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We derive effective equations of motion governing the dynamics of sharp interfaces in phase-separated
binary mixtures driven by spatio-temporal modulations of their material properties. We demonstrate, in
particular, that spatial heterogeneities in the surface tension induce an effective capillary force that
drives the motion of interfaces, even in the absence of hydrodynamics. Applying our sharp interface
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model to quantify the dynamics of thermophoretic droplets, we find that their deformation and
transport properties are controlled by a combination of bulk and capillary forces, whose relative strength
depends on droplet size. Strikingly, we show that small thermophobic droplets — composed of a material
with a positive Soret coefficient — can spontaneously migrate towards high-temperature regions as a
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rsc.li/soft-matter-journal result of capillary forces.

1 Introduction

Phase separation is a prototypical example of pattern formation
in soft matter, and naturally emerges when the enthalpic cost of
mixing multiple substances outweighs the entropic gain of
maintaining a homogeneous blend. From a theoretical per-
spective, this phenomenon is routinely described by phase-field
models, where the formation of patterns is captured by a
conserved field whose dynamics minimizes the free energy of
the system.'”

Sufficiently far from the critical point, binary phase-
separated mixtures consist of nearly homogeneous domains sepa-
rated by sharp interfaces. Their dynamics is then largely domi-
nated by the motion of the interfaces, whose description involves a
significantly reduced number of degrees of freedom. Deriving an
effective equation governing the motion of interfaces then enables
considerable simplifications in the characterization of the system’s
dynamics, and has therefore attracted significant interest,> > while
similar approaches have been developed to investigate pattern
formation when the order parameter is not conserved.”*™® Notably,
effective sharp interface models find a wide range of applications,
including the prediction of coarsening scaling laws'” and of the
roughening dynamics of fluid interfaces in porous media,>*%*°
the description of grain boundaries,”® crystal growth,*’ and
droplet coalescence in driven media,* as well as the modeling
of epithelium and biofilm expansion.>***

“ Max Planck Institute for Dynamics and Self-Organization (MPI-DS), 37077
Géttingen, Germany. E-mail: jromano@sissa.it, benoit.mahault@ds.mpg.de

b Rudolf Peierls Centre for Theoretical Physics, University of Oxford,
Oxford OX1 3PU, UK

¢ SISSA - International School for Advanced Studies and INFN, via Bonomea 265,
34136, Trieste, Italy

This journal is © The Royal Society of Chemistry 2025

In many situations, phase separation occurs in the presence
of external fields or spatial inhomogeneities that significantly
influence the behavior of interfaces. Common examples include
fluids subject to the influence of gravity®*® or to the presence of
impurities.”> Moreover, spatio-temporal control of polymer
blends or colloidal suspensions by the application of light**™°
or temperature®®?”*°73% gradients, or via periodic heating and
cooling cycles,* offers appealing prospects in terms of control-
ling the morphology of phase-separated interfaces.

Another field where phase separation in inhomogeneous
media is particularly relevant is biology. Biomolecular conden-
sates, formed through liquid-liquid phase separation, play a
central role in regulating key biological processes inside the
cell.*® In recent years, the characterization of the physics of
these emulsions, and how they interact with the highly hetero-
geneous and dynamic cellular environment, has become the
subject of an increasing amount of research.**

Determining how modulations of environmental properties
affect the motion of interfaces is often a difficult task. The main
reason is that these modulations generally induce multiple
changes in the system’s free energy structure, and therefore
influence the dynamics in non-trivial ways. A straightforward
example is temperature gradients, which impact all terms of
the free energy, while the same should apply to systems driven
by pH***** or light*®*° modulations. To achieve a more quanti-
tative understanding of the influence of heterogeneities on the
dynamics of phase separation, having a general theory of how
the spatial and temporal dependencies of all the parameters in
the free energy influence the motion of interfaces is then
particularly valuable.

Here, we consider a binary mixture described by a phase-
field model, and derive an effective equation of motion for
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sharp, phase-separated interfaces in the presence of generic
spatio-temporal inhomogeneities. We show that the interface
dynamics is controlled by a combination of effective bulk and
capillary forces, whose relative magnitude depends on the typical
scale of the problem. In particular, our results indicate that
gradients of surface tension can drive the motion of interfaces
even in the absence of hydrodynamics driving Marangoni flows.*>
We apply our framework to systems subject to temperature
gradients, which enables us to characterize the thermophoretic
motion of phase-separated droplets, and illustrate how their
dynamics is affected by the joint influence of bulk and capillary
forces. In our current treatment, we ignore the interplay between
temperature inhomogeneities and fluctuations, which can man-
ifest themselves in a variety of ways.*¢™*®

The paper is organized as follows: in Sections 2.1 and 2.2, we
derive the effective sharp interface model in the presence of
stationary modulations of material parameters. In Section 2.3,
we then investigate a minimal example highlighting the role of
capillary forces induced by gradients of the surface tension in the
transport of droplets. In Section 3, we apply the sharp interface
theory to nonisothermal systems. Working both close to and far
from criticality, we determine how the various effective forces
induced by temperature gradients affect the shape and transport
of droplets. We then generalize our approach to account for
space- and time-dependent modulations in Section 4, before
summarizing our results and discussing possible extensions of
our framework in Section 5.

2 Spatially modulated mixtures
2.1 Phase separation in inhomogeneous conditions

We consider a binary mixture of species A and B described by a
phase field ¢(x,t), which measures the relative concentration of
one of the two species (say A) with respect to the total concen-
tration of A + B. For an incompressible mixture, the relative
density of species B is then given by 1 — ¢. This field evolves
according to the continuity equation: 0, = —VJ as a result of
total number conservation. When the physical properties of the
material vary within the sample, the mass current J is given by a
straightforward generalization of model B:*

