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Bayesian Nonparametric Estimation under the Manifold

Hypothesis

Paul Rosa

Abstract

Developing methodologies and theoretical understanding of statistical methods at large

scales is a pressing matter given the recent growth in the high volume of data available, both in

terms of sample sizes (large n) and number of predictors (large p). While the first regime leads

mainly to computational issues, the second one also comes with specific statistical questions,

as a consequence of the curse of dimensionality. In this thesis, we investigate how the manifold

hypothesis, the idea that high dimensional predictors often possesses unknown low dimensional

structures, can improve statistical convergence results for Bayesian nonparametric estimation

procedures in this context.

In the introduction of this thesis, we will introduce the mathematical tools used in the

subsequent chapters to tackle the aforementioned questions. We begin by reviewing in Sec-

tion 1.1 basic concepts of differential and Riemannian geometry, focusing on submanifolds of

Euclidean spaces. We will then in Section 1.2 present fundamental results of spectral theory

of compact submanifolds and finite graphs, and show how random graphs can provide mean-

ingful approximations of unknown submanifolds. The proof techniques specific to Bayesian

nonparametric statistics will be presented in Section 1.3, where we will focus on the existing

methods to derive posterior contraction rates. We will then review in Section 1.4 the state of

knowledge related to the questions in nonparametric estimation theory studied in Chapters 2

3 & 4.

As an integrated thesis, Chapters 2 3 & 4 contain published or unpublished but submitted

research papers. In Chapters 2 & 3 we will be investigating the problem of nonparametric

regression with covariates supported on unknown submanifolds, where we will obtain poste-

rior contraction rates depending only on the intrinsic dimensionality of the data for a class
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of methodologies where limited results were previously known. We will then be focusing on

the problem of density estimation for probability distributions supported near unknown sub-

manifolds, by designing a new class of nonparametric Gaussian mixture models and deriving

corresponding posterior contraction rates, together with the implementations of the methods.

Finally, Chapter 5 ends with a discussion.
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Chapter 1

Introduction

From the frequentist point of view, the goal of inferential statistics is to deduce information

about a parameter f0 (an element of a measurable space (F ,B)) based only on observations

Yn (element of a measurable space
(
Y(n),A(n)

)
distributed according to some probability

distribution P
(n)
f0

. Here n represents an amount of “information” that is available based

on Yn, which is typically a sample size (as in density estimation or regression) but can be

something else such as the noise precision in the white noise model, see e.g. Giné & Nickl

[56]. In the context of nonparametric estimation theory the parameter set F is a subset of a

high (i.e. whose dimension increases with n) or infinite dimensional vector space, and we are

interested in producing either

� estimators f̂ , i.e. measurable maps f̂ : Y(n) → F ,

� or Bayesian procedures, i.e. posterior distributions Π [·|Yn] defined as the conditional

distributions of the parameter f ∈ F given the observations Yn in the joint prior model

f ∼ Π,Yn|f ∼ P
(n)
f , for some probability distribution Π on F .

Notice that the posterior distribution is not necessarily well defined without further assump-

tions on the measurable spaces and the prior distribution. Sufficient conditions are discussed

in [55], Chapter 1 and we recall them in Section 1.3.

In this thesis, we will be focusing on Bayesian procedures (at the exception of our result

regarding the PCR-LE estimator in [92], Chapter 3) and analysing their performances from
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the frequentist point of view, which can be referred to as the “frequentist Bayes” paradigm,

see Rousseau [94], Castillo [24] or Ghosal & Van der Vaart [55]. As for the Cramer-Rao lower

bound in the parametric case, fundamental limitations to the performances of statistical esti-

mations exist in the nonparametric setting, and can typically be formulated in the minimax

framework, which we now introduce. Let us suppose that we are interested in estimating an

element f0 of some set B ⊂ F : typically (F , ∥·∥) is a normed function space and B is a ball

centered at 0 (whose radius may be unknown). In essence this means that we are making

a smoothness assumption on f0; and often the subset B is a Hölder, Sobolev or Besov ball.

Then it is possible to show lower bounds of the type

∃C > 0, inf
f̂

sup
f∈B

EYn∼P (n)
f

[
ρ
(
f̂ , f

)]
≥ Cεn

for various distances (or semi distances) ρ over the space of probability distributions on Y(n)

and some sequence εn of positive real numbers. Here the infimum is taken over all possible

estimators f̂ . In other words, for any estimator f̂ there will always exist an element f in the

set B such that EYn∼p(n)
f

[
ρ
(
f̂ − f

)]
≥ Cεn. If it exists, an estimator f̂ achieving the lower

bound (perhaps up to a constant), i.e. satisfying

sup
f∈B

EYn∼P (n)
f

[
ρ
(
f̂ , f

)]
≤ C ′εn

for some C ′ ≥ C is then called minimax optimal (or just minimax) over the set B, and the

sequence εn is called the minimax rate. It is often the case to encounter estimators f̂ that are

minimax up to a logarithmic factor, i.e. such that for some C ′, κ > 0

sup
f∈B

EYn∼P (n)
f

[
ρ
(
f̂ , f

)]
≤ C ′ (lnn)κ εn

From the asymptotic point of view the extra (lnn)κ factor is often considered negligible, and

the estimator is called near minimax optimal. We refer to [110] for an introduction to the

theory of minimax estimation.
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When the parameter of interest f0 is contained in a collection of the form
⋃
λ∈ΛBλ and

λ is unknown (a typical situation when λ is a smoothness parameter and Bλ ⊂ Fλ is a ball

in a normed function space Fλ), then it is often possible to design so called (near) minimax

adaptive estimators, that is estimators f̂ satisfying

sup
λ∈Λ
f∈Bλ

vn(λ)
−1EYn∼P (n)

f

[
ρ
(
f̂ , f

)]
≤ C,

where for εn(λ) the minimax rate of Bλ we have vn(λ) = εn(λ) ln
cλ n, for some constant

C, cλ > 0.

Goldenslugher and Lepski [59] have investigated the problem of adaptive minimax esti-

mation of a density on RD, D ≥ 1 based on an i.i.d. sample of size n ≥ 1. Under the

L1−loss ρ(f, g) =
∫
RD |f − g|, with the smoothness spaces Fλ being the anisotropic Besov

spaces Bβ̄
∞∞

(
RD
)
, β̄ ∈ (0,∞)D and choosing balls in Bβ̄

∞∞
(
RD
)
together with a tail con-

dition as models for Bλ, they show that the minimax rate for the corresponding class is lower

bounded by a multiple of (n/ lnn)
− β

2β+D , where β−1 = 1
D

∑D
j=1 β

−1
j is the harmonic mean

of the smoothness along the coordinates axis β′js. Moreover, they construct an estimator f̂

achieving this lower bound adaptively, in the sense that the estimator does not require the pre-

liminary knowledge of β̄. A similar behaviour arises in the nonparametric regression problem

on [0, 1]D, where one observes Yi = f0 (Xi) + εi for some β−Hölder function f0 : [0, 1]D → R

and (possibly random covariates) Xi ∈ [0, 1]D, see Tsybakov [110] and the references therein.

In both cases, although it may introduce additional lnn factors, considering adaptive estima-

tors is not responsible for the exponent β
2β+D as it is already the one appearing in the non

adaptive lower bounds for the rates.

Even if for a given statistical problem the minimax rates can exhibit very different be-

haviour depending on the semi metric ρ and the parameter classes Fλ, a general and intuitive

rule of thumb is always satisfied : the minimax rates (adaptive or not)

1. get smaller when the regularity of the functional parameter increases,

2. get larger when the dimension of the input space increases.
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The second item is an instance of the so-called curse of dimensionality, the idea that

statistical problems grow in complexity with the dimension of the data space. In the setting

of minimax estimation, it is characterised by an exponential dependence of the minimax rates

in the dimension of the input space. For instance, if we want to estimate a C1 function over

[0, 1]D in the nonparametric regression problem then, according to Stone [103] and under

technical assumptions the corresponding minimax rate over a Lipschitz ball (for instance with

respect to the L2−norm) is n−
1

D+2 : in order to maintain an error O(ε), we need n to be

at least of the order of ε−(D+2). This exponential dependence of the required sample size in

the dimension D of the input space is prohibitive and cannot be tempered without further

assumptions.

In the Bayesian framework, if the prior and the likelihood are conjugate, it is possible to

derive rates εn satisfying

∫ ∫
ρ(f, f0)Π [df |Yn]P (n)

f0
(dYn) ≤ Cεn (1.1)

or

EYn∼P (n)
f0

Π [ρ(f, f0) > Cεn|Yn] =
∫ ∫

ρ(f,f0)>Cεn

Π [df |Yn]P (n)
f0

(dYn) −−−→
n→∞

0 (1.2)

by using the explicit form of the posterior distribution (see for instance Section 1.7 in Castillo

[24] for the example of Gaussian priors in the white noise model). Such estimates are called

posterior contraction rates, in expectation 1.1 or probability 1.2. In non-conjugate situations

this is much more challenging, and alternative arguments must be used. This is the object

of the prior mass and testing approach, popularised notably by Ghosal, Ghosh & Van

der Vaart [52] and Ghosal & Van der Vaart [53], which by Baye’s formula allows to derive

posterior contraction rates using only assumptions on P
(n)
f0

, the semi metric ρ and the prior

Π and that we will present in Section 1.3.

We present the necessary geometry and functional analysis background in Sections 1.1
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& 1.2. In Section 1.4 we introduce the idea of the manifold hypothesis (a framework

allowing to reduce the influence of the curse of dimensionality in the presence of implicit

low-dimensional structures in the data) and the associated relevant and recent literature and

a brief summary of our contributions. Chapters 2 3 & 4 contain a detailed account of our

contributions (in the form of two published papers and a submitted one). Chapter 5 ends

with a discussion.

1.1 Elements of differential geometry of submanifolds

In this section we give a brief introduction to differential and Riemannian geometry. We focus

on submanifolds of RD as our work in Chapters 23 & 4 does not involve general, non-embedded

manifolds. Section 1.1.1 covers basic definitions of manifold and tangent spaces while Section

1.1.2 introduces some concepts of Riemannian geometry, following Robbin & Salamon [90].

1.1.1 Submanifolds

In this section, we introduce the notion of submanifolds and tangent spaces that we will use

in Chapters 2, 3 and 4. From now on, unless stated otherwise the term “smooth” refers to

infinitely differentiable functions and “diffeomorphism” refers to bijective smooth maps whose

inverse is also smooth.

Roughly speaking, a subset M of RD, D ≥ 1 is a d−dimensional submanifold if it locally

“looks like” Rd. This can be formalised as follows:

Definition 1. Submanifolds of RD, [90] Definition 2.1.3

A subset M of RD is called a d−dimensional submanifold if for any p ∈ M there exists an

open neighbourhood U of p in RD and a diffeomorphism φ : U ∩M 7→ Ω = φ (U ∩M) ⊂ Rd

(see Remark 1 below). The diffeomorphism φ is called a coordinate chart and its inverse

ψ = φ−1 : Ω → U ∩M a local parametrisation of U ∩M.

remark 1. In Definition 1, we say that a map φ : X ⊂ RD → Y ⊂ Rd is smooth (resp.

Ck, differentiable) if for any point p ∈ X we can find an open neighbourhood U of p in RD
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and a smooth (resp. Ck, differentiable) map F : U → Rd such that F|X = φ. We say

that φ : X → Y is a diffeomorphism (resp. Ck−diffeomorphism) if it is bijective and both

φ : X → Y and φ−1 : Y → X are smooth (resp. Ck).

An atlas of M will then be a family (Uj , φj)j∈I of coordinate charts with associated

neighbourhoods satisfying M = ∪j∈IUj .

We will always implicitely equip submanifolds of RD with the induced subset topology so

that the set U ∩M of Definition 1 is a generic open neighbourhood of p ∈ M. It turns out

that submanifolds of RD can be described equivalently in various ways :

Theorem 1. Equivalent descriptions of submanifolds, [90] Theorem 2.1.10

Let M ⊂ RD and p0 ∈ M. Then the following are equivalent :

i) There exists an open neighbourhood U0 of p0 ∈ M and a diffeomorphism φ0 : U0 →

Ω0 ⊂ Rd where Ω0 is open

ii) There exists open sets U,Ω of RD and a diffeomorphism φ : U → Ω such that p0 ∈ U

and

φ (U ∩M) = Ω ∩
(
Rd × {0}D−d

)

iii) There exists an open set U ⊂ RD and a smooth map f : U → RD−d such that p0 ∈ U ,

the differential dfp : RD → RD−d is surjective for any p ∈ U ∩M and

U ∩M = f−1
(
{0}D−d

)
= {p ∈ U : f(p) = 0}

Moreover if i) holds then the diffeomorphism φ in ii) can be chosen such that

φ(p) = (φ0(p), 0) .

remark 2. Theorem 1 is stated for smooth (i.e. infinitely differentiable) coordinates charts

φ0, “lifting” maps φ or constraints f . Its proof relies mainly on the inverse function theorem

which also allows for non infinitely differentiable functions. Thus, the statement of Theorem
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1 still holds if the smoothness property is replaced more generally by a Ck−assumption on the

diffeomorphisms and smooth maps, 1 ≤ k ≤ +∞.

As we can see from Theorem 1, a submanifold M ⊂ RD initially described by coordinate

charts in Definition 1 can also be described “lifting” maps (item ii)) or by an equation (item

iii)), but this only holds locally.

We now define the tangent and normal spaces. From now on, for a curve γ : t ∈ I 7→ γt

defined on an interval I ⊂ R, we write γ̇t (resp. γ̈t) for its first (resp. second) derivative at t.

Definition 2. Tangent & normal spaces

v ∈ RD is said to be tangent to the submanifold M ⊂ RD at p ∈ M if there exists a smooth

curve γ : R → M such that γ̇0 = v and γ0 = p. The set TpM of such v′s is called the tangent

space of M at p. The orthogonal complement (TpM)⊥ =
{
u ∈ RD : ⟨u|v⟩ = 0 ∀v ∈ TpM

}

of TpM in RD is called the normal space of M at p.

By definition, normal spaces are linear subspaces of RD. However regarding the tangent

spaces Definition 2 only defines a set TpM ⊂ RD which has no guarantee a priori to be an

affine or linear subspace of RD. Fortunately, given our definition of submanifolds 1 and their

equivalent characterisations 1 we can actually describe the tangent space TpM at p as a linear

subspace of RD, thus justifying the terminology. From now on, for any differentiable map

φ : U → V between subsets of U, V of RD1 ,RD2 , p ∈ RD1 and linear map A : RD1 → RD2

we write dφp for the differential of φ at p and ker (A) = A−1 ({0}) (resp. Im (A) = A
(
RD1

)
)

for the kernel of A (resp. its range).

Theorem 2. Description of the tangent spaces

Let M ⊂ RD be a submanifold of dimension d and p ∈ M. Then the following holds :

i) If U0 ⊂ M is open, p ∈ U0 and φ0 : U0 → Ω0 is a diffeomorphism onto an open subset

Ω0 ⊂ Rd, then with x0 = φ0(p), ψ0 = φ−1
0 : Ω0 → U0 we have

TpM = Im (dψx0)
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ii) Let U,Ω ⊂ RD be open sets and φ : U → Ω be a diffeomorphism such that p ∈ U and

φ (U ∩M) = Ω ∩
(
Rd × {0}D−d

)
. Then we have

TpM = dφ−1
p

(
Rd × {0}D−d

)

iii) Let U ⊂ RD be an open neighbourhood of p and f : U → RD−d be a smooth map such

that 0 ∈ RD−d is a regular value of f and U ∩M = f−1 ({0}). Then

TpM = ker dfp

iv) TpM is a linear subspace of RD.

remark 3. Regarding item iii) : a regular value of a differentiable map f : U → RD−d is an

element c of RD−d such that dfp : RD → RD−d is surjective whenever f(p) = c.

remark 4. Theorem 2 implies that the tangent spaces TpM, p ∈ M are all d− dimensional

linear subspaces of RD. Thus we do not necessarily have p ∈ TpM; a tangent subspace that

intersects M at p has to be affine in general and is described by p+TpM = {x+ y : y ∈ TpM}.

remark 5. If M ⊂ RD is a d−dimensional submanifold and p ∈ M is such that the projection

from TpM to Rd×{0}D−d is invertible then there exists an open set Ω ⊂ Rd and a smooth map

h : Ω → RD−d such that the set {(x, h(x)) : x ∈ Ω} ⊂ RD is actually an open neighbourhood

of p in M. Of course the projection is in general not guaranteed to be invertible, but we can

always find an orthogonal transformation O of RD, an open neighbourhood U0 ⊂ RD of O · p

and a smooth map h : U0 → Rd such that the set

{
O−1 · (x, h(x)) : x ∈ U0

}

is an open neighbourhood of p in M. This shows that we can always describe locally a sub-

manifold M at a point p ∈ M as the graph of a function defined on an open set of Rd ≃ TpM.

With the concept of tangent space at hand we can now introduce the notion of basis vec-
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tors : given a d−dimensional submanifold M ⊂ RD, a point p ∈ M, an open neighbourhood

U of p in RD and a coordinate chart φ : U ∩ M → Ω ⊂ Rd with inverse ψ, we define the

coordinate basis vectors at p as the elements

∂i =
d

dt t=0
ψ (φ(p) + tei) =

∂ψ

∂xi
, 1 ≤ i ≤ d

of TpM, where ei = (0, . . . , 0, 1, 0, . . . , 0) are the canonical basis vectors of Rd. Since φ is a

diffeomorphism the vectors (∂i)
d
i=1 are linearly independent and form a basis of the tangent

space TpM. These basis vectors are a natural generalisation of the standard basis of Rd to

submanifolds once a set of local coordinates has been chosen.

As we have seen in this section, a submanifold M ⊂ RD can be described locally by

d−dimensional coordinates. However not all coordinate systems are made equal : even in one

dimension the circle

S1 =
{
(x, y) ∈ R2 : x2 + y2 = 1

}

can be described around p0 = (1, 0) by the vector eα = {cos (α) , sin (α)} , α ∈ I = [−π/2, π/2].

But if t ∈ I 7→ α(t) ∈ I is a smooth increasing map from I to itself with α(−π/2) =

−π/2, α(π/2) = π/2 then e′t = eα(t) is also a valid parametrisation of S1 around x0 even

though it can heavily distort distances when α(t) is nonlinear. As we will see in the next

section, we can always find well behaved (in some sense) parametrisations of a submanifold

M around each of its point, but for this we will first need to define the concept of geodesics.

1.1.2 Riemannian structure of submanifolds

Intuitively, a differentiable curve γ : R → M should be “straight” if a “bug” living on M and

sitting at γt should not perceive any change of direction of the vector γ̇t. For instance, if

M = S2 :=
{
(x, y, z) ∈ R3 : x2 + y2 + z2 = 1

}

and

γt = (cos(t) cos(α), sin(t) cos(α), sin(α)) , α ∈]− π/2, π/2[,
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then

γ̇t = cos(α) (− sin(t), cos(t), 0) , γ̈t = − cos(α) (cos(t), sin(t), 0) .

Thus the acceleration vector γ̈t is never equal to 0. But from the perspective of the bug living

on M and sitting at γt, only the tangential component of γ̈t is perceived. The latter is equal

to
((
cos2(α)− 1

)
cos(α) cos(t),

(
cos2(α)− 1

)
cos(α) sin(t), cos2(α) sin(α)

)

and is therefore zero if and only if α = 0 : this explains the intuition that the “straight lines”

of M should be the great circles.

In general for a submanifold M ⊂ RD and a curve γt on M we define ∇γ̇t γ̇t as the

orthogonal projection of γ̈t onto TγtM. ∇γ̇t γ̇t is called the covariant derivative of γ̇t

along the curve γt. We say that a curve γ is a geodesic if and only if ∇γ̇ γ̇ = 0 : this is a

natural generalisation of the concept of straight lines to submanifolds. Notice that geodesics

automatically have constant velocity :

d

dt
∥γ̇t∥2 = 2⟨γ̇t|γ̈t⟩ =︸︷︷︸

γ̇t∈TγtM
2⟨γ̇t|∇γ̇t γ̇t⟩ = 2⟨γ̇t|0⟩ = 0.

It is interesting to write out the equation ∇γ̇ γ̇ = 0 in local coordinates; and for this we need

to introduce the metric tensor. If M is a d−dimensional submanifold of RD and p ∈ M we

can define an inner product structure on TpM by restriction of the ambient one :

∀u, v ∈ TpM, ⟨u|v⟩TpM := ⟨u|v⟩RD

where ⟨·|·⟩RD is the Euclidean inner product in RD. From now on unless otherwise stated ⟨·|·⟩

will refer to the inner product in RD, and thus on the tangent spaces by restriction.

We define the metric tensor in coordinates x = φ(p) (where φ is a diffeomorphism onto a

subset of Rd) as the Gram matrix of size d× d with components

gij(x) = ⟨∂i|∂j⟩, 1 ≤ i, j ≤ d
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where the basis vectors are implicitely computed at p. We will write gij for the components of

the matrix inverse of the metric tensor. With these definitions at hand we can now describe

the geodesics explicitely.

Proposition 2.1. Geodesic equation

If x = φ(p) are local coordinates then a curve γ : R → M is a geodesic if and only if it

satisfies the equation

ẍkt + Γkij (xt) ẋ
i
tẋ
j
t = 0, k = 1, . . . , d (1.3)

where
(
ẋit
)d
i=1

(resp. (ẍt)
d
i=1) are the coordinates of ẋt (resp. ẍt) and

Γkij (xt) =
1

2

∑

l

gkl
(
∂

∂xi
glj +

∂

∂xj
gil −

∂

∂xl
gij

)
=
∑

l

gkl⟨ ∂
2φ−1

∂xi∂xj
|∂l⟩.

Proof. If xi = φi(p) are local coordinates then with ψ = φ−1 we have γt = ψ(xt) and

γ̇t =
∑

i

ẋit
∂ψ

∂xi
(xt) ,

which implies

γ̈t =
∑

i

ẍit
∂ψ

∂xi
(xt) +

∑

i,j

ẋitẋ
j
t

∂2ψ

∂xi∂xj
(xt) .

Thus γ is a geodesic if and only if ⟨γ̈t|∂l⟩ = ⟨γ̈t| ∂ψ∂xl ⟩ = 0 for any l = 1, . . . , d, i.e. if and only if

∑

i

ẍigil +
∑

i,j

ẋiẋj⟨ ∂2ψ

∂xi∂xj
|∂l⟩ = 0, l = 1, . . . , d.

Mutiplying each side by gkl (the inverse of the metric tensor) and summing over l = 1, . . . , d

we see that this is equivalent to

ẍk +
∑

i,j

ẋiẋj
∑

l

gkl⟨ ∂2ψ

∂xi∂xj
|∂l⟩ = 0, k = 1, . . . , d
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Finally, noticing that

∂

∂xi
glj +

∂

∂xj
gil −

∂

∂xl
gij

= ⟨ ∂2ψ

∂xi∂xl
|∂j⟩+ ⟨∂l|

∂2ψ

∂xi∂xj
⟩+ ⟨ ∂2ψ

∂xj∂xi
|∂l⟩+ ⟨∂i|

∂2ψ

∂xj∂xl
⟩

− ⟨ ∂2ψ

∂xl∂xi
|∂j⟩ − ⟨∂i|

∂2ψ

∂xl∂xj
⟩

= 2⟨ ∂2ψ

∂xi∂xj
|∂l⟩

gives the result.

The quantities Γkij are called Christoffel symbols of the second kind. They depend

both on the submanifold M and the chosen coordinate system xi; for instance if M is a

2−dimensional linear subspace and xi are Cartesian coordinates then Γkij = 0, but this is no

longer true in polar coordinates y = (r, θ). Indeed, in these coordinates we have

g =




1 0

0 r2


 ,

and therefore

Γ1
22 =

1

2
g1l
∑

l

{
∂

∂y2
gl2 +

∂

∂y2
g2l −

∂

∂yl
g22

}
= −1

2

∂

∂r
r2 = −r ̸= 0.

Geodesics however do not depend on the chosen chart : if Equation 1.3 is satisfied in a

coordinate system then it automatically holds in any other one, simply because Equation 1.3

is equivalent to ∇γ̇ γ̇ = 0, which did not require the construction of a coordinate system in

the first place. In this sense, geodesics are an invariant notion.

The geodesic equation 1.3 is a system of non linear ordinary differential equations, thus the

existence of a maximal solution to the Cauchy problem defined by 1.3 with initial conditions

γ0 = p ∈ M, γ̇0 = v ∈ TpM is only guaranteed locally in general (that is, on some interval

] − δ, δ[ where δ > 0 that depends on p). For some initial conditions γ0 = p ∈ M, γ̇0 = v ∈

TpM, let Ip,v be the maximal interval of existence of a solution to the geodesic equation 1.3
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and Vp the subset of the tangent space defined as

Vp = {v ∈ TpM : 1 ∈ Ip,v} .

In other words, Ip,v is the set of initial velocities v for which we can shoot a geodesic γ

satisfying γ0 = p, γ̇0 = v that still exists up to time 1. The exponential map at p is then

defined by

∀v ∈ Vp, expp (v) = γ1

(this is unambiguous as two geodesics with the same initial conditions must coincide by

standard ODE theory) and the injectivity radius (at p) injM(p) as the supremum of the

r > 0 such that Br(p) := {v ∈ TpM : ∥v∥ < r} ⊂ Vp and that expp : Br(p) → expp (Br(p)) is

a diffeomorphism. In [90] Sections 4.3 & 7.2 is it shown that injM depends continuously on p

and is positive at each p, so that in particular the global injectivity radius

injM := inf
p∈M

injM(p)

is always positive for compact submanifolds. The exponential map at p ∈ M allows us to

define a set of local coordinates ω

ω = exp−1
p (q) ∈ TpM, q ∈ BinjM(p) (p) ,

which are called geodesic normal coordinates (or simply normal coordinates) at p. Since

ω is an element of TpM, these coordinates do not define a coordinate chart per se in the

sense of Definition 1. However ω can be lifted back to Rd via a choice of orthonormal basis of

TpM yielding an inverse coordinate chart ¯expp : BRd (0, injM(p)) → M, and we can therefore

define the metric tensor components gij . It turns out that the Riemannian structure in normal

coordinates (with an orthonormal choice of basis) is remarkably simplified : M looks like a

Euclidean space up to the second order when seen through Riemannian normal coordinates.

Proposition 2.2. Let M ⊂ RD be a d−dimensional submanifold, p ∈ M and ω =
(
ωi
)d
i=1

a
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system of normal coordinates at p (with an orthonormal choice of basis on TpM). Then

i) The Christoffel symbols satisfy Γkij(0) = 0,

ii) The components of the metric tensor satisfy gij(ω) = δij +O
(
∥ω∥2

)
.

Proof. For any ω ∈ Rd let ωt be the curve with coordinates ωit = tωi, i = 1, . . . , d. Then ωt is

a geodesic passing through p at 0 with initial velocity ω.

i) Since ω̈t = 0 the geodesic equation 1.3 (where here ϕ−1 = ¯expp) implies

∀k = 1, . . . , d,
∑

i,j

Γkij(ωt)ω
iωj = 0

In particular for t = 0 we get

∀ω ∈ Rd, ∀k = 1, . . . , d,
∑

i,j

Γkij(0)ω
iωj = 0

Since Γkij(0) is symmetric in its lower indices, this implies that Γkij(0) = 0.

ii) The time derivative at t = 0 of the components gij is equal to

∂

∂t
⟨∂ ¯expp
∂xi

(ωt)|
∂ ¯expp
∂xj

(ωt)⟩

=
∑

l

⟨∂
2 ¯expp
∂xi∂xi

(ωt)ω
l|∂ ¯expp
∂xj

(ωt)⟩+ ⟨∂ ¯expp
∂xi

(ωt)|
∂2 ¯expp
∂xj∂xl

(ωt)ω
l⟩

But since by i) we have

0 = Γkij =
∑

l

gkl⟨∂
2 ¯expp
∂xi∂xj

|∂ ¯expp
∂xl

⟩

and since gij is invertible this implies in particular

∂

∂t
⟨∂ ¯expp
∂xi

(ωt)|
∂ ¯expp
∂xj

(ωt)⟩ = 0

The result follows now by a Taylor expansion.
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Geodesic normal coordinates are therefore an interesting choice of coordinates as they do

not introduce distortion in the metric tensor up to the second order in ∥ω∥. Sometimes other

parametrisations can be preferred for regularity issues (see e.g. [39] or [2]), but in general the

nice properties of the exponential map make it easier to work with.

Proposition 2.2 shows that for any p ∈ M and in normal coordinates, the quantity

Jp(ω) =
√
|g(ω)|

(square root of the determinant of the metric tensor) satisfies Jp(ω) = 1 + O
(
∥ω∥2

)
. This

is extremely useful in computations involving integration on submanifolds, as we shall see

in Chapter 3. Indeed, it turns out that a construction of an integration theory mirroring

the one of Euclidean spaces exist on Riemannian manifolds, and J can be seen to be the

density in local coordinates of the analog µ of the Lebesgue measure in this context, called

the Riemannian volume element. In particular if U ⊂ M is open, ϕ : U → Rd is a

coordinate chart (not necessarily normal) then for any smooth f : M → R with support in

U , the integral of f with respect to µ is defined as

∫
fdµ :=

∫

φ(U)

(
f ◦ ϕ−1

)
(ω)

√
|g(ω)|dω

This definition is easily seen to be independent of the chart φ. If f is not supported in a

single chart, then a partition of the unity (see e.g. [90] Section 2.9.2) must be used in

order to “glue” the charts together. Formally, a partition of the unity (χj)j∈I subordinated

to a family of coordinate charts (φj)j∈I , φj : Uj ∩ M → Rd, M = ∪j∈IUj is a family of

smooth functions χj : M → [0, 1] satisfying supp (χj) ⊂ Uj and
∑

j∈I χj = 1 (we can always

assume that the sum is locally finite by paracompactness of M, see [90] Section 2.9). We refer

to [63] for more details about integration on Riemannian manifolds.

The concept of geodesics is also related to the one of geodesic distance, which is intu-

itively the length of a shortest path connecting two point on a given submanifold. For a curve
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γ : I → M over an open interval I = [a, b] ⊂ R,−∞ < a < b < +∞, we define its length L(γ)

as

L(γ) =

∫ b

a
∥γ̇t∥ dt

The concept of length of curves then leads to a well defined metric space structure on M :

Proposition 2.3. [90] Lemma 4.2.3

Let Ωp,q is the set of smooth curves γ : [0, 1] → M satisfying γ0 = p, γ1 = q. Then the

bivariate function d

d : (p, q) 7→ d(p, q) = inf
Ωp,q

L(γ)

defines a metric on M called the geodesic distance.

remark 6. By the triangle inequality, for any p, q ∈ M and curve γ ∈ Ωp,q we have

L(γ) =

∫ 1

0
∥γ̇∥ ≥

∥∥∥∥
∫ 1

0
γ̇

∥∥∥∥ = ∥p− q∥ .

Thus the geodesic distance is always greater than the Euclidean distance. The inequality

cannot be reversed in general but Lemma 3 in [18] shows that if

r0 :=
1

supγ,t ∥γ̈t∥

(where the supremum is over every possible geodesic on M and time t), then for any geodesic

in M from p to q with length less than or equal to πr0 we have

2r0 sin (L(γ)/2r0) ≤ ∥p− q∥ ≤ L(γ)

It turns out that the geodesics are related with the geodesic distance (hence the name),

however the link is subtle. Indeed for instance on the circle S1 =
{
x ∈ R2 : ∥x∥ = 1

}
if we

consider x0 = (1, 0) and x1 = {cos (α) , sin (α)} for a small α > 0, then the curve

γt = (cos (tα) , sin (tα)) , t ∈ [0, 1]
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has length α (which implies in particular that d(x0, x1) ≤ α), while the curve

γt = (cos(−t (2π − α)), sin (−t (2π − α))) , t ∈ [0, 1]

can be seen to be a geodesic with length 2π − α > α ≥ d(x0, x1). This implies that in

general geodesics are not automatically length minimising. However, for any point p and

close enough point q there always exist a unique length minimising curve from p to q (up to

time reparametrisation), and it is given by a geodesic.

Theorem 3. Existence of minimal geodesics, [90] Theorem 4.4.4

If M ⊂ RD is a submanifold, p ∈ M, 0 < r < injM(p) and v ∈ Br (p) = {u ∈ TpM : ∥u∥ < r}

then

d(p, q) = ∥v∥ where q = expp(v).

Moreover a curve γ ∈ Ωp,q has length d(p, q) if and only if there exists a smooth β : [0, 1] →

[0, 1] such that β(0) = 0, β(1) = 1, β̇ ≥ 0 and γt = expp (β(t)v) , 0 ≤ t ≤ 1.

We finish this section by introducing the reach of a submanifold. For a subset K ⊂ RD,

we define its distance function as d (a,K) = infp∈K ∥a− p∥ , a ∈ RD.

Definition 3. Reach

For M a submanifold of RD define the medial axis of M

Med (M) =
{
a ∈ RD : ∃p ̸= q ∈ M, ∥a− p∥ = ∥a− q∥ = d (a,M)

}

Then the reach τ of M is defined by

τ = inf
p∈M

d (p,Med (M))

Thus, for any closed submanifold M and point a at distance strictly less than τ from

M, the minimiser p∗ of p 7→ d(p, a) over M exists (since M is closed) and is unique (since

d(a,M) < τ). Since for any smooth curve γt satisfying γ0 = p∗ we must have ⟨γ̇0|p∗ − a⟩ = 0
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(because 0 is a minimum of t 7→ ∥γt − a∥2), this shows that p∗ − a ∈ Np∗M. This suggests

that the tubular neighbourhood

Mτ :=
{
a ∈ RD : d (a,M) < τ

}

can be parametrised locally by p∗ ∈ M and the normal displacement a− p∗ ∈ Np∗M. This is

true by combining Proposition 2.14 in [72] with the construction of Fermi coordinates of

[97] (Definition 10.1.3; after remarking that their assumptions are fulfilled when one assumes

τ > 0, thanks to Proposition 6.1 in [82] and the fact that injM ≥ πτ , as explained in the proof

of Lemma A.1 in [2]). We will use Fermi coordinates in Chapter 4, with a precise control

on the derivatives of the maps involved. More generally, a lower bound on the reach is often

necessary in order to estimate either geometric properties of M or functions defined on it in

statistical contexts (see for instance [16] for an impossibility result in density estimation or

[2] for one in tangent space and extrinsic curvature estimation).

This concludes our introduction to the geometry of submanifolds of RD. We have not tried

to be exhaustive, but only to provide the reader with the necessary preliminary background

that will be used subsequently in Chapters 2 3 & 4. In particular we have not introduced the

second fundamental form or the general concept of linear connection and covariant derivative,

which are essential in differential geometry even beyond the Riemannian setting. Furthermore,

we have purposefully avoided to present general manifolds (i.e. well behaved topological spaces

which locally look like Rd while not being embedded in RD, D ≥ d) as our work in Chapters 2

3 & 4 only focuses on submanifolds of RD. General non embedded manifolds are fundamental

to numerous areas of mathematics and physics, and all of the results presented above in

Sections 1.1.1 & 1.1.2 (at the exception of the reach and the normal spaces, although these

can be defined for submanifolds of general manifolds) can be generalised to them with a more

abstract construction of the tangent spaces. In particular the geodesics equation 1.3 can be

generalised by defining the Christoffel symbols using only the derivatives of the metric tensor,

yielding the so-called Levi-Civita connection. We refer the reader to [90, 72, 48, 63] or [97]

for a more thorough introduction to manifolds.
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1.2 Sobolev spaces and heat diffusion

In this section we introduce the necessary spectral theory background that we will use in

Chapters 2 & 3, in particular the theory of heat diffusion and the construction of heat kernels.

The content presented in Section 1.2.1 focuses on the case of compact manifolds and will be

used in Chapter 2. Section 1.2.1 also presents the basic properties of the heat kernel on

compact manifolds, which provides intuition regarding the content of Section 1.2.2 where the

spectral theory of finite graphs is studied. Finally, Section 1.2.2 ends with heuristic arguments

which allow to view random geometric graphs as approximations of submanifolds; this point

of view will crucially be used in Chapter 3.

1.2.1 Compact submanifolds

Let M ⊂ RD be a submanifold as defined in Section 1.1. We are going to describe the

generalisations of the gradient and Laplacian operators of classical multivariate calculus to

spaces of functions over M, as well as subsequent functional analytic properties. We start by

defining the concept of differential of functions on manifolds.

Definition 4. Differential

If M ⊂ RD be a submanifold of RD, U ⊂ RD open, φ : U ∩M → Rd a coordinate chart in the

sense of Definition 1 and f : M → R differentiable (see Remark 1). We define the differential

of f at p ∈ U ∩M as the linear map dfp : TpM → R defined by

∀v ∈ TpM, dfp.v =
d

dt t→0
f (γt)

where γt is any differentiable curve in M satisfying γ0 = p, γ̇0 = v.

remark 7. Using the chain rule, Definition 4 is easily seen to be independent of the choice

of the curve γ. Moreover using the coordinate basis vectors ∂l of the chart φ we have

dfp.∂l =
∂
(
f ◦ φ−1

)

∂xl
(x),
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where x = φ(p).

Definition 4 thus extends the usual concept of differential as a linear form on the tangent

space. We now define the gradient of a function by Riesz representation of the differential

through the inner product structure.

Definition 5. Gradient

If f : M → R is differentiable we define the gradient of f at p ∈ M as the unique element

(∇f)p ∈ TpM satisfying

∀v ∈ TpM, dfp.v = ⟨(∇f)p |v⟩.

remark 8. The element (∇f)p in Definition 5 is unambiguously defined by definiteness of

the inner product. Written in a local chart we have

(∇f)p =
d∑

l=1

∂
(
f ◦ φ−1

)

∂xl
∂l.

Is is immediate to check that the coordinates
∂(f◦φ−1)

∂xl
of ∇f in the local coordinate basis (∂l)

d
l=1

are Ck−1 in x if f is Ck and M is smooth : in this sense ∇f : M → TM := ∪p∈MTpM is a

Ck−1 vector field, i.e. a Ck−1 assignment of a tangent vector at each point of M. Here, because

M is a submanifold of RD, every tangent space is a linear subspace of RD, and therefore this

notion of smooth vector field is well defined. In the intrinsic setting (i.e. when M is a

general manifold and not a submanifold of RD), a rigorous definition of vector fields can be

made by first describing a manifold structure on TM := ∪p∈MTpM (the tangent bundle, i.e.

the collection of tangent spaces) and defining the notion of Ck maps and their differentials

between two general manifolds, see e.g. [90] Section 2.8.2 and Definition 2.8.18 (this is stated

for smooth maps, but can be readily generalised to Ck maps).

As in the Euclidean case, the gradient represents the direction of the greatest change of f

over M. We can also define the Laplacian of a C2 function f over a submanifold M.

Definition 6. Laplace-Beltrami operator

If f is a C2 function on M we define the Laplacian of f as the function ∆f written in local
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coordinates as

∆f(p) = − |g|−1/2
d∑

i=1

∂

∂xi


|g|1/2

d∑

j=1

gij
∂
(
f ◦ φ−1

)

∂xj




where |g| is the determinant of the metric tensor. The operator ∆ is called the Laplace-

Beltrami operator of M.

remark 9. Using the chain rule, the Laplace-Beltrami operator as defined in Definition 6

can be seen to be independent of the coordinate chart. Notice that if M = Rd then using the

Cartesian chart and the associated coordinates (xi)
d
i=1 we actually find ∆f = −∑d

i=1
∂2f
∂x2i

,

thus Definition 6 generalises the usual Laplacian operator (up to a minus sign).

Let’s consider the space L2 = L2 (M, µ) of measurable and square integrable functions

with respect to the Riemannian volume µ (see Section 1.1). Then using the manifold version

of Green’s identity (see [19] Theorem 9.21) we get, for any f, g ∈ C∞ (M) (the space of smooth

functions on M)

⟨∆f |g⟩L2 =

∫
⟨∇f |∇g⟩L2dµ,

so that (∆, C∞ (M)) is a symmetric unbounded operator on L2 (see [19] for an introduction

to unbounded operators and spectral theory). Moreover via f = g we have

⟨∆f |f⟩L2 =

∫
∥∇f∥2 dµ ≥ 0,

and therefore (∆, C∞ (M)) is also a positive operator (which explains the choice of a minus

sign in Definition 6).

It turns out that ∆ can be extended to a non-negative self adjoint operator on an

appropriate domain. We first introduce the Sobolev spaces on M. From now on we assume

that M is compact.

Definition 7. Sobolev spaces

If (Uj , φj)j∈I is an atlas of M (we may assume I finite by compactness of M) and (χj)j∈I

is an associated partition of the unity, for s > 0 we define the Sobolev space Hs (M) as the

28



space of distributions f over M satisfying

∥f∥2Hs(M) :=
∑

j∈I

∥∥∥(χjf) ◦ φ−1
j

∥∥∥
2

Hs(Rd)
< +∞

remark 10. Definition 7 is unambiguous since, for another atlas (Vi, ψi) with associated

partition of the unity ρi, using the diffeomorphisms and multiplication theorems of Sections

4.2 & 4.3 of [109] and the smoothness of χj , ρi, φj , ψi we have for any f

∥∥∥(χjf) ◦ φ−1
j

∥∥∥
Hs(Rd)

=

∥∥∥∥∥
∑

i

(ρiχjf) ◦ ψ−1
i ◦ ψi ◦ φ−1

j

∥∥∥∥∥
Hs(Rd)

≤
∑

i

∥∥∥(ρiχjf) ◦ ψ−1
i ◦ ψi ◦ φ−1

j

∥∥∥
Hs(Rd)

=
∑

i

∥∥∥
(
χj ◦ φ−1

j

)
·
(
(ρif) ◦ ψ−1

i

)
◦
(
ψi ◦ φ−1

j

)∥∥∥
Hs(Rd)

≤ C
∑

i

∥∥(ρif) ◦ ψ−1
i

∥∥
Hs(Rd)

for some constant C > 0 that depends only on the atlases and s, d.

Then, as a consequence of Theorem 9.24 in [19], ∆ can be extended to a non-negative

self-adjoint operator on the domain D (∆) ⊂ L2 consisting of functions u ∈ H1 (M) with

weak Laplacian ∆u ∈ L2 (i.e. such that ϕ ∈ C∞ (M) 7→
∫
u∆ϕ extends to a bounded linear

functional in L2). Moreover the operator ∆ can be shown to have the following spectral

decomposition :

Theorem 4. Spectral decomposition of the Laplace-Beltrami operator

There exists an L2−orthonormal basis (uk)k≥0 of L2 satsfying the following three conditions :

i) each uk is an eigenfunction of ∆ associated with an eigenvalue λk ≥ 0,

ii) for k ≥ 0 the eigenvalues satisfy λk ≤ λk+1 and limk≥∞ λk = +∞,

iii) each uk is an element of C∞ (M).

Proof. The result is essentially a corollary of the compactness of (I +∆)−1 : L2 → L2 and the
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Hilbert-Schmidt theorem ([19] Theorem 4.21). Details of the proof can be found in Section

9.4 of [19].

Theorem 4 (sometimes refered to as a Sturm-Liouville decomposition) has far-reaching

implications. In particular it allows to develop a theory of Sobolev spaces over M entirely

in terms of the spectral decomposition of ∆ (in analogy with the characterisation of Sobolev

spaces on Rd in terms of Fourier transform), a principle that we will use in Chapter 2.

More precisely, the following theorem (which is a compilation of classical results from the

functional analysis litterature) shows that f ∈ Hs (M) in the sense of Definition 7 if and only

if its coefficients (⟨uk|f⟩)k≥0 in the Laplace-Beltrami eigenbasis (uk)k≥0 satisfy a summability

condition.

Theorem 5. For s > 0, the following statements are equivalent :

i) f ∈ Hs (M),

ii) ∥f∥2Hs,2(M) =
∑

k≥0 (1 + λk)
s |⟨uk|f⟩|2 < +∞,

iii) ∥f∥2Hs,3(M) =
∑

k≥0 (1 + λsk) |⟨uk|f⟩|2 < +∞.

Moreover, there exists constants c1, c2, c3 > 0 such that for any f ∈ Hs (M),

∥f∥Hs(M) ≤ c1 ∥f∥Hs,2(M) ≤ c2 ∥f∥Hs,3(M) ≤ c3 ∥f∥Hs(M) .

Proof. See [37] Section 3 & 5.

Functions in the Sobolev spaces Hs (M) are thus as smooth as usual Sobolev functions

on Rd, once seen through charts. Furthermore, the well known Sobolev embedding theorem

(see [108] Section 2.7) implies that if s > d/2 then we actually have a continuous injection

Hs
(
Rd
)
↪→ Cs−d/2

(
Rd
)
where Cs−d/2

(
Rd
)
is the Hölder space (see e.g. [108] Section 2.2.2 or

[109] Section 1.2.2). This implies the following result :

Theorem 6. Sobolev embedding theorem
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With Cs (M) the space of functions f : M → R satisfying

∥f∥Cs(M) :=
∑

j∈I

∥∥∥(χjf) ◦ φ−1
j

∥∥∥
Cs(Rd)

< +∞

where (Uj , φj)j∈I is an arbitrary atlas and (χj)j∈I an associated partition of the unity, the

definition of Cs (M) is independent of the choice of (Uj , φj , χj)j∈I and we have the continuous

embedding

∀s > d/2, Hs (M) ↪→ Cs−d/2 (M)

Proof. The independence of the choice of (Uj , φj , χj)j∈I goes as in Remark 10, except in this

case it is even simpler since we do not have to use a diffeomorphism or multiplication theorem

(as here the smoothness is measured in the classical Hölder sense), and the embedding is then

a direct consequence of the Euclidean Sobolev embedding theorem together with Definition

7.

In particular, Theorem 6 implies the following fundamental property of the spacesHs+d/2 (M) , s >

0 :

Corollary 6.1. The spaces Hs+d/2 (M) , s > 0 (which contain only classical functions) have

the reproducing property : the evaluation maps

δp : f 7→ f(p), p ∈ M

are norm continuous. As a consequence for each s > 0 and p ∈ M we can find a Riesz

representation of δp by an element ks (p, ·) ∈ Hs+d/2 (M) satisfying

∀f ∈ Hs+d/2 (M) , f(p) = ⟨ks(p, ·)|f⟩Hs+d/2(M)

Moreover ks is jointly continuous and

ks(p, q) =
∑

k≥0

(1 + λk)
−(s+d/2) uk(p)uk(q)
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where the convergence is absolute and uniform on M×M.

Proof. The existence of a kernel ks follows by Theorem 6 and Riesz representation. For the

continuity property we use the reproducing property to find

ks(p, q) = ⟨ks(p, ·)|ks(q, ·)⟩Hs+d/2(M),

and therefore it suffices to show that p 7→ ks(p, ·) ∈ Hs+d/2 (M) is norm continuous. For this

we use the dual characterisation of norms in Hilbert spaces :

∥ks(p, ·)− ks(q, ·)∥Hs+d/2(M) = sup
∥f∥

Hs+d/2(M)
≤1

|⟨ks(p, ·)− ks(q, ·)|f⟩|

= sup
∥f∥

Hs+d/2(M)
≤1

|f(p)− f(q)| .

The Sobolev embedding theorem 6 now implies that for some C > 0 this can be subsequently

bounded by

sup
∥f∥Cs(M)≤C

|f(p)− f(q)| ≤ Cd(p, q)s∧1,

where d(p, q) is the geodesic distance on M. This shows continuity of p 7→ ks(p, ·) ∈

Hs+d/2 (M) (actually even s ∧ 1−Hölder continuity). The absolute and uniform convergence

is now a consequence of Mercer’s theorem, see e.g. [32] Theorem 4.49.

remark 11. In general a Hilbert space of functions satisfying the reproducing property is

called a reproducing kernel Hilbert space (RKHS).

The bivariate function ks : M×M → R is called the reproducing kernel ofHs+d/2 (M).

It is positive semi-definite in the sense that pt is symmetric in its arguments and that for any

L ≥ 1, α ∈ RL and p1, . . . , pL ∈ M we have

L∑

i,j=1

αiαjks (pi, pj) =

∥∥∥∥∥
L∑

i=1

αiks (pi, ·)
∥∥∥∥∥
Hs+d/2(M)

≥ 0.

We will use Corollary 6.1 in Chapter 2 in order to construct and analyse the behaviour of
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Matérn Gaussian processes on compact manifolds.

We finish this section by saying a few words on the heat semigroup. The family (Pt)t≥0

of bounded linear operators defined as P0 = IL2 and for t > 0,

∀k ≥ 0, (Ptf) :=
∑

k≥0

e−tλk⟨uk|f⟩L2uk

(the sum is absolutely convergent in L2) satisfies Pt ◦ Ps = Pt+s for any t, s > 0 and can be

seen to satisfy ∥Ptf∥L2 ≤ ∥f∥L2 and limt→0 ∥Ptf − f∥L2 = 0 for any f ∈ L2 : in this sense

(Pt)t≥0 is a contraction semigroup of operators (see e.g. [20] Section 7 and the references

therein). Let Ht by the Hilbert space defined as the subspace of L2 by the f satisfying

∥f∥2Ht =
∑

k≥0

eλkt |⟨uk|f⟩L2 |2 < +∞.

It is shown in [37] that for any s, t > 0 we have the following continuous embeddings

Ht ↪→ Hs (M) and Ht ↪→ Cs (M) .

In particular, arguing as in Corollary 6.1 we find :

Corollary 6.2. The spaces Ht, t > 0 have the reproducing property. The reproducing kernel

pt of Ht is jointly continuous and is given by the formula

∀x, y ∈ M, pt(x, y) =
∑

k≥0

e−tλkuk(x)uk(y),

where the convergence is absolute and uniform.

It turns out that the kernel pt is closely related to the theory of heat diffusion on Rieman-

nian manifolds : it is actually equal to the so-called heat kernel of M.

Theorem 7. Heat kernel on a compact manifold
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The kernel

p :




(0,∞)×M×M → R

(t, x, y) 7→ pt (x, y)




is of class C∞ in the three variables (t, x, y) and satisfies

i) for any x ∈ M, pt(x, ·) is a probability density on M with respect to µ,

ii) for every f ∈ L2, Ptf =
∫
pt(x, ·)f(x)µ(dx),

iii) for any y ∈ M the function (t, x) 7→ pt(x, y) is smooth and satisfies the heat equation

on (0,∞)×M :

∂

∂t
pt(x, y) = −∆pt(·, y),

where the Laplacian acts on the variable x only.

Proof. It is shown in [63] Theorem 10.13 that the reproducing kernel pt of Ht is indeed the

heat kernel of M since they both have the same expression

∑

k≥0

e−tλkuk(x)uk(y).

Then items ii) & iii) are given in [63] Theorems 7.13 and 10.13. Item i) is given in [63] Section

8.4.

Item iii) of Theorem 7 together with Ptf → f as t → 0 says that the heat kernel is the

fundamental solution to the heat equation on M. In this sense and thanks to item i) the heat

kernel is a natural generalisation of the Gaussian kernel on Rd to compact manifolds (for non

compact manifolds, the heat kernel may fail to be a probability density in general, see [63]

Section 8.4). In light of the analogies between the heat kernel and the Gaussian kernel, it is

then interesting to wonder whether or not there exists σ > 0 such that

pt(x, y) ∼
(
2πσ

√
t
)−d

exp

(
−d(x, y)

2

σ2t

)
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in some sense. While there is not equality in general, an asymptotic expansion of the form

∀N ≥ 1, pt(x, y) =
exp

(
−d(x,y)2

4πt

)

(4t)d/2

N∑

l=0

θl(x, y)t
l + ot→0

(
tN
)

(1.4)

is proved for compact connected oriented manifolds in [93] Chapter 3, for some functions θl

(see also [7] Chapter 5). As explained in [31] Chapter 6, equation 1.4 implies the following

corollary :

Corollary 7.1. Weyl’s law

There exists a constant c that depends only on M such that λk ∼ ck2/d.

We will use this property in Chapter 2. A weaker form of Equation 1.4 are the so-called

heat kernel bounds, i.e. inequalities of the form

∀x, y ∈ M, A1

exp
(
−d(x,y)2

c1t

)

(4t)d/2
≤ pt(x, y) ≤ A2

exp
(
−d(x,y)2

c2t

)

(4t)d/2
(1.5)

for some Ai, ci > 0. Inequalities of the type 1.5 have been shown to hold for compact manifolds

and even beyond this setting such as on graphs or fractals (where the notion of heat kernel

can be generalised, see e.g.[62]).

In the next subsection, we present the spectral theory of finite graphs. The exposition will

be substantially easier as it only requires finite dimensional linear algebra arguments.

1.2.2 Graphs

A (finite, undirected) graph G = (V,E) is a tuple where V is a finite set of vertices and E

is a set of edges, formally defined as subset of {0, 1}V . We write x ∼ y ⇐⇒ {x, y} ∈ E

the neighbouring relation on V , D = diag(µ) for the degrees matrix Dxy = δyxµx, µx =

# {y : x ∼ y} and A for the adjacency matrix Axy = µxy = 1x∼y.
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Definition 8. Graph Laplacian

We define the graph Laplacian as L = I −D−1A. Equivalently

∀f ∈ RV , (Lf) (x) =
1

µx

∑

y∼x
(f(x)− f(y)) .

Other definitions of the graph Laplacian can be made, see for instance [49].

Let ν be the normalized degree measure ν = µ
µ(V ) and the associated inner product ⟨·|·⟩L2(ν)

defined by

∀f, g ∈ L2 (ν) , ⟨f |g⟩L2(ν) =
∑

y∈V
f(y)g(y)νy.

We then have the following identity :

Proposition 7.1. For every f, g ∈ RV :

⟨f |Lg⟩L2(ν) =
1

2µ(V )

∑

x∼y
(f(x)− f(y)) (g(x)− g(y))

As a consequence, the graph Laplacian L is a nonnegative self-adjoint operator from L2 (ν) to

itself.

Proof. We have

⟨f |Lg⟩L2(ν) =
∑

x∈V
f(x)

{
1

µx

∑

y∼x
g(x)− g(y)

}
νx

=
1

µ(V )

∑

x∼y
f(x) (g(x)− g(y))

=
1

µ(V )

∑

x∼y
(f(x)− f(y)) (g(x)− g(y))− ⟨f |Lg⟩L2(ν),

and thus the result.

remark 12. If V = hZd ∩
{
x ∈ Rd : max1≤j≤d |xj | < 1

}
for some h > 0, then by a second
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order Taylor expansion, if f : Rd → R is C2

(Lf) (0) =
1

µ0

∑

y∼0

f(0)− f(y) ≈ − 1

2d

d∑

i=1

h2
∂2f

∂x2i
(0) =

h2

2d
(∆f) (0),

where ∆ is the standard mutivariate Laplacian operator −∑d
i=1

∂2

∂x2i
. The same result holds

at other points in V and explains the intuition behind Definition 8.

By self-adjointness and the (finite dimensional) spectral theorem there exists an L2 (ν)−orthonormal

eigenbasis (uj)
N
j=1 , N = #V for L, associated with eigenvalues 0 = λ0 ≤ λ1 ≤ · · · ≤ λN−1

(λ0 = 0 since the function 1 ∈ RV identically equal to 1 satisfies L1 = 0). In analogy with the

situation on compact manifolds, for t > 0 we can then define the heat kernel of G associated

with the operator L as the bivariate function

pt : (x, y) ∈ V × V 7→ pt(x, y) =

N−1∑

j=0

e−tλjuj(x)uj(y).

It can be seen to satisfy the heat equation on the graph

∀x, y ∈ V,
∂

∂t
pt(x, y) = − (Lpt(·, y)) (x),

and p0(x, y) = δxy = 1x=y. Is is moreover the kernel of the linear operator e−tL (defined by

matrix exponentiation) with respect to the measure ν in the sense that for any f ∈ RV , t > 0

and x ∈ V we have
(
e−tLf

)
(x) =

∑

y∈V
pt(x, y)f(y)νy.

In other words pt(x, y) =
e−tL(x,y)

νy
. Furthermore, e−tL can be seen to be a stochastic matrix

(as it can be checked that −L is itself a Q−matrix, see [83] Section 2.1), i.e. pt(x, ·) is a

probability density on V with respect to the measure ν.

Thus the situation is very similar to the one of compact manifolds with V (resp. L, ν)

replacing V (resp. ∆, µ), only that no functional analytic theory is needed as the graph is

assumed to be finite.
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More than just a formal analogy, graphs can actually be used in a concrete way to ap-

proximate in some sense a given manifold M : if V = {x1, . . . , xN} is a set of points on a

submanifold M of RD, and the edges are defined as xi ∼ xj ⇐⇒ ∥xi − xj∥RD < h (for some

choice of connectivity parameter h > 0), then the resulting graph G can be thought of as

an approximation of the submanifold M. Indeed, if for instance

M = {eθ := (cos(θ), sin(θ)) : θ ∈ R}

and xj = e2jπ/N for 0 ≤ j ≤ N − 1 then for ∥x0 − x1∥RD < h < ∥x0 − x2∥RD the resulting

graph G is a polygonal approximation of M, i.e.

E = {{xi, xi} , {xi, xi+1} : 0 ≤ i ≤ N − 2} ∪ {{xN−1, xN−1} , {xN−1, x0}} .

The presence of the self-loops {xi, xi} , 1 ≤ i ≤ N − 1 is only a formal artefact and

typically does not introduce issues (for instance, it can be immediately checked that the

graph Laplacian L remains unchanged when these are present or not). Obviously the choice

of h is crucial, as h too small (resp. too large) will force G to have no edges other than the

self-loops (resp. to contain all possible edges {xi, xj} , 1 ≤ i, j ≤ N − 1).

A graph G constructed as above where the vertices are drawn i.i.d. according to some

probability distribution µ0 supported on M is called a random geometric graph (on M),

and the point of this construction is that no knowledge of M is needed to construct G, but

only a set of vertices that we know to be contained in M a priori. This is particularly useful

for statistical applications when M is unknown or does not admit a closed-form description,

as we will see for instance in Chapter 3 (see also [43, 45, 61] or [96]). Note that we focus

here on random geometric graphs, but other choice of random graph models can also induce

useful graph approximations to submanifold, see for instance the case of k−nearest neighbours

graphs [22].

Building on the intuition that random geometric graphs can accurately approximate sub-

manifolds (for an appropriate choice of connectivity parameter h > 0), it is interesting to
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wonder whether or not their graph Laplacians can be compared to the Laplace-Beltrami op-

erator of the submanifold in question. It actually does not hold under some assumptions :

as showed in [64] & [49], under technical conditions on µ0 and M the graph Laplacian does

converge in some sense to a “limiting” differential operator on M, but it is not equal to the

Laplace-Beltrami operator, unless the probability distribution µ0 is uniform, i.e. proportional

to the Riemannian volume (see also [42] where a similar phenomenon for the heat kernels is

shown). In order to recover the Laplace-Beltrami operator it is necessary to introduce further

normalisations in the construction of the random geometric graph, therefore in general care

must be taken when approximating a manifold with a graph.

Sometimes, establishing graph heat kernel bounds (or weak versions thereof) similar as

Equation 1.5 in the continuous setting is useful for the problem at hand : in particular in

Chapter 3, building on [58] and using the proof techniques of [9] we will show how to obtain a

(weak version of) Weyl’s type asymptotic 7.1 for the graph Laplacian eigenvalues of a random

geometric graph approximating an unknown submanifold (with high probability), which will

be subsequently used to bound the L∞ (ν) norm of functions over V by a multiple of their

L2 (ν) norms in this context.

This concludes our introduction to the spectral theory of compact manifolds and graphs.

More details about the properties of the Laplacian operators and heat kernels on manifolds

can be found in [63, 19] or [93] in the manifold case, as well as [9] for graphs. We have also only

presented the properties of Sobolev spaces on manifolds that we will use in Chapter 2; more

results (including properties of function spaces on Rd) can be found in [109, 97] or [56] (where

in the last reference relationships with wavelets theory are presented). Moreover, heat kernel

bounds in the general setting of Dirichlet spaces (abstract spaces that in particular generalise

manifolds and graphs) have been shown in [35] and [67] to lead to characterisations of some

classes of functional spaces in terms of the heat kernel, together with the construction of frames

for these functional spaces. This has subsequently been used in statistical applications, see

e.g. [26, 33].
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1.3 Bayesian asymptotics

In this thesis, our primary aim will be to derive asymptotic frequentist properties for

some classes of Bayesian procedures. The original works of Bayes [12] and Laplace [40]

introduced the foundations of what is now commonly referred to as the Bayesian point of

view on probability theory and its subsequent use as a statistical estimation procedure. As

mentioned previously, deriving frequentist properties of Bayesian procedures in non-conjugate

situations is challenging since the posterior distribution lacks a closed-form expression. We

will detail in Section 1.3.1 general theorems and approaches before considering a few examples

in Section 1.3.2.

1.3.1 Posterior consistency and contraction rates

The first modern investigations on this matter include the contributions of [71, 99, 46, 47, 11].

In [99], Lorraine Schwartz laid the foundations of what will become later the prior mass and

testing technique by investigating the behaviour of posterior distributions over densities in

the i.i.d. sampling model.

Let us precise our assumptions : we consider a measured space (X , µ) and a set F of

probability densities with respect to µ (i.e. we consider a dominated model) equipped with a

σ−field T . We now formulate a frequentist assumption, namely that there exists a density f0

(not necessarily an element of F) with respect to µ generating the sample Xn := (Xi)
n
i=1 :

Xi
i.i.d.∼ f0, i = 1, . . . , n. (1.6)

We write P0 (resp. P∞
0 ) for the distribution of X1 (resp. X∞ := (Xi)i≥1). Then, for a prior Π

on F (i.e. a probability distribution on (F , T )) and under appropriate measurability condi-

tions (for instance it suffices for µ to be σ−finite and (f, x) 7→ f(x) to be jointly measurable,

see the discussion in Chapter 1 of [55]), Bayes’ formula

Π [df |Xn] := Πni=1f (Xi)Π [df ]∫
Πni=1f (Xi)Π [df ]

(1.7)
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defines a Markov kernel over (T ,X n) that we call the posterior distribution of f given the

sample Xn. Some care must be taken here as the posterior distribution is defined only up to

a null set of the marginal density
∫
Πni=1f (Xi)Π [df ] of Xn with respect to µ, and under the

frequentist assumption 1.6 the sample may end up outside of its support. Thus in general when

combining a Bayesian approach with a frequentist assumption, we may ask for a condition of

the form

f0 · µ <<
∫
fΠ [df ] · µ

in order to ensure that the posterior distributions involved in the analysis are all well defined.

This condition will be satisfied in all examples studied in this thesis.

The goal is now to investigate whether or not the (random) probability distribution Π [·|Xn]

possesses interesting properties as n → ∞. More precisely it is of particular interest to

understand under which conditions it will eventually converge in some sense to the Dirac

measure δf0 , which is the focus of the following theorem.

Theorem 8. Schwartz’ theorem

Define the Kullback-Leibler support of Π

KL (Π) =

{
f0 : ∀ε > 0, Π

({
f ∈ F :

∫

X
f0 ln

f0
f
dµ < ε

})
> 0

}
.

Then if V is any topology on F such that for each open neighbourhood V of f0 there exists a

test ϕn satisfying

P0ϕn =

∫
ϕnf0 = o(1) and sup

f∈V c
Pf (1− ϕn) = sup

f∈V c

∫
(1− ϕn)f = o(1),

then for any neighbourhood U of f0 we have

Π [U c|Xn] P∞
0 −a.s−−−−−→
n→∞

0

If in addition V is first countable then the almost sure convergence holds simultaneously for

any neighbourhood of f0.
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Proof. See [55], Chapter 6. It is only stated for a first countable topology V, but the almost

sure convergence Π [U c|Xn] = oP∞
0
(1) still holds U by U otherwise.

Thus, under the testing condition, if the prior assigns enough mass around f0 in the

Kullback-Leibler sense, every neighbourhood of f0 will eventually receive all the mass of the

posterior distribution. Importantly the testing condition always holds for the weak topology,

which also happens to be first countable (see [55] Chapter 6), so that the posterior distribution

is always weakly consistent at every f0 in the Kullback-Leibler support of Π. Consistency with

respect to stronger topologies (such as the ones generated by the L1 or Hellinger distances)

has also been investigated for instance in [51] and [10], where it is shown that controlling

the Hellinger or L1 metric entropy of a submodel with sufficiently large prior probability is

sufficient to extend the approach of Schwartz to this context.

As interesting as consistency can be, this notion is however too weak to be related to the

minimax framework. In particular, a consistency result with respect to a topology (even a

strong one) is not enough in order to derive posterior contraction rates in the sense of Equation

1.2. In the seminal work [52], Ghosal, Ghosh and Van der Vaart refined the approach of

Schwartz in order to replace the neighbourhoods U of Theorem 8 by the complement of a ball

Bρ (f0, εn) := {f ∈ F : ρ (f0, f) < εn}, where here ρ is either the Hellinger or L1 distance on

F and εn → 0. For this we first define the Kullback-Leibler neighbourhood at f0

∀ε > 0, BKL (f0, ε) :=
{
f : KL(f0, f) ≤ ε2, V (f0, f) ≤ ε2

}
,

where KL(f0, f) :=
∫
f0 ln

f0
f ≤ ε2 is the Kullback-Leibler divergence and V2(f0, f) :=

∫
f0 ln

2 f0
f ≤ ε2 its second-order version.

Theorem 9. Rate theorem - density estimation

In the i.i.d. sampling model Xn = (X1, . . . , Xn)
i.i.d.∼ f0, f0 ∈ F , let ρ be either the Hellinger

or L1 metric on F and for a subset Fn ⊂ F let N (ε,Fn, ρ) be the ε−packing number of Fn
with respect to ρ, that is the maximal number of points in Fn with pairwise distance at least

ε. Assume that for some sequence εn → 0, nε2n → ∞ and constant C > 0 we have
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1) Π [Fc
n] ≤ e−(C+4)nε2n,

2) lnN (εn,Fn, ρ) ≤ nε2n,

3) Π(BKL (f0, εn)) ≥ e−Cnε
2
n.

Then for sufficiently large M > 0 we have

Π [{f : ρ(f0, f) > Mεn} |Xn]
P∞
0−−−→

n→∞
0.

Proof. See the original paper [52], or Chapter 8 in [55].

As for the strong consistency results, the assumptions of Theorem 9 require the prior to

put most of its mass on sets with suitably bounded L1 or Hellinger entropy, and to assign

enough mass around f0 in the Kullback-Leibler sense.

