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ABSTRACT 

This thesis is mainly concerned with the development of a procedure 
to construct finitely presented infinite simple groups. 

The finitely presented groups, Gn,i, constructed by G.Higman [5) 
are extended by certain subgroups, H, of the inverse limit of wreath 
products, Sn_1(wr sn_i)w. It is shown that if H is defined by a finite 
set of expansion rules (see Chapter 2) then the group <GII,I,H> is 
finitely presented if H is finitely presented. The commutator subgroup, 
<Gn,i,H>► is shown to be a simple group and it is proved that an integer 
m and a set of expansion rules defining H can be chosen such that 
<Gm,1,H> is a finitely presented infinite simple group. 

Let GL(niE) be the general linear group of nxn dimensional matrices 
over the integers. The finitely presented simple group, 
<Gm,1,7z1I.GL(n,E)3, is constructed, where -En is the free Abelian group 
of finite rank, n. So GL(niE) can be embedded in a finitely presented 
simple group, for all n. 

Let Xp be the ring of rationals whose denominators are divisible 
only by primes belonging to the finite set P. If A is a countable 
Abelian group whose torsion factor group is a subgroup of a finitely 
generated torsion free Xp-module, then it is shown that A can be 
embedded in a finitely presented simple group. 

It is also noted, at the end of the discussion of linear groups, 
that if there exists a finitely presented linear group, over the 
integers, with unsolvable conjugacy or orbit problem, then a finitely 
presented infinite simple group with unsolvable conjugacy problem can be 
constructed. 
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Chapter 1 

Introduction 

In 1974 W.W.Boone and G.Higman [2] proved that every finitely 

generated group with solvable word problem can be embedded in a simple 

subgroup of a finitely presented group. It is thus natural to ask 

whether every finitely generated group with solvable word problem can be 

embedded in a finitely presented simple group. Every finitely presented 

simple group has solvable word problem so if we could answer the above 

question positively then we would have a characterisation of the 

finitely generated subgroups of finitely presented simple groups. A 

finitely generated group would have solvable word problem precisely when 

it is a subgroup of a finitely presented simple group. 

R.J.Thompson [9] has improved on the Boone-Higman result by showing 

that every finitely generated group with solvable word problem can be 

embedded in a finitely generated simple subgroup of a finitely presented 

group. The groups constructed in this thesis are based on the groups of 

permutations of infinite binary sequences constructed by R.J.Thompson. 

The approach adopted in this work does not require any knowledge of 

R.J.Thompson's methods but the following is a brief outline of his 

construction, using his notation. 

Let K be a non-empty set of infinite binary sequences such that, 

for every finite binary sequence, a, and for every infinite binary 

sequence, a, Cra E K if and only if a€K. [If a = (al,...,an) 

and a = ) 

a"a = (al,...,an,b1,...,bm,... )]. 

where ai,bj e {0,1}, then 

Define a partition set for K, I, to 
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be a set of finite binary sequences such that, for every aEK, there 

exists precisely one a€E with the property that a"0. = a, for some 

infinite binary sequence, B. If E0 and EI are partition sets for K and 

if IP is a one-to-one map from Eclat° El then we can associate a 

permutation, F, of K with the triple E0,E1,11) by the rule 

(e13)F = ((IWO, for each acE0 and for each infinite binary sequence, 13. 

The group of all permutations of K which can be defined in this way is 

denoted by Pa(K). The set of permutations of this type, whose 

associated partition sets, E0 and El, are finite, forms a subgroup of 

Pa(K), denoted by Ft(K). R.J.Thompson proves that Ft(K) is simple and 

he also notes that if H is a group satisfying Ft(K) < H < Pa(K) then the 

commutator subgroup, H', is simple and Ft(K) < H'. The analogue of this 

theorem, for the groups that we want to consider, is proved at the end 

of Chapter 2. 

Returning to the question of embeddability in finitely presented 

simple groups, a major problem is the lack of examples of finitely 

presented infinite simple groups from which to gain insight into 

possible methods of attack. This thesis is mainly concerned with 

developing a construction procedure which will produce a fairly flexible 

class of such groups. 

In 1974 G.Higman [5], starting with the work of R.J.Thampson 

described above, constructed an infinite family of finitely presented 

infinite simple groups. Some of these groups are constructed during the 

course of Chapter 2 but a general outline of the way in which they arise 

is given below. 
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Let X = {xi,...,xr} and A = be distinct sets. Let W be 

the set of all finite words (or, equivalently, finite sequences) of the 

form ai ai 2...aik, on the letters A. Then W forms a semi-group under 

the operation of juxtaposition, the empty word is the identity of the 

semi-group. We define XW to be the set of all words of the form 

x.a. .•• a. and Us.XW is said to be a subspace of XW if, for all words 
-k 

xiu E U and for all wEW, xiuw E U. The subspace, U, is said to be 

cofinite if the set XW\U is finite. The finitely presented simple 

groups constructed by G.Higman are commutator subgroups of groups of 

isomorphisms, Gn,r , between cofinite subspaces. Roughly speaking, 

R.J.Thompson's groups, Ft(K), correspond to the groups G2,r. 

In the present work we take IXI=- 1 and extend the groups Gn 1 by 

certain finitely presented subgroups, H, of the infinite wreath product, 

sn-ow. The main result of this thesis is that if H satisfies 

certain conditions (i.e. can be defined by a finite set of expansion 

rules, see Chapter 2) then the group <Gn, i,H> is a finitely presented 

group. The analogue of the R.J.Thompson result gives that the 

is • commutator subgroup, <Gn,i,H>,  simple. If H is defined by a finite 

set of expansion rules we show that we can find a set of expansion 

rules, also defining H, so that <Gm lr H> has finite index in <GMr H>. 

Then the groups <Gm,i,H> are finitely presented infinite simple groups. 

In Chapter 2 the groups <Gn, 1,H> are constructed using the concept 

of expansion rules and extending the definition of symbols introduced by 

G.Higman [5]. In Chapter 3 we show that if H is finitely presented then 

so is the group <Gn, 1,H>. This is basically because every element of 

<Gn„,H> can be represented by a finite symbol and the rules for 

manipulating the symbols are essentially finite. 
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G.Higman has shown, in particular, that the linear group GL(3,&) 

cannot be embedded in any of the groups Gn,r. In Chapter 4 we show that 

we can embed GL(n,M) in a finitely presented simple group for any 

integer, n. Thus some of the groups constructed here are different from 

any of those constructed by G.Higman. By the orbit problem for a linear 

group, L, over the integers we mean the problem of deciding, for two 

given elements t,s e En whether or not there exists an keL such that 

sk = t. We show at the end of Chapter 4 that if we can construct a 

finitely presented linear group, over the integers, which has unsolvable 

conjugacy problem then we can construct a finitely presented linear 

group with unsolvable orbit problem. Wt also show that if L is a 

finitely presented linear group with unsolvable orbit problem then the 

commutator subgroup, <Gm,I,EnL> is a finitely presented simple group 

with unsolvable conjugacy problem. Thus we have the theorem that if we 

can construct a finitely presented linear group with unsolvable 

conjugacy or orbit problem then we can construct a finitely presented 

simple group with unsolvable conjugacy problem. 

Let X be the rind of rationals whose denominators 

contain only primes belonging to the finite set, P. In Chapter 5 we 

show that if A is a countable Abelian group whose torsion factor group 

is a subgroup of a finitely generated torsion free Xp-module, then A can 

be embedded in a finitely presented simple group. In particular, the 

additive group of rationals {a/mb I arb e E} can be embedded in a 

finitely presented simple group for each fixed integer, m. We would 

like to embed the whole of e, the additive group of the rationals, in a 

finitely presented simple group, but it is not at all clear how this 

could be done using the current methods. 
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Finally, we remark that recently D.Djokovi6 [3] has constructed a 

finitely presented infinite simple group, not connected with the work 

described above. The finite subgroups of this group are all of bounded 

order, so it is quite different from any of the groups constructed here. 
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Chapter 2 

The Construction of the Groups <Gn, ,H> 

The aim of this work is to construct finitely presented simple 

groups with 'interesting' subgroups. These are obtained by extending 

the groups Gn,1 described in [5]. In this chapter we introduce the idea 

of expansion rules and use finite sets of expansion rules to define 

finitely generated subgroups, H, of the infinite wreath product 

It is these subgroups which are used to extend the Sn_1(wrEn_l)w-

groups Gn,l. We then expand the idea of a symbol, introduced in [5], by 

adding a middle row containing elements from F<T>, the free group on n 

generators. These new symbols represent the elements of <Gn, 1,11>, the 

extension of Gnu1. 

2.1 Elementary definitions and constructions. 

Take an alphabet A=fal,...,an) and assume that T.D2 to avoid 

trivialities. Let W=W(A) be the set of all finite words in the ai, 

including the empty word, 1, then W is a semi-group under the operation 

of juxtaposition. The empty word is the identity of the semi-group and 

two words ail ...aim and ai ...ai in W are equal in the semi-group if 
*JP 

and only if m=p and ik=jk for all 14k(m. 

A subset, Y, of W is said to be a subspace (of W) if it is closed 

under right multiplication by elements of W (i.e. if, for all yEY and 

for all wEW, ywEY). A subspace, Y, of W is inescapable (in W) if, given 

any dEN, there exists sane wEW such that uwEY. For example, 
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Y=fwEW 1 w contains at least one al} is an inescapable subspace of W. 

The intersection of two inescapable subspaces of W is an inescapable 

subspace of W and if YEZ are subspaces of W then Z is inescapable in W 

if Y is. 

A subspace, Z, of W is said to be cofinite (in W) if W\Z is finite. 

For any zeW if yeW satisfies yw=z for some weW then we call y an initial 

segment of z. If w*l, then y is said to be a proper initial segment of 

z. For zEW the set Z = {yEW 1 y is not a proper initial segment of z} 

is a cofinite subspace of W containing z. Any cofinite subspace of W is 

inescapable in W since there is a finite bound on the length (as a word 

inthe .al) of any element not in a given cofinite subspace. The 

intersection of two cofinite subspaces of W is also a cofinite subspace 

of W. 

We will also need the concept of a cofinite basis. A finite set 

U = is said to be a cofinite basis if UW = I weW, 

1<i<s} is a cofinite subspace and no non--trivial subset of U generatesa 

cofinite space. Note that if Z is a cofinite subspace then the set 

U = izEZ 1 no proper initial segment of z belongs to Z1 is a cofinite 

basis, so every cofinite subspace contains a cofinite basis, and in fact 

UW = Z. If {u1,..-,us} is a cofinite basis then so is 

11,...,ui_i,uial,...,uiaoui+1,...,us} and given zEW there exists a 

cofinite basis containing z.t

A W-space homomorphism, (1), is a map between subspaces of W such 

that if z(1)=-y then (zw)(1)=yw for all wEW. A W-space isomorphism, 0, is a 

bijective W-space honumorphism. If the domain and range of e are 

tCofinite bases are discussed in more detail in [5], where these 
and other results are proved. 
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inescapable (cofinite) then e is said to be an inescapable (cofinite) 

W-space isomorphism. 

The groups *t n,1 and Gn,1 which we will now construct are sets of 

inescapable and cofinite W-space isomorphisms. 

Lemma 2.1 Every inescapable W-space isomorphism„ can be extended 

to a unique maximal such isomorphism, 0. 

Proof: Let e* be an inescapable isomorphism with domain Y. 

Define the subset Y'51W by 

Y' = {z€W I for some yEW, for all wEW, (zw)8*=yw if zwEY1, 

then YsY'. 

Y' is a subspace of W since, for zeY' and uEW, zuw E Y implies 

that (zuw)e*=yuw and so zu E Y'. Thus, since Y is inescapable and 

YSIV, Y' is an inescapable subspace. 

Define a map, 8, on Y' by z0=y where (zw)e=yw whenever (zw)8* is 

defined. If ze=y=z10 choose w so that zw,z'w e Y and then, by 

definition of 0, (zw)e*=yw=(z'w)8*. Since e* is a bijection we must 

have zw=z'w and hence z=z'. Thus 0 is injective. If z0=y then, for all 

ueW, (zuw)e=yuw whenever the left hand side is defined, and thus 

(zu)0=yu. The range of 8 is a subspace and the range of e* lies within 

the range of 8. So the range of 8 is inescapable and 0 is an 

inescapable isomorphism. 

Clearly, 0 is an extension of e* so suppose that 4 is an 

inescapable isomorphism which also extends e*. If x4)=z then for all w 
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such that (xw)8* is defined, (xw)0*=(xw)0=zw. Hence, by definition, 

x€Y' and x8=z. Thus 0 extends 0 and so 8 is the required unique maximal 

extension of 0*. 4 

If 0 and are inescapable isomorphisms we define the composition 

004) by y(004)=(y0)(1) whenever the right hand side is defined. Thus if 

e and have domains Y and Z respectively then 800 has domain 

Yn(Yen Z)0 -1 and range (Yen Z)4). These are both inescapable 

subspaces of W and 800 is an inescapable isomorphism. Thus we have that 

the set of maximal inescapable isomorphisms is closed under the 

operation 80=(800)' where ppoi is the unique maximal extension of 0044

It is easy to see that the set forms a group under this operation. Call 

this group 

The unique maximal extension of a cofinite isomorphism is still a 

maximal 

cofinite isomorphism and the set of A cofinite isomorphisms forms a 

subgroup of .t11, 1. We call this group Gn, 1 and it is the same as the 

group Gn,1 described in [5] (see Lemma 2.7). 

Note, if n=1 then G1,1=Iii,1 and since we are interested in 

extending G11,1 in we will only consider the non-trivial case n>2. 

2.2 Groups defined by expansion rules. 

We now describe the groups which we are going to use to extend 

Gn, This is most easily done using wreath products but the fact that 

these groups are subgroups of a wreath product will not be used anywhere 
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else in this work. 

