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ABSTRACT

The branching random walk is a Galton-Watson process with the additional
feature that people have positions, The initial ancestor is at the origin.
Let §3%k be the positions on the real line of his children, The people in
the nth generation give birth independently of one another and of the
preceeding generations to form the (n+1)th generation and the positions of
the children of an nth generation person at x has the same distributions
as 33" +x} . Let §3‘:)} be the positions of the nth generation people in
this process,

In the first chapter the convergence of certain martingales associated
with this process is examined. A generalization of the Kesten-Stigum theorem
for the Galton-Watson process is obtained., The convergence of one of these
martingales is shown to be closely related to some known results on the
growth rate of age-dependent branching process.

If BF“ is the position of the person on the extreme left of the nth
generation then it is shown in the second chapter that E?“/n =Y for
some constant &  when the process survives, Subsequent chapters are
generalizations of this result. Thus the saﬁe result holds for a multitype
process with a finite number of different types and a weaker result nolds
when there is a countable number of different types. The generalization
to the branching random walk on Ef’ is also considered. Let @hﬁ be the
set of points {Efgln: P}. It is shown that there is a compact convex set
£ such that G(n)—ﬁ)G when the process survives where A 1is a
sultable metric on the compact subsets of ﬁ{P .(A11 of these results

are proved under the 'natural’ conditions.)
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0. INTRODUCTION

The branching random walk on the real line can be described in the
following way, An initial ancestor, who forms the zeroth generation, is
created at the origin, He produces children to form the first generation
and theilr positions are given by the point process Z on the real line; 2
is a random locally finite counting measure on the line., As usual in branching
processes the people in the nth generation give birth independently of one
another and of the preceeding generations, in a way similar to that of the
initial ancestor, to form the (ﬁ+1)th generation. To be meore precise, let
Sﬁm be the o6-field generated by all of the births in the first (n+1) generations
counting the zeroth, The point process describing the positions of the children
of an nth generation person at the point x is independeﬁt of 3“0and has the
same distributions as the point process Z(+-x), thus if the origin were moved
to x it would have the same distributions as Z, This explains how the process
is built up. Let €3€§ be an enumeration of the positions of the nth generation
people, (The first generation is countable by assumption and therefore the
same must be true of the nth generation.) Ney (1964) describves a process like
the one described above, excépt that people have only finitely many children,
The first two chapters of this thesis are concerned with the branching random
walk on the real line, A variety of generalizations of this process will also
be considered. They will be introduced in the appropriate places,

When Z is concentrated on «Z‘Q) instead of considering {jffto be the
positions of the nth generation people they may be considered to be their
birth times, Then the branching random walk obtained is closely related to
the model for a population that is described by Crump and Mode (1968), In
that model the added complication of death is introduced., This connection
will be amplified upon at the end of the first chapter, In particular the
Bellman-Harris process, which 1s a special case of the processes described

by Crump and Mode, falls directly into the above framework, In the Bellman-

Harrils process the initial ancestor lives for a random length of time,). , and
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then produces N children who behave in a similar way and so on (N is random),
Tﬁis is a branching random walk with Z(~m,i)'=,NI(y) where I is the indicator
function of the interval fl,“-").

The generation sizes in the branching random walk form a Galton-
Watson process, which we will refer to as the embedded Galton-Watson process.
The probability generating function of this process will be denoted by f,
and its iterates by f" ., (In general quantities associated with the nth generation
of the branching random walk will have a bracketed superscript n unless they
can be interpreted as the nth iterate or power of the first generation
quantity in which case the brackets will be onitted,) Since we do not exclude
the possibility that a person may have infinitely many children it is possible
that f 1s discontinuous at one, Let S be.the event that there are people
in every generation, and let PLS1 be its probability, The symbols P and
€ are used for probability and expectation throughout., We will be concerned
with the asymptotic properties of the branching random walk on S and so will
want this event to have positive probability, We will assume that the expected
number of people in the first generation,‘EEEZJ;“aﬂi], is strictly greafer
that one, It is then true that PILS] is the unique root in (0,1] to the

equation

£O1-prs)) = 1~ PLST

\

When f 1s continuocus at one this and all of the other results that we will

need on the Galton-Watson process are contained in Harris (1963); the extensions
to cover the possibility that a person may have an infinite number of children
are straightforward, They are discussed in a short Appendix; however the
references in the text are given to Harris's book,

Let m(G) be defined by

m(8) = E[ZQXP(“GS(?)] = H:_[j‘?_- d.Z(tﬂ ~w<@<oo, (0.,1)

Notice that m(O) is the expected number of people in the first generation

and so 1t has been assumed that



m@e)> 1.

The process is said to be supercritical when this condition holds, It is
)
shown at the start of the first chapter that when ™(8) is finite and W@(S)

is defined by

W™ () = Zexp(-eg?)
m ()"

(0.2)

then {WMG} i1s a positive martingale with respect to the <¢-fields 3’““ .
As it is positive this martingale has an almost sure limit, W(B). When m(O)
is finite the martingale W(‘?D) reduces to a well-known martingale that
occurs in the theory of the Galton-Watson process., In this case, by the

Kesten-Stigum theorem, see Athreya and Ney (1972.§ 1,10), the condition

ECwo | Lojw‘i‘{o)l] < o

is necessary and sufficlent for KLW!{0):1 and when it fails W(0)= 0. The
main problem examined in the first chapter is when does E[W(ﬁ’)]'=1? Some
sufficient conditions for this to occur were obtained by Kingman (1975).
The approach here is quite different from his and the conditions obtained
are, subject to mild side conditions, necessary and sufficient,

The remainder of the thesis, that is Chaplers II-VI, is concerned

with a collection of closely related problems, Let BN be defined by

8= infigPiedy o} (0.3)

n)
then the second chapter is concerned with the asymptotic properties of B /n

on S, It is shown that there is a constant X such that

(n)
B(f — ¥ a.s. on S, (0.4)

The study of the asymptotic behaviour of B” with n was initiated by
Hammersley (1974) and continued by Kingman (1975). Hammersley considered

the problem for the Bellman-Harris process and Kingman, using another

approach which depended on the martingale. w‘"‘(e), treated the branching
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(n)
random walk in which Z is concentrated on (0,©) . In each of these cases B

. may be interpreted as the time of the first birth in the nth generation,
The possibility that the results obtained could be extended to more general
branching random walks was suggested to Professor Kingman by Professor H.M,

Taylor,

Some comments that are made in the ihird section of the second chapter
show that the analogous problem to (0.4) for the branching random walk in
R

chapter and a satisfactory solution is obtained. The fourth chapter establishes

f is to describe its asymptotic 'shape'., This is the subject of the third

(0.4) for a branching random walk on the real line in which people can be
one of a finite number of different types. The fifth chapter establishes
(0.4) for a process which is not really a branching random walk but is closely
related to the multitype branching random walk. In the sixth and final chapter
the multitype branching random walk is again considered but this time
it has a countable number of different types. A result that is weaker than
(0.4) is esablished. Throughout Chapters II-VI the idea is to use the known
results about the branching random walk'to deduce results about its
generalizations, Thus Kingman's result (1975,Theorem V) plays a crucial role
in Chapter 1I and the Theorem proved there in its turn plays a crucial role
in the subsequent chapters. The topic considered in the first chapter is
related to that considered in later ones, though the main results are
independent.,

Each chapter in this thesis has its own Introduction which provides
more indication of the material in-the chapter than is given above. All of
the main results are stated as Theorems or Corollaries, usually after they
have been proved, Some results which seem to be of independent interest
while not dualifying for the status of a main result are stated as Propositions,
Anything stated as a Lemma is used later in the thesis. The end of a proof

is indicated by [J. The numbering system is self-explanatory.



I, MARTINGALE CONVERGECE IN THE BRANCHING

RANDOM WALK,

: o
We will first show that when ™(6) is finite and W{’B} is defined

(o)
by (0.2) then Wl is a martingale with respect to the s=fields ¥ , Let

_ (o)
%33(“1} be the positions of the children of the nth generation person at 5: .

Then, since each person in the (n+1)th generation must have a parent in the

nth generation
S;ex?(-ej:“)) = I‘; QXF(-GS(:\) i §¢xf(-9(;’)3[(“)-3(:)))}. (I.O.i)

(n) .
Now, given O:jr , the term in braces is, for each r, just an independent copy

of

ke (-830).

Thus by taking expectations of this expression ,and using (0.1), first conditional

w
on t} and then unconditionally we can see that

E LS exqpl-037"] = mid™” - (1.0.2)

Also, when m(®) is finite,
e Iody 1 e ) B
ELWl ] 371 = Whe,

and so (W) is a positive martingale with repect to the #-fields °3m. This
proof is essentially that given by Kingman (1975, Theorem I) although he was
only considering the case when 3(',‘3>0 for all r, A similar result for a less
general process 1s given in Athreya and Ney (1972 §6.L.L). As this martingale
is positive it has, by the martingale convergence theorem, an almost sure

1imit, W(6), and by Fatou's lemma

ELweE] ¢4 | (1.0.3)

Throughout this chapter we will assume that m(©) is finite for some

©, then m(0@) is the Laplace-Stieltijes transform of the increasing function



F(t) defined by

Fae)= mLzeorl foet>o0 Flo}=0 and -Fl&y= E[zld] fo t<o.

We will take © to be confined to the interval O : m({@)<={ in this
chapter.

It is of interest to know when W(®) can be used to close the
martingale. This is so if and only if E{w(el=}.When Z is concentrated on
(b,0) and Wb}S) has a finite variance Kingman (1975) showed that for some
$>0 EUW@I=1 if 0§6< and noted that ELW()<1 when €39 ,
This was sufficient to allow him to solve the problem that he was considering
(extensions of which are the subject of the other chapters of this tiaesis)
since the finite variance assumption on W“’(s) could be removed at a later
stage.

Let fg:)(r*)} be the positions of the descendents in the nth generation

of the person at 3‘:.) in the first generation, Then as in (I.0,1)
)y ~ ¥ _ MW\ 57 ™Y\ o4\
‘/S:'ex?C-Bjs) = >‘v e*\’( 9\7)(—){‘; ex?(-e(ss(.) 3c)’§

and so

<o (n-1)
W () = Z exp 93¢ ) W. (8) (1.0.4)

m(6)

°§m -1 @.?
where given J, {Wr 1933 are independent copies of W (B} If we now let

n tend to infinity we see that

()

Wie) = L TEZOB) yy (o) S o)

t)
where given ks f W,.(O),} are independent copies of W(B), It follows that if
)

¢ is the Laplace transform of WI(B) then it will satisfy the functional

equation

&’(M =

2

f.n_?) ( uex?(-eﬁ))]. (1.0.56)

~ ™M (&)



(The empty product is taken to be one throughout,)

As was mentioned in the Introduction the martingale W("}O) is a well-
known martingale in the theory of the Galton-Watson process, It is possible
to base a proof of the Kesten-Stigum theorem on the functional equation
(1.0.6), which now simplifies to ®w=F($(u/mo)), and this is done by Athreya
and Ney (1972§1.10). In a similar spirit the first section of this chapter
is devoted to a study of the functional equation (I,0.6). The second section
converts these results into results about E[WE] to obtain a generalization
of the Kesten-Stigum theorem appropriate to the martingale Wlm(e) . In many
ways the most interesting special case occurs when a Malthusian parameter
exists (tha‘t is when there is an o for which m™e=1), This case is considered
in greater detail in the final section, It is in that section that the
relationship between the branching random walk and the Crump~Mode process

is developed,

I,1 The functional equation

We will discuss the functional equation (I1.0,6) in the following
framework, Let Y be a point precess on (= =, %)  with WF’Y'(-W) >'i]>0. Take
150 to be the set of real numbers for which Y(B) = driis g, € B}  for any

Borel set B, Let Yy,=€xp y. and assume that

ELxyl =1, (1.1.1)

This slightly odd construction allows -} 4.} to have an accumulation point
at zero but not elsewhere. Let oﬁﬁt be the set of Laplace transforms of
probability distributions on [0,«) with finite non-zero mean )A . If 47 Qaﬁf,_

then

1> TF Play ) > exp (°/"“'z§:,3°') -1 e N>t

[5XY}

since X Y. 1is finite almost surely, Thus the product TT¢(u3;) is convergent

and we may define the mapping H on eff. by

Py = [E [T ¢lug)] (1.1.2)



If $1.] are independent identically distributed random variables with

tf?(u) = EfexP(-u ');)—J and 1if f’);} is also independent of Y then
H¢(u) — EE@XPC-ng;?:)],

since %y 1= p  H maps d o into itself, A fixed point of H in

& p will satisfy the functional equation

gy = ELTuy,)]. (1.1.3)

Clearly (I.0.6) is such an equation, Notice that if féoe,, and (;b = He¢
then 4?()4"-) is in £1 and is also a fixed point of H, Thus in searching
for solutions to (I.1.3) in o‘f,, we may as well take /u:l . The subscript 1
will therefore be dropped from °£1 .

When Y. <1 for all i the existence of a fixed point of H in
has been considered by Doney (1972) and the methods used in this section
are similar to those employed by him in that paper and in a subsequent one
(1973). He was considering a different problem from the one considered in
this chapter and the restriction that Y,<4 was natural in that context,
The final section of this chapter explains why the same functional equation
cropped up in that study and this one, In the first half of this section
sufficient conditions for the equation (}: H¢ to have an £ -solution are
found, while some necessary ones are found in the second half,

To derive the sufficient conditions let

4’:;‘“) - e 4 and Ckﬂ = Hli)_. 3 (T.1.4)

then, because H maps #£ into itself, 4’0 e . When 7 ¢, } converges the
1imit must be a Laplace transform (essentially because the constant mean
implies tightness) and, by the dominated convergence theorem, a solution
to (I.1,3); if the derivative of this limit at u=0 is one then this solution
is in £ ,

Let ¥ X;)_( te independent lidentically distributed random variables

)
and let Sn:: :Z X:. . We will need the following lemma which applies when
=1



ELx] is finite. ( X'= maxiX,0} , X™= max {-X,0} )

Lemma I1.1.1

Y PLS>cn)¢ © foran1 > ECx, ),

T
Proof, Define the truncated random variables X; by

XT=X 1t X,5-T ama K =-Tit X;<-T

and let S:—’ g. X:. :+ then S:—é S“. Now if we let »'= YEEXT] then
g LS 2ac] < g F[S:-Z ncl

¢ RLIST- wo™ ) > a-»1],

When € S ElXland T is sufficiently large C- »> 0 and the final sum is
then finite because IELXT)']  is finite, Erdds (1949), T

By the dominated convergence theorem

ECS 5] 3 ELS o] w o4z
Y€y sz

for all z » 0., Therefore, as EEE{ 3.:] =1, we may define the distribution

function G by the formula

Gllogy) = ELZ 4]

The random variables X;

will be taken to have the distributlon function G
from now on in this section, These auxiliary random variables are a poweﬁﬂ
tool in ta'ckling the problem that. we are considering., The next lemma shows
how expressions containing 3',05 may be rewritten concisely in terms of X, .
It is very similar to Lemma 1 in Bingham and Doney (1975).

Lemma I.1.2,

EC Ty fysl = EO§RMT | $20

Proof, Let Y be the random neasure which attaches the weight Y. to

the point log Y then



]

10
ELTy ] = EL §5Ee* 4Ty

n

S §(e?)d Gly)

3

as required, The final equality is essentially Fubini's theorem, [}
Proposition I,1.3

1f EL Sy, (log*y,f1 < =

3

E[(E‘Je\“og(ﬁﬁji\l] £ ©
B_'-'[E:]c log 3;-] 0

and

then the equation (r:l-lcjs has a unique solution in & .

Proof, The inequality

,TT-OCL“TIB;’ < Z’o(i'ﬁcl

(1.1.6)
holds whenever di)Fl ¢ L for all i, If we let

Ga ) = Pald - 9,00
" u

then from (I.1.2),(I.1.4), (I.1.6) and Lemma I.1.2,

9, (w) & EEZS;S,,(“:);‘)—J = BLg (wog ¥,)].

Iterating this inequality gives

(1.1.7)

3(\4(‘“) S LE E 3. (" e"f %ny] '

The function ¥ defined by

- QW-truw exp (-uTy,) ~1+u
Yy = T = H-:[j?( “uﬂ‘) + ] (1.1.8)

is increasing with u and 3'(14.\ ¢ ¥{w. Therefore, for any c,

13

O

K90 ¢ X BLY(ueg 5]

=\

(1.1.9)
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¢ TPLUS 2-nc) + T w(ue™),
If we take c satisfying the inequalities

0> -c»> ECX.‘] (:EEX&; loﬂ ';}:.) by Lemma I.1.2§

then, since again by Lemma I,1.2

E['(X:')ij = [EE Zga(lof’*yé)zj < oo

V4

Lemma I,1,1 shows that 29[3“2 -nc._\ is finite, Also Z‘i’(ue'“‘) is finite
since E[‘('z".m\llog(}:gb\'] is finite, Doney (1972, Lemma 3,4), Therefore

23“(\&\ is finite and so 1lim {)h(u) must exist, Furthermore

bim ¢ (u) - e ‘ iv

-~

w n=

a4

and W(0+) = 0, therefore we may let u tend to zero in (I.1,9) and use the
dominated convergence theorem to show that 1lim %(u] is in aﬁ .
It only remains to esablish that 1im (M) 1is the only £ -solution

to (1.1.3). If ¢ and $ are two &£ -solutions to (I.1.3) let -

gy = ["f’(“”‘;(“)
w

[
g

then g(0+) = 0, Now, as in (I.1.7), ﬂ(u)g PEEQ(M {xPSn\]and since exp 3‘“
tends to zero almost surely we can see that g(u) = 0.[J

The method used to bound the right hand side of the inequality (I.1.9)
is similar to that used by Doney (1972, Lemma 4,2), At first sight it might
seen that a more refined bound would allow the condition that ETE 3L(\03+ ‘3;‘)13
be finite to be relaxed, However a slightly different approach to this bound

suggests that this is not so, Notice that

% ELY(u €xPS“\] = _f: “l’(uey)du[g)

=y,

[ -]
Nx
where U is the renewal measure 3. G (G is the n-fold convolution of G),

N
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Then

) ULo, o) ¢ S:; YlueWduyy ¢ UB) + X Yue? Ul-a-1-al,

When ELX1<0 the renewal theorem shows that U (n,a+ll-> —ED(II 'as n tends to

minus infinity, Feller (1971, XI-9), and so sup{u(‘n‘mi]:nsog is finite,

Thus when E[Z":s;\og yd<o and EL(X %.)‘ loa(i'g)ﬂ is finite the right

side of the inequality (I,1.9) is finite if and only if WIgo) is, Now
UCoo) = PR S,20] so that Lemma I.1.1 can be applied. By the Corollary

o Theorem 1 in Chow and Lai (1975), if ELIXI] is finite for some §> o ,

then WERXHF]  is finite if and only if %5 PLS.2¢n) is finite for

all ¢> EIX,] . Therefore, at least when E[‘Xm{ios 3JSJ is finite for

some &> © , the condition that EEZ&;(I%"&&\’"] is finite is necessary for

the inequality (1.1.9) to be non-vacuous.

