg, 4, (91,92) = 11in G.

We chose g; and go from the subgroup B <; G to simplify the calculation.
1 = [g17g2] = |:G,_4 (ab)4 3 [(bla ai, 17 ey 1)1 ) (17 bla ai, 1) sy 1)1]]
- [(bla blalyblalv blala ai, 17 ey 1)1 9 (bl_la blal_lyah 17 ey 1)1]

= (1, [blal, blafl] s [blal,al] s ]., ey 1)1

= ((1,...,1), (a2, b5 " az ', 1, ko), (Lby Y ag Theyan, 1,0 1) (1,00 1),

where there are ls elements in each of the brackets, grouped by being subvertices of the same
vertex. We observe that every vertex that c; decorates with a spinal part has a term bya; directly
above it as the recursive form of Proposition 2.3.8 states. We assume at this step that 5 already

fulfills the hypothesis of the proof. We then conjugate ¢; by gi and get

4

gr 1 -1 (bra1)? -1 -1 (bra1)*
= (1,...,1),((12,62 , 05 ,1,...,b2) ,(l,b2 , 05 bg,ag,l,...,l) B D |
2
= ((1,...,1),(1,1,1,bo, a5 'b3 "asboas, a3 by tas, as, 1, ..., 1),
(1,1,1,1,1,a5 b3 "az, a3 " b2, a2, 1,..., 1), 1,..., 1),
We now see that
4
{cl,cﬁh} =1
4

because none of the non-trivial positions of ¢; and ¢i' overlap anymore.

We look at the word that this process generated. The first step was the commutator [g1, g2],
hence w1 (z,y) = [z,y] € F(x,y) as a word in the free group. We then conjugated by g}, hence
wa(x,y) = w"f4. Finally we had ws(z,y) = [w1, ws]. This gives the word

4 — — — — — j— p— —
Wgr0x (@,9) = |29 [2)™ | =y~ "0 e~y e ety ey 0y ey,
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2.4 Open Questions

Question 2.4.1. Is every finitely presented group that surjects onto G large?

We use the relators as described in Chapter 4 and take only a finite subset of them. For small
such subsets this can be verified directly. However, the situation becomes unclear for bigger
subsets. It might be possible to use the Reidemeister-Schreier algorithm to rewrite the relations

that hold in finite index subgroups and then apply known results about largeness and deficiency.
Question 2.4.2. Can we embed G in a finitely presented HNN-extension of G7

This has been done by Grigorchuk in [Gri98] to produce a finitely presented amenable but not
elementary amenable group. This could eventually lead to a finitely presented group with infinite

virtual first Betti number which is not large.
Question 2.4.3. Can G contain a free subgroup if the defining sequence grows very slowly?

A result by Brieussel [Bri09] states that groups similar to the ones described here are amenable

for rather slowly growing sequences.
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Chapter 3

Morally Self-Similar Groups

In this Chapter we study a different group on the same trees as in Chapter 2. Such a construction
has already been studied in [LS03] to provide examples of subgroup growth. It was shown in
[SWO03] by Sidki and Wilson that there exist branch groups containing the free group. We will
see here, that with the construction in this Chapter, it is also easily possible to obtain branch

groups containing the free group.

The first Section describes the construction of G. It will be shown that this construction allows

us to control the structure of G by a chosen group P which can be chosen with certain conditions.

In the second Section we compute the abelianisation of GG, which will turn out to be completely

dependent on the group P that we chose to construct G.

We will use this construction in Chapter 4 to deduce that the group presented in Chapter 2 is
not finitely presented. We further build upon it in Chapter 5 to construct a branch group I' with

finitely generated subgroups of arbitrary Hausdorfl dimension « € [0, 1] within T".

3.1 The Construction

In this Section we will describe the construction of G and deduce some basic properties. We first
specify a generating set of elements but we will see later that we can vary this quite a bit and

will still obtain the same group.

3.1.1 Definition

Assume we have a countable infinite family {A,} of finite, perfect d-generator groups

Ap={1m, - Qan) -
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Let A,, act non-regularly and transitively on sets L,, and denote by [,, the number of elements

in L,,. For convenience we choose a fixed order of the elements in L,, as
L, ={s1n,---+S1,n}- (3.1)

Remark 3.1.1. The requirement that the action of A, is non-regular and transitive is in partic-
ular fulfilled when each A,, acts 2-transitively on L,. An example, that we will refer to later and
which is also used in Chapter 5, is given for d = 2 by the alternating groups Alt (1,,) of chosen

orders l, with l,, = |Ly|.

Further, let P be a d-generator group with P = (¢1,...,t4) and suppose that for each n > 0
there exists an epimorphism

On:P— A, n>1

where

ﬂ ker (¢,) =1 forallieN (3.2)

and we additionally require that

Pn () = - (3.3)
Remark 3.1.2. If P is torsion free it is enough to assume (.-, ker (¢,) = 1.
Similarly to Chapter 2, we define for such a sequence of groups {A,} an automorphism group
acting on the rooted tree with defining sequence {l,,}. We label the vertices on the first level
by the elements in Lo, hence by s1,9,...,51,,0. We choose the natural labelling via the elements
S1m,---81,.n for a fixed order of the subvertices of a vertex v with v € Q(n — 1) on each level

n. The automorphism group G will be defined by a set of d rooted and d spinal automorphisms

which are defined as follows:

e To define the group we take a; to be the rooted automorphism acting on the first level as

;.0 acts on the set Lg.

e We recursively define spinal automorphisms g; for i =1,...,d as

5i,n = (ﬁi,n+17 Qjnt1, ... 1)n+1 (3~4)

where the position of 3; .41 is labelled by s1 5,41 and the position of o n4+1 by 82,41 from

the set L,41. Figures 3.1 depicts this.
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Figure 3.1: Action of j3;.

With the above notation, we define

G= <a17"'7adaﬂ17"'7ﬂd>7 P0: </617"'76d>7 A= <a17...,05d>. (35)

The assumption in (3.3) now gives that Py is the image of P under the map

oo
W:P—)HAn
n=1

which is defined via
W(t,) = (aiv")nGN .
In fact, P = (t1,...,tq) embeds into G because we assumed that (7. ker (P — A,) = 1 in

(3.2). The embedding is given by the map ¢; — «;.
Similarly to G and P, we define for all n € Ny
Gn = {1y 0, B1ns -, Ban) and P, = (Bin,---,Ban)-
Those definitions coincide with G and F, for n = 0.
The following Lemma is purely combinatorial.

Lemma 3.1.3. Let A be a group acting non-regularly and transitively on a set L of order n.
Then there exists an element x € A and a labelling {s1,...,sn} of the elements in L such that

s1x = 81 and ssx = 8; with i € {3,...,n}.
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Proof. We show first that we can order the elements in L such that the Lemma holds for a
given non-trivial € A and then relabel. The group A acts non-regularly, hence there exists an
element x € A with s; € Fix(z) for some j € {1,...,n}. Assume without loss of generality that
j = 1. Because x # 1, there also exists s € supp(z) for some k € {2,...,n}, hence sgx = sq4 for
some d € {3,4,...,n} where d # 1, because z leaves s; fixed. Hence we deduce that syz # s1
and of course also spx # si by the choice of k. We can now relabel the elements in L such that

we can choose k = 2 which concludes the proof. O

The above Lemma 3.1.3 allows us to relabel the vertices of the tree in such a way, that we can
find elements z,, € A,, with s3 ,x,, = 52, and s1 p&, # s1,,. We will for the rest of this Chapter
assume this labelling. For the following Proposition 3.1.4 we remind the reader of the notation

m,, =[]}~ l; which has been defined in (1.1).

Proposition 3.1.4. Assume l,, > 3 for each n € N. Then the direct product G,, X -+ X G, is

contained in G where we have m,, factors in the direct product.

Proof. We assumed that all groups A,, act non-regularly and transitively, in particular Ay acts

non-regularly and transitively on the set of vertices of the first level which are labelled by

{51,0; BREE) Slo,O}

asin (3.1). By Lemma 3.1.3 there exists an element o € Ay such that s gz = 529 and s1 0z = sj0

for some j € {3,...,lp}. This gives us that the following elements are in G:

ﬂi = (ﬁi,hai,hla"wl)l and T, = (1aai,1717"‘71752',1717"'71)1

where ;1 in 7; is at position s; ¢ for some j € {3,...,lp} andi=1,...,d. The group A, is per-
fect, hence for every y € A; there exist r, € Nand words wy 1,1 (21, ..., 2q) and wy 2 i (21, ..., Zaq)

for k=1,...,r, such that

Ty
y= [T lwy (@i, 0an) wyor (@i, aan)]
k=1
In particular there exist an ro,,1 € N and words wq, ;,1,k, Wa, ;,2, for each i = 1,...,d and
k=1,...,1q,, with
Tog 1
Q51 = H [wai,l,l,k (041,1, ) ad,l) y Wa; 1,2,k (061,17 ) Oéd,l)] .
k=1
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We can now use those words to get

Tog 1

¥i = H [Wa, 1.k (B1s -5 Ba) s Wa s 2k (T2, -5 Ta)]

k=1
Tay; 1
= ]-a H [woziyl,l,k (al,la"'aad,l)awai,l,Q,k (al,lv"'vad,l)] 717"'71 = (1aai,1,1a"'71)1'
k=1
1
This can be done for each generator «;; of A; and hence 1 x A; x 1 x .- x 1 < G and by

conjugation we assert that

A1X'~'XA1§G.

It follows from this that
% 'Bi=(Bin, 1, 1), €G

and so G1 X --- X G; < G. Repeatedly applying the same argument to each G in the direct
product G X --- x Gy with [y factors then gives
G, x-xG, <G

with m,, factors in the direct product. O

3.1.2 The Action of G

In this Subsection we concentrate on how the group constructed above acts on the rooted tree T
with defining sequence {l;}. It will be shown that G has a morally self-similar structure which

makes it easy to deduce properties such as: G is a branch group.

Lemma 3.1.5. The group G acts as the iterated wreath product A,—10--- 1Ay on the set (n)

of m,, vertices of every level n.