J((l)7x) = —D(([),x)Vu(qS,x)7 ,u(qb,x) = 2_2(¢1x)7 (13)
71l = [atx| S Gvop 4 vion)|. )

where d denotes the number of spatial dimensions. Namely,
the concentration ¢ is advected, up to a mobility factor D, by
the gradient of the chemical potential u, which itself derives
from a free energy functional F. The free energy gathers a bulk
contribution, U, and an interface-penalizing term with an
elastic constant K. Note that we allow all parameters of the
theory to vary both with ¢ and in space. In what follows, stated
spatial dependencies of parameters are explicit, and thus
distinct from those arising through ¢.
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For systems with homogeneous material parameters in the
phase separation regime, solutions of eqn (1) correspond to
homogeneous domains with equilibrium bulk concentrations
¢_ < ¢, separated by sharp interfaces. The thickness of these

interfaces is associated with a length scale / ~ /U, /Ky, where
U, and K, are characteristic scales extracted from U and K,
respectively. In addition, the relaxation dynamics of the phase
field ¢ toward the equilibrium interface profile ¢ happens over
the time scale t; ~ /D, with D, a typical mobility scale. The
sharp interface limit is obtained when the macroscopic scales
of the dynamics, such as the sizes of the phase-separated
domains and the characteristic radius of curvature of their
interfaces, are much larger than L.'*> This condition ensures a
time scale separation between the motion of the interface and
the relaxation of the concentration around its equilibrium
profile, which can be considered as fast. A moving interface
is then described at all times by the stationary concentration
profile ¢ which locally minimizes F and interpolates between
the equilibrium concentrations ¢..

The sharp interface limit naturally extends to spatially
varying K, U, and D in eqn (1), when these parameters vary
over length scales that remain large with respect to /. Under this
assumption, the equilibrium bulk densities become local quan-
tities that depend on the position x, and can be determined
from the common tangent construction®® applied to the free
energy density U(¢,x). In particular, at each point of space the
chemical potential fi(x) and phase concentrations ¢.(x) are
solutions of:

8¢U(¢7x)’a) ( ): 8¢U(¢7x)’$7<x): .H(x)’

(X (2)
Ul (x),x] — U[p_(x),x] = i(x)Ad(x),

where Ag(x) = ¢.(x) — ¢_(x). In general, spatial variations of ji
lead to nonvanishing bulk currents, due to eqn (1a). To keep
the corresponding mass transport slow as compared to the
relaxation of ¢ toward the stationary interface profile, we
further require variations of fi(x) to be smooth across the
sample, ie. |Va(x)/f(x)| « 7.

In the following section, we derive an effective equation of
motion for the interface separating phase-separated domains
with concentrations ¢.(x). This equation involves the interface
surface tension o(x), which is here position-dependent. To
evaluate g(x), we define the bulk pressure and an adjusted free
energy as

(px) = U(¢,x) — i(x), (3a)

Fm:fm—k%www (3b)

When i is constant, the stationary interface profile ¢ is
obtained by minimizing F’', whereby ji acts as a Lagrange
multiplier ensuring mass conservation.'” The surface tension,
i.e. the free energy of the interface per unit area, is then
obtained from eqn (1b) by evaluating F'[¢], as we detail
in Section A of SI for completeness. Analogously, for
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inhomogeneous model parameters, ¢ is obtained by minimizing
the r.h.s. of eqn (1b), thus accounting for the common tangent
construction (2) which implies that p[¢(x)x] — f(x) in the bulk
phases. Moreover, for smooth modulations, variations of the
material parameter across the interface are negligible: the surface
tension then only depends on the local values of the coefficients of
the free energy. As a result, its expression is a straightforward

generalization of the homogeneous case, and reads

$. (x)
o(x) = j(,ﬁ LVEGITG 9T, @

where I1_(x) = II[¢_(x),x] is the bulk pressure in the dilute phase.

2.2 The interface equations of motion

We now consider an interface in d = 3 separating domains with
concentrations ¢, and ¢_. Denoting Gp(x,y) as the Green’s
function solution of V-[D(¢,x)VGp(x,y)] = 5*(x — y), we recast
eqn (1) as:*’

!

OF _
= $(¢7x) + :u(x) ~ Hoos (5)
where p., is an integration constant that we determine below.
In addition, for closed systems the total mass conservation
imposes a second relation:

&G (x, )93, 1)

J.d3x8[d>(x, ) =0. (6)

Below, we derive from eqn (5) and (6) an effective equation of
motion for the interface within the sharp interface approxi-
mation. This section outlines the main steps of the derivation,
while additional details on the calculations are provided in
Section B of SI.

Denoting V,(t) as the volume of the phase with density ¢,
and taking the limit [ — 0, we approximate the concentration
field as

Pxt) = -(x) + Ap(x)O[x,V.(0)], (7)

where O is the indicator function, equal to 1 if x € V,(¢) and to 0
otherwise. The volume V.(¢) need not correspond to a con-
nected domain, such that the system may a priori consist of
several droplets. The only geometrical constraint imposed by
the sharp interface approximation is that the mean curvature H
of the surface satisfies Hl « 1. Eqn (7) then amounts to treating
the interface profile as a discontinuous step between the
concentrations ¢ ..

Assuming eqn (7), the only contribution to the time deriva-
tive of ¢ comes from the interface velocity v:

0ip(x,) = —AP(x)(x,)-VO[x,V.(£)]. (8)

Substituting (8) into the Lh.s. of eqn (5), we integrate the
gradient of the step function by parts and use the divergence
theorem to obtain

dSyR(Y) - (Y, (%, Y),
V(1)

[0 x.00.000) = |
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where the Y integration on the r.h.s. is performed over the
boundary of V. which defines the interface, while the normal unit
vector fi points outwards from V, and {(x,Y) = A¢(Y)Gp(x,Y).

