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Bayesian Nonparametric Estimation under the Manifold

Hypothesis

Paul Rosa

Abstract

Developing methodologies and theoretical understanding of statistical methods at large
scales is a pressing matter given the recent growth in the high volume of data available, both in
terms of sample sizes (large n) and number of predictors (large p). While the first regime leads
mainly to computational issues, the second one also comes with specific statistical questions,
as a consequence of the curse of dimensionality. In this thesis, we investigate how the manifold
hypothesis, the idea that high dimensional predictors often possesses unknown low dimensional
structures, can improve statistical convergence results for Bayesian nonparametric estimation
procedures in this context.

In the introduction of this thesis, we will introduce the mathematical tools used in the
subsequent chapters to tackle the aforementioned questions. We begin by reviewing in Sec-
tion basic concepts of differential and Riemannian geometry, focusing on submanifolds of
Euclidean spaces. We will then in Section present fundamental results of spectral theory
of compact submanifolds and finite graphs, and show how random graphs can provide mean-
ingful approximations of unknown submanifolds. The proof techniques specific to Bayesian
nonparametric statistics will be presented in Section [1.3] where we will focus on the existing
methods to derive posterior contraction rates. We will then review in Section [I.4] the state of
knowledge related to the questions in nonparametric estimation theory studied in Chapters
Bl & [l

As an integrated thesis, Chapters [2][3] & [4] contain published or unpublished but submitted
research papers. In Chapters [2] & [3| we will be investigating the problem of nonparametric
regression with covariates supported on unknown submanifolds, where we will obtain poste-

rior contraction rates depending only on the intrinsic dimensionality of the data for a class



of methodologies where limited results were previously known. We will then be focusing on
the problem of density estimation for probability distributions supported near unknown sub-
manifolds, by designing a new class of nonparametric Gaussian mixture models and deriving
corresponding posterior contraction rates, together with the implementations of the methods.

Finally, Chapter [5] ends with a discussion.
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Chapter 1

Introduction

From the frequentist point of view, the goal of inferential statistics is to deduce information
about a parameter fy (an element of a measurable space (F,B)) based only on observations
Y™ (element of a measurable space (y<n),,4<“>) distributed according to some probability
distribution P}:). Here n represents an amount of “information” that is available based
on Y", which is typically a sample size (as in density estimation or regression) but can be
something else such as the noise precision in the white noise model, see e.g. Giné & Nickl
[56]. In the context of nonparametric estimation theory the parameter set F is a subset of a
high (i.e. whose dimension increases with n) or infinite dimensional vector space, and we are

interested in producing either

e estimators f , i.e. measurable maps f Y F

e or Bayesian procedures, i.e. posterior distributions II [|Y"] defined as the conditional
distributions of the parameter f € F given the observations Y” in the joint prior model

f ~TLY"|f ~ P\, for some probability distribution IT on F.

Notice that the posterior distribution is not necessarily well defined without further assump-
tions on the measurable spaces and the prior distribution. Sufficient conditions are discussed
in [55], Chapter 1 and we recall them in Section

In this thesis, we will be focusing on Bayesian procedures (at the exception of our result

regarding the PCR-LE estimator in [92], Chapter [3)) and analysing their performances from



the frequentist point of view, which can be referred to as the “frequentist Bayes” paradigm,
see Rousseau [94], Castillo [24] or Ghosal & Van der Vaart [55]. As for the Cramer-Rao lower
bound in the parametric case, fundamental limitations to the performances of statistical esti-
mations exist in the nonparametric setting, and can typically be formulated in the minimax
framework, which we now introduce. Let us suppose that we are interested in estimating an
element fy of some set B C F : typically (F, ||-||) is a normed function space and B is a ball
centered at 0 (whose radius may be unknown). In essence this means that we are making
a smoothness assumption on fp; and often the subset B is a Holder, Sobolev or Besov ball.

Then it is possible to show lower bounds of the type

3C >0, ir}f ?EEEY”NP}M [,0 (f, f)] > Cep

for various distances (or semi distances) p over the space of probability distributions on Y
and some sequence &, of positive real numbers. Here the infimum is taken over all possible
estimators f . In other words, for any estimator f there will always exist an element f in the
set B such that Eanp;m {p <f - f)} > Cey,. If it exists, an estimator f achieving the lower

bound (perhaps up to a constant), i.e. satisfying

SUp .y pio o (f.1)] < e

for some C" > C'is then called minimax optimal (or just minimax) over the set B, and the
sequence &, is called the minimax rate. It is often the case to encounter estimators f that are

minimax up to a logarithmic factor, i.e. such that for some C’,x > 0

feb B p [p (f , f)] < C'(Inn)"en

From the asymptotic point of view the extra (Inn)" factor is often considered negligible, and
the estimator is called near minimax optimal. We refer to [I10] for an introduction to the

theory of minimax estimation.



When the parameter of interest fp is contained in a collection of the form |J,., By and
A is unknown (a typical situation when A is a smoothness parameter and By C F, is a ball
in a normed function space Fy), then it is often possible to design so called (near) minimax

adaptive estimators, that is estimators f satisfying

b0 (1) <

where for €,(\) the minimax rate of By we have v,(\) = &,()\)In“* n, for some constant
C,cy > 0.

Goldenslugher and Lepski [59] have investigated the problem of adaptive minimax esti-
mation of a density on R”, D > 1 based on an 4.i.d. sample of size n > 1. Under the
L'—loss p(f,g) = Jgo |f — g, with the smoothness spaces Fy being the anisotropic Besov
spaces BEOOO (RD) , Be (0, oo)D and choosing balls in BEOOO (RD) together with a tail con-
dition as models for B), they show that the minimax rate for the corresponding class is lower
bounded by a multiple of (n/In n)_w%, where g1 = % Z?Zl ﬁ;l is the harmonic mean
of the smoothness along the coordinates axis B}s. Moreover, they construct an estimator f
achieving this lower bound adaptively, in the sense that the estimator does not require the pre-
liminary knowledge of 8. A similar behaviour arises in the nonparametric regression problem
on [0,1]”, where one observes Y; = fo (X;) + ¢; for some S—Hélder function fp : [0,1]” = R
and (possibly random covariates) X; € [0,1]7, see Tsybakov [I10] and the references therein.
In both cases, although it may introduce additional In n factors, considering adaptive estima-
tors is not responsible for the exponent 25% as it is already the one appearing in the non
adaptive lower bounds for the rates.

Even if for a given statistical problem the minimax rates can exhibit very different be-
haviour depending on the semi metric p and the parameter classes F), a general and intuitive

rule of thumb is always satisfied : the minimax rates (adaptive or not)
1. get smaller when the regularity of the functional parameter increases,

2. get larger when the dimension of the input space increases.

10



The second item is an instance of the so-called curse of dimensionality, the idea that
statistical problems grow in complexity with the dimension of the data space. In the setting
of minimax estimation, it is characterised by an exponential dependence of the minimax rates
in the dimension of the input space. For instance, if we want to estimate a C' function over
[0, l]D in the nonparametric regression problem then, according to Stone [I03] and under
technical assumptions the corresponding minimax rate over a Lipschitz ball (for instance with
respect to the L?—norm) is n”~ D% : in order to maintain an error O(e), we need n to be

at least of the order of ¢~ (P+2)

. This exponential dependence of the required sample size in
the dimension D of the input space is prohibitive and cannot be tempered without further
assumptions.

In the Bayesian framework, if the prior and the likelihood are conjugate, it is possible to

derive rates e, satisfying

/ / o(F, o)L [df Y] P (™) < Ce, (L1)

or

n—oo

E,._oTl[p(/, fo) > Cenl¥"] = / / M dfy™) PO (@Y™ —— 0 (1.2)
fo p(f7f0)>05n

by using the explicit form of the posterior distribution (see for instance Section 1.7 in Castillo
[24] for the example of Gaussian priors in the white noise model). Such estimates are called
posterior contraction rates, in expectation [1.1| or probability In non-conjugate situations
this is much more challenging, and alternative arguments must be used. This is the object
of the prior mass and testing approach, popularised notably by Ghosal, Ghosh & Van
der Vaart [52] and Ghosal & Van der Vaart [53], which by Baye’s formula allows to derive
posterior contraction rates using only assumptions on P}:), the semi metric p and the prior

IT and that we will present in Section [1.3
We present the necessary geometry and functional analysis background in Sections

11



& In Section we introduce the idea of the manifold hypothesis (a framework
allowing to reduce the influence of the curse of dimensionality in the presence of implicit
low-dimensional structures in the data) and the associated relevant and recent literature and
a brief summary of our contributions. Chapters & [4 contain a detailed account of our
contributions (in the form of two published papers and a submitted one). Chapter [5 ends

with a discussion.

1.1 Elements of differential geometry of submanifolds

In this section we give a brief introduction to differential and Riemannian geometry. We focus
on submanifolds of R” as our work in Chapters @ & 4| does not involve general, non-embedded
manifolds. Section covers basic definitions of manifold and tangent spaces while Section

introduces some concepts of Riemannian geometry, following Robbin & Salamon [90].

1.1.1 Submanifolds

In this section, we introduce the notion of submanifolds and tangent spaces that we will use
in Chapters and [4 From now on, unless stated otherwise the term “smooth” refers to
infinitely differentiable functions and “diffeomorphism” refers to bijective smooth maps whose
inverse is also smooth.

Roughly speaking, a subset M of RP, D > 1 is a d—dimensional submanifold if it locally

“looks like” R%. This can be formalised as follows:

Definition 1. Submanifolds of RY, [90] Definition 2.1.3

A subset M of RP is called a d—dimensional submanifold if for any p € M there exists an
open neighbourhood U of p in RP and a diffeomorphism ¢ : UNM — Q = o (UNM) C R?
(see Remark below). The diffeomorphism ¢ is called a coordinate chart and its inverse

P = <,0_1 Q= UNM a local parametrisation of U N M.

remark 1. In Definition |1, we say that a map ¢ : X C RP — Y c R? is smooth (resp.

CF, differentiable) if for any point p € X we can find an open neighbourhood U of p in RP

12



and a smooth (resp. CF, differentiable) map F : U — R? such that Fx = ¢. We say
that ¢ : X — Y is a diffeomorphism (resp. CF—diffeomorphism) if it is bijective and both

©: X =Y and o7 : Y — X are smooth (resp. C¥).

An atlas of M will then be a family (Uj,goj)je ; of coordinate charts with associated
neighbourhoods satisfying M = U;¢Uj.

We will always implicitely equip submanifolds of R? with the induced subset topology so
that the set U N M of Definition || is a generic open neighbourhood of p € M. It turns out

that submanifolds of R” can be described equivalently in various ways :

Theorem 1. Equivalent descriptions of submanifolds, [90] Theorem 2.1.10

Let M C RP and py € M. Then the following are equivalent :

i) There exists an open neighbourhood Uy of pg € M and a diffeomorphism o : Uy —

Qo C R where Qq is open

ii) There exists open sets U, of RP and a diffeomorphism ¢ : U — Q such that py € U

and

e(UNM)=0Qn (Rd X {O}D—d)

iii) There exists an open set U C RP and a smooth map f : U — RP~? such that py € U,

the differential df, : RP — RP=4 is surjective for any p € UNM and
UvnM = ({0171) = fpe U f(p) = 0}
Moreover if i) holds then the diffeomorphism ¢ in ii) can be chosen such that

¢(p) = (po(p),0) .

remark 2. Theorem is stated for smooth (i.e. infinitely differentiable) coordinates charts
wo, “lifting” maps @ or constraints f. Its proof relies mainly on the inverse function theorem

which also allows for non infinitely differentiable functions. Thus, the statement of Theorem

13



still holds if the smoothness property is replaced more generally by a CF—assumption on the

diffeomorphisms and smooth maps, 1 < k < 4o00.

As we can see from Theorem |1} a submanifold M C R” initially described by coordinate
charts in Definition [1| can also be described “lifting” maps (item 7)) or by an equation (item
iii)), but this only holds locally.

We now define the tangent and normal spaces. From now on, for a curve y: t € [ —

defined on an interval I C R, we write 4, (resp. %;) for its first (resp. second) derivative at t.

Definition 2. Tangent & normal spaces

v € RP is said to be tangent to the submanifold M C RP at p € M if there exists a smooth
curve y : R — M such that 0 = v and o = p. The set T,M of such v's is called the tangent
space of M at p. The orthogonal complement (Tp/\/l)L ={ueR”: (up)=0 YveTM}

of T,M in R is called the normal space of M at p.

By definition, normal spaces are linear subspaces of R”. However regarding the tangent
spaces Definition |2| only defines a set T, M C RP which has no guarantee a priori to be an
affine or linear subspace of RP. Fortunately, given our definition of submanifolds 1| and their
equivalent characterisations (1| we can actually describe the tangent space T}, M at p as a linear
subspace of R”, thus justifying the terminology. From now on, for any differentiable map
¢ : U — V between subsets of U,V of RP* RP2,  p € RP' and linear map A : RP1 — RP2
we write dip, for the differential of ¢ at p and ker (4) = A~ ({0}) (resp. Im (A) = A (RP1))

for the kernel of A (resp. its range).

Theorem 2. Description of the tangent spaces

Let M C RP be a submanifold of dimension d and p € M. Then the following holds :

i) If Uy C M is open, p € Uy and o : Uy — Qo is a diffeomorphism onto an open subset

Qo C RY, then with xo = o(p), Yo = apgl : Qo — Uy we have

TpyM = Im (dipy,)

14



i) Let U,Q C RP be open sets and ¢ : U — Q be a diffeomorphism such that p € U and
e(UNM)=0n (Rd X {O}D_d>. Then we have

T,M = dpy! (Rd X {o}D—d)

ii) Let U C RP be an open neighbourhood of p and f : U — RP~% be a smooth map such
that 0 € RP=4 is a reqular value of f and UNM = f~1({0}). Then

TyM = ker df,

iv) TpM is a linear subspace of RP.

remark 3. Regarding item iii) : a regular value of a differentiable map f : U — RP~? is an

element ¢ of RP~% such that dfy : RP — RP~4 js surjective whenever f(p) = c.

remark 4. Theorem @ implies that the tangent spaces TyM,p € M are all d— dimensional
linear subspaces of RP. Thus we do not necessarily have p € T,M; a tangent subspace that

intersects M at p has to be affine in general and is described by p+TyM = {z +y:y € T,M}.

remark 5. If M C RP is a d—dimensional submanifold and p € M is such that the projection
from T,M to R% x {O}D_d is invertible then there exists an open set Q C R% and a smooth map
h:Q — RP=4 such that the set {(x,h(x)) : x € Q} C RP is actually an open neighbourhood
of p in M. Of course the projection is in general not guaranteed to be invertible, but we can
always find an orthogonal transformation O of RP, an open neighbourhood Uy C R of O - p

and a smooth map h : Uy — RY such that the set
{0_1 (z,h(z) sz € Up}

s an open neighbourhood of p in M. This shows that we can always describe locally a sub-

manifold M at a point p € M as the graph of a function defined on an open set of R* ~ T,M.

With the concept of tangent space at hand we can now introduce the notion of basis vec-

15



tors : given a d—dimensional submanifold M C RP, a point p € M, an open neighbourhood
U of p in R and a coordinate chart ¢ : U N M — Q C R? with inverse 1, we define the

coordinate basis vectors at p as the elements

d oY
;= — te;) = 1<i<d
= P ) = 5 1<is
of T, M, where ¢; = (0,...,0,1,0,...,0) are the canonical basis vectors of R?. Since ¢ is a

diffeomorphism the vectors (80?21 are linearly independent and form a basis of the tangent
space 1, M. These basis vectors are a natural generalisation of the standard basis of R? to
submanifolds once a set of local coordinates has been chosen.

As we have seen in this section, a submanifold M C RP can be described locally by
d—dimensional coordinates. However not all coordinate systems are made equal : even in one
dimension the circle

St={(z,y) eR*: 2* +y* =1}

can be described around py = (1,0) by the vector e, = {cos () ,sin (o)}, a € I = [—7/2,7/2].
But if t € I — «t) € I is a smooth increasing map from I to itself with a(—7/2) =
—7m/2,a(n/2) = /2 then €] = e, is also a valid parametrisation of S' around zg even
though it can heavily distort distances when «(t) is nonlinear. As we will see in the next
section, we can always find well behaved (in some sense) parametrisations of a submanifold

M around each of its point, but for this we will first need to define the concept of geodesics.

1.1.2 Riemannian structure of submanifolds

Intuitively, a differentiable curve v : R — M should be “straight” if a “bug” living on M and

sitting at 4 should not perceive any change of direction of the vector 4;. For instance, if
M=5%={(z,y,2) eR*: 2% +y* + 22 =1}

and

¢ = (cos(t) cos(a),sin(t) cos(a),sin(a)), « €] —m/2,7/2],

16



then

A = cos(a) (—sin(t), cos(t),0), 4 = — cos(a) (cos(t),sin(t),0).

Thus the acceleration vector 4; is never equal to 0. But from the perspective of the bug living
on M and sitting at 4, only the tangential component of #; is perceived. The latter is equal
to

((cos®(ar) — 1) cos(a) cos(t), (cos? () — 1) cos(a) sin(t), cos®(a) sin(cv) )

and is therefore zero if and only if & = 0 : this explains the intuition that the “straight lines”
of M should be the great circles.

In general for a submanifold M C RP and a curve 74 on M we define Vs, Y as the
orthogonal projection of 4; onto T,,M. Vs, ¥ is called the covariant derivative of ¥
along the curve 7;. We say that a curve v is a geodesic if and only if V44 = 0 : this is a
natural generalisation of the concept of straight lines to submanifolds. Notice that geodesics

automatically have constant velocity :

—l3el® =200l = 203 Vi) = 2(3[0) = 0.
%GT%M

It is interesting to write out the equation V4% = 0 in local coordinates; and for this we need
to introduce the metric tensor. If M is a d—dimensional submanifold of R” and p € M we

can define an inner product structure on 7, M by restriction of the ambient one :
Vu,v € TyM,  (u|v)r,pm = (ulv)gp

where (-|-)gp is the Euclidean inner product in R”. From now on unless otherwise stated (|-)
will refer to the inner product in R”, and thus on the tangent spaces by restriction.
We define the metric tensor in coordinates x = ¢(p) (where ¢ is a diffeomorphism onto a

subset of RY) as the Gram matrix of size d x d with components
9ij(x) = (9119;), 1<i,5<d

17



where the basis vectors are implicitely computed at p. We will write ¢”/ for the components of
the matrix inverse of the metric tensor. With these definitions at hand we can now describe

the geodesics explicitely.

Proposition 2.1. Geodesic equation
If © = @(p) are local coordinates then a curve v : R — M is a geodesic if and only if it
satisfies the equation

#F+TE (v dfi] =0, k=1,....d (1.3)

where (&t (Aif resp. (Zy d: are the coordinates of &; (resp. I+) and
t)i=1 i=1

k 1 m(0, 0 9 \_ w P
Pij(mt)_QZl:g 8xigla+@g”_@g” _zl:g <6 Qoky J| -

1

Proof. If 2° = ¢'(p) are local coordinates then with 1) = =1 we have v, = (z;) and

: . O
"= th@ (@) ,

which implies

Ay = th pp (z¢) + thfcg S 00 (z¢) -
i 4,J

Thus 7 is a geodesic if and only if (5|0;) = <ﬁt|%> =0foranyl=1,...,d, i.e. if and only if

ngzl-i-z:r:rj zaxa’l> 0, I=1,....d

Mutiplying each side by ¢g* (the inverse of the metric tensor) and summing over [ = 1,...,d

we see that this is equivalent to

kl _ _
1:+Zx$]Zg Oxzé?xﬁ 0)) =0, k=1,...,d

18



Finally, noticing that

0
%glj + @gil — @9@'

= (T o) + Oy + (10 + (o
2 2
o 10) — (Ol )
2
- 2<8§i3¢1‘j 160)
gives the result. O

The quantities Ffj are called Christoffel symbols of the second kind. They depend
both on the submanifold M and the chosen coordinate system z'; for instance if M is a
2—dimensional linear subspace and x’ are Cartesian coordinates then Ffj = 0, but this is no

longer true in polar coordinates y = (r,6). Indeed, in these coordinates we have

and therefore

1 0 0 0 10
P%Q = 59” Z {8y29l2 + 8?/292[ - 8ylg22} = —557“2 =—r#0.
!

Geodesics however do not depend on the chosen chart : if Equation [1.3] is satisfied in a
coordinate system then it automatically holds in any other one, simply because Equation
is equivalent to V5% = 0, which did not require the construction of a coordinate system in
the first place. In this sense, geodesics are an invariant notion.

The geodesic equation is a system of non linear ordinary differential equations, thus the
existence of a maximal solution to the Cauchy problem defined by with initial conditions
Yo =p € M,% =v € T,M is only guaranteed locally in general (that is, on some interval
| — 0,0[ where § > 0 that depends on p). For some initial conditions 79 = p € M,y = v €

T,M, let I, , be the maximal interval of existence of a solution to the geodesic equation

19



and V), the subset of the tangent space defined as
Vo={vel,M:1e1,,}.

In other words, I, is the set of initial velocities v for which we can shoot a geodesic
satisfying v9 = p, o = v that still exists up to time 1. The exponential map at p is then
defined by

Vv eV, exp,(v)=m

(this is unambiguous as two geodesics with the same initial conditions must coincide by
standard ODE theory) and the injectivity radius (at p) inj,(p) as the supremum of the
7 > 0 such that B,(p) := {v € TpM : |[v|| <r} CV, and that exp, : B;(p) — exp, (Br(p)) is
a diffeomorphism. In [90] Sections 4.3 & 7.2 is it shown that inj,, depends continuously on p

and is positive at each p, so that in particular the global injectivity radius
inj s := inf inj
ip= inf injr(p)

is always positive for compact submanifolds. The exponential map at p € M allows us to

define a set of local coordinates w

W = GXP;1 (@) € TyM, qc Binj v (0) (p),

which are called geodesic normal coordinates (or simply normal coordinates) at p. Since
w is an element of 7, M, these coordinates do not define a coordinate chart per se in the
sense of Definition [l However w can be lifted back to R? via a choice of orthonormal basis of
T, M yielding an inverse coordinate chart exp,, : Bga (0, inj4(p)) — M, and we can therefore
define the metric tensor components g;;. It turns out that the Riemannian structure in normal
coordinates (with an orthonormal choice of basis) is remarkably simplified : M looks like a

Fuclidean space up to the second order when seen through Riemannian normal coordinates.

Proposition 2.2. Let M C RP be a d—dimensional submanifold, p € M and w = (wi)le a
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system of normal coordinates at p (with an orthonormal choice of basis on T,M). Then
i) The Christoffel symbols satisfy Ffj (0) =0,
i) The components of the metric tensor satisfy g;j(w) = 0;; + O <HwH2>

Proof. For any w € R? let w; be the curve with coordinates wi =tw'i=1,...,d. Then w is

a geodesic passing through p at 0 with initial velocity w.

i) Since &y = 0 the geodesic equation (where here ¢! = exp,) implies
VE=1,....d Y INw)ww =0
In particular for ¢t = 0 we get

VweR?, Vk=1,...,d, Y TH(0ww =0

Since I‘fj(O) is symmetric in its lower indices, this implies that Ffj (0) =0.
ii) The time derivative at ¢ = 0 of the components g;; is equal to

d ,0exp, dexp,,
§< " ()] o ()
expp 3expp dexp,, 826)pr

(we)w')

But since by i) we have

0%exp, Oexp
1k _ ki p P
0="15 Z <8x18x3 | Ox! )

and since g% is invertible this implies in particular

0 Oexp Jexp
o1l g @l (@) =0

The result follows now by a Taylor expansion.
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Geodesic normal coordinates are therefore an interesting choice of coordinates as they do
not introduce distortion in the metric tensor up to the second order in |w||. Sometimes other
parametrisations can be preferred for regularity issues (see e.g. [39] or [2]), but in general the
nice properties of the exponential map make it easier to work with.

Proposition shows that for any p € M and in normal coordinates, the quantity

Jp(w) = Vl]g(w)|

(square root of the determinant of the metric tensor) satisfies J,(w) =1+ O (Hw||2) This
is extremely useful in computations involving integration on submanifolds, as we shall see
in Chapter Indeed, it turns out that a construction of an integration theory mirroring
the one of Euclidean spaces exist on Riemannian manifolds, and J can be seen to be the
density in local coordinates of the analog u of the Lebesgue measure in this context, called
the Riemannian volume element. In particular if U € M is open, ¢ : U — R% is a
coordinate chart (not necessarily normal) then for any smooth f : M — R with support in

U, the integral of f with respect to p is defined as

/ fp = / (f 061 (@) v/Ig(@)]dew
o(U)

This definition is easily seen to be independent of the chart . If f is not supported in a
single chart, then a partition of the unity (see e.g. [90] Section 2.9.2) must be used in
order to “glue” the charts together. Formally, a partition of the unity (Xj)je ; subordinated
to a family of coordinate charts (gpj)jel,goj- U, N M = RY M = UjeUj is a family of
smooth functions x; : M — [0,1] satisfying supp (x;) C Uj and 3_;c; x; = 1 (we can always
assume that the sum is locally finite by paracompactness of M, see [90] Section 2.9). We refer
to [63] for more details about integration on Riemannian manifolds.

The concept of geodesics is also related to the one of geodesic distance, which is intu-

itively the length of a shortest path connecting two point on a given submanifold. For a curve
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~v: I — M over an open interval I = [a,b] C R, —00 < a < b < +o0, we define its length L(7)

as

b
Liy) = / ell dt

The concept of length of curves then leads to a well defined metric space structure on M :

Proposition 2.3. [90] Lemma 4.2.3
Let €, 4 is the set of smooth curves v : [0,1] — M satisfying vo = p,v1 = q. Then the

bivariate function d

d: (p,q) = d(p,q) = inf L(v)
P,q
defines a metric on M called the geodesic distance.

remark 6. By the triangle inequality, for any p,q € M and curve v € Q,, we have

s =[ 1z 4

Thus the geodesic distance is always greater than the Euclidean distance. The inequality

’:Hp—qw

cannot be reversed in general but Lemma 3 in [18] shows that if

B 1
sup.. ¢ [l

(where the supremum is over every possible geodesic on M and time t), then for any geodesic

m M from p to q with length less than or equal to mrg we have

2rosin (L(v)/2r0) < [lp — qll < L(v)

It turns out that the geodesics are related with the geodesic distance (hence the name),
however the link is subtle. Indeed for instance on the circle S = {z € R?: ||z|| = 1} if we

consider zp = (1,0) and =1 = {cos () ,sin ()} for a small a > 0, then the curve
vt = (cos (ta) ,sin (ta)), t € [0,1]
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has length « (which implies in particular that d(zg,z1) < «), while the curve
vt = (cos(—t (2 — ), sin (=t (27 — «0))), t€[0,1]

can be seen to be a geodesic with length 27 — a > a > d(zg,z1). This implies that in
general geodesics are not automatically length minimising. However, for any point p and
close enough point ¢ there always exist a unique length minimising curve from p to ¢ (up to

time reparametrisation), and it is given by a geodesic.

Theorem 3. Ezistence of minimal geodesics, [90] Theorem 4.4.4
If M C RP is a submanifold, p € M, 0 < r < inj\4(p) and v € B, (p) = {u € Ty,M : ||lu|| < r}

then

d(p,q) = ||[v|| where ¢ = exp,(v).

Moreover a curve v € Q4 has length d(p, q) if and only if there exists a smooth 3 : [0,1] —
[0,1] such that 3(0) =0, B(1)=1, B>0 and~; = exp, (B(t)v), 0<t<1.

We finish this section by introducing the reach of a submanifold. For a subset K C R,

we define its distance function as d (a, K) = inf,ck ||a — p||,a € RP.

Definition 3. Reach
For M a submanifold of RP define the medial azis of M

Med (M) ={aeR”:3p#qeM, |a—pl|=la—q|=d(aM)}
Then the reach T of M is defined by

7= inf d(p,Med(M))

Thus, for any closed submanifold M and point a at distance strictly less than 7 from
M, the minimiser p* of p — d(p,a) over M exists (since M is closed) and is unique (since

d(a, M) < 7). Since for any smooth curve -, satisfying 79 = p* we must have (yo|p* —a) =0
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because 0 is a minimum of t — ||y — a 2 , this shows that p* — a € N,~M. This suggests
D

that the tubular neighbourhood
M :={aeRP:d(a, M) <7}

can be parametrised locally by p* € M and the normal displacement a — p* € Ny« M. This is
true by combining Proposition 2.14 in [72] with the construction of Fermi coordinates of
[97] (Definition 10.1.3; after remarking that their assumptions are fulfilled when one assumes
7 > 0, thanks to Proposition 6.1 in [82] and the fact that inj,, > 77, as explained in the proof
of Lemma A.1 in [2]). We will use Fermi coordinates in Chapter 4] with a precise control
on the derivatives of the maps involved. More generally, a lower bound on the reach is often
necessary in order to estimate either geometric properties of M or functions defined on it in
statistical contexts (see for instance [16] for an impossibility result in density estimation or
[2] for one in tangent space and extrinsic curvature estimation).

This concludes our introduction to the geometry of submanifolds of R”. We have not tried
to be exhaustive, but only to provide the reader with the necessary preliminary background
that will be used subsequently in Chapters & 4l In particular we have not introduced the
second fundamental form or the general concept of linear connection and covariant derivative,
which are essential in differential geometry even beyond the Riemannian setting. Furthermore,
we have purposefully avoided to present general manifolds (i.e. well behaved topological spaces
which locally look like R? while not being embedded in R”, D > d) as our work in Chapters
& |l only focuses on submanifolds of RP. General non embedded manifolds are fundamental
to numerous areas of mathematics and physics, and all of the results presented above in
Sections & (at the exception of the reach and the normal spaces, although these
can be defined for submanifolds of general manifolds) can be generalised to them with a more
abstract construction of the tangent spaces. In particular the geodesics equation [I.3] can be
generalised by defining the Christoffel symbols using only the derivatives of the metric tensor,
yielding the so-called Levi-Civita connection. We refer the reader to [90, [72], [48], [63] or [97]

for a more thorough introduction to manifolds.
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1.2 Sobolev spaces and heat diffusion

In this section we introduce the necessary spectral theory background that we will use in
Chapters[2] & [3] in particular the theory of heat diffusion and the construction of heat kernels.
The content presented in Section focuses on the case of compact manifolds and will be
used in Chapter Section also presents the basic properties of the heat kernel on
compact manifolds, which provides intuition regarding the content of Section [I.2.2] where the
spectral theory of finite graphs is studied. Finally, Section ends with heuristic arguments
which allow to view random geometric graphs as approximations of submanifolds; this point

of view will crucially be used in Chapter [3]

1.2.1 Compact submanifolds

Let M C RP be a submanifold as defined in Section We are going to describe the
generalisations of the gradient and Laplacian operators of classical multivariate calculus to
spaces of functions over M, as well as subsequent functional analytic properties. We start by

defining the concept of differential of functions on manifolds.

Definition 4. Differential

If M C RP be a submanifold of RP, U C RP open, ¢ : UNM — R? a coordinate chart in the
sense of Deﬁm’tz’on and f : M — R differentiable (see Remark. We define the differential
of f at p e UNM as the linear map dfy, : T, M — R defined by

d
Yo e M,  dfpv = —

dtt—>0f (7¢)

where v, is any differentiable curve in M satisfying vo = p, Y9 = v.

remark 7. Using the chain rule, Definition [ is easily seen to be independent of the choice

of the curve v. Moreover using the coordinate basis vectors O; of the chart ¢ we have

(fov)

dfp‘al = 8?[3[ (%),
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where © = p(p).

Definition 4] thus extends the usual concept of differential as a linear form on the tangent
space. We now define the gradient of a function by Riesz representation of the differential

through the inner product structure.

Definition 5. Gradient
If f: M — R is differentiable we define the gradient of f at p € M as the unique element
(Vf), € T,M satisfying

Vo e oM, dfpv={(Vf),[v).

remark 8. The element (Vf)p in Definition @ 1s unambiguously defined by definiteness of

the inner product. Written in a local chart we have

d 0wl
(Vf)p - ZM&'

ox!
=1

0(fop™")
Ox!

are CF=1 in x if f is C* and M is smooth : in this sense Vf : M — TM := UpemTpM is a

Is is immediate to check that the coordinates of V f in the local coordinate basis (61);1:1
CF=1 vector field, i.e. a C*~1 assignment of a tangent vector at each point of M. Here, because
M is a submanifold of RP, every tangent space is a linear subspace of RP, and therefore this
notion of smooth vector field is well defined. In the intrinsic setting (i.e. when M is a
general manifold and not a submanifold of RP ), a rigorous definition of vector fields can be
made by first describing a manifold structure on TM := Upe mTpM (the tangent bundle, i.e.
the collection of tangent spaces) and defining the notion of C* maps and their differentials
between two general manifolds, see e.g. [90] Section 2.8.2 and Definition 2.8.18 (this is stated

or SMmoo maps, out can be reaal eneralise (0] maps).
th but can be readily generalised to C

As in the Euclidean case, the gradient represents the direction of the greatest change of f

over M. We can also define the Laplacian of a C? function f over a submanifold M.

Definition 6. Laplace-Beltrami operator

If f is a C? function on M we define the Laplacian of f as the function Af written in local

27



coordinates as

d d -1
_ 0 0 (fop
Af(p) =—lgl 1/22% ‘9‘1/229](8ﬂ-)
i=1 j=1

where |g| is the determinant of the metric tensor. The operator A is called the Laplace-

Beltrami operator of M.

remark 9. Using the chain rule, the Laplace-Beltrami operator as defined in Definition [f]
can be seen to be independent of the coordinate chart. Notice that if M = R® then using the

d  8f

Cartesian chart and the associated coordinates (xi)?zl we actually find Af = =7, 522

thus Deﬁm’tion@ generalises the usual Laplacian operator (up to a minus sign).

Let’s consider the space L? = L? (M, ) of measurable and square integrable functions
with respect to the Riemannian volume p (see Section . Then using the manifold version
of Green’s identity (see [I9] Theorem 9.21) we get, for any f,g € C* (M) (the space of smooth

functions on M)

(Aflg)e = / (VFIVg) edp,

so that (A,C* (M)) is a symmetric unbounded operator on L? (see [19] for an introduction

to unbounded operators and spectral theory). Moreover via f = g we have

N / IV £ dp >0,

and therefore (A,C*> (M)) is also a positive operator (which explains the choice of a minus
sign in Definition @

It turns out that A can be extended to a non-negative self adjoint operator on an
appropriate domain. We first introduce the Sobolev spaces on M. From now on we assume

that M is compact.

Definition 7. Sobolev spaces
If (Uj,goj)jej is an atlas of M (we may assume I finite by compactness of M) and (Xj)jel

is an associated partition of the unity, for s > 0 we define the Sobolev space H® (M) as the
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space of distributions f over M satisfying

Wi = 3065671 g < 55
j€el

remark 10. Definition @ is unambiguous since, for another atlas (Vi,1;) with associated

partition of the unity p;, using the diffeomorphisms and multiplication theorems of Sections

4.2 & 4.3 of [109] and the smoothness of x;, pi, ¢j, Vi we have for any f

> (pixif) o v orhiop;t

)

loaro| \

e (2)

He(R4)

< Z H(Pinf) o o O<PJ-_1H

Hs(Rd)
= 21: H (Xj o 90;1) ((pif) oy t) o (W © 90;1> HHS(]Rd)

< CZ H(sz) Owi_luHs(Rd)

for some constant C > 0 that depends only on the atlases and s, d.

Then, as a consequence of Theorem 9.24 in [19], A can be extended to a non-negative
self-adjoint operator on the domain D (A) C L? consisting of functions u € H' (M) with
weak Laplacian Au € L? (i.e. such that ¢ € C*° (M) — [uA¢ extends to a bounded linear
functional in L?). Moreover the operator A can be shown to have the following spectral

decomposition :

Theorem 4. Spectral decomposition of the Laplace-Beltrami operator

There exists an L?—orthonormal basis (uk)k;zo of L? satsfying the following three conditions :
i) each uy is an eigenfunction of A associated with an eigenvalue A\ > 0,
ii) for k >0 the eigenvalues satisfy Ay < Ag+1 and limg>oo A\ = +00,
iit) each uy is an element of C*° (M).

Proof. The result is essentially a corollary of the compactness of (I +A)™" : L2 — L? and the
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Hilbert-Schmidt theorem ([I9] Theorem 4.21). Details of the proof can be found in Section
9.4 of [19]. 0

Theorem 4| (sometimes refered to as a Sturm-Liouville decomposition) has far-reaching
implications. In particular it allows to develop a theory of Sobolev spaces over M entirely
in terms of the spectral decomposition of A (in analogy with the characterisation of Sobolev
spaces on R? in terms of Fourier transform), a principle that we will use in Chapter
More precisely, the following theorem (which is a compilation of classical results from the
functional analysis litterature) shows that f € H® (M) in the sense of Definition [7|if and only
if its coefficients ({uk|f));>¢ in the Laplace-Beltrami eigenbasis (uy); satisfy a summability

condition.
Theorem 5. For s > 0, the following statements are equivalent :
i) f e H* (M),
i) 11 F 1 re2any = Srso (1+ M) [{ur] ) < +oo,
iii) || fll 7550t = Lizo (1+ M) [(usl I < +o0.

Moreover, there exists constants c1,ca,cs > 0 such that for any f € H® (M),

||f||Hs(/v1) <a ||f||Hs,2(M) < c2 HfHHsﬁ(M) <c3 ||f||Hs(M) :

Proof. See [37] Section 3 & 5. O

Functions in the Sobolev spaces H® (M) are thus as smooth as usual Sobolev functions
on R?, once seen through charts. Furthermore, the well known Sobolev embedding theorem
(see [108] Section 2.7) implies that if s > d/2 then we actually have a continuous injection
H*® (RY) — ¢5~4/2 (R?) where C*~%/2 (R?) is the Hélder space (see e.g. [108] Section 2.2.2 or

[109] Section 1.2.2). This implies the following result :

Theorem 6. Sobolev embedding theorem
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With C* (M) the space of functions f : M — R satisfying

1 llesqany = D | s e 77| oo

<
s(Rd
P s (R)

where (Uj, ;) ;¢r s an arbitrary atlas and (x;),c; an associated partition of the unity, the
definition of C* (M) is independent of the choice of (Uj, ¢;, Xj)jel and we have the continuous
embedding

Vs >d/2, H®(M) < C~¥2 (M)

Proof. The independence of the choice of (Uj, ¢, x;) jer 8oes as in Remark except in this
case it is even simpler since we do not have to use a diffeomorphism or multiplication theorem
(as here the smoothness is measured in the classical Hélder sense), and the embedding is then

a direct consequence of the Euclidean Sobolev embedding theorem together with Definition

[@ O

In particular, Theorem@implies the following fundamental property of the spaces H*t%2 (M), s >

Corollary 6.1. The spaces H*T42 (M), s > 0 (which contain only classical functions) have

the reproducing property : the evaluation maps

5p:f'_>f(p)7 pGM

are norm continuous. As a consequence for each s > 0 and p € M we can find a Riesz

representation of 8, by an element kg (p,-) € H*Y¥2 (M) satisfying

Ve H Y2 (M), f(p) = (ks ) F) rovare

Moreover ks is jointly continuous and

Fs(p,g) = > (1+ M)~ ug(p)ug(g)
k>0
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where the convergence is absolute and uniform on M x M.

Proof. The existence of a kernel k4 follows by Theorem [6] and Riesz representation. For the

continuity property we use the reproducing property to find

ks(p, @) = (ks(p, ) ks(a: ) govarz gy

and therefore it suffices to show that p > k4(p,-) € H*F%2 (M) is norm continuous. For this

we use the dual characterisation of norms in Hilbert spaces :

Iho(p ) = kola M gresanpy = sup |(kolp.) = kola, )P

||fHHs+d/2(M)§1

= sup |f(p) — f(@)]-

||fHHs+d/2(M)§1

The Sobolev embedding theorem [f] now implies that for some C' > 0 this can be subsequently

bounded by

sup  |f(p) — f(q)| < Cd(p,q)*",
[flles (ay<C

where d(p,q) is the geodesic distance on M. This shows continuity of p — ks(p,:) €
H5t4/2 (M) (actually even s A 1—Holder continuity). The absolute and uniform convergence

is now a consequence of Mercer’s theorem, see e.g. [32] Theorem 4.49. O

remark 11. In general a Hilbert space of functions satisfying the reproducing property is

called a reproducing kernel Hilbert space (RKHS).

The bivariate function ks : M x M — R is called the reproducing kernel of H*+%/2 (M).
It is positive semi-definite in the sense that p; is symmetric in its arguments and that for any

L>1, acRFandp,...,pr € M we have

L

> aiks (pi,-)

=1

L
Z aiajks (pispj) = > 0.

ij=1

Hs+d/2(M)

We will use Corollary in Chapter [2] in order to construct and analyse the behaviour of
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Matérn Gaussian processes on compact manifolds.
We finish this section by saying a few words on the heat semigroup. The family (P%);

of bounded linear operators defined as Py = I;2 and for ¢t > 0,

k> 0,(Pf) =) e (un| f) pau
k>0

(the sum is absolutely convergent in L2) satisfies P o P; = P45 for any ¢,s > 0 and can be
seen to satisfy ||Pif| ;2 < ||f]l 2 and lim¢ o ||Pif — fllz2 = 0 for any f € L? : in this sense
(Pt)4>o is a contraction semigroup of operators (see e.g. [20] Section 7 and the references

therein). Let H' by the Hilbert space defined as the subspace of L? by the f satisfying

1£17e = e [ugl f)r2]? < +oo.

k>0

It is shown in [37] that for any s,t¢ > 0 we have the following continuous embeddings
H' — H* (M) and H' — C*(M).

In particular, arguing as in Corollary [6.1] we find :
Corollary 6.2. The spaces H',t > 0 have the reproducing property. The reproducing kernel

pe of HY is jointly continuous and is given by the formula

Yo,y e M, pilzy) =Y e Mug(z)ur(y),
k>0

where the convergence is absolute and uniform.

It turns out that the kernel p; is closely related to the theory of heat diffusion on Rieman-

nian manifolds : it is actually equal to the so-called heat kernel of M.

Theorem 7. Heat kernel on a compact manifold
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The kernel
(0,00) x M X M — R

(t,z,y) = p(z,y)

is of class C* in the three variables (t,x,y) and satisfies

i) for any x € M, p(x,-) is a probability density on M with respect to p,

i) for every f € L?, Pif = [ pi(z,-) f(z)p(dz),

iit) for any y € M the function (t,x) — pi(x,y) is smooth and satisfies the heat equation
n (0,00) x M :

0

— = —Ap(-

5Pt (%:Y) pe( ),
where the Laplacian acts on the variable x only.

Proof. Tt is shown in [63] Theorem 10.13 that the reproducing kernel p; of H! is indeed the

heat kernel of M since they both have the same expression

S e Mug(e)un(y).

k>0

Then items i7) & i) are given in [63] Theorems 7.13 and 10.13. Item 7) is given in [63] Section

8.4. O

Item iii) of Theorem [7| together with P,f — f as t — 0 says that the heat kernel is the
fundamental solution to the heat equation on M. In this sense and thanks to item i) the heat
kernel is a natural generalisation of the Gaussian kernel on R to compact manifolds (for non
compact manifolds, the heat kernel may fail to be a probability density in general, see [63]
Section 8.4). In light of the analogies between the heat kernel and the Gaussian kernel, it is

then interesting to wonder whether or not there exists o > 0 such that

pelz,y) ~ <2m\/£> - exp (_ d(z, y)2>

ot
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in some sense. While there is not equality in general, an asymptotic expansion of the form

2
exp (~45) &

VN >1, p(z,y)= (41) 72 Zﬁl(a:, )t + oro (V) (1.4)
1=0

is proved for compact connected oriented manifolds in [93] Chapter 3, for some functions 6,
(see also [7] Chapter 5). As explained in [31] Chapter 6, equation implies the following

corollary :

Corollary 7.1. Weyl’s law

There exists a constant ¢ that depends only on M such that A\ ~ ck?/d,

We will use this property in Chapter 2l A weaker form of Equation [1.4] are the so-called

heat kernel bounds, i.e. inequalities of the form

d(z,y)? d(z,y)?
Y,y € M AeXp(_ e ><p(xy)<AeXp(_ e ) (1.5)
) 3 1 Iy AT >~ A2 .
(4t)d/2 (4t)d/2

for some A;, ¢; > 0. Inequalities of the type have been shown to hold for compact manifolds
and even beyond this setting such as on graphs or fractals (where the notion of heat kernel
can be generalised, see e.g.[62]).

In the next subsection, we present the spectral theory of finite graphs. The exposition will

be substantially easier as it only requires finite dimensional linear algebra arguments.

1.2.2 Graphs

A (finite, undirected) graph G = (V, E) is a tuple where V is a finite set of vertices and E
is a set of edges, formally defined as subset of {0, l}V. We write z ~y < {z,y} € E
the neighbouring relation on V, D = diag(u) for the degrees matrix Dyy = 63pg, z =

#{y: 2z ~y} and A for the adjacency matrix A,y = tzy = Lo~y
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Definition 8. Graph Laplacian
We define the graph Laplacian as L =1 — D™'A. Equivalently

VEERY, (L) (z) = — ) (flx) - f().

Hax

y~zx

Other definitions of the graph Laplacian can be made, see for instance [49].

Let v be the normalized degree measure v = L) and the associated inner product (-[-) 12(,)

n(V
defined by
Vig € L*(v), (flo) 2wy = > F(W)g
yeV
We then have the following identity :
Proposition 7.1. For every f,g € RV :
(fILg) 12wy = Z ) (9(x) — 9(v))

As a consequence, the graph Laplacian L is a nonnegative self-adjoint operator from L? (v) to

itself.

Proof. We have

1
= ) 2 ) ()=o)
= 7 2 () = S) (9(a) = 96) = {f1L6) 120
T~y
and thus the result. -

remark 12. If V = hZ% N {z € R : max < j<q|z;| < 1} for some h > 0, then by a second

36



order Taylor expansion, if f:R* — R is C?

2 2
(L)) = 2 3 10 - ) ~ 2d2 o0 =1 (an ),

y~0

where A is the standard mutivariate Laplacian operator — Z;‘i:l (5?722 The same result holds

at other points in V' and explains the intuition behind Definition [8,

By self-adjointness and the (finite dimensional) spectral theorem there exists an L? (v/) —orthonormal

eigenbasis (u])] N =#V for L, associated with eigenvalues 0 = Mg < Ay < -+ < Ay_1
(Ao = 0 since the function 1 € RY identically equal to 1 satisfies L1 = 0). In analogy with the
situation on compact manifolds, for ¢ > 0 we can then define the heat kernel of G associated

with the operator L as the bivariate function
N-1
v (2,y) €V XV i pi(x,y) = Ze Mg () (y).
7=0
It can be seen to satisfy the heat equation on the graph

Vry eV, mley) = (In(w) ()

and po(x,y) = dzy = Ly—y. Is is moreover the kernel of the linear operator e~ (defined by
matrix exponentiation) with respect to the measure v in the sense that for any f € RV, ¢ >0

and z € V we have

(e f) (2 Zpt z,y)f

yev

e~ ()

Vy

tL can be seen to be a stochastic matrix

In other words py(z,y) = . Furthermore, e~
(as it can be checked that —L is itself a Q—matrix, see [83] Section 2.1), i.e. pi(x,-) is a
probability density on V' with respect to the measure v.

Thus the situation is very similar to the one of compact manifolds with V' (resp. L,v)
replacing V' (resp. A, u), only that no functional analytic theory is needed as the graph is

assumed to be finite.
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More than just a formal analogy, graphs can actually be used in a concrete way to ap-
proximate in some sense a given manifold M : if V = {x;,..., 2N} is a set of points on a
submanifold M of R”, and the edges are defined as x; ~ x; <= ||z; — zj||zp < h (for some
choice of connectivity parameter h > 0), then the resulting graph G can be thought of as

an approximation of the submanifold M. Indeed, if for instance
M = {eg := (cos(h),sin(0)) : 0 € R}

and x; = egjr/y for 0 < j < N — 1 then for ||zg — 21[|[gp < h < ||vg — z2||[gp the resulting

graph G is a polygonal approximation of M, i.e.

E = {{l’z,wz} , {.ri,:lj'i+1} :0<i1< N — 2} U {{-%'N—la-fN—l} , {x]v_l,ajo}} .

The presence of the self-loops {z;,z;}, 1 < i < N — 1 is only a formal artefact and
typically does not introduce issues (for instance, it can be immediately checked that the
graph Laplacian L remains unchanged when these are present or not). Obviously the choice
of h is crucial, as h too small (resp. too large) will force G to have no edges other than the
self-loops (resp. to contain all possible edges {z;, z;}, 1<4,j <N —1).

A graph G constructed as above where the vertices are drawn 4.i.d. according to some
probability distribution py supported on M is called a random geometric graph (on M),
and the point of this construction is that no knowledge of M is needed to construct G, but
only a set of vertices that we know to be contained in M a priori. This is particularly useful
for statistical applications when M is unknown or does not admit a closed-form description,
as we will see for instance in Chapter [3| (see also [43], 45, [61] or [96]). Note that we focus
here on random geometric graphs, but other choice of random graph models can also induce
useful graph approximations to submanifold, see for instance the case of k—nearest neighbours
graphs [22].

Building on the intuition that random geometric graphs can accurately approximate sub-

manifolds (for an appropriate choice of connectivity parameter h > 0), it is interesting to
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wonder whether or not their graph Laplacians can be compared to the Laplace-Beltrami op-
erator of the submanifold in question. It actually does not hold under some assumptions :
as showed in [64] & [49], under technical conditions on g and M the graph Laplacian does
converge in some sense to a “limiting” differential operator on M, but it is not equal to the
Laplace-Beltrami operator, unless the probability distribution pg is uniform, i.e. proportional
to the Riemannian volume (see also [42] where a similar phenomenon for the heat kernels is
shown). In order to recover the Laplace-Beltrami operator it is necessary to introduce further
normalisations in the construction of the random geometric graph, therefore in general care
must be taken when approximating a manifold with a graph.

Sometimes, establishing graph heat kernel bounds (or weak versions thereof) similar as
Equation [1.5| in the continuous setting is useful for the problem at hand : in particular in
Chapter [3| building on [58] and using the proof techniques of [9] we will show how to obtain a
(weak version of ) Weyl’s type asymptotic for the graph Laplacian eigenvalues of a random
geometric graph approximating an unknown submanifold (with high probability), which will
be subsequently used to bound the L* () norm of functions over V' by a multiple of their
L? (v) norms in this context.

This concludes our introduction to the spectral theory of compact manifolds and graphs.
More details about the properties of the Laplacian operators and heat kernels on manifolds
can be found in [63,[19] or [93] in the manifold case, as well as [9] for graphs. We have also only
presented the properties of Sobolev spaces on manifolds that we will use in Chapter [2} more
results (including properties of function spaces on R?) can be found in [109, 97] or [56] (where
in the last reference relationships with wavelets theory are presented). Moreover, heat kernel
bounds in the general setting of Dirichlet spaces (abstract spaces that in particular generalise
manifolds and graphs) have been shown in [35] and [67] to lead to characterisations of some
classes of functional spaces in terms of the heat kernel, together with the construction of frames
for these functional spaces. This has subsequently been used in statistical applications, see

c.g. [26,33).
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1.3 Bayesian asymptotics

In this thesis, our primary aim will be to derive asymptotic frequentist properties for
some classes of Bayesian procedures. The original works of Bayes [12] and Laplace [40]
introduced the foundations of what is now commonly referred to as the Bayesian point of
view on probability theory and its subsequent use as a statistical estimation procedure. As
mentioned previously, deriving frequentist properties of Bayesian procedures in non-conjugate
situations is challenging since the posterior distribution lacks a closed-form expression. We
will detail in Section general theorems and approaches before considering a few examples
in Section [L3.21

1.3.1 Posterior consistency and contraction rates

The first modern investigations on this matter include the contributions of [71}, 99, 46}, 47, [11].
In [99], Lorraine Schwartz laid the foundations of what will become later the prior mass and
testing technique by investigating the behaviour of posterior distributions over densities in
the 4.7.d. sampling model.

Let us precise our assumptions : we consider a measured space (X, ) and a set F of
probability densities with respect to p (i.e. we consider a dominated model) equipped with a
o—field 7. We now formulate a frequentist assumption, namely that there exists a density fj

(not necessarily an element of F) with respect to p generating the sample X" := (X;)1"; :

X; " i=1,...,n. (1.6)
We write Py (resp. F(°) for the distribution of X (resp. X*° := (X;);5,). Then, for a prior II
on F (i.e. a probability distribution on (F,7)) and under appropriate measurability condi-
tions (for instance it suffices for p to be o—finite and (f, x) — f(x) to be jointly measurable,

see the discussion in Chapter 1 of [55]), Bayes’ formula

I1 [df |X"] = 72, f (X;) T [df]

TR f (X T[df] (1.7)
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defines a Markov kernel over (7, X™) that we call the posterior distribution of f given the
sample X". Some care must be taken here as the posterior distribution is defined only up to
a null set of the marginal density [II?, f (X;) II[df] of X" with respect to p, and under the
frequentist assumption [I.6]the sample may end up outside of its support. Thus in general when
combining a Bayesian approach with a frequentist assumption, we may ask for a condition of

the form

fo-u<</fH[df]'u

in order to ensure that the posterior distributions involved in the analysis are all well defined.
This condition will be satisfied in all examples studied in this thesis.

The goal is now to investigate whether or not the (random) probability distribution IT [-|X"]
possesses interesting properties as n — oco. More precisely it is of particular interest to
understand under which conditions it will eventually converge in some sense to the Dirac

measure ¢ ,, which is the focus of the following theorem.

Theorem 8. Schwartz’ theorem

Define the Kullback-Leibler support of I1

KL(H):{fO:Ve>O, H<{f€]~":/foln”];?du<s}>>0}.
X

Then if V is any topology on F such that for each open neighbourhood V' of fo there exists a

test ¢n, satisfying

Podn — / bnfo=o(1) and sup Pp(1— ¢y) = sup / (1— 6u)f = o(1),

feve feve
then for any neighbourhood U of fy we have

oo
Pfe—a.s

I [U°|X"] 0

n—oo

If in addition V is first countable then the almost sure convergence holds simultaneously for

any neighbourhood of fy.
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Proof. See [55], Chapter 6. It is only stated for a first countable topology V, but the almost

sure convergence II[U¢|X"] = opg (1) still holds U by U otherwise. O

Thus, under the testing condition, if the prior assigns enough mass around fy in the
Kullback-Leibler sense, every neighbourhood of fy will eventually receive all the mass of the
posterior distribution. Importantly the testing condition always holds for the weak topology,
which also happens to be first countable (see [55] Chapter 6), so that the posterior distribution
is always weakly consistent at every fp in the Kullback-Leibler support of II. Consistency with
respect to stronger topologies (such as the ones generated by the L' or Hellinger distances)
has also been investigated for instance in [5I] and [10], where it is shown that controlling
the Hellinger or L' metric entropy of a submodel with sufficiently large prior probability is
sufficient to extend the approach of Schwartz to this context.

As interesting as consistency can be, this notion is however too weak to be related to the
minimax framework. In particular, a consistency result with respect to a topology (even a
strong one) is not enough in order to derive posterior contraction rates in the sense of Equation
In the seminal work [52], Ghosal, Ghosh and Van der Vaart refined the approach of
Schwartz in order to replace the neighbourhoods U of Theorem [§] by the complement of a ball
B, (fo,en) :={f € F: p(fo, f) < en}, where here p is either the Hellinger or L! distance on
F and g, — 0. For this we first define the Kullback-Leibler neighbourhood at fj

Ve >0, Bgr(fo.e):={f:KL(fo.f) <% V(fo,f)<e},

where KL(fo, f) == [ fo lnfTO < €2 is the Kullback-Leibler divergence and Va(fy, f) :=

[ fo In? f—J? < £? its second-order version.

Theorem 9. Rate theorem - density estimation
In the i.i.d. sampling model X" = (X1,...,X,) i d- fo, fo € F, let p be either the Hellinger
or L' metric on F and for a subset F,, C F let N (e, Fn,p) be the e—packing number of F,

with respect to p, that is the maximal number of points in F, with pairwise distance at least

€. Assume that for some sequence €, — O,nefl — 00 and constant C' > 0 we have
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1) M[Ff) < em(@Fimen,
2) InN (en, Fu, p) < ne,
3) TL(Bxr (fo,en)) > e Cmen,

Then for sufficiently large M > 0 we have

{f < p(for ) > Men}[X"] =2 0,

n—00

Proof. See the original paper [52], or Chapter 8 in [55]. O

As for the strong consistency results, the assumptions of Theorem [0 require the prior to
put most of its mass on sets with suitably bounded L' or Hellinger entropy, and to assign
enough mass around fy in the Kullback-Leibler sense.

Actually, Theorem [J] can be generalised in the following way to handle more general
semi metrics and statistical models, using essentially the same proof. Let (Pf(n))f(n)e]—‘(n)
be a dominated statistical model, with associated densities f(™ € F(  Note that f™ is
not necessarily a tensor product of a density f. For instance in the case of the Gaussian

nonparametric regression model it is a Gaussian likelihood. As in the i.i.d. setting, we define

the Kullback-Leibler neighbourhoods at fén)

BKL(fé”),s) = {f(")e]-“ /fo lni<n5 /fo 1112f0n)<n5}

Then we have the following fundamental result :

Theorem 10. Rate theorem - generic version

(n)

For observations X" ~ Pfo , fén) e FM | consider p, a semi metric on F) satisfying the

following : for any e > 0, fln) e FM such that pn(fln),fon)) > e and n > 1 there exists
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tests ¢ (i.e. measurable function of X" with values in [0,1]) such that, for some A, K,& >0

_ 2 o,
EXané")¢n < Ae Kne s sup EXan(n)(l — ¢n) < Ae Kne?
pn (), fi)<ge

Assume further that there exists a measurable subset F,, C F™) | positives sequences &, p, nel —

00, ne2 — oo and a constant C > 0 such that, for a prior probability distribution I1 on Fm)
1) T[Fg) < e (©Fmet,
2) InN (&n, Fn, pn) < né2,
3) | Bicy (f§",2n)] 2 Ot

Then with €}, := e, V &, there exists M > 0 such that

T [pu(£7, £) > Mep|xn]| = 0.

n—0o0

Proof. See the original paper [53], the review [94] or [55], Chapter 8. The statements in [53]
are a bit more complicated but our slightly modified formulation can be shown to hold using

the same proof. O

remark 13. Theorems|[9 € [10 still hold if I depends on n but still satisfies the same set of

assumptions with fized constants C, A, K, &.

remark 14. The testing condition in Theorem |1(} can be seen to hold in various statistical
models, see the examples in [55], Chapter 9. The semi metrics py involved in this testing
condition are often referred to as statistical or testing distances and cannot be arbitrary, see

for instance the discussion in [97, [65].