Let A and B be two sets, B finite. Let G and H be groups of 

permutations of A and B respectively. The wreath product GwrH is the 

set of all permutations.of the set AxB which can be defined in the 

following way. With each f e GwrH there is associated some hEH and some 

family {gib E G I bEB} such that for all (a,b) E AxB 

(a,b)f = (agb,bh). 

The wreath product is associative (see,for example, [6]) and so if 

Gk is a permutation group on the set Ak ,1<k‹m (Ak finite for k<m) we 

can define the wreath product Grwr...wrGwrGI as a permutation group on 

the set Amx...xA2xAl. With each f E Geir...WrGI there is associated 

some g E G1 and m-1 families of the form Igibk E 

1<k‹m. For all (am,...a2,ai) E Amx...xA2xPil

= (aragiom,...,a2gb2,a ig) 

where bk= (ak_ 1,...,a 1). 

Finally, if we have countably many finite sets A1F
--A2"'"AMF"' 

with groups of permutations GI,G2,...,Gm, 

define the infinite wreath product ...wrG 

• • • respectively, then we can 

...wrG2arG I as a set of 

permutations of the set i . With each 

fE ...wrG I there is associated some gEG1 and infinite family of 

sets fgbkE GklbkE For all 

(...fa m,...,a 2,a1) E 

(...,am,...a2,a i)f = 

where bk = (ak_i,.• • ra 1) • 



Let F be the free group of rank k acting on itself by right 

multiplication and let Sn-I be the symmetric group on the set 

{a2,...,an}. We consider the wreath products Sn_ lwr...wrSn_ l, 

FwrSn-1 WT - . - n- wrS 1 and ...wrSn...lwr...wrSn-1 which will be 

Sn_ 1(wrSn_ i)i -1, F(wrSnLoi and Sn...1(wrSn_ l)w respectively. 

We can write each element f of FwrSn_ i in the form 

a2 

£
2 

a3

£3

a27 a3v. 

... an

• • • 9.4-1 

written 

where, for each (h,ai) e (h,ai)f = (hti,air) 

CITES n-1, tiEF). We can write each element g EFwrSn...lwrSn-1 in the form 

a
2
a
2 a2a3 000 a2an a3a2 006 ana2 ••• anan

2,2 R2, 3 •• • £2,n R3, 2 ••• Rin,2 600 Rn,n 

a27a2p2 a27a3P2 
••• a an a a, 

27 "P2 37 '.-P3 
• • • a a n7 2pn ••• a a n7 npn

where for each (h,aj ,ai) E Fxfa2,...,anlx{a2,...,an} 

(h,ai,ai)g = 
(hLi,j, ajpi, 

(7,Pi E Sn-1 and ki,j. E F). In general, we can write each 

k e F(wrSn_ l)m in the form 

Y1 Y2 • • • Yt 

£(1) £(2) £(t) 

z 1 z2 • • • zt 

where {yi,y2,...,yt} = {ai lai2...aim 2<ji,...,jrn<n} and if we think of 

Yi and zi as reverse order m-tuples, for each hEF (h,yi)k = ( 

If f,g E FwrSn_i are the elements 
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a 2 a3 • • • an and a2 a3 ... an 

R2 I,
3 • • • £n h2 h3 hn

jazir a3,11. ann ,alp a3p anp

respectively, then their product, fg, is the element 

a
2 a3 an 

£2h2w 2•3h3w knhnw 

a
2wp a3wp anffp 

Products between elements of F(wrSn_om are formed in the same way. 

We now suppose that F is finitely generated by T={tl,...,tk}. Any 

map, *1, from T into ParS n-1 

4': F FwrS n-1-

can be extended to a homomorphism 

We say that the set 24 I R.E.F1 is a set of 

expansion rules and that 2, k* is an expansion rule for R. 

We can use the homomorphism 4' to generate a homomorphism 

10 2): F F(wrSn_l) 2. Suppose that 

kip = "a2 a3 ... an 

£2 £3 --- 5141 

a2,r aa . anir

and that 

a2 

21 12 

a3 • • • 

24,3 ••• 

an 

ki,n 

a a ... a 2ff. 37r. nff. 

for 2<i<n. Then define *(2): F F(wrS11_02 by

Rip(2) = a2a2 a2an a3a2 anan

2,
2,2 £2,n £3,2 kn,n 

a2Tra2w2 
azganw2 a3wa2w3 

...

It can be seen from the discussion about products of elements above that 
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4)( 2) is a homomorphism. 

Inductively, we can define a homornorphism *(1): F F(wrSn_ 1)1 

using If 

and if 

then define 

2. (i) 

2,4) (i-1) 

=•11) 
hJ 

Y1 Y2 ••• Ym 

h 1 h2 hm

z i z 2

a2 a3 

1'9 ,2 hi ,3

yia2 y Ian

h
1,2 

a
23  
p. a3p. 

hi,n 

Y2a2 

h2,2 

z ia2,- z ian, z 2a2, 

••• an 

• hi, n

▪ anpi

• • • 

••• 

•• 

yrna2 • • • 

hm, 2 ••• 

Zma2pm

Yman 

hm,n 

zmanpm

If we let p F (wr Sn- 1) 1 + Sn- (wrSn- 1) 1 be the natural 

projection then 4)(i) =11)(i)p(i) is a homomorphian from F to 

Sn- i ( 1,‘, can define a map s: F Sn_ 1 (wrSn_ i ) w by the rule wrS n-i) 

( ...ai m,...,ai 2,ai l) (4) = ( ...bi m,...,bi 2 ,bi 1) 

where (ai
r
,...,ai ) (24 (r) ) = (bi

r
,...,bi ). This map is well defined by 

the inductive construction of the 4) (1) and 4 is a hananorphisn since 

each 4)(i) is. 

ona Vt&u.L-
A map, 4, constructed in this way depends only on the initial 

choice of Let ii=ker4, then F/ 4, is a subgroup of Sn-i(wrSn-i)w• We 

call Fby, the group defined by the finite set of expansion rules 

{4+44) I F=F<t i ,...,tk>1. 

ii 
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Lemma 2.2 Every group defined by a finite set of expansion rules can 

be embedded in cf, n,i. 

Proof: Let *: F t FwrSn_ i be a homomorphism, let 
F
/T be the 

group defined by the expansion rules ti+ti* and let 4) be the 

homamorphism from F into 
Sn_lwr(Sn-1)43' 

as constructed above. Associate 

F/T with its image in the wreath product. For each £4) e F/T define 

aR E 'ee7f,141 to be the unique maximal extension of the map ak' given by 

aiw• aiw 

anUalw+ an(u(4(r)))alla 

for 1<i4n-1 w0i4,

where u has length r and does not 
contain a1, NEW, 

This map is clearly a W-space homomorphism. We show that it is an 

inescapable isomorphism. 

For 14i<n, if (aiy)at' is defined then (aiy)at' = aiz, for some 

z. If 14i4n-1 then y=z and so (aix)at' = (aiy)ak' if and only if 

aix = aiy. For i=n, (anualw)ak' = (anvaly)011 if and only if 

an(u(24(r))alw) = an(v(24(s))aly). Thus, since each kT(i) preserves 

lengths of words, we must have s=r, v(X*(r)) = u(2,*(r)) and w=y. Since 

34(r) is a permutation we must have u=v. Thus aft' is injective. From 

the definition of at' we see that for all WEW (wal)ak' is defined so 

the domain of at' is inescapable and, since £.(r) is a permutation, wal

lies in the range of al. Hence a.' is an inescapable isomorphism. 

Thus we define a map E: F/ 1, h.1,1 by E: ok. If hT=24 then 

Wr)=h*(r) for all r and so 

doesn't contain al then nor 

ak=ah, thus E is well defined. If u 

does u(24(r)) and each £4)(r) is a 

homomorphism so E is a homomorphism. If (Ye ah then £4)(r) = 14(r) for 

all r and hence £4=h4), thus E is an embedding of F/T in cfn,i. 

the natural embedding or standard embedding. 4 

We call 



- 15 - 

From now on we identify all groups _ given by a finite set of 

expansion rules with their images in ffn, 1 under the natural embedding. 

The following theorem is proved in the next chapter. 

If H is a finitely presented group defined by a finite set of 

expansion rules then the group <Gn,1,H> is finitely presented. 

2.3 Representation of group elements by symbols. 

To prove the theorem stated at the end of Section 2.2, we need to 

be able to write out explicitly any given element of <Gn,1,H>. Thus, we 

extend the idea of symbols introduced in [5]. Whenever we write 

<Gn,1,H> we will assume that we have an explicit set of expansion rules 

which define H and that <Gn,1,H> is a subgroup of -5,11, 1 containing the 

image of H in with respect to these expansion rules, under the 

natural embedding. 

Given a group <Gn, 1,H>, where H is defined by a finite set of 

expansion rules Iti÷ti* I 14i410, we define a symbol to be an object of 

the form 

u1 u2 US 

1 12 ... kS 

vl v2 ... vs, 

where {u1, ..,,us} and {vi, ...,vs} are cofinite bases and 

ki E F<ti,...,tk> = F<T>. If {ill, . ..,YS} is a permutation of 

{11,...,us} and {zi,...,zs} is the corresponding permutation of 

{vi,...,vs}, and if kihp E T (i.e. ki.=hj(p) for ui=yj then the symbol 
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Y1 Y2 Ys 

h1 h2 ...hs 

z1 z2 • • • ZS 

is considered to be the same symbol as the symbol above. Thus we can 

reorder columns and replace any element of F by another in the same 

coset of T without changing the symbol. From the discussion that 

follows it 

n,' and so 

If 

is clear that these symbols represent the same element of 

we are justified in considering them as the same symbol. 

= a2 a3 ... an

k
1
. £. 
,2 1,3 1,n 

a2jr a 
37r see an n

ul uial uia2

1 1i-1 1 11,2 

then 

uian ui+1 us

1,n Li+1 --- 1s 

vl vi-1 vial via2w vianw vi+1 ... vs,

is also a symbol and we say that it is an elementary expansion of the 

symbol 

u u 
1 2 us 

• • • Ls 

v v 
1 2 VS 

If one symbol can be obtained from another by a finite series of 

elementary expansions then we say that the former is an expansion of the 

latter symbol. , Conversely, we say the latter symbol is a contraction of 

the former. % also say that the column ui

R. 
1 

,vi

above and that the symbol contains the column. 

belongs to the symbol 
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Lemma 2.3 For a given set of expansion rules, with each symbol we can 

associate a unique element of 

Proof: Given a symbol 

U1 u2 Us

Ll £2 ••• 

V1 v2 ... Vs

defineT* by (uiv)Tlr =viy (whereila . is as defined in Lemma 2.2 
ki 

then (anw)ak  = anw') for all w such that (anw)cui is defined. 

arlaWo ,v$A 
Since {ui,...,us}Ais a cofinite basis and ak. is an inescapable 

isomorphism, T* is an inescapable isomorphism and hence has a unique 

maximal extension; TI in -9, n„1- lit associate this T with the above 

symbol and say that the symbol is a symbol for T and that T has this 

symbol. 4 

Lemma 2.4 Every expansion of a given symbol is a symbol for the same 

We only need to show that if 

element of 'c n,l-

Proof: 

U1 U2 ... Us 

--- Ls 

Vi V2 ... Vs 

is a symbol for T E ffin,1 then so is 

... ui_i uiai uia2 uian 111+1 ... us

--- ki-1 1 ki,2 ki,n Li+i ks 

vi vi_l via, via2‘ vian.ff vi+1 ... vs

If E Elin,1 is the element associated with the second symbol above then 
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(1.1'14c* =NPW ="- T* for j*i 
7 (ujw) 

and 
(uia iw) = via = (uia iw) T *. 

By the construction of .(r), 

(aju) (Li4) (r) ) = (u( 2,i,j+(r-1) ) ) (2<j<n) 

for any u and so (uiajw)e* = viaj irw' = vi(ajw)6.i= (uiajw)T* whenever 

W iajloel' is defined. ( (alma . = anw' and (anajw)at = an(ajw)' 

whenever defined). Thus T* is an extension of C
* 
and, by the uniqueness 

of maximal elements, T=E. 4 

Lemma 2.5 If T, C e 41in" have symbols then so does their product, TE. 

Proof: Suppose that T and e have symbols 

U1  u2 ... Us and 111 Y2 ••• Ym 

2.1 X2 ••• XS h1 h2 ••• hM 

V1 v2 ... 
l-1-cc 

Vs. 
arict a5t 

z 1 Zm 

respectively. Because the,, rows of the symbols are cofinite bases, by 

reordering the columns if necessary, we have that either v 1107="Yi 

Ylw=v1 for some 1404. 

or 

If v iw=y i then, since is a cofinite basis, we can find 

some cofinite basis {w1, • • • ,.. wp } such that viwi E (171,...,ym} for 1(i<p. 

By reordering the columns we can suppose that v Inspecting the 

expansion rules we see that we can expand the first symbol above to 

U l wi ulyib U2 Us Us iwl Ulwb u2 Us 

RI 
• 1 • • • 

lq) 2 • • LI XP X2 s 

vliap v 2 Vs Yi yp V2 ... Vs 

where {01,...,w b} is also a cofinite basis and wi has the same length as 
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If v 1=ylw then the same argument shows that we can find a cofinite 

basis bal,...,wp1 such that vi=yiwi and that the second symbol above can 

be expanded to 

V1 Vp Y2 Ym 

hi 
1  

000 hp h2 hm

Z I W I ".  ZlIAID Z2 '" ZM 

for some cofinite basis fw1,...,wp. 

Considering each of the columns of the above symbols in this way we 

see that we can expand both symbols to have the form 

ulu2 ...uP and vi v12 vp 

0 I 
111 111 ... hp "'2 •'' 

,V1 v2 ... zp, 

respectively. We show that TE has symbol 

ui 1112. ... up 

kihi v2ht2 2P hil)

Z1 ZI2 

(*) 

ForanYwWsuch that (anw)a .l and (anw)ak. lh., are both defined 

* (ui'w)T* =vi'x and (vibOc rzzily, where (anw)0t
i

t = anx and 

(anx)ohil = any. Thus (ui'w)(T*Oe*) = zil y. So the map defined by the 

symbol (*) is an extension of T*Oc* and hence, by the uniqueness of 

maximal elements, (*) is a symbol for I.E. 4 

Note: For each k E F<T> ak has symbol 

al ... an-1 an

1 ... 1 

sal ... an-1 an

We can now describe the group <Gn,i, H>, for a given set of expansion 

II 
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rules. 