The remainder of this section is concerned with finding necessary
conditions for the equation ¢ = Hf} to have an & -solution, We will
therefore assume from now on that t}v is an & -solution to this equation
and produce a contradiction when various conditions hold,

Define the function A(u) by the formula
u B = E[ X(- ¢(“‘3)) =~ (!*ch;)(ugc\\‘] (1.1.10)

* <« [ L]
thenl is 2 continucus function ¢f u on (0, 0.:) . To sce th

notice that, using (I.1.6) and the fact that ¢e& ,
|w+9) 8649 - wht)| < 2 EL Z(p @9y - $6ag)) ]
¢ JE LR 0-¢6y]

4 2351[29‘-]-";25'50 4o §>0

When the event that #{ Pty 0} 2 occurs the quantity within the square
brackets in (I.1.10) i1s strictly greater than zero,otherwise it is zero,
This event was assumed to have positive probability and so A(u) is strictly

greater than zero on (& ®) , Let ¢¥u) ve defined by
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‘t)“'(u) - | - é(“))
W

then since @)= ELT Pluy,)] we may rewrite (1.1.10) as
b (wy + Ay = EL ¢%u op 4)]

using Lemma I,1,2, This equation is similar to equation (3.1) in Doney (1973).

We now iterate this equation to obtain

¢¥lu) + L’:‘fgoﬂ(u exp Sl = Lim EL ¢%uep$,)). (1.1.11)

where S,,-:O. It is from this equation that our contradictions will stem,

Proposition I,1.4

When T[T y,loqylexists and is non-negative the equation ¢=Hphas no £ -solution
Proof., Since ¢'wygl and ¢w->0 as u—> e the dominated convergence

theorem shows that the right side of the equation (I,1,11) is zero whenever

the random walk {S,} drifts to plus infinity. This will happen whenever

E[i} 5L‘°9 9.:] is strictly positive, However the left side of that equation is

strictly positive, which is a contradiction. The other case to be considered

is when EIX,)=0, Then {S,] is persistent and LPLS €I)=e for any finite

closed interval I € (o,») which is sufficiently large, Feller (1971, VI-10).

Then for some ¢ A(u)> ¢> 0 on I and so

EC T A(ueps)] 2 ¢ TRIS,ET] = oo,

However the other termsin the equation (I.1.11) are finite, ancther
contra_.diction. 0 |

The next proposition focuses attention on the necessity of the
condition that [E[(Y‘B’»\‘ h}ﬂ({,%b\\] be finite, It is a fairly delicate matter
to establish that the equation ¢-= H$ has no u'i-solu‘tions in this case; the
proof depends on a careful analysis of the behaviour of A(u) near u=0.

Proposition I,1.5

. )
¥When E[ Z: 3;([.:(9*5‘) J < oo for some §> 1 (1.1,12)

- oo < EEZ%,‘ (oj m] <0 and (1.1.13)
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: EC(Ty) Log( Ry ] = o

the equation ¢=K¢$ has no & -solution,
Proof. By (I.1.12) ELXx]<o and so we know that S,,‘P - almost

surely. The equation (I.1,11) becomes
EL L ACuexpsy] = |- ¢ (1.1.1%)

and the aim is to show that the left hand side of this equation is infinite,
hence the need to know more about the behaviour of A(u) near u=0, Let e P: 4:(1)
then the convex function ea“c#(u) is one at u=0 and u=1 ; thus we have the

inequalities
~-Bu -pu
cf(u)g ¢ osusi) (PIR)ZC Isu<eo, (1.1.15)
The basic idea is to estimate the difference between uA(u) and PBu ‘{’(ﬁ w) (the
equation (I1,1.8) defines W(u)).

From the equations (I.1.8) and (I,1,10) we may write u(ﬁi ‘i’(ﬁu)‘ﬁ(u))

as
E[Tr exP("B“r);\ - T¢(uy,) "z(e"P('ﬁ"‘.‘ﬁ;F ¢(“3z\\ ﬁrZ(exP(-;auyé)i-ﬁug&.-l)], (1,1.16)
Let the set of indices X and Ic be defined by

T=iiny>u T¢

d
~)
.
QT
in
5:
b

then from the inequalities (I,1.6) and (I.1.15) we can see that
T expl-Buy,) - Tglay) < g (exp Cpuy.) -y ) +n}:3' (f Cuy, )~ explpuyX1.1.17)

If we now let Miz: sup {c}’\u)-é'r’“: uzlk then the formula (I,1.16) together

with the inequality (I.1,17) yields the following inequalities
ug ‘{’Cﬁu) - uhfl) < IE[Q §(¢@#c)‘ exP(-Bug;)) + r(ex’s ('pugy)-)-ﬁugiol)]

¢ 2 MJ. E[‘ﬁf:ﬁj + E[E (ex')(-fgugb-j +Buy “l)]
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Let the function k be defined by

-~ J -1 - -t
Rw = ma for U<e 'and kmy=1 for us e}

then since [E[ Zy;(wg‘g;\s] and E[ Z’g :_—] are finite a Chebychev-type

argument shows that, for some finite m, ,

EE#I] < mLu R@) .

Also since e.‘:cu-lsu\ and e":u-l < u"/z. it is easy to show that, for

some finite My,

e Mru-4 ¢ Myu kew), (1,1.18)

Therefore, for some finite M,

B 4(ps) ~ Ay < M (k) + EL Ty, k"*#c’j).

and rewriting this using Lemma I.1.2,

Awy = ,B V’(IBu) - Mku) - M Efk(ucyp x,)] | (1.1.19)

where Xo is a random variable which is independent of f XJ and has the
distribution function G, This is the estimate we have been seeking,
Combining the inequality (I.1.19) with the equation (I.1.14) shows

that

I~ ) > EE??,,(}}’ TP uexp $,) = M Kluerp S, |- Mk (u exp :S:,»]

““

where Snf S,,+xo . Let ¥v= E[Y,] and choose £>0o such that »+%£< o . Then
by the strong law of large numbers n(w-s) ¢ Sﬂs n{\?-r $) for all but finitely
many n, From the definition of k we can now see that

A

7 Rlexp L) ¢ 10
zm Xp n) \’)L:'m (ﬂ(‘l’-!-i_))é

< oo (1.1.20)

for m sufficiently large, Similarly Zh(exP §n\ is finite, However

EW(ﬁexPSn) > X V’([Senw’ﬁ)) = oo

N=pn
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since EE(Z&;HLOg (% 3;)]] = o, Doney(1972, Lemma 3,4), Therefore

l-tﬁ'( )=e and this contradiction establishes the proposition,]

The condition (I,1.,12) in this proposition can be weakened while
still using the method of proof given above, If 1 is a function satisfying
the following conditions : (i) 1(u)=0 for ugi and 1(u) is monotonically
increasing with u (ii) 1(u)/u is bounded (iii) 5t Lew du is finite, then

the condition
E[‘zg“ ‘r(gh')] < @

can replace (I.1.12) in this proposition, The condition (11i) on 1 is needed
to esablish the analogue of (I.1.18) and (iii) for the analogue of (I.1.20).

We may combine the three propositions obtained so far in this section to
give a fourth,.

Proposition I.1.6.,

v ELRygUogy) 1< oo and  [EL Ty, log y.1 < e
then the equation ¢sHdhas an £ -solution if and only if
EL(2y) 1 log (5y)[] <o and
ELXy gyl <0. 0 |
Notice that since x log x 3 x-1
X'y, leg v, > Ny - #iy,]

and so Ef#fg,j]>1 whenever E[‘Zy;!o‘g 5~]< 0. (In the branching random walk
one would only expect W(P)>0 when the process was supercritical so this

is not suprising, )

1.2 ELwel

The results of the preceeding section will now be applied to the

an) A 4
martingale W (&), Let ¢(u) be the Laplace transform of WIO) then tﬁ{u) satisfies

the functional equation (I,1.3) with
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_exp E;)GBL\ ; (1.2.1)
™m

Yi =

where, for this section, the one has been dropped from the enumeration E'])(:.) } .
Notice that ‘/:gf W“.Y@) and so (I.1,1) holds.

Now W(®) is a positive random variable for which, from (I.0.3), ELw(ejl<l,
If EEW@)) =¢ >0 thenthe Laplace transform of W(®) will be an af,c -solution
to the equation ¢= H¢ with y, defined by (I.2.1). Thus whenever this
equation fails to have an £ -solution we must have that Elw(]=0 and
hence that W(B)= O , Therefore W({®)=z O whenever the conditions of Propositions
I,1.4 and I.1.5 hold.

Since W6) 1is a martingale ex?(-uw‘“’cex), is a bounded sub-

martingale and so converges almost surely and in mean, Thus we know that

T C €xp C—uw("’f&))] 1 & ( Cxp (-w W(B)ﬂ .

If we let

g = 1 expt-uWel]

then W =e" and, from (1.0.k4),
an(U) = £ E T CPn_'(uai‘).].

Thus this definition is consistent with that given at (I.1.4), This gives a
probabilistic interpretation to the iteration procedure used in Proposition
I.1.3 and shows that the £ -solution to the equation <}7=h‘!} that is constructed
there can be identified with Elexplunce)]= $) , Therefore Cwi) =1
whenever the conditions of that proposition hold,

Let us define m, and m, by

w,(6) = Ef;éoex? toza] = § e 4f and
M, (0) = [E[;}: exp (‘-935] = e ) -
<D e >

then m‘(p) and mJ(~8) are the Laplace transforms of measures on (0, %) ,
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Notice that

%‘1\9—' - [E[ E);BLQXF(-Q\}L)] and %i%"z E[géo?f exP(‘95z)]

and that similar identities hold for m; and mzl' . The following lemma
explains how these Laplace transforms are i'elated to the conditions that

were imposed in the propositions of the preceeding section,

Lemma.‘I.Z.l

When ©>0

EEE&L"%-?J <o & -omle) < o and
Efﬂga(bog y&)z] <o &5 mP) <o

Proof., We may using (I.2.1) rewrite Zg ('0355. as

Z expl-3;) (93 + Logm(e))

teT m(6)

where J = ¢ L® 3.7 -6 Loam(o)}. Therefore

expko3) o - Loz \ &Xp£03:)
~ Tm®) (03:.,-}»(,03(\'\(9)\ '*‘3><>o( 3\ @)

¢ Lo L03 m©) | + “’°j m(9)]} Z exp(-63.)

m(©)

and taking expectations of this inequality reveals that

— - em'(e)
. Yy i + }
B:LZ&LOQ 3:] m(6) )

This proves the first part of the lemma; the second part is proved in a

similar way.3

When O is strictly less than zero m and m, are interchanged in

the statement of the lemma, Using this lemma we obtain the following thecrenm

from Proposition I.1.6.
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THEOREM I.2.2,

If, for some 6>0,

m,(8) < ©  and = Om(e) < (1.2.2)

then ELw @]zl if and omly if

E['Wm(e)floﬁ Wm/@)” < co and (1.2.3)
n(e) ex?(‘%)\) s 1 (1.2.4)

and WE):=0if either (I,2,3) or (I.2.4) fails, When &<o m, and m  are
interchanged in (I.2.2) and when @:0 neither (I.2.3) nor (I.2.4) is needed.m]

If f&im(e\«»} consists of just one point then m©) in (1.2.4)
should be interpreted as m/(®) + M7(8) .

Let

o, = 'mj‘{g-.m(@)<oa2‘ and 6 = Ju{a§9=ml@)<°°}a

Up until now we have assumed only that {&: m(@)<es} is non-empty, let us
now assume that 8,<@,; then (@,, ) is the interior of {®:m@®)<%] , Since
m/(8) is a Laplace-Stieltjes transform Mm/(ey and fn'”(e) are always finite
and continuous in the interior of §&: m(®) <o} , Hence the condition (1.2.2)

holds for all & in (6,,6) . Let the function P be defined by

&) m'(@i)

ﬁ(e) = m(@)exp(‘ o~y (1.2.5)

then P is a continuous function of € and the condition (I.2.4) is equivalent

to p@Y>1 .

Lemma 1,2,73.

The function /0(9) decreases as 6 increases for © € (6,,0,) nL0 =)

Proof. The function M is defined by

M) = iof % mie) s 8307, | (1.2.6)

~

When @= -m'(8)/m(8) the infimum here occurs at € and so, for
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8¢ (6,0),[0,x),

[u( r““‘((g;) ‘o(e (1.2.7)

The Laplace-Stieltjes transform m{8) is log convex, that is logm(e) 1is
convex (by Holder’s inequality) and so -~ m(6)/m(6) decreases as & increases,
Since M is increasing it now follows, from (I.2.7), that ‘o(&) must decrease
as © increases,[J

A similar argument shows that 10(9) decreases as 6 decreases for

6¢ (9“9,.\(\ (-Q; O] .
Let ¥, and ¥, be defined by

¥ = afie: pO>1, pe(0,00) | ), = up ;a.-(a(e».,oe(a,,oz)g

. . (1.2.8)
unless this set is empty in which case

V=56 ir 6320 ang F:th= 6 if <o,

Since {o{o):m(opl and e is continuous we can see that if €< ©0< O,
then the set {0: p(8)>l, 36@.,@)} is non-empty so that this definition
does cover all of the possible cases, and when 6,< ©< 6, we have

¥,< 0 4, . Therefore we can see that

As ‘o is continuous it follows from Lemma 1,2,3 that

©,,6)pf6:pE)51] = (v, +,)

(obviously (+] ;) 1is to be interpreted as the empty set when ¥=9,). This
establishes the following corollary to Theorem I,2.2., ( If A is a set we
will write mntA4 for its interior.)

COROLLARY I,2.4

If nt{6: m@pr<ow} is non~empty then there exists a possibvly empty
open interval (+),45,), where +J, and J, are given by (I.2.8), such that

for B¢ wt{O: m@B)<o}
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ECwieyl =1

if and only if

Elw"e] "bj Wm(o)’] < e and 96(,9“)91) (1.2.10)

and

wW®) = o

when either of the conditions in (I.2.10) fails.O _

When both m(6) and m(9) are infinite this corollary covers all
possible values of €& and describes Elwiei completely. Thus in that case
it is a complete generalization of the Kesten-Stigum theorem, As can be
seen from Theorem 1.2,2 some condition on the derivatives of m{6)at § and
©, would suffice to allow an exhaustive déscription of ELWe) when both
m(0) and m(p,) are finite. It seems unlikely however that such side
conditions can be dispensed with entirely.

In this section we have concentrated on translating Proposition
I.1.6 into information about ELw(e}) . As we will need it later I mention the
following lemma which comes:immediately from Proposition I,1.4.

Lemma I,.2,5.

If either M (® of ™M, (6) is finite then W®)=0 whenever

m(o) exq(%,) <1 g

1.3 The Halthusian case,

In this section we will concentrate upon a particular value of @
that is of special interest., Let us assume that there exists an « such

that

m(ay= 1 and O < —olmlp) < © (1.3.1)

For definiteness let us also assume that «>0, Then o will be called
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the Malthusian parameter for the process; a terminology that is justified
by the results proved. If a Malthusian parameter exists it is unique

because m(®) is convex., Notice, from (I.0.2) that

BT 10¢e]] ¢ o < o, (1.3.2)
Let F&)= EEI(-%fﬂ then F(t) = f‘(t)-f%w) we) = §¢ 4Rl and

/
~n') = Stc “AFY),

We again introduce some auxiliary random variables., Let the random variables

1X.} have the distribution function

b4
5 etari

then 3“ has the distribution function

e t
f 4 F

and ELX]= -m’e) . Let z(“) be the point process with the points 63(:} ] ;
this is a point process since for any finite interval I ZN(I) is finite
almost surely from (1.3.2). (Coviously e (0l«eo for some ©+0 suffices to

guarantee that I is a point process) Since, as in Lemma I1,1,2, for $zo
EL S swaz)] - Hg FEY) = S @y are)

we have, in the notation of the first page of this chapter,

(S sm e8] = ELTEGE 9]

FELFE(3,0-50+30) )

=% I ferz®)drm)

.
re

i

H

S &) dCrxZ™) )

(where F% Z¥ s the Laplace-Stieltjes convolution of F and Z"n)). Therefore

EL a2 w] = [f@)dr™w
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and in particular

x t
J_ e dr™ -

it

el 5 et

Hence

EL 2% ¢ &g B[]
= TN PLS, € (T

which is finite because ;Sﬂ& is transient, Therefore 2‘,7 Z(“tTI) is almost
surely finite for any finite interval I, Thus we may define the point process
N by

hJ - j;: :an)

and then N(I) is just the number of people that occur with positions in I.
The following theorem shows that N(O,T) usually grows like e as T tends
to infinity.

THEOREM I.3.1

L}
If J €efamy < (1.3.3)
then as T tends tc infinity
d W)
%€ ol
e — -y v 50
[ rd

) ()
and [F[W1]=] uniess ELW (ti)noj W |] = © when Wiel= o .
Proof, Take a satisfying O< a<« -m'(u) and let the integer K be

such that (k~l)za < T<K*a . Then

‘ - € __l___ < T-qt n)
L[ e = o ) fe bt
~$ ._'- .-..--L__.. ('-'\lo( -+ ‘ Z kaa-vo(t ) I 3
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Now
Ka

._!._ ~ n _ N -~
E[gl (K .)"" nzR? -*Joe d L' ’(t\] ) KZ":. k- nZ:K: ﬂ)[sné Kza—]
' Lo
¢ Xl % Prscod)

which is finite by Lemma I.2,1 ( B[(x7)] is finite by (I.3.3)). Therefore

o K *t (o0
o et ~ o0 4
" Nk -

as K tends to infinity. Therefore letting T tend to infinity in (I.3.5)

and then letting a tend up to -mi) we get

Wiot)
i“m .-. e [ = e—— Ic -6

To establish a lower bound take G o -m'(u) and let the integer K

be such that kKa < T <{K+1)a. Then

- K
-'lrlie—-dtdmt) 2 Z u(Kﬂ)j e dZ‘"‘(bJ

K 00 [] -
. n t
> 2, {W( W - [ 47t - [ a7 W50
N 3|

Q(K*H) na e .
Now
<0 [e] oo
St | L o 1 e -1
L 4 nJd € dzZwyj T 2 wwLS,20aq]
Nzt Ny

which is finite by Theorem 4,2 of Spitzer (1956) and so by Kronecker's lemma
O
-k
——L- fj e ™ dz(m(t.) —> O a.s,
a=; 0Oq

as K tends to infinity, In the same way

K

{ © _at
— L't — O as,
(K+1) nz:. :Y‘”e d

as K tends to infinity. Thus, from (I.3.7),

T
Lim mf _LJ e N(E) > - W() a.s,
T3 eo N (ol)
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This proves (I,3.4). The rest of the theorem follows immediately from
Theorem I,2,2 since (I.2.2) holds from (I.3.1) and (1.3.3), and (I.2,4)
holds from (I.3.1).00

Since
EL §° eanm] = 5 PLS,< 0]

which is finite by Lemma I,2.1 when (I,3.3) holds the lower 1imit of the

integral in (I.3.4) does not matter. We could equally well have proved that

‘Wl)

-
~oit
T+ e¥ane = -y *e a8 To e,

It 1s possible that there is a second positive solution, o , to the
equation m(e)z1, then >« and m®@)>p , If Jmt %t dl-(€) is finite

then, as in (I.3.5),

fe NfE) £ MM{Z’ w“"&w};’ S e:“i:z‘“lt)}

W@
Q

for O< o < m@&). It follows from Theorem I,2,2 that W(X) =0 and so

| p® _xe -
?L}_@ YTAN® — 0 a.s,

which is less interesting than the result given in the theorem,

As was mentioned in the Introduction to the thesis when Z is
concentrated on (0, w) +the branching random walk we are considering is closely
related to the Crump-Mcde (1968) model for a population, The points f:’,(:\j are
then considered to be the birth times of the people in the nth generation.