Actually, Theorem 9 can be generalised in the following way to handle more general

semi metrics and statistical models, using essentially the same proof. Let
(
Pf (n)

)
f (n)∈F(n)

be a dominated statistical model, with associated densities f (n) ∈ F (n). Note that f (n) is

not necessarily a tensor product of a density f . For instance in the case of the Gaussian

nonparametric regression model it is a Gaussian likelihood. As in the i.i.d. setting, we define

the Kullback-Leibler neighbourhoods at f
(n)
0

BKL

(
f
(n)
0 , ε

)
:=

{
f (n) ∈ F (n) :

∫
f
(n)
0 ln

f
(n)
0

f (n)
< nε2,

∫
f
(n)
0 ln2

f
(n)
0

f (n)
< nε2

}
.

Then we have the following fundamental result :

Theorem 10. Rate theorem - generic version

For observations Xn ∼ P
(n)
f0
, f

(n)
0 ∈ F (n), consider ρn a semi metric on F (n) satisfying the

following : for any ε > 0, f
(n)
1 ∈ F (n) such that ρn(f

(n)
1 , f

(n)
0 ) > ε and n ≥ 1 there exists
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tests ϕn (i.e. measurable function of Xn with values in [0, 1]) such that, for some A,K, ξ > 0

EXn∼f (n)
0

ϕn ≤ Ae−Knε
2
, sup

ρn(f (n),f
(n)
1 )<ξε

EXn∼f (n)(1− ϕn) ≤ Ae−Knε
2
.

Assume further that there exists a measurable subset Fn ⊂ F (n), positives sequences ε̄n, εn, nε̄
2
n →

∞, nε2n → ∞ and a constant C > 0 such that, for a prior probability distribution Π on F (n)

1) Π [Fc
n] ≤ e−(C+4)nε2n,

2) lnN (ε̄n,Fn, ρn) ≤ nε̄2n,

3) Π
[
BKL

(
f
(n)
0 , εn

)]
≥ e−Cnε

2
n

Then with ε∗n := εn ∨ ε̄n there exists M > 0 such that

Π
[
ρn(f

(n)
0 , f (n)) > Mε∗n|Xn

]
P∞
0−−−→

n→∞
0.

Proof. See the original paper [53], the review [94] or [55], Chapter 8. The statements in [53]

are a bit more complicated but our slightly modified formulation can be shown to hold using

the same proof.

remark 13. Theorems 9 & 10 still hold if Π depends on n but still satisfies the same set of

assumptions with fixed constants C,A,K, ξ.

remark 14. The testing condition in Theorem 10 can be seen to hold in various statistical

models, see the examples in [55], Chapter 9. The semi metrics ρn involved in this testing

condition are often referred to as statistical or testing distances and cannot be arbitrary, see

for instance the discussion in [94, 65].

Theorem 10 can be refined in various ways (see [55] Chapter 8), but at its core remains

the standard approach in order to generically derive posterior contraction rates. This proof

strategy can be referred to as the prior mass and testing approach, given the type of

conditions required in Theorems 9 & 10. In a lot of cases, the posterior contractions rates
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obtained by the application of theorems 9 & 10 (or their variants) match (near) minimax

optimal rates of estimation for appropriate choices of priors. We present in Section ?? a

concrete application of Theorem 10 to the white noise model with a non-conjugate prior.

An interesting particular case where the application of Theorem 10 can be elegantly sim-

plified is the one of Gaussian process priors. Following Van der Vaart & Van zanten

[113, 111], a random variable f ∼ Π taking values in a separable Banach space (B, ∥·∥) is a

(zero mean) Gaussian random element if the random variable b∗ (f) has mean zero and

is normally distributed in R for any element b∗ ∈ B∗ (the topological dual space of B, i.e. the

set of continuous linear functional over B). The RKHS (reproducing kernel Hilbert space)

(H, ∥·∥H) of f is then defined to be the completion of the range of the map S : B∗ → B

defined by Sb∗ = Π [b∗(f)f ] (where the last expectation with respect to the measure Π is

understood as the Pettis integral of b∗(f)f , i.e. the only element Sb∗ = ω ∈ B satisfying

b∗1(ω) = Π [b∗(f)b∗1(f)] for any b
∗
1 ∈ B∗, see Section 2.2 in [113]) for the inner product

⟨Sb∗1|Sb∗2⟩H := Π [b∗1(f)b
∗
2(f)] .

remark 15. In Remark 11, we have defined RKHSs as Hilbert spaces of functions having the

reproducing property, which does not appear to be directly related to the notion of RKHS of

Gaussian random elements. However, when the Banach space (B, ∥·∥) is the space of contin-

uous functions over a compact set M equipped with the supremum norm (for instance, the

space of continuous functions over a compact manifold M), then the RKHS of the Gaussian

random element can be identified with its stochastic process RKHS, defined as the completion

of the space of linear combinations of the functions K(x, ·) := Cov (f(x), f(·)) , x ∈ M for

the inner product

⟨K(x, ·)|K(y, ·)⟩ = K(x, y),

and in this case Sδx = K(x, ·), where δx is the evaluation map δx : b ∈ B 7→ b(x), see [113]

for a proof and a more precise statement. Moreover, for a given RKHS H of functions over
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a compact set M in the sense of remark 11 with associated kernel K, Theorem 12.1.3 in

Dudley [41] implies the existence of a zero mean Gaussian process f over M (in the usual

sense, i.e. a stochastic process with Gaussian finite dimensional marginals) having K as its

covariance kernel. By the Moore-Aronszajn theorem [6], H must coincide with the stochastic

process RKHS of f . Therefore, if f has values in the Banach space of continuous functions

over M, all 3 notions of RKHSs must coincide in this case.

Although potentially less familiar to the machine learning or Gaussian process audience, it

turns out that working with the notion of Gaussian random element is particularly convenient

when investigating posterior contraction rates as we will see in the next theorem, provided in

[111] or [55], Theorem 11.20.

Theorem 11. Gaussian rate theorem

Let f ∼ Π be a Gaussian random element in a separable Banach space (B, ∥·∥) with RKHS

(H, ∥·∥H). If f0 ∈ B and εn → 0, nε2n → ∞ are such that

ϕf0 (εn) := − lnΠ [∥f∥ < εn] +
1

2
inf

h∈H:∥f0−h∥<εn
∥h∥2H ≤ nε2n (1.8)

then for any C > 1 such that Cnε2n > ln 2 there exists a measurable subset Bn ⊂ B such that

1) lnN (3εn, Bn, ∥·∥) ≤ 6Cnε2n,

2) Π [f /∈ Bn] ≤ e−Cnε
2
n,

3) Π [∥f − f0∥ < 2εn] ≥ e−nε
2
n.

remark 16. Using Borell’s inequality (Proposition 11.17 in [55]), the set Bn can be con-

structed as Bn = εnB1+MnH1 where B1 := {f ∈ B : ∥f∥ ≤ 1} and H1 := {h ∈ H : ∥h∥H ≤ 1}

are the unit balls of B and H and Mn = −2Φ−1
(
e−Cnε

2
n

)
where Φ is the standard Gaussian

cumulative distribution function, see the proof of Theorem 11.20 in [55]. It is known (see [55]

Lemma K.6) that
√
Cnε2n ≤Mn ≤

√
10Cnε2n.

remark 17. The function ϕf0 in Theorem 11 is usually referred to as the concentration

function (at f0) and can be actually be shown (see Proposition 11.19 in [55]) to satisfy for
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any ε > 0

ϕf0 (ε) ≤ − lnΠ [∥f − f0∥ < ε] ≤ ϕf0 (ε/2) ,

so that the condition in Theorem 11 is actually precisely a lower bound on the amount of prior

mass around f0, measured in terms of the norm ∥·∥ of B.

As presented, Theorem 11 is not directly useful in order to apply Theorem 10. However,

when the norm ∥·∥ upper bounds a semi metric ρn satisfying the testing condition and the

Kullback-Leibler divergences can be appropriately controlled by ∥·∥ then Theorem 11 directly

implies a posterior contraction rate theorem in terms of the semi metric ρn, as we will see in

the second part of the next section 1.3.2 and in Chapters 2 & 3.

1.3.2 Examples

White noise model

Here we present an application of Theorem 10 to the white noise model under a potentially

non-conjugate prior. In this model, we assume observations Yn := (yj)j≥1 generated as

yj = f0j +
1√
n
εj , εj

i.i.d.∼ N (0, 1) , j ≥ 1

for some n ≥ 1, f0 ∈ ℓ2 := ℓ2 (N∗), which can be viewed equivalently as the coefficients of a

solution Y to the stochastic differential equation

dYt = f0(t)dt+
1√
n
dBt, t ∈ [0, 1]

in an arbitrary orthonormal basis of L2 := L2 ([0, 1]), where here f0 ∈ L2 (Bt)t∈[0,1] is a

standard Brownian motion. We refer the reader to Section 1.2 of [56] for a more precise

introduction to the white noise model and its connections with nonparametric regression.

We assume a smoothness condition on the vector f0 ∈ ℓ2 : for some M,β > 0 and for

every J ≥ 1
∑

j>J

f20j ≤M2J−2β. (1.9)
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Assumption 1.9 holds for instance if f0(t) is periodic and is an element of the Besov space

Bβ
2∞ over the unit circle S1 (in particular this is also the case if f0(t) is in the Sobolev space

Hβ of order β over S1 as Hβ = Bβ
22 ⊂ Bβ

2∞, see the discussion in the Appendix of Chapter

2). We refer the reader to [26, 37] and [35] for more details about Besov and Sobolev spaces

on manifolds.

We choose an index J ∈ {1, . . . , n} (that may depend on n) and a prior Π over f of the

form

f ∼ Π ⇐⇒





fj
i.i.d.∼ K if j ≤ J,

fj = 0, if j > J,

where K is a positive and continuous density on R satisfying

∀a ≥ a0,

∫

|x|>a
K(x)dx ≤ c1e

−c2ac3 ,

for some a0, c1, c2, c3 > 0. For instance a standard Gaussian density is allowed (and in that

case it can be checked that the resulting posterior distribution is explicit by conjugacy), but

more general densities are also possible (and in this case conjugacy no longer holds).

We are going to apply Theorem 10 in order to deduce an L2−posterior contraction at f0

with rate

εn =

√
J lnn

n
+ J−β.

The distributions (Qf )f∈ℓ2 of the observations

yj = ff +
1√
n
εj , j ≥ 1

can be seen to be tight Gaussian Borel probability measures in an appropriate separable

Hilbert space and are all absolutely continuous with respect to Q0, with explicit likelihood

ratios (see Theorem 6.1.6 in [56]). We thus apply Theorem 10 by taking P
(n)
f =

dQf

dQ0
: as

explained in Section 8.3.4 of [55], the L2-metric (f, g) 7→ ∥f − g∥2 satisfies the testing assump-

tion of Theorem 10 in this context, and the Kullback-Leibler neighbourhood BKL (Qf0 , εn)
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contains an L2−ball at f0 with radius a constant multiple of εn. Using

∥f − f0∥22 =
J∑

j=1

(fj − f0j)
2 +

∑

j>J

f20j

≤M2J−2β + J max
1≤j≤J

|fj − f0j |2

≤ εn + J max
1≤j≤J

|fj − f0j |2 ,

if max1≤j≤J |fj − f0j | ≤ εn√
J
we get f ∈ BKL (Qf0 , cεn) for some constant c > 0. The prior

probability of the latter event is lower bounded by

Π
[
∀1 ≤ j ≤ J, |fj − f0j | ≤ εn/

√
J
]
= ΠJj=1

∫

Ij

K(x)dx

≥ΠJj=1 inf
Ij
K,

where here Ij =
[
f0j − εn/

√
J, f0j + εn/

√
J
]
. Since supj≥1 |f0j| + εn/

√
J is bounded by

a constant independent of n (because f0 ∈ ℓ2) and K is lower bounded on every compact

interval, we get for some c, c′ > 0

Π [BKL (f0, cε)] ≥ Π
[
∀1 ≤ j ≤ J, |fj − f0j | ≤ εn/

√
J
]
≥ exp

(
−c′J lnn

)
.

Here we have also used the fact that J ≤ n, so that εn√
n
is always greater than some inverse

power of n. Moreover, by the union bound and our assumption on K, for any a ≥ a0

Π [∃1 ≤ j ≤ J, |fj | > a] ≤ J

∫

|x|>a
K(x)dx ≤ c1Je

−c2ac3 ,

so that for any C > 0 there exists C ′ such that

Π [f /∈ FC′ ] ≤ e−Cnε
2
n ,
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where FC′ is set of f ∈ ℓ2 such that





|fj | ≤ C ′ (nε2n
)1/c3 for every 1 ≤ j ≤ J

fj = 0 otherwise

.

Being an ℓ∞−ball in a J−dimensional space of radius at most polynomial in n, standard

packing arguments show that for some C ′′ > 0

lnN (εn,FC′ , ∥·∥2) ≤ C ′′J lnn.

Since J lnn ≤ nε2n, we deduce by an application of Theorem 10 the existence of C > 0 such

that

Qf0Π [∥f − f0∥2 > Cεn|Yn] −−−→
n→∞

0.

Notice that in that case, choosing J = ⌊(n/ lnn)
1

2β+1 ⌋ to balance both terms in εn leads

to a posterior contraction rate of order (n/ lnn)
− β

2β+1 , which is the typical minimax rate

of estimation of a β−Sobolev function on [0, 1] in the nonparametric regression model with

random design, up to a logarithmic factor.

This proof of posterior contraction in the white noise model is similar at a really high

level to the one presented in Chapter 3 in the nonparametric regression model over random

geometric graphs, although the smoothness assumption there is much more subtle and requires

to prove involved approximations arguments. In the following subsections we will present

other classes of priors that we will use in Chapters 4 & 2 and for which the theory of posterior

contraction has been well studied.

Nonparametric mixtures

A popular class of priors for the density estimation problem based on an i.i.d. sample is the

one of mixture models, defined as the probability distribution Π of a density fP of the form

fP =

∫

Θ
KθP (dθ),
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where Π1 is a typically discrete probability distribution on Θ such as a Dirichlet Process

(see [44] and Chapter 4 in [55]), Kθ is a probability distribution on a set X for each θ ∈ Θ

and therefore the resulting function fP ∼ Π is a random probability measure (assuming

suitable measurability conditions). A fundamental example is the case where X = Rd,Θ =

Rd×S++
d (R) (the open cone of positive definite symmetric matrices of size d×d) and Kµ,Σ =

N (µ,Σ), yielding the class of Gaussian mixture models, whose consistency and contraction

rate properties have been investigated in [51, 54, 70, 100, 23].

In order to derive contraction rates, [54, 70, 100, 23] used a refined version of the rate The-

orem 9. In this context, verifying the assumptions of the rate theorem (in particular showing

an appropriate lower bound on the prior probability of the Kullback-Leibler neighbourhoods)

requires to show preliminary results on the quality of approximation of the true density of the

observations by mixtures of Gaussians. In Chapter 4, we will apply the same proof strategy

to analyse the posterior contraction properties of a new class of Gaussian mixture models

under geometric assumptions. From the practical side, using the likelihood arising from the

i.i.d. sampling model, one can then compute an approximate posterior sample using MCMC,

see for instance [77] in the case of Dirichlet Process mixture models.

Gaussian processes

As introduced in the last section, another popular class of priors is the one of Gaussian

processes. For instance, in the nonparametric regression model

Yi = f(Xi) + εi, 1 ≤ i ≤ n (1.10)

where εi are i.i.d. N
(
0, σ2

)
for some σ > 0, Xi covariates that are elements of a compact set

X (that can themselves be random) and f : X → R, when putting a prior on f and under

the frequentist assumption of existence of a “true” f0 : M → R generating the observations

(Xi, Yi)
n
i=1 via the model 1.10, it is possible to apply Theorem 10 with ρn being the empirical
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L2 distance

ρn(f, g) :=

(
1

n

n∑

i=1

(f(Xi)− g(Xi))
2

)1/2

by considering as prior over f a Gaussian random element taking values in C (X ), the space

of continuous functions over X (equipped with the supremum norm ∥·∥∞). Indeed, the semi

metric ρn satisfies the testing condition (by constructing a likelihood ratio test, see e.g. Lemma

8.27 in [55]) and is always trivially upper bounded by ∥·∥∞. Moreover, the Kullback-Leibler

neighbourhoods at f0 of radius εn can be seen in this context to contain a ∥·∥∞−ball at f0

of radius a constant multiple of εn (see Lemma 2.7 in [55]), and therefore an application of

Theorem 11 with (B, ∥·∥) = (C (X ) , ∥·∥∞) directly yields ρn−posterior contraction at rate (a

multiple of) εn, whenever εn satisfies the rate equation 1.8 (see [55] Chapter 11 or [26] for

detailed and concrete examples).

Furthermore, when the covariates Xi are themselves i.i.d. sampled according to some

probability distribution µ0 on X , under additional technical assumptions and with a bit of

extra work it is possible to deduce a posterior contraction rate with respect to the “global”

L2 (µ0) loss

∥f − g∥L2(µ0)
=

(∫

X
(f(x)− g(x))2 µ0(dx)

)1/2

,

from that with respect to ρn, see for instance [112] in the case X = [0, 1]d where a variation

of this proof technique is used to get a posterior contraction rate in expectation in the sense

of 1.1. We will apply this set of proof techniques in Chapter 2 when analysing the posterior

contraction properties of some classes of Gaussian processes in geometrical settings. For the

nonparametric regression problem with Gaussian errors and Gaussian priors the posterior

is also a Gaussian process with explicit mean and covariance by conjugacy, and therefore

posterior sampling is straightforward up to the inversion of a high dimensional matrix which

can be challenging, see for instance [79, 102] and the discussions therein. It should also be

noted that the nonparametric regression problem is only a first example, and it is possible

to use Gaussian process priors in other contexts such as density estimation, classification

or inverse problems (even though conjugacy may not hold and posterior sampling requires
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generic MCMC techniques), see e.g. [55] Chapter 11 and [78].

Random basis expansions

Still in the regression model 1.10, other Gaussian priors can be of interest. For instance when

(uj)j≥1 is a (typically orthonormal, according to some inner product) family of functions over

X , then a possible prior on f0 can be constructed as the probability distribution of the random

function

f =
∑

j≥1

σjZjuj (1.11)

(assuming almost sure convergence), where σj ≥ 0 are scaling coefficients and Zj are i.i.d.

standard Normal random variables. We will use this type of priors in Chapter 2, with the

family (uj)j≥1 being an eigenbasis of the Laplace-Beltrami operator on a compact Riemannian

manifold, see Section 1.1. Such a construction can be generalised to give other non Gaussian

priors by considering Zj
i.i.d.∼ Ψ for some other base distribution Ψ, as done in Section 1.3.2.

Such priors as commonly referred to as random basis expansions. Even though the re-

sulting f is no longer a Gaussian random element and therefore Theorem 11 does not apply

as above, it is still possible to use Theorem 10 directly (with ρn still being the empirical L2

distance). This is the approach we take in Chapter 3 where we study the case of X being a

random geometric graph.

Theorems 9 10 & 11 and their variants form the core part of the proof techniques used

to prove posterior contraction rates in generic, non-conjugate settings. As the focus of this

thesis is on posterior contraction rates (i.e. rates of estimation), we have not tried to present

the theory of Bayesian uncertainty quantification, the problem to determine whether or not

Bayesian credible sets (subsets of the model parameters with high posterior probability) also

have high frequentist coverage (i.e. are also confidence intervals). The investigation of this

problem typically relies on a preliminary proof of the (either nonparametric or semiparamet-

ric) Bernstein-von Mises theorem, see [28, 27, 29, 88, 55, 24].
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We will now introduce in the next section the manifold hypothesis, a geometrical frame-

work that aims to provide insights on the curse of dimensionality in high dimensional spaces,

and the different associated methods to temper its effects. We will also review the recent

relevant literature to the research questions tackled in this thesis, as well as our contributions

using nonparametric Bayesian techniques.

1.4 The manifold hypothesis

As we argued at the start of Chapter 1, minimax lower bounds for the estimation of func-

tional parameters imply an unavoidable exponentially bad dependence of the risk on the

inputs domain dimension. Since modern large-scale statistical problems often include large

dimensionality, understanding to which extent the data presents intrinsic lower dimensional

structures can be of interest. We will go over the existing literature on this question in Section

1.4.1 before presenting our contributions in Section 1.4.2.

1.4.1 Literature review

There are good empirical evidence confirming that such low dimensional structures exist in

real world applications, with examples found in texts, sounds and images data sets, see for

instance [13, 69, 68, 116] & [21]. Intuitively, this can be understood as stemming from physical

constraints, see for instance Section 5.11.3 in [60] where it is argued that most points in the

space of images are actually noise, and that only a subset of this space of much lower dimension

contains the relevant images for practical applications.

Leveraging the tools we introduced in Section 1.1, a precise mathematical formulation of

such a phenomenon is then clear : in high dimensional statistical problems (where the variables

are elements of RD, D ≥ 1 large), the data sets tend to be supported on low dimensional

submanifolds (of RD in this context). This is what is often referred to as the manifold

hypothesis. A more flexible and realistic formulation requires the data to be supported on

a small neighbourhood of a low dimensional manifold, a model which allows possibly small
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observation noise in high dimension, see for instance [30] where the case of additive Gaussian

noise is considered. Such noise models (additive or not) are still referred to as part of the

manifold hypothesis framework, even though they are technically a small relaxation of it.

Other possible extensions allow the data to be supported on potentially irregular subsets

of RD (i.e. not necessarily submanifolds) with low intrinsic dimension (where the notion of

dimension is now understood in the Minkowski sense), see for instance [115, 25] or union of

manifolds [21, 1].

Numerous different questions can then be of interest when working under the manifold

hypothesis. To start with, one can wonder to which extent it is possible to estimate the prob-

ability distribution of a random i.i.d. sample X1, . . . , Xn in RD if its probability distribution

is supported on a (typically unknown) low dimensional subset M ⊂ RD (or a small neigh-

bourhood of it). The deep learning literature has a lot to offer from this perspective, with

numerous recent methodological and theoretical advances with generative adversarial net-

works, energy-based models, normalising flows, variational auto-encoders or diffusion models

[4, 5, 66, 74, 73, 68, 75, 36, 101, 105, 8, 86]. In [105] the resulting estimator is shown to

achieve minimax rates of estimation of the underlying probability distribution under the

1−Wasserstein distance. In the nonparametric statistics literature, the behaviour of kernel

density estimators has also been studied theoretically under the manifold hypothesis, for the

Wasserstein [39] or pointwise losses [16, 84], with minimax rates of convergence. In particu-

lar, the rates obtained there are only impacted by the dimensionality of the submanifold M

and not the one of RD. Estimators based on mixtures models have also been investigated

empirically in [114] and in [76] in the Bayesian context, where a new class of kernels (the

“Fisher-Gaussian” kernels) more flexible than the Gaussian ones is presented, but where how-

ever no posterior contraction rates are derived. Compared with the usual Gaussian kernels,

the Fisher-Gaussian kernels are shown empirically in [76] to be able to estimate more accu-

rately probability distributions supported on small neighbourhoods of submanifolds thanks

to an additional curvature parameter.

Instead of estimating a probability distribution, recovering the geometrical structure of
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the submanifold in question can also be of interest. In particular, the estimation of the

tangent spaces, the extrinsic curvature or the submanifold itself (as a subset of RD, under the

Hausdorff loss) is for instance studied in a minimax framework in [50, 2, 38, 87, 8].

Finding a meaningful low dimensional representation of the data can also be useful, a

problem commonly referred to as (non linear) dimension reduction, which can be understood

as estimating a set of coordinates charts. To this end various methods have been suggested

such as Principal Component Analysis [85], its kernelised version [98], Locally Linear Embed-

dings [95] or graph based methods (which implicitely approximate the latent submanifold by

a random graph, a technique we have already discussed in Section 1.2) such as Isomap [107],

Laplacian Eigenmaps [14, 15] or diffusion maps [34].

Finally, the problem of studying the nonparametric regression problem 1.10 in the case

where the covariatesXi are supported on an unknown low dimensional subset has also received

much attention, with estimation procedures based for instance on Bayesian neural networks

[25], the restriction of ambient Gaussian process priors (i.e. defined globally on RD) [117, 106]

or graph based methods [96, 61, 45, 81, 43] (based either on least square estimators or Bayesian

series priors of the form 1.11 in the graph spectral domain). While optimal rates of convergence

are obtained in quite general settings in [25, 117, 106], for graph based methods the situation is

not as clear, with the only known results either requiring the smoothness of the true regression

function to belong to {1, 2, 3} [61] or to have access to a large amount of additional unlabeled

covariates {xn+1, . . . , xN} , N > n [96].

1.4.2 Contributions

We now present the three main chapters of this thesis, the first two focusing on nonparametric

regression with covariates located on an unknown submanifold, and the last one on density

estimation in the vicinity of an unknown submanifold.
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Chapter 2 : Posterior Contraction Rates for Matérn Gaussian Processes on Rie-

mannian Manifolds [91]

This is a joint work with Viacheslav Borovitskiy, Alexander Terenin and Judith Rousseau, and

has been published in the Advances in Neural Information Processing Systems 36 (NeurIPS

2023, spotlight poster). In this paper we tackle the nonparametric regression problem 1.10

when the covariates are located on a possibly unknown submanifold M of RD, D ≥ 1

using a Bayesian nonparametric approach based on Gaussian process priors (as presented

in Section 1.3.2). We consider two main classes of Gaussian processes : the intrinsic ones,

which are those defined by random series expansion as in 1.11 and where the basis functions

are the eigenfunctions of the Laplace-Beltrami operator (see Section 1.2), and the extrinsic

ones, those defined (implicitely) by the restriction of a ambient Gaussian process (i.e. :

defined everywhere on RD) to M. We focus on the class of Mátern Gaussian processes and

we adapt the proof strategy of [112] to the manifold case. Surprisingly, our results indicate

that both priors (intrinsic and extrinsic) achieve the optimal rate of convergence. Our proof

crucially relies on an application of a trace and extension theorem between manifold and

Euclidean Sobolev spaces, showing in our context that both processes have norm equivalent

RKHS’s. Compared with [117] (which focuses on the restriction of ambient square exponential

processes), our proof is not limited to smoothness less than 2. It should be noted that [117]

has been extended later to arbitrary smoothness and to the adaptive case in [106].

Chapter 3 : Nonparametric regression on random geometric graphs sampled from

submanifolds [92]

This is a joint work with Judith Rousseau and has been submitted to the Journal of Machine

Learning Research. It is a logical extension of the work previously done in [91], where we still

consider the same nonparametric regression problem 1.10 (with covariates Xi located on an

unknown d−dimensional submanifold M of RD, D ≥ 1) but we approximate the intrinsic

Gaussian process defined by random basis expansion in the Laplace-Beltrami eigenbasis by

its analog on a random graph approximating M (see Section 1.2). This technique therefore
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allows to use an approximation of the intrinsic processes even when the manifold in question

is unknown, as the prior process is this time defined by a random basis expansion in the

eigenbasis of the graph Laplacian. Actually, as we discussed in Section 1.3.2, there is no

reason to limit ourselves to Gaussian processes, and we present a very general result valid

for a large class of priors on the coefficients in the basis expansion with exponentially small

tails. Assuming β−Hölder smoothness of the underlying regression function, we present priors

achieving (near) minimax optimal posterior contraction rates in the adaptive or non-adaptive

case for any β > 0 (β > d/2 when the global L2 loss over the graph is considered) without

requiring any additional unlabeled covariates, thus significantly extending the results in [61,

96]. Our proof is based on a novel approximation argument in the graph Laplacian spectral

domain. As a byproduct of our approximation argument we prove that the PCR-LE (least

square) estimator proposed in [61] also achieves the (near) minimax rate under the same

conditions.

Chapter 4 : Estimating a density near an unknown manifold: a Bayesian non-

parametric approach [16]

This is a joint work with Clément Berenfeld and Judith Rousseau, and has been published in

The Annals of Statistics.

This was the first problem investigated during the DPhil. In this paper, we investigate

the problem of estimating a density f0 supported on a small tubular neighbourhood (see

Section 1.1 of Chapter 1) of an unknown d−dimensional submanifold M of RD, based on

an i.i.d. sample from f0. To this end we design a new class of Bayesian nonparametric

priors for the density based on location-scale mixtures of Gaussian kernels, where the prior

for the local covariance matrices is carefully designed by putting separate priors on their

directions and eigenvalues. After defining a new type of Hölder regularity assumptions on the

density f0 where the smoothness is measured along a moving coordinate frame in the tubular

neighbourhood (instead of the coordinates axis of RD), we show (near) minimax optimal

posterior contraction rates for the resulting procedure with respect to the Hellinger distance
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provided that the width of the tubular neighbourhood is not too small. The density f0 is shown

to satisfy this Hölder regularity assumption in the case of isotropic and orthogonal additive

noise models, and the resulting posterior contraction rates are in this setting essentially only

impacted by the dimensionality of M and not the one of RD, provided that the density of the

noise is infinitely smooth. Moreover, we present a Gibbs sampling and a MAP (maximum a

posteriori) algorithm showing that the resulting Bayesian procedures significantly outperform

their more standard counterparts based on inverse Wishart prior for the covariances.
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Abstract

Gaussian processes are used in many machine learning applications that rely on
uncertainty quantification. Recently, computational tools for working with these
models in geometric settings, such as when inputs lie on a Riemannian manifold,
have been developed. This raises the question: can these intrinsic models be
shown theoretically to lead to better performance, compared to simply embedding
all relevant quantities into Rd and using the restriction of an ordinary Euclidean
Gaussian process? To study this, we prove optimal contraction rates for intrinsic
Matérn Gaussian processes defined on compact Riemannian manifolds. We also
prove analogous rates for extrinsic processes using trace and extension theorems
between manifold and ambient Sobolev spaces: somewhat surprisingly, the rates
obtained turn out to coincide with those of the intrinsic processes, provided that
their smoothness parameters are matched appropriately. We illustrate these rates
empirically on a number of examples, which, mirroring prior work, show that
intrinsic processes can achieve better performance in practice. Therefore, our work
shows that finer-grained analyses are needed to distinguish between different levels
of data-efficiency of geometric Gaussian processes, particularly in settings which
involve small data set sizes and non-asymptotic behavior.

1 Introduction

Gaussian processes provide a powerful way to quantify uncertainty about unknown regression
functions via the formulation of Bayesian learning. Motivated by applications in the physical and
engineering sciences, a number of recent papers [11, 9, 10, 37] have studied how to extend this model
class to spaces with geometric structure, in particular Riemannian manifolds including important
special cases such as spheres and Grassmannians [4], hyperbolic spaces and spaces of positive definite
matrices [5], as well as general manifolds approximated numerically by a mesh [11].

These Riemannian Gaussian process models are starting to be applied for statistical modeling, and
decision-making settings such as Bayesian optimization. For example, in a robotics setting, Jaquier
et al. [27] has shown that using Gaussian processes with the correct geometric structure allows one to
learn quantities such as the orientation of a robotic arm with less data compared to baselines. The
same model class has also been used by Coveney et al. [15] to perform Gaussian process regression
on a manifold which models the geometry of a human heart for downstream applications in medicine.

Given these promising empirical results, it is important to understand whether these learning algo-
rithms have good theoretical properties, as well as their limitations. Within the Bayesian framework,
a natural way to quantify data-efficiency and generalization error is to posit a data-generating mech-

37th Conference on Neural Information Processing Systems (NeurIPS 2023).



(a) Intrinsic (b) Extrinsic (c) Intrinsic (d) Extrinsic

Figure 1: Samples from different Matérn Gaussian processes on different manifolds, namely a
one-dimensional dumbbell-shaped manifold and a two-dimensional sphere. Notice that the values
across the dumbbell’s bottleneck can be very different for the intrinsic process in (a), despite being
very close in the ambient Euclidean distance and in contrast to the situation for the extrinsic model in
(b). On the other hand, there is little qualitative difference between (c) and (d), since the embedding
produces a reasonably-good global approximation to geodesic distances on the sphere.

anism model and study if—and how fast—the posterior distribution concentrates around the true
regression function as the number of observations goes to infinity.

Within the Riemannian setting, it is natural to compare intrinsic methods, which are formulated
directly on the manifold of interest, with extrinsic ones, which require one to embed the manifold
within a higher-dimensional Euclidean space. For example, the two-dimensional sphere can be
embedded into the Euclidean space R3: intrinsic Gaussian processes model functions on the sphere
while extrinsic ones model functions on R3, which are then restricted to the sphere. Are the former
more efficient than the latter? Since embeddings—even isometric ones—at best only preserve
distances locally, they can induce spurious dependencies, as points can be close in the ambient space
but far away with respect to the intrinsic geodesic distance: this is illustrated in Figure 1. In cases
where embeddings significantly alter distances, one can expect intrinsic models to perform better,
and it is therefore interesting to quantify such differences.

In other settings, the manifold on which the data lies can be unknown, which makes using intrinsic
methods directly no longer possible. There, one would like to understand how well extrinsic methods
can be expected to perform. According to the manifold hypothesis [18], it is common for perceptual
data such as text and images to concentrate on a lower-dimensional submanifold within, for instance,
pixel space or sequence space. It is therefore also interesting to investigate how Gaussian process
models—which, being kernel-based, are simpler than for instance deep neural networks—perform in
such scenarios, at least in the asymptotic regime.

In this work, we develop geometric analogs of the Gaussian process posterior contraction theorems of
van der Vaart and van Zanten [56]. More specifically, we derive posterior contraction rates for three
main geometric model classes: (1) the intrinsic Riemannian Matérn Gaussian processes, (2) truncated
versions of the intrinsic Riemannian Matérn Gaussian processes, which are used in practice to avoid
infinite sums, and (3) the extrinsic Euclidean Matérn Gaussian processes under the assumption that
the data lies on a compact Riemannian manifold. In all cases, we focus on IID randomly-sampled
input points—commonly referred to as random design in the literature—and contraction in the sense
of the L2(p0) distance, defined in Section 2. We focus on compact Riemannian manifolds: this
allows one to define Matérn Gaussian processes through their Karhunen–Loève expansions, which
requires a discrete spectrum for the Laplace-Beltrami operator—see for instance Borovitskiy et al.
[11] and Chavel [13], Chapter 1—and is a common setting in statistics [39].

Contributions. We show that all three classes of Gaussian processes lead to optimal procedures, in
the minimax sense, as long as the smoothness parameter of the kernel is aligned with the regularity
of the unknown function. While this result is natural—though non trivial—in the case of intrinsic
Matérn processes, it is rather remarkable that it also holds for extrinsic ones. This means that in
order to understand their differences better, finite-sample considerations are necessary. We therefore
present experiments that compute the worst case errors numerically. These experiments highlight that
intrinsic models are capable of achieving better performance in the small-data regime. We conclude
with a discussion of why these results—which might at first seem counterintuitive—are very natural

2



when viewed from an appropriate mathematical perspective: they suggest that optimality is perhaps
best seen as a basic property or an important guarantee that any sensible model should satisfy.

2 Background

Gaussian process regression is a Bayesian approach to regression where the modeling assumptions
are yi = f(xi) + εi, with εi ∼ N(0, σ2

ε), xi ∈ X , and f is assigned a Gaussian process prior.
A Gaussian process is a random function f : X → R for which all finite-dimensional marginal
distributions are multivariate Gaussian. The distribution of such a process is uniquely determined by
its mean function m(·) = E(f(·)) and covariance kernel k(·, ·′) = Cov(f(·), f(·′)), hence we write
f ∼ GP(m, k).

For Gaussian process regression, the posterior distribution given the data is also a Gaussian process
with probability kernel Π(· | x,y) = GP(mΠ(·|x,y), kΠ(·|x,y)), see Rasmussen and Williams [41],

mΠ(·|x,y)(·) = K(·)x(Kxx + σ2
εI)

−1y, (1)

kΠ(·|x,y)(·, ·′) = K(·,·′) −K(·)x(Kxx + σ2
εI)

−1Kx(·′). (2)

These quantities describe how incorporating data updates the information contained within the
Gaussian process. We will be interested studying the case where X is a Riemannian manifold, but
first review the existing theory on the asymptotic behaviour of the posterior when X = [0, 1]d.

2.1 Posterior Contraction Rates

Posterior contraction results describe how the posterior distribution concentrates around the true
data generating process, as the number of observations increases, so that it eventually uncovers the
true data-generating mechanism. The area of posterior asymptotics is concerned with understanding
conditions under which this does or does not occur, with questions of posterior contraction rates—
how fast such convergence occurs—being of key interest. At present, there is a well-developed
literature on posterior contraction rates, see Ghosal and van der Vaart [20] for a review.

In the context of Gaussian process regression with random design, which is the focus of this paper,
the true data generating process is assumed to be of the form

yi | xi ∼ N(f0(xi), σ
2
ε) xi ∼ p0 (3)

where f0 ∈ F ⊆ RX , a class of real-valued functions, and N(µ, σ2) denotes the Gaussian with
moments µ, σ2. Note that, in this particular variant, these equations exactly mirror those of the
Gaussian process model’s likelihood, including the use of the same noise variance σ2

ε in both cases:
in this paper, we focus on the particular case where σε is known in advance. This setting is restrictive,
one can extend to an unknown σε > 0 using techniques that are not specific to our geometric setting:
for instance, the approach of [55] allows to handle an unknown σε if one assumes an upper and lower
bound on it and keep the same contraction rates. In practice, more general priors, including ones that
do not assume an upper or lower bound on σε, can be used, such as a conjugate one like in Banerjee
[6]—these can also be analyzed to obtain contraction rates, albeit with additional considerations. The
generalization error for prediction in such models is strongly related to the weighted L2 loss given by

∥f − f0∥L2(p0)
=

(∫

X

|f(x)− f0(x)|2 dp0(x)
)1/2

(4)

which is arguably the natural way of measuring discrepancy between f and f0, given the fact that the
covariates xi are sampled from p0. The posterior contraction rate is then defined as

Ex,y Ef∼Π(·|x,y)∥f − f0∥2L2(p0)
(5)

where Ef∼Π(·|x,y)(·) denotes expectation under the posterior distribution while Ex,y(·) denotes
expectation under the true data generating process.1 In the case of covariates distributed on [0, 1]d,
posterior contraction rates have been derived under Matérn Gaussian process priors [47] in van der
Vaart and van Zanten [56], who showed the following result.

1Note that other notions of posterior contraction can be found in the literature, see Ghosal and van der Vaart
[20] and Rousseau [42] for examples that are slightly weaker than the definition we work with.
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Result 1 (Theorem 2 of van der Vaart and van Zanten [56]). In the Bayesian regression model, let
f be a mean-zero Matérn Gaussian process prior on Rd with amplitude σ2

f , length scale κ, and
smoothness ν > d/2. Assume that the true data generating process is given by (3), where p0 has a
Lebesgue density on X = [0, 1]d which is bounded from below and above by 0 < cp0 < Cp0 <∞,
respectively. Let f0 ∈ Hβ ∩ CHβ with β > d/2, where Hβ and CHβ the Sobolev and Hölder spaces,
respectively. Then there exists a constant C > 0, which does not depend on n but does depend on d,
σ2
f , ν, κ, β, p0, σ2

ε , ∥f0∥Hβ(M), and ∥f0∥CHβ(M), such that

Ex,y Ef∼Π(·|x,y)∥f − f0∥2L2(p0)
≤ Cn

− 2min(β,ν)
2ν+d (6)

and, moreover, the posterior mean satisfies

Ex,y ∥mΠ(·|x,y) − f0∥2L2(p0)
≤ Cn

− 2min(β,ν)
2ν+d . (7)

Note that mΠ(·|x,y) is the Bayes estimator [52] of f associated to the weighted L2 loss and that the
second inequality above is a direct consequence of the first. Therefore the posterior contraction rate
implies the same convergence rate for mΠ(·|x,y). The best rate is attained when β = ν: that is, when
true smoothness and prior smoothness match—which is known to be minimax optimal in the problem
of estimating f0: see Tsybakov [52]. In this paper, we extend this result to the manifold setting.

2.2 Related Work and Current State of Affairs

The formalization of posterior contraction rates of Bayesian procedures dates back to the work of
Schwartz [46] and Le Cam [29], but has been extensively developed since the seminal paper of Ghosal
et al. [19] for various sampling and prior models, see for instance [20, 42] for reviews. This includes,
in particular, work on Gaussian process priors [54, 56, 57, 43, 49]. Most of the results in the literature,
however, assume Euclidean data: as a consequence, contraction properties of Bayesian models under
manifold assumptions are still poorly understood, with exception of some recent developments in
both density estimation [7, 8, 60] and regression [63, 60].

The results closest to ours are those of Yang and Dunson [63] and Castillo et al. [12]. In the former, the
authors use an extrinsic length-scale-mixture of squared exponential Gaussian processes to achieve
optimal contraction rates with respect to the weighted L2 norm, using a completely different proof
technique compared to us, and their results are restricted to f0 having Hölder smoothness of order
less than or equal to two. On the other hand Castillo et al. [12] consider, as an intrinsic process on the
manifold, a hierarchical Gaussian process based on its heat kernel and provide posterior contraction
rates. For the Matérn class, Li et al. [30] presents results which characterize the asymptotic behavior
of kernel hyperparameters: our work complements these results by studying contraction of the
Gaussian process itself toward the unknown ground-truth function. One can also study analogous
discrete problems: Dunson et al. [17] and Sanz-Alonso and Yang [45] present posterior contraction
rates for a specific graph Gaussian process model in a semi-supervised setting. In the next section,
we present our results on Matérn processes, defined either by restriction of an ambient process or by
an intrinsic construction, and discuss their implications.

3 Posterior Contraction Rates on Compact Riemannian Manifolds

We now study posterior contraction rates for Matérn Gaussian processes on manifolds, which are
arguably the most-widely-used Gaussian process priors in both the Euclidean and Riemannian
settings. We begin by more precisely describing our geometric setting before stating our key results
and discussing their implications. From now on, we write X = M, to emphasize that the covariate
space is a manifold.
Assumption 2. Assume that M ⊂ RD is a smooth, compact submanifold (without boundary) of
dimension d < D equipped with the standard Riemannian volume measure µ.

We denote |M| =
∫
M dµ(x) for volume of M. With this geometric setting defined, we will need

to describe regularity assumptions in terms of functional spaces on the manifold M. We work
with Hölder spaces CHγ(M), defined using charts via the usual Euclidean Hölder spaces, the
Sobolev spaces Hs(M), and Besov spaces Bs

∞,∞(M) which are one of the ways of generalizing
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(a) Intrinsic (b) Extrinsic (c) Intrinsic (d) Extrinsic

Figure 2: Different Matérn kernels k(•, x) on different manifolds.

the Euclidean Hölder spaces of smooth functions to manifolds. We follow Coulhon et al. [14] and
Castillo et al. [12], and define these spaces using the Laplace-Beltrami operator on M in Appendix A.

Recall that the data-generating process is given by (3), with f0 as the true regression function and p0
as the distribution of the covariates.
Assumption 3. Assume that p0 is absolutely continuous with respect to µ, and that its density,
denoted by p0, satisfies c ≤ p0 ≤ C for 0 < c,C <∞. Assume the regression function f0 satisfies
f0 ∈ Hβ(M) ∩Bβ

∞,∞(M) for some β > d/2, and that σ2
ε > 0 is fixed and known.

This setting can be extended to handle unknown variance σε by putting a prior on σε, following the
strategy of Salomond [44] and Naulet and Barat [36]. Since we are focused primarily on the impact
of the manifold, we do not pursue this here. With the setting fully defined, we proceed to develop
posterior contraction results for different types of Matérn Gaussian process priors: intrinsic, intrinsic
truncated and extrinsic.

3.1 Intrinsic Matérn Gaussian Processes

We now introduce the first geometric Gaussian process prior under study—the Riemannian Matérn
kernel of Whittle [62], Lindgren et al. [33], and Borovitskiy et al. [11]. This process was originally
defined using stochastic partial differential equations: here, we present it by its Karhunen–Loève
expansion, to facilitate comparisons with its truncated analogs presented in Section 3.2.
Definition 4 (Intrinsic Matérn prior). Let ν > 0, and let (λj , fj)j≥0 be the eigenvalues and orthonor-
mal eigenfunctions of the Laplace–Beltrami operator on M, in increasing order. Define the intrinsic
Riemannian Matérn Gaussian process through its Karhunen–Loève expansion to be

f(·) =
σ2
f

Cν,κ

∞∑

j=1

(
2ν

κ2
+ λj

)− ν+d/2
2

ξjfj(·) ξj ∼ N(0, 1) (8)

where ν, κ, σ2
f are positive parameters and Cν,κ is the normalization constant, chosen such that

1
|M|

∫
M

Var(f(x)) dµ(x) = σ2
f , where Var denotes the variance.

The covariance kernels of these processes are visualized in Figure 2. With this prior, and the setting
defined in Section 3, we are ready to present our first result: this model attains the desired optimal
posterior contraction rate as soon as the regularity of the ground-truth function matches the regularity
of the Gaussian process, as described by the parameter ν.
Theorem 5. Let f be a Riemannian Matérn Gaussian process prior of Definition 4 with smoothness
parameter ν > d/2 and let f0 satisfy Assumption 3. Then there is a C > 0 such that

Ex,y Ef∼Π(·|x,y)∥f − f0∥2L2(p0)
≤ Cn

− 2min(β,ν)
2ν+d . (9)

All proofs are given in Appendix B. Our proof follows the general approach of van der Vaart and van
Zanten [56], by first proving a contraction rate with respect to the distance n−1/2∥f(x)− f0(x)∥Rn

at input locations x, and then extending the result to the true L2-distance by applying a suitable
concentration inequality. The first part is obtained by studying the concentration function, which
is known to be the key quantity to control in order to derive contraction rates of Gaussian process
priors—see Ghosal and van der Vaart [20] and van der Vaart and van Zanten [57] for an overview.
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Given our regularity assumptions on f0, the most difficult part lies in controlling the small-ball
probabilities Π

[
∥f∥C(M) < ε

]
: we handle this by using results relating this quantity with the entropy

of an RKHS unit ball with respect to the uniform norm. Since our process’ RKHS is related to the
Sobolev space Hν+d/2(M) which admits a description in terms of charts, we apply results on the
entropy of Sobolev balls in the Euclidean space to conclude the first part. Finally, to extend the rate to
the true L2(p0) norm, following van der Vaart and van Zanten [56], we prove a Hölder-type property
for manifold Matérn processes, and apply Bernstein’s inequality. Together, this gives the claim.

This result is good news for the intrinsic Matérn model: it tells us that asymptotically it incorporates
the data as efficiently as possible at least in terms of posterior contraction rates, given that its regularity
matches the regularity of f0. An inspection of the proof shows that the constant C > 0 can be seen to
depend on d,σ2

f , ν, κ, β, p0,σ2
ε , ∥f0∥Hβ(M), ∥f0∥Bβ

∞∞(M), and ∥f0∥CHβ(M). Theorem 5 extends
to the case where the norm is raised to any power q > 1 rather than the second power, with the
right-hand side raised to the same power: see Appendix B for details. We now consider variants of
this prior that can be implemented in practice.

3.2 Truncated Matérn Gaussian Processes

The Riemannian Matérn prior’s covariance kernel cannot in general be computed exactly, since
Definition 4 involves an infinite sum. Arguably the simplest way to implement these processes
numerically is to truncate the respective infinite series in the Karhunen–Loève expansion by taking
the first J terms, which is also optimal in an L2(M)-sense.

Note that the truncated prior is a randomly-weighted finite sum of Laplace–Beltrami eigenfunctions,
which have different smoothness properties compared to the original prior: the truncated prior takes
its values in C∞(M) since the eigenfunctions of M are smooth—see for instance De Vito et al. [16].
Nevertheless, if the truncation level is allowed to grow as the sample size increases, then the regularity
of the process degenerates and one gets a function with essentially-finite regularity in the limit.

Truncated random basis expansions have been studied extensively in the Bayesian literature in the
Euclidean setting—see for instance Arbel et al. [2] and Yoo et al. [64] or Ghosal and van der Vaart
[20], Chapter 11 for examples with priors based on wavelet expansions. It is known that truncating
the expansion at a high enough level usually allows one to retain optimality. Instead of truncating
deterministically, it is also possible to put a prior on the truncation level and resort to MCMC
computations which would then select the optimal number of basis functions adaptively, at the
expense of a more computationally intensive method—this is done, for instance, in van der Meulen
et al. [53] in the context of drift estimation for diffusion processes. Random truncation has been
proven to lead in many contexts to adaptive posterior contraction rates, meaning that although the
prior does not depend on the smoothness β of f0, the posterior contraction rate—up to possible lnn
terms—is of order n−β/(2β+d): see for instance Arbel et al. [2] and Rousseau and Szabo [43].

By analogy of the Euclidean case with its random Fourier feature approximations [40], we can call
the truncated version of Definition 4 the manifold Fourier feature model, for which we now present
our result.
Theorem 6. Let f be a Riemannian Matérn Gaussian process prior on M with smoothness parameter
ν > d/2, modified to truncate the infinite sum to at least Jn ≥ cn

d(min(1,ν/β))
2ν+d terms, and let f0 satisfy

Assumption 3. Then there is a C > 0 such that

Ex,y Ef∼Π(·|x,y)∥f − f0∥2L2(p0)
≤ Cn

− 2min(β,ν)
2ν+d . (10)

The proof is essentially-the-same as the non-truncated Matérn, but involves tracking dependence of
the inequalities on the truncation level Jn, which implicitly defines a sequence of priors rather than a
single fixed prior.

This result is excellent news for the intrinsic models: it means that they inherit the optimality
properties of the limiting one, even in the absence of the infinite sum—in spite of the fact that the
corresponding finite-truncation prior places its probability on C∞(M). Again, the constant C > 0
can be seen to depend on d,σ2

f , ν,κ,β,p0,σ2
ε , ∥f0∥Hβ(M), ∥f0∥Bβ

∞∞(M), and ∥f0∥CHβ(M). This
concludes our results for the intrinsic Riemannian Matérn priors. We now study what happens if,
instead of working with a geometrically-formulated model, we simply embed everything into Rd and
formulate our models there.
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3.3 Extrinsic Matérn Gaussian Processes

The results of the preceding sections provide good reason to be excited about the intrinsic Riemannian
Matérn prior: the rates it obtains match the usual minimax rates seen for the Euclidean Matérn prior
and Euclidean data, provided that we match the smoothness ν with the regularity of f0. Another
possibility is to consider an extrinsic Gaussian process, that is, a Gaussian process defined over
an ambient space. This has been considered by Yang and Dunson [63] for instance for the square-
exponential process, in an adaptive setting where one does not assume that the regularity β of f0 is
explicitly known, but where β ≤ 2. In this section we prove a non-adaptive analog of this result for
the Matérn process.
Definition 7 (Extrinsic Matérn prior). Assume that the manifold M is isometrically embedded in the
Euclidean space RD, such that we can regard M as a subset of RD. Consider the Gaussian process
with zero mean and kernel given by restricting onto M the standard Euclidean Matérn kernel

kν,κ,σ2
f
(x, x′) = σ2

f

21−ν

Γ(ν)

(√
2ν

∥x− x′∥RD

κ

)ν

Kν

(√
2ν

∥x− x′∥RD

κ

)
(11)

where σf , κ, ν > 0 and Kν is the modified Bessel function of the second kind [22].

Since the extrinsic Matérn process is defined in a completely agnostic way with respect to the
manifold geometry, we would expect it to be less performant when M is known. However, it turns
out that the extrinsic Matérn process converges at the same rate as the intrinsic one, as given in the
following claim.
Theorem 8. Let f be a mean-zero extrinsic Matérn Gaussian process prior with smoothness parame-
ter ν > d/2 on M, and let f0 satisfy Assumption 3. Then for some C > 0 we have

Ex,y Ef∼Π(·|x,y)∥f − f0∥2L2(p0)
≤ Cn

− 2min(β,ν)
2ν+d . (12)

Theorem 8 is a surprising result because the optimal rates in this setting only require the knowledge
of the regularity β, but not the knowledge of the manifold or the intrinsic dimension. More precisely,
the prior is not designed to be an adaptive prior, since it is a fixed Gaussian process, but it surprisingly
adapts to the dimension of the manifold, and thus to the manifold.

The proof is also based on control of concentration functions. The main difference is that, although
the ambient process has a well known RKHS—the Sobolev space Hs+D/2

(
RD
)
—the restricted

process has a non-explicit RKHS, which necessitates further analysis. We tackle this issue by using
results from Große and Schneider [24] relating manifold and ambient Sobolev spaces by linear
bounded trace and extension operators, and from Yang and Dunson [63] describing a general link
between the RKHS of an ambient process and its restriction. This allows us to show that the restricted
process has an RKHS that is actually norm-equivalent to the Sobolev space Hν+d/2(M), which
allows us to conclude the result in the same manner as in the intrinsic case.

As consequence, our argument applies mutatis mutandis in any setting where suitable trace and
extension theorems apply, with the Riemannian Matérn case corresponding to the usual Sobolev
results. In particular, our arguments therefore apply directly to other processes possessing similar
RKHSs, such as for instance various kernels defined on the sphere—see e.g. Wendland [61], Chapter
17 and Hubbert et al. [26]. The constant C > 0 can be seen to depend on d,D,σ2

f , ν,κ,β,p0,σ2
ε ,

∥f0∥Hβ(M),∥f0∥Bβ
∞∞(M),∥f0∥CHβ(M)—notice that here C depends implicitly on D because of the

presence of trace and extension operator continuity constants. We now proceed to understand the
significance of the overall results.

3.4 Summary of Results

As a consequence of our previous results, fixing a single common data generating distribution
determined by p0, f0, under suitable conditions the intrinsic Matérn process, its truncated version,
and the extrinsic Matérn process all possess the same posterior contraction rate with respect to
the L2(p0)-norm, which depends on d, ν, and β, and is optimal if the regularities of f0 and the
prior match. These results imply the following immediate corollary, which follows by convexity of
∥·∥2L2(p0)

using Jensen’s inequality.
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Corollary 9. Under the assumptions of Theorems 5, 6 and 8, it follows that, for some C > 0

Ex,y ∥mΠ(·|x,y) − f0∥2L2(p0)
≤ Cn−

2min(β,ν)
2ν+d (13)

where mΠ(·|x,y) is the posterior mean given a particular value of (xi, yi)
n
i=1.

When ν = β, the optimality of the rates we present in the manifold setting can be easily inferred by
lower bounding the L2-risk of the posterior mean by the L2-risk over a small subset of M and using
charts, which translates the problem into the Euclidean framework for which the rate is known to be
optimal—see for instance Tsybakov [52].

To contextualize this, observe that even in cases where the geometry of the manifold is non-flat, the
asymptotic rates are unaffected by the choice of the prior’s length scale κ—in either the intrinsic, or
the extrinsic case—but only by the smoothness parameter ν. Indeed, the RKHS of the process is only
determined—up to norm equivalence—by ν, which plays an important role in the proofs. This, and
the fact that extrinsic processes attain the same rates, implies that the study of asymptotic posterior
contraction rates cannot detect geometry in our setting, as was already hinted by Yang and Dunson
[63]. Hence, in the geometric setting, optimal posterior contraction rates should be thought of more
as a basic property that any reasonable model should satisfy. Differences in performance will be
down to constant factors alone—but as we will see, these can be significant. To understand these
differences, we turn to empirical analysis.

4 Experiments

From Theorems 5, 6 and 8, we know that intrinsic and extrinsic Gaussian processes exhibit the
same posterior contraction rates in the asymptotic regime. Here, we study how these rates manifest
themselves in practice, by examining how worst-case errors akin to those of Corollary 9 behave
numerically. Specifically, we consider the pointwise worst-case error

v(τ)(t) = sup
∥f0∥Hν+d/2≤1

Eεi∼N(0,σ2
ε)

∣∣m(τ)
Π(·|x,y)(t)− f0(t)

∣∣2 (14)

where m(τ)
Π(·|x,y) is the posterior mean corresponding to the zero-mean Matérn Gaussian process prior

with smoothness ν, length scale κ, amplitude σ2
f , which is intrinsic if τ = i or extrinsic if τ = e. We

use a Gaussian likelihood with noise variance σ2
ε and observations yi = f0(xi)+εi, and examine this

quantity as a function of the evaluation location t ∈ M. By allowing us to assess how error varies
in different regions of the manifold, this provides us with a fine-grained picture of how posterior
contraction behaves.

One can show that v(τ) may be computed without numerically solving an infinite-dimensional
optimization problem. Specifically, (14) can be calculated, in the respective intrinsic and extrinsic
cases, using

v(i)(t) = k(i)(t, t)−K
(i)
tX

(
K

(i)
XX + σ2

εI
)−1

K
(i)
Xt (15)

v(e)(t) ≈ (K
(i)
tX′ −αtK

(i)
XX′)(K

(i)
X′X′)

−1(K
(i)
X′ t −K

(i)
X′ Xα⊤

t ) + σ2
εαtα

⊤
t (16)

where, for the extrinsic case, αt = K
(i)
tX(K

(e)
XX+σ2

εI)
−1, and X′ is a set of points sampled uniformly

from the manifold M, the size of which determines approximation quality. The intrinsic expression is
simply the posterior variance k(i)Π(·|x,y)(t, t), and its connection with worst-case error is a well-known
folklore result mentioned somewhat implicitly in, for instance, Mutny and Krause [35]. The extrinsic
expression is very-closely-related, and arises by numerically approximating a certain RKHS norm. A
derivation of both is given in Appendix F. To assess the approximation error of this formula, we also
consider an analog of (16) but instead defined for the intrinsic model, and compare it to (15): in all
cases, the difference between the exact and approximate expression was found to be smaller than
differences between models. By computing these expressions, we therefore obtain, up to numerics,
the pointwise worst-case expected error in our regression model.

For M we consider three settings: a dumbbell-shaped manifold, a sphere, and the dragon manifold
from the Stanford 3D scanning repository. In all cases, we perform computations by approximating
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Figure 3: Worst-case error estimates for the intrinsic and extrinsic processes, on the dumbbell,
sphere, and dragon manifolds (lower is better, y axis is in the logarithmic scale). We see that, on
the dumbbell and dragon manifold, intrinsic models achieve lower expected errors than extrinsic
models for the ranges considered (top), and that their expected error consistently varies less as a
function of space (bottom). In contrast, on the sphere, both models achieve similar performance, with
differences between models falling within the range of variability caused by different random number
seeds. We also see that the difference between computing the pointwise worst-case error exactly and
approximately, in the intrinsic case where computing this difference is possible, is small in all cases.

the manifold using a mesh, and implementing the truncated Karhunen–Loève expansion with J = 500
eigenpairs obtained from the mesh. We fix smoothness ν = 5

2 , amplitude σ2
f = 1, and noise variance

σ2
ε = 0.0005, for both the intrinsic and extrinsic Matérn Gaussian processes. Since the interpretation

of the length scale parameter is manifold-specific, for the intrinsic Gaussian processes we set κ = 200
for the dumbbell, κ = 0.25 for the sphere, and κ = 0.05 for the dragon manifold. In all cases,
this yielded functions that were neither close to being globally-constant, nor resembled noise. Each
experiment was repeated 10 times to assess variability. Complete experimental details are given
in Appendix G.2

The length scales κ are defined differently for intrinsic and extrinsic Matérn kernels: in particular,
using the same length scale in both models can result in kernels behaving very differently. To alleviate
this, for the extrinsic process, we set the length scale by maximizing the extrinsic process’ marginal
likelihood using the full dataset generated by the intrinsic process, except in the dumbbell’s case
where the full dataset is relatively small, and therefore a larger set of 500 points was used instead.
This allows us to numerically match intrinsic and extrinsic length scales to ensure a reasonably-fair
comparison.

Figure 3 shows the mean, and spatial standard deviation of vτ (t), where by spatial standard deviation
we mean the sample standard deviation computed with respect to locations in space, rather than with
respect to different randomly sampled datasets. From this, we see that on the dumbbell and dragon
manifold—whose geometry differs significantly from the respective ambient Euclidean spaces—
intrinsic models obtain better mean performance. The standard deviation plot reveals that intrinsic
models have errors that are less-variable across space. This means that extrinsic models exhibit
higher errors in some regions rather than others—such as, for instance, regions where embedded
Euclidean and Riemannian distances differ—whereas in intrinsic models the error decays in a more
spatially-uniform manner.

In contrast, on the sphere, both models perform similarly. Moreover, both the mean and spatial
standard deviation decrease at approximately the same rates, indicating that the extrinsic model’s
predictions are correct about-as-often as the intrinsic model’s, as a function of space. This confirms
the view that, since the sphere does not possess any bottleneck-like areas where embedded Euclidean
distances are extremely different from their Riemannian analogs, it is significantly less affected by
differences coming from embeddings.

2Code available at: HTTPS://GITHUB.COM/ATERENIN/GEOMETRIC_ASYMPTOTICS.
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In total, our experiments confirm that there are manifolds on which geometric models can perform
significantly better than non-geometric models. This phenomenon was also noticed in Dunson et al.
[17], where a prior based on the eigendecomposition of a random geometric graph, which can be
thought as an approximation of our intrinsic Matérn processes, is compared to a standard extrinsic
Gaussian process. In our experiments, we see this through expected errors, mirroring prior results
on Bayesian optimization performance. From our theoretical results, such differences cannot be
captured through posterior contraction rates, and therefore would require sharper technical tools, such
as non-asymptotic analysis, to quantify theoretically.

5 Conclusion

In this work, we studied the asymptotic behavior of Gaussian process regression with different
classes of Matérn processes on Riemannian manifolds. By using various results on Sobolev spaces
on manifolds we derived posterior contraction rates for intrinsic Matérn process defined via their
Karhunen-Loeve decomposition in the Laplace–Beltrami eigenbasis, including processes arising from
truncation of the respective sum which can be implemented in practice. Next, using trace and extension
theorems which relate manifold and Euclidean Sobolev spaces, we derived similar contraction rates
for the restriction of an ambient Matérn process in the case where the manifold is embedded in
Euclidean space. These theoretical asymptotic results were supplemented by experiments on several
examples, showing significant differences in performance between intrinsic and extrincic methods
in the small sample size regime when the manifold’s geometric structure differs from the ambient
Euclidean space. Our work therefore shows that capturing such differences cannot be done through
asymptotic contraction rates, motivating and paving the way for further work on non-asymptotic error
analysis to capture empirically-observed differences between extrinsic and intrinsic models.

Acknowledgments

The authors are grateful to Mojmír Mutný and Prof. Andreas Krause for fruitful discussions con-
cerning this work. PR and JR were supported by the European Research Council (ERC) under the
European Union’s Horizon 2020 research and innovation programme (grant agreement No. 834175).
VB was supported by an ETH Zürich Postdoctoral Fellowship. AT was supported by Cornell Univer-
sity, jointly via the Center for Data Science for Enterprise and Society, the College of Engineering,
and the Ann S. Bowers College of Computing and Information Science.

References
[1] C. D. Aliprantis and K. C. Border. Infinite Dimensional Analysis: A Hitchhiker’s Guide.

Springer, 2006. Cited on page 29.
[2] J. Arbel, G. Gayraud, and J. Rousseau. Bayesian Optimal Adaptive Estimation Using a Sieve

Prior. Scandinavian Journal of Statistics, 2013. Cited on page 6.
[3] T. Aubin. Some nonlinear problems in Riemannian geometry. Springer, 1998. Cited on page 14.
[4] I. Azangulov, A. Smolensky, A. Terenin, and V. Borovitskiy. Stationary Kernels and

Gaussian Processes on Lie Groups and their Homogeneous Spaces I: the compact case.
arXiv:2208.14960, 2022. Cited on page 1.

[5] I. Azangulov, A. Smolensky, A. Terenin, and V. Borovitskiy. Stationary Kernels and Gaussian
Processes on Lie Groups and their Homogeneous Spaces II: non-compact symmetric spaces.
arXiv:2301.13088, 2023. Cited on page 1.

[6] S. Banerjee. Modeling massive spatial datasets using a conjugate Bayesian linear modeling
framework. Spatial Statistics, 2020. Cited on page 3.

[7] C. Berenfeld, P. Rosa, and J. Rousseau. Estimating a density near an unknown manifold: a
Bayesian nonparametric approach. arXiv:2205.15717, 2022. Cited on page 4.

[8] A. Bhattacharya and D. B. Dunson. Nonparametric Bayesian density estimation on manifolds
with applications to planar shapes. Biometrika, 2010. Cited on page 4.

[9] V. Borovitskiy, I. Azangulov, A. Terenin, P. Mostowsky, M. P. Deisenroth, and N. Durrande.
Matérn Gaussian processes on graphs. In International Conference on Artificial Intelligence
and Statistics, 2021. Cited on page 1.

10



[10] V. Borovitskiy, M. R. Karimi, V. R. Somnath, and A. Krause. Isotropic Gaussian Processes on
Finite Spaces of Graphs. In Artificial Intelligence and Statistics, 2023. Cited on page 1.

[11] V. Borovitskiy, A. Terenin, P. Mostowsky, and M. P. Deisenroth. Matérn Gaussian processes
on Riemannian manifolds. Advances in Neural Information Processing Systems, 2020. Cited
on pages 1, 2, 5, 15, 23, 25.

[12] I. Castillo, G. Kerkyacharian, and D. Picard. Thomas Bayes’ walk on manifolds. Probability
Theory and Related Fields, 2013. Cited on pages 4, 5, 15, 32, 33.

[13] I. Chavel. Eigenvalues in Riemannian Geometry. Elsevier, 1984. Cited on pages 2, 14.
[14] T. Coulhon, G. Kerkyacharian, and P. Petrushev. Heat Kernel Generated frames in the setting

of Dirichlet Spaces. Journal of Fourier Analysis and Applications, 2012. Cited on pages 5, 15,
32.

[15] S. Coveney, C. Corrado, C. H. Roney, D. O’Hare, S. E. Williams, M. D. O’Neill, S. A. Niederer,
R. H. Clayton, J. E. Oakley, and R. D. Wilkinson. Gaussian Process Manifold Interpolation
for Probabilistic Atrial Activation Maps and Uncertain Conduction Velocity. Philosophical
Transactions of the Royal Society A, 2020. Cited on page 1.

[16] E. De Vito, N. Mücke, and L. Rosasco. Reproducing kernel Hilbert spaces on manifolds:
Sobolev and Diffusion spaces. Analysis and Applications, 2021. Cited on pages 6, 14, 15, 17,
23, 25, 32.

[17] D. B. Dunson, H.-T. Wu, and N. Wu. Graph Based Gaussian Processes on Restricted Domains.
Journal of the Royal Statistical Society Series B: Statistical Methodology, 2021. Cited on
pages 4, 10.

