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Abstract

Disordered tetrahedral networks are pervasive across a broad range of chemically di-
verse materials, including elemental solids, inorganic glasses, metal-organic frame-
works, and liquids. While many such systems lack long-range order, some can
exhibit extended correlations that resemble those found in crystalline solids. This
structural complexity and variability pose significant challenges for computational
modelling, particularly due to the presence of local heterogeneity and the breakdown
of traditional symmetry-based approaches. In this thesis, I explore the application
of machine learning (ML) methods to the atomistic modelling of disordered tetrahe-
dral networks, with a particular focus on how learned representations can capture,
compare, and generalise information across systems that share local tetrahedral ge-
ometry but differ widely in chemistry.

I begin by examining water and its amorphous phases. Using bond-orientational
order parameters as inputs to neural network models, I classify local environments
in amorphous ices and explore the structural relationships between low-, medium-,
and high-density amorphous phases. I then train a graph neural network (GNN)
potential for liquid water that accurately reproduces key experimental signatures,
including the splitting of the principal peak in the structure factor. Crucially, I
go beyond simply reproducing this feature and provide new understanding on the
microscopic origin of the splitting. By analysing the topology of hydrogen-bonded
rings, I show that the peak splitting arises from distinct topological rearrangements
within the network.

I go on to explore structural and energetic analogies between zeolitic imida-
zolate frameworks (ZIFs) and zeolites through a coarse-graining approach. Using
Gaussian Process Regression (GPR), I construct ML models at multiple levels of res-
olution. I find that AB, coarse-grained representations, which preserve tetrahedral
connectivity, retain much of the predictive power of fully atomistic models, while
A-only representations lose critical structural information. These results quantita-
tively support the idea that topology can be used to model the energetic landscape
of tetrahedral frameworks.

Building on this, I examine the transferability of ML potentials across chemically
distinct disordered tetrahedral materials. Using transfer learning, I adapt GNNs
trained on one material, such as carbon, silicon, silica, or water, to another. I
identify key factors controlling successful cross-domain transfer and demonstrate
that the tetrahedral motif can embed sufficient chemical and structural information
to support generalisation under certain conditions. Finally, I show that atomistic
foundation models can be distilled on water data to enable large-scale, accurate
simulations at reduced computational cost, pointing toward a future of universal,
efficient ML interatomic potentials for disordered materials.

Together, these studies advance our understanding of how tetrahedral coordi-
nation governs structure in disordered materials and demonstrate the potential of
ML-based approaches to uncover transferable, chemically informed insights across a
spectrum of complex systems.
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Chapter 1

Introduction

The development of new materials has long been a cornerstone of technological and
societal advancement. From the Stone Age to the Silicon Age, the materials we
engineer have shaped the tools we use and the challenges we can overcome [1]. To-
day, as humanity confronts pressing global challenges — climate change, sustainable
energy, global health — the demand for materials with novel, highly tailored prop-
erties is more urgent than ever [2, 3|. It is estimated that 70% of all technological
innovations and 20% of the industrial economy rely on advanced materials [4], mak-
ing them foundational to a resilient and sustainable future. This pivotal role was
recently reaffirmed in the Advanced Materials 2030 Manifesto [5], which highlights
the strategic importance of materials innovation for environmental sustainability,
economic security, and industrial competitiveness.

In response to these demands, the natural sciences are undergoing a profound
transformation, driven by the convergence of high-performance computing, large-
scale data infrastructures, and artificial intelligence. This shift has given rise to
what is now widely referred to as the “fourth paradigm” of scientific discovery [6, 7],
where data-driven methodologies play a central role in generating new knowledge.
A key enabler of this paradigm is the rapid growth of massive, open-access datasets,
which allow researchers to train, validate, and benchmark computational models
at an unprecedented scale. In materials science, platforms such as the Materials
Project [8] and the Open Quantum Materials Database (OQMD) [9] provide exten-
sive repositories of computed and experimental materials properties, freely accessible
to the global research community. These resources not only democratise access to
high-quality data but also accelerate the development of predictive models and au-
tomated discovery pipelines.

At the heart of this transformation towards data-driven discovery lies machine



learning (ML), a rapidly expanding field that enables computers to identify patterns,
make predictions, and generate new hypotheses without explicit programming. Long
imagined as a distant goal of artificial intelligence research, ML is now a practical
and increasingly indispensable tool in scientific research [10]. In materials science,
it has opened powerful new avenues for exploring atomic-scale phenomena, enabling
the modelling, prediction, and design of materials with remarkable speed and preci-
sion [11]. Crucially, ML methods can seamlessly integrate and exploit the wealth of
data now available through open-access repositories, accelerating the feedback loop
between data generation, model refinement, and scientific insight. Combined with
today’s computational capabilities, this approach allows researchers to perform in
silico experiments that are not only faster and more cost-effective than traditional
techniques, but also capable of revealing patterns and mechanisms beyond the reach
of conventional laboratory methods [10]. As a result, research cycles that once
spanned decades can now be compressed to a matter of months, fundamentally re-
shaping the pace and scale of materials innovation [12]. This paradigm shift has
already transformed our ability to interpret complex data and simulate matter at
the atomic scale yet, it merely scratches the surface of what ML can contribute to
materials science. Powerful Al approaches, such as large language modelling [13]
and reinforcement learning [14], have achieved widespread success in other domains
including robotics [15] and game-play [16] but remain largely untapped in mate-
rials discovery. This vast potential signals a promising future, one that not only
accelerates innovation but also invites a reimagining of the scientific process itself —
one in which computation is not merely a tool for validation, but a true partner in
discovery.

This thesis sits at the intersection of these developments, applying machine learn-
ing to one of the field’s enduring frontiers: understanding the structure of amorphous
materials. These systems, which lack long-range periodic order at the atomic scale,

do not produce sharp Bragg diffraction peaks and remain challenging to characterise



using conventional crystallographic techniques. While some amorphous materials ex-
hibit extended structural correlations, the overall absence of translational symmetry
and the presence of structural heterogeneity make them difficult to model with tradi-
tional methods. By leveraging data-driven methods and modern ML architectures,
this work aims to contribute to the wider ML for materials science movement [17, 18]
that reimagines how we model, understand, and ultimately design the materials of

the future.

1.1 Atomistic Modelling

Atomistic modelling is a computational approach that represents materials as as-
semblies of atoms whose interactions are described by mathematical models known
as interatomic potentials or force fields. These potentials are typically derived from
quantum mechanical calculations, experimental data, or a combination of both, and
enable prediction of material properties and behaviour at the atomic scale. Such
modelling routinely enables the study of structural, thermodynamic, kinetic, and
transport properties of matter arising from atomic interactions, offering insights into
material behaviours that are often difficult or impossible to access experimentally.
By providing spatial resolution down to individual atomic positions and temporal
resolution on the order of femtoseconds, along with full control over system com-
position and conditions, atomistic simulations serve as a unique tool for exploring
phenomena across disciplines, from materials science and molecular biology to geo-
chemistry and energy technology [19].

The origins of atomistic modelling trace back to the mid-20th century, when
Alder and Wainwright first demonstrated molecular dynamics (MD) simulations of
hard spheres [20], and Rahman performed the first realistic simulation of a molecular
liquid, argon, in 1964 [21]. These pioneering studies laid the foundation for compu-
tational materials science, initiating the transformation of atomistic modelling from
a theoretical curiosity into a core methodology. Over time, simulation has come to

be recognised as the “third pillar” of scientific discovery [19], complementing the-
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ory and experiment. Since then, the field has grown in scope and sophistication,
benefitting enormously from the concurrent rise of high-performance computing.
Today’s supercomputers enable simulations of systems with millions of atoms over
microsecond timescales, making atomistic modelling an indispensable tool for mate-
rials discovery, design, and characterisation [12, 22]. The central role of modelling in
modern science was further recognised by the 2013 Nobel Prize awarded to Karplus,
Levitt, and Warshel for pioneering multiscale and atomistic frameworks combining
quantum and classical mechanics. [23-27].

One of the most important choices a practitioner needs to make when modelling
materials at the atomic scale is the functional form of the interatomic potential
they are going to use. Since its inception, the field has evolved through several
key paradigms, with methods from each building upon those of its predecessors to
improve the balance between computational efficiency and predictive accuracy.

Empirical interatomic potentials express the potential energy, U(r), of a system
as an analytical function of atomic positions. Atomic forces, the negative gradi-
ent of this energy with respect to atomic position, are therefore also given by an
analytical expression. Empirical potentials are parametrised to reproduce exper-
imental data or quantum-mechanical results, allowing for efficient simulations of
large atomic systems. To approximate the true many-body energy, empirical po-
tentials decompose interactions into additive terms, typically two-body, three-body,
or electrostatic contributions, that reflect the dominant physical forces at play [28].
For example, covalent bonding may be represented by a harmonic spring between
atoms, with the equilibrium bond length and spring constant encoding chemically
specific details such as bond order or hybridization.

Commonly used empirical models include the Lennard-Jones (LJ) [29, 30], Stillinger—
Weber (SW) [31], and Tersoff [32] potentials. The Lennard-Jones potential captures
van der Waals interactions with a simple two-body form, while the SW potential

models covalent bonding in materials like silicon through a combination of two-



and three-body terms. The Tersoff potential extends this by incorporating bond-
order dependence, improving transferability across different bonding environments.
For molecular systems such as water, empirical models like SPC [33, 34], TIP3P,
TIP4P [35], and their variants are widely used. These models typically treat water as
a rigid or semi-flexible molecule with point charges placed on atomic or virtual sites
to reproduce key properties such as density, dipole moment, and hydrogen bonding
behaviour. These force fields are computationally inexpensive and can be used to
simulate systems with tens or hundreds of thousands of atoms over nanosecond to
microsecond timescales [36].

However, the key limitation of empirical potentials is their fixed functional form:
because the model is constrained to a predefined mathematical structure, it often
fails to capture important classes of interactions, for instance many-bodied interac-
tions, hydrogen bonding, m-stacking and more. As a result, empirical force fields are
typically reliable only for systems and conditions similar to those used during pa-
rameter fitting — for example, known bond lengths, angles, melting points, or elastic
constants in crystalline or well-characterised phases [19]. This lack of transferabil-
ity becomes especially problematic in the modelling of disordered or amorphous
systems, where atoms experience a wide variety of bonding environments that can
differ significantly from each other. Because empirical potentials rely on a limited set
of fitted parameters and functional forms, they struggle to accurately describe these
diverse configurations. Despite these limitations, the computational efficiency of em-
pirical potentials makes them a mainstay in large-scale simulations across chemistry,
biology, and materials science [19].

At the other end of the computational spectrum from empirical potentials are
quantum mechanical methods that aim to solve the many-body Schrodinger equa-
tion numerically. These approaches provide a more accurate alternative by explic-
itly accounting for the electronic structure of materials [37]. Unlike classical force

fields, which depend on parameterised functional forms, quantum methods com-



pute system energies from first principles, enabling predictive modelling of chemical
bonding, charge transfer, and other quantum phenomena. In principle, solving the
Schrodinger equation yields exact ground-state properties, but in practice, the expo-
nential scaling of the many-electron wavefunction with system size renders numeri-
cally exact solutions infeasible for all but the smallest systems [38]. This challenge
becomes especially acute when modelling complex, disordered, or amorphous mate-
rials that require large atomic configurations to describe accurately.

To address this limitation, Density Functional Theory (DFT) was developed as
a more tractable quantum-mechanical framework [39]. Introduced in the 1960s [40,
41], DFT reformulates the many-body problem in terms of the electron density, a
function of only three spatial variables, rather than the full many-electron wave-
function. This reformulation replaces the complex interacting electron system with
an equivalent system of non-interacting electrons that yields the same ground-state
density, significantly reducing computational cost while preserving key quantum
effects [39]. As a result, DFT has become one of the most widely used tools for sim-
ulating condensed matter systems [37, 42, 43], supporting applications that range
from calculating electronic and structural properties to enabling high-throughput
screening and in silico materials design [44-46].

Nevertheless, this quantum level of accuracy still comes with substantial compu-
tational expense. Solving the self-consistent field equations of DF'T typically scales
as O(N3) with the number of electrons N [38], which limits practical simulations
to systems containing only a few hundred atoms. This makes routine application of
DFT infeasible for the large, disordered structures commonly encountered in studies
of amorphous materials, complex interfaces, or extended defects.

Moreover, DFT relies on approximations to account for electron—electron interac-
tions through exchange-correlation functionals [37]. Widely used choices such as the
Local Density Approximation and the Generalized Gradient Approximation [47, 48]

offer good efficiency and broad applicability, but suffer from known shortcomings.



For example, they often fail to capture long-range dispersion forces and perform
poorly in strongly correlated systems. More advanced functionals can improve per-
formance, but selecting the most appropriate one is not always straightforward and
often involves trade-offs between accuracy and computational feasibility [39]. These
challenges motivate the development of more scalable methods that retain DFT-level
accuracy, particularly when simulating large, complex materials.

ML methods have emerged as a powerful alternative to traditional approaches
for parameterising interatomic interactions, effectively bridging the gap between the
computational efficiency of empirical potentials and the accuracy of quantum me-
chanical methods [11, 49]. In essence, these models aim to learn structure—property
relationships by identifying patterns in data, specifically, the connections between
chemical descriptors and target properties, thereby approximating the underlying
principles of quantum mechanics [50]. Crucially, ML approaches bypass the need
to explicitly solve the governing physical equations during simulation, enabling sig-
nificant computational speedups while maintaining high levels of predictive accu-
racy [51]. By training flexible models on high-quality quantum datasets, ML-based
potentials can implicitly capture complex many-body interactions that would be dif-
ficult or impossible to encode using traditional analytical forms. As a result, ML has
seen rapid and widespread adoption across the chemical and materials sciences [49].

One of the earliest and most impactful applications of ML in atomistic mod-
elling has been the construction of machine-learned interatomic potentials (MLIPs),
trained on quantum-mechanical labels, to enable efficient MD simulations. The
pioneering work of Behler and Parrinello [52] introduced high-dimensional neu-
ral network potentials that laid the groundwork for a rapidly growing area of re-
search [51, 53]. Rather than relying on fixed, physically motivated forms, these
models learn directly from first-principles data, most commonly generated using
DFT, to represent the potential energy surface (PES) with high fidelity.

These advances have enabled simulations of systems and phenomena that were



previously inaccessible using either empirical potentials or quantum methods alone.
For example, Morrow et al. [54] performed a million-atom simulation to investigate
the structure of amorphous silicon, a system that is notoriously difficult to model
due to its structural heterogeneity, and which demands both large system sizes
and accurate interatomic interactions [55, 56]. Similarly, Zhou et al. [57] carried
out a device-scale simulation of a phase-change material, demonstrating that ML
potentials can directly capture technologically relevant processes in memory devices.

Beyond the development of MLIPs, a broad spectrum of machine learning meth-
ods has been leveraged to accelerate materials discovery, characterisation, and de-
sign. These approaches often bypass atomistic simulations entirely by predicting
key material properties — such as band gaps [58], elastic constants [59], and elec-
tronic densities of states [60] — directly from structural or compositional descrip-
tors. By enabling rapid screening of vast chemical spaces, ML models facilitate
the identification of novel compounds and the optimisation of materials for spe-
cific functionalities [61, 62]. Unsupervised learning techniques, including clustering
and dimensionality reduction, have proven valuable for uncovering hidden struc-
ture—property relationships and organising large materials databases [63, 64]. More
recently, generative models such as MatterGen [65] have been employed for inverse
design, enabling the proposal of candidate materials with tailored properties prior
to synthesis. These data-driven approaches complement atomistic modelling by
offering fast, scalable alternatives, particularly advantageous when quantum-level

accuracy is impractical or unnecessary.

1.2 Disordered Tetrahedral Networks

Disordered materials encompass a broad range of materials that lack conventional
long range translational and orientational order (i.e. there are no Bragg peaks in
their scattering intensity) [66]. These include amorphous solids, glasses, and some
liquids. In contrast to crystalline materials, whose structures are defined by peri-

odic atomic arrangements and described using unit cells and space group symme-



tries, amorphous materials lack translational symmetry and cannot be completely
represented by any finite periodic model. In this thesis, the term “amorphous” will
be used throughout to describe systems without translational symmetry or periodic
atomic arrangements. While glasses are typically understood as amorphous solids
that have undergone kinetic arrest into a metastable state (e.g., via rapid cooling),
not all amorphous materials are glasses. This distinction is important and will be
revisited where relevant, but the term amorphous will serve as the general descriptor
unless otherwise specified.

A notable subclass of amorphous materials is disordered tetrahedral networks
(DTNs), where each atom or molecular unit tends to have four nearest neighbours
arranged in a roughly tetrahedral geometry. This seemingly simple structural motif
gives rise to a hugely diverse range of systems, from elemental solids to molecular
liquids. For example, amorphous silicon and tetrahedral amorphous carbon adopt
a diamond-like coordination, with each atom covalently bonded to four neighbours.
Amorphous silica (SiO3) forms a continuous random network (CRN) of corner-
sharing SiOy4 tetrahedra [67], while zeolitic imidazolate frameworks (ZIFs) feature
metal ions tetrahedrally coordinated by imidazolate linkers [68, 69]. Amorphous,
or glassy, water also falls within this class: although molecular in nature, its struc-
ture is defined by a disordered hydrogen-bonded network with locally tetrahedral
coordination [70, 71]. Even in the liquid state, water retains transient tetrahedral
character, as each H,O molecule is, on average, hydrogen-bonded to four neighbours,
forming a fluctuating local structure [72, 73].

Although disordered networks lack conventional long-range order, they are far
from random at shorter lengthscales. Nearest-neighbour bond lengths in amor-
phous and crystalline phases are often similar, but greater disorder typically ap-
pears in bond angles and at longer distances [74]. These disordered networks exhibit
short-range order (SRO), usually involving the first one or two co-ordination shells,

and intermediate- or medium-range order (MRO), spanning 520 A (~2-20 neigh-



bours) [66]. The extent and scale of this order depend strongly on the material’s
chemical interactions.

In DTNs, SRO is defined by local tetrahedral coordination: units like SiO4 main-
tain consistent bond lengths and angles (liquid water, an exception, will be discussed
later). Beyond this, MRO is dictated by the connectivity and packing of tetrahedra
over nanometre scales. In amorphous silica, for example, SiO4 units form a net-
work with rings, predominantly six-membered, which give rise to distinct features
in scattering data [75], such as the first sharp diffraction peak (FSDP) at low @ (a
measure of spatial frequency or inverse length scale in scattering experiments). The
FSDP broadly encodes medium-range correlations and is a hallmark of ordering in
many DTNs [76]. Recent work on amorphous ices has also shown that it is not
only the geometry but also the topology of the network, such as the presence of
non-trivial motifs like entangled loops and links, that can influence properties in
amorphous systems [77]. Thus, even without crystal periodicity, DTNs show hierar-
chical structure: stable local geometry extends into medium-range motifs (e.g., rings
or hydrogen-bonded clusters), whose topological characteristics ultimately influence
bulk behaviour.

It is worth noting that some D'TNs, such as amorphous silicon and amorphous
ices, exhibit suppressed density fluctuations at large length scales despite lacking
Bragg peaks and conventional long-range order [78, 79]. This phenomenon, known
as disordered hyperuniformity [80, 81|, represents a hidden form of structural or-
ganisation that is independent of translational symmetry, and is typically identified
by the vanishing of the structure factor S(Q) as @ — 0. Such suppression reflects
a collective arrangement of local motifs extending across the system and has been
associated with enhanced electronic, optical, and mechanical properties [78, 82-85].
However, the analysis of disordered hyperuniformity in materials remains in its in-
fancy, and highlights the difficulty of probing long-range structure and behaviour in

disordered systems, even in prototypical systems like amorphous silicon.
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Understanding the atomic arrangements of amorphous materials is critical for
explaining their physical and chemical properties. However, their lack of long-range
periodicity makes conventional crystallographic techniques ineffective. In crystalline
solids, the structure can be determined by solving the unit cell, which is then re-
peated periodically in space [86]. In contrast, amorphous materials produce broad,
diffuse features in diffraction patterns rather than sharp Bragg peaks, reflecting only
average pairwise correlations. These diffuse signals do not offer a direct mapping
to atomic positions, making it impossible to “solve” an amorphous structure using
X-ray or neutron crystallography. Moreover, the atomic-scale structure, and thus
the resulting properties, of an amorphous material can vary significantly depending
on its preparation protocol [87-89]. These processing-dependent differences present
an added layer of complexity, further emphasising the challenge of constructing re-
alistic atomistic models that align with experimental data in the study of disordered
systems.

In the absence of definitive structural data, atomistic simulations have become
invaluable tools for investigating DTNs. Simulations allow researchers to explore
disordered configurations at scales and resolutions beyond experimental reach. Typ-
ically, amorphous materials are modelled via melt-quench protocols, where a high-
temperature liquid is rapidly cooled into a glassy state. Achieving realistic IRO
in such models, however, demands both large supercells, to approximate the non-
periodic nature of the material, and long simulation times to capture slow structural
relaxation during cooling [66, 74].

MLIPs have recently emerged as powerful tools to overcome these limitations.
By combining the accuracy of first-principles calculations with the computational
efficiency of empirical models, MLIPs facilitate the generation of realistic amor-
phous structures, including during simulated cooling processes where conventional
ab initio methods are computationally prohibitive and empirical models are not

sufficiently accurate. MLIPs have been successfully developed for a variety of dis-
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ordered systems, including carbon [90], silicon [91], silicate glasses [55, 92], battery
materials [93], and phase-change alloys [57, 94].

While the primary focus of this thesis is on understanding disordered tetrahedral
networks, crystalline phases are also examined, particularly where they offer useful
structural context or contrast. Although crystalline and amorphous materials are
often treated as fundamentally distinct, they are, in many cases, very similar on the
short-range scale [95, 96]. Crystalline systems provide well-defined local coordina-
tion environments and bonding motifs that serve as valuable reference points when
analysing disordered structures. Conversely, modelling amorphous phases can of-
fer insights into the behaviour of polycrystalline materials under realistic, non-ideal
conditions, where complex, high-energy grain boundaries disrupt perfect periodic-
ity [97]. Recent studies on stress correlations further blur the boundary between
crystalline and amorphous materials [98]. Despite their differing local order, both
regimes display universal long-range stress correlation behaviour, underscoring com-
monalities in mechanical response that transcend microscopic disorder. Drawing
connections between these two regimes enhances our understanding of the broader
landscape of structure and disorder in tetrahedral materials.

In the following sections, I introduce the specific DTNs studied in this thesis.
The discussion is divided into three parts: (i) water, (ii) ZIFs and silica, and (iii)
carbon and silicon. In some cases, two systems are grouped together because they are
directly compared within the thesis, with structural and chemical similarities used
to inform understanding of one or both. This comparative approach is especially
important in Chapter 6, where I explore the transfer of knowledge across different

chemical domains.

1.2.1 Water

Water is among the most familiar substances in daily life, yet its physical behaviour
remains one of the most puzzling and extensively studied in science. Despite decades

of study, water’s unique characteristics continue to challenge our understanding and
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remain a focal point of scientific inquiry. A central source of this complexity lies
in the nature of the hydrogen bond, which gives rise to a rich and intricate phase
diagram — the most complex known for any pure substance — encompassing over 20
crystalline ice phases, several amorphous and glassy forms, and at least two distinct
liquid states [99-103].

Water also exhibits a range of thermodynamic anomalies that defy classical ex-
pectations. Most notably, its density reaches a maximum near 4°C at ambient
pressure and decreases both upon heating and cooling from this point. At lower
temperatures and pressures, water can even display a density minimum [104]. In
the deeply supercooled regime — a region referred to as “no-man’s land” due to
rapid crystallisation precluding direct experimental access [102, 105] — several ther-
modynamic response functions, including isothermal compressibility, heat capacity,
and thermal expansivity, show sharp, non-monotonic behaviour. These anomalies
are increasingly interpreted through the lens of a hypothesised liquid-liquid criti-
cal point (LLCP), beyond which a line of maxima in response functions, known as
a Widom line, emerges [106]. This Widom line demarcates the smooth but pro-
nounced crossovers between high-density and low-density liquid structures, offering
a unifying framework for understanding the anomalous behaviour of water across
a broad region of its phase diagram. Accurately reproducing this phenomena re-
mains a stringent benchmark for computational models and a vivid illustration of
the delicate many-body physics at play in this hydrogen-bonded system [107-109].

Beyond reproducing known behaviour, simulations have demonstrated remark-
able predictive power in regimes that remain experimentally challenging. One no-
table example is the prediction of superionic ice (a phase in which hydrogen atoms
become diffusive within an ordered oxygen lattice) under the extreme pressure and
temperature conditions relevant to planetary interiors [110]. The plastic phase of
ice VII, characterised by rotational disorder of water molecules, was likewise first

proposed through computational studies, long before its eventual experimental con-
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firmation [111-113]. Simulations have also forecasted the existence of a ferroelectric
glass phase in supercooled water, offering insight into possible arrested states of
orientational order [114].

Perhaps most significantly, simulations have opened a window into the so-called
“no-man’s land”. Within this inaccessible regime, theoretical investigations have
predicted the presence of a liquid-liquid critical point (LLCP), marking a boundary
between high-density and low-density liquid phases. While the experimental explo-
ration of this region remains constrained by the timescales of ice nucleation, recent
advances are beginning to shrink the limits of no-man’s land, providing growing
support for the LLCP hypothesis [115].

In 1969, Barker and Watts [116] kickstarted the field of water simulation by us-
ing classical statistical mechanics in conjunction with a simple rigid non-polarisable
model to describe water—water interactions. This work was followed by Rahman and
Stillinger [117], who employed the Ben-Naim—Stillinger potential [118] and later in-
troduced the ST2 model [119]. These early studies used classical statistical mechan-
ics in combination with simple, rigid, non-polarisable models to represent water-
water interactions.

Building on this foundation, the development of fixed-charge models with in-
teraction sites located on or near atomic centres gained momentum. Among the
most influential were the SPC [33, 34] and TIPnP families [35, 120-123]. Partic-
ularly impactful was TIP4P [35], which introduced a massless off-centre site to
better reproduce the experimental quadrupole moment. Its derivatives, includ-
ing TIP4P /2005 [120], TIP4P/Ice [124], TIP5P [125], and various flexible vari-
ants [126, 127], extended the applicability of these models across a range of ther-
modynamic conditions and phases. These models were typically parameterised to
reproduce key properties of water at ambient conditions, such as density, radial dis-
tribution functions, and enthalpy of vaporization, and proved remarkably effective

for simulating bulk liquid water at relatively low computational cost.
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One of the most stringent benchmarks for any water model is its ability to
reproduce homogeneous ice nucleation, a process that occurs extremely slowly in real
water. Only two molecular simulation studies have successfully captured this rare
event: the work of Yagasaki et al. [128], using the TIP4P /2005 [120] model, and that
of Palmer and Martelli [129], employing the ST2 model [119]. These simulations not
only reproduced homogeneous nucleation kinetics but also provided strong support
for the existence of a LLCP, based on unbiased sampling of the supercooled liquid.
Moreover, Palmer and Martelli offered detailed insight into the kinetics of critical
nucleus formation, a crucial aspect of understanding metastable liquid behaviour.

In parallel with atomistic models, coarse-grained approaches have provided valu-
able insight into water’s behaviour while reducing computational overhead. A partic-
ularly notable example is the mW model [130], a monoatomic water model developed
as a reparameterisation of the Stillinger—Weber potential [31]. Originally formulated
to describe tetrahedral semiconductors such as silicon, carbon, and germanium, the
Stillinger—Weber potential encodes tetrahedral bonding via a three-body term, which
was retained in mW to mimic hydrogen bonding implicitly. While lacking explicit
electrostatics, the mW model successfully reproduces many structural and ther-
modynamic anomalies of water, and offers a compelling demonstration of chemical
transferability — a core theme in this thesis — by bridging water and group-1V
tetrahedral solids within a unified potential framework.

Ab initio molecular dynamics (AIMD) has also emerged as a powerful alternative
to MD driven by classical potentials. The first AIMD simulations of liquid water,
performed in the 1990s using DFT, marked a major advance in the field [131, 132].
Since then, AIMD has been widely applied to investigate the structure, dynam-
ics, and electronic properties of water [133-135], as well as more complex aqueous
systems [136]. In principle, AIMD offers predictive accuracy without the need for
empirical parameterisation. However, in practice, its reliability is constrained by

the approximations built into current exchange—correlation functionals [137, 138].
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A persistent challenge has been reproducing the equilibrium density of liquid
water using standard DFT. Achieving agreement with experiment typically requires
the inclusion of dispersion interactions [109, 138, 139]. Moreover, both the structural
and dynamical properties predicted by AIMD are highly sensitive to the choice of
functional [138, 140, 141]. For example, the widely used PBE functional [142] tends
to over-structure the liquid and underestimate diffusivity due to its overestimation of
hydrogen bond strength [134, 143]. More advanced functionals, such as the strongly
constrained and appropriately normed (SCAN) functional [144], and approaches
that include van der Waals interactions [145, 146], have mitigated some of these
deficiencies [141, 147], yielding more accurate descriptions of liquid water.

A related and long-standing issue is the so-called density inversion problem,
wherein standard DFT incorrectly predicts hexagonal ice to be denser than liquid
water, a reversal of the experimental trend [148-151]. This discrepancy persists
even when using hybrid functionals [148], and is only alleviated by more recent
developments such as SCAN, due to its ability to describe vdW interactions on
intermediate length scales [133].

Another critical difficulty is the treatment of nuclear quantum effects (NQEs),
which can strongly influence the structure, dynamics, and thermodynamics of water,
especially at low temperatures or in hydrogen-bond-dominated environments [152,
153]. Standard AIMD treats nuclei as classical particles, neglecting zero-point en-
ergy and quantum delocalisation. Capturing NQEs typically requires path-integral
molecular dynamics (PIMD) [154-156], a computationally intensive extension that
further compounds the cost and complexity of simulations.

In response to this accuracy-efficiency trade-off, MLIPs have rapidly gained
prominence. Early models such as TANN [157] used neural networks to capture
polarization corrections to classical force fields. Gaussian Approximation Potentials
(GAPs) [158] incorporated high-level quantum mechanical data to improve the ac-

curacy of cluster energetics and liquid structure [159]. A major breakthrough came
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with the development of high-dimensional neural network potentials (HDNNPs) by
Morawietz et al. [109], trained directly on DFT data with and without dispersion
corrections. These models enabled the accurate prediction of properties such as the
melting temperature (within 10K of experimental value) and converged values for
the dielectric constant not previously obtained via AIMD. By drastically lowering
the cost of large-scale simulations, HDNNPs also enabled systematic benchmarking
of exchange—correlation functionals across the water phase diagram. These studies
revealed that standard GGA functionals without dispersion dramatically underesti-
mated liquid densities (by up to 40%), failed to reproduce the density maximum, and
consistently overpredicted melting temperatures. In contrast, functionals with van
der Waals corrections achieved much closer agreement with experimental results,
underscoring the essential role of dispersion interactions in accurately modelling
water’s anomalous thermodynamic behaviour [109].

Since then, neural network potentials have been widely adopted to study water
across a broad range of thermodynamic conditions [160], providing detailed insights
into phenomena such as hydrogen-bond dynamics [161], isotope effects [162], and
interfacial kinetics [163]. A central tool in this effort has been the DeePMD frame-
work [164], introduced in 2018, which enables simulations at scales far beyond the
reach of AIMD while retaining ab initio-level accuracy. DeePMD has been used to
simulate large portions of the water phase diagram — including liquid water, nu-
merous ice polymorphs, and both low- and high-density amorphous phases — with
near-quantitative agreement with experiment [165, 166]. However, it has notable
limitations: for instance, it failed to recover the plastic phase of ice VII, instead
predicting a non-physical structure in its place. Moreover, the original DeePMD ar-
chitecture lacks rotational equivariance, a key symmetry in molecular systems, which
may limit its ability to generalise across diverse environments. This limitation has
only recently begun to be addressed in newer, symmetry-aware variants.

GNN architectures offer a compelling solution to address the lack of rotational

17



equivariance in models. Equivariant GNNs such as NequlP are able to capture the
directional nature of hydrogen bonding with high fidelity, and require significantly
less training data than earlier approaches like DeepMD [167]. Recent frameworks like
Allegro [168] and MACE-MP-0 [169] further demonstrate how equivariant models
trained on general or limited datasets can nevertheless generalise well to aqueous sys-
tems. For instance, Allegro, trained solely on liquid water, reproduces vapour—liquid
equilibrium densities and the relative stability of several ice phases [170]. MACE-
MP-0, a model trained only on Materials Project data [8] which consists primarily of
inorganic crystals and is skewed heavily towards oxides, shows good agreement with
DFT in simulations of liquid water, multiple ice polymorphs, proton transfer, and
aqueous interfaces [169]. GNN-based models thus represent a promising direction
for accurate, transferable, and data-efficient water potentials. However, they are
not yet widely adopted in practice, and trade-offs remain: while they can match or
surpass DeePMD in accuracy, they are often slower than empirical models and still
lack comprehensive benchmarks across the breadth of water’s anomalous properties.

Motivated by this recent progress, the present work explores how neural network-
based models can be leveraged to probe the complexity of disordered water phases.
Chapter 3 employs neural network-based methods to investigate the local structure
of amorphous ices and their interrelations, while Chapter 4 builds on recent advances
in GNN-based modelling to address open questions surrounding the structure of

liquid water.