Let us write N(0,T] as N(T) from now on; then N(T) is just the number of
people born before the time T. Theorem I,3.1 can then bte interpreted to mean
that the populatlon grows exponentially with time at the rate ol , Usually
the extra complication of death is introduced in this model, Let 1 be the

length of the 1life of the initial ancestor and let

d(s) = L Le®]
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The possibility that 1 is an improper random variable, so that the initial
“ancestor could live forever, is not excluded, Normally 1 and Z are related

so that > sup{3l:e}, the natural requirement that the initial ancestor
cannot have children born after the time of his death; although Doney (1974)
does allow this possibility, No such relationship is assumed here., The process
is then built up, using copies of (2,1) rather than just Z, in just the same
way as the branching random walk described in the Introduction, Thus each nth
generation person has an associated lifetime which is independent of

everything else in the first n generations, Let D(T) be the number of deaths

before time T and let
L(T) = N[T) - D(T) (1.3.8),

then L(T) is the number of people alive at time T. Attention in this model

centres on L(T), As the following corollary to Theorem I,3.1 shows L(T) also

-
grows like e .

CORCLLARY I.3,2,

T
\S -olt diat)- 1.
=\ e Mt > ———— W) a. 1.3.
T, d ( 0 S. (1.3.9)

) o)
_Proof, Let d~ be the time of death of the person born at 3.. .

Let
— (1. )
W% = Z €x‘>("°( . )

then

ELY) - deapw o] = [ % expl2u 30 [?exP Co (o3~ )] ?mj
= FIT eplae32)] varle™] ¢ me?

Since Z is concentrated on (0, ) wm(®) is strictly decreasing as 8 increases

and so mQ«) <1, Hence

W™y —  dity Wle)  a.s (1.3.10)
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A proof similar tc that of Theorem I.3,1 will now be given to show that

1 _dw)
jﬁ Dy — n (%) — . W@ a.s,

and this combines with (1.3.8) and Theoren I,3.1 toestablishthis corollary.

Let 0”® = #fc:dQ <], Since

{n)

- na
S e < § e eV
we can see from (I1.3.10) and the proof of (I.3.6) that

~att LG
Lim sup & j e D) ¢ — = WiK)  as.

T—> oo

The lower bound provides more of a problem, Let the distribution function of
1 be G and let X, be a random variable, independent of ?X J} , with the

distribution function

d(d‘ j .&Ld C(ﬂ

then E[X;I: dw)"df&) and so is finite, Then, as in (I1.3.7)

LT ,
-“‘:fe d&dD(L) i W’{‘é{) "‘edb‘"(t)} (1.3.11)
o

a(K+B

- Now for any 2£>0,

el i? Iﬂ?:] d(o()nz:' LRP[S+x > nq]
S “f LplS,> na-g)] +

RD8

~Wlx,> a5
ELX]

— c————————

ﬂ?.

{

L ¢
4 § - LS, nCa-s)] +

T Mg

which is finite when a-3$> E[){J , again by Spitzer(1956). Thus, from (I,3.11),

Cirn inf == = e adk) 3 - A e

T m(’e{)

as required.]

It was in the context of the Crump-Mode process that Doney (1972) was
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lead to consider the functional equation (I.1. 3). Let W, be defined by

|.(E)
W .
¢ ELLE)]
He showed that
® |
W, — W (1.3.12)

with W not identically zero if and only if
E LWl fog W] < e (1.3.13)

and that then [EYW]=1 , and the Laplace transform of W satisfies the
functional equation (I.1.3) with y .= exp(-«3.)l This explains how the
condition Y. <t  was natural in the pro‘blem that he was considering, Kaplan
(1975) showed that when (I.3.13) failed (I.3.12) holds with W=0, Thus ¥ has
the same distribution as W(et), This section arose from this observation,

In certain cases the convergence in (1.3.12) is known to occur
with probability one, (For example, Athreya and Kaplan (1976) prove this for
a Bellman-Harris process with a non-lattice lifetime distribution and claim
that the generalization to the Crump-Mode process is straightforward.)

Proposition 1,3.3.

Whenever W, —>W almost surely W = W),

Proof, Notice that
S et aEne] = 1% JetaElz %] - Tl e )

= Y m(e) - X de)me)

0

] . _dw
| - on(8) | - m(8)

&

for 6>,

Applying a Tauberian theorem, Theorem 2 of Feller (1971, XIII-5), to the

two parts of this we can see that

tile) - A .
(X )

.
%: foe""td E L)) — (1.3.14)

Now, by integrating by parts,
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T -XT e EL(T)] T
T M = + Tl E e,

T -r

Therefore, if ]W-thsi for E>T, we have, for T>T, ,

e i - 2] <

CLml o [ o (0
1 e [ELLT o [ ~ob o X [ _at
¢ £ Lo ?Loe [E[ue)]dt}-r ‘T‘Jf EDLesS] fw- W dt

fe dE[ug] + = jT"e_'
[~

IN

“* ELLe]] w- W, | ¢,

Thus letting T tend to infinity and then ¢ tend to zero, using (I.3.14),

gives

A Tt d) -
T Lc dit) = W as.

and comparison with (I,3.9) now shows that W= W), T
It is known that when (1.3.13) holds, provided that W is not
identically one, W has an atom of weight lﬂ?[:s"] at the origin and is
absolutely continuous on (0 *) with a continuous density there, Doney (1972).
It would be very suprising if the same were not true of W(6) whenever EIw(8)=].
Bingham and Doney (19%75) establish certain relationships between the moments
of ¥ and W"&\ | For example E[W?] is finite whenever E[wdil is finite.
There 1s good reason to think that their extension would not be straightforward,

Thus from (I.0.5)

. 2 6) :
Elwer] = mn(\w) Efwerl-) + E[ wier]
so that |
o @ ELW @] - «wQ6)
ELwei] =

MN(e)° - mQe)

Since m(s)’"t'EEw‘ "ot s n(218) unless w" (8) is constant this implies
that ELweEv J cannot be finite when ®™Q6): m(é)lirrespective of the finiteness
of ELW9®'] .
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II,THE EXTREMES OF THE BRANCHING

RANDOM WALK

A) .
Let € be the position of the person on the extreme left of the nth
1)
generation in the branching random walk; or more precisely let é be given
by (0.3).This chapter is concerned with the asymptotic behaviour of Bm/n .

When Z is concentrated on (0, and

1<M(0°) L ®© for some & >0 (11.0.1)

Kingman (1975) proved that there is a constant 2 such that

B(o)
> ¥ s o (11.0.2)

where J is given by

¥ = swp{a:inffe®m @ O20.3< 1], (11.0.3)

In proving this result Kingman derives a lower bound, v, on lim inf B(“)/r\ ,
proves (11,0.2) under various restrictions and then removes these restrictions,
The technique, which is explained in Section 6 of his paper, that he uses

for removing a restriction is as follows, Construct from the given branching
random walk a sequence of new ones indexed by a subscript, T, satisfying

s

n
the restrictions, and hence (II.O.Z), and the inequality B ¢ B4 , Then

. B’“) . () . )
XS lem‘f?\ < /{lmsu‘g% < Lim.;BaI':: X‘T’ a.5. ::nS,‘_,

and if % 4% and S$+1 S as T tends to infinity this will prove that
(11.0.2) holds without the restrictions. The rest of this thesis is essentially
applications of this idea,

Thus in the next section a lower bound on lim inf 8 will be
found and then in the following section the sequence of upper bounds will
be constructed, This will establish that (11.0.2) always holds for the
branching random walk, In the third section the other extreme of the nth

generation is considered and a motivation for the next chapter provided, The
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fourth ana‘fifth sections serve as a link between this chapter and the
preceeding one., The fourth concerns the value of the constant 4 and
its connection with that of 7& . The fifth contains a few results on

how fast the sequence {Eﬁﬁn} converges to ¥ .

I1.1 The lower bound,

In finding the required lower bound on lim inf B /n there are two
seperate cases to be considered, The first occurs when the following

condition holds,

m(0.) < ® for some Bo>0 - (11.1.1)

-2

a condition that is close to the one imposed by Kingman, i.e. (11.0.1) .

Then from (I.O.Z),

PLE"¢aa ST ¢ 2™ migy" (11.1.2)

Therefore
PLE a0, 5] ¢ pw’

where the function fa is defined at (I.2.6). Whenever fWH<1 the Borel-
Cantelli lemma applies to show that only finitely many of the events

J éﬂ
iBms‘M,SZS can occur, When (II,1.1) holds & qmbo‘) tends to zero as a

tends to minus inifinity and so the set {u:pan<03 1s non-empty, since
fA(O) = 0 as G ~»~ co (11,1.3)

Therefore, in this case, we may define 3’ by

J= supia <13, (I1.1.%)

Then for any a <y

(ny
B
o ¢ Q only finitely often on S (11.1.5)

and so
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n)
Lim mf Y 2 X a.S. M S

Lemma 1I.1.1

On {a: ,u(mm} logm 1is concave and on ja: oc < m ()] M is strictly
increasing, If P(b):l then m is strictly increasing at b,

Proof, On {Q.‘/\A(b))O}

LOJ p = in§{9a+ 103 m(e) ? ©20%

and so 1ogf4 is concave, Since sup fra((r) : bi= m@ and log pe) 1s an
increasing concave function it must be strictly increasing on the set

fa: °<M(°\)<m(°)} . We are assuming that m{0)> 1 so that the final asserticn
now follows,. []

We can see from this lemma that

X-’: Su{){Q.'Iw@M 1?] = lh} {a :‘\A(a)>l3 (II.1.6)

and that ¥} ¢ o , Also by computing the derivative of the convex function
Gaq
€ m® at B, we can see that

m’(8,)
. Ba , - em—ea—
,A[Dl) = |v}§{€ m (O) -. 82 Goj when a £ m(éa) v

If, in addition, =™(8,)/m(8,)>0and m(6.,)> 4 then

{Cl:/u(a)< )} = fa b inf{ea"m(ﬂ 9> 903 < |5 . (11.1'7)

These two conditions hold in the case considered by Kingman, the first
because Z is concentrated on (o,%) +the second by assumption (II.O.l).
This shows that the lower bound derived here is the same as that derived
by Kingman when his conditions obtain,

WVhen the condition (II.1.1) fails it turns out that the simplest

possible lower bound suffices, Let

d = infla: PLB"<a]> 0] (11.1.8)

then it is obvious that
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B(n\
Vim nf 2 X as on S.

Therefore we will define ¥ by.

¥ = ln& ? Q- r\(ﬂ\ﬂ} when (II.1.1) holds (11.1.9)
and J = fﬂffa: P[B")w-bo} when (II,1.1) fails
and then
: )
bim 1af % s (11.1,10)

holds in general, Notice that b’ is always less than infinity but may be
minus infinity when (I1I.1.1) fails,

The following lemmas bring out the relationships between of, M, Y
and m; the condition (II.1,1) is assumed in all of thenm.

Lemma 17,1.2

For any a>« eeo‘m(g\—»eo as 8-5c , When ~w<cx wm(8) is finite for
all 626, and the function ewﬂ’\(g) is decreasing as & increases,

Proof, This is an immediate consequence of the definitions (0.1)
and (I1,1.8).0

Lemma 1I1,1.3

The function m is continuous on [«, ®) and zero on (~w,o) |,
Proof, By Lemma II,1.1 I is concave and so continuous on the

interior of {a: /\A(ab ol . It is clear from the preceeding lemma that
(o, ©) < {4-'/M(u)> 0} c [& o) (I1.1,11)

so that this lemma will be proved if we show that M is continuous from
the right, For any §> o ’
Oa -85 ,
e m(e) > ¢ /m (6+§)

and letting § tend to zero in this inequality gives M@ > may). As M is

increasing this shows that M 1s continuous from the right.{3
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Lemma I1.1.4

o ¢ « . Bt - 00
= and bim & M(g) < 1 (9 ) (II.1.12)

then ¥ is the unique solution to the equation

/«(a') = 1 | (11.1.13)

Otherwise Y=ot  and m)> 1,

ﬁ_o_o& ¥hen o=-© Mm@®>0 for all a by Lemma II,1,2 and so,
because of (II.1,3), we can find a satisfyilng O< pm(e3<q . Since M 1is
continuous on fa: m@y>o} it follows from (I1.1.6) that & must be a solution
to /M(Z)=l . Similarly when (II.1.12) holds /v(«)fl by Lemma II,1,2 and since
M is continuous on [X®) by Lemma II,1.3 it again follows from (1I1.1.6) that
J satisfies the equation (II.1,13). It is the unique solution by Lemma IX.i.1.
When (I1I,1.12) fails it is obvious from (17.1.11) and Lemma IT1.1.3 that &= «
and /w(b’) >1 .40

Lemms II,1,5,

When m{®) is finite for all &2 0,

\

7/,
“'m‘—"(a) (@ - 00)

. fa , . . N -
Proof, 1f qg>et then by Lemma I1,i,2 € mi®)>o as 8-w©, The function

&
e m(o) will therefore have a non-negative derivative for large & . Hence

/
s ()
a 3> fimsu T for all a> o,

This suffices if ol= - , if not then, again by Lemma II1.1.2, €“m@©) is
decreasing as O increases and so

¢ - m(8) .
() a

11,2 The upper bounds,

In the first part of this section (II1,0.2) is proved when Z is

concentrated on (o,) with ¥ defined by the equations (I1,1.9), Thus
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this will remove the side condition (I1.0,1) in Kingman's theorem, To do
this a sequence of upper bounds on lim sup 8"/n  will be constructed by
using one of the truncation techniques described in Kingman's paper. In the
second part this result will be extended and (II,0.2) will be shown to
hold for the branching random walk, For this a new truncation technique
i1s introduced, though it is similar to those of Kingman.

When Z is concentrated on (0,0) we can assume that {‘59} are

enumerated in such a way that
) by ()
31¢3, €35 ¢

From any realization of the branching random walk built up using Z we can, for
each positive integer N, construct a realization of a new branching random
walk in the following way. The initial ancestor is the same, His children
have the positions {3“:‘“&5!@}, forming the first generation. The same
procedure is applied to obtain the children of these first generation people
and so on, (Constructions like this one will be used often, The initial
ancestor will always ‘be the same as in the original process in their
description,and so mention of him will always be omitted. Notice too that

it suffices to explain how the first generation in the new process is

constructed,) Quantities in the modified process will be denoted by a

subscript, N. Now

mN(O) < N forall @3p

and, using the monotone convergence theorem

EL X €X§>(—93‘?)] 1 ELY epeo32)]

Fin

SO

m,, () T mb) & Noo (11.2.1)

In particular, M (6)>% for large N, and then (I1,0.1) will hold in the

modified process with 6, near zero. We may therefore apply Kingman's
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theorem to this modified process to show that

(r)
bim _E;g\.ﬁ = dy as on S (11.2.2)

where, because of (II.0.3),(II.1.6) and (I1.1.7),

Yo = infta: po@>1] (11.2.3)

_Lemma IT,.2.1

As N tends toinfinity on< ¥.

{e n)

Proof, Since B(mé B,, 4 BN " it is clear that XN decreases

monotonically with N and, from (II.l.lO), that 3',,2 ¥ for all N, Take

a>¥ and c satisfying

1< ¢ ¢ inf §¢mie): 620},

Now let T (x) te defined by

T)=X if X$C and T =C if  X>C

Then, from (II,2.1),

(P m o) T (e m@) = ¢, (I1.2.4)

Oq
Since O A= ™ , € mN(®\~>°° as B->® by Lemma II,1.2, Therefore,

using (II.2.1), we can find @ and K such that whenever N 3 K
Ga -
xle m,(6) = ¢ for allB> 6,

Dini's. theorem now shows that the convergence is uniform in (II.Z.LL). Therefore,

for small & ,

M (8) > c-2 >1J

when N is large, amd so from (II.2.3) 1lim sup 5»@5 a, This holds for all
a>y ., L
This proof, which has been given in detail, will serve as a model

for a number of proofs that will not,
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¢
™ we have, from (II,1.10) and (II,2.2), that

Since B¢ By
X < bim ‘mf. %(n\ﬁ Lm Sup _%m) 4 Viw %(:) - XN Qa.s. on S,J.

It is proved in Kingman's paper that the events SN increase monotonically
to the event S (a. similar result is proved below in Lemma II.2.2) and by
Lemma II.2,1 X, {¥ . Therefore (II.0.2) holds,
| If, for some T, Z is concentrated on (-7, =) then we may construct
a new branching random walk with the first generation people having positions
!E'S(: "'T} . If the quantities in this new process are denoted by a bar
then S=5,&=o+T , M(6)= COGT“(S), and therefore ¥ = Y+T . Clearly Z is
concentrated on (0,%) and so applying the result obtained above shows that
(1I.0.2) holds here also,

It remains to remove the restriction that Z be concentrated on (T, o)
This will be done by constructing what will be called a ‘bounded modification',
The first generation consists only of those people born at a distance less
than T from the origin; so in general no person is allowed to have children
at a distance greater than T from his position. Quantities in this modified
process will be denoted by a subscript, T. Obviously & >® and, by the

monotone convergence theorem, My (8)T m(6); therefore ¥4 ¥ (c.f. Lemma

o ()]

)
1I1.2.1). Since B ¢ B+ we have, from (II1.1.10), that

. (4 . n
¥ himif B "¢ Lim Sup B ¢ lim BY = & as on S (11.2.5)

-r . T‘

i

— ——

N n N

Lemma 11,2.2

linm S‘r: S 3.S.
Proof, Since the events S.r increase as T increases and S_‘,CS it is
sufficient to prove that PLs,]1=>p[s), For large T m(o)> 1 and so FP[S;PO. Thus
HST] tends to a non-zero limit as T tends to infinity and as noted in the

Introduction

£ (-®Ls. D)= V- RLs, ],

Now notice that 5_'_(5) J $(s) for s<1 and so, by Dini's theorem, for any
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a<l f(9->5(s) uniformy for 0% S< a ,Therefore
FU-tm®PLsY = 1= LimPLS]

and since bim WLS;1>0 this implies that Pz Lim 8} since WIS is the
unique root to this equation in (o 1) , Harris (1963, Theorem 11,7,2),I1

We may now let T tend to infinity in (II.2.5) to complete the proof
of the main result of this chapter.

