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ABSTRACT

When traditional linearised theory is used to study free-surface flows past
a surface-piercing object or over an obstruction in a stream, the geometry
of the object is usually lost, having been assumed small in one or several of
its dimensions. In order to preserve the nonlinear nature of the geometry,
asymptotic expansions in the low-Froude or low-Bond limits can be derived,
but here, the solution invariably predicts a waveless free-surface at every order.
This is because the waves are in fact, exponentially small, and thus deyond-
all-orders of regular asymptotics; their formation is a consequence of the
divergence of the asymptotic series and the associated Stokes Phenomenon.

In this thesis, we will apply exponential asymptotics to the study of two
new problems involving nonlinear geometries. In the first, we examine the
case of free-surface flow over a step including the effects of both gravity and
surface tension. Here, we shall see that the availability of multiple singularities
in the geometry, coupled with the interplay of gravitational and cohesive
effects, leads to the discovery of a remarkable new set of solutions.

In the second problem, we study the waves produced by bluff-bodied
ships in low-Froude flows. We will derive the analytical form of the expo-
nentially small waves for a wide range of hull geometries, including single-
cornered and multi-cornered ships, and then provide comparisons with nu-
merical computations. A particularly significant result is our confirmation of
the thirty-year old conjecture by Vanden-Broeck & Tuck (1977) regarding

the impossibility of waveless single-cornered ships.
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PREFACE

The construction and acceptance of the theory of divergent series
is another striking example of the way in which mathematics
has grown...it demonstrates how far mathematicians have
come to recognize that mathematics is man-made. The defini-
tions of summability are not the natural notion of continually

adding more and more terms...they are artificial.

—MORRIS KLINE, (1972)

Today, some of the most exciting scientific advances are made at the bound-
aries between fundamentally different theories of the universe—from classical
mechanics to quantum mechanics, geometrical optics to wave optics, viscous
flow to inviscid flow, and so on. The difficulty, however, is that the transition
from one physical theory to the next occurs in a singular limit; as such, we
must take great care in recognising the subtle and unexpected effects that
often occurs in their study. This thesis, broadly speaking, is about these very
effects.

Now as mathematicians, we know that the study of such singular prob-
lems typically leads to the solution, S, being represented as an asymptotic

00
n
SZE € On,
n=0

which depends on the limit of the small parameter, €, tending to zero. But

expansion,

the limit that € zends to zero differs qualitatively from when € is equal to zero,
and difficulties arise; the series S is divergent and consequently, by the Stokes
Phenomenon, exponentially small terms can suddenly appear or disappear as
the series is continued past critical lines in the complex plane. The resolution
of the original problem often hinges on the effects of these tiny terms,
but because such beyond-all-orders features are invisible to a traditional e-
power series, special techniques called exponential asymprotics (or asymptotics
beyond-all-orders) must be used for their detection.

For those of you who have yet to encounter these cryptic properties of
asymptotics, then the above paragraph likely resembles hocus-pocus rather
than rigorous mathematics! The truth is, the use of divergent expansions
did indeed spark one of the great controversies of mathematics, and the
concept has painstakingly traversed the great rungs of public opinion, from
sour dissension (Niels Abel famously wrote that “divergent series are the
invention of the devil, and it is shameful to base on them any demonstration
whatsoever”) to acknowledgment and acceptance. Today, the use of divergent
expansions is widespread in the applied sciences, and moreover, exponential
asymptotics has emerged as a field of its own, a direct consequence of parallel
developments in no less than nine interrelated fields of mathematics, physics,
and engineering (Boyd, 1999).



Although the birth of these beyond-all-orders techniques may be
attributed to the early investigations of Stieltjes (1886) and Stokes (1902),
it was not until later applications to physically relevant problems that the
theory flourished; some of these inspirational problems include Kruskal
and Segur’s (1991) work on the crystal growth problem, work on the
viscous fingering problem in Hele-Shaw cells (e.g. in Combescot et al. 1986,
1988; Chapman 1999), and work on the exponentially-small waves of the
fifth-order Korteweg-de Vries equation (e.g. in Combescot et al. 1988;
Grimshaw & Joshi 1995). This thesis, however, is most directly motivated
by the methods pioneered by Chapman and Vanden-Broeck (2002; 2006)
tor applying exponential asymptotics to the study of low-speed water waves
disturbed by an obstruction.

The material in this thesis naturally splits between two problems, one
about gravity-capillary theory, and the other about waveless ships. Because
of the sharp distinction, every effort has been made to structure the thesis so
as to allow selective reading; effectively, you may choose to begin your journey
with the gravity-capillary waves of Chapter 1, or instead, you may join me in
search of the fabled waveless ships of Chapter 3. The techniques that underly
each work, as well as the relevant literature, are introduced separately and
independently at the beginning of each of these chapters, and final remarks
are made in Chapter 5.

Whichever path you choose, I dare say that together, we shall see some
truly marvellous things in the world that lies beyond-all-orders. 'The study
of exponential asymptotics will bring us from the real world, through the
imaginary plane of existence, and back to the real; it will show us how
divergent expansions—nonsensical in the conventional sense—can be refined
for further information; it will reveal waves where there were none; and it will
allow us to stare, unwavering and unafraid, into the abyss of the infinity, and
to emerge with new insights. The problems and work that lies herein has
served to enchant my mind and spirit over the last few years. I can only hope
that it will do the same for you.
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PART I: LINEAR THEORY

We begin this thesis with a very simple example which nevertheless illustrates
the sombre gravitas surrounding the theory of water waves: consider the
well-known problem of progressive free-surface waves that propagate without
change of form. In the case of gravity waves, it was the classic work of
Stokes (1847b; 1880) that first postulated the existence of periodic waves
and presented a perturbation procedure for their computation. The great
question of convergence of these series solutions had been more-or-less
answered by Nekrasov (1921), Levi-Civita (1925), and Krasovskii (1960),
and moreover, their unfortunate instabilities later discovered by Lighthill
(1965), Benjamin (1967), Benjamin & Feir (1967), and Whitham (1967).
Although open questions about Stokes waves still remain (Toland, 1996),
we generally have a firm foothold for the theory. Even better, the equivalent
problem for pure capillary waves in deep water was completely resolved by
Crapper (1957), who produced an exact closed-form solution in terms of
elementary functions. This was followed by the solutions for the finite-depth
case by Kinnersley (1976), and so the pure capillary problem is also sufficiently
well resolved.

'This leaves the combined theory of gravity-capillary waves where un-
fortunately, Stokes’ series expansions are no longer sufficient. For a taste
of the formidable nature of the problem, the reader need only refer to the
work of Schwartz & Vanden-Broeck (1979), which contains a systematic
attempt to analyse numerical solutions of the nonlinear problem. From the
combined results of about 400 numerical solutions, Schwartz and Vanden-
Broeck demonstrated that the entirety of classes of possible solutions to
the gravity-capillary problem is a remarkably complicated affair; there are
certainly an infinite number of families, but the particular details of each one,
as well as the unknown possibilities of others remains a mystery to this day.

Perhaps, then, the lesson we shall retain as we go on to explore the theory
of gravity-capillary waves is the following: adding even a small amount of
surface tension to an otherwise innocuous gravity wave can have an inherently
nonlinear effect on the solutions. Caveat viator!

I.I INTRODUCTION

Our interest in the gravity-capillary problem lies not with the case of freely
propagating waves elucidated in the previous section, but rather with the
more complicated scenario of gravity-capillary waves induced by interactions
with objects in a stream. Here, the first significant theory was proposed by
Lord Rayleigh (1883), whose chief source of inspiration had been the earlier
experiments of Scott Russell (1844) and Thomson (1871). As Lord Rayleigh
(1883) himself explains:

When a small obstacle, such as a fishing line, is [...] held stationary

in moving water, the surface is covered with a beautiful wave-



pattern, fixed relatively fo the obstacle. On the up-stream side the
wavelength is short, and, as Thomson has shown, the force governing
the vibrations is principally cobesion. On the down-stream side the

waves are longer, and are governed principally by gravity.

Rayleigh supposed that the fluid could be assumed to be two-dimensional,
inviscid, incompressible, and irrotational, and that the effects of the fishing
line could be approximated by the application of a small pressure distribution
to a single point on the free-surface (as might be produced by a small jet of
air). Then, by linearising for small-amplitude waves and for a weakly-applied
pressure distribution, the method of Fourier Transforms produces an approx-
imation of the upstream capillary waves and downstream gravity waves. As
Rayleigh remarked, the theory is particularly successful in predicting that
those particular wave patterns can only exist when the speed of the stream is
somewhat faster than 23 centimetres per second, a restriction that had been
suggested by the experiments of Thomson.

Since Lord Rayleigh’s seminal work, however, mathematical analyses
of the general gravity-capillary problem have led to the realisation that,
while the study of gravity-only or capillary-only flows are themselves rich in
difficulties, the combination of both effects presents a much more formidable
challenge. Following Rayleigh’s work, Harrison (1909), Wilton (1915), and
Kamesvara Rav (1920) each published approximate (but limited) solutions to
the problem of symmetrical two-dimensional periodic waves moving without
change of form in deep liquid. Afterwards, progress in the theory of gravity-
capillary waves appears to have been largely stagnant, at least until the latter
half of the twentieth century when an explosion of experimental, numerical,
and theoretical findings appears in the literature.

For the theory of finite-depth gravity-capillary waves, the Froude number
F, representing the ratio between inertial and gravitational forces, and the
Bond number B, representing the ratio between gravitational and surface
tension forces, are the two crucial parameters in the problem. In Figure
1.1, we have illustrated a few of the different kinds of solutions that might
be expected when studying even the simplest problems incorporating both
effects. Generally, we can expect qualitatively similar types of behaviours
even for differently-arranged flows (finite or infinite depth, perturbed by a
submerged object or a pressure distribution, ez.), so we will continue to refer
to Figure 1.1, even for the case of Rayleigh’s solution (for example), which is
technically only applicable for infinite-depth flows.

The figure contains several key regions of interest, regions that are pri-
marily separated by the critical dispersion curve F' = F},, the line B = 1/3,
and the line ' = 1 dividing subcritical and supercritical flows; we will address
these bifurcations later in the text, and they are also described in Appendix
1.A. For the moment, let us note that if we begin with Rayleigh’s original
applied-pressure problem, then solutions like the one in (d) may appear,
but only in the region below F' = Fj,. In addition to Rayleigh’s work,
Forbes (1983) and Grandison & Vanden-Broeck (2006) have also studied
this problem of capillary-upstream, gravity-downstream waves, but for flows
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Exponential
asymptotics
and fifth-order
Korteweg-de Vries

) T (@

Exponential asymptotics with
low-Froude and low-Bond

over a semi-circular obstruction. The latter two studies solve the full nonlinear
equations numerically, but the requirement of imposing an a priori unknown
radiation condition far upstream still represents a serious numerical difficulty.
Within the region below the dispersion curve, it is also possible to find
solutions (f) exhibiting the so-called Wilton Ripples phenomenon (Wilton,
1915), the result of resonant interactions when a capillary and gravity wave
have commensurate phase speeds. Indeed, solutions with these secondary
ripples have been computed numerically for the waves generated by a moving
pressure distribution (Vanden-Broeck, 2002), and have also been seen in

nature (Schooley, 1960).
If the Froude number is instead held fixed, and the Bond number is

increased, then as we approach the critical dispersion curve, the solution
set bifurcates. In particular, Rayleigh’s result is singular as this curve is
approached, and the system may bifurcate into one of many possible solutions
in the form of envelope solitary waves (e), where an appropriate model is the
forced Nonlinear Schrédinger Equation. If the Bond number is increased
further and past B = 1/3, then the solutions take the form of classical
solitary waves (b) and can then be approximated by a forced Korteweg-de
Vries Equation. Within all these regions, there is occasionally the possibility
of non-uniqueness, and a single point in (F, B) space often does correspond
to multiple solutions, for which only one represents a perturbation from
the uniform flow; for example, solutions can exhibit trapped bubbles (a),
representing a perturbation from Crapper’s (1957) exact solution of the
unforced pure-capillary problem. These issues have been investigated for the
case of flow induced by an applied pressure distribution by many authors,
including Vanden-Broeck & Dias (1992), Dias & Vanden-Broeck (1993),
Dias et al. (1996), and Maleewong et al. (2005a,b).

Finally, the historically controversial region just to the right of the line
F —
importance of exponentially small terms in singular problems. The earliest

1 exists as a warning sign to those who remain unaware of the

numerical simulations of this region, computed from the full nonlinear

equations, were performed by Hunter & Vanden-Broeck (1983). What they

§1.1 - INTRODUCTION

Figure 1.1: Many types of gravity-
capillary waves can be found when
studying steady finite-depth flows, per-
haps over a localised bump or over
a pressure distribution placed near the
surface. Possible solutions include pro-
files with (a) trapped bubbles, (b) solitary
waves, (c) generalised solitary waves,
(d) capillary waves upstream and grav-
ity waves downstream, (e) localised
wavepackets, and (f) Wilton ripples. The
circled region in the lower-left, corre-
sponding to low-Froude and low-Bond
flows has been largely ignored and we
aim to study this asymptotic limit.



discovered was that when the Bond number is greater than 1/3, the solution
ressembles the classical depression solitary wave of (b); but if the Bond
number is instead less than 1/3, the numerical solutions are bedeviled by
small-scale oscillations near the tails (c). These dimpled solutions could not
be explained at the time, and their significance was quickly glossed over.

However, in the years that followed, a series of papers by Hunter & Scheurle
(1988), Pomeau et al. (1988), Beale (1991), and Sun (1991) established the
notion of nonlocal (or generalised) solitary waves—essentially, a solitary
wave coupled with exponentially small oscillations near the tails. Near the
point F' = 1, B = 1/3, the water waves are governed by the fifth-order
Korteweg-de Vries Equation, for which recent standardised techniques in
exponential asymptotics can be applied (Grimshaw, 2010; Trinh, 2010). The
unique history and ultimately, the resolution of the fifth-order Korteweg-de
Vries Equation is well documented and described in Boyd (1998).

What do we plan to accomplish?

There are two areas which still require much work: what is the nature
of gravity-capillary waves over more general topographies that cannot be
considered small (such as over a large step in a channel or past any full-bodied
obstruction) and in particular, what analytical and numerical work can be
done in the regime where the Froude and Bond numbers tend to zero.

The crucial idea is that in the zero-Froude and zero-Bond solution,
the free-surface is replaced by a rigid wall, with the full geometry of the
obstruction preserved in the solution. Thus, asymptotic approximations for
low-Froude and low-Bond numbers allows us to directly relate the generation
of waves to the shape of the obstruction. This is in marked contrast to more
traditional linear approximations which depend on an asymptotic limit of
small obstructions.

The difficulty in the low-Froude, low-Bond approximations, however,
is that each of them represents a singular limit. At ever-decreasing Froude
and Bond numbers, we would still expect waves to appear on the free-
surface, but it is easy to check that the approximation at every single order
in the asymptotic hierarchy yields a waveless solution. The waves are, in fact,
exponentially small and thus beyond-all-orders of traditional asymptotics.

In this chapter, we will study the problem of flow over a rectangular
step, but rather than performing the full low-Froude, low-Bond analysis for
O(1) geometries, we first linearise for asymptotically small steps. With this
assumption, the analysis can proceed in two equivalent ways. We may first
regard the Froude and Bond numbers as fixed and O(1), and solve using
Fourier Transforms, after which we take F, B — 0. Alternatively, we may
take F, B — 0 immediately after the initial linearisation, and then make use
of our methods in exponential asymptotics.

Our goals are twofold. First, we wish to compare and contrast the
method of Fourier transforms with the method of exponential asymptotics.
Do concepts like the Stokes Phenomenon and optimal truncation become
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more transparent using one approach over the other? Second, we wish to
show how exponential asymptotics can be applied to the simpler linearised
equations of the small-step problem. In the chapters to follow, we will work
with the full nonlinear equations; this first excursion, then, provides a smooth
transition to the more advanced techniques that underly the subsequent work.

I.2 ILLUSTRATION OF THE GENERAL METHODOLOGY

We shall begin with a simple explanation of the Stokes Phenomenon using
the complex Airy function, as given by the integral

(o) — f(w)
Ai(z) 5] Ce dw, (1.1)
with
w3
flw) = Y + zw, (1.2)

where z € C and C' is a contour which tends from coe®™/3 to coe?™/3, The
standard technique of approximation is to deform C' along paths of steepest
descent; then in the limit that |z| — oo, the dominant contribution of Ai(z)
must comes from the critical points of f(w) (Bender & Orszag, 1978). Since
these saddle points are given by wy = £4/z, the lines of steepest descent are
then prescribed by

Slf(w)] =3[ (wo)]  and  R[f(w)] < R[f (wo)] - (1.3)

We assume that any branch cuts involved will be along the positive real axis,
and first begin approximating (1.1) with § = Arg(z) = 0. As illustrated in
Figure 1.2a, C' should be chosen to pass through the saddle point at wg = —z;
a standard computation shows that the contribution from this point is

. _2,3/2 ) - 1
AI(Z) ~ Ae 3 s Wlth ./4 = |:22'1/4\/7T':| . (14)
As we analytically continue z, note that for § € [0,27/3), the topology of
the integration contour remains the same, and so (1.4) continues to hold

throughout. However at § = 27/3, the descending contour from —|z|e?/?

passes through the other saddle point at |2|e?/2, shown in Figure 1.2¢c. Thus,
immediately thereafter, the approximation must include an exponentially
small contribution, and we can write this transition as

2,3/2 0=27/3

Ae~ 32 Ae 37" 1 ides®™”. (1.5)

'The cycle repeats. At § = m, shown in Figure 1.2d, the previously subdom-
inant contribution becomes the same size as the original term; it continues
increasing in size until reaching peak dominance at § = 47 /3, where Figure
1.2¢ indicates the switching-oft of the term in (1.4).

'The Stokes Phenomenon is the name given to this sudden appearance or
disappearance of exponentially small terms as an asymptotic expansion varies

§I.2 + ILLUSTRATION OF THE GENERAL METHODOLOGY



Figure 1.2: These figures illustrate the
right contours to use when applying
the method of steepest descents to the
integral (1.1). The contour should be-
gin at c0e®™/3 and end at coe?™/3.
The saddle points are marked as nodes,
and the thin lines are constant contours
of R[f(w) — f(—z)], with dark re-
gions corresponding to valleys. The thick
solid line(s) indicate the correct contours
to follow. Dashed line(s) also indicate
steep paths from the saddles that are
ultimately unused. There are Stokes lines
at & = 0,27n/3,4nw/3 and the Anti-
Stokes lines at & = 7/3, 7, 57 /3. The
branch cut is along 6 = 0.

(c) 8 = 2 (Stokes)

@6=0 >

(d) & = 7 (Anti-Stokes) f)o = ‘%” (Anti-Stokes)

in the complex plane. It occurs at Stokes lines, in this case, § = 27 /3 and 47/3,
where one saddle point reaches peak dominance with respect to another; and
this stands in contrast to Anti-Stokes lines, here, 0 = /3 and 57 /3, where
both contributions are of the same order. This counter-intuitive phenomenon
occupied Stokes (1847a, 1864) at various points throughout his life (and
most memorably, he described the transition as causing the inferior term to
emerge ‘as it were into a mist”). For him, it was a great mystery how the Airy
function could suddenly change from oscillatory to exponential behaviour
upon moving from the negative to the positive along the real axis, but this,
we have easily explained using our powerful techniques of steepest descents.

A much more challenging task—and certainly one which better illustrates
the ‘aroma of paradox and audacity” surrounding the Stokes Phenomenon
(Hardy, 1949)—is to retrieve the same result, this time without using the
integral representation of (1.1). Indeed, most physically relevant problems
begin with a differential equation, so we could imagine beginning instead
with the Airy Equation:

d?y

12 = zY, (1.6)

for which Ai(z) is one of two linearly independent solutions. In the limit that
|z| = oo, a wkB approach allows a derivation of the two expansions,

oo

o~ Ae 57N (—1)may, (1.7)
n=0

v~ Aes® N ay, (1.8)
n=0
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with coefhicients
1 I(3n+ 1)

(3623/2)71 N!F(n—i—%)’ (1.9)

Ay =

and now, without an interpretation in terms of integration contours, we are
left to wonder how the Stokes Phenomenon can possibly be predicted from
the expressions in (1.7)—(1.9).

The key to resolving this problem, and indeed the entire foundation of
exponential asymptotics, rests upon our understanding of aymptotic diver-
gence—its causes and its consequences. We first take note that the leading-
order behaviour of (1.4) contains a singularity at z = 0, despite the fact that
any solution of (1.6) is an entire function. We have thus chosen a rather ill-
behaved representation of a perfectly well-behaved solution, and so it is not
surprising that we soon run into trouble. From the differential equation, we
see that at each order, a,, is determined by twice differentiating the previous
order, a,_1, so that as more and more terms are included, the effect of the
singularity grows. As n — 00, the late terms of (1.9) must diverge in the form
of a factorial over power, with

I'(n)

n~ —————. 1.10
2%(%23/2)” (1.10)

For fixed z, the error of the asymptotic approximation decreases as more terms
are included, but then upon reaching its minimum (the optimal truncation
point), the error diverges to infinity. This is shown in Figure 1.3.

Error
°
1077 'o.
° P
L] ...
[ ]
10— 10 u. '...
. .
° °
..'Ooc.oco.'..
1071 N

5 10 15 20 25 30 35

In fact, what we have just described is not only restricted to the Airy expan-
sion, but is symptomatic of most singular approximations. Because the late
terms of an expansion mainly depends on the generic influence of its nearest
singularities, the form of the divergence obeys a beautiful universality. We
have already demonstrated two of the implications, and a third, addressing
the locations of the Stokes lines, is provided by Dingle (1973). Together,
they form the three maxims of singular asymptotic expansions, and are listed
in Table 1.1.

For example, in the case of the Airy expansions of (1.7)—(1.8), the third

maxim implies that Stokes lines can be found at

Shal =Sxe] and  R[—x1] > R[—x2], (1.11)

where the exponential with argument —x; = —%z?’/ 2 switches on the

exponential with argument —y2 = %z3/ 2, This condition then yields the

§I.2 + ILLUSTRATION OF THE GENERAL METHODOLOGY

Figure 1.3: The error of the N™ partial
sum of eqn (1.7) at z = 5. The optimal
truncation point, where the error is the
smallest (in fact, exponentially small),
usually occurs at the point where subse-
quent terms of the series are of the same
size. Here, itis at NV = (%|z|3/2] =
15.



Table 1.1: The divergence of a typical
singular asymptotic expansion only de-
pends on the generic influence of its
closest singularities, and therefore, most
expansions will share these three univer-
sal properties. Throughout the thesis, we
will often make use of these facts.

10

MAXIM PROPERTY

1- Divergence  The late terms of a singular asymptotic expansion diverge as a factorial
over power expression (Darboux’s Theorem).

2 - Truncation ~ Optimal truncation is at the point where subsequent terms in the series
are approximately equal in size. Here, the error is exponentially small.

3 - Stokes lines  Stokes lines can be prescribed by:
i) those locations where successive late terms of an asymptotic
series are equal in phase, or
ii) those locations for which the series (including its multipliers)
attains peak exponential dominance over its associated function.

previously discovered Stokes line at # = 27 /3. The § = 47 /3 Stokes line
is also given by the same condition (1.11), but with x; and x2 switching
roles. Dingle’s condition, then, is akin to the steepest descent rules of (1.3),
but establishes a general fact about series expansions, rather than integrals.
Note that we often discuss asymptotic expansions in the limit of some small
parameter, ¢ — 0; for the Airy equation (1.6), we could have equally
introduced a new scaling, Z = €%/3z, and studied the same problem for fixed
Z and € — 0.

In any case, once the three maxims of Table 1.1 have been used to
characterise the behaviour of the asymptotic divergence and prescribe the
locations of the Stokes lines, then the switching-on of the subdominant series
(1.8) can be explicitly seen by examining the remainder when the dominant
series (1.7) is optimally truncated. If we write

N-1
y(z) = Ae 5% Z (—1)"an + Ry, (1.12)
n=0

then, once substituted into eqn (1.6), this leaves an expression involving R
and the remnant n = A — 1 term of the series expansion:

dZRN d2 _2,3/2
Fai zRn + ) [Ae 3

()Y ay] =0, (1.13)
which can be alternatively written as

d’R
dz?

3/2

— 2Ry = —zAe" 32 (—1)Na/\/. (1.14)

We know that R = y2 solves the homogeneous left-hand side of eqn (1.14),
so in order to solve the full equation, we could try setting Ryx = S(2)iys,
where we would expect S(2) to vary from zero to a constant across the Stokes
line at @ = 27 /3 (in fact, it turns out that S(z) ~ 1, ./ eqn 1.5). The optimal
truncation point tends to infinity as 2 — 00, so we re-write the right-hand
side of eqn (1.14) using the late terms (1.10). Once this is done, the equation
can be re-scaled near the Stokes line and S(z) derived.

The crucial idea behind this methodology is that (1.14) establishes a
relationship between the Stokes Phenomenon and the late terms of the
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asymptotic series. In effect, our procedure allows us to decode the tails of
the divergent expansion and retrieve the previously hidden terms. Although
Stokes originally believed the transition to be discontinuous, Berry (1989)
demonstrated that for finite 2z, the switching-on of the exponential oc-
curs smoothly. The approach we have just described, however, derives the
same result by optimal truncation and Stokes-line smoothing, following the
methodology of Olde Daalhuis et al. (1995) and Chapman et al. (1998).

Having now discussed the importance of the Stokes Phenomenon and
the general ideas of exponential asymptotics, we can address how we intend
to apply the same methods to the study of the gravity-capillary problem of
this chapter.

1.2.1  The gravity-capillary methodology

Consider flow over a rectangular step in a channel. From the introduction,
we know that for subcritical (F° < 1) flows linearised theory predicts two
regions of interest. In Region I and below the critical dispersion curve of
Figure 1.9, we expect flows with capillary waves upstream and gravity waves
downstream, while in Region II and above the dispersion curve, we expect
localised solitary waves. As we will show in Section 1.4, the key difference
between Type I and II solutions is the type of residue contributions that are
collected in the Fourier inversion process: Region I solutions have four real
residues (representing two real wavenumbers) while Region II solutions have
four complex residues. However, this phenomenon can also be interpreted
using exponential asymptotics, and we now give a taste of the underlying
ideas of Section 1.5.

When the free-surface, described by the fluid speed ¢(¢), and streamline
angle 0(¢), as functions of the potential ¢, is expanded into an asymptotic
series in powers of the Froude and Bond numbers, then we find that the
expansions of ¢ and 6 are waveless to every order. The exponentially small
waves on the free-surface must instead be interpreted as arising from when
the solution is analytically continued across critical Srokes /ines.

RIGHT OF
STOKES

LEFT OF
STOKES

LINE LINE

I" STOKES LINE

72

Of course, the velocity ge = is entirely well-behaved on the free-surface,

but its analytic continuation contains a singularity corresponding to the sharp

§I.2 + ILLUSTRATION OF THE GENERAL METHODOLOGY

Figure 1.4: The physical solutions of inter-
est is 0, the angle of the free-surface as a
function of the potential ¢ € R. Although
this solution is perfectly well-defined, its
asymptotic representation is divergent in
some limit e — 0 and contains a singu-
larity in its analytic continuation (shown
as a perpendicular plane, ¢ = w €
©). In the physical potential plane (shown
shaded), this singularity corresponds to the
source representing the linearised step. By
re-scaling near the singularity and opti-
mally truncating, we will be able to observe
the smooth switching-on of the exponen-
tially small terms (top-left) as Stokes lines
are crossed.

11



Figure 1.5: The flow in the physical zy-
plane (left) is first mapped to the poten-
tial w = ¢ + i plane, then again
mapped to the upper half ( = & + in
plane (right) using ¢ = e~ ™. Later, the
analysis will proceed by assuming that
the height of the step is small.

12

rise in the step. To study this issue, we complexify the free-surface, sending
¢ ¢+ip =w € Cand ge " — Geii@ = dw/dz € C. This is represented
by the perpendicular plane (out of the page) in Figure 1.4. However, because
of the nature of complex variables, we may continue to identify these new
complexified variables W and dw/dz, with the usual quantities of w (the
complex potential) and dw/dz (the complex velocity). Thus, we may speak
of the corner of the step generating a wave, but we are actually referring to the
singularity in the analytic continuation identifiable with the step, rather than
the step itself!

Once we have located these singularities, then we can expect Stokes lines
to emerge from each one, across which the Stokes Phenomenon necessitates
the switching-on of exponentially small waves. Afterwards, by the process of
optimal truncation and Stokes smoothing, we can explicitly derive the form
of the waves that switch on. This is our general plan of attack.

1.3 MATHEMATICAL FORMULATION

D E n
W\/W
15 =0
0]¢)
AT p=-71 F : :
o) M)
c BN C Bb A1 F|E D,
ST

Consider steady two-dimensional potential flow of an incompressible fluid
over a rectangular step in a channel. Far upstream, the flow is uniform
with constant velocity U and the height of the channel is L. We first non-
dimensionalise the velocity with U and the length with L /7. Then, if the fluid
velocity is u = (u, v) = V¢, the potential satisfies Laplace’s equation,

V24 = 0. (1.15)
On all boundaries, we have the kinematic condition,

0¢

— =0 1.16

an ) ( )
and on the free surface, Bernoulli’s equation gives

FQ(|V¢12 _ 1) +y=—Bx 1.17)
2 ’ '

where F' = U /+/gL is the Froude number defined for gravitational constant
g; B = o/(pgL?) is the Bond number defined according to the surface
tension parameter ¢ and density p; and & is the curvature, defined to be
positive if the center of curvature lies in the fluid region.

We then define the complex potential by w = ¢ + 1), where ¥ is the
streamfunction, and conformally map the flow from the physical plane to the
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strip between ¢ = —m and ¢ = 0. A second transformation with w
¢ =&+ in = e " is then used to map the potential plane to the upper half
(—plane. The stagnation and corner points of the step are mapped to { = —1
and ¢ = —b, respectively, and we can prescribe the step by y = df(z) =
dH (z) where H (z) is the Heaviside function and 0 < 1. These physical and
(-planes are shown in Figure 1.5.

'The flow can now be handled more easily by formulating the problem in
terms of the hodograph variables, log(dw/dz) = logq — i6, where g is the
speed of the flow and 6 is the angle the streamines make with the x-axis.
Then by Cauchy’s Theorem, it can be shown that

logq = —711_][00 fel(f)é de’. (1.18)

Reposing the potential problem in terms of this integral formulation is a
standard technique, but we will give a full derivation of (1.18) for the more
interesting case of ship waves in Chapter 3.

Bernoulli’s equation (1.17) can also be transformed into a more con-
venient form by differentiating with respect to the arclength parameter s
(increasing in the flow direction), and using

d dod  d

ds  dsdo  ldo

'Then after rearranging, Bernoulli’s equation becomes

d d?6 dq do
B2 [qzdj)] _B[qzd(ﬁ? +qd;15d¢} = —sin. (1.19)

Note that in the usual treatment of linearised flow in a channel (¢ Lamb 1932
and King & Bloor 1987, 1990) the problem is typically nondimensionalised
so that the channel depth is 1, which ultimately changes the definition of the
Froude and Bond numbers. Our decision to nondimensionalise with a depth

of 7 is consistent with the choice of Chapman & Vanden-Broeck (2006).
I.4 CLASSICAL LINEARISED THEORY FOR SMALL STEPS

Linearised solutions for flow over a slight bottom topography have been
treated for the case of gravity waves in the classic text of Lamb (1932) as
well in King & Bloor (1987, 1990). For the case of gravity-capillary waves,
Forbes (1983) performed the analysis for flow over a semi-circular obstruction
(using the Joukowski map), but surprisingly, a similar analysis does not seem
to have been done for the case of flow over a step.

First, so as to distinguish the free-surface and boundary, we use the
tollowing notation: if £ > 0 and hence we are positioned on the free-surface,
then we let ¢ = e~ and 0(¢) = 04(¢), where ¢ varies between oo and —oc;
otherwise, if £ < 0 and we are positioned on the channel bottom, then we let
€ = —e % and 0(¢) = 0,(¢), where now ¢ varies between —oo and co. The

§I.4 + CLASSICAL LINEARISED THEORY FOR SMALL STEPS
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boundary integral (1.18), evaluated along £ > 0o, can first be written as

L[ 0E) 0 L[ 6p(s) [ ()
_w][_oo g — édg oo [][_m gL /_Do 1+ e (-0 dt]

= Py(¢)

with ¢ € (—00,00). Pf(¢) can then be written as a sum of convolutions

P = 2|0 k@) - Gko@], a2
where .
k(o) = = 1 (1.21)

and the convolution product is defined by

g = | " g(s) - h(— s) ds. (1.22)

—0o0

To linearise 0 for small steps, we set
6 =600 45203 4 . (1.23)

so that for £ > 0 and along the free-surface, ¢(§) = exp{P(¢)} = 1+ O(9)
from eqn (1.18). Then at O(J) we get:

o) = 1'(9), (1.24)
dP( ) d29(1)
A Y
i o, (1.25)

and now, (1.25) can be written as

2 20
SOk - (k)| - B =0 126)

. . . 1. .
In this final equation, we have replaced the notation of 951 ) with 6, so long as it
remains clear that we are only interested in the first approximation, evaluated
along the free-surface.

1.4.1 Fourier integrals

We will define the Fourier Transform of a function, f(x) as

N= g [ e e

Taking the transform of eqn (1.26) gives

L )| #1071 - £ - Bk F6 = -7,
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and we can use the fact that

e P T
P and Zlk_| = (1.27)

sinh 7wk’

Flky] =
and rearrange to get

kE? 0 .
7 / —ikt
= . 1-
710 kF? cosh mk — sinh mk(BEk? — 1) /_OO fltye . (1.28)

Inversion then gives the form of the free-surface:

0= L / h F1(®)e* ) qr| dk (1.29)
21 J_o g(k) coshmk | J_ ’ '
where
g(k) = kF? — tanh(7k)(Bk?* + 1) (1.30)

is the dispersion relation and we will go on to define the inversion contour
more specifically in the next section. The different root arrangements of
the dispersion relation and their relationships with the various solutions
mentioned in the introduction are expounded in Appendix 1.A, but briefly,
there are two types of poles: the first type lies entirely on the imaginary
axis and affects the free-surface only near the origin ¢ = 0. Setting k =
+50, £01, . . ., where 8; € R, we see that these poles are given by solving the
equation
tan(wf,) = F?
577, B 1- Bﬂ%’

for n € Z*. The second type of pole corresponds to the wavenumbers of the

(1.31)

gravity-capillary waves; if we let k = k¢, =k be these wavenumbers and
order them according to their behaviours as determined in Region I (of Figure
1.9 on page 30), then kg corresponds to gravity waves and £k to capillary
waves, with 0 < kg < k1. However, if the Froude and Bond numbers are
chosen to lie in Region II (of Figure 1.9 on page 30), then the four residues
are entirely complex, and we identify the poles in the lower-half plane with &
and —ko, and the poles in the upper-half plane with k1 and —k1. The reasons
tor this will become clear in the next section.