Proof. We argue by induction. The action on level 1 is given by A and there is nothing to prove.
Proposition 3.1.4 shows that A; X -+ x Ay < G and hence A,, X --- x A, < G for all levels n > 0
with m,, factors in the direct product. The action of G on level n — 1 is by induction hypothesis

given by A,_21---1Ag. Denote by H the restriction G

1, for some vertex v € Q(n — 1). Then
A,_1 < H by the above and together with the transitivity we deduce that G acts as A, _11-- -1 Ag

on the m,, vertices of level n and with Lemma A.2.3 this gives the result. O

The above Lemma 3.1.5 shows that G is morally self-similar. This implies that the action of the

group on the rooted tree T is rather easy to describe and understand.
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Lemma 3.1.6. The n-th level stabilizer of G is Stg(n) = G, X --- X G,, and hence the rigid

stabilizer is also given as rstg(n) = Gy, X -+ X Gy, in particular rstg(n) = Stg(n).

Proof. The subgroup G,, X --- X G, is contained in G and hence G,, x -+ x G,, < Stg(n)

respectively G, X -+ X G,, <rstg(n). The other inclusion is trivial. O
With this Lemma 3.1.6 we can easily deduce that G is a branch group.
Theorem 3.1.7. The group G as defined above is a branch group.

Proof. Lemma 3.1.6 asserts that rstg(n) = Stg(n). The subgroup Stg(n) is of finite index in G
for all n > 0 by Lemma 1.2.1 from Chapter 1. Hence rstg(n) has finite index in G for all n > 0

and we deduce that G is a branch group. O

The group G was constructed with additional requirements upon the existence of a d-generator
group P with certain properties. The following Lemma 3.1.8 shows that some properties from

P transfer to G and its subgroups.

Lemma 3.1.8 ([LS03, Theorem 13.4)). If P is perfect, then G is perfect and so are all P,, G,

and rstg(n).

Proof. Each one of the generators /3; is such that it acts on different subtrees as o; 5, on each level
n. This can be seen directly from the definition of 5; in (3.4) and Figure 3.1 also depicts this. It
follows that any relation satisfied by a generator ¢; of P is satisfied by each of the tuples f; ,, and
hence by B;. So the map t; — f; defines an epimorphism from P onto Py = (f1,...,B4). Thus
G is generated by two images of the perfect group P and hence is perfect as claimed. By moral

self-similarity this also yields that each G,, is perfect for n > 0 and hence so are all rstg(n). O
Lemma 3.1.9. If P is perfect, then G has the congruence subgroup property.

Proof. By Theorem 1.3.1 there exists for every normal subgroup N of G an integer n such that
rstg(n)’ < N. By Lemma 3.1.8 the subgroup rstg(n) is perfect for each n, hence rstg(n) < N.
This yields Stg(n) < N which concludes the proof. O

We also see that with this construction it is rather easy to obtain examples of branch groups

containing free subgroups.

Theorem 3.1.10. If P satisfies the criteria for this construction and is such that it contains a

free subgroup, then G is a branch group containing free subgroups.

46



3.1. THE CONSTRUCTION CHAPTER 3. MORALLY SELF-SIMILAR GROUPS

Example 3.1.11. The above theorem gives us an explicit example. A result by Katz and
Magnus [KM68] states that free groups are residually alternating. Hence we can choose P = Fy,
the free group on 2-generators. This group is torsion free and so qualifies for the construction
described in this Chapter. We obtain a branch group which contains F5 and hence also Fy for

d>1.
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3.2 Abelianisation

In this Section we tackle the more complex question of what the abelianisation of G looks like.

It will be shown that this depends purely on the choice of P.

Lemma 3.2.1. For each g € G there exists an integer ng € N such that if we write g =

(hl7 .. .,hm”g) ~w where w € Ay, 10+ U Ao, then for each i =1,...,my, we have
g

h; EAng or h; EPny.

This says that each element g € G splits into spinal parts below level ny. Figure 3.2 depicts this.

Figure 3.2: Spinal form of elements in G.

Proof. We argue by induction on the length of g. If |g| = 1 then either g = o; or g = ; for
some ¢ with 1 < ¢ < d. Let us now assume the statement holds for words g up to length n. If

v; € Q(1) is a vertex of level 1 we have

<n—-1 or g=pa or g=a!

K2

lg

Vi

for some integer ¢ because al, = 1 for any a € Ag and any u € (1). By induction there exists

k; with gl,, € G, U Py,. Now take ng, = mauxi“=1 k;. O

Proposition 3.2.2. Let an be the image of Bin € P, in P and respectively t; the image of

t; € P in P®. Then the map
pab s pab

Un = {Bln —

is an tsomorphism.
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Proof. Tt follows from equation (3.2) that P ~ P, and hence P ~ P for all n > 0. O

We construct maps

) G — P
Pn\g) = a
g = (HhiePn hl—) P! ¢ p
where g = (h1,...,hm,), - w,w € Ap_1 1---1 Ag, and the product is over those h; which are in

P,.

Lemma 3.2.3. Let g € G and assume k > ng for some k € N. Then

Uk (2k(9)) = tn, (on,(9)) -

In other words, o, = @y, for all k > n,.

Proof. Let g € G and choose a vertex v € Q(ngy) such that if g = (hl, . .,hmng) -w as in
Lemma 3.2.1, then h, is the decoration at position v with hy; € P,. If no such v Z}gcists, then
Ui (0x(9)) = ¥n, (apng (g)) = 1 and we are done. Let g = (f1,..., fm, ), w1 be the decomposition
of g on level k. We observe that the number of factors in each of the products ¢(g) = (I i) P;,
and ¢n, (9) = ([T hy) P, is the same because of the assumption that k > n,. Proposition 3.2.2
yields that Pgb ~ P;fé’ via the natural identification of generators Bi,k — ﬂ_mg This yields that

we can identify ¢x(g) with ¢, (g) € P and both map to the same element in P O

From Lemma 3.2.3 we see that the following map

(g) = {G — pab
7T g oty (n,(9))

is well defined for n, from Lemma 3.2.1.
Lemma 3.2.4. The map ¢ is a homomorphism.

Proof. The image of gh under ¢ is given as v, (gpngh (gh)). As in the proof of Lemma
3.2.3 we can directly identify elements of P, and P,, with elements of P, . Hence assume

n > max {ngn, ng, ny }, then ¢, (gh) = ¢,(9)¢n(h). The map v, is a homomorphism, so

Poo(gh) = Un (Pn(gh)) = Yn (#n(9)) - Yn (Pn(h)) = Poo(g) - Poo(h).

Proposition 3.2.5. The restricted kernel of v is given by ker (poo|p,) = Ff-

49



3.2. ABELIANISATION CHAPTER 3. MORALLY SELF-SIMILAR GROUPS

Proof. The image of ¢u|p, is abelian and hence K = ker (poo|p,) contains Pj. On the other
hand, let g € G be such that po.(g9) = 1. Then ¢, (g9) = 1, which means the product HhieP"g h;
is an element of P;:,g- We have restricted the map to Fy. This means that the product only
contains one factor hg and hence hy € P/lg. We can directly identify elements of P, with

elements of Py, hence hy with g, which now implies that g € Pj. O
!

Lemma 3.2.6. The kernel of poo is given by ker (poo) = G'.

Proof. Denote K = ker (¢,). The image of ¢ is abelian and hence G’ < K. For the other
inclusion we write G = Py - Ag and because Ag is perfect we get G = Py - G'. We apply the
modular law (A.3.2) to deduce

(Py-G"YNK=(PNK)-G.
Now we have (Pop-G')NK =GN K =K and Pj-G' = G’ and hence K = G’. O
Theorem 3.2.7. The abelianisation of G is given by G* = P,

Proof. This is a straight forward consequence of the previous Lemma 3.2.6 which yields that the

map G — P? is a bijection. O
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Chapter 4

Presentation and Growth

This Chapter is written in three parts. In the first Section 4.1 we will show that the group G
from Chapter 2 cannot be finitely presented. We discuss in Section 4.2 explicit sets of relators
that hold in G. In the last part, in Section 4.3, it will be shown that G has exponential word

growth under certain assumptions.

4.1 Presentation

A group T is very often described as a quotient group of a free group: T' = F/N. If F is free
with basis X = {z1,...,2,} and N is the normal closure in F of a set R C F, we say that the
pair (X, R) is a presentation for T' and denote this by I' = (X|R). If X is the set of images & in
I' of the elements z € X, then X generates I'. If r = r (1,...,25) is in R, then the equation
r(£1,...,%,) = 1 holds in G. The elements r € R are called relators. A presentation (X, R) is
finitely generated if X is finite, and is finitely related if R is finite. If both, X and R are finite,
then the group I' = (X|R) is finitely presented. It is easy to see that any finitely presented group
can also be written as an infinitely presented group. However, if a finitely generated group I’
cannot be presented by (X, R) for any finite set R, then T is infinitely presented. A set S is
recursively enumerable if there exists an algorithm such that the set of input numbers for which
the algorithm halts is exactly S. If R is infinite, but is recursively enumerable, then we say that

the presentation (X, R) is recursive.

For all examples of branch groups where it is known, it can be proved that they are infinitely
presented. In fact, there are general statements in [BGv03] about the infinite presentability of
groups acting on rooted trees. In a recent paper, Benli [Ben12] has shown that also the profinite

completion of the Grigorchuk group is not finitely presented. However, the case of a non-regular
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tree does not seem to have been considered. We will show that a Theorem in [BGv03] also applies

in the case of the groups of Chapter 2 to show that those groups are not finitely presented.

4.1.1 (G is Infinitely Presented

Theorem 4.1.1. Let G be the group constructed in Chapter 2 from a sequence {l;} of distinct,
odd, coprime integers such that l; > 5. Then G is not finitely presented.

We show that it is possible to apply Sunik’s Theorem (4.1.2, [BGv03, Theorem 4.4]) as already

stated in Chapter 1. We refer to the paragraph before 1.3.3 for the terminology used.

Theorem 4.1.2 ([BGv03, 4.4]). Let C be a class of groups that is closed under homomorphic
images and subgroups of finite index and w = (A, S,w) be a sequence that defines a spinal group
in C. Further, assume that, for every r, there exists a triple n") of the form n\") = (Ayrw, S, 1),

where 1) is a doubly indexed family of homomorphisms
nij:S’—>Sym(Xj), iE{T+1,T+2,...}, j€{277l2}

defining a group of tree automorphisms (not necessarily spinal) G, that acts on the shifted tree

T Y) and is not in C. Then the spinal group G, is not finitely presented.