Evaluating the functional derivative of F with the discontin-
uous profile (7) leads to a singular behaviour. Therefore, we
consider an infinitesimal volume dW around a point X on the
interface. The thickness of dW is assumed large as compared to /,
such that its lateral faces orthogonal to fi(X) sit well into the bulk
phases. On the other hand, the dimensions of dW in the two
remaining directions are taken small with respect to the radius of
curvature of the interface. Following ref. 1, 15 and 16, we multiply
both sides of eqn (5) by fi(X)-V¢ and integrate over dW. For terms
which are not singular, this procedure straightforwardly leads to
a Ap(X) prefactor, while integrating the functional derivative of
F' requires more effort. After some calculations detailed in SI,
and applying a similar approach to eqn (6), we obtain

J dSyi(Y) - (Y, )C(X, Y)
V(1)

J dSya(Y) - »(Y, )Ad(Y) = 0, (9b)
V(1)

where H(X) is the mean curvature of the interface at X, while the
surface tension o(X) is expressed in eqn (4). Eqn (9)—and their
generalization to the time-dependent case, see eqn (38)—are the
central result of this work, since when solved for v(X,?) they fully
determine the interface dynamics. Although they are formally
written for d = 3, their generalization to arbitrary dimensions is
straightforward, as we illustrate below.7

Before turning to concrete applications of eqn (9), we first
comment on their structure and the nature of each of their
terms. Eqn (9a) describes the interface motion as an over-
damped dynamics, albeit with a nonlocal drag force'>”" con-
sisting in the convolution of the interface velocity with the
friction kernel {. Such nonlocal friction originates from the
conservation law on ¢, as can be observed from the fact that
{(X,Y) oc Gp(X,Y) (see eqn (5)). As we show in the next sections,
the nonlocality of the interface friction directly influences the
scaling of a droplet mobility with its volume.

The effective drag force on the interface is balanced by the
r.h.s. of eqn (9a), which features three contributions. The first
one is the standard Laplace pressure'® which results from the
elastic cost of interfaces. When the material properties of the
system are homogeneous, this term leads to the minimization
of the surface area of the domain V., while preserving its total
volume. The second term is also a capillary force, but originates
from gradients of the free energy density, and describes the
tendency for the system to minimize the free energy cost of
interfaces by driving the them towards regions of lower surface
tension. Despite significant interest in droplet dynamics driven

+ The interface equations for an arbitrary dimension d > 1 are identical to
eqn (9), except that the term 2H(X)o(X) on the r.h.s. of eqn (9a) must be replaced
with (d — 1)H(X)o(X).
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by inhomogeneous surface tension,>*™* this term has been, to
the best of our knowledge, unnoticed so far, as most of the
existing literature instead focuses on currents induced by Mar-
angoni flows.*>"*

We emphasize that, although both effects are induced by
inhomogeneous surface tension profiles and may lead to similar
transport phenomena, they originate from distinct physical
mechanisms. While motion induced by Marangoni flows is driven
by hydrodynamic stresses, the effective capillary force in eqn (9a)
rather results from a condensation and evaporation dynamics
leading to a global shift of the interface. This effect has likely been
overlooked because hydrodynamics dominates the transport of
sufficiently large droplets that move under a momentum-
conserving dynamics, as can be shown from scaling arguments.'”
However, when flows are suppressed by the presence of a momen-
tum sink, such as for systems in contact with a substrate or when
phase separation happens in a porous medium,*® transport
induced by the capillary terms in eqn (9a) may compete with or
even dominate that arising from Marangoni flows.

The thermodynamic force fi(x) results from the fact that the
current in eqn (1a) drives the concentration ¢ to regions with
lower free energy. Contrary to the first two terms described
above, it is a bulk contribution and thus dominates the
dynamics of large droplets. Like the gradient of the surface
tension, this force vanishes when the material parameters are
homogeneous, since a constant i can be absorbed in a redefi-
nition of u,,. In an inhomogeneous system, an enlightening
example of spatially-varying f(x) results from the coupling of a
homogeneous free energy Fo(¢) with an externally applied
potential V(x), such that F(¢,x) = Fo(¢p) + V(x)¢. For instance, V
can be the gravitational potential leading to droplet sedimenta-
tion, such that V(x) = Amgz, where Am is the mass density
difference between the two species, g is the standard accelera-
tion induced by gravity, and z denotes the vertical coordinate.
Using eqn (2) and (4), one concludes that V does not affect the
equilibrium concentrations ¢.. nor the surface tension, both of
which remain homogeneous, while it enters the common
tangent construction, such that fi(x) = V(x)/A¢.

Finally, eqn (9b) provides a condition allowing to determine
the integration constant ... When combined, eqn (9) thus fully
characterize the dynamics of sharp interfaces. In particular, the
interface dynamics only depends on quantities which are
directly measurable, such as the binodal densities, the surface
tension, the chemical potential and the mixture mobility, and
can thus be determined without solving eqn (1) explicitly or
even requiring a specific model for the free energy F.

2.3 Dynamics driven by a surface tension profile

To illustrate how eqn (9) can be applied in practice, we consider a
minimal example of a single droplet moving in a one-
dimensional inhomogeneous medium. In the next section, we
will then focus on the case of systems driven by inhomogeneous
temperature profiles. Here, we consider the free energy:

A(x)

#101= [ax[5002+ 520 - 8.0 -9 | a0
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and assume a constant mobility D(¢,x) = D. The free energy (10)
induces modulations of the surface tension, but leaves the
binodal concentrations ¢ . constant. In one dimension, a droplet
of phase + is described by the position of its left and right
interfaces denoted x; and x,, respectively. The integral on the
Lh.s. of eqn (9a) then becomes a point-wise evaluation at the two
interfaces, and in a periodic domain of size L the Green’s
function reads Gp(x,y) = (2DL) " '|x — y|(L — |x — y|) (see Section
C of SI), yielding

Ad|x: — xi|(L — |x; —)cl\)),C _ o (x)
2DL ' Ap
- (11)
A r L— Ar T . /~ T
b=l ==l )
2DL A¢p

where we have used that the mean curvature H = 0 and the
chemical potential is constant. The surface tension is given in

1 _
terms of the parameters of the theory by (x) = o3 /KA(x)Ad>

(using eqn (4)).

The mass conservation condition (9b) then leads to X, = %,
such that the droplet size S = |x, — xj| remains constant over
time. Making use of these relations in eqn (11), we eliminate

1
U and find that the droplet centre of mass x, = E(x. + x;) and
velocity v. = &. obey

Ve = —Meff U::ff(-xC)7 (12)

where the effective mobility and potential read
Ueff(xc) = O'(Xc + g) + O'<xc - g) .

Eqn (12) highlights an important feature of the dynamics: in
the presence of smooth changes in the material parameters, a
droplet moves so as to minimize the total surface tension at its
interfaces under the constraint of mass conservation.

