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ABSTRACT

This thesis is mainly concerned with the development of a procedure
to construct finitely presented infinite simple groups.

The finitely presented groups, Gp,), constructed by G.Higman [5]
are extended by certain subgroups, H, of the inverse limit of wreath
products, Sp—i(wr Sp-1)¥. It is shown that if H is defined by a finite
set of expansion rules (see Chapter 2) then the group <Gp, 1,B> is
finitely presented if H is finitely presented. The commutator subgroup,
<Gp,1,H>, is shown to be a simple group and it is proved that an integer

m and a set of expansion rules defining H can be chosen such that
<Gm,1,H$ is a finitely presented infinite simple group.

Iet GL(n,Z) be the general linear group of nxn dimensional matrices
over the integers. The finitely ©presented simple group,
<Gm,1,'zn.GL(n;Z)5, is constructed, where ZN is the free BAbelian group
of finite rank, n. So GL(n,Z) can be embedded in a finitely presented
simple group, for all n.

Let Xp be the ring of rationals whose denominators are divisible
only by primes belonging to the finite set P. If A is a countable
Abelian group whose torsion factor group is a subgroup of a finitely
generated torsion free Xp-module, then it is shown that A can be
embedded in a finitely presented simple group.

It is also noted, at the end of the discussion of 1linear groups,
that if there exists a finitely presented linear group, over the
integers, with unsolvable conjugacy or orbit problem, then a finitely
presented infinite simple group with unsolvable conjugacy problem can be
constructed.
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Chapter 1

Introduction

'In 1974 W.W.Boone and G.Higman [2] proved that every finitely
generated group with solvable word problem can be embedded in a simple
subgroup of a finitely presented group. It is thus natural to ask
whether every finitely generated group with solvable word problem can be
embedded in a finitely presented simple group. Every finitely presented
simple group has solvable word problem so if we could answer the above
question positively then we would have a characterisation of the
finitely _.generated Asubgroups of finitely presented simple groups. A
finitely éenerated group would have solvable word problem precisely when

it is a subgroup of a finitely presented simple group.

R.J.Thampson [9] has improved on the Boone-Higman result by showing
that every finitely generated group with solvable word problem can be
embedded in a finitely generated simple subgroup of a finitely presented
group. The groups constructed in this thesis are based on the groups of
permutations of infinite binary sequences constructed by R.J.Thompson.
The approach adopted in this work does not require any knowledge of
R.J.Thompson's methods but the following is a brief outline of his

construction, using his notation.

Let K be a nomrempty set of infinite binary sequences such that,
for every finite binary sequence, o, and for every infinite binary
sequence, «, 0’a e K if and only if «ek. [If o = (@,,...,ap)
ard a= (by,...,bpree. ) where aj,bj e {0,1}, then

0"a = (@;,...,8/D),+0.sbgr+-- )]. Define a partition set for K, I, to
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be a set of finite binary sequences such that, for e\Szery acK, there
exists precisely one oeL with the property that o¢"8 = o, for some
infinite binary sequence, 8. If I, and I, are partition sets for K and
if ¢ is a one-to-one map from I,oto I; then we can associate a
permutation, F, of K with the triple ZI,,I,,9 by the rule
(0"B)F = (oy) "B, for each eI, and for each infinite binary sequence, 8.
The group of all permutations of K which can be defined in this way is
denoted by Pa(K). The set of permutations of this type, whose
associated partition sets, I, and 1, are finite, forms a subgroup of
Pa(K), denoted by Ft(K). R.J.Thompson proves tha{: Ft(K) is simple and
he also notes that if H is a group satisfying Ft(K) < H < Pa(K) then the
commutator subgroup, H', is simple and Ft(K) < H'. The analogue of this
theorem, for the groups that we want to consider, is proved at the erd

of Chapter 2.

Returning to the question of embeddability in finitely presented
simple groups, a major problem is the lack of examples of finitely
presented infinite simple groups fram which to gain insight into
possible methods of attack. This thesis is mainly concerned with
developing a construction procedure which will produce a fairly flexible

class of such groups.

In 1974 G.Higman [5], starting with the work of R.J.Thanpson
described above, constructed an infinite family of finitely presented
infinite simple groups. Some of these groups are constructed during the
course of Chapter 2 but a general outline of the way in which they arise

is given below.




Let X = {xl,...,xr} and A = {a;,...,an} be distinct sets. Let W_be
the set of all finite words (or, equivalently, finite sequences) of the
form ailaiz°"aik' on the letters A. Then W forms a semi-group under
the operation of juxtaposition, the empty word is the identity of the
semi-group. We define XW to be the set of all words of the fomm
xiail...aik and U<XW is said to be a subspace of XW if, for all words
Xju € U and for all weW, xjuw € U. The subspace, U, is said to be
cofinite if the set XW\U is finite. The finitely presented simple
groups constructed by G.Higman are commutator subgroups of groups of
isomorphisms, Gn,r , between cofinite subsﬁaces. Roughly speaking,

R.J.Thampson's groups, Ft(K), correspond to the groups Gz,r-

In the present work we take |X|=1 and extend the groups Gn,l‘ by
certain finitely presented subgroups, H, of the infinite wreath product,
Sn—l(Wr Sn—1)w' The main result of this thesis is that if H satisfies
certain conditions (i.e. can be defined by a finite set of expansion
rules, see Chapter 2) then the group <Gn,1rH> is a finitely presented
group. The analogue of the R.J.Thompson result gives that the
canmutator subgroup, <Gn’1,H'>, is simple. If H is defined by a finite
set of expansion rules we show that we can find a set of expansion
rules, also defining H, so that <Gm,1,H'> has finite index in <Gm, 1 B>

Then the groups <Gm,1,H; are finitely presented infinite simple groups.

In Chapter 2 the groups <G, 1,H> are constructed using the concept
of expansion rules and extendingithe definition of symbols introduced by
G.Higman [5]. In Chapter 3 we show that if H is finitely presented then
so is the group <G, ,,H>. This is basically because every element of
<G,,,,/H> can be represented by a finite symbol and the rules for

manipulating the symbols are essentially finite.




G.Higman has shown, in particular, that the 1linear group GL(3,Z)
cannot be embedded in any of the groups Gn,r- In Chapter 4 we show that
we can embed GL(n,Z) in a finitely presented simple group for -any
integer, n. Thus some of the groups constructed here are different from
any of those constructed by G.Higman. By the orbit problem for a linear
group, L, over the integers we mean the problem of deciding, for two
given elements t,s € ZP whether or not there exists an 2%eL such that
s =t. We show at the end of Chapter 4 that if we can construct a
finitely presented linear group, over the integers, which has unsolvable
conjugacy problem then we can construct a finiteli; presented linear
group with unsolvable orbit problem. We also show that if L is a
finitely presented 1linear group with unsolvable orbit problem then the
commutator subgroup, <Gm,1 ,ani is a finitely presented simple group
with unsolvable conjugacy problem. Thus we have the theorem that if we
can construct a finitely presented linear group with unsolvable

conjugacy or orbit problem then we can construct a finitely presented

simple group with unsolvable conjugacy problem.

Let Xp be the ring of rationals whose denaminators
contain only primes belonging to the finite set, P. In Chapter 5 we
show that if A is a countable Abelian group whose torsion factor group
is a subgroup of a finitely generated torsion free Xp-module, then A can
be embedded in a finitely presented simple group. In particular, the
additive group of rationals /b | a,b € Z} can be embedded in a
finitely presented simple group for each fixed integer, m. We would
like to embed the whole of @*, the additive group of the rationals, in a
finitely presented simple group, but it is not at all clear how this

could be done using the current methods.




Finally, we remark that recently D.Djokovié {3] has constructed a
finitely presented infinite simple group, not connected with the work
described above. The finite subgroups of this group are all of bounded

order, so it is quite different from any of the groups constructed here.




Chapter 2

The Construction of the Groups <G, B>
r

The aim of this work is to construct finitely presented simple
groups with 'interesting' subgroups. These are obtained by extending
the groups G,,1 described in [S5]. In this chapter we introduce the idea
of expansion rules and use finite sets of expansion rules to define
finitely generated subgroups, H, of the infinite wreath product
Sn_l(wrsn_l)“’. It 1is these subgroups which are used to extend the
groups Gn,l- We then expand the idea of a symbol, introduced in [5], by
adding a middle row containing elements fram F<T>, the free group on n
generators. These new symbols represent the elements of <Gn,1 ,H>, the

extension of Gn, 1

2.1 Elementary definitions and constructions.

Take an alphabet A=f{a,,.,..,a,} and assume that n>2 to avoid
trivialities. Let W=W(A) be the set of all finite words in the ajy,
including the empty word, 1, then W is a semi-group under the operation
of Jjuxtaposition. The empty word is the identity of the semi-group and
two words ail'"ajm and ajl'"ajp in W are equal in the _semi—group if

and only if m=p and ip=j, for all I<k<m.

«

A subset, Y, of W is said to be a subspace (of W) if it is closed
under right multiplication by elements of W (i.e. if, for all yeY and
for all weW, ywY). A subspace, Y, of W is inescapable (in W) if, given

any  ueW, there exists some weW such that uweY. For example,




Y=fweW | w contains at least one a,} is an inescapable subspace of W.
The intersection of two inescapable subspaces of W is an inescapable
subspace of W and if Y<Z are swspaces of W then Z is inescapable in W

if Y is.

A subspace, Z, of W is said to be cofinite (in W) if W\Z is finite.
For any zeW if yeW satisfies yw=z for some weW then we call y an initial
segment of z. If w#1, theny is said to be a proper initial segment of
z. For zeW the set Z = {yeW | y is not a pfoper initial segment of z}
is a cofinite subspace of W containing z. Any cofinite subspace of W is
inesc_:apable in W since there is a ’finite bound on the length (as a word
in the a;) of any element not m a given cofinite subspace. The
‘intersection of two cofinite subépaces of W is also a cofinite subspace

of W.

We will also need the concept of a cofinite basis. A finite set

U= {u,...,us}=W is said to be a cofinite basis if W = {ujw | wew,

1Ki<s} is a cofinite subspace and t

Note that if Z is a cofinite subspace then the set

U = {zeZ | no proper initial segment of z belongs to Z} is a cofinite
basis, so every cofinite subspace contains a cofinite basis, and in fact
W = 2. If {u,...,us} 1is a cofinite basis then so is

{Ul,...,ui_l,uial,...,uian,ui+1,...,us} and given 2zeW there exists a

cofinite basis containing z.T

A W-space homomorphism, ¢, is a map between subspaces of W such
that 1if z$=y then (zw)¢=yw for all weW. A W-space isomorphism, 9, is a

bijective W-space homomorphism. If the domain amd range of 6 are

Tcofinite bases are discussed in more detail in [5], where these
and other results are proved.




inescapable (cofinite) then 6 is said to be an inescapable (cofinite)

W-space isomorphism.

The groups 9,1,1 and Gp,, which we will now construct are sets of

inescapable and cofinite W-space isomorphisms.

Lemma 2.1 Every inescapable W-space isomorphism, 6* , can be extended

to a unique maximal such isomorphism, 6.

Proof: Let 8% be an inescapable isomorphism with domain Y.
Define the subset Y'e W by
Y' = {zeW | for some yeW, for all weW, (zw) 6*=yw if zweY},

then YEY'.

Y' is a subspace of W since, for zeY' and ueW, =zuwe Y implies
that (zuw) 9*=yuw and so zue Y'. Thus, since Y is inescapable and

Y=Y', Y' is an inescapable subspace.

Define a map, 8, on ¥' by z6=y where (zw)e*=yw whenever (zw) 0% is
defined. If 2zb6=y=2'6 choose w so that zw,z'we Y and then, by
definition of 9, (zw)9*=yw=(z'w) 6*. Since " is a bijection we must
have zw=z'w and hence z=z'. Thus 6 is injective. If zb=y then, for all
uew, (zuw)9*=yuw whenever the left hand side is defined, and thus
(zu)b=yu. The range of 6 is a subspace and the range of o* lies within
the range of 6. So the range of 6 1is inescapable and 6 is an

inescapable isomorphism.

Clearly, 8 is an extension of 6* so suppose that ¢ is an

inescapable isomorphism which also exterds 8*. If x¢=z then for all w




such that (xw)®* is defined, (xw) 9*=(xw) ¢=zw. Hence, by definition,
xeY' and x6=z, Thus 6 extends ¢ and so 6 is the required unique maximal

extension of 6*. L |

If 6 and ¢ are inescapable isomorphisms we define the composition
80¢ by y(00¢)=(y®)¢ whenever the right hand side is defined. Thus if
0 and ¢ have domains Y and Z respectively then 60¢ has domain
Yn(¥8n2)6~! and range (Y®n2Z)¢. These are both inescapable
subspaces of W and 60¢ is an inescapable isomorphism. Thus we have that
the set of maximal inescapable isomorphisms is closed under the
operation 8¢=(60¢)' where (9_.0¢)' is thé unigue maximal extension of 60¢.

It is easy to see that the set fomms a group under this operation. Call

this group ﬁln, 1

The unique maximal extension of a cofinite isomorphism is still a
maximal .

cofinite isomorphism and the set of , cofinite isomorphisms forms a

subgroup of Qn, 1. We call this group G, ; and it is the same as the

group G, , described in [5] (see Lemma 2.7).

Note, if n=1 then G1,1='g«1,1 and since we are interested in

extending Gp,1 in gn,l we will only consider the non-trivial case n>2.

