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Abstract

I introduce a framework to distinguish two domains of physics — the manifest
(i.e. the directly observable empirical records in terms of manifest config-
urations) and the non-manifest domain of physics (i.e. the things that the
manifest configurations signify according to a physical theory). I show that
many quantum ‘paradoxes’ rest on ambiguous reasoning about the two do-
mains. More concretely, I study so-called ‘surrealistic’ trajectories, the ‘de-
layed choice quantum eraser’, and weak measurements. Finally, I show how
the alleged puzzles resolve in the framework provided.

I then formally define and address the question of whether quantum un-
certainty could be fundamental or whether post-quantum theories could have
predictive advantage whilst conforming to the Born rule on average. This no-
tion of what I call ‘empirical completeness’ refers to actual prediction-making
beyond the Born probabilities, and thus delineates the operational notion of
predictability from a ‘hidden variable’ programme in quantum theory.

I study how empirical completeness connects to signal-locality, and argue
that a partial proof for the impossibility of predictive advantage can be es-
tablished for bi-partite quantum systems. The relevant results demonstrate
signal-locality as a sufficient principle that might explain the fundamental
chanciness in present and future quantum theories and, in turn, reconciles us
to many quantum features as aspects of limits on Nature’s predictability.
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Introduction

As I’m writing this thesis, Alain Aspect, John F. Clauser, and Anton Zeilinger
are awarded the 2022 Nobel Prize in physics for their pioneering work in quan-
tum information science. In a private conversation, Zeilinger once said, ‘Quan-
tum mechanics has told us that the only thing that’s real is its randomness’. A
study of this claim being one of the aims of this thesis, I argue that quantum
indeterminacy may be fundamental (at least to some extent) in future physical
theories.

One of quantum theory’s salient lessons is its inherent indeterminacy. In-
sofar as the formalism is deemed valid, its predictions are generally proba-
bilistic. That is, generic physical states imply uncertainty for the outcomes of
measurements. At face value, the quantum formalism suggests that its prob-
abilism is unsurmountable, and so quantum indeterminacy has become one
of the characteristics of the theory. Unlike in pre-quantum theories, where
the physical state usually determines the values of all measurable observables,
physical states in quantum physics imply uncertainty for the outcomes of mea-
surements. This feature is quite peculiar. Why does the quantum formalism
suggest that there is a limit to the predictability of an event? Is it because
Nature is fundamentally indeterministic? Is it because the relevant degrees of
freedom are uncontrollable? Or is quantum indeterminacy the consequence of
a more fundamental physical principle?

I introduce a framework to study what I call the ‘empirical complete-
ness problem’ of quantum mechanics, i.e. the question of whether alterna-
tive theories could have a predictive advantage over the standard quantum
probabilities and thus reduce the theory’s indeterminacy whilst recovering the
quantum predictions on average. To do this, I distinguish the manifest from
the non-manifest domain in physics to delineate empirical completeness from
metaphysical completeness.

This thesis is a contribution to two related topics in the foundations of
quantum theory. In the first part, I argue that absent an account of what
quantum mechanical measurements signify, many alleged quantum ‘paradoxes’
don’t come off the ground. By a careful analysis of the physical arguments
involved and being clear on what the terms in question mean, the paradoxes
are resolved in the framework laid out.

The main aim of the second part is to give an analysis of where we stand
towards answering the empirical completeness problem, discuss the relevant
results and arguments available to date, clarify them and offer more vital and
general interpretations, and explore the possible avenues towards a generalised
understanding of predictability in quantum and post-quantum theories.

I shall proceed as follows. In Chapter 1, I set the stage by providing a
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framework to distinguish the manifest domain from the non-manifest domain
in physics and prediction-making. This will lay the ground to account for
several quantum puzzles related to the problem of what quantum mechanical
outcomes are supposed to signify (Chapter 2). After introducing the main
issue in Section 2.1, I begin with an illustration thereof in Section 2.2 in
the context of so-called ‘surrealistic’ trajectories. In Chapter 3, I will turn
to the ‘delayed choice quantum eraser’ experiment. Chapter 4 contains an
account of weak velocity measurements in the context of de Broglie-Bohm
theory. A brief discussion on measurement disturbance will be the subject
of Chapter 5. In Chapter 6 I make the relevant definitions to introduce the
empirical completeness problem of quantum theory. Chapter 7 comprises an
account of empirical completeness in pilot wave theory. It is shown under what
assumptions the Bohmian framework can have a predictive advantage over
quantum probabilities. The relationship between non-locality, signal-locality
and quantum indeterminacy is examined in Chapter 8. I argue that the signal-
locality assumption leads to a partial proof of quantum empirical completeness.
That is, there exist fundamental limits to what can be predicted independently
of the quantum formalism. More concretely, relativistic locality appears as a
sufficient principle to rule out predictive advantage for the probabilities of
arbitrarily entangled bi-partite systems. My analysis leaves open whether a
general proof is possible for the empirical completeness of arbitrary quantum
systems, particularly individual ones. If there do not exist such principles
which rule-out predictive advantage, there remains the question of why it
does not seem to be observed in Nature — why the Born rule seems accurate
and complete. This may be a brute fact, or it may be that there is a dynamical
explanation why — as a kind of equilibrium — a universe which begins as one
in which improved predictability is possible will tend to one in which quantum
theory is empirically complete. Finally, I shall comment on some ideas for
future work in Section 8.7. The findings are summarised in the conclusions.



Chapter 1

The Manifest and
Non-Manifest Domains of
Physics

This is how I see three things connected — the phenomena of the world, the
elements of a physical theory, and what may be called the world’s ontology:
The physical world can be decomposed into two domains.

One contains the empirical data, i.e. the manifest elements like outcomes
of measurements and records in the environment. It comprises what is directly
observable as outputs, settings and physical data — the bare phenomenological
facts.

It is worth noting that all of what exists in the manifest domain is in terms
of positions of objects, events, or configurations in 3 or 4-dimensional space.
Every measurement result and observable fact is ultimately encoded in spatial
degrees of freedom like ink on paper, points on a screen or the position of a
pointer. Hence, this empirical domain will be called the manifest domain of
physics or the manifest domain of the world. Let it be labelled with M.1

The manifest domain alone doesn’t entail any a priori commitment to
what is real in the physical world beyond itself, i.e. what the elements in the
manifest domain may or may not signify. For instance, a configuration of dots
on a screen does not — without further theorising — imply the existence of
a particle in this very spatial location. Theories about what is contained in
the non-manifest domain will be informed by what is observed as the manifest
domain. But the point is that there exists no a priori connection between
the two. More theorising and metaphysical assumptions will be necessary to
explain what the manifest domain ultimately instantiates or what lies beneath
it. The manifest domain is the empirical reality only. There is, moreover, no a
priori commitment as to whether the manifest configurations persist in time.
For instance, an ink spot on paper or a dot on a screen do, in fact, appear and
disappear. An underlying theory may ultimately tell a story about persisting
ink particles that went from a pen onto the paper or persisting electrons that
locally excited a photomultiplier screen, but this is part of a theory and not
the bare manifest domain.

1Note that this description is of course already theory-laden. It serves as a minimal and
natural assumption on the operational terms involved, one there is arguably a very solid
consensus about.

11



12 CHAPTER 1. THE MANIFEST AND NON-MANIFEST

Then there is the second domain, that which contains the elements, objects
and facts that aren’t directly observable. These will be the things that exist
to which a physical theory relates the manifest elements. For example, it will
tell when a manifest element, e.g. a position measurement record, actually
refers to a non-manifest element, e.g. the position of a particle. In physical
theorising, the standard criteria of theory choice — such as simplicity and
elegance — usually determine a minimal set of properties that may exist in the
non-manifest domain. The real world (according to our best understanding)
is built from the domain of non-manifest elements that feature in our physical
theories of what the real world is. We may label those elements with the
familiar attribute of being ‘ontological’ and refer to it as the ontological sector
of the non-manifest domain.

The non-manifest domain, furthermore, contains another category, which
I term the nomological sector. These are the laws of physics that determine
the dynamics of the ontological elements (and so it is also assumed that one
can make sense of a notion of time). Whether one includes the laws of physics
in the ontology is up for grabs, but I will distinguish the ontological from
the nomological to better understand how the physical world can be divided.
Note that there is no claim to be made that the laws that actually govern the
behaviour of the world (if they exist) are represented by the laws that are used
in practice to make predictions. Hence, I tend to think about the non-manifest
domain first as a mathematical device for prediction making, and only in a
second (philosophically more difficult) step as ontic and nomic.

The important point is that all the contingent facts in the non-manifest
domain are epistemologically derivative of the manifest domain. It’s also well
known that there is generally always a many-to-one relationship between phys-
ical laws and the patterns in the manifest domain.2

An instrumentalist might worry about realist commitments acquired by
introducing the non-manifest domain. One way to accommodate this worry is
to think of the properties of the non-manifest domain as merely mathematical
objects. This allows one to assign states, make predictions, and talk about the
details of a theory without resorting to questions about what is or isn’t real.
As opposed to the instrumentalist, who may take all of the non-manifest do-
main or at least parts of it as mathematical convenience, the realist attributes
ontological status to the non-manifest domain. And this is just a matter of in-
terpretation which hasn’t any consequence on the nature of prediction-making
in a physical theory (though it may have for explanation and understanding).

Nevertheless, in the face of quantum theory, many seeming paradoxes arise
from a lack of stringency in delineating the empirical from the possibly non-
empirical. An instrumentalist reading of the paradoxes below often says noth-
ing about the physical significance thereof. Most paradoxes don’t occur since
an honest instrumentalist can only make statements about empirical data sets.
In this view, a measurement outcome is not a measurement of anything real.
This isn’t to say a commitment to instrumentalism must solve the said para-
doxes. Instead, a realist wants to be in a position to say more than an instru-

2Jumping ahead, it is a trivial observation that the nomology can, in principle, be cho-
sen to be deterministic by introducing enough information in the initial state of a system.
However, the resulting form of determinism comes at the cost of predictability and will there-
fore be rather uninteresting. Hence, determinism ought to be carefully distinguished from
predictability.
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mentalist about what the empirical data may refer to and, importantly, can
resolve the alleged paradoxes when sticking to a clear-cut distinction between
the manifest and non-manifest domains.

Distinguishing the two domains is essential for at least two reasons. One
is that the nature of the non-manifest domain cannot be inferred näıvely from
the manifest domain. Physical theorising and metaphysical considerations are
necessary to draw connections between the domains. Moreover, what goes
into the non-manifest domain is strongly informed by what can coherently
explain the empirical data. Discussions on the meaning of modern physics
theories have demonstrated the relevance of making the manifest/non-manifest
distinction. As discussed in Chapter 2 on paradoxes, quantum mechanics is
notoriously susceptible to confusion. A number of seeming quantum paradoxes
are due to misunderstandings about what measurement outcomes signify in
quantum mechanics. The theory doesn’t come with a natural interpretation
of how the outcomes, i.e. manifest configurations, relate to or inform us about
the nature of the non-manifest domain. Since the theory leaves plenty of room
for filling in the non-manifest framework, inconsistencies often arise.

Quantum theory is a fascinating case, for it manages to be an enormously
successful theory without making satisfactory reference to the non-manifest
domain. That is, the theory tells us how things are observed, and predictions
are made (inside the manifest regime) but not what is observed (lacking a
description of the non-manifest domain). In this sense, we are dealing with an
operational, or instrumentalist theory. The motivation to resort to purely op-
erational terms stems from the interpretational challenges inherent in theories
like quantum mechanics.

The second reason why the distinction is necessary involves insights from
the hidden variable programme. For instance, quantum non-locality and con-
textuality show that what holds on a macroscopic, operational level doesn’t
necessarily carry over to the microscopic level. The distinction between mi-
croscopic versus macroscopic doesn’t fully align with the non-manifest versus
manifest distinction, but the point is that the relationships between things
in one domain are no guarantee for the relationships between things in the
other domain. A similar conclusion holds for concepts like determinism and
predictability. Thus, in a rather trivial sense, the non-manifest domain allows
virtually unlimited room to introduce all sorts of characteristics (hidden from
the manifest domain). Therefore, our job will be to assess the physical princi-
ples that prevent these characteristics from being carried over to the manifest
domain.

In quantum mechanics, one common approach to studying the theory and
pertinent puzzles more rigorously is resorting to the ontological models frame-
work, as introduced by Spekkens (2005). An ontological model assumes there
exists some set of ontic states in some state space λ ∈ Λ for a physical sys-
tem providing a complete characterisation of its physical properties. Every
preparation of a quantum state is thus said to correspond to preparation of
some particular ontic state λ. But since the preparation may not fully con-
trol the ontic state, it describes a probability distribution µ(λ) over the state
space Λ. Moreover, a measurement of the system is supposed to be a prob-
abilistic response to a particular ontic state prepared. For this thesis, the
manifest/non-manifest distinction can be understood to build on the ontolog-
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ical models framework in the following manner. First, the stipulation of the
manifest domain as localised elements in three or four-dimensional space makes
a direct and unambiguous claim to what is observable, i.e. — the manifest
configurations. Whereas measurements in the ontological models framework
can, in a sense, be ‘incomplete’. Although the latter explains how measure-
ment results come about by virtue of ontic states, it remains agnostic about
how those results are ultimately represented as manifest configurations.3 At
any rate, some starting commitments have to be made as to the concrete na-
ture of these domains, and manifest configurations as introduced here appear
as a natural choice on which empirical experiences supervene. Secondly, when
studying predictive advantage, it may be desirable to invoke variables that
do not represent the complete ontic state of a quantum system. For instance,
some manifest configurations could refine the quantum probabilities but might
effectively only correspond to a coarse-graining of ontic states. The variables
of an ontological model are, therefore, not suited to represent the variables
of hypothetical predictive refinements of quantum theory. More concretely, in
an ontological model one would have to specify what variables are accessible
on the manifest domain, whereas the additional variables in a theory with
predictive advantage are always assumed to be accessible.

In sum, we first should be clear that there exists no a priori entailment from
the manifest to the non-manifest. And second, be wary about the possibility
that what may apply in one domain may not in the other.

The framework introduced gives a clear picture of reality and distinguishes
the empirical and observable, i.e. the manifest domain, from the non-manifest
and not directly observable.4 The latter further decomposes into an ontological
and a nomological category. Figure 1.1 depicts the relationship.

The manifest/non-manifest domains serve several purposes. One is giv-
ing a clear-cut framework and scope in which we can formulate the notion
of predictive advantage and empirical completeness of a physical theory (see
Chapter 6). The other is to provide the grounds for analysing a number
of alleged quantum paradoxes, which are resolved given an account in the
framework put forward (see Chapter 2). I wish to highlight that quantum
mechanics is a compelling example showing that the connection between the
manifest and non-manifest domain is anything but straightforward. In fact,
the theory’s peculiarities are arguably the primary motivation for making this
distinction. In most pre-quantum theories like General Relativity Theory and
Electromagnetism, the non-manifest elements — e.g. classical matter, charged
test particles — connect more naturally to the observed manifest configura-
tions and the non-manifest domain is usually taken for granted or implied
implicitly.

Moreover, the emphasis on the manifest domain reflects how physics is
commonly done. Instead of postulating an extensive set of non-manifest struc-
tures and theories to then strip away the superfluous elements, we start from
what’s directly observable, i.e. the manifest configurations, and then formu-

3This makes all the difference for, e.g. spin degrees of freedom as we will see, for instance,
in Section 2.2 on so-called ‘surrealistic’ trajectories. There, the outcome of a spin measure-
ment attains coherent meaning if it is represented by some manifest degree of freedom.

4In a related but distinct fashion, Sellars distinguishes between the ‘manifest image’ and
the ‘scientific image’ of the world (cf. Sellars 1962). For a critique of this dichotomy see
Fraassen (1980).
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Observational data, empirical domain, 
measurement records, the observable,
the phenomenological.

Ontological elements, e.g.
wavefunctions, particles                                    
with actual positions, 3-space, Hilbert 
spaces, quantum states

Manifest domain

Non-manifest domain

Nomological elements, 
laws, numbers, Hilbert 
spaces, states

Figure 1.1: The set of empirical data (the manifest domain) informs the commit-
ments on the non-manifest domain of physics, i.e. the ontological states and the
physical laws.

late theories by introducing variables that more or less directly derive from
the configurations. For instance, the existence of particles may be postulated,
which is natural given localised manifest position outcomes. But it may turn
out that a theory like this is insufficient to explain all phenomena and the
non-manifest domain may have to be extended. The point is that theory
construction in physics usually follows the top-down rather than bottom-up
approach.5

1.1 Physical Theories and Prediction Making

Despite the lack of agreement on whether the purpose of physics is to provide
explanations just about empirical facts, or perhaps even just about maths,
there seems general consensus that physics at least ought to include mak-
ing predictions. To formalise the general idea of a prediction according to a
physical theory, I introduce the notion of a target system and measurement
apparatus, or pointer device. Ultimately, both systems are represented by
subsets of configurations in the manifest domain. That is, the target system
and the apparatus can be defined through variables that comprise localised
patches of the manifest domain at some particular time t.

For example, we may relate the target system to a small set of localised
configurations at a time. Thus, any operational description of a target system
will be determined by such configurations. Similarly, the properties of the
apparatus may derive from a different subset of configurations in the manifest
domain. A physical theory will then assign states derived from those chosen

5I will set aside the familiar problems of operationalism (see, for instance, Chang 2021).
Note that it isn’t necessary to be committed to a pure operationalist starting point, but we
want to look at a quasi-operationalist starting point for methodological purposes.
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configurations.6

In the present context, this means we get a prediction by the theory about
the probabilities of the configurations of the manifest domain at a later time
t+ ∆t given the configuration of the manifest domain at an earlier time t.

By definition, the manifest domain is idealised as containing a collection
of single points in R3 for each space-like Cauchy surface in R4 labelled by
t. These are the coordinates of the localised configurations accessible in the
world, i.e. the empirical content. Formally, each space-like slice Mt of the
manifest domain M can be represented as

Mt ∈
⋃
n∈N

R3n, (1.1.1)

with R0 := ∅. The definition of the manifest domain thus accounts for the fact
that the number of manifest points in each slice may vary over time.

Physical predictions on the manifest domain are a family of probability
maps {

ft,∆t :
⋃
n∈N

R3n → D
(⋃
n∈N

R3n

)}
t≤t+∆t

, (1.1.2)

where D(·) denotes the space of distributions. That is, each slice of the mani-
fest domain fixes a probability for each possible future slice, i.e. p(Mt+∆t|Mt),
where Mt+∆t,Mt ∈

⋃
n∈N

R3n.

For all practical purposes a prediction is usually not made for an entire slice
Mt+∆t of the manifest domain. Moreover, the variables on which a prediction
is based do usually also not contain the entirety ofMt. We consider, therefore,
variables that pick out only localised patches in the slices. For instance, a
preparation of a target system at time t may be represented by a collection
of points y = (y1, y2, ..., yk) ∈ R3k which contains only the points in the tuple
Mt for which |yi − yj |2≤ R is smaller than some radius R ∈ R for all i 6= j.
Similarly, the outcomes x = (x1, x2, ..., xk′) ∈ R3k′ of an apparatus may be
localised as well, i.e. containing only the points in the tupleMt+∆t for which
|xi − xj |2≤ R′ for all i 6= j, and radius R′ ∈ R. A prediction can then simply
be expressed as p(x|y) (see Figure 1.2). Individual points in the space of the
manifest domain can also be thought of as ordinary spacetime events.

When a physical theory identifies configurations over time, i.e. in different
manifest slices, the temporal evolution of systems can be defined. This then
allows to talk about relativistic locality on the manifest domain. It will be
required that every theory formulated on a world like this will satisfy a locality
condition for the pertinent variables (cf. Chapter 8 for the definition of signal-
locality).

A physical theory requires an operational procedure for how measurement
results are obtained, yielding its empirical content. That is, a theory T assigns
states to the target system and the measurement apparatus from which the
statistical predictions are derived. Both the formal states of the target system
and apparatus are derived from configurations inM, but are usually states in

6Technically, the framework is not restricted to Markovian theories since the state vari-
ables could, in principle, contain information about the system at a given time and its past.
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Figure 1.2: A slice of the manifest domainMt at time t and another at time t+∆t.
A prediction, i.e. probability assignment p(x|y), to manifest outcomes x is based on
manifest configurations y.

the non-manifest domain. For example, possible states may contain variables
such as actual positions of particles and their momenta, local intensities of
fields, or Hilbert space vectors.

Let λ ∈ Λ be the state of the target system and µ ∈ Λ the state of the
apparatus, with Λ the state space of the non-manifest domain. For a given
observable Q to be measured, the initial apparatus state is denoted as µQ
and assumed to be fixed for all preparations. The variable Q refers to the
setting of the apparatus. But, again, also Q is just part of the apparatus
whose states are a function of some configurations in M. By choosing some
setting that is supposed to measure the physical feature Q, we pick a manifest
configuration of the apparatus. No claim is made as to what extent these states
are ontological, i.e. elements of the non-manifest domain. For simplicity, it
suffices to assume that they are just mathematical objects that describe the
physical system.

The target system and apparatus’ joint system is denoted by non-manifest
states λ × µQ. However, the structure of states on the joint system need not
be represented by the structure of the Cartesian product. What’s important
is that there is a way to compound individual systems. Hence, ‘λ × µQ’ is
to be understood as merely a placeholder for a state in that bigger space,
whatever its structure. The theory T contains a statistical algorithm that
maps to each target system-cum-apparatus state a statistical distribution of
outcomes p(x|λ × µQ) for observable Q, with mean value 〈Q〉T . A theory
is called deterministic if p(x) ∈ {0, 1} for all outcomes x. An ensemble of
target systems is called homogeneous when each element in the ensemble is
assigned the same target system state λ. The apparatus states are assumed to
be fixed. When it is clear how the physical states are obtained — derived from
the manifest configurations — and what observable is measured, we may again
abbreviate the probability distribution as p(x|y) with x and y defined as above.
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For every outcome x to occur given the configuration y, the theory specifies
conditional probabilities p(x|y).7 The mapping from manifest configurations
y ∈ M to target system states λ, however, may not be isomorphic, i.e. one y
does not uniquely select the state λ. In this case, each preparation procedure
creates an ensemble of states with some probability distribution µ(λ|y). The
ensemble average then yields the individual outcome probabilities

p(x|y) =

∫
Λ
p(x|λ× µQ)µ(λ|y)dλ. (1.1.3)

Operationally, the conditional probabilities are used to predict the likeli-
hood of some future outcome x to be observed given the configuration y. If
an observer does not have enough information of a system to determine p(x|y)
completely, a prediction can subjectively contain more uncertainty due to the
presence of ignorance.

The assignment of states λ × µQ used for prediction-making must lead
to unique predictions p(x). Otherwise, a theory could make ambiguous pre-
dictions about future configurations of the outcomes of measurements. This
seems an obvious requirement, but as I will later argue, the theory of quantum
mechanics allows for situations to be constructed where it is unclear what pre-
dictions should be made (see Sections 6.5 on internal observations). Therefore,
in this case, a precise assessment of the theory’s empirical content remains out
of reach unless a more filled-in framework for the standard quantum formalism
is introduced. Furthermore, I shall conclude below that statements about em-
pirical completeness are contingent on solutions to the notorious measurement
problem in quantum mechanics.

The aforementioned formal ingredients allowed a characterisation of the
notion of a prediction in purely operational terms by referring to configurations
x, y in the manifest domain only.

7This implies that prediction-making amounts to a Cauchy initial value problem. A
set of (dynamical) equations determines the predicted probability distributions given a set
of initial data. Spacetimes that are not globally hyperbolic (e.g. contain closed time-like
curves) are thus ruled out by such a requirement. I wish to emphasise that there is, in
principle, no assumption about how the laws are supposed to be formulated on the non-
manifest domain. The variables on the non-manifest domain may as well allow a Cauchy
initial value formulation, but they needn’t. That is, the laws aren’t necessarily informed by
the traditional time evolution paradigm but can be more general, such as non-dynamical
equations, constraints and consistency conditions. For example, there may be other non-
standard notions of determinism where measurement outcomes are determined by more than
just the information on a space-like hyper-surface or where the formulation doesn’t allow a
time evolution altogether (see, e.g., Adlam 2021 for a current account). But importantly,
operational prediction-making is based on current manifest configurations to infer what some
future manifest configurations will be. In a nutshell, the point is that the manifest-non-
manifest distinction ought not to pose any restrictions on physical law-hood. However, any
theory’s prediction-making algorithm must be formulated in the way described above. For
instance, assume that an all-at-once-law exists where the manifest outcomes are determined
by a non-Markovian condition rather than an initial state and a governing equation. Then,
loosely speaking, for all practical purposes, the prediction of the weather tomorrow can still
only be informed by the manifest configurations of today. The point is that for an observer
like us, actual prediction-making seems to be possible only in the way outlined here, i.e. in
terms of a probability mapping from past observed configurations to future configurations.



Chapter 2

Quantum Paradoxes and the
Manifest/Non-Manifest
Domains Framework

2.1 What do Quantum Measurements Signify?

Let’s jump straight into the deep end. What does quantum mechanics tell us
about what is real? Unfortunately, about a hundred years after the theory’s
advent, the answer still is: not much! At best, we have a multitude of proposals
in the form of quantum interpretations, some of which try to answer this
question, some of which don’t. But all come with their problems, and the
quantum community is deeply split on which one, if any, to opt for. At worst,
up to the present day, the quantum keeps being fuelled by confusion about
what quantum measurement results supposedly signify. In modern literature,
it remains customary to conflate the manifest with the non-manifest domain.
This supports the need for a clear distinction between the manifest and non-
manifest domains. Confusion about the latter may muddy the waters while
assessing the former.

The main strength of the traditional quantum formalism is its empirically
well-established predictions. That is, the theory tells a story about how the
statistics come about that are observed upon measurement of a quantum sys-
tem. And this story is the vast empirical success of the theory. But the
formalism also tells a good deal more. For example, the kinematics and dy-
namical laws explain a wide range of physical phenomena, such as the stability
of matter, the nature of spin, or field quantisation, and lead to many novel
predictions in most branches of physics.

But here is one thing the theory doesn’t tell us: What can be inferred
from empirical evidence about the physical system that is measured? In other
words, what meaning is to be assigned to a particular measurement result, i.e.
manifest pointer configuration? And what (if any) information does it convey
about the physical system?

Some argue that the key lies in altogether giving up the relationship be-
tween the manifest and non-manifest domains. Hence, resorting to opera-
tionalism or some sort of instrumentalism (see, for instance Bogen 2017, in-
strumentalism in Chakravartty 2017, and references therein). Others attempt
to propose a coherent underpinning by appealing to more ontological com-
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mitments (see, for instance, Allori 2013; Chakravartty 2017, and references
therein). But, unsurprisingly, a half-hearted mid-way or toing and froing be-
tween the two will invariably cause trouble.

As it turns out, quantum mechanics teaches us that some measurement
scenarios don’t reliably reveal specific properties of a system once näıvely
thought to be measurable. Thus, the term quantum observable ought to be
taken with a grain of salt. For what it is that’s ‘observed’ is not a priori
entailed by the use of it. But this may not be so surprising. As Einstein
aptly noted: what’s observable is contingent on the theory (cf., for example,
Heisenberg 1958).

The manifest/non-manifest framework introduced in this thesis shall pro-
vide the grounds to identify where claims are unwarranted about the sig-
nificance of quantum measurement results. A number of alleged quantum
paradoxes can be resolved by consistently applying the manifest/non-manifest
distinction. Or by pointing out that often the assumptions on which a para-
dox rests originate from sloppy thinking about the two domains. Absent an
account of this crucial distinction, most paradoxes aren’t genuine puzzles.

I discuss some of them in said framework and identify the assumptions
that lead to the alleged paradoxical conclusions. I show that many arise in
the presence of inconsistent reasoning about quantum measurements.

I shall first investigate a thought experiment where particular measurement
results were deemed to give rise to observation of ‘surreal’ behaviour. That is,
quantum scenarios where certain combinations of observations allegedly prove
that systems can possess paradoxical, conflicting properties. This analysis is
motivated by the concrete case of so-called ‘surrealistic trajectories’ in the
context of de Broglie-Bohm theory, on which I shall comment.

I then discuss the ‘Delayed Choice Quantum Eraser’ experiment and argue
that its paradoxical implications can be eliminated by taking into proper ac-
count the role of measurements in the setup. Finally, I give a straightforward
description in standard quantum mechanics and show that the puzzle partly
rests on misleading assumptions about what quantum measurement records
signify.

Furthermore, I examine so-called ‘weak values’ and ‘weak measurements’
with regard to observation of the non-manifest. The alleged detectability of
Bohmian particle trajectories is discussed in light of weak velocity measure-
ments. Here as well, clarity on the meaning of observation resolves alleged
paradoxes. Some general remarks are made on the ontological significance of
weak values.

To conclude, I shall say some words on disturbance upon quantum mea-
surement. The question of what (if anything) is disturbed in a quantum inter-
action is intimately bound up with answers to the quest of what measurement
results signify.

What the examples show, ultimately, is that we have to free ourselves from
a direct connection between the observable manifest phenomena of the world
and what brings about these phenomena.
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2.2 Surrealistic Observables and the Non-Manifest Domain

The detection procedure leading to what has (somewhat inappropriately) been
coined ‘surrealistic’ trajectories presents a particularly illustrative quantum
example where a näıve conflation of the manifest and non-manifest leads to
inconsistencies. The term ‘surrealistic’ is misleading as there is nothing in the
standard quantum theory that one would refer to as being real. As I alluded to
before, the standard framework doesn’t reveal any statements about the onto-
logical sector of the non-manifest domain. So-called ‘surrealistic’ trajectories
or, more generally, ‘surrealistic’ observables are thus meaningless terms. For
the theory lacks a foundation for when a trajectory is supposed to be measur-
able. This, in fact, blocks the paradox right from the outset because any claim
that some ‘path of a particle’ was detected in an experiment is unwarranted.

2.2.1 Introduction

The physics of bad weather is quite interesting. All sorts of things fall from
the sky, invisible forces carry around objects on the ground, and the night
sometimes becomes some light show. But technically, a lightning bolt may,
in fact, not be located where it was seen. Perhaps it was observed through
a reflection in the window or a lake. Or, the radiation of the lightning is
scattered such that some of it appears somewhere else from where it emerged.
And then the lightning is followed by the thunder, which, as we know, is often
not anywhere ‘close’ to the lighting when it is experienced. Thus, even in
classical physics — here classical electrodynamics — the directly observable,
i.e. looking in the sky, or listening to the noise of thunder, are no direct and
reliable sources of their underlying phenomena. It is hence no surprise that
in quantum mechanics similar stories will be told (even though, their nature
is, arguably, even more bizarre). This turns out to be the case for so-called
‘surrealistic’ trajectories where the click of a detector must not be näıvely
identified with the position of a particle.

There is no need to rehearse the many treatments of surrealistic trajectories
in the literature. Instead, the point is to present surrealistic trajectories as a
case where a consistent underpinning of quantum theory leads to the fact that
not all position measurements are genuine measurements of a particle’s actual
location.

2.2.2 The Surrealistic Trajectories Experiment

In the surreal trajectory experiment — an instructive variant of which I discuss
here1 — a Mach-Zehnder interferometer is supplemented with a grid of spin
systems interacting with the particle. The interaction is designed such that
when the particle traversing the interferometer hits, the corresponding spins
flip from their ready state |↑〉 to the state |↓〉. This allows, so the story goes, to
track the particle’s path. After the experiment is performed, the spin flips are
read off, indicating the trajectory the particle took through the experiment
(see the setup in Figure 2.1).

1Another simple account is discussed in Barrett (2000), the original experiment was
presented in Englert et al. (1992).
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Figure 2.1: A particle’s trajectory is ‘detected’ by a grid of spins that flip when
the particle travels by them. Although both theories produce the same outcomes for
the spin flips, as opposed to standard quantum mechanics (chain of flipped spins in
orange), pilot wave theory predicts the particle to traverse a path that isn’t indicated
by the series of spin flips (the solid black L-path to the left).

Assume that before the interaction the experiment consists of n unper-
turbed spins |↑〉⊗n. Without loss of generality, we assign the spins in the
orange path L to the first k slots of the total state, and the spins in the alter-
native path R to the next k slots, respectively. Hence, the state is represented
as

|↑〉⊗n := |↑L1〉 · · · |↑Lk〉 ⊗ |↑R1〉 · · · |↑Rk〉 ⊗ |↑〉⊗(n−2k) . (2.2.1)

The quantum description of the experiment looks like so: When the particle
travels through the experiment, the total initial state of particle and spin grid

1√
2

(|ϕ1(x)〉+ |ϕ2(x)〉) |↑〉⊗n , (2.2.2)

evolves into the final post-interaction state

1√
2

(
∣∣ϕ′1(x)

〉
|↓L1〉 · · · |↓Lk〉 |↑〉⊗(n−k) +

∣∣ϕ′2(x)
〉
|↑〉⊗k |↓R1〉 · · · |↓Rk〉 |↑〉⊗(n−2k)),

(2.2.3)
where |ϕ1(x)〉 , |ϕ2(x)〉 are the two disjoint wave packets of the particle emerg-
ing from the beam-splitter BS, and |ϕ′1(x)〉 , |ϕ′2(x)〉 the two disjoint wave
packets of the particle at the end of the experiment (top region in Figure 2.1).

The two branches of the wave function are reflected at two walls or mirrors
M and subsequently overlap in the region I before they travel further on their
path. In light of the standard quantum description it is thus clear what is going



2.2. SURREALISTIC OBSERVABLES 23

on in terms of how the trace of spin-flips arises. Each branch of the particle’s
wave function causes a series of adjacent spin particles to switch states like a
game of dominoes, creating a path a single particle would be expected to take.
Since the initial quantum state (Equation 2.2.2) is a superposition of those
two branches, each track occurs with equal probability. Admittedly, this looks
daringly close to the detection of a particle’s trajectory. Nothing mysterious
so far.

But pilot wave theory (committed to actual particle positions) tells a dif-
ferent story of where the particle went. To compute the Bohmian prediction,
the total wave function of all involved particles is rewritten in position space,
and spin degrees of freedom are used in spinor form. The trajectory is then
calculated from Bohm’s guiding equation.2

The total quantum state of an individual spin particle on the grid then
reads

Φ(y)

(
1
0

)
, (2.2.4)

for spin up, and

Φ(y)

(
0
1

)
, (2.2.5)

for spin down, respectively. Here Φ(y) is a single spin particle’s spatial wave
function centred at the position of the particle. Notice, importantly, that
the wave function of the position degree of freedom is identical for both spin
values.

The total final state, thus, is found to be

(2.2.6)

1√
2

(∣∣ϕ′1(x)
〉

ΦL1(y − yL1)

(
0
1

)
· · ·ΦLk(y − yLk)

(
0
1

)
⊗ ΦR1(y − yR1)

(
1
0

)
· · ·ΦR1(y − yRk)

(
1
0

)
⊗ |↑〉⊗(n−2k)

+
∣∣ϕ′2(x)

〉
ΦL1(y − yL1)

(
1
0

)
· · ·ΦLk(y − yLk)

(
1
0

)
⊗ ΦR1(y − yR1)

(
0
1

)
· · ·ΦR1(y − yRk)

(
0
1

)
⊗ |↑〉⊗(n−2k)

)
,

with yLi , yRi the Bohmian positions of the spin particles. Nothing mysterious
so far here either. But what happens in the region I according to the Bohmian
description?

Throughout the experiment the spatial degrees of freedom of the spin par-
ticles remain untouched since only their spin state flips. In other words, the
spin measurement is incomplete since no record was created in terms of man-
ifest configurations that would displace the spin particles (or further entangle
them to spatial degrees of freedom of an apparatus).

Therefore, without a manifest read-out, each particle’s wave function is
the same irrespective of whether that particle’s spin has flipped or not, i.e.
ΦLi(y− yLi) = ΦRi(y− yRi) =: Φ, such that the final state can be rearranged
as

2For details, see the use of the guiding equation for spin in Chapter 7.
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1√
2

Φn

(∣∣ϕ′1(x)
〉(0

1

)⊗k
⊗ |↑〉⊗(n−k) +

∣∣ϕ′2(x)
〉
|↑〉⊗k

(
0
1

)⊗k
|↑〉⊗(n−2k)

)
.

(2.2.7)
This makes it possible for the two branches of the target particle’s wave

function to interfere coherently in region I. Plugging the state in I into the
Bohmian guiding equation for spinor-valued wave functions reveals that the
target particle’s velocity has contributions from both branches of its wave
function, i.e.

mvx = h̄=Ψ∗∇iΨ
Ψ∗Ψ

= (|Φ|2)n((ϕI1(x))∗∇ϕI1(x) + (ϕI2(x))∗∇ϕI2(x)). (2.2.8)

The guiding potential of particle x is independent of all y degrees of free-
dom! The interaction is designed such that only the spin state evolves when
a particle passes by, and the spin particles don’t move upon that (otherwise
the effect wouldn’t occur). If one of the spin particles were to move during
the interaction, one of the two contributions would be suppressed. That is,
although the two spin states (the left and right branches) of an individual spin
particle are orthogonal, i.e. 〈Φ(y)|Φ(y)〉 〈↑|↓〉 = 0, they may still overlap in
configuration space. Hence, the overlapping spin states in configuration space
will affect the target particle’s motion as Equation 2.2.8 suggests.3

As Equation 2.2.8 shows, the particle will move straight up when the two
branches are made to overlap since the total velocity is the sum of the two con-
tributions coming from the left and right moving wave packet (i.e. horizontal
velocity component cancels). When the particle reaches the interference area
I, the two wave packets can interfere before they continue to pass through each
other and separate again. Moreover, this causes the particle to be reflected
from point I and continue travelling on either the experiment’s left or right
half.

In the last step, a measurement of the final position of the particle is
performed, and the spin states are recorded (e.g. with a series of Stern-Gerlach
apparatuses). Note that if the spatial wave functions and positions yi of the
spin particles on the grid were to change, they couldn’t be pulled out as an
overall factor in Equation 2.2.8, and would therefore effectively decohere the
target particle’s wave function into its two branches.

As a result, the standard quantum framework predicts a chain of spin flips
to emerge that doesn’t coincide with the particle trajectory as predicted by the
Bohmian guiding equation. If we believe that the spin track in the experiment
reliably indicates the particle’s path, one could elicit a puzzle: The observed
path (the flipped spins) is the one on the right, but the according to de Broglie-
Bohm theory, the particle never was there. That is, the Bohmian trajectory
is ‘surreal’, and therefore the theory can’t be right.4

3This was highlighted in (Maroney, 2004) by distinguishing orthogonality of quantum
states from ‘super-orthogonality’, where the latter refers to the feature that two quantum
wave functions don’t overlap in configurations space.

4In the same vein, there exists, in fact, an even more straightforward puzzle concerning
the measurement of velocity or momentum: The Bohmian momentum mvx given by the
guidance equation also doesn’t correspond to the value observed by a measurement of the
momentum operator p̂. It’s not even preserved over time.
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We first observe that, of course, concerning the state of the spin, whether
flipped or unflipped, the hypothetical emergence of a chain of flipped spins
is not an actual measurement of anything yet. Although one may claim that
some spin state must have changed upon interaction with the particle flying
through the experiments, no configurational record exists in the manifest do-
main indicating a measurement result. This turned out to be crucial. The
argument relies on the fact that none of the spin particle’s configurations yi
change during the experiment. Otherwise, the guiding equation wouldn’t give
rise to the described behaviour of the target particle. But this also means that
during the experiment, the spin chain must not be observed in terms of man-
ifest configurations. After the interference region I was passed, subsequent
measurements may create records thereof.

The existence of so-called surrealistic trajectories was supposed to be ev-
idence for testable false predictions of pilot wave theory (see Englert et al.
1992). The trajectories predicted, so the story goes, contradict what an ac-
tual measurement of the particle trajectory would yield. So they were used to
claim that the Bohmian theory gives wrong predictions for the actual position
of a particle. If this were true, it would falsify the theory.

However, one recalls that first, the predictions of de Broglie-Bohm the-
ory for the measurement outcomes of this thought experiment coincide with
the ones of standard quantum mechanics. Second, in the standard theory,
no meaning is assigned to the trajectory of a particle, so that it remains un-
clear what such a measurement would even have to do with the dynamics
of a particle (cf. also, for instance, Dürr et al. (1993); Lazarovici (2019);
Bricmont (2016); Daumer et al. (1996)). Classical particles do not exist in
standard quantum theory, let alone have trajectories. As I alluded, ‘surreal-
istic’ trajectories result from an unjustified relationship between the manifest
and non-manifest domains. The observed spin track is näıvely identified with
a particle’s actual trajectory. Since this claim would go beyond the postulates
of the standard quantum framework, it is unclear whether that assumption
can be consistently made. Furthermore, a theory where a claim about the
existence of actual particle trajectories can consistently be made is pilot wave
theory. But as the example shows, the trajectory cannot coincide with the
one indicated by the chain of spin flips.5

But maybe the existence of surrealistic trajectories are just a deficiency of
how the standard Bohmian framework is defined. Is there a way to tell a less
puzzling story about the paths of particles where (some version of) a Bohmian
theory isn’t in conflict with the observed spin track?6 However, surrealistic
quantum properties aren’t just an artefact inherent to Bohmian commitments.

Another strategy to present the discrepancy is by resorting to weak velocity
measurements. I shall discuss this in much more detail in Chapter 4 on weak
measurements. Performing a weak measurement of the particle’s trajectory

5The surrealistic trajectories experiment crucially relies on whether and when the spin
degrees of freedom are made manifest as pointer configurations. The pertinent assumption
was that all experience supervenes on manifest configurations. Having said that, it would
still be interesting to devise alternative descriptions where this claim is false and where
experiences supervene on other variables than manifest configurations. It would also be
interesting whether surrealistic measurements arise in all hidden variable theories.

6Either by choosing a different guiding equation or other alternative Bohmian laws for
the motion of particles?
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in this experiment is yet another way to detect a particle’s path. In fact,
what’s interesting, weak velocity measurements seem a plausible and intuitive
standard quantum prediction about where a particle went and didn’t include
any Bohmian commitments about actual particle positions. Anticipating the
conclusion, one encounters two measurement scenarios with an intuitive grasp
that contradict each other. So which to believe? The weak measurements, the
chain of observed spin flips, the Bohmian prediction, or something completely
different? The answer is, as mentioned, that this depends on the details of the
theory. This again shows the importance of assigning a coherent meaning to
the measurement results.

Moreover, there are other analogous instances of ‘surreal’ quantum observ-
ables. For example, as Brown et al. indicate in their 1995, other properties
besides spin, such as mass, charge, and magnetic moment are all inconsistent
with what they call the thesis of ‘localised particle properties’.

Another example of ‘surreal’ quantum properties worth mentioning is the
Cheshire cat experiment, where a cat appears to be ‘separated’ from its grin.
In particular, the experiment is designed so that a photon is detected in one
arm of a Michelson-Morley interferometer, but its angular polarisation is de-
tected in the other (Aharonov et al., 2013). Similarly to surrealistic Bohmian
trajectories, the thought experiment, in effect, shows an apparent discrepancy
between a particle’s ‘location’ and its ‘location’ observed by interaction with
its spin degree of freedom (the photon’s polarisation).



Chapter 3

Taming the Delayed Choice
Quantum Eraser

I discuss the delayed choice quantum eraser experiment (DCQE) by drawing
an analogy to a Bell-type measurement and giving a straightforward account in
standard quantum mechanics. The delayed choice quantum eraser experiment
turns out to resemble a Bell-type scenario in which the paradox’s resolution
is rather trivial, so there really is no mystery. At first glance, the experiment
suggests that measurements on one part of an entangled photon pair (the idler)
can be employed to control whether the measurement outcome of the other
part of the photon pair (the signal) produces interference fringes at a screen
after being sent through a double slit. Significantly, the choice of whether
there is interference can be made long after the signal photon encounters the
screen. The results of the experiment have been alleged to invoke some sort
of ‘backwards in time influence’. I argue that issue can be eliminated by
taking into proper account the role of the signal photon. I show that the
alleged paradox partly rests on misleading assumptions about what quantum
measurement records signify. Moreover, in the de Broglie-Bohm picture, the
particle’s trajectories can be given a well-defined description at any instant of
time during the experiment. Thus, it is again clear that there is no need to
resort to any kind of ‘backwards in time influence’.

3.1 Introduction

Delayed choice scenarios in slit experiments as found in Wheeler (1978), and
earlier in von Weizsäcker (1941) and Bohr (1996), have formed a rich area
of theoretical and experimental research, as evidenced in the literature (Eich-
mann et al. (1993), Englert and Bergou (2000), Englert et al. (1999), Mohrhoff
(1999), Kim et al. (2000), Walborn et al. (2002), Kwiat and Englert (2004),
Aharonov and Zubairy (2005), Peres (2000), Egg (2013), to name a few).
From the results of the original delayed choice experiment, Wheeler concluded
that ‘no phenomenon is a phenomenon until it is an observed phenomenon’,
and ‘the past has no existence except as it is recorded in the present’ (ibid.).
Others have also been inclined to conclude that such experiments entail some
kind of backwards in time influence or another (e.g. Mohrhoff (1999)). I shall
discuss a modified version of Wheeler’s delayed choice experiment, which was
first proposed by Scully and Drühl (1982) and later realised in the experiments
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of Kim et al. (2000). It is termed the Delayed Choice Quantum Eraser. I show
that the actual evolution of the quantum state in the experiment and a novel
analysis in terms of a Bell-type scenario prove Wheeler’s conclusions and other
conclusions about backwards in time influence unwarranted. The puzzlement
about delayed choice experiments emerges from misinterpreting and ignoring
the symmetry of time-ordered measurement events. The general analysis ap-
plies to all cases of quantum erasure where two systems become entangled.
For a 3-slit quantum eraser experiment, see, for example, Shah and Qureshi
(2017).

3.2 Delayed Choice in a Bell-type Scenario

Let us begin by considering a simple and familiar case, which will nonetheless
provide the key to illuminating the DCQE. Imagine a source S emitting pho-
tons. Both Alice (detector D0) and Bob (detector D1,2 and D3,4) receive one
particle of an entangled photon pair in the Bell state

|ψ〉 =
1√
2

(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉). (3.2.1)

The states of the photons are taken to be qubit states. Let us, for ease of
comparison with the DCQE later, call Alice’s photon the signal photon and
Bob’s photon the idler. Figure 3.1 depicts the experiment.

Figure 3.1: A Bell-type experiment resembles the delayed choice quantum eraser
experiment.

M denotes a mirror that can be used to reflect the idler photon into de-
tector D3,4. In Bob’s arm, two measurements can be performed: Either he
chooses to use mirror M to measure the idler photon in the computational ba-
sis {|0〉 , |1〉} or the mirror is removed, and the photon travels to detector D1,2

where Bob performs a measurement in the diagonal basis {|+〉 , |−〉}, where
|+〉 = 1√

2
(|0〉+ |1〉) and |−〉 = 1√

2
(|0〉 − |1〉).

The quantum predictions for the experimental outcomes are familiar and
relatively simple: The probabilities for the outcomes 0 and 1 at detector D0

both are 0.5 as quickly seen from state |ψ〉 in Equation 4.3.4. And the same
holds for the case where Bob measures in the diagonal basis at detector D1,2.
For this latter case, the state is rewritten as
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|ψ〉 =
1

2
(|0〉 ⊗ (|+〉+ |−〉) + |1〉 ⊗ (|+〉 − |−〉)) (3.2.2)

=
1

2
((|0〉+ |1〉)⊗ |+〉+ (|0〉 − |1〉)⊗ |−〉).

The statistics at D0 are independent of which measurement Bob performs,
as expected. Furthermore, by conditioning on Bob’s outcomes, we can make
the following statements:

(1) Assuming Bob’s measurements come before Alice’s (for, say, the rest
frame of the laboratory), if he measured |0〉 at detector D3,4, we know that
Alice is going to measure |0〉 at D0. Likewise, if the outcome was |1〉, she is
going to measure |1〉. For the sake of comparison with the DCQE let us call
this a ‘which-path measurement’ since Bob’s measurement will tell us with
certainty which result Alice will subsequently observe. By contrast, if Bob
decides to perform a measurement at detector D12, conditioned on outcome
|+〉 the state arriving at D0 is going to be 1√

2
(|0〉 + |1〉) = |+〉. Thus, Alice

will equally likely observe outcomes 0 and 1. Conversely, conditioned on Bob
measuring |−〉 Alice will receive the phase shifted state 1√

2
(|0〉−|1〉) = |−〉 and

she would again detect outcomes 0 and 1 with probability 0.5. This directly
follows from Equation 3.2.2. We shall call this an ‘interference measurement’
on Alice’s side since Alice will detect a spread of results.

(2) The case when Bob’s measurements happen after Alice’s is similar:
When Alice obtains 0, Bob is going to see 0 as well in the D3,4 measurement
(the same holds for outcome 1). In this case, just as previously, therefore,
conditioning on Bob’s recording a 0(1) outcome, Alice will have recorded a
0(1) outcome. In the case of the measurement at detector D1,2, i.e. in the
diagonal basis, Bob expects state 1√

2
(|+〉+ |−〉) if Alice’s outcome was 0 and

1√
2
(|+〉 − |+〉) otherwise. In both cases the outcomes |+〉 and |−〉 show up

with probability 1
2 . Again, therefore, we see that the conditional statistics are

the same as in the previous scenario; that is, the statistics are the same as
those which would be recorded if Bob’s measurement had come first rather
than Alice’s: conditioned on Bob recording a +(–) result, Alice’s will record
50% outcome 0 and 50% outcome 1. Indeed, they have to be the same since
any measurement on Alice’s side commutes with any measurement on Bob’s
side.

