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ABSTRACT

Motivation: Soft (fuzzy) clustering techniques are often used in the
study of high-dimensional data sets, such as microarray and other
high-throughput bioinformatics data. The most widely used method
is the Fuzzy C-means algorithm (FCM), but it can present difficulties
when dealing with some data sets.

Results: A spectral fuzzy clustering algorithm, DifFUZZY, applicable
to a larger class of clustering problems than other fuzzy clustering
algorithms is developed. Examples of data sets (synthetic and real)
for which this method outperforms other frequently used algorithms
are presented, including two benchmark biological data sets, a
genetic expression data set and a data set that contains taxonomic
measurements. This method is better than traditional fuzzy clustering
algorithms at handling data sets that are “curved”, elongated or those
which contain clusters of different dispersion.

Availability: The algorithm has been implemented in Matlab and is
available at ht t p: / / www. mat hs. ox. ac. uk/ cnb/ di f fuzzy.
Contact: cominetti@maths.ox.ac.uk

Supplementary information: Supplementary information is available
at Bioinformaticsonline.

1 INTRODUCTION

The need to interpret and extract possible inferences frigh-h
dimensional bioinformatic data has led over the past decade
the development of dimensionality reduction and data etirgg
techniques. One of the first studied data clustering metbgas is
the K-means algorithm, which was introduced by Macquee67{}19
and is the prototypical example of a non-overlapping, harg|)
clustering approach (Gaet al, 2007). The applicability of the
K-means algorithm, however, is limited by the requiremerat t

*to whom correspondence should be addressed

the clusters to be identified should be well-separated aodvéx-
shaped” (such as those in Fig. 1(a)) which is often not the aas
biological data. Two fundamentally distinct approachegehiaeen
proposed in the past to address these two restrictions.

Bezdeket al. (1984) proposed the Fuzzy C-means (FCM) algorithm
as an alternative, soft clustering approach that geneffatzes/
partitions for a given data set. In the case of FCM the claster
to be identified do not have to be well-separated, as the metho
assigns cluster membership probabilities to undecidalelments

of the data set that cannot be readily assigned to a speaifitec!
However, the method does not exploit the intrinsic geomefry
non-convex clusters, and, as we demonstrate in this artitde
performance is drastically reduced when applied to sonme skis,

for example those in Figs. 2(a) and 3(a). This behavior can la¢
observed in the case of the standard K-means algorithrme(g,
2002). These algorithms have been very successful in a numbe
of examples in very diverse areas (such as in image segrizentat
(Trivedi et al., 1986), analysis of genetic networks (Stuetrtal.,
2003), protein class prediction (Zhaegal., 1995), epidemiology
(Frenchet al., 2008), among many others), but here we also explore
data sets for which their performance is poor.

To circumvent the above problems associated with the gegmet
of data sets, approaches based on spectral graph theory have
been recently devised. However, these algorithms are ainer
hard clustering methods which do not allow data points torugl

to more than one cluster at the same time. This limits their
applicability in clustering genetic expression data, veteternative

or superimposed modes of regulation of certain genes woold n
be identified using partitional methods (Dembele & Kast@e03).

In this paper we present DifFUZZY, a fuzzy spectral clustgri
algorithm that is applicable to a larger class of clustepngblems
than the FCM algorithm (Bezde#t al., 1984). For data sets with
“convex-shaped” clusters both approaches lead to simdélsults,
but DiIfFUZZY can better handle clusters with a complex, ioer

© Oxford University Press 2010.
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geometric structure. Moroever, DifFUZZY does not requirg/ a
prior information on the number of clusters.

where each node represents one data point from the data)set (1
i.e.theo-neighborhood graph has nodes. The-th node andj-th

The paper is organized as follows. In Section 2, we present thnode will be connected by an edgd|K; — X,|| < o, where||||

DifFUZZY algorithm and give an intuitive explanation of hoiv
works. In Section 3 we start with a prototypical example ofatad
set which can be successfully clustered by FCM, and we shatv th
DifFUZZY leads to consistent results. Subsequently, weothice
examples of data sets for which FCM fails to identify the eotr
clusters, whereas DifFUZZY succeeds. Then, we apply DIfEYZ
to biological data sets, namely, the Iris taxonomic dataaset
cancer genetic expression data sets.