1.2.2 Silica & Zeolitic Imidazolate Frameworks (ZIF's)

Silica is a prototypical tetrahedral network material composed of SiO, tetrahedra
linked via shared oxygen atoms to form extended three-dimensional frameworks. It
is one of the most abundant materials on Earth and exhibits remarkable versatility,
with applications ranging from glassmaking to catalysis [171]. The SiO, tetrahedron
is the fundamental building block of silica, and its arrangement — particularly the

Si—O-Si bond angle — plays a crucial role in determining the material’s structure and
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properties. In crystalline forms such as quartz or cristobalite, these corner-sharing
tetrahedra adopt regular, ordered networks, giving rise to characteristic ring motifs
and channel-like voids [171, 172]. In the amorphous form, long-range periodicity is
lost, but local tetrahedral coordination remains largely intact [173]. This structure
is well described by the CRN model proposed by Zachariasen [67].

The structural and chemical regularity of silica has also made it a natural fo-
cus for atomistic modelling. A broad range of techniques, from empirical force
fields [174] to ab initio molecular dynamics [175] and MLIPs [55], have been de-
veloped to capture its structural and thermodynamic behaviour. In the amorphous
phase, these simulations reveal that silica maintains strong short-range order and ex-
hibits medium-range correlations that manifest in features such as well-defined ring
statistic distributions and the FSDP observed in scattering experiments [176, 177].
These modelling efforts have laid the groundwork for much of our understanding of
tetrahedral network formation and disorder.

Despite its many technological applications [171], silica also exhibits important
limitations. The rigidity of the Si-O-Si framework restricts the set of accessible
topologies, with only a small fraction of the theoretically possible four-connected
networks [178-180] ever realised experimentally. Furthermore, silica’s purely inor-
ganic nature limits opportunities for chemical functionalisation and reduces com-
patibility with organic or hybrid materials. These constraints have motivated the
search for more chemically versatile analogues.

In response to these limitations, ZIFs have emerged as promising alternatives [68,
181]. ZIFs are a subclass of metal-organic frameworks (MOFSs) that form struc-
turally analogous but chemically distinct tetrahedral networks. They consist of
tetrahedrally coordinated metal cations (typically Zn?T or Co?") linked by imida-
zolate (Im~) ligands. While preserving the corner-sharing tetrahedral geometry
characteristic of SiO, networks, ZIFs offer significantly greater chemical flexibil-

ity [68]. Their modular design allows functional groups to be introduced via the
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organic linkers, enabling fine-tuning of adsorption, reactivity, and mechanical re-
sponse, and expanding the range of structural and functional behaviour far beyond
what is possible in silica [182-184].

A key insight offered by Park et al. [68] was that the M-Im—M bridging angle
(145°) closely matched the Si-O-Si angle found in many silicate frameworks. This
suggested that, under suitable conditions, metal-imidazolate frameworks could repli-
cate the open, topologically rich networks observed in silica-based materials. This
structural analogy has guided the rational design of ZIFs, with many frameworks
mimicking known silicate nets such as sodalite, quartz, and analcime [133, 182].

The appeal of ZIFs lies not only in their functional properties but also in the
scientific challenges they present. Unlike pure silica, ZIFs span a vast and chemically
diverse design space [184]. The range of available organic linkers and the complexity
of linker—linker interactions enable structures and properties that go well beyond
those of purely inorganic networks.

Most theoretical and synthetic approaches to designing ZIFs rely on heuristic
mappings to silicate topologies, based on the shared tetrahedral ABy framework.
While this analogy provides a useful geometric guide for structure enumeration and
synthesis [185, 186], it is limited in scope. Specifically, it does not account for
differences in bonding chemistry, electronic structure, or thermodynamic stability
that arise from the distinct chemical environments in ZIFs compared to silicates.
The question of why certain ZIF topologies are experimentally accessible, while
many others are not, remains open. Despite their geometric analogy to silica, ZIFs
and silicates often favour different topologies [68, 187], and the reasons for this
divergence remain poorly understood [188].

This thesis explores whether the silica—ZIF analogy extends beyond structural
similarities to energetics. Chapter 5 investigates whether coarse-grained machine
learning models, trained on various atomistic resolutions, can accurately reproduce

the energetic landscape of ZIFs. While this chapters focus primarily on crystalline
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Z1Fs and their relationship to well-characterised systems like silica, the longer-term
goal is to extend this understanding to their disordered counterparts. Amorphous
ZIFs remain poorly understood, both structurally and energetically [189]. By devel-
oping tools and frameworks that clarify the energetic and topological behaviour of
crystalline ZIFs, particularly in comparison to silica, we hopefully take an important
step toward building transferable models and conceptual tools that could one day

enable the systematic study of amorphous ZIFs.

1.2.3 Carbon and Silicon

Carbon and silicon are two of the most consequential elements in the natural and
technological world. Carbon, the basis of all known life [190], forms the struc-
tural and chemical foundation of organic molecules, biopolymers, and cellular sys-
tems. Beyond biology, carbon’s structural versatility enables a wide range of tech-
nological applications, from battery electrodes [191] to advanced optical technolo-
gies [192, 193]. Silicon, in contrast, underpins the modern digital era: its semi-
conducting properties and structural versatility make it indispensable to solar cells,
integrated circuits, and photonic devices [194, 195]. Despite their vastly different
domains of influence, these elements share a common feature at the atomic scale: the
ability to form extended tetrahedral networks. In their elemental crystalline phases,
both adopt the diamond structure, where each atom is covalently bonded to four
neighbours in a tetrahedral geometry. However, when this long-range periodicity
is disrupted, as in the amorphous phase, the structural similarities between carbon
and silicon begin to diverge in fundamental ways [196].

Amorphous silicon (a-Si) has traditionally been understood through the lens of
the CRN model [197], in which atoms retain fourfold coordination while losing long-
range order. This model, originally developed by Zachariasen [67], preserves short
range order with local tetrahedral geometry while introducing topological disorder
at medium and long lengthscales, and remains the dominant conceptual frame-

work for interpreting a-Si structure. Nevertheless, despite decades of experimental

21



and theoretical study, key questions remain unresolved [198, 199]. The extent of
medium-range order, the role and distribution of coordination defects, and the pos-
sible presence of nanoscale heterogeneity or paracrystalline regions continue to be
subjects of debate. Recent advances in atomistic modelling, particularly the de-
velopment of MLIPs, have enabled simulations of a-Si at previously inaccessible
nanometre scales, encompassing hundreds of thousands of atoms [54, 89]. While
features such as bond angle distributions, ring statistics, and the FSDP had been
studied in smaller systems, these large-scale models now provide statistically mean-
ingful and experimentally consistent descriptions of such structural metrics. These
models suggest a rich structural landscape where disorder coexists with subtle, lo-
cally ordered motifs — such as small paracrystalline clusters — which leave detectable
signatures in structural and scattering data [89].

Tetrahedral amorphous carbon (ta-C) represents the closest analogue to a-Si in
its high-density, sp?-rich form, where most carbon atoms are fourfold coordinated in
a disordered, diamond-like network. Yet even in the amorphous phase, carbon ex-
hibits far greater structural diversity than silicon, owing to its ability to easily adopt
sp, sp?, and sp® hybridisations [200]. This bonding flexibility gives rise to a wide
configurational space, ranging from ta-C to graphitic, sp>-dominated networks, and
extending to low-dimensional structures such as nanotubes and fullerenes. While
this diversity underpins carbon’s functional versatility, it also poses significant chal-
lenges for structural modelling. In the high-sp? regime, ta-C can be approximately
described using CRN principles [201, 202], similar to those employed for a-Si. How-
ever, even dense ta-C films rarely exceed 90% sp® content under realistic deposition
conditions [203, 204], indicating that ideal CRN-like “amorphous diamond” struc-
tures are best viewed as limiting or idealised cases. The central modelling challenge
for amorphous carbon, therefore, lies not in capturing one structure type, but in
representing its full hybridisation landscape within a single transferable framework

capable of describing its full bonding diversity [205]. Recent MLIPs, such as C-GAP-
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20 [206], have made meaningful progress in this direction. GAP-20 reproduces the
formation energies of key carbon phases — including diamond, graphite, fullerenes,
and nanotubes — with errors of only a few meV per atom. It also achieves compara-
ble accuracy for a range of crystalline and amorphous surfaces, as well as for point
defects, where its predictions are markedly more accurate than those from empirical
potentials. In addition, it captures the behaviour of high-temperature liquid car-
bon across wide ranges of temperature and density. This accuracy, however, comes
with substantial computational cost relative to empirical methods (1 to 2 orders of
magnitude), highlighting a persistent trade-off between fidelity and efficiency that
continues to drive the search for scalable, transferable models.

Both amorphous carbon and silicon have been studied extensively within their
respective domains, each presenting unique modelling challenges as discussed above.
However, direct comparisons and transferable insights between the two systems have
received comparatively little attention. Early efforts using variants of the Still-
inger—Weber potential sought to provide a unified framework for modelling tetrahe-
dral elements such as Si and C by tuning interaction cutoffs and angular parameters
to reflect local bonding environments [207, 208]. While these models successfully
reproduced key properties of sp3-bonded phases like diamond, they lacked the flex-
ibility to capture the full hybridisation landscape of carbon, particularly in non-
tetrahedral environments. As a result, the broader question of whether structural
or energetic knowledge from one tetrahedral element can inform predictions about
another remains largely unaddressed. From an ML perspective, this gap presents
a valuable opportunity: the shared tetrahedral coordination and relatively simple
local structures of amorphous carbon and silicon make them ideal testbeds for al-
chemical transfer learning — an approach in which models trained on one set of
chemical elements are leveraged to improve performance on another.

A recent proof-of-concept by Gardner et al. [209] demonstrated the feasibility

of this approach; they showed that a message-passing neural network trained on
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both elements, can interpolate between the energy landscapes of carbon and silicon.
However, the broader applicability of this approach, particularly across different
amorphous and crystalline phases, was not explored.

Chapter 6 builds on this foundation by providing a more detailed analysis of
model transferability between carbon and silicon, before extending these strategies

to more complex ABs; tetrahedral systems, such as silica, and water.

1.3 Research aims and thesis structure

The central aim of this thesis is to advance the atomistic understanding of disor-
dered tetrahedral networks using machine learning. At the heart of this work is
the recurring motif of the tetrahedral building block and a desire to understand
its structural diversity across chemical systems, as well as its influence on material
properties. By examining systems that share this local geometry, from molecular
liquids to solids, this thesis investigates how the tetrahedral motif adapts across
chemical contexts and whether these variations can be captured and generalised
through machine learning models.

The research is developed in two stages. First, I apply machine learning tech-
niques to study specific systems: amorphous ices, liquid water and ZIFs. These case
studies illuminate the challenges of modelling disordered materials and demonstrate
how data-driven approaches can reveal structural insights beyond the reach of em-
pirical or quantum methods. In the second phase, I expand the scope to explore
how chemically distinct tetrahedral networks relate to one another. The key ques-
tion becomes whether structural and energetic patterns learnt in one system can
be transferred to another, testing the extent to which tetrahedral topology encodes
chemically transferable information.

Chapter 2 lays the methodological foundation for the thesis, and in particular
provides details on the development of MLIPs used in this work. I introduce the three
core components of MLIP construction — reference data, structural descriptors, and

fitting algorithms — before explaining how their interplay governs model accuracy
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and transferability.

In Chapter 3, I present a machine learning framework for classifying local atomic
environments in amorphous ices, focusing on low-density (LDA), high-density (HDA),
and the recently discovered medium-density amorphous (MDA) phase. Using bond
orientational order parameters and a neural network classifier, I show that while
HDA is clearly a distinct phase, LDA and MDA exhibit significant structural over-
lap. Applying this model to compression trajectories suggests that MDA-like envi-
ronments emerge transiently during the LDA-HDA transition, indicating that MDA
may be a metastable intermediate rather than a distinct phase. This study illus-
trates both the power and the limitations of local descriptors in resolving subtle
structural differences in disordered materials.

Chapter 4 applies a GNN potential to model the structure of liquid water. Al-
though GNN-based potentials have been used previously, this work presents one of
the first in-depth applications aimed at extracting new structural insights in liquid
water. The resulting potential enables accurate simulations across a temperature
range of 260 K to 350 K, successfully reproducing key experimental observables in-
cluding the radial distribution function, density isobar, and diffusion coefficient. I
use this model to investigate the temperature-dependent splitting of the principal
peak in the structure factor, a hallmark of structural heterogeneity in liquid water.
Analysis of hydrogen-bonded ring statistics reveals that this splitting arises from
distinct topological rearrangements within the hydrogen-bond network. By linking
medium-range topological order to measurable scattering features, this work offers
new insight into the microscopic origins of water’s structural anomalies.

Chapter 5 examines the analogy between ZIFs and zeolites through the lens of
structural coarse-graining. Using Gaussian Process Regression (GPR), I build mod-
els at three levels of resolution: fully atomistic, an AB, coarse-grained representation
preserving tetrahedral connectivity, and a minimal A-only model omitting it. I find

that the ABs model retains much of the predictive accuracy of the atomistic one
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while dramatically simplifying the representation. By contrast, the A-only model
fails to capture local energetics, underscoring the essential role of tetrahedral con-
nectivity. These findings provide quantitative support for the view that ZIFs and
zeolites can be described within a unified topological framework and supports the
idea that topology-driven representations can form the basis of transferable models.

Chapter 6 explores the transferability of machine learning models across differ-
ent chemical domains that share tetrahedral structures. Using transfer learning, I
test how GNNs trained on one material — such as carbon, silicon, silica, or water —
can be adapted to another. This cross-domain study probes the limits of alchemical
transfer learning and evaluates whether the tetrahedral motif carries enough embed-
ded chemical information to enable generalisation. I identify key factors governing
successful transfer and examine how GNNs represent structure and chemistry across
systems. Finally, I demonstrate how a foundation GNN model can be fine-tuned
on water data to enable large-scale simulations with modest computational cost,
pointing toward more general and efficient machine-learned potentials.

Chapter 7 concludes the thesis by reflecting on the main findings and outlining
directions for future research, including how the tools and approaches developed
here may inform broader efforts in materials modelling.

Each research chapter introduces the relevant scientific context, followed by the
methods, main results, and their interpretation, offering a systematic exploration
of how machine learning can be used to capture, analyse, and generalise structural

patterns in complex materials.
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Chapter 2

Methods

2.1 Introduction

This chapter provides a technical introduction to the core tools and techniques that
underpin this thesis as a whole. It outlines the foundational methods and concepts
that will be referenced throughout the work, establishing a cohesive framework for
the research. While this chapter focuses on the general methodological approach,
specific techniques pertinent to individual chapters will be introduced in those chap-

ters as needed.

2.2 Building machine-learned interatomic poten-

tials

An MLIP aims to approximate the true PES of a material by learning a function
that maps atomic configurations to their associated energies and forces. This func-
tion is not derived analytically from first principles, but instead is trained on a finite
set of reference data, typically obtained from DFT or higher-level quantum chem-
ical methods. The trained model then serves as a surrogate for the full electronic
structure calculation, enabling rapid evaluation of energies and forces at a fraction
of the computational cost.

The process of constructing an ML potential involves three essential components,

illustrated schematically in Fig. 2.1, and discussed in detail in the following sections.

2.2.1 Construction of a reference dataset

The foundation of any MLIP is its reference dataset, which encodes all the physical
information the model will learn to reproduce. The quality, diversity, and relevance

of this dataset are critical to the potential’s downstream accuracy, transferability,
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Figure 2.1: Building machine learning interatomic potentials. The process involves three main
steps: (1) construction of a reference dataset, (2) representation of chemical environments, and
(3) regression of the MLIP [51]. The reference dataset provides the ground truth for the MLIP,
while the representation of chemical environments allows the MLIP to learn the underlying
potential energy surface. The regression step uses the reference dataset and the representation
of chemical environments to learn the MLIP. The figure is adapted from Ref. [210]. Copyright
2023 Author(s) licensed under a Creative Commons Attribution 4.0 License.

and robustness. Consequently, much effort has been devoted to designing datasets
that are both compact and comprehensive.

A typical dataset consists of atomic configurations paired with quantum mechan-
ical labels, usually total energies, atomic forces, and stress tensors, which serve as
ground truth during training. These configurations should provide a representative
sampling of the PES relevant to the intended application, allowing the model to
make accurate and physically meaningful predictions across the targeted domain. If
key regions of this domain are poorly sampled, the trained potential may be forced
to extrapolate, often resulting in large errors or unphysical behaviour [211].

Constructing such a dataset involves two main tasks: (1) selecting the configura-
tions to include (data locations), and (2) computing their corresponding quantum-
mechanical labels. Together, these steps determine the coverage and fidelity of the

resulting potential.
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The first choice to make is the selection of data locations, which governs the con-
figurational diversity of the dataset. To ensure reliability in downstream simulations,
the data locations must be representative of the system of interest, capturing both
typical and edge-case configurations that may arise under relevant thermodynamic
or mechanical conditions. These can be chosen manually using domain expertise, for
example, by selecting representative configurations from known phases, surfaces, or
defects, or through automated techniques such as active learning [212-215] , random
structure search [216-218], or metadynamics-driven sampling [219]. In practice, hy-
brid strategies are often most effective: domain expertise ensures inclusion of key
structural motifs, while algorithmic exploration helps identify non-intuitive but rel-
evant configurations [57, 220]. Despite best efforts, any dataset will inevitably be
incomplete relative to the true configuration space of a complex material. As a
result, the trained model may need to extrapolate in regions it has not seen during
training, often leading to significant errors or unphysical behaviour. Rigorous vali-
dation and uncertainty quantification are therefore essential to assess the reliability
and limitations of any ML potential.

The second key aspect is the quality of the reference labels. The ML potential
cannot exceed the accuracy of the data on which it is trained; it merely reproduces
the level of theory used to generate the dataset. For instance, if a DFT functional
systematically underestimates dispersion interactions, the resulting potential will
inherit this bias. It is therefore essential to ensure that the reference calculations
are both consistent and numerically precise.

Together, the accuracy of the labels and the coverage of the configurations define
the upper bounds of the ML potential’s performance and transferability. A well-
constructed reference dataset enables the model to interpolate reliably within its
training domain, but also to exhibit stable behaviour in simulations that venture
toward its boundaries.

In this thesis, no new reference data sets are generated. Instead, all datasets
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are sourced from existing literature. Details on the specific datasets used, including
their origin, composition, and suitability are provided in the respective chapters

where they are used.

2.2.2 Representing Chemical Environments

The second step in developing an MLIP involves encoding the local atomic environ-
ments from the dataset into a numerical representation that can serve as input to
the machine learning model.

An (uncharged, isolated) atomic structure, S, is most simply defined by the

position, r;, and atomic number, Z;, of each of its N component atoms:

S={(r,Z;) Viel[l,N]}

However, while complete, this raw representation poses several challenges for
computational analyses: it lacks critical invariances, such as rotational, transla-
tional, and permutation symmetry, and tends to be neither smooth nor fixed in
length. Consequently, this makes direct use of atomistic configurations difficult,
particularly for machine learning models which require standardised, consistent,
and invariant inputs.

To address these challenges, we employ descriptors, also known as fingerprints
[221]. These are transformations of the original atomistic configurations into struc-
tured, numerical representations more suited to computational methods. Effective
descriptors should satisfy specific criteria [222, 223], including invariance to sym-
metries, uniqueness to prevent ambiguous representations, smoothness to facilitate
stable gradient-based learning methods, faithful representation of underlying physics
and chemistry, and strong correlations with system properties of interest. Develop-
ing descriptors which meet these conditions significantly enhances our ability to
leverage computational tools, particularly machine learning algorithms, to predict

system properties and behaviours as each configuration of interest is mapped to a
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unique point in a high-dimensional feature space.

Global descriptors represent one class of such transformations, summarising the
entire system in a single, often compact, numerical vector or string. Global de-
scriptors have become prominent in particular applications: for example, Quantita-
tive Structure-Activity Relationship (QSAR) modelling in drug discovery frequently
utilises simplified molecular-input line-entry system (SMILES) strings [224-226] due
to their concise representation of molecular topology. Electrostatic interaction anal-
yses commonly employ Coulomb matrices to quantify pairwise atomic interactions
effectively [227]. Additionally, polymer science and protein folding studies often use
descriptors such as the radius of gyration, capturing global structural features es-
sential for understanding macromolecular behaviours [228]. Despite their utility in
high-throughput screening and rapid analyses, global descriptors inherently sacri-
fice local structural information, as they typically represent averaged or aggregated
system properties. This loss is especially problematic in systems lacking long-range
order, such as amorphous or disordered materials, where properties are critically
influenced by local structural motifs.

To capture detailed local interactions, particularly in disordered or heterogeneous
systems, local descriptors are used. These focus on individual atoms and their sur-
rounding environments, typically defined by a cutoff radius, enabling models to learn
structure—property relationships that depend on local atomic arrangements. Simple
descriptors may include coordination numbers or distance-based features (e.g., bag-
of-bonds [229]), while more expressive approaches rely on many-body expansions,
such as the smooth overlap of atomic positions (SOAP) descriptor [230] or atom-
centred symmetry functions (ACSF) [231]. Local descriptors have become central
to atomistic machine learning and have been applied across diverse domains, from
modelling amorphous silicon [54] to characterising grain boundaries in alloys [232].
By encoding the geometric and chemical structure of an atom’s local environment,

these descriptors allow models to infer the underlying interatomic interactions, both
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short- and many-body, which ultimately govern mechanical, electronic, and thermo-
dynamic behaviour.

The optimal choice of descriptor remains task-specific, requiring careful consid-
eration of both the chemical context and the targeted predictive property. Conse-
quently, selecting the best descriptor is not straightforward and remains an active
area of research [233]. For a comprehensive review of the diverse range of struc-
tural descriptors used in atomistic machine learning, see Ref. [222]. In the following
sections, I introduce the three descriptors used in this thesis: the Steinhardt order
parameters, the SOAP descriptor, and the atomic cluster expansion (ACE) descrip-

tor.
Steinhardt Order Parameters

Bond-orientational order (BOO) parameters, commonly known as Steinhardt pa-
rameters, were introduced in the early 1980s by Steinhardt, Nelson, and Ronchetti
[234] to quantitatively characterise the local orientational order in particle systems.
These parameters address the shortcomings of traditional measures, e.g., g(r), in
capturing the local structure of systems like liquids and glasses, where long-range
order is absent yet local structural motifs persist. Since their introduction, Stein-
hardt parameters have become a widely used and powerful tool for identifying various
crystalline phases, including face-centred cubic (fcc), hexagonal close-packed (hep),
and body-centred cubic (bce) structures [235-238].

Steinhardt parameters employ spherical harmonics to encode the symmetries of
the local structures into a complex vector (i) indexed by [ € N and m € [, [],

with components given by:

Qun (i Z Y™ (i) (2.1)
IN| oy’

where N; is the set of neighbours of particle i (typically defined by some user-

specified distance cutoff), and Y, (r;;) are the spherical harmonics evaluated at the
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relative position vector r;; pointing from particle ¢ to j.

Thermal fluctuations can blur the distributions of these order parameters, com-
plicating the task of distinguishing local crystalline structures. To overcome this,
Lechner and Dellago [236] proposed an averaging scheme in which the bond or-
der parameters of neighbouring particles are combined. The averaged bond order

parameter is given by

imi) = wﬁ S i) (2:2)
JEN;U{i}

While g, (7) holds the information about of the structure of the first shell around
particle i, g, (7) also takes into account the structure of the second shell. This aver-
aging substantially reduces the overlap between the order parameter distributions of
different phases, often by several orders of magnitude [236], enhancing the accuracy
of phase identification at the expense of a modest reduction in spatial resolution.

Evaluations of both ¢,,(7) and @, (7) depend on the choice of reference frame.
It is therefore standard practice to average over the magnetic quantum number m

to obtain rotationally invariant measures of local symmetry:

4

l
4
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T 2 lan(F - (23)

The spherical harmonics of a given degree [ form an orthonormal basis for the
(21 + 1)-dimensional representation of the rotation group SO(3). This basis is natu-
rally aligned with the symmetries observed in crystalline structures. Consequently,
by choosing different [ values, one can tailor the sensitivity of these order parameters
to various crystal symmetries. For example, the parameter g has been used as a
prominent indicator when searching for glass transitions [239, 240] and crystalline
clusters [241, 242] in glasses and super-cooled liquids.

In addition to the ¢; parameters, which quantify the overall magnitude of [-fold

symmetry, one can define a cubic order parameter, w;(i) [234]. This parameter
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captures the relative phases of the spherical harmonic components by combining
three spherical harmonic coefficients via the Wigner 3j symbol [243]. The cubic

order parameter is given by

E (TTEJ ﬂig ﬂig ) qlml (Z)QZMQ (Z)QITTLB <Z>
N mait+ma+mz=0
wy(i) =

(S )

This parameter is sensitive not only to the magnitude of order but also to detailed

(2.4)

angular correlations, enabling the discrimination between environments that exhibit
similar ¢; values but possess distinct local symmetries.

Similarly to §;, an averaged version of the cubic order parameter, w;(i) can be
defined using the averaged bond order parameters, g, (7):

Z ( rril n~l¢2 77’ng ) (jlml <Z>(7lm2 (i)@mg (Z)
_ . m1+ma+m3=0
wy (i) =

(S )

, (2.5)

This formulation further refines the characterization of local symmetry by incorpo-
rating both magnitude and phase information over an extended neighbourhood.

A combination of these parameters can be used to describe a local environment
depending on the application. In practical use, a Steinhardt descriptor is often
constructed as a feature vector composed of one or more scalar bond-order metrics,
such as ¢(i) and w;(7), for various values of [. The choice of [ values can be tuned to
enhance sensitivity to specific local symmetries or structural motifs. For instance,
a descriptor vector might include @4, ¢g, and wg, or a broader set depending on
the desired discriminatory power. This vector, encapsulating local orientational
and angular correlation information, serves as a compact numerical representation
of a particle’s local environment. As such, it is well-suited for use as input to
machine learning models, where it enables the automated classification, clustering,

or regression analysis of structural phases across diverse particle systems [244].
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SOAP

The Smooth Overlap of Atomic Positions (SOAP) descriptor was originally devel-
oped by Bartdk et al. [230] in the context of ML potentials, but has since been used
for classifying and understanding complex structures across a wide range of chemical
systems [245].

Without any loss of information or generality, the description of the local envi-
ronment of an atom can be converted from a set of discrete neighbours (locations
and atomic identities) to a continuous density function, p;(r), created by centering

a Gaussian function of width ¢ on each neighbour j up to a smoothed cutoff radius:

Neno It — 12
piw) = 3 exp (5220 ) funlr) (2.

(where I have dropped the explicit dependence on the atomic number Z; for sim-
plicity: see Ref. [230] for more details).
According to Hilbert space theory, this atomic neighbour density can be ex-

panded using an appropriate radial basis set, R,,, and spherical harmonics, Y;":

nmaX7lmax
pt)= D i Ra(r)Y"(®)

. / pu(X) R (r) Y™ (F)dL.

Truncating at finite ng., and L. gives a a fixed-length descriptor, convert-
ing the continuous spatial distribution into a discrete set of coefficients, c¢,;,,, that
characterise local atomic arrangements.

To achieve rotational invariance, the expansion coefficients, c¢,;,, are combined

into a power spectrum, p(i):

= — E c c . 2.8
pn1n2l /—21 +1 ( nllm) nalm ( )

m
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This power spectrum captures all the essential structural details of the local envi-
ronment around atom ¢.

A particularly convenient feature of this representation is that the dot product
of the power spectra of two environments provides an approximation to the integral
of the product of their densities over all possible three-dimensional rotations. This
dot product (typically raised to a power of 2 or 4 and denoted as k(i, 7)) is known
as the SOAP kernel, and serves as a similarity measure between two local atomic
environments taking values between 0 (completely dissimilar) and 1 (identical local

environments).

2

dR. (2.9)

k(i,j) = p; - p; / '/pi(r)pj (Rr) dr

In the limit of a complete basis set (i.e. Nyax — 00 and [y — 00), this approxi-

mation becomes exact.

While the preceding description assumes a single element for simplicity, SOAP
naturally extends to multi-element systems. A straightforward extension assigns
separate density channels for each element-element pair, although this significantly
increases the descriptor size. Advanced strategies, such as linear combinations of
densities, can effectively reduce dimensionality without significant loss of information
[246].

There are two main hyperparameters that need to be chosen when using SOAP
descriptors. These are often system-specific and need to be chosen carefully to ensure
the descriptor is sensitive to the relevant features of the system.

The Gaussian width o influences how smoothly neighbour atoms contribute to
the local density. Smaller values of ¢ result in sharp, well-defined atomic peaks,
making the descriptor sensitive to minor positional changes, whereas larger values
lead to smoother, broader peaks that provide robustness against small perturbations
in chemical environment but at the expense of sensitivity to local structure.

The cutoff radius 7., determines the extent of the local environment considered.
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A larger cutoff includes more neighbours, capturing longer-range interactions at the
cost of higher computational complexity and potentially diminishing sensitivity to

local atomic detail.

Smooth Overlap of Atomic Positions (SOAP) descriptor
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Figure 2.2: Visualisation of the SOAP descriptor for atomistic structures. (a) Schematic rep-
resentation of the SOAP descriptor. The neighbour density p(i) around atom 1 is constructed
to be invariant to permutations of atoms. Expanding p(i) in a basis of spherical harmonics
(Y;™) and radial functions (commonly spherical Bessel functions) and summing over the mag-
netic quantum number m yields a rotationally invariant power spectrum p. This is conceptually
similar to combining p orbitals into a spherically symmetric electronic configuration. (b) II-
lustration showing that the SOAP power spectrum encodes three-body correlations, capturing
angular relationships between triplets of atoms. Adapted from Ref. [247].

Finally, the maximum angular degree, l.x, and the maximum radial degree,
Nmax, 1iMit the complexity of the descriptor. Increasing these values allows for more
detailed descriptions but at the expense of increased computational cost. Optimi-

sation usually involves balancing accuracy with computational feasibility.
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Atomic Cluster Expansion

Atomic Cluster Expansion (ACE) is a unified formalism for representing the local
atomic environment in a complete, rotationally, translationally, and permutationally
invariant manner [248].

At the core of the ACE approach is a body-ordered expansion, where the total
energy contribution of an atom is written as a sum over one-body, two-body, three-
body (and higher) terms. Each atomic energy, Fj;, is expressed as a sum over

increasingly complex interactions involving the neighbours of atom ¢, formally:

Ei =Wo(Zi) + Z Vi(rijy, Zjys Zi) + Z Va(Tijys Tigys Zjys Zjy Zi) + -+ (2.10)
J1 J1<j2

where r;; is the vector from atom ¢ to a neighbour j, and Z; denotes the atomic
number. Each term V,, encodes interactions between n neighbouring atoms. In
practice, computing these terms directly becomes infeasible for n > 3 due to com-
binatorial scaling.

To address this, ACE introduces a density projection trick, which simplifies
the many-body expansion by expressing the local environment around atom 7 as a

neighbour density:

pi(r) = 0(r —ry), (2.11)

J#i
This density is projected onto a set of basis functions ¢, (r;;), typically involving
radial and angular components. These basis functions are then combined through a

tensor product to construct higher-body descriptors:

Dy (vijy, -5 1i5,) = | [ 6 (xi), (2.12)
t=1
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The final atomic energy can then be written as a linear combination of these

descriptors:

Ez' = ZZQV@V(rij17"'7riju)7 (213)
v D,

where 6, are coefficients learned during model fitting. This formulation allows ACE
to retain the physical interpretability of body-order expansions while scaling linearly
with the number of neighbours, rather than combinatorially.

The ACE descriptors [248] are not explicitly used or calculated at any point
in this thesis. However, they form the basis of the MACE graph neural network
model which is introduced in the following section and used extensively in the work

presented in this thesis.

2.2.3 Regression Techniques

The final step in the development of a machine learning model is to use the training
data to learn a mapping from the input descriptors to the target property. This is
known as regression.

Regression models are trained to approximate an unknown functional relation-
ship between a set of structured inputs, such as local or global chemical environment
descriptors (as introduced in the previous section), and a target quantity of interest,

such as energy and forces. Formally, the goal of regression is to learn a mapping
f:R' =R

from a high-dimensional input space, R?, to a scalar or vector-valued target, RC.
The function f is trained or inferred from a dataset of N observations (xi,yi)i]\il,
where x; € R? is the input descriptor and y; € R° is the corresponding target value.
A concrete example of this is the prediction of the potential energy of a system,

E € R, from a set of local environment, i.e. SOAP, descriptors, x. ML regression

models differ in how they parametrise f, how uncertainty is quantified (if at all),
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and how prior knowledge is incorporated.

Many ML models, particularly those with a large number of parameters or flexi-
ble functional forms, can achieve near-perfect fits to the training data. However, such
performance is often misleading: a model that merely memorises training examples
(known as overfitting) but does not smoothly interpolate between training points
will fail to capture the underlying relationships needed to make reliable predictions
on new, unseen inputs. This ability to generalise, to make accurate predictions be-
yond the training set, is a fundamental criterion for evaluating the usefulness of a
regression model, especially in scientific applications where the ultimate goal is often
extrapolation or interpolation to novel configurations or thermodynamic conditions.

To systematically assess generalisation during model development, the available
dataset is typically partitioned into three disjoint subsets: the training set, the
validation set, and the test set. The training set is used to optimise the model’s pa-
rameters by minimising a loss function over the observed data. The validation set is
used to monitor model performance during training and to tune hyperparameters in
order to prevent overfitting. Since the validation data is not directly used to update
model weights, it serves as a proxy for the model’s performance on unseen data.
Once model selection and training are complete, final performance is evaluated on
the test set. The test set is held out entirely during training and validation, ensur-
ing that it provides an unbiased estimate of how the model will perform in practical
deployment. It is essential that the test set reflects the target application domain
as closely as possible; discrepancies between training and test distributions (known
as distribution shift) can severely undermine performance in real-world settings.

Irrespective of the specific regression technique employed, most models possess
a set of hyperparameters. These are settings that govern the model’s architec-
ture, learning dynamics, or prior assumptions. Unlike model parameters, which
are learned directly from data through optimisation (e.g., weights in a neural net-

work or the posterior function in Gaussian Process Regression), hyperparameters are
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not learned during training but must instead be selected beforehand. Their values
strongly influence how well the model captures underlying patterns and, crucially,
how well it generalises to previously unseen data.