Theorem 2.6 The group <G11,1, H> is precisely the subset of 

elements which have symbols. 

n,l of 

Proof: If aEGn,1 then there is some cofinite basis in 

the domain of a. Thus 

U u21  • • • 

1 1 ... 

Us 

1 

ula u2a usa, 

is a symbol and clearly it is a symbol for a. 

Conversely, if aEctri, 1 has symbol 

U1 u2 ... Us 

1 1 ... 1 

V 1 v2 ••• VS 

then aE Gn,i, so Gn,1 is the set of elements with symbols of this form. 

Any T e <Gn", H> is of the form alakla2aL2...amcL for sane 

ai E Gh, 1, ati E• H. Each ai and ati has a symbol so, by Lemma 2.5, T 

also has a symbol. 

Again by Lemma 2.5, the symbol 

U1 u2 ... Us 

2'1 R'2 '" ks 

,V 1 V2 ... Vs 

is a symbol for the element alakiolak2... (3s -laksas = 

a2 and (Ix, have symbols respectively 

where a l , Sig 
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U1 u2 Us 

1 1 ... 1 

an Y2 ..• Ys 

Y2 ••• Ys an 

1 ... 1 1 

v1 ...v s _ivs

Y2 ••• Yi an Yi+lYi+2 Ys 

1 ... 1 1 1 1 ... 1 

Y2 ••• Yi Yi+i an Yi+2 Ys 

and Y2 Yi an Yi+i Ys 

1 ... 1 Xi 1 1 

'Y2 Yi an Yi+1 Ys 

So T E <Gn, H> and the theorem is proved. 4 

We now define some useful notation. For each k E F<T> and weW 

define wit E W to be the word satisfying (anwal)ak = anwial. Then wt is 

a word of the same length as w. 

If we take a column 

for it, to the set of columns 

Note that a • = 

set of columns 

we can expand it, using the expansion rule 

ual ua2

ki £2 £n 

(val va2.0.• • •vanit

uan

(aij£. In general we can expand the column above to any 

where {ial,...wp) is a 

expands to the column 

uwi uw2

h1 h2 . 

(vz, vz2

LIWp 

hp 

VZp 

cofin&e basis. We say that the column above 

uwi 

hi

(vzi

for lip and that this column can be 
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obtained by expanding the one above. 

If 

k 

belongs to a symbol for T ein,1 then (uwal)T is defined, 

and equal to vwtal by definition. If the column uw 

h 

vz 

can be obtained by 

expanding this column then, by Lemma 2.4, it also belongs to same symbol 

for T and (uwal)T = vzal gives that z=wk. Thus for wi and zi as above, 

(wi) k = zi. 

Lemma 2.7 There exists a unique, uncontractable symbol for each 

T E <Gn .1, H>. 

Proof: As above, we consider two symbols to be the same if 

permuting the columnS, and substituting elements of F<T> for elements in 

the same T-coset, of one symbol gives the other. 

Let the two symbols 

ul us Ym 

1 
• • • h 1 hm

V1 ... vs z 1 --- zm 

both be uncontractable symbols for T. Since {ill,. ..,US} and t(1,---,Yml 

are cofinite bases, by reordering the columns, we can suppose that 

U,w 1 = yl for sane w' E If s41 then we can suppose that w' = wal and 

ulwai = yi for 1<i<n. 
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We can expand the column ui

kl 

to U 1W 

k 

for some k e F<T> and if 

II 

k* = 
'a2 • • • an

k2 • • • kn 

alp anp, 

then (ulwaial)T = viwkiajpal. But (yial)T = zjai so zj = viwkiajp and 

the second symbol above can be written 

uiwai ulwa2 u iwan Yn+1 Ym 

1 h2 

viwkia2p

hn hn+i hm

viwklanp zn+i zin

(*) 

If 11 1k. T then for sane r, hi4)(r) * kici)(r) and so for some x€W 

X11. *x ic . „ But(tyriaixtwa0 WT= iVaiX .al)T, since both symbols above ki

are supposed to be symbols for T. So, since T is a bijection, we must 

have 1171k.3. E T. Thus (*) can be written 

ufgal ulwa2 • • • U 1Wan Yn+i Ym 

1 k
2 • • • kn hn+i hm 

vca n uw viwklanp zn+1 zm-

which contracts to 

uiw Yn+i YM 

k hni-1 hm

viwki zn+, zm, 

contrary to assumption. Thus we must have w'=1, vi. zi and, as for hilki 

above, filhi E T. 

Repeating the argument for each of the columns of the two symbols 

gives the result. 4 

JO,

it 
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In particular, each of the elements a E. Gn,1 has a unique shortest 

symbol of the form 

1 --- us 

1 ... 1 

1 vs  .

Each element of the group Gn,1 as constructed in [5] has a unique symbol 

of exactly the same form whence the two groups are isomorphic in a 

natural way. 

2.4 Results about G., u i-

In proving results about <Gn„, g> we assume the results about Gn,1

proved in [5] so these results are stated here, without proof. 

Theorem 2.8 The groups Gn" are finitely presented. 

Theorem 2.9 The commutator subgroup, GA,i, of Gnr1 is simple and 

(i) if n is even Gn,1 Gn1,1 

(ii) if n is odd GA,1 has index 2 in Gn,1 . 

The simplicity of GA,1 is used in the proof of a theorem of R.J.Thompson 

[9] given at the end of this section. Since GA,1 is of finite index in 

,the finitely presented Gn,l, have that Gn 1,1 is a finitely presented

simple group. 

Theorem 2.10 Any countable locally finite group can be embedded in 

Gn,I. 
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Theorem 2.11 If A is a torsion free Abelian group of finite rank in 

Gri,I G then 

(i) A is free Abelian of finite rank, 

(ii) the centralizer, CG(A), is of finite index in the 

normalizer, NG(A) 

and (iii) NG(A) has a direct factor B which has a free Abelian 

subgroup C such that C is of finite index in AB. 

The general aim is to construct finitely presented simple groups 

which contain wide classes of finitely generated groups with solvable 

word problem and the above theorem shows that there are strong 

-restrictions on even the Abelian subgroups of Gn,, of finite rank. We 

note the corollary to this theorem proved in [5]. 

Corollary 2.12 The group GL(3,72), which is finitely presented with 

solvable word problem, cannot be embedded in any of the groups Gn,r• 

Theorem 2.13 The groups Gi1,1 and G11141 are not isomorphic unless n=m. 

Theorem 2.14 There are only finitely many conjugacy classes of 

elements of any given finite order in G11,1 and if p is a prime which 

doesnot divide n-1 then there are precisely n conjugacy classes of 

elements of order p in GA,1 (and Gn,1). 

Finally we prove a theorem of R.J.Thompson [9] which enables us to 

construct finitely presented infinite simple groups. 
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Theorem 2.15 If K is a group satisfying GA, 141(4 lin, 

commutator subgroup, K', of K is simple. 

then the 

Proof: The method of proof is to show that every non-trivial 

normal subgroup, N, of K contains K'. Then, since GA,1 is simple and 

non-Abelian = GA,1 < K' and thus K' satisfies the restrictions of 

K, so K" is contained in every non-trivial normal subgroup of K'. But 

Gn,1 <K" so K" is non-trivial and hence Kt<K" and so K' is simple. 

Suppose that N is a nontrivial normal subgroup of K and that OEN is 

nontrivial. If u*ue and ye is defined, where yw=u, then ye*y so we 

choose uEW such that 118*u and we suppose that 8 is not defined on any 

proper initial segment of u. Let v=u8. We use u to construct a 

nontrivial element in GA, oRThen, by Theorem 2.9, GA, 1 < N. We then 

use this to show that K/N is Abelian. 

Let U be the cofinite subspace of all elements of W which are not 

initial segments of ual. Let V be the corresponding cofinite subspace 

.t 
for val. Define a E GA,1 by 

Similarly define 

ya = y 

(uaial) a = uara2 

(uala2) a = ua2 

(ua2) a = ualai 

(uarai) a = uarai 

(uai) a = uai 

13EGA,1 bY 

113 = Y 

(va la 1) 8 = vala2

(va ra2) 8 = va2

if yEU and uwty for any wEW 

for i>3. 

if yEY and vw*y for any wEW 

t E Cr01 ale 2ver1 eite,nient5 Lxtd hence b6(0-9 to Gin

(See C5], fy 34-37) 
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(va2) 

(va = 

(vat) B = 

valai

Va a. 

vai 
} for i>3. 

Let Y be the damain of 0-1 and take y e YAV. If y does not have 

initial segment v then ye-1 does not have initial segment u and so 

(ye-1) a = ye-1. Thus y(6-1a8) = y = y0. 

Y(Erlae) = (uaialw)a0 = vara2w = yf3. 

If y = vaialw then 

If y = vala2w then 

y(0-lae)= va2w = y0 and if y = valve then y(0 1a0) = vaialw = y0. If

y = vapiw or vaiw for i>3 then y(0 1a0) = Yo. So Erlae and 0 are both 

maximal extensions of the same inescapable isomorphism on Y n V and thus 

0-tae = E GA, i. Hence a 19 1a0 E GA" and, since N 4 K, a 10-1a0 E N. 

This element is non-trivial since (1a2a1)a 10 1a0 = (uala2a1)0 = ua2a1 

if and only if u=v, but u*v. Thus GA,1‹ N. 

Take 0,4) E K, we want to show that Ne43. = N.e. If u'e = u and 

v'4) = v choose a,0 E GA,' so that ua = u' and v0 = v'. Since Gh"‹ N it 

is sufficient to show that NO'cp' = N(1)101 where 0' = a0 and 4)' = 34). If 

a and R have symbols respectively 

U U2 us

1 1 ... 1 

and v v2 ... Vm 

1 1 ... 1 

V I 
V VI2 '" M 

let y,5 E GA,' be elements with symbols respectively 

a1 a2 an_ l anal any2 anys 

1 1 1 1 1 ... 1 

ual ua2 uan_ i uan u2 ••• us

t A 9 con. be, seed from. CG) that this call be Jute. 
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and 

a2 an alai alz2 alzm

1 • • • 1 1 1 1 

vat ... van val V2 • • • VM, 

where fal,171,...,ysl and {al,z2,...,zin} are arbitrary cofinite bases. 

We show that a = ye'i-1 and T = 6.'6-1 commute, and then Ye'y-1N = N6' 

and (54'd-1N = N4' give Ne'.' = Ncp'6' as required. 

If y=aiw for 2<i<n-1 then yo=y=yT (6' fixes u and . 1 fixes v). If 

y=a1w then, whenever it is defined, yT = a1w' for some w' (again, 

because (1)' fixes v) and so y(aTa-lt -1) = y. If y=anw then ya = anw', 

for some w', whenever it is defined (6' fixes u) and so-y(aTo -1T -1) = y. 

Thus aTa-1T-1 acts identically on an inescapable subspace and hence 

aTa-1T-1 = 1. So H' < N as required. 4 
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Chapter 3 

Properties of the Groups <Gn  ,H> 

If H is a finitely presented subgroup of i given by a finite 

set of expansion rules {ti tilp I 141_40, as described in Chapter 2, we 

show that <Gnr1,H> is finitely presented. The proof of this is in the 

form of a series of lemmas and relies on the manipulation of symbols. 

We can choose a set of expansion rules defining H such that, if we 

associate H with its image ~.m,1  under the natural embedding with 

respect to- these expansion rules, the derived subgroup, Gm,i,H> , has 

finite index in <Gm,1,H>. Hence it is finitely presented
t 
and <Gm, i,H> 

is a finitely presented simple group. We also use symbols to show that 

if the word and order problems are solvable in H then they are solvable 

in <G11, 1,H>. 

We assume, with the notation of Chapter 2, that H = <at1,...,otk> 

and whenever we write <Gh, 1,H> we will assume that we have an explicit 

set of expansion rules, defining H, in mind. 

3.1 A finite presentation for <Gn,1,1a>. 

If H is a finitely presented group given by a finite set of 

expansion rules we show that <Gn,1,H> 

essentially finite set of relations. 

is defined by the following, 

A. The multiplication tables of Gn,, and H. 

tSee, for example, Magnus, Karrass and Solitar [7] 
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B. Relations of the form aka = act, where a E Gn, 1 fixes an and 

E F<T>. 

C. Relations of the form ya kycrn = clhya ky, where £,h E F<T> and 

Y E Gi1,1 has symbol 

a 1 • • • an- 2 an- 1 an 

1 ... 1 1 1 

,a • • • an-2 a n an-1 

Relations of the form 6 ac. 6s  ... ac. Sn, i. = crt i  and 
3_, 2 _ 1,n 

6 
ani, 2S3 • • • 1 

on, 
,n 

di n = at-7 1, where ti has expansion rule 
' 1 

ti ± a 2 a 3 ... an

Ei, 2 Ei, 3 • • • 

a 21r. a 3n. ••• an7. 

and 6 , 6n,i, 6j and SA, i have symbols 

a2..an-1 ana2 ana l ...a nan a 1

1 .. 1 1 .1 1 1 

a 2. .an_ i  an a la 2.. .a ran a ra 

a 2..a n-1 ara2 a 1a3 ... an a1a1 

• • • 1 1 

a 2. . an- i ana 1 ana 2,ffi ...a naniri a 

a 2 ... an_ i an a la 2 ... a lai- 1 a lai a lai+1 ... a lan alai 

1 ... 1 1 1 ... 1 1 1 ... 1 1 

a 2 ... an-1 a lai a la 2 ... a lai_ 1 an a lai+ 1 ... a Ian a la i

and a an-1•  a la 2 a 1a 3 ... a 2 ran an a 1a 1 

1 • . • 1 1 1 ... 1 1 1 

a .2 ... an_ 1 ana l ana 71 .. ana (n_i ) it'll allaniii• 1 a 1
2ff i 

respectively. 
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Relations A are essentially finite since Gr1, 1 and H are finitely 

presented. Relations B hold in <Gn, 1,H> since ak fixes everything 

not of the form anw, If Gn,h,., the, group of maximal isomorphisms 

'between cofinite subspaces of. {xiai
 ‹i4n-1, 1<i.J <1-1) (see 
M 

Ipage 3 and [5]) thenGh,n_i is finitely presented 151,„ Let, K4Gni be 

the, group of all elements which fix anw for all w€W. If T E Gh

X.1Z)I = vy, 1<i(n,-1 ITES y e W then define, a map f: Gn,n-1 n- - , 

by Jf=a where a4 w), a = aiffy 1<i<n-1, when ( )T is defined 
and (a's)a for allweW. 