2 METHODS

DifFUZZY combines ideas of fuzzy clustering and spectral
clustering in a way that uses the strength of each methodandsa
their weaknessés The input of the algorithm is the data set in the
form

X1, Xo,. .

Xy ERP (1)

whereN is the number of data points apds their dimension, plus
four parameters, one of which is external, M, and the resttae
internal and optional parametefs, v and~s. M is an integer
which represents the minimum number of data points in theteta
to be found. This parameter is necessary, since in most cades
a few data points do not constitute a cluster, but a set ofdaift
points or a set of outliers. There are three optional pararset;,

represents the Euclidean norm. ThE(w) is equal to the number
of components of the-neighborhood graph which contain at least
M vertices, where M is the mandatory parameter of DifFUZZY
introduced above.

Fig. 1(b) shows an example of the plotBf o), which was obtained
using the data set presented in Fig. 1(a). We can seeRhaj
begins from zero, and then increases to its maximum valderde
settling back down to a value of 1. The final value will always
be one, because the-neighborhood graph is fully connected for
sufficiently larges values,i.e. it only has one component.
DIfFUZZY computes the numbery, of clusters as the maximum
value of F'(o), i.e.

C = max F(o).

o€(0,00)

For the example in Fig. 1(b), we ha¢é= 3, which corresponds to
the three clusters shown in the original data set in Fig.. 1(a)

In Fig. 1(b) we see that there is an interval of values dé6r which
F (o) reaches its maximum valug. As the next step DIfFUZZY
computesc™, which is defined as the minimum value of for
which F (o) is equal toC. Then thes*-neighborhood graph is
constructed. The components of this graph which contaieast|
M vertices will form the “cores” of the clusters to be idergi
Each data poinfX; which lies in thec-th core is assigned the
membership values.(X;) = 1 andu;(X;) = 0 for j # ¢, as

~2 and~ys whose default values (0.3, 0.1 and 1, respectively) havehis point fully belongs to the-th cluster. Every such point will

been optimized and used successfully in all the data setgzaaia

be called a hard point in what follows. The remaining points a

A regular user can use these values with confidence. Howeveralled soft points. Since we already know the number of ehsst

more advanced users can modify their values, with the éuit
explanation provided in Section 2.4.
DIfFUZZY returns a number of clustersCj and a set of

and the membership functions of hard points, it remains $igas
a membership function to each soft point. This will be don&ia
steps. First we compute some auxiliary matrices in Sectidra@d

membership values for each data point in each cluster. Thé&hen we assign the membership values to soft points in Se2ti

membership value of data poiX; in the clusterc is denoted as

uc(Xy), and it goes from zero to one, where this latter case mean2.2 Computation of auxiliary matrices W, D and P

that X; is very likely a member of the cluster while the former
case {..(X;) ~ 0) corresponds to the situation in which the point
X is very likely not a member of the cluster The membership
degrees of the-th point,s = 1,2,..., N, sumto 1, that is

C

DifFUZZY has been implemented in Matlab and can be downldade
fromht t p: / / www. mat hs. ox. ac. uk/ cnb/ di ffuzzy.The

@)

algorithm can be divided into three main steps, which will be

explained in the following Sections 2.1-2.3. The reader vghot
particularly interested in understanding the details efalgorithm
can skip this part of the paper.

2.1 Identification of the core of clusters

To explain the first step of the algorithm, we define the aawyli
function F(c) : (0,00) — N as follows. Leto € (0,00) be a
positive number. We construct the so caltecheighborhood graph

1 The formulation of both the FCM and standard spectral clirge
algorithm is given in the Supplementary Information.

To compute the auxiliary matrices we define a family of masic
W (3) with entries

1 if © andyj are hard points
in the same core cluster,

i,;(B) =
’ exp <7M) otherwise
ﬁ 1

®)

whereg is a positive real number. We define the functib() :
(0, 00) — (0, c0) to be the sum

L(B) =3 > @i(B).