The optimisation of hyperparameters is a critical step in model development.
Poorly chosen hyperparameters can lead to overfitting, underfitting, slow conver-
gence, or instability during training. To identify appropriate values, a model is
typically trained on a training set for many different hyperparameter configurations
and evaluated on a separate validation set. Strategies for hyperparameter optimisa-
tion range from simple grid or random search to more sophisticated approaches such
as Bayesian optimisation or evolutionary algorithms, depending on the complexity
of the model and computational budget. A number of software packages now exist
to automate efficient hyperparamter optimisation for atomistic ML [249, 250].

In this thesis, I focus on three model classes: Gaussian Process Regression
(GPR), feed-forward Neural Networks (NNs), and Graph Neural Networks (GNNs).
The following subsections describe each in turn. I will not describe full theoreti-
cal details of each ML architecture, but rather provide a brief overview of the key

concepts and principles relevant to the work presented in this thesis.
Gaussian Process Regression

GPR is a non-parametric, probabilistic model that defines a distribution over func-
tions, enabling both predictions and associated uncertainty estimates. It is par-
ticularly well-suited for applications where datasets are often small and noisy, and
where quantifying uncertainty is crucial for downstream decision-making and model
interpretability. Unlike parametric models, which learn a fixed set of parameters to
approximate a function, GPR infers a posterior distribution over functions directly.
This posterior combines prior assumptions about the function’s behaviour (encoded
in a kernel) with evidence from observed training data.

A Gaussian process is formally defined as a collection of random variables, any

finite subset of which follows a joint Gaussian distribution. It is fully specified by a
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mean function, m(x), and a covariance function, or kernel, k(x,x’):

f(z) ~ GP(m(x), k(x,x)) (2.14)

The mean function is often set to zero without loss of generality, under the
assumption that any global trends can be captured by the covariance structure
or through a simple linear model pre-fit to the data. The kernel plays a central
role by defining the model’s assumptions about function smoothness, complexity,
periodicity, and the characteristic length scale of variation.

In essence, the kernel quantifies the similarity between two inputs, x and x’, and
determines how information is shared between them. A core assumption in GPR
is that nearby inputs (according to the kernel-defined similarity) are likely to have
correlated outputs. As such, training points that are similar to a test point have
a stronger influence on the prediction at that point. This structure allows GPR
to make informed predictions without learning an explicit mapping from inputs to
outputs. For a comprehensive introduction to GPR, see Ref. [251].

In this thesis, I employ a GPR model using the SOAP kernel [230], which is
specifically designed for atomistic systems. The SOAP kernel provides a similarity
measure between local atomic environments that is invariant to rotation, translation,
and permutation of identical atoms — symmetries that are essential for physical

consistency. For two environments ¢ and j, the SOAP kernel is defined as:

k(i, j) = (Pi - Py)°, (2.15)

where p; and p; are the SOAP power spectra (Eq. 2.8) of environments ¢ and j, and
( is a positive integer controlling the sharpness of the similarity measure. The kernel
yields values in the interval [0, 1], where k(i,7) = 1 implies identical environments

and lower values indicate increasing dissimilarity.
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Using the SOAP kernel equips the GPR model with a physically meaningful mea-
sure of structural similarity that aligns closely with the types of variations that in-
fluence material properties. Because the SOAP descriptors are constructed directly
from structural data, no manual feature engineering is required, and the resulting
model naturally benefits from strong correlations between structural similarity and
target properties.

GPR combined with the SOAP kernel has been successfully applied across a
broad range of atomistic machine learning tasks. One of its most prominent applica-
tions is the accurate prediction of potential energy surfaces, enabling quantum-level
precision in the simulation of molecular and condensed-phase systems at significantly
reduced computational cost [57, 158, 252]. Beyond energy prediction, SOAP-GPR
models have been used to infer a variety of materials properties, including adsorp-
tion energies on surfaces [253], nuclear magnetic resonance (NMR) chemical shifts
[254], electronic densities of states [60], and even X-ray photoelectron spectroscopy

(XPS) spectra [255].
Neural Networks

While GPR models have long been valued for their interpretability, uncertainty
quantification, and strong performance in low-data regimes, they are increasingly
limited by scalability and expressiveness when applied to large, high-dimensional
datasets. In particular, the computational cost of full GPR training scales cubically
with the number of training samples [247], and the fixed structure of kernel-based
similarity imposes constraints on the complexity of the functions that can be learned.
Practical implementations such as the Gaussian Approximation Potential framework
address this issue through sparsification (replacing the full training set with a smaller
set of representative environments) so that the computational cost scales with the
number of these representative points rather than the entire dataset. Nonetheless,
even with such improvements, GPR-based models (including those using expressive

kernels like SOAP) are increasingly being outpaced by NNs and other flexible models
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in many high-throughput or large-scale materials informatics tasks, due to their
superior scalability and expressive capacity [256, 257].

NNs offer a highly flexible and scalable alternative. Their parametric nature
allows them to learn arbitrarily complex, non-linear mappings from input features
to target properties, given sufficient data. Advances in NN architectures along
with optimised implementations and hardware acceleration (e.g., GPUs, TPUs),
enable training on datasets several orders of magnitude larger than those tractable
for GPR. Unlike kernel methods, NNs can automatically extract multi-scale and
hierarchical representations of input data, without relying on hand-crafted similarity
metrics [258, 259].

At their core, NN models are composed of several “layers”, each of which acts
as a non-linear mapping function, f : R™ — R°". The first layer maps inputs
to hidden representations, h"), with subsequent layers generating further hidden

representations. The action of the {’th layer is given by:
h® = ¢ (WORD 4 pO) (2.16)

i.e., as an affine transformation parametrised by weight and bias matrices, W and
b, followed by a non-linear activation function, ¢ (e.g. ReLU, sigmoid, tanh).
The final output is task dependent. In the case of scalar regression, a simple

linear readout can be used:

j = WAL (2.17)

To train such a model, one must first define a loss function, typically the mean

squared error for regression tasks:

N
Lyise = %Z (f(x:;0) — Z/z’)Za (2.18)

where f(x;;0) denotes the neural network prediction for input x; given model pa-

rameters @, and y; is the corresponding true target value.
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Gradients with respect to this loss function can then be analytically derived for
each model parameter, allowing for the use of (typically first-order) optimisers such
as stochastic gradient descent or Adam to iteratively update model parameters,
minimising the expected loss over the training dataset [260].

NNs excel in high-dimensional settings, are able to learn complex hierarchical
features, and are provably universal function approximators given sufficient param-
eters [261]. However, they are often treated as black-box models, and lack the inter-
pretability and uncertainty estimates of probabilistic methods such as GPR [262].
Moreover, their performance is often highly sensitive to architecture choice and hy-

perparameter tuning.
Graph Neural Networks

GNNs generalise NNs to operate on graph-structured data, making them particularly
well-suited for molecular and atomistic systems. In such systems, entities like atoms
and their relationships (whether through covalent bonds or spatial proximity) are
naturally represented as nodes and edges in a graph. Formally, a molecular graph
can be defined as G = (V, £), where V is the set of nodes (atoms), and £ is the set
of edges (bonds or neighbour interactions). Each node v € V is associated with a
feature vector h,, and each edge (u,v) € £ may carry edge features e,, describing
properties such as bond type or interatomic distance.

GNNGs offer a powerful alternative to conventional machine learning approaches
that rely on hand-crafted molecular descriptors as input to models such as GPR
or NNs described above. Rather than depending on pre-defined representations,
GNNs directly take as input the full molecular graph. Through training, they learn
task-relevant representations tailored to specific predictive goals [263]. Their ability
to operate directly on chemically meaningful structures enables them to capture the
intricacies of atomic-scale interactions and global structural phenomena.

Given their versatility and effectiveness, a wide variety of GNN architectures have

been proposed [167, 256, 264-268]. Most GNNs in chemistry and materials science
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can be unified under the Message Passing Neural Network (MPNN) framework [266],
which I briefly outline below.

Unlike regular data structures such as grids or sequences, graphs are inherently
irregular: they lack fixed dimensionality, ordering, or size. MPNNs address this by
learning node-level representations (embeddings) through a process known as mes-
sage passing, where each node updates its representation by aggregating information
from its local neighbourhood.

A widely used formulation for a single GNN layer updates a node’s embedding

h'" at layer [ based on its previous state h{™" and the embeddings of its neighbour-

ing nodes N (v):

h) =g WO 3" hiY|, (2.19)
ueN (v)U{v}

where o(-) is a non-linear activation function, W® is a trainable weight matrix at
layer [, and deg(v) denotes the degree of node v, i.e., the number of neighbouring
atoms within a specified cutoff.

This iterative process allows the model to encode both local atomic environments
and long-range dependencies, with node embeddings gradually capturing broader
chemical context as they get updated layer by layer. Consequently, GNNs learn
hierarchical, many-body representations that are particularly effective for modelling
complex molecular and material structures.

Owing to their inherent respect for symmetries in chemical graphs — such as
permutation invariance of atoms — and their capacity to model intricate interatomic
dependencies, GNNs have emerged as the state-of-the-art for numerous applications.
These include materials property prediction [269-271], drug discovery [272], phase
classification [115], and the acceleration of ab initio molecular dynamics [167, 273].

Recent advances have further enriched GNNs by incorporating equivariant repre-
sentations of geometric information, such as atomic positions, distances, and angular
correlations, allowing for more physically informed and data-efficient learning. In

this thesis, I employ the MACE architecture [256], and compare it with two other
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leading models: Neural Equivariant Interatomic Potential (NequlP) [167] and Po-
larizable atom interaction Neural Network (PaiNN) [267]. While all three are based
on message passing, they differ in how they encode and process geometric data, as
well as in their respective trade-offs between accuracy, computational efficiency, and
architectural complexity. The following paragraphs provide a concise introduction

to each of these models.

PaiNN is an equivariant message passing neural network that models atomic inter-
actions by explicitly separating scalar and vector features. Each atom is represented
by a collection of (i) scalar and (ii) vectorial features, which together evolve through
equivariant message updates and interaction blocks. Messages are computed using
learned radial functions and are applied via equivariant convolutions, ensuring that
the model respects the symmetries of 3D space. The vector components transform
equivariantly under rotations, and their updates are governed by operations that
couple scalar and vector features while preserving equivariance. The architecture
avoids spherical harmonics and uses relatively lightweight vector operations, making

it computationally efficient (around 10x faster than MACE [274]).

NequlP uses features that transform according to irreducible representations of
the 3D rotation group, SO(3), via spherical harmonics. Each atomic feature is a
set of tensors with specific rotation behaviours (e.g., scalars, vectors, higher-order
tensors). Messages are passed and updated using tensor products that maintain

equivariance at each layer. The core operation involves:
= 3" Y c, <h§’) ®h§”> , (2.20)

JEN () l1,l2

where Cj ;, are Clebsch-Gordan coefficients enforcing equivariant coupling between

tensorial features.

MACE extends the message passing framework by introducing a hierarchical,

many-body message construction mechanism that scales beyond pairwise interac-
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tions. Each message is built from a sum of learnable functions, known as ACE
descriptors (Section 2.2.2), acting on increasingly complex combinations of neigh-
bour features, capturing (v+1)-body correlations via symmetric tensor products. To
maintain computational efficiency, MACE leverages a tensor product factorisation,
avoiding the exponential scaling typical in high-order expansions. Edge embeddings
use a learnable radial basis and spherical harmonics, while node features are ag-
gregated via Clebsch—Gordan-weighted sums that preserve rotational equivariance.
This results in a rich, equivariant representation that fully encodes geometric in-
formation up to the desired correlation order. MACE has been shown to match or
exceed NequlP’s accuracy (see later Section 4.4.2) with improved training stability

and lower computational overhead in some settings [256].

2.3 Density Functional Theory

The reference datasets used to train machine-learned interatomic potentials in this
thesis are labelled using electronic structure methods, and in particular density
functional theory (DFT). A concise overview of the DFT framework is therefore
provided here, both to contextualise its role as the source of ground-truth data and
to clarify its inherent approximations and limitations, particularly with regards to

the systems considered in this thesis.

2.3.1 Conceptual Framework

The fundamental task of electronic structure theory is to solve the many-electron
Schrodinger equation for a system of nuclei (at locations R") and electrons (at

locations 7¢):

HY = BV

=T +T.0 +V, W+ V, ¥+ V., W
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where ¥ = lI/({R_;" N {r;e ]1\11) for a system of NV nuclei and M electrons.

In the context of this thesis, we are interested in finding the ground-state energy
for a given system. In principle, we could obtain this by solving the above equation,
either exactly or numerically, but this is intractable for all but the simplest of systems
due to the non-linear electron—electron interactions, and the exponential scaling of
the wavefunction with particle count respectively [38].

DFT circumvents this difficulty by reformulating the problem in terms of the
electron density, p(7), a three-dimensional scalar field. The Hohenberg-Kohn theo-
rems (1964) [40] establish that:

(i) the ground-state energy of an interacting electron system is a unique functional

of p(7), and
(ii) the exact ground-state density minimises this functional.

These results shift the focus from the many-electron wavefunction to the more
tractable density.

In practice, the Kohn—Sham formalism (1965) [41] is used: the interacting elec-
tron system is mapped onto a fictitious non-interacting system that reproduces the

same ground-state density. The total energy is written as
Elp] = Ti[p] + Eexs|p] + Enlp] + Exelp], (2.21)

where T} is the kinetic energy of the non-interacting electrons, Fey is the energy due
to external potentials (e.g. nuclei), Fy is the classical Hartree energy of Coulomb re-
pulsion, and E,. is the exchange—correlation (XC) energy functional, which accounts
for all many-body effects missing from the other terms.

Calculating the total energy for a given density (and exchange—correlation func-
tional) requires a straightforward application of the above equation. DFT is (rela-

tively) expensive because:
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(i) diagonalising the Hamiltonian matrix extracted from the Kohn—Sham equa-

tions scales cubically with the number of electrons, O(N?3) [38];

(ii) finding the density that minimises the total energy is a non-trivial problem
that requires iteratively updating estimates for the density until convergence

is reached.

2.3.2 Approximate Functionals

The exact form of E,.[p] is unknown, and all practical implementations of DFT rely
on approximations.

Common families of XC functionals include:

e Local density approximation (LDA): assumes F,. at a point depends only

on the local density, using the uniform electron gas as reference [41, 275].

e Generalised gradient approximation (GGA): extends LDA by including
dependence on the density gradient, e.g. PBE [142] and BLYP functionals [276,
277).

e Meta-GGA and hybrid functionals: introduce dependence on kinetic en-

ergy density or incorporate exact Hartree-Fock exchange, e.g. SCAN [144]

Each class balances accuracy, transferability, and computational cost. The fol-
lowing section summarises the key limitations of standard DFT approximations

relevant to this work.

2.3.3 Known Limitations

For the systems considered in this thesis, important limitations of standard DF'T

approximations include:

e Water: GGAs tend to overbind hydrogen bonds, leading to overstructured
radial distribution functions and underestimated diffusion coefficients [134,
143]. Inclusion of dispersion corrections (e.g., DFT-D3 [145, 146]) or use of

hybrid/meta-GGA functionals improves agreement with experiment [141, 147].
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e Silica (SiO): the balance between covalent and ionic character is sensitive
to the functional. Standard GGAs capture qualitative trends but may misrep-

resent defect energetics and high-pressure phases [278].

e Band gaps and excited states: ground-state DF'T systematically underes-
timates band gaps due to self-interaction error and lack of derivative disconti-
nuity [279, 280]. While not the primary concern for MLIP training, this limits

transferability to electronic properties.

In summary, DFT provides an efficient and widely adopted route to high-quality
atomistic reference data. However, its approximations imprint characteristic biases
into the datasets, and therefore into MLIPs trained upon them. Recognising these

limitations is essential when interpreting ML-driven simulations.

2.4 Molecular Dynamics Simulations

Molecular dynamics (MD) is a powerful computational technique used to simulate
the time evolution of many-body systems at the atomic scale. MD models atoms
as classical particles whose trajectories evolve according to Newton’s equations of

motion,

Fi = my;a; = —ViU(rl, N ,I‘N), (222)

where U(ry,...,ry) is the PES that defines the total potential energy as a function
of the atomic coordinates. Starting from an initial configuration of positions and
velocities, the equations of motion are integrated over discrete time steps (typically
on the order of femtoseconds), generating correlated trajectories that describe the
dynamical evolution of the system.

The accuracy of MD critically depends on the fidelity of the PES. Empirical force
fields are efficient and interpretable, but often limited in accuracy and transferabil-
ity [19]. Quantum mechanical approaches such as DFT provide higher accuracy by

explicitly treating electronic structure [37], but scale poorly with system size [38].
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ML models, particularly GNN-based potentials, aim to bridge this gap by learning

high-fidelity PES representations from quantum reference data [49].

2.4.1 Statistical Foundations and Thermodynamic Ensem-
bles

The theoretical foundation of MD lies in statistical mechanics, which provides the
connection between microscopic particle motion and macroscopic thermodynamic
observables. Instead of describing a system by a single configuration, statistical
mechanics considers an ensemble: a large collection of microstates consistent with
specified macroscopic constraints. Each ensemble corresponds to particular physical
conditions and defines a probability distribution over accessible phase space.

The three most relevant ensembles for MD are:

e Microcanonical Ensemble (NVE): Number of particles (/V), volume (V'),
and total energy (FE) are constant. The system is isolated, and all microstates

with total energy E are equally probable:

pxve(p, q) < 0(E — H(p, q)),

where H(p, q) is the Hamiltonian.

e Canonical Ensemble (NVT): N and V are fixed, but the system exchanges
energy with a thermal reservoir at temperature 7. The probability of mi-

crostate ¢ with energy F; is given by the Boltzmann distribution:

o—FEi/kpT

—_ _ *Ei/kT

where kg is Boltzmann’s constant and Z is the partition function.

e Isothermal-Isobaric Ensemble (NPT): N, P, and T are constant. The
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system can exchange both energy and volume with its surroundings, appro-

priate for condensed-phase or experimental conditions.

In all ensembles, the average of an observable A is given by

(A) => PA, (2.23)

which corresponds to macroscopic quantities such as energy, pressure, or enthalpy

in the thermodynamic limit.

2.4.2 Ensemble Control: Thermostats and Barostats

A basic MD simulation inherently samples the microcanonical (NVE) ensemble,
as total energy is conserved. However, most physical experiments occur at con-
stant temperature or pressure. To reproduce these conditions, MD employs ther-
mostats and barostats, which modify the dynamics to sample canonical (NVT') and
isothermal-isobaric (NPT') ensembles, respectively.

Thermostats such as Nosé-Hoover [281] and Berendsen [282] regulate system
temperature by rescaling or dynamically adjusting particle velocities. Stochastic
approaches like the Langevin thermostat [283] introduce random forces to mimic
collisions with a heat bath, ensuring proper Boltzmann sampling. Barostats such as
Parrinello-Rahman [284] or Martyna—Tuckerman—Klein [285, 286] adjust the sim-
ulation cell’s volume or shape to maintain target pressure, introducing extended

degrees of freedom in the equations of motion.

2.4.3 Ergodicity and Ensemble Sampling

The equivalence between MD trajectories and statistical ensembles relies on the
ergodic hypothesis [287]: over sufficiently long times, the trajectory explores all

microstates consistent with the ensemble constraints. When ergodicity holds, time
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averages over a trajectory equal ensemble averages,

(Aensomie — lim ~ [ A(t) dt. (2.24)

T—00 T 0

For complex systems with slow conformational dynamics or high energy barriers,
ergodicity may be limited. In such cases, enhanced sampling methods such as replica
exchange, umbrella sampling, or metadynamics are employed to improve statistical

convergence.

2.4.4 Implementation

All MD simulations presented in this chapter are performed using the Large-scale
Atomic/Molecular Massively Parallel Simulator (LAMMPS) software pack-
age [288, 289], with appropriate thermostats and barostats to enforce desired ensem-
ble conditions. The resulting trajectories enable direct computation of structural,
thermodynamic, and dynamic properties, providing a computational bridge between

statistical mechanics and experimentally accessible thermodynamics.
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Chapter 3

Classification of Amorphous Ices

3.1 Acknowledgements

The work presented in this chapter has been published in The Journal of Chemical
Physics [244]. Portions of the text and several figures have been reused; where
appropriate, figures are labelled as “Adapted”. I am grateful to John Gardner for

his assistance with implementing the Steinhardt parameter calculations.

3.2 Introduction

Water is one of the most familiar substances in everyday life, yet its properties con-
tinue to challenge scientific understanding due to a wealth of anomalous behaviours.
This complexity is vividly illustrated in its phase diagram, which is arguably the
most intricate among all pure substances [290]. Since Bridgman’s early discovery
of ice polymorphism in 1912 [291], experimental investigations have revealed over
20 distinct crystalline phases of ice [290], including four that have been identified
within the past five years alone [292-295].

In addition to its crystalline diversity, water also exhibits polyamorphism (i.e.
the existence of multiple amorphous forms) under deeply supercooled conditions.
This phenomenon is considered indicative, though not conclusive, of the presence of
a hypothesised liquid-liquid critical point (LLCP) [296]. The two main categories of
amorphous ices, low-density amorphous (LDA) and high-density amorphous (HDA),
comprise several structural variants that differ in their formation pathways, densi-
ties, and local configurations [297, 298]. LDA is thought to be the most prevalent
form of ice in the universe, commonly forming as water vapour condenses onto inter-
stellar dust grains [299]. It can also be synthesised at ambient conditions via rapid

quenching of liquid water and its family comprises LDA-I and LDA-II, obtained via
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heating HDA and vHDA respectively [300], as well as a more-ordered low-density
phase obtained upon heating ice VIII [301]. HDA, by contrast, is typically produced
through compression-induced transitions from LDA or hexagonal ice 1h, involving
a substantial increase in density [302]. Further subtypes within the HDA family
include expanded HDA (eHDA) and vHDA [303, 304]. In simulations, however, the
structural differences between these subtypes are subtle, and thus they are grouped
under the broader labels of LDA and HDA.

The structural distinctions between LDA and HDA are both significant and nu-
anced. LDA exhibits high tetrahedral coordination, with clearly separated first and
second hydration shells. HDA, on the other hand, displays greater local disorder,
with molecules occupying the interstitial space between these shells in motifs rem-
iniscent of ice IV [305-307]. The hydrogen-bond network topologies of LDA and
HDA are also markedly different [308], even though both forms exhibit a similar
suppression of long-range density fluctuations [79, 308].

Polyamorphism in water has attracted significant attention, in part due to its
implications for the existence of distinct liquid states. LDA and HDA are gener-
ally regarded as the glassy counterparts of the low-density liquid (LDL) and high-
density liquid (HDL) phases, respectively [309]. Understanding the nature of the
LDA-HDA separation is fundamentally important: if it results from a first-order
phase transition, the corresponding transition line could extend into the so-called
“no-man’s land” and terminate at a liquid-liquid critical point (LLCP). While an
LLCP has been established in several computational models of water [105, 310],
definitive experimental verification remains elusive. Nevertheless, a growing body of
experimental evidence lends strong support to this hypothesis [115, 311]. Both ex-
perimental [312] and simulation studies [77, 308, 313-315] strongly indicate that
the LDA-HDA transformation is indeed first-order. Additionally, signatures of
metastable critical behaviour have been observed in the long-range structural prop-

erties of both LDA and HDA [79, 308, 316].
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A recent development in this field is the identification of a third amorphous ice
phase with a density intermediate between that of LDA and HDA. This new phase,
named medium-density amorphous ice (MDA), is created by ball milling hexagonal
ice at low temperatures [317]. Simulations suggest this process mimics the effects
of random mechanical shear on the ice lattice. Several interpretations have been
proposed, including the idea that MDA could be the true glassy state of liquid water.
If so, this would challenge the prevailing LLCP hypothesis. Within the framework
of the two-state model, MDA would need to exhibit a glass transition temperature
above the LLCP and might represent a metastable phase poised to separate into
LDA and HDA as the system approaches this critical point [317]. However, recent
work [318] by Eltareb et al. suggests that MDA is not a unique phase but rather
part of a continuum of intermediate amorphous ices that structurally resemble a
transitional state between LDA and HDA.

In this chapter, I analyse the local structures of LDA, HDA, and MDA us-
ing Steinhardt bond-orientational order (BOO) parameters [234]. BOO parameters
serve as invariants under the SO(3) group, and are intimately connected to the sym-
metry properties of crystalline environments, thus providing a systematic framework
for assessing local structural order. This approach enables a detailed and quanti-
tative comparison of the structural characteristics of these amorphous phases, con-
tributing to a deeper understanding of the relationship between local structure and

phase behaviour in amorphous ice.

3.3 Methods

3.3.1 Database

The database used in this chapter was compiled from two sources. The first is
the work of Martelli et al. [319], which includes an extensive collection of LDA,
HDA ices, and liquid water structures. The second source is the study by Rosu-

Finsen et al. [317], which provides a series of MDA ice structures. Brief descriptions
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of the simulation protocols used to generate these structures are provided below.
Where MD simulations were employed, water molecules were modelled using the

TIP4P /2005 interaction potential [120].
LDA and HDA

The majority of the database was sourced from the work of Martelli et al. [319],
which comprises numerous LDA and HDA configurations, each consisting of 8192
water molecules. LDA structures were obtained by quenching equilibrated liquid
water from 7' = 300K to 7" = 80K at a cooling rate of 1 K/ns. HDA structures
were generated by isothermal compression of LDA and ice Ih at four temperatures:
80K, 100K, 120K, and 140 K. To sample configurations across a range of pressures,
isothermal decompression of HDA was simulated from 2.0 GPa down to 10~% GPa.
Additionally, liquid water configurations were extracted from MD simulations per-
formed at 300 K and 10~* GPa. For a detailed account of the simulation methodol-

ogy, the reader is referred to Ref. [319].
MDA

Complementing the LDA and HDA data, a set of MDA configurations was taken
from Rosu-Finsen et al. [317]. MDA was generated through repeated shearing of
randomly selected layers within a simulation box of ice Ih containing 2880 wa-
ter molecules. After each shear step, local geometry optimisation was performed.
This shearing process continued until key structural metrics converged, indicating
full amorphisation. In the 2880-molecule system, full amorphisation was typically
achieved after 100 shear steps (see Fig. 3.1).

Following the amorphisation process, the resulting structures underwent NPT
MD simulations at 125K and Oatm using a 2fs time step. MDA configurations

were sampled from 2ns production runs. Further details can be found in Ref. [317].
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Figure 3.1: Steinhardt g4 values for ice |h and their evolution during repeated shearing to
produce MDA. Left: Structural snapshots taken at different stages of the shearing process,
with atoms coloured by their g4 value. Right: Kernel density estimates (KDE) of g4 values in a
2880-molecule system at selected points along the shearing trajectory (data from Ref. [317]).
Adapted from Ref. [244].

Dataset Compilation and Sampling

The final compiled dataset, comprising LDA, HDA, and MDA structures, was split
into training, validation, and test partitions containing 1285, 20, and 1245 struc-
tures, respectively. From each of these partitions, local atomic environments of
oxygen atoms were randomly sampled, generating training, validation and test sets
of environments containing an equal proportion of HDA, LDA, and MDA environ-
ments. In total, this yielded 24,000 training environments (8,000 from each state)
and 7,500 (2,500 from each state) environments each for validation and testing. This
stratified sampling strategy was designed to mitigate data imbalance and ensure uni-
form representation of each structural class.

An additional dataset was prepared comprising only HDA, LDA, and liquid

29



water environments. Following a similar sampling protocol, this dataset consisted

of 32,000 training, 10,000 validation, and 10,000 test environments.

3.3.2 Classification

Neural Network Architecture

NNs are a class of parametric models capable of approximating complex, non-linear
functions, making them well-suited for classification tasks. In this context, a neural
network is trained to assign input data to one of K predefined categories by learning
a mapping from input features to output class probabilities. Training is performed
on a labeled dataset {(x;, ;) }¥,, where x; € R? is a feature vector describing the
local environment of atom 4, and y; € {1,..., K} is the corresponding class label.
The architecture adopted here is a feed-forward neural network, discussed in

Section 2.2.3, with the rectified linear unit (ReLU) activation function [320]:
¢(z) = max(0, z) (3.1)

The final output layer produces a vector of unnormalised scores (logits) z € RY,
one for each class. These are transformed via the softmax function to produce a

probability distribution over the classes:

pk:M k=1,.. . K, (3.2)

K )
Ej:l exp(2;)

where py represents the model’s predicted probability that the input belongs to class
k.

Model parameters are learned by minimising the categorical cross-entropy loss.
For a single training example with true class label y and predicted class probabilities

p, the loss is defined as:

L(P,y) = —log(py), (3-3)

or, equivalently, for one-hot encoded labels y € {0, 1}X:
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L(p.y)=— Z yi log(pr). (3.4)

This loss function penalises incorrect predictions by comparing the predicted distri-
bution to the true class label. The total loss over the dataset is minimised using
stochastic gradient descent with backpropagation. In this work, the Adam opti-
miser [260] was employed for parameter updates, as implemented in PyTorch [321].

In the current study, the classification task involves assigning each atomic envi-
ronment to one of three amorphous ice structures: HDA, LDA, or MDA ice. The
feature vectors {x;} € R consist of the following Steinhardt BOO parameters: ¢(4)
and ¢ (7) with [ € [3,12], w; () and w;(7) with [ even and [ € [4,12] (see Section 2.2.2).
The labels {y;} are encoded as one-hot vectors indicating the corresponding struc-
tural class.

A schematic of the model architecture mapping BOO parameters to class prob-

abilities is provided in Fig. 3.2.
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Figure 3.2: Schematic representation of the neural network employed in this chapter. The
input layer (x) consists of 30 nodes, each representing one of the structural BOO parameters.
The output layer has three nodes for the HDA, LDA, and MDA phases respectively. A softmax
activation function is used on the output layer to convert the raw outputs, f(x), to predicted
probabilities, P(x). Adapted from Ref [322].
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Performance Metrics

To evaluate the classification performance of the trained neural network, I focus
on metrics that account for class imbalances and provide a nuanced view of model

behaviour across different structure types.

Recall A fundamental metric in multi-class classification is recall, which measures
the ability of the model to correctly identify all instances of a given class. For a

given class k, recall is defined as:

TPy

Recall, = ——*
A = TP, L FN,

(3.5)

where TP}, is the number of true positives (i.e., correctly predicted instances of class
k), and FNy is the number of false negatives (i.e., instances of class k that were
incorrectly classified as another class). High recall indicates that most instances of
a class are being correctly identified by the model.

Recall is particularly valuable in this context because it provides class-specific in-
sight into model performance, allowing us to identify which structural environments

(e.g., LDA, HDA, MDA) are more prone to misclassification.

Balanced Accuracy While recall offers a per-class evaluation, a single scalar
metric is often desirable for comparing overall model performance. To this end, I

use the balanced accuracy score (BAS), which is the average recall across all classes:

1 1 < TP,
BAS = — ’; Recally = - kZ: T, 1 FN, (3.6)
where K is the number of classes.
Balanced accuracy is especially important when class distributions are uneven, as
it ensures each class contributes equally to the final score. This mitigates the risk of
overestimating model performance due to dominance by a majority class. A balanced

accuracy of 1.0 indicates perfect classification, while a score of 0.5 corresponds to

random guessing in a three-class problem with equal weights.
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Confusion Matrix To complement these quantitative metrics, 1 also examine
confusion matrices, which offer a detailed visual summary of classification outcomes.
Each entry in a confusion matrix represents the proportion of samples from a true
class (rows) that were predicted as a given class (columns). The diagonal entries cor-
respond to correct predictions (true positives), while off-diagonal elements represent
misclassifications.

Confusion matrices allow for easy identification of systematic errors, such as
one class being consistently confused with another, and help interpret how well the
model separates structurally similar classes like LDA and MDA. This visualisation
is especially useful when assessing multi-class problems, where summary statistics

alone may obscure underlying trends.

3.4 Results

3.4.1 Hyperparameter Optimisation

The first step of the analysis was to optimise the NN to ensure accurate predictions.
To do so, the categorical cross-entropy loss (Eq. 3.4) was minimised over the training
set, before quantifying model accuracy on the validation set. Four key hyperparam-
eters were optimised: the number of hidden layers, the number of neurons per layer,
the learning rate, and the weight decay. These control, respectively, the model’s ca-
pacity to learn complex patterns, the expressiveness of each layer, the rate at which
the model’s parameters are updated, and the extent of regularisation applied to pre-
vent overfitting. These were sampled from the ranges given in Table 3.1, with final
values being selected via Bayesian optimisation as implemented in Optuna [250].
Interestingly, the optimisation revealed that the model is very insensitive to hy-
perparameter selection. Among 110 optimisation iterations, 97% of models achieved
test set accuracy within 3% of the best model’s performance. This shows that the
model and task are very robust to hyperparameter selection and large-scale fine-

tuning is not required in this case.
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Table 3.1: Optimised NN hyperparameters for classification of amorphous ices.

Hyperparameter Range Optimised Value

# hidden layers 1, 5] 3
# neurons per layer  [8, 256] 82
Weight decay (1078, 0.1] 1.36 x 1074
Learning rate (1075, 0.1] 6.36 x 1073

The final model comprises 3 hidden layers and 82 neurons per layer (the optimal
depth and width), trained with a learning rate of 6.36 x 1072 and a weight decay of
1.36 x 1074,

3.4.2 MDA Classification

With the model optimised, I proceeded to the primary classification task: identifying
the structural phase (HDA, LDA, or MDA) from which a given atomic environment
had been sampled. As a control, a separate model was also trained to classify
environments among HDA, LDA, and liquid water. In both cases, the models were
trained on input-label pairs (x;,y;), where {x;} are the 30-dimensional vectors of
BOO parameters describing the local environment of atom ¢ (Section 2.2.2), and {y; }
are one-hot encoded vectors representing the corresponding class labels. Additional
details regarding the dataset construction and training procedure are provided in
Section 3.3.1 and Section 3.3.2.