It is important to note that on an operational view in terms of statistics of
outcomes, nothing is puzzling about any of this, for there are no ontological
commitments made other than the existence of conditional probabilities, which
could just be understood as relative frequencies for certain pre- and post-
selected subensembles. But as an exercise, we could elicit a puzzle: We can
now argue as follows that there must be retrocausal action. Bob is free to
perform his measurements at any time. In particular, he can decide to perform
a ‘which-path measurement’ or ’interference measurement’ well after the signal
photon has reached Alice’s detector. Since Bob, by choosing to measure with
detectorD1,2 orD3,4 can decide to create either a computational basis state |0〉,
|1〉 or a superposed state at Alice’s detector ( 1√

2
(|0〉+ |1〉) or 1√

2
(|0〉−|1〉)), the

state of the signal photon that hit Alice’s detector had to change retroactively
in order to get the outcomes expected. In other words, Bob’s measurement
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determines the state of the signal photon, but since that photon has already
been measured, it must have done so by acting on the past of it. Moreover,
we might argue that one ‘has’ to reason in this way since the statistics that
we obtain for Alice’s outcomes when we condition on Bob’s later outcome
are ‘exactly those’ which are generated when Alice receives a quantum state
produced as a result of Bob’s measurement.

The error in this naive argument for ‘action into the past’ applied to the
Bell-type scenario is apparent immediately. It is true that conditioned on
Bob’s outcome (if it happens first), we can infer the signal photon’s state, but
if Alice’s measurement happens first, we need to condition Bob’s state as well!
Thus, story (2) is to be told. In a nutshell, the puzzle arises from ignoring
the role of the photon that hits detector D0 conditioned on whose outcome
explains the behaviour at Bob’s site. If the outcome of measuring the idler
at D1,2 is, say, |+〉, would we expect the measurement to have changed the
past of the other particle to 1√

2
(|0〉 + |1〉)? Certainly not. Only when the

signal photon has not yet encountered detector D0 would we say it evolved to
1√
2
(|0〉+ |1〉) given that the state of the idler photon yielded |+〉. Otherwise,

the outcome of Alice’s measurement will first give |0〉 or |1〉 and, as a result,
leave the state of the idler photon in a superposition of |+〉 and |−〉.

Two comments are in order. For one, the puzzle only has any grip since
the outcome statistics of Alice measuring first and Bob after equals the out-
come statistics of Bob measuring first and Alice measuring after. Obviously,
the time order in which measurement happens first does not matter as is clear
from the system’s wave function and is enforced by the no-signalling theorem
of quantum mechanics. This allows the post-selection to be done after the
outcomes have occurred. Violation of this condition would indeed lead to a
genuine paradox, let alone allow for signalling. However, noticing this sym-
metry does not dispel the paradox but is the reason for why people can get
confused about what is going on in the experiment.

For the other, assuming the signal photon to be in one of the basis states
before it or the idler photon were measured puts one into the business of
hidden variable theories (after all, non-locality has it that the actual state of
Alice indeed changes when Bob performs his measurement; see Section 3.6).
This introduces an ontological commitment to the value definiteness of states
prior to measurement. For example, Egg and Ellerman correctly point out
that if a detector can only detect one collapsed eigenstate, this does not mean
that the photon was already in that state prior to that measurement (Egg
(2013); Ellerman (2011, 2015)). That’s why one might want to avoid phrases
like ‘which-path information’ as there isn’t any information about which-path
since no path was ever uniquely taken. Strictly speaking, without an account
of what quantum measurements are to signify, i.e. a clear-cut distinction
between the manifest and non-manifest (cf. Chapter 1), the term ‘erasure’ is a
misnomer. It suggests that something is supposedly erased in the experiment.
But such a statement is empty, for it’s unclear of what sort the thing is that
is erased. Equally, if it means that some information is erased, information of
what?

Most importantly, one can tell a coherent story about the states in the
experiment without resorting to ‘retrocausal action into the past’. In light of
this analysis, the puzzle seems trivial.
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In the double slit DCQE experiment (Section 3.3), the paradox is more
disguised by the details of the experiment, but we will see that the same story
can be told as in the Bell scenario.

3.3 The Double Slit Delayed Choice Quantum Eraser

The setup employed by Kim et al. uses double slit interference of photons and
raises a conceptual problem, which, according to Wheeler and others, would
allegedly imply that there was a change in the behaviour from ‘acting like a
particle’ to ‘acting like a wave’, or vice versa, well after the particle entered
the double slit.

In the old days of quantum mechanics, it was believed that the loss of
interference in double slit experiments was due to Heisenberg’s uncertainty
principle, for no measurement device could be so fancy as not to perturb the
system observed and destroy coherence. Such a perturbation leads to so-called
‘which-path information’ that ‘collapses the wave function’, making interfer-
ence effects disappear. More concretely, when an interaction of the quantum
particle with the measurement device occurs, the terms in the quantum state
that led to interference are coupled with states of the measurement device, and
those states of the combined system are orthogonal for a suitable measurement
device. In the DCQE case, the which-path information of the photon is ob-
tained by entanglement with an auxiliary photon without disturbing the wave
function (cf. Einstein’s move in the EPR experiment (Einstein et al., 1935a, p.
779)). Significantly, the which-path information can be ‘erased’ long after the
photon encounters the double slit. This is possible by further measurement
procedures on the entangled photon. The interference pattern, as a result,
reappears. This was deemed inconceivable in the old picture since the state
was believed to have been irrevocably disturbed as soon as a measurement
happened. Figure 3.2 illustrates the experimental setup.

The familiar story of how the DCQE works goes like this: A laser beam
(pump) aims photons at a double slit. After a photon passes the slits, it
impinges on a Barium borate (BBO) crystal placed behind the double slit. The
optical crystal destroys the incoming photon and creates an entangled pair of
photons via spontaneous parametric down conversion at the spot where it hit.
Thus, if one of the photons of the entangled pair can later be identified by
which slit it went through, we will also know whether its entangled counterpart
went through one or the other side of the crystal. By contrast, we will have no
which-path information if we cannot later identify where either of the photons
came from. Even though the entangled photons created at the crystal are
now correlated, the experiment can manipulate them differently. We call one
photon of the pair the signal photon (sent toward detector D0) and the other
one the idler photon (sent toward the prism). The naming is a matter of
convention. The lens in front of detector D0 is inserted to achieve the far-field
limit at the detector and, at the same time, keep the distance small between
slits and the detector. The prism helps to increase the displacement between
paths. Nothing about these parts gives which-path information, and detector
D0 can not distinguish between a photon coming from one slit or the other.
At this point, we might expect interference fringes to appear at D0 if we were
to ignore that the signal photon and idler photon are entangled. Considering
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Figure 3.2: A delayed choice quantum eraser experiment. A laser beam aims photons
at a double slit. After a photon passes the slits, it impinges on a Barium borate (BBO)
crystal placed behind the double slit. The optical crystal destroys the incoming photon
and creates an entangled pair of photons via spontaneous parametric down conversion
at the spot where it hit. Thus, if one of the photons of the entangled pair can later
be identified by which slit it went through, one also knows whether its entangled
counterpart went through one or the other side of the crystal. Whether which-path
information about the signal photon arriving at detector D0 is obtained or erased
is decided by manipulating the idler photon well after the signal photon has been
registered.

the signal photon alone we might think that the parts of the wave function
originating at either slit should interfere and produce the well-known pattern
of a double slit experiment. On the other hand, quantum mechanics would
predict a typical clump pattern if by taking into account the idler photon,
which-path information were available.

After the prism has bent the idler photon’s path, the particle heads off to
one of the 50-50 beamsplitters BS. The photon is reflected into the detector
D3 a random 50% of the time when it travels on the lower path, or reflected
into the detector D4 a random 50% of the time when it is travelling on the
upper path. If one of the detectors D3 or D4 clicks, a photon is detected
with which-path information. That is, we know at which slit both photons of
the entangled pair were generated. In that case, the formalism of quantum
mechanics predicts no interference at D0. In all of the other cases, the pho-
ton passes through the beamsplitter and continues toward one of the mirrors
M . Importantly, it does not matter if the choice of whether the photon is
reflected into the which-path detectors D3 or D4 is made by beamsplitters.
This is because the original experiment uses beamsplitters, so it is randomly
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decided which measurement is performed. But we could equally replace the
beamsplitters with moveable mirrors. In that way, the experimenter can de-
cide which-path information is available by either keeping the mirrors in place
or removing them so that the photon can reach the eraser.

After being reflected in one of the mirrors, the photon encounters another
beamsplitter BS — the quantum eraser. This beamsplitter brings the photon
into a superposition of being reflected and transmitted. To that end, for an
idler photon coming from the lower mirror, the beamsplitter either transmits
the photon into detector D2 or reflects it into detector D1. Likewise, for an
idler photon coming from the upper mirror, the beamsplitter either transmits
it into detector D1 or reflects it into detector D2. If one of the detectors D1

or D2 clicks, it is impossible to tell which slit the photon came from. To
summarise the above, detectors D1 and D2 placed at the output of BS erase
the which-path information, whereas a click of detectors D3 or D4 provides
which-path information about both the idler and the signal photon. Notably,
when the photon initially hits D0, there is no which-path information available,
only later when the entangled idler photon is detected at D3 or D4.

− (D0, D1) −− (D0, D2) · · Sum of (D0, D1) and (D0, D2)

− (D0, D4) −− (D0, D3) · · Sum of (D0, D3) and (D0, D4)

Figure 3.3: Joint detection events at detector D0 and detectors D1-D4. The figure
shows a plot of the bits of Equation 3.5.8. Records of D0 and D1 (D2) show inter-
ference fringes. On the contrary, records of D0 and D3 (D4) show a clump pattern.
If added together, the distribution on the screen in both cases (with and without the
eraser) is always two clumps.

This is key. The setup ensures that the which-path information is only
erased or provided, respectively, after D0 has detected the signal photon. We,
therefore, say the choice is delayed. For each incoming photon from the laser
beam, there will be a joint detection of the signal photon at D0 and the idler
photon at D1–D4. Figure 3.3 shows the expected results.1 When which-path
information is provided, a clump pattern appears, but interference fringes
appear when no which-path information is available. Therefore, the two in-

1The results in Kim et al. (2000) show a single clump as opposed to two clumps in Figure
3.3. This is simply due to the close distance between the slits Kim et al. chose for their
experiments.
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terference patterns corresponding to correlation with D1 and D2 are out of
phase. The reason for that will become clear in the next sections.

Those inclined to instrumentalism might be satisfied at this point, for the
predictions of standard quantum mechanics give the desired results to confirm
the experimental observation. Then, however, the philosopher might start to
worry about what is happening here.

3.4 Backwards in Time Influence?

Indeed, it may be tempting to interpret these results as instances of future
measurements influencing past events. Seemingly, there is something odd
going on in the experiment. The appearance on the screen (either one that
shows interference or one that shows a clump pattern) of the signal photon is
determined by how the idler photon is measured — a choice that occurs after
the signal photon has already been detected. Can a later, distant measurement
cause an entangled particle to alter its wave function retroactively? It seems
the detection of the idler photon and thus the choice of which-path information
affects the behaviour of the signal photon in the past. Is this a process that
reverses causality? Wheeler comments on his original Gedankenexperiment as
follows:

‘Does this result mean that present choice influences past dynamics,
in contravention of every formulation of causality? Or does it mean
calculating pedantically and do not ask questions? Neither; the
lesson presents itself rather like this, that the past has no existence
except as it is recorded in the present.’ Wheeler (1978)

Thus, Wheeler accepts that the past could be created a posteriori by hap-
penings in the future. In comparison, Bohr concludes that understanding
the quantum behaviour of particles is confused by giving pictures that try to
maintain conceptions of classical physics. He states that a sharp separation
of the quantum system and the observing measurement device is impossible
Bohr (1961). In his view, there is no point in visualising the process as a
path a particle takes when not in a well-defined state. In more recent work,
Brian Greene argues that delayed choice quantum eraser scenarios may not
alter the past, but future measurements certainly determine the story we tell
about a particle’s past behaviour. His account, although, is too vague to reach
a satisfactory resolution Greene (2004)[pp. 194-199].

One should not expect the formalism of quantum mechanics to provide
clear images of what could be actually going on, for at the moment, it is a
framework with different interpretations. Only if one is to adopt an interpre-
tation can a conclusion be meaningful. Many physicists and philosophers did
not accept the views of Wheeler or Bohr and had been continuing to debate
the delayed choice experiment to seek possibilities that account for physical
intuition.

3.5 Delayed Choice in Standard Quantum Mechanics

The first significant point is that there never appears an interference pattern
at D0 without conditioning on whether we choose which-path information to
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be available or erased.2 Technically, by conditioning, we mean to constrain the
already observed measurement results to the subset of coincidence detections of
the signal photon with the idler photon in a chosen detector D1–D4. Moreover,
the two interference patterns from the joint detection events of D0 and D1 or
D2, respectively, obtain a relative phase shift of π and cancel when added
together. This feature is often left out but is crucial, as we shall see.

I shall analyse the experiment proposed by Kim et al. using standard
quantum mechanics.3 Schrödinger’s equation describes the wave functions
involved, which strictly applies to massive particles. For a rigorous treatment
with photons, we need to avail ourselves of quantum field theory.

Nevertheless, we can straightforwardly replace photons with electrons for
the sake of a Gedankenexperiment. The interference phenomena qualitatively
remain the same. However, I shall retain the term ‘photons’ in the derivation
throughout the paper for clarity.

The incoming laser beam can be described as a plain wave

ψ = eikxx (3.5.1)

impinging on the double slit, where kx is the wave vector.4 After the slits, the
wave function can be decomposed into two interfering parts as

ψ =
1√
2

(ψ1 + ψ2). (3.5.2)

Wave function ψ1 belongs to the part of the wave function emerging from the
upper slit and ψ2 to the part of the wave function emerging from the lower
slit. We may assume waves of the form

ψi =
eikri

ri
, (3.5.3)

where ri is the distance from the slit i. These give the well-known two-slit
interference fringes. The crystal then creates an entangled pair of photons
with opposite momenta in the y-direction such that

ψ =
1√
2

(ψ1 ⊗ ψ′1 + ψ2 ⊗ ψ′2), (3.5.4)

where unprimed wave functions correspond to the signal photon and primed to
the idler photon. The signal photon sent to detector D0 is now entangled with

2Note that in the experiment of Kim et al., the decision is made randomly by the beam-
splitters next to the prism, but as I mentioned, they can be replaced with mirrors and allow
the experimenter to make this choice.

3Egg discussed Scully’s delayed choice version involving a cavity to distinguish between
which-path measurement and interference measurements Egg (2013). He gives a straightfor-
ward account of the experiment in standard quantum mechanics. However, he presents some
insights on metaphysical claims on entanglement realism that are taken into question by de-
layed choice scenarios. But, in my view, there is too little emphasis on the importance of the
point that the paradox results from misinterpreting the pre/post measurement symmetry in
quantum mechanics and the significance of detecting the signal photon and condition on its
outcome. Having said that, it might not have been Egg’s endeavour to resolve the paradox
in the DCQE in the way I am describing here since I think the main point for him was
to argue against non-realist arguments (e.g. in Healey (2012)) that seem to undermine the
physical reality of entanglement utilising delayed choice scenarios.

4For the sake of simplicity, we can suppress time dependence of the wave function since
it does not affect the argument. I omit normalisation factors where not stated explicitly.
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the idler photon. This affects the probability amplitudes at D0, and interfer-
ence between ψ1 and ψ2 vanishes since ψ1 ⊗ ψ′1 and ψ2 ⊗ ψ′2 are orthogonal
states. Note that ψ′1 and ψ′2 are thought to be non-overlapping, and thereby
the inner product vanishes. Note also that, in general, the orthogonality of
two states does not imply zero overlap of the states in a position basis. The
squared norm of the wave function yields

|ψ|2=
1

2
(|ψ1|2|ψ′1|2+|ψ2|2|ψ′2|2). (3.5.5)

By integrating out the idler degrees of freedom, we find for the probability
distribution of the signal photon on the screen

ρ =
1

2
(|ψ1|2+|ψ2|2). (3.5.6)

From this, it is clear that no interference will appear on the screen for this
state. Assuming the signal has not yet reached D0, if the idler gets reflected
into detector D3 the state would be ψ2⊗ψ′2, and if reflected into D4 it would be
ψ1⊗ψ′1. If the idler photon encounters the quantum eraser, the wave function
undergoes another unitary evolution. The eraser puts the idler photon in a
superposition of being transmitted to one detector or reflected to the other.
At each reflection at a beamsplitter or mirror the wave function picks up a
phase of π

2 (a multiplication of the wave function by ei
π
2 = i) such that

ψ′1 7→ iψD1 − ψD2

ψ′2 7→ −ψD1 + iψD2. (3.5.7)

The joint wave function then turns into

ψ =
1

2
(ψ1 ⊗ (iψD1 − ψD2) + ψ2 ⊗ (−ψD1 + iψD2))

=
1

2
((iψ1 − ψ2)⊗ ψD1 + (−ψ1 + iψ2)⊗ ψD2) (3.5.8)

once the idler photon has passed the quantum eraser. Indices in ψD1 , ψD2

refer to which detector the part of the wave function is reflected into. In this
form, state 3.5.8 makes it clear that when detector D1 clicks, conditioned on
this event, the state of the signal photon is iψ1 − ψ2, yielding a probability
distribution of interference fringes,

|ψD0,D1 |2 = (iψ1 − ψ2)(iψ1 − ψ2)

= |ψ1|2+|ψ2|2−2=(ψ1ψ2). (3.5.9)

In the case in which D2 clicks, conditioned on that event the state is −ψ1 +iψ2

and yields a distribution showing shifted anti-fringes:

|ψD0,D2 |2 = (−ψ1 + iψ2)(−ψ1 + iψ2)

= |ψ1|2+|ψ2|2−2=(ψ1ψ2)

= |ψ1|2+|ψ2|2+2=(ψ1ψ2). (3.5.10)

In both of the cases, there is a path on which the idler is reflected twice, and
a path on which it is reflected once.
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So far, there is no puzzle. The experiment of Kim et al., however, is
designed such that the choice of whether the state produces interference fringes
or a clump pattern happens after the signal photon has been detected at D0.
We, therefore, say the choice is delayed. In the setup of Kim et al. (2000) the
optical length of the idler photon is about 8 ns longer than that of the signal
photon. If we accepted that the causal story to be told about what is going
on with the signal photon at any time is purely determined by what happens
to the idler photon, then this would suggest backwards action from the future
since the measurement of the signal photon has already occurred. With all this
in mind, must we conclude that a measurement in the present retroactively
changes the past to make it agree with the measurement outcomes?

Crucially, at detector D0 there never appears an interference pattern, re-
gardless of whether the idler photon reaches the quantum eraser. This can
readily be seen by adding up the distributions:

|ψD0,D1 |2+|ψD0,D2 |2= |ψ1|2+|ψ2|2. (3.5.11)

The interference terms cancel out when added together which effectively leads
to a clump pattern. Each sub-case shows an interference pattern, but the
overall statistics add up to two clumps. Note that there is no way to avoid the
phase difference in the interference fringes since any additional device would
act symmetrically on both paths. Insert, for instance, a λ/4-plate into the
paths of the idler photon, and it will affect both superposed paths reflected
into the detectors. Thus, the effect of the plate would cancel out.

Of course, the fact that at detector D0, interference fringes never occur
guarantees consistency with signal-locality between D0 and the other detec-
tors. That is to say, it is not possible to decide what distribution (either an
interference pattern or a clump pattern) appears at the detector D0 by choice
of whether the idler photon will trigger the which-path detectors D3 and D4

and thus communicate information. However, as I noted above, this choice can
be realised by replacing the former two beamsplitters with mirrors which can
be inserted ad libitum by the experimenter (compare no-signalling in EPR).

The apparent retroactive action vanishes if a click in D0 is regarded to
condition the overall wave function too, not only a click in the detectors D1–
D4 (think back to the discussion of the Bell-type experiment in Section 3.2).
In the standard explanation, if the idler photon’s detection happens before
the signal photon’s detection at D0, the detectors D1–D4 determine the state
of the signal photons end up in. But similarly, in the case when the signal
photon is detected at the moment in time preceding the observation of the
idler photon, the detected position of the signal photon determines the state
of the idler photons, which will go on to trigger one of the detectors D1–D4.

We can see this by rewriting state 3.5.4 in the position basis of the signal
photon. Let’s first work out the state for the which-path measurement:

ψ =
1√
2

∫
(ψ1(x) |x〉 ⊗

∣∣ψ′1〉+ ψ2(x) |x〉 ⊗
∣∣ψ′2〉)dx (3.5.12)

=
1√
2

∫
|x〉 ⊗ (ψ1(x)

∣∣ψ′1〉+ ψ2(x)
∣∣ψ′2〉)dx

From this, we can see that if the signal photon hits the screen at position x, the
probability for a click in D3 is (roughly, since the two lumps slightly overlap)
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|ψ2(x)|2. And for detector D4 it is roughly |ψ1(x)|2. In other words, we can
be almost sure which of the two detectors D3 or D4 will fire by looking at
what lump on the screen the signal photon ends up in. Note that, vice versa,
conditioned on a click in the respective detectors, we previously found ψ2(x)
or ψ1(x) to be the state determining the distribution of signal photon hits on
the screen. Thus, the two causal stories are consistent with the observations,
and the same correlations between signal and idler photon arise as expected.
Note that for a quantum eraser, the wavepackets of the signal photon need to
overlap sufficiently in position space in order to give rise to interference that
can be ‘erased’. This is true at the screen and in the overlap region before
the screen. Where the wavepackets do not overlap, there is a set of quantum
particles that do not interfere (also compare with Qureshi (2019)). In the
idealised case of circular waves considered here, the waves, in fact, overlap at
all points in space between the source and screen.

Conversely, by rewriting Equation 3.5.8 for the interference measurement
after the idler passed the quantum eraser, we obtain

ψ =
1

2

∫
[ψ1(x) |x〉 ⊗ (i |ψD1〉 − |ψD2〉) + ψ2(x) |x〉 ⊗ (− |ψD1〉+ i |ψD2〉)]dx

=
1

2

∫
|x〉 ⊗ [(iψ1(x)− ψ2(x)) |ψD1〉+ (−ψ1(x) + iψ2(x)) |ψD2〉]dx.

(3.5.13)

The probability for D1 to fire is |iψ1(x)− ψ2(x)|2 and for D2 it is |−ψ1(x) +
iψ2(x)|2 if the signal photon was detected at position x on the screen. Again, as
before, we recover that the probabilities are consistent with the time-reversed
story where the idler photon is detected first. That is, state iψ1(x) − ψ2(x)
determines the outcomes on the screen for conditioning on D1 and state
−ψ1(x) + iψ2(x) for conditioning on D2.

One needs clarification if one is to stubbornly stick to the notion that a
measurement of the idler photon determines the probability distribution at D0

for the signal photon. Observation of individual subsystems of entangled pairs
never changes the probability distribution of the remote particle. After all,
the conditional probabilities of signal and idler photon measurement outcomes
are spatio-temporally symmetric. Gaasbeek tried to reason in his 2010 that
this idea alone were to demystify the paradox. Though, I wish to emphasise
again that the symmetry in the time-ordering is crucial to realising why the
alleged paradox arose in the first place. If the two causal stories I just outlined
above gave different predictions for the probabilities of outcomes depending
on which photon is detected first, a causal direction can be established since
from the patterns on the screen one could tell which measurement happened
first. However, as the probabilities are invariant under the time-order of mea-
surements on the signal and idler photon, one can get confused as to whether
the idler photon could retroactively determine the patterns on the screen.

This tells us that no matter how the idler photon gets manipulated, the
probability distribution on D0 is a clump pattern. Still, when we condition
on the outcome of the detectors, which either give which-path information
or not, we find correlations as expected and, most importantly, the same
correlations arise when the conditioning on the outcome of the signal photon.
The quantum eraser does not influence the past of the signal photon; rather, it
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reveals the correlations of an entangled photon pair in just another way. This
only is puzzling because the probabilities conditioned on the post-selection are
time-symmetric in the pre and post-selected states.

To reinforce the point, compare the situation with the Bell scenario in
Section 3.2: The source S of an entangled pair of photons can be identified
with the laser beam, the double slit, and the BBO crystal. M denotes a
mirror that can be used to reflect the idler photon into D3,4. In the Bell
scenario detectors D3 and D4 were concatenated into one detector, where
an outcome |0〉 would correspond to detection at D3 and an outcome |1〉 to
detection at D4. We stipulate that the signal photon is sent towards the
lens and the idler photon to the prism. If we are to perform a which-path
experiment, we measure the idler photon in the computational basis {|0〉 , |1〉}
at D3,4. Detector D0 measures the signal photon in the computational basis,
which corresponds to an interference measurement if the state of the signal
photon, for instance, is one of the states of the diagonal basis {|+〉 , |−〉}. The
measurement on the idler photon in the diagonal basis (at D1,2) acts as the
quantum eraser, i.e. a measurement of the idler photon in the diagonal basis is
consistent with the signal photon being in a superposition of |0〉 and |1〉. The
results of the detectors D0 conditioned on the outcome of D1,2 show familiar
correlations when compared.

When a photon has passed the BBO crystal, the quantum state ends up
entangled. After rewriting the second slot of the state in the diagonal basis,
we recover a wave function that is qualitatively identical to Equation 3.5.8.
Thus, the paradox in the double slit case resolves in the same ways as the one
we alleged to the Bell-type scenario in Section 3.2.

3.6 Delayed Choice in de Broglie–Bohm Theory

In pilot wave theory, Bohmian Mechanics or de Broglie-Bohm theory, it is
supposed that particles follow definite trajectories at all times. Thus, working
out the DCQE in such a framework is particularly appealing when it comes
to verifying whether past trajectories could in any way depend on future mea-
surements. As it turns out, as well as in the standard quantum treatment, in
the hidden variable approach, the puzzle resolves. Although, for instance, Hi-
ley and Callaghan treated a double slit version of the delayed choice quantum
eraser in Bohmian mechanics in Hiley and Callaghan (2006) it is instructive
to treat the DCQE version described here. Hiley and Callaghan analyse a
case in which which-path information is acquired by a cavity wherein atoms
get excited. This leads to interference fringes and anti-fringes that do not
appear in the setup employed by Kim et al. Therefore, I shall also work out
the ongoings of Kim’s setup within de Broglie-Bohm’s theory in the following.

I will use the term ‘de Broglie-Bohm theory’ to stand for the interpretation
discussed by Bohm and Hiley (2006). A detailed account of the theory is given
in Appendix 4.6. Here it is assumed that a particle always travels on only one
path. The wave function is considered as a pilot wave and used in its polar
form, i.e.

ψ(~r, t) = R(~r, t)eiS(~r,t)/h̄. (3.6.1)
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The dynamics of the pilot wave obey the Schrödinger equation

ih̄∂tψ = Hψ (3.6.2)

and the particle’s trajectory is determined by

~v (t) = ~̇x(t) =
1

m
∇S(~r, t)|~r=~x (3.6.3)

where m is the mass of the particle. For simplicity, I will set h̄ = 1 for the
remainder.

Now let us turn to consider how particles behave according to de Broglie-
Bohm in this experiment. First, we construct a set of possible trajectories,
each individually corresponding to one initial value of the position of the par-
ticle within the incident beam. Supposedly, de Broglie-Bohm theory should
reveal whether present observations influence the past since it assumes a well-
defined path of the particles at all times. Note that the de Broglie-Bohm
interpretation does allow us to illustrate such a process and reproduce all the
known experimental results in tension with Wheeler’s and Bohr’s conclusions
about these phenomena.

The wave function of the incoming laser beam 3.5.1 is already in polar
form, and the trajectories in this region are straight lines. First, we consider
the case without the eraser. To work out what happens, we must write the
final wavefunction in Equation 3.5.4 in the form5

ψ(r, r′) = R(r, r′)eiS(r,r′). (3.6.4)

The wave function is evaluated at the positions of the signal photon r and the
idler photon r′. It decomposes as

ψ(r, r′) = R1(r)eiS1(r)R′1(r′)eiS
′
1(r′)

+R2(r)eiS2(r)R′2(r′)eiS
′
2(r′). (3.6.5)

Again, primed variables correspond to the idler photon. For the final ampli-
tude R and the phase S we find

R2 = (R1R
′
1)2 + (R2R

′
2)2 + 2R1R

′
1R2R

′
2 cos ∆φ, (3.6.6)

by the law of cosines, where ∆φ = (S2 + S′2)− (S1 + S′1). Also,

tanS =
R1R

′
1 sin(S1 + S′1) +R2R

′
2 sin(S2 + S′2)

R1R′1 cos(S1 + S′1) +R2R′2 cos(S2 + S′2)
. (3.6.7)

We need to evaluate this term for each trajectory. For the photon travelling
through the upper slit, the entangled pair is created at this slit, and since
the probability of creating an entangled pair at the lower slit is zero when
the photon does not pass through it, R′2 = 0 (since R′2 has no support in the
upper slit). Importantly, R2 6= 0 at points where R1 has support. Vanishing
R′2 on this trajectory cancels out overlapping terms so that R2 = (R1R

′
1)2

and interference vanishes. Recall that the wave function is evaluated at the
positions of all the particles involved. Likewise, if the photon’s path goes

5For simplicity, I suppress normalisation factors.
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through the lower slit, R′1 = 0. Thus, R2 = (R2R
′
2)2 and interference vanishes

as before. The guiding phase in the former case yields

S = S1(r) + S′1(r′). (3.6.8)

That means that the guidance equation for the signal photon becomes inde-
pendent of S2 and S′2:

p1 = ∇rS = ∇rS1(r), (3.6.9)

with p1 the particle’s momentum.6 The idler photon then continues to travel
to detector D4 or D1. Similarly, in the latter case, the signal photon is inde-
pendent of S1 and S′1. The idler photon then continues to travel to detector
D3 or D2. The gradients ∇S1, ∇S2 (and consequently the momentum) point
in the radial direction away from the slits. The interference terms cancel what-
ever paths the photons follow (i.e., ‘the signal photon has passed the upper
slit’ or ‘the idler photon follows a path towards detector D4’). Then, all of
the other potential states do not contribute to the guidance equation, so the
interference term cancels.

I will now turn to the situation where the quantum eraser is present, but we
remove the two beamsplitters reflecting the idler photons into the which-path
detectors. The question is whether the trajectories change when we consider
the wave function of the eraser. Recall the wave function of the system when
the idler photon has passed the eraser:

ψ =
1

2
(ψ1 ⊗ (iψD1 − ψD2) + ψ2 ⊗ (−ψD1 + iψD2))

=
1

2
((iψ1 − ψ2)⊗ ψD1 + (−ψ1 + iψ2)⊗ ψD2). (3.6.10)

Or in polar form

ψ = R1(r)eiS1(r)(RD1(r′)eiSD1
(r′)+iπ

2 (3.6.11)

−RD2(r′)eiSD2
(r′))

+R2(r)eiS2(r)(−RD1(r′)eiSD2
(r′)

+RD2(r′)eiSD2
(r′)+iπ

2 ).

Consequently, unlike in the case without the eraser, the signal photon is guided
by a potential with contributions both from R1 and R2. Indeed, assume the
idler photon to end in the path leading to detector D1. That means RD2 = 0,
and the trajectory of the signal photon is determined by

R1(r)eiS1(r)RD1(r′)eiSD1
(r′)+iπ

2

−R2(r)eiS2(r)RD1(r′)eiSD2
(r′), (3.6.12)

and vice versa by

−R1(r)eiS1(r)RD2(r′)eiSD2
(r′)

+R2(r)eiS2(r)RD2(r′)eiSD2
(r′)+iπ

2 (3.6.13)

6Again, we should talk about massive particles for the guidance equation to make sense.
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if the idler photon travels toward detector D2. In both cases, the paths are
those wiggly trajectories which photons take in the usual double slit experi-
ment (up to a phase shift). These trajectories produce the same interference
patterns we came across in Figure 3.3. Bear in mind that if added, they
produce a clump pattern.

The eraser drastically changes the wave function, but at the same time,
the signal photon’s past trajectory is not influenced by the change. Depending
on when the idler photon enters the region between the eraser beamsplitter
and detectors D1 or D2, the signal photon jumps from moving on straight
lines to following wavy trajectories typical for interference. This is striking,
for the effects on the signal photon are mediated superluminally, in conflict
with special relativity. On the other hand, this should not be surprising, for
non-locality is one of the features of a hidden variable theory like de Broglie-
Bohm’s. In the experiment of Kim et al. (2000), the moment when the idler
photon encounters the eraser is always after the signal photon hits the detector.
Therefore, the Bohmian trajectories, in that case, look like the straight lines
in Figure 3.4b. This shows that it is possible to observe interference effects
without wavy trajectories in de Broglie-Bohm theory. After the post-selection
of the correlated sub-ensembles of signal and idler photon, the two phase-
shifted interference patterns are recovered (even without the guidance of a
superposition state!). If one adjusted the delay and shortened the optical
length of the idler photon such that it passes through the eraser during the
signal photon travelling toward D0, the trajectories would look like those in
Figure 3.4c.

(a) (b) (c)

Figure 3.4: The signal photon follows different trajectories depending on when the
idler photon encounters the quantum eraser. (a) The well-known wiggly trajectories
that lead to an interference pattern in a usual double slit experiment. (b) In the case
where the idler photon hits the quantum eraser after the signal photon arrives at the
screen (which is how the experiment is set up in Kim et al. (2000)), the signal photon
moves on straight lines. (c) Before the idler photon has encountered the quantum
eraser, the signal photon follows straight lines. When the idler photon travels to
detector D1 or D2, a jump in the guidance relation happens, leading to trajectories
as in the interfering case.

Let us recap. There are two ways in which interference fringes can emerge
at the detector D0. When the idler photon arrives at the eraser during the
flight of the signal photon, then the signal photon continues to move on wiggly
lines giving rise to fringes. There is no change of the past whatsoever. When
the idler photon arrives after the signal photon encounters D0, the trajectories
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are straight lines (see Figure 3.4). In this case, selecting out interference
patterns by conditioning on D1 and D2 does not change trajectories of the
past. The reason we can extract interference fringes is that one subset of
the trajectories of the signal photon is consistent with the idler photon being
detected at D1 (interference fringes), and another subset is consistent with
detection in D2 (anti-fringes), and both add up to a clump pattern. This is
the case in the experiments by Kim et al. and confuses if we do not consider
conditioning on the signal photon, thus calling for the need for ‘backwards in
time influence’ to restore the interference outcomes. It also trivially follows
from my analysis that there is no need to invoke ‘entanglement in time’. I
do not use any non-standard features of standard quantum mechanics or de
Broglie-Bohm theory. Pilot wave dynamics restores the conventional view of
the world as particles having a definite trajectory and past. In Wheeler’s
view, the past comes into existence only after the measurement in the present,
but my analysis gives an account that consistently attributes a past to the
photon’s trajectory.

3.7 Conclusion

The delayed choice quantum eraser experiment resembles a Bell-type experi-
ment and thus is not more mysterious than that. There is no need to invoke a
notion such as ‘the present action determines the past’. I have shown this to
be fairly straightforward in the Bell framework. The original puzzle arises due
to the symmetry property that the time ordering of which party measures first
is irrelevant for the statistics of the outcomes and this allows for an alternative
explanation in terms of ‘action into the past’. But such is unwarranted. One
can treat the same phenomenon in two different ways given this property, but
one of them looks as if something would have to change in the past.

We can consistently derive the probabilities for different measurement out-
comes in the delayed choice quantum eraser experiment from standard quan-
tum mechanics. Whenever the idler photon is manipulated in a way that
provides which-path information about the signal photon, detector D0 does
not show interference, even if conditioned on the idler photon’s specific mea-
surement results. On the other hand, if the idler photon is detected such that
the measurement irrevocably erases which-path information about the signal
photon, then the interference patterns reappear. Those distributions are com-
plementary because they add up to a clump pattern. Further, the patterns
can be extracted only conditioned on the idler photon’s detector outcomes.

I have shown that the experiment can be understood without invoking
‘backwards in time influence’ in standard quantum mechanics and in the de
Broglie-Bohm theory. Properly conditioning the system’s state without ne-
glecting the measurement of the signal photons explains why there is no para-
dox. The seemingly retroactive action disappears if the effect of measurement
on the state of the signal photon is considered to also change the overall state.
In the de Broglie-Bohm theory, the particle takes one definite trajectory and
does not change its past during its motion. However, the idler photon may
determine the pilot wave function of the signal photon depending on when the
idler photon passes the quantum eraser. Most importantly, de Broglie-Bohm
theory allows one to consistently construct the trajectories the particles have
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taken in the past.
Alongside the double slit delayed choice experiment, there are further cases

like delayed choice entanglement swapping or delayed choice Bell experiments
(see, for example, Bacciagaluppi and Hermens (2021); Glick (2019)). Are
these experiments all of the same kind? I presume they all can be elucidated
similarly to what I did in this paper. Considerations of delayed choice experi-
ments could also affect ideas like entanglement realism. For example, what is
the status of entanglement if quantum effects like interference, entanglement
swapping, and violation of Bell inequalities can equally well be confirmed via
post-selection in delayed choice scenarios?



Chapter 4

How (not) to Understand
Weak Measurements of
Velocity

To date, the most elaborate attempt to complete quantum mechanics by the
addition of hidden variables is the de Broglie-Bohm theory or pilot wave the-
ory. It endows particles with definite positions at all times. Deterministic
dynamics govern their evolution. By construction, however, the individual
particle trajectories generically defy detectability in principle. Of late, this
lore might seem to have been called into question in light of so-called weak
measurements. Due to their characteristic weak coupling between the mea-
surement device and the system under study, they permit the experimental
probing of quantum systems without essentially disturbing them. It’s natural,
therefore, to think that weak measurements of velocity, in particular, offer the
opportunity to observe the particle trajectories. If true, such a claim would not
only experimentally demonstrate the incompleteness of quantum mechanics:
it would provide support for de Broglie-Bohm theory in its standard form, sin-
gling it out from an infinitude of empirically equivalent alternative choices for
the particle dynamics. Here I examine this possibility. The result is deflation-
ary: weak velocity measurements constitute no new arguments, let alone em-
pirical evidence, in favour of standard de Broglie-Bohm theory. One mustn’t
näıvely identify weak and actual positions. Instead, weak velocity measure-
ments admit a straightforward standard quantum mechanical interpretation
independent of any commitment to particle trajectories and velocities. This
is revealed by a careful reconstruction of the physical arguments on which
the description of weak velocity measurements rests. In turn, they present
another case where a careful analysis of the relationship between the manifest
and non-manifest proves essential. Moreover, for weak velocity measurements
to be reliable, one must already presuppose de Broglie-Bohm theory in its
standard form: in this sense, they can provide no new argument, empirical or
otherwise, for de Broglie-Bohm theory and its standard guidance equation.

4.1 Introduction

Since its inception, Quantum Mechanics (QM) has faced three major inter-
pretative conundrums (see, e.g. Lewis 2016; Myrvold 2018). The first is the

45
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so-called Measurement Problem (see, e.g. Maudlin 1995): how are we to make
sense of the superpositions of states that the formalism of QM (if assumed
to be universally valid) appears to attribute to objects? The second pertains
to the interpretation of Heisenberg’s uncertainty relations (see, e.g. Hilgevo-
ord and Uffink 2016): do they circumscribe an absolute limit of simultaneous
knowledge of, say, a particle’s momentum and position? Or does it reflect an
ontological indeterminacy? Finally, how should one understand entanglement
(see, e.g. Ney and Albert 2013) — the fact that generically, composite sys-
tems appear to defy an unambiguous description of their individual constituent
parts?

These three puzzles culminate in the so-called EPR paradox (see, e.g. Red-
head 1987, Chapter 3 or Fine 2017). Suppose one widely separates the partners
of an entangled pair of particles. They can then no longer interact. Hence
we may, according to Einstein, Podolsky and Rosen, ‘without in any way dis-
turbing the system’ perform (and expect a well-defined outcome of) a position
measurement on one partner and a simultaneous momentum measurement on
the other (Einstein et al., 1935b, p. 777). Prima facie, it looks as if thereby
we can bypass the uncertainty relations. However, this raises the question of
whether QM in its current form is complete: does every element of physical
reality have a counterpart in the description of the QM formalism?

Famously, Einstein thought otherwise (see, e.g. Lehner 2014). He was
‘[...] firmly convinced that the essentially statistical character of contemporary
quantum theory is solely to be ascribed to the fact that this [theory] operates
with an incomplete description of physical systems’ (Einstein, 1949, p. 666).
To date, the most elaborate attempt to thus ‘complete’ (cf. Goldstein 2017,
Section 4) QM dates back to Bohm (1952a,b) — ‘Bohmian Mechanics’ or, in
recognition of de Broglie’s earlier proposal, ‘de Broglie-Bohm theory”.1 (I’ll
stick to the latter term throughout.) The theory underpins the statistical
nature of quantum theory with deterministic trajectories.

But de Broglie-Bohm theory isn’t free of problems. From its early days
on, a principal objection to it2 targets the unobservability of its particle dy-
namics. By construction, in de Broglie-Bohm theory, the individual particle
trajectories seem to be undetectable in principle. Only their statistical av-
erages are observable. They coincide with the standard quantum mechanical
predictions. Thereby, standard de Broglie-Bohm theory achieves empirical
equivalence with QM.3

Recently, this lore seems to have been called into question in light of a
novel type of measurement — so-called weak measurements (Aharonov et al.,
1988). These denote setups in which some observable is measured without
significantly disturbing the state.

Inspired by Wiseman (2007), eminent advocates of standard de Broglie-
Bohm theory have advocated such weak measurements as a means of actually

1There exist two distinct variants of de Broglie-Bohm theory: the ‘quantum potential’
school (expounded, e.g. by Bohm and Hiley 2006, or Holland 1995), and the ‘1st-order
formulation’, canonised by Dürr, Goldstein, Zangh̀ı and their collaborators.

The present treatment will only be concerned with the latter; ‘de Broglie-Bohm theory’
will exclusively refer to this variant of de Broglie-Bohm theory.

2For subtleties in the early objections to de Broglie-Bohm theory, related to de Broglie-
Bohm theory’s unobservability, we refer to Myrvold (2003)

3Here, we’ll set aside possible subtleties, see Arageorgis and Earman (2017).
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observing individual trajectories in standard de Broglie-Bohm theory (e.g.
Goldstein 2017, Section 4). Moreover, they point to already performed exper-
iments (e.g. Kocsis et al. 2011; Mahler et al. 2016) that appear to corroborate
de Broglie-Bohm theory’s predictions and claim to show the particle trajecto-
ries.

The present chapter will critically examine those claims. Should they hold
up to scrutiny, they would not only establish the incompleteness of QM. But,
almost more spectacularly, they would also furnish the remedy: they would
vindicate de Broglie-Bohm theory in its standard form.

Those claims are mistaken: weak measurements constitute no new argu-
ments, let alone empirical evidence in favour of de Broglie-Bohm theory’s
guidance equation. To show this, I’ll carefully reconstruct the physical argu-
ments on which the description of weak measurement rests. de Broglie-Bohm
theory is entirely dispensable for a coherent treatment and interpretation of
weak velocity measurements; they receive a natural interpretation within stan-
dard QM as observational manifestations of the gradient of the wave function’s
phase. For weak velocity measurements to disclose the particles’ actual veloc-
ities, one must presuppose the prior existence of deterministic (and differen-
tiable) trajectories and the specific form of standard de Broglie-Bohm theory’s
particle dynamics. We contest Dürr et al.’s suggestion of a legitimate sense in
which weak velocity measurements allow a genuine measurement of particle
trajectories.

I’ll proceed as follows. Section 4.2 will revisit de Broglie-Bohm theory’s
empirical underdetermination. Then, I’ll turn to weak velocity values in Sec-
tion 4.3. Section 4.3.1 will introduce Wiseman’s measurement protocol for
so-called weak velocity measurements. I’ll subsequently illustrate it in the
double-slit experiment (Section 4.3.2). The primary analysis of the signif-
icance of weak measurements for velocities in de Broglie-Bohm theory will
form the subject of Section 4.4. I’ll first elaborate on when actual velocities
and weak ones (as ascertained in Wiseman’s measurement protocol) coincide
(Section 4.4.1). This will enable a critical evaluation of both Dürr et al.’s claim
that weak velocity measurements are in some sense genuine (Section 4.4.2),
and as well as the idea that they provide non-empirical support for standard
de Broglie-Bohm theory (Section 4.4.3). The findings will be summarised in
Section 4.5. A mathematical appendix (Section 4.6) contains a concise review
of weak interactions within the von Neumann measurement scheme, as well as
of post-selection and the two-vector-formalism.

4.2 Underdetermination in de Broglie-Bohm Theory

The Bohmian framework supplements the QM formalism with deterministic
but manifestly non-local dynamics for particles. At all times, they occupy
determinate positions, evolving continuously in time according to a guidance
equation. Only the particles’ initial exact distribution is unknown. Due to
this, QM emerges from de Broglie-Bohm theory in a manner ‘approximately
analogous [...] to the statistical mechanics within the framework of classical
mechanics’ — as Einstein (ibid) had hoped. For a detailed account of the
theory’s postulates, the reader is referred to the Appendix A.

Empirically, the guidance equation A.1.2 isn’t the only option, though.
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More precisely, it isn’t necessary for empirical equivalence with QM. Infinitely
many different choices

vΨ 7→ vΨ + |Ψ|−2j (4.2.1)

are equally possible for otherwise arbitrary vector fields j whose divergence
vanishes, ∇ · j = 0. They yield coherent alternative dynamics with distinct
particle trajectories whilst leaving the predictive-statistical content unaltered
(Deotto and Ghirardi, 1998).

One needn’t even restrict oneself to deterministic dynamics (an option ex-
pressly countenanced by, e.g. Dürr and Teufel 2009, Chapter 1.2): a stochastic
dynamics, with |Ψ|−2j corresponding to a suitable random variable can also
be introduced. As a result, the particles would perform random walks, with
the r.h.s. of the integral equation

Q(t)−Q(t0) =

t∫
t0

vΨdτ

containing a diffusion term. A proposal of this type is Nelson Stochastics (see,
e.g. Goldstein 1987; Bacciagaluppi 2005). In short, de Broglie-Bohm theory’s
individual particle trajectories are observationally inaccessible by construction.

In consequence, de Broglie-Bohm theory is vastly underdetermined by em-
pirical data: all versions of de Broglie-Bohm theory with guidance equations of
the type 4.2.1 are experimentally indistinguishable. Yet, the worlds described
by them clearly differ. (This is illustrated in Figure 4.1.)

This underdetermination poses a challenge to a realist understanding of de
Broglie-Bohm theory (cf. for example Stanford 2017, Chapter 3.2)

For the purposes of this analysis, I’ll confine the class of considered choices
to the family of de Broglie-Bohmian-like theories (cf. Dürr and Ehmann 2020,
Section 3.4). It encompasses, e.g. the ‘identity-based Bohmian Mechanics’
(Goldstein et al., 2005) or ‘Newtonian QM’ (Sebens, 2015). Let’s whittle
down the list of candidate theories to deterministic variants of de Broglie-
Bohm theory with differentiable paths, i.e., variants of de Broglie-Bohm theory
that differ only with respect to their vector field of the type in Equation 4.2.1.
Still, the underdetermination persists; its severity is scarcely diminished: how
to justify the particular choice for the standard guidance equation amongst
the uncountably infinite alternatives?

An argument frequently cited in response is a result of Dürr et al. (1992,
p. 852): ‘The standard guidance equation is the simplest first-order equation
that respects Galilei covariance and time-reversal invariance.’

But this is not decisive. First, individually neither desideratum of Dürr et
al.’s theorem seems compelling — unless one is already guided by intuitions
shaped by either classical physics or standard de Broglie-Bohm theory. In
particular, one may reject the ab initio requirement of Galilei covariance as
implausible: Galilei covariance is the symmetry group of Classical Mechanics.4

4Not even this is entirely obvious. On the one hand, at least once one incorporates
Newtonian gravity, the most perspicuous spacetime setting is no longer Galilei spacetime
(e.g. Pooley 2013). On the other hand, one may be attracted to the idea of a theory of
classical mechanics that incorporates the Leibniz Group as its symmetry group, such as in
the Barbour-Bertotti theory (ibid., Section 6.2). (Notice that recent attempts have indeed
been made, e.g. by Vassallo (2015), to combine Barbourian shape dynamics with de Broglie-
Bohm theory.) In either case, the symmetry groups would be larger than the Galilei group.
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(a) (b)

(c)

Figure 4.1: A particle follows different trajectories corresponding to different/non-
standard guidance equations. (a) The familiar wiggly deterministic trajectories that
lead to the interference pattern in a double-slit experiment determined by the standard
guidance equation. (b) Alternative trajectories obtained from adding a divergence-

free vector field j := 1
x2+y2

(
x
−y

)
to the standard Bohmian velocity field. (c) A

single stochastic trajectory generated by a random variable sampled according to |ψ|2.
For illustration, the probability density |ψ|2 is shown at three different snapshots in
time. All choices of the dynamics (i.e. (a), (b), (c)) are observationally indiscernible:
The resulting measurable distributions at the screen at the top of each figure are the
same.

Why impose it on a more fundamental theory — de Broglie-Bohm theory
— which is supposed to supersede Classical Mechanics?

Secondly, Dürr et al.’s argument rests on an assumption about how the
Galilei group acts on the wave function. As Skow (2010) has argued, such an
assumption is essentially unwarranted.

Thirdly, Dürr et al.’s argument turns on mathematical simplicity. As a
super-empirical criterion, simplicity may well be felt a dubious indicator of
truth (see, e.g. Van Fraassen 1980, Chapter 4.4; Norton 2000, Norton 2018,
Chapter 5-7; Ivanova 2014, 2020). At best, it may be regarded as a pragmatic
criterion.

Finally, Valentini has argued that the spacetime of pilot-wave theory is
Aristotelian, not Galilean (Valentini, 1997).