The log-log plot of functionZ(/3) is shown in Fig. 1(c) for the data
set given in Fig. 1(a). We can see that it has two well definaddi

(4)

lim L(B) = N?,

B—o0

C
1i L =N i i — 1 and
B £(8) = N+3 s (i = )

wheren; corresponds to the number of points in ikt core cluster.
As explained in Section 2.4, we are interested in finding tieesof
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Fig. 1. (a) “Globular clusters” data set.(b) F'(c) for the data set in (a).
For this data set we determined the number of clustéts be3, ando* =

0.05, for the parameteM = 35. (c) L(3), given by Eq.(4) plotted on
a logarithmic scale, for the data set in (a}* = 0.068665 was obtained

using Eq. (5)(d) DifFUZZY membership values for this data set. Each data

point is represented by a bar of total height equallt¢from Eq.2). (M =
35). Color code: green, red and blue correspond to the membersilie of
the data points in the three clusters, with the correspogdiolor code as in
(a). This representation will be used in Figsand 3.

B which corresponds to an intermediate valug.¢f). DIfFUZZY
does this by findingg™ which satisfies the relation

C
L(B") =(1~-m) <N + Zm (ni — 1)) +7N?, (5)

be denoted aX,, in what follows. Using the matri¥V defined by
Eq. (6), DIfFUZZY constructs a new matri®” which is equal to
the original matrixi¥, with the s-th row replaced by the-th row
and thes-th column replaced by the-th column. UsingV instead
of W, matricesD and P are computed by (7) and (8), respectively.
DifFUZZY also computes an auxiliary integer parametdvy

V3

‘- Llog‘)\ﬂJ '

where )\, corresponds to the second (largest) eigenvalu® ahd
|-] denotes the integer part.

Next, we compute the diffusion distance between the softtpXi
and thec-th cluster by

dist(X.,c) = ||[P%e — P “e||, )
wheree(j) = 1if j = s, ande(j) = 0 otherwise. Finally the
membership value of the soft poil, in the c-th cluster,u.(Xs),
is determined with the following formula:

dist(Xs,c) !

ue(Xs) = =
> dist(X,, 1)
=1

(10

This procedure is applied to every soft data pa¥ and every
clusterc € {1,2,...,C}.

2.4 Geometric and graph interpretation of DifFUZZY

In this section, we provide an intuitive geometric explé&mabf the
ideas behind the DifFUZZY algorithm. The matikcan be thought
of as a transition matrix whose rows all sum to 1, and whose/ent
P; ; corresponds to the probability of jumping from the node gdat
point) ¢ to the nodej in one time step. Thg-th component of the
vector P®e, which is used in (9), is the probability of a random
walk ending up in thej-th node,j = 1,2,..., N, aftera time

wherey; € (0, 1) is an internal parameter of the method. Its default steps, provided that it starts in theth node.

value is 0.3. Then the auxiliary matrices are defined asviclldVe
put

W =W (8. (6)

The matrixD is defined as a diagonal matrix with diagonal eleme”tsdiffusion will occur instantaneously

N
Di,izzwi,j, iZl,Q,...,N, (7)
j=1

wherew; ; are the entries of matriXV. Finally, the matrixP is

defined as

T
max D,”f

i=1,...N

P=1+[W - D] ®)

whereI ¢ R™*¥ is the identity matrix andy. is an internal
parameter of DIfFUZZY. Its default value is 0.1. The defimitiof
the matricedV, D and P can be intuitively understood in terms of
diffusion processes on graphs, as explained in Section 2.4.

2.3 The membership values of soft data points

Let X be a soft data point. To assign its membership val@&)
in clusterc € {1,2,...,C}, we first find the hard point in theth
core which is closest (in Euclidean distanceXg. This point will

In this geometric interpretation we can give an intuitiveamiag to

the auxiliary parametersgi, 72 andvs. The parametey; € (0,1) is
related to the time scale of this random wajk.~ 1 corresponds to
the case where all the nodes are highly connected, and dtheitbe
whereas for valuésp~ 0,
there will be almost no diffusion between cluster cores.réfue,

we are interested in an intermediate point, where there ésign
time to diffuse, but where equilibrium has not yet been redch
The parametety, € (0,1) ensures that none of the entries of the
transition matrixP are negative, which is important, since they
represent transition probabilities. It can be interpretedhe length

of the time step of the random walk on the graph. For very small
values ofy» we haveP ~ I, for which the probabilities of transition
between different data points is close to zero, therefaeetvill not

be any diffusion during one time step.

