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We show the convergence of an online stochastic gradient descent estimator to obtain the drift parameter of a
continuous-time jump-diffusion process. The stochastic gradient descent follows a stochastic path in the gradient
direction of a function to find a minimum, which in our case determines the estimate of the unknown drift param-
eter. We decompose the deviation of the stochastic descent direction from the deterministic descent direction into
four terms: the weak solution of the non-local Poisson equation, a Riemann integral, a stochastic integral, and a
covariation term. This decomposition is employed to prove the convergence of the online estimator and we use
simulations to illustrate the performance of the online estimator.
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1. Introduction

Typically, one judges the usefulness of models by how good they are in describing a system and by
the accuracy of their predictions. In both cases, the degree of success of a model depends on a number
of ingredients, which include: model assumptions, mathematical tractability, and the methodology to
estimate the parameters of the model. In this paper, we assume that the system is a jump-diffusion
process and we show how to estimate its drift component with a learning algorithm that updates the
parameter estimates in continuous-time. Specifically, one observes the process X = (Xt )t≥0 that takes
values in R

n, and which satisfies the stochastic differential equation (SDE)

dXt = b
(
Xt, θ

∗)dt + σ(Xt ) dBt + ξ(Xt−, dLt ), (1.1)

where the jump component ξ(Xt−, dLt ) is given by

ξ(Xt−, dLt ) =
∫ t

0

∫
ξ(Xt−, z)μ̃(dt, dz). (1.2)

Here, θ∗ ∈ R
d is an unknown parameter that one needs to estimate from observations of the pro-

cess X. The process B = (Bt )t≥0 is a standard m-dimensional Brownian motion and the functions b,
σ , ξ are such that b : Rn × R

d → R
n, σ : Rn → R

n × R
m, ξ : Rn × R

r → R
n. In the jump com-

ponent of Xt , μ̃ is a compensated random measure of the Poisson measure μ associated with the
pure-jump Lévy process L = (Lt )t≥0 (independent of B) with Lévy–Khintchine triplet (0,0, ν), such
that

∫
Rr |z|ν(dz) < ∞ and ν(Rr ) < ∞.

Here is a brief summary of our approach to estimate the parameter θ∗. We denote by 〈·, ·〉 the dot
product operator and define the function ḡ(θ) := ∫

g(x, θ)πθ∗
(dx), where πθ∗

is a unique invariant
measure of the process X under the probability measure Pθ∗ , and where

g(x, θ) := 1

2

〈
b(x, θ) − b

(
x, θ∗), (σ(x)σ (x)ᵀ

)−1(
b(x, θ) − b

(
x, θ∗))〉 (1.3)
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is a function that specifies how close the function b(x, θ) is to the drift component b(x, θ∗) of the
process X.

Next, we employ the deterministic gradient descent method to construct a process θt that converges
to a stationary point of the function ḡ. Recall that the deterministic descent direction ∇θ ḡ(θ) moves the
value of the parameter θ toward a stationary point (local or global) of the function ḡ. This stationary
point is the estimate of the unknown parameter θ∗. In continuous-time, the updates of the gradient
descent to a stationary point of the function ḡ follow

dθt = − βt∇θ ḡ(θt ) dt

= − βt∇θg(Xt , θt ) dt + βt

(∇θg(Xt , θt ) − ∇θ ḡ(θt )
)
dt

= βt

(∇θb(Xt , θt )
)(

σ(Xt )σ (Xt )
ᵀ)−1(

b
(
Xt, θ

∗) − b(Xt , θt )
)
dt

+ βt

(∇θg(Xt , θt ) − ∇θ ḡ(θt )
)
dt, (1.4)

where βt > 0 is the learning rate.
One cannot implement the unbiased estimator in (1.4) because the drift term b(x, θ∗) depends on

the unknown value of θ∗. Thus, we employ (1.1) to write

b
(
Xt, θ

∗)dt = dXt −
∫

ξ(Xt− , z)μ̃(dz, dt) − σ(Xt ) dBt , (1.5)

which we substitute into (1.4), so the estimator

dθt = βt

[∇θ b(Xt , θt )
(
σ(Xt )σ (Xt )

ᵀ)−1
dXt − ∇θ b(Xt , θt )

(
σ(Xt )σ (Xt )

ᵀ)−1
b(Xt , θt ) dt

]
+ βt

(∇θg(Xt , θt ) − ∇θ ḡ(θt )
)
dt − βt∇θ b(Xt , θt )

(
σ(Xt )σ (Xt )

ᵀ)−1
σ(Xt ) dBt

− βt∇θ b(Xt , θt )
(
σ(Xt )σ (Xt )

ᵀ)−1
∫

ξ(Xt−, z)μ̃(dt, dz) (1.6)

does not depend on the unknown parameter θ∗.
In this paper, we show that the integrals∫ ∞

t

βs

(∇θg(Xs, θs) − ∇θ ḡ(θs)
)
ds (1.7)

and ∫ ∞

t

βs∇θ b(Xs, θs)
(
σ(Xs)σ (Xs)

ᵀ)−1
σ(Xs) dBs

+
∫ ∞

t

βs∇θ b(Xs, θs)
(
σ(Xs)σ (Xs)

ᵀ)−1
∫

ξ(Xs−, z)μ̃(ds, dz) (1.8)

converge to zero as t → ∞. Therefore, the expression in (1.6) is close to the deterministic descent
direction ∇θ ḡ when t is large because the contribution of the last three terms in (1.6) becomes neg-
ligible. Hence, in this paper we propose the stochastic gradient descent in continuous-time (SGDCT)
algorithm

dθt = βt

[∇θ b(Xt , θt )
(
σ(Xt )σ (Xt )

ᵀ)−1
dXt − ∇θ b(Xt , θt )

(
σ(Xt )σ (Xt )

ᵀ)−1
b(Xt , θt ) dt

]
(1.9)

to estimate the unknown drift parameter θ∗.
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One can see how the SGDCT estimator compares to the classical maximum likelihood estimator
(MLE) when the process X is a diffusion. Above, if one excludes the jump component in (1.1), the
process X becomes a diffusion, in which case the estimate of the parameter θ is the value that max-
imises the likelihood function

Lt (θ) =
∫ t

0
b(Xs, θ)

(
σ(Xt )σ (Xt )

ᵀ)−1
dXs − 1

2

∫ t

0
b(Xs, θ)

(
σ(Xt )σ (Xt )

ᵀ)−1
b(Xs, θ) ds. (1.10)

Observe that the first order condition one obtains from maximising the likelihood (i.e., computing the
gradient of Lt (θ) with respect to θ and equating to zero) has the same form as the expression that
appears inside the brackets in the first line of the estimator in (1.9).

There are two reasons that make a recursive estimator like that in (1.9) useful. First, online updates
of the estimator are more computationally efficient than those based on offline updates. As new obser-
vations arrive, the online estimator is updated, while the offline algorithm solves an new optimisation
problem to estimate the unknown parameter; for example, find the maximiser of the MLE in (1.10).
Therefore, the offline algorithm is in most cases redundant and inefficient, and in high dimensions it is
computationally expensive and in some cases infeasible.

Second, the SGDCT estimator is well-suited for the recent advances in control theory that focus on
‘adaptive robust control’ to obtain strategies robust to model uncertainty, see Bielecki et al. [3]. The
adaptive control framework requires a recursive online estimator (i.e., an estimator that is continuously
updated with the arrival of new information) and also requires that the coupled process (Xt , θt )t≥0 is
Markov (to obtain the optimal strategy in feedback form). The SGDCT algorithm in (1.9) satisfies both
requirements.

Finally, there is literature on offline estimators for diffusion and jump-diffusion processes that fo-
cuses on different aspects of the estimation algorithm and observation frequency. When an ergodic
diffusion process is observed continuously, Kutoyants [10] derives the statistical properties of the es-
timator of the drift parameter, such as consistency, asymptotic normality, and efficiency. These results
are extended in Sorensen [19] for an ergodic jump-diffusion process. The literature on parameter esti-
mation with discrete observations is vast, see, for example, Yoshida [24] for diffusions and Kessler [8]
for jump-diffusions.

On the other hand, the literature on parameter estimation for continuously observed processes is
scant. In Levanony [11], the authors assume that the process X follows a diffusion and develop an
online MLE to obtain the drift parameter of the process X. In their approach, the online MLE requires
one to compute the gradient of Lt (θ) in (1.10) every time a new observation arrives, which is com-
putationally expensive because the function ∇θLt depends on the whole trajectory of the process X.
Moreover, there are two papers that discuss the convergence of an online estimation of parameters
in a diffusion-based model. Sirignano and Spiliopoulos [17] introduce an online method to estimate
parameters of a continuously observed diffusion, that is, the process follows (1.1) without the jump
component ξ(Xt−, dLt ); thus, our paper extends their work by including jumps in the stochastic pro-
cess. The work of Surace and Pfister [20] studies the problem in [17] when the process X is a diffusion
(i.e., no jumps) and it is partially observed.