Figure 3.3 presents the performance of this NN trained to classify local atomic
environments in amorphous ices based on Steinhardt bond order parameters. In
both cases, the confusion matrices (panel a) and prediction confidence distributions
(panel b) are used to assess the classification accuracy and confidence of the model
when distinguishing between different structural phases: HDA, LDA, and either
MDA ice or high-temperature liquid water.

In the first case (Fig. 3.3a), where the NN is trained on HDA, LDA, and MDA,

the model performs exceptionally well in identifying HDA-like environments, achiev-
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Figure 3.3: Classification performance and prediction confidence for local water environments.
(a) Confusion matrix for a model trained to distinguish between HDA, LDA, and MDA envi-
ronments. Values represent recall percentages per class. (b) Confusion matrix for a separate
model trained to classify HDA, LDA, and liquid water environments. (c) Distribution of predic-
tion confidence scores for HDA, LDA, and MDA environments, showing overlaps particularly
between LDA and MDA. (d) Prediction confidence distribution for HDA, LDA, and liquid water
environments, with more distinct class separation compared to (c). Adapted from Ref. [244].

ing a recall of 98.5%. However, the classification between LDA and MDA proves
significantly more challenging, with notable misclassification rates of 22.2% (LDA
predicted as MDA) and 18.6% (MDA predicted as LDA). This indicates a high de-
gree of structural similarity between LDA and MDA that the model struggles to re-
solve using local bond order descriptors. In contrast, Fig. 3.3b, which replaces MDA
with high-temperature liquid water, shows greatly improved performance across all
three classes. Misclassification rates fall below 5.3% for all pairwise comparisons,
and the model achieves over 92% recall for each class, suggesting that liquid water
is more easily distinguishable from LDA and HDA based on local structure.

This distinction is further reinforced by the prediction confidence distributions
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(panels ¢ and d). For the HDA class, the model exhibits consistently high con-
fidence in both classification tasks, reflected by a narrow peak near 100%. How-
ever, in the MDA-inclusive model, the prediction confidence for LDA and MDA is
broadly distributed, indicating the model’s uncertainty in distinguishing between
these two phases. In contrast, when the model is trained with LDA and liquid wa-
ter (Fig. 3.3d), the confidence distributions for all three phases are sharply peaked,
particularly for LDA, which shows a significant gain in classification certainty. This
demonstrates that the neural network can effectively learn and identify LDA envi-
ronments, but its performance degrades when MDA is introduced, implying that
LDA and MDA share significant structural overlap in local structure.

This structural ambiguity can be directly observed by examining the distribu-
tions of three Steinhardt BOO parameters - ¢4, gs, and gg - across the three phases
(Fig. 3.4). In the absence of MDA, the distributions of HDA and LDA are largely
distinct, with minimal overlap. This clear separation simplifies the classification task
for the neural network, as local environments can be effectively distinguished based
on their BOO values. However, the inclusion of MDA introduces significant overlap,
particularly between the LDA and MDA distributions across all three parameters.
This suggests that MDA shares substantial local structural similarity with LDA,
blurring the boundaries between the two in the feature space. Some separation
is observed in the ¢, distribution, reflecting partial differences in local tetrahedral
ordering. This distinction may help the neural network retain some capacity to
differentiate between the two phases, but overlap in ¢s and gg remains pronounced.
As a result, the model finds it challenging to confidently distinguish between LDA
and MDA, leading to increased misclassification rates. These findings suggest that,
at least from the perspective of local structural descriptors, MDA does not exhibit
clearly distinct features that would support its interpretation as a separate form of
glassy water. Rather, its strong structural resemblance to LDA implies that MDA

may represent a variation or distorted form of LDA, rather than a fundamentally
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Figure 3.4: Local structure analysis of amorphous ices. KDE plots of BOO parameters ¢4, s,
and gg for the test set comprising HDA, LDA and MDA structures. Adapted from Ref. [244].

3.4.3 Benchmarking Studies

I benchmarked the performance of the NN model against six well-established clas-
sification algorithms using implementations provided by scikit-learn [323].

As shown in Table 3.2, all six baseline models perform comparably to the NN
in identifying HDA environments, with recall rates exceeding 95%. However, classi-
fication performance drops for the more challenging LDA and MDA categories. In

these cases, recall scores across all models remain below 81%.

Table 3.2: Recall and BAS for various classification methods.

Recall (%)
HDA LDA MDA | BAS (%)
Neural Network (NN) 98.5 T77.8 80.6 85.6
k-Nearest Neighbors (k-NN) | 98.0 724  70.6 80.3
Logistic Regression 98.0  76.7 80.4 85.0
Random Forest 977 774 79.7 84.9
Gaussian Naive Bayes 974 746  80.6 84.2
Decision Tree 95.0 67.0 65.1 75.7
Support Vector Machines 979  76.8 80.6 84.9
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Among the baseline methods, Logistic Regression, Random Forest, Gaussian
Naive Bayes, and Support Vector Machines demonstrate performance close to that
of the NN, particularly in the MDA and LDA categories. In contrast, k-NN and
Decision Tree classifiers show significantly lower recall in these categories, suggesting
limited robustness in more nuanced classification scenarios.

Notably, the NN model achieves the highest BAS at 85.6%, indicating superior
overall performance in correctly classifying instances across all three environment
types. This suggests that the NN model offers a more balanced and consistent

approach to multiclass classification in this context.

3.4.4 Sensitivity Analysis

To further investigate the defining structural features of the different amorphous ice
phases, I conducted a sensitivity analysis of the NN input features using permutation
feature importance (PFI), as implemented in the scikit-learn library [323]. PFI
gauges feature importance by measuring the reduction in a model’s accuracy when
a single feature value is randomly shuffled [324]. By disrupting the relationship
between the feature and the target, this process reveals the extent to which the
model relies on that specific feature. Since each input feature corresponds to a
specific BOO parameter, this analysis provides insight into which local symmetries
are most critical for distinguishing between structural phases.

To perform this analysis, three separate neural network models were trained, each
configured to perform binary classification by predicting the presence or absence of
one structure type (HDA, LDA, or MDA) against all others. Each model used the
same optimised hyperparameters described previously. After training, PFI values
were computed for all 30 input features, which span the four sets of symmetry
descriptors: q3_12), q[3-12], Wa—12), and Wy_12].

As shown in Fig. 3.5, several features emerged as consistently informative across
all three phases. Notably, g4 and @2 exhibited strong importance in all models,

suggesting that these parameters capture key aspects of local structure relevant for
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Figure 3.5: PFI scores of the 30 Steinhardt descriptors for each of the three binary classifi-
cation tasks. Each panel shows the relative importance of features for predicting HDA (top),
LDA (middle), and MDA (bottom). Adapted from Ref. [244]

distinguishing amorphous ice phases. In the context of BOOs, gy is sensitive to local
tetrahedral and cubic symmetries, while ¢;5 probes more complex icosahedral and
higher-order angular correlations. Their relevance here indicates that distinctions
among amorphous ice phases may be largely governed by variations in tetrahedral
ordering and longer-range angular coherence. Beyond these shared features, phase-
specific patterns of importance became apparent.

For the HDA classifier, certain lower-order descriptors — particularly ¢; and g; —
played a significantly more prominent role than in the LDA or MDA models. This
suggests that HDA may exhibit local structural motifs associated with characteristic
g7 values, enabling the model to reliably identify HDA environments in contrast
to LDA and MDA. The ¢; parameter is sensitive to sevenfold angular symmetry,
which is not compatible with common crystalline lattices and is often associated
with disordered or frustrated local arrangements. Its importance in the HDA model

implies that such motifs may be more prevalent in high-density amorphous ice,
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contributing to its distinct local structural signature.

In contrast, the LDA and MDA models focused more narrowly on a few dominant
features, especially g4 and g2, with a slight preference for gs over other descriptors.
Importantly, the set of influential features used to distinguish LDA and MDA is
nearly identical, which would not pose an issue if the distributions of these descrip-
tors differed. However, as shown in Fig. 3.4, the BOO parameter distributions for
LDA and MDA are highly similar, with substantial overlap across all three param-
eters. This suggests that, at the level of local structure, LDA and MDA are nearly
indistinguishable based on the angular symmetries captured by these descriptors.
The model’s difficulty in differentiating between the two, reflected in both the con-
fusion matrices and prediction confidence distributions (Fig. 3.3), thus stems not
from limitations in model capacity, but from an inherent lack of structural distinc-
tiveness. Taken together, these observations provide further evidence that MDA
does not represent a structurally independent form of glassy water, but rather a
disordered state closely resembling LDA in its local atomic arrangements.

Interestingly, the cubic order parameters w; and w; consistently showed low im-
portance across all models, indicating they contribute little to the classification of
local environments in amorphous ices. These descriptors could likely be omitted in
future work with minimal impact on classification performance.

Overall, this analysis highlights that model performance is driven by a small
subset of descriptors, with substantial overlap in feature importance between LDA

and MDA complicating accurate phase discrimination.

3.4.5 Compression Trajectories

To further examine the structural characteristics of MDA and its relationship to
other amorphous ice phases, the trained NN classifier was applied to a set of config-
urations obtained from LDA compression trajectories reported in Ref. 319. These
trajectories were generated by isothermal compression of LDA at three temperatures

(T = 100K, T'= 120K, and T' = 140K), from 10~ to 2.0 GPa, at a compression
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rate of 0.01 GPa/ns. Each oxygen atomic environment in each structure along the
trajectory was classified into one of the three target amorphous phases — LDA, HDA,
or MDA — using the neural network. Figure 3.6a presents an illustrative series of
snapshots from the 100 K trajectory, with atoms colour-coded according to their
predicted class.

The population fractions of the three structural classes, computed as a function
of pressure at T' = 100K, are shown in Fig. 3.6b. As expected, LDA-like envi-
ronments dominate at low pressures, progressively declining as pressure increases.
Around 0.75-0.85 GPa, a sharp phase transition is observed: the fraction of LDA-like
atoms drops rapidly to zero, coinciding with a steep rise in HDA-like environments.
This behaviour is consistent with prior reports of a first-order-like LDA-to-HDA
transformation [77, 79, 305, 325].

a  Pressure (GPa)
—_—

0.65 GPa

0.75 GPa
b c

151 2.0

Fraction

HDA
— LDA
—— MDA

Standardized value

1.0

0.5 4

ﬁ\

H
Y
Pressure (GPa)

)
©

)
kS

%éw “

0.0 - !

°
o

T T T ) — —
125 150 175 2.00 Gp3.12) G121 Wia,12) Wia12)

1.00
Pressure (GPa)
_—

0.60 0.‘25 0.‘50 O.‘75
Figure 3.6: Compression trajectory of LDA. (a) Illustrative set of structure snapshots along
the trajectory, where each atom is color-coded according to the class of amorphous ice as
which the environment was classified. (b) Fraction of local environments as classified by the
NN as a function of pressure. The shaded region corresponds to the LDA-to-HDA transition.
The dashed line marks the point of maximum structural similarity between compressed LDA
and MDA (c) Evolution of all BOO parameters considered herein as a function of pressure for

T = 100 K. Adapted from Ref. [244].

In contrast, MDA-like environments exhibit a distinct trend. At low pressures,
there is a gradual increase in the fraction of MDA-like environments. Strikingly,

during the LDA-to-HDA transition region (grey shaded area in Fig. 3.6b), a clear
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peak in the MDA-like fraction emerges, followed by a rapid decline as the HDA phase
becomes dominant. This suggests that MDA-like local environments are transiently
populated during the transition, hinting at a possible structural or energetic inter-
mediate phase.

To provide a more detailed picture of the structural evolution during compres-
sion, Fig. 3.6¢ shows the pressure-dependent behaviour of all 30 BOO parameters,
standardised across configurations from the 100 K trajectory. Two distinct clusters
are clearly visible: one corresponding to low-pressure, LDA-like environments (pur-
ple) and the other to high-pressure, HDA-like environments (yellow). The BOO pa-
rameters reveal pronounced differences in local structure between these two phases,
consistent with established understanding of their respective short-range order.

These well-separated structural signatures help explain the neural network’s high
classification accuracy when distinguishing between LDA and HDA environments
(in the absence of MDA). In BOO parameter space, the two phases occupy nearly
orthogonal regions, making their separation by the NN relatively straightforward.
In contrast, the BOO parameters associated with MDA-like environments (blue)
show substantial overlap with those of LDA. This pattern not only accounts for the
observed classification ambiguity (Fig. 3.3) but also supports the interpretation that
MDA represents a structural intermediate between LDA and HDA, rather than a
distinct glassy phase. According to these results, MDA does not occupy a unique
region in feature space but instead bridges the local structural characteristics of
the low- and high-density forms. This continuity reinforces the conclusion that
MDA is not a separate amorphous state, but a transitional configuration with mixed
structural features.

The structural evolution analysis is consistent with the earlier feature importance
results (Fig. 3.5). In particular, g4 and g2, emerged as the most important features
for discriminating between LDA and HDA, consistent with their marked differences

in values between the two phases as shown in Fig. 3.6c. On the other hand, the
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cubic parameters, w and w display minimal variation and significant noise across
the pressure range, aligning with their low predictive value observed in the sensitivity
analysis.

To identify the thermodynamic conditions under which the compressed LDA
structures most closely resemble MDA, we compared the BOO parameters of the
evolving configurations with those of MDA. The dashed line in Fig. 3.6b marks the
point of maximum structural similarity between compressed LDA and MDA, which
occurs in the middle of the LDA-to-HDA transformation region (shaded area). This
finding supports the interpretation of MDA as a metastable or transient intermediate
state that emerges during the compression of LDA. Identical trends were observed

for the T'= 120K and 7' = 140 K compression trajectories (see Fig. Al).

3.5 Conclusion and Outlook

This chapter introduced an ML framework for classifying local atomic environments
in amorphous ices using BOO parameters and a NN classifier. By analysing extensive
structural data for LDA, HDA, and MDA ice phases, I achieved robust classification
performance, particularly in distinguishing HDA from the other forms. Crucially,
the substantial overlap in BOO parameter distributions for LDA and MDA revealed
that these two phases are structurally very similar at the local level. These findings
point toward an intrinsic structural similarity between LDA and MDA, and provide
strong evidence that MDA is not a distinct form of glassy water, but rather a
transitional or intermediate form closely resembling LDA.

This interpretation has since been reinforced by the work of two separate groups.
De Almeida Ribeiro et al. [326] demonstrated through molecular simulations that
MDA is best understood as a shear-driven amorphous (SDA) phase — a nonequilib-
rium steady state governed not only by temperature and pressure, but also by shear
rate. Their work shows that MDA can be reproducibly generated from ice Ij,, LDA,
or HDA via shearing, and that the properties of the resulting amorphous material

(density, enthalpy, and structural features) span a continuous spectrum depending
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on the applied shear rate. These shear-induced states can reach densities and struc-
tures inaccessible by cooling or compression alone, revealing shear as a new axis in
water’s phase diagram.

Similarly, recent work by Eltareb et al. [318] employed MD simulations to show
that a continuum of amorphous ices can be generated through isobaric cooling of lig-
uid water at varying pressures. These intermediate amorphous (IA) states smoothly
interpolate between LDA and HDA in both density and local structure, and the TA
generated at ~125 MPa was found to be structurally and thermodynamically indis-
tinguishable from experimentally observed MDA. From a potential energy landscape
perspective, this [A occupies an intermediate region between the well-separated LDA
and HDA basins, indicating that MDA does not correspond to a unique, well-defined
glassy state.

The structural ambiguity identified in this chapter, particularly the difficulty in
separating LDA and MDA using local BOO metrics, provided early evidence that
MDA does not constitute a distinct amorphous phase. The subsequent studies by
de Almeida Ribeiro et al. [326] and Eltareb et al. [318] offer strong support for
this interpretation: both independently concluding that MDA is not a separate
glassy state of water, but rather a member of a broader family of intermediate,
nonequilibrium states that can emerge via shear, cooling, or compression. These
later findings reinforce my central conclusion and highlight the broader limitations of
using static local descriptors to classify inherently continuous amorphous structures.

Looking forward, these developments imply that future structural classification
efforts might go beyond traditional order parameters to incorporate non-local, dy-
namic, or shear-sensitive features. Beyond water, such approaches could be broadly
applicable: for example, complex structural transitions under pressure are well doc-
umented in amorphous silicon [327, 328|, and bond orientational order parameters
initially developed for water [329] have proven useful for characterising local tetrahe-

drality in phase-change memory materials [330]. Hence, the methodology developed
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here could form the foundation for a general and systematic framework for studying

amorphous materials across diverse systems.
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Chapter 4
Topological origin of peak splitting
in the structure factor of liquid

water

4.1 Acknowledgements
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analysis of the hydrogen bond network.

4.2 Introduction

X-ray and neutron scattering are among the most powerful experimental techniques
for investigating the structural characteristics of liquids, providing direct access to
the structure factor, S(g). In simple liquids described by Lennard-Jones interactions,
the structure factor typically exhibits a primary peak at a wavenumber associated
with the mean distance between particles. In tetrahedrally coordinated liquids such
as water [331], silicon [332], and silica [333-335] however, this pattern does not
hold. Instead the dominant peak in S(g) often appears at a lower wavenumber.
This lower-wavenumber feature is known as the first sharp diffraction peak (FSDP),
a structural hallmark whose origin has long been debated [336-339).

Shi and Tanaka have provided important insights into the structural basis of
the FSDP in network-forming liquids and glasses. Their work indicates that the

FSDP is composed of two overlapping contributions: one stemming from disordered

76



local configurations lacking tetrahedral symmetry, and another arising from tetrahe-
drally coordinated domains [331, 332]. This dual contribution supports a two-state
description of water, in which the liquid consists of a dynamic mixture of locally
ordered and less ordered structures [340-342].

Experimental observations on supercooled water reveal that the main peak in
S(q) splits into two distinct maxima upon cooling [311, 343, 344]. This behaviour
is consistent with the two-state model: the lower-q peak corresponds to more open,
tetrahedral environments, while the higher-¢ maximum is associated with more com-
pact, disordered regions [311, 331, 332, 343, 344]. The growing separation of these
peaks upon cooling reflects increasing spatial correlations and structural heterogene-
ity — phenomena that are closely tied to water’s thermodynamic anomalies and the
hypothesised LLCP [309].

Despite these insights, the microscopic mechanisms driving the peak splitting
remain unclear. In particular, the role of medium-range structural features has
not been investigated. Recent work on silicate glasses [345] has shown that ring-
size distributions significantly influence the FSDP, highlighting a strong connection
between medium-range topological order and scattering signatures. This raises an
interesting question for liquid water: which hydrogen-bonded topological motifs are
responsible for the observed splitting in S(¢) during cooling?

In this chapter, I employ advanced atomistic simulations powered by a graph-
network-based interatomic potential to investigate the influence of hydrogen-bonded
rings of varying sizes on the structure factor, S(q). By explicitly linking specific
topological motifs to the splitting observed in the FSDP, the results demonstrate
that the topology of the hydrogen-bond network (HBN) plays a central role in
determining water’s structural features. This work establishes a direct connection
between topological and structural characteristics, is consistent with experimental

findings, and offers deeper insight into the complex nature of liquid water.
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4.3 Methods

4.3.1 Data set

The dataset used in this chapter is taken directly from the work of Ibrahim et
al. [346], who developed an active learning workflow to train an accurate ACE [248,
347] interatomic potential for water [348]. The dataset includes 2,575 DFT-labelled
structures comprising approximately 174,000 atoms, spanning a broad range of water
configurations — including proton-disordered ice structures generated via GenIce [349,
350], molecular dimers, and snapshots sampled from NPT molecular dynamics (sum-
marised in Table 4.1). Densities range from 0.16 to 1.82g/cm?; for comparison, ice
I, has a density of 0.92g/cm3, and HDA reaches 1.17g/cm3. All structures were
labelled using static DE'T calculations with the PBE+D3 functional [142, 145, 146],
chosen for its well-documented accuracy in modelling water [351]. Full details of the

dataset construction are available in Ref. [346].

Table 4.1: Summary of the dataset generation steps. Table adapted from Ref. [346].

Number of Number of
AL step Structure type

configurations atoms
0 initial ices 581 49686
1 highly deformed ices 2335 157174
2 0-0, O-H, H-H dimers 2432 155068
3 liquid water 2575 173686

4.3.2 Structural Analysis

Structure Factor

Some of the most broadly used techniques for characterising internal structure, es-
pecially in disordered systems, are scattering experiments, typically using X-rays,

neutrons, or electrons. These techniques provide access to the structure factor, S(q),
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which quantifies how density fluctuations in a material are spatially correlated in
reciprocal (Fourier) space.

The static structure factor is defined as

S(a) = % <Z > e‘iq(rﬂ'—rk>> , (4.1)

where N is the number of particles, q is the scattering vector, r;, r; are particle
positions, and (-) indicates averaging over time or ensembles (since instantaneous
measurements are not typically experimentally accessible). This expression accounts
for correlations between all particle pairs and, in isotropic systems, depends only on
the magnitude ¢ = |q.

In crystalline materials, S(q) displays sharp Bragg peaks, reflecting long-range
order and periodic lattice symmetry. In contrast, amorphous solids and liquids ex-
hibit broad, diffuse features in S(g), indicative of short-range order and a lack of
periodicity. This makes it considerably more challenging to extract detailed struc-
tural information from the structure factor in disordered systems. Nevertheless,
meaningful insights can still be drawn, particularly from the FSDP. Although its
exact origin has long been debated, the FSDP is now loosely interpreted as a struc-
tural signature of medium-range correlations beyond the nearest-neighbour scale.

As discussed in the introduction, Shi and Tanaka offered a compelling micro-
scopic interpretation of the FSDP in tetrahedral liquids [331, 332]. Their work re-
vealed that this feature arises from the superposition of two distinct contributions:
one from density fluctuations associated with locally favoured tetrahedral struc-
tures, and another from disordered configurations lacking tetrahedral symmetry.
The geometric regularity of the former produces characteristic density modulations
that give rise to well-defined features in reciprocal space, distinguishable from the

broader scattering patterns of disordered regions.
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Intermediate Scattering Function

The intermediate scattering function (ISF), F'(q,t), extends the insight offered by
the structure factor into the temporal domain, capturing how spatial correlations
evolve over time. While S(q) characterises the instantaneous structure, F'(q,t)
reveals the relaxation dynamics of those structures, making it especially useful for
diagnosing equilibration and dynamical behaviour in molecular simulations.

It is defined as

N
1 .
F(q, t) — ¥ < E elq[rj(t)rj(o)]> ’ (4.2)
=1

where r;(t) is the position of the jth particle at time ¢, and q is the wavevector.

2
L

Choosing |q| = where L is the box length, probes fluctuations on the scale of
the entire simulation box.

At short times, F'(q,t) reflects vibrational motion and transient caging effects,
while its decay at longer times indicates structural relaxation and diffusive be-
haviour. In an equilibrated system, the function is expected to decay to zero, indi-
cating a loss of correlation with the initial configuration. Thus, F'(q,t) complements
the structure factor by providing dynamic information about how the system transi-

tions between configurations, essential for understanding phenomena such as glassy

dynamics, diffusion, and structural arrest.
Radial Distribution Function

The radial distribution function (RDF), ¢(r), provides a real-space counterpart to
the structure factor, quantifying the probability of finding a particle at distance r
from a reference particle, normalised by the expectation for an ideal gas at the same

density. It is defined as

g(r) = + iiﬂr— i —x5]) ), (4.3)
drrépN

i=1 j#i
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where p is the bulk number density, and the delta function selects particle pairs
separated by distance r. In practice, g(r) is obtained via binning and ensemble
averaging.

The shape and features of ¢g(r) provide insight into the degree of structural order
in a system. In crystalline solids, g(r) displays a series of sharp, regularly spaced
peaks that persist over long distances, reflecting the repeating periodic structure
of the lattice. The positions and intensities of these peaks correspond to specific
interatomic distances characteristic of the crystal’s symmetry and unit cell. In
contrast, disordered systems lack long-range order, and while the first few peaks
in g(r) still indicate local packing (e.g., nearest neighbours), the function quickly
decays to unity, reflecting a loss of coherence beyond a few coordination shells.
Similarly, liquids show a well-defined first peak in g(r) — indicative of short-range
ordering — followed by smooth decay.

Notably, ¢g(r) and S(q) are mathematically connected via a Fourier transform:

S@ =1+p /V dr e " g(r) (4.4)

which for an isotropic system (e.g. a liquid) resolves to:

S(q) =1+ Sl dr rsin(qr) - [g(r) — 1] (4.5)
q Jv

This relationship allows direct comparison between simulation (often expressed
through ¢(r)) and experiment (typically via S(q)). As a result of this relationship,
information from either function can, in principle, be used to reconstruct the other.
This connection is particularly useful in comparing simulation results with experi-

mental scattering data, allowing validation and refinement of atomistic models.
Ring Statistics
In the previous sections, I discussed how the RDF and the structure factor are

used to probe the arrangement of atoms in systems. These functions encode in-
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formation about atomic correlations and are fundamentally related through Fourier
transforms. While they effectively capture local and extended pairwise correlations,
characterising medium-range structural features, such as network connectivity and
atomic ring configurations, often requires complementary approaches.

Medium-range order plays a vital role in determining the structure—property re-
lationships in amorphous materials, where the absence of conventional long-range
order complicates traditional crystallographic analyses. Zachariasen first showed
that under certain thermodynamic conditions, the mechanical properties of glasses
are comparable to those of crystals [67], highlighting the importance of atomic con-
nectivity in the determination of such properties. One way to characterise this
connectivity is through the analysis of the system’s topological network in the form
of rings. First introduced by King in 1967 [352], ring statistics have since become a
well-established tool for quantifying medium-range order [353-356]. They have been
extensively applied to investigate the network topology of amorphous systems [357—
359], as well as to analyse continuous random networks [360-362].

Ring analysis involves identifying and counting closed loops or “rings” formed
through interatomic connections. These rings reveal how structural units are linked
across multiple coordination shells, capturing recurring motifs that extend beyond
local order. A common approach to computing ring statistics involves counting all
rings up to a given size. However, as King noted [352], this method quickly leads
to a proliferation of rings per atom due to redundant or compound rings formed by
overlapping smaller rings. These larger, overlapping rings can obscure meaningful
structural features of the network.

The key challenge, therefore, lies in defining a criteria that captures all the prim-
itive rings while filtering out redundant ones. Given the abundance of definitions of
ring counting schemes in the literature [352, 354, 357, 363-366] it is no surprise that
highly variable, and sometimes inconsistent, ring statistics are reported even for sim-

ple crystalline structures, let alone more complex network structures like amorphous
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silicates [363, 366-368] or water [369-371]. Notably, recent work by Formanek and
Martelli [372] has shown that different counting schemes reveal distinct structural
information and that using multiple definitions can offer complementary insights
into the network topology of water.

In this chapter, I focus on the hydrogen-bond network (HBN) of water, a par-
ticularly intricate and directional network due to the nature of hydrogen bonding.
Before defining a ring-counting scheme for water, it is essential to address the am-
biguity in defining a hydrogen bond itself. Although there is no single, quantitative
measure for the number of hydrogen bonds a given oxygen atom is involved in,
the qualitative agreement among various proposed definitions — based on geome-
try, topology, and electronic structure — has been considered satisfactory across a
broad range of thermodynamic conditions [373]. For this work, I therefore adopt
the widely used geometric definition proposed by Luzar and Chandler [374], where a
hydrogen bond is defined by both a distance criterion, Roo < 3.5 A, and an angular
constraint, 8 < 30°, where 5 = Z0, - - - Op — Hp.

With this definition, I construct ring statistics in the HBN of water as follows:
starting from a tagged water molecule, I recursively traverse its hydrogen-bond
connections, when the traversal returns to the original molecule, a ring is formed.
This process continues until either a ring is completed or the maximum ring size

(set to 12 water molecules in this case) is exceeded (Figure 4.1).
Orientational Tetrahedral Order Parameter

The orientational tetrahedral order parameters is one of the most commonly used
metrics for quantifying tetrahedral order in water [70, 375-378]. It was originally
introduced by Chau and Hardwick [379] and subsequently rescaled by Errington and

Debenedetti [378].

It is mathematically defined as:

PRI 1\ 2
q:1_§Z Z (Coswjk—i—g) , (4.6)



Figure 4.1: Schematic illustration of ring construction within the HBN of water. Oxygen
atoms are shown in red, hydrogen atoms in grey. Directional hydrogen bonds (black arrows)
are followed from hydrogen to oxygen atoms, tracing paths through the HBN until either a
closed loop is formed — returning to the starting molecule — or the path exceeds a ring size of
12. In this example, a hexagonal ring consisting of six water molecules is identified.

where ;5 is the angle formed by the lines joining the central oxygen atom, 7, and
those of the nearest neighbours j and £ (< 4). The sum is over distinct pairs of
the four closest neighbours of molecule i (there are 6 possible O-O-O angles per

molecule). The average value:

(a) = % >4 (4.7)

quantifies the orientational order of the system based on the molecules in the first
coordination shell. In this thesis, the notation ¢ will automatically represent (q),
where averaging is done over all atoms and all configurations.

In an ideal gas, where molecular orientations are random and uncorrelated, the
six angular terms are independent, resulting in ¢ = 0. In contrast, for a perfect
tetrahedral arrangement, cos(1;;) = —1/3 for all angles, yielding ¢ = 1. Thus,
g quantifies the degree of local tetrahedral order, serving as a direct measure of
deviation from ideal tetrahedrality in the first coordination shell of a central oxygen

atom.
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4.3.3 Transport Properties

Self-Diffusion Coefficient

Transport properties of a system can be investigated by analysing the mean square
displacement (MSD) of particles as the system evolves dynamically. The MSD
quantifies the average squared distance that particles travel over time and is math-

ematically defined as

MSD(r) = (Ar*(1)) = <% S Irifto +) - ri<to>|2> , (48)

where r;(t) is the position of the ith atom at time ¢ € R>g, N is the number of
atoms in the system and (-) denotes averaging over many different starting times, .
The MSD provides insight into the dynamical regime of the system, distinguishing
between ballistic, diffusive, and anomalous transport behaviours.

In systems where diffusion arises from random thermal motion, the MSD grows
linearly with time, and the diffusion coefficient D, which characterises the rate of

particle spreading, can be obtained using the Einstein relation:
MSD = 6Dt (4.9)

This leads to an expression for computing D as the slope of an MSD versus time

plot in the linear regime.

1 /1 2
D= 6 <N Zl: ri(to +t) — ri(to)] > : (4.10)

It is essential to extract D from the region where the MSD exhibits linear time
dependence, corresponding to normal (Fickian) diffusion [380]. At very short times,
particles often move ballistically, travelling in straight lines due to inertia before
undergoing significant collisions, resulting in a superlinear MSD growth that does

not reflect true random diffusive behaviour. At long timescales, deviations from

85



linearity may also occur due to subdiffusive behaviour, where constraints such as
confinement or viscoelastic effects hinder motion. By focusing on the linear regime,
one ensures that the computed diffusion coefficient accurately reflects steady-state

diffusion, free from transient or anomalous influences.
Rotational Lifetime

The rotational lifetime of a molecule is a dynamical quantity that characterises the
timescale over which the molecule retains memory of its initial orientation. Physi-
cally, it represents the time required for the angular correlation between a molecule’s
initial and subsequent orientations to decay significantly, typically due to rotational
diffusion. This property is particularly important for understanding the dynamic
behaviour of molecules like water, where rotational mobility influences hydrogen
bonding, dielectric relaxation, and spectroscopic responses. In water, rotational
dynamics are intimately connected to the continual reorganisation of the hydrogen
bond network, making the rotational lifetime a sensitive probe of molecular interac-
tions.

To determine the rotational lifetime, I compute the second-order rotational cor-

relation function:

O(t) = (ulto) - ult +to)) (4.11)

where u(t) is a unit vector fixed in the molecular frame: I chose the arithmetic
mean of the two O—H bond vectors. This correlation function captures how the
orientation of a molecule evolves over time, and is averaged over many molecules
and initial time origins to ensure statistical reliability.

In isotropic systems, this correlation function often exhibits an exponential de-
cay:

C(t) ~ e /", (4.12)

where 7 is the rotational correlation time, also referred to as the rotational lifetime.

The characteristic time 7 thus quantifies the rate at which rotational memory is lost.
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In practice, extracting 7 assumes that C(t) follows a single-exponential decay and
typically involves performing a linear fit over an intermediate time window where

this behaviour is approximately valid:

1
U e 0K (4.13)

This approach is suitable here since simulations are confined to relatively high tem-
peratures, thus rotational dynamics remain relatively homogeneous. At lower tem-
peratures, where relaxation becomes more heterogeneous, the decay of C(t) may
deviate from exponential behaviour, and more sophisticated fitting models, such as

stretched exponentials, are required to capture the distribution of relaxation times.

4.4 Results

4.4.1 Hyperparameter Optimisation

The initial step in developing a machine-learned interatomic potential involves the
identification and optimisation of key hyperparameters. Hyperparameters exert a
substantial influence on the performance and generalisability of the model; thus,
selecting an appropriate set is critical to ensuring that the resulting potential is
both accurate and computationally efficient.

The optimisation strategy employed in this work was informed by a combination
of insights from the literature and empirical tuning through trial and error. The
overarching objective was to achieve a balance between predictive accuracy and
computational efficiency, particularly with respect to inference time.

I began by tuning the hyperparameters of the MACE model. MACE includes a
range of hyperparameters that influence its accuracy and expressive power. Most of
these come with well-tested default values that have been shown to perform robustly
across a range of systems by the original developers of the MACE framework [381].