Then f is intact an isomorphism, so K is finitely Denerated. The 

relations B are generated by the relations ojati = atiOi where 

K = <01,...,pm>, so relations B are essentially finite. The elements 

'Noah and % -yay have the same symbol and so relations C hold in 

<Gn,111H>. These relations are generated by the relations 

atjat.1 = Yatjcit. (1<i,j4k) and so are essentially finite: There are 
1 3 3 I 

only finitely many relations D and consideration of symbols shows that 

these also hold in <Gn, 1,H>. 

We show that every relation which holds in <G H> n, 1, 

consequence of relations A,B,C and D. In the following lemma 

U2, 113, 1-14, 0 E Gn,1 are the elements with symbols respectively 

U 2...U s

an W 2.  • •WS 

yl Y2...Ys 

1 1 ...1 

an W 2• • •WS 

W2...Wi_ i  a n  Wi 1...w s

1 ... 1 1 1 1 ...1 

142.••Wi- 1 Wi an wi+1---ws 

W 2.  • • ws an 

1 ... 1 1 

z 1. ..zs- 1 Zs 

and 

W . W 2 S an 

1 ... 1 1 

V 1. ..Vs- vs 

is a 



- 32 - 

Lemma 3.1 The relation 

Plat 112(12,2***neatsP2P13ah sP4 = Pi ati.
1
h1 n2 ath2•.-rls at h 114 s s 

is a consequence of relations A,B,C, and D (ti,hi E F). 

Proof: First we show that for all 1<i<j‹s the relation 

71. a Ti• 3' 1+1 L. 1+1•.-Tija • = atnj***fli+lakini+1-.-nj 

of relations A,B,C and D. If a1,-2 e Gn,1 have symbols 

W2 --- Wi wi+1 wi+2 wj an wi+1

is a consequence 

ws 

1 ... 1 1 1 ... 1 - 1 1 ... 1 

x 2 xi aryl 1  an xj 

and x2 xi anxi+1 xj-1 an_ l xj 00. xs_ 1

1 ...1 1 1 ... 1 1 1 • • • 1 

-1°12 wi an Wi+1 wj-1 wj 141+1 *** ws 

respectively, where is an arbitrary cofinite basis, then 

a iYa2 = nj.-.fliAr i and a2 1Yal 1 = n1+1---nj are consequences of 

relations A, (y as in relations C). Hence the relations 

= aiYazak (12 11a110e 

= a
llak Yak' a11

alaki Yak la-11

— - ctlYa2ak a2
1 
"Pal

1

= a 2" ni+1---nj 

are consequences of relations A,B and C. 

Thus the relations 
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P lak in2a2,2..-ns a ks 42 m Pin201 2n2akin211301 3N—at s112 

= Pln2ak2113a.9.3113n2a2pan304 ak4n5-.- - ok5P2 

Pln2crk2n301 3114akif• • •Tisclksrls• • •112(52.O2•••nst-i2 

are consequences of relations A,B,C and D. The relation ns ...n 2 = p 26113

is a consequence of relations A, and thus the relation 

ak 712...lis1120413ah 1 = h1 
is a consequence of relations A. 

The relation 

PIT-126k2T13at3
T-14ak4•••11saks 

= 11 1112113ak
3
n4ak4

•••11sak
s
ns•••71302.2113---ns 

is a consequence of relations A,B,C and D as above, the relation 

ak 2 n2ak 1 h 1 112 = n2aR1h 1n2aRZ is a consequence of the relations at the 

beginning of this proof and hence the relation 

Plat1 7-12ak2
***Ilsak

sP21413qh1 
112qh2 = 1'11112113°k3114—aksns-112aRn1n2at2h2 

is a consequence of relations A,B,C and D. Finally,I the relation 

carrying on in thi5 way, 

P lak i112*** TISaks 112131-1 3ah l — Ghs t1 4 = Plak ill i n2alt 2h2•••nSa ks hs P4 

is a consequence of relations A,B,C and D as required. 4 

In the next lenma the elements (Si are as defined in relations D, 

E F has expansion rule 

and (Sili is 

+ a
2 an

2 • • • kn 

a 
2p ••• anp 

the element with symbol 

a 2 a la 2

1 1 1 

a ' a n an a la 1 

1 1 1 

,a an_ i ana l ... ana(n_o p a na np a l

• 
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Lemna 3.2 For each 2. e F the relation 6 at 63ak (IL 
n
61.0, = ak is 

a consequence of relations A,B,C and D. 

Proof: By induction on the length of t as a word in ti,...,tk. 

If b=1, then the relation is a consequence of relations A and 

D. 

If k=hti, h* 1, the induction hypothesis gives that 

cYt = 6 (11126a(413- 6n crki 6nh65;ki,2p--"Sn 

is a consequence of relations A,B,C and D. 

The Si satisfy the conditions of the ni in Lemma 3.1 so the relation 

a = S ah aall C. .. 6n ah E . 
2 1,2P 3 1,3P n 

1,np6nR, 

is a consequence of relations A,B,C and D as required. The case t=htil 

follows in exactly the same way. 4 

Suppose that has symbol 

u1 u2 us

1 Q2 

V 1 v2 • • • Vs 

and let 12. 
1,

U u 1 2...Us 

1 1 ...1 

an W2• • *WS' 

)5i have symbols 

w2... WS an 

1 1 1 

vi...vs_ i vs

and W2...411.-1 an Wi 

1 1 1 1 1 ...1 

w2---wi wi an.wi+1---ws 

respectively, where {an, w2,...,,ws} is a cofinite basis. Then the 

relation ak =1 1aQ1~2aQ2...Xs oksf32 holds in <G1-111,H>. 
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Lemma 3.3 If ak, 01, R2, Wi are as above, then the relation 

ak = °1(1R1152aR.2•••15saks13,2 is a consequence of relations A,B,C and D. 

Proof: By Lemma 2.7 every symbol for a given element of <Gn,1,H> 

is an expansion of the unique shortest symbol for this element. Hence 

the symbol 

u1 u2 1  ••• US 

k1 k2 • • • ks 

V1 v2 1  ••• vs 

is an expansion of the symbol 

a1 --- an-1 an 

1 ... 1 R. 

al .. • an_ 1 an, 

The proof is by induction on the number of columns of the form 

anw 

h 

anw t, 

in the symbol for ak.

If there is only one such column then the symbol for ak must be of 

the form 

and 

u
1 ""' US- 1 an 

1 ... 1 t 

ul us-1 an

ak = ),(Y1 152(103--. (11s (10 32 = 01.152-.. 15s 05032 is the relation we are 

considering. In this case vs=an and so 132 fixes an, thus the relation 

1311C2...I5sR2 = R 1152... s2ax is a consequence of relations B. But 

= 1 and so ak = filW2...Wsaki32 is a consequence of relations 

A and B. 
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For the inductive step suppose that the symbol for ok is of the 

form 

u 1 anx 1 anxr_ 1 anxra l anxra2 anxran

1 ... 1 kr-1 
1 kr,2 kr,n 

u1 anv i anvr_ l anvral anvra2p anvranp, 

and that the lemma is true for symbols with less than r+n-1 columns of 

the type above. 

If 

The relation that we are considering is 

(12, = clk r+q-l r+qcrk '6r+q+1*..a f3.2. 
tin r -1 r,z 

el, 62 have symbols respectively 

z2 zr+q_2 ana l anal anan a 

1 ... 1 1 1 ... 1 1 

w 2 ••• wr+q- 2 an wr+q wr+q+n- 2 wq+r -1 

and 

1 

w2 ••• Wr+q -2 wr+q wr+q+1 ..- wr+q+n- 2 an wr+q -1 

1 ... 1 1 1 ... 1 1 1 

z2 ... zri_q_2 ana l ana2p ... ana(n_ i) p ananp a 1 ' 

we have the relation E 

symbol 

1Yr+ciakr,2... Yq+r+n-2 akr,n62 = akr. 
If ar has 

w
2 **, wq+r- 2 an wr+q wr+q+n- 2wr+q- 1 

1 ... 1 1 1 1 1 

? 2 Zci+ r_2 an ala2 alan a la 1 

then 1r+c, = mr6 ,«P (Si, 24i4n,is as defined in relations D). Since ar

fixes an the relation clar62ak
r 2

fcl= El?fr_Fiqukr2 is a consequence of 

relations A and B. We also have that ar63ap = ynki+1 so the relation 

a
kr,2c4r,  

1
Yr-Fa14- 1c1kr,3 = akr 

263(Itr 

, 

3ar 1 is a consequence of relations A 
, 

and B. In general, ar6iai l = yr+q+i_2 and so the relation 
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clar6201r,263.--0Xrn ar 1 c2 ElYr+gatr,2—Yr+q+n-2akr,n£2 is a ,

' consequence of relations A and B. 

Examination of the symbols for clar and cir IE2 shows that clargr- d 

and ocle2. = ant where 6r t 

relation 

is as in Lemma 3.2. Thus, by Lemma 3.2, the 

al = 81.6r4lek --15r+q+n-2°102 r r , 2 
relations A,B,C and D. It is thus sufficient to show that 

crt = Mc— 'q at, YciT  1
.i+r _1 £'l 

'lir Cr
1

 p 2 is a consequence of A,B,C and D. 

Let aq, ni, PI and p2 be the elements with symbols respectively 

is a consequence of 

Z 2  Z4cr.1 an Zigi zr+q_2 alai alan

1 •.. 1 1 1 ... 1 1 1 

w
2 ••• 1A1- 1 an 1.J4 wi+q - 2 wr+q-1 v?r+q+n7-2 

and 

z2... Zi -1 an ti 

1 1 1 1 

zr+q-2 al

1 1 

z2 Zi_i zi an zr+01_2 al

u 1 u2 uq_ i anyi anyr -1 anyr 

1 1 1 1 1 1 

z2 Zq-1 Zq zog+r-2 al 

z zq ;q4.1 zq+r_2 al an

1 1 1 1 1 

u1 1.1q-1 anV1 anVr - 2 anvr_ i anvr. 

• 

Then the relations c i iRi-ilaxgq = a , aiglicQ'l = ni, 11 1  = olaql and 

1-12 = c2102 are consequences of relations A and B. If nr+q_ i is the 

element with symbol 
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2 ••• zr+q-2 a 1 an 

1 ... 1 1 1 

z 2 ... 2 an a l

then nr+04_,= otli nfq_ lc-11 and hence it is sufficient to show that the 

relation (IX = Plakinz02.2***.nr+q-zokr_inr+q-lokru2 is a consequence of 

relations A, B, C and D. But this is the induction hypothesis so the 

lemma is proved. 4 

- If a lok a2...a 2lin is an element of <Gn, i,H> then, from Chapter 2, we 

see that there exist symbols 

Ui,1 Uir 2 Ui,s 

Li, 1 kir 2 • • • ti,s 

for the elements 

U1+• 1, 1 ili+1,2 

ai02, such that 
1 

u 
1, 1 

i • • • 9m1, 

um+ 1„ 

is a symbol for a lakia2... 021m. Also, 

... Usi+1,s, 

lAnfl,s

from Lemma 3.3, we have that the 

relation ok. = plol„ T12...02, P2 is a consequence of relations A, B, C 
1,1 ,s 

and D. 

Lemma 3.4 Every relation in <Gn, 1,H> is a consequence of relations A, 

B, C and D. 

Proof: Suppose that a loki... %1G,6 = 1 and let 

(2'j <s, 1(i <m) have symbols respectively 

1121, nj 
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14,2 ••• 

1 1 • • • 1 

an w2 *** ws 

and 

w2 

1 

• • • 

• • • 

ws an 

1 1 

••• 14+ 1,s-1 ui+1,s 

w
2 **0 wj- 1 an wj ••• wS- 1 

1 ••• 1 1 1 1 ••• 1 

w
2 0 ** wj-1 wj an wj+1 ... ws-1 

Then, by Lemma 3.3, the relations 

ak. - 1 - mi 
1.1,1 L 

•••11sak.
1 

p2i are consequences of relations 
,2 ,s 

B, C and D and so, therefore, is the relation 

Plakl, 1112. • ak1,sP2P3ak2, 1. "1£2,s114. • 112itt- lagm, 1. •ils"In,s112m =alakl. • aillakit 

But • and Ili have the form required for Lemma 3.1 so the relation 

ti 1a2,1,1-•Arn,1112"1,2.-6,2-71sak 1,s-56,s112m  alcql aima2111 

consequence of relations A, B, C and D. 

Because 

is a 

alak = 1 from the symbol above for this element 

we see that we must have ak 0 . = 1 for all 1<i‹s. Thus the 
1,1***Alm,1 

alaki...ciria2im is a consequence of relations A, relation 1102...nsp2m

B, C and D. Then 11,712..o nsp2m = 1 is a relation in A so the relation 

alak1 = 1 is a consequence of relations A, B, C and D. 4 

Lemma 3.4 gives that the relations A, B, C and D form an 

essentially finite set of relations which defines the group <Gn, 1,E> on 

the generators of Gn,1 and the 

following theorem. 

elements Qt E H. Thus we have the 
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Theorem 3.5 If H is a finitely presented group defined by a finite set 

of expansion rules, then <Gn, 1,H> is a finitely presented subgroup of 

with simple derived subgroup. 