2.2 Groups defined by expansion rules.

We now describe the groups which we are going to use to extend

Gn, 1+ This is most easily done using wreath products but the fact that

these groups are subgroups of a wreath product will not be used anywhere
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1se in this work.

Let A and B be two sets, B finite. ILet G and H be groups of

rmutations of A and B respectively. The wreath product GwrH is the

et of all permutations-of the set AxB which can be defined in the

following way. With each f ¢ GwrH there is associated some heH and some
family {9, ¢ G | beB} such that for all (a,b) € AxB

(a/,b)f = (agy,bh).

The wreath product is associative (see,for example, [6]) and so if
Gy is a pérmutation groué on the set B ,1%k“m (Ag finite for k<m) we
can define the wreath product Guwr...wrGmwrG, as a permutation group on
the set A X, .*XA,xA;. With each f € Ggwr...wrG, there is associated
some g € G, and m~1 families of the form {gp, € Gk lokery— x. .. xA Y,
1<k<m. For all (am,,,.az,al) € BpX...xAyxA,

(aq,...,aza)f = (amgbm,...,aggbz,alg)
w}‘lere bk= (ak—lyao-'a l) .

Finally, if we have countably many finite sets A1'A2"'-'Am""
with groups of permutations G,G,,...,Gp,... respectively, then we can
define the infinite wreath product ~--Werwr...wrG2wrG1 as a set of
permutations of the set ...XAmX...XAZxAl. With each
fe ...wrGpwr...wrG, there is associated some geG, and infinite family of
sets {gbke Gk |bke Ag—1%...xA;}. For all
(ceerBprecar@z,a)) € oooxByx.. AR,

(«eerap,...az,a))f = (...,amgbm,...,angz,alg)

where by = (ag_y,...,a2y).




Iet F be the free group of rank k acting on itself by right

-multiplication and let S,-1 be the symmetric group on the set

{a,,...,ap}. We consider the wreath products Sp— WL ..WESy_ ),

;ersn—1Wf---WfSn-1 and  ...wrSp-jwr...wrSp-; which will be written

Sn_l(wrsn_l)i“l, F(wrSn;l)i and S;_,(wrSp-;)® respectively.

We can write each element f of FwrS,_, in the form

az as e dn

L, 23 ... s
azﬂ a3n s an“

where, for each (h,a;) e F*a,,...,an}, (h,ai)f = (hj,ain)

("€Sp_1, 2ieF). We can write each element g eFwrSp_|wrSp—; in the form

287 drasjg “se daoan a3a2 PR anaz cee anan
2,2 22,3 +++ f2.n 23,2 s+ f,2 -+ In,n

a . .o
2120, 3130, *** ApnPnp, A3pd2p, 8ng20 -+ Angplng

where for each (h,aj,a;) e F*{a,,...,an}x{ay,...,an)
(hr3y,ai)g = (h%,5, ajp., ain)
("rPj € Sp~y and i, € F). In general, we can write each

k € F(wrS,_)™ in the form

1

Yi Y2 ..o ¥Vt
(1) 2(2) .. a(t)

2, Zy; ... Zt

where {Y1:Y2:---rYt} = {ajlaj2°--ajm | 2<j1,...,3p<0} and if we think of

Yi{ and z{ as reverse order m-tuples, for each heF (h,yi)k = ( hl(i),zi)_

If £,9 € FWIS,_| are the elements
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8, az ... ap and a, az ... ap
2’2 23 L R‘n hz h3 L] hn
a2" aa,n, LR J an,n. a2p a3p LN anp

respectively, then their product, fg, is the element

az 3.3 ‘s ee an .
fohon L3hgy « oo fohng

Products between elements of F(wrSn_l)m are formed in the same way.

We now suppose that F is finitely generated by T= {tlr---rtk}' Any

map, V', from T into FwrS, , can be extended to a homomorphism

b: F > FwrS,_,. We say that the set {2 > 20 | 2F} is a set of

expansion rules and that £ * %V is an expansion rule for £.

We can use the homomorphism ¢ to generate a homomorphism
p(2: F > F(wrS,_,)2. Suppose that

R’d) = a2 a3 LY an

2." aa.n. . e e an.n,
and that

R’iw = az 33 oo an
Li,2 %i,3 +++ %i,n

A, . Q... ees an..
2my “3my 0

for 2<i<n. Then define p(2): F > F(wrS,_,) 2 by
wp(2) = a8, ... asap d3zds; ... anpan

2'2'2 LIS 2'211'1 243,2 . ve oqon’n

Qondam, *+ Apndng, A3pan, cce ANgdng

It can be seen fram the discussion about products of elements above that
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¥(2) is a homomorphism.

1

Inductively, we can define a homomorphism ¢(i): F » F(wrSn_l)i

using ¢. If
i-1) =
'Q'w(l ) = Yl Y2 eee ¥m
hl hz oo hm
zl Z29 0. Zpp
and if
hj.q} = a2 a3 LI ) an
h

j,z hj’3 . ee hj'n
. a . esee & .
GoPj 303 o3
then define
(1
f"p ’ = Y1az «es Y14n y2a2 see yma2 ese Ymén .
h1’2 L hlln hllz . o8 hm’2 o e e hm'n

2189, ees 27@n, Z,8,, ess ZMa ess Zman
1 2p1 1 Y 2 Zpi 2pm Pm

If we let p(i): F(wx:Sn__l)i > Sn—l(wrSn—l)i—l be the natural
projection then ¢(i)=\b(i)p(i) is a homomorphism from F to
Sn—-l(wrsn—l)i_l‘ We can define amap ¢: F > S —1(Wf3n—1)m by the rule

( ---ajm,...,aiz,ail) (26) = ( '”bim'""biz'bi1)

where (air""'ail) (ch(r)) = (bit""'bil) . This map is well defined by
the inductive construction of the ¢(i) and ¢ is a homomorphism since
each ¢(i) is.

) Y and \(\(:!\L('_ on
A map, ¢, constructed in this way deperds only on ,the initial

choice of ¥'. Let Y=ker¢, then F/y is a subgroup of Sp-, (wrSp—,) ¥ Ve
call F/\y the group defined by the finite set of expansion rules

feg>tsv | P=F<ty, ..ty )
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Lemma 2.2 Every group defined by a finite set of expansion rules can

be embedded in G .

Proof: Let V¥: F > FwrS,_; be a homomorphism, let F/\y be the

group defined by the expansion rules ti*t;¥ and let ¢ be the

homomorphism from F into Sy wr(Sp- 1)‘”, as constructed above. Associate

F/\y with its image in the wreath product. For each %4 € F/\y define

gy € anll to be the unique maximal extension of the map oy’ gi§en by
ajw > ajw for 1<i<n-1, weW:

ajua;w + an(u(zq;(r)))alw * where u has length r and does not
contain’a;, weW,

This map is clearly a W-space homomorphism. We show that it is an

inescapable isomorphism.

For . 1<i<n, if (ajy)9y' is defined then (ajy)o,' = a;jz, for some
z. If 1I<i<n~1 then y=z and so (aix)og' = (ajy)og' if and only if
ajx = ajy. For i=n, (ajuayw)ay' = (apva,y)og’ if ~and only if
an(u(w(r))alw) = an(v(w(s))aly). Thus, since each £¢(i) preserves
lengths of words, we must have s=r, v (D)) = u(w(r)) and w=y. 'Since
26{f)  is a permutation we must have u=v. Thus 0y' is injective. From
the definition of o,' we see that for all weW (wa,)oy' is defined so
the domain of o4' is inescapable and, since £¢{f) is a permutation, wa,

lies in the range of 0}, Hence o' is an inescapable isomorphism.

Thus we define a map I: F/y > G | by 1: 26 » og. If hg=t¢ then
26(0)=h¢ (X} for all r and so oy=sy, thus I is well defined. If u
doesn't contain a, then nor does u(%(T)) and each (¥} is a
homomorphism so I is a homomorphism. 1f og=op then £4(5) = he(T) for
all r and hence %£=h¢, thus I is an embedding of F/y in Qn,l' We call

I the natural embedding or standard embedding. 4
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From now on we identify all groups .given by a finite set of

expansion rules with their images in g‘n, 1 under the natural embedding.

The following theorem is proved in the next chapter.

If H is a finitely presented group defined by a finite set of

expansion rules then the group <Gn, 1-H> is finitely presented.

2.3 Representation of group elements by symbols.

To prove the theorem stated at the end of Section 2.2, we need to
be able t;o wfite ouf explicitly any given element of <Gn,1,H>. Thus, we
extend tl:le idea of symbols introduced in [5]. Whenever we write
<Gn,1'H> we will assume that we have an explicit set of expansion rules
which define H and that <Gy, /B> is a subgroup of gn, ) containing the

image of H in 'g’n,lr with respect to these expansion rules, under the

natural embedding.

Given a group <G, ,,H>, where H is defined by a finite set of

expansion rules {t;*t;¥ | <i%}, we define a symbol to be an object of

the form
ul Uy ... Ug
21 %2 e is
Vl Vo eee Vg
where {u,,...,ug} and ¥y,...,vg} are cofinite bases and

2 € F<ty,...,tx> = F<DO. If {y;,...,ys} 1is a permutation of
lu,...;ug} and {zy,...,25} is the corresponding permutation of

v,,...,vg}, and if zih51 € ¥ (i.e. 25¢=hj¢) for uj=yy then the symbol




- 16 -

yl Yo <00 ¥
hl hz LI ) hs

zl Zz LI ZS

is considered to be the same symbol as the symbol above. Thus we can ‘

reorder columns and replace any element of F by another in the same
coset of ¥ without changing the symbol. From the discussion that

follows it is clear that these symbols represent the same element of

{fn,l and so we are justified in considering them as the same symbol.
If 2v=[a, az ... ap then

Li,2 %i,3 «-+ %i,n

az," a3_", e e an,n.

ul ese Uj—7 U3@; uja, ... Ujap Uity «es Ug

2y eee Ri1 v 4,0 eee % R4 --e fs

V]. ees Vi—y Vial Viaz.n, cee Vian.n Vi+1 ess Vg

is also a symbol and we say that it is an elementary expansion of the
symbol

ul Uz ... Ug

21 22 s e e R«s

Vl Vo «ee Vg

If one symbol can be obtained from another by a finite series of
elementary expansions then we say that the former is an expansibn of the
latter symbol. Corwversely, we say the latter symbol is a contraction of

the former. We also say that the colunn |u;| belongs to the symbol

L.
1

e

Vi

above and that the symbol contains the column.
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Lemma 2.3 For a given set of expansion rules, with each symbol we can

associate a unique.element of gn, 1e

Proof: Given a symbol
ul U2 L3R N ] us
2’1 2,2 e e n grs
Vl V2 oo Vs
. * * . . .
define 1t by (u4w) T = vyw' (where if %i is as defined in Lemma 2.2

then (anw)%i = apw') for all w such that (apw) o8, is defined.

andv, -, ¥sd
Since {u,,...,ug} is a cofinite basis and o8 is an 1inescapable

isomorphism, ™ is an inescapable isomorphism and hence has a unique
maximal extension,"- T, in gn,l' We associate this 1t with the‘ above
symbol and say that the symbol is a symbol for T and that T has this
symbol. 4

Lemma 2.4 Every expansion of a given symbol is a symbol for the same
element of ‘g,n' 10

Proof: We only need to show that if
1 U =.. Ug
L Lo e Ig
1 Vp see Vg
is a symbol for Tt ng,l then so is
U) e.o Uj-) W33, Uja8, oe. U§3p Uiy ... Ug

L 1

1 R’i—l 2]‘_'2 c e 2i,n £i+1 aee ls

V] eee Vi—] Via) Vid,, «ee Vidng Vit) ... Vg

If ¢ Egn, 1 is the element associated with the second symbol above then




(ujw) e* ij' (ij) T for j#i

and N
(vjaw) t »

* Ered

(Uja w)e = viaw

By the construction of ¢(I),
(aju) (£3¢(F)) = ajy(u(eg,56E71)) (2<j<n)

for any u and so (ujajw) e* = viajw' = vi(ajw)6s (ujajw) ™ whenever
(uiajw) e* is defined. ( (anw) O'Qijz anw‘ and (anajw)"l; an(ajw)'
whenever defined). Thus 1 is an extension of €* and, by the unigqueness
of maximal elements, t=c. 4«

Lemma 2.5 If 7, € e 'gnll have symbols then so does their product, Tte.

Proof: Suppose that t and € have symbols
U; u; ... Ug and Y1Y2 e« Ym]lr
LS PR h; hy, ... hy
| V2 sk F1 %2 eec Em
respectively. Because the,rows of the symbols are cofinite bases, by
reordering the columns if necessary, we have that either_ V. w=y; or
Y,w=v, for some weW.

“a

If v ,w=y, then, since {yj,...,ym} is a cofinite basis, we can find
some cofinite basis {w,,...,wp} such that vywj € {y1,...,ym! for I<i<p.
By reordering the columns we can suppose that V,wi=yi. Inspecting the

expansion rules we see that we can expand the first symbol above to

UIWi cee UIWE‘) Uz eees Ug Ulw'l esse UIWE') uz «ss Ug
2"1 e s % 212 e s e gos = 2‘1 e s % 22 *ve gls
lel s V]_Wp v2 ess Vg YI «we Yp Vz eses VS

where {W'l,,.,,wf)} is also a cofinite basis and w} has the same length as

Wi.
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If v =y,w then the same argument shows that we can find a cofinite
basis {wl,,,,,wp} such that vi=y,w; and that the second symbol above can
be expanded to

vl e Vp y2 s ym
h'l e hE‘) h2 ) hm

[ 1
lel..o lep Zz ¢ o Zrn

for some cofinite basis Wiy,...,wh}.