Therefore, I focused on three key hyperparameters that are commonly recommended
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for adjustment [256] based on the specific task or system: the number of channels,
the maximum order of spherical expansion ({.y), and the cutoff radius. These
parameters have the most pronounced effect on both the model’s performance and
its inference cost.

Figure 4.2 summarises the performance and computational cost of MACE models
with different settings of these hyperparameters. Computational cost is quantified
as the inference time and reported in microseconds per atom per step.

The first panel (Figure 4.2a) explores the impact of varying the number of chan-
nels (16, 32, and 64), which determines the internal dimensionality, or “width”,
of the model and serves as a proxy for its representational capacity. As shown,
increasing the number of channels reduces both energy (left) and force (middle)
root-mean-square error (RMSE), indicating improved prediction accuracy as the
model’s ability to learn complex interatomic interactions increases. However, this
improvement comes at the expense of a sharp increase in inference time (right),
highlighting the trade-off between model expressivity and computational efficiency.

Panel b investigates the influence of the maximum angular momentum quan-
tum number £,,.,, which governs the angular resolution in the spherical harmonics
expansion of atomic environments. A value of ¢,,,x = 0 corresponds to using only
rotationally invariant features. Moving from £, = 2 to (. = 3 provides modest
gains in force accuracy and slight improvements in energy predictions, suggesting
enhanced modelling of angular interactions. These gains, however, are accompanied
by a noticeable increase in inference time, underscoring the computational cost of
higher angular complexity.

Finally, panel ¢ evaluates the effect of increasing the cutoff distance (3.5-6.5 A),
which defines the spatial range over which neighbour atoms contribute to message
passing. Expanding the cutoff leads to substantial improvements especially in en-
ergy accuracy up to 5.5 A, beyond which gains diminish. Inference time, however,

increases monotonically with cutoff, reflecting the growing number of interactions
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Figure 4.2: Optimisation of MACE hyperparameters. Performance and computational cost
of MACE models evaluated with varying hyperparameters. Computational cost is measured in
terms of inference time (us/atom/step). (a) Impact of the number of channels (16, 32, 64) on
energy RMSE, force RMSE, and computational time. (b) Effect of increasing the maximum
angular momentum quantum number ({max) from 2 to 3. (c) Influence of different cutoff
distances (3.5, 4.5, 5.5, 6.5 A) on model accuracy and efficiency. The error bars represent the
minimum and maximum values of the RMSE for each hyperparameter setting and are centred
on the mean of 5 independent training runs.

considered. A cutoff of 5.5 A appears to strike an optimal balance between accuracy
and efficiency, coinciding with the end of the second coordination shell in the RDF
of water. Most of the relevant interactions are already captured within the 5.5 A

cutoff, so increasing it further primarily adds weakly interacting neighbours, which
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dilutes the meaningful signal. This reduces the signal-to-noise ratio and can exceed
the model’s capacity to extract useful patterns, limiting further improvements in
accuracy.

In all MACE hyperparameter studies, model selection was based on optimal
numerical performance, with accuracy prioritised even when it incurred increased
inference cost. This decision was justified by the availability of sufficient compu-
tational resources, enabling the training and deployment of more computationally
intensive models without practical constraints. This means in this case I used a
model with 64 channels, /,,., = 3 and a cutoff distance of 5.5 A.

Following architectural optimisation, training-related hyperparameters were in-
vestigated. While these do not affect inference time directly, they play a critical
role in the model’s training dynamics, convergence behaviour, and overall stability.
Specifically, batch size and learning rate were examined due to their well-established
influence on model generalisation [382, 383].

Figure 4.3a shows the effect of batch size (5, 16, 32) on energy RMSE (left),
force RMSE (centre), and the number of training steps to convergence (right). All
batch sizes yield similar energy RMSE, with only slight variation. However, force
RMSE increases with batch size, indicating that smaller batches better capture the
force information. Convergence speed, on the other hand, improves substantially
with larger batches: a batch size of 32 requires far fewer training steps than batch
sizes 5 or 16. The MACE documentation recommends a batch size of 5 which is
consistent with the results here. Larger batch sizes may guide the optimiser toward
suboptimal minima due to overly smooth gradient updates.

Figure 4.3b evaluates the impact of learning rate (0.005 vs. 0.01). The higher
learning rate results in marginally better energy RMSE, slightly worse force RMSE,
and faster convergence. These differences are relatively minor, suggesting that the
model is robust to learning rate variation within this range.

Overall, batch size has a more pronounced effect on model performance than
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Figure 4.3: Optimisation of training hyperparameters. Analysis of the effect of training
hyperparameters on MACE model performance and training efficiency. (a) Influence of batch
size (5, 16, 32) on energy RMSE, force RMSE, and steps to convergence. Larger batch sizes
reduce training time but may compromise accuracy. (b) Comparison of two learning rates
(0.005 and 0.01) showing minimal impact on final errors or total training steps, indicating
robustness to learning rate within this range. The error bars represent the minimum and
maximum values of the RMSE for each hyperparameter setting and are centred on the mean
of b independent training runs.

learning rate. While large batch sizes accelerate convergence, they compromise
force accuracy. Learning rate can be adjusted for efficiency without significantly
affecting final performance. Based on these observations, a batch size of 5 and a
learning rate of 0.005 were selected for subsequent training, balancing accuracy and

convergence speed.

4.4.2 MLIP Validation

Once the optimal hyperparameters were identified, the model was subjected to a

comprehensive validation procedure, incorporating both numerical evaluation and
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physically informed testing. Validating MLIPs is a complex and nuanced task that
requires more than just high numerical accuracy. Recent work has emphasised the
importance of combining rigorous quantitative metrics with physically motivated
validation to ensure that models are not only statistically accurate but also physi-
cally reliable and interpretable [210, 384].

Standard numerical metrics — such as the RMSE on energies and forces — offer a
clear and objective measure of predictive accuracy, particularly when benchmarking
against established state-of-the-art (SOTA) models. However, the utility of these
metrics is inherently tied to the nature and scope of the test dataset, which may not
fully capture the diversity of configurations encountered in practical applications.
Consequently, strong numerical performance does not necessarily imply physical
robustness or generalisability.

To address this, numerical assessment must be complemented with physically
guided validation, which probes the model’s ability to reproduce known physical
behaviour. These tests draw on domain-specific knowledge to assess whether the
potential can recover key structural, thermodynamic, or dynamical properties of
the target system. Such validation helps bridge the gap between raw numerical per-
formance and real-world applicability, ensuring that the model’s predictions remain
physically meaningful across a broad range of scenarios.

In the following sections, I first present the model’s numerical performance, then
demonstrate its ability to qualitatively reproduce key physical properties of liquid

water.
Numerical Errors

Five models were trained using different random seeds on a dataset of 2317 water
configurations randomly drawn from the ACE dataset (see Section 4.3.1). Model
hyperparameters were selected based on the optimised values identified in the previ-
ous section. Each model was evaluated on a held-out test set of 128 configurations,

which were not used during training.
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Table 4.2 summarises the average energy and force mean absolute errors (MAEs)
for the evaluated models. These results are compared against reference values re-
ported in the original ACE publication, which also provided the training data for
the present MACE model. MAEs are used instead of RMSEs to maintain consis-
tency with the ACE benchmark. Additionally, the table reports the inference time
for each model, defined as the average time required to compute energies and forces
for a single atom per simulation step on an NVIDIA RTX A6000 GPU. For broader
context, the table also includes performance data for two widely used GNN architec-
tures in atomistic modelling as implemented in GraphPES [385]: NequlP [167] and
PaiNN [267].

Table 4.2: Comparison of numerical performance for different ML potentials of water. Re-
ported metrics include MAE in predicted energies and forces, as well as inference time in
microseconds per atom per simulation step.

Energy MAE Force MAE Inference Time
(meV/atom) (meV/A) (us/atom/step)

ML Potential

MACE 0.3 7.7 78.9

NequlP 0.4 11.5 123.8

PaiNN 1.7 49.7 5.3
ACE [346] 2.5 16.7 0.5

From these results, it is evident that MACE achieves the lowest energy and
force errors, outperforming all other models considered especially in force accuracy.
Despite a higher inference cost when compared to the original ACE model, the
improved accuracy highlights the strength of MACE in capturing the underlying
potential energy surface of water. In contrast, the PaiNN model is significantly faster
than other GNN-based architectures but suffers from substantially higher prediction

errors, indicating a trade-off between computational efficiency and accuracy.
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Radial Distribution Function

Having established the numerical accuracy of the MACE model, the next step was to
assess its ability to reproduce known structural properties of liquid water. Structural
validation provides critical insight into whether the model captures the underlying
physical interactions that govern molecular arrangement. To this end, I performed
MD simulations using the best-performing model from the five independent training
runs. The simulation employed a Nosé—Hoover thermostat [281] with a timestep
of 1fs. A randomised box of 1024 water molecules was used, and the system was
equilibrated at 300 K and 1bar for 600 ps in the NPT ensemble, followed by a 1ns
production run in the NVE ensemble.

Equilibration was monitored using the oxygen-oxygen intermediate scattering
function, F(q,t), as described in Section 4.3.2. Equilibration was deemed to have

occured when F(q,t) reached 0 (Fig. 4.4).
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Figure 4.4: Intermediate scattering function F(q, t) for oxygen atoms in liquid water at 300 K

and 1bar. The wavevector ¢ = 0.20 A corresponds to density fluctuations on the scale of
the full simulation box.

Figure 4.5 shows the RDFs computed from the MD trajectory, alongside those
from the ACE model [346] and experimental reference data [343, 386]. The MACE
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model shows good agreement with the experimental RDFs and captures the key

structural features of liquid water, although some deviations remain.
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Figure 4.5: RDFs for O-O, O-H, and H-H atomic pairs in liquid water at 300 K and 1 bar.
Results are compared against the ACE model [346] and experimental measurements (O-O
from Skinner et al. [343]; O—-H and H-H from Soper et al. [386]).

The first peak in goo(r) and the second peak in gop(r) are associated with
correlations between hydrogen-bonded water molecules. The MACE model captures
the positions of these features well, though it slightly overestimates the height of
the second peak in gom(r). This suggests a mild overemphasis on the strength or
prevalence of hydrogen bonding, resulting in modest overstructuring of the hydrogen-
bond network.

Between the first and second peaks of goo(r) lies an interstitial region predom-
inantly occupied by water molecules that do not participate in hydrogen bonding.
These molecules are governed primarily by van der Waals (vdW) interactions. As
a consequence of the MACE model’s slight overprediction of hydrogen bonding, the
population density within this interstitial region is reduced compared to experimen-
tal observations.

This tendency towards over-organisation may arise from the predominance of ice-
like configurations in the training dataset (see Section 4.3.1), which could introduce
a structural bias toward more ordered environments. In addition, the model may

place disproportionate emphasis on these configurations during training, making it
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more difficult to capture the full range of disordered liquid structures. Together,
these factors may limit the model’s ability to fully generalise across thermodynamic
conditions. This observation is further supported by the close agreement between
the RDFs predicted by MACE and those from the ACE model [346], which were
trained on the same dataset.

Significant deviations are also observed in the heights of the first peaks in the
O-H and H-H RDFs. These discrepancies are expected, as the MD simulations
presented here do not account for nuclear quantum effects, phenomena known to
significantly influence short-range structural correlations in water [152, 387, 388].

The microscopic structure of water emerges from a delicate balance of covalent
bonding, hydrogen bonding, and vdW interactions. The ability of the MACE model
to closely replicate the experimental RDFs demonstrates its effectiveness in captur-

ing this complex interplay of forces.
Hydrogen Bond Network Analysis at 300 K

Having confirmed that the MACE model shows good agreement with experimental
RDFs, I now examined its ability to capture the more detailed, underlying structure
of the liquid, specifically, the nature of the HBN. The HBN plays a central role in
determining the structural and dynamical properties of water [77, 370, 389, 390], and
any realistic water model must be capable of reproducing its characteristic features.

Unlike ice, where hydrogen bonds form a rigid and ordered lattice, the HBN
in liquid water is disordered and highly dynamic. Hydrogen bonds in the liquid
continuously break and reform, generating a fluctuating tetrahedral network that
governs both structure and dynamics [370, 389]. While local coordination remains
predominantly tetrahedral, molecules in the liquid typically form around 10% fewer
hydrogen bonds than in ice, resulting in transiently broken bonds and coordination
defects [101, 391, 392]. These deviations have a direct influence on water’s fluidity
and are strongly linked to its unique dynamical behaviour [393]. As such, capturing

the key features of the HBN is essential for any model aspiring to accurately simulate
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liquid water.

To characterise the HBN at 300 K, I adopt two complementary approaches, both
applied to the NVE trajectory described in the previous section. First, I analyse ring
statistics (Section 4.3.2) by computing the normalised probability distribution, P(n),
of finding closed hydrogen-bonded rings consisting of n € [3,12] water molecules
(Figure 4.6a). These statistics are averaged over the last 500 ps of the production
run.

Second, I quantify coordination defects, departures from the ideal tetrahedral ar-
rangement, by classifying each water molecule according to the number of hydrogen
bonds it donates and accepts (Figure 4.6¢). The ideal configuration, A;Dy, corre-
sponds to a molecule that donates two and accepts two hydrogen bonds. Deviations
such as A1Dq, A1Dy, AsDq, and A3D, are also identified and quantified. While other
configurations exist, their occurrence is negligible [394]. The relative abundance of
these motifs offers a direct measure of the degree of HBN disruption.

Figure 4.6a shows that, as expected, 5-7-membered rings dominate the distribu-
tion, with 6-membered rings being the most frequent [395-397]. This is consistent
with the local tetrahedral coordination in liquid water. The relatively high propor-
tion of 6-membered rings (~20%) also aligns with previous findings for ab initio
models and exceeds values typically observed in simulations using empirical poten-
tials, which tend to predict higher populations of larger (e.g. 8-membered) rings
at ambient conditions [371, 397, 398]. The prominence of the A;Dy configuration
(~55%) further reflects a strong tendency towards ideal tetrahedral coordination.
These results are consistent with the RDF analysis and confirm a mild overstruc-
turing of the HBN by the MACE model compared to experiment.

Nonetheless, the model clearly improves upon AIMD simulations based on the
PBE and PBEO functionals, which are known to overestimate hydrogen bond strength
due to limitations in their treatment of long-range interactions [394]. As shown

in Figure 4.6¢, the proportion of ideal A;Dy motifs decreases from PBE+vdW to
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Figure 4.6: HBN analysis of liquid water. (a) Probability distribution P(n) of closed hydrogen-
bonded rings containing n water molecules, with n € [3,12]. (b) Oxygen—oxygen radial
distribution function (RDF) focused on the first minimum. Results from the MACE model
(black) are compared with AIMD simulations using PBE+vdW (dark blue) and PBEO+vdW
(light blue) functionals, reproduced from Ref. [394]. (c) Distribution of intact hydrogen bonds
per water molecule, categorised by acceptor (A) and donor (D) roles. Each bar labeled A,D,
represents the percentage of water molecules forming = acceptor and y donor hydrogen bonds.
Schematic diagrams of these configurations are shown above each bar.

PBEO+vdW and drops further with the MACE model. This is accompanied by a
compensatory increase in partially coordinated species, including A;Dsy, A;Dq, and
A1D;. In contrast, the population of overcoordinated A3Ds motifs remains largely

unchanged across all methods, as previously noted by DiStasio et al. [394].
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This trend signals a systematic reduction in local tetrahedral order, corrobo-
rated by the average number of intact hydrogen bonds per water molecule: 3.74 for
PBE+vdW, 3.67 for PBEO+vdW, and 3.54 for MACE. The increased disorder is
also reflected in the oxygen-oxygen RDF, particularly in the reduced depth of the
first minimum (Figure 4.6b), which indicates a higher density of molecules in the
interstitial region, i.e., outside the primary hydrogen-bonding shell.

Overall, these results demonstrate that the MACE model alleviates some of the
known deficiencies of the PBE-class functionals by introducing a greater degree of
structural disorder into the hydrogen-bond network. While a slight overstructur-
ing relative to experiment remains, the model represents a clear improvement over
simulations based on PBE-class functionals in capturing the fluctuating, disordered

nature of liquid water.
Density Isobar

Another key benchmark for validating water models is their ability to reproduce the
temperature of maximum density (TMD), a well-known anomaly of liquid water.
While the TMD is an important test of model fidelity, its precise value is highly
sensitive to the underlying interaction potential. Even ab initio methods show con-
siderable variability in their TMD predictions [109, 140]. For instance, Montero
de Hijes et al. [140] demonstrated that TMD estimates can differ by as much as
100 K depending on the density functional employed. Notably, models trained on
the same functional but with different dispersion damping schemes (e.g., zero vs.
Becke—Johnson damping) can also yield significantly different TMDs. The primary
focus of this section is to assess whether the model qualitatively reproduces the
presence of a density maximum and the correct general shape of the isobar.

I computed a 1 bar isobar across a temperature range of 260-350 K, in 10 K in-
crements, using simulations of 256 water molecules with a 1 fs timestep. This system
size was chosen based on previous studies indicating that even 128 molecules are suf-

ficient to obtain well-converged density isobars [109]. Simulations were conducted
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for both the MACE model and the ACE model from Ref. [346], which share the
same training dataset.

All simulations were carried out in the NPT ensemble using the equations of
motion developed by Shinoda et al. [286], with a Nosé~Hoover thermostat and baro-
stat [281]. For simulations at 280 K and above, the initial configurations were ran-
domly generated. For lower temperatures (270 K and 260 K), the simulations were
initialised from the final configuration of the preceding higher-temperature run to
accelerate equilibration. Production runs were ten times longer than the equilibra-
tion period, with total simulation times ranging from 1ns to 25ns depending on
temperature. Final densities were averaged over the last 300 ps of the production
trajectory.

As in the RDF simulations, equilibration was monitored via the ISF, which was
required to decay to zero. Figure 4.7 shows the ISF as a function of time for all NPT
simulation runs, highlighting the temperature dependence of structural relaxation.
At long times, F(q,t) becomes increasingly noisy due to the reduced number of
particle pairs that retain significant correlation. As the system relaxes and the ISF
approaches zero, the signal-to-noise ratio decreases because statistical averaging
becomes less effective when the underlying correlations have largely vanished.

Figure 4.8 shows the predicted isobar along with comparisons to ML models
trained on RPBE+D3 [109] and revPBE+D3 [140] functionals and to experimen-
tal data [399]. These comparisons illustrate the significant variability in predicted
densities and TMDs that arises from the choice of functional, even among closely
related methods. The MACE model, trained on PBE+D3-labelled data [145, 146],
reproduces the qualitative features of the isobar and clearly exhibits a density max-
imum. This behaviour is consistent with physical expectations and confirms the
model’s ability to capture the key thermodynamic signature of water.

Notably, the MACE model performs substantially better than the ACE model in

capturing the isobaric behaviour of water, particularly at lower temperatures. This
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Figure 4.7: Intermediate scattering function F(q, t) for oxygen atoms at various temperatures
in NPT simulations at 1 bar. Each curve represents a distinct temperature from 260 K to 350
K in 10K increments. The wavevector ¢ = 0.32 A corresponds to density fluctuations on
the scale of the full simulation box. Higher temperatures lead to faster relaxation dynamics,
as reflected in the more rapid decay of the ISF.

improved accuracy arises despite both models being trained on the same dataset.
Unlike ACE, which lacks message passing and is constrained by a shorter effective
cutoff, MACE’s message-passing architecture enables long-range correlations to be
modelled more effectively. At high temperatures, where thermal motion disrupts
long-range structure, the differences between models are less pronounced. However,
at lower temperatures, where the development of extended hydrogen-bond networks
becomes more important, MACE maintains physical realism more effectively, closely
following the expected curvature and location of the TMD.

As summarised in Table 4.3, the MACE model slightly overestimates both the
TMD and the corresponding density, with deviations of approximately 5%. These
values fall well within the range reported in the literature. For example, Montero de
Hijes et al. [140] found that even the best-performing functionals deviate by around

4% in density from experiment. The overestimation of the TMD is consistent with
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Figure 4.8: Density isobars at 1bar across the temperature range 240-370 K. Results from
the MACE model are shown alongside those from the ACE model, and machine-learned models
trained on RPBE+D3 [109] and revPBE0+D3 [140] reference data. Experimental measure-
ments [399] are included for comparison.

prior studies, which have noted similar trends across both AIMD and machine-

learned models trained with various functionals [109, 133, 140, 165, 388].

Table 4.3: TMD and corresponding density at the TMD for the MACE and ACE models,
as well as for models trained on RPBE+D3 [109] and revPBEO+D3 [140] functionals. Ex-
perimental values [399] are also included for reference. The TMDs for MACE and ACE were
determined by Gaussian Process fitting to the density isobar.

Method TMD (K) Density (g/cm?)
MACE 291 0.945
ACE 307 0.944
RPBE+D3 [109] 274 0.901
revPBEO4+D3 [140] 280 0.958
Experimental [399] 277 1.00
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Transport Properties

Figure 4.9a shows the temperature dependence of the self-diffusion coefficient of
liquid water obtained from MACE simulations, compared with experimental values
from Refs. 400-402. The diffusion coefficients were computed from the MSD us-
ing the Einstein relation (Section 4.3.3), and averaged over ten independent 100 ps
NVE simulations at each temperature. The model captures the correct qualitative
trend across the temperature range and shows good quantitative agreement with
experiment. The MACE model tends to slightly underestimate the rate of diffusion,
consistent with the minor overstructuring observed in the HBN. Overall, the close
match to experimental data provides strong evidence that the model accurately

captures the dynamical behaviour of water under ambient conditions.
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Figure 4.9: Temperature dependence of transport properties of liquid water predicted by the
MACE model. (a) Self-diffusion coefficient compared with experimental data from Refs. [400-
402]. (b) Rotational lifetime as a function of temperature. Experimental values are not shown
in (b) due to variability in reported definitions and measurement techniques.

To assess rotational dynamics, I computed the temperature-dependent rotational
lifetime of liquid water using the method described in Section 4.3.3. Figure 4.9b
shows that the rotational lifetime decreases rapidly with increasing temperature,

consistent with expectations for thermally activated orientational dynamics. Al-
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though direct comparison to experiment is complicated by the diversity of experi-
mental techniques and definitions used to extract rotational lifetimes, the observed
trend is physically reasonable and reinforces the model’s ability to capture key as-

pects of water’s dynamical behaviour.
Orientational Tetrahedral Order Parameter

To conclude the structural validation of the MACE model, I evaluated the local
tetrahedral ordering of water across the 260-350 K range using the orientational
tetrahedral order parameter [378], ¢, defined in Section 4.3.2. This parameter ranges
from 0 for completely disordered (gas-like) configurations to 1 for perfect tetrahedral
geometry, and provides a sensitive measure of the degree of local structural order in

the HBN, complementing other observables such as the RDF and ring statistics.
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Figure 4.10: Kernel density estimates, P(q), of the tetrahedral order parameter (¢), ranging
from O (ideal gas-like disorder) to 1 (perfect tetrahedral geometry).

As shown in Figure 4.10, the shape and position of the P(q) distributions evolve
systematically with temperature. At lower temperatures (260-280K), the distri-

butions are sharply peaked near high ¢ values, reflecting a high degree of local
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tetrahedral order characteristic of well-structured hydrogen-bond networks. As the
temperature increases, the peaks broaden and shift toward lower ¢ values, indicating
a progressive loss of tetrahedral coordination due to enhanced thermal motion and
structural disorder. This trend is consistent with experimental observations and
prior simulation studies [378], highlighting the MACE model’s ability to capture the

temperature-dependent structural behaviour of liquid water.

4.4.3 Structure Factor of Liquid Water

With the structural validation of the MACE model complete and confidence es-
tablished in its ability to reproduce key structural and thermodynamic properties
of liquid water, I proceeded to replicate the structure factor of liquid water, with
the aim of reproducing the characteristic peak splitting and the associated linear
increase in separation observed at lower temperatures [311, 343, 344].

Figure 4.11a presents the calculated structure factor S(q) for liquid water at two
representative temperatures, obtained using the Debye Calculator package [403].
I compare my model predictions directly with experimental measurements from
Ref. 343 and to simulations done with the ACE model from Ref. 346 trained on
the same dataset as the MACE model. Structure factors for the whole temperature
range are shown in Fig. B1 of the Appendix.

The MACE model reproduces the experimental structure factor with good fi-
delity, with some discrepancies observed in the low-q region indicative of a slight
overstructuring of the HBN. This overstructuring is consistent with the overstruc-
turing observed in the RDF and ring statistics analyses shown previously and likely
originates from the ice-rich training set used. At high temperatures, the MACE and
ACE models yield virtually indistinguishable predictions. However, at low tempera-
tures, the MACE model demonstrates improved agreement with experiment relative
to ACE, a trend that is also reflected in the density isobar predictions shown in

Fig. 4.8.
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Figure 4.11: Peak splitting in the structure factor, S(q), of liquid water at 1 bar (a) Compari-
son between simulated from MACE (solid lines), ACE (dotted lines) and experimental (dashed
lines) structure factors at two representative temperatures. Experimental data taken from
Ref. [343] with corresponding experimental temperatures indicated to the right of each curve.
(b) Enlarged view of the low-q region (1.2-3.6 A1), illustrating the temperature-dependent
divergence of peaks S7 and S. Their positions are extracted via GP fits. At temperatures
above 330K, the fit no longer resolves two distinct features.

Despite being trained on a limited set of liquid environments, the model ac-
curately captures the structure factor of liquid water in the temperature range
T € [260, 350] K. Crucially, the model reproduces the experimentally observed split-
ting of the principal diffraction peak into two distinct maxima upon cooling, indi-
cating a decoupling of local structural signatures associated with two distinct local
environments [311, 331, 343, 344].

A closer inspection of the low-q region in Fig. 4.11b reveals that the two peaks
become increasingly separated below 330 K. Using a Gaussian Process (GP) fit to
determine their positions, I observed a clear divergence in peak locations with de-
creasing temperature. This behaviour is quantitatively captured in Fig 4.12, which
shows the temperature dependence of the distance between the two peaks, labelled
S1 and S;. The model successfully replicates the experimentally observed linear
increase in separation [311, 343, 404].

At temperatures above 330K, thermal fluctuations dominate and obscure the

structural distinctions that give rise to the peak splitting. As a result, the GP fit
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Figure 4.12: Temperature dependence of the peak separation So — S comparing the current
MACE model (black circles) with experimental data from Skinner et al. [343] (triangles),
Sellberg et al. [311] (squares), and Benmore et al. [404] (diamonds)

identifies only a single broad maximum, which reflects an average O- - - O separation

rather than distinct local environments.
Topological analysis of the hydrogen-bond network

Having established that the model accurately reproduces the structural properties
of liquid water across across the temperature range 7' € [260, 350] K, I subsequently
conducted a detailed structural analysis. This analysis lays the groundwork for inter-
preting the underlying network topology of the liquid. By identifying the dominant
topological motifs at each temperature, I establish a hitherto unclear cause-and-
effect relationship between network topology and structural properties.

Figure 4.13a presents how the distribution of hydrogen-bonded ring sizes in liquid
water evolves with temperature. As the system cools, the distribution becomes
more sharply peaked, with a pronounced preference for rings containing 5 to 7
molecules, consistent with their relative stability. In contrast, elevated temperatures
result in broader distributions and reduced peak intensities, indicating that thermal

fluctuations increasingly disrupt the HBN and facilitate the formation of larger, less
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stable rings.
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Figure 4.13: Hydrogen-bonded ring statistics in liquid water from 260K to 350 K. (a) Prob-
ability, P(n), of observing hydrogen-bonded rings composed of n water molecules where
n € [3,12]. (b) Average lifetimes of rings of size n as a function of temperature. (c) Total
count of rings of each size as a function of temperature. (d) Lifetimes of individual ring sizes
as a function of temperature.

This broadening of the ring-size distribution is mirrored by a homogenisation
in ring lifetimes (Fig. 4.13b). At 260 K, lifetimes vary significantly with ring sizes
ranging from ~ 10fs for smaller or larger rings up to ~ 120 fs for hexagonal rings,
indicating some topological selectivity and local stability. By 330 K, however, these
lifetimes converge to a narrow range of 10-30fs, suggesting no particular ring topol-
ogy remains particularly long-lived. At high temperatures, rings form and break
rapidly, reflecting a highly transient network in which topological preferences are
greatly reduced. Nonetheless, six-membered rings consistently remain the most

probable across all temperatures, reflecting the underlying hexagonal organisation
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characteristic of both cubic and hexagonal ice — water’s crystalline ground states at
ambient pressure. Interestingly, the population of 8-membered rings remains largely
unchanged across the temperature range studied.

To quantify absolute changes in network connectivity, I also computed the to-
tal number of rings of each size (Fig. 4.13c). While the normalised distribution,
P(n), captures relative topological preferences, total ring counts reflect the overall
connectivity of the HBN. As temperature decreases, the total number of rings rises
sharply, indicating the progressive establishment of the HBN. This overall increase
is primarily driven by the growing number of 5-8-membered rings, which dominate
the distribution and increase substantially in absolute abundance. Concurrently,
the population of 3-membered and large (n > 9) rings declines. The reduction in
3-membered rings reflects the annealing of highly strained, defect-like motifs that
often arise from transient or disordered bonding configurations. As the system cools,
thermal fluctuations diminish and the network undergoes a reorganisation toward
more energetically favourable motifs. Similarly, the reduction of larger ring sizes sig-
nals suppression of structural disorder that is otherwise sustained by thermal noise
at higher temperatures and a transition toward a more compact and tetrahedral
network, characteristic of a well-developed HBN.

Figure 4.13b displays the corresponding lifetimes of these ring motifs. The HBN
remains highly dynamic throughout, a necessary condition for the simulated struc-
ture factor to remain consistent with experimental observations [405]. Among the
different motifs, five-membered rings exhibit the greatest stability, followed by six-
and four-membered rings, across all temperatures. Although 6- and 5-membered
rings display similar average lifetimes, the longer persistence of the latter may be
attributed to statistical considerations: forming a pentagonal ring requires fewer
constituent molecules than a hexagonal one, thereby reducing the number of poten-
tial disruption points. With fewer molecules involved, the likelihood of a random

molecular displacement breaking the ring is diminished, lending greater stability to
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smaller rings purely through probabilistic effects.

Notably, the lifetimes of both pentagonal and hexagonal rings increase rapidly
upon cooling, becoming markedly more persistent at lower temperatures. This trend
highlights their growing structural significance in supercooled regimes. In particu-
lar, pentagonal and hexagonal motifs emerge as the dominant long-lived units. This
behaviour is significant: while hexagonal rings enhance local ordering and are associ-
ated with slower molecular dynamics, pentagonal rings introduce geometric frustra-
tion that inhibits crystallisation. At around 260 K, the near-equality of their lifetimes
suggests a subtle competition between order-promoting and disorder-promoting ef-
fects that may play a central role in the anomalous dynamic and thermodynamic
properties of supercooled water.

Tetragonal rings, despite being energetically less favourable, display lifetimes
that rival or exceed those of hexagonal rings at temperatures down to 270 K. As
further shown in Fig. 4.13d, the temperature dependence of tetragonal ring lifetimes
is much weaker than that observed for five- and six-membered rings, indicating that
their stability is less affected by thermal fluctuations. This unusual kinetic behaviour
suggests the presence of additional stabilising mechanisms, such as local geometric
constraints or strain-induced rigidity, that suppress rearrangements or dissolution of
these motifs, counteracting their energetic instability and allowing them to persist
longer than anticipated.

To further explore the influence of local topology, I analysed the immediate
environment surrounding rings of selected sizes. Figure 4.14 presents the expected
number of neighbouring rings of different sizes for central rings comprising 4, 5, or
6 water molecules, across the full temperature range examined. Additional data for
other central ring sizes are included in Fig. B2 of the Appendix.

Rings of most sizes (from pentagon to hendecagon) display broadly similar neigh-
bourhood distributions (see Fig. B2). These distributions consistently exhibit a

preference for hexagonal neighbours, particularly at lower temperatures. This re-

110



Central ring size: 4 Central ring size: 5

7 1 8
%) 6 1 )]
52 52
T 54 o< 6
Eo Eo
> £ =
g 4 A g
T 5 T 5 4
£2 31 N\ g2 T
o) 0 QD \U'S
ST 2 N So N\
i C i C 24
Y— Y—
o 14 o
o] & of &
4 6 8 10 12 4 6 8 10 12
Neighbouring ring size Neighbouring ring size
Central ring size: 6
10 A Temperature (K)
—— 260
_ O 8- —e— 270
g_g —e— 2380
£E2 &l —e— 290
5 —o— 300
T o
82 4 \ —e— 310
g5 NS —o— 320
Se 5. \ 330
o
340
V ad 350
0 1 o

4 6 8 10 12
Neighbouring ring size

Figure 4.14: Expected number of neighbouring hydrogen-bonded rings given a central ring
of size 4, 5, or 6, across the 260-350 K temperature range.

curring pattern reflects water’s underlying inclination towards tetrahedral coordi-
nation, which is most naturally accommodated through hexagonal ring geometries
in the HBN. The resemblance in neighbouring-ring profiles across a wide range of
central ring sizes highlights the structural influence of this tetrahedral framework,
suggesting a common local motif persists throughout the liquid regardless of the
specific ring involved.