3.2 Commutator subgroups

If H is defined by a finite set of expansion rules of the form 

ti 
1 + a

2 
•••• an 

Eir2 •••• Ci,n 

(1<i<k) 

a anti. 

then H is also defined by any set of expansion rules of the form 

ti 4- a2 ... an an+ 1 ... an+p an+p+1 ... an+p+r 

Ci,2 ... Ei,n ti ... ti 1 ... 1 

a2,1r.1 ...all 
ni 

an+ 1 ... an+p an+p+i ... an+p+r 

for 1<i<k, for any positive integers p and r. We show that we can 

choose p and r so that <Gn+p+ r,1 ,H>i has finite index in 

<Gro.p+r,1 ,H> = G. 

We will choose r so that n+p+r is even and thus 

Gn+p+r' = Gn+p+r 4 G'. 

From relations D we have that 

at. 
= 6 0C1.,2 — 6naC. 611-Flat.1.--6n+pat.6n i 1,n 

and so 
‘-1 

.4. = T4 Or otP , for 
sane

 Ti E G'. Furthermore, if mij 
i 

is the sum of powers of tj in Ci,2...Ei,ntll we have that 

=C. a 11 mik D 
1  t ott , for some E' E GI. 
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Consider the integer matrix 

M= n m 
Mll+  - 12 Mlk 

m
21 M22+13 ••• M2k 

mkt mkt mkk+P 

and choose p large enough so that detM >0. Then, using elementary row 

and column operations on M, we can construct the matrix 

= b1 o 0 
• bi
• • 

0 0 ... bk

• 

If we carry out the corresponding manipulations on the set of relations 

fe. = atm. 11 '.• 
tk - 
a ik,t p I

. 11 1 
In; = 
t- •1

G. 

1<i‹k } we obtain k relations of the form 

E'', for some ci' e G'. Thus G' has index at most b1b2...bk in 

Theorem 3.6 If H is a finitely presented group defined by a finite set 
an integer m and, then 

of expansion rules then we, can choose,1a set of expansion rules defining 

H such that the commutator subgroup, <Gmfl

simple group. 

3.3 The word and order problems. 

,H> , is a finitely presented 

We now show that if the word and order problem are solvable in H 

they are solvable in <Gnr1,H>. The former is easier to prove than the 

latter. 
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Theorem 3.7 If the word problem is solvable in H then it is solvable 

in <Gn, 1,H>. 

Proof: If T E <Gn,1,H> then we can find, constructively, a symbol 

for T by writing it as a product of elements of Gn,1 and H and using 

Lemma 2.5. 

Let 

• • • US 

,V 1 V2 .•• Vs 

be a symbol for T. If ui*vi then (uia l)T = vial * uia 1 so T*1. 

u.=v. for all 14i4s. 
1 

Suppose 

If a = 1 for all 14i‹s then m=1 since the symbol above is the 

same as the symbol 

u 1 0000 us

1 1 0000 

u . .... US

• 

If a * 1 for some i then, for some x€W, xak. * x. By the 

definition of a 
Li 

x = anwa lu for some u and for same non-trivial w 

which does not contain al. Because xaki = anwtialu * x we must have 

ki 
NOwit.. B11t(upral)m=ujy.al (see proof of Lemma 2.2) and so T*1.

Thus, if we can decide whethr 

problem is solvable in <Gn,,,H>. 4 

Uri
1 for each 1<i<s, the word 

To solve the order problem we need sane definitions and preliminary 

discussions. 
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If T E <Gn, 1,H> has unique shortest symbol 

then we define a map uw 

(uiw)T = viwk.. This map 
1 

111 u 2 • • • US 

R.
1 

2,2 • 

V 1 V 2 • • • VS 

+ VW (U=-7 Ill 

is not a W-space 

1, • rUS}, v= {v 1, by 

homomorphism, but it is an 

extension of T as a map. Define an operation on the set 

{T I T E <Gn,1,11>) by the rule 7.7 = T. Then 7 m = (Tm). 

We define a pseudo-orbit (p-orbit) of T, 0(w), to be a set of the 

form { ...w' -m,...,w7 -1, w, w7,...,wT k,... }. For each wEW, 0(w) is 

called the p-orbit of T generated by w. If w7, w7 -I are defined then 

0(w) = 0(w7) = 0(w7 -1). However, if w7 is not defined but w7 1 is 

defined for same i> 1 then 0(w) * 0(w7 i). 

There are five types of p-orbit: 

A. Finite Complete. If w7 i is defined for all ia and, for 

some finite m, w7 m =w then 0(w) is finite 

complete. 

B. Infinite Complete. If w7 i is defined for all iEE and 

w7 m * w for any m then O(w) is infinite 

complete. 

C. Right Semi-infinite. If w7 i is defined for all iE IN but, for 

some j<0, w7 j is not defined then O(w) 

is right semi-infinite. 
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D. Left Semi-infinite. If w7 i is defined for all -iE IN but wT j 

is not defined, for some PO, then O(w) is 

left semi-infinite. 

E. Finite Incomplete. If, for some m,k EN, w7 m are 

not defined then O(w) is finite incomplete. 

Lemma 3.8 Each T E <Gn, I,H> has only finitely many p-orbits of types 

C, D and E. 

Proof: If O(w) = kt w, w7,...1 is a p-orbit of T of 

type C then w7 -(i+1) is not defined and hence w7 i must be a proper 

initial segment of some vi in the shortest symbol for T. Any element 

completely defines its p—orbit and there are only finitely many, elements 

in W\VW so there are only finitely many p-orbits of type C. 

Similarly, T has only finitely many p-orbits of type D since W\O4 

is finite. 

A p-orbit of T of type E must contain an element from both W\UW and 

Wr\VW and hence T has only finitely many p-orbits of type E. 4 

Note: For fixed T there are only finitely many p-orbits of type E each 

containing only finitely many elements. Thus there are only finitely 

many elements of w Which belong to p-orbits of T of type E. 
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We say that a symbol for T is in quasinormal form if none of the 

elements of the top row of the symbol lie in p-orbits of type E and if 

no proper contraction of the symbol is in quasinormal form. 

Lemma 3.9 Given T E <Gn,11 H> we can construct a symbol for T which is 

in quasinormal form. 

Proof: We can construct the unique shortest symbol for T, 

111 u2 Us • 

R, 
1 2 • • • ks 

V v 
1 _ 2 '" vs 

For each ui construct u17 j for j= 1,2,... Eventually, either we 

reach k such that ui7 k is not defined or, because each ug has only 

finitely many initial segments, for some z,x E 'Kr 11i7 k = upz and

u1•7 m = upx, for k<m and 1p<s. In the latter case we have 

(upz)7 (m-k) = upx. If neither up7 (m-k) nor up7 (k-m) is defined 

then O(up) is of type E, so we expand the above symbol so that it has 

top row {lip..., up_ i, upa l,...,upah,up+1,...,us} and begin again. If 

up7 (m-k) is defined then upx = up7 (in-k) zh , for some h, and so 

upy= up7 (m-k) or up = up7 (m-k) y, for some y. In the first case 

ul•l j is defined for all j>0 and in the second case u 7 (km) = upyh

and ui7 j is defined for all j<k. In either case O(ui) is not of the 

type E. If up7 (k m) is defined then upz = up7 (k-111) xh for some h 

and again 0(ui) is infinite. 

In the latter case, u17 k not defined, construct ui7 j for 

j= -1,-2,... Eventually we either reach m<0 such that ui7 m is not 

defined or for some z,x E W r Ui7  k = upz and ui7 m =upx for k<m<0 and 
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14p4s. In the first case O(ui) is of type E so we expand the above 

symbol so that the top row contains uiaq for 14q<n and begin again. The 

second case works as for j>0 and either O(up) is of type E, in which 

case we expand and start again, or O(ui) is infinite and therefore not 

of type E. 

This process stops eventually since we know there are only finitely 

many elements in p-orbits of type E. Thus we are left with a symbol in 

which none of the elements of the top row lie in p-orbits of type E. We 

then apply the process to all the finitely many contractions of this 

symbol to test if they have the required form. 4 

Lemma 3.10 If T E <Gn, 1,H> has a p-orbit of type B, C or D then T has 

infinite order. 

Proof: If T has a p-orbit of type B or C then for some weW, 

is defined for all i>0, but w7 w for any such i. If ‘47 is defined.

then (wa 1) T is defined and (wa l) T = wTa 1 • Thus (wal)Ti = wT i a 1 for 

all 1)0 and hence T does not have finite order. 

If T has a p-orbit of type D then w defined for some w and for 

all i<0, with w7 w for any i. Then (mal)Ti = w7 i al and so T has 

infinite order. 4 

Lemma 3.11 For T E <Gri, 1,H> either T has a symbol whose top row is a 

permutation of its bottom row or we can tell that T has infinite order. 
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Proof: Construct a symbol, 

Y1 Y2 *" Yr 

h 1 h2 hr

Z z 
1 2 ••• zr 

for T in quasinormal form. Let M be the number of words wEW which 

Satisfy zEW\{1), lti<r. For each yi construct yiT for

If yi7 3 = yi for some j then O(yi) is finite complete. 

If, for some j‘M)Yi7 J is not defined construct yi7 j for 

j= -1,-2,... Since O(yi) is not of type E, yi7 ] must be defined 

for all j<0 and hence there exist z,x E W such that yi7 k = yqz and 

yi7 m =ye for some k<m<0 and .K1<s (because each yp has only finitely 

many initial segments and there are infinitely many yi7 i ). Thus we 

have that (y x)7 (k-m) = yqz. But O(y ) is not of type E and thus 

yqz P is defined for all (k-m)‹p<0 or Oqoqm-k). In the first case 

O(Yq) is of type B or D and in the second case, by Lemma 3.9, T has 

infinite order. 

If yi7 j is defined for sufficiently large j)0 then we can find 

x,z E W such that yil k.= yqz and yi7 m = yqx for some 0<k<m and .1 :1<s. 

Then, as for j<0 above, O(yq) is of type B, C or D and thus T has 

infinite order. 

Thus, either we can tell that T has infinite order or O(yi) is of 

type A for all 1<i<s. 

Sup se z 1 is a proper initial segment of yi. Since {(1,...,yr} is 

a cofinite basis we have that ziwi E t(1,...,yrl for some cofinite basis 

{w11•• • , wk}• Since O(y1) = O(z1) is assumed to be of type A, 

defined and hence the columns 

Z1T is 
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z iwi . . . z iwk

hi 1 • • • hik

. Y, z i-i(1071) 2, . • . z 1 7(k sz,

belong to the above symbol for T. 

The column z1

z T 
1 

( * ) 

belongs to some symbol for T, since z17 is 

defined, thus the set of columns (*) must contract to this column. So 

the symbol 

z1 yi
k+1 

yi
r 

2, h• i
k+1 

... hi
r 

ZiE Zi
k+1 

zi
r 

is also a symbol for T. But 0(z1) = 0(y1) is not of type E and so this 

contradicts the assumption that the first symbol for T above is in 

quasinormal form. Thus z1 (and similarly any zj) cannot be a proper 

initial segment of any yi. 

If some yi is a proper initial segment of z1 then we proceed as 

above to show that the column 

for T and that the columns 

yi7 -1 s. belongs to some symbol 

yi 

y i  1 ( 14  1) 271  

belong to the first 

hi i

Yiwi

symbol above. 

Yi7 1(wk)k-1

hik

Yiwk 

This also shows that the symbol 

contracts in a manner contrary to assumption. Thus no yi can be a 

proper initial segment of zi (or, similarly, any zj). 
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some 

Thus, since rvZ 1 is a cofinite basis, we must have zffyi for .2 

1414r. Similarly we must have 9 = yi for each 1 <j(r and since 
r 

zi* . unless i=j we have {r. 1,...,zr) = 4 

The above lemma shows that either T can be seen to have iifinite 

order or else we can construct a symbol for T of the form. 

Y yb yp Ys • 

h 1 hb hp hs

Y 2 ... yi ypi-1 yp 

Thus we have the following theorem. 

Theorem 3.12 The order problem is solvable in <Gn,i,H> if it is 

solvable in H. 

Proof: Suppose T has the above symbol. If in is the lowest common 

multiple of the lengths, b,...,(s-p), of the cycles in this symbol then 

'Ern has symbol 

17

(.,...hb) E   
Ys 

(hp...hs)s-P 

• 

Y l Ys 

Since T has finite order if and if only if Tm does, T has finite order 

if and only if each of the elements a h °"' ' qh ..h E H do. 
p s 

Thus the order problem in <Gn,i,H> is solvable if and only it is 

solvable in H. 4 
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3.4 Residual finiteness 

If H<in, is defined by a finite set of expansion rules let 

a e H be non-trivial. From the standard embedding we see that ak*1 

gives that, for some r, t(p(r) * 1. The map 0: ah + h4" is a 

hamamorphism from H to Sn_ l(wrSn_ l)r 1. The kernel of this homomorphism

has finite index in H and does not contain ak j since (lel = (r) * 1. 

Thus we have the following theorem. 

Theorem 3.13 If H 44 11,1 is given by a set of expansion rules then H 

is residually finite. 

This theorem puts a restriction on the finitely generated groups 

with solvable word problem that we can hope to construct from a set of 

expansion rules of this type. For example, the group <s,t I S-1t2s=t3> 

is a one relator group, and hence has solvable word problem, but is not 

residually finite [1]. 