We make note of two points: first, (1.29) could have also have been
derived by linearising the potential formulation in the physical plane; second,
the following properties of g(k) and ¢’(k) will be useful in the sections to
follow:

g(=k) = —g(k) g'(=k) =4g'(k) (1.32)
g(k) = g(k) g'(k) = g'(k) (1.33)

1.4.2 Fourier inversion

At this point, we will now substitute the expression f(t) = H(t) for the
geometry of the step into (1.29), giving

F2 00 ke—ikd)
= "— —— dk. 1.34
27 /_Oo g(k) cosh(mk) (1.34)

§I.4 + CLASSICAL LINEARISED THEORY FOR SMALL STEPS
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Figure 1.6: When there are four real
wavenumbers, the Fourier inversion of
eqn (1.34) is done so that for ¢ > 0,
the gravity residues (k = +kq) are col-
lected, whereas for ¢ < 0, the capillary
residues (k = =kq) are collected. If
there are four complex wavenumbers,
then the residues in the upper and lower-
half plane are similarly collected, in
the orientation prescribed by the dotted
lines.
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First, let us perform the Fourier inversion for solutions in Region I, so with
four real wavenumbers; the contour is illustrated in Figure 1.6.

(k) 6 <0
1
7 Y Z./84 @ 3
—k {0 i85 @ o) k1
i3> (0)
—k k
5 AEGAC B 05 e R(E)
R in@
~if (©
iy :igz % Sy ko
¢ >0

The integral in (1.34) suffers from the presence of the four poles along the
real axis, and this is a symptom of the unnatural steady-state problem (Stoker,
1957; Debnath, 1994). We must re-define the integration contour along the
real k-axis, taking in account the correct radiation conditions far upstream
and far downstream from the disturbance. Suppose that ¢ > 0. Then in this
case, we deform the contour into the lower-half k-plane, where the integrand
tends to zero as k — —i00. In the limit that ¢ — 0o, we want to preserve only
gravity waves, and so we only collect the residues from k = +ko. Similarly,
if < 0, then we still deform into the upper-half k-plane, but the path is
chosen so that the residues k& = 4k are collected as ¢ — —oo.

With this in mind, we may write the Fourier integral (1.34) as

_FQ/OOG(k)dk: 54’“ 5’5,% =§l§lﬁn ETY((lf))dk >0
“ 2 ) g(k)
g %&-kl }gkl }ézﬁn ?q;((;]{?))dk ¢ >0,

(1.35)
where G(k) = ke % /cosh(nk) and the integral-shorthand represents
contour integrals around the indicated poles. Note that we have also included
the residue contribution from k = i3y = 0 since this is simply zero. Then for
solutions in Region I and for ¢ > 0, we have

S ISP L IR PN (< Y
—2mZRes{G((lC — Bn}] .

'The poles are simple roots of g(k) so using Properties (1.32)-(1.33), we can
write
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9 — _in[G(ko) G(—ko)} _ ini G(—iBn)

+ -
9'(ko) ~ g'(ko) = g'(—iBn)
—ikog ikod e YeiPnlt=2l
_ _F2/L k‘oe _ k‘oe F2/L Z
g’ (ko) cosh(mkg) ¢’ (ko) cosh(mkg) cos g'(i8y)

n=1

F [g’(ko) COSh(TFk‘(]):| sinkog — I Z |:COS 7T,3n) (zﬁn)] ¢ '
(1.36)

Region I solutions with ¢ < 0 are also handled similarly, giving

= [? le sin 2 /8 Bnd
'=r [g'wl)cosh(wkl)] o=t Z[ (Bl m)}e |
(1.37)

Solutions in Region II, with only complex residues can also be derived, but

there is a more convenient expression for (1.36) and (1.37), which allows
for the possibility of complex values of k. If we write a general residue as
k = k* € C, then the solution can be expressed as

L9300

_ 2
P = I ) cosh (k)

sin (%(k*)qﬁ — Arg(k™) + Arg(T))

e Bn ] —~Bal¢l
F ZLOS(W AP . (1.38)

n=1

where we have set

T = Arglg’ (k") cosh(mk™)],

and the = signs in (1.38) are associated with ¢ < 0, respectively. The residue
k* should have R(k*) > 0, and for gravity (—) waves, we set k* = ko while
for capillary (+) waves, we set k* = k1. Note that from these expressions for
0, the (re-scaled) free-surface can then be computed from

y~5/$9(s)ds

and moreover, in the limit that ¢ — +o0, the contributions from k = Fif,
of eqn (1.38) tend to zero, leaving only the the contributions from the residues

atk = :tko, :|:k1.
1.4.3  Taking the Low-Froude and low-Bond limits

The key result of the previous section, eqn (1.38), provides the form of the
gravity-capillary waves over a small step. However, we are more interested
in the nature of this approximation as the Froude and Bond numbers tend
to zero, so we let ' = B¢ and B = [7¢2, where ¢ < 1. This particular
scaling for " and B is chosen so that a power of € is associated with each
derivative of the dependent variables of (1.17)—thus € for the V¢, and €2 for
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the curvature . The reason for this choice will become clear later when we
perform the exponential asymptotic analysis (it can also be seen by examining
the limiting scaling of the dispersion curve in Figure 1.9).

With this choice for the Froude and Bond numbers, a balance of terms
in eqn (1.30) tells us that & ~ O(1/e). Since tanh(7k) ~ 1 for R(k) > 0,

we can write eqn (1.86) as
Br(ek)* — B(ek) +1 ~ 0,
where we only consider the roots with (k) > 0. Then we have the fact that

D
ky ~ =X, (1.39)
€

where D is defined by

Dy = , (140)
2T
with A defined by
4T
A=1-—. (1.41)
g

'The negative sign of eqn (1.39) corresponds to gravity waves (k_ = ko) and
the positive sign to capillary waves (k4 = k1), and the condition that both
wavenumbers are real is equivalent to A > 0 or 7 < (/4. In fact, this also
indicates that the critical dispersion curve F' = Fj, in Figure 1.1 and Figure
1.9 tends to the curve B = F?/4 as F — 0. Now, using eqns (1.39) and
(1.40) in (1.87), we can show that

g (ks) ~ FBeVA, (1.42)
and noting that

cosh(mky) ~ cosh(%Di> — %(e*“Di/E + eﬂ'Di/6> N e”D; /e’

we then have the low-Froude, low-Bond approximation from (1.38),

46

€

Dy
— | €X
A p

x sin{—%(DiW _ m3(D=) + Arg(Dy) — Arg@)}, (1.43)

0+ +

€ €

[_ TR(Dz) %(Dm]

€ € 2

where we have multiplied the first-order approximation by 4. This completes
our determination of the gravity-capillary waves, and we now move on to
retrieve a similar result using exponential asymptotics.

I.5 EXPONENTIAL ASYMPTOTICS
In the classical linearisation method of the previous section, we derived the
small-step formula (1.38) for F', B ~ O(1), only to afterwards take the low-

Froude, low-Bond limits. In the method of exponential asymptotics, we will
instead take the F, B — 0 limit immediately after the initial linearisation.
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As explained in our overview of the methodology, we want to complexify
the free boundary variables (§, ¢, ¢, 6), which is simply equivalent to replacing
the variables by their (2D) complex analogue. Analytically continuing the
boundary integral (1.18) into the upper-half {-plane gives,

1 0 /
logg — i = —— / g(g )C d¢' + #00(¢)], (1.44)
where we have relabeled £ — ¢ and .7 denotes a Hilbert transform operator
on the free-surface, £’ > 0:

> 8¢

de’. 1.45
o e (1.45)

L%wmz—lé

™

Complexifying the dynamic condition (1.19) also gives

2
Be[ d} Bre [ d0+ dq dq:—sine, (1.46)
dwd

with a relabeling of ¢ +— w, and where we have used the scalings for
the Froude and Bond numbers given in Section 1.4.3. The expressions in
(1.44)—(1.46) then provide an equation for the complexified free-surface, and
this was illustrated using the perpendicular plane in Figure 1.4. Of course,
at the end of the analysis, we must also remember to add any solutions from
analytic continuation into the /ower-half (-plane.

Assuming that the step is small, and letting b = 1+ §, where § < 1, then
linearising around the uniform stream gives

—1+40¢ +0@) and =100 +0OG). (1.47)
Then (1.44) gives to leading order in § (dropping primes)

q—10 =

1
s T (1.48)

The dynamic condition in (1.19) gives to leading order in ¢ (also dropping
primes)

dq o d*0
Bedw — Bre Tl = —0,

and using the fact that { = e~", then

d d 2 , d?

% = _CIC’ dw = C? C d7C27

and the linearised dynamic condition becomes

) 0
5e<d—g+5 [g e Hdc} 0. (1.49)
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1.5.1  OQuter problem

We first write the solutions of eqns (1.48) and (1.49) as a regular asymptotic

expansion:
0= Z €0, and g¢g= Z €' qn, (1.50)
n=0 n=0

which gives at leading order,

b = 0, (1.51)
1
= 1.52
while at O(e™) for n > 1, we have
Gn = i + H[0,(C)] (1.53)
dgn—1 2 dz@n—Z dbn—2 .
B¢ i + BT (¢ i +¢ i = 0. (1.54)

Now the leading-order solution g in (1.52) has a singularity in the analytic
continuation of the free-surface, ( = —1, which corresponds to the linearised
step. But we see by eqns (1.53)—(1.54) that at each subsequent order, gy, is
determined by the first and second derivatives of ¢,,—1 and ¢,,—2, respectively.
'Thus, each subsequent order must add to the power of the early singularity,
so that in the limit that n — o0, the effect of this early singularity dominates
the behaviour of the late-order terms; ¢y, then, will diverge like a factorial

OVer power:
_Ql(n+9)

= (1.55)

dn

with 7 constant, ) and x as functions of ¢, and with x(—1) = 0; of course,
the same process leads to a similar expression for 6,,:

N Or'(n+7)

O~ s

(1.56)

At this point, we can profit from yet another simplification: as n — oo,
and when ( is taken near the Stokes line (which we will soon derive), the
integral in (1.53) is found to be exponentially subdominant to the other terms
of the same equation. Essentially, this occurs because |x| is smallest near the
singularity, ( = —1, and grows along the Stokes line as it tends towards
the free-surface, upon which the integral is evaluated. This simplification was
used in Chapman & Vanden-Broeck (2002, 2006) and is discussed in detail
for the more interesting case of ship waves in Chapter 3; in any case, the
assumption can simply be checked a posteriori after obtaining the correct form
of x. From (1.53) then, we have

Qn ~ ie’na (1.57)

valid as n — oo. Using this simplification, the O(€") terms are then given by
(1.54), with

d? gn—2 dgn—2

dQn—l
dc2 MR

d¢

B¢ — Bri|¢? ~ —igp. (1.58)
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Substitution of the ansatz in (1.55) into (1.58) gives to leading order as n —

h (Bric?) (X 2+(ﬁOgX~—i—0 (1.59)
dw dw o )
or
dx B + \/62 4081 . 1
ac 25t ] ( c)cm"lDi<<)’ (160

with D as in (1.40). Requiring that x(—1) = 0, we then have

= 1D4 log(—(). (1.61)

Proceeding to next order in (1.58), we also have

ch—wcﬂﬂ QP +58dx

and substituting the equation for y in (1.61) zeros the right-hand side of the
above expression; therefore () = constant = A. Finally, to determine the
constant vy, we note that in order to match the the leading order solution in
eqn (1.52) with the ansatz of eqn (1.55), we need v = 1.

Before we go on to discuss the implications of these late-order terms,
let us us inspect the late-orders singulant x. From Dingle (1973), and the
third maxim of Section 1.2, we know that Stokes lines must emerge from the
singularity at ( = —1, and are prescribed by locations where successive terms
in the expansions of § and g have the same phase, i.e. where

S(x) =0 and R(x) > 0.

Stokes lines lie in the space corresponding to the complexified free surface, but
as discussed in Section 1.2.1, each point in this imaginary plane can be iden-
tified with a point in the lower-half complex potential plane corresponding
to physical space; here, the Stokes lines are given by the curves w = ~(s) € C
with

st if A >0andfors e [—77, O}
V(s) =
[R(Dy) ) 3(Dy1)
+z[%(Di)s w} if A < 0and for |s| € [O’W%(Di) .

(1.62)

Consider the case that A > 0. As shown in Figure 1.7, both the capillary
and gravity Stokes lines coalesce along the imaginary 1) axis, and we would
thus expect for waves to switch-on as the free-surface is analytically continued
across the origin—gravity waves downstream and capillary waves upstream.
'This transition is denoted by [Bs — C] or [Bs — G, describing the action of
the base solution (1.50) switching on a capillary or gravity wave, respectively.
However, in inferring the behaviour of the Stokes contributions as A is
decreased from A > 0 to A < 0, we must take great care in selecting the
correct branch of the various square roots if we wish to continue to identify

§I .5 - EXPONENTIAL ASYMPTOTICS

21



Figure 1.7: In Region I with A > 0, both
capillary and gravity Stokes lines emerge
from w = —im and intersect the origin.
Across this point, we expect a gravity
wave to switch-on downstream and a
capillary wave to switch-on upstream.

Figure 1.8: In Region Il with A < 0, the
capillary Stokes line moves upstream while
the gravity Stokes line moves downstream.
We again expect the switching-on of gravity
and capillary waves, but because of the
non-zero imaginary component of x, the
waves are now exponentially decaying as
they tend to infinity.
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the same negative sign in D to gravity waves and the same positive sign to
capillary waves. A much easier mechanism is to see a posteriori which side
the exponentials are decaying or growing and to assign the appropriate wave
to the decaying region; we comment on this shortly in Section 1.5.3 once
we have derived the form of the exponentials. For the moment, however, it
is sufficient to claim that as A decreases from positive to negative values,
the previously coalescent Stokes lines split, with the capillary-associated line
moving upstream and the gravity-associated line moving downstream; this is
shown in Figure 1.8. As the free-surface is analytically continued across these
critical lines, we would again expect small waves to switch on, only now the
waves decay in the far field.

CAPILLARY GRAVITY

[Bs H/C‘]\A ~[Bs — @]

'/////////////////////////////////////////;7’///////////////////////////////////////////

In the next section, we will explicitly show how the Stokes Phenomenon
actually occurs and moreover, we will establish the connection between the
resultant waves and the late-order terms of eqns (1.55) and (1.56).

1.5.2  Stokes smoothing

When an asymptotic expansion is truncated haphazardly, the error is gen-
erally algebraically small in €; in order to observe the smooth switching-
on of the waves as the Stokes line is crossed, we must instead truncate the
expansions optimally, to where the error is exponentially small. To begin, we
will truncate the asymptotic expansion in g:

N-1
= g+ Sy (1.63)

n=0

Note that the expansions and corresponding expressions for § are also sim-
ilarly done, but the fact that ¢, ~ i6,, from (1.57) allows us to work with
only a single variable. Once the truncated sum (1.63) is substituted into eqns
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(1.48) and (1.49), we get

L(Spr;€) + €V

BCq 1 — Bri <C2QX/2 + CQJ\f2>]

— N3 [c2qxf1 + gq’Nl] =0, (1.64)

where primes denote differentiation in w and where the linear operator L is

defined by
L(Snr;€) = eBCSh — e2BTi [CQSX/ + CSJ/\/] + S (1.65)

In (1.64), we can replace the O (") bracketed quantities with the right-hand
side of eqn (1.58), giving

L(Spe) ~ N [iqj\/ + eﬁﬂ(%ﬁ_l} : (1.66)

It is easily verified that Qe ~X/€ is a solution of the homogeneous equation
L(s+;€) = 0, and so to solve the inhomogeneous equation, we let S = S(w)
be the Stokes smoothing parameter, which we expect to smoothly vary from
zero to a constant across the Stokes line; then we set

Sy = S [Qe"‘/e} ,

Sy = S[Qe ] 45 Qe ],

" /
Sy = S[Qe—x/e} +928’ [_)ZQG_X/E + Qle—x/e] + 8" Qe X/,

When this ansatz for the remainder is substituted into the left-hand side of
(1.66), we are only left with terms involving derivatives in S at leading order:

s
£(Si€) ~ € Qe 3¢ + 28ic™ | G
and switching to differentiation in x and using eqn (1.59) to change the
bracketed quantities, we then have
as

ix (1.67)

L(Swie) ~ e Qe [z + ﬂTiCQ(X’)z]
Since we are interested in the limit that € tends to zero, where the optimal
truncation point, NV, tends to infinity, we can substitute the late-orders ansatz

of (1.55) into the right-hand side of (1.66), giving

N

eV QT(N + ) . eN+~v+1

L(Rpr;€) ~ W [z + /BTZCQ(X/)Q(XH] . (1.68)
The optimal truncation point is at N ~ [|x|/€| (where adjacent terms in the
expansion are roughly equal), so we will let Y = re'” and thus set N = 7 /e+p
where p € [0, 1). Stirling’s formula then gives

N+~ —1/2
— ~Vore e[ r
N +7~)=T(r/e+p+7) 2me < Y > YL
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Changing the derivatives to

d efiﬁ i
dx r dv

gives from (1.67) and (1.68),

The sum of the exponential factors on the right is exponentially small, except
near the Stokes line ¥ = 0. The critical scaling occurs with 9 = /el and
here,

9
exp{ (1—cos79> (TSIEH 29(:—|—p—|—7+1)+72r>}

Nexp{—m—Fm +O(\f)}

2

In total then, we have the local change in the Stokes switching as

dS  V27ri ( 7‘52 )
CXP —_—— .

= ~ 1.69
dv €7 2 (1.69)
We now integrate this expression across the Stokes line from upstream, or
¥ = oo (indicated with a + below), to downstream, or ¥ = —oo (indicated

with a — below). The apparent jump in the remainder is then

5]~ -2
+

and thus across the Stokes line, the terms

Gop ™ —fd[Qe Xi/e] (1.70)
b, ~ ——\s[@e_Xi/G} (1.71)
€Y

are switched on and where, to derive the above expressions, we have included
the contribution from analytic continuation into the lower-half plane (or
simply, the complex conjugate of the contribution from the upper-half plane).
Formulae (1.70) and (1.71) thus provide us with the important connection
between the exponentially small waves and the late-order terms (1.55).

In terms of 6, we will denote the Stokes switching procedure as

26”0 —_— €"0,, + 0
[Bs—C] - P

E Enen EE—— n0 + 9;( )
[Bs—G] P
n n

either indicating that the base series has switched on a capillary wave [Bs —
C] or that the base series has switched on a gravity wave [Bs — G]. Note that
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because the Stokes smoothing proceeded from upstream to downstream, we
will eventually need to negate the jump corresponding to the capillary wave.

We can finally return to our assertion in Section 1.5.1 about the selection
of the branches of the various square roots and their association to the gravity
or capillary waves. Examining (1.61) and (1.71), we see that since we need
gravity waves to decay downstream, then for A < 0, in order to continue
identifying the negative sign of D to gravity waves, we need

R(x_) = ~S(D_) log(¢) + = R(D_)

to be growing as ¢ — 0T. This implies that we need S(D_) to be positive.
Thus for A < 0, we want the secondary branch of the square root VA, in
order to continue identifying x_ with gravity waves and x4 with capillary
waves. With these subtle details in mind, we see that the Stokes lines in
Figure 1.8 with x4 and x_ are indeed associated with capillary and gravity
waves, respectively.

1.5.3  Determining A and the waves

The final step is to determine the unknown pre-factor @ = A of eqn (1.71);
to do this, we solve for the leading-order solution near the singularity { = —a
and match with the late-orders expression of eqn (1.55), which is only valid
far away from the singularity.

Near the singularity, however, a similar argument to the one used in
deriving (1.57) can be applied to simplify the problem. From (1.48), we would
like to evaluate

Qinner(w) - ieinncr(w) — 2( L + <%ﬂ[eouter(C)] (172)

¢+1)

as ¢ — —1 and where the indices help to remind us where the functions g
and 6 are being evaluated. The left-hand side is evaluated near the singularity
and thus involves the exact expressions for ¢(w) and §(w) in the inner limit.
However, the integrand on the right hand side is integrated over the free-
surface, far away from the singularity, thus it involves only the ouzer expansion

of f(w). But we know that substituting the outer expansion into the right-
hand side of eqn (1.72) leads to

Ginner (W) — 10ipner (W) = qo + 6t%ﬂ[gl (C)] + 62%[92(0] + 0(63)7

and since the integrals are all finite for ( off the axis, the expansion on the
right continues to be well-ordered near the singularity. Thus the leading-order
inner solution satisfies

1

Sy
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so that

7

TS
do —i dgq
ac "2z A
d?0 ) d?q

a2~ ¢+ 13 ae

Substituting these expressions for 6 into eqn (1.49) and simplifying gives

d*q i¢ iC? o
d<2 ZC% 2C+12 TP T 2CH D
(1.73)

The scalings for the inner region are given by examining the region where
€"qn ~ qo, and so let ( + 1 = ien and ¢ = —ig/(2¢). Using

d_1d
d¢  iedn’

,86( +,87'6 —ZCQ —1q.

dg

we then have from eqn (1.73):

o) G

and, after simplifying, this gives
B_,  Br|l_, 1 1 1_
L g - =40 - _
21 * e |27 n? +0(e) 2en 2¢ 0
so that the equation for the leading-order inner solution is

Sa' + or [q,, B 23} _L1 (1.74)
n n

By comparing with the form of the outer ansatz (1.55), we expect that in the
limit that the inner solution tends to the outer region, it must also diverge
like a factorial over power. If we expand

A I'(n+1)
Z n+1 ?
n=0

as 1 — 0o, this gives from (1.74),

2 Ap_1(n)T(n) 2 Ay o(n+1Dnl(n+1) 2
S ) [§ sl )2
n=2
AT(n+1
T Z nrtl

CHAPTER I * PART I. LINEAR THEORY



In the limit that n — oo, the first three orders give

1-— AO =0 = A() = 1, (175)

—BAT(1) = —A11'(2) = A =B, (1.76)

—2BA; + BT[240 — 2] = —2A4, = Ay = 32, (1.77)
while for n > 3,

Ap = B(Ap_1 — TAn_2). (1.78)

Using Dy from (1.40), we can show that the solution of the recurrence

relation in (1.78) is
1 1\" 1\"
w-7lE) - Y

with A given by (1.41). In order to perform the matching between inner and
outer expansions, we first note that

Xt = —iDxlog(—C) ~ iDx(C +1) = —Dxen, (1.80)

and then matching is done by applying Van Dyke’s (1975) rule. The n® term
of the outer solution (n.t.0), written in inner variables and re-expanded to
one term (1.t.i) is

(nto) n "AT(n+1) @e) (=1)"TAT(n +1)

q——€"qn T DL (1.81)

where we have used the inner limits of x from eqn (1.80). Similarly, the
leading-order term of the inner region (1.t.i), re-expanded to the n™ term
in the outer limit (n.t.0) has

(L), —i_ (o) @ ApT'(n+1)
2¢ 2¢ qgntl 7

and using the exact solution of the recurrence relation in (1.79) requires

Ay =+——~. 1.
+ 2 VA (1.82)
'This completes our determination of all the components of the high-order
terms of (1.55), as well as the exponentials switched-on across Stokes lines
from (1.70)—(1.71).

Indeed, from (1.57), we know that © = —i() = —iA4, and thus, from

the expressions in (1.82),
+1| D4

@Z—ZAZTT

e (o) A

The singulant, x, in eqn (1.61), can be written as

e = [TR(D2) + 3(D2)ogc| +i[73(Ds) ~ R(Ds) log |
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where the branch of the logarithm is chosen to correspond to analytic
continuation into the upper-half plane. Thus, remembering to reverse the
sign of the capillary waves, we see from eqns (1.71) and (1.82) that the form
of the waves are given by

€

Dy

VA

x sin{—%(Di)Q5 _ WD) | pre(p,) - A } (1.83)

€X'
P € €

_TR(Dx) | %(Diw]

€ € 2

after having multiplied by § (since we chose to drop primes following the
expansion of eqn 1.47). A simple flux argument gives md = 26, relating the
step height in the physical and potential planes, and so we see that indeed
the waves from the standard Fourier analysis (1.43) are the same as the waves
from the exponential asymptotics (1.83).

1.6 DISCUSSION

What is the connection between the treatment of the low-Froude, low-Bond
problem using traditional Fourier methods and our new methods in exponential
asymptotics?

For both the Fourier method and the exponential asymptotics, the free-
surface waves given in (1.43) and (1.83) are produced by deforming a path
of integration through the relevant singularities—exp/icitly in Fourier-space
for the former, and implicitly in the analytically continued domain for latter.
We find, however, that when we use exponential asymptotics, concepts like
the Stokes Phenomenon and optimal truncation can be clearly interpreted,
but if one only see the problem through Fourier-tinted glasses, then these
equivalent notions remain well obfuscated.

Consider the case that A > 0. The analysis by exponential asymptotics
clearly indicates that the formation of the gravity and capillary waves occurs
upon crossing the point ¢ = 0 on the free-surface, and this is reflected
in the integration contour in the Fourier plane, which runs in the upper-
half k-plane upstream, but switches into the lower-half k-plane downstream.
However, for A < 0, the exponential asymptotics clearly show that the
capillary and gravity waves only appear on either side of the point ¢ = 0.
In particular, this seems to imply that for a small region near ¢ = 0, the
integration contour within Fourier space does not include the complex residue
contributions of the four poles—rzhere are no wawves after all! 'The connection
between the optimal truncation and Stokes smoothing procedure with the
standard linearised Fourier theory as € — 0 is no longer clear.

How does the infinitude of complex poles in the Fourier plane relate to
the optimally truncated asymptotic solution? From (1.53), the low-Froude,
low-Bond solution has

¢
(C+1)2

6= —565[ ] + O(é%), (1.84)
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and this expression must be related to the infinite summation of the residues
along the positive or negative imaginary axis of eqn (1.38), which we write as

_ - Bn —Bnd —x/€
= ﬁeag[ws(ﬂmg/(wﬂ)]e + O(e™X/°), (1.85)

having multiplied by the size of the step 0. As € — 0, the complex roots i /3,
can be found by setting 3,, = n + d so that from eqn (1.31) we find

nd + %(nd)i” +0(d°) = p°¢(n + d) [1 +Bret(n+d)* + O(e',d") |,

and d can be expanded as a (regular) perturbation series in powers of €. Now
if we substitute (3, ~ n back into eqn (1.85), we find

0 =—Bes Y (=1)"'nl" + O(e?),
n=0

after making the substitution ¢ = e?. In fact, we may truncate this sum at

n = N with

S 1 S N N N AfeN+L
S e = |y {10 RN e

Then selecting N ~ log €/ log ¢, we have

¢ 2
0 = 565[@_1_1)2} + O(€).
What we have thus shown is that by adding N of the residues along the
imaginary axis, we can reconstruct the exact form of the leading-order term of
the asymptotic approximation (1.84) using only the leading order behaviour
of By, For a general term of the optimally truncated approximation (1.63),
we would need to also truncate the expansion of each residue,

B =B + B + €50+

and then add up a further truncated sum from eqn (1.85) in order to retrieve
the precise form. But because this involves a composite function of many
truncated sums, the full process is likely to be excessively complicated.

Ultimately, however, the bridge between Fourier analysis and exponential
asymptotics becomes less important as we move on to study the nonlinear
problem, where only the latter method is applicable. In the next chapter, we
will show how exponential asymptotics can be used without first linearising
for small obstructions, thus providing an asymptotic approximation valid
for O(1) geometries. There, we shall see that the availability of multiple
singularities in the geometry, coupled with the interplay of gravitational and
cohesive effects, leads to the discovery of a remarkable set of new gravity-
capillary waves.
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Figure 1.9: The three regions in (F, B)
space which distinguish the linearised
solutions are shown on the left. The tran-
sitions between the different regions can
be understood by following the move-
ments of the four (possibly repeated)
wavenumbers in the complex complex
k-plane, shown on the right.
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I.A (APPENDIX) LINEAR CLASSIFICATION OF SOLUTIONS

For the finite-depth flow in a channel of height 7, the dispersion relation and
its derivative can be written as

g(k) = kF?— tanh(wk)(Bk* + 1), (1.86)
d(k) = F?—sech®(nk)(Bk? + 1) — tanh(nk)(2kB). (1.87)

'The nature of the zeros of the dispersion relation provide a classification of
the linearised solutions in the (F, B) plane. For all values of ' and B, k = 0
is a root of (1.86), but it plays no role unless /' = 1. There are an infinite
number of purely imaginary roots at k = =+ifp, =i, ..., but these are
generally unimportant (¢f Section 1.4.2). The relevant regions in the linear
classification are shown in Figure 1.9.
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1.2

First, consider Region I of the (F, B) plane. Here, the dispersion relation
has four real roots: k = ko and k = £k; where 0 < ko < ky; clearly, ko
corresponds to the gravity waves and k1 to the capillary waves and physically,
we would expect capillary waves upstream and gravity waves downstream,
and this subcritical region is the one relevant to Rayleigh’s (1883) fishing-
pole problem.

As B — 0, £k; — %00 and only the gravity waves remain. Alternatively,
if we hold I fixed and increase B, then the roots coalesce at a critical value
(corresponding to the dispersion curve F' = F};;) and for B still larger, they
split, forming four complex roots; here, we would expect localised solitary
solutions. Physically, this bifurcation point corresponds to point where the
group velocity of the wave equals the phase velocity, so that kg = k1 = k*
and critical dispersion curve F' = Fj, is then defined by solving g(k*) =
g' (k") =0.

Next, suppose we begin again in Region I, hold B fixed, and increase
F'. Then we find that the two gravity roots coalesce at the origin, and then
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split, moving upwards and downwards on the imaginary axis. This bifurcation
describes the more complex phenomena of the exponentially radiating waves
of the fifth-order Korteweg-de Vries Equation.

Finally, if we begin in Region III with B > 1/3, and hold B fixed whilst
decreasing F', we transition back to Region II. This corresponds to having
the two capillary roots coalescing near the origin, and then splitting onto the

imaginary axis.

§1.A - (APPENDIX) LINEAR CLASSIFICATION OF SOLUTIONS
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PART II: NONLINEAR THEORY

2.I INTRODUCTION

In the last chapter, we showed how techniques in exponential asymptotics
could be used to derive the surface waves for flow over a small step; there, the
geometry was replaced by a single source, from which gravity and capillary
Stokes lines emerged, and an analysis of the associated Stokes Phenomenon
revealed the smooth switching-on of exponentially small terms. In this
chapter, we shall see how the same methods can be adopted to the study
of waves induced by obstructions that cannot be considered small. For these
nonlinear geometries, multiple singularities may exist, and this, combined
with the competing effects of gravity and surface tension, leads to a much
richer variety of possible surface waves.

2.2 MATHEMATICAL FORMULATION

We will briefly recapitulate the relevant equations, which parallel the ones
presented in Sections 1.3 and 1.5 of Part I, but this time allowing for the
possibility of flows over more general geometries. Consider steady, two-
dimensional potential flow of an incompressible fluid with upstream velocity
U, and a prescribed length scale L. The flow is non-dimensionalised with
characteristic scales of U and L/ for the velocity and lengths, respectively,
and the physical z = 2 + ¢y plane is mapped to the complex potential
w = ¢ + i) plane, then mapped again to the upper-half ( = £ + in plane.
The free-surface is then given by

1 eeE)
1ogq_—ﬂ][_oog,_§dg, (2.1)

d d?0  dq df
pe [qu;] — Bré? {qzdﬁ + qd;dgﬁ] = —siné, (2.2)

where F?2 = Se is the square of the Froude number, B = 37¢? is the Bond
number, and for hodograph variables log(dw/dz) = logq — i, where ¢ is
the fluid speed and 6 is the angle the streamlines make with the z-axis. This
set-up is presented in Figure 2.1.

D E n
—_ UM
1] —— P =0 [\W
A Y <
C B C Bb A a F|E D§

V/

7

Our analysis must then be extended to the complexification of the free-
surface (originally, ¢ and 6 for £ € RT). Complexifying the free-surface into
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Figure 2.1: We consider a typical flow
over an obstruction. The flow in the
physical zy-plane (left) is first mapped
to the potential w = ¢ + i1 plane, then
again mapped to the upper-half { = £+
in plane (right). For flow in a channel,
the latter map is given by ¢ = e~ "
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the upper-half £-plane and relabeling £ — ¢ and ¢ — w gives

0 0 /
logq —i6 = —i/_ {’(E)C d¢' + 10(¢)], (2.3)
qu 2 2d26 dq do . 1 A
e[q dw] —€ T[q dw2+qdwdw] =73 sin 6. (2.4)

where .7 denotes the Hilbert transform operator on the semi-infinite inter-
val £ > 0 which corresponds to the free-boundary, i.c.

ab) =L [T 2

de'. 2.5
=t ¢ (2.5)

2.2.1  The step flow

The methodology developed throughout this chapter is applicable to most
general non-surface-piercing geometries, which are defined by imposing the
value of 6 along the negative ¢ axis. With minimal modification, it can
also be applied to surface-piercing obstructions (such as for a ship), the
only significant difficulty being the assumptions-to-make near the point of
contact. Thus for a significant portion of the analysis to follow, we will not
constrain ourselves to choosing any one particular geometry.

However, for concreteness and illustration, we will often take as an

example the step in a channel, with ( = ™", and
0 for(<—b
0 =<on for( € (—b,—a) (2.6)

0 for( e (—b,0)

where 0 < a < b. We will always imagine a stepping up (from left-to-right),
with b associated with the stagnation point, a associated with the corner, and
therefore 0 < o < 1. In the next section, we will see that at zero Froude
and Bond numbers, the leading-order solution is provided by substituting
the above values for 6 along ¢ < 0, as well as § = 0 for ¢ > 0 into the
boundary integral equation (2.3), giving

¢(+0\7 _
g~ <C+G> and 0 =0+ O(e), 2.7)

which is often termed the rigid-wall flow, as it is equivalent to replacing the

free-surface by the rigid wall, 6 = 0.
2.3 ASYMPTOTIC APPROXIMATION

Substituting the usual perturbation expansion,

0= i €6, and ¢q= i €'qn (2.8)
n=0 n=0
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into eqns (2.3) and (2.4) yields at O(1),

6y = 0, (2.9)
log o = <§iz> , (2.10)
and at O(e),
d 1
q%d%) =-3% (2.11)
D _ig, = 00:(0)). (2.12)

q0

'The leading order expressions in (2.9)—(2.10) simply correspond to the zero-
Froude, zero-Bond solution, which is equivalent to replacing the free-surface
by a rigid wall, as discussed for eqn (2.7). The full expressions for the higher
O(€") terms are prohibitively complicated, but we will mainly be concerned
with the limit n — oo and so we may proceed as follows.