This context — underdetermination — renders weak value measurements
particularly interesting. By (prima facie) allowing measurements of individ-
ual particle trajectories, they appear to directly overcome de Broglie-Bohm
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theory’s underdetermination. But wouldn’t that contradict the empirical in-
accessibility of the trajectories? Let us see.

4.3 Weak Velocity Values

This section will offer a concise review of so-called weak values. I’ll first outline
how they are harnessed in Wiseman’s measurement protocol for weak velocity
measurements (Section 4.3.1). An application to the double-slit experiment
will further illustrate the salient points (Section 4.3.2). This will pave the way
for our subsequent discussion in (Section 4.4).

4.3.1 Wiseman’s Measurement Protocol for Weak Velocity Mea-
surements

Following Aharonov et al. 1988, weak measurements are measurement pro-
cesses (modelled via the von Neumann scheme, see Appendix 4.6.1) in which
the interaction between the measurement apparatus (‘pointer device’) and the
particle (‘system’) is weak: it disturbs the wave function only slightly. As a
result, one can combine a weak measurement of one quantity (say, initial mo-
menta) and a subsequent ordinary ‘strong’ (or projective) measurement (say,
positions).

More precisely: after a weak interaction (say, at t = 0), the pointer states
aren’t unambiguously correlated with eigenstates of the system under inves-
tigation. In contradistinction to strong measurements, the system doesn’t
(effectively) ‘collapse’ onto eigenstates; the particles can’t be (say) located
very precisely in a single run of an experiment. This apparent shortcoming is
compensated for when combined with a strong measurement a tiny bit after
the weak interaction: the experimenter is then able not only to ascertain the
individual particle’s precise location (via the strong measurement); for a suf-
ficiently large ensemble of identically prepared particles with initial state ψin
(viz. Gaussian wave packets with a large spread), she can also gain statistical
access to the probability amplitude of all sub-ensembles whose final states —
the so-called ‘post-selected’ state — have been detected (in the strong mea-
surement) to be ψfin:

〈x̂〉w :=
〈ψfin|x̂|ψin〉
〈ψfin|ψin〉

(4.3.1)

This quantity is called the ‘weak position value’ (for the position operator
x̂). (The concept is straightforwardly applied to other operators, mutatis mu-
tandis.) It can be shown (see the Appendix 4.6.2) that after many runs, the
pointer’s average position will have shifted by 〈x̂〉w. Specifically, if we charac-
terise the final/post-selected state via position eigenstates |x〉, determined in
a strong position measurement and unitary evolution of the initial state, we
obtain

〈x̂(τ)〉w = <
(
〈x|Û(τ)x̂|ψin〉
〈x|Û(τ)|ψin〉

)
, (4.3.2)

where Û(τ) denotes the unitary time evolution operator during the time
interval [0; τ ]. Following Wiseman 2007, it’s suggestive of construing 〈x̂(τ)〉w
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as the mean displacement of particles whose position was found (in a strong
position measurement at t = τ) to be at x. From this displacement, a natural
definition of a velocity field ensues:

v(x, t) = lim
τ→0

1

τ
(x− 〈x̂w〉). (4.3.3)

Note that all three quantities entering this velocity field — τ , x and 〈x̂(τ)〉w
— are experimentally accessible. In this sense, the velocity field is ‘defined
operationally’ (Wiseman). In what follows, I’ll refer to the application of
this measurement scheme — a strong position measurement in short succes-
sion upon a particle’s weak interaction with the pointer — for the associated
‘operationally defined’ velocity field as ‘Wiseman’s measurement protocol for
weak velocity measurements’, or simply ‘weak velocity measurements’.

For a better grasp of its salient points, let’s now spell out such weak velocity
measurements in the context of the double-slit experiment.

4.3.2 Weak Measurements in the Double-Slit Experiment

Consider the standard double-slit experiment with, say, electrons hitting a
screen. It enables the detection of the electrons’ positions. This constitutes
a strong position measurement. Accordingly, I’ll dub this screen the strong
screen. Let a weak measurement of position be performed between the strong
screen and the two slits from which the particles emerge. Let this be called
the weak screen. The two screens can be moved to measure various distances
from the double-slit. Suppose it takes the particles some time τ > 0 to travel
from the weak to the strong screen.

After passing through the slits, the electron will be described by the wave
function |ψ〉 =

∫
ψ(x, t) |x〉 dx. This leads to the familiar double-slit interfer-

ence fringes. I assume that the weak screen, i.e. the pointer variable, is in a
Gaussian ready state with width σ, peaked around some initial position. After
the particles have interacted with the measurement device (at time t = 0), the
composite wave function |Ψ(0)〉 of particle-cum-weak screen is

|Ψ(0)〉 =

∫
ψ(x, t) |x〉 ⊗ ϕ(y − x) |y〉 dxdy. (4.3.4)

Here, |ϕ〉 denotes the wave function of the weak screen, and y its free
variable (e.g. the position of some pointer device). The wave function then
evolves unitarily for some time τ , according to the particle Hamiltonian Ĥ:

|Ψ(τ)〉 = Û(τ) |Ψ(t)〉 = e−
i
h̄
Ĥτ |Ψ(0)〉 . (4.3.5)

After weakly interacting, the particle and pointer are entangled. Hence,
only the composite wave function — not the reduced state of the pointer —

evolves unitarily during time τ . The unitary operator Û(τ) : e−
i
h̄
Ĥτ only acts

on x (not on y). Due to this evolution, the post-selected position x on the
strong screen will, in general, differ from the weak value 〈x̂w〉, obtained from
averaging the conditional distribution of the pointer of the weak screen. The
procedure is depicted in Section 4.4.1 below in Figure 4.3.

On both screens, the wave function is slightly washed out. It differs from
an undisturbed state (i.e. in the absence of the weak screen). To obtain the
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two position values — the weak and the strong one — strong measurements
are now performed both at the weak and the strong screen (i.e. on the pointer
variable and the target system). For each position outcome x at the strong
screen, let’s select a sub-ensemble. We then read out the statistical distribution
of the position measurement outcomes at the weak screen for any such sub-
ensemble.

We have thus assembled all three observable quantities needed for Wise-
man’s operationally defined velocity 4.3.1: the time τ that elapsed between the
two measurements, the positions x (obtained as values at the strong screen),
and the average value of all positions of the sub-ensemble, associated with (i.e.
post-selected for) x. This may now be done for different positions x on the
strong screen: move the screens to different locations; there repeat the same
measurement procedure.

With this method, one can eventually map the velocity field for a suffi-
ciently large number of measurements. The discussion of how to construe this
result is deferred to the next section.

Kocsis et al. have indeed performed an experiment of a similar kind, us-
ing weak measurements of momentum. Their result, depicted in Figure 4.2,
qualitatively reproduces the trajectories of standard de Broglie-Bohm theory.
(I’ll return to this experiment and how to understand it in Section 4.4. Here,
I mention it primarily to convey an impression of the qualitative features of
Wiseman’s operational velocity when experimentally realised.) Moreover, it
can be shown (cf. Section 4.6.3) that weak velocity measurements are measure-
ments of the gradient of the phase of the wave function. Thus, they coincide
with the definition of standard Bohmian velocities in the guidance equation

v =
h̄

m
∇S, (4.3.6)

where S is the gradient of the phase of the wave function, ψ(x) = |ψ(x)|eiS(x).
Notice that only the standard quantum mechanical formalism has been

utilised for this. Therefore, we may conclude that — based solely on standard
QM — weak velocity measurements permit experimental access to the gradient
of the wave function’s phase.
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Figure 4.2: A weak velocity measurement for photons allows the reconstructions of
trajectories, qualitatively identical to those of particles in standard de Broglie-Bohm
theory. Particle trajectories in a double-slit experiment performed by Kocsis et al.
2011.

4.4 Why Weak Velocity Measurements do not Measure Veloc-
ities

Suggestive as these results are, I will now show that such measurements could
not provide direct experimental evidence displaying the shape of particle tra-
jectories, even if it is assumed that some deterministic particle trajectories
exist. They cannot, that is, go anyway to experimentally resolving the under-
determination in putative de Broglie-Bohm theory guidance equations men-
tioned previously. I will first analyse the relationship between Wiseman’s
operationally defined velocity Equation 4.3.3 and the particle’s actual veloc-
ity. In particular, I’ll show that a strong assumption is required that would
render it question-begging to employ weak velocity measurements in order to
infer the particles’ actual velocities. This analysis will subsequently allow a
critical evaluation of two stances regarding the significance of weak velocity
values for de Broglie-Bohm theory — Dürr et al.’s portrayal of weak velocity
measurements as allegedly ‘genuine’ measurements, and a view of weak ve-
locity measurements as non-empirical support of standard de Broglie-Bohm
theory.

4.4.1 When do Weak and Actual Velocities Coincide?

Here, I’ll address the question of whether — or rather: when — weak velocities
coincide with the particles’ actual velocities, assuming that they exist. That
is, I’ll explicate the conditions under which weak velocity measurements count
as reliable. That, I argue, turns out to presuppose standard de Broglie-Bohm
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theory.

In the following, x and y will denote the position variables of the individual
particles to be measured and the measurement apparatus, respectively. For
simplicity, consider one dimension only. Let the particles be prepared in the
initial state

|ψ〉 =

∫
dx ψ(x) |x〉 . (4.4.1)

Furthermore, let the pointer device (i.e. the weak screen of the double-slit
version of weak measurements in §4.3.2) be prepared in the initial state given
by a Gaussian with large spread σ, centred around 0:

|ϕ〉 =

∫
dy ϕ(y) |y〉 = N

∫
dye−

y2

4σ2 |y〉 , (4.4.2)

where N is a suitable normalization factor. Together, the particle and the
pointer form the compound system with the joint initial state

|ψ〉 ⊗ |ϕ〉 =

∫
dxdy ψ(x)ϕ(y) |x〉 ⊗ |y〉 . (4.4.3)

Now consider the first — the weak — measurement process. It consists of
an interaction between the particle and the pointer. Upon completion of this
process (say at t = 0), the compound system ends up in the entangled state

|Ψ(x, y, 0)〉 =

∫
dxdy ψ(x)ϕ(y − x) |x〉 ⊗ |y〉 . (4.4.4)

The probability distribution for the pointer variable y, given some position
X of the particle, is therefore:

ρX(y) =
|Ψ0(X, y)|2
|ψ(X)|2 = |ϕ(y −X)|2. (4.4.5)

This probability density determines the expectation value

E(y|x = X) =

∫
dy yρX(y) = X. (4.4.6)

That is, the mean value of the pointer distribution, conditional on the particle
occupying position X, coincides with that position. This underwrites the
following counterfactual:

(C0) If one were to perform an ordinary (strong) position measurement on the
particles immediately after the weak interaction, the expectation value
would yield the actual position of the particle.

Via E(y|x = X), the particle position thus is empirically accessible through
the statistics of large ensembles of identically prepared particles from which
we pick the post-selected outcomes x = X.

This thought is further exploited in the final steps of Wiseman’s proce-
dure. In the preceding considerations, the strong measurement was performed
immediately upon the weak one. Instead, we’ll now allow for a small delay.
After the particle and the pointer have (weakly) interacted, the total system
evolves freely for some small but finite time τ . Its state, then, is
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|Ψ(x, y, τ)〉 = e−
i
h̄
τĤ0 |Ψ(x, y, 0)〉 , (4.4.7)

where Ĥ0 denotes the system’s free Hamiltonian.
Eventually, we perform a strong measurement of the particle’s position

Xτ at t = τ . (The strong coupling between the measurement device and the
particle enables precise detection of the latter’s actual position.) We thus
get the expectation value for the pointer variable, conditional on the particle
occupying the position Xτ at t = τ :

E(y|x = Xτ ) =

∫
dy y|Ψ(Xτ , y, τ)|2. (4.4.8)

Through the statistics of a sub-ensemble of particles whose strong position
measurements yielded Xτ , this expectation value is empirically accessible.

In analogy to Equation 4.4.6, let’s define the position:

X0 := E(y|x = Xτ ). (4.4.9)

Combined with the particle position Xτ , obtained from the strong mea-
surement at t = τ , it thus appears as if we have access to particle positions at
two successive moments. Using Equation 4.4.9, the associated displacement is

Xτ −X0 = Xτ − E(y|x = Xτ ) (4.4.10)

Let’s grant one can make it plausible that the particles’ trajectories are dif-
ferentiable. Then, the displacement (Equation 4.4.10) gives rise to the velocity
field

v(X0) := lim
τ→0

1

τ
(Xτ − E(y|x = Xτ )). (4.4.11)

Note that all terms on the right-hand side of Equation 4.4.11 are observ-
able. (Hence, presumably, Wiseman’s labelling 4.4.11 as an ‘operational def-
inition’.) In conclusion, it seems, via the statistics of an experimental setup
implementing Wiseman’s procedure, we can empirically probe this velocity
field.

But what does this velocity field signify? It’s tempting to identify it with
the particles’ actual velocities. That is, should this be true, the flow of Equa-
tion 4.4.11 generates the particles’ trajectories (assumed to be deterministic
and differentiable). Is this identification justified?

By defining an X0
def
= E(y|x = Xτ ) via Equation 4.4.9, our notation

certainly suggests so. Let’s assume that this is correct and dub this the
‘Correspondence Assumption’ (COR). That is, suppose that the actual par-
ticle position Xτ at t = τ is connected with the earlier particle position
x(0) = X0 = T̂−τXτ at t = 0, where T̂−τ denotes the shift operator that
backwards-evolves particle positions by τ . (In other words: for arbitrary ini-
tial positions, T̂τ supplies the full trajectory.) Then, according to (COR), the
expectation value (4.4.9) corresponds to the particles’ position at t = 0. For
post-selection of sub-ensembles with x(τ) = Xτ , (COR) thus takes the form
(in the limit of large spread σ):

(COR) E(y|x(τ) = Xτ ) = T̂−τXτ . (4.4.12)
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In other words, (COR) implies the counterfactual:

(Ct) If one were to perform a strong position measurement at t = τ (with the
weak interaction taking place at t = 0), yielding the particles’ position at
x(τ) = Xτ , the weak value would be directly correlated with the particles’
earlier position T̂−τXτ . That is, upon a strong measurement at t = τ ,
the expectation value would reveal the particles’ true positions:

E(y|x(τ) = Xτ ) = T̂−τXτ . (4.4.13)

On (COR), the weak value thus gives the particle’s actual position at the
weak screen: the expectation value on the l.h.s. is reliably correlated with
the particle’s earlier positions. But most importantly, this is an if and only
if condition: If (COR) is satisfied, then we recover the actual position, but if
it is not, we don’t. As a result, one ought to assume that (COR) is valid for
weak position measurements to yield actual particle positions.

Thereby, any set of data compatible with QM appears to corroborate stan-
dard de Broglie-Bohm theory: given (COR), weak velocity measurements yield
standard de Broglie-Bohm theory’s velocity field. It thus seems as if standard
de Broglie-Bohm theory’s empirical underdetermination has been overcome.

Such an apparent possibility of confirming standard de Broglie-Bohm the-
ory would be remarkable. It crucially hinges, however, on the soundness of
(COR). So why believe that it’s true? As I’ll show (COR) is generically false,
and there is no plausible argument for why it should hold. This will even-
tually be illustrated with a simple example. Prima facie, (COR) looks like a
plausible extrapolation of a strong measurement immediately after the weak
interaction (i.e. at t = 0). This idea may be developed in three steps. First,
(COR) holds in the limit τ → 0+. Next, in a deterministic world, it would
seem that

E(y|x(τ) = T̂τκ) = E(y|x(0) = κ), (4.4.14)

where κ ∈ R denotes a position.

By appeal to C0, this would then yield

E(y|x(τ) = T̂τκ) = E(y|x(0) = κ) = κ, (4.4.15)

as desired.

On the face of it, this argument looks watertight. Its first step results from
QM’s standard rules (see Equation 4.4.6). Its third step, too, seems innocuous:
a few lines earlier, (C0) was derived from the standard QM formalism. Let’s,
therefore, throw a closer glance at the second step. It’s convenient to cast it
in terms of the probability densities associated with the expectation values:

P(y|x(τ) = T̂τκ) = P(y|x(0) = κ). (4.4.16)

Prima facie, given determinism, this identity stands to reason. One might
think the events {(x(τ), y) ∈ R × R : x(τ) = T̂τκ} and {(x(0), y) ∈ R × R :
x(0) = κ} refer to the same events of our probability space (i.e. the same
diachronically identical configurations, and therefore are assigned the same
probability measure.
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Yet, this inference is illicit. While it’s true that {(x(τ), y) ∈ R × R :
x(τ) = T̂τκ} and {(x(0), y) ∈ R × R : x(0) = κ} contains the same pointer
configurations, this doesn’t imply that P(y|x(τ) = T̂τκ) = P(y|x(0) = κ). For
this to hold, the conditional probabilities — as defined via post-selection —
on both sides must be well-defined. That is,

P(y&x(τ) = T̂τκ)

P(x(τ) = T̂τκ)
and

P(y&x(0) = κ)

P(x(0) = κ)
(4.4.17)

must exist (and coincide).

In classical Statistical Mechanics, one may take this for granted. However,
in a quantum context, entanglement complicates the situation: it compromises
the ascription of probability measures to certain events. One must heed the
time with respect to which the assigned probability measure is defined. This
is the case with weak velocity measurements. Recall that Wiseman’s measure-
ment protocol only performs the strong measurement at t = τ . This precludes
defining the second term in 4.4.17. That is, no strong measurement is per-
formed — and no attendant ‘effective collapse’ of the wave function occurs
— at an earlier time (viz. at t = 0). As a result, at the time of the weak
interaction (t = 0), the wave function of the pointer and particles is entangled.
That means, however, that we can’t näıvely assign the event of any particular
particle position at t = 0 an objective, individual probability measure.

In the present context, one can’t simply assign the particles a probability
measure — that of the reduced density matrix — per stipulation: it must be
deduced from the probability measure of the composite pointer-device system
— using only the other axioms. The quantum operation of a partial trace,
implementing the transition to the reduced density matrix, transcends those
fundamental axioms (see, e.g. Dürr et al. (2004, Section 6)); that would require
post-selection at t = 0. Only the entangled pointer-cum-particle system as a
whole has a physically grounded, objective probability measure.

This follows from the fact that P(x(0) = κ) is obtained from the pointer-
cum-particle system’s reduced density matrix (i.e. by partially tracing out the
pointer’s degrees of freedom). But this transition from the density matrix of a
pure state to the reduced density matrix of an ‘improper mixture’ (d’Espagnat,
2018, Chapter 7) lacks objective-physical justification (see, e.g., Mittelstaedt

2004, Chapter 3-4). Contrast that with the situation of P(y&x(τ)=Xτ )
P(x(τ)=Xτ ) : this is

well-defined via post-selection. That is, due to the ‘effective collapse’ (see, e.g.,
Dürr and Teufel 2009, Chapter 9.2), induced by the strong measurement at
t = τ , the event x(τ) = Xτ can be assigned a well-defined probability measure.
In d’Espagnat’s terminology, we are dealing with a ‘proper mixture’. In short:
Owing to the pointer’s entanglement with the particle, determinism doesn’t
imply E(y|x(τ) = T̂τκ) = E(y|x(0) = κ). The initially promising argument for
(COR) therefore fails.

From its failure, we also gain a wider-reaching insight: unless (at t = 0) the
strong measurement is actually performed (unlike in Wiseman’s measurement
protocol), the conditional probabilities P(y|x(0) = κ) (or equivalently: their
associated expectation values) aren’t objectively defined — if one adopts their
usual definition in terms of post-selection. Strictly speaking, the unrealised
measurement renders P(y|x(0) = κ), thus defined, meaningless.
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No independent reasons have been given so far for believing that (COR)
is true, though. (Conversely, the lack of independent reasons for standard de
Broglie-Bohm theory (rather than any of its non-standard variants), especially
in light of its empirical underdetermination, was our major motivation for ap-
plying weak velocities in the context of de Broglie-Bohmian theories.) Conse-
quently, counterexamples to (COR) abound — and are perfectly familiar: any
non-standard variant of de Broglie-Bohm theory of the type of Equation 4.2.1
(i.e. with non-vanishing, divergence-free vector field j). In them, the particle’s
trajectory generically crosses the weak screen at a point distinct from what
the weak velocity measurements would make us believe. Figure 4.3 illustrates
this.

weak measurement strong measurement

Figure 4.3: The weak measurement procedure for a given post-selected state x(τ) =
Xτ . The weak value is obtained from the distribution on the weak screen. When the
velocity field is that of standard de Broglie-Bohm theory (j = 0), the actual position
of the particle x(0) matches the weak value xw. For an alternative guidance equation
(j 6= 0), it doesn’t: the particle crosses the weak screen at a point x′(0), other than
the weak value. This shows that depending on which guidance equation one chooses,
the weak value needn’t yield the actual position of the particle at time 0.

The outcome cannot be regarded as representing the actual position of
the particle at time t. It’s just unknown: it could have traversed any loca-
tion within the support of the Gaussian wave function, centred around the
weak value. Still, the operationally defined velocity (obtained from averaging)
wouldn’t change: as long as the Born Rule and the validity of the Schrödinger
Equation — the only prerequisites for deriving the result Equation 4.6.14 —
hold, its value remains the same. (In this sense, any guidance equation of the
type of Equation 4.2.1, is compatible with Wiseman’s operationally defined
velocity.)

Absent an independent argument for the correspondence between weakly
measured and actual positions (i.e. COR), it remains unclear what — if any-
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thing — Wiseman’s operational velocity 4.3.3 signifies non-manifestly, i.e. on-
tologically.

By näıvely generalising C0 to Ct, one neglects the relevance of time in the
present setup: it matters both when the weak measurement interaction occurs,
and when one post-selects. If both happen simultaneously, the weak position
value corresponds to the particle’s actual position at time t = 0. If, however,
some time τ elapses between interaction and post-selection, generically this is
no longer the case.

It’s instructive to rephrase this result. The assumption Ct, necessary for
the correspondence of weak and actual velocities, is, in fact, equivalent — in
virtue solely of the quantum mechanical formalism and the supposition of de-
terministic differentiable particle trajectories — to standard de Broglie-Bohm
theory. (First, suppose that Ct is true. Then, the weak velocity measure-
ment yields the actual particle velocities. Wiseman’s operationally defined
velocity 4.3.3 uniquely picks out a guidance equation — that of standard de
Broglie-Bohm theory.

Conversely, suppose standard de Broglie-Bohm theory to be true. A weak
velocity measurement then discloses the actual particle velocities. Thus, Ct
holds.)

In conclusion, I argued that a particle’s weak velocity coincides with its
actual velocity (provided one is willing to attribute deterministic, differen-
tiable paths to the particles), if and only if standard de Broglie-Bohm theory
is true. But this coincidence is a sine qua non for deploying weak velocity
measurements in support of standard de Broglie-Bohm theory. To attempt
to do so — absent independent arguments for the reliability of weak velocity
measurements — would one thus incur circularity.

4.4.2 Weak Measurements as Genuine Measurements?

The previous analysis sheds light on a recent claim by Dürr, Goldstein, and
Zangh̀ı (2009). These authors (henceforth abbreviated as ‘DGZ’) propose that
Wiseman’s measurement protocol for weak velocities allows ‘in a reasonable
sense, a genuine measurement of velocity’ in standard de Broglie-Bohm the-
ory (ibid., pp. 1025, DGZ’s emphasis). Such a statement is misleading. DGZ
themselves identify a condition as crucial for their claim. This identification,
too, we deem the source of further potential confusion. The crucial — but
in DGZ’s account tacit — condition for weak velocity measurements to be
reliable, as we saw in the previous sections, is (COR). But (COR) is equiva-
lent to assuming the standard form of the guidance equation. The essential
equivalence between (COR) and de Broglie-Bohm theory’s standard guidance
equation impinges upon the significance of weak measurements for de Broglie-
Bohm theory. Whether we regard weak velocity measurements as enabling
genuine measurements of the particle’s actual velocity is essentially equiva-
lent to an antecedent commitment to standard de Broglie-Bohm theory. Pace
DGZ, this curtails the significance of weak velocities as genuine. Yet, albeit
misplaced in the context of weak measurements, DGZ’s (misleadingly) identi-
fied crucial condition might open up a potentially illuminating perspective on
standard de Broglie-Bohm theory.

DGZ assert that weak velocity measurements, as realised by Wiseman’s
measurement protocol, constitute real measurements in standard de Broglie-
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Bohm theory (cf. Dürr et al. 2004, Section 3.7). What is more, in his review
of de Broglie-Bohm theory (Goldstein, 2017, Section 4) writes: “In fact, quite
recently Kocsis et al. (2011) have used weak measurements to reconstruct the
trajectories for single photons ‘as they undergo two-slit interference, finding
those predicted in the Bohm-de Broglie interpretation of quantum mechanics’
” (cf. Dürr and Lazarovici 2018, pp. 142 for a similar statement). Of course,
DGZ are aware of the fact that such a claim needs an additional assumption;
however, as I’ll show, they seem to misidentify that ‘crucial condition’ (Dürr
et al., 2009, p. 1026, 1030).

Figure 4.2 displays the weak velocities measurements ascertained in Kocsis
et al.’s double-slit experiment. Indeed, they qualitatively tally with the tra-
jectories of standard de Broglie-Bohm theory (cf., for instance, Figure 5.7 in
Holland 1995, p. 184). Still, nothing immediately follows from that regarding
the status of standard de Broglie-Bohm theory (see also Flack and Hiley 2014;
Flack and Hiley 2016; Bricmont 2016, p. 181). Kocsis et al.’s experiment has
been performed for (massless) photons. However, standard de Broglie-Bohm
theory is a non-relativistic quantum theory for massive particles: it can’t han-
dle photons.5 Kocsis et al.’s experiment hence has no direct bearing on de
Broglie-Bohm theory’s status.6

This interpretation has a counterpart in weak velocity measurements of
the electrons of the present setup: per se, the weak velocity measurements
only allow experimental access to the gradient of the wave function’s phase.

Now to DGZ’s main claim: for a coherent application of weak velocity
measurements to the Bohmian framework as reliable velocity measurements,
an assumption on the disturbance of actual velocities is needed. Only standard
de Broglie-Bohm theory, so the story goes, has this feature. In turn, it appears
that weak velocity measurements can constitute genuine measurements of the
particle’s actual velocities only in standard de Broglie-Bohm theory.

DGZ’s considerations seem to start from the reliability of weak velocity
measurements; they are predicated on (COR). DGZ (correctly) state that
only standard de Broglie-Bohm theory is consistent with that. As the ‘crucial
condition’ responsible for that result, they identify a characteristic feature of
standard de Broglie-Bohm theory’s velocity field.

(SPE) Whenever the particle-cum-pointer compound system has the form ψ(x)⊗
φ(y − x), the particle’s velocity field v (conceived of as a function of the
compound system’s wave function ψ ⊗ φ) is supposed to depend only on
the particle’s wave function φ: v[ψ ⊗ φ] = v[φ].

Let’s dub this condition ‘separability of particle evolution’ (SPE). It uniquely
singles out standard de Broglie-Bohm theory (Dürr et al., 2009, Section 4).

DGZ’s mathematical proof of this latter claim is sound. Their identification
of (SPE) as a physically essential condition, however, is wrong-headed: (SPE),
in fact, plays no obvious role in the attempt to exploit weak velocity measure-
ments for standard de Broglie-Bohm theory (see §4.3 and §4.4.1): nowhere

5The treatment of photons within field-theoretic extensions of de Broglie-Bohm theory,
capable of dealing with photons (or bosons, more generally), is a delicate matter, outside
the present Chapter’s scope. I refer the interested reader to e.g. Holland 1995, Chapter 11
and Dürr et al. 2012, Chapter 10 (also for further references).

6Rather than the trajectories of individual photons, Flack and Hiley 2014 and Flack and
Hiley 2016 have argued that Kocsis et al.’s experiments measure mean momentum flow lines.
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is it invoked explicitly. Moreover, it remains elusive how (SPE) could enter
that analysis: (SPE) is an exact equality, postulated to hold whenever the
composite particle-pointer wave function is factorisable. By contrast, DGZ‘s
decisive equations (viz. (21) and (22) in their paper) are only approximations,
valid at t = τ . Their terms linear in τ don’t take a factorisable form (nor do
they vanish). Not even at t = 0 is the pointer-particle wave function factoris-
able. Hence, (SPE) doesn’t seem to be applicable from the outset. To call
(SPE) ‘crucial’ — understood as directly responsible — for the reliability of
weak velocity measurements in de Broglie-Bohm theory muddies the waters:
it‘s solely in virtue of (SPE)’s essential equivalence with standard de Broglie-
Bohm theory that (SPE) is relevant at all. That (SPE) singles out standard
de Broglie-Bohm theory is salient for the (mathematical) form of the standard
guidance equation: the latter is uniquely characterised by the factorisation of
velocities at t = 0, as asserted by (SPE).

As a result, only because (COR) presupposes standard de Broglie-Bohm
theory, and because the latter is essentially equivalent to (SPE) (recall the
remark at the end of Section 4.4.1), is (SPE) ‘crucial’ — in the sense of nec-
essarily satisfied for (COR) to hold. In short: (COR), (SPE) and standard de
Broglie-Bohm theory’s guidance equation are essentially equivalent. That is:

(COR) ∧ (DIF ) ∧ (DET )⇐⇒ standard guidance equation

⇐⇒ (SPE) ∧ (DIF ) ∧ (DET ),

where (DET) and (DIF) denote the assumption of deterministic and differen-
tiable particle trajectories, respectively.

For weak velocity measurements to reveal the particles’ actual trajectories
(assuming determinism and differentiability, that is) — i.e. for weak velocity
measurements to be reliable — (COR) not (SPE) — is the crucial condition
that must be satisfied: without it, the counterfactual Ct no longer holds (recall
4.4.1); the particle’s later positions can’t be inferred from the weak measure-
ments. In particular, given (COR)’s essential equivalence with standard de
Broglie-Bohm theory or (SPE), this means that if weak velocity measurements
are reliable, (SPE) needn’t be assumed separately: it’s implied by (COR). Un-
less independent reasons for (SPE), (COR) or standard de Broglie-Bohm the-
ory are forthcoming, weak velocity measurements lack epistemic significance
for gauging the status of de Broglie-Bohm theory. The analysis of weak mea-
surements in a de Broglie-Bohmian framework doesn’t rely on (SPE). DGZ are
right, however, in observing that if standard de Broglie-Bohm theory is true,
weak measurements are reliable (i.e. weak position values and actual position
values coincide).

DGZ’s purely mathematical result — the equivalence of (SPE) and stan-
dard de Broglie-Bohm theory — hints at an alluring possibility (completely
independently of weak measurements): it might serve as a prima facie interest-
ing avenue for justifying (or, at least, motivating) standard de Broglie-Bohm
theory. Underlying (SPE) seems to be the hunch that for particle-pointer sys-
tems with separable (factorisable) quantum states, the particle is supposed to
be guided exclusively by the particle’s wave function — not by that of the
pointer. More generally, due to (SPE), whenever a quantum system is pre-
pared as separable, the dynamics for the particles of one subsystem doesn’t
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depend on the quantum state of other subsystem(s).7

As a desideratum, (SPE) implements the expectation that the statistical
independence on the manifest level translates to the level of the variables in
the non-manifest level: whenever the outcomes of quantum states of a compos-
ite system A&B are independent, the dynamics of the particles constituting
A shouldn’t be affected by B’s quantum state. One may deem this a plau-
sible heuristic principle for the construction of hidden-variable theories: it
aligns the statistical independence of the known (empirically accessible) realm
of the quantum formalism (for separable quantum states) and the indepen-
dence of the unknown (empirically inaccessible) domain of the (putatively)
more fundamental ’hidden variables’ dynamics. A dynamics respecting this
alignment then ‘naturally’ explains the statistical independence at the coarse-
grained quantum level. However, as I showed repeatedly before in this thesis,
this desideratum often turns out to be unwarranted. I leave the prospects of
(SPE) as a potentially promising motivation for standard de Broglie-Bohm
theory to future inquiry.

This section afforded two main lessons. First, standard de Broglie-Bohm
theory is mathematically uniquely characterised by a factorisation condition
on the velocity field. But DGZ’s identification of that condition as ‘crucial’
for the reliability of weak measurements is misleading. Secondly, weak ve-
locities coincide with the particle’s actual velocities if and only if standard
de Broglie-Bohm theory is true. It thus remains questionable what argument
(if any) weak velocity measurements provide in support of standard Bohmian
trajectories or any other Bohmian theory.

On their own, weak velocity measurements thus don’t provide any empiri-
cal support for standard de Broglie-Bohm theory. What about non-empirical
inferential support, though?

7This is somewhat reminiscent of (but not equivalent to) the so-called Preparation Inde-
pendence, a key assumption in the Pusey-Barrett-Rudolph Theorem (see, e.g. Leifer 2014,
sect. 7; specifically for the theorem in the context of standard de Broglie-Bohm theory, see
Drezet 2014). Preparation Independence asserts that for two systems with states ρA and ρB
such that the compound state is the product ρA ⊗ ρB , and ontic state spaces ΛA, ΛB , with
preparations µA, µB , respectively, there exists an ontological model for the joint state with
state space Ω = ΛA × ΛB such that the product measure

µA × µB(Ω) =

∫
ΛB

µA(ΩλB )dµB(λB), (4.4.18)

reproduces the quantum predictions for the separable product state, where ΩλB = {λA ∈
ΛA|(λA, λB) ∈ Ω}. For hidden-variable theories, this looks like a natural desideratum: it
expresses how the separable systems’ independence at the quantum level (cf., e.g. Howard
1989, 1992) constrains the level of the more fundamental level of the hidden-variables (cf.
Leifer 2014, sect. 7.3).

There exists a critical difference between Preparation Independence and (SPE): the for-
mer makes claims about the hidden-variable states (in the present case: the particles’ po-
sitions) and their statistically independent distribution; SPE, by contradistinction, claims
their dynamics — its independence of other subsystems’ quantum state (see main text).
Consequently, one ought to expect justifications for either to differ.

Preparation Independence doesn’t imply (SPE): all variants of de Broglie-Bohm theory
respect the former (due to the Born Rule giving the distribution of the particles’ actual
positions, see, e.g. Gao 2019) — but only standard de Broglie-Bohm theory satisfies (SPE).
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4.4.3 Non-Empirical Support for de Broglie-Bohm Theory?

The main result of Wiseman’s original paper can be read as a conditional claim:
if one adopts his operationally defined velocity, and assumes deterministic,
differential particle trajectories, the latter is uniquely determined as that of
standard de Broglie-Bohm theory; on this reading, Wiseman remains neutral
— whether they are plausibly satisfied (or not). More exciting, however, would
be the prospect of learning something novel about the status of standard de
Broglie-Bohm theory from weak measurements (granting certain background
assumptions). I’ll now examine such a stronger interpretation of Wiseman’s
result — as a non-empirical justification of standard de Broglie-Bohm theory.

The starting point of the envisioned reasoning will be two tenets explicitly
endorsed by Wiseman:

(1) One should construe the weak value in Wiseman’s weak measurement
protocol of §4.3.3 as the average velocity of a large ensemble of particles
(Wiseman, 2007, sect. 3).

(2) Albeit not per se referring to individual particles, this statistical property
provides a ‘justification for [standard de Broglie-Bohm theory’s] law of
motion [i.e. the standard guidance equation]’ (ibid., p. 2).

According to tenet (1), the weak value, obtained in Wiseman’s setup, by
itself corresponds to a real property only of an ensemble of particles — rather
than one näıvely ascribable to the individual particles: ‘Thus strictly the weak
value [...] should be interpreted [...] only as the mean velocity in configura-
tion space — this noise could be masking variations in the velocity between
individual systems that have the same Bohmian configuration x at time t.’
(Wiseman 2007, p. 5).

Tenet (2) purports that in virtue of this statistical (ensemble) property de
Broglie-Bohm theory’s standard form ‘is preferred over all other on physical
grounds’ (Wiseman 2007, p. 12). That is, although other velocity fields gener-
ate the same (statistically-empirically accessible) mean velocity, we ought to
believe that the standard velocity field is true — rather than any of its alterna-
tives: for Wiseman, (2) serves as a non-empirical rule of inference, ‘justifying
[de Broglie-Bohm theory’s] foundations’ (ibid., p. 12).

As Wiseman reiterates, no experiment can discriminate between de Broglie-
Bohm theory’s standard velocity field and alternative choices. How, then, is
the envisaged non-empirical justification supposed to work?

One strategy turns on the allegedly natural character of his proposal to
operationally define velocities via weak values: ‘(Standard de Broglie-Bohm
theory) delivers thus the most natural explanation of the experiments de-
scribed’(Dürr and Lazarovici 2018, p. 145, my translation).

Quite generally, in Section 4.4.1 and Section 4.4.2, we have seen that in
the present case, the allegedly natural explanation would, at any rate, be
deceitful: one mustn’t näıvely take it for granted that they reveal the actual
particle positions. Leavens (2005) draws attention to the fact that under
certain experimental circumstances, ‘[...] there is no possibility of the weak
value [...] reliably corresponding in general, even on average, to a successfully
post-selected particle being found near (the weak value) at time t = 0 when
the impulsive weak position measurement begins and being found near (the
post-selected value) an instant after it ends’ (p. 477).
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The perils of näıve (i.e. literal) realism about weak position values are
demonstrated in the so-called Three-Box-Paradox (Aharonov and Vaidman
1991; Aharanov and Rohrlich 2005, Chapter 16.5; Maroney 2017). Here we
encounter another illustrative case where the identification of the manifest
with the non-manifest is more complex than one would hope.

Imagine a particle and three boxes labelled A,B, and C. Let the particle‘s
initial state be

|ψi〉 =
1√
3

(|A〉+ |B〉+ |C〉), (4.4.19)

where |A〉 denotes the state in which the particle is in box A, and similarly,
|B〉 and |C〉. For its final state, on which we’ll post-select, choose

|ψf 〉 =
1√
3

(|A〉+ |B〉 − |C〉). (4.4.20)

Via the definition of weak values (see 4.6.2), one then obtains the resulting
weak values for the projectors onto state i ∈ A,B,C, P̂i := |i〉 〈i|:

〈P̂A〉w = 1

〈P̂B〉w = 1

〈P̂C〉w = −1. (4.4.21)

If one were to believe that weak values invariably reveal the real positions
of particles, one would have to conclude that box C contains −1 particles.
However, in de Broglie-Bohm theory’s ontology (in any of its variants), this
is an absurd conclusion: particles in de Broglie-Bohm theory either occupy a
position or don’t; the respective position projectors take values only in {0, 1}.

Consequently, adherents of de Broglie-Bohm theory must be wary of inter-
preting weak values as real position values without qualification. The reliabil-
ity of weak position (or velocity) measurements is a non-trivial (and generically
false) assumption. Unqualified realism about weak position values inevitably
conflicts with de Broglie-Bohm theory’s default ontology.

We are thus left with, at best, a considerably weaker position, one close to
Bricmont’s (2016, p. 136): ‘[Weak velocity measurements via Wiseman’s pro-
tocol] (are) not meant to ‘prove’ that the de-Broglie-Bohm theory is correct’,
because other theories will make the same predictions. Still, the result is nev-
ertheless suggestive because the predictions made here by the de Broglie-Bohm
theory are very natural within that theory [...].’

4.5 Conclusion

Let’s recapitulate the findings. I started from the empirical underdetermina-
tion of de Broglie-Bohm theory’s guidance equation. It impedes insouciant
realism about the particles’ trajectories, postulated by standard de Broglie-
Bohm theory. Next, I scrutinised whether Wiseman’s weak velocity mea-
surement protocol can remedy this underdetermination by empirical or non-
empirical means. The result was negative. I elaborated that the reliability
of weak velocities — that they coincide with the particles’ real velocities —
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presupposes standard de Broglie-Bohm theory. For non-standard versions of
de Broglie-Bohm theory, its presumption is generically false. Hence, weak ve-
locity measurements don’t qualify as evidence or confirmation in favour of the
velocity field, postulated by standard de Broglie-Bohm theory. Weak velocity
measurements, thus, don’t allow for genuine measurements in any robust sense
(at least given the present knowledge). Finally, I critiqued an interpretation
of Wiseman’s measurement protocol as a non-empirical argument for stan-
dard de Broglie-Bohm theory regarding alleged theoretical virtues. The 3-Box
Paradox demonstrated the dangers of any näıve realism about weak position
values.

In conclusion, I hope to have elucidated the status of weak velocity mea-
surements in two regards. On the one hand, they are an interesting appli-
cation of standard quantum mechanics in a novel experimental regime (viz.,
that of weak pointer-system couplings). They allow us to empirically probe
the gradient of the system’s wave function — irrespective of any particular
interpretation of the quantum formalism. On the other hand, however, with
respect to the significance of weak velocity measurements, weak velocity mea-
surements shed no light on the status of standard de Broglie-Bohm theory. In
particular, on their own, they don’t provide any convincing support — empir-
ical or non-empirical — for standard de Broglie-Bohm theory over any of its
alternative versions.

4.6 Appendix: Weak Measurements and Weak Values

Methods of weak measurement have opened up a flourishing new field of theo-
retical and experimental developments (see, e.g. Aharanov and Rohrlich 2005;
Tamir and Cohen 2013; Svensson 2013; Dressel et al. 2014. Broadly speaking,
weak measurements generalise strong measurements in that the final states of
measured systems need no longer be eigenstates (and are thus a particular case
of POVM measurements). This appendix will first provide a concise overview
of weak measurements (Section4.6.1). In particular, I’ll expound on how they
differ from the more familiar strong ones. Then, in Section 4.6.2, I’ll introduce
the notion of a weak value.

4.6.1 Strong versus weak

Strong or ideal measurements are closely related to the conventional interpre-
tation of the Born Rule. Consider a quantum system S and a measuring device
M with Hilbert spaces HS and HM, respectively. The Hilbert space of the
total system is H = HS⊗HM. The system be in a normalised state |ψ〉 before
the measurement. We are interested in measuring an observable A represented
by the self-adjoint operator Â, which has a complete and orthonormal eigen-
basis {|ci〉}. In that basis the system’s state reads ψ =

∑
i
αi |ci〉 for some αi.

Furthermore, we assume for simplicity the eigenstates are non-degenerate, i.e.
have distinct eigenvalues. The only possible outcome of a strong measurement
on this system is one of the eigenstates |ci〉. The corresponding probabilities
to observe |ci〉 are

pi = |〈ci|ψ〉 |2= |αi|2. (4.6.1)
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After the measurement was performed, the system ends up in the final state
|ci〉. This procedure is known as the von Neumann measurement (cf., for
example, see the reprint (Von Neumann, 2018)).

In a weak measurement, the interaction of system and measurement device
is modelled quantum mechanically with the pointer device as an ancillary sys-
tem on which a strong measurement is performed after the interaction. That
is, assume that system and pointer interact via a von Neumann Hamiltonian

Ĥ = g(t)Â⊗ P̂M , (4.6.2)

where P̂M is conjugate to the pointer variable X̂M , i.e. [X̂M , P̂M ] = ih̄. As
before Â is the quantum operator of the observable to be measured, and g(t)

a coupling constant satisfying
T∫
0

g(t)dt = 1. For simplicity, take a single qubit

prepared in initial state

|ψ〉 =
∑
i

αi |ci〉 = α |0〉+ β |1〉 . (4.6.3)

We stipulate the eigenvalues of Â are Â |0〉 = |0〉 and Â |1〉 = − |1〉. Suppose
that the pointer that is to be coupled weakly to the qubit will initially be in
a Gaussian ready state with spread σ peaked around 0, i.e.

|ϕ〉 =

∫
ϕ(x) |x〉 dx =

∫
Ne−( x

2σ )
2

|x〉 dx, (4.6.4)

with N a normalization factor. During the unitary interaction, the total
initial state |Φ(0)〉 = |ψ〉 ⊗ |ϕ〉 of system and pointer evolves according to
Schrödinger’s equation:

|Φ(T )〉 = e
− i
h̄

T∫
0

Ĥdt
|Φ(0)〉 (4.6.5)

= e−
i
h̄
Â⊗P̂M |Φ(0)〉

= e−
i
h̄
Â⊗P̂M (α |0〉+ β |1〉)⊗

∫
ϕ(x) |x〉 dx

= N

∫ (
αe−(x−1

2σ )
2

|0〉+ βe−(x+1
2σ )

2

|1〉
)
⊗ |x〉 dx.

Recall that the momentum operator acts as a shift operator (e−
i
h̄
aPMϕ(x) =

ϕ(x − a)). If the Gaussian peaks are narrowly localised and non-overlapping
(to a good approximation), one can infer the system’s state from the pointer
measurement. However, for weak measurements, the Gaussians are assumed
to spread over the pointer variable widely. The measurement outcome of the
pointer is, therefore, consistent with the system being in states that are not
eigenstates of the operator. This is read off from Equation 4.6.5. If, say, the
pointer ends up at position 0, we recover the initial state |ψ〉 up to an overall
factor. The two Gaussian amplitudes reduce to the same value.

For arbitrary systems with finite-dimensional Hilbert space, the interaction
generalises to

|Φ(T )〉 =
∑
i

αi |ci〉 ⊗
∫
ϕ(x− ai) |x〉 dx, (4.6.6)
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where ai are the eigenvalues of the measurement operator Â. For simplicity,
the free evolution Hamiltonian of system and pointer has been omitted; it
would only give rise to additional total phases.

So far, the measurement scheme has been standard. In Equation 4.6.6,
no weakness is involved in particular. However, it becomes a weak one if the
initial state of the pointer variable XM has a large spread σ. That is, the result
of (strong) measurement on the pointer is not a projection onto eigenstates of
the system.

4.6.2 Post-selection and two-vector-formalism

We may now introduce the notion of a weak value. A weak value of an ob-
servable Â is the result of an effective interaction with the system in the limit
of weak coupling and a subsequent post-selection. Coming back to the simple
case of the qubit, if the state in Equation 4.6.5 is post-selected on |0〉, for
instance, the pointer ends up in a Gaussian lump centred around 1. Similarly,
conditioned on |1〉, the pointer is centred around −1, as one would expect
from a strong measurement. However, depending on the post-selected state’s
choice, the pointer states are ‘reshuffled’ and can be concentrated around mean
values that can be far away from the eigenvalues of the observable Â. In the
limit of large standard deviation σ, the distribution is again Gaussian, though.
For post-selecting |+〉 := 1√

2
(|0〉 + |1〉), for example, the distribution of the

measurement device peaks around

aw =
α− β
α+ β

. (4.6.7)

This is easily obtained by observing

|+〉 〈+| ⊗ 1 |Φ(T )〉 = |+〉 ⊗ N√
2

∫ (
αe−(x−1

2σ )
2

+ βe−(x+1
2σ )

2)
|x〉 dx. (4.6.8)

In the weak limit σ � 1 this gives

≈ |+〉 ⊗ N√
2

∫
(α+ β)e

−
(
x−α−β

α+β
2σ

)2

|x〉 dx. (4.6.9)

Notably, the measurements on the pointer and the ones to find a post-
selected state are strong measurements in the sense defined above. For arbi-
trary post-selection on a final state |ψf 〉 the state of the total system evolves
according to

|ψf 〉 〈ψf | e
− i
h̄

T∫
0

Ĥdt
|ψi〉 ⊗ |ϕ〉 . (4.6.10)

Since the spread σ is large, the interaction Hamiltonian, which produces a shift

in the pointer’s wave function, can be effectively approximated by e
− i
h̄

T∫
0

Ĥdt
≈

1− i
h̄Â⊗ P̂MT . Thus, the final state reads

≈ |ψf 〉 ⊗ 〈ψf |ψi〉
(

1− i

h̄
awP̂MT

)
|ϕ〉

≈ |ψf 〉 ⊗ 〈ψf |ψi〉 e−
i
h̄
awP̂M |ϕ〉 , (4.6.11)
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where

〈Âw〉 := aw =
〈ψf | Â |ψi〉
〈ψf |ψi〉

(4.6.12)

the salient quantity of the weak value of the observable operator Â. That
is, after many runs, the pointer’s average position is aw

8. In other words, |ϕ〉
experiences the shift ϕ(x) 7→ ϕ(x−aw). Note that the probability amplitude to
obtain |ψf 〉 in the post-selection is p = |〈ψf |ψi〉 |2. If the initial and final state
of S are nearly orthogonal, the measurement may require many runs to find
aw as the post-selected state occurs only rarely. If there is time evolution of
the target system between the weak interaction and the final measurement of
〈ψf |, then the expression would include 〈ψf |U , where U the unitary evolution
operator:

〈Âw〉 := aw =
〈ψf |UÂ |ψi〉
〈ψf |U |ψi〉

. (4.6.13)

For a derivation, we refer the interested reader to literature.

4.6.3 Weak velocity and the gradient of the phase

We can manipulate the definition of the operationally defined weak velocity
to give us the velocity of the guidance equation of standard de Broglie-Bohm

theory. That is, for the unitary evolution Û(τ) = e−iĤτ/h̄ during time τ (with

the non-relativistic Hamiltonian of a massive particle Ĥ =
p2

2m + V (x)), the
expression for Wiseman’s operationally defined velocity reduces to (Wiseman,
2007, p. 5)

v(x, t) = lim
τ→0

1

τ
(x− 〈x̂w〉)

= lim
τ→0

(x−<〈x| Û(τ)x̂ |ψ〉
〈x| Û(τ) |ψ〉

)

= lim
τ→0

1

τ
(<〈x| x̂Û(τ) |ψ〉 − 〈x| Û(τ)x̂ |ψ〉

〈x| Û(τ) |ψ〉
)

= lim
τ→0

1

τ
(<〈x| [x̂, Û(τ)] |ψ〉

〈x| Û(τ) |ψ〉
)

= lim
τ→0

1

τ
(<〈x| [x̂,1−

i
h̄Ĥτ +O(τ2)] |ψ〉

〈x|1− i
h̄Ĥτ +O(τ2) |ψ〉

)

= <〈x| [x̂,−
i
h̄
p̂2

2m ] |ψ〉
ψ(x)

= <〈x|
p̂
m |ψ〉
ψ(x)

=
h̄

m
=∇ψ(x)

ψ(x)
=

h̄

m
∇S(x), (4.6.14)

where ∇S(x) is the gradient of the phase of the wave function ψ(x).
8There are cases in which aw is complex. Then, besides the position, the momentum is

shifted too



Chapter 5

What is Disturbed in a
Measurement?