To verify that eqn (12) faithfully describes the dynamics, we
confront it with numerical simulations of the field eqn (1) using
the free energy (10). In particular, we impose a modulation of
A(x) which exhibits a unique minimum at x = L/2 (see Section D
of SI for details about numerical simulations and the values of
the parameters used). As noted previously, spatial variations of
A induce an inhomogeneous surface tension profile, which is
also minimal at the centre of the domain (Fig. 1(a)). Hence,
droplets spontaneously migrate towards this position. Note
that since the effective force in eqn (12) is evaluated at the
droplet interfaces, for asymmetric profiles the stationary posi-
tion of its centre of mass does not necessarily coincide with the
location of minimum surface tension. Fig. 1(b) further shows
that, beyond this qualitative picture, eqn (10) quantitatively
captures the droplet trajectory, as reflected by the excellent
agreement between the theoretical curve and the data points
obtained from simulations.

The above analysis can be easily generalized to dimensions
d = 2 and 3. Considering a spherical droplet of radius R with

DL

et = (agps(L =5y
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25+
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t

Fig. 1 Droplet dynamics driven by the free energy density (10) in a one-
dimensional periodic domain. (a) As a result of the inhomogeneous surface
tension profile (pink line), a droplet at t = 0 (green dashed line) migrates
toward the centre of the domain, where it stabilizes after a sufficiently long
time tr (full green line). (b) Position of the left interface of the droplet vs.
time as predicted by the sharp interface approximation (egn (12)), and
measured in numerical simulations. Additional details on the simulations
are given in Section D of SI.

constant ¢, and j in a surface tension profile ¢(x), its shape
remains unaffected by smooth modulations of ¢(x). Using
eqn (9), we then derive the equation governing the evolution
of its centre of mass x. in Section E of SI. Working in an infinite
space for simplicity, we find that the droplet velocity v, = %.
obeys v, = —McV Uege(X.), with

dD

Megp = ——————\
T (AP)RIV,

dSYG(Y)
Sgr(xc)

Usn () = | (13)

Eqn (13) generalizes the above expression to higher dimen-
sions in the limit L — oo. The effective potential Ues is now
obtained by integrating the surface tension over the interface,
such that Sg(x.) denotes the sphere of radius R centred in x.,
while V; is the volume of the unit d-sphere. Contrary to the
motion induced by Marangoni flows for which the mobility
scales as R ' as a result of Stokes drag,”” the mobility in
eqn (13) is inversely proportional to the droplet volume.>*>®
Hence, the velocity deriving from eqn (13) should dominate the
dynamics of small droplets, while hydrodynamic effects
become dominant only when R is sufficiently large.

3 Temperature modulations
3.1 Nonequilibrium thermodynamics of phase separation

The physical properties of a mixture can be straightforwardly
modulated by applying an inhomogeneous temperature profile
across the sample. The study of nonisothermal phase separa-
tion has received a great deal of attention both from the
theoretical®**?° and experimental®®*”?7"° viewpoints. Poly-
mer blends, in which precise temperature modulations can be
obtained by focusing laser beams inside the sample,***” are
particularly well-suited to explore this phenomenon.

This journal is © The Royal Society of Chemistry 2025
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The dynamics of a mixture in an inhomogeneous tempera-
ture profile T(x) can be modelled by means of nonequilibrium
thermodynamics.®® The starting point is a generalization of the
current in eqn (1), which reads

J[¢,1(x)] = =D(¢,T)Vu(¢,T) — Dr(p,T)VT.  (14)

The second term on the r.h.s. of eqn (14) accounts for
thermodiffusion (or Soret effect), i.e., the tendency of a sub-
stance to spontaneously migrate in the presence of thermal
gradients. In particular, when Dy > 0 species A is attracted to
colder regions, and to hotter ones otherwise. Furthermore, in
an incompressible binary mixture, a current of one species is
always accompanied by an opposite current of the other spe-
cies, such that one is effectively thermophobic and the other
one thermophilic.

The dependencies of D and Dy on the chemical concentration
¢ and T are generally nontrivial, and various models have been
considered in the literature.**® Here, we use the forms

D(¢) = Dop(1 — ¢), Dr(¢) = Dro¢(1 — ¢),  (15)

which ensure that the current (14) vanishes when only a single
species is present (¢ = 0 or ¢ = 1). For simplicity, we have also
neglected the dependencies of the mobilities in the tempera-
ture, as for sufficiently smooth modulations they do not signifi-
cantly affect the dynamics of droplets.

As previously mentioned, the current in eqn (14) includes an
additional term modeling thermodiffusion. Although general-
izing eqn (9) by taking into account this term is possible, we
show below that many physically relevant scenarios admit an
expression for J analogous to eqn (1a), where the contribution
from the Soret current enters as an additional term in the free
energy F. In what follows, and for the sake of simplicity, we
restrict the analysis to these cases.

We model the bulk potential of the free energy density with
the Flory-Huggins theory:*"%

K
Na

1—¢
Np

U(,T) = kpT|—log(¢) + log(1 =) + xo(1 = ¢) |,

(16)

where N, and Ny are degrees of polymerization of species A and
B, respectively. The coefficient y is the interaction parameter,
which can be expressed as a function of the temperature as®>®*

X:a—o—% (17)

where o and f§ are phenomenological parameters that can be
fitted from experimental data. Additionally, we model the
elastic contribution to the free energy using de Gennes’ random
phase approximation:***°

(18)

2 2
o T o)

where 0,5 are the Kuhn lengths associated with A and B,
respectively. In the presence of an inhomogeneous temperature
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profile, the chemical potential for the binary mixture is then
given by:*>

. %{jkdm) K89+ v 7]} )

With the bulk potential (16), the system exhibits phase separa-
tion when the interaction parameter y overcomes the critical value

%o = (VNa + \/NB)z/(ZNANB), which in turn determines the

critical temperature T, through eqn (17). In the remainder of this
section, we analyze the dynamics of droplets in systems maintained
close to the critical point (T(x) < T.) and far from it (7[x) < To).

3.2 Dynamics close to the critical point

We focus here on two-dimensional mixtures maintained close
to their critical point. In particular, we show below that eqn (9)
can be used to quantify the shape deformations of a droplet in
response to an anisotropic temperature profile, whose ampli-
tude can be directly related to the Soret coefficient of the
mixture. Following ref. 66 and 67, we further provide numerical
estimates of the parameters of the theory for a 55%/45%
polydimethylsiloxane/polyethylmethylsiloxane ~ (PDMS/PEMS)
mixture (see Table 1), and use these values to guide the
approximations made in the calculation.