The complexification of the leading-order free surface, go(w) will typi-
cally contain singularities, identifiable with singularities in the flow-domain,
such as those corresponding to corners or stagnation points. However, be-
cause all the higher-order problems are linear, no new singularities can be
introduced and thus, for all n, the singular points of ¢, (w) must be those
same points as for go(w).

Now if we examine the dynamic condition (2.4), we can see that each
successive term of the asymptotic approximation will require the derivative of
the previous term. Thus if ¢,, contains a singularity of the form 1/(w — w*)",
qn+1 will contain a singularity of the form n/(w — w*)"*1. Then as n — oo,
we can expect the late terms to behave like factorial over power, or

O(w)I'(n+ )

Q(w)T'(n +7)
x(w)m '

o~ x(w)n

(2.13)

and ¢, ~

With this ansatz in mind, we can now pinpoint the necessary terms required
at O(e"). In the limit that n — oo, terms like ¢;,,¢,, for m finite dominate
terms with smaller indices in n, such as ¢, g,—1. Moreover, differentiating
a term increases the order (in n) by 1, so a term like edgy,—1/dw is of the
same order as ¢y. This behaviour is also easily seen in terms of the Gamma
function, with for example,

i

dg,  QU(n+~y+1) (dx dQT'(n+7)
dw Xn+7+1 dw dw Xn—f—v

and

&g, QU(n+7+2) <d><>2

duw? 2 dw
T+ +1) QdQX dQ dx d*QT(n +7)
Xn+'y+1 dw? dw dw dw? Pan] )
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'The relevant terms at O(€") of the boundary integral equation (2.3) are thus
an dn—141

0 @

4+ ...— ’i@n = %[en(c)]’

for n > 2. As was explained in the discussion leading up to eqn (1.57) in
the previous chapter, as n — o0, the terms on the right-hand side of this
equation are exponentially subdominant to those on the left. Thus,

1q1Gn—1

O ~ —idn ML L g — oo, (2.14)
q0 95
or,
Gn ~ 1ol +i0p_1q1 + ... asn — oo. (2.15)

As for Bernoulli’s Equation (2.4), we will use eqn (2.15) to replace g, with
0, after which the relevant terms at O(e") are

first and second order as n — oo

1
[iqg’] 0,1 — [qu] 0o+ [5] O

+ [3iq§qé} 0,—1 + {?n'ngl — quqé] 0 o — [2quq1] 0! _o=0. (2.16)

second order as n — 0o

Using the ansatz (2.13) in the above equation, we have at leading order as

n — 0o,
. 1
—igX —Ta(X')" + 5 =0, (2.17)
which is simply solved to give
2
dax _ i M (2.18)
dw 27qo
where 1
A=g-A and A= FT (2.19)

Remember that x(w) is the portion of the ansatz (2.13) that expresses the
singularities of the higher order terms. Since x(w*) = 0 for one of these
singularities, w*, we may express

w
X+ = —i/
o

and we expect to find a series of terms like (2.13) corresponding to each

qgj:\/g

de, (2.20)
27'q0

singularity of go. By taking the limit 7 — 0 and comparing with Chapman
and Vanden-Broeck (2002; 2006), we see that the positive sign corresponds
to capillary waves and the negative sign to gravity waves. Now returning to
the dynamic condition (2.16) and with the ansatz, we find at next order in n:

[iqg’] 0 — [Tq?)} {—2x/@/ - x”@} + [373613(16} C

+ [Sz'qéql —~ TQOQ{J {—x’@} -~ [%qoql} {(x’)Qe} =0. (2.21)
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We may write this as

e’ 1A A iq1 A+24A
=t 3 (222
S 4A 2, /A(A+ A) 27{ A(A + A)} 2.22)

or after integrating,

+1
(\/A+A+\/Z> A ’i w A+2A
e = Xexp / @l + ——= dy|,
Al/4 27 A(A + A)

wk

(2.23)
where A is a constant and we may begin the integration at any arbitrary point
w = w* where the integral is defined (often w* is a natural choice for w*,

but the integral may not exist at w*). Taking the limit of 7 — 0 and the

Ai (Y@
O=—-——= -3 < dp|,
T I
which differs from Chapman & Vanden-Broeck (2006) by a factor of a half
(i.e. our A is their 2A). Finally, eqn (2.15), allows us to relate @ with ©, and

negative sign gives

Q ~ igo®. (2.24)
2.4 OPTIMAL TRUNCATION AND STOKES LINE SMOOTHING

'The underlying divergence of the asymptotic expansions will cause the Szokes
Phenomenon to occur: as the complexified asymptotic solution crosses a critical
line (the Stokes line), a small exponential switches on.

Now, because the switching-on of the exponential is almost always via
an error function (Berry, 1989), as in eqn (1.69), the optimal truncation and
Stokes smoothing procedure will be very similar to the one we performed in
Chapter 1. To begin, we fruncate the asymptotic series at n = N so that

N-1 N-1
0= Z €"0, + Ry and qg= Z €' qn + SN, (2.25)
n=0 n=0

where the remainders are related by eqn (2.15) and thus

Sy eqSy  Nagv
0 @ %

... =iRy. (2.26)

We will substitute the truncated sums (2.25) into Bernoulli’s Equation (2.4)
and in doing so, we will see two separate types of terms, the ones involving
only gy, and 6, and the ones involving the remainders, R and Sy .

Let us first study the terms involving the remainders. The remainder Sy
can be written in terms of Rs by (2.26) and after making this substitution, we
are particularly interested in the leading-order terms, which are indicated by
factors of Ry, eR)y;, and €2 R}, and second-order terms, which are indicated
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by factors of eRyy, 62R}\/, and 63R}(/-. 'The relevant terms from Bernoulli’s
Equation are then given by the linear operator defined by

L(Ryre) = [iqg’} Ry — [qu] R + [;

+ [Singé} eRNn + [31’(]8(]1 — quqé] 62R§\/ — [27’q0q1] 63R.//(/, (2.27)

|

which is exactly the same form as the left of our eqn (2.16). We then introduce
the Stokes smoothing parameter, S = S(w), and set

Ry = S|0e7v/°],
Ry =38 [@e—x/e}’ + 8|0,
Rl = |0/ "4 [@e—x/ﬂ' + 8”@

We know that the wks ansatz Oe~X/€ solves L(+; €), so only terms involving
derivatives of S will be left. After some computation, we find to leading order,

dS
L(Rpr;€) ~ eOe™ X/Ed [zqo + 27qox}

and writing

s ,ds

dw X a
and using eqn (2.17) gives

dS|1
;CR ;€ Ne@e_X/E|:_|_7- 2 /2:|'
(Rari€) i |5 T 700

Now let us turn to the terms involving ¢,, and 6,,: when the truncated sum in
(2.25) is substituted into (2.4), terms of O(GN ~1) will automatically be sat-
isfied, and this process leaves us only with the remnant O(e") contributions
from the inertial terms, as well as the O(eV) and O(eVT!) contributions
from the surface-tension terms; this, we may write as

w[qzd%l } wf[g ] N { 9N1+...]

O dw dw dw?
d?0n_
- [ ] [qo o +] (2.28)
and thus in total we have
NG d?On—1
L(Ry: E)N€N<ﬁ+67q§ . (2.29)

Since we are interested in the limit € — 0 when N — 0o, we can substitute
the late-orders ansatz of (2.13) into the right-hand side of (2.29), giving
GNGF(N—l—’y)(l /\/+7+1))

2 26(

E(RNsﬁ) ~ E X
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The optimal truncation point is at [|x|/€], so we will write x = 7 and thus
N =r/e+ pwhere p € [0,1). Stirling’s formula then gives

N+ -1/2
— SOV Y A N
F<N+7> —F(r/e—i—p—i—’y) 2me < oy > YL
Writing
4 eva
dy — r dv’

then we have,

3 +7q5(X 3 ci0

The exponential factor on the right is exponentially small, except near the

Ao 12

Stokes line 1 = 0, where the critical scaling occurs with ¥ = /¥, and here,

in
exp{—Z(l—cosﬂ) +Z,<T31€n —19<£+p+’y—|—1> —l—g)}

—=2
3 ,
~ exp{—r2 + % + (’)(ﬁ)} :

In total then

%N €Y 2

. —2
dS  v27ri ri
— exp| — |,
and we have recovered the typical error function expression for the Stokes
multiplier, S. We now integrate this expression across the Stokes line from
upstream, or ¥ = oo (indicated with a + below), to downstream, or J = —o0

(indicated with a — below). The apparent jump in the remainder is then

RN} ~— 2736 exp [—X] , (2.30)
I

with a similar exponentially small correction to ¢ given by

2miQ) X
— Xp

SN] ~ —
L d+

Remember that to finalise the analysis, we need to also complexify the free

(2.31)

€

boundary into the lower-half plane. This analogous process yields the func-
tional complex conjugates of (2.31) and (2.30), and thus the #0za/ contribution
along the free-surface is twice the real parts of (2.31) and (2.30),

oo~ — 23 (Qe ") (2.32)

Doy ~ —4—33(66_"/5) . (2.33)

€

It will be convenient for us to also write x = x1 + X2, splitting its real and
imaginary parts; then eqn (2.32) can be placed in the form

€Y

Gexp ~ [W] g[ei(—x—erArg[Q(C)Hﬂ)} ' (2.34)
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Lastly, we will re-introduce our notation for the switching-on mechanism,
which was used in Part I. We will write, for example,

Stag.
E " qn ’ €"qn + Qexp
~ [Bs—C] -

Corn.

n n
Zn:e QHM;E Qn“‘Qexp?

and the arrow notation with, for example, ﬁ’ should be read as “the base

series turns on a capillary wave as the Stokes line from the stagnation point
is crossed”.

2.5 INNER LIMITS OF X AND STOKES LINES

In the low-Froude, low-Bond limit, we can think of the exponentially small
free-surface waves as having been generated by singularities in the flow-
domain. For example, in the case of the step (eqn 2.7), both the corner
¢ = —a, and stagnation point ( = —b can be linked to the creation of waves.
In Section 2.6, we will see that there is another type of singularity which is
responsible for generating waves, furning points, which have no direct physical
interpretation in terms of the geometry, but rather, correspond to locations
where the capillary and gravity wavenumbers coalesce (as at the minimum
of the linear dispersion curve). In this section, we will study the former type
of singularity; we will consistently refer to the latter singularities as zurning
points, leaving a discussion of their effects for Section 2.6.

Now in general, we will be interested in the behaviour of the outer
solutions, derived in Section 2.3, as we tend towards a general flow-field
singularity, w = w*. Thus, the nature of the solutions gy (and thus g,) will
depend on the #ype of singularity found.

Near singularities, w — w* = const X (z — 2*)" for some «. In the case
of stagnation points, x = 2, while for corner singularities, kK = 7 /v, where
v is the in-fluid angle of the corner. In the analytic continuation of the free
boundary, we have

— ~qoe M =gy = c(z — z*)”_l = c(w — w*)(”_l)/“, (2.35)

where c is constant, and thus the speed of the flow in the outer region is given

by

g~ c(w—w")*=cW® (2.36)
asw — w*, where « = (k—1)/k and we have defined the shifted coordinate,
W. We will come back to this expression again and again, and it will be

convenient for us to go between the three coordinate systems, 2z, w, and ¢
near the point of interest. We will write (* as the corresponding singularity
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in ¢ and then using the fact that ( = e™", we have

w-w' o~ ﬂ (-,
b — 2* o~ _;;:| (w _w*)l—a7
- e
z2—2" ~ c(ag*)l—a] ¢=¢H e,

for the case of flow over a step. Using (2.18) and the limiting form for ¢ in
(2.36), we see that x(w) must exhibit different limiting behaviours as w —
w*, depending on which sign of the square root is chosen and whether « is
positive or negative. Simplification yields

F1 liica  _  ptpri-a
—_— W = X;W f >0
L BT(1 —a) | ! o
X ~ [M wl-=38e = X, W3 for gravity and o < 0
—ic |
— |wett = X, wetl £ il d 0
[T(a n 1)_ 3 or capillary an (ozz 3<7)

as W — 0, where we have defined the constants X7, X5, and X3 for later
use. Note that the F sign in the first line is due to the fact that +V/A =
+v/q5 — A ~ Fiv/A because the argument of A is negative as the critical
point is approached from above.

For o < 0, the choice of the negative sign for the square root leads to
gravity waves, whereas the positive sign is associated with capillary waves;
this is clear from the appearance of either 3 (gravity) or 7 (capillary) in the
coefhicients of x, but can also be understood by taking the zero capillary limit
of 7 — 0, and noticing that the capillary root in (2.17) disappears to infinity,
leaving us with only the gravity root.

For all values of @ € (—1,1), the zeros of x in (2.37) represent
singularities in the analytically continued domain, and are thus accompanied
by Stokes lines. However, the existence of a Stokes line does not guarantee
the appearance of surface waves; indeed there are cases where the associated
Stokes line fails to intersect the free-surface, as well as cases where the line
lies on a different Riemann sheet altogether—these issues are examined in
the next section.

2.5.1 Stokes line analysis

In this section we derive necessary conditions for a Stokes line to emerge from
a singularity on the relevant Riemann sheet. Whether such a line actually
encounters the free-surface (¢ € R™) is a global function of the leading-order
flow and in general, must be checked by evaluating the integral in (2.20).
We begin with the corner analysis. From (2.7), then, we know that o =

§2.5 - INNER LIMITS OF X AND STOKES LINES
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t Here, we ignore the possibility of a Stokes
line emerging from the lower-half plane and
crossing into the upper-half plane. These
and other global issues are further discussed
in the final discussion at the end of this
chapter.

42

—o0 € (—1,0) and ¢ € R, and in the notation of (2.37),

{ | Xo|e ™/ 2W1T3Y for gravity
X ~

. as W — 0. (2.38)
| Xsle ™/ 2wt for capillary

Thus the condition that x is real and positive along Stokes lines requires
W13 (gravity) and Wt (capillary) to be imaginary and positive. Let
us write Arg(W) = g,y for the local angle of a gravity Stokes line and
Arg(W') = g for the local angle of a capillary Stokes line. Taking the first

solution from the positive W -axis yields the pair

T T
v rav — d ﬁca = .
g an P T o+ 1)

2(1 - 3a)
As « decreases from 0 to —1, the gravity Stokes line simply increases from
0, = m/2 to m/8. However, for the same range in «, 6. begins at 7/2 and
reaches 7 at « = —1/2. For values of « smaller than this one, the Stokes line
lies in the lower-half plane and is thus ignored'. By taking the local analysis
to next order, it can be shown that if the Stokes line leaves along the boundary
(as in the case for & = —1/2), then it must remains on the boundary until it
(potentially) encounters another critical point.

—mio

For the case of the stagnation point, @ € (0,1) and ¢ = |c|e”™, and

thus
X+ ~ :F!Xﬂem”Wl*", as W — 0.

'The requirement for a Stokes line is then

b 7T<21<: - 0'> wnd oy = 7T<2"/‘—1—‘7> ,

l—0 l—0

for k € Z. For gravity waves, there are no relevant Stokes lines lying in the
upper-half plane. For capillary waves, the only relevant value of k is 1, which
shows that there exists a Stokes line along 6 = 7 for all shapes. However, a
secondary analysis to next order in w shows that the Stokes line which initially
tends along 6 = T lifts off the boundary.

To summarise, given a step-up obstruction with initial inclination o,
the following occurs: first, the stagnation point, ( = —b a/ways produces
a capillary Stokes line; second, the corner, ( = —a a/ways produces a gravity
Stokes line, but only produces a capillary Stokes line if o > 1/2. Table 2.1
provides an illustration of our local Stokes line analysis.

2.6 TURNING POINTS AND THEIR STOKES LINES
As given in eqn (2.19), the turning points are found at
4 4 4T
A=qg—A=qy—— =0, (2.39)
B
and represent locations where the exponentially small gravity waves are of

the same order as the capillary waves. Like the Airy equation studied in the
previous chapter, these points can lead to one wave switching on another.
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However, in solving A = 0, there is the potential for a great deal

of confusion since we may be dealing with the inversion of complicated
composite functions with branch cuts. The general rule is that, if we write
go = 27, then when we solve A(Z) = 0, we must then make sure that
(a) Z remains on the same branch originally defined (that is, ¢ remains real
and positive on ¢ € R™) and (b) We remain in the upper half ¢ plane. The
solution to (2.39) is then

(Z29) = A= Z = |A|V2oe2miklio . fork € Z. (2.40)

It is not quite correct to ignore the order of operations and take powers of
powers, as different orders can result in certain solutions falling on different
branches. Depending on the choice of o, then, there may be an infinitude
of possible solutions (particularly if ¢ is irrational!). However, we can write
(2.40) as so and check the validity of the roots a posteriori.
Again, we take the step flow corresponding to eqn (2.7) as an example.
'Then we may write
_aZ-—b
(=12
where we have chosen the branch cut in ¢ to lie along (—b, —a), and so the
corresponding cut in Z is taken along the negative real axis. There are three
solutions of immediate importance, which we denote as ¢ = (p, (-1, and (j,
corresponding to k = 0, —1, and 1 in eqn (2.40), respectively, and we study
their motions as A and o vary.

§2.6 - TURNING POINTS AND THEIR STOKES LINES

Table 2.1: This table indicates the local
angle of a Stokes line as it emerges
from a singularity for which the com-
plex velocity behaves like dw/dz ~
constant X (w — w*)®. Note that at
a = 0, there is no singularity, so the
corresponding entry instead refers to the
limiting process as o — 0 from above.
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Figure 2.2: Evolution of the turning
points (square nodes) for fixed A and
decreasing o (from top to bottom). Only
the turning points along the axis and
in the upper-half plane are relevant,
though we have illustrated the lower-
half plane as well. There may be many
other of turning points lying on other
(irrelevant) Riemann sheets. As usual,
the singularities at{ = —band ¢ = —a
are illustrated by circular nodes.
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First consider the real solution, (p, and any o € (0, 1). The evolution of
the turning point as A is increased from zero to infinity is depicted in the
smaller illustrations of Figure 2.3, labeled from @ to ®. In particular, {y goes
through the following stages:

A Evolution of the turning point, o
0 Lies directly on the stagnation point, (o = —b
(07 1) Decreases along the negative real axis to negative infinity
(1, b/ a)4g) Decreases along the positive real axis towards to the origin
((b Ja)*7 OO) Decreases along the negative real axis towards the corner, { = —a

Next, let us consider the complex solutions (_; and (;. These solutions
correspond to the first nontrivial roots of eqn (2.40) rotated from the positive
axis. Again, we begin at A = 0, where all the solutions coalesce at the
stagnation point, ¢ = —b. For fixed 0 € (1/2,1) and as A varies from in
[0, 00), the roots (; vary along families of arcs between ( = —band { = —a
in the upper-half plane, with a mirror image for (_; in the lower-half plane.
These arcs are shown in the uppermost illustration of Figure 2.2.

As o decreases to 1/2, these arcs flatten onto the branch cut, so that at
o = 1/2, (1 lies on the axis, whereas (_; has moved onto another branch. If &
is then decreased to less than 1/2, then both ¢; and {_; are now on irrelevant
sheets. The next birth of a turning point from eqn (2.40) with £ = %2 requires
o > 1, so we have covered all the possible cases.

In summary, there are two relevant turning points for o € (1/2,1) (one
real, one complex), two relevant turning points for ¢ = 1/2 (both real), and
only one turning point for ¢ € (0,1/2) (real). The evolution of the turning
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points as A and o vary is also depicted in Figure 2.2. In all these cases, it is
easy to see that the turning points are simple and so A ~ O(¢ — (1) near the
points. In the next section, we will show how one wave may turn on another
across Stokes lines which originate from these turning points.

2.6.1 Inner analysis and reduction to the Airy Equation

It is crucial to note that the locations of the turning points provide a
classification of all the different types of solutions. They are important for
two reasons: first, a turning point which lies on the free surface, as in the case
for A > 1, produces a change in one or both gravity and capillary waves from
constant-amplitude to decaying; second, turning points also possess Stokes
lines and can thus lead to the birth of new exponentials. The locations of these
Stokes lines are given by

G0l S S > R—xil,  (2.41)
[C =Gl Sx+] =S[x-] and R[—x4] > R[—x-], (2.42)

comparable to conditions (1.11) for the Airy function. From eqn (2.24), the
exponentials produced by the wave-generating singularities, ( = (¥, can be
written as

. " a ‘d
Gexp ™~ M’T(O exp [_1/ dXC:/t dCI] exp |:_1/< dXC:/t dC/:| ) (243)

€ € ¢*

where ¢ = (7 corresponds to a turning point. From (2.23) and (2.24), it can
be easily verified that Q1+ ~ By /(¢ — {r)"/* near the turning point, where
B4 are constants. Thus, if we let

Z—&@i&@,
then in fact,
1 ¢ / / Gi(o 1 ¢ / /
dog ~ 9| =1 [ 51C) | % S e 7 [y e

where G4 (() is defined in the obvious way from (2.43). Crucially then,
we see that by scaling out the first exponential in the above expression,
and taking ( — (r, where G+ is constant, then we recover the standard
exponentials near first-order turning-point problems (c./ Bender & Orszag
1978); consequently, the points ( = {7 where S2({r) = 0 likely correspond
to locations where subdominant exponentials may switch on. To see this in
more detail, we shall study the inner region near ( = (7.

Like in Section 1.5.3 of the last chapter, the boundary integral (2.3) can
be considerably simplified away from the free-surface. In this case, we would
like to evaluate

log qmner(w) + Z.Hinner('w) = log q0 + %[eouter(C)]~ (244)
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as ¢ — (p and where the indices help to remind us where the functions ¢
and 6 are being evaluated. The left-hand side is evaluated near the turning
point and thus involves the exact expressions for ¢(w) and #(w) in the inner
limit. However, the integrand on the right hand side is integrated over the free
surface, far away from the singularity, thus it involves only the ouzer expansion
for f(w). But we know that substituting the outer expansion into the right-
hand side of eqn (2.44) leads to

1og Ginner (W) + Binner(w) = log qo + €7(61(C)] + 62%”[02(0] +0(é%),

and since the integrals are all finite for ¢ off the axis, the expansion remains
well-ordered near the turning point. The leading-order inner solution, then,
is found by setting log ¢ — 6 ~ log qo and thus we may substitute

10 —i6
— 1
sinf=°2_°¢ i _
27 2 q

into eqn (2.4), giving

dq 2d%  Pqo 5, (dao\’ ¢ dgo odg | 1, 5 4
56[2qoqd] pre? [qoq iz~ awe? T\ qw o dw? aw 2((10 7).

If we let ¢
1
0= w+ep| =1 [ 80l c)
then, to leading order, the difterential equation is given by

' = R(C)u.

2.4 4 A
R(¢) = 83(¢) = — [54?27_2%2)/87—] - _4527.2(]8 ~ Cr(C—Cr), (2.45)

with Cr constant. This last statement holds because ( = (r is a simple
turning point, and consequently, we see that locally, u is simply determined
by the standard Airy equation (after a re-scaling of (). We already know that

the two WkB solutions are given by

C 1 (¢ o
N i AL

where D is a constant. By taking the inner limit of the outer exponentials, we
see that D = G4 (¢r) and thus, according to the Airy connection formulae
in (1.5), the transition of u(() across the Stokes line satisfies

G+(¢r) exp[:Fl /Cj Sa (') d(’}

)
G < (C 1 ¢ / /
(¢ iC T1/4 [ / S2(¢ dg} (C ¢ 1)11)/4 exp [i€ . Sa(¢") d(] . (2.46)
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In terms of the outer variables, g, this shows that as we analytically continue
across a Stokes line emanating from a turning point at { = (7, the already
existing exponential switches on a wave satisfying the transition rule:

; ¢
o ~ 2miQ(C) exp [_1/ dx+ dg’]

€ ¢ dd’
2mi B 1 [7d ,
— qexp i i |:_ WZ?’}II(C):| |:Bi:| exp |:—€ /C* dXC% dC:| exp |:_

dg’] . (2.47)

The expressions in (2.46) and (2.47) are written based on the assumption that
Cr € R* in (2.45) and that we are analytically continuing the solution across
Stokes lines in a counter-clockwise direction, with the origin at the turning
point. If, for example, Cr € R™, then the transitions will need to be negated.
'This will be made clear in the following section.

2.7 NEW CLASSES OF SOLUTIONS

In this section, we will show how the theory we have developed thus far can
be applied to derive new classes of gravity-capillary waves for the rectangular
step studied in Part I.

'The notation we use is the following: first, we label the waves associated
with the stagnation point, the corner, the turning point (p, and the turning
point (1, as S, C, T1, and T, respectively. The underline, 77 is used to distin-
guish when the first turning point lies on bottom boundary and the overline,
Ty when it lies on the free-surface. Solution-types are then distinguished by
a sequence of labels, indicating the path as we analytically continue across
the free-surface from left to right (in the downstream direction). Also, it is
sufficient for us to work with the waves generated by analytic continuation
into the upper-half plane only, rather than both the upper and lower-half
planes.

For example, a sequence like T} - T3 - C' - G corresponds to crossing
(from left-to-right and downstream) (i) the Stokes line from 7 (7}-line),
(ii) the Stokes line from T (T»-line), (iii) the capillary Stokes line from the
stagnation point (C-line), and (iv) the gravity Stokes line from the corner (G-
line). And another example: a sequence like C'- T} - G corresponds to crossing
the C-line, crossing the T point on the free-surface, and then crossing the
G-line. Next, we will write

1 [ dys 1 [Cdy_
KXoy = —— dac’ d Xewp = —— dac’.
s / g v e/b acr ™

Any waves turned on can then be expressed relative to these expressions. The
pre-factor for the exponentials we will denote by a calligraphic letter with a
subscript for the associated singularity and a superscript for the upper limit
of integration (if applicable). For example, we will write CceXe+ to denote a
gravity wave with amplitude Cc turned on by crossing the Stokes line from
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Figure 2.3: Our Stokes line analysis in-
dicates that there are six regimes of in-
terest for flow over a rectangular step, as
shown here in the B7-plane. Linearised
theory predicts only two (@ and ®),
but here we see that in considering the
nonlinearity of the step, other scenarios
are possible (® to 8); these new regimes
lie within a strip bounded by A = 1
and A = (b/a)?, which thickens for
larger and larger steps. The arrangement
of the Stokes lines, as well as our naming
convention is shown on the right. Cir-
cular and square nodes are used to rep-
resent singularities and turning points,
respectively, and only Stokes lines that
intersect the free-surface are shown.

the corner. Similarly, an expression like (Ag + Bs) T eXsw corresponds to the
gravity wave turned on when a (capillary) wave with two combined pre-factors
crosses the T} turning point. So the new wave amplitude can be derived by
finding the amplitude of the (As+ Bg)eXe wave near the turning point, and
multiplying by ¢ (from the Airy transition). Our choice of notation and their

associated expressions will be made clear in the many examples and figures to

follow.
1.1 ¢
(6} [
1 7 =1.00 g
C-G- T
0.9 ® ———
0.8 T~0.8 %
(5) -
cC-T,-G
0.7 o
o .
0.6 o
-
0.5
(3]
0.4
0.3 T7~0.3
r~0263] @
T~ 0.250
0.2
T-T,-C-G
0.1 PS
0
0 0.5 1 1.5 2

In any case, the movement of the turning points (as described in Section
2.6) provides us with six different regions of interest in the 5-7, or Froude-
Bond plane. These regions are shown in Figure 2.3. Note that the extremum
solutions @ and @ correspond to the standard linearised solutions. This
figure then shows that the usual dispersion ‘line’ differentiating the linearised
solutions actually contains a series of solutions @ to @; the line’s thickness and
these new solutions are a manifestation of the nonlinearity (and largeness) of
the step. As the step-height tends to zero (or as 5,7 — 0), the line thickness
tends to zero and we recover the standard linearised solutions.
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In order to derive the correct wave expressions on the free-surface for
each of these six types, we will analytically continue across the free-surface
(from left-to-right or right-to-left depending on what is more convenient),
beginning with a wave that satisfies the radiation condition (zero gravity
waves upstream and zero capillary waves downstream). Upon reaching the
end, we again apply the radiation conditions, and this process provides us
with a complete set of fully-determined waves. A similar process of analytic
continuation was used in the work of Chapman (2002) for the study of
transition to turbulence in Couette flow.

2.7.1 Region @

Consider the case of A < 1. For most (larger) values of 7, as we analytically
continue across the free-surface, the sequence of events is 71 - T» - C'- G, which
involves the T3 Stokes line crossing the C' Stokes line. In fact, for extremely
small values of 7, the lines may not actually cross, and so the sequence is
T, - C-T5 - G; however, both cases are equivalent because, as we shall see, the
turning points do not have an effect on the eventual solution. If we start with
an arbitrary upstream capillary wave AgeXer then the sequence of events is
as follows:

Ty
ASQXC“" — Asexc""’
[G—=C]
T
e
[G—C]
Stag.
[Bs—(C]

Corn. (AS + BS)eXcap + CceXgnw'
[Bs—G]

AseXcap

(As + Bs)e™

There are no capillary waves downstream, so Ag + Bs = 0, and the final

solution has S
tag. Corn.
ASeXcap g 0 orn. CceXgrav’
[Bs—C] [Bs—G]

where the pre-factors are given by the standard relations of (2.31):

2miQ)_ 211
_2miQ- 4 ep = 29
€vs €ve

Ag (2.48)

with Q4+ computed from (2.23) and (2.24). For the rectangular step, ys = 0
and v = 6/5, which we will show in Section 2.8.

In some problems, the intersection of Stokes lines can lead to the birth
of new Stokes lines (see for example, Howls et al. 2004); this phenomenon
can be detected by analytically continuing around the intersection point and
seeing if the solution returns to its original value. In this case, we see that
the 75 line remains inactive regardless of the direction of approach, and so
the intersection of the two Stokes lines is not a concern. In the end, the free-
surface is simply akin to the standard linearised solution with capillary waves
upstream and gravity waves downstream, but now, with a wave-free region
near the center. This is shown in Figure 2.4.
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Figure 2.4: Region @ with Ty - Ty -
C - G. The Stokes lines from the turning
points remain inactive and we recover
the standard linearised solutions with
capillary waves upstream and gravity
waves downstream.

AN, AN
ANANANANANANNNN CAPILLARY

2.7.2  Region @

As T is increased and 3 held steady, the T’ turning point moves upstream
along the solid boundary and reaches —oo at A = 1. Solutions in region &
have A > 1 and the turning point 77 has now moved onto the free-surface
and travels downstream as 7 is further increased. The turning point on the
free-surface also implies that upstream waves will now decay, but downstream
waves will remain constant. Again, we will start with an arbitrary upstream
capillary wave AgeX<r, and then the sequence of events is:

Ty .
ASeXC“P LI AseXcap + ZA? e g

[G+C]
L) (AS —+ Ag2)excap + ZAgl eXgrav
[G—C]

Stag.

= (AS + A? + BS)eXCZP + Z.Agl o Xenw

[Bs—C]

Corn. ] ' : )
[BS—)G] (AS + A%?Q + BS)QXQAP + (’LA?; +CC)6Xg )

In the first line, the T transition follows directly from (2.47), but in the
second line, the T transition has a negated (—i - i) coefficient—this is
because crossing the Stokes line in the downstream direction is equivalent
to analytically continuing the Airy functions in the clockwise direction.
Again, C¢ is given by (2.48). Moreover, since there are no capillary waves
downstream and Bg is provided by the jump condition in (2.31), then

27T’L'Q+
ers

Bs = Ag + ALz = (2.49)

Let us write Ag = —Ag2miQ4 (¢)/€7s. Then by (2.47), the pre-factor of the
first gravity wave switched on is

Agl — _/45|:_

2miQ)— (C) B—Ij:l 1 T dX+ / - dx— /
€Vs :| le CXP l:_e{/b dCI dC + \/121 dCI dC }:| 5 (250)

50

where Q+(Cr,) ~ B /(¢ — ¢1,)"/* and we have added the second integral
in the exponential so as to express all waves relative to eX=. By the same
procedure, we can now compute the second turning-point switching as

. Ty T,
AT :AS[_QWQNC)} By B exp {_il] ) (2.51)

€Ys BTl Bzz
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where

([ s () e o

Combining (2.49), (2.51), and (2.52), we then have

T1 T2
BT [ BT

T1 Tg
B | | BT

Ag= |1+ H/e

and we have completely determined all the required pre-factors.

Therefore, far upstream we have a decaying capillary wave, while far
downstream we have a constant gravity wave. Also, switched on after en-
countering the T} turning point is a (doubly) exponentially small gravity
wave, which continues downstream. Finally, there is an even smaller decaying
capillary wave which has been turned on by the gravity wave across the 75 line.
'This is illustrated in Figure 2.5, and in summary:

T, . T .
AgeXer —){G 10] AseXC"‘PJrzAgl e —>[G QC] (AS*A?)BX“‘PHA? e X
e —

298 AT Xem S (AT 4 oyeXem . (2.53)
[Bs—C] [Bs—@G]

GRAVITY

—WWWNWWW\WM
————e N AR Ny CAPILLARY

2.7.3  Region ®

'The previous Region @ solutions are actually contained in an extremely small
section of S7-space (as shown in Figure 2.3). The reason is that near A = 1,
the location of the T} turning point is

1 b—a
w~ —log| 75— )
and so it quickly tends to the origin, ¢ = 0. However, once 77 has crossed
the intersection point of the 75 line and the free-surface, the region to the
left of T} is no longer a constant contour of R(x’. — x’_), so the T5 line is
rendered inactive (and tends to —oo without intersecting the free-surface).
Once this occurs, we have passed into Region @; so again starting with an

arbitrary upstream capillary wave Age™=, the sequence of events is now:

Ty .
ASeXcap 1 Aseme + ZA? e

[G+C)
Stag.

(B t gC] (As + Bg)eXer + i A e e
S—

s (s + Bs)e™ + (iAG +Co)ee.
[Bs—@G)
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Figure 2.5: Region ® with Ty - T» - C'- G.
All four Stokes lines are now active, and

so we have doubly and in fact, triply

small waves turned on by crossing the

Ty and T lines. All waves decay up-

stream and are constant downstream.
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Figure 2.6: Region @ with Ty - C -
G. Once the Ty point has proceeded
far enough downstream, the T5 line is
rendered inactive. The only difference
between solutions in ® and @ is that in
the former, there exists a second sub-
dominant capillary wave.