An interesting deviation to the general trend is observed for tetragonal rings,
which exhibit a preference for heptagonal neighbours over hexagonal ones — an in-
version of the trend observed for all other ring sizes, which, below ~ 290 K, favour

hexagonal neighbours. Figures 4.15a and b illustrate this contrast, showing repre-
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sentative configurations where a tetragonal ring connects to a heptagonal ring, and a
pentagonal ring connects to a hexagonal one, respectively. This unusual embedding
may explain the unexpectedly long lifetimes of tetragonal rings (Fig. 4.13b): their
integration within stabilising hexagonal and heptagonal surroundings could inhibit
reconfiguration despite their inherent energetic unfavourability. Moreover, the coop-
erative embedding between tetragonal and heptagonal rings could further stabilise
these motifs, prolonging the persistence of tetragonal rings in the structure.
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Figure 4.15: lllustrative snapshots of adjacent (a) 4- and 7-membered rings and (b) 5- and
6-membered rings embedded within the broader HBN (light grey) at 300 K. Hydrogens are
omitted for clarity. Insets show the individual water molecules which make up the rings.

Structure Factor Decomposition

To investigate how persistent topological motifs influence experimentally accessible
structural observables, I examined their contributions to the static structure factor.
In particular, I considered whether the characteristic peak splitting observed in the
total structure factor, S(q), at low temperatures could be attributed to specific
ring sizes, and whether the persistence of these motifs correlated with signatures
of structural heterogeneity in the liquid. To this end, I adopted the methodology
introduced by Zhou et al. [345], which enables the decomposition of the structure
factor according to ring size. For each ring size n, I identified the atoms forming
n-membered rings, excluded all other atoms from the configuration, and computed

the corresponding partial structure factor S,(q) for the resulting substructure.
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It is important to emphasise that this ring-wise decomposition results in varying
number of atoms per structure. As a consequence, the absolute intensities of the
partial structure factors S,,(¢q) lack direct physical significance and cannot be quan-
titatively compared to the total S(g). The meaningful quantity in this context is
the position of the peaks in each S, (¢), which reflects the dominant intermolecular
length scales associated with each ring size. The analysis therefore focuses on these
peak positions, and in particular, on the emergence and persistence of peak splitting,
as indicators of the structural roles played by specific ring topologies.

Figure 4.16 shows the resulting decompositions at the two temperature extremes,
260 K and 330K, i.e., where the full structure factor still exhibits clearly resolved
bimodal peaks. Decompositions at intermediate temperatures are shown in Fig. B3
of the Appendix.

At 260 K, the structure factors associated with pentagonal, hexagonal, and hep-
tagonal rings most closely resemble the full S(g), indicating these motifs dominate
the local structural organisation at low temperature. Their substantial contribu-
tions are consistent with their high relative populations (Fig. 4.13a), long lifetimes
(Fig. 4.13b), and elevated absolute counts (Fig. 4.13c). This convergence of both sta-
bility and frequency make it such that these topologies are central to the underlying
tetrahedral network at lower temperatures.

Larger rings, such as 8- and 9-membered motifs, also exhibit bimodality in S, (q),
suggesting that they too participate in the structural heterogeneity underlying the
observed peak splitting. In contrast, 3- and 4-membered rings contribute little
to the overall peak structure. 10-, 11-, and 12-membered motifs exhibit a promi-
nent shoulder near the high-q peak, S5, suggesting their association with denser,
interstitial-rich structures.

At 330K, the decomposition of the structure factor reveals that the contribu-
tions from individual ring sizes become increasingly indistinct, with most S, (q)

curves closely resembling the total S(g). This loss of differentiation coincides with a
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Figure 4.16: Structure factor S(q) of liquid water at 1bar and at two temperatures (260 K
and 330 K) decomposed into contributions from individual ring sizes, S,,(¢) where n € [3,12].
330K is the last temperature at which the splitting of the first peak into two distinct maxima
was resolved. The black curves indicate the total original structure factor, while coloured lines
represent individual ring contributions.

broadening and flattening of the ring-size distribution (Fig. 4.13a), indicating a di-
minished preference for specific topological motifs and a shift towards increased
structural disorder. A wider range of ring sizes becomes comparably probable,

reflecting the absence of dominant local geometries. This structural homogenisa-
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tion is further supported by the convergence of ring lifetimes across different sizes
(Fig. 4.13b), indicating a more transient network in which rings form and break
rapidly, and no particular topology persists long enough to influence the liquid’s
organisation significantly.

These microscopic structural changes align with macroscopic dynamical trends.
Between 260 and 330 K, the self-diffusion coefficient increases by a factor of four
(Fig. 4.9a), while the rotational correlation time decreases sharply from over 80 ps
to less than 10 ps (Fig. 4.9b). Since ring structures can be disrupted by both trans-
lational and rotational motion, the combination of accelerated dynamics in both
modes amplifies the breakdown of persistent ring topologies. Consequently, the
decomposition of S(q) becomes increasingly featureless, echoing the breakdown of
well-defined local motifs and the emergence of topological disorder.

Finally, Fig. 4.17 presents the separation between the two resolved peaks, S
and Sy, in each ring-specific structure factor, S, (¢). This analysis explicitly iden-
tifies which ring topologies contribute most significantly to the divergence in peak
positions, thereby revealing the ring sizes that most clearly reflect the coexistence
of low- and high-density local environments in liquid water.

Only rings containing 5 to 10 water molecules display peak separations large
enough to be recognised as two distinct maxima. Among these, pentagonal rings
stand out as exhibiting the most persistent splitting; their partial structure factor
retains both peaks up to at least 350 K, while the total structure factor loses this
resolution above 330 K. This suggests that the local ordering within pentagonal
rings remains distinctly decoupled over a broad temperature range, even when such
bimodal behaviour is obscured in the total structure factor.

This finding aligns with ongoing discussions in the literature concerning the dual
role of pentagonal rings within water’s HBN [370]. Pentagonal rings are understood
to introduce geometric frustration, thereby impeding the formation of long-range

crystalline order. At the same time, they contribute to the structural diversity and
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Figure 4.17: Distance between the two resolved maxima, S1 and Sa, in the structure factor
of water as a function of temperature for different ring sizes. The black line represents the
total structure factor as shown in Fig. 4.12

thermodynamic stability of the liquid phase.

The persistence of peak splitting in the structure factor associated with pentago-
nal rings, even at elevated temperatures, indicates that these structures retain a dis-
tinct form of local ordering despite increasing network disorder. This behaviour high-
lights the central role of pentagonal motifs in shaping water’s anomalous properties,
particularly in the supercooled regime where the interplay between order-promoting
and disorder-promoting structural features becomes increasingly pronounced.

As the ring size increases, the distinction between the characteristic length scales
associated with locally ordered and disordered environments becomes less evident.
This results in the gradual merging of the two peaks into a single resolved feature,

even at relatively low temperatures.

4.5 Conclusion and Outlook

The anomalous properties of liquid water have been the subject of extensive in-
vestigation, with the splitting of the principal peak in the static structure factor,

S(q), recognised as a key experimental indicator of its underlying structural com-
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plexity. In this work, I build upon earlier interpretations [311, 331, 332, 343, 344],
and demonstrate that the observed peak splitting in S(q) originates from specific
medium-range topological features within the network. Notably, pentagonal rings
emerge as persistent contributors to this phenomenon, underscoring their critical
role in maintaining structural heterogeneity through geometric frustration. This
supports the notion of a delicate interplay between locally ordered (hexagonal) and
disordered (pentagonal) configurations in supercooled water [370]. Furthermore, the
surprising stability of tetragonal rings — especially their tendency to occur adjacent
to heptagonal ones — suggests a more complex and cooperative network architec-
ture, wherein even topologically strained motifs can be locally stabilised by their
surroundings.

These findings are consistent with recent studies on other disordered materi-
als. For instance, Nicholas et al. reported that variations in ring-size distributions
systematically account for differences in intermediate-range order across a range of
amorphous materials, including zeolitic imidazolate frameworks, silicon, and silica.
While their approach involved a formal topological descriptor to quantify structural
diversity, the ring-resolved decomposition of S(q) presented here offers a comple-
mentary perspective by linking persistent network motifs directly to experimentally
accessible scattering features. Similarly, studies by Zhou et al. [345] and Tavanti et
al. [406] have shown that changes in ring statistics correlate with diffraction features
in silicate and chalcogenide glasses. By directly associating network topology with
structural heterogeneity, the present analysis contributes to this broader effort to
interpret disordered systems and provides a transferable framework for probing the
structure of complex liquids and glasses.

This methodology may be extended in future studies to biological and soft-
matter systems, where water plays a vital role in mediating structural and dynamical
processes such as protein folding [407, 408], enzymatic function [409], and membrane

organisation [398]. Moreover, examining how external conditions, such as applied
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pressure, influence topological motifs and their connection to bulk properties could

also be a promising direction for further research.
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Chapter 5
Coarse-graining as a bridge

between ZIFs and zeolites

5.1 Acknowledgements

The work presented in this chapter has been published in Chemical Communica-
tions [322]. Portions of the text and several figures have been reused; where appro-
priate, figures are labelled as “Adapted”.

This research builds upon a preliminary study conducted during my MChem
Part II project, in which the concept of coarse-graining ZIFs was first introduced.
The MChem thesis focused on analysing an existing ZIF database and exploring
various coarse-graining strategies of the imidazolate ring. The present work repre-
sents a substantial advancement beyond that initial study. It is based on an entirely
new dataset, and all machine learning models, optimisation procedures, hyperpa-
rameter searches, and analyses have been developed independently as part of my
PhD research. No material from the MChem thesis is reused in this chapter; all
work presented here is original and was carried out during the PhD.

I would like to thank Thomas Nicholas for providing the dataset used in this
chapter and for valuable discussions. I am also grateful to John Gardner for his

insightful input and assistance with the code.

5.2 Introduction

ZIFs [68, 410-412], a subclass of MOFs, have attracted considerable attention for
their potential in applications ranging from gas storage and separation [187, 413] to
catalysis [414, 415] and next-generation batteries [416, 417] (see Section 1.2.2).

ZIFs uniquely combine characteristics of both zeolites and MOFs: they offer the
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high surface areas and tunability typical of MOF's, while retaining the exceptional
thermal and chemical stability associated with zeolites [68]. This duality arises
from a combination of factors: the use of extended organic linkers enables large
pore volumes, while strong Zn—N covalent bonds contribute to their robustness.
Underpinning these properties is a tetrahedral network topology analogous to the
Si04 units found in silicates, which organises the local coordination environment and
governs the extended framework geometry, whether in crystalline, glassy [69, 418—
420], or even liquid forms [421].

Structurally, ZIFs are constructed from Zn?* cations and imidazolate anions,
forming AB, tetrahedral networks that mirror the vertex-sharing [SiO4|tq connec-
tivity in zeolites (Fig. 5.1) [68]. This conceptual mapping to zeolites has guided
both the rational design and synthetic targeting of ZIF's by enabling the replication
of known zeolite topologies using metal-imidazolate building units [181, 182]. It has
also informed structural classification and provided a framework for understanding
their porosity and stability. However, the extent to which this analogy holds quan-
titatively remains an open question — it is yet unclear whether the energy landscape
of ZIFs can be quantified without a fully atomistic description, and whether estab-
lished stability trends in zeolites [422] map onto hybrid ZIF phases, especially given
that the two material classes access different crystal topologies.

[\

N.S..N

S’

e ¥ ~
2*7n Zn?*

2—
4+Si/O\Si4+

1| RSN

Figure 5.1: Schematic comparison between the chemically simplest ZIF material Zn(Im),
(left) and the Si—O-Si bridge in silicates (right). The structural analogy forms the basis for
describing ZIFs as a hybrid inorganic-organic analogue of the SiOs framework in zeolites. Figure
adapted from Ref. [322].

One powerful way to interrogate this conceptual mapping is through coarse-
graining (cg), a modelling technique in which complex atomic structures are reduced

to simplified representative units or “beads” (see Section 5.3.1). This technique,
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common in biomolecular simulations [423, 424], facilitates computational efficiency
by reducing structural resolution. Coarse-graining has also been applied to disor-
dered networks, such as amorphous calcium carbonate [425], to rationalise interac-
tions at larger scales. In the context of MOF's, cg models have been developed to
describe mechanical properties, pore dynamics, and thermodynamic stability under
different conditions [426, 427].

In the context of ZIF's, coarse-graining naturally highlights their underlying tetra-
hedral architecture. By representing metal nodes and linkers as A and B beads in
ABs networks, it becomes possible to ask whether the tetrahedral scaffold alone
suffices to capture the local energetic landscape of these materials. Previous studies
suggest that cg-ML models can uncover structural relationships between ZIFs and
inorganic ABy networks [63, 428], but a quantitative benchmark is still lacking.

In this chapter, I investigate whether tetrahedral AB, coarse-grained represen-
tations of ZIFs can be used to construct predictive machine-learning models of local
energetics. Using GPR, I assess the performance of different levels of coarse-graining
— from fully atomistic, to ABg, to A-only models that omit AB, tetrahedral infor-
mation entirely. These models are trained on local energy targets derived from a
classical force field and evaluated across a systematically constructed, structurally
diverse dataset. The results demonstrate that maintaining tetrahedral connectiv-
ity is critical: it enables accurate energy predictions even in highly reduced repre-
sentations, whereas discarding it leads to a sharp decline in performance. These
results provide quantitative validation of the long-standing analogy between ZIF's
and zeolites, demonstrating that their shared tetrahedral topology carries predictive
value. More broadly, this work contributes to the development of coarse-grained
force fields [429-434] and advances our understanding of hybrid framework materi-

als.
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5.3 Methods

5.3.1 Coarse-graining

Coarse-graining is a modelling strategy that simplifies a material’s atomistic struc-
ture by replacing groups of atoms with single representative particles, or “beads”.
The process follows a mapping scheme, which defines how atoms are grouped into
beads [435]. The number of atoms per bead determines the degree of coarse-graining,
with coarser mappings reducing resolution but improving computational efficiency.
While mapping schemes can be flexible, they should preserve the key physical and
chemical characteristics of the system [436]; choices are often tailored to the specific
properties or behaviours under investigation [437, 438].

In MOF's, a natural approach is to represent each rigid or semi-rigid building unit
as a bead. For instance, Diirholt et al. [426] constructed a maximally coarse-grained
model of HKUST-1 by representing each copper paddlewheel (a rigid inorganic clus-
ter) as a single bead. In ZIF-8, where Zn?* nodes are linked by methylimidazo-
late ligands in a sodalite-type structure, several mapping options exist. Alvares et
al. [427] explored models with varying resolution, ranging from merging a Zn node
and its coordinating imidazolate into one bead, to finer models where nodes and
linkers were treated separately.

A primary advantage of cg models is the reduction in the number of particles
and their interactions, leading to significant computational savings, often scaling
with the square of the particle reduction [436]. This efficiency enables faster MD
simulations, while still reproducing key properties of atomistic models. Moreover,
cg models provide smoother potential energy surfaces and simplified interaction
potentials, allowing for larger integration time steps (typically 5-20fs) [439-441].

In this chapter, coarse-graining was performed by replacing each zinc atom with
an “A”-bead and each imidazolate molecule with a “B”-bead (Fig. 5.2). The bead

positions are assigned using the geometric centroids of the constituent atoms (with-
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out mass-weighting), a straightforward and widely used method in both crystal net
analysis [442] and coarse-grained MD [436]. This choice offers a practical com-
promise between computational simplicity and physical accuracy: it preserves the
topology and connectivity of the original framework, enables efficient modelling, and
faithfully reproduces the Zn-Im—7n bond angle, which maps closely to the Si—-O-Si

angle in analogous silicate networks.

“B”
“A”
>
Fully atomistic Coarse-grained (AB>)

Figure 5.2: lllustration of the coarse-graining approach applied to a tetrahedral ZIF unit
cell. Left: fully atomistic representation of a Zn?* cation coordinated by imidazolate (Im™)
linkers. Right: coarse-grained (ABa-type) model where the Zn?* node is represented as a
central “A” bead and the imidazolate linkers as peripheral “B" beads. Schematic generated
using VESTA [443]. Figure adapted from Ref. [322].

All structural coarse-graining described in this chapter was carried out using the

CHIC package [444].

5.3.2 Data Generation

The data set for this chapter was developed by Thomas Nicholas. A summary of
the generation process is outlined below; for a more detailed description the reader
is referred to https://github.com/tenicholas/hZIF-data.

The initial dataset was assembled from two sources: a curated set of coarse-
grained AB, MOFs with unique topologies, compositions, and space groups, and
idealised zeolite frameworks approved by the Structure Commission of the Interna-
tional Zeolite Association (IZA-SC) [445]. These structures provided the template

networks for further decoration.
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Each template was then “decorated” by substituting A and B sites with zinc
atoms and imidazolate molecules, respectively. The imidazolate was positioned such
that its ring centre aligned with the original B site, the ring plane was parallel to the
B-A bond vectors, and the molecule’s C, axis bisected the bond angle. After deco-
ration, an energy minimisation was performed using the MOF-FF for ZIFs empirical
force field [446]. This model evaluates the total system energy based on contributions
from bond stretching, angle bending, torsional rotations, van der Waals interactions,
and electrostatics. Although the force field was initially parametrised for ZIF-8, its
formulation includes explicit bonding terms, which help guide structures toward
chemically sensible geometries during relaxation, even for hypothetical frameworks,
by avoiding atomic overlaps and unphysical bond distortions. As such, MOF-FF
serves as a robust reference approach for capturing the underlying potential energy
surface across a range of network topologies.

The final atomistic structures were then obtained using three different procedures
in order to sample a broader region of the potential energy surface. All began with
coarse-graining the energy-minimised structures using the CHIC package, followed
by re-decoration with idealised imidazolate molecules.

In the first procedure, no further modifications were made. In the second, the
coarse-grained structures were re-decorated and random perturbations were applied
to the atomic positions and cell parameters. These distortions (commonly referred
to as “rattling”) slightly displace atoms from their local-minimum configurations,
a strategy commonly employed to improve the generalisability of machine-learned
potentials by exposing them to a broader region of configuration space [274, 447,
448]. In the third procedure, rattling was applied to the cg configuration, followed
by re-decoration. For procedures involving rattling, three perturbation magnitudes
were used (small, medium, and large). Five independent batches were generated by
systematically varying the random seed. Finally, the structures were labelled using

MOF-FF for ZIFs empirical force field [446] and coarse-grained using CHIC to the
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varying levels of abstraction.

Atomic energies were mapped to the coarse-grained structures by summing con-
stituent atoms’ energies for each site. In this case, the A site energy equals the zinc
atom energy, and the B site energy equals the sum of the imidazolate molecules
atoms’ energies. See the next section for more detail.

To validate the use of the MOF-FF potential in this work, Figure 5.3 shows
that the majority of bond lengths and bond angles in the dataset fall well within
the parameter ranges over which the MOF-FF model was originally tested [446].
While a small number of configurations extend slightly beyond this validated range,
these outliers are infrequent and are not expected to significantly affect the overall
accuracy of the energy predictions.

a b

Al 3znC 1 Al C3C-Zn-C
30 7 0.25 ~
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Figure 5.3: Distribution of structural properties in the database used in this chapter compared
to the range tested for the MOF-FF model (light grey shading) in Ref. [446]. (a) Distribution
of bond lengths. (b) Distribution of bond angles. Blue curves represent the distribution for all
bonds or angles, while purple curves show only those involving Zn?* (Zn—-C bonds and C~Zn—C
angles, respectively). Figure adapted from Ref. [322].

5.3.3 Learning Local Energies

To investigate the local chemical environments in ZIFs, ML models were trained

to predict the local energies of Zn?* cations. This analysis leveraged the MOF-
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FF force field, which provides not only total (per-cell) energies but also atom-wise
energy contributions.

Although these local energies are not quantum-mechanical observables and lack
the physical rigour of DFT total energies, they serve as useful empirical proxies.
Specifically, they arise from force-field-based decompositions of the total system

energy into atom-centred components:

N
E=) e (5.1)
=1

(4)

where e} ..,

denotes the local energy attributed to atom ¢ in a structure with N
atoms. While this partitioning is not guaranteed to be unique, it supports the
development of linear-scaling ML models and aligns with the notion that atomic-
level energies can encode chemically meaningful information [449]. Recent studies
have further explored the transferability and reliability of such localised predictions,
particularly regarding how local errors affect global properties [450].

In this chapter, the local energy of each Zn?* cation in a ZIF is defined as the
sum of its individual atomic energy and half the energy contributions from each of its
coordinated imidazolate (Im™~) linkers. The energy of an Im~ molecule is calculated
by summing the local energies of its constituent atoms (C, N, and H), and then

equally dividing that total between the two Zn?* centres it bridges. The resulting

expression is:
4
i i 1 Z j
el(o)cal = e(Zl’)l + 5 — egrzﬁ (52)
J:

where e(Zii is the energy of the i-th Zn?* atom, and e%ﬁ is the energy of the j-th im-

idazolate linker attached to it. This decomposition ensures that summing all el(é)cal
across a unit cell recovers the total energy, and mirrors the locality assumptions
used in the development of ML interatomic potentials. Importantly, by incorporat-
ing both the Zn?* atomic energy and contributions from its coordinated imidazolate

linkers, this definition is more sensitive to variations in the local chemical environ-
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ment than using Zn?" energies alone. This increased sensitivity is especially valuable

for capturing the effects of structural coarse-graining.

5.4 Results

5.4.1 Proof of concept

I began by investigating how structural resolution influences the performance of
GPR models (see Section 2.2.3), with a particular interest in whether the energetics
of ZIFs can be predicted using only their underlying tetrahedral connectivity.

To this end, I trained GPR models using three structural representations: a
fully atomistic model; a cg AB, model (see Section 5.3.1); and a more extreme
cg A-only model that omits linker atoms entirely, thereby eliminating explicit AB,
tetrahedral connectivity. This A-only model retains only the Zn positions, providing
no chemical context of the local neighbourhood and making it a stringent test of
how much structural detail can be removed before predictive accuracy collapses.

Figure 5.4 presents parity plots comparing the predictive accuracy of these three
models. For each representation, the SOAP descriptors were calculated using a cutoff
radius of 6.75, 7.00, and 9.75 A and a Gaussian smearing width of 0.30, 0.25, and
0.90 A for the fully atomistic, AB,, and A-only models respectively. The models were
trained on 32,000 atomic environments and evaluated using 5-fold cross-validation.

As expected, the fully atomistic model achieves the highest predictive accuracy,
with an R? value of 0.93. This indicates that the atomistic representation success-
fully encodes the key structural features influencing local energy contributions. The
AB, model maintains a solid performance, with an R? of 0.85, representing a modest
drop in accuracy of less than 9%, despite the reduced structural detail.

In contrast, the A-only model shows a dramatic decline in performance, with an
R? value of just 0.49, a 47% reduction relative to the fully atomistic baseline. This
sharp decline highlights the importance of preserving the tetrahedral connectivity

and local chemical context. While coarse-graining can still yield accurate predictions
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Figure 5.4: Scatter plots of local-environment energies as defined in Eq. 5.2 (the “ground-
truth” learning target) on the horizontal axis, and the GPR ML predictions on the vertical axis.
The values were obtained by 5-fold cross-validation. From left to right, the models are based
on: a fully atomistic description; a cg description where the linker molecules are described by
single "B"” beads (Fig. 5.2); and a more aggressively coarse-grained model where only A-site
species are represented. All models were trained on 32,000 atomic environments and evaluated
using 5-fold cross-validation.

when the essential topological features are maintained, overly aggressive simplifica-
tion — such as omitting the underlying framework — results in significant information
loss that severely degrades model performance.

Figure 5.5 further supports these findings by showing learning curves for each
model. All three reach convergence with respect to training data size implying
that residual errors likely stem from the inherent locality assumptions of the SOAP
featurisation and the effects of regularisation, rather than from insufficient data. The
atomistic model achieves an RMSE of ~0.047eV, corresponding to the commonly
accepted threshold for chemical accuracy (~1 kcal/mol) [451], while the ABs model
converges at ~0.071eV. This represents a moderate increase in prediction error,
roughly a factor of 1.5 higher than the atomistic model, but still within acceptable
limits for many applications. The A-only model, however, plateaus at ~0.128 eV,
nearly 3x higher than the atomistic model. Its early saturation suggests that this
representation fundamentally lacks the structural context required for high-fidelity

predictions.
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Figure 5.5: Learning curves showing the evolution of the RMSE as a function of training set
size for the fully atomistic, AB2 and A-only models. The RMSE for the largest number of
training points is indicated by a dashed grey line in each panel.

5.4.2 Varying Model Hyperparameters

Following the initial validation of the GPR models, the dependence of model per-
formance on structural descriptor hyperparameters was systematically investigated.
In particular, two central parameters governing the behaviour of the SOAP descrip-
tor [230] were examined: the cut-off radius (r.,;) and the smoothness of the atomic
neighbour density (o.). The cut-off radius determines the spatial locality of the
information used to describe atomic environments, while the smoothness parameter
controls the resolution of the atomic density (for more details see Section 2.2.2).

The regularisation strength was also tuned and found to have only a weak influ-
ence on model performance; a fixed value of 0.2eV was used consistently across all
models for simplicity, as the focus was on the more impactful effects of r. and o,
which are directly tied to the degree of coarse-graining.

Although the results in Fig. 5.4 were obtained using individually optimised hy-
perparameters for each model type, Fig. 5.6 presents the outcome of a broader grid
search across these hyperparameters to more comprehensively map the relationship
between model error and SOAP descriptor settings. Specifically, the search spanned
values up to 15 A for roy and up to 2A for o, thereby covering a substantially
wider parameter space than typically employed in conventional SOAP-based ma-

chine learning potentials (e.g., reyt ~ DA, 00 ~ 0.5A) [247].
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Figure 5.6: Survey of the hyperparameter space for fully atomistic GPR models versus cg-GPR
models. The two decisive choices are the cut-off radius (vertical axis) and the smoothness of
the atomic neighbour density (horizontal axis). The results of a grid search are given by colour
coding, with individual grid points highlighted by small white markers. For these scans, a more
economical setting of N = 10,000 training points, compared to N = 32,000 otherwise.

The heatmaps in Fig. 5.6 are consistent with the performance trends seen in
Fig. 5.4 and Fig. 5.5: the fully atomistic model achieves the lowest RMSEs, followed
by the ABs model, with the A-only model performing substantially worse across
the entire hyperparameter space. Even under optimal settings, the A-only model
retains a high error, reaffirming that omitting linker information imposes an intrinsic
limitation that no choice of r. or o, can fully overcome.

Interestingly, the loss landscapes become progressively flatter as the model be-
comes more coarse-grained, indicating reduced sensitivity to hyperparameter tun-
ing. This trend reflects the growing effective interatomic distances in cg models: for
atomistic descriptions, a 1 A increase in r.y can result in many new neighbours be-
ing considered, significantly altering the descriptor and thus the prediction. For cg
models with sparser environments the same increase has a smaller effect, sometimes
adding only one or two neighbours, or none at all, as in the A-only case. This is
especially evident in the A-only grid, which shows no sharply defined optimal region.

A notable feature in both the AB; and A-only grid search spaces is the marked
reduction in RMSE around 6 A. This corresponds to the minimum Zn-Zn distance

typically observed in ZIF structures. For any cutoff smaller than this, the model
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fails to capture even the first nearest neighbour. This is particularly problematic in
the A-only model, which entirely excludes B sites and the model may only “see” the
central atom.

The final optimised hyperparameters are given in Table 5.1. It is important to
note, however, that the RMSE landscapes remain relatively flat as discussed above
in the vicinity of the minima and therefore that the notion of a single “optimal”

point should be interpreted as indicative rather than definitive.

Table 5.1: Optimised cut-off radius and smoothness parameter for the three GPR models
investigated.

Fully atomistic AB, A-only
Teut (A) 6.75 7.00  9.75
O (A) 0.30 0.25  0.90

To further assess the robustness and generalisability of the optimised hyperpa-
rameters, | performed a transferability test by applying the hyperparameters from

one structural representation to the others. The results are summarised in Table 5.2.

Table 5.2: RMSEs for different GPR models for local-environment energies in ZIFs. The
columns show results for the three different representations. The rows correspond to hyperpa-
rameters, H, optimised for the respective representation.

RMSE for 81(2:31 (eV)

Fully atomistic AB, A-only

H for atomistic 0.047 0.074 0.138
H for AB, 0.047 0.071 0.135
‘H for A-only 0.063 0.078 0.128

The fully atomistic model proved the most sensitive to this transfer: using coarse-

grained hyperparameters led to a noticeable increase in RMSE (from 0.047 eV to
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0.063 eV). By contrast, the ABy and A-only models were more tolerant to mis-
matched settings, showing only minor degradation in performance.

These results are consistent with the loss landscape trends observed in Fig. 5.6,
reinforcing that hyperparameter optimisation is more critical for high-resolution
models. Coarse-grained models, with their lower structural complexity and fewer
degrees of freedom, exhibit broader optima and are thus more robust to variations
in descriptor settings.

Finally, to evaluate the role of angular resolution in model performance, I con-
ducted an ablation study by systematically reducing the angular complexity of the
SOAP descriptor. This was done by varying .. — the f maximum degree of the
spherical harmonics expansion — from 8 down to 0, where [, = 0 effectively re-
moves all angular information. Figure 5.7 shows learning curves for each structural

model across this range.
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Figure 5.7: Learning curves showing the model root mean square error as a function of training
set size for increasing [max for the fully atomistic, ABs and A-only models. The RMSE for the
largest number of training points is indicated by a dashed grey line in each panel. [n.x = 8
was used in all the optimised models.

The results underscore the importance of angular features. In the atomistic
model, reducing [, from 8 to 0 leads to a ~250% increase in RMSE, reflecting the
loss of directional bonding information. The ABs model shows a similar but smaller
effect (140%), while the A-only model is effectively insensitive to angular resolution:
the RMSE changes by less than 20%. This suggests that in representations composed

solely of a single atomic species (e.g. Zn) with no explicit linker geometry, angular
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detail offers little benefit.

These findings reinforce a broader theme emerging from the hyperparameter
grid search and transferability study: the sensitivity of a GPR model to descriptor
complexity scales with the structural resolution of the input representation. Fully
atomistic models capture detailed local environments and benefit significantly from
high angular resolution and careful parameter tuning. In contrast, coarse-grained
models, by design, lack the structural complexity needed to benefit from high-order
descriptors. As a result, they are less dependent on fine-grained features, making
simpler, more computationally efficient descriptors not only sufficient but potentially
preferable.

Overall, the combined results highlight a key trade-off: as structural resolution
decreases, so does the need for rich feature representations. This has important
implications for designing machine learning potentials that balance accuracy with

computational efficiency depending on the level of coarse-graining.

5.4.3 Varying the data set composition

The second part of the study assessed the impact of the training data on model
performance. The dataset used for training and evaluating the GPR models was
constructed by decorating coarse-grained ABs; networks via a back-mapping proce-
dure, wherein atomistic detail was reintroduced based on predefined templates. The
generation process is described in detail in Section 5.3.2, and includes a deliberate
“rattling” of structures.

To evaluate the impact of structural distortions, configurations were categorised
into three groups based on the magnitude of the applied perturbation: small,
medium, and large. From this classification, two datasets were constructed. The
“main” dataset consists exclusively of medium-distorted structures. This is the
dataset that was used for all the results presented in the previous section. Only
one rattling scheme was chosen for the proof of concept to ensure exceedingly sim-

ilar structures were not present that could bias the results and make the model
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appear more accurate than it truly is, due to exposure to near-duplicate examples
during training. In contrast, the extended dataset includes structures from all three
distortion levels, providing a broader representation of local environments.

Figure 5.8 presents an evaluation of model robustness across this distortion spec-
trum. In panel a, models were trained on the “main” dataset (i.e medium-rattled
structures only) and tested on the individual distortion subsets. While the quan-
titative performance varies slightly across the different distortion levels (as seen by
the R? values), the qualitative trends remain the same. The fully atomistic model
consistently outperforms the coarse-grained variants, followed by the ABy model,
with the A-only model noticeably trailing behind in predictive accuracy.

As the degree of distortion in the test set increases, predictive performance de-
clines for all models. This degradation is especially pronounced for coarse-grained
representations which lack the structural detail necessary to accurately model highly
distorted local environments. Notably, the A-only model yields a negative R? value
when tested on the large-rattled dataset, indicating it fails to capture any meaningful
relationship and performs worse than a simple mean predictor.

Panel b presents a complementary evaluation where models are trained on an
extended dataset comprising all distortion levels (small, medium, and large) and
tested via 5-fold cross-validation. This broader training set leads to improved gen-
eralisability across model types, particularly when compared to models trained ex-
clusively on medium distortions and evaluated on either medium or large distortions,
as shown in panel a. The results demonstrate that incorporating a wider range of
structural variations, especially both small and large distortions, enhances model
robustness relative to training on a narrower subset. This underscores the impor-
tance of dataset diversity in developing reliable and generalisable models, while
highlighting the limitations of training on restricted structural regimes when aiming

for broader applicability.
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Figure 5.8: Scatter plots of local-environment energies as defined in the main text and the
associated GPR ML predictions. From left to right, GPR models are characterised based on: a
fully atomistic description; a cg description where the linker molecules are described by single
“B” beads; and one where only A-site species are represented. (a) Tests for the GPR model
described in the main text, fitted using 32,000 data points from the main (“medium”) dataset.
Tests for this model are shown from top to bottom: on structures with smaller distortions than
in the training; on the same dataset (using 5-fold cross-validation), as shown in Fig. 5.4; and
on structures with larger distortions than in the training. (b) As before, but now for training
and 5-fold cross-validation for the extended dataset containing all relevant configurations.
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Notably, across all settings, the A-only coarse-grained model consistently un-
derperforms relative to the fully atomistic and ABy coarse-grained models. While
expanding the training dataset improves overall performance, it does not overcome
the intrinsic representational limitations of the A-only model.

To test how optimal hyperparameters generalise to more diverse training data,
the grid search was repeated on the extended dataset, which includes configurations
with small, medium, and large distortions. Figure 5.9 visualises the RMSE across
the same SOAP parameter space as in Fig. 5.6, but for this extended dataset. The
effect of varying cut-off radius (r.,;) and atomic density smoothness (0,;) was again

evaluated across the three structural representations.