Theorem [10] can be refined in various ways (see [55] Chapter 8), but at its core remains
the standard approach in order to generically derive posterior contraction rates. This proof
strategy can be referred to as the prior mass and testing approach, given the type of

conditions required in Theorems 0] & In a lot of cases, the posterior contractions rates
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obtained by the application of theorems [9] & (or their variants) match (near) minimax
optimal rates of estimation for appropriate choices of priors. We present in Section ?7 a

concrete application of Theorem [10| to the white noise model with a non-conjugate prior.

An interesting particular case where the application of Theorem [10] can be elegantly sim-
plified is the one of Gaussian process priors. Following Van der Vaart & Van zanten
[113] 111], a random variable f ~ II taking values in a separable Banach space (B, ||-||) is a
(zero mean) Gaussian random element if the random variable b* (f) has mean zero and
is normally distributed in R for any element b* € B* (the topological dual space of B, i.e. the
set of continuous linear functional over B). The RKHS (reproducing kernel Hilbert space)
(HL, ||-[g) of f is then defined to be the completion of the range of the map S : B* — B
defined by Sb* = II[b*(f)f] (where the last expectation with respect to the measure II is
understood as the Pettis integral of b*(f)f, i.e. the only element Sb* = w € B satisfying

bi(w) =II[b*(f)bi(f)] for any b} € B*, see Section 2.2 in [I13]) for the inner product

(Sb1[Sb5)m == TL[bT(f)b2(f)] -

remark 15. In Remark[I1], we have defined RKHSs as Hilbert spaces of functions having the
reproducing property, which does not appear to be directly related to the notion of RKHS of
Gaussian random elements. However, when the Banach space (B, ||-||) is the space of contin-
uous functions over a compact set M equipped with the supremum norm (for instance, the
space of continuous functions over a compact manifold M), then the RKHS of the Gaussian
random element can be identified with its stochastic process RKHS, defined as the completion
of the space of linear combinations of the functions K(x,-) := Cov (f(x), f()), x &€ M for

the inner product

(K (x,)|K(y,) = K(z,y),

and in this case S6, = K(z,-), where §, is the evaluation map 65 : b € B — b(x), see [113]

for a proof and a more precise statement. Moreover, for a given RKHS H of functions over
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a compact set M in the sense of remark with associated kernel K, Theorem 12.1.3 in
Dudley [41] implies the existence of a zero mean Gaussian process f over M (in the usual
sense, i.e. a stochastic process with Gaussian finite dimensional marginals) having K as its
covariance kernel. By the Moore-Aronszajn theorem [6], H must coincide with the stochastic
process RKHS of f. Therefore, if f has values in the Banach space of continuous functions

over M, all 3 notions of RKHSs must coincide in this case.

Although potentially less familiar to the machine learning or Gaussian process audience, it
turns out that working with the notion of Gaussian random element is particularly convenient
when investigating posterior contraction rates as we will see in the next theorem, provided in

[111] or [55], Theorem 11.20.

Theorem 11. Gaussian rate theorem
Let f ~ 1II be a Gaussian random element in a separable Banach space (B, ||-||) with RKHS

(H, ||-lg)- If fo € B and e, — 0,ne2 — oo are such that

1
Ofy (En) i= = InIL[|[f]] < en] + Il < ne? (1.8)

— inf
2 heH:|| fo—hl|<en

then for any C' > 1 such that Cne? > In2 there exists a measurable subset B,, C B such that
1) N (3en, By, ||-]]) < 6Cne,

2) T[f ¢ Ba] < e Cnen,

2

3) I|[f = foll < 2en] = 7"

remark 16. Using Borell’s inequality (Proposition 11.17 in [55]), the set By can be con-
structed as By, = €,B1 + MyH; where By :={f € B: ||f|| <1} and H; :={h € H: || h||y < 1}
are the unit balls of B and H and M, = —2&~! (6_0"5%) where ® s the standard Gaussian

cumulative distribution function, see the proof of Theorem 11.20 in [55]. It is known (see [55]
Lemma K.6) that \/Cne? < M, < /10Cne2.

remark 17. The function ¢y, in Theorem is usually referred to as the concentration

function (at fy) and can be actually be shown (see Proposition 11.19 in [55)]) to satisfy for
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any e >0

O5, (€) < —InII[|f — foll <e] < ¢, (/2),

so that the condition in Theorem|[I1]is actually precisely a lower bound on the amount of prior

mass around fy, measured in terms of the norm ||-|| of B.

As presented, Theorem [11] is not directly useful in order to apply Theorem However,
when the norm ||-|| upper bounds a semi metric p,, satisfying the testing condition and the
Kullback-Leibler divergences can be appropriately controlled by ||| then Theorem [11] directly
implies a posterior contraction rate theorem in terms of the semi metric p,, as we will see in

the second part of the next section and in Chapters 2| &

1.3.2 Examples
White noise model

Here we present an application of Theorem [10| to the white noise model under a potentially

non-conjugate prior. In this model, we assume observations Y" := (yj)j>l generated as
1 ii.d. .
y]:f()]—i_ﬁg]a €5 N(071)7 ,721

for some n > 1, fo € £? := ¢? (N*), which can be viewed equivalently as the coefficients of a
solution Y to the stochastic differential equation

b

aYi = folt)dt + —=

dB;, tel0,1]

in an arbitrary orthonormal basis of L? := L?([0,1]), where here f; € L? (Bt)epo] 1s a

standard Brownian motion. We refer the reader to Section 1.2 of [56] for a more precise

introduction to the white noise model and its connections with nonparametric regression.
We assume a smoothness condition on the vector fy € ¢2 : for some M, > 0 and for

every J > 1

S f <M (1.9)

i>J
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Assumption holds for instance if fy(t) is periodic and is an element of the Besov space
Bgoo over the unit circle S* (in particular this is also the case if fo(t) is in the Sobolev space
HP of order 8 over S as HP = B§2 C BQ’B007 see the discussion in the Appendix of Chapter
2). We refer the reader to [26, 37] and [35] for more details about Besov and Sobolev spaces
on manifolds.

We choose an index J € {1,...,n} (that may depend on n) and a prior II over f of the
form

ivi.d.

~ <

fj =0, if j > J,
where K is a positive and continuous density on R satisfying

Ya > aog, K(z)dx < cre” 2
lz|>a

for some ag, 1, ca,c3 > 0. For instance a standard Gaussian density is allowed (and in that
case it can be checked that the resulting posterior distribution is explicit by conjugacy), but
more general densities are also possible (and in this case conjugacy no longer holds).

We are going to apply Theorem [10|in order to deduce an L?—posterior contraction at fo

S [JInn —I—J_B.
n

The distributions (Qf) ;.2 of the observations

with rate

1 .
yj:ff‘i'%ffja j=>1

can be seen to be tight Gaussian Borel probability measures in an appropriate separable

Hilbert space and are all absolutely continuous with respect to @)y, with explicit likelihood

dQo
explained in Section 8.3.4 of [55], the L?-metric (f, g) — || f — gl|, satisfies the testing assump-

ratios (see Theorem 6.1.6 in [56]). We thus apply Theorem 10| by taking PJS") — 495 4

tion of Theorem (10| in this context, and the Kullback-Leibler neighbourhood Bxr, (Q+,,en)
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contains an L?—ball at fy with radius a constant multiple of ,. Using

J

If = Follz =D (Fi = Foi)* + D_ 13
j=1 §>J
< M2 728 a2
<M=J +J1r£]a§XJ|fj f0]|
2

<ent+ J1%a§J|fj — fojl”
if maxi<j<y|f; — fojl < % we get f € Bgr (Qf,,cen) for some constant ¢ > 0. The prior
probability of the latter event is lower bounded by

i d Uy fol <en/VT) =T [ Ko
I
J .
>1T5 1}1jf K,

where here I; = [foj —en/VJ, foj —|—€n/\/j]. Since sup;>q [foj| + en/VJ is bounded by

a constant independent of n (because fy € ¢?) and K is lower bounded on every compact

interval, we get for some ¢, > 0
II[Bkr (fo,ce)] > I (V1 <5 < J, |fj — foj] < 6n/\/ﬂ > exp (—c’Jlnn) .

Here we have also used the fact that J < n, so that 5—\/’% is always greater than some inverse

power of n. Moreover, by the union bound and our assumption on K, for any a > ag

ME1<j<J, |fjl>a <J K(x)dx < c1Je 2%,
|z|>a

so that for any C' > 0 there exists C’ such that

2

I[f ¢ For] < e Cnen,
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where F¢r is set of f € £2 such that

|fil <’ (nsi)l/cg’ for every 1 < j <.J

fi=0 otherwise

Being an ¢*°—ball in a J—dimensional space of radius at most polynomial in n, standard

packing arguments show that for some C” > 0
In N (e, Fer, ||-]ly) < C”"Jlnn.

Since JInn < ne2, we deduce by an application of Theorem [10] the existence of C' > 0 such
that

QrIL[lIf = folly > Cen|Y"] —— 0.

n—o0

Notice that in that case, choosing J = |(n/In n)ﬁj to balance both terms in ¢, leads
to a posterior contraction rate of order (n/In n)fﬂf‘%, which is the typical minimax rate
of estimation of a f—Sobolev function on [0, 1] in the nonparametric regression model with
random design, up to a logarithmic factor.

This proof of posterior contraction in the white noise model is similar at a really high
level to the one presented in Chapter [3|in the nonparametric regression model over random
geometric graphs, although the smoothness assumption there is much more subtle and requires
to prove involved approximations arguments. In the following subsections we will present
other classes of priors that we will use in Chapters[4] & 2] and for which the theory of posterior

contraction has been well studied.

Nonparametric mixtures

A popular class of priors for the density estimation problem based on an i.i.d. sample is the

one of mixture models, defined as the probability distribution II of a density fp of the form

ﬁ—LMHM,
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where II; is a typically discrete probability distribution on © such as a Dirichlet Process
(see [44] and Chapter 4 in [55]), Kp is a probability distribution on a set X’ for each 6 € ©
and therefore the resulting function fp ~ II is a random probability measure (assuming
suitable measurability conditions). A fundamental example is the case where X = R%, © =
R% x 87 (R) (the open cone of positive definite symmetric matrices of size d x d) and K, 5, =
N (1, Y), yielding the class of Gaussian mixture models, whose consistency and contraction
rate properties have been investigated in [51], 54 [70] 100} 23].

In order to derive contraction rates, [54, 70} 100} 23] used a refined version of the rate The-
orem @ In this context, verifying the assumptions of the rate theorem (in particular showing
an appropriate lower bound on the prior probability of the Kullback-Leibler neighbourhoods)
requires to show preliminary results on the quality of approximation of the true density of the
observations by mixtures of Gaussians. In Chapter [4 we will apply the same proof strategy
to analyse the posterior contraction properties of a new class of Gaussian mixture models
under geometric assumptions. From the practical side, using the likelihood arising from the
1.4.d. sampling model, one can then compute an approximate posterior sample using MCMC,

see for instance [77] in the case of Dirichlet Process mixture models.

Gaussian processes

As introduced in the last section, another popular class of priors is the one of Gaussian

processes. For instance, in the nonparametric regression model
Yi=f(Xi)+e, 1<i<n (1.10)

where ¢; are i.i.d. N (0, 02) for some o > 0, X; covariates that are elements of a compact set
X (that can themselves be random) and f : X — R, when putting a prior on f and under
the frequentist assumption of existence of a “true” fo: M — R generating the observations

(X;,Y;);, via the model it is possible to apply Theoremwith pn being the empirical
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L? distance
n

1/2
pn(f,9) == (1 > (F(X) - Q(Xz'))2>

n -
=1

by considering as prior over f a Gaussian random element taking values in C (&X), the space
of continuous functions over X’ (equipped with the supremum norm ||| ). Indeed, the semi
metric p,, satisfies the testing condition (by constructing a likelihood ratio test, see e.g. Lemma
8.27 in [55]) and is always trivially upper bounded by ||-|| .. Moreover, the Kullback-Leibler
neighbourhoods at fy of radius ¢, can be seen in this context to contain a ||-|| —ball at fy
of radius a constant multiple of ¢, (see Lemma 2.7 in [55]), and therefore an application of
Theorem [11| with (B, ||-|) = (C (X), ||-||,) directly yields p,—posterior contraction at rate (a
multiple of) e, whenever ¢, satisfies the rate equation (see [55] Chapter 11 or [26] for
detailed and concrete examples).

Furthermore, when the covariates X; are themselves i.7.d. sampled according to some
probability distribution pg on X, under additional technical assumptions and with a bit of
extra work it is possible to deduce a posterior contraction rate with respect to the “global”

L? (110) loss s
1f = gll gy = ( [ v —g(x»?uo(dx)) ,

from that with respect to py, see for instance [I12] in the case X = [0,1]? where a variation
of this proof technique is used to get a posterior contraction rate in expectation in the sense
of We will apply this set of proof techniques in Chapter [2] when analysing the posterior
contraction properties of some classes of Gaussian processes in geometrical settings. For the
nonparametric regression problem with Gaussian errors and Gaussian priors the posterior
is also a Gaussian process with explicit mean and covariance by conjugacy, and therefore
posterior sampling is straightforward up to the inversion of a high dimensional matrix which
can be challenging, see for instance [79, [102] and the discussions therein. It should also be
noted that the nonparametric regression problem is only a first example, and it is possible
to use Gaussian process priors in other contexts such as density estimation, classification

or inverse problems (even though conjugacy may not hold and posterior sampling requires
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generic MCMC techniques), see e.g. [55] Chapter 11 and [78].

Random basis expansions

Still in the regression model [[.I0] other Gaussian priors can be of interest. For instance when
(uj)j21 is a (typically orthonormal, according to some inner product) family of functions over
X, then a possible prior on fy can be constructed as the probability distribution of the random

function

f: ZUijUj (1'11)

Jj=1
(assuming almost sure convergence), where o; > 0 are scaling coefficients and Z; are i.i.d.
standard Normal random variables. We will use this type of priors in Chapter 2, with the
family (uj)j21 being an eigenbasis of the Laplace-Beltrami operator on a compact Riemannian

manifold, see Section Such a construction can be generalised to give other non Gaussian

priors by considering Z; "4 for some other base distribution ¥, as done in Section [1.3.2

Such priors as commonly referred to as random basis expansions. Even though the re-
sulting f is no longer a Gaussian random element and therefore Theorem [11] does not apply
as above, it is still possible to use Theorem directly (with p,, still being the empirical L?
distance). This is the approach we take in Chapter [3| where we study the case of X being a

random geometric graph.

Theorems [9[10] & [I] and their variants form the core part of the proof techniques used
to prove posterior contraction rates in generic, non-conjugate settings. As the focus of this
thesis is on posterior contraction rates (i.e. rates of estimation), we have not tried to present
the theory of Bayesian uncertainty quantification, the problem to determine whether or not
Bayesian credible sets (subsets of the model parameters with high posterior probability) also
have high frequentist coverage (i.e. are also confidence intervals). The investigation of this
problem typically relies on a preliminary proof of the (either nonparametric or semiparamet-

ric) Bernstein-von Mises theorem, see [28, 27, 29] 88 55, 24].
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We will now introduce in the next section the manifold hypothesis, a geometrical frame-
work that aims to provide insights on the curse of dimensionality in high dimensional spaces,
and the different associated methods to temper its effects. We will also review the recent
relevant literature to the research questions tackled in this thesis, as well as our contributions

using nonparametric Bayesian techniques.

1.4 The manifold hypothesis

As we argued at the start of Chapter [l minimax lower bounds for the estimation of func-
tional parameters imply an unavoidable exponentially bad dependence of the risk on the
inputs domain dimension. Since modern large-scale statistical problems often include large
dimensionality, understanding to which extent the data presents intrinsic lower dimensional
structures can be of interest. We will go over the existing literature on this question in Section

before presenting our contributions in Section [1.4.2

1.4.1 Literature review

There are good empirical evidence confirming that such low dimensional structures exist in
real world applications, with examples found in texts, sounds and images data sets, see for
instance [13] 169, 68, 116] & [21]. Intuitively, this can be understood as stemming from physical
constraints, see for instance Section 5.11.3 in [60] where it is argued that most points in the
space of images are actually noise, and that only a subset of this space of much lower dimension
contains the relevant images for practical applications.

Leveraging the tools we introduced in Section [I.1] a precise mathematical formulation of
such a phenomenon is then clear : in high dimensional statistical problems (where the variables
are elements of RP, D >1 large), the data sets tend to be supported on low dimensional
submanifolds (of R” in this context). This is what is often referred to as the manifold
hypothesis. A more flexible and realistic formulation requires the data to be supported on

a small neighbourhood of a low dimensional manifold, a model which allows possibly small
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observation noise in high dimension, see for instance [30] where the case of additive Gaussian
noise is considered. Such noise models (additive or not) are still referred to as part of the
manifold hypothesis framework, even though they are technically a small relaxation of it.
Other possible extensions allow the data to be supported on potentially irregular subsets
of RP (i.e. not necessarily submanifolds) with low intrinsic dimension (where the notion of
dimension is now understood in the Minkowski sense), see for instance [115] 25] or union of
manifolds [21], 1].

Numerous different questions can then be of interest when working under the manifold
hypothesis. To start with, one can wonder to which extent it is possible to estimate the prob-
ability distribution of a random 4.i.d. sample X7, ..., X, in R if its probability distribution
is supported on a (typically unknown) low dimensional subset M C R (or a small neigh-
bourhood of it). The deep learning literature has a lot to offer from this perspective, with
numerous recent methodological and theoretical advances with generative adversarial net-
works, energy-based models, normalising flows, variational auto-encoders or diffusion models
[4, 5, ©66, 74, 73] 68, 75, 36, 101, 105, 8, 86]. In [105] the resulting estimator is shown to
achieve minimax rates of estimation of the underlying probability distribution under the
1—Wasserstein distance. In the nonparametric statistics literature, the behaviour of kernel
density estimators has also been studied theoretically under the manifold hypothesis, for the
Wasserstein [39] or pointwise losses [16, 84], with minimax rates of convergence. In particu-
lar, the rates obtained there are only impacted by the dimensionality of the submanifold M
and not the one of RP. Estimators based on mixtures models have also been investigated
empirically in [114] and in [76] in the Bayesian context, where a new class of kernels (the
“Fisher-Gaussian” kernels) more flexible than the Gaussian ones is presented, but where how-
ever no posterior contraction rates are derived. Compared with the usual Gaussian kernels,
the Fisher-Gaussian kernels are shown empirically in [76] to be able to estimate more accu-
rately probability distributions supported on small neighbourhoods of submanifolds thanks
to an additional curvature parameter.

Instead of estimating a probability distribution, recovering the geometrical structure of
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the submanifold in question can also be of interest. In particular, the estimation of the
tangent spaces, the extrinsic curvature or the submanifold itself (as a subset of R”, under the
Hausdorff loss) is for instance studied in a minimax framework in [50), 2, [38], 87, [§].

Finding a meaningful low dimensional representation of the data can also be useful, a
problem commonly referred to as (non linear) dimension reduction, which can be understood
as estimating a set of coordinates charts. To this end various methods have been suggested
such as Principal Component Analysis [85], its kernelised version [98], Locally Linear Embed-
dings [95] or graph based methods (which implicitely approximate the latent submanifold by
a random graph, a technique we have already discussed in Section such as Isomap [107],
Laplacian Eigenmaps [14, [I5] or diffusion maps [34].

Finally, the problem of studying the nonparametric regression problem [I.10] in the case
where the covariates X; are supported on an unknown low dimensional subset has also received
much attention, with estimation procedures based for instance on Bayesian neural networks
[25], the restriction of ambient Gaussian process priors (i.e. defined globally on R?) [T17, 106]
or graph based methods [96, [61], 45, 8T, [43] (based either on least square estimators or Bayesian
series priors of the formin the graph spectral domain). While optimal rates of convergence
are obtained in quite general settings in [25 117}, [106], for graph based methods the situation is
not as clear, with the only known results either requiring the smoothness of the true regression
function to belong to {1,2,3} [61] or to have access to a large amount of additional unlabeled

covariates {zp41,...,xn}, N >n [96].

1.4.2 Contributions

We now present the three main chapters of this thesis, the first two focusing on nonparametric
regression with covariates located on an unknown submanifold, and the last one on density

estimation in the vicinity of an unknown submanifold.
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Chapter |2| : Posterior Contraction Rates for Matérn Gaussian Processes on Rie-

mannian Manifolds [91]

This is a joint work with Viacheslav Borovitskiy, Alexander Terenin and Judith Rousseau, and
has been published in the Advances in Neural Information Processing Systems 36 (NeurIPS
2023, spotlight poster). In this paper we tackle the nonparametric regression problem
when the covariates are located on a possibly unknown submanifold M of RP, D > 1
using a Bayesian nonparametric approach based on Gaussian process priors (as presented
in Section . We consider two main classes of Gaussian processes : the intrinsic ones,
which are those defined by random series expansion as in and where the basis functions
are the eigenfunctions of the Laplace-Beltrami operator (see Section , and the extrinsic
ones, those defined (implicitely) by the restriction of a ambient Gaussian process (i.e.

defined everywhere on R”) to M. We focus on the class of Matern Gaussian processes and
we adapt the proof strategy of [I12] to the manifold case. Surprisingly, our results indicate
that both priors (intrinsic and extrinsic) achieve the optimal rate of convergence. Our proof
crucially relies on an application of a trace and extension theorem between manifold and
Euclidean Sobolev spaces, showing in our context that both processes have norm equivalent
RKHS’s. Compared with [I17] (which focuses on the restriction of ambient square exponential
processes), our proof is not limited to smoothness less than 2. It should be noted that [117]

has been extended later to arbitrary smoothness and to the adaptive case in [106].

Chapter [3]: Nonparametric regression on random geometric graphs sampled from

submanifolds [92]

This is a joint work with Judith Rousseau and has been submitted to the Journal of Machine
Learning Research. It is a logical extension of the work previously done in [91], where we still
consider the same nonparametric regression problem m (with covariates X; located on an
unknown d—dimensional submanifold M of R, D > 1) but we approximate the intrinsic
Gaussian process defined by random basis expansion in the Laplace-Beltrami eigenbasis by

its analog on a random graph approximating M (see Section [1.2)). This technique therefore
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allows to use an approximation of the intrinsic processes even when the manifold in question
is unknown, as the prior process is this time defined by a random basis expansion in the
eigenbasis of the graph Laplacian. Actually, as we discussed in Section there is no
reason to limit ourselves to Gaussian processes, and we present a very general result valid
for a large class of priors on the coefficients in the basis expansion with exponentially small
tails. Assuming S—Hdlder smoothness of the underlying regression function, we present priors
achieving (near) minimax optimal posterior contraction rates in the adaptive or non-adaptive
case for any 8 > 0 (8 > d/2 when the global L? loss over the graph is considered) without
requiring any additional unlabeled covariates, thus significantly extending the results in [61]
96]. Our proof is based on a novel approximation argument in the graph Laplacian spectral
domain. As a byproduct of our approximation argument we prove that the PCR-LE (least
square) estimator proposed in [61] also achieves the (near) minimax rate under the same

conditions.

Chapter 4] : Estimating a density near an unknown manifold: a Bayesian non-

parametric approach [16]

This is a joint work with Clément Berenfeld and Judith Rousseau, and has been published in
The Annals of Statistics.

This was the first problem investigated during the DPhil. In this paper, we investigate
the problem of estimating a density fy supported on a small tubular neighbourhood (see
Section of Chapter [1)) of an unknown d—dimensional submanifold M of RP. based on
an 4.7.d. sample from fy. To this end we design a new class of Bayesian nonparametric
priors for the density based on location-scale mixtures of Gaussian kernels, where the prior
for the local covariance matrices is carefully designed by putting separate priors on their
directions and eigenvalues. After defining a new type of Holder regularity assumptions on the
density fy where the smoothness is measured along a moving coordinate frame in the tubular
neighbourhood (instead of the coordinates axis of R”), we show (near) minimax optimal

posterior contraction rates for the resulting procedure with respect to the Hellinger distance
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provided that the width of the tubular neighbourhood is not too small. The density fj is shown
to satisfy this Holder regularity assumption in the case of isotropic and orthogonal additive
noise models, and the resulting posterior contraction rates are in this setting essentially only
impacted by the dimensionality of M and not the one of R”, provided that the density of the
noise is infinitely smooth. Moreover, we present a Gibbs sampling and a MAP (maximum a
posteriori) algorithm showing that the resulting Bayesian procedures significantly outperform

their more standard counterparts based on inverse Wishart prior for the covariances.
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Abstract

Gaussian processes are used in many machine learning applications that rely on
uncertainty quantification. Recently, computational tools for working with these
models in geometric settings, such as when inputs lie on a Riemannian manifold,
have been developed. This raises the question: can these intrinsic models be
shown theoretically to lead to better performance, compared to simply embedding
all relevant quantities into R? and using the restriction of an ordinary Euclidean
Gaussian process? To study this, we prove optimal contraction rates for intrinsic
Matérn Gaussian processes defined on compact Riemannian manifolds. We also
prove analogous rates for extrinsic processes using trace and extension theorems
between manifold and ambient Sobolev spaces: somewhat surprisingly, the rates
obtained turn out to coincide with those of the intrinsic processes, provided that
their smoothness parameters are matched appropriately. We illustrate these rates
empirically on a number of examples, which, mirroring prior work, show that
intrinsic processes can achieve better performance in practice. Therefore, our work
shows that finer-grained analyses are needed to distinguish between different levels
of data-efficiency of geometric Gaussian processes, particularly in settings which
involve small data set sizes and non-asymptotic behavior.

1 Introduction

Gaussian processes provide a powerful way to quantify uncertainty about unknown regression
functions via the formulation of Bayesian learning. Motivated by applications in the physical and
engineering sciences, a number of recent papers [11, 9, 10, 37] have studied how to extend this model
class to spaces with geometric structure, in particular Riemannian manifolds including important
special cases such as spheres and Grassmannians [4], hyperbolic spaces and spaces of positive definite
matrices [5], as well as general manifolds approximated numerically by a mesh [11].

These Riemannian Gaussian process models are starting to be applied for statistical modeling, and
decision-making settings such as Bayesian optimization. For example, in a robotics setting, Jaquier
et al. [27] has shown that using Gaussian processes with the correct geometric structure allows one to
learn quantities such as the orientation of a robotic arm with less data compared to baselines. The
same model class has also been used by Coveney et al. [15] to perform Gaussian process regression
on a manifold which models the geometry of a human heart for downstream applications in medicine.

Given these promising empirical results, it is important to understand whether these learning algo-
rithms have good theoretical properties, as well as their limitations. Within the Bayesian framework,
a natural way to quantify data-efficiency and generalization error is to posit a data-generating mech-

37th Conference on Neural Information Processing Systems (NeurIPS 2023).
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Figure 1: Samples from different Matérn Gaussian processes on different manifolds, namely a
one-dimensional dumbbell-shaped manifold and a two-dimensional sphere. Notice that the values
across the dumbbell’s bottleneck can be very different for the intrinsic process in (a), despite being
very close in the ambient Euclidean distance and in contrast to the situation for the extrinsic model in
(b). On the other hand, there is little qualitative difference between (c) and (d), since the embedding
produces a reasonably-good global approximation to geodesic distances on the sphere.

anism model and study if—and how fast—the posterior distribution concentrates around the true
regression function as the number of observations goes to infinity.

Within the Riemannian setting, it is natural to compare intrinsic methods, which are formulated
directly on the manifold of interest, with extrinsic ones, which require one to embed the manifold
within a higher-dimensional Euclidean space. For example, the two-dimensional sphere can be
embedded into the Euclidean space R?: intrinsic Gaussian processes model functions on the sphere
while extrinsic ones model functions on R3, which are then restricted to the sphere. Are the former
more efficient than the latter? Since embeddings—even isometric ones—at best only preserve
distances locally, they can induce spurious dependencies, as points can be close in the ambient space
but far away with respect to the intrinsic geodesic distance: this is illustrated in Figure 1. In cases
where embeddings significantly alter distances, one can expect intrinsic models to perform better,
and it is therefore interesting to quantify such differences.

In other settings, the manifold on which the data lies can be unknown, which makes using intrinsic
methods directly no longer possible. There, one would like to understand how well extrinsic methods
can be expected to perform. According to the manifold hypothesis [18], it is common for perceptual
data such as text and images to concentrate on a lower-dimensional submanifold within, for instance,
pixel space or sequence space. It is therefore also interesting to investigate how Gaussian process
models—which, being kernel-based, are simpler than for instance deep neural networks—perform in
such scenarios, at least in the asymptotic regime.

In this work, we develop geometric analogs of the Gaussian process posterior contraction theorems of
van der Vaart and van Zanten [56]. More specifically, we derive posterior contraction rates for three
main geometric model classes: (1) the intrinsic Riemannian Matérn Gaussian processes, (2) truncated
versions of the intrinsic Riemannian Matérn Gaussian processes, which are used in practice to avoid
infinite sums, and (3) the extrinsic Euclidean Matérn Gaussian processes under the assumption that
the data lies on a compact Riemannian manifold. In all cases, we focus on IID randomly-sampled
input points—commonly referred to as random design in the literature—and contraction in the sense
of the L?(pg) distance, defined in Section 2. We focus on compact Riemannian manifolds: this
allows one to define Matérn Gaussian processes through their Karhunen—Lo¢ve expansions, which
requires a discrete spectrum for the Laplace-Beltrami operator—see for instance Borovitskiy et al.
[11] and Chavel [13], Chapter 1—and is a common setting in statistics [39].

Contributions. We show that all three classes of Gaussian processes lead to optimal procedures, in
the minimax sense, as long as the smoothness parameter of the kernel is aligned with the regularity
of the unknown function. While this result is natural—though non trivial—in the case of intrinsic
Matérn processes, it is rather remarkable that it also holds for extrinsic ones. This means that in
order to understand their differences better, finite-sample considerations are necessary. We therefore
present experiments that compute the worst case errors numerically. These experiments highlight that
intrinsic models are capable of achieving better performance in the small-data regime. We conclude
with a discussion of why these results—which might at first seem counterintuitive—are very natural



when viewed from an appropriate mathematical perspective: they suggest that optimality is perhaps
best seen as a basic property or an important guarantee that any sensible model should satisfy.

2 Background

Gaussian process regression is a Bayesian approach to regression where the modeling assumptions
are y; = f(z;) + &;, with g; ~ N(0,02), 7; € X, and f is assigned a Gaussian process prior.
A Gaussian process is a random function f : X — R for which all finite-dimensional marginal
distributions are multivariate Gaussian. The distribution of such a process is uniquely determined by
its mean function m(-) = E(f(-)) and covariance kernel k(-,-") = Cov(f(-), f(-')), hence we write
f~ GP(m,k).

For Gaussian process regression, the posterior distribution given the data is also a Gaussian process
with probability kernel I1(- | &, y) = GP(mu(.|z,y), k1i(-|2,y))» S6€ Rasmussen and Williams [41],

mi(fey) () = K)o (Kee +020) 'y, %))
kri(lzay) () = Ky — Ko (Kee + 021) T Ky (). 2)

These quantities describe how incorporating data updates the information contained within the
Gaussian process. We will be interested studying the case where X is a Riemannian manifold, but
first review the existing theory on the asymptotic behaviour of the posterior when X = [0, 1]¢.

2.1 Posterior Contraction Rates

Posterior contraction results describe how the posterior distribution concentrates around the true
data generating process, as the number of observations increases, so that it eventually uncovers the
true data-generating mechanism. The area of posterior asymptotics is concerned with understanding
conditions under which this does or does not occur, with questions of posterior contraction rates—
how fast such convergence occurs—being of key interest. At present, there is a well-developed
literature on posterior contraction rates, see Ghosal and van der Vaart [20] for a review.

In the context of Gaussian process regression with random design, which is the focus of this paper,
the true data generating process is assumed to be of the form

yi | ©; ~ N(fo(x:),02) i ~ Do 3

where fy € F C RX, a class of real-valued functions, and N(u, 02) denotes the Gaussian with
moments u,o2. Note that, in this particular variant, these equations exactly mirror those of the
Gaussian process model’s likelihood, including the use of the same noise variance o2 in both cases:
in this paper, we focus on the particular case where o, is known in advance. This setting is restrictive,
one can extend to an unknown o, > 0 using techniques that are not specific to our geometric setting:
for instance, the approach of [55] allows to handle an unknown o if one assumes an upper and lower
bound on it and keep the same contraction rates. In practice, more general priors, including ones that
do not assume an upper or lower bound on o, can be used, such as a conjugate one like in Banerjee
[6]—these can also be analyzed to obtain contraction rates, albeit with additional considerations. The
generalization error for prediction in such models is strongly related to the weighted L? loss given by

1/2
1 = foll ooy = ( 15 - f0<x>|2dpo<x>) @

which is arguably the natural way of measuring discrepancy between f and fj, given the fact that the
covariates z; are sampled from pg. The posterior contraction rate is then defined as

2
Ezy EfNHCIw,y)Hf - fOHLQ(po) )

where E¢ r1(.|z,y)(-) denotes expectation under the posterior distribution while Eg 4 (-) denotes
expectation under the true data generating process.' In the case of covariates distributed on [0, 1]¢,
posterior contraction rates have been derived under Matérn Gaussian process priors [47] in van der
Vaart and van Zanten [56], who showed the following result.

"Note that other notions of posterior contraction can be found in the literature, see Ghosal and van der Vaart
[20] and Rousseau [42] for examples that are slightly weaker than the definition we work with.



Result 1 (Theorem 2 of van der Vaart and van Zanten [56]). In the Bayesian regression model, let
f be a mean-zero Matérn Gaussian process prior on R® with amplitude UJ%, length scale k, and
smoothness v > d /2. Assume that the true data generating process is given by (3), where py has a
Lebesgue density on X = [0, 1]¢ which is bounded from below and above by 0 < Cpo < Cpy < 00,
respectively. Let fo € HP NCH® with 8 > d/2, where H? and CH?" the Sobolev and Holder spaces,
respectively. Then there exists a constant C > 0, which does not depend on n but does depend on d,
JJ%, v, K, 3, po, 02, foll s (pnyr and || folleap (any» Such that

2 _2min(f,v)
Ew’y EfNH(-\m,y)”f - f0||L2(p0) < Cn 2v+d (6)
and, moreover, the posterior mean satisfies
2 _2min(By)
Eoy M |ey) — follzzg,) < Cn 2v4d . 7

Note that myy(.|4,y) 18 the Bayes estimator [52] of f associated to the weighted L? loss and that the
second inequality above is a direct consequence of the first. Therefore the posterior contraction rate
implies the same convergence rate for myy(.|4,y ). The best rate is attained when 3 = v: that is, when
true smoothness and prior smoothness match—which is known to be minimax optimal in the problem
of estimating fj: see Tsybakov [52]. In this paper, we extend this result to the manifold setting.

2.2 Related Work and Current State of Affairs

The formalization of posterior contraction rates of Bayesian procedures dates back to the work of
Schwartz [46] and Le Cam [29], but has been extensively developed since the seminal paper of Ghosal
et al. [19] for various sampling and prior models, see for instance [20, 42] for reviews. This includes,
in particular, work on Gaussian process priors [54, 56, 57, 43, 49]. Most of the results in the literature,
however, assume Euclidean data: as a consequence, contraction properties of Bayesian models under
manifold assumptions are still poorly understood, with exception of some recent developments in
both density estimation [7, 8, 60] and regression [63, 60].

The results closest to ours are those of Yang and Dunson [63] and Castillo et al. [12]. In the former, the
authors use an extrinsic length-scale-mixture of squared exponential Gaussian processes to achieve
optimal contraction rates with respect to the weighted L? norm, using a completely different proof
technique compared to us, and their results are restricted to fy having Hélder smoothness of order
less than or equal to two. On the other hand Castillo et al. [12] consider, as an intrinsic process on the
manifold, a hierarchical Gaussian process based on its heat kernel and provide posterior contraction
rates. For the Matérn class, Li et al. [30] presents results which characterize the asymptotic behavior
of kernel hyperparameters: our work complements these results by studying contraction of the
Gaussian process itself toward the unknown ground-truth function. One can also study analogous
discrete problems: Dunson et al. [17] and Sanz-Alonso and Yang [45] present posterior contraction
rates for a specific graph Gaussian process model in a semi-supervised setting. In the next section,
we present our results on Matérn processes, defined either by restriction of an ambient process or by
an intrinsic construction, and discuss their implications.

3 Posterior Contraction Rates on Compact Riemannian Manifolds

We now study posterior contraction rates for Matérn Gaussian processes on manifolds, which are
arguably the most-widely-used Gaussian process priors in both the Euclidean and Riemannian
settings. We begin by more precisely describing our geometric setting before stating our key results
and discussing their implications. From now on, we write X = M, to emphasize that the covariate
space is a manifold.

Assumption 2. Assume that M C RP is a smooth, compact submanifold (without boundary) of
dimension d < D equipped with the standard Riemannian volume measure [i.

We denote |[M| = [, du(z) for volume of M. With this geometric setting defined, we will need
to describe regularity assumptions in terms of functional spaces on the manifold M. We work
with Holder spaces CH” (M), defined using charts via the usual Euclidean Holder spaces, the
Sobolev spaces H*(M), and Besov spaces B3, ., (M) which are one of the ways of generalizing
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Figure 2: Different Matérn kernels k(e, x) on different manifolds.

the Euclidean Holder spaces of smooth functions to manifolds. We follow Coulhon et al. [14] and
Castillo et al. [12], and define these spaces using the Laplace-Beltrami operator on M in Appendix A.

Recall that the data-generating process is given by (3), with fj as the true regression function and pg
as the distribution of the covariates.

Assumption 3. Assume that pg is absolutely continuous with respect to i, and that its density,
denoted by py, satisfies c < pg < C for 0 < ¢,C < oo. Assume the regression function fy satisfies
fo € H?(M) N BE, (M) for some 3 > d/2, and that 62 > 0 is fixed and known.

This setting can be extended to handle unknown variance o, by putting a prior on o, following the
strategy of Salomond [44] and Naulet and Barat [36]. Since we are focused primarily on the impact
of the manifold, we do not pursue this here. With the setting fully defined, we proceed to develop
posterior contraction results for different types of Matérn Gaussian process priors: intrinsic, intrinsic
truncated and extrinsic.

3.1 Intrinsic Matérn Gaussian Processes

We now introduce the first geometric Gaussian process prior under study—the Riemannian Matérn
kernel of Whittle [62], Lindgren et al. [33], and Borovitskiy et al. [11]. This process was originally
defined using stochastic partial differential equations: here, we present it by its Karhunen—Loeve
expansion, to facilitate comparisons with its truncated analogs presented in Section 3.2.

Definition 4 (Intrinsic Matérn prior). Let v > 0, and let (A}, f;) ;>0 be the eigenvalues and orthonor-
mal eigenfunctions of the Laplace—Beltrami operator on M, in increasing order. Define the intrinsic
RIEMANNIAN MATERN GAUSSIAN PROCESS through its Karhunen—Loéve expansion to be

v4d/2
—rtd/z

0'2 o v
f() = Cyf_K Z(iz + )‘j) & i) & ~N(0,1) (8)

where v, K, GJ% are positive parameters and C,, ,; is the normalization constant, chosen such that
ﬁ Joy Var(f(z)) dp(z) = JJ%, where Var denotes the variance.

The covariance kernels of these processes are visualized in Figure 2. With this prior, and the setting
defined in Section 3, we are ready to present our first result: this model attains the desired optimal
posterior contraction rate as soon as the regularity of the ground-truth function matches the regularity
of the Gaussian process, as described by the parameter v.

Theorem 5. Let f be a Riemannian Matérn Gaussian process prior of Definition 4 with smoothness
parameter v > d /2 and let fy satisfy Assumption 3. Then there is a C > 0 such that

_ 2min(B,v)
Eoy Broticlog 1f = foll oy < Cn~ 20+ . )

All proofs are given in Appendix B. Our proof follows the general approach of van der Vaart and van
Zanten [56], by first proving a contraction rate with respect to the distance n='/2|| f(z) — fo(z)||gn
at input locations x, and then extending the result to the true L2-distance by applying a suitable
concentration inequality. The first part is obtained by studying the concentration function, which
is known to be the key quantity to control in order to derive contraction rates of Gaussian process
priors—see Ghosal and van der Vaart [20] and van der Vaart and van Zanten [57] for an overview.



Given our regularity assumptions on fj, the most difficult part lies in controlling the small-ball
probabilities IT[| f HC( M) < e|: we handle this by using results relating this quantity with the entropy
of an RKHS unit ball with respect to the uniform norm. Since our process’ RKHS is related to the
Sobolev space H**/2( M) which admits a description in terms of charts, we apply results on the
entropy of Sobolev balls in the Euclidean space to conclude the first part. Finally, to extend the rate to
the true L?(pg) norm, following van der Vaart and van Zanten [56], we prove a Holder-type property
for manifold Matérn processes, and apply Bernstein’s inequality. Together, this gives the claim.

This result is good news for the intrinsic Matérn model: it tells us that asymptotically it incorporates
the data as efficiently as possible at least in terms of posterior contraction rates, given that its regularity
matches the regularity of fo. An inspection of the proof shows that the constant C' > 0 can be seen to
depend on d.o}, v, &, B, po.02, || foll s aays 1foll g2 (aey» and [ follezes (aq)- Theorem 5 extends
to the case where the norm is raised to any power ¢ > 1 rather than the second power, with the
right-hand side raised to the same power: see Appendix B for details. We now consider variants of
this prior that can be implemented in practice.

3.2 Truncated Matérn Gaussian Processes

The Riemannian Matérn prior’s covariance kernel cannot in general be computed exactly, since
Definition 4 involves an infinite sum. Arguably the simplest way to implement these processes
numerically is to truncate the respective infinite series in the Karhunen-Loeve expansion by taking
the first J terms, which is also optimal in an L?(M)-sense.

Note that the truncated prior is a randomly-weighted finite sum of Laplace-Beltrami eigenfunctions,
which have different smoothness properties compared to the original prior: the truncated prior takes
its values in C*° (M) since the eigenfunctions of M are smooth—see for instance De Vito et al. [16].
Nevertheless, if the truncation level is allowed to grow as the sample size increases, then the regularity
of the process degenerates and one gets a function with essentially-finite regularity in the limit.

Truncated random basis expansions have been studied extensively in the Bayesian literature in the
Euclidean setting—see for instance Arbel et al. [2] and Yoo et al. [64] or Ghosal and van der Vaart
[20], Chapter 11 for examples with priors based on wavelet expansions. It is known that truncating
the expansion at a high enough level usually allows one to retain optimality. Instead of truncating
deterministically, it is also possible to put a prior on the truncation level and resort to MCMC
computations which would then select the optimal number of basis functions adaptively, at the
expense of a more computationally intensive method—this is done, for instance, in van der Meulen
et al. [53] in the context of drift estimation for diffusion processes. Random truncation has been
proven to lead in many contexts to adaptive posterior contraction rates, meaning that although the
prior does not depend on the smoothness (3 of fj, the posterior contraction rate—up to possible Inn
terms—is of order n—7/(26+4d); gee for instance Arbel et al. [2] and Rousseau and Szabo [43].

By analogy of the Euclidean case with its random Fourier feature approximations [40], we can call
the truncated version of Definition 4 the manifold Fourier feature model, for which we now present
our result.

Theorem 6. Let f be a Riemannian Matérn Gaussian process prior on M with smoothness parameter
v > d/2, modified to truncate the infinite sum to at least J,, > cn~  2v+d terms, and let fy satisfy

Assumption 3. Then there is a C > 0 such that
_ 2min(B,v)
By Eponi(ag|f = follfogpy) < Cn~ 204 (10)

The proof is essentially-the-same as the non-truncated Matérn, but involves tracking dependence of
the inequalities on the truncation level .J,,, which implicitly defines a sequence of priors rather than a
single fixed prior.

This result is excellent news for the intrinsic models: it means that they inherit the optimality
properties of the limiting one, even in the absence of the infinite sum—in spite of the fact that the
corresponding finite-truncation prior places its probability on C*°(M). Again, the constant C' > 0
can be seen to depend on d,oj%, v,k,3,p0,02, ||f0HHﬁ(M)’ ”fOHBffooo(M)’ and ||f0||cwf(M). This
concludes our results for the intrinsic Riemannian Matérn priors. We now study what happens if,
instead of working with a geometrically-formulated model, we simply embed everything into R¢ and
formulate our models there.



3.3 Extrinsic Matérn Gaussian Processes

The results of the preceding sections provide good reason to be excited about the intrinsic Riemannian
Matérn prior: the rates it obtains match the usual minimax rates seen for the Euclidean Matérn prior
and Euclidean data, provided that we match the smoothness v with the regularity of fy. Another
possibility is to consider an extrinsic Gaussian process, that is, a Gaussian process defined over
an ambient space. This has been considered by Yang and Dunson [63] for instance for the square-
exponential process, in an adaptive setting where one does not assume that the regularity [ of fj is
explicitly known, but where 5 < 2. In this section we prove a non-adaptive analog of this result for
the Matérn process.

Definition 7 (Extrinsic Matérn prior). Assume that the manifold M is isometrically embedded in the
Euclidean space R, such that we can regard M as a subset of RP. Consider the Gaussian process
with zero mean and kernel given by restricting onto M the standard Euclidean Matérn kernel

21711 ! v o
ky7ﬂ702(x,x’)_afcr‘(y)(\/21/”$l:”]1@> KV<\/2VW) (11)

¥
where oy, k,v > 0 and K, is the modified Bessel function of the second kind [22].

Since the extrinsic Matérn process is defined in a completely agnostic way with respect to the
manifold geometry, we would expect it to be less performant when M is known. However, it turns
out that the extrinsic Matérn process converges at the same rate as the intrinsic one, as given in the
following claim.

Theorem 8. Let f be a mean-zero extrinsic Matérn Gaussian process prior with smoothness parame-
ter v > d/2 on M, and let fy satisfy Assumption 3. Then for some C > 0 we have

_Qmin(,B,V)
By Branicloa 1f = foll oy < Cn~ 20+ . (12)

Theorem 8 is a surprising result because the optimal rates in this setting only require the knowledge
of the regularity /3, but not the knowledge of the manifold or the intrinsic dimension. More precisely,
the prior is not designed to be an adaptive prior, since it is a fixed Gaussian process, but it surprisingly
adapts to the dimension of the manifold, and thus to the manifold.

The proof is also based on control of concentration functions. The main difference is that, although
the ambient process has a well known RKHS—the Sobolev space H**P/2(RP)—the restricted
process has a non-explicit RKHS, which necessitates further analysis. We tackle this issue by using
results from GroBle and Schneider [24] relating manifold and ambient Sobolev spaces by linear
bounded trace and extension operators, and from Yang and Dunson [63] describing a general link
between the RKHS of an ambient process and its restriction. This allows us to show that the restricted
process has an RKHS that is actually norm-equivalent to the Sobolev space H* %/ 2(M), which
allows us to conclude the result in the same manner as in the intrinsic case.

As consequence, our argument applies mutatis mutandis in any setting where suitable trace and
extension theorems apply, with the Riemannian Matérn case corresponding to the usual Sobolev
results. In particular, our arguments therefore apply directly to other processes possessing similar
RKHSs, such as for instance various kernels defined on the sphere—see e.g. Wendland [61], Chapter
17 and Hubbert et al. [26]. The constant C' > 0 can be seen to depend on d,D,afc, V,m,ﬁ,po,ag,
||f0||H5(M):||f0HB,{fm(M)»HfO||c7-¢ﬁ(/v1)_n0tice that here C' depends implicitly on D because of the

presence of trace and extension operator continuity constants. We now proceed to understand the
significance of the overall results.

3.4 Summary of Results

As a consequence of our previous results, fixing a single common data generating distribution
determined by py, fo, under suitable conditions the intrinsic Matérn process, its truncated version,
and the extrinsic Matérn process all possess the same posterior contraction rate with respect to
the LQ(pO)—norm, which depends on d, v, and 3, and is optimal if the regularities of f; and the
prior match. These results imply the following immediate corollary, which follows by convexity of

[ ||2Lz(p0) using Jensen’s inequality.



Corollary 9. Under the assumptions of Theorems 5, 6 and 8, it follows that, for some C > 0

__ 2min(8,v)

Eay [mugia.y) = follF2gy) < Cn™ " 20+d (13)
where mi(.|z,y) is the posterior mean given a particular value of (;, yi)?:l'

When v = (3, the optimality of the rates we present in the manifold setting can be easily inferred by
lower bounding the L2-risk of the posterior mean by the L?-risk over a small subset of M and using
charts, which translates the problem into the Euclidean framework for which the rate is known to be
optimal—see for instance Tsybakov [52].

To contextualize this, observe that even in cases where the geometry of the manifold is non-flat, the
asymptotic rates are unaffected by the choice of the prior’s length scale k—in either the intrinsic, or
the extrinsic case—but only by the smoothness parameter v. Indeed, the RKHS of the process is only
determined—up to norm equivalence—by v, which plays an important role in the proofs. This, and
the fact that extrinsic processes attain the same rates, implies that the study of asymptotic posterior
contraction rates cannot detect geometry in our setting, as was already hinted by Yang and Dunson
[63]. Hence, in the geometric setting, optimal posterior contraction rates should be thought of more
as a basic property that any reasonable model should satisfy. Differences in performance will be
down to constant factors alone—but as we will see, these can be significant. To understand these
differences, we turn to empirical analysis.

4 Experiments

From Theorems 5, 6 and 8, we know that intrinsic and extrinsic Gaussian processes exhibit the
same posterior contraction rates in the asymptotic regime. Here, we study how these rates manifest
themselves in practice, by examining how worst-case errors akin to those of Corollary 9 behave
numerically. Specifically, we consider the pointwise worst-case error

T T 2
v = sup Eepn(0.02) M oy () = So(®)] (14)
lfoll yyo+asz <1

where m(nT().m.y)

with smoothness v, length scale «, amplitude O’?, which is intrinsic if 7 = i or extrinsic if 7 = e. We

is the posterior mean corresponding to the zero-mean Matérn Gaussian process prior

use a Gaussian likelihood with noise variance cr? and observations y; = fo(x;) 4 €;, and examine this
quantity as a function of the evaluation location ¢ € M. By allowing us to assess how error varies
in different regions of the manifold, this provides us with a fine-grained picture of how posterior
contraction behaves.

One can show that v(7) may be computed without numerically solving an infinite-dimensional
optimization problem. Specifically, (14) can be calculated, in the respective intrinsic and extrinsic
cases, using

. . s . —1 .
oO(t) = KO (1) - Ky (KR +02T) KE, (15)
v (1) & (K — Ky ) (KR ) HKY, — KR xal) + o?ava/ (16)

where, for the extrinsic case, oy = KEI))((K;;( +02I)~ 1, and X' is a set of points sampled uniformly
from the manifold M, the size of which determines approximation quality. The intrinsic expression is

simply the posterior variance kg)( z.y) (t,t), and its connection with worst-case error is a well-known

folklore result mentioned somewhat implicitly in, for instance, Mutny and Krause [35]. The extrinsic
expression is very-closely-related, and arises by numerically approximating a certain RKHS norm. A
derivation of both is given in Appendix F. To assess the approximation error of this formula, we also
consider an analog of (16) but instead defined for the intrinsic model, and compare it to (15): in all
cases, the difference between the exact and approximate expression was found to be smaller than
differences between models. By computing these expressions, we therefore obtain, up to numerics,
the pointwise worst-case expected error in our regression model.

For M we consider three settings: a dumbbell-shaped manifold, a sphere, and the dragon manifold
from the Stanford 3D scanning repository. In all cases, we perform computations by approximating
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Figure 3: Worst-case error estimates for the intrinsic and extrinsic processes, on the dumbbell,
sphere, and dragon manifolds (lower is better, y axis is in the logarithmic scale). We see that, on
the dumbbell and dragon manifold, intrinsic models achieve lower expected errors than extrinsic
models for the ranges considered (top), and that their expected error consistently varies less as a
function of space (bottom). In contrast, on the sphere, both models achieve similar performance, with
differences between models falling within the range of variability caused by different random number
seeds. We also see that the difference between computing the pointwise worst-case error exactly and
approximately, in the intrinsic case where computing this difference is possible, is small in all cases.

the manifold using a mesh, and implementing the truncated Karhunen—Loeve expansion with J = 500
eigenpairs obtained from the mesh. We fix smoothness v = g, amplitude UJ% = 1, and noise variance
o2 = 0.0005, for both the intrinsic and extrinsic Matérn Gaussian processes. Since the interpretation
of the length scale parameter is manifold-specific, for the intrinsic Gaussian processes we set £ = 200
for the dumbbell, k = 0.25 for the sphere, and x = 0.05 for the dragon manifold. In all cases,
this yielded functions that were neither close to being globally-constant, nor resembled noise. Each
experiment was repeated 10 times to assess variability. Complete experimental details are given
in Appendix G.”

The length scales « are defined differently for intrinsic and extrinsic Matérn kernels: in particular,
using the same length scale in both models can result in kernels behaving very differently. To alleviate
this, for the extrinsic process, we set the length scale by maximizing the extrinsic process’ marginal
likelihood using the full dataset generated by the intrinsic process, except in the dumbbell’s case
where the full dataset is relatively small, and therefore a larger set of 500 points was used instead.
This allows us to numerically match intrinsic and extrinsic length scales to ensure a reasonably-fair
comparison.

Figure 3 shows the mean, and spatial standard deviation of v (t), where by spatial standard deviation
we mean the sample standard deviation computed with respect to locations in space, rather than with
respect to different randomly sampled datasets. From this, we see that on the dumbbell and dragon
manifold—whose geometry differs significantly from the respective ambient Euclidean spaces—
intrinsic models obtain better mean performance. The standard deviation plot reveals that intrinsic
models have errors that are less-variable across space. This means that extrinsic models exhibit
higher errors in some regions rather than others—such as, for instance, regions where embedded
Euclidean and Riemannian distances diffe—whereas in intrinsic models the error decays in a more
spatially-uniform manner.

In contrast, on the sphere, both models perform similarly. Moreover, both the mean and spatial
standard deviation decrease at approximately the same rates, indicating that the extrinsic model’s
predictions are correct about-as-often as the intrinsic model’s, as a function of space. This confirms
the view that, since the sphere does not possess any bottleneck-like areas where embedded Euclidean
distances are extremely different from their Riemannian analogs, it is significantly less affected by
differences coming from embeddings.

2Code available at: HTTPS://GITHUB.COM/ATERENIN/GEOMETRIC_ASYMPTOTICS.



In total, our experiments confirm that there are manifolds on which geometric models can perform
significantly better than non-geometric models. This phenomenon was also noticed in Dunson et al.
[17], where a prior based on the eigendecomposition of a random geometric graph, which can be
thought as an approximation of our intrinsic Matérn processes, is compared to a standard extrinsic
Gaussian process. In our experiments, we see this through expected errors, mirroring prior results
on Bayesian optimization performance. From our theoretical results, such differences cannot be
captured through posterior contraction rates, and therefore would require sharper technical tools, such
as non-asymptotic analysis, to quantify theoretically.

5 Conclusion

In this work, we studied the asymptotic behavior of Gaussian process regression with different
classes of Matérn processes on Riemannian manifolds. By using various results on Sobolev spaces
on manifolds we derived posterior contraction rates for intrinsic Matérn process defined via their
Karhunen-Loeve decomposition in the Laplace—Beltrami eigenbasis, including processes arising from
truncation of the respective sum which can be implemented in practice. Next, using trace and extension
theorems which relate manifold and Euclidean Sobolev spaces, we derived similar contraction rates
for the restriction of an ambient Matérn process in the case where the manifold is embedded in
Euclidean space. These theoretical asymptotic results were supplemented by experiments on several
examples, showing significant differences in performance between intrinsic and extrincic methods
in the small sample size regime when the manifold’s geometric structure differs from the ambient
Euclidean space. Our work therefore shows that capturing such differences cannot be done through
asymptotic contraction rates, motivating and paving the way for further work on non-asymptotic error
analysis to capture empirically-observed differences between extrinsic and intrinsic models.
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A Preliminaries

Here we describe preliminaries necessary for Appendices B to E. This includes some basic properties
of the Laplace—Beltrami operator on compact manifolds, partitions of unity subordinate to atlases,
function spaces such as Holder, Sobolev and Besov spaces, general Gaussian random elements on
Banach spaces, and a certain technical lemma. Hereinafter, the expression a < b means a < Cb for
some constant C' > 0 whose value is irrelevant to our claims.

A.1 Laplace-Beltrami Operator and Subordinate Partitions of Unity

Let M denote a compact connected Riemannian manifold without boundary of dimension d € Z.
The Laplace—Beltrami operator A on M is self-adjoint and positive semi-definite [48, Theorem
2.4]. Let (L2(M), (-, ) L2( M)) denote the Hilbert space of square integrable (equivalence classes of)
functions on M with respect to the standard Riemannian volume measure.

By standard theory [13, 23], there exists an orthonormal basis { f; };o:O of L?(M) consisting of the

eigenfunctions of A, namely Af; = —\; f;, with A; > 0. We assume that the pairs (\;, f;) are
sorted such that 0 = Ag < A; < Aj 1. The growth of \; can be characterized as follows.