Figure 2.7: Region @ with C — Ty -
G. The Ty has been rendered inactive,
and solutions simply contain a decaying
capillary wave and a constant gravity
wave.
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We need Bs = —Ag. Relation (2.48) provides the expressions for Ag and
Cc, and moreover, (2.50) with Ag = 1 gives the expression for Ar‘gl . The final
result is

Ty .
ASeXcap LI ASeXcap + zAgl o Xaav

[G+C]
Stag. . Corn. .
g ZAgl eXgmv orn s (ZAgl + Cc)eXgrz\v'
[Bs—C] [Bs—G]

Thus the only difference between the solutions in Region @ and @ is a very
small (and in fact, subdominant) capillary wave. This is shown in Figure 2.6.

CRAVITY i RS
————— NN CAPILLARY
NEZ " '
------ [G — C]
........................ |
[G H]g -------- S

(Bs = C] "=-e..,
Viiiiiiiiisiiiiiiiiiiiiiiiiiiids A

2.7.4 Region ®

For A still larger, T} eventually crosses the intersection point of the C' line
and the free-surface, and then the sequence is then C' - T - G. If we start
with an arbitrary upstream capillary wave AgeXer  then the chain of events

follows
ASeX““P Stog (.AS + Bs)eXC“P

[Bs—C]

—Ty (As + Bs)e™r +i(Ag + Bg) e e

[G+C

Corn. (AS + Bs)eXcap + (’L(.AS + BS)Tl 4 CC)eXgrav.

[Bs—G]
Again, we cannot have capillary waves downstream, so Bg = —Ag and the
coeflicients are given by (2.48). The final result is illustrated in Figure 2.7 and
given by

X, Stag. Corn. X,
Agete 0 Coets,
[Bs—C] [Bs—G]
CRAVITY ANNNNNNNANNN

—————NNS CAPILLARY

2.7.5 Region ®

Eventually, 7} passes the intersection of the G line and the free-surface,
and so downstream waves will also decay. For these cases, it is easier to
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analytically continue from downstream to upstream. If we start with an
arbitrary downstream gravity wave CoeXew the sequence follows

Ty .
Co e X o 11 _ch1 e Xewp +Co ey

[G+C]
S
Stag. .

(B tjC] (—iCH + As)e™ + (Co + Do)ee.
S

'The negated coeflicient of the first line is due to crossing the Stokes line in the
direction of right to left. We impose the requirement that there are no gravity
waves downstream, so Do = —C¢, and the values As and C¢ are given in
(2.48). From (2.47), the pre-factor of the smaller capillary wave is

1 Cry dX+ , ¢y dx— )
o [_e{/_b ac T /_ o H (2.54)

'The final result is shown in Figure 2.8 and given by (from left to right):

T
B +
BT

el [_ 27”'Q+(C)]

eve

. Stag. .
(iICL + Ag)e™er —=— iCLr e~
[Bs—C]
Corn. ATy X, X T, X
s ZCC e e + CC@ grav s CC@ grav
[Bs—G] (G0
GRAVITY ANANANA A e Figure 2.8: Region ® with C' - G - T7.
—'—M‘MMMWWV:DJ CAPILLARY These solutions mirror the solutions of
-------- ’[‘EAS e [G < C] Region ®, but with all waves decaying
____________________ ]/, / in the far-field.
G—=c] T " g
[Bs = C] "o,
iiiiiiiiiiiiiiiiiiiiiids //

2.7.6  Region ®

Finally, once A = (b/a)/?, the T} point has reached ¢ = oo and for larger
values of A in Region ®, it begins to moving from right-to-left along the
downstream solid boundary. Again proceeding backwards, if we start with an
arbitrary downstream gravity wave CceXe, then the sequence of events is
simply

Stag. 0 Corn.

CceXgrav ,
[Bs—C] [Bs—G]

Ag eXcap
with the coeflicients given by (2.48)

It is easy to check that for a capillary wave generated by the stagnation
point, by the time it has reached the T point, it has become exponentially
large rather than exponentially small, so in fact, the T} line with [C' — G
cannot be active and this removes any of the possibly troubling consequences
of crossing Stokes lines. The result is shown in Figure 2.9
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Figure 2.9: Region ® with C' - G. The
solutions with decaying capillary waves
upstream and decaying gravity waves
downstream are analogous to the stan-
dard linearised solutions. The [C — C]
line is inactive.
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2.8 CALCULATING A

The value of A, which appears as a constant pre-factor in @) and ©, is the
missing piece of the puzzle. As in Section 1.5.3 of the preceding chapter, we
will need to develop an inner solution valid near the singularity, where the
gravity or capillary wave is now O(1), and then match this solution to the
outer solution, given by the expansion in (2.8).

There are two cases to consider. From Section 2.5, we know that stagna-
tion points with ¢ ~ c(w — w*)* and a > 0, possess only a single capillary
Stokes line; we will study this case first and in Section 2.8.2. Here, the analysis
is mostly straightforward and proceeds similarly to the capillary-only flows of
Chapman & Vanden-Broeck (2002).

The second case is for the corner, with @ < 0, and we study this
scenario in Section 2.8.3. Here, we will discover a surprising result: near
the singularity, the gravity and capillary effects decouple within distinct
layers. The application of exponential asymptotics then consists of traveling
through three layers: an outer layer, where both gravity and capillary waves
are exponentially small, a middle layer where the gravity waves are O(1),
and the final, inner layer where the capillary waves are O(1). Because of
the change in the structure of the solution as each layer is traversed, the
properties (including the size) of the innermost layer can only be revealed
once the analysis in the middle layer is complete. A depiction of this triple-
layer procedure is shown in Figure 2.10.

Remember that for a rectangular step, the corner does not have a capillary
Stokes line, so this triple-layer theory reduces to the usual two layers. In fact,
we know from Table 2.1 that the triple-layer structure only emerges for the
case of a step with o > 1/2.

2.8.1 Inner limits of © and Q

In computing the limits of © and @) as w — w*, we will need to make use of

q1 from eqns (2.11) and (2.12):

a1 = —iBayqh + g [01 (w)).

'The Hilbert transform is found by integrating along the free surface, where
61 is well-behaved and thus it too, is well-behaved and O(1) as w — w*. We
will now substitute this expression into the form of © from eqn (2.23) for
each of the cases delineated earlier.
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1. Middle I. Outer
O(1) gravity Exp. small waves

1L, Inner
O(1) capillary

Matching Il and I1I Figure 2.10: The triple layer problem
. o occurs when a corner, with o < 0,
soing - ___ n n+7 . .
éf‘h qn ~ €’ % can generate both capillary and gravity

waves. The solution proceeds from the

in

T~ % Ao B,
ou

outermost layer (where all the waves are
exponentially small), through the mid-

dle layer(where the gravity waves are
O(1), and finally into the inner layer,
where the capillary waves are O(1). The
exact size of the innermost layer can

Matching I and 11
only be predicted once the analysis in

01N P . . .
% qn ~ e"% the middle region is complete.

T~ T A/ T
ou

Stokes line

First, for a > 0 it is easy to show that

- \/j +1 b + w . i )
- ((_A)l)/zl + O(q%)_ Aexp{2ﬂ§j [qoqg + %%[91@)} + O(ngo)] du}

LA
- S o) aew{ S0+ 00+ ol
—\+
Am + O(gg, W), (2.55)

Note that the terms involved in the Hilbert transform lead to a subdominant
O(W'=9) contribution, and the order notation O(a,b) is shorthand for
O(max{a, b}) as w — w*. Next, for v < 0 and the negative sign,

o — 21qg + O(l/qg): Aexp{;T /ww " {1 _ <1 + ;’;}01 + O(l/q%))} du}
= g ot aee{ - [T -5 - BL o w) + Olah/ad)| i
N DR I ey
_ qu [qg(;”*) exp(—?; / el [Z{%(“)] du)] {1+0(1/gh)}. (2.56)
C
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On the other hand, for a < 0 and the positive sign,

20+ 00/} oo | 5= [“ {1+ (14 55+ 001/ ) |

w . 3Aq) 20 )
[240 + O(1/43)] A exp _5 I {2q8qo L A ()] + 0<qo/q8>} dw]

240 + O(1/g2)] Aexp| 2qd + log gl + O™+, 1/qé>]

Adbesp( b ) {1+ OOV, 1/} (257)

'The blow-up for 6 in this last case (in contrast to the first two cases) is an
apt warning of a different sort of behaviour, and we will see the implications
of this shortly. However, in summary,

(vV=A)* )

A(fA)1/4 fora >0
O ~ /;g for a < 0 and gravity asw — w,
0

Agj exp <£_q61> for o < 0 and capillary

(2.58)
where C is the constant indicated in eqn (2.56). The limit for () is now easily
found from eqn (2.24). Thus as n — oo and w — w™*, we may summarise
our findings as

a>0

[ [pOERreew
(—A)1/4 ] <X1W1—a) N+
' I'(n+ )
Oy ~ {AC_ 6 1_3 n+7vy2
)

a < 0 and gravity

| r
Aqgg exp ﬁqé (n+73) a < 0 and capillary
4T i <X3 Wa+1) s

\

(2.59)
again, as w — w*. The constants 71, 72, and 73 are determined by ensuring
that the late terms above match with the early terms. The case of @ < 0 and
tor capillary waves is clearly problematic due to the exponential, but we will
later find that the expression for © in eqn (2.57) is in fact invalid—there is an
intermediary layer so that blindly matching with the inner limit of the outer
approximation, g, is incorrect.

The most straightforward value to determine is 72; using (2.24), (2.36),
and setting n = 0 in (2.59) gives
—6a

M= (2.60)
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We have already discussed (in Section 2.6.1) how the two governing equations
change as we tend towards a point not on the free-surface. We will repeat
the analysis, but this time with the added precaution of keeping higher-
order terms. Near the singularity, the dynamic condition remains unchanged,
but the boundary integral equation is considerably simplified as the Hilbert
Transform term J#[0(()] now forms a regular series in €. We then replace

i0 ~ logq— alog(w —w*) —logc+ Ofe) (2.61)
.do dg 1 o
_d?0 d?q 1 dg\? 1 o

We may now substitute eqns (2.61)-(2.63) into the dynamic condition (2.4),
yielding

_ a a
€iq” qu — GzT[quq— q + {(w_w*)Q +O(€)} ¢ +q,+ {—w

e I ——

'This is the correct equation to use for analysis near the singularity.
2.8.2 Anisolated capillary singularity (o > 0)

We first note that the inner-limit for x found in (2.37) had involved the
following dominant balance from (2.18):

2
(X)L
dw I3
dx+ - 1
dw VBT

as w — w*, and with the reversal of the signs due to the analytic continu-

or

ation process, as discussed in the paragraph following eqn (2.18). x is thus
formed by a balance between the surface curvature (double-derivative) terms
which are O(€?), and gravitational terms which are O(1), both contained in
Bernoulli’s equation (2.4). As we tend towards the singularity, the late-order
ansatz is dominated by its behaviour between terms coupled an O(?) apart,
$0 ¢ _5 and ¢y, rather than the O(€) coupling between terms, ¢ 5, q},_1,
and g, of the outer ansatz.

Note that a similar type of mechanism was also observed in the study of
Chapman & Vanden-Broeck (2002) for the study of capillary waves in low-
Bond flows, but there, they found waves which were generated by a balance
between inertial and surface-tension terms. In our case, we have waves which
are initially generated between gravitational and surface-tension terms, but
also involves inertial effects near the free-surface!
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In preparation for the matching procedure, then, we can write the outer
expansion of (2.8) as

o0 o
2 2n+1
q= E €"qon + g " Maoni1.
n=0 n=0

Then, the late-order ansatzes are provided by

QL' (2n + i)

NeTEET fork=0,1.

Pn+k ™~

where the expressions for x and () are still the same. In the inner region, we
know (ignoring constant pre-factors) xy ~ O(W!=%) and Q ~ O(W), so

matching powers we have

Y = 07
_ 1 -3«
7= 1—a )

However, before studying the matching procedure, we mention a crucial

simplification. In this problem, although there are two different ansatzes
(matched with ¢g and ¢1), the second ansatz is smaller than the first in the
inner region, and so only the first dominant ansatz plays a role in determining

A. To see this, we assume that W ~ ¢'/(1=®) (the size of the inner region)
and then
2n lfa o
(’)(6 ; ) :(’)<61—a) fork=0
€ n
"oy ~ 1 - asw — w”,
O TP a— :O(EE) fOI‘k’Zl
€1-a g2n
(2.65)

so the late-order terms corresponding to the second ansatz are smaller within
the inner region. With this in mind, we substitute

1 e —~
w—w"=¢ei—ay and g = cei-av%q

into eqn (2.64). Then to leading order

~ dq d2q 1
2~2 2a0—2 2a—1 2c ~2
—T — + — 4+ — | = —11- .

We will write X = X", which is taken from (2.37). Letting z = X2y2(1-0)
in the above equation and simplifying then gives

~3 ~ 2~
2372 q 2 2dq »d°q 1 ~9
—72X? | —a— +2(a—1 42— )| == [1-¢]|.
TC [ a” +2(a—1) (q dz+ zq dz2>] 25[ QI

We now seck the series expansion of g as z — oo by setting
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which leads to the recurrence relation

n—1n—j—1 n—1

1 ~
A, = A 26872 X? Z > [%(Qk +1)(a—1)* — o ApAjAn_j k1 — > ApAn_ ¢,
j=0 k=0 k=1
for n > 1, and where Ay = 1 (we have eliminated Ag = —1 from the

requirement that the inner solution matches with gy as 2 — 00). We can
re-write this last equation as

n—1n—j—1 1 o n—lA A
kAn—k
=3 3 [kt 5) ] A A

k=1

(2.66)

and now, Van Dyke’s Rule can be used to match the inner and outer

expansions. The rule stipulates that the n'® term outer approximation, written

in inner variables and taking the leading-order term is the same as the

leading-order inner-expansion, written in outer variables and taking the n
term. Or more briefly, (1.t.i)(n.t.0) = (n.t.o)(1.t.1).

Taking n™ term outer approximation, written in inner variables, and

keeping the first term gives

l—a

()Z'Wlfa)2n zn

0n 1000+ T'(2n) (1ei) o icv*OL(2n)

)

oo
(n.t.o)
q= § 62”q2n 2 09 62”Q2n
n=0

while taking the leading-order inner approximation, and re-expanding to the
n term gives

1.ti _a ~ (n.t. o cVv™A
q ﬁel—acyaq (n O) €El-a n‘

Z'I’L

Matching the final two expressions gives

o Ay
0. = =il Jm o]

and using the fact that O ~ A(—A)1/4 from eqn (2.58) we have

A= L g

'This completes the determination of A for the case of > 0 and the capillary-
only singularities.

2.8.3 A gravity-capillary singularity (o < 0)

Remember that from the discussions surrounding Figure 2.10 that we expect
a more complicated triple-layer structure near the singularities with o < 0.
Here, the correct scalings in the middle region are given by the asymptotic
forms of ¢ and x as w — w*. We let

w — w* = Eﬁ’)’] and q = Gﬁcnaq- (2'67)
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Substituting both these re-scaled variables into the equation for the middle-
layer (2.64) gives

da
i3 [an3a—1q+n3adq] _ Pr @
n

d2q — dq

2a 2a—1

N — +an —
dTl2 dTl

+E(n,qe€) = 215 [1 — q2] . (2.68)

where we have defined p = —4a/(1 — 3«) and

2—3a

(9 (€%> 772aa + O (E 1-3a ) 0”720‘_16

E(n.G;€) =~

- 0035

In this layer, we will need to do two things. First, we perform a Taylor Series

o) 2094 21|, (269

expansion for the leading-order solution, g, in order to match with the outer
solution, g, in the limit that 7 — 0o; second, we generate the high order terms
Gy, of this intermediate layer so that we may later match with the solutions in
the innermost layer.

The key here is that E (7, G; €), which is composed of terms of the Hilbert
Transform taken in the inner limit, remains subdominant in the analysis
to follow. This is akin to our analysis of the outer problem, for which we
discovered that the integral terms are unimportant for both the determination
of the outer-to-inner limits, as well as for late-orders expansion of ¢y,. Let us
first begin with the middle-to-outer matching problem.

The middle-to-outer matching problem

Conveniently, this middle-to-outer matching problem is identical to the
one studied in Chapman & Vanden-Broeck (2006), except with a general 3
instead of 5 = 1. The leading order solution in the middle-layer is given by
balancing the first and last brackets of eqn (2.68):

1
28317 [an&’“‘lq + 773%/] = [—q - q} : (2.70)
We may then let
¥ . ,”71—3(1
2= ol = S 3ay

with X given by (2.37); this gives
203> odg 1
S 2(1—3a) T8~ Q+G’
which is now identical to eqn (3.26) in Chapman & Vanden-Broeck. Follow-

ing their results, the matching between the leading order approximation in
this layer with the late terms of the outer approximation yields

c—3ve—7r'y/2 b
A = llm - L 5
287-1C(1 — 3a)Y n—o0 I'(n + )

(2.71)
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where ¢, is provided by the recurrence relation,

$o =1,
n—1 %
- - >
n mZ:O5<m 1_ 3a> GmPn—m—1 forn >1,

and we have only modified eqn (2.71) to take in account the factor of 3.

Late-order terms and inner limits

We now substitute the asymptotic expansion,

[e.9]

7= "G 2.72)

n=0

into eqn (2.68). Although there are terms in E(7,q; €) that contain powers
of € not of the form pn, we can see that the first contribution of E occurs at
O(¢€), which, for a € (—1,0) is subdominant to § ~ Gy +€”q. In other words,
the expansion in eqn (2.72) is valid for at least the first two terms; coupling
with the Hilbert Transforms does not occur until later.

Returning to (2.68) then, at O(1) this yields

. a—1— —— 1 —
Cige” | o™ '@+ @ | = 52| 1~ @0 |, (2.73)
—_——  —— 28 [~ =~~~
@ @ ® @

the same as (2.70). This time, however, instead of seeking the middle-to-outer
limit (n — o00), we want the middle-to-inner limit (n — 0). If we attempt a
balance between @ and @ in eqn (2.73) the first possibility is

@ ~ i<_ﬁ1) (C;) N (2.74)

However, there is also a possibility of a dominant balance in terms @ and @.
'This yields
Go~cn @ (2.75)

where € is a constant. It is easily verified that both cases are possible by
examining the remaining terms, but since & € (—1, 0), the unforced solution
(2.75) will dominate the other (2.74), assuming that ¢ # 0. We can verify
that € is non-zero by letting (1) = (gon®)?. Then 7 satisfies the equation

dr 1 o h
=) 210

where, remembering that gg — 1 as n — oo, we would expect r to decay
to zero as 17 — 00. Moreover, if a nontrivial solution does indeed exist, then
using (2.75), we would have 7(0) = €. The eigenvalue problem for ¢ can
then be solved by using a shooting method on eqn (2.76): we begin with a
sufficiently large value of ¢* and solve the differential equation subject to the
initial condition r(0) = ¢*, but if the solution diverges, then the value of ¢*
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is decreased, while if the solution crosses = 0, then the value is increased.

Convergence, ¢* — ¢ is fast for all interesting values of 3 and c and indeed,

¢ # 0. 'Thus, it is the asymptotic behaviour of eqn (2.75) that we want.
Proceeding now to O(e”), we have

) _ ) dqp dao
631041730‘ 1 4(T03ﬁ + 1631730‘ ﬂ +3q — %0
* dn dn

— 7

dn? dn

dgy dgo 1
772aq72i+a 20— 1(102(:]0] = —57071 (277)

dgr &g 40
] T [772‘”%2(]; + anm_IQOQqOI . (2.78)
dn dn

While this is complicated, we again only need the asymptotic form of q.
Using (2.75), we can show that

TR e i
dn n) M \epr2)

which can be solved to yield

. T 1
qr ~ <c> ot (2.79)

This completes our determination of the first two orders of the asymptotic
series. Let us now begin the high-order analysis; like in Section 2.3, we will
write down the O (™) terms of eqn (2.68), but in doing so, we will only need
to keep the zwo highest order terms as n — oo; this is in anticipation of later
substituting-in of the ansatz

— Qr(n+7)

o as n — 00 (2.80)

The relevant terms of eqn (2.68) are

@

‘ 1
[4104(:37730‘ 1% + 3ic*n* @’ g’ + = ﬁ :|Qn

dqn dgn_
T [103173“3} di;_i_ [3103773%0 i — e an2a1qo2:| dn—1

dn
@ &)
d2Qn 1 20— d2Qn—2
+[TC77 q ] e —i—[QTcn qoq]dnz—&—...:o, (2.81)
%’d Vv
@ ®
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and again, we point out the fact that the term E(7,q;€) containing the
Hilbert Transforms does not determine the form of the late-orders behaviour.
'This is because we would expect the behaviour of the late-order terms to be

dominated by

E(n,q ) ~ —e’ 1

2250\ 5, dg 7

54 20071 | kN
O(e ) n dn] JOF (2.82)
The term on the left with the derivative of § would be needed for the late-
orders only if it was of comparable order to

204—1@
dn|’

—ePrg? [an

which is from the surface-tension terms of (2.68), and contributes at second-
2=3a ~ 1 5o this cannot be the case. Similar

order as n — oo. However, =52
reasoning applies to the second term on the right of eqn (2.68). Terms like g
contribute only at second-order as n — 00, and so O(€)g? is not relevant.
Returning to eqn (2.81) we now substitute the ansatz (2.80) and take the
limit as n — co. At leading order, only the terms from @ and @ are involved

and we have

The solution with dx/dn = 0 corresponds to the O(1) gravity waves studied
in the previous section and we will instead focus on the other branch, which

has
dx @  cin“q

AT 2.83
R (2.8
and in particular, we see that as n — 0,
cct
-7
At second order as n — 0o, we have
dx d*x dx )
— - =) -@ —= &=
<dQ>1 _ <dn> (dn2>+ <dn
dn ) Q ®

d@g\ 1 2«  ien®q  in 3@
- 2<qo>++ T M
dn)q 1 T Bcqo
and thus

@:A%%Mmﬂ/mcw%mg o )“k 28
: )

* T B Be3q0?(s

where A is a constant. Now let us seek the limit of @ as 7 — 0. If we use eqns
(2.75) and (2.79), we can write

B = o *+0(mn )
. QT o o
m = (O )t o,

§2.8 - CALCULATING A



64

where j > 0 and k& > 0. Then

[02 + O(nj)]AeXp{/; [—j +O(s"h) - %} ds}

_ n ;g3 :
= AE’I’]_a |:C77*a CXp{/n* #02(5) dS}:| {]. + O(nj,nk)}a

C

Q

where n* is any arbitrary point where the integrand is defined, and in
summary, then,

Q ~ACen* ~ ACq. (2.86)

The last step is to determine the value of 7. We substitute the inner limits
of ¥ and @ from (2.84) and (2.86) into the ansatz of (2.80), set n = 0, and
require the behaviour to match that of gg in (2.75); this shows that 7 = 0.
We have thus completed the late-orders analysis of the gravity-layer. The
key aspect of our work in this section was to derive the properties of Y and @
as 11 — 0. Now armed with this correct behaviour, we can properly study the

innermost layer.
2.8.4  The innermost layer with O(1) capillary waves

For the innermost region, eqn (2.84) suggests that the layer occurs when 7 ~

O(e”) whereas eqn (2.75) suggests that § ~ O(n~“). Therefore we will let

n=c« =l and g=7n

—a~

where g and v indicate the re-scaled variables in the innermost layer. In terms
of the original outer coordinates,

1—4a

w—w" = el-say (2.87)

and
q = ceeci- g, (2.88)

and these scalings seem rather strange, as they have little relevance to the
original outer approximations! The location and scalings of the innermost
layer cannot simply be gleaned by studying the outermost series. We also
note that with o < 0,

1 1-4a
€l1-3a > €1-3a ,

so we are assured that the innermost layer is indeed smaller than the middle,
gravity-dominated layer.

Recall that near the singularity, eqn (2.64) applies, so with & < 0 and
the new scalings in (2.87) and (2.88), we find that the left-hand side of the

equation dominates the right, giving at leading order

_[.dgq r[d?¢ adf o
el | -+ q
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Integration then gives

) d .
(020)q2 7 [q — aq} = constant.

dv

Since we need ¢ — 1 as v — 00, the constant must be equal to ¢¢/2 and so

cC | 9 dq q
= -1 2l =o.
2 [q ] [dl/ au] 0

We will re-scale again, setting

~ 1cc
v=|—|v
—T
into the inner equation. Rearranging then gives

dq 1 [AZ . 1} a_y, (2.89)
dv v
Like our analysis of the leading-order gravity problem in the middle layer, we
have thus reduced the nonlinear inner problem to a previous sub-case, this one
from Chapman & Vanden-Broeck (2002) for the study of free-surface flows
with only surface tension. Our (2.89) is identical to their (3.18) and represents
a dominant balance between inertial and surface-tension terms contained in
Bernoulli’s Equation.

We can now proceed as usual and study the inner-to-middle limit of the

as ¥ — oo and solving the resultant nonhnear recurrence relation. However,
as shown in Chapman & Vanden-Broeck (2002), the exact solution of (2.89)

can be given in terms of Bessel functions and in fact,

solution g by expanding

?\ &)

a2 sin(%) T(n). (2.90)

™

We can now apply the Van-Dyke matching procedure to the innermost and
middle solutions. Taking n™ term middle approximation, written in inner
variables, and keeping the first term gives

ACRI(n) ) 5= (n)

[

while taking the leading-order inner approximation, and re-expanding to the

_ (n.tm)

q —— ""qn ~ €

n' term gives
_t), o~ (nam) __Ap
q doq 90 =, -
v

Finally, using (2.90), matching provides us with the result that

:C 51n(7r2a) . (2.91)

4,

_ 11 ..
A= 5| T

C
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2.8.5 Relating the inner, middle, and outer analyses

The Stokes smoothing procedure of Section 2.4 shows that near the free
surface, the waves are of the form

oy ~ QX" (292
where we have only included the contribution from analytic continuation into
the upper-half plane. For the case of gravity waves, we have already derived
complete expressions for each of the components of the above equation, up
the determination of a numerical constant A shown in Section 2.8.3. It thus
remains to do the same for the capillary branch of the solutions. An analogous
smoothing procedure to the one done in the outer layer (Section 2.4) gives a
similar expression:

Qexp ~ —2migeQe X/, (2.93)

valid in the middle region, and our goal is to thus relate (2.92) and (2.93)
within the intermediary region between middle and outer layers.

First, beginning with the form of the outer solutions, from (2.24) and
(2.57), we can write the inner limits of () using the middle variables of (2.67).
This gives

So 4, 4o
Q = i09qy ~ 132"’ exp [Bisz } . (2.94)
Similarly, written in inner variables, the outer x behaves like
- a+1
X —wn
S 95
e T(a+1)er (2.95)

Now, turning to the middle solutions as they tend to the outer layer (n — 00),
the leading-order term of (2.73) behaves like

.

ioe

and from (2.83), this shows that

X 1 n cin®\ __ ,L'CUOL—H 50477404 1
A ds ~ |— — —. .97
o=@ n*<—7>q°(5) o[y e

'The term on the left is simply the re-scaled inner limit of the outer X, whereas
the term on the right is the exponential factor in Q. Using the form of gp in
(2.96), with @ from (2.85), and the value of A in (2.91), we have

- 2sin(%) pte T (icsYqi(s)  isT3 1
Q_;{exp[/n*< = " 53 )ds]c . (2.98)

However, the procedure leading to the definition of C' in (2.86) necessarily

implies that the ratio between the exponential and C tends to 1 as ) — oo.
Combining the set of eqns (2.92) to (2.98) gives the final result that
2ieY TP
A== sin(%) ,

cr

and so we have completely determined the capillary waves generated by the
triple-layer singularity.
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2.9 DISCUSSION

Now having reached the end of our work on the gravity-capillary problem,
we have one final query: do these new wawves truly exist?

Certainly, our theoretical predictions form the first attempt of exploring
the previously unknown region of low-Froude and low-Bond numbers. Our
results posit the existence of six different families of waves for flow over a step
(@-0), revealing that the usual dispersion curve separating linear solutions
® and ® widens if we include the nonlinear nature of the geometry. While
this structure is only valid at low Froude and low Bond numbers, it also sheds
new light on the general complexity of gravity-capillary problem, which has
been acknowledged in the past.

Many open questions remain, some of which may ultimately hold the
key to detecting these new waves (or discounting their existence altogether!).
‘Throughout this chapter, we have provided a clear analysis of the /oca/ issues
of the gravity-capillary problem. We have shown, for example, how the
emergence of a Stokes line depends on the local angle of the obstruction
(Table 2.1); how the switching-on of waves near turning points can be
predicted via an Airy-like transition (Section 2.6.1); or how the crucial pre-
factor, A, can be solved-for by matching inner and outer solutions near the
singularities of the asymptotic solution (Section 2.8). But what of the globa/
properties of the Stokes lines?

In Section 2.7, while studying the Stokes lines for flow over a rectangular
step, we encountered several subtle issues which were never completely
resolved. For example, can a Stokes line emerge from a singularity along
an irrelevant Riemann sheet, only to later return to the correct sheet and
intersect the free-surface? Do the crossing of Stokes lines (Figure 2.4 and
2.9) produce any other unanticipated effects? It is well known that even the
asymptotic analysis of ‘toy’ problems containing multiple singularities can
lead to very complex Stokes line structures, and indeed, some of these issues
have appeared elsewhere, and in the works of Berk et al. (1982), Howls et al.
(2004), and Chapman & Mortimer (2005).

Early efforts by the author to detect these new waves by solving the
nonlinear equations (2.1)—(2.2) have been unsuccessful. But this failure could
mean very little; in the search for solutions of wave problems with non-trivial
upstream conditions, the correct manner in applying the radiation condition
is still an unsolved problem. The resultant solutions are heavily influenced
by the chosen treatment of the far field and it is entirely possible that the
inherent errors in current numerical treatments make it extremely difficult
to differentiate between the structure of our new gravity-capillary waves. Do
these waves truly exist? Our results say they do, and a discovery of such a
solution, in nature or in the digital world, would be a triumphant success for
our theory indeed.
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Do waveless ships exist?







PART I: SINGLE-CORNERED SHIPS

3.1 INTRODUCTION

Whosoever commands the sea

commands the trade;

whosoever commands the trade of the world
commands the riches of the world,

and consequently the world itself.

—SIR WALTER RALEIGH, (1829)

'The world of today may have changed a great deal since Raleigh’s time, but
the weight of his words have not: sea-faring ships continue to transport over
ninety percent of the world’s total trade (Brockel, 1982; Europa, 2009) and a
reduction of their combined wave resistance would equate to great savings in
tuel, time and, most importantly, money. It should thus come as no surprise
that the tantalising idea of a waveless ship has fascinated the naval community
for some time. Our interests, then, are simply stated: are waveless ships
theoretically possible? If so, what restrictions must we placed on their design?
If not, what can be done to minimise their production of waves?

Of course, when we refer to a waveless ship, we have a very specific regime
in mind: that of potential flow (a standard assumption). Now in attempting to
solve this problem, it becomes necessary to linearise the boundary conditions
at the free surface, and as it concerns ship waves we generally have three
ways of proceeding. The most standard and most well-developed method
linearises the geometry of the ship by assuming that the hull is sufficiently
small in one or several of its dimensions. For example, applying the thin-
ship approximation leads to the well-known Mitchell integral, for which it
has been shown that wave resistance can never vanish at any finite speed for
ships of finite displacement (Kotik & Newman 1964 and Krein in Kostyukov
1968). But as remarked by Tuck (1991a):

This is not quite a closed issue. Mitchells integral is only an approxi-
mation to the actual wave resistance, and, lacking any general or exact
formula for the wavemaking properties of a ship, or any moving object
near a free-surface, one cannot be quite sure that a similar result will

hold for non-thin ships.

Instead, if we wish to preserve the geometry of the ship in the approximation,
an alternative linearisation can be performed by developing a solution valid
as the Froude number tends to infinity. For these high-Froude problems,
the flow detaches from the ship smoothly at leading order (zero gravity)
and the free-surface is a free streamline. Spurred on by the initial numerical
computations of Vanden-Broeck (1980), Madurasinghe & Tuck (1986) went
on to discover waveless ships, an analysis which was later confirmed by the
more detailed numerics of Farrow & Tuck (1995).
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Figure 3.1: @ is the single-cornered ship,
@ is the multi-cornered ship, ® is the
bulbous ship, and the flow tends from
the left to the right.
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However, in discerning the effects of the ship’s geometry on the resultant
waves, the low-Froude limit is by far the more important and non-trivial
choice. The reason is that the analysis near a blunt three-dimensional ship
can be reduced to the study of the two-dimensional potential flow problem
for which the ship is modeled as a semi-infinite body with constant draft
(Dagan & Tulin, 1972). Ultimately, it is the low-Froude limit which truly
models the ship-water interactions and for which the nonlinearity of the ship’s
geometry is taken into account.

The question we ask in this chapter and the following is then: do there
exist waveless ships in the low-Froude limit? For example, are any of these
ships waveless?

Note that in the potential flow problem, a waveless solution past the stern
(rear) of a ship is equivalent to a splashless solution at the bow (front) of a
ship. Then, if the profiles in Figure 3.1 are indeed solutions, then they are
equally valid for flow in either direction.

We know from previous chapters that there is an important difficulty:
when an ideal fluid flows past a surface-piercing object or over an obstruction,
waves are sometimes produced upstream or downstream of the disturbance.
But in the low-speed limit, the traditional asymptotic series in powers of the
Froude number fails to capture this phenomenon—in the context of ship-
wave studies, this has been termed the Low-Speed Paradox, first mentioned
by Ogilvie (1968). The waves are in fact, exponentially small (in the Froude
number) and thus invisible to any traditional asymptotic analysis.

This formidable singular limit has been painfully problematic in regards
to previous asymptotic and numerical treatments of the ship-wave problem.
The fully nonlinear problem was first computed by Vanden-Broeck & Tuck
(1977), and on the basis of numerical evidence, they conjectured that ship
hulls with a single front face will always generate waves. Moreover, the earlier
experimental work of Baba (1976) had indicated that a bulbous bow can
eliminate, or at least reduce the splash at the bow of a ship. This prompted the
discovery of seemingly waveless ships with bulbous profiles, first by Tuck and
Vanden-Broeck (1984) and later confirmed by Madurasinghe (1988)—but
again, only numerically so. Another surprising result was suggested by Yeung
in (1991), whose recent numerics suggested that, for the single-cornered hull,
there exists a critical Froude number below which no trailing waves are pos-
sible—in direct contrast to Vanden-Broeck & Tuck (1977)! Unfortunately,
these last three results were refuted by the more comprehensive numerical
study of Farrow & Tuck (1995); there, they wrote:

The free surface would at first sight appear to be waveless, but on closer
examination of the numerical data, there are very small waves present
and they have a steepness of 1.5 X 1073,
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a comment they had made in reference to the bulbous profiles found in the
work of Tuck & Vanden-Broeck (1984). Clearly, these are questions which
cannot be easily answered using simple numerics. Indeed, in Reminiscences
and Reflections: Ship Waves, 1950-2000, Tulin mentions two open problems:

The fundamental questions of whether such rising potential free-
surface flows before bluff bodies exist [...] still remain open,

and

Is it demonstrable [...] that continuous solutions will not exist in the
limit of vanishing speed? Does this have anything to do with the
inability of Tuck and his colleagues [...] to find a continuous solution
in the two-dimensional bow wave case? Do nonbreaking flows exist
at all for surface-piercing ship forms of arbitrary form and thickness,
at any speed?