The parametef;; € (0, c0) is the number of time steps the random
walk is going to be run or propagated, capturing informatidn
higher order neighborhood structure (Lafon & Lee, 2006).am
values ofvs; give us a few time steps, whereas large values of
~v3 give us a large number of time steps. In the first situation not
much diffusion has taken place, whereas in the latter cabenw
the random walk is propagated a very large number of times, th
diffusion process is near to reaching the equilibrium.
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The matrixP is used to represent a different diffusion process, anhow the results of different algorithms compare. The mesttipr
equivalent one to the first random walk, but over a new grapterer ~ values obtained with FCM are plotted in Fig. 2(d). In Fig. )2(c
the data poiniX; has been moved to the position of the data pointwe present the corresponding HCT-plot with a threshold evalfi
X.,,. This matrix then corresponds to the transition matrix fost 0.9. Comparing Figs. 2(a)—(b) with 2(c)—(d) we clearly see that

auxiliary graph. DifFUZZY gives better results than FCM.
b

3 RESULTS @) ®) )

In Section 3.1, we present three computer generated testdt, 2

designed to illustrate the strengths and weaknesses of ACM. 1
all three cases we show that DifFUZZY gives the desired tesul

Membership values
o
[$;]

0
Then, in Section 3.2 we apply DifFUZZY to data sets obtaimedf
biological experiments. -1
-2 g
. 0
-2 0 2 200 400 600
3.1 Synthetic test data sets 0 200 400

The output of DIfFUZZY is a number of cluster&’) and for  (c)
each data point a set @ numbers that represent the degree of
membership in each cluster. The membership value of pXint
i=1,2,...,N,inthecthclusterc = 1,2,..., C, is denoted by 1
uc(X;). The degree of membership is a number between 0 and 1 > ¢
where the values close to 1 correspond to points that arelikety

to belong to that cluster. The sum of the membership valuaslata

P
o
=

[y

Membership values
o
a1

point in all clusters is always one (see Eg. (2)). In particufor a -2 0

i i i i -2 0 2 200 400 600
given pomt, there can be on_Iy one cluster for which the mers‘rbp_ 2 Data Point Number
value is close to 1i,e.the point can belong to only one cluster with
high certainty. Fig. 2. “Concentric rings” test data set(a) DifFUZZY HCT-plot,z = 0.9.

A prototypical cluster data set in two-dimensional spacshisvn (M = 90). (b) DifFUZZY membership value) FCM HCT-plot,z = 0.9.
in Fig. 1(a). Every point is described by two coordinates. ¢4 (@) FCM membership values. Color code for (b) and (d) as in ).
see that the data points form three well defined clusters twhic

are colored in green, red, and blue. Any good soft or hard . - -
; . ‘ B ; Another here K-means algorithms fail is pr (200
clustering technique should identify these clusters. Hexyenvhen other data set where eans algorithms fail s present

. . . . 3(a). This two-dimensional data set contains two elongeliesters,
we introduce intermediate data points, the clusters ar® el (@) 9

) - . one in a diagonal orientation and the other a cross-shapstecl
deflned_, _closer_together, gnd some hard clustering tecasimay The results of DifFUZZY and FCM applied over this data set are
have difficulty in separating the clusters. FCM can succdlysf

; : summarized in the membership value plots in Figs. 3(b) adj, 3(
rs]:rrﬂeisuzlrs ep;gt)leD?;Fl(JS;;Ythli ﬁiupplle((rj];ecvt:ryr;z;o,:mitéo?lz -Irts respectively. DIfFUZZY can separate the clusters remdykadell,
. u . . 9. P A U"S asiis clear from Fig. 3(a). For this data set FCM can not sépéa
obtained by applying DifFUZZY to the data set in Fig. 1(a). . . -
} : .Y clusters, cutting the left cluster (blue) in two parts as lsarseen in
We plot the membership values for all data points. This is

a S .
. . the HCT-plot shown in Fig. 3(c), using the threshold vaiue 0.9.

prototypical example of the type of problem for which FCM ¥w&®r : - )

and DifFUZZY gives comparable results. Further examples ar If we compare the membership values given by FCM (Fig. 3@)) t

shown in the Supplementary Information. the one by DifFUZZY in Fig. 3(b), which basically correspentd