Result 10 (Weyl’s Law). There exists a constant C' > 0 such that for all j large enough we have

Ol <\ < 05, (17)
Proof. See Chavel [13], Chapter 1. O

Following De Vito et al. [ 16] and GroBe and Schneider [24] we fix a family T = (U;, ¢, Xl)lel’ where
L € Z~, the local coordinates ¢; : Uy C M — V; = ¢;(U;) C R? are smooth diffeomorphisms, and

the functions ; form a partition of unity subordinate to {Lll}lL:l, that is x; € C*°(M), supp(x1) C
U,0 <y, <land}_ . X1 = 1—here, we can choose L finite by compactness of M. For convenience

and without loss of generality, we assume that V; = (0, 1)¢. With this, we can start defining function
spaces on M.

A.2 Holder Spaces CH" and the spaces of continuous functions C and smooth functions C>°

Consider an arbitrary domain X C R% or X C M. We denote the class of infinitely differentiable
functions on X by C*°(X). Let C*(X) denote the Banach space of k € Z~ times continuously
differentiable functions on X with finite norm

[ fllex () = sup|V* f ()| (18)
reX

where V¥ is the kth covariant derivative, as in Hebey [25], Section 2.1 and Aubin [3], Definition 2.2.
We also write C(X) = C%(X) for the space of continuous functions on X’.

The Euclidean Holder spaces CH” (R?), where v = k + o with k € Z>oand 0 < o < 1, are defined
by?

CHY(RY) = {f € C* R : | fllen ey < o} (19)
where

1 lesergaer = | floxguey + sup  LE— T W)l 20)

-
x,yeRY, x#y ||.’13 - y”Rd

More information on these definitions may be found, for instance, in Giné and Nickl [21] and Triebel
[51]. We now turn to the manifold versions of the Holder spaces.

3Holder spaces are often also denoted by C” as well, with v € Rs. Since, using this formulation, they do
not coincide with C*(X') when k = v € Z>o, we use the notation CH" to avoid confusion.
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Definition 11 (Holder spaces). For all v > 0 we define the Holder space CH" (M) on the manifold
M to be the space of all f : M — R satisfying

1 learany = ZH Xtf) © & Hleppnaay < 00 1)

Since the charts ¢; are smooth, Definition 11 can be easily seen to be independent of the chosen atlas,
with equivalence of norms.

A.3 Sobolev and Besov Spaces

We now introduce the manifold versions of the Sobolev and Besov spaces, whose definitions in the
standard Euclidean case may be found, for instance, in Triebel [51]. For Sobolev spaces we use the
Bessel-potential-based definition, following De Vito et al. [16].

Definition 12 (Sobolev spaces). For any s > 0 we define the Sobolev space H®(M) on the manifold
M as the Hilbert space of functions f € L*(M) such that ||f||H sy = s ) sy < 00 where

(o9}

(f, HS(M Z (f, fJ>L2(M)<g fJ>L2(M) (22)

j=0

Remark 13. It is easy to see that substituting (1 + \;)* in (22) with B(a + A;)® or with (a + BA3)
for any a, B > 0 results in the same set of functlons and an equivalent norm. The former follows
from Borovitskiy et al. [11], eq. (109). The latter follows from the Binomial Theorem.

For Besov spaces we follow Coulhon et al. [14] and Castillo et al. [12] and define them in terms
of approximations by low-frequency functions. We fix a function ® € C*°(Rx>¢,R>¢) such that

K = supp(®) C [0,2] and ®(x) = 1 for z € [0, 1]. We also define the functions ®;(z) = ®(277x).
Coulhon et al. [14], Corollary 3.6 shows that the operators <I>j(\/Z) defined by

@, (Va)s Z@( V)i D) 23)

are bounded in the space LP (M) forall 1 < p < 00.* Moreover, the same result also shows that
we can express any f € LP(M) as f = lim; o, ®;(v/A)f in LP(M). ®;(v/A)f can intuitively
be considered as a version of f filtered by a low-pass filter. The next definition introduces the
Besov spaces B , (M), which are formulated in terms of quality-of-approximation by low-frequency
functions.

Definition 14 (Besov spaces). Forany s > 0and 1 < p,q < oo we define the Besov space Bf,yq(/\/l)
on the manifold M as the space of functions f € LP(M) such that || f|| Bs (M) < 00 where

. a\1/a
e o = A+ (im0 (27018, (VBI = Fllivean) ) T Fa<4oe oy
m Hf”Lp(M) +sup;>g 2jsH(I)j(\/Z)f = fllizeomy ifq = +o0.

The classical Besov spaces B , coincide with the Sobolev spaces H* on R?, in the sense that they
define the same set of functions and equivalent norms—see for instance Giné and Nickl [21] section
4.3.6—and even on manifolds if one follows the construction of Triebel [51], pages 7.3-7.4 for Besov
spaces. Since our definition of the Besov spaces is somewhat non-standard, we present a proof.

Proposition 15. Forall s > 0, H*(M) = B3 ,(M) as sets and there exist two constants Cy, Cy > 0
such that for all f € H*(M) = B3 ,(M) we have

Cullfl e pny < Hf||B<2(M) < Coll fll s (- (25)

*The space LP (M) is the Banach space of functions (or rather their equivalence classes) that are integrable
when raised to the power p < oo or essentially bounded for p = oco. See for instance Triebel [50] for details.
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Proof. 1t is enough to prove (25), the rest will follow automatically. The main technical tools used in
the proof are Result 10 and summation by parts. First, we prove the upper bound. Denote the support
set of ® by K = supp(®). Notice that

(1 gy ry = I o) = D2 29|05 (VA) £ = A2 (26)
j=0
R IS ANED S TN |? 27
J20 LNk
<> ¥ Y ‘<fl7f>L2(/\/l)|2' (28)
j>0 lin/ X >27

The last inequality results from the fact that [0,1] C K. By Weyl’s Law (Result 10), there exists
a constant C' > 0 such that \; < CI2/¢. Without loss of generality, we can assume that C' = 22r,
r € Zso. Hence v/A; > 27 implies I > 2%0U~") thus we have

15 a0y =Lz r) < D022 37 (s Fragan | (29)
>0 1>2d(i—)
= 302N P el D025 [ Pean” GO)
0<j<r [>2d(G—-7) j>r  [>2dG-r)
<22 f I ey + 227D 22 (s D) | 31)
j>0 1>24i
Now let R; = Zl>2dj|<fl,f>L2(M)|2 and Sy = Z = 0. Write
SN U Pan | = D085 = SR, (32)
j>0 1>2di 7>0
=Y Si(R; — Rjya) (33)
j>0
=308 > e |’ (34)

J>0 24 <]<2d(i+1)

228 )
§22571222js Z ‘<fl7f>L2(M ’2 (35)

7>0 2dj <]<2d(+1)

225
e DD DI [V PV L ED)

J>0  2di <1<2d(i+1)

5223

e DD DR [V N P & (37)

J>0  2di <]<2d(i+1)

05225 s 9
=555 7 2_ Mo P aaan] (38)
1>2d
3225
<gon 7 NN D 2| (39)

1>0
where we have used Result 10 to get existence of a ¢ such that [2/¢ < ¢);. This proves the upper

bound. The proof for the lower bound is similar.

Proposition 15 provides a characterization of the Sobolev spaces H*(M). There is yet another charac-
terization of these spaces that will be useful later, in terms of charts. We present this characterization
as part of the following result.

16



Theorem 16. On the Sobolev space H* (M), the following norms are equivalent:

0o 1/2

1 s (aey = (Z(l +X)°(f, fj>i2(M)> / (40)
= 1/2

11155 ,an) = 1l pagan) + (Z (2jSII<I>j<¢Z>f - f||Lz<M>)2) (41)
L =0 1/2

1 ez aey) = (;ll(xlf) o¢;1||25(Rd>> 42)

Proof. The equivalence between ||-|| ;7. ) and || f] B3 (M) is given by Proposition 15. The proof

of equivalence between ||-[| ;7. (14, and Hf||H%(M) can be found in De Vito et al. [16]. O

A.4 Gaussian Random Elements

Here we recall the definition of a Gaussian process as a Banach-space-valued random variable,
following for instance van Zanten and van der Vaart [59].

Definition 17 (Gaussian random element). Let (B, ||-||5) be a Banach space, and f be a Borel
random variable with values in B almost surely. We say that f is a Gaussian random element if b*( f)
is a univariate Gaussian random variable for every bounded linear functional b* : B — R.

Random variables of this kind are also sometimes called Gaussian in the sense of duality. One
should think of a Gaussian random element as a generalization of a Gaussian process, but which is
better-behaved from a function-analytic point of view and in particular does not require the process
to be an actual function—as opposed to, for instance, a measure or a distribution. Many connections
between the usual Gaussian processes and Gaussian random elements exist, see Lifshits [32], Ghosal
and van der Vaart [20], Appendix I, van der Vaart and van Zanten [57] for details. The following
observation about Gaussian random elements will be useful later.

Lemma 18. A Gaussian process f on the manifold M with almost surely continuous sample paths is

a Gaussian random element in the Banach space (C (M), Il M)) of continuous functions on M.

Proof. Since C(M) is separable, this follows from Lemma 1.6 in Ghosal and van der Vaart [20]. [

A.5 A Technical Lemma

In order to apply Bernstein’s inequality when going from the error at input locations to the L?(py)
error, we will use the following technical extrapolation lemma.

Lemma 19. For any function g : M — R, a number vy € Rsq \ Z~o and a density py : M — Rsg
with 1 < po, we have
_d _27
9l ry S N1 ey gl Fo - 3)

Proof. We use Lemma 15 from van der Vaart and van Zanten [56] and push it through charts. More
precisely we have, using BY, ([0, 1]7) = CH"([0,1]”) for vy ¢ Z, that

||9||Loo(M) SZH(Xlg)O(bl_lHLoo(vl) )
l
=4 2y
Smax|0ag) o 67 |5 l0ag) 0 077, @s)

By definition of the the manifold Holder spaces, this gives

_d
2v+d

2y
||9HL°0(M) S ”gHC?-L“/(M) mlaXH(Xlg) © (bl_leg?{jl) (46)
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Finally, since x; are bounded, the charts are smooth, and p is lower bounded, we have

[0a8) 67 [y = [ 0wy o s W ay < [ @mo(onntan) S lolliany @7

U,

which gives the result. O

This concludes the necessary preliminaries. We now turn to the proofs of our main results.

B Proofs

Throughout this section we use the notation from Appendix A and results from Appendices C to E.
We start by defining our notation for Gaussian likelihood and probability distribution of the sample.

Definition 20. For every x € M™ and f : M — R we define pg %, to be the joint distribution

corresponding to the marginal p, = po and conditional p?(j:)c = N(f(x),021), where f(x) is the

vector with entries f(x;). Expectations with respect to p,f,,f 1)4 10 pg and to pl(jlc; we denote by Egcf ; by

E, and by E?(jlc l respectively. Sometimes, when f is clear from the context, we omit the subscript (1),
Using van der Vaart and van Zanten [56], Theorem 1, which is valid for any compact metric space
and thus also for M, we can deduce a posterior contraction rate at data input locactions, with respect
to the empirical L?-norm’

Lo 1/2
11l = (n Zf(xf) (48)
i=1

by studying the concentration functions with respect to the uniform norm. This is the purpose of the
following lemma, whose proof mainly follows [56], but crucially relies on two new components: (i)
the small ball asymptotics for manifolds we study in Appendix E and (ii) the characterization of the
RKHS corresponding to both intrinsic and extrinsic priors as manifold Sobolev spaces we obtain
in Appendix C. We recall that the prior II,, may depend on n if we consider a truncated intrinsic
Matérn process.

Theorem 21. Let I1,, denote the prior in either Theorem 5, Theorem 6 or Theorem 8 with smooth-
ness parameter v > d/2. Let H,, denote the corresponding RKHS. Define the CONCENTRATION
FUNCTION for fy € C(M) and e > 0 by

nf 113 - (49)

SD £) = —h’lIED N]'[”[ 1
fo( ) ! fE€Hn: If = foll oo (any <€

|f||Loo(M) < el +

min(v,B)

Then if fo € H?(M) N BE, (M), B > 0we have ¢y, (c,) < nel for e, a multiple of n”™ 2+ .

Proof. The first term on the right-hand side of Equation (49) is bounded by Ce~%* by Lemma 33.
To bound the second term, we assume, without loss of generality,(7 that v > (. Consider an

approximation f = cI)j(\/Z) fo of fo, where ce < 2757 < e and ¢ > 0 does not depend on 7. Since
we assume fo € BS (M), by definition of BZ, _ (M) we have

1o = Fllpoeagy < Mollgs, a2 Se (50)

where in the last inequality the BEOVOC(M)-norm is the constant implied by notation <. We now
show that
2
1/ 1lex,

First notice that by Lemma 24 and Proposition 27, for any prior considered here we have H,, C
HY P2 (M) and ||l < [l g7v+a/2(aq) With a constant that does not depend on n. Hence using

< —2(v—B+d/2) 51)

>This is actually a seminorm, but we follow the rest of the literature in referring to it as a norm.
min(8,v)

SIf 8 > v then fo € H? (M) N B oo € HY(M) N BY (M) gives e, oc n” 57 =~ 2vd
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Result 10 (Weyl’s Law) and properties of ®, we have

£ 115, S NI sarz o (52)
. 2
= >+ 2202 (2730 (s fo) 12| (53)
>0
2
< > NN fo) 1o (54)
L/ <2041
. 2
< 9 +2)(v+d/2-F) Z (1+ )‘Z)B}<fl7f()>L2(M)‘ (55)
L/ <291
. 2
< 92 (w+d/2-p) Z(l 4 /\l)ﬁ‘w, f0>L2(M)’ (56)
>0
= 2UEDCHAZ=D £l wny (57)
_1(y _ _2(y, _
< g plvHd/2 6)||f0H12qﬁ(M) < g mlvHd/2 ﬁ)||f0|\12qﬁ(M)~ (58)
Our assumption v > [ implies that

2 d _d
—(v=p8+d/2) > - > —. (59)

5 /22527

Hence, we have e=4/V < ¢~ 5 =5%/2) yhich gives us () S e~ 5("=F+4/2) It i then easy to

check that ¢, = Mn~ = satisfies ©f,(en) < ne? for M > 0 large enough. O

From this, we deduce an upper bound on the error in the empirical L* norm ||-||,, that is, on the
Euclidean distance between the posterior Gaussian process f and the ground truth function fy
evaluated at data locations ;.

Lemma 22. Let I1,, denote the prior in either Theorem 5, Theorem 6 or Theorem 8 with smoothness
parameter v > d /2. Fix fo € H?(M) N BE, (M) with 3 > 0. Then

Efor, (sl f = fol 2 < €2 (60)

min(v,8)

fore, x n” "2v¥d with constant depending on fy, v but not on x.

min(8,v)
Proof. By Theorem 21 for €,, a multiple of n™ St , we have ¢, (£,) < ne2. By virtue of this,

the proof of Theorem 1 and Proposition 11 of van der Vaart and van Zanten [56] imply the result.
Indeed, the proof of Theorem 1 relies solely on the fact that ¢, (€,/2) < ne? and an application of

van der Vaart and van Zanten [56], Proposition 11. We have ¢, (¢,) < ne2 < n(2e,)? and hence
the condition is satisfied with ¢,, replaced by 2¢,,. ]

We now turn to the proofs of our main results, Theorems 5, 6 and 8, which for convenience we restate
below. The idea of these proofs is to extend the result of Lemma 22 from input locations to the whole
manifold M using an appropriate concentration inequality. To this end, the proof closely follows
the one of Theorem 2 in van der Vaart and van Zanten [56], but relies on Lemma 22 proved above
and on the concentration inequality we prove in Appendix D along with some important sample
differentiablity properties of the prior processes.

Theorem 5. Let f be a Riemannian Matérn Gaussian process prior of Definition 4 with smoothness
parameter v > d /2 and let fy satisfy Assumption 3. Then there is a C > 0 such that
5 _ 2min(B,v)
Eoy Efoniclzyllf = foll 12, < Cn - 2v4d . ©)
Theorem 6. Let f be a Riemannian Matérn Gaussian process prior on M with smoothness parameter

. . . d(min(1,v/8)) .
v > d/2, modified to truncate the infinite sum to at least J,, > cn~  2v+d terms, and let fy satisfy

Assumption 3. Then there is a C > 0 such that

_ 2min(B,v)
Eay Efeticlam | f = follpogpey < Cn” 204 . (10)
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Theorem 8. Let f be a mean-zero extrinsic Matérn Gaussian process prior with smoothness parame-
ter v > d/2 on M, and let fy satisfy Assumption 3. Then for some C > 0 we have

2 min(S3,v)
By Eponi(ag|f = follfogpy) < Cn~ 204 (12)
Proof of Theorems 5, 6 and 8. To ease notation, we denote the expectations under the true data
generating process by Eg ngg} and Ey, = IE;JT;), omitting the superscript ()f °, Take
min(8,v)

e, 0xn” 2vrd satisfying ¢y (,/2) < ne2, noting that such a rate exists by Theorem 21. Then,
for each n, there exists an element f,, € H,,, where H,, is the RKHS corresponding to II,,, satisfying

I fullZ, < ned £ = foll poo pay < €n/2- 61)
Write

57:2 Efﬂ,y IE.)”Nl_[n(vlac,y) ”f - fOHi2(p0) S 5;2 Ew,y Efwl'[n(~|m,y)|‘fn - f0||2L2(p0) (62)
+ 677 Bay Bpror, (o | f = Fall22(po) (63)
S1+46 Bay Bron, (o If = Falll2g)- (64
Thus, we can work with f — f,, instead of f — fy. Define B(r {||f f"||L2(p0) > 5nr} Then
6;2 EfNHn(-lm»y) Hf - anig(po). = /0 2r ]P)f~Hn(-|m,y) (B(T)) dr. (65)

Fix a~y such that d/2 < v < v,y ¢ Z~o and s > 0,7 > 0 and define
BO(r) = {20|f ~ ful,, > enr} (66)
BI) = {1 lep gy > VET" | (67)
BUD (1) = B(r) \ (B(I) (r)u B(H)(r)). (68)

Then B(r) € BO(r) U B (r) U BMD (1), and thus for an indexed family of events A, to be chosen
later, we have

5;2 ]EfNHn('|mvy) ||f — aniz(])o) S / ’I"]P)f,\,nn(,‘m7y) (B(I) (7")) d7" —+ / 7'1_,4? dT (69)
0 0

oo

+ /0 rla, Prom, (ay) (BT (@) dr + /0 rLa, Prart, (fag) (BT () 4. (70)

For the first term, by Lemma 22 applied conditionally on @, for which we got a bound on the
integrated empirical L?-norm uniformly on the design points, we have

Ew,y/ TPy, (fay) (B(I) (7")) dr S €, Bay B, (o If — follh Sen’en =1 (1)
0

Moreover, by Lemma 14 of van der Vaart and van Zanten [56] applied with 7 in the notation of the
reference being equal to v/ne,r*, for each r > 0, the event

(f)()

Dy _
A, (x) = € Rn/ (yf|o dIl,(f) > e nenr? PfNH”(Hf f0||LOO ) <enT ) (72)
) (u)
Pyl
;f|)m u) 2, 2s )
2 queR™ dlL,(f) > e """ Prom, (1f = foll,, <enr?) (73)
(fo)(u) n
Pyl
is such that . s
P LA ()] < e /s, 74)
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It should be noted that the /7 factor disappears because of the discrepancy between the empirical L?
norm ||-||,, and the Euclidean norm used in van der Vaart and van Zanten [56]. By Fubini’s Theorem

and since nai > nﬁid > 1, the second term is bounded by
Ew,y/ g (@) dr = / B [Eyje [1ac () ]] dr
0 0

o0 2,2s
< / re~"en" /8 qr
0

o0 2s

§/ re”" /¥dr = C, < .
0

It remains to bound the last two terms. By Bayes’ Rule, we have the equality

()
J‘Hf”cy’y(M)>T\/56nrs py|w(y) dH’rL(f)

Bty clo (Ifllen v > TViERT*) = J P () AT ()
ylz n

)
Py (Y)

f\lfl\cHw(Mpr\/ﬁsnrsm n(f)

@
Pyjo(Y) d
v )

therefore for y € A, (x), we have

PfNHn('|w1y) (HfHCH"/(M) > T\/ﬁEnT‘s)

2 26 ()
ne,r p y
< e / v o).
Prort, (I = foll pooaay < 207 ) Iilescrcno>rieur e ()
o)
Hence taking expectations, using Tonelli’s Theorem, and E ,, p(’;c‘;((y)) =1 gives
py\m Yy
Eay | Lar (@) Byt Clo) (I ler oy > mv/enr)|
2 26 ()
enenr Pyla(¥)
< ]Ew,y/ (yf‘:) dHn(f)
Prort, (I = foll o aay < 2n7*) W llerenoan >mviznrs pU0) (y)
enenr® p;f:)c (y)
= T,y W dHn(f)
]wal'[n (Hf — fOHLOC(M) < 671,7”S> ”fHC’H’Y(M)>T\/ﬁ€n’I’S py\a; (y)
eneirzs
= IP)fNHn <||f||cq-m(M) > T\/ﬁgnrs)
Py, (||f = Jollpeo (my < 5n7’3)
Therefore, the third term can be bounded as
E T AP B (r))d
zy | A Btz (r))dr
0 ensirzs
< / r P, (||f||c7_n(M) > T\/ﬁsnrs) dr.
0 Pﬁﬂn@f—ﬁmqu)<aﬁﬁ

Now, using Lemma 31, for a possibly small constant ¢ > 0 independent of n, we have

2.2 2s
Pf~ﬂﬁ(¢my)(”f”6?rwA4)>>T\/ﬁ€nrs> Sen e

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(86)

87)

(88)

Moreover, by using the bound on the concentration function in Theorem 21 and Ghosal and van der

Vaart [20], Proposition 11.19, we can assume that

IEDle'[n [ |f - fOHLOO(M) < En’l“s} > 6_071"5317"25-
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Therefore, the third term is bounded by

By / L, (@) Pyt (g (BT (1)) dr < / O A N CT0)
0 0
< / re™™" dr < oo o1
0
if 72¢ > 2 4+ ¢~ 1. It remains to bound the last term. We have, by the same arguments as above, that
(o]
Eey / L, (@) Prott, o) (B()) dr 92)
0
—E., / LA (o) (93)
0
X Pyt e,y (Hf”C?-D(M) < mVnepr®, 2|| f — fall, <enr <|f - fn||L2(p0)) dr (94
%) TL8272&
< / r c 95)
0 Pron, (If = foll o (rey < a7
X Eg Py, (”f”cq.m(/\/l) < mVnenr®, 2| f — foll, <enr <|If = fﬂ”ﬂ(?o)) dr (96)
< /OO ,r,e(c+1)7LEfL7'2s (97)
0

></ Ba 11— full 2y 2210~ full,, An(f) dr (98)
£ llcsr (any STVRERT Enr<IIf = Fall L2 ()

As the squared empirical L2-norm is a Monte Carlo approximation of the true L2-norm, the probability

in the integrand can be controlled via a concentration inequality. As in van der Vaart and van Zanten

[56], we use Bernstein’s inequality [58, Lemma 2.2.9]. For a collection Y7, . .. Y, of random variables

suchthat EY; = 0 and Y; € [— M, M| almost surely for some constant M > 0, this inequality asserts
2

1 T
< -
P(Yi1+...+ Y, >2) 2exp< 2U+Ma:/3) (99)

where v > Var(Y1 +...+Y,). WeputY; = 2 (f(z;) — Fulz:))? — L - fn||2LQ(p0) where x; are
1ID with @; ~ po. It is easy to check that EY; = 0 and Y; € [—M, M] for M = 1| f — fallpoe (-

Furthermore, v = || f — fn||ioc yILf = full? 12(m) upper-bounds the variance of the respective

sum, since

VAr(Yy o A V) = - Ve (F(2) = fal@)” € + B (f() — fu@)* (100

3

2
1f = fallzoe () E

< T By (F(@) — fu(@)? = . (101)
Using Bernstein’s inequality with Y;, M, v as above and with z = %Hf — fn Hiz(po), we have
Ea L fullz 220 ~full, = Bo Ljp—po2, alr—pa2 (102)
=Ba Ly puiz - falZa, <= 20 —Fnl2a (103)
1 z?
104
ep( 2v+Mx/3> (104

32Hf f””LZ(PO ) (105)

U"’ 1||f anLoc(M)4||f fn||L2 po)/3

= exp <9n4 I7 - fn||L2 (bo) ) (106)

325 = fall 7o a

on IIf — fn||L2(p0)>

(107)
A0 f - Fallzoe n)
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Moreover, by Lemma 19, since v ¢ Z~¢, we have

_d _2y
1 = Full gty S 1S = FallZip I = Full B (108)

HC?—D(M) S
1ol + 1fllerr vy S TV/nenr® whenever || flesopq) < Tv/nenr®. Therefore, for a constant
¢ > 0, when || fllezr(p) < TVnERr® and enr < ||f = full2(,,), We have that

2
1 = FallZ2(po)
Ba )i f— full o iy 220 = Full,, S €XP | —Cn o o (109)
||f—fn||c§L L= ntILpr0
—o2hy ot g 1)
< e—cT Prtdmzytdrzy ) (110)
Hence, we can bound the last term as
oo
Ew,y/ r1a, Ppott, (o) (B(HI)( )) dr (111)
0
% (etlyne2 2 -F a0
5/ reletinenr™ g—er dr. (112)
0

a/2 \2 . _ min(v,8
We have n? 11 = n(n 2v+d> Since e, S n 547 and min(v, B) > d/2, we have ne? <

n ~v

n7 47 for some v € (d/2,v). Moreover, for this choice of y and s small enough we have 2 ( 1-—
s) > 2s, which proves that for some constants C, C’, C"" > 0 the fourth term is bounded by

C/ re=Cm dr < 0. (113)
0

This concludes the proof. O

Remark 23. Following the proof, it is easy to see that || f — fOHiQ (po) ON the lefi-hand side of

Equations (9), (10) and (12) can be replaced with || f — f0||%2(p0) for any q > 1, changing the

2 min(S3,v)
2v+d

qmin(8,v)

exponent — 2v1d

on the right-hand side to —

C Characterizing Reproducing Kernel Hilbert Spaces of Matérn Kernels

We start by describing the reproducing kernel Hilbert spaces (RKHSs) of the (truncated) intrinsic
Matérn processes, proving that they coincide with (certain subspaces of) the manifold Sobolev spaces.
We follow the ideas of Borovitskiy et al. [11], where the same was shown somewhat implicitly. We
consider the more-involved case of the extrinsic Matérn processes immediately after.

The next lemma describes the RKHS of the intrinsic Matérn processes, including truncated variants.
This result is easy to obtain since we have defined them in terms of the Karhunen—Loeéve expansions.

Lemma 24. Let H ; be the RKHS of the intrinsic Matérn Gaussian process with smoothness parameter
v truncated at the level J € Zso U {oo}, and let { f]} o be the orthonormal basis of Laplace—

Beltrami eigenfunctions. The space H j is norm- equzvalent—wzth constants depending only on v, Kk
and Uj%—to the set of functions f = Z}'le b; f; with b; € R, equipped with the inner product

J J J
OBUFD SUTHED WD Wi (114)
j=1 j=1 7 =1
In particular, Hy C H"T%2(M) for all J, and for every h € H; we have HhHH, = ||h||HV+d/2(M)-

Proof. By direct computation, the covariance k of the (truncated) intrinsic Gaussian process is

2 —(vtd/2)
k(z,z') = -2 (2”“) Fi@) f (). (115)

Vfi]»l
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Hence, the covariance operator K : L?(M) — L?(M) defined by

(K f)(x) = /M Kz, ') f(a') da (116)

is diagonal in the basis {f;}7_,, with K f; = a—f (% + )\j)_(y+d/2)

[28], Theorem 4.2 implies that H ; consists of functions of form f = Z}I=1 a; f; satisfying

fj. Then, Kanagawa et al.

2 v+d/2
2 o 2v 2
| fllg, = Cf E <;@ + ) la;|” < occ. (117)
v,k j=1

. . . . 2542
Using the elementary inequality mm(i—’;, 1) < “‘f Y

norm-equivalent to the space H, vtd/ 2(/\/1) of functions f = E;.le a; f; satisfying

< max(i—g’, 1), we find that this space is

J
15 var2 gy = DL+ A) T2 ay)* < o0 (118)

Jj=1

V

where the comparison constants \/ = mln ? and \/ = max K—’;) only depend on the

parameters v, k, O'f [

The next two theorems will be useful to characterize the RKHS of the extrinsic Matérn process on M.
We start by a lemma relating the RKHS of the restriction of a Gaussian process to the original one.

Lemma 25. Assume that k is a kernel on R?, f ~ GP(0, k) with almost surely continuous sample
paths and H is the RKHS of k. If M C R? is a submanifold, then the RKHS H corresponding to the
restricted process fiaq is the set of all restrictions g aq of functions g € H equipped with the norm

[Pllg = _inf lgllg- (119)

g€EH, g‘Mzh,

Moreover there always exists an element g € H such that gm = fand |\ gllg = || fllg-
Proof. Lemma 5.1 in Yang and Dunson [63]. [

The last result will be used to characterize the RKHS of the extrinsic Matérn Gaussian processes
using trace and extension operators. The second ingredient for this is the following.
Theorem 26. If s > % then the restriction operator extends to a bounded linear map Tr :

H? (RD) — Hs— %% (M). Moreover, for every u > 0 there exists a bounded right inverse Ex :
H"(M)

D d

> (RD) such that Tr o Ex = id u(aq) where Tr corresponds to s = u +
Proof. Theorem 4.10 in Grof3e and Schneider [24]. O

The last two results allow us to characterize the RKHS of the extrinsic Matérn process on M.

Proposition 27. The RKHS H of a restricted extrinsic Matérn process f with smoothness parameter
v on M is norm-equivalent to the Sobolev space H"+%/2(M).

Proof. Using Lemma 25, the RKHS H can be characterized as the set of functions f : M — R that
are the restrictions of some g € IHI where H is the RKHS of the ambient Matérn process f with

[fllg=_inf lgllz- (120)

g€, gim=f

24



Since H is norm-equivalent to the Sobolev space’ H”+P/2 (]RD )—see for instance Kanagawa et al.
[28]—by Theorem 26, for every f € H we have

1l S NEX(N | w020y S NN i/ Brd o = N grosarepany- (121)
Similarly, for every g € H with gm = f, we have
||f||Hu+d/2 M) = HQ\MHHV+d/2 SJ ”gHHerD/2 RD 5 HQHIF]I (122)
(M) (M) (RP)
Hence, taking the infimum, we obtain
[l rosarey S _inf [lgllg = [[fllg- (123)
g€H, gjm=
The claim follows. O

D Concentration and Sample Path Regularity

In this section, we prove that intrinsic, truncated intrinsic and extrinsic Matérn processes are sub-
Gaussian, uniformly with respect to the truncation parameter in the case of the truncated intrinsic
Matérn process, and live in Holder spaces with appropriate exponents. On our way to proving
this, we characterize sample path regularity of (truncated) intrinsic Matérn processes, which is of
independent interest. A simple way to do this would be to build on the results of Appendix C, using
Driscoll’s Theorem—given in Kanagawa et al. [28], Theorem 4.9—and the Sobolev Embedding
Theorem—De Vito et al. [16], Theorem 4—but that would only give us that the sample paths are
almost surely in CH” (M) for every 0 < v < v —d/2,~ ¢ N, whereas here we improve the range of
index to y < v.

Kolmogorov’s continuity criterion is a standard tool to show that a given stochastic process has a
Holder continuous version: we re-prove it here because we will need a form of the result which gives
explicit control of the Holder norms, which is not usually included in the respective statement.

Lemma 28 (Kolmogorov’s continuity criterion). If g ~ Il is a zero-mean Gaussian process on [0, 1]¢
with
2 2
Elg(z) — 9" < Cllz — yllza (124)
for some 0 < p < 1 and C > 0, then there exists a version of g with samples paths in CH" ([O, 1]d)
forevery 0 < a < p. Moreover for every a < p this version satisfies E ||g||g7_[o¢([0’1]d) < C' where
C' < 400 depends only on C, p, o and d.

Proof. Take x,y € [0,1]¢, M > 0 and ¢ € N. Since the random variable g(z) — g(y) is Gaussian

we have
2q __ (2q)!
~ 24!

Elg(z) — g(y)|

(Blg@) - 9w)?)" < Cqllz - yl12 (125)

where we have defined C;; = C (;qq;!! . The reason for considering the the 2¢th power will become

clear later in the proof. By Markov’s inequality, for every x, % € [0, 1]% we have

P(lg(z) — 9(y)| > u) < Cqu>lz — y[I¥. (126)
Now, take X = Up>0Xx, Xx = 27%Z% N [0,1]¢. Then, the previous inequality applied to any
adjacent z,y € X}, where we see X, as a graph where two vertices are connected if they differ by

27F and u = M27%*, implies

P(lg(x) — g(y)| > M27F) < O M 202 2kalp=), (127)

"Note that this norm-equivalence is the only property of the Gaussian process we use in the proofs. Any
other Gaussian process satisfying this, including ones different from the Matérn processes of Borovitskiy et al.
[11], would also work. This is of potential interest since other Euclidean kernels, such as Wendland kernels [61],
are known to possess RKHSs which are norm-equivalent to those of the Matérn kernel.
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lg(z)—g(v)]
lz—yll~

are at most C'2%(4+1) of them where C' > 0 is an absolute constant—gives us for ¢ > 5 &*_1@) that

Denote K = sup,, ¢ xadjacent . Summing over k£ > 1 and adjacent points in X—and there

P(K>M) <> Y P(gla)—gly)| > M27+) (128)

k>0 z,y€ Xadjacent

CC,
k(d+1) —2q0—2kq(p—a) _ q
< 0;2 C,M~212 g P

M2, (129)

In particular, for all ¢ > max(l, %), we have

o] 1 o)
E(K2)=2/ MIP(K>M)dM:2/MIP(K>M)dM+2/ MP(k > M)dM (130)
0 0 1
< 2+2/ MP(K > M)dM < Coap.d (131)
1

for some constant C'c o »,q < +00. This means that K is finite almost surely. Since X is dense in

[0,1]% and g is almost surely uniformly continuous on X by the classical version of the Kolmogorov’s
continuity criterion—see for instance Lototsky and Rozovsky [34]—g¢g admits a unique continuous
extension to [0, 1]% on a probability one event A. Let us define

{ lim g(y) onA,

y—z,y€eX (132)

g(z) = .
0 otherwise,

for x € [0,1]%. Forany x,y € [0,1]% and 2,, — =, y,, — ¥, T, Yn € X we have on A
[a) ~ 30)| <lim nf(5(a) —3e)| + [ga) ~ 3] + [500) 5D (133)
<limnf(9(s) — 9wn)] + Kllon — yall%e +[50) 3@ (134
=Kz — yl|ga- (135)

On the complement of .4, we have § = 0. Hence, g is a-Hdlder continuous on [0, 1]¢ with the same
(random) constant K, since

_ _ 2
_ xr)—
E ||g||(237{a([0‘1]d) =K ( sup g()g(ay)|) <EK?< Ccia,p,d < 0. (136)
' syex |z —yll
Since g is a version of g, the claim follows. O

The next lemma applies our version of Kolmogorov’s criterion, Lemma 28, to the intrinsic Matérn
processes on M by considering charts. This allows us to show that the sample paths are almost surely
in CH" (M) for every v < v, which is both used in our arguments and also of independent interest.
For the claims in Appendix B, we need to ensure that this property holds somewhat uniformly
with respect to the truncation parameter, which is why we tracked the constants in our proof of
Kolmogorov’s criterion. As we will see, the main difficulty in the proof of the next result will be to
tackle the case of regularity strictly larger than 1.

Lemma 29. Let f ~ I1,, be an intrinsic Matérn process with smoothness parameter v > 0 truncated
at J, € NU {oo}. Then for every v < v we have

SpE e, [l v | < o (137)

Proof. We start with the case v < 1. Take 1 < ! < L and define h; = (x;f) o d)l_l. Then h; is a
Gaussian process with covariance kernel K; given by

Ki(z,y) = (ao ¢, (@)K (0 (@), 6, () 0a o d () (138)
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where z,y € V; and K (z,y) = Cov(f(x), f(y)) is the covariance kernel of f. Let H; be the RKHS

induced by K;. We seek to apply Lemma 28 to h;. For all x,y € V;, where we recall that we can
assume that V; = (0,1)%,, we have

Efom, |hu(z) — () = Ki(z,2) + Ki(y,y) — 2Ki(z,y) (139)
~ ~ 2
= | Futa. ) - Kty || (140)
_ " 2
= swp [(Ki(w,) ~ Kaly,)oe). (141)
lellz, =1 H,
= sup p(z) — p(y)? (142)
lellg, =1
< s olE2e 1z — vz (143)
ollg, =

1

where ||<p||gﬂu(vl) can potentially be infinite or unbounded: we will show this is not the case. To do
this it suffices to show that we have a continuous embedding H; — CH" (V1) thatis ||-[|cypw (1) <
||[|g,- The RKHS H, is by definition the completion of

p
{Z (@i, ") p>1,ai€R7mi€Vz} (144)

p
{Zaz Xlo¢g xz)(XlOQSl_l)() (¢[ (74), ¢ 1()) p> 1o € Ry EVZ} (145)
=1

with respect to the topology induced by the RKHS norm

P
K (4, 0) Z i0ao g ) @) (xio ¢y ) (@)K (¢ (), 6 H(xy)).  (146)
Denote the RKHS of K by H. By Theorem 16, and by the equality |||z = |||l zrv+as2(aq) on H

which follows by Lemma 24, we have

2

p
> K (i, (147)
i=1 Hv+d/2(Rd)
P 2
= 1> il o) @) (o 67 ) (VK (67 (), 671 () (148)
i=1 H+a/2(Rd)
p 2
SX it o) @)K (g (@), ) (149)
i=1 Hv+d/2( M)
p 2
> il o) @)K (o7 @), ) (150)
1=1 H
P
= > ey (aodr ) (@) (xio o) (@)K (67 (@), ;7 () (1s1)
i,j=1
! 2
K (2i,) (152)
H,

Therefore, we have a continuous embedding Iﬁ[l s HVtd/2 (Rd) with ||'HHu+d/2(Rd) S ”Hﬁz
on ﬁl. By the Sobolev Embedding Theorem in R%—see for instance Triebel [50], Section 2.7.1,
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Remark 2—we have Bl"'rd/2 (Rd) = Hvtd/2 (Rd) — C'H”(Rd), which implies H, — CH” (Rd)
by composition. Thus, there exists a constant C' = C,, such that

Efom, |lu(z) — M(y)* < Cllz — yllas (153)

for 2,y € V. Hence, by applying Lemma 28, there exists a version A; of h; with almost surely
a-Holder continuous sample paths for every o < v. Now consider f = Zl 1 hy o ¢;. Then f is a

version of f. We proceed to bound Ef -, [||f||CHa(M)}. Forany 1 <,r < L write

B (0n (67 (@) = b (00 (67 0)))] < K 0007 @) = 60 (67 @))|* < CKJa = yl* (154)

where C'is the Lipshitz constant of ¢,. o ¢z_1 which is well defined and finite because this composition
is a diffeomorphism and K is a random constant with K¢ 7, K 2 < Ca,v,q- Hence

Efom, ||f||cw(/v1) Efom, ZH( f)o¢l HCH“(Rd) (>
2
<Xlz}~lro¢r> Od’l_l
r=1
L L
SZZEfNH,L

I=1r=1

(156)

CH(RY)

hy o ¢ 0 o SEfom, K? < Cqpa- (157)

eras

which gives the v < 1 case.

We now turn to the general case. The proof will be similar to the one of Ghosal and van der Vaart
[20], Proposition 1.3 although we need to control the Holder norms and work through charts since
our Gaussian processes are supported on manifolds. Assume for simplicity thatd = 1,1 < v < 2,
otherwise it suffices to introduce coordinates and to proceed by induction on |v]. Let! € {1,..., L},
and as before define K;(z,y) = (xi0¢; ") (z)(xio 8, ") () K (¢; "(z),4; *(y)) the covariance
kernel of by = (x;f) o d)l—l as well as H; its RKHS.

First, let us construct an L?()-derivative hy of h;, where L?(9Q) is the space of random variables
with finite variance with (a, b) ;2 ) = E(ab). This derivative is a square integrable process on V;
such that

2

hi(z +9) = lu(x) hu(z)| =0 (158)

h

Efom,

as h — 0, for all € V. For this, we will first show that ‘9K’ ( )€ Hl for every x € Vl—here OK T
denotes the derivative of the function K, 1(-,+") with respect to the first argument—and that

0K ) _ 0K

Sta) = @ )| <Gl (159)

H,
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KZ(I+5 ) KL(Z, )

We first show that is a Cauchy net® in H,. We have

I?l(x+5v')*Kl($v’) IN{I(‘T+5,7')*IA€Z($7')

h o h B (160)
H,
10 . — 1 . 17 /. — 10 .
~ <Kxx+&) ]Q@,)_Kﬂx+6,%.&@;%w> (6
lollg, =1 h h i,
— / J—
— s (@(x+5) p(z) sﬂ(x+5)/ @(@) (162)
lells, =1 h h
1
— sup /[d@+ﬁ0—¢@ﬁ¢ﬂﬂ& (163)
lells, =1 /o
< s [¢llere-lh =K1 (164)
lells, =1
< e lpllerer vyl =BT (165)
¥ ),

where in (163) the derivative ¢’ exists because, exactly as in the case v < 1, we can show show that
H; — CH" (Rd). This also implies that for a constant C' = C, we have

<Clh—n|""" (166)

H Kz +6,) — Ki(w,")  K(z+0,) - K,
h h'

H,
As [h — h'["~" — 0 when h, h’ — 0, because v > 1, this proves that w
net in Hj: by completeness of Hj it converges in Hj to a limit. Since by general properties of RKHSs,

convergence in H; implies pointwise convergence, the limit satisfies

Ki(z+6,y) — Ki(z,y) 0K

is a Cauchy

Illlg}) h = oz (z,y). (167)
Hence the partial derivative 63—%(3:, y) exists for all y and M?l (x, .) € H;. Moreover, by the

isometry L%(Q) > hy(x) = Epom, hi(x)li() = Ki(z, ) E Hl, we deduce that fy is actually
L2(Q)-differentiable, with an L2(0)-derivative denoted as h;, and that the derivative process hy is
Gaussian, as it is an L?(Q)-limit of Gaussian random variables, satisfying E ;- h(x)h(y)

(9@, ), 2 (y,))

1
Having established the existence of an L?(2)-derivative hy of the process h;, we would like now to

show that /; possesses a (y — 1)-regular version for every v < v. For this, we would like to apply
Lemma 28 to h;. Notice that, by isometry, for all 4 > 0 we have

, .2 ek 0K
Efom, [hu(x) _hl(y)‘ azl( )= aixl(x’) _ (169
10
2
Kl(y+(5 ) (y7 ) BKI
<3 ) - iy, ) i (169)
H;
N - 2
s Kl(:c—f—é,-})l—Kz(fEa') 3817;1( Al (170)
N N B o 2
3 Ki(z + 6, ~})Lle(x,-) _ Ki(y+9, '})L* Ki(y, ) || (171)
i

8See for instance Aliprantis and Border [1] for a review of Cauchy nets.
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Therefore, by the same arguments as above, we have

1/2

. . 2 ) — . ) — .
—0 lﬁlz
1
< liminf sup / | (x +th) — ' (y + th)| dt (173)
h=0lellg, =1 /o
< liminf Cylz —y|" ' = Oz —y|" " (174)
h—0

where the transition from the second-to-last line to the last line is similar to (163)—(165).

Therefore, we can apply Lemma 28 to /;, and find a version A of /; with sample paths in CH* ™" (V)
almost surely for all & < v, such that

) <Cpa <400 a <. (175)

Efom, h ||27—1a—1(v,

This gives Holder regularity of the respective derivatives: we now integrate these to obtain a Holder-
regular version of the process itself. Take any ¢; € (0,1) and consider h; = h;(c;) + ffz h(t) dt.

Then since & is almost surely in CH®~*(V}), h; is has sample paths almost surely in CH*(V,).
Moreover, it is easy to check using our previous results that /; has an L?(Q)-derivative given by h;.
This implies that h; is a version of h;.

To conclude the argument, we construct f from the obtained parts, by pulling /; back from the
charts to the manifold. Consider f = Elel hy o ¢;. Arguing as in the case v < 1, we see that
f is a version of f with CH(M) sample paths for every a < v, and for every @ < v we have
E¢om, ||f\|gHa(M) < C,,, < +oo0. This gives the claim. O

With this, it is easy to prove that all Matérn Gaussian processes considered in this paper can be seen
as Gaussian random elements in the Banach space (C(M), ||- e M)) of continuous functions on M.
This allows us to use the same proof scheme as in van der Vaart and van Zanten [56] through the
control of the concentration functions defined in Appendix B. It is also important that we work with
Gaussian random elements in C(M)—and not only with the classical notion of Gaussian process,
as the concentration functions are defined using the Gaussian random element RKHS defined in
van Zanten and van der Vaart [59], which can potentially be different from the classical RKHS.
Fortunately, when the process is a Gaussian random element in C(M), van Zanten and van der Vaart
[59], Theorem 2.1 implies that the two notions of RKHS coincide.

Corollary 30. The intrinsic Matérn Gaussian processes of Definition 4, their truncated versions
as in Theorem 6 as well as the extrinsic Matérn Gaussian processes of Definition 7 are Gaussian
random elements in (C(M), ”'HC(M))-

Proof. By Lemma 18, it suffices to show that the processes have almost surely continuous sample
paths. Since Euclidean Matérn Gaussian processes have continuous sample paths, this implies the
same for their restrictions, the extrinsic Matérn Gaussian processes on M. For the intrinsic Matérn
process, we apply Lemma 29. [

Using Lemma 29 and known properties of Euclidean Matérn processes, we now show, in a sense,
that all of the Matérn processes presented in this paper are sub-Gaussian, in a manner which holds
uniformly with respect to the truncation parameter in the case of the truncated intrinsic Matérn
process, and live in Holder spaces with appropriate exponents. This result is used to control Holder
norms when going from the error at input locations to the L?(py)-error. We use the notation IT,, to
emphasize that the prior depends on n when we consider a truncated intrinsic Matérn process.

Lemma 31. For f ~ II,, with I1,, the prior in either Definition 4, Theorem 6 or Definition 7, for
everyv > 0and v < v,y ¢ Lo, there exists a constant o (f) = o~(f) independent of n we have
for x > 0 that

P(If e any > (@ + Dor(f)) < 26772, (176)
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Proof. We start with the restriction f of an extrinsic Matérn process f to M, as in Definition 7.
By van der Vaart and van Zanten [56], Section 3.1, for every 7 < v we have f € CH" ([0, 1}D)

almost surely. By Ghosal and van der Vaart [20], Lemma 1.7, for every v < v, f is a Gaussian
random element in the Banach space CH" ([07 1P ) In particular, by the Borell-TIS inequality [20,
Proposition 1.8] we have for z > 0 that

P(Hfﬂcm([o,uo) > (v + 1)0(f)) < 277 /? (177)

N By 1/2
where o (f) = (E ||szHw([071]D)) < 00. Since M is smooth, the restriction f also satisfies for
x > 0 the expression

P(Illerrany > (@ + Do) < 267772 (178)

perhaps for a possibly larger constant o ( f). Finally, the case of the intrinsic Matérn process f ~ II,,

truncated at .J,, € Zs U {oo} follows in the same manner, as we have shown in Lemma 29 that
2

sup,, > B, Hf”cya(/\/l) < Cap- O

E Small Ball Asymptotics

Here, we bound the probability that a Matérn Gaussian process lies in the e-ball with respect to the
L°°-norm for small €. For a Banach space B, an element x € B and a number r € R+ ¢, let us denote
the closed r-ball around x by BE (). We start by an upper bound on the metric entropy of Sobolev
balls on M with respect to the uniform norm.

Lemma 32 (Entropy of Sobolev balls). For any s > 0 define the e-covering number of A C H*(M)
with respect to the norm ||-|| o (aq) by

J
N(E,A, ||-||Loo(M)) = a§g%nin{5|h1, whypeA:Ac BEL“’W)(hj)}. (179)

€Z>0 =1

Then for any s > d/2, there exist C,cq > 0 such that for every ¢ < gq

d

N (&, B (0), [l an)) < C=7F, (180)

where the left-hand side of the inequality above, as a function of €, is called the METRIC ENTROPY
of the Sobolev ball Bf (M) (0) with respect to the uniform norm ||| e (r1)-

Proof. Using charts we will reduce the problem to the entropy of the unit ball of the Sobolev space

H?#([0,1]%) for which the upper bound is known. Take f € st (M) (0) and consider approximations
of f by g of the form

L
9="> xlgod) (181)
=1
for some functions g; : V; — R where V; C R<. We have
L L
If - gHLOO(M) = ||ZXZ(91 o — f)||L°°(M) < ZHXI(QZ ° ¢ — f)HLOO(L{L) (182)
=1

=1

L L
< Zng o — f||L°C(Z/{l) = Zng —fo ¢;1|‘L°°(Vl) (183)
=1 1=1

< L max ng—f

-1
1<I<L ° & ||L°C([0,1]d)' (184)

This means that to approximate f by ¢g uniformly on M, we need to choose the functions g; that
approximate f o ¢; ' well with respect to the uniform norm on [0, 1]%.
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Next, we show that the functions f o gbl_l are contained in an Euclidean Sobolev ball of radius R,
with R depending only on v and the atlas. To do this we use Gro3e and Schneider [24], Lemma 2.1
to write

L L
. _ / —1 < H / —1H 185
Hfod)l HHS([O,I]d) Hllzl(xl f)o¢l HHS([O,l]d) - l/; (Xl f)o(bl H@‘([O,l]d) ( )

- i”(xl/f)o(bl,l o du o¢;1H (186)

= H2((0,1]%)

L

< / -

N;Hm 1000 ooy S 1 (187)
Note, importantly, that the remark just above Grofle and Schneider [24], Lemma 2.1 allows us to
consider Besov spaces B3 , coinciding with the Sobolev spaces H* instead of the Besov spaces
Bj —to get from the second line to the third. Note also that the constant hidden behind the notation
< in the last line where we use Theorem 16 is the radius R. Without loss of generality we assume
R = 1. By the Euclidean counterpart of the result we are proving [21, Theorem 4.3.36], we have

_4d
N (e, BN (0), |l o)) S &7 F (188)

Let hy,..,hy € BH (0.11° )( 0) be such that st([o’u (0) c UJ 1BE/L (o, (hk) Then for any
fe Bfl (M)( 0) there exists a sequence {jl}lL:1 C {1, .., J} such that

L
Hf - ZXl(hjl O(bl)HLoo(M) < L% =E&. (189)
=1

This shows that N (¢, By’ M), Nl e (my) < LJ, where L is just the number of charts, thereby
proving the claim. O

For the related diffusion spaces [16], the RKHS corresponding to the heat (diffusion) kernels, Castillo
et al. [12] uses the results of Coulhon et al. [14] to bound the entropy in terms of a wavelet frame
instead of relying on charts. We believe this alternative proof scheme should work in our case as well.
However, we could not, to the best of our effort, get a tight-enough bound for the Sobolev spaces by
directly using the results of Coulhon et al. [14] and therefore we chose to rely on charts instead.

Having established regularity properties for our prior processes, we now turn to the small ball problem:
we want to find sharp lower bounds on P(|| f[| .« () < €) where f ~ Il s our prior process. This
will be crucial in order to control the concentration functions used in Appendix B. In fact, it is
well-known that this problem is closely related to the estimation of the metric entropy of the unit ball
of the RKHS of f with respect to the uniform norm: see Li and Linde [31] for details. Since we have
already characterized the RKHS of our processes in Proposition 27 and Lemma 24, we are able to
lower bound the small-ball probabilities. The technicality here involves getting a bound uniform in
the truncation parameter for the truncated intrinsic Matérn process, as the truncated Matérn process is
a sequence of priors rather than a fixed prior.

Lemma 33. If f ~ I1,, where 11, is the prior in either Definition 4 and Theorem 6 or Definition 7
with smoothness parameter v > d/2, then there exist two constants C, o > 0 that do not depend on

n such that for all € < g9 we have fln]P’(HfHLOO(M) < 6) < Ce v,

Proof. Because the processes are Gaussian random elements in C(M) by Lemma 18, their stochastic
process RKHS given by Proposition 27 coincide with their Gaussian random element RKHS defined
in van Zanten and van der Vaart [59]. Hence, for the non-truncated intrinsic and the extrinsic Matérn
processes, the result follows by a direct application of Lemma 32 and Li and Linde [31], Theorem
1.2. For the intrinsic Matérn process truncated at .J,, it is not immediately clear that the constants
C, g¢ can be taken independent of n, so we go through the proof of Li and Linde [31], Proposition
3.1 to see that this is, in fact, the case. We first need a crude upper bound of the form

—lnIP’(HfHLx(M) <g) <ce° (190)
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for some possibly large constant ¢ > 0. To get such a bound, we use Castillo et al. [12], Proposition 3
which shows the existence of a universal constant C' > 0 such that for all ¢ < min(1,40(f))

~ P (| fll o rgy < £) < Cnle)n <6n(€)max(17a( f))>

e

(191)

1/2
where o(f) = (Efwnn ||f||i<>c(/\/1)) and n(e) is defined in the following way in Castillo et al.
[12], page 684 using auxiliary quantities [ ; that are defined in Li and Linde [31], page 1562, namely

n(e) = max{J > 0:4l;(f) > e}, (192)
2 1/2
L(f) = inf{ (Ef”“" ijJgjthLOO(M)) s ijfjhj} (193)

with @ standing for the equality in distributions and the infimum being taken over all possible
decompositions } .-, €jh; with h; € C(M), €; being a sequence of IID N(0, 1) random variables,
and the series being required to converge uniformly almost surely.’

v4d/2

The function f = ijfl (3% +Xj—1) 7 &jfj—1is avalid decomposition. Therefore
) 1/2
l Jn+1 o R _ +2d/2 )
<&, =i eifi| . 194
g(f) < Iy, Z (Hg J 1) ifi-1 Loo (M) (194)

Jj=J

By the Sobolev Embedding Theorem and by Weyl’s Law, given in Result 10, for every d/2 < v < v
there exists a constant C' = C, a4 such that for all J € Z, allowing C' to change from line to line,
we have

Jn+1 2

Jn+1 2

_vtd/2 _vtd/2
Ef,\,nn Z (1 + )\j—l) 2 z’:‘jf]‘_l < 02 Efwl'[n Z (1 + /\j_1) 2 €jfj_1 (195)
Jj=J Loe (M) j=J HY (M)
Jn+1
=C? N (A ) A (196)
j=J
Jn+1
< 2 Z j-(F2r=y)/d) (197)
j=J
<C? Zj—(l-l-?(V—W)/d) (198)
j=J
< o2 Av=/d, (199)

By choosing J = 1 this gives us o(f) < C independent of n. Moreover, by choosing J >

Ce™ , again for a comparison constant C' independent of n, this gives us n(e) < Ce™ o
for C' independent of n. This implies using Castillo et al. [12], Proposition 3 that

—lnP(HfHLOC(M) < g) <ce® (200)
for ¢ > 0 independent of n.

With this crude bound, we can now continue the proof of Li and Linde [31], Proposition 3.1. For
this, we need a metric entropy estimate. For this notice that for all J € Zo U {oco} we have

o vtd/2
B (0) c BEY(0) = Bfl (M) (0), and therefore using Lemma 32, we have the metric entropy
estimate

1nN(g,B]fIJ(O),H~||Lm(M)) < Qe (201)
for a constant C' > 0 independent of J. Therefore following the proof of proposition 3.1 in Li
and Linde [31] (with J = 1) we find — 1nIP’(||f||LDO(M) < 5) < Ce=% for every ¢ < g, where
C, &g > 0 are constants independent of 7. O

*We consider 3 j>1- unlike > ;>0 frequently used above, in order to follow the respective references.
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F Expressions for Pointwise Worst-case Errors

Let k be a kernel on some abstract input domain X, and let Hj, be the respective RKHS. Consider n
input values X C X and let a? > 0 be the noise variance. Define

mix.f.e(t) = Kix (Kxx + o2I) 71 f(X) +€), (202)
v (1) = v x (t) = k(1) — Kix (Kxx + 02T) " Kxq. (203)
Proposition 34. With notation above

@ (1) = sup Een(0,02n)f(t) = mix,pe (1) (204)
FEM Flly, <1

Proof. To simplify notation, we shorten E. n(0,,21) to E and denote o = Kix(Kxx + o2I)~!
First of all, by direct computation,

Emy,x 1 (t) = af(X), (205)
Emkggfyg(t)2 = af(X)f(X)TaT + Ugaa—r. (206)
Write

E|f(t) — mix,pe ()] = F(0)? = 2f () Emp x 1.0 (t) + Emp x5, (1) (207)
=ft)? —2fW)af(X)+ af(X) f(X)Ta" +olaa’ (208)
= (f(t) — af(X))* + caa’ (209)
< iajk (xj,-) ,f>;1 +a§aaT. (210)

j=1 k

L 2 2
As ||glly, = Supfer,Hqukg(gaf)Hk, implying Supfer,|\f\|Hk§1<ga Fra, = l9llg,» we have

s EIF(H) - Miex. e (1)) = Hk( Z (;,- H +olaa’ @11)
171, <1 =
= k(t,t) — 20Kx; + laKxxaT + Jfaa—rj (212)
aKx:

= k(t,t) — aKx = k(t,t) — Kix (Kxx + 021) ' Kx; .