'The above encapsulates a brief summary of the last forty years of research on
the numerical nonlinear ship problem, much of which stems from the seminal
work of Vanden-Broeck & Tuck (1977). Unfortunately, moving along the
same timeline, there was still much confusion as to the correct method of
analysing the low-Froude limit. For example, there was still debate as to
the correct method of linearising the Bernoulli free-surface conditions. The
methods of this period were dependent on a linearisation of the free-surface,
7, and potential, ¢, about the zeroth order asymptotic approximation, and
thus setting ¢ = ¢o + ¢’ and n = 1o + 1. Afterwards, this was substituted
into Bernoulli’s equation, and different authors chose to keep different terms,
depending on what they each believed to be important in the preservation of
the eventual wave-like structure of the solutions. In (1996), Raven lists frve
different linearisations offered in Newman (1976), Dawson (1977), Eggers
(1981), Brandsma & Hermans (1985), and Nakos (1990).

Now, however, we know that resolving the Low-Speed Paradox is depen-
dent on a clear understanding of asymptotic divergence—its causes and its
consequences. The low-Froude limit is singular, and thus causes the leading-
order solution to exhibit singularities in its analytic continuation, which
eventually produces the divergence of the series. This divergence, in turn,
is associated with the presence of exponentially small terms representing, in
this case, our hidden free-surface waves. The essential correction to the afore-
mentioned linearisation(s) is that the solution should be expanded about its
optimally truncated expansion, rather than its first asymptotic approximation;
otherwise, the perturbation 7 will contain the O(e) error of the higher order
terms, plus the exponentially small error of the hidden waves.

In this chapter, we will apply methods in exponential asymptotics and
attempt a resolution of the problem of low-Froude flows past a single-
cornered ship. We will show how the exponentially small waves arise when
the solution crosses the Stokes line originating from the corner-singularity of
the stern and in doing so, we will confirm the 1977 conjecture of Vanden-
Broeck and Tuck concerning the impossibility of waveless single-cornered
ships. Finally, we will provide sufficiently accurate numerical simulations
which confirm our analytical predictions.

§3.1 - INTRODUCTION
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Figure 3.2: The error of the N partial
sum of (3.2) for z = —1 and e = 0.1.
The optimal truncation point, where the
error is smallest, occurs at N ~ |z|/e =
10. This type of curve, which has the
error decreasing to a minimum, then di-
verging to infinity, represents the typical
behaviour for singular approximations.

74

3.2 ILLUSTRATION OF THE GENERAL METHODOLOGY

In the first chapter of this thesis, we used the Airy function to introduce
many of the underlying techniques of exponential asymptotics. In this section,
we provide another simple example which nevertheless illustrates the key
ideas; ideas like asymptotic divergence, the Stokes Phenomenon, optimal
truncation, and so on. In this way, readers already familiar with the previous
chapters can freely move on to the next section, whereas readers who chose
to forego gravity-capillary waves in favour of ship waves can profit from this
independent survey.

'The nature of the Stokes Phenomenon and its importance for the study
of asymptotic expansions can be discussed by considering the differential
equation

df €
PP

and where we will first suppose z to be real and negative. In the limit that

with f(z) — 0as z — —o0, (3.1)

e — 0, we can derive the full asymptotic expansion from this differential
equation, giving

= (n—1)!
= e, 3.2
f(2) g; . (32)
For all (fixed) values of z and ¢, the series in (3.2) clearly diverges, a result of
the factorial growth of the numerator overpowering the entire expansion. We
can plot the error between the exact value of f(z) and the N partial sum of
the expansion:

Error
[ ]
[ ]
102 ° °
L]
1073 ¢ ° °
[ ] [ ]
[ ]
1074 ° ° . ° ¢
L]
5 ® e e o0 * N
10~
0 5 10 15 20 25

This type of behaviour almost always accompanies singular asyptotic ex-
pansions and the point of least error, called the optimal truncation point,
is generally found where adjacent terms in the expansion have the same
magnitude—in this case, at N ~ |z|/e (c./ Bender & Orszag 1978).

Now suppose that we return to (3.2) and allow z to be a complex number
and moreover, we allow it to vary along a contour which begins at some point
on the negative real axis, encircles the origin in a counter-clockwise fashion,
and returns to the same point, but now from the upper-half imaginary plane.
Of course, throughout this whole process, the asymptotic expansion (3.2) is
seemingly indifferent to any change. But the integral formulation of f(z) tells
a different story. For here,

t

z/e
F(z) = e / < at, (3.3)

oo

CHAPTER 3 * PART I: SINGLE-CORNERED SHIPS



and for z in the lower-half plane, the method of steepest descents allows a
re-derivation of the asymptotic expansion (3.2) by expanding about the right
endpoint at t = z. However, as z crosses the positive real axis, the path of
steepest descent crosses the pole and we are required to add a contribution
of size 2mie™*/¢ to the asymptotic expansion. That is, f(2) ~ ¢/z in the
forth quadrant, but f(z) ~ ¢/z + 2mie /¢ in the first! This is shown in the

tollowing figure:

3(2)

f(2) ~€/z 4 2mie=*/¢

) STOKES
X ! LINE §R(Z)

Qmmmmmmmmnn-

f(z) ~¢/z

START

'The Stokes Phenomenon is the name given to this sudden appearance of
exponentially small terms as a critical line is crossed. These Stokes /ines must
originate from singularities in the analytic continuation of the asymptotic
solution and are a necessary consequence of the singular nature of the problem.

However, a more pressing question is in regards to the relationship
between the Stokes Phenomenon, the asymptotic representation of f(z) in
(3.2), and the corresponding differential equation (3.1). In many problems,
the integral formulation is unavailable (or simply too unwieldy); in this case,
how can we re-derive the exponentially small contributions?

The key to answering this question—and thus leading to the theory of
exponential asymptotics and asymptotics beyond all orders—is the idea that
the information for the determination of the exponential is contained in the
late terms of the asymptotic expansion (3.2). There are a number of ways to
retrieve this seemingly hidden information, but we will focus on a method
which uses optimal truncation and matched asymptotics, as developed in
Olde Daalhuis et al. (1995) and Chapman et al. (1998).

We will quickly describe the process. First, the asymptotic expansion (3.2)
is truncated at n = A and substituted into the differential equation (3.1),
thus providing an equation for the remainder, Rxr(2):

ARy NNV 1)

— NP 4
e + Ry =€ N (3.4)

When N is chosen to be the optimal truncation point, the remainder is
exponentially small (rather than only algebraically small) and can be written
as Ry = S(z)e */¢, where we expect S(2) to smoothly vary from zero to
a constant across the Stokes line. Indeed a brief calculation shows that if

§3.2 + ILLUSTRATION OF THE GENERAL METHODOLOGY

Figure 3.3: As z is analytically continued
into the upper-half plane, the previous
steepest descent contour (dotted) must
include the addition of a pole contri-
bution (dashed), and thus switches on
an exponentially small term across the
Stokes line. The oscillatory line indicates
the branch cut.
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Figure 3.4: The physical solution of in-
terest in the ship-wave problem is 6, the
angle of the free-surface as a function of
some real potential ¢ > 0. Although
this solution is perfectly well-defined, its
asymptotic representation is divergent in
some limit e — 0 and contains a singu-
larity in its analytic continuation (shown
as a perpendicular plane, ¢ = w € C).
By re-scaling near the Stokes line and
optimally truncating, we will be able to
observe the smooth switching-on of the
exponentially small terms (top-left).

Figure 3.5: Nondimensional flow past
a one-cornered ship is shown in the
physical zy-plane (left) and the potential
w = ¢ + 1) plane (right).
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z = re?, then S(2) is given by
NV
S(z) =iV 277/ e /2 dt,

for a re-scaled variable # = 0/\/¢ near the critical line. Thus, as § — oo,
we have jumped across the Stokes line, and the apparent jump in S(z) is
[S] ~ 2mi. Note that the determination of the remainder in (3.4) relies upon
knowledge of the late-order terms of the asymptotic expansion—hence the
connection between the Stokes Phenomenon and the terms beyond-all-orders.
'This is the general methodology we follow in solving the ship problem.

Finally, we shall conclude this section by directing the reader to Figure
3.4, where we have illustrated and briefly described the key ideas behind our
ship-wave analysis.

RIGHT OF
STOKES
LINE

LEFT OF
STOKES
LINE

" STOKES LINE

4 il R (w)

3.3 MATHEMATICAL FORMULATION

Consider two-dimensional, steady, incompressible, irrotational, and inviscid
flow past a semi-infinite body in the presence of gravity and with small Froude
number. We will consider bodies consisting of a flat bottom (y* = —H, z* <
0) and a face oriented with an angle o to the horizontal, with 0 < o < 1.
There is a uniform stream of speed U as z* — —o0, and we assume that the
flow attaches to the stern at a stagnation point, (z*, y*) = (0, 0). The set-up
is shown in the figure below.

(8

e b

0] FREE SURFACE ¢

IN FLUID

L1

21

Letting the fluid velocity be u* = (u*, v*) = V¢*, the velocity potential, ¢*
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then satisfies Laplace’s Equation,

V2p* = 0. 3.5)

There are two boundary conditions: on all boundaries, we have the kinematic
condition 96"

=0 3.6

o=, 5:6)

while on the free surface, we have the dynamic condition, provided by
Bernoulli’s Equation,

%(\w*y? — U2) +gy* =0. (3.7)

At the moment, the problem in eqns (3.5) to (3.7) is posed in terms of
the dimensional velocity potential ¢*(z*,y*). To non-dimensionalise the
problem, we select a new potential, ¢(z,y), which tends to the unit free
stream, ¢ — x as ¢ — oo. To do that, we define the non-dimensional
variables as

U?\] 1 U211 o*

S G | A v P
The length scale is chosen so that L = K /U where ¢* = —K at the corner
of the stern, and this places the corner at ¢ = —1. Without loss of generality

we choose to centre the system at the stagnation point, so ¢ = 0 and thus,
we arrive at the following non-dimensionalised equations:

V24 =0, (3.8)

P

% _o, (3.9)
%\VW +y=0, (3.10)

where € = U? /gL is related to the square of the draft-based Froude number
and € < 1.

Unfortunately, formulated as a function of cartesian coordinates (z,y),
the problem is rather difficult to approach—especially since the dynamic
condition (3.10) must be applied to an as-yer unknown free-surface. In
the simplifying Aodograph formulation, we introduce the complex potential
w = ¢ + i1 and let z = x + iy; now both Laplace’s equation (3.8) and the
kinematic condition (3.9) are immediately satisfied, so long as we ensure the
complex potential is analytic. We now define

—i0 dw

= =u—in, (3.11)

qe

so ¢ is the speed of the flow and 0 is the angle the streamline makes with the
x-axis. Then if s is the arclength along the free-surface, then

dx dy .
I = cos#, s =sin6.

§33 * MATHEMATICAL FORMULATION
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Differentiating Bernoulli’s Equation (3.10) with respect to s now gives
d
eq—q +sinf = 0. (3.12)
ds

Since
dg _dpdg _ dg
ds  dsdo  ldg

we may write (3.12) as

d
eqzﬁ +sin6 = 0, (3.13)

where the free surface condition is now applied to the streamline 1) = 0 for
¢ > 0.

To close the system, we will need one final equation, and for this, we
examine the analyticity of the logarithm of the hodograph variable, given by
logq — i# = logdw/dz. Remember that when ¢ = 0, the free-surface is
replaced by a rigid wall y = 0, and the flow is then equivalent to the flow in a
channel (see for example, Milne-Thomson 1968). The problem then has the
leading order solution

w o

'The logarithm of the hodograph, log g — 6, is analytic everywhere in the
fluid (1) < 0), but not continuous along the boundary at the stagnation point,

w = 0, or the corner, w = —1. Because of this, consider instead the function
T(w) = (I 0) — log | —— ’ (3.15)
w) = (logq — i6) — log( —— .
84 J w+1
which removes the discontinuities at w = 0 and w = —1, and also vanishes

ate = 0 and ¢ — —oo0. Since T (w) is now analytic everywhere in the lower
half plane and continuous on the real axis, we can apply Cauchy’s Theorem
to T (w) on a path consisting of the streamline ¢ = 0 and the semi-circle at
Y = —oo,

T(w) = —L_ b Mdgo, (3.16)

21 J_ o o —w

where w is located gff the axis, where the integral is taken along the axis, and
where the semi-circular contribution at infinity has disappeared since T — 0
as Y — —oo. When we let w approach the axis, the integral then decomposes
into a Cauchy Principal Value and a residue contribution,

T(¢ — i0) = —% <][: + /m> ;Dr(_@g)bdgp. (3.17)

Moving the residue to the left hand side and simplifying yields

T(6— i0) = ;][_oo Md@, (3.18)
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and taking the real part of eqn (3.18) yields

> 0
Iogq:jr][_ gp(ip)gbd% (3.19)

i.e. the usual boundary integral result for two-dimensional free-surface flows.
Steps (3.15) to (3.19) serves to verify that the discontinuity along the real axis
does not cause any problems to the usual formula.

As in Chapman & Vanden-Broeck (2002, 2006), we want to complexify
the free-boundary 1) = 0, so that we may examine the nature of ¢(¢) from
eqn (3.14) as it is analytically continued into the complex ¢ plane.

Here, there is a fortuitous, though somewhat subtle simplification: when
we complexify ¢ — ¢ + i1), we may identify this zew complexified potential
with the o/d potential w = ¢ + i, and thus each point in the complexified
free boundary (illustrated as the perpendicular plane of Figure 3.4) can be
identified with a point in the fluid region. Similarly, when we complexify ¢
and 0, these new variables can be identified with the o/d complex potential
dw/dz = qe™", where here, ¢ and 6 are of course real. This subtle difference
between the complexified free boundary and the fluid region must be kept in
mind; we will complexify the free boundary both into the upper-half and
lower-half ¢ planes—but of course, only the lower-half w plane contains
actual fluid! This subtly was also discussed in Section 1.2 of the first chapter.

When we analytically continue the boundary integral (3.19) and the
dynamic condition (3.13), this gives

0
logq+if — 1/ YD) o o), (320)
) p—w
quﬁ—i—sinQ = 0, (3.21)

dw

where we have replaced the complexified ¢ by w and the = signs correspond
to analytic continuation in the upper and lower-half ¢ planes, respectively.
We have also introduced the notation

o) =+ | Ty,

m Y—w

to represent the Hilbert transform of 6, integrated over the free-surface, ¢ >
0. For the next few sections, we will perform the asymptotic analysis of (3.20)
and (3.21) for analytic continuation into the upper-half plane. Remember that
in the end, we will need to perform the same analysis for continuation into
the /Jower-half ¢ plane as well.

3.4 ASYMPTOTIC APPROXIMATION

Substituting the usual perturbation expansion

0= i €0, and ¢g= i €' qn, (3.22)
n=0 n=0
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into eqns (3.20) and (3.21) yields at O(1),

6p =0 on the free boundary, ¢ > 0, (3.23)
1 (% 0
loggo = — / M} dep. (3.24)

Using the fact that = w0 on the real w-axis from —1 to 0, (3.20) gives

w w \°
logqo = O—IOg('w—i—l) = qo = <’LU—|—1> N (325)

a fact we already know. Then at O(¢), (3.20) and (3.21) yield

dg
0, = _quTﬁ’ (3.26)
Zi + i) = A0 (w)]. (3.27)
0

The full expressions for the higher O(e") terms are more complicated, but
since we are only concerned with the limit n — o0, we may proceed as
follows: examine the leading order free surface, go(w) in (3.25); the solution
contains two singularities, identifiable with points in the flow-domain—one
at the corner of the stern (w = —1) and the other at the stagnation point
(w = 0). However, because all the higher-order problems are linear, no new
singularities can be introduced and thus the singular points of g, (w) must be
those same singularities as for go(w).

For example, if we examine the dynamic condition in (3.21), we can see
that each successive term of the asymptotic approximation will require the
derivative of the previous term. Thus if ¢,, contains a singularity of the form
1/(w — wg)™, gn+1 will contain a singularity of the form n/(w — wo)"L;
each new derivative adds a factor to the numerator and increases the strength
of the singularity. Then as n — 0o, we can expect the late terms to behave
like factorial over power,

O(w)I'(n+ 1)

Q(w)l'(n +7)
x(w) '

o (3.29)

6,, ~ and ¢, ~
With this ansatz in mind, we can now pinpoint the terms required at O(€").
In the limit that n — oo, terms like ¢,q, (for m finite) dominate terms
with smaller indices in n, such as ¢, gn—1. Moreover, differentiating a term
increases the order (in n) by 1, so a term like edg,,—1 /dw is of the same order

as ¢, The relevant terms at O(€") are:

first order second order exp. subdominant
_ —N—
Iy g, — =1L~ Dl (3.29)
q0 490
G a1 + 29002 + 2004qn—1+ - .. = —cos(00) 0 + . . .. (3.30)
~—— ————
first order second order first order

By recourse to Chapman and Vanden-Broeck (2006), we claim, at least for
the moment, that the integral on the right-hand side of the boundary integral
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equation (3.29) is exponentially subdominant to the terms on the left-hand
side for large n. We address this claim a little later in Section 3.5.3, but for
now, we will assume that

0,, ~ iIn zQIq;L_I +... asn — 0o, (3.31)
q0 90
or,
Gn ~ —1qoBn — 10p_1q1 + ... as n — o0o. (3.32)

Finally, substituting (3.31) into the dynamic condition (3.30) and simplifying
yields the final form of our O(€") expression:

first/second order

[qS’q;l - z‘qn} + [2q§q6qn_1 +3¢5q14p_o| +... =0. (3.33)

second order

'The factorial over power ansatz (3.28) can now be substituted into (3.33). As
n — 00, the leading-order expression is

dx
— gy +i= 3.34
4o dw + 07 ( )
which is simply solved to yield
Y
X =/ — dyp, (3.35)
90

where we will choose the initial point of integration in the next section. At
the next order in n, we find

@@ +2Qd3q) — 3Qqiqa1X =0

or,
Q' 2qp | 3iq
A U (3.36)
Q ®© 4@

and thus by the usual integration and simplification,
A (Y@

Q=—>5ex (31/ = d(p) , (3.37)

@ P\ Jux dd

where A is a constant of integration and w is any arbitrary point for which
the integral exists. By the ansatz (3.28) and relation (3.31), we know that
O, ~ iqn/qo and thus

Ai < ./w q1 )
O = —expl| 3 = dy ). (3.38)
@ P\ for gl

3.5 THE SINGULANT AND ITS STOKES LINES

In this section, we will use the expression (3.35) for the singulant, x, to
address three separate questions: (1) Must the stagnation point at the origin
produce an exponentially small wave on the free-surface? (2) What necessary
conditions are imposed on the corner of the hull in order for it to generate a
wave? and (3) How can the boundary integral on the right-hand side of eqn
(3.20) be shown to be exponentially subdominant to the residue contributions
on the left?
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3.5.1  'The stagnation point

The nature of the free-surface near the stagnation point, w = 0, is a
surprisingly complex problem. First, there is the issue of how the solution
behaves near w = 0, that is to say, for fixed € and within the inner region; the
works of, for example, Dagan & Tulin (1972) and Vanden-Broeck & Tuck
(1994) have examined some of these problems. Second, there is the question
of how the solution near w = 0 interacts with the low-Froude expansion of
(3.22) and in particular, what is its role (if any) in controlling the production
of downstream waves. In regards to this latter question, Tuck (1991a) has
provided a series of unanswered questions for simpler differential equations
related to the full water wave equations in (3.20) and (3.21).

'The local analysis near the stagnation point for € fixed and w — 0 is given

in Appendix 3.A. There we show that

Ow®) ifo>1/3
g~ (3.39)
Ow'3) ifo <1/3
and
0+ O(w3—1 ifo>1/3
6+ O~ (11” ) Hozl/ (3.40)
m(o—3)+O0(w) ifo<1/3

where ¢ is a transcendental number given by solving (3.70). In words, then,
(3.40) states that for hulls with o > 1/3, the near-stagnation flow is the same
as the rigid wall solution; but for hulls with o < 1/3, the free-surface makes
a 2 /3 angle with the ship—very much like the cusp of a highest Stokes wave

(Wehausen & Laitone, 1960).
Now we investigate the inner limit of the outer approximations. Consider

first (3.27):
. > 0
q = —iqoth + qO/ —— dyp.
T Jo p—w

In the case of 1/3 < o < 1, the integrand satisfies the Hélder condition on
the interval [0, o) and moreover, 61(0) = 0. This guarantees that

1 [ 6 1 [0
/ ! dp ~ / —1d<p:constant
mJo $PTW m™Jo ¥

asw — 0. Thus ¢; ~ gg as w — 0 (the residue contribution —igg0; is lower

order) and by induction g, ~ ¢,—1 for all n. In other words, for hulls with
o > 1/3, the singular nature of the origin does not magnify as n increases
and hence there is no eventual divergence in the asymptotic series. In this
case, then, there is no exponential contribution.

Now consider the case that 0 < ¢ < 1/3. Here, the outer solution
behaves like gy ~ O(w) and consequently 6; ~ O(w3°~1) tends to infinity
at the stagnation point. An inner layer is required where the solution has the
behaviour of (3.71) as w — 0. In any case, we can write

I dp 4 ® _(p+1)"137 41
Aol == /0 P —w) 7w /0 ©1=37(p — w) de-
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It is easy to verify that the rightmost integrand satisfies the Hoélder condition
on [0,00) and is thus bounded and tending to a definite limit as w — 0.
The integral on the left contains a power singularity and thus by (Gakhov,
1966, p. 55), 01 (w)] ~ O(w3*~1). Inductively continuing this line of
reasoning verifies that the growth of the integral term is indeed proportional
to the growth of the residue term and thus,

an ~ O(iqobn—1) as n — oo.

This shows that for o < 1/3, the singularity does cause the late-order outer
terms to diverge and moreover, at a rate specified by the ansatz (3.28).
'Thus, the stagnation point must be accompanied by the Stokes Phenomenon
and the switching-on of exponentials. Still, it is entirely possible that the
accompanying Stokes line does not come to intersect the free-surface (other
than at w = 0) and/or lies on a separate Riemann sheet altogether; #his is our
conjecture. And while the claim remains unproven, the numerical analysis of
the problem in Section 3.7 provides compelling evidence in its favour. We
will return to this issue in the discussion of Section 3.8.

3.5.2  The corner

The corner is the critical point which is responsible for the generation of
waves. Since x(—1) = 0, we may write (3.35) as

w 1 w 1 30
X:i/1q3d(p:i/1<(p;_> he G341
— 0 —

where the contour of integration can be taken along any path in the upper-half
plane, not through w = 0. In fact, this expression can be exactly integrated
in terms of special functions, and

x(w) = =i(~w)* w7 B(~w; 1= 30,1430 ) + 307 |1 + icot(307)|
(3.42)

where B(z,y) is the Beta function. Near the corner,

ie—?ﬂrzo

1430

qo~e™(w+1)"7 and x~ [ } (w + 1)1+37

and from Dingle (1973), Stokes lines are expected whenever x is purely real
and positive. Thus, the first (and only relevant) Stokes line leaves the critical

30 —1/2
19—71'( 1+ 30 >’

arcs into the upper-half plane, and continues until it intersects the free-

point at an angle of

surface. This is shown in Figure 3.6. The intersection points are farthest
when o large and as ¢ — 0, they tend towards the origin. In Section 3.6
and onwards, we will focus what happens when each of these Stokes lines is
crossed.
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Figure 3.6: Stokes lines for various hulls,
such®o = 0.2, @0 = 0.5, and ®
o = 0.6 (the tags are to the upper-right
of their associated lines). The Stokes
lines begin and end at w = —1 and are
symmetrical about the real axis. Across
the intersection of the Stokes line with
R(w) > 0, we expect an exponential
to switch on. Although they are an imagi-
nary construct and lie on the analytically
continued free-surface, they neverthe-
less share a correspondence with a line
in the physical plane which begins at the
corner and arcs towards the free-surface,
as shown in the smaller sketches.

Figure 3.7: The light lines are con-
tours for |x(w)|, with dark regions cor-
responding to small values. The thick
black line corresponds to the Stokes line,
and the dashed line to | x(w)| = 37 /2.
Our Stokes line switching analysis is
confined to the region above the dashed
line, where the relevant exponentials are
larger than anywhere along the free-
surface.
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3.5.3  Exponential subdominance of the integral

In order to demonstrate the late-order subdominance of the boundary inte-
gral in (3.20), consider the case of 0 = 1/2 (other values of o are similarly
done). Here, the Stokes line originating from the corner leaves at an angle of
27/5 in the potential plane, curves in an arc, and intersects the free surface
at about w = ¢, ~ 0.635. Along the real and positive w-axis, R(x) = 37/2,
which can be computed by the residue contribution of (3.41) at infinity or
alternatively, by using (3.42).

&

In Figure 3.7, we plot the contours of |y (w)|, a thick line representing the
Stokes line, as well as a dashed line for the contour |x| = 37/2. Since x(w) is
an analytic function away from its singularities, the contour |x| = 37/2 must
necessarily intersect both the Stokes line and the real axis at the single point
w = ¢.. Moreover, along the real axis the point ¢, constitutes an absolute
minimum. For the equation

Iy g, — ML = 00, (w)),
q0 90

when the ansatz (3.28) is used and the late terms sought, the integral will
be evaluated on the real axis, where Y is larger than on anywhere along the
Stokes line. Thus the right-hand side of the equation is negligible as n — oo.
Essentially, its only effect is in altering the values of the early terms, qo, ¢1,
¢2, and so on.

'The subdominance of the boundary integral term which occurs in poten-
tial theory was also used for the analysis of the viscous fingering problem in
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Hele-Shaw flows (see for example, Pomeau et al. 1988 and Chapman 1999)
and was rigorously justified for that problem by Xie & Tanveer (2002).

3.6 INNER PROBLEM

In the previous sections, we derived the general form of the high order terms
¢n and 6, up to the determination of certain unknown coeflicients, namely
Q, ©, and ~. In this section, we will show how these coefficients can be
determined by matching the high-order terms near the singularities in the
flow field.

3.6.1 Inner limits of outer expansions
Before we begin studying the inner problem, let us take note of the behaviour

of @ and O as we tend towards to the flow-field singularity, w = —1. Recall
from eqns (3.37) and (3.38) that

A A A A it
Q=—ex <3z/ dgp) and © = —ex (32/ dgp),
@ P\ Juw df @ P\ Jux ag

(3.43)
while from (3.27), ¢; is given by
q1 = —iqoth + qo - H[01(w)].
Using 61 = —¢dqo/dw from (3.26), we have
. ad
@ =i 52 + g0 - A1 (w)]. (3.44)

dw

'Thus the exponential factor in the expressions for ) and © in (3.43) can be
written as

w w ./ w
exp(?n'/*r Z}Ldgz)) = exp<—3/* chhp) X CXP<3i/* %ﬂ[zg(@)] d@)

= qjgw*) X exp <32' /w %ﬂ[?})w dgp) ) (3.45)

w* 0

For this equation, the integrand is well behaved 7ear the singularity at w =

(Y @ C
3 Dogp) ~
P ( Z/w* % w) g (w)’

where C is the constant,

C = g5 (w*) exp (32' / - ﬂg(@] dcp) , (3.46)

wk d0

—1 and so

and thus the inner limits of the late terms of the outer expansion are

iACT(n+7) ACT(n+7)
Op ~—————> and g~ —F—". (3.47)
qg Xn+’y q q(5) XnJr'y
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In order to select the constant 7, we require that the asymptotic behaviour
of the late terms given in (3.28) to be consistent with the order of the
singularities of gy and 6y as w — —1. Equating powers, we need —50 —

(14+30)y=o0or
60

1430

N = (3.48)

3.6.2  Outer limit of inner expansions

Let us begin by discussing how the two governing equations change as we
tend towards the corner. Near the singularity, the dynamic condition (3.21)
remains unchanged, but the boundary integral (3.20) can be considerably
simplified. In this case, we would like to evaluate

10g Qinner(w) + ieinner(w) = v%ﬂ[gouter(w)]- (349)

as w — —1 and where the indices help to remind us where the functions ¢
and 0 are being evaluated. The left-hand side is evaluated zear the singularity
and thus involves the exact expressions for ¢(w) and 6(w) in the inner limit.
However, the integrand on the right hand side is integrated over the free
surface, far away from the singularity, thus it involves only the ouzer expansion

for 6(w). But we know that substituting the outer expansion into the right-
hand side of (3.49) leads to

log Ginner (W) + inner(w) = log qo + €7[01(w)] + O(é?),

and since [0 is well-behaved for w off the axis, this forms a well-ordered
asymptotic expansion. The leading-order inner solution then, is equivalent to
using log g + 0 ~ log qo and we may thus substitute

ing_ e ifa @
21 2

into the dynamic condition (3.21), yielding

dg i
erqgﬁ +3 <q2 — Q3> = 0. (3.50)

'The correct scaling to use is hinted by the inner limits of the outer approxi-
mations. In the inner region, we let

w=—1+ 61/1730(7]7 qo ~ Cwa/(lf?;a)’ and q= Cea/(lfBOz)naq.

Then (3.50) becomes

, dq
sich? (Omga_l L e dZ) -1 (3.51)

which is identical to the inner equation of Chapman & Vanden-Broeck
(2006), except for the negated right-hand side. We now let

Z'77173oz gb L q ¢ o ¢n
2= —— — 5 an - b
(1 —3a)’ 7 nzo Z"
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yielding a recurrence relation for the outer limit of the leading-order inner
solution:

n—1
2a
=1 n — R m®Pn—m—1- .
bo=1 ¢ mzo<m 1_3a>¢¢ 1 (3.52)
We match the leading-order inner limit of the n™ term of the outer expansion
of ¢? and match with the outer limit of the n™ term of the leading-order inner

expansion. This gives

LG T 3.53
T 20(1—3a)  nieT(n+7) (3:53)
—_————
Q

The crucial limiting ratio of €2 only depends on the local power of the
singularity, and numerical values for different ships are given Figure 3.8.

o Q

0.4 N 0.1  0.1762854
0.2 0.2811203

\ 0.3 0.3385194

\ 0.4 0.3706919

Q 0.5 0.3893600
0.2 0.6 0.4004895
0.7 0.4072291

0.8 0.4113096

0.9 0.4137380
0 1.0 0.4151100

0 0.2 0.4 0.6 0.8 1

3.6.3  Stokes smoothing

Remember: the underlying divergence of the asymptotic expansions will
cause the Stokes Phenomenon to occur and as the complexified asymptotic
solution crosses a critical line (the Szokes /ine), a small exponential switches
on. The details of the Stokes smoothing procedure are precisely the same as in
Chapman & Vanden-Broeck (2006), and we will perform a similar analysis
in full detail for the multi-cornered ships of the next chapter. Here, we will
only summarise the key ideas.

In order to identify the exponentially small waves, we first optimally
truncate the asymptotic series at n = N so that

N N
0= Z €"0, + Ry and q= Z €'qn + Sn, (3.54)
n=0 n=0

whereby the remainders are related by (3.31) and thus Syr ~ —igo Ry At
the optimal truncation point, the remainder Sys is exponentially small (rather
than only algebraically small) and can be written as Syr(w) = S(w)Qe ™/,
where we expect S(w) to smoothly vary from zero to a constant across the
Stokes line.

§3.6 - INNER PROBLEM

Figure 3.8: Values of Q for various hull

forms. € is non-zero for all hull config-

urations, which is enough to guarantee
that a wave of non-zero amplitude ap-

pears on the free-surface.
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'The procedure then is to re-scale near the Stokes line and examine the
jump in the exponentially small remainder as the Stokes line is crossed from
upstream (indicated with a + below) to downstream (indicated with a —
below). The apparent jump in the remainder can be shown to be

_ - o
_SN] N ~ ZiQ exp [—X} , (3.55)

while the exponentially small correction to 6 is,

RN} ~

exp —X} (3.56)
+

To finalise the analysis, we need to also complexify the free boundary into
the lower-half plane and this analogous process yields the functional complex
conjugates of (3.55) and (3.56); thus, the fofal contribution along the free-
surface is twice the real parts of (3.55) and (3.56),

Gesp ~ gs(gﬂ/ﬁ) , (3.57)
Oep ~ g%((ﬂe_"/e) . (3.58)

'These formulae provide a link between the terms that are switched-on across
Stokes lines, and the late terms of the asymptotic series.

3.6.4  The simplified nonlinear problem

The attentive reader will have noticed the fact that the only effect of the
Hilbert transform, .72°[6(w)], is to adjust the far-field waves by a non-zero,
O(1) amount. In fact, if we were to simply ignore 5[0, the only effects
would be: (i) changing ¢; in (3.27), (ii) changing the computation of C' in
(3.46), and (iii) replacing the expression of @) in (3.37), valid everwhere, by
its expression valid near the singularity.

Thus, the salient features of the problem can still be retained if we use
log g + i0 = logqo instead of (3.20), and this way, we can simplify the full
problem in (3.20)-(3.21) to a simpler nonlinear differential equation in g.
Analytic continuation into the upper-half plane then gives

eqoqgj—i + %(q2 —q5) = 0. (3.59)
Tuck (1991a) also realised that the essential characteristics of the waveless
ship problem could be encapsulated by a single, local differential equation
(his example, however, was pedagogic in nature, whereas our approximation is
justifiable). The one-cornered ship problem can thus be analysed more simply
by studying (3.59) instead of the full problem, and this is briefly presented in
Trinh et al. (2010); in fact, we shall use this simplified formulation to study
the more difficult multi-cornered ship problem in the next chapter.
However, we now return to our study of the fu// problem in eqns (3.20)
and (3.21), for which we have already completed the asymptotic analysis.
In the next section, we will provide numerical validation of our beyond-all-
orders predictions.
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3.7 NUMERICAL RESULTS

Precise computation of exponential smallness is hardly a trivial affair, but
despite the fact that the quantities of interest are exceedingly small, many
past workers have still managed to confirm deyond-all-orders predictions with
numerical simulations. For example, by using a spectral basis supplemented
by a function which mimics the far-field waves, Boyd (1991a) was able to
compute the exponentially-small gravity-capillary waves of the fifth-order
Korteweg-de Vries equation to over ten digits of accuracy. And although
these methods were never applied to the full nonlinear water-wave equations,
Chapman & Vanden-Broeck (2002, 2006) still comfortably computed small
capillary and small gravity waves for the full problem using a second-order
finite differences—this time to five or six digits of accuracy.