Considering each of the columns of the above symbols in this way we
see that we can expand both symbols to have the form
Uj uh ... up| and |V} V) ...V
IS S /. hi hy ... hp
Vi Vh ... VP z} zh ... 2Z)
respectively. We show that te has symbol

up oub ... |-

21hy 25hy ... 4Hhp (*)
1 2% ... ZH

For any weW such ‘that (anw)cgi- and (apw) Og;'h;' are both defined
(ui'w)T* =vi'x and (vi'x) e* = zi'y, where (apw) Ugi| = apXx and
(a,x) oh'i' = ayy. Thus (u;'w) (T*OE*) = 2i'y. So the map defined by the
symbol (*) is an extension of t*oe¢* and hence, by the uniqueness of

maximal elements, (*) is a symbol for Te. <«

Note: For each & € F<I> 0y has symbol

al LI ) an._l an .

| L

al s e an—l an

We can now describe the group <G, ,, H>, for a given set of expansion




Theorem 2.6 The group <G, ,, H> is precisely the subset of @n,l of

elements which have symbols.

Proof:

the domain of «. Thus

ula uZa

If 0eG, ; then there is some cofinite basis {u),...,ug} in

LI us(l

is a symbol and clearly it is a symbol for a.

Conversely, if “Eg'n,l has symbol

1 U2
1 1
Vv

then oe G, ,, so Gp,; is the set of

Any T e <G, i, H> is of the
ai € Gn, 1r Ogli € H.

also has a symbol.

Each ay ard

Again by Lemma 2.5, the symbol

is a symbol for the element 0102131022"-35-1025“5 =

s US

L J 1

eee VS

elements with symbols of this form.

form a;02;02025. «-0mOL for same

ozi has a symbol so, by Lemma 2.5, T

L] US
cee Ig
s e VS

T where a;, Bjr

a, and o 2 have symbols respectively
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Uy up ... ugjr Y2 «eo ¥Yi 3n Yi+) Yit2 --¢ ¥sir
1 1 * e 1 1 s s 1 1 1 1 LA 1

4 ¥y eee Ys Yo eee Yi Yi+1 @n Yit2 +-- ¥s

Yy «ee ¥s an| and |Y2 «ev Yi @n Yit+l «-- Ys|-

1 PR 1 1 1 X 1 zi 1 sesn

—

V] «eeVg-1Vg Y2 «+« ¥i @ Yit+] .- ¥s

So T € <Gy, ,, H> and the theorem is proved. <

We now define some useful notation. For each £ e F<T> and weW
define wy € W to be the word satisfying (agwa,)oy = azwya;. Then wy is

a word .of the same length as w.

If we take a colunn [u) we can expand it, using the expansion rule
L
v
for £, to the set of columns
uad) uas ... UQy|e
Ly %y ... i
Va, vajg...Vang
Note that a;j; = (aj)g. In general we can expand the column above to any
set of columns
U/WI uw, ... uvp
h, h, ...hp
vz, vz, ... VZp
where fw;,...wp} is a cofinte basis. We say that the column above

expands to the column [uw;) for 1<i<p and that this column can be

h;

VZ:-L
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obtained by expanding the one above.

If fu] belongs to a symbol for = 5‘9?1,1 then (uwa;)T is defined,
L

v

and equal to vwea, by definition. If the column [uw| can be obtained by
h

vz
expanding this column then, by Lemma 2.4, it also belongs to some symbol
'for T and (uwal)r = vza, gives that z=wg. Thus for w; and z; as above,

(wi) g = Z.

Iemma 2.7 There exists a unique, uncontractable symbol for each

T € <Gn’1, H>.

Proof: As above, we consider two symbols to be the same if
permuting the columns, and substituting elements of F<T> for elements in

the same Y-coset, of one symbol gives the other.

Let the two symbols
U, ...ug| and [Y; ... ¥m
2'1 L N ] R/S hl sew hm

Vl LI VS Zl e Zrn

both be uncontractable symbols for t. Since {u,,...,ug} and fy,...,ym}
are cofinite bases, by reordering the columns, we can suppose that

U,w' = y; for some w' € W. If wt 1 then we can suppose that w' = wa; and

Wwaj = yj for T<ien.
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We can expand the. colunn fu;) to [ uw | for some k ‘e F<T> and if
21 k
v, Wy,
ky = 8, ... an ‘
k, oo kn
y, +e app)

then (u;waja;)t = ViWgiajpa). But (vja;)t = zja) so zj = viwgaj, and

the second symbol above can be written

Yiwa;  ugwap Ynt1 +-+ Ym|e

LI Y ulwan

1 h PRPE hn hn+1 LI hm (*)

2

‘ Vlwllal Vlwllazp Vlwllanp Znty .- Zm)

If hi'k; ¢ ¥ then for same r, hi¢(r) # ki¢(r) and so for some xeW

X:
h;

are supposed to be symbols for .

# xki. But (ulwaixhial)'r = (ulwaixkial)r, since both symbols above

So, since T is a bijection, we must

have hi'k; e Y. Thus (*) can be written

Ulwal u,wa, cesn Yn+i ¢+« ¥Ym

u,wap

1 k

2 L) kn hn+1 s e hm

ViWg1d) ViWg1a55 «-+ ViWgi3ng Zntp --- Zm

which contracts to

Yn+1
hh+y

Viwg1 Znt+g

Ulw

k

contrary to assumption. Thus we must

above, 2‘1'1h1 € Y.

Repeating the argument for each of the columns of the two symbols

gives the result. <«

LN ym

LY hm

LI 2 z[n

have w'=1, Vi=z, and, as for hilki
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In particular, each of the elements o e Gn’1 has a unique shortest

symbol of the form

vl se e Vs
Each element of the group Gn, ), as constructed in [5] has a unigue symbol

of exactly the same form whence the two groups are isomorphic in a

natural way.

2.4 Results about En, 1o

In proving results about <G, ,, H> we assume the results about Gy, |

proved in [5] so these results are stated here, without proof.

Theorem 2.8 The groups G, ; are finitely presented.

Theorem 2.9 The canmutator subgroup, Gr'x, 1r of Gn,; is simple and
(i) if n is even Gn,l"'Gr'x,l ,

(i) if n is 0odd G | has index 2 in Gy, .

The simplicity of G | is used in the proof of a theorem of R.J.Thompson

[9] given at the end of this section. Since Gr'x, , is of finite index in
.the finitely presented G, ,, we have that Gj,; is a finitely presented

simple group.

Theorem 2.10 Any countable locally finite group can be embedded in

Cn,1e




Theorem 2.11 If A is a torsion free Abelian group of finite rank in

Gp, 1=G then B

(i) A is free Bbelian of finite rank,

(ii)  the centralizer, C;(a), is of finite index in the
normalizer, Ng(A)
and (iii) N;(A) has a direct factor B which has a free Abelian

subgroup C such that C is of finite index in AB.

The general aim is to construct finitely presented simple groups
which contain wide classes of finitely generated groups with solvable
word problem and the above theorem shows that there are strong
‘restrictions on even the Abelian subgroups of Gn, ; of finite rank. We

note the corollary to this theorem proved in [5].

Corollary 2.12 The group GL(3,Z), which is finitely presented with

solvable word problem, cannot be embedded in any of the groups Gn,r-

Theorem 2.13  The groups G, , and Gp,; are not isomorphic unless n=m.

Theorem 2.14 There are only finitely many conjugacy classes of

elements of any given finite order in Gr'l,l and if p is a prime which
doesnot divide n-1 then there are precisely n conjugacy classes of

elements of order p in Gl'j’ ) (and Gp,1).

-

Finally we prove a theorem of R.J.Thampson [9] which enables us to

construct finitely presented infinite simple groups.
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Theorem 2.15 If K is a group satisfying Gﬁ,1‘K<9n,1 then the

commutator subgroup, K', of K is simple.

Proof: The method of proof is to show that every non-trivial
normal subgroup, N, of K contains K'. Then, since ‘Gr'll1 is simple and
non-Abelian Gp | = Gf,; < K' and thus K' satisfies the restrictions of

K, so K" is contained in every non-trivial normal subgroup of K'. But

Gj, K" so K" is non-trivial and hence K'<K" and so K' is simple.

Suppose that N is a nontrivial normal subgroup of K and that 6eN is
nontrivial. If u*u® and y® is defined, where yw=u, then y9¥y SO we
choose ueW such that uf#u and we suppose that 6 is not defined on any
proper initial segment of u. Let v=ué. We use u to construct a

nontrivial element in G} ;AN Then, by Theorem 2.9, Gh,; <N. We then

use this to show that K/; is Abelian.

Let U be the cofinite subspace of all elements of W which are not
initial segments of ua;. Let V be the corresponding cofinite subspace
T '
for . va,. Dpefine a € Gj,; by
yo =y if veU and uw#?y for any weW
(vaja;)a = ua)a,
(va,a,)a = uay
(uas)a = vaa;
(va a:)a = ua,a;
171 L1 for i3,
(uaj)a = uaj

Similarly define BeGI']j by

yB =y if yeY and vw#y for any wW
(Valal)B = vajaj
(Valaz) B = va,

Tolpely,, ae even eloments and hence belong o Gy s
v s
(See 157, pp Bh-37) .
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(Vaz) 8 vaja;

(va,aj) B = vajaj

} for i3.
(vai) B = vay
Let Y be the damain of 61 and take ye YaAV. If y does not have
initial segment v then y6~! does not have initial segment u ard so

(yo"Ha=yo™l.  Thus y(67'eb) =y=yB. If y=vaaw then

y(671a8) = (uajaw)ad = vajam = yB. If y = vajaw then

Y(e.‘-lae) ‘= Vazw = yB ard if y = vaw then y(e‘.lae) = valalw - YBO If
Y = vajyw or vajw for i>3 then y(e lag) = yg. So ¢ las and g are both

-

maximal extensions of the same inescapable isomorphism on YnV and thus

671ab = B ¢ Gp,1. Hence o 16 lab € Gy | and, since N 4 K, o 10" lag € N.
This element is non-trivial since (ua?_ail) o 187 1g8 = (uala?_ail)g = uazai1

if and only if wv, but u#v. Thus Gx"\,1< N.

Take 6,¢ € K, we want to show that N6¢ = N¢6, If u'6 =u and

T

v'¢ = v choose «,B € Gy | so that ua = u' and v8 = v'. Since G}, < N it
is sufficient to show that N6'¢' = N¢'6' where 6' = ab and ¢' = Bo. If

a and B have symbols respectively

u u, ... ug and V V2 ... ¥V

1T 1 aaa 11 L1

u 1 ' 1 '
u u2 LI Y us V V2 LI Vm

1¢t Y/8 € G | be elements with symbols respectively

al a2 LI ) an..l anal anyz LI ] anys

1 1 LI 1 1 1 LR 1

Ud8) ua; «.. Uap-; uap U, ... Ug

T ASM\,, st can be seen flam B3 thot this can be done.
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and

a2 .-o. an alal alzz LN alz‘rn

1 L N 1 1 1 LR ] 1

Va2 e s e Varl val Vz *ee Vm

where fa,,y,,...,ys} and {a,,z,,...,2n} are arbitrary cofinite bases.
We show that o = v8'y"! and 1 = 6¢'6"! commute, and then Y8'y N = No'

and 6¢"87IN = N¢' give N6'¢' = N¢'6' as required.

If y=ajw for 2<i<n-1 then yo=y=yt (6' fixes u and ¢' fixes v). If
Y=a,w then, whenever it is defined, yT = aw' for somé w' (again,
because ¢' fixes v) and so y(otd™!17l) =y. If y=aw then yo = aw’',
for some w', whenever it is defined (8' fixes u) and so-:ir(oro‘lr‘l) =vy.
Thus oto~ 1! acts identically on an inescapable subspace and hence

1

oto”117! = 1, So H' < N as required. <
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Chapter 3
Properties of the Groups <G ,H>

If H is a finitely presented suwbgroup of 911’1 given by a finite
set of expansion rules {ti v | 1<i<k}, as described in Chapter 2, we
show that <G, ,,H> is finitely presented. The proof of this is in the
form of a series of lemmas and relies on the manipulation of symbols.

We can choose a set of expansion rules defining H such that, if we

assoc1ate H w1th‘1ts Jmage m"; ,’n, e under the natural embeddlng with

l,H> , has
Hence 1t 1s f1n1tely presented and G, 1,H>

is a finitelyi'prf¢Se edsnnple group. -We also use ,symbols‘,eto show that

We assume, with the notation of Chapter 2, that H = <0

AR otk>
and whenever we write <Gy ) H> we will assume that we have an explicit

set of expansion rules, defining H, in mind.

3.1 A finite presentation for <G, . H>.

If H is a finitely presented group given by a finite set of

expansion rules we show that <Gn,1,H> is defined by the following,

essentially finite set of relations.

A. The multiplication tables of Gn,l and H.

*See, for example, Magnus, Karrass and Solitar [7]
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B. Relations of the form 0ga = aocy, where o € Gy, ; fixes ap and

L e FLTO,

C. Relations of the form YOgYop = opYoyY, where &,h e F<I> and

Y € Gy, | has symbol
al s ee an—z an—l an .