: = J
(213)
O

We now move to the misspecified case. Consider the RKHS . for some other kernel ¢ : X x X — R
instead of H. Then, continuing from (210), write

+olaa’. (214)

c

n 2
sup ELF) = e ()1 = [Jet) = 3 ageta, )
EH —
11152, <1 =t
The next question is how to compute the norm on the right-hand side. There is not much hope
of doing this exactly in the misspecified case: thus, we consider approximations. To this end,
we take some large set of locations X’ C X. Then we use ”9”1[2-]10 ~ g(X')T Cxlx g(X’) for
g() =c(t,") — Z?:I ajc(x;, ). As aresult, we obtain the approximation
sup - E|f(t) —mix,r.e ()" = g(X') T Cxixg(X') + o2aal = tpex(t) = v () @15)
I1£ll5, <1

where v(®) (t) was first introduced in Section 4
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To compute spatial averages of this quantity, let g;(-) = c(¢t,-) — Z?zl ajc(z;, -), the same as g
before, but now with explicit dependence on ¢. Similarly, put a; = Kyx (Kxx + a?I)*l. Then

9(X')=Cx/; — Cx xa] =Cx/; — Cx x(Kxx + 02I) 'Kx;,  (216)

gt(XI)TC;(’lX’gt(X/) = (Cix — atCXX’)C;(}x/ (CX't - erxa;r)~ (217)
From here we can also deduce that
71 n — 1 NT ~—1 /
|X/‘ Z vk’c»x(t) - |X/‘ Z gt(X) Cxlx/gt(X ) (218)
teX’ tex/
1 —
v d tr(gx: (X') " Cxlx g%/ (X)) (219)

where gx (X’) = CX/ b. 7CX/ X(KXX+U§I)71KXX’-

G Full Experimental Details

All of our kernels were computed using GPJAX [38] and the GEOMETRIC KERNELS library.'” We
use three manifolds, each represented by a mesh: (i) a dumbbell-shaped manifold represented as a
mesh with 1556 nodes, (ii) a sphere represented by an icosahedral mesh with 2562 nodes, and (iii)
the Stanford dragon mesh, preprocessed to keep only its largest connected component, which has
100179 nodes. For the sphere, we also considered a finer icosahedral mesh with 10242 nodes, but
this was found to have virtually no effect on the computed pointwise expected errors.

We use extrinsic Matérn and Riemannian Matérn kernels with the following hyperparameters: al% =1

and 02 = 0.0005. For the truncated Karhunen-Logve expansion, we used J = 500 eigenpairs
obtained from the mesh. We selected smoothness values to ensure norm-equivalence of the intrinsic
and extrinsic kernels’ reproducing kernel Hilbert spaces, which was v = 5/2 for the intrinsic model,
and v = 5/2 + d/2 for the extrinsic model, where d is the manifold’s dimension. We used different
length scales for each manifold: x = 200 for the dumbbell, x = 0.25 for the sphere, and x = 0.05
for the dragon, selected to ensure that the Gaussian processes were neither approximately constant,
nor white-noise-like. We considered data sizes of N = 50, N = 500, and N = 1000, respectively,
for the dumbbell, sphere, and dragon, sampled uniformly from the mesh’s nodes, which in each case
resulted in a reasonably-uniform distribution of points across the manifold. Finally, for the extrinsic
pointwise error approximation, we used a subset X’ uniformly sampled from each mesh’s nodes, of
size equal to the data size. For each respective test set, we used the full mesh. Each experiment was
repeated for 10 different seeds.

To set the length scales for the extrinsic process, we used maximum marginal likelihood optimization
on the full data, except for the dumbbell whose full data size is small and for which we instead
generated a larger set consisting of 500 points. We optimzied only the length scale, leaving all other
hyperparameters fixed. We used ADAM with a learning rate of 0.005, and an initialization equal to
the length scale x of the intrinsic model, except for the dumbbell where this lead to divergence and
we instead used an initial value of x/4. We ran the optimizer for a total of 1000 steps. With these
settings, we found empirically that maximum marginal likelihood optimization always converged.

10Gee HTTPS://GPJAX.READTHEDOCS.IO and HTTPS://GEOMETRIC-KERNELS.GITHUB.IO.
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Abstract

We consider the nonparametric regression problem when the covariates are located on an
unknown compact submanifold of a Euclidean space. Under defining a random geomet-
ric graph structure over the covariates we analyse the asymptotic frequentist behaviour
of the posterior distribution arising from Bayesian priors designed through random basis
expansion in the graph Laplacian eigenbasis. Under Holder smoothness assumption on the
regression function and the density of the covariates over the submanifold, we prove that
the posterior contraction rates of such methods are minimax optimal (up to logarithmic
factors) for any positive smoothness index.

Keywords: graph Laplacian, Bayesian nonparametrics, manifold hypothesis, nonpara-
metric regression, dimensionality reduction

1 Introduction

When the data is high dimensional, it is common practice to assume a lower dimensional
structure. This idea dates back at least to Pearson’s principal component analysis (Pearson,
1901) and the Johnson-Lindenstrauss lemma (Johnson, Lindenstrauss, and Schechtman,
1986; Ailon and Chazelle, 2009) where a linear projection onto a lower dimensional subspace
of variables is performed while still retaining much of the statistical information. However,
a linear constraint on the possible intrinsic shape of the data can be restrictive, and non-
linear dimensionality reduction has received much attention during the past two decades.
Examples include kernel PCA (Scholkopf, Smola, and Miiller, 1998), Isomap (Tenenbaum,
de Silva, and Langford, 2000), locally linear embeddings (Roweis and Saul, 2000), Laplacian
eigenmaps and diffusion maps (Coifman and Lafon, 2006). These techniques typically take
into account intrinsic geometric properties of the data.

©year Paul Rosa and Judith Rousseau.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/vvolume/PAPERID.html.
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Inference of intrinsic geometric properties of data is often believed to be a powerful
way to gain insight in complex high dimensional statistical problems. Examples include
its support (Genovese, Perone-Pacifico, Verdinelli, and Wasserman, 2012; Aamari and Lev-
rard, 2019) under the Hausdorff metric, differential quantities (Aamari and Levrard, 2019;
Aamari, Berenfeld, and Levrard, 2023), the geodesic distance (Aamari, Berenfeld, and Lev-
rard, 2023; Bernstein, de Silva, Langford, and Tenenbaum), the intrinsic dimension (Kim,
Rinaldo, and Wasserman, 2019; Denti, Doimo, Laio, and Mira, 2022) or even the Laplace-
Beltrami operator eigenpairs (Garcia Trillos, Gerlach, Hein, and Slepéev, 2020; Calder and
Trillos, 2020; Dunson, Wu, and Wu, 2021; Wormell and Reich, 2021). In the same way,
inferring the intrinsic topological structure in the data has also received a lot of interest
since the modern development of topological data analysis as field within data science, with
in particular the study of the persistence diagrams and modules (Chazal and Michel, 2021;
Chazal, de Silva, Glisse, and Steve, 2016; Divol and Lacombe, 2021; Divol and Chazal, 2019;
Loiseaux, Carriere, and Blumberg, 2023; Loiseaux, Scoccola, Carriere, Botnan, and Oudot,
2024).

The Laplacian eigenmaps, introduced initially by Belkin and Niyogi (2001, 2003) is a
popular non linear method for dimensionality reduction, together with a tool for inference in
high dimension setups. It has also been used successfully in the context of spectral clustering
(Liu and Han, 2014; von Luxburg, 2007), supervised and semisupervised learning (Green,
Balakrishnan, and Tibshirani, 2021; Shi, Balasubramanian, and Polonik, 2023; Sanz-Alonso
and Yang, 2022) : in this paper we consider the use of Laplacian eigenmaps in the context
of the reknown nonparametric regression problem where

yi = fla) +ei, g CN(0,0%), i<n (1)
with covariates x; € RP” and D is possibly large. Then, a way to formalize a low dimen-
sional structure to the problem is to assume that the covariates X;’s belong to some low
dimensional submanifold M of R, also known as the manifold hypothesis. This is the
setup we are considering. We also consider both the supervised learning setup where the
observations consist of (y;, z;)]",, under model 1; and the semi-supervised setup where in
addition another sample (z;)¥ 41 of covariates are observed without their labels y;.

Laplacian eigenmaps approaches are based on the construction of a graph G = (V, E)
whose vertices are the covariates (z;).; and where an edge between two vertices z; and x;
exists if and only if ||z; —z;|| < h for some predefined threshold h. From that the Laplacian
of the graph L : L? (V) — L? (V), is constructed together with its spectral decomposition
L = Z;VZI Aj (uj]~)L2(V) uj, 0 < A < --- < Ay for some appropriate Euclidian space
structure on V to be defined in Section 2. Dimensionality reduction is then obtained by
considering the projection operator E}‘le (ujl-) r2(v) Ui for some truncation level J. This
dimension reduction can be used in different inferential contexts

In the context of the regression problem 1, the vector fx = (f(x1), -+, f(zx))T is mod-
elled as an element of span(ui,--- ,uy). This construction has been studied with variants
in the definition of the graph Laplacian L, for instance by Green, Balakrishnan, and Tibshi-
rani (2021); Shi, Balasubramanian, and Polonik (2023), where the PCR-LE estimator fy,
i.e. it is the minimizer of ||Y — fx||* over ¥ := span(uy,--- ,uy) (in the fully supervised
case N = n) while Sanz-Alonso and Yang (2022); Fichera, Borovitskiy, Krause, and Billard
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(2024); Dunson, Wu, and Wu (2022) are using a Bayesian estimation procedure based on
Gaussian processes defined via L.

In this paper we are interested in understanding the capacity of graph Laplacian regres-
sion methods of capturing both the unknown low dimensional submanifold support M of
the design, together with the unknown smoothness 8 of the regression functions.

1.1 Related works :

The asymptotic behaviour of least square estimators has been studied in Green, Balakrish-
nan, and Tibshirani (2021); Shi, Balasubramanian, and Polonik (2023) where they obtain
minimax convergence rates when the support M of the covariates is an open set of R” and
under a Sobolev regularity condition. Extension to the case where M is a d dimensional
submanifold of RP, with d < D, is also considered in Green, Balakrishnan, and Tibshirani
(2021) however only for regression functions which have Sobolev smoothness restricted to
the set {1,2,3}.

Bayesian estimators of f based on the graph Laplacian have been considered in the
literature as well for instance by Sanz-Alonso and Yang (2022); Fichera, Borovitskiy, Krause,
and Billard (2024); Dunson, Wu, and Wu (2022), however the asymptotic properties in terms
of posterior contraction rates around the true regression function have only been derived
in some restricted cases. Dunson, Wu, and Wu (2022) show that in the case N = n and

_d_
when the true regression vector fon = (fo(xi))ﬁ\il belongs to ¥ for J < ()27 for
some q > %, the posterior contraction rate (with respect to the empirical L? norm) is upper

bounded by a multiple of (lnT”)WLQd, under some kind of separability assumption between
the eigenvalues of the Laplace-Beltrami operator of M. Assuming that fon € 37/ avoids
studying the approximation of fo y by an element in ¥/, which is a nontrivial problem where
one only has access to smoothness assumptions on the function fy : M — R. A step in this
direction has been made by Sanz-Alonso and Yang (2022), where they established that if
the number of unlabeled covariates {Z,i1,...,zxN} is large enough, i.e at least N > n?,
then posterior contraction at a minimax optimal rate (up to logarithmic factors) of the
true regression vector fy n is possible, provided that its smoothness 5 (more precisely : fy
belongs to the Besov space B (M), see Coulhon, Kerkyacharian, and Petrushev (2012))
satisfies 8 > d — % using a graph Matérn process. Notably, as is pointed out in the paper,
their assumptions rule out the fully supervised setting and every other intermediate cases.
Furthermore, adaptation to the smoothness 3 is not discussed. In both papers Dunson, Wu,
and Wu (2022) and Sanz-Alonso and Yang (2022) control the contraction of the posterior
distribution on fy by controlling the convergence of the graph Laplacian (or the associated
heat kernel) to the Laplacian-Beltrami operator of M. As we will see, it is not fundamentally
needed to study the nonparametric regression problem; this is also the point of view taken
by Green, Balakrishnan, and Tibshirani (2021); Shi, Balasubramanian, and Polonik (2023).

Thus, the question the approximation of fo x by elements of 7/ for J = o(N), when fo
is a smooth function on an unknown manifold M remains unanswered. In this paper we
therefore aim to bridge this gap in the literature.
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1.2 Our contributions :

In this paper, our main aim is to study posterior contraction rates for priors based on the
graph Laplacian for the recovery of the regression vector fy n. To do that we first show that
any 8 Holder function on M, > 0 can be well approximated (in some sense to be made
precise later in the paper) by a function in 7/ for J > nd/(26+d) (up to logn terms) , where
d is the intrinsic dimension of the submanifold M. To do that we use a novel approximation
argument by first constructing an approximation of fy x by a vector of the form e~tL/h? It
for some well chosen ¢t > 0 and f; € RY. Thanks to the exponential factor we can then
control well the difference between e~tL/h* f; and its projection on ¥”/. This approximation
argument is valid for any g > 0. This result has an interest in its own right; in particular
we apply it to the frequentist PCR-LE estimator.

We also propose general classes of priors on fy supported on ¥/ for which we charac-
terize the posterior contraction rates, both for the empirical loss || f — fol|2 = Soi, (f (i) —
fo(z:))?/n and for the global loss ||f — foll% = 2N (f(z:) — fo(x:))%/N, as functions of
the truncation level J and the connectivity parameter h.

Finally by considering hyperpriors on h and J we propose a novel class of priors that
achieve minimax adaptive posterior contraction rates (up to Inn terms), both under the
| - |n and the || - ||x (pseudo-)distances.

Hence, contrarywise to Sanz-Alonso and Yang (2022) we do not need a very large num-
ber of unlabelled covariates which were used to ensure an accurate discrete to continuum
approximation of the graph Laplacian eigenpairs and compared to Green, Balakrishnan,
and Tibshirani (2021); Shi, Balasubramanian, and Polonik (2023); Sanz-Alonso and Yang
(2022) we significantly weaken the smoothness assumptions on fy (our assumptions actu-
ally match those considered in the continuous setting (see van der Vaart and van Zanten,
2011; Rosa et al., 2023). Also note that we do not require separability assumptions on the
eigenvalues of the Laplace-Beltrami operator on M, as opposed to Dunson, Wu, and Wu
(2022).

1.3 Outline :

We start by describing our geometrical and statistical model as well as our notations in
Section 2. We then describe our priors and the associated posterior contraction results
in Section 3; with non adaptive results in Section 3.2.1 and adaptive results in Section
3.2.2. Convergence rates for the PCR-LE estimator are provided in Section 3.2.1. The
approximation theory for fo x by ¥/ is provided in Section 3.3. Main proofs are provided
in Section 4. Finally, the appendix contains additional proofs.

2 Model and notations

In this paper we consider the semi-supervised nonlinear regression model where we observe
labelled data (yi, x;)i<n together with unlabelled data (xi)i]\;n“ (in particular N = N, > n
depends on n). Note that N = n corresponds to the supervised case. In this work we make
the following growth assumption on N : there exists b > 0 such that N,, < n for all n. Note
that in particular we always have the inequality Inn < In N < blnn. The nonparametric
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regression model is then

Yi = f0($i)+5i7 &; ii’d/\/‘(o)oz)) 1= 17"'3”) (2)
xiiﬁduo, i=1,...,N

where ¢ > 0, fy € C?(M) with M an unknown compact connected submanifold of
regularity o > (3 + 3) V6 of RP (see appendix A for a precise definition of o and the space
CB (M)) and py is a probability distribution on M (the connectedness assumption could
actually be dropped by working on each connected component separately). We assume that
1o is absolutely continuous with respect to the volume measure on M, with density py and
fo, M, pg are unknown quantities. Without loss of generality we consider the case where o
is known, since the case of unknown o can be easily derived from the results here, using the
approach of Naulet and Barat (2018). Moreover, it would also be possible to handle non
Gaussian errors as done by Ghosal and van der Vaart (2017, chap. 8.5.2).

We consider an unweighted random geometric graph G = G = (V, E(h)) based on
TN = (xl)fil generated as follows: the vertex set is V = {x1,...,zx} and the edges are

defined by E;; = Ez(Jh) = 1 if and only if ||z; — x;|| < h, for some h > 0, where ||-|| denotes
the Euclidean distance in RP. Hereafter we denote z; ~ r; <= k=1

We define the normalized graph Laplacian
L=LM=1-D"'A
where D = D) = diag(y) is the degrees matriz Dyy = 6% i,

o = p) = # 0+ |lz — i) < B}
and A = AM is the adjacency matriz Apy = Ag(ﬁy) = gy = lgny. We also define the
normalized degree measure v = v = u(lé/)‘ The graph Laplacian L is a nonnegative
self-adjoint operator from L? (v) to itself, where the inner product is given by

Vig € L* (), (f19) 20y = D FW)g

yeVv
and L is given explicitely by the formula
1
vfeRY, (Lf) () = . > (f@) = f(w)
T Y~z

We will often use the following identity

V59 € 12 (0), (FILg) 12y = g0 O (@) — 1) (9() — 9(1)

The negative graph Laplacian — L satisfies

1. V:CGV,—LM:%—lgo



R0OsSA AND ROUSSEAU

2. Va Ay €V, Ly =12 >0

tL

As a consequence e~ " is a row stochastic matrix for any ¢ > 0 (see Norris, 1997, chap. 2).

It is the transition matrix in time t of the continuous time Markov chain (Wt) - going
t>

from vertex = to vertex y with rate . This chain has a constant unit speed and a jump

Hzy
He
matrix given by D™ A : equivalently W; = Yy, where N is a Poisson process with unit rate
and (Y,),,>o is an independent Markov chain with transition matrix D~ A. We will denote

by ]P’g(ch) the probability distribution of the corresponding Markov chains (in either discrete
or continuous times) starting from = € V. For convenience in what follows we will define
L=h"2L and W, = W, .

It is shown for instance by Garcia Trillos, Gerlach, Hein, and Slepéev (2020); Calder
and Trillos (2020) that under appropriate conditions the graph Laplacian £ converges in
some sense to the true Laplace-Beltrami operator A of the limiting manifold M (up to
a proportionality constant). Since W is a continuous time Markov chain with transition
matrix e £, this shows that W can actually be seen in a way as a numerical approxima-
tion of a Brownian motion on M, i.e an M—valued continuous time Markov process with
infinitesimal generator —A.

For each x € V, t > 0 we define p; (z,-) = pgh) (z,-) as the density of e7** (z,-) with
respect to v "

VyeV, pi(z,y) = ei(a;,y)
Yy
. . N (h) W\
and we call the matrix p; the heat kernel of L with respect to v. If (), uj)j:1 = <>\j U )
is an orthonormal eigendecomposition of £ in L? (v), i.e.
Vj,lE{l,...,N}, ﬁu]‘:)\ju]', (uj|ul>l,:5§-

(the existence of which is guaranteed by the finite dimensional spectral theorem) then we

have
N 1 N
—tL _ —tAj /. - =
Vt>0, e —Ze J(u]|‘)yuj—M(V)Ze Tuju
j=1 J=1
Hence
N
VE>0, zyeVip(zy) =) e Mu(z)u(y)
j=1

In particular p; is a symmetric matrix.
In addition to the L? (v) structure we will also use the uniform norm

VEERY, |[Ifllzew) = max |f(zi)]

As well as the associated operator norm

[All Loy = sup  [[Afllpeoq)
1l Loo <1

defined for any linear endomorphism A : L*> (v) — L (v).
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2.1 Notations

We denote by Py the frequentist probability distribution of X" := (z1.n5,y1:n), 1.€

n

Po(dzr.n, dyrn) = Hpo (o) pu(da) [T N (wil folxs), 0?) dys
=1

aswell as Py = @ | N (fi, 02) for any f € R", with the abuse of notation Py, = Py,
We will also denote the probability distribution of the infinite sequences (x;),~1, (¥i);>;
by P§°. We denote the geodesic metric on M by p : M x M — Ry. For any = €
RP,r > 0 we define Byp(z,7) = {y € RP : |l — y|| < r} the Euclidean ball and B,(z,r) =
{y € M : p(x,y) < r} the geodesic ball. For any measurable subset A of R, d > 1, vol(A)
will denote its d—dimensional Lebesgue measure.

For any open subset U of R, d,k > 1 and f : U — R we define its C¥ (/) norm by

alelf

1 llek @y = maxqend jo|<k SUPzeu ’ S Lz )’ We also define C* (i) = N>0C* (U). For non

integer 8 € (k,k +1), k € N we define the Holder class C? (i) class as the space of all
functions f € C* (i) satisfying

olely olely
Ox> ~ Oz«
[ Flles@y = I fller@y + max — sup ﬁ < +0o0

a€Nd |al=k zyeu ||z — y|

If V is a finite dimensional vector space and & C R? d > 1, we say that a mapping
f:U—=Visofclass CP(U)if Tof:U—ReCPU) for any T € V* (linear form on V).
Equivalently, each coordinate function of f (in any choice of basis) is of class C”.

It is immediate to check that any f € C® (U), k < 8 < k+1 has a Taylor development

1 ). 713[ ’ .
of the form f(y) = S, PGt 4 Ri(w,y),  |Rilz,y)| < C o —y|” with C; =

1 flles @y /K-
We write
1 n N
1f = folla = D (F(ws) = folws))® and [If = foll3 = Z ~ folx)?.

i=1 im1

2, < refer to inequalities up to constants that depend
only on M, pg and fy. We will also write a < b if both a < b and b < a hold. We will
also often write C((A),cp) or C()‘))\eA generically to denote a positive constant depending
only on the parameters A € A whose value can change from line to line.

In the following the symbols >

3 Main results

In the nonparametric regression model 2, the goal is to estimate the regression function fy
evaluated on the covariates z;, ¢ = 1,...,N. Hence from a Bayesian point of view the
goal is to design a prior distribution on an element f : V — R leading to good frequentist
guarantees a posteriori. More precisely, following Ghosal, Ghosh, and van der Vaart (2000);
Ghosal and van der Vaart (2017) our goal is to derive posterior contraction rates for our
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suggested Bayesian methodologies : we wish to identify a sequence ¢, of positive real
numbers satisfying

POO
I{If = foll,, > enX"] ——0
n—oo
Deriving such rates typically requires to prove preliminary approximation results which is
the object of section 3.3.

3.1 Priors

As done by Sanz-Alonso and Yang (2022); Fichera, Borovitskiy, Krause, and Billard (2024)
we design our priors by random basis expansion in the graph Laplacian eigenbasis. Our
construction depends on 2 degrees of freedom : the number of basis functions allowed in
the sum, and the graph connectivity parameter h. This leads to a first family of priors :
Prior 1 Fixed J, h case:

We consider the prior II[-|.J, h] defined by the probability law of the random vector

J
f=> Zju;, Z RS (3)
=1

for some h >0, J € {1,...,N} and ¥ a probability distribution having a positive and
continuous density ¢ on R satisfying f‘x|>z¢(:1:)dx < bz , for all z > zy for some
b1, b2, z9 > 0. In particular, ¥ can be Gaussian, leading to the construction of a Gaussian
vector f on V, as done by Dunson, Wu, and Wu (2022); Sanz-Alonso and Yang (2022).

As we shall see in section 3.2.1, this prior leads to explicit posterior contraction rates
which happen to be minimax optimal (up to logarithmic factors) under appropriate choice
of the hyperparameters J = J,,h = h,, that depends on the unknown regularity 8 of fy
together with the dimension d of M. In this sense the proposed prior is non adaptive.

It is then of interest to choose the hyperparameters J, h in a data driven way. From the
Bayesian point of view this can be done by putting an additional prior layer over J and h.
For practical reasons, since for each value of h a new Laplacian £ needs to be computed,
together with its eigenpairs (uj, A;) we only consider discrete priors on h, i.e. we enforce
h € H where H is a discrete subset of R, and 7, (-|J) denotes the prior probability mass
function of h given J.

Prior 2 Adaptive prior:
We consider the prior II defined by the probability law of the random vector

J~my, h‘JNﬂ—h(L])? f’J?hNHH‘Lh]? denote ’HJ:SUPP(Wh("J)) CH, (4)

where 7, is a probability distribution supported on H; (that may depends on J) and m; is
a probability distribution on N* satisfying

Vi > jo, e Wi < 715(j) < e®ILi where Li=1or Lj=Inj, and #H; < K ef2/nn
for some constants a1, ag, K1, Ko > 0.

Note that the joint prior on (J, h) can be of very different forms. For instance if J ~ P(\)
then the condition on m; holds with L; = logj while if 7; is a Geometric distribution,
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then it holds with L; = 1. Also we can choose for instance the support of m,(:|J) to be

Hy = %} for some k > 2 and H = UjH;, where here the dimension d of M is

assumed to be known. We will see that this leads to adaptive nearly minimax estimation
rates. Alternatively and for more flexibility we can choose H = {hl =2h,:1=0,... ,L}

with h, = (an)l/d’ k> 2 and L € N such that 2Lh, <1 < 2L+1h*, together with

ma(hy) > bre 2" Wh e H

for some constants by, bs > 0. We will detail the precise assumptions on Iy, 7 (-|J) in
Theorems 6 & 7.

Remark 1. Both prior 1 and prior 2, depend on the covariates x1.y and possibly on the
sample size n, but we keep the notation II (and not I1,, ;) to avoid cumbersome notations.

Having defined the two types of priors we now study their posterior contraction prop-
erties.

3.2 Posterior contraction rates

We present here results on posterior contraction for prior 1 and prior 2. We first present
the non adaptive posterior contraction rate as it highlights the role of J and h and then
we present the posterior contraction rate derived from prior 2. The proof is based on the
general prior mass and testing theorem (see Ghosal and van der Vaart, 2007, 2017; Rousseau,
2016). A key aspect of the proof is a new scheme to approximate fy by functions in the
span of uy,--- ,uys. This allows in particular to extend the results of Green, Balakrishnan,
and Tibshirani (2021) to non linear manifolds when the regularity of fy not restricted to
{1,2,3}. The approximation result is interesting in its own right and it allows also to
derive minimax convergence rates for the frequentist estimator of Green, Balakrishnan,
and Tibshirani (2021); hence it is presented in Section 3.3 and the convergence rate of the
frequentist estimator is provided in Section 3.2.1. Moreover, the proof is very different from
Green, Balakrishnan, and Tibshirani (2021) and is valid even when N > n.

3.2.1 NON ADAPTIVE RATES: PRIOR 1 AND PCR-LE ESTIMATOR

Throughout this section we assume that the chosen connectivity parameter h, is not too
small :

Nhe
In

N—>OO.

Assumption 2. The connectivity parameter hy, satisfies h, — 0 and

Our first main result identifies a posterior contraction rate associated with prior 3 if h
satisfies assumption 2 and J is not too small. In particular, we recover minimax optimal
rates up to logarithmic factors for appropriate choices of parameters :

Theorem 3. Let (J,, h,) be a sequence of truncation and connectivity parameters satisfying
Jp€{l,...,N}, J,>I"N, &k >d and h, satisfying assumption 2. Consider a prior
on f belonging to the Prior 1 family. Then there exists C > 0 such that

Poo
I{[f = foll, > Cen|X", Jn, hn] —— 0

n—oo
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where

J, In N my ) In N\ /2
_ _ )N [8/2] 8
en = en(Jn, hn) = - +In N max (1, Jg/dh%> (hn + 11 (Nhg) hn>

()

In particular, for any T > d/2 and

1 1—7—2(1427/d)[B/2] h—d
_ Y- A - _ n
hp, =mn 25+ (Inn) 26+d B N
then
2r+d)[B/21+(1-T)B _ _ 8
en =< (Inn) 26+d n~ 28+d

The proof is given in section D.1. Theorem 3 highlights the trade - off between the
complexity of the prior (term /JIn N/n) and the approximation error bounded by

[8/2] 1/2
In N In N
].n]\[[ﬁ/21 max <17 > hg + ]].5>1hn <W> ] .

Tl n2
The first term of the approximation error has a bias flavour while the second, which appears
only when 8 > 1 comes, roughly speaking, from stochastic deviations of L fy — E(Lfy), see
Lemma 15. More discussion is given after Theorem 11.

Notice that theorem 3 only guarantees a posterior contraction with respect to the em-
pirical L? norm ||f — fo|,,- Thus, it is not clear whether or not the posterior distribution
correctly extrapolates outside of the design {xi,...,x,} in order to estimate the values
{fo(zn+1),..., fo(xn)}. This is the object of theorem 4 below, which requires stronger
assumptions on Jy, h, and f.

1
Theorem 4. Assume that 8 > d/2 and let hn satisfymg hyp > (InN)*n~ 26+ for some

s€R as well as J = J, € {1,...,N}, lnle < J, < 71 > 79 > 2d. Then there
exists C' > 0 such that

—d
7'2]\]7

oo

L[| = folly > Cen X, Ty h] —2— 0

n—0o0

2
7N (3 mN In N\ /2
En = n + h% h‘n+:ﬂ‘,8>1 W hn

. ) h=d 1 _1—7-2[8/2]1(1+27/d)
In particular, choosing J, = 25, T > 2d and hy, = n 2+ (InN) 25+d

leads to a posterior contraction rate of order

where

2[B/21@r+d)+28(1-7) _ _B8
en =< (InN) 25+d n~ 28+d

The proof is provided in Section 4.4 and relies on Theorem 3 together with a concen-
tration inequality to upper bound || f — fol|; by (a multiple of) || f — fol|,,-

10
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The main limitation of prior 1, with deterministic J, h is that the choice of J, h crucially
impacts the asymptotic behaviour of the posterior distribution. In particular to obtain
optimal behaviour (with respect to ||-||,, or ||-|| ;) one needs to choose them as a function
of § and d. While there exist simple and consistent estimators of d (see Berenfeld and
Hoffmann, 2021), it is very difficult to estimate 3.

It is interesting to compare our results with those of Sanz-Alonso and Yang (2022).
B+d/2
In this work a Matérn type Gaussian process of the form f = Zjﬁl 1+ X)) 2 Zjuy,

Z; o (0,1) (also for some deterministic values of J,, hy) is used in place of prior 3.
In Sanz-Alonso and Yang (2022) the author obtain the minimax rate of convergence with
respect to the empirical L? norm ||-||,, by choosing J, N, h accordingly but under a more
restrictive assumption on N, 3, implying in particular N >> n?? and § > d — 1/2. Also,
their proof technique is very different from ours as it is based on the convergence of the
(discrete) Matérn Gaussian process prior to its continuous counterpart (associated to the
Laplace-Beltrami operator on M).

In the fully supervised N = n case, our result can also be compared to the (frequentist)
PCR-LE estimator of Green, Balakrishnan, and Tibshirani (2021). To be completely clear
the estimator proposed in Green, Balakrishnan, and Tibshirani (2021) relies on the unnor-
malized graph Laplacian rather than the normalized one, but we believe our proof could be
applied for the unnormalized graph Laplacian as well. The PCR-LE estimator is defined as

uJ)HY_ fHZa Y = (yl"" ayn)7 f= (f(xl)a ,f(xn))

Green, Balakrishnan, and Tibshirani (2021) prove that when fy belongs to a 5— Sobolev
class with 8 € {1,2,3} (where the Sobolev space is defined using the Laplacian operator
weighted according to the covariates density), then f converges to fy at the rate n—8/(26+d)
if J and h are chosen accordingly. In comparison we obtain a near minimax rate for any
[— Holder regularity assumption on fo, 3 > 0 (for the ||-||,, loss) or § > d/2 (for the ||-||
loss). It should be noted that the restriction 8 > d/2 also appears in the continuous case
when extending outside of the labelled points (see van der Vaart and van Zanten, 2011;
Rosa et al., 2023).

As mentioned earlier, a key component of the proof of Theorems 3 & 4 is to show that
fo can be well approximated by elements in the linear span of (u1,--- ,uy), see Theorem 11
. A consequence of Theorem 11 is thus that the PCR-LE estimator of Green, Balakrishnan,
and Tibshirani (2021) achieves near minimax convergence rate over Holder classes of any
order 3, thus extending the results of Green, Balakrishnan, and Tibshirani (2021).

f = argmlnfespan(ul,---

)

Theorem 5. Performance of PCR-LE for the random walk graph Laplacian
Assume that N = n and that the sequence (Jy,hy) is such that J, € {1,...,n}, J, >
In®" N, k> d and that hy, > 0 satisfies assumption 2. Define

(W[Y) 2,y uj

—»
I
=

Jj=1

Then for any q > 0 there exists C' > 0 such that

Eo H‘f — Jfo

q
}SC&?L
n

11
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where

_ [8/2]
[J I nn Inn\ /2

1
In particular for the choice J, = lﬁﬁ, T >d/2, hy, =n 2+ (Inn)’ p € R then for

any q > 0 there exists C > 0 such that
A q
s [ ] <o

where
e = n” FFE (In ) Q18/2 LT/ d+Bp)V (—pd/2-7/2)

The proof of Theorem 5 is given in Section C.3. Corollary 5 hence shows that in the case
N = n the PCR-LE estimator of Green, Balakrishnan, and Tibshirani (2021) can achieve
optimal rates for particular choice of hyperparameters (up to logarithmic factors) for any
smoothness index [ > 0 if one is willing to work on the Holder spaces scale, and not just for
B—Sobolev functions, § € {1,2,3} : the limitations of the manifold adaptivity was therefore
only an artefact of the proof, as the non-negligible discrepancy between geodesic and Eu-
clidean distances can be circumvented by considering a different approximation technique.
Extending 5 to an adaptive estimator by Lepski’s method as done by Shi, Balasubramanian,
and Polonik (2023) in the Euclidean domain could also be of interest, which then would
provide a frequentist alternative to our adaptive Bayesian prior 4.

In the case N > n, our theorems 11 & 12 can also potentially be used to design fre-
quentist estimators in alternative to our priors 3 & 4. Indeed, as an example Theorem 11

can be reformulated as a high probability upper bound on H fo— Ek) fOHL ) where ng)

is the kernel operator

k. L ) - k N
) = 3 CERC LD 57 8™ o) 0 (03) g )

for an arbitrary x € C*¥ (Ry,R) with x(0) = 1 which motivates the definition of kernel
regression estimators of the form f =3, Xﬁk)(-,xi)yiyxi : this is always tractable even
when N > n and analyzing the asymptotic properties of such estimators (even on other

graph models) is therefore an interesting research direction.

12
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3.2.2 RESULTS FOR THE ADAPTIVE PRIORS

Having proved Theorems 3 & 4 it is straightforward to derive adaptive posterior contraction
rates under the prior 2. This results in a Bayesian method able to achieve minimax optimal
contraction rates (up to logarithmic factors) with a data driven choice for J, h.

Theorem 6. Consider the prior I on f belonging to the class Prior 2 as defined by (4)
and assume that for some K1, Ko > 0 and some jo,a1,as >0

Vi >jo, e Wi < i) < e where Li=1 or Lj=Inj, and #H; < Kyef2/nn

(6)

Assume in addition that for some T > d/2, Jy,ho > 0 and

24(1+2r/d)[B/2] _d
JIp=Jo(InN) 28+d n26+d

—1/d —1/d
I € Mg, N |20 Bod | and ¢ > 0 such that

h (| ) > e~ (7)

Then there exists C > 0 such that

P __B (2r+d)[8/2] —B(r+28/d)
I(If = foll, > CenX"] ——0,  with e, =n"%% (InN 25+ :

For clarity, we remind the reader that in Equation 7, 7y, (hy,|J,) denotes the prior prob-
ability mass function of h given J = J,, evaluated at h,,.

The proof of Theorem 6 is given in Section D.2. Notice that even if some particular
values of J,,h, are part of a condition that prior 2 (4), must satisfy theoretically, the
precise values of Jy,, h, are not part of the definition of the prior itself.

As discussed above in section 4, there are many priors on J, h which satisfy (7). Consider
two cases of particular interest

e If J follows a Poisson or a Geometric prior and, given J, h = %, T > d/2 then
condition (7) is fulfilled (with H; = {%})
o A more flexible alternative is to choose a discrete prior on H = {2lh* :1=0,---,L} for

hye = (th")l/D and L such that 2Fh, <1 < 28+1h, together with a probability mass
function of the order of e~ " ha for arbitrary A > 0 and a > 0. For instance, such a
prior can be constructed by first considering h ~ I G(a, \), an inverse Gamma random
variable and then defining h = 37 2'h,15,(R), To=[0,h.], I =)2'h., 257 R,] for
1 <1< Land I}, =)2Fh,, 4+oo[. In particular this prior is fully adaptive as it depends
neither on 3 nor on d.

Similarly to the non adaptive prior, it is possible to obtain a posterior contraction rate
in terms of the loss ||-|| 5 from the result of Theorem 6, under additional assumptions on /3
and the prior on J, h.

13
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Theorem 7. Under the same conditions as in theorem 6 and if in addition we have Hy C
[P, %] [1—almost surely for some T > 2d, h, > 0 satisfying assumption 2 and if B > d/2

then there exists M > 0 such that

POO
I{f = folly > Mey|X"] ——0

n—o0

for the rate

__B (2r+d)[B/2]—B(r+28/d)
en=mn 2% (InN 2p+d
Remark 8. Theorem 7 thus shows that we can construct (near) minimaz adaptive Bayesian
procedures based on graph Laplacian decompositions, where the adaptivity is related to the
(typically unknown) smoothness 3. Similarly to theorem 6, many priors satisfy the assump-
tions of Theorem 7, for instance a Poisson or geometric prior on J can be chosen together

with h = %, T > d/2. Alternatively, as discussed below Theorem 6, we can choose

a discrete prior on Hy = {2'h. : 1 = 0,--- , L} with hy = m, (an)l/D and L such that

2lh, < 11{:/;/7\7 < 2LH1h, | together with a probability mass function of the form of e~ pa

for arbitrary my, — oo, A >0 and a > 0.

J-1/d
* lnr/d N
2 in order to apply Lemma 34 a posteriori (and importantly with constants that do not
depend on h, J ), see the detailed proof in Section 4.4. In fact the condition could be weakened

J—1/d
to HJ C |:h*, n/a N

for the examples of priors we provide.

Compared to Theorem 6, we require Hy C [h } for some h, satisfying assumption

] on a set of posterior probability tending to 1, but this is not necessary

Remark 9. The same condition Hj C [h*, %} prevents us to design priors adaptive to

d, contrariwise to Theorem 6. This condition is crucial in our setting in order to use Lemma
34. Whether or not such a restriction is necessary or is an artefact of our proof technique
is therefore an interesting question. To design a procedure that is adaptive both to 5 and
d one could plug in a consistent estimator of d (see Berenfeld and Hoffmann, 2021)—the
procedure then becomes an empirical Bayes procedure)—and our theoretical results remain
unchanged since the estimator only depends on x and not on y.

Remark 10. Theorems 6 & 7 hold for discrete priors on h, however we believe that this is
not a restriction since a continuous prior would imply that for every value of h, one would
need to compute the eigenpairs (uj, A;) of the Laplacian corresponding to h. Obtaining a
result which would hold for a continuous prior on h, or for empirical Bayes procedure, where
optimization with respect to h is performed, is not straightforward since it would necessitate
to prove the concentration lemma 15 uniformly over h € (hy, hl)arl/ﬁ.

Notice that our posterior contraction rates in Theorems 3 4 6 5 & 7 are all impacted by
a power of In NV : this can be large, for instance if N grows exponentially with n. However
under the mild assumption N < n® B > 0 this factor become a power of Inn which
is typically considered small from an asymptotic viewpoint, ignoring the multiplicative
constant. Extending our results to the case N >> n? for all B > 0 would require more
work, but we believe that in this case the proof strategy of Sanz-Alonso and Yang (2022)
could be adapted.

14
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3.3 Approximation result

All three theorems 3, 4 5, 7 & 6 are proved using approximation results of fy in the graph
spectral domain, but since the smoothness assumption fy € C? (M) is only formulated at
the continuous level this is a non trivial task. To prove that fy can be well approximated
by an element of span(uy,--- ,uy) we first find an approximation of fy (as a function on V)
by an element of the form e~ *£f, for some explicit f;, with high probability with respect
to the sampling distribution of the covariates x1.5. Then we show that the projection of
e "¢ f; onto span(uy, - -+ ,uy) is close to e~ f; and thus to fo.

Theorem 11. Let >0, fo € CP (M), assume that h, satisfies assumption 2 and define
fort >0

k
=Y 50 o, fV R,

where k = [/2] — 1. Then

1. If 0 < B < 1, there exists a constant C(S, fo) we have

1fo = fill poogyy < C (B, fo) thiy

2. if B> 1,py € CP~1 (M) then for any H > 0 there exists a constant C(H, B, fo, po, M),
such that

¢ k+1 In N 1/2
IP;‘0 (Hfo - eitﬁfDHLoo(V) > C(H)/B7f07p07M) <h2> [hg_’_ <]Vhd> hn]) < NﬁH

The proof of Theorem 11 is given in Section 4.1.
Interestingly, when 5 > 1,

1
In N In N\ 2(B-1)+d
B3 > hy, By > [ ——
n =\ Npd T = < N )

which is—up to the In N term—the condition required by Theorem 6 in Green, Balakrish-
nan, and Tibshirani (2021) in the case N = n. Although the proof techniques are very
different, in both cases this condition is used to bound deviations of £ f around its mean.
To prove that fy can be well approximated by a function of the form f = Z}]l1 zju; for
some choice of truncation .J,, we now show that e~ f; is close to py, (e f;), its L? (v)
projection onto span(uj,--- ,uyz, ). Since we are able to lower bound the eigenvalues of £
with high probability, thanks to the exponential factor et~ this is actually straightforward.

Theorem 12. Let 3 >0, fo € CP (M), hy, satisfying assumption 2 and J, € {1,...,N}
satisfying J, > In" N, k> d. Let f; : V — R be defined by
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where k = [5/2] — 1. Then there exists ¢ > 0 such that with t = c)\jnl In N and £,(Jp, hy)
the rate

k+1
T N In N\ /2
En (s hn) = (In NYB/2 max <1mn> <h,€+nﬂ>1 <J\I;hd> B

n
we have

1. If 0 < B <1 : there exists a constant C(5, fo,p) such that

HfO —DJ, (e_ﬂ:ft) HLoo(,/) < C(B, fo)én(Jns hn)
2. If B3> 1,po € CP~V (M), H >0 : for some constant C(H, 3, po, fo, M, p)

Py (Hf() —DJ, (e_tﬁft)HLoo(V) > C(H7ﬁvp07f07M)€~n(Jn>hn)> < N_H

The proof of Theorem 12 is given in Section 4.2.

Both theorem 11 & 12 are useful results in their own rights, and can be used to design
and study the convergence properties of frequentist estimators, as we have done in Theorem
5.

4 Main proofs

In this Section we present the proofs of Theorems 11 and 12. To control the approximation
of fo by e *£f, we introduce a deterministic approximation of the operator £f. More

precisely, recall that
1
L= =32 1@ =)

Y~z

By analogy this leads us to the following definition :
Definition 13. For every f € C (M) and h > 0 we define
1
Thf(x) = / (£(2) ~ () polw)n(dy)
h2P0(B]RD (z,h)) Byp (z,h)NM

where Py (Bgp(x,h)) = fBRD (@) M po(y)p(dy).

Ty, acts as a second order nonlocal differential operator and is a deterministic approxi-
mation of the operator £ as shown in Lemma 15 below.

4.1 Proof of theorem 11

By a Taylor expansion of ¢ — e~ (with A > 0) we have

k z
l=eY" (A;) + Ry ()
=0

16
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where the remainder is given by

1 [t d
Ry(t) = k!/o ()\act)k+1 6—,\11&%

Hence by (finite dimensional) functional calculus we find

_ 1t e A
fo=e""fi+ k'/ (wtL)" e wfoz

Therefore, for all x € V', using He_tLHLOO(U) =1, we bound
. k+1 7mt£ k+1 7s£ i
o= Allmiy <5 [, 0 s Hm(y) = o],
k+1 H
oo, - K0 e
_k' L*®w) s (k+1)!

We now bound H(tﬁ)k’url foHL " considering the three cases: 5 <1, 1 < f < 2 and
B> 2.

o If 8 <1 then the result is trivial as

Zfo

Ty~

(L) fo(2)l = |75 — < W olles oy tha >

o If 1 < B <2, we have

1L foll Lo vy SENLSo = Th foll oo iy + 1T Soll oo 1)

Then lemma 14 implies

1T, foll oo (ry < C(B.20) Il folles agy hE 2

and Lemma 15 implies that for any H > 0 there exists My > 0 such that

In N\ /2
1£fo = T, foll oo >M0< N> hy (/2 ) < N—H

Hence, for some C(H, 3, fo,po) > 0
In N\ /2
Py HhiﬁfoHLw(y) > C(H, B,po, fo) (N) Ri=d2 L pf ) ) < NTH.

e When /5 > 2 we use an inductive argument. We have shown that for k = [§/2]—1 = 0,
if fech,
WAL || 1) < ColH, B, fospo, M) + An(f)]

17
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Nhd
with 2k < ' < 2(K' + 1), then

Joes|

1/2 )
where P (]An(f)| > My (IHN) hn> < N=H. Assume that for all &’ < k, if f € C?

Loo(v) < Ck’(HuBava an M)[h'g, + An,k/(f)]

1/2
where Py (]Ank/(f)] > My (}3,{;;) hn> < N~H_ We prove that the same holds for

k. Let f € CP with 2k < 8 < 2(k +1). Since # > 2 by lemma 14 we find fi,..., fx
(that depend on hy,) such that for all [ € {1,... k}

k
Th, f = p20=10 p0

=1

< Ci(po, M) [ f llee (rn) hy°
Leo (M)

I filleaargngy S Iflles (e

Using Hh%EHLw(y) < 2 which holds since for any f € RY and = € V we have

2 o
- 11| £oo (0

(02.£1) @)] = |- 3 1(@) = £

Yy~

#{y : ywx} = 2”fHL°°(V)7

T

we get
H(hiﬁ)Hl fOHLoo(u)
= 02 ||(h2L)" (Th, fo + Lo — ThnfO)HLoo(u)

(hiﬁ)k (Lfo— Thnf(])H

<0 | 020) T ol ., + NS0 = T ol

k k
2|2y (z R T =S hsﬂ—%)
=1 =1

<3| 020)" T, o, + 2 -

+ i [|£ fo = Th, foll oo o)
Le(v)

k
<H YWD R A+ P2 Culp0. M) 1 s aay W+ Al
=1

Now,

|5 ], =27 0507 1],

< Ck—l(Ha 5,170» f07 M)[hg_m + An,k—l(f)]
so that for all f € C#

k
|2y ], . ) < 58D ot po. My
=1

k
+3 Chtll s o, M)A i fo)
=0

< C'(B, fo, po, M)[RE + Ay ()]

18
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1/2
where P (|An7k(f)| > M (ﬁﬁ) h, ) < N=H for My large enough. This con-

cludes the inductive argument. Therefore
¢ k+1
1 fo = €™ fill poeqs,) < C'(H, B, fo, po, M) (hz) [y + Ak (fo)l,

1/2
,j\é) hn> <N,

where Py <|An,kz(f0)| > Mo (thl

4.2 Proof of Theorem 12

We bound Hfo —DpJ, (e‘tﬁft) HLOO(V) by showing that He_tﬁft —DpJ, (e‘tﬁft) HLOO(V) is small,
using a lower bound on the eigenvalues )\;s given by lemma 32 : since h,, satisfies assumption

2, choosing h_ = h, in the definition of Ay, together with Lemma 32, we have that
—d
)\ghn) > b3j2/? for all by In? N < j < to(hy) = bln’;%, so that since In* N < J with s > d,

hn —d
we have \j = /\S ) > bgJ2/4 when J < bln{jﬁ = Jp.
Moreover, because the )\;s are ordered we have

h72
VT2 Ar 2 A, 2 sb?

Therefore

| fo—ps (e 1) HLoo(V) <|fo— efwftHLoo(y) + Z <uj|€7t£ft>L2(V) Uj

j>J Lo (v)

:Hfo—e_wftHLOO(V)+ Ze I (ujl fe) L2 U

=7 Lo°(v)
SHfO_e_tEftHLoo +Ze J u]|ft L2 )
>J
<|Ifo - efwftHLoo(V) + 1 fill 2y e Z il oo )
i>J

By lemma 18 we have maxi<;<n HujHLoo(y) < N and therefore
HfO —PJ (e_tﬁft) HLOO(V) fs HfO - e_tﬁftHLoo(y) + N? ||ft||L2(V) e_MJ

Moreover, since f; = Zf:o . (tL)" fo and Hh%ﬁ“a < 2 we get

Lo (v))

k
t
iy <€ () Wollsioe

which implies
¢ k
o0 ) gy S o el gy 4 N2 ()
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Thus for any K > 0, choosing t = c)\jl In N for ¢ > 0 large enough yields
1005 (€8 ey S 1o = € il + N5

Finally we bound Hf[) — e‘tﬁftHLoo(V)
enough and arbitrarily large H > 0

Po (|| fo — ps (e f)|| > C(H, B, fo. po, M)E,) < N~ 1

using Theorem 11 which gives us for K > 0 large

where

[8/2] 1/2 1 [8/2] 1/2
_ t In N A; InN In N
En = (h%) (hg + ﬂﬁ>1 <Nh‘,il> hn) < (h%) <h£ + 15>1 <W> hn>

(2ot <h2 e (2 hn) it < J,

n

1/2 _
(In N)?18/7 (hﬁ +1ps1 () hn> it J > J,

which concludes the proof.

4.3 Lemmas 14 and 15

Below we present two Lemmas which control the terms A,,(f) together with the behaviour
of Thf.

Lemma 14. Let apq, Co, hy the constants defined in Appendiz A and B. Then

1.If0o< B <2 h< %OM, f € CP (M) (with the additional assumption py €
CH1 (M) i 1< B <2), then [T | e ag) % 1 lesgany 72

k

2. If3>2, feCPl(M), pocCPt (M), h<hy, then there exists (g}(ll))l_l, g,(ll) €
CP=2 (M) such that
k
98] -y = I lesian - |Tif = D0 R2 ) Sl lles o B~
= L (M)

Lemma 15. Let h,, > 0 satisfying assumption 2. Then
o If f€CP(M),0< B <1 we have

”'CfHLOO(z/) 5 hg727 ||ThanL°°(M) S hg72
o If f €CH(M) then any H > 0 there exists My > 0 such that

1
Py (IIﬁf — Thnf||Loo(,,) > My (h}\i\v ’ h;(1+d/2)) <N H

The proofs of both lemmas are provided in Sections C.1 and C.2 respectively.
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4.4 Proof of Theorems 4 and 7

We now show how to extend the posterior contraction rates in terms of || f — fo||,, obtained
in Theorems 3 and 6 to rates in terms of ||f — fol|~-

As in van der Vaart and van Zanten (2011); Rosa, Borovitskiy, Terenin, and Rousseau
(2023) where a posterior contraction rate with respect to the empirical || f — fo||, norm
is used to show a contraction rate with respect to the continuous L? norm, we will use a
concentration inequality : indeed, by exchangeability the variables (x;);; can be considered
as sampled uniformly without replacement from the full sample (:ci)fil, and therefore the
quantity || f — f0||721 = %Z?:l (f(zi) — fo(z;)) is close to its mean % Ef\il (f(zi) — fo(zy)) =
\f — f0||?v. We make this informal argument rigorous below.

1
We start by the non adaptive case, i.e the proof of theorem 4. Since h,, > (In N)* n~ 25+d
—d —d
, it satisfies assumption 2, and since hlhfﬁ < J, < ln}iﬁ, 71 > T9 > 2d, Theorem 3 implies
that, for some C > 0

n—0o0

where €, (Jp; hy,) is given by (5). Note that the choice of J,, implies that

_ 18/2]
[J,aN  [(J72mN In N\ /2
en(Jn, hn) = —+ ( w2 ) (hﬁ + 1gs1 (Nhfi) h,

[8/21-1 I
fn=D1, (eft"[:ftn) y S, = Z M, t, = c)\;nl InN,c > 0.

)
1=0

Let

Then Theorem 12 implies that for some ¢ > 0 and any H > 0, choosing C' large enough,
Po (Ilfn = follzm () < Cznlnshn)) = 1+ O(N 1),

Now if M > C, then on {[[fn = follpo () < Cen} = Vi,

IL[|f = folly > Men(Jn, hn )| X", T, ] (8)
<I[[|f = fally > (M = C) en(Jn, hn) X", T, by
< H[Hf_fn”n > (C+1) En(Jnahn)|Xn7Jmhn] 9)
M-C

FIS = fally > (M = C) en(Jn, hn) >

—Jn an nvhn . ]-
2 o M= falln X7, (10)

Since

1f = fall < M1 = foll, + 1fo = fall ooy < 1 = Soll, + Cen(Jn, hn),

we have on V,

I [”f - ann > (C + 1) en(Jn, hn) | X", Jp, hn] <II [Hf - fOHn > en(Jn, hn)‘xna I, hn] = OlP’o(l)-
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Hence it remains to bound the second term of the right hand side of (8). For this notice
that a consequence of the proof of Theorem 35 (see Ghosal and van der Vaart, 2007) is that
there exists ¢’ > 0 such that

Py | Dy, < e—C’"fnUan} =o(1), D, :/ D= GTI( £1.7,0, hi)
57n
where ¢,,(f) is the log-likelihood at f. As a consequence,

M-C
Bo 111 = fullx 2 G I = full 127 |

c'ne? nylin ln —ktn
<o(1) + e nentIn i)y [/E gl L=l (C1)en €D IV T, o)

o L=l > €

c'ne2 (Jn,hn)
<o(1) +e Eo/ L) g fully > 22C ) g, L)

fexin Cc+1

where the last expectation is now only with respect to the distribution of zi.ny. Notice
that by exchangeability of the x;’s, for any permutation 7 € Sy the set of permuta-

d
tions of {1,...,N} we have (l’l)fvl (:) (x'r(i))i]il and therefore, writing ||f — anEn =

LS (Fl@ew) — falarw)

E TI(df) = E T1(df).
O/fEEJ 1= fally>2=C ) fol, TICE) O/J@, 1= Fally> 2= 5= foll,, T1(E)

Hence

E 1 _ T1(d
’ /fGEJn ”fff”||N>Aé+1C”f*fn||n ( f)

Ly j—fully>2E 1 ful,,, L)

TESN fexsn
=E_. E 1 _ II(d,
sy Eo /fezj 1~ Fally> 8= £~ fol,,, ()

M-C
5o [ P (I = Fuly > Gt 1 = fll ) ).

. 2

Define for i = 1,...,N, Wi = (f(xi) — fn(x;))* and W/ = (f(@r()) = fu(®r¢)))". Then
given (xz)f\i 1> (W), is a uniform sampling without replacement from (Wz)f\i ,- Hoeffd-
ing’s lemma for random variables sampled without replacement from a finite population
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(see Hoeffding, 1963) then yields, for M =3C +2 > C

M-C
PTNL{ (S~n) <”f anN C+ 1 Hf f”H‘f‘n)

=Pruu(sy) ( Z WQ)
_p —312W2>1ZW/2_1§:W2
T~U(SN) 4 N < i n & i N 4 i
1 1 &
S (n Sy Ly w2>
= i=1
2
- (_ 3l — full ) |
2|1f = fallzeew)
Using theorem 34 yields, on V,, N Ay (which is an event of probability tending to 1), with

—d/2

h_ = hy, and if by < J,, < 551 sy (Where to = 64h7 In (2c_Nhil))

Zr—t
L[]
i

2
||f anN > e—lag—lbgd/QJn—l ln—3d/2N

Ve, ; >
d —d
Note that since by assumption lhle < J, < lnhfﬁ, T > To > 2d, then by < J, <
—d/2
%m. All in all we get

M n
Bo 11|11 = fully > 01 = C)en 2 e 17 = Fuly 157 oo

3nllf — full
1 - T(d
ANV /feEJn exp < 21f - fn||%oo(y)) ( f)]

o (- )mdn

2ea3bg/2 In%%2 N

< o(1) + e men ) g,

< 0(1) +€C/n€%(J"’h")]E0/
fexin

3nJ, !
= 0(1) + exp [ neZ (Jn, hn) —
( 2easbi!/? In3/2 N

Moreover
- —3d d —3d
Jp 32N > pd 2 N

and by definition of €,(J,, hy,) we have

h2

n

—2/d 2[B/2] e l—r
Q(Jn,h ) S JnlnN i <Jn h’lN) hiﬁ < M _‘_h?lﬁan!—ﬁ/ﬂ(l—f—QTl/d)N
n n

But since by assumption h, > (In N)* n” 7 for some s € R and B > d/2, this actually
implies n.J,, ! In 32 N >> ne 2 (Jn, hy), which concludes the proof.
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The proof of the adaptive case, i.e of theorem 7, is fairly similar. Again, we use Theorem
6, so that there exists C > 0

Eo (IL[lf = foll,, > Cen|X"]) = o(1).

(27+d) LB/QJ —5(T+25/d)

where e, = n~#/@+d)(In N

Moreover, since by assumption on II; for any J,, k we have II[J > kJ,] < e~ 2kJn the
remaining mass Theorem (see Ghosal and van der Vaart, 2017, chap. 8) together with our
prior thickness result 36 yields, for some k& > 0

[T > kJu|X"] -0 0

n—oo

— 2
for J,, = ne;,.

Therefore, a similar proof as in the non adaptive case above leads to the upper bound:
on V, NAp,

ILI[f = foll y > Men[X"]

2
< cns 2 (Jn,hn) E _ 3n||f—fn||]v dll )1, (J
<ory(1) + > of e ( S | MR

. : —d
for some ¢ > 0. Moreover, since by construction II—almost surely we have J < I]ZTN’
n

T > 2d, we can still apply theorem 34 to get on V,, N Ay,

I = folly > Men|X"]

'ne 3nJ_1
<on () +e" Y B [ e 7y ) U )
J<kdn fex’ Zea bg N
/o o2 37'L<]_
< op, (1) + e“"en exp
’ Jgjn ( 2eas bd/2 3d/2 N)

3nJ_
/2
< o[po(l) + Jp, exp (c ney, — 2eas bd/2 34/2 N>

3 9,
= op, (1) +exp | Ine? — ——atn e 2In 32 N
2ekazbg

Given the expression of €, and since § > d/2, the right hand side is op, (1), which concludes
the proof of the adaptive case.
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Appendix A. Regularity assumption on the manifold and definition of
the Holder spaces

In this section we give details on the regularity of the submanifold M and the definition of
the Holder spaces. It is usually assumed in Riemannian geometry that the manifolds are
C*°—smooth but here our results also apply for manifolds with finite Holder regularity if
the latter is large enough, hence we precise our notations and recall some general facts. We
assume that M to be a d—dimensional C® compact and connected submanifold of R” in
the following sense : we can find a family (¢;,U;),.; such that (i4;),.; is an open cover of M
(that is, each U; is an open set of M and M = U;eilh;), @i : cpi_l U;) cR* = Uy c M CRP
is injective, of class C%, ~«a > 1 and its differential dy; : R* — RP is everywhere injective
(hence y; is a C* immersion). Since M is compact we can assume without loss of generality
that I is finite, but the regularity results below stay true in the general case, at least locally.