The remainder of the paper is organised as follows. In Section 2, we state conditions on the func-
tions b, σ , ξ , so that the process X in (1.1) is exponentially ergodic. Then, we show that the term∫ ∞
t

βs(∇θg(Xs, θs)−∇θ ḡ(θs)) ds converges to zero as t → ∞, and we prove the convergence of θt to
a stationary point of the function ḡ. Section 3 concludes and discusses extensions and applications of
our work. Finally, in the online supplement [2] we provide additional proofs and material, including a
study of the performance of SGDCT.



Online drift estimation for jump-diffusion processes 2497

2. Online recursive estimator

In this section, we state the assumptions that we use throughout this paper and show our main results.
We recall that the function

g(x, θ) = 1

2

〈
b(x, θ) − b

(
x, θ∗), (σ(x)σ (x)ᵀ

)−1(
b(x, θ) − b

(
x, θ∗))〉, (2.1)

specifies how close the function b(x, θ) is to the drift b(x, θ∗) of the process X. Note that the function
g(x, θ) ≥ 0, and g(x, θ) = 0 if θ = θ∗. 1

A pivotal result in this paper is to show that

|�k,γ | → 0 as k → ∞, almost surely, (2.2)

where

�k,γ :=
∫ τ k,γ

τ k

βs

(∇θg(Xs, θs) − ∇θ ḡ(θs)
)
ds (2.3)

is a deviation term. Here, the processes {τ k,γ }k≥1, {τ k}k≥1 are sequences of increasing stopping times
and |θ | denotes the Euclidean norm of θ ∈ R

d , and recall that ḡ(θ) = ∫
g(x, θ)πθ∗

(dx). We refer to
�k,γ in (2.3) as the deviation term because it represents the deviation of the stochastic gradient descent
direction ∇θg(Xs, θs) from the deterministic descent direction ∇θ ḡ(θs). Therefore, we need a careful
analysis of the deviation term �k,γ to show that θt converges to the unknown parameter θ∗.

We show that the deviation term �k,γ can be written as a sum of four components: a weak solution
of a non-local Poisson equation, a stochastic integral, a Riemann integral, and the covariation of two
processes. Then, we prove that each component converges to zero as k → ∞, so the estimator process
θt converges to a stationary point of the function ḡ. That is, we show that limt→∞ |∇θ ḡ(θt )| = 0 almost
surely, and if the function ḡ(θ) is convex, the minimum we find is global, hence θt → θ∗ as t → ∞.

2.1. Main result and conditions

To streamline the discussion and results, we provide some preliminary assumptions. Throughout this
paper, the stochastic process X satisfies the SDE in (1.1).

Condition 2.1. The functions σ(x) and ξ(x, z) are globally Lipschitz in all variables and the function
b(x, θ) is locally Lipschitz for all θ .

Condition 2.2. There exists a time t > 0, such that Xt admits a density pθ
t (x, y) with respect to the

Lebesgue measure on R, bounded in y ∈ R, and bounded in x ∈ K for every compact set K ⊂ R.
Moreover, for every x ∈ R, and every open ball U ∈ R, there exists a point z = z(x,U) ∈ supp(v),
where supp(ν) is the support of the measure ν (see definition 4.5 in online supplement [2]), such that
ξ(x, z) ∈ U .

1One could consider alternative functions to g to specify how close is b(x, θ) to b(x, θ∗). For example (in the one dimensional

case), let h(x, θ) := 1
2 |(c(x, θ) − c(x, θ∗))/σ (x)|2, where c is an arbitrary function and h̄(θ) = ∫

h(x, θ)πθ∗
(dx). Then, as

in (1.4), the estimator of the unknown parameter would be given by dθt = −βt∇θ h̄(θt ) dt . As discussed above, the drift term
c(x, θ∗) depends on the unknown value of θ∗ , so one needs to employ the dynamics of dXt to write b(Xt , θ

∗) and substitute it in
the estimator. Thus, the function c should be such that one can factor out the term b(Xt , θ

∗); for example, c(x, θ) = d(x)b(x, θ)

for a function d(x).
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Condition 2.3. Exponential ergodicity of the process X.

(i) For all p > 0,
∫
|z|>1 |z|pν(dz) < ∞ and ν(Rr ) < ∞.

(ii) For all θ there exists a constant C > 0, such that xb(x, θ) ≤ −C|x|2 as |x| → ∞.
(iii) |ξ(x, z)|/|x| → 0 as |x| → ∞ for all z.
(iv) There exist positive constants C1 and C2, s.t. C1 ≤ σ 2

ij (x) ≤ C2 for all 1 ≤ i ≤ n and 1 ≤ j ≤ m

where σij denote the entry of row i and column j of the matrix σ .

Under Conditions 2.1 and 2.3, the SDE in (1.1) admits a unique non-explosive cádlág adapted solu-
tion that possesses the strong Markov property. Masuda [12] employs Condition 2.2 to show that the
process X is irreducible; a property required to show that X is ergodic. Also, X has a unique invariant
measure and it is exponentially ergodic due to Condition 2.3. Finally, the process X is of finite jump
activity because ν is a finite measure, so there is a finite number of jumps on every compact interval
almost surely.

Condition 2.4. The learning rate βt is such that the following hold:
∫ ∞

0 βt dt = ∞,
∫ ∞

0 β2
t dt < ∞,∫ ∞

0 |β ′
t |dt < ∞, where β ′

t is the derivative of βt with respect to t , and there is a p > 0, such that
limt→∞ β2

t t2p+1/2 = 0.

Condition 2.5. The function b(x, θ) is twice-differentiable with respect to both x and θ . Also, there
exist positive constants K and q , such that∣∣∣∣∂∇θg

∂x
(x, θ)

∣∣∣∣ + ∣∣∇θg(x, θ)
∣∣ ≤ K

(
1 + |θ |)(1 + |x|q)

, (2.4)

and
2∑

i=1

∣∣∣∣∂i∇θg

∂θi
(x, θ)

∣∣∣∣ + ∣∣∇θ b(x, θ)
∣∣ ≤ K

(
1 + |x|q)

. (2.5)

Moreover, we assume that ∇θ ḡ(θ) is globally Lipschitz.

Condition 2.6. There exists a positive function κ(x), such that〈−∇θg(x, θ), θ/|θ |〉 ≤ −κ(x)|θ |. (2.6)

Thus, there exists a function λ(x) with at most polynomial growth in |x|, such that for all θ1, θ2 ∈ R
d

and x ∈ R
n, we have ∣∣τ(x, θ1) − τ(x, θ2)

∣∣ ≤ ∣∣λ(x)
∣∣|θ1 − θ2|, (2.7)

where

τ(x, θ) := 〈∇θ b(x, θ)∇θ b(x, θ)ᵀθ/|θ |, θ/|θ |〉1/2
. (2.8)

Lastly, for all x2 ≥ x1, we have ξ(x1, z) − ξ(x2, z) ≤ x2 − x1, where the greater or equal symbol ≥
indicates the inequality holds for all coordinates.

Condition 2.4 ensures that the size of the learning rate β is such that the SGDCT estimator for the
jump-diffusion process in (1.9) converges to a stationary point of the function ḡ(θ). Condition 2.5 is
needed for the proof of the convergence of the deviation term �k,γ , that is, �k,γ → 0 as k → ∞, see
(2.2). Condition 2.6 allows us to use a comparison theorem to show that the bound supt>0 E[|θt |p] < ∞
for all p > 0.
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2.2. Weak solution of a non-local Poisson equation

In this subsection, we define a notion of a weak solution of a Poisson equation to construct a weak
solution of the process X. The following terminology is from Veretennikov and Kulik [22].

Definition 2.7. For a Markov process X, we say that a measurable function f : Rn → R
d belongs

to the domain of the extended generator A of the process X if there exists a measurable function
g : Rn → R

d , such that the process f (Xt ) − ∫ t

0 g(Xs) ds is a local FX-martingale. Then, we say that
the function f is the weak solution of the Poisson equation Af = g.

We also need the following notation. The f -norm is denoted by

‖ω‖f := sup
|g|≤f

∣∣∣∣
∫

g(y)ω(dy)

∣∣∣∣,
where ω is a signed measure and f ≥ 1 is a Borel measurable function. Also, we say that the function
g is centered if

∫
g(x, θ)πθ∗

(dx) = 0.
Next, we state an auxiliary lemma to show the ergodicity of the process X and to show the existence

of moments of all orders for the processes X and θ .