As T is kept close to T, the elastic coefficient and diffusiv-
ities can be approximated by their values at the critical point:
K = KT), D = D(¢.), and Dy = Di(¢p.), where
¢.=1/(14/Na/Ng). We also simplify the bulk potential
(16) by expanding it up to fourth order in ¢ = ¢ — ¢, and to
linear order in t(x) = (T(x) — T.)/T.. The dynamics of the
concentration then obeys §;¢ = DV?8F /8¢ with the effec-
tive Ginzburg-Landau free energy

o 2
FaoLld] = szx{—léz(;il +

while the coefficients resulting from the expansion are given by

DTTC ﬂ( NA - NB) 2/3 4702
=T 2 v b=2L, c="% /N\Ns.
“TD T T.(VNa+Ns) 7, T 3 VoA

at(x)p + gt(x)¢2 n %1)4} } (20)

(21)

Note that the chemical potential (19) is adimensional, and
that thermodiffusion only enters through the Dr-dependency of
the coefficient of its linear term, while temperature modulations

Table 1 Coefficients entering the effective free energy (20) and the
mixture mobility. The numerical values correspond to a PDMS/PEMS blend
and are based on estimates taken from ref. 66 and 67

Coefficient Value Unit

a 0.21

b 2.06 x 1072

c 2.25 x 1072

K/(kT.) 8.4 x 102 nm®

D 75.1 pum? st
T. 313 K

Na 219

Ng 257
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also affect its quadratic term, which explicitly depends on 1(x).
The spatially-dependent surface tension, binodal densities, and
bulk chemical potential then take the compact forms:

2 by _
_Z 32 _
o(x) = 5y Lo P Ad()

D)), ) = ax).
(22)

As a first simplification, we note that for the PDMS/PEMS
mixture N, ~ Ng (see Table 1), such that the coefficient a
entering the expression of ji is dominated by the Soret coeffi-
cient X1 = D1/D. Additionally, we write the reduced temperature
7(x) as the sum of a constant and a spatially-modulated part:
1(x) = AT/T. + 8T/T. m(x), where m(x) is a smoothly varying
function of order one. In the phase-separated regime, AT < 0,
while we assume |87| « |AT|. This approximation is also
generally well-verified experimentally,® as exemplified by ref.
66 and 67 which reports AT = —2.5 K and 67 ~ 0.2 m K.

We now consider a circular phase-separated droplet of the
phase + in two dimensions, and denote its radius as R,. We
further assume, without loss of generality, that the mobility Dy
is negative, since the opposite case Dr > 0 is equivalent upon
considering a droplet of the complementary phase. Heating a
localized spot of the sample, e.g. by means of a laser,’” the
droplet quickly migrates by thermophoresis towards its centre,
and settles at some fixed position x = 0. Assuming a smoothly-
varying temperature profile, we expand the modulation as

1
m(x) ~ 1+ 3 mx(x/Ro)z—i-my (y/RO)Z} where m, and m, are both

negative. For m, # m, the droplet deforms as a result of the
anisotropy of the heat source, which can be quantified in the
stationary regime by balancing the effective force terms in the
r.h.s. of eqn (9a).

While the Laplace pressure maintains the circular shape of
the droplet, both surface tension gradients and the Soret
current are responsible for its deformation. To evaluate their
relative magnitudes, we use eqn (22), which gives

R
Ap(x)a(x)| | kpTeca®

Using |Vm(x)|] ~ R, ' at the interface, as well as the
parameters listed in Table 1 and above, we find that the force
resulting from gradients of ¢ is completely negligible when R, is
larger than a few nanometers, such that we can safely ignore it.
In addition, expanding o(x) and A¢(x) in powers of 8T, we also
find that the leading order corrections to these quantities
induced by modulations of the temperature are negligible when
considering the parameters in Table 1.

Denoting R(0) = R, + dR(0) the radius of the deformed droplet
as a function of the polar angle 0, eqn (9a) in the stationary
state then yields

3TVm(x)
AT

‘ Vo (x) 03)

(T*
A O+ ZITab(0)] ~ = 0
where ¢* and A¢* are obtained from eqn (22) by approximating
ATIT,, y(0) = [Ry + OR(0)](cos 0, sinf) parametrizes the

(24)

T x~
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interface in polar coordinates, while we have used that a ~
21T, for Ny & Ng.

Using the explicit expression for the interface curvature in
polar coordinates: H(0) = |R* + 2R"> — RR"|/(R* + R'"*)** (where 0-
dependencies are kept implicit), we expand eqn (24) to linear
order in OR, 0Ty, 8Ty, 8, and obtain

o dR" +6R B BT(mx — my) (

1
Ab R 5 Xr1cos20+ T) + duy, = 0.

C

(25)

Once again, we eliminate the constant 6u., by imposing mass
conservation, which here amounts to jé”d%R(@) = 0. Integrating
eqn (25) over 6 and discarding vanishing terms, we then find that

1 . . . .
Su, = EST(mX —m,)/T.. Replacing this expression into

eqn (25) and solving for 3R, the relative deformation induced
by the inhomogeneous temperature profile reads
X1 AP R

3R(0)
R -6 o 3T (my — my) cos 20.

(26)

The relation confirms the intuition that a higher Soret
coefficient induces larger droplet deformations under thermal
modulations, whereas higher surface tension ¢* lead to stiffer
droplets and, therefore, weaker deformations.

Experimentally, Soret-induced droplet deformations could
be observed by heating a localized stripe in the sample (12, = 0),
whereby the droplet would acquire an elliptical shape whose
major axis is aligned with the stripe, as pictured in Fig. 2.
Denoting r = R(n/2)/R(0) as the ratio between the ellipse’s minor
and major axes, we then find

60" 1 r—1
T AQ* Ry 8Tm,r 4+ 17

> (27)

Interestingly, eqn (27) enables the measurement of the Soret
coefficient of the mixture X = Dy/D in the phase separated
regime directly from the deformations of the stationary droplet
shape. Furthermore, eqn (27) only involves parameters such as

6 8T (mK)
4 LX)
2 15
0 S -
1.0
)
. . 0.5
-6 0.