The geodesics on the submanifold are defined as the curves v(t) on M satisfying the
geodesics equation : in local coordinates y = ¢~ !(y) (we drop the subscript i for conve-
nience) it takes the form

Vk=1,...,d, y —|—F yy =0

where the Christoffel symbols are defined by

1
Iy = igkl (0igji + 0591 — Dugij)

Here both the metric tensor g, its inverse (gkl) and the Christoffel symbols depend on
d

the point v(t) = ¢(y(t)). Moreover, with (67, = gg’)' ) the coordinates vector fields and
1=

p= (gol)lil, the metric tensor is given by the Gram matrix

D T
e M, gi(p) = (010;); =Z gjjw-l(p)):@i) (3;’;)(@—1@))

and at p = y(t)

0(gijow) dp* dp*
8191] - 8yl ( 3yl Z 8y ay] t))

Hence for each 1, j, k, Ffj is a C®2 Hélder function of y(t). Therefore by standard ODE
theory, if @ > 3 existence and uniqueness of geodesics ¢ +— 7;,(t) defined on maximal
intervals and such that ¢(y(0)) = 7,,(0) = z, g—‘yp(go_l(:c))g)(O) = Y;.»(0) = v for arbitrary
z €M, veT,M is guaranteed. Moreover the flow (z,v,t) = (72,6(t), 75, (t)) is of class
C*~2, in the sense that

. /
(you Yo, t) = <’y§0(y0),g§(y0)@0 (t)’ ryw(yo),%(yo)yo (t)>

is of class C*~2 on its domain. In particular the exponential map defined as exp, (v) = Vz.,(1)
for all [|v]l4, v < 72 (the injectivity radius of M at x) is in this sense of class C*~2 on its
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domain, as seen as a function with values in RP. Since M is compact it has a positive
global injectivity radius 7 := infycaq 7, and therefore for any z € M the exponential
map exp,, is well defined from Bz, ¢ (0,70¢) to M and is a diffeomorphism onto its image.
Moreover, by compactness of M the Hopf-Rinow theorem implies that for each x € M the
exponential map exp, is actually defined on the whole of T, M (while obviously no longer
being guaranteed to be injective). Hence by the above, for any i € I the following map

oL (U) x RE — RP
(o.d0) = exb ) (5 (o))

is of class C*2.

Finally let us define the different Hélder spaces over M used in the paper. Let (x;);c;
be a partition of the unity subordinated to the open cover (U4;), ;. We say that f: M — R
is of class C# (B-Hélder) on M if fog; : ¢; ' (U;) — R is of class C# for any i € I. For
a finite dimensional vector space V we say that f : M — V is of class C? (8-Hélder) on
Mif Tofow: o (U) — Ris of class C% for any i € I and linear form T € V*.
Equivalently the coordinates of f in any choice of basis of V are all of class C®. We also
define C*® (M) = Ng>oC? (M). Furthermore we define the C# norm of f by 1flles vy =
max;er ||(xif) o 90;1“(35(%)' The definition of the Hélder space C# (M, V) can be seen to
be independent of the chosen family (v;,U;, Xi);c; as long as a > BV 1, with equivalence of
the resulting Hélder norms.

Recall that we can always define regular local orthonormal frames on 7'M : on U; simply

apply the Gram-Schmidt orthonormalization algorithm to the coordinates vector fields x —
890 . . .

=2 which gives a famil (e )

9yi’ & Y ielj=1,..d

local coordinates are rational functions of the components of the coordinates vector fields
g‘;i. As g ot (U) € RY s Uy € RP is €271, the maps: z € ;' (Uy) € R? = el (z) €

U; C RP are all C*~L. Moreover by construction the function w +— v;(x,w) := > wiel () is

J

f of orthonormal vector fields whose components in

a linear isometry from € R¢ to T, M for each = € U; where R? is equipped with its standard
Fuclidean structure and 7, M its inner product induced by the metric.
In particular if « —2 > BV 1 <= a > (8+2) V3 then any f € C” (M) satisfies

sup I 0 expy (i(w: Nlles (B4 0r00) = S || D (1) © expy (Wi(a )
J CB(Bga(0,rMm))

<37 sup 06i) © 5, (12, Dl (5, 00)

— xeU;

=Y sup | (CGh) o) o (95" o exp (vila. )
J

~ el HCB(BRd (0,rMm))

S max [ (GF) © pillesy 2 sup o7 o exp, (wi(ar, ) S 1 lles aay
j e

‘Cﬁ (BRd (077'/\/1)7(10;1 (ul))

the last step using resulting from the compactness of M, finiteness of I and the fact that
a —2 > (. We will use this property in our approximation results.
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We recall that we assume a > (5 4 3) vV 6. This is for technical reasons that will appear
later in the proofs.

We finish this section by showing a differential geometry lemma that will be useful for
the proofs of the results in section 3 : very roughly speaking, this lemma states that for small
h we can find a function ¢t = t;(x,v) of x € M,v € T, M such that ||exp,(thv) — z||gp = h,
and that moreover this function can be written as ¢, = 1+ h2s;, where s, is Holder regular
and has bounded derivatives of order less than o — 5, even when h is close to 0. First, recall
that the radius of curvature (see Bernstein et al.) axq of M is positive by compactness of

M.

Lemma 16. There exists 1y, > 0 such that for each x € M, v € T,M, |v|| =1
the function r — |lexp,(rv) — x| is increasing on [0,7',] and satisfies |lexp,(rv) — z||? >
L re0ry.

As a consequence for any h € [0, %] there is a unique t = ty(z,v) € [0, A1), ] satisfy-

ing ||exp, (thv) — z|| = h. Moreover ty, (x,v) € [1,1+ o | and there exists hy > 0 such

192a3%
that
It (pi(y), v) — 1)
max su < +00
keNLbSa—s  ier Iy~ < h?
yep; L (U;)
0<h<h!_

v =1
I HTw(y)M

Proof We have for r < rpy,

0
2 llexp, (ro) — 2o
=2 (dexp,(rv)v|exp,(rv) — T)gp
=2 (v + dexp,(rv)v — v|rv + exp,(rv) — ¢ — rv)pp
=2 (v|rv)gp + 2 (dexp, (rv)v — v|rv)pp + 2 (exp, (rv) —  — TV|V)RD
+ 2 (dexp, (rv)v — v|exp, (rv) —  — TV)gD
=2r+ 0O (1"2)
where the last equality uses
exp, (rv) — z — rv = rdexp, (0)v — rv + O(r?) = O(r?),
dexp, (rv)v — v = dexp,(0)v — v + O(r?) = O(r?).

By compactness of M and since (z,v) + exp,(v) € C*~3,a > 3 this implies that

2
& lexpy(rv) — 2|z — 2r

sup

5 < +00,
0<r<rapm r

S
lvllz, pm=1

In particular there exists r = 1/, > 0 such that for any r € [0,r/,] we have

0
VeeM, YweT,M, |vllpy=1 = llexp,(rv) —z|po >

"
or 2°
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As a consequence, the function 7 — [exp,(rv) — z|ap is increasing on [0,77,] and so is
7+ ||lexp,(rv) — z|lgp. Moreover by integrating we get

7,2

vr e 0. llexp,(ro) — 2lo > 7.
so that, if h € [0, C;M], then r = 2h € [0,7/,] and ||exp,(rv) —z|Zp > % = h?. By
continuity and strict monotonicity there exists a unique r = r,(x,v) € [0,2h] solution of
lexp,(rv) — z|| = h on [0,7,]. Defining t,(z,v) = h~'ry(z,v) gives the first part of the
statement.

Letic I, z€lU;, weR? |w|]|=1and consider the Taylor expansion (justified
since a > 5 and exp € C*~?)

exp, (thi;(z,w))

272 tr_ 2
=z + thy;(z,w) + %dQ exp,(0).4;(z,w) + h3/ (tQS>d3 exp,, (ships(z, w) )vi(x, w)3ds.
0

Changing of variables with y € ;' (U;), = = ¢;(y), we then have

Fy,1)
=h"? [lexp, (th(x,w)) — |* — 1
2
=h"2|[thy;(x,w) + 7522th2 exp, (0).4;(x,w) + h? /t (t_;)zd?’ exp, (shi(z,w))Y;(z,w)3ds|| —1
0

2
-1

2 tr N2
:Htwi($,w)—|—t2hd2expx(0).¢i(m,w)+h2/ L 28) d3expz(sh@bi(fn,w))wi(x,w)?’ds
0

Therefore we have

where, with

2 tp N2
A=tYi(z,w), B= %d2 exp,(0).Yi(z,w), C = / (t2s)d3 expx(sh@bi(a:,w))@bi(x,w)3d5
0
we have defined
G(y,t) = Ginw(y,t) = 27 (A|B) + 2 (A|C) + || B|* + 2k (B|C) + h* || C|)?

Moreover, since ||te); (2, w)||* = 2 and d? exp,,(0).¢;(z,w) € N;M (as the second derivative
at time 0 of the geodesic t — exp,, (t1);(x,w))) this implies (A|B) = 0 and therefore

G(y,t) = 2 (A[C) + || B|I” +2h (B|C) + h* | C”

Furthermore since the exponential map is of class C*~2 we see that G is of class C*° and
that
a\k|+lG

78y\k|8tl < +o00.

M = max sup
e —
(k7l)’l€Nd+1 Yep; 1(“;)
k|+i<a—5 1SIS1HS
0<h<r! /2
flwl=1
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Differentiating yields

oy 6y’ ot ot

OF _,20G OF _,  ,,0C

Also, notice that 1 < tp,(z,v) < 14+ -Z T9%a 2 A% : indeed, without loss of generality 'y, < ma

and therefore if h <7, (/2 then for t = th(a: v) € [0,2] we have th = p (z, exp, (thi;(v))) <
v < map and

2 th = 2l exp, (i, 0)) < llexp, (thvs(,)) — o = b < pla, exp, (thji(z, ) = th

T
T
= 1 <tp(z,v) < 5
Reusing this gives
(th)®

th — 5
24aM

=p (z, exp, (thii(z,w))) — p (x,expz(th@bi(:ﬁ,w)))?i

24“3\4

< [lexp, (thy)s(z, w)) — |

=h S P (x7 eXPz(th%(fﬁa U))))

=th,

which implies
312 3R
1<¢ <1 e
w(@v) S1+ o505 240%, = 19247,

In particular, using o > 6

O (o7 (), th (07 (1), v)) — 2ta (07 (y), v)]
sup
il h2
yep; (Us)
0<h<r!y (/2

||U||T 1 le
e, (y

<M < 4o

Since 2tp,(x,v) > 2, there exists 0 < hy < 7/,/2 such that for any i € I, h < hy, z€
U, |vllp o = 1 we have %—? # 0. Hence the implicit function theorem implies that
y — th(pi(y),v) is smooth on ;! (i4;) with differential given by

0 i i
L tnlpily),v) = -2 = v €L(RLR
ay h(‘P (y) U) % 2th(90i(y) )+ hQBG ( >

29



R0OsSA AND ROUSSEAU

To conclude notice first that since tj(x,v) € [1,1 + 13;’;22 | we have, setting sp(z,v) =
th () —1 M
h2
(e )] < o
su sp(z,v —
e B = 09902
0<h<r!y /2
vl 7, m=1

Moreover for the derivatives we get, for any y € ¢ L)

o B, W%y
—sn(pi(y),v) = h 2 —tn(pi(y),v) = —h 2 S
gy P = e ) = o) + P2
oG oG
Jy 0y

24 (piy),v) + h2258 24 2h2s,(pi(y),v) + K295

Hence for any y € ;' (U4;), HUHT«Pi(y)M =1, O<h<h/ =hy AM/?

oG
, B ‘W M
Vi<j<d, |=—sn(pi(y),v)|l= = =M
SJs ’8% n(i(y) )‘ ‘2th(¢i(y)’v) + h2%€| 2—h2M

In the same way by induction we can prove that

0% o))
max sup —Sp(¥i v)| < 400
aeNd |a|<a—5 i€l oy~ iy
yep; H(Us)
0<h<h/+

v =1
I ”Twi(y)M

Remark 17. We have stated our lemma with 'y, such that |lexp,(rv) — z|? > % for any
r € [0,7,], but more generally for any ¢ € (0,1) we could have found r'y, . > 0 such that

r € (0,7, .| implies |lexp,(rv) — z||? > 2.

Appendix B. Geometrical and analytical properties of the random graph

In this section we prove/recall useful facts on the graph coming from geometrical properties
of the manifold.
We start by a simple but useful property satisfied by the graph Laplacian eigenvectors :

Proposition 18. For any h >0, je€{l,...,N} we have ||“J'”Loo(y) <N.

Proof For all z € V we have v, = > MT/ w2 ﬁ, which implies
yeVv ™
2 _ 1 2 1 2 1 2
Vo e Vous(e < — 3 w9y = — ey = — < N
Vy yev Vx Vg
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As we will see below, we actually have v, =< N~! on a high probability event, so that
the result of proposition 18 could actually be improved to max;<;<n ||u; ||L°°(l/) < VN, but
this would not improve the final rates anyway.

In the next subsections we will be discussing various properties of the random geometric
graph, namely volume regularity, on diagonal heat kernel bounds, Weyl type upper and
lower bounds on the graph Laplacian eigenvalues and finally a norm comparison theorem.
These properties will be used in the proof of Theorems 3,4,6 & 7. More precisely, the proof
of the Kullback-Leibler prior mass condition (Lemma 36, which is then subsequently used in
the proof of Theorems 3 & 6) uses a lower bound on the eigenvalues of the graph Laplacian
L") for a determined h,, (the one appearing in the statements of Theorems 3 & 6). To
prove contraction rates with respect to || - ||y (Theorems 4 & 7), we combine the results for
|-l together with Lemma 34, which states an inequality of the form : with Py—probability
going to 1

Vho <h<hg, Jo<J<Ih™  fespan{u,...,us}, |fllzew) S VINFllzw)

(11)
for some constants hg, Jo, J1 > 0, up to logarithmic factors, as long as h_ satisfies assump-
tion 2. To prove theorem 7 (adaptive posterior contraction rates with respect to || - || n) we

use inequality 11 for any h in the support of the posterior distribution. Thus in this section
we analyse the properties of the random graph associated to the connectivity parameter h
for h belonging to [h_, hg]. Note that these properties will also be used in the proof of the
other results but for a specific value h,, in [h_, ho].

B.1 Volume regularity

In this subsection we establish a volume regularity property for the random geometric graph
: roughly speaking, with high probability, for every suitable r, h and geodesic ball of radius
r we have (") (B) =< r?. To start with notice that since M is compact it has a positive
radius of curvature apq and in particular by lemma 3 in Bernstein, de Silva, Langford, and
Tenenbaum for any z,y € M with p(z,y) < mar we find

2 p(e,) < 2aagsin (e, ) 2rare) < e = yl| < plav) (12)

3
and, using sin (p/2ax) > 2rZM ~-3 <2apM) ,
p(z,y)*

< — < .
212, <z —yll < p(z,y)

p(z,y) —
Moreover the set M2\ {(z,y) € M?: p(z,y) < mapr} is compact with respect to the topol-
ogy inherited from the Euclidean distance or equivalently the geodesic distance. Hence

the function (z,y) — ﬁin\)\ is bounded on M?\ {(z,y) € M?: p(z,y) < Tar} by some

constant Cj, while it satisfies

ﬁiﬂiZ\)\ < 7 when p(z,y) < mapr. Combining the two cases

and assuming without loss of generality Cp > § we find the existence of Cp > 0 such that
[z =yl < p(x,y) < Collz =yl on M.
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Theorem 19. Let h_ satisfy Assumption 2, i.e. Nh%¢ >>1In N, and Ay be the event
’u(?“)
Ay = {Vi =1,...,N,Vh_ <r < diam, (M) /Co,c_r? < % < c+rd} ,

where ng = u(B(X;,7)). Then, for some c_,c4,c > 0 we have P(Ay) > 1 — e~NRL

2

Moreover, on Ayx we have % < V?Sh) < % for any h— < h < diam, (M) andy € V.

A consequence of Theorem 19 is that on Ay for all ¥ > h_, v (B(X;,7)) > r?c? /e,
for all : < N.
Proof Using

Vo e M,r > 0,B,(x,r) C Bgp (z,7) C B, (z,Cor),

Theorem 3.8 in Gobel and Blanchard (2020) implies that for some b_, b4, ¢ > 0, for all h_ <
r < diam, (M) /Co, diam, (M) = max, yepm p(x,y), =1,..., N, with probability at
least 1 — e~Nh?

(r) -1

bort < Mj)\;i . < b+rd.

. hd . . . .
Using ]1\;—]\7 — o0 and a union bound we find that the last inequality holds simultaneously

foralli € {1,..., N} with probability at least 1 — =ML {61 some ¢ > 0. To make the result

In diam (M)
uniform in 7, define ry = 2h_, ki = |—45—] < cyyIn N (without loss of generality
for small cpq, because h_ >> (%) Y d). Using a union bound we find that with probability

1—(l<:+4—1)6_‘”"11%0i > 1—clenNe_CNh(i, foreveryi=1,...,Nand k=0,..., ki + 1,

But then, for every k = 0,...,kt++1, ry <r <rgyyandi€ {1,..., N} we have (assuming
N >2)

(r) 1 (r) (r)

N —1px; — Kx; _i HXi_lN—l

N N-1 - N N N-1 N

No1ud -1 40 uﬁ??“)—lz\f—l
2 < 1 <7 _|_ 2
N N-1 — N ™N N -1 N
T BT S T S |
S < D QeI
2 N-1 — N ™N N -1
(r)
1 1 w1 1
— Zb_Tg+1 = ib_?"g S T SN + b+7“]ccl+1 = N + 2[)4_?"%
(r) (r)
1 Hx, 1 Hx,
— be'f'd S W Shd + 2b+7‘d - berd S W S (2b+ + 1) Td.
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. . Nh4 . - —
Therefore, using again - — oo with probability 1 —e

h- <r <diam, (M),

d .
eNPZ “for every i = 1,..., N and

1 iy
bt < % < (2by +3) 7,

which proves the first statement with c_ = ib,, ¢4+ = 2bs + 3. The second statement is an
immediate consequence of the first one. Indeed, using again

Vee M, r>0, B,(z,r)C Bgp (z,7) C B, (x,Cor)

we get for any y € V and h_ < h < diam, (M) /Cy,,

h
c_ /ey _ c_Nrd <0 _ ué) cy Nrd _ cy /e
N cy N2pd — ¥ D eV:UJ(h) ~ c_N2%pd N
x

T

In what follows we take hg < diam, (M), 719 < diam, (M) /Cy (that we will actually
reduce along the proof) and we fix h_ satisfying assumption 2 in order to work on the
corresponding Ap.

B.2 Heat kernel bounds

The goal of this section is to show the following result : we consider Ay and h_ as defined
in Theorem 19.

Theorem 20. There exist constants ag, a1, a2, a3, hg > 0 (that also depend on M, pg) such

that, on Ay, for all h_ < h < hg and to(h) := agh?In (th) <t< ma?lN

/2
In? N

This result is a very weak form (it is often called an ”on diagonal” upper bound) of
the heat kernel bound used in Castillo, Kerkyacharian, and Picard (2014); Coulhon, Kerky-
acharian, and Petrushev (2012) over continuous spaces, but fortunately will be enough for
our purposes. It is potentially possible to apply further techniques in Barlow (2017) and
get full off diagonal bounds (i.e, bounds on pgh) (z,y),x # y) yielding a Gaussian type be-
haviour of the heat kernel, but we won’t need this. It should be noted that the restriction
t > h% (up to a logarithmic factor) for the heat kernel bound to be valid substantially
complicates the analysis of the situation. Indeed, if instead we could prove the bound for
every 0 <t < ln‘é—lN then we could conduct our analysis by combining the techniques from
Coulhon and Sikora (2008); Coulhon, Kerkyacharian, and Petrushev (2012), our approxi-
mation results and the proof strategy of Castillo, Kerkyacharian, and Picard (2014). Since
we require t > h?In (N hd) with h not arbitrarily small (otherwise our approximation results
1112 become vacuous) this is not possible and we have to prove things differently.

As in section 2, we emphasize the dependence of the graph (and in particular the graph
Laplacian, the heat kernel and its eigendecomposition) with respect to h with a (h) expo-
nent. While the notation become heavier, this is important to keep in mind as theorem 20

VeeV, as < pgh) (x,z) < agt*d/2.
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deals with a high probability control of the heat kernels associated with different values of
h simultaneously.

B.2.1 ON DIAGONAL UPPER BOUND UP TO t;
Lemma 21. With An,c—,cy the event and constant defined in Theorem 19 we have, on

An

Yh_ < h < diam, (M), t>16h%In (2c_th) . zyeV, pM(zy) <2
C

Proof Recall that forallz €V, t >0, I/ypgh) (x,y) = ) (Wy =y). On the event Ay

C

N for any h_ < h < hg, which implies

we have yzgh) >

C C
ey eV, p(wy) < ENPY (W =y) = TEN TR (Nype = 1) BY (Y = y)
- T I>0

where the last equality uses the independence of N and Y. Moreover, using Lemma 5.13
(e) from Barlow (2017) we find

W2 P(N, <L) <P(IN,—pl25) <2e70/10
which implies for any xz,y € V,

C
P (@,y) SSENBD (Wi = )

<TEN L2710 ST P (N = 1) P (v = )

€~ I>t/2h?2
<“N {26‘” 161% 4 sup P (V] = y)}
C— >1

For each | > 1 we have P&h) Y=y = Eg;h) [Péh) (Y, = y\Yl,l)}, and given Y;_; the prob-
ability of going from Y;_; to ¥; = y is by definition 0 (if ¥;—; and y are not neighbours)
or —5 (if Y;_1 and y are neighbours). In either case on Ay we have ug(gh) > ¢ Nh? which
imf)lﬁes

Ve, y €V, pgh)(x,y) < %N {2e_t/16h2 + c_]ifhd} .
All in all on An we get

Vh_ <h<hg, t>16h%In (QC,th) , zyeV, pM(x,y) <25n
C_
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The goal is now, roughly speaking, to refine the inequality pgh) (z,y) <h™to pgh) (z,y) <
t=%2 (up to a logarithmic factor) by using the approach of Barlow (2017). This requires a
local Poincare inequality, i.e an inequality of the form:

VeeV, refr_,ry], B=DB,(z,r), f:B—=R,

Z (f(y) — fB) Vgsh) < Cr? Z (f(x) = f(y))*, where fg=

yeB T,y€E By~

where the constants r_,r,, C need to be controlled. Gébel and Blanchard (2020) provide a
way to prove such an inequality using the construction of random Hamming paths, however
we give below a detailed application of their results to our setting in order to control the
dependence of the constant C of the inequality in the parameters N, h.

Theorem 22. Poincare inequality
Let A’N = {G(h*) 18 connected}. Then there exist constants

ro =10 (M), ho=ho(M), C=C(M)>0

such that on Ay, for anyx €V, 0<r <ryg, h_<h<hyand f:B=DB,(z,r) =R,
on Ay N Al we have

2
S (@)~ ) < S (1)~ )

yeB z€B,yeB,y~x

where fp =3, cp f(y)uéh)/u(h) (B). Moreover, Py (An N Aly) > 1—e~ N for some ¢ > 0.

Proof Let ho > 0 and Ay, Ay defined accordingly. The event Ay N A)y satisfies

Py (AvNAy)>1— e~ N for some ¢ > 0, see remark 23 below. For any h > h_, =z €
V, B = B,(x,r), Corollary 5.6 in Gébel and Blanchard (2020) shows that

Vi:B—=R, Y (fly)—fe)v) <ks® Y. (f(x)—f®)

yeB z€ByeB,y~x

where

o = P s (75 s ()

and lmax <fB> , brnax <f B) are quantities defined in Gobel and Blanchard (2020). Notice

that Gobel and Blanchard (2020) requires connectedness of the subgraph restricted to B.
This is shown in remark 23 below.

By following the proof of Corollary 5.13 in Gé&bel and Blanchard (2020) we find the
existence of C' = C'(M,py), ro=10(M), ho= ho(M) > 0 such that on Ay, for any
0<r<ry, z€V, B=B,(zr)

Imax (f‘B) < Ch™!, bax (fB) < Cp~(@d+D)
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(in Gobel and Blanchard (2020) the result is proved with high probability over a single ball,
but an inspection of the proof shows that the only thing needed is a control of the number
of points in the balls on the graph for different values of r and h, which is precisely what
Ap is for as shown in lemma 19, hence the uniformity). This shows the desired inequality

2
S (W) - s < TS (@) - fw)?

yeB z€ByeB,x~y

Remark 23. We show the following simple result : if h_ satisfies assumption 2 then the
probability that the resulting random geometric graph G\"=) is connected (i.e the probability
of the event A’y ) converges to 1. In particular, by monotonicity the probability that all
random geometric graphs with connectivity parameter h > h_ are connected converges to 1
as well.

Indeed, since M is connected, consider {y1,...,yp} an h/8—net of M with respect to
the Euclidean distance ||-||. By standard arguments and compactness of M we can assume
that p = O(h=%). Then the event

A, = {V1, i, [lyr — i, || < h/8}
satisfies
hd ~

for some ¢ > 0 by assumption 2. Here c > 0 is small enough such that [ (k) po(x)u(de) >
R b

P ((A;L)c) Sp (1 — Chd>N =0 (16—08thd> < e_C/th

ch? for all x € M (c exists since py > Dmin > 0).

Moreover by connectedness of M (which implies path connectedness since M is a sub-
manifold of RP) for each i,5 € {1,...,N} there exists a continuous path c : [0,1] = M
with ¢(0) = x;,c¢(1) = x;. Hence for each t € [0,1] there exists [(t) € {1,...,p} such that
Hc(t) — yl(t)H < h/8, and therefore on Aj, for each t € [0,1] there exists iy = i) such that

< h/4

le(t) =il < [le(t) = wien | + || = @i

By continuity of ¢, this implies the existence of K > 1 and 1 < i < N fork=1,...,K
such that H:L‘Zk - xik+1H < h/2 for any 1 < k < K and such that c¢(0) = z; ~ z;;, ¢(1) =
xj = Tj.. Therefore the path x;,x;,...,Ti,_,,x; connects x; and x; in the graph which
implies connectedness on the event Al .

Notice that this is a very basic and coarse result about connectivity and more generally
connected components of random geometric graphs. More details and results can be found
in Penrose (2003).

With the Poincare inequality 22 we can now apply the proof strategy of Barlow (2017).
We first prove an upper bound of the form

Vay eV, g y) S
for t 2 h*In (Nh?) (up to a logarithmic factor) but less than a random time t; = t;(z, h)

that we shall lower bound adequately later.
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Lemma 24. There exists ho = hojatpy, K = Knmpgs K = K;\/i,po > 0 such that, on
Ap, for every h— < h <hg, xg €V, with the random times

ti1(x,h) = inf {t >0: pgf)(m,x) < K'}

and

t1(h) = minty(z, h),

eV
we have, with to(h) = 64h*In (2c_Nh?),

Vho <h<hg, telto(h),2t1(h)], zyeV, p"(zy) <Kt 2

Proof First consider the case z = y. Take xzg € V and let ¢(t) = pg:)(a:o,a:o) =

Soer fi@)2 (@) = pi(20,2). Then since v Ly = Loy, Lf = —Lf; we
have

~40) = 21y = e o Ure) = Fi0)* > s 3 (i) = )

T~y

where we have used theorem 19 to bound u(V) < ¢y N2h¢. This proves that ¢ is non-
increasing. Taking a covering of V' by balls B; = B, (z;,r), h_ <1 < dzamp( ) /Co
given by lemma 25 below, since each z; belongs to at most M = 3% (¢ /c_)? of the balls we
have

/
—¢(t) > N2hd+22 fe(x) = fe(y )) et MN2hd+2Z Z (fe (= )) :
Ty i z~yeEB;
On Ayn,if ho <r <19, ho <h < hg and using Theorem 22 in each of the balls we find

JWC’CJr Z Z filx ft|Bi)21/£h).

i x€DB;

( )
Defining ygz) = the normalised restriction of (" to B; and Var (X) = EX2—(EX)?

l/(h)(B )
we get

_MCC ZZ fi(x ft|Bi)2Va(:h)

i TEB;
Mccji v (B) Y (file) = fys,)’ V) (@)
reB,;
2
,,,72
=t > VB Y i@ @) - [ Y A @)
i z€B; zE€B;

2

MCc Z > il = v (By) | D filayy) (@)

7 z€EB; TzEB;

37



R0OsSA AND ROUSSEAU

But the balls form a covering of V', therefore

2
602 yre {Z fu@)*vs = 3o (By) (Z ftwg)m) }

zeV l’EBi

We have

S AP = 6(t)

zeV
and, still on Ax

B)(thl"]VB %) Z(h (thxj )

z;€EB z;EB
2

Z% NP> ﬁ(aa-)v;’;) S DD IR (CHT

ijBi i xJEB
2
Ct —d h
T DY
- z;eV ;€ B;
2
2
C+ g h Mey 4
ST Z ft(xj)Viﬂ)M =—2 T
c 7 c
- z; €V -

where h_ < r <1y, h_ < h < hy and we have used Theorem 19 to bound v (B;) >

dc? /c, . Hence
—2 2
p r ey M= _,
_ > _

~1/d
as long as ho <r <rg, h_ <h < hy. Let r =r(t) = (%) , K =2c,M?/c% v
2¢y /c—. Define t1(x,h) the random time

t1(z,h) = inf {t > 0: 7(t) > ro} = inf {t >0:(t) < Krgd} . ti(h) = inf b (z, h);

now, using Lemma 21 and since K > 2cy /c_

2
V> to(h)/2, (t) < —h < Khol < KA,

which in turns implies that r(¢t) > h_. Moreover by definition of t;(h) we have
Vi<ty, o¢(t)>Krg? sothat r(t) <.
Therefore h_ < r(t) < ro whenever tg(h)/2 <t < t1(h).

Then on Ay we obtain

. t)/K)*%1 1
YVt € [to(h)/Q,tl(h)], _¢ (t) > M*Qﬁ(i) — m¢(t)l+2/d'
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Integrating yields, for any t1(h) >t > to(h)/2

d ! 1 t
6] e =00/ 2 et
|:2 to(h)/2 2MCK2/dC2 4MCK2/dC

which implies in particular

t t
>
T IMCKE = IMCKZ

2000 2 S (to(h)/2) +

i.e vz
Vi€ [to(h)/2. ()], &(t) < (W)

To conclude we apply Cauchy-Schwarz inequality to find

N
Ve,y €V, p(z,y) Ze Juj (z)
7j=1
2 1/2
< Z e Z @_t)‘j Uj (y)2
j=1 j=1

=Vpi(x, ac)pt(% Y)
< max pi(z, x)
xeV

Lemma 25. For all h_ < h < hg, h <71 <rg, on Ay there exists a covering of V by
balls B, (x;,r) such that the balls B, (x;,7/2) are disjoints and each x; belongs to at most

3% (cy /e )? balls B, (xj,7).

Proof Take a maximal packing (B, (x;,7/2)). Then the balls B, (x;,7/2) cover V : i
if there exists x; € V such that p (z;, ;) > r for all 4, then this contradicts the maximal
packing property by considering the ball B, (x,7/2). Moreover if y € V belong to M of
the balls B, (z;,7) (and we may assume without loss of generality that these balls are those

correspondlng toi=1,..., M), using theorem 19 we have
MCz_ d .
m(rﬁ) SMmilnv( (xi,7/2)) Z: o (zi,7/2)) =v HB (x4,7/2)
M C2
<v <|_| B, <y,3/2r>) =0 (B, (5,3/2r) < - (3/20)",
i=1 -

which implies the result.
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B.2.2 ESCAPE FROM THE ORIGIN FOR THE MARKOV PROCESS W;

In this section we find an upper bound on the quantities m(t,x) = E( )[ (x,Wy)]. Let
q(t,z) = E;(Eh) [lnpgh)(m,Wt) = —Zyevpgh)(:n,y) lnpgh)(;v,y)ugsh) as well as M(s,z) =
m(sto,z)/Vto, Q(s,z) = q(sto,x), to(h)=64h*In (2c_Nh?).

Lemma 26. For allxz €V,

1.
1 1
vVt >0, ¢(t,x)> 4—Cgm '(t,z)?,  and Vs>1, Q'(s,z) > EM’( s)?

2. On An we have

V1 <s<ti(h)/to(h), Q(s,x)>— <an - gln (sto(h))) = glns—Fglnto(h)—an

1+ M(s,x) > e~ ea Qs)/d
Proof

L Let fi(y) = p”(x.9). bi(y.2) = fily)
m(t), M(t),q(t),Q(t) in place of m(t,x),
shortness sake. We have

+ fi(z). Throughout the proof we write
M(t,x),q(t,x),Q(t,x) and ty = to(h) for

m' (1)

pryft = 1> p(@y) (LF)(
~ ot

yev yeV
=]<p<x, NER | = %f(v)Z<,o<a:,y>—p(az,z»(ft(y)—ft(z))

£1(9) — F(2) s

_hM ;Iﬁ ;‘ft +ft )’1/2 (fe(y) + fi(2))
< Go Z(ft@)—ft(z))? s Gwe o)
S (V) | &= R + A() o MRS
_ G [ Ul — 2 e V2 [ Uw) — 5?7
“h (V) {; ft<y>+ft<z>} G =\ T AG) [

Now using the inequality (page 157 in Barlow (2017))

Yu,v > 0, (1;_—1—1}11)2 <(u—wv)(Inu—Inwv)
We find -
(1) < gy 2 Ui®) = £e(2) (0 fi(y) = In fi(2))

Y~z
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On the other hand

Z —fi(y)In fily

yEV
_ N LW m
2{ (L6 W f0) + i) I
=) (Lf) () {1+Infi(y)} v
yev
s S i) — £ (n (s) I i)
Hence .
qt) > 4—Cgm’(tﬁ

To conclude we use the fact that Q'(s) = toq'(stg), M'(s) = m/(sto)v/to which
implies via t = sty

q(t) >

> 4—0377"/@)2 and  Q'(s) >

. Using lemma 24, for any h- < h < hg, z,y€V

V1 <s<ti(h)/to, psto(z,y) <K (Sto)_d/2~

Therefore

V1<s<ti(h)/to, Q(s)>— <an— Zln(st@) = glns—l— glnto —InK

. Let a <1, b>0. Then
~Q(s) + aM(s) +b =E, [mpg’;) (2, Wito) + ap (2, Weto) Vo + 1)

=Y el y) {npl) (e, y) + ap (@) /i + b

yev

Using the inequality u(Inu 4 ) > —e™'"* and setting a = (1 + M(s))_l, b
dIn(1+ M(s)) we find

~Qs) +ab(s) +b =Y v 5 (@) {Inply) (e,y) + ap (@) / Vo + b}

yev
- Z exp{—1—ap(z,y) /vto — b} I/Z(/h)
yev
=—e "> “exp{-ap(z,y) [Vie} vV
yev
o 10 Z Vt(h) R s
yev
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Hence
—Q(s)+1+dln(1+ M(s)) > —-Q(s) +

and rearranging yields

Lemma 27. There exists ¢ = caqpy.a such that, on Ay we have, for every h— < h < hg
and to(h) <t <ty(h)
m(t,z) < clnNvVt, YreV

Proof We follow the proof of Lemma 6.13 in Barlow (2017) (it is stated for s > 1, but
the same proof remains valid for 1 < s < ¢;(h)/tg). As done in the previous computations
we drop z in the notations m(t,z), M(t,x),q(t,x),Q(t,z). From Lemma 26 we bound
M'(s) < 2Cp\/Q'(s) and defining r(s) = % (Q(s) + In K — $1In (sto(h))) > 0, we bound
Vl S S § tl(h)/to(h),

_e+1

e~ ea K=\ [sto(h)e™™® <1+ M(s)

s 1\ /2
<1+ M)+ 200@/ <r’(0) + 2) do
1 g

<1+ Cov/to(h)/h +2CoV2ds (1 4 1(s))
=1+ 8Cpy/In (2¢_ Nhd) + 2Cov/2ds (1 4 r(s))

where we have used the bound

Coto(h)
T

m(to) = B [p(z, Wiy )] < CohE(Nyy(n)/n2) =

Dividing by /s > 1 we get

1+ M(s)
Vs

In particular, weakening the constants we find ¢ that depend on d, K, Cy, ¢ such that

{6_ eetil K_l/d\/%} 67‘(8) S S <1 -+ CO 64 In (2C_th)> + 20(]@(1 + T(S))

1+ /In(Nhd)+r(s)
r(s) < o 1/2 <1+ In (Nh?) + ) - — s e ( | th)
e C n e ) e n
< ety VIn (VR + 1(5) T VIR +0(s) 0 o
o (1+/n(N ) +1(5)) (14 /m(NhT)+r(s) )

1
i (1 ++/In (Nhd) + r(s)) 2°

—

2261/2

§cet81/2 exp < In (th)> ,
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which implies
3 (VIR O) < 17240 ()12 e ( In th)) '

In particular

r(s) <2 {ln (061/2) +1In (1/%) +4/In (th)}

and using to(h) = 64h%In (2C_th) and h— < h < hg we find, for some ¢ = cq._ K,
1
r(s) <ec <lnh Y \/lnN)

1nN)1/

Since h_ >> (T ? this implies In h% < +In N, and therefore

M(s) <clnNy/s

B.2.3 ON DIAGONAL LOWER BOUND
In this section we set again ¢y = to(h) = 64h?In (2c_ Nh?).

Definition 28. For every x € V and r > 0 we define the exit time 7 (z,r) of the ball
BP(SL‘,’F) by

T(z,r)=inf{t >0:p(x,W;) >r} =inf{t >0: W; ¢ B,(z,7)}

Lemma 29. There exists ¢ = Cpp,,d such that on An and with 2ty <t < ty(h), r =
cln N/t we have

P (r(2,7) < ) <
Proof We have, with 7 =7 (x,r), to <t <ti(h),
P (7 < t) =rEW [1,<]

SE(h) [Tﬂp(x,wt/\-r)>7“:|

p (z, War)] + EY [p (Wat, Winr )]
p (. War)] + B |ED [p (War, Wons) [Wins]
p(

Now using lemma 27 we find, as long as to(h) < tit(h)

rPM (7 < t) <m(2t,2) + sup m(2t — s, 2)
z€V,s<t

<cln N (\/E—F V2t — s) < cln NVt
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the value of ¢ changing from line to line. Hence by setting r = r(t) = 2cIn N/t we have

PO (7(z,r) <t) <

T

N |

Lemma 30. There exists ¢ = caq p,.a sSuch that on Ay, for any to(h) <t < ti(h)A (CﬁloN)2

we have
/2

In? N
Proof We have, with 7 = 7 (z,7), to/2 <t < t1(h), r = r(t) from Lemma 29 and
B = BP (.’IZ‘, 7’)

Vh_ < h < ho,Va € V,p\" (z,2) > ¢

1
P{" (W ¢ B) <P (7(z,7) <t) < 5
Hence
1
5 <P WeB) =3 p" (@)
yeB
1/2 1/2
1/2 h 1/2 A
< B) " [ X @) < () [ @y
yeB yev

/2
= (W®) e e,
and therefore we have the inequality

(h)
P () 2wy By

We now want to conclude using Theorem 19. For this we need to guarantee that

h_ 2 To 2
< < <— <t < .
h-srlt)<ro QmN>—t—QmN)

Since 2t > tg = 64h%In (2C,th) > 64h% In (2C,thi) and h_ satisfies 2, we have t >

2
(—C&‘N) . Since by assumption t < (CIZION)Q, we conclude that h— < r(t) < rg. Hence

theorem 19 implies

and therefore

h C— -
P (@,2) 2 ()™ =
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Lemma 31. There exists ¢ = caqpy,a such that on Ay we have, for any h— < h < hg

c
t1(h) >
1()_1112]\7

Proof If ti(h) < (cf;lON)Q then for any to/2 <t < t;(h) using lemma 30 we have

() C_C_d t_d/2

h
Py (T, 7) > iz N

In particular
c_c 4ty (h)~4?

K =p§) o (3,2) >

= Doty (n) 12 miN
ie. i gy 2/
t1(h) > | ———— .
Hence o i 2/a
> o=
t(h) = (clnN> A < 463_ lndN> ’
which concludes the proof. |

B.3 Control of the Laplacian spectrum
Recall that here ¢ty = to(h) = 64h?In (2c_ Nh?) and hg = ho|M,po,d 18 a theoretical constant.

Lemma 32. There exists constants by, bs, bg > 0 such that, on Ay, for any h— < h < hyg
VoIt N < j < botg P AT > 0y

Proof Using the inequality 1y<p < e MA we find

#{1<]<N>\ } Zﬂ(h)<A

N
2

j=1
N
Z (h)<AZuJ Vv
j=1 eV
N (h)
=> Zﬂ ORI 2 pre <Y Y e N M) b
zeV | j=1 zeV | j=1
= ZepA (z,x
eV

(h)
<e I;lea&(pf\fl (J}, iL')
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We now use theorem 20 with ¢t = A~!: there exist constants as,as, hg > 0 (that also
depend on M, pg) such that, on Ay, for all hA_ < h < hy and al_l 2N <A< tal

Ve eV, pgh) (xz,2) < asAY?

which implies
#{1<j<N:)\ <A} <eazA?

In particular j = 2easA¥? <= A = (j/2ea3)2/d yields
AP > A = (j/2eaz)??

This is valid if
a;'In® N < (j/2eaz)?* <t

which gives the result by inverting the inequality. |

Lemma 33. There exist constants by, bs, bg > 0 such that on Ay, for any h— < h < hg

—d/2

. 0 (
Vb <G <bs s

" < bej N

Proof Asin in the proof of Lemma 3.19 in Coulhon, Kerkyacharian, and Petrushev (2012)
we start by the following inequality

_ _ _ _49ol
e =T N)e N + Z Lgtppie1a] (A < T aj(A) + Z e Migip grr1a) (M)
1>0 1>0
which holds for any ¢, A > 0. Hence

N

p (@) =Y e Piuy ()’

J

Il
.

-

Il
—

N
< l[O,A] <)\§h)> Uy (33)2 + Z eitQZA Z H[QZA,QZ'HA] ()\gh)> Uj (.’L‘)Z
j=1

J >0

Since for any h > 0, j=1,..., N we have )\gh) < 2h~2 (because 1Ll ooy < 2h72), we
can stop the sum at L € N such that 20A < 2n~2 < 2L+HIA -

N L N
h h —t2! h
pg )(LE7$) < Z ]]-[O,A} <>\§ )) Uj({E)2 + Z € 2°A Z 1[21A721+1A] ()\5 )) Uj(l‘)2.
j=1 =0 j=1

Using theorem 20 we find, on Ay and for tg <t < lnfglN

~

h 4—d/2 a2 N h . A
@) 2w = e < 3 (W) w @)+ e Y 1y (A) @)
n 1 j=1 1=0 j=1
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We now define K € N such that 2KT1A <5t < 2K+27. If ;' In® N < A < ¢;! then for
1 <1< K we have al_l In? N <A <2HIA < tal, and therefore

K N K ol
Z e 1A Z Ljgip pi+14] ()‘gh)> uj(z)? < Z et Z Ljoa,2t+14) (A§h)) u;()’
1=0 j=1 =0 =

K N . "
1 _o—(+1) A—1)(
<Ze tZAZel 2 AN uj(x)z

1=0

Jj=1

h d(l+1) d/2
:ep;j(mm_l(x,x) <eaz2 2 AY?

which implies

+—d/2 N *) , 42 ColA (ot 42 N L Cin )
W2 TN < Z Ljo,a] ()\j ) uj(x)” + eas2 Z e (2 A) + Z e ()
Jj=1 >0 j=l1=K+1
< 3 1 )\(h) 2 9d/2 3 2l A d/2 L — 2K+ Y 2
<" 1o (A7) wi@)? + eas2® Y (2'4) 7+ Le > ui@)”
j=1 7=1 j=1

Taking the expectation of this quantity with respect to  ~ v and using »_ - u; ()%v, =1
then yields

/2
In® N

d/2
as < # {j : /\éh) < A} + eaz29/24—4/2 Ze—tng (2ltA> L LNe-125FA

1>0

Using an integral comparison (see Barlow, 2017, Appendix. A) we find, for any z > 1

/2

_ol 1 _ 1 -

E e 2w <2laz) < cqr®? /2 < cacye o/, = supmd/2 le—o/4 < 4o,
1>0 z21

In particular, if ¢ > A~!, with ¢ = cqc}

Ze_t2lA (2%1\) d/2 < et/
10

Therefore we obtain : for any afl mN<Al<t< tal

A0 < AL a2 (g !
#{j.)\J _A}_t <a21nd

>¢~d/2 <a2

v . cea32d/2e’m/4 . LNtd/2€t2K+1A>

1 dN . Cea32d/26—t/\/4 . LNtd/ze_tA)
n

Let t = kA~ In N,k > 0. Then

/2
# {j : Agh) < A} > 1 /;/2]\7 <a21 jN — ceaz2¥ P N~HY — [N A2~/ (ln]\f)fd/2 N_”>
n n
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. In(2n"tA—1 In(2h " a; (In N)~2 C .
But notice that L < n( v ) < n(2h= ?;(QH ) < In N, which implies that for x > 0

sufficiently large we find

/2
N0 azA
#{‘7 A S A} S N

To conclude we only need to guarantee the conditions on ¢, A,k :

ai

In®> N

to<A'<t=krA'InN< & ka; ' In® N <A <t;?

i.e we have obtained
/2
~17.3 —1 . (R asA
v:‘ﬁal In NSAStO, #{‘7)\] SA}zm

In particular with j = % so that A = (2j/a2)?*In® N we get

a2 dj2 a2 tg"?
(Ha_l) <7< 0

h .
1 7‘7i§m, )\§<)§(2j/a2)2/dln3N

This concludes the proof. |

B.4 L* (v) — L? (v) comparison theorem

Again recall that here to = to(h) = 32h%In (2c_Nh?).

Lemma 34. On Ay, for any h— < h < hg with

YA = span {u§h) : )\g-h) < A}

we have
Vai'? N <A <t5', feSa, fTew) < eash?||f]72,)
Moreover, with
v o= span {ugh) 17 < J}
we have
W< T <b o FeS?, | flfiw < eashy 2T m> 2 N || £
4= =050 5/ ’ Leo(v) = €430 /N L2(v)

Proof Since f € ¥ we have 1jga) (£) (f) = f, therefore, with 1}y 5 (£) (z,y) the kernel
of 1jg o] (£) with respect to v is given by

N
To) (£) (@,9) = 3 T (A7) (@) (v).

J=1
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Then for any z € V,

2
f(@)® = [T (£) ()] (2)* = [Z To,a] (£) (ﬂzy)f(y)'/éh)]
Yy

> o (£) <w,y>2vy] [Z F??v | < Il max T ) (£) (2,9)°
Yy Yy

- 12

N
= Hf”?v Hlélx Z Lpp, A]()\.) S-h)(x)ug.h)(y)

]71

N N
< Hf||?vmgx S 10 (AU ( ] ZH[OA] )2}
| j=1 =1

= [|£115 maxx Lo, (£) (7, 2)Lo.) (£) (3:9) < ||f|ﬁvm3x Ljo,a) (£) (z,)?

h
HfHNmaxZ Lo, (Ag) ul (2)?

< ufn?vmgxzel—wu@(asﬁ = |13 max epl”, (z, )
j=1

Using theorem 20 we thus find
Var'In® N < A<ty', VfeSn, |fllien) <eash?? | f]720,

—d/2

Now if by < J < b;,hfgdﬂ, lemma 33 implies f € ¥, A = bgJ 2/d1n3 N, which concludes
the proof. |

Appendix C. Proofs of Lemmas 14 and 15

C.1 Proof of Lemma 14

We first bound T, f for 8 < 1, then we treat the case 1 < 8 < 2 followed by the case 8 > 2.
Recall that h < hg A 7o/ Cp.
Case § < 1. In this case the result is trivial since Vo € M,

1
W2 Po(Bgo (2, h)) /B]RD(CCJL)OM (f(x) = £(y)) po(y)u(dy)
< R @I s D af(e) =)

yeBRD (SC,]’L)QM yEBRD (.Z‘,h) €1

<h?max sup |(xif o ¢; ) (di(y) — (xif 0 &7 ) (i(v))]

€ yeB. p(x,h)

<h72 | fllesagmax  sup [|oi(y) — ¢i(@)])”
i€l yeB.p(z,h)

Thf(z)| =
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But since h < hy, for any y € Bro(z,h) N M we have p(z,y) < Cy ||z — y|| < Coh. Hence
since the functions ¢; are Lipschitz

T3 f ()| < h™2 HfHCB(M) max  sup 16i(y) — di(x )”B S ”f”czs h’g 2
€L yeBp(x,h)

Case 1 < 8 < 2. Recall that Cj is such that p(z,y) < Cy ||z — y|| for any z,y € M. Recall
that fy € C# (M), so that using a Taylor expansion of f, = f o ¢,, with ¢, = exp, (¢(z,))
at some x € V and for any ||z — y|| < h we have p(x,y) < Cp ||z — y|| < Coh and therefore

foly) = f(2) + dfe(0).w + R(z, y)
where exp,, (¥(z,w)) =y and
|R(z,y)|

nggw W ”fHCB(M)

This, together with the fact that when x ~ y then ||z — y|| < h, implies that

1 < Ifllga ®

o)~ TRt g oy o O S

where p, = poo ¢py, Jp = |g(expx(¢(x,w)))|1/2. It remains to bound

e
hQPO(B]RD (.CC, h)) exp, Od);lBRD (z,h)NM

df(0).wpy(w) Jp(w)dw

For this notice that since pg € C#~1 (M) and J,(w) = 1 + O(||w||*) we have

po (@) J(w) = (po(@) + O (K1) ) (14 O (%)) = po(a) + O (HP)
Therefore

fexPx °¢s By (@,h) dfz(0)-wpe (W) Jo (w)dw _fexpz o¢z ' (Byp (x,h)) df(0).w (po(m) +0 (hﬁil)) dw
Py(Bgp(x,h)) - Po(Ban (1)
fexpz o¢y ' (Bgp (x,h)) df s (O)de

P()(BRD (:L’, h))

=po(x) + 0 (Ifllerany h°)

Note that since exp, o¢; ! (By(z,h)) = {w € TyM : |[w| < h} is a symmetric set, we get

/ ) df+(0).wdw = 0,
exp, 0z - (Bp(z,h))

therefore to control the first term of the right hand side of the above term, it is enough to
show that Bgp(z,h) is close to B,(x, h).
Since h < g, for all z,y € M, |z -yl < h we have p(z,y) < Collz -yl <

p(:v,y

24az, = < ||z -yl £ p(z,y) . Therefore if

Coh < map. Hence, using (12), p(x,y) —
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y € Mille =yl < hbut p(a,y) > h then p(z,y) < llo —yll + %4 < h+ 5b-hS This
implies
C3
vol ({w : exp, 0¢z(w) € By(x,h)° N Bgp(x,h)}) < wvol th < 02
24a’4
a3\ 3oL\’
=vol ({w: w]| <1 h 0-hn3) —n?) <ht| (1 0-n*) —
vol ({e ¢ [l < })(( v I L (- S I
< CMhd+2
where the constant Cyq depends on M through a, ho, Coy only. Therefore,
/ df(0).wdw
exp,, 0¢g ' (Byp (z,h))
:/ dfx(O).wdw—F/ dfz(0).wdw
exp,, od);l(Bp (z,h)) eprl (BRD (:p,h)ﬂBp(x,h)C)

= O (Ifllesian 15°) < O (Ifllsinn 1)

where we have used that 4 < 2 < 3. Finally since Py(B(x,h)) = h? we obtain

1
e df(0).wpy (W) Jz(w)dw = O BB—2 ’
W2Py(B(z, h)) /eXonqf);lBRD(x,h) f2(0).wpe (W) Jo(w) (HchB(M) )

which in turns implies that

ITholl e rgy = © (I llesany 1772)

Case 3 > 2. Let k = [3/2] —1 > 1. Since f € C# (M) and py € C#~' (M), then for any
icl, xzecl;, yeB,(xr) (withI,(U),cr, Wi)icr, (@i)jcr the objects defined in
section A)

k 201 exp—1 ()21 21 Cexp—L ()2
fz(y) — fz(x) _|_Z {d fx((oz)l_ If;c' (y) + d fz(0)<21>Fx (y) }+Rk,1(x7y)
I=1
k—1 _ _ _ _
) =puste) + 3 { T2 o W Ea0) b (07
=1 ’ )
2k—1 exp=!(y)2F—1
+ d Pz(((;)k _I;Q)C! ) + Ry o(z,y)
\/@ ( + Z {dQI 1J ((02)l e_X]i))m_!l(y)%_l N dQZJx(O)(.;;)(F;l(y)%}
2k—1 exp—1(y)2k—1
48 px((g)k; _Iig);! W™ Res(z,y)
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where

fi =Xifspoi = xivo, [fo = (Xif) 0 exp, ov;(x,-)
P = (XiPo) © exp, ovi(w,"), Jp = (xz'\/@) o exp,, othi(x, -)

(we drop the index i for convenience), and the remainders satisfy

|Ri1(2,9)] < Nflles oy p(2,9)°,

|Ria(2,9)| < llpolles—1 gy o(2, )",

|Ry.3(2,y)| < Cpap(z,y)° 7,

where C'y( depends on the Holder constant of the exponential map. Thus, by Riemannian
change of variables, there exist coefficients

Agm € CP—m <ui,£ <<Rd) o ,R))

|Bik(@,w)| < C(8, M, po) || flles ) Iwll”

and remainders

such that

/ (o) — fow)) polw)uldy)
Bgp (z,h)

/ ) (£2(0) = £()) pa(w) s () e
i(z,-) " Loexpg * (BRD (ac,h))

2k
_Z/ {Z ALm(a:)wm-i—Bz',k(ﬂfvw)}dw
1oexpgc Bgp (x’h)) m=1

iel
= Z {Z A; m / wmdw + / B@k(x,w)dw}

i€l i(z,)~toexpy ' (Byp (2,h)) i(z,)~toexpy ' (Byp (2,h))
= Azym(x)/ wmdw + O Hf”cﬁ M hd+5 )

gmz::l i(%.)floexp;l(BRD (:E,h)) ( M) )
We thus get

h (@+2) J, - -1 wdw
i(x,")~Loexpy (BRD (:c,h)) 52
T AZ m
e Ze;mzl h=4Py (Bgo (x,h)) +0 (HchB(M)h )

By lemma 16 we have, with s;,(z,v) := th(u’f?];g)—l

Yi(x,-) "t oexp, ' (Bgo(x,h)) = {thv weR ]| =1,0<t <1+ hQSh(x,v)}
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And using the spherical coordinates,

p(d+2 wMdw

loexpy ( =D xh))

..
)7
21 pht-h3sp(z,v)
/ / / (reg)™ r¥Vsin (61)% 2 sin (02)773 .. . sin (04_1) drdf; ... d0;_4

21 pl4+-h%sp(z,0)
, / / / (theg)™ (th) ' sin (6;)% % sin (2)4 2 .. . sin (84_1) hdtdb; . .. d04_+

—(d+2)
—(d+2)
21 pl+h?sy(z,0)
=h"" 2/ / / / (teg)™ t L sin (61)% 2 sin (62)% 73 .. . sin (Bg_1) dtdb; . .. dOg_y
14-h2sp, (z,v)
=pm—2 / / (teg)™ t LK (0)dtdo
Ad

hm 2 mad
= 5 (1+ n? K
m+d/Ad ep' (1+ h?sp(z,eq)) (0)do

where A% = (0, 7)472 x (0,27) and

cos(6r)
sin(61) cos(62)

sin(64) sin(6s) cos(6
ep = (61) ( 2) cos(6s) LK (0) = sin (61)% 2 sin (62)3 .. . sin (04_1)

sin(61) sin(0s) . . . sin(0a_s) cos(0_1)
| sin(61)sin(62) . . .sin(fg—2) sin(fg—1) |

Moreover if m is odd, by symmetry

h—(d+2)/ wmdw — h—(d+2)/ wmdw
i(,)~Loexps ' (Byp (x,h)) i(,)~Loexpy ' (Byp (@,h)\ By (0,h))

and therefore the same computations show that

m—2
h—(d+2) W dw = h d

Wi(w,)~Loexp; ! (Byp (2,h)) m+d Jpa

e ((1 + 25y (w, e9)) " = 1) K(6)do

m-+d

hm_2 m m+d 2r r
_m+d/Ade(, (Z( . )h sn(x, eq) )K(@)de

=1

pm T 4 g
m—l—alT:1

>h2r—2/ ep'sn(z,eq) K (0)do
Ad

r

All in all for each [ € {1,...,k}, m =2l—1 or 2l we have

_1) m+d
h‘(d+2)/ S :h2(z 1) m+t (m +d
i(xr')_loeXPgl(BRD (Ivh)) m+d

p(d+2) w™dw =h?=1 / e (1+ h2sp(x, e0)) ™ K(0)d6 it m = 21
wi(x,-)—loexpgl(BRD (z,h)) Ad

)th_l / ep'sp(z,eq) K (0)dl if m =20 —1
— r Ad
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This gives

Thf(x) =

k
= dPO ng 2D { A1 (0)Vin 201 (2) + i (@) Vit @140 (11 lles ay 1772

where by lemma 16, composition and integration we have

Hlal
cerllifes W oD e
S| SO — A
yeor 1) (R?)
0<h<h+

HvHTw(y)M:1
To conclude it suffices to show that x + h=¢Py(Bgp (z,h)) is lower bounded and satisfies

sup
0<h<hy

h="Py(Byn (-, h))Hcﬁfl(M) < +00

Since py is lower bounded and  (Bgo (x, h)) < h? (as can be seen by the Riemannian change
of variables formula), we get

hd / poly)i(dy) > inf po x W™ (Beo (w, 1)) Z inf po
B.p(z,h) M

hence =+ h™%Py (Bgno(x, h)) is indeed lower bounded. For the derivatives, doing the same
computations as above

h™Py (Bgo(z,h)) =Y h~ / po(y)p(dy)

el Bgp (z,h)

_p / (xip) © exp,, (1i(z,w)) v/Ig(exp, (Y, w))) [de
OeXPy

Qoi_l _1(BRD (:E,h))

_pd / Do(60) T (w)das
¢; toexpy ! (Byp (x,h))

14+-h2sp, (z,v)
=h~4 / / pa(theg)Jy(theg) (th)* ! K (0)hdtdd
Ad Jo

1+h2sp, (z,v)
= / / pa(theg)Jy(theg)t™ ' K (0)dtdd
Ad

And again, under this form, by composition and integration, x + h™?Py(Bgno(x,h)) has
indeed the regularity of py, i.e is C#~! (M) with uniform bound on the derivatives as h — 0.
This concludes the proof by setting

! 1
O
h hidPO (BRD

) o M) Vi1 (@) + A () V()
i€l

which is C#~% since by assumption o > 8 + 3 which implies & — 5 > 8 — 2 > 3 — 21 for any
le{l,...,k}. |
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C.2 Proof of Lemma 15

First if 8 < 1, | Th,, fll peo(pr) S h~2 follows from lemma 14. For |£f| o) notice that for
each x € V we have

N
(L) (@) = 75~ D (F@) = f(@) Logma| S Fllesan Po >

nla |3

Now, if 8 > 1,

Mz

Ve eV, hnumﬁf

]]%Bq;'\/.rv
z:l

and therefore by Bernstein’s inequality (see Van der Vaart and Wellner, 1996, Part. 2),
using | f(x) = f(2i)] Lo~a; S 1 lles gy hns

2
(}h u Lf(z) — NhiPO(BRD(x,hn))Thnf(az)’ > u) < exp (—cJM)

and
2 /14
2 u /hn
IPO (’/,Ll- — NPO(BRD (.f, hn>)’ > U/hn) S exp <—C]\WL>
<ex (0“2)
=P T N Canz )
Hence

Py (‘hi,uxﬁf(:c) - hi,umThnf(mﬂ > 2u) < Py ({hn,umﬁf(m) — Nh2Py(Bgo (z, hn))Thnf(:n)‘ > u)
+ Py (|Nh:Py(Bgo(, hn))Th, f(2) — hipiaTh, f(2)] > u)

U2
< exp (~esgrs ) + o (INP(Bao ) = il > 0/12 | Flesian)

u? u?
<exp|———5—— | +exp|—c—7F7——
P < NhT? ¢ hnu> P < NRE uhg>
Therefore, using the fact that u, < Nhd on Vy(c)

Po (1L () = Th, f(@)| > u) <Po (Vir(e)?) + Po ([W2pa L () = B2 Th, f ()] > eNRE2u)

d+2 d+2,,)2
<Py (Vn(c)°) + exp ( ( hiy* ) ) 4 exp <—c (Nhn+ ) >

Nhit? + Nhi Wit 4+ Nhg

N2h2d+4 2 N2h2d+4 2
=Py (Vn(c) )+eXP( th+2 | NRIy > +exp ( th+4 | NRIy )

hd+2 2 hd 2
=Py (Vn(c)) + exp (—cn > + exp <— )

1+ hpu I+u
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2
For any 0 < h, < 1,u > 0 we have Hhﬁ < therefore

1+’

. h:ll+2u2
Po (|Lf(2) = Th, f ()] > u) < Po (Vi (c)) + 2exp (‘C T+ hou )

By a union bound this gives

N h%l+2 u2 )

Po (HEf = T fll ooy > u> < NP (Vn(c)) + 2N exp (_Cl—i—hu

We have also Py (Vi (c)®) < e=N M5 so that for any H > 0, taking u = M, (lnN) h;(1+d/2)
with My large enough (that depends on H) we obtain h,u = o(1) by assumption 2 and

(Hcf Tho Fll ) > Mo (TVN ) hn<”d/2>> <N

C.3 Proof of Theorem 5
Recall that f = ijl <uj|Y>L2(V) u; so that

||M&

u]|f0 .2 V)u’j f0+z U]|5 L2 V)’LL], €NN(O o2 )
7j=1

where I, is the identity matrix in R™. Therefore

J J
17 = Rl < 132 (0l 5 = Pl + 1 32 (05wl
7j=1 7j=1
We have by orthonormality of (uj,---,uy,)
J 2 Jn
Z(“j|§>L2(V) Uj Z “J‘ L2(v
=1 =1

L2(v)

and also that

Eo [(uﬂe)i%u) xlzn} =Ep [(U?Diag (v) §)2’ a:l:n} =0 uTDzag Nuj=o Zuj ()2 xz

On Ay defined in lemma 19, with N = n and h_ = h,, which satisfies the assumption 2 we
have v, < % so that

~

1 1
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This implies that

J

- 1
2

Z <Uj‘§>L2(,,) < - ZZj($1:n)2’ where  Zj(z1.p) = ;

izt =1 Eo | (1))

{ujle) 12,

}1/2

Tl:n
In particular conditionally on z1.n, Z;j(z1.) i N (0,1). Hence as in Green et al. (2021,
Appendix. C1), by a result of Laurent and Massart (2000) we get for some ¢ > 0

In 2 In 2
Po | | twsled ey > e | <Po(A5) +Eo [1ayBo | |3 twsle)ppgy i > e
J=1 L2(v) J=1 L2(v)
<Py (A%) + exp (— )
(13)
Moreover

Vo = foll22y < IPa (€7 12) = foll 3

where pj, (e‘m ft) is defined in Theorem 12. Therefore, using Theorem 12, we deduce that
choosing t accordingly,

[ foun = Foll32) < lPaw (€7 12) = foll 32y < En(Jn)

Finally combining this with (13), we obtain that some C > 0

(5

> Csn> —0
L2(v)

where

_ [8/2] 1/2
[T ) Y N In N
En = ; + (hl N) [8/2] max (1, (h% hg + 15>1 m hn

In order to get a result in expectation, simply notice that

Bo |7 = oL < ezt + Bo [[|f = o] 2 e
Since by definition
|F=fol = minyr =,
n 7)

fespan(ui,...,u

< ol < [foll oo ()
f=0

This implies

~ q A~

Bo [| = 5] < et + Ul o | - o] > =]
n n
By the first part of the proof, for any H > 0 we have
Py [Hf — ng > cen} <nTH 4 e7n 1Py (AS)
n
Since h,, satisfies assumption 2 and J, > In"n, &k >d > 1, for H > 0 large enough we get
Py H’f— foH > an:| Sen
n

which concludes the proof. |
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Appendix D. Proofs of section 3.2

We first recall an adaptation to our setting of the general prior mass and testing approach
of Ghosal, Ghosh, and van der Vaart (2000); Ghosal and van der Vaart (2007) that we use
to prove posterior contraction rates with respect to the empirical L? distance |-||,,. Note
that we apply the approach on a high probability event Ay (which does not change the
result), and since in the Gaussian regression setting the Kullback-Leibler divergence and
variation are both proportional to the (squared) empirical L? norm || - ||2, the prior mass
condition on the Kullback-Leibler neighbourhood is merely a condition on the prior mass
of the || - ||,—balls centered at fp (see Lemma 2.7 in Ghosal and van der Vaart (2017) as
well as Chapter 8 for more details on the prior mass and testing approach).