[18] C. Fefferman, S. Mitter, and H. Narayanan. Testing the Manifold Hypothesis. Journal of the
American Mathematical Society, 2016. Cited on page 2.

[19] S. Ghosal, J. K. Ghosh, and A. van der Vaart. Convergence Rates of Posterior Distributions.
The Annals of Statistics, 2000. Cited on page 4.

[20] S. Ghosal and A. van der Vaart. Fundamentals of Nonparametric Bayesian Inference. Cam-
bridge Series in Statistical and Probabilistic Mathematics. Cambridge University Press, 2017.
Cited on pages 3–6, 17, 21, 28, 31.

[21] E. Giné and R. Nickl. Mathematical Foundations of Infinite-Dimensional Statistical Models.
Cambridge Series in Statistical and Probabilistic Mathematics. Cambridge University Press,
2015. Cited on pages 14, 15, 32.

[22] I. S. Gradshteyn and I. M. Ryzhik. Table of Integrals, Series, and Products. Academic Press,
7th edition, 2014. Cited on page 7.

[23] A. Grigoryan. Heat Kernel and Analysis on Manifolds. American Mathematical Society, 2009.
Cited on page 14.

[24] N. Große and C. Schneider. Sobolev spaces on Riemannian manifolds with bounded geometry:
General coordinates and traces. Mathematische Nachrichten, 2013. Cited on pages 7, 14, 24,
32.

[25] E. Hebey. Sobolev spaces on Riemannian manifolds, volume 1635. Springer, 1996. Cited on
page 14.

[26] S. Hubbert, E. Porcu, C. J. Oates, and M. Girolami. Sobolev Spaces, Kernels and Discrepancies
over Hyperspheres. Transactions on Machine Learning Research, 2023. Cited on page 7.

[27] N. Jaquier, V. Borovitskiy, A. Smolensky, A. Terenin, T. Asfour, and L. Rozo. Geometry-aware
bayesian optimization in robotics using Riemannian Matérn kernels. In Conference on Robot
Learning, 2022. Cited on page 1.

[28] M. Kanagawa, P. Hennig, D. Sejdinovic, and B. K. Sriperumbudur. Gaussian processes and
kernel methods: A review on connections and equivalences. arXiv:1807.02582, 2018. Cited on
pages 24, 25.

[29] L. Le Cam. Convergence of Estimates Under Dimensionality Restrictions. The Annals of
Statistics, 1973. Cited on page 4.

[30] D. Li, W. Tang, and S. Banerjee. Inference for Gaussian Processes with Matern Covariogram
on Compact Riemannian Manifolds. Journal of Machine Learning Research, 2023. Cited on
page 4.

[31] W. V. Li and W. Linde. Approximation, Metric Entropy and Small Ball Estimates for Gaussian
Measures. The Annals of Probability, 1999. Cited on pages 32, 33.

11



[32] M. Lifshits. Lectures on Gaussian processes. Springer, 2012. Cited on page 17.
[33] F. Lindgren, H. Rue, and J. Lindström. An explicit link between Gaussian fields and Gaussian

Markov random fields: the stochastic partial differential equation approach. Journal of the
Royal Statistical Society: Series B (Statistical Methodology), 2011. Cited on page 5.

[34] S. V. Lototsky and B. L. Rozovsky. Stochastic partial differential equations. Springer, 2017.
Cited on page 26.

[35] M. Mutny and A. Krause. Experimental design for linear functionals in reproducing kernel
hilbert spaces. Advances in Neural Information Processing Systems, 2022. Cited on page 8.

[36] Z. Naulet and É. Barat. Some Aspects of Symmetric Gamma Process Mixtures. Bayesian
Analysis, 2018. Cited on page 5.

[37] M. Niu, P. Cheung, L. Lin, Z. Dai, N. D. Lawrence, and D. B. Dunson. Intrinsic Gaussian
processes on complex constrained domains. Journal of the Royal Statistical Society: Series B
(Statistical Methodology), 2018. Cited on page 1.

[38] T. Pinder and D. Dodd. GPJax: A Gaussian Process Framework in JAX. Journal of Open
Source Software, 2022. Cited on page 35.

[39] E. Porcu, M. Bevilacqua, R. Schaback, and C. J. Oates. The Matérn Model: A Journey through
Statistics, Numerical Analysis and Machine Learning. arXiv:2303.02759, 2023. Cited on
page 2.

[40] A. Rahimi and B. Recht. Random Features for Large-Scale Kernel Machines. Advances in
Neural Information Processing Systems, 2007. Cited on page 6.

[41] C. E. Rasmussen and C. K. I. Williams. Gaussian Processes for Machine Learning. MIT Press,
2006. Cited on page 3.

[42] J. Rousseau. On the frequentist properties of Bayesian nonparametric methods. Annual Review
of Statistics and its Application, 2016. Cited on pages 3, 4.

[43] J. Rousseau and B. Szabo. Asymptotic behaviour of the empirical Bayes posteriors associated
to maximum marginal likelihood estimator. The Annals of Statistics, 2017. Cited on pages 4, 6.

[44] J.-B. Salomond. Testing Un-Separated Hypotheses by Estimating a Distance. Bayesian Analy-
sis, 2018. Cited on page 5.

[45] D. Sanz-Alonso and R. Yang. Unlabeled Data Help in Graph-Based Semi-Supervised Learning:
A Bayesian Nonparametrics Perspective. Journal of Machine Learning Research, 2022. Cited
on page 4.

[46] L. Schwartz. On Bayes procedures. Zeitschrift für Wahrscheinlichkeitstheorie und Verwandte
Gebiete, 1965. Cited on page 4.

[47] M. L. Stein. Interpolation of Spatial Data: Some Theory for Kriging. Springer, 1999. Cited on
page 3.

[48] R. S. Strichartz. Analysis of the Laplacian on the complete Riemannian manifold. Journal of
functional analysis, 52(1):48–79, 1983. Cited on page 14.

[49] W. Tang, L. Zhang, and S. Banerjee. On identifiability and consistency of the nugget in
Gaussian spatial process models. Journal of the Royal Statistical Society Series B: Statistical
Methodology, 2021. Cited on page 4.

[50] H. Triebel. Theory of Function Spaces I. Birkhäuser, 1983. Cited on pages 15, 27.
[51] H. Triebel. Theory of Function Spaces II. Birkhäuser, 1992. Cited on pages 14, 15.
[52] A. B. Tsybakov. Introduction to Nonparametric Estimation. Springer, 2008. Cited on pages 4,

8.
[53] F. van der Meulen, M. Schauer, and H. van Zanten. Reversible jump MCMC for nonparametric

drift estimation for diffusion processes. Computational Statistics and Data Analysis, 2014.
Cited on page 6.

[54] A. van der Vaart and H. van Zanten. Adaptive Bayesian estimation using a Gaussian random
field with inverse Gamma bandwidth. The Annals of Statistics, 2009. Cited on page 4.

[55] A. van der Vaart and H. van Zanten. Bayesian inference with rescaled Gaussian process priors.
Electronic Journal of Statistics, 2007. Cited on page 3.

[56] A. van der Vaart and H. van Zanten. Information Rates of Nonparametric Gaussian Process
Methods. Journal of Machine Learning Research, 2011. Cited on pages 2–6, 17–22, 30, 31.

[57] A. van der Vaart and H. van Zanten. Rates of contraction of posterior distributions based on
Gaussian process priors. The Annals of Statistics, 2008. Cited on pages 4, 5, 17.

12



[58] A. van der Vaart and J. Wellner. Weak Convergence and Empirical Processes. Springer Series
in Statistics. Springer Verlag, 1996. Cited on page 22.

[59] H. van Zanten and A. van der Vaart. Reproducing kernel Hilbert spaces of Gaussian priors.
Institute of Mathematical Statistics Collections, 2008. Cited on pages 17, 30, 32.

[60] X. Wang and G. Lerman. Nonparametric Bayesian regression on manifolds via Brownian
motion. arXiv:1507.06710, 2015. Cited on page 4.

[61] H. Wendland. Scattered Data Approximation. Cambridge University Press, 2004. Cited on
pages 7, 25.

[62] P. Whittle. Stochastic Processes in Several Dimensions. Bulletin of the International Statistical
Institute, 1963. Cited on page 5.

[63] Y. Yang and D. B. Dunson. Bayesian manifold regression. The Annals of Statistics, 2016. Cited
on pages 4, 7, 8, 24.

[64] W. W. Yoo, V. Rivoirard, and J. Rousseau. Adaptive supremum norm posterior contraction:
Wavelet spike-and-slab and anisotropic Besov spaces. arXiv:1708.01909, 2017. Cited on
page 6.

13



A Preliminaries

Here we describe preliminaries necessary for Appendices B to E. This includes some basic properties
of the Laplace–Beltrami operator on compact manifolds, partitions of unity subordinate to atlases,
function spaces such as Hölder, Sobolev and Besov spaces, general Gaussian random elements on
Banach spaces, and a certain technical lemma. Hereinafter, the expression a ≲ b means a ≤ Cb for
some constant C > 0 whose value is irrelevant to our claims.

A.1 Laplace–Beltrami Operator and Subordinate Partitions of Unity

Let M denote a compact connected Riemannian manifold without boundary of dimension d ∈ Z>0.
The Laplace–Beltrami operator ∆ on M is self-adjoint and positive semi-definite [48, Theorem
2.4]. Let (L2(M), ⟨·, ·⟩L2(M)) denote the Hilbert space of square integrable (equivalence classes of)
functions on M with respect to the standard Riemannian volume measure.

By standard theory [13, 23], there exists an orthonormal basis {fj}∞j=0 of L2(M) consisting of the
eigenfunctions of ∆, namely ∆fj = −λjfj , with λj ≥ 0. We assume that the pairs (λj , fj) are
sorted such that 0 = λ0 ≤ λj ≤ λj+1. The growth of λj can be characterized as follows.

Result 10 (Weyl’s Law). There exists a constant C > 0 such that for all j large enough we have

C−1j2/d ≤ λj ≤ Cj2/d. (17)

Proof. See Chavel [13], Chapter 1.

Following De Vito et al. [16] and Große and Schneider [24] we fix a family T = (Ul, ϕl, χl)
L
l=1, where

L ∈ Z>0, the local coordinates ϕl : Ul ⊂ M → Vl = ϕl(Ul) ⊂ Rd are smooth diffeomorphisms, and
the functions χl form a partition of unity subordinate to {Ul}Ll=1, that is χl ∈ C∞(M), supp(χl) ⊂
Ul, 0 ≤ χl ≤ 1 and

∑
l χl = 1—here, we can choose L finite by compactness of M. For convenience

and without loss of generality, we assume that Vl = (0, 1)d. With this, we can start defining function
spaces on M.

A.2 Hölder Spaces CHγ and the spaces of continuous functions C and smooth functions C∞

Consider an arbitrary domain X ⊆ Rd or X ⊆ M. We denote the class of infinitely differentiable
functions on X by C∞(X ). Let Ck(X ) denote the Banach space of k ∈ Z>0 times continuously
differentiable functions on X with finite norm

∥f∥Ck(X ) = sup
x∈X

∣∣∇kf(x)
∣∣ (18)

where ∇k is the kth covariant derivative, as in Hebey [25], Section 2.1 and Aubin [3], Definition 2.2.
We also write C(X ) = C0(X ) for the space of continuous functions on X .

The Euclidean Hölder spaces CHγ(Rd), where γ = k+ α with k ∈ Z≥0 and 0 < α ≤ 1, are defined
by3

CHγ(Rd) =
{
f ∈ Ck(Rd) : ∥f∥CHγ(Rd) <∞

}
(19)

where

∥f∥CHγ(Rd) = ∥f∥Ck(Rd) + sup
x,y∈Rd, x̸=y

|f(x)− f(y)|
∥x− y∥αRd

. (20)

More information on these definitions may be found, for instance, in Giné and Nickl [21] and Triebel
[51]. We now turn to the manifold versions of the Hölder spaces.

3Hölder spaces are often also denoted by Cγ as well, with γ ∈ R>0. Since, using this formulation, they do
not coincide with Ck(X ) when k = γ ∈ Z≥0, we use the notation CHγ to avoid confusion.
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Definition 11 (Hölder spaces). For all γ > 0 we define the Hölder space CHγ(M) on the manifold
M to be the space of all f : M → R satisfying

∥f∥CHγ(M) =
L∑

l=1

∥∥(χlf) ◦ ϕ−1
l

∥∥
CHγ(Rd)

<∞. (21)

Since the charts ϕl are smooth, Definition 11 can be easily seen to be independent of the chosen atlas,
with equivalence of norms.

A.3 Sobolev and Besov Spaces

We now introduce the manifold versions of the Sobolev and Besov spaces, whose definitions in the
standard Euclidean case may be found, for instance, in Triebel [51]. For Sobolev spaces we use the
Bessel-potential-based definition, following De Vito et al. [16].

Definition 12 (Sobolev spaces). For any s > 0 we define the Sobolev space Hs(M) on the manifold
M as the Hilbert space of functions f ∈ L2(M) such that ∥f∥2Hs(M) = ⟨f, f⟩Hs(M) <∞ where

⟨f, g⟩Hs(M) =
∞∑

j=0

(1 + λj)
s⟨f, fj⟩L2(M)⟨g, fj⟩L2(M). (22)

Remark 13. It is easy to see that substituting (1 + λj)
s in (22) with β(α+ λj)

s or with (α+ βλsj)
for any α, β > 0 results in the same set of functions and an equivalent norm. The former follows
from Borovitskiy et al. [11], eq. (109). The latter follows from the Binomial Theorem.

For Besov spaces we follow Coulhon et al. [14] and Castillo et al. [12] and define them in terms
of approximations by low-frequency functions. We fix a function Φ ∈ C∞(R≥0,R≥0) such that
K = supp(Φ) ⊂ [0, 2] and Φ(x) = 1 for x ∈ [0, 1]. We also define the functions Φj(x) = Φ

(
2−jx

)
.

Coulhon et al. [14], Corollary 3.6 shows that the operators Φj(
√
∆) defined by

Φj

(√
∆
)
f =

∑

j≥0

Φj

(√
λj

)
⟨fj , f⟩fj (23)

are bounded in the space Lp(M) for all 1 ≤ p ≤ ∞.4 Moreover, the same result also shows that
we can express any f ∈ Lp(M) as f = limj→∞ Φj(

√
∆)f in Lp(M). Φj(

√
∆)f can intuitively

be considered as a version of f filtered by a low-pass filter. The next definition introduces the
Besov spaces Bs

p,q(M), which are formulated in terms of quality-of-approximation by low-frequency
functions.

Definition 14 (Besov spaces). For any s > 0 and 1 ≤ p, q ≤ ∞ we define the Besov space Bs
p,q(M)

on the manifold M as the space of functions f ∈ Lp(M) such that ∥f∥Bs
p,q(M) <∞ where

∥f∥Bs
p,q(M) =




∥f∥Lp(M) +

(∑
j≥0

(
2js∥Φj(

√
∆)f − f∥Lp(M)

)q)1/q
if q < +∞

∥f∥Lp(M) + supj≥0 2
js∥Φj(

√
∆)f − f∥Lp(M) if q = +∞.

(24)

The classical Besov spaces Bs
2,2 coincide with the Sobolev spaces Hs on Rd, in the sense that they

define the same set of functions and equivalent norms—see for instance Giné and Nickl [21] section
4.3.6—and even on manifolds if one follows the construction of Triebel [51], pages 7.3–7.4 for Besov
spaces. Since our definition of the Besov spaces is somewhat non-standard, we present a proof.

Proposition 15. For all s > 0,Hs(M) = Bs
2,2(M) as sets and there exist two constantsC1, C2 > 0

such that for all f ∈ Hs(M) = Bs
2,2(M) we have

C1∥f∥Hs(M) ≤ ∥f∥Bs
2,2(M) ≤ C2∥f∥Hs(M). (25)

4The space Lp(M) is the Banach space of functions (or rather their equivalence classes) that are integrable
when raised to the power p < ∞ or essentially bounded for p = ∞. See for instance Triebel [50] for details.
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Proof. It is enough to prove (25), the rest will follow automatically. The main technical tools used in
the proof are Result 10 and summation by parts. First, we prove the upper bound. Denote the support
set of Φ by K = supp(Φ). Notice that

(
∥f∥Bs

2,2(M) − ∥f∥L2(M)

)2
=
∑

j≥0

22js
∥∥Φj

(√
∆
)
f − f

∥∥2
L2(M)

(26)

=
∑

j≥0

22js
∑

l:
√
λl /∈2jK

∣∣⟨fl, f⟩L2(M)

∣∣2 (27)

≤
∑

j≥0

22js
∑

l:
√
λl>2j

∣∣⟨fl, f⟩L2(M)

∣∣2. (28)

The last inequality results from the fact that [0, 1] ⊂ K. By Weyl’s Law (Result 10), there exists
a constant C > 0 such that λl ≤ Cl2/d. Without loss of generality, we can assume that C = 22r,
r ∈ Z>0. Hence

√
λl > 2j implies l > 2d(j−r), thus we have

(
∥f∥Bs

2,2(M)−∥f∥L2(M)

)2≤
∑

j≥0

22js
∑

l>2d(j−r)

∣∣⟨fl, f⟩L2(M)

∣∣2 (29)

=
∑

0≤j≤r

22js
∑

l>2d(j−r)

∣∣⟨fl, f⟩L2(M)

∣∣2 +
∑

j>r

22js
∑

l>2d(j−r)

∣∣⟨fl, f⟩L2(M)

∣∣2 (30)

≤r22rs∥f∥2L2(M) + 22rs
∑

j>0

22js
∑

l>2dj

∣∣⟨fl, f⟩L2(M)

∣∣2. (31)

Now let Rj =
∑

l>2dj

∣∣⟨fl, f⟩L2(M)

∣∣2 and SJ =
∑J

j=1 2
2js ≤ 22s

22s−12
2Js, S0 = 0. Write

∑

j>0

22js
∑

l>2dj

∣∣⟨fl, f⟩L2(M)

∣∣2 =
∑

j>0

(Sj − Sj−1)Rj (32)

=
∑

j>0

Sj(Rj −Rj+1) (33)

=
∑

j>0

Sj

∑

2dj<l≤2d(j+1)

∣∣⟨fl, f⟩L2(M)

∣∣2 (34)

≤ 22s

22s − 1

∑

j>0

22js
∑

2dj<l≤2d(j+1)

∣∣⟨fl, f⟩L2(M)

∣∣2 (35)

≤ 22s

22s − 1

∑

j>0

∑

2dj<l≤2d(j+1)

l2s/d
∣∣⟨fl, f⟩L2(M)

∣∣2 (36)

≤ cs22s

22s − 1

∑

j>0

∑

2dj<l≤2d(j+1)

λsl
∣∣⟨fl, f⟩L2(M)

∣∣2 (37)

=
cs22s

22s − 1

∑

l>2d

λsl
∣∣⟨fl, f⟩L2(M)

∣∣2 (38)

≤ cs22s

22s − 1

∑

l≥0

λsl
∣∣⟨fl, f⟩L2(M)

∣∣2 (39)

where we have used Result 10 to get existence of a c such that l2/d ≤ cλl. This proves the upper
bound. The proof for the lower bound is similar.

Proposition 15 provides a characterization of the Sobolev spacesHs(M). There is yet another charac-
terization of these spaces that will be useful later, in terms of charts. We present this characterization
as part of the following result.
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Theorem 16. On the Sobolev space Hs(M), the following norms are equivalent:

∥f∥Hs (M) =

( ∞∑

j=0

(1 + λj)
s⟨f, fj⟩2L2(M)

)1/2

(40)

∥f∥Bs
2,2(M) = ∥f∥L2(M) +

(∑

j≥0

(
2js∥Φj(

√
∆)f − f∥L2(M)

)2
)1/2

(41)

∥f∥Hs
T (M) =

(
L∑

l=1

∥∥(χlf) ◦ ϕ−1
l

∥∥2
Hs(Rd)

)1/2

(42)

Proof. The equivalence between ∥·∥Hs(M) and ∥f∥Bs
2,2(M) is given by Proposition 15. The proof

of equivalence between ∥·∥Hs(M) and ∥f∥Hs
T (M) can be found in De Vito et al. [16].

A.4 Gaussian Random Elements

Here we recall the definition of a Gaussian process as a Banach-space-valued random variable,
following for instance van Zanten and van der Vaart [59].

Definition 17 (Gaussian random element). Let (B, ∥·∥B) be a Banach space, and f be a Borel
random variable with values in B almost surely. We say that f is a Gaussian random element if b∗(f)
is a univariate Gaussian random variable for every bounded linear functional b∗ : B → R.

Random variables of this kind are also sometimes called Gaussian in the sense of duality. One
should think of a Gaussian random element as a generalization of a Gaussian process, but which is
better-behaved from a function-analytic point of view and in particular does not require the process
to be an actual function—as opposed to, for instance, a measure or a distribution. Many connections
between the usual Gaussian processes and Gaussian random elements exist, see Lifshits [32], Ghosal
and van der Vaart [20], Appendix I, van der Vaart and van Zanten [57] for details. The following
observation about Gaussian random elements will be useful later.

Lemma 18. A Gaussian process f on the manifold M with almost surely continuous sample paths is
a Gaussian random element in the Banach space

(
C(M), ∥·∥C(M)

)
of continuous functions on M.

Proof. Since C(M) is separable, this follows from Lemma I.6 in Ghosal and van der Vaart [20].

A.5 A Technical Lemma

In order to apply Bernstein’s inequality when going from the error at input locations to the L2(p0)
error, we will use the following technical extrapolation lemma.

Lemma 19. For any function g : M → R, a number γ ∈ R>0 \ Z>0 and a density p0 : M → R>0

with 1 ≲ p0, we have

∥g∥L∞(M) ≲ ∥g∥
d

2γ+d

CHγ(M)∥g∥
2γ

2γ+d

L2(p0)
. (43)

Proof. We use Lemma 15 from van der Vaart and van Zanten [56] and push it through charts. More
precisely we have, using Bγ

∞,∞
(
[0, 1]D

)
= CHγ

(
[0, 1]D

)
for γ /∈ Z>0, that

∥g∥L∞(M) ≤
∑

l

∥∥(χlg) ◦ ϕ−1
l

∥∥
L∞(Vl)

(44)

≲max
l

∥∥(χlg) ◦ ϕ−1
l

∥∥ d
2γ+d

CHγ(Vl)

∥∥(χlg) ◦ ϕ−1
l

∥∥ 2γ
2γ+d

L2(Vl)
. (45)

By definition of the the manifold Hölder spaces, this gives

∥g∥L∞(M) ≲ ∥g∥
d

2γ+d

CHγ(M) max
l

∥∥(χlg) ◦ ϕ−1
l

∥∥ 2γ
2γ+d

L2(Vl)
. (46)
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Finally, since χl are bounded, the charts are smooth, and p0 is lower bounded, we have

∥∥(χlg) ◦ ϕ−1
l

∥∥2
L2(Vl)

=

∫

Vl

∣∣(χlg) ◦ ϕ−1
l (y)

∣∣2dy ≲
∫

Ul

g2(x)p0(x)µ(dx) ≲ ∥g∥2L2(M) (47)

which gives the result.

This concludes the necessary preliminaries. We now turn to the proofs of our main results.

B Proofs

Throughout this section we use the notation from Appendix A and results from Appendices C to E.
We start by defining our notation for Gaussian likelihood and probability distribution of the sample.

Definition 20. For every x ∈ Mn and f : M → R we define p(f)x,y to be the joint distribution
corresponding to the marginal px = p0 and conditional p(f)y|x = N(f(x), σ2

εI), where f(x) is the

vector with entries f(xi). Expectations with respect to p(f)x,y , to px and to p(f)y|x we denote by E(f)
x,y , by

Ex and by E(f)
y|x, respectively. Sometimes, when f is clear from the context, we omit the subscript (f).

Using van der Vaart and van Zanten [56], Theorem 1, which is valid for any compact metric space
and thus also for M, we can deduce a posterior contraction rate at data input locactions, with respect
to the empirical L2-norm5

∥f∥n =

(
1

n

n∑

i=1

f(xi)
2

)1/2

(48)

by studying the concentration functions with respect to the uniform norm. This is the purpose of the
following lemma, whose proof mainly follows [56], but crucially relies on two new components: (i)
the small ball asymptotics for manifolds we study in Appendix E and (ii) the characterization of the
RKHS corresponding to both intrinsic and extrinsic priors as manifold Sobolev spaces we obtain
in Appendix C. We recall that the prior Πn may depend on n if we consider a truncated intrinsic
Matérn process.

Theorem 21. Let Πn denote the prior in either Theorem 5, Theorem 6 or Theorem 8 with smooth-
ness parameter ν > d/2. Let Hn denote the corresponding RKHS. Define the concentration
function for f0 ∈ C(M) and ε > 0 by

φf0(ε) = − lnPf∼Πn

[
∥f∥L∞(M) < ε

]
+ inf

f∈Hn: ∥f−f0∥L∞(M)<ε
∥f∥2Hn

. (49)

Then if f0 ∈ Hβ(M) ∩Bβ
∞,∞(M), β > 0 we have φf0(εn) ≤ nε2n for εn a multiple of n−

min(ν,β)
2ν+d .

Proof. The first term on the right-hand side of Equation (49) is bounded by Cε−d/ν by Lemma 33.
To bound the second term, we assume, without loss of generality,6 that ν ≥ β. Consider an
approximation f = Φj(

√
∆)f0 of f0, where cε ≤ 2−βj ≤ ε and c > 0 does not depend on j. Since

we assume f0 ∈ Bβ
∞,∞(M), by definition of Bβ

∞,∞(M) we have

∥f0 − f∥L∞(M) ≤ ∥f0∥Bβ
∞,∞(M)2

−βj ≲ ε (50)

where in the last inequality the Bβ
∞,∞(M)-norm is the constant implied by notation ≲. We now

show that
∥f∥2Hn

≲ ε−
2
β (ν−β+d/2). (51)

First notice that by Lemma 24 and Proposition 27, for any prior considered here we have Hn ⊆
Hν+d/2(M) and ∥·∥Hn

≲ ∥·∥Hν+d/2(M) with a constant that does not depend on n. Hence using

5This is actually a seminorm, but we follow the rest of the literature in referring to it as a norm.
6If β > ν then f0 ∈ Hβ(M) ∩Bβ

∞,∞ ⊆ Hν(M) ∩Bν
∞,∞(M) gives εn ∝ n− ν

2ν+d = n−min(β,ν)
2ν+d .
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Result 10 (Weyl’s Law) and properties of Φ, we have

∥f∥2Hn
≲ ∥f∥2Hν+d/2(M) (52)

=
∑

l≥0

(1 + λl)
ν+d/2Φ2

(
2−j
√
λl

)∣∣∣⟨fl, f0⟩L2(M)

∣∣∣
2

(53)

≤
∑

l:
√
λl≤2j+1

(1 + λl)
ν+d/2−β(1 + λl)

β
∣∣∣⟨fl, f0⟩L2(M)

∣∣∣
2

(54)

≤ 2(j+2)(ν+d/2−β)
∑

l:
√
λl≤2j+1

(1 + λl)
β
∣∣∣⟨fl, f0⟩L2(M)

∣∣∣
2

(55)

≤ 2(j+2)(ν+d/2−β)
∑

l≥0

(1 + λl)
β
∣∣∣⟨fl, f0⟩L2(M)

∣∣∣
2

(56)

= 2(j+2)(ν+d/2−β)∥f0∥2Hβ(M) (57)

≲ ε−
1
β (ν+d/2−β)∥f0∥2Hβ(M) ≲ ε−

2
β (ν+d/2−β)∥f0∥2Hβ(M). (58)

Our assumption ν ≥ β implies that
2

β
(ν − β + d/2) ≥ d

β
≥ d

ν
. (59)

Hence, we have ε−d/ν ≤ ε−
2
β (ν−β+d/2) which gives us φf0(ε) ≲ ε−

2
β (ν−β+d/2). It is then easy to

check that εn =Mn− β
2ν+d satisfies φf0(εn) ≤ nε2n for M > 0 large enough.

From this, we deduce an upper bound on the error in the empirical L2 norm ∥·∥n, that is, on the
Euclidean distance between the posterior Gaussian process f and the ground truth function f0
evaluated at data locations xi.
Lemma 22. Let Πn denote the prior in either Theorem 5, Theorem 6 or Theorem 8 with smoothness
parameter ν > d/2. Fix f0 ∈ Hβ(M) ∩Bβ

∞,∞(M) with β > 0. Then

Ef∼Πn(·|x,y)∥f − f0∥2n ≤ ε2n (60)

for εn ∝ n−
min(ν,β)

2ν+d with constant depending on f0, ν but not on x.

Proof. By Theorem 21 for εn a multiple of n−
min(β,ν)

2ν+d , we have φf0(εn) ≤ nε2n. By virtue of this,
the proof of Theorem 1 and Proposition 11 of van der Vaart and van Zanten [56] imply the result.
Indeed, the proof of Theorem 1 relies solely on the fact that φf0(εn/2) ≤ nε2n and an application of
van der Vaart and van Zanten [56], Proposition 11. We have φf0(εn) ≤ nε2n ≤ n(2εn)

2 and hence
the condition is satisfied with εn replaced by 2εn.

We now turn to the proofs of our main results, Theorems 5, 6 and 8, which for convenience we restate
below. The idea of these proofs is to extend the result of Lemma 22 from input locations to the whole
manifold M using an appropriate concentration inequality. To this end, the proof closely follows
the one of Theorem 2 in van der Vaart and van Zanten [56], but relies on Lemma 22 proved above
and on the concentration inequality we prove in Appendix D along with some important sample
differentiablity properties of the prior processes.
Theorem 5. Let f be a Riemannian Matérn Gaussian process prior of Definition 4 with smoothness
parameter ν > d/2 and let f0 satisfy Assumption 3. Then there is a C > 0 such that

Ex,y Ef∼Π(·|x,y)∥f − f0∥2L2(p0)
≤ Cn

− 2min(β,ν)
2ν+d . (9)

Theorem 6. Let f be a Riemannian Matérn Gaussian process prior on M with smoothness parameter
ν > d/2, modified to truncate the infinite sum to at least Jn ≥ cn

d(min(1,ν/β))
2ν+d terms, and let f0 satisfy

Assumption 3. Then there is a C > 0 such that

Ex,y Ef∼Π(·|x,y)∥f − f0∥2L2(p0)
≤ Cn

− 2min(β,ν)
2ν+d . (10)
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Theorem 8. Let f be a mean-zero extrinsic Matérn Gaussian process prior with smoothness parame-
ter ν > d/2 on M, and let f0 satisfy Assumption 3. Then for some C > 0 we have

Ex,y Ef∼Π(·|x,y)∥f − f0∥2L2(p0)
≤ Cn

− 2min(β,ν)
2ν+d . (12)

Proof of Theorems 5, 6 and 8. To ease notation, we denote the expectations under the true data
generating process by Ex,y = E(f0)

x,y and Ey|x = E(f0)
y|x , omitting the superscript (·)f0 . Take

εn ∝ n−
min(β,ν)

2ν+d satisfying φf0(εn/2) ≤ nε2n, noting that such a rate exists by Theorem 21. Then,
for each n, there exists an element fn ∈ Hn, where Hn is the RKHS corresponding to Πn, satisfying

∥fn∥2Hn
≤ nε2n ∥fn − f0∥L∞(M) ≤ εn/2. (61)

Write

ε−2
n Ex,y Ef∼Πn(·|x,y)∥f − f0∥2L2(p0)

≲ ε−2
n Ex,y Ef∼Πn(·|x,y)∥fn − f0∥2L2(p0)

(62)

+ ε−2
n Ex,y Ef∼Πn(·|x,y)∥f − fn∥2L2(p0)

(63)

≲ 1 + ε−2
n Ex,y Ef∼Πn(·|x,y)∥f − fn∥2L2(p0)

. (64)

Thus, we can work with f − fn instead of f − f0. Define B(r) =
{
∥f − fn∥L2(p0)

> εnr
}

. Then

ε−2
n Ef∼Πn(·|x,y)∥f − fn∥2L2(p0)

. =

∫ ∞

0

2r Pf∼Πn(·|x,y)(B(r)) dr. (65)

Fix a γ such that d/2 < γ < ν, γ /∈ Z>0 and s > 0, τ > 0 and define

B(I)(r) = {2∥f − fn∥n > εnr} (66)

B(II)(r) =
{
∥f∥CHγ(M) > τ

√
nεnr

s
}

(67)

B(III)(r) = B(r) \
(
B(I)(r) ∪ B(II)(r)

)
. (68)

Then B(r) ⊆ B(I)(r)∪B(II)(r)∪B(III)(r), and thus for an indexed family of events Ar to be chosen
later, we have

ε−2
n Ef∼Πn(·|x,y)∥f − fn∥2L2(p0)

≲
∫ ∞

0

r Pf∼Πn(·|x,y)
(
B(I)(r)

)
dr +

∫ ∞

0

r1Ac
r
dr (69)

+

∫ ∞

0

r1Ar
Pf∼Πn(·|x,y)

(
B(II)(r)

)
dr +

∫ ∞

0

r1Ar
Pf∼Πn(·|x,y)

(
B(III)(r)

)
dr. (70)

For the first term, by Lemma 22 applied conditionally on x, for which we got a bound on the
integrated empirical L2-norm uniformly on the design points, we have

Ex,y

∫ ∞

0

r Pf∼Πn(·|x,y)
(
B(I)(r)

)
dr ≲ ε−2

n Ex,y Ef∼Πn(·|x,y)∥f − f0∥2n ≲ ε−2
n ε2n = 1. (71)

Moreover, by Lemma 14 of van der Vaart and van Zanten [56] applied with r in the notation of the
reference being equal to

√
nεnr

s, for each r > 0, the event

Ar(x) =



u ∈ Rn :

∫ p
(f)
y|x(u)

p
(f0)
y|x (u)

dΠn(f) ≥ e−nε2nr
2s

Pf∼Πn

(
∥f−f0∥L∞(M)<εnr

s
)


 (72)

⊇



u ∈ Rn :

∫ p
(f)
y|x(u)

p
(f0)
y|x (u)

dΠn(f) ≥ e−nε2nr
2s

Pf∼Πn(∥f−f0∥n<εnrs)



 (73)

is such that
p
(f0)
y|x [Ac

r(x)] ≤ e−nε2nr
2s/8. (74)
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It should be noted that the
√
n factor disappears because of the discrepancy between the empirical L2

norm ∥·∥n and the Euclidean norm used in van der Vaart and van Zanten [56]. By Fubini’s Theorem
and since nε2n ≥ n

d
2ν+d ≥ 1, the second term is bounded by

Ex,y

∫ ∞

0

r1Ac
r(x)

dr =

∫ ∞

0

rEx

[
Ey|x

[
1Ac

r(x)

]]
dr (75)

≤
∫ ∞

0

re−nε2nr
2s/8 dr (76)

≤
∫ ∞

0

re−r2s/8 dr = Cs <∞. (77)

It remains to bound the last two terms. By Bayes’ Rule, we have the equality

Pf∼Πn(·|x,y)
(
∥f∥CHγ(M) > τ

√
nεnr

s
)
=

∫
∥f∥CHγ (M)>τ

√
nεnrs

p
(f)
y|x(y) dΠn(f)

∫
p
(f)
y|x(y) dΠn(f)

(78)

=

∫
∥f∥CHγ (M)>τ

√
nεnrs

p
(f)

y|x(y)

p
(f0)

y|x (y)
dΠn(f)

∫ p
(f)

y|x(y)

p
(f0)

y|x (y)
dΠn(f)

(79)

therefore for y ∈ Ar(x), we have

Pf∼Πn(·|x,y)
(
∥f∥CHγ(M) > τ

√
nεnr

s
)

(80)

≤ enε
2
nr

2s

Pf∼Πn

(
∥f − f0∥L∞(M) < εnrs

)
∫

∥f∥CHγ (M)>τ
√
nεnrs

p
(f)
y|x(y)

p
(f0)
y|x (y)

dΠn(f). (81)

Hence taking expectations, using Tonelli’s Theorem, and Ex,y
p
(f)

y|x(y)

p
(f0)

y|x (y)
= 1 gives

Ex,y

[
1Ar(x) Pf∼Πn(·|x,y)

(
∥f∥CHγ(M) > τ

√
nεnr

s
)]

(82)

≤ enε
2
nr

2s

Pf∼Πn

(
∥f − f0∥L∞(M) < εnrs

) Ex,y

∫

∥f∥CHγ (M)>τ
√
nεnrs

p
(f)
y|x(y)

p
(f0)
y|x (y)

dΠn(f) (83)

=
enε

2
nr

2s

Pf∼Πn

(
∥f − f0∥L∞(M) < εnrs

)
∫

∥f∥CHγ (M)>τ
√
nεnrs

Ex,y

p
(f)
y|x(y)

p
(f0)
y|x (y)

dΠn(f) (84)

=
enε

2
nr

2s

Pf∼Πn

(
∥f − f0∥L∞(M) < εnrs

) Pf∼Πn

(
∥f∥CHγ(M) > τ

√
nεnr

s
)
. (85)

Therefore, the third term can be bounded as

Ex,y

∫ ∞

0

r1Ar
Pf∼Πn(·|x,y)

(
B(II)(r)

)
dr (86)

≤
∫ ∞

0

r
enε

2
nr

2s

Pf∼Πn

(
∥f − f0∥L∞(M) < εnrs

) Pf∼Πn

(
∥f∥CHγ(M) > τ

√
nεnr

s
)
dr. (87)

Now, using Lemma 31, for a possibly small constant c > 0 independent of n, we have

Pf∼Πn(·|x,y)
(
∥f∥CHγ(M) > τ

√
nεnr

s
)
≤ e−cτ2nε2nr

2s

. (88)

Moreover, by using the bound on the concentration function in Theorem 21 and Ghosal and van der
Vaart [20], Proposition 11.19, we can assume that

Pf∼Πn

[
∥f − f0∥L∞(M) < εnr

s
]
≥ e−c−1nε2nr

2s

. (89)
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Therefore, the third term is bounded by

Ex,y

∫ ∞

0

r1Ar(x) Pf∼Πn(·|x,y)
(
B(II)(r)

)
dr ≤

∫ ∞

0

re−n(cτ2−1)ε2nr
2s

ec
−1nε2nr

2s

dr (90)

≤
∫ ∞

0

re−r2s dr <∞ (91)

if τ2c > 2 + c−1. It remains to bound the last term. We have, by the same arguments as above, that

Ex,y

∫ ∞

0

r1Ar(x) Pf∼Πn(·|x,y)
(
B(III)(r)

)
dr (92)

= Ex,y

∫ ∞

0

r1Ar(x) (93)

× Pf∼Πn(·|x,y)
(
∥f∥CHγ(M) ≤ τ

√
nεnr

s, 2∥f − fn∥n ≤ εnr ≤ ∥f − fn∥L2(p0)

)
dr (94)

≤
∫ ∞

0

r
enε

2
nr

2s

Pf∼Πn

(
∥f − f0∥L∞(M) < εnrs

) (95)

× Ex Pf∼Πn

(
∥f∥CHγ(M) ≤ τ

√
nεnr

s, 2∥f − fn∥n ≤ εnr ≤ ∥f − fn∥L2(p0)

)
dr (96)

≤
∫ ∞

0

re(c+1)nε2nr
2s

(97)

×
∫

∥f∥CHγ (M)≤τ
√
nεnrs,εnr≤∥f−fn∥L2(p0)

Ex 1∥f−fn∥L2(p0)≥2∥f−fn∥n
dΠn(f) dr. (98)

As the squared empiricalL2-norm is a Monte Carlo approximation of the trueL2-norm, the probability
in the integrand can be controlled via a concentration inequality. As in van der Vaart and van Zanten
[56], we use Bernstein’s inequality [58, Lemma 2.2.9]. For a collection Y1, . . . Yn of random variables
such that EYi = 0 and Yi ∈ [−M,M ] almost surely for some constantM > 0, this inequality asserts

P(|Y1 + . . .+ Yn| > x) ≤ 2 exp

(
−1

2

x2

v +Mx/3

)
(99)

where v ≥ Var(Y1 + . . .+ Yn). We put Yi = 1
n (f(xi)− fn(xi))

2 − 1
n∥f − fn∥2L2(p0)

where xi are
IID with xi ∼ p0. It is easy to check that EYi = 0 and Yi ∈ [−M,M ] for M = 1

n∥f − fn∥L∞(M).

Furthermore, v = 1
n∥f − fn∥2L∞(M)∥f − fn∥2L2(M) upper-bounds the variance of the respective

sum, since

Var(Y1 + . . .+ Yn) =
1

n
Varx∼p0

(f(x)− fn(x))
2 ≤ 1

n
Ex∼p0

(f(x)− fn(x))
4 (100)

≤
∥f − fn∥2L∞(M)

n
Ex∼p0

(f(x)− fn(x))
2 = v. (101)

Using Bernstein’s inequality with Yi, M , v as above and with x = 3
4∥f − fn∥2L2(p0)

, we have

Ex 1∥f−fn∥L2(p0)≥2∥f−fn∥n
= Ex 1∥f−fn∥2

L2(p0)
≥4∥f−fn∥2

n
(102)

= Ex 1∥f−fn∥2
n−∥f−fn∥2

L2(p0)
≤− 3

4∥f−fn∥2
L2(p0)

(103)

≲ exp

(
−1

2

x2

v +Mx/3

)
(104)

= exp

(
−

9
32∥f − fn∥4L2(p0)

v + 1
n∥f − fn∥2L∞(M)

3
4∥f − fn∥2L2(p0)

/3

)
(105)

= exp

(
−9n

32

4

5

∥f − fn∥2L2(p0)

∥f − fn∥2L∞(M)

)
(106)

= exp

(
−9n

40

∥f − fn∥2L2(p0)

∥f − fn∥2L∞(M)

)
. (107)
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Moreover, by Lemma 19, since γ /∈ Z>0, we have

∥f − fn∥L∞(M) ≲ ∥f − fn∥
d

2γ+d

CHγ(M)∥f − fn∥
2γ

2γ+d

L2(p0)
. (108)

Using the Sobolev Embedding Theorem, given in De Vito et al. [16], Theorem 4, ∥f − fn∥CHγ(M) ≲
∥fn∥H + ∥f∥CHγ(M) ≲ τ

√
nεnr

s whenever ∥f∥CHγ(M) ≤ τ
√
nεnr

s. Therefore, for a constant
c > 0, when ∥f∥CHγ(M) ≤ τ

√
nεnr

s and εnr ≤ ∥f − fn∥L2(p0)
, we have that

Ex 1∥f−fn∥L2(M)≥2∥f−fn∥n
≲ exp


−cn

∥f − fn∥2L2(p0)

∥f − fn∥
2d

2γ+d

CHγ(M)∥f − fn∥
4γ

2γ+d

L2(p0)


 (109)

≤ e−cτ
− 2d

2γ+d n
2γ

2γ+d r
2d

2γ+d
(1−s)

. (110)

Hence, we can bound the last term as

Ex,y

∫ ∞

0

r1Ar Pf∼Πn(·|x,y)
(
B(III)(r)

)
dr (111)

≲
∫ ∞

0

re(c+1)nε2nr
2s

e−cτ
− 2d

2γ+d n
2γ

2γ+d r
2d

2γ+d
(1−s)

dr. (112)

We have n
2γ

2γ+d = n
(
n−

d/2
2γ+d

)2
. Since εn ≲ n−

min(ν,β)
2ν+d and min(ν, β) > d/2, we have nε2n ≲

n
2γ

2γ+d for some γ ∈ (d/2, ν). Moreover, for this choice of γ and s small enough we have 2d
2γ+d (1−

s) ≥ 2s, which proves that for some constants C,C ′, C ′′ > 0 the fourth term is bounded by

C

∫ ∞

0

re−C′rC
′′
dr <∞. (113)

This concludes the proof.

Remark 23. Following the proof, it is easy to see that ∥f − f0∥2L2(p0)
on the left-hand side of

Equations (9), (10) and (12) can be replaced with ∥f − f0∥qL2(p0)
for any q > 1, changing the

exponent − 2min(β,ν)
2ν+d on the right-hand side to − qmin(β,ν)

2ν+d .

C Characterizing Reproducing Kernel Hilbert Spaces of Matérn Kernels

We start by describing the reproducing kernel Hilbert spaces (RKHSs) of the (truncated) intrinsic
Matérn processes, proving that they coincide with (certain subspaces of) the manifold Sobolev spaces.
We follow the ideas of Borovitskiy et al. [11], where the same was shown somewhat implicitly. We
consider the more-involved case of the extrinsic Matérn processes immediately after.

The next lemma describes the RKHS of the intrinsic Matérn processes, including truncated variants.
This result is easy to obtain since we have defined them in terms of the Karhunen–Loève expansions.
Lemma 24. Let HJ be the RKHS of the intrinsic Matérn Gaussian process with smoothness parameter
ν truncated at the level J ∈ Z>0 ∪ {∞}, and let {fj}∞j=0 be the orthonormal basis of Laplace–
Beltrami eigenfunctions. The space HJ is norm-equivalent—with constants depending only on ν, κ
and σ2

f—to the set of functions f =
∑J

j=1 bjfj with bj ∈ R, equipped with the inner product

〈 J∑

j=1

bjfj ,

J∑

j=1

b′jfj
〉
HJ

=

J∑

j=1

(1 + λj)
ν+d/2

bjb
′
j . (114)

In particular, HJ ⊂ Hν+d/2(M) for all J , and for every h ∈ HJ we have ∥h∥HJ
= ∥h∥Hν+d/2(M).

Proof. By direct computation, the covariance k of the (truncated) intrinsic Gaussian process is

k(x, x′) =
σ2
f

Cν,κ

J∑

j=1

(
2ν

κ2
+ λj

)−(ν+d/2)

fj(x)fj(x
′). (115)
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Hence, the covariance operator K : L2(M) → L2(M) defined by

(Kf)(x) =

∫

M
k(x, x′)f(x′) dx′ (116)

is diagonal in the basis {fj}Jj=1, with Kfj =
σ2
f

Cν,κ

(
2ν
κ2 + λj

)−(ν+d/2)
fj . Then, Kanagawa et al.

[28], Theorem 4.2 implies that HJ consists of functions of form f =
∑J

j=1 ajfj satisfying

∥f∥2HJ
=

σ2
f

Cν,κ

J∑

j=1

(
2ν

κ2
+ λj

)ν+d/2

|aj |2 <∞. (117)

Using the elementary inequality min
(
2ν
κ2 , 1

)
≤

2ν
κ2 +λ

1+λ ≤ max
(
2ν
κ2 , 1

)
, we find that this space is

norm-equivalent to the space Hν+d/2
J (M) of functions f =

∑J
j=1 ajfj satisfying

∥f∥2
H

ν+d/2
J (M)

=
J∑

j=1

(1 + λj)
ν+d/2|aj |2 <∞ (118)

where the comparison constants

√
σ2
f

Cν,κ
min

(
1, 2νκ2

)
and

√
σ2
f

Cν,κ
max

(
1, 2νκ2

)
only depend on the

parameters ν, κ, σ2
f .

The next two theorems will be useful to characterize the RKHS of the extrinsic Matérn process on M.
We start by a lemma relating the RKHS of the restriction of a Gaussian process to the original one.

Lemma 25. Assume that k is a kernel on Rd, f ∼ GP(0, k) with almost surely continuous sample
paths and H̃ is the RKHS of k. If M ⊆ Rd is a submanifold, then the RKHS H corresponding to the
restricted process f|M is the set of all restrictions g|M of functions g ∈ H̃ equipped with the norm

∥h∥H = inf
g∈H̃, g|M=h

∥g∥H̃. (119)

Moreover there always exists an element g ∈ H̃ such that g|M = f and ∥g∥H̃ = ∥f∥H.

Proof. Lemma 5.1 in Yang and Dunson [63].

The last result will be used to characterize the RKHS of the extrinsic Matérn Gaussian processes
using trace and extension operators. The second ingredient for this is the following.

Theorem 26. If s > D−d
2 then the restriction operator extends to a bounded linear map Tr :

Hs
(
RD
)
→ Hs−D−d

2 (M). Moreover, for every u > 0 there exists a bounded right inverse Ex :

Hu(M) → Hu+D−d
2

(
RD
)

such that Tr ◦Ex = idHu(M) where Tr corresponds to s = u+ D−d
2 .

Proof. Theorem 4.10 in Große and Schneider [24].

The last two results allow us to characterize the RKHS of the extrinsic Matérn process on M.

Proposition 27. The RKHS H of a restricted extrinsic Matérn process f with smoothness parameter
ν on M is norm-equivalent to the Sobolev space Hν+d/2(M).

Proof. Using Lemma 25, the RKHS H can be characterized as the set of functions f : M → R that
are the restrictions of some g ∈ H̃, where H̃ is the RKHS of the ambient Matérn process f̃ , with

∥f∥H = inf
g∈H̃, g|M=f

∥g∥H̃. (120)
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Since H̃ is norm-equivalent to the Sobolev space7 Hν+D/2
(
RD
)
—see for instance Kanagawa et al.

[28]—by Theorem 26, for every f ∈ H we have

∥f∥H ≲ ∥Ex(f)∥Hν+D/2(RD) ≲ ∥f∥
Hν+D/2−D−d

2 (M)
= ∥f∥Hν+d/2(M). (121)

Similarly, for every g ∈ H̃ with g|M = f , we have

∥f∥Hν+d/2(M) =
∥∥g|M

∥∥
Hν+d/2(M)

≲ ∥g∥Hν+D/2(RD) ≲ ∥g∥H̃. (122)

Hence, taking the infimum, we obtain

∥f∥Hν+d/2(M) ≲ inf
g∈H̃, g|M=f

∥g∥H̃ = ∥f∥H. (123)

The claim follows.

D Concentration and Sample Path Regularity

In this section, we prove that intrinsic, truncated intrinsic and extrinsic Matérn processes are sub-
Gaussian, uniformly with respect to the truncation parameter in the case of the truncated intrinsic
Matérn process, and live in Hölder spaces with appropriate exponents. On our way to proving
this, we characterize sample path regularity of (truncated) intrinsic Matérn processes, which is of
independent interest. A simple way to do this would be to build on the results of Appendix C, using
Driscoll’s Theorem—given in Kanagawa et al. [28], Theorem 4.9—and the Sobolev Embedding
Theorem—De Vito et al. [16], Theorem 4—but that would only give us that the sample paths are
almost surely in CHγ(M) for every 0 < γ < ν − d/2, γ /∈ N, whereas here we improve the range of
index to γ < ν.

Kolmogorov’s continuity criterion is a standard tool to show that a given stochastic process has a
Hölder continuous version: we re-prove it here because we will need a form of the result which gives
explicit control of the Hölder norms, which is not usually included in the respective statement.

Lemma 28 (Kolmogorov’s continuity criterion). If g ∼ Π is a zero-mean Gaussian process on [0, 1]d

with
E |g(x)− g(y)|2 ≤ C∥x− y∥2ρRd (124)

for some 0 < ρ ≤ 1 and C > 0, then there exists a version of g with samples paths in CHα
(
[0, 1]d

)

for every 0 < α < ρ. Moreover for every α < ρ this version satisfies E ∥g∥2CHα([0,1]d) ≤ C ′ where
C ′ < +∞ depends only on C, ρ, α and d.

Proof. Take x, y ∈ [0, 1]d,M > 0 and q ∈ N. Since the random variable g(x)− g(y) is Gaussian
we have

E |g(x)− g(y)|2q =
(2q)!

2qq!

(
E |g(x)− g(y)|2

)q
≤ Cq∥x− y∥2ρqRd (125)

where we have defined Cq = Cq (2q)!
2qq! . The reason for considering the the 2qth power will become

clear later in the proof. By Markov’s inequality, for every x, y ∈ [0, 1]d we have

P(|g(x)− g(y)| > u) ≤ Cqu
−2q∥x− y∥2qρRd . (126)

Now, take X = ∪k≥0Xk, Xk = 2−kZd ∩ [0, 1]d. Then, the previous inequality applied to any
adjacent x, y ∈ Xk, where we see Xk as a graph where two vertices are connected if they differ by
2−k, and u =M2−kα, implies

P
(
|g(x)− g(y)| > M2−kα

)
≤ CqM

−2q2−2kq(ρ−α). (127)

7Note that this norm-equivalence is the only property of the Gaussian process we use in the proofs. Any
other Gaussian process satisfying this, including ones different from the Matérn processes of Borovitskiy et al.
[11], would also work. This is of potential interest since other Euclidean kernels, such as Wendland kernels [61],
are known to possess RKHSs which are norm-equivalent to those of the Matérn kernel.
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Denote K = supx,y∈Xadjacent
|g(x)−g(y)|
∥x−y∥α . Summing over k ≥ 1 and adjacent points in X—and there

are at most C2k(d+1) of them where C > 0 is an absolute constant—gives us for q > d+1
2(ρ−α) that

P(K > M) ≤
∑

k≥0

∑

x,y∈Xadjacent

P
(
|g(x)− g(y)| > M2−kα

)
(128)

≤ C
∑

k≥0

2k(d+1)CqM
−2q2−2kq(ρ−α) =

CCq

1− 22q(ρ−α)−d−1
M−2q. (129)

In particular, for all q > max
(
1, d+1

2(ρ−α)

)
, we have

E(K2) = 2

∫ ∞

0

M P(K > M) dM = 2

∫ 1

0

M P(K > M) dM + 2

∫ ∞

1

M P(k > M) dM (130)

≤ 2 + 2

∫ ∞

1

M P(K > M) dM ≤ CC,α,ρ,d (131)

for some constant CC,α,ρ,d < +∞. This means that K is finite almost surely. Since X is dense in
[0, 1]d and g is almost surely uniformly continuous on X by the classical version of the Kolmogorov’s
continuity criterion—see for instance Lototsky and Rozovsky [34]—g admits a unique continuous
extension to [0, 1]d on a probability one event A. Let us define

g(x) =

{
lim

y→x,y∈X
g(y) on A,

0 otherwise,
(132)

for x ∈ [0, 1]d. For any x, y ∈ [0, 1]d and xn → x, yn → y, xn, yn ∈ X we have on A
|g(x)− g(y)| ≤ lim inf

n→∞
(|g(x)− g(xn)|+ |g(xn)− g(yn)|+ |g(yn)− g(y)|) (133)

≤ lim inf
n→∞

(|g(x)− g(xn)|+K∥xn − yn∥αRd + |g(yn)− g(y)|) (134)

=K∥x− y∥αRd . (135)

On the complement of A, we have g = 0. Hence, g is α-Hölder continuous on [0, 1]d with the same
(random) constant K, since

E ∥g∥2CHα([0,1]d) = E
(

sup
x,y∈X

|g(x)− g(y)|
∥x− y∥α

)2

≤ EK2 ≤ CC,α,ρ,d <∞. (136)

Since g is a version of g, the claim follows.

The next lemma applies our version of Kolmogorov’s criterion, Lemma 28, to the intrinsic Matérn
processes on M by considering charts. This allows us to show that the sample paths are almost surely
in CHγ(M) for every γ < ν, which is both used in our arguments and also of independent interest.
For the claims in Appendix B, we need to ensure that this property holds somewhat uniformly
with respect to the truncation parameter, which is why we tracked the constants in our proof of
Kolmogorov’s criterion. As we will see, the main difficulty in the proof of the next result will be to
tackle the case of regularity strictly larger than 1.

Lemma 29. Let f ∼ Πn be an intrinsic Matérn process with smoothness parameter ν > 0 truncated
at Jn ∈ N ∪ {∞}. Then for every γ < ν we have

sup
n

Ef∼Πn

[
∥f∥2CHγ(M)

]
<∞. (137)

Proof. We start with the case ν ≤ 1. Take 1 ≤ l ≤ L and define hl = (χlf) ◦ ϕ−1
l . Then hl is a

Gaussian process with covariance kernel K̃l given by

K̃l(x, y) = (χl ◦ ϕ−1
l )(x)K(ϕ−1

l (x), ϕ−1
l (y))(χl ◦ ϕ−1

l )(y) (138)
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where x, y ∈ Vl and K(x, y) = Cov(f(x), f(y)) is the covariance kernel of f . Let H̃l be the RKHS
induced by K̃l. We seek to apply Lemma 28 to hl. For all x, y ∈ Vl, where we recall that we can
assume that Vl = (0, 1)d,, we have

Ef∼Πn
|hl(x)− hl(y)|2 = K̃l(x, x) + K̃l(y, y)− 2K̃l(x, y) (139)

=
∥∥∥K̃l(x, ·)− K̃l(y, ·)

∥∥∥
2

H̃l

(140)

= sup
∥φ∥H̃l

=1

∣∣∣∣
〈
K̃l(x, ·)− K̃l(y, ·), φ

〉
H̃l

∣∣∣∣
2

(141)

= sup
∥φ∥H̃l

=1

|φ(x)− φ(y)|2 (142)

≤ sup
∥φ∥H̃l

=1

∥φ∥2CHν(Vl)
∥x− y∥2νRd (143)

where ∥φ∥2CHν(Vl)
can potentially be infinite or unbounded: we will show this is not the case. To do

this it suffices to show that we have a continuous embedding H̃l ↪→ CHν(Vl), that is ∥·∥CHν(Vl)
≲

∥·∥H̃l
. The RKHS H̃l is by definition the completion of

{
p∑

i=1

αiK̃l(xi, ·) : p ≥ 1, αi ∈ R, xi ∈ Vl

}
(144)

=

{
p∑

i=1

αi

(
χl ◦ ϕ−1

l

)
(xi)

(
χl ◦ ϕ−1

l

)
(·)K

(
ϕ−1
l (xi), ϕ

−1
l (·)

)
: p ≥ 1, αi ∈ R, xi ∈ Vl

}
(145)

with respect to the topology induced by the RKHS norm
∥∥∥∥∥

p∑

i=1

αiK̃l(xi, ·)
∥∥∥∥∥

2

H̃l

=

p∑

i,j=1

αiαj

(
χl ◦ ϕ−1

l

)
(xi)

(
χl ◦ ϕ−1

l

)
(xj)K

(
ϕ−1
l (xi), ϕ

−1
l (xj)

)
. (146)

Denote the RKHS of K by H. By Theorem 16, and by the equality ∥·∥H = ∥·∥Hν+d/2(M) on H
which follows by Lemma 24, we have

∥∥∥∥∥

p∑

i=1

αiK̃l(xi, ·)
∥∥∥∥∥

2

Hν+d/2(Rd)

(147)

=

∥∥∥∥∥

p∑

i=1

αi

(
χl ◦ ϕ−1

l

)
(xi)

(
χl ◦ ϕ−1

l

)
(·)K(ϕ−1

l (xi), ϕ
−1
l (·))

∥∥∥∥∥

2

Hν+d/2(Rd)

(148)

≲
∥∥∥∥∥

p∑

i=1

αi

(
χl ◦ ϕ−1

l

)
(xi)K(ϕ−1

l (xi), ·)
∥∥∥∥∥

2

Hν+d/2(M)

(149)

=

∥∥∥∥∥

p∑

i=1

αi

(
χl ◦ ϕ−1

l

)
(xi)K(ϕ−1

l (xi), ·)
∥∥∥∥∥

2

H

(150)

=

p∑

i,j=1

αiαj

(
χl ◦ ϕ−1

l

)
(xi)

(
χl ◦ ϕ−1

l

)
(xj)K

(
ϕ−1
l (xi), ϕ

−1
l (xj)

)
(151)

=

∥∥∥∥∥

p∑

i=1

αiK̃l(xi, ·)
∥∥∥∥∥

2

H̃l

. (152)

Therefore, we have a continuous embedding H̃l ↪→ Hν+d/2
(
Rd
)

with ∥·∥Hν+d/2(Rd) ≲ ∥·∥H̃l

on H̃l. By the Sobolev Embedding Theorem in Rd—see for instance Triebel [50], Section 2.7.1,
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Remark 2—we have Bν+d/2
2,2

(
Rd
)
= Hν+d/2

(
Rd
)
↪→ CHν

(
Rd
)
, which implies H̃l ↪→ CHν

(
Rd
)

by composition. Thus, there exists a constant C = Cν such that

Ef∼Πn |hl(x)− hl(y)|2 ≤ C∥x− y∥2νRd (153)

for x, y ∈ Vl. Hence, by applying Lemma 28, there exists a version h̃l of hl with almost surely
α-Hölder continuous sample paths for every α < ν. Now consider f̃ =

∑L
l=1 h̃l ◦ ϕl. Then f̃ is a

version of f . We proceed to bound Ef∼Πn

[
∥f̃∥2CHα(M)

]
. For any 1 ≤ l, r ≤ L write

∣∣∣h̃r(ϕr(ϕ−1
l (x)))− h̃r(ϕr(ϕ

−1
l (y)))

∣∣∣ ≤ K
∣∣ϕr(ϕ−1

l (x))− ϕr(ϕ
−1
l (y))

∣∣α ≤ CK|x− y|α (154)

where C is the Lipshitz constant of ϕr ◦ϕ−1
l which is well defined and finite because this composition

is a diffeomorphism and K is a random constant with Ef∼Πn
K2 ≤ Cα,ν,d. Hence

Ef∼Πn

∥∥f̃
∥∥2
CHα(M)

= Ef∼Πn

L∑

l=1

∥∥∥
(
χlf̃
)
◦ ϕ−1

l

∥∥∥
2

CHα(Rd)
(155)

= Ef∼Πn

L∑

l=1

∥∥∥∥∥

(
χl

L∑

r=1

h̃r ◦ ϕr
)

◦ ϕ−1
l

∥∥∥∥∥

2

CHα(Rd)

(156)

≲
L∑

l=1

L∑

r=1

Ef∼Πn

∥∥∥h̃r ◦ ϕr ◦ ϕ−1
l

∥∥∥
2

CHα(Rd)
≲ Ef∼Πn

K2 ≤ Cα,ν,d. (157)

which gives the ν ≤ 1 case.

We now turn to the general case. The proof will be similar to the one of Ghosal and van der Vaart
[20], Proposition I.3 although we need to control the Hölder norms and work through charts since
our Gaussian processes are supported on manifolds. Assume for simplicity that d = 1, 1 < ν ≤ 2,
otherwise it suffices to introduce coordinates and to proceed by induction on ⌊ν⌋. Let l ∈ {1, . . . , L},
and as before define K̃l(x, y) =

(
χl ◦ ϕ−1

l

)
(x)
(
χl ◦ ϕ−1

l

)
(y)K

(
ϕ−1
l (x), ϕ−1

l (y)
)

the covariance
kernel of hl = (χlf) ◦ ϕ−1

l as well as H̃l its RKHS.

First, let us construct an L2(Ω)-derivative ḣl of hl, where L2(Ω) is the space of random variables
with finite variance with ⟨a, b⟩L2(Ω) = E(ab). This derivative is a square integrable process on Vl

such that

Ef∼Πn

∣∣∣∣
hl(x+ δ)− hl(x)

h
− ḣl(x)

∣∣∣∣
2

→ 0 (158)

as h→ 0, for all x ∈ Vl. For this, we will first show that ∂K̃l

∂x (x, ·) ∈ H̃l for every x ∈ Vl—here ∂K̃l

∂x

denotes the derivative of the function K̃l(·, ·′) with respect to the first argument—and that

∥∥∥∥∥
∂K̃l

∂x
(x, ·)− ∂K̃l

∂x
(x′, ·)

∥∥∥∥∥
H̃l

≤ Cν |x− x′|ν−1
. (159)

28



We first show that K̃l(x+δ,·)−K̃l(x,·)
h is a Cauchy net8 in H̃l. We have

∥∥∥∥∥
K̃l(x+ δ, ·)− K̃l(x, ·)

h
− K̃l(x+ δ′, ·)− K̃l(x, ·)

h′

∥∥∥∥∥
H̃l

(160)

= sup
∥φ∥H̃l

=1

〈
K̃l(x+ δ, ·)− K̃l(x, ·)

h
− K̃l(x+ δ′, ·)− K̃l(x, ·)

h′
, φ

〉

H̃l

(161)

= sup
∥φ∥H̃l

=1

(
φ(x+ δ)− φ(x)

h
− φ(x+ δ′)− φ(x)

h′

)
(162)

= sup
∥φ∥H̃l

=1

∫ 1

0

[φ′(x+ th)− φ′(x+ th′)] dt (163)

≤ sup
∥φ∥H̃l

=1

∥φ′∥CHν−1(Vl)
|h− h′|ν−1 (164)

≤ sup
∥φ∥H̃l

=1

∥φ∥CHν(Vl)
|h− h′|ν−1 (165)

where in (163) the derivative φ′ exists because, exactly as in the case ν ≤ 1, we can show show that
H̃l ↪→ CHν

(
Rd
)
. This also implies that for a constant C = Cν we have

∥∥∥∥∥
K̃l(x+ δ, ·)− K̃l(x, ·)

h
− K̃l(x+ δ′, ·)− K̃l(x, ·)

h′

∥∥∥∥∥
H̃l

≤ C|h− h′|ν−1
. (166)

As |h− h′|ν−1 → 0 when h, h′ → 0, because ν > 1, this proves that K̃l(x+δ,·)−K̃l(x,·)
h is a Cauchy

net in H̃l: by completeness of H̃l it converges in H̃l to a limit. Since by general properties of RKHSs,
convergence in H̃l implies pointwise convergence, the limit satisfies

lim
h→0

K̃l(x+ δ, y)− K̃l(x, y)

h
=
∂K̃l

∂x
(x, y). (167)

Hence the partial derivative ∂K̃l

∂x (x, y) exists for all y and ∂K̃l

∂x (x, ·) ∈ H̃l. Moreover, by the
isometry L2(Ω) ∋ hl(x) 7→ Ef∼Πn

hl(x)hl(·) = K̃l(x, ·) ∈ H̃l, we deduce that hl is actually
L2(Ω)-differentiable, with an L2(Ω)-derivative denoted as ḣl, and that the derivative process ḣl is
Gaussian, as it is an L2(Ω)-limit of Gaussian random variables, satisfying Ef∼Πn ḣl(x)ḣl(y) =〈

∂K̃l

∂x (x, ·), ∂K̃l

∂x (y, ·)
〉
H̃l

Having established the existence of an L2(Ω)-derivative ḣl of the process hl, we would like now to
show that ḣl possesses a (γ − 1)-regular version for every γ < ν. For this, we would like to apply
Lemma 28 to ḣl. Notice that, by isometry, for all h > 0 we have

Ef∼Πn

∣∣∣ḣl(x)− ḣl(y)
∣∣∣
2

=

∥∥∥∥∥
∂K̃l

∂x
(y, ·)− ∂K̃l

∂x
(x, ·)

∥∥∥∥∥

2

H̃l

(168)

≤ 3

∥∥∥∥∥
K̃l(y + δ, ·)− K̃l(y, ·)

h
− ∂K̃l

∂x
(y, ·)

∥∥∥∥∥

2

H̃l

(169)

+ 3

∥∥∥∥∥
K̃l(x+ δ, ·)− K̃l(x, ·)

h
− ∂K̃l

∂x
(x, ·)

∥∥∥∥∥

2

H̃l

(170)

+ 3

∥∥∥∥∥
K̃l(x+ δ, ·)− K̃l(x, ·)

h
− K̃l(y + δ, ·)− K̃l(y, ·)

h

∥∥∥∥∥

2

H̃l

. (171)

8See for instance Aliprantis and Border [1] for a review of Cauchy nets.
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Therefore, by the same arguments as above, we have
(
Ef∼Πn

∣∣∣ḣl(x)−ḣl(y)
∣∣∣
2
)1/2

≲ lim inf
h→0

∥∥∥∥∥
K̃l(x+ δ, ·)−K̃l(x, ·)

h
− K̃l(y + δ, ·)−K̃l(y, ·)

h

∥∥∥∥∥
H̃l

(172)

≤ lim inf
h→0

sup
∥φ∥H̃l

=1

∫ 1

0

|φ′(x+ th)− φ′(y + th)|dt (173)

≤ lim inf
h→0

Cν |x− y|ν−1
= Cν |x− y|ν−1 (174)

where the transition from the second-to-last line to the last line is similar to (163)–(165).