Of course, this theorem does not put an immediate restriction on 

the subgroups of <Gn, 1,H> itself but the strength of this method lies in 

the fact that we can make H the group that we want to embed in a 

finitely presented simple group. It seems to be very hard to find out 

what general subgroups of <Gn, 1,H> can look like. 
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Chapter 4 

Linear Groups 

We now use the construction described in the previous chapters to 

show that we can embed GL(n,Y), the linear group of invertible integer 

matrices, in a finitely presented simple group. We do this by showing 

that the semidirect product, Mn.GL(n,M), is a group defined by a finite 

set of expansion rules, as defined in Chapter 2. The nature of the 

expansion rules obtained makes it clear that for any finitely generated 

subgroup, L, of GL(n,M), the semidirect product, EPL, is a group defined 

by a finite set of expansion rules. 

We also show that two elements of L are conjugate in , <G_in 
1, E 

only if they are conjugate in L and that two elements of Mn are 

conjugate in <Gm,,, EnL> if and only if the conjugating element can be 

chosen from L. From this we show that, if there exists a finitely 

presented linear group with unsolvable conjugacy problem or unsolvable 

orbit problem, we can construct a finitely presented simple group with 

unsolvable conjugacy problem. 

4.1 The construction of <G2 2,1, .GL(n,M)> and <Gm,1,2PL>. 

Lemma 4.1 The free Abelian group of rank n, En, is a group defined' by 

a finite set of expansion rules. 
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Proof: Consider the n expansion rules 

t 
1 

a2 a3 a4 a5 a6 a7 • • • a2n a2n.4.1 a2n+2 

t1 1 t1 1 t1 1 t1 1 1 

‘a3 a2 a5 a4 a7 a6 a2n+1 a2n a2n+2 

t a2 a3 a4 a5 a2n-2 a2n-1 a2n a2n+1 a2n+2 
2 

t2 t2
1 1 t2 t2 1 1 1 

a
4 

a
5 a2 a3 a2n a2n+1 a2n-2 a2n+2 

t
n a2 a3 a2n-1+1 a2n-1+2 a2n-1+3 a2n+1 a2n+2 

tn tn tn 1 1 1 1 

,a2n_14.2 a2n-1+3
a2n+1 a2 a3 a2n-14.1 a2114.2 

If at is the unique element of corresponding to ti, under 
i 

1f2n+2,1 

the standard embedding of F<ti,...,tn> in 2n+2 1 (see Chapter 2), then .5 ,

we show that <a t ,...,at > is the free Abelian group of rank n. 
1 n 

The symbol 

al ... a2n+1 a2n+2al a2n+2a2

1 ... 1 1 ti

• • • 

• • • 

a2n+2a2n+1 a2n+2a2n4.2

1 1 

-a, ... a2n+1 a2n4.2al a2114.2a2i -1+2 ... a2n4.2a2n_2i -14.1 a2n4.2a2n+2

is a symbol for at. and so at * 1. In fact, at. cannot have odd order 

since (a 
2,- 
n22al') 

au- ---- 
,m = a2n+2a2i -1+2a 1 for all odd integers, m. If 

a 2m = 1 then the symbol 

al ... alp' 1 a2 n+2 a1 a2 n+2 a2 a2 n+2 a3 ... a2n4.2a2n4.1 a2:14.2a2n+2
(

1 ... 1 1 t•1M t.1M ...  t.111 1 

a ... a n„ a n„ a a n„ a a n, a ... a mi. a n+ a n..,_ a n.f. 
1 2 1 2 2 1 2 2 2 2 .2 3 2 2 2 1 2 .2 2 2 
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is a symbol for the identity. For all wEW, 

(a2142a2wa,i)ajm = a21-42a,4y4'4 
i 

pas and so 
1 1 WtT = W. 

Thus 

(a „ w)a,.m = a n, Wa_m = a n, w whenever it is defined and so, if 
2—T2 L. 2—T2 L'- 2- -'2 1 1 

at 2m = 1, then at m = 1. But at m * 1 for any odd m (including m=1) and 
. . . 
i 1 1 

so we deduce that each at must have infinite order. 
1 

The element ot..71
t73 3 

lt.t. has symbol 

al ... a2n4.1 a2n+2a1 a2n+2a2 a2n+2a2n+1 a2n4.2a2n4.2

1 1 1 • • • 2n+1 
• • • 

a
"" a2n+1 a2n+2al 

where 6k  3 =1 or t71t7lt.t.' [ti ,t1] k = (t.,t. 3] 

1 

a2n+2a2 a2142a2n4.1 a2n4.2a2n4.2

and let al be the element 

defined by uai = v if and only if the column u' belongs to some 

1 

,v 

symbol for ak. Then, as in Lemma 2.3, ajt is the unique maximal 

extension of at. 

By inspection of the symbols for ak we see that, for words u of 

length 1 or 2, one of the columns 

1 

and 'u belongs to a symbol for 

ak. Suppose that this is true for words u of length less than k. From 

the expansion rule for t we have that either the column 

column uai 

uai, 

all the columns of all symbols for at are of one of the two types above. 

uai

1 

uai

or the 

belongs to a symbol for ak, 10.<2n+2. Thus, by induction, 



- 54 - 

So, if vat is defined, we must have vaI = v. Thus, at is the unique 

maximal extension of the trivial element and so ak=1. 

We have that <at1,...,atn> is an Abelian group, all of whose 

9eneratocs have infinite order. If atqi ...atqn 

qi,...,qn, then all of these integers must be even. (If not, then the 

permutation of the bottom row of a symbol for at 1...atqn, with respect 

to the top raw, is non-trivial, thus the symbol cannot be a symbol for 

the identity). Suppose at2q 1...04_2qn = 1. From the symbol, 
1 

al ... a2n i a2n4.2al a2n4.2a2 a2n+2a2n4.1 a2n+2a2n4.2

1 g.. 1 1 1 

... a2114.1 a21.42al a21.42a2 ... a21-4 2a2n4.1 a2n_y2a2n4.2, 

q 2 
where h = t1 1...tnqn for at2q q = ah 1...a n 2 

' 
tn 

1 
qi qn 

at --at * 11 n
<et ,...,at > is the free Abelian group of rank n. 4 

1 n

then ah = 1. Thus, 

1, for some integers, 

we see that, if ah2 = 1, 

for any qi,...,qn * 0, so 

We now show that we can obtain an expansion rule for each 

automorphism of En, given the expansion rules for the ti described in 

Lemma 4.1. 

The automorphisms of 7Zn = are generated by the 

elementary automorphism=. X, Y and Zi given by 

TX = 11 
T 
1 Tly = T1T2 Tizi = Ti 

TiX = Ti TiY = Ti TiZi = TI

Tjzi = Tj 

for 2<i<n, 2<jti<n. 
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Consider the expansion rule 

x + a2 a3 a4 a5 a2n 

x xt1 x xt1 x ... 

a2 a3 a4 a5 a2n 

a2n+1 a2n+2 

xt1 1

a211+1 a2n+2 

• 

Let 0
x be the image of x in Ii 2 2,1 under the standard embedding. The n

element x-ltixti = t has expansion rule 

t a2 a3 a4 a5 a2n a2n4.1 a2n+2 

R 1 t 1 ... k 1 1 

a2 a3 a4 a5 a2n a2n+1 a2n+2 

If at is defined as in Lemma 4.1 then the above expansion rule shows 

that vak = v whenever it is defined. So, as in the proof of Lemma 4.1, 

02=1. Thus, clat ax = at 

If i*1, let h=[x,tili.Then, since <G4_ ,...,at > is Abelian and Li n 
a t  -1 1 1 -1 1 1 1 = ahr '°.:K CY .axat. at =  ax at at.axat. at =  CYX at.axat. 

1 ti 3. 1 1 1 1 1 1 1 

the expansion rule for h is equivalent to the expansion rule 

h a
2 a3 a4 a5 a2n a2n+1 a2n+2 

h h h4 h5 h2n 1 1 

a2 a3 a4 a5 a2n a2n+1 a2n+2 

where hj = 1,h for 4<j<2n. Again, consideration of 41 shows that 

ah = a-la t a x a t 1 = 1.
x  . 

Now consider the expansion rule 

Y a2 a3 a4 a5  a2n-1 a2n a2n+1 a2n+2 

y y y yt21  y y ytp 1 

a2 a5 a4 a3  a2n+1 a2n a2n-1 a2n+2 

- 1 - - Then, if P. = y tlytltil , £ has expansion rule 
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and so act=1. 

t + a2 a3 a4 a5 a2n a2n+1 a2n+2 

£ 1 R. 1 ... k 1 1 

a2 a3 a4 a5 a2n a211+1 a2n+2

If k = y-ltzytp then k has expansion rule 

k a2 a3 a4 a5 a2n a2n+1 a2n+2 

k 1 1 k 1 k 1 

a2 a3 a4 a5 a2n a2n+2 

and so c lat2ay = at . Then, if h = y-ltiytil for 3<i<n, we have that 
2 

- - 
atlay atiayati ot2 = an and so we can assume that h has expansion rule 

a2 a3 a4 a5 a2n a2n+1 a2n+2 

h h h
4 h5 h2n 1 1 

a 2 a3 A _4 A _5 ... a2n a2n+1 a2n+2 

where y h] • = 1 or h, for 4<j<2
n
. Thus a-la a = 

ti y ti-

Finally, consider the expansion rules 

z
2 a2

z2

a2 

a3

z2

a
4 

a4

z2

a3 

a5 a2n-2 a2n-1 a2n a2n+1 a2n+2 

z2 see z2 z2 z2 z2 . 1 

a5 "' a2n-2 a2n a2n-1 a2n+1 a2n+2 

z
3 

-* a2 a3 a4 a5 a6 a8 a9 a2n a2n+1 a2n+2 

z3 z3 z3 z3 z3 z3 z3 z3 z3 z3 1 

a2 a 6 a4 a8 a3 a5 a9 ... a2n+1 a2n+2 

• 
• 

• 

z 
n a2 a3 a4 a5 a2n-14.1 a2n-1+2 ••• a2n+1 a2n+2 

z
n zn zn zn ••• zn znzn 1 

a2 a2n-1+2 a4 a2n-1+4 a2n 
a
3 a2n+1 a2114.2 
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By considering, in turn, the expansion rules for zlitizitil, i1711tzit-i1 , 

-1 z.1 t212 z.t-1 ,..., ziltnzitil-1 as for ax and ay, we see that 

a -la „, -, -1 = -1 -1 = 0 -la a a -1 for 2<i<n, 2<jti<n. 
Z1 
. t1 vz1 .ut1 . az

1 
 at1 .az1 .at1 

-la tj zi tj

So, if S = ix,y,z2, ...,zn,t1,...,tn}, we have defined an expansion rule 

for each element of F<S>, the group freely generated by S. This allows 

us to prove the following lemma. 

Lemma 4.2 The semidirect product of the free Abelian group by its 

automorphism group, En.GL(n,E), is a group defined by a finite set of 

expansion rules. 

Proof: Let S = where each of the 

elements of S has the associated expansion rule above. Let 

H = {c 1 t E F<S>} be the image of F<S>/xy under the standard embedding. 

We show that H is isomorphic to En.GL(n,E). 

Let Ti,...,Tn freely generatee and let X,Y,Zi be the elements of 

GL(n,E) defined by 

T x = T-1

Tix = Ti 

TiY = T1T2

TiY = Ti 

TiZi = Ti 

Tili = T1

3T3.Z. = T. 

for 2<itj<n. 

ThenEn.GL(n,E) is generated by X,Y,Z2,...,Zn,T1,...,Tn. Define a 

homomorphism 0: En.GL(niE) H by Tie = at , xe = ax, ye = ay and 
i 

zj0= az. for 2<j<n, 1<i<n. We will always write ag, for the image of 

L E En.GL(niE) under 0 and 1 for al. 
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To show that e is well defined we want to show that if L=K then 

ak ak. Each element of En.GL(n,M) can be uniquely written as a 

product of an element of En and an element of GL(n,M). So, if LFK, then 

L=TL' and K=SK' for some L'=K' E GL(ni2) and T=S E VI. By definition of 

6' ak = atk' = atak' and ak = asakl. By Lemma 4.1, if S=T then 

and so we can suppose that L,K e GL(n,E). 

at=as 

Fran the generating elements a a and az , we see that any xr y 1 

cYk E <Ox, ay, az2,...,azn> has a symbol of the form 

al ... a24 1 a2n4.2a, a2n+2a2 a2n+2,33 ... a2n+2a2n4.1 a2n+2a2n+2

1 ... 1 1 k Rua ... kU2 n_l_1 1 

a a2n4.1 a 2n+2a 1 a2n+2a2 a2n4.2a3T ... a 2n4.2a( 2n4.1) T a n+ -a ni_ ... 
1 2 2 2 2 

where T E S 2 n_ 1 and each ui is a word in t 1,...,tn. Let ak.have symbol 

a1 ... a2ri4_1 a2 
' 

n4.2 a1 a2n+2a2  a2 n_l .4a3 ... a2n4.2a2n4.1 a2ni_2a2n+2 .

1 ... 1 1 k kv ... kv
2
ni_

1 
1 

3 

al ... a2n+1 a2n4.2a, a2114.2a2 a2n4.2a36 ... a2n+2a(2n+06 a2n.F2a2n+2

We show that T=E and au. 1 

• 

. Then, by arguments with aI and arc as 

for Lemma 4.1, we must have aeak. 

Since L=K, L-1TiL = K-1TiK E En and, by Lemma 4.1, 

a2,1  
a. t.iak = ak1 at.1ak. By considering the permutations of the top and 

bottom rows of the symbols above, we see that we must have 

T-1(23)(45)   (2n 2n+1)T = E -1(23)(45)   (2n 2n+1)e 

T-1(24)(35)   (2n-1 2n+1) T = e -1(24) (35)   (2n-1 2n+1)c 

. . 

T-1(2 2n-1+2) goes (2n-1+1 2n+1)T = E-1(2 2n-1+2) 
... (2n-1+1 2n+1)e. 
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But the n products of transpositions in these equations form the regular 

representation of VI = <gi,...,gn I gf = [gi,gj] = 1 > where 

1, g1, g2, g1g2, g3, glg3, g2g3, glg2g3, g4, • • • , gig2-..gn 
correspond to 

2, 3 , 4 , 5 6 , 7 , 8 , 9 , 10, • • • 2n+1. 