In classical physics, so the story goes, a measurement allows one to determine
any quantity of a system without disturbing it (at least in some ideal limit).
Such statements are commonly made without proof or motivation and are
mostly assumptions rather than established results. However, we shall see in
this chapter that a quite general argument can be made in favour of arbitrarily
high measurement accuracy. The details of the classical interaction between
system and apparatus can be chosen to diminish the disturbance to arbitrary
small degrees.

In contrast, the story appears more complicated when it comes to quantum
mechanics. Disturbance upon quantum measurements is often tacitly assumed
to originate from the Heisenberg uncertainty relations and the finiteness of
Planck’s constant h: The interaction of an apparatus with a quantum system
is supposed to introduce an unavoidable action upon the system bounded from
below by h (Heisenberg, 1925). Whatever pre-determines the individual result
of a measurement (e.g. the position and momentum of a particle) is inevitably
affected by the interaction with the apparatus.

But of course, this early account of Heisenberg’s uncertainty has to be
overthrown in light of the insight that the variables allegedly being affected by
a measurement do not even exist in the quantum formalism (cf. Section 6.1
and see again Chapter 1). Thus, the question remains of what — if anything
— is disturbed when a system is measured.

In certain scenarios, quantum measurements don’t seem to require any
interaction at all. To mention a few examples: As we have seen before in
Chapter 4, weak measurements may fall in this category of interactions that
do not (or only slightly) disturb a system; the negative result experiments first
suggested by Schrödinger in his 1934 assert that the lack of a particle detection
also constitutes a measurement (cf. also Renninger 1960; in Hardy’s paradox
it is argued that an electron and positron can interact without annihilating
each other (Hardy, 1992); and the so-called Elitzur–Vaidman bomb tester
supposedly can detect a bomb without setting it off (Elitzur and Vaidman,
1993).

I don’t provide a comprehensive account of quantum measurement distur-
bance — a task that arguably deserves a thesis on its own. Quantum theory
doesn’t give a sufficient framework that accounts for all variables that may

69



70 CHAPTER 5. WHAT IS DISTURBED IN A MEASUREMENT?

determine a measurement result. Hence, a discussion of measurement distur-
bance in a quantum theory is intimately tied to the meaning of measurement
results as well as the status of the quantum state. Thus, clearly delineating
the manifest from the non-manifest will be necessary here too. Nevertheless,
before moving on to empirical completeness in Chapter 6, a brief reflection
on how disturbance might be linked to predictive advantage and empirical
completeness is of benefit.

I will start with a quick discussion of classical measurements and justify
the claim that any quantity can be measured with arbitrary accuracy in clas-
sical mechanics. I then comment on epistemic states and argue that quantum
measurements disturb the quantum state in a trivial sense, i.e. by updating
a probability distribution. Finally, I conclude with some remarks on whether
the non-manifest variables underpinning quantum theory are subject to distur-
bance. This, in turn, may serve as a motivation for why predictive advantage
over quantum theory may be impossible.

5.1 Classical Measurements

I shall first study the case where it’s clear what’s going on, i.e. classical
mechanics. There, it turns out that predictions can be made with arbitrary
accuracy and without disturbance.

A classical system is described by its configuration in phase space. For
simplicity, we consider a single particle with position x and momentum px.
According to classical mechanics, all measured properties of the system are
functions of its state (x, px) in phase space. A quantity A(x, px) may be
obtained by letting the system interact with a pointer device via an interaction
Hamiltonian1

H := gA(x, px)py, (5.1.1)

where g the interaction strength and py the momentum of the pointer. Like
the system, the pointer device’s state is (y, py), where y, for simplicity, can be
thought of as the centre of mass of the pointer.

We can readily find the change of the states by computing the Hamilton-
Jacobi equations during the measurement interaction, i.e.

dpx
dt

= −∂H
∂x

= −g ∂
∂x
A(x, px)py (5.1.2)

dx

dt
=
∂H

∂px
= g

∂

∂px
A(x, px)py

dpy
dt

= −∂H
∂y

= 0

dy

dt
=
∂H

∂py
= gA(x, px).

1This interaction Hamiltonian is time dependent since it is ‘switched on’ only for a (very
short) finite amount of time. As a result, the conservation of momentum will be violated
in general for such interactions. Note further that during the measurement, the interaction
Hamiltonian dominates the total energy of the system and thus, the Hamiltonians of the free
evolution are neglected.
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This shows that if the pointer’s momentum py is small, the system’s state
(x, px) isn’t affected. In fact, we can choose the initial momentum py(0) to
be arbitrarily small so that the measurement doesn’t disturb the system. For
this case, we can integrate the dynamical equations to find

px(t) = px(0) (5.1.3)

x(t) = x(0) (5.1.4)

py(t) = py(0) (5.1.5)

y(t) = y(0) +A(x(0), px(0))t. (5.1.6)

After the measurement, the position of the pointer is correlated to the
measured quantity A(x, px). Therefore, this shows that in classical physics
any property of the system can be measured without disturbance and to arbi-
trary accuracy. For example, a particle’s initial position and momentum can
be obtained by a measurement device with two pieces and interaction Hamil-
tonian H = gxpy + hpxpz. Moreover, if the dynamics are deterministic, a
non-invasive measurement lets one predict with certainty any future evolution
of a system’s state (cf. also Solé et al. 2016).

5.2 Epistemic States

The analysis can straightforwardly be generalised to cases where an epistemic
state over position and momentum describes the system. The interest in study-
ing this is that the quantum description of a physical system bears a resem-
blance to this situation since a quantum state defines a probability distribution
via the Born rule.

For a classical system, when we do not know the precise ontic (non-
manifest) state, i.e. the configuration position and momentum, an epistemic
probability distribution over phase space usually represents the state. For ex-
ample, when a particle’s position and momentum are not known exactly, its
behaviour is described only approximately. Assume that before measurement,
these epistemic states are f0(x, px) and g0(y, py) for system and pointer device,
respectively. Furthermore, let h(x, y, px, py) be the compound epistemic state
of system and pointer, and h0 = f0(x, px)g0(y, py) the initial state. According
to classical laws, for any initial point in phase space, the dynamics satisfy
the Hamilton-Jacobi equations (5.1.2) from above. If function h is to be in-
terpreted as an epistemic probability distribution over phase space, it has to
satisfy a continuity equation, for the probability density has to be preserved
over time. By evolving all the points in the phase space that the epistemic
state h supports, we arrive at Liouville’s equation for its dynamics, i.e.

∂

∂t
h = {h,H} :=

∑
s=x,y

∂H

∂s

∂h

∂ps
− ∂H

∂ps

∂h

∂s
=: L̂Hh, (5.2.1)

where L̂H is called the Liouville operator with Hamiltonian H.

After writing out the equation for the classical interaction Hamiltonian
and again assuming the momentum of the pointer to vanish approximately,
i.e. py ≈ 0, we arrive at
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∂

∂t
h(x, y, px, py, t) = − ∂

∂y
h(x, y, px, py, t) · x. (5.2.2)

Recall that Equation 5.2.2 describes a partial differential equation with
wave-like solutions2, which allows making the ansatz

h = h0(px, py)h1(v(x)t− y), (5.2.3)

where v(x) is an unknown function of x. Substituting into Equation 5.2.2
immediately implies

v(x) = x. (5.2.4)

Moreover, for t = 0 the epistemic state h should coincide with h0 = f0(x, px)g0(y, py).
Thus, for the solution, we find

h(x, y, px, py, t) = f0(x, px)g0(v(x)t− y, py). (5.2.5)

It is straightforward to repeat the derivation for arbitrary classical interaction
Hamiltonians

H = γA(x, px)py, (5.2.6)

designed to measure a more general property A(x, px) of the system. What
does the post-measurement state h imply about the correlations of pointer
outcome and this property of the system? After the measurement interaction
at time t = t1, a pointer reading y1 is obtained that is then used to infer
pre-measurement properties of the system.

The first thing to note is the impossibility of measuring the system’s initial
distribution f0(x, px) with the readout variable y(t1). One single measurement
outcome cannot tell what initial epistemic state for the system was prepared
before the interaction. The individual pointer outcome is not correlated to the
distribution f0(x, px). The claim that this cannot be is a consequence of the lin-
earity of Liouville’s equation. That is, for two initial preparations f1(x, px) and
f2(x, px) the compound state h0(x, y, px, py) = (f1(x, px) + f2(x, px))g(y, py)
evolves linearly via ∂

∂th = L̂Hh. Thus, h := h1 + h2 with

h1 = f1(x, px)g(v1(x)t− y, py), h2 = f2(x, px)g(v2(x)t− y, py) (5.2.7)

is a solution of the dynamics since ∂
∂th = ∂

∂th1 + ∂
∂th2 = L̂Hh1 + L̂Hh2 = L̂Hh,

for arbitrary (non-linear) interaction Hamiltonians H(x, px, y, py). From this,
it becomes clear that even if for the individual states f1 and f2, the final
pointer position y were correlated to the system’s initial epistemic state, for
an experiment with initial state f1 +f2 the pointer variable y could at best be
correlated with either of the states but not their sum. This is not a big surprise
since for every individual run of the experiment, the system with ontic state
(x, px) contains no information about the subjective epistemic uncertainty on
the particle’s place in configuration space represented by f0(x, px). Neverthe-
less, a repeated measurement with identical initial preparation of the epistemic

2Although Equation 5.2.2 differs from the familiar second order wave equation, its solu-
tions still describe travelling waves.
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states can be used to gather statistics that allow tracing out f0(x, px). The
epistemic state is defined as a statistical ensemble’s probability density on
phase space.

But what information, then, does the pointer contain about the system?
Consider the general interaction Hamiltonian and the generic initial epistemic
state f0(x, px)g0(y, py) from before. After the measurement, the pointer will
indicate some final position value y1(t1). The final state for this outcome reads

h(x, y, px, py, t1) = f0(x, px)g0(γA(x, px)t1 − y1, py). (5.2.8)

The quantity g0(γA(x, px)t1−y1, py) is interpreted as the probability of having
found outcome y1 at t1. This post-measurement state limits the uncertainty
about the value of A(x, px). For a function g0 that is highly peaked and centred
around y1,

γA(x, px)t1 ≈ y1. (5.2.9)

Hence, the system’s property A(x, px) ≈ y1

γt1
can be determined up to the

uncertainty of outcome y1. For simplicity, assume without loss of generality
that the function g is so narrowly peaked that the pointer shows at most one
outcome for y. That is, for fixed (x, px), there is no uncertainty about the
outcome of the pointer device.

It is now asked what the final h state entails for the post-measurement
state of the system. The post-measurement probability density of the system
we can write as

ft1(x, p) =

∫
g(γA(x, px)t1 − y1, py)f(x, px)dpy. (5.2.10)

Similarly to the uncertainty in pointer outcome y, the uncertainty of (x, px)
is limited by g(γA(x, px)t1 − y1, py) since the final state ft1(x, px) is peaked
around values for which A(x, px) ≈ y1

γt1
. For example, in the simple case

where A(x, px) = x, the system’s final position x is determined with high ac-
curacy by x ≈ y1

γt1
. Conversely, for values of y1 that are located far away from

γA(x, px)t1, the system’s epistemic state remains approximately unchanged,
i.e. ft1(x, px) ≈ f0(x, px). In statistical mechanics described by epistemic
probability states and subject to classical physics, we thus find that the sys-
tem’s property A(x, px) is measurable to arbitrary accuracy. However, the
epistemic state f is not determinable in a single-shot measurement. But we
would not have expected this to be true anyway since, as opposed to (x, px), the
f states are not ontic. Epistemically, the pre-measurement probability state
is viewed as having been disturbed by the measurement interaction. The
initial probability density f0(x, px) evolved to the post-measurement state
ft1(x, p), which is peaked around y1. But this sort of disturbance is of no
further significance than a mere updating of the epistemic uncertainty con-
tained in f0(x, px) for the system to possess property A(x, px), to the de-
creased post-measurement uncertainty for A(x, px) ≈ y1

γt1
. As before, one

can again introduce a measurement apparatus with more than one part, i.e.
H = γ1xpx + γ2pxpy to simultaneously measure both position x and momen-
tum px of the system.

Moreover, even when the initially prepared state f0(x, px) involves uncer-
tainty about the actual values of the ontic state, the fact that the evolution
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is deterministically fixed by the Hamilton-Jacobi equations still permits mea-
surement of both x and px exactly: Knowledge of the interaction Hamiltonian
and final pointer outcome y1 can be used to work out the initial configuration
of the system by simply reversing the deterministic dynamics. That is, the
position of the pointer uniquely fixes the initial position and momentum of
the system.

The reason for invoking a statistical mechanics type of analysis is not
coincidental. The quantum treatment of the situation is analogous in many
ways. The conclusions about the epistemic states in statistical mechanics are
also true for the quantum states insofar as they are epistemic qua Born rule,
but what is true for the ontic states in classical mechanics is generally violated
by quantum mechanics.

5.3 Quantum Measurements

I will now comment on the disturbance in quantum measurements and how
they differ from classical measurements. The nature of disturbance in quan-
tum measurements is contingent on assumptions about what the variables in
question are that are supposedly disturbed. As mentioned before, this poses
a problem to the analysis of measurement disturbance since quantum theory
doesn’t contain a full story of the manifest and non-manifest domains. Thus,
it is unclear what could be disturbed in a quantum interaction.

As a first relatively simple insight, on a purely operational level, i.e. when
concerned with the manifest domain, only the conclusions about classical epis-
temic states directly translate to epistemic quantum states. Recall with the
postulates of quantum theory that a quantum state is represented by a trace
class density operator ρ and via the Born rule is directly connected to the
probability density tr(Exρ) with arbitrary observable Ex (see a more detailed
account of the theory’s axioms in Section 6.3). Thus, this probability density
is an epistemic state on the uncertainty of the measurement outcome x, given
that the measurement has in fact taken place (and the result not yet been
observed). When an outcome x obtains, in order to retain the requirement
that immediately after the measurement interaction, it could be repeated and
would show the same result, the post-measurement state must be reduced.
Thus, a measurement reduces the initial state to a new state depending on
the outcome. Analogously to classical epistemic states, the “reduction” of the
state can be understood purely epistemically as an updating of a probability
distribution given a definite outcome. I wish to emphasise the difference that
in the classical case, the epistemic state is ignorance of pre-existing values
(non-manifest domain), whereas in the quantum case, at this level, it is about
measurement outcomes (manifest domain).

More interestingly, however, the claim can be directly stated as a direct
consequence of the quantum formalism. Jumping ahead, in Section 6.4, I in-
troduce the quantum decorrelation principle, which states that the assignment
of a pure state ρ to a target system implies its decorrelation to the environ-
ment. For all outcomes x of the target system and outcomes y of its environ-
ment, the joint probability distribution factorises, i.e. p(x, y) = p(x)p(y). In
other words, before the measurement, the maximum information of the tar-
get system encoded in the environment is the quantum state ρ. Therefore, a
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measurement will have to disturb that state to obtain more information on
the system and create new records in the environment. Indeed, after the in-
teraction, the environment is correlated to the system in an entangled state
for which the reduced state cannot be pure anymore. This, in turn, presents
a sense in which quantum states are disturbed during a measurement.3

In classical and quantum mechanics, the epistemic states are (trivially) dis-
turbed upon measurement. However, as was shown, the classical theory also
allows measurement interactions without disturbance of the outcome deter-
mining non-manifest variables, i.e. the position and momentum of particles.
The interesting problem, thus, is whether similar claims hold in quantum the-
ory. But in order to study such a question, one would need to know what
the non-manifest variables are that ultimately determine a single outcome
(deterministically or stochastically). Although the theory lacks a satisfactory
non-manifest underpinning, a few things can be said.

This is the question we are asking in terms of whether the relevant variables
are disturbed in quantum measurement: Assume that some observable on a
target system was measured that produced some record in its environment. Is
it possible that upon further measurement (at least in some ideal limit) the
target system behaves completely the same as if it hadn’t been measured? If
the quantum state was purely epistemic, understood as a probabilistic prepa-
ration of some non-manifest states, this will ideally hold. For all that is done
in measurement would be revealing the actual value of a quantity the observer
was uncertain of prior to measurement. Clearly, this must be false in quantum
theory. The quantum decorrelation principle does a good deal more than just
showing that the quantum state is updated epistemically. Not only can the
target system’s state not be pure after measurement correlations have been
produced, but furthermore, the post-measurement mixed state of the target
system (which is entangled with the environment) is empirically distinct from
the pre-measurement state. That is, there trivially exist observables that let
us distinguish the pure state from the mixed state. A simple example is a pro-
jective measurement with the system’s initial pure state in its basis. Before
the entangling measurement interaction with the environment, the system is
in an eigenstate of that observable’s operator, whereas after, it isn’t. In turn,
unlike in classical mechanics, whatever determines a quantum outcome non-
manifestly must be disturbed in a measurement.4

In a similar vein, Maroney raises some interesting points on measurements
and disturbance in the context of ontological models (see, Maroney 2017).
He distinguishes two kinds of disturbance: operational disturbance and ontic
invasiveness. As before, the former effectively suggests assigning a joint prob-
ability distribution to the outcomes of two sequential measurements. Suppose
x and y are the manifest outcomes of two observables obtained sequentially
on a system prepared in some state ρ, then the first measurement is said to be
operationally non-disturbing if the subsequent outcome can be described as a
marginal probability, i.e.

3For a more formal and related argument, see the work of Busch on ‘no information gain
without disturbance’. (Busch, 2009)

4On a related note, this is akin to arguments on the quantum state having to be ontic (cf.
Pusey et al. 2012). But it isn’t an argument for ψ-ontology since there the claim is that the
ontic state is the full quantum wave function, and the present claim argues that whatever
the ontic state is, it will be disturbed in non-trivial measurements.
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p(y|ρ) =
∑
x

p(x, y|ρ). (5.3.1)

Ontic non-invasiveness, on the other hand, is the constraint that measurement
does not affect the ontic state of the system. That is if λ1 is the ontic state
of the system before the first measurement and λ2 the ontic state after that
measurement and prior to the second measurement, then a measurement is said
to be ontically non-invasive if these two ontic states coincide. Equivalently,
the transition probability that λ2 occurs conditioned on outcome x and λ1 is

p(λ2|x, λ1) = δ(λ1 − λ2), (5.3.2)

(see also Maroney 2017, pp. 4-5).
I outlined above how, in general, a quantum measurement can’t be op-

erationally non-disturbing. Otherwise, the measurement is trivial, and no
correlated records in the environment can exist — the quantum decorrelation
principle. Nevertheless, it doesn’t rule out that, in some instances, a measure-
ment is operationally non-disturbing for a fixed set of observables. It depends
on the final observable measured whether an intermediate interaction is opera-
tionally disturbing. More straightforwardly, every set of mutually commuting
observables will lead to operational non-disturbance and thus satisfy Equation
5.3.1.

Maroney makes the interesting point, however, that in such scenarios where
measurements are operationally non-disturbing, they might still be ontically
invasive, i.e. violate Equation 5.3.2. He shows this explicitly for the so-called
‘three-box paradox’ and generalises the claims to a wide range of measurements
by drawing on Leggett and Garg inequalities (see also Maroney and Timpson
2014). That is, while a quantum measurement may not create any effect on
a system that can be detected empirically, it still holds that its ontic state is
disturbed. What may classically be deemed as a non-disturbing interaction
is usually not quantum mechanically. Therefore, unlike in classical physics,
the inference from operational non-disturbance to ontic non-invasiveness, i.e.
from 5.3.1 to 5.3.2, is generally incorrect. This, in turn, highlights a signifi-
cant difference between the nature of measurement in classical and quantum
physics.

I conclude with a remark on how I think quantum measurement distur-
bance may be related to predictive advantage in future theories. The idea
of connecting empirical completeness with measurement disturbance is the
following. Assume there is a good theory of what and how quantum interac-
tions disturb a system. This could then be elevated to a plausible principle of
measurement disturbance based on which it may follow that any theory satis-
fying such a principle can’t have a predictive advantage over quantum theory.
Suppose it’s, in fact, the case that a defining feature of quantum theory is
the disturbance of any non-manifest variables that potentially pre-determine
a measurement outcome (not necessarily deterministically). In that case, this
could be taken as a principle to build post-quantum theories, which would
have no predictive advantage. I leave it to future work to further explore this
idea.



Chapter 6

The Empirical Completeness
Problem of Quantum
Mechanics

6.1 Why are Quantum Predictions Probabilistic?

The tremendous success of quantum theory raises the question of whether its
indeterminacy is a generic phenomenon of Nature or if alternative quantum
theories exist with a predictive advantage over standard quantum mechan-
ics. The quantum formalism — if ‘empirically complete’ — suggests that its
probabilism is fundamental to physics.

The quantum uncertainty principles are usually taken to be the source of
unpredictability. Heisenberg’s ingenious move to introduce non-commuting
operators into the quantum description led to the result that not all observ-
ables can be measured simultaneously (Heisenberg, 1925). For instance, when
an experiment is set up to measure both the position and momentum of an
electron (two conjugate, thus non-commuting observables), the quantum for-
malism implies a lower bound for the accuracy of those joint measurements,
proportional to Planck’s constant.

However, Heisenberg’s uncertainty inequalities have often falsely been in-
terpreted as the claim that upon measurement, the relevant variables deter-
mining an outcome, i.e. the position and momentum in the example of the
electron, would inadvertently be disturbed. Thus, making it impossible to
predict measurement results with certainty. More formally, the product of
the standard deviations of two observables is bounded from below by their
commutator, i.e.

∆Â∆B̂ ≥ 1

2
|〈[Â, B̂]〉|. (6.1.1)

But there is a problem with this view. It is too quick of a draw to think
that predictions cannot be made better due to the disturbance of position or
momentum — properties that a particle allegedly possesses. Quantum theory
makes no a priori statement about their existence other that the assignment
of their corresponding measurement operators. As explained earlier, the basic
theory is silent about what measurement results mean, i.e., what is contained
in the non-manifest domain. The conditions that cause a single measurement
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result to occur are thus either undefined or do not exist (cf. also Heisenberg
himself in his 1930, see also Hermann 2019b and in particular Hermann 2019a).

An alternative, perhaps better formulation of quantum uncertainty is in
terms of a system’s decorrelation to its environment (see Section 6.4). It states
that whenever a (pure) quantum state is assigned to a target system, the only
information that can exist in its environment is that of the (pure) state. If
x and y are manifest configurations of target system and environment, re-
spectively, signifying outcomes of arbitrary measurements, the total quantum
state being ρ, and the target system’s state ρS being pure, then the quantum
probabilities decouple

p(x, y|ρ) = p(x|ρS) · p(y|ρM ), (6.1.2)

where ρM is the reduced state of the environment.

As a result, the question of empirical completeness becomes even more
pressing. It is simply unknown what the variables are (if they exist) that
determine a particular measurement outcome. In this sense, empirical com-
pleteness would be tantamount to the claim that the quantum state — by
virtue of Born’s rule — is the only possible variable for making predictions.

I am thus not concerned with the ontological or metaphysical status of
the quantum state, but rather with its epistemic role as a means for making
predictions. Thus, the focus is shifted away from the ontological underpinning
of the theory to prediction-making. This, in turn, supports the need for a clear
distinction between what’s manifest, i.e. empirically accessible configurations,
from what isn’t, i.e. non-manifest variables. The variables that may determine
a single measurement result don’t necessarily coincide with the ones utilisable
for predicting that result. Rather than to attempt restoring determinism in
quantum mechanics, one of the main aims of my thesis is to follow a different
train of thought: The question of whether quantum mechanics is empirically
complete. That is, I investigate the origin of the theory’s limited predictability.
Why the uncertainty? Whence the indeterminacy? Can there be theories with
predictive advantage over quantum probabilities? Are there physical principles
ruling out such a possibility? In other words, I’m concerned with a particular
source for measurement uncertainty: Dispersion in the statistics of outcomes
due to hypothetically undiscovered information about the system and its state.

We can evade the problems of determinism by focusing on actual prediction-
making, away from trying to make sense of what the measurement outcomes
signify. And so the lesson of Heisenberg’s uncertainty relations is not that
the precise position and momentum (näıvely assumed to exist before the mea-
surement takes place even though their meaning hasn’t been defined) aren’t
determinable or controllable exactly. But merely that the predictions for ob-
servable manifest configurations are statistical in their nature. This paves the
way for the possibility of an empirical extension. For the limits of predictabil-
ity are not bound anymore by a commitment to the classical variables believed
to determine the outcome of an experiment.1 Furthermore, it also opens up

1The sharp distinction between the notions of predictability and determinism is made
clear by distinguishing metaphysical completeness from empirical completeness (cf. Section
6.2).

Furthermore, concrete quantum models have been formulated where the latter may be
satisfied, but the former is wrong — the Bohmian theory being a paradigm example. Deter-
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the possibility that prediction-making could involve more than the quantum
states of an isolated target system.

Born is right to point out that to save determinism (and, as we shall see,
any predictive advantage) from quantum theory, any extension or refinement
will need to disprove some of its predictions empirically (see, for instance,
Born 1983). For if applied universally to all possible observables that will ever
be discovered, the quantum predictions are subject to their inherent statisti-
cal uncertainty. This is laid out in detail in Chapter 6.3.1 by introducing the
quantum decorrelation principle. Therefore, one immediate response to the
problem of empirical completeness in quantum mechanics could be the follow-
ing objection: Since quantum predictions would have to be violated in some
regime for predictive advantage to exist, but quantum statistics are well es-
tablished through empirical testing, why should we find predictive advantage
in the first place? It must be noted that the way in which a new theory or
new experimental evidence would lead to predictive advantage may leave the
quantum theory untouched. Quantum statistical predictions are based on the
variables that are known today. However, there is no argument for why there
shouldn’t be further variables not accounted for in quantum theory, whose ex-
istence implies predictive advantage. For instance, post-quantum theories may
involve novel properties of systems leading to refined predictability (cf. also
Chapter 6 for examples in classical physics). In fact, how non-quantumness
would enter for predictive advantage is rather innocuous since indeterminism
and unpredictability can be detached from the theory. For who is to impose
the dictum that all variables of future theories are quantum observables and
therefore bound by the current theory’s predictive limitations? And so the
question remains: Why the quantum probabilism?

Nevertheless, the quantum formalism suggests a fundamental limit to pre-
dictability. And that statement is independent of its interpretation and valid
if the theory is deemed universal. Thus, quantum theory must be violated
in some regimes for predictive advantage to exist. Therefore, the purpose of
the present investigations is to determine when and how it would have to be
violated and what physical principles could be resorted to, showing that it
shouldn’t be.

Quantum uncertainty was declared insurmountable by many authors. For
instance, Feynman famously believed that quantum mechanics’ indeterminism
is a necessary component of nature. When it comes to the problem of ‘trying
to predict exactly what will happen in a given circumstance’ he states: ‘Yes!
Physics has given up.’ (Feynman, 1965, Volume 1, Chapter 37, p. 10) But
even if physics has given up, on what grounds? By accepting that quantum
theory is supposed to be universally valid without further justification?

Feynman’s sentiment, arguably, is reminiscent of the arguments on pre-
dictability by von Neumann and Dirac, who tried to provide an allegedly
rigorous mathematical proof for ‘completeness’.

In his ‘Deductive Development of the Theory,’ von Neumann claims to have
demonstrated the mathematical necessity of quantum mechanics’ indetermin-
ism (Von Neumann, 2018). His argument is supposed to rule out so-called ‘dis-
persion free’, i.e. deterministic hidden variable theories. Such a result would
spoil the possibility of (deterministic) metaphysical extensions and empirical

minism doesn’t imply predictability.
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extensions. If no variables exist, introducing more pre-determination of mea-
surement outcomes than what is encoded in the quantum state, then quantum
theory would be empirically complete. This proof is widely seen as an unsuc-
cessful no-go argument for hidden variables. In a nutshell, von Neumann’s
inference from expectation values of measurement outcomes to fundamental
properties of the hidden variables are readily shown to be wanting (see, for
instance, Bell 1966; Bub 2010).

Similarly, Dirac and Dalitz’s presentation of the quantum formalism puts
indeterminism into the theory by hand. He assumes that the quantum ampli-
tudes will always represent the outcome probabilities, whatever new ‘traits’ a
future description of a system is subject to (cf. Hermann 2019a). Thus, the
argument can’t be a genuine empirical completeness theorem either.

The theorems by Gleason and Kochen-Specker are more interesting, how-
ever. They dispense with the interpretations of von Neumann and Dirac,
and none of the unwarranted assumptions of the earlier proofs of ‘indeter-
minism’ are made. More specifically, Gleason proved that for Hilbert spaces
with 2 or more dimensions, all probability measures for projective measure-
ments in quantum theory must be identical to the Born rule (Gleason, 1957).
Thus, no deterministic hidden variable theory could exist since Born predic-
tions exhibit indeterminism. Notwithstanding, the result doesn’t establish
indeterminism either. A closer look reveals that Gleason’s theorem rules out
non-contextual deterministic hidden variable theories (cf. Bell 1966; Wüthrich
2011). For instance, de Broglie-Bohm theory is a famous example of a deter-
ministic hidden variable theory which is contextual for all observables but
position. The Kochen-Specker theorem explicitly shows that all deterministic
hidden-variables theories must be contextual (Kochen and Specker, 1967).

In conclusion, since quantum predictions are generally indeterministic for
all variables to which the formalism is applied, it follows that whatever new
variables may be discovered, they all exhibit the familiar indeterminism if they
are assumed to conform to the standard quantum description. But clearly, this
begs the question. The empirical completeness problem poses the question of
whether non-quantum variables could exist to overcome the theory’s indeter-
minism or predictive limitations.

There are several options for how an answer to the empirical completeness
problem could pan out. According to Hermann, there is only one sufficient
reason why the search beyond quantum theory for the final ‘causes’ of physical
events is doomed (Hermann, 2019b): That quantum theory already contains
all the causes that lead to a particular outcome. But if that is true, a more
filled-in quantum theory comprising those causes has to tell a story for why
they are either incomprehensible or empirically inaccessible.2 Or, the theory
doesn’t contain those causes, and then the question arises why in this case, any
future investigations are prevented from finding them. Alternatively, quantum
theory isn’t empirically complete; thus, other causes exist to predict an out-
come beyond the current possibilities of quantum mechanics. We should then
embark on the endeavour to look for them and cast them into better theories.

2Of course, Hermann here anticipates what has later been coined a ‘hidden variable
theory’ of quantum mechanics. I shall show below how pilot wave theory precisely realises
her idea of a causal theory while stating how these causes are inaccessible in principle (under
suitable assumptions).



6.2. METAPHYSICAL AND EMPIRICAL COMPLETENESS 81

Another strategy is to look for law-like or methodological principles com-
patible with quantum theory from which empirical completeness follows. If
nature is such that a set of basic physical principles implies quantum un-
predictability, then insight is gained into indeterminacy independently of the
formal structure of the theory. Such tenets may then explain in post-quantum
theories why predictability is limited.

Alternatively, quantum theory may be empirically incomplete. Then bet-
ter theories exist with predictive advantage. But then one should have at least
some epistemological motivations for why predictive advantage was hitherto
either not observed, rare, and where to look for its existence.

A further option may be motivated by dynamical reasoning. Perhaps quan-
tum probabilities are only approximate, arising from a more fundamental tem-
poral process. The question then reduces to what such a theory could look like
and what properties of the time evolution would lead to the observed accuracy
of quantum predictions.

This thesis explores these possibilities by providing a generic framework
to study the predictability in post-quantum theories and the empirical com-
pleteness problem of quantum theory. The aim is to comprehensively analyse
where we stand towards answering the question, discuss the pertinent results
and arguments available to date, clarify them and offer stronger, more gen-
eral interpretations, and explore the possible avenues towards a generalised
understanding of predictability in quantum and post-quantum theories.

But why should we care whether quantum theory is predictively complete?
One motivation is practical: What is the best possible prediction for physical
phenomena that can be made? Is quantum mechanics (at least in princi-
ple) the most powerful prediction-making algorithm? What is the maximally
achievable information of measurement outcomes encoded in the environment?
Since quantum theory is probabilistic, empirical completeness would imply
that there are fundamental limits to how accurate predictions can be in na-
ture.

Secondly, future experiments may demonstrate that quantum theory isn’t
applicable or valid in specific regimes. If that turns out to be accurate, it’s
desirable to have physical principles that can be used to make statements
about the predictability in post-quantum theories. That is, an understanding
of predictability could be reached independently of the quantum framework,
which may also inform future theory construction.

Thirdly, there is a big question in the background: Are there objective
probabilities in nature? If yes, are those the quantum probabilities? That is,
are quantum predictions irreducible?

6.2 Metaphysical and Empirical Completeness

I shall now define what it means for a theory to be empirically complete with
respect to another theory. In turn, this allows a study of whether possible
future quantum theories have predictive advantage over the traditional ap-
proach.

The completeness of a theory can mean many different things. It is of-
ten expressed as some kind of ontological completeness in the literature. For
instance, a theory could be said to be complete if ‘it says all there is to say
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about nature’ (cf. Shimony 1983 who expressed this intuition). Or, a theory
could be said to be complete when ‘every element of physical reality must have
a counterpart in the physical theory’ (see Einstein et al. 1935b). At the very
least, both of those sentiments are concerned with a sense of ontological and
predictive completeness. Here I discuss the specific notion of empirical com-
pleteness, accounting for predictions in terms of the manifest configurations
in the environment. The notion is an operational and relative one. That is, it
compares the predictability of theories based on the possible variables in the
manifest domain only.

Thus, it is crucial to assess whether a theory has an empirical advantage to
determine its empirical content — the actual results in terms of configurations
in the manifest domain. It is possible for the physical states to be inaccessible
to the manifest domain, i.e. the variables of the target system are generally
(in part) unknown. Thus, were we to conditionalise instead on the general
physical states λ × µQ, it is unclear to what extent the theory could make
better predictions. The Bohmian theory is an instance thereof. There the
physical states uniquely fix the outcome of a measurement, but nevertheless,
those states can’t be prepared and therefore don’t lead to better predictions
(at least in equilibrium pilot wave theory).

I shall show below in more detail that one can always find a deterministic
completion of a probabilistic theory without improving its predictive power.
Therefore, I delineate what I call a metaphysical completion from an empiri-
cal completion. A metaphysical completion fills in the framework of a theory
with additional variables producing a (more) deterministic theory. That is,
conditionalising on the physical states of a system, including the additional
variables, would lead to more refined predictions. However, the actual empir-
ical content of the theory is preserved. In contrast, an empirical completion
introduces variables or changes the theory such that its empirical content is
different, and more refined predictions are possible.

With the definitions introduced in Chapter 1, consider two different the-
ories T1 and T2, used to measure an observable Q of a physical system. The
same system consisting of target system and apparatus shall be described by
state λ1 × µ1

Q according to theory T1, and state λ2 × µ2
Q according to T2, re-

spectively. Consequently, the prediction algorithms of the two theories let us
deduce the probabilities for all possible outcomes x of observable Q:

p1(x) = p(x|λ1 × µ1
Q), (6.2.1)

p2(x) = p(x|λ2 × µ2
Q). (6.2.2)

If the two probabilities do not coincide for some x, Q, or preparation λ,
then we are dealing with two (at least) metaphysically distinct theories since
the states λ1×µ1

Q and λ2×µ2
Q do give rise to different probabilities for the same

target system. If, furthermore, the preparation of the target system produces
homogeneous ensembles according to both T1 and T2, the two theories are
empirically incompatible and could be falsified by actual measurements. The
actual measurement results would then produce different outcome statistics.

In order to state more precisely the first important notion of metaphysical
completeness, I introduce the concept of a metaphysical extension.
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Definition 1. Metaphysical extension. If for two theories T1 and T2 the
same system is described by states λ1 × µ1

Q and λ2 × µ2
Q, and it holds that

p(x|λ1 × µ1
Q) 6= p(x|λ2 × µ2

Q) for some outcomes x, then T2 is said to be a
metaphysical extension or metaphysical decomposition of T1 if

p(x|λ1 × µ1
Q) =

∫
p(x|λ2 × µ2

Q)ρ(λ2|λ1)dλ2, (6.2.3)

where ρ(λ2|λ1) is a probability distribution over the target system states of
theory T2 depending on the details of the preparation for the fixed state λ1.

Definition 2. Metaphysical completeness. A theory T is metaphysically
complete if and only if it has no metaphysical extension.

Note again that the initial non-manifest states of the apparatus are as-
sumed to be fixed.

I shall point out below the result that only deterministic theories are meta-
physically complete since one can always construct metaphysical extensions for
probabilistic theories.

We say a metaphysical extension of a theory is merely metaphysical if and
only if it is not an empirical extension of the theory. I shall turn now to
empirical extensions and empirical completeness.

Nothing has been said so far about whether one of the theories has some
predictive advantage. For it needs to be clarified how the manifest configu-
rations — on basis of which the states are prepared and selected — relate to
the physical states used for predictions. In brief, metaphysical completeness
is silent about the predictive strength of a theory. For example, the states of a
metaphysical extension of some theory could be uncontrollable or unprepara-
ble while predictability is preserved. No predictive advantage compared to
the original theory would be gained. One theory may make probabilistic pre-
dictions when conditionalising on its physical states, and the metaphysically
extended theory may be fully deterministic.

Nevertheless, the deterministic theory could restrict the degree to which its
variables can be accessed. For example, I will conclude below that this is the
case for the theories of pilot wave theory and standard quantum mechanics.
That is, equilibrium pilot wave theory is merely a metaphysical extension of
standard quantum mechanics.

Outcome probabilities must be conditionalised on configurations in the
manifest domain utilisable for state preparation in order to compare the theo-
ries’ predictability. To formalise the notion of empirical completeness, I define
an empirical extension of a theory: Suppose the two theories T1, and T2 assign
states λ1 × µ1

Q and λ2 × µ2
Q to target system plus apparatus. Furthermore,

suppose the states are represented by the manifest configurations (or sets of
configurations) y1, y2 ∈ M being from theory T1, and T2 respectively. As
opposed to metaphysical extensions, this implies that some experimental pro-
cedure can controllably prepare the states. For simplicity, let’s identify the
configurations y1 and y2 with the preparations of the corresponding states.
Note also that a theory’s prediction algorithm should also be able to state
what states are and aren’t preparable experimentally. For instance, one could
read off from the space of possible outcome results what information about
the states the manifest configurations can contain in principle. An empirical
extension can now be defined as:
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Definition 3. Empirical extension. If for two theories T1 and T2 the
same system is described by states represented by configurations y1 ∈M being
from T1, y2 ∈ M being from T2, and it holds that p(x|y1) 6= p(x|y2) for
some outcome x, then T2 is said to be an empirical extension or empirical
decomposition of T1 if

p(x|y1) =

∫
p(x|y2)ρ(y2|y1)dy2, (6.2.4)

where ρ(y2|y1) is some probability distribution over the target system states of
theory T2 for fixed preparation y1.

Analogously to metaphysical completeness, I define empirical complete-
ness:

Definition 4. Empirical completeness 1. When there exists no empirical
extension for a theory T , it is called empirically complete.

The domain of predictions of a particular theory T may be restricted, but
the manifest data on which its predictions may be refined ought to encom-
pass the universal manifest domain, for the aim is to make the most general
unrestricted claim on empirical completeness.

Consider a classical thermodynamic system of a gas in a box to illustrate
how empirical incompleteness may turn out. The box of gas may be described
as a closed system with a constant temperature. Subject to kinetic gas the-
ory, a measurement of the velocity v of the gas particles in the ensemble is
expected to give values distributed according to Maxwell-Boltzmann statistics
fMB(v), peaked around some mean velocity. Thus, the velocity v of an in-
dividual particle will be found with some likelihood p(v). But let’s imagine
the outcomes of many repeated measurements on the same gas yield doubly
peaked distributions corresponding to two Maxwell-Boltzmann distributions
of different mean velocities. And let’s assume the two peaks originate from
the fact that there are two distinct gases in the box, namely nitrogen and
oxygen. Since the two gases have different kinetic properties, this leads to
separate mean velocities. But to an experimenter without a physical theory
distinguishing the two molecules, only one gas is in the box. Thus, the ex-
perimenter’s original theory is empirically incomplete since the measurement
outcomes will show an in-principle uncertainty resulting from treating the gas
as one single substance. A more advanced theory that can distinguish nitrogen
from oxygen will obtain more complete predictions. For this to be possible,
an actual experiment, i.e. preparation, has to exist that distinguishes nitro-
gen from oxygen, such that, on average, the total distribution fMB(v) is still
recovered. This is crucial, for otherwise, the improved theory wouldn’t be an
empirical completion but rather a metaphysical completion. Thus, to extend
the predictability of the original gas theory, a variable in the environment
must be present to distinguish the two gases in an ensemble of preparations.

The example shows how a theory, making probabilistic predictions, can be
replaced by an improved theory with refined predictions such that indetermi-
nacy can be reduced (see Figure 6.1). Thus, the old theory may be deemed
empirically incomplete. The new theory will add variables to the description
and can thus explain what caused the distribution to disperse — the existence
of distinguishable gases. One may ponder if a similar description is conceivable
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Figure 6.1: An observer gains predictive advantage by selecting sub-ensembles for
which the outcome statistics differ from the predictions on the total ensemble. A
physical theory may be considered empirically complete when such a procedure is
impossible.

for quantum phenomena. If not, quantum indeterminacy is more fundamental
than classical indeterminacy.

If quantum mechanics isn’t empirically complete, non-quantum properties
could exist, making predictive advantage possible. More specifically, this may
mean that the standard Born rule applies whenever the wave function is used
to make predictions. But whenever the post-quantum variables are invoked,
the new predictions render it invalid.

From a purely statistical point of view, any non-extremal probability dis-
tribution can be trivially written as a convex combination of distinct prob-
ability distributions. In that sense, no prediction-making algorithm of any
theory would be empirically complete. However — and that is one of the
crucial questions of this thesis — the properties of sub-ensembles in the de-
composition may turn out unphysical and contradict other methodological,
well-established, or reasonable scientific principles. Thus, a significant task is
to characterise empirical extensions. Moreover, it will be essential to seek an
explanation for why predictive advantage isn’t observed in practice if empirical
extensions exist in principle.

One can formulate the notion of empirical completeness in terms of ensem-
ble averages (e.g. for instance, along the lines of what Brown et al.’s ‘statistical
completeness’ captures (Elby et al., 1993)). Suppose theory T assigns a phys-
ical state λ × µQ to target system and measurement setup. Imagine a large
ensemble E of identical systems, i.e. all prepared in the same initial state
λ × µQ according to T . Thus, the ensemble is homogeneous. The predic-
tion algorithm of the theory associates to the states the familiar probabilities
p(x) = p(x|λ × µQ) for the outcomes of observable Q. Brown et al. then
define two different averages. The average value 〈Q〉 (expectation value) of
the results we obtain upon actual measurement, and 〈Q〉T for the average
value (expectation value) derived from the predicted probabilities p(x). Next,
decompose E into smaller sub-ensembles E1, E2, ..., En and evaluate the corre-
sponding expectation values. If the theory is empirically accurate, we expect
the two quantities to coincide almost surely for very large ensembles E. Ac-
cording to Brown et al., statistical completeness is then a question of whether
〈Q〉 equals 〈Q〉T for each sub-ensemble.
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Definition 5. Statistical Completeness (Brown et al.). Theory T is
statistically complete if and only if for each conceivable sub-ensemble E′ of E
that is ‘pure’ in T , 〈Q〉 coincides with 〈Q〉T with probability one (in the limit
as the number of systems in E approaches infinity).

Here, Brown et al.’s notion of a pure ensemble is identical to the notion
of a pure or homogeneous ensemble in von Neumann’s sense (Von Neumann,
2018).

But how is ‘conceivable ensemble’ to be interpreted here? More impor-
tantly, how are the sub-ensembles divided? Is it purely theoretical by, say,
introducing states finer-grained than those of theory T , or is it meant experi-
mentally, i.e. a procedure in the laboratory that distinguishes them? In other
words, it remains to be seen whether the ensemble ought to be decomposable
operationally (through manifest variables) or purely metaphysically (through
specifying further non-manifest variables). From the context in which Brown
et al. use the definition, it becomes clear that statistical completeness is
broadly construed and doesn’t specify how the ensembles are decomposed.
Thus, it follows from the definition that a theory T is statistically complete
when there exists no other theory — even in principle — with a more re-
fined description producing different outcome statistics for the sub-ensembles
E1, E2, ..., En. In particular, there exists no more information or physical
differences in the initial states for making predictions than the statistical al-
gorithm of T entails. A statistically complete theory implies that every system
in the homogeneous ensemble is physically the same with respect to measure-
ment outcomes.

It follows from the definitions that metaphysical completeness is equiv-
alent to statistical completeness. To see this, recall that for a metaphysi-
cally complete theory, there exists no extension such that p(x|λ1 × µ1

Q) =∫
p(x|λ2 × µ2

Q)ρ(λ2|λ1)dλ2, where we have used the familiar stipulations. If
the theories are empirically accurate, their predictions for 〈Q〉T are the same.
But since T2 is not an extension of T1, the individual probabilities of each ele-
ment in the ensemble are equal, i.e. p(x|λ1 × µ1

Q) = p(x|λ2 × µ2
Q). Therefore,

for any conceivable ensemble E, we have that 〈Q〉 = 〈Q〉T1 in the limit where
the number of systems in E approaches infinity. Moreover, when a theory T1

is statistically complete, each conceivable ensemble homogeneous in T1 leads
to the same average 〈Q〉. As a result, there cannot exist a metaphysical ex-
tension of T1, for otherwise, we could find ensembles with deviating predicted
averages from 〈Q〉T1 . In sum, a theory is metaphysically complete if and only
if it is statistically complete.

The concept of a statistically complete or metaphysically complete theory
might make perfect sense in capturing a notion of completeness and arguably
is useful in particular for the dedicated realist who wants to describe the
underlying nature of reality irrespective of what can and cannot be observed.
But to answer the question of empirical completeness, this definition gets
us into trouble were we to equate the two: If a theory makes probabilistic
predictions, one can always trivially find a statistically complete theory in their
sense. In fact, one can always conceive of a fully deterministic theory.3

3As we’ll see, de Broglie-Bohm theory is an elegant example of a deterministic and sta-
tistically complete theory of quantum mechanics.



6.2. METAPHYSICAL AND EMPIRICAL COMPLETENESS 87

Here is a cheap way of constructing a deterministic, hence also statistically
complete extension for any physical theory that makes probabilistic predic-
tions. Simply by adding a sufficient number of non-manifest variables and
cooking up sufficiently complex physical laws, any observation in the manifest
configuration is describable by a deterministic theory. Consider the whole of
the manifest domain, i.e. its complete set of configurations M. And sup-
pose that this set is parametrised by some variable t over time. For every
instant t, there exists a map t 7→ Mt. The amount of information that each
set of configurations could hypothetically represent can, in principle, be very
limited and constrained. For example, the same simple configuration could
occur more than once in the ‘history’ of M spanned by the parameter t. In
particular, it could be the case that the information content is so limited that
no unique map from one configuration to the next, i.e. Mt 7→ Mt′ could pos-
sibly exist. Future configurations could be vastly underdetermined by present
configurations. However, and this is the point of this exercise, every Mt can
be thought of as corresponding to a different non-manifest state (or set of
states) λt, i.e. for any pair t 6= t′ : λt 6= λt′ . And for such a space, it is always
mathematically possible to find a function that uniquely maps one state to the
other. Thus, although in this case, the manifest domain is unpredictable, the
non-manifest domain may describe a deterministic and hence metaphysically
complete world. No theory can therefore be provably irreducibly random in
the metaphysical sense without in some way constraining the non-manifest
domain (cf. also Bricmont’s views on determinism in Bricmont 2016, Chap-
ter 3.4.1). Theoretical and metaphysical virtues like simplicity and usefulness
may rule out such constructions, but they are always possible in principle. At
any rate, deterministic completions of this kind aren’t relevant for any claim
about the questions of this thesis, namely the empirical completeness prob-
lem of quantum theory. Nothing would be gained for the predictability by
completing it metaphysically.

Although very artificial, such a model is always complete and therefore
trivialises statistical completeness. The statistical completeness of a theory
should therefore invoke at least some assumptions to restrict possible alterna-
tive theories that are supposedly more complete. Against the backdrop of this
finding, I’m not interested in metaphysical completions since they have little to
say about a theory’s empirical completeness. Moreover, the concrete example
of pilot wave theories shows that the converse is false: empirically complete
theories need not be metaphysically complete. Nevertheless, a proof of meta-
physical completeness would be stronger than empirical completeness since a
metaphysically complete theory must also be empirically complete. For if no
variables exist that would even theoretically imply predictive advantage, how
should the empirical predictions be improved? Thus, it is expected that the
assumptions leading to a proof of metaphysical completeness are substantial
restrictions on such variables’ properties.

Therefore, the definition of statistical completeness must be tweaked to
account for the notion I’m interested in here. What’s important for a rea-
sonable account of empirical completeness is that the ensembles are to be
distinguished experimentally, i.e. in terms of the configurations in the man-
ifest domain. Is it possible to conceive of a theory whose empirical content
permits a pre-selection of sub-ensembles such that 〈Q〉 and 〈Q〉T don’t coin-
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cide? If not, then T would indeed be empirically complete. This allows us to
formalise empirical completeness in the style of statistical completeness.