THEOREM 11.2.3.

In the supercritical branching random walk on the real line

n)
B s ¥ o5 on S (11.2.6)
= :

with ¥ given by (II.1.9).

Ney (1964) describes a more general branching random walk in which
each person lives for a random length of time and these lifetimes are
independent of one another and of the rest of the process, Children are
born at the death of their parent, Above the lifetime distribution is
concentrated at one, If we defined B(t) to be the position of the person
on the extreme left of the population alive at time t then when the lifetime
distribution is concentrated at one we have shown that B&Yt-=>d a.,s, on S,
Thus J 1is the asymptotic velocity of one of the extremes of this branching
walk, It is reasonable to wonder whether a similarresult holds for more

general lifetime distributions.,

11.3, The other extreme

In the previous two sections the asymptotic behaviour of the
position of the person on the extreme left of the nth generation was
(o) n
examined, If we let D be defined by igl:Sueff?xju'm}then it is natural

to expect that, for some constant Il

)
_DK.._; I 6.8, on S. (11.3.1)

This problem was originally raised by Hammersley (1974, Note 1).



39
Let us form from the original process a 'reversed process' in
- Wwhich people in the first generation are born at the points {—3‘2 S . If
quantities in this reversed process are denoted by a bar then S=S and
g.“)="bm . Therefpre (11.3.1) holds with -¥=[", Since mF6)= m(O) the

analogue of the condition (II,1.1) is

™M ( 6o) for sone O < O (11.3.2)

and the constant I may be defined by
l\'__ R ou
= SU(»{G‘- inf{e m(e)f9€°5>'71 when (II,3.2) holds

and e Su‘,{\a : PLOYs ol >°} when (II.3.2) fails,

The 1link between the two extremes is apparent when the problems are
considered in the context of branching random walk, Hammersley raised the
questions for the Bellman-Harris process, in which Bw and Dml are the
times of the first and last births in the nth generation, In that context
they appear to be different, although obviously related, problems since
for example iB‘m} must be a monotonic sequence while {D(m} need not be,
This illustrates an advantage of focusing attention on the branching
random walk rather than some less general process.,

Let the function ¥ be defined by

fla) = fnf fee“m/e) :t0f

then when both (11.1.1) and (II.3.2) hold we can see that

m (o)

. (2 -
S(a) lnffc “‘m®): 820/ when @€ 7 75 and

it

inf 1% mig): 03 0f when @ - T0 .

J(a)
m()

§

thus the finite interval [b’) .["] is given by the formula

[3’)["] = Ja: sCa) > 11, | (11.3.3)

Notice that



5(~MQ)) = m{O) > 1

m (O)

so that ¥={ only if /,.(3()-_-/“(1‘)71 and then, by Lemma II,1.4, &=« and
similarly (= sup {a:®LU>al>0}, Therefore =1 if and only if all first
generation births occur at & . If for each n we let %M be the smallest
closed interval containing the points {3‘2’/0& then we may combine (11,2,6)
and (II,3.1) to give the following corollary to Theorem II.2,3,

COROLLARY I71,3.1

When both (II.1.1) and(II.3.2) hold there is a finite interval [3: (‘1],

-0
given by (I1.3.3), where <L unless m@®)= K& ™ syuch that

. . (f\‘ - ~a
(X, f‘) ¢ Llim mf 9€ C ‘f,lm SuPW‘MCDﬁ I.] 4.5, ™m S,U
In a sense the interval [25 1 describes the asymptotic 'shape'
of the population. It is when looked at in this way that the appropriate

| o )
generalization of Theorem II1,2,3 to the branching walk in R is obtained,

This is the subject of the next chapter,

II.4, The constant & .

The martingale Wm(&) considered in the previous chapter played
a very important part in Kingman's proof of (11.0.2). In particular he
needed to know for what values of B the 1limit random variable WI(6) could
be used to close the martingale, This is precisely the problem that is
solved by Corollary I.2.4, (Kingman solved the problem when W) has a
finite variance and then proved (I1.0.2) under this restriction which he
removed using the technique exploited in Section II.2) The following
argument, which is essentially that used by Kingman in proving (II.O.Z)
i1lustrates how the convergence of the martingale is related to the problem
considered in this chapter, Let us suppose that ETws)=1, so that wie = ECwier | 3™,

o, ko,
and that © /n=—>¥ |, Then by differentiating (I.0.2) and using the fact

{(n)

that '\7;:‘ > B we can see that

(n) (il
N NICIIEN E‘:{‘i W™ ogl = E[éfww\] — Y EDwiey) =¥
(e n o
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as n tends to infinity, Thus, from Corollary I.2.4, ~™(%V/m0)%d Now

if P(-9,_)=1 ( /) is defined by the equation (I.2,5)) then, from (I.2.7),
._m'/ﬁ;‘ -— -
FOY s g (22 = o) v

but /\ACb’)éi by Lemma II,1,4 and so by Lemma II,1.1

¥ = - )
m(,)

In this section we will show that this relationship is typical, although

not universal,

Throughout this section we will assume that

6,<®, ama >0 | (11.4.1)

where, as in the last chapter, CQ.,QL) is intfe‘- m[9)<0°1' . Let

(= lelo(a) as 076, and L= "'"\/‘191 as 64’90

then it turns out that there four cases to consider. They are :

l>1, 6=, - (11.4.2)
I > '/ 92 < o::-’ (IIOL"GB)
>0, L <1, (IT.4.4)
6,<0 or L), T g1, (II.4.5)

Since f is decreasing when @ is greater than zero these possibilities are
exhaustive, Before giving the relationship between 3) and ’l% we will need

some preliminary lemmas,

Lemma II.4.1

Except when (II,4.2) holds ¥ is the unique solution to the equation /A(&')-;j_

Procf, When & is finite then, by Lemma II,1,2, & ==~o and the
result follows from Lemma II,1,4, When 6,20 it follows from Lemma II,1,5
that

T = Lim £%m®) 2 ©0— (11.4.6)
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and so when L<1 the result again follows from Lemma II.1,4,[]

Lemma IT.4,2,

When (II.%4.5) holds ¥, is the unique non-negative solution to the equation
p(6)= 1 . When (II.%4.2) or (II,4.3) holds %=8, and when (II,k4.4) holds
V=6, .

Proof. The last three cases follow immediately from the definition
of '*9;, , (I.2.8), thus we may assume that (II.4.5) holds, Then L1 , and
pPO»L or L>1  and so, since P 1s continuous it follows from (1.2.8)
that 591 must be a non-negative solution to the equation f>(9): 1 . If m¥)= Ke'e'
then, since m(0) > 1, X>1 and so s}, Thus we may assume that (8) is not
of this form and then, since mi(®) is analytic and log convex, ™~ m'(9)/ m(0)

—must be strictly decreasing, It now follows from (I.2.7) and Lemma II.1,1
that the equation PL9)=1 must have a unique non-negative solution,[]

Lemma IT.4,.3

When ©0,<e«, {>o0 if and only if ™'(f,) 1is finite (and hence m(0,)
is finite also).
Proof, From (I.2.7) and (II,1. 3) we can see that when E>o -m’(e)/m(a)
is bounded below for ©>0 and so W )4 w , Wnile m/(9)> -= since m
is convex, If m(6) is finite it is obvious that p(9,_)>o . O

Proposition II.4.4

. = Lim - m’(ﬁ,))
"97." 91 (= °°) and J = o 000 m{ 6) ‘V m’) :

(ii) When (II.%.3) holds

2.
'191 =6, ama @ m(ﬁz) =1,

(11i) When (IX.4,4) holds

’)91 = 9, and E#IXM('I?I) = l )

(iv) When (II.4.5) holds then the equations

}
Oa _ (o)
©) = a = T — o>
e m6) <1, m(e) > 0
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are satisfied when, and only when, 92)% and a=79 ,
Proof, (i) This is immediate from Lemmas II,1.4 ,II.4.2 and the
equation (II.4,6),(ii) By Lemmas II.4,2 and II.4,3 ¥, =6, , and m (%) and

~

m0%) are finite, When ¥ 1is given by - (Logm./+,) it is easy to see
that the convex function esi'm(m is decreasing at ¥ and so
inf{ewm(m'-@é 032 m('x?,_)QXP(\%?) =1 . Thus )A(S")r-l and Lemma II, 4.1
completes the proof, (iii) Similar to(ii).(iv) This is immediate from
Lemmas II,4,1, II,4,2 and the equation (I.2,7).01

All of the results in this section so far have been one-sided,
concerning only )9,_ and B/. Obviously similar results hold for f: and {”
but only the following proposition, which is an immediate consequence of

Proposition II,4,4(iv) seems worthy of mention,

Proposition I1.4.5.

If 0, <o <¢H and L, L<4 then the equations

- m(p)

Oa =1 - oI
e m(9) b and a = m[o) (II,LP,‘?)

have exactly two solutions; (-fz,b’) and (19, ) ) -

The equations (IT.4.7) were also derived by Kingman (1975 eq3.7)
in the case that he was considering,

This provides an opportunity to glve some examples of branching
random walks, and then to apply these Propositions,

i) Let
97.
m(o) = Kex.?(i.> K>1
which could arise if the position of each child in the first generation

was chosen using an independent normal distribution, Then @,=-w, B, = o, L=T=0

aﬁd so Proposition II.4,5 applies. The equations (II.%4,7) simplify +to
a= iJ:Ll03 K and © = :’:SILOSK

ii) If the positions of the people in the first generation form

a Poisson process of unit rate on [0,00) then



-
M(9> - 6 .

Therefore 6,=0 =, l=0 and Proposition II.4.4(iv) applies to show that

-t
X=e and Ve,

iii) Let

m(oy = K Z exp(~(e 8Ja)

This will arise when people in the first generation are born only on

the positive integers and the expected number of people born at the

6n
point n is K& /a® , Then 0-8 ,6,= =0 and

L= k(T L) exp(é'(f:—'aa)/(m-s)).

Thus if K is sufficiently small L<1 and Proposition IT.4 4(iii) applies

so that

¥ = -t Log(xTh) N

A variation on this example will show that the case considered in

Proposition II.4,4 (ii) can also occur.

jv) Consider a Bellman-Harris process with a lifetime distribution

which has an atom of weight p at }‘3 and is exponentially distributed

on (P,oo) otherwise, Then

-6 -
m@) = me B(F + ——-E) D<P< ‘) m > ‘, \330) «9,“—*’, azmj

|4+ 8
and
/ -—
- m@e  _ ?)_,_ (-p)
m () (+e)(1+p o) °
Therefore

o(1-p)
HGE {P + H_J ((z+93u+\>e))

-

and so (=0 and L=mp, Thus when mp>1 Proposition TI,.4,4(1) applies and

>0, K>0,

¥-5.
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I1.5. The rate of convergence,

We now know that the sequence {8™4} converges to ¥ and this
raises questions about the rate of this convergence. For example Hammersley
(1974,%4) conjectured that R0 ¥ converges in distribution. Alternatively,
by analogy with the central 1imit theorem one might conjecture that @™ o/N®
converges in distribution, If either of these results were true it would
form an important complement to the knowledge that Bm/n converges, The
first proposition shows that neither of these conjectures holds in general,

Proposition I1.5.1

When the condition (II.4.1) holds and 1<41 then
BM" nX —> © a.s, on S

Proof, Since €< 1 4t follows from Lemma II.4.2 that %< and

that lO(-fl)él. Therefore by Lemma I,2,5 Ww(wy,_)-b (0] a.s. Now

() - exp(-%3o)
WO = % SRE

> Sp P 8™ - e_x‘,(-%(?)(“ln)'\))
™m0 )

since m(ﬂ)?x?(ﬂb’):l by Proposition II,4.4. Therefore exp(—)ﬁ_(ﬁml nﬂ) ~» O
and because, as was noted at (I.2.9)n91>o this implies that Bm- nd>o00 a.s.
on S. The condition that L<! can be replaced by [ if 6,%% for then

2,¢0,< and the argument given still works.[}

Proposition 11,5.2,

When the conditions (II.%.1) and (II.4.2) hold then there is a finite

random variable, X, such that

(M
X —> X a,s, on S

Proof. In this case ¥=ol by Proposition II,4,4(i) and without
loss of generality we may assume that ® =0 , Then {Bm)] is a monotonically
increasing sequence and so the result will be proved if we show that it is

almost surely bounded,
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The initial ancestor will be called exploding if he starts an
infinite line of descent with all of its members at the origin. Since
the expected number of children produced at the origin by the initial
ancestor is ( s Which is strictly greater than one by assumption, he
will be exploding with positive probability, P. The event that some
person in the nth generation is exploding (with respect to the branching
process emanating from him) is contained in S and has the probability
1-f“('1~p). Now 1-f“(1—p) tends to WIUS], Harris (1963, Theorem II.7.2)
and so there is (almost surely) a person in some generation, whose position
we will denote by Y, who is exploding., Then for all n BNS Y which bounds
the sequence iBmS above, {J

This proposition shows that Hammersley's conjecture is occasionally
true., It also explains some of the numerical results obtained by Hammersley
Davies and Traxler which are presented in Note 8 of Hammersley's paper.
As they comment there the critical distinction seems to be between 1>1 and
Iél .(Their comment is phrased in terms of the Bellman-Harris process - it
seems worth noting that for any Bellman-Harris process in which (II.4.1)
holds £,¢0 and 6,=0 ; thus these two propositions leave cpen only the case
when L=1,) I do not know how gﬂ)-(\)/ behaves when (II.%4.3) holds or when
.= and =1 .

When either of these propositions is in force it is obvious that
1im infY "od)30 and so a plausible conjecture is that this is always true. A
slightly weaker result will be established, essentially by a refinement of
the arjgumeﬁt used to produce the iower bound in Section II,1.

Obviously we must assume that Y is finite. We can immediately
dispense with those cases when Y=o for then BM- nd isa positive
random variable for each n, We may therefore assume that (11.1.1) holds and

that (II.4.2) fails, that is that

W\(903<°° for some %>O -and when 62=0° L<i, (11.5.1)

Notice that when m(e) is finite at just one point we may, for the remainder
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of this section, let )91'—' 8, and then by Lemmas II.1.4 and II. 4.4

24

) =1 (11.5.2)
whenever (II,5,1) holds,

Proposition II1,5,3,

For any &> o

™)
L‘m \ﬂf‘(B -—S\'\y) 31 O
N

a.s on S,

Proof, Now, as in (II.1.2),

Pl g™ nzf-nsz, s1 ¢ &

.4 " -0592
mPB) e

and so, using the formula (II.5.2),

PL 8¢ n&’~n£f.) Sj £ exlo[— n‘»& Z).

The Borel-Cantelli Lemma now applies, since 192 >0 and §>0 , to show that

. (») J
Lim mf(B "‘") > -4  as on 9.0

n®

The same proof can be used to show that

) (‘M_ d |
Lim 15\[-('8"03:) > - ;’Z as. on 3.

'n)
All of theseresults can be interpreted as ' 8" is usually larger
{n) ?
than nY' so that what is now needed is some upper bound on ® -0

I have made no progress on this problem,



I11,THE ASYMPTOTIC SHAPE OF THE BRANCHING

P
RANDOM WALK IN B .

Let X bve the vector space RP for some finite p, If X and Y
are in % then their inner product, (Z'.Y-,Y;) , will be written as X,Y and
the Euclidean norm of X will be written as |X[, The unit sphere,{x3|X7=1§
in ¥ will be denoted by «3 . In this chapter scipt letters are always
subsets of X , Other capital letters are elements of 3  and small
letters are real numbers.

The description given in the Introduction of the branching random
walk on the real line will, with only the obvious modifications, also serve
to describe a branching random walk in which a person's position is given
by an element of X , The generation sizes again form a Galton-Watson
process that 1s assumed to be supercritical so that the event S has positive
probability, Ney (1965) considers a process that is very similar to this
one, however the sort of asymptotic properties that he was concerned with
are quite different from those considered here, The following condition,
which is assumed to hold throughout this chapter, ensures that we could
not be working with a smaller space than X .(In line with the comment on
notation in the first paragraph the positions of the people in the nth

s » _'(f\.)
generation are now written as f L ¢ } )

) -
For no ¢ and A does FP[ Zp-g =C §°r°u’ rj =1 ' (111.0,1)

' ()
For each n let Séﬂ) be the convex hull of the points { Z«/ ﬁ} .
(n)
Then %n describes the shape of the nth generation and in the first three
sections of this chapter the aim is to describe its asymptotic properties,

When X =FR +the condition that
E[Z; CXP(Q,ZﬁsD] £ ©o for some >0 (111,0.2)

holds if and only if both (II,1.1) and (II.3.2) hold and in that case, by

Corollary II.3.1, the finite interval L &, [*] describes the asymptotic
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shape of ¥~ . The condition (III.0,2), which is often called Cramer's
condition, still makes sense for the process that we are considering
and we will assume that it holds throughout this chapter.

In the fourth section which contains the main result of this
chapter the set of points {Z{:)/nif'g are considered, If we denote this
set by @M then in the fifth section it is shown that this main result

can be expressed as

(™ A
3 6 a.s., on S,
where £ 1s a closed compact convex subset of X and A is

a metric on the closed subsets of X .

I11,1, The lower bound,

For any W¢ & we can construct a branching random walk on
the real line from the branching random walk on 3 by the projection of
the original process onto W, That is to say that the initial ancestor is
again at the origin and his children now have the positions 27—(:“’} . Then
the nth generation people will have the positions 52(:)."\’3 Since [A.w‘é\AH W f
the condition (III,0,2) holds for this new process also. Thus we know, by

Corollary I1,3,1, that there exists JW) and Y'(w) such that

N Y . n ’
@), W) € im inf W € i sup X W ¢ ) fwl] as. on $
(111.1.1)
where ¥ W is the convex hull of the points 20w/ n}, The

condition (III.0.1) implies that ¥W)<J6).As 98w  1is just the projection

of 9?‘ ? onto W this suggests that if we define the set é by

-

£ = ) Py: ¥W) ¢ WY ¢ NU)} (II1.1.2)
wed

then

int £ ¢ b inf %" ¢ limm Sup 3@64) A a.,s on S,



(1im infA,.= Q N A., 1lim sup An’: (") U“Am), This is what will be proved
Mon . M

. in this section and the following one, This section is the analogue of

Section I1,1 hence its title; but this is a misnomer for the result

) o
corresponding to 1lim inf é n>d is 1lim sup ¢ 6.