-6 -4 -2 0 2 4 6

Fig. 2 Deformation of a droplet trapped at the centre of a temperature
stripe as predicted by eqn (26) (continuous black line). The radius of the
undeformed droplet is Rp = 5 pm, as marked by the dashed circle, while
temperature modulations are parametrized by 6T = 0.1 m K, m, = —1,
m,, = 0. Other parameters take the values listed in Table 1, while the color
map shows local variations of the temperature.
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the surface tension ¢ and binodal concentrations ¢, which
can be accessed directly in experiments. Hence, it can be used
without assuming a specific model for the free energy F or
evaluate its coefficients individually.

To end this section, we briefly comment on the typical
droplet size for which deformations induced by Soret currents
become appreciable. Combining the values of Table 1 and
eqn (22), we estimate ¢*/A¢* ~ 1.5 x 10" * nm and T, ~ a
~ 0.21, while following ref. 66 and 67 we use 8T/T. ~ 10 °.
Setting cos 20 = 1 in the r.h.s. of eqn (26), we thus deduce that a
relative droplet deformation of a few percent is achieved as soon
as Ry 2 10 nm. In turn, a droplet of typical radius Ry &~ 100 pm is
significantly deformed by a surprisingly weak relative tempera-
ture modulations of the order of §T/T. = 10~ 8. We note, however,
that the parameters reported in Table 1 could underestimate the
surface tension and/or overestimate the magnitude of the Soret
coefficient. While a discussion on the validity of these parameters
in the phase coexistence regime is beyond the scope of this work,
we note that eqn (26) and (27) provide a direct method to
measure the relative strengths of the effective forces induced by
the Laplace pressure and the Soret currents.

3.3 Dynamics far from the critical point

We now assume that the system is far from criticality, which is
achieved for T « T.. In this regime, the mixture is almost
completely phase-separated, so that ¢_ — 0 and ¢, — 1. Since
the resulting concentration field varies significantly when cross-
ing an interface, the ¢-dependency of the mobilities appearing
in eqn (15) cannot be neglected. On the other hand, we keep
ignoring the variations of D, and Dy with the temperature, as
we are interested in the effect of weak modulations. Under this
assumption, the Soret current in eqn (14) can again be treated as
an additional contribution to the chemical potential (19) which
renormalizes the bulk free energy as Ulp,T(x)])/[ksT(x)] —
UL, T(x))/[ksT(x)] + Zr0¢ T(x), where 21, = Dro/Do. Hence, we
can directly deduce the dynamics of droplets from eqn (9).

We demonstrate below that, far from the critical point, the
capillary term in eqn (9a) arising from gradients of the surface
tension is not necessarily negligible in comparison to the Soret
effect. This contribution, in particular, dominates the thermo-
phoretic transport of small droplets, and may either amplify or
compete with the Soret effect.

Using eqn (2) and (16) we express the binodal densities in
the vanishing temperature regime as

d;,(x) ~ eNA/NgflfNA)((x)’ 4;+(x) ~1— eNB/NAflngz(x),

(28)

while fi(x) = 21,T(x) and the interaction coefficient y(x) is deter-
mined by the local temperature through eqn (17). The dependen-
cies of ¢. on N, and Ny reflect the fact that the equilibrium
densities are determined by the balance between the energetic cost
and the entropic gain of mixing the two species. Increasing the
degree of polymerization reduces the entropic gain of mixing while
leaving the energetic cost unchanged (see eqn (16)), and therefore
reinforces the segregation of the two species.
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The binodal densities ¢, and ¢_ converge exponentially fast
to 0 and 1, respectively, as T — 0 (or y — o0), such that we
safely assume A¢(x) ~ 1 below. The approximation (28), on the
other hand, is necessary to evaluate the mobilities in both
phases from eqn (15). To evaluate the surface tension, we note
that for large y the entropic contribution to U in eqn (16)
is subdominant. The bulk pressure then reads II(¢,x) =~
1(x)p(1 — ¢), which we combine with K[¢,T(x)] in eqn (18) to
calculate the integral in eqn (4). Using ¢, ~ 1 and ¢_ ~ 0,
we obtain

2

2
o) = 300+ 5 ) VA = o0/

(29)

In what follows, we consider a droplet of concentration ¢, in
a background medium of concentration ¢_. For simplicity, we
restrict the calculations to one-dimensional systems, as we do
not expect higher-dimensional dynamics to introduce qualita-
tive changes. As before, we assume a weak temperature mod-
ulation 37(x) around a homogeneous value T, with |37(x)| <« Tp.
This inhomogeneous temperature profile translates into a modula-
tion of the Flory-Huggins interaction parameter

x(®x) >~ xo + y(x), (30)

with yo = « + B/To and 8y(x) = — ST (x)/T,” at linear order, as can
be deduced from eqn (17).

To evaluate the Lh.s. of the droplet equation of motion (9a),
we need to calculate the Green’s function Gp(x,y) solution of the
equation 0,[D(¢)Gp(x,y)] = 6(x — y). We do this by assuming that
the concentration field around the droplet is well-described by
the sharp interface approximation, eqn (7), such that the
equation for Gp(x,y) is solved piecewise. The mobilities inside
and outside the droplet are given by

Do(1 = ¢, o) =D, inside 61)
outside 7

D(¢) =Dop(1 =) ={
DO(]&_‘() =D_

where we have approximated the binodal densities ¢. with
their background values obtained from eqn (28) by replacing
%(x) with yo, while we have used that for large y, (low To) ¢+ ~
1— ¢_o ~ 1. We obtain

GD(xay)
= ; y'{D__l + (D' = DN (x — X)) A (xr — X))}
b (00 ) P e By,
(32)

where #(x) is the Heaviside step function, while x; and x,
denote the positions of the left and right interfaces,
respectively.