Definition 6. Empirical completeness 2. Theory T is empirically com-
plete if and only if for each manifest set of configurations corresponding to
some prepared sub-ensemble E′ of E that is homogeneous in T , 〈Q〉 coincides
with 〈Q〉T with probability one (in the limit as the number of systems in E
approaches infinity).

Thus, empirical completeness also accounts for the preparability of physical
states that would lead to an average 〈Q〉, deviant from 〈Q〉T .4

Definitions 4 and 6 of empirical completeness are equivalent: Let theory
T1 be empirically complete according to Definition 4 and y1 be the manifest
configuration selecting the fixed state of an ensemble of systems. Then, there
exists no other theory T2 with manifest configurations y2 such that the pre-
dictions of T1 could be refined, i.e. p(x|y1) = p(x|y2), for all possible states
the system can possess, where x the outcomes of the measurement. But since
no theory exists making deviating predictions for some configurations y2, this
means 〈Q〉 = 〈Q〉T1 . No manifest variables are conceivable on the basis of
which we could do so. Therefore, theory T1 is empirically complete according
to Definition 6. The converse follows from the fact that when T1 is empirically
complete by 6, i.e. it isn’t possible to find manifest sets of configurations such
that 〈Q〉 6= 〈Q〉T , then there exists no theory T2 and configurations y2 to se-
lect the big ensemble into sub-ensembles. This implies that the predictions of
theory T2 must coincide with theory T1’s predictions for all configurations y2

in order to reproduce the averages. In sum, Definition 4 and 6 are equivalent.

In brief, the quest for empirical completeness relative to the standard the-
ory of quantum mechanics comes down to assessing the following: Suppose
a physical system is described by quantum theory by the quantum state ρ.
Does a theory T0 exist permitting a preparation y0 of some physical state
λ×µQ such that p(x|ρ) 6= p(x|ρ, y0)? And if not, what are, if any, the physical
principles ruling this out?

6.3 Standard Quantum Theory and Quantum Predictions

I will explain here how prediction-making in quantum mechanics maps to
the framework introduced above (or at least one way of understanding how
this can work for quantum theory). I shall call this, henceforth, standard
quantum theory or standard quantum mechanics. For all practical purposes,
it is clear what the quantum predictions for the outcomes of measurements are.
However, as we shall later see in Section 6.5, quantum mechanics’ connection

4A brief note on post-selection: Of course, one could always a posteriori divide the large
ensemble E into smaller ensembles to make the corresponding averages differ. After all,
if a theory makes probabilistic predictions, it must lead to a distribution of measurement
results. And we could use the post-measurement results to simply post-select and group them
into sub-ensembles such that conditionalised on these sub-ensembles, the averages 〈Q〉 and
〈Q〉T arbitrarily deviate from one another. This is cheating. Such a move evades prediction
altogether and is thus rather a matter of retrodiction. Moreover, the idea falls short of all
metaphysical requirements of theory selection and is experimentally and ontologically rather
useless. But anyway, such a theory can, at best, only be a metaphysical, not an empirical,
extension since prediction-making cannot involve future outcomes.
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to the empirical results is a subtle business. The common use of the theory
is not unambiguous and draws a notoriously murky picture of reality. This
may be expected since it could be argued that the theory’s framework isn’t
sufficiently filled in to explain what is actually observed in a measurement.
Moreover, the lack of a satisfactory solution to its notorious measurement
problem isn’t helping for a clear-cut account of prediction making.

In the prediction-making algorithm of standard quantum theory, the pos-
sible physical states λ and µ are normalised vectors in complex Hilbert spaces
(alternatively, a similar account can be given involving mixed states). The ob-
servable Q — the apparatus is set to measure — is determined by the details
of the physical interaction with the target system. That is, the dynamical evo-
lution as per an interaction Hamiltonian Hint defines the measurement type
performed. When we write µQ for the state of the apparatus, we mean that
the interaction procedure is of the sort such that we call it a measurement of
the observable feature Q. Therefore, the choice of the observable also specifies
the coupling between target system and apparatus. Let λ := |ψ〉 ∈ HS and
µQ := |φ〉 ∈ HA be the states of target system and apparatus with correspond-
ing Hilbert spaces HS , HA (the initial states are, once more, picked based on
manifest configurations). The compound state of the target system and ap-
paratus is postulated to be the tensor product |ψ〉 ⊗ |φ〉 ∈ HS ⊗HA, and its
dynamics are dictated by the linear Schrödinger equation. The initial states
and the Schrödinger evolution determine the possible measurement outcomes
after the coupling time ∆t. As outlined above, the purpose of the physical
states is to assign a probability to each outcome x of any measurement, i.e.
p(x) = fx(λ× µQ), where fx are some probability maps from the state space
to the probability space.5

Given a pointer observable Px — represented by a projection-valued mea-
sure (PVM) — with manifest outcome x, and given the details of the coupling,
there will be a corresponding POVM Ex on the target system. By Gleason’s
theorem, the probability measures on POVMs are given by quantum states
(Gleason, 1957).

Moreover, the operator’s properties are restricted by the fact that they
need to reproduce the properties of normalised probabilities. But how do we
find the relevant operators to obtain the outcome statistics of the apparatus
and, in turn, define the observable Q?

We stipulate that the statistics of the post-measurement configuration of
the pointer uniquely define the measured observable. We assume that the
pointer variable is represented by a set of (smeared) projection operators Px
for every outcome x onto localised configurations of the pointer. Whenever
outcome x obtains, the pointer must reside inside the corresponding config-
uration of the operator Px. Thus, we obtain the operators Ex through the
following defining condition — the Born rule:

p(x) = 〈ψ|Ex |ψ〉 := 〈ψ| ⊗ 〈φ|U †(1⊗ Px)U |ψ〉 ⊗ |φ〉 , (6.3.1)

where U = U(t0, t0 + ∆t) = e−
i
h̄

(HS+HA+Hint), and HS , HA, and Hint are
the free Hamiltonians and interaction Hamiltonian of the target system and
apparatus, respectively.

5For simplicity, I restrict the present discussion to finite-dimensional Hilbert spaces and
discrete outcomes.
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The Hamiltonian functions are found through quantising the familiar Hamil-
tonians of classical physics. Note also that the pointer variable x of the appa-
ratus is a manifest configuration, i.e. a position variable.

I want to emphasise that something needs to be said about the post-
measurement state of the system. Indeed, making such an assumption is
unnecessary since making predictions via the Born rule suffices to derive the
relevant outcome statistics. That is, we can abstain from introducing a projec-
tion postulate (a ‘collapse’ postulate). This is possible since the initial states
are assumed as primitive in the description. However, there remains to be a
question about how we arrive at the initial states. To this, I shall turn later.

The most general framework that the standard account of quantum me-
chanics offers to describe a measurement is ‘positive operator-valued mea-
surements’ (POVMs). The unitary Schrödinger evolution of system-cum-
apparatus naturally leads to a set of self-adjoint operators that satisfy

0 ≤ Ex ≤ 1, and
∑
x

Ex = 1, (6.3.2)

by virtue of probability theory.
As an example of an interaction that usually counts as a measurement of

some observableQ (rather than, e.g. a free evolution or other non-measurement-
like interactions), I shall mention the familiar von Neumann scheme of mea-
surement:

Consider the state space of the target system and apparatus to be HS =
HA = L2(R). Assume further that the total Hamiltonian is H = HS +HA +
Hint, i.e. the free Hamiltonians of target system and apparatus and interaction
term

Hint := g(t)λQ⊗ PA, (6.3.3)

where g(t) is function restricting the coupling to a limited time interval ∆t,

with
t0+∆t∫
t0

g(t)dt = 1, and λ the coupling strength. Furthermore, let Q be the

canonical position operator and PA the canonical momentum operator. If we
consider the coupling interval very small and λ very big, we are dealing with
an impulsive interaction that is short and strong. Therefore, the interaction
term in the Hamiltonian dominates the free evolution, and we can approximate
H ≈ Hint. Let the total system’s initial state be |Ψ(x, y, 0)〉 = |ψ〉 ⊗ |φ〉 =∫
ψ(x, 0)φ(y, 0) |x〉 ⊗ |y〉 dxdy.

The outcomes of the apparatus are pointer positions, and we, therefore,
take Px = |x〉 〈x| as the (sharp) apparatus observable, projecting onto a tiny
region of configurations y in which the pointer resides after the measurement.
For example, |x〉 could be chosen to be a very narrowly peaked function with
small compact support.

The probability of obtaining outcome x is found by computing

p(x) = 〈ψ| ⊗ 〈φ|U †1⊗ PxU |ψ〉 ⊗ |φ〉 !
= 〈ψ|Ex |ψ〉 . (6.3.4)

As introduced above, this equation lets us read off the corresponding

POVM operators Ex. The unitary reads U = U(t0, t0+∆t) = e
− i
h̄

t+∆t∫
t0

λg(t)Q⊗PAdt
.

Working out the calculation in Equation 6.3.4 yields
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Ex =

∫
|φ(y − λq)|2χx(y) |q〉 〈q| dqdy, (6.3.5)

and the outcome probabilities are thus

p(x) =

∫
|ψ(q)|2|φ(y − λq)|2χx(y) |q〉 〈q| dqdy. (6.3.6)

Formally, we can identify three axioms in the preceding discussion that
define the basic components of quantum theory:

(1) Kinematics. The physical state of a quantum system is represented by
a mathematical state vector |ψ〉 in a Hilbert space H over the complex
numbers. If the state isn’t pure, more generally, we assign a density
operator ρ ∈ S(H) as the (mixed) state of the system, where S(H) is a
convex subset of the self-adjoint trace-class operators on H.

(2) Dynamics. The quantum states |ψ〉 evolve in time according to the
Schrödinger equation:

ih̄∂tψ(t) = Ĥψ(t), (6.3.7)

where Ĥ is the (essentially) self-adjoint Hamiltonian of the system cor-
responding to the quantised classical energy. For open systems involving
generic states ρ, the dynamics require a more complicated master equa-
tion such as the Liouville-von Neumann or Lindblad equation.

(3) Epistemology. To each physical feature Q is associated a POVM with
self-adjoint operators Ex (the observables). The index x is the pointer
configuration and corresponds to the possible outcomes of the appara-
tus for measurement of Q. The probability of finding outcome x in an
experiment is obtained by

p(x) := 〈ψ|Ex |ψ〉 = tr(Ex |ψ〉 〈ψ|). (6.3.8)

If the state is mixed, we have

p(x) := tr(Exρ). (6.3.9)

This probability assignment is standardly called the Born rule for gen-
eralised measurements.

There are good arguments for why only those three postulates are nec-
essary and unproblematic in a minimal account of quantum mechanics (see,
e.g. Wallace 2019). For example, state reduction postulates or some ‘collapse’
are often not used in practice; measurements are usually disturbing such that
repeatability doesn’t apply (violation of the eigenvalue-eigenvector link), and
measurement is usually continuous and non-sharp which corroborates the use
of POVMs instead of projections as measurement operators. It can be argued
that such additional ingredients are often part of a proposed interpretation of
quantum mechanics. The rest of my discussion will proceed without them, as
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they are unnecessary for the results. What is important for the present dis-
cussion is that these are the minimal assumptions necessary for discussing the
empirical completeness problem and predictive advantage relative to quantum
theory.

6.3.1 Quantum State Preparation

So far, we have treated the initial quantum states prior to the coupling as
primitive. In particular, we have assumed that the target system’s state on
which we perform the measurement as a priori. We saw how the state is mea-
sured in an experiment and how the quantum states connect to the empirical
results — the macroscopic configurations in the manifest domain. But the
question remains how the target system is prepared in a given state? After
all, to get the prediction off the ground, we need to know what states we are
dealing with in the lab. In other words, how do we find the initial state of the
target system from the manifest degrees of freedom?

One natural strategy for accommodating the issue is to use what we know
from quantum dynamics and add to the picture conditionalising on the macro-
scopic degrees of freedom. Hence we introduce a selection criterion based on
the manifest configurations. Thus, some manipulation of manifest configura-
tion will have to signify what quantum state the target system and apparatus
possess. Imagine a source that produces a probabilistic mixture of known pure
states describable by a density operator ρ. We assume this can be justified
by physical reasoning about the details of the source and (quantum) statisti-
cal mechanics. We could either proceed with a statistical ensemble ρ of pure
quantum states or further divide the mixture into pure sub-ensembles: The
states may then be selected into sub-ensembles by classical means and macro-
scopic pointers. For example, we may produce a beam of spin particles in some
classical mixture of spin-up and spin-down states in some appropriate basis.
A subsequent measurement coupling splits the beam by a magnetic field. One
part of the beam is discarded, and the remaining beam, corresponding to spin-
up, is used for further interference experiments. Hence, by this strategy, we
have prepared pure spin-up states. In a nutshell, quantum state preparation
involves finding a suitable source which we know generates the desired states
we wish to prepare with some non-vanishing probability and which are subse-
quently selected on the basis of macroscopic configurations. Note that those
probabilities (with which the states occur) are subjective probabilities, i.e. in
the sense of uncertainty in the presence of ignorance of the observer — as
opposed to quantum probabilities derived from pure states. In the latter case,
we would run into trouble if we applied the same selection procedures since we
wouldn’t observe interference effects (cf. Wallace 2019). The individual parts
of the conditionalised ensembles are treated classically and do not interact.
They are therefore said to have decohered. Furthermore, the selection process
leaves behind the records that are used to distinguish the states (beams), and
if we average over them, we will recover the original statistical ensemble ρ.

So we need to decide when a quantum state should be presumed to be
either (fully) mixed or pure. The former is permissible of a classical treatment
in terms of classical probabilities, whereas the latter isn’t. And it is, of course,
the notorious measurement problem that I have just alluded to. One can’t
just assume that the initial states are primitive. They need to be prepared
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through some selection process, which requires making assumptions about
post-conditionalised states. The measurement problem precisely comprises
the issue of dealing with definite classical or indefinite quantum states. But
without stipulating that macroscopic degrees of freedom (the configurations in
the manifest domain) decide what state was prepared, prediction in quantum
mechanics would be impossible. Remarkably, the measurement problem enters
right at the beginning, i.e. when it has to be decided what quantum states
one is dealing with.

6.4 The Quantum Decorrelation Principle

6.4.1 Pure Quantum States

I first observe that pure state assignment in quantum theory leads to decor-
relation of target system and its environment: Assume the target system is
described by the pure quantum state ρS := |ψ〉 〈ψ| and the apparatus is set to
measure an observable Q represented by the POVM {Ex} with manifest out-
comes x. A second apparatus — which we shall call the magic prediction box
— is described by the quantum state ρM and yields manifest outcomes y (the
corresponding observable Q′ be represented by the POVM {Ey}). The joint
quantum state of the compound system of target system and magic prediction
box thus is ρ ∈ S(HS ⊗ HM) — uniquely defining the states ρS = trM (ρ)
and ρM = trS(ρ) of the subsystems. Figure 6.2 depicts the situation. I first
treat the case where the manifest outcomes (x, y) are produced by bi-partite
systems. I shall turn later to the case of a single system on which different
measurements are performed. However, when there is one single system that
produces both the outcomes of the primary measurement apparatus and the
magic prediction box, two quantum interactions with the target system are re-
quired. But then, we would need an account for the post-measurement states
after the first interaction. I stayed away from this in my introduction to stan-
dard quantum mechanics. As I emphasised, the post-measurement states are
usually unknown and often destroyed in the process. Hence, the interesting
case is bi-partite systems arising as the joint states of target system and the
states of the magic prediction box. In other words, the quantum state space
of target system and its environment are distinct Hilbert spaces.

The general form of a density operator of the bi-partite system can be
expressed as

ρ =
∑

k αk (
∑

r crk |ψrk〉 ⊗ |ψ′rk〉) (
∑

l c̄lk 〈ψlk| ⊗ 〈ψ′lk|), where αk are prob-
abilities, and

∑
l|clk|2= 1 are normalised coefficients of the Schmidt decom-

position for each entangled state indexed by k (note that this decomposition
isn’t unique since the total state is mixed). Since the Schmidt states of the
secondary system are orthogonal, we find the partial trace and thereby the re-
duced state of the target system to be ρS = trM (ρ) =

∑
k αk|crkk|2|ψrkk〉 〈ψrkk|,

for some numbers rk. But ρS = |ψ〉 〈ψ|, and as the spectral decomposition
is unique, the states |ψ′rk〉 of this expansion must be the same for all k, rk,
and

∑
k αk|crkk|2= 1. As a result, ρ is separable and we can rewrite ρ =∑

k αk (
∑

r crk |ψ〉 ⊗ |ψ′rk〉) (
∑

l c̄lk 〈ψ| ⊗ 〈ψ′lk|) = |ψ〉 〈ψ|⊗(
∑

rlk αkcrk c̄lk |ψ′rk〉 〈ψ′lk|) =
ρS ⊗ ρM . But this immediately implies the statistical independence of magic
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Figure 6.2: A magic prediction box refines the quantum probabilities for outcomes
x of a target system by introducing stronger correlations to additional manifest con-
figurations y.

prediction box and target system:

p(x, y) = tr
(
Ex ⊗ E′yρ

)
(6.4.1)

= tr
(
Ex |ψ〉 〈ψ| ⊗ E′yρM

)
= tr(Ex |ψ〉 〈ψ|) tr

(
E′yρM

)
= p(x) · p(y).

I will henceforth dub this the quantum decorrelation principle.

Definition 7. Quantum decorrelation principle (QDP) Whenever a
pure state describes a quantum system, the outcomes of any measurement are
statistically independent of its environment. Therefore, the maximum infor-
mation encoded in its environment is the target system’s pure quantum state.

The QDP asserts that whenever a pure state is assigned, according to
quantum theory, the uncertainty in the statistics of measurement outcomes is
exactly given by the uncertainty contained in the pure quantum state by virtue
of Born’s rule. In other words, the most accurate prediction possible in quan-
tum theory for measurements of pure states are the Born probabilities. And
no records that exist in the environment of the system can improve this predic-
tion. Conversely, whenever manifest configurations exist in the environment
— correlated to the outcome configurations of the target system — the target
system’s state must be mixed. This shows that insofar as quantum predictions
are unambiguous, no empirical extension can exist reproducing all predictions
of quantum mechanics. Therefore, an alternative theory with predictive ad-
vantage will necessarily have to violate the quantum decorrelation principle
in some regime. Hence, if there is to be a departure from quantum predic-
tiveness, there has to exist non-quantumness somewhere. And to reproduce
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the quantum predictions of a pure state, it follows that the non-quantumness
will be in the correlations between target system and its environment. Bear
in mind that the QDP is a trivial proposition in probability theory: whenever
there exist non-trivial correlations with the environment, conditionalising on
the additionally correlated variables leads to a decomposition that isn’t pure.
The important point, however, is that if quantum mechanics isn’t empirically
complete, then there exist stronger correlations although a quantum state may
be pure according to the theory. Thus, the QDP would fail in a theory with
predictive advantage over standard quantum theory.

But how surprising would it be to find such ‘non-quantumness’? More-
over, what is the nature of theory violation really in this case? From a purely
epistemic point of view, it may be argued to be rather innocuous: Let’s go
back to classical physics and the thermodynamic example of two distinguish-
able gases in a box. There, a better theory exists with predictive advantage to
distinguish two sorts of gases, i.e. nitrogen and oxygen, in a box where they
are mixed and brought to thermodynamic equilibrium with total Maxwell-
Boltzmann distribution fMB(v). Conditionalised on the variables of the new
theory, it predicts two distinct statistical distributions of the velocities for the
gases. It is thus conceivable to select sub-ensembles such that the mean veloc-
ities for nitrogen and oxygen differ from the mean velocity of the total mixed
ensemble. Following a similar description for these thermodynamic states as
for quantum states, this can be expressed in the language used before: Ac-
cording to the empirically incomplete theory, target system and environment
factorise into independent distributions of the form

p(v, v′) = fMB(v) · gE(v′), (6.4.2)

where gE(v′) some thermodynamic velocity distribution of the environmental
state. Thus, because the theory doesn’t contain the relevant manifest variables
to distinguish nitrogen from oxygen, its probabilistic predictions are such that
target system and environment are decorrelated whenever the state fMB(v)
was prepared. The theory must predict that conditioned on any variables in
the environment, the same distribution fMB(v) obtains; thus, target system
and environment satisfy a decorrelation principle similar to quantum theory.
But according to the theory with predictive advantage, the variables lead to
refined predictions and stronger correlations. The point is that decorrelation
principles arise from probability theory and the possible variables used to make
predictions.

The difference that seems to set apart the quantum decorrelation principle
and the classical decorrelation principle is this: In the example of the classical
thermodynamic system, the correlation between target system and environ-
ment yielding predictive advantage can be established without changing any
of the future physical behaviour of the target system. That is, the discovery
of the new theory invoking variables used to update the old predictions has no
impact on all the possible measurement outcomes of the target system. Thus,
predictive advantage can be viewed as an epistemic update of the predicted
probability density.

In contrast, quantum mechanics predicts that the only way to establish
stronger correlations to a target system when a pure state is assigned is to
create entanglement with its environment. But as a consequence, the physical



96 CHAPTER 6. QUANTUM EMPIRICAL COMPLETENESS

behaviour of the system will necessarily deviate from a non-entangled system
possessing the original state (see the analysis of entangled quantum states
below). Thus, entanglement produces operational disturbance in the outcome
probabilities of the target system.

The quantum decorrelation principle is, therefore, a stronger statement
about predictability, but at the same time, expected to exist in one way or the
other from an epistemic point of view. So in what sense would post-quantum
theories with predictive advantage have to be non-quantum then? The answer
may turn out to be: In the simple probabilistic and, therefore, innocuous way.
Born rule predictions imply decorrelation in the total distribution of target
system and environment when pure states are assigned. But variables exist,
leading to predictive advantage and novel correlations, incompatible with the
Born prediction. Nevertheless, this follows for variables not present in the
quantum framework; therefore, the formalism can’t claim their relevance for
prediction making.

To summarise, because the assignment of a quantum state directly implies
an assignment of a probability distribution, an empirical extension would have
predictive advantage whenever variables exist based on which the probabili-
ties could be updated. In this sense, the Born rule and hence the quantum
decorrelation principle are violated.

6.4.2 Mixed Quantum States

For mixed states ρS , the situation is different. Let’s begin with non-entangled
states, i.e. the total state of target system and magic prediction box is sep-
arable and can be written as ρ =

∑
k αkρk ⊗ ρ′k, where ρk, ρ

′
k are density

operators on the subsystems and αk are probabilities. Without loss of gener-
ality, we can assume that the operators are pure states. Otherwise, expand
them and recollect the terms. Thus, one has

ρ =
∑
k

αk |ψk〉 〈ψk| ⊗
∣∣ψ′k〉 〈ψ′k∣∣ , (6.4.3)

for some ψk ∈ HS , ψ′k ∈ HM.
As before, the marginal states of the subsystems are ρS = trM (ρ) and

ρM = trS(ρ). But ρS generally is a mixed state now. By calculating the joint
probabilities, we can see that they don’t factorise. That is, target system and
magic prediction box generically are not statistically independent:

p(x, y) = tr
(
Ex ⊗ E′yρ

)
(6.4.4)

= tr

(∑
k

αkEx |ψk〉 〈ψk| ⊗ E′y
∣∣ψ′k〉 〈ψ′k∣∣

)
=
∑
k

αk 〈ψk|Ex |ψk〉
〈
ψ′k
∣∣E′y ∣∣ψ′k〉 .

=
∑
k

αkpk(x) · p′k(y),

were I defined pk(x) = 〈ψk|Ex |ψk〉 and p′k(y) analogously. We can recover the
marginal probabilities p(x), p(y) of the subsystem’s outcomes by computing
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the partial trace or, more easily, by directly summing over the joint probabil-
ities p(x, y):

p(x) =
∑
y

p(x, y) =
∑
y

∑
k

αk 〈ψk|Ex |ψk〉
〈
ψ′k
∣∣E′y ∣∣ψ′k〉 (6.4.5)

=
∑
k

αk 〈ψk|Ex |ψk〉
〈
ψ′k
∣∣∑

y

E′y
∣∣ψ′k〉

=
∑
k

αk 〈ψk|Ei |ψk〉

= tr(ExρS).

The second last equality holds since the POVM operators sum up to the
identity and the states ψ′k are normalised. Analogously, we obtain p(y) =∑

k αk 〈ψ′k|E′y |ψ′k〉.
In contrast to pure states, the manifest variables y of the secondary system

clearly can lead to a predictive advantage. That is, the conditional probability
of the outcomes x do, in general, depend on the outcomes y:

p(x|y) =

∑
k αk 〈ψk|Ex |ψk〉 〈ψ′k|E′y |ψ′k〉∑

k αk
〈
ψ′k
∣∣E′y ∣∣ψ′k〉 =

∑
k αkpk(x)p′k(y)∑

k αkp
′
k(y)

6= p(x).

(6.4.6)
Thus, we find that the quantum prediction algorithm based on mixed states is
strictly not empirically complete in the sense of Definition 4. We can find an
empirical extension with manifest configurations y conditioned on which we
obtain predictive advantage over the prediction based on the mixed state ρS
alone. On the face of it, we can interpret the separable state ρ as a probability
distribution over uncorrelated pure states for each k. In operational terms the
ensemble giving rise to ρ can be viewed as the mixture of individual states
|ψk〉 〈ψk| ⊗ |ψ′k〉 〈ψ′k| each prepared with probability αk. Since each ensemble
element describes a pure state, we get from Equation 6.4.4 that target sys-
tem and magic prediction box are uncorrelated for fixed k, for all POVMs
(according to the decorrelation of pure states).

Suppose now that the POVM of the magic prediction box are projections
onto the |ψ′〉 states, i.e. {E′y} = {

∣∣ψ′y〉 〈ψ′y∣∣}. Assume that the |ψ′〉 states are
orthogonal. The conditional probability for x then reduces to

p(x|y) = pk(x) |k=x= 〈ψy|Ex |ψy〉 , (6.4.7)

which is a fine-graining of the the outcome probabilities p(x) in Equation 6.4.5.
Thus, the magic prediction box could be said to possess a classical epistemic
correlation to the preparation of the target system. When on top of that, the
POVM of the primary apparatus are projectors, the prediction may even be
deterministic since p(x|y) ∈ {0, 1}. In a way, this isn’t surprising, for mixed
states are considered an epistemic state of incomplete knowledge. If the state
is pure, however, the knowledge is complete.

If we fix the state of the target system ρS and the target POVM, we can
ask what the best strategy is for the magic prediction box to improve the Born
rule prediction of p(x). What is the optimal choice of POVM and states, and
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are the improved probabilities in Equation 6.4.7 optimal? The question arises
since for every y, we still obtain a distribution of conditional probabilities
p(x|y) for the outcomes x. Hence, how informative can p(x|y) be conditioned
on y?

In general, when the POVMs are not projections and the states |ψ′k〉 are
not orthogonal, the conditional probabilities are a coarse-graining of the prob-
abilities pk(x) we obtained for orthogonal states and projection POVMs (cf.
the general form 6.4.6). Thus, for a fixed POVM, the previously outlined
prediction procedure is optimal when the states of the magic prediction box
are orthogonal. To formalise and quantify this intuition, one could use the
quantum information-theoretic mutual information between the distributions
in x and y. We then apply the data processing inequality, which states that
coarse-graining cannot increase the mutual information between the two dis-
tributions. So the best correlation we get for the probabilities is the one in
6.4.7.

In other words, the outcome probabilities for the target system are updated
according to the following rule

p(x) =
∑
k

αk 〈ψk|Ex |ψk〉 7→ 〈ψy|Ex |ψy〉 = p(x|y), (6.4.8)

where y is the outcome in the environment for some projective POVM.

Even though a magic prediction box sometimes cannot be set up to mea-
sure the right POVM to obtain these correlations since insufficient information
is given as to how the overall state was prepared, the crucial point is that, in
principle, there could exist records in the target system’s environment employ-
able for predictive advantage. Moreover, I gave a concrete realisation of an
actual preparation for which this can occur. An interesting question is whether
the presence of a mixed quantum state for the target system always implies
the existence of records in the environment usable for predictive advantage.
If not, can records like these be created by some measurement procedure? In
the case of pure states, we got a negative answer. For mixed states, predic-
tive advantage can, in principle, exist, e.g. when there is a classical epistemic
correlation. As we saw in Section 6.3.1 the standard method of selecting pure
states from a mixed ensemble can leave traces in the environment that pre-
cisely are of this sort of correlation. That is, every time the source creates a
pure state in the separable mixture ρ =

∑
k

αk |ψk〉 〈ψk|, there is a recording

of which one was prepared, i.e. the index k is known. However, there is no
reason to believe that such a recording always exists for mixed states. We can
conceive of preparation procedures for mixed states without classical epistemic
traces from a selection process.

Let’s summarise the observations. In the interesting case of a pure quan-
tum state, the prediction algorithm of quantum mechanics implies that there
cannot be magic prediction boxes with predictive advantage over quantum the-
ory. This decorrelation principle mainly derives as a consequence of the tensor
product structure of bi-partite quantum systems, the use of POVMs, and the
linearity of the trace operator to derive outcome probabilities. For separable
mixed states, matters are slightly more complicated, but any prediction im-
proving correlation can be understood as a classical epistemic uncertainty in
the quantum density operator. Then manifest configurations can exist on top
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of the ones indicating the prepared state ρS that produce predictive advantage
over the predictions from ρS alone. That is, correlations can exist such that
the uncertainty of the outcomes on p(x) = tr(ExρS) can be ‘improved’ up to
the probabilities that are obtained from conditioning on the preparation, i.e.
pk(x) when the POVM of the environment are a particular set of projectors.
But not by more since, for all other POVMs, the predictions are mixtures of
these probabilities. Thus, mixed states effectively reduce to a pure state for
every individual preparation since, conditioned on k, the target system’s state
is pure. The answer to the question of whether there are any circumstances in
which the predictions we can make about the target system can be improved
with respect to what would be given by the Born rule for the state of that
system is no if the states are pure and yes if the states are mixed. But the
improvement we get is no more than what we would get if the state had been
pure in the first place on every run of the experiment. In this sense, a mixed
state could be argued to do always worse than the prediction of some pure
state does. But in the mixed state case, the correlations can be used to im-
prove the predictions up to a pure state case. In the next section I will restate
that entangled quantum states allow for even stronger correlations.

6.4.3 Entangled Quantum States

Entangled quantum states of bi-partite systems are quantum density operators
that aren’t separable and generically have the form

ρ =
∑
k

αk

(∑
r

crk |ψrk〉 ⊗
∣∣ψ′rk〉

)(∑
l

c̄lk 〈ψlk| ⊗
〈
ψ′lk
∣∣) , (6.4.9)

where for each index k the entangled state is expressed in a Schmidt basis. As
before, we denote with ρS = trM (ρ), ρM = trS(ρ) the reduced states of target
system and magic prediction box. From the previous considerations on when
the target system state is assumed pure, it follows that ρS must be mixed.
Otherwise, the joint state ρ would have to be separable. But for an entangled
(pure) state of the composite system, the mixed state ρS cannot be viewed
as a mixture being realised as an ensemble of pure states, each prepared with
some probability αk — often called an improper mixture. Analogously to a
separable state, there can exist records indicating the individual preparation k.
I showed before that this leads to some predictive advantage for the outcome
probabilities and can be seen as a classical epistemic correlation of the target
system to its environment. I have described that the predictive advantage is
at least the improvement gained from conditioning on the preparation k.

Therefore, we may assume αk = 0 for all but one k without loss of
generality. Thus, the total entangled state is assumed pure and reads ρ =
(
∑

r cr |ψr〉 ⊗ |ψ′r〉) (
∑

l c̄l 〈ψl| ⊗ 〈ψ′l|), with real numbers
∑

r|cr|2= 1. For the
reduced state of the target system, we thus obtain ρS =

∑
r|cr|2|ψr〉 〈ψr|. In

contrast to pure separable states, however, ρS can still be mixed and exhibit
correlations to the magic prediction box ρM .

The conditional probability for outcome x of the target system given out-
come y reads

p(x|y) =

∑
r,l cr c̄l 〈ψl|Ex |ψr〉 〈ψ′l|E′y |ψ′r〉∑

r|cr|2〈ψ′r|E′y |ψ′r〉
, (6.4.10)
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which looks similar to the conditional probability we obtained for a separable
mixed state (Equation 6.4.6). There it was shown that the best predictive
advantage is reached for projective POVMs of the environment and that the
target system has a projective POVM such that the correlation is determin-
istic. One immediate observation is that for projective POVMs on the basis
states of the environment, the updated probability is like in the classical sep-
arable case, i.e.

p(x) =
∑
r

|cr|2〈ψr|Ex |ψr〉 7→ 〈ψy|Ex |ψy〉 = p(x|y), (6.4.11)

But as opposed to before this holds for the same pure state ρ that is prepared
for target system and environment in every run, whereas the correlations for
the mixed state arise from the preparation of a mixture of pure states.

By rewriting the conditional probability 6.4.10 it can be seen that the
entangled correlations are stronger than those from a separable mixed state:

p(x|y) = p(x|y)sep +

∑
r 6=l cr c̄l 〈ψl|Ex |ψr〉 〈ψ′l|E′y |ψ′r〉∑

r|cr|2〈ψ′r|E′y |ψ′r〉
, (6.4.12)

where p(x|y)sep is the conditional probability derived from the separable state
ρ =

∑
k|ck|2|ψk〉 〈ψk| ⊗ |ψ′k〉 〈ψ′k|. Note that when the POVM of the environ-

ment are projective operators on the Schmidt basis states, the second (entan-
gled) part of the equation vanishes such that the familiar correlation of the
separable state is recovered. But moreover, it is now possible that a deter-
ministic prediction is possible for all projective POVMs on the target system.
For instance, as is well known for a maximally entangled state, if the mea-
surement bases of target system and environment are identical, the outcomes
will be perfectly correlated. That’s a feature a separable mixed state can-
not have. Another crucial difference is that the target system’s pure state is
now not pre-determined by the source but by the respective outcomes in the
environment.

A separable mixed state is, in general, empirically distinct from an entan-
gled state in terms of the overall joint statistics. More importantly, however,
the reduced state of the target system is identical in both cases. Therefore,
entangled correlations are, strictly speaking, a predictive advantage over the
correlations of separable mixed states. But similarly to the separable mixed
state case, the predictions cannot do better than the one from a pure state,
i.e. the one we get from conditionalising on each outcome in the environment.
But in the entangled case, the conditionalised pure states are different from
the pure states one gets in a mixture. One could argue that the predictive
power depends on the quantum state assigned, and that perhaps the uncer-
tainty about the outcomes of a pure state could be explained by the presence
of subjective ignorance. That is, the system could be described by a mixed or
entangled state for which stronger correlations to the environment do exist.

Having said that, the quantum behaviour of a system described by a pure
state cannot in general be reproduced by a separable or entangled system-
cum-environment state. This is relevant for the empirical completeness prob-
lem insofar as for a given target system, one could argue that its outcomes can
be produced by either pure, mixed, or entangled joint states but where each
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state implies different correlations to the environment and, therefore, differ-
ent predictive advantage. But since these cases are empirically distinct, the
existence of predictive advantage for, e.g. pure states cannot be explained by
restoring to alternative quantum state assignment.

To summarise, quantum theory offers three different ways in which particu-
lar measurement statistics of the target system can arise. Either it is described
by a pure quantum state yielding outcome probabilities p(x) = tr(Ex |ψ〉 〈ψ|)
for arbitrary POVMs Ex. But then the environment is decorrelated to all
outcomes since only then a pure state can be assigned as we saw above. Or,
the target system is described by a mixed state ρS =

∑
k αk |ψk〉 〈ψk|. Such a

state can arise from a separable or entangled joint state with the environment.
Concerning the state ρS , we saw that both separable and entangled states, in
a sense, lead to predictive advantage, where the latter exhibit stronger cor-
relations to the target system’s outcomes. But both of these cases cannot
reproduce the statistics coming from a pure state assignment for all observ-
ables. The existence of a pure state implies empirically distinct phenomena
(e.g. some interference effects etc.). Therefore, the crucial question for the
present purposes is why, to recover those phenomena and to assign a pure
state, the environment has to be decorrelated from the target system. This
indicates the old intuition only when ‘we don’t look’ a physical system exhibits
non-classical behaviour.

Based on the considerations above, we can qualify the statement that quan-
tum mechanics is a probabilistic theory: Pure state assignment to a target
quantum system generically leads to indeterminate outcomes for all except
one POVM measurement (when the POVMs are projectors on the relevant
basis states of the density operator). On the other hand, when mixed states
describe the target system, the predictions can often be refined and determin-
istic. In the case of a separable joint state of target system and environment,
the statistics sometimes arises from an epistemic uncertainty for which classi-
cal correlations may exist with environmental configurations. In the case of an
entangled state, the target system’s state is mixed but cannot be interpreted
as an epistemic ensemble of states since the joint state is still pure (improper
mixture). And then again, the correlations to the environment can lead to pre-
dictive advantage over the predictions based on the reduced density operator
of the target system alone. But since the density operator formalism, unitary
evolution, and POVM measurements exhaust quantum prediction making, the
pure states are the relevant states to consider for empirical completeness: The
Hilbert space representation of a pure state is incompatible with a mixed state
representation. This is because the former implies decorrelation to the environ-
ment, whereas the latter doesn’t. But suppose now that we don’t know what
quantum state (pure or mixed) was prepared for the target system. Then the
question arises whether quantum theory could allow every pure state to find
a mixed state exhibiting prediction-improving correlations. But pure states
are not only theoretically different from mixed states but also empirically: It
is impossible to recover all the quantum probabilities predicted by a pure state
with a mixed separable or entangled state.



102 CHAPTER 6. QUANTUM EMPIRICAL COMPLETENESS

6.5 Ambiguities in Predictability and the Measurement Prob-
lem

6.5.1 Internal vs. External Predictions

Despite the standard quantum predictions permitting no pre-determination
of all measurement outcomes, it would be at least desirable that the quan-
tum description uniquely fixes a probability distribution for each observable.
But even this much is not clear. Although for a given quantum state, the
theory does uniquely determine the outcome probabilities of arbitrary observ-
ables, in certain circumstances, ambiguities arise as to what quantum state
was prepared and thus unclear what to substitute into the Born rule. Stan-
dard quantum mechanics, as introduced in Section 6.3, is sufficient to make
predictions for all practical purposes where states are assigned unequivocally,
but isn’t a framework filled-in enough for unique predictions in all conceivable
situations.

In turn, the ambiguities for prediction-making in standard quantum theory
may have implications for the empirical completeness problem. Accommodat-
ing predictive advantage may thus be intimately bound up with resolutions
to the measurement problem. In this section, I shall clarify some options
for disambiguating quantum predictions and discuss their implications for the
theory’s empirical completeness. The clarifying considerations on what I shall
henceforth refer to as internal observation or internal prediction apply to quan-
tum theory irrespectively of its interpretation.

In the framework introduced, the problem takes the following form. Let’s
recall the minimal ingredients necessary to make quantum predictions and look
at a simple example. Consider a set S of manifest configurations representing
the quantum target system. That is, a lab, black box, or some subset of
the manifest domain whose configuration signifies the preparation of some
(pure) quantum state |ψ〉. Consider an apparatus consisting of a set M of
manifest configurations associated with some apparatus states. Hence, the
(non-manifest) quantum states of target system and apparatus are λ := |ψ〉 ∈
HS = C2, and µQ := |φ〉 ∈ HM = C2, respectively.6 All configurations other
than those belonging to S and M are considered to belong to the environment
E. The joint state of target system, apparatus, and environment are states
in the tensor product HS ⊗HM ⊗HE , with µE := |ϕ〉 ∈ HE = C2 the states
signified by manifest configurations in the environment.

Target system and apparatus are assumed to interact via some Hamiltonian
Hint by virtue of which an observable Q is defined (the measurement operators
of the pointer will again be assumed to be projections). Suppose further
that the apparatus configurations consist of two regions A and B, such that
whenever all its manifest configurations end up in one of those regions, this is
taken as a record of the binary outcome of a measurement with observable Q.
It is assumed that the apparatus configurations arrange like so: If the target
system indicates a preparation of the pure state |ψA〉, the configurations settle
in the region A surely, and when state |ψB〉 was prepared, they settle in the
region B surely. By the postulate of the Born probability and the assumption
that the apparatus results are associated with some projection operators Pi,

6For simplicity, all systems are qubits, i.e. two-dimensional Hilbert spaces.
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the corresponding outcome probabilities read

p(A) := 〈ψA| ⊗ 〈φ|U †1⊗ PAU |ψA〉 ⊗ |φ〉 !
= 1, (6.5.1)

p(B) := 〈ψB| ⊗ 〈φ|U †1⊗ PBU |ψB〉 ⊗ |φ〉 !
= 1,

for some projectors Px = PA, PB, and unitary operator U (cf. Section 6.3).
This relationship can be established if the projection operators satisfy Px |φy〉 =
δxy |φy〉 with x, y ∈ {A,B}, and if for the unitary

U : |ψA〉 ⊗ |φ〉 7→ |ψA〉 ⊗ |φA〉 (6.5.2)

|ψB〉 ⊗ |φ〉 7→ |ψB〉 ⊗ |φB〉 . (6.5.3)

Thus, where the apparatus configuration ends up can be predicted with cer-
tainty depending on which of those two states was prepared.

But suppose that the initial target system was prepared in the pure state
1√
2
(|ψA〉+ |ψB〉) ∈ HS . The Schrödinger evolution with unitary U implies

1√
2

(|ψA〉+ |ψB〉)⊗ |φ〉 7→
1√
2

(|ψA〉 ⊗ |φA〉+ |ψB〉 ⊗ |φB〉), (6.5.4)

and the Born probabilities in this case yield p(A) = p(B) = 1
2 . After the in-

teraction, the apparatus configuration will still show an outcome represented
by configurations either in region A or B, but the actual result wasn’t de-
termined by the quantum state or any of the manifest configurations. Fur-
thermore, nothing else in the environment could have possibly been employed
for a predictive advantage. The QDP dictates for pure system states that
p(x, y) = p(x)p(y), for x the apparatus outcome configurations and y the con-
figurations of the environment. The environment cannot contain more detailed
information about the measurement results (see Section 6.4, and Figure 6.3).

Assume in the following the apparatus to show configuration A. The next
step is to ask what would be expected to happen if the environment is subject
to some subsequent interaction with the joint system of target system and
apparatus; what can be predicted about the environment’s future manifest
configurations?

This defines the internal vs external distinction. That is, relative to the
environment, an external prediction is made about the outcome probabilities
of measurements on target system and apparatus. However, relative to the
apparatus, an internal prediction is made about the same measurements. The
question is whether the internal prediction differs from the external one by
having access to the definite configuration A of the apparatus.

In order to answer this question, we need to know what state describes the
joint system after the interaction of target and apparatus.7

But this poses a problem. There exists no agreed-upon rule as to what the
state of a quantum system is supposed to be after such measurement interac-
tion. At the very least, the minimal uncontroversial parts of quantum theory I

7Up to this point, the assumption was that the minimal account of quantum mechanics
and Born probabilities apply. All preparable Hilbert states of the target system evolve
unitarily, and the standard quantum predictions are supposed to be correct. And, of course,
the vast empirical evidence supports those assumptions.
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Figure 6.3: A subset of the manifest domain is split into sets of manifest configura-
tions representing a quantum target system S, an apparatus M , and the environment
E. The configurational degrees of freedom related to the target system signify the
preparation of a non-manifest quantum state λ := |ψ〉 ∈ HS = C2, which interact ac-
cording to the quantum postulates with the apparatus states µQ := |φ〉 ∈ HM = C2.
The type of interaction and states defines the measured observable Q. After the
interaction, the apparatus either shows the manifest result that all its configura-
tions end up in region A or B. A further interaction of the environment with states
µE := |ϕ〉 ∈ HE = C2 on the joint system of target and apparatus yields manifest con-
figurations in E. In terms of predictability, quantum theory justifies the assignment
of apparently conflicting predictions: According to the definite post-measurement
configuration A, B, quantum theory should allow a deterministic prediction if the
measurement is repeated (if repeated measurements are to give the same results).
But according to the manifest configurations possibly existent in the environment,
both outcomes should occur with equal probability (if the overall state evolves uni-
tarily).

gave don’t contain such a rule. The standard quantum framework needs to be
completed when it comes to assigning post-measurement states.8 Moreover, it
is unclear what role the definite manifest configuration A is supposed to play
in deciding what state to use to make future predictions.

Nevertheless, further supplementing probability rules are required to ad-
dress this case of what I henceforth term internal observation. Otherwise,
the ambiguities in prediction-making remain present in quantum theory. But
depending on any such additional law, the predictions of an internal observer
may differ. What’s more, the tension between unitary processes and ‘collapse’,
i.e. the quantum measurement problem, is only part of the issue. So a reso-
lution to the ambiguities in quantum predictability needs to say a good deal
more about what the probability rules are that apply.

Here is the problem. Depending on how an improved quantum theory pans
out, internal observation can be used to justify the assignment of incompati-
ble quantum states. If quantum state updating were considered a reasonable

8In fact, the controversy about any measurement update rule or state ‘reduction’ was the
primary motivation to leave it out of the minimal account in Section 6.3.
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assumption, one manifest configuration (the outcome A of the primary mea-
surement) justifies the post-measurement state to be |ψA〉⊗|φA〉. On the other
hand, the manifest configuration signifying the preparation of the superposi-
tion state together with the unitary dynamics would justify the assignment of
state 1√

2
(|ψA〉 ⊗ |φA〉+ |ψB〉 ⊗ |φB〉) to the joint system. Moreover, superpo-

sition measurements by the environment on the joint system could further be
used to confirm the preparation of such a superposition state.

This ambiguity is often framed as an inconsistency in the standard quan-
tum framework that needs to be resolved in order to make sense of what the
wave function could represent and whether that representation is physical and
a complete description. If it is physical and complete, the problem arises of
how the appearance of definite outcomes is to be explained for generic super-
position states (cf. Wigner 1963; Hermann 2019b; Albert and Putnam 1995;
Brukner 2015).9

For the purposes of this thesis, I am not concerned with any attempts to
solve the measurement problem. Nevertheless, what is important here is its
relevance for prediction-making and, consequently the empirical completeness
problem. Whatever is needed to disambiguate the actual predictions in the
puzzling case described is something over and above the minimal quantum
postulates introduced in Section 6.3.

The main issue here amounts to the following: If the statistics of future
measurements results on the target system plus apparatus are to comply with
the standard predictions on superposition states, what role (if any) can the
manifest apparatus configuration play in improving that prediction?

The analysis motivates the introduction of a relative prediction and a dis-
tinction of the internal from the external point of view. I shall introduce these
two notions and clarify their consequences by applying the previous analysis
to Wigner’s friend-type scenarios.

6.5.2 Predictive Advantage for Wigner’s Friend?

The ambiguities in quantum predictions often make an appearance in Wigner’s
friend-type Gedanken experiments and have led many authors to evince (more
or less contentious) deficiencies and to derive no-go theorems (see, for exam-
ple, Frauchiger and Renner 2018; Bong et al. 2020; Healey 2018; Allard Guérin
et al. 2021). I shall develop the idea of internal predictions in the previous sec-
tion in an attempt to disambiguate quantum predictions by applying it to the
familiar Wigner’s friend Gedanken experiment. There, Wigner and his friend

9The traditional approach has it that a quantum system has a physical property (i.e. a
definite manifest configuration) if and only if its state is an eigenstate of the corresponding
measurement operator. That is, the so-called eigenvector-eigenvalue link demands that the
apparatus can indicate a definite configuration (A or B) if the state is an eigenstate, i.e.
either |ψA〉 ⊗ |φA〉, or |ψB〉) ⊗ |φB〉. That would imply that after the interaction, when
the target system’s initial state is as in Equation 6.5.4, the apparatus cannot indicate a
determinate manifest configuration. And the question is why this link is necessary, to begin
with. The story often goes like this. If the post-interaction state is an eigenstate, the
predictions for future results show the expected behaviour: If the apparatus indicates A the
joint state according to this rule must be |ψA〉 ⊗ |φA〉 and a second measurement (e.g. an
interaction with the environment on that state in the appropriate basis) will show the same
result with certainty. Likewise, for configuration B. But, of course, this is akin to some state
reduction rule and would prevent the assignment of superposition states on the joint system
based on the unitary evolution.
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serve as an instance of the external and internal observer, respectively. I will
also outline and assess some of the assumptions the friend would have to make
to arrive at a sufficient account of quantum predictions. These assumptions
need to reach beyond a mere resolution of the measurement problem.

It is then found that certain scenarios exist for which Wigner’s friend, i.e.
the internal observer, has (deterministic) predictive advantage over the prob-
abilities that Wigner would assign according to standard quantum theory. On
the face of it, this could be employed to construct empirical extensions since
the quantum predictions differ and can be refined relative to different observers
(i.e. the internal versus external perspective). Hence, the empirical complete-
ness problem would be contingent on the observer making the prediction and
how the modified quantum theory will accommodate internal predictions. But
I shall also show that for this class of extended quantum theories, the hypo-
thetical predictive advantage is undermined by a fundamental limit to single
out empirically the ‘correct’ empirical extension among a multitude of possi-
bilities. In all other cases, the friend either has no predictive advantage due
to probabilistic internal predictions or predictive advantage isn’t present since
a violation of unitary probabilities, similar to dynamical collapse theories,
modifies quantum predictability.