Since both ¥(w) and Tw) are finite & 1is a compact convex subset

of ¥ | Also ~d-wW)= (W) and so (117.1.2) may be rewritten as

E = ) 1Y Yw) < WV},

wed

The intersection over the whole of the unit sphere is inconvenient. We
will therefore prove that W) is a continuous function of W on <&
that this intersection need only be taken over a countable subset of <€

00
To do this let us assume that {X‘-’}bo are in <

X, =X, , Let us define .(6) by
m(e) = E[ % exp (027 .x,)
and pm;(ay by
pi@ = b { e*mye): 030},

Then we know that

where ¥, =¥(X.). If we define m(®) vy

n(®) = EE[E(’):PG-@.Z(:.})] e

then

m: (o) = m(GXL)‘

Since m(®) is a multivariate Laplace-Stieltjes transform it is finite
on the convex set o:j and infinitely differentiable in the interior of

°J ,Lehmann (1959,§2.7). The interior of Cj is non-empty because, by

and that

(111.1.3)

(I11.1.L)

(111.0,1), it contains the point ®=0, (0 will be used both for the vector

and the real number)
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Lemma IIT,1,1

. XL — Xo as L» oo,

Proof, For any a and £>0 there exists a B with PX o 1in the

_interior of o and with
ﬁa
e moqg) < }\Aa(aj-vi
By (II1.1.4) and the continuity of m(®) m; (g) = m(g) and so
Lim Sup Ml ¢ Poly, for all a,

Therefore

Lim c;\jf b/., 2 Xo s

Fix a in the interior of fa: /Mo( a)> Dj . It follows from the
condition (III.0,1) that m.(e) is not of the form ke-ec for any i.
Therefore the strictly convex function e&am;‘@) attains its infimum in
[0,©] at a unique point B: which might be infinity. Now eoqmo(elz E‘QS/AD(Q-«S),
and on(a-S) >0 since a is in int{ﬂ:’»o(ubo}, so this tends to infinity
as & tends to infinity; thus /Eo is finite, When Bo>0 the convex function
ee"mo(e) is strictly decreasing on the interval [X,¥1 for O¢X<Xc¢ Bo -
Since XXp and WX, are both in intd , m (%)= mg(x) and m(K)-> o K],
Therefore the convex function eoam,bla) must also be strictly decreasing at
% for large i, and so lim inf B; > g § obviously this also holds when

F‘, =0 , When /3,_)(0 is in int J  a similar argument shows that lim sup B, < e

and when P,Xo is on the boundary of ¢ +this holds trivally. Therefore
' \
BX. = PoX.o (1111, 5)

When B X, is in intd  the continuity of m(®) now implies that m - ju(a)
A further property of m(®) is needed to deal with the possibility that ﬁoxo
is on the boundary of (j . The function logm{®) is convex, by Holder's

inequality, and if X is on the boundary of J log m(8X) —> log m(X) as
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$1 4 . It then follows from § 4,1 of Stoer and Witzgall (1970) that

——

logm(® 1is what they call a closed convex function on the closure of J, J.

(This fact is needed again later,) In particular it is lower semicontinuous

on J  and so (I11.1.5) yields

L\v;r\ \n‘( }\A;(a) 2 l\aota\ for Q¢ intfa :/uo{a)> 05.

Therefore
[im Sup ¥, ¢ 5,0
1f fW.l., is a countable dense subset of < then, using this lemma
€= D{y:¥uw)svw.l. (111.1.6)
It follows from (II,1,5) that for any £ > O

¥"w ¢ [Yw)-1, o) (111.1.7)

for all but finitely many n, on S; and when (III.1.7) holds

W ¢ Y1 Yiw-5< YW,

Therefore for any integer r
(A) N , -
96 iy YWY -5 < \/.w,} (I11.1.8)
‘-:'i “
for all but finitely many n, on S, It follows that

Lfm SHP %(n)g O{Y:‘yﬂ‘/")"i 5\’«“:} a.S., on S,

This holds for any £>0O and, together with_(III.1.6) this suffices to

prove that

(i Sup 35(“5 < g a.s, on S,

Thus & is a 'lower bound'.
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ITI.2. The upper bound,

If the interior of € were empty then & would be contained in
some plane (i.e, hyperplane) fY! X.Y = ¢y and then ¥(X)= {x}=c . This
is ruled out by the condition (III.O.l); thus é has a non-empty interior,

If {‘!.‘ X.Y=¢] is now a supporting plane to & with X in -8
and ¢ chosen so that ¢ {Y:X.Y>c} then from (III.1.3) €% X)), If

C>dX) then for some &> 0 and r sufficiently large

- Lr}’h: Xwy-5¢ Ywd € Y ¥oxy+6 < XY]

and so, by (I11.1.8),

9 ¢ £Y: ¥+S < x V) (I11.2.1)

for all but finitely many n on S. However we know from (III,1.,1) that (X(x),fl’x)s
is contained in lim inf 9&))( almost surely on S, which contradicts (II1I.2,1).

Therefore &X}=¢ and any supporting plane to B can be written as

SY: W= Y(wh

for some W€4 .

A pointE in € is called an exposed point if there exists a

supporting plane, Y Y. W= b’(W”"’)} , to € for which

én{‘(: \uw*—--ﬂw*)} = |, (I11.2.2)

We know from (III.1.1) that we can find for each n a person in the nth

)
generation, with the position = , such that

(ny ¥
Er:w —s YW a.s. on S. (111.2.3)

If r is sufficiently large then the set

0V ¥y -5 € YW, ]

L'.'.

' (n)
is bounded and from (III,1,8) it follows that the sequence fE / "\} is

bounded also. Let A be an accumulation point of this sequence then, again
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from (II1.1,8), A must lie in & . Also, by (111.2.3), A.W*_ ¥(W*) and
- so from (III1,2,2) A=E, Therefore Ew/ﬁ > a,s., onS, If BB Eg
are exposed points of € and % (E,...Es) is their convex hull then it

follows that
- ()
de, ENC liminf J a.s. on S. (1I1.2.4)

Any compact convex set is the closure of the convex hull of its exposed
points, Stoer and Witzgall (1970§3.6); thus if'iE;f‘ is a countable set
of exposed points dense in the set of all exposed points then we may let
s tend to infinity in (III.Z.LP) to complete the proof of the following
theoren,

THEOREM I1I1,2.1,

For any supercritical branching random walk on X satisfying (11I1.0.1)
and (I1.0.2) there exists a compact convex set, 1 , with a non-empty

interior, such that

[\'\té C lim (ng x%(%) ¢ Lim gup g[mc ¢ a.,s, on S, (111.2.5)

If E is an exposed point of € then there exists for each naperson in

the nth generation whose positlon is EN such that

g
Qe "‘—% E - r1  vr~v o~ 7\
0 a,s, on S, Lt (111.2.6)

The proof above raises an interesting question, For what other
points of ‘€ does (111.2.6) hold? We will return to this question in
the fourth section of this chapter but first we must study the set £
in greater detail, Also it seems likely that a result similar to (1II.2.5)
will hold even when the assumption (III.O.Z) fails., I have not considered
this matter seriously, However it is clear that in that case the set g
need no longer be compact, This would introduce some difficulties into
the proof given above. For example a non-compact convex set need not be

the closure of the convex hull of its exposed points,
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111,3, The set & ,

In the one-dimensional case the equation (11.3.3) gives a formula
for the set £ , A similar characterization of & will now be given for
this more general situation., This will lead on to other results which are
also the natural analogues of those given in the preceeding chapters.

Let us define S(A) by

J(A) = af §e®'ﬁm(@) d @3 A €, | (111.3.1)

Proposition 11I,3.1

E = {A: s> 11 " (111.3.2)
Proof, Let $(a) be defined by
5@ = u}»ffﬁgqm(a)() 1 0] por X€S
then we know, from (I1.3.3), that L&), T = fa: S@>1F and so
{ﬂ c YK € XATY) = Th Sx(x, A) > 17,

Tt now follows from the definition of £ , (III.1,2), that

e = N {A:S (A1}
xe 3

P inglgbn)ixedt> 1l (o)

]

i1

However

il

mg{mg{m(DXSC),@X'ﬂ 10} XE/S}
wf 5 aa) s K ed)

s = inf 1™ m(@): @]

£t

and so (III.3.2) and (III,3,3) are equivalent.[]

It is clear from the proof that was given in the preceeding section
that any non-empty compact convex set that has only a finite number of
exposed points can arise as é . However it is not clear how large the

class of sets that can arise is,
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Let the set A be defined to be the smallest closed convex

set for which
(+)
©"c A

The following lemma is similar to Lemmas II,1,2 and II,1.3,

Lemma IT1,3,2

1) If WNe wtA  then e@'ﬁ m@®)—> %0 as || —> w

1) If A€ A then Inf{e®PPer@l= 0
1ii) If A€ intA then § is continuous and non-zero at A.
Proof, i) Let $K.J be orthonormal vectors in ¥ , For $>o let

the event
gFof Seme r"(z‘:“\)-Ki <- g_g

have the probability ]5 . Then when @ = OK, we have

e@'ﬂm(ﬁb) = E\jz’ex‘;(* C\D.(Z‘:-ﬁ»] > F’ 688—> 0o
as 0> yhen § is small, since then f>’> ©. Similarestimates apply whenever
€ is of the form t€ K. . The result now follows because e@?n(@) is a convex
function of ® .ii) If AdA let {X: X.¥=X.A] be a plane through A
which does not touch & where X ¢ 4 is chosen so that AC3Y: X.Y > x'M@
Then, by projecting the branching random walk onto X, we can see from Lemna
IT,1.2 that Eogxm(GX)")O as ©@->0 ,iii) From i) S is non-zero at A
when A is in 1t A |, The function log S(A) 4is concave on §d: §AY> o}
and so is continuous on the interior of this set, and combining i) and ii)

shows that

Wt A < {A:@>0f c A

and hence that $ is continuous on intA |

Notice that

(’(4"—‘—/—(3‘) = m(©) > 1

m{0)

where
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dm(®)

/ . om(®
M (@)J 0 ©@;

and so since log§ is concave it follows from Proposition III,3,1 that §(A)=1

can only occur when A is on the boundary of & . Thus

mEE ¢ 1A s@y>1) . (111.3.5)
Since § is continuous on intA we can see from Proposition III,3,1 that
Bﬁn w’»tA = {H: §(m=1'S n ot A (111.3.6)

where é@ is the boundary of @ , and so whenever
¢ it A
8@ is given by

Y6 = fa: sa)=1}. (111.3.7)

The proof given at the start of the first chapter can be used to show

that if W@®) is defined by

(@) = ¥ eRb )

m(@)"

e
then (Ww(@) )%n) is a martingale and it has an almost sure limit, W(@®),

Let the set £ be defined by
— i g i >
E- o “‘.OSQXP( m(@)) 1

then as in the proof of Theorem 1,2.,2 , we can use the results of Section

I.1 to show that when ®¢€ fﬂéj then
E{W(@ﬂ"l if EYWM(@)] L"fj wll‘(@)n<°"’ ana O€¢€ , and

WE)=0 ir {H: WUSC@“ L03 W'w( ®) H 0 o B¢F,

For any fixed X € & the function
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/
M)) (111.3.8)

W\(QX) GYP(“ M(QX)

decreases as 8 increases for = © , by Lemma I,2,3, Furthermore if this

s . -8a
function were constant on an interval then m(®X)=Re , for some k and

a, which is not possible as (III,0,1) hoilds. Thus (III1,3.8) is strictly

decreasing. Let us define ¢ by

§ - o m(e)eq(-2n@) 51 ocl,

M (@)
(111.3.9)
Notice that, since if ® € € so is R® for all k with O< ksl
-~
£t is connected, Also if
~S . s
£ c ut j and € is closed (111.3.10)

(closure and interior are always with respect to ¥ ) we have £=.;,(:£’: and
tha boundary of ‘Z. is given by

3= 3E = {0 m(®)exp(“._—__——@('n”(‘é?))=13 (171.5.11)

this is similar to the first part of Lemma II.4.2., When X=R €c T ipplies
that é is closed but I do.not know if this is true in general. In that
case the condition (III,3.10) is equivalent to L,0<1,

The condition that (II1.0.1) holds implies that #{®) is the Laplace-
Stieltjes transform of a measure with a support which has a non-empty interior,
Therefore by Lemma 2,1.,1 of Brown (1971) the matrix with the (i,j)th element

| 3w - L 2m dm (117.3.12)
m(@) 020 n(® 3@, dW; o

ispositive definite for all @ in intY  and so logm(®) is a strictly
convex function on int aj , Stoer and Witzgall (1970, Theorem 4.4,10),

Let the function G be defined on the interior of f] by

e = - n©
m(©®)

X
and iet its range be A s that is let
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X (0 -
A¥ = S- . © ¢ wt Y.

Since logm(® is strictly convex the function G must be one-one, Also the
Jacobian of this transformation, which is just the determinant of the matrix

-1
(I1I1,3.12), is non-zero; thus A" is open and G is continuous,

Lemma IIT,3,3

The condition (III,3,10) is equivalent to the condition that

€ ¢ A* (111.3.13)

Proof. Whenever (@ € it %]

/. m’(@)) _ _@.m/(@)) 14
S (O (@) exp ( @) (3.8

thus, from Proposition III,3.1 and (III.3.9),

@(\A* C C(@N) (111.3.15)

When (III.3.10) holds we can also see that
wm—— (4 )
G(L) C ¢

and then

€ = G(Bu (a2~

Pond

—_— ‘ ¢ '
Since G ( @) is closed when € is closed this expresses as the union
of disjoint closed sets. As € is convex and so is connected one of these

must be empty, but -m10)/m(®) is in €(€) . Therefore when (111.3.10)

holds (III.3.13) holds,
Let us now assume tﬁat (II1.3.13) holds, then, from (111,3.14) and

(111.3.15),
€ < TeYu (X \wt%)

However, as Was noted just before (III.B.iO), @ is connected and so is
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contained in just one of these disjoint closed sets. Therefore, as
O¢ €nC'(0)

oS

AR (A

and so 6 ¢ ‘;‘tol . Also since a-'(ﬁ) is closed and contained in sat(d it
' ~J
follows from (II11.3,9) that € must be closed also, [
It follows from (IIT,3.14) that S[A) > © for every R € A¥ and

so, from Lemma I1II,3,1

Ax C wmt /4) ‘ (111.3.16)

notice too that, when =3¢,

A* = 45#/45 (111.3.17)

Proposition I11,3.4

When (III.3.13) (or equivalently (II1,3,10)) holds the equations

()

m(@exp(@.9) =1 and A= D)

are satisfied only when f} €€ and ©e¢d &, Furthermore to each point
in d6 (and to each point in bé ) there corresponds exactly one solution,
Proof, Both (III,3.7) and (I1I.3.11) hold when (IIT,3,13) holds,

using Lemma III,3,3., Then from (III,3.14)

C(yE) =3¢,

and since G is one-one this suffices to prove this proposition,{

Obviously this proposition is the analogue of Proposition II, 4,5,

IIT.L4, A stronger limit property of e .

This section contains the main result of this chapter., Let
(ny _ 0y, .
e™ = {700 r’}‘

w . (v
thus 9(’( is just the convex hull of 4 . We know from Theorem 111,2,1
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(o
that whenever C is an exposed point of & there is a sequence {C"j with

(n) n)
Ce d such that

C(ﬂ)-b’ C a.s, on S. (II1.4.1)

In fact this holds for all C in& . To establish this we will need to
know conditions under which a boundary point of € is also an exposed
'point of & . The following lemma provides us with sufficient information.

Lemma IXI,L.1,

When C€& 36 o A® then C is an exposed point of £ .

Proof. From (III,3,6) and (III.3.16)
IENN = (A sm-1n A

and so when C €3€3A* then S(A)=4 for all A € d€ which are sufficiently
close to C, because Ax is open, Thus if C fails to be an exposed point of

€ then there must exist C, and K such that {(C,+2AK)=1 and (4)K
isin A¥ forall A in -1¢ A4+ , (This is because C must lie on
some line in B@ ) We will show that log §(A) is strictly concave on A*
and hence that this cannot happen.

Since, from (III,3,1),

~log(¢A) = Sup { @.A-logm(0): @]

the functions logm{®) and -log f(wﬁ) are conjugate convex functions, Stoer
and Witzgall (197O,§1+.6). As was mentioned in the proof of Lemma IIT,1.,1
logm(®) is a closed convex function and so, by Theorem L,7.7 of Stoer and

Witzgall

LOS m((’;\) = Su?g le gAY~ @.A ; ﬁ} for a11 @ . (111.4,2)

~

If logS{h) is not strictly convex at B¢ A* then for some

(08 g(a) - lcf) S(B) £ E’DJA“&S for all A

+,. A¥% +
with equality at some B¥e A where B+ 8B . Then
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Loﬁ ‘M -N.e < [ag $(3) - ®+B  for a1l A
and so, from (III,4,2),
log m (@) = (og @) = &8 = log (8¥)- HBY

’ ¥
However, since B and gr are in A y it follows from (III.3.14) that

! (Gre
B= -0@® _ o+ (II1.4.3)
m (@)

(because e@’ﬂm(@) is strictly convex in (), This contradicts the assumption
that B+ BY , Therefore log$(A) is strictly concave on AX- .

It now follows , from (III.4,3), that if we take ®=G'(Cy) then

l% S(ﬁ) e ,O(j S(CJ < &:}o(ﬁ"CJ for all ﬁ :’: C‘ .