Now we will apply this to the groups in Chapter 2.

As class C we take all groups which have the property that every proper quotient is soluble.
Lemma 4.1.3. The class C is closed under homomorphic images and subgroups of finite index.

Proof. Let H be a group in C. A homomorphic image of H is isomorphic to H/N for some N <H.
A finite quotient (H/N)/K of H/N is isomorphic to a finite quotient of H, hence (H/N)/K is
soluble and so H/N € C. Finally, let K be a subgroup of finite index in H and N <y K. Then
No=U gen INY is an intersection of finitely many subgroups of finite index N9 and Ny < H,
hence H/Nj is soluble. The quotient K/N is a section of H/Ny and hence soluble again. O

Proof of Theorem 4.1.1. We take as S the infinite cyclic group S = (h). Denote for each i > 0

by o0;, and 7, the cyclic permutations
o, =(123...0;), 7, = (123).

The element 7;, does not depend on I; and we will write for convenience 7 = 7, for all ¢ and

mean the respective 7, € Sym (1;).
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We now show the existence of a triple n(") = (A4r,,, S,7) for every r. We choose

g, lf] =2,
’I]Z](h) = T lfj = 3,
1 else.

for all ¢ > 1. Figure 4.1 shows the portrait of the spinal automorphism defined by 7;;.

Figure 4.1: The portrait of n;;(h).

We further assumed that each ; is odd, which now yields that o;, € Alt (l;) for all ¢ > 0. We
chose each [; > 5. This now implies that the two cyclic permutations (12...1;),(123) € Sym (1;)
have coprime orders 3 and I;. If z is a spinal automorphism defined by the family {#;;}, then z
is a power of h and has infinite order. The shifted group A,:,, is the abelian group A; of order
l;, which acts transitively on the [; vertices below the new root v;, a vertex of level i. We get

that the spinal group (Aerw,S,7:5) acts as Alt (I;) 1 A;, | on the vertices of the second level of

i—1
T,,. It therefore has an insoluble finite quotient and hence is not in the class C, which satisfies

the hypothesis of Theorem 4.1.2 to deduce that G is not finitely presented. O
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4.2 Relators in (G

In this Subsection we will present a set of recursive relators for the group G as defined in
Chapter 2. We remind the reader of the notation of Chapter 2, that the finite abelian groups A;
are generated by {ai,...,aq;}, which have orders ¢; ; = 1. The group B was generated by the
spinal automorphisms {by,...,bs}. We first discuss a common relator in G4 and G¢ and then

an additional case for G¢.

It has been shown in [BGDLH12] that every finitely presented group mapping onto the Grig-
orchuk group is large. Here we give relations that hold in G which emerged from a similar

investigation.
We will now explore complicated commutator words in G. We remember that we chose an order
for the I,, elements of A, and denoted them by

An = {gl,’rm s 7gln,n}

where g1, = 1. Fix for this Section an element u,, € A,, with

g1i,nUn = g2.n-
In words, u, moves the first vertex of level n to the second position.
To simplify some of the statements we will set the following notation: a=% = ¢t~!a~1¢.

Proposition 4.2.1. Let ug be as above. Then the relation {bi, (bj_“o)qj’o] holds in G for all
i,j=1,...,d.

—ug

Proof. By the assumption on ug the element (bj )qj’o is given as

—uo) 90 qj,
(7)™ = (L, LB50, 1, 1),
where b;i’-:’io is on a position different from g; ; and g2 ;. On the other hand, b; is given as
bi = (big,ain,1,...,1), .

Those now commute because the only non-trivial positions are distinct. O

We can now generalise this to all levels of the tree. Let p, be the word such that u;' =

Pn (@1,n,---50an). We see that b; “® acts rooted as a; 1 on the first vertex vy 1 of level 1. Re-
peating this process yields that p; (b7°,...,b;"°) acts as uj' on vy ;. We recursively build
conjugators

po =ugt, g1 =p1 (b1, 0)", i = pn (b1, ..., ba)" "
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1

The element (i, now acts as u;,* on the first vertex v; , of each level n as shown in Figure 4.2.

Figure 4.2: Portrait of p,,.

We can formulate some more commutator relations that hold in G.
Theorem 4.2.2. The set of relations
dk,n
{[b],o, (bg’;;l) ] —1 where jk=1,....,d and ne N}
with w; defined as above, holds in G.

dk,n
Figure 4.3 depicts how (b’g"b“) acts on the tree.

dk,n
Figure 4.3: Portrait of (bg"b’l) .
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Te,m
Proof. The elements b; o and (bz"b‘l) can be written as

bj,() = (bj,naaj,naL-'-al)n + C1, (41)
dk,n
(b‘:no_1) k :<azk7’:71"”’1’bzk;{b7 7,..71) .02:(17”.7171)21‘:11:’1,.”’1) - Ca, (42)

where ¢; € A,_10--- 1 Ag and bZi‘;l" in (4.2) is at a position g € A, with ¢ # g1.n,9 # go.n-
The spinal automorphism i, is given on each level i by a rooted automorphism p; (a1, .., a, ;)
acting on the second vertex vy ; for all levels i < n, as depicted in Figure 4.2. The element b; ¢
in (4.1) decorates exactly the same vertices vs; with the rooted automorphisms ay,; for i < n.
Both, p; (a1,,-..,a;,,:) and a;;, are elements of the abelian group A, hence they commute. We
further observe that p; (a1, ...,a,:) and px (a1,k,- -, ai, k) act on disjoint subtrees for i # k.
Let m, be the natural homomorphism G — G/Stg(n). The above implies that the images
T (tn) and m, (bg,0) commute. The position of bZ’f;L" in (4.2) is chosen to be different from the

non-trivial positions in (4.1). We deduce that
(s a1 1) en, (T LB 1) ] = 1.
O

We now give more commutator relators. First we will discuss these on level 1 before we generalise

them for the case d = 1 for all levels.

Proposition 4.2.3. The set of identities
{I:bk707b?,0j| =1l,a€ Ay, a# uo,ual}
holds in G.
Proof. The assumption that a # ug and a # ug L gives that
bro = (b1,a1,1,...,1),

(bj)o)a: (1,...,1,()1,1,...,1,@1,1,...,1)1

where by is at position g; 9a # g2, and aq is at position gz oa # g1,0. The regularity of the
groups A; acting on themselves by multiplication further gives that g; pa # g; 0. We can see that
bi,0 and b, only act non-trivially on disjoint subtrees, hence commute as Figure 4.4 illustrates.

O

56



4.2. RELATORS IN G CHAPTER 4. PRESENTATION AND GROWTH

Figure 4.4: Action of by o and bj on the tree.

As before, graphical visualisation on the tree now suggests that some similar relations holds on
every level n of the tree. We will see in Theorem 4.2.4 that we can indeed give such at least
for the case d = 1. The same can probably be done for d > 1 with a much more complicated

notation.
As earlier in Chapter 2, we denote the generators of G¢ by a = a1 and b = by .

Define k : Go — G¢ by

k() = b for z € Ge

for the generator b of B. In Chapter 2 we have chosen an order of the vertices on each level
corresponding to the elements of each A;. We assume the same order here. Further, let u € Ap
be such that g; ou = g2,0, in words, u moves the first vertex of level 1 to the second position.
Then the n-th iteration ™ (u) of  (u) is a conjugate of b as depicted in Figure 4.5.

The restriction of £™(u) on vy, € Q(n) is given by

(aLnH, 1, ey 1, bl,n+1)n+1 (43)
where by 41 is at position g;,, ».
Theorem 4.2.4. The identity {b(”n(“))t, b] =1fort=2,...,l,_1—2 holds in G¢ for alln > 0.

Proof. The element b acts as (b1,n, @1n,1,...,1), if restricted to the vertex vy , 1 of level n — 1.

The element b(:" ()" acts as
B = (1, 1,by a1y, 1),
on level n where b ,, is at position g;;1,,. Each of the elements b and b(" ()" can be written as

b= (brp @1, 1), 70 (B) (4.4)
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Figure 4.5: The n-th iterated conjugate k™ (u).

respectively

BT = (1, 1, by @y 1y, 1), - (K7 (W) (4.5)

with again by ,, in (4.5) at position gi41,, With t =2,...,1,_1 — 2. It is left to show that , (b)

and m, (b(“n(“))t> commute. The conjugator £™(u)? acts as b’ on all levels above n. Hence
T (b(km(u))f) —r, (Kn(u)—t) . (bt) T (Hn(u)t) =, (bt)

which clearly commutes with 7, (b). O
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4.3 Growth

In this Section we will prove that the group G from Chapter 2 has exponential word growth

under certain assumptions.

In 1968 there were no known examples of groups of intermediate growth type. As stated in
[CWM™07] Milnor raised the question in the 60s, whether any finitely generated group must be
of either exponential or polynomial type. In his important paper [Gri84] Grigorchuk answered
this question negatively. He provided a counterexample, the first Grigorchuk group. This group
is a branch group acting on a rooted binary tree and initiated the study of these. As shown
later, there also exist branch groups of exponential growth. An example constructed by Sidki
and Wilson [SWO03] even contains a free subgroup and therefore has exponential growth. Hence
it seems a natural question to ask of which growth type a given branch group is. We will prove in

this Section that the growth type of G from Chapter 2 is exponential under certain assumptions.

4.3.1 Definitions and Basics

Let T be a finitely generated group, generated by the set X = {z1,...,24}. Each element z € T

can be written as a product x = [\ xﬁl, zj, € X. We define a length function A : I' = N by

Aa) = min {ma fa= ijiil, xj, € X}

i=1
and call A(«) the word length of @ in the generators X of I'. We are now concerned with the
question of how many distinct elements in I" have a given length n. More generally, we will ask

how many distinct elements of length less than or equal to n there are in I'. For this we define
yr(n)=H{a el : Ma) <n}

as the growth function of I'. Basic considerations about the free group give an upper bound for

yr(n).

Proposition 4.3.1. IfT is generated by d elements, then for n > 0 we have
yr(n) < 2d(2d — 1)" 1.