1T o0 1 1 1

4] «es@n-p an 2n-;

D. Relations of the form 3§ o'gi 265 cgi nan,i = oti and
1 - 14

S on, 83 «u. on, 8} ,n = ot7l, where tj has expansion rule
1,2 i,n 1
ti * az A3z eee an |7
%i,2 8,3 +++ Ei,n

a a . LA BN 2 a .
2'ﬂi 31\’1 I’l'ﬂl

N,5 = gi:jﬂi"l and 8, &,i, 6§ and §),i have symbols

az. «an-1 and, ana]...anan a |, d2eedn—]1 8182 Aa1483 ... 4an aiaiiy

T e. 1 1 1 eee 1 1 1 0 1 1 1 ees 1 1

4s,..an-; @p @jaj5...a;38n @33, dj..an-) apd; anaz'ni"‘ananﬂi a,

a2 eee @n~-1 a@n 2129 ... ajaj—-; a;aj alaj+1 «e« @3ja@n 472,
L, 1 1 .o 1 1 1 ees 1 1

8) «e. 3p-) 213§ @jA3 «.. @)@§-1] 3n 33@34) ... @13p 313,

and f(a, ... ap.,a@, aa; ... ajan ap, a;a,
T e 1 1 1 1 1 1

a2 s e an—l anal anaz,".i'l s ee a]la(n‘l)“.j—‘l a}”lan'ﬁ}:l al

respectively.
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Relations A are essentially finite since Gh,, and H are finitely

presented. Relations B hold in <Gn, 1+H> since oy fixes everything

Then £ is infact an isomorphism, so K is finitely ‘genef-ateé';wm The
relations B are generated by the relations Bj Op, = ot_Bj where
i i

K =<B,,...,8p>s so relations B are essentially finite. The elements
Yogye, and o,Yogy have the saine symbol and so relations C hold in
<Gn, 1/H>. These relations are generated by the relations
Op YO, Y= YO YO, (1<i,j%) and so are essentially finite. There are
tl tJ tJ t1

only finitely many relations D and consideration of symbols shows that

these also hold in <G, ,,®>.

We show that every relation which holds in <Gn, B> is  a

consequence of relations A,B,C and D. In the following lemma ¥, ni,
Mor W3r Wy B € Gp o are the elements with symbols respectively
ul UZ...US 14 wzo-oWi_l an wi Wi+1...ws r wza-- Ws an r
11 L. 1 o0 1 1 1 T ... T eee 1 1
An Wy...Wg WoeoaWjew ) Wi 8n Witq...¥Wg Vl"'VS’l Vs
yl yzonoYS r wz.-- WS an and vl V2-..Vs .
T 1. 1T...1 1 1T 1...1

anw2.--ws Zl"‘ZS-l Zs Yl yZ...YS
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lemma 3.1 The relation

U 09 N,0g eeeNgOy H,BU Noeeot = o n, o ceellg O u
1921202, T‘s!zsz 3%h M2 sCh Wy = M) 2.h) M2 92 h, s Tochg Mu

is a consequence of relations A,B,C, and D (Qirhj e F).

Proof: First we show that for all 1<i<j<s the relation
of relations A,B,C and D. 1If a,q, ¢ Gn,1 have symbols
w2 LI R Wi wi+1 Wi+2 LI Wj an wj+1 LI Ws

T oo 1 1 1 ees 171 1 cee 1

x2 ceoon Xi arl_.l Xi+1 e e xj._l an Xj e e XS"I

and X, ... Xj 8n Xj4) eee Xjoy @n-] Xj  eee Xgog

T el 1 1 eee 1 1 1 ees 1

Wo eee Wi 8n Wit eee W= W) Wit ... Wg

respectively, where {&,,...,xg-;} is an arbitrary cofinite basis, then
% Yap = nje.-ni+;  and aplya;l = nj+;...nj  are consequences of
relations A, (Y as in relations C). BHence the relations
NeoeNitiog Ni41--enjoy = % yazoy @3lyailoy
= %)yoy Yo ap!
= %oy Yoy Yol
= 0g/ ajyagoy ozlya)
= O NgeeeNi4108 Nit1eeaTj

are consequences of relationé A,B and C.

Thus the relations
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H.0g NpOf veeNe0g U, = U Gg Noog N o eee 0
192,M20%, “szsz M2 2222.1 2N3 23% sLS“z

uln20£2n3013n3n20&l’n£n3 I’lh_ qunaooon 025}12

1-‘ g g g e s [o} X PP,
M2 zzns lsﬂq xq Ng xsns nzcxlnz NgH2
are consequences of relations A,B,C and D. The relation NgeeaN, = uyBug

is a consequence of relations A, and thus the relation

Oglnz...nsuZBugohl = 0g.h, is a consequence of relations A.

The relation

Hin,0g Naog Nuag «eeNgly = 1 0g NLOg +aNaOp NgeeeNzdy Naea.
N2 £,7308,7408, s 4 1M2N308 .08, s°g"s 308,73+ ¢+Ng
is a consequence of relations A,B,C and D as above, the relation
%znzg‘q‘lhlnz = n20p.h 204, is a consequence of the relations at the

beginning of this proof arnd hence the relation

Hiog MyOp eeeNaTyp H,BH n F HiMoNg0g Nyeea0g NgeeaNoo Nyo
192,729, s%a t2 3<’hl 2°h2 1M2N3%2 My L 299,h,"2% h,

is a consequence of relations A,B,C and D. F:'mally,,r the relation
, ca\’r\/jmg on in this way,

Hi0g MoeseNaOg UsB cesOp U, = o Nyo eeeNg0 H

192, M2 SO M2 Nz;"h1 h Hu H192 h 298 h, 592 h My

is a consequence of relations A,B,C and D as required. <

In the next lemma the elements Si are as defined in relations D,

% € F has expansion rule

2 LA an
2'2 LI gzrl
azp LI anp

and (Sn& is the element with symbol

a2 LI an_l alaz LN ] alan an alal .

1 ... 1 1 cen 1 1 1

az .o an—l anal PR, ana(n—l)p ananp al
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Lemma 3.2 For each % e F the relation § 01263023...6“ og,n5ng, = oy is

a consequence of relations A,B,C and D.

Proof: By induction on the length of £ as a word in =S P

If =1, ti—'l then the relation is a consequence of relations A and

If f%=ht;, h#1, the induction hypothesis gives that

(s} = 6 6 ..‘6 N 6 65‘4 . oo . . 1
2 th a°h3 n :%h, “nh ,Pﬁl’zp % GEl,ngd“Gn'lf

is a consequence of relations A,B,C and D. -

The §&; satisfy the conditions of the n; in Lemma 3.1 so the relation

g =48 § o § o 8 ..
L h &, . ****n “h_ &, ny .
hzglrzp 3 h3§1’30 ngl,np :

is a consequence of relations A,B,C and D as required. The case 5L=ht{1

follows in exactly the same way. <

Suppose that ¢, has symbol

and let B,, g,, ¥ have symbols

U, uj...ugs Wro.ee Wg ap and WoeeaWji—) @n Wi Witi...Ws

T 1.1 1 ...1 1 T eae 1 11 L IR

«

Ay Woe.uWg VieeeVg—] Vg WoeeoWj—] Wi @n.Wi4]ss-Wg
respectively, where {3, w,,...,wg} is a cofinite basis. Then the
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Lemma 3.3 If o, B8,, B, Y¥i are as above, then the relation

Oy = 8102152022...5502582 is a consequence of relations A,B,C and D.

Proof: By Lemma 2.7 every symbol for a given element of <Gn,1rH>
is an expansion of the unique shortest symbol for this element. Hence

the symbol

ul U2 *ee us

’9’1 22 L zs

Vl Vz e« o0 Vs

is an expansion of the symbol
al o.co an_.l an -

1 "o 1 2‘

al LI an—.l an

The proof is by induction on the number of columns of the form

a,w | in the symbol for .
h
%Wy
If there is only one such column then the symbol for o, must be of

the form

ul s s us_l an
and 0y = 8,0,8,0183...018504B) = B1¥y...85048, is the relation we are

considering. In this case vg=a, and so B, fixes ap, thus the relation
: % 7
3152...5é82 = B,%,...85B,0y 1s a consequence of relations B. But

B1%2...%58, = 1 and so oy = By¥,...¥504B, is a consequence of relations

A and B.
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For the inductive step suppose that the symbol for oy is of the
form

1 LI 1 Rl 1

1 vee S fx,2  <es %,n
u]_ coe Uq-.l anv ] eee anVr._ 1 anVra1 anvVra 2p *° anVranp
and that the lemma is true for symbols with less than r+n-1 columns of

the type above.

The relation that we are considering is

O, =B 8 e 0, % esal ¥ oy 8., O 3 e B .
2 12 q 21 o B8 ’Lr—l r+g—-) r+q lr,z r+g+) “r,n 2

If €,, e, have symbols respectively
22 s a0 Zr-{-q-—z anal anaz eaese anan al

1T ... 1 1 T ... 1 1

Wo eee Wrig-2 an Wriqg -+ Wrigin-2 Woir-1

and Wy ... Wryg-2 Wraq WrdqHl +-- Wrbgin-2  @n Wrigel

1T ... 1 1 1 1 1 1

we have the relation e, vy, +qO

symbol

e o e g € = O . If QL haS
%, 2 Yg+r+n—-2 Er,n 2 L Y

Wy ee. Wgtr—2 @n Wr+q «++ Wrtghn-p Wr+g-)

1T ... 1 1 1 oo 1 1

then Y4 = %5501;1 (8j, 2<i<n,is as defined in relations D). Since o
fixes a, the relation €4 8,0y 20‘;1 = €¥4qog_ , is a consequence of
r, . r,

relations A and B. We also have that aréaa;1 = Yrig+) SO the relation

o -y o =g 830 -1 1is a consequence of relations A
zr,zar r+g+1 Rr,a 9’1:,2 3 JLr’a“r

and B. 1In & general, a§;d"!= Yr+gti-2 and  so the relation
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€. a.8,0 8a0ee0 le, = ¢ o oo oy €
1% %2 Sy, 23 {Lr,n“r 2 1r4q zr,z_ r+gin-208, €2 is a

' consequence of relations A and B.

Examination of the symbols for €,q. and o le, shows that ejarf= §
and'ogle2 = &4 where &y is as in Lemma 3.2. Thus, by Lemma 3.2, the
relation o9y = elxﬁqclr ...Kr+q+n_20'g'n)%2 is a consequence of

14

r
relations A,B,C and D. It is thus sufficient to show that

op = ﬁIYZ"'Yq oLqu';].. Tqer-1 8;16% E;lpz is a consequence of A,B,C and D.

Let a , n;, ¥, and u, be the elements with symbols respectively
qr i 2 .

zz oo Zq_l an Zq LI 2r+q._.2 alal eeoe -alan ’

1 LN ] 1 1 1 LI 1 1 LW ) 1

w2 s Wq_l an Wq ceose Wr+q_2 Wr+q—1 see Wr+q+n—2

Z, vu. Zj-1 @n Zi +e- Zrig-2 a1,

1 1 11 ... 1 1

22 'EX] Zi_IZi an LY Zr+q_.2 al

Ul Us «avo Ug-1 anYji -+« @n¥Yr—-)1 an¥r

T L. 1 1 .o 1 1

an 22 -.oo Zq—-1 Zq ese zq+r"'2 al

LPRA 1 ces 1 1 1

ul eos Uq-l anvl ces anVr..Z anVr—l anVr

. -1 _ e . _ -
Then the relations G Uzioq = ozi, 9 Yi% njs ¥ = Bag and
W, = e,18, are consequences of relations A and B. If 'nr+q_1 is the

element with symbol
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2y -es Zr+g-p @) an
1 ... 1 1 1
Zy +++ Zr4g-2 3n )
then Nrtg-1 = (,qu_,_q_lg‘Il and hence it is suffic;ent to show that the
relation 0, = u.gp NGy oo Npderm oG N4 g~ i
L= ¥ 21 292, r+q-2 ,Q,r_l r+qg 1°2r“2 1s a consequence of

relations A, B, C and D. But this is the induction hypothesis so the

lemma is proved. <

- If aldglaz...dgm is an element of <G, ,,H> then, from Chapter 2, we

see that there exist symbols

Uipqr1 Yt 2 o0 Yity,s

for the elements o;0y such that
- i

ul'l s e v ul’S

'q'l’l'.ogrn’l aseee R’l,S""qTﬂ,S
uIrH-l,l Ut 1, s
is a symbol for algllaz...ogm. Also, from Lemma 3.3, we have that the

relation Iy = ulcli nj--.0g. M, is a consequence of relations A, B, C
ir

r 1
and D.

Lemma 3.4  Every relation in <G, ,,H> is a consequence of relations A,

*

B, C and D.

Proof: Suppose gbat alc’ll-ﬂo&n"?m:] and let wupi_y, W2ir M

(2<j<s, 1<i<m) have symbols respectively




ui,l ui,z o ui,s r w2 ‘e oe Ws an
1 1 eee 1 1 coe 1 1
an w2 ose ws ui+1’ 1] oo Ui+1's-1 ui+1,s
and

w2 coe Wj-—l an Wj Wit] eee Ws—7|.