) . . . the desired membership values of the data points, we seertimgw
A classical example where the K-means algorithm fails (pitine P P ey

et al, 2008) is shown in Fig. 2(a). This is a two-dimensional data!dentlflcatlon of the data points numbered around 550-700¢iw

I - . . in the case of FCM have been given a higher membership in the
set formed by three concentric rings. Using D'fFUZZ.Y we ian reen cluster than in the cluster where they originally bgl¢the
each ring as a separate cluster, as can be seen in Fig. a(a)—(lglue one)

Since fuzzy clustering assigns each point to a vector of neeship '

values, it is more challenging to visualize the results. OpiBon is . .

to plot the membership values as shown in Fig. 2(b). A rouglaid 3-2 Biological data sets

of the behavior of the algorithm can also be obtained by ngakin DifFUZZY was tested in two widely used biological data sets:
what we call a HCT-plot (“Hard Clusters by Threshold”) deires  Iris (Fisher, 1936) and Leukemia (Golut al, 1999). In the
follows: a data point is assigned to a cluster only if its memnship ~ Supplementary Information we include results of the appidn of
value for that cluster is higher than an arbitrary thresholAll the DifFUZZY to more biological data sets.

other data points are unassigned, and consequently piothéack. Iris dat aset: This is a benchmark data set in pattern recognition
Such a plot is shown in Fig.2(a) fer= 0.9. HCT-plots do not show  analysis, freely available at the UCI Machine Learning Rjooy
the complete result from applying a given fuzzy clusteringtimd  (Asuncion & Newman, 2007). It contains three clusters (ypé

to a data set, since they contain less information than thgpie  Iris plants: Iris Setosa, Iris Versicolor and Iris Virgiaic of 50
result (all the membership values), and the HCT-plots déperthe  data points each, of 4 dimensions (features): sepal lersgpal
threshold. However, it is illustrative to include them teaily show  width, petal length and petal width. The class Iris Setosmézrly
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() (0) Genetic expression data setWe tested DifFUZZY on the publicly
4 " 1 available Leukemia data set (Gola al., 1999), which contains
E genetic expression data from patients diagnosed withreithivo
3 i different types of leukemia: acute myeloid leukemia (AMI poute
>2 £o05 lymphoblastic leukemia (ALL) (Taret al, 2004). This data set,
1 8 composed of 7129 genes, was obtained from an Affimetrix high-
§ density oligonucleotide microarray. The original data diéded
0 = into two sets, a set for training and a test set. Since our adeith
0 25 200 L Po0. \500, 200 unsupervised we merged both sets obtaining a set with data®
(© (d) patients: 25 with AML, 47 with ALL.
1 Before testing our clustering method on the Leukemia datavee
4 § pre-processed the data as done by @aral. (2004). The gene
3 E selection procedure consisted of selecting the Q genes thwith
=2 %‘ 05 highest squared correlation coefficient sums (Eanal., 2004),
1 3 where Q corresponds to the number of genes to be selectech whi
£ for the case of this data set was set to be 70.
0 = o Fig. 4(d) shows that DIfFUZZY performs better than FCM when
0 05 1 « 15 2 25 ZSgta l;lgi?]t N%?gberSOO clustering the Leukemia data set, since for every point efctirve,
at the same false positive rate DIfFUZZY presents a higheqoel
Fig. 3. “Elongated clusters” test data se{a) DifFUZZY HCT-plot,z = true positive rate than FCM. In the Supplementary Infororative

0.9. (M = 150). (b) DIfFUZZY membership valuegM = 150). (c) FCM provide the plots of the membership values for all the daiatpo

HCT-plot, z = 0.9. (d) FCM membership values. Color code for (b) and (d) Through this example we are able to show that our method san al

as in Fig.1(b). handle high dimensional microarray data and it can be ssfdis
used for multi-class cancer classification tasks.

separable from the other two, which are not linearly separab @ 1 () 1-

their original clusters (Fisher, 1936). g g f

We show the results of applying DifFUZZY and FCM over the % % !