Using eqn (28)-(30) and (32), we are now able to evaluate all
terms of eqn (9) explicitly. Following a calculation similar to
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that detailed in Section 2.3, we find that the velocity of the
droplet obeys

v aof 8T'(x:) + 8T (x1)

Mer /7o To 2To
- ZT,O[ST(xr) — ST(xl)],

(33)

where Mg = D./S with S = |x, — x| the size of the droplet, while
we have used A ~ 1. As before, the velocities of the left and
right interfaces are identical due to mass conservation, such
that S remains constant over time.

Examining the r.h.s. of eqn (33), we immediately note that
inhomogeneous temperature profiles induce two different
effective forces driving the droplet motion. The Soret current
leads to a term that depends on the temperature difference
between the two interfaces. The resulting force, therefore,
drives the droplet up or down temperature gradients whenever
210 < 0 or 2r, > 0, respectively. On the other hand, the
capillary term induced by gradients of the surface tension
scales with the derivatives of the temperature modulation. As
B > 0,°* this term results in a thermophilic motion of the
droplet, which seeks to reach high temperature regions where
the surface tension is lower.

In mixtures presenting a positive Soret coefficient, the two
forces on the r.h.s. of eqn (33) therefore compete to determine
the net direction of motion. Since Soret currents emerge from
the bulk while the capillary force originates from interfaces,
their relative magnitude is controlled by the droplet size. To
illustrate this, we expand the smoothly varying temperature
profile around the droplet as 87(x) ~ Tyx. Assuming X, > 0
and compensating the two terms on the r.h.s. of eqn (33), we
find that the droplet velocity changes sign when its size reaches
the critical value

_ 1 O'()ﬂ
¢ 2roTo To/io

(34)

Our analysis thus predicts that small droplets with S < S,
are always thermophilic, while large ones with § > S. become
thermophobic. Although eqn (34) was derived assuming a one-
dimensional system, we expect similar relations to hold in
higher dimensions. In particular, the fact that the motion of
large droplets is dominated by the bulk Soret currents, while
small droplets primarily move as a result of capillary forces,
should remain independent of the dimension.

We conclude this section by commenting on nonlinear
effects influencing the droplet mobility. For simplicity, we first
consider the case of an isolated droplet evolving in an infinite
background of the complementary phase. The effective mobi-
lity appearing in eqn (33) for a droplet of phase “+” (in which
species A is most abundant) is set by the ratio D./S. This follows
from the fact that, in an infinite one-dimensional system, fluxes
outside the droplet are uniform and must vanish at infinity.
Consequently, the interfaces can move only due to currents
inside the droplet, which are governed by the inner mobility D..
From eqn (31), D, is governed by the binodal density ¢. o, and
vanishes as the temperature approaches zero. Conversely, a
droplet of phase “—” (in which species B is most abundant)
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moves with a mobility determined by D_, which is proportional
to ¢_ o and also vanishes at zero temperature. Interestingly, for
large y, their ratio calculated using eqn (15) and (28),

(35)

becomes highly sensitive to the difference Ny, — Ng between the
species degrees of polymerization. Specifically, assuming one of
the species to be much smaller than the other, the dynamics of
droplets in which it is dominant is strongly suppressed as
compared to droplets of the other phase.

The situation is more subtle in finite systems, where the
effective droplet mobility varies with the type of imposed
boundary condition. For periodic systems, in particular, Mg
can a priori depend on both D, and D_. However, taking
%o — oo the ratio (35) vanishes (diverges) exponentially fast
when Ng > N, (N, > Ng), such that the mobility dependency in
D, (D_) should become negligible. Hence, in this case, Mg will
be dominated by the value of the field mobility associated with
the phase in which the smallest species is less abundant.

4 Dynamics under spatio-temporal
modulations

In this section, we extend the above formalism to account for
situations where the material properties of the sample are
modulated both in space and time. As before, we assume that
the coefficients in the free energy vary on a characteristic length
scale much larger than the interface length /, which ensures the
validity of the sharp interface approximation. In addition, we
require that they vary over time scales much larger than
; =~ P’/D, the typical time associated with the relaxation of
the concentration field toward the stationary interface profile.

Using the time and length scale separation between the
interface profile dynamics and the applied modulations, the
surface tension, binodal densities, and bulk chemical potential
can then be deduced from eqn (2) and (4). Note, however, that
they now all vary both in space and time, such that we general-
ize eqn (7) as

Px,1) = b (x,) + Ad(x,£)O[x,V.(£)].

Plugging this ansatz in eqn (5) and (6), we derive the
effective equations of motion for the interface in a similar
manner as presented in Section 2.2 for stationary modulations.
The main difference induced by the time dependency of the
binodal densities is the emergence of a new effective force
driving the motion of the interface, which takes the form

(36)

X ==Y ij(r)deD(x,y, Dod ). (37)

k=%

where, as before, X denotes an arbitrary point on the interface
while the Green’s function Gp(x,y,t) is the same as that appear-
ing in eqn (5). This additional term results from the fact that
spatio-temporal modulations of the binodal concentrations
naturally induce spatio-temporal variations of the bulk
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concentrations. The resulting mass transport across the system
then acts as an effective force on the interface.

Taking this new force into account, we find that the inter-
face velocity v now obeys

J ASYR(Y) - v(Y, (X, Y, 1) = Z(X, ) + (X, ) —
V(1)

1

+ m[211()()(7()(, 1) +a(X) - Va(X, 1)), (38a)
j dSyi(Y) - ¥(Y, )AG(Y, 1)
V(1)
+ Z [ d y6[&>k(y, Z)
=t I Vi(t
-0, (38b)

where {(X,Y,£) = Gp(X,Y,£)Ad(Y,t). Eqn (38a) exhibits a structure
analogous to that of eqn (9a), except that it includes the
additional force Z. Eqn (38b) results from the constraint of
mass conservation, and also features an additional term with
respect to eqn (9b), that accounts for possible time modula-
tions of the binodal concentrations. Importantly, like eqn (9),
eqn (38) describe the interface dynamics only in terms of
directly measurable quantities, such as the binodal concentra-
tions, the chemical potential, the mobilities, and the surface
tension.