1 ... 1 11 1 cee 1

w2 ses Wj_l Wj an Wj+1 PP Ws_l

Then, by Lemma 3.3, the relations

Oyp = oz lp,i_q0 N,0g. -..Na0g. MU, are consequences of relations
4 e "Hoi- "i,l 2 ’Ll,z S 21'8 2i eq

A, B, C and D and so, therefore, is the relation

L N2..0 Uou3o e 0 .o g .« eNg0 Uom SO0 ««0m0g.
108 (N20208) (W2H3OR, oo 0h) SHhe oMo 108y o= N8%hy Hom Z0104) - - mOlg
But 1y and My have the form required for Lemma 3.1 so the relation

.o 11PYe] coese g u = 04,0 s [o iS a
18y ety 1 2%, 000 My, 2 R PR S 192, W%y
consequence of relations A, B, C and D.

Because @0y ...omog = 1 from the symbol above for this element

we see that we must have oy | .= 1 for all '<i<s. Thus the
1,1"’£m,1 .

relation Hing..oNglioy = aldgl...%ﬁgm is a consequence of relations A,

B, C and D. Then un,...ngugn = ! is a relation in A so the relation

alcgl...omcgm = 1 is a consequence of relations A, B, C and D. ¢«

Lemma 3.4 gives that the relations A, B, C and D form an
essentially finite set of relations which defines the group <G, ,,H> on

the generators of Gn, , and the elements o, € H. Thus we have the
i

«

following theorem.




Theorem 3.5 If H is a finitely presented group defined by a finite set

of expansion rules, then <G, ,,H> is a finitely presented subgroup of

‘%n,l with simple derived subgroup.

If H is defined by a finite set of expansion rules of the form
i > a ssee an (1<i<k)

’ i'2 soen Ei,n

esee O E
: nmy

then H is also defined by any set of expansion rules of the form

tl > Ay ... An Anty ese- an+p an+p+1 +es Aniptr

gi,z LI ) Ei'n ti oo e ti 1 oo 1
az_"i ene am,i ant 1 -.- antp antpt+; »++ antptr

for 1<i<k, for any positive integers p and r. We show that we can

choose p and r so that <Gn+p+r,1 ,H>I has finite index in
<Gn.+p+r:,1 B> = G.

We will <choose r so that ntptr 1is even and thus
Chaptr' = Gpaptr <G'-

Fram relations D we have that
g =0g sl Op. OF . oee or . 8n 3
ty g;, 0" 0n E1'n§n+1 t;* - Sn+pot; on,i
P, for some t; ¢ G'. Furth if mi-
o 1; € G'. rthermore, if m
2°++8i,n i : ’ =

tj in g

= T:0
i Ei

i,2..-Ei,nti! we have that

m; my
€: = 0, *l,,.qg 1k0p for some ¢e; € G'.
i t, te %ty ! €1
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Consider the integer matrix

BN

—
M=m+p my, ... mkg

m,, Mo Hp ... mok

Ly, Meo ... MgKHP!

and choose p large enouwgh so that detM >0. Then, using elementary row

and column operations on M, we can construct the matrix

M'=1[b,0...0
.b »

2

0 0...b,

If we carry out the corresponding manipulations on the set of relations
ny . m. =
{e; = o 11, .5 1KsP | 1<i<k } we obtain k relations of the form
1 ’c1 tk ti
o
o, 1 = €', for some €' € G'. Thus G' has index at most b;b,...by in
t; i i 102 k

G.

Theorem 3.6 If H is a finitely presented gfoup defined by a finite set
an nteger m and then

of expansion rules then we can choose,a set of expansion rules defining

H such that the commutator subgroup, <Gm, 1 ,H>': is a finitely presented

simple group.

3.3 The word and order problems.

We now show that if the word and order problem are solvable in H

they are solvable in <G, ,,H>. The former is easier to prove than the

latter.




Theorem 3.7 If the word problem is solvable in H then it is solvable

in <Gn, 1 H>.

Proof: If Te€ <G, ;+H> then we can find, constructively, a symbol

for 1t by writing it as a product of elements of Gn, , and H and using
Lemma 2.5.
Let

U, u; ... Ug

L %5 oo Is

Vl Vo eee Vg

be a symbol for t. If uj#v; then (uja;)t = vija, # uja; so t*1. Suppose

uy=vy for all 1<i<s.

If %i = 1 for all 1<i<s then ™=1 since the symbol above is the
same as the symbol

1 LI N ] us .

1 ee e 1

ul so e Us

If oo # 1 for some i then, for some xeW, xog, # X. By the
i i
definition of o4, x =awau for some u and for some non-trivial w
which does not contain a,;, Because Xog, = ayWg.a,u # x we must have
1 i 191

W*”ng. But (ujwa;)t = ujwe.a; (see proof of Lemma 2.2) and so 1,

Thus, if we can decide whether o, = 1 for each 1<i<s, the word

.

i
problem is solvable in <Gp, /B>, 4

To solve the order problem we need some definitions and preliminary

discussions.
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If Te <G,,,,H> has unique shortest symbol

U, u,

L %
Vive

then we define a map 7T: UW + W

(uyw)T = v4wy . This map 1is not
i

extension of T as a map.

{T | te <Gy, ,B>} by the rule T.e = Te. Then T 7 =

Define

e s e Us

eee Vs

(U=1a,,...,us}, V=Hvy,...,vs}) by
a W-space homomorphism, but it is an
an the set

operation on

m

M= (M.

We define a pseudo-orbit (p-orbit) of 1, O(w), to be a set of the

form {...wT ™M, . ., wT

“l, W, WT, ..., WT K,... }. For each weW, O(w) is

called the p-orbit of T generated by w. If w7, wT —l are defined then

O(w) = O(wT) = O(wt ~1). However,

if wi 1is not defined but wT 1 g

defined for same i>1 then O(w) # O(wT 1).

There are five types of p-orbit:

A. Finite Complete.

some finite m,

If wt 1 is defined for all

ieZ and, for

wT M =y then O(w) is finite

camplete,

B. Infinite Complete. If wt

wil #yw for

i is defined for all ieZ and

any m then O(w) is infinite

canplete.

C. Right Semi-infinite.

some <0,

If wt 1

is defined for all ieIN but, for

wt J is not defined then O (w)

is right semi-infinite.
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D. Left Semi-infinite. 1If wT 1 is defined for all -ie N but wt J
is not defined, for some j>0, then O(w) is

left semi-infinite.

E. Finite Incamplete. I1f, for some m,k e N, WwT "k, wi T are

not defined then O(w) is finite incomplete.

Lemma 3.8 Each T e <G, |,H> has only finitely many p-orbits of types

C, Dal’ﬂ E- -

Proof: If O(w) = W7T -1 yeeor W, Wi,...} is a p-orbit of T of
type C then wT ~(3*1)  is not defined and hence wT 1 must be a proper
initial segment of some v; in the shortest symbol for T. BAny element
canpletely defines its p—orbit and there are only finitely many elements

in \W so there are only finitely many p-orbits of type C.
Similarly, T has only finitely many p-orbits of type D since W\UW
is finite.

A p-orbit of T of type E must contain an element fram both W\UW and

WAW and hence 1 has only finitely many p-orbits of type E. <

Note: For fixed 1 there are only finitely many p-orbits of type E each
containing only finitely Ir{any elements. Thus there are only finitely

many elements of w which belong to p-orbits of T of type E.




We say that a symbol for T is in quasinormal form if none of the

elements of the top row of the symbol lie in p-orbits of type E and if

no proper contraction of the symbol is in quasinormal form.

Lemma 3.9 Given Tt € <Gn, 180> we can construct a symbol for 1 which is

in quasinormal form.

Proof: We can construct the unique shortest symbol for T,
U) u) ... ug|e
L) 25 eue g ,
Vl_'_v2 ese Vg
For each u; construct ui? 3 for j=‘|,2,... . Eventually, either we
reach k such that ui'f kK is not defined or, because each u has only

q
finitely many initial segments, for some z,Xx € W, u;t k = Upz and

wuT M= ux, for k<m and 1p<s. 1In the 1latter case we have
(Upz)'f (m-k) = Upx. If neither upT (m-k) nor u,T (k-m)  j5 defined
then O(up) is. of type E, so we expand the above symbol so that it has
top row fu,,..., Up- 1/ upal,...',upan,upﬂ,...,us} and begin again. If
T (mK)  js defined then Upx = ugT (m'k)'zh , for some h, and so
ugy= upT (m=K)  or Uy = upT (mk) y, for some y. 1In the first case
u;T J  is defined for all j» and in the second case upT (k-m) - Us¥h
and u;T J is defined for all j<k. In either case O(uj) is not of the
type E. If y;T (k-M)  js dGefined then Upz = upT (k-m) ¥, for some h

and again O(u;) is infinite.

In the latter case, u;7 K not defined, construct ui"T'j for

j= -1,-2,... . Eventually we either reach m<0 such that u; T M is not

defined or for some z,x € W, u.T k = z and w:T M = for k<m0 and
i Up i Upx
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1<p<s, In the first case O(u;) is of type E so we expand the above
symbol so that the top row contains ujag for 1g<n and begin again. The
second case works as for j>0 and either O(up) is of type E, in which

case we expand and start again, or O(u;) is infinite and therefore not

of type E.

This process stops eventually since we know there are only finitely
many elements in p-orbits of type E. Thus we are left with a symbol in
which none of the elements of the top row lie in p-orbits of type E. Ve
then apply the process to all the finitely many contractions of this

symbol to test if they have the required form. ¢

Lemma 3.10 If Te <G, ,H> has a p-orbit of type B, C or D then 1 has

infinite order.

Proof: If T has a p-orbit of type B or C then for some weW, wT i
is defined for all i>0, but w 1 # w for any such i. If wT is defined.
then (wa,)t is defined and (wa;) T = wt@;. Thus (wa,) d=wrl a, for

all i»0 and hence T does not have finite order.

If T has a p-orbit of type D then wt 1 defined for some w and for
all i<0, withwtl #y for any i. Then (wa) d=wrl a; and so 1 has

infinite order. <

Lemma 3.11 For Te <G, ,,H> either t has a symbol whose top row 1is a

permutation of its bottom row or we can tell that T has infinite order.




Proof: Construct a symbol,

YI y2 es s yr 14
hl hz oo e hr

If y;7TJ=y; for some j then O(y;) is finite camplete.

31,2, 0 g™ .
If, for some JgW, yi'r' J is not defined construct YT J for
j=-1,-2,... . Since O(yj) is not of type E, yi® J must be defined
for all j<0 and hence there exist z,x € W such that y;7 k = Yqz and
YT m =YX for some k<m<0 ard 1‘q<s (because each Yp has only finitely
many initial segments and there are infinitely many ¥ J Y. Thus we
have that (ygx)T (k=m) _ Yqz. But O(yy) is not of type E and thus

v.T P is defined for all (k-m) <p<0 or 0<p<(mk). 1In the first case

q
O(Yq) is of type B or D and in the second case, by Lemma 3.9, T has

infinite order.

If y;7 J is defined for sufficiently large j»0 then we can fird
X,z € W such that y;7 k_= Yq2 and yi T m= YgX for some 0<k<m and 1<g<s.
Then, as for j<0 above, O(yq) isof type B, C or D and thus T has

infinite order.

Thus, either we can tell that T has infinite order or O(yi) is of

type A for all 1<i<s.

- Suppose z, is a proper initial segment of yj. Since {y;,...,yr} is
a cofinite basis we have that 2wy € {§¥ys...,yr} for some cofinite basis
tw,,...,wk}. Since O(y;) = O(z;) is assumed to be of type A, 2z;T is

defined and hence the columns




]_le e o o ZIWk
h. L] [ ] - h. *
i i (*)
ZTWy) g o o oz T(W) g

belong to the above symbol for .

The column (z, ) belongs to some symbol for 1, since z,t is
i
Zl'[
defined, thus the set of columns (*) must contract to this column. So
the symbol -
V4 - s o0 3
1 Yip,, i

24 hi e hi

k+1 r

is also a symbol for 1. But Q(Zl) = O(y)) is not of type E and so this

contradicts the assumption that the first symbol for T above is in

quasinormal form. Thus Zl (and sj_milarly any z]) cannot be a proper

initial segment of any Yi-

If some y; is a proper initial segment of Z, then we proceed as
above to show that the column [y;T ~! ) belongs to some symbol
L
¥i
for T and that the columns
YT THWY) gm1 eeeen ¥4T THW) o1
hil hik
Yiw, veene Yivwk
belong to the first symbol above. This also shows that the symbol

contracts in a manner contrary to assumption. Thus no Yi can be a

proper initial segment of z, (or, similarly, any z§) -




Thus, since ¥,,...,y;} is a cofinite basis, we must have z,=y; for
some 1<i<r. Similarly we must have zZ5 =Yyj for each 1<j<r and since
r

z; # z5 unless i=j we have {zl,...,zr} = Fireeeryrls ¢

The above lemma shows that either T can be seen to have infinite
order or else we can construct a symbol for T of the form.

Y1 LI ] yb e s e Yp LI yso

hl s 00 hb eos e hp s hs

YZ L ) y1 e s e yp+l s ee yp
Thus we have the following theorem.

Theorem 3.12 The order problem is solvable in <Gp, B> if it is

solvable in H.

Proof: Suppose T has the above symbol. If m is the lowest common
multiple of the lengths, b,...,(s-p), of the cycles in this symbol then
T has symbol

YI e s e YS .
m m

(hy...hp)P «evee (hp...hg) 5P

YI LI ) ys

Since T has finite order if and if only if ™" does, T has finite order

if and only if each of the elements ohl---hb' ooy ohp"-hs € H do.