To discuss internal prediction for Wigner’s friend, suppose the apparatus
M represents an observer (the friend with a measurement apparatus) per-
forming measurements on the qubit target system S with manifest outcomes
A,B as introduced above. Suppose further that another observer is repre-
sented by the environment E (Wigner) able to perform measurements in any
desired basis on the compound quantum system of the friend with his appa-
ratus and the target system. After the measurement of Wigner’s friend, the
friend finds the result either to be the manifest configuration A or B. Given
the initial state 6.5.4, both occur with probability p(A) = p(B) = 1

2 . Imagine
that Wigner can then choose to perform further measurements on the joint
system in any (orthogonal) basis {|ΨW 〉 ,

∣∣Ψ⊥W 〉}. One of the basis states is
assumed to be of the form |ΨW 〉 = α |ψA〉⊗|φA〉+β |ψB〉⊗|φB〉 . Let’s further
assume that Wigner’s outcomes are represented by manifest configurations A′

if |ΨW 〉 was prepared, and B′ if |ΦW 〉 was prepared, as shown in Figure 6.4.
Both Wigner and his friend can be asked to make a prediction — based on
the empirical data they have gained so far — about the outcome probabilities
of Wigner’s measurement. As before, the puzzle on prediction making is that
based on standard quantum theory alone, the friend is not in a position to
make a unique prediction, and neither is Wigner. In particular, the friend
may wonder whether his apparatus’s manifest configuration is relevant to his
predictions.

At this point, the standard quantum formalism is, at best, agnostic and, at
worst, ambiguous about the conclusions of the two observers. The friend has a
manifest outcome (i.e. A or B) at his disposal, and he could argue that further
predictions ought to be based on some updated state (which, according to the
familiar rules of state preparation, is assumed to be one of the corresponding
basis states, see Section 6.3). But Wigner, on the other hand, may assume
that the joint system is described by state 6.5.4 (as from his perspective, the
joint system evolved unitarily). From Wigner’s perspective, there shouldn’t
be a reason to believe that the minimal quantum theory cannot be used to
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Figure 6.4: Wigner’s friend measures a target system prepared in a superposition
state 1√

2
(|ψA〉 + |ψB〉). He obtains outcomes represented by the manifest configura-

tions A or B. Based on the initial state and this outcome, he makes predictions about
Wigner’s measurement performed in an arbitrary (orthogonal) basis {|ΨW 〉 , |ΦW 〉},
where |ΨW 〉 = α |ψA〉⊗|φA〉+β |ψB〉⊗|φB〉. The friend’s predictions for the outcomes
of Wigner’s external measurement may differ depending on how standard quantum
theory is modified. In some cases, the former is uncertain of the result of his measure-
ment, whereas his friend can predict what he will see with certainty. As the ‘internal’
observer, Wigner’s friend, therefore, has predictive advantage.

predict his measurement. After all, according to the theory, qualitatively,
there is no distinction between a single target system and the joint system of
Wigner’s friend together with the target system. Hence, Wigner would be in a
position to apply the Born rule on the states of the joint system. Even worse,
the friend also would have all reason to argue that Wigner’s account is right
since the friend knows the total state of the joint system, and Wigner could, in
principle, communicate to the friend the superposed state of the joint system
through a measurement (which is compatible with all assumptions of quantum
theory).

The familiar problem is that both accounts can only be right at one time as
empirically relevant contradictions arise when applying the Born rule to both
states since the statistics are simply different.10 As a result, the questions to
be answered are: What is the state or variables based on which a prediction
can be made after the initial interaction? And secondly: What are the pre-
dictions following that state if future measurements are performed? The first
question arises due to the measurement problem, whereas the second is related
to predictability. A modified quantum theory must respond to both questions.
Thus, additional assumptions need to be invoked. Most importantly, a claim
has to be made about the friend’s manifest result’s relevance to Wigner’s fu-
ture measurement result. Should the internal observer’s manifest result have
predictive significance for the external observer’s results over and above the
total wave function, the quantum decorrelation principle needs qualification.

10More strikingly, this can also be seen in the one-shot gedankenexperiment by Frauchiger
and Renner 2018. But note that the latter can be argued as amounting to a subjective
collapse model. There the state update is subjective and consequently leads to the contra-
diction in the theorem. Wigner bases his prediction on the total entangled state, whereas the
friend uses an updated state based on his manifest result (see, e.g. Lazarovici and Hubert
2019).
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Usually, quantum prediction making doesn’t present a problem since, for
a particular observer, quantum theory assigns unambiguous probability dis-
tributions for the outcomes of arbitrary observables. But in the case at hand,
the nesting of observers doesn’t allow the familiar split between target system
and environment. Thus the situation introduces a kind of ‘self-measurement’
previously not conceived of when applying the standard quantum formalism.

Several options have been explored for how to modify the standard frame-
work, which (often only implicitly) include some account of internal predic-
tions. It would be helpful to understand possible answers from a more general
point of view, which I attempt to provide here. However, it isn’t the purpose of
this section to discuss the relevance of various no-go theorems. Instead, since
I’m concerned with quantum predictability, it is to discuss the different modi-
fications’ implications on the empirical completeness problem. Some attempts
exist in the literature to explicate what further assumptions would involve,
often presented alongside no-go theorems or incompatibility arguments.

One natural proposal to (partly) accommodate the apparent ambiguity
is an assumption on the ‘intersubjectivity’ between different observers (see,
for example, Adlam 2022). That is, if Wigner’s measurement happens to
be in the friend’s basis, i.e. α = 1, β = 0 such that |ΨW 〉 = |ψA〉 ⊗ |φA〉,
then the measurement results are assumed to be compatible: Wigner obtains
A′ if the friend’s result was A and B′ if the result was B. In other words,
Wigner essentially ‘checks’ the friend’s reading, and it seems plausible that
Wigner’s result equals what the friend observed. Occasionally this assumption
is called ‘shared facts’ (Adlam, 2022). Moreover, it also follows from the so-
called ‘absoluteness of observed events’ (cf. Bong et al. 2020), and ‘observer-
independent facts’ (cf. Allard Guérin et al. 2021).11

One salient feature, however, is that since all these assumptions apply for
a single choice of measurement only (i.e. ‘checking the friend’s reading’), they
prove insufficient to describe internal observation fully. Wigner can perform
measurements in an arbitrary basis, and so the same question arises again for
all other measurement choices: How should the friend’s predictions be based
on his outcome? A good deal more needs to be said in order to account for
internal predictions in their generality. I shall remark on this in further detail
below.

Of course, there exists the familiar alternative that blocks the problems
of internal predictions right from the beginning: an appeal to a state reduc-
tion upon measurement of the friend. The intersubjectivity then is implied
by the fact that the friend’s outcomes determine the post-measurement state
by reducing it to either |ψA〉 ⊗ |φA〉 when A obtains, or |ψB〉 ⊗ |φB〉 when B
obtains. If a state-update rule is to be invoked a la ‘collapse’ of some sort
— in whatever regime such a collapse might occur — the empirical export
of the modified quantum theory becomes falsifiable. For there will be situa-
tions in which Wigner’s predictions deviate from the predictions that standard
quantum theory gives based on the total entangled state of the target system
and the friend. Thus, in the regime where the quantum state needs updating

11Note that this kind of intersubjectivity is distinct from the ‘repeatability’ of quantum
measurements. If the same measurement is performed twice, the results are in agreement.
Moreover, it also implies that if Wigner performed the same measurement as the friend di-
rectly on the target system, their values would come out identical. This consistency is a fea-
ture of the empirical content of the traditional theory and is experimentally well-confirmed.
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when target system and the friend interact, the standard formalism becomes
provably wrong (cf. also generalised Born rules introduced by Baumann et al.
2021).

In the context of predictive advantage, it thus proves useful to distinguish
two cases: Either the modified quantum theory allows Wigner to apply the
standard Born algorithm for the state he obtains during the unitary interac-
tion. Or, upon measurement of the friend or any other mechanism, the modi-
fied theory requires Wigner to use an updated state to make predictions.12 An
appeal to state reduction would ultimately be empirically falsifiable since quan-
tum probabilities are incorrect in some regime. At any rate, the friend would
have no predictive advantage if state reduction occurred. In this case, the
internal observer never obtains a manifest measurement outcome while some
external observer would assign superposition states to this internal variable.
Thus the quantum decorrelation principle trivially applies since all observers
agree on the quantum state describing the system.

I shall focus on the latter (more interesting) case where the total state
remains entangled. This then opens up the possibility of a modification while
recovering the quantum probabilities. Wigner’s use of the Born rule upon
measurements on the total state is thus warranted. It will also be clear that
this hypothetical situation introduces a case where predictions have to be
made for simultaneous measurement of ‘incompatible’ (i.e. non-commuting)
quantum observables. Contingent on the state and prediction is to be made in
a completed quantum theory, the post-measurement states of Wigner’s friend
sometimes even allow deterministic predictions for these observables.

Let’s see how the friend could try to select sub-ensembles to gain predictive
advantage, and then see what certain assumptions would imply about his
abilities. For this, consider the friend to measure and decompose a large
number of n identically prepared spin states according to Definition 3 (see
Figure 6.1 and 6.5). More concretely, each incoming spin particle is coupled
to a pointer device (suppose the friend has n of them) to obtain a manifest
outcome, i.e. A or B. The familiar scenario from before is thus repeated with
n target systems. Based on the friend’s outcomes, however, he then sorts the
ensemble of joint entangled systems, i.e. spin particle plus pointer device, into
the ones that yielded configuration A (of which, say, k exist) and the ones
that yielded B (of which l = n − k exist).13 Both sub-ensembles are then
passed on to Wigner, who performs measurements in a ‘record checking’ basis
{|ΨW 〉 ,

∣∣Ψ⊥W 〉} with |ΨW 〉 = |ψA〉 ⊗ |φA〉, and
∣∣Ψ⊥W 〉 some orthogonal basis

state.

The crucial question is whether each pointer’s manifest configurations (A or
B) have relevance to improving Wigner’s predictions over and above Wigner’s
use of the Born rule.

Employing intersubjectivity, it can be argued that Wigner’s results ought
to be consistent with the friend’s records, that is, identical. The friend would
then be able to predict with certainty Wigner’s outcome! Thus, providing a de-
terministic predictive advantage over Wigner’s probabilities obtained through

12Note that the updated state, in general, needn’t be (as is standardly the case in dynamic
collapse models) one of the basis states. So there might exist intermediate resolutions in
which further predictions are based on partially ‘collapsed’ quantum states or a different
state altogether.

13Obviously, k and l approach n
2

in the limit of large n.
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Figure 6.5: The Wigner’s friend type experiment is repeated to collect statistics on a
hypothetical predictive advantage. Each incoming spin particle is coupled to a pointer
device (suppose the friend has n of them) to obtain a manifest outcome A or B. The
standard Wigner’s friend scenario from before is thus repeated with n target systems.
Based on the friend’s outcomes, however, he then sorts the ensemble of joint entangled
systems, i.e. spin particle plus pointer device, into the ones that yielded configuration
A (of which, say, k like that exist) and the ones that yielded B (of which l = n − k
exist). Both sub-ensembles are then passed on to Wigner, who performs measurements
in the familiar basis {|ΨW 〉 ,

∣∣Ψ⊥
W

〉
} with |ΨW 〉 = |ψA〉 ⊗ |φA〉. The corresponding

manifest results are A′ and B′, respectively. Are the friend’s predictions different
from Wigner’s based on the manifest configuration of each measurement device?

the Born rule. Modifying quantum theory by including intersubjectivity leads
to a (deterministic) empirical extension of standard quantum theory for at
least certain measurements.

Interestingly, on intersubjectivity, the internal prediction assigns determi-
nate outcomes on two non-commuting quantum observables: The friend knows
both the result of the observable when Wigner ‘checks the reading’ and the re-
sult of the observable when Wigner checks the total entangled state. But those
two measurements are represented by incompatible bases and can’t usually be
measured simultaneously.

But if Wigner is supposed to recover the quantum probabilities upon mea-
surement on the entangled joint state, intersubjectivity gets us into trouble
with locality. From the perspective of Wigner, assuming the friend observes
definite manifest configurations is tantamount to a ‘hidden variable’ theory
and thus subject to Bell non-locality. In an extended version of the internal
observer case involving two distant copies of Wigner’s friend scenarios, the
manifest outcome configurations of the friends have to depend on Wigner’s
measurement settings. Barring the familiar caveats, this was explicitly shown
in (Bong et al., 2020).14 Let’s dwell on this more in the present case. If inter-
subjectivity were to apply, Wigner should observe outcomes identical to what

14Problems also arise when combining Wigner’s friend with the GHZ scenario (cf., for
instance, Leegwater 2022).
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the friend observed. Imagine a different experiment now where Wigner sets
up a Bell experiment on the joint states of target spin systems and pointer
devices that the friend sorted. He separates each spin particle from the device
and sends each pair through Stern-Gerlach apparatuses. That is, he performs
measurements on the target systems and devices separately. As usual, to vio-
late Bell inequalities, non-locality will be present, in particular for the manifest
configurations of the pointer.

But suppose Wigner only uses the pairs of the A-ensemble. Then the
quantum correlations imply that for this set of states, signal locality can be
violated. The intuitive argument is this: Since the spins in the ensemble have
all the same definite value, they act as a deterministic hidden variable relative
to Wigner. Only the A-ensemble is used in the experiment, so intersubjec-
tivity implies that all results show ‘spin up’ for both systems corresponding
to the state |ψA〉 ⊗ |φA〉. But if Wigner performs a Bell experiment, at least
some predictions conditioned on this hidden variable will involve non-local ef-
fects between the outcomes of target system and pointer device (due to Bell’s
theorem). Thus, how Wigner sets the apparatuses determines the outcome
statistics on the other site. This would conflict with signal-locality because we
are talking about manifest configurations that are affected. Therefore, inter-
subjectivity must fail. In the case of de Broglie-Bohm theory this can be seen
immediately by using two measurement settings only and conditioning on the
Bohmian particle configuration. A detailed account is given in Section 7.5.1.

However, although intersubjectivity may have to be abandoned for de-
terministic predictions, the friend could still gain a probabilistic predictive
advantage. That is, for each basis, the friend assigns a probability to Wigner’s
outcomes A′ and B′ as a function of his manifest result A and B. More for-
mally, let |Ψ〉 = 1√

2
(|ψA〉 ⊗ |φA〉+ |ψB〉 ⊗ |φB〉) be the total state of the joint

system after the initial interaction, and {|ΨW 〉 ,
∣∣Ψ⊥W 〉} Wigner’s basis with

|ΨW 〉 = α |ψA〉⊗ |φA〉+β |ψB〉⊗ |φB〉 as before. Then the friend’s predictions
provide an empirical extension for Wigner’s probabilities if

p(A′) = |〈ΨW |Ψ〉 |2=
∑
z=A,B

p(A′|z)µ(z) =
1

2
(p(A′|A) + p(A′|B)), (6.5.5)

p(B′) =
∣∣∣〈Ψ⊥W

∣∣∣Ψ〉∣∣∣2 =
∑
z=A,B

p(B′|z)µ(z) =
1

2
(p(B′|A) + p(B′|B)).

The extension is non-trivial if the friend’s probabilities deviate from the quan-
tum prediction for at least one configuration.15

What can be said about the probabilities in this extension? An analo-
gous argument can be run by looking at the predictions’ compatibility with
signal-locality. This time it’s more complicated, however. It has to be checked
whether any probability assignment satisfies signal-locality by examining all
possible measurement scenarios Wigner can come up with. And perhaps there
exist probability distributions for which the non-locality washes out just to the
right extent to give signal-locality. The friend then acquires non-deterministic
predictive advantage. This is indeed so. I treat in more detail this possi-
bility in Chapter 8. Jumping ahead, the conclusion is this. For maximally

15Note that A and B occur with equal probability by construction.
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entangled states like the joint state in the Wigner’s friend scenario, a pre-
dictive advantage by the friend is impossible given signal-locality. However,
predictive advantage can exist without violating signal-locality for a class of
non-maximally entangled states of target system and friend.

Where does this leave us regarding the empirical completeness problem?
The question is whether the friend’s abilities present a genuine construction of
an empirical extension. Extended quantum theories exist which — in certain
special cases, i.e. nested measurements with sufficient macroscopic coherence
— have predictive advantage over the standard theory on the assumption of
intersubjectivity. Although, those conflict with signal-locality. Nevertheless,
non-deterministic predictive advantage is possible if the joint state of the target
system and the friend’s pointer device are not maximally entangled. Then the
question arises whether there are other means to show that non-maximally
entangled states still lead to a violation of signal-locality. I explore these
questions on either side in Chapter 8.



Chapter 7

Pilot Wave Theory and
Quantum Predictive
Advantage

Here I analyse this question of empirical completeness in the case of de Broglie
and Bohm’s pilot wave theory. Since the Bohmian formalism inherits enough
of the quantum formalism, the theory can be shown not to have a predictive
advantage. I discuss the precise conditions in the theory that lead to predic-
tive equivalence. Furthermore, I discuss the possibility of predictive advantage
when these are violated: the existence of non-equilibrium Bohmian matter, the
possibility of ‘internal prediction’ utilising the apparent ambiguity in the quan-
tum prediction-making algorithm, and the case when no ‘effective’ Bohmian
wave function exists. I study the relationship between Bohmian predictive ad-
vantage and the possibility of signal in the case of pairs of particles. Finally,
I comment on the proofs by Valentini that Bohmian non-equilibrium distri-
butions are necessary and sufficient for signalling in pilot wave theory. For
non-maximally entangled states signal-local predictive advantage does indeed
exist.

7.1 Pilot Wave Theory

Whatever one’s views regarding the status of de Broglie-Bohm theory as a
viable solution to the measurement problem, its virtues in assessing the em-
pirical completeness problem are immediate. At the very least it serves as
a concretely worked out instance of a metaphysical and empirical extension,
reproducing quantum statistics within the equilibrium regime. In the context
of non-equilibrium, Bohmian commitments prove useful to grasp what sort of
thing a post-quantum theory with predictive advantage could look like. At its
best, the theory serves as an inspiration to identify generic features of post-
quantum theories for general claims about empirical completeness. Moreover,
pilot wave theory provides a model of quantum mechanics with lessons for
predictive advantage from non-locality and signal-locality.

One could argue that in contrast to standard quantum theory, de Broglie-
Bohm theory draws a clearer picture of reality since it provides a framework
for both the manifest and non-manifest domain. The theory tells a story about
how the manifest configurations come about epistemically but also postulates
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what precisely comprises the ontology in the non-manifest domain and how
it connects to the manifest configurations through dynamical laws. Similar
to the standard quantum mechanical story outlined in Section 6.3 the target
system and apparatus states λ×µQ in the Bohmian theory contain normalised
vectors ψ⊗φ ∈ HS⊗HA in complex Hilbert spaces with all the same structure
as introduced before, and Q indexing the measured observable and measure-
ment interaction.1 Besides the wave functions, the Bohmian states comprise
positions, which at the same time are the fundamental ontology of the theory,
i.e. corpuscles with definite configurations at all times.

A generic initial state for target system and apparatus is thus λ × µQ =
(ψ, q) × (φ, q′). Just like in standard quantum mechanics, the states of com-
pound systems are tensor product states of the individual systems and evolve
according to the Schrödinger equation. The position variables, however, evolve
according to a non-linear guiding equation. In de Broglie-Bohm theory, the
probability assignments for the outcomes x of a measurement are deterministic
functions of the initial state such that

p(x|λ× µQ) = p(x|(ψ, q)× (φ, q′)) = p(x|(ψ ⊗ φ)× (q, q′)) ∈ {0, 1}. (7.1.1)

Consistency with standard quantum mechanics requires that in the limit
of very large ensembles of states, the standard Bohmian probabilities match
the standard quantum prediction, i.e.

p(x|ψ) =

∫
p(x|(ψ, q)× (φ, q′))ρ(q, q′)dqdq′, (7.1.2)

for all effective initial apparatus states φ, where ρ(q, q′) is the probability
distribution over the initial particle configurations q, q′ for a given preparation
and observable Q. An account of the theory’s postulates is given in Appendix
A, to which I refer for all details.

Across time, the particles follow deterministic trajectories. Like a ‘pilot
wave’, the quantum mechanical wave function guides them along those paths.
Assuming a particular initial distribution of the particles, one recovers the
empirical content of standard quantum theory.

7.2 Bohmian Predictions

In de Broglie-Bohm theory, the set of particle configurations in 3-dimensional
space constitutes the ontological sector of the non-manifest domain and the
Schrödinger and guiding equation the nomological domain. Hence, postulating
the existence of definite particle positions in the Bohmian universe is a natural

1Technically, this assumes that before the measurement interaction a (pure) quantum
state can be assigned to the target system. In the Bohmian framework, this means there
exists an effective wave function for the system. If such doesn’t exist, the universal Bohmian
wave function needs to be invoked (for details, see below). Moreover, to be more precise, the
wave functions used in pilot wave theory are square integrable functions over 3N -dimensional
configuration space, i.e. ψ ∈ L2(R3N ) for an N -particle system. Therefore, strictly speak-
ing, the ‘wave functions’ in a Bohmian universe are not Hilbert space vectors (which are
equivalence classes rather than wave functions). This indeed introduces subtle qualifications
to the empirical equivalence of Bohmian predictions and standard quantum predictions, cf.
Arageorgis and Earman 2017.
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choice to reflect the nature of the empirical content in the manifest domain.
Since all the manifest empirical data is encoded in configurational facts in
3-dimensional space, a formulation of the non-manifest domain in terms of
particles naturally accounts for our phenomenological experience. Therefore,
a pointer device in the Bohmian universe is made out of a subset of Bohmian
particle configurations. Furthermore, and crucially the assumption is made
that whenever a pointer device records an outcome, i.e., an orientation or
position in the manifest domain, it is postulated to signify the very ontological
configuration of the pointer itself. In other words, all the spatial degrees of
freedom of observable objects like ink on paper, dots on screens, and positions
of pointers do precisely coincide with — usually a collection of — Bohmian
configurations in the non-manifest domain.

Because of this, since the standard Bohmian theory postulates the quan-
tum equilibrium hypothesis A.1.5 for the distribution of particle configura-
tions, it straightforwardly follows that all manifest configurations exhibit dis-
tributions according to the Born statistics. Moreover, the choice of the guiding
equation A.1.3 consistently ensures that Bohmian configurations satisfy Born
rule behaviour at all times, i.e. the Born distribution A.1.4 is preserved.
Notice again that the continuity equation empirically underdetermines the
guiding equation (cf. Chapter 4).

As a result, whenever a target system possesses a pure quantum wave
function, all configurations (non-manifest as well as manifest) must be dis-
tributed according to quantum equilibrium. This means that for a given sys-
tem, the possible states of system-cum-environment may imply restrictions to
how strongly the Bohmian configuration of the environment is correlated to
the measurement results of an apparatus.

The concept of the effective wave function is directly linked to Bohmian
predictability. Whenever target system and environment obey A.2.1, not only
the target system can be said to possess quantum state ψ, but also mea-
surement results on the target system must be statistically independent of
the configurations in the environment. This holds since all outcomes will be
determined by the product state ψ(x)φ(y) only, which predicts no correla-
tion between configurations x and y. Notice that whenever an effective wave
function exists, it coincides with the standard quantum state that we would
assign.2 This may also be argued to be a plausible posit as an assumption
on a necessary initial condition for all practical purposes we face. Since all
correlations between a target system and its environment are encoded in the
quantum wave function states in both the Bohmian universe and the standard
quantum theory, the question of the predictive advantage of de Broglie-Bohm
theory translates into an investigation of the possible correlations in standard
quantum theory.

As a result, if we can show that whenever a (pure) quantum state is as-
signed, the environment is decorrelated from the target system, this implies
that the Bohmian theory cannot have predictive advantage over standard
quantum theory (at least for pure states). Thus, it remains to show that

2Note, however, that after a preparation, the system has an effective wave function, but
which effective wave function it has depends on the manifest configuration of the apparatus
that has prepared the system. Whenever a target system possesses an effective wave function,
it can be treated as a pure state.
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in standard quantum mechanics, pre-measurement correlations between tar-
get system and environment imply that the target system can’t possess a pure
state, which is what was shown in Section 6.4 with the quantum decorrelation
principle.

Let’s summarise. The Bohmian description inherits all of the quantum
state structure. The outcome of a measurement in the theory is determin-
istically determined by the target system’s initial configuration and its wave
function through both the guiding equation and Schrödinger’s equation. In
this sense, no Born rule is involved in the theory’s microscopic predictions.
But if on top of the particle dynamics, quantum equilibrium is assumed, the
Bohmian statistics follow Born rule behaviour, and the quantum decorrela-
tion principle applies. For this, the choice of the guidance equation needs to
preserve the Born probabilities and the non-manifest Bohmian configurations
are assumed to coincide with the manifest configurations, i.e. the apparatus
outcomes signify actual Bohmian configurations. The quantum decorrelation
principle for de Broglie-Bohm theory thus follows from the conjunction of the
following assumptions: That an effective Bohmian wave function, i.e. pure
state exists for the target system (Psi), the assumption of quantum equilib-
rium (QEH), the dynamics is given by a guidance equation consistent with
quantum probabilities (GEQ), and that measurement results, i.e. manifest
configurations signify Bohmian (non-manifest) configurations (Re).

In short,

Psi ∧QEH ∧GEQ ∧Re→ QDP (7.2.1)

This set of conditions leads to the conclusion that de Broglie-Bohm the-
ory does not have a predictive advantage over quantum probabilities. It can
then be used to discuss the possibility of empirical incompleteness depend-
ing on which assumptions are violated. Predictive advantage due to violation
of equilibrium is investigated in Sections 7.5. In Section 7.7 I discuss the
Bohmian prediction making for cases where the quantum measurement prob-
lem is relevant.

7.3 Pilot Wave Theory as a Merely Metaphysical Extension
of Standard Quantum Mechanics

From the definitions of de Broglie-Bohm theory, we can readily see that the
Bohmian states introduce a metaphysical extension of the standard quantum
framework. Mathematically, we have

〈ψ|Ex |ψ〉 = p(x|ψ ⊗ φ) =

∫
p(x|(ψ, q)× (φ, q′))µ(q, q′)dqdq′, (7.3.1)

where Ex the POVM operators for measurement outcomes x and ψ, φ, q, q′

the familiar quantum and Bohmian states, and µ(q, q′) an initial distribution
of particle configurations consistent with quantum equilibrium. Thus, the
Bohmian theory is a metaphysical extension of quantum theory by Definition
1. Since an effective wave function ψ for the target system is assumed to
exist, the Bohmian probabilities for position outcomes x are independent of
the apparatus state (φ, q′).
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Furthermore, the ideas in Section 7.2 show that the predictions of standard
quantum mechanics limit the theory’s prediction-making algorithm. Even
though the Bohmian physical state contains more information about future
measurement results than the standard quantum state, this information can-
not be manifest and is thus of no use for increased predictability. I conclude
that standard equilibrium de Broglie-Bohm theory is a merely metaphysi-
cal extension of quantum mechanics and thus cannot have predictive advan-
tage. In the Bohmian universe, all manifest configurations signify non-manifest
(sets of) particle configurations. Moreover, all manifest configurations are dis-
tributed according to the quantum equilibrium hypothesis, which is preserved
by the Bohmian dynamics. Thus, de Broglie-Bohm theory says that the pre-
dictions that can be made on the basis of manifest configurations are just the
standard quantum predictions. All the possible manifest configurations in a
Bohmian universe in equilibrium cannot be used to produce predictive ad-
vantage over quantum predictions. More formally, in terms of our definition
of empirical completeness: de Broglie-Bohm theory cannot be an empirical
extension of standard quantum mechanics since, for all outcome probabilities
derived from the prediction-making algorithms of the two theories, we have

pQ(x|y1) = pB(x|y2, y1), (7.3.2)

and the extension condition trivialises to

pQ(x|y1) =

∫
pB(x|y2)ρ(y2|y1)dy2 = pB(x|y2)

∫
ρ(y2|y1)dy2 = pB(x|y2, y1),

(7.3.3)
for all POVMs and outcomes x, where y1 are all the manifest variables rep-
resenting the target system state according to standard quantum mechanics,
and y2 all the manifest variables representing the same state according to
de Broglie-Bohm theory. Hence, standard de Broglie-Bohm theory is not an
empirical extension of standard quantum mechanics.

For pure states, we have in particular

pB(x|y2) =
1

p(y2)
tr(Ex |Ψ(x, y2)〉 〈Ψ(x, y2)|) (7.3.4)

=
1

p(y2)
tr(Ex |ψ(x)Φ(y2)〉 〈ψ(x)Φ(y2)|)

= tr(Ex |ψ(x)〉 〈ψ(x)|) = pQ(x),

where Ψ(x, y2) is the Bohmian conditional wave function given apparatus con-
figuration y2 and the third equality holds because the effective wave function
ψ is assumed to exist. We have also used the definition of conditional proba-
bilities, i.e. p(x|y2) = p(x,y2)

p(y2) .3

3The point of predictive equivalence between standard quantum mechanics and de
Broglie-Bohm theory is commonly made in standard textbooks. For example, Dürr, Gold-
stein, and Zangh́ı refer to the impossibility of predictive advantage for pure states in de
Broglie-Bohm theory as absolute uncertainty where it is expressed as

P(Xt ∈ dx|Yt) = P(Xt ∈ dx|ψt) = |ψt(x)|2, (7.3.5)

(cf. Dürr et al. 1992).
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In the following sections, I will discuss the implications for predictive ad-
vantage when either of the assumptions is violated. More concretely, I address
non-equilibrium (violation of QEH), and the absence of an effective wave func-
tion (violation of Psi) which both give rise to predictive advantage through
circumvention of the quantum decorrelation principle. A predictive advantage
could also be gained by altering the guiding equation (GEQ) or abandoning
correspondence of manifest and Bohmian configurations (Re). I shall comment
on this briefly in the conclusions.

7.4 Quantum Non-Equilibrium and Bohmian Predictive Ad-
vantage

One of the crucial prerequisites for the impossibility of predictive advantage
in de Broglie-Bohm theory was the assumption of quantum equilibrium. How-
ever, predictive advantage could be feasible without an equilibrium distribu-
tion in the initial configurations. In fact, I shall give two simple Bohmian
models in which violation of quantum equilibrium leads to empirical exten-
sions and, therefore, predictive advantage.

Since outcomes of experiments are derived from the deterministic history of
particles, the initial conditions qua equilibrium hypothesis play an important
role in deriving the theory’s predictions.

I stated that quantum equilibrium is preserved which follows from the
postulates of de Broglie-Bohm theory. In a Bohmian universe, if the config-
urations are in equilibrium at some point in time, they are in equilibrium at
all times (cf. also Dürr et al. (2012) for proof). This is a direct consequence
of the continuity equation for the Bohmian probabilities obtained from the
Schrödinger equation. Since the Bohmian probability density is in quantum
equilibrium, i.e. ρ(Q, t) := |Ψ(Q, t)|2, and the probability current due to the
guidance equation is j = |Ψ(Q, t)|2vΨ, the Schrödinger evolution for the wave
function implies

∂tρ+∇j = 0. (7.4.1)

Hence, the postulated Bohmian probability current j results in a proba-
bility density that preserves its form ρ(Q, t) := |Ψ(Q, t)|2 at all times.

As a result, no manipulation, preparation, or measurement in the equilib-
rium Bohmian universe will ever cause distributions in non-equilibrium. Thus,
non-equilibrium matter cannot be created from equilibrium matter.4

Therefore, the Bohmian states need to be out of equilibrium for predictive
advantage. For these purposes, I shall look at the example of non-equilibrium
spin measurements in a Stern-Gerlach apparatus. I will first treat the sim-
ple case of a maximally entangled two-particle system with initial Bohmian
configurations out of equilibrium. This will allow for deterministic empirical
extensions, as one would expect. But the correlations established by the pre-
diction improving manifest variables will have to exhibit signalling. That is,

4There is one caveat here, however. As I indicated before, whenever de Broglie-Bohm
theory assigns an effective wave function to an individual system, it coincides with the
standard quantum wave function. Moreover, it then satisfies the Schrödinger equation. But
what if the system doesn’t possess an effective wave function, i.e. when its conditional wave
function instead doesn’t satisfy the Schrödinger equation? Then, the assumptions mentioned
above leading to preserved equilibrium don’t apply.
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there is not only predictive advantage for the outcomes of the two-particle
system, but it is also possible that one observer can communicate superlumi-
nally signals to the other. This well known feature is expected since pilot wave
theory is deterministic and non-local.

Interestingly, however, I will also describe an alternative deterministic hid-
den variable description of the two-particle system establishing predictive ad-
vantage without the presence of signalling correlations. Thus, a deterministic
signal-local theory exists with predictive advantage over standard quantum
mechanics. Furthermore, such an empirical extension can be constructed for
non-maximally entangled states. This conforms with the results studied in
Chapter 8, where generalised Bell inequalities are used to constrain the extent
to which a theory can be local, showing that non-maximally entangled states
can exhibit local parts.

7.5 Bohmian Non-Equilibrium Predictive Advantage

I shall now outline a concrete example for predictive advantage due to non-
equilibrium for spin-1

2 particles.5 Imagine a Stern-Gerlach apparatus where
neutral spin-1

2 particles with mass m are emitted in a localised beam of finite
width. The description is restricted to two spatial dimensions, the direction ŷ
in which the beam is emitted and the transverse direction of deflection ẑ. The
particles are prepared in the initial state

|ψ(y, z)〉 =
1√
2
eikyy(|0〉+ |1〉), (7.5.1)

where ky is the wave vector pointing in the y-direction, i.e. the beam. For
simplicity, we assume the wave function of the spatial degrees of freedom to
be a plane wave inside the finite beam of the source, which vanishes outside.
Furthermore, the spin-up and spin-down states in ψ are supposed to align with
the z-direction of the experimental setup, such that σz |0〉 = −1, and σz |1〉 =
1, where σz is the Pauli z-spin operator. We first compute the Schrödinger
evolution ih̄∂tψ = Ĥψ of the particle’s wave function for the Hamiltonian

Ĥ = − h̄2

2m
(∂2
y + ∂2

z ) + µBzδ(y)σz, (7.5.2)

That is, suppose an interaction with an inhomogeneous magnetic field of mag-
nitude B aligned with z, turned on very briefly when the particles pass through
the magnets at y = 0. By solving Schrödinger’s equation, we find the wave
function of the system for y > 0:

|ψ(y.z)〉 =
1√
2
eik
′
yy(eikzz |0〉+ e−ikzz |1〉), (7.5.3)

again omitting normalisation in the spatial degrees of freedom. The magnets
produce two separated beams propagating in opposite directions in the z-
plane. The interaction has also slightly changed the wave vector in the y-
direction to k′y. As for the y-waves, we assume that the plane waves in z have

5For a thorough treatment of spin in pilot wave theory, see, for instance, Norsen 2014
whom I closely follow here.
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only finite widths. Hence, they overlap only in a finite region of space and
then are fully separated.

The experiment has two outcomes as a result, and the interaction setup
thus implements a projective measurement. For the spin measurement in
z-direction, the POVM has exactly two operators. They are E0 = 1

2(1 +
σz), E1 = 1

2(1 − σz), corresponding to a spin-up and spin-down projection,
respectively. The quantum probabilities for the two outcomes are, therefore,
p(x) = 〈ψ|Ex |ψ〉 = 1

2 .
Suppose now the Bohmian configurations are in quantum equilibrium. For

the initial wave function, this means they are equally distributed within the
particle beam. The guidance equation can then be integrated to compute in-
dividual particle trajectories. This, in turn, can be used to obtain the number
of particles that are deflected in either the up or down beam. Recall that the
Bohmian guidance equation vψ = h̄

m=
ψ∗∇ψ
ψ∗ψ is also defined for spinor-valued

wave functions. Thus, before the beams are fully separated, the Bohmian
velocities are

vψ =
h̄ky
m

ŷ, (7.5.4)

i.e. particles moving in straight lines in the ŷ-direction, and after the separa-
tion

vψ =
h̄k′y
m

ŷ ± h̄kz
m

ẑ, (7.5.5)

where the sign depends on whether the particle ends up in the upper or lower
branch of the beam (which, in turn, is decided by the initial configuration of
the Bohmian particle). Note also that within the overlap region, the velocity
in ẑ remains unaffected. Since exactly half of the particles start in the upper
half of the initial beam, the velocities show that exactly half of them will yield
a spin-up result ending up in the upper branch, and half of them will yield a
spin-up result ending up in the lower branch, as expected.

The analysis above can be generalised to spin measurements along arbi-
trary directions, i.e. when the POVM is Ex = 1

2(1 + (−1)xn̂~σ): The cor-
responding interaction for this POVM is obtained by rotating and chang-
ing the polarity of the magnets to measure in the desired new spin axis
n̂ = (sinϑ cosϕ, sinϑ sinϕ, cosϑ).6 Assume for simplicity that the measure-
ment of spin lies in the plane orthogonal to the propagation of the beam and
that we only rotate the magnets around the propagation of the initial beam,
i.e. the ŷ-axis, by some angle ϑ, i.e. ϕ = 0. Thus, the direction of measure-
ment simplifies to n̂ = (sinϑ, 0, cosϑ), and the corresponding POVM is given
by Ex = 1

2(1 + (−1)xσn), where

σn := n̂~σ =

(
cosϑ sinϑ
sinϑ − cosϑ

)
. (7.5.6)

A spin measurement of the initial state (7.5.1) in this basis yields probabil-
ities p(x) = 〈ψ|Ex |ψ〉 = 1

2(1+(−1)x sinϑ). The eigenvectors of the projectors

6Note that turning the Stern-Gerlach apparatus upside down doesn’t change the outcomes
since flipping both the gradient and the polarity of the magnetic field cancels out the effect
on the particles. Thus, in the experiment the measurement settings ϑ is realised by adapting
either the direction of the polarity or gradient.
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Ex are |n0〉 = (cos ϑ2 , sin
ϑ
2 ), and |n1〉 = (sin ϑ

2 ,− cos ϑ2 ). By rewriting Equa-
tion 7.5.1 in this basis and repeating the analysis above, the wave function for
y > 0 is

|ψ(y.z)〉 =
1√
2
eik
′
yy

[
eiknn̂(cos

ϑ

2
+ sin

ϑ

2
) |n0〉+ e−iknn̂(sin

ϑ

2
− cos

ϑ

2
) |n1〉

]
,

(7.5.7)
where kn the wave vector of the beams along n̂. As opposed to the previ-
ous measurement in ẑ, the Bohmian velocities in the overlap region are now
affected so that after the magnetic interaction we have in this region

vψ =
h̄k′y
m

ŷ + sinϑ
h̄kn
m

n̂, (7.5.8)

Outside the overlap, when the beams have separated again, we still recover

vψ =
h̄k′y
m

ŷ ± h̄kn
m

n̂, (7.5.9)

as before. But since the trajectories are tilted — proportional to sinϑ —
while passing the overlap, the number of particles ending up in the upper
or lower branch of the separated beam depends on the measurement angle
ϑ. For instance, if the magnetic axis is chosen to measure in the diagonal
basis, i.e. ϑ = π

2 , all particles are deflected into the upper (n̂-direction) beam
according to Equations 7.5.8 and 7.5.9. This makes sense as the initial state

1√
2
(|0〉 + |1〉) is an eigenstate of the diagonal basis. In general, the space of

initial configurations divides into two fractions: The upper fraction of height
h0 = 1

2(1 + sinϑ) which is deflected up, and the lower fraction of height
1 − h0 = 1

2(1 − sinϑ) which is deflected down (see also the following sections
and Figure 7.1). These coincide with the corresponding outcome probabilities
as expected.

Bohmian Extensions

Recalling the quantum decorrelation principle, since the Bohmian quantum
states in the experiment are assumed pure and in equilibrium, no system in the
environment can be correlated to the outcome statistics better than the Born
rule predicts. Conversely, if stronger correlations exist to the environment,
the quantum states cannot be pure unless Bohmian equilibrium is violated.
This allows conceiving of a magic prediction box whose outcomes indicate
information about the initial Bohmian configuration of the spin particles in
every run of the experiment. If the total state of spin system and prediction
box is ρ = ρS ⊗ρM = |ψ〉 〈ψ|⊗ |φ〉 〈φ|, one then has p(x, y) 6= p(x)p(y) in non-
equilibrium, violating the Born rule applied to the total state. The outcome
probabilities on the individual subsystems, however, still satisfy the quantum
probabilities, i.e. p(x) = tr(ρSEx) for the target system, and p(y) = tr

(
ρME

′
y

)
for the prediction box. In brief, the target system and magic prediction box
both yield quantum probabilities individually, but are correlated non-quantum
mechanically.

For predictive advantage, imagine a non-equilibrium source that produces
an ensemble of states ρ, i.e. the initial quantum spin states (7.5.1) with
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Bohmian configurations equally distributed within the beam and a pure state
for the magic prediction box but with initial Bohmian configurations map-
ping identically to the spin particles’ configurations. Since the Bohmian state
uniquely fixes the spin measurement results for all Stern-Gerlach POVMs, the
outcomes of the magic prediction box — e.g. if a position measurement is per-
formed on it — contain all the information to deterministically predict the spin
outcomes in any measurement basis. Thus, this type of non-equilibrium on
the larger system implies p(x|y) ∈ {0, 1}. The correlations are much stronger
than needed for deterministic predictions in the Stern-Gerlach experiment
since each half of the particle beam produces a single spin-up or spin-down
result. It suffices to suppose that the magic prediction box produces binary
outputs referring to whether the target system particles are located in either
the upper or lower half of the initial beam (with respect to the measurement
axis n̂), as I will show below. These deviations from the Bohmian equilibrium
hypothesis can lead to predictive advantage.

I wish to emphasise that the mere existence of a non-equilibrium distri-
bution of a quantum target system is insufficient for predictive advantage.
Nothing has been said about how the predictions are made by virtue of man-
ifest configurations in its environment. In order for predictive advantage to
exist, a violation of the quantum decorrelation principle through Bohmian
non-equilibrium of the compound state of target system and prediction box is
necessary. As a result, by Definition 4 the non-equilibrium Bohmian theory is
an empirical extension of standard quantum mechanics like so: The manifest
outcome configurations, say z, of the magic prediction box directly signify the
full Bohmian configuration of the target bi-partite system. The measurement
axis of the primary and secondary system be a, b and are fully specified by
some angles ϑ1 and ϑ2. Formally, the empirical extension for a maximally
entangled bi-partite 2-qubit state ρ = |Ψ〉 〈Ψ| (Equation 7.5.11) reads

p(x, y|a, b, ρ) =

∫
p(x, y|a, b, z)µ(z)dz, (7.5.10)

where p(x, y|a, b, ρ) = tr
(
Eax ⊗ Ebyρ

)
6= p(x, y|a, b, z) ∈ {0, 1} are the quantum

predictions and the ones of the empirical extension for the outcomes of the
primary and secondary particles conditioned on z. The inequality holds for
at least one z. The outcomes (x, y) of the target system are thus in quantum
equilibrium whereas the correlation of the target system with the configura-
tions z of the magic prediction box demonstrates the existence of quantum
non-equilibrium. Otherwise, the z variables couldn’t contain more informa-
tion for the outcomes of measurements than the preparation of the state |Ψ〉.
Whenever a pair of particles is created, the magic prediction box indicates
one of the manifest configurations z with probability µ(z) and corresponding
deterministic predictions p(x, y|a, b, z).

Although the initial Bohmian configurations could have many possible val-
ues, as I shall show it will suffice to consider certain sets of configurations z
for the empirical extension since the measurement outcomes are already fully
determined by in what half of the beam the particles reside.
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7.5.1 Maximally-Entangled States and Bohmian Predictive Advan-
tage

A magic prediction box of the kind introduced will always lead to the possi-
bility of signalling if the state is maximally entangled. To see this consider
two Stern-Gerlach apparatuses measuring bi-partite spin particles. Suppose
the source emits two beams propagating in opposite directions — one primary
beam of particles towards ŷ and another secondary beam in the opposite di-
rection towards −ŷ. The party to which signals are transmitted is assumed to
measure in the fixed basis aligned with the ẑ-axis. The other party possesses
the magic prediction box and measures the primary particles in any desired
axis n̂. The two individual experiments are space-like separated. Furthermore,
the initial quantum state of the compound system be maximally entangled,
i.e.

|Ψ(y1, z1, y2, z2)〉 =
1√
2
eikyy1e−ikyy2(|00〉+ |11〉). (7.5.11)

As discussed for single particle systems and using the same definitions, the
Bohmian velocities are obtained in exactly the same way. By rewriting the
initial state in the basis of the n̂-basis for the primary measurement and solv-
ing the Schrödinger evolution, the quantum state after the primary particle’s
interaction with the Stern-Gerlach magnets reads (omitting normalisation in
the spatial degrees of freedom):

|Ψ(y1, z1, y2, z2)〉 =
1√
2
eikyy1e−ikyy2

[
eiknn̂ |n0〉 ⊗ (cos

ϑ

2
|0〉+ sin

ϑ

2
|1〉)

+ e−iknn̂ |n1〉 ⊗ (sin
ϑ

2
|0〉 − cos

ϑ

2
|1〉)
]
.

(7.5.12)

From which the outcome probabilities are obtained by tracing over the
opposite particle or directly by

p(x) = 〈Ψ|Ex ⊗ 1 |Ψ〉 = p(y) = 〈Ψ|1⊗ E′y |Ψ〉 =
1

2
. (7.5.13)

This shows that for a maximally entangled state, the probabilities are uniform
for any choice of POVM, i.e. axis n̂. Moreover, for the Bohmian velocities
of the primary particle, we recover the familiar quantities for an ordinary ẑ-
spin measurement, i.e. Equation 7.5.4 and Equation 7.5.5 for the overlap and
separated beam region, with ẑ replaced by n̂. Regardless of what axis n̂ is
measured, half of the particles are deflected into the up beam and half into
the down beam.

But the relevant branch of the total wave function guiding the secondary
particle now depends on the primary particle’s trajectory. Assuming the pri-
mary particle is measured first if it ends up in the upper beam, the down term
in the total wave function vanishes since this branch has support only for the
upper beam. More concretely, in the overlap region of the two beams for the
secondary particle, its velocities are

vΨ = −
h̄k′y
m

ŷ ± cosϑ
h̄kz
m

ẑ, (7.5.14)
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where the sign is determined by the spin result of the primary apparatus. That
is, + for |n0〉, and − for |n1〉. As before in the single-particle case, when the
sub-beams have fully separated, the trajectories continue with velocity

vΨ = −
h̄k′y
m

ŷ ± h̄kz
m

ẑ. (7.5.15)

The sign is plus if the particle ends up in the upper half of the beam, i.e. z > 0
after the overlap, and minus otherwise. For example, when the primary sys-
tem is measured in the ẑ-basis as well, i.e ϑ = 0, the two velocities in Equation
7.5.14 and Equation 7.5.15 coincide. Thus, whenever the primary particle is
deflected upwards, the secondary particle is deflected upwards, irrespective of
its initial configuration. Likewise, if the primary particle is deflected down-
wards, the secondary particle is deflected downwards.

Generally, the fraction of secondary particles being deflected up or down
depends on the primary setting ϑ. To quantify this fraction, the slope vz

vy
needs

to be computed (see Figure 7.1). The height h0 within the beam for which
particles yield the up result can then be related to this slope. Assuming the
total height of the beam to be of unit length 1, one has

vz
vy

=
∆z

∆y
=
h0 − 1

2

1
2

k′y
kz

, (7.5.16)

where vz, vy the velocity components of the secondary particle in the overlap

area. The length ∆y = 1
2

k′y
kz

is determined by the velocity in the separated
beams only. Hence, for the height we obtain

h0 =
1

2

(
k′y
kz

vz
vy

+ 1

)
. (7.5.17)

For the simple case discussed, i.e. ϑ2 = 0, ϑ1 := ϑ this reads h0 = 1
2(1 +

cosϑ) = cos2 ϑ
2 if n0 occurs for the primary system, and h0 = 1

2(1 − cosϑ) =

sin2 ϑ
2 if n1 occurs for the primary system.

The primary observer can now employ the magic prediction box to send
superluminal signals like so: In every run of the experiment, she reads off from
the prediction box whether the particle was emitted in the upper or lower half
of the beam. Every time it shows up, she measures in the setting where ϑ = 0,
and every time it shows down, she performs a measurement in the setting
ϑ = π by either flipping the gradient or polarity of the magnetic field. As a
result, all secondary particles — no matter where they are initially located
in the opposite beam — are shunted into the up sub-beam. For the sign
in Equation 7.5.14 will always be positive. The secondary observer will thus
repeatedly observe the same result. Conversely, she will repeatedly observe the
opposite result when the procedure is reversed. That is, the primary apparatus
performs a ϑ = π measurement when the magic prediction box indicates up
configurations and ϑ = 0 when down. All secondary particles are then shunted
in the opposite direction. The resulting outcome string can be interpreted as
the transmission of one bit of information, e.g. 0 for the up and 1 for the
down string. Note also that any other setting (ϑ 6= 0, π) will lead to more
uncertainty in the outcomes of both the primary and secondary observer.
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Figure 7.1: Two Stern-Gerlach experiments measuring a system of two spin- 1
2 parti-

cles, emitted in an entangled state from a source in the centre of the experiment. The
measurement settings ϑ1 and ϑ2 of the two magnets determine the outcome proba-
bilities and hence correlations between primary and secondary particles. The wave
branches of the quantum state overlap until they reach the magnets, where they are
separated. The thin lines depict the Bohmian trajectories of the particles as they pass
through the experiment. Within the overlap region where the separation happens,
the slope ∆z

∆y of the trajectory is determined by both the measurement settings of the
primary and secondary apparatus. The shaded area with height h0 shows the frac-
tion of secondary particles deflected into the up beam, which in turn is interpreted
as outcome 0, or spin up. Particles deflected downwards are interpreted as showing
outcome 1, or spin down. For clarity, the rotation of the magnets around the ŷ axis
depending on the setting ϑ1 and ϑ2 isn’t represented in the figure.