Theorem 35. Contraction rate theorem
Assume that €, — 0, ns,% — oo and An be an event of the form Ay = {x1.y € QOn}

for some Q0 C (RD)N satisfying Po (An) — 1. If there exists fized constants C; > 1 +
ﬁ7 Cy > 4V1+202, O3>0 and F,, CRY such that, on Ay

o I[|f = foll, < en] = exp (—ne7)

o II[FE) < e Cimen

e InN (0228",}"”, ||Hn) < O3ne?

where N (e, F, || - ||ln) denotes the covering number of the set F at scale € with respect to the
| - ||n—metric, then for M > 0 large enough

Eo [IL|lf = foll, > Men[X"]] =0

D.1 Proof of Theorem 3

As shown by Theorem 35, the proof is based on first bounding from below the prior mass
of neighbourhoods of fp, which is done in Lemma 36 below and then to control the entropy
by a sieve sequence, which is done in Lemma 37. Recall that

_ [8/2]
[JnIn N 7" m N N\

with J, > In" N, &k > d and h,, satisfying assumption 2.
With z =2, = 1 (nei) 1/b2 with z; > 0 and F,, = F,, j,. Its L> (v) — metric entropy
is then, according to lemma 37, bounded by

V>0, InN (gsn,fn, ||-||Loo(y)) < JuluN < ne?.

Moreover by the choice of z, we have, for some ¢ > 0

b

¢ —b1z? —cz 2
H[]:n|‘]n7hn] S Jne Se 1

ney,

By taking z; > 0 large enough we conclude the proof of Theorem 3 by applying Lemma
36 together with Theorem 35. ]
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D.2 Proof of Theorem 6

The proof is based on that of Theorem 3, but showing that J and h can be chosen in a
data dependent way. To do that notice that by the non adaptive case, for any H > 0 there
exists a constant C' > 0 such that

Po (TL[11f = foll o) > Cen(Jns hn)l Ty hn| < exp (~nC2e2)) < N7

where €, (Jy, hy) is given by (5). If for some Jy, ho, hy > 0

2d4(1+27/d)[5/2] d hOJ,Jl/d hljgl/d
Jp=Jy(In N 2p+d n28+d,  h, € ,
o ) [21n7/dN In™/¢ N

then
27+d)[B/2]-B(T+2B/d)
28+4+d

s
en(Jn, hn) Sn” 2+ (In N

Since
IT |:Hf - fO”LOO(y) < an] > 7TJ(Jn)ﬂ'h (hn’Jn)H ||f - fOHLOO(y) > Can"]nahn

By assumption we have for some a1, by, bo

—d
wy(Jn) > e~ WInlay > gmarJnInN g 2y (hp|dn) > bye b2hn

—1/2 JoIn N
Ty T

Therefore, since €, > (nh‘i) , for some C’ > 0 we have

B (1L [[If  foll gy < O'en] < e7C7%) < NH

To verify the entropy condition, consider for some k > 0 the set 7, = Uj<p, F2, 7 hs
heH
where F, jj, is defined in lemma 37 and z, = u(ns%)l/ b2 with w, k large enough. Then

b
1I []:g] < HJ(J > k:Jn) + Z Je—lnzn? < e—CJn + (k,Jn)Qe—lnuban% mJaX HHy < e—Cnst

J<kJn
heH y

for any C' > 0 by choosing k, u large enough, since #H; < Kj exp (Ko JIn N) < Kj exp (Kéns%)
for some K1, Ko, K} > 0. Finally for all { > 0

N(ggmfm ||||L°°(y)) S nSEL

~

which concludes the proof. [ ]

D.3 Lemmas 36 and 37

Lemma 36. Prior thickness
Let J, € {1,....N}, J, > In"N, &k > d and hy, satisfying assumption 2. Consider
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the prior defined by (3). Then for any H > 0 there exists ¢ > 0 such that with the rate
€n(Jn, hn) as defined in (5), We have

Py (H [Hf — fOHLoo(V) < can(Jn,hn)\Jn,hn} < exp (—nen(Jn, hn)2)> <N H,

In particular, for any T > d/2 and

1 1—r—2(1427/d)[B/2] h=d
. —5aLq - _ n
hy, =mn" 2+ (Inn) 25+d v Jn = N
then
@r+d)[B/21+(A-7)8 _ _B
en(Jn, hy) < (Inn) 26+d n_ 26+d,

Proof Throughout the proof we write &,, = &, (Jy, hy,). We use theorem 12 and distinguish
the cases : for some k > 0 large enough, with ¢t = ¢, = k)\;nl In N

1. If 8 < 2 we have
VoV S RS = foll ey S| =25 (€7 f0) ooy + 1o =25 (75 F0) || 1)
S =21 (e fo) || ooy + Oy (hﬁ (A7 By 2n N)) .
Hence for all ¢ > 0 , there exists ¢’ > 0, such that

1 =21 (€7 f0) [l ooy < AT By "IN = |[f = foll poo(y) < €ne

Moreover if f = Z}]:l zju;, using proposition 18 we get

zj — (ujle

J
Hf _pJ( t£f0 HLOO Z ( <u]|e fO>L2(1/)) Uj <N max

I<j<N
Lo (v)

Hence,

T [[1F = 2, (7 o)l gy <RI B N | s

>11 SN 1P T <Uj|€_t£fo>L2(V) < Clhg)‘Jj]:;f IDN]
zjﬁln :‘zj - <ujyeftcf0>m(y) - c’hEA;:]\f;nQ lnN]
Z;ljln :‘Zj — (ugle™™ fo) 2| < (M]\IIHNI

> (d}“@blnN [j;fK] \1/> " vol(Bgs, (0,1)),
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where we have used \j, < 2h,2, which holds because ||| c(reo(v)) < 2, and where

K > 0 is chosen to be larger than

dme<
N ~Y

N—tL
Jax. \We fo) 120

=1

1+ He_tLHL(LOO(V)) HfOHLOO(M) < +oo.

Hence
~IL[[[f = ps (€7 o)l ooy < CREAT B2 IO N Ty B S Ju T N,
Now ¢, > W <= J,In N < ne2, therefore
Py (H [Hf —DpJ (e_tﬁfO)HLoo(z/) <én Jmhn] < exp (—”5721))
<Po (|[fo =, (7o)l ey > 0/2)
<n
for any H > 0.

2. The case 8 > 2 is similar, the only difference being that we use the bound

k

tL: Le—tl
y e

=0

1foll 2wy < [1foll oo (a4 SUPZ

L(L2(v))

‘<uj ‘eitﬁft>L2(y

Lemma 37. For some z>1 and J € {1,...,N} let

Fodh = Zajuj Hajl < 2 cRY, z2>0

Then

I [FS gl doh] < Jem01#”

and, there exists £1,C1 > 0 such that for any e < g1

ClzN 2J
N<57]:z,J,h>H'||L°°(u)) < ( . )

Proof Proof of lemma 37
We drope the subscript h for ease of notation. Using the representation f = Z}le
the upper bound

J
I [FS 10 0] < S | Z5| > 2|0, h) < JW ([—2,2]) < Je %
j=1
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follows by the assumption on the tails of ¥. Moreover by proposition 18, if £ is an S5 -net

of [~2z,2]7 then {Z‘j]:l fiuj: f € 5} is an e-net of F, ; (in L*°(v)). Since we can always
take . .
J o\ J 1/2 1/2 1/2
se < CizJN < CizN < C, "z"/*N < C,""cN
€ € gl/2 €

for € < €1 and some C1,e7 > 0 this gives the result by changing 011/2 into a new (7. |
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ESTIMATING A DENSITY NEAR AN UNKNOWN MANIFOLD:
A BAYESIAN NONPARAMETRIC APPROACH
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We study the Bayesian density estimation of data living in the offset of an
unknown submanifold of the Euclidean space. In this perspective, we intro-
duce a new notion of anisotropic Holder for the underlying density and obtain
posterior rates that are minimax optimal and adaptive to the regularity of the
density, to the intrinsic dimension of the manifold, and to the size of the off-
set, provided that the latter is not too small—while still allowed to go to zero.
Our Bayesian procedure, based on location-scale mixtures of Gaussians, ap-
pears to be convenient to implement and yields good practical results, even
for quite singular data.

1. Introduction.

1.1. Manifold density estimation. In many high dimensional statistical problems it is
common to consider that the data has an intrinsic low dimensional structure. More precisely,
statistics and computer sciences have seen a growing interest in the so-called manifold hy-
pothesis where the data is believed to be supported (or near supported) on a low dimensional
submanifold M of an ambient space (see [44] for an introduction).

There are good intuitive reasons to believe that real world data (such as natural images,
sounds, texts, etc) belong to the vicinity of a low dimensional submanifold, often due to
physical constraints; see, for instance, [42] or [23]. Empirical evidence has also been shown
in a number of important cases such as texts data sets [5], sounds [5, 40], images and videos
[39, 64] or more recently in Covid data [48]. Analysing such data sets is often called man-
ifold learning (see [44] for an introduction). Manifold learning deal with either nonlinear
dimension reduction techniques, manifold estimation or the construction of generative mod-
els and the estimation of the distribution on or near an unknown manifold. These problems
are strongly connected. Dimension reduction consists in finding low dimensional represen-
tations of the data. This is typically done by constructing mappings as in Kernel PCA [59]
or graph based methods such as Isomap [62], Locally Linear Embeddings [58] or Lapla-
cian Eigenmaps [6]. Instead of estimating an embedding, the problem of reconstructing the
manifold is another popular aspect of manifold learning; see [1, 18, 24, 55] or [21] among
others. Finally, the estimation of the distributions on or near manifolds and the construction
of generative models have received recent wide interests in the statistics and machine learning
communities, specially with the developments of deep learning algorithms. There is a grow-
ing literature on generative models under the manifold hypothesis with many methodological
developments around variational autoencoders (see [33], Section 14.6, or [39]), Generative
adversarial networks (see [3, 4, 34] among others) or recent versions of normalizing flows
(see [36]). The theoretical results associated to these approaches control the error between
the true generative process and the estimated generative models typically under adversarial

Received September 2022; revised June 2024.

MSC2020 subject classifications. Primary 62G07, 62G20; secondary 53A07.

Key words and phrases. Density estimation, Bayesian nonparametrics, minimax adaptive estimation, posterior
concentration rates, manifold learning.

2081



2082 C. BERENFELD, P. ROSA AND J. ROUSSEAU

losses such as the Wasserstein distance, as in [61], since the focus is more on generating
interesting samples than on estimating the distribution per se.

In this paper, we study the estimation of the density in the vicinity of an unknown sub-
manifold M of the ambient space RP, of dimension 1 <d < D — 1. Density estimation is
a canonical problem in statistics and machine learning and in addition to being of interest
in itself can be used as an intermediate steps in many tasks of unsupervised or supervised
learning such as clustering, prediction and classification, dimensionality reduction or in ridge
estimation; see, for instance, [15, 25, 49] among many others. Density or distribution estima-
tion under the exact manifold hypothesis (assuming that the data belong to a submanifold)
has been studied theoretically for instance, in [54] or [19] under Wasserstein losses and in [7]
under the pointwise loss. Assuming that the data belong exactly to a smooth manifold may
be too restrictive since signals are often corrupted by noise. Hence in this paper, we assume
that the data belong to a neighbourhood M § — {x e RP:d(x, M) < }, where neither M nor
d or the density f are known. This problem is studied in [14] in the special case of data cor-
rupted with Gaussian noise and [49] proposes a Bayesian nonparametric method to estimate
a density on M® based on mixtures of Fisher—Gaussian distributions for which they prove
consistency under the assumption that the width 8 of the tube M? is fixed.

1.2. Our approach and contributions. As far as we are aware, there is no theoretical re-
sults on convergence rates—either from a frequentist or a Bayesian approach—for estimating
a density on tubes M? when M and § are unknown and 8 is possibly small. In this paper, we
bridge this gap and we propose a Bayesian nonparametric method based on specific families
of location-scale mixtures of Gaussian distributions. We study the posterior concentration
rates associated to these priors, that is, the smallest possible ¢, such that

H(d(fO’ f) §8H|X1’7Xl’l) - 1’

in probability when the data X1, ..., X, are a n sample from fy and where IT1(:| X1, ..., X,)
denotes the posterior distribution; see [27]. As is well known, when the distance d(., .) is
the Hellinger or the L metric, this posterior concentration rates induces also a convergence
rate ¢, for the posterior mean f ; see, for instance, [27]. Typically, the rate &, depends on
regularity properties of the density fy and on the prior.

To do so, we first define a general mathematical framework describing regularity properties
of densities defined on possibly small neighbourhoods M? of submanifolds M, with the idea
that the density has a given smoothness Sy along the manifold M and another smoothness
B.1 along the normal to the manifold. This manifold driven anisotropic smoothness is defined
in Section 2.2 and is an extension to anisotropic Holder functions along coordinate axes.
Because the corruption of a signal by some small noise can be modelled in many different
ways, with additive homoscedastic noise being the simplest and most restrictive one, our
framework only assumes that the density lives on M? and does not model the noise. As
shown in Section 2, our framework encompasses common models of noisy data.

Building on that we show that the posterior concentration rate depends on By, 81 together
with the dimension d of M and the width § of the tube. Interestingly the prior IT does not
need to depend on By, B1, d, § or M which makes the approach fully adaptive and the rate
we obtain, at least when § is not too small is of order (up to a polylog term)

Bo
2B0+d + (D —d)Bo/BL’
where we recall that D is the dimension of the ambient space, and is minimax.

Nonparametric location mixtures of Gaussians are known to be flexible models for densi-
ties, and adaptive minimax rates of convergence on Holder types spaces have been obtained

n~?’ withy =
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using Bayesian or frequentist estimation procedures based on location mixtures of normals;
see [41, 60], and [28] for Bayesian methods and [46] for a penalized likelihood approach.
However, location mixtures are not versatile enough since the covariance matrix remains
fixed across the components, so we instead take advantage of the flexibility of location-scale
mixtures of Gaussians. In [12], the authors derive a suboptimal posterior concentration rate
for isotropic positive Holder densities on R”, while [46] obtained minimax convergence rates
for penalized maximum likelihood methods based on the same type of location-scale mixtures
and [50] obtained also minimax posterior concentration rates using a hybrid location-scale
mixture prior in the regression model. These results thus indicate that one has to be careful
in designing the prior in nonparametric location-scale mixtures of Gaussians. The priors we
consider in this paper are variants of location-scale mixture priors, see Section 2.3, which
are flexible enough to adapt to the nonlinear or manifold driven smoothness of the class of
densities studied here. This prior construction can also be seen as tiling the manifold by low-
rank Gaussian pancakes, a method that is similar to mixtures of factors analyzers [20, 26] or
manifold Parzen windows [63] where, however, no theoretical guarantees on the estimation
of the density were proven.

Hence our contributions are both methodological and theoretical. From a methodological
point of view, we provide with a family of versatile priors (see Section 2) that are shown em-
pirically and theoretically to perform very well in modelling data that are singularly supported
near submanifolds. In particular, we show empirically that these variants of location-scale
mixtures of Gaussian priors behave much better than the standard conjuguate location-scale
mixture of Gaussian prior; see Section 4. From a theoretical point of view, we introduce a
new notion of Holder smoothness along a submanifold (see Section 2.2) which is proving
to be adequate for the study of such almost-degenerate densities, and we derive posterior
concentration rates for this new model (Section 3.1). The rates are optimal if the data do not
collapse too quickly towards the manifold. These results rely on an intermediate result in
approximation theory which has interests in its own right and is provided in Section 3.2.

1.3. Organisation of the paper. In Section 2, we define manifold-anisotropic Holder
function, together with the families of priors we consider in the paper. Section 3 contains
the main theoretical results and Section 4 the empirical, numerical results. We provide in
Section 5 proofs of the main results, namely the contraction rate Theorem 3.1 and the ap-
proximation Theorem 3.4. Some useful facts on manifolds are presented in the Appendix.
The Supplementary Material [8] contains additional proofs and lemmata, as well as details
on the numerical setting of Section 4. References to equations, theorems, propositions, lem-
mata and sections in [8] are preceded with the letter S, to avoid repeated references with this
manuscript.

1.4. Notations. For a multi-index k = (ky,...,kp) € NP weset |k| =k +---+kp and

k!'=ki!...kp!. For x € RP, we write x¥ = xlf‘ ...xg’ € R and xpax (resp. xmin) to be the
maximal (resp. minimal) value of its entries. For any two indices i, j € {1, ..., D} withi < j,
we set x;:; = (Xj,...,Xj) € RJ—i+, Finally, for a sufficiently regular function f : RP - R,
we define its kth partial derivative as
k|
D! f(x) = ,qa—fk(xy
dx;'...0xp

When M C RP is a measurable subset with Hausdorff dimension d, uy denotes the Borel
measure Ly = He(- N M) where H? is the d-dimensional Hausdorff measure on R?. For
r>0and x € RP, let By (x,r) =B(x,r) N M where B(x, r) is the usual Euclidean ball of
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RP_If M is closed, then pr,, defines the (possible multi-valued) orthonormal projection from
RP to M.

We will denote by || - || the usual Euclidean norm of R¥ for any k € N*. When £ is a
linear map between such spaces, we write || £||op for the operator norm associated with the
Euclidean norms. The notation | - ||; (resp. || - [loo) Will refer to both the L'-norm (resp sup-
norm) for vectors of R for any k € N*, and to the L'-norm (resp sup-norm) for measurable
functions from R to R for any k € N*. The brackets (-, -) will be used to denote the usual
Euclidean product in R* for any k € N*. For any matrix A € R¥*K the notation || - ||i will
refer to the quadratic form over R* defined by x > (Ax, x), which is a squared norm if A
is positive definite. The set of orthogonal transform of R? will be denoted by O(D, R), or
sometimes simply O(D).

For two positive functions f, g : R? — R, we write the Hellinger distance as

antro={ [ (/rw- \/ng»de}”z.

In this paper, M will designate a closed submanifold of R” of dimension 1 <d < D — 1.
For any point x € M, the tangent and normal spaces of M at x will be denoted 7, M and
NyM, and the corresponding bundles 7 M and N M. We write exp, : (T, M, 0) — (M, x) for
the exponential map of M at point x. We let djs(x, y) denote the intrinsic distance between
xand yin M.

Finally, we will use throughout the symbols ~~, < and = to denote equalities or inequalities
up to a constant, when the constant is not important.

2. Model: Distributions concentrated near manifolds. We assume that we observe
X1, ..., X, independent and identically distributed from Py on R? with density fo with
respect to Lebesgue measure. We assume that there is a low dimensional structure underlying
our observations, that is, that fo has support concentrated near a low dimensional manifold
M which is unknown. More precisely there exists § > 0 unknown and typically small such
that Po(M?) = 1, where M? is the §-offset of M it is the set of points that are at distance less
than § from M,

M®:= ) B(x,8) ={zeR” |d(z, M) < 8}.
xeM
A typical example is when the observations are noisy versions of data whose support is M:
X=Y+ ZwithY € M and |Z| < § almost surely. We would like to underline here that § is
to be understood as § = §,, which can either stay constant (and smaller than the reach of M,
defined in the Appendix) or goes to 0 as n goes to infinity, in which case fo = fo,, and X; =
X j n 1s a triangular array of data. This dependence on n for fj , does not impact our results
and in order to make the notation lighter, we intentionally drop the extra n from the indices,
and will recall this dependency at any time when it might create confusion. When § is fixed,
the density is not degenerate but its support has a nontrivial geometry. Allowing § = §,, = o(1)
is a way to model very concentrated densities (for a given n) and is similar in spirit to high
dimensional regression where the number of covariates p is modelled as a function of n. In
other words, it is a way to take into account the impact of § in the concentration properties of
the posterior distribution. When the noise Z has a density smoother than the density of ¥ on
M (with respect to the Hausdorff measure), the density of X is anisotropic with a smoothness
along the manifold M smaller than that along the normal directions. In this paper, we thus
aim at constructing priors which are flexible enough to lead to good estimation of fj in
situations where the density has a complex anisotropic structure in that it has an unknown
smoothness By along an unknown manifold M and a different (larger) smoothness 8, also
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unknown, along the normal spaces of the manifold. In this context, since the anisotropy varies
spatially, it is therefore important to consider priors which adapt spatially to such non linear
smoothness. In Section 2.3 below, we consider two families of location-scale mixtures with
a new and careful modelling of the prior on the variance of the components and we show in
Section 3 that these priors are well behaved for densities with manifold driven smoothness.

To begin with, we define what we think is a new notion of anisotropic Holder spaces
on the Euclidean space R”, and which happens to be a natural extension of the usual no-
tion of (isotropic) Holder smoothness. We are aware that there exist various notions of
anisotropic smoothness (see, for instance, [17, 31, 32, 35, 37]) with most of them stemming
from the anisotropic smoothness as defined in [52]. In all the aforementionned references,
the anisotropy was consistently defined as a control of the variations of the partial derivatives
along each axis separately, with no control of the cross-derivatives (and no guarantee that
they, in fact, exist). While this is enough in a Euclidean framework, we argue that, to the
best of our effort, we could not make such assumptions sufficient in our nonlinear setting, as
the proofs presented in Section 5 or in the Supplementary Material might highlight. Instead,
we come out with a new notion of Holder anisotropy, in the footsteps of what [60] already
sketched in their paper, that handles cross-derivatives in the same way that the usual notion
of (isotropic) Holder smoothness does, and which in fact coincides with the latter when the
anisotropy vector is isotropic. This new class is defined in the following subsection and its
main properties reviewed in [8], Section S2.1. We would also like to mention the notion of
mixed smoothness as introduced in [16], which is a stronger notion of regularity than ours:
the classes defined below can be seen as nested between the ones of [52] and [16].

2.1. General anisotropic Holder functions. An anisotropic Holder functions f : RP —
R is, informally, a function whose smoothness is different along each axis of R”. Letting
B=(B1,...,Bp) € (]Ri)D , which will represent the regularity indices along each axis, we
define

(1) a=(ay,...,ap) whereo; =p/Bi €[0,D] and 5—1=%Xi:ﬁ;1.

The coefficient 8 acts as the effective smoothness of the function f. Notice that oy + --- +
ap = D. In this section, we define the spaces of anisotropic functions over bounded open
subset of R, We defer to [8], Section S2.1, the introduction of the same class over general
open subsets. We let &/ C R” be a bounded open subset and L : I/ — R be any nonnegative
function.

DEFINITION 2.1. The anisotropic Holder spaces ”H,fn (U, L) is the set of all functions
f U — R satisfying:

(i) For any multi-index k € N? such that (k, @) < B, the partial derivative D* f is well
defined on I/ and | DX f (x)| < L(x) for all x € U;
(i) For any multi-index k € N? such that 8 — amax < (k, @) < 8, there holds

b p-lka)
2) DX f() =D | <L Yy —nl @ N vx,yel.

i=1

See Figure 1 for a graphical representation of the quantities at stake. The function L acts
as an upper-bound for the localized and anisotropic version of the usual Holder-norm:

DF — DFf(x
{(knolzg)lzﬂ lef(X)l} v B—a mf.()]({ a)<f ety | D - ﬂ{k’("”)/\ll '
, max = (K, yelu Zi:l |)’i _ xi| o;
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/
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Q

FI1G. 1. An example in dimension D = 2. The vector « is the only vector of 1-norm D which has positive coor-
dinates and which is orthogonal to the simplex of vertices {B;e;}1<i<p. In black are the points k of N2 such that
(k,a) <B.

Note that constraint (i) on the intermediate derivatives DX f(x) for 0 < (k, @) < B may
seem superfluous since some Kolmogorov-Landau type inequalities would yield some bounds
on these derivatives, but we add them nonetheless to our functional class to simplify some
notations. We list and prove in [8], Section S2.1, various useful properties of functions in the

anisotropic Holder class. Also the function L in the definition of an (U, L) can be constant,
in which case we will typically denote it C, to make it more explicit (leading to an U, 0)).

REMARK 1. The usual isotropic Holder spaces are special cases of our definition of
an(u, L) corresponding to B = (B, ..., B) with g > 0. In this case, we write

e WU, L):=HE WU, L) forB=(B,..., P
As a final remark, we will use the same notations for the spaces of multivalued functions

when their coordinate functions are all in the corresponding space. For instance, if WV : U/ —
RP1, for D; > 1, then

W= (Wy,...,¥p)eHE WU, L) & Ve HEB U, L) forallie{l,..., Dy},
c
and the same holds for the other spaces defined in this subsection.

2.2. Manifold anisotropic Holder functions. We now consider functions whose smooth-
ness directions at point x € R? are dependent on the position of x with respect to a given
submanifold M c R? of dimension 1 <d < D — 1. More specifically, we extend the above
notions of anisotropy to functions with a given regularity in the tangential directions of M,
and of another regularity in the normal directions of M. We call such functions manifold-
anisotropic Holder, or sometimes simply M-anisotropic. To define such a class of functions,
we assume that M is a closed submanifold with reach bounded from below by t > 0 (see the
Appendix for definition and properties of the reach) and we consider local parametrizations
atany xo € M

Wy i Vg = M,

where Vy, is a neighborhood of 0 in T,M. The maps Wy, can be taken in a wide class
of parametrizations of M. For instance, one could consider taking W, to be (close to) the
inverse projection over M — Ty, M where Ty, M is seen as an affine subspace of R? going
through x¢; see, for instance, [1] or [19]. For purely practical matter, we choose Wy, to be the
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exponential map exp, , although the results in this paper could be carried out with other well-
behaved parametrizations, such as the one mentioned above. In particular, in the case of the
exponential maps, we can define the domain of W, to be BTxo M (0, 7); see the Appendix.
In the rest of this paper, we set

Vyy :=Br, ,m(0,7/8),
with factor 1/8 being there for technical reasons. If all the maps Wy, are of regularity By > 1,
meaning that there exists a constant Cy; > 0 such that
3) Wy € HOY (Vyy, Cu), Yxo€ M

1SO

(in particular M is at least C* with k = [Bym — 11), then one can construct a map

= Vi X NygM — RP,
@) o Wy (0) 4 N (v, ),
where N,,(v,-) is an isometry from N, M to N\pXO(U)M and where v > Ny (v,-) €

Hlﬂslg _I(on, C AL,I) for some other constant CAL,I depending on Cys, T and Bj;. We refer to
the Appendix for further details concerning the construction of W, and the proof of its reg-
ularity. When restricting the latter map, one gets a local parametrization of the offset M*/?

around x
\IJXO : Vyo X By, m(0,7/2) — MT/?

as shown in Lemma A.2. This parametrization is such that pr M(\Ifxo (v, 7)) = Wy, (v) for any
(v, 1) € Vyy X BNXOM(O, 7/2) and W, is a diffeomorphism from Vy, x BNXOM(O, T/2) to its
image which satisfies

= -1
4) W, e P (wy, x B, (0. 7/2), Ciy)

180

for some Cj,; > 0 depending on Cy, T and By . See Figure 2 for a visual interpretation of
this parametrizations.

For any 6 > 0, we define lprvg(v, n) = \IJXO (v, 8n) to be the rescaled version of \IJXO in
the normal directions. It is a well defined parametrization of M/? on the set Wy, 5 := Vy, X
B Ny m (0, 7/28). We let By, B1 be two positive real numbers, and define the vector

ﬂO,J_:(ﬂO""’ﬂO’ﬁJ_,.-.,ﬂL)ERD

5
=
=

FIG. 2. A visual interpretation of the parametrization ‘ifx().
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and define & to be the counterpart of B | asin (1):

o= (xg,...,00,1,...,a1) withag=p8/po, a1 =8/BL,
&)
and p~! = —ﬂo +D7dﬁﬁ.

Now for any function L : RP? — R, we define the following.

DEFINITION 2.2. Let L:RP — R be a function; the class 7—['30 ﬁl(M L) is the set of
all functions f : R”? — R which satisfy:

(i) f is supported on M?;
(i1) For any xo € M, set fxo s:=80— df o \IJX0 sand Ly, 5 := =P o \Ifx0 s, then

©6) Fros € HEOL W 50 Lug.s)-

Informally, such a function is Sy-Holder along the manifold M, and S, -Holder normal to
the manifold M. The normalization §°~¢ accounts for the scaling 5 — 87 along the normal
spaces (which are of dimension D — d) in the definition of lflxo,(g. Its presence is natural and
can be understood as follows: when f is a density supported on M?, the typical magnitude
of its values is of order 1/ 8P=d and the absence of normalization would whence make the
above functional class irrelevant to describe the regularity of such densities.

REMARK 2. Strictly speaking Hfo’ﬁ (M, L) depends on the choice of the parametriza-
tions W and should be written as ’Hfo’ﬂ (M, L, W). We show however in [8], Proposition
S1.3, that

1P (M, L) c HEOPE (M, € L, W) c HEOPE (M, G L, B

for some constant Cy, C; > 0 independent of ¥ and W', as soon as U’ satisfies (4) also.
Hence throughout the paper, we denote this Holder space ’H? 0.hL (M, L).

M-anisotropic functions happen to be a convenient way to describe the regularity of a
number of densities that are naturally supported around M. To illustrate this, take f, : M — R
to be a Bp-Holder density, meaning that there exists Ly : M — R such that for any xo € M,

froWy, € H (Vxo» Lo o Wy).

180

Now take K : RP? — R to be a normalized positive smooth isotropic kernel supported on
B(0, 1). We introduce cll = [K(e)dug(e) where E is any (through isometry) (D — d)-

dimensional subspaces of RP. We also assume that K e Hﬁé (RP, L) for some function
L, which is also rotationally invariant.

PROPOSITION 2.3. Let f be the density of a random variable Z = X + §& where X ~
J«(X)up(dx) and 0 < 6 < 7. Then:

1. (Orthonormal noise) If 81 < By — 1, and if E|X ~ ¢ K (e)puny m(de), then

FeMOPr M, L), with, L(x) :=C8 PP Lo(pry,; x) x Ly (x —pry x), C > 0.

2. (Isotropic noise) If § < t/32 and Bo < B1L < Bm — 1, and if € ~ K (¢) de, independently
of X, then

feHPPL M, L), with L(x) = ca—D/ Ll(x — y)Lo(y);LM(dy), C > 0.
M

In both cases C depends on Cyy, T, By, Po, BL.-
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See Section A.2 for a proof of this result.

REMARK 3. Throughout the paper, we assume that the true density fy € Hfo’ﬁ (M, L),
which implies that Po(M ) = 1. However it is enough to assume that Py(M H>1-001 /n)
where n is the number of observations. This makes no difference in terms of the results
presented in Section 3. The weaker assumption Py(M H>1-o0(1 /n) is for instance fulfilled
in the additive noise model (see Proposition 2.3) with Z = X + ﬁé’ with the Gaussian

kernel K (x) := (27)P/? exp(—|1x]1?/2).

REMARK 4. Note that under the model Z = X + §& with isotropic noise and K the
distribution of the noise belonging to C+ with ||K |5, <1, then f € Hfgo’m (M,L)NnC?#,
with [| fllcs, S8 —F=D+d Hence for Holder constant is strongly impacted by 8 and D. The
geometric framework of M anisotropy, allows to handle this dependence on § and is therefore
useful for such models when § is small.

In the following section, we describe the family of priors which we use to estimate the
above family of densities.

2.3. Location-scale mixtures of normal priors. We model the manifold-anisotropic
Holder densities using location-scale mixtures of normals. We parametrize the covariances
of the components by = = OT A O where O is a unitary matrix and A = diag(A1, ..., Ap) is
diagonal. Location-scale mixtures can then be written as

fP(x):/IéDonAO(X_M)dP(Mv09A)’

(7 K
P = Z Pka(uk,Ok,Ak), K eNU {+OO},
k=1

where, for any positive definite matrix X,

1 - }
)= —————expl——|zll5_; L,
2O = o pl =511

is the density of a centered Gaussian with covariance matrix ¥. The two most well-known
families of priors on P are Dirichlet process priors and mixtures with random number of
components, also known as mixtures of finite mixtures. Recall that if P follows a Dirichlet
process priors with parameters A and H where A > 0 and H is a probability measure on
some measurable space ®, then
00 id id
. 2 2
P=Y pds withpe=Vi [J(1—=Vi), Vi~ Beta(1,A) and 6 ~ H.
k=1 i<k
If P follows a mixture of finite mixtures prior of parameters «x and mg where ag > 0 and
g 1s a probability measure on N, then
K
. iid
P= Zpk(Sgk with K ~7g, (p1,...,pk) |K ~D(ak,...,ax) and 6 ~ H.
k=1
In both cases (Dirichlet process and mixture of finite mixtures) we call H the base proba-
bility measure. Obviously in the case of mixtures of finite mixtures the conditional prior on

(p1,...,pk) and 61, ...,0k could be different but we consider this setup for the sake of
simplicity.
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As shown empirically by [49] location-scale Dirichlet process mixtures with base measure
constructed from the conjuguate prior of the Gaussian model are not well adapted to the
problem at hand. We show however that if particular care is given to the choice of H, the
posterior on manifold-anisotropic density is well behaved. In particular, we consider the two
following types of location-scale mixtures:

e Fartial location-scale mixtures: The eigenvalues A of the covariance of the Gaussians are
common accross components,

K

® fare)= [ goraot =P 0). P=3" pidyu.00. KeNUHoo),
k=1

where P is a probability distribution on R x O(D) (where O(D) is the set of unitary
matrices in RP) and is either a Dirichlet process prior or a mixture of finite mixtures.

e Hybrid location-scale mixtures: The density fp is written as (7) where P conditionally on
a probability Q, on RE follows a Dirichlet process mixture or a mixture of finite mixtures
with ]:v)ase measure Hy(du, dO, dA) = Hi(du, dO) ® Q»(dA), and Q, follows a distribu-
tion ITx.

We denote by IT the prior on the parameter and we consider the following assumptions
on I1. These conditions differs wether IT is assumed to come from a partial location-scale
mixture prior or a hybrid location-scale mixture prior.

Conditions on the partial location-scale mixtures. f is modelled as in (8) and P follows
either a Dirichlet process with base measure H or a mixture of finite mixtures with base
measure H and prior on K satisfying

9) —logMg (K =x)~x(logx)", r=0,1.

Here r = 0 corresponds for instance to the geometric and r = 1 to the Poisson priors on K.
The base measure H(dw, dO) = h(u, O)dudO where du designates the Lebesgue measure
on RP and dO the Haar measure on O (D), and we further assume that there exist c¢1, b1 > 0
and b, > 2D — 1 such that

(10) et ™ < pu, 0) < (14 i)™ with Y, O.

We also assume that A is drawn from a probability measure I, that has a density 7 with
respect to Lebesgue measure on R, and that this density satisfies: there exist c3, c3, b3 > 0
and b4 > D(D — 1)/2 such that

—d)2
e~ iz <apa(Ai,...,Ap) forsmall Af,...,Ap € (Ri)D,
(11) HA(lminDAi < x) < e~ for small x > 0,
<i<

and HA( max A; > x) ,Sx_b“ for large x > 0.
1<i<D

Condition (10) is weak and is for instance, satisfied as soon as u and O are independent

under H with positive and continuous density for O and positive density for p with weak

tail assumptions. Condition (11) is also weak and common in the case of location Gaussian

mixtures and is verified in particular if the 4/A;’s are independent inverse Gammas under I 4,

or if the X;’s are independent inverse Gammas and d > 2.

Conditions on the hybrid location-scale mixtures. H\ satisfies (10) and Q5 is random with
distribution IT, which satisfies: for all b > 0 there exists Bg, ¢y > 0 such that for x% < Xxp
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TABLE 1
Summary table of the required conditions depending on the type of mixture and the type of scale sampling

MFM DPM Partial Hybrid
Conditions 9) + (10) (10) (11 (12) + (13)
both small,
~ _ —d)2
(12) TALQa([x1, x1 (1+xD)]* x [x2, xa (1 4 x7)]P7) = 10 2 e

Moreover, we assume that for some positive constant c3, b3, ¢4, b4 > 0 such that

Eg,[02( min 2 =x)] < e for small x,
Sl

(13)
EﬁA[QZ( max A; > X)] < e~ for large x.

1<i<D

REMARK 5. One can view the partial location-scale mixture as a special instance of the
hybrid location-scale mixture defined above: take Q- to be the Dirac mass at a value A where
A ~Tlx.

Conditions (12) and (13) are in particular satisfied if Q> comes from a Dirichlet process.
More precisely, if O is of the form

D
Q2(dA) =[] Qo(dx))  with Qo ~ DP(BHj),
i=1
with B > 0, then (12) and (13) are satisfied for reasonable choices of probability distributions
H, on R . We show in the next proposition that this is in particular true when H, is a square-
root- inverse Gamma.

PROPOSITION 2.4. Assume that Q> = QSZ)D where Qo ~ DP(BH,), where B > 0 and
H,. has density h), verifying

—con—1/4 —c3ah3 _canba
e A :ﬂ-)\flshk()\)se c3A e CqA :

then conditions (12) and (13) are satisfied.

A proof of Proposition 2.4 can be found in [8], Section S2.3. For instance, if A!/# follows
an inverse Gamma truncated on [0, R] for arbitrarily large R under H,, then Proposition 2.4
holds.

REMARK 6. Although the conditions on the prior, (11) and (12), depend on d, they are
1/4

i

satisfies for all d by setting d = 1 and in particular they are verified for all d > 1 if A
follow an inverse Gamma under the base measure, which is agnostic to d.

3. Main results.
3.1. Posterior contraction rates. Recall that X1,..., X, is an n sample drawn from a

distribution Py with density fo. Recall that fo = fo , might depend on n, but that all the
constants appearing in the subsequent conditions do not. This density is concentrated around
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a submanifold M, with a a given smoothness By along the manifold and a typically much
larger smoothness 8 along the normal spaces. More precisely, we will assume:

e Conditions on M the submanifold M is of dimension d and has a reach greater than 7 > 0.

Furthermore, there exists By > 4 and Cp > 0 such that W, € Hl’i’g Vxo» Cm), Yxo € M.
In particular, M also satisfies (4).

e Conditions on fy: the density fjisin ’H(Sﬂo’ﬁ +(M, L) with § = §,, < t/2. Furthermore, there
exists cs, k > 0,

(14) fox) <e s vy e RP,
and for some w > 68 and Cy < 00,
DX . w/{k,a) _ L w/B
(15) / D Jxos fsxo<Co and 2021 fsx < Co
WxO,S fx0,8 WxO,E fx0,5

for all § small, xo € M and all 0 < (k, &) < . Recall that the quantities « and 8 are defined
through Bo and B through (5).

In the rest of this paper the symbols ~~, < and 2 denote equalities or inequalities up to
a constant depending on D, d, t, By, Cum, Bo, BL and all the other constants appearing in
conditions (9) to (15).

THEOREM 3.1. Let X1,..., X, be a n-sample from fy satisfying (14) and (15) with
w>68+ 2B+ D)(D—d)log(1/8)/logn and that By < B1 < By —4. Consider the partial
location scale mixture or the hybrid location scale mixture prior [either the mixture of finite
mixtures or the Dirichlet process mixture] satisfying the conditions displayed in Table 1.

Then, under the conditions stated above,

ES[TI(du(fp. fo) = &n | Xn)] =o0(1),

where

1 __B_
(16) gnzlogpnx{il)\/n 2ﬁ+D},
Vné2o-aL

with p > 0 depending on D, k and B, and where we recall that B, ag and a | are defined
through (5).

A few remarks are in order.

REMARK 7. Note that the conditions regarding the prior IT do not involve M, §, L, B, or
7: they are regarded as unknown in this framework. Also, while the conditions (11) or (12)
involve the intrinsic dimension d, one can always choose I1 independent of d and satisfying
these two conditions for all 4 > 1, as noted in Remark 6. Hence, the Bayesian procedure is
fully adaptive.

REMARK 8. The rates obtained in Theorem 3.1 are minimax (up to a logn term) as
soon as § = n~Quo—al)/2p+D) .— 5 (Bo, BL). To see this, note that the case of densities
concentrating near the linear subspace spanned by the d first vectors of the canonical basis of
RP, described as

Fiin(8) := { f5(x) = f(x1,x2/8)/8P74, f e HE U, R)},

where x| € R, xy € RP —d are restricted to a compact subset U of R? isa special case of
the assumption (14). Even if § = §, = o(1), the minimax rate for estimating, in L norm,
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densities belonging to Fiin(8) is bounded from below by n~#/(#+D) This is a consequence

of fact that for two densities fs5 1 and fs.2, || fs.1 — fs.21l1 = || f1.1 — f1,21l1 1s independent of &
and a look at the construction of the lower bound in [32] — proof of Theorem 4 (ii) for p =1,
r=(00,...,00),s =00 and # = 1 (tail dominance from (14)) — shows that the lower bound

is not impacted by §. Obviously the result would be different if other metrics, such as the L,
norm were considered. However these distances, being non transformation invariant, are less
natural in the context of density estimation. Hence, at least when 8 2 8, (8o, 1) the rate ¢,
is the minimax estimation rate (up to a logn term).

REMARK 9 (Relations to existing results). The result of Theorem 3.1 is in line with the
many existing results regarding Bayesian multivariate density estimation, as in [12, 28, 29,
41, 60], and extends them in this new near manifold framework. We illustrate these extensions
with simple cases and examples below.

e Linear case: As explained above, the case where M is a linear subspace spanned by vectors
of the canonical basis of R? and where 8§ is constant (not going to zero) recovers the
classical Euclidean anisotropic setting and our result thus encompasses in particular those
of [60] regarding the Bayesian estimation of multivariate, anisotropic Holder densities.
The rates we obtain are the same and are minimax up to logarithmic factors. The technical
assumptions we do are roughly identical to theirs — although in our context, the regularity
vectors can only take two values By and 8 because of the geometry of the problem. The
linear anisotropic case with regularity taking more than 2 values can be treated similarly to
what we have done in Theorem 3.4, thus extending the results of [60] to linear anisotropy
along different axes than the canonical basis.

e Isotropic case When By = B = B, the density fo is globally B-Holder on R”, and the
general results of [60] would also apply in that case. However, because fy has magnitude
8~ (P=d in a tubular neighborhood of size 8, its f-Holder norm is of order §~(P=4+A),
This yields a rate of order

1

b
T 3BD
sD—d+p " .

The rate we find in Theorem 3.1 is:
1

/néP

which is always better if the density is sufficiently smooth, that is, 8 > (d — D/2)4, or
for § not too small otherwise, that is, § > n—P/ (2B+D)(2d—D=2B)) That is because our
procedure takes advantage of the geometry of the problem in this context.

e Fixed width case: The case where § > 0 is fixed and do not go to zero has been investi-
gated by [49] using Fisher—Gaussian mixtures. However, little theoretical results or rates
are derived as they were not interested in providing a general model for such densities.
This case encompasses many natural situations such as for instance, the ones considered
in [13] where the data can be naturally described using spherical coordinates with an un-
known center point. Diverging width case: The case where § — oo implies in particular
that the reach of M becomes infinite, which can only be the case if M is an affine sub-
space of RP | as the reach lower-bounds the minimal radius of curvature of M. We thus fall
back in the Linear case described at the beginning of this remark. In this case, there is no
need to rescale with § to define the smoothness class and we can consider the alternative
smoothness class HP0-#L (M, L) of function f : RP — R verifying f o W € Hfr?’l(M, L)
where W is the rotation aligning with M, M L. Notice however that our functional classes,
as defined in Definition 2.2, becomes trivial for § = oo, and one would need to threshold

__B
v n 28+D
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FIG. 3.  (Left) An example of smooth submanifolds with a reach constrained to be greater than t and (Right)
a finite union of such manifolds. Both subsets are admissible as (near) supports for a density fo satisfying the
contraction rates displayed Proposition 3.2.

at 8 = log’ n to use this definition, where  is driven by the exponential tail of the density,
thus losing logarithmic terms in the final contraction rate. It is therefore more interesting
in this case to use the alternative class HP-PL (M, L).

e Decaying width case: Finally, the case where § = §,, — 0 is, to our knowledge, new and
the rate we obtain, in its dependence to §,,, does not relate to any rate that we know of.

REMARK 10. Because the approximation results of Section 3.2 are stable under finite
mixtures, so do the results of Theorem 3.1. In particular, the support of fy can be a finite
union of vicinity of submanifolds M; with arbitrary intersections and with each M; fulfilling
(3); see Figure 3 for a diagram of such a situation. Hence, the assumption on the lower bound
on the reach can be significantly weakened, as shown in the following proposition.

PROPOSITION 3.2.  Assume that there exist M j, j < J smooth manifolds with dimensions
dj, j < J and verifying the conditions on M ; assume that there exist probability densities fo,;
J < J verifying assumptions (14) and (15) with respect to (Bo;j, BL ;) and poj > 0, j < J such
that 3 ; poj = 1. Then under the hybrid location scale mixture prior satisfying the conditions
displayed in Table 1,

ES[T1(du(fp, fo) = en | Xn)] =o0(1), where

1 __Pi
en ~logf n x max{i v itP }
J _ D
ZO‘Oj_aJ_j
J
If in addition for all j, (d;, Boj, BLj,d;) = (d, Bo, BL,d) then the above result holds also

true under the partial location scale mixture prior.

Proposition 3.2 is a direct consequence of the proof of Theorem 5.1 and of the fact that
with KL(fo. f) = Po(log(fo/f)) and f = 37_, po; [},

J
KL(fo, f) =< ZPOjKL(ij, i)
j=1

see Section 5 for more details.

The case of collections of manifolds has also been considered in [38], who bound the
variance term of a Kernel estimator, in sup norm, under a condition on the support which
include unions of manifolds.

We consider such an example in the simulations of Section 4. Interestingly, to allow for
different By, or different d; across i =1,..., N, we need to consider the hybrid location—
scale prior, since we need to allow for different Ay, 5,, fori =1, ..., N in the approximation
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theory presented in Theorem 3.4. We stress here that the accuracy of the density estimation
does not decrease near the intersections. It is possible that locally better rates can be achieved
(depending on B;, d;, §; in particular, however, deriving local rates is much harder than
global Hellinger or L rates (see [56]) and is beyond the scope of this paper.

REMARK 11. The case where ] is infinite is particularly of interest. Then, 8 — DBy/d,
ag — D/d, ay — 0 and the rate ¢, becomes, up to logn terms

1 _Bo

vn 2P+ ,
,/ngd/z

which is, when § is not too small (i.e., § 2 n—2/ (2ﬂ0+d)), the minimax rate for estimating a
Bo Holder density in RY. Here, again, the strength of our result lies in that the manifold (and
thus the support of fj) is unknown and the prior depends neither on B nor on § or d (or M).

Assumptions (14) and (15) are common assumptions in density estimation based on mix-
tures of Gaussians; see, for instance, [41] or [60] for the Bayesian approaches and [46] for
the frequentist approaches. They are rather weak asssumptions. The difficulty with (15) is
that it is expressed on fxo’ s, which is natural in our context since the smoothness assumption
on fo is expressed in terms of fxo,(; , but is not so intuitive. However, a careful examination of
(15) shows that this assumption is for instance implied by the stronger, but chart-independent

assumption:
L(x) )“*
LArs) awar=a.

for some large w*. Moreover, to understand better what (15) means in terms of fj, we illus-
trate it in our archetypal model where fj is the density of X =Y + §& as in Proposition 2.3.
We then have the following result.

LEMMA 3.3.  Under the conditions of Proposition 2.3 and if

Lo(x) )% Li(n)
/M{f*(x)} Sox) dpa(x) <00 and B(o,n{K(n)

for some wy large. Then (15) is satisfied in both the orthonormal noise model and in the
isotropic noise model.

} *K(n)dn < 00,

The proof of Lemma 3.3 can be found in [8], Section S2.2. Note that the conditions in
Lemma 3.3 are fulfilled by a number of natural kernels or densities such as K(n) =~ (1 —
InI%); and L~ (1= [Ip)) " with large p or K (n) ~ exp(=(1 = [lx|)3") and L1 () ~
(1 — |InlI®>)~Pm K (n); see [8], Lemma S1.4, for further details.

3.2. Approximating M-anisotropic densities. Theorem 3.1 is proved using the approach
of [28], with a control on the prior mass of Kullback-Leibler neighbourhoods of f and on the
entropy of the support of the prior. The main difficulty in our setup is in proving the Kullback-
Leibler prior mass condition. To do so, we need to construct an efficient approximation of f
by mixtures of Gaussian. This construction is of interest in its own as it sheds light on the
behaviour of such mixtures and on the geometry of M-anisotropic densities.

To explain the construction, we denote, for any x € M*, T, = Ty oM and Ny =
Npr,, (x)yM. We set 82 an orthonormal basis of 7}, Bxl an orthonormal basis of N, and let Oy
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be the matrix of the linear map z — (pry, z, pry, z) from the canonical basis to the concate-
nated basis (BS, BxL). We finally write X (x) = OJ A(%y 5 Ox where

A= oc*1dy 0
0,8 = 0 So1dp_y4) "

Note that X (x) does not depends on the choice of the bases Bg and Bxl since for any or-
thonormal basis change P that preserves 7y (whence N,), one has PTA(,’(SP = Ag,s. For
any function f : RP — R, we define

Kef@)i= [ gz —0f0dy.

where we recall that ¢x(y) is the density of a centered Gaussian with variance X(y). The
idea behind the construction of the approximation of fy by a mixture of Gaussians is to show
that Ky, fo(x) is close to f and then to define a perturbation fj of fo such that Ky, f1(x) —
Jox) = O(L(x)cP). Compared to the construction proposed by [41] in the univariate case
or [60] in the multivariate case where Ky, f = ¢y * f, in our construction X varies with the
location y. Note that in particular | ¢x(y)(x —y) dy may be different from 1. This dependence
in y is crucial to adapt to the geometry of the manifold but considerably complicates the proof
as the underlying kernel integral operator can no longer be written as a convolution. We first
show that fj can be efficiently approximated pointwise.

THEOREM 3.4. Assume that 0,8 < 1, that fy € ?—[?O’m (M, L) satisfies (14) and (15),
that 02%0~%L = o(8) and that the manifold satisfies (3) with Bo < B < By — 4. Then there
exists a function g : RP — R such that, for any H > 0,

|Kzg(x) — fox)| SoPLx)1ye + (Hlog(1/0))?* o™ | Ll Vx eRP.
The function g has the form
1 J _
g() =do(x.0.8) fo(x) + <55 Yo %M N d(x,0,8) D];(Xij)xj,,g(Zj,x),
O<(k,a)<p j=1

where 7, 1= Al_’(ls\i’x_jl (x), where (x ) j<y is a partition of unity, defined in 8], Section §3.1,
of the set M™ N B(0, Ro(log(1/0))!/%) associated with a t/64-packing (xj)j<s of M N
B(0, Ro(log(1/0))'/%) and where d j.k(x,0,8) are smooth and bounded functions depending
on xjand M.