Thus the order problem in <G, ,,H> is solvable if and only it is

solvable in H. <«




3.4 Residual finiteness

If H ‘9’1’1,1 is defined by a finite set of expansion rules let
o, € H be non-trivial. From the standard embedding we see that og#1
gives that, for some r, (E) # 1. The map 6: o, * h¢m‘ is a
homomorphism from H to Sn—1(WrSp—1) I=1, The kernel of this homamorphism
has finite index in H and does not contain ¢, , since o6 = 2,4;(r) # 1,

Thus we have the following theorem.

Theorem 3.13 If H <§n, 1 is given by a set of expansion rules then H

is residually finite.

This theorem puts a restriction on the finitely generated groups
with solvable woré problem that we can hope to construct from a set of
expansion rules of this type. For example, the group <s,t | s lt2s=t3>
is a one relator group, and hence has solvable word problem, but is not

residually finite [1].

Of course, this theorem does not put an immediate restriction on
the subgroups of <G, | ,H> itself but the strength of this method lies in
the fact that we can make H the group that we want to embed in a
finitely presented simple group. It seems to be very hard to find out

what general subgroups of <Gn, 1/H> can look like.

-
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Chapter 4

Linear Groups

We now use the construction described in the previous chapters to
show that we can embed GL(n,Z), the linear group of invertible integer
matrices, in a finitely presented simple group. We do this by showing
that the semidirect product, Z'.GL(n,Z), is a group defined by a finite
set of expansion rules, as defined in Chapter 2. The nature of the
expansion rules obtained makes it clear that for any finitely generated
subgroup, L, of GL(n,Z), the semidirect product, ZPL, is a grqup defined

by a finite set of expansion rules.

We also show that two elements of L are conjugate in <Gm, 1 inL>
only if they are conjugate in L and that two elements of ZD are
conjugate in <Gm,1 , ZPL> if and only if the conjugating element can be
chosen from L. Fran this we show that, if there exists a finitely
presented linear group with unsolvable conjugacy problem or unsolvable
orbit problem, we can construct a finitely presented simple group with

unsolvable conjugacy problem.

700>,

. n '
4.1 The construction of <G2r1+2,1,: 7z .GL(n,Z)> and <Gm, >

Iemma 4.1 The free Abelian group of rank n, ZR, is a group defined ) by

a finite set of expansion rules.




Proof: Consider n expansion rules

tl +{ap; a3 ay4 ag ag ay ... agn aynyq axny?

R R 1 1

(83 3 35 3y 37 3 .-+ nyq Sn ANy

t > (ay a3 ag a5 ... anp an.g 3a; Anyq ANk
e, €, 100 L g, gy, 11

8y a5 ay; az ... an aynyq azng aynq Anyy

n a2 a3 e @yn-lyq agn-lyp apn-143 ... anyq 2042 |-
th tn eee  tn 1 1 aee 1 1
8yn-1yp 8n-1;3 «-+ dnyy A a3 .-+ o0l 3nyp

If oti is the unique element of §}2n+2,1 corresponding to t;, under
the standard embedding of F<t1,,,,,tn> in €}2n+2,1 (see Chapter 2), then

we show that <Oy yeeep0p > is the free Abelian group of rank n.
1 n

The symbol
8 ees@pnyy @pn4,8) 303, eee @300y B804,
1 ... 1 1 ti e 1 1

a . .
1 a2n+1 a2n+2a1 a2n+2a21 14, ==° a2n+2a2n_21 14, a2n+2a2n+2
is a symbol for o and so 9 # 1. In fact, 9 cannot have odd order
i i i

. m
since (a = - '
( 2n+2a?a1)oti a,ny,a,i-14,a, for all odd integers, m. If

dtzm = 1 then the symbol
1 .
a . cse
1" az’%ﬂ ang,a, a;ng,d, a,n;,a, a,ny,ang ) ang,dn;,

1 s e e 1 1 tim t'm L N} t'm 1
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is a symbol for the identity. For all WeW,
a M = g a = w.
( 2n+2a2wa1)oti 224,218 and S0 W = W Thus

m . , ,
a = a = .
( znlzw)oti 2n|2wt? azn,zw whenever it is defined and so, if

0tzm =1, then otm = 1. But o 0 # 1 for any odd m (including m=1) and
i i i
so we deduce that each O, must have infinite order.

1

J
.e. a an, a an,a ...apn.a an,.a
1 2y G %) G4y, oTHp% Ty S, M,

1 LY 1 1 61 v e 62r!+1 1

The element ctzltTltitj has symbol

a

a ' .
1 o0 @04y @nyod) anga, ... any,ang, a,n,ang,
where 6k=1 or t;ltgltitj. Let 2= [ti,tj] and let 02 be the element

defined by ucz =v if and only if the column [u)} belongs to some

1
v

symbol for 0y, Then, as in Lemma 2.3, oy is the unique maximal

. *
extension of 0y.

By inspection of the symbols for 0y we see that, for words u of
length 1 or 2, one of the columns {u] and [u] belongs to a symbol for
1 L

u u

Oy. Suppose that this is true for words u of length less than k. From

the expansion rule for £ we have that either the column f[ua;] or the

1

uai

column |ua;j| belongs to a symbol for 0,, 1<i<2™2. Thus, by induction,

. {

uai

all the columns of all symbols for o, are of one of the two types above.
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So, if vc; is defined, we must have vcz = v. Thus, gy is the unique

maximal extension of the trivial element and so og=1.

We have that <°t1,...,°tn> is an Abelian group, all of whose

generators have infinite order. If otql...gtqn = 1, for some integers,
1 n

9di,...,9ns then all of these integers must be even. (If not, then the
permutation of the bottom row of a symbol for otclll...at:n, with respect

to the top row, is non-trivial, thus the symbol cannot be a symbol for
. . 29 29
the identity). Suppose o, 1...otn N = 1, From the symbol,
1
8 ers BNy 3on453) 35043, ee 85048504 8504300 |
1 e e 1 1 h e 0w h 1

a A L3N N 3 . e
1 8,y 8,n4,a) ang,a, A N4,8 04 804,804,

2 2
lql...tnqn, for o‘thl...o'tnqn = th we see that, if 0h2 = 1,

then o = 1. Thus, ot?l...ot:n # 1 for any 4g,,...,qq5 # 0, so

where h = t

<°tl,---,<’tn> is the free Abelian group of rank n. 4

We now show that we can obtain an expansioh rule for each
automorphism of ZP, given the expansion rules for the t; described in

Lemma 4.1.

The automorphisms of 2P =<T,,...,T> are generated by the

elementary automorphisms X, Y and Z; given by

T)X = 7)1 T,Y = T,T, T,Z2i = T3 for 2<i<n, 2<j#i<n.
TiX = Ti . TiY = Ti TiZi = Tl
¢ T3z = T§




Consider the expansion rule

X > lay a3 agag ... asn angq azxyy|-
X xt, x xt; ... x xt, 1
8 a3 a4 ag ... axn axnyq Ay
Let Oy be the image of x in ﬁ}2n+2’1 under the standard embedding.
element X_ltlxtl = % has expansion rule
Y>3y a3 a4 a5 ... agn anyq amnyp|-
L1 21 L. 2 1 1

G2 @3 84 85 -+ 8pn dnyq Any)

The

1f OE is defined as in Lemma 4.1 then the above expansion rule shows

that voz = v whenever it is defined. So, as in the proof of Lemma

- ; -1 |
og=1, Thus, Oy otlcx = otl..

If i#1, let h=[x,t{1],Then, since <Ot 4+.+,0¢ > is Abelian and
1 n

0,7 63los oyot+- lor = oxlotr Of.0xOt.lot = oxlot.oxot.lt =
t1 X ti X ti t1 X tl t1 X tl tl X tl X tl Sh,

the expansion rule for h is equivalent to the expansion rule

h>1a, a3 a; as ... azn anyq amyy
8 83 8 35 ... 3n 3nyq By
where hy = 1,h for 4<4<2",  Again, consideration of 0§ shows

-1

-]
0, = 0_*0, 0.0 = 1,
h X ti X ti

Now consider the expansion rule

Yy * 32 a3 a4 ag eeese An_q an asnyq an47 |-
{ - -
Yy Y y ytl ..... y y yt,! 1

92 3 a4 83 ..... 3nyq 30 Ang ANy
Then, if & = y‘ltlytzltzl , % has expansion rule

4.1,

that




- 56 —

Y>3 a3 a4 a5 ... an anyq @y
L1t 21 .. 21 1

82 83 34 85 --- @pn 3pnyq Aynyy
and so o,=1, 1If k = y—ltzytzl then k has expansion rule

k * @, a3 &, ag ... ayn axyq anyy
k-1 1 k ... 1 k 1

4, a3 a4 as ... apn axngq axny

y

ctiogzloticyot-i-lct;l = 0, and so we can assume that h has expansion rule

and so G—lctz"y = otz. Then, if h = y'ltiyt"il for 3<i<n, we have that

h>la, a3 ay a5 ... aynaynq any,

h h hy hg...hp 1

92 33 3 35 ... 3pn anyq Any)
n _ .
where hy = 1 or h, for 4<j<2". Thus oyloticy = 9.

Finally, consider the expansion rules

,

Zy T |a2 @3 a4 as ... an.p an.q an an4q ANy

‘@2 34 33 3 ... 3ynp 3n Apn_q Anyq ANy

37|92 3 3 3 38 37 3g &g ... 2n Hnyq ANy

Z3 23 23 23 23 23 2Z3 23 ... 23 23 1

2 % 3 8 83 37 85 &g .- dn.3 Fnyq Sny)

n~ (82 @8 3 3 ... 3n-lyq 3n-yp -ee 3pnyq N4

z 1

4 Z A z s A Z n

n n n n n n °*°

92 8n—142 34 8n-l4q --- @n 83 ... Ejnyq Ny
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By considering, in turn, the expansion rules for z'i'ltlzit'i'l, zzltizit-fl

27 t,zit5), ..., Ziltpzitn! as for oy and oy, We See that

o for 2<i<n, 2<j#icn.

-1 -1 = 45 -1 -1 =4"1 -1
0, 0, .0 =g gy O, O =0 0, .0,.0
Zi tl Zi ti Zi tl Zi tl Zi t:] Zi tj
So, if 5 = {X,v,2,,...,2n,t1,...,tn}, we have defined an expansion rule
for each element of F<S>, the group freely generated by S. This allows

us to prove the following lemma.

Lemma 4.2 The semidirect product of the free Abelian group by its

automorphism group, ZM.GL(n,Z), is a group defined by a finite set of

expansion rules.

Proof: ILet S = {x,y,zz,,..,zn,tl,...,tn}, where each of the

elements of S has the associated expansion rule above. Let

H={o, | 2 € F<S>} be the image of F<S>/\y under the standard embedding.
We show that H is isomorphic to zZP.GL(n,Z).

Let T,,...,T, freely generate z" and let X,Y,Z; be the elements of
GL(n,zZ) defined by

T)x =11 T,Y = T\T, T,2i = Ty for 2<i#j<n.
Tix = Ti, TiY = Tj TiZj = T,
T321 = T4

Then Z".GL(n,Z) is generated by XY,2,,.00y204T )., Tn. Define a

-«

hamomorphism  6: ZN.,GL(n,Z) + H by Ti® =0, , X0 =90, Y6-= Oy and
i

Zje = Ozj for 2<j<n, 1<i<n. We will always write 0, for the image of

L € Zn.GL(n,Z) under 6 and 1 for g1.




To show that 6 is well defined we want to show that if I=K then

oy = op. Each element of ZP.GL(n,Z) can be uniquely written as a
product of an element of Z" and an element of GL(n,Z). So, if L~K, then
I=TL' and K=SK' for some L'=K' € GL(n,Z) and T=S € Z". By definition of
6, 0g = Opgr = 0401 and op = 0g0k1. By Lemma 4.1, if S=T then oy=0g

and so we can suppose that L,K € GL(n,Z).

Fram the generating elements o,,0., and © we see that any

14 .
X'y z;

Oy € <ox, Oy, czz,...,ozn> has a symbol of the form
a Y .
| eee 8Ny a,ny,d) a,ng,a, a,np.a; eee 8,N4,8,04) 8Ny ,8,04,
1 eee 1 1 ) u . a 1
3 ,ny,

a ... a a a a a ees & a a .a
1 oy 804,38, 8,14,8, 8,04 ,d, oA () ¢ G530,

where T € Szl—,__1 and each uj is a word in tl,...,tn. Let ¢y -have symbol

a ... a a a. a a_a a ees A a a a .
1 oy Fo0t,3) 8T ,d, doT4,9, % 30,

1 1 1 k kv cee 1
3 kv ny,

a ... a a a a a a a ees & a a a
1 oy FMo% ) G ,%, G4 3e % (M) e G, M,

We show that t=e¢ and oui = G"i' Then, by arguments with o; and Ult' as

for Lemma 4.1, we must have og=gy.
W .
Since I~K, L-lnin = K TR e z° and, by Lermma 4.1,
C’El(’ti% = UEIUtiUk- By considering the permutations of the top and
bottom rows of the symbols above, we see that we must have

=1(23) (45) ceeve.. (2R 20411 = e71(23) (45) ....... (20 24D)e

1(24) (35)  .e... (2P-1 2%4Nyt = e71(24) (35) ..... (2-1 2T4N)e

2 2072y L. 0l 2Nyt = eT 12 207 he2) L. (2971 24,




But the n products of transpositions in these equations form the regular
representation of Z 9 = <g,,...,qn | 92 = [gj,94] = 1 > where

v 9y, 95, 9192, 937 91937 92937 9192937 Jyr ««+r 9195...9p
2,3,4, 5 ,6, 7 , 8 , 9 ,10, ..., 204y,

correspond to

Then t and ¢ generate the same automorphism of ﬂ.g, and hence the same

permutation of {1,9 ,9,,..., 9;...9n }, and hence the same permutation

of {2,3,...,2%1}. In other words, t=e.