14

-
£

12 &

-
N

10 @8

® )
RMSE (eV)

0.10

cutoff radius reye (A)

(o2}

IS
T

! " ! 0.05

0.5 1.0 15 20 0.5 1.0 1.5 20 0.5 1.0 1.5 20
smoothness Ot (4) smoothness Ot (4) smoothness Oa¢ (A)

Figure 5.9: Survey of the hyperparameter space for fully atomistic GPR models versus cg-GPR
models using the extended dataset. The two decisive choices are the cut-off radius (vertical
axis) and the smoothness of the atomic neighbour density (horizontal axis). The results of a
grid search are given by colour coding, with individual grid points highlighted by small white
markers.

Table 5.3 summarises the optimal r., and o, values obtained from the grid
search for the extended dataset. For ease of comparison, the corresponding optimal
values from the main dataset (previously shown in Table 5.1) are also included.
Notably, the fully atomistic model maintains consistent optimal cut-off values re-
gardless of dataset scope. In contrast, the ABy and A-only coarse-grained models
exhibit a clear shift towards larger optimal r.,; values when trained on the extended
dataset. This shift reflects the inclusion of highly distorted (“rattled”) environ-

ments in the extended dataset, which are more challenging to model accurately. To
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compensate, the coarse-grained models require a larger spatial context — i.e., more
neighbouring atoms — to adequately capture local energy contributions, resulting in

an increased cut-off radius.

Table 5.3: Optimised SOAP hyperparameters obtained via grid searches using N = 10,000
training datapoints. Note that the above surfaces are very shallow, especially in terms of the
o4t dependence, and therefore those “optimised” values are only given for completeness

Main dataset Extended dataset
Tcut (A) Oat (A) Teut (A) Oat (A)

Fully atomistic 6.75 0.30 6.75 0.50
AB, 7.00 0.25 9.00 0.20
A-only 9.75 0.90 13.50 0.80

5.4.4 Varying the learning target

The final part of the analysis examines the effect of varying the learning target.
In Section 5.3.3, I introduced a synthetic learning target, denoted as 51(2)@1' This
local energy combines the energy of the Zn?" ion with half the energy of its four
bonded imidazolate molecules. The rationale behind this formulation is that it offers
a more accurate representation of the Zn?* ion’s chemical environment than using
the isolated Zn?** energy alone.

In this section, I explore how switching the learning target to the Zn%** energy
alone influences model performance, and how this simpler target behaves under
structural coarse-graining.

Table 5.4 presents a comparison of the RMSEs from GPR models trained on
both energy definitions. As anticipated, the fully atomistic models achieve the low-
est RMSEs in both tasks, followed by the ABs model and then a dramatic increase
to the A-only model. Models trained on the Zn-only energy consistently achieve
lower RMSEs, reflecting the reduced complexity of this learning target. Notably,

the A-only model trained on Zn-only energy performs comparably to the fully atom-

istic model trained on the local energy target. This highlights how much easier it is
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to learn the simpler Zn-only energy, which omits information from the now-absent
linkers. These results suggest that the Zn-only energy retains more predictive accu-
racy in highly simplified models, likely because it excludes the nuanced contribution

of linkers that are no longer explicitly represented.

Table 5.4: Cross-validation RMSE values (in eV) for models trained on the main dataset
using different coarse-graining levels.

Fully atomistic AB, A-only

Local environment, el 0.047 0.071  0.128

local

Zn** energies only 0.011 0.016  0.048

The most pronounced performance gap between the local-environment energy
target and the Zn-only energy target is observed in the atomistic and ABy mod-
els, where the RMSE for predicting 5{2)%1 over 4 times higher than for the Zn-only
energies. This is likely due to the fact that the A-only model is so severely coarse-
grained that neither energy target can be predicted with high accuracy and so the
nuance between the two learning targets is overridden by the general breakdown in
predictive power.

The performance drop from the fully atomistic model to the A-only coarse-
grained model is particularly stark for the Zn-only energy target, where the RMSE
increases by 340%, compared to a 170% increase for the local environment energy
target. This discrepancy likely arises from the differing degrees of implicit informa-
tion available in each target. In the case of the local environment energy, the target
inherently includes contributions from both the metal node and the linker atoms.
Consequently, even when the model is trained on A-only structures (which lack ex-
plicit linker representation), it may still benefit from residual information about the
linkers encoded in the energy target itself. This indirect signal allows the model to
retain some predictive capability. In contrast, for the Zn-only energy models, the
energy target isolates the contribution of the metal node. Although the Zn energy

is still geometrically influenced by nearby linker positions this information cannot
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be learned or inferred by the A-only model, since the linker atoms are absent from
both the input structures and the energy decomposition. As a result, the model
lacks the necessary structural and energetic context to make accurate predictions,
leading to a much larger degradation in performance.

For completeness, I performed the same analysis on the extended dataset. The

results are shown in Table 5.5. The same trends are observed as for the main dataset.

Table 5.5: Cross-validation RMSE values (in eV) for models trained on the extended dataset
using different coarse-graining levels.

Fully atomistic AB, A-only

Local environment, " 0.049 0.066  0.133

local

Zn** energies only 0.013 0.018  0.053

5.5 Conclusion and Outlook

This chapter set out to determine how much structural detail is truly necessary to
machine-learn the energetics of ZIFs. Central to this investigation is the role of
tetrahedral connectivity, a defining feature of ZIFs and their zeolitic analogues. I
trained GPR models on three levels of structural resolution — fully atomistic, coarse-
grained AB,, and a minimalist A-only mapping — and showed that accurate energy
predictions are possible even with significantly reduced structural detail, as long as
tetrahedrality is preserved. Specifically, local-environment energies in ZIFs can be
learned from the ABs coarse-grained representation with less than a factor-of-two
loss in accuracy compared to atomistic models, despite a drastic reduction in the
number of structural degrees of freedom, from 51 coordinates per Zn(Im), unit to
just 9 per AB, equivalent.

The preservation of tetrahedral connectivity between nodes and linkers emerges
as the irreducible minimum for reliable coarse-grained modelling. When linkers are

removed entirely as in the A-only models, predictive power collapses, underlining
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the critical structural role that connectivity plays in encoding energetic informa-
tion. The success of the AB, description provides quantitative support for the
long-standing analogy between ZIFs and zeolites: both materials can be understood
as tetrahedral ABy networks, and it is this network, not the detailed chemistry of
the linker, that carries the bulk of the energetic information.

Looking ahead, a natural extension is to move beyond unsubstituted imidazolate
linkers to more complex and anisotropic ones (e.g., methyl-, ethyl-, or benzimidazo-
late). Preliminary tests show that treating methylimidazolate (mlIm) as a single “B”
bead is insufficient for accurate coarse-grained models of Zn(mlm),. Future work
could explore more nuanced coarse-graining strategies for such ligands, as shown,
e.g., by Semino et al. [452], who used an atom-to-bead ratio of & 2.6 for a carboxylate
MOF, and Alvares et al. [427] who studied different cg models for ZIFs.

While this chapter focused on learning synthetic local energies, similar machine
learning approaches can be applied to other atomistic observables, such as NMR
chemical shifts [453], which would aid in the interpretation of experimental stud-
ies particularly for glassy ZIFs. Extending the present energy-learning framework
to include forces would allow the construction of fully coarse-grained ML poten-
tials capable of accessing much larger time and length scales than current atomistic
methods. Recent work by Mohamed et al. [454] has shown that such cg-ML force
fields can reproduce both static and dynamic responses of ZIF-8 under pressure, in-
cluding structural amorphisation. Taken together, these developments suggest that
integrating energy and force learning within a unified cg framework could offer a
powerful and transferable toolset for simulating structural, thermal, and mechanical
behaviour across a wide range of ZIF chemistries.

While this chapter focuses on crystalline ZIFs, an improved understanding of
their energetic landscape and structural representations could prove a useful step-
ping stone to the modelling of amorphous ZIFs. These disordered analogues remain

far less characterised, both experimentally and computationally, and few reliable
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structural models exist. Recent advances, such as the active-learning-based struc-
tural refinement of a-ZIF by Nicholas et al. [189], highlight the importance of captur-
ing intermediate-range topology, which often departs significantly from crystalline
analogues. By investigating the extent to which coarse-grained models of crystalline
ZIF's can predict local energetics, this work contributes foundational tools for inter-
preting and eventually simulating the disordered frameworks of amorphous ZIFs.
More broadly, this chapter highlights a general strategy for identifying transfer-
able structural representations across material classes: by isolating and preserving
the topological features that govern local energetics, one can construct simplified
yet predictive models that bridge chemistry, structure, and function. This approach
may prove valuable not only in understanding known materials but also in the com-

putational discovery of new ones.
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Chapter 6

Learning across chemical domains

with MLIPs

6.1 Acknowledgements

Section 6.4.2 of this chapter has been published as a preprint on arXiv [274]. Portions
of the text and several figures have been reused; where appropriate, figures are
labelled as “Adapted.” I am not the first author of this work and will only discuss
the results that I directly contributed to. In the Methods section, I describe certain
core methodologies that were developed by others but are essential for understanding
the presented work. These methods are clearly attributed to the original authors
where appropriate. I would like to thank John Gardner and Daniel Thomas du Toit
for their development of the model distillation pipeline, and Daniel in particular for
running the MD simulations using the distilled ACE model.

Section 6.4.1 of this chapter is new and thus far unpublished work I have carried

out separately from the above preprint.

6.2 Introduction

As I hope to have shown in the previous chapters, MLIPs have become indispens-
able tools for atomistic simulation, offering near ab initio accuracy at a fraction of
the computational cost [51, 53]. Yet, despite their promise, MLIPs face important
limitations. Chief among these is their reliance on large, diverse datasets that span
relevant chemical environments and thermodynamic conditions for their downstream
use. For chemically complex or disordered systems, assembling such datasets is a
significant bottleneck, both time-consuming and resource-intensive [211]. This chal-

lenge has spurred growing interest in training strategies that improve data efficiency
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without sacrificing predictive power [209, 274, 455].

Two principal approaches to this challenge have emerged in the literature. The
first is transfer learning, which reuses knowledge acquired from one system to acceler-
ate learning in another [456]. For MLIPs, this typically involves leveraging a model
trained on a well-characterised system to assist in learning a related, data-scarce
system. When successful, transfer learning can significantly reduce the volume of
training data required, improve predictive accuracy, and enable faster model de-
ployment [457-459]. For instance, Smith et al. [458] demonstrated that a model
trained on DFT-level data could be effectively fine-tuned using a relatively small
number of high-accuracy coupled-cluster [CCSD(T)] labels, thereby elevating the
overall fidelity of the resulting MLIP. A particularly interesting direction within
transfer learning is alchemical transfer learning, wherein knowledge is transferred
across elements by exploiting shared bonding or structural features [209, 460]. This
approach aims to harness underlying chemical similarities, such as shared coordina-
tion environments or structural motifs, to enable cross-element generalisation.

Recent studies have demonstrated the potential of this approach. Gardner et
al. [209] introduced a synthetic pre-training strategy in which a model trained on a
large synthetic dataset for carbon was fine-tuned on DFT-labelled silicon structures.
Their results showed that such pre-training can substantially improve accuracy
in low-data regimes and enhance numerical stability, particularly when structural
rescaling is used to align the atomic environments of chemically distinct systems.
Rocken and Zavadlav [460] extended this strategy to silicon and germanium, show-
ing that transfer learning significantly improved force and energy predictions and
increased the robustness of molecular dynamics simulations across temperatures.

Despite these promising results, key questions remain. What degree of structural
or energetic similarity is necessary for successful transfer? Is a shared geometric
motif, such as tetrahedral coordination, sufficient to enable cross-element generali-

sation? Previous studies have largely focused on chemically similar elements within
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the same periodic group. In this chapter, I explore whether tetrahedral topology can
provide a meaningful scaffold for transferability across broader chemical domains.
Through pre-training and fine-tuning experiments on both elemental systems (car-
bon, silicon) and more complex ABs-type materials (silica, water), I systematically
assess the effectiveness and limitations of alchemical transfer learning in tetrahedral
networks. Ultimately, by analysing transferable representations in both simple and
complex tetrahedral systems, this chapter offers insights into the structural and ener-
getic features that govern cross-domain learning. These insights lay the groundwork
for developing more generalisable, efficient, and robust MLIPs tailored to disordered
tetrahedral materials.

The second, more recent, approach to enhancing data efficiency in MLIPs in-
volves foundation models: large, general-purpose potentials trained on broad, het-
erogeneous datasets spanning most of the periodic table [169, 461-463]. Inspired
by developments in natural language processing and computer vision [464-466],
these models leverage large-scale pretraining to enable strong generalisation in down-
stream tasks. Their development in the atomistic domain has been accelerated by
the rise of open-access materials datasets [8, 9, 467] and the adoption of expres-
sive graph-based neural networks capable of modelling complex interatomic interac-
tions [50, 167, 256].

Foundation models aim to be universally applicable: instead of training a sep-
arate MLIP for each new chemical system, a single pretrained model can be fine-
tuned with relatively little additional data, offering both improved data efficiency
and reduced development time [468]. As a result, a major challenge now is making
foundation models lightweight and broadly usable, such that they become accessible
tools for the wider atomistic simulation community.

A promising solution to this challenge is model distillation, the process of com-
pressing the knowledge encoded in a large foundation model into a smaller, task-

specific model that retains high accuracy while being significantly more efficient to
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train and deploy [469, 470]. In this chapter, I demonstrate such an approach using
liquid water as a test case — an archetypal example of a chemically and structurally
complex system. By fine-tuning a foundation model on water and distilling it into
a compact MLIP, I show that the chemical insights captured during large-scale pre-
training can be transferred into lightweight, high-performance models suitable for
practical simulations. Beyond its immediate utility, this work also reveals the types
of chemical knowledge that foundation models can learn to apply across domains,
and how that knowledge can be adapted for more specialised applications.
Together, the transfer learning and foundation model strategies explored in this
chapter present complementary pathways for sharing chemical knowledge across
domains, and help illuminate the structural and energetic features that underpin
successful generalisation in atomistic machine learning. More broadly, they point
toward a future where MLIPs are not only more data-efficient but also more widely

accessible and applicable to a diverse array of complex materials.

6.3 Methods

6.3.1 Data sets

This chapter uses a variety of data sets to investigate the transferability of PES
models across different chemistries. They are all taken from existing literature.
The following sections briefly introduce the data sets, their origin and the type of

information they contain.
Carbon

The carbon data are taken from the study by Rowe et al. [206]. The dataset com-
prises over 6,100 unique carbon structures, representing a wide range of bonding
environments, including sp, sp?, and sp® hybridisations.

Crystalline structures include various allotropes such as diamond, graphite, and
lonsdaleite, as well as high-pressure phases like be8 and sc16. Amorphous configura-

tions span low- and high-density amorphous carbon, with structures generated from

145



melt-quench simulations. The dataset also includes molecular and cluster structures
(including fullerenes and nanotubes) and selected defective and surface configura-
tions. Each structure was labelled with DFT using the PBE exchange-correlation

functional [142].
Silicon

The silicon data is taken from the study by Bartdék et al. [91]. The dataset en-
compasses a diverse collection of atomic configurations, totalling more than 170,000
environments sampled from crystalline, liquid, and amorphous phases, as well as
from various defect structures.

Crystalline structures span multiple phases such as diamond, §-Sn, bc8, and
st12, with both equilibrium and strained geometries. Amorphous and liquid states
are sampled from MD simulations across a range of temperatures and pressures. The
dataset also includes surfaces ((111), (110), and (100) orientations), point defects
(vacancies and interstitials), dislocation cores, and crack tips. Each configuration
is labelled using DFT calculations employing the PW91 exchange-correlation func-

tional [471].
Water

Two water data sets are used in this chapter. The first is the dataset by Ibrahim et
al. [346] which is described in Section 4.3.1 and contains predominantly ice struc-
tures.

The second is sourced from the study by Cheng et al. [388]. The dataset com-
prises 1,593 configurations of liquid water, each containing 64 molecules, with ener-
gies and forces evaluated at the revPBEOQ [142, 472] level of theory with a Grimme
D3 dispersion correction [145, 146]. To represent proton disorder in ice phases,
16 proton-ordered configurations were generated for both ice Ih and ice Ic, each
also consisting of 64 water molecules. In contrast to the first dataset, this dataset

contains predominantly liquid water structures.
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Silica

The data for this chapter is sourced from the study by Erhard et al. [55]. The
dataset comprises a diverse set of more than 3,000 silica structures spanning crys-
talline, amorphous, liquid, and high-pressure phases. Crystalline configurations
include relaxed unit cells and distorted variants of polymorphs such as a-quartz,
coesite, stishovite, and a-cristobalite. Amorphous structures were generated via
melt—quench simulations and include fast-quenched, slowly-quenched, and hybrid-
annealed variants (produced by slow quenching with a relatively cheap potential
followed by brief annealing using the more expensive potential) to capture realistic
glassy behaviour.

The dataset also includes isolated Si—O dimers and structures representative
of high-pressure polymorphs such as a-PbOs-type silica. Both ambient and high-
density disordered phases are represented to enable the model to extrapolate under
extreme conditions. All configurations were labelled with DFT using the SCAN

functional [144].

6.3.2 Alchemical Transfer Learning

Alchemical transfer learning leverages knowledge acquired from one chemical envi-
ronment to improve performance on a different, previously unseen chemical task.
To implement this, I adopt a pre-training followed by fine-tuning approach.

Various advanced methods exist for fine-tuning pre-trained models, including
early layer freezing, AutoFreeze [473], the lottery ticket hypothesis [474], and dis-
criminative fine-tuning [475]. In this work, I adopt the simplest possible approach:
I fine-tune all weights of the best pre-trained model by continuing standard training
on the target dataset. This is the same method used by Gardner et al. [209] in
their alchemical transfer learning approach. An overview of the process is shown in
Figure 6.1.

First, I directly train a model (shown in purple) on a dataset from the target
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chemical system Dy (e.g., silicon), starting from randomly initialised weights. T then
evaluate its performance by predicting energies and forces on a hold-out test set.
Next, I pre-train a separate model on a large dataset D; from a different chemical
system (e.g., carbon), as shown in orange. I then fine-tune this pre-trained model
on the target system data Dy and evaluate its predictions on the same hold-out test

set (shown in red).

Randomly initalised

00000
©

O
y

Directly trained Fine-tuned

Figure 6.1: Model Training Strategies: Direct Training vs. Pre-training and Fine-tuning. A
machine learning model can be trained on a target chemical dataset Dy (e.g., silicon) either
by (left path) direct training (purple), or (right path) by first being pre-trained (orange) on
a separate source dataset D; (e.g., carbon), and subsequently fine-tuned (red) on Dy. This
approach leverages prior knowledge from D; to improve performance on Dy. Figure adapted
from Ref. [449].

All models are trained using the same hyperparameters and neural network archi-
tecture, specifically, the MACE GNN [256], to ensure that any observed differences

in performance arise solely from the effects of pre-training and fine-tuning, rather

148



than from architectural or optimisation differences. The hyperparameters used were

lmax

= 2, 64 channels, batch size of 16, and a learning rate of 0.01. The cutoff

distance was system-dependent and chosen based on accepted values from the liter-

ature.

It is important to note that pre-processing of the pre-training dataset D; is

necessary to enable the model to generalise effectively to the target chemical system

Dy. To this end, I apply two main steps:

(i)

(i)

Transmuting: In the first step, I replace each atom in D; with the corre-
sponding atom type from Dy. This is achieved by mapping the atomic numbers
in D; to those of Dy (such that pre-training is performed on the same chemical
elements as the target system). This operation leaves the structural parame-
ters, such as the unit cell and interatomic distances, unchanged, but updates
the atomic identities so that the model learns the appropriate chemical envi-

ronment.

Rescaling: The second step involves rescaling the unit cell and interatomic
distances to match the characteristic length scales of Dy. Specifically, I scale
the structures so that the first maximum in the RDF of the source and target
systems align. Gardner et al. [209] demonstrated that without this alignment,
effective transfer does not occur. This is intuitive: the typical minimum atomic
separation in carbon structures is approximately 1.4 A, whereas in silicon it is
around 2.1 A. For a given cutoff, this results in significantly different numbers
of atoms within the receptive field of the GNN model, and thus very different
internal representations of local environments. In the carbon-silicon example,
each cell (and atomic positions) of each pre-training structure would be scaled

by a factor of 2.1/1.4 =1.5

After rescaling distances, I also scale the forces by the inverse of the distance
scaling factor. Since forces are the derivative of energy with respect to po-

sition, F© = —JFE/0r, the force magnitudes must be adjusted accordingly.
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Although this force scaling step was not performed in prior work, I found it

to significantly improve transfer effectiveness.

6.3.3 Dimensionality Reduction

In this chapter, dimensionality reduction is used as a tool to explore and compare
the structural diversity of different datasets. Each dataset consists of atomic en-
vironments represented by high-dimensional SOAP descriptors (see Section 2.2.2).
While these descriptors encode detailed information about local atomic structure,
their high dimensionality (typically hundreds or thousands of features) makes them
difficult to interpret or visualise directly. To facilitate comparison and analysis, a
projection onto a low-dimensional space is therefore required.

To this end, I employ dimensionality reduction technique to project the high-
dimensional descriptor vectors onto a lower-dimensional manifold while maximally
preserving information. Visualisations based on these compressions allow for a com-
pact representation of data, and makes it easier to identify patterns, similarities,
and differences between datasets.

In this work I have used principal component analysis (PCA) for dimensionality
reductions. This is a linear technique that iteratively finds the directions in the
data with the highest variance (i.e. the directions along which the data varies most
strongly). These directions are known as principal components. By projecting the
data onto the first few principal components, we can retain the most important
structural variation while reducing the number of dimensions.

More formally, suppose we have N SOAP vectors, each of dimensionality d,
represented as {X;,Xo,...,Xy}, where each x; € R%. We first standardise the data
by subtracting the mean from each feature so that the dataset is centred.

Next, we compute the covariance matrix C of the dataset:

LN
_ T
C= N ;:1 X;X; - (6.1)
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This matrix describes how the different components of the SOAP vectors vary to-
gether.

We then solve the eigenvalue problem:

Cuk = )\kuk, (62)

where uy, is the k-th eigenvector (the k-th principal component) and A is its cor-
responding eigenvalue. The eigenvalues indicate how much variance is captured by
each component.

To reduce the dimensionality, we keep only the top K eigenvectors (those with
the largest eigenvalues), forming a projection matrix U = [uy, ..., uk]. The original

data can then be projected into this K-dimensional space using:

z; = U'x,, (6.3)

where z; € RE is the lower-dimensional representation of the original SOAP vector
X;.

In the context of this work, I typically choose K = 2 so that the resulting vectors
z; can be visualised in scatter plots. In this reduced space, environments that are
structurally similar tend to appear close together, while environments that are very
different appear further apart. These plots provide a simple and interpretable way
to compare different datasets. For example, if two datasets overlap in PCA space,
this suggests they contain similar atomic environments. If they appear as distinct
clusters, this indicates structural differences between the datasets.

PCA has several desirable properties for materials and atomistic applications.
First, it is deterministic (i.e. there is a single valid decomposition of the data) and
computationally efficient, scaling linearly with the number of samples and quadrat-
ically with feature dimensionality. Second, the resulting components are orthogo-

nal, ensuring that each captures a unique, uncorrelated mode of variation. Third,
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PCA offers a natural ranking of components by explained variance, which allows
for straightforward selection of the number of retained dimensions. This ranking
also facilitates interpretability by enabling the examination of individual principal
components to identify dominant structural motifs or patterns in the descriptor
space.

While more advanced nonlinear dimensionality reduction techniques such as t-
SNE [476, 477] and UMAP [478] can also be used for this purpose, they tend to
be harder to interpret and reproduce. PCA is preferred here for its simplicity and

interpretability.

6.3.4 Quantifying Structural Similarity with Earth Mover’s
Distance

To quantify the similarity between the atomic environments of two chemical systems,
[ used the Earth Mover’s Distance (EMD) [479], also known as the 2-Wasserstein
distance. This metric measures the minimum “effort” required to transform one dis-
tribution into another, where effort is defined in terms of the amount of distribution
“mass” moved multiplied by the distance it is moved. In this work, EMD is used
to compare the distributions of SOAP descriptors projected into a low-dimensional
space via PCA, as described in Section 6.3.3. It is essentially used as a similar-
ity metric, where larger values correspond to greater alignment between structural
distributions.

Given two sets of atomic environments, each represented by a collection of high-
dimensional SOAP vectors, I first projected both sets into a common 2D PCA space.
This projection ensures a consistent basis for comparison and reduces computational
complexity.

Let X = {x1,...,x,} and Y = {y1, ..., ym} represent two sets of atomic environ-
ments, where each environment is a point in PCA space. These two sets correspond
to the descriptors from two different chemical systems. To compare them, I treated

each set as a probability distribution by assigning equal weight to each point (i.e.
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assuming each atomic environment is equally important).

Next, I computed the pairwise distances between all points in X and ) using
Euclidean distance. This gives a distance matrix M, where each entry M;; is the
distance between x; and y;. To make comparisons consistent across different sys-
tems, all entries in M are divided by its average value, effectively normalising the
distances:

. M;;

My = B (6.4)

I then computed the EMD [480], which finds the most efficient way to “move”
the mass from one distribution to match the other, given the cost defined by M.
This is done by solving an optimisation problem that determines how much mass to
move between each pair of points, while preserving the total amount of mass in each
set. For intuition, I defined a reversed version of EMD, denoted as revEMD, which
is simply 1 — EMD; this transforms the score so that 1 corresponds to identical
distributions and 0 to maximal dissimilarity.

This method provides a quantitative measure of global structural similarity be-
tween datasets to help improve interpretability of the PCA structure space. Unlike
simple point-wise comparisons, EMD accounts for the overall geometry of the dis-
tributions and is sensitive to shifts and reshaping of the data clouds in PCA space.
This makes it particularly well-suited for comparing materials with subtle differences

in structural motifs, where overlap in PCA projections may be partial or diffuse.

6.3.5 Model Distillation

In the final part of this chapter, I explore the use of model distillation to compress
the knowledge contained in a large foundation model into a smaller, task-specific
model. This approach is based on the pre-print by Gardner et al. [274], with the
methodology developed and implemented by John Gardner and Daniel Thomas du
Toit. I provide a brief overview of the process here to support understanding of how

the distilled models were created. My contribution involved using these distilled
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models to run MD simulations of liquid water, with the results discussed in later

sections.
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Figure 6.2: Overview of the distillation workflow for atomistic machine learning models. Step
1: A pre-trained foundation model (light blue) is fine-tuned using a limited set of high-fidelity,
domain-specific quantum mechanical data (red). Step 2: The resulting domain-adapted model
(dark blue) serves as a teacher to generate a large corpus of labelled synthetic data at low cost.
Step 3: A compact, task-specific model (red) is trained on this synthetic dataset, resulting
in a lightweight distilled model optimised for the target application. Figure adapted from
Ref. [274].

As a case study, the MACE-MP-0b3 foundation model [169] was distilled to
produce smaller, faster models capable of accurately simulating liquid water at room
temperature and pressure, targeting the revPBEO0-D3 [145, 472, 481] level of theory.
The distillation pipeline, illustrated in Fig. 6.2, proceeds in three stages.

First, the foundation model was fine-tuned on a small, high-quality dataset com-
prising just 25 quantum-mechanical configurations of bulk liquid water, taken from

Ref. [388], with an additional 5 structures used for validation.
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Second, the fine-tuned model was used to generate a large synthetic dataset (ap-
proximately 10,000 structures, plus 50 dimer configurations for each of H-H, O-O,
and O—H pairs) via a sample-efficient protocol involving structural perturbation and
relaxation. This approach avoids the high computational cost of generating data via
molecular dynamics.

Third, this synthetic dataset was used to train a set of compact student mod-
els. To demonstrate the architecture-agnostic nature of the distillation process, we
selected both PaiNN [267], a graph neural network, and ACE [248]. The result-
ing student models achieved force MAEs relative to the DFT close to that of the
fine-tuned foundation model, while offering up to 2 orders-of-magnitude speed-up.
Importantly, these distilled models were capable of running large and stable MD
simulations on a single GPU, unlike the more computationally expensive foundation
model, and the poorly performing directly trained models.

Overall, this distillation framework is flexible, efficient, and does not rely on spe-
cialised, high-end hardware or a specific model architecture, making it an accessible

strategy for developing high-performance models for atomistic simulations.

6.4 Results

6.4.1 Transfer Learning

In the following sections, I present the results of a series of experiments investigating
transfer learning between different chemical systems. In all cases, models are trained
using the MACE architecture [256], with hyperparameters held constant for a given
pair of pre-training and fine-tuning tasks to ensure comparability. Structure maps

are generated by applying PCA to SOAP descriptors of atomic environments.
The requirements for positive transfer

Previous work on alchemical transfer for MLIPs has demonstrated that pre-training
on one chemical system can sometimes improve performance on another. Notably,

Gardner et al. [209] explored such transfer by pre-training on a carbon dataset,
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before fine-tuning on a silicon dataset. While their results showed some positive
transfer, the approach involved pre-training on large, undifferentiated sets of syn-
thetic carbon structures without separating them by structural type (e.g., diamond,
graphite, amorphous). Although they performed some coarse separation by density,
they did not investigate how specific chemical or structural domains contributed to
transfer success or failure. As a result, their analysis did not yet possess the res-
olution needed to understand which regions of chemical space were responsible for
driving or hindering transfer performance.

To build on this work, I proposed that two key criteria must be satisfied (Fig-
ure 6.3) to enable positive alchemical transfer: (1) geometric similarity between
structures in the source and target chemical systems, and (2) alignment of the PES,
such that high-energy structures in one system correspond to high-energy structures
in the other and vice versa.

The rationale behind these hypotheses is that for a model to leverage prior
knowledge during fine-tuning, it must see structurally similar configurations and
associate them with comparable energetic behaviour. To test this hypothesis, I
conducted a series of three experiments corresponding to the cases illustrated in
Figure 6.3. Each experiment involved pre-training on a different area of carbon
chemistry, followed by fine-tuning on diamond-type silicon (dia-Si) structures. I then
compared the performance of the fine-tuned models to a baseline trained directly

on dia-Si data.

Case 1: Geometric dissimilarity In the first set of experiments, I investigated
transfer between graphitic carbon (gra-C) and dia-Si, two systems that differ signif-
icantly in their geometric configurations. This is clearly illustrated in the structure
space map (Figure 6.4a), where the two datasets occupy distinct and non-overlapping
regions. This separation is quantitatively confirmed by the revEMD score (see Sec-
tion 6.3.4), which yields a value of 0.0433. Since a revEMD of 1 indicates identical

structural distributions and 0 corresponds to complete dissimilarity, this result con-
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Figure 6.3: Hypothesised conditions for effective alchemical transfer. Case 1 illustrates the
scenario where geometric dissimilarity between pre-training (purple) and fine-tuning (blue)
datasets are expected to limit transfer effectiveness. In Case 2a, despite geometric similarity,
misalignment of the PES may prevent the model from benefitting from pre-training. Case 2b
represents the hypothesised ideal condition, where both geometric similarity and PES alignment
enable successful knowledge transfer, leading to improved performance during fine-tuning.
Schematic energy and force RMSEs are shown as a function of the number of fine-tuning
points, comparing direct training (black) and fine-tuning from a pre-trained model (green).

firms that the two systems are nearly maximally different in terms of local atomic
environments.

The learning curves (Figure 6.4b) demonstrate that pre-training on increasing
amounts of gra-C data fails to yield any improvement in either energy or force ac-
curacy after fine-tuning. In fact, models pre-trained on up to 800 gra-C structures

consistently underperform compared to models trained directly on the target silicon
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data. These results support the hypothesis that geometric similarity is a necessary
precondition for successful alchemical transfer: without it, the model is unable to
generalise from the source system and is instead hampered by incompatible struc-

tural priors.
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Figure 6.4: (a) PCA structure map showing the distribution of atomic environments in the
pre-training dataset (scaled gra-C, red) and the fine-tuning target system (dia-Si, purple). The
clear separation between the two clusters highlights their geometric dissimilarity. (b) Energy
and force RMSE as a function of the number of fine-tuning data points for models pre-trained
on varying amounts of graphitic carbon data.

Case 2a: Geometric similarity but PES misalignment In the second set of
experiments, I examined a case where geometric similarity between the pre-training
and fine-tuning datasets was high — both were derived from diamond structures —
but the PES were deliberately misaligned. This was achieved by labelling the carbon
diamond (dia-C) structures used for pre-training with an oxygen-derived potential,
thereby assigning them energies and forces that do not reflect the true PES of carbon

or silicon. While such a setup is unphysical, it serves to isolate and highlight the
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importance of PES alignment in successful transfer. The structure map (Figure 6.5a)
shows that the pre-training and fine-tuning structures are geometrically very similar,
which is confirmed by a revEMD score of 0.9163. This value indicates a high degree
of structural overlap, with only minimal differences in the distributions of local

atomic environments.
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Figure 6.5: Effect of PES misalignment on alchemical transfer. (a) PCA structure map
showing high geometric similarity between the pre-training dataset (scaled C-dia, yellow) and
the fine-tuning target system (Si-dia, purple). (b) Predicted vs. reference forces from the
fine-tuned model, showing essentially no correlation (R? = 0.0061), indicating strong PES
misalignment. (c) Energy and force RMSE as a function of the number of fine-tuning data
points for models pre-trained on varying amounts of diamond carbon data.

However, the force predictions from the pre-trained model show no correlation

with the true reference forces after fine-tuning (Figure 6.5b, R? = 0.0061), con-
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firming a misalignment of the learned PES. Consequently, the learning curves (Fig-
ure 6.5¢) show that pre-training on PES-misaligned data provides no benefit and in
some cases slightly degrades performance compared to direct training, particularly
in the low-data regime. These results support the hypothesis that PES alignment is
a necessary complement to geometric similarity, and without it alchemical transfer

fails to improve model performance, even when structural overlap is high.