Lemma 2.8 (Ergodicity and moment bounds of the processes X and θ ). Suppose that Conditions
2.1 to 2.5 hold. Then, there exists a unique invariant measure πθ∗

, such that
∫ |x|pπθ∗

(dx) < ∞ and
there exist positive constants C1 and C2, such that∥∥Pθ∗,t (x, ·) − πθ∗

(·)∥∥1+|x|p ≤ C1
(
1 + |x|p)

e−C2t , (2.9)

for all p > 0, x ∈ R
n and t > 0. Thus, supt>0 Ex,θ∗ [|Xt |p] < ∞ for all p > 0. In addition, if Condi-

tion 2.6 holds, we have that

sup
t>0

Ex,θ∗
[|θt |p

]
< ∞ for all p > 0. (2.10)

For a proof, see Section 4 in the online supplement [2].
Now, we state our first theorem which is important to show that the deviation term �k,γ → 0 as

k → ∞, see (2.2).

Theorem 2.9 (Weak Poisson equation). Let the process X follow (1.1). Suppose that Conditions 2.1
to 2.5 hold. Let f be a centered function (i.e.,

∫
f (x, θ)πθ∗

(dx) = 0 for all θ ) and assume that for
each θ , there exist positive constants Cθ and q , such that |f (x, θ)| ≤ Cθ(1 + |x|q) for all x. Then, the
function

F(x, θ) :=
∫ ∞

0
Ex,θ∗

[
f (Xt , θ)

]
dt (2.11)

is well-defined and satisfies, in a weak sense, the Poisson equation

Ax,θ∗F(x, θ) = −f (x, θ), (2.12)

where Ax,θ∗ is the extended generator of the process X under the probability measure Pθ∗ (see Defini-
tion 2.7).
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Proof. First, we show that the function F(x, θ) is well-defined. Recall that Ex,θ∗ [f (Xt , θ)] =∫
f (y, θ)pt (x, dy; θ∗) and that pt (x, dy; θ∗) is the distribution of Xt under the probability measure

Pθ∗ and X0 = x. Note that

∣∣Ex,θ∗
[
f (Xt , θ)

]∣∣ =
∣∣∣∣
∫

f (y, θ)pt

(
x, dy; θ∗) −

∫
f (y, θ)πθ∗

(dy)

∣∣∣∣
≤ C1

(
1 + |x|q)

e−C2t . (2.13)

Next, we show that the function F is the solution to the Poisson equation in (2.12). It suffices to
show that for all θ , the process F(Xt , θ) + ∫ t

0 f (Xs, θ) ds is an F-martingale under the probability
measure Pθ∗ , as in the definition of the weak solution of the Poisson equation. Thus, we first show that
the first moment of F(Xt , θ) + ∫ t

0 f (Xs, θ) ds is finite for all t .
From (2.11) and (2.13), we have that F(Xt , θ) ≤ (C1/C2)(1 + |Xt |q) and

Eθ∗
[∣∣∣∣

∫ t

0
f (Xs, θ) ds

∣∣∣∣
]

≤
∫ t

0
Eθ∗

[∣∣f (Xs, θ)
∣∣]ds ≤ Cθ

∫ t

0
Eθ∗

[
1 + |Xs |q

]
ds < ∞,

where the last inequality follows because Xt has a finite q-moment, see Lemma 2.8.
Hence, to show that the process F(Xt , θ) + ∫ t

0 f (Xs, θ) ds is an F-martingale, let t ≥ u ≥ 0 and
write

Eθ∗
[
F(Xt , θ) +

∫ t

0
f (Xs, θ) ds |Fu

]

= Eθ∗
[[∫ ∞

0
Ex,θ∗f (Xt+s , θ) ds

]
+

∫ t

0
f (Xs, θ) ds |Fu

]
(Definition in (2.11))

= Eθ∗
[∫ ∞

0
EXt ,θ∗

[
f (Xs+t , θ) | Ft

]
ds +

∫ t

0
f (Xs, θ) ds |Fu

]
(Markov property of X)

=
∫ u

0
f (Xs, θ) ds +EXu,θ∗

[∫ ∞

0
f (Xs+u, θ) ds | Fu

]

=
∫ u

0
f (Xs, θ) ds + F(Xu, θ),

where the second to last equation follows from conditional expectation. �

Remark 2.10. Note that in Theorem 2.9 above, we do not require any assumptions on the existence
or the regularity of the density function of the process X. The regularity of the density function of the
jump-diffusion process is difficult to analyse.

The following lemma is useful in the next subsection; see Section 4 in [2] for a proof.

Lemma 2.11. For any p > 0, there is a positive constant Cp , such that∫
R

(
1 + |x|p)

πθ∗
(dx) ≤ Cp.

In addition, we have that |∇θ ḡ(θ)| ≤ CqK(1+|θ |) and |∇2
θ ḡ(θ)| ≤ CqK , where K is the same positive

constant as that in Condition 2.5.
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2.3. Convergence of the deviation term

In this subsection, we propose a novel method to prove the convergence of the deviation term �k,γ ,
see (2.2) and (2.3). When the process X is a diffusion without jumps, one of the steps to prove the
convergence of the SGDCT estimator is to show that the function

G(x, θ) :=
∫ ∞

0
Ex,θ∗

[∇θg(Xt , θ) − ∇θ ḡ(θ)
]
dt (2.14)

is a classical solution of the Poisson equation (2.12) when f (x, θ) = ∇θg(x, θ)−∇θ ḡ(θ), see Pardoux
and Veretennikov [14]. Thus, in the pure-diffusion case, one can apply Itô’s lemma to the function βtG

to obtain the following decomposition

βτk,γ
G(Xτk,γ

, θτk,γ
) − βτk

G(Xτk
, θτk

) = �k,γ + martingale + Riemann integral,

where the deviation term �k,γ is as in (2.3). With this decomposition, one shows that the deviation
term �k,γ → 0 as k → ∞, by proving that the martingale term, the Riemann integral, and the function
βtG(Xt , θt ) converge to zero as k → ∞.

However, when the process X follows a jump-diffusion, the Poisson equation (2.12) has a non-local
term, and to the best of our knowledge there is no general result to show that the Poisson equation with
a non-local operator admits a classical solution. It is difficult, or perhaps not possible, to show that
the function G in (2.14) is second order differentiable with respect to x when X is a jump-diffusion
process. Several papers in the literature also encounter a similar difficulty. Uehara [21] states that the
properties of the function G are difficult to determine and may require Malliavin calculus to study
the gradient estimation of the function G – the author assumes a stochastic process similar to ours.
Moreover, [22] mention that there is no analogue to the results in Pardoux and Veretennikov [15] when
the process X has a jump component.

Therefore, in our setup we face the problem that the function G is not differentiable with respect
to the variable x because the process X is a jump-diffusion. Hence, we cannot employ the classical
Itô formula on the function G, so below we prove an ‘extended Itô formula’ that we employ in our
analysis. We provide a brief summary of the steps we follow.

First, we show that G is a locally Lipschitz function with the following bound∣∣G(x, θ) − G(y, θ)
∣∣ ≤ C

(
1 + |θ |)|x − y|(1 + |x|q + |y|q)

, (2.15)

where C is a positive real number that does not depend on x, y, θ, q > 0. Then, because G is a weak
solution of a Poisson equation, see (2.12), and because it is twice differentiable with respect to θ , we
show that

βτk,γ
G(Xτk,γ

, θτk,γ
) − βτk

G(Xτk
, θτk

)

= �k,γ + martingale + Riemann integral + covariation, (2.16)

where the covariation term in the equation above is a càdlàg process.
Second, we study the terms in the above equation in the limit k → ∞. We show that the left-hand

side of (2.16) converges to zero and each of the last three terms on the right-hand side of (2.16) also
converges to zero. Therefore, the representation in (2.16) implies that the deviation term �k,γ → 0 as
k → ∞.

Now, we state a lemma and then prove that the function G is locally Lipschitz. The lemma uses the
result that the function Ex,θ∗ [f (Xt , θ)] is locally Lipschitz with respect to x, see Theorem 2.2 in Wang
[23].
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Lemma 2.12. Suppose Conditions 2.1 to 2.5 hold and let C > 0, q > 0. Assume a function f : Rn+d →
R

d satisfies |f (x, θ) − f (y, θ)| ≤ C(1 + |x|q + |y|q)|x − y| for all x, y and t ≥ 0. Then there exist
constants δ ∈ (0,1) and Cδ > 0, such that for all θ ∈R

d the following inequality holds∣∣Ex,θ∗
[
f (Xt , θ)

] −Ey,θ∗
[
f (Xt , θ)

]∣∣
≤

{(
2 + δ−1)e−CδtC

(
1 + |x|q + |y|q)|x − y|, |x − y| ≤ δ,

2δ−1C
(
1 + |x|q + |y|q)|x − y|, |x − y| > δ ,

where the constant C does not depend on f .