We then establish that the previous bound translates to a control in terms of Hellinger
distance.

COROLLARY 3.5.  In the context of Theorem 3.4, if fo also satisfies (15) and if 0968 =
08P~ and §c** = o(|logo|~'/?), the probability density h 8lg>fo2 + fo/2Lg< o2
verifies

(17) du(Ksh, g)> <o |logo|0P+D/x.

Theorem 3.4 is proven in Section 5.2 while the proof of Corollary 3.5, which appears to
be a nontrivial consequence of Theorem 3.4, is delayed to [8], Section S3.1.
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FI1G. 4. (First column) We observe n = 300 points drawn under Py for the 2D-spiral with § = 0.1 (Top row) and
6 = 0.01 (Bottom row). We then sample the same amount of points using the Gibbs sampler with (Second column)
Inverse-Wishart prior, (Third column) model (18) with b; = 1, (Forth column) model (18) with b; = 0.001 and
(Fifth column) model (18) with the exponential hyperprior on b ;. Finally, we used in (Sixth column) the approxi-
mate MAP distribution.

4. Numerical experiments. In this section we present some implementations and visual
results of the location-scale mixtures of Section 2.3. The aim of this section is to illustrate
the ability of the aforementioned priors to describe in a relevant way data that can be very
singular. More precisely, we consider the hierarchical model:

n
Oy | (i Oy, A~ QN (i, 0;AOT)  with A =diag(r1, ..., Ap),
i=1

(18) (i, ON)i—y | P~ P®", P ~DP(aPy), Po=N(|po, To) ® Unif(O(D))

D D
AN BNy ~QInvT(aj. b)), (b)P; ~ Q) Explk;).
Jj=1 j=1
We set in our experiments the value of the hyperparameters as « = 1, a; = k; = 1 for all
1 <j<Dandpuy=0, £9= Ip. Alternatively, we also consider the previous model with the
b;’s being fixed ahead.

We present two different inference approaches: Gibbs sampling (using [51], Algo 8, and
example 5.1 in [30]) and stochastic approximation of the Maximum A Posteriori estimator
(MAP) using the python package pyro [9]. The former is an asymptotically exact MCMC
sampler while the latter is an approximate (but way easier to compute) point estimator. We
refer the reader to the [8], Section S5, for further details of the implementation.

The manifolds we use for the experiments are a 2D spiral, two intersecting circles, a 3D
spiral and a torus; see Figures 4—7. Precise parametrizations are given in [8], Section S5.1. As
for the data generating distributions, we use the additive isotropic noise model (as described

in Proposition 2.3), with noise kernel Kz, (x) oc (1 — ||x ||2)§L, and base densities chosen as

FI1G. 5. Same experiment as in Figure 4 but for the two overlapping circles.
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Density : observed data Density : predicted data Density : observed data Density : predicted data

FI1G. 6. We observe n = 1000 points (blue plots) and sample the same amount through the approximate MAP
distribution (orange plots). The width § is set to (Left two plots) 0.1 and (Right two plots) to 0.01.

follows: we take the uniform distribution for the two-circles and for the torus, whereas for the
2D and 3D spiral, we push forward through the embeddings (described in [8], Section S5.1)
the probability distribution gg, on [0, 1] given by gg,(¢) o (1 — (1 — 2t)/30)]l,€[0,1 21+ (1 —
2t — l)ﬂo“)]lte[l /2,1]- In the experiments, the regularities were set to fp =2 and 81 =6.

We test different values for § and challenge the model (18) for various choices of b;’s
against the conjugate Normal Inverse-Wishart prior on these datasets (for which we choose
to use the R package dirichletprocess [45]). Since the Gibbs sampling algorithm is computa-
tionally very intensive, we compare this algorithm with the much lighter approximate MAP
on the 2-dimensional datasets, with a sample of size n = 300; see Figures 4 and 5.

As seen in these figures, the hierarchical prior (18) seem to perform much better than the
prior with fixed b; (unless these are chosen very carefully) and much better than the Normal
Inverse-Wishart, which is also consistent with the empirical results of [49]. Our theoretical
results together with our empirical results strongly suggest that this conjuguate DP mixture
is suboptimal is this case.

Thanks to the low computational cost of approximating the MAP, we were able to conduct
experiments on 3D datasets, the 3D-spiral and the torus. See Figures 6 and 7.

5. Proofs of the main results.

5.1. Proof of Theorem 3.1. Theorem 3.1 is proved using [28], Theorem 5, which relies
on two things: making sure that the prior probability distribution puts enough mass around
the true density fo (Kullback-Leibler condition), and ensuring that most of its probability
mass is concentrated on a subset of manageable entropy (entropy condition). Notice that [28],
Theorem 35, is expressed for a fixed true distribution Py, but a careful look at the statement
and at the proof of the theorem shows that this results extends straightforwardly to a true
distribution Py, depending on n, as their result is nonasymptotic in nature.

Density : observed data Density : predicted data Density : observed data Density : predicted data

Shono
rofor
=
|
[etr
Shons

FIG. 7. Same experiment as in Figure 6 for the torus with n = 10000 points observed and sampled and with
respectively, (Left two plots) 6 = 0.5 and (Right two plots) § = 0.05.
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PROOF OF THEOREM 3.1. The most challenging part of the proof is the Kullback-Leibler
condition. To verify it we define, for any € > 0,

(19) B(fo, &) = {f RP S R Po(log ?) <&?and Po(logz %) < 82},
and introduce
B B cl/2
Ep:=8%0""L Ap~ 0 and g, := {Tén—mﬂ 1ogf/2(1/5n)} v {8, log* (1/8,)),
n

where s, t and C are introduced in Lemma 5.2. The sequence &, goes to 0 and is such that
5,%“0 < 3’35% so that B( fo, &€, 10g*(1/€,)) C B(fo, en). The control of T1(fp € B(fy, &x))
relies first on Theorem 3.4 which constructs explicitly an approximation of fy by a con-
tinuous location scale mixture of Gaussians Ky f; with f; close to fy and then on a dis-
crete approximation of Ky fi; it is formally stated in Lemma 5.2 below and implies that
T(fp € B(fo.&nlog* (1/2,)) = exp(—C&y */P log! (1/8,)) = exp(—ne?)..

To verify the entropy condition of [28], Theorem 5, we define, for any sequence ¢, going
to 0, F, = Fu(en, Ro, Ho, 00, 01) to be the set of all probability density function fp with
P =3 151 Thdyu, Uy, A, such that

Z Th = &n,

h>H,

Vh < H,,pn € BO,R,) and Vh<H,, A€ Q,=[c2,52]",UycO(D),

-—n’>-n

where R, = exp(Rons,%), H, = LHo(ne,%)/log n|, g% = cfoz(m:%)_l/b3 for some positive con-

stant Ro, Hy and op and where, for some o7 > O:

e G2 =exp(oine2) in the case of the Partial location-scale mixture

=2
n

° = 012 (nsﬁ)l/ b4 in the case of the Hybrid location-scale mixture.

2 > p® for some

We then show in Lemma 5.1 below that IT(F) < exp(—clna,%) as soon as ng; >

w > 0.
We now define, for j = (j,, h < Hy,) € N#n

Fuj={fp € FaIVh < hy, juv/n < llunll < (Gn + D/n}

along with the following refinement:

max; A;
Fnjo:=1fp€Fnjl — n
min; A;

IA

- max; A;
and VL>1, Fpj¢:= {fp € Fuj |n2€ R i AL n2e}

min; A;
In Lemma 5.1 below, we show that for the partial location scale prior

2
S JIFE N (s Fujoes |- 11)e™™0 = o(1);
j.l

while for the hybrid one the same holds true with F, ;.
Hence [28], Theorem 5, implies that the posterior contracts at rate €,, so long as ne,zl > plo
for some #y > 0. We now distinguish three cases. Denoting p = s Vv t/2, there holds:

D
1. If first §2%0—L < n~!, then the results of Theorem 3.1 is trivial and there is nothing to
show (because the contraction rate goes to oo instead of 0);
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_D _._D_ . __B , __5

2. If §?@0—2L >n 26+D then &, =n 2P0 and one easily gets that &, ~n 26D log” n. In

particular, ne2 >3 n" for ty = D/(2f + D).
_D _._D_ _B
3. If finally n~! < 82090 <p~ 2+D  then &, = 801 and log(1/8) > logn so that
__D _D_
ne > Ce P/Plog! (1/8,) 28 201 log' (n) > n2+D,

Finally to understand how ¢, depends on § in this last case, note that by assumption,
log(1/£,) <log(1/8) <log(n) and &, < n~B/B+D) g0 that

én_D/zﬂ 1
<1loo? =l _100P
en Sloghn x { - \Y en} log”n x — e 0

We end this section with the presentations of the technical lemmata that are keys to the
proof of Theorem 3.1.

LEMMA 5.1.  Under assumptions of Table 1, for any sequence €, — 0 such that ne,% >
n', for some w > 0, and for all c; > 0, if Ry, Ho, 012 are large enough and 0‘02 is small
enough, there exists My > 0 such that:

(i) TI(FY) Sexp(—cinel);

(i1) In the case of the partial location-scale prior

_ 2
S VIFEn g ON (e Fagee. |- 1)e M0 = o(1);
IR

(iii) In the case of the hybrid location-scale prior

— Mone>
S JTHE DN (s Foo |l - 1) M0 = o(1).
J

The proof of Lemma 5.1 can be found in [8], Section S4.1. The last elementary brick in
the proof of Theorem 3.1 is the control of the probability of small balls around Py, which is
stated below.

LEMMA 5.2. Let € > 0 and assume that it is small enough so that £200 < §B gL and that
%L < log~!(1/€). Then, in the context of Theorem 3.1, there holds

T(fp € B(fo, ) = exp{—Ce~P/Plog' (1/¢)},

where B( fy, ) is defined in (19), where the constant C depends on the parameters, where
¢ ~¢elog®(1/¢) and with s,t > 0 depending on D, 8 and k.

The complete proof is given in [8], Section S4.2, and is sketched as follow: the first step
is the Hellinger approximation of fo by K as expressed in Corollary 3.5. Then we exhibit
an e-approximation of Kx/ by a discrete location scale mixture with a controlled number of
atoms through the use of Lemma 5.3 below. The result then follows from similar arguments
as in [41, 60] or [50].

LEMMA 5.3. Let ¢ > 0 such that §6** log(1/¢) < 1. For any density g on M? satisfying
(14), there exists a discrete probability measure G on RP with at most N ~ o~ P logD(l/e)
atoms such that

IKsG — Ksglloo S and |KsG — Kxgl SelogP’?(1/¢).

&
O-D5D—d

The atoms of G are in M® and are o*®¢-apart.
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The proof of Lemma 5.3 can be found in [8], Section S4.3. We underline that although it
uses similar ideas to [29], Lem 3.1, it is not a straightforward adaptation of it, since in Ky,
the covariances depend on the locations of the mixture in a complicated way.

5.2. Proof of Theorem 3.4. As explained in Section 3.2 a key ingredient of the proof of
Theorem 3.1 is the pointwise approximation of fy by Kxg where g is close to fy and is
explicited in the proof of Theorem 3.4 below.

PROOF OF THEOREM 3.4. Let xg € M and define

: 2+ 6+ )
W){O = Br,, <0, Y‘L’) x B, (0, i r) for j € {0, 1,2},

and Of, = W, (O%,) for j € {0,1,2}. We have WO c W] c W2 and 09 c O} c 0%
Furthermore, the sets (990 for xo € M forms a covering of M 37/4. see [8], Section S1.3, for
more details.

We now drop the xq from the notation. Let f : R — R be in ’Hf 0.h1 (M, L) and supported
on 0¥ — it is to be thought of as fy multiplied by a smooth function supported on O°. Take
x € O! and compute

Kz f(x):= /RD wz(u)(x—u)f(u)duzf

- Oz (x —u) f(u)du.

We first prove that we can construct a function g such that Ky g is close to f and we then
apply this result to f = fox; with x; the partition of unity defined in [8], Lemma S1.4.
The idea is to use the fact that X (1) = o(1) and the smoothness of u — X (u) so that

Kef0~ [ gz —wfwde~ f ).

We now write down the approximation rigorously and quantify the error, taking into ac-
cound the geometry of the manifold M. In all that follows, we use the notation z = (v, n)
for points belonging to Br,, m(0,7/16) x BNy (0, T/2), while throughout w = (v, dn) €

BT,COM(O, 7/16) x BNXOM(O, 87/2). We first make the change of variable w = U lw), yield-
ing

Kef@= [

ot oo, £E o (= W) f (P (w))|det d¥ ()] duw.

Then, denoting by w, = W~ (x), we write
W=Ass7+ Wy = Aa,éz + Al,52x, Wy = (Vx, 0nx), 2x = (Ux, Nx),

in the integral above, giving

1 B -

— —B5(2x,2)
Q0) K f()= G pmsneg [ o iRz + 208 (Ag sz + wy) dz,
with
1 < 2
BU (Zx, Z) = E ”‘x - \IJ(AU’SZ + wX) H Z_l(\i’(Aa,SZ‘FWx))
and  {(Ag5z + wy) := |det AW (Ay 57 + wy)l,

and where we used the fact that | det X ()| is constantly o282~ for u € M™. Notice that fs
is zero outside of A;ll (WO — 2Zx) so we can replace the latter by Ty M x Ny M =~ RP. We
denote

- - 1 -
K= fsGo) = 5omm f e PG fi(Ag 1z + 20)C (Mg sz + wy) dz.
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We now develop each term separately. First

k
- - Z -
Q) foiztzo= fie) + Y o D )+ R0
=5D—d f(x) O<(k,a)<p "

with RY (zy,2) < DLs(zx)aP |1 v z||’f"""‘ = DSP4L(x)oP|1 v z||’fmax in application of
Corollary A.3. We can thus write

o _ DF f5(zy
22)  Ksfs() = fs@)lo)+ Y %a“"“ﬁk (zx) + RX (),
O<(k,a)<p '

with

Ie(ze) = / B @D (A, 57+ wi)k dz

(27T)D/2

and RY(z,)= /e_B"(ZX’Z);(AG,az +wo) R, (24, 2) dz.

(27)D/2
We will show that:

(i) RX(zy) = 0(c#8P~L(x)) uniformly;

(i1) Forall k, I (zy) € HﬂM—3(WSO, C) for some constant C > 0;

180

(i) Ip(zx) =1+ o(1) uniformly.
If these three assertions holds, then we can recursively define a function g such that
Ksg(x) = fs(x) + 0 (0P Ls(x))

uniformly on x. The recursion goes as follows: we let O = {0 < (k, ) | (k, ) < B} ={q1 <
-+ < gn} and let go = 0 and define

20(zx) = f3(zx)/Io(zx),

q1

1
> P G0 e k2,

81(zx) = go(zx) —
IO(ZX) (k,Ol)ZQ]

tllen using [8], Proposition S2.1, for all (k,«) = q1, Dk(go) € Hfé]_ql/ﬂ)(ékL) for some
Cr > 0 and we apply (22) to g; which leads to

_ _ 1 Dk- .
Ksg1(zo) = fszx) —o? > ED"@O)(zx)Ik(sz > otk D280 s

|
(k,a)y=q1 " q1=<(k,a)<p k!
1 DX (D*(30) Ix) (zx)) <
D RIS — + R (zy),
<k’a>=q1 ) (k/,a></3_41 ’
- D*20(zx)
— fS(Zx) —+ Z G<k’a>%lk(2x)
@ =(k,a)<p ’

1 oy DX (DK (30) 1) (2x)) 5
) X K
ERAP S ID DR k' le@) + Rs (@)
(k,a)=q1 " (K',a)<B—qi

=i+ Y. "M@z + R 2o,
@ =(k,a)<p
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where Iéf (zx) also satisfies (i) above and Ay € an(l_ﬂk/ﬂ)(CL), Br = (k,a) and C > 0. All
in all, g will be of the form

_ _ 1 _
8@ =dozx, 0,0 fe) + 55— D, 0" Vdi(zr, 0,8 D fizo)
O<(k,a)<p

with all di uniformly bounded and dy(zy,0,6) =1+ O (o200 /8). Let us now prove (i),
(i1) and (ii1). There holds

U(Apsz+ wy) =W (vy +0%v) + 8N (vy + %) [y + 0% 1]
= x + 0% dW (v)[v] + 8L N () + 86 AN (v)[v]nx + RY (2. 2).

where, with for s € (0, 1) vy = vy + 50%0V,
R‘I’(zx,z)—amO/ (1 — $)[ W () [vE2] + 8 N (0,) [vE2] (ms + oL 1)] ds

+ 80 T*LAN (v [v]n
= O(ry)Withry := 02%0 + §o®0toL,

The above equation shows that I R;I’ (zx,2) € 7—[1’2’(‘)4 -3 (WY, C) as a function of z,, where C

depends on ||\IJ_||C/3M_1 , uniformly on z. Now notice that in appropriate orthogonal basis, the
differential of ¥ in w, writes

dW(vy) +pry, dN(v)[1(6ny) O
Pry, dN (vy)[1(5nx) N (vx)

so that in particular, |det dW(wy)| = [det{dW (vy) + pry, AN (vx)[-1(6nx)}|. Let now u =
W (Ay.52 + wy). The projection pry, only depends smoothly on dW(vy + o*°v) so that there
R; (zx, v) such that

prr [y1=prr [y] + R (22, v) ()
with

1
RY o)) =0 [ (1 =s)dupry, (013 ds S o™,

and that for all y # 0, |y|~! _“ORT( v)(y) € H P 2(VVO C). This also implies that

1SO

pry, [yl =pry [y]— Rg (x, v)[y]. As aresults, we find that
pry, (4 — x) = 0“0 dW (v)v + 80 pry AN (ve)[v]ny + RY (24, 2)

with r 1RT(x 7)€ %ﬁjg 3(V\/O C) as a function of z,, uniformly in z. Likewise,

pry, (u —x) =80 pry_ dN(vx)[vng + 80N (v)n + RY (zy,2)

with 7, RN (x,2) € Hﬁjg 3(V\/0 () as a function of z,, uniformly in z. All in all, we get that

Bo(2x,2) = lpry, (e —x)|* + Ipry, (u — )|

1
> - 20757
= 5 HAO(ZXa Z)”2 + Rf(zx, 2),
where

(23) Ao (zx,2) = dW(vx)v + dpry, AN (vo)[v]nge + 0% % pry dN(vo)[vlng + N (ve)n,
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and where RB(zx, 2) = O(Fy) with 7y = 0% 4 §o%L 4 2% /(§5*L) = o(1), together with
_1 RB (zx,2) € H P 3(VVO C) as a function of z,, uniformly in z. Finally, let us write that

iso
¢ (wy + Ay 52) = |det AW (wy)| + RS (2. 2)

and where RS (zx, z) 1s (By — 2)-Holder as a function of z,, uniformly in z. Let us now show
that (i) and (ii) holds. We show that if | F(zy, z)| < A||z]|", then

(24) fe—%llAg(ZX,z)ll2|F(Zx’ Z)| dz < AC,

for some constant C, > 0 depending on r and Cy,. To do so, let us notice that A, (x, -) is an
invertible linear map such that spec(A4 (2, -)) = spec(dV¥(wy)) and thus

fe_%||Aa(Zx,Z)||2’F(X, Z)|dZ:A|detA0(Zxa')’_I/De_%nznznAU(Zx")_IZ”rdZ
R

- - 1
— Aldet AT (wy)| ™| d¥ (wy) ! ||gp/ o~ 7 dz
RD

SACV’

where C, depends only on r and Cj;. Using this newly proven (24), we have immediately
that (i) and (ii) holds. For (iii), notice that

1 1 —
00 = Gyor /6_2”A”(Z)"Z)”ze_2R‘1’3(2)"Z)(|det AW (wy)| + RS (zx, 2)) dz
det dW (w |
_ | (2n)l§/2X)| Ao ol g, 4 (2n)D/2/e 2140 @I RI (7 ) dz,

where R! (zy, z) = (e~ 287 Cx2) — 1) det dW (wy)| + e~ 287 G R (24, 2) = o(1) uniformly.
Now there holds

/e—%HAg(zx,Z)Hz dz = 2m)P72[det(dW (w,))| ™ + 0(1),

and using again (24)
1
(27‘()D /2
so that in total Io(x) = 1+ o(1) as expected.
We are now ready to prove Theorem 3.4. We let

R ={Hlog(1/a)}"/*

| 2
/e—2||Ao(zx,z)|| RZ;(Zx’ 2)dz =0(1)

and xi,..., xs be the functions defined at [8], Lemma S1.4, from a 7/64-packing of M N
B(0, R). Recall that we can always chose J of order less than RP. In light of the point (iv)

of [8], Lemma S1.4, the function f; := x; fo is still in ’Hﬂo LM, CL) for some constant C
depending on 7 and B, . Since supp f; C (90 (point (1) of [8], Lemma S1.4), the first part of

this proof yields that there exists some functlons g; supported on Oxj such that

(25) [Ksgj(x) — fj(x)| S L(x)o”
uniformly on (’)] Now notice that for x outside of (’)1 ;o we have d(x, Ogj) > (o9 v
So*L)/(H + D) log(a) so that

H

Keg;(0| = [ lema (e =g 0] du < W/ 2| du S o Z“OPL
*j
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and the equality (25) extends to the whole set RP with the bound o7 ||L||s on RP \ (’)}Cj.

Using the linearity of Ky, we thus find that for g = Z]J':1 gj, and for any x € RP, there
holds,

J
|Kzg(x) — fo)| < D |Ksgj(x) — fi(x)]

j=1

< Y |Kzgi@) = fi®|+ Y |Ksgi)]

jel(x) JET (@)
ST x Lx)o? + (T = [7(x)|) x oL ||
<SP L)+ {Hlog(1/0)} P o1 || Ll oo,

where we denoted J(x) ={l <j<J |x € O)lfi }, and used the fact that J (x) is bounded from
above by something depending on D and t only, ending the proof. [J

6. Discussion. With the aim of developing Bayesian procedures in the framework of
manifold learning, we exhibited a new family of priors based on location-scales of Dirichlet
mixture of Gaussians, and described a general setting for studying density supported near
a submanifold. The latter relies on two things: first, a parametrization of the offset of the
manifold and second, an anisotropic class of Holder functions. In this model, we obtained
concentration rates in Theorem 3.1 for the associated posterior distribution that are adaptive
to the regularity of the underlying density while being totally agnostic of the underlying
submanifolds and their main features. Our procedure is therefore fully adaptive.

An interesting feature of our theoretical framework is that it allows to express the rate in
terms of the smoothnesses of the density and the manifold together with the thickness & of
the support around the manifold. When 4 is fixed, our results can be viewed as an extension
of minimax rates for regular anisotropic densities to manifold driven anisotropic densities.
But we are also considering the regime where § = o(1) which corresponds to the manifold
learning problem. The rates obtained in Theorem 3.1 have two regimes: one when § is not too
small with rate n=#/B+D) (up to logn terms) and the concentrated regime where 8 is very
small (8 = o(n=%/2A+D)Y)) where we obtain the rate (n82/2~*0))=1/2 Tt is not clear if this
latter rate is optimal or not. The case § = 0 would correspond to the observations belonging to
the manifold M (and for which we would expect the rate n—£0/(2o+4)) byt cannot be thought
as a limiting case of our problem since then the distribution has density with respect to the
Hausdorff measure on M and not with respect to the Lebesgue measure on R”. When M
is unknown the model is not dominated and our approach is not applicable. The problem of
posterior contraction rates when the distribution lives on an unknown manifold remains open,
although some interesting ideas in [61] or [11] could be used to address it.

An important special case of our framework is the deconvolution model as defined in
(i1) of Proposition 2.3. For such a model, our results address the problem of the predictive
density of the observations, which is the direct problem. Other quantities are also of interest
in deconvolution models, such as the distribution of the unobserved signal or the underlying
manifold M. These are important question and we believe that our framework can be used as
a first step to answer these questions, possibly using inversion inequalities as in [57]

Another interesting output of our results is that if nonparametric mixtures of normal densi-
ties define a versatile and flexible model for smooth densities, the structure of the prior on the
mixing distribution is crucial. In this paper we propose two classes of priors which we believe
enjoy many strong theoretical properties while remaining reasonably simple to implement.
Moreover variational Bayes algorithms can be easily implemented and for which the same
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theoretical guarantees hold. Moreover, in order to make the MCMC algorithm more scalable
to the dimension D and to the number of observations n, we could use a variant based on
parallel computing for Dirichlet process mixtures (see, for instance, [47]). It is quite possible
that other nonparametric mixture models such as the Fisher—Gaussian kernels of [49] would
enjoy the same theoretical guarantees and we believe that our approximation result can be
useful to study the theoretical properties of mixtures of Fisher—Gaussian kernels which are
strongly related to Gaussian kernels.

APPENDIX: SOME FACTS ON SUBMANIFOLDS WITH BOUNDED REACH

A.1. The geometry of submanifolds with bounded reach. The reach g of a closed
subset K C R?, initially introduced by [22], Def 4.1 p. 432, is the supremum of all the r > 0
such that the orthogonal projection from the r-offset K" = {x € R? | d(x, K) <r} to K is
well-defined, namely

Tk :=sup{r>0|Vx e K",Vy,ze K, d(x,K)=|x—yl|l=|x—z||l = y=2z]}.

When the reach of a closed submanifold M C R? is bounded away from zero, M enjoys
a number useful properties, that we list and prove below. In all the results stated hereafter,
the reach of M is bounded from below by some 7 > 0. Lemma A.1 provide already existing
results from the literature, sometimes slightly rephrased to better suit our needs. We start
off with a control of the exponential map over submanifold with bounded curvature together
with a comparison between the intrinsic distance on M, denoted by dj; (-, -), and the ambient
Euclidean distance. Recall that for any x,y € M, dy/(x, y) is the infimum of the length of
all continuous path between x and y in M and if x and y are in two separate path-connected
components, then dys(x, y) = oo.

LEMMA A.1. The following facts hold true:

(1) For any x € M, the exponential map exp, is a diffeomorphism from Bty (0, wT) to
expx{BTxoM(O, 1)}
(1) It is double Lipschitz from B,y (0, T/4) to its image with

11 21
(26) VYo, weBrm(0,7/4), —|v—w| <|exp,(v) —exp,(w)| < Rllv —w.

16
(1) Lettingk 1y — 2(1 — /1 —=y)/yv. If |lx — y|| <yt /2 withy <1, then
(27) [x =yl =dm(x,y) =« (@)lx = yl.
(iv) Finally, if ||x — y|| < t/2, there holds
du(x,y) 2
(28) I pre, pm —Prr,m lop< ——— =< ;HX =yl

PROOF. The first result on exp, is an application of [2], Theorem 1.3. For (ii), denoting
Ry (v) =exp,(v) —x — v, there holds that

5
||exp, (v) — exp, (W) | — lv — w||| < | Ry (v) — Re(w)| < el —wl

where we used [1], Lem 1. Finally (iii) comes from the monotonicity of « and [53], Prp 6.3,
and using [10], Lem 6, there holds || Pr7 M — PI7, M lop < dm(x,y)/T, which, together with
(ii1) for y =1, leads to (iv). [

We now wish to define the parametrization of the 7 /2-offset of M that we introduced in
Section 2.2. This requires to identify in a nonambiguous way every normal fiber N, M to the
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base fiber Ny M for x in the vicinity of xo. A natural way to do that would be to use parallel
transport, and define

Ny (v, n) =1, (1),

where 1, : NyyM — Nexpxo(v)M is the parallel transport along the path y (s) := eXPy, (V).
We refer to [43], Section 4, for a formal introduction to parallel transport.

In order to make things more comprehensible for the reader who is unfamiliar with parallel
transports, and in order to have clear and quantitative controls and the quantity at stake, we
suggest another, more elementary approach. We assert that the two approaches yields similar
regularity classes as introduced in Section 2.2. We start off with a few notations. For a matrix
AeRP*D and 1 <k < D, we let V;, (A) be the vector space spanned by the first k columns
of A. We denote by Norm : x — x/||x||. We let

G:GL(D,R)— O(D,R)

be the Gram-Schmidt process, defined recursively on the columns of any invertible matrix
A=(A1,...,Ap) as G(A) = (Gi(A), ..., Gp(A)) with

Gi1(A) :=Norm(A;) and VI<j<D-1,

Gj+1(A) :=Norm(Gj11(A)) where Gi11(A) :=Aj11— > (Aj+1,Gi(A)Gi(A).

l<i<j

Because G is such that Vi (A) = Vi (G(A)) for every 1 <k < D, there holds that Grr1(A) =
Pry, (ayt (Ak+1)s and that G;(A) is thus non zero everywhere, so that G is a well-defined,

smooth application. In order to bound its derivatives, we need to control how Gy, is far away
from zero. We introduce

GLo(D,R):={A € GL(D,R) | d(Axs1. Vi(A)) > e V1 <k < D},

so that [|Gr(A)|| > & for every k and any A € GL.(D,R), and thus straightforwardly all the
derivatives, up to any order, of G are bounded on GL.(D,R). We let By be an arbitrary
basis of Ty,M, B be an arbitrary basis of Ny,M and let B = (By, B ). We define, for v €
BTxOM(O’ 7/4), Axy(B,v) := (dWy,(v)[Bol, B1). Note that since Wy, is a diffeomorphism,
there holds

(29) Vi (Axo (B, v)) = VeCt(d\IJxO (U)[BQ]) = T\yxo(v)M.
Set
NE(w, ) =G(AxB. 0[], W, n) =) +NE @, n).

We show in Lemma A.2 that N )ff) and \ilg) are well defined and smooth, which combined with
(29) yields in particular that N)ff) (v, ) is an isometry between N,,M and Nq,XO(U)M .

LEMMA A.2. Foranyv € BTXOM(O, 7/4), there holds that Ay,(B,v) € GL¢(D, R) with
By —

5o I(BTxOM(Oa 1), C) for some con-

e = 1/24. Consequently, the map v — Nﬁ) (v,-)isin H
stant Cyy, T, By and D (and not on B). _
Moreover for any basis B, it holds that | det dwB (v, n)| > (3/16)d for any v € BTXOM(Oa

X
v/4) and n € By, 1 (0, 7/2). ’

The proof of Lemma A.2 can be found in [8], Section S1.1. An important feature of the
parametrizations lflﬁ) is that the subsequent Holder classes as defined in Definition 2.2 do not
depend, up to a universal constant, on the choice of the collection of basis (By,)x,em, nor on
the choice of the parametrisation. This is shown in [8], Section S1.2.



2108 C. BERENFELD, P. ROSA AND J. ROUSSEAU

A.2. Taylor expansion of M-anisotropic Holder functions. In this section, we derive
a Taylor expansion for manifold-anisotropic Holder functions. Recall from Section 3 that for

any 0,8 > 0,
A= o 1d, 0
o=\ 0 Sa® 1dp_4) "

COROLLARY A3. Let f € Hfo’m (M, L). Then, for any xo € M, any w € W), s, and
any z € TyyM x Ny,M such that w + Ay 12 € Wy, s, there holds

Fros(W+ Ag12) = fro.s(w) + o ke Dkfa (W) + R(w, 2),
k!
O<(k,a)<pB

where the remainder R satisfies the following bound:

IR(w, )| < DP |1 vz Ly, 5(w).

PROOF OF COROLLARY A.3. Simply applying [8], Proposition S2.2, to fy,.5 yields

_ _ (Ao12)* -
frosw+ Ag12) = fros(w)+ Y j{—, D* fs.xo (W) + Ryy s (w, w + Ag,12),
O<(k,a)<p :
where Ry, s(w, Ay, 12) satisfies
|A 1Z| Blka)
|Ryps(w, w+ Ao, 12)| < Lyys(w) > =z Z!(Aa lzm

B—amax<(k,a)<pB

|Z| foite
“Lost F ey
B—amax=<(k,0) <8

< DoP Ly s(w)|1vz|fm=,

where we used the fact that k; + %’j“) <PBj<PBmaxforany 1 <j<D. [
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SUPPLEMENTARY MATERIAL

Supplementary Material to “Estimating a density near an unknown manifold:
A Bayesian nonparametric approach” (DOI: 10.1214/24-A0S2423SUPP; .pdf). In the
supplementary material [8], we present further technical results regarding the geometric
framework and general anisotropic Holder functions. We also provide intermediary results
and proofs leading to the proofs of Theorems 3.1 and 3.4. The supplement ends with details
on the numerical experiments carried in this paper.
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In this supplement, we present further technical results regarding the geo-
metric framework and general anisotropic Holder functions. We also provide
intermediary results and proofs leading to the proofs of Theorems 3.1 and 3.4.
The supplementary ends with details on the numerical experiments carried in
the main manuscript.

S1. Additional results and proofs on the geometry of submanifolds.
S1.1. Proof of Lemma A.2.

PROOF OF LEMMA A.2. First notice that for d <k < D —1 and v € B, 1/(0,7/4), there
holds, letting A = A, (B,v), and because of (29) and the fact that B, is an orthonormal
frame of N, M,

d(Ag+1, Vi(4)) =d(Agr, Tw, ()M ) 2 1= | pre, ar “PIT, (WM lop > 3/4

where we used (28). Now we let 1 <k <d -1 and let V(A) ={0}. Letting @ = (Ay,...,4y),
here holds that

d-1

[Td(Aks1,Vi(A))* =det Q"Q = det AWy, (v)T ATy, (v).

k=0
Using [1, Lem 1], it holds || AWy, (v) = ¢[op <5/16 for veBr, as(0,7/4) where ¢ : Ty M —
RP is the inclusion so that for any h € T,,, M, | d¥,, (v)[h]] > (1-5/16)|h| = 11/16|A|. In
particular det ¥, (v)"d¥,, (v) > (11/16)%?. Since now

(g1, Vie(A))? < | Apa |7 <[ W4, (0) 5, < (21/16)?
there holds that for any 1<k <d,
d(Ags1, Vie(A))? > (16/21)%4(11/16)% > (11/21)% > 1/2%.
Using that the Gram-Schmidt transform is smooth on GL.(D,R) with € = 1/2% and Propo-
sition S2.7, we obtain that the map v — Nf;(v, -) is in ’H.ﬁM*l(BTmM(O,T), ).

180

Also, in B and in orthonormal bases of Ty, (,)M and Ny, (.), the Jacobian of \Tli (v,m)
write

d‘I’xO(U) +prT\pr(u)MOd”N£)(v’n) 0
PrN, oM o LNz (v,m) - Ny (v,)

so that [det AU (v, )| = |det {dW,, (v) + prp,

proof that |d¥, (v)|lop > 11/16. Furthermore, using (28), we find that for any small w €

M OduN(U,U)H- We saw earlier in the



2
Tnga

Ipre, o, AN (0 +wm) = NG (vm | = (oer, (= Prr, )N (0w, )

| w

H
<—|nl,
.

Z

| dWa (0)[R]+pre, (a0 doN (0,m)[A]]op 2 (11/16 = 1/2)[h] 2 3/16]2] and thus

and consequently |pry, ody N2 (v,m)|op < [n|/7 < 1/2. Thus, for any h e T, M,

|det d¥Z (v,n)|> (3/16)".
O

S1.2. Stability by a change of basis. 'We now show that a change of basis does not inter-
fere with the anisotropic regularity of a map seen through \Iffi .

LEMMA S1.1.  For any orthonormal basis B' = (B, B') subordinated to T, M and
Ny, M, and for any 6 > 0, it holds that

(SD (B8 ) oW s(v,m) = (v,Cp.pr(v)n)

where Cp p/ is independent of § and is in Hii‘j—l(BTmM(O,T),C) for some constant C

depending on Cyy, T, Bpr and D (and not on B and B’).

PROOF. Short and simple computations shows that Cp p/(v) := Nfﬂ (U,-)TNg(U,-) )
that an application of Lemma A.2 with Proposition S2.6 immediately yields the result.  [J

COROLLARY S1.2.  In the context of Subsection 2.2, assume that 5y < B, < Bpr — 1. Then,
there exists a constant C depending on Cyy, T, Bar and D such that, if there exists a basis B
such that f o \Iji,é € HEH(WIM, L§)75), then, for any other orthonormal basis B’, f o \115076 €

Haﬁn(on,zﬁa CLfO/’(;).

PROOF. Using the lemma above, there holds
fo \i/foﬁ =fo ‘i’fo,é(% Cpp(v)n)=fo ‘I’fo,a o J(v,n)

where J is defined through (S1). We denote for short /5 = f o \Tlg s [B=fo \Iffo' 5 so that

fB" = B o J. Taking (k, @) < 8 and using the multivariate Faa di Bruno formula [3], we find
that D¥ fB "is a sum of products of the form

Dg(fB) o J x H(Dk(j)J)g(j)

subject to €] < [k[, 3, ¢G) = ¢ and > |0k = & with kU + 0. Now notice that (Dk(j)J)Z- =
0 for 1 <% <d as soon as kfj )£0. Fora configuration of £,¢) and k() such that the above
product is not zero, there thus holds

ol = 32161 = S 191 < 3 16 NIES) < kol
j k‘J(_j):O k£j>:0

which, together with |¢| < |k and g > o, yields that (¢, ) < (k,a) whenever the above
product is non zero. We conclude with a telescopic argument with Lemma S1.1. O
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More generally, as noted in Remark 2 the definition of ’H? 0:8s (M, L) through the construc-
tion given in Appendix A does not depend on the choice of ¥, as long as the parametrization
W, is By regular.

PROPOSITION S1.3.  Let (V) )y,enr be a set of parametrizations of M satisfying V', €
H P (Viy,Car) for all xo € M. Let By < 3, < Bar — 3. We let ¥ and W' be the extensions of

1SO

U and V' constructed in Appendix A. Then ’H?""BL(M, L,0)c ’H?”Bl (M,CL, V") for some
C >0 depending on By, 5., D and Cy;.

PROOF. Let f € H’B"’BL(M L, ) and zg € M. We need to prove that §°~%f o Ul e
Han(on 5,(5D dL [} \Ifl 6) We have 6D df o \I/; 5= fxoé © [\I/ O\I/; (5] fﬂco,
Tz, Where we have deﬁned Tro,8 = \Ifxi ° \I’;O s- By proposition S2.7 we find that

To.5 € Hiﬁj I(Wx075,CK/[) for some C'j; > 0. Moreover by assumption we have fxmg €

HES *(Way.6+ Lay.5), and 7, 5 can be expressed as
Tags(v,7) = (W50 0 W (), 6N, (W0 0 Wy (v),) ™ (AN, (W) 0 Wy (v),7)))
-+ D o)

With 7 e HO (V. C) and 7 e 1! (B, 1 (0,7/26),C) for some C > 0. What is
crucial here is that 7(!) takes only v as argument, which implies that for every multi-index k
such that (k, ) < /3, the partial derivative DF ( fz(J 50 Tay, 5) exists and is a linear combination
of terms of the form
_ 14 )
Dﬁfwoﬁ(’rxoﬁ) H (Dri 7_90075)(1
i=1

where |(| < k|, ({,a) < B, r1,...,7)0 € NP, q1,.--,qq €N, and Y2 Irilai = |¢]. Since the
derivatives of 7, 5 are bounded this implies that for some C' >0 we have

ID¥ (f20.5© Tao,5)| € CLigg 5 © Ta 5= C6V L0 W,

Moreover, for every § — amax < (k, ) < 5 and every z,y € W,, 5, as above we can upper
bound |D* ( fz,5 © a6 ) () = D¥ (f20.,6 © Te,5) (¥)| by a linear combination of terms of the
forms

_ _ 4|
(S2) D fro.5(Tao.6(2)) = D frg (T s ()] % [TI(D"72.6)% ()]
i=1
and
4 _
(S3) H(D’” Tuo,8) " () = H(DT Ta:8) " ()] % D! Fio,6(T20.6) ()]

The functions (D" 7., 5)% are in p Pt (BNIOM (0,7/26), C’) by Proposition S2.6 for some

1SO
C >0. Hence, as 8py —1>3, +2>1 and |D£fx075(7'x075(90))| < Ly, 5(72,,5(2)) the term in
(S3) is bounded by a multiple of

1 B—{k,cx)

D D
sP=r o UL s(@) x Y Ja -yl < P o L s@)x Y |-y N
i=1 =1



4

Whereas since (D"'7,, 5)% are bounded and 7,, s is Lipschitz, the term in (S2) is upper
bounded by a multiple of

B—(k,cx)

D
D’ Fro.5(Ta0.5 () = D frg (a5 (U))| € Ly 6(Ta.5(2)) Z; Imi(x) = 7 (y)|

As noticed above, only ()< are involved in the computation of (7;(z));<4. Hence, using
in addition that 7, s is Lipschitz and that «; = o for every i < d, we have

d d
1 B=tkea) LA B=tkea)
Ylri(@) () Sy i
i=1 1=1
Moreover since for every ¢ > d we have «; = a; < ag, there holds
(pBtke) D L p B=tk)
Z|gi($)—gi(y)| N e SZ|xi—yi| Med
i>d i=1

which ends the proof. ]

S1.3. Partitions of unity and packings. The approximation result uses a particular cov-
ering of an offset of the manifold M, which we describe here. Take zo € M and define

' 94 .
W/ :=Brp (0, lr) x By (0, 6lv-) for j€{0,1,2},
0 o 16 o 8
and O}, =0, (O1,) for j€{0,1,2}. We have
W2 cWi cWz2 and O) cO) cO2.

Furthermore, the sets (’)g0 for g € M forms a covering of M>37/4. See Figure S1 for an
illustration of these open sets.

' N, M ' .’
M Ny M
T,,M ' @
we,
1'\',“ P
L4
L4

1
1
1 I
’
Fig S1: A visual representation of the sets used in the proof of Section 3.

In what follows, we will need the notion of packing. An e-packing of a subset A c R” is
aset {y1,...,ys} of points of A such that |z; — x| > ¢ for any 1 <¢# j <.J and such that
no set of J + 1 points has this property. We denote by pk(.A4,¢) := J the e-packing number of
A. By maximality of J, it is straightforward to see that a A is covered by the union of the
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balls B(xj,e). Furthermore, the balls B(x;,&/2) must be disjoint by definition of a packing
so that

pk(A,e)XmiJilvol(.AﬂB(x,e/Q))Svol{Aﬁ U B(:cj,s/Q)}Svol.A.

1<j<J

In the case where A is a ball of radius R with R large before ¢, it is straightforward to see
that vol(An B(z,£/2)) 2 €P for any 2 € A so that pk(A,e) S (R/e)P. We now let

1
o=y

which is an infinitely differentiable, radially symmetric function from R” to [0, 1] supported
on B(0,1). For any xy € M, we define

Pao(x):=p (3255 _Tmo)

For any large R > 0, one can take a 7/64-packing of M nB(0, R), say {x1,...,z;} with J
of order less than pk(B(0, R),7/64) < R”. We can define

j(x) = —=—"——.
In a similar fashion as what is done in [5], we first review a few properties satisfied
by the maps {x;}, i<t which forms a partition of unity associated with the covering
{B(mj,7/32)}1<j<J of M nB(0,R). See Figure S2 for a geometric interpretation of the
situation. o

LEMMA S1.4. The following assertions hold true:

i) Forany1<j<J,suppx,cOj ;

il) There exists a numeric constant vy >0 such that M"™ n B(0, R) c supp 25 Xj»

iii) There exists a numeric constant v >0, such that for any x € M7 n B(O, R), there holds
23']:1 pu; () 205

iv) For any |k| < K, there holds that | D*y||e < C < 0o with C depending on K and 7,

v) For any |k|< K, there exists a non-negative function I such that, for any 1< j < J,
|Dkxj(w)| <Ig(x-z;)x(x), VYoxeM' nB(0,R)
with I being such that for any w >0

Sup (I (z-2;))"x;(x) <C< oo
xTre T

where C depends on K, T and w.

We stress out that the constants appearing in Lemma S1.4 do not depend on R or J at all,
so that it can be applied for a family of covering {x1,...,2} indexed by R — oo, as it will
be the case in the proofs below.

PROOF OF LEMMA S1.4. We start with proving i). Let « € B(z;,7/32) and let z = pr), «.
There holds that

|z -5 = |z~ ) + |z - 25]* + 2z 2,2~ 25) = o~ a5 = |2~ 2 + 22 - 2,2 - 7).



’ 1

Fig S2: A visual interpretation of the framework and results of Lemma S1.4.

But now using [6, Thm 4.7 (8)], there holds that 2(z — x, 2 —z;) < |2 — ;|| 2 — z| /7 so that

in the end
2
||Z_x.||2<M< e
T lz—x|/r |V 3132

where we used the fact that |z — x| < |z; — 2| < 7/32. In particular, using (27) in Lemma
A.1, we obtain

32 1 221\ /321
d )< Z|z-=j < Z W/ =L <16
w(2,7;) ”(\/3116)”2 zil “(\/3116) 5132 <7/

where the last inequality was checked with a calculator, so that z = ¥, (v) with v €
B, 1(0,7/16). Finally |z -z| <7/32so thatz— 2z = Ny, (v, 1) for some n € By, 1/(0,7/32).
In the, end 2 = ¥, (v,n) with (v,7) € ng SO T € (92,], , ending the proof of the assertion 1).
We continue with proving ii) and iii) with v =1/128 and v = exp {-16/7}. Take x € M7" n
B(0,R) and z = pr;(z). There exists z; such that |z — z;| < 7/64, leading to |z — z;|| <
37/128 and thus z € supp x,. Furthermore,

1 1
- > exp {——} =v,
(1-(32)z - z; ||/T)2)+} (1-(3/4)*)+
so that points ii) and iii) are proven.

We finish with the proof of iv) and v). We let R(x) = (X7, pz, ()", which is well
defined on M?™ 0 B(0, R) and bounded from above by v~* so that x;(z) = R(z)p,, () and

by (= S (FNDF R Dl (2
Do) = 33 () D R@Dps, o)

Px; (z)= exp{

Outside of B(z;,7/32) one can take /i = 0. Now if x € B(x;,7/32), one get that for any
|¢] < k, using the Faa Di Bruno formula yields that D pz, () is a sum of term of the form

S 1 s
(-1)* HDHT(J:) X Pg; (x) with Y(x):= 255 and Zri -/
=1 15|z -z b

In particular, we get that D pz, () is bounded from above by some constant depending on
K and 7 on B(z;,7/32). Furthermore, for any |¢| < k, the derivative D‘R(z) is a sum of
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terms of the form

R(z) ' TID" R (z) with Y r;<l and 7+ |rs| =] +2,
=1 =1 i=1

and D" R~Y(z) = ¥4 D" pg, (x) which is bounded from above by something depending on
7 and K. All in all, we get the uniform boundedness of Dy ; and that

ID*x; (@) < Ik (2 - x5) x5 (@)

322 (K+1)
2 .
with Ix(z):= CKVT{l- — Il } if zeB(0,7/32),
0 otherwise,

where Ck - depends on K and 7, ending the proof. O
S2. Supplement to Section 2.

S2.1. Auxiliary results on general anisotropic Holder functions. We first extend Defi-
nition 2.1 to functions defined on general open sets of R”. For any open set U c R”, any
function L :U — R, and any positive real number > 0, we define the anisotropic Holder

spaces 2 (U, L,¢) as the set of functions f:Uf - RP satisfying that

i) For any multi-index k € N” such that (k, a) < 3 the partial derivative D* f is well defined
onU and |D¥ f(z)| < L(x) for all z eU;

ii) For any multi-index k € N” such that 8 — auay < (k, @) < 3, there holds

D B(e,00)
(S4)  |DFf(y)-DFf(a)|<L(z) Y lyi-ai| = "' Va,yeld, |z-y| <.
i=1

L1ke in Subsection 2.1, we define in a similar fashion 7 (U,L,¢), HE(U,C,¢) and

1SO
Hio (Ll C, ¢) for some constant C' > 0. We now list a number of useful results which hold for
our definition of anisotropy. The proofs of these results are provided below.

PROPOSITION S2.1. Let f e HE n(U, L C) Thenfor any k e NP such that (k, ) < B, the
partially differentiated function DF f is in Han (Z/l , L, C) with

(k) _ _<k>a>}
3 {1 e

Anisotropic Holder functions enjoy the same convenient Taylor expansion as usual Holder
function.

PROPOSITION S2.2. Let f € H2. (U, L,¢). Then, for any x,y €U with |z —y| <,
k
Y-z
f=r@s ¥ YDk sy R,
0<(k,a)<p :
where the remainder R satisfies the following bound
B=(.a)

ly - a?l’“
|R(z,y)|< L(x) > le zi| e
ﬂ_amaxs(kva)<ﬂ '




PROPOSITION S2.3. Let f € HE.(U, L,C). Then, for any k € NP such that (k,a) < 3,
and any x,y e U with |z - y|| <,

ID*f(y) - D’“f<x>|<cL<m>{Z|yZ | }

=1
with C depending on k,( and D.

PROPOSITION S2.4.  Let f € Him (U, L,C). Then, forany B' <, f ¢ 5, U,CL,¢) with
C depending on 3, ¢ and D.

PROPOSITION S2.5. Let f e H2 (Uy, L1,¢1) and g € H22 (Us, Lo, (o) withUy < RP' and
Us c RP2. Then

FogeHE P (U xUp,CL1 ® Ly, C)

where f ® g(x,y) = f(x)g(y) and { = (1 A (3, and where C depends on D1, Ds,(, 31 and
Ba.

PROPOSITION S2.6. Let f € H2 (U, L1,¢) and g € H22(U,Lo,¢). Then f x g €
’HEH(U,L,C) with B = 31 A B2, and where, for some constant C' depending on (, 3 and
Dr

L(z)=CLy(x)La(x).

PROPOSITION S2.7. Let f e HP: Uy, L1) and g € H (Uy, Co) where g takes its value

10 180

inUy, and where Uy is bounded. Assume furthermore that By > 1. Then foge Hlio (U, L10g)
where 3 = 8y A B1 and where C depends on Cy, C1 and diamU.

PROOF OF PROPOSITION S2.1. Let k € N? such that (k, o) < 3. Note that

_gl_pm 1
a-p- 50 ﬁ(k)
Let £ € NP such that (¢,a) < ). Then (k + £, < 3 so that by definition, D! D¥ f = D*+* f
exists and is bounded from above by L. If now £ is such that 3%) — aay < (£, @) < ), then
B = amax < (k + ¢, ) < § and for any z,y €U that are at most -apart,

(l’ @) A

|D£D f(y) DZDk (I)|<L($)z;|yl l‘zl —L(SU)ZL% -TZ|

ending the proof. O

PROOF OF PROPOSITION S2.2. We let for any 0<i< D,

Z(Z) = (yla'”vyi?xi"'l""’mD)ERD

so that 2(9) = 2 and 2(P) = . We prove the results recursively on the integer N =|[3 - 1].

If N =0, then every coefficient 3; are strictly less than 1, and the results follow immediately
from the definition of being B3-Holder (there are no k that satisfies (k, ) < 8 except k = 0).
If N >1, we can order without loss of generality and for ease of notations

Br<<Br<1<Bri<..<Pp



SUPPLEMENTARY OF BAYESIAN DENSITY ESTIMATION NEAR A MANIFOLD 9

with k< D — 1 because N > 1. We write
F@) - f(@)=FER) = f@)+ 3 FED) - D).
i=k

The first term is simply bounded from above by

k
F W) - f(@)| < L(x) 2; lys — il 1.

Recall we write e; = (0,...,0,1,0,...,0) with 1 at the i-th position. For the other terms, we
do the Taylor expansion with integral remaining term:

( (z)) f(z(z 1)) Z (yz

Exz) Dge’f(z(l 1))+R (y,z), Li=[pi-1]21
=1 :

(85) (yz xz)
Rz(yvx) 1)‘

[ (1 t)L lDLe (Z(i)(t))dt
with z(z)(t) =2 4 (1- t)z(i—l)'

Note that L;«; = [Bi=1]
the coefficient of 3 are ordered, there holds

i,0) 0, Lo + (k, ) > . Indeed, because

Liai+(kaa>=§,[ ' Zkﬂz/ﬂj]>_([ i—1]+1)20.
i j<i
Therefore
(56) DL (2O (1)) - DL f()] < L) 3 Iy -
j=1

and in particular
L.
i~ X)) e =~
RA%y)=gizfl—DM“f@ﬁ+RA%y)

7

|yz 551|L =
where |R;(z,y)| < L(z)2—1— Z\yj a:]| i

Now we use the induction hypothesis on f; ;= D f which belongs to H? en U,L,q)
(according to Proposition S2.1):

CGDY ey (=) i }
fz,f(z ) fz,é(m)_ z TD f(x)+RZ,g($,y),
0<(k,a)<B-La; :
ki:DZO

where the remainder R satisfies the following bound

D B— (k+€eL a)

ly - g;|k
|R; (7, y)| < L(x) > > lyj - il
B—max<({k+le;,a)<f i=1
k;:p=0
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All in all, gathering all the developments yields
HEDENICia)

L;-1 l k
X i — X e, - e
S W e paye W pk ) R a) [ RiGyn)
¢=1 : 0<(k,ax)<f-La; '
ki:D:0
- _ k+le; a0\
Sy W ey W) b Ry, 0)
=1 | oc(hrtenay<p (K +Le)! 4

ki:D=0

Y _ Lzl (g — )¢
- » e R £ U )
0<(k,a)<B : ¢=1 :
k;#0, k(i+1):D=0

so that

)k
fw)-f@)= Y YT phgy

0<(k,a)<p k!
L;-1 ¢
7 N Y — X
+ Z {Rz(yvx) + Z %Ri,f(?ﬁx)}*_RO(y?m)
i>k+1 =1 :
::R(y,x)

with Ro(y,z) = f(2(®) - f(z), and with R(y, x) being exactly bounded from above by

ly - wl
[R(y.2)|<L(z) ) ZI Yj—
B amax (k Oé><5 j*

and Proposition S2.2 is proved. O
PROOF OF PROPOSITION S2.3. Either (k,a) > 8 — amax and then there is nothing to

show, or (k,a) < B — max, in which case (k + e;, ) < 8 for any i and thus dDFf is well
defined. There thus exist z € [z, y] such that D¥ f (y) - D¥ f(x) = dD* f(2)[y - =] leading to

D
IDF f(y) - DF ()] < S IDM £ (2)] % Jyi — il.
=1

Using an induction argument, there exists C; > 0 such that

D
D41 6) - D] L) | Yo " }scpavare
1=1

leading the the right results with C'=1+ D(1 Vv () maxj<;<p C;. O
PROOF OF PROPOSITION S2.4. Let 3 be the harmonic mean of 3" and o’ = 5'/3’. For

any k € N? such that (k,a’) < 3/, we have (k, o) < 3 so that D” f is well defined and bounded
from above by L. What’s more, using Proposmon S2.3, we have

D
D (y) - DF ()] scL(m{;wi—
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Now notice that

5_ kaa ﬁ,_ k>a,
Iohe) -ty 2 81— ghypyy - L0
so that
B(k.) RSN
i — i = M <AV ) xfyi— |
yielding the result. O

PROOF OF PROPOSITION S2.5. Letk = (ki,ky) e NP1*P2 Let 3= (81,8:) and 3, 51, B2
be the harmonic means of 3,3; and (3. Let also e = /3 and «; = 3;/3; for i € {1,2}. If
(k,a) < B, then

(klu 1/51) + <’I€27 1//62> <1

so that both term is stricly less that one D* f and D*2 ¢ are well defined and Dk( f®g)=

D* f ® D*2g is well defined as well. Furthermore, if x = (z1,22) and 5 = (y1,32), is such
that |z —y| < ¢, then ||z1 —y1| < ¢ < ¢ and ||x2 — y2| < ¢ < (2. Using Proposition S2.3, one
find that

ID*(f®g)(z) -D*(f & 9)(v)|
<|D*g(@2)| x| DM f(21) =DM f(y1)| + D™ f(y1)] x| D™ g(22) - D** £ (112)]

Dy Bi—(k1.e1) \q
SCL2($2)L1($1){Z|y17Z-—x17i| crwatl }
i=1

1=

D, Ba—(ko,cx2) 1
+c|D’ﬁf<y1>|Lz<xz>{zwu—wmw . }

i=1
for some constant C' > 0 depending on D1, Do, and 3. Now notice first that
D™ f(y1)| <[D* f(y1) =DM f(21)| + D™ f (1) < (CD(1v ¢) + 1)L (),
and notice furthermore that of either j € {1,2},

A k: . _ _

i k@) g 01 (1180 2 By (1 - (k1)) = 2= e (=ﬂ (ko) ifj=2)
o 7% 67} Qi+ D,

so that

ID*(f®g)(z) -D*(f®9)(y)|

Dy B—(k,cx)
S(1VC)CLz(l‘z)Ll(Jfl){Z|yl,i—x1,i| @ Al}

i=1

D, B—(k,x)
+(1v)C(CD(1v () +1)Li(x1)La(x2) {Z |Y2,i = o] “i+Ps A1}
i=1
D1+D2

S“VOC(ODUVO+1><L1®112><o:>{ > |ym|”}

i=1
ending the proof. O
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PROOF OF PROPOSITION S2.6. We let a = /3 with [ the harmonic mean of 3. Now
for any multi-index k such that (k,a) < 3, we have (¢,a) < 3 for any £ < k so that D¥ fg is
indeed well-defined and

D*fg(e) = ¥ () D) Dy o)
<k
so that | D* fg(z)| < 2* L, () Ly(z) and
D f9()-D* fy@)] < La) X (3 ) D7) -D @)L (@) X ()1 D) - Do)
1<k l<k

Using now Proposition S2.3, we find that there exists C' > 0 depending on 3, D and ¢ such
that

D 7a0) Do) £ 201 (2) o) B () b=l 5

<k
(1 v VL () L) 3y =
i=1
where we used again that
|yi (v Xy e,
for ¢ < k, ending the proof. O

PROOF OF PROPOSITION S2.7. A simple use of the multivariate Faa Di Bruno formula
[3] yields that, for any k € NP with |k| < 8, D¥(f o g)(x) for 2 € Uy is a sum a term of the
form

D f(g(x)) f{(D’f“’gm)”“

with |[¢| <|k|, s < k[, ¥, () = ¢, and > [¢@)|kU) = k. In particular, it is bounded by
CL1(g(x)) where C' depends on Cy and 3. Likewise, a telescopic argument would yield
that

D
IDE(fog)(y) -D*(fog)(x)|<CLi(g(x)) []|a -y kDA

i=1
where C' depends on Cp,  and diam Uy, ending the proof. O

S2.2. Proofs associated to the examples of Proposition 2.3.