Finally, since Uzlgtgl = gilotlgk, the symbols
a...a a a a a a a a .eed a a a
1 % T, T %ar TS MG ) T
1 eee 1. 2"1tlgu3 ugl Ul 1t gug. .l (uyng) 10 1

a ...a a an, a an, a a a cee @ ds n
; M%) T g T, P M0,

a a
2 5T 2n+2 21’1+2

)t

a.,...a a a a a a a a .ol a a a
1 znﬁ 1 5422 fuzae quus znﬁ th)e ngzn%

_1 — — - —
T eoe 1 k tlkvs vyl Vqlk 18 kve. .. (vone ) " 1V,n 1
a ,...a a a a a a a a eee A a a a
1 o5 S %3 TS, 2™ 5e 20 e 8,30

must define the same element. Thus we must have o4 = oy
) 3 3

(i=4,6,...,2D). Similarly, from

and

Ou., log: = oy., log.
Uiy, 7003 T Ovig OV

" = o1 = " = 1 .
°£10t202 leﬁtzck' we must have ou = ov, and ouiloui+2 ovi Vi,

(i=3,6,7’10,11,oo-'2n) - FIOm Gu-lo-u = OV—IOV and gu = oy we get
5 4 5 4 n
ous = ovs. In general, from gzlotj+lgz = oklotj+1°k we have

and gy ! for 3<k<(23+1). So, if we

) . = 1 .

ou J+k - 9Vk V,I+k
j A

for all 3<m<(2J+1), we get % 34k

o . _— .

u ov

27t; 23+,

assume g, = g :
Um Vm Ov 23 +k

(2j+2) < k < (2j+1+1). So by induction, we have that Ol =°6Vi for all
i

for

3 <i < 2™1. Thus oy, = ok as required.




The homomorphism, 6, is clearly surjective and if o, = g¢ then

040p1 = OgO)t. So UlTlczl%ict%' = "k-'-l"’;l"ti"sok' gives that
O'Q'Tlotioz' = cleotiok- for 1<i<n. The uniqueness argument above then
gives that op1 = o' and so og = ot. Thus, by Lemma 4.1, S=T. Since
Ogt induces the same automorphism on <otl,...,otn> =2Z" as L' induces on
<Ty,...,Tp> =2, if oy = o then K'=L'. So I=K and 8 is injective

and therefore an isomorphism. 4

Lemma 4.3 The group G = <G , Zn.GL(n,Z)> is a finitély presented

M2,1

simple group.

Proof: From Lemma 4.2 and Theorem 3.5 we see that it is

sufficient to show that G=G'.

Since 2"+2 is even, by Theorem 2.9, G , =G', and so.
274+2,1 2742,1

G < G'.
2™42,1

For any 1<i<n, there exists  some 0y € GL(n,Z) such that

Uilotjcg, = 9£40¢; {for some j*i. Thus ot, € @".GL(n,Z)) for all i and

hence ZIKG',

From the expansion rule for o, we see that the relation

O, = Y,04Y00 Oxe o oY 1OxY Ot Y holds in G for some
X 10xY2 xtle X an xY,n, %t ,Y.n,,
Y G Th 215 2™ for some  1eG
es e Y € . us o = TY oo e ag -
Lre=sriong 2N42,1 X 1e=Yon, %t X

But 0)2{ =1 and G , ZN € G' and SO oueG'.
2

N4o,1
Similarly, fram the expansion rule for ozi , we see that the
relation o, = p:8: . .5 0,2 holds in G, for some p; e G
Zi 11,1 i’2n+2 Zi Y 1 !

é . Thus, since 0,2 =1, o, € G'.

; ceerdi € G
ij1reser®i,2M2 2™2,1 i i




Finally, fram the expansion rule for cy, we have that the relation

n

_ n-2 .
2 032, holds in G. Now, cy2 = [oz,oy] where

a = EB cos

y 1=+8,n,,%t;

- 0y € GL(n,Z) satisfies [cz,ot';ll = "t;l' [oz,otzll =02 and
2

[%,oti] = 1 for i»3. So oy? € G' and hence oy € G'. Thus GL(n,z)<G'.

Hence, <G n, v zZD.GL(n,Z)> < G' as required. <
2742,1

Thus, we have the following theorem.

Theorem 4.4 GL(n,Z) can be embedded in a finitely presented simple

group.

In particular, we can embed GL(3,Z) in a finitely presented simple group
constructed in this way whereas GL(3,Z) cannot be embedded in any of the

groups constructed in [5].

Let I=<%,,...,%> be a finitely generated subgroup of GL(n,Z). If
we consider the expansion rules
4> [a, a, ... ay;ny an,

L4 2iu3,i 2iU2n+1,i

a2 aSTi N a(2n+1)Ti azm.2
constructed as in Lemma 4.2, we see that the semidirect product, ZNL, is
a group defined by a finite set of expansion rulgs. Thus, fram Theorem

3.6 we have

Theorem 4.5 If L is a finitely presented subgroup of the linear group,
GL(n,Z), then we can choose a set of expansion rules, defining ZPL, such

that <Gm,1 , ZNL> has a finitely presented simple derived group.
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4.2 Conjugacy results for <Gp, 1 zhL>.

The following two lemmas are directed towards the possible
construction of a finitely presented simple group with unsolvable

conjugacy problem.

Lemma 4.6 If L is a finitely presented linear group then two eleménts

of L are conjugate in any group of the form <Gm W ZPL> only if they
14

are conjugate in L.

Proof: Suppose that o,,5p € . and that 1 logr = ok, for some
T € <Gm,1 ’ z"L>. Every symbol for oy contains a column of the form
amazb , for some power, b, of a,. The column aihazb belongs to a

£ ht

Ipa 2b u

symbol for t, for some ueW, opeL, O e zP. Thus the column
u belongs to a éymbol for T"lolr and, hence, to a symbol for
t=1p~lent 4
u
Ok. But columns of symbols for g are of the form [u | or|u|, o ez
kr 1
u U
and so we must have Ozloﬁlczohot = oplogonog = okoy, for same og € Z°-
So Oh"logohogl e Z" and hence ogloloh = o and oy and oy are conjugate

in L as required. <

Lemma 4.7 There exists a group of the form <Gm,1,an> such that two

elements of Z" are conjugate in <G, ZPL> only if they are conjugate

by an element of L.
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Proof: In this proof we shall assume that, in the notation of

Section 3.2, p>1. In other words, we will consider Z"L as being defined

by the expansion rules

t. > a LI ) "' o s a a a ® s a a LI Y
1 2 2,114, P! o 91 ¢ “cty 8m
ti aee ti o s 0 1 1 ti oo ti 1 cee 1
a .—' . o0 a o0 a .— a a .o a a LI
21714 2 M=o G, G T4y c “cty ®m
'q'l *> a LI * e LR
i % @ G0y B4y ANty 8¢ fct) m
Ll U > s ae 2' > 1 Ll s e - 1 o 1
15 258,35 w00 A5904, *5 *5 i
a

for 1<i<n, 1<j<r, where m > 2™+3. Note, in the proof of Theorem 3.6 we

only required that p was chosen to be greater than a certain finite

bound. In this proof we only require that p»1, so we can construct a

group <Gp,1,zPL> satisfying the requirements for this lemma and also

having a finitely presented, simple derived subgroup. ‘
¢

-1 _ n n
Suppose T 0T = 0y, for some 9, Oy e Z" and T € <Gy ; , Z'L>.

First, we define the symbol

Ulal U1a2 ces Ulam PR Usa]_ Usa2 vces usam
Vb veeim oeee T 95,0 ol 2
V.ia) V1@j eee V87 eee Val; Va4 ees Vads
191 Y191, 191, s Vs9], S“In

to be a camplete expansion of the symbol

ul e s Us «

2’1 s o0 Rls

V]_ ees Vg

and we note that, for any Og € zB, s2k has expansion rule




2k
S + a o e 0 a a ® 00 a L I ) L]
gy 80+, A0+ 8c ot m
sk ... &k 1 52k .52k 1

a ese A a a ees A a PP,
2 2™y STy M4y c “cty %m

Then, if we completely expand the symbol,

al L am—l al'n
k
1 ... 1 s?

al s oo am—l am

k
for 02, k times then we get a symbol of the form

ul cee upup+1 .o-Uquq.!.l eee Ug o‘

: )
1 weul s ...s s2 ... g2

ul e o0 UP up+1 LA Y uq ‘Jq+1 -..Ud
There are only finitely many words, X, such that €xa,;)t is not defined

so choose k so that (xa,)tr is defined for all words, x, of length

greater than, or equal to, k. Then (ujal)T is defined for all 1<j<d.

The column uq belongs to some symbol for T, for some h,v,4, and

b ¢
Vq k k
hence the column Vq belongs to some symbol for T—loé T = UE R
h~1sh
A\

Since the top and bottom elements of the column are the same we must
i

have Oh'lsh =¢Z, for some i. But o e ZNL so let op = opogs for
i
: oy € L, and then ojlogog = of .

Since m*» 243, the column Ug belongs to the above symbol for

k —, oK J
o2, for some g<d. So, as above, 047162 gy = 02", for some ggr e L

b
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. k
and for some j. But no symbol for o¢2 contains a column u

r for

3
r?
u

3>k, so we must have j<k. Considering the two conjugacy relations

j i+k
together we get o -1 =0 - But the automorphism

U;I g1 € L cannot send any element of z" to a proper power of itself so

we must have i+k=j. Since j<k, we have k=j and i=0. Thus 03 logsog = oy,

as required. <

Let L be a linear group over the integers. By the orbit problem
for L we mean the problem of deciding, for two given vectors s,r e zZn,

whether or not there exists an element, %, of L such that sf=r.

In l§73 C.Miller [8] asked whether there exists a finitely
presented linear group, over the integers, with unsolvable conjtigacy
problerﬁ. If such a group, L, exists, and if ZDL is perfect, then
Theorem 4.5 and Lemma 4.6 show that we can construct a finitely
presented simple group with unsolvable conjugacy problem. In fact, it
seems to be still unknown whether GL(n,Z) itself has solvable conjugacy
problem. 1In the case, perhaps unlikely, that the conjugacy problem is
unsolvable for this group, Theorem 4.4 and Lemma 4.6 would automatically
give us a finitely presented simple group with unsolvable conjugacy
problem. However, there seems to be more hope of obtaining a finitely

presented infinite simple group from the results of this work, by the

following construction.
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Let L be a finitely presented linear group, over the integers, with
unsolvable orbit problem. From Lemma 4.7 we see that, "for some

Og,9p € T, we cannot tell whether o, and O, are conjugate

S in
<G N> =G If ~lg2 -lp = 21 for some €G th
m,1 ¢ & . T log 1t = of L 1€G, en
- n_ n_ ] -
ogtod "log = o "1 for some ogeL. Since ojlogoy = oy, for some o e Z7,
n_ n_ , . .
o1 =021 gives that 04=0y. So if we cannot decide whether o and

O, are conjugate in G, we cannot decide whether Uén"l and cf.n"l are
conjugate in G. Thus we will suppose, by taking Ogn—l and O%n_l‘ if
necessary, that og,0. e G'. Suppose that we could decide whether 05 and
0, were conjugate in G'. By Lemma 3.6 we can suppése that G' has finite
index in G, so 1et- {Xl,...,xq} be a transversal for G' in G.

Claim: If the conjugacy problem is solvable-".in G' then we can tell

whether o, and o, are conjugate in G.

Since éfn,l < G' we can suppose that xj = oricgi, for some unique
o, € ", Op, € Lo If o5 and o, are conjugate in G', then they are
i SS §

conjugate in G. If og and 9, are conjugate in G then T_lxilcsxiT = Op,

for some teG', 1<i<q. Thus tlo)Tlogog 1 =op. But 0,—, e G' SO we
1 1 zi sli

can test whether °l;1°s°£i and o, are conjugate in G', for I<i<q, and

hence decide whether or not 0g and O¢ are conjugate in G, so the claim

above is valid.

We have, therefore, that if L is a finitely presented linear group
with unsolvable orbit problem then <Gm, " ani is a finitely presented

simple group with unsolvable conjugacy problem.

Finally we show that if there exists a finitely presented 1linear
group, L, with unsolvable conjugacy problem then we can construct a

linear group with unsolvable orbit problem. We consider the free




Abelian group of rank n? whose elements we shall write as nxn integer

matrices. Define a subgroup, K, of GL(nz,Z) as follows. For each
ky, € K, and for each a e zn?, let aky, = g7lag. If the orbit problem is
solvable for K; then, given any a,b € "znz, we can tell whether ak,=p for
any kg e Kp,. | Thus we can tell if b=¢"lag for any L. Take h,k e L,
then h and k both represent elements of Enz and hence we cén tell

whether 2~ lh&=k for any %eL. So the conjugacy problem is solvable in L.