A lower bound for yr(n) can be obtained from yr(n) > vza(n).
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We now look at bit closer into the notion of growth. First, note that by writing a word of length
m+n as a product of one of length m and one of length n, we get that yr(m+n) < yr(m)yr(n).
Therefore

w(T) = lim yp(n)"/"

n-soo
exists and is finite. If we assume that T is infinite, then 4pr(n) > 1 for all n € N and hence
w(T) > 1. We already know from Proposition 4.3.1 that if T is finitely generated by d elements,
then w(I') < 2d — 1. The exact value of w(I') depends on the group I', but also on the set of
generators X. We denote w(T") by wx (T') if we want to emphasize the dependence on the choice

of X. Depending on w(I") we can talk about different growth behaviours of T':

(i) We say T has exponential growth if w(I') > 1 and subezponential growth if w(I') = 1. The

number w(T) is called the exponential growth rate of T.
(ii) We say T has uniform exponential growth if inf x wx > 1.

(iii) The group I" has polynomial growth, if there exist numbers ¢ € R and s € N which generally
depend on X such that yp(n) < cn®, for all n € N. We call s the degree of the polynomial
growth of T'.

(iv) If the growth of ' is neither exponential nor polynomial, then I" has intermediate growth.

As we have seen in Proposition 4.3.1, the free group Fy on d generators is an example of a
group of exponential growth and the infinite cyclic group Z has polynomial growth. As already
mentioned in the introduction, the Grigorchuk group [Gri84] was the first example of a group of

intermediate growth.

4.3.2 Growth of G

We will now estimate the word growth of G from Chapter 2 by using its partial morally self-
similar structure. The first Proposition is an easy observation. However, it is important as

similar statements are true for a much wider class of groups acting on rooted trees.
Proposition 4.3.2. The group G does not have polynomial growth.

Proof. The free abelian group F% of rank n embeds into G for all n € N as the proof of Theorem
2.2.3 shows. O
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The following statements and proofs will only deal with the case when G is defined via a sequence
of cyclic groups. We will then use this as shown in Theorem 4.3.5 to deduce exponential growth
for the case where G is defined via abelian groups under certain assumptions on the defining

sequence. The next Lemma underlines that even though G is not self-similar, we can still treat
it somehow as if it were.

As in Chapter 2, we denote by G,, X --- X G,, the subgroup of Aut(T) that acts as G,, on each

vertex of level n. If we say a group G acts as G, on a vertex v of level n, then we mean that the

projection of G onto a vertex v of level n acts as G, on v.

Lemma 4.3.3. Let v; € Q(1) be the i-th vertex on level 1. Then the projection of G acts as Gy
onv; fori e {l,...,lp}.

Proof. The action of the projection of G onto vs is given by b(1) = (b1, a1, 1,

1)1 and b(2) =
a"tba = (1,b1,a,...

,1)1. Hence b(1) and b(2) generate G on ve. The same follows for every

vertex v; on level 1 with b(¢ — 1) and b(7). This is depicted in Figure 4.6. O

Figure 4.6: Partial self-similar structure of G

The last Lemma 4.3.3 allows us to make assumptions about G akin to assumptions that can be
made about self-similar groups. In the next Lemma 4.3.4 we only decorate a third of the vertices

of level ¢ with GG; and then distribute them among the m; vertices to obtain an estimate for the
word growth.

Lemma 4.3.4. v¢ (m;(n+1)) > VGi(n)L?iiJ . QQLIJ)LJJ
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Proof. Assume w is a word in the generators a,b of G such that w(a,b) is a generator of Gy on
the second vertex vy of level 1. Then w can be chosen to have length at most 3, because a; can
be obtained from b(1) and by from b(2) = a~*ba. Every word in the generators a1,b; of G on
v; € (1) can be obtained by one in the generators aj,b; of G; on ve and then conjugated by
at most a® L%OJ, which adds Iy to its word length in {a,b}. In order to get %“ words w; € G on
positions 1 < j < [y it is enough to construct HJUZ"{N w; - a% with 1 < ¢; < ly, depending on

where we place the L%’J words w; and ZJU;’{“D’J q; = lp. Hence we get a recursion

(B (C)

We can estimate this expression by %‘) -3n+ 1y <lon + ly. Iterating this we get
(l()’fl + lo) l1 + 11 = lolln + loll + ll

and so for the i-th step we can see that m; (n +4) gives an upper bound for this expression.

Hence we get

» N EE
e i+ ) 2 26,5 (| 252
O
We are now able to show that G has exponential growth under certain assumptions.
Theorem 4.3.5. (a) The 2-generator group G has exponential growth rate if {l;};cy, is a se-

quence of distinct primes and is such that l; > 32+ for some C > 1.

(b) Assume we have d > 1 and a sequence {li}ieNo of coprime integers. Let g; ; be the factors of
l for j =1,...,d. Then the 2d-generator group G has exponential growth rate if there exists
ajed{l,...,d} such that ¢; ; > c3 -2+ for some C > 1, for all i € Ny.

Proof. We first prove (a) and then use it to deduce statement (b). We want an estimate for
e (r). We can assume that r = m;(1+14), as the latter term grows unboundedly with i. Lemma

4.3.4 then gives

l; m;

6() =6 mil1+0) 2 76, OF - (21) 7T

We want to find an « > 0 such that yg(r) > €®”. With ¢, (1) = 2, we get that we will need

eami(1+i) S 27:: . <2l231)31
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which can be transformed into

i i 20—
a-mi(1+1i) < zlog(2)+7;10g( 3 1).

It is enough to find a bound for o > 0, so we focus on the second term of the sum on the right

hand side which gives
o < 2log(2) +log (li-l_) — log(3)
- 3t (141)

and it is further enough to have
< Jogllizy)
— 3 (1+414)
We see that in order to be able to find such an « > 0 independent of ¢ we have to require that

li_1 > C3(+) for some C > 1 which gives that any a < log(C') can be chosen.

We now apply this to show (b). In this case, G is given as a 2d-generator group Gaq =
(a1,...,a4,b1,...,bq) where each aj, has order g, . We see that Gogq has a 2-generator sub-
group G2 = (a1,b;) for the j as given, where now a; ; has order ¢; ;. The sequence g; ; is again
coprime, hence ascending and so the same considerations as above apply with ¢; ; in place of

l;. O

Remark 4.3.6. In private communication with Grigorchuk and Sunik it has occurred that the
Hanoi group on 3-pegs also has exponential growth but does not contain any free subgroups. This

result has not been published yet.

63



4.4. OPEN QUESTIONS CHAPTER 4. PRESENTATION AND GROWTH

4.4 Open Questions

Question 4.4.1. Is every morally, or partially morally, self-similar group infinitely presented?

Extending an approach by Grigorchuk in [Gri99] allows us to also show in the case of the groups
of Chapter 2 and 3 that G is not finitely presented. This essentially only uses that G acts at
least partially self-similarly. It hence seems possible to further alter this construction to show

that no partially morally self-similar groups can be finitely presented.

Question 4.4.2. Does the group constructed in Chapter 2 have exponential growth for any

defining sequence?

A result by Brieussel [Bri09] shows that a similar type of group is amenable if the sequence grows

so slow that it does not allow distinct coprime values.
Question 4.4.3. Is the set of relators given in Section 4.2 a defining set of relators for G¢?
Question 4.4.4. Does G contain a free semigroup?

There are very few known examples of groups of exponential growth that do not contain a free

semigroups. Such are free Burnside groups and its relatives, Tarski monsters.
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Chapter 5

Hausdorff Dimensions

In this Chapter we study fractal dimensions of branch groups. In Section 5.3 we address the
question of how ’large’ a certain group is inside the full automorphism group of the tree that it
acts on. Later in the Chapter, in Section 5.4, we are interested in the dimension that subgroups

of such branch groups can have within them.

5.1 Introduction

Addressing the question of how large such a group G is within Aut(7T'), where T is a rooted
tree, Barnea and Shalev [BS97] have computed an explicit formula for the Hausdorff dimension
with respect to a metric coming from a natural filtration. We will look at the dimensions of the

closures of branch groups with respect to the congruence completion.

There are two different main aspects of the computation of Hausdorff dimensions. One is asking
for the dimension of certain groups G acting on a tree T' within Aut(7T'), the other one is focused

on which dimensions subgroups of G can have within G.

Addressing the first question, M. Abért and B. Virdg [AV05] have shown that there exist finitely
generated subgroups of Aut(T") with arbitrary Hausdorff dimension. In [Sie08], O. Siegenthaler
explicitly computed the Hausdorff dimension of level-transitive spinal groups. G. Fernandez-
Alcober and A. Zugadi-Reizabal [FA11] give an explicit set of values for the dimension of certain

spinal groups.

Working on the second question, in his thesis [K1099] B. Klopsch has shown that profinite branch
groups have full subgroup Hausdorff spectrum [0,1]. He leaves the question open, whether

the finitely generated Hausdorff spectrum can contain irrational values. Here we give for each
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a € [0,1] an explicit example of a branch group G, that has a finitely generated subgroup H,

such that H has dimension « in G,.

Further considerations yield that the finitely generated Hausdorff spectrum of the group G,
contains 7 ({l; — 2}1'6N0)a u (0,11 N T ({l; - 2}1-€N0))7 where T ({l; — 2}i€NO) is a countable
subset of Q and T ({l; — 2} iENo)a is a certain set of countable many irrational numbers in the
interval [0, «]. We do not know whether the parameters of this construction can be chosen such
that for all v € T ({l; — 2}1'6N0)a U ([0,1] N Q) there exists a finitely generated subgroup H of

Hausdorff dimension v in G.

66



5.2. FRACTAL DIMENSIONS CHAPTER 5. HAUSDORFF DIMENSIONS

5.2 Fractal Dimensions

We give a quick introduction on Hausdorff dimensions and explain how they can be defined in
the context of profinite groups. We refer the reader to Falconer [Fal03] for more information on

fractal dimensions.

Let (X,d) be a metric space, let Y C X and «a, p € RT. Define
H(Y) = inf ) (diam 5;)”

where {S;};°, is a cover of Y by sets of diameter at most p, and the infimum is taken over all

such covers. Note that H{(Y') is non-increasing with p, and so the limit
¢ =liminf HS (Y
H im fn H,(Y)

exists. It can be verified that H*(Y') is an outer measure on X, the a-dimensional Hausdorff

measure.
Lemma 5.2.1. If H*(Y) < 0o and oo < o, then H* (Y) = 0.