For a proof see Section 4 in the online supplement [2].
Next, we show that the function G in (2.14) is locally Lipschitz in the variable x. We employ Con-

ditions 2.1 to 2.6, which are easily checked, to show the dissipativity (stability with respect to ini-
tial condition) of the process X. The main idea of the proof of the proposition below is that for a
small value of t , we use Lemma 2.12 to control the value |Ex,θ∗ [g̃(Xt , θ)] − Ey,θ∗ [g̃(Xt , θ)]|, where
g̃(x, θ) := ∇θg(x, θ) − ∇θ ḡ(θ). And for a large value of t , we use the exponential ergodic property of
the process X. These two results imply the following proposition.

Proposition 2.13. Suppose Conditions 2.1 to 2.5 hold and let q > 0. Then, the function G in (2.14) is
locally Lipschitz with respect to x and it is twice-differentiable with respect to θ . Thus, there exists a
positive constant CG,q , such that∣∣G(x, θ) − G(y, θ)

∣∣ ≤ CG,q

(
1 + |θ |)|x − y|(1 + |x|q + |y|q)

(2.17)

and
2∑

i=1

∣∣∣∣∂iG

∂θi
(x, θ)

∣∣∣∣ ≤ CG,q

(
1 + |x|q)

, (2.18)

for all x, y, θ .

Proof. Let g̃(x, θ) := ∇θg(x, θ) − ∇θ ḡ(θ). Then, due to Condition 2.5, write∣∣g̃(x, θ) − g̃(y, θ)
∣∣ = ∣∣∇θg(x, θ) − ∇θg(y, θ)

∣∣ ≤ K
(
1 + |θ |)|x − y|(1 + |x|q + |y|q)

. (2.19)

Let δ be the same constant as that in Lemma 2.12. Then, for |x − y| ≤ δ, we have

∣∣G(x, θ) − G(y, θ)
∣∣ ≤

∫ ∞

0

∣∣Ex,θ∗
[
g̃(Xt , θ)

] −Ey,θ∗
[
g̃(Xt , θ)

]∣∣dt

≤
∫ ∞

0

(
2 + δ−1)e−CδtK

(
1 + |θ |)(1 + |x|q + |y|q)|x − y|dt

≤ 2 + δ−1

Cδ

K
(
1 + |θ |)(1 + |x|q + |y|q)|x − y|,

(2.20)

where the second inequality follows from Lemma 2.12. Now, consider the case |x − y| ≥ δ and recall
that ∥∥Pt (x, ·) − πθ∗

(·)∥∥1+|x|q ≤ C1
(
1 + |x|q)

e−C2t ,
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from Lemma 2.8. Use the triangle inequality to write∥∥Pt (x, ·) − Pt (y, ·)∥∥1+|x|q ≤ 2C1
(
1 + |x|q + |y|q)

e−C2t .

Therefore, for t0 ≥ (1/C2) log(C1/(C2δ)), we have∫ ∞

t0

∣∣Ex,θ∗
[
g̃(Xt , θ)

] −Ey,θ∗
[
g̃(Xt , θ)

]∣∣dt ≤ K
(
1 + |θ |) ∫ ∞

t0

2C1
(
1 + |x|q + |y|q)

e−C2t dt

= 2K
(
1 + |θ |)(C1/C2)

(
1 + |x|q + |y|q)

e−C2t0

≤ 2K
(
1 + |θ |)(1 + |x|q + |y|q)|x − y|, (2.21)

where the last inequality holds because t0 ≥ (1/C2) log(C1/(C2δ)). From Lemma 2.12, write∫ t0

0

∣∣Ex,θ∗
[
g̃(Xt , θ)

] −Ey,θ∗
[
g̃(Xt , θ)

]∣∣dt

≤ K
(
1 + |θ |)∫ t0

0

2Cδ

δ

(
1 + |x|q + |y|q)|x − y|dt

≤ K
(
1 + |θ |)C̃δ

(
1 + |x|q + |y|q)|x − y|, (2.22)

where C̃δ is a constant. Therefore, (2.17) holds by (2.20), (2.21), (2.22). Note that we can interchange
the differentiation with the integration operator, therefore∣∣∣∣∂iG

∂θi
(x, θ)

∣∣∣∣ ≤
∫ ∞

0

∣∣∣∣Ex,θ∗
[
∂i∇θg

∂θi
(Xt , θ) − ∂i∇θ ḡ

∂θ i
(θ)

]∣∣∣∣dt ≤ Cq

(
1 + |x|q)

, (2.23)

where the last inequality follows from Lemma 2.11. �

In the next lemma, we construct predictable representation processes G̃1 and G̃2 for the process
G(Xt , θ) + ∫ t

0 (∇θg(Xs, θ) − ∇θ ḡ(θ)) ds, which are also measurable with respect to the variable θ .

Lemma 2.14 (Martingale representation ). For each θ , let

Mθ
t := G(Xt , θ) − G(X0, θ) +

∫ t

0

(∇θg(Xs, θ) − ∇θ ḡ(θ)
)
ds,

which is a martingale under Pθ∗ , see Theorem 2.9 above. Then, there exist measurable functions
G̃1(x, θ) and G̃2(x, θ, z) that are continuous with respect to θ , such that

Mθ
t =

∫ t

0
G̃1(Xs, θ) dBs +

∫ t

0

∫
Rr

G̃2(Xs, θ, z)μ̃(ds, dz). (2.24)

Recall that μ̃ is the compensated random measure of the jump component in the process X, see (1.2).
Thus, there exists a constant CM,q > 0 independent of x and θ , such that for all θ ∈ R

d , the following
two inequalities hold: ∣∣G̃1(x, θ)

∣∣ ≤ CM,q

(
1 + |θ |)(1 + |x|q)

and∣∣G̃2(x, θ, z)
∣∣ ≤ CM,q

(
1 + |θ |)|x||z|(1 + |x|q |z|q + |x|q) (2.25)

for all x almost everywhere.
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Proof. First, we show that there exists a Borel measurable function G̃(x, θ) that agrees with the weak
derivative of G in x almost everywhere and that it is continuous with respect to θ . Let

Ĝi(x, θ) := lim sup
h→0

{∇θG(x + hei, θ) − ∇θG(x, θ)

h

}
, (2.26)

where ei is the unit vector (the vector whose ith entry is 1 and 0 elsewhere) and the function Ĝi takes
values in R

d ×R
d , which is a Borel measurable function and agrees with the weak derivative of ∇θG

with respect to x in the ith coordinate almost everywhere. Therefore, we have that∫
φĜi(x, θ) dx = −

∫
φi∇θG(x, θ) dx, (2.27)

for all 1 ≤ i ≤ n and φ ∈ C∞
c (Rn) where φi is the derivative of the ith coordinate of the function φ.

Next, define the function

G̃(x, θ) := G̃(x,0) +
∫ 1

0

[
Ĝ1(x, θt)θ, . . . , Ĝn(x, θt)θ

]
dt,

where G̃ = [G̃1, . . . , G̃n] takes values in R
d ×R

n and

G̃i(x,0) := lim sup
h→0

{
G(x + hei,0) − G(x,0)

h

}
.

Therefore, we have that ∫
φG̃i(x,0) dx = −

∫
φiG(x,0) dx, (2.28)

because the function G̃i(x,0) agrees with the weak derivative of the function G(x,0) almost every-
where. For all θ and φ ∈ C∞

c (Rn), by the definition of G̃ and Fubini’s theorem, write

∫
φG̃k(x, θ) dx =

∫
φ

(
G̃k(x,0) +

∫ 1

0
Ĝk(x, θt)θ dt

)
dx

=
∫

φG̃k(x,0) dx +
∫ ∫ 1

0
φĜk(x, θt)θ dt dx

= −
∫

φkG(x,0) dx +
∫ 1

0

∫
φĜk(x, θt)θ dx dt

= −
∫

φkG(x,0) dx +
∫ 1

0
−

∫
φk∇θG(x, θt)θ dx dt

= −
∫

φkG(x,0) dx −
∫

φk

∫ 1

0
∇θG(x, θt)θ dt dx

= −
∫

φkG(x,0) dx −
∫

φk

(
G(x, θ) − G(x,0)

)
dt dx

= −
∫

φkG(x, θ) dx, (2.29)
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where the third equation follows from (2.28), the fourth equation follows from (2.27). Therefore, from
(2.29), for each θ , the function G̃(x, θ) agrees with the weak derivative in x of the function G(x, θ)

almost everywhere.
The function G̃ is continuous with respect to the variable θ and Borel measurable with respect to x.

Therefore, by the Carathéodory theorem, G̃(x, θ) is a Borel measurable function continuous in θ and
it agrees with the weak derivative of G in x almost everywhere.