Then T and c generate the same automorphism of 2, 2, and hence the same 

permutation of {1,91,g2,..., gl...gu }, and hence the same permutation 

of {2,3,...,2n+1}. In other words, T= E• 

Finally, since dilatat = ,,, ak, the symbols 

n+ a2n+2a2 a2n4.2a3
T 

a 
2
N_ 2a 

4T ...a2 2af ‘2. 1/T a 2 2a2 2 

k- ltitu3 u;1 U-41 - lt R itu5...(u2n+1) iu2n 1 

a at. a a a 
2 2 3T 2 2 2 

a ...a N. a a N. a a n+ a 
1 2 2 1 2 2 2 2 23C 

1 • • • 1 k-lt
1kv3 

a ...a II, a a 1-14. 
2 
_a3e 

2 2 2 
an a 

1 2-'2 1 2 

a n+ a 
2 2 5T 

a n,, a 
2 2 4E 

... a N. a( n) a n+ a n+ 
2 2 2 T 2 2 2 2

...a
2
N.
2
a(
2 1

) a
2
n+
2
a
2
n+2 

v:1k-lt1kv5'. (v
2
n.4.1) 1V

2
n 1 

a N. a 
2 2 56 

a2 .2a(2n)e a2n4.2a2n+2

must define the same element. Thus we must have au = av and 
3 3 

(i ,6,...,2n). Similarly, from a 1 
ui4.1 aui 

0 1 
at
2
at = 

—la
avi+1

ailat
2
ak, we 

(i=3,6,7,10,11,...,2 n). 

u5 = av5• 

= 
C1U2j+2 - n v2j+2 

assume a = a for um vm

(2J+2) < k < (2j+1+1). 

must have au = av and 
4 4 

at1 1(41  av laV 
5 4 5 4 

In general, from at J+1lat at = 

auTtlau2j+k = aviclav2j+k for
and 

From 

all 3<m‹(2j+1), we get 

aui1 aui+2 = avi1 avi.F2

and out+ = av4 we get 

ak1atiflak we have 

3<k‹(2j+1). So, if we 

all
2
j+k = aV

2
ifk 

SotlYinductior4wellavethara
=(Y ft

r all 
u. vi

3 < i < 2n+1. Thus at = ak as required. 

for 
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The homomorphism, 0, is clearly surjective and if ak = ak then

So ajlai.lat.otav=ak71a;la .asak, gives that atak' = t, 

0i7latiaki = akTlatiak, for 1<i<n. The uniqueness argument above then 

gives that ak, = ak' and so as = at. Thus, by Lemma 4.1, S-T. Since 

at! induces 

<T1,...,Tn> 

the same automorphism on <at ,...,at > =En as L' induces on 
1 

= 7zn, if
ak' = ak' 

and therefore an isomorphism. 4 

then K'=L'. So L=K and 0 is injective 

Lenmid 4.3 The group G = <G n , Ell.GL(n,E)> is a finitely presented 
2 +2,1 

simple group. 

Proof: From Leme 4.2 and Theorem 3.5 we see that it is 

sufficient to show that G=G 1. 

Since 2n4.2 is even, by Theorem 2.9, G n = G'n 
2 +2,1 2 +2,1 

< G'. 
2
n
+2,1 

For any 1<i<n, there exists some 

a1 tjk 0 .0t = at.at. 3 i 

hence En<G'. 

and so 

E GL(n,E) such that 

for some j*i. Thus at. E (e.GL(niE); for all i and 

Fran the expansion rule for ak we see that the relation 

ax = 110xYzuxt1 -130x-.-Y2naXY2n+1axt1I2n+2 holds in G for some 

1,...,y n EG n . Thus Ox = Til...y n at 2n-1ax2n for same TEG'. 
2 +1 2 +2,1 2 +1 1 

But 1 = 02 and G x  n , En E G' and SO OxEGI. 
2 +2,1

Similarly, from the expansion rule for az., we see that the 
i 

relation a 
iz
= 

pd.,1-..6i,2n4.2az1n 
holds in G, for some pi E G', i1 

6i,,,...,6i,211+2 E G n . Thus, since az? = 1, az. E G'. 
2 +2,1 1 1 
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Finally, fran the expansion rule for ay, we have that the relation 

n-2 2n holds in G. Now, a = " 
2 

y 1- 0 ai a v 2n +2 2 - 
a 2 = [apay] where y 

at E GL(NE) satisfies [ak,at-l] = at-1, [ak,at-1] = at-22 and 
1 2 2 

[avcrti] = 1 for i>3. So ay2 E G' and hence ay E G'. Thus GL(n,7Z)<G'. 

Hence, <G n ,z11.GL(n,-,E)> < G' as required. 4 
2 +211 

Thus, we have the following theorem. 

Theorem 4.4 GL(n,7Z) can be embedded in a finitely presented simple 

group. 

In particular, we can embed GL(3A) in a finitely presented simple group 

constructed in this way whereas GL(3X) cannot be embedded in any of the 

groups constructed in [5]. 

Let LF-0,1,...,kr> be a finitely generated subgroup of GL(niE). If 

we consider the expansion rules 

Li + 

I 

a
2 

a
3 a2n.f.1 a2 2 

1 ki kiU3,i

a aTi 2 3 1"1 a_n+2 

constructed as in Lemma 4.2, we see that the semidirect product, WIL, is 

a group defined by a finite set of expansion rules. Thus, from Theorem 

3.6 we have 

Theorem 4.5 If L is a finitely presented subgroup of the linear group, 

GL(ni0E), then we can choose a set of expansion rules, defining 7Z"L, such 

that <Gm,1 ,IznL> has a finitely presented simple derived group. 
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4.2 Conjugacy results for <Gm,i, zeL>. 

The following two lemmas are directed towards the possible 

construction of a finitely presented simple group with unsolvable 

conjugacy problem. 

Lemma 4.6 If L is a finitely presented linear group then two elements 

of L are conjugate in any group of the form <G111,1 ,TPL> only if they 

are conjugate in L. 

Proof: Suppose that ot,ak E L and that T-latT = ak, for some 

E <Gin, 1 , 7,171L>. 

ama2
b 

% Ia21)

symbol for T, for some u E W, oh E L, at EZZIn. 

u belongs to a symbol for T—latt 

u 

ak. But columns of symbols for ak are of the form 

Every symbol for at contains a column of the form 

for some power, b, of a
2' The column ai-na2b belongs to a 

ht 

and so we must have 

and, hence, 

Thus the column 

to a symbol for 

kr 

or t..t a E. mn ►r 

(A,

1 
at1 all akah(lt= ahlaXahas = akar, for sane as E En. 

So ah-laRphUil EL n and hence aTilatah = ak and ak and ak are conjugate 

in L as required. 4 

Lemma 4.7 There exists a group of the form <Gm,lignL> such that two 

elements of Zn are conjugate in <Gm  1 , elli> only if they are conjugate 

by an element of L. 
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Proof: In this proof we shall assume that, in the notation of 

Section 3.2, p)1. In other words, we will consider MnL as being defined 

by the expansion rules 

ti + a
2 

1 ... a
2 1 

a 
2 

11.4. 
2 
a 
2 
n+

3 
ac ... am

ar eo t .
t.1 ... t1 . 'Demo 1 1 t i 1 ... 1 

1 

a
2

1 . a2 2 a
2n_i-14_1 a2 2 

n+ a2143 ac ac+i ... am

k + a2 a3 ••• a2n+1 a2n+2 a2n4.3 ac ac+i am 

S. k.u3, • ... 2 AJ 
, 1 st2. . . 1 ... 1 

7  3 T J 

a2 a3Ii a(2n4.1)T1 a2n4.2 a2n 3 ac ac4.1 ... am ,

for 1<i<n, 1<j<r, where m > 2n+3. Note, in the proof of Theorem 3.6 we 

only required that p was chosen to be greater than a certain finite 

bound. In this proof we only require that 10)1, so we can construct a 

group <Gm,1,-,EnL> satisfying the requirements for this lemma and also 

having a finitely presented, simple derived subgroup. 

Suppose T-lasT = ar, for some as, ar E En and T E <Gm

First, we define the symbol 

u
1
a
1 ula2

1 9.
1,2 

• Ulam

• ki,m

Usal 

1 

v a1  v v a. ... ial2 v 1a lm vsa1

be a complete expansion of the symbol 

Usa2 usam 

£S,2 ks,m 

Vsaj2 • • • v a jS m, 

and we note that, for any as E E n, s2k has expansion rule 
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s2k + a2 ... a 
2 
ri+ 

1 
a 
2 
II+ 

2 
a 2 11.4.3 ac ac+ ... am

s s 1 _ ,2k k 1s2 ... 1 

a ... a a 114. a 14 ... 
2 2 1 2 2 2 3 

Then, if we completely expand the symbol, 

a 
1 

am-1
a m 

1 ... 1 s2

a1 ... am-1 am 

k 

ac a 0+ ... am

for ask, k times then we get a symbol of the form 

u1 Up Up+1 uq UT I-1 ud 

1 ... 1 s s s21 s2j

1 --- U P UP+1 ••• UCI UTI-1 ud 

There are only finitely many words, x, such that (xaor is not defined 

so choose k so that (xal)T is defined for all words, x, of length 

greater than, or equal to, k. Then (ujal)T is defined for all 1<j<d. 

The column 

hence the column 

uq belongs to some symbol for T, for some h,vq, and 

h

q

q

h-lsh 

v q

- 1 2 2 belongs to some symbol for T ask T = ark

Since the top and bottom elements of the column are the same we must 

2 , 
i 

have a for some i. But ah E eL so let ah = utak, for 
h-1 

= 
sh  ar

at e L, and then al 
j-

lasak = af • 

Since m) 2n+3, the column ug 
s2k

belongs to the above symbol for 

g
,k k 
a; , for some g<d. So, as above, 01_. 14 at, = aij, for some ak, E L 
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and for some j. But no symbol for ark contains a column 

r2j 

U 

for 

j>k, so we must have j<k. Considering the two conjugacy relations 

together we get a 
2j
,-1 2i+k 

t-iso ar = a But the automorphism 

k 12,1 E L cannot send any element of 2Zn to a proper power of itself so 

we must have i+k=j. Since j<k, we have k=j and i=0. Thus a-1 asak = ar, 

as required. 4 

Let L be a linear group over the integers. By the orbit problem 

for L we mean the problem of deciding, for two given vectors s,r E En, 

whether or not there exists an element, k, of L such that sk=r. 

In 1473 C.Miller [8] asked whether there exists a finitely 

presented linear group, over the integers, with unsolvable conjugacy 

problem. If such a group, L, exists, and if El-IL is perfect, then 

Theorem 4.5 and Lemma 4.6 show that we can construct a finitely 

presented simple group with unsolvable conjugacy problem. In fact, it 

seems to be still unknown whether GL(n,E) itself has solvable conjugacy 

problem. In the case, perhaps unlikely, that the conjugacy problem is 

unsolvable for this group, Theorem 4.4 and Lemma 4.6 would automatically 

give us a finitely presented simple group with unsolvable conjugacy 

problem. However, there seems to be more hope of obtaining a finitely 

presented infinite simple group from the results of this work, by the 

following construction. 
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Let L be a finitely presented linear group, over the integers, with 

unsolvable orbit problem. From Lemma 4.7 we see that, for some 

a ar Ee l, we cannot tell whether as and ar are conjugate in

<Gm,1 .nL> = G. If T-lai -1T = ai 1, for some TEG, then 

ailai -lak = ar -1 for some aka,. Since ailasak = at, for some at €20, 
= ar_1 

gives that at=ar. So if we cannot decide whether as and 

2 
ar are conjugate in G, we cannot decide whether asn-1 and am-1 are 

11-1 ifconjugate in G. Thus we will suppose, by taking asn-1 and ar

necessary, that as,ar E G'. Suppose that we could decide whether as and 

ar were conjugate in G'. By Lemma 3.6 we can suppose that G' has finite 

index in G, so let fiC1,.. ,X IO be a transversal for G' in G. 

Claim: If the conjugacy problem is solvableiin G' then we can tell 

whether as and ar are conjugate in G. 

Since Gm,l < G' we can suppose that xi = ariaki, for some unique 

ar. Ee, ak. E L. If as and ar are conjugate in G', then they are 
1 • 1 

- 1 conjugate in G. If as and ar are conjugate in G then T Xi 1 aSXiT = ar. 

for some TEG', 1<i<q. Thus T-lak7lasak.T = ar. But 02,71sx  E G' so we 
1 1 1 1 

cantestuthetherajlasak 
l
and ar are conjugate in G', for 1<i<q, and 

i 

hence decide whether or not as and at are conjugate in G, so the claim 

above is valid. 

We have, therefore, that if L is a finitely presented linear group 

with unsolvable orbit problem then <Gm ,1 
,1;11> is a finitely presented 

simple group with unsolvable conjugacy problem. 

Finally we show that if there exists a finitely presented linear 

group, L, with unsolvable conjugacy problem then we can construct a 

linear group with unsolvable orbit problem. We consider the free 
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Abelian group of rank n2 whose elements we shall write as nxn integer 

matrices. Define a subgroup, KL, of GL(n2,E) as follows. For each 

kx E KL and for each a e 2e12, let akk = k-lak. If the orbit problem is 

solvable for KL then, given any a,b E 7Zn2, we can tell whether akk=b for 

any kk E KL. Thus we can tell if b=k-lak for any teL. Take h,k E L, 
2 

then h and k both represent elements of VI and hence we can tell 

whether k-lhk=k for any leL. So the conjugacy problem is solvable in L. 

Define a map e: L 4- KL by ke=kk. Since kkkh = kkh, e is a 

„ 2 
surjective hamomorphism. If kk=1 then k-lak = a for all a E M" and so 

k-lhk = h for all h E GL(n,72). Thus k = ±I, where I is the identity 

matrix. So kere = {tI} or I depending on whether or not -I belongs to 

L. So KL is isomorphic to a subgroup of L of index at most 2 in L. 

Thus, if L is finitely presented, so is KL and if L has unsolvable 

conjugacy problem then KL has unsolvable orbit problem. 