Therefore, we can apply Lemma 28 to ḣl, and find a version h̃′l of ḣl with sample paths in CHα−1(Vl)
almost surely for all α < ν, such that

Ef∼Πn

∥∥h̃′l
∥∥2
CHα−1(Vl)

≤ Cν,α < +∞ α < ν. (175)

This gives Hölder regularity of the respective derivatives: we now integrate these to obtain a Hölder-
regular version of the process itself. Take any cl ∈ (0, 1) and consider h̃l = hl(cl) +

∫ ·
cl
h̃′l(t) dt.

Then since h̃′l is almost surely in CHα−1(Vl), h̃l is has sample paths almost surely in CHα(Vl).
Moreover, it is easy to check using our previous results that h̃l has an L2(Ω)-derivative given by h̃′l.
This implies that h̃l is a version of hl.

To conclude the argument, we construct f̃ from the obtained parts, by pulling h̃l back from the
charts to the manifold. Consider f̃ =

∑L
l=1 h̃l ◦ ϕl. Arguing as in the case ν ≤ 1, we see that

f̃ is a version of f with CHα(M) sample paths for every α < ν, and for every α < ν we have
Ef∼Πn

∥f̃∥2CHα(M) ≤ Cα,ν < +∞. This gives the claim.

With this, it is easy to prove that all Matérn Gaussian processes considered in this paper can be seen
as Gaussian random elements in the Banach space

(
C(M), ∥·∥C(M)

)
of continuous functions on M.

This allows us to use the same proof scheme as in van der Vaart and van Zanten [56] through the
control of the concentration functions defined in Appendix B. It is also important that we work with
Gaussian random elements in C(M)—and not only with the classical notion of Gaussian process,
as the concentration functions are defined using the Gaussian random element RKHS defined in
van Zanten and van der Vaart [59], which can potentially be different from the classical RKHS.
Fortunately, when the process is a Gaussian random element in C(M), van Zanten and van der Vaart
[59], Theorem 2.1 implies that the two notions of RKHS coincide.

Corollary 30. The intrinsic Matérn Gaussian processes of Definition 4, their truncated versions
as in Theorem 6 as well as the extrinsic Matérn Gaussian processes of Definition 7 are Gaussian
random elements in

(
C(M), ∥·∥C(M)

)
.

Proof. By Lemma 18, it suffices to show that the processes have almost surely continuous sample
paths. Since Euclidean Matérn Gaussian processes have continuous sample paths, this implies the
same for their restrictions, the extrinsic Matérn Gaussian processes on M. For the intrinsic Matérn
process, we apply Lemma 29.

Using Lemma 29 and known properties of Euclidean Matérn processes, we now show, in a sense,
that all of the Matérn processes presented in this paper are sub-Gaussian, in a manner which holds
uniformly with respect to the truncation parameter in the case of the truncated intrinsic Matérn
process, and live in Hölder spaces with appropriate exponents. This result is used to control Hölder
norms when going from the error at input locations to the L2(p0)-error. We use the notation Πn to
emphasize that the prior depends on n when we consider a truncated intrinsic Matérn process.

Lemma 31. For f ∼ Πn with Πn the prior in either Definition 4, Theorem 6 or Definition 7, for
every ν > 0 and γ < ν, γ /∈ Z>0, there exists a constant σ(f) = σγ(f) independent of n we have
for x > 0 that

P
(
∥f∥CHγ(M) > (x+ 1)σ(f)

)
≤ 2e−x2/2. (176)
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Proof. We start with the restriction f of an extrinsic Matérn process f̃ to M, as in Definition 7.
By van der Vaart and van Zanten [56], Section 3.1, for every γ < ν we have f̃ ∈ CHγ

(
[0, 1]D

)

almost surely. By Ghosal and van der Vaart [20], Lemma I.7, for every γ < ν, f̃ is a Gaussian
random element in the Banach space CHγ

(
[0, 1]D

)
. In particular, by the Borell–TIS inequality [20,

Proposition I.8] we have for x > 0 that

P
(∥∥f̃

∥∥
CHγ([0,1]D)

> (x+ 1)σ
(
f̃
))

≤ 2e−x2/2 (177)

where σ
(
f̃
)
=
(
E
∥∥f̃
∥∥2
CHγ([0,1]D)

)1/2
<∞. Since M is smooth, the restriction f also satisfies for

x > 0 the expression

P
(
∥f∥CHγ(M) > (x+ 1)σ(f)

)
≤ 2e−x2/2 (178)

perhaps for a possibly larger constant σ(f). Finally, the case of the intrinsic Matérn process f ∼ Πn

truncated at Jn ∈ Z>0 ∪ {∞} follows in the same manner, as we have shown in Lemma 29 that
supn≥1 Ef∼Πn∥f∥2CHα(M) ≤ Cα,ν .

E Small Ball Asymptotics

Here, we bound the probability that a Matérn Gaussian process lies in the ε-ball with respect to the
L∞-norm for small ε. For a Banach space B, an element x ∈ B and a number r ∈ R>0, let us denote
the closed r-ball around x by BB

r (x). We start by an upper bound on the metric entropy of Sobolev
balls on M with respect to the uniform norm.

Lemma 32 (Entropy of Sobolev balls). For any s > 0 define the ε-covering number of A ⊆ Hs(M)
with respect to the norm ∥·∥L∞(M) by

N
(
ε,A, ∥·∥L∞(M)

)
= argmin

J∈Z>0

{
∃h1, .., hJ ∈ A : A ⊂

J⋃

j=1

BL∞(M)
ε (hj)

}
. (179)

Then for any s > d/2, there exist C, ε0 > 0 such that for every ε ≤ ε0

lnN
(
ε,B

Hs(M)
1 (0), ∥·∥L∞(M)

)
≤ Cε−

d
s , (180)

where the left-hand side of the inequality above, as a function of ε, is called the metric entropy
of the Sobolev ball BHs(M)

1 (0) with respect to the uniform norm ∥·∥L∞(M).

Proof. Using charts we will reduce the problem to the entropy of the unit ball of the Sobolev space
Hs
(
[0, 1]d

)
for which the upper bound is known. Take f ∈ B

Hs(M)
1 (0) and consider approximations

of f by g of the form

g =
L∑

l=1

χl(gl ◦ ϕl) (181)

for some functions gl : Vl → R where Vl ⊆ Rd. We have

∥∥f − g
∥∥
L∞(M)

=
∥∥

L∑

l=1

χl(gl ◦ ϕl − f)
∥∥
L∞(M)

≤
L∑

l=1

∥∥χl(gl ◦ ϕl − f)
∥∥
L∞(Ul)

(182)

≤
L∑

l=1

∥∥gl ◦ ϕl − f
∥∥
L∞(Ul)

≤
L∑

l=1

∥∥gl − f ◦ ϕ−1
l

∥∥
L∞(Vl)

(183)

≤ L max
1≤l≤L

∥∥gl − f ◦ ϕ−1
l

∥∥
L∞([0,1]d)

. (184)

This means that to approximate f by g uniformly on M, we need to choose the functions gl that
approximate f ◦ ϕ−1

l well with respect to the uniform norm on [0, 1]d.
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Next, we show that the functions f ◦ ϕ−1
l are contained in an Euclidean Sobolev ball of radius R,

with R depending only on ν and the atlas. To do this we use Große and Schneider [24], Lemma 2.1
to write

∥∥∥f ◦ ϕ−1
l

∥∥∥
Hs([0,1]d)

=
∥∥∥

L∑

l′=1

(χl′f) ◦ ϕ−1
l

∥∥∥
Hs([0,1]d)

≤
L∑

l′=1

∥∥∥(χl′f) ◦ ϕ−1
l

∥∥∥
Hs([0,1]d)

(185)

=
L∑

l′=1

∥∥∥(χl′f) ◦ ϕ−1
l′ ◦ ϕl′ ◦ ϕ−1

l

∥∥∥
Hs([0,1]d)

(186)

≲
L∑

l′=1

∥∥∥(χl′f) ◦ ϕ−1
l′

∥∥∥
Hs([0,1]d)

≲ ∥f∥Hs(M). (187)

Note, importantly, that the remark just above Große and Schneider [24], Lemma 2.1 allows us to
consider Besov spaces Bs

2,2 coinciding with the Sobolev spaces Hs instead of the Besov spaces
Bs

2,∞—to get from the second line to the third. Note also that the constant hidden behind the notation
≲ in the last line where we use Theorem 16 is the radius R. Without loss of generality we assume
R = 1. By the Euclidean counterpart of the result we are proving [21, Theorem 4.3.36], we have

lnN
(
ε,B

Hs[0,1]d

1 (0), ∥·∥L∞([0,1]d)

)
≲ ε−

d
s . (188)

Let h1, .., hJ ∈ B
Hs([0,1]d)
1 (0) be such that BHs([0,1]d)

1 (0) ⊂ ⋃J
j=1B

L∞([0,1]d)
ε/L (hk). Then for any

f ∈ B
Hs(M)
1 (0) there exists a sequence {jl}Ll=1 ⊆ {1, .., J} such that

∥∥f −
L∑

l=1

χl(hjl ◦ ϕl)
∥∥
L∞(M)

< L
ε

L
= ε. (189)

This shows that N
(
ε,B

Hs(M)
1 (0), ∥·∥L∞(M)

)
≤ LJ , where L is just the number of charts, thereby

proving the claim.

For the related diffusion spaces [16], the RKHS corresponding to the heat (diffusion) kernels, Castillo
et al. [12] uses the results of Coulhon et al. [14] to bound the entropy in terms of a wavelet frame
instead of relying on charts. We believe this alternative proof scheme should work in our case as well.
However, we could not, to the best of our effort, get a tight-enough bound for the Sobolev spaces by
directly using the results of Coulhon et al. [14] and therefore we chose to rely on charts instead.

Having established regularity properties for our prior processes, we now turn to the small ball problem:
we want to find sharp lower bounds on P(∥f∥L∞(M) < ε) where f ∼ Π is our prior process. This
will be crucial in order to control the concentration functions used in Appendix B. In fact, it is
well-known that this problem is closely related to the estimation of the metric entropy of the unit ball
of the RKHS of f with respect to the uniform norm: see Li and Linde [31] for details. Since we have
already characterized the RKHS of our processes in Proposition 27 and Lemma 24, we are able to
lower bound the small-ball probabilities. The technicality here involves getting a bound uniform in
the truncation parameter for the truncated intrinsic Matérn process, as the truncated Matérn process is
a sequence of priors rather than a fixed prior.
Lemma 33. If f ∼ Πn where Πn is the prior in either Definition 4 and Theorem 6 or Definition 7
with smoothness parameter ν > d/2, then there exist two constants C, ε0 > 0 that do not depend on

n such that for all ε ≤ ε0 we have − lnP
(
∥f∥L∞(M) < ε

)
≤ Cε−

d
ν .

Proof. Because the processes are Gaussian random elements in C(M) by Lemma 18, their stochastic
process RKHS given by Proposition 27 coincide with their Gaussian random element RKHS defined
in van Zanten and van der Vaart [59]. Hence, for the non-truncated intrinsic and the extrinsic Matérn
processes, the result follows by a direct application of Lemma 32 and Li and Linde [31], Theorem
1.2. For the intrinsic Matérn process truncated at Jn it is not immediately clear that the constants
C, ε0 can be taken independent of n, so we go through the proof of Li and Linde [31], Proposition
3.1 to see that this is, in fact, the case. We first need a crude upper bound of the form

− lnP
(
∥f∥L∞(M) < ε

)
≤ cε−c (190)
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for some possibly large constant c > 0. To get such a bound, we use Castillo et al. [12], Proposition 3
which shows the existence of a universal constant C > 0 such that for all ε ≤ min(1, 4σ(f))

− lnP
(
∥f∥L∞(M) < ε

)
≤ Cn(ε) ln

(
6n(ε)max(1, σ(f))

ε

)
(191)

where σ(f) =
(
Ef∼Πn∥f∥2L∞(M)

)1/2
and n(ε) is defined in the following way in Castillo et al.

[12], page 684 using auxiliary quantities lJ that are defined in Li and Linde [31], page 1562, namely

n(ε) = max{J ≥ 0 : 4lJ(f) ≥ ε}, (192)

lJ(f) = inf
{(

Ef∼Πn

∥∥∥
∑

j≥J
εjhj

∥∥∥
2

L∞(M)

)1/2
: f

(d)
=
∑

j≥1
εjhj

}
(193)

with
(d)
= standing for the equality in distributions and the infimum being taken over all possible

decompositions
∑

j≥1 εjhj with hj ∈ C(M), εj being a sequence of IID N(0, 1) random variables,
and the series being required to converge uniformly almost surely.9

The function f =
∑Jn+1

j=1

(
2ν
κ2 + λj−1

)− ν+d/2
2 εjfj−1 is a valid decomposition. Therefore

lJ(f) ≤


Ef∼Πn

∥∥∥
Jn+1∑

j=J

(
2ν

κ2
+ λj−1

)− ν+d/2
2

εjfj−1

∥∥∥
2

L∞(M)




1/2

. (194)

By the Sobolev Embedding Theorem and by Weyl’s Law, given in Result 10, for every d/2 < γ < ν
there exists a constant C = Cγ,M such that for all J ∈ Z>0, allowing C to change from line to line,
we have

Ef∼Πn

∥∥∥∥
Jn+1∑

j=J

(1 + λj−1)
− ν+d/2

2 εjfj−1

∥∥∥∥
2

L∞(M)

≤ C2 Ef∼Πn

∥∥∥∥
Jn+1∑

j=J

(1 + λj−1)
− ν+d/2

2 εjfj−1

∥∥∥∥
2

Hγ(M)

(195)

= C2
Jn+1∑

j=J

(1 + λj−1)
−(ν+d/2−γ) (196)

≤ C2
Jn+1∑

j=J

j−(1+2(ν−γ)/d) (197)

≤ C2
∑

j≥J

j−(1+2(ν−γ)/d) (198)

≤ C2J−2(ν−γ)/d. (199)

By choosing J = 1 this gives us σ(f) ≤ C independent of n. Moreover, by choosing J ≥
Cε−

d
2(ν−γ) , again for a comparison constant C independent of n, this gives us n(ε) ≤ Cε−

d
2(ν−γ)

for C independent of n. This implies using Castillo et al. [12], Proposition 3 that

− lnP
(
∥f∥L∞(M) < ε

)
≤ cε−c (200)

for c > 0 independent of n.

With this crude bound, we can now continue the proof of Li and Linde [31], Proposition 3.1. For
this, we need a metric entropy estimate. For this notice that for all J ∈ Z>0 ∪ {∞} we have

BHJ

1 (0) ⊂ BH∞
1 (0) = B

Hν+d/2(M)
1 (0), and therefore using Lemma 32, we have the metric entropy

estimate
lnN

(
ε,BHJ

1 (0), ∥·∥L∞(M)

)
≤ Cε−

d
ν+d/2 (201)

for a constant C > 0 independent of J . Therefore following the proof of proposition 3.1 in Li
and Linde [31] (with J ≡ 1) we find − lnP

(
∥f∥L∞(M) < ε

)
≤ Cε−

d
ν for every ε ≤ ε0, where

C, ε0 > 0 are constants independent of n.
9We consider

∑
j≥1, unlike

∑
j≥0 frequently used above, in order to follow the respective references.
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F Expressions for Pointwise Worst-case Errors

Let k be a kernel on some abstract input domain X , and let Hk be the respective RKHS. Consider n
input values X ⊆ X and let σ2

ε > 0 be the noise variance. Define

mk,X,f,ε(t) = KtX(KXX + σ2
εI)

−1(f(X) + ε), (202)

v(i)(t) = vk,X(t) = k(t, t)−KtX

(
KXX + σ2

εI
)−1

KXt. (203)

Proposition 34. With notation above

v(i)(t) = sup
f∈Hk,∥f∥Hk

≤1

Eε∼N(0,σ2
εI)

|f(t)−mk,X,f,ε(t)|2. (204)

Proof. To simplify notation, we shorten Eε∼N(0,σ2
εI)

to E and denote α = KtX(KXX + σ2
εI)

−1.
First of all, by direct computation,

Emk,X,f,ε(t) = αf(X), (205)

Emk,X,f,ε(t)
2 = αf(X)f(X)⊤α⊤ + σ2

εαα⊤. (206)

Write

E|f(t)−mk,X,f,ε(t)|2 = f(t)2 − 2f(t)Emk,X,f,ε(t) + Emk,X,f,ε(t)
2 (207)

= f(t)2 − 2f(t)αf(X) +αf(X)f(X)⊤α⊤ + σ2
εαα⊤ (208)

= (f(t)−αf(X))
2
+ σ2

εαα⊤ (209)

=
〈
k(t, ·)−

n∑

j=1

αjk(xj , ·), f
〉2
Hk

+ σ2
εαα⊤. (210)

As ∥g∥Hk
= supf∈Hk,∥f∥Hk

≤1⟨g, f⟩Hk
, implying supf∈Hk,∥f∥Hk

≤1⟨g, f⟩2Hk
= ∥g∥2Hk

, we have

sup
f∈Hk

∥f∥Hk
≤1

E|f(t)−mk,X,f,ε(t)|2 =
∥∥∥k(t, ·)−

n∑

j=1

αjk(xj , ·)
∥∥∥
2

Hk

+ σ2
εαα⊤ (211)

= k(t, t)− 2αKXt +αKXXα⊤ + σ2
εαα⊤

αKXt

(212)

= k(t, t)−αKXt = k(t, t)−KtX(KXX + σ2
εI)

−1KXt

vk,X(t)

.

(213)

We now move to the misspecified case. Consider the RKHS Hc for some other kernel c : X ×X → R
instead of Hk. Then, continuing from (210), write

sup
f∈Hc

∥f∥Hc
≤1

E|f(t)−mk,X,f,ε(t)|2 =
∥∥∥c(t, ·)−

n∑

j=1

αjc(xj , ·)
∥∥∥
2

Hc

+ σ2
εαα⊤. (214)

The next question is how to compute the norm on the right-hand side. There is not much hope
of doing this exactly in the misspecified case: thus, we consider approximations. To this end,
we take some large set of locations X′ ⊆ X . Then we use ∥g∥2Hc

≈ g(X′)⊤C−1
X′X′g(X′) for

g(·) = c(t, ·)−∑n
j=1 αjc(xj , ·). As a result, we obtain the approximation

sup
f∈Hc

∥f∥Hc
≤1

E|f(t)−mk,X,f,ε(t)|2 ≈ g(X′)⊤C−1
X′X′g(X

′) + σ2
εαα⊤ = ṽk,c,X(t) = v(e)(t) (215)

where v(e)(t) was first introduced in Section 4
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To compute spatial averages of this quantity, let gt(·) = c(t, ·) −∑n
j=1 αjc(xj , ·), the same as g

before, but now with explicit dependence on t. Similarly, put αt = KtX(KXX + σ2
εI)

−1. Then

gt(X
′) = CX′ t −CX′ Xα⊤

t = CX′ t −CX′ X(KXX + σ2
εI)

−1KXt (216)

gt(X
′)⊤C−1

X′X′gt(X
′) = (CtX′ −αtCXX′)C−1

X′X′
(
CX′ t −CX′ Xα⊤

t

)
. (217)

From here we can also deduce that
1

|X′|
∑

t∈X′

ṽk,c,X(t) =
1

|X′|
∑

t∈X′

gt(X
′)⊤C−1

X′X′gt(X
′) (218)

=
1

|X′| tr
(
gX′(X′)⊤C−1

X′X′gX′(X′)
)

(219)

where gX′(X′) = CX′ X′−CX′ X(KXX+σ2
εI)

−1KXX′ .

G Full Experimental Details

All of our kernels were computed using GPJAX [38] and the GEOMETRIC KERNELS library.10 We
use three manifolds, each represented by a mesh: (i) a dumbbell-shaped manifold represented as a
mesh with 1556 nodes, (ii) a sphere represented by an icosahedral mesh with 2562 nodes, and (iii)
the Stanford dragon mesh, preprocessed to keep only its largest connected component, which has
100179 nodes. For the sphere, we also considered a finer icosahedral mesh with 10242 nodes, but
this was found to have virtually no effect on the computed pointwise expected errors.

We use extrinsic Matérn and Riemannian Matérn kernels with the following hyperparameters: σ2
f = 1

and σ2
ε = 0.0005. For the truncated Karhunen–Loève expansion, we used J = 500 eigenpairs

obtained from the mesh. We selected smoothness values to ensure norm-equivalence of the intrinsic
and extrinsic kernels’ reproducing kernel Hilbert spaces, which was ν = 5/2 for the intrinsic model,
and ν = 5/2 + d/2 for the extrinsic model, where d is the manifold’s dimension. We used different
length scales for each manifold: κ = 200 for the dumbbell, κ = 0.25 for the sphere, and κ = 0.05
for the dragon, selected to ensure that the Gaussian processes were neither approximately constant,
nor white-noise-like. We considered data sizes of N = 50, N = 500, and N = 1000, respectively,
for the dumbbell, sphere, and dragon, sampled uniformly from the mesh’s nodes, which in each case
resulted in a reasonably-uniform distribution of points across the manifold. Finally, for the extrinsic
pointwise error approximation, we used a subset X′ uniformly sampled from each mesh’s nodes, of
size equal to the data size. For each respective test set, we used the full mesh. Each experiment was
repeated for 10 different seeds.

To set the length scales for the extrinsic process, we used maximum marginal likelihood optimization
on the full data, except for the dumbbell whose full data size is small and for which we instead
generated a larger set consisting of 500 points. We optimzied only the length scale, leaving all other
hyperparameters fixed. We used ADAM with a learning rate of 0.005, and an initialization equal to
the length scale κ of the intrinsic model, except for the dumbbell where this lead to divergence and
we instead used an initial value of κ/4. We ran the optimizer for a total of 1000 steps. With these
settings, we found empirically that maximum marginal likelihood optimization always converged.

10See HTTPS://GPJAX.READTHEDOCS.IO and HTTPS://GEOMETRIC-KERNELS.GITHUB.IO.
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Abstract

We consider the nonparametric regression problem when the covariates are located on an
unknown compact submanifold of a Euclidean space. Under defining a random geomet-
ric graph structure over the covariates we analyse the asymptotic frequentist behaviour
of the posterior distribution arising from Bayesian priors designed through random basis
expansion in the graph Laplacian eigenbasis. Under Hölder smoothness assumption on the
regression function and the density of the covariates over the submanifold, we prove that
the posterior contraction rates of such methods are minimax optimal (up to logarithmic
factors) for any positive smoothness index.

Keywords: graph Laplacian, Bayesian nonparametrics, manifold hypothesis, nonpara-
metric regression, dimensionality reduction

1 Introduction

When the data is high dimensional, it is common practice to assume a lower dimensional
structure. This idea dates back at least to Pearson’s principal component analysis (Pearson,
1901) and the Johnson-Lindenstrauss lemma (Johnson, Lindenstrauss, and Schechtman,
1986; Ailon and Chazelle, 2009) where a linear projection onto a lower dimensional subspace
of variables is performed while still retaining much of the statistical information. However,
a linear constraint on the possible intrinsic shape of the data can be restrictive, and non-
linear dimensionality reduction has received much attention during the past two decades.
Examples include kernel PCA (Schölkopf, Smola, and Müller, 1998), Isomap (Tenenbaum,
de Silva, and Langford, 2000), locally linear embeddings (Roweis and Saul, 2000), Laplacian
eigenmaps and diffusion maps (Coifman and Lafon, 2006). These techniques typically take
into account intrinsic geometric properties of the data.
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Inference of intrinsic geometric properties of data is often believed to be a powerful
way to gain insight in complex high dimensional statistical problems. Examples include
its support (Genovese, Perone-Pacifico, Verdinelli, and Wasserman, 2012; Aamari and Lev-
rard, 2019) under the Hausdorff metric, differential quantities (Aamari and Levrard, 2019;
Aamari, Berenfeld, and Levrard, 2023), the geodesic distance (Aamari, Berenfeld, and Lev-
rard, 2023; Bernstein, de Silva, Langford, and Tenenbaum), the intrinsic dimension (Kim,
Rinaldo, and Wasserman, 2019; Denti, Doimo, Laio, and Mira, 2022) or even the Laplace-
Beltrami operator eigenpairs (Garćıa Trillos, Gerlach, Hein, and Slepčev, 2020; Calder and
Trillos, 2020; Dunson, Wu, and Wu, 2021; Wormell and Reich, 2021). In the same way,
inferring the intrinsic topological structure in the data has also received a lot of interest
since the modern development of topological data analysis as field within data science, with
in particular the study of the persistence diagrams and modules (Chazal and Michel, 2021;
Chazal, de Silva, Glisse, and Steve, 2016; Divol and Lacombe, 2021; Divol and Chazal, 2019;
Loiseaux, Carrière, and Blumberg, 2023; Loiseaux, Scoccola, Carrière, Botnan, and Oudot,
2024).

The Laplacian eigenmaps, introduced initially by Belkin and Niyogi (2001, 2003) is a
popular non linear method for dimensionality reduction, together with a tool for inference in
high dimension setups. It has also been used successfully in the context of spectral clustering
(Liu and Han, 2014; von Luxburg, 2007), supervised and semisupervised learning (Green,
Balakrishnan, and Tibshirani, 2021; Shi, Balasubramanian, and Polonik, 2023; Sanz-Alonso
and Yang, 2022) : in this paper we consider the use of Laplacian eigenmaps in the context
of the reknown nonparametric regression problem where

yi = f(xi) + εi, εi
iid∼ N (0, σ2), i ≤ n; (1)

with covariates xi ∈ RD and D is possibly large. Then, a way to formalize a low dimen-
sional structure to the problem is to assume that the covariates Xi’s belong to some low
dimensional submanifold M of RD, also known as the manifold hypothesis. This is the
setup we are considering. We also consider both the supervised learning setup where the
observations consist of (yi, xi)

n
i=1, under model 1; and the semi-supervised setup where in

addition another sample (xi)
N
i=n+1 of covariates are observed without their labels yi.

Laplacian eigenmaps approaches are based on the construction of a graph G = (V,E)
whose vertices are the covariates (xi)

N
i=1 and where an edge between two vertices xi and xj

exists if and only if ∥xi−xj∥ ≤ h for some predefined threshold h. From that the Laplacian
of the graph L : L2 (V ) → L2 (V ), is constructed together with its spectral decomposition
L =

∑N
j=1 λj ⟨uj |·⟩L2(V ) uj , 0 ≤ λ1 ≤ · · · ≤ λN for some appropriate Euclidian space

structure on V to be defined in Section 2. Dimensionality reduction is then obtained by
considering the projection operator

∑J
j=1 ⟨uj |·⟩L2(V ) uj for some truncation level J . This

dimension reduction can be used in different inferential contexts

In the context of the regression problem 1, the vector fN = (f(x1), · · · , f(xN ))T is mod-
elled as an element of span(u1, · · · , uJ). This construction has been studied with variants
in the definition of the graph Laplacian L, for instance by Green, Balakrishnan, and Tibshi-
rani (2021); Shi, Balasubramanian, and Polonik (2023), where the PCR-LE estimator f̂N ,
i.e. it is the minimizer of ∥Y − fN∥2 over ΣJ := span(u1, · · · , uJ) (in the fully supervised
case N = n) while Sanz-Alonso and Yang (2022); Fichera, Borovitskiy, Krause, and Billard
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(2024); Dunson, Wu, and Wu (2022) are using a Bayesian estimation procedure based on
Gaussian processes defined via L.

In this paper we are interested in understanding the capacity of graph Laplacian regres-
sion methods of capturing both the unknown low dimensional submanifold support M of
the design, together with the unknown smoothness β of the regression functions.

1.1 Related works :

The asymptotic behaviour of least square estimators has been studied in Green, Balakrish-
nan, and Tibshirani (2021); Shi, Balasubramanian, and Polonik (2023) where they obtain
minimax convergence rates when the support M of the covariates is an open set of RD and
under a Sobolev regularity condition. Extension to the case where M is a d dimensional
submanifold of RD, with d < D, is also considered in Green, Balakrishnan, and Tibshirani
(2021) however only for regression functions which have Sobolev smoothness restricted to
the set {1, 2, 3}.

Bayesian estimators of f based on the graph Laplacian have been considered in the
literature as well for instance by Sanz-Alonso and Yang (2022); Fichera, Borovitskiy, Krause,
and Billard (2024); Dunson, Wu, andWu (2022), however the asymptotic properties in terms
of posterior contraction rates around the true regression function have only been derived
in some restricted cases. Dunson, Wu, and Wu (2022) show that in the case N = n and

when the true regression vector f0,N = (f0(xi))
N
i=1 belongs to ΣJ for J ≲

(
n

lnn

) d
2q+2d for

some q ≥ d
2 , the posterior contraction rate (with respect to the empirical L2 norm) is upper

bounded by a multiple of
(
lnn
n

) d
2q+2d , under some kind of separability assumption between

the eigenvalues of the Laplace-Beltrami operator of M. Assuming that f0,N ∈ ΣJ avoids
studying the approximation of f0,N by an element in ΣJ , which is a nontrivial problem where
one only has access to smoothness assumptions on the function f0 : M → R. A step in this
direction has been made by Sanz-Alonso and Yang (2022), where they established that if
the number of unlabeled covariates {xn+1, . . . , xN} is large enough, i.e at least N ≥ n2d,
then posterior contraction at a minimax optimal rate (up to logarithmic factors) of the
true regression vector f0,N is possible, provided that its smoothness β (more precisely : f0
belongs to the Besov space Bβ

∞∞ (M), see Coulhon, Kerkyacharian, and Petrushev (2012))
satisfies β > d− 1

2 using a graph Matérn process. Notably, as is pointed out in the paper,
their assumptions rule out the fully supervised setting and every other intermediate cases.
Furthermore, adaptation to the smoothness β is not discussed. In both papers Dunson, Wu,
and Wu (2022) and Sanz-Alonso and Yang (2022) control the contraction of the posterior
distribution on fN by controlling the convergence of the graph Laplacian (or the associated
heat kernel) to the Laplacian-Beltrami operator ofM. As we will see, it is not fundamentally
needed to study the nonparametric regression problem; this is also the point of view taken
by Green, Balakrishnan, and Tibshirani (2021); Shi, Balasubramanian, and Polonik (2023).

Thus, the question the approximation of f0,N by elements of ΣJ for J = o(N), when f0
is a smooth function on an unknown manifold M remains unanswered. In this paper we
therefore aim to bridge this gap in the literature.

3



Rosa and Rousseau

1.2 Our contributions :

In this paper, our main aim is to study posterior contraction rates for priors based on the
graph Laplacian for the recovery of the regression vector f0,N . To do that we first show that
any β Hölder function on M, β > 0 can be well approximated (in some sense to be made
precise later in the paper) by a function in ΣJ for J ≥ nd/(2β+d) (up to log n terms) , where
d is the intrinsic dimension of the submanifold M. To do that we use a novel approximation
argument by first constructing an approximation of f0,N by a vector of the form e−tL/h

2
ft

for some well chosen t > 0 and ft ∈ RV . Thanks to the exponential factor we can then
control well the difference between e−tL/h

2
ft and its projection on ΣJ . This approximation

argument is valid for any β > 0. This result has an interest in its own right; in particular
we apply it to the frequentist PCR-LE estimator.

We also propose general classes of priors on fN supported on ΣJ for which we charac-
terize the posterior contraction rates, both for the empirical loss ∥f − f0∥2n =

∑n
i=1(f(xi)−

f0(xi))
2/n and for the global loss ∥f − f0∥2N =

∑N
i=1(f(xi) − f0(xi))

2/N , as functions of
the truncation level J and the connectivity parameter h.

Finally by considering hyperpriors on h and J we propose a novel class of priors that
achieve minimax adaptive posterior contraction rates (up to lnn terms), both under the
∥ · ∥n and the ∥ · ∥N (pseudo-)distances.

Hence, contrarywise to Sanz-Alonso and Yang (2022) we do not need a very large num-
ber of unlabelled covariates which were used to ensure an accurate discrete to continuum
approximation of the graph Laplacian eigenpairs and compared to Green, Balakrishnan,
and Tibshirani (2021); Shi, Balasubramanian, and Polonik (2023); Sanz-Alonso and Yang
(2022) we significantly weaken the smoothness assumptions on f0 (our assumptions actu-
ally match those considered in the continuous setting (see van der Vaart and van Zanten,
2011; Rosa et al., 2023). Also note that we do not require separability assumptions on the
eigenvalues of the Laplace-Beltrami operator on M, as opposed to Dunson, Wu, and Wu
(2022).

1.3 Outline :

We start by describing our geometrical and statistical model as well as our notations in
Section 2. We then describe our priors and the associated posterior contraction results
in Section 3; with non adaptive results in Section 3.2.1 and adaptive results in Section
3.2.2. Convergence rates for the PCR-LE estimator are provided in Section 3.2.1. The
approximation theory for f0,N by ΣJ is provided in Section 3.3. Main proofs are provided
in Section 4. Finally, the appendix contains additional proofs.

2 Model and notations

In this paper we consider the semi-supervised nonlinear regression model where we observe
labelled data (yi, xi)i≤n together with unlabelled data (xi)

N
i=n+1 (in particular N = Nn ≥ n

depends on n). Note that N = n corresponds to the supervised case. In this work we make
the following growth assumption on N : there exists b > 0 such that Nn ≤ nb for all n. Note
that in particular we always have the inequality lnn ≤ lnN ≤ b lnn. The nonparametric
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regression model is then

yi = f0(xi) + εi, εi
i.i.d∼ N

(
0, σ2

)
, i = 1, . . . , n,

xi
i.i.d∼ µ0, i = 1, . . . , N

(2)

where σ > 0, f0 ∈ Cβ (M) with M an unknown compact connected submanifold of
regularity α ≥ (β + 3)∨ 6 of RD (see appendix A for a precise definition of α and the space
Cβ (M)) and µ0 is a probability distribution on M (the connectedness assumption could
actually be dropped by working on each connected component separately). We assume that
µ0 is absolutely continuous with respect to the volume measure on M, with density p0 and
f0,M, p0 are unknown quantities. Without loss of generality we consider the case where σ
is known, since the case of unknown σ can be easily derived from the results here, using the
approach of Naulet and Barat (2018). Moreover, it would also be possible to handle non
Gaussian errors as done by Ghosal and van der Vaart (2017, chap. 8.5.2).

We consider an unweighted random geometric graph G = G(h) =
(
V,E(h)

)
based on

x1:N = (xi)
N
i=1 generated as follows: the vertex set is V = {x1, . . . , xN} and the edges are

defined by Eij = E
(h)
ij = 1 if and only if ∥xi − xj∥ < h, for some h > 0, where ∥·∥ denotes

the Euclidean distance in RD. Hereafter we denote xi ∼ xj ⇐⇒ Eij = 1.

We define the normalized graph Laplacian

L = L(h) = I −D−1A

where D = D(h) = diag(µ) is the degrees matrix Dxy = δyxµx,

µx = µ(h)x = # {i : ∥x− xi∥ < h}

and A = A(h) is the adjacency matrix Axy = A
(h)
xy = µxy = 1x∼y. We also define the

normalized degree measure ν = ν(h) = µ
µ(V ) . The graph Laplacian L is a nonnegative

self-adjoint operator from L2 (ν) to itself, where the inner product is given by

∀f, g ∈ L2 (ν) , ⟨f |g⟩L2(ν) =
∑

y∈V
f(y)g(y)νy

and L is given explicitely by the formula

∀f ∈ RV , (Lf) (x) =
1

µx

∑

y∼x
(f(x)− f(y))

We will often use the following identity

∀f, g ∈ L2 (ν) , ⟨f |Lg⟩L2(ν) =
1

2µ (V )

∑

x∼y
(f(x)− f(y)) (g(x)− g(y))

The negative graph Laplacian −L satisfies

1. ∀x ∈ V,−Lxx =
µxy
µx

− 1 ≤ 0
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2. ∀x ̸= y ∈ V,−Lxy = µxy
µx

≥ 0

3. ∀x ∈ V,
∑

y∈V −Lxy =
∑

y∈V
µxy
µx

− 1 = 0

As a consequence e−tL is a row stochastic matrix for any t ≥ 0 (see Norris, 1997, chap. 2).

It is the transition matrix in time t of the continuous time Markov chain
(
W̃t

)
t≥0

going

from vertex x to vertex y with rate
µxy
µx

. This chain has a constant unit speed and a jump

matrix given by D−1A : equivalently W̃t = YNt where N is a Poisson process with unit rate
and (Yn)n≥0 is an independent Markov chain with transition matrix D−1A. We will denote

by P(h)
x the probability distribution of the corresponding Markov chains (in either discrete

or continuous times) starting from x ∈ V . For convenience in what follows we will define
L = h−2L and Wt = W̃t/h2 .

It is shown for instance by Garćıa Trillos, Gerlach, Hein, and Slepčev (2020); Calder
and Trillos (2020) that under appropriate conditions the graph Laplacian L converges in
some sense to the true Laplace-Beltrami operator ∆ of the limiting manifold M (up to
a proportionality constant). Since W is a continuous time Markov chain with transition
matrix e−tL, this shows that W can actually be seen in a way as a numerical approxima-
tion of a Brownian motion on M, i.e an M−valued continuous time Markov process with
infinitesimal generator −∆.

For each x ∈ V, t ≥ 0 we define pt (x, ·) = p
(h)
t (x, ·) as the density of e−tL (x, ·) with

respect to ν

∀y ∈ V, pt (x, y) =
e−tL (x, y)

νy

and we call the matrix pt the heat kernel of L with respect to ν. If (λj , uj)
N
j=1 =

(
λ
(h)
j , u

(h)
j

)N
j=1

is an orthonormal eigendecomposition of L in L2 (ν), i.e.

∀j, l ∈ {1, . . . , N} , Luj = λjuj , ⟨uj |ul⟩ν = δlj

(the existence of which is guaranteed by the finite dimensional spectral theorem) then we
have

∀t ≥ 0, e−tL =

N∑

j=1

e−tλj ⟨uj |·⟩ν uj =
1

µ (V )

N∑

j=1

e−tλjujuTj

Hence

∀t ≥ 0, x, y ∈ V, pt (x, y) =

N∑

j=1

e−tλjuj(x)uj(y)

In particular pt is a symmetric matrix.
In addition to the L2 (ν) structure we will also use the uniform norm

∀f ∈ RV , ∥f∥L∞(ν) = max
1≤i≤N

|f(xi)|

As well as the associated operator norm

∥A∥L∞(ν) = sup
∥f∥L∞(ν)≤1

∥Af∥L∞(ν)

defined for any linear endomorphism A : L∞ (ν) → L∞ (ν).
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2.1 Notations

We denote by P0 the frequentist probability distribution of Xn := (x1:N , y1:n), i.e

P0(dx1:N , dy1:n) =
N∏

i=1

p0(xi)µ(dxi)
n∏

i=1

N
(
yi|f0(xi), σ2

)
dyi

as well as Pf =
⊗n

i=1N
(
fi, σ

2
)
for any f ∈ Rn, with the abuse of notation Pf0 = P(f0(xi))

n
i=1

.
We will also denote the probability distribution of the infinite sequences (xi)i≥1 , (yi)i≥1

by P∞
0 . We denote the geodesic metric on M by ρ : M × M → R+. For any x ∈

RD, r > 0 we define BRD(x, r) =
{
y ∈ RD : ∥x− y∥ < r

}
the Euclidean ball and Bρ(x, r) =

{y ∈ M : ρ(x, y) < r} the geodesic ball. For any measurable subset A of Rd, d ≥ 1, vol(A)
will denote its d−dimensional Lebesgue measure.

For any open subset U of Rd, d, k ≥ 1 and f : U → R we define its Ck (U) norm by

∥f∥Ck(U) = maxα∈Nd,|α|≤k supx∈U
∣∣∣∂|α|f
∂xα (x)

∣∣∣. We also define C∞ (U) = ∩k≥0Ck (U). For non

integer β ∈ (k, k + 1), k ∈ N we define the Hölder class Cβ (U) class as the space of all
functions f ∈ Ck (U) satisfying

∥f∥Cβ(U) := ∥f∥Ck(U) + max
α∈Nd,|α|=k

sup
x ̸=y∈U

∣∣∣∂|α|f
∂xα − ∂|α|f

∂xα

∣∣∣
∥x− y∥β−k

< +∞

If V is a finite dimensional vector space and U ⊂ Rd, d ≥ 1, we say that a mapping
f : U → V is of class Cβ (U) if T ◦ f : U → R ∈ Cβ (U) for any T ∈ V ∗ (linear form on V ).
Equivalently, each coordinate function of f (in any choice of basis) is of class Cβ.

It is immediate to check that any f ∈ Cβ (U) , k < β ≤ k+1 has a Taylor development

of the form f(y) =
∑k

l=0
dlf(x).(y−x)l

l! + Rk(x, y), |Rk(x, y)| ≤ Cf ∥x− y∥β with Cf =
∥f∥Cβ(U)/k!.

We write

∥f − f0∥2n =
1

n

n∑

i=1

(f(xi)− f0(xi))
2 and ∥f − f0∥2N =

1

N

N∑

i=1

(f(xi)− f0(xi))
2 .

In the following the symbols ≳, ≲ refer to inequalities up to constants that depend
only on M, p0 and f0. We will also write a ≍ b if both a ≲ b and b ≲ a hold. We will
also often write C((λ)λ∈Λ) or C(λ)λ∈Λ

generically to denote a positive constant depending
only on the parameters λ ∈ Λ whose value can change from line to line.

3 Main results

In the nonparametric regression model 2, the goal is to estimate the regression function f0
evaluated on the covariates xi, i = 1, . . . , N . Hence from a Bayesian point of view the
goal is to design a prior distribution on an element f : V → R leading to good frequentist
guarantees a posteriori. More precisely, following Ghosal, Ghosh, and van der Vaart (2000);
Ghosal and van der Vaart (2017) our goal is to derive posterior contraction rates for our
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suggested Bayesian methodologies : we wish to identify a sequence εn of positive real
numbers satisfying

Π [∥f − f0∥n > εn|Xn]
P∞
0−−−→

n→∞
0

Deriving such rates typically requires to prove preliminary approximation results which is
the object of section 3.3.

3.1 Priors

As done by Sanz-Alonso and Yang (2022); Fichera, Borovitskiy, Krause, and Billard (2024)
we design our priors by random basis expansion in the graph Laplacian eigenbasis. Our
construction depends on 2 degrees of freedom : the number of basis functions allowed in
the sum, and the graph connectivity parameter h. This leads to a first family of priors :
Prior 1 Fixed J, h case:

We consider the prior Π [·|J, h] defined by the probability law of the random vector

f =

J∑

j=1

Zjuj , Zj
i.i.d∼ Ψ (3)

for some h > 0, J ∈ {1, . . . , N} and Ψ a probability distribution having a positive and

continuous density ψ on R satisfying
∫
|x|>z ψ(x)dx ≤ e−b1z

b2 , for all z ≥ z0 for some
b1, b2, z0 > 0. In particular, Ψ can be Gaussian, leading to the construction of a Gaussian
vector f on V , as done by Dunson, Wu, and Wu (2022); Sanz-Alonso and Yang (2022).

As we shall see in section 3.2.1, this prior leads to explicit posterior contraction rates
which happen to be minimax optimal (up to logarithmic factors) under appropriate choice
of the hyperparameters J = Jn, h = hn that depends on the unknown regularity β of f0
together with the dimension d of M. In this sense the proposed prior is non adaptive.

It is then of interest to choose the hyperparameters J, h in a data driven way. From the
Bayesian point of view this can be done by putting an additional prior layer over J and h.
For practical reasons, since for each value of h a new Laplacian L needs to be computed,
together with its eigenpairs (uj , λj) we only consider discrete priors on h, i.e. we enforce
h ∈ H where H is a discrete subset of R+, and πh (·|J) denotes the prior probability mass
function of h given J .
Prior 2 Adaptive prior:

We consider the prior Π defined by the probability law of the random vector

J ∼ πJ , h|J ∼ πh(·|J), f |J, h ∼ Π [·|J, h] , denote HJ = supp(πh(·|J)) ⊂ H, (4)

where πh is a probability distribution supported on HJ (that may depends on J) and πJ is
a probability distribution on N∗ satisfying

∀j ≥ j0, e−a1jLj ≤ πJ(j) ≤ ea2jLj where Lj = 1 or Lj = ln j, and #HJ ≤ K1e
K2J lnn

for some constants a1, a2,K1,K2 > 0.
Note that the joint prior on (J, h) can be of very different forms. For instance if J ∼ P(λ)

then the condition on πJ holds with Lj = log j while if πJ is a Geometric distribution,
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then it holds with Lj = 1. Also we can choose for instance the support of πh(·|J) to be

HJ =
{
J−1/d

lnκN

}
for some κ > 2 and H = ∪JHJ , where here the dimension d of M is

assumed to be known. We will see that this leads to adaptive nearly minimax estimation
rates. Alternatively and for more flexibility we can choose H =

{
hl := 2lh∗ : l = 0, . . . , L

}

with h∗ =
(
lnn
n

)1/d
, κ > 2 and L ∈ N such that 2Lh∗ ≤ 1 < 2L+1h∗, together with

πh(hl) ≥ b1e
−b2h−d

l ∀h ∈ H

for some constants b1, b2 > 0. We will detail the precise assumptions on ΠJ , πh (·|J) in
Theorems 6 & 7.

Remark 1. Both prior 1 and prior 2, depend on the covariates x1:N and possibly on the
sample size n, but we keep the notation Π (and not Πn,x) to avoid cumbersome notations.

Having defined the two types of priors we now study their posterior contraction prop-
erties.

3.2 Posterior contraction rates

We present here results on posterior contraction for prior 1 and prior 2. We first present
the non adaptive posterior contraction rate as it highlights the role of J and h and then
we present the posterior contraction rate derived from prior 2. The proof is based on the
general prior mass and testing theorem (see Ghosal and van der Vaart, 2007, 2017; Rousseau,
2016). A key aspect of the proof is a new scheme to approximate f0 by functions in the
span of u1, · · · , uJ . This allows in particular to extend the results of Green, Balakrishnan,
and Tibshirani (2021) to non linear manifolds when the regularity of f0 not restricted to
{1, 2, 3}. The approximation result is interesting in its own right and it allows also to
derive minimax convergence rates for the frequentist estimator of Green, Balakrishnan,
and Tibshirani (2021); hence it is presented in Section 3.3 and the convergence rate of the
frequentist estimator is provided in Section 3.2.1. Moreover, the proof is very different from
Green, Balakrishnan, and Tibshirani (2021) and is valid even when N > n.

3.2.1 Non adaptive rates: Prior 1 and PCR-LE estimator

Throughout this section we assume that the chosen connectivity parameter hn is not too
small :

Assumption 2. The connectivity parameter hn satisfies hn → 0 and Nhdn
lnN → ∞.

Our first main result identifies a posterior contraction rate associated with prior 3 if h
satisfies assumption 2 and J is not too small. In particular, we recover minimax optimal
rates up to logarithmic factors for appropriate choices of parameters :

Theorem 3. Let (Jn, hn) be a sequence of truncation and connectivity parameters satisfying
Jn ∈ {1, . . . , N} , Jn ≥ lnκN, κ > d and hn satisfying assumption 2. Consider a prior
on f belonging to the Prior 1 family. Then there exists C > 0 such that

Π [∥f − f0∥n > Cεn|Xn, Jn, hn]
P∞
0−−−→

n→∞
0
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where

εn = εn(Jn, hn) =

√
Jn lnN

n
+lnN ⌈β/2⌉max

(
1,

lnN

J
2/d
n h2n

)⌈β/2⌉(
hβn + 1β>1

(
lnN

Nhdn

)1/2

hn

)

(5)
In particular, for any τ > d/2 and

hn = n
− 1

2β+d (lnn)
− 1−τ−2(1+2τ/d)⌈β/2⌉

2β+d , Jn =
h−dn
lnτ N

then

εn ≍ (lnn)
(2τ+d)⌈β/2⌉+(1−τ)β

2β+d n
− β

2β+d

The proof is given in section D.1. Theorem 3 highlights the trade - off between the
complexity of the prior (term

√
J lnN/n) and the approximation error bounded by

lnN ⌈β/2⌉max

(
1,

lnN

J
2/d
n h2n

)⌈β/2⌉ [
hβn + 1β>1hn

(
lnN

Nhdn

)1/2
]
.

The first term of the approximation error has a bias flavour while the second, which appears
only when β > 1 comes, roughly speaking, from stochastic deviations of Lf0 − E(Lf0), see
Lemma 15. More discussion is given after Theorem 11.

Notice that theorem 3 only guarantees a posterior contraction with respect to the em-
pirical L2 norm ∥f − f0∥n. Thus, it is not clear whether or not the posterior distribution
correctly extrapolates outside of the design {x1, . . . , xn} in order to estimate the values
{f0(xn+1), . . . , f0(xN )}. This is the object of theorem 4 below, which requires stronger
assumptions on Jn, hn and β.

Theorem 4. Assume that β > d/2 and let hn satisfying hn ≥ (lnN)s n
− 1

2β+d for some

s ∈ R as well as J = Jn ∈ {1, . . . , N} , h−d
n

lnτ1 N ≤ Jn ≤ h−d
n

lnτ2 N , τ1 ≥ τ2 > 2d. Then there
exists C > 0 such that

Π [∥f − f0∥N > Cεn|Xn, Jn, hn]
P∞
0−−−→

n→∞
0

where

εn =

√
Jn lnN

n
+

(
J
−2/d
n lnN

h2n

)⌈β/2⌉(
hβn + 1β>1

(
lnN

Nhdn

)1/2

hn

)

In particular, choosing Jn = h−d
n

lnτ N , τ > 2d and hn = n
− 1

2β+d (lnN)
− 1−τ−2⌈β/2⌉(1+2τ/d)

2β+d

leads to a posterior contraction rate of order

εn ≍ (lnN)
2⌈β/2⌉(2τ+d)+2β(1−τ)

2β+d n
− β

2β+d

The proof is provided in Section 4.4 and relies on Theorem 3 together with a concen-
tration inequality to upper bound ∥f − f0∥N by (a multiple of) ∥f − f0∥n.

10
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The main limitation of prior 1, with deterministic J, h is that the choice of J, h crucially
impacts the asymptotic behaviour of the posterior distribution. In particular to obtain
optimal behaviour (with respect to ∥·∥n or ∥·∥N ) one needs to choose them as a function
of β and d. While there exist simple and consistent estimators of d (see Berenfeld and
Hoffmann, 2021), it is very difficult to estimate β.

It is interesting to compare our results with those of Sanz-Alonso and Yang (2022).

In this work a Matérn type Gaussian process of the form f =
∑JN

j=1 (1 + λj)
−β+d/2

2 Zjuj ,

Zj
i.i.d∼ N (0, 1) (also for some deterministic values of Jn, hn) is used in place of prior 3.

In Sanz-Alonso and Yang (2022) the author obtain the minimax rate of convergence with
respect to the empirical L2 norm ∥·∥n by choosing J,N, h accordingly but under a more
restrictive assumption on N, β, implying in particular N >> n2d and β > d − 1/2. Also,
their proof technique is very different from ours as it is based on the convergence of the
(discrete) Matérn Gaussian process prior to its continuous counterpart (associated to the
Laplace-Beltrami operator on M).

In the fully supervised N = n case, our result can also be compared to the (frequentist)
PCR-LE estimator of Green, Balakrishnan, and Tibshirani (2021). To be completely clear
the estimator proposed in Green, Balakrishnan, and Tibshirani (2021) relies on the unnor-
malized graph Laplacian rather than the normalized one, but we believe our proof could be
applied for the unnormalized graph Laplacian as well. The PCR-LE estimator is defined as

f̂ = argminf∈span(u1,··· ,uJ )∥Y − f∥2, Y = (y1, · · · , yn), f = (f(x1), · · · , f(xn))

Green, Balakrishnan, and Tibshirani (2021) prove that when f0 belongs to a β− Sobolev
class with β ∈ {1, 2, 3} (where the Sobolev space is defined using the Laplacian operator
weighted according to the covariates density), then f̂ converges to f0 at the rate n

−β/(2β+d),
if J and h are chosen accordingly. In comparison we obtain a near minimax rate for any
β− Hölder regularity assumption on f0, β > 0 (for the ∥·∥n loss) or β > d/2 (for the ∥·∥N
loss). It should be noted that the restriction β > d/2 also appears in the continuous case
when extending outside of the labelled points (see van der Vaart and van Zanten, 2011;
Rosa et al., 2023).

As mentioned earlier, a key component of the proof of Theorems 3 & 4 is to show that
f0 can be well approximated by elements in the linear span of (u1, · · · , uJ), see Theorem 11
. A consequence of Theorem 11 is thus that the PCR-LE estimator of Green, Balakrishnan,
and Tibshirani (2021) achieves near minimax convergence rate over Hölder classes of any
order β, thus extending the results of Green, Balakrishnan, and Tibshirani (2021).

Theorem 5. Performance of PCR-LE for the random walk graph Laplacian
Assume that N = n and that the sequence (Jn, hn) is such that Jn ∈ {1, . . . , n} , Jn ≥
lnκN, κ > d and that hn > 0 satisfies assumption 2. Define

f̂ =

Jn∑

j=1

⟨uj |Y ⟩L2(ν) uj

Then for any q ≥ 0 there exists C > 0 such that

E0

[∥∥∥f̂ − f0

∥∥∥
q

n

]
≤ Cεqn

11
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where

εn =

√
Jn
n

+ (lnn)⌈β/2⌉max

(
1,

(
J
−2/d
n lnn

h2n

))⌈β/2⌉(
hβn + 1β>1

(
lnn

nhdn

)1/2

hn

)

In particular for the choice Jn = h−d
n

lnτ n , τ > d/2, hn = n
− 1

2β+d (lnn)ρ , ρ ∈ R then for
any q > 0 there exists C > 0 such that

E0

[∥∥∥f̂ − f0

∥∥∥
q

n

]
≤ Cεqn

where

εn = n
− β

2β+d (lnn)(2⌈β/2⌉(1+τ/d)+βρ)∨(−ρd/2−τ/2)

The proof of Theorem 5 is given in Section C.3. Corollary 5 hence shows that in the case
N = n the PCR-LE estimator of Green, Balakrishnan, and Tibshirani (2021) can achieve
optimal rates for particular choice of hyperparameters (up to logarithmic factors) for any
smoothness index β > 0 if one is willing to work on the Hölder spaces scale, and not just for
β−Sobolev functions, β ∈ {1, 2, 3} : the limitations of the manifold adaptivity was therefore
only an artefact of the proof, as the non-negligible discrepancy between geodesic and Eu-
clidean distances can be circumvented by considering a different approximation technique.
Extending 5 to an adaptive estimator by Lepski’s method as done by Shi, Balasubramanian,
and Polonik (2023) in the Euclidean domain could also be of interest, which then would
provide a frequentist alternative to our adaptive Bayesian prior 4.

In the case N > n, our theorems 11 & 12 can also potentially be used to design fre-
quentist estimators in alternative to our priors 3 & 4. Indeed, as an example Theorem 11

can be reformulated as a high probability upper bound on
∥∥∥f0 −Q

(k)
t f0

∥∥∥
L∞(ν)

where Q
(k)
t

is the kernel operator

∀f : V → R,
(
Q

(k)
t f

)
(x) =

∑

y∈V

k∑

l=0

(tL)l e−tL(x, y)
l!

︸ ︷︷ ︸
=:Q

(k)
t (x,y)νy

f(y)

This can be generalized by

χ
(k)
t (x, y) =

k∑

l=0

(−tL)l χ(l) (tL) (x, y)
l!

=
k∑

l=0

1

l!

N∑

j=1

(−tλj)l χ(l) (tλj)uj(x)uj(y)

for an arbitrary χ ∈ Ck (R+,R) with χ(0) = 1 which motivates the definition of kernel

regression estimators of the form f̂ =
∑n

i=1 χ
(k)
t (·, xi)yiνxi : this is always tractable even

when N > n and analyzing the asymptotic properties of such estimators (even on other
graph models) is therefore an interesting research direction.

12



Gaussian Regression on Random Geometric Graphs

3.2.2 Results for the adaptive priors

Having proved Theorems 3 & 4 it is straightforward to derive adaptive posterior contraction
rates under the prior 2. This results in a Bayesian method able to achieve minimax optimal
contraction rates (up to logarithmic factors) with a data driven choice for J, h.

Theorem 6. Consider the prior Π on f belonging to the class Prior 2 as defined by (4)
and assume that for some K1,K2 > 0 and some j0, a1, a2 > 0

∀j ≥ j0, e−a1jLj ≤ πJ(j) ≤ e−a2jLj , where Lj = 1 or Lj = ln j, and #HJ ≤ K1e
K2J lnn

(6)
Assume in addition that for some τ > d/2, J0, h0 > 0 and

Jn = J0 (lnN)
2d(1+2τ/d)⌈β/2⌉

2β+d n
d

2β+d

hn ∈ HJn ∩
[
h0J

−1/d
n

2 lnτ/dN
, h0J

−1/d
n

lnτ/dN

]
and c > 0 such that

πh(hn|Jn) ≥ e−ch
−d
n , (7)

Then there exists C > 0 such that

Π [∥f − f0∥n > Cεn|Xn]
P∞
0−−−→

n→∞
0, with εn = n

− β
2β+d (lnN)

(2τ+d)⌈β/2⌉−β(τ+2β/d)
2β+d .

For clarity, we remind the reader that in Equation 7, πh (hn|Jn) denotes the prior prob-
ability mass function of h given J = Jn evaluated at hn.

The proof of Theorem 6 is given in Section D.2. Notice that even if some particular
values of Jn, hn are part of a condition that prior 2 (4), must satisfy theoretically, the
precise values of Jn, hn are not part of the definition of the prior itself.

As discussed above in section 4, there are many priors on J, h which satisfy (7). Consider
two cases of particular interest

� If J follows a Poisson or a Geometric prior and, given J, h = J−1/d

lnτ/dN
, τ > d/2 then

condition (7) is fulfilled (with HJ =
{
J−1/d

lnτ/d n

}
).

� Amore flexible alternative is to choose a discrete prior onH = {2lh∗ : l = 0, · · · , L} for
h∗ =

(
lnn
n

)1/D
and L such that 2Lh∗ ≤ 1 < 2L+1h∗, together with a probability mass

function of the order of e−λh
−1
ha for arbitrary λ > 0 and a ≥ 0. For instance, such a

prior can be constructed by first considering h̃ ∼ IG(a, λ), an inverse Gamma random
variable and then defining h =

∑L
l=0 2

lh∗1Il(h̃), I0 = [0, h∗], Il =]2lh∗, 2l+1h∗] for
1 ≤ l < L and IL =]2Lh∗,+∞[. In particular this prior is fully adaptive as it depends
neither on β nor on d.

Similarly to the non adaptive prior, it is possible to obtain a posterior contraction rate
in terms of the loss ∥·∥N from the result of Theorem 6, under additional assumptions on β
and the prior on J, h.

13
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Theorem 7. Under the same conditions as in theorem 6 and if in addition we have HJ ⊂
[h∗, J−1/d

lnτ/dN
] Π−almost surely for some τ > 2d, h∗ > 0 satisfying assumption 2 and if β > d/2

then there exists M > 0 such that

Π [∥f − f0∥N > Mεn|Xn]
P∞
0−−−→

n→∞
0

for the rate

εn = n
− β

2β+d (lnN)
(2τ+d)⌈β/2⌉−β(τ+2β/d)

2β+d

Remark 8. Theorem 7 thus shows that we can construct (near) minimax adaptive Bayesian
procedures based on graph Laplacian decompositions, where the adaptivity is related to the
(typically unknown) smoothness β. Similarly to theorem 6, many priors satisfy the assump-
tions of Theorem 7, for instance a Poisson or geometric prior on J can be chosen together

with h = J−1/d

lnτ/d n
, τ > d/2. Alternatively, as discussed below Theorem 6, we can choose

a discrete prior on HJ := {2lh∗ : l = 0, · · · , L} with h∗ = mn

(
lnn
n

)1/D
and L such that

2Lh∗ ≤ J−1/d

lnτ/dN
< 2L+1h∗, together with a probability mass function of the form of e−λh

−d
ha

for arbitrary mn → ∞, λ > 0 and a ≥ 0.

Compared to Theorem 6, we require HJ ⊂
[
h∗, J−1/d

lnτ/dN

]
for some h∗ satisfying assumption

2 in order to apply Lemma 34 a posteriori (and importantly with constants that do not
depend on h, J), see the detailed proof in Section 4.4. In fact the condition could be weakened

to HJ ⊂
[
h∗, J−1/d

lnτ/dN

]
on a set of posterior probability tending to 1, but this is not necessary

for the examples of priors we provide.

Remark 9. The same condition HJ ⊂
[
h∗, J−1/d

lnτ/dN

]
prevents us to design priors adaptive to

d, contrariwise to Theorem 6. This condition is crucial in our setting in order to use Lemma
34. Whether or not such a restriction is necessary or is an artefact of our proof technique
is therefore an interesting question. To design a procedure that is adaptive both to β and
d one could plug in a consistent estimator of d (see Berenfeld and Hoffmann, 2021)—the
procedure then becomes an empirical Bayes procedure)—and our theoretical results remain
unchanged since the estimator only depends on x and not on y.

Remark 10. Theorems 6 & 7 hold for discrete priors on h, however we believe that this is
not a restriction since a continuous prior would imply that for every value of h, one would
need to compute the eigenpairs (uj , λj) of the Laplacian corresponding to h. Obtaining a
result which would hold for a continuous prior on h, or for empirical Bayes procedure, where
optimization with respect to h is performed, is not straightforward since it would necessitate

to prove the concentration lemma 15 uniformly over h ∈ (h0, h1)ε
1/β
n .

Notice that our posterior contraction rates in Theorems 3 4 6 5 & 7 are all impacted by
a power of lnN : this can be large, for instance if N grows exponentially with n. However
under the mild assumption N ≤ nB, B > 0 this factor become a power of lnn which
is typically considered small from an asymptotic viewpoint, ignoring the multiplicative
constant. Extending our results to the case N >> nB for all B > 0 would require more
work, but we believe that in this case the proof strategy of Sanz-Alonso and Yang (2022)
could be adapted.

14
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3.3 Approximation result

All three theorems 3, 4 5, 7 & 6 are proved using approximation results of f0 in the graph
spectral domain, but since the smoothness assumption f0 ∈ Cβ (M) is only formulated at
the continuous level this is a non trivial task. To prove that f0 can be well approximated
by an element of span(u1, · · · , uJ) we first find an approximation of f0 (as a function on V )
by an element of the form e−tLft for some explicit ft, with high probability with respect
to the sampling distribution of the covariates x1:N . Then we show that the projection of
e−tLft onto span(u1, · · · , uJ) is close to e−tLft and thus to f0.

Theorem 11. Let β > 0, f0 ∈ Cβ (M), assume that hn satisfies assumption 2 and define
for t > 0

ft =

k∑

l=0

1

l!
(tL)l f0, ft : V → R,

where k = ⌈β/2⌉ − 1. Then

1. If 0 < β ≤ 1, there exists a constant C(β, f0) we have

∥∥f0 − e−tLft
∥∥
L∞(ν)

≤ C (β, f0) th
β−2
n

2. if β > 1, p0 ∈ Cβ−1 (M) then for any H > 0 there exists a constant C(H,β, f0, p0,M),
such that

P0

(
∥∥f0 − e−tLf0

∥∥
L∞(ν)

> C (H,β, f0, p0,M)

(
t

h2n

)k+1
[
hβn +

(
lnN

Nhdn

)1/2

hn

])
≤ N−H

The proof of Theorem 11 is given in Section 4.1.

Interestingly, when β > 1,

hβn ≥ hn

√
lnN

Nhdn
, ⇔ hn ≥

(
lnN

N

) 1
2(β−1)+d

which is—up to the lnN term—the condition required by Theorem 6 in Green, Balakrish-
nan, and Tibshirani (2021) in the case N = n. Although the proof techniques are very
different, in both cases this condition is used to bound deviations of Lf around its mean.

To prove that f0 can be well approximated by a function of the form f =
∑Jn

j=1 zjuj for

some choice of truncation Jn, we now show that e−tLft is close to pJn(e
−tLft), its L2 (ν)

projection onto span(u1, · · · , uJn). Since we are able to lower bound the eigenvalues of L
with high probability, thanks to the exponential factor e−tL this is actually straightforward.

Theorem 12. Let β > 0, f0 ∈ Cβ (M) , hn satisfying assumption 2 and Jn ∈ {1, . . . , N}
satisfying Jn ≥ lnκN, κ > d. Let ft : V → R be defined by

ft =
k∑

l=0

1

l!
(tL)l f0,
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where k = ⌈β/2⌉ − 1. Then there exists c > 0 such that with t = cλ−1
Jn

lnN and ε̃n(Jn, hn)
the rate

ε̃n(Jn, hn) = (lnN)⌈β/2⌉max

(
1,
J
−2/d
n lnN

h2n

)k+1(
hβn + 1β>1

(
lnN

Nhdn

)1/2

hn

)

we have

1. If 0 < β ≤ 1 : there exists a constant C(β, f0, ρ) such that

∥∥f0 − pJn
(
e−tLft

)∥∥
L∞(ν)

≤ C(β, f0)ε̃n(Jn, hn)

2. If β > 1, p0 ∈ Cβ−1 (M) , H > 0 : for some constant C(H,β, p0, f0,M, ρ)

P0

(∥∥f0 − pJn
(
e−tLft

)∥∥
L∞(ν)

≥ C(H,β, p0, f0,M)ε̃n(Jn, hn)
)
≤ N−H

The proof of Theorem 12 is given in Section 4.2.
Both theorem 11 & 12 are useful results in their own rights, and can be used to design

and study the convergence properties of frequentist estimators, as we have done in Theorem
5.