Next, we show that

[
G(X,θ),B

]
t
=

∫ t

0
G̃(Xs, θ) d[X,B]s , (2.30)

where [G(X,θ),B] denotes the covariation of the processes G(X,θ) and B .
If the function G is differentiable with respect to x, then it is straightforward to show that (2.30)

holds. However, we need to analyse the function G very carefully because it is only locally Lipschitz.
Let Cloc(R

d) be the space of locally Lipschitz functions and let D be the space of càdlàg processes
equipped with the metric of uniform convergence in probability (u.c.p.) topology. Then the mapping

G(·, θ) �→ [
G(X,θ),B

]
(2.31)

is a continuous mapping from Cloc(R
d) to D by a similar argument to that in the proof of Theorem 3.8

in Errami et al. [6]. Consider Gk = G∗φk where ∗ is the convolution operator and {φk}k≥1 is a sequence
of classical mollifiers converging to the Dirac measure at 0. Then,

[
Gk(X, θ),B

]
t
=

∫ t

0
∇xG

k(Xs, θ) d[X,B]s , (2.32)

because the function Gk is differentiable with respect to x. Moreover, the continuity of the mapping in
(2.31) implies that[

G(X,θ),B
]
t
= lim

k→∞
[
Gk(X, θ),B

]
t

= lim
k→∞

∫ t

0
∇xG

k(Xs, θ) d[X,B]s =
∫ t

0
G̃(Xs, θ) d[X,B]s ,

Pθ∗ almost surely, where the last equation follows from the dominated convergence argument – see
Lemma 4.3 in the online supplement [2] for a proof.

This shows (2.30), so we write

[
G(X,θ),B

]
t
=

∫ t

0
G̃1(Xs, θ) ds, (2.33)

where G̃1(x, θ) := G̃(x, θ)σ (x). Therefore, from the boundedness of the volatility term in the process
X, the function G̃1 satisfies (2.25) for all x almost everywhere by (2.17) and (2.26).

Next, consider the jump part of the process Mθ
t . From the definition of covariation, write[

G(X,θ),Z
]
t
= lim‖Pn‖→0

∑
Pn

(
G(Xti+1 , θ) − G(Xti , θ)

)
(Zti+1 − Zti )

=
∫ t

0

∫
Rr

[
G

(
Xs− + ξ(Xs− , z), θ

) − G(Xs− , θ)
]
μ̃(ds, dz)

=
∫ t

0

∫
Rr

G̃2(Xs− , θ, z)μ̃(ds, dz),
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where Pn is a partition of the interval [0, t] and G̃2(x, θ, z) := G(x + ξ(x, z), θ) − G(x, θ). From
(2.17), write ∣∣G̃2(x, θ, z)

∣∣ = ∣∣G(
x + ξ(x, z), θ

) − G(x, θ)
∣∣

≤ CG,q

(
1 + |θ |)∣∣ξ(x, z)

∣∣(1 + ∣∣x + ξ(x, z)
∣∣q + |x|q)

≤ CM,q

(
1 + |θ |)|x||z|(1 + |x|q |z|q + |x|q)

,

where the last inequality follows from Condition 2.3. �

We note that the existence of the martingale representation of the process Mθ is a result of Theo-
rem 1.1 in Kunita [9].

Now, we show that the difference G(Xt , θt ) − G(X0, θ0) is the sum of a stochastic integral, a Rie-
mann integral, and a covariation term. Our approach is based on Föllmer et al. [7].

Proposition 2.15 (Extended Itô lemma). Suppose Conditions 2.1 to 2.5 hold. Let the function G be
as in (2.14) and let the functions G̃1 and G̃2 be as in Lemma 2.14. The following extended Itô lemma
holds:

G(Xt , θt ) = G(X0, θ0) +
∫ t

0
Ax,θ∗G(Xs, θs) ds +

∫ t

0
G̃1(Xs, θs) dBs

+
∫ t

0

∫
R

G̃2(Xs, θs, z)μ̃(ds, dz) +
∫ t

0
∇θG(Xs, θs) dθs

+
[∫ t

0

1

2
∇2

θ Gk(Xs, θs) d[θ, θ ]s
]d

k=1
+ [∇θG(X, θ), θ

]x
t
, (2.34)

where Gk is a real-valued function for all 1 ≤ k ≤ d , G = [G1, . . . ,Gd ]ᵀ, and the covariation with
respect to x, [∇θG(X, θ), θ ]xt , is defined as

[∇θG(X, θ), θ
]x
t

:= lim‖Pn‖→0

∑
Pn

(∇θG(Xti+1 , θti ) − ∇θG(Xti , θti )
)
(θti+1 − θti ), (2.35)

and recall that Ax,θ∗ is the extended generator of the process X, see (2.12).

Proof. Let {Pn}n≥1 be a sequence of partitions of the interval [0, t], such that the maximal mesh size
of Pn converges to zero as n goes to infinity. For a partition Pn, write

G(Xt , θt ) − G(X0, θ0)

=
∑
Pn

{
G(Xti+1 , θti+1) − G(Xti , θti )

}

=
∑
Pn

{
G(Xti+1 , θti+1) − G(Xti+1 , θti ) + G(Xti+1 , θti ) − G(Xti , θti )

}
. (2.36)

Consider each component on the right-hand of (2.36) individually and because the function G is twice
differentiable with respect to θ , use Taylor’s expansion to write

G(Xti+1 , θti+1) − G(Xti+1 , θti )

= ∇θG(Xti+1 , θti )(θti+1 − θti )
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+
[

1

2
Tr

(
(θti+1 − θti )

ᵀ∇2
θ Gk(Xti+1, θti )(θti+1 − θti )

)]d

k=1
+ R(Xti+1, θti )

= ∇θG(Xti , θti )(θti+1 − θti )

+
[

1

2
Tr

(
(θti+1 − θti )

ᵀ∇2
θ Gk(Xti , θti )(θti+1 − θti )

)]d

k=1

+ (∇θG(Xti+1 , θti ) − ∇θG(Xti , θti )
)
(θti+1 − θti )

+
[

1

2
Tr

(
(θti+1 − θti )

ᵀ(∇2
θ G(Xti+1 , θti ) − ∇2

θ G(Xti , θti )
)
(θti+1 − θti )

)]d

k=1

+ R(Xti+1 , θti ),

where R is the remainder function and the operation Tr[·] denotes the trace of a matrix. Then, by
standard stochastic integration and Riemann integration, the following equations hold:

lim‖Pn‖→0

∑
Pn

∇θG(Xti , θti )(θti+1 − θti ) =
∫ t

0
∇θG(Xs, θs) dθs,

lim‖Pn‖→0

∑
Pn

1

2
Tr

(
(θti+1 − θti )

ᵀ∇2
θ Gk(Xti , θti )(θti+1 − θti )

) =
∫ t

0

1

2
∇2

θ Gk(Xs, θs) d[θ, θ ]s ,
(2.37)

for all 1 ≤ k ≤ d , because ∇θG and ∇2
θ G are continuous with respect to θ . Moreover, we have that

lim‖Pn‖→0

∑
Pn

R(Xti+1 , θti ) = 0 (2.38)

because the remainder function R depends on the third order of the increment of the process θ and the
quadratic variation of the process θ is finite.

The locally Lipschitz property of the function G implies that for all 1 ≤ k ≤ d∣∣∇2
θ Gk(Xti+1 , θti ) − ∇2

θ Gk(Xti , θti )
∣∣

≤ CG,q

(
1 + |Xti+1 |q + |Xti |q

)|Xti+1 − Xti |

≤ 2CG,q

(
1 + sup

0≤s≤t

|Xs |q
)( ∑

ti ,ti+1

|�X| + ∣∣Xc
ti+1

− Xc
ti

∣∣), (2.39)

where Xc is a continuous component of the process X and
∑

ti ,ti+1
|�X| is the sum of all jumps in the

interval [ti , ti+1]. The following sum converges

lim‖Pn‖→0

∑
Pn

(θti+1 − θti )
ᵀ∣∣Xc

ti+1
− Xc

ti

∣∣(θti+1 − θti ) = 0 (2.40)

because the process Xc is continuous and the quadratic variation of the process θ is finite. We denote
by J the sum of the jumps of the process X in [0, T ]. Then, the random variable J is finite with
probability one because ν is a finite measure. Therefore,

lim‖Pn‖→0

∑
Pn

∑
ti ,ti+1

(θti+1 − θti )
ᵀ|�X|(θti+1 − θti ) ≤ J 2 lim‖Pn‖→0

sup
i

|θti+1 − θti |2 = 0. (2.41)
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The last equation holds because the process θ is continuous and its quadratic variation is finite. From
(2.39), (2.40), (2.41), we have that

lim‖Pn‖→0

∑
Pn

1

2
Tr

(
(θti+1 − θti )

ᵀ(∇2
θ Gk(Xti+1 , θti ) − ∇2

θ Gk(Xti , θti )
)
(θti+1 − θti )

) = 0. (2.42)