We can summarise all of the above discussion into the following 

theorem. 

Theorem 4.8 If we can construct a finitely presented linear group, 

over the integers, with unsolvable conjugacy problem or unsolvable orbit 

problem, then we can construct a finitely presented simple group with 

unsolvable conjugacy problem. 
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Chapter 5 

Abelian Groups 

Let A be a countable Abelian group whose torsion factor group, A/T, 

has finite rank. Let XP = fa /mb I p prime, pim implies that pep), a 

where P is a finite set of primes,. In this chapter we show that if, for 

some finite set of primes, P, A/T is a subgroup of a finitely generated 

torsion free Xp-module then A can be embedded in a finitely presented 

simple group. 

The proof of this theorem is in two main steps. First we show that 

we can construct a group, H, defined by a finite set of expansion rules 

such that the commutator subgroup, H', of H has finite index in H and 

such that the group {a/mb I a,b E2} is contained in H' for a given 

integer, m. Then we show that, if <Gn, 1,H> is a finitely presented 

group, so. is <Gn,i, XHr> for any finite r. It is easy to show that 

Gn, 1KH can be embedded in <Gn, 1,H> and the theorem follows almost 

immediately from this. 

Lemma 5.1 The group <s,t I S-1ts = E Ils0 is a group defined by a 

finite set of expansion rules. 

Proof: If m is odd, consider the expansion rules 

t -,- a 2 
a3
 at+ a5 a 6 s a2 a3 a4 a5 a6

t 1 t 1 1 s st-k s st-k 1

a3 a2 a5 ai+ a6 sa2 a3 a4 a5 a6  .

where m=2k+1. Let at  and as  be the images of t and s under the standard 
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embedding. As in the proof of Lemma 4.1, we see that at has infinite 

order. Considering the expansion rule 

s-l tst - m 
a 2 a3 

a a 5 a 6

s-l tst - m 1 s -l tst - m 1 1 

a 2 a3 a 4 

and fran the map a
* 
5-  -tst-mr again as in 

a 5 a 6. 

Lemma 4.1, we see that 

- ltst - m = 1. Thus, given any ak e <at, as>, we can write 

a k = 0201?a-s c, for some integers a,b,c with a,c>0. 

Suppose that the relation ta ).?.cfs c = 1 holds -in <as , at >. Since 

at , and hence as , has infinite order, we must have al? = as a, with b=0 

if and only if a=c. Fran the expansion rules we see that if b is odd 

then (a 2a 1) obt  = a 3a 1 # (a 2a 1) as c-a. Thus we can suppose that ar = 

for some integers e and d. But qe and ocsi have symbols respectively 

a l ... a 5 a 6a 1 a 6a 2 a 6a 3 a 6a 4 a 6a 5 a6a6

1 ... 1 1 te t e t e t e 1 

a l a 5 a 6a 1 a 6a 2 a 6a 3 a 6a 4 a 6a 5 a 6a 6

and a l a 5 a 6a1 a 6a 2 a 6a 3 a 6a 4 a 6a 5 a 6a 6

1 ••• 1 1 sd (st- k)d sd (st- k)d 1 

sa l a 5 a 6a 1 a 6a 2 a 5a 3 a 6a 4 a 6a 5 a 6a 6

so if ae = oS then at = org and, since at  and as  have infinite order, we 

must have c- d- O. So b=0 and a=c. Thus a t  = 1 is a consequence of the 

relation as lat as  = at, and the group generated by as  and at  is the group 

d 
as 

<a a  a la a = am> as
 s ts t• 

For the case when m is even, consider the expansion rules 
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s + 

t+ a 2 a3 a - 4 '" all1+1 am+2 

t t 1 ... 1 1 

a 3 a L+ a _ 5 • • • am+ 2 a 2

a 2 a 3 a4 a5 am a1 -1 am+2 

S St-M+ 2 st -  an+ 4 St-  2111+ 6 ... s t — 4 st-  2 st-  1

a  2 am+ 2 ami- 1 am • •• a 5

Again, at  has infinite order and from the expansion rule 

S-l tSt -M a 2 a 3 a t+

s -  ltst - m 1 1 

a 3

a 5 amf I am+2 

1 • •• 1 t m- 2s -  ltst -  21n+ 2

a 2 a 3 a 4 a 5 ••• am+ 1 am+2 

we see that u as- ltst- m = u, whenever -it is defined. Thus aSlat as  = 40T 

and as also has infinite order. So, as for the case m odd, to see that 

as and at generate the group <os, at I a; 1atas = we only need show 

that if 0a = at' b then a=b=0. 

If tdb = of then examination of the symbols for these elements shows s 

that m+1 must divide b and that = 4/m+1. Thus o = 1 and, since 

m*O, we must have a=0. Hence a=b=0, as required. I 

Theorem 5.2 For a given NE (N, the additive group of rationals, 

{a/mb 1 a,b E 7Z 1, can be embedded in a finitely presented simple group. 

Proof: Let H = <as, at 1 as lotus = aT> and let n=6, if m is odd, 

and n=m+2, if m is even. By Lemma 5.1 and Theorem 3.5, G = <Gn, 1,H> is 

a finitely presented group with a simple derived subgroup, G'. 
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Since n is even, Gn,1 = GA" 4 G'. 

If in is odd, from relations D in Chapter 3 we see that 

aat iat O = at , where (1,13 and Y are elements of Gh, l . So TC? = at, where 

T E G', and hence at e G'. 

From the corresponding relation for as we have that as = c dg 

for some d and for same eeG'. Thus (4 E G' and so <GA„, at, (2f> <G1. 

Since G' has index at most 3 in G, G' is a finitely presented 

simple group. We show that X = {a/mb 1 a,b e-2Z} < G'. Write each xeX 

uniquely in the form a/mb, where b)0 and, if bt(), m doesnot divide a. 

Define a map 0: X G' by x0 = as o a'S-b. Suppose that x = a/mb and 

y = c/ md, where bki. Then 

)(eye = a13 at csb ag at ccd = 01 ae d a;lo osd = as aranb' d a;13. 

xy a+mb-dc, a+c Since   if b*d then (xy) 0 = xeye. If b=d then xy = 
mb mb 

and x0ye = aS ae+c 

(xy) 0 =0b-eat  orb. 
Let a+c = fine, where m does not divide f, then 

But a db a+c b = a e s t 
d- as 

t s s s  
e afme S e a -b as  at s ae- b and so 0 is a 

homomorphism. 

If xe = ye then as desb = dg of (ca. If d=b then a=c, since at 

has infinite order, and so x=y. Assume that d<b, then 

at = ad- b 0'6 0140-d = damb-d , so a=critb- d and x=y. Thus 0 is an embedding s t s 

and X can be embedded in a finitely presented simple group, G'. 
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If m is even, as for the case m odd, relations D give that Tcr . = at 

and e of om = 
t S 

as for some d and some 1, 6 c G'. Thus 

<Gn,l, at, 1> < G'. Defining e:, X + G' by (a/mb) 8 = at 0;13 we 

see, as for m odd, that 0 is an embedding of X in the finitely presented 

group, G'. 

So, X can be embedded in a finitely presented simple group for all 

m. 4 

We now suppose that H = <a4_ > is a finitely presented group 
`k 

defined by a finite set of expansion rules 

ti a2 a3 • • • an 

Ei, 2 Ei, 3 • • • Ei,n 

a a 31ri.211.1 
ahw. 

We consider the direct product = <{(at. ) I 1<ii<k}›, 
11 tir

and we will write HX....xH as KHr. Let S = Tx...)01 and define 

(1<i<k) . 

E F<S> to be the element (1,...,1, ti, 1,...,1), where the 

non-trivial element lies in the jth place. We also define ni,j,q E F<S> 

to be the word obtained by substituting sh,i for th in Ei,q, for lql<k. 

Lemma 5.3 If H is a group defined by a finite set of expansion rules 

then so is XHr. 

Proof: Consider the expansion rules 

S
1
. ' 4
,3 

a2 • • • an • • • ajn ajh+1 ajn+2 ajn+n ajn+n+i 

1 ... 1 1 1 ni,j,2 ni,j,n 1 

a2 an ... ja4n ainfi ain+211 ajni-nwi

• am 

1 
• • • 

• am 

(1<i‹k, 1<j <r) and let as. . be the image of si,j under the natural 
1,] 
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embedding. We show that xHr = <fa I 1414k, 14j4r1>. si,j

Let 

Kj. = <as ›* 
113 

sk,j 

K = 
)(Hr

= <{as. . I 1 41. 4k, 1<j <r}> and let 
1,J 

Then every as . E Kj has a symbol of the form 

al-.anr- 1 ahral.-anranj anranj+1 anranj+2 ...anranj+n 

1 .. 1 1 • • 1 

al--anr-1 anral--anranj 

1 2,
2 • • • Rn 

anifn+1..anranr 

1 1 • • 

ahrah ji..1 ahrahj+i 2...a hrahji-in anj+n+1..anranr 

where Li is a word in the sh,j, for 1414k. Thus, if asj E Kj and 

as EK:r as. =as implies that j=igotthatasj. =as 
q 
= 1. Clearly 

q 3 q 
K = <K1,...,Kr>, so K = KiX...xKr. Wb show that each 9 is isomorphic 

to H. 

The map ej: F<T> F<S>, defined by tiej = si,j for some fixed j, 

is an embedding and Ei ,cl ej = rii , j ,q for 2g<n. Thus the map (I): H 

defined by ati (11 = asix  is an embedding and, in fact, 4j maps H onto 

Kj since fe 1,i, • • • rSk,i = ft i4j • • • irtk4j }• 

and hence K is isomorphic to AHr. 

So H is isomorphic to Kj 

So Mir is defined by a finite set of expansion rules. 4 

If H is finitely presented then so is )(Fir for any finite r and so 

we have the following theorem. 

Theorem 5.4 If H is a finitely presented group, defined by a finite 

set of expansion rules, and if K = :xlit for any finite integer, r, then 

<Ghr , 1,10 is a finitely presented group with a simple derived subgroup. 
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Before we can prove the final theorem we need the following lemma. 

Lemma 5.5 If H is defined by a finite set of expansion rules then 

Gn,1 x H can be embedded in <Gn, 1,H>. 

Proof: If (a,ak) E Gn,i x H, let a have symbol 

Define a map 0: Gnu1 X H ± <Gn, 1,H> 

where T has symbol 

by the rule 

al ... an_ 2 an_ l anti' ... anus

a9„) e 

1 ... 1 k 1 1 

al an_2 an_ l any, anus

This map is well defined and is clearly a homomorphism. If 

(a,ak)0 = (13,00h)e = T then let 

al ... an_ 2 an_ i anYi anYr 

1 ... 1 k 1 1 

a1 --- an-2 an-1 anzi anzr

be the unique shortest symbol for T. We must have ak = an = ak and the 

symbol 

Yi ••• Yr 

1 ... 1 

,Z1 Zr. 

must be the unique shortest symbol for both a and a. Thus a=a and e is 

the required embedding. 4 
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Let A be an Abelian group with torsion subgroup T<A>. Suppose that 

AiT<A> is a subgroup of a finitely gemerated torsion free Xp—module, M, 

where is' the ring of rationals whose denominators are products of 

prites 'belonging to the finite set P. Let C be the minimal divisible 

group containing A. If T is the torsion subgroup of 'C consider B=CA,T>. 

group, T is the torsion subgroup of B, T is divisible and A/T<A> is 

isomorphic to B/T. Because T is divisible, B is isomorphic to the 

direct product, Txr3/T.I.

Let ini,...,mrl be a generating set for M and associate. B/T with 

its image in M. For each b E B/T write b in the form xm1+...+xrmr, 

where each xi E Xp. Define a map 0: B/T 4 Xp...xXp by, 

be = (x l,...,xr). If then b = 

(x 1 r = 0. Since the mi generate M, we must have 

(xi-yi)mi = 0, 1<i<r. Each mi has infinite order and so xi=yi, 

Thus 6 is well defined. Since 0 is clearly an embedding, we 

B/T in )4. 

can 

1 ‹i ‹r. 

embed 

If H = <as,ot I clatas = 00E> we can embed xXf, and hence B/T, in 

the group xHr = K. By Lemma 5.1 and Theorem 5.4, <Gnr,1,K> is a 

finitely presented group. 

If A is countable then T is countable, and locally finite. 

Thus, by Theorem 2.10, T can be embedded in Gnr, So TA13/T can be 

embedded in Gnr,, x K which, by Lemma 5.5, can be embedded in <Gnrr1,K>. 

Theorem 5.6 If A is a countable Abelian group whose torsion factor 

group is a subgroup of a finitely generated torsion free Xp-module, then 

tSee, for exemple, Infinite Abelian Groups, Fuchs, pg.100 [4]. 

f X115 rup exists se_€ E4-3 fcj - 1O7 
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we can embed A in a finitely presented simple group. 

Proof: As discussed above, we can embed A in a finitely presented 

group, <Gnr, 1,K>, where n is even. So Gnr,1 = Gnr, 1 and, from the proof

of Lemma 5.3, we see that we can embed the torsion factor group, A/T<A>, 

of A in the derived subgroup, Hix...x111 = K', of K. 

Since H' has index at most p-1 in H, K' has index at most r(p-1) in 

K. Thus <Gnr,i,K>' has finite index in <Gnr, i,K> and hence is a 

finitely presented simple group. Of course, Gnr, i x K' < <Gnr,1,10'• 

Thus A can be embedded in a finitely presented simple group. 4 
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*
Also include in D the relations 

° t. = 
66 1 

t. G 6 3 O   61-1° . 6 6n,i 
1,2v 1,3u 1,nu  1.1

where II E S and d has symbol n-1

1ft 

li 

a2 an a
l
a

i 
a

1
a

2 
...a an 

1 ...1 1 1 ... 1 

a z...a n a la i a la . . . a ianp, 
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