4 Main proofs

In this Section we present the proofs of Theorems 11 and 12. To control the approximation
of f0 by e−tLft we introduce a deterministic approximation of the operator Lf . More
precisely, recall that

Lf =
1

µxh2

∑

y∼x
f(x)− f(y).

By analogy this leads us to the following definition :

Definition 13. For every f ∈ C (M) and h > 0 we define

Thf(x) =
1

h2P0(BRD(x, h))

∫

BRD (x,h)∩M
(f(x)− f(y)) p0(y)µ(dy)

where P0 (BRD(x, h)) =
∫
BRD (x,h)∩M p0(y)µ(dy).

Th acts as a second order nonlocal differential operator and is a deterministic approxi-
mation of the operator L as shown in Lemma 15 below.

4.1 Proof of theorem 11

By a Taylor expansion of t 7→ e−λt (with λ ≥ 0) we have

1 = e−λt
k∑

l=0

(λt)l

l!
+Rk(t)
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where the remainder is given by

Rk(t) =
1

k!

∫ 1

0
(λxt)k+1 e−λxt

dx

x

Hence by (finite dimensional) functional calculus we find

f0 = e−tLft +
1

k!

∫ 1

0
(xtL)k+1 e−xtLf0

dx

x

Therefore, for all x ∈ V , using
∥∥e−tL

∥∥
L∞(ν)

= 1, we bound

∥∥f0 − e−tLft
∥∥
L∞(ν)

≤ 1

k!

∫ 1

0

∥∥∥(xtL)k+1 e−xtLf0
∥∥∥
L∞(ν)

dx

x
=

1

k!

∫ t

0

∥∥∥(sL)k+1 e−sLf0
∥∥∥
L∞(ν)

ds

s

≤ 1

k!

∫ t

0

∥∥∥(sL)k+1 f0

∥∥∥
L∞(ν)

ds

s
=

∥∥∥(tL)k+1 f0

∥∥∥
L∞(ν)

(k + 1)!
.

We now bound
∥∥∥(tL)k+1 f0

∥∥∥
L∞(ν)

, considering the three cases: β ≤ 1, 1 < β ≤ 2 and

β > 2.

� If β ≤ 1 then the result is trivial as

|(tL) f0(x)| = t

∣∣∣∣∣
1

h2nµx

∑

y∼x
f0(x)− f0(y)

∣∣∣∣∣ ≲ ∥f0∥Cβ(M) th
β−2
n .

� If 1 < β ≤ 2, we have

∥tLf0∥L∞(ν) ≤t ∥Lf0 − Thnf0∥L∞(ν) + t ∥Thnf0∥L∞(ν) .

Then lemma 14 implies

∥Thnf0∥L∞(M) ≤ C(β, p0) ∥f0∥Cβ(M) h
β−2
n

and Lemma 15 implies that for any H > 0 there exists M0 > 0 such that

P0

(
∥Lf0 − Thnf0∥L∞(ν) > M0

(
lnN

N

)1/2

h−(1+d/2)
n

)
≤ N−H .

Hence, for some C(H,β, f0, p0) > 0

P0

(
∥∥h2nLf0

∥∥
L∞(ν)

> C(H,β, p0, f0)

((
lnN

N

)1/2

h1−d/2n + hβn

))
≤ N−H .

� When β > 2 we use an inductive argument. We have shown that for k = ⌈β/2⌉−1 = 0,
if f ∈ Cβ, ∥∥h2nLf

∥∥
L∞(ν)

≤ C0(H,β, f0, p0,M)[hβn +∆n(f)]
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where P0

(
|∆n(f)| > M0

(
lnN
Nhdn

)1/2
hn

)
≤ N−H . Assume that for all k′ < k, if f ∈ Cβ′

with 2k′ < β′ ≤ 2(k′ + 1), then
∥∥∥(h2nLf)k

′+1
∥∥∥
L∞(ν)

≤ Ck′(H,β, p0, f0,M)[hβ
′
n +∆n,k′(f)]

where P0

(
|∆n,k′(f)| > M0

(
lnN
Nhdn

)1/2
hn

)
≤ N−H . We prove that the same holds for

k. Let f ∈ Cβ with 2k < β ≤ 2(k + 1). Since β > 2 by lemma 14 we find f1, . . . , fk
(that depend on hn) such that for all l ∈ {1, . . . , k}

∥fl∥Cβ−2l(M) ≲ ∥f∥Cβ(M) ,

∥∥∥∥∥Thnf −
k∑

l=1

h2(l−1)
n f

(l)
1

∥∥∥∥∥
L∞(M)

≤ Cl(p0,M) ∥f∥Cβ(M) h
β−2
n

Using
∥∥h2nL

∥∥
L∞(ν)

≤ 2 which holds since for any f ∈ RV and x ∈ V we have

∣∣(h2nLf
)
(x)
∣∣ =

∣∣∣∣∣
1

µx

∑

y∼x
f(x)− f(y)

∣∣∣∣∣ ≤
2 ∥f∥L∞(ν)

µx
# {y : y ∼ x} = 2 ∥f∥L∞(ν) ,

we get
∥∥∥
(
h2nL

)k+1
f0

∥∥∥
L∞(ν)

= h2n

∥∥∥
(
h2nL

)k
(Thnf0 + Lf0 − Thnf0)

∥∥∥
L∞(ν)

≤ h2n

∥∥∥
(
h2nL

)k
Thnf0

∥∥∥
L∞(ν)

+ h2n

∥∥∥
(
h2nL

)k
(Lf0 − Thnf0)

∥∥∥
L∞(ν)

≲ h2n

∥∥∥
(
h2nL

)k
Thnf0

∥∥∥
L∞(ν)

+ h2n ∥Lf0 − Thnf0∥L∞(ν)

= h2n

∥∥∥∥∥
(
h2nL

)k
(

k∑

l=1

h2(l−1)
n fl + Thnf0 −

k∑

l=1

h2(l−1)
n fl

)∥∥∥∥∥
L∞(ν)

+ h2n ∥Lf0 − Thnf0∥L∞(ν)

≤ h2n

k∑

l=1

h2(l−1)
n

∥∥∥
(
h2nL

)k
fl

∥∥∥
L∞(ν)

+ h2n2
kCl(p0,M) ∥f∥Cβ(M) h

β−2
n +∆n(f0).

Now,
∥∥∥
(
h2nL

)k
fl

∥∥∥
L∞(ν)

≤ 2l−1
∥∥∥
(
h2nL

)k−l+1
fl

∥∥∥
L∞(ν)

≤ Ck−l(H,β, p0, f0,M)[hβ−2l
n +∆n,k−l(f)]

so that for all f ∈ Cβ
∥∥∥
(
h2nL

)k+1
f
∥∥∥
L∞(ν)

≤ h2n

k∑

l=1

Ck−l(∥f∥Cβ , p0,M)h2(l−1)
n hβ−2l

n

+
k∑

l=0

Ck−l(∥f∥Cβ , p0,M)∆n,k−l(f0)

≤ C ′(β, f0, p0,M)[hβn +∆n,k(f)]
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where P0

(
|∆n,k(f)| > M0

(
lnN
Nhdn

)1/2
hn

)
≤ N−H for M0 large enough. This con-

cludes the inductive argument. Therefore

∥∥f0 − e−tLft
∥∥
L∞(ν)

≤ C ′(H,β, f0, p0,M)

(
t

h2n

)k+1

[hβn +∆n,k(f0)],

where P0

(
|∆n,k(f0)| > M0

(
lnN
Nhdn

)1/2
hn

)
≤ N−H .

4.2 Proof of Theorem 12

We bound
∥∥f0 − pJn

(
e−tLft

)∥∥
L∞(ν)

by showing that
∥∥e−tLft − pJn

(
e−tLft

)∥∥
L∞(ν)

is small,

using a lower bound on the eigenvalues λ′js given by lemma 32 : since hn satisfies assumption
2, choosing h− = hn in the definition of AN , together with Lemma 32, we have that

λ
(hn)
j ≥ b3j

2/d for all b1 ln
dN ≤ j ≤ t0(hn) = b h−d

n

lnd/2N
, so that since lnκN ≤ J with κ > d,

we have λJ = λ
(hn)
J ≥ b3J

2/d when J ≤ b h−d
n

lnd/2N
:= J̄n.

Moreover, because the λ′js are ordered we have

∀J ≥ J̄n, λJ ≥ λ⌊J̄n⌋ ≥ b3b
2/d h

−2
n

lnN

Therefore

∥∥f0 − pJ
(
e−tLft

)∥∥
L∞(ν)

≤
∥∥f0 − e−tLft

∥∥
L∞(ν)

+

∥∥∥∥∥∥
∑

j>J

〈
uj |e−tLft

〉
L2(ν)

uj

∥∥∥∥∥∥
L∞(ν)

=
∥∥f0 − e−tLft

∥∥
L∞(ν)

+

∥∥∥∥∥∥
∑

j>J

e−tλj ⟨uj |ft⟩L2(ν) uj

∥∥∥∥∥∥
L∞(ν)

≤
∥∥f0 − e−tLft

∥∥
L∞(ν)

+
∑

j>J

e−tλj
∣∣∣⟨uj |ft⟩L2(ν)

∣∣∣ ∥uj∥L∞(ν)

≤
∥∥f0 − e−tLft

∥∥
L∞(ν)

+ ∥ft∥L2(ν) e
−tλJ

∑

j>J

∥uj∥L∞(ν)

By lemma 18 we have max1≤j≤N ∥uj∥L∞(ν) ≤ N and therefore

∥∥f0 − pJ
(
e−tLft

)∥∥
L∞(ν)

≲
∥∥f0 − e−tLft

∥∥
L∞(ν)

+N2 ∥ft∥L2(ν) e
−tλJ

Moreover, since ft =
∑k

l=0
1
l! (tL)

l f0 and
∥∥h2nL

∥∥
L(L∞(ν))

≤ 2 we get

∥ft∥L∞(ν) ≤ e2
(
t

h2n

)k
∥f0∥L∞(M) ,

which implies

∥∥f0 − pJ
(
e−tLft

)∥∥
L∞(ν)

≲
∥∥f0 − e−tLft

∥∥
L∞(ν)

+N2e2
(
t

h2n

)k
e−tλJ .
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Thus for any K > 0, choosing t = cλ−1
J lnN for c > 0 large enough yields

∥∥f0 − pJ
(
e−tLft

)∥∥
L∞(ν)

≲
∥∥f0 − e−tLft

∥∥
L∞(ν)

+N−K .

Finally we bound
∥∥f0 − e−tLft

∥∥
L∞(ν)

using Theorem 11 which gives us for K > 0 large

enough and arbitrarily large H > 0

P0

(∥∥f0 − pJ
(
e−tLft

)∥∥ > C(H,β, f0, p0,M)ε̃n
)
≤ N−H

where

ε̃n =

(
t

h2n

)⌈β/2⌉(
hβn + 1β>1

(
lnN

Nhdn

)1/2

hn

)
≲
(
λ−1
J lnN

h2n

)⌈β/2⌉(
hβn + 1β>1

(
lnN

Nhdn

)1/2

hn

)

≲





(
J−2/d lnN

h2n

)⌈β/2⌉(
hβn + 1β>1

(
lnN
Nhdn

)1/2
hn

)
if J ≤ J̄n

(lnN)2⌈β/2⌉
(
hβn + 1β>1

(
lnN
Nhdn

)1/2
hn

)
if J > J̄n

which concludes the proof.

4.3 Lemmas 14 and 15

Below we present two Lemmas which control the terms ∆n(f) together with the behaviour
of Thf .

Lemma 14. Let aM, C0, h+ the constants defined in Appendix A and B. Then

1. If 0 < β ≤ 2, h ≤ πaM
C0

, f ∈ Cβ (M) (with the additional assumption p0 ∈
Cβ−1 (M) if 1 < β ≤ 2), then ∥Thf∥L∞(M) ≲ ∥f∥Cβ(M) h

β−2

2. If β > 2, f ∈ Cβ (M) , p0 ∈ Cβ−1 (M) , h ≤ h+, then there exists
(
g
(l)
h

)k
l=1

, g
(l)
h ∈

Cβ−2l (M) such that

∥∥∥g(l)h
∥∥∥
Cβ−2l(M)

≲ ∥f∥Cβ(M) ,

∥∥∥∥∥Thf −
k∑

l=1

h2(l−1)g
(l)
h

∥∥∥∥∥
L∞(M)

≲ ∥f∥Cβ(M) h
β−2

Lemma 15. Let hn > 0 satisfying assumption 2. Then

� If f ∈ Cβ (M) , 0 < β ≤ 1 we have

∥Lf∥L∞(ν) ≲ hβ−2
n , ∥Thnf∥L∞(M) ≲ hβ−2

n

� If f ∈ C1 (M) then any H > 0 there exists M0 > 0 such that

P0

(
∥Lf − Thnf∥L∞(ν) > M0

(
lnN

N

) 1
2

h−(1+d/2)
n

)
≤ N−H

The proofs of both lemmas are provided in Sections C.1 and C.2 respectively.
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4.4 Proof of Theorems 4 and 7

We now show how to extend the posterior contraction rates in terms of ∥f − f0∥n obtained
in Theorems 3 and 6 to rates in terms of ∥f − f0∥N .

As in van der Vaart and van Zanten (2011); Rosa, Borovitskiy, Terenin, and Rousseau
(2023) where a posterior contraction rate with respect to the empirical ∥f − f0∥n norm
is used to show a contraction rate with respect to the continuous L2 norm, we will use a
concentration inequality : indeed, by exchangeability the variables (xi)

n
i=1 can be considered

as sampled uniformly without replacement from the full sample (xi)
N
i=1, and therefore the

quantity ∥f − f0∥2n = 1
n

∑n
i=1 (f(xi)− f0(xi)) is close to its mean 1

N

∑N
i=1 (f(xi)− f0(xi)) =

∥f − f0∥2N . We make this informal argument rigorous below.

We start by the non adaptive case, i.e the proof of theorem 4. Since hn ≥ (lnN)s n
− 1

2β+d

, it satisfies assumption 2, and since h−d
n

lnτ1 N ≤ Jn ≤ h−d
n

lnτ2 N , τ1 ≥ τ2 > 2d, Theorem 3 implies
that, for some C > 0

Π [∥f − f0∥n > Cεn(Jn, hn)|Xn, Jn, hn]
P∞
0−−−→

n→∞
0

where ϵn(Jn;hn) is given by (5). Note that the choice of Jn implies that

εn(Jn, hn) =

√
Jn lnN

n
+

(
J
−2/d
n lnN

h2n

)⌈β/2⌉(
hβn + 1β>1

(
lnN

Nhdn

)1/2

hn

)

Let

fn = pJn
(
e−tnLftn

)
, ftn =

⌈β/2⌉−1∑

l=0

(tnL)l f0
l!

, tn = cλ−1
Jn

lnN, c > 0.

Then Theorem 12 implies that for some c > 0 and any H > 0, choosing C large enough,

P0

(
∥fn − f0∥L∞(ν) ≤ Cεn(Jn, hn)

)
= 1 +O(N−H).

Now if M > C, then on {∥fn − f0∥L∞(ν) ≤ Cεn} = Vn,

Π [∥f − f0∥N > Mεn(Jn, hn)|Xn, Jn, hn] (8)

≤Π [∥f − fn∥N > (M − C) εn(Jn, hn)|Xn, Jn, hn]
≤ Π [∥f − fn∥n > (C + 1) εn(Jn, hn)|Xn, Jn, hn] (9)

+ Π

[
∥f − fn∥N > (M − C) εn(Jn, hn) ≥

M − C

C + 1
∥f − fn∥n |Xn, Jn, hn

]
. (10)

Since

∥f − fn∥n ≤ ∥f − f0∥n + ∥f0 − fn∥L∞(ν) ≤ ∥f − f0∥n + Cεn(Jn, hn),

we have on Vn

Π [∥f − fn∥n > (C + 1) εn(Jn, hn)|Xn, Jn, hn] ≤ Π [∥f − f0∥n > εn(Jn, hn)|Xn, Jn, hn] = oP0(1).
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Hence it remains to bound the second term of the right hand side of (8). For this notice
that a consequence of the proof of Theorem 35 (see Ghosal and van der Vaart, 2007) is that
there exists c′ > 0 such that

P0

[
Dn ≤ e−c

′nεn(Jn,hn)2
]
= o(1), Dn =

∫

ΣJn

eℓn(f)−ℓn(f0)dΠ(f |Jn, hn)

where ℓn(f) is the log-likelihood at f . As a consequence,

E0

[
Π

[
∥f − fn∥N ≥ M − C

C + 1
∥f − fn∥n |Xn, Jn, hn

]]

≤o(1) + ec
′nε2n(Jn,hn)E0

[∫

ΣJn

1∥f−fn∥N>M−C
C+1

∥f−fn∥n1∥f−fn∥n<(C+1)ϵne
ℓn(f)−ℓn(f0)dΠ(f |Jn, hn)

]

≤o(1) + ec
′nε2n(Jn,hn)E0

∫

f∈ΣJn

1∥f−fn∥N>M−C
C+1

∥f−fn∥nΠ(df)

where the last expectation is now only with respect to the distribution of x1:N . Notice
that by exchangeability of the xi’s, for any permutation τ ∈ SN the set of permuta-

tions of {1, . . . , N} we have (xi)
N
i=1

(d)≡
(
xτ(i)

)N
i=1

and therefore, writing ∥f − fn∥2τ,n =
1
n

∑n
i=1

(
f(xτ(i))− fn(xτ(i))

)2
,

E0

∫

f∈ΣJn

1∥f−fn∥N>M−C
C+1

∥f−fn∥nΠ(df) = E0

∫

f∈ΣJn

1∥f−fn∥N>M−C
C+1

∥f−fn∥τ,nΠ(df).

Hence

E0

∫

f∈ΣJn

1∥f−fn∥N>M−C
C+1

∥f−fn∥nΠ(df)

=
1

N !

∑

τ∈SN

E0

∫

f∈ΣJn

1∥f−fn∥N>M−C
C+1

∥f−fn∥τ,nΠ(df)

=Eτ∼U(SN )E0

∫

f∈ΣJn

1∥f−fn∥N>M−C
C+1

∥f−fn∥τ,nΠ(df)

=E0

∫

f∈ΣJn

Pτ∼U(SN )

(
∥f − fn∥N >

M − C

C + 1
∥f − fn∥τ,n

)
Π(df).

Define for i = 1, . . . , N , Wi = (f(xi)− fn(xi))
2 and W ′

i =
(
f(xτ(i))− fn(xτ(i))

)2
. Then

given (xi)
N
i=1 , (W ′

i )
n
i=1 is a uniform sampling without replacement from (Wi)

N
i=1. Hoeffd-

ing’s lemma for random variables sampled without replacement from a finite population
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(see Hoeffding, 1963) then yields, for M = 3C + 2 > C

Pτ∼U(SN )

(
∥f − fn∥N >

M − C

C + 1
∥f − fn∥τ,n

)

=Pτ∼U(SN )

(
1

N

N∑

i=1

W 2
i >

4

n

n∑

i=1

W ′2
i

)

=Pτ∼U(SN )

(
−3

4

1

N

N∑

i=1

W 2
i >

1

n

n∑

i=1

W ′2
i − 1

N

N∑

i=1

W 2
i

)

=Pτ∼U(SN )

(
−1

n

n∑

i=1

W ′2
i +

1

N

N∑

i=1

W 2
i >

3

4

1

N

N∑

i=1

W 2
i

)

≤ exp

(
− 3n ∥f − fn∥2N
2 ∥f − fn∥2L∞(ν)

)
.

Using theorem 34 yields, on Vn ∩ AN (which is an event of probability tending to 1), with

h− = hn and if b4 ≤ Jn ≤ b5
t
−d/2
0

ln3d/2N
(where t0 = 64h2n ln

(
2c−Nhdn

)
)

∀f ∈ ΣJn ,
∥f − fn∥2N

∥f − fn∥2L∞(nu)

≥ e−1a−1
3 b

−d/2
6 J−1

n ln−3d/2N.

Note that since by assumption h−d
n

lnτ1 N ≤ Jn ≤ h−d
n

lnτ1 N , τ1 ≥ τ2 > 2d, then b4 ≤ Jn ≤
b5

t
−d/2
0

ln3d/2N
. All in all we get

E0

[
Π

[
∥f − fn∥N > (M − C) εn ≥ M − C

C + 1
∥f − fn∥n |Xn, Jn, hn

]]

≤ o(1) + ec
′nε2n(Jn,hn)E0

[
1AN∩Vn

∫

f∈ΣJn

exp

(
− 3n ∥f − fn∥2N
2 ∥f − fn∥2L∞(ν)

)
Π(df)

]

≤ o(1) + ec
′nε2n(Jn,hn)E0

∫

f∈ΣJn

exp

(
− 3nJ−1

n

2ea3b
d/2
6 ln3d/2N

)
Π(df)

= o(1) + exp

(
c′nε2n(Jn, hn)−

3nJ−1
n

2ea3b
d/2
6 ln3d/2N

)
.

Moreover
J−1
n ln−3d/2N ≥ hdn ln

τ2−3d/2N

and by definition of εn(Jn, hn) we have

ε2n(Jn, hn) ≲
Jn lnN

n
+

(
J
−2/d
n lnN

h2n

)2⌈β/2⌉

h2βn ≤ h−dn ln1−τ2 N
n

+ h2βn ln2⌈β/2⌉(1+2τ1/d)N.

But since by assumption hn ≥ (lnN)s n
− 1

2β+d for some s ∈ R and β > d/2, this actually
implies nJ−1

n ln−3d/2N >> nε2n(Jn, hn), which concludes the proof.
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The proof of the adaptive case, i.e of theorem 7, is fairly similar. Again, we use Theorem
6, so that there exists C > 0

E0 (Π [∥f − f0∥n > Cεn|Xn]) = o(1).

where εn = n−β/(2β+d)(lnN)
(2τ+d)⌊β/2⌋−β(τ+2β/d)

2β+d .
Moreover, since by assumption on ΠJ for any Jn, k we have Π [J > kJn] ≲ e−a2kJn , the

remaining mass Theorem (see Ghosal and van der Vaart, 2017, chap. 8) together with our
prior thickness result 36 yields, for some k > 0

Π [J > kJn|Xn]
P∞
0−−−→

n→∞
0

for Jn = nε2n.
Therefore, a similar proof as in the non adaptive case above leads to the upper bound:

on Vn ∩AN ,

Π [∥f − f0∥N > Mεn|Xn]

≤oP0(1) + ec
′nε2n(Jn,hn)

∑

J≤kJn
E0

∫

f∈ΣJ

exp

(
− 3n ∥f − fn∥2N
2 ∥f − fn∥2L∞(ν)

)
dΠ(f |F )ΠJ(J)

for some c′ > 0. Moreover, since by construction Π−almost surely we have J ≤ h−d

lnτ/dN
,

τ > 2d, we can still apply theorem 34 to get on Vn ∩AN ,

Π [∥f − f0∥N > Mεn|Xn]

≤ oP0(1) + ec
′nε2n

∑

J≤kJn
E0

∫

f∈ΣJ

exp

(
− 3nJ−1

2ea3b
d/2
6 ln3d/2N

)
dΠ(f |J)ΠJ(J)

≤ oP0(1) + ec
′nε2n

∑

J≤kJn
exp

(
− 3nJ−1

2ea3b
d/2
6 ln3d/2N

)

≤ oP0(1) + Jn exp

(
c′nε2n −

3nJ−1
n

2ea3b
d/2
6 ln3d/2N

)

= oP0(1) + exp

(
c′nε2n −

3

2eka3b
d/2
6

ε−2
n ln−3d/2N

)

Given the expression of εn and since β > d/2, the right hand side is oP0(1), which concludes
the proof of the adaptive case.
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Appendix A. Regularity assumption on the manifold and definition of
the Hölder spaces

In this section we give details on the regularity of the submanifold M and the definition of
the Hölder spaces. It is usually assumed in Riemannian geometry that the manifolds are
C∞−smooth but here our results also apply for manifolds with finite Hölder regularity if
the latter is large enough, hence we precise our notations and recall some general facts. We
assume that M to be a d−dimensional Cα compact and connected submanifold of RD in
the following sense : we can find a family (φi,Ui)i∈I such that (Ui)i∈I is an open cover of M
(that is, each Ui is an open set of M and M = ∪i∈IUi), φi : φ−1

i (Ui) ⊂ Rd → Ui ⊂ M ⊂ RD
is injective, of class Cα, α ≥ 1 and its differential dφi : Rd → RD is everywhere injective
(hence φi is a Cα immersion). Since M is compact we can assume without loss of generality
that I is finite, but the regularity results below stay true in the general case, at least locally.

The geodesics on the submanifold are defined as the curves γ(t) on M satisfying the
geodesics equation : in local coordinates y = φ−1(γ) (we drop the subscript i for conve-
nience) it takes the form

∀k = 1, . . . , d, ÿk + Γkij ẏ
iẏj = 0

where the Christoffel symbols are defined by

Γkij =
1

2
gkl (∂igjl + ∂jgil − ∂lgij)

Here both the metric tensor g, its inverse
(
gkl
)
and the Christoffel symbols depend on

the point γ(t) = φ(y(t)). Moreover, with
(
∂i :=

∂φ
∂yi

)d
i=1

the coordinates vector fields and

φ =
(
φl
)D
l=1

, the metric tensor is given by the Gram matrix

∀p ∈ M, gij(p) = ⟨∂i|∂j⟩TpM =

D∑

l=1

∂φl

∂yi
(φ−1(p))

∂φl

∂yj
(φ−1(p)) =

(
∂φ

∂yi

)T ( ∂φ
∂yj

)(
φ−1(p)

)

and at p = γ(t)

∂lgij =
∂ (gij ◦ φ)

∂yl
(y(t)) =

[
∂

∂yl

D∑

k=1

∂φk

∂yi
∂φk

∂yj

]
(y(t))

Hence for each i, j, k, Γkij is a Cα−2 Hölder function of y(t). Therefore by standard ODE
theory, if α ≥ 3 existence and uniqueness of geodesics t 7→ γx,v(t) defined on maximal

intervals and such that φ(y(0)) = γx,v(0) = x, ∂φ∂y (φ
−1(x))ẏ(0) = γ′x,v(0) = v for arbitrary

x ∈ M, v ∈ TxM is guaranteed. Moreover the flow (x, v, t) 7→
(
γx,v(t), γ

′
x,v(t)

)
is of class

Cα−2, in the sense that

(y0, ẏ0, t) 7→
(
γ
φ(y0),

∂φ
∂y

(y0)ẏ0
(t), γ′

φ(y0),
∂φ
∂y

(y0)ẏ0
(t)

)

is of class Cα−2 on its domain. In particular the exponential map defined as expx(v) = γx,v(1)
for all ∥v∥TxM < rx (the injectivity radius of M at x) is in this sense of class Cα−2 on its
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domain, as seen as a function with values in RD. Since M is compact it has a positive
global injectivity radius rM := infx∈M rx and therefore for any x ∈ M the exponential
map expx is well defined from BTxM (0, rM) to M and is a diffeomorphism onto its image.
Moreover, by compactness of M the Hopf-Rinow theorem implies that for each x ∈ M the
exponential map expx is actually defined on the whole of TxM (while obviously no longer
being guaranteed to be injective). Hence by the above, for any i ∈ I the following map

(
φ−1
i (Ui)× Rd → RD

(y0, ẏ0) 7→ expφi(y0)

(
∂φi

∂y (y0)ẏ0

)
)

is of class Cα−2.

Finally let us define the different Hölder spaces over M used in the paper. Let (χi)i∈I
be a partition of the unity subordinated to the open cover (Ui)i∈I . We say that f : M → R
is of class Cβ (β-Hölder) on M if f ◦ φi : φ−1

i (Ui) → R is of class Cβ for any i ∈ I. For
a finite dimensional vector space V we say that f : M → V is of class Cβ (β-Hölder) on
M if T ◦ f ◦ φi : φ−1

i (Ui) → R is of class Cβ for any i ∈ I and linear form T ∈ V ∗.
Equivalently the coordinates of f in any choice of basis of V are all of class Cβ. We also
define C∞ (M) = ∩β≥0Cβ (M). Furthermore we define the Cβ norm of f by ∥f∥Cβ(M) =

maxi∈I
∥∥(χif) ◦ φ−1

i

∥∥
Cβ(Ui)

. The definition of the Hölder space Cβ (M, V ) can be seen to

be independent of the chosen family (φi,Ui, χi)i∈I as long as α ≥ β ∨ 1, with equivalence of
the resulting Hölder norms.

Recall that we can always define regular local orthonormal frames on TM : on Ui simply
apply the Gram-Schmidt orthonormalization algorithm to the coordinates vector fields x 7→
∂φ
∂yi

, which gives a family
(
eji

)
i∈I,j=1,...,d

of orthonormal vector fields whose components in

local coordinates are rational functions of the components of the coordinates vector fields
∂φi

∂yi
. As φi : φ

−1
i (Ui) ⊂ Rd 7→ Ui ⊂ RD is Cα−1, the maps: x ∈ φ−1

i (Ui) ⊂ Rd 7→ eji (x) ∈
Ui ⊂ RD are all Cα−1. Moreover by construction the function ω 7→ ψi(x, ω) :=

∑
j ωje

j
i (x) is

a linear isometry from ∈ Rd to TxM for each x ∈ Ui where Rd is equipped with its standard
Euclidean structure and TxM its inner product induced by the metric.

In particular if α− 2 ≥ β ∨ 1 ⇐⇒ α ≥ (β + 2) ∨ 3 then any f ∈ Cβ (M) satisfies

sup
x∈Ui

∥f ◦ expx (ψi(x, ·))∥Cβ(BRd (0,rM)) = sup
x∈Ui

∥∥∥∥∥∥
∑

j

(χjf) ◦ expx (ψi(x, ·))

∥∥∥∥∥∥
Cβ(BRd (0,rM))

≤
∑

j

sup
x∈Ui

∥(χjf) ◦ expx (ψi(x, ·))∥Cβ(BRd (0,rM))

=
∑

j

sup
x∈Ui

∥∥∥((χjf) ◦ φj) ◦
(
φ−1
j ◦ expx (ψi(x, ·))

)∥∥∥
Cβ(BRd (0,rM))

≲ max
j

∥(χjf) ◦ φj∥Cβ(Uj)

∑

j

sup
x∈Ui

∥∥∥φ−1
j ◦ expx (ψi(x, ·))

∥∥∥
Cβ(BRd (0,rM),φ−1

j (Ui))
≲ ∥f∥Cβ(M) ,

the last step using resulting from the compactness of M, finiteness of I and the fact that
α− 2 ≥ β. We will use this property in our approximation results.
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We recall that we assume α ≥ (β + 3)∨ 6. This is for technical reasons that will appear
later in the proofs.

We finish this section by showing a differential geometry lemma that will be useful for
the proofs of the results in section 3 : very roughly speaking, this lemma states that for small
h we can find a function t = th(x, v) of x ∈ M, v ∈ TxM such that ∥expx(thv)− x∥RD = h,
and that moreover this function can be written as th = 1+ h2sh where sh is Hölder regular
and has bounded derivatives of order less than α−5, even when h is close to 0. First, recall
that the radius of curvature (see Bernstein et al.) aM of M is positive by compactness of
M.

Lemma 16. There exists r′M > 0 such that for each x ∈ M, v ∈ TxM, ∥v∥ = 1
the function r 7→ ∥expx(rv)− x∥ is increasing on [0, r′M] and satisfies ∥expx(rv)− x∥2 ≥
r2

4 , r ∈ [0, r′M].

As a consequence for any h ∈ [0,
r′M
2 ] there is a unique t = th(x, v) ∈ [0, h−1r′M] satisfy-

ing ∥expx(thv)− x∥ = h. Moreover th (x, v) ∈ [1, 1 + π3h2

192a2M
] and there exists h+ > 0 such

that

max
k∈Nd,|k|≤α−5

sup
i∈I

y∈φ−1
i (Ui)

0<h<h′+
∥v∥Tφi(y)

M=1

∣∣∣∣∣
∂|k|

∂yk

(
th(φi(y), v)− 1

h2

)∣∣∣∣∣ < +∞

Proof We have for r < rM,

∂

∂r
∥expx(rv)− x∥2RD

=2 ⟨d expx(rv)v| expx(rv)− x⟩RD

=2 ⟨v + d expx(rv)v − v|rv + expx(rv)− x− rv⟩RD

=2 ⟨v|rv⟩RD + 2 ⟨d expx(rv)v − v|rv⟩RD + 2 ⟨expx(rv)− x− rv|v⟩RD

+ 2 ⟨d expx(rv)v − v| expx(rv)− x− rv⟩RD

=2r +O
(
r2
)

where the last equality uses

expx(rv)− x− rv = rd expx(0)v − rv +O(r2) = O(r2),

d expx(rv)v − v = d expx(0)v − v +O(r2) = O(r2).

By compactness of M and since (x, v) 7→ expx(v) ∈ Cα−3, α ≥ 3 this implies that

sup
0<r<rM
x∈M

∥v∥TxM=1

∣∣∣ ∂∂r ∥expx(rv)− x∥2RD − 2r
∣∣∣

r2
< +∞,

In particular there exists r = r′M > 0 such that for any r ∈ [0, r′M] we have

∀x ∈ M, ∀v ∈ TxM, ∥v∥TxM = 1,
∂

∂r
∥expx(rv)− x∥2RD ≥ r

2
.
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As a consequence, the function r 7→ ∥expx(rv)− x∥2RD is increasing on [0, r′M] and so is
r 7→ ∥expx(rv)− x∥RD . Moreover by integrating we get

∀r ∈ [0, r′M], ∥expx(rv)− x∥2RD ≥ r2

4
,

so that, if h ∈ [0,
r′M
2 ], then r = 2h ∈ [0, r′M] and ∥expx(rv)− x∥2RD ≥ (2h)2

4 = h2. By
continuity and strict monotonicity there exists a unique r = rh(x, v) ∈ [0, 2h] solution of
∥expx(rv)− x∥ = h on [0, r′M]. Defining th(x, v) = h−1rh(x, v) gives the first part of the
statement.

Let i ∈ I, x ∈ Ui, ω ∈ Rd, ∥ω∥ = 1 and consider the Taylor expansion (justified
since α ≥ 5 and exp ∈ Cα−2)

expx(thψi(x, ω))

=x+ thψi(x, ω) +
t2h2

2
d2 expx(0).ψi(x, ω) + h3

∫ t

0

(t− s)2

2
d3 expx(shψi(x, ω))ψi(x, ω)

3ds.

Changing of variables with y ∈ φ−1
i (Ui) , x = φi(y), we then have

F (y, t)

:=h−2 ∥expx(thψi(x, ω))− x∥2 − 1

=h−2

∥∥∥∥thψi(x, ω) +
t2h2

2
d2 expx(0).ψi(x, ω) + h3

∫ t

0

(t− s)2

2
d3 expx(shψi(x, ω))ψi(x, ω)

3ds

∥∥∥∥
2

− 1

=

∥∥∥∥tψi(x, ω) +
t2h

2
d2 expx(0).ψi(x, ω) + h2

∫ t

0

(t− s)2

2
d3 expx(shψi(x, ω))ψi(x, ω)

3ds

∥∥∥∥
2

− 1

Therefore we have
F (y, t) = t2 − 1 + h2G(y, t)

where, with

A = tψi(x, ω), B =
t2

2
d2 expx(0).ψi(x, ω), C =

∫ t

0

(t− s)2

2
d3 expx(shψi(x, ω))ψi(x, ω)

3ds

we have defined

G(y, t) = Gi,h,ω(y, t) = 2h−1 ⟨A|B⟩+ 2 ⟨A|C⟩+ ∥B∥2 + 2h ⟨B|C⟩+ h2 ∥C∥2

Moreover, since ∥tψi(x, ω)∥2 = t2 and d2 expx(0).ψi(x, ω) ∈ NxM (as the second derivative
at time 0 of the geodesic t 7→ expx (tψi(x, ω))) this implies ⟨A|B⟩ = 0 and therefore

G(y, t) = 2 ⟨A|C⟩+ ∥B∥2 + 2h ⟨B|C⟩+ h2 ∥C∥2

Furthermore since the exponential map is of class Cα−2 we see that G is of class Cα−5 and
that

M := max
i∈I

(k,l)∈Nd+1

|k|+l≤α−5

sup
y∈φ−1

i (Ui)
1≤t≤1+π

2
0<h<r′M/2

∥ω∥=1

∣∣∣∣∣
∂|k|+lG
∂y|k|∂tl

∣∣∣∣∣ < +∞.

28



Gaussian Regression on Random Geometric Graphs

Differentiating yields
∂F

∂y
= h2

∂G

∂y
,
∂F

∂t
= 2t+ h2

∂G

∂t
.

Also, notice that 1 ≤ th(x, v) ≤ 1+ π3h2

192a2M
∧ π

2 : indeed, without loss of generality r′M ≤ πaM
and therefore if h ≤ r′M/2 then for t = th(x, v) ∈ [0, 2] we have th = ρ (x, expx(thψi(v))) ≤
r′M ≤ πaM and

2

π
th =

2

π
ρ(x, expx(thψi(x, ω))) ≤ ∥expx(thψi(x, ω))− x∥ = h ≤ ρ(x, expx(thψi(x, ω))) = th

=⇒ 1 ≤ th(x, v) ≤
π

2
.

Reusing this gives

th− (th)3

24a2M

=ρ (x, expx(thψi(x, ω)))−
ρ (x, expx(thψi(x, ω)))

3

24a2M
≤∥expx(thψi(x, ω))− x∥
=h ≤ ρ (x, expx(thψi(x, ω)))

=th,

which implies

1 ≤ th(x, v) ≤ 1 +
t3h2

24a2M
≤ 1 +

π3h2

192a2M
.

In particular, using α ≥ 6

sup
i∈I

y∈φ−1
i (Ui)

0<h<r′M/2
∥v∥T

φ−1
i

(y)
M=1

∣∣∂F
∂t (φ

−1
i (y), th(φ

−1
i (y), v))− 2th(φ

−1
i (y), v)

∣∣
h2

= sup
i∈I

y∈φ−1
i (Ui)

0<h<r′M/2
∥v∥T

φ−1
i

(y)
M=1

∣∣∣∣
∂G

∂t

(
y, th(φ

−1
i (y), v)

)∣∣∣∣

≤M < +∞

Since 2th(x, v) ≥ 2, there exists 0 < h+ ≤ r′M/2 such that for any i ∈ I, h ≤ h+, x ∈
Ui, ∥v∥TxM = 1 we have ∂F

∂t ̸= 0. Hence the implicit function theorem implies that

y 7→ th(φi(y), v) is smooth on φ−1
i (Ui) with differential given by

∂

∂y
th(φi(y), v) = −

∂F
∂y

∂F
∂t

= −
h2 ∂G∂y

2th(φi(y), v) + h2 ∂G∂t
∈ L

(
Rd,R

)
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To conclude notice first that since th(x, v) ∈ [1, 1 + π3h2

192a2M
] we have, setting sh(x, v) =

th(x,v)−1
h2

sup
x∈M

0<h<r′M/2
∥v∥TxM=1

|sh(x, v)| ≤
π3

192a2M

Moreover for the derivatives we get, for any y ∈ φ−1
i (Ui)

∂

∂y
sh(φi(y), v) = h−2 ∂

∂y
th(φi(y), v) = −h−2

h2 ∂G∂y

2th(φi(y), v) + h2 ∂G∂t

= −
∂G
∂y

2th(φi(y), v) + h2 ∂G∂t
= −

∂G
∂y

2 + 2h2sh(φi(y), v) + h2 ∂G∂t
.

Hence for any y ∈ φ−1
i (Ui) , ∥v∥Tφi(y)

M = 1, 0 < h < h′+ = h+ ∧M−1/2

∀1 ≤ j ≤ d,

∣∣∣∣
∂

∂yj
sh(φi(y), v)

∣∣∣∣ =

∣∣∣ ∂G∂yj
∣∣∣

∣∣2th(φi(y), v) + h2 ∂G∂t
∣∣ ≤

M

2− h2M
≤M

In the same way by induction we can prove that

max
α∈Nd,|α|≤α−5

sup
i∈I

y∈φ−1
i (Ui)

0<h<h′+
∥v∥Tφi(y)

M=1

∣∣∣∣∣
∂|α|

∂yα
sh(φi(y), v)

∣∣∣∣∣ < +∞

Remark 17. We have stated our lemma with r′M such that ∥expx(rv)− x∥2 ≥ r2

4 for any
r ∈ [0, r′M], but more generally for any c ∈ (0, 1) we could have found r′M,c > 0 such that

r ∈ [0, r′M,c] implies ∥expx(rv)− x∥2 ≥ c2r2.

Appendix B. Geometrical and analytical properties of the random graph

In this section we prove/recall useful facts on the graph coming from geometrical properties
of the manifold.

We start by a simple but useful property satisfied by the graph Laplacian eigenvectors :

Proposition 18. For any h > 0, j ∈ {1, . . . , N} we have ∥uj∥L∞(ν) ≤ N .

Proof For all x ∈ V we have νx = µx∑
y∈V µy

≥ 1
N2 , which implies

∀x ∈ V, uj(x)
2 ≤ 1

νx

∑

y∈V
uj(y)

2νy =
1

νx
∥uj∥2L2(ν) =

1

νx
≤ N2
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As we will see below, we actually have νx ≍ N−1 on a high probability event, so that
the result of proposition 18 could actually be improved to max1≤j≤N ∥uj∥L∞(ν) ≲

√
N , but

this would not improve the final rates anyway.
In the next subsections we will be discussing various properties of the random geometric

graph, namely volume regularity, on diagonal heat kernel bounds, Weyl type upper and
lower bounds on the graph Laplacian eigenvalues and finally a norm comparison theorem.
These properties will be used in the proof of Theorems 3,4,6 & 7. More precisely, the proof
of the Kullback-Leibler prior mass condition (Lemma 36, which is then subsequently used in
the proof of Theorems 3 & 6) uses a lower bound on the eigenvalues of the graph Laplacian
L(hn) for a determined hn (the one appearing in the statements of Theorems 3 & 6). To
prove contraction rates with respect to ∥ · ∥N (Theorems 4 & 7), we combine the results for
∥·∥n together with Lemma 34, which states an inequality of the form : with P0−probability
going to 1

∀h− ≤ h ≤ h0, J0 ≤ J ≤ J1h
−d, f ∈ span {u1, . . . , uJ} , ∥f∥L∞(ν) ≲

√
J∥f∥L2(ν)

(11)
for some constants h0, J0, J1 > 0, up to logarithmic factors, as long as h− satisfies assump-
tion 2. To prove theorem 7 (adaptive posterior contraction rates with respect to ∥ · ∥N ) we
use inequality 11 for any h in the support of the posterior distribution. Thus in this section
we analyse the properties of the random graph associated to the connectivity parameter h
for h belonging to [h−, h0]. Note that these properties will also be used in the proof of the
other results but for a specific value hn in [h−, h0].

B.1 Volume regularity

In this subsection we establish a volume regularity property for the random geometric graph
: roughly speaking, with high probability, for every suitable r, h and geodesic ball of radius
r we have ν(h) (B) ≍ rd. To start with notice that since M is compact it has a positive
radius of curvature aM and in particular by lemma 3 in Bernstein, de Silva, Langford, and
Tenenbaum for any x, y ∈ M with ρ(x, y) ≤ πaM we find

2

π
ρ(x, y) ≤ 2aM sin (ρ(x, y)/2raM) ≤ ∥x− y∥ ≤ ρ(x, y) (12)

and, using sin (ρ/2aM) ≥ ρ
2raM

− 1
6

(
ρ

2aM

)3
,

ρ(x, y)− ρ(x, y)3

24a2M
≤ ∥x− y∥ ≤ ρ(x, y).

Moreover the set M2\
{
(x, y) ∈ M2 : ρ(x, y) < πaM

}
is compact with respect to the topol-

ogy inherited from the Euclidean distance or equivalently the geodesic distance. Hence
the function (x, y) 7→ ρ(x,y)

∥x−y∥ is bounded on M2\
{
(x, y) ∈ M2 : ρ(x, y) < πaM

}
by some

constant C0, while it satisfies ρ(x,y)
∥x−y∥ ≤ π

2 when ρ(x, y) ≤ πaM. Combining the two cases

and assuming without loss of generality C0 ≥ π
2 we find the existence of C0 > 0 such that

∥x− y∥ ≤ ρ(x, y) ≤ C0 ∥x− y∥ on M.
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Theorem 19. Let h− satisfy Assumption 2, i.e. Nhd− >> lnN , and AN be the event

AN =

{
∀i = 1, . . . , N,∀h− ≤ r ≤ diamρ (M) /C0, c−rd ≤

µ
(r)
Xi

N
≤ c+r

d

}
,

where µ
(r)
Xi

= µ(B(Xi, r)). Then, for some c−, c+, c > 0 we have P (AN ) ≥ 1 − e−cNh
d
−.

Moreover, on AN we have c−/c+
N ≤ ν

(h)
y ≤ c+/c−

N for any h− ≤ h ≤ diamρ (M) and y ∈ V .

A consequence of Theorem 19 is that on AN for all r ≥ h−, ν(h)(B(Xi, r)) ≥ rdc2−/c+
for all i ≤ N .

Proof Using

∀x ∈ M, r > 0, Bρ(x, r) ⊂ BRD (x, r) ⊂ Bρ (x,C0r) ,

Theorem 3.8 in Göbel and Blanchard (2020) implies that for some b−, b+, c > 0, for all h− ≤
r ≤ diamρ (M) /C0, diamρ (M) := maxx,y∈M ρ(x, y), i = 1, . . . , N , with probability at

least 1− e−cNh
d
−

b−rd ≤
µ
(r)
Xi

− 1

N − 1
≤ b+r

d.

Using
Nhd−
lnN → ∞ and a union bound we find that the last inequality holds simultaneously

for all i ∈ {1, . . . , N} with probability at least 1−e−cNhd− for some c > 0. To make the result

uniform in r, define rk = 2kh−, k+ = ⌊
ln

diam(M)
h−

ln 2 ⌋ ≤ c−1
M lnN (without loss of generality

for small cM, because h− >>
(
lnN
N

)1/d
). Using a union bound we find that with probability

1− (k+ + 1) e−cMNhd− ≥ 1− c−1
M lnNe−cNh

d
− , for every i = 1, . . . , N and k = 0, . . . , k+ + 1,

b−rdk ≤
µ
(rk)
Xi

− 1

N − 1
≤ b+r

d
k.

But then, for every k = 0, . . . , k++1, rk ≤ r ≤ rk+1 and i ∈ {1, . . . , N} we have (assuming
N ≥ 2)

N − 1

N

µ
(r)
Xi

− 1

N − 1
≤
µ
(r)
Xi

N
=

1

N
+
µ
(r)
Xi

− 1

N − 1

N − 1

N

=⇒ N − 1

N

µ
(rk)
Xi

− 1

N − 1
≤
µ
(r)
Xi

N
≤ 1

N
+
µ
(rk+1)
Xi

− 1

N − 1

N − 1

N

=⇒ 1

2

µ
(rk)
Xi

− 1

N − 1
≤
µ
(r)
Xi

N
≤ 1

N
+
µ
(rk+1)
Xi

− 1

N − 1

=⇒ 1

4
b−rdk+1 =

1

2
b−rdk ≤

µ
(r)
Xi

N
≤ 1

N
+ b+r

d
k+1 =

1

N
+ 2b+r

d
k

=⇒ 1

4
b−rd ≤

µ
(r)
Xi

N
≤hd + 2b+r

d =⇒ 1

4
b−rd ≤

µ
(r)
Xi

N
≤ (2b+ + 1) rd.
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Therefore, using again
Nhd−
lnN → ∞ with probability 1 − e−cNh

d
− , for every i = 1, . . . , N and

h− ≤ r ≤ diamρ (M),

1

4
b−rd ≤

µ
(r)
Xi

N
≤ (2b+ + 3) rd,

which proves the first statement with c− = 1
4b−, c+ = 2b+ + 3. The second statement is an

immediate consequence of the first one. Indeed, using again

∀x ∈ M, r > 0, Bρ(x, r) ⊂ BRD (x, r) ⊂ Bρ (x,C0r)

we get for any y ∈ V and h− ≤ h ≤ diamρ (M) /C0,,

c−/c+
N

=
c−Nrd

c+N2rd
≤ ν(h)y =

µ
(h)
y∑

x∈V µ
(h)
x

≤ c+Nr
d

c−N2rd
=
c+/c−
N

.

In what follows we take h0 ≤ diamρ (M) , r0 ≤ diamρ (M) /C0 (that we will actually
reduce along the proof) and we fix h− satisfying assumption 2 in order to work on the
corresponding AN .

B.2 Heat kernel bounds

The goal of this section is to show the following result : we consider AN and h− as defined
in Theorem 19.

Theorem 20. There exist constants a0, a1, a2, a3, h0 > 0 (that also depend on M, p0) such
that, on AN , for all h− ≤ h ≤ h0 and t0(h) := a0h

2 ln
(
Nhd

)
≤ t ≤ a1

ln2N

∀x ∈ V, a2
t−d/2

lndN
≤ p

(h)
t (x, x) ≤ a3t

−d/2.

This result is a very weak form (it is often called an ”on diagonal” upper bound) of
the heat kernel bound used in Castillo, Kerkyacharian, and Picard (2014); Coulhon, Kerky-
acharian, and Petrushev (2012) over continuous spaces, but fortunately will be enough for
our purposes. It is potentially possible to apply further techniques in Barlow (2017) and

get full off diagonal bounds (i.e, bounds on p
(h)
t (x, y), x ̸= y) yielding a Gaussian type be-

haviour of the heat kernel, but we won’t need this. It should be noted that the restriction
t ≳ h2 (up to a logarithmic factor) for the heat kernel bound to be valid substantially
complicates the analysis of the situation. Indeed, if instead we could prove the bound for
every 0 < t ≤ a1

ln2N
then we could conduct our analysis by combining the techniques from

Coulhon and Sikora (2008); Coulhon, Kerkyacharian, and Petrushev (2012), our approxi-
mation results and the proof strategy of Castillo, Kerkyacharian, and Picard (2014). Since
we require t ≳ h2 ln

(
Nhd

)
with h not arbitrarily small (otherwise our approximation results

1112 become vacuous) this is not possible and we have to prove things differently.
As in section 2, we emphasize the dependence of the graph (and in particular the graph

Laplacian, the heat kernel and its eigendecomposition) with respect to h with a (h) expo-
nent. While the notation become heavier, this is important to keep in mind as theorem 20
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deals with a high probability control of the heat kernels associated with different values of
h simultaneously.

B.2.1 On diagonal upper bound up to t1

Lemma 21. With AN , c−, c+ the event and constant defined in Theorem 19 we have, on
AN

∀h− ≤ h ≤ diamρ (M) , t ≥ 16h2 ln
(
2c−Nhd

)
, x, y ∈ V, p

(h)
t (x, y) ≤ 2

c+
c−
h−d

Proof Recall that for all x ∈ V, t > 0, νyp
(h)
t (x, y) = P(h)

x (Wt = y). On the event AN

we have ν
(h)
y ≥ c−

c+N
for any h− ≤ h ≤ h0, which implies

∀x, y ∈ V, p
(h)
t (x, y) ≤ c+

c−
NP(h)

x (Wt = y) =
c+
c−
N
∑

l≥0

P
(
Nt/h2 = l

)
P(h)
x (Yl = y)

where the last equality uses the independence of N and Y . Moreover, using Lemma 5.13
(e) from Barlow (2017) we find

∀ρ ≥ 2, P
(
Nρ ≤

ρ

2

)
≤ P

(
|Nρ − ρ| ≥ ρ

2

)
≤ 2e−ρ/16

which implies for any x, y ∈ V ,

p
(h)
t (x, y) ≤c+

c−
NP(h)

x (Wt = y)

≤c+
c−
N



2e−t/16h

2
+

∑

l≥t/2h2
P
(
Nt/h2 = l

)
P(h)
x (Yl = y)





≤c+
c−
N

{
2e−t/16h

2
+ sup

l≥1
P(h)
x (Yl = y)

}

For each l ≥ 1 we have P(h)
x (Yl = y) = E(h)

x

[
P(h)
x (Yl = y|Yl−1)

]
, and given Yl−1 the prob-

ability of going from Yl−1 to Yl = y is by definition 0 (if Yl−1 and y are not neighbours)

or 1

µ
(h)
x

(if Yl−1 and y are neighbours). In either case on AN we have µ
(h)
x ≥ c−Nhd which

implies

∀x, y ∈ V, p
(h)
t (x, y) ≤ c+

c−
N

{
2e−t/16h

2
+

1

c−Nhd

}
.

All in all on AN we get

∀h− ≤ h ≤ h0, t ≥ 16h2 ln
(
2c−Nhd

)
, x, y ∈ V, p

(h)
t (x, y) ≤ 2

c+
c−
h−d.
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The goal is now, roughly speaking, to refine the inequality p
(h)
t (x, y) ≲ h−d to p(h)t (x, y) ≲

t−d/2 (up to a logarithmic factor) by using the approach of Barlow (2017). This requires a
local Poincare inequality, i.e an inequality of the form:

∀x ∈ V, r ∈ [r−, r+], B = Bρ (x, r) , f : B → R,

∑

y∈B
(f(y)− fB) ν

(h)
y ≤ Cr2

∑

x,y∈B,y∼x
(f(x)− f(y))2 , where fB =

∑
y∈B f(y)ν

(h)
y

ν(h)(B)
.

where the constants r−, r+, C need to be controlled. Göbel and Blanchard (2020) provide a
way to prove such an inequality using the construction of random Hamming paths, however
we give below a detailed application of their results to our setting in order to control the
dependence of the constant C of the inequality in the parameters N,h.

Theorem 22. Poincare inequality
Let A′

N =
{
G(h−) is connected

}
. Then there exist constants

r0 = r0 (M) , h0 = h0 (M) , C = C (M) > 0

such that on AN , for any x ∈ V, 0 < r < r0, h− ≤ h < h0 and f : B = Bρ (x, r) → R,
on AN ∩A′

N we have

∑

y∈B
(f(y)− fB) ν

(h)
y ≤ C

(r/h)2

N2hd

∑

z∈B,y∈B,y∼x
(f(z)− f(y))2

where fB =
∑

y∈B f(y)ν
(h)
y /ν(h)(B). Moreover, P0 (AN ∩A′

N ) ≥ 1−e−cNhd− for some c > 0.

Proof Let h− > 0 and AN , A
′
N defined accordingly. The event AN ∩ A′

N satisfies

P0 (AN ∩A′
N ) ≥ 1 − e−cNh

d
− for some c > 0, see remark 23 below. For any h ≥ h−, x ∈

V, B = Bρ (x, r), Corollary 5.6 in Göbel and Blanchard (2020) shows that

∀f : B → R,
∑

y∈B
(f(y)− fB) ν

(h)
y ≤ κ̃Br

2
∑

z∈B,y∈B,y∼x
(f(z)− f(y))2

where

κ̃B =
maxz∈B ν(h)(y)2

2ν(h) (B)
lmax

(
Γ̃B

)
bmax

(
Γ̃B

)

and lmax

(
Γ̃B

)
, bmax

(
Γ̃B

)
are quantities defined in Göbel and Blanchard (2020). Notice

that Göbel and Blanchard (2020) requires connectedness of the subgraph restricted to B.
This is shown in remark 23 below.

By following the proof of Corollary 5.13 in Göbel and Blanchard (2020) we find the
existence of C = C (M, p0) , r0 = r0 (M) , h0 = h0 (M) > 0 such that on AN , for any
0 < r < r0, x ∈ V, B = Bρ (x, r)

lmax

(
Γ̃B

)
≤ Ch−1, bmax

(
Γ̃B

)
≤ Ch−(d+1)
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(in Göbel and Blanchard (2020) the result is proved with high probability over a single ball,
but an inspection of the proof shows that the only thing needed is a control of the number
of points in the balls on the graph for different values of r and h, which is precisely what
AN is for as shown in lemma 19, hence the uniformity). This shows the desired inequality

∑

y∈B
(f(y)− fB) ν

(h)
y ≲ (r/h)2

N2hd

∑

z∈B,y∈B,x∼y
(f(z)− f(y))2

Remark 23. We show the following simple result : if h− satisfies assumption 2 then the
probability that the resulting random geometric graph G(h−) is connected (i.e the probability
of the event A′

N ) converges to 1. In particular, by monotonicity the probability that all
random geometric graphs with connectivity parameter h ≥ h− are connected converges to 1
as well.

Indeed, since M is connected, consider {y1, . . . , yp} an h/8−net of M with respect to
the Euclidean distance ∥·∥. By standard arguments and compactness of M we can assume
that p = O(h−d). Then the event

A′
n = {∀l, ∃il, ∥yl − xil∥ < h/8}

satisfies

P
(
(A′

n)
c
)
≲ p

(
1− chd

)N
= O

(
1

hd
e−c8

−dNhd
)

≲ e−c
′Nhd

for some c′ > 0 by assumption 2. Here c > 0 is small enough such that
∫
BRD (x,h) p0(x)µ(dx) ≥

chd for all x ∈ M (c exists since p0 ≥ pmin > 0).
Moreover by connectedness of M (which implies path connectedness since M is a sub-

manifold of RD) for each i, j ∈ {1, . . . , N} there exists a continuous path c : [0, 1] → M
with c(0) = xi, c(1) = xj. Hence for each t ∈ [0, 1] there exists l(t) ∈ {1, . . . , p} such that∥∥c(t)− yl(t)

∥∥ < h/8, and therefore on A′
n for each t ∈ [0, 1] there exists it = il(t) such that

∥c(t)− xit∥ ≤
∥∥c(t)− yl(t)

∥∥+
∥∥∥yl(t) − xil(t)

∥∥∥ < h/4

By continuity of c, this implies the existence of K ≥ 1 and 1 ≤ ik ≤ N for k = 1, . . . ,K
such that

∥∥xik − xik+1

∥∥ ≤ h/2 for any 1 ≤ k < K and such that c(0) = xi ∼ xi1 , c(1) =
xj = xiK . Therefore the path xi, xi1 , . . . , xiK−1 , xj connects xi and xj in the graph which
implies connectedness on the event A′

n.
Notice that this is a very basic and coarse result about connectivity and more generally

connected components of random geometric graphs. More details and results can be found
in Penrose (2003).

With the Poincare inequality 22 we can now apply the proof strategy of Barlow (2017).
We first prove an upper bound of the form

∀x, y ∈ V, p
(h)
t (x, y) ≲ t−d/2

for t ≳ h2 ln
(
Nhd

)
(up to a logarithmic factor) but less than a random time t1 = t1(x, h)

that we shall lower bound adequately later.
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Lemma 24. There exists h0 = h0|M,p0 , K = KM,p0 , K ′ = K ′
M,p0

> 0 such that, on
AN , for every h− ≤ h ≤ h0, x0 ∈ V , with the random times

t1(x, h) = inf
{
t > 0 : p

(h)
2t (x, x) ≤ K ′

}

and
t1(h) = min

x∈V
t1(x, h),

we have, with t0(h) = 64h2 ln
(
2c−Nhd

)
,

∀h− ≤ h < h0, t ∈ [t0(h), 2t1(h)], x, y ∈ V, p
(h)
t (x, y) ≤ Kt−d/2.

Proof First consider the case x = y. Take x0 ∈ V and let ϕ(t) = p
(h)
2t (x0, x0) =∑

x∈V ft(x)
2ν

(h)
x , ft(x) = p

(h)
t (x0, x). Then since ν

(h)
y Lyx = ν

(h)
x Lxy, d

dtft = −Lft we
have

−ϕ′(t) = 2 ⟨ft|Lft⟩L2(ν) =
1

µ (V )h2

∑

x∼y
(ft(x)− ft(y))

2 ≥ 1

c+N2hd+2

∑

x∼y
(ft(x)− ft(y))

2 ,

where we have used theorem 19 to bound µ(V ) ≤ c+N
2hd. This proves that ϕ is non-

increasing. Taking a covering of V by balls Bi = Bρ (xi, r) , h− ≤ r ≤ diamρ (M) /C0

given by lemma 25 below, since each xi belongs to at most M = 3d (c+/c−)
3 of the balls we

have

−ϕ′(t) ≥ 1

c+N2hd+2

∑

x∼y
(ft (x)− ft (y))

2 ≥ 1

c+MN2hd+2

∑

i

∑

x∼y∈Bi

(ft (x)− ft (y))
2 .

On AN , if h− < r < r0 , h− ≤ h < h0 and using Theorem 22 in each of the balls we find

−ϕ′(t) ≥ r−2

MCc+

∑

i

∑

x∈Bi

(
ft(x)− ft|Bi

)2
ν(h)x .

Defining ν
(h)
Bi

=
ν
(h)
|Bi

ν(h)(Bi)
the normalised restriction of ν(h) to Bi and V ar (X) = EX2−(EX)2

we get

−ϕ′(t) ≥ r−2

MCc+

∑

i

∑

x∈Bi

(
ft(x)− ft|Bi

)2
ν(h)x

=
r−2

MCc+

∑

i

ν(h) (Bi)
∑

x∈Bi

(
ft(x)− ft|Bi

)2
ν
(h)
Bi

(x)

=
r−2

MCc+

∑

i

ν(h)(Bi)




∑

x∈Bi

ft(x)
2ν

(h)
Bi

(x)−


∑

x∈Bi

ft(x)ν
(h)
Bi

(x)




2


=
r−2

MCc+

∑

i




∑

x∈Bi

ft(x)
2νx − ν(h) (Bi)


∑

x∈Bi

ft(x)ν
(h)
Bi

(x)




2
 .
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But the balls form a covering of V , therefore

−ϕ′(t) ≥ r−2

MCc+




∑

x∈V
ft(x)

2νx −
∑

i

ν(h) (Bi)


∑

x∈Bi

ft(x)ν
(h)
Bi

(x)




2
 .

We have ∑

x∈V
ft(x)

2ν(h)x = ϕ(t)

and, still on AN

∑

i

ν(h) (Bi)


 ∑

xj∈Bi

ft(xj)ν
(h)
Bi

(xj)




2

=
∑

i

ν(h) (Bi)
−1


 ∑

xj∈Bi

ft(xj)ν
(h)
xj




2

≤
∑

i

c+
c2−
r−d


 ∑

xj∈Bi

ft(xj)ν
(h)
xj




2

≤ c+
c2−
r−d


∑

i

∑

xj∈Bi

ft(xj)ν
(h)
xj




2

=
c+
c2−
r−d


∑

xj∈V
ft(xj)ν

(h)
xj

∑

i:xj∈Bi

1




2

≤c+
c2−
r−d


∑

xj∈V
ft(xj)ν

(h)
xj M




2

=
M2c+
c2−

r−d

where h− ≤ r ≤ r0, h− ≤ h ≤ h0 and we have used Theorem 19 to bound ν(h) (Bi) ≥
rdc2−/c+. Hence

−ϕ′(t) ≥ r−2

MCc+

{
ϕ(t)− c+M

2

c2−
r−d
}
,

as long as h− ≤ r ≤ r0, h− ≤ h ≤ h0. Let r = r(t) =
(
ϕ(t)
K

)−1/d
, K = 2c+M

2/c2− ∨
2c+/c−. Define t1(x, h) the random time

t1(x, h) = inf {t ≥ 0 : r(t) ≥ r0} = inf
{
t ≥ 0 : ϕ(t) ≤ Kr−d0

}
, t1(h) = inf

x
t1(x, h);

now, using Lemma 21 and since K ≥ 2c+/c−

∀t ≥ t0(h)/2, ϕ(t) ≤ 2c+
c−

h−d ≤ Kh−d ≤ Kh−d− ,

which in turns implies that r(t) ≥ h−. Moreover by definition of t1(h) we have

∀t ≤ t1, ϕ(t) ≥ Kr−d0 so that r(t) ≤ r0.

Therefore h− ≤ r(t) ≤ r0 whenever t0(h)/2 ≤ t ≤ t1(h).
Then on AN we obtain

∀t ∈ [t0(h)/2, t1(h)], −ϕ′(t) ≥ (ϕ(t)/K)2/d

MCc+

1

2
ϕ(t) =

1

2MCK2/dc+
ϕ(t)1+2/d.
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Integrating yields, for any t1(h) ≥ t ≥ t0(h)/2

[
d

2
ϕ−2/d

]t

t0(h)/2

≥ 1

2MCK2/dc2+
(t− t0(h)/2) ≥

t

4MCK2/dc2+

which implies in particular

d

2
ϕ(t)−2/d ≥ d

2
ϕ (t0(h)/2)

−2/d +
t

4MCK2/dc2+
≥ t

4MCK2/dc2+

i.e

∀t ∈ [t0(h)/2, t1(h)], ϕ(t) ≤
(
MCc2+K

2/d

dt

)d/2
.

To conclude we apply Cauchy-Schwarz inequality to find

∀x, y ∈ V, pt(x, y) =
N∑

j=1

e−tλjuj(x)uj(x)

≤




N∑

j=1

e−tλjuj(x)2




1/2


N∑

j=1

e−tλjuj(y)2




1/2

=
√
pt(x, x)pt(y, y)

≤max
x∈V

pt(x, x)

Lemma 25. For all h− ≤ h ≤ h0, h ≤ r ≤ r0, on AN there exists a covering of V by
balls Bρ (xi, r) such that the balls Bρ (xi, r/2) are disjoints and each xi belongs to at most
3d (c+/c−)

3 balls Bρ (xj , r).