Unfortunately, as we shall see, the ship-wave problem presents numerous
new challenges not encompassed by the previous numerical methods. These
challenges arise because of the surface-piercing nature of the ship, which
supplements the usual difficulties of resolving exponential smallness with the
problem of now dealing with an essential singularity at the origin.

3.7.1 ALGORITHM A: a simple method

We first propose a very simple method based on the work in Chapman and
Vanden-Broeck (2002; 2006), though many authors have used this method
for computing two-dimensional nonlinear flows over obstructions (see for
example Forbes (1983) for the case of gravity flow over a semi-circular
cylinder, and King & Bloor (1990) for the case of flow over an arbitrary bed
topography).

To begin, we first truncate the semi-infinite domain to a finite interval
and introduce an equally spaced mesh for ¢ and its midpoints, with separation

distance, A¢:
¢ = (i —1)A¢ fori=1,2,...,n,

1
¢7L:2<¢2+¢Z+1> fOr'L.:].,2,...,n*1,

Now, given an initial guess for the n unknowns, 6; (evaluated at the points
¢;), values of 7 = log ¢ at the n — 1 midpoints are computed using

o ) 1][¢>m 0 ,
" =olo L + = d fori=1,2,...,n—1.
g<¢r+1 o T

'The principal value integral is computed by applying the trapezoidal rule with

a summation over the mesh points ¢;; this use of equally spaced points and
midpoints should allow us to neglect the singularity of the principal value
without losing accuracy. Bernoulli’s equation then provides a system of n — 1
equations to solve:

dr™

F = ¢S <d¢>> +sin 6" =0 fori=1,2,...,n—1, (3.60)

§37 * NUMERICAL RESULTS
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Table 3.1: MATLAB code for the sim-
ple stern solver. This particular instance
solves the o = 0.5 stern ate = 0.5 with
n = 1000 points and a discretisation
distance of A¢p = 0.03 (denoted dw
in the code). It makes use of MATLAB's
fsolve function for the solution of the
algebraic equation denoted by func.

90

where the derivatives d7/d¢ are computed using second-order differences
and 0" denotes the value of @ at the midpoints. For the n™ equation, we
assign the boundary condition

0 ifo >

1

F,=0, =
! W(U—g) ifo <

, (3.61)

Wl Wl

and moreover, we replace the first equation with the condition that

Fy =03 — 0o — (62 — 0p) <zz> =035 — 0y — (62 —6p)2".  (3.62)

where 0y and k are as prescribed in 3.40. Conditions (3.61) and (3.62) then
assure us that 8 ~ 6y + c¢” for some constant ¢ over the first three mesh
points. Table 3.1 shows just how compact this code can be made when
combined with the built-in nonlinear solver of the MATLAB environment. In
the included example, we solve for the vertical o = 1/2 hull at e = 0.5.

% Parameters and potential mesh
n = 1000; dw = 0.03; ep = 0.5; sigma = 1/2;
w = [0:n—1]*dw; wm = w(l:end—1) + dw/2;

% Solve the system and plot the solution
fwd = @(u)func(u, w, wm, n, ep, sigma, dw);
u = fsolve (fwd, zeros(1l, n));

plot(wm, 1/2*(u(l:end—1) + u(end, 2:end));

function F = func(u, w, wm, n, ep, sigma, dw)
tau = sigma*log(wm./(wm+1)); aux = [dw*ones(1,n—1) dw/2];
for j = 1:n—1, tau(j) = tau(j) + 1/pi*sum(u.*aux./(w-wm(j))); end

um = 1/2*(u(1:n—1)+u(2:n));
dtau = 1/dw*[(tau(2)—tau(1)), ...
(tau(3:n—1)—tau(1:n-3))/2.0, (tau(n—1)—tau(n—2))];

F(1:n—1) = ep*exp(2*tau).*dtau + exp(—tau).*sin (um);
F(n) = u(1);

Solutions for the 0 = 20/48 and 0 = 32/48 hullsate = 0.8 and ¢ = 0.4,
respectively are shown in Figure 3.9. It is important to note that the values
shown are not from ; but rather, the midpoints §"; this is due to the fact that
the central difference approach in the algorithm causes the original 6 values to
exhibit a sawtooth pattern between meshpoints—it is, after all, the midpoints
which are used in the solution of (3.60). Notice from the lower figure that
even for these relatively moderate values of €, the downstream waves are
already quite small. The algorithm is most eftective for both moderate values
of o (near or greater than the vertical hull) and moderate wave amplitudes.
Unfortunately, it proves to be ineffective for specific types of solutions, due
to certain numerical difficulties, as we shall now discuss.

The first difficulty is that the method of computing singular integrals
by trapezoidal integration over the midpoints is generally not as accurate as
other comparable second-order methods, particularly when the singularity is
allowed to approach one of the endpoints (see Noble & Beighton 1980). For
increased accuracy, we need an alternative treatment of the boundary integral.
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'The second minor difficulty is that compared to the amplitude of the far-
field waves, the algebraic decay of the core solution is extremely slow, at the

,w30'71
0 ~ O((w T 1)3a+1> )

as € — 0and w — oo. Wave amplitudes are measured by computing

rate of

differences in numerical maxima and minima near ¢,,, and increased ac-
curacy can be achieved by averaging the small, locally linear shifts in the
amplitudes. However, this slow algebraic decay is a symptom of the surface-
piercing nature of the problem and still provides an additional loss of accuracy
in comparison with problems for which the tails are generally exponentially
decaying—as in the fifth-order Korteweg-de Vries problem discussed in Boyd
(1991a), and also for gravity flows over a submerged obstruction studied in
Chapman & Vanden-Broeck (2006).

Finally and most importantly, for values of o near or less than 1/3, the
algorithm does a poor job of approximating the solution, particularly those
containing wave amplitudes on the order of 10~3. Examination of @ near the
stagnation point shows that the numerical discretisation cannot cope with
the essential singularity at the origin; unfortunately, as o — 0, the outer low-
Froude solution becomes increasingly singular. The inherent errors in using
an inappropriately spaced mesh swamp the computations and low-Froude
solutions for o small cannot be trusted.

In the next section, we will propose an alternative algorithm which
focuses on minimising the errors produced by the stagnation point.

3.7.2 ALGORITHM B: a comprehensive method
'The algorithm in this section is similar to the one presented in Farrow & Tuck

(1995) but with a few key differences which allow for a better resolution of
the near-stagnation flow.

§37 * NUMERICAL RESULTS

Figure 3.9: Solutions for o = 20/48 at
e = 0.4 (dashed) and o = 32/48 at
e = 0.8 (solid); these solutions were
computed using ALGORITHM A with
n = 2000 and A¢ = 0.05 for
the former hull, and n = 1000 and
A¢ = 0.1 for the latter. Zooming in
(not shown) shows that the solution is ill-
resolved near the stagnation point, but
for a limited range of hulls, the algorithm
is sufficient.
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'The first change we implement is the use of a stretched grid in ¢ near
the stagnation point. We need a mesh which can approximate the essential
singularity at the origin, but which can also capture the almost-periodic waves
downstream. For this, we define a stretched grid near the origin

7—1
m—1

1/s
¢i:¢o+(¢c—¢o)< > fori=1,2,...,m,

for some initial point ¢g, some matchpoint ¢., a chosen number of mesh
points m, and a value of s we will later specify. Afterwards, a downstream
discretisation is chosen:

1 —1
n—m-—1

¢i_¢c+A¢max< > fori=m+1,2,...,n,

for a total of n of mesh points and a downstream spacing of Agp,y. A better
parameter to use for the latter is given by

2me

K =
Amay’

where K now indicates the number of mesh points per linear wavelength of
the downstream waves. If the value of s is not too small, then we may select
¢ and m so that the last separation distance of the initial mesh, ¢, — ¢p—1,
is equal to the spacing of the downstream mesh, A¢gp,y; We refer to this as
a smoothed mesh. However, if s is too small, then the growth of the initial
mesh is too slow, and we generally need to manually choose suitable values
of ¢, and m for each individual problem. The complete choice of parameters
which fully determine the initial and downstream mesh is quite tricky and
largely dependent on the choice of o and e. For solutions given in the figures,
we let B(o) = [n, ¢o, K, m, ¢.] denote a vector of parameter values, and
write B(o) = [n, ¢o, K, *, x| if a smoothed mesh is used. In the next section,
however, we will discuss which particular values work and which do not.

This time, we will look to solve

F*E (¢.)3 1][% 0 d —&—/@ inf df =0 (3.63)
Z—?)q()zexpﬁ1()@_@@ 1sm =0, .

fori =1,2,...,n and the principle advantage of dealing with (3.63) rather
than its differentiated counterpart, (3.60), is that the lack of smoothness
between the two meshes at ¢ = ¢ can now be ignored.

Now we turn to the computation of the rightmost integral. We proceed

as in Farrow & Tuck (1995), and split the integral as

d)i d)i—l ¢‘L
/ sinf dy = / sinf dy + / sinf de.
0 0 Gi—1

i

The second integral on the right is calculated by computing the quadratic
interpolation of sin 6 over ¢;_1, ¢;, and ¢;11, and integrating the quadratic
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exactly (the use of the additional ¢; 11 point is to ensure stability and accuracy
of the method). Similarly, for the integral

][OO 0 dy /¢ 0 dy ][% 0 dy /¢m 0 dy
= + + ,
0o Y- ®i 0 o — i ¢ P bi i1 P o

the first and last terms on the right-hand side can be computed using the

trapezoid rule, whereas the singular term is calculated by fitting a quadratic
through the points 6;_1, §;, and 6,11 and integrating exactly.

Next, let us turn to boundary conditions. The selection of the number and
type of boundary conditions to impose is generally an ad-hoc issue. In general,
we must worry about the solution remaining bounded at the last endpoint
¢ = Pmax, and moreover, for it to have the correct behaviour as ¢ — 0. For the
former condition, we find it sufficient to construct a quadratic interpolation
through the three next-to-last mesh points, and require the last mesh point
to satisfy this relation; that is,

Fy = 0n — (p2dy + p1obn + o) =0,

where pg, p1, and py are the coefficients of the quadratic satisfying pa¢? +
P1@; +pog=06;fori=n—3,n—2,andn — 1.

'The behavioural condition as ¢ — 0 is more difficult. For example, we
could simply ignore the issue, and assume that our choice for the near-field
discretisation would be sufficient for the solution to converge. Alternatively,
we could impose the condition that the quadratically extrapolated value from
the first three mesh points coincides with the correct value of  at the origin.
'That is,

Fy =0y — (p20] + prb1 + po) =0, (3.64)

where pa, p1, and pg are the coeflicients of the quadratic satistying pggﬁ% +
p1o; +po = 0; fori = 1,2, and 3.
Another condition could be to require that

Fi=6y—6; <¢2> 0, (3.65)
$1

where k is as prescribed in Section 3.5.1. Other possibilities include requiring

¢(0) = 0 using a condition akin to (3.64), or requiring that ¢ ~ O(w?) if

o >1/30rq~ O(w'/?)if o < 1/3 using a condition akin to (3.65).

As a general rule of thumb, the conditions in eqns (3.64) and (3.64)
both seem adequate and more-or-less equivalent in correctly resolving the
behaviour near the stagnation point, provided the mesh is suitably chosen.
With this in mind, we choose to use (3.64) as this does not require an input
of k. Examples of successfully computed solutions are given in Figure 3.10.

3.7.3  Numerical versus analytical results

In the end however, even with various ad-hoc changes to accommodate the
numerical challenges of the surface-piercing and singular-integral aspects of

§37 * NUMERICAL RESULTS
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Figure 3.10: Solutions for o = 12/48
at ¢ = 1/3 (dashed) and ¢ =
18/48 at ¢ = 1/3 (solid). These
were computed using the stretched grids
of ALGORITHM B and as shown in
the lower figure, successfully produced
well-resolved solutions near the stagna-
tion point. Parameters used were:
B(12/48) = [1450,1078, 30, 20, .5]
B(18/48) = [800, 108, 30, 20, .5].
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the problem, it is still difficult to understand how one change may affect the
resultant wave amplitudes in contrast with another. Because our regime of
interest involves exponentially small waves, small changes in not only the
choice of boundary conditions, but also the number of mesh points to place
in the both the initial and downstream mesh can have a significant impact on
the eventual results.

We leave these questions concerning the construction of a truly robust and
accurate numerical method for further research and instead focus on sufficient
confirmation of our analytical results. Our numerical results are constructed
by relying on a combination of all the techniques mentioned in the previous
sections.

In general, there are five crucial parameters to choose when using aALGo-
RITHM B. These include n, the total number of mesh points; m, the number
of points in the stretched grid; ¢, the first grid point; ¢., the matchpoint
between the two meshes; and finally K, the points per wavelength. For small
€, a small adjustment in one of these parameters can have a significant impact
on the relative error of the solutions.

Let us begin with the easiest case: the 0 = 1/2 hull is simplest to calculate
because its waves are only moderately small, and its behaviour near the origin,
only moderately singular. Here, ALcORITHM A provides accurate results for
amplitudes down to roughly 10~%. Afterwards, the more careful treatment of
the stagnation point and quadrature schemes from ALGORITHM B can be used
to extend these results down to around 107C.

There is a surprising requirement for numerical accuracy of hulls with
larger than 1/2. For these cases, the behaviour near the stagnation point is
less singular and in fact, the increase in accuracy gained from ALGORITHM B
over A is less significant. However, for smaller and smaller wave amplitudes,
it becomes crucial to increase the number of points per wavelength; in the
case of 0 = 5/8, for example, accurate results can only be obtained for
e ~ 0.5 with K = 60-90 points per wavelength. With this in mind, both
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algorithms provide similar results, and because the simpler version is much
more computationally efficient, we favour it for these larger values of o.

The most challenging regime occurs when o is small and particularly
when o < 1/3. In this case, it is crucial to correctly resolve the behaviour
near the stagnation point. Here, the difficulty is that the solution exhibits two
types of behaviours near the critical point: as € tends to zero, the outer solution

30=1 which is a particularly

tends to negative infinity at the rate of § ~ w
strong blowup. However, the nonlinear inner region has 6 ~ 6 + w*, which
behaves almost /inearly for small o. Worst still, the inner region is growing

ever smaller and smaller, at the rate of ¢'/1737.

Consider the case of 0 = 14/48 ~ 0.2917. In this problem, the outer

~0-13 whereas the nonlinear prediction is

solution roughly behaves like 6 ~ w
0 = 0y + w3, These two behaviours are not wholly disparate. In this case,
we may use ALGORITHM B with the choice of s = ¢ &~ 0.39 for the initial
mesh. The choice is then sufficiently singular to resolve the correct near-field
behaviour and provide accurate results for wave amplitudes down to about
1076, Figure 3.11 is a blow-up of the stagnation point for solutions of this

ship for various values of e.

—0.05

e!/(=59) ~ 0.004
X €=0.5

—0.10

—0.15
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Now consider the most challenging case: for o = 12/48 = 0.25, the outer

~025 whereas the nonlinear prediction is

solution roughly behaves like 6 ~ w
6 = 0y +w"8°. Choosing s from either approximation leads to trouble! Our
ad-hoc solution is been to choose a value of s sufficiently small as to resolve the
outer blow-up, but within reach of the true nonlinear behaviour—for example
s = 0.25. Once solutions for this mesh have been computed, we may then
slowly increase s while increasing m and examine the convergence of the

solutions.

By patiently adjusting each of the values involved in the computations,
we have been able to construct Figure 3.12, which plots numerical and
asymptotic results for the hulls we have discussed, accurate to around five
or six digits of accuracy. The slope of the semi-log trends are each matched to
a particular hull, with the backward-facing hulls (o > 1/2) producing smaller
waves than the forward-facing hulls. The agreement between analytical and
numerical results is very good, even over relatively large ranges of e.

§37 * NUMERICAL RESULTS

Figure 3.11: Solutions near the stagna-
tion point for o = 14/48 and for
various values of e. The leading-order
asymptotic solution for e = 0.22 is the
dashed line whereas the small node in-
dicates the value 6y ~ —0.13. Initially
(for ¢ = 0.5), there is a fairly clear
inner region (marked on the figure). As
e — 0, this inner region grows smaller
and smaller, making it increasingly dif-
ficult to resolve the inner-most solu-
tion. All computations use B(14/48) =
[1000, 1078, 30, *, «].
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Figure 3.12: Downstream numerical
(dots) and asymptotic (solid) wave am-
plitudes for a range of hull inclinations.
At a given Froude number, the waves
can be minimised by simply inclining
the hull ‘backwards’. The asymptotic
predictions provide a good fit for a large
range of Froude numbers. The o =
32/48 computation was done using AL-
GORITHM A with n = 1500 and dis-
cretisation distance E = 0.04; the rest
were done using ALGORITHM B. The
following parameter values were used:
B(12/48) = [800,10~%, 30, 90, .3]
B(14/48) = [1000, 108, 30, *, %]
B(18/48) = [800, 108, 30, 50, .5]
B(24/48) = [800, 107, 30, 20, .5].

log(amplitude)

—16

1 1.5 2 2.5 3 3.5 4

1/e

4.5 5 5.5 6 6.5

3.8 DISCUSSION

So in the end, do wawveless ships exist?

For the one-cornered ship, the answer is quite clearly No!” The Stokes
line smoothing necessitates the existence of the non-zero wave on the free-
surface. For stern flows, these waves must propagate downstream, while for
bow flows, these waves grow to be of infinite amplitude near the hull. In
particular, this implies that for such flows, the assumption that the flow
attaches to the hull at a stagnation point is fa/se (and indeed, it has been
conjectured that the correct assumption must include an overturning splash
near the bow, see Dias & Vanden-Broeck 1993 and Tuck 1994). Thus for the

one-cornered hull, neither waveless sterns nor splashless bows are possible.

But there are still a handful of open questions, and many of these
unresolved issues are significant for the wider study of general free-surface
problems. One such issue, which we had previously encountered in Section
3.5.1, deals with the attachment between free-surface and ship when the
inclination of the hull is less than 7 /3; here, does the stagnation point produce
an exponentially small contribution on the surface? Our numerics seem to
indicate that it does not, but this issue of evanescent waves near a free-surface
singularity has already been highlighted as a particularly challenging problem
(see Tuck 1991a,b), and we invite other researchers to address the issue.

Another open issue relates to the separation of our mathematical analysis
into local and global approaches. For example, consider the late-order terms
of Section 3.4, or consider the local emergence of the Stokes lines of Section
3.5.2, or the numerical solution of the recurrence relation of Section 3.6; all
these results were derived using Joca/ properties of the problem—indeed, their
analysis simply depends on the behaviour of the asymptotic solutions near
the relevant singularities. In contrast, the global nature of the ship problem,
which largely depends on the physical set-up, must be handled on a case-by-
case basis. Are there less obvious Stokes line arrangements, not examined in
this study, which produce difterent classes of solutions?

In discussing these global issues, we are naturally led to the following
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question: do waweless ships of a more general form exist? Perhaps. One could
imagine that for a general multi-cornered ship, the position of each corner
could be strategically chosen so that the wave contribution due to each
singularity adds to zero in the far-field—the entire body would then move
without a wake. Addressing this issue is the task that awaits us in the next
and final part of the thesis.

3.A (APPENDIX) LOCAL BEHAVIOUR NEAR THE STAGNATION POINT

In this section, we will derive the local behaviour of the free-surface near the
stagnation point along the ship’s hull. For the local behaviour, it is initially
easier to work with cartesian coordinates as a function of the potential z =
z(w), and now, assuring analyticity of z (or w) is equivalent to satisfying the
boundary integral equation; we may thus focus on Bernoulli’s Equation, given

by
2

dw
= -, onw € R,

dz

€

2

where we have shifted 1 — 17— €/2 so that the origin is now at the stagnation
point. Alternatively we can write this equation as

2

d
' =1,  onweRHY, (3.66)

B dw

23]

where the wall condition requires that

sin(7o) <3§;> — cos(mo) (;iy) =0, onw € (—=1,0).  (3.67)

w

Now, one way to proceed is to let
z(w) ~ Aw® + Buw”

where A, B € C and we are concerned with w — 0. Tuck & Roberts (1997)
instead consider z = X (w) + Y (w) where they require X,Y € Ronw €
R, but the two approaches are equivalent. We now have to split everything
into real and imaginary parts and multiply out. If we write

2 = lae®|w® + |be | w?
Jaet e+ [oe”)

where 5 > «, and all the variables save for w are real, then we find two
possible cases. First, if § = 0, then the requirement that z is real on w € R™
is satisfied automatically, whereas the wall condition in (3.67) requires that
a =1 — 0. Thus,

dw

=ge ¥ ~ Cu”, (3.68)
dz

2(w) ~ aw' ™7 =

where the constants C and a cannot be determined purely by local means. The
expression in (3.68) is simply the leading-order solution in the small € limit.
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Now suppose on the other hand that ¢ # 0. Then we may write

dz = Ae®w ! 4 Betryl1

dw
where we have denoted A = aa and B = Bb. Then along the free-surface,
we can write for w = ¢ > 0,

2

dz = 2202 4 B2 1 9 ABcos(d — p)go A2,

dw

whereas
3(z) =S [ae%a + be%ﬁ] - [a sin 5} ¢ + [b sin p] e
We may now write the free-surface condition in (3.66) as
asin §-¢“+bsin p~q§ﬁ} [,21\2¢2a72+g2¢2672+2ﬁl§cos(5—p)¢°‘+5*2} = %
'The leading-order dominant balance requires

ada?sind - @302 = —g, (3.69)

so @ = 2/3 and the wall condition in (3.67) requires § = w0 — /3. Finally,
a can be determined by substituting these values into (3.69), yielding

pa—

The next order in the free-surface equation is $?**5~2, where
2@ sin(mo — 7/3) cos(mo — w/3 — p) +2/3sinp = 0,

and here, the wall condition requires that p = mo — w3 — 1; substituting this
into the above gives

2B sin(wo — 7w /3) cos(2w/3 + 7f3) + 2/3sin(mro — w3 — 1) = 0. (3.70)

'The above expression provides a formula for the transcendental power, 5 and
in fact, it can be shown that the series expansion for z(w) with € fixed and
w — 0 proceeds in transcendental powers after the first term. Nevertheless,
along the free surface, we may write

=6+ b PP SINP ans . 8P +O<¢25—2a):5+p¢<
a cos cos
(3.71)

where we define the important power as ¢ = f — a = [ — 2/3 and the
constant D cannot be found by local means alone. Values of ¢ for various
values hull inclinations are found in Table 3.2.
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Table 3.2: Values of < for various hull

9/48 1.14125 17/48 0.33714 inclinations with o < 1/3. With these

10/48 1.11395 18/48 0.32904 values, we can compute the power in
’ ’ the quantity & ~ & + D¢°, which

/48 1.06034 19/4s  0.32286 determines the behaviour of the free-

12/48 0.88890 20/48 0.31793 surface near the stagnation point.

13/4s 0.46525 21/4s  0.31388

14/48  0.39466 22/48  0.31046

15/48 0.36526 23/48 0.30750

16/48  0.34835 24/48  0.30490

3.B (APPENDIX) COMPUTATION OF C IN EQUATION (3.46)

In this section, we will analytically derive |C'| and provide numerical compu-
tations for the argument of C. Without loss of generality, we will choose the
initial point of integration » = w™ to lie on the positive real axis. There is
a residue contribution at ¢ = 00, so we will also let ¢’ = 1/¢. The integral

becomes
Y1 T[> 61(2)
C ~ g (w*) ex —3@/ [/ ————dt| d¢'|.
O( ) P 1wk C/2q3 T Jo t— 1/C/
where the singularity is w* = —1 for the one-cornered ship. Now since we

are only interested in the modulus of C', we note that for real (/,

L [ 60(t 0 ¢<0
L 28
mJo t—1/C 01 ¢'>0
the residue being positive since we wish to remain in the upper-half ¢ plane
during integration. Thus

[ 1 ©61(t) 0 01
R?|—3i / / dtdc'| =3 / dc’
[ 1/w* g/quﬂ- 0 t— 1/<, 1/w* C/QQS

1 oo 6i(t)
— 3 Resq B0 1/ at ¢=0

C/Q

Setting 01 = —q3dgo/dw by (3.27) and changing the first integral back to
the w-plane yields

>0 /Oo QE)(SO) *
3/ —dp=3 dp = —3log qo(w™),
o @3 wx do(p) ga0(w™)

And the residue is

1 oo 61(t)
RCS qg 0 tfl/cl dt

C/Z )

(=0, = Res{%

§3.B - (ArrENDIX) CoMPUTATION OF C IN EQUATION (3.46)
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Figure 3.13: Numerically integrated val-
ues of Arg(C) for various hull forms. The
value of o where the argument reaches
its maximum is likely o = 2/3, where
it is approximately 0.9346.
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Thus
L1 01
R|—3i — [ ——dtdp| =-31 -1
[ {L*ﬁﬂl P— 4 og qo(w™) — 1,

and so the magnitude of C' is
1
Cl=~. (3.72)

Note that this computation for |C'| does not depend on the particular form

of qo, only that it tends to 1 as w — oo. Thus, in the next chapter, we will be

able to re-use this same value for |C|, even for different hull configurations.
'The numerical computation of Arg(C') can be considerably simplified by

using the exact expression for the inner integral,

1 /oo 01() o [1 37 exp|—3mio]cse(307)
0

et do — e
™ ©—w 7 3r(l14+w) |a w

30
w
— T(1 - 30) 2F1(1,1,2— 30,-2)| . (.
+<w+1> +30(1 = 30) 2F1(1,1,2 = 30, -2)| . (3.73)

With this, (3.46) can now be computed by numerically integrating along a
semi-circular arc in the upper-half plane from w € R* to wy = —1. Figure
3.13 illustrates and lists the values of Arg C for different hull configurations.

o Arg(C)
0.1 0.3647648
0.8 0.2 0.5945286
— 0.3  0.7470284
% 0.6 0.4 0.8469189
5 0.5 0.9066125
0.6 0.9330085
0.4 0.7 0.9301421
0.8  0.9003831
0.9  0.8450331
0.2
0 0.2 0.4 0.6 0.8 1
g
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PART II: MULTI-CORNERED SHIPS

4.1 INTRODUCTION

In the low-speed limit, a blunt ship modeled as two-dimensional semi-
infinite body with a single corner can never be made waveless. 'This was the
conclusion of the previous chapter. And while its truth has been more-or-
less known since the late 1970s (Vanden-Broeck & Tuck 1977), previous
numerical and analytical analyses of the problem were made difficult by the
singular nature of the low-speed limit.

By now, we know that at low Froude (draft) numbers, the waves gen-
erated by a ship become exponentially small and are thus invisible to a
regular asymptotic expansion. The ineffectiveness of traditional asymptotics
in capturing the low-speed limit was first remarked by Ogilvie (1968) and
later termed the Low-Speed Paradox; it is only by using special techniques in
exponential asymptotics that we have been able to derive approximations to
these hidden waves. More important, however, is the valuable insight that
these approximations give: an explicit formula that relates the shape of the
hull with the resultant waves in its wake.

In this chapter, we study the much more open-ended problem of waves
produced by ships with piecewise-linear hulls. Little, if any, literature exists
on the topic, perhaps for the simple reason that without analytical guidelines,
one has great difficulty distinguishing between, for example, the wake of a
three-cornered ship from that of a ffve-cornered ship. Numerical results can
always be proffered, but the infinitude of hull and parameter choices make
inferring from quantitative data nearly impossible. The only mention of such
piecewise-linear hulls can be found in Farrow & Tuck (1995), for which a

certain three-cornered ship is briefly studied.

'This chapter will proceed as follows. First, we extend the previous anal-
ysis for the one-cornered hull to ships with multiple corners. An explicit
expression for the wake of an arbitrary multi-cornered ship is given, and
later, numerical computations for two-cornered hulls provide vindication
of our analysis. Second, from these analytical results, we prove that certain
classes of multi-cornered ships can never be made waveless. Finally, we
address the more difficult problem of hull geometries which contain closely-
spaced corners. The general methodology for their solutions is described, and
analytical and numerical results are given for a specific case.

Our goal, then, is not to provide an all-inclusive theory encompassing
the most general of multi-cornered ships, but rather, to provide an analytical
roadmap for understanding how the waves that trail a ship depend upon its
chosen geometry. In the end, we would like to be able to briefly scan each of
the eight hulls presented in Figure 4.1 and—in a matter of seconds—answer
the question: are any of these ships waveless?
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Figure 4.1: Are any of these ships wave-
less? In all cases, the flow is from left
to right and nodes indicate singularities
in the analytic continuation. A particu-
larly fascinating case is the (f) 3-Hull,
which was studied in Farrow & Tuck
(1995) and for which the addition of a
downward-pointing bulb was shown to
dramatically reduce the wave resistance
compared to a rectangular ship (a).
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(a) 1-Hull (b) 2-Hull

(g) 6-Hull

(h) 9-Hull

4.2 MATHEMATICAL FORMULATION

Consider steady, incompressible, irrotational, and inviscid flow in the pres-
ence of gravity and past a semi-infinite body consisting of a flat bottom and a
piecewise linear front face. The non-dimensionalised problem can be reposed
as a boundary-integral problem in the potential plane:

logg = 717][_ %d(b (4.1)
qui(j) = —sinf on) =0, (4.2)

where € = U3 /gK is related to the square of the Froude draft number with
upstream flow U, V¢ is the non-dimensionalised fluid velocity, ¢ = q(¢, 9)
is the speed of the flow, and 6 = 6(¢, 1) is the angle the streamlines make
with the z-axis. Moreover, we position the origin ¢ = 0 so that it corresponds
to the stagnation point at (z,y) = (0,0), and K is defined by

N
K-3K,
i=1
where the dimensionalised value at each of the corners is ¢ = —K;. In

this way, if ¢ = a; for 1 < ¢ < N 4 1 denote the corners in the non-
dimensionalised problem we have the property that

N
Zai =1.
i=1

We will henceforth refer to the N-cornered piecewise-linear hull as an N-

Hull and describe it by IV angles

k
Ok =D _ ),
=1
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foray, < ¢ < agp1and k =1,..., N+1; more simply, the shape of the hull
is then described by N divergent angles of o}, and this is depicted in Figure
4.2. Because the zero-Froude solution requires a horizontal attachment angle
between the free surface and the hull, this also implies that

N+1
9N+1:O or UN-‘rl:_ZUj' (43)
7=1

We may then write the boundary integral over the negative real axis as

179 9w ) N+1
7.‘-][_00 w/(i_uzv dw' = log[kl;Il (w+ ak)Uk] = log gs(w). (4.4)

As in the previous chapter, we will be interested in studying the analytic
continuation of the free-surface and thus allowing ¢ + i0 — w, ¢(¢,0) —
q(w), and (¢, 0) — O(w) to be elements of a complex variable. Analytically
continuing eqns (4.1) and (4.2) then gives

logg+if = logqs(w)+ H[0(w)] (4.5)
6(]2@ = —sind, (4.6)
dw

where the =+ signs correspond to analytic continuation in the upper and lower-
half ¢ planes, respectively, and .7 denotes the Hilbert Transform operator

on the semi-infinite line:

H(w)] = /Ooo ) 4,

T Y—w

In the following asymptotic analysis, we will analytically continue into the
upper-half plane and find exponentially small terms switched on across Stokes
lines. However, once the analysis is complete, a similar procedure must be
performed in the lower-half plane as well.

4.3 ASYMPTOTIC APPROXIMATION

'The late-orders analysis proceeds almost identically to the one performed in
the previous chapter, with the exception that each corner of the ship now has

§43 - ASYMPTOTIC APPROXIMATION

Figure 4.2: Flow past a piecewise-
linear N-Hull. The N corners of di-
vergent angles o1,02,...,0N in the
(z, y) plane (left) are mapped to w =
—a1, —ag, ..., —ay in the complex
potential plane (right). The stagnation
pointis w = any41 = 0 and typically,
we non-dimensionalise the flow so that
the first corner is setto a; = 1.
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the potential to produce a separate factorial over power ansatz to contribute
to the divergence of the late terms. In this section, we quickly recapitulate the
methodology of the previous work and provide the corresponding formulae
for the multi-cornered ship.

4.3.1 Late-order terms

We begin as usual by calculating the regular asymptotic expansion of eqns
(4.5) and (4.6) in the limit € — 0 by letting

0= io: €0, and g¢g= i €' qn. 4.7)
n=0 n=0

'The leading-order solution is the rigid-wall flow of eqn (4.4),

6o =0, (4.8)
N+1

g0 =0qs= [ (w+ar), (4.9)
k=1

while the O(e) expression gives

dqo
0, = fqg—dw, (4.10)
_ . 3dqo
=~ + qo o [01(w)]. (4.11)

Now the leading order solution possesses singularities at each of the corners,
w = —ay. Each subsequent order requires a single derivative of the previous
order and thus we would expect that as n — 00, the asymptotic expansion
(4.7) exhibits factorial over power divergence of the form:

6, ~ Z Orl'(n + ) and g, ~ Z Qrl'(n +’Yk)7 (4.12)

n+yr
ke Xk ke Xk

where 7, is complex constant, () and X are functions of the complex
potential w, and x;(—ax) = 0.

Here, £ C {1,2,..., N + 1} is the set of numbers that describes which
corners have a sufficiently strong singularity so as to contribute to the eventual
divergence of the asymptotic series. For most of the analysis, however, we can
simply choose o7e of the corners of interest with £ € K and add each of the
contributions at the end.

'The singularities are located off the free surface, where the Hilbert
Transform in (4.5) is evaluated and so, as justified in the previous chapter,
[0 (w)] is exponentially subdominant to the terms on the left-hand side
for large n. At O(€"), the expression in (4.5) is equivalent to

0,, ~ I _ quqgfl + ... asn — 0o, (4.13)
q0 90
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and substituted into (4.6), this gives the relevant terms at O(e"):

[ng;_l + iqn] + [2q8q6qn_1 + 3614, _5| +...=0. (4.14)

Substituting the ansatz of (4.12) into (4.14) reveals at leading order as n —
o0,

dx )
— 4.15
e (4.15)
which we can then write as
wog
Xk = / — dep. (4.16)
—ag QO
At the next order in n we find also find
Qr = exp [32 / q—4 ] , (4.17)
do

for some arbitrary point w* for which the integral is defined, and for some
value of the constant A, which must be determined by the method of matched
asymptotics near the singularities.