In general, for any pair of arbitrary settings (a = ϑ1, b = ϑ2) there are four
possible measurement results (x, y) ∈ {0, 1}2 with corresponding quantum
probabilities and deterministic Bohmian predictions. By rewriting the spin
part of the maximally entangled state (7.5.12) in the measurement basis (a, b)
it can be seen that it only depends on the difference of the measurement angles
ϑ1 − ϑ2:

(7.5.18)
|Ψ〉 =

1√
2

[
cos

(
ϑ1

2
− ϑ2

2

)
|n0〉 ⊗

∣∣n′0〉− sin

(
ϑ1

2
− ϑ2

2

)
|n0〉 ⊗

∣∣n′1〉
+ sin

(
ϑ1

2
− ϑ2

2

)
|n1〉 ⊗

∣∣n′0〉+ cos

(
ϑ1

2
− ϑ2

2

)
|n1〉 ⊗

∣∣n′1〉] .
Without loss of generality, one of the angles can therefore be set to zero,

i.e. ϑ2 := 0. The quantum probability functions hence are recovered to be
p(x, y) = 1

2 cos2(ϑ1
2 ) if x = y and p(x, y) = 1

2 sin2(ϑ1
2 ) otherwise, as before.

The marginal probabilities p(x) =
∑

y p(x, y) = 1
2 and p(y) =

∑
x p(x, y) = 1

2
are clearly independent of the measurement angles and thus signal-local.

Conditioned on the additional variables of the Bohmian extension, the
predictions differ, however. Since pilot wave theory comes with concrete dy-
namics (the guiding equation), the equations can be integrated to quantify
the theory’s non-locality. This, in turn, allows one to obtain a direct analysis
of when predictive advantage is possible while obeying the signal-locality con-
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straint. By doing this, four domains of configurations are identified, uniquely
determining the four possible measurement results (x, y) ∈ {0, 1}2:

hn0
0 = cos2 ϑ1

2
, (7.5.19)

for the primary outcome n0, and

hn1
0 = sin2 ϑ1

2
, (7.5.20)

for the primary outcome n1.
Figure 7.2 illustrates the situation. By varying the measurement setting

of the primary apparatus, the whole space of configurations is surveyed such
that signal-locality can be violated for all settings of the secondary appara-
tus. Thus, for maximally entangled states (7.5.11), non-equilibrium predictive
advantage isn’t possible without signalling.

Figure 7.2: The figure shows the deterministic predictions of a magic prediction
box with manifest variables z = (q1, q2) corresponding to the initial Bohmian config-
urations for a maximally entangled quantum state of two spin- 1

2 particles. The size
of the shaded areas depends on the measurement parameter ϑ, i.e. their heights are
cos2 ϑ

2 and sin2 ϑ
2 , respectively. The quadrangle depicts the space of all possible initial

Bohmian configurations of the two particles within the two beams of the source (q1

the initial height in the beam along measurement axis n̂ for the primary system, and
q2 the initial height in the beam along measurement axis ẑ for the secondary system).
The primary measurement axis is tilted by an angle ϑ with respect to the ẑ-axis.
Every point in the domain of configurations lies within one of the four areas Qxy for
which one of the four deterministic outcomes occurs. For simplicity, the heights of
the beams are assumed to be 1. By varying the measurement axis the whole configu-
ration space is surveyed. As a result, for any point (q1, q2), two distinct outcomes can
occur depending on the chosen angle ϑ. An empirical extension of this sort is thus
impossible if signal-locality is to be respected.

In order to avoid signalling, therefore, the statistics of the secondary ob-
server must not depend in any way on the primary observer’s measurement
settings. But this will be impossible for any empirical extension of the maxi-
mally entangled two-particle state: In light of Bell’s theorem, the non-locality
in pilot wave theory is a universal feature in all hidden variable theories. Thus,
the existence of fully deterministic predictive advantage implies the ability to
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signal in all deterministic hidden variable theories when the magic prediction
box has access to the relevant variables (see Chapter 8 for details). As it
turns out, though, there exist quantum states leading to non-equilibrium pre-
dictive advantage without signalling for particular deterministic models. To
this, I shall turn in Chapter 8. Nevertheless, all bi-partite states in a Bohmian
universe are signal-non-local for all pairs of particles. To this, I turn in the
following. But signal-local non-trivial non-equilibrium distributions for non-
maximally entangled states could still lead to predictive advantage in pilot
wave theory.

7.5.2 Non-maximally Entangled States and Bohmian Predictive
Advantage

For maximally entangled states, I have shown how the existence of a magic
prediction box would imply signalling if deterministic predictions could be
made. In this section, I shall analyse non-maximally entangled states. For
this case, too, any pair of Bohmian particles turns out to be non-local. Thus,
as for maximally-entangled states, deterministic Bohmian empirical extensions
don’t exist without signalling.

However, as will be seen in Chapter 8, for non-maximally entangled pure
states, in general, one can find a signal-local magic prediction box empirically
distinct from quantum probabilities for more general deterministic hidden vari-
able theories. I shall discuss in Section 7.6 below how this observation qualifies
Valentini’s proof that ‘non-equilibrium distributions are sufficient and neces-
sary to imply instantaneous signalling’ (Valentini, 1991).

Imagine like before the same magic prediction box for making deterministic
predictions conditioned on the variable z for a general class of non-maximally
entangled states

|Ψ(y1, z1, y2, z2)〉 = eikyy1e−ikyy2(α
∣∣00′

〉
+
√

1− α2
∣∣11′

〉
), (7.5.21)

where {|00′〉 , |11′〉} the Schmidt basis of the bi-partite system. The marginal
quantum probabilities then are

p(0) = 〈Ψ|E0 ⊗ 1 |Ψ〉 = 〈Ψ|1⊗ E′0 |Ψ〉 = α2, (7.5.22)

p(1) = 〈Ψ|E1 ⊗ 1 |Ψ〉 = 〈Ψ|1⊗ E′1 |Ψ〉 = 1− α2, (7.5.23)

when both POVMs are measurements aligned with the Schmidt basis.
For arbitrary measurement angles ϑ1, ϑ2 (as in Figure 7.1) of primary and

secondary Stern-Gerlach devices, respectively, rewrite the non-maximally en-
tangled spin state to obtain

(7.5.24)

|Ψ〉 =

(
α cos

ϑ1

2
cos

ϑ2

2
+
√

1− α2 sin
ϑ1

2
sin

ϑ2

2

)
|n0〉 ⊗

∣∣n′0〉
−
(
α cos

ϑ1

2
sin

ϑ2

2
−
√

1− α2 sin
ϑ1

2
cos

ϑ2

2

)
|n0〉 ⊗

∣∣n′1〉
+

(
α sin

ϑ1

2
cos

ϑ2

2
−
√

1− α2 cos
ϑ1

2
sin

ϑ2

2

)
|n1〉 ⊗

∣∣n′0〉
+

(
α sin

ϑ1

2
sin

ϑ2

2
+
√

1− α2 cos
ϑ1

2
cos

ϑ2

2

)
|n1〉 ⊗

∣∣n′1〉 .
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This time the amplitudes aren’t symmetric in the measurement parameters
as was the case for the maximally entangled state, i.e. do not only depend on
the difference of the angles but on both individually.

As before, the fraction of the height that is deflected upwards can be com-
puted as a function of the measurement angles (these are just the conditional
probabilities as was shown before). First, consider the conditional outcome
for when the primary apparatus shows the result |n0〉:

Performing the analogous calculations as in the previous section, for the
velocity we get

vΨ = −
h̄k′y
m

ŷ +
1

N0

(
(α2 − sin2 ϑ1

2
) cosϑ2 + α

√
1− α2 sinϑ1 sinϑ2

)
h̄kz
m

ẑ,

(7.5.25)
and for the height hn0

0

hn0
0 =

1

N0

(
α cos

ϑ1

2
cos

ϑ2

2
+
√

1− α2 sin
ϑ1

2
sin

ϑ2

2

)2

, (7.5.26)

where we defined N0 = α2 cos2 ϑ1
2 + (1− α2) sin2 ϑ1

2 .
And similarly for |n1〉:

(7.5.27)vΨ =−
h̄k′y
m

ŷ+

[
(α2−cos2 ϑ1

2
) cosϑ2−α

√
1− α2 sinϑ1 sinϑ2

]
h̄kz
m

ẑ,

and for the height hn1
0 :

hn1
0 =

1

N1

(
α sin

ϑ1

2
cos

ϑ2

2
−
√

1− α2 cos
ϑ1

2
sin

ϑ2

2

)2

, (7.5.28)

where we defined N1 = α2 sin2 ϑ1
2 + (1− α2) cos2 ϑ1

2 .
The equations reduce to the quantities from above for the simple case

when the secondary apparatus performs a ẑ-measurement, i.e. ϑ2 = 0, and
when the state is maximally entangled. It is not difficult to see that again the
conditional probabilities, i.e. the heights hn0

0 , hn1
0 survey the full configura-

tions space since hn0
0 , hn1

0 ∈ [0, 1] (cf. the analogous situation in Figure 7.2 for
maximally-entangled states just with a different dependency on the measure-
ment angles). Thus, for arbitrary combinations of measurement settings ϑ2,
it is, like before, always possible to find a setting of the primary apparatus for
which the outcome changes. Hence, the prediction violates signal-locality.

It can also be seen that the corresponding heights simply represent the
conditional probabilities for the outcomes of the secondary observer depending
on the primary outcome. We can check whether the conditional probabilities
match the quantum probabilities and are signal-local. As opposed to the
maximally entangled state, however, due to the lack of symmetry in the initial
particle distribution (i.e. weighted by the entanglement coefficient α), the
fractions of primary particles that are deflected up and down are not uniform
and depend on the measurement angle ϑ1. More concretely, according to the
equilibrium distribution, a fraction of α2 of pairs are emitted in the upper half,
and a fraction 1− α2 on the lower half of the beam. The number of primary
particles shunted up is
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N0 = α2 cos2 ϑ1

2
+ (1− α2) sin2 ϑ1

2
, (7.5.29)

and

N1 = α2 sin2 ϑ1

2
+ (1− α2) cos2 ϑ1

2
, (7.5.30)

shunted down, respectively. These quantities equal the normalisation con-
stants N0, N1 above. The marginal probabilities for the outcomes of the sec-
ondary can then be computed, e.g. for the up outcome,

p(0|θ2) = N0h
n0
0 +N1h

n1
0 = α2 cos2 ϑ2

2
+ (1− α2) sin2 ϑ2

2
, (7.5.31)

which is independent of the primary measurement angle and thus signal-local
as expected. A similar relationship holds for the down outcome.

In sum, for both maximally and non-maximally entangled states, every
pair of Bohmian trajectories is non-local in the sense that for every initial
configuration, there exist measurement settings for which the corresponding
outcomes are different. That is, if a magic prediction box were to encode
information about the exact Bohmian configuration, it inevitably could be
employed for signalling for any pair of particles.

This may not come as a big surprise since pilot wave theory is non-local,
but it shows the interesting feature: No subset of particle pairs is local (no
matter the degree of entanglement of the quantum state). In light of the
findings of the following sections, pilot wave theory is thus more non-local than
required to account for quantum probabilities. Interestingly, deterministic
empirical extensions exist for non-maximally entangled states that conform to
signal-locality. For instance, Elitzur, Popescu, and Rohrlich devise a concrete
example where a convex combination of a local (and deterministic) and non-
local correlations reproduces the quantum probabilities for the non-maximally
entangled states in Equation 7.5.21 (see Elitzur et al. 1992).

Notice also that the possibility of using Bohmian trajectories to signal is
due to the fact that for every single initial configuration, there always exists
some set of measurement settings for which the corresponding outcomes differ.
Thus, the answer may look different if the space of possible measurement bases
were restricted to a finite number.

The number of settings plays a crucial role in determining whether signal-
local extensions are possible. For example, suppose the setup is as in the
standard Bell scenario with only two different fixed settings for the primary
and secondary observer. Then for a given prediction of the magic prediction
box and secondary setting, it may not be possible to tune the primary system
to the setting for which the Bohmian trajectories lead to different outcomes,
thus not being able to signal. In other words, not the whole square of initial
configurations in Figure 7.2 is accessible by tuning the primary setting ϑ1 if
the set of possible measurement angles is restricted to only two. But clearly,
if a general claim about predictive advantage is to be made, then the observer
has to be thought of as potentially having access to all means of signalling
and, thus, all settings in an experiment. A concrete example of a signal-local
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predictive advantage for the standard Bell scenario with two measurement
settings is a convex combination of PR-boxes.

In Westman’s approach to non-locality in pilot wave theory, an upper
and lower bound on the degree of non-locality to violate Bell inequalities is
derived based on Hardy bounds (cf. Westman 2007; Hardy 1991). It is shown
that for two settings, the Bohmian theory is more non-local than minimally
required and less non-local than maximally allowed to reproduce the quantum
predictions. This, however, may not be surprising given that pilot wave theory
reproduces all quantum probabilities for arbitrarily many measurements. It
was expected that an alternative hidden variable theory with less non-locality
could reproduce the two-setting Bell experiment.

This proves crucial in generalising the relationship between signal-locality
and empirical completeness (Chapter 8). For the results only hold in the limit
of arbitrarily many measurement bases. Then, strictly speaking, signal-local
empirical extensions do exist for any fixed finite set of measurements.

7.6 Non-Equilibrium and Probabilistic Bohmian Advantage

The previous analysis shows that for both the maximally and non-maximally
entangled states, every single initial configuration of both particles leads to
final configurations, i.e. the measurement results, that depend on both the
primary and secondary settings. Thus, for all entangled pure states, every
single particle trajectory is, in fact, non-local. Furthermore, for all outcomes
of the secondary observer, there exists no subset of initial configurations which
isn’t affected by the remote setting of the primary observer. In other words,
for every Bohmian initial configuration, one can find a pair of measurement
settings such that their respective outcomes differ. Therefore, no Bohmian
predictive advantage exists, which is signal-local and deterministic for any
choice of settings.

However, the result does not suggest that there can’t exist a signal-local
probabilistic Bohmian predictive advantage. It doesn’t rule out that there
could be subsets of Bohmian initial distributions out of equilibrium, which
are still invariant under variation of the primary setting. Individual trajecto-
ries may be non-locally affected by a change of measurement basis, but there
might be a signal-local probability distribution that is invariant under non-
local distant measurements. Hence, if one does a partial coarse-graining the
non-locality disappears.

Let’s dwell a little more on this idea. Recall the definition of an empirical
extension for bi-partite systems, i.e. the decomposition of predictions

p(x, y|a, b, ρ) =

∫
p(x, y|a, b, z)µ(z)dz. (7.6.1)

If z = (q1, q2) the Bohmian initial configurations, then each corresponding
prediction p(x, y|a, b, z) ∈ {0, 1} is deterministic and non-local, i.e. also signal-
non-local.

But suppose that the outcome variable z of the magic prediction box indi-
cates some probability preparation ρ(q1, q2) on the configuration space of the
initial Bohmian configurations (i.e. on the square in Figure 7.2). Since the
Bohmian dynamics are deterministic, this gives a unique outcome distribution
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p(x, y|a, b, z), which is the prediction for z. Note that ρ(q1, q2) doesn’t per se
signify a Bohmian non-equilibrium preparation. By construction, it says that
whenever some z obtains, the magic prediction box indicates that the current
pair of particles can be thought of as belonging to the preparation ρ(q1, q2).
Nevertheless, although when averaging over z, the Born probabilities are re-
covered, for each z, the distribution ρ(q1, q2) can also be seen as Bohmian
non-equilibrium preparation.

The empirical extension is designed to recover the quantum probabilities on
average as stipulated in the equation above. The initial configurations of the
pairs of particles are in Bohmian equilibrium. Nevertheless, predictive advan-
tage only exists when the QDP (cf. Definition 7) is violated. Thus, Bohmian
non-equilibrium has to come in somewhere. But as discussed to violate QDP
means the correlations between the magic prediction box and target system
are non-quantum, i.e. cannot be described by standard quantum probabilities
and assignment of a pure state. As a result, Bohmian non-equilibrium only
shows up in the total distribution of the system plus the magic prediction box.

Let the four different regions in Figure 7.2 leading to the four possible
outcomes (x, y) ∈ {0, 1}2 be labelled with Qxy. As can be read from the
figure, the outcome probabilities can be written as (note, as before, due to
symmetry, one measurement setting is set to 0)

p(x, y|a, b, z) = p(x, y|θ, z) =

∫
Qxy(ϑ)

ρz(q1, q2)dq1dq2, (7.6.2)

with the marginal probabilities for the secondary observer

p(y|ϑ, z) =
∑
x

p(x, y|ϑ, z) =
∑
x

∫
Qxy(ϑ)

ρz(q1, q2)dq1dq2. (7.6.3)

The question now is whether a signal-local (i.e. p(y|ϑ, z) = p(y|z)) ρ(q1, q2)
exists that is non-trivial (i.e. ρz(q1, q2) 6= const.). If yes, signal-local Bohmian
predictive advantage is possible.

There is a trivial instance doing the job: the quantum equilibrium dis-
tribution (as it satisfies signal-locality). Indeed, in equilibrium ρ(q1, q2) = 1
and

p(y|ϑ, z) =
∑
x

∫
Qxy(ϑ)

dq1dq2 =
∑
x

|Qxy(ϑ)|= 1

2
(sin2 ϑ

2
+cos2 ϑ

2
) =

1

2
(7.6.4)

since the four regions are disjoint, for all settings ϑ.
So the question here is whether the flat quantum equilibrium distribution

is the only one. Valentini’s proof that ‘non-equilibrium distributions are suffi-
cient and necessary to imply instantaneous signalling’ shows precisely this and
generalises it to deterministic hidden variable theories Valentini (1991, 2002).
It is proven that whenever an entangled Bohmian bi-partite system is out of
quantum equilibrium, the setup can be used to send superluminally signals.

However, his proof is not as general as one would hope. A closer look at
his analysis reveals that in the proof, only singlet states are considered, i.e.
maximally entangled states. It is thus still to be found whether the proof goes
through for arbitrarily entangled bi-partite states. A signal-local empirical
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extension for non-maximally entangled states would thus not be in tension
with Valentini’s claims. This would be compatible with the observation that
for non-maximally entangled states, signal-local non-equilibrium and, thus,
predictive advantage is possible.

As mentioned, deterministic signal-local empirical extensions exist for non-
maximally entangled states (cf. Chapter 8 for details). But it leaves open
the question of whether there exists a non-trivial Bohmian non-equilibrium
distribution that is signal-local.

7.7 Internal Bohmian Predictions

Here I will apply the considerations of Section 6.5 on internal predictions to
pilot wave theory. That is, I explicate how the Bohmian framework addresses
the ambiguities in quantum prediction making.

As described, in the Bohmian account, the quantum decorrelation result
is valid under the assumptions of equilibrium distributions, the coincidence
of manifest configurations and non-manifest configurations, and a probability
preserving dynamics, i.e. guiding equation (see Equation 7.2.1). But crucially,
it was also assumed that an effective wave function exists, which turns out to
be identical to the standard quantum wave function. That is, the manifest
record in the environment signifies the preparation of a quantum state for a
separate target system. When an effective Bohmian wave function exists, the
predictions are identical to the standard quantum account. But in the case
of internal predictions, a scenario was devised in which the manifest record
denotes a quantum state and is also a degree of freedom to which this state
is assigned. It may then happen that some configuration encodes information
about both the wave function and the initial Bohmian configuration. Thus,
leading to predictive advantage. The non-existence of an effective wave func-
tion does present a case where the quantum decorrelation principle is violated.

However, from the previous considerations in Section 7.3 it became clear
that the theory satisfies the quantum decorrelation principle in quantum equi-
librium. A Bohmian universe starting in quantum equilibrium stays in equi-
librium due to its preservation under time evolution and continuity of quan-
tum probabilities along Bohmian trajectories. This immediately ensures that
for Bohmian observers assigning an effective wave function to a subsystem,
the outcomes are distributed according to the Born rule. Thus, whatever
the manipulations and details of an internal observer could be, the quantum
decorrelation principle will prevent the creation of Bohmian non-equilibrium
with respect to the environments relative to which an effective wave function
exists. Superficially, this means that if they exist, internal predictions cannot
be represented manifestly in the environment; otherwise, the quantum decor-
relation principle would be violated. Therefore, either an internal observer
isn’t able to achieve this dynamically, or if internal predictive advantage is
indeed possible, to separate the relevant sub-ensembles to produce a genuine
empirical extension or a combination of both. It would be interesting to work
out the details of how an internal observer fails to achieve this in a Bohmian
universe. I do not succeed in this in the current section, but I shall make some
preliminary remarks.

Recall the setup of Section 6.5 on ambiguities in quantum prediction mak-
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ing. The friend measures a target system prepared in 1√
2
(|ψA〉 + |ψB〉). An

outcome is obtained represented by the manifest configurations A or B. Based
on the initial state and this configuration, an ‘internal’ prediction is made on
Wigner’s outcomes who performs a subsequent measurement in an arbitrary
(orthogonal) basis {|ΨW 〉 , |ΦW 〉}, where |ΨW 〉 = α |ψA〉⊗|φA〉+β |ψB〉⊗|φB〉.

The relevant question then was whether the friend’s record has any signifi-
cance for predicting the probabilities of Wigner’s outcomes. De Broglie-Bohm
theory must have a clear answer to this question since the Bohmian frame-
work is complete in that it tells an unambiguous story about how manifest
measurement outcomes relate to the variables of the non-manifest domain.

Applying the considerations mutatis mutandis to pilot wave theory, the
Bohmian commitments imply that the manifest configuration the friend has
access to signifies the existence of a (set of) Bohmian particles located in A
or B. Moreover, a configurational record must also be accessible to the friend
and Wigner representing the prepared state of the target system. In sum, after
the friend’s interaction with the target system, Wigner’s prediction is based
on applying the Born rule to the quantum state |Ψ〉, whereas the friend’s
prediction involves the quantum state plus some additional configuration qF
denoting the outcome on the target system, i.e. the total Bohmian state
(Ψ, qF ), where qF ∈ {A,B}.

After the interaction, the joint system is described by the maximally en-
tangled bi-partite state |Ψ〉 = 1√

2
(|ψA〉 ⊗ |φA〉 + |ψB〉 ⊗ |φB〉), and Wigner

measures in the bases defined before.

The compound system of friend and target system thus resembles the
Bohmian experiment of a spin-1

2 particle studied in Chapter 7. To model
the Wigner’s friend type experiment in pilot wave theory, it can therefore
be assumed that Wigner performs a Stern-Gerlach measurement of spin on
the friend, and that their outcomes play the same role as the Bohmian con-
figurations in Section 7.5.1. By defining α := sin θ

2 , β := cos θ2 the identical
situation as in the Bohmian treatment of spin is recovered. That is, Wigner’s
measurement is a POVM with elements Ex = 1

2(1 + (−1)xn̂~σ), and outcome
probabilities p(x) = 〈ψ|Ex |ψ〉 = 1

2(1 + (−1)x sinϑ), with Wigner’s outcomes
x ∈ {A′, B′}. Since Wigner has information about the quantum state, only
these probabilities are his best prediction. However, since the friend has access
to the Bohmian configuration too, he can make a deterministic prediction: A
fraction of 1

2(1 + sinϑ) initial Bohmian configurations yield outcome A′, and
a fraction of 1

2(1− sinϑ) yields outcome B′.7

But as a result, if there were agreement on the validity of the guidance
equation, the friend, in fact, is in a position to make a deterministic predic-
tion about Wigner’s outcomes, whereas Wigner can only predict the standard
quantum probabilities for arbitrary measurements. Thus, at least so it seems,
having predictive advantage over standard quantum theory. The Bohmian
predictions moreover entail that the theory satisfies ‘intersubjectivity’ as in-
troduced in Section 6.5. If Wigner measures in the ‘record checking’ basis
(i.e. α = 1), then his outcomes coincide with the friend’s records. The friend
can, therefore, indeed predict Wigner’s result with certainty. Likewise, for

7Incidentally, this shows that the result of the friend’s device cannot be a single configu-
ration, for the deterministic outcome could otherwise not be encoded in the spatial degree
of freedom of the particle.
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arbitrary bases, the friend can also employ the Bohmian guidance equation
and work out the deterministic outcome of Wigner’s measurements. Since the
friend is an internal observer, the possibility for predictive advantage relative
to Wigner does not per se lead to inconsistencies.

The relevant question is, however, whether, based on his records, Wigner’s
friend can select out an ensemble of identical states into sub-ensembles for
predictive advantage according to the definition of an empirical extension (cf.
Definitions 4 and 6 as well as Figures 6.1 and 6.5). First, recall that in quan-
tum equilibrium, the Bohmian theory is signal-local on the manifest domain.
From the preceding considerations, it then must follow that some mechanism
in theory prevents the friend from signalling even when a deterministic pre-
diction about Wigner’s outcomes can be made. For otherwise, in bi-partite
experiments, the possibility of deterministic predictions was shown to violate
signal-locality for all initial Bohmian configurations. Moreover, since quan-
tum equilibrium is preserved under unitary evolution, it will also have to be
the case that the friend’s records cannot be employed to create quantum non-
equilibrium out of a Bohmian universe in equilibrium. This points in the
direction that the friend’s record may not be useful for constructing an em-
pirical extension. As alluded to before, for any external observer relative to
which an effective wave function exists, in particular, Wigner, the predictive
advantage of the friend, including his memory, can never be made manifest in
the environment and thus be communicated. When Wigner performs a mea-
surement on the friend, the friend’s records and thus memory will be erased.
For in equilibrium de Broglie-Bohm theory satisfies the quantum decorrelation
principle. Therefore, the friend’s alleged predictive advantage is only available
to him and can’t be used to construct a genuine empirical extension.8 The
details of how exactly the internal states are disturbed depending on Wigner’s
measurement choice I leave to future work.

7.8 Conclusion

I discussed the case of pilot wave theory regarding predictive advantage. I
expounded how — in equilibrium — the theory is merely a metaphysical ex-
tension of standard quantum mechanics. Thus, the Bohmian framework entails
that no manifest information can, in principle, be present in the environment
of a target system such that measurement uncertainty would be reduced with
respect to the quantum state. This is a consequence of the fact that the quan-
tum probabilities are recovered from 1) the existence of an effective Bohmian
wave function, 2) initial Bohmian configurations being in quantum equilib-
rium, 3) the probability preserving guidance equation, and 4) the coincidence
between manifest and non-manifest Bohmian configurations.

For predictive advantage to exist in a Bohmian universe, the quantum
decorrelation principle has to be violated. I showed how deterministic empiri-
cal extensions can be constructed by drawing on the details of Bohmian config-
urations out of equilibrium. Violation of the quantum decorrelation principle
in pilot wave theory can be achieved by considering non-equilibrium Bohmian

8Notice that this, in turn, also spoils any hopes to dispel the vast underdetermination of
the Bohmian trajectories. No empirical statistics could ever be gathered to single out one
version of the guidance equation over another.
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distributions, where the quantum probabilities are recovered for the target
system but not for the joint system of target and environment. I showed that
every single pair of Bohmian particles in a Stern-Gerlach experiment is non-
local and depends on the settings of both primary and secondary observers.
This holds for arbitrary bi-partite states, both maximally and non-maximally
entangled. Thus, no deterministic Bohmian predictive advantage can exist
without violation of signal-locality.

By looking at non-deterministic predictions through non-equilibrium prepa-
rations restricted only by the assumption of signal-locality, Valentini’s proofs
imply that no out-of-equilibrium predictive advantage is possible for maximally
entangled bi-partite spin-1

2 systems. However, signal-locality is generally not
sufficient to rule out predictive advantage, as the models mentioned show. The
predictive advantage is possible without violating signal-locality (see Elitzur
et al. 1992, Ghirardi and Romano 2013b) for at least some subsets of predic-
tions (see the explicit toy theory by Elitzur, Popescu, and Rohrlich in Section
8.5). I suspect that by coarse-graining the deterministic Bohmian empirical
extension discussed here, a similar conclusion can be reached for pilot wave the-
ory for non-maximally entangled states. That is, Bohmian (non-deterministic)
predictive advantage should in principle exist for this case. Regarding deter-
ministic predictive advantage for non-maximally entangled states, pilot wave
theory is special since the theory doesn’t allow local sets of Bohmian configu-
rations (which is what the models, as mentioned earlier, do establish).

I point out that Valentini’s claims thus have to be qualified that all non-
equilibrium Bohmian distributions give rise to signalling (Valentini 2002, Valen-
tini 1991). In his proof, it is tacitly assumed that the state is maximally
entangled. In line with Valentini’s idea, nevertheless, deterministic Bohmian
predictive advantage through non-equilibrium leads to signalling for arbitrary
entangled states as outlined above.

It would also be interesting to investigate predictive advantage through
violation of 3) and 4), when the guidance equation is modified or the relation-
ship between non-manifest Bohmian configurations and manifest observable
configurations is given up. In the latter case, it would mean that, at least
sometimes, the positions of Bohmian particles don’t coincide with the observ-
able manifest configurations. The former would require an alternative guiding
equation not conforming with the continuity equation and thus not preserv-
ing quantum probabilities. The latter, for example, could be conceived of as
becoming directly aware of Bohmian positions without using a measurement
such that the Bohmian positions are not constrained by the quantum decorre-
lation principle. In both cases, it seems difficult to argue in what regime the
relevant violation should occur, but further work is necessary.
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Chapter 8

Quantum Non-Locality and
Predictability

The idea to connect locality with quantum completeness dates back to Ein-
stein, Podolsky and Rosen, who argued for the incompleteness of quantum
theory based on the existence of entangled states and their non-local proper-
ties (Einstein et al., 1935b). If quantum measurement outcomes aren’t further
pre-determined by more than the probabilistic quantum prediction, they must
be non-local to recover the perfect correlations of entangled states. Supple-
menting the quantum description with so-called hidden variables could then
perhaps restore determinism, thus completing the theory to void what is often
called ‘action at a distance’. But by Bell’s theorem, any such completions
must be non-local too.

As shown in Chapter 7, the concrete case of pilot wave theory has proven
useful to assess the connection between the theory’s predictability and non-
locality. Pilot wave theory reproduces the quantum probabilities and its dy-
namics are explicitly non-local. On the other hand, arbitrary empirical exten-
sions — as introduced in 8.3.1, are defined by a set of probability distributions
without a dynamics. The additional variables z are not concretely defined nor
have dynamics. That is, it will be more difficult to make claims about the
degree of non-locality of empirical extensions and thus has to be implicit.
Therefore, a natural strategy to express the amount of non-locality thereof is
by resorting to Bell-type inequalities.

In this chapter, I shall examine some well-known attempts to generalise
the results of Chapter 7 on pilot wave theory: First, no signal-local empiri-
cal extension can be fully deterministic. That is, at least some measurement
outcomes must be indeterminate if signal-locality is satisfied. Secondly, no
signal-local empirical extension exists for the case of maximally entangled
states. This implies that quantum predictions are empirically complete for
this set of quantum states. Thirdly, the predictions for non-maximally entan-
gled states permit signal-local — even partly deterministic — decompositions.
However, by coupling the bi-partite system to another system, the results by
Colbeck and Renner establish empirical completeness for this case too under
the assumption of parameter independence. Finally, I will comment on the
fact that parameter independence is insufficient for a general proof of quan-
tum empirical completeness (including all types of systems such as single target
systems). Nevertheless, these theorems, in particular the one by Colbeck and
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Renner, may be reformulated to give a strong proof of empirical completeness
on the grounds of signal-locality.

8.1 Quantum Predictions for Bi-Partite Systems

I start with a characterisation of the space of density operator states for bi-
partite 2-dimensional Hilbert spaces over the complex numbers to study the
empirical completeness problem for this case. Physical systems that are de-
scribed by this space are, for instance, pairs of spin-1

2 particles or quantum
bits.1 Furthermore, I classify the space of all possible generalised measure-
ments, i.e. POVMs on that space. This will serve as the most generic and
simplest description available for studying bi-partite quantum systems, their
possible correlations and, in particular, empirical completeness. I will then
look at theories that preserve the quantum mechanical predictions for these
classes of systems but may invoke hypothetical variables leading to predic-
tive advantage as introduced in Chapter 6. I consider empirical extensions
of quantum theory and investigate their compatibility with familiar locality
assumptions such as signal-locality. Thus, the claims made in the case of non-
equilibrium pilot wave theory generalise to arbitrary empirical extensions.

Recall the three basic quantum postulates from Section 6.3 formulated on
the manifest domain. Applied to the pair of quantum systems, here they are:

• The physical state of the quantum system is represented by a density
operator ρ ∈ S(H⊗H) as the (mixed) state of the system, where S(H⊗
H) is a convex subset of the self-adjoint trace-class operators on H =
C2 ⊗ C2.

• To each physical feature Q is associated a POVM with self-adjoint op-
erators Ei (the observables). The index i is the manifest pointer con-
figuration and corresponds to the possible outcomes of the apparatus
for measurement of Q. The probability of finding outcome (i, j) in an
experiment for the pair of systems is obtained by the Born rule

p(i, j) := tr(Ei ⊗ Ejρ), (8.1.1)

since we consider two spatially separated non-interacting systems, i.e.
the total Hamiltonian is the sum of two commuting Hamiltonians for the
individual systems. Thus, all measurements will have the form Ei ⊗Ej .

Moreover, generic states ρ evolve in time according to the Schrödinger evo-
lution, or the more general Liouville-von Neumann equation for open systems.
The possible measurements are determined by the quantum interaction with
the measurement apparatus and need to satisfy the probability requirements
dictated by the Born rule:

0 ≤ Ei ≤ 1, and
∑
i

Ei = 1, (8.1.2)

by virtue of probability theory.

1Although more general proofs exist for the claims I will be making for arbitrary high
dimensions, I will be concerned only with the simpler case of a pair of 2-dimensional quantum
systems.
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Since the Hilbert space of the individual systems is C2, all operators on that
space can be represented by 2 × 2 matrices. Thus, the self-adjoint operators
are elements in span{σ0, σx, σy, σz}, where σ0 = 1 and σx, σy, σz the familiar
traceless Pauli matrices. Every POVM element can therefore be written as

Ei =
1

2
(αi01+αi · σ), (8.1.3)

where we defined αi = (αix, α
i
y, α

i
z) and σ = (σx, σy, σz). The factor 1

2 is
a useful convention. Each operator Ei is positive semi-definite if and only
if αi0 ≥ αiz and |αi0|2≥ |αi|2. By using the defining property 8.1.2, the real
constants are further restricted to

∑
i α

i
0 = 2 and 0 ≤ αi0 ≤ 2. If the POVM

is a projective measure, i.e. E2
i = Ei, then by comparing the constants in

this equation and using tr
(
E2
i

)
= tr(Ei), we get two possibilities: Either

αi0 = 2, |αi|2= 0, which corresponds to the trivial measurement with a single
operator E0 = 1. Or, αi0 = 1, |αi|2= 1. In this case the POVM has exactly two
elements as

∑
i tr(Ei) = 2. Analogously, one can study a representation of the

quantum states ρS on each subsystem with Hilbert space C2. Generic mixed
states are density operators, i.e. 2 × 2 positive self-adjoint matrix operators
that have trace 1. Thus, they are represented by the same operator space as
POVMs with the further requirement of the trace. That is,

ρS =
1

2
(1+ ni · σi), (8.1.4)

with n = (nx, ny, nz), |n|2≤ 1. The density operator is pure if its spectral
decomposition has only one eigenvalue, or, equivalently tr

(
ρ2
S

)
= 1, i.e. |n|2=

1. For the fully mixed state, one has n = 0.
More concretely, as in the Bohmian case, the states and measurements

I’m interested in for the present considerations are the following: The sys-
tem is described by bi-partite (pure) quantum states in their Schmidt basis
parametrised by some (real) parameter α, i.e.

|Ψ〉 = α
∣∣00′

〉
+
√

1− α2
∣∣11′

〉
, (8.1.5)

and corresponding density operator ρ = |Ψ〉 〈Ψ|. A subsystem’s state is then
recovered by the partial trace ρS = trS′(ρ). The measurements are POVMs
Ei ⊗ E′j on the bi-partite state, parametrised by the angles ϑ1, ϑ2.2 Again,
for simplicity, the basis states of the two sub-systems are assumed to coincide
such that both angles are rotations around the ŷ spin axis (cf. the analysis in
Chapter 7). Formally, this means we have Ei = 1

2(1 + (−1)iσn), where

σn := n̂~σ =

(
cosϑ sinϑ
sinϑ − cosϑ

)
, (8.1.6)

for the measurement axis n̂ = (sinϑ, 0, cosϑ).

8.2 Post-Quantum Theories and Predictability

I shall now investigate what happens if we only keep the empirical content of
quantum theory, i.e. the possible correlations, and drop its prediction-making
algorithm in terms of preparations and measurements of quantum states.

2Notice also that the joint POVM corresponds to local observables since the measurements
are non-entangled.
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For clarity, let’s denote the manifest outcomes of measurements on the
primary and secondary systems as x and y configurations and the possible
observables, i.e. interactions and settings, as a and b. The set of all quantum
correlations is then

p(x, y|a, b, ρ) = tr
(
Eax ⊗ Ebyρ

)
, (8.2.1)

with the POVMs and states as defined before.

If the outcomes were completely unrestricted, they would only need to
satisfy a probability requirement, i.e.∑

x,y

p(x, y|a, b) = 1, (8.2.2)

for all settings a, b. Such unrestricted distribution could, in principle, show all
sorts of unphysical dependencies on the settings a, b, such as signalling. When
imposing signal-locality the correlations further satisfy

p(x|a, b) = p(x|a), (8.2.3)

p(y|a, b) = p(y|b), (8.2.4)

where the marginals p(x|a, b) =
∑

y p(x, y|a, b) and p(y|a, b) =
∑

x p(x, y|a, b).
I neglect to index the state ρ when it is obvious which one is being used for
making predictions.

8.3 Empirical Extensions for Bi-Partite Systems

By the definitions of Chapter 6, an empirical extension for a bi-partite system
is then a theory T where the same system is described by some states repre-
sented by configurations z ∈M, and it holds that p(x, y|a, b, z) 6= p(x, y|a, b, ρ)
for some x, y, and it reproduces the quantum probabilities for the bi-partite
system, i.e.

p(x, y|a, b, ρ) =

∫
p(x, y|a, b, z)µ(z)dz, (8.3.1)

where µ(z) is some probability distribution over the target system states of
theory T . This can be seen as a decomposition of the quantum probabilities
indexed by the variable z, and the question is what their properties are. Based
on how the probabilities decompose, sub-ensembles could be created for any z
predictively inequivalent to the Born statistics. Note that T could be viewed
as a special so-called hidden variable theory. The additional variables z ∈ M
are manifest configurations and, therefore, not hidden. But they do (partly)
complete the quantum state in the sense of adding accessible properties that
improve the theory’s predictions. Strictly speaking, this also doesn’t make it
an ontological model as commonly understood since the ontic states are not a
priori assumed to be accessible. Moreover, I don’t assume that the z-variables
contain all the information about the physical state prepared as is standardly
supposed in ontological models (cf. Spekkens 2005). The manifest configura-
tions leading to predictive advantage may, in principle, reflect only very little
information about hypothetical physical states with predictive advantage. If
no empirical extension of this sort exists, the quantum description is called



8.3. NO FULLY DETERMINISTIC EXTENSIONS 141

empirically complete. Conversely, if an empirical extension exists, we say that
theory T has a predictive advantage over quantum theory.

Alternatively, this can be thought of as a magic prediction box subject
to a description by this empirical extension such that it produces manifest
outcomes z conditioned on which the predictions differ from the quantum
probabilities. In other words, the distribution p(x, y|a, b, z) introduces a de-
composition of the quantum probabilities p(x, y|a, b, ρ). For any z, a new
prediction is obtained that differs from the quantum probabilities for at least
one value of z. By Definition 6 in Chapter 6 this means that conditioning on
z realises a selection of sub-ensembles of states for which the corresponding
outcome averages 〈Q〉T are distinct from the quantum averages tr(EQρ) for at
least some measurement EQ := Eax ⊗ Eby.

In order to avoid signalling the predicted probabilities of theory T have to
satisfy

p(x|a, b, z) = p(x|a, z) (8.3.2)

p(y|a, b, z) = p(y|b, z),

Note that these requirements do not express the standard notion of parameter
independence. The variables z are directly observable manifest configurations
and can therefore be used to select and prepare ensembles displaying non-
quantum behaviour. In this sense, the difference between locality in terms of
parameter independence and signal-locality is the status of the variables or
states employed for prediction making. Here I am concerned with variables
in the manifest domain. Thus, Equation 8.3.2 effectively is a signal-locality
assumption. But whenever no assumption is made about the status of the
relevant variables, it may express parameter independence. In Chapter 7 my
analysis of Bohmian predictions shows that the theory implies no predictive
advantage while being parameter dependent. As a result, in such a case, this
means the variables featured in the hypothetical prediction-making algorithm
were shown to be inaccessible. The significance of distinguishing signal-locality
and parameter independence will appear again when assessing the relevance
of the theorem by Colbeck and Renner for a general proof of empirical com-
pleteness.

In the next sections, I examine the potential predictive advantage of theory
T when subject to signal-locality. We find that, generally, predictive advantage
exists for non-maximally entangled states, whereas it doesn’t for maximally
entangled states.

8.4 No Fully Deterministic Signal-Local Empirical Extensions

Most of the early ideas on completeness of quantum theory were concerned
with the possibility of complete pre-determination and deterministic predictabil-
ity of quantum phenomena. But more generally, an empirical extension may
be probabilistic and still entail predictive advantage over standard quantum
predictions.

The case of deterministic predictive advantage in pilot wave theory allows
for a simple generalisation. Let p(x, y|a, b, z) again be the predictions of an
empirical extension. A deterministic prediction entails that the outcomes x, y
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are functions of the settings a, b and extension variable z. That is, (x, y) =
(f(a, b, z), g(a, b, z)), and so

p(x, y|a, b, z) = δ(x,y),((f(a,b,z),g(a,b,z))) (8.4.1)

= δ(x),f(a,b,z)δ(y),g(a,b,z)

= p(x|a, b, z)p(y|a, b, z).

But when on top of that, the probabilities are to satisfy signal-locality, then

p(x, y|a, b, z) = p(x|a, b, z)p(y|a, b, z) = p(x|a, z)p(y|b, z). (8.4.2)

Thus, the predictions describe uncorrelated and signal-local correlations that
neither depend on the outcomes of the other site nor its settings. But such
cannot reproduce all quantum correlations due to Bell’s theorem. Therefore,
p(x, y|a, b, z) cannot be (fully) deterministic (cf. also Popescu and Rohrlich
1994, Masanes et al. 2006, and Cavalcanti and Wiseman 2012).3

Thus, we conclude that any empirical extension of quantum mechanics
necessarily makes indeterministic predictions for at least some settings and
outcomes. This is true in any world where correlations violate Bell inequal-
ities, and signalling is assumed impossible. Since both maximally and non-
maximally entangled states violate a Bell inequality, no empirical extension
can be fully deterministic. It is still possible that theories with deterministic
predictive advantage exist for at least some measurement outcomes. For in-
stance, the model by Elitzur et al. can introduce an empirical extension for
which the outcomes of the local ensemble can be predicted deterministically
(Elitzur et al., 1992).

The natural question arises what the minimally non-local partly determin-
istic extensions could be, and so it would be the aim to find a lower bound.
In the following sections, I show that for the maximally entangled state, it’s
zero for all empirical extensions whereas, for non-maximally entangled states,
it isn’t.

Then the question remains if the unavoidable empirical randomness is
quantum, i.e. reproducing the standard quantum predictions. The next sec-
tions show that non-trivial indeterministic empirical extensions exist in certain
cases. Hence, other physical principles are required to explain why quantum
theory would be empirically complete.

8.5 Partly Deterministic Signal-Local Empirical Extensions

The mere existence of some non-locality in quantum correlations shows the
impossibility of signal-local empirical extensions that are fully deterministic.
In other words, no empirical extension exists for which all outcomes are pre-
dicted with certainty. A natural next step is to study whether there perhaps
exist partly deterministic signal-local extensions. That is, most predictions are
probabilistic whilst some are deterministic.

3As is well-known, in the context of Bell non-locality, since deterministic hidden variable
theories cannot violate outcome independence they cannot reproduce all quantum predictions
if they are also assumed to be parameter independent.
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To achieve this, the quantum predictions are split into signal-local deter-
ministic and non-local parts. Formally, a sufficient condition for a signal-local
(partly) deterministic predictive advantage to exist is, if the quantum corre-
lation 8.3.1 can be written as a decomposition of the following form

p(x, y|a, b, ρ) = p · pL(x, y|a, b) + (1− p) · pNL(x, y|a, b), (8.5.1)

where pL(x, y|a, b) the signal-local deterministic correlation, and pNL(x, y|a, b)
the non-local indeterministic correlation. The idea to study local parts of
quantum correlations and rewrite them this way was first proposed by Elitzur
et al. (1992). The decomposition can be represented as an empirical extension
as follows

p(x, y|a, b, ρ) =

∫
p(x, y|a, b, z)µ(z)dz (8.5.2)

= p

∫
pL(x, y|a, b, z)µL(z)dz

+ (1− p)
∫
pNL(x, y|a, b, z)µNL(z)dz,

That is, the manifest variables of the magic prediction box are prepared with
probability p · µL(z)dz for the signal-local deterministic predictions and with
probability (1 − p) · µNL(z)dz for all other signal-local but indeterministic
predictions. Notice that µL(z), µNL(z) are disjoint. If p is non-vanishing and
such a model can be shown to exist, then signal-local deterministic predictive
advantage is conceivable.

By Equations 8.4.1 and 8.4.2 every probability distribution in the first term
is equivalent to

pL(x, y|a, b, z) = pL(x|a, z)pL(y|b, z). (8.5.3)

Since the second term is signal-local but non-local on the manifest level, the
probabilities don’t factorise for either manifest or non-manifest variables.

What can be inferred about the existence of the deterministic signal-local
part? To study the properties of the decomposition, let’s introduce a gener-
alised Bell inequality for arbitrary numbers of measurements. In order to do
this let x, y ∈ {0, 1} be the possible manifest outcomes of N different mea-
surements with primary settings a := ϑk, k = 1, ..., N and secondary settings
b := ϑl, l = 1, ..., N and consider the measure

IN :=〈|xϑ1 − yϑ1 |〉+ 〈|yϑ1 − xϑ2 |〉+ 〈|xϑ2 − yϑ2 |〉 (8.5.4)

+ ...+ 〈|xϑN − yϑN |〉+ 〈|yϑN − xϑ1 − 1|〉,

where the expectation value is defined as 〈A〉 :=
∑1

i=0 ip(A = i) = p(A = 1).

By defining xϑN+1
:= xϑ1 + 1 (mod 2) it can be written as IN =

N∑
n=1

(〈|xϑn −
yϑn |〉+〈|yϑn−xϑn+1 |〉). Up to minor details this expression corresponds to the
so-called chained Bell inequalities first introduced by (Braunstein and Caves,
1990). See in particular the generalisation to arbitrary dimensions in (Barrett
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et al., 2006) who I closely follow in the subsequent presentation. This is the
generalised Bell inequality.4

For the signal-local deterministic term, one has IN (L) ≥ 1. To see this,
observe that

|xϑ1 − yϑ1 |+|yϑ1 − xϑ2 |+|xϑ2 − yϑ2 |+...+ |xϑN − yϑN |+|yϑN − xϑ1 − 1|≥
(8.5.5)

|xϑ1 − yϑ1 + yϑ1 − xϑ2 + xϑ2 − yϑ2 + ...+ xϑN − yϑN + yϑN − xϑ1 − 1|= 1.

Moreover, each term in IN is positive and, therefore, IN (NL) ≥ 0. In turn,
this can be used to bound the quantity p, i.e. since the Bell measure is a sum
of probability, we can write IN (QM) = pIN (L)+(1−p)IN (NL). From which,
it follows that

p ≤ IN (QM). (8.5.6)

(cf. also Barrett et al. for arbitrary dimensions).

I now compute the value of IN for arbitrary states and will show that it
vanishes for a special set of measurement settings in the case of maximally-
entangled states. For the expectation values in the sum, only those quantities
are relevant for which |xϑk − yϑl |= 1. Since all outcomes can be 0 or 1,
this is satisfied whenever the outcomes are unequal. There are two cases for
which this is the case, and the corresponding measurements are Eϑk1 ⊗Eϑl0 and

Eϑk0 ⊗ Eϑl1 . Each term (except the last) in the sum is therefore given by

〈|xϑk−yϑl |〉 = p(|xϑk−yϑl |= 1) = tr
(
Eϑk1 ⊗ Eϑl0 ρ

)
+tr

(
Eϑk0 ⊗ Eϑl1 ρ

)
. (8.5.7)

This holds for all terms but the last, where the argument is 1 if and only if
both outcomes are equal. For the latter case, the relevant probability is thus

〈|xϑk − yϑl − 1|〉 = p(|xϑk − yϑl − 1|= 1) = tr
(
Eϑk0 ⊗ Eϑl0 ρ

)
+ tr

(
Eϑk1 ⊗ Eϑl1 ρ

)
.

(8.5.8)
A simple calculation for when ρ is maximally entangled (i.e. α = 1√

2
) yields

that all these terms are equal to sin2(ϑk2 −
ϑl
2 ), and the last term is equal to

cos2(ϑk2 −
ϑl
2 ).5

We can now choose a set of measurement angles for which the internal [0, π]
is divided into N equally spaced settings for both the primary and secondary
measurement. That is, define, for example, the primary setting as

ϑk :=
π

N
(k − 1), k = 1, ..., N, (8.5.9)

and the secondary setting as

ϑl :=
π

N
(l − 1

2
), l = 1, ..., N. (8.5.10)

4For N = 2 it coincides with the familiar CHSH inequality.
5This can also be read off directly from the quantum state (7.5.18) by squaring and

summing the relevant amplitudes.
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With these definitions each term in IN is identical and reads sin2 π
4N . Hence,

there are 2N equal terms in the sum and

IN = 2N sin2 π

4N
. (8.5.11)

Clearly, this implies that in the limit of infinite measurement settings

lim
N→∞

IN = 0, (8.5.12)

(cf. Barrett et al. 2006). It immediately follows that p = 0 in the decom-
position of quantum probabilities. Thus, no (partly) deterministic empirical
extension can exist.6 This is in line with the analysis in the previous chapter
and Elitzur, Popescu, and Rohrlich’s observation that every pair of particles
in a maximally entangled state is, in fact, non-local.