PROOF OF PROPOSITION 2.3. Take xg € M. In the orthonormal noise model, the density
f takes the very simple form

- - 1
Fros(uin) =077 f oW, 5(v,m) =677 x fo(Wy, (v) x 6PV, K (—

)
= fao (V) x e K (1)

where we used the isotropy of K. Thus, fzo,(s lies in Hffn(WmU,g, L,,s) where L was defined
in the statement of Proposition 2.3, through Proposition S2.5 and the isotropy of L, .

Nxo(v,én))
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In the isotropic noise model, one can write

facg,(S(Uan) =P \/J\/[(;_DK(M) fo(z)d#(l‘)

If |n| > 1, the integrand is trivially 0, so one may focus on ||n| < 1. Now if z € M is at least
2 apart from U, (v), there holds

|z = Wy s (0. 2 2= Vo, ()] =020

so that the integrand in the integral above is zero for z outside of B(¥,,(v),24). Doing the
variable change = = ¥, (w), we can write

— 1 v, 5(“777) -V, (w)
06(0,1) = — K| = 0 2 (w)|det AW, (w)]d
f 076(1} 77) 4 lxpmé B(Wu(v),20) ( 0 I (w)| ‘ (w)| b

- fz K(‘I’%(“) - ‘I(;f’”o(” +95) Nxo(v,n)) Foo(v+65)|det AW, (v +65)|ds

=ths s (V)
=:Kogs,(v,n)

where
1 -
25= < {oxps B(Vs, (v),20) v}
Now notice that, using the first inequality of (27), we have B(¥, (v),20) c B(zo, 7/8+25) c
B(xzo,37/16), so that, using the second inequality of (27) with v = 3/8, we find
exp, B(Wa, (v),26) c By, a1(0,5(3/8)37/16) c B, 11(0,7/4)

so that in particular, according to (26), exp;! is 16/11-Lipschitz on B(¥,,(v),26) and
consequently, Z5 c Br, 1(0,32/11). Furthermore, notice that

v+0B7, 1(0,32/11) c Br, ar(0,197/88)
with 197/88 being smaller than the injectivity radius, so that finally

S7 _:z: 3 = K s\U, hss d
(57 Fus@m)= [ Ko x i) ds

It is straighforward to see that

v Uy (v) =Wy (v+3s)
4
has derivatives bounded from above, in virtue of Proposition S2.3, by something depending
on Cjs and Sy only (and not on d) and up to order [By; — 1] > 3,. Furthermore, (v,7n) —
Nz, (v,m) is (Bm — 1)-Holder by construction. It so happens that g; s € HO: (Wao.5,Cy)

180

for some g depending on Cjs and ;7. Using Proposition S2.7, we get that K o g5, €

HO (Wa,.s,C1L, 0gs,s) for some constant C; depending on Cjy, C and /3, . Similar reason-

18O
ing and the use and Proposition S2.6 would lead to hs s € ’Hi‘g(on ,CoLg oW, oTss) where
7s5s(v) =v + ds and for some constant C depending on C7, 7 and fBy. Now seeing h; s as
a function of (v,n) would trivially lead to hs € HEn(WmO75,C'2LO oW, oTss0m) with
B=(5o,---,50,B.,---,5.) and 7 (v,n) = v, and an application of Proposition S2.6 together
with the observation that 3y < 3, yields

Ko gs,s X hé,s € Hgn(wxo,éa CLL ©0ss * Lgo l11$0 O Ts§s © 7T1)
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for some constant C' depending on C5, C and (g, 5,. We conclude by using the linearity of
the integral, so that integrating (S7) gives f%ﬁ € ’Haﬁn (meg, L), where

L(v,n)=C L ,8)x LooW, (v+ds)d
(v,m) e (052111 10Gs5s(v,8) x Loo Wy (v+ds)ds

: Ly 0gss(v,8) x Loo Wy, (v+3s) x| det AWy, (v +ds)|d
[E‘TmoM(0,32/11) 10 96,5(v,8) x Lo o Way (v +95) x [de (v+ds)|ds

:5‘dfMLl(w)xLo(x)duM(x)

so that

L) =067 [ 1. (Y57) < Lo@) duns(2)

where L was defined in the statement of Proposition 2.3, and where we used Lemma A.2 to
justify the introduction of |det d¥, (v + Js)|. This ends the proof. O

PROOF OF LEMMA 3.3. In the orthogonal noise model, recall (see proof of Proposi-
tion 2.3) that

L(z)=C5~P=D Ly(pry(2)) x L. ((x ~ pry 2)/9),

for some C > 0. There thus holds, letting O, = \Tlmml(mel), and using Cauchy-Schwartz
inequality

L(z)“ "
{fo {fo(a:)} J O(x)dx}

Loory ), o (L@ )
SfOTo{f*(pl"MfC)} folz)d ~[O$0{K((x—prMa:)/5)} fo(z) .

The first integral in the RHS is simply, up to the constant c|,

Lo(2)|"
[pmo(vzo){f*(z)} fe(2) duar (2),

which is bounded by assumption. The second integral is exactly

L))"
[Pmo(vlo)f*(Z)d#M(Z)XARDd(O,l){K(n)} K(n)daz.

which is also bounded by assumption. Hence (15) holds true in this case.
In the isotropic noise model, there holds this time

foley =7 [ B2/ () dun()

La)=05P [ L= 2)/8) Lo(y) duar(v),

{fo(ﬂﬁ) = fu(pry () x .6 P VK ((z - pry ) /6)

2

for some C' > 0. Using the fact that for any integrable function ¢, >0 and any w > 1, there

([of (/=400
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(which is simple consequence of the Holder inequality), one find that

L))"
L } { fo(x)} fo(w)dz

L((y-2)/5)Lo) " "
s fo,,o fM{ K((y-z)/0)f.(y) } S PK((y-)/0) fo(y) duns (y) da

<6 PR’

where

/ [{?0(@)} K((y-2)/0)f.(y) dpnt (y) d

7 [ (B 1 a7

by assumption, and where

Iz—f f {Ll((y x)/é)} K((y—)/8) f«(y)dpn (y) dz

K((y-w)/o)
L\
<67 f d f L K () dn,
L e B(O’l){K(n) (n)dn
so that indeed 6T 11 / 2121 /2 ¢ 1, which ends the proof. O
S2.3. Proof of Proposition 2.4. If Q3 = Q&P with Qo ~ DP(BH)) :=IIpp then, for 0 <

x1 < x2/2 and z; < 1, letting Al = [1’1,1’1(1 + Il)], Ag = [.Tg,xg(l + xl)] and Az = (Al U
A9)¢, we have

(Qo(A1),Q0(A2),Q0(A3)) ~D(BH\(A1), BH)\(A2), BH)\(A3)),
and
Q2(A{ x AP~ = Qo( A1) Qo(A2) P

Welety=T(B)/(I'(BH\(A1))T(BH\(A2))T'(BH\(As)). Noticing that when x1, x5 are
small, Hy(As) =1-o0(1), there holds, letting 7 = 1 if 21 < x5 and 7 = 2 otherwise,

A [Q2 (ATA7™) 227" |2 Tpp (Qo(Al) > 21" Qo(42) > m?O/D)

1/4 1/4
i BH, (A;)-1 BH,(As)-1
> 5B, [%BO/D z de fIIBO/D v de

. T(B) SBHAA _ MG [ B () P
(1+0(1))2(B-D-

2
_BH,(A;)Bg
>C4 [1—026 D ] ,

for some constant C7,Co > 0, where we used the fact that for x; and xo small, H)(A4;) =
min {H) (A1), Hx(A2)} and Hy(A1) and H)(As2) are both small. Under the assumption on
H) near 0,

_ -1/4 _ 14
H)\(Al) Ze CaT; xll+b Ze Co,
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for some ¢/, > 0, which in turn implies

/4 d/2

,
26_02 1

A [Qo (A9AD-4) ]2 e

1/4 1/2

where we used that z, /" <z /7 < x;d/ 2, so that (12) holds. Condition (13) is verified sim-
ilarly: first note that Q2 (min;<p A; <) < DQo((0,2]) and using the fact that Qy((0,z])
follows a Beta variable with parameters (BH ) ((0,x]), B(1+0(1))) we obtain that

5 .y < < s
Eq, [Q2 (rgl[r)l)\lsx)] SH((0,z]) se ,

for small z. Similar computation terminates the proof of (13).
S3. Supplement to Section 5.2: proof and framework of Theorem 3.4.

S3.1. Technical Lemmata. We let x1,..., X be the partition of unity defined in Section
S1.3 associated with a 7/64-packing of {z1,...,2;} of M nB(0, R). We recall that J < R”
and we take R = (H log(1/0))'/*. We define

fi= c]_-lxj x fo where c¢;= fRD X;j(x) fo(z)da.

Before we give the proof of Corollary 3.5 we need a few technical Lemmata.

LEMMA S3.1. For all 1<j<J, fj e HE"P-(M,L;) with Lj(z) = Ce;'Ig(x -
z;j)x;j(x)L(x) where C >0 is a constant depending on T and where we took K = ’zﬁl].

PROOF. The proof is a direct consequence of Proposition S2.6 and Proposition S2.7 ap-
plied to x;(z), along with the assertion iv) from Lemma S1.4. O

Welet Lj5:=6""L;o W, 5and
j}vé = j} ° Q?xj76 :}A%Ijvé e Hgl)'

and also introduce the functions g; :RP - R from the proof of Theorem 3.4. Recall that
these functions are of the form

1 = =
g;i(x) = fi(z) + 5D > o, (2,0,6)DF fi5(2:) where 2, := Al}(;\Ilmjl(a:)
0<(k,ax)<B
and satisfy
1. They are supported on (’)gj;

2. The functions d; , are uniformly bounded by a constant C' depending on C)y;
3. ’Kzgj(.f) - f](.r)‘ S JBLJ‘(.%) on Oaljj;
4. Forall H >0, |Ksgj(x) - fj(x)| S| Lj| outside of (’);j.

LEMMA S3.2. Under (15), there holds, for any € € (0,w — 203), any (k,a) < 8 and any
1<j<l,

28+e

. = . Eal
[(%) fj#;(z)dzﬁcj_»1 and f(?::—((zz))) fm(z)dzgc‘;l,
. 7

up to a constant depending on the parameters.
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PROOF. We denote by X, 5= x;© \i'mj,(; and [ 5 := IK(\I/%.,(;(-) — xj). Writing that

D*f; 5 <Z(k)‘DH>Zj,5 . D‘fmj, Ly Dfu,5
fis | g\t Xj,0 Ja;.6 3 il fos
we easily see that
Dka <2ﬁ+a [f +5
j,0 I _1 x;,0 =
f —*.] fiss¢c; Zf{ 6 } Xj.ofz,.6
fis i<k frj,
I
_ :cJ, _
: 1éz;ef Jo,.6 f%‘sscjl
< iR

where we used both Lemma S1.4 iv) and (15) with the fact that (¢, &) < (k, a) for £ < k. The
bound on the second integral follows from the same line of reasoning. O

LEMMA S3.3. Welet A; , be the event of all x € (’)?Ej such that

|Dkf15(zm)| sz( z)
fj5(2$) ( x)

Then, the following assertions hold true for o small enough
i) gj(z)> fj(x)/2for all z € A; »;
i) Py, (AS,) s¢;t {olog(1/a) )7,
iii) Forany (k,0) <, [ D" fi5(2a)|da 5 cj'6P~ {olog(1/o)y?Prethed

VO< (k,a) <3, <o~ Fog(1/0) RN gng o Plog(1/o) 2.

PROOF. We start by proving i). For any x € A; ,, there holds, using the fact that the func-
tions d; . are uniformly bounded,

5@ - @I ¥ o (0.0 D ()

0<(k,a)<B

< fj,zS(Zac) Z (k:a) D¥ fjé(zac)

T ogbd 0<(k,a)<f fis(ze)

sfi@) Y 10g(1/0)‘(k’0‘)/2Slog_aﬂ(l/a)fj(ﬂ:)<%fj(ﬂﬁ)

0<(k,a)<fB

provided that o is chosen small enough. For ii), notice that

DFfis(zp
Py, (Ajg) < Z Py, (w o (k) log(l/o.)—(k,a)/2)
0<(k,e0)<B fi6(22)

28+e

|Dkfj,5(zm)|)(k’“> ) d
0 ( .]?j,é(zm) fJ( )

< Z U2,8+510g(1/o_)2,8+s[

0<(k,ex)<f 0z,

<C 026+510g(1/0)25+a
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where we used Lemma S3.2 after a variable change z = z,.. Finally, for iii), there holds

_ DF . s(20)] -
‘/A?,a | Dkfj,é(zcc)’ dz = %ch,g(zﬁﬂf\;ﬁ (x)dx
(k, )
Dk 3 . (15:3 - B+e ) _(;,711)
2 xT

(ko

(ko) _
S {CJ_'I(;D_d} 28+e % {C]_-ICSD_d {Ulog(l/a)}2B+e}1 B+e

$¢;' 0P {olog(1/o) B

ending the proof. O
S3.2. Proof of Corollary 3.5. Let define
~ 1
hj=9ilgsgi2+ 5 Filg;<p, /2

and h; :ﬁj /I; where I; = [ ﬁj. The function h; is a probability measure on Ogj and fur-
thermore, using the convexity of f — d%(f, fo), there holds

J J
diy(Ks(h), fo) < 3 c;diu(Kx(hy), £;) where h=3 c;h;.
j=1 j=1
We will control each term separately. First notice that
J
ZdeZH(KE(hj),fj)SJO'2B+ Z de%{(Kg(hj),fj).
j=1 cj20%8

Now take 1< j < J such that ¢; > 0*” and define U, = {z e R” | f;(z) > o™} for some
H; >0 to be specified later. Then there holds

sy f)s [ (VRS -VE) + [, K [ s+ f)

) 1 1 Ye c
,,(,nomj (Owj) Uz,

and

fo o, WEGD-VE)'< [, GRS

100, Ks(hj) + f;

</ KE(hj_ilj)2+f Kz(ilj—gj)2+-/- (Kx(g5) - f;)°
h L{j,UnO;j Kz(hj)+fj L{j,anOij Kz(hj)+fj L{j,anij Kz(hj)-i-fj

and therefore

(59) At Ks(t))s [, | Koh)
($9) v [ [Ks(hy)+ £]
(S10) +(1-1)°

Ky, ((f]/2 _gj)]lgj<fj/2)2
L

(S11)
5.0NO, Ks(hj) + f
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(S12) +[u . (—Kz(g;) ) fi
3,0NCg; j

where each term will be bounded independently.

1. For (S8), notice that for any y € Ogj and any x ¢ (’)}cj, there holds that |z - y|4., >

C/p*(8,0( where p(6,0) = max(5o®, o) for some C depending on 7. We can thus
write

Ks(h; :/ fh- _y)dyd
f(%)c =)= fo, . | Pi@ese (=) dyda
/ I exp (-3lz-yl2 1(@,))0l Ny
1 )c C)U (2 )13/2 D§D~d

1 2
c? oxp (47 -yl )
< —— h; dyd
exp{ 45202 } f(o;j)c fog], i) (2m)P2gD§D-d yer

" 4p(8,0)% | Joz e I 4p(5,0)2 77

because p(4,0) = o(|log(o)[*/?) by assumption.
2. For (S12), there holds

28
2

Kx(95) - [ Lio®\" . _ o L R
[u"*”noij( fj )fj_[oij( fi )fjsg [Oij fi b

28

2B+e — 2B+e
ol [ () g e,
> W;7 fJ’(S J5 5D7d

28

28+¢e =
28 Lis\ * & TS 28 . -1 283
9 2B+¢e -
So f —= fis Sc; o sce o,
wi, \ fis

where we used that |detdV, 5| <6~ and Lemma S3.2.
3. For (S10), notice that

i (f; —29;)
Ij:fgj]l{fj<29j}+f5]]l{fj229j}:fgj+[%l{fﬁzyi}

and that [ g; = [ Kx(g;). Moreover
f% Kz(gj)=f(%j fj+/(;ij(KE(gj)_fj)=1+/(;;j(KE(gj)—fj)

and since

Joy Kt} = 1<

detdV¥, 4]
5_ B | z;,0
f Ljo Uf 5Dd

L 2[3B+€ 2B+e

i\ = ~5hie -1/2

so'4 ), (_) Faf  5¢70" 55 o’
wi\ fis
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where we again used that | det d\Il$j,5| < 0P~4 and Lemma S3.2, we have that

L, Ks(a)=1+0(c"0").

zj

We also have, as in (S8) that

__c?
Sy Kl s [ ll(opdy

2
ST Ly = ol o) = o(e; 20,

where the two last inequality comes from p?(8,0) = o(1/log(1/c)) and ¢; > 02°. There-
fore |1 - [ g;] S c]_.l/ 24 Moreover, using this time Lemma S3.3
RS .
/fj>2gj (/i =205) % i, (13> 295) + 0<(l§o:c)<6 op-d /J:j>2gj ID fj75(zx)|dx
< 071026+e'

All in all, we find that
(1- Ij)2 Sexp {—Cz/(452020‘*)} + {6]71025} v {0]72 {Ulog(l/a)}45+28}
Sexp {—02/(452020‘*)} + c]_-lazﬁ

where the last inequality again holds because c¢; > o8,
4. For (S9), we start with taking (k,a) < 5. Notice that, thanks to Proposition S2.3,
there exists a constant C' > 0 such that for any x,y € 02_7_, |D*f; 5(20) = DF £ 5(2)| <

C§P=4L;(x). Then, using (20), together with |det d¥ (w)| < C,

|KE(Dkfj,6(ZD))($)| S /A_l (W2 )e_B"(x’z)|Dkfj,5(Aa,1Z+Zx)|dz

$6P7L; (x) /Ail o e B-@2) g, < §P7L, (z).

Now notice that

[, 1D ozl da

e

c
J,o

2B+e 283+ 1- (ko)

D fis(2) ) & i (o
{%} fi5(2z)dx X{[u fm;(zm)dx}

< C;l(sD—dO_Hlx{l—(k,a)/(25+s)} < 05151:)—510}11/2

and likewise, [,. L;(x)dz S c;léD‘daHlx{l‘ﬂ/(25+€)} S 0P~ /2 We thus have
shown that ’
kF -1¢D-d _H,
(S13) | IEs(D fis() @) 5 870
Coming back to (S9), there immediately holds that fu i s o1 and furthermore, notic-
ing that '
1

hj$hiSfi+ ~D-a S o DRF 5 (20)
0<(k,a)<fB
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and using (S13) and the monotonicity of K, we find that f,,. Kx(h;) s cjflo'Hl/Q.

5. Finally, for (S11), notice that f;/2-g; is a sum of terms of the form o* 5= (P~ DE f, 5 ()
for 0 < (k,a) < 8. The term Kx((f;/2- gj)]lgjgfj/z)2 is thus upper bounded by a sum of
terms of the form 02<k’°‘>S’Q(D’d)Kg(Dkﬂ(g(zD)]lgjsfj/g)? Now there holds

[ KE(Dkfjﬁ(ZD)ﬂgjﬁfj/?)z
U, ,nOL Kx(hj) + fj

ot \‘Kz(Dkﬁ,a(zD)ﬂgjsfj/2)HooX[KE(|DkE,5(ZD)|19f§fJ/2)

—-H,

_H,
o B . ) o
S f@l D Fa(2) g <5,2)dy S 2 5P~ {log(1/q)}PHethe

where we used Lemma S3.3. Summing all the bounds in k£, we obtain that (S11) is
bounded from above, up to constant, by

mI?X 0]720_2[3+5—H1 +2(k,) 5=(D~d) 10g(1/cr)25+€ < cjfl&—(D—d) o5 H 10g(1/0)26+€

where we used that c; > o2,

Collecting all the bounds on (S8-S12) together with 6202 = o(1/log(1/c)), we get that
¢; dIZJ(KE(hj), f]) S¢ [UQB log(1/0)4ﬁ+25 g (VI Us—Hl5—(D—d)log(1/a)2/5+s:| '
Choosing Hy =4 and € > 65 + €1 where ¢°* < 0P=4 we obtain the result.

S4. Supplement to Section 5.1: proof of Theorem 3.1. For any probability distribution
P on RP x S**(D,R), one defines the probability density function on R”

fr@)= [ os@-y)dP(y,%).
Note that when ¢ is a probability distribution on R”, then

Ksg(x)=fp(x) with dP(y,X)=0x)(X)g(y)dy.

LEMMA S4.1.  LetVy,...,Vn be a partition ofRD and let P = Zj]\il 0., 5, With zj € V.
Then, for any probability measure Q on RP x S**(D,R),

N
1 _1/2 ) 3 _
HfQ_fPHI322|Q1(Vj)_ﬂj|+§ sup ”Ej / HOpdlamVj"‘§ sup sup Vtr(Ele—Id)Q,
j=1

1<j<N 1<j<N XeS;

where Q1 is the first marginal of QQ and S; is the support of the second marginal of
Ly, (y) dQ(y, %).

PROOF. We write that fgo(z) - fp(x) is

N
fvo ox(z-y)dQ(y, %) +; fv {es(z-y) -z, (z-2)}dQ(y, L)

N
+ ;(Ql(vj) - m;)es, (x - 25),
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The last term can be readily bounded in L'-norm by

N N
2 1QuVi) =l [ s, (2 - 2)dz = 3 1Qu(V) -,
j=1 j=1

and the first one by Q1(Vp) =1 - Zj]\il (V) < ij\il |Q1(V}) — 7;|. For the second term,
notice that each term of the sum is upper-bounded in Z'-norm by

[ Ies(=1) =5, = 2) Q%)

val Hstj(-—y)—902_,.(-—2]‘)!!1d62(y72)+fv‘ les(-=y) =, (- —y)[1dQ(y, X)
<5 IS -2l 5 [ \falTE 10200 %)

1 - 3
< Q1 (V)= |op diam Vj + ZQ1(V5) sup \/tr(S:18 - 1d)2,
2 J 2 e, J
where we used Prp 2.1 and Thm 1.1 of [4]. O

S4.1. Proof of Lemma 5.1. Throughout the proof, C' denotes a generic constant whose
value depends only on D. We start with bounding the probability measure of .. There holds

n(ﬁ‘i)sn{athn,uh¢B(o,Rn)}+H{ 2, 7rh2€n}+ﬂ(3hSHmAh¢[02 71°).

=n’>~n
h>H,,

The first mass is bounded using (10):
I{3h<H, pp ¢ B0, Rn)} S Hy, f |l ™ s, dpe S Ho R S €700,

as soon as ba Ry > 2¢;1. The second term is bounded in [12, p. 15] by

eB Hn 2
I3 > m2en S{H—log(l/e)} Se e,

h>H,,

as soon as Hy is large enough. Finally, to bound the last probability, we consider separately
the partial and hybrid location-scale priors.

* Partial location-scale: Ay = Aq for all A and using (11),
II(A1 ¢ Q) <y {min A; Sgi} +1IIp {maXAi > afb} < e_csog%gnei n 5;2174 < 6—01”537
(2 (]

as soon as o2 is large enough and 08 is small enough.
* Hybrid location-scale prior

T(3h< Hy, A ¢ Qn) < HoEgy [QQ(mjnAi ggi)] + H, By, [Qg(maXAi > 53)]

—cy0. 23 ne? —ca02t4ne? —cine?
< Hpe 5% n+ Hye ™% n Sem e

We then turn on bounding the entropy of the partions of F,,. Note that on F,, min; A\; > gfl SO
that

max; \;

- <max )\ig;f < 052n2t°/b3 X mMax ;.
min; \; i i
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From [2], the covering number of 7, ; ; is bounded by

N(Enafn,j,fa || : Hl)

Sexp(CHn[logn+log(1/5n)]+(D—1) > log(jh+1)+D(D—1)2EZHnlogn)7
h<H,

and the covering number of F,, j is bounded by

N(en, Fnj: |- 1) <exp (CHn[logn+ log(1/en)] + 2 log(jn+1)+ DH, logai)
h<H,

Sexp | CHy[logn +log(1/e,)] + Z log(jn+1)|.
h<H,,
We bound II(F,, j ) in the case of the partial location-scale prior, for £ > 1:

I(Fuje) s [1 (jn/n) O DIz ry (maX/\i > 0§n2l_1_2t0/b3)
h<H, i

$ TT Gn/my P2z 0s G 2000)
h<H,

1
=exp {—(bg - D) Z ]ljh,zl 10g(]h) - 5([)2 - D)TLHn - b4(2€_1 - 2t0/b3)Hn logn} .

h<H,,

We bound II(F,, ;) in the case of the hybrid location-scale prior:

I(Fnj) s T] (jn/m)~ G2 D) Ly

h<H,

. 1
= exp{—(bg -D) Z 1,>1log(jn) - §(b2 -D)H, logn}.

h<H,

This implies in particular that for the partial location-scale prior

1
S VIFnGON G Fagen] 1) s exp 50 Hallogn + og(1/2.)])
JL

« S e (5 LD~ DloaCin+1) = (b~ D)(10g(5) L~ )
J

+ 1592 Mlogn[D(D - 1)/2 - by))
Sexp (CHy[logn +1log(1/e,)]/2),
since by > D(D -1)/2 and be > 2D — 1. Therefore, by choosing M > 0 large enough

VIFugON e Fages |- [1)e 7 = o(1).
¢

Js

We obtain a similar result for the hybrid location-scale prior.

S4.2. Proof of Lemma 5.2. We let again R = (Hlog(1/)/C2)* and define ¢ := /5.
Thanks to Corollary 3.5, we know there exists a density function g supported on M? such
that d (Kxg, fo) S 0% log?(1/) for some a > 0. We can in turn, thanks to Lemma 5.3, find
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a discrete probability measure G on M?° nB(0, R) with N atoms at least 0 £2-apart such
that

|Ksg - KxG|h se21logP?(1/e) and N <o PlogP(1/e).

We thus have d%(KxG, fo) S 0%’ log?(1/0) + e2logP?(1/e) < e2log? (1/¢) with r :=
q/2v D/4. We let z1,...,zy be the atoms of G and denote by p; = G(z;). We let V;
be the ball centered around z; with radius glaog? /2. We complete V7,...,Vy with sets
VN+1,...,Vy that forms a partition of M”™ n B(0,R) with V; included in balls of the
form {zeR” ||z - 2; ls-1¢z;) < 1} for some z; € M™ n B(0,R), so that we can take J §

N +(R/o)P s o7PlogP’%(1/). We then set Vj to be the complementary set of the reunion
of the Vj and set further p; = 0 for j greater than IV + 1.

We write under the prior IT, P = Y% | 7,0, v, A, and X, = UgAhUh. We use the conven-
tion that Ay, = A for all h in the case of the Partial location scale prior and 75, = 0 for A > K for
the mixture of finite mixtures prior. Set N =log(1/¢) x N, we consider the following events

{ZJ: - P,(V;)|<e* and m1nP(V)>s}

Ox={V¥1<h<N, |U,0;, -1d|o, <o?*e?},
and Lg={V1<h<N, A, eS(0™)? x S(60* )P4}
where S(t) = {s | t? <s<t?(1 +a25)}.
We first show that if PeP;nFzynOgzyn Ly, then
du(fp, fo) Selog’ (1/e).
Indeed, we have
du(fp, fo) <du(fp, KsG) +du(KxG, fo) <du(fp, fg) + du(fp, fr) + log" (1/e),
where dG(y, %) = 5,y dG(y) and P = ¥p w6, 5, with
Y, ifh<N

Sn=1%(z) if h>N and py, € V; with j < N;
0 otherwise,

where, conventionally, ¢x (- —z)dz =d, when ¥ = 0. Since P € F, there easily holds | fp —
fpl1 <2¢? and, using Lemma S4.1, we find that

| /5 - fal

3
<22|P (Vj) - p]|+ —0o~“ sup diamVj+ - sup sup \/tr(E(z]) 153, -1d)?2,
j=1 1<j<N 1<j<N ppeV;

<e?+ sup sup HZ(zj)_th—Id lop-
1<j<N ppeV;
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where we used that P € P and that diam V; < 00 &? for j < N. In the last supremum, if i > N
and pup, € Vj, then X, = ¥(z;) so we only need to handle the case when h < N. Moreover,

5(2) ' Sh-1d = 0L A30.,Uf AU, - 1d
= 0L AJ5(0.,Uf = 1d)ApUy, + OL AJ5ALU, ~1d
=0] A5(0.,U —1d)AyUy + OL (A5 A, —1d)Up + OL Uy, - 1d,
so that
12(2) "0 ~1d lop S 1A lop [ An lop 102, Uy =1d op + [A75A = 1d op + [OF, Up = 1d [ op
<2428 2,

where we used both that h < N and P ¢ OxnLy.
Using [12, Lem B2], we find that for A > 0 small enough

Polog 22 €& o ) (1 +log(1/)) + Ro{log 42 17, 7,0}

2 2
Po (log ff_](l) Sdl%l(fo,fp)(l + log2(1/)\)) + Po {(log ;—]03) ﬂfp/f0<)\},

up to numeric constant. Notice that by assumption, fj is bounded from above by | L. Let
reMT™nB(0,R), and let 1 < j <.J be such that 2 € V;. Notice that, since P € 5 NPy, there
holds

et<P(V))= Y mp< Y mp+e® sothat > m>et/2.
HneVj HhGYj /‘LhEYj
h<N h<N
Now we can write
4

€
fp(x)> Z Ths, (T = pn) 2 Dd-D’
eV, oP-ag
h<N

where we used that |det $,|"/? < (1 + %) P/26P~AgD < §P~d5 D and that |z - y[5-1¢,) S 1
for any x,y € V; with a similar line of reasoning as in the proof of Lemma 5.3, relying on
P € O n L. Furthermore, since fp(z) <%+ ¥, 5 mhes, (¢ — 1), there must be some

h < N such that both 7, > £ and 1, € B(0, R) holds, otherwise one would get a contradiction
looking at the mass of fj since one would get

I foll1 =1 foleco,r/2)ll1 + [ folr(o,R/2)< |1

<[ fplsco,rs2)li +1(fp = fo)leo,r/2) 1+ | fol(o,r/2)< 11

Se24el Se+ohB seH

where the inequalities occurs up to log-term. For z ¢ B(0, R), notice that, for this particular
h< N, fp(x)2e%ps, (x - up) . Taking X = Ce*/(6P~4cP) for some small constant C, one
get forany />1,

R {(log J{—Iﬂ)e lfp/foo\} <P {(log }0—1‘1)[ ﬂB(o,R)“}

2
l € c
Slog! —pepmg x FBO.R)Y) + [ o=l fo(w) da
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2 1/2
¢ € 20
seltog! g v oo [ ol “fo(a)de)  Ro(B(0,R))2
sclog(1/e),
where the last inequality holds for ¢ € {1,2}, provided that we chose H > 8« + 4. This
shows that fp € B( fo,¢) for € »elog®(1/e) with s =7V 1. It only remains to lower bound the
prior mass of the event Py n FynOxn L.

For this, one can use (10) and the fact that the scales are drawn independently to rest to
find that

(P nFynOxnLy) 2T(PynFy)xch [ O{|UO,, —1d[op <02} x (L)
h<N

We easily get that O{||U0uh —Id||op < 020‘062} > (0220g2)D(P-D2 For TI(L5), we use
(11) or (12) along with a simple Markov inequality to find that

(L) =En { @2 (02, (1+?)o™ ] x [0, (1+ 025)52a2%]D‘d)ﬁ}

> exp(—209Bolog(1/0)N) exp {—CQDO'_D} .
For II(P; n Fy ), we write

H(’PJ ﬂfﬁ) ZH(PJ) _H(f]%) > e—CJlog(l/s) _e—ﬁlog(ﬁ)’

wklere we used [7, Lem 10] and the bound [12, p. 15]. We conclude by noticing that
e N10g(N) « o=Nlog(1/2) g¢ that in the end

I(PynFznOxnLy)zexp(-CNlog'(1/e))),

for some C' depending on the parameters and ¢ = D/k + 2, ending the proof.
S4.3. Proof of Lemma 5.3.

PROOF OF LEMMA 5.3. Let g: RP — R be a density supported on M? and satisfying (14)
and (15). Let R = (Hlog(1/)/C2)*", so that g is less than C e outside of B(0, R). We
consider the functions {x;},.; introduced in Lemma S1.4 associated with a 7/64-packing
{2;},.; of M nB(0, R). Recall that the number |Z| of functions is less than of order R”. We
can write

Kxg(z) = Kx(g91geo,r)) (2)+ ), Kx(xigl,r)) () = Ks(glpe(o,r)) (%) + ) ciKsgi(x)
1€ €L

where ¢; = || xi91g(o,r) |1 and g; = xiglg(o,r)/ci is a density supported on Ogi. Notice that

for any ¢ RP

Ks(glgeo.p))(7) < Cre” Kxy(1ge(o.py) (x) < C1”
and that

K5 (g1e-0.m)l1 = lgLs-om 1 < |

C’le_C?Hz” §f e D=1y
lz|=R >R

< 10g(D—2)/n+1(1/€) % €H7

where we used a NP-bound on the incomplete Gamma function in the last inequality. Conse-
quently, the term Kx(glg.(o,r)) need not be discretized. Take now i € Z. As in the proof of
Theorem 3.4, there holds that
cH
ex)(T-9) S ~DgDd Vz¢O) yeOn
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provided that 7 2 Ro“*. This means that | Kxg;(z)| S #};_d forallz ¢ O} . Ifnow z € O} ,
there holds

Ksgi(@)= [ oo, (@ = Ta, (w))g (w) dw

=Y [ o, (@ Ta (w))g (w) dw
je: Wi '

where g;(w) = g;(V,, (w)) x |detd¥,, (w)], & ; = fWi,,- g; and g; j = §;/¢; ;. The sets W ;
form a partition of Wg that are included in
d D

0 0 1 L 0
H[wt57wt4+1) X H [wtpwtﬂl) n Wxiv
£=1 {=d+1
for (w?l,...,wtod,wjdﬂ,...,wj[)) vary on a grid of size (c®°,...,0% §o*,...,0""). No-

tice that

1 D-d
Card J; ~ X(L) =0 P.

g od do
Let i € Z and j € J; be fixed and denote for short ¥ =W, and £ =Yoo W¥. We let ' >0
and we distinguish two cases: infyepy, ; |2 — ¥ (w)]| >T'log(1/e) and infyew, , |2 -
U(w)]| <T'log(1/e). In the former,

2
5-1(w)
2
51 (w)
B T2
/W] P53 (w) (z-¥(w))gij(w)dws ~Dyb=d-

_While if infyepw, [z - \Il(w)H%_l(w) <Tlog(1/e), we first show that_ SUDyewy, , 2 —
‘If(w)||22_1(w) <I"log(1/e) for some I'" >T". We let wg € Wi ; such that ||x—\11(w0)||22_1(w0) <
2I'log(1/e) and take w € W ;. Using (28), we get that there | pry, - PITy s lop S o®° and
the same holds for pry, ~—pry, . . Letus denote y = ¥(wg) and 2 = ¥(w). First notice

thatif 2 ¢ W) , then |z - y|ls-1(y) 207 A6~ 1o~ >T'log(1/e) so that necessarily z € W .
In particular, |z — y| < B for some constant B > 0 not depending on I". Now recall that

|z = 2|s-102) = pry_ (z-z)

1
EprTz (x—2)+ -

Furthermore, we can write
(S14)  z-y=Y(vz) =Y (vy) + 6 (N(vz)ne — N(vy)nz)
(S15) =d W (vy) [ve — vy ] + AN (vy)[ve — vy |0z + SN (vy) [z — ] + O(0**°).
Using (S14), there holds
pry, (z —y) =pry, (¥ (ve) - U(vy) + N (ve) 1)
=pry, (¥ (vz) = ¥(v2) + N (v3)15) + O(0™)
= pry, (U(07) = ¥(vs, )+ ON (1)) + O(0™)
=pry (z-2) +O(c™)
where O(0®°) is independant of I". Now using (S15), we find that
pry, (2 =y) = 0N (vy) (12 —my] + S pry, (AN (vy) [v2 - vy]ne) + O(0*™)
= 6N (u) [ ~ ]+ 0pry, (AN (u) [0 — v, ]n2) + O(86%) + O(0°)

=pry (z—-2)+O0(6c™ + g2a0)
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where we used that ag > o), and where again O(do® + ) does not depend on A. All in
all, we find that

1
o -yl = | v, (@)
1 20 a
=H—prT (x—2)+ pry (z-2)|+O0(1+0**/(50™))
o%o # oL =
(S16) =2 = z|g-1(2) + O (1 + 07/ (60)).

Now using that 62 = o(§o™*), there thus holds that |z — ¥ (w) |51 (w) < 2T log(1/e) for T
large enough.
Denote Ry (u) = exp(u) - Yot ut/t!, then | Ry (u)| < e*u|” /T! and

B ) T-1 (_1)t _ 9
exp {3l B )31y} = 5 S = By + B (-l - @) [ /2).
t=0 .

= Ry (z,w)

Note that Ry (z,w) is uniformly bounded by

T -
srlog(1/e) (L log(1/e))”  eMog” (1))

Set,
Aij(w) = (ei, S (w)eg), Bi(w):={e;, &7 (w)¥(w)), and C(w) = [¥(w)[31 ),
so that all functions A; j, B; and C' are continuous functions of w and if x = (z1,...,2D),

o= B0 B 4y = {l sy = 2 27 ) B )+ [T

ko

:Z(Z)(—Q)kz{ Z ziz;A; w)} {leB (w)} C(w)k3

|k|=t 1<i,5<D
= RIEE w)Fs h zizi )i A 2 Da:m’i ™ (w
_|kz=:t<k)( 2)"0w) |e§gl(€)1<il,—[j<D( i) A ( )|m|zjk2( )lel i B (w)
= Y Puam(@)xCw)y ] Aj(w) [ B (w)

(p,£m)egG, 1<i,j<D 1<i<D

= Qp.t,m

where P,/ ,(x) are polynomial functions of x, @, ¢, (w) are continuous functions of w,

and where G, is the set {(p,¢,m) | p+|¢|+|m|=1} c NP*+D+1 According to [8, Lem 3.1],
one can always find an atomic probability measure G; ; such that

/Qp,ﬁ,m(w)gi,j(w)dw:/Qp,é,m(w)Gi,j(dw)

for all p, £, m such that p + |¢| + |m| < T — 1. Since there are less than TP*+D+1 guch triplets,

the probability measure G; ; can be taken to have less than T’ D*+D+1 310ms. Note that then,
this measure satisfies that

| fw P50y (@ = V() (i (w) dw - Gy 5 (dw))|

1 _ e log” (1/¢)
PP oy, R0 G| o
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All in all, G} ; is such that
| [ e @=T@)gi@)du= [ oo @-¥w)Giydw)

1 .
—UD(jD—dSH if xé(’)ii;
S ;5”2 if zeOL and infyes |2 —U(w)|? >Tlog(1/e);
| gP§D-d ez weJ S-1(w) 21 108
1 1

~DsD-d " e log? (1/e) if zeO} and infyey |z - U (w)|3 1(w)SI‘log(l/e).

Taking H >1, ' >2 and T > 5I'log(1/¢) yields a bound of order /a6~ in every case.
Then the probability measure

G=> a; ), j(Vs)xGij,
1€l 7T
is a discrete measure on M? with at most
N. = TD*+D+1 Z Card J; ~ IOgD2+D+1(1/E)RDO_—D <o P lOgD2+D/(m2)(1/E)
€L
atoms and such that | Kz G — Kxg| . /(P 0P79).

~ We now turn to bounding the L' norm. Let again pick i € Z and j € J;. We let Lij =
WU, (w; ;) for some w; ; € W; ; and for T'> 0 we define

Ha= {x € RD | Hx — X ”2—1(%0.) < A} .
There holds that Leb? 4 ~ 674 PTP. Furthermore, we have, denoting respectively F; ;
and Q; ; the push-forwards of g; ; and G ; through W,

| K2 Pij - KxQijlh =fH |K2Pi,j_KEQiJ|+[HC [KsPij = KeQil
A A
507l AP | Kx Pyj - KsQijl o + [H (K5 Qi+ KsPig)
A

(S17) sADe+fHC [Ks P j + KnQi ]

A
Recall that the support of P; ; and (); ; are in \ifxi (W, ;). Furthermore, since
diampr,; ¥, (Wi ;) S0,
there holds, using (28), that | pry, —pry, [op S 0@ for any two y,y" € U, (W) Letye
W,,(Wi;) and 2 € HS, we now show that |z — y|s-1(,) > A/2 if A is chosen large enough.
First notice again that if z ¢ W} , then ||z = y[s-1(y) 207 A5 167 > A for all A so that
we can take z € W, . Now using (S16) applied to z = z; j, we find that |z - y|s-1(y) = |z -
Tijll 51 () +O(L+0%%[(60%)) > A2, where we used that 0>*° = 0(60** ), and provided

that A is chosen big enough.
This yields that

KzPi,ff\pu(W_ [ sy (z—y)drP; ;(dy)

1 2
(27r)D/2 D§D- dfy o, J)fc {—§||x—y‘z—1(y)}dxp(dy)
(27r)D/2 /\z||>A/2 {__‘ ||2}d22<exp( _4%/8),

o
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where we made the variable change z = ¥~'/2(y) (x — ) in the second to last inequality. The
same holds for KxQ; ;. Setting A = (8log(1/¢))'/? and combining with (S17), |Ks P, ; -
KxQijli s log?/?(1/e)e. We finally obtain that

|Ksg-KsGl1$) 05 Y, i logP?(1/e)e <logP?(1/e)e.
( jeJi

Also we can choose the atoms of G to be 0“° A o™t x ¢ apart, thanks to Lemma S4.1
together with the following bound on X(2)"'%(y) — Id when ||z — y|| < 0% A 0% ¢:

2(2) "% (y) -1d=0]A50.0] A% 50, - 1d
=0!A;5(0:0, -1d)AZ ;0,+ 00, -1d,
so that
Vir(S(2)15(y) - 1d)?
<VD[2(2) "' (y) = 1d op 5 [ A5 lop =05 = 1d [op [ | AZ 5]op + [0-05 ~1d |op

S0 v 620720, = Oyllop S [072% v 2072 ]| pry. — pry, lop
Slo72 v 2072 |2 ~y| S,

where we used (28) in the second to last inequality, ending the proof.

S5. Supplement to Section 4.

S5.1. Additional details on the numerical setting. The manifolds used in the numerical
experiments are given through the following equations:

* The two circles: it is the union of C; and Co with equation (z — zi)Q +(y - yi)2 = ri? for
i€{1,2}. In the experiements, we chose (z1,y1) = (0,0), (z2,y2) = (2,0) and 11 =79 = 2.
* The 2D-spiral: it is given by the parametric embedding

R(wt +6p) cos(wt + )

:te|0,1]~
p2:te(0.1] {R(wt+90)sin(wt+90).

In the numerical studies, we chose R =1/2m, w="7m/2 and 0y = 7/2.

* The 3D-spiral: it is given by the parametric embedding

R(wt +6y) cos(at + 6p)
Y3 te [0, 1] e R(wt + 30) Sin(at + 90)

vt.

In the numerical studies, we chose R=1/27, w="T7/2, 6y =7/2 and v = 2.

e The torus: it is the set T given by the equation (v/(x —20)2 + (y = y0)2 — R)?+ (2~ 20)? =
2. In the experiements, we chose (0,0, 20) = (0,0,0), R=3 and r = 1.

S5.2. Details on the Gibbs sampling algorithm. This first section presents the imple-
mentation of the partial location-scale prior (8) with Gibbs sampling for a particular choice
of measure H.

In order to simplify the notations we will write indifferently A as a D-dimensional diago-
nal matrix or a D-dimensional vector.
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We use the latent cluster representation of the (1;0;) and denote by ¢; the cluster alloca-
tion of observation :
¢; =cj < y; and y; are in the same cluster
and let NV be the number of clusters, so that 1 <¢; < N. We write ¢, = (1,07 )1<c<n for the
unique values of the cluster parameters.

PROPOSITION S5.1.  In the model (18), we have :

D 12 .
p(A|Y, (,ui,Oi),b) :®IDVF (aj + n/2, bj + 5 Z(Oﬂyz - ,LLZ')Q)
j=1 =1

D
p(OY. (113, 0:), A) =@T(a; + 1,5 + A7)

j=1
and :
p(piO2,Y, (), A) =N (|, A1), c< N
* * 1 _
p(Oc |,LLC,Y, (Cl)vA) :pBMF('|Sv _5A 17M0)
where

A=t +n 0 A ONT,  ne=Card{i:c;=c},
fie = AT S5 o+ OFATHONT Y yil and S=Y (yi— i) (wi — )"

c;=C C;=C

PROOF OF PROPOSITION S5.1. e« For the variances A we have
D n
p(ALY, (113, 0;),b) o< p(AD) TTN (wilps, ;A0 ) o [H /\j_-(aﬂ)e_b’”f] [TN (yilui, O;AO)).
i j=1 i=1

But by orthogonality :

D
N (yilps, O,AOT ) oc [ TT A eXP(— (yi_ﬂi|OiA_1O;f(yi—,Uz’)>)

N | —

D 1/2
o | TN [ (=507 (= m)lA O (=)

N | —

D .
> A Oy -Mz')Q)
j=1

N | =

o D)\71/2
H j exp| -

_ 1. _ ;
(3 exp (<5250l )|

where Ol‘.j is the j-th column of O;. Therefore,

D —(a n 1 n .
p(A|Y’ (:ulaol)vb) OCH|:)\J( +1)€_bj/>\j)\j /2€Xp(—§>\j_1 Z<Oi|yl_'ul>2):|
j=1 =1

D n
—(a+1+n/2 - 1 j
o<1—[1|:)\j( len/ )exp(—)\jl[bj+§Z(Of.|yi—ui)2:|)],
]:

i=1
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i.e conditionally on the rest of the variables, the (\;) jz 1 are independent with distribution
IHVF(G, + n/2, bj + % Z?zl(Of\yZ - ui)2).
* For the hyperparameters (b;) jDz , we have

D
p(]Y, (i, 0:), A) o< p(b)p(Alb) o« @ T (aj + 1,5+ A71)
j=1

i.e conditionally on the rest of the variables, the b}s are independent with distribution
-1
F(aj + 1,f£j + )‘j ) '
* For the cluster locations (1) )1<.<x We have

Cc;=C

1 * _ * * * A — * *
o< €xXp (_5{(/1’0 _MO‘EOl(/’Lc _IU’O)) + Z(yl_:u’c|OcA 1(00 )T(yl_:u’c))

ci=c

and since the prior p(u) is Gaussian with mean po and variance X, the above con-
ditional posterior distribution is a Gaussian distribution with mean ji. = A‘1[261 Lo +
(OHAHO)T 8. yi] and variance A™! =[St + n(OF)A(O)T] .

* For the cluster orientations (O )1<.<x We have

p(OZ1pz, Y (e0), A) o< exp (tr {Mg 07 }) [T N (yiluz, 02A(02)")

e {or (MF 02 ) (5 3 o= nEIOZAHO0) (- )

Cc;=C

L1 ) Ty 1 o
s (i MF0: - § 3 )i 02A 007 )

c;=C
1
o< exp (tr {MOTOC* - 5A-l(o;)Tso;} : ) :
We thus obtain

* * 1 -_ *
O, NPBMF(OC|57_§A L M) | LY, (ei), A

Proposition S5.1 is the key to implement algorithm 8 in [11].

REMARK 1. Here we can see that when Z?zl(Oﬂyi - ui)? =0(n3?), Invl(a +n/2,b; +
3 1(O]y; — pi)?) is tightly concentrated around its mean
b + 3 L1 (Oyi - i)? b
a+nf2-1 Ta+nf2-1

and if we fix b; this may induce a rather strong penalization on small values of \; for finite
n.

Even though to the best of our knownledge no direct samplers are available for ppyr, it
is still possible to perform a Gibbs sampling update over the columns of O (cf [9] and the
associated package rstiefel). Another more involved (but more efficient) option would

)
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be to perform Hamiltonian Monte Carlo via polar expansion as suggested in [10]. With a
slight abuse of notation we will write

O; ~ pewmr,Gibbs (|4, B, C,0;)

for a Gibbs sampling scan on the column of O starting from O] . All in all, this leads us to
Algorithm 1 below. It uses the conditional allocation distributions :

n_i N (il OIAOT) V1<i<k

(S18) P(Cz = l|C—i7yia (d)l)lglih) o< %N(%“M,O[AOlT) Vik<l<h

Algorithm 1: Gibbs sampling algorithm for Partial location scale DP mixture

Input : adataset Y = (y;)i-. a current partition ¢ = (¢;);_{. a current state ¢ = (], O] ){51 (with K
the current number of clusters), current variances A = ( Aj )3‘21’ current hyperparameters
(b; )jzlv a number of auxilliary parameters m e N*,

a>0,pup€ RP, Yo eSH (R), My e Mp(R) the parameters for the base distribution of the
Dirichlet process, (aj )]21 the prior parameters for the variances
Output: an updated state (¢, ¢, A, b)
fori=1,...,ndo
k< #{j £i:cj =cl~}; h < k+m; and label (c;) jx; with {1,...,k};
if 35 #4:¢; =c; then
i.4.d
‘ (DD k<ich =~ Gos
else
iij¢iICi¢Cj then
id
‘ ci =k +1: (@) pe1aaen < Go:
end
end
n_j < #{cj:j#i}; draw ¢; from {1,..., h} with probabilitity (S18);
discard the (¢;) not associated with any observations;
forle{cy,...,cn} do
np < #{ie;=1); A=3g" +n0f AN O T
~ -1ry-1 -1 T
fip = A2 1o+ O AT (O] Teip wils
IN -1 T
pug = g~ N (g, A7) 58« Sy (i = ) ) (Wi =1y ) s
-1
Of < Of ~pprF.Gibhs (OIS, -5A71, M, 0F )+
end
D D ind 1 j 2
(Aj)j1 < )iz~ pAjl(wi) e, (07)) o< InvT (a+ n/2,0 + 5 774 {(Oc, ) ly; — ne,)*):
D ind -1
b (bj)le v F(aj + l,Kj + )\] )

end
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Chapter 5

Discussion and future directions

We conclude this thesis by summarising in Section [5.1] the contributions of in Chapters [2|[3| &

and ending in Section [5.2 by a discussion of possible extensions.

5.1 Summary

In Chapters[2] & [3] we have investigated the asymptotic behaviour of some classes of Bayesian
nonparametric procedures in the nonparametric regression model with covariates located on
an unknown submanifold of a Euclidean space. We have first focused in Chapter [2lon Gaussian
process priors of Matérn type for the unknown regression function fy, by studying the intrin-
sic Matérn processes, which are defined by random basis expansions in the eigenbasis of the
Laplace-Beltrami operator of the submanifold. Although such a prior is not always tractable
since it requires to work directly on the (possibly unknown) submanifold in question—in
particular to compute the eigenfunctions of the Laplace-Beltrami operator—it serves as a
benchmark that we compare with the so-called extrinsic Matérn processes, defined by the re-
striction of an ambient, Euclidean, standard M&tern process to the submanifold in question.
The extrinsic Matérn processes are precisely the priors used implicitely if one uses a standard
Fuclidean Matérn process prior without knowing that the covariates are actually supported
on a submanifold. Surprisingly, we have shown that both types of priors can lead to optimal

posterior contraction rates under smoothness assumption on fy, even though empirical argu-
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ments tend to indicate that intrinsic methods are preferable in practice. Indeed, as opposed
to the extrinsic ones, the intrinsic processes do not introduce spurious correlations for the
value of the regression function at point being close with respect to the ambient distance but
far away with respect to the Fuclidean distance.

In Chapter [3| we have considered an alternative solution to the problem considered in
Chapter 2] In a possibly semi-supervised setting, we have constructed an approximation to
the intrinsic processes over the submanifold by a random basis expansion the eigenbasis of
the graph Laplacian of a random geometric graph constructed over the covariates. Since the
construction of the random geometric graph is always tractable—as it only necessitates the
knowledge of the pairwise Euclidean distance between the covariates—this provides a graph
based prior that can be interpreted as a numerical approximation to the original intrinsic
processes. As opposed to Chapter 2] we have not limited ourselves to Gaussian processes but
actually consider general priors on the basis coefficients. Under Holder smoothness assumption
on fp and for appropriate choice of hyperparameters we have shown near minimax optimal
posterior contraction rates for such priors. Moreover, we have explained how to construct
Bayesian procedures adaptive to the smoothness of fy by considering hierarchical priors, and
where the hyperparameters are data-driven. The proof of our posterior contraction rates
crucially relies on a novel approximation argument for the restriction of smooth functions
to random geometric graphs in the graph Laplacian eigenbasis, which can be used in other
contexts (for instance we deduce a similar rate of convergence for a least squares estimator
from our approximation result).

In Chapter [4 we have considered the problem of estimating a probability density fy sup-
ported on a small tubular neighbourhood of a submanifold of R” based on an 4.i.d. n—sample.
By constructing a new class nonparametric Gaussian mixture models (where the prior on the
covariance matrices explicitely separates orientation and eigenvalues) and a new class of man-
ifold anisotropic Holder functions (where the smoothness anisotropy is measured along a co-
ordinate frame moving along the submanifold), we have described how such priors can lead to

minimax optimal posterior contraction rates for the estimation of fy under the Hellinger dis-
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tance, provided that the width §,, of the tubular neighbourhood is not too small. In particular,
a width 4, satisfying §, — 0 is compatible with our assumptions, provided that this decay is
not too fast. We have also shown that the density fo belongs to our new anisotropic smooth-
ness class in natural additive noise models. Finally we have complemented our theoretical
analysis by an MCMC and MAP (maximum a posteriori) implementation of our methods,
demonstrating a clear advantage over standard priors when the probability distribution is

nearly singular.

5.2 Limitations and future directions

There are several ways in which our contributions can be extended. First of all, in Chapter [3]
we have provided a solution to the problem of adaptive estimation by considering a hierarchical
prior, which adapts to the unknown smoothness of the regression function but (potentially)
not to the intrinsic dimension (in the case of the global loss [|-|| ;). Since we do not present
lower bounds it is not clear whether or not this is an artefact of the proof and if these
hierarchical priors can actually adapt both to the smoothness and the intrinsic dimension
when considering the ||| loss. The issue stems from the fact that, in order for our proof
to go through, the truncation level J in the random basis expansion and the connectivity
parameter h of the random geometric graph must satisfy an inequality of the type h < J —1/d
a posteriori, ignoring log factors. As pointed out in the paper, a simple solution could be
to plug in a consistent intrinsic dimension estimator as in [I7], but even if this solution is
satisfactory theoretically this may result in suboptimal behaviour in the unfortunate case
where the dimension estimator fails. Thus refining our proof strategy in order to design
priors adaptive both to the smoothness and the intrinsic dimension could be of interest.

The adaptation problem was not considered in Chapter When using the intrinsic
processes, it is assumed that the submanifold is known (since we need to access the Laplace-
Beltrami eigenpairs), and therefore the intrinsic dimension is considered known too. The
adaptation to the smoothness can then be achieved using standard approaches, for instance

by considering a hierarchical random truncation as in Chapter [3| For the extrinsic processes,
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the results contained in [I17] & [106] indicate that it may be possible to adapt simultane-
ously to the smoothness of the regression function and the intrinsic dimension, by putting an
appropriate empirical Bayes prior on the ambient Matérn process length scale.

Moreover, as we pointed out in Chapter [2], looking at the posterior contraction rates alone
(i.e. the power of n appearing in the rate) was not able to discriminate between intrinsic
and extrinsic processes, even though they demonstrate different behaviours in practice. It
may be interesting to investigate in which way the posterior contraction rate depends of the
submanifold itself, in particular making the dependence of the O constant in the extrinsic
curvature explicit.

Our result regarding the extrinsic processes in Chapter [2| is a direct consequence of the
trace and extension theorem between submanifold and ambient Sobolev spaces ([97] Section
10.2). It turns out that a similar theorem exists for Besov spaces and an analog result for a
class of rescaled extrinsic Besov priors defined by random basis expansion in a wavelet basis
[3, 57] can then be proved using the spatial localisation of the basis under Besov smoothness
assumption on the true regression function.

For the density estimation problem studied in Chapter [4 a lot of questions remain unan-
swered. For instance, our posterior contraction rates are minimax optimal provided that the
width of the tubular neighbourhood does not decay too quickly, but it is not clear if the corre-
sponding threshold is optimal or not. In particular, it may be that this lower bound condition
on the width is a consequence of our proof technique (and therefore potentially an artefact of
the proof itself) and/or can be lowered when considering other kernels for the mixture models.
A natural candidate is the Fisher-Gaussian kernel, as it can potentially adapt better to non
linear submanifolds thanks to the curved shape of the kernel itself. Using this kernel might
therefore help to weaken the condition on the width, but no formal results are known yet.

In Chapter [] we focused on posterior contraction rates with respect to the Hellinger
distance, which is compatible with our model of probability distribution supported in a tubu-
lar neighbourhood around a submanifold (since in this case the model is dominated by the

Lebesgue measure). Still in the 4.i.d. sampling model, if the true probability distribution
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of the observations is supported on an unknown (possibly non smooth) subset of [0, 1]D of
Minkowski dimension d < D, using a Dirichlet process prior (which is conjugate for the
likelihood), it is possible to prove a result similar to the one obtained in [I15] for the em-
pirical distribution and deduce near minimax optimal posterior contraction rates under the
Wasserstein—p metrics with automatic adaptation to the intrinsic dimension d by taking ad-
vantage of the explicit form of the posterior distribution. For more involved models and priors
however, the prior mass and testing approach presented in Section of Chapter [I] might not
lead to (near) minimax rates in general, and no alternative proofs giving near optimal rates
are known so far. Therefore the question of optimal Wasserstein posterior contraction rates

is still an open problem.
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