4.3.2  Stokes lines, optimal truncation, and Stokes Smoothing

'The Stokes lines for the flow past a multi-cornered ship are each virtually
identical to the single Stokes line from a one-cornered ship, except now there
may be more than one. These special lines are simply given by the prescription:

Sxx(w)] =0 and R[xx(w)] > 0.

If we assume that gy ~ cpw®* near w = —ay, and thus o = —o and
N+1
ex = [ (0 —ar).
j=1
£k
then

~ Z 1—30%

—_——
Xk

and for the remainder of this chapter, we will often make use of the coefhi-
cients ¢, Xk, and oy, in describing the local behaviour near the singularities.
In any case, the condition that x;(—ax) = 0 thus requires that 1 — 3¢y, > 0
or that o, > —1/3. In other words, for there to be a singularity, the local
deviation of the corner must be greater than — /3. This is a necessary (but
not sufficient) condition for there to be a free-surface wave produced by the
corner.

A stronger condition for the existence of a Stokes line emerging on the
—16

relevant Riemann sheet can be derived. Since ge ™" = u — v, we can write

Arg(cy) = 0y

§43 - ASYMPTOTIC APPROXIMATION
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for analytic continuation into the upper-half plane, where 0, € (—m, ) is
the angle of the downstream hull as w — a;, measured from the positive
z-axis (shown in Figure 4.2). If we write Arg(w + ar) = v, then Stokes
lines must leave at angles of

30y + 2km — /2
- 41
Yk < 1+ 30 > : (4.18)

for k € Z and we then need v € (0, 7) in order for the line to emerge in the
upper-half plane. The general requirements for a Stokes line to intersect the
free-surface is a global function of the leading-order flow, but for most hulls,
condition (4.18) is adequate. In any case, we will let J C K denote those
corners which have Stokes lines crossing the free-surface.

As an example, consider Figure 4.3, which illustrates the Stokes lines for
various [N-hulls, from a simple 2-Hull to more elaborate ones including the
3-Hull of Farrow & Tuck (1995), a bulbous 6-Hull, as well as a step-like
9-Hull. With the exception of a single configuration, the condition that a
Stokes line emerges into the upper-half plane is enough to guarantee that it
intersects the free-surface. The exception is with the 3-Hull, for which the
second singularity has a Stokes line emerging at an angle of v = 37/5, but
the line does not later encounter the free-surface.

To derive the form of the exponentials that appear whenever a Stokes line
intersects the free surface, we will need to optimally truncate the asymptotic
expansions and smooth the Stokes line. We let

N-1
q= Z €'qn + Sn (4.19)

n=0

with a similar expression for the series for . When A is chosen to be the
optimal truncation point, the remainder R  is found to be exponentially
small, and by re-scaling near the Stokes line, it can be shown that a wave
of the following form switches on:

211 Xk
Gexp,k ™ EQI@ exXp [_?:| . (420)

We must also include the addition of the complex conjugate of this wave due
to the contributions from the analytic continuation into the lower-half plane,
in which case the sum of the two contributions is

4m Xk
Y 70‘ —_—
Qexp & = \S{Qk exp[ ; } }, (4.21)

with of course, only one of such expressions for every k € J.

Thus, for any given arbitrary N-hull with a geometry such that J
is nonempty, the appearance of exponentially small waves is a necessary
consequence of the divergent low-Froude problem; in order to check that such
a ship can never be waveless, we need only verify that the sum of all the
contributions incurred can never be zero.
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’ ’ ’ ’ lines for the 2-Hull, Farrow and Tuck’s
W(w) (1995) 3-Hull, the 9-Hull, and the 6-
Hull shown before in Figure 4.2. For the
0.6 2-Hull and 6-Hull, the corner angles di-
verge at 7 /4; for the remaining hulls,
o~ 0.4
S(w) the corner angles are all rectangular.
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4.3.3  Inner matching procedure and Ay,

In order to compute Ay, we must solve for the leading-order solutions near
the singularities in the flow field, and then match with the high-order terms
of eqn (4.12). By re-scaling w and g(w), and then solving for the leading-
order inner solutions, specifying that as they tend outwards they must match
with the outer solutions of (4.12), it can be shown that

a 273% )2 o S )
20, (1 + 303) ™ |n—oo T(n+z) |’
where C}, is given by
|
Ciy = g (w*) exp (3z / , gl dso) . (423
w 0

and has |Ck| = e~ ! as shown in Appendix 3.B. The terms ¢,, j, are given by
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the recurrence relation,

dor = 1, (4.24)

n—1
207
Gk = Z <m+ 15 301 )¢m¢n m—1 forn>1. (4.25)

m=0
We will often make reference to the limiting ratio in eqn (4.22), so we define
the function:
Q. = lim Onk

Jim oS (4.26)

The constant O, which only depends on the local divergence of the k™
corner, is the same as the Q which appears in eqn (3.53) of the previous
chapter, and for which its values are given in Figure 3.8. Since §2), # 0 for all
choices of the local angle o, Ay, is also non-zero and this verifies that each
of the | J| corners of an N-Hull must necessarily generate a non-zero wave
on the free-surface.

4.3.4  Formulae for N -Hull waves

We now collect all the required formulae for computing the far-field waves
of the N-Hull problem. First, in order to deal with the exponential factor in
eqn (4.21), we notice that the integrand in

v
X1 = / ) dyp
—a; 9

is entirely real imaginary along w € (—o00,—ay) since the total angular
deviation is zero from eqn (4.3). Since go(w) is also real on w € (0, 00),
then for w € R, the real part of x; must be given by the residue at w = .
If we make the substitution { = 1/w, then

) <1> N+1<1+<ak
ol =) =
¢ P ¢

N+1 N+1
( C”) H 1+ Cag)

N+1

=1+( ) (—owar) + O(C?),

k=1

where the third line follows from the total angular deviation being zero.
Therefore, it follows that

N
w)] =37 Z OLAk, (4.27)
k=1

for w € RT, after using the fact that ayy1 = 0; this equation, however,
is only true if x’ is integrable at w = —ay1, so for example, the 3-Hull in
Figure 4.1(f) does not satisfy this condition. However, if (4.27) applies, then
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by deforming the contour involved in computing x, so that it passes through
w = —a1, We can express

%[xk(w)] = 37T§:0'kak + %[/_al flf; d(p} ,

k=1 Ok

again for w € RT. Similarly, the imaginary parts can be expressed in terms
of

—a,

S xk(w)] ~ S (w)] +9[/ j;i dw} :

Now with @, given by eqn (4.17) and Ay, given by eqns (4.22) and (4.26), we
have from (4.21),

Am (o) g |05 Rxx] w
~ - A
ok ™ "y @B (w) | 2|Cr|(1 + 3oy) =P e |\ e k

(4.28)
as w — 00, with the extra phase, ¥, defined by
1 1 4 dy
— __Cx _ _Cx _n _
Uy, = 6\5[)(1(10)} -3 {/_ak do dgo] + (6 — 3y)Arg(ck)
n gq]k n %|:_3/ %[zg(@)] d¢:| . (4.29)
—a 0

Then for each k € J, we add the waves together so that the total contribution
as w — o0 is given by

Gexp ™ Z Qexp,k- (430)
keg

4.4 THE NON-EXISTENCE RESULT

Although the form of the individual and summed wave amplitudes in eqns
(4.28) and (4.30) are complicated, many inferences on the question of exis-
tence of waveless /NV-Hulls can nevertheless be made by studying the individ-
ual components of (4.28). In this section, we will extablish the non-existence
of certain classes of waveless N-Hulls. First, let us establish the two easiest
cases:

Result. One or two cornered ships (1-Hulls or 2-Hulls) cannot be waveless.

Proof: 'The wavelessness of the 1-Hull is clear from the previous chapter.
The assertion is also easily proven for the case of a two-cornered ship.
In the 2-Hull, if |J| = 1, the argument is the same as for the 1-Hull.
Otherwise, | 7| = 2, and both corners must produce waves. In order for
phase cancellation to occur, each corner must be of the same angle o, = o,
otherwise the algebraic factor of €”* in eqn (4.28) would differ between the
two waves. Moreover, the exponential factor exp[—R(x)/€] must be the
same for each corner and thus, by deforming the path of integration, it must

be the case that .
a%[ / - dgp] —0 (4.31)
—a, 490

§44 + THE NON-EXISTENCE RESULT
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However, the imaginary part of 1/¢3 is non-zero and of a single sign between
w = —aj and w = —asg, so condition (4.31) can never be satisfied and
waveless 2-Hulls are not possible. In words, then, what we have shown is
that for a 2-Hull, the waves from one corner must exponentially dominate
the waves from the other. O

Now we turn to the general N-Hull. Our proof for the non-existence of
waveless hulls is similar to the above argument for the 2-Hull; the strategy
is to reduce the wavelessness requirement to integral expressions between
distinct corners of the ship. But before we do this, we impose the following
three conditions on the geometry:

|J| = N, (4.32)
N
2
Y o< % (4.33)
j=1
o0 is strictly positive for j = 1,2,..., N. (4.34)

This means that the angle of each subsequent corner must diverge positively
from the previous, that each corner generates a surface-intersecting Stokes
line, and that the total deviation before the final stagnation point must be
less than 27 /3. In Figure 4.1, ships (a) through (e) satisfy this requirement,
while ships (f) through (g) do not. At the end of this section, we will comment
on the remaining types of N-Hulls.

First let us establish the crucial property of dx/dw in eqn (4.15). The
N + 1 points at w = «y, separate the negative real axis into N + 1 regions of
interest which we define by

Ry = {w tw € (—ag, —Oék+1)}>

fork=0,1,..., N, with ag = o0o. It is clear that
d
‘X<w)‘ — 00 ASW — AN, (4.35)
dw
D) _ g por e = 1,...,N, (4.36)
dw
Ry (Zi) is non-zero and of a single sign for w € Ry. (4.37)

We will only need to establish the sign of the imaginary part of dx/dw. For
w € Ry, the argument of 1/¢3 is

1 N+1
A(k) = Arg<3> = Z 3noj,
o j=k+1

where we restrict the arguments such that 0 < A(k) < 27. Then by
Properties (4.3) and (4.32), A(k) is a monotonically decreasing function as k
advances from integer values of 0 to IV 4 1. Moreover, there may exist a least
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Case II

value of k = k* such that A(k*) < 7. We then describe the following three
regions:
R ={—ay:1<k<k*}
R® ={—ap :k* <k < N}\R®
{—a-} if Arg(k*) <7 (Casel)
{—ap-, —ap-41} if Arg(k*) = —m (CaseII)

R® =

In other words, R®, R®, R® contains those points delimiting regions with
negative, positive, and zero imaginary parts, respectively, and Case I and II
correspond to configurations with R® having one or two corners, respectively.

As examples, we can consider the 4-Hull with 01 = 3/12, 09 = 2/12,
o3 = 1/12, and 04 = 1/12 in order to produce a Case 1 configuration; or
alternatively, we can use 01 = 3/12, 09 = 1/12, 03 = 3/12, and 04 = 1/12
in order to produce an example of a Case II configuration. Both of these
examples satisfy Properties (4.32) to (4.34), and their qualitative behaviour is
illustrated in Figure 4.4.

Result. Given an N-Hull with the restrictions (4.32)—(4.34), if phase cancella-
tion occurs, then it must do so between even-numbered groups of corners and in a

pairwise manner.

Proof. Suppose we select m corners with m odd and m > 1. Label these
points S = {abj }, with j = 1,2,...,m and stipulate that the total wave
contribution of the group cancels. By (4.21), each corner must generate a
wave with an exponential factor of exp[—R(x;)/€] where R(x;) is calculated
by integrating (4.15). However by deforming the contours of integration, it
must be the case that the real part of the integral between any member of S
is zero,
—an
%/ —Sdgp =0, for aj, ap, € S
—a, D
Now suppose that SNR® # (). Then clearly the real integral from any element
in the intersection to any element of S in R® or R? is non-zero.
Alternatively, suppose that SN R® = (). Then since m is an odd-number,
one of R¥ or R® must contain more points of S. Whichever group contains
more points must then contain a non-zero real integral between at least two

§44 + THE NON-EXISTENCE RESULT

Figure 4.4: Notation used in the nonexis-
tence results. The two plots at the bottom
illustrate the function R(x’) along the
real w-axis, while the two plots at the
top illustrate the arguments A(k) as a
function of the ¥ = 0,1,2,...,N
regions. These plots correspond to a 4-
Hull.
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members. Thus, this leaves us only with the possibility of even-numbered
groups of corners producing total phase cancellation. Moreover, the process in
which the selection is determined is in a pairwise manner, with one choosing
one element from R? to cancel with an element from R® or between two
elements in R®. O

Result. Waveless N -hulls with the restrictions (4.32)—(4.34) do not exist.

Proof. By the previous result, odd-numbered groupings of corners can never
be waveless so it is clear that waveless N-Hulls are only possible if V is even.
It is also clear that we need two points in R%, for otherwise the integral from
the single member of R® to its pair in R® or R® could not possibly be zero.
Thus only Case IT is admissible (and with the two points in R® cancelling
each other).

Now the construction of Case II implies that the sum of angles from
the corners in R® N R® is /3. In order for there to be phase cancellation,
the algebraic € dependence must be the same for each pairwise matching of
corners and so the sum of angles in R® N R® must also be 7/3. However,
earlier we restricted the class of hulls to those with a maximum deviation of
less than 27 /3. Thus, N-Hulls with N an even number cannot occur either.

O]

The case of N-Hulls without restrictions (4.32)—(4.34) is much more
open-ended and we have not managed to produced a proof of existence or
non-existence. However, in specific cases, the wavelessness property can be
easily dismissed.

For example, consider the 3-Hull in Figure 4.1(f), which is found in the
work of Farrow & Tuck (1995) and for which the addition of a downward
pointing bulb was shown to dramatically reduce the wave resistance compared
to a rectangular ship. In this case, | 7| = 1 and w = —as3 is the only relevant
corner (as shown in Figure 4.3). The principal effect of the bulb, then, is to
lower the usual singularity farther away from the free-surface, thus decreasing
the amplitude of the surface waves. With this in mind, it is not surprising that
the bulb reduces the wave resistance!

'The wavelessness of the 6-Hull in Figures 4.1(g) and 4.3 can also be easily
dismissed by noting that |J| = 4, with three positively divergent corners
(0 > 0), but only one negatively divergent one. Thus the waves from w =
—a5 must always exist on the free-surface. As a final example, consider the

9-Hull given in Figure 4.1(h), which has | 7| = 1 and the form

—1

(w+a1)= (w+a)2(w+as)® ... (w+ag)= .

=

s =W

Examining R[x'], we see that it alternates between zero and negative values
within the delineated intervals Rj. It is easy to conclude that the corner
at w = —a; dominates all other contributions and so ship (h) cannot be
waveless, either.
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4.5 THE TWO-CORNERED HULL

We now set out to numerically verify the asymptotic predictions of eqns
(4.28)—(4.30). The easiest non-trivial application of the N-Hull theory of the
preceeding sections is with N = 2. Henceforth, we will use the alternative
description of a 2-Hull as a [o1, 02]-Hull in order to more conveniently
describe a ship with divergent corner-angles o1 and o9 and with leading-
order flow given by:

w0'1+02

(w+ a1)? (w+ az)72’

qo =

with a; + as = 1. Far downstream, the waves generated by each corner have

amplitude
4 QQ 6—3vk
A = & 1 (%) k] P Rl 7
€ 2|C|(1 4 3oy,) €
for k = 1,2 where
R(x1) = 3m(o1a1 + 0202), (4.38)
—ar
Rxz2) = Rx1) + éﬁ[/ e dw] : (4.39)
—az 40
and
o |: a(lf1+02 :| eﬂ’Uli . 60’1
' (a1 — ag)”: n=a + 301
o1+02
_ ag m(o1402)i _ 602
“ [(al - QQ)JI} ‘ T 1 80,
Note that for w € (—a1, —az), Arg(1/q3) = —3m0oy so the second term on
the right of (4.39) is positive for o3 > 1/3, zero if 01 = 1/3, and negative
otherwise. Thus assuming all other quantities to be O(1), the w = —a; corner

will exponentially dominate the other if o7 > 1/3, whereas the second will
dominate the firstif o1 < 1/3.

'The difference in the phases contributions between the two waves is given

by A = Uy — U, from (4.29), or

A =

A |

o [ v+ |6 3msgen - 6~ )]

R T S

In order to find the total wave amplitude of two sinusoidals of the form:

Aq cos(%) + Ao cos(% + A) ,

§45 - THE TWO-CORNERED HULL
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we can show that this produces a single cosine wave with amplitude

e (] o (2) )
cofufr (9] o ()}

where C' = A;+ Az cos Aand D = — Ay sin A, and thus after simplification:

2(14% + Ag + 2A1A2 COS A)

A= |
. 2
(A1+A2cosA)\/1+ (mtr)

4.5.1  Numerical vs. analytical results (full problem)

As discussed in the first part of our work, the numerical computation of the
nonlinear stern problem for small values of e is particularly difficult, and the
culprit is the presence of the attachment singularity at ¢ = 0, which causes
numerical errors and produces a very small inner region which is difficult to
resolve.

For hulls where the total deviation is more than 7/3, and thus on 41 >
1/3, a very simple finite difference scheme based on the methods outlined in
Vanden-Broeck & Tuck (1977) can be used, provided that we limit our search
to waves larger than ~ 107, Figure 4.5 provides an example of solutions
found using this method. Hulls with total deviations less than /3 require
more elaborate treatments of the stagnation point singularity, and so we will
instead focus on the former case.

Figure  4.5:  Solutions for the
[0.5,0.125]-Hull (dashed line) and 0.00
[0.25,0.25]-Hull  (solid line) at
e = 2/3 and € = 1/3, respectively.
Both ships have corners set at &y = 0.8
and a2 = 0.2. The solutions were
computed using ALGORITHM A of

0 —0.05

—0.10
Section 3.7.1 in the preceding chapter
with n = 1000 and A¢ = 0.015 for
the former ship and n = 2000 and 0 2 4 6 8§ 10 12 14 16 18 20 22 24 26 28 30
A¢ = 0.015 for the latter. ®

As in the numerical work for the one-cornered ship, we can provide
verification of our analytical predictions by comparing wave amplitudes over a
range of Froude numbers. This is shown in Figure 4.6 for three 2-Hulls with
their corners fixed at a; = 0.8 and as = 0.2. Here, the match between
numerical and asymptotic solutions is quite good, and, like the previous
chapter, we remark that the results are applicable over a wide range of Froude
numbers.

However, for certain hulls, we find that the convergence of the asymptotic
prediction is slower (in the limit that € — 0); the reason for this anomaly is
easily seen by computing numerical solutions with a fixed values of € and

114 CHAPTER 4 - PART II: MULTI-CORNERED SHIPS



Figure 4.6: Numerical (dots) and asymp-
totic (solid) amplitudes of the down-
stream waves for a range of hull incli-
nations. In all cases, the corner points
are fixed with a7 = 0.8 and ax =
0.2. In the ship with [0.3,0.375], the
slight raising of the last six points is a
numerical artifact, and can be removed
using a more careful treatment of the

log(amplitude)

grid discretisation. The solutions were

computed using ALGORITHM A of Sec-

@ [0.5, [).125} tion 3.7.1 in the preceding chapter. The
parameters used were:

—12 ®: n = 1000, A¢p = 0.04

@:n = 1500, Ap = 0.03

®: n = 2000, A¢p = 0.025.

2 22 24 26 28 3 32 34 36 38 4 42 44 46 438

1/e

0, but allowing the points a1 and as to vary. The wave amplitude for such a
computation is shown in Figure 4.7. We see, then, that the asymptotic predic-
tion is terrifically accurate when the corners are well separated, but diverges
when the corners begin to approach each other. A uniform approximation
would need to smoothly match with the one-cornered approximation at one
end, and the (separated) two-cornered analysis at the other. Our final goal of
this thesis will be to demonstrate how the asymptotic methodology can be
changed to deal with ships containing closely-spaced corners.

107°

Figure 4.7: The numerical solution
(solid) for the [1/4, 1/4]-Hull is plotted
against the asymptotic approximation at
e = 0.15and a; + a3 = 1. The two-
cornered approximation (solid line) very
accurately predicts the solution when
the two corners are well separated, but

is singular when a1,a2 = 0.5 near
the left. Near this point, we will need to
develop a uniform methodology which
takes in account the fact that the relevant
singularities are both found in the inner
region. This solution was computed for
the simplified nonlinear problem of Sec-
tion 4.6.1 using the code of Table 4.1.

Wave amplitude

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
ai

46 THE CLOSE-CORNERED APPROXIMATION FOR TWO-CORNERED SHIPS

In the inner problem analysis of Section 4.3.3, the crucial re-scaling of w near

a singularity at w = —a is
Wt an~ (’)<67> (4.41)
which can be predicted by setting eq1 ~ qo or, in general, €"g, ~ qo, and
thus
677/
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Thus, if two (or more) singularities are spaced within a distance of (4.41)
apart, then our previous asymptotic methodology breaks down.

4.6.1  The simplified non-linear problem

Although the full problem in eqns (4.5) to (4.6) is tractable using our
methodology, we present a simpler problem which nevertheless illustrates the
key ideas. The most important reason why we find it necessary to propose this
simplification is that accurate numerical verification of the asymptotic analysis
demands numerical precision of five or six digits—otherwise, the fine effects
of adjusting the geometry are easily missed; this precision is only achievable
for the simpler problem, which we now derive.

As we know, when the exponentially small terms are sought from (4.5),
the integral term, .72[0)] serves to only change the amplitude coeflicient of the
downstream waves by a non-zero O(1) amount. If we return to the derivation
of the late-orders ansatz, we see that 7#°[f] was in fact subdominant in the
analysis, as assumed in eqn (4.13). Moreover, it is again ignored when we
proceed inwards to the analysis near the singularity.

In fact, in the final form of the free-surface waves, the only effect of
(0] is in (i) changing ¢; in (4.11), (ii) changing the computation of C' in
(4.23), and (iii) replacing the expression of Qy, in (4.17), valid everwhere, by
its expression valid near the singularity.

'Thus, we notice that salient features of the problem are still retained if
we use log ¢ £ i0 = log ¢, instead of (4.5), and this way we simplify the full
problem in eqns (4.5) to (4.6) to a simpler nonlinear differential equation in
g. Analytic continuation into the upper-half plane then gives

3 dq

i
eq0q’ -+ 5((12 —q5) = 0. (4.42)

Note that because of the simplified form, it is much more convenient to work
under the substitution ¢ = ¢2, which gives

¢ — q? - ieqsqﬁ% =0. (4.43)
dw

The form of the far-field waves of this simplified problem (with well-

separated corners) is now given by

2m Sy (ox) [ fex|® Rxx] w
ok~ —— ——+ Vv
Gexp.k e (w) [2(1 4 3o4)™ e |\ R
(4.44)
and
e = Lo [ X gu| 1 (6 - 39 Arg(er) + (4.45)
R=S o dw w| + ( Vi) Arg(cy, 5k :

instead of eqns (4.28) and (4.29). The reduction of the factor of 2 in eqn
(4.44) occurs because in the new problem (4.42), we have already chosen to
analytically continue into the upper-half w-plane, so there is no need for the
addition of the complex conjugate solution.
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al = 0.8; a2 = 0.2; % Location of corners

sl = 1/4; s2 = 1/4; % Divergent angles
ep = 0.15; % Epsilon
sigma = sl + s2; % Local behaviour near stagnation point

q0 = @(w) w.Asigma./(w+al).Nsl./(w+a2).Ns2;5 % [s1, s2] ship

wl = 1le—38; % First mesh point

wmax = 2000; % Last mesh point

w = @(s) s.M(1/sigma); % Stretched mesh

dwds = @(s) s.~A(1/sigma—1)/sigma;

d = ([w0 wmax]) .A(sigma); % Domain

be = w0~ (sigma); % Assume q(w0) ~ wONsigma

% Solve the differential equation

F =@(s,q) 0.5i*dwds(s)*(q.*"2—q0(w(s))"2)/(ep*q0(w(s))*q”3);
opts = odeset(’reltol’, 1le—13, ’abstol’, 1le—13);

[s,q] = odell3(F,d,bc,opts);

u = qg—q0(w(s)); plot(w(s), real(u));

4.6.2  The general methodology

In this section, we will discuss the general methodology for developing the
uniform asymptotics valid when two corners of a 2-Hull are sufficiently
closely spaced so as to both lie a one inner region. However, this problem
is a great deal more difficult than the usual assumptions of well-separateness
of Section 4.3; the algebraic complexity is higher, and as such, we will only
present the main ideas, leaving a detailed analysis for specific cases.

Suppose we begin by assuming that the inner region scaling for this
new problem remains the same as for the original, well-separated analysis
of Section 4.3, and thus given by eqn (4.41). We can then define positive
integers £ and m such that

14
m

=1-3a,

where the ratio £/m is irreducible. This approach is then only applicable for
hull deviations o for which o is rational. We now propose an alternative hull

shape described by
w0'1+l72
qs = I Z
(w4 a+emB)(w+a—em )
w O'1+l72 oo n /8 n
— <w+a> ;em (w+a> s (4.46)
where
B B 1 " B m1 (o1 +m)[(o2 +n—m)
I =10 = 55T ) 2.(=1) T(m+1)l(n—m+1)

m=0

and the shape of this hull is illustrated in Figure 4.8.
For the asymptotic expansion of eqn (4.43), then, we we will need to

expand

$=> enop. (4.47)
n=0
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Table 4.1: MATLAB code for solving
the simplified nonlinear problem of
(4.42). This particular instance solves the
[1/4,1/4]-hull, with a1 = 0.8, az =
0.2, and ¢ = 0.15 using MATLAB’s
ode113 solver. The boundary condition
is approximated by g(wo) = w(l)/2
with wo = 1078 Solutions in Figures
4.7 and 4.11 were computed using this
same code, but with different values
for the hull. Note that a more accurate
solver would implement a special treat-
ment of the flow near the stagnation
point.
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Figure 4.8: In the close-cornered analy- Y 4

sis applied to a [o1, o2]-Hull, the cor- N \I

ners are assumed to be located at the NN N\ ¢
points —a; = —(a + €™/*B) and 7u2 0

—a; = —(a — e™/4B). Away from o™

IN FLUID

the inner region, only the merged sin-
gularity at w = —a is seen, and so only

a single Stokes line appears. However,
the inner analysis is changed due to both

AN moi A\ (o1 +02) = 5 (£ - 1)

corners being in the same inner region.

With the expansions in powers of 1/m, it is convenient to write

where

and we have also written

w g1+02
7= w+a '

Initially, this problem seems similar to the situation studied in Combescot et al.
(1988) and Chapman et al. (1999) for the Saffman-Taylor viscous fingering
problem. If we follow the same methodology, then we would expect for the
asymptotic expansion in (4.47) to split like so:

) 0 0
n mn oy 1
¢: g €n¢n: E €m¢mn+ E 6m—i_mgbmn—s—l
n=0 n=0 n=0

o0 oo
n ok mn g om—1
oY e gkt Y T G, (4.48)

For the viscous fingering problem, the early orders, ¢q, ¢1, ¢2, ...are deter-
mined using all three terms of (4.43). However, the high-order terms, given
by ¢pm+k fork = 0,1,...,m—1, are only coupled between terms O(e) apart.
Because of this unique property at high orders, the late terms are still given by
the same factorial over power ansatz of (4.12). Does the same simplification
hold for our problem?

No, it does not, and the most direct way to see this is to perform the inner
analysis before we look at the late-orders behaviour of the outer terms. In the
inner region, we will define variables z and ¢ and re-scale, setting

w+a= ee/mn = el/mx—t/mt (4.49)
¢ = A(w+a)*¥¢ (4.50)

where the convention of using ¢, X, and « is consistent with the one
introduced in Section 4.3.2. From (4.43), the inner equation then becomes

200\ 3?1 1 _~dd ~
<> : i R QS¢7¢ +¢— %2 =0. (4.51)
m z mz dz
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'The expansion for g5, from (4.46), will now be re-written as

N X— Z/m I\o1+02 o én
qs = é o ) or Z P
G B =By 2,
with
P B"/KX"/mf(%) if mod(n,¢) =0
0 if mod(n,¢) # 0
Expanding
~ A
b= L (4.52)
zTL
n=0
we have
A =1, (4.53)
A, = Ejé\n_j forn < m, (454)

and, at O(z") forn > m,

n—m—kn—m .
PN 2 ~
A, = €jepn—j + E E ( - a > ekAjAn—m—k:—j- (4.55)

j=0 j=0 k=0

In the limit that n — o0, the correct ansatz to use for the late terms is

m—1
; n m—j
A, ~ Q ”F(— ) S 456
e - + ) exp 2 in ( )

with v, p; € C, Q°, 7 € R, and the ‘cc’ (for closed-corner) differentiates the
pre-factor from that corresponding to the separated-corners analysis. Under
this substitution, we can see that the series expansions of the various ratios
are given by

Ap—m c10 c11 C1(m—1) Clm
~ — t+ o Tt = + o)
A An n n m n - m n
n—m—1 C21 C2(m—1) C2m
A ~ s 2m—1 + 5
n n m n mwm n
An_2my1 C(m—1)(m—1) Cim—1)m
“a - Lo TR g e
n n m n
An_om -~ Cmm
A, - 2

where the factors c;;, are functions of y; and «y and in general, require the

higher-order terms of Stirling’s Approximation to the Gamma function.
Thus, when we search for the n — oo limit, we will need to conserve the

terms with factors of A,, and A,,_,,, and terms of orders nA,,_,, to nA,_om
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which earlier corresponded to derivatives in ¢. Terms with other indices will
be of lower order. The asymptotic process is then most easily understood by

dividing eqn (4.55) by A,, and writing it as
J

3 (e

k=0

m

2

J=0

Anfm
An

+...=0

nAp—m—j [(M —m)épAp
2 +

3m

(4.57)

For this equation, the leading order behaviour at O(1) is automatically

satisfied by the Gamma function. y; is then determined at O(n_?l) IR
Z(m-1)

s,

Lastly, the constant 7 is determined at O(%). We would indeed expect the

determined at O(n ™ ) and so on until 4,1 is determined at O(n

series in A,, to split:

o0 o0
Py e fmma o> Zmma 43 D
o Lnm ymm+t1 nm-+k Zm(n+1)

n=0 n=0
(4.58)
with, in general, m different ansatzes
Apyr ~ Q?fe”’“F( +7+ > exp ,ujn = (4.59)

fork =0,1,...,m — 1, and for which the prefactor Qj,.e’™ with Q, 7, € R
can then be found by numerically solving the recurrence relation.

We are now in a position to return to the outer analysis. The early terms
of the asymptotic expansion of (4.43) are

¢0 = qga

2
on = q Z €ken—k forn < m,

and motivated by the form of the inner ansatz (4.56), the correct late-orders
behaviour is likely to be

PTG 9+ &) e[St

[x(w)] =+

¢n+lc ~

Substitution of this ansatz into the differential equation yields a similar
procedure to that which we used for the inner equation, except that now,
we wish to keep terms ¢,, and ¢y, as well as derivatives ¢),_,, to ¢, o, ..

The relevant terms at O(em ) are then

J

> (-qu) 6k¢jk] Dy +

k=0

m

2

J=0

(—i)eo%] brnm ... =0.

(4.60)
As n — o0, the leading-order terms are easy to see as they simply involve

bn — idy,_m€0P0-
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'Thus the equation for y remains the same:

w g
x=/ — dyp,
—a 49

'The subsequent orders each yield a first-order differential equation for r;(w),
and for Py (w). In order to match with the form of the inner ansatz in (4.59),
we then must have 7;(—a) = p;. Once the inner limits of 7;(w) is verified,
the value of y can be checked by setting n = 0 in the late-orders ansatz and
matching its behaviour as w — —a. If we assume that

Py~ O(w + a)",

as w — —a, and for some complex constant k, then setting n = 0 and
matching with ¢ ~ ¢?(w + a)?* gives

K — 27 = 2a,

which will turn out to be the same v computed directly from the inner
analysis. The derivation of the late-order terms of the outer expansion, ¢y,
is important in the sense that it provides a connection between the inner
analysis and the Stokes Smoothing procedure. However, beyond its function
as a bridge between the two analyses, the actual values of 7;(w) and Py (w)
for all w are generally unimportant.

Once we have completely determined the form of the late-order terms
of ¢, we may now proceed to the Stokes Smoothing procedure. We begin by
truncating the asymptotic expansion at n = N:

N—-—m
$= Y endnt Ry

n=0

and substitute the expression into eqn (4.43). This gives a linear equation in
Ry, as well as a single O(eV/™) term:

L(Ry;€) ~ N™igododnr s

valid for large V. The right-hand side can be replaced using the equivalent
O(eN/™) term:
L(Rye) ~ Mo, (4.61)

where the relevant terms of the linear operator £ are given by

J ‘
Z <—iQO> €k¢jk] et CZZ\[

k=0

L(Rp;€) = Ry + Z
=0

+ [(—i)eody | €RA + ... =0, (4.62)

and at this point, the connection between the asymptotic process to determine
the forms of A,, ¢n, and Rar should be clear; Table 4.2 summarises this
connection between the inner, outer, and Stokes Smoothing procedures.
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Table 4.2: This table indicates which terms

correspond to which orders in the asymp- REGION  FORM FIRST FIRST SECOND LAST LAST
totic methodology of the inner region, the

. Lo A
outer region, and the Stokes smoothing; in n
: L Inner A nAn— NAp—m— nA,_ Ap—

particular, it illustrates the correspondence — 2" " n-m n-m-1 n—2m n-m
between all three analyses. For the inner
analysis, seeking the n — oo limit for A,
involves equations in orders of n~1/™; for E 6% 1) ’ ’ ,

H i Outer " ¢n (;bn—m d)n—m—l n—2m ¢n7m
the outer analysis, the n. — oo limit also "

involves equations in orders of n= /"™ for
the Stokes smoothing procedure, the expo-

nential behaviour of Ry is determined by Stokes RJ\/’EF Ry E% R.//\/’ 6% R.//\f € m R.//\/ 5Rf,\[
matching at orders in €'/ . The equations

at each order are not the same for all three
analyses, but they share corresponding val- Tp order to solve the homogeneous equation £ = 0, we set
ues near the inner region (between terms

A, and g,) and near the Stokes line (be- 1
tween terms g, and Ry ). m— Fl (/w)

Ry = Ppexp {F(fw)} = P exp

=0 €
so that the first derivative is
dRy (W) | —  — L Fy(w)
([ 00 ) e 32 B
7=0 7=0
Substitution into £ = 0 yields equations at orders O(1), O(ew), ...,
O(e™=), O(e), which determines Fy, Fy, ... F! _,,and Q, each in turn.