We can now define the Hausdorff dimension of a set Y C X:
dimg (V) = sup {a|H*(Y) = 0o} = inf {a|H*(Y) = 0}.

Example 5.2.2. We can consider the Cantor set as a metric space because it is a closed subset

of the reals. With the metric coming from the reals, this set has Hausdorff dimension %

A filtration of G is a descending chain of open normal subgroups G =Gy > Gy > --- > G, > ...
which forms a base of the neighborhoods of the identity. For such a series we have (), G, = {1}.
Now, let G be a profinite group, equipped with a filtration G,,. Define an invariant metric d on
G by

d(z,y) =inf {|G/G,|7": zy™' € G,}.

With respect to these definitions, Barnea and Shalev [BS97] proved the following theorem:

Theorem 5.2.3. Let G be a profinite group with a filtration {G,}, -, and let H < G be a closed

subgroup. Then

. .. Jdog|H/(HNG,)|
H)=1 f
timcl) =

where the Hausdorff dimension is computed with respect to the metric associated with the filtration

{Gn}.

(5.1)
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The Hausdorff dimension of H < G depends in general on the chosen filtration {G,} as the

following example shows.

Example 5.2.4. [BS97, 2.5] Let G = Z, & Z, and H = {0} & Z,. Then if the Hausdorff
dimension is computed relative to the filtration G,, = p"Z, & p"Z,, we obtain dimg(H) = %
However, if the Hausdorff dimension is computed relative to the filtration G,, = p*"Z,, ® p"Z,,

we obtain dimg(H) = .

A natural filtration for branch groups is given by the level stabilizers Stg(n). When we talk
about the Hausdorff dimension of a subgroup H in G, we will from now on mean the dimension
of its closure H with respect to the congruence topology in the closure G of G. This denotes the
congruence completion of G (see [RZ10] for a definition), which is the completion with respect

to the filtration Stg(n).

Example 5.2.5. 1. The first Grigorchuk group as described in Chapter 1 has Hausdorff di-
mension 2 ([Gri00, Section 15]) in the full automorphism group Aut(7%) of the binary

rooted tree Ts.

2. The Hanoi group H on 3-pegs as described in [Gv06] is a branch group. As computed
in [S07] it has Hausdorff dimension dim(G) = 1 — 3 logg(2) ~ 0.871 in Aut (73), the full

automorphism group of a 3-regular rooted tree T5.

The Hausdorff spectrum specy(G) of a group G is the set of all values a € [0, 1] for which there
exists a subgroup H such that dimg(H) = o

specyr(G) = {dimg(H)| H < G}.
The finitely generated Hausdorff spectrum of a group G is defined as

specng(G) = {dimg(H)| H < G, H is finitely generated}.
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5.3 Dimension of G in Aut(7)

In this Section we explicitly compute what dimensions the groups constructed in Chapter 2 and

Chapter 3 can have in Aut(7"). We then generalise this to wider classes of groups.

We begin by only considering groups G that act transitively on each level of the tree with
ascending defining sequence {l;} similar to our construction in Chapter 2. It will be proved
that the only possible dimensions of such groups within Aut(7T") are 0 and 1. We recall that

the full automorphism group on a tree T with defining sequence {l;} was given as Aut(T) =

lim Sym (1) 2+~ 2 Sym (lo).

Theorem 5.3.1. Assume the sequence {1;} is given by distinct primes. Let {A;} = (a14,...,aq,)
be a sequence of d-generator transitive permutation groups acting on l; points. Then the closure
of the spinal group G = (a1,0,-..,a4,0,01,0,---,b4,0) n Aut(T) has either Hausdorff dimension
0 or 1 in Aut(T).

Proof. Because all [; are prime, any transitive subgroup must also act primitively. According to
[Mar02] the only primitive subgroups of Sym (l;) are
2. subgroups H with |H| < liogz B and

3. Mathieu groups Mi1, My, Ms3 or Ms, with their 4-transitive action as described in Section

A .4 of the Appendix.

We first show that if we choose all A; = Sym (I;) or A; = Alt (I;) then we get dim(G) = 1. We
do the following computation for the case of the alternating groups. It can immediately be seen
that this will also imply the result if any of the A; = Sym (I;). Proposition 3.1.5 states that G
acts as Ap 1--- 1 Ag on level n+ 1 and Aut(T) as Sym (I,) 2 --- 21 Sym (Ip), hence

. . log (|An 2--- 1 Ay ))
=1 f 0
dim guy(r) (G) e log (] Sym (1) -+ -2 Sym (lp) |)

n—oo log (ln')lo """ ln—l ZO')
log ((zn!)10~'-ln—1 lo!) = (L+lo+loly 4+ 41lo- - ly_q)-log?2
= lim inf P
n—00 log ((ln') 0 n—1 lo')
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.. (I+lo+loly+--+lp--lp_1)-log2
=liminf [ 1 — l l
n—00 log ((ln') 0 n—1 ... lo')

Now we investigate the fraction separately:

(L+lo+loli+---+lo-- - lp_1) log2

lim inf <li
n—00 log ((ln!)lo ----- Inc1 ZO') T n—ooo [geees lp—1-log (lnl)
1 9 2-1.045
< liminf _ntl < liminf _n < lim inf % < lim inf =0.
"= Jog (%) n n—oo I, - (logl, — 1) n—00 lni% n n—oc log?l,

We used the prime number theorem A.5.3 which states that the number of primes m(x) which

are less than or equal to x is bounded by 7(z) < 1.04423@. This gives us

dimpug(7)(G) = lim inf =
"7 og ((ln!)l(’ """ L lo')

We get the following estimation for the case where |A4;| < liog? b,

(1+logy)ln-lo-ln—1
n

log (l
dimg (G) = lim inf

e log ((ln!)l(’ """ e I lo!)
IOg (elog Un(141logy In) Lo ln—1 . . ... elogl0(1+1og2 lo))
= lim in
n—00 log ((ln|)lo """ S [01>
o 2l0g? Ly g lg4+210g 1 Lo e lo+---+2log?
< lim inf l ; .
e log ((ln!) R l(]!)
We now again use n < 7 (l,) < 1.()4423lolg—"ln from Theorem A.5.3 and z! > ¢ (%)z to get the
following: ) )
S lim inf 210g ln . ln—l R lo n lim inf 277,10g ln—l . ln_g """ lo
n— 00 log ((ln!)ln—l ----- lo) n—00 log ((ln!)lnfl ----- lo)
l 2
21og% 1, 3z -log™ 1
<liminf —————— + lim inf £ on
=R gl — 1) R L0, (ogln — 1)
41 log? 1,
< timinf B! 4 jip g G108 It
n—00 n n—oo [, 1log“l,

Together this gives dimpy(G) = 0.

The above considerations are the two extreme cases, when all groups are either Sym (I;), Alt (I;)
or small primitive groups. Let us now assume that G acts as a small primitive group A; as given

in the beginning of this proof on infinitely many places. Assume that the A; which are small
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primitive groups are given by a sequence p,. We compute the limit based on where pgy is and

will see that even as py goes to infinity, the dimension will automatically go to 0. We use that
1+logl,

[Ape| < lpg =

if Ay, is a small primitive group and assume all other A; for i < py are given

In this case the limit looks as follows:

lim inf log (|Ap |'po-1rrlo | Ay, g |Pro—2ro |A0|)
P20 tog (1) 011
- log (ll()(lj+loglpo)-lp0,1 ..... lo (lm,l')l"o” ..... I (10')>
= limin
pPo—00 log ((lp0!)10 """ lpo—l R l()')
<1 inf (1 -+ IOg lpo) . Zp071 ..... lO . log (lpo) + IOg ((lp071!)lp0—2 ..... lo ... (lO'))
= pos Nboleo—1 L0
IOg (lpo) lO~
B . log ((l _1!)%—2 """ o ... (10!))
< liminf (1+loglpg)  Lpo—1 Lo - log (Ip, ) 4+ lim inf "

Po— 00 log ((l?;o)lpo.lo ~~~~ lp01> Po—r00 log ((lp()!)lo ~~~~~ lpo—1 ... . l0|>

21log? 1 log ((1, 1) ™ro-1
< lim inf 298 'po + lim inf 8 (( Po—1 ) )
po—oo Iy po—oc My, - 10g (Ip,!)
2log? 1 21log? 1
< liminf =28 %0 | Jiminf —— < liminf 228 %% | Jim inf — 0.
Po—00 o po—00 lp 1 T po—oo o po—co loglp,

Finally, we look at the case where some A; is one of the five Mathieu groups. Those are all
subgroups of Sym(24) and hence will not influence the limit because we assumed the sequence

l; to be ascending. O

The next Theorem 5.3.2 shows that groups G which are constructed using transitive and soluble

permutation groups are very small within Aut(T).

Theorem 5.3.2. Let G be any group as in Chapter 2 where the A; are soluble and transitive
permutation groups on sets {1,...,1;} for a sequence {I;} of coprime numbers with l; > 3 for all

i € N. Then the Hausdorff dimension of G in Aut(T) s 0.

Proof. According to [DM96, Theorem 5.8B] the order of a soluble subgroup H of Sym (I;) is
bounded by

l;—1

|H| <2475
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As before, we get that G acts as the full wreath product A, - -1 Ag on the vertices of level n+ 1.
Therefore G/ Stg(n + 1) = A, -1 Ag. By the formula for the Hausdorff dimension (5.1) we
get with ¢ = 241/3

log (c(ln_l)'lnfl‘“lo . C(lnfl_l) ln72 """ lO ..... clo—l)
dimpyt 7(G) < liminf
n—oco log ((ln!)lH """ ..., zo!)
log ()" ) L o ((( )t )
< liminf + lim inf
T dog (D) g ()

< lim inf

n—o00 IOg ((ln!)ln—l ----- lo) n—00 lyq - lo . 1og (l?n)ln
..... 1 21
< lim inf n lolog ¢ < lim inf OgC—O.
n—oo [, - -lg(logl, — 1) n—oo logl,
And for the second one:
Ipo1—1\ln—2lo 10—
10g(((c 1 1) ).....co 1) s fnln_110g(0)ln—2""'l0
lp—qeeee lo - lnlgg Ly _qeee- lo
log ((zn!) . -lol) log ((zn!) )
210 C) - n_ 210 c) - _n
< liminle?gl" < 1jminfM < liminf 4102gc _o.
n—00 lOg (%) n n— 00 ln (lOg ln — 1) n— o0 IOg l"
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5.4 Hausdorff Spectrum

In this Section we look at what possible Hausdorff dimensions subgroups H of G can have in
G. In particular, we consider the case when H is finitely generated. We will show that for each
a € [0,1] there exists a group G, which has a finitely generated subgroup H such that H has

dimension « in G4.