Define a map 6: L > K, by #0=k;. Since kgkn = kgn, 6 is a
surjective hamomorphism. If ky=1 then £7lag = a for all a € z"* and so
271ng = h for all h € GL(n,Z). Thus & = *I, where I is the identity
matrix. So ker® = {*I} or I depending on whether or not -I belongs to
L. So K[, is isomorphic to a subgroup of L of index at most 2 in L.

Thus, if L is finitely presented, so is KL and if L has unsolvable
g
’

conjugacy problem then K; has unsolvable orbit problem.

We can summarise all of the above discussion into the following

theorem.

Theorem 4.8 If we can construct a finitely presented linear group,

over the integers, with unsolvable conjugacy problem or unsolvable orbit
problem, then we can construct a finitely presented simple group with

unsolvable conjugacy problem.
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Chapter 5

Abelian Groups

Let A be a countable Abelian group whose torsion factor group, A/T,

has finite rank. ILet Xp = ®&/yb | p prime, plm implies that pePl, a

In this chapter we show that if, for

some finite set of pr imes, P, A/T is a subgroup of a finitely generated

torsion free Xp-module then A can be embedded in a finitely presented

simple group.

The proof of this theorem is in two main steps. First we show that
we can construct a group, H, defined by a finite set of expansion rules
g”fsuch that the cammutator subgroup, H', of H has finite‘index in H and
such that the group {a/mb | a,b € Z} is contained in H' for a given
integer, m. Then we show that, if <Gn, 1vH> 1is a finitely presented

group, so. is <G xgf> for any finite r. It is easy to show that

n, 1r
Gp, *H can be embedded in <Gp, ,H> and the theorem follows almost

immediately from this.

Lemma 5.1 The group <s,t | s™lts = t™(m e N) is a group defined by a

finite set of expansion rules.

Proof: If m is odd, consider the expansion rules
t>la; ag ay as ag|y s >fa, az a, as 2
t 1 ot 1 1 s stkg stk 1
83 ap as a, 3ag a; az a, as 3

where m=2k+1. Let o, and o5 be the images of t and s under the standard
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embedding. As in the proof of ILemma 4.1, we see that 9 has infinite
order. Considering the expansion rule
=l oM
s ‘tst T > a8, az a, as ag
sTlest™™ 1 sTltstM 1
a, az ay as ag
* . .
and from the map og-1 q-m, again as in Lemma 4.1, we see that
Og=lege-m = 1, Thus, given any og € <O¢, Og>, We can write

Oy = ogo?ogc, for some integers a,b,c with a,c>0.

Suppose that the relation ogotgogc = 1holds "in <oy, 6>. Since

o, and hence o, has infinite order, we must have olg = o5 8, with b=0
if and only if a=c. From the expansion rules we see that if b is odd

then (azal)okt) = aga, * (a,a)) 0" % Thus we can suppose that o2° = gg

¢
for some integers e and d. But c@e ard og have symbols respectively

al see a5 a6a1 a6a2 a6a3 asaq a6a5 aglg
1 e 11 t® t® & & 1
81 .-+ 85363 3R, AgA3 8@, A@5 AcAg

and al cee as aGal a6a2 aeas dgdy aegds dglg

1T ... 1 sd (stkd @ (st7kyd 1
8) ... @5 ag@@; ARy a3 ag@u ag@s agle
so if o@e = og then o% = og and, since oy and 0g have infinite order, we

must have e=@=0. So b=0 and a=c. Thus o, = 1 is a consequence of the

relation o7} 0.0,

S s = dg, and the group generated by og and o is the group

o>,

—1
<0g,0: | 05 oL0g

For the case when m is even, consider the expansion rules
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t 13, az a, ... amr) amo
t t 1 .01 1

a3 aq as s e am+2 82

s * {a

2 &3 ay as ses am amt1 8mt2|. -
s stT2 gl g-2mb6 | gp=l g—2 gl

8 am+2 amk) am «es @5 ay, aj
Again, oy has infinite order and fram the expansion rule
ST |
s “tst T > 8, 83 ay as ... ap) 3t 2
shst™ 1 1 1 ... 1 025 lege-amk2

f 4, az ay asg ... apt) - amt 2

* L . -
we see that Uog-1 i -m = u, whenever <it is defined. 'Thus oglopog =

i

and 0y also has infinit¢ order. So, as for the case m odd, to see that
0y and oy generate the group <og, 0 | Oglotcs = 0‘{‘>, we only need show

that if o@ = otb, then a=b=0.

If cg = o‘g then examination of the symbols for these elements shows
‘ : a
that m+1 must divide b and that og = t/m“. Thus d{la = 1 and, since

m#, we must have a=0. Hence a=b=0, as required. <«

Theorem 5.2 For a given me N, the additive group of rationals,

@/ | a,b € Z}, can be embedded in a finitely presented simple group.

Proof: Let H = <og, 0 | oglotos = & and let n=6, if m is odd,
and n=mt2, if m is even. By Lemma 5.1 and Theorem 3.5, G = <Gy |,H> is

a finitely presented group with a simple derived subgroup, G'.



3 1 = 1 (]
Since n 1s even, Gn’1 = c;n’1 <G'.

If m is odd, from relations D in Chapter 3 we see that
ao Y0 B = 0y, where o,8 and Y are elements of G, ;. So 1of = op, where

T € G', and hence Op € G'.

From the corresponding relation for o5 we have that o5 = ¢ og og,

for some d and for some €G'. Thus o2 € G' and 50 <Gp, , ots o <G'.

Since G' has index at most 3 in G, G' is a finitely presented
simple group. We show that X = ®/ b | a,b ez} < G'. Write each xex
uniquelygin the form a/mb, where b?0 and, if b*0, m doesnot divide a.
Define a map 6: X »G' by x6 = cg of ogb. Suppose that x = 8/ b and
y = ¢/,4, vhere b>d. Then
x0y6 = cgogogbodog o"d=crbcg o%mddgmbo'bd‘d=cbo€+mb-d ozb,

S S S

: b-d
Since xy =2MU" 'C  if b?d then (xy)8 = x8y®. If b=d then xy = &€

mP 7 mP

and x6yb6 = o‘ks) og‘*‘c ogP. Let atc = fm€, where m does not divide £, then
= e ;£ s.~b .
()0 = o of o, -
. e ~ _ .
But o o 3*C ogb = "€ o @ o 2@ P = g of ogP and so0 0 is 2

homomorphism.

If x6 = y0 then Gls) of o's'b = 0‘53 of ozd. If &=b then a=c, since Ot
has infinite order, and so x=Yy. Assume that d<b, then
R = od-b cg ®d = og“b_d, so a=cm~d ard x=y. Thus © is an embedding

and X can be embedded in a finitely presented simple group, G'.
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If m is even, as for the case m odd, relations D give that Tcé = O

and e P=0, for sme d and some T,€e G'. Thus
<Gp,1r Otr JF 1> <G'. Defining o: X »G' by (3/ble= dg R ogb we
see, as for m odd, that 6 is an embedding of X in the finitely presented

group, G'.

So, X can be embedded in a finitely presented simple group for all

m. 4

We now suppose that H = <°t1"“'°tk> is a finitely presented group
defined by a fini%e set of expansion rules

t; >+ | a

i o @3 ... ap ' (T<i<k).

8i,2 &i,3 -+ &i,n

Q,y  Qar, eees Ang,
2111 31rl 1r1

We consider the direct product HX...xH = <{_(<5ti 1""'%1 ) | 1<ij<k}>,

r
and we will write HX...xH as xHT, Let S =Tx,..XT and define

si’j e F<S> to m tl]e elenent (17"‘I1I til 1,--.'1), Where the
non-trivial element lies in the jth place. We also define nj,j,q € F<>

to be the word obtained by suwbstituting Sp,i for ty in ‘Si,qr for 1<h<k.

Lemma 5.3 If H is a group defined by a finite set of expansion rules

then so is xHL,

Proof: Consider the expansion rules

Si,j 7 |®2 ++- @ ++-3jn 3jn+1 ajn+2 --+ 3jnin jnindy --- S0

T eee 1 oo 1 1 1 1

“i,j,z‘ e nirjrn

az e s an oo e ajn ajn+1 ajn+2.".i se e ajmnﬂi ajn+n+1 P arn

(1<i%k, 1<J<r) and let o5 . be the image of sj,j under the natural

i,)




embedding. We show that xHF = <{og | 1<4%, 15<ch,

i,]
let K=xH =<{og, , | 1<i%k, 19<ch and let
1,]
Ki =<0, .,...,0s .>. Then every og, € Ky has a symbol of the form
I sl'Jr ’ sk,J ry sj j Yy

d,..anr-1 @nrd;.-anrdnj anrénj+; anranj+z ...anr@nj+n  anj+nt - -anraénr

1.. 1 1 .. 1» 1 L, cee n 1 ee 1

aj..anr-] anrdj..anrdnj anrénj+; anrénj+i )" -<’=‘nr"=1r1j+in anj+n+;. -anrénr

where 2; isﬁda word in the Sh,jr for 1<h<k. Thus, if osj € Kj and
O. € o, = 0, implies that j=q of that o5, = o5 = .
sq € far %y T %8y 55 *q

K=<, ...,K>, 50 K = KX,..XKr. We show that each Ky is isomorphic

Clearly

to H.

The map 8:: FKT> > F<S>, defined by ti% = si, fqr’some fixed 7,

is an embedding and & for 2<gsn. 'Thus the map ¢j: H * K,

i,9% = Mi,3,q
defined by o, ¢: = o. ., is an embedding and, in fact, ¢; maps H onto
£ 81,5 ]

Ky “since {sl,j,...,sk'j} = {t1¢jr---stkéj). So H is isomorphic to Kj

and hence K is isomorphic to xHF,
So XHL is defined by a finite set of expansion rules. <

If H is finitely presented then so is ¥H' for any finite r and so

we have the following theorem.

Theorem 5.4 If H is a finitély presented group, defined by a finite
set of expansion rules, and if K = xH' for any finite integer, r, then

<Gnr, 1»K> is a finitely presented group with a simple derived subgroup.




Before we can prove the final theorem we need the following lemma.

Lemma 5.5 If H is defined by a finite set of expansion rules then

Gn,1 X H can be embedded in <Gn, 17 H>.

Proof: If (o,0p) € Gp,; X H, let o have symbol
ul o e Us A

1 e s 1

é B Yl LY VS

Define amap 8: G, ;X H »<Gq,,H> by the rule (q,096= 1,
where T has symbol :
al eee -2 8n—-1 anU; ... anUg |-
L 2 1T ... 1
al L] arl—z an_l anV1 LR ) anVs
This map is well defined amd is clearly a  homomorphism. If
(2,00)8 = (B,0,) 6 = T then let
al LI an—2 an—l any1 L Y anyr
1 o e e 1 k 1 L ) 1
al es e an—2 an--l anzl see anzr
be the unique shortest symbol for 1. We must have Oy = op = Ok and the
symbol

YI LI yr
1T eee 1

Zl s e e Zr
must be the unigue shortest symbol for both a and 8. Thus o=8 and 6 is

the required embedding. <




Let A be an Abelian group with torsion subgroup T<A>. Suppose that

A/T<A> is a subgroup of a finitely gemerated torsion free Xp-module, M,

the torsion subgroup of C'consider’ B=<A,T>.
group, T is the torsion subgroup of B, T is divisible and A/T<A> is
isomorphic to B/T. Because T is divisible, B 1is isomorphic to the

direct product, 'I'xB/T.'r

¢

Let ﬁnl,,..,mr} be a generating set for M and associate B/T with
its image in M. For each b € B/'I' write b in the form Xmy+. o X0y,
where each Xxj e Xp. Define a map 9. B/T > XpX...xXp | by,
b6 = (x,,...,xp). If b= y1m1+...+yr;nr then
(Xl—yl)m1+...+(xr—yz)m£ = 0. Since the m; generate M, we must have
(X;-yi)mj = 0, 1<i<r. Each mj has infinile order and so xj=yi, 1<i<r.
Thus 0 is well defined. Since 0 is clearly an embedding, we can embed

B/T in XXE-

If H = <o, 0 | o7 lopog = > we can embed xXE, and hence B/T, in
the group xHf =K. By Lemma 5.1 and Theorem 5.4, <Gu ,,K> is a

finitely presented group.

If A is countable then T is countable, and . locally finite.
Thus, by Theorem 2.10, T can be embedded in Gnr,1~ So T)\B/T can be

embedded in G, | x K which, by Lemma 5.5, can be embedded in <Gpr, ,,K>.

Theorem 5.6 If A is a countable Abelian group whose torsion factor

group is a subgroup of a finitely generated torsion free Xp-module, then
1‘See, for example, Infinite Abelian Groups, Fuchs, pg.100 [4],
3 This group  exists | see Twd pg.407
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we can embed A in a finitely presented simple group.

Proof: As discussed above, we can embed A in a finitely presented

group, <Gn, ,,K>, where n is even. So Gjr,; = Gpr,; and, from the proof
of Iemma 5.3, we see that we can embed the torsion factor group, A/T B>

of A in the derived subgroup, H'x...xH' = K', of K.

Since H' has index at most p—-1 in H, K' has index at most r(p-1) in

K. Thus <G,, ,,K>' has finite index in <Gpr,;,XK> and hence is a

finitely presepted simple group. Of course, Gnr, 1 X K' < <Gpy, 1,}(>'._

Thus A can be embedded in a finitely presented simple group. <
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