Thus, setting f= C,+AK,

D</\®cK for -lg)\e]

which is impossible, since @ =C'(cy+0,.3

Lemma IIT 4,2

When Céd8nntA there isasequence § C™} with e @ such that
(11I.4.1) holads,

Proof, For any fixed integer T> 0 we can construct from the original
process a new process using the bounded modification, Thus no person in the
first generation is born at a distance greater than T from the origin and in
general no person is born at a dis.ta,nce greater than T from their parent.
Quantities in this modified process are again denoted by a subscript, T,

Then m,r(ce)? m(®} and so the sets éﬂ-— are increasing and, from (III.3.5)

bt & ¢ .L{-’é‘r"

V)

the proof of this is similar to that of Lemma II,2,1, Thus we can find
Cr € d é-\— c€ such that C+ > C  as T tends to infinity, Now Q:Lr;'af

X .
for all T and so, as was noted at (III,3.17), A,.= mtAT,Thus



A:_ = @,‘_n int A

where GST =‘{)( :\XisT} . Whenever T is sufficiently large it follows that,
since Cemt A, C. € A~ and so

C’l‘ ¢ éé'r-() Ax;-

Then, by Lemma III,4,1, C. is an exposed point of @.,. . Thus, by Theorem

¢ )
ITI.2.1 there exists a sequence iC(?j with C:.\é @T such that
(n) C —
Cr > Cr a.s, on Sr for 12To, (TI1,4.4)

We know, by Lemma II,2,2 that ST’\\ S as T tends to infinity. A subsequence
argument is needed to pass from (III.lL.lL) t0 the desired result,

The random sequence of integers {!' (i-)}:._e is defined in the following
way, Let *(T)z0 , On the set S\ST , where 127, , let ~(\)=D for v<T+]
Otherwise let r(i) be the smallest integer strictly greater than r(i-1)

for which

n)
| cT -¢ ¢

("!-—t

for all 02 ()

~

o) (ny ny (0
Since € (.‘,\.) c @( we may ‘now define a sequence SC } with C € € by
(A ae .
= Cy for M) ¢ a < (T4,

This sequence is defined (almost surely) on S since Sr’t\g and (IIT.4.4)

holds, Thus

lC(M_C\ < ‘C:‘,’_ C.,.) +] ¢ =C| 4 "__i:: + ‘CT*C\’ T <n e T

which tends to zero as n tends to infinity. IQ

Lemma IIT 4,3,

o B n (o)
When C €d€~dA there is a sequence %C( ‘) with ¢ £ such that

(I11.4.1) holds,

Proof, Let U be the uniform distribution on Lo, 1] . For any

fixed p in (Dj 11 we can construct a new process from the original one
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in the following way, The initial ancestor is the same, Associate with
-each person in the original process an independent copy of U; the copy
. . ) n
linked with the person at Z ., will be written as U, , Then a person
. . (n)
only appears in the new population if U, ¢p , (As usual if a person fails
to appear so do all of his descendents,) Quantities in the new processes will

be denoted by a subscript, p. Obviously

AP = A and FS(A) = Sf(ﬁ). (III.4.5)

Since (III.3.8) is strictly decreasing at ©=0 for each X it
follows fram (III.3.1’+) that the concave function ¥A) has a strict maximum
/
of m(0) at -~ m™(0)/m(0), Therefore m{0)>S(c), From now on p will be confined

to the sequence 6 defined by
. ' ! |
6 = {F . “‘(o)>"é JP:- ;E‘c‘:)" Q2na positive :‘mteger}

thus

FYEE@ T S© (pedd, (I11.4.6)

The maximum of fF still occurs at = m(0)/m{o) and is now pm(0), which is
greater than one by the definition of 6, Also S?(C)< 1l , from (II1.4,5)
and (III,4.6), Let us define C;P to be the point on the line

AC + (1-)) '@-I-@)

\
o) oaergl (1I1.4,7)

at which SPCCQ =1 |, Then CP-; C and
CP € éé‘, N mEA = éé{,{\ ﬁ\%AP

since the whole of the line (III.‘J—.?) except C is in intA . Thus, by Lemma
! ol (©) n)
IIT.4,2 we can find a sequence {C‘,} with C{P € ﬁ? such that C{Q __)CP
(n) (n)
a,s, on SP . Since g,‘, ¢ a subsequence argument like that used in the
n (o) (")
preceeding lemma will construct a sequence fCJn j with C € € such

-t
()] —
that C - C a,s, on S? y Where P = slcy . Unfortunately, unless

§(c)=1 » Sz 1is not equal to S so that further argument is needed to
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complete the proof,
The initial ancestor has the property.that there exists a sequence
{ CWS with C™ ¢ ™ such that C".s ¢ if the branching random
walk emanating from one of his offspring in the kth generation has this

property.The probability of this latter event is greater than
R
1-§ (1-wis,))

and this tends to fPIS]as k tends to infinity, Harris (1963 Theorem II.7.2),
if WES\;] > O, However we know that $)< m(d) and so ?N(O)r- m§(°)>1:
therefore ﬁ’fS{.b 0 . Thus the initial ancestor has the required property,

almost surely, on SJ1
Lemma IIY, 4.4,

When Ce 8 there is a sequence (C(MJ with C Né ém such that
(II1.4.1) holds.

Proof, Since ZcA this lemma has already been established for
CedC , in Lemma III, 4,2 and III.4,3, The basic idea now is to increase
the dimension of the branching random walk by one and then to use these
results to prove the lemma,

Let N be a normal distribution with mean zero and variance one,

i
Associate with each person born at Z ~ an independent copy of N, which
¢
IO

(") . s s
will be denoted by Pf: L If £ X 1< (g n} are the positions of the

n)
people in the line of descent to the nth generation person born at Z‘f'l )
then the position of the corresponding person in the new branching random

walk on X X [R , is given by

(Z{ﬂ) 21;‘7 Nm ) (111,4.8)

rley s 20 e

In an obvious notation
2

o/
m ((‘DJ «) = € : m(GD) thus

2

as,

4 (A,0) = e S(A) so that
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For any Ce € there is a corresponding point (c,c) on éé .

. ~ ~( ) n)
Then there exists a sequence QC(’“} with C & é( such that

N(n) !
C —> CC,C) a.s, on S,

7 (n) )
Now as we can see from (III.4,8) we may write C " as (dﬂ, C-W) where

C™ e 8™  and then

()
c "= C a,S, on S (:l

For any subset A of 39 we can define its £-neighbourhood,
Nf(é)), by |

N® = ¢X:v-Xl<s, Vedl

Then in the notation of (II1I,1.8) for any £ 5 ©

éf\"- YWw)-¢ ¢ ‘(.W;S ¢ N, (&)

when r is large., Thus, from {(III1,1,8) , for any <> O

6™ ¢ N ()

for all but finitely many n ‘on S, We have almost completed the proof of the
main result in this chapter which is stated in the following Theorem, A more

succinct statement is given in the next section,

THECREM I1I.4.5

Under the conditions of Theorem III,2,1 there is a null set, N, such that on S\N

1) for any z>o ¢"e N, (€) for all but finitely many n,

a) () _(0)
ii) for all Ce€ @ there exists a sequence QC( 5 with C €% such

that

M-,

Proof, We have just proved (i), Let SCL 3 _be a countable dense
subset of {: » then for each i there exists, by Lemma III,4.4, a sequence

(™ , )
fc‘f’} with C3 €8 and a null set N,  such that
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[(a)]
CL"}’CL on SN N

[9

Let N, be the null set in i) and let WN= GN; . Now on S\N a
+<0

subsequence argument 1like that used in Lemma III.4,2 will construct for

(n)
each Ce€ & a sequence ? ct mj with Cw e € for which

C™s ¢, O

The work in this chapter arose from a consideration of the following
problem, Let BW be the maximum distance from the origin of an nth generation
person; +thus B™= Sup i\kaz rk _Does 8”/n—>Y¥ a.s. onS for some
suitable constant ¥ ? The same question may be asked with the Euclidean
norm replaced by any other,

Theorem III.4,5 is sufficiently strong to solve these problems,

Let f be a continuous real-valued function on D& for which
f(cX): Cf()(\ for a11 XK€ % and €2 O (III.4,9)

)
that is f is homogeneous. For example f could by a norm on 36 . Let B be

defined by
B= g { £CZW)r) (II1.4.10)
and 2( by

Yy = af {f(c) : Ce g} (IIT.4.11)

Proposition ITI.4.6.

B('ﬂ

—_— > 3/ é..s. on S.
N

Proof. Since f is continuous we know that for any $>0 there
exists an £>0  such that f{)ﬁ >¥- & when X is in NE(C) . Now, from

(1II.4.9) and (III.4,10)

n) . (™
‘B({{ = m&{&(cr : 0] (II1.4,12)
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and so by Theorem III,4,5(i)
R » -
tlw\ mg— 2 Y > a.s, on S.

Again because f is continuous the infimum in (111.4.11) is achieved at
{
some point C* in é . Then, by Theorem III.4, 5(11), there exists c™

. )
in € such that ("> C¥, and so from (111.4.12)

L Sup %m S Y a.s. on S,
n

111.5, A metric convergence approach,

It is possible to state Theorem IIL,4,5 in a more concise form
by defining a suitable metric space, Let ’(H, be the class of all compact

subsets of X . Then if Q, and ®7, are in M let

§= b 18 QNI 0 S = Al T8 @ ¢ Ng(0)]

and define the metric A on 3‘3 by

ACo, 0\ = 5,43,

The proof that this does define a metric is given in Eggleston (1958, p60).
The 1ink with Theorem III.4.5 is contained in the following lemma which
gives a characterization of convergence in (‘Zu,, ll) .

Lemma II171,5,1

If ® and ®, are in UL then

h i
@n-é-@ as n=>

if and only if

1) for all 8§>0 there exists an r( §8) such that

@, ¢ NSCCD) when N2 (9

41) for each D€ D® there exists a sequence lef:S with D269 such that

Da—2 D,
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: D
Proof, Since 0,—>® ig equivalent to: for any $so

O, c N%( ®) and Qc Ng(®n)

for all sufficiently large n, it is only necessary to show that (ii) holds

if and only if for all §>0 there exists an ¢(8) such that
Oc Ng(6,) when n32 (8). (111.5.1)

Let us assume that the latter condition holds and that D is in' @ . Then
D is in Ng(®,) when N> (S) and so there exists a sequence {Dn(é):g

with DJ(€) in O~  such that

\DQOD"‘(S}‘ < 8 when f\?\‘(g)

A subsequence argument now shows that (ii) holds, Let us now assume that
(11) holds, Given §>0 1let Qmi)} be a finite 2§-net of the compact set
® . Then there exists sequences SDn(Uj with Dn\;l in @n such that

D) =>D(1) , and so

\Dn[L)‘D(\A\ £ °“£ Q when n> (-'((:3

Thus if ~(§) = max f(‘ti\ ; iS then we can see that (III,5.,1) holds. ||
Using this lemma we arrive at the following restatement of Theorem
I1T.4,5,

COROLLARY IITI,5.2,

~y A :
Q —> @ a.s, on S, 11

Lemma TII,.5.3

If ®“ is a sequence of convex sets for which int(lim inf ®, ) is ncn-empty

then

O, = O (111,5.2)

if and only if

\?\lf@ C llm :ng @o C ‘1;\\3\‘9 ﬁ),\ C Q‘ (111.5,3)
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Proof, When (III.5.2) holds lim sup @, € Ng(Q) for all £> o

and so lin sup §,¢® , Also, by Eggleston (1958,p61), Q is convex so
if we let E be an exposed point of ©® +then, by Lemma IIT,5.1, there exists
Da in Q_ with D, © |, The argument given towards the end of Section

IIT.2, (II1.2.4), now shows that int ® < 1im inf @4 . Thus (ITI,5.2)

implies (III,5,3). |
Assume that (III,5.3) holds. Since int® <€ 1lim inf ©®, Lemma
I17,5,1(ii) holds and so we have only to show that part (i) holds., If it

fails then, for some &>o , the sets
On n (36\ Ny (QY)

are non-empty for infinitely many n, for n in & say. Since int(lim inf &)
is non-empty and Q,\ are convex we can find a ball with non-zero radius, 4 '
such that &C(Dﬂ for all but finitely many n, We can assume therefore that
® ¢ ®a for all n in ¢-, Thus for each n in & ®Oa must contain the
convex hull of & and a point in DE\N, (@), Therefore there must exist

an r>0 and points 'Dn in @,\ such that

NRP(,D“) C G)n-{\(}e\Na(@)ﬂ N:zs(@) for all n in &,

Now QD“-. OE 6"3 is contained in a compact set and so must have an accumulation
point [ , and then W.(D) € lim sup ®y . However D€ %\NS(Q\‘) and
so this contradicts (III.5.3).11

Using this lemma we arrive at the following restatement of the first
part of Theorem II11,2,1.

COROLLARY ITL.5,L,

A
96/“’ - B a,s, on .1

It is not hard to establish this Corollary using (III,1.8) and
(III,Z,LL),and Lemma IIT,5.1. However Lemma III,5,3 makes it clear that this

result is actually equivalent to (III.2,5),
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IV, THE EXTREMES OF THE MULTITYPE BRANCHING

RANDOM WALK,

In this chapter we will discuss a branching random walk in which
the people may be of different types, where a person's type determines the
(random) way in which he has children. The preceeding three chapters were
concerned with a branching random walk with just one type. Let us denote
the set of types by 0 » It is assumed throughout this chapter that 9
is a finite set, the case when 9 is countable is discussed in Chaptexr VI,
An initial ancestor who forms the zeroth generation is created at
the origin, He produces children to form the first generation and if he
has type i then the positions of his children of type j are described by
a point process, Zi) . The point processes { Z.‘J : ‘\@91 are not assumed
to be independent, The people in the nth generation give birth independently
of one another and of the preceeding generations., The point processes
describing the positions of the children of an nth generation person of
type 1 at the point x are independent of %#“\ and have the same distributions
as ?Z_v (. =) - jé 35 For this branching process let \’P-’LE(’Q be the
probability of the event A if the initial ancestor is of type i and let
LAl be the probability of A if the initial ancestor is chosen using
the probability distribution™ on 3 ; thus WLAV= A mG¥WLA) similar
definitions apply to EE& and Y.

Let the matrix J be defined by

3_‘3':0 if ZD(R>:O a,s, and 33"‘1 otherwise , (1v.0.1)

The branching random walk will be called irreducible when the matrix J is
irreducible. A matrix Q with non-negative entries is irreducible when for
any i and j there exists an integer r such that CZW has a non-zero (i,j)th
element. Thus the process is irreducible if, whatever the type of the initial
ancestor, a person of any of the types in \9 can occur in some generation,

gimilarly the process will be called primitive when the matrix J is primitive,
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that is when I° has, for some r, only strictly positive entries, The
terninology of non-negative matrices is that of Seneta's book (1973) on
the subject. This will be used as the reference on the theory of non-
negative matrices whenever this is possible, We will assume that the
branching random walk is irreducible (except in Section 4).

Let §‘3“:(L)3 be the positions of the nth generation people of

type i, The matrix M(o) is defined to have the elements
N\(@);& = ngzekf(‘gf)(:(i’] = Efse“"*dz;j(eﬂg (1v.0.2)

Thus NKQ)is a matrix of positive terms and it is irreducible since the
process is irreducible, By Theorem 1.5 of Seneta (1973) (ﬂ(@ﬁ has an eigen-
value of maximum modulus,w{dh which is real and strictly greater than zero.
This eigenvalue is taken to be infinite if any of the elements of ﬁK@) are
infinite, The vector recording the number of people of the various types in
the nth generation forms a multitype Galton-Watson process with the mean

matrix ﬁ\(c% . By Theorem II,10,1 of Harris (1963) the condition,

mo)> 1, (1v.0.3)

is sufficient to ensure that'the event S occurs with positive probability,
As usual the process is called supercritical when.CV.O.B) holds,

Let Eé“) be defined by

B(ﬂ) — \;\g {.5(:) (L) o ‘/3 U{OOS (1v.0.4)

vhich agrees with (0.3) when thére is just one type. The first two sections

of this chapter consider the asymptotic behaviour of Efﬁ/f\ in an irreducible
supercritical branching random walk. The third section then examines the
assumption that the process is supercritical and the fourth examines the

assumption that the process is irreducible,

IV.1. The lower bound.

A proof like that given at the start of the first chapter shows that
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= [ g Exp (- 93(":)(3;\\ ] ,g"ﬂ\] = él ( § exp (-(93{“: (H) M(O)K\

(1v.1.1)
and taking unconditional expectations

iL [ Z‘? Exp 6—95{'\:5‘;\’)‘] = (M(Q)n)'.j (1v.1.2)

1

\d}
where (MN(0) ),3 is the (1,3)th element of the nth power of the matrix M(g) .
As in Section II,1 there are two cases to be considered in seeking

a lower bound on 1im inf Bm/r\ . The first arises when
M(60)4 e  for some &o> 0, (1v.1.3)

From Theoren 1.5 of Seneta (1973) .when m(®) is finite there is a right
eigenvector, V(6), of M( 0) associated with it and this eigenvector has

strictly positive entries, Then from (IV.1.2)

- [ i‘? V(E?JJ{ g GKP(‘QS({:(\'\))}] = w6 f." O IV.1.4)

Furea |

Although we shall not use the fact it seems worth noting that, from (1v.1.1),

};f v, Z,' exP(~9§'})Qx)B

m@ " §"rrq,3 v (g,

(n)
is a martingale with respect to the ©O-fields %‘ . Thus one could consider
the mititype analogue of the results in Chapter I,
Since V(0) is strictly positive so is min {V(@) o LGQS . Thus if we

let
X wivie)

Min fy(6). : ie 9]

k(@) =

then, from (IV.1.4), we get

EnLTTexp o5 ¢ oy mey (17.1.5)

but for >0

ET‘_[‘CX?("OEMY] < EET?Y'?);&P('QZ)(T(J))

and soO
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a 0
P I cnal ¢ w® (e me).

If as in Chapter I the function )+ is defined by

ptey = if { e%mie): 030], (1v.1.6)

then whenever /v(cx)< ¥ < 1 we have, from (IV,1,5), that

P Lg™¢aad ¢ Cx°

for some finite C, The Borel-Cantelli lemma now shows that only finitely
tn) O.a .
many of the events {© SM?) can occur, When (IV,1,3) holds & m(O,) tends

to zero as a tends to minus infinity and so we may define b/ by
X: Sm‘wga . }v\(oq<1§
and then

. ()
- 5
livm mf =~ S X a,s, on S, (Iv.1.7)

Let the period of the matrix J, and hence that of the matrix M, be
p. The period of an irreducible matrix is defined in § 1.3 of Seneta (1973);
it is the greatest common divisor (g.c.d,) of fR ; (Tk) “>0] for any fixed
i. (This is the same concept that occurs in the theory of Markov chains,)
Then the process is primitive if and only if p=1, Seneta (1973, Theorem 1.4),

By Theorem 6.1 of Seneta (1973) and its Corollary
: X e
—_ b “P) P: 8 . « »
m = (V\“ (W\ s ‘:“P (M .}U for any j in 9 . (1v.1.8)

formulae which play a crucial role in the next section,

The elements of the matrix M, and those of m" y are Laplace-
Stieltjes transforms, Let ( 0,,0,) be the largest open interval in which
all of the elements of M are finite. Then m is a continuous .function of &
on [0“911 . The elements of M are log convex so, from (IV,1.8), m is the
1imit of log convex functions and so it too is log convex (c.f. Seneta

Theorem 3.7). When M is primitive Miller (1961, Thecrem 1a) shows that m
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is an analytic function of © on (0.) ©,). In fact his proof also works
when M is irreducible, It is easy to see that Lemma II,1,1 remains true

when /u is is defined by (IV,1.6) and hence
J =l 2a: Moy > 0.

In the one type process a very simple lower bound sufficed when
(Iv.1.3) failed, In the multitype process the same idea is used but the
details are more complicated, The sequence {L,,---, Lmﬂ of elements of
§ is called a cycle of length r if (,=¢,, ., Let BM‘IJ) be defined

by
" o) .
@, )(J) = \}\F 1?5(;)(\)) : FZ) U{OOS; (Iv.1.9)

thus

%(“) - \;r\g { @(ﬁz‘)’) : 5(-’ 93

v

m, . .
Let & (v, j) be defined by

£ - o fe REE Y <al>0doled  Graio

The quantity ol , which wiil be a lower bound on 1lim inf g“)/ " 1S now

defined by the following formula, (=0 4w =400 here)

< (I) .
< Z’ ol (L5)°$+~) . .
ol = \(\{Z i{ $= — {oh...,c,.ﬂj a cycle r¢<y\ (1v,1.11)

™~ -

where ¥y= \9} ., The set over which the infimum is taken must be non-empty
because the process is irreducible, Wﬁen there is Jjust one type this formula
obviously reduces to that given in Chapter II, (11,1.8).