Proof Take a maximal packing (Bρ (xi, r/2)). Then the balls Bρ (xi, r/2) cover V : indeed,
if there exists xj ∈ V such that ρ (xi, xj) ≥ r for all i, then this contradicts the maximal
packing property by considering the ball Bρ (xj , r/2). Moreover if y ∈ V belong to M of
the balls Bρ (xi, r) (and we may assume without loss of generality that these balls are those
corresponding to i = 1, . . . ,M), using theorem 19 we have

Mc2−
c+N

(r/2)d ≤M min
i
ν (Bρ (xi, r/2)) ≤

M∑

i=1

ν (Bρ (xi, r/2)) = ν

(
M⊔

i=1

Bρ (xi, r/2)

)

≤ν
(
M⊔

i=1

Bρ (y, 3/2r)

)
= ν (Bρ (y, 3/2r)) ≤

c2+
c−N

(3/2r)d ,

which implies the result.
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B.2.2 Escape from the origin for the Markov process Wt

In this section we find an upper bound on the quantities m(t, x) = E(h)
x [ρ (x,Wt)]. Let

q(t, x) = E(h)
x

[
ln p

(h)
t (x,Wt)

]
= −∑y∈V p

(h)
t (x, y) ln p

(h)
t (x, y)ν

(h)
y as well as M(s, x) =

m(st0, x)/
√
t0, Q(s, x) = q(st0, x), t0(h) = 64h2 ln

(
2c−Nhd

)
.

Lemma 26. For all x ∈ V ,

1.

∀t > 0, q′(t, x) ≥ 1

4C2
0

m′(t, x)2, and ∀s ≥ 1, Q′(s, x) ≥ 1

4C2
0

M ′(s)2

2. On AN we have

∀1 ≤ s ≤ t1(h)/t0(h), Q(s, x) ≥ −
(
lnK − d

2
ln (st0(h))

)
=
d

2
ln s+

d

2
ln t0(h)−lnK

3.
1 +M(s, x) ≥ e−

e+1
ed eQ(s)/d

Proof

1. Let ft(y) = p
(h)
t (x, y), bt(y, z) = ft(y) + ft(z). Throughout the proof we write

m(t),M(t), q(t), Q(t) in place of m(t, x),M(t, x), q(t, x), Q(t, x) and t0 = t0(h) for
shortness sake. We have

|m′(t)|

=

∣∣∣∣∣∣
∂

∂t

∑

y∈V
ρ (x, y) ft(y)ν

(h)
y

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑

y∈V
ρ (x, y) (Lft) (y)ν(h)y

∣∣∣∣∣∣

=
∣∣∣⟨ρ (x, ·) |Lft⟩L2(ν)

∣∣∣ =
∣∣∣∣∣

1

2h2µ (V )

∑

y∼z
(ρ(x, y)− ρ(x, z)) (ft(y)− ft(z))

∣∣∣∣∣

≤ C0

hµ (V )

∑

y∼z
|ft(y)− ft(z)| =

C0

hµ (V )

∑

y∼z

|ft(y)− ft(z)|
|ft(y) + ft(z)|1/2

(ft(y) + ft(z))
1/2

≤ C0

hµ (V )

{∑

y∼z

(ft(y)− ft(z))
2

ft(y) + ft(z)

}1/2{∑

y∼z
(ft(y) + ft(z))

}1/2

=
C0

hµ (V )

{∑

y∼z

(ft(y)− ft(z))
2

ft(y) + ft(z)

}1/2

{2µ (V )}1/2 = C0

√
2

hµ (V )1/2

{∑

y∼z

(ft(y)− ft(z))
2

ft(y) + ft(z)

}1/2

.

Now using the inequality (page 157 in Barlow (2017))

∀u, v > 0,
(u− v)2

u+ v
≤ (u− v) (lnu− ln v)

We find

m′(t)2 ≤ 2C2
0

h2µ (V )

∑

y∼z
(ft(y)− ft(z)) (ln ft(y)− ln ft(z))
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On the other hand

q′(t) =
∂

∂t

∑

y∈V
−ft(y) ln ft(y)ν(h)y

=−
∑

y∈V

{
(−Lft) (y) ln ft(y) + ft(y)

(−Lft) (y)
ft(y)

}
ν(h)y

=
∑

y∈V
(Lft) (y) {1 + ln ft(y)} ν(h)y

=
1

2h2µ (V )

∑

y∼z
(ft(y)− ft(z)) (ln ft(y)− ln ft(z))

Hence

q′(t) ≥ 1

4C2
0

m′(t)2

To conclude we use the fact that Q′(s) = t0q
′(st0), M ′(s) = m′(st0)

√
t0 which

implies via t = st0

q′(t) ≥ 1

4C2
0

m′(t)2 and Q′(s) ≥ t0
4C2

0

[
M ′(s)/

√
t0
]2

=
1

4C2
0

M ′(s)2

2. Using lemma 24, for any h− ≤ h ≤ h0, x, y ∈ V

∀1 ≤ s ≤ t1(h)/t0, pst0(x, y) ≤ K (st0)
−d/2 .

Therefore

∀1 ≤ s ≤ t1(h)/t0, Q(s) ≥ −
(
lnK − d

2
ln (st0)

)
=
d

2
ln s+

d

2
ln t0 − lnK

3. Let a ≤ 1, b ≥ 0. Then

−Q(s) + aM(s) + b =Ex
[
ln p

(h)
st0

(x,Wst0) + aρ (x,Wst0) /
√
t0 + b

]

=
∑

y∈V
ν(h)y p

(h)
st0

(x, y)
{
ln p

(h)
st0

(x, y) + aρ (x, y) /
√
t0 + b

}

Using the inequality u (lnu+ λ) ≥ −e−1−λ and setting a = (1 +M(s))−1 , b =
d ln (1 +M(s)) we find

−Q(s) + aM(s) + b =
∑

y∈V
ν(h)y p

(h)
st0

(x, y)
{
ln p

(h)
st0

(x, y) + aρ (x, y) /
√
t0 + b

}

≥−
∑

y∈V
exp

{
−1− aρ (x, y) /

√
t0 − b

}
ν(h)y

=− e−1−b∑

y∈V
exp

{
−aρ (x, y) /

√
t0
}
ν(h)y

≥− e−1−b∑

y∈V
ν
(h)
t = −e−1−b ≥ −e−1.
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Hence

−Q(s) + 1 + d ln (1 +M(s)) ≥ −Q(s) +
M(s)

1 +M(s)
+ d ln (1 +M(s)) ≥ −e−1

and rearranging yields

1 +M(s) ≥ e−
e+1
ed eQ(s)/d

Lemma 27. There exists c = cM,p0,d such that, on AN we have, for every h− ≤ h ≤ h0
and t0(h) ≤ t ≤ t1(h)

m(t, x) ≤ c lnN
√
t, ∀x ∈ V

Proof We follow the proof of Lemma 6.13 in Barlow (2017) (it is stated for s ≥ 1, but
the same proof remains valid for 1 ≤ s ≤ t1(h)/t0). As done in the previous computations
we drop x in the notations m(t, x),M(t, x), q(t, x), Q(t, x). From Lemma 26 we bound
M ′(s) ≤ 2C0

√
Q′(s) and defining r(s) = 1

d

(
Q(s) + lnK − d

2 ln (st0(h))
)
≥ 0, we bound

∀1 ≤ s ≤ t1(h)/t0(h),

e−
e+1
ed K−1/d

√
st0(h)e

r(s) ≤1 +M(s)

≤1 +M(1) + 2C0

√
d

∫ s

1

(
r′(σ) +

1

2σ

)1/2

dσ

≤1 + C0

√
t0(h)/h+ 2C0

√
2ds (1 + r(s))

=1 + 8C0

√
ln (2c−Nhd) + 2C0

√
2ds (1 + r(s))

where we have used the bound

m(t0) = E(h)
x [ρ(x,Wt0(h))] ≤ C0hE(Nt0(h)/h2) =

C0t0(h)

h
.

Dividing by
√
s ≥ 1 we get

{
e−

e+1
ed K−1/d

√
t0

}
er(s) ≤ 1 +M(s)√

s
≤
(
1 + C0

√
64 ln (2c−Nhd)

)
+ 2C0

√
2d (1 + r(s))

In particular, weakening the constants we find c that depend on d,K,C0, c− such that

er(s) ≤ ct
−1/2
0

(
1 +

√
ln (Nhd) + r(s)

)
⇐⇒ e

1+
√

ln(Nhd)+r(s)

1 +
√

ln (Nhd) + r(s)
≤ cet

−1/2
0 exp

(√
ln (Nhd)

)

⇐⇒ e
1
2

(
1+

√
ln(Nhd)+r(s)

)

1
2

(
1 +

√
ln (Nhd) + r(s)

)

︸ ︷︷ ︸
≥2e1/2

1

2
e

1
2

(
1+

√
ln(Nhd)+r(s)

)

≤cet−1/2
0 exp

(√
ln (Nhd)

)
,
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which implies

e
1
2

(
1+

√
ln(Nhd)+r(s)

)
≤ ce1/2t0(h)

−1/2 exp

(√
ln (Nhd)

)
.

In particular

r(s) ≤ 2

{
ln
(
ce1/2

)
+ ln

(
1/
√
t0(h)

)
+
√

ln (Nhd)

}

and using t0(h) = 64h2 ln
(
2c−Nhd

)
and h− ≤ h ≤ h0 we find, for some c = cd,c−,K,C0

r(s) ≤ c

(
ln

1

h−
∨
√
lnN

)

Since h− >>
(
lnN
N

)1/d
this implies ln 1

h−
≤

√
lnN , and therefore

M(s) ≤ c lnN
√
s

B.2.3 On diagonal lower bound

In this section we set again t0 = t0(h) = 64h2 ln
(
2c−Nhd

)
.

Definition 28. For every x ∈ V and r > 0 we define the exit time τ (x, r) of the ball
Bρ(x, r) by

τ (x, r) = inf {t ≥ 0 : ρ (x,Wt) > r} = inf {t ≥ 0 :Wt /∈ Bρ(x, r)}
Lemma 29. There exists c = cM,p0,d such that on AN and with 2t0 ≤ t ≤ t1(h), r =
c lnN

√
t we have

P(h)
x (τ(x, r) ≤ t) ≤ 1

2

Proof We have, with τ = τ (x, r) , t0 ≤ t ≤ t1(h), r > 0

rP(h)
x (τ ≤ t) =rE(h)

x [1τ≤t]

≤E(h)
x

[
r1ρ(x,Wt∧τ )>r

]

≤E(h)
x [ρ (x,Wt∧τ )]

≤E(h)
x [ρ (x,W2t)] + E(h)

x [ρ (W2t,Wt∧τ )]

=E(h)
x [ρ (x,W2t)] + E(h)

x

[
E(h)
x [ρ (W2t,Wt∧τ ) |Wt∧τ ]

]

≤E(h)
x [ρ (x,W2t)] + sup

z∈V,s≤t
E(h)
z [ρ (z,W2t−s)]

Now using lemma 27 we find, as long as t0(h) ≤ t12 t1(h)

rP(h)
x (τ ≤ t) ≤m(2t, x) + sup

z∈V,s≤t
m(2t− s, z)

≤c lnN
(√

t+
√
2t− s

)
≤ c lnN

√
t
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the value of c changing from line to line. Hence by setting r = r(t) = 2c lnN
√
t we have

P(h)
x (τ(x, r) ≤ t) ≤ 1

2
.

Lemma 30. There exists c = cM,p0,d such that on AN , for any t0(h) ≤ t ≤ t1(h)∧
(

r0
c lnN

)2
we have

∀h− ≤ h ≤ h0, ∀x ∈ V, p
(h)
t (x, x) ≥ c

t−d/2

lndN

Proof We have, with τ = τ (x, r) , t0/2 ≤ t ≤ t1(h), r = r(t) from Lemma 29 and
B = Bρ (x, r)

P(h)
x (Wt /∈ B) ≤ P(h)

x (τ(x, r) ≤ t) ≤ 1

2

Hence

1

2
≤P(h)

x (Wt ∈ B) =
∑

y∈B
p
(h)
t (x, y) ν(h)y

≤
(
ν(h) (B)

)1/2

∑

y∈B
p
(h)
t (x, y)2ν(h)y




1/2

≤
(
ν(h) (B)

)1/2

∑

y∈V
p
(h)
t (x, y)2ν(h)y




1/2

=
(
ν(h) (B)

)1/2
p
(h)
2t (x, x)

1/2,

and therefore we have the inequality

p
(h)
2t (x, x) ≥

1

4ν(h) (B)
.

We now want to conclude using Theorem 19. For this we need to guarantee that

h− ≤ r(t) ≤ r0 ⇐⇒
(

h−
c lnN

)2

≤ t ≤
( r0
c lnN

)2
.

Since 2t ≥ t0 = 64h2 ln
(
2c−Nhd

)
≥ 64h2− ln

(
2c−Nhd−

)
and h− satisfies 2, we have t ≥(

h−
c lnN

)2
. Since by assumption t ≤

(
r0

c lnN

)2
, we conclude that h− ≤ r(t) ≤ r0. Hence

theorem 19 implies

ν(h) (B) ≤ c2+
c−
r(t)d

and therefore

p
(h)
2t (x, x) ≥

c−
4c2+

r(t)−d =
c−c−d

4c2+

t−d/2

lndN
.
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Lemma 31. There exists c = cM,p0,d such that on AN we have, for any h− ≤ h ≤ h0

t1(h) ≥
c

ln2N

Proof If t1(h) <
(

r0
c lnN

)2
then for any t0/2 ≤ t ≤ t1(h) using lemma 30 we have

p
(h)
2t (x, x) ≥

c−c−d

4c2+

t−d/2

lndN
.

In particular

K ′ = p
(h)
2t1(h)

(x, x) ≥ c−c−d

4c2+

t1(h)
−d/2

lndN
,

i.e.

t1(h) ≥
(
c−c−d

4c2+

K ′−1

lndN

)2/d

.

Hence

t1(h) ≥
( r0
c lnN

)2
∧
(
c−c−d

4c2+

K ′−1

lndN

)2/d

,

which concludes the proof.

B.3 Control of the Laplacian spectrum

Recall that here t0 = t0(h) = 64h2 ln
(
2c−Nhd

)
and h0 = h0|M,p0,d is a theoretical constant.

Lemma 32. There exists constants b1, b2, b3 > 0 such that, on AN , for any h− ≤ h ≤ h0

∀b1 lndN ≤ j ≤ b2t
−d/2
0 , λ

(h)
j ≥ b3j

2/d

Proof Using the inequality 1λ≤Λ ≤ e1−λ/Λ we find

#
{
1 ≤ j ≤ N : λ

(h)
j ≤ Λ

}
=

N∑

j=1

1
λ
(h)
j ≤Λ

=
N∑

j=1

1
λ
(h)
j ≤Λ

∥uj∥2N

=
N∑

j=1

1
λ
(h)
j ≤Λ

∑

x∈V
uj(x)

2νx

=
∑

x∈V





N∑

j=1

1
λ
(h)
j ≤Λ

uj(x)
2



 νx ≤

∑

x∈V





N∑

j=1

e1−λ
(h)
j /Λuj(x)

2



 νx

=
∑

x∈V
ep

(h)
Λ−1(x, x)νx

≤emax
x∈V

p
(h)
Λ−1(x, x)
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We now use theorem 20 with t = Λ−1: there exist constants a2, a3, h0 > 0 (that also
depend on M, p0) such that, on AN , for all h− ≤ h ≤ h0 and a−1

1 ln2N ≤ Λ ≤ t−1
0

∀x ∈ V, p
(h)
t (x, x) ≤ a3Λ

d/2

which implies
# {1 ≤ j ≤ N : λj ≤ Λ} ≤ ea3Λ

d/2

In particular j = 2ea3Λ
d/2 ⇐⇒ Λ = (j/2ea3)

2/d yields

λ
(h)
j > Λ = (j/2ea3)

2/d

This is valid if
a−1
1 ln2N ≤ (j/2ea3)

2/d ≤ t−1
0

which gives the result by inverting the inequality.

Lemma 33. There exist constants b4, b5, b6 > 0 such that on AN , for any h− ≤ h ≤ h0

∀b4 ≤ j ≤ b5
t
−d/2
0

ln3d/2N
, λ

(h)
j ≤ b6j

2/d ln3N

Proof As in in the proof of Lemma 3.19 in Coulhon, Kerkyacharian, and Petrushev (2012)
we start by the following inequality

e−tλ = 1[0,Λ](λ)e
−tλ +

∑

l≥0

1[2lΛ,2l+1Λ](λ)e
−tλ ≤ 1[0,Λ](λ) +

∑

l≥0

e−t2
lΛ
1[2lΛ,2l+1Λ](λ)

which holds for any t,Λ > 0. Hence

p
(h)
t (x, x) =

N∑

j=1

e−tλjuj(x)2

≤
N∑

j=1

1[0,Λ]

(
λ
(h)
j

)
uj(x)

2 +
∑

l≥0

e−t2
lΛ

N∑

j=1

1[2lΛ,2l+1Λ]

(
λ
(h)
j

)
uj(x)

2

Since for any h > 0, j = 1, . . . , N we have λ
(h)
j ≤ 2h−2 (because ∥L∥L∞(ν) ≤ 2h−2), we

can stop the sum at L ∈ N such that 2LΛ ≤ 2h−2 ≤ 2L+1Λ :

p
(h)
t (x, x) ≤

N∑

j=1

1[0,Λ]

(
λ
(h)
j

)
uj(x)

2 +

L∑

l=0

e−t2
lΛ

N∑

j=1

1[2lΛ,2l+1Λ]

(
λ
(h)
j

)
uj(x)

2.

Using theorem 20 we find, on AN and for t0 ≤ t ≤ a1
ln2N

p
(h)
t (x, x) ≥ a2

t−d/2

lndN
=⇒ a2

t−d/2

lndN
≤

N∑

j=1

1[0,Λ]

(
λ
(h)
j

)
uj(x)

2+
L∑

l=0

e−t2
lΛ

N∑

j=1

1[2lΛ,2l+1Λ]

(
λ
(h)
j

)
uj(x)

2
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We now define K ∈ N such that 2K+1Λ ≤ t−1
0 ≤ 2K+2Λ. If a−1

1 ln2N ≤ Λ ≤ t−1
0 then for

1 ≤ l ≤ K we have a−1
1 ln2N ≤ Λ ≤ 2l+1Λ ≤ t−1

0 , and therefore

K∑

l=0

e−t2
lΛ

N∑

j=1

1[2lΛ,2l+1Λ]

(
λ
(h)
j

)
uj(x)

2 ≤
K∑

l=0

e−t2
lΛ

N∑

j=1

1[0Λ,2l+1Λ]

(
λ
(h)
j

)
uj(x)

2

≤
K∑

l=0

e−t2
lΛ

N∑

j=1

e1−2−(l+1)Λ−1λ
(h)
j uj(x)

2

=ep
(h)

2−(l+1)Λ−1(x, x) ≤ ea32
d(l+1)

2 Λd/2,

which implies

a2
t−d/2

lndN
≤

N∑

j=1

1[0,Λ]

(
λ
(h)
j

)
uj(x)

2 + ea32
d/2
∑

l≥0

e−t2
lΛ
(
2lΛ
)d/2

+
N∑

j=1

L∑

l=K+1

e−t2
lΛuj(x)

2

≤
N∑

j=1

1[0,Λ]

(
λ
(h)
j

)
uj(x)

2 + ea32
d/2

N∑

j=1

(
2lΛ
)d/2

+ Le−t2
K+1Λ

N∑

j=1

uj(x)
2.

Taking the expectation of this quantity with respect to x ∼ ν and using
∑

x∈V uj(x)
2νx = 1

then yields

a2
t−d/2

lndN
≤ #

{
j : λ

(h)
j ≤ Λ

}
+ ea32

d/2t−d/2
∑

l≥0

e−t2
lΛ
(
2ltΛ

)d/2
+ LNe−t2

K+1Λ

Using an integral comparison (see Barlow, 2017, Appendix. A) we find, for any x ≥ 1

∑

l≥0

e−2lx
(
2lx
)d/2

≤ cdx
d/2−1e−x/2 ≤ cdc

′
de

−x/4, c′d = sup
x≥1

xd/2−1e−x/4 < +∞.

In particular, if t ≥ Λ−1, with c = cdc
′
d

∑

l≥0

e−t2
lΛ
(
2ltΛ

)d/2
≤ ce−tΛ/4.

Therefore we obtain : for any a−1
1 ln2N ≤ Λ−1 ≤ t ≤ t−1

0

#
{
j : λ

(h)
j ≤ Λ

}
≥t−d/2

(
a2

1

lndN
− cea32

d/2e−tΛ/4 − LNtd/2e−t2
K+1Λ

)

≥t−d/2
(
a2

1

lndN
− cea32

d/2e−tΛ/4 − LNtd/2e−tΛ
)

Let t = κΛ−1 lnN,κ > 0. Then

#
{
j : λ

(h)
j ≤ Λ

}
≥ Λd/2

lnd/2N

(
a2

1

lndN
− cea32

d/2N−κ/4 − LNΛd/2κ−d/2 (lnN)−d/2N−κ
)
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But notice that L ≤ ln(2h−1Λ−1)
ln 2 ≤ ln(2h−1

− a1(lnN)−2)
ln 2 ≲ lnN , which implies that for κ > 0

sufficiently large we find

#
{
j : λ

(h)
j ≤ Λ

}
≥ a2Λ

d/2

2 ln3d/2N

To conclude we only need to guarantee the conditions on t,Λ, κ :

t0 ≤ Λ−1 ≤ t = κΛ−1 lnN ≤ a1

ln2N
⇐⇒ κa−1

1 ln3N ≤ Λ ≤ t−1
0

i.e we have obtained

∀κa−1
1 ln3N ≤ Λ ≤ t−1

0 , #
{
j : λ

(h)
j ≤ Λ

}
≥ a2Λ

d/2

2 ln3d/2N

In particular with j = a2Λd/2

2 ln3d/2N
so that Λ = (2j/a2)

2/d ln3N we get

∀a2
2

(
κa−1

1

)d/2 ≤ j ≤ a2
2

t
−d/2
0

ln3d/2N
, λ

(h)
j ≤ (2j/a2)

2/d ln3N

This concludes the proof.

B.4 L∞ (ν)− L2 (ν) comparison theorem

Again recall that here t0 = t0(h) = 32h2 ln
(
2c−Nhd

)
.

Lemma 34. On AN , for any h− ≤ h ≤ h0 with

ΣΛ = span
{
u
(h)
j : λ

(h)
j ≤ Λ

}

we have

∀a−1
1 ln2N ≤ Λ ≤ t−1

0 , f ∈ ΣΛ, ∥f∥2L∞(ν) ≤ ea3Λ
d/2 ∥f∥2L2(ν)

Moreover, with

ΣJ = span
{
u
(h)
j : j ≤ J

}

we have

∀b4 ≤ J ≤ b5
t
−d/2
0

ln3d/2N
, f ∈ ΣJ , ∥f∥2L∞(ν) ≤ ea3b

d/2
6 J ln3d/2N ∥f∥2L2(ν)

Proof Since f ∈ ΣΛ we have 1[0,Λ] (L) (f) = f , therefore, with 1[0,Λ] (L) (x, y) the kernel

of 1[0,Λ] (L) with respect to ν(h) is given by

1[0,Λ] (L) (x, y) =
N∑

j=1

1[0,Λ]

(
λ
(h)
j

)
u
(h)
j (x)u

(h)
j (y).
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Then for any x ∈ V ,

f(x)2 =
[
1[0,Λ] (L) (f)

]
(x)2 =

[∑

y

1[0,Λ] (L) (x, y)f(y)ν(h)y

]2

≤
[∑

y

1[0,Λ] (L) (x, y)2νy
][∑

y

f(y)2ν(h)y

]
≤ ∥f∥2N max

y
1[0,Λ] (L) (x, y)2

= ∥f∥2N max
y




N∑

j=1

1[0,Λ](λj)u
(h)
j (x)u

(h)
j (y)



2

≤ ∥f∥2N max
y




N∑

j=1

1[0,Λ](λj)u
(h)
j (x)2






N∑

j=1

1[0,Λ](λj)u
(h)
j (y)2




= ∥f∥2N max
y

1[0,Λ] (L) (x, x)1[0,Λ] (L) (y, y) ≤ ∥f∥2N max
x

1[0,Λ] (L) (x, x)2

= ∥f∥2N max
x

N∑

j=1

1[0,Λ] (λj)u
(h)
j (x)2

≤ ∥f∥2N max
x

N∑

j=1

e1−λj/Λu(h)j (x)2 = ∥f∥2N max
x

ep
(h)
Λ−1(x, x)

Using theorem 20 we thus find

∀a−1
1 ln2N ≤ Λ ≤ t−1

0 , ∀f ∈ ΣΛ, ∥f∥2L∞(ν) ≤ ea3Λ
d/2 ∥f∥2L2(ν) .

Now if b4 ≤ J ≤ b5
t
−d/2
0

ln3d/2N
, lemma 33 implies f ∈ ΣΛ, Λ = b6J

2/d ln3N , which concludes
the proof.

Appendix C. Proofs of Lemmas 14 and 15

C.1 Proof of Lemma 14

We first bound Thf for β ≤ 1, then we treat the case 1 < β ≤ 2 followed by the case β > 2.
Recall that h ≤ h0 ∧ πr0/C0.
Case β ≤ 1. In this case the result is trivial since ∀x ∈ M,

|Thf(x)| =
∣∣∣∣∣

1

h2P0(BRD(x, h))

∫

BRD (x,h)∩M
(f(x)− f(y)) p0(y)µ(dy)

∣∣∣∣∣

≤h−2 sup
y∈BRD (x,h)∩M

|f(x)− f(y)| ≤ h−2 sup
y∈BRD (x,h)

∑

i∈I
|χif(x)− χif(y)|

≤h−2max
i∈I

sup
y∈BRD (x,h)

∣∣(χif ◦ ϕ−1
i )(ϕi(y))− (χif ◦ ϕ−1

i )(ϕi(y))
∣∣

≤h−2 ∥f∥Cβ(M)max
i∈I

sup
y∈BRD (x,h)

∥ϕi(y)− ϕi(x)∥β
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But since h ≤ h0, for any y ∈ BRD(x, h) ∩M we have ρ(x, y) ≤ C0 ∥x− y∥ ≤ C0h. Hence
since the functions ϕi are Lipschitz

|Thf(x)| ≤ h−2 ∥f∥Cβ(M)max
i∈I

sup
y∈Bρ(x,h)

∥ϕi(y)− ϕi(x)∥β ≲ ∥f∥Cβ(M) h
β−2

Case 1 < β ≤ 2. Recall that C0 is such that ρ(x, y) ≤ C0 ∥x− y∥ for any x, y ∈ M. Recall
that f0 ∈ Cβ (M), so that using a Taylor expansion of fx = f ◦ ϕx, with ϕx = expx (ψ(x, ·))
at some x ∈ V and for any ∥x− y∥ < h we have ρ(x, y) ≤ C0 ∥x− y∥ ≤ C0h and therefore

f0(y) = f(x) + dfx(0).ω +R(x, y)

where expx (ψ(x, ω)) = y and

max
x ̸=y∈M

|R(x, y)|
ρ(x, y)β

≲ ∥f∥Cβ(M) .

This, together with the fact that when x ∼ y then ∥x− y∥ < h, implies that

∣∣∣∣∣Thf(x)−
1

h2P0(BRD(x, h))

∫

expx ◦ϕ−1
x BRD (x,h)

dfx(0).ωpx(ω)Jx(ω)dω

∣∣∣∣∣ ≲
∥f∥Cβ hβ

h2
.

where px = p0 ◦ ϕx, Jx = |g(expx(ψ(x, ω)))|1/2. It remains to bound

1

h2P0(BRD(x, h))

∫

expx ◦ϕ−1
x BRD (x,h)∩M

dfx(0).ωpx(ω)Jx(ω)dω

For this notice that since p0 ∈ Cβ−1 (M) and Jx(ω) = 1 +O(∥ω∥2) we have

px (ω) J(ω) =
(
p0(x) +O

(
hβ−1

)) (
1 +O

(
h2
))

= p0(x) +O
(
hβ−1

)

Therefore
∫
expx ◦ϕ−1

x BRD (x,h) dfx(0).ωpx(ω)Jx(ω)dω

P0(BRD(x, h))
=

∫
expx ◦ϕ−1

x (BRD (x,h)) dfx(0).ω
(
p0(x) +O

(
hβ−1

))
dω

P0(BRD(x, h))

=p0(x)

∫
expx ◦ϕ−1

x (BRD (x,h)) dfx(0).ωdω

P0(BRD(x, h))
+O

(
∥f∥Cβ(M) h

β
)

Note that since expx ◦ϕ−1
x (Bρ(x, h)) = {ω ∈ TxM : ∥ω∥ < h} is a symmetric set, we get

∫

expx ◦ϕ−1
x (Bρ(x,h))

dfx(0).ωdω = 0,

therefore to control the first term of the right hand side of the above term, it is enough to
show that BRD(x, h) is close to Bρ(x, h).

Since h ≤ πaM
C0

, for all x, y ∈ M, ∥x− y∥ < h we have ρ(x, y) ≤ C0 ∥x− y∥ ≤
C0h ≤ πaM. Hence, using (12), ρ(x, y) − ρ(x,y)3

24a2M
≤ ∥x− y∥ ≤ ρ(x, y) . Therefore if
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y ∈ M, ∥x− y∥ < h but ρ(x, y) ≥ h then ρ(x, y) ≤ ∥x− y∥ + ρ(x,y)3

24a2M
≤ h +

C3
0

24a2M
h3. This

implies

vol ({ω : expx ◦ϕx(ω) ∈ Bρ(x, h)
c ∩BRD(x, h)}) ≤ vol

({
ω : h ≤ ∥ω∥ < h+

C3
0

24a2M
h3
})

= vol ({ω : ∥ω∥ ≤ 1})
((

h+
C3
0

24a2M
h3
)d

− hd

)
≲ hd

((
1 +

C3
0

24a2M
h2
)d

− 1

)

≤ CMhd+2

where the constant CM depends on M through aM, h0, C0 only. Therefore,
∫

expx ◦ϕ−1
x (BRD (x,h))

dfx(0).ωdω

=

∫

expx ◦ϕ−1
x (Bρ(x,h))

dfx(0).ωdω +

∫

exp−1
x (BRD (x,h)∩Bρ(x,h)c)

dfx(0).ωdω

= O
(
∥f∥Cβ(M) h

d+3
)
≤ O

(
∥f∥Cβ(M) h

d+β
)

where we have used that β ≤ 2 ≤ 3. Finally since P0(B(x, h)) ≳ hd we obtain

1

h2P0(B(x, h))

∫

expx ◦ϕ−1
x BRD (x,h)

dfx(0).ωpx(ω)Jx(ω)dω = O
(
∥f∥Cβ(M) h

β−2
)
,

which in turns implies that

∥Thf0∥L∞(M) = O
(
∥f∥Cβ(M) h

β−2
)
.

Case β > 2. Let k = ⌈β/2⌉ − 1 ≥ 1. Since f ∈ Cβ (M) and p0 ∈ Cβ−1 (M), then for any
i ∈ I, x ∈ Ui, y ∈ Bρ (x, r0) (with I, (Ui)i∈I , (ψi)i∈I , (φi)i∈I the objects defined in
section A)

fi(y) = fi(x) +
k∑

l=1

{
d2l−1fx(0). exp

−1
x (y)2l−1

(2l − 1)!
+
d2lfx(0). exp

−1
x (y)2l

(2l)!

}
+Rk,1(x, y)

p0,i(y) =p0,i(x) +

k−1∑

l=1

{
d2l−1px(0). exp

−1
x (y)2l−1

(2l − 1)!
+
d2lpx(0). exp

−1
x (y)2l

(2l)!

}

+
d2k−1px(0). exp

−1
x (y)2k−1

(2k − 1)!
+Rk,2(x, y)

√
|g|i(y) =

√
|g|i(x) +

k−1∑

l=1

{
d2l−1Jx(0). exp

−1
x (y)2l−1

(2l − 1)!
+
d2lJx(0). exp

−1
x (y)2l

(2l)!

}

+
d2k−1px(0). exp

−1
x (y)2k−1

(2k − 1)!
+Rk,3(x, y)
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where

fi = χif, p0,i = χip0, fx = (χif) ◦ expx ◦ψi(x, ·)
px = (χip0) ◦ expx ◦ψi(x, ·), Jx =

(
χi
√

|g|
)
◦ expx ◦ψi(x, ·)

(we drop the index i for convenience), and the remainders satisfy

|Rk,1(x, y)| ≤ ∥f∥Cβ(M) ρ(x, y)
β,

|Rk,2(x, y)| ≤ ∥p0∥Cβ−1(M) ρ(x, y)
β−1,

|Rk,3(x, y)| ≤ CMρ(x, y)β−1,

where CM depends on the Hölder constant of the exponential map. Thus, by Riemannian
change of variables, there exist coefficients

Ai,m ∈ Cβ−m
(
Ui,L

((
Rd
)⊗m

,R
))

and remainders

|Bi,k(x, ω)| ≤ C(β,M, p0) ∥f∥Cβ(M) ∥ω∥β

such that
∫

BRD (x,h)
(f0(x)− f0(y)) p0(y)µ(dy)

=

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h))

(fx(0)− fx(ω)) px(ω)Jx (ω) dω

=
∑

i∈I

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h))

{
2k∑

m=1

Ai,m(x)ω
m +Bi,k(x, ω)

}
dω

=
∑

i∈I

{
2k∑

m=1

Ai,m(x)

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h))

ωmdω +

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h))

Bi,k(x, ω)dω

}

=
∑

i∈I

2k∑

m=1

Ai,m(x)

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h))

ωmdω +O
(
∥f∥Cβ(M) h

d+β
)
.

We thus get

Thf(x) =
∑

i∈I

2k∑

m=1

Ai,m(x)
h−(d+2)

∫
ψi(x,·)−1◦exp−1

x (BRD (x,h)) ω
mdω

h−dP0 (BRD (x, h))
+O

(
∥f∥Cβ(M) h

β−2
)

By lemma 16 we have, with sh(x, v) :=
th(x,v)−1

h2

ψi(x, ·)−1 ◦ exp−1
x (BRD(x, h)) =

{
thv : v ∈ Rd, ∥v∥ = 1, 0 ≤ t ≤ 1 + h2sh(x, v)

}
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And using the spherical coordinates,

h−(d+2)

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h))

ωmdω

=h−(d+2)

∫ π

0
. . .

∫ π

0

∫ 2π

0

∫ h+h3sh(x,v)

0
(reθ)

m rd−1 sin (θ1)
d−2 sin (θ2)

d−3 . . . sin (θd−1) drdθ1 . . . dθd−1

=h−(d+2)

∫ π

0
. . .

∫ π

0

∫ 2π

0

∫ 1+h2sh(x,v)

0
(theθ)

m (th)d−1 sin (θ1)
d−2 sin (θ2)

d−3 . . . sin (θd−1)hdtdθ1 . . . dθd−1

=hm−2

∫ π

0
. . .

∫ π

0

∫ 2π

0

∫ 1+h2sh(x,v)

0
(teθ)

m td−1 sin (θ1)
d−2 sin (θ2)

d−3 . . . sin (θd−1) dtdθ1 . . . dθd−1

=hm−2

∫

Ad

∫ 1+h2sh(x,v)

0
(teθ)

m td−1K(θ)dtdθ

=
hm−2

m+ d

∫

Ad

emθ
(
1 + h2sh(x, eθ)

)m+d
K(θ)dθ

where Ad = (0, π)d−2 × (0, 2π) and

eθ =




cos(θ1)
sin(θ1) cos(θ2)

sin(θ1) sin(θ2) cos(θ3)
...

sin(θ1) sin(θ2) . . . sin(θd−2) cos(θd−1)
sin(θ1) sin(θ2) . . . sin(θd−2) sin(θd−1)



,K(θ) = sin (θ1)

d−2 sin (θ2)
d−3 . . . sin (θd−1)

Moreover if m is odd, by symmetry

h−(d+2)

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h))

ωmdω = h−(d+2)

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h)\Bρ(0,h))

ωmdω

and therefore the same computations show that

h−(d+2)

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h))

ωmdω =
hm−2

m+ d

∫

Ad

emθ

((
1 + h2sh(x, eθ)

)m+d − 1
)
K(θ)dθ

=
hm−2

m+ d

∫

Ad

emθ

(
m+d∑

r=1

(
m+ d

r

)
h2rsh(x, eθ)

r

)
K(θ)dθ

=
hm

m+ d

m+d∑

r=1

(
m+ d

r

)
h2r−2

∫

Ad

emθ sh(x, eθ)
rK(θ)dθ

All in all for each l ∈ {1, . . . , k} , m = 2l − 1 or 2l we have

h−(d+2)

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h))

ωmdω =
h2(l−1)

m+ d

m+d∑

r=1

(
m+ d

r

)
h2r−1

∫

Ad

emθ sh(x, eθ)
rK(θ)dθ if m = 2l − 1

h−(d+2)

∫

ψi(x,·)−1◦exp−1
x (BRD (x,h))

ωmdω =h2(l−1)

∫

Ad

emθ
(
1 + h2sh(x, eθ)

)m+d
K(θ)dθ if m = 2l
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This gives

Thf(x) =
1

h−dP0 (B (x, h))

∑

i∈I

k∑

l=1

h2(l−1) {Ai,2l−1(x)Vi,h,2l−1(x) +Ai,2l(x)Vi,h,2l(x)}+O
(
∥f∥Cβ(M) h

β−2
)

where by lemma 16, composition and integration we have

max
α∈Nd,|α|≤α−5

sup
i∈I

y∈φ−1
i (Ui)

0<h<h+
∥v∥Tφi(y)

M=1

∥∥∥∥∥
∂|α|

∂xα
Vi,h,m(φi(y))

∥∥∥∥∥
(Rd)

⊗m

< +∞

To conclude it suffices to show that x 7→ h−dP0(BRD(x, h)) is lower bounded and satisfies

sup
0<h<h+

∥∥∥h−dP0(BRD(·, h))
∥∥∥
Cβ−1(M)

< +∞

Since p0 is lower bounded and µ (BRD(x, h)) ≍ hd (as can be seen by the Riemannian change
of variables formula), we get

h−d
∫

BRD (x,h)
p0(y)µ(dy) ≥ inf

M
p0 × h−dµ (BRD(x, h)) ≳ inf

M
p0

hence x 7→ h−dP0 (BRD(x, h)) is indeed lower bounded. For the derivatives, doing the same
computations as above

h−dP0 (BRD(x, h)) =
∑

i∈I
h−d

∫

BRD (x,h)
p0(y)µ(dy)

=h−d
∫

φ−1
i ◦exp−1

x (BRD (x,h))
(χip0) ◦ expx (ψi(x, ω))

√
|g(expx(ψi(x, ω)))|dω

=h−d
∫

φ−1
i ◦exp−1

x (BRD (x,h))
px(ω)Jx(ω)dω

=h−d
∫

Ad

∫ 1+h2sh(x,v)

0
px(theθ)Jx(theθ) (th)

d−1K(θ)hdtdθ

=

∫

Ad

∫ 1+h2sh(x,v)

0
px(theθ)Jx(theθ)t

d−1K(θ)dtdθ

And again, under this form, by composition and integration, x 7→ h−dP0(BRD(x, h)) has
indeed the regularity of p0, i.e is Cβ−1 (M) with uniform bound on the derivatives as h→ 0.

This concludes the proof by setting

g
(l)
h =

1

h−dP0 (BRD(x, h))

∑

i∈I
hAi,2l−1(x)Vi,h,2l−1(x) +Ai,2l(x)Vi,h,2l(x)

which is Cβ−2l since by assumption α ≥ β +3 which implies α− 5 ≥ β − 2 ≥ β − 2l for any
l ∈ {1, . . . , k} . ■
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C.2 Proof of Lemma 15

First if β ≤ 1, ∥Thnf∥L∞(M) ≲ hβ−2
n follows from lemma 14. For ∥Lf∥L∞(ν) notice that for

each x ∈ V we have

|(Lf) (x)| = 1

h2nµx

∣∣∣∣∣
N∑

i=1

(f(x)− f(xi))1xi∼x

∣∣∣∣∣ ≲ ∥f∥Cβ(M) h
β−2
n .

Now, if β > 1,

∀x ∈ V, h2nµxLf(x) =
N∑

i=1

(f(x)− f(xi))1xi∼x,

and therefore by Bernstein’s inequality (see Van der Vaart and Wellner, 1996, Part. 2),
using |f(x)− f(xi)|1x∼xi ≲ ∥f∥Cβ(M) hn,

P0

(∣∣h2nµxLf(x)−Nh2nP0(BRD(x, hn))Thnf(x)
∣∣ > u

)
≤ exp

(
−c u2

Nhd+2
n + hnu

)

and

P0

(
|µx −NP0(BRD(x, hn))| > u/h2n

)
≤ exp

(
−c u2/h4n

Nhdn + u/h2n

)

≤ exp

(
−c u2

Nhd+4
n + uh2n

)
.

Hence

P0

(∣∣h2nµxLf(x)− h2nµxThnf(x)
∣∣ > 2u

)
≤ P0

(∣∣h2nµxLf(x)−Nh2nP0(BRD(x, hn))Thnf(x)
∣∣ > u

)

+ P0

(∣∣Nh2nP0(BRD(x, hn))Thnf(x)− h2nµxThnf(x)
∣∣ > u

)

≤ exp

(
−c u2

Nhd+2
n + hnu

)
+ P0

(
|NP0(BRD(x, hn))− µx| > u/h2n ∥f∥Cβ(M)

)

≤ exp

(
−c u2

Nhd+2
n + hnu

)
+ exp

(
−c u2

Nhd+4
n + uh2n

)

Therefore, using the fact that µx ≲ Nhdn on VN (c)

P0 (|Lf(x)− Thnf(x)| > u) ≤P0 (VN (c)
c) + P0

(∣∣h2nµxLf(x)− h2nµxThnf(x)
∣∣ > cNhd+2

n u
)

≤P0 (VN (c)
c) + exp

(
−c

(
Nhd+2

n u
)2

Nhd+2
n +Nhd+3

n u

)
+ exp

(
−c

(
Nhd+2

n u
)2

Nhd+4
n +Nhd+4

n u

)

=P0 (VN (c)
c) + exp

(
−c N2h2d+4

n u2

Nhd+2
n +Nhd+3

n u

)
+ exp

(
−c N2h2d+4

n u2

Nhd+4
n +Nhd+4

n u

)

=P0 (VN (c)
c) + exp

(
−cNh

d+2
n u2

1 + hnu

)
+ exp

(
−cNh

d
nu

2

1 + u

)
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For any 0 < hn ≤ 1, u > 0 we have h2n
1+hnu

≤ 1
1+u , therefore

P0 (|Lf(x)− Thnf(x)| > u) ≤ P0 (VN (c)
c) + 2 exp

(
−cNh

d+2
n u2

1 + hnu

)

By a union bound this gives

P0

(
∥Lf − Thnf∥L∞(ν) > u

)
≤ NP0 (VN (c)

c) + 2N exp

(
−cNh

d+2
n u2

1 + hnu

)

We have also P0 (VN (c)
c) ≤ e−cNh

d
n , so that for any H > 0, taking u =M0

(
lnN
N

) 1
2 h

−(1+d/2)
n

with M0 large enough (that depends on H) we obtain hnu = o(1) by assumption 2 and

P0

(
∥Lf − Thnf∥L∞(ν) > M0

(
lnN

N

) 1
2

h−(1+d/2)
n

)
≤ N−H

■

C.3 Proof of Theorem 5

Recall that f̂ =
∑J

j=1 ⟨uj |Y ⟩L2(ν) uj so that

f̂ − f0 =
J∑

j=1

⟨uj |f0⟩L2(ν) uj − f0 +
J∑

j=1

⟨uj |ε⟩L2(ν) uj , ε ∼ N (0, σ2In)

where In is the identity matrix in Rn. Therefore

∥f̂ − f0∥L2(ν) ≤ ∥
J∑

j=1

⟨uj |f0⟩L2(ν) uj − f0∥L2(ν) + ∥
J∑

j=1

⟨uj |ε⟩L2(ν) uj∥L2(ν).

We have by orthonormality of (u1, · · · , uJn)
∥∥∥∥∥∥

J∑

j=1

⟨uj |ε⟩L2(ν) uj

∥∥∥∥∥∥

2

L2(ν)

=

Jn∑

j=1

⟨uj |ε⟩2L2(ν)

and also that

E0

[
⟨uj |ε⟩2L2(ν)

∣∣∣x1:n
]
=E0

[(
uTj Diag (ν) ε

)2∣∣∣x1:n
]
= σ2uTj Diag

(
ν2
)
uj = σ2

n∑

i=1

uj(xi)
2ν2xi

On AN defined in lemma 19, with N = n and h− = hn which satisfies the assumption 2 we
have νxi ≲ 1

n so that

E0

[
⟨uj | ε⟩2L2(ν) |x1:n

]
≲ 1

n
∥uj∥2L2(ν) =

1

n
.
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This implies that

Jn∑

i=1

⟨uj |ε⟩2L2(ν) ≲
1

n

Jn∑

j=1

Zj(x1:n)
2, where Zj(x1:n) =

⟨uj |ε⟩L2(ν)

E0

[
⟨uj |ε⟩2L2(ν)

∣∣∣x1:n
]1/2

In particular conditionally on x1:n, Zj(x1:n)
i.i.d∼ N (0, 1). Hence as in Green et al. (2021,

Appendix. C1), by a result of Laurent and Massart (2000) we get for some c > 0

P0




∥∥∥∥∥∥

Jn∑

j=1

⟨uj |ε⟩L2(ν) uj

∥∥∥∥∥∥

2

L2(ν)

> c
Jn
n


 ≤P0 (A

c
N ) + E0


1AN

P0




∥∥∥∥∥∥

Jn∑

j=1

⟨uj |ε⟩L2(ν) uj

∥∥∥∥∥∥

2

L2(ν)

> c
Jn
n

∣∣∣∣∣∣∣
x1:n







≤P0 (A
c
N ) + exp (−Jn)

(13)

Moreover
∥f0Jn − f0∥2L2(ν) ≤

∥∥pJn
(
e−tLft

)
− f0

∥∥2
L2(ν)

where pJn
(
e−tLft

)
is defined in Theorem 12. Therefore, using Theorem 12, we deduce that

choosing t accordingly,

∥f0Jn − f0∥2L2(ν) ≤
∥∥pJn

(
e−tLft

)
− f0

∥∥2
L2(ν)

≤ ε̃n(Jn)

Finally combining this with (13), we obtain that some C > 0

P0

(∥∥∥f̂ − f0

∥∥∥
L2(ν)

> Cεn

)
→ 0

where

εn =

√
Jn
n

+ (lnN)⌈β/2⌉max

(
1,

(
J
−2/d
n lnN

h2n

))⌈β/2⌉(
hβn + 1β>1

(
lnN

Nhdn

)1/2

hn

)

In order to get a result in expectation, simply notice that

E0

[∥∥∥f̂ − f0

∥∥∥
q

n

]
≤ cεqn + E0

[∥∥∥f̂ − f0

∥∥∥
q

n
1∥f̂−f0∥n

>cεn

]

Since by definition
∥∥∥f̂ − f0

∥∥∥
n
= min

f∈span(u1,...,uJ )
∥f − f0∥n ≤︸︷︷︸

f=0

∥f0∥n ≤ ∥f0∥L∞(M)

This implies

E0

[∥∥∥f̂ − f0

∥∥∥
q

n

]
≤ cεqn + ∥f0∥qL∞(M) P0

[∥∥∥f̂ − f0

∥∥∥
n
> cεn

]

By the first part of the proof, for any H > 0 we have

P0

[∥∥∥f̂ − f0

∥∥∥
n
> cεn

]
≲ n−H + e−Jn + P0 (A

c
N )

Since hn satisfies assumption 2 and Jn ≥ lnκ n, κ > d ≥ 1, for H > 0 large enough we get

P0

[∥∥∥f̂ − f0

∥∥∥
n
> cεn

]
≲ εqn

which concludes the proof. ■
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Appendix D. Proofs of section 3.2

We first recall an adaptation to our setting of the general prior mass and testing approach
of Ghosal, Ghosh, and van der Vaart (2000); Ghosal and van der Vaart (2007) that we use
to prove posterior contraction rates with respect to the empirical L2 distance ∥·∥n. Note
that we apply the approach on a high probability event AN (which does not change the
result), and since in the Gaussian regression setting the Kullback-Leibler divergence and
variation are both proportional to the (squared) empirical L2 norm ∥ · ∥2n, the prior mass
condition on the Kullback-Leibler neighbourhood is merely a condition on the prior mass
of the ∥ · ∥n−balls centered at f0 (see Lemma 2.7 in Ghosal and van der Vaart (2017) as
well as Chapter 8 for more details on the prior mass and testing approach).

Theorem 35. Contraction rate theorem
Assume that εn → 0, nε2n → ∞ and AN be an event of the form AN = {x1:N ∈ ΩN}
for some Ω ⊂

(
RD
)N

satisfying P0 (AN ) → 1. If there exists fixed constants C1 > 1 +
1

2σ2 , C2 > 4
√
1 + 2σ2, C3 > 0 and Fn ⊂ RV such that, on AN

� Π [∥f − f0∥n ≤ εn] ≥ exp
(
−nε2n

)

� Π [Fc
n] ≤ e−C1nε2n

� lnN
(
C2εn
2 ,Fn, ∥·∥n

)
≤ C3nε

2
n

where N (ε,F , ∥ · ∥n) denotes the covering number of the set F at scale ε with respect to the
∥ · ∥n−metric, then for M > 0 large enough

E0 [Π [∥f − f0∥n > Mεn|Xn]] → 0

D.1 Proof of Theorem 3

As shown by Theorem 35, the proof is based on first bounding from below the prior mass
of neighbourhoods of f0, which is done in Lemma 36 below and then to control the entropy
by a sieve sequence, which is done in Lemma 37. Recall that

εn(Jn, hn) =

√
Jn lnN

n
+(lnN)⌈β/2⌉max

(
1,

(
J
−2/d
n lnN

h2n

))⌈β/2⌉(
hβn + 1β>1

(
lnN

Nhdn

)1/2

hn

)

with Jn ≥ lnκN, κ > d and hn satisfying assumption 2.

With z = zn = z1
(
nε2n

)1/b2 with z1 > 0 and Fn = Fzn,Jn . Its L∞ (ν)− metric entropy
is then, according to lemma 37, bounded by

∀ζ > 0, lnN
(
ζεn,Fn, ∥·∥L∞(ν)

)
≲ Jn lnN ≲ nε2n.

Moreover by the choice of zn we have, for some c > 0

Π [Fc
n|Jn, hn] ≤ Jne

−b1zb2n ≤ e−cz
b2
1 nε2n

By taking z1 > 0 large enough we conclude the proof of Theorem 3 by applying Lemma
36 together with Theorem 35. ■
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D.2 Proof of Theorem 6

The proof is based on that of Theorem 3, but showing that J and h can be chosen in a
data dependent way. To do that notice that by the non adaptive case, for any H > 0 there
exists a constant C > 0 such that

P0

(
Π
[
∥f − f0∥L∞(ν) > Cεn(Jn, hn)|Jn, hn

]
< exp

(
−nC2ε2n

))
≤ N−H

where εn(Jn, hn) is given by (5). If for some J0, h0, h1 > 0

Jn = J0 (lnN)
2d(1+2τ/d)⌈β/2⌉

2β+d n
d

2β+d , hn ∈
[
h0J

−1/d
n

2 lnτ/dN
,
h1J

−1/d
n

lnτ/dN

]

then

εn(Jn, hn) ≲ n
− β

2β+d (lnN)
(2τ+d)⌈β/2⌉−β(τ+2β/d)

2β+d

Since

Π
[
∥f − f0∥L∞(ν) ≤ Cεn

]
≥ πJ(Jn)πh (hn|Jn)Π

[
∥f − f0∥L∞(ν) > Cεn|Jn, hn

]

By assumption we have for some a1, b1, b2

πJ(Jn) ≥ e−a1JnLJn ≥ e−a1Jn lnN and πh (hn|Jn) ≥ b1e
−b2h−d

n

Therefore, since εn ≥
(
nhdn

)−1/2
+
√

Jn lnN
n , for some C ′ > 0 we have

P0

(
Π
[
∥f − f0∥L∞(ν) ≤ C ′εn

]
< e−nC

′2ε2n
)
≤ N−H

To verify the entropy condition, consider for some k > 0 the set Fn = ∪J≤kJn
h∈HJ

Fzn,J,h,

where Fz,J,h is defined in lemma 37 and zn = u(nε2n)
1/b2 with u, k large enough. Then

Π [Fc
n] ≤ ΠJ(J > kJn) +

∑

J≤kJn
h∈HJ

Je−b1z
b2
n ≤ e−CJn + (kJn)

2e−b1u
b2nε2n max

J
#HJ ≤ e−Cnε

2
n

for any C > 0 by choosing k, u large enough, since #HJ ≤ K1 exp (K2J lnN) ≤ K1 exp
(
K ′

2nε
2
n

)

for some K1,K2,K
′
2 > 0. Finally for all ζ > 0

N(ζεn,Fn, ∥·∥L∞(ν)) ≲ nε2n

which concludes the proof. ■

D.3 Lemmas 36 and 37

Lemma 36. Prior thickness
Let Jn ∈ {1, . . . , N} , Jn ≥ lnκN, κ > d and hn satisfying assumption 2. Consider
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the prior defined by (3). Then for any H > 0 there exists c > 0 such that with the rate
ϵn(Jn, hn) as defined in (5), We have

P0

(
Π
[
∥f − f0∥L∞(ν) ≤ cεn(Jn, hn)|Jn, hn

]
< exp

(
−nεn(Jn, hn)2

))
≤ N−H .

In particular, for any τ > d/2 and

hn = n
− 1

2β+d (lnn)
− 1−τ−2(1+2τ/d)⌈β/2⌉

2β+d , Jn =
h−dn
lnτ N

then

εn(Jn, hn) ≍ (lnn)
(2τ+d)⌈β/2⌉+(1−τ)β

2β+d n
− β

2β+d .

Proof Throughout the proof we write εn = εn(Jn, hn). We use theorem 12 and distinguish
the cases : for some k > 0 large enough, with t = tn = kλ−1

Jn
lnN

1. If β ≤ 2 we have

∀f : V → R, ∥f − f0∥L∞(ν) ≤
∥∥f − pJ

(
e−tLf0

)∥∥
L∞(ν)

+
∥∥f0 − pJ

(
e−tLf0

)∥∥
L∞(ν)

≲
∥∥f − pJ

(
e−tLf0

)∥∥
L∞(ν)

+OP0

(
hβn
(
λ−1
Jn
h−2
n lnN

))
.

Hence for all c > 0 , there exists c′ > 0, such that

∥∥f − pJ
(
e−tLf0

)∥∥
L∞(ν)

≤ c′hβnλ
−1
Jn
h−2
n lnN =⇒ ∥f − f0∥L∞(ν) ≤ εn.

Moreover if f =
∑J

j=1 zjuj , using proposition 18 we get

∥∥f − pJ
(
e−tLf0

)∥∥
L∞(ν)

=

∥∥∥∥∥∥

J∑

j=1

(
zj −

〈
uj |e−tLf0

〉
L2(ν)

)
uj

∥∥∥∥∥∥
L∞(ν)

≤ N max
1≤j≤N

∣∣∣zj −
〈
uj |e−tLf0

〉
L2(ν)

∣∣∣ .

Hence,

Π
[∥∥f − pJn

(
e−tLf0

)∥∥
L∞(ν)

≤ c′hβnλ
−1
Jn
h−2
n lnN

∣∣∣ Jn, hn
]

≥Π

[
max

1≤j≤N

∣∣∣zj −
〈
uj |e−tLf0

〉
L2(ν)

∣∣∣ ≤
c′hβnλ−1

Jn
h−2
n lnN

N

]

≥
Jn∏

j=1

Π

[∣∣∣zj −
〈
uj |e−tLf0

〉
L2(ν)

∣∣∣ ≤
c′hβnλ−1

Jn
h−2
n lnN

N

]

≥
Jn∏

j=1

Π

[∣∣∣zj −
〈
uj |e−tLf0

〉
L2(ν)

∣∣∣ ≤
c′
2 h

β
n lnN

N

]

≥
(
c′hβn lnN

N
inf

[−K,K]
Ψ

)Jn
vol(BRJn (0, 1)),
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where we have used λJn ≤ 2h−2
n , which holds because ∥L∥L(L∞(ν)) ≤ 2, and where

K > 0 is chosen to be larger than

max
1≤j≤Jn

∣∣∣
〈
uj |e−tLf0

〉
L2(ν)

∣∣∣+ c′hβn lnN
N

≲ 1 +
∥∥e−tL

∥∥
L(L∞(ν))︸ ︷︷ ︸
=1

∥f0∥L∞(M) < +∞.

Hence

− lnΠ
[∥∥f − pJ

(
e−tLf0

)∥∥
L∞(ν)

≤ c′hβnλ
−1
Jn
h−2
n lnN

∣∣∣ Jn, hn
]
≲ Jn lnN.

Now εn ≥
√

Jn lnN
n ⇐⇒ Jn lnN ≤ nε2n, therefore

P0

(
Π
[∥∥f − pJ

(
e−tLf0

)∥∥
L∞(ν)

≤ εn

∣∣∣ Jn, hn
]
< exp

(
−nε2n

))

≤P0

(∥∥f0 − pJn
(
e−tLf0

)∥∥
L∞(ν)

> εn/2
)

≤n−H

for any H > 0.

2. The case β > 2 is similar, the only difference being that we use the bound

∣∣∣
〈
uj |e−tLft

〉
L2(ν)

∣∣∣ ≤
∥∥∥∥∥

k∑

l=0

(tL)l e−tL
l!

∥∥∥∥∥
L(L2(ν))

∥f0∥L2(ν) ≤ ∥f0∥L∞(M) sup
s>0

k∑

l=0

sle−s

l!
< +∞

Lemma 37. For some z ≥ 1 and J ∈ {1, . . . , N} let

Fz,J,h =





J∑

j=1

ajuj(h) : |aj | ≤ z



 ⊂ RV , z > 0

Then
Π
[
Fc
z,J,h|J, h

]
≤ Je−b1z

b2

and, there exists ε1, C1 > 0 such that for any ε ≤ ε1

N
(
ε,Fz,J,h, ∥·∥L∞(ν)

)
≤
(
C1zN

ε

)2J

Proof Proof of lemma 37
We drope the subscript h for ease of notation. Using the representation f =

∑J
j=1 Zjuj ,

the upper bound

Π
[
Fc
z,J |J, h

]
≤

J∑

j=1

Π [|Zj | > z|J, h] ≤ JΨ([−z, z]c) ≤ Je−b1z
b2
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follows by the assumption on the tails of Ψ. Moreover by proposition 18, if E is an ε
JN -net

of [−z, z]J then
{∑J

j=1 fjuj : f ∈ E
}

is an ε-net of Fz,J (in L∞(ν)). Since we can always

take

#E ≤
(
C1zJN

ε

)J
≤
(
C1zN

2

ε

)J
≤
(
C

1/2
1 z1/2N

ε1/2

)2J

≤
(
C

1/2
1 cN

ε

)2J

for ε ≤ ε1 and some C1, ε1 > 0 this gives the result by changing C
1/2
1 into a new C1.
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We study the Bayesian density estimation of data living in the offset of an
unknown submanifold of the Euclidean space. In this perspective, we intro-
duce a new notion of anisotropic Hölder for the underlying density and obtain
posterior rates that are minimax optimal and adaptive to the regularity of the
density, to the intrinsic dimension of the manifold, and to the size of the off-
set, provided that the latter is not too small—while still allowed to go to zero.
Our Bayesian procedure, based on location-scale mixtures of Gaussians, ap-
pears to be convenient to implement and yields good practical results, even
for quite singular data.

1. Introduction.

1.1. Manifold density estimation. In many high dimensional statistical problems it is
common to consider that the data has an intrinsic low dimensional structure. More precisely,
statistics and computer sciences have seen a growing interest in the so-called manifold hy-
pothesis where the data is believed to be supported (or near supported) on a low dimensional
submanifold M of an ambient space (see [44] for an introduction).

There are good intuitive reasons to believe that real world data (such as natural images,
sounds, texts, etc) belong to the vicinity of a low dimensional submanifold, often due to
physical constraints; see, for instance, [42] or [23]. Empirical evidence has also been shown
in a number of important cases such as texts data sets [5], sounds [5, 40], images and videos
[39, 64] or more recently in Covid data [48]. Analysing such data sets is often called man-
ifold learning (see [44] for an introduction). Manifold learning deal with either nonlinear
dimension reduction techniques, manifold estimation or the construction of generative mod-
els and the estimation of the distribution on or near an unknown manifold. These problems
are strongly connected. Dimension reduction consists in finding low dimensional represen-
tations of the data. This is typically done by constructing mappings as in Kernel PCA [59]
or graph based methods such as Isomap [62], Locally Linear Embeddings [58] or Lapla-
cian Eigenmaps [6]. Instead of estimating an embedding, the problem of reconstructing the
manifold is another popular aspect of manifold learning; see [1, 18, 24, 55] or [21] among
others. Finally, the estimation of the distributions on or near manifolds and the construction
of generative models have received recent wide interests in the statistics and machine learning
communities, specially with the developments of deep learning algorithms. There is a grow-
ing literature on generative models under the manifold hypothesis with many methodological
developments around variational autoencoders (see [33], Section 14.6, or [39]), Generative
adversarial networks (see [3, 4, 34] among others) or recent versions of normalizing flows
(see [36]). The theoretical results associated to these approaches control the error between
the true generative process and the estimated generative models typically under adversarial

Received September 2022; revised June 2024.
MSC2020 subject classifications. Primary 62G07, 62G20; secondary 53A07.
Key words and phrases. Density estimation, Bayesian nonparametrics, minimax adaptive estimation, posterior

concentration rates, manifold learning.

2081



2082 C. BERENFELD, P. ROSA AND J. ROUSSEAU

losses such as the Wasserstein distance, as in [61], since the focus is more on generating
interesting samples than on estimating the distribution per se.

In this paper, we study the estimation of the density in the vicinity of an unknown sub-
manifold M of the ambient space RD , of dimension 1 ≤ d ≤ D − 1. Density estimation is
a canonical problem in statistics and machine learning and in addition to being of interest
in itself can be used as an intermediate steps in many tasks of unsupervised or supervised
learning such as clustering, prediction and classification, dimensionality reduction or in ridge
estimation; see, for instance, [15, 25, 49] among many others. Density or distribution estima-
tion under the exact manifold hypothesis (assuming that the data belong to a submanifold)
has been studied theoretically for instance, in [54] or [19] under Wasserstein losses and in [7]
under the pointwise loss. Assuming that the data belong exactly to a smooth manifold may
be too restrictive since signals are often corrupted by noise. Hence in this paper, we assume
that the data belong to a neighbourhood Mδ = {x ∈RD;d(x,M)≤ δ}, where neither M nor
δ or the density f are known. This problem is studied in [14] in the special case of data cor-
rupted with Gaussian noise and [49] proposes a Bayesian nonparametric method to estimate
a density on Mδ based on mixtures of Fisher—Gaussian distributions for which they prove
consistency under the assumption that the width δ of the tube Mδ is fixed.

1.2. Our approach and contributions. As far as we are aware, there is no theoretical re-
sults on convergence rates—either from a frequentist or a Bayesian approach—for estimating
a density on tubes Mδ when M and δ are unknown and δ is possibly small. In this paper, we
bridge this gap and we propose a Bayesian nonparametric method based on specific families
of location-scale mixtures of Gaussian distributions. We study the posterior concentration
rates associated to these priors, that is, the smallest possible εn such that

�
(
d(f0, f )≤ εn|X1, . . . ,Xn

)→ 1,

in probability when the data X1, . . . ,Xn are a n sample from f0 and where �(·|X1, . . . ,Xn)

denotes the posterior distribution; see [27]. As is well known, when the distance d(., .) is
the Hellinger or the L1 metric, this posterior concentration rates induces also a convergence
rate εn for the posterior mean f̂ ; see, for instance, [27]. Typically, the rate εn depends on
regularity properties of the density f0 and on the prior.

To do so, we first define a general mathematical framework describing regularity properties
of densities defined on possibly small neighbourhoods Mδ of submanifolds M , with the idea
that the density has a given smoothness β0 along the manifold M and another smoothness
β⊥ along the normal to the manifold. This manifold driven anisotropic smoothness is defined
in Section 2.2 and is an extension to anisotropic Hölder functions along coordinate axes.
Because the corruption of a signal by some small noise can be modelled in many different
ways, with additive homoscedastic noise being the simplest and most restrictive one, our
framework only assumes that the density lives on Mδ and does not model the noise. As
shown in Section 2, our framework encompasses common models of noisy data.

Building on that we show that the posterior concentration rate depends on β0, β⊥ together
with the dimension d of M and the width δ of the tube. Interestingly the prior � does not
need to depend on β0, β⊥, d , δ or M which makes the approach fully adaptive and the rate
we obtain, at least when δ is not too small is of order (up to a polylog term)

n−γ with γ = β0

2β0 + d + (D − d)β0/β⊥
,

where we recall that D is the dimension of the ambient space, and is minimax.
Nonparametric location mixtures of Gaussians are known to be flexible models for densi-

ties, and adaptive minimax rates of convergence on Hölder types spaces have been obtained
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using Bayesian or frequentist estimation procedures based on location mixtures of normals;
see [41, 60], and [28] for Bayesian methods and [46] for a penalized likelihood approach.
However, location mixtures are not versatile enough since the covariance matrix remains
fixed across the components, so we instead take advantage of the flexibility of location-scale
mixtures of Gaussians. In [12], the authors derive a suboptimal posterior concentration rate
for isotropic positive Hölder densities on RD , while [46] obtained minimax convergence rates
for penalized maximum likelihood methods based on the same type of location-scale mixtures
and [50] obtained also minimax posterior concentration rates using a hybrid location-scale
mixture prior in the regression model. These results thus indicate that one has to be careful
in designing the prior in nonparametric location-scale mixtures of Gaussians. The priors we
consider in this paper are variants of location-scale mixture priors, see Section 2.3, which
are flexible enough to adapt to the nonlinear or manifold driven smoothness of the class of
densities studied here. This prior construction can also be seen as tiling the manifold by low-
rank Gaussian pancakes, a method that is similar to mixtures of factors analyzers [20, 26] or
manifold Parzen windows [63] where, however, no theoretical guarantees on the estimation
of the density were proven.

Hence our contributions are both methodological and theoretical. From a methodological
point of view, we provide with a family of versatile priors (see Section 2) that are shown em-
pirically and theoretically to perform very well in modelling data that are singularly supported
near submanifolds. In particular, we show empirically that these variants of location-scale
mixtures of Gaussian priors behave much better than the standard conjuguate location-scale
mixture of Gaussian prior; see Section 4. From a theoretical point of view, we introduce a
new notion of Hölder smoothness along a submanifold (see Section 2.2) which is proving
to be adequate for the study of such almost-degenerate densities, and we derive posterior
concentration rates for this new model (Section 3.1). The rates are optimal if the data do not
collapse too quickly towards the manifold. These results rely on an intermediate result in
approximation theory which has interests in its own right and is provided in Section 3.2.