Iris data set in the form of ROC (receiver operating charéstte) 2 2

curves which, in machine learning, correspond to the reptesion 9 05 ‘ 8 05 ‘

of the fraction of true positive classification (TPR) vs. tiate of g ;EgI;AUZZY g ;EgI;AUZZY
false positive assignments (FPR) (Fawcett, 2006). Each piaint = =

in the curve represents a pair of values (FPR, TPR) obtaioed f % 05 1 % 05

a given threshold:. The precise definitions of both TPR and FPR False Positive Rate False Positive Rate
are given in the Supplementary Information. A perfect drisg © 1 (d) 1

method would give a curve that passes through the uppemefec, @ f o o

presenting a 100% true positive rate for a 0% false positte,r & | &

like the one obtained for DifFUZZY (using the parameter M¥15 2 2

and FCM in Fig. 4(a), whereas if true positive and false peest DZ_’O 5 DZ_’O 5

are equally likely, the curve would be the diagonal line TIFRR. o ---DifFUZZY o ---DifFUZZY
In the Supplementary Information we include further infatian E —FCM £ —FCM
regarding how to compute a ROC curve from the membershigsalu % 05 1 % 05

given by a fuzzy clustering method. False Positive Rate False Positive Rate

Figs. 4(a)-(c) show the ROC curves for the Iris Setosa, Iris
Versicolor and Iris Virginica data, respectively. The tharplots
show very good clustering using DifFUZZY. For the Iris Setos
data, the DiIfFUZZY and FCM ROC curves correspond to perfect
classifications, with both curves going through the (0,1)neg
both methods classify all those points correctly, and doassign
other points to that cluster (zero false positives), buttfa Iris 4 DISCUSSION

Versicolor and Iris Virginica data, DifFUZZY performs bettthan  In this paper and the Supplementary Information we showatl th
FCM, since its curves pass closer to the upper left cornetitishal the fuzzy spectral clustering method DifFUZZY performs hirela
material regarding the performance of DifFUZZY over the bfata  number of data sets, with sizes ranging from tens to hundriedista
set for different values of the parameter M can be found in thepoints of dimensions as high as hundreds. This includesoauicay
Supplementary Information, such as plots of the membengiliees  data, where a typical size of a data set is dozens or hundredsber
and plots of the core clusters. There we show that data séts wi of samples, conditions, or patients in medical applicajoand
overlapping core clusters can be well clustered by scalmghe dimension is hundreds or thousands (number of genes on ippe ch
feature by a given weight, or by choosing a smaller value of M. (Quackenbush, 2001). It is worth noting that the dimengioof

Fig. 4. DIfFUZZY and FCM ROC curves fdg) the Iris Setosa datévl =
15), (b) the Iris Versicolor datgdM = 15), (c) the Iris Virginica data(M =
15) and (d)the Leukemia data sé¥ = 11).
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the data points in Eq. (1). is not a bottleneck for this method emerging in bioinformatics and image analysis application
since it is only used once when computing the pairwise digtsn Fuzzy clustering methods have traditionally been used rfaage
The dimension of matrices.¢. the computational intensity) is segmentation (Bezdedt al, 1997; Chen & Zhang, 2004; Tziakos
determined by the numbéy¥ of data points, which is often smaller et al, 2009), especially in the field of medical imaging. Bezdek
than the value. et al. (1997) discuss the advantages of fuzzy clustering aphesac
One of the issues that we briefly discussed was the pre-mioges applied to the specific case of segmenting magnetic resenanc
of data. This is crucial for some clustering applicationsidihess  images (MRIs). Several variations of the FCM method are
of the data and the normalization used on a given data sets@eh commonly employed in this context, and recent research has
high impact on the results of clustering procedures (Kiral., 2006; been focused on images that are characterized by a nordEauli
Karthikeyani & Thangavel, 2009). What type of normalizatio structure of the corresponding feature space (Chen & Z20G#).

to use will depend on the data themselves, and when additional'he clustering methodology proposed here is specificalbjgied
information on the data set is available it should be useddero to handle non-Euclidean data sets associated with a mdnifol
to improve the quality of the data to be input in the algoritHm  structure, as it seamlessly integrates spectral clugtagproaches
the case of genetic expression data sets (such as the oyeeahal with the evaluation of cluster membership functions in azfuz

in Fig. 4(d)), different steps of preprocessing commonlgduare  clustering context.

filtering, thresholding, log normalization and gene sétec(Tan

etal, 2004). The latter is done in order to reduce the dimensitgna ACKNOWLEDGEMENT
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