The types of the people in the line of descent of any (n-1)th
generation person forms a sequence of elements of ‘5 of length n., When
n >y any such sequence must contain within it a cycle of length r» for
some r < y. Removing this cycle leaves a sequence of length n-r and provided

that n-r >y the same procedure may be used again, and so on, In this way

the original sequence may be split into cycles of total length k together
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with a sequence of length n-k where n-k <y. Each of these cycles has length
- less than y. Therefore, using (IV.1.10) and (Iv.1.11),
(n=9d),. .
E-ya & o (5,)) for a1l i and j in 9. (1v.1.12)
However
g(m . %rn)..
> wELA L) byed)
and so (Iv.1.12) yields

lien t?\f ,%v‘)z 4 a,s, on S.

Therefore if we define & by

X‘-’ \“(‘ S O “"(0\)>15 when (IV,1.3) holds
(Iv.1.13)
and J = o when (IV.1.3) fails,
with o given by (IV.11), then
(v}
il B ¥ el ons, (17.1.14)

holds in general.

As in the corresponding section in Chapter II we will now discuss
the relationships between og M, 5/ and m: the condition (IV.1.,3) is
assumed to hold. We already know that Lemma II,1,1 holds and if we now
prove Lemma II,1.2 holds in the multitype process then it is easy to see
that the proofs of the other lemmas in Section II,1 go through without
changé.

The infimum in (IV.1.11) is over a finite set and so must be attained,

If I is a minimising cycle and I has length d then

d), . .
dd = o (i, ) for all i in I. (Iv.1.15)

Also, by an argument just like that leading to (IV.1.12)

(ﬂ, [ .
no < of (L,1) for all i in 3 (1v.1.16)
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and since we may use mostly the cycle I in passing from i to i in n

. generations we can see that

. n)
d - (-\m d (:) 4‘-3
: N

N>, (1v.1.17)

Now when a is greater than ® and i is in I, from (IV.1.2),(IV.1‘10) and
(1v.1.15), |

6
e (mey), —
as 0 tends to infinity. While from (IV.1.8)
)
eXmld > (0% (ﬂa[&)d)ﬁ)/"‘

This proves the first part of Lemma II.1,2. From (1v.1.2), (Iv,1.10) and

(Iv.1,16) the function

eﬂed ( M) (9\“\ i

must be decreasing in & for each n., From (IV,1,8),

3
eBo(m(e) - L‘ﬂ’“ (eﬂ?ed (m(e)nf)a) np

and so it too must be decreasing with 8 , Thus Lemma II,1.2 does hold for

the multitype process,

IV,2. The upper bounds,

In this section we will use Theorem II,2.,3 to find a sequence of
upper bounds on lim sup Egn)/(\ . We must make some additional assumptions
which will be removed in due course. Let us assume that the process is
primitive and that each :LB is concentrated on (G . Let us also assume
that the initial ancestor is of type i.

The idea is to construct new one type branching random walks made
up only of type i people. To construct the kth of these we proceed as follows,
The nth generation consists of all those type i people in the (nk)th

generation of the old process whose ancestor in the (rk)th generation is

of type 1 for each r in 1 £ r € n-1, Quantities in these new processes
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willl be dehoted by a subscript, k. Then from (IV.1,2),

m (0) = (M(a)k)ua (Iv.2.1)

If k=rs where r and s are positive integers then the (ns)th
generation of the rth process will be contained in the nth generation of

the kth process. Thus S{.C Sk , m,,(938$ mR(o) and
(r\) (113
gk ¢ B, . (1v,2,2)
Therefore, if
5 = ih . k_a" . ey . 3 .
bt - K=& where n is a positive integer J, (1v.2.3)

| 5
the sets S'R and the functions (mk( 9)\ R increase as k tends to infinity
through 6. We will assume that k is confined to ¢~ in what follows, From

(1Iv.1.8) and (Iv,2.,1) we can see that

"
(mk(eﬂ T m@ a2 kosw (1Iv.2.4)

For large k these new branching random walks are supercritical,

Therefore by Theorem 11,2,3,

. )
Lim ﬁr—? = 'Xk a.S, on'Sk

k) 0
Obviously © < ©p and so

%(ﬂ\:\ ‘ B/ig <

(\%8\«?.—_. $ 2% a,s, on k

n nk R

{ ln‘)} )
Since each 7U is concentrated on (o) the sequence B is monotonic

and so o)
hv'nhSuQ —%:—;‘ = L‘;““&“\) %"\;" *
Therefore
[/ RN Bf_ﬂ Z ?/_\g_ a.s. on gk (1v.2.5)
o <

o R
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Lemma IV,2.1,

Ll‘m Sh = § 0.S,

Proof, Let X be the vector with x in the ith place and ones elsewhere,
Rk
Let £(s) be the kth iterate of the multitype generating function, f(s),

associated with the embedded Galton-Watson process of the original branching

' random walk, Then

j‘h (x) = (S'h(a't’))i . (1v.2.6)

Take K so large that W[SK-]N’ » Where K is in ¢“, Then, since Sk increases

with k,
|- PLS, 1= fk(\- PES{_\) < & (\' ‘PYSK]) for k3K, (1v.2.7)

By assumption the process is primitive so that it follows from (IV,2,6) and

Theorem II,7.2 of Harris (1963) that

£ QRIS 1-RI) o koo

We know that SRCS and so this combines with (IV,2.7) to prove the lemma.l]

Clearly

dk = D(RUJL)

and so, from (IV,1.17),

o4
f —_> as k">°°. (IV.Z.S)

Also when wn (0,) is finite for some €, strictly greater than zero,

th = \}\§€0 : 'mg{egamh(e) : 5203>|3

so that

Zég - ‘;\g gc« : \'«\§ { e&(m‘,_(a)\./“: 9203 > ‘3 ) (1v.2.9)

It now follows from (IV.1,13),(1v.2,2),(IV.2.4),(1V.2,8) and (IV.2.9) in a

similar way to Lemma II,2,1 that
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% R (Reo, R-sa). (1v.2.10)

Therefore, from (IV.1,4),(IV.2.5), Lemma IV,2,1 and (IV.2,10)

L\;m -%-(“) = b/

- a.s., on S, (Iv.2.11)

The assumption that the process is primitive 1s now removed quite
simply. If the process is irreducible and has period p then by Theorems 1.4
1.7 of Seneta (1973) the matrices TP and W\(Q)? consist of square primitive
diagonal blocks, and those of (“(9_\)? have the maximum eigenvalue w( 0)9 ‘
Therefore, since the initial ancestor is of type i, the process consisting
only of the (np)‘th generations of the old process is primitive, (Its set of
types is not the whole of 9 but just those j in 9 for which (TP);JO.) It
is easy to check that 1lim B‘“ﬂ/ n= P ¥ and hence, using the monotonicity
of B(“) ' (1v.2.11) holds. The assumption that Zij is concentrated on (@, )
for each i and jis removed by using the bounded modification in just the
same way as is done at the end of Section II,2, The assumption that the
initial ancestor is of type 1 does not matter since (1Iv.2.11) is now known
to hold under R for each 1 in 3 and so must also hold under" ‘P'n' for
any T,

THEOREM IV,2,2

In the irreducible supercritical branching random walk

B(“)
- —> X a.s, on S (Iv.2.12)

with O given by (Iv.1,13).11

If we let (o be defined by (I.2.5) then since m{0) is log convex
and analytic on (9,)9,) Lemma I,2,3 still holds and 7% and 19',, may still be
defined by (I.2.8), Then all of the proofs of the Lemmas and Propositions

in Section II.4 go through without change.

IV.3. The assumption that the process is supercritical.

An irreducible branching random walk is called singular when each

person has exactly one child with probability 1;then[P[5):1and m(0)=1. By
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Theoerem II.10.1 of Harris (1963) the event S has positive probability if
. and only if the irreducible branching random walk is supercritical or
singular, Obviously no result like Theorem IV,.2,2 can hold when S has
probability zero, It is natural to wonder what happens when the process
is singular,

Let us assume that the branching random walk is singular, When
there is just one type BMS is just the sum of n independent identically
distributed random variables, Thus, by the strong law of large numbers,
EY%a > ¥ with J=®ELE"] yhenever this expectation exists and (1v.2.12)
can fail when ELR®1  does not exist. In the multitype case let the type
of the person in the nth generation be e™ » then {e""S forms a Markov chain
with its transition probabilities given by F;J- = Mmlj. Let

-y

F(n): =%

then the distribution of ﬁn) depends only on e(n-n and e’"'. The ergodic theorem
will be used to derive the appropriate strong law for B‘N .

Let ) be the stationary distribution of the matrix Py and let
6{0) be chosen using ¢ . The shift transformation is then measure-preserving
for the process (e‘“’, (m) It ‘is also ergodic as the following argument, which
is taken from Breiman (1968, Theorem 7.16), shows, Let T _ be the indicator

Y

L) - —— ‘ AY .
function of an invariant event and let W)= ‘tﬁl-c,l C¥’'= .':\ then

ELT, [97) = E[T 1% = (e (1v.3.1)

thus (‘f"('e(.m); LJ(M) is a martingale .which will converge almost surely to IC '
Since for each n *]’(e“‘) has the same distribution it follows that W) can
only take the values zero and one, However, from (IV.3.1), Yy = 2 ])(:3 Y4) and
so since Py 1s irreducible either Yiy=o for all i or Wi =4 for all 1.

Thus if we assume that

su?{ E; E(BNYI {i")zﬂi LJJ'} { o (1v.3.2)

and let
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A1) 1 T

then we may apply the ergodic theorem to show that

(n)
?3; s Z: ’)‘.Z_.; Kipy 0. (1v.3.3)

under ‘P,) . However (); >0 for all i in .9 and so YP.“- &« Pq for any
initial distribution *w . Thus (IV.3.3) holds for any initial distribution,

When g‘“’) o a.s. the process defined by

(NCE))
Xt = €

where N(t) = sup{ﬂ N30, %lok E} is a Semi-Markov process as defined for
example by Pyke (1961)., There is a substantial literature on such process,
in particular Pyke and Schaufele (1964, last paragraph of § 5) give a strong
law which contains that given above (when ‘Z(mé o). Their proof uses the ideas
cf renewal theory rather than the ergodic theorem.

In the supercritical case when the condition (IV.1..3) holds b/ is

given by the formula

¥ = vaf fawf e mo): 030321], (1v.3.4)

We will now show that this is also true for a singular process, Since m(0) is

convex and continuously differentiable on (e, €;) it follows that

m ) = lim N/(Q)
elo

where m(0) is a one-sided derivative when O, =0, It is easy to see that

(Iv.3.4) is equivalent to
/
Y= -'(o)

thus we must establish that the right side of (IV,3.3) equals - m'(0) whenever

(Iv.1.3) holds,

The matrix NYO) has right and left eigenvectors VI(8) and u (©)

corresponding to the eigenvalue m(9) . These may be normalised so that
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Ul =14  ana W(8).V®):=1, The symbol 1 is used for the number one and
for the vector with all of its components one, The implicit function theorenm
applies to the equations wW®).,(M@®)- @0 and u®G).1:=1 to prove that wu(e)
has elements which are analytic, and hence differentiable, in ﬂ%ﬁ%i Therefore

we may differentiate the identity w(6), M(6) = m(®u® +to obtain

W@ Me) + wo Mo = w(@ mio) + ue) olo),

Now multiplying through by V(8) gives

u(e. n\'(e).v(@) = o' (g, (1Iv.3.5)

Notice that V(0);=1 and uw@y =, and also that

ME), B Lexpl-68) 1e™5] = M(e), (1V.3.6)

and so
MO, = - ELB" L5 meo)y.
Therefore letting £ +tend to zero in (IV.3.%) shows that
_.m’(o) ‘:“ ?Es’ 9 KJFJ

It also follows from (IV,3,6) that (IV.3.2) holds and hence so does (1v.3.3).

Combining this with Theorem IV,2,2 completes the proof of the following
proposition,

Proposition IV.3.1

In any irreducible branching random walk satisfying the condition (IV.1,3)

B(n )

A ——> K a.s, on S,

with ?{ given by (IV,3.4),

IVv.4, The assumption that the process is irreducible,

When the incidence matrix J is not irreducible Theorem IV,2,2

cannot be expected to hold, However under some extra, quite stringent,

conditions an appropriate analogue of that result can be established,
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A classification of 9 which is similar to that used in the theory of

Markov chains must first be made.

Two distinct types i and j are said to communicate when for some
mand n (J m) U.(T“)J?O. Each type is defined to communicate with itself.
‘Thus we may split 9 up into communicating classes, A communicating class

is called closed if whenever i is in it and 373:1. then j is in it also,
Now let 9,--... 9. be the closed communicating classes of 9 (there
need not be a.ny) and let f)° be tﬁe remainder,

If £¢ 9  and the initial ancestor is in §  then we obtain
what will be called the E -restricted process in the following way. We
consider only those first generation people whose types lie in C and
then only their children whose types lie in f and so on., We can still
define the matrix M(E) by (IV.0.2). Quantities in the 35 -restricted

process will be denoted by a subscript, s. Thus
MS(Q)'J = ﬁ\(Q}U vy € S .
For convenience we will assume that

m (@J < 0o for some &, >0,

though a weaker assumption would suffice,

If the initial ancestor is in f)s for s>1 then since ?}) is closed
the 3)3 -restricted process and the whole process coincide, Since Jo 1s a
communicating class the 35 -restricted process is irreducible and so we

may apply Proposition IV.3.1 to see that

)]
E_ - b/s a.s, on S.
N

We may assume that O/l < 2& < - -.SX,., .

Let us now impose the extra condition that
the 3 o -restricted process never survives, (IV.LL,l)

By Theorem I1I,10.1 of Harris (1963), for (IV,4,1) to hold it is necessary and
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sufficient'tha.t m(0)¢1 and that no communicating class in &, is
Singular (as defined in the preceeding section), This is the stringent
condition mentioned at the start of this section,

When the condition (IV.4,1) holds there is some generation in which

-
there are only people with types in 93 . Let the Nth be the first such

=4

tn

generation, Since {N= n}, d 03““ each person in the Nth generation initiates
an independent copy of the original branching random walk with the distributions
appropriate to his type. Thus any person in the Nth generation with a type in
95 is the initial ancestor of an 33 -restricted process to which
Proposition IV,3.1 applies. Hence if we let S s be the event that in some
generation a person whose type is in ﬂs initiates a surviving branching

«
random walk then it follows from (IV.4.1) that S= SU SS and
=1

{0)
.B. RN b/s a.s. on S \ US{; (1v.4,2)

N S t<s§
for 1< s < r,
If instead of considering closed communicating classes we let 3‘\9?,
be all of the communicating classes then it is possible that (Iv,4.2) stidl
holds, This would dispense with the condition (IV.LI».i). I have made no progress

towards either establishing or disproving this,
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V. STIRZAKER'S PROBLEM.

This chapter is concerned with the following process., The initial
ancestor is at the origin on the real line; he forms the zeroth generation.
He produces children not only in the first' generation as would be natural,
but also in subsequent ones, His children in the nth generation have positions
which are described by the point process Xm . Let §"" be the o -field
generated by all of the births to people in the rth generation for O ¢ r¢ (n-1).
(This ©-field contains all the information about the births of people in
the first n generations and some information about births in subsequent
ones.) Then each person in the nth generation has children independently of
each other and of %m and the positions of the children in the (n+r)th
generation of an nth generation person at the point x form point processes
with the same distributions as {X( n’( -I\}. Obviously if le’: O for n22
this is just the one-type branching random walk described in the Introduction,
This process will be called a skippingkprocess, because people skip generations,
Let i:’,l:)l be the positions of the people in the nth generation and

let T be the event that the nth generation is non-empty. As usual
B™ = waf 137 cduiw],
Let S be the event that there people in infinitely many generations; thus
E; = Lﬁh 5\1? .Tjn)’

o
Let » %be the (random) set of integers f N :—(I occurs] . The obvious

problem now is to show that, for some constant 3/,

R )
Lion .E{

aey 0 a.s. on S; (v.0.1)

this problem was suggested by Dr. D, Stirzaker, hence the title of this

chapter. Ye will need some condition that guarantees that ?LsI»0 and so we

will assume that
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ELS X"R] > 1 ' (v.0.2)

as this turns out to be appropriate. The process will be called supercritical
when (V,0,2) holds,

In the first section a lower bound on the asymptotic behaviour of
.g“)/r\ is established. The second section contains some results about the
event S, The third section establishes upper bounds on the asymptoétic
behaviour of B(“)/n , completing the proof of (V,0.1)., It may seem that the
process described above is very artificial however in the fourth section
this process is shown to arise in a natural way in the study of the multitype

branching random walk,

V.1. The lower bound,

Let us define o"(g) by
ooy = EL T o (-050Y ], (v.1.1)

f () : : .
Let 33(0')1 be the positions of the descendents in the (n+k)'th generation

(n)
of the person at 3: in the nth generation. Then

Zj exp (- 3(":»3 > g § Z'exp (-’6‘(3(?&) -3 ))} oxp -637)

a ()
and taking expectations of this, first conditional on ‘5‘ and then

unconditionally, reveals that
(R tn) (v}
™M (8 = wm (a)m (B).
()
Now if p = g.c.d. {n: m @) = Di then when 0< r< p the (np+r)th
generation is empty for all n. Thus without any essential loss in generality
we may assume that p = 1.(The skipping process will be called aperiodic
when p = 1.) Then, by Lemma A4 of Seneta(1973, pl84), there exists ™(0) >0

such that

t
[(a) A

X
w @) = Lim (m )(9\3 = sup (’m(mle)) (v.1.2)
n n
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It is possible to give a formula for m(g). Let

oy = EL S dax™e)

S

then it is easy to show that
(v
m (8) =

Thus if

Ly = T (Mo °

then, by standard renewal theory Feller (1958 p330),

) n \
m@eys =
A [— L(sy

and since each side of this equation must have the same radius of convergence

we have

Limcey?) =1, (v.1.3)

Notice in particular that % U (0)>1(that is (V.0.2) holds) if and only

if m(0)>1 and that when m(0)> 1 it follows from (V,1,2) that, for large n,

(n) .
m (o)> 1. (v.1.4)
We will assume from now on that the condition
W\(@cﬁ {4 for some > o (v.1.5)

' 91’4
holds,. As usual /‘\A is defined by fé(“) = infge m(p):@zo} and Lemma I1I.1.1

applies, Also Y is given by

b/ = Sup {a-. I\A(a)<l3 = {r\f{‘m‘m(aw\s, (v.1.6)

Now from (V.1.1) and (V,1,2)

= E'Z;ex‘aees‘i‘ﬂ- < miy

and so
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PLE"¢aa) € (ual)

Therefore

n)
U \;\S- 5‘; > b/ a.s, UY\S

V,2, Ultimate survival.

Let S' be the event that there are people in all but finitely

many generations ; then
. n)
S‘ - Lxm \;\g T-( »

Obviously S\CS ¢ we shall prove that S' = S a,s, Of course this depends
on the assumption that the skipping process is aperiodic, Thus the ne ¥ in
(v.0.1) is not important.