1.3. Organisation of the paper. In Section 2, we define manifold-anisotropic Hölder
function, together with the families of priors we consider in the paper. Section 3 contains
the main theoretical results and Section 4 the empirical, numerical results. We provide in
Section 5 proofs of the main results, namely the contraction rate Theorem 3.1 and the ap-
proximation Theorem 3.4. Some useful facts on manifolds are presented in the Appendix.
The Supplementary Material [8] contains additional proofs and lemmata, as well as details
on the numerical setting of Section 4. References to equations, theorems, propositions, lem-
mata and sections in [8] are preceded with the letter S, to avoid repeated references with this
manuscript.

1.4. Notations. For a multi-index k = (k1, . . . , kD) ∈ND , we set |k| = k1+· · ·+ kD and
k! = k1! . . . kD!. For x ∈ RD , we write xk = x

k1
1 . . . x

kD

D ∈ R and xmax (resp. xmin) to be the
maximal (resp. minimal) value of its entries. For any two indices i, j ∈ {1, . . . ,D} with i ≤ j ,
we set xi:j = (xi, . . . , xj ) ∈ Rj−i+1. Finally, for a sufficiently regular function f :RD →R,
we define its kth partial derivative as

Dkf (x)= ∂ |k|f
∂x

k1
1 . . . ∂x

kD

D

(x).

When M ⊂RD is a measurable subset with Hausdorff dimension d , μM denotes the Borel
measure μM =Hd(· ∩M) where Hd is the d-dimensional Hausdorff measure on RD . For
r > 0 and x ∈ RD , let BM(x, r)= B(x, r) ∩M where B(x, r) is the usual Euclidean ball of
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RD . If M is closed, then prM defines the (possible multi-valued) orthonormal projection from
RD to M .

We will denote by ‖ · ‖ the usual Euclidean norm of Rk for any k ∈ N∗. When L is a
linear map between such spaces, we write ‖L‖op for the operator norm associated with the
Euclidean norms. The notation ‖ · ‖1 (resp. ‖ · ‖∞) will refer to both the L1-norm (resp sup-
norm) for vectors of Rk for any k ∈ N∗, and to the L1-norm (resp sup-norm) for measurable
functions from Rk to R for any k ∈ N∗. The brackets 〈·, ·〉 will be used to denote the usual
Euclidean product in Rk for any k ∈ N∗. For any matrix A ∈ Rk×k , the notation ‖ · ‖2

A will
refer to the quadratic form over Rk defined by x 
→ 〈Ax,x〉, which is a squared norm if A

is positive definite. The set of orthogonal transform of RD will be denoted by O(D,R), or
sometimes simply O(D).

For two positive functions f,g :RD →R, we write the Hellinger distance as

dH(f, g)=
{∫

RD

(√
f (x)−

√
g(x)

)2
dx

}1/2
.

In this paper, M will designate a closed submanifold of RD of dimension 1≤ d ≤D − 1.
For any point x ∈M , the tangent and normal spaces of M at x will be denoted TxM and
NxM , and the corresponding bundles T M and NM . We write expx : (TxM,0)→ (M,x) for
the exponential map of M at point x. We let dM(x, y) denote the intrinsic distance between
x and y in M .

Finally, we will use throughout the symbols�, � and � to denote equalities or inequalities
up to a constant, when the constant is not important.

2. Model: Distributions concentrated near manifolds. We assume that we observe
X1, . . . ,Xn independent and identically distributed from P0 on RD with density f0 with
respect to Lebesgue measure. We assume that there is a low dimensional structure underlying
our observations, that is, that f0 has support concentrated near a low dimensional manifold
M which is unknown. More precisely there exists δ > 0 unknown and typically small such
that P0(M

δ)= 1, where Mδ is the δ-offset of M : it is the set of points that are at distance less
than δ from M ,

Mδ := ⋃
x∈M

B(x, δ)= {z ∈RD | d(z,M)≤ δ
}
.

A typical example is when the observations are noisy versions of data whose support is M :
X = Y +Z with Y ∈M and |Z| ≤ δ almost surely. We would like to underline here that δ is
to be understood as δ = δn which can either stay constant (and smaller than the reach of M ,
defined in the Appendix) or goes to 0 as n goes to infinity, in which case f0 = f0,n and Xj =
Xj,n is a triangular array of data. This dependence on n for f0,n does not impact our results
and in order to make the notation lighter, we intentionally drop the extra n from the indices,
and will recall this dependency at any time when it might create confusion. When δ is fixed,
the density is not degenerate but its support has a nontrivial geometry. Allowing δ = δn = o(1)

is a way to model very concentrated densities (for a given n) and is similar in spirit to high
dimensional regression where the number of covariates p is modelled as a function of n. In
other words, it is a way to take into account the impact of δ in the concentration properties of
the posterior distribution. When the noise Z has a density smoother than the density of Y on
M (with respect to the Hausdorff measure), the density of X is anisotropic with a smoothness
along the manifold M smaller than that along the normal directions. In this paper, we thus
aim at constructing priors which are flexible enough to lead to good estimation of f0 in
situations where the density has a complex anisotropic structure in that it has an unknown
smoothness β0 along an unknown manifold M and a different (larger) smoothness β⊥, also
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unknown, along the normal spaces of the manifold. In this context, since the anisotropy varies
spatially, it is therefore important to consider priors which adapt spatially to such non linear
smoothness. In Section 2.3 below, we consider two families of location-scale mixtures with
a new and careful modelling of the prior on the variance of the components and we show in
Section 3 that these priors are well behaved for densities with manifold driven smoothness.

To begin with, we define what we think is a new notion of anisotropic Hölder spaces
on the Euclidean space RD , and which happens to be a natural extension of the usual no-
tion of (isotropic) Hölder smoothness. We are aware that there exist various notions of
anisotropic smoothness (see, for instance, [17, 31, 32, 35, 37]) with most of them stemming
from the anisotropic smoothness as defined in [52]. In all the aforementionned references,
the anisotropy was consistently defined as a control of the variations of the partial derivatives
along each axis separately, with no control of the cross-derivatives (and no guarantee that
they, in fact, exist). While this is enough in a Euclidean framework, we argue that, to the
best of our effort, we could not make such assumptions sufficient in our nonlinear setting, as
the proofs presented in Section 5 or in the Supplementary Material might highlight. Instead,
we come out with a new notion of Hölder anisotropy, in the footsteps of what [60] already
sketched in their paper, that handles cross-derivatives in the same way that the usual notion
of (isotropic) Hölder smoothness does, and which in fact coincides with the latter when the
anisotropy vector is isotropic. This new class is defined in the following subsection and its
main properties reviewed in [8], Section S2.1. We would also like to mention the notion of
mixed smoothness as introduced in [16], which is a stronger notion of regularity than ours:
the classes defined below can be seen as nested between the ones of [52] and [16].

2.1. General anisotropic Hölder functions. An anisotropic Hölder functions f : RD →
R is, informally, a function whose smoothness is different along each axis of RD . Letting
β = (β1, . . . , βD) ∈ (R∗+)D , which will represent the regularity indices along each axis, we
define

(1) α = (α1, . . . , αD) where αi = β/βi ∈ [0,D] and β−1 = 1

D

∑
i

β−1
i .

The coefficient β acts as the effective smoothness of the function f . Notice that α1 + · · · +
αD = D. In this section, we define the spaces of anisotropic functions over bounded open
subset of RD . We defer to [8], Section S2.1, the introduction of the same class over general
open subsets. We let U ⊂RD be a bounded open subset and L : U →R+ be any nonnegative
function.

DEFINITION 2.1. The anisotropic Hölder spaces Hβ
an(U,L) is the set of all functions

f : U →R satisfying:

(i) For any multi-index k ∈ ND such that 〈k,α〉 < β , the partial derivative Dkf is well
defined on U and |Dkf (x)| ≤ L(x) for all x ∈ U ;

(ii) For any multi-index k ∈ND such that β − αmax ≤ 〈k,α〉< β , there holds

(2)
∣∣Dkf (y)− Dkf (x)

∣∣≤ L(x)

D∑
i=1

|yi − xi |
β−〈k,α〉

αi
∧1 ∀x, y ∈ U .

See Figure 1 for a graphical representation of the quantities at stake. The function L acts
as an upper-bound for the localized and anisotropic version of the usual Hölder-norm:{

max〈k,α〉<β
|Dkf (x)|

}
∨ max

β−αmax≤〈k,α〉<β
sup
y∈U

|Dkf (y)− Dkf (x)|∑D
i=1 |yi − xi |

β−〈k,α〉
αi

∧1
.
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FIG. 1. An example in dimension D = 2. The vector α is the only vector of 1-norm D which has positive coor-
dinates and which is orthogonal to the simplex of vertices {βiei}1≤i≤D . In black are the points k of N2 such that
〈k,α〉< β .

Note that constraint (i) on the intermediate derivatives Dkf (x) for 0 < 〈k,α〉 < β may
seem superfluous since some Kolmogorov-Landau type inequalities would yield some bounds
on these derivatives, but we add them nonetheless to our functional class to simplify some
notations. We list and prove in [8], Section S2.1, various useful properties of functions in the
anisotropic Hölder class. Also the function L in the definition of Hβ

an(U,L) can be constant,
in which case we will typically denote it C, to make it more explicit (leading to Hβ

an(U,C)).

REMARK 1. The usual isotropic Hölder spaces are special cases of our definition of
Hβ

an(U,L) corresponding to β = (β, . . . , β) with β > 0. In this case, we write

Hβ
iso(U,L) :=Hβ

an(U,L) for β = (β, . . . , β).

As a final remark, we will use the same notations for the spaces of multivalued functions
when their coordinate functions are all in the corresponding space. For instance, if 	 : U →
RD1 , for D1 > 1, then

	 = (	1, . . . ,	D1) ∈Hβ
an(U,L) ⇔

def
	i ∈Hβ

an(U,L) for all i ∈ {1, . . . ,D1},
and the same holds for the other spaces defined in this subsection.

2.2. Manifold anisotropic Hölder functions. We now consider functions whose smooth-
ness directions at point x ∈ RD are dependent on the position of x with respect to a given
submanifold M ⊂ RD of dimension 1≤ d ≤D − 1. More specifically, we extend the above
notions of anisotropy to functions with a given regularity in the tangential directions of M ,
and of another regularity in the normal directions of M . We call such functions manifold-
anisotropic Hölder, or sometimes simply M-anisotropic. To define such a class of functions,
we assume that M is a closed submanifold with reach bounded from below by τ > 0 (see the
Appendix for definition and properties of the reach) and we consider local parametrizations
at any x0 ∈M

	x0 : Vx0 →M,

where Vx0 is a neighborhood of 0 in Tx0M . The maps 	x0 can be taken in a wide class
of parametrizations of M . For instance, one could consider taking 	x0 to be (close to) the
inverse projection over M → Tx0M where Tx0M is seen as an affine subspace of RD going
through x0; see, for instance, [1] or [19]. For purely practical matter, we choose 	x0 to be the
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exponential map expx0
, although the results in this paper could be carried out with other well-

behaved parametrizations, such as the one mentioned above. In particular, in the case of the
exponential maps, we can define the domain of 	x0 to be BTx0M(0, πτ); see the Appendix.
In the rest of this paper, we set

Vx0 := BTx0M(0, τ/8),

with factor 1/8 being there for technical reasons. If all the maps 	x0 are of regularity βM > 1,
meaning that there exists a constant CM > 0 such that

(3) 	x0 ∈HβM

iso (Vx0,CM), ∀x0 ∈M

(in particular M is at least Ck with k = �βM − 1�), then one can construct a map

	̄x0 :
{
Vx0 ×Nx0M →RD,

(v, η) 
→	x0(v)+Nx0(v, η),

where Nx0(v, ·) is an isometry from Nx0M to N	x0 (v)M and where v 
→ Nx0(v, ·) ∈
HβM−1

iso (Vx0,C
⊥
M) for some other constant C⊥M depending on CM , τ and βM . We refer to

the Appendix for further details concerning the construction of 	̄x0 and the proof of its reg-
ularity. When restricting the latter map, one gets a local parametrization of the offset Mτ/2

around x0

	̄x0 : Vx0 × BNx0M(0, τ/2)→Mτ/2

as shown in Lemma A.2. This parametrization is such that prM(	̄x0(v, η))=	x0(v) for any
(v, η) ∈ Vx0 × BNx0M(0, τ/2) and 	̄x0 is a diffeomorphism from Vx0 × BNx0M(0, τ/2) to its
image which satisfies

(4) 	̄x0 ∈HβM−1
iso

(Vx0 × BNx0M(0, τ/2),C∗M
)

for some C∗M > 0 depending on CM , τ and βM . See Figure 2 for a visual interpretation of
this parametrizations.

For any δ > 0, we define 	̄x0,δ(v, η) := 	̄x0(v, δη) to be the rescaled version of 	̄x0 in
the normal directions. It is a well defined parametrization of Mτ/2 on the set Wx0,δ := Vx0 ×
BNx0M(0, τ/2δ). We let β0, β⊥ be two positive real numbers, and define the vector

β0,⊥ = (β0, . . . , β0︸ ︷︷ ︸
d

, β⊥, . . . , β⊥︸ ︷︷ ︸
D−d

) ∈RD

FIG. 2. A visual interpretation of the parametrization 	̄x0 .
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and define α to be the counterpart of β0,⊥ as in (1):

α = (α0, . . . , α0, α⊥, . . . , α⊥) with α0 = β/β0, α⊥ = β/β⊥,

and β−1 = d

D
β−1

0 + D − d

D
β−1
⊥ .

(5)

Now for any function L :RD →R+, we define the following.

DEFINITION 2.2. Let L : RD → R+ be a function; the class Hβ0,β⊥
δ (M,L) is the set of

all functions f :RD →R which satisfy:

(i) f is supported on Mδ ;
(ii) For any x0 ∈M , set f̄x0,δ := δD−df ◦ 	̄x0,δ and Lx0,δ := δD−dL ◦ 	̄x0,δ , then

(6) f̄x0,δ ∈Hβ0,⊥
an (Wx0,δ,Lx0,δ).

Informally, such a function is β0-Hölder along the manifold M , and β⊥-Hölder normal to
the manifold M . The normalization δD−d accounts for the scaling η 
→ δη along the normal
spaces (which are of dimension D − d) in the definition of 	̄x0,δ . Its presence is natural and
can be understood as follows: when f is a density supported on Mδ , the typical magnitude
of its values is of order 1/δD−d , and the absence of normalization would whence make the
above functional class irrelevant to describe the regularity of such densities.

REMARK 2. Strictly speaking Hβ0,β⊥
δ (M,L) depends on the choice of the parametriza-

tions 	̄ and should be written as Hβ0,β⊥
δ (M,L, 	̄). We show however in [8], Proposition

S1.3, that

Hβ0,β⊥
δ (M,L, 	̄)⊂Hβ0,β⊥

δ

(
M,C1L, 	̄ ′)⊂Hβ0,β⊥

δ (M,C2L, 	̄)

for some constant C1,C2 > 0 independent of 	 and 	 ′, as soon as 	̄ ′ satisfies (4) also.
Hence throughout the paper, we denote this Hölder space Hβ0,β⊥

δ (M,L).

M-anisotropic functions happen to be a convenient way to describe the regularity of a
number of densities that are naturally supported around M . To illustrate this, take f∗ :M →R
to be a β0-Hölder density, meaning that there exists L0 :M →R such that for any x0 ∈M ,

f∗ ◦	x0 ∈Hβ0
iso(Vx0,L0 ◦	x0).

Now take K : RD → R to be a normalized positive smooth isotropic kernel supported on
B(0,1). We introduce c−1

⊥ = ∫ K(ε)dμE(ε) where E is any (through isometry) (D − d)-

dimensional subspaces of RD . We also assume that K ∈ Hβ⊥
iso(RD,L⊥) for some function

L⊥ which is also rotationally invariant.

PROPOSITION 2.3. Let f be the density of a random variable Z = X + δE where X ∼
f∗(x)μM(dx) and 0 < δ < τ . Then:

1. (Orthonormal noise) If β⊥ ≤ βM − 1, and if E |X ∼ c⊥K(ε)μNXM(dε), then

f ∈Hβ0,β⊥
δ (M,L), with, L(x) := Cδ−(D−d)L0(prM x)×L⊥(x − prM x), C > 0.

2. (Isotropic noise) If δ < τ/32 and β0 ≤ β⊥ ≤ βM−1, and if E ∼K(ε)dε, independently
of X, then

f ∈Hβ0,β⊥
δ (M,L), with L(x) := Cδ−D

∫
M

L⊥
(

x − y

δ

)
L0(y)μM(dy), C > 0.

In both cases C depends on CM , τ , βM , β0, β⊥.
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See Section A.2 for a proof of this result.

REMARK 3. Throughout the paper, we assume that the true density f0 ∈Hβ0,β⊥
δ (M,L),

which implies that P0(M
δ)= 1. However it is enough to assume that P0(M

δ)≥ 1− o(1/n)

where n is the number of observations. This makes no difference in terms of the results
presented in Section 3. The weaker assumption P0(M

δ)≥ 1− o(1/n) is for instance fulfilled
in the additive noise model (see Proposition 2.3) with Z =X + δ√

C logn
E with the Gaussian

kernel K(x) := (2π)D/2 exp(−‖x‖2/2).

REMARK 4. Note that under the model Z = X + δE with isotropic noise and K the
distribution of the noise belonging to Cβ⊥ with ‖K‖Cβ⊥ � 1, then f ∈Hβ0,β⊥

δ (M,L) ∩Cβ ,
with ‖f ‖Cβ⊥ � δ−β−D+d . Hence for Hölder constant is strongly impacted by δ and D. The
geometric framework of M anisotropy, allows to handle this dependence on δ and is therefore
useful for such models when δ is small.

In the following section, we describe the family of priors which we use to estimate the
above family of densities.

2.3. Location-scale mixtures of normal priors. We model the manifold-anisotropic
Hölder densities using location-scale mixtures of normals. We parametrize the covariances
of the components by 
 =OT �O where O is a unitary matrix and �= diag(λ1, . . . , λD) is
diagonal. Location-scale mixtures can then be written as

(7)

fP (x)=
∫

RD
ϕOT �O(x −μ)dP(μ,O,�),

P =
K∑

k=1

pkδ(μk,Ok,�k), K ∈N∪ {+∞},

where, for any positive definite matrix 
,

ϕ
(z) := 1

det1/2(2π
)
exp
{
−1

2
‖z‖2


−1

}
,

is the density of a centered Gaussian with covariance matrix 
. The two most well-known
families of priors on P are Dirichlet process priors and mixtures with random number of
components, also known as mixtures of finite mixtures. Recall that if P follows a Dirichlet
process priors with parameters A and H where A > 0 and H is a probability measure on
some measurable space �, then

P =
∞∑

k=1

pkδθk
with pk = Vk

∏
i<k

(1− Vi), Vi
iid∼ Beta(1,A) and θk

iid∼ H.

If P follows a mixture of finite mixtures prior of parameters αK and πK where αK > 0 and
πK is a probability measure on N, then

P =
K∑

k=1

pkδθk
with K ∼ πK, (p1, . . . , pK) |K ∼D(αK, . . . , αK) and θk

iid∼ H.

In both cases (Dirichlet process and mixture of finite mixtures) we call H the base proba-
bility measure. Obviously in the case of mixtures of finite mixtures the conditional prior on
(p1, . . . , pK) and θ1, . . . , θK could be different but we consider this setup for the sake of
simplicity.
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As shown empirically by [49] location-scale Dirichlet process mixtures with base measure
constructed from the conjuguate prior of the Gaussian model are not well adapted to the
problem at hand. We show however that if particular care is given to the choice of H , the
posterior on manifold-anisotropic density is well behaved. In particular, we consider the two
following types of location-scale mixtures:

• Partial location-scale mixtures: The eigenvalues � of the covariance of the Gaussians are
common accross components,

(8) f�,P (x)=
∫

RD
ϕOT �O(x −μ)dP(μ,O), P =

K∑
k=1

pkδ(μk,Ok), K ∈N∪ {+∞},

where P is a probability distribution on RD × O(D) (where O(D) is the set of unitary
matrices in RD) and is either a Dirichlet process prior or a mixture of finite mixtures.

• Hybrid location-scale mixtures: The density fP is written as (7) where P conditionally on
a probability Q2 on RD+ follows a Dirichlet process mixture or a mixture of finite mixtures
with base measure H0(dμ, dO, dλ)=H1(dμ, dO)⊗Q2(dλ), and Q2 follows a distribu-
tion �̃�.

We denote by � the prior on the parameter and we consider the following assumptions
on �. These conditions differs wether � is assumed to come from a partial location-scale
mixture prior or a hybrid location-scale mixture prior.

Conditions on the partial location-scale mixtures. f is modelled as in (8) and P follows
either a Dirichlet process with base measure H or a mixture of finite mixtures with base
measure H and prior on K satisfying

(9) − log�K(K = x)� x(logx)r , r = 0,1.

Here r = 0 corresponds for instance to the geometric and r = 1 to the Poisson priors on K .
The base measure H(dμ, dO)= h(μ,O)dμdO where dμ designates the Lebesgue measure
on RD and dO the Haar measure on O(D), and we further assume that there exist c1, b1 > 0
and b2 > 2D − 1 such that

(10) e−c1‖μ‖b1 � h(μ,O) �
(
1+ ‖μ‖)−b2 with ∀μ,O.

We also assume that � is drawn from a probability measure �� that has a density π� with
respect to Lebesgue measure on RD , and that this density satisfies: there exist c2, c3, b3 > 0
and b4 > D(D − 1)/2 such that

e−c2
∑D

i=1 λ
−d/2
i � π�(λ1, . . . , λD) for small λ1, . . . , λD ∈ (R∗+)D,

��

(
min

1≤i≤D
λi < x

)
� e−c3x

−b3 for small x > 0,

and ��

(
max

1≤i≤D
λi > x

)
� x−b4 for large x > 0.

(11)

Condition (10) is weak and is for instance, satisfied as soon as μ and O are independent
under H with positive and continuous density for O and positive density for μ with weak
tail assumptions. Condition (11) is also weak and common in the case of location Gaussian
mixtures and is verified in particular if the

√
λi ’s are independent inverse Gammas under ��,

or if the λi ’s are independent inverse Gammas and d ≥ 2.

Conditions on the hybrid location-scale mixtures. H1 satisfies (10) and Q2 is random with
distribution �̃λ which satisfies: for all b > 0 there exists B0, c2 > 0 such that for x2

1 ≤ x2
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TABLE 1
Summary table of the required conditions depending on the type of mixture and the type of scale sampling

MFM DPM Partial Hybrid

Conditions (9) + (10) (10) (11) (12) + (13)

both small,

�̃�

[
Q2
([

x1, x1
(
1+ xb

1
)]d × [x2, x2

(
1+ xb

1
)]D−d)≥ x

B0
1
]
� e−c2x

−d/2
1 .(12)

Moreover, we assume that for some positive constant c3, b3, c4, b4 > 0 such that

E�̃�

[
Q2

(
min

1≤i≤D
λi ≤ x

)]
� e−c3x

−b3 for small x,

E�̃�

[
Q2

(
max

1≤i≤D
λi > x

)]
� e−c4x

b4 for large x.

(13)

REMARK 5. One can view the partial location-scale mixture as a special instance of the
hybrid location-scale mixture defined above: take Q2 to be the Dirac mass at a value � where
�∼��.

Conditions (12) and (13) are in particular satisfied if Q2 comes from a Dirichlet process.
More precisely, if Q2 is of the form

Q2(dλ)=
D∏

i=1

Q0(dλi) with Q0 ∼DP(BHλ),

with B > 0, then (12) and (13) are satisfied for reasonable choices of probability distributions
Hλ on R+. We show in the next proposition that this is in particular true when Hλ is a square-
root- inverse Gamma.

PROPOSITION 2.4. Assume that Q2 =Q⊗D
0 where Q0 ∼ DP(BHλ), where B > 0 and

Hλ has density hλ verifying

e−c2λ
−1/4

1λ≤1 � hλ(λ) � e−c3λ
−b3

e−c4λ
b4

,

then conditions (12) and (13) are satisfied.

A proof of Proposition 2.4 can be found in [8], Section S2.3. For instance, if λ1/4 follows
an inverse Gamma truncated on [0,R] for arbitrarily large R under Hλ, then Proposition 2.4
holds.

REMARK 6. Although the conditions on the prior, (11) and (12), depend on d , they are
satisfies for all d by setting d = 1 and in particular they are verified for all d ≥ 1 if λ

1/4
i

follow an inverse Gamma under the base measure, which is agnostic to d .

3. Main results.

3.1. Posterior contraction rates. Recall that X1, . . . ,Xn is an n sample drawn from a
distribution P0 with density f0. Recall that f0 = f0,n might depend on n, but that all the
constants appearing in the subsequent conditions do not. This density is concentrated around
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a submanifold M , with a a given smoothness β0 along the manifold and a typically much
larger smoothness β⊥ along the normal spaces. More precisely, we will assume:

• Conditions on M : the submanifold M is of dimension d and has a reach greater than τ > 0.
Furthermore, there exists βM > 4 and CM > 0 such that 	x0 ∈HβM

iso (Vx0,CM), ∀x0 ∈M .
In particular, M also satisfies (4).

• Conditions on f0: the density f0 is in Hβ0,β⊥
δ (M,L) with δ = δn ≤ τ/2. Furthermore, there

exists c5, κ > 0,

(14) f0(x) � e−c5‖x‖κ ∀x ∈RD,

and for some ω > 6β and C0 <∞,

(15)
∫
Wx0,δ

∣∣∣∣Dkf̄x0,δ

f̄x0,δ

∣∣∣∣ω/〈k,α〉
f̄δ,x0 ≤C0 and

∫
Wx0,δ

∣∣∣∣Lx0,δ

f̄x0,δ

∣∣∣∣ω/β

f̄δ,x0 ≤ C0

for all δ small, x0 ∈M and all 0≤ 〈k,α〉< β . Recall that the quantities α and β are defined
through β0 and β⊥ through (5).

In the rest of this paper the symbols �, � and � denote equalities or inequalities up to
a constant depending on D, d , τ , βM , CM , β0, β⊥ and all the other constants appearing in
conditions (9) to (15).

THEOREM 3.1. Let X1, . . . ,Xn be a n-sample from f0 satisfying (14) and (15) with
ω > 6β+ (2β+D)(D−d) log(1/δ)/ logn and that β0 ≤ β⊥ ≤ βM −4. Consider the partial
location scale mixture or the hybrid location scale mixture prior [either the mixture of finite
mixtures or the Dirichlet process mixture] satisfying the conditions displayed in Table 1.

Then, under the conditions stated above,

En
0
[
�
(
dH(fP , f0)≥ εn |Xn

)]= o(1),

where

(16) εn � logp n×
{

1√
nδ

D
2α0−α⊥

∨ n
− β

2β+D

}
,

with p > 0 depending on D, κ and β , and where we recall that β , α0 and α⊥ are defined
through (5).

A few remarks are in order.

REMARK 7. Note that the conditions regarding the prior � do not involve M , δ, L, β , or
τ : they are regarded as unknown in this framework. Also, while the conditions (11) or (12)
involve the intrinsic dimension d , one can always choose � independent of d and satisfying
these two conditions for all d ≥ 1, as noted in Remark 6. Hence, the Bayesian procedure is
fully adaptive.

REMARK 8. The rates obtained in Theorem 3.1 are minimax (up to a logn term) as
soon as δ � n−(2α0−α⊥)/(2β+D) := δn(β0, β⊥). To see this, note that the case of densities
concentrating near the linear subspace spanned by the d first vectors of the canonical basis of
RD , described as

Flin(δ) := {fδ(x)= f (x1, x2/δ)/δ
D−d, f ∈Hβ

an(U,R)
}
,

where x1 ∈ Rd , x2 ∈ RD−d are restricted to a compact subset U of RD , is a special case of
the assumption (14). Even if δ = δn = o(1), the minimax rate for estimating, in L1 norm,
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densities belonging to Flin(δ) is bounded from below by n−β/(2β+D). This is a consequence
of fact that for two densities fδ,1 and fδ,2, ‖fδ,1−fδ,2‖1 = ‖f1,1−f1,2‖1 is independent of δ

and a look at the construction of the lower bound in [32] — proof of Theorem 4 (ii) for p = 1,
r = (∞, . . . ,∞), s =∞ and θ = 1 (tail dominance from (14)) — shows that the lower bound
is not impacted by δ. Obviously the result would be different if other metrics, such as the L2
norm were considered. However these distances, being non transformation invariant, are less
natural in the context of density estimation. Hence, at least when δ � δn(β0, β⊥) the rate εn

is the minimax estimation rate (up to a logn term).

REMARK 9 (Relations to existing results). The result of Theorem 3.1 is in line with the
many existing results regarding Bayesian multivariate density estimation, as in [12, 28, 29,
41, 60], and extends them in this new near manifold framework. We illustrate these extensions
with simple cases and examples below.

• Linear case: As explained above, the case where M is a linear subspace spanned by vectors
of the canonical basis of RD and where δ is constant (not going to zero) recovers the
classical Euclidean anisotropic setting and our result thus encompasses in particular those
of [60] regarding the Bayesian estimation of multivariate, anisotropic Hölder densities.
The rates we obtain are the same and are minimax up to logarithmic factors. The technical
assumptions we do are roughly identical to theirs — although in our context, the regularity
vectors can only take two values β0 and β⊥ because of the geometry of the problem. The
linear anisotropic case with regularity taking more than 2 values can be treated similarly to
what we have done in Theorem 3.4, thus extending the results of [60] to linear anisotropy
along different axes than the canonical basis.

• Isotropic case When β0 = β⊥ = β , the density f0 is globally β-Hölder on RD , and the
general results of [60] would also apply in that case. However, because f0 has magnitude
δ−(D−d) in a tubular neighborhood of size δ, its β-Hölder norm is of order δ−(D−d+β).
This yields a rate of order

1

δD−d+β
n
− β

2β+D .

The rate we find in Theorem 3.1 is:

1√
nδD

∨ n
− β

2β+D

which is always better if the density is sufficiently smooth, that is, β ≥ (d −D/2)+, or
for δ not too small otherwise, that is, δ � n−D/((2β+D)(2d−D−2β)). That is because our
procedure takes advantage of the geometry of the problem in this context.

• Fixed width case: The case where δ > 0 is fixed and do not go to zero has been investi-
gated by [49] using Fisher–Gaussian mixtures. However, little theoretical results or rates
are derived as they were not interested in providing a general model for such densities.
This case encompasses many natural situations such as for instance, the ones considered
in [13] where the data can be naturally described using spherical coordinates with an un-
known center point. Diverging width case: The case where δ →∞ implies in particular
that the reach of M becomes infinite, which can only be the case if M is an affine sub-
space of RD , as the reach lower-bounds the minimal radius of curvature of M . We thus fall
back in the Linear case described at the beginning of this remark. In this case, there is no
need to rescale with δ to define the smoothness class and we can consider the alternative
smoothness class Hβ0,β⊥(M,L) of function f : RD → R verifying f ◦ 	̄ ∈Hβ0,⊥

an (M,L)

where 	̄ is the rotation aligning with M , M⊥. Notice however that our functional classes,
as defined in Definition 2.2, becomes trivial for δ =∞, and one would need to threshold
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FIG. 3. (Left) An example of smooth submanifolds with a reach constrained to be greater than τ and (Right)
a finite union of such manifolds. Both subsets are admissible as (near) supports for a density f0 satisfying the
contraction rates displayed Proposition 3.2.

at δ = logt n to use this definition, where t is driven by the exponential tail of the density,
thus losing logarithmic terms in the final contraction rate. It is therefore more interesting
in this case to use the alternative class Hβ0,β⊥(M,L).

• Decaying width case: Finally, the case where δ = δn → 0 is, to our knowledge, new and
the rate we obtain, in its dependence to δn, does not relate to any rate that we know of.

REMARK 10. Because the approximation results of Section 3.2 are stable under finite
mixtures, so do the results of Theorem 3.1. In particular, the support of f0 can be a finite
union of vicinity of submanifolds Mi with arbitrary intersections and with each Mi fulfilling
(3); see Figure 3 for a diagram of such a situation. Hence, the assumption on the lower bound
on the reach can be significantly weakened, as shown in the following proposition.

PROPOSITION 3.2. Assume that there exist Mj, j ≤ J smooth manifolds with dimensions
dj , j ≤ J and verifying the conditions on M ; assume that there exist probability densities f0,j

j ≤ J verifying assumptions (14) and (15) with respect to (β0j , β⊥j ) and p0j > 0, j ≤ J such
that

∑
j p0j = 1. Then under the hybrid location scale mixture prior satisfying the conditions

displayed in Table 1,

En
0
[
�
(
dH(fP , f0)≥ εn |Xn

)]= o(1), where

εn � logp n×max
j

{
1√

nδ

D
2α0j−α⊥j

j

∨ n
− βj

2βj+D

}
,

If in addition for all j , (dj , β0j , β⊥j , δj ) = (d,β0, β⊥, δ) then the above result holds also
true under the partial location scale mixture prior.

Proposition 3.2 is a direct consequence of the proof of Theorem 5.1 and of the fact that
with KL(f0, f )= P0(log(f0/f )) and f =∑J

j=1 p0j fj ,

KL(f0, f )≤
J∑

j=1

p0jKL(f0j , fj );

see Section 5 for more details.
The case of collections of manifolds has also been considered in [38], who bound the

variance term of a Kernel estimator, in sup norm, under a condition on the support which
include unions of manifolds.

We consider such an example in the simulations of Section 4. Interestingly, to allow for
different β0i or different di across i = 1, . . . ,N , we need to consider the hybrid location—
scale prior, since we need to allow for different �σi,δi

, for i = 1, . . . ,N in the approximation
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theory presented in Theorem 3.4. We stress here that the accuracy of the density estimation
does not decrease near the intersections. It is possible that locally better rates can be achieved
(depending on βj , dj , δj in particular, however, deriving local rates is much harder than
global Hellinger or L1 rates (see [56]) and is beyond the scope of this paper.

REMARK 11. The case where β⊥ is infinite is particularly of interest. Then, β →Dβ0/d ,
α0 →D/d , α⊥→ 0 and the rate εn becomes, up to logn terms

1√
nδd/2

∨ n
− β0

2β0+d ,

which is, when δ is not too small (i.e., δ � n−2/(2β0+d)), the minimax rate for estimating a
β0 Hölder density in Rd . Here, again, the strength of our result lies in that the manifold (and
thus the support of f0) is unknown and the prior depends neither on β nor on δ or d (or M).

Assumptions (14) and (15) are common assumptions in density estimation based on mix-
tures of Gaussians; see, for instance, [41] or [60] for the Bayesian approaches and [46] for
the frequentist approaches. They are rather weak asssumptions. The difficulty with (15) is
that it is expressed on f̄x0,δ , which is natural in our context since the smoothness assumption
on f0 is expressed in terms of f̄x0,δ , but is not so intuitive. However, a careful examination of
(15) shows that this assumption is for instance implied by the stronger, but chart-independent
assumption: ∫

RD

{
L(x)

f0(x)

}ω∗
f0(x)dx ≤ C0,

for some large ω∗. Moreover, to understand better what (15) means in terms of f0, we illus-
trate it in our archetypal model where f0 is the density of X = Y + δE as in Proposition 2.3.
We then have the following result.

LEMMA 3.3. Under the conditions of Proposition 2.3 and if∫
M

{
L0(x)

f∗(x)

}ω∗
f∗(x)dμM(x) <∞ and

∫
B(0,1)

{
L⊥(η)

K(η)

}ω∗
K(η)dη <∞,

for some ω∗ large. Then (15) is satisfied in both the orthonormal noise model and in the
isotropic noise model.

The proof of Lemma 3.3 can be found in [8], Section S2.2. Note that the conditions in
Lemma 3.3 are fulfilled by a number of natural kernels or densities such as K(η) ≈ (1 −
‖η‖2)

p
+ and L⊥ ≈ (1−‖η‖2)

p−β⊥+ with large p or K(η)≈ exp(−(1−‖x‖2)−1+ ) and L⊥(η)≈
(1− ‖η‖2)−βM K(η); see [8], Lemma S1.4, for further details.

3.2. Approximating M-anisotropic densities. Theorem 3.1 is proved using the approach
of [28], with a control on the prior mass of Kullback-Leibler neighbourhoods of f0 and on the
entropy of the support of the prior. The main difficulty in our setup is in proving the Kullback-
Leibler prior mass condition. To do so, we need to construct an efficient approximation of f0
by mixtures of Gaussian. This construction is of interest in its own as it sheds light on the
behaviour of such mixtures and on the geometry of M-anisotropic densities.

To explain the construction, we denote, for any x ∈ Mτ , Tx = TprM(x)M and Nx =
NprM(x)M . We set B0

x an orthonormal basis of Tx , B⊥x an orthonormal basis of Nx , and let Ox
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be the matrix of the linear map z 
→ (prTx
z,prNx

z) from the canonical basis to the concate-
nated basis (B0

x,B⊥x ). We finally write 
(x)=O 
x �2

σ,δOx where

�σ,δ =
(
σα0 Idd 0

0 δσα⊥ IdD−d

)
.

Note that 
(x) does not depends on the choice of the bases B0
x and B⊥x since for any or-

thonormal basis change P that preserves Tx (whence Nx ), one has P �σ,δP = �σ,δ . For
any function f :RD →R, we define

K
f (x) :=
∫
Mτ

ϕ
(y)(x − y)f (y)dy,

where we recall that ϕ
(y) is the density of a centered Gaussian with variance 
(y). The
idea behind the construction of the approximation of f0 by a mixture of Gaussians is to show
that K
f0(x) is close to f0 and then to define a perturbation f1 of f0 such that K
f1(x)−
f0(x) =O(L(x)σβ). Compared to the construction proposed by [41] in the univariate case
or [60] in the multivariate case where K
f = ϕ
 ∗ f , in our construction 
 varies with the
location y. Note that in particular

∫
ϕ
(y)(x−y)dy may be different from 1. This dependence

in y is crucial to adapt to the geometry of the manifold but considerably complicates the proof
as the underlying kernel integral operator can no longer be written as a convolution. We first
show that f0 can be efficiently approximated pointwise.

THEOREM 3.4. Assume that σ, δ ≤ 1, that f0 ∈ Hβ0,β⊥
δ (M,L) satisfies (14) and (15),

that σ 2α0−α⊥ = o(δ) and that the manifold satisfies (3) with β0 ≤ β⊥ ≤ βM − 4. Then there
exists a function g :RD →R such that, for any H > 0,∣∣K
g(x)− f0(x)

∣∣� σβL(x)1Mτ + (H log(1/σ)
)D/κ

σH‖L‖∞ ∀x ∈RD.

The function g has the form

g(x)= d0(x, σ, δ)f0(x)+ 1

δD−d

∑
0<〈k,α〉<β

σ 〈k,α〉
J∑

j=1

dj,k(x, σ, δ)Dk
z(χjf0)xj ,δ

(zj,x),

where zj,x :=�−1
1,δ	̄

−1
xj

(x), where (χj )j≤J is a partition of unity, defined in [8], Section S3.1,

of the set Mτ ∩ B(0,R0(log(1/σ))1/κ) associated with a τ/64-packing (xj )j≤J of Mτ ∩
B(0,R0(log(1/σ))1/κ) and where dj,k(x, σ, δ) are smooth and bounded functions depending
on χj and M .

We then establish that the previous bound translates to a control in terms of Hellinger
distance.

COROLLARY 3.5. In the context of Theorem 3.4, if f0 also satisfies (15) and if σω−6β =
o(δD−d) and δσα⊥ = o(| logσ |−1/2), the probability density h̃ ∝ g1g≥f0/2 + f0/21g<f0/2

verifies

(17) dH(K
h̃, g)2 � σ 2β | logσ |16β+D/κ .

Theorem 3.4 is proven in Section 5.2 while the proof of Corollary 3.5, which appears to
be a nontrivial consequence of Theorem 3.4, is delayed to [8], Section S3.1.
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FIG. 4. (First column) We observe n= 300 points drawn under P0 for the 2D-spiral with δ = 0.1 (Top row) and
δ = 0.01 (Bottom row). We then sample the same amount of points using the Gibbs sampler with (Second column)
Inverse-Wishart prior, (Third column) model (18) with bj = 1, (Forth column) model (18) with bj = 0.001 and
(Fifth column) model (18) with the exponential hyperprior on bj . Finally, we used in (Sixth column) the approxi-
mate MAP distribution.

4. Numerical experiments. In this section we present some implementations and visual
results of the location-scale mixtures of Section 2.3. The aim of this section is to illustrate
the ability of the aforementioned priors to describe in a relevant way data that can be very
singular. More precisely, we consider the hierarchical model:

(yi)
n
i=1 | (μi,Oi)

n
i=1,�∼

n⊗
i=1

N (·|μi,Oi�OT
i

)
with �= diag(λ1, . . . , λD),

(μi,Oi)
n
i=1 | P ∼ P⊗n, P ∼DP(αP0), P0 =N (·|μ0,
0)⊗Unif

(O(D)
)

(λj )
D
j=1|(bj )

D
j=1 ∼

D⊗
j=1

Inv�(aj , bj ), (bj )
D
j=1 ∼

D⊗
j=1

Exp(κj ).

(18)

We set in our experiments the value of the hyperparameters as α = 1, aj = κj = 1 for all
1≤ j ≤D and μ0 = 0, 
0 = ID . Alternatively, we also consider the previous model with the
bj ’s being fixed ahead.

We present two different inference approaches: Gibbs sampling (using [51], Algo 8, and
example 5.1 in [30]) and stochastic approximation of the Maximum A Posteriori estimator
(MAP) using the python package pyro [9]. The former is an asymptotically exact MCMC
sampler while the latter is an approximate (but way easier to compute) point estimator. We
refer the reader to the [8], Section S5, for further details of the implementation.

The manifolds we use for the experiments are a 2D spiral, two intersecting circles, a 3D
spiral and a torus; see Figures 4–7. Precise parametrizations are given in [8], Section S5.1. As
for the data generating distributions, we use the additive isotropic noise model (as described
in Proposition 2.3), with noise kernel Kβ⊥(x)∝ (1− ‖x‖2)

β⊥+ , and base densities chosen as

FIG. 5. Same experiment as in Figure 4 but for the two overlapping circles.
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FIG. 6. We observe n = 1000 points (blue plots) and sample the same amount through the approximate MAP
distribution (orange plots). The width δ is set to (Left two plots) 0.1 and (Right two plots) to 0.01.

follows: we take the uniform distribution for the two-circles and for the torus, whereas for the
2D and 3D spiral, we push forward through the embeddings (described in [8], Section S5.1)
the probability distribution gβ0 on [0,1] given by gβ0(t)∝ (1− (1− 2t)β0)1t∈[0,1/2] + (1−
(2t − 1)β0+1)1t∈[1/2,1]. In the experiments, the regularities were set to β0 = 2 and β⊥ = 6.

We test different values for δ and challenge the model (18) for various choices of bj ’s
against the conjugate Normal Inverse-Wishart prior on these datasets (for which we choose
to use the R package dirichletprocess [45]). Since the Gibbs sampling algorithm is computa-
tionally very intensive, we compare this algorithm with the much lighter approximate MAP
on the 2-dimensional datasets, with a sample of size n= 300; see Figures 4 and 5.

As seen in these figures, the hierarchical prior (18) seem to perform much better than the
prior with fixed bj (unless these are chosen very carefully) and much better than the Normal
Inverse-Wishart, which is also consistent with the empirical results of [49]. Our theoretical
results together with our empirical results strongly suggest that this conjuguate DP mixture
is suboptimal is this case.

Thanks to the low computational cost of approximating the MAP, we were able to conduct
experiments on 3D datasets, the 3D-spiral and the torus. See Figures 6 and 7.

5. Proofs of the main results.

5.1. Proof of Theorem 3.1. Theorem 3.1 is proved using [28], Theorem 5, which relies
on two things: making sure that the prior probability distribution puts enough mass around
the true density f0 (Kullback-Leibler condition), and ensuring that most of its probability
mass is concentrated on a subset of manageable entropy (entropy condition). Notice that [28],
Theorem 5, is expressed for a fixed true distribution P0, but a careful look at the statement
and at the proof of the theorem shows that this results extends straightforwardly to a true
distribution P0,n depending on n, as their result is nonasymptotic in nature.

FIG. 7. Same experiment as in Figure 6 for the torus with n = 10000 points observed and sampled and with
respectively, (Left two plots) δ = 0.5 and (Right two plots) δ = 0.05.
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PROOF OF THEOREM 3.1. The most challenging part of the proof is the Kullback-Leibler
condition. To verify it we define, for any ε > 0,

(19) B(f0, ε)=
{
f :RD →R | P0

(
log

f0

f

)
≤ ε2 and P0

(
log2 f0

f

)
≤ ε2

}
,

and introduce

ε̃n := δ
β

2α0−α⊥ ∧ n
− β

2β+D and εn :=
{
C1/2
√

n
ε̃−D/2β
n logt/2(1/ε̃n)

}
∨ {ε̃n logs(1/ε̃n)

}
,

where s, t and C are introduced in Lemma 5.2. The sequence ε̃n goes to 0 and is such that
ε̃

2α0
n ≤ δβ ε̃α⊥

n so that B(f0, ε̃n logs(1/ε̃n)) ⊂ B(f0, εn). The control of �(fP ∈ B(f0, εn))

relies first on Theorem 3.4 which constructs explicitly an approximation of f0 by a con-
tinuous location scale mixture of Gaussians K
f1 with f1 close to f0 and then on a dis-
crete approximation of K
f1; it is formally stated in Lemma 5.2 below and implies that
�(fP ∈ B(f0, ε̃n logs(1/ε̃n)) � exp(−Cε̃

−D/β
n logt (1/ε̃n)) � exp(−nε2

n)..
To verify the entropy condition of [28], Theorem 5, we define, for any sequence εn going

to 0, Fn = Fn(εn,R0,H0, σ0, σ1) to be the set of all probability density function fP with
P =∑h≥1 πhδμh,Uh,�h

such that∑
h>Hn

πh ≤ εn,

∀h≤Hn,μh ∈ B(0,Rn) and ∀h≤Hn,�h ∈Qn = [σ 2
n, σ̄

2
n

]D
,Uh ∈O(D),

where Rn = exp(R0nε2
n), Hn = #H0(nε2

n)/ logn$, σ 2
n = σ 2

0 (nε2
n)
−1/b3 for some positive con-

stant R0, H0 and σ0 and where, for some σ1 > 0:

• σ̄ 2
n = exp(σ 2

1 nε2
n) in the case of the Partial location-scale mixture

• σ̄ 2
n = σ 2

1 (nε2
n)

1/b4 in the case of the Hybrid location-scale mixture.

We then show in Lemma 5.1 below that �(Fc
n) � exp(−c1nε2

n) as soon as nε2
n ≥ nω for some

ω > 0.
We now define, for j= (jh, h≤Hn) ∈NHn ,

Fn,j := {fP ∈Fn | ∀h≤ hn, jh

√
n < ‖μh‖ ≤ (jh + 1)

√
n
}

along with the following refinement:

Fn,j,0 :=
{
fP ∈Fn,j | maxi λi

mini λi

≤ n

}
and ∀ℓ≥ 1, Fn,j,ℓ :=

{
fP ∈Fn,j | n2ℓ−1

<
maxi λi

mini λi

≤ n2ℓ
}
.

In Lemma 5.1 below, we show that for the partial location scale prior∑
j,ℓ

√
�(Fn,j,ℓ)N

(
εn,Fn,j,ℓ,‖ · ‖1

)
e−M0nε2

n = o(1);

while for the hybrid one the same holds true with Fn,j.
Hence [28], Theorem 5, implies that the posterior contracts at rate εn, so long as nε2

n ≥ nt0

for some t0 > 0. We now distinguish three cases. Denoting p = s ∨ t/2, there holds:

1. If first δ
D

2α0−α⊥ ≤ n−1, then the results of Theorem 3.1 is trivial and there is nothing to
show (because the contraction rate goes to ∞ instead of 0);
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2. If δ
D

2α0−α⊥ ≥ n
− D

2β+D , then ε̃n = n
− β

2β+D and one easily gets that εn � n
− β

2β+D logp n. In
particular, nε2

n� nt0 for t0 =D/(2β +D).

3. If finally n−1 < δ
D

2α0−α⊥ < n
− D

2β+D , then ε̃n = δ
β

2α0−α⊥ and log(1/δ) � logn so that

nε2
n ≥ Cε̃−D/β

n logt (1/ε̃n) � δ
− D

2α0−α⊥ logt (n)� n
D

2β+D .

Finally to understand how εn depends on δ in this last case, note that by assumption,
log(1/ε̃n) � log(1/δ) � log(n) and ε̃n < n−β/(2β+D), so that

εn � logp n×
{
ε̃
−D/2β
n√

n
∨ ε̃n

}
= logp n× 1√

nδD/(2α0−α⊥)
. �

We end this section with the presentations of the technical lemmata that are keys to the
proof of Theorem 3.1.

LEMMA 5.1. Under assumptions of Table 1, for any sequence εn → 0 such that nε2
n ≥

nt0 , for some ω > 0, and for all c1 > 0, if R0, H0, σ 2
1 are large enough and σ 2

0 is small
enough, there exists M0 > 0 such that:

(i) �(Fc
n) � exp(−c1nε2

n);
(ii) In the case of the partial location-scale prior∑

j,ℓ

√
�(Fn,j,ℓ)N

(
εn,Fn,j,ℓ,‖ · ‖1

)
e−M0nε2

n = o(1);

(iii) In the case of the hybrid location-scale prior∑
j

√
�(Fn,j)N

(
εn,Fn,j,‖ · ‖1

)
e−M0nε2

n = o(1).

The proof of Lemma 5.1 can be found in [8], Section S4.1. The last elementary brick in
the proof of Theorem 3.1 is the control of the probability of small balls around P0, which is
stated below.

LEMMA 5.2. Let ε > 0 and assume that it is small enough so that ε2α0 ≤ δβεα⊥ and that
εα⊥ % log−1(1/ε). Then, in the context of Theorem 3.1, there holds

�
(
fP ∈ B(f0, ε̃)

)
� exp

{−Cε−D/β logt (1/ε)
}
,

where B(f0, ·) is defined in (19), where the constant C depends on the parameters, where
ε̃ � ε logs(1/ε) and with s, t > 0 depending on D, β and κ .

The complete proof is given in [8], Section S4.2, and is sketched as follow: the first step
is the Hellinger approximation of f0 by K
h̃ as expressed in Corollary 3.5. Then we exhibit
an ε-approximation of K
h̃ by a discrete location scale mixture with a controlled number of
atoms through the use of Lemma 5.3 below. The result then follows from similar arguments
as in [41, 60] or [50].

LEMMA 5.3. Let ε > 0 such that δσα⊥ log(1/ε)% 1. For any density g on Mδ satisfying
(14), there exists a discrete probability measure G on RD with at most N � σ−D logD(1/ε)

atoms such that

‖K
G−K
g‖∞ � ε

σDδD−d
and ‖K
G−K
g‖1 � ε logD/2(1/ε).

The atoms of G are in Mδ and are σ 2α0ε-apart.
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The proof of Lemma 5.3 can be found in [8], Section S4.3. We underline that although it
uses similar ideas to [29], Lem 3.1, it is not a straightforward adaptation of it, since in K


the covariances depend on the locations of the mixture in a complicated way.

5.2. Proof of Theorem 3.4. As explained in Section 3.2 a key ingredient of the proof of
Theorem 3.1 is the pointwise approximation of f0 by K
g̃ where g is close to f0 and is
explicited in the proof of Theorem 3.4 below.

PROOF OF THEOREM 3.4. Let x0 ∈M and define

Wj
x0
:= BTx0

(
0,

2+ j

16
τ

)
× BNx0

(
0,

6+ j

8
τ

)
for j ∈ {0,1,2},

and Oj
x0 = 	̄x0(O

j
x0) for j ∈ {0,1,2}. We have W0

x0
⊂W1

x0
⊂W2

x0
and O0

x0
⊂ O1

x0
⊂ O2

x0
.

Furthermore, the sets O0
x0

for x0 ∈M forms a covering of M3τ/4; see [8], Section S1.3, for
more details.

We now drop the x0 from the notation. Let f :RD →R be in Hβ0,β⊥
δ (M,L) and supported

on O0 — it is to be thought of as f0 multiplied by a smooth function supported on O0. Take
x ∈O1 and compute

K
f (x) :=
∫

RD
ϕ
(u)(x − u)f (u)du=

∫
Mδ∩O0

ϕ
(u)(x − u)f (u)du.

We first prove that we can construct a function g such that K
g is close to f and we then
apply this result to f = f0χj with χj the partition of unity defined in [8], Lemma S1.4.

The idea is to use the fact that 
(u)= o(1) and the smoothness of u 
→
(u) so that

K
f (x)≈
∫
Mδ∩O0

ϕ
(x)(x − u)f (u)du≈ f (x).

We now write down the approximation rigorously and quantify the error, taking into ac-
cound the geometry of the manifold M . In all that follows, we use the notation z = (v, η)

for points belonging to BTx0M(0, τ/16) × BNx0M
(0, τ/2), while throughout w = (v, δη) ∈

BTx0M(0, τ/16)× BNx0M(0, δτ/2). We first make the change of variable w = 	̄−1(u), yield-
ing

K
f (x)=
∫
	̄−1(Mδ∩O0)

ϕ
(	̄(w))

(
x − 	̄(w)

)
f
(
	̄(w)

)∣∣det d	̄(w)
∣∣dw.

Then, denoting by wx = 	̄−1(x), we write

w =�σ,δz+wx =�σ,δz+�1,δzx, wx = (vx, δηx), zx = (vx, ηx),

in the integral above, giving

(20) K
f (x)= 1

(2π)D/2δD−d

∫
�−1

σ,1(W0−zx)
e−Bσ (zx,z)f̄δ(�σ,1z+ zx)ζ(�σ,δz+wx)dz,

with

Bσ (zx, z) := 1

2

∥∥x − 	̄(�σ,δz+wx)
∥∥2

−1(	̄(�σ,δz+wx))

and ζ(�σ,δz+wx) :=
∣∣det d	̄(�σ,δz+wx)

∣∣,
and where we used the fact that |det
(u)| is constantly σDδD−d for u ∈Mτ . Notice that f̄δ

is zero outside of �−1
σ,1(W0 − zx) so we can replace the latter by Tx0M ×Nx0M � RD . We

denote

K̄
f̄δ(zx)= 1

(2π)D/2

∫
e−Bσ (zx,z)f̄δ(�σ,1z+ zx)ζ(�σ,δz+wx)dz.
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We now develop each term separately. First

(21) f̄δ(�σ,1z+ zx)= f̄δ(zx)︸ ︷︷ ︸
=δD−df (x)

+ ∑
0<〈k,α〉<β

zk

k! σ
〈k,α〉Dkf̄δ(zx)+Rf

σ (x, z)

with R
f
σ (zx, z) ≤ DLδ(zx)σ

β‖1 ∨ z‖βmax
1 = DδD−dL(x)σβ‖1 ∨ z‖βmax

1 in application of
Corollary A.3. We can thus write

(22) K̄
f̄δ(zx)= f̄δ(zx)I0(zx)+
∑

0<〈k,α〉<β

Dkf̄δ(zx)

k! σ 〈k,α〉Ik(zx)+RK
σ (zx),

with

Ik(zx)= 1

(2π)D/2

∫
e−Bσ (zx,z)ζ(�σ,δz+wx)z

k dz

and RK
σ (zx)= 1

(2π)D/2

∫
e−Bσ (zx,z)ζ(�σ,δz+wx)R

f
σ (zx, z)dz.

We will show that:

(i) RK
σ (zx)=O(σβδD−dL(x)) uniformly;

(ii) For all k, Ik(zx) ∈HβM−3
iso (W0

x0
,C) for some constant C > 0;

(iii) I0(zx)= 1+ o(1) uniformly.

If these three assertions holds, then we can recursively define a function g such that

K̄
ḡ(x)= f̄δ(x)+O
(
σβLδ(x)

)
uniformly on x. The recursion goes as follows: we let Q= {0 < 〈k,α〉 | 〈k,α〉< β} = {q1 <

· · ·< qN } and let q0 = 0 and define

ḡ0(zx)= f̄δ(zx)/I0(zx),

ḡ1(zx)= ḡ0(zx)− σq1

I0(zx)

∑
〈k,α〉=q1

1

k! Dk(ḡ0)(zx)Ik(zx),

then using [8], Proposition S2.1, for all 〈k,α〉 = q1, Dk(ḡ0) ∈ Hβ(1−q1/β)
an (C̃kL) for some

C̃k > 0 and we apply (22) to ḡ1 which leads to

K̄
ḡ1(zx)= f̄δ(zx)− σq1
∑

〈k,α〉=q1

1

k! Dk(ḡ0)(zx)Ik(zx)+
∑

q1≤〈k,α〉<β

σ 〈k,α〉Dkḡ0(zx)

k! Ik(zx)

− σq1
∑

〈k,α〉=q1

1

k!
∑

〈k′,α〉<β−q1

Dk′(Dk(ḡ0)Ik)(zx))

k′! Ik′(zx)+ R̃K
σ (zx),

= f̄δ(zx)+
∑

q2≤〈k,α〉<β

σ 〈k,α〉Dkḡ0(zx)

k! Ik(zx)

− σq1
∑

〈k,α〉=q1

1

k!
∑

〈k′,α〉<β−q1

σ 〈k′,α〉D
k′(Dk(ḡ0)Ik)(zx))

k′! Ik′(zx)+ R̃K
σ (zx)

= f̄δ(zx)+
∑

q2≤〈k,α〉<β

σ 〈k,α〉hk(zx)Ik(zx)+ R̃K
σ (zx),
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where R̃K
σ (zx) also satisfies (i) above and hk ∈Hβ(1−βk/β)

an (CL), βk = 〈k,α〉 and C > 0. All
in all, ḡ will be of the form

ḡ(zx)= d0(zx, σ, δ)f̄δ(zx)+ 1

δD−d

∑
0<〈k,α〉<β

σ 〈k,α〉dk(zx, σ, δ)Dkf̄δ(zx)

with all dk uniformly bounded and d0(zx, σ, δ)= 1+O(σ 2α0−α⊥/δ). Let us now prove (i),
(ii) and (iii). There holds

	̄(�σ,δz+wx)=	
(
vx + σα0v

)+ δN
(
vx + σα0v

)[
ηx + σα⊥η

]
= x + σα0 d	(vx)[v] + δσα⊥N(vx)η+ δσα0 dN(vx)[v]ηx +R	̄

σ (zx, z),

where, with for s ∈ (0,1) vs = vx + sσα0v,

R	̄
σ (zx, z)= σ 2α0

∫ 1

0
(1− s)

[
d2	(vs)

[
v⊗2]+ δ d2

vN(vs)
[
v⊗2](ηx + σα⊥η

)]
ds

+ δσα0+α⊥ dN(vx)[v]η
=O(rσ )withrσ := σ 2α0 + δσα0+α⊥ .

The above equation shows that r−1
σ R	̄

σ (zx, z) ∈HβM−3
iso (W0,C) as a function of zx , where C

depends on ‖	̄‖CβM−1 , uniformly on z. Now notice that in appropriate orthogonal basis, the
differential of 	̄ in wx writes(

d	(vx)+ prTx
dN(vx)[·](δηx) 0

prNx
dN(vx)[·](δηx) N(vx)

)
so that in particular, |det d	(wx)| = |det{d	(vx) + prTx

dN(vx)[·](δηx)}|. Let now u =
	̄(�σ,δz+wx). The projection prTu

only depends smoothly on d	(vx + σα0v) so that there
RT

σ (zx, v) such that

prTu
[y] = prTx

[y] +RT
σ (zx, v)(y)

with

RT
σ (zx, v)(y)= σα0

∫ 1

0
(1− s)dv prTvs

[v](y)ds � σα0‖y‖,

and that for all y &= 0, ‖y‖−1σ−α0RT
σ (·, v)(y) ∈ HβM−2

iso (W0,C). This also implies that
prNu

[y] = prNx
[y] −RT

σ (x, v)[y]. As a results, we find that

prTu
(u− x)= σα0 d	(vx)v + δσα0 prTx

dN(vx)[v]ηx + R̃T
σ (zx, z)

with r−1
σ R̃T

σ (x, z) ∈HβM−3
iso (W0,C) as a function of zx , uniformly in z. Likewise,

prNu
(u− x)= δσα0 prNx

dN(vx)[v]ηx + δσα⊥N(vx)η+ R̃N
σ (zx, z)

with rσ R̃N
σ (x, z) ∈HβM−3

iso (W0,C) as a function of zx , uniformly in z. All in all, we get that

Bσ (zx, z)= 1

2σ 2α0

∥∥prTu
(u− x)

∥∥2 + 1

2δ2σ 2α⊥
∥∥prNu

(u− x)
∥∥2

= 1

2

∥∥Aσ (zx, z)
∥∥2 +RB

σ (zx, z),

where

(23) Aσ (zx, z)= d	(vx)v + δ prTx
dN(vx)[v]ηx + σα0−α⊥ prNx

dN(vx)[v]ηx +N(vx)η,
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and where RB
σ (zx, z)=O(r̃σ ) with r̃σ = σα0 + δσα⊥ + σ 2α0/(δσα⊥)= o(1), together with

r̃−1
σ RB

σ (zx, z) ∈HβM−3
iso (W0,C) as a function of zx , uniformly in z. Finally, let us write that

ζ(wx +�σ,δz)=
∣∣det d	̄(wx)

∣∣+Rζ
σ (zx, z)

and where R
ζ
σ (zx, z) is (βM −2)-Hölder as a function of zx , uniformly in z. Let us now show

that (i) and (ii) holds. We show that if |F(zx, z)| ≤A‖z‖r , then

(24)
∫

e−
1
2‖Aσ (zx,z)‖2 ∣∣F(zx, z)

∣∣dz≤ACr

for some constant Cr > 0 depending on r and CM . To do so, let us notice that Aσ (x, ·) is an
invertible linear map such that spec(Aσ (zx, ·))= spec(d	̄(wx)) and thus∫

e−
1
2‖Aσ (zx,z)‖2 ∣∣F(x, z)

∣∣dz=A
∣∣detAσ (zx, ·)

∣∣−1
∫

RD
e−

1
2‖z‖2∥∥Aσ (zx, ·)−1z

∥∥r dz

=A|det d	̄(wx)|−1‖d	̄(wx)
−1‖rop

∫
RD

e−
1
2‖z‖2‖z‖r dz

≤ACr,

where Cr depends only on r and CM . Using this newly proven (24), we have immediately
that (i) and (ii) holds. For (iii), notice that

I0(x)= 1

(2π)D/2

∫
e−

1
2‖Aσ (zx,z)‖2

e−
1
2 RB

σ (zx,z)(∣∣det d	̄(wx)
∣∣+Rζ

σ (zx, z)
)
dz

= |det d	̄(wx)|
(2π)D/2

∫
e−

1
2‖Aσ (zx,z)‖2

dz+ 1

(2π)D/2

∫
e−

1
2‖Aσ (zx,z)‖2

RI
σ (zx, z)dz,

where RI
σ (zx, z)= (e− 1

2 RB
σ (zx,z)−1)|det d	̄(wx)|+ e− 1

2 RB
σ (zx,z)R

ζ
σ (zx, z)= o(1) uniformly.

Now there holds ∫
e−

1
2‖Aσ (zx,z)‖2

dz= (2π)D/2∣∣det
(
d	̄(wx)

)∣∣−1 + o(1),

and using again (24)

1

(2π)D/2

∫
e−

1
2‖Aσ (zx,z)‖2

RI
σ (zx, z)dz= o(1)

so that in total I0(x)= 1+ o(1) as expected.
We are now ready to prove Theorem 3.4. We let

R = {H log(1/σ)
}1/κ

and χ1, . . . , χJ be the functions defined at [8], Lemma S1.4, from a τ/64-packing of M ∩
B(0,R). Recall that we can always chose J of order less than RD . In light of the point (iv)
of [8], Lemma S1.4, the function fj := χjf0 is still in Hβ0,β⊥

δ (M,CL) for some constant C

depending on τ and β⊥. Since suppfj ⊂O0
xj

(point (i) of [8], Lemma S1.4), the first part of

this proof yields that there exists some functions gj supported on O0
xj

, such that

(25)
∣∣K
gj (x)− fj (x)

∣∣� L(x)σβ

uniformly on O1
xj

. Now notice that for x outside of O1
xj

, we have d(x,O0
xj

) > (σα0 ∨
δσα⊥)

√
(H +D) log(σ ) so that∣∣K
gj (x)

∣∣≤ ∫
O0

xj

∣∣ϕ
(u)(x − u)gj (u)
∣∣du≤ σH

(2π)D/2δD−d

∫
O0

xj

∣∣gj (u)
∣∣du � σH sup

O0
xj

L
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and the equality (25) extends to the whole set RD with the bound σH‖L‖∞ on RD \O1
xj

.

Using the linearity of K
 , we thus find that for g =∑J
j=1 gj , and for any x ∈ RD , there

holds,

∣∣K
g(x)− f0(x)
∣∣≤ J∑

j=1

∣∣K
gj (x)− fj (x)
∣∣

≤ ∑
j∈J (x)

∣∣K
gj (x)− fj (x)
∣∣+ ∑

j /∈J (x)

∣∣K
gj (x)
∣∣

�
∣∣J (x)

∣∣×L(x)σβ + (J − ∣∣J (x)
∣∣)× σH‖L‖∞

� σβL(x)+ {H log(1/σ)
}D/κ

σH‖L‖∞,

where we denoted J (x)= {1≤ j ≤ J | x ∈O1
xj
}, and used the fact that J (x) is bounded from

above by something depending on D and τ only, ending the proof. �

6. Discussion. With the aim of developing Bayesian procedures in the framework of
manifold learning, we exhibited a new family of priors based on location-scales of Dirichlet
mixture of Gaussians, and described a general setting for studying density supported near
a submanifold. The latter relies on two things: first, a parametrization of the offset of the
manifold and second, an anisotropic class of Hölder functions. In this model, we obtained
concentration rates in Theorem 3.1 for the associated posterior distribution that are adaptive
to the regularity of the underlying density while being totally agnostic of the underlying
submanifolds and their main features. Our procedure is therefore fully adaptive.