Next, we show that the covariation term is well-defined. Recall that (see (2.37))

lim‖Pn‖→0

∑
Pn

∇θG(Xti , θti )(θti+1 − θti ) =
∫ t

0
∇θG(Xs, θs) dθs,

with convergence in u.c.p because the processes X and θ are semimartingales and the function
∇θG(x, θ) is continuous, see Protter [16]. In Lemma 4.2 in the online supplement [2], we show that
the coupled process (X, θ) satisfies the time reversal property, so we write

lim‖Pn‖→0

∑
∇θG(Xti+1 , θti )(θti+1 − θti )

= lim‖Pn‖→0

{∑
ti≤t

∇θG(Xt−ti+1 , θt−ti )(θt−ti+1 − θt−ti )

}
◦ R

= lim‖Pn‖→0
−

{ ∑
si=t−ti≤t

∇θG(Xsi , θsi+1)(θsi+1 − θsi )

}
◦ R, (2.43)

where R is the time reversal operator (i.e., Xs ◦ R = Xt−s ). Therefore, it suffices to show that the limit
on the right-hand of (2.43) exists. Consider the sum

∑
si≤t

∇θG(Xsi , θsi+1)(θsi+1 − θsi )

=
∑
si≤t

∇θG(Xsi , θsi )(θsi+1 − θsi )

+
∑
si≤t

[
1

2
Tr

(
(θsi+1 − θsi )

ᵀ∇2
θ Gk(Xsi , θs′

i
)(θsi+1 − θsi )

)]d

k=1
, (2.44)

and note that

lim‖Pn‖→0

∑
Pn

∇θG(Xti+1 , θti )(θti+1 − θti )

is well-defined because the limits of both terms on the right-hand side of (2.44) exist; thus, the covari-
ation with respect to x in (2.35) is well-defined. Therefore,

lim‖Pn‖→0

∑
Pn

(
G(Xti+1 , θti+1) − G(Xti+1 , θti )

)

=
∫ t

0
∇θG(Xs, θs) dθs +

[∫ t

0

1

2
∇2

θ Gk(Xs, θs) d[θ, θ ]s
]d

k=1
+ [∇θG(X, θ), θ

]x
t
, (2.45)
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from (2.35), (2.37), (2.42). Now, consider the second component of the sum on the right-hand side of
(2.36). From Lemma 2.14, the following equation holds:

G(Xti+1 , θti ) − G(Xti , θti ) =
∫ ti+1

ti

Ax,θ∗G(Xs, θti ) ds +
∫ ti+1

ti

G̃1(Xs, θti ) dBs

+
∫ ti+1

ti

∫
R

G̃2(Xs, θti , z)μ̃(ds, dz).

(2.46)

From Lemma 2.14, we have that∣∣G̃1(Xs, θu)
∣∣ ≤ CM,q

(
1 + |θu|

)(
1 + |Xs |q

)
, (2.47)

on dPθ∗ ×dt almost everywhere. The sequence G̃1(Xs, θti ) converges to G̃1(Xs, θs) pointwise because
the function G̃1 is continuous with respect to the variable θ and because the process θs is continuous.
Use Lemma 2.8, the Lebesgue’s dominated convergence theorem for stochastic integration, and (2.47),
to write

lim‖Pn‖→0

∑
Pn

∫ ti+1

ti

G̃1(Xs, θti ) dBs =
∫ t

0
G̃1(Xs, θs) dBs. (2.48)

For the jump part, we use the same argument as that above to obtain (2.48), and write

lim‖Pn‖→0

∑
Pn

∫ ti+1

ti

∫
R

G̃2(Xs, θti , z)μ̃(ds, dz) =
∫ t

0

∫
R

G̃2(Xs, θs, z)μ̃(ds, dz). (2.49)

The last term on the right-hand side of (2.46) is∫ ti+1

ti

Ax,θ∗G(Xs, θti ) ds =
∫ ti+1

ti

(∇θg(Xs, θti ) − ∇θ ḡ(θti )
)
ds.

By the assumptions on the function g, we have that∣∣∇θg(x, θ) − ∇θ ḡ(θ)
∣∣ ≤ C

(
1 + |θ |)(1 + |x|q)

,

for some constants C > 0 and q > 0. Therefore, apply the Lebesgue’s dominated convergence theorem
to the Riemann integral and write

lim‖Pn‖→0

∑
Pn

∫ ti+1

ti

(∇θg(Xs, θti ) − ∇θ ḡ(θti )
)
ds =

∫ t

0

(∇θg(Xs, θs) − ∇θ ḡ(θs)
)
ds

=
∫ t

0
Ax,θ∗G(Xs, θs) ds. (2.50)

From (2.48), (2.49), (2.50), we have

lim‖Pn‖→0

∑
Pn

{
G(Xti+1 , θti ) − G(Xti , θti )

} =
∫ t

0
Ax,θ∗G(Xs, θs) ds +

∫ t

0
G̃1(Xs, θs) dBs

+
∫ t

0

∫
R

G̃2(Xs, θs, z)μ̃(ds, dz). (2.51)

Therefore, (2.45) and (2.51) show that the extended Itô formula in (2.34) holds. �
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If the function G is twice differentiable with respect to x, then the covariation term in (2.35) is a
Riemann integral, and the formula in (2.34) coincides with the classical Itô formula. The function G in
(2.14) satisfies the weak Poisson equation (2.12) because the function ∇θg(x, θ) − ∇θ ḡ(θ) is centered
as required in Theorem 2.9. Then, in the next proposition we apply Proposition 2.13 and the extended
Itô lemma to prove the convergence of the deviation term �k,γ .

Before proceeding, we define the following increasing stopping times. For an arbitrary κ > 0 and
λ = λ(κ) > 0

τ k := inf
{
t > τk−1 : ∣∣∇θ ḡ(θt )

∣∣ ≥ κ
}
,

τ k := sup
{
t > τk : ∣∣∇θ ḡ(θτk

)
∣∣/2 ≤ ∣∣∇θ ḡ(θs)

∣∣ ≤ 2
∣∣∇θ ḡ(θτk

)
∣∣

for all s ∈ [τ k, t] and
∫ t

τ k

βs ds ≤ λ

}
,

where k = 1,2, . . . and σ0 = 0, and we denote τ k,γ = τ k + γ for γ > 0. This sequence of stopping
times quantifies the period of time for which |∇θ ḡ(θ)| is small, see Bertsekas and Tsitsiklis [1].

Proposition 2.16 (Convergence of deviation term). Recall that the deviation term is given by

�k,γ =
∫ τk,γ

τ k

βs

(∇θg(Xs, θs) − ∇θ ḡ(θs)
)
ds.

Assume Conditions 2.1 to 2.6 hold and let X0 = x0. Then, with probability one, we have that

|�k,γ | → 0 as k → ∞.

Proof. The idea of this proof is closely related to the proof of Lemma 3.1 in [17]. Recall that the
function ∇θg(x, θ) − ∇θ ḡ(θ) is centered and that G is a solution to the weak Poisson equation (2.12)
and that it is locally Lipschitz.

Let τ and τ be stopping times, such that τ ≤ τ . First, we show that

βτG(Xτ , θτ ) − βτG(Xτ , θτ )

=
∫ τ

τ

β ′
sG(Xs, θs) ds +

∫ τ

τ

βsAx,θ∗G(Xs, θs) ds +
∫ τ

τ

βsG̃1(Xs, θs) dBs

+
∫ τ

τ

∫
R

βsG̃2(Xs, θs, z)μ̃(ds, dz) +
∫ τ

τ

βs∇θG(Xs, θs) dθs

+
[∫ τ

τ

1

2
βs∇2

θ Gk(Xs, θs) d[θ, θ ]s
]d

k=1
+ [

β∇θG(X, θ), θ
]τ ,x

τ
, (2.52)

where β ′
t is the derivative of βt with respect to t and the quadratic covariation term[

β∇θG(X, θ), θ
]τ ,x

τ
= lim‖Pn‖→0

∑
Pn

(
βti+1∇θG(Xti+1 , θti ) − βti ∇θG(Xti , θti )

)
(θti+1 − θti ). (2.53)

Here, Pn is a partition of the interval [τ , τ ], and (2.53) is well-defined due to the time reversal argument
in Proposition 2.15. Write

βτG(Xτ , θτ )−βτG(Xτ , θτ ) = An
1 + An

2, (2.54)
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where An
1 = ∑

Pn
βti+1(G(Xti+1 , θti+1) − G(Xti , θti )) and An

2 = (βti+1 − βti )G(Xti , θti ). Next, consider

lim
n→∞An

2 = lim
n→∞

∑
Pn

β ′
si+1

(ti+1 − ti )G(Xti , θti ) =
∫ τ

τ

β ′
sG(Xs, θs) ds, (2.55)

where the second equation holds because
∑

Pn
β ′

si+1
1{si+1∈[ti ,ti+1)}G(Xti , θti ) converges to β ′

sG(Xs, θs)

almost surely and by the dominated convergence theorem. Now, consider

lim
n→∞An

1 = lim
n→∞

∑
Pn

βti+1

(
G(Xti+1 , θti+1) − G(Xti , θti )

)

=
∫ τ

τ

βsAx,θ∗G(Xs, θs) ds +
∫ τ

τ

βsG̃1(Xs, θs) dBs +
∫ τ

τ

βs∇θG(Xs, θs) dθs

+
∫ τ

τ

∫
R

βsG̃2(Xs, θs, z)μ̃(ds, dz) +
[∫ τ

τ

1

2
βs∇2

θ Gk(Xs, θs) d[θ, θ ]s
]d

k=1

+ lim
n→∞

∑
Pn

βti+1

([∇θG(X, θ), θ
]x
ti+1

− [∇θG(X, θ), θ
]x
ti

)
, (2.56)

where the second equation follows from Proposition 2.15 and from the dominated convergence theo-
rem.