Note the relevance of an infinite number of settings again. In the finite
case, signal-local empirical extensions exist for maximally entangled states
since IN doesn’t vanish. For instance, in the familiar Bell experiment where
N = 2, the correlations can be reproduced by a convex combination of PR-
boxes (see Popescu and Rohrlich 1994 and Barrett and Pironio 2005). Another
model that simulates maximal quantum entanglement as convex combinations
of local correlations and non-local correlations was proposed in Cerf et al. 2005.

For arbitrary entangled states, we arrive at a different conclusion, however.
For each term except the last the analogous computation gives sin2(ϑk2 −

ϑl
2 )−

(α
√

1− α2 − 1
2) sinϑk sinϑl, and the last term cos2(ϑ1

2 −
ϑN
2 ) + (α

√
1− α2 −

1
2) sinϑ1 sinϑN . To compute IN define for convenience the primary and sec-
ondary measurement angle as ϑn, ϑ

′
n, and ϑN+1 := ϑ1− π. Summing up gives

the generalised Bell measure for non-maximally entangled states, i.e.

IN =
N∑
n=1

(〈|xϑn − yϑn |〉+ 〈|yϑn − xϑn+1 |〉) (8.5.13)

=
N∑
n=1

[
sin2(

ϑn
2
− ϑ′n

2
) + sin2(

ϑ′n
2
− ϑn+1

2
)

]
(8.5.14)

− (α
√

1− α2 − 1

2
)
N∑
n=1

[
sinϑn sinϑ′n + sinϑ′n sinϑn+1

]
which reduces to the maximally entangled case, i.e. for α = 1√

2
. The first

sum equals the generalised Bell measure for maximally entangled states and
vanishes in the limit of arbitrarily many settings chosen as before. As op-
posed to maximally entangled states, it is not clear here, however, what set of
measurements minimises the expression. Thus, to find the most partly deter-
ministic predictive advantage (and hence the maximum value for p), it would
be necessary to find

6Strictly speaking, it only means that if p vanishes, every individual preparation of the
entangled systems is non-local. But it doesn’t show that there can’t exist a non-local prepara-
tion for which some predictions are deterministic for a proper subset of measurement settings
(cf. Cabello 2001 for a model like that). However, the result from Barrett et al. presented
in the next section also rules out this possibility.
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p ≤ min
N,ϑ1,...,ϑN ,ϑ

′
1,...,ϑN

IN , (8.5.15)

where the minimisation happens over all possible sets of 2N measurement
angles ϑn, ϑ

′
n and N ∈ N.7

It is rather difficult to compute the bound for p, but generally, it is non-
zero. Hence, partly deterministic empirical extensions for non-maximally en-
tangled spin-1

2 pairs could, in principle, be possible. Indeed, to show that a
concretely worked out empirical extension exists, I shall mention the model
by Elitzur et al. (1992). They construct a model that works for α ≥

√
1− α2,

and applied in the context used here, it can be expressed as follows.

p(x|ϑ, z) =


1− x; 0 ≤ ϑ < π

2
1
2 ; ϑ = π

2

x; π
2 < ϑ ≤ π,

(8.5.16)

where ϑ is the relative angle of the measurement axis as defined before, and
the outcome x = 0, 1. In this case the p = 1

2(1
2 − α

√
1− α2).8 The same

definitions apply to the outcome y and secondary setting ϑ′. This is an (al-
most fully) deterministic model which is signal-local, i.e. pL(x, y|ϑ, ϑ′, z) =
p(x|ϑ, z)p(y|ϑ′, z) ∈ {0, 1} for all settings ϑ but one.

To conclude, signal-local (partly) deterministic empirical extensions of the
form introduced here do, indeed, exist for non-maximally entangled bi-partite
states. In this approach, signal-locality alone isn’t a sufficient assumption to
arrive at the empirical completeness of quantum probabilities.

8.6 Signal-Local Empirical Extensions

The use of generalised Bell inequalities led to the result that deterministic
predictive advantage is bound by locality for generic quantum states. In other
words, the more entangled a bi-partite quantum system is, the less determinis-
tic predictive advantage is possible. In the case of maximally entangled states,
there exists none. In the previous section, the decomposition of quantum cor-
relations into signal-local deterministic and non-local components was shown
to be non-trivial in the case of non-maximally entangled states. This allows
partly deterministic predictive advantage. Moreover, a concrete model can be
provided for such empirical extensions.

The questions we are left with are 1) Can signal-local indeterministic em-
pirical extensions as well be ruled out in general for maximally entangled
systems, and 2) Does there exist an alternative approach towards empirical
completeness based on signal-locality for non-maximally entangled systems?

Indeed, the answer to both questions seems to be yes. First, a theorem
by Barrett et al. establishes that any signal-local decomposition of quantum
probabilities is trivial for maximally entangled states, i.e. all predictions have
to coincide with the Born probabilities. This, in fact, shows that no predictive

7For the set of measurements picked to minimise the Bell inequality for the maximally
entangled state a calculation shows IN = 2N sin2 π

4N
+N cos π

2N
, which in fact diverges for

N →∞.
8The small detail that the predictions aren’t deterministic for the single angle ϑ = π

2

shouldn’t bother us too much.
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advantage (of any kind) can exist for such systems. Secondly, the results by
Colbeck and Renner on the impossibility of ‘extensions with improved predic-
tive power’ for non-maximally entangled states utilising stronger assumptions
can be re-interpreted as a proof for empirical completeness from signal-locality
alone. I shall turn to the former in this section and the latter in the next.

8.6.1 Empirical Completeness for Maximally Entangled Systems

Barrett et al.’s crucial idea is to employ the locality measure IN to bound in-
dividual outcome probabilities of signal-local correlations. They show that for
every decomposition of quantum probabilities, all outcomes are undetermined
and equally likely.

With the standard definitions, it works like so. Let p(x, y|a, b, z) be the pre-
dictions of a hypothetical empirical extension, i.e.

∫
p(x, y|a, b, z)µ(z). Since

we require them to be signal-local, the marginals p(x|a, z) = p(x|a, b, z) =∑
y p(x, y|a, b, z), ∀b and p(y|b, z) = p(y|a, b, z) =

∑
x p(x, y|a, b, z),∀a are well

defined for all outcomes x, y, settings a, b, and preparations z. The aim is to
prove that |p(x|a, z)−p(1−x|a, z)|= 0, and likewise |p(y|b, z)−p(1−y|b, z)|= 0
for all measurement settings a, b. As a result, all outcomes are equiprobable.
Due to the probability requirement

∑
x p(x) =

∑
y p(y) = 1, they further must

equal p(x) = p(y) = 1
2 if all are to be identical, and thus coincide with the

corresponding quantum probabilities for maximally entangled states.
Recall that for the averages it holds that 〈|A|〉 = p(|A|= 1) = 1−p(|A|= 0).

Therefore, the generalised Bell measure reads

IN =
N∑
n=1

(〈|xϑn − yϑn |〉+ 〈|yϑn − xϑn+1 |〉) (8.6.1)

=
N∑
n=1

[
p(xϑn 6= yϑn) + p(yϑn 6= xϑn+1)

]
= 2N −

N∑
n=1

[
p(xϑn = yϑn) + p(yϑn = xϑn+1)

]
.

Since the marginal probabilities are sums of the joint probabilities p(x, y|a, b, z)
we have p(xϑk = yϑl) =

∑1
w=0 p(xϑk = w, yϑl = w) ≤ min(p(xϑk = q), p(yϑl =

q) + min(1−p(xϑk = q), 1−p(yϑl = q) for any choice of outcomes q = 0, 1. By
using absolute values to compute the minimum, i.e. min(x, y) = 1

2(x + y) −
1
2 |x− y|, this gives

p(xϑk = yϑl) ≤ 1− |p(xϑk = q)− p(yϑl = q)|. (8.6.2)

Substituting into the Bell measure and defining arbitrary values qn then gives

IN ≥
N∑
n=1

[
|p(xϑn = qn)− p(yϑn = qn) + |p(yϑn = qn)− p(xϑn+1 = qn)|

]
(8.6.3)

≥
N∑
n=1

|p(xϑn = qn)− p(xϑn+1 = qn)|,
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and by using the triangle inequality in the second step.

We are free to choose the values for qn. Defining q1 = ... = qk−1 = x and
qk = ... = qN = 1− x for some index k and once again employing the triangle
inequality yields

IN ≥ |p(xϑ1 = x)− p(xϑk = x) + p(xϑk = 1− x)− p(xϑN+1
= 1− x)|. (8.6.4)

By definition xϑN+1
:= xϑ1 + 1( mod 2) and so

IN ≥ |p(xϑk = x)− p(xϑk = 1− x)|= |p(x|a = ϑk, z)− p(1− x|a = ϑk, z)|
(8.6.5)

for any choice of setting ϑk. The signal-local empirical extension has to recover
the quantum probabilities on average, and the proof is concluded by

∫
|p(x|a = ϑk, z)− p(1− x|a = ϑk, z)|µ(z)dz (8.6.6)

≤
∫
INµ(z)dz = IN (QM)→ 0 as N →∞.

The derivation is symmetric in the outcomes and settings of the two par-
ties; hence, it equally holds for the probabilities for y = 0, 1. Thus, any pre-
diction is independent of the preparation z. The result implies the quantum
decorrelation principle for maximally entangled bi-partite systems and any
hypothetical magic prediction box, i.e. p(x, y|a, b, z) = p(x, y|a, b)p(z) for any
manifest variable z.9 In the context of pilot wave theory it moreover implies
Valentini’s theorem on singlet states ruling out the existence of signal-local
non-equilibrium Bohmian preparations (Valentini, 2002, 1991). Furthermore,
the upper bound for predictive advantage for arbitrarily entangled systems
quantifies the claim that in hidden variable theories, signal-locality implies
unpredictability (cf. Valentini (2002); Cavalcanti and Wiseman (2012)).

8.6.2 Empirical Completeness for Non-Maximally Entangled Sys-
tems

The discussion so far has led to the conclusion that quantum theory is empiri-
cally complete for maximally entangled bi-partite states. That is, no predictive
advantage can exist, and the quantum decorrelation principle must hold in any
empirical extension if it’s to be signal-local.

Now to the problem of empirical completeness of non-maximally entangled
states. There exists, in fact, a theorem that claims to have established exactly
this. The results by Colbeck and Renner purportedly show that ‘no extension
of quantum theory can have improved predictive power’. for arbitrary quantum
states and even individual systems (Colbeck and Renner, 2011). If the claim
holds up to scrutiny in the general framework presented, it would be a robust
result on the empirical completeness problem.

9For the result to go through it also needs to be assumed that the measurement settings
can be chosen independently of the variables for predictive advantage, i.e. what is often
dubbed settings independence; cf. also Section 8.6.2
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Of course, the crux of the matter lies in the details of the assumptions used.
The proof has been analysed and criticised, e.g. by Hermens (2020); Leifer
(2014); Leegwater (2016); Landsman (2015); Ghirardi and Romano (2013a).
The criticism is mainly about Colbeck and Renner’s assumptions implying
parameter independence and thus making it a much weaker claim; the status
of ‘free will’ and its relationship to the central premise; moreover, lacking the
foundation for addressing individual systems for which even stronger assump-
tions seem to be necessary. Importantly, Hermens and Landsman close some
technical gaps in the proof for non-maximally entangled states. Together with
those improvements, it makes Colbeck and Renner’s proof a valid and sound
derivation for predictive completeness of quantum probabilities in these cases.

The Colbeck-Renner theorem proceeds on two basic assumptions. In prose,

(FR) Measurement settings can be chosen freely: ‘[...] the input, A, of a mea-
surement process can be chosen such that it is uncorrelated with certain
other spacetime random variables, namely all those whose coordinates
lie outside the future lightcone of the coordinates of A.’

(QM) Measurement outcomes obey quantum statistics, and all processes within
quantum theory can be considered as unitary evolutions if one takes into
account the environment.10

The main result is then stated as the quantum probabilities being ‘the
most accurate prediction’ of measurement outcomes. That is, for any system
measured with setting a and outcomes x, no additional information exists im-
proving the quantum probability prediction p(x|a). At this point, Colbeck and
Renner mention that such additional information provided by a hypothetical
‘extension’ of the theory is accessible at any time, which in the present context
means it must be a manifest configuration.

The proof consists of three components. First, by invoking chained Bell
inequalities and (FR) they show that quantum predictions cannot be improved
for maximally-entangled states. This is essentially a reworking of Barrett et
al.’s proof — a version of which I gave above.11 The second step contains
the novel idea of appending an initially non-maximally entangled system to
another quantum system which is evolved unitarily to a maximally entan-
gled state to which the proof of the first part is applied.12 Thirdly, Colbeck

10They add that this needs only hold for ‘microscopic processes on short timescales.’
11In particular, Colbeck and Renner quantify the correlations of quantum outcomes by

the measure (adapting to the present definitions)

IN := p(x = y|a = ϑ0, b = ϑ2N−1) +
∑
|j−k|=1

p(x 6= y|a = ϑj , b = ϑk), (8.6.7)

where the measurement settings ϑj , ϑk, j ∈ {0, 2, ..., 2N − 2} , k ∈ {1, 3, ..., 2N − 1} are de-
fined similarly as before to give N equally distributed measurement angles for both sites.
This measure corresponds to the Bell inequality measure IN introduced in the preceding
analysis of Barrett et al.’s proof. In a similar fashion, they then show that this quantity
restricts the outcome probabilities of bi-partite systems. Notice again that as is the case for
Barrett et al.’s proof and standard Bell inequalities alike, the results by Colbeck-Renner also
require an assumption on settings independence.

12Incidentally, Ghirardi and Romano argue that Colbeck and Renner’s proof must be
flawed by constructing models for non-maximally entangled states which are empirically
inequivalent to standard quantum predictions (cf. also the previous section on this valid
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and Renner argue that every individual quantum system can be viewed as
part of a bi-partite entangled system, thereby concluding the proof for arbi-
trary quantum systems. Regarding individual quantum systems, an important
shortcoming of the proof was identified by Hermens. He highlights that further
strong assumptions are needed to arrive at the claim for individual systems.
Specifically, it has to be assumed that the process coupling of such a system
and unitarily evolving it to the entangled bi-partite case is non-disturbing on
the variables relevant for predictive advantage. But this seems to be generally
violated (see, for instance, Maroney, 2017).

I will focus solely on the aspects relevant to the proof on non-maximally
entangled states and argue that the result may be interpreted as an empir-
ical completeness proof for signal-local extensions. But first, a few general
comments.

Unfortunately, Colbeck and Renner do not address unambiguously in what
sense predictive advantage and ‘extensions’ of quantum theory are to be un-
derstood. That is, they don’t deal with the quantum decorrelation principle
or point out in what regime if any, quantum predictions have to be violated.
On the face of it, based on the two assumptions, their claim on empirical
completeness appears even paradoxical. Recall the quantum decorrelation
principle saying that a target system decouples from its environment when-
ever a pure state is assigned. If ‘no extension of quantum theory can have
improved predictive power’ while preserving the standard quantum predic-
tions, it is unclear what such an ‘extension’ is supposed to look like. After all,
any theory reproducing the quantum probabilities will also have to contain
the decorrelation property. Even worse, assumption (QM) explicitly refers to
the environment. But of course, if the environment contained hypothetical
configurations leading to predictive advantage, it cannot be part of a quan-
tum description (for otherwise, no pure state can be assigned to the target
system). As I described earlier, a genuine empirical extension necessarily in-
volves non-quantum variables for which the standard quantum predictions are
violated in some regimes. An empirical extension cannot be constructed with-
out breaking the QDP. Under the assumption that (QM) holds universally, the
Colbeck-Renner theorem, strictly speaking, could be a result of the variables
in the non-manifest domain only. That is, the improved determination of
measurement results on the level of some uncontrollable (i.e. in general non-
manifest) parameters. However, this is undoubtedly not what Colbeck and
Renner are getting at given their statements about the information provided
by possible extensions being accessible.

In the same vein, the theorem doesn’t distinguish between a metaphysi-
cal and empirical extension. This highly confuses the analysis, for it is hence
not entirely clear if the result pertains to manifest or non-manifest variables.
But the implications for the empirical completeness problem crucially hinge
on what the ‘prediction’ improving variables represent (cf. Chapter 6). Thus,
again it’s necessary to delineate the manifest from the non-manifest in the con-
text of this theorem to assess its relevance to predictive advantage. Contingent

possibility and the concrete model of Elitzur et al. (1992)). But these concerns, I would
argue, are unwarranted. For non-maximally entangled states, Colbeck and Renner invoke an
extra step by coupling the system to a further pair of systems and then show that it would
lead to signalling. Thus, the proof, in this case, is indirect, and they must therefore be aware
that non-maximally entangled states are special in that sense.
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on what the salient variables signify, different conclusions may be drawn. I
shall turn to this in the next section. I comment on the implications of treat-
ing the relevant extending variables z as being either ontic (non-manifest),
or manifest configurations. In light of the former option, the Colbeck-Renner
theorem reads as a statement on metaphysical completeness based on Bell’s
parameter independence. In contrast, I argue that on the latter account, it’s
a result on empirical completeness based on the weaker assumption of signal-
locality. This strengthens the theorem and contrasts the views commonly held
in the literature and by the authors themselves.

8.6.3 Signal-Locality, Parameter Independence, and ‘Free Choice’

Consider, as before, a bi-partite quantum system with outcomes x, y and set-
tings a, b, respectively, and a magic prediction box providing hypothetical
predictive advantage though manifest variables z. In Colbeck and Renner’s
approach, it is furthermore assumed that the box takes some settings c.

Formally, with these definitions, (FR) can be expressed as the assumption

p(a|b, y, c, z) = p(a). (8.6.8)

According to the authors, the measurement choice is thus independent of any
other influences and can, therefore, be considered a ‘free choice’. By symmetry,
the same is assumed for all choices of b and c, i.e. that p(b|a, x, c, z) = p(b)
and p(c|a, x, b, y) = p(c).

It is then shown that (FR) leads to what they call ‘non-signalling’ con-
straints. Again adopting the notation of this thesis, these are

p(x, y|a, b, c) = p(x, y|a, b), (8.6.9)

p(x, z|a, b, c) = p(x, z|a, c),
p(z, y|a, b, c) = p(z, y|c, b).

In conjunction, these three constraints imply the relevant locality condition
on which the proof rests. By straightforward manipulations of conditional
probabilities from the second and third conditions, we get

p(x|a, b, c, z) = p(x|a, c, z), (8.6.10)

p(y|a, b, c, z) = p(y|c, b, z).

This is daringly close to signal-locality as encountered above (when the
irrelevant setting c is ignored).13 So does this show that the Colbeck-Renner
theorem can be seen as deriving from signal-locality alone? Basically, yes, but
matters are slightly more complicated, and a little more needs to be said.

In the accounts of Hermens and Leifer, the theorem is restated in the
context of ontological models, providing an unambiguous underpinning of
the result. There the ‘free-choice’ assumption (FR) straightforwardly trans-
lates to parameter independence (and settings independence), as seen below.

13As it seems to me the reason for introducing the variable c, i.e. a setting for the magic
prediction box, is to achieve symmetry in the assumptions on the outcomes and settings of
all systems involved.
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This is implied by the fact that the relevant variables enter the story as the
full ontic (non-manifest) state z = λ of a preparation determining all out-
come probabilities of arbitrary measurements. This seems to be the view as
standardly conceived (see, for instance, Leifer (2014); Ghirardi and Romano
(2013a); Hermens (2020); Leegwater (2016); Landsman (2015)). Indeed, since
the non-manifest domain is essentially metaphysically unrestricted (determin-
istic metaphysical extensions are always possible), strong assumptions will be
necessary to prove the impossibility of metaphysical and — as a consequence
— empirical extensions. In this case, it is realised by assuming parameter
independence on the non-manifest domain. However, what is of interest in
the context of empirical completeness is deriving quantum probabilities from
signal-locality. Colbeck and Renner claim in their paper’s supplementary in-
formation that the ‘non-signalling’ constraints (8.6.9) imply parameter inde-
pendence as understood in Bell’s sense.

Moreover, they purport their assumptions to rule out de Broglie-Bohm
theory. But this can only be true if (FR) does imply parameter independence
which is violated by the Bohmian theory. It’s opaque to me why this should be
true given the fact that de Broglie-Bohm theory is signal-local and parameter
dependent (cf. Chapter 7 on the inaccessibility of Bohmian configurations).
As repeatedly highlighted in this thesis, signal-locality — a property of the
manifest domain — is compatible with pilot wave theories being non-local, i.e.
parameter dependent — a property of the non-manifest domain. In light of
their latter statement, the authors must refer to z as non-manifest variables,
i.e. the λ states of a hidden variables theory.

On the other hand, as indicated in how their assumptions and main claim
are stated, it seems fair to say that Colbeck and Renner are concerned with
accessible manifest configurations z conditioned on which quantum predictions
are hypothetically improved. In other words, all variables are supposed to only
refer to ‘directly observable objects’ which can be determined operationally
by clocks and rods. This, I would argue, entails that their assumption on
locality, or ‘free choice’, is a condition on the manifest domain and can thus, if
anything, amount to signal-locality, but certainly not parameter independence
as understood in the context of hidden variable theories.

It needs to be clarified which way Colbeck and Renner’s approach is to
be understood. The challenge, therefore, is to assess the relationship between
signal-locality and Colbeck and Renner’s ’free choice’ assumption (FR). If
signal-locality, as defined in the present context, suffices for the result, it
would establish a general proof of empirical completeness for arbitrary bi-
partite states.

If z are supposed to represent non-manifest variables λ, i.e. hidden vari-
ables supplementing the quantum state to determine the measurement out-
comes. Then, the familiar notion of Bell’s parameter independence is recov-
ered. That is,

p(x|a, λ) = p(x|a, b, λ) (8.6.11)

p(y|b, λ) = p(y|a, b, λ).

Furthermore, the standard notion of ‘settings independence’ is recovered
(in the literature, also often called ‘no conspiracy’, ‘free will’, or ‘measurement
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independence’):

p(a|b, λ) = p(a) (8.6.12)

p(b|a, λ) = p(b).

But claiming that de Broglie-Bohm theory violates the ‘free choice’ (FR)
assumption sits uncomfortably with the fact that in the theory, measurement
settings can, of course, be chosen freely. In equilibrium, the Bohmian con-
figurations λ are statistically independent of the measurement settings a, b.
Moreover, the theory is parameter dependent, i.e. violates Equations 8.6.11,
but satisfies signal-locality, i.e. satisfies the equations when λ is replaced by
z. It’s, therefore, not clear why Colbeck and Renner think pilot wave theory
should be incompatible with their assumptions.

Indeed, as I would argue, the extending variables need not be the complete
ontic states λ. Instead, they can be conceived of as manifest variables signi-
fying whatever is accessible of the ontic state whilst violating signal-locality.
Put differently, any z may indicate a signal-local preparation of the bi-partite
system, which doesn’t rule out that each of these preparations may further-
more be determined by additional ontic states λ. They can thus be understood
as a coarse-graining of some non-manifest initial states λ, which in turn can
be highly non-local.

It’s worth mentioning that such an approach is akin to Bohmian non-
equilibrium predictive advantage. That is, the system is prepared in a non-
equilibrium distribution of initial configurations, which can lead to signal-
local correlations in the case of maximally-entangled states. The variables z
of a magic prediction box may represent non-quantum preparations recover-
ing Born probabilities on average. The analogue of the course-graining in a
Bohmian world is signal-local non-equilibrium distributions over initial particle
configurations. A similar idea is captured in Ghirardi and Romano’s approach,
which resembles the idea that the z variables don’t necessarily refer to the full
ontic states (Ghirardi and Romano, 2013b). In the present terminology, they
essentially consider deterministic hidden variable theories whereby the ontic
states are split into two parts, i.e. λ = (µ, τ). The preparation of the quantum
state is then given by some distribution ρ(λ) = ρ(µ|τ)ρ(τ), and the quantum
averages are reproduced by assuming pQ(x, y) =

∫
p(x, y|λ)ρ(λ)dλ. Due to

quantum non-locality, the outcome correlations conditioned on the ontic state
λ will have to be parameter dependent. But on the intermediate level, aver-
aging may wash out the non-locality. That is,

∫
p(x, y|µ, τ)ρ(µ|τ)dµ would be

signal-local for all τ . They then show that such signal-local distributions only
exist for non-maximally entangled states. In this sense, the variables z in an
empirical extension could be seen as taking the role of τ in the intermediate
distributions, i.e. p(x, y|z) =

∫
p(x, y|µ, z)ρ(µ|z)dµ.

Ironically, this evades their own criticism of the Colbeck-Renner theorem.
First, the argument that (FR) amounts to parameter independence doesn’t
go through if the relevant variables in the proof are interpreted in their way.
Moreover, in the case of non-maximally entangled states, they concretely show
the existence of models predictively inequivalent to quantum probabilities and
use this to corroborate their criticism. However, the authors seem to be obliv-
ious that Colbeck and Renner’s proof for non-maximally entangled states is
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based on coupling the system to another pair of systems and doesn’t follow
directly. Therefore, their argument does not present a problem with the proof.

I believe the relevant variables need not denote ontic states in this way.
Put more bluntly, whatever the ontic, i.e. non-manifest, states of a quantum
system may be (and irrespective of whether this presents a deterministic or
indeterministic hidden variable theory), the variables z are simply representing
manifest configurations in the environment without any a priori bearing on
non-manifest states.

As indicated at the beginning of this section, signal-locality is a property
of the correlations on the manifest configurations and thus doesn’t constrain
the behaviour of any non-manifest variables, i.e.

p(x|a) = p(x|a, b) =
∑
y

p(x, y|a, b) (8.6.13)

p(y|b) = p(y|a, b) =
∑
x

p(x, y|a, b),

for all settings a, b, and outcomes x, y.
Moreover, since all preparations p(x, y|a, b, z) in an empirical extension

are conditioned on manifest configurations z, those as well satisfy the analo-
gous signal-locality relations (cf. Equations 8.3.2). Importantly, these signal-
locality constraints are not in conflict with the non-locality of the variables in
the non-manifest domain as I stated before. By definition, z are variables the
theory can bring about as configurations in the manifest domain and are not
in one-to-one correspondence with the variables of the non-manifest domain.
Notice again that metaphysical extensions need not be empirical extensions,
as, for example, was seen in the case of pilot wave theory. For there, the
theory constrains under what circumstances the non-manifest Bohmian con-
figurations manifest themselves as manifest outcomes of measurements.

Let’s summarise. If (FR) is supposed to imply parameter independence,
Colbeck and Renner’s claim about possible extensions is significantly weaker
than a general claim on empirical completeness by virtue of signal-locality
alone. One assumption is a condition imposed on the non-manifest domain,
and the other is imposed on the manifest domain. However, nothing prevents
us from seeing the variables for predictive advantage as being manifest con-
figurations (and perhaps also a coarse-graining over non-manifest variables).
The primary assumption on this reading amounts to signal-locality, which is
the only relevant condition on which the derivation relies. Thus, the Colbeck-
Renner theorem seems stronger than expected since parameter independence
is just signal-locality if the salient variables z are assumed to be manifest con-
figurations — at least regarding the empirical completeness of non-maximally
entangled systems.

8.6.4 Conclusion

In this chapter I studied empirical completeness for bi-partite systems. I first
observed that any hypothetical predictive advantage could not be fully deter-
ministic due to non-locality and Bell’s theorem. On the other hand, signal-
locality did not rule out partly deterministic empirical extensions for non-
maximally entangled systems. Then, I mentioned a concrete model with pre-
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dictive advantage for this case. Generalised Bell inequalities proved a strong
approach for studying predictive advantage for arbitrary numbers of measure-
ment settings. The results by Barrett et al. presented proof of empirical
completeness for maximally entangled states based on signal-locality.

Consequently, neither (partly) deterministic nor indeterministic empirical
extensions exist. The clarifications on what the prediction-improving variables
mean in the Colbeck-Renner theorem add an interesting twist to the theorem.
It may be considered more substantial than it seems, given that, in the rel-
evant sense, the basic assumption on which the proof rests amounts to the
weaker notion of signal-locality rather than parameter independence. This, in
turn, presents a generalisation of empirical completeness to non-maximally en-
tangled states based on the weaker assumption of signal-locality. No proof for
single systems is yet available, however. Thus combining the findings demon-
strates signal-locality as a physical principle that explains the irreducible prob-
abilism in quantum theories, at least for bi-partite systems.

8.7 Outlook

I shall conclude the study of the empirical completeness problem with some
comments and possible avenues for a general proof of the impossibility of
predictive advantage. I will lay out some pertinent ideas in a fairly staccato
fashion.

Single systems. Given the empirical completeness of bi-partite quantum
systems based on signal-locality, one major step towards a universal claim
requires proof for a single quantum system. The Colbeck-Renner theorem
seems too limited for such an account, but another approach seems more
promising. Since signal-locality can be applied only to the correlations of
two or more systems, single quantum systems aren’t affected by the results
mentioned. As Hermens aptly points out, a claim on the completeness of
single systems will require further assumptions on the nature of interactions
and how systems are compounded. This turns out problematic. Hermens
argues that the conditions necessary to prove Colbeck and Renner’s claim for
single systems may be unwarranted. The derivation relies on assumptions
about the non-invasiveness of the relevant variables when coupling a second
system to the target system. These seem generally violated (cf., for instance,
Maroney 2017). See also Leegwater 2016 which closes a number of gaps in the
proof of Colbeck and Renner.

One proposal that seems promising to me is moving from signal-locality
to non-contextuality. First, locality can be shown to be a special case of
non-contextuality, and second, non-contextuality applies to single systems.
In the same sense that contextuality proofs generalise non-locality theorems,
empirical completeness for bi-partite systems may be generalised to single
systems. Resorting to assumptions on contextuality could close the gap and
establish a general proof for arbitrary systems. The work of Chen and Montina
seems to present a viable attempt for the sort of thing empirical completeness
is after based on contextuality (Chen and Montina, 2011).

Temporal dynamics and predictability. Moreover, all considerations so far
only addressed probabilities and predictions at a single time. One idea could
be resorting to the dynamics of signal-local extensions to see whether this
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could restrict the possibility of predictive advantage over quantum theory.
There may be a dynamical explanation why — as a kind of equilibrium —
a universe which begins as one in which improved predictability is possible
will tend to one in which quantum theory is empirically complete. Another
approach could be to investigate the dynamical properties of empirical exten-
sions. Recalling the definition of empirical extensions, predictive advantage
should be preserved, i.e.

|ψ(x, t)|2= p(x|a, ρ(t)) =

∫
pt(x|a, z)µ(z)dz, (8.7.1)

for all t. By unitarily evolving the quantum state ρ(t), this may pose re-
strictions on how the empirical extension’s probabilities pt(x|a, z) evolve in
time.

In a Valentini-style for argument and resorting to a coarse-graining pro-
cess, the empirical extensions could perhaps be shown to approach the quan-
tum predictions. This holds, for example, in pilot wave theory where ini-
tial non-equilibrium distributions of Bohmian configurations tend to quantum
equilibrium over short time spans (Valentini and Westman, 2005). Moreover,
it seems plausible that a similar property could hold for empirical extensions
with arbitrary variables. Hence, during the evolution of empirical extensions,
statistical mixing over time could wash out predictive advantage such that
quantum probabilities are recovered in some equilibrium limit.

Measurement disturbance and predictive advantage. Along similar lines,
the dynamics of measurement interactions may also play a crucial role in
prediction-making. Perhaps the only way to incorporate measurements into
a hypothetical empirical extension in a way that is compatible with quantum
predictions may pose theoretical limits to what extent a system needs to be
disturbed undergoing interactions. Thus, the dynamics present a trade-off
between predictability and invasiveness of the relevant variables involved —
akin to quantum uncertainty principles. An instance of such could be found
in weak measurements. A different idea related to a dynamical explanation of
empirical completeness could invoke a postulate on the disturbance of mea-
surements. If it’s true that in some sense or the other, any measurement
interaction invariable affects relevant features of the system, then predictive
advantage may be limited by such a process.

Weak values and predictive advantage. The basic intuition behind weak
measurements is to gain information about a quantum system without signif-
icantly disturbing it (see Chapter 4). This can be done at the cost of gaining
very little information in every interaction, which is then averaged over many
runs of the experiment to obtain the weakly measured observable. May this
perhaps allow predictive advantage? After all, the remarkable claim is some-
times made that weak measurements could violate Heisenberg’s uncertainty
principles (see, for example, in Rozema et al. 2012). This immediately raises
the question of whether weak measurements or versions thereof can be em-
ployed for predictive advantage. In Chapter 4, I have shown that, at least in
the case of pilot wave theory, weak measurements cannot provide any means to
gain more information about a Bohmian system than what is already possible
with standard quantum measurements. I suspect that a similar claim holds
more generally, but further work is needed.



Conclusions

By providing a suitable framework, in this thesis, I studied two related topics
in the foundations of quantum theory. There I introduced the relevant con-
cepts, domains, and variables in a physical theory and for prediction making.
The first part was concerned with problems related to the question of what
quantum measurements signify. This question mostly appears in the form of
quantum ‘paradoxes’. I showed that a number of these puzzles resolve by de-
lineating the manifest variables of a theory from the non-manifest variables.
The discussion started with the allegedly paradoxical claims commonly made
on so-called ‘surreal’ observables and ‘surrealistic’ trajectories in pilot wave
theory, where detectors are purportedly fooled. This first example served as
an instructive case for inconsistent reasoning on what quantum outcomes are
supposed to signify. The central insight is that quantum measurement out-
comes a priori have no bearing on variables in the non-manifest domain.

I then discussed the ‘Delayed choice Quantum Erasure’ experiment by
drawing an analogy with Bell-type measurements and giving an account in
standard quantum theory. I show that there is no need to resort to claims
about any retrocausal action into the past by clarifying the role of the relevant
parts in the experiment involved and giving an account in de Broglie-Bohm
theory.

Next, I investigated weak measurements in the context of Bohmian tra-
jectories. I first showed that weak velocity measurements admit a straightfor-
ward standard quantum mechanical description. In the second step, it turns
out that reconstructing particle trajectories through weak values can provide
no empirical argument for Bohmian trajectories and the theory’s vastly un-
derdetermined guidance equation. The upshot of the analysis by which the
puzzle resolves is that one shouldn’t näıvely identify weak positions with ac-
tual Bohmian positions. As a result, presenting yet another instance of the
importance of carefully distinguishing the manifest from the non-manifest.

Moving on to measurements and disturbance, I began with an account
of classical physics. It turns out that measurements can be designed not
to disturb the system in any way, and thus predictions can be made with
arbitrary precision. Regarding quantum theory, I point out that the question
of what is or isn’t disturbed in a measurement again depends on what the
pertinent variables are deemed to represent. Trivially, since quantum states
are in the sense epistemic as they represent probability distributions via Born’s
rule, they must undergo a disturbance or ‘updating’ upon measurement. For
ontic states, i.e. non-manifest configurations, the story is more complicated,
but similar claims seem to hold. I commented on the potential relevance of
measurement disturbance for the empirical completeness problem.

157
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The other topic of the thesis was the empirical completeness problem of
quantum mechanics. That is, whether quantum probabilities are fundamental
or could be refined by future theories. In contrast to the questions on the
mere existence of ‘hidden variables’ and determinism — which here is cap-
tured by the notion of a metaphysical extension — the aim was to investigate
empirical extensions, i.e. theories with predictive advantage based on accessi-
ble information — the manifest configurations. I started with an account of
quantum predictions which led to the introduction of what I dubbed the ‘quan-
tum decorrelation principle’: Whenever a (pure) quantum state is assigned to
a target system, the outcomes of arbitrary measurements decouple from all
manifest configurations in its environment. Therefore, this principle will have
to be violated for an empirical extension to exist. Furthermore, I engaged with
ambiguities in quantum prediction making due to the measurement problem
and outlined possible approaches to close this gap.

The discussion on quantum empirical completeness started with carrying
out a case study on predictive advantage in pilot wave theory. I clarified under
what assumptions the Bohmian framework satisfies the quantum decorrelation
principle and concluded that it is merely a metaphysical extension of standard
quantum theory. I discussed the various options for when the quantum decor-
relation principle is violated. A careful reconstruction of the behaviour of
Bohmian particles in a Bell spin measurement reveals that every single pair of
particles is non-local both for maximally and non-maximally entangled states.
Deterministic predictive advantage, therefore, is impossible.

Moreover, although signal-local Bohmian non-equilibrium distributions can
be shown not to exist for maximally entangled states, they might for non-
maximally entangled states. There are deterministic hidden variable theories
for which such is constructed explicitly. It would be interesting to see whether
a straightforward way exists in the approach discussed to rule out a signal-local
non-equilibrium predictive advantage for maximally entangled states and ex-
plicitly construct a signal-local non-equilibrium predictive advantage for non-
maximally entangled states. It would also be interesting to apply the general
results on the impossibility of predictive advantage employing generalised Bell-
inequalities and to investigate what happens when Bohmian bi-partite states
are coupled to further systems which is a crucial step in the general proofs
of empirical completeness for bi-partite systems. Moreover, some implications
for empirical completeness for single systems may be drawn by looking into
the ongoings of coupling systems to single systems in de Broglie-Bohm theory.

I argued that empirical completeness is established for arbitrary bi-partite
quantum states. It was first demonstrated that empirical extensions could not
be fully deterministic because of Bell’s theorem. However, signal-locality does
not rule out partly deterministic empirical extensions for non-maximally en-
tangled systems. The latter case allows explicit constructions of models with
predictive advantage. By invoking generalised Bell inequalities for arbitrary
numbers of measurement settings, the results by Barrett et al. present a suit-
able proof of empirical completeness for maximally entangled states. That
is, neither (partly) deterministic nor indeterministic empirical extensions ex-
ist, conforming with signal-locality. The relevant part of Colbeck and Ren-
ner’s theorem was then reinterpreted as a generalisation to non-maximally
entangled states. This was done by investigating the status of the relevant
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assumptions on which the proof rests. Against the authors’ own beliefs, it was
shown to derive from the basic assumption of signal-locality — a constraint
on the manifest domain only. Thus the results demonstrate signal-locality as
a physical principle that explains the fundamental chanciness in present and
future quantum theories. In turn, this reconciles us to many quantum features
as aspects of limits on Nature’s predictability. However, no general proof is
currently available for arbitrary single systems. I outlined some ideas for fu-
ture work regarding a general proof of quantum empirical completeness. More
concretely, the quantum nature of measurement disturbance may intimately
be tied to limits on predictive advantage; there could be a dynamical expla-
nation for why possible empirical extensions — as a kind of equilibrium —
will tend to a universe in which improved predictability is impossible. Em-
pirical completeness for single systems may be established on the grounds of
non-contextuality — as a generalisation of locality.

In sum, the contemporary mainstream view that quantum predictions are
irreducibly probabilistic, thus, becomes a precise theorem. Consequently, not
only can quantum mechanical measurement outcomes not be predicted with
certainty, the signal-local predictions of any theory must be exactly the quan-
tum probabilities. It holds as a generic feature of physics, including post-
quantum theories. Insofar as we hold on to the — arguably irrevocable —
principle of relativistic locality, it seems fair to say that one more thing we
may add to the very few things we can be certain about: the certainty of
uncertainty.
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Appendix A

de Broglie-Bohm Theory

A.1 Postulates

de Broglie-Bohm theory is best conceived of as an example of what Popper
(1967) dubbed a ‘quantum theory without observer’ (cf. Goldstein 1998; Allori
et al. 2008, esp. Section 8): it aspires to provide an understanding of quantum
phenomena without fundamental recourse to non-objective (i.e. subjective or
epistemic) notions. In this vein, these are ‘[...] some words which, however le-
gitimate and necessary in application, have no place in a formulation with any
pretension to physical precision: system, apparatus, environment, microscopic,
macroscopic, [...], observable, information, measurement’ (Bell, 2004, p. 215).
Such endeavours grew out of the dissatisfaction with influential presentations
of QM, notably by von Neumann, Heisenberg and (common readings of) Bohr
(see, e.g. Jammer 1974; Scheibe 2006, Ch. VIII, IX; Cushing 1996).

In de Broglie-Bohm theory the quantum mechanical wave function guides
point particles along deterministic paths like a ‘pilot wave’. Assuming a par-
ticular initial distribution of the particles, one recovers the empirical content
of QM.

More precisely, for an N -particle system, de Broglie-Bohm theory can be
taken to consist of three postulates. (I closely follow Dürr and Teufel (2009),
to whom I refer for all details.)

(1) In its non-relativistic form, de Broglie-Bohm theory is a theory about
(massive, charged, etc.1) particles. At all times, they occupy definite
positions.

(2) The wave function Ψ:R3N × R → C satisfies the standard N -particle
Schrödinger Equation in the position representation:

ih̄
∂

∂t
Ψ(Q, t) = ĤΨ(Q, t) (A.1.1)

with the N -particle Hamiltonian Ĥ = −
N∑
i=1

h̄2

2mi
∆ + V (Q, t), where

∇i = ∂
∂Qi

, i = 1, ..., N acts on the i-th position variable Qi and

Q := (Q1, ...,QN ).

1For the present purposes, I will elide subtleties concerning the ascription of such intrinsic
properties (cf. Brown et al. 1995; Brown 1996; Brown et al. 1996). I will also set aside Esfeld’s
(2014; 2017) ‘Humeanism without properties’ (the ontology and ideology of which is limited
to primitively occupied spacetime points and the spatiotemporal relations).
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(3) The continuous evolution of the i-th particle’s position Qi(t):R → R3

in 3-dimensional Euclidean space is generated by the flow of the velocity
field2

vΨ
i :=

h̄

mi
=Ψ∗∇iΨ

Ψ∗Ψ
|(Q1(t),...,QN (t)). (A.1.2)

Note that Equation A.1.2 is also defined for spinor-valued functions Ψ,
e.g. accounting for spin. That is, the particle position Qi obeys the
so-called guidance equation

miQ̇i = vΨ
i . (A.1.3)

For all relevant types of potentials, unique solutions (up to sets of ini-
tial conditions of measure zero) have been shown to exist (Teufel and
Tumulka, 2005). Notice that vΨ

i depends on all particle positions si-
multaneously. This is the origin of de Broglie-Bohm theory’s manifest
action-at-a-distance in the form of an instantaneous non-locality (see,
e.g. Goldstein 2017, Section 13).

(4) The wave function induces a natural (and, under suitable assumptions,
unique, see Goldstein and Struyve (2007)) measure on configuration
space, the Born rule measure:

PΨ(d3NQ) := |Ψ(Q)|2d3NQ. (A.1.4)

It quantifies which (measurable) sets of particle configurations Q ⊆ R3N

count as large (‘typical’) — how common configurations of the type
represented by Q are amongst all possible configurations. That is:∫

Q
d3NQ|Ψ(Q)|2= 1− ε,

for some small ε (see Maudlin 2011; Dürr and Struyve 2019; Lazarovici
and Reichert 2015 for details; cf. Frigg 2009, 2011).3 This definition of
typicality respects a generalised sense of time independence. A universe
typical in this sense is said to be in quantum equilibrium (see Dürr et al.
1992 for further details). The continuity equation for |Ψ(Q)|2 obtained
from the Schrödinger Equation implies that a system is in quantum
equilibrium at all times, if and only if in equilibrium at some point in
time. This is called the Quantum Equilibrium Hypothesis (QEH).

Postulating QEH is not the only option to arrive at the Born rule distri-
butions. For instance, the approaches of Bohm (1953), Valentini et al. (1992),
and Valentini and Westman (2005) try to derive quantum equilibrium distribu-
tions from dynamical convergence to equilibrium. The ideas are approximately
analogues to the arguments of thermodynamic equilibrium in statistical me-
chanics. I will discuss the implications of non-equilibrium initial distributions
in Section 7.4.

2For motivations, see Passon 2004, Chapter 4.
3Typicality raises intriguing questions about whether an appeal to it is explanatory (and

if so, in which sense). For a recent account, see Wilhelm (2019).
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A.2 Effective Wave Functions

Consider now a de Broglie-Bohmian N -particle universe, satisfying these four
axioms. An M -particle subsystem is said to possess an ‘effective’ wave function
ψ, if the universal wave function (i.e. the wave function of the universe) Ψ:X×
Y → C, with X and Y denoting the configuration space of the subsystem and
its environment, respectively, can be decomposed as

∀(x, y) ∈ X × Y : Ψ(x, y) = ψ(x)Φ(y) + Ψ⊥(x, y). (A.2.1)

Here Φ and Ψ⊥ have macroscopically disjoint y-support and y ⊆ supp(Φ).
That is, the configurations in which Φ and Ψ⊥ vanish are macroscopically
distinct (e.g. correspond to distinct pointer positions). For negligible interac-
tion with their environment, the effective wave function ψ(x) of subsystems
exists and can be shown to satisfy the linear Schrödinger equation. However,
in situations where a system doesn’t possess an effective wave function, ac-
cording to de Broglie-Bohm theory, the evolution of its wave function will
deviate from the linear Schrödinger evolution: In this case, the Schrödinger
evolution of the universal wave function determines the dynamics of the sub-
system by its conditional wave function, i.e. ψ(x) := Ψ(x, y) |y=y0 , which
doesn’t decompose according to Equation A.2.1. The Bohmian prediction is
then still unique when considering the universal system’s total wave function
and configuration. But then the question arises whether the environment, e.g.
measurement apparatus, is a sensible prediction-making device. We may also
ask what the predictions are in that case and whether they could lead to pre-
dictive advantage. It is, therefore, important to investigate the exact nature
of state preparation for these cases. To this, I turned in Section 7.7.
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no-go theorem for the persistent reality of Wigner’s friend’s perception.
Communications Physics, 4(1):93.

Allori, V. (2013). Primitive ontology and the structure of fundamental physical
theories. In Ney, A. and Albert, D., editors, The wave function: Essays
on the metaphysics of quantum mechanics, pages 58–75. Oxford University
Press, Oxford.

Allori, V., Goldstein, S., Tumulka, R., and Zangh̀ı, N. (2008). On the Common
structure of Bohmian Mechanics and the Ghirardi–Rimini–Weber theory.
The British Journal for the Philosophy of Science, 59(3):353–389.

Arageorgis, A. and Earman, J. (2017). Bohmian Mechanics: A Panacea for
What Ails Quantum Mechanics, or a Different and Problematic Theory?
http://philsci-archive.pitt.edu/12993/.

165



166 BIBLIOGRAPHY

Bacciagaluppi, G. (2005). A Conceptual Introduction to Nelson’s Mechanics.
R. Buccheri, M. Saniga and A. Elitzur (eds), Endophysics, time, quantum
and the subjective, pages 367–388. http://philsci-archive.pitt.edu/8853/.

Bacciagaluppi, G. and Hermens, R. (2021). Bell-inequality violation and rel-
ativity of pre- and postselection. Phys. Rev. A, 104:012201.

Barrett, J., Kent, A., and Pironio, S. (2006). Maximally Nonlocal and Monog-
amous Quantum Correlations. Phys. Rev. Lett., 97:170409.

Barrett, J. and Pironio, S. (2005). Popescu-Rohrlich Correlations as a Unit of
Nonlocality. Phys. Rev. Lett., 95:140401.

Barrett, J. A. (2000). The persistence of memory: Surreal trajectories in
Bohm’s theory. Philosophy of Science, 67(4):680–703.

Baumann, V., Santo, F. D., Smith, A. R. H., Giacomini, F., Castro-Ruiz,
E., and Brukner, C. (2021). Generalized probability rules from a timeless
formulation of Wigner’s friend scenarios. Quantum, 5:524.

Bell, J. (2004). Against ‘measurement’. In Speakable and Unspeakable in
Quantum Mechanics: Collected Papers on Quantum Philosophy, pages 213–
231. Cambridge University Press, Cambridge, 2 edition.

Bell, J. S. (1966). On the Problem of Hidden Variables in Quantum Mechanics.
Rev. Mod. Phys., 38:447–452.

Bogen, J. (2017). Theory and Observation in Science. In Zalta,
E. N., editor, The Stanford Encyclopedia of Philosophy. Meta-
physics Research Lab, Stanford University, summer 2017 edition.
https://plato.stanford.edu/archives/sum2017/entries/science-theory-
observation.

Bohm, D. (1952a). A Suggested Interpretation of the Quantum Theory in
Terms of “Hidden” Variables. I. Physical Review, 85:166–179.

Bohm, D. (1952b). A Suggested Interpretation of the Quantum Theory in
Terms of “Hidden” Variables. II. Physical Review, 85:180–193.

Bohm, D. (1953). Proof that probability density approaches |ψ|2— in causal
interpretation of the quantum theory. Physical Review, 89(2):458.

Bohm, D. and Hiley, B. J. (2006). The undivided universe: An ontological
interpretation of quantum theory. Routledge, London.

Bohr, N. (1961). Atomic physics and human knowledge. Science Editions New
York.

Bohr, N. (1996). Discussion with Einstein on epistemological problems in
atomic physics. In Niels Bohr Collected Works, volume 7, pages 339–381.
Elsevier.

Bong, K.-W., Utreras-Alarcón, A., Ghafari, F., Liang, Y.-C., Tischler, N.,
Cavalcanti, E. G., Pryde, G. J., and Wiseman, H. M. (2020). A strong no-go
theorem on the Wigner’s friend paradox. Nature Physics, 16(12):1199–1205.



BIBLIOGRAPHY 167
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Dürr, D., Goldstein, S., and Zangh̀ı, N. (1992). Quantum equilibrium and the
origin of absolute uncertainty. Journal of Statistical Physics, 67(5-6):843–
907.
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