5.4.1 The Construction of G

We explain the construction of the group G with the desired properties. We will then show
in the next Subsection that G indeed has those properties. We essentially construct a group
as described in Chapter 3, choosing the defining sequence of the tree carefully within certain

bounds.

Denote by Ay, the alternating group acting on the set {1,...,k}. If k is odd, then the group Ay
is generated by a 3-cycle 7, and a k-cycle o, ([DM96]):

= ((k—2)(k—1)k), o =(1...k).

Let {l;},,~, be a sequence of natural numbers and let {A;, };en, be a sequence of alternating

groups acting on the sets {1,...,l;}. We study the group

G = (114,015, ¢, V)

where ( and 1) are recursively defined on each level n by
Cn = (Cn+1,7'ln+1, 1,..., 1)n+1 ,

hy = (wnﬂ,alm,l,...,1)n+1.
This means that the action on the first vertex of level n + 1 is given by (,41 or 9,41 and the
action on the second vertex by the rooted automorphism 7,41 or o,41. Figure 5.1 depicts the
action of the automorphisms ¢ and ¢ on the tree. The action of ¢ and 1 on all unlabelled vertices

v in the Figure will be given by the identity on T,.

5.4.2 The Finitely Generated Spectrum

We show that for every a € [0,1] we can construct a group G, similar to the ones in Chapter 3
such that there exists a finitely generated subgroup H < G, with dimg(H) = a. We fix for the
rest of this Chapter the filtration G; = St (i) of G.

First a simple Lemma on the approximation of a number in the interval [0, 1].
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Figure 5.1: Portrait of the automorphisms ¢ and .

Lemma 5.4.1. For every o € (0,1) there exists an ascending sequence {l;},1; € Ng of distinct

integers l; > 5 such that

L2
1. . j — .
1£<1>Iolf H 7 a
7=0
Proof. Choose [y such that
1 lp — 2
—(6 > >
-(6+a) o o
Further choose [; for i > 1 such that
1 6+ « > lz -2 > «
~ i—1 1;—2 ) i—11;—2"
7 Hj:O e li Hj:O 1

We can without loss of generality assume that the sequence fulfills I; > 5 and is ascending. [

Remark 5.4.2. The approzimating sequence {li}izo is not unique. It will be shown that if each
l; is such that it has many different prime factors, then we will be able to obtain a fuller Hausdorff

spectrum.

We can now show that we can construct a finitely generated subgroup H of dimension « in G if

we choose the defining sequence {l;} for G depending on « as described in Lemma 5.4.1.
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Theorem 5.4.3. For every a € [0,1], there exists a branch group G, and a finitely generated
subgroup H < G, such that dimg, (H) = «. Further, if H is non-trivial, it is again a finitely

generated branch group.

Proof. If a« = 1set H =G and if o = 0 set H = 1. Otherwise let us choose the sequence {l;} as
in Lemma 5.4.1 such that

= .

li —2

hirgérolf 1_[0 7
‘7:

Let G = (19,0, (, %) be as described in Section 5.4.1, constructed with the sequence {l;}. By
Theorem 3.1.7 it is a branch group. The elements &, p, € Alt(n) with

bin =0, 21002 = (n—4)(n —3)(n—2)) and p, =120, =(1...(n—2))

generate the subgroup Alt(n — 2) < Alt(n). We use this to construct subgroups acting on I; — 2
points of order (I; — 2)! on each level. This gives us Alt (I; — 2) < Alt (I;) and we prove that the

closure of the spinal subgroup

H= <’€Oap07§70>

with &, = (ént1, k1,005 Lo 1) and 0, = (041, p1,4,5 15, 1) | has dimension

Iy, —2
Ik

a=dimg(H) = hin_l>1£fkli[0

in G = @11 Alt (I;) - -V Alt (Ip). The subgroup H is obviously finitely generated. We saw above
that r;, = 01_027l0‘7120 and py, = 77 07, It follows that & = ¢~2(4* and 6 = (*1). We obtain from
Proposition 3.1.5 that

G/Sta(i+1)= A1 Ay,

Further, it is easy to see that then
H/(Stq(i+1)NH)=H/Sty(i+1) = Agq,—2) - L Aq,—2)-

The formula for the dimension dimg(H) of the closure of H in G is hence given by

log (((11‘52)!)1—1;3’ b ((1052)!)>
dimg(H) = lim inf —
e log <(12')sz11 l;') )

(5.2)
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We separate this into

i—1 J i
—log <22;‘0 ;O(Zk—Q)) + log <(li _ 2)!Hk:2(lk—2) R (ZO _ 2)!)
dimg(H) = lim inf —Z .
71— 00 J
—log (221‘0110“) +log (1 |H7 oli . lo!)

Let us denote this fraction to be of the form

—log A(t) + log B(1)

. 5.3
—log C(i) + log D(7) (5:3)
This can be estimated separately as
log B(i) B 1
~ —log C(i) +log D(1) _iggggg + }giggg ’
Simple estimations yield that lim inf {25%8 = 0. We denote a; = H; B biz l]
igi IB) 2 by computing lim inf;_, iggggg which can be written as
. i—=1 1
| [Tb (5 —2) dog (1= 2! (g — 2l Do 5=
.. .logB(7) o
limi f1 D(,)zlmmf -
i—oo l0g 1 11— 00 H] Ol log (ZZ' o lo!Hj:O lj)
bg@h—%! (%_mJ10!4>
= liminf o; - (5.4)

e log (zi! AN b )

We now use that ;! =1; - (I; — 1) (l; — 2)!. Hence the denominator has two extra factors [; and

l; — 1 compared to the numerator. We then use that [, < [; for all k <7 and l;_1 —2 > ¢ and

i—1 _ (lk—l)‘ i.:1 (l'—2)71
(I — 2)1Hj=k(lj—2) 1 <e (lk — 1) [I-.

e

hence

i—1 _ i—1 _ i—1 —
< @ = ILa O™ gy -l 27 < g Il O™

if k <i— 1. This gives us

g (1 = D)+ (s = DI o g = 2pl Lo 52
i—1
log (Z’L' . lz—l'ﬁ e ZO!HJZO llg)
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We now use that

li—1—1

because using that 1;_; < 151‘1172 gives

i L
li_g— 1\ G112 1\ %-1-2
=({1—— <1
( li ) ( li) -

which gives that the fraction is less than or equal to 1 and hence

dimg(H) < liminf a; = a.

11— 00

For the other inequality we see from (5.3) that

—log A(¢) + log B(i) S = log A(i) N 1
_ - N =T ; logC(1) , log D(d)
log C(i) +log D(i) — 5 -log D(i) _IOEB@ + logB(i)
The first limit can be seen to be lim inf;_, %D‘(Agz) = 0 and we focus our computations on the

second term as before. We continue our estimation in (5.4) and see that

log ((z,» ooty — 2L )
liminf o -
e log (zi! | s u)

log<(li2)!~(lz o) e (1 — 2 0112>
log<l,lZ 1|71... lnjoz)

We split up lp! =i - (I — 1) - (I — 2)! for all terms in the denominator and split the logarithm

>O[i-

into a sum
i-1 1 1 i‘—l 1
log (ZZ-! . liil!‘ulgl . .ZOIHJ-:O zj) — log (li _ li?ll o -l%_[’:‘) l])
i—li
+ log ((l, 1) (li—1 — 1)1,-1,1 ..... (lo — 1)HJ-=O zj>
1 Hi—l
+ log ((li — D (Lo = 211 e (I — 2)M =0 zj> .
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We divide all summands in the denominator by the numerator and get

log <(li ) (I — 2)11_[, —o z._z) 1
lim inf «; - - T S
i—00 ]og (li!.....lo!nj(l,zj> Ti+T,+1
where |
log (Zi : liljill e lpa:o i)
Tl B i—1 1
log ((li2)!~(lz 1 — 2)1h- o2 .....(102)!1_[_?0%2)
and

log ((zi ) (g — D) (g — 1)H};é )
log((li—2)!-(l e e BUURRR ) | Ul._2>

Assuming [; > 5 as stated in Lemma 5.4.1 for all ¢ > 0 we can estimate

T =

§=0 k=0 k=1 k=1
with which we obtain the inequality
1 i-1 1 1 i-1
L1 --~--zOHJ‘=° V< (l 1H= ) <li-l; <17 (5.5)

It is easy to see that To < T3 and so T1 + T < 27;. We use the estimate (5.5) in the numerator
of Ty and further

log <(zi2)!.(zl Lo (g — oL ) > log ((I; — 2)1).

The assumption I; > 5 further gives that [; — 2 > % Using

n\"m n+1\""
—) <nl<e- .
e(e) <nl<e ( . ) , (5.6)

this gives us

2logl; 2logl; logl; 8
T < < <2
' log (l; — 2)! 10g( ( -—2)l' 2) — (L=2log(l; —2) T I;

Hence dimg(H) > «, and so dimg(H) = «. For the last part, we observe that H is a finitely

generated branch group acting on the tree with defining sequence {l,, — 2}, . O
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The proof of the Theorem 5.4.3 determines a sequence {l;};,. We fix this sequence for the rest

of this Chapter.
One of the results in the paper on Hausdorff dimensions by Barnea and Shalev [BS97] is the

following:

Lemma 5.4.4. Let G be an infinite profinite group. If H is an open subgroup of G, then
dimg(H) =1 and if H is a finite subgroup in G, then dimg(H) = 0.

The compactness of the closure of G now yields that subgroups of finite index have full dimension
in G.
Lemma 5.4.5. Let H be a subgroup of finite index in a finitely generated branch group G. Then

dimg(H) =1.

Proof. The closure of H is always open in G. Hence we can apply Lemma 5.4.4 to conclude that

dimg(H) =1. L]
Lemma 5.4.6. Let G be a finitely generated branch group and H and K subgroups such that
dimg(H) = o, dimy(K) = p.