We now illustrate a practical application of eqn (38) for a
minimal model of spatio-temporally modulated mixture in one
dimension, which we describe with the Ginzburg-Landau
free energy

( 0

L

Ve — 80|,
(39)

1= [ax| 008+

where ¢. denotes the density at the critical point, while we keep
the mobility constant: D(¢,x,t) = D. The free energy (39) is
similar to that derived in eqn (20) for a mixture subject to an
inhomogeneous temperature profile near its critical point,
except that we have neglected the linear contribution oc ¢ —
¢, for simplicity. Eqn (39) is therefore relevant to mixtures
presenting a weak Soret effect, or for which the modulation
7(x,t) originates from other causes, like interactions with
another chemical species** or with light in the case of photo-
sensitive biopolymers.®®

We focus on the case where the sample is subject to a
moving source of chemical or light, such that we write t(x,t) =
7[x — x4(?)], where x,(t) parametrizes the trajectory of the source.
As in Section 2.3, a droplet of concentration ¢, is defined by the
locations of its left and right interfaces, which we denote as x;
and xj, respectively. In the case described by eqn (39) where the
binodal concentrations are dynamical quantities, however, the
size of the droplet can change over time, such that its dynamics
cannot be expressed solely in terms of its centre of mass
velocity.
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Considering a periodic system of size L, eqn (38) then
lead to:

. Q .
X =— Z Megr 17 Ox, Uerr + (1 B 7) xg,

J=lr Ad(x1,1) 0)

where I =1 or r, S(t) = |x(¢f) — x(¢)| is the size of the droplet,

b (x,1) = ¢ £ /=2(x, 1), while
DL

S(IL=S0)]

1

[N}(XI» NAP(xy, z)]7 )

Meff,IJ (xh X1, t) =
Ueff(xry X1, t) = O-(xh t) + J(-le t)7

_ ¢, (x,1) ¢ (x.1)
Q(Xr, X, t) = JV+(t)de — JV7<t)de—.

The first term on the r.h.s. of eqn (40) exhibits a similar form
as the droplet velocity appearing in eqn (12). Yet, we note that
the surface tension—and therefore the effective potential—are
now time-dependent, such that the resulting force is not
conservative. The second term on the r.h.s. of eqn (40) indicates
that the droplet dynamics does not only depend on the position
of the source, but also on its velocity. Physically, this contribu-
tion accounts for mass conservation, which imposes that a
droplet may shrink or expand as it experiences a dynamic
landscape of binodal densities. Indeed, this term cancels when
the moving source does not affect the values of the binodals, as
can be seen from the fact that Q = A¢ when ¢, and ¢_ are
uniform in space.

We verify the validity of eqn (40) by performing numerical
simulations of the full field eqn (1a) with the free energy (39),
and where 1 < 0 in the whole sample (details on numerical
simulations can be found in Section D of SI). We consider the case
where the moving source locally raises the value of 7 (Fig. 3(c)),
while its motion follows a sinusoidal trajectory. Comparing the red
and blue symbols with the corresponding lines in Fig. 3(b) reveals
excellent agreement between the simulated droplet trajectory and
the predictions from eqn (40). Namely, we find that the droplet is
attracted by the moving source, while the concentrations of both
phases are well-approximated by the corresponding binodals
(Fig. 3(a)). As a result of the spatio-temporal modulation of the
binodal concentrations, the motion of the droplet is also asso-
ciated with changes of its shape S(¢), as shown in Fig. 3(d). Namely,
S(¢) is maximal when the source is located at the centre of the
droplet, which corresponds to the configuration for which the
droplet concentration ¢, is lowest. The swelling of the droplet is
then a simple consequence of the constraint of mass conservation.

5 Discussion

In this work, we have developed a general framework for
describing the dynamics of interfaces in phase-separating
systems that are subject to space- and time-dependent modula-
tions of their material properties. The equations of motion,
eqn (9) and (38), derived in the sharp interface approximation,
allow us to quantify the dynamics of interfaces in terms of
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Fig. 3 Numerical simulations of a conserved dynamics with free energy
(39). Panel (a): shape of the droplet ¢(x,t). The yellow dashed line denotes
the binodals, and the green dotted line the position of the source. Panel
(b): temperature modulation z(x,t). Blue and green arrows indicate the
velocity of the droplet centre and source respectively. Panel (b): position of
the two interfaces. Numerical (points) against theoretical (lines) for the left
and right interfaces. The green dotted line denotes the position of the
source. Panel (d): size S of the droplet as a function of time. Points are from
simulations, lines from the interface dynamics.

directly measurable quantities such as surface tension,
chemical potential, binodal concentrations, and mixture mobi-
lity. We have shown that, even in the absence of hydrody-
namics, the motion of phase-separated droplets is driven by
two contributions of distinct physical origins. The first one is a
capillary term, which causes droplets to minimize the overall
surface tension at their interface, while the second results from
bulk currents induced by a spatially-dependent chemical
potential, which drive dense droplets to regions of minimum
free energy. Notably, the relative magnitude of these terms is
controlled by the droplet volume, with the capillary contribu-
tion dominating the dynamics of small droplets.

While we have illustrated the consequences of these results
through minimal examples mostly involving a single droplet,
eqn (9) and (38) can potentially describe a wide range of
physical phenomena. Considering multiple droplets will, for
example, enable the exploration of how an inhomogeneous
environment affects the properties of nucleation®”’® and
ripening.">”"”> Beyond inhomogeneities induced by temperature
modulations, our approach is suited to investigate how the
dynamics of droplets is influenced by other factors such as
gravity,® electric fields,”® and diffusiophoresis.”*”® In particular,
a number of works have postulated that the positioning of
biomolecular condensates in cells can be driven by diffusiophor-
esis in response to the presence of biomolecule concentration
gradients.’®”*° Importantly, current studies have overlooked the
potential impact of effective capillary forces induced by gradients
of surface tension on the dynamics of these small droplets, whose
diameter often ranges below the micrometer.

The framework we have introduced here neglects hydrody-
namics, such that eqn (9) and (38) typically describe the motion
of slow interfaces in a highly viscous environment. Extensions
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that take into account the coupling of phase separation with
hydrodynamic flows, however, should be straightforward, pro-
vided that the typical flow length scale remains much larger
than the interface width. Our approach further offers promis-
ing avenues for the study of active phase separation”®®'"®? in
inhomogeneous media by considering, for example, active
agents such as enzymes or bacteria interacting via self-
produced chemical fields.”® 7584786
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