Next, we must show that

lim
n→∞

∑
Pn

βti+1

([∇θG(X, θ), θ
]x
ti+1

− [∇θG(X, θ), θ
]x
ti

)
(2.57)

is well-defined and it is equal to [β∇θG(X, θ), θ ]τ ,x
τ . From the proof of Proposition 2.15, we have that

βti+1

([∇θG(X, θ), θ
]x
ti+1

− [∇θG(X, θ), θ
]x
ti

)
= βti+1

[∫ ti+1

ti

∇θG(Xs, θs)d
∗,xθs −

∫ ti+1

ti

∇θG(Xs, θs) dθs

]
, (2.58)

where
∫ ti+1
ti

∇θG(Xs, θs)d
∗,xθs := lim

∑
ti<si<ti+1

∇θG(Xsi+1 , θsi )(θsi+1 − θsi ) is a backward integra-
tion. Take the limit n → ∞ on both sides of the equation above and write

lim
n→∞

∑
Pn

βti+1

([∇θG(X, θ), θ
]x
ti+1

− [∇θG(X, θ), θ
]x
ti

)

=
[∫ τ

τ

βs∇θG(Xs, θs)d
∗,xθs −

∫ τ

τ

βs∇θG(Xs, θs) dθs

]

= [
β∇θG(X, θ), θ

]τ ,x

τ
. (2.59)

The first equality follows from (2.58) and the dominated convergence theorem. The second equality
follows from the definition of [β∇θG(X, θ), θ ]τ ,x

τ . Therefore, (2.52) holds and we rewrite the deviation
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term in (2.3) as follows:

�k,γ =
∫ τk,γ

τ k

βsAx,θ∗G(Xs, θs) ds

= βτk,γ G(Xτk,γ
, θτk,γ

) − βτG(Xτ , θτ ) −
∫ τk,γ

τ

β ′
sG(Xs, θs) ds

−
∫ τk,γ

τ

βsG̃1(Xs, θs) dBs −
∫ τ k,γ

τ

∫
R

βsG̃2(Xs, θs, z)μ̃(ds, dz)

−
∫ τk,γ

τ

βs∇θG(Xs, θs) dθs

−
[∫ τ k,γ

τ

1

2
βs∇2

θ Gk(Xs, θs) d[θ, θ ]s
]d

k=1
− [

β∇θG(X, θ), θ
]τk,γ ,x

τ
. (2.60)

Next, we prove the convergence of each term on the right-hand side of (2.60). The expectation
operator under the probability measure Px0,θ

∗ is denoted by E. Let J
(1)
t = βt |G(Xt , θt )|. The inequality

E
[∣∣J (1)

t

∣∣2] ≤ CM,qβ2
t E

[(
1 + |θt |

)2(1 + |Xt |q
)2]

≤ 4CM,qβ2
t E

[(
1 + |θt |2

)(
1 + |Xt |2q

)] ≤ C̃β2
t ,

follows from Proposition 2.13, and because the random variables Xt and θt have finite moments and
because C̃ is a constant that depends on x0. Now, apply the Borel–Cantelli argument as in Lemma 4.1
in [17] to show that J

(1)
t converges to zero with probability one. Next, consider the finite variation term

on the right-hand side of (2.60)

J
(2)
t,0 :=

∫ t

0

∣∣β ′
sG(Xs, θs) + βsLθ,θ∗G(Xs, θs)

∣∣ds,

where Lθ,θ∗ is the infinitesimal generator of the process θ under the probability measure Pθ∗ . The term
J

(2)
t,0 obeys the bound

sup
t>0

E
∣∣J (2)

t,0

∣∣ ≤
∫ ∞

0
C

(∣∣β ′
s

∣∣ + β2
s

)(
1 +E|Xs |2q +E|θs |2

)
ds < ∞,

where the last inequality follows from the properties of the learning rate βt in Condition 2.4, and
because the process X has a bounded 2q-moment and the process θ has a bounded second moment.
Thus, there exists an integrable random variable J

(2)
∞,0, such that

J
(2)
t,0 → J

(2)
∞,0 as t → ∞ with probability one. (2.61)

Next, consider the stochastic integral

J
(3)
t,0 :=

∫ t

0
βsG̃1(Xs, θs) dBs +

∫ t

0

∫
R

βsG̃2(Xs, θs, z)μ̃(ds, dz)

+
∫ t

0
βs∇θG(Xs, θs)∇θ b(Xs, θ)σ (Xs)

−1 dBs.
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The Burkholder–Davis–Gundy (BDG) inequality implies that

E

[
sup

0≤s≤t

∣∣J (3)
s,0

∣∣2
]

≤ C1E

[∫ t

0

∣∣βsG̃1(Xs, θs)
∣∣2

ds +
∫ t

0

∫
R

∣∣βsG̃2(Xs, θs, z)
∣∣2

ν(dz) ds

+
∫ t

0

∣∣βs∇θG(Xs, θs)∇θ b(Xs, θ)σ (Xs)
−1

∣∣2
ds

]
, (2.62)

where C1 is a positive constant. From Lemma 2.14, we have that

∣∣G̃1(Xs, θs)
∣∣ ≤ CM,q

(
1 + |θs |

)(
1 + |Xs |q

)
∣∣G̃2(Xs, θs, z)

∣∣ ≤ CM,q

(
1 + |θs |

)|Xs ||z|
(
1 + |Xs |q |z|q + |Xs |q

)
.

(2.63)

Therefore, use the BDG and the Cauchy–Schwarz inequalities to show that the expectation of the first
and third terms on the right-hand side of (2.62) are both bounded by CK

∫ t

0 β2
s ds because the processes

θs and Xs have finite p-moments for all p > 0. For the remaining term, write

E

[∫ t

0

∫
R

∣∣βsG̃2(Xs, θs, z)
∣∣2

ν(dz) ds

]

≤ C2
M,qE

[∫ t

0

∫
R

β2
s

(
1 + |θs |2

)|Xs |2|z|2
(
1 + |Xs |2q |z|2q + |Xs |2q

)
ν(dz) ds

]

≤ C̃E

[∫ t

0
β2

s

(
1 + |θs |2

)(|Xs |2 + |Xs |2q+2)ds

]

≤ 8C̃E

[∫ t

0
β2

s

(
1 + |θs |4

) + β2
s

(
1 + |Xs |4q+4)ds

]
< Ĉ

∫ t

0
β2

s ds, (2.64)

where C̃ and Ĉ are positive constants that depend on x0. The first inequality in (2.64) results from
Lemma 2.14, the second inequality follows from Condition 2.3, and the last inequality follows because
the processes Xt and θt have finite moments, see Lemma 2.8. Hence, the right-hand side of (2.62)
is finite. Then, by Doob’s martingale convergence theorem, there exists a square integrable random
variable J

(3)
∞,0, such that

J
(3)
t,0 → J

(3)
∞,0 as t → ∞ with probability one. (2.65)

Next, consider the following covariation in the interval [ti , ti+1]
∣∣[β∇θG(X, θ), θ

]ti+1,x

ti

∣∣
≤ lim

‖P̃n‖→0

(∑
P̃n

βsj+1

∣∣∇θG(Xsj+1, θsj ) − ∇θG(Xsj , θsj )
∣∣|θsj+1 − θsj |

+ |βsj − βsj+1 |
∣∣∇θG(Xsj , θsj )

∣∣|θsj+1 − θsj |
)

, (2.66)
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where P̃n is the partition of the interval [ti , ti+1]. Now, consider the second term on the right-hand side
of (2.66)

lim
‖P̃n‖→0

∑
P̃n

|βsj − βsj+1 |
∣∣∇θG(Xsj , θsj )