If we assume that H is again a branch group and further assume that the limit inferiors in the

dimension formulas are limits, then dimg(K) =a -5 .

Proof. This follows straight from

s () — 1im PR/ SUc) _ log((H/Stir(n) (/e ()
n=oo log(|G/Stg(n)])  n—oo log(|G/Stg(n)|) log(|H/ Sty (n)|)
)

(
_ iy Lo8(H/Sta(n)) . log(|K/ Stx(n)])
n—oo log(|G/ Sta(n)|) n—oo log(|H/ Stz (n)])

because the limit of both products exists by assumption. O

=dimg(H) - dimy(K) = o - .

Let T ({li};en,) be the set of rational numbers

T ({litien,) = {q | ¢€[0,1]nQ, 3{j1,...,jr,} CN with q~Hljk eZ}, (5.7)

k=1
the set of all rational numbers ¢ € [0,1] N Q such that ¢ can be written as a fraction with only

prime factors that also occur in any of the [;, .
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Proposition 5.4.7. Let G be a finitely generated branch group defined as described by the se-
quence {l;};cy,- For every § € T({li}z‘eNo) there exists a finitely generated subgroup H with
dimG (H) =9.

Proof. We follow a similar idea as Klopsch in his thesis ([Kl0o99]), using the rigid level stabilizers
of G. Those have, by the hypothesis that G is a branch group, finite index in G, hence are again
finitely generated. The subgroup rstg(n) is the direct product rstg(n) = [} rstg(v) where
v is a vertex of level n. It follows straight from the notion of a Hausdorff dimension in branch
groups that H = Hle rstg(v) has dimension dimg(H) = miﬂ in G. The desired dimension ¢
can be written as 6 = % = min . % = % with ( = % for every n > 0. By assumption there

exists ng such that ¢ € Z for all n > ng. Choosing H = Hf:pl rstg(v) for a vertex v of level ng

hence gives dimg(H) = 9. O

We now see that a good choice of the sequence {I;} i>0 allows the construction of a richer spectrum
as remarked in 5.4.2. Using Proposition 5.4.7 we can then obtain a more detailed description of
the finitely generated Hausdorff spectrum of GG, where we again use the definition of T ({l,} iENU)
from (5.7). Together with the construction of a subgroup of irrational dimension in G we can

describe a set of values contained in the finitely generated Hausdorff spectrum of G.

Theorem 5.4.8. For every a € [0,1] there exists a branch group G, such that
T ({li = 2Yien,) o, U T ({likicy,) € specif (),

where T({li — 2}1'61\10)& = {l cal 1€ T({li - 2}iEN0)}'
0 Qo 1

M gy |
T ({l = 2hien) o Y (10,010 T ({lidiew,)) o U0 T ({}ien, )
Figure 5.2: Hausdorff spectrum of G,,.

Proof. f a € T ({li}ieNo)’ then we apply Proposition 5.4.7. Otherwise, Theorem 5.4.3 yields
that there exists a finitely generated subgroup H with dimg_ (H) = «, that is itself a branch
group defined by the sequence {l; — 2}i€NO. Therefore by Proposition 5.4.7 there exists K < H
with dimp (K) = d for every 6 € T ({l; — 2},cy, ) Lemma 5.4.6 now asserts that dimg, (K) =
a~6€T({li—2}ieNo)a. O
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5.5 Open Questions
Question 5.5.1. Do there exist spinal groups whose finitely generated Hausdorff spectrum is
contained in [0,1] N Q7

We suspect that a construction as in Chapter 2 may give rise to groups whose Hausdorff spectrum
is purely rational. In either case, it is however clear that the spectrum can only contain countably

many values, as there are only countably many finitely generated subgroups of a finitely generated

group.
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Appendix A

Selected Topics

This Chapter is meant to give more information on the concepts used in this thesis. We will
define and discuss profinite groups in Section A.1 before we move on to wreath products in
Section A.2. We will briefly discuss the modular law and Mathieu groups (Sections A.3 and A .4)

before we finish this Chapter with the prime number theorem in Section A.5.

A.1 Profinite Groups

In this Section we give the definition and a quick overview of profinite groups. A more detailed

survey can be found in the books by Wilson [Wil98] and Ribes and Zalesskii [RZ10].

A.1.1 Inverse Limits

A directed set is a partially ordered set I such that for all i1,is € I there is an element j € I for
which 41 < j and i2 < j. An inverse system (X;, ¢;;) of topological spaces indexed by a directed

set I consists of a family (X;|i € I) of topological spaces and a family
of continuous maps such that ¢;; is the identity map ¢dx, for each ¢ and y;;¢;r = wir whenever
1 <5<k

Now let (X;,pi;) be an inverse system of topological spaces and let Y be a topological space.
We shall call a family (¢; : Y — X;|i € I) of continuous maps compatible if o;;1; = 1; whenever
i < j. This condition can be expressed diagrammatically as the requirement that each of the

diagrams in Figure A.1 is commutative.
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Y; (U5

X i >X;

Figure A.1: Commutative diagram.

An inverse limit (X, ;) of an inverse system (X, ¢;;) of topological spaces (respective groups,
rings) is a topological space (respective group, ring) X together with a compatible family
(¢; : X — X;) of continuous maps (respective continuous homomorphisms) with the following
universal property: whenever (¢; : Y — X;) is a compatible family of continuous maps from a
space Y (respective of continuous homomorphisms from a group or ring Y), there is a unique
continuous map (respective continuous homomorphism) ¢ : ¥ — X such that ;i = 1); for each

1. Thus we require that there is a unique v such that each of the diagrams in Figure A.2 is

Y
X Pi X

Figure A.2: Universal property of inverse limits.

commutative.

The following result [Wil98] shows that inverse limits exist and are (in an appropriate sense)

unique.
Proposition A.1.1. Let (X;, ;) be an inverse system, indexed by I.

(a) If (X(l),goz(-l)> and (X(Z),gol@)) are inverse limits of the inverse system, then there is an
isomorphism @ : X — X@ such that @EZ)QE = cpz(-l) for each i. (If (X;, i) is just an

inverse system of spaces then @ is just a homeomorphism.)
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(b) Write C = [],c; Xi and for each i write m; for the projection map from C to X;. Define
X ={ce | pijmj(c) =mi(c) forall i,j with j> i}
and @; = m;i|x for each i. Then (X, ;) is an inverse limit of (X;, vij;).

(c) If (Xi, pi;) is an inverse system of topological groups and continuous homomorphisms, then

X is a topological group and the maps @; are continuous homomorphisms.
We will now give further properties of inverse limits as can be found for example in [Wil98].
Proposition A.1.2. [Wil98, 1.1.5] Let (X;,;j) be an inverse system, indexed by I, and write
X = mi X;.
(a) If each X; is Hausdorff, so is X.
(b) If each X; is totally disconnected, so is X.
(c) If each X; is Hausdorff, then X is closed in the Cartesian product C = [],c; X;.
(d) If each X; is compact and Hausdorff, so is X.
(e) If each X; is a non-empty compact Hausdorff space, then X is non-empty.
The following Proposition will lead to the construction of profinite groups.

Proposition A.1.3. [Wil98, 1.1.7] Let X be a compact Hausdorff totally disconnected space.

Then X 1is the inverse limit of its discrete quotient spaces.

A.1.2 Profinite Groups

We call a family I of normal subgroups of an arbitrary group G a filter base if for all K1, Ko € I
there is a subgroup K3 € I which is contained in K; N K5. We quote two technical results from

[Wil98] before we define profinite groups.

Proposition A.1.4. [Wil98, 1.2.1] Let (G, ;) be an inverse limit of an inverse system (G;) of
compact Hausdorff topological groups and let L <, G be an open normal subgroup of G. Then
ker ¢; < L for some i. Consequently G/L is isomorphic (as a topological group) to a quotient
group of a subgroup of some G;, and if in addition each map p; is surjective then G/L is

isomorphic to a quotient group of some G;.
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Proposition A.1.5. [Wil98, 1.2.2] Let G be a topological group and I a filter base of closed
normal subgroups, and for K,L € I define K <' L if and only if L < K. Thus I is directed
with respect to the order <’ and the surjective homomorphisms qxr, : G/L — G/K, defined for
K <' L, make the groups G/K into an inverse system. Write (G, @K) = I'LHG/K. There is a
continuous homomorphism 0 : G — G with kernel (\xc; K, with image a dense subgroup of G,
and such that o0 is the quotient map from G to G/K for each K € I. If G is compact then
0 is surjective; if G is compact and (\xc; K =1 then 6 is an isomorphism of topological groups

(it is an isomorphism of groups and a homeomorphism).

We have now established the necessary setting for the definition of a profinite group.

Let C be a class groups. We assume that C is closed under taking normal subgroups, quotient
groups and finite subdirect products, and that C contains a non-trivial group. Let C also be
closed with respect to taking isomorphic images. Thus if C is a class and if F} € C and Fy ~ Fy,

then Fy € C.

We call F' a C-group if F' € C, and we call G a pro-C group if it is an inverse limit of C-groups.
Some important classes are the class of all finite groups, the class of all finite p-groups where
p is a fixed prime and the class of all finite cyclic groups. An inverse limit of finite p-groups is
called a pro-p group, and an inverse limit of finite cyclic groups is called a procyclic group. We
have the following equivalences as proved in [Wil98]. We will write H <y G to indicate that H

is an open subgroup of G.

Theorem A.1.6. [Wil98, 1.2.5] Let C be a class of finite groups which is closed for subgroups

and direct products, and let G be a topological group. The following are equivalent:
(i) G is a pro-C group;

(ii) G is isomorphic (as a topological group) to a closed subgroup of a Cartesian product of

C-groups;
(iii) G is compact and (((N| N <,G, G/N €(C)=1;

(iv) G is compact and totally disconnected, and for every L <, G there is a subgroup N <, G
with N < L and G/N € C.

If in addition C is closed for quotients then (iv) can be replaced by
(iv’) G is compact and totally disconnected, and G/L € C for every L <, G.
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The following Theorem describes how a given profinite group, and its subgroups and quotient

groups, can be represented explicitly as inverse limits.
Theorem A.1.7. [Wil98, 1.2.5]

(a) Let G be a profinite group. If I is a filter base of closed normal subgroups of G such that
N(N|N € 1) =1 then
G ~ lim G/N.
Nel

Moreover

H ~ lim H/(H N N)
Ne

~

for each closed subgroup H and

G/K ~ lim G/KN
o

for each closed normal subgroup K.