Case 2b: Geometric similarity and PES alignment In the final experiment,
I tested a case where both hypothesised requirements for successful alchemical trans-
fer, geometric similarity and PES alignment, are satisfied. Here, the model was pre-
trained on dia-C structures labelled with their correct carbon PES, and fine-tuned on
dia-Si data. The PCA structure map (Figure 6.6a) is the same as above and shows
very high structural similarity (revEMD of 0.9163), while the force correlation plot
(Figure 6.6b) shows moderate alignment between the pre-trained predictions and
fine-tuning labels (R?* = 0.4561).

Under these conditions, the learning curves (Figure 6.6¢) show consistent im-
provement in both energy and force accuracy when pre-training is used, particularly
when a sufficient number of pre-training structures (> 400) are included. While
the degree of improvement may seem modest, it is in fact quite notable given the
low intrinsic complexity of the dia-Si dataset: direct training already performs well,
leaving limited room for gains through transfer. These results demonstrate that
when both geometric and energetic alignment are present, pre-training can yield
clear and reliable performance benefits. In later sections, we will see that in more
complex systems with higher learning barriers, the same transfer strategy leads to
significantly larger improvements.

The results from the three experiments are summarised in Table 6.1, clearly
demonstrating the necessity of both geometric similarity (quantified via revEMD)
and PES alignment (quantified via the R? value) for effective alchemical trans-

fer. Each entry in the table reflects the best performance achieved across varying
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Figure 6.6: Positive transfer when both geometric similarity and PES alignment are satisfied.
(a) PCA structure map showing strong overlap between the pre-training dataset (scaled C-dia,
yellow) and the fine-tuning system (Si-dia, purple). (b) Correlation between pre-trained model
force predictions and reference forces after fine-tuning, with R? = 0.4561, indicating moderate
PES alignment. (c) Energy and force RMSE as a function of the number of fine-tuning data
points for models pre-trained on varying amounts of diamond carbon data.

amounts of fine-tuning data. The findings show that geometric dissimilarity alone
(Case 1) leads to negative transfer, even with large pre-training sets. In Case 2a,
despite strong structural similarity, the absence of PES alignment prevents any per-
formance gains. Only in Case 2b, where both conditions are satisfied, do we observe
clear and consistent improvements in energy and force prediction accuracy. This
confirms that both structural and energetic compatibility between the source and

target systems are required to unlock the benefits of transfer learning in this context.
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Table 6.1: Summary of transfer learning performance across three pre-training scenarios
when fine-tuning on diamond silicon. Each row corresponds to one of the experimental cases
described in Fig. 6.3. Geometric similarity between the pre-training and fine-tuning datasets is
quantified by the revEMD score, and alignment of the PES is assessed via the R? correlation
of predicted versus reference forces after fine-tuning. Energy and force transfer ratios (%)
indicate the best-case relative improvement (or degradation) compared to a baseline trained
only on dia-Si data. Positive transfer is only observed when both geometric similarity and PES
alignment are satisfied (Case 2b).

Pre-train system revEMD R2 Energy transfer Force transfer

ratio (%) ratio (%)
C-gra 0.0433 N/A -2.4 -45.6
C-dia (alt. PES labels) 0.9163 0.0061 -4.2 0.03
C-dia 0.9163 0.4561 +53.5 +43.9

Case Study: Amorphous Carbon and Silicon

Building on the insights from the preceding crystalline systems, I now turn to a more
complex and realistic material scenario: a-C and a-Si. These disordered systems
present a greater challenge for interatomic potential modelling due to their structural
variability and lack of long-range order, making them an ideal testbed for evaluating
the practical utility of alchemical pre-training.

In the first experiment, I pre-trained on a-C structures and fine-tuned on a-Si.
The learning curves (Figure 6.7¢) clearly show strong positive transfer: even pre-
training on as few as 200 a-C structures leads to a substantial reduction in both
energy and force RMSE during fine-tuning.

Figure 6.7a visualises the structural distributions of the two datasets, revealing a
reasonable degree of overlap. Although the revEMD score between them is 0.3025,
formally indicating a relatively high level of dissimilarity, this can be somewhat
misleading here. The structure map provides a more intuitive understanding of the
relationship between the datasets: the a-Si distribution is largely embedded within
the broader structural manifold of a-C. The low revEMD score therefore arises from

the greater structural diversity of the a-C dataset, which spans a much wider space of

162



R%2=0.5422

Reference Forces

Pre-train Forces

Cc
£ _
e < —
N S Pre-training
2 g data
£ = —— None
A g 200
E i 400
5 g —$— 800
() [
C
[NN]
50 100 200 400 800 50 100 200 400 800
Training data Training data

Figure 6.7: Pre-training on a-C and fine-tuning on a-Si. (a) PCA structure map showing
the a-Si dataset (red) and a-C data (blue). (b) Correlation between pre-trained model force
predictions and reference forces after fine-tuning, with R? = 0.5422. (c) Energy and force
RMSE as a function of the number of fine-tuning data points for models pre-trained on varying
amounts of a-C data.

bonding environments and local geometries, but does not account for the asymmetric
overlap between the two distributions.

This asymmetry does not impede transfer; rather, it facilitates it. Pre-training
on the structurally richer a-C dataset exposes the model to a superset of the envi-
ronments found in a-Si, equipping it with generalised knowledge that transfers well.
This is further supported by the PES alignment results, with the pre-trained model
achieving a strong correlation with silicon reference data (Figure 6.7b, R? = 0.5422).

Notably, the extent of improvement here is far greater than that observed in the
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earlier crystalline case (e.g., dia-C to dia-Si), where direct learning was relatively
straightforward. In contrast, a-Si is a more challenging target, and the model bene-
fits significantly from the additional prior knowledge provided by pre-training. This
is particularly evident in the low-data regime, where the fine-tuned model substan-
tially outperforms the directly trained baseline. As the volume of direct training
data increases, the benefit of pre-training naturally diminishes, consistent with the
notion that abundant task-specific data can eventually compensate for a lack of prior
knowledge.

In the reverse experiment, pre-training on a-Si and fine-tuning on a-C, no mean-
ingful benefit was observed. In fact, this training strategy consistently underper-
formed relative to direct training (Figure 6.8c). This asymmetry can be explained
by the stark difference in structural diversity between the two systems. As discussed
above and shown in Figure 6.8a, the a-Si dataset occupies a much narrower and more
uniform region of structural space, confined largely to tetrahedral coordination en-
vironments. In contrast, the a-C dataset spans a wide range of bonding motifs and
topologies. Consequently, pre-training on a-Si offers only a limited glimpse into the
broader and more complex a-C configuration space, which restricts the utility of the
learned representations for transfer.

This imbalance in structural diversity is clearly reflected in the poorer PES
alignment: the pre-trained model exhibits only weak correlation with the carbon
reference forces (Figure 6.8b, R? = 0.2028), in stark contrast to the much stronger
alignment achieved when pre-training on a-C and fine-tuning on a-Si (Figure 6.7b,
R? = 0.5422). The asymmetry in transfer performance is thus evident: pre-training
on a-C is effective because the model is exposed to a structurally diverse dataset
that encompasses the environments present in a-Si. In contrast, pre-training on
a-Si is ineffective, as it provides only a narrow and biased sample of the structural
configurations needed to model a-C.

Pre-training on such a limited PES appears to over-specialise the model, reducing
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Figure 6.8: Pre-training on a-Si and fine-tuning on a-C. (a) PCA structure map showing
the a-C dataset (blue) and a-Si data (red). (b) Correlation between pre-trained model force
predictions and reference forces after fine-tuning, with R? = 0.2028. (c) Energy and force
RMSE as a function of the number of fine-tuning data points for models pre-trained on varying
amounts of a-Si data.

its flexibility during fine-tuning. The model becomes trapped in a restricted region
of weight space and is unable to generalise to the broader chemical and structural
variability of carbon, even when provided with substantial fine-tuning data. This
result highlights a key caveat: successful transfer in one direction does not imply
reciprocal success in the other. For alchemical transfer to be effective, the pre-
training domain must be sufficiently representative and chemically rich to encompass
the diversity of the target system.

To address the limitations encountered when transferring from a-Si to a-C, I
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conducted an additional experiment in which the target a-C dataset was restricted
to structures with a density of 2.9 g/cm? or higher. This subset corresponds to sp3-
rich carbon structures composed predominantly of tetrahedrally coordinated carbon
atoms.

Under these conditions, pre-training on a-Si led to improved transfer perfor-
mance, particularly in energy prediction (Figure 6.9c). This result aligns with the
structure map (Figure 6.9a), which now exhibits more substantial, and crucially,

more symmetric overlap between the datasets.
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Figure 6.9: Pre-training on a-Si and fine-tuning on a-C with a density of 2.9 g/cm? or higher.
(a) PCA structure map showing the a-C dataset (black) and a-Si data (red). (b) Correlation
between pre-trained model force predictions and reference forces after fine-tuning, with R? =
0.2757. (c) Energy and force RMSE as a function of the number of fine-tuning data points
for models pre-trained on varying amounts of a-Si data.
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In this filtered regime, the high-density carbon structures lie well within the
structural manifold spanned by the a-Si data. Correspondingly, the revEMD score
increases to 0.6309 (compared to 0.3025 for the full a-C dataset), reflecting a greater
degree of structural similarity. This refinement also yields a modest improvement
in PES alignment (Figure 6.9b, R? = 0.2757), suggesting more effective knowledge
transfer when the structural domains are better matched.

While the structural overlap is improved in the high-density subset, a degree
of PES mismatch persists. Even at elevated densities, amorphous carbon retains
significantly greater local structural diversity, including sp, sp?, and sp® bonding
environments, compared to the predominantly tetrahedral coordination found in
amorphous silicon. Nevertheless, this experiment demonstrates that careful cura-
tion of the target domain can enhance transferability. When the geometric and en-
ergetic spaces of the source and target systems are more closely aligned, pre-training

becomes more effective, enabling more accurate downstream predictions.
Extending to AB, systems

Building on insights from elemental systems like carbon and silicon, I now addressed
a more complex challenge: cross-element transfer learning between chemically dis-
tinct ABo-type systems. In particular, I examine whether representations learned
from silica (SiO3) can be usefully transferred to water (H,O). While these sys-
tems differ significantly in bonding, elemental composition, and thermodynamic
behaviour, both exhibit disordered tetrahedral networks. This structural similarity
raises a natural question: can a shared network topology compensate for underlying
chemical differences and enable successful transfer learning across such disparate
systems?

As a first step, I pre-trained a model on the silica dataset from Erhard et al. and
fine-tuned it on the water dataset from Ibrahim et al. A PCA analysis of SOAP
descriptors, shown in Fig. 6.10a, reveals limited structural overlap between the two

systems. A-type environments (Si in silica, O in water) exhibit partial alignment,
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suggesting some shared geometric features. In contrast, B-type environments (O in
silica, H in water) remain almost entirely disjoint, reflecting deeper discrepancies
in local coordination. In silica, oxygen atoms are tetrahedrally coordinated in a
symmetric environment by four silicon atoms, whereas in water, hydrogen atoms
experience asymmetric surroundings, one covalent bond to oxygen and one hydrogen
bond, resulting in fundamentally different local environments and descriptors
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Figure 6.10: Pre-training on silica and fine-tuning on water. (a) PCA maps of SOAP descrip-
tors for A (left) and B (right) atomic environments. (b) Correlation plot of force predictions
from the pre-trained model vs. fine-tuning target forces (R? = 0.1511). (c) Energy and force
RMSE as a function of training set size, comparing direct training (black) and fine-tuning after
pre-training on silica (pink).

These geometric mismatches are echoed in the energy landscape. As shown in
Fig. 6.10b, the correlation between force predictions from the pre-trained model and
the true target forces after fine-tuning is extremely weak (R? = 0.1511), highlighting
a fundamental incompatibility between the PES of silica and water.

The scale of this dissimilarity is illustrated in Fig. 6.10c, which presents energy
and force RMSE across different training set sizes. Models pre-trained on silica

(pink) consistently underperform relative to models trained directly on water data
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(black). Rather than providing a helpful inductive prior, pre-training introduces
biases that actively hinder learning — a clear indication that the learned repre-
sentations do not transfer effectively, despite the shared tetrahedral topology. For
clarity of presentation, only results from pre-training on 800 silica structures are
shown; models pre-trained on smaller subsets (200 or 400 structures) performed
even worse, severely distorting the figure axes and masking broader trends.

These results highlight a fundamental limitation of alchemical transfer learn-
ing: although geometric similarity and PES alignment are necessary conditions for
successful transfer, they are rarely met in practice when dealing with chemically
complex or compositionally diverse systems. In particular, transfer across ABs-type
compounds such as silica and water proves especially challenging. Consequently, a
shared network topology alone is neither a sufficient nor reliable predictor of trans-
ferable learned representations.

To further explore the possibility of meaningful alchemical transfer across chem-
ically distinct systems, I revisited a concept introduced in Chapter 5.3.1: coarse-
graining. This approach is well established in the context of water modelling, with
the mW potential [130] being a prominent example. In the mW model, each water
molecule is represented by a single interaction site. Despite this simplification, the
model captures many essential properties of real water — such as tetrahedral co-
ordination, anomalous thermodynamics, and glassy behaviour — without explicitly
including hydrogen atoms. The design of the mW potential was directly inspired by
structural similarities between water and silicon and is, in fact, a modified form of
the Stillinger—Weber potential [31], originally developed for silicon.

Motivated by these similarities, I coarse-grained the water dataset from Ibrahim
et al. by removing hydrogen atoms and re-labelling the remaining oxygen-only
structures using the mW potential [130]. The resulting dataset exhibits an energy
landscape which should be similar to that of silicon, despite its distinct chemical

origin. I used this cg-water data to pre-train a model, followed by fine-tuning on
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the same amorphous silicon task introduced earlier.

Figure 6.11 presents the results. Although the force correlation is high (R? =
0.8457), indicating strong energetic alignment, the PCA structure map shows little
geometric overlap between the coarse-grained water and amorphous silicon environ-
ments (revEMD score of 0.0816). Correspondingly, the learning curves reveal no

statistically significant gains from pre-training.
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Figure 6.11: Pre-training on cg-water based on the dataset from Ibrahim et al. [346] and
fine-tuning on a-Si. (a) PCA structure map showing the cg-water dataset (dark blue) and a-Si
data (red). (b) Correlation between pre-trained model force predictions and reference forces
after fine-tuning, with R? = 0.8457. (c) Energy and force RMSE as a function of the number
of fine-tuning data points for models pre-trained on varying amounts of a-Si data.

This experiment reinforces a central theme of this chapter: geometric similarity is
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a prerequisite for effective alchemical transfer. Even when energy landscapes align, a
lack of overlap in atomic environments prevents the model from generalizing learned
representations. It is the structural similarity between atomic environments, not
merely the similarity of potential energy functional forms, that ultimately determines
whether alchemical transfer is possible.

These findings suggest that while coarse-graining can be a useful conceptual
bridge between chemically distinct systems, it does not eliminate the need for close
structural alignment. In this case, the promising link between mW water and sili-
con does not translate into meaningful transfer performance, unless the structural
manifold is also brought into alignment. This insight motivated a final test: coarse-
graining a water dataset whose structure more closely resembles that of amorphous
silicon.

To this end, I repeated the procedure using the Cheng et al. dataset (Sec-
tion 6.3.1), which primarily consists of liquid water — unlike the ice-rich dataset
from Ibrahim et al. (Section 4.3.1). As before, hydrogen atoms were removed, and
the oxygen-only configurations were re-labelled using the mW potential. [130].

This change had a striking effect. As shown in Figure 6.12 (panel a), the coarse-
grained liquid water configurations now occupy a region in PCA space much closer to
that of amorphous silicon (revEMD score of 0.5006). Although chemically distinct,
the two systems now share disordered, tetrahedral topologies that align more closely
in local geometry. The PES alignment remains very strong (R? = 0.8447), and this
time, pre-training leads to clear and consistent improvements in both energy and
force predictions during fine-tuning.

This result is significant: it shows that meaningful transfer is possible even be-
tween systems that are far more chemically dissimilar than carbon and silicon.
However, this experiment also highlights the limitations of the pre-training and
fine-tuning approach. It required extensive manual effort, including coarse-graining,

surrogate labelling, and careful dataset selection to engineer favourable overlap in
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Figure 6.12: Pre-training on cg-water based on the dataset from Cheng et al. [388] and
fine-tuning on a-Si. (a) PCA structure map showing the cg-water dataset (dark blue) and a-Si
data (red). (b) Correlation between pre-trained model force predictions and reference forces
after fine-tuning, with R? = 0.8447. (c) Energy and force RMSE as a function of the number
of fine-tuning data points for models pre-trained on varying amounts of a-Si data.

descriptor space.

Across all experiments in this chapter, a clear conclusion emerges: pre-training
and fine-tuning for alchemical transfer, while sometimes effective, is rarely practical
for real-world applications. Even with deep domain knowledge, achieving meaning-
ful transfer demands careful curation of both structure and PES. Successful cases
often depend on prior chemical similarity or artificial alignment strategies, which

limit generality. Although pre-training and fine-tuning represented the state-of-the-

172



art just a few years ago, this work shows that this approach in practice can be
challenging and unreliable when applied across truly distinct systems.

In response to these challenges, a new class of models has begun to take centre
stage: foundation models. These large, general-purpose interatomic potentials are
trained on chemically diverse datasets spanning broad regions of the periodic table.
Unlike traditional models tailored to specific materials, foundation models aim to
generalise by default, learning chemically flexible representations that can be quickly
fine-tuned with limited, high-quality data.

Crucially, foundation models do not require transmutation, coarse-graining, re-
labelling, or PES alignment tricks. They offer a more principled approach to alchem-
ical transfer, one that scales naturally across domains and dramatically reduces the
effort required to train high-accuracy models for new systems. In the next section,
I explore this paradigm by fine-tuning and distilling a foundation model for lig-
uid water, showing how the rich chemical knowledge encoded in a large pretrained
model can be compressed into a lightweight, task-specific MLIP suitable for efficient

molecular dynamics simulations.

6.4.2 Model Distillation

Gardner et al. [274] have demonstrated that distilled foundation models can achieve
substantial improvements in efficiency and accuracy compared to, respectively, the
original foundation model and directly trained counterparts with the same architec-
ture. In particular, the distilled student models were over an order of magnitude
faster than MACE-MP-0b3, while surpassing directly trained (on the same dataset)
PaiNN and ACE models in accuracy by up to 70%.

To assess the practical utility of these distilled models in MD simulations, I
evaluated their ability to reproduce key structural properties of liquid water. Fol-
lowing the distillation procedure outlined by Gardner et al. [274] and summarised
in Section 6.3.5, the MACE-MP-0b3 model was fine-tuned using the dataset from

Cheng et al. [388], then distilled into two significantly smaller models with different
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architectures: one based on PaiNN [267] and the other on ACE [248].

My contribution focused on validating these distilled models in MD simulations.
All models were benchmarked by simulating liquid water under the same conditions
as used in Chapter 4 (Section 4.4.2). Each simulation started from a randomised box
of 1024 water molecules, equilibrated at 300 K and 1 bar for 600 ps in the NPT en-
semble, followed by a 1 ns production run in the NVE ensemble. Model performance
was evaluated using structural metrics, including the RDF, ring-size distribution,
tetrahedral order parameter, and hydrogen-bonding statistics, as detailed in Sec-
tion 4.3.2.

All three models — the original MACE-MP-0b3 and its distilled variants — pro-
duced RDFs indicative of realistic local structure (Fig. 6.13a). The PaiNN model,
with a ~10x speed-up, closely replicated the teacher’s RDF and experimental data.
The ACE model, while approximately 100x faster, yielded a slightly over-structured
liquid: the first RDF peak, corresponding to O - - - O contacts, was more pronounced
than in experiment.

Further differences emerged in medium-range order, probed via the distribution
of ring sizes (Fig.6.13b) and the tetrahedral order parameter ¢ [378] (Fig. 6.13c).
The PaiNN model tended to produce slightly more disordered environments than
the teacher, while the ACE model favored more ordered, ice-like local structures,
evidenced by a higher prevalence of six-membered rings and a tetrahedral order
parameter distribution tending towards unity.

To gain additional insight, I examined the HB network topology using the AkDI
classification scheme from Ref. 394 (previously used in Sec. 4.4.2), which charac-
terises each water molecule by its number of HB acceptor (A) and donor (D) inter-
actions. All models captured the characteristic diversity of hydrogen bonding in the
liquid phase, in contrast to the uniform A2D2 arrangement of ice 1h (Fig. 6.13d).
Consistent with earlier observations, the PaiNN model exhibited a slightly reduced

fraction of crystal-like topologies, while the ACE model predicted a somewhat more
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Figure 6.13: (a) Oxygen—oxygen RDF g(r), comparing experimental data (dashed) with sim-
ulations using the teacher model (MACE-MP-0b3, black), PaiNN student (blue), and ACE
student (green). (b) Probability distribution P(n) of closed hydrogen-bonded rings containing
n water molecules, with n € [3,12]. (c) Tetrahedral order parameter distribution P(q), indi-
cating local structural order. (d) Distribution of intact hydrogen bonds per water molecule,
categorised by acceptor (A) and donor (D) roles. Each bar labeled A;D, represents the
percentage of water molecules forming = acceptor and y donor hydrogen bonds. Schematic
diagrams of these configurations are shown above each bar. Figure adapted from Ref. [274].

structured HBN.

Atomistic foundation models represent a conceptual and practical shift. Their
broad chemical scope, pre-trained flexibility, and compatibility with distillation un-
lock new pathways for alchemical transfer that are both scalable and physically
meaningful. When distilled into efficient architectures, such as PaiNN and ACE,
these models preserve essential physical behaviour across scales and environments —

even in the complex, disordered structure of liquid water.
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6.5 Conclusion and Outlook

This chapter has explored two complementary strategies aimed at enhancing the
generalisability and data efficiency of MLIPs: alchemical transfer learning and foun-
dation model distillation. The central question underpinning this work was whether
knowledge acquired in one chemical domain could meaningfully accelerate learn-
ing in another, particularly across systems differing in elemental composition but
sharing a common tetrahedral motif.

A systematic investigation revealed that successful alchemical transfer hinges on
two key factors: geometric similarity between atomic environments and alignment
of potential energy surfaces. When both are satisfied, as in the case of amorphous
carbon to silicon, significant performance gains were achieved, particularly in low-
data settings. However, when either condition was lacking, transfer was ineffective or
detrimental. Attempts to extend this approach to chemically dissimilar AB; systems
like silica and water highlighted its limitations: extensive efforts such as coarse-
graining and careful dataset selection were required for marginal performance gains.
These results suggest that while alchemical transfer can be valuable in select cases,
it remains a fragile and labour-intensive strategy with limited general applicability.

In contrast, foundation models represent a more principled and scalable pathway
towards generalisation. Trained on large and chemically diverse datasets, these
models learn rich, flexible representations that span a wide range of bonding types,
elements, and structural motifs. Unlike traditional pretraining-fine-tuning pipelines,
foundation models do not rely on transmutation or re-labelling and are inherently
more adaptable to new domains. Furthermore, through model distillation, these
models can be efficiently compressed into smaller, task-specific MLIPs suitable for
deployment in practical simulations. The distilled models examined here retained
high fidelity to their parent foundation model while delivering substantial speed-ups

and producing physically realistic liquid water structures.
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The rise of foundation models marks a conceptual turning point in the develop-
ment of MLIPs. Their capacity to generalise across chemistry, coupled with their
compatibility with lightweight architectures, positions them as promising default
tools for atomistic simulations, particularly in regimes where data are scarce or sys-
tems are computationally expensive to generate. Looking ahead, foundation models
that support streamlined fine-tuning for targeted applications are likely to replace
bespoke pre-training and fine-tuning workflows that currently demand significant
manual intervention.

In summary, the strategies discussed in this chapter —alchemical transfer, pretraining-
fine-tuning, and foundation model distillation — highlight both the promise and the

complexity of achieving robust, generalisable MLIPs.
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Chapter 7

Conclusion & Outlook

This thesis has been concerned with two primary aims: first, to advance the atomistic
understanding of disordered tetrahedral networks across multiple chemical systems;
and second, to evaluate how machine learning can be used not only to model these
disordered states accurately, but also to identify transferable structural patterns
that transcend specific material classes. By bridging methods development, system-
specific investigations, and cross-domain generalisation, the work has delivered a
cohesive framework for interrogating and modelling disorder in complex materials.
While each chapter has offered its own conclusions and outlined specific directions for
future research, this final chapter reflects on the overarching progress made toward
the thesis goals, and offers a brief perspective on the future role of machine learning

in atomistic modelling.

7.1 Disordered Tetrahedral Networks

The first part of this thesis demonstrated how machine learning methods can be
used to extract novel structural insights from individual disordered systems. Across
the diverse systems studied — liquid water, amorphous ices, and ZIFs — a recur-
ring theme has been the centrality of the tetrahedral motif. Whether in molecular
liquids like water, or extended frameworks such as ZIF's, tetrahedral units form the
fundamental building blocks of many structures. Yet, the ways in which these units
connect, distort, or reorganise give rise to remarkable physical diversity. A core aim
of this work has been to understand how this motif manifests and evolves across
chemically and structurally distinct systems.

This investigation begins in Chapter 3 with the question of phase identity in
amorphous ices, focusing in particular on the recently discovered MDA phase. To

address this, I developed a neural network classifier based on BOO parameters to
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distinguish between local atomic environments in amorphous ices. While the model
successfully differentiated HDA from other phases, it revealed substantial structural
overlap between LDA and MDA. This ambiguity suggests that MDA may not con-
stitute a sharply defined phase, but rather an intermediate or transitional ensemble.
This view is supported by recent work from de Almeida Ribeiro et al. [326] and
Eltareb et al. [318], who interpret MDA as a nonequilibrium collection of states
rather than a distinct thermodynamic basin. These findings highlight the limi-
tations of static, local descriptors for capturing structural distinctions in systems
where disorder is continuous.

Chapter 4 extended the focus to liquid water, developing a GNN based MLIP
that reproduced key experimental features across a wide temperature range. No-
tably, I showed that the characteristic splitting of the structure factor in water is
directly attributable to medium-range topological features of the hydrogen bond
network, particularly the prevalence of 5-8 membered rings. These findings estab-
lish a direct, quantitative link between specific topological motifs and scattering
features, demonstrating that ring statistics can serve as transferable descriptors of
intermediate-range order. The prominent role of pentagonal rings in maintaining lo-
cal heterogeneity and inhibiting crystallisation suggests a deeper, topological basis
for water’s anomalies.

Taken together, Chapters 3 and 4 deliver two complementary contributions.
First, the structural classification tools developed for amorphous ices — based on
BOO parameters and NNs — provide a scalable and interpretable way to describe
and classify local environments in disordered systems. Second, the topological anal-
ysis of hydrogen-bonded rings in liquid water offers a framework for connecting
medium-range motifs to experimentally accessible observables. This work shows
how motif-level descriptions can bridge microscopic configurations and macroscopic
signatures. Together, these developments offer both new tools for analysing com-

plex materials and a conceptual foundation for a more unified, data-driven theory
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of disordered tetrahedral networks.

I have already provided several possible next steps for each of these projects
in the respective outlook sections of Chapters 3 and 4. Perhaps a more general
future-facing observation is that these two analysis techniques are highly specialised
to the specific tasks at hand, requiring labelled datasets and manual analyses re-
spectively. Future work could focus on developing more automated or generalisable
methods for analysis of amorphous structure. A promising approach could be to
use un- or self-supervised approaches — e.g. contrastive learning [482-484] or au-
toencoders [485, 486] — that can discover emergent categories or clusters of local
amorphous structure without prior bias. Such approaches remove the need for man-
ual labelling and analyses of structures, unlocking the use of existing, large-scale
datasets. By coupling such methods to graph neural networks, which can learn rep-
resentations of local environment directly from atomic graphs [487], the framework
could also progress from hand-engineered Steinhardt descriptors toward fully data-
driven embeddings capable of capturing subtle distortions or coordination changes.
This expanded toolkit could enable intuitive, automated tracking of structural evo-
lution in a host of important processes — including doping-induced perturbations,
nanoconfinement, melting phenomena, and both first- and second-order phase tran-
sitions — providing a unified lens through which to interrogate the rich landscape of

tetrahedral disorder.

7.2 Transferability of Machine Learning Models

If the first half of this thesis focused on what can be learned about disorder in tetrahe-
dral systems, the second half turned to how such learning can be made transferable.
In particular, the key question became whether models trained on one tetrahedral
material could be applied to another, probing the extent to which learned represen-
tations generalise across chemically and structurally distinct classes.

Chapter 5 examined this question from a coarse-graining perspective, using GPR

models to predict local energies in ZIFs from structural representations of varying
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resolution. Remarkably, the coarse-grained AB, model, which preserves only tetra-
hedral connectivity between nodes and linkers, retained much of the predictive ac-
curacy of the fully atomistic model, despite a drastic reduction in the number of
degrees of freedom. This result supports the long-standing analogy between ZIFs
and zeolites, and more broadly demonstrates that simplified, topology-aware repre-
sentations can encode the essential energetics of disordered materials.

Chapter 6 extended the idea of transferability to chemically diverse systems
by evaluating the potential of alchemical transfer learning. Promising results were
observed in structurally similar systems, such as between amorphous carbon and
silicon, where both the local environments and underlying energy landscapes were
well aligned. However, outside this narrow corridor of compatibility, transfer proved
fragile. Water and silica, for example, share a tetrahedral motif but diverge in
local chemistry; no amount of surrogate labelling could bridge that gap in a reliable
way. These findings highlight that the primary barrier to generalisation is not the
learning algorithm itself, but the (in)adequacy of the underlying representation to
span multiple chemical domains.

Over the course of my DPhil research, I have witnessed and made use of the
rapid development of atomistic foundation models. It is not difficult to envision a
(near) future in which such models underpin a vast majority of automated, high-
throughput workflows for materials discovery and property prediction, as well as
in forming the basis for all manner of novel methodologies (such as the distillation
procedure I made use of in Chapter 6). With particular relevance to this thesis, the
emergence of foundation models to me marks an inflection point in the modelling of
disordered materials: by leveraging large-scale pretraining and flexible architectures,
these models promise to drastically accelerate the analysis of amorphous materials
by removing the need to train new ML potential models from scratch for each new
system of interest. Fine-tuning and distillation workflows like those I have used in

Chapter 6 are already automated and quick to use; as general-purpose datasets and
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model architectures continue to improve, it is even plausible that foundation models
will be broadly applicable out-of-the-box, completely removing the need for manual
training of new models.

Nevertheless, many challenges still remain in the understanding of amorphous
materials, even if foundation models deliver on the promise of near perfect 0-shot
performance. Central among these is model interpretability: despite their impres-
sive accuracy, foundation models remain largely “opaque”. We currently lack tools
to understand what features these models prioritise, how they encode physical pri-
ors, or how best to guide their behaviour when extending to new materials classes.
Hence, while foundation models allow us to run faithful simulations over varied
chemical domains, they are not (yet) able to directly “tell” us which structural fea-
tures give rise to a given property, to directly guide the design of new materials, or
to provide mechanistic insights into important phenomena without detailed analysis
of extensive simulation data. For now, at least, expert human analysis is still very
much required.

A recurring limitation of most current machine learning interatomic potentials,
including those used in this work, is the reliance on a locality assumption: atomic
energies are expressed as a sum of contributions depending only on neighbouring
environments within a finite cutoff. While this decomposition enables efficient and
accurate learning of short-range interactions, it inherently neglects non-local physi-
cal effects, and in particular long-range electrostatics, polarisation, which are central
to the behaviour of many disordered materials. A promising direction for future
research is the explicit integration of such long-range physics into machine learn-
ing models, either through hybrid ML-physics formalisms, or via message-passing
schemes with extended receptive fields. Combining the flexibility of data-driven
representations with explicit physical constraints could yield models that are both
transferable and faithful to the underlying physics, providing a more realistic foun-

dation for modelling disorder across chemical and structural domains.
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In summary, while the tools for learning from disorder are rapidly maturing, true
generalisation across chemistry, structure, and function remains a work in progress.
Realising this goal will require not just better models, but better representations,
better data, and a deeper dialogue between physics, chemistry, and machine learning.
The results in this thesis — both positive and cautionary — point toward a future in
which general-purpose, interpretable, and physically grounded ML models are the

norm rather than the exception.
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Appendix

A Classification of amorphous ices
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Figure Al: Classification analysis for the isothermal compression of LDA at 7" = 120K and
T = 140 K. (a) Fraction of local environments as classified by the NN as a function of pressure.
The grey band shows the region of the phase transition. The shaded region corresponds to the
LDA-to-HDA transition. The dashed line marks the point of maximum structural similarity
between compressed LDA and MDA. (b) Evolution of the Steinhardt parameters as a function
of pressure.
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B Topological origin of peak splitting in the struc-

ture factor of liquid water
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Figure B1: Structure factor S(q) of liquid water at 1bar for the whole temperature range
(260-350 K). The model accurately captures the structure factor of liquid water in the tem-
perature range T € [260,350] K and reproduces the experimentally observed splitting of the
principal diffraction peak into two distinct maxima upon cooling
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Figure B2: Expected number of neighbouring hydrogen-bonded rings given a central ring
size n across the 260-350 K temperature range. A recurring observation across most central
ring sizes is the general favouritism for 6-membered neighbouring rings. This preference is
consistent with water’s inherent tendency towards tetrahedral coordination, which is optimally
accommodated by hexagonal arrangements in the hydrogen-bond network.
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Figure B3: Structure factor S(q) of liquid water at 1 bar decomposed into contributions from
individual ring sizes, S,(q) where n € [3,12]. The black curves indicate the total original
structure factor, while coloured lines represent individual ring contributions.
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