∣∣|θsj+1 − θsj |

≤ lim
‖P̃n‖→0

∑
P̃n

CG,q |βsj − βsj+1 |
(

1 + sup
ti<s<ti+1

|Xs |q
)

sup
j

|θsj+1 − θsj |

≤ lim
‖P̃n‖→0

CG,q

(
1 + sup

ti<s<ti+1

|Xs |q
)
|βti − βti+1 | sup

j

|θsj+1 − θsj | = 0, (2.67)

where the first inequality follows from (2.18) and the last inequality follows because the process θs is
continuous. Now, consider the term

lim
‖P̃n‖→0

∑
P̃n

βsj+1

∣∣∇θG(Xsj+1, θsj ) − ∇θG(Xsj , θsj )
∣∣|θsj+1 − θsj |

≤ lim
‖P̃n‖→0

∑
ti<sj <ti+1

CG,qβsj+1

(
1 + sup

ti<s<ti+1

|Xs |q
)
|Xsj+1 − Xsj ||θsj+1 − θsj |

≤ CG,qβti

(
1 + sup

ti<s<ti+1

|Xs |q
)∫ ti+1

ti

∣∣d[X,θ]s
∣∣

= CG,qβ2
ti

(
1 + sup

ti<s<ti+1

|Xs |q
)∫ ti+1

ti

∣∣∇θ b(Xs, θs)
∣∣ds, (2.68)

where the first inequality follows from (2.18) and the second inequality follows from the definition of
covariation. Therefore, for t > r , from (2.68), we take the sum and the expectation on the left-hand
side of (2.66) to obtain

E
[∣∣[β∇θG(X, θ), θ

]t,x
r

∣∣]
≤ CG,q

∞∑
i=�r�

β2
i E

[(
1 + sup

i<s<i+1
|Xs |q

)∫ i+1

i

∣∣∇θ b(Xs, θs)
∣∣ds

]

≤ CG,q

∞∑
i=�r�

β2
i E

[(
1 + sup

i<s<i+1
|Xs |2q

)]
E

[∫ i+1

i

∣∣∇θb(Xs, θs)
∣∣2

ds

]

≤ CG,q

∞∑
i=�r�

β2
i

(
1 + √

(1 + i)
)[∫ i+1

i

E
∣∣∇θ b(Xs, θs)

∣∣2
ds

]

≤ CG,q

∞∑
i=�r�

β2
i

(
1 + √

(1 + i)
)
<

C̃√
1 + r

,

where the second inequality follows from the Cauchy –Schwarz inequality, the third inequality follows
from Lemma 4.1 in the online supplement [2], and the last inequality follows from Condition 2.5 on
∇θ b(x, θ) and because E|Xs |2q is finite. The inequality above implies that there exists a finite random
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variable J∞,0, such that ∣∣[β∇θG(X, θ), θ
]t,x

0

∣∣ → J∞,0 as t → ∞ (2.69)

with probability one. From (2.60), we write that

|�k,γ | ≤ J
(1)
τ k,γ

+ J (1)
τ k

+ J
(2)
τ k,γ ,τ k

+ ∣∣J (3)
τ k,γ ,τ k

∣∣ + ∣∣[β∇θG(X, θ), θ
]τ k,γ ,x

τ k

∣∣. (2.70)

From (2.61), (2.65), (2.69), each term on the right-hand side converges to 0 as k → ∞, which implies
that |�k,γ | → 0 as k → ∞. �

2.4. Convergence of jump SGDCT

In this subsection, we prove a sequence of lemmas and show the convergence of the estimator in (1.9)
to a stationary point of the function ḡ; we do so in two steps. First, we analyse the deviation term �k,γ

in (2.3) when k → ∞. In our case, the jump-diffusion process X is Markov, therefore we need to use
the ergodicity of the process X to quantify the deviation term �k,γ via the Poisson equation in (2.12),
see Pardoux and Veretennikov [15]. The technique dates back to Delyon [5] and Metivier and Priouret
[13].

In Proposition 2.16, we showed that the absolute value of the deviation term �k,γ is asymptoti-
cally close to zero. Below, we use a similar argument as that in Proposition 3 in [1] to prove that
limt→∞ |∇θ ḡ(θt )| = 0 almost surely. For a proof of the following two lemmas, see Section 4 in the
online supplement [2].

Lemma 2.17. Suppose Conditions 2.1 to 2.6 hold. Choose a constant λ̃, such that for a given κ > 0
we have 3λ̃ + λ̃/4κ = 1/2L∇ḡ , where L∇ḡ is the Lipschitz constant of ∇ḡ. For k large enough and for
η > 0 small enough, we have∫ τ k,η

τ k

βs ds > λ̃ and λ̃/2 ≤
∫ τk

τ k

βs ds ≤ λ̃.

The following lemma shows that the value of the function ḡ decreases when the value of k is large
enough.

Lemma 2.18. Suppose Conditions 2.1 to 2.6 hold and assume that there are an infinite number of
intervals Ik = [τ k, τ k). Then, there is a fixed constant γ > 0, such that for k large enough, we have

ḡ(θτk
) − ḡ(θτk

) ≤ −γ. (2.71)

Next, we show that the value of ḡ(θτk
) − ḡ(θτk−1) eventually starts to decrease as k → ∞.

Lemma 2.19. Suppose Conditions 2.1 to 2.6 hold and assume that there is an infinite number of
intervals Ik = [τ k, τ k). There is a fixed constant γ1 < γ , such that for k large enough, one has

ḡ(θτk
) − ḡ(θτk−1) ≤ γ1. (2.72)

Proof. See Lemma 3.5 in [17]. �

The next theorem shows the convergence of the SGDCT estimator.
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Theorem 2.20 (Convergence of the gradient). Let the process θt follow (1.9) and assume Conditions
2.1 to 2.6 hold. Then ∣∣∇θ ḡ(θt )

∣∣ → 0 as t → ∞,almost surely.

Proof. Apply Lemmas 2.18 and 2.19 above, and Theorem 2.4 in [17]. �

The crucial part of the proof of the convergence of the SGDCT estimator is the convergence of the
deviation term �k,γ in (2.3), which we proved in Proposition 2.16.

3. Conclusions and future research

In this paper, we showed the convergence of the SGDCT algorithm to estimate the drift parameter of a
jump-diffusion process. Our paper is an extension to the work of Sirignano and Spiliopoulos [17]. We
proposed two estimators: an estimator that uses the raw data, and another that filters the jumps of the
jump-diffusion process before estimating the drift parameter.

Our estimators are desirable because online updates are more computationally efficient than offline
updates. As new observations arrive, the online estimator is updated, while offline algorithms solve a
new optimisation problem to estimate the unknown parameter.

We employed simulations to illustrate the performance of the estimators. We see that when the agent
filters the jumps in the process, the estimator converges quicker than when the agent employs the raw
data (i.e., without filtering jumps).

The SGDCT estimator is well-suited for the recent advances in control theory that focus on adaptive
robust control to obtain strategies robust to model uncertainty, see Bielecki et al. [3]. The adaptive con-
trol framework requires an estimator that is continuously updated with the arrival of new information
and also requires that the coupled process (Xt , θt )t≥0 is Markov. The SGDCT algorithm we developed
here meets both requirements.

The online estimators may be employed in many financial problems where prices, or other observed
variables, follow jump-diffusion processes. For example, in high-frequency trading, many models as-
sume that the midprice follows, over a short-period of time, an OU-type process. A similar application
is in pairs trading, where a linear combination of two or more assets follows an OU-type process, see
Cartea et al. [4]. In both cases, the success of these high-frequency trading strategies relies on being
able to estimate the drift of a process. An important advantage of our estimator is that the estimates
of the drift are quickly updated with the arrival of every innovation in the prices of the assets, so the
strategies can be implemented in real time.

Finally, there are a number of future research directions. For example, one may analyse the statistical
properties of the jump-diffusion SGDCT we presented here. If the function b is convex, one could
follow the same argument as that Sirignano and Spiliopoulos [18] to prove the central limit theorem of
the estimator (1.9). Although most of the proof of this extension would follow from standard results on
the property of jump-diffusion processes, one would still require the proof of the convergence of the
term (2.2). Also, it would be interesting to study the jump-diffusion filtering problem where the agent
partially observes the process.

Supplementary Material

Supplement to “Online drift estimation for jump-diffusion processes” (DOI: 10.3150/20-BEJ1319
SUPP; .pdf). The supplementary material in [2] contains three sections. The first section proposes

https://doi.org/10.3150/20-BEJ1319SUPP
https://doi.org/10.3150/20-BEJ1319SUPP
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an alternative SGDCT estimator that employs the continuous part of the process X to estimate the
unknown parameter θ∗. The second section discusses the performance of the SGDCT estimator. The
last section provides proofs of Lemmas 2.8, 2.11, 2.12, 2.17, 2.18, and additional results and theorems,
and mathematical notation.
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