(b) If C is a class of finite groups which is closed for subgroups and direct products, then closed
subgroups, Cartesian products and inverses limits of pro-C groups are pro-C groups. If in
addition C is closed for quotients, then quotient groups of pro-C groups by closed normal

subgroups are pro-C groups.
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A.2 Wreath Products

In this Section we give the definition of permutational wreath products as can be found for

example in [Rob96].

A.2.1 Definition

Let H and K be permutation groups acting on sets X and Y respectively. We shall describe a
very important way of constructing a new permutation group called the wreath product of H

and K.

If y€ Hyy €Y and k € K define permutations vy(y) and k* of Z = X x Y by the rules

() {(x,y) = (27, 9),

(x,u) — (z,u) ifu##y,
and
K (s, y) = (2, k)
it can be easily verified that v~ 1(y) = v(y)~! and (/i’l)* = (k*)7", so that v(y) and &* are in

fact permutations. The functions

H — Sym(Z)
fy :
{v = (),

with y a fixed element of Y, and

g {K — Sym(Z)
Kk K"

are monomorphisms. Denote their images by f,(H) = H(y) and g(K) = K*. Then the wreath

product of H and K is the permutation group on Z generated by K* and all the H(y),y € Y.

This is written as

H)'K=(H(y),K'lyeY).

We observe that (K*)_l’}/(y),‘{* maps (z,yk) to (xy,yk) and fixes (u,v) if v # yx. Hence by
definition

() y()r" =7(yr)  and () H(y)s" = H(yw). (A.1)
In addition, when y # v, the permutations v(y) and y(v) cannot move the same element of Z.

It follows that the elements in H(y) generate their direct product. We denote this by

B=1[ H)

yey
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and call B the base group of the wreath product.

According to (A.1) conjugation by an element £* € K* permutes the direct factors H(y) in the
same way as k permutes the elements of Y. Since elements of K* and B cannot move the same
element of Z, we must have K* N B = 1. Also of course B<t H{ K and H! K = K - B. Thus
H ! K is the semidirect product of B by K* in which the automorphism of B produced by an
element of K* is given by (A.1).

Let G and H be permutation groups on sets X and Y respectively. A similarity from G to H
is a pair (a, 8) consisting of an isomorphism « : G — H and a bijection 8 : X — Y which are

related by the rules
gB=pBg" ge€G.

When X =Y, this says that g* = 3~1g8 where now 3 € Sym(X). Thus two permutation groups
G and H on X are similar if and only if some 8 € Sym(X) conjugates G into H.

Lemma A.2.1. [Rob96, 1.6.4] Let H and K be groups acting on sets X and'Y respectively.
(a) If H and K are transitive, so is H1 K.
(b) Let L be a permutation group on a set U. Let
B:(XxY)xU— X x (Y xU)
be the bijection

((z,),u) = (2, (y, )

and let o be the function T+ B~173. Then (a, B) is a similarity from (HUKNL to HY(KIL).

A.2.2 Standard Wreath Products

We will now concentrate on a special case of the wreath product. If H and K are arbitrary
groups, we can think of them as permutation groups on their underlying sets via the right
regular representation and form their wreath product W = H ! K. This is called the standard

wreath product. Its base group is erK Hj, where each Hp ~ H and (Hy), = Hypr.

The standard wreath product can for example be used to describe the Sylow subgroups of the

symmetric group S,,.

Theorem A.2.2 (Kaluznin). [Rob96, 1.6.19]
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(a) A Sylow p-subgroup of Spr is isomorphic with the standard wreath product
Wip,r)= (.. (ZprZy) ... ) ULy,
the number of factors being r.

(b) If the positive integer n is written in the form ag + a1p + -+ + a;_1p*~! where a; s integral
and 0 < a; < p, a Sylow p-subgroup of S, is isomorphic with the direct product of a1 copies
of W(p,1), as copies of W(p,2),... and a;—1 copies of W(p,i —1).

We now describe iterated wreath products. The following lemma is a recursive criterion of when

a group acts as the iterated wreath product on a set S.

Lemma A.2.3. A group G acts on a set S of m; = H;Zl l; points as the iterated wreath product
G Gi_11--- LGy of finite groups G; if

1. the action of G on S is imprimitive,
2. every group G; acts transitively on a set of l; points,
3. Gi—11---1Gy acts on the m;/l; blocks of size l; as the iterated wreath product.

A.2.3 The Lamplighter Group

We briefly describe the group (Z/2Z)1Z and give a short sketch of why it cannot be finitely

presented.
Lemma A.2.4. The lamplighter group L does not contain a non-abelian free group.
Proof. This can be seen immediately because L is metabelian. O
Lemma A.2.5. The lamplighter group L = (Z/2Z) 17 has a presentation
L={at| a®=1,[t "at™ t "at"] =1,m,n € N).

We can use this presentation to give a short argument from [Osi02] why L cannot have a finite

presentation.

Proposition A.2.6. The lamplighter group L is not finitely presented.
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Proof. Set
H, = (a,t| o® =1, [t at",t 7at’] = 1,|i| < n,|j| <n).

The groups H,, can be represented with a; = t*at as follows:
H, = <a_n,...,an,t | a? = [ai,a;] =1,4,j = —n,...,nt et =ai1,i=-n,...,n— 1>.
Thus, H, is an HNN-extension of the finite group
(acpy .. van | a2 =lai,a5] = 1,i,j = —n,...,n) =~ (Z/22)>" .

By Brittons Lemma [LS70] on HNN-extensions the elements a_,, and t~!a,t generate the free

group of rank 2, contradicting Lemma A.2.4. Hence L cannot be finitely presented. O

We note that we can generalise the results from above to ZZ, in particular this group is not

large and not finitely presentable. We use that we can present Z1Z as
ZNL={....0p,....0n,...,t | [a;,a;] =10}, = ap41).
Lemma A.2.7. The group Z1Z has infinite virtual first Betti number but is not large.

Proof. Tt follows immediately from the definition of W = Z ! Z as a metabelian group that it
cannot be large. It is left to find a sequence H, <y W of subgroups of W such that the limit
lim,, o 7k (Hf{b) = 00. We define subgroups

Hi={ . 0 n,...,a4n,... t").
Then each H; has index i in W, but H?* = Z*! and so rk (H{*) =i + 1. Hence
sup {rk (H*)| H <; W} = .
O

This Lemma shows that in addition to the group described in Chapter 2 the group ZZ is an
example for a group that is not large but has infinite virtual first betti number. Such examples
are in general hard to obtain and those two groups are the only two for which this property has

been shown.
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A.3 Modular Law

We say two subgroups H and K of a group G permute, if [H, K| = 1 or equivalently if HK = KH.
This is in fact precisely the condition for their product HK to be a subgroup.

Lemma A.3.1. [Rob96, 1.3.13] If H and K are subgroups of a group G, then HK is a subgroup
if and only if H and K permute. In this event HK = (H,K) = KH.

Proposition A.3.2 (Dedekind’s Modular Law). Let H, K, L be subgroups of a group and assume
that K C L. Then

(HK)NL = (HNL)K.
In particular, if H and K permute, then (H,K)NL=(HNL,K).

Figure A.3 depicts this Proposition with D = (H,K)NL =(HNL,K).
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Figure A.3: Dedekind’s Modular Law.
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A.4 Mathieu Groups

In this Section we describe the five Mathieu groups My1, M2, Mss, Mas and Ms,. Those occur
in Theorem 5.3.1 as one of the cases of primitive subgroups of the symmetric group. We refer

the reader to [DM96, Chapter 6] for more details on them.

These groups were first described in papers of Mathieu in 1861 and 1873. They are the only

finite 4- and 5-transitive groups which are not alternating or symmetric.

(i) Mjio: this group is sharply 5-transitive of degree 12, which means that each 5-point stabilizer

is the identity.

(ii) Mj; occurs as a point stabilizer of Mis. So it is in turn sharply 4-transitive on 11 points.
(iii) Maq4 is b-transitive of degree 24,

(iv) Mo is a 4-transitive one-point stabilizer of Ms4 and

(v) Mas is a 3-transitive two-point stabilizer of May.
Proposition A.4.1. All five Mathieu groups are simple.
In fact they constitute the earliest known examples of sporadic simple groups.
Lemma A.4.2. The groups My, Mys, Mas, Mas are all subgroups of Moy.

Those groups can be constructed using Steiner systems as described in [DM96].
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A.5 Prime Number Theorem

In this Section we state the Prime Number Theorem A.5.1 and give Tschebychefl’s inequality
(A.2). For more details and proofs we refer the reader to [Rib04, Chapter 4].

A.5.1 The Function 7(x)

For every real number z > 0 the function 7(z) denotes the number of primes p such that p < z.
We call w(x) the prime counting function. The basic idea in the study of the function = (x) is to
compare it with functions that are both classical and computable, and such that their values are

as close as possible to the values of 7(x).

The notation f(z) ~ h(xz) means that lim, ,(f(z)/h(z)) = 1. The functions f(z) and h(zx)
are then said to be asymptotically equal as z tends to infinity. We have the following strong

Theorem:

Theorem A.5.1 (Prime Number Theorem). The prime number function w(z) is asymptotically

equal to
x

m(x)

- logz’
It was first conjectured by Gauss in 1792 and then by Legendre in 1796 and proved in 1896 by
Jacques Hadamard and independently in 1898 by de la Vallée-Poussin.

Tschebycheff obtained the inequality (A.2) around 1850:

Theorem A.5.2 (Tschebycheff). The prime number function w(x) can be bounded by

" A2
(C 6)1ogx <m(z) < (C+ E)logx’ (A.2)
where
, 21/231/351/5 6 ,

Moreover, Tschebycheff showed that if the limit of

m(x)
x/logx

exists (as © — 00), it must be equal to 1.

In 1892, Sylvester was able to refine Tschebycheff’s method and obtained explicit estimates which

are used in Chapter 5.
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Theorem A.5.3 (Sylvester). The prime number function 7(z) satisfies
0.95695—— < m(x) < 1.04423
log x log x

for every x sufficiently large.
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