Crucially, however, we notice that these equations only involve the
derivatives of F. To solve the inhomogeneous equation, we multiply the
homogeneous solution by the Stokes Smoothing factor S(w)

Ry = SPexp [F(w)jl

then substitute this expression into (4.61), giving
dS
e [—iqg] O e~ My,
dw

where the bracketed factor corresponds to the j = 0 contribution from the
summation in eqn (4.62). Remember that Py is determined from the late-
orders analysis and P, from the Stokes Smoothing. However, the key is that
at optimal truncation and near the Stokes line,

Pr.(w) ~ P(w),
and the reason for this is that
ri(w) ~ Fi(w),

for w evaluated near the Stokes line. In this way, we can establish a rela-
tionship between the components of the final exponential given by Rys, and
the crucial numerical constant of the inner problem €2, all related through
the late-order terms r; and Pj. In the next section, we will demonstrate this
method in full detail for a particular stern configuration.

122 CHAPTER 4 - PART II: MULTI-CORNERED SHIPS



4.6.3  Close-corners analysis for the ship with o1 + o9 = 1/3

Derivation of all the components of the late-order terms for general ¢ and
m can become an arbitrarily complicated task for arbitrary choices of the
two corners. Indeed, a small (rational) perturbation of £/m can produce an
unseemly fraction, for which the series in (4.48) splits as indicated, but now,
computation of each component of the analysis becomes virtually impossible
to do by hand. It then seems that the methodology previously outlined is
rather unstable to small perturbations of the geometry. In any case, in this
section, we will explicitly show how the procedure is accomplished, from
beginning to end, for the case of ¢ = 1 and m = 2, which corresponds
to the ship with o1 + 02 = 1/3:

wl/3

“ T wrat VB (w+a— B

and the alternative useful forms of g5 are

o 6 n o 1
QSZQOZ:eE (w+a) fnzf}ozzn<ﬁnX2fn>7
n=0 N , n=0 R ,

€n €n

where w + a = €'/2X 12z and x ~ X(w + a)? as w — —a. The inner
expansion of eqn (4.52) then requires the ansatz

i n M1
AnNQcc ZT}“F(* ) =1,
ve g T e"p[ﬁ]

with k = 0, 1. Once substituted into the recurrence relation for A,, in (4.55),

the relevant terms are

1 €odo [nAn—2 |eA1+e1Ao | ndn_3
2 A, 2 Ap
eods + €141 +exA) | nAp_y €0Ao | An—2
A 4.63
2 A, 3 |, om0 46d)

and expanding the ansatz gives

ep Ao 2u 4 —Ayd 1
1— 2—-—F—=4+——+0|—=
2 { \/ﬁ+ n * n:
| €A1 +eAo 2\@_3\/§H1+O 1
2 \/ﬁ n n%
€0As + 1AL + A 4 1 €A 2 1
_|fetaditeat )2 50 2 N L1l 2 n( 2 ) o,
2 n ns 3 n ne

(4.64)
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Setting g = Ag = 1, then eqn (4.64) is satisfied trivially at O(1).

Afterwards, the O(n~'/2) and O(1/n) terms give

M1:3\/§é\17
Y= 1—66/\12+36/\2,

and setting €] = BVX fiand & = B2X fo gives

i = 3vV2XBf,
v=1+38X[f2—2f7].

(4.65)
(4.66)

(4.67)
(4.68)

With the correct form of A,, as n — 0o, we can now compute the numerical

values of Q§° and Q5. In general, both values are non-zero, except in certain

limiting cases that we shall discuss in Section 4.6.5.

We now proceed to the outer asymptotic expansion in eqn (4.47). The

relevant terms at O(¢"/2) are

/

1 —1qo [60% On-

/

eo®1 + e1¢o q:zﬁn

— 190

¢n

124

. Drg . e
—iqo |eoP2 + €191 + ead1 5 2 —igo | eoo ¢¢ 24 =0. (4.69)
Substituting the ansatz of the form
PI(5 +7) exp| 75
dn ~ - ] , (4.70)
X 2
into (4.69) and expanding the ratios gives
] X'r1 + 2xr Ax P, — X' Pyr? — dxPyrir) 1
1— =
iqo [60@50] { X + NG + ( 2P, 3
. V2xx/ <3\F X1 3/2 1
—iqo | €01 +e1¢o || — + +2V2y 32y —
{ vn V2 n:
. 2xx’ 1 , 1
—iqo |eoP2 + e1d1 + e2¢1 { );X +0 <s> } —1q0 [60%] { + O(s =0. (4.71)
2 2
The low-order terms of (4.47) satisfy
%o = 45, (4.72)
On = qg Z €LCn—_k forn < m, (4.73)
Om = q, Z enen—i + 2ieoqs 194 (4.74)
0 0 7 - dw

k=0
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and, used in conjunction with (4.71), give for the first three orders as n — oo:

dx 1

= = 4.75
o (4.75)
d’l"l 3i€1 Z"I"l

—_— = - —, (4.76)
dw \/2xqg’ 2xq;

P, —4qy 1 ( s . 3ie1r; ir? >

—= = + — | —6ie] + 3ies + — . (4.77)
P. @ @ ! 2V2x  4xq]

Solving (4.75) subject to x(—a) = 0 gives

x(w) =ar +i|(w+a)+ alog

w
11>
a

where we have made sure to select the branch of the logarithm which

corresponds to analytic continuation into the upper-half w-plane. Next,
(4.76) is solved for r1(w) subject to the condition from (4.67),

ri(—a) = = 3V2X B,

which gives

38/ Vilog()
V2 \/(w+a)+alog(i"a)
[V—iBfi

I 2q3/2

ri(w) =

] (w + a) + O(w + a)*.

Turning to (4.77) and integrating, we also have

Apgi(w* woq 3i 2
P, = M exp / < 6161 + 3ieg + an ZT13) dw
qo(w) wr 0o 2v2x  4Axqp

for some constant Ay and arbitrary point of integration w = w* for which

the integral is defined. As w — —a, the series expansions of each term of the
expression then gives

P = A’fw*’» g (w )exp[&ﬁ {4f1 4f2} {1+O(w+a)}~§4kW“C
C
where ,
ﬁ:B 438 [Qfl fg].

Matching the n = 0 term then requires

m—27:2a:—§,
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and solving for v gives
y=1+3X52[fo - 23] (4.78)

precisely the same as the value found from the inner analysis. This completes
our derivation of the late terms of the asymptotic expansion, and the final
step is to match the inner and outer expansions for the determination of Ay.

By Van Dyke’s matching rule, taking the n™ term of the outer expansion,
written in inner coordinates and keeping the first term,

Pkr(% +’Y)6T1n1/2 (i) AkC’Wzaeif(%—i—fy)eﬂl"”z

¢ (n.t.o0) Ei(ﬁ -
n T A Xz

provides a match with the first term of the inner approximation, written in
outer variables and re-expanded to n terms,

oo

_ 2t2a 7 (LtD) o 21509 An (n.to). 2:x,2 An
b=c W%—mwazg)zn—mwazn.
n=
Matching thus requires
. S A S SCERPR TS
SR o N ) e R [e™] . G

By the definitions of ¢ and X in Section 4.3.2, and also by the value of v in
(4.78), we have

cC = (11/36%1
i —i
X = B0 30
v = mtip=1 _i352(];2a_ i)
and, in particular,
Ay = FElPIX™ |2<F[Arg(X)72] _ an exp[?)ﬁ? (s fl)} _

Stokes smoothing

'The Stokes line smoothing procedure is slightly complicated by the appear-
ance of the exponential terms in the late-orders ansatz. We optimally truncate
the expansion

N=-2
$=Y_ €ion+ Ry,
n=0
which gives
L(Ruie) ~ NPy, (4.80)
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with £ given by

£(RN7 6) = R_/\[ — ’LqO [60(}50 ER‘;\/ — /qu €0¢1 + 61¢)0 63/2R‘//\[

—1iqo |eoP2 + €101 + eadr eRny+...=0. (4.81)

e R)y — iqo leo%

'The solution of the homogeneous equation is found by substituting

— — E F
Ry = Pyexp |F(w)| = Prexp b(w) + 1\%0) , (4.82)
€
into (4.81) and dividing by R/, giving
?/
1—iqo [60% F6+\£F{+€ij —iqo |eop1+e1¢o | | VeFy+el{+0(e2)
k
— iqo |eo2 + 161 + ezt | |eFf + O(e2) | —igo [60% e=0. (4.83)
Solving at each order yields
i dx
Fo= L= 4.84
Fo= 2 (4.85)
90
ﬁ/ 2. / / . 92 .
LLE L?_%_GL? 3L§2 (4.86)
P 9o q0 90 490

These expressions for Fyy, F and P, are related to the limiting values of —,
11, and Py, from the late-order ansatz (4.70) when evaluated near the Stokes
lines.

In order to solve the inhomogeneous equation, we multiply (4.82) by the
Stokes Smoothing parameter, so that Ry = APge’, and substitute into
(4.80), giving

B )’

M+’Y

. g dA—
ezqgﬁPker
X2

For this expression, we write the derivative in terms of x so that

dw dwdyx ¢ dx
giving
N X
dA | — 2T(Y B
— €—— Pkef ~ Pk6T1N2] < ( 2N+ 'Y) c (487)
dX X7+’Y
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'The optimal truncation point is found where adjacent terms in the asymptotic
approximation are of the same size:

N+1
€2 |ON11 ~1
N on ’
or where
2r

with p € (0,1) as € — 0. We can write x = re® and thus (4.87) gives

a4 _ (i da
dxy r dv’

Using Stirling’s formula on the Gamma function then gives

. ; _1 _N x
—ie”"\ dA Brott P oriN? V2mrTze ze
—€ d k€ ~ k€ L, NN
T 14 E’Y 2(611/)2 Y
1 N X
dA |— = 1 2rr2e” 2z ee<t
— 2
—— | Preve | ~ — | PN pE—
E’Y—g(ezu)j-F’Y

We must relate the two bracketed quantities near the Stokes line. The critical
scaling near the Stokes line is still given by v ~ O(y/€) and so we set v = €.
Then we can write (4.76) as

dry 3@'\/&31745 in/ery
e u GG R o
where e; is evaluated near the Stokes line, where it is simply O(1). The
dominant balance involves the derivative term and the first term on the right-
hand-side, giving

il ~ 27“@.

dw dw
Thus if we insist that the constant of integration in computing F] is found by
matching with the value of r; (w) near the Stokes line, then using (4.88) we
have

1/2 V271 Fy
N e N eV,

Using a similar argument, it is shown that near the Stokes line, P, ~ P, and
so requiring that the constant of integration in determining P}, must be such
that it matches with P, near the Stokes line, we have

o A 3 * w 2/ 2
P, = kQO(w )exp[/ Z<%_%+362> de

g5 (w) w* 3 48

@ @ @
so that finally,

__ F 1

Pk€71z ~ Pkeh'/\/’z s
and we are left with

_N X
dA V2rre zeWiee

—_— A~ —

dv 67+§(eiu)%+v
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precisely the same expression as discovered in Section 4.3.2 and for which the
details can be found in the previous chapters. Thus, the same switching-on
mechanism is found, and the jump in the remainder is

- 2mi—

B, ~ TP

from upstream (+) to downstream (—).
4.6.4  Formulae for the close-cornered approximation

Note that in the simplified formulation of eqn (4.42), we had already fixed
the analytic continuation into the upper-half w-plane, so the final solution ¢
evaluated on the positive real w-axis is left as a complex number. It is more
convenient to write the exponential in terms of ¢ rather than ¢, so

and if we are only interested in the real part, then

c.c ™ ~ D F
R(a5,1) ~ %“[P e’

Since from (4.82) to (4.86),

- [{45) o

for w evaluated on the positive real axis, if we choose the contour of integra-
tion, first from u = —a to u = —oo along the negative real axis, then from
u = 00 to u = w along the positive real axis, then the only real contribution
of F(w) is from the residue contribution at infinity. By examining the series
expansions of X" and FY, this can be shown to be

%[F(w)] _ _37Ta(ai + 09) n 3571’(—\(24— 02)7

for w € RT. For the imaginary parts, we also have

%Fmﬂ_f+ocﬁﬂ,

as w — 0o and w € R*. Now turning to P in (4.89), we have

Ay

E ~ 6iArg(Pk)7
g5 (w)
where
2¢h, 6e? 3e
Arg(Py) = Arg(Ay) + (?f - =1y ;) :
q0 90 490
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and the bracketed quantities are entirely real for w € R, Thus as w — oo,
we can expect that

ce 7| Akl 3ra(oy +o2)  3pn(—01 + 02)
op b~ o d exp | — +
€7qp € Ve

X exp [z (f e (10\%”) n Arg(Pk)ﬂ . (4.90)

and in particular, the magnitude of the amplitudes at w = oo is

e RN 3r 32
qe;(p,k = 2613 eXp|: Sa (f2_f1):|

X exp [_ 3ra(oy + o2) N 3pm(—o1 + 02)

€ Ve

4.6.5  Analysing the 01 = 1/6 and o9 = 1/6 ship

] . (4.91)

We will now apply the formulae developed over the course of the previous sec-

tions to the [}, +

to numerical computations, the most important step is to verify thatas 3 — 0,

] ship. In addition to comparing the asymptotic predictions

the close-corner approximation tends to the one-cornered approximation,
and as  — o0, the close-cornered approximation tends to the two-cornered
approximation.

The symmetry of the [}, £] ship helps reduce the expressions. In partic-
ular, f{ = 0 and fo = 1/6, and this has the effect of setting Q5° = 0. Using

(4.91), we have

Q¢ 3r 32 Ta
q;fpyll = 22 exp[ 85 ] X exp [—?] (4.92)

'The 1-hull approximation with o7 = 1/3 has

1/3
_ _ w
9 =40 = <w+a>

and from (4.44), then, we have

Q
gl 2 exp [T (4.93)

2¢ €

Setting 5 = 0, then matching eqns (4.92) and (4.93) gives the requirement

that - .
QFl == ) = Q= |,
6’6 3

as 8 — 0 and where we have included the values of o1 and o9 in £{° simply

to remind us of the argument of the pre-factor. This limiting behaviour is
shown in Figure 4.9 for the a = 0.5 ship where we see that indeed, the close-
cornered approximation tends to the one-cornered approximation as 3 — 0.

We now turn to the two-cornered approximation, for which the waves

are given by (4.44). Here, we remind ourselves that
Wl/3

w~+ a1)Y6(w + az)1/6’

QSZQO:(
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Figure 4.9: The solid curve is the pre-
0ce factor Q9°(1/6,1/6) for the close-

1 cornered ship, witha = 0.5. As 3 — 0
1 and the two corners coalesce, the pre-
factor approaches the same value as for
the one-cornered ship, with Q(1/3) =~
0.351 (shown dashed).

witha; = a++/€f and ag = a—+/€f. Itis simple to check from the condition
in (4.18) that there are no relevant Stokes lines emerging from the singularity

at w = —ay, and the waves are entirely generated by the singularity at w =
—ag. From (4.27), we have

§R[Xl] = ma,

after using a1 + a2 = 2q; thus, the exponential of the second wave has an
additional term, with
—ar
%[XQ] =7ma+ R — dp.
—a> 90

Proceeding directly, we then have

@tV 1
/ igdcp—z (a1+a2)log{a1+a2+2w+2\/<p+a1\/<p+ag}
~(a—veB) 0 2

—y/aiazlog [Qalag + (a1 + a2) + 2v/arasv/o + a1V + ag}

—(at+veB)
+ \/(,0 + al\/cp +as + \/alag log [(alag)g’/zgo])
—(a—VeB)
3% 9
~— . 4.94
o+ 0@ (4.94)

with all higher-orders entirely real. Thus, the wave from the second singularity

2/2a

has an additional exponential factor of €™ /2, The dominant contribution

of the two-cornered approximation is then

e 27| Ag| w32 Ta
qe).(p,Z‘ ~ exp 2 X exp |:_7j| )

€72 €

and using the values

T2 =
— % m
2T ey [3]

Qoas (2 s
[Ag|  ~ T 22 5 <> ’
63B323 3
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Figure 4.10: The solid curve is the 1
pre-factor 2{°(1/6,1/6) for the close-
cornered ship, with a = 0.5. As 8 —
oo and the corners separate, the pre-

log (Q°)

factor approaches the dashed curve with
Q(1/6)x 2a'/*/(38) 5 explms? /3al,
corresponding to the 2-Hull with well

separated corners.

—4
Figure 4.11: The numerical solution 10

(nodes) for the [1/6,1/6]-Hull versus
the asymptotic approximations for e =
0.075 and a1 + a> = 1. The two-
cornered approximation (solid line) very
accurately predicts the solution when
the two corners are well separated, but

10°°
107¢
1077

is singular when a1,a2 ~ 0.5 near
the left. Here, the solution is well ap-

Wave amplitude

1078

proximated by the close-corners approx-

imation (dashed). The computation was 107°
done using the code of Table 4.1. 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

the amplitude is

exp [WBT X exp{—ﬂ} . (4.95)

2a €

Wané
€(38)5

Now returning to the close-cornered approximation in eqn (4.92), it can be

c.c
qexp, 2 ‘ ~

shown that as 3 — oo, 2{° diverges exponentially. Thus in order to require a
match between eqns (4.92) and (4.95), we need

(11 1 2q1/3 w532
or(55) o) Gpeolsa] oo

In Figure 4.10, we plot the natural logarithms of the left and right-hand sides

of eqn (4.96) as a function of 32 and indeed, the convergence between the
two values is very fast.

'The last and final result is shown in Figure 4.11; here, we compare the nu-
merical and asymptotic approximations for the [1/6, 1/6] ship. As expected,
the two-cornered approximation of eqn (4.95) for the wave amplitude at
infinity (which assumes well-separated corners) is a fine approximation, but
only until the two corners coalesce at a; = ag = 0.5. At this point, the close-
cornered approximation of eqn (4.92) provides a much better approximation.

4.7 DISCUSSION
Wias it foolishly optimistic for us to have expected a simple and elegant answer

to the question: do waveless ships exist?, applicable to the most general of
multi-cornered ships?
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In the end, we can offer several new insights into the study of ship-
wave resistance: we can offer explicit formulae for the computation of waves
given the shape of the ship’s hull; we can offer simple interpretations of
the production of such waves in terms of the crossing of Stokes lines and
the Stokes Phenomenon; and perhaps most importantly, we can offer a
methodology which, given specific ships, provides an intuitive and immediate
understanding of its effect on the free-surface.

As applied mathematicians, then, we have gone as far as we are willing to
go. What is the definitive, one-word answer to the conundrum of existence
and non-existence? This question, dear reader, we leave to you.
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The progress of nonlinear wave theory and exponential
asymptotics will depend above all on sustaining that pas-
sion, and recruiting a new generation of the talented and
opinionated [...] It can only offer fun to those who find
the same sort of excitement in exponential asymptotics
that others find in hot rods and rock climbing.

—JOHN BOYD, (1998)

Our work has tried to address two separate issues on the theory of free-surface
flows: one completely new, on the subject of gravity-capillary waves, with no
equivalent theory in the literature; the other, old, a question on the existence
of waveless ship forms, posed again and again over the last forty years.

In general, the problem of gravity-capillary waves, while certainly not
in its infancy, has proven to be formidable. Our contribution has been to
suggest the theoretical existence of new classes of gravity-capillary waves,
applicable for low-Froude, low-Bond flows over an obstruction. These new
solutions include those already predicted by traditional linearised theory, but
also suggests the existence of new classes of waves, waves which arise because
of the inherent nonlinearity in the geometry of the problem. Do such waves
truly exist? A discovery of such phenomena, in nature or in the digital world,
would be a triumphant success for our theory, indeed.

Our second study, regarding the existence and non-existence of waveless
ships, is one that has remained unanswered since the initial work of
Vanden-Broeck & Tuck (1977). We have shown that a waveless, one-
cornered ship cannot occur. For more complicated piecewise-linear hulls, our
theory answers the question on a per case basis; a general theorem remains
to be proven, but our hope is that the answers we have given are—at the
very least—satisfactory to those naval engineers and applied mathematicians
who, through the years, have taken an interest in the problem. Moreover, our
theory goes beyond the question of existence and provides explicit formulae
for the trailing waves of nonlinear ships.

Together, the marriage of these two issues is bound by the unifying
theme of taking the low-Froude or low-Bond limit in order to study waves
induced by nonlinear geometries. As we have seen, the machinery required for
their study is exponential asymptotics, where ideas like asymptotic divergence,
optimal truncation, Stokes lines, and the Stokes Phenomenon all play a key
role in extracting the exponentially small waves which are so well hidden from
regular asymptotic methodologies.

Understandably, these methods are not for the faint of heart, and the
effort required to study these exponentially small effects can seem extraordi-
nary at first glance. What does the future hold for the study of exponential
asymptotics? Will it be possible to produce a complete gravity-capillary
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theory for nonlinear, three-dimensional ships? Is such a goal even realistic,
or is the complexity of such a problem forever beyond our grasp? These open
questions, ripe for the eager and passionate researcher, is the subject of the
next and final section of our thesis.

§.I OPEN PROBLEMS

We have done our best to rank these problems in order of difficulty, beginning
with the easiest, and concluding with the most difficult.

5.1.1 Do wawveless ships exist? Part I11: Bulbous ships

Naturally, our study of ship waves would be incomplete without a theory
applicable for smooth hulls, with the eventual goal of addressing the well-
known technique of using a bulb to reduce the wave resistance of a ship. In
a sense, our work has a/ready included such smooth geometries; take note
that a piecewise-linear hull can always be replaced by one of the adjacent
smooth streamlines of the flow. Then, the complex singularities remain in
the same position, but now, the boundary of the ship is analytic. Thus, the
waves for each piecewise-linear ship must correspond to the same waves as for
an infinitude of smooth ships associated with the flow. However, in general,
analytic continuation is an ill-posed process and small perturbations in the
shape of a hull can have large effects on the associated singularities—a unified
theory for arbitrary ship geometries will likely be difficult, if not downright
impossible.

Perhaps, then, we should only consider specific classes of smooth ships.
Ship waves associated with continuous geometries have been considered
in the numerical work of Tuck & Vanden-Broeck (1984), Madurasinghe
(1988), and Farrow & Tuck (1995), where there, the hulls are specified by
piecewise-entire functions. For example, Farrow & Tuck (1995) consider the

family of hulls given by
0 for ¢ € (—o0, —1)
0=qA@+1)(0+b)+ 555 forpe (~1,-b)
o for ¢ € (—b,0)

which, given parameters A and b, provides a ship consisting of a horizontal
bottom and a vertical line, joined by a rounded section. A > 0 yields rounded
cornersand A < 0 yields bulbous sterns. The key is that if we restrict ourselves
to classes of ships given by piecewise entire functions, then the complex
singularities must be located at the points joining each piece. As a simpler
example, we may consider the ship with

for ¢ € (—o0, —ay)
1+ ] forg € (—ar, —az) (5.1)
for ¢ € (_a2a 0)7

v o O

CHAPTER § * FINAL REMARKS



which is similar to the vertically-faced one-cornered ships studied previously,
but with a rounded edge. The leading-order rigid-body solution is then

1 ;( wetag )
w2 () e
where near the two singularities,
qo ~ A+ (B + ClogW)W + O(W?), (5.3)

with W = w + a1, A, C # 0, and B = 0 for the a; singularity; and
W = w + ag, with A, B, and C # 0 for the ag singularity. The waves,
then, originate from discontinuities in the curvature of the hull. Carrying out
the exponential asymptotics on the simplified formulation of eqn (4.42), we
discover to our surprise that the analysis is almost easier for this problem;
here, the components of the late-orders ansatz can be computed exp/icitly:

i 9 w4 —(n—1)
qn ~ [A] I'(n—1) x [/ = dso} (5.4)

g (w) wo 6
——
Q X

with the form of the waves still given by 2mieQe /. Then analysis of the
Stokes lines shows that the relevant line emerges from w = —ay; this is
shown in Figure 5.1.

Figure 5.1: Stokes lines for the smoothed
0.4 hull in eqn (5.1) with a1 = 0.8 and
as = 0.5. The Stokes line leaves tan-
%(w) gentially along the boundary, but later

0.2 intersects the free-surface.

0 o O O
-0.8-0.6—-0.4-0.2 0 02 04 06 08 1 12 14
R(w)

The analysis, however, is incomplete. A comparison between asymptotic
and numerical solutions indicates that while the exponential scaling on the
solution (5.4) is correct, the pre-factor is off by several orders of magnitude.

It seems the reason for this is due to the fact that adjusting the usual
singularity from a power, to the weaker logarithmic singularity of eqn (5.3),
induces a subtle change in the calculation—a change we have yet to account
tor. To resolve this apparent error, it may be necessary to first consider simpler
(linear) problems with beyond-all-order terms, but which involve logarithmic
singularities.

5.1.2  Parasitic capillary ripples

In (1958), Cox demonstrated the experimental existence of parasitic capillary
waves—small ripples seen propagating near the crest of free gravity waves
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Figure 5.2: These waves were generated
by a wind in a laboratory; the main
action of the wind was to put energy
into the gravity waves, steepening them
to the point where the parasitic capil-
lary ripples were generated (image from
Longuet-Higgins 1995).
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(see Figure 5.2). Previous researchers initially believed that the ripples were
predominantly caused by winds, but Cox’s experiments showed that these
small ripples are present even if the mean wind-speed is zero. In essence,
their energy derives from the gravity waves themselves, rather than an external
source.

Analytical work on the parasitic capillary problem began with Longuet-

Higgins (1963), although an update and improvement has been offered by
the same author in Longuet-Higgins (1995). The essential idea underlying
both studies is that near the crest of steep waves, the surface curvature is
at maximum, and thus surface tension effects are localised in this region.
Longuet-Higgins then assumes that the effect of the surface tension term
can be approximated by a &nown pressure distribution, with for example,
algebraically decaying tails away from the wave crest. A wks approach then
provides an analytical expression for the capillary ripples in terms of this
approximate curvature.

We propose an improvement and more rigorous treatment of Longuet-
Higgins’ theory using the theory of exponential asymptotics. The idea is
as follows: Grant (1973) has shown that for gravity waves less than the
maximum height, there exist singularities in the analytic continuation of the
free-surface. As the wave approaches its maximum height, where the crest
forms a 120° angle, these singularities coalesce near the crest. These analytical
observations have been confirmed by the numerical ‘series improvement’
analysis of Schwartz (1974) and Longuet-Higgins & Fox (1978) (Figure
5.3).

Figure 5.3: The leading-order gravity-wave solution
with zero surface tension (hatched) contains sin-
gularities in the analytic continuation (figure from
Longuet-Higgins & Fox (1978)). An asymptotic ap-
proximation in powers of the surface tension will
consequently diverge, and exponentially small terms
will be expected to be switched-on via the Stokes
Phenomenon.
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We may now expand the free surface elevation as

n(s) =mno(s) +em(s) +...,

where 79 (s) is the base gravity wave, s is arc-length along the wave, and € is a
parameter indicating the amount of surface-tension. Due to the singularities
in the analytic continuation, it is expected that as € — 0, the series diverges
and exponentially small terms (the parasitic capillary ripples) are turned
on via the Stokes Phenomenon. The correct prediction of the waves will
require knowledge of the solution near the singularities, as well as an optimal
truncation of the divergent series.

With this standard methodology in mind, it seems possible that while
the analysis of Longuet-Higgins is correct in spirit, the neglect of terms
up to optimal truncation can have an O(1) effect on the amplitude of the
predicted capillary ripples. We predict that the difficulty in the full analysis
will come from the fact that the exact Stokes” wave solution 70(s) can only
be expressed using an infinite series with numerically-computed coefficients
Schwartz (1974). However, there has been some recent progress in studying
the properties of the complex singularities of the Stokes wave using numerical
methods (Xie, 2009), and it may be possible to develop a Aybrid analytical-
numerical implementation of our methods in exponential asymptotics.

'This is an important problem for several reasons. First, a proposed analysis
of the ripples using standard tools in asymptotics beyond-all-orders will
likely reveal more intricate details regarding the nature of gravity-capillary
wave blockage (Shyu & Phillips, 1990) and other related phenomena. More
importantly, the nature and properties of the Stokes wave singularity also has
important implications for more general questions regarding the regularity
and singularity-formations of the Navier-Stokes equations (Tanveer, 1991).

5.1.3  Accurate numerical computations of gravity-capillary waves

A great deal of literature already exists on the numerical computation of
nonlinear two dimensional potential free-surface problems using a boundary-
integral formulation (for a review, see Yeung 1982; Tsai & Yue 1996). Many
of these approximations rely on the fact that the boundary integral can be
truncated sufficiently far from the disturbance, where the error is expo-
nentially small and the appropriate radiations conditions can be given by a
relatively simple numerical condition. For example, we know from our work
on the problems of Chapters 3 and 4 that numerical computations rely on a
sufficiently large choice of L such that the integral can be truncated to

L Lo
loga(e) ~ —f G de' 5.5)
Afterwards, for gravity-only flows, the upstream radiation condition can
simply be chosen to be # = 0, whereas truncation downstream generally has
a negligible effect. However, there are many physical circumstances, such as
the one depicted in Figure 5.4, where truncating the boundary integral and
imposing upstream and downstream conditions is not as straightforward.
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Figure 5.4: Forbes solved for the steady
subcritical flow over a semi-circular

cylinder including the effects of both
gravity and surface tension (figure from
Forbes (1983)). His treatment of the up-
stream (left) radiation condition was in-
adequate however, and the result were
ill-resolved waves contradicting the pre-
dictions of linear theory. In general, no
adequate solution has been offered for
a numerical method which can properly

resolve the upstream capillary waves.

Our interest is in the study of two cases in particular:

1. We know that as in low-Froude flows past a surface-piercing ob-
struction, the free-surface decays algebraically (and not exponentially)
downstream, and thus it is no longer correct to truncate the boundary-
integral and disregard the remainder. Of course, the waves are expo-
nentially small, and it is unclear what are the effects of the downstream
truncation on the numerical predictions.

2. In the computation of gravity-capillary waves past localised obstruc-
tions, as in Chapters 1 and 2, it is possible for capillary waves to
appear upstream and gravity waves downstream. Then in contrast to
the procedure for gravity-only flows, one cannot simply truncate the
integral sufficiently far upstream, and some approximation must be
made for the integral (5.5) from the neglected region from —oo to — L.

In the case of the first problem we ask whether there exist a better way
to resolve free-surface solutions with waves on an infinite-domain using a
boundary-integral formulation? For example, Boyd (1991b) has successfully
used Chebyshev approximations supplemented by a radiation-basis function
to solve the generalised solitary waves of the fifth-order KdV equation.
However, the method is ad-hoc, does not make use of any theory assuring
convergence, and has not been applied to the full water-wave equations.

In the case of the second problem, the only solution that seems have been
offered is to approximate the free-surface upstream by a linear capillary wave,
include this (known) upstream integral in the unknown truncated boundary-
integral and require additional equations involving matching conditions on
the first few mesh points Grandison & Vanden-Broeck (2006); this rep-
resents an improvement on the numerical work of Forbes (1983) (Figure
5.4). However, according to our preliminary numerics, the new methods by
Grandison & Vanden-Broeck (2006) does not seem to be particularly robust.

A possible project, then, would be to develop numerical techniques for the
resolution of both problems. One avenue we have considered is to supplement
the numerical calculations with asymptotic predictions from the low-Froude,
low-Bond regime given from Chapter 2. On a broader scale, however, this
question of how to impose a numerical radiation condition for a general wave
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problem has been a long-standing problem in the literature (Israeli & Orszag
1981, Yeung 1982, and Tsynkov 1998).

5.1.4  Three-dimensional ship waves

Does an asymptotic low-speed theory of [three-dimensional]
thick ships really exist, and if so, what is its correct form?

—MARSHALL TULIN, (2005)

No one as yet managed to develop a non-trivial asymptotic theory for low-
Froude flows past three-dimensional, full-bodied ships. As it concerns the
literature, however, the seminal work for this problem likely belongs to
Keller (1979), who sought to apply ray theory to its study (see Figure 5.5).
Unfortunately, his analysis remains limited and in particular, he only derives
practical formulae for the case of a streamline ship in the low-Froude limit
(this is akin to our study of the small step problem in Chapter 1).

The singular nature of the low-Froude approximation and the resultant
exponentially small waves have led to a great deal of confusion in the
literature, and there are still many open questions regarding the validity and
predictions of ray theory in this limit. It is unclear whether ray-theory is appli-
cable near certain points of the hull-water intersection (Tulin, 1984; Eggers,
1990), unclear whether it is relevant to the understanding of bow divergent
waves (Tulin, 1997), and even unclear what the correct linearization of the
free-surface condition is under the approximation (Brandsma & Hermans,

1985).

Figure 5.5: Keller’s sketch of rays produced at the bow and stern of a
ship moving with constant velocity (from Keller 1979). We believe a
three-dimensional model should also incorporate rays that are produced
by the immersed section of the ship’s hull. These wave contributions
should exponentially dominate those produced at the ship and free-
surface interface.

Our work on the two-dimensional ship-wave problem has led to much
greater understanding of the underlying causes of the free-surface waves in
the low-Froude limit. For example, we now realize that in the case of stern
flow, the dominant wave contribution derives not from the stagnation point
between free-surface and ship, but rather from sharp changes in the hull’s
geometry. Thus, it would seem likely that a similar situation arises in a real
tull-bodied ship, and ray theory is still applicable in the examination of
the resultant waves. In the case of bow flows, our work also demonstrates
that the Stokes Phenomenon necessarily implies a breakdown of the low-
Froude approximation near the ship—Ilikely the indication that a correct
model involves an overturning jet.

In the future, we suggest for a project to address the still-open question
of low-speed theory in the context of three-dimensional ships. As a starting
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point, this can be based on the ray-theory developed by Keller (1979),
supplemented by more recent work on the Stokes Phenomenon applied
to complex rays (Chapman et al., 1999; Chapman & Mortimer, 2005) and
partial differential equations (Chapman & Mortimer, 2005), as well as the
newfound understanding of the two-dimensional ship-wave problem pre-
sented in previous two chapters.

Earlier in this thesis, we pointed out the fact that the study of water
waves and their interactions with floating bodies continues to drive a great
portion of the research in the mathematical and engineering communities.
Today, however, a great deal of this research is done from the perspective of
computational and experimental fluid dynamics. Analytical developments in
the study of water-body interactions seem to have stagnated, and it may be the
case that some workers have simply given up, believing that such problems are
beyond the outdated capabilities of pen and paper. Perhaps, then, the greatest
contribution of this thesis, from the gravity-capillary theory of the first few
chapters, to the waveless ships and open questions of the last, is to provide a
small measure of hope—hope for mathematicians, hope for engineers, hope
for researchers, both young and old; together, we may yet conquer the seas.
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