We can construct an embedded Galton-Watson process from the skipping
process in the following way. All of the children of the initial ancestor,
regardless of thelr real generation, are considered to be in the nth
E-generation (E for embedded), A1l of their children form the second
E-generation and so on, This'is a Galton-Watson process because the nth
E-generation people give birth independently of one another and of 8(“) in the
same way as the initial ancestor.

Let S be the event that the embedded process surives, Clearly Scs,
The event S\S can only occur when some person has infinitely many children.
If this latter event has positive probability then one of ihat person's
children must also have infinitely many children (almost surely) and so on;
thus \'?['S\{_\.:O. Therefore 5=5 almost surely and the event S has positive
probability whenever the embedded process is supercritical, that is when
(v.0.2) holds. Thus (V.0.2) is the appropriate condition to guarantee
that ??[s’bo as was claimed, If h(s) is the generating function of the

enbedded Galton-Watson process then

h(1-FSY) = W)
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From any realization of the skipping process we can construct
one of a related branching random walk in the following way. The first
generation is formed by taking all of the descendents of the initial
ancestor in the kth generation, the second by taking all of their descendents
in the (2k)th generation and so on, This will be called the k-step process,
Quantities in the k-step branching random walk will be denoted by a

*

subscript, k., Notice that
(®) '
mk(e) = m () (v.2.1)

and so, by (V.1.4) mR(O) is strictly greater than one for large k. The
k-step process then survives with positive probability,

Lemma V,2.1

S) =S a.s.

and #{3(‘:‘\ ZCS > ®©  onSa.s.asn->®

Proof. Let k be such that mk(0)>l and N be such that m (o) >R
for all n3=N, this is possible from (V.1,2) and (V.2.1) since mlo¥>1,
There is a positive probability that there are k distinct people P(1).. P(k)
in the Nth generation and then there is a positive probability that for
each 1 P(i) produces a child in the (2N+i)th generation who initiates a
surviving k-step process. Denote this event by U; thus WEA]) O . Let Ut,,
be the event that U occurs in the skipping process initiated by some person
in the rth E-generation, Now H,. - S“ cS and #?3?283"5“ as n-—> o

on U, Harris (1963,8I1.6), and

Pl = 1-w(-p)) — REs)

as r tends to infinity, as usual by Theorem II,7.2 of Harris, A

Lemma V.2.2

l-—fn(g)ué‘?[s:] as n —>% for 0¢s <1,
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Proof, Since

(n)

. n)
S‘:." L\m;ng-\—‘ c l\m S\A?T :S
we have
PLST € Liw Waf(1- 6 ) € lim Sup (\-f-nlo)\ < <)
and so by Lemma V.,2.1

[-§.0) = PLsT .

For any N
[$50- o] ¢ Ploc#izDedan]+ " (v.2.2)

By Lemma V.2.1 #{3(? :rS tends to infinity on S and obviously it tends
to zero on the complement of S thus FPfO< HS?‘:r}(N] tends to zero as n
tends to infinity. Thus letting n and then N tend to infinity in (V.2.2)

proves the result D

V.3. The upper bounds,

Fix k with NRCD)>1’ so that a k-step process has a probability
p>0 of surviving, Now fix 4 with 0£ d< k. Each person in the (sk+d)th
generation can be considered to be the initial ancestor of a k-step process.

(n) )
Let Y be the position of an (sk+d)th generation person and let Bk(\’) be Bk

in the skipping process initiated by him, then

kechs
g va lm.

Since Theorem II1,2,3 applies to this k-step process we get

B[nhwl) ) b/p

(rk+d) ~

Lim gup G.s.
n

whenever some person in the (sk+d)th generation initiates a surviving k-

step process. The probability of this event is

| —:Fs\ud (‘“P)
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which tends to WSl as s tends to -infinity by Lemma V,2,2, Hence

@R+d)
S Xn
(hk+d) ®

a,s., on S.

L\m SU\?

This applies for each d in 0¢ d< k and so

)]
Lln'n SuP _B_ < .bi? a,s, on S,
n n R

Now just as in (IV.2.9)

%‘Q = wf {a: \}\F{eea(mk(@))‘/“:&;ob\g

and so it follows from (V,1.2) and (V.2.1) that Jp/ R4 ¥  as k tends
to infinity through 6%, where 0~ is again defined by (IV.2,3), This completes
the proof of the following theorem,

THEQOREM V.3,1,

In an aperiodic supercritical skipping process satisfying (V.1.5)

(n)
—B— - b/ a.,s, on S,

N

with 2/ given by (v.1.6).11

V,4, The miltitype branching random walk,

Let us now return to the primitive supercritical multitype branching
random walk described in the preceeding chapter, Let ws suppose that (Iv,1.3)
holds and, for the moment that the initial ancestor is of a fixed type, i,
Consider the new process constructed in the following way. It consists
only of the type i people in the original process, and they belong to the
same generations in the new process, Take an nth generation person of type
i; in the new process his children in the (n+k)th generation are just his
descendents of type i in the (nt+k)th generation who have no ancestor of
type 1 in the rth generation for n< r< n+k, This new process is a skipping
process, To see this let /Qn) be the ¢=field generated by the births of all
of the descendents of those nthgeneration people who are not of type i

. . (n)
together with all of the births in the first n generations, Then %(rd ¢
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and the muititype branching random walk initiated by an nth generation
(n) n)

person of type i is independent of A » and hence of g( » and has the

same distributions as the original branching random walk.,

It is easy to see that
R
ey = (IM(6) BL;

and so from (IV,1,8) and (V.1.20) the symbol m(P) is unambiguous, Since
™M(o)>1 the remark after equation (V,1,3) shows that (V.O.Z).holds for
this skipping process, Also if f is the generating function of the embedded
multitype Galton-Watson process and X is the vector with x in the ith.place

and ones elsewhere then
1'a
Zan = (f (x )); g

For 04 x <1 we may let n tend to infinity £o see, using Lemma V,2,2 and
Theorem II,7,2 of Harris, that the events of ultimate survival of the

skipping process and of the multitype branching random walk are the same
(almost surely). Thus we may apply Theorem V,3.1 to the skipping process

that we have constructed to deduce that, under ﬁi R

a.s. on S; (Vv.4.1)

— ¢

the definition of B(“)(l) is given by (IV.1.9). The skipping process is
aperiodic because the multitype process is primitive,

Suppose now that the initial person has the type j, not necessarily
equal to i, Then each person of type i in the rth generation initiates

a skipping process of the kind constructed.above and so, using (Iv.1.7)

Eg:iL‘ - Z( a.s,

whencver one of these skipping processes survives, Let D be the vector
with \»—Fﬁ£§] in the ith place and ones clsewhere, Then the probability

that one of these skipping process survives is

|- (5"@))4.



which tends to ®IS1 as r tends to infinity, by Theorem II.,7,2 of
Harris, Thus (V,4.1) holds under “3 also, This proves the following
Corollary to Theorem V,3.1,

COROLLARY V.A4.1,

In a supercritical primitive branching random walk for which (IV.1.3) holds
).
?’T‘f‘-ﬂ — a.s, on S

for each i ing , with K given by (IV,1.13).
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VI. THE EXTREMES OF A BRANCHING RANDOM WALK WITH A

COUNTABLE NUMBER OF DIFFERENT TYPES,

The description of a multitype branching random walk that was given
in Chapter IV does not require that 9 be finite, In this chapter we will
consider the case when 3 is countable, bﬁt not finite, The (infini‘te)
matrix M(6) is still defined by (IV.0.2). Let us identify the index
set 9 with the non-negetive integers and let the matrix J be defined by

~a _ _ ‘ _J'-i
oy o if Z“,GRX =0 a.s. and —J-U . otherwise

then ?3341 for each i, This is a rather odd definition when compared
with that of J, (IV,0.1), but it ensures that the powers of J are well
defined, The matrix :Ivmay be used to classify the types of 3 Just as is
done in Markov chain theory., We will assume that the process is primitive
in the sense that 9 forms a single communicating ctass of period one
with respect to 3 That is, for any i and j (3'! n)5>o for some n,and for
any i 1=g.c.d.{n:(3—n)u>°3-

The analogue for infinite non-negative matrices of the Perron-
Frobenius theory of finite non-negative matrices, which is what was being

used in Chapter IV, is discussed in Chapter 6 of Seneta's book (1973); in

particular because of the Corollary to Theorem 6,1, we can define wm{®) by
A

Y
mO)= i MY = sup (M@
for any i in ﬁ . We will assume that

N150>< 0o for some P> © (VI.0.1)

and that

Mm(o)>1 , (V1,0.2)

/ 121 N
Let us define Bn}’ B{ (¢) and rA as in Chapter IV, 6that is by (1v.0.4)
(1v.1.9) and (IV.1.6) and 3/ by
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b’:: Supio\: ’v\(c\)-(ﬂ = waf ta : P\(a)>\§, (V1.0.3)
First we will consider whether
)
%— . a.s. on S (VI.0.4)

The condition (VI,0,2) will be seen to be sufficient to guarantee that

?;CSJ)O for all 1 in 9 . The result (VI.0.4) does not hold in general
and the counterexample presented in the next section indicates why it can
fail, In the second section an analogue of Corollary V.4.,1 is established

by using a truncation of the type set to make it finite,

VI,1., A counterexample,

When the parent is at the origin :
a person of type i has a child of type i+l at A;
a person of type 1 (i# 0) has Pf_‘l children of type 0 at (; with
probability P, ,
a person of type O has a child of type 0 at c,

The numbers ia;Z §(r;z and ¢ are all greater than zero and satisfy the

inequalities "
2 Q. -t (:ﬂ
L=t > C for all n3 1, (vi,1.1)
N A+ | -
T
hen —0c By o .
‘\\(9) = e~—eb y ~-0q ' .
e " o € O
cOG ~Oa
e o0, O O 2

Since 11(0) is a recurrent Markov matrix it follows from Theorem 6.6 of
Seneta (1973) that m(0)=2, Notice that M[D)é M(0) for all & o and
so w(0) is finite for all O>0 . Thus (VI.0.1) holds. The process is
obviously primitive,

It will follow from the discussion in the next section and (VI.l;l)
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that ¥=¢ . Let ﬂ. be the event that a person of type O occurs and

let A 2 be the event that none occurs. Then it is easy to see that

Liew 5:‘:) = { on ﬁ‘ (VI.1.2)

if and only if

A

(lv;\ t}\e lz':l Q; S X , (VI,l,B)

n -~

) .
When (VI,1,3) fails it is clear that B(ﬂ//\ tends to a 1imit if and only
n
. o
if EGJ N deces, Thus /)( need no longer be a lower bound on lim inf ® )/f\
. . o™ .
and when it is not 1im 8 /n need not exist,

Now let us suppose that (VI,1.3) holds, Then (VI.1,2) holds and

. -p f) o . (n) N
'\ﬁ\ \/\(‘ gl = ’lnk \;«F \—1-’:__0_‘ and llv'V\SuY E = [\r;" Sue ECJ; on AL
n o n T

Thus (VI,0.4) can fail if W[A }>0 which occurs if and only if

O

JZ«.-: P, < ® | (vi.1.4)

Notice that an examination of mw) does not reveal whether (VI.l.iP) holds
or hot, so that two branching random walks may have the same M 3) and yet
in only one of them does (VI;0.4) hold. This cqntrasts with the results
of the preceeding chapters, This example suggests that (VI,0.4) can only

be expected to hold if the process is 'well behaved at infinity in the type

set',

VI.2. The truncation of the type sect,

Let the type of the initial ancestor be i, It is shown in Seneta
(1968) that it is possible to find a sequence of finite subsets of 9 ,

{0]-3 . with the following properties :

L€ 3‘) ﬁTC ‘9 .._82 9,.‘_:9 and

T4 18

the matrix {m(f% Q - J,kéﬁrg is irreducible,
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We can consider for each T the process obtained from the original one by
allowing only those lines of descent which lie in 97 , the Qr-restricted
process in the terminology of Section IV.4, Quantities in the 9T~restricted
process will be denoted by a subscript, T,

Since the original process is primitive 1=g.c.d.{ n :(f\’\n)a> 03
and from Lemma A4 of Seneta (1973,p183) there exists distinct primes s and 1
such that (“\?)a?O and (W) t);;'> O ., For large T (mi-);t and m/\f,)“
must also be strictly greater than zero and then 1=g.c.d.{n:(rﬂ?);i> 03,
Thus for large T the ﬂrrrestricted process is actually primitive,

By Theorem 3 of Seneta (1968)

m (0 T mco)

and so the gf-restricted process is supercritical for large T. That is
PLsovut S-¢ S and so W SI>0 which shows that the condition
(VI.0.2) is sufficient to ensure that W{SI> O for all i as was asserted.
Also, as usual, D:..»L 8 ., This is how we know that J= € in the counter-
example of the previous section since, because of (VI.1.1), b:_ =¢ for
any irreducible truncation in that case,

We can now apply Corollary V.4.1 to the @ -restricted process to

-r
o
show that for each j in 4

o,
%T(J\ Y b/w‘- a.5. on S

N ————a ‘

0N
(n) .
To make effective use of this fact we need a lower bound on lim inf %“%J)/r\

which we now derive. When mlg) is finite there exists a vector vle) with

strictly positive entries such that

XN M) VI ¢ o) Ve,

J

this information is contained on pl63 of Seneta (1973). It follows, as usual,
that

R B <nal < (e mO) Vi),
vee)
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and hence that

LS |
Lim mS: _..._‘_J > X a,s,
14

Therefore for j in g_,-

.. tn) . "y . phy '
Y ¢ binof B £ bingup ¥ I8 - ¥ as. on S (VI.2.1)
n S ‘

The events ST increase to an event S. The counterexample in the preceeding
section shows that it is possible that W Cs\¥€150 since there & = a, ,
S\¥=6, and the process 'drifts to infinity' on ﬂz . The following
proposition shows that this is typical. Let S(j) be the event that there

are people of type j in infinitely many generations,

Proposition VI,2,1.

W fS(j)} \3) =0

Proof, Take T such that m{O»1 and j is in Q.. Let N, be the
first generation in which a person of type J occurs and denote that person
by P(1) . In general let Ny Dbe the first generation in which a person of
type j occurs after the @T -restricted process initiated by P(r-.-i)ha.s
died out, Denote this person 'by P(r). When Ny is finite the 91. -restricted
process initlated by P(r) is independent of the first Nr generations of the

process and survives with probability %ES{J . Therefore

, S
W»‘:Ns“‘l < Q- YPJESA\ — 0 AS I a

Al

Now on  9(J) A S \$ NS is finite for all s, Therefore
PLSH, S\8l=0 .0

TIf we now let T tend to infinity in (VI,2.1) we arrive at the following

theorem, Notice that if f‘) were finite (VI.O.bf) would follow from this

n .

% s (") ( .
theorem since then S\S is empty and ® = min iR (3 993
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THEOREM VI.2.2.

In a primitive multitype branching random walk with a countable number of
different types, satisfying (VI,0.1) and (VI.0.2), there is an event, S

which has positive probability such that for any i in 9

oy .
B () — b/ o

—_— a,s, on S,

and on S\S no type occurs in infinitely many generations. The constant Y

is given by (VI.0.3).
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APPENDIX ON THE MULTITYPE GALTON-WATSON PROCESS.

We will consider the following slight generalization of the multitype
Galton-Watson process. The type set J, is finite. Let,for each i in 9
{N'.j ER) 633 be a set of random variables taking values in 5.‘0, 1,7.,,;,,003 . An
initial ancestor is created to form the zeroth generation, He produces children
to form the first generation and if his type is i then the number of children
of the various types that he produces has the same distributions as {N-,J J e‘()}
Thus he may have an infinite number of children, These first generation people
give birth independently of one another and the number of children of the
various types born to a first generation person of type khas the same
distributions as i Nk‘-‘ B 633 . The discussion of this process that follows
is based upon Chapter II of Harris's book (1963). With the convention that
1°=1 and ¢®=0 for ¢ ¢1 the generating- function of this Galton-Watson

process 1is given by
N
(§e), = ELTs ]

where both f and s are vectors with their components indexed by ﬂ and
L/ (P}

O0<£ S, < 1 for each 1 in 8 . Let Nd be the number of people of

type j in the nth generation. Then since people in the nth generation give

birth independently,
(.fH 1) )

(
Efzr SJNJ ] = Et(ﬂsn?“ ]

and hence the probability generating function of -{N’g‘s when the initial
ancestor is of type i is given by the ith component of the nth iterate of
f, that is G“(S))L .

Let q be the vector whose ith component is the probability that
the multitype Galton-Watson process dies out when the initial ancestor is
of type 1. The original process dies out if and only if either the first
generation is empty or the multitype Galton-Watson process initiated by

each person in the first generation dies out, Thus
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q=§(q)
Let the matrix J be defined by

:Tis: o when N';,’ 0 a.s. and T:_\= 1 otherwise .

Let us assume that the process is primitive, that is for some r the rth power
of the matrix J has all of its elements strictly positive. Harris calls such

a process positively-regular. The mean matrix M, defined by
O /3
M, = BN = ®0nging-1]
J

which may have infinite entries, is then primitive. When M has only finite
entries it has a maximum eigenvalue mwhichis real and strictly greater than
zero, Seneta (1973, Theorem 1.5), and we will take m to be infinite when M
has any infinite entries, Let us assume from now on that m>1, Consider the
process constructed from this multitype Galton-Watson process in the following
way., The initial ancestor is the same, The first generation contains at most
N children of each type, the rest being ignored. The second generation is
constructed in the same way from their children andso on. This is just a
Galton-Watson process built up using copies of {wﬁn(Ns,N)~:CJ633 rather
than {Tﬂs o v €93 . For large N Theorem II,7.1 of Harris applies to the
new process to show that it survives with positive probability whatever the
type of the initial ancestor. Since the original process survives if this new
process does we can see that ¢.< 1 for each i. It is not hard to show
that this ié still true if we only.assume that J is irreducible (i.e. for
each i and J (T ")u.>o for some T),

If a person can have an infinite number of children with positive
probability then when there are an infinite number of children born into
some generation there are almost surely an infinite number of children in all
quent ones. Thus'infinity'is an absorbing state of this Markov chain.

subse

Combining this fact with the discussion in Section II.6 of Harris we can see

that the states of the process other than zero and infinity are transient, that
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is that

WEO < ‘\,ZN(;‘< K—] —> 0O as N D> w

for any K,

Since (5 “(o)\; = F\)E ? NJM-.-. ol Nl?= 1] we know that
}“(o) 1 q .
Now for s«1 (i.e, strict inequality in each component )
n K
- mox | (£ ¢sy). - ($o0).] € PLo¢ T N; <kl + (maxs;)
v Jd [
and so, by letting n and then K tend to infinity
14
5 sy = 9, .

We will need this result for s¢ 1 (strict inequality in some component). Since

the process is primitive, and so for some r (‘ZT") ".j>0 for each i and J,
(+) ()]
PLN >0l n=1]}>0
for each i and j, Therefore if s <1 then f?ss < 1. and then

‘5'“(83 = §n~f'<§?S)) "">‘L as n—> &,
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