An interesting feature of our theoretical framework is that it allows to express the rate in
terms of the smoothnesses of the density and the manifold together with the thickness δ of
the support around the manifold. When δ is fixed, our results can be viewed as an extension
of minimax rates for regular anisotropic densities to manifold driven anisotropic densities.
But we are also considering the regime where δ = o(1) which corresponds to the manifold
learning problem. The rates obtained in Theorem 3.1 have two regimes: one when δ is not too
small with rate n−β/(2β+D) (up to logn terms) and the concentrated regime where δ is very
small (δ = o(n−2/(2β+D))) where we obtain the rate (nδD/(2α0−α⊥))−1/2. It is not clear if this
latter rate is optimal or not. The case δ = 0 would correspond to the observations belonging to
the manifold M (and for which we would expect the rate n−β0/(2β0+d)) but cannot be thought
as a limiting case of our problem since then the distribution has density with respect to the
Hausdorff measure on M and not with respect to the Lebesgue measure on RD . When M

is unknown the model is not dominated and our approach is not applicable. The problem of
posterior contraction rates when the distribution lives on an unknown manifold remains open,
although some interesting ideas in [61] or [11] could be used to address it.

An important special case of our framework is the deconvolution model as defined in
(ii) of Proposition 2.3. For such a model, our results address the problem of the predictive
density of the observations, which is the direct problem. Other quantities are also of interest
in deconvolution models, such as the distribution of the unobserved signal or the underlying
manifold M . These are important question and we believe that our framework can be used as
a first step to answer these questions, possibly using inversion inequalities as in [57]

Another interesting output of our results is that if nonparametric mixtures of normal densi-
ties define a versatile and flexible model for smooth densities, the structure of the prior on the
mixing distribution is crucial. In this paper we propose two classes of priors which we believe
enjoy many strong theoretical properties while remaining reasonably simple to implement.
Moreover variational Bayes algorithms can be easily implemented and for which the same
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theoretical guarantees hold. Moreover, in order to make the MCMC algorithm more scalable
to the dimension D and to the number of observations n, we could use a variant based on
parallel computing for Dirichlet process mixtures (see, for instance, [47]). It is quite possible
that other nonparametric mixture models such as the Fisher–Gaussian kernels of [49] would
enjoy the same theoretical guarantees and we believe that our approximation result can be
useful to study the theoretical properties of mixtures of Fisher–Gaussian kernels which are
strongly related to Gaussian kernels.

APPENDIX: SOME FACTS ON SUBMANIFOLDS WITH BOUNDED REACH

A.1. The geometry of submanifolds with bounded reach. The reach τK of a closed
subset K ⊂RD , initially introduced by [22], Def 4.1 p. 432, is the supremum of all the r ≥ 0
such that the orthogonal projection from the r-offset Kr = {x ∈ RD | d(x,K) ≤ r} to K is
well-defined, namely

τK := sup
{
r ≥ 0 | ∀x ∈Kr,∀y, z ∈K,d(x,K)= ‖x − y‖ = ‖x − z‖⇒ y = z

}
.

When the reach of a closed submanifold M ⊂ RD is bounded away from zero, M enjoys
a number useful properties, that we list and prove below. In all the results stated hereafter,
the reach of M is bounded from below by some τ > 0. Lemma A.1 provide already existing
results from the literature, sometimes slightly rephrased to better suit our needs. We start
off with a control of the exponential map over submanifold with bounded curvature together
with a comparison between the intrinsic distance on M , denoted by dM(·, ·), and the ambient
Euclidean distance. Recall that for any x, y ∈M , dM(x, y) is the infimum of the length of
all continuous path between x and y in M and if x and y are in two separate path-connected
components, then dM(x, y)=∞.

LEMMA A.1. The following facts hold true:

(i) For any x ∈M , the exponential map expx is a diffeomorphism from BTxM(0, πτ) to
expx{BTx0M(0, πτ)}.

(ii) It is double Lipschitz from BTxM(0, τ/4) to its image with

(26) ∀v,w ∈ BTxM(0, τ/4),
11

16
‖v −w‖ ≤ ∥∥expx(v)− expx(w)

∥∥≤ 21

16
‖v −w‖.

(iii) Letting κ : γ 
→ 2(1−√1− γ )/γ . If ‖x − y‖ ≤ γ τ/2 with γ ≤ 1, then

(27) ‖x − y‖ ≤ dM(x, y)≤ κ(γ )‖x − y‖.
(iv) Finally, if ‖x − y‖ ≤ τ/2, there holds

(28) ‖prTxM −prTyM ‖op ≤ dM(x, y)

τ
≤ 2

τ
‖x − y‖.

PROOF. The first result on expx is an application of [2], Theorem 1.3. For (ii), denoting
Rx(v)= expx(v)− x − v, there holds that∣∣∥∥expx(v)− expx(w)

∥∥− ‖v −w‖∣∣≤ ∥∥Rx(v)−Rx(w)
∥∥≤ 5

16
‖v −w‖

where we used [1], Lem 1. Finally (iii) comes from the monotonicity of κ and [53], Prp 6.3,
and using [10], Lem 6, there holds ‖prTxM −prTyM ‖op ≤ dM(x, y)/τ , which, together with
(iii) for γ = 1, leads to (iv). �

We now wish to define the parametrization of the τ/2-offset of M that we introduced in
Section 2.2. This requires to identify in a nonambiguous way every normal fiber NxM to the
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base fiber Nx0M for x in the vicinity of x0. A natural way to do that would be to use parallel
transport, and define

Nx0(v, η) := tγ (η),

where tγ : Nx0M → Nexpx0
(v)M is the parallel transport along the path γ (s) := expx0

(sv).
We refer to [43], Section 4, for a formal introduction to parallel transport.

In order to make things more comprehensible for the reader who is unfamiliar with parallel
transports, and in order to have clear and quantitative controls and the quantity at stake, we
suggest another, more elementary approach. We assert that the two approaches yields similar
regularity classes as introduced in Section 2.2. We start off with a few notations. For a matrix
A ∈ RD×D and 1≤ k ≤D, we let Vk(A) be the vector space spanned by the first k columns
of A. We denote by Norm : x 
→ x/‖x‖. We let

G :GL(D,R)→O(D,R)

be the Gram-Schmidt process, defined recursively on the columns of any invertible matrix
A= (A1, . . . ,AD) as G(A)= (G1(A), . . . ,GD(A)) with

G1(A) :=Norm(A1) and ∀1≤ j ≤D − 1,

Gj+1(A) :=Norm
(Ḡj+1(A)

)
where Ḡj+1(A) :=Aj+1 −

∑
1≤i≤j

〈
Aj+1,Gi(A)

〉Gi (A).

Because G is such that Vk(A)= Vk(G(A)) for every 1≤ k ≤D, there holds that Ḡk+1(A)=
prVk(A)⊥(Ak+1), and that Ḡj (A) is thus non zero everywhere, so that G is a well-defined,
smooth application. In order to bound its derivatives, we need to control how Ḡk is far away
from zero. We introduce

GLε(D,R) := {A ∈GL(D,R) | d(Ak+1,Vk(A)
)≥ ε ∀1≤ k ≤D

}
,

so that ‖Ḡk(A)‖ ≥ ε for every k and any A ∈GLε(D,R), and thus straightforwardly all the
derivatives, up to any order, of G are bounded on GLε(D,R). We let B0 be an arbitrary
basis of Tx0M , B⊥ be an arbitrary basis of Nx0M and let B = (B0,B⊥). We define, for v ∈
BTx0M(0, τ/4), Ax0(B, v) := (d	x0(v)[B0],B⊥). Note that since 	x0 is a diffeomorphism,
there holds

(29) Vd

(
Ax0(B, v)

)=Vect
(
d	x0(v)[B0])= T	x0 (v)M.

Set

NB
x0

(v, ·) := G(Ax0(B, v)
)[·], 	̄B

x0
(v, η) :=	x0(v)+NB

x0
(v, η).

We show in Lemma A.2 that NB
x0

and 	̄B
x0

are well defined and smooth, which combined with
(29) yields in particular that NB

x0
(v, ·) is an isometry between Nx0M and N	x0 (v)M .

LEMMA A.2. For any v ∈ BTx0M(0, τ/4), there holds that Ax0(B, v) ∈GLε(D,R) with

ε = 1/2d . Consequently, the map v 
→NB
x0

(v, ·) is in HβM−1
iso (BTx0M(0, τ ),C) for some con-

stant CM , τ , βM and D (and not on B).
Moreover for any basis B , it holds that |det d	̄B

x0
(v, η)| ≥ (3/16)d for any v ∈ BTx0M(0,

τ/4) and η ∈ BNx0M(0, τ/2).

The proof of Lemma A.2 can be found in [8], Section S1.1. An important feature of the
parametrizations 	̄B

x0
is that the subsequent Hölder classes as defined in Definition 2.2 do not

depend, up to a universal constant, on the choice of the collection of basis (Bx0)x0∈M , nor on
the choice of the parametrisation. This is shown in [8], Section S1.2.
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A.2. Taylor expansion of M-anisotropic Hölder functions. In this section, we derive
a Taylor expansion for manifold-anisotropic Hölder functions. Recall from Section 3 that for
any σ, δ > 0,

�σ,δ =
(
σα0 Idd 0

0 δσα⊥ IdD−d

)
.

COROLLARY A.3. Let f ∈ Hβ0,β⊥
δ (M,L). Then, for any x0 ∈M , any w ∈Wx0,δ , and

any z ∈ Tx0M ×Nx0M such that w+�σ,1z ∈Wx0,δ , there holds

f̄x0,δ(w+�σ,1z)= f̄x0,δ(w)+ ∑
0<〈k,α〉<β

σ 〈k,α〉 zk

k! Dkf̄δ,x0(w)+R(w, z),

where the remainder R satisfies the following bound:∣∣R(w, z)
∣∣≤Dσβ‖1∨ z‖βmax

1 Lx0,δ(w).

PROOF OF COROLLARY A.3. Simply applying [8], Proposition S2.2, to f̄x0,δ yields

f̄x0,δ(w+�σ,1z)= f̄x0,δ(w)+ ∑
0<〈k,α〉<β

(�σ,1z)
k

k! Dkf̄δ,x0(w)+Rx0,δ(w,w+�σ,1z),

where Rx0,δ(w,�σ,1z) satisfies

∣∣Rx0,δ(w,w+�σ,1z)
∣∣≤ Lx0,δ(w)

∑
β−αmax≤〈k,α〉<β

|�σ,1z|k
k!

D∑
j=1

∣∣(�σ,1z)j
∣∣ β−〈k,α〉

αj

= Lx0,δ(w)
∑

β−αmax≤〈k,α〉<β

σ 〈k,α〉 |z|k
k!

D∑
j=1

σβ−〈k,α〉|zj |
β−〈k,α〉

αj

≤DσβLx0,δ(w)‖1∨ z‖βmax
1 ,

where we used the fact that kj + β−〈k,α〉
αj

≤ βj ≤ βmax for any 1≤ j ≤D. �
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SUPPLEMENTARY MATERIAL

Supplementary Material to “Estimating a density near an unknown manifold:
A Bayesian nonparametric approach” (DOI: 10.1214/24-AOS2423SUPP; .pdf). In the
supplementary material [8], we present further technical results regarding the geometric
framework and general anisotropic Hölder functions. We also provide intermediary results
and proofs leading to the proofs of Theorems 3.1 and 3.4. The supplement ends with details
on the numerical experiments carried in this paper.
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In this supplement, we present further technical results regarding the geo-
metric framework and general anisotropic Hölder functions. We also provide
intermediary results and proofs leading to the proofs of Theorems 3.1 and 3.4.
The supplementary ends with details on the numerical experiments carried in
the main manuscript.

S1. Additional results and proofs on the geometry of submanifolds.

S1.1. Proof of Lemma A.2.

PROOF OF LEMMA A.2. First notice that for d ≤ k ≤D − 1 and v ∈ BTx0M
(0, τ/4), there

holds, letting A = Ax0
(B,v), and because of (29) and the fact that B⊥ is an orthonormal

frame of Nx0
M ,

d(Ak+1,Vk(A)) = d(Ak+1,TΨx0(v)M) ≥ 1− ∥prTx0M
−prTΨx0 (v)M ∥op ≥ 3/4

where we used (28). Now we let 1 ≤ k ≤ d−1 and let V0(A) = {0}. Letting Q = (A1, . . . ,Ad),
here holds that

d−1∏
k=0d(Ak+1,Vk(A))2 = detQ⊺Q = detdΨx0

(v)⊺ dΨx0
(v).

Using [1, Lem 1], it holds ∥dΨx0
(v) − ι∥op ≤ 5/16 for v ∈BTx0M

(0, τ/4) where ι ∶ Tx0
M →

RD is the inclusion so that for any h ∈ Tx0
M , ∥dΨx0

(v)[h]∥ ≥ (1− 5/16)∥h∥ = 11/16∥h∥. In
particular detΨx0

(v)⊺ dΨx0
(v) ≥ (11/16)2d. Since now

d(Ak+1,Vk(A))2 ≤ ∥Ak+1∥2 ≤ ∥dΨx0
(v)∥2op ≤ (21/16)2

there holds that for any 1 ≤ k ≤ d,

d(Ak+1,Vk(A))2 ≥ (16/21)2d(11/16)2d ≥ (11/21)2d ≥ 1/22d.
Using that the Gram-Schmidt transform is smooth on GLε(D,R) with ε = 1/2d and Propo-
sition S2.7, we obtain that the map v↦NB

x0
(v, ⋅) is in HβM−1

iso (BTx0M
(0, τ),C).

Also, in B and in orthonormal bases of TΨx0(v)M and NΨx0(v), the Jacobian of Ψ̄B
x0
(v,η)

write

⎛⎝
dΨx0

(v) + prTΨx0 (v)M ○dvNB
x0
(v,η) 0

prNΨx0 (v)M ○dvNB
x0
(v,η) NB

x0
(v, ⋅)⎞⎠

so that ∣detdΨ̄B
x0
(v,η)∣ = ∣det{dΨx0

(v) + prTΨx0 (v)M ○dvN(v,η)}∣. We saw earlier in the
proof that ∥dΨx0

(v)∥op ≥ 11/16. Furthermore, using (28), we find that for any small w ∈
1
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Tx0
M ,

∥prTΨx0 (v) {NB
x0
(v +w,η) −NB

x0
(v,η)}∥ = ∥(prTΨx0 (v+w) −prTΨx0 (v))NB

x0
(v +w,η)∥

≤ ∥w∥
τ
∥η∥,

and consequently ∥prTΨx0 (v) ○dvNB
x0
(v,η)∥op ≤ ∥η∥/τ ≤ 1/2. Thus, for any h ∈ Tx0

M ,∥dΨx0
(v)[h] + prTΨx0 (v)M ○dvN(v,η)[h]∥op ≥ (11/16− 1/2)∥h∥ ≥ 3/16∥h∥ and thus

∣detdΨ̄B
x0
(v,η)∣ ≥ (3/16)d.

S1.2. Stability by a change of basis. We now show that a change of basis does not inter-
fere with the anisotropic regularity of a map seen through Ψ̄B

x0
.

LEMMA S1.1. For any orthonormal basis B′ = (B′0,B′⊥) subordinated to Tx0
M and

Nx0
M , and for any δ > 0, it holds that

(S1) (Ψ̄B
x0,δ
)−1 ○ Ψ̄B′

x0,δ(v,η) = (v,CB,B′(v)η)
where CB,B′ is independent of δ and is in HβM−1

iso (BTx0M
(0, τ),C) for some constant C

depending on CM , τ , βM and D (and not on B and B′).
PROOF. Short and simple computations shows that CB,B′(v) ∶= NB

x0
(v, ⋅)⊺NB′

x0
(v, ⋅) so

that an application of Lemma A.2 with Proposition S2.6 immediately yields the result.

COROLLARY S1.2. In the context of Subsection 2.2, assume that β0 ≤ β⊥ ≤ βM −1. Then,
there exists a constant C depending on CM , τ , βM and D such that, if there exists a basis B
such that f ○ Ψ̄B

x0,δ
∈Hβ

an(Wx0,δ,L
B
x0,δ
), then, for any other orthonormal basis B′, f ○ Ψ̄B′

x0,δ
∈Hβ

an(Wx0,δ,CL
B′
x0,δ
).

PROOF. Using the lemma above, there holds

f ○ Ψ̄B′
x0,δ = f ○ Ψ̄B

x0,δ(v,CB,B′(v)η) = f ○ Ψ̄B
x0,δ ○ J(v,η)

where J is defined through (S1). We denote for short fB
′ = f ○ Ψ̄B′

x0,δ
, fB = f ○ Ψ̄B′

x0,δ
so that

fB
′ = fB ○J . Taking ⟨k,α⟩ < β and using the multivariate Faa di Bruno formula [3], we find

that DkfB
′

is a sum of products of the form

Dℓ(fB) ○ J ×∏(Dk(j)J)ℓ(j)
subject to ∣ℓ∣ ≤ ∣k∣,∑j ℓ(j) = ℓ and∑j ∣ℓ(j)∣k(j) = k with k(j) ≠ 0. Now notice that (Dk(j)J)i =
0 for 1 ≤ i ≤ d as soon as k(j)⊥ ≠ 0. For a configuration of ℓ, ℓ(j) and k(j) such that the above
product is not zero, there thus holds

∣ℓ0∣ =∑
j

∣ℓ(j)0 ∣ = ∑
k(j)⊥ =0

∣ℓ(j)0 ∣ ≤ ∑
k(j)⊥ =0

∣ℓ(j)0 ∣∣k(j)0 ∣ ≤ ∣k0∣
which, together with ∣ℓ∣ ≤ ∣k and α0 ≥ α⊥, yields that ⟨ℓ,α⟩ ≤ ⟨k,α⟩ whenever the above
product is non zero. We conclude with a telescopic argument with Lemma S1.1.
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More generally, as noted in Remark 2 the definition ofHβ0,β⊥
δ (M,L) through the construc-

tion given in Appendix A does not depend on the choice of Ψx0
as long as the parametrization

Ψx0
is βM regular.

PROPOSITION S1.3. Let (Ψ′x0
)x0∈M be a set of parametrizations of M satisfying Ψ′x0

∈HβM

iso (Vx0
,CM) for all x0 ∈M . Let β0 ≤ β⊥ ≤ βM − 3. We let Ψ̄ and Ψ̄′ be the extensions of

Ψ and Ψ′ constructed in Appendix A. Then Hβ0,β⊥
δ (M,L, Ψ̄) ⊂Hβ0,β⊥

δ (M,CL, Ψ̄′) for some
C > 0 depending on β0,β⊥,D and CM .

PROOF. Let f ∈ Hβ0,β⊥
δ (M,L, Ψ̄) and x0 ∈M . We need to prove that δD−df ○ Ψ̄′x0

∈Han(Wx0,δ, δ
D−dL ○ Ψ̄′x0,δ

). We have δD−df ○ Ψ̄′x0,δ
= f̄x0,δ ○ [Ψ̄−1x0,δ

○ Ψ̄′x0,δ
] = f̄x0,δ ○

τx0,δ where we have defined τx0,δ = Ψ̄−1x0,δ
○ Ψ̄′x0,δ

. By proposition S2.7 we find that

τx0,δ ∈ HβM−1
iso (Wx0,δ,C

∗
M) for some C∗M > 0. Moreover by assumption we have f̄x0,δ ∈Hβ0,⊥

an (Wx0,δ,Lx0,δ), and τx0,δ can be expressed as

τx0,δ(v,η) =(Ψ−1x0
○Ψ′x0

(v), δNx0
(Ψ−1x0

○Ψ′x0
(v), ⋅)−1(δN ′x0

(Ψ−1x0
○Ψx′0(v), η)))

=(τ (1)(v), τ (2)(v,η))
With τ (1) ∈ HβM

iso (Vx0
,C) and τ (2) ∈ HβM−1

iso (BNx0M
(0, τ/2δ) ,C) for some C > 0. What is

crucial here is that τ (1) takes only v as argument, which implies that for every multi-index k
such that ⟨k,α⟩ < β, the partial derivative Dk (f̄x0,δ ○ τx0,δ) exists and is a linear combination
of terms of the form

Dℓf̄x0,δ(τx0,δ) ∣ℓ∣∏
i=1 (Driτx0,δ)qi

where ∣ℓ∣ ≤ ∣k∣, ⟨ℓ,α⟩ < β, r1, . . . , r∣ℓ∣ ∈ ND , q1, . . . , q∣ℓ∣ ∈ N, and ∑Di=1 ∣ri∣qi = ∣ℓ∣. Since the
derivatives of τx0,δ are bounded this implies that for some C > 0 we have

∣Dk (f̄x0,δ ○ τx0,δ)∣ ≤CLx0,δ ○ τx0,δ =CδD−dL ○ Ψ̄′x0,δ

Moreover, for every β − αmax ≤ ⟨k,α⟩ < β and every x,y ∈ Wx0,δ , as above we can upper
bound ∣Dk (f̄x0,δ ○ τx0,δ)(x) −Dk (f̄x0,δ ○ τx0,δ)(y)∣ by a linear combination of terms of the
forms

(S2) ∣Dℓf̄x0,δ(τx0,δ(x)) −Dℓf̄x0,δ(τx0,δ(y))∣ × ∣ℓ∣∏
i=1 ∣(Driτx0,δ)qi(y)∣

and

(S3)
RRRRRRRRRRR
∣ℓ∣∏
i=1(Driτx0,δ)qi(x) − ∣ℓ∣∏

i=1(Driτx0,δ)qi(y)RRRRRRRRRRR × ∣D
ℓf̄x0,δ(τx0,δ)(x)∣

The functions (Driτx0,δ)qi are inHβM−1
iso (BNx0M

(0, τ/2δ) ,C) by Proposition S2.6 for some
C > 0. Hence, as βM − 1 ≥ β⊥ + 2 ≥ 1 and ∣Dℓf̄x0,δ(τx0,δ(x))∣ ≤ Lx0,δ(τx0,δ(x)) the term in
(S3) is bounded by a multiple of

δD−dL ○ Ψ̄′x0,δ(x) × D∑
i=1 ∣xi − yi∣ ≤ δD−dL ○ Ψ̄′x0,δ(x) × D∑

i=1 ∣xi − yi∣1∧
β−⟨k,α⟩

αi
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Whereas since (Driτx0,δ)qi are bounded and τx0,δ is Lipschitz, the term in (S2) is upper
bounded by a multiple of

∣Dℓf̄x0,δ(τx0,δ(x)) −Dℓf̄x0,δ(τx0,δ(y))∣ ≤Lx0,δ(τx0,δ(x)) D∑
i=1 ∣τi(x) − τi(y)∣1∧

β−⟨k,α⟩
αi

As noticed above, only (xi)i≤d are involved in the computation of (τi(x))i≤d. Hence, using
in addition that τx0,δ is Lipschitz and that αi =α0 for every i ≤ d, we have

d∑
i=1 ∣τi(x) − τi(y)∣1∧

β−⟨k,α⟩
αi ≲ d∑

i=1 ∣xi − yi∣1∧
β−⟨k,α⟩

αi

Moreover since for every i > d we have αi =α⊥ ≤α0, there holds

∑
i>d ∣gi(x) − gi(y)∣1∧

β−⟨k,α⟩
αi ≲ D∑

i=1 ∣xi − yi∣1∧
β−⟨k,α⟩

αi

which ends the proof.

S1.3. Partitions of unity and packings. The approximation result uses a particular cov-
ering of an offset of the manifold M , which we describe here. Take x0 ∈M and define

Wj
x0
∶=BTx0

(0, 2+ j
16

τ) ×BNx0
(0, 6+ j

8
τ) for j ∈ {0,1,2} ,

and Ojx0
= Ψ̄x0

(Ojx0
) for j ∈ {0,1,2}. We have

W0
x0
⊂W1

x0
⊂W2

x0
and O0

x0
⊂O1

x0
⊂O2

x0
.

Furthermore, the sets O0
x0

for x0 ∈M forms a covering of M3τ/4. See Figure S1 for an
illustration of these open sets.

Fig S1: A visual representation of the sets used in the proof of Section 3.

In what follows, we will need the notion of packing. An ε-packing of a subset A⊂RD is
a set {y1, . . . , yJ} of points of A such that ∥xj − xk∥ > ε for any 1 ≤ i ≠ j ≤ J and such that
no set of J + 1 points has this property. We denote by pk(A, ε) ∶= J the ε-packing number ofA. By maximality of J , it is straightforward to see that a A is covered by the union of the
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balls B(xj , ε). Furthermore, the balls B(xj , ε/2) must be disjoint by definition of a packing
so that

pk(A, ε) ×min
x∈A vol(A∩B(x,ε/2)) ≤ vol⎧⎪⎪⎨⎪⎪⎩A∩ ⋃1≤j≤JB(xj , ε/2)

⎫⎪⎪⎬⎪⎪⎭ ≤ volA.
In the case where A is a ball of radius R with R large before ε, it is straightforward to see

that vol(A∩B(x,ε/2)) ≳ εD for any x ∈ A so that pk(A, ε) ≲ (R/ε)D . We now let

ρ(x) ∶= exp{− 1(1− ∥x∥2)+}
which is an infinitely differentiable, radially symmetric function from RD to [0,1] supported
on B(0,1). For any x0 ∈M , we define

ρx0
(x) ∶= ρ(32x− x0

τ
)

For any large R > 0, one can take a τ/64-packing of M ∩B(0,R), say {x1, . . . ,xJ} with J
of order less than pk(B(0,R), τ/64) ≲RD . We can define

χj(x) ∶= ρxj
(x)

∑Ji=1 ρxi
(x) .

In a similar fashion as what is done in [5], we first review a few properties satisfied
by the maps {χj}1≤j≤J , which forms a partition of unity associated with the covering{B(xj , τ/32)}1≤j≤J of M ∩ B(0,R). See Figure S2 for a geometric interpretation of the
situation.

LEMMA S1.4. The following assertions hold true:

i) For any 1 ≤ j ≤ J , suppχj ⊂O0
xj

;

ii) There exists a numeric constant γ > 0 such that Mγτ ∩B(0,R) ⊂ supp∑j χj;
iii) There exists a numeric constant ν > 0, such that for any x ∈Mγτ ∩B(0,R), there holds∑Jj=1 ρxj

(x) ≥ ν;

iv) For any ∣k∣ ≤K , there holds that ∥Dkχj∥∞ ≤C <∞ with C depending on K and τ ;

v) For any ∣k∣ ≤K , there exists a non-negative function IK such that, for any 1 ≤ j ≤ J ,

∣Dkχj(x)∣ ≤ IK(x− xj)χj(x), ∀x ∈Mγτ ∩B(0,R)
with IK being such that for any ω > 0

sup
x∈Mγτ

(IK(x− xj))ω χj(x) ≤C <∞
where C depends on K , τ and ω.

We stress out that the constants appearing in Lemma S1.4 do not depend on R or J at all,
so that it can be applied for a family of covering {x1, . . . ,xJ} indexed by R→∞, as it will
be the case in the proofs below.

PROOF OF LEMMA S1.4. We start with proving i). Let x ∈B(xj , τ/32) and let z = prM x.
There holds that

∥z − xj∥2 = ∥z − x∥2 + ∥x− xj∥2 + 2⟨z − x,x− xj⟩ = ∥x− xj∥2 − ∥z − x∥2 + 2⟨z − x,z − xj⟩.
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Fig S2: A visual interpretation of the framework and results of Lemma S1.4.

But now using [6, Thm 4.7 (8)], there holds that 2⟨z −x,z −xj⟩ ≤ ∥z −xj∥2∥z −x∥/τ so that
in the end

∥z − xj∥2 ≤ ∥z − x∥2
1− ∥z − x∥/τ ≤

⎧⎪⎪⎨⎪⎪⎩
√

32

31

τ

32

⎫⎪⎪⎬⎪⎪⎭
2

,

where we used the fact that ∥z − x∥ ≤ ∥xj − x∥ ≤ τ/32. In particular, using (27) in Lemma
A.1, we obtain

dM(z,xj) ≤ κ⎛⎝
√

32

31

1

16

⎞⎠∥z − xj∥ ≤ κ⎛⎝
√

32

31

1

16

⎞⎠
√

32

31

τ

32
< τ/16

where the last inequality was checked with a calculator, so that z = Ψxj
(v) with v ∈

BTxj
M(0, τ/16). Finally ∥x−z∥ ≤ τ/32 so that x−z =Nxj

(v,η) for some η ∈BNxj
M(0, τ/32).

In the, end x = Ψ̄xj
(v,η) with (v,η) ∈W0

xj
so x ∈ O0

xj
, ending the proof of the assertion i).

We continue with proving ii) and iii) with γ = 1/128 and ν = exp{−16/7}. Take x ∈Mγτ ∩
B(0,R) and z = prM(x). There exists xj such that ∥z − xj∥ ≤ τ/64, leading to ∥x − xj∥ ≤
3τ/128 and thus x ∈ suppχxj

. Furthermore,

ρxj
(x) = exp{− 1(1− (32∥x− xj∥/τ)2)+} ≥ exp{− 1(1− (3/4)2)+} = ν,

so that points ii) and iii) are proven.
We finish with the proof of iv) and v). We let R(x) = (∑Ji=1 ρxi

(x))−1, which is well
defined on Mγτ ∩B(0,R) and bounded from above by ν−1 so that χj(x) =R(x)ρxj

(x) and

Dkχj(x) = ∑∣ℓ∣≤k(
k

ℓ
)Dk−ℓR(x)Dℓρxj

(x).
Outside of B(xj , τ/32) one can take IK = 0. Now if x ∈ B(xj , τ/32), one get that for any∣ℓ∣ < k, using the Faa Di Bruno formula yields that Dℓρxj

(x) is a sum of term of the form

(−1)s s∏
i=1D

riΥ(x) × ρxj
(x) with Υ(x) ∶= 1

1− 322

τ2 ∥x− xj∥2 and
s∑
i=1ri = ℓ.

In particular, we get that Dℓρxj
(x) is bounded from above by some constant depending on

K and τ on B(xj , τ/32). Furthermore, for any ∣ℓ∣ < k, the derivative DℓR(x) is a sum of
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terms of the form

R(x)r s∏
i=1D

riR−1(x) with
s∑
i=1ri ≤ ℓ and r + s∑

i=1 ∣ri∣ = ∣ℓ∣ + 2,
and DriR−1(x) = ∑qDriρxq

(x) which is bounded from above by something depending on
τ and K . All in all, we get the uniform boundedness of Dkχj and that

∣Dkχj(x)∣ ≤ IK(x− xj)χj(x)
with IK(x) ∶=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
CK,τ {1− 322

τ2
∥x∥2}−(K+1) if x ∈B(0, τ/32),

0 otherwise,

where CK,τ depends on K and τ , ending the proof.

S2. Supplement to Section 2.

S2.1. Auxiliary results on general anisotropic Hölder functions. We first extend Defi-
nition 2.1 to functions defined on general open sets of RD . For any open set U ⊂ RD , any
function L ∶ U → R+ and any positive real number ζ > 0, we define the anisotropic Hölder
spaces Hβ

an(U ,L, ζ) as the set of functions f ∶ U →RD satisfying that

i) For any multi-index k ∈ND such that ⟨k,α⟩ < β the partial derivative Dkf is well defined
on U and ∣Dkf(x)∣ ≤L(x) for all x ∈ U ;

ii) For any multi-index k ∈ND such that β −αmax ≤ ⟨k,α⟩ < β, there holds

(S4) ∣Dkf(y) −Dkf(x)∣ ≤L(x) D∑
i=1 ∣yi − xi∣

β−⟨k,α⟩
αi

∧1 ∀x,y ∈ U , ∥x− y∥ ≤ ζ.
Like in Subsection 2.1, we define in a similar fashion Hβiso(U ,L, ζ), Hβ

an(U ,C, ζ) andHβiso(U ,C, ζ) for some constant C > 0. We now list a number of useful results which hold for
our definition of anisotropy. The proofs of these results are provided below.

PROPOSITION S2.1. Let f ∈Hβ
an(U ,L, ζ). Then for any k ∈ND such that ⟨k,α⟩ < β, the

partially differentiated function Dkf is in Hβ(k)
an (U ,L, ζ) with

β(k) = {1− ⟨k,α⟩
β
}β.

Anisotropic Hölder functions enjoy the same convenient Taylor expansion as usual Hölder
function.

PROPOSITION S2.2. Let f ∈Hβ
an(U ,L, ζ). Then, for any x,y ∈ U with ∥x− y∥ ≤ ζ ,

f(y) = f(x) + ∑
0<⟨k,α⟩<β

(y − x)k
k!

Dkf(x) +R(x,y),
where the remainder R satisfies the following bound

∣R(x,y)∣ ≤L(x) ∑
β−αmax≤⟨k,α⟩<β

∣y − x∣k
k!

D∑
i=1 ∣yi − xi∣

β−⟨k,α⟩
αi .
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PROPOSITION S2.3. Let f ∈ Hβ
an(U ,L, ζ). Then, for any k ∈ ND such that ⟨k,α⟩ < β,

and any x,y ∈ U with ∥x− y∥ ≤ ζ ,

∣Dkf(y) −Dkf(x)∣ ≤CL(x){ D∑
i=1 ∣yi − xi∣

β−⟨k,α⟩
αi

∧1} .
with C depending on k,ζ and D.

PROPOSITION S2.4. Let f ∈Hβ
an(U ,L, ζ). Then, for any β′ ≤β, f ∈Hβ′

an(U ,CL,ζ) with
C depending on β, ζ and D.

PROPOSITION S2.5. Let f ∈Hβ1
an(U1,L1, ζ1) and g ∈Hβ2

an(U2,L2, ζ2) with U1 ⊂RD1 andU2 ⊂RD2 . Then

f ⊗ g ∈H(β1,β2)
an (U1 ×U2,CL1 ⊗L2, ζ)

where f ⊗ g(x,y) = f(x)g(y) and ζ = ζ1 ∧ ζ2, and where C depends on D1,D2, ζ,β1 and
β2.

PROPOSITION S2.6. Let f ∈ Hβ1
an(U ,L1, ζ) and g ∈ Hβ2

an(U ,L2, ζ). Then f × g ∈Hβ
an(U ,L, ζ) with β = β1 ∧ β2, and where, for some constant C depending on ζ , β and

D,

L(x) =CL1(x)L2(x).
PROPOSITION S2.7. Let f ∈ Hβ1

iso(U1,L1) and g ∈ Hβ0

iso(U0,C0) where g takes its value
in U1, and where U0 is bounded. Assume furthermore that β0 ≥ 1. Then f ○g ∈Hβiso(U0,L1○g)
where β = β0 ∧ β1 and where C depends on C0,C1 and diamU0.

PROOF OF PROPOSITION S2.1. Let k ∈ND such that ⟨k,α⟩ < β. Note that

α = β 1

β
= β(k) 1

β(k) .
Let ℓ ∈ND such that ⟨ℓ,α⟩ < β(k). Then ⟨k + ℓ,α⟩ < β so that by definition, DℓDkf =Dk+ℓf
exists and is bounded from above by L. If now ℓ is such that β(k)−αmax ≤ ⟨ℓ,α⟩ < β(k), then
β −αmax ≤ ⟨k + ℓ,α⟩ < β and for any x,y ∈ U that are at most ζ-apart,

∣DℓDkf(y) −DℓDkf(x)∣ ≤L(x) D∑
i=1 ∣yi − xi∣

β−⟨k+ℓ,α⟩
αi

∧1 =L(x) D∑
i=1 ∣yi − xi∣

β(k)−⟨ℓ,α⟩
αi

∧1,
ending the proof.

PROOF OF PROPOSITION S2.2. We let for any 0 ≤ i ≤D,

z(i) = (y1, . . . , yi,xi+1, . . . ,xD) ∈RD
so that z(0) = x and z(D) = y. We prove the results recursively on the integer N = ∣⌈β − 1⌉∣.

If N = 0, then every coefficient βi are strictly less than 1, and the results follow immediately
from the definition of being β-Hölder (there are no k that satisfies ⟨k,α⟩ < β except k = 0).
If N ≥ 1, we can order without loss of generality and for ease of notations

β1 ≤⋯ ≤ βk < 1 ≤ βk+1 ≤ .. ≤ βD
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with k ≤D − 1 because N ≥ 1. We write

f(y) − f(x) = f(z(k)) − f(x) +D−1∑
i=k f(z(i+1)) − f(z(i)).

The first term is simply bounded from above by

∣f(z(k)) − f(x)∣ ≤L(x) k∑
i=1 ∣yi − xi∣β/αi .

Recall we write ei = (0, . . . ,0,1,0, . . . ,0) with 1 at the i-th position. For the other terms, we
do the Taylor expansion with integral remaining term:

f(z(i)) − f(z(i−1)) = Li−1∑
ℓ=1
(yi − xi)ℓ

ℓ!
Dℓeif(z(i−1)) +Ri(y,x), Li = ⌈βi − 1⌉ ≥ 1

Ri(y,x) = (yi − xi)Li

(Li − 1)! ∫
1

0
(1− t)Li−1DLieif(z(i)(t))dt,

with z(i)(t) = tz(i) + (1− t)z(i−1).
(S5)

Note that Liαi = ⌈βi−1⌉
βi

β and for all k = (k1∶i,0) ≠ 0 , Liαi + ⟨k,α⟩ ≥ β. Indeed, because
the coefficient of β are ordered, there holds

Liαi + ⟨k,α⟩ = β
βi

⎡⎢⎢⎢⎢⎣⌈βi − 1⌉ +∑j≤ikjβi/βj
⎤⎥⎥⎥⎥⎦ ≥

β

βi
(⌈βi − 1⌉ + 1) ≥ β.

Therefore

∣DLieif(z(i)(t)) −DLieif(x)∣ ≤L(x) i∑
j=1 ∣yj − xj ∣

β−Liαi
αj(S6)

and in particular

Ri(x,y) = (yi − xi)Li

Li!
DLieif(x) + R̃i(x,y)

where ∣R̃i(x,y)∣ ≤L(x) ∣yi − xi∣Li

Li!

i∑
j=1 ∣yj − xj ∣

β−Liαi
αj .

Now we use the induction hypothesis on fi,ℓ =Dℓeif which belongs to Hβ(ℓei)(U ,L, ζ)
(according to Proposition S2.1):

fi,ℓ(z(i−1)) − fi,ℓ(x) = ∑
0<⟨k,α⟩<β−ℓαi

ki∶D=0
(y − x)k
k!

Dℓei+kf(x) +Ri,ℓ(x,y),
where the remainder R satisfies the following bound

∣Ri,ℓ(x,y)∣ ≤L(x) ∑
β−αmax≤⟨k+ℓei,α⟩<β

ki∶D=0
∣y − x∣k
k!

D∑
i=1 ∣yj − xj ∣

β−⟨k+ℓei,α⟩
αj .
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All in all, gathering all the developments yields

f(z(i)) − f(z(i−1))
= Li−1∑
ℓ=1
(yi − xi)ℓ

ℓ!

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
Dℓeif(x) + ∑

0<⟨k,α⟩<β−ℓαi

ki∶D=0
(y − x)k
k!

Dℓei+kf(x) +Ri,ℓ(x,y)
⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
+Ri(y,x)

= Li−1∑
ℓ=1

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∑

0<⟨k+ℓei,α⟩<β
ki∶D=0

(y − x)k+ℓei(k + ℓei)! Dℓei+kf(x) + (yi − xi)ℓ
ℓ!

Ri,ℓ(y,x)
⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
+Ri(y,x)

= ∑
0<⟨k,α⟩<β

ki≠0, k(i+1)∶D=0
(y − x)k
k!

Dkf(x) + {R̃i(y,x) + Li−1∑
ℓ=1
(yi − xi)ℓ

ℓ!
Ri,ℓ(y,x)}

so that

f(y) − f(x) = ∑
0<⟨k,α⟩<β

(y − x)k
k!

Dkf(x)
+ ∑
i≥k+1{R̃i(y,x) +

Li−1∑
ℓ=1
(yi − xi)ℓ

ℓ!
Ri,ℓ(y,x)} +R0(y,x)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶∶=R(y,x)
with R0(y,x) = f(z(k)) − f(x), and with R(y,x) being exactly bounded from above by

∣R(y,x)∣ ≤L(x) ∑
β−αmax≤⟨k,α⟩<β

∣y − x∣k
k!

D∑
j=1 ∣yj − xj ∣

β−⟨k,α⟩
αj

and Proposition S2.2 is proved.

PROOF OF PROPOSITION S2.3. Either ⟨k,α⟩ ≥ β − αmax and then there is nothing to
show, or ⟨k,α⟩ < β − αmax, in which case ⟨k + ei,α⟩ < β for any i and thus dDkf is well
defined. There thus exist z ∈ [x,y] such that Dkf(y)−Dkf(x) = dDkf(z)[y −x] leading to

∣Dkf(y) −Dkf(x)∣ ≤ D∑
i=1 ∣Dk+eif(z)∣ × ∣yi − xi∣.

Using an induction argument, there exists Ci > 0 such that

∣Dk+eif(z) −Dk+eif(x)∣ ≤CiL(x){ D∑
i=1 ∣yi − xi∣

β−⟨k+ei,α⟩
αi

∧1} ≤CiD(1∨ ζ)L(x)
leading the the right results with C = 1+D(1∨ ζ)max1≤i≤DCi.

PROOF OF PROPOSITION S2.4. Let β′ be the harmonic mean of β′ and α′ = β′/β′. For
any k ∈ND such that ⟨k,α′⟩ < β′, we have ⟨k,α⟩ < β so that Dkf is well defined and bounded
from above by L. What’s more, using Proposition S2.3, we have

∣Dkf(y) −Dkf(x)∣ ≤CL(x){ D∑
i=1 ∣yi − xi∣

β−⟨k,α⟩
αi

∧1} .
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Now notice that
β − ⟨k,α⟩

αi
= βi {1− ⟨k,1/β⟩} ≥ β′i {1− ⟨k,1/β′⟩} = β′ − ⟨k,α′⟩α′i

so that

∣yi − xi∣ β−⟨k,α⟩
αi

∧1 ≤ (1∨ ζ) × ∣yi − xi∣ β′−⟨k,α′⟩
α′
i

∧1
yielding the result.

PROOF OF PROPOSITION S2.5. Let k = (k1, k2) ∈ND1+D2 . Let β = (β1,β2) and β,β1,β2
be the harmonic means of β,β1 and β2. Let also α = β/β and αi = βi/βi for i ∈ {1,2}. If⟨k,α⟩ < β, then

⟨k1,1/β1⟩ + ⟨k2,1/β2⟩ < 1
so that both term is stricly less that one Dk1f and Dk2g are well defined and Dk(f ⊗ g) =
Dk1f ⊗Dk2g is well defined as well. Furthermore, if x = (x1,x2) and y = (y1, y2), is such
that ∥x − y∥ ≤ ζ , then ∥x1 − y1∥ ≤ ζ ≤ ζ1 and ∥x2 − y2∥ ≤ ζ ≤ ζ2. Using Proposition S2.3, one
find that

∣Dk(f ⊗ g)(x) −Dk(f ⊗ g)(y)∣
≤ ∣Dk2g(x2)∣ × ∣Dk1f(x1) −Dk1f(y1)∣ + ∣Dk1f(y1)∣ × ∣Dk2g(x2) −Dk2f(y2)∣
≤CL2(x2)L1(x1){D1∑

i=1 ∣y1,i − x1,i∣
β1−⟨k1,α1⟩

α1,i
∧1}

+C ∣Dk1f(y1)∣L2(x2){D2∑
i=1 ∣y2,i − x2,i∣

β2−⟨k2,α2⟩
α2,i

∧1} .
for some constant C > 0 depending on D1,D2, ζ and β. Now notice first that

∣Dk1f(y1)∣ ≤ ∣Dk1f(y1) −Dk1f(x1)∣ + ∣Dk1f(x1)∣ ≤ (CD(1∨ ζ) + 1)L1(x1),
and notice furthermore that of either j ∈ {1,2},
βj − ⟨kj ,αj⟩

αj,i
=βj,i {1− ⟨kj ,1/βj⟩} ≥βj,i {1− ⟨k,1/β⟩} = β − ⟨k,α⟩

αi
(= β − ⟨k,α⟩

αi+D1

if j = 2)
so that

∣Dk(f ⊗ g)(x) −Dk(f ⊗ g)(y)∣
≤ (1∨ ζ)CL2(x2)L1(x1){D1∑

i=1 ∣y1,i − x1,i∣
β−⟨k,α⟩

αi
∧1}

+ (1∨ ζ)C(CD(1∨ ζ) + 1)L1(x1)L2(x2){D2∑
i=1 ∣y2,i − x2,i∣

β−⟨k,α⟩
αi+D1

∧1}
≤ (1∨ ζ)C(CD(1∨ ζ) + 1)(L1 ⊗L2)(x){D1+D2∑

i=1 ∣yi − xi∣
β−⟨k,α⟩

αi
∧1}

ending the proof.
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PROOF OF PROPOSITION S2.6. We let α = β/β with β the harmonic mean of β. Now
for any multi-index k such that ⟨k,α⟩ < β, we have ⟨ℓ,α⟩ < β for any ℓ ≤ k so that Dkfg is
indeed well-defined and

Dkfg(x) = ∑
ℓ≤k(

k

ℓ
)Dℓf(x)Dk−ℓg(x)

so that ∣Dkfg(x)∣ ≤ 2∣k∣L1(x)L2(x) and

∣Dkfg(y)−Dkfg(x)∣ ≤L2(x)∑
ℓ≤k(

k

ℓ
)∣Dℓf(y)−Dℓf(x)∣+L1(x)∑

ℓ≤k(
k

ℓ
)∣Dℓg(y)−Dℓg(x)∣.

Using now Proposition S2.3, we find that there exists C > 0 depending on β, D and ζ such
that

∣Dkfg(y) −Dkfg(x)∣ ≤ 2CL1(x)L2(x)∑
ℓ≤k(

k

ℓ
) D∑
i=1 ∣yi − xi∣

β−⟨ℓ,α⟩
αi

∧1

≤ 2∣k∣+1(1∨ ζ)CL1(x)L2(x) D∑
i=1 ∣yi − xi∣

β−⟨k,α⟩
αi

∧1

where we used again that

∣yi − xi∣ β−⟨ℓ,α⟩αi
∧1 ≤ (1∨ ζ) × ∣yi − xi∣ β−⟨k,α⟩

αi
∧1,

for ℓ ≤ k, ending the proof.

PROOF OF PROPOSITION S2.7. A simple use of the multivariate Faa Di Bruno formula
[3] yields that, for any k ∈ND with ∣k∣ ≤ β, Dk(f ○ g)(x) for x ∈ U0 is a sum a term of the
form

Dℓf(g(x)) s∏
j=1(Dk(j)g(x))ℓ(j)

with ∣ℓ∣ ≤ ∣k∣, s ≤ ∣k∣, ∑j ℓ(j) = ℓ, and ∑j ∣ℓ(j)∣k(j) = k. In particular, it is bounded by
CL1(g(x)) where C depends on C0 and β. Likewise, a telescopic argument would yield
that

∣Dk(f ○ g)(y) −Dk(f ○ g)(x)∣ ≤CL1(g(x)) D∏
i=1 ∣x− y∣(β−∣k∣)∧1

where C depends on C0, β and diamU0, ending the proof.

S2.2. Proofs associated to the examples of Proposition 2.3.

PROOF OF PROPOSITION 2.3. Take x0 ∈M . In the orthonormal noise model, the density
f takes the very simple form

f̄x0,δ(v,η) = δD−df ○ Ψ̄x0,δ(v,η) = δD−d × f0(Ψx0
(v)) × δ−(D−d)c�K (1

δ
Nx0
(v, δη))

= fx0
(v) × c�K (η)

where we used the isotropy of K . Thus, f̄x0,δ lies inHβ
an(Wx0,δ,Lx0,δ) where L was defined

in the statement of Proposition 2.3, through Proposition S2.5 and the isotropy of L⊥.
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In the isotropic noise model, one can write

f̄x0,δ(v,η) = δD−d∫
M
δ−DK (Ψ̄x0,δ(v,η) − x

δ
)f0(x)dµ(x).

If ∥η∥ ≥ 1, the integrand is trivially 0, so one may focus on ∥η∥ ≤ 1. Now if x ∈M is at least
2δ apart from Ψx0

(v), there holds

∥x− Ψ̄x0,δ(v,η)∥ ≥ ∥x−Ψx0
(v)∥ − δ ≥ δ

so that the integrand in the integral above is zero for x outside of B(Ψx0
(v),2δ). Doing the

variable change x =Ψx0
(w), we can write

f̄x0,δ(v,η) = 1

δd
∫
exp−1x0

B(Ψx0(v),2δ)K (
Ψ̄x0,δ(v,η) −Ψx0

(w)
δ

)fx0
(w)∣detdΨx0

(w)∣dw
= ∫Zδ

K (Ψx0
(v) −Ψx0

(v + δs)
δ

+Nx0
(v,η))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶K○gδ,s(v,η)

fx0
(v + δs)∣detdΨx0

(v + δs)∣´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶=∶hδ,s(v)
ds

where

Zδ = 1
δ
{exp−1x0

B(Ψx0
(v),2δ) − v} .

Now notice that, using the first inequality of (27), we have B(Ψx0
(v),2δ) ⊂B(x0, τ/8+2δ) ⊂

B(x0,3τ/16), so that, using the second inequality of (27) with γ = 3/8, we find

exp−1x0
B(Ψx0

(v),2δ) ⊂BTx0M
(0,κ(3/8)3τ/16) ⊂BTx0M

(0, τ/4)
so that in particular, according to (26), exp−1x0

is 16/11-Lipschitz on B(Ψx0
(v),2δ) and

consequently, Zδ ⊂BTx0M
(0,32/11). Furthermore, notice that

v + δBTx0M
(0,32/11) ⊂BTx0M

(0,19τ/88)
with 19τ/88 being smaller than the injectivity radius, so that finally

(S7) f̄x0,δ(v,η) = ∫
BTx0M(0,32/11)K ○ gδ,s(v,η) × hδ,s(v)ds

It is straighforward to see that

v↦ Ψx0
(v) −Ψx0

(v + δs)
δ

has derivatives bounded from above, in virtue of Proposition S2.3, by something depending
on CM and βM only (and not on δ) and up to order ⌈βM − 1⌉ ≥ β⊥. Furthermore, (v,η) ↦
Nx0
(v,η) is (βM − 1)-Hölder by construction. It so happens that gδ,s ∈ Hβ⊥iso(Wx0,δ,Cg)

for some g depending on CM and βM . Using Proposition S2.7, we get that K ○ gδ,s ∈Hβ⊥iso(Wx0,δ,C1L⊥ ○gδ,s) for some constant C1 depending on Cg , CK and β⊥. Similar reason-
ing and the use and Proposition S2.6 would lead to hδ,s ∈Hβ0

iso(Vx0
,C2L0 ○Ψx0

○ τδs) where
τδs(v) = v + δs and for some constant C2 depending on CM , τ and β0. Now seeing hδ,s as
a function of (v,η) would trivially lead to hδ,s ∈ Hβ

an(Wx0,δ,C2L0 ○ Ψx0
○ τδs ○ π1) with

β = (β0, . . . ,β0,β⊥, . . . ,β⊥) and π1(v,η) = v, and an application of Proposition S2.6 together
with the observation that β0 ≤ β⊥ yields

K ○ gδ,s × hδ,s ∈Hβ
an(Wx0,δ,CL⊥ ○ gδ,s ×L0 ○Ψx0

○ τδs ○ π1)
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for some constant C depending on C2, C1 and β0,β⊥. We conclude by using the linearity of
the integral, so that integrating (S7) gives f̄x0,δ ∈Hβ

an (Wx0,δ, L̃), where

L̃(v,η) =C∫
BTx0M(0,32/11)L⊥ ○ gδ,s(v,s) ×L0 ○Ψx0

(v + δs)ds
≲ ∫

BTx0M(0,32/11)L⊥ ○ gδ,s(v,s) ×L0 ○Ψx0
(v + δs) × ∣detdΨx0

(v + δs)∣ds
= δ−d∫

M
L⊥ (Ψ̄x0,δ(v,η) − x

δ
)×L0(x)dµM(x)

so that

L(y) =Cδ−D∫
M
L⊥ (y − x

δ
) ×L0(x)dµM(x)

where L was defined in the statement of Proposition 2.3, and where we used Lemma A.2 to
justify the introduction of ∣detdΨx0

(v + δs)∣. This ends the proof.

PROOF OF LEMMA 3.3. In the orthogonal noise model, recall (see proof of Proposi-
tion 2.3) that ⎧⎪⎪⎨⎪⎪⎩

f0(x) = f∗(prM(x)) × c⊥δ−(D−d)K((x− prM x)/δ)
L(x) =Cδ−(D−d)L0(prM(x)) ×L⊥((x− prM x)/δ),

for some C > 0. There thus holds, letting Ox0
= Ψ̄x0,1(Wx0,1), and using Cauchy-Schwartz

inequality

⎧⎪⎪⎨⎪⎪⎩∫Ox0

{ L(x)
f0(x)}

ω∗/2
f0(x)dx⎫⎪⎪⎬⎪⎪⎭

2

≲ ∫Ox0

{L0(prM x)
f∗(prM x) }

ω∗
f0(x)dx∫Ox0

{L⊥((x− prM x)/δ)
K((x− prM x)/δ) }

ω∗
f0(x)dx.

The first integral in the RHS is simply, up to the constant c⊥,

∫
Ψx0(Vx0){

L0(z)
f∗(z) }

ω∗
f∗(z)dµM(z),

which is bounded by assumption. The second integral is exactly

∫
Ψx0(Vx0) f∗(z)dµM(z) ×∫BRD−d(0,1){L⊥(η)K(η) }

ω∗
K(η)dx.

which is also bounded by assumption. Hence (15) holds true in this case.
In the isotropic noise model, there holds this time⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

f0(x) = δ−D∫
M∩B(x,δ)K((y − x)/δ)f∗(y)dµM(y)

L(x) =Cδ−D∫
M∩B(x,δ)L⊥((y − x)/δ)L0(y)dµM(y),

for some C > 0. Using the fact that for any integrable function ϕ,ψ ≥ 0 and any ω ≥ 1, there
holds

{∫ ϕ}ω ≤ {∫ ϕω

ψω−1}× {∫ ψ}ω−1 ,
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(which is simple consequence of the Hölder inequality), one find that

∫Ox0

{ L(x)
f0(x)}

ω∗/2
f0(x)dx

≲ ∫Ox0

∫
M
{L⊥((y − x)/δ)L0(y)
K((y − x)/δ)f∗(y) }

ω∗/2
δ−DK((y − x)/δ)f∗(y)dµM(y)dx

≤ δ−DI1/21 I
1/2
2 ,

where

I1 ∶= ∫Ox0

∫
M
{L0(y)
f∗(y) }

ω∗
K((y − x)/δ)f∗(y)dµM(y)dx

≲ δD∫
M
{L0(y)
f∗(y) }

ω∗
f∗(y)dµM(y) ≲ δD,

by assumption, and where

I2 ∶= ∫Ox0

∫
M
{L⊥((y − x)/δ)
K((y − x)/δ) }

ω∗
K((y − x)/δ)f∗(y)dµM(y)dx

≲ δD∫
M
f dµM ∫

B(0,1){L⊥(η)K(η) }
ω∗
K(η)dη,

so that indeed δ−DI1/21 I
1/2
2 ≲ 1, which ends the proof.

S2.3. Proof of Proposition 2.4. If Q2 =Q⊗D0 with Q0 ∼DP(BHλ) ∶=ΠDP then, for 0 <
x1 ≤ x2/2 and x1 < 1, letting A1 = [x1,x1(1 + xb1)], A2 = [x2,x2(1 + xb1)] and A3 = (A1 ∪
A2)c, we have

(Q0(A1),Q0(A2),Q0(A3)) ∼D(BHλ(A1),BHλ(A2),BHλ(A3)),
and

Q2(Ad1 ×AD−d2 ) =Q0(A1)dQ0(A2)D−d.
We let γ =Γ(B)/(Γ(BHλ(A1))Γ(BHλ(A2))Γ(BHλ(A3)). Noticing that when x1,x2 are
small, Hλ(A3) = 1− o(1), there holds, letting i = 1 if x1 ≤ x2 and i = 2 otherwise,

Π̃Λ[Q2 (Ad1AD−d2 ) ≥ xB0

1 ] ≥ΠDP (Q0(A1) > xB0/D
1 ,Q0(A2) > xB0/D

1 )
≥ γ

2(B−1)+ ∫
1/4

xB0/D
1

xBHλ(A1)−1dx∫ 1/4
xB0/D
1

xBHλ(A2)−1dx

≥ Γ(B)(1+ o(1))2(B−1)+ [4−BHλ(A1) − xBHλ(A1)B0
D

1 ][4−BHλ(A2) − xBHλ(A2)B0
D

1 ]
≥C1 [1−C2e

−BHλ(Ai)B0
D ]2 ,

for some constant C1,C2 > 0, where we used the fact that for x1 and x2 small, Hλ(Ai) =
min{Hλ(A1),Hλ(A2)} and Hλ(A1) and Hλ(A2) are both small. Under the assumption on
Hλ near 0,

Hλ(Ai) ≳ e−c2x−1/4i x1+bi ≳ e−c′2x−1/4i
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for some c′2 > 0, which in turn implies

Π̃Λ[Q2 (Ad1AD−d2 )] ≳ e−c′2x−1/4i ≥ e−c′2x−d/21

where we used that x−1/4i ≤ x−1/21 ≤ x−d/2i , so that (12) holds. Condition (13) is verified sim-
ilarly: first note that Q2 (mini≤D λi ≤ x) ≤DQ0((0,x]) and using the fact that Q0((0,x])
follows a Beta variable with parameters (BHλ((0,x]),B(1+ o(1))) we obtain that

EΠ̃Λ
[Q2 (min

i≤D λi ≤ x)] ≲Hλ((0,x]) ≲ e−c3x−b3 ,
for small x. Similar computation terminates the proof of (13).

S3. Supplement to Section 5.2: proof and framework of Theorem 3.4.

S3.1. Technical Lemmata. We let χ1, . . . ,χJ be the partition of unity defined in Section
S1.3 associated with a τ/64-packing of {x1, . . . ,xJ} of M ∩B(0,R). We recall that J ≲RD
and we take R = (H log(1/σ))1/κ. We define

fj ∶= c−1j χj × f0 where cj = ∫RD
χj(x)f0(x)dx.

Before we give the proof of Corollary 3.5 we need a few technical Lemmata.

LEMMA S3.1. For all 1 ≤ j ≤ J , fj ∈ Hβ0,β�
δ (M,Lj) with Lj(x) ∶= Cc−1j IK(x −

xj)χj(x)L(x) where C > 0 is a constant depending on τ and where we took K = ⌈β⊥⌉.
PROOF. The proof is a direct consequence of Proposition S2.6 and Proposition S2.7 ap-

plied to χj(x), along with the assertion iv) from Lemma S1.4.

We let Lj,δ ∶= δD−dLj ○ Ψ̄xj ,δ and

f̄j,δ ∶= fj ○ Ψ̄xj ,δ ∶ Wxj ,δ →RD.

and also introduce the functions gj ∶ RD → R from the proof of Theorem 3.4. Recall that
these functions are of the form

gj(x) ∶= fj(x) + 1

δD−d ∑
0<⟨k,α⟩<βσ

⟨k,α⟩dj,k(x,σ,δ)Dkf̄j,δ(zx) where zx ∶=∆−11,δΨ̄−1xj
(x)

and satisfy

1. They are supported on O0
xj

;

2. The functions dj,k are uniformly bounded by a constant C depending on CM ;

3. ∣KΣgj(x) − fj(x)∣ ≲ σβLj(x) on O1
xj

;

4. For all H > 0, ∣KΣgj(x) − fj(x)∣ ≲ σH∥Lj∥∞ outside of O1
xj

.

LEMMA S3.2. Under (15), there holds, for any ε ∈ (0,ω − 2β), any ⟨k,α⟩ < β and any
1 ≤ j ≤ J ,

∫ (∣Dkf̄j,δ(z)∣
f̄j,δ(z) )

2β+ε⟨k,α⟩
f̄j,δ(z)dz ≲ c−1j and ∫ (Lj,δ(z)

f̄j,δ(z) )
2β+ε

β

f̄j,δ(z)dz ≲ c−1j ,
up to a constant depending on the parameters.
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PROOF. We denote by χ̄j,δ =χj ○ Ψ̄xj ,δ and Īj,δ ∶= IK(Ψ̄xj ,δ(⋅) − xj). Writing that

∣Dkf̄j,δ

f̄j,δ
∣ ≤ ∑

ℓ≤k(
k

ℓ
)∣Dk−ℓχ̄j,δ

χ̄j,δ
∣ × ∣Dℓf̄xj ,δ

f̄xj ,δ
∣ ≲ Īj,δ∑

ℓ≤k ∣
Dℓf̄xj ,δ

f̄xj ,δ
∣

we easily see that

∫ ∣Dkf̄j,δ

f̄j,δ
∣

2β+ε⟨k,α⟩
f̄j,δ ≲ c−1j ∑

ℓ≤k∫ {Īj,δ ∣
Dℓf̄xj ,δ

f̄xj ,δ
∣}

2β+ε⟨k,α⟩
χ̄j,δf̄xj ,δ

≲ c−1j ∑
ℓ≤k∫ ∣

Dℓf̄xj ,δ

f̄xj ,δ
∣

2β+ε⟨k,α⟩
f̄xj ,δ ≲ c−1j

where we used both Lemma S1.4 iv) and (15) with the fact that ⟨ℓ,α⟩ ≤ ⟨k,α⟩ for ℓ ≤ k. The
bound on the second integral follows from the same line of reasoning.

LEMMA S3.3. We let Aj,σ be the event of all x ∈ O2
xj

such that

∀0 < ⟨k,α⟩ < β, ∣Dkf̄j,δ(zx)∣
f̄j,δ(zx) ≤ σ−⟨k,α⟩ log(1/σ)−⟨k,α⟩/2 and

Lj,δ(zx)
f̄j,δ(zx) ≤ σ−β log(1/σ)−β/2.

Then, the following assertions hold true for σ small enough

i) gj(x) ≥ fj(x)/2 for all x ∈ Aj,σ;

ii) Pfj(Acj,σ) ≲ c−1j {σ log(1/σ)}2β+ε;
iii) For any ⟨k,α⟩ < β, ∫Ac

j,σ
∣Dkf̄j,δ(zx)∣dx ≲ c−1j δD−d {σ log(1/σ)}2β+ε−⟨k,α⟩ .

PROOF. We start by proving i). For any x ∈ Aj,σ , there holds, using the fact that the func-
tions dj,k are uniformly bounded,

∣gj(x) − fj(x)∣ = RRRRRRRRRRRR
1

δD−d ∑
0<⟨k,α⟩<βσ

⟨k,α⟩dk(y,σ, δ)Dkf̄j,δ(zy)RRRRRRRRRRRR
≲ f̄j,δ(zx)

δD−d ∑
0<⟨k,α⟩<βσ

⟨k,α⟩ ∣Dkf̄j,δ(zx)
f̄j,δ(zx) ∣

≲ fj(x) ∑
0<⟨k,α⟩<β log(1/σ)−⟨k,α⟩/2 ≲ log−α⊥/2(1/σ)fj(x) <

1

2
fj(x)

provided that σ is chosen small enough. For ii), notice that

Pfj(Acj,σ) ≤ ∑
0<⟨k,α⟩<βPfj (

∣Dkf̄j,δ(zx)∣
f̄j,δ(zx) > σ−⟨k,α⟩ log(1/σ)−⟨k,α⟩/2)

≤ ∑
0<⟨k,α⟩<βσ

2β+ε log(1/σ)2β+ε∫O0
xj

(∣Dkf̄j,δ(zx)∣
f̄j,δ(zx) )

2β+ε⟨k,α⟩
fj(x)dx

≲ c−1j σ2β+ε log(1/σ)2β+ε
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where we used Lemma S3.2 after a variable change z = zx. Finally, for iii), there holds

∫Ac
j,σ

∣Dkf̄j,δ(zx)∣dx = ∫ ∣Dkf̄j,δ(zx)∣
f̄j,δ(zx) f̄j,δ(zx)1Ac

j,σ
(x)dx

≤ ⎧⎪⎪⎪⎨⎪⎪⎪⎩∫ {
∣Dkf̄j,δ(zx)∣
f̄j,δ(zx) }

2β+ε⟨k,α⟩
f̄j,δ(zx)1Ac

j,σ
(x)dx⎫⎪⎪⎪⎬⎪⎪⎪⎭

⟨k,α⟩
2β+ε
× {δD−dPfj(Acj,σ)}1− ⟨k,α⟩

2β+ε

≲ {c−1j δD−d} ⟨k,α⟩
2β+ε × {c−1j δD−d {σ log(1/σ)}2β+ε}1− ⟨k,α⟩

2β+ε

≲ c−1j δD−d {σ log(1/σ)}2β+ε−⟨k,α⟩ .
ending the proof.

S3.2. Proof of Corollary 3.5. Let define

h̃j ∶= gj1gj>fj/2 + 1

2
fj1gj≤fj/2

and hj = h̃j/Ij where Ij = ∫ h̃j . The function hj is a probability measure on O0
xj

and fur-
thermore, using the convexity of f → d2H(f,f0), there holds

d2H(KΣ(h), f0) ≤ J∑
j=1cj d

2
H(KΣ(hj), fj) where h = J∑

j=1cjhj .
We will control each term separately. First notice that

J∑
j=1cj d

2
H(KΣ(hj), fj) ≤ Jσ2β + ∑

cj≥σ2β

cj d
2
H(KΣ(hj), fj).

Now take 1 ≤ j ≤ J such that cj ≥ σ2β and define Uj,σ = {x ∈RD ∣ fj(x) ≥ σH1} for some
H1 > 0 to be specified later. Then there holds

d2H(KΣhj , fj) ≤∫Uj,σ∩O1
xj

(√KΣ(hj) −√fj)2 +∫(O1
xj
)cKΣ(hj) +∫Uc

j,σ

[KΣ(hj) + fj]
and

∫Uj,σ∩O1
xj

(√KΣ(hj) −√fj)2 ≤ ∫Uj,σ∩O1
xj

(KΣ(hj) − fj)2
KΣ(hj) + fj

≤ ∫Uj,σ∩O1
xj

KΣ(hj − h̃j)2
KΣ(hj) + fj +∫Uj,σ∩O1

xj

KΣ(h̃j − gj)2
KΣ(hj) + fj +∫Uj,σ∩O1

xj

(KΣ(gj) − fj)2
KΣ(hj) + fj

and therefore

d2H(fj ,KΣ(hj)) ≤∫(O1
xj
)cKΣ(hj)(S8)

+∫Uc
j,σ

[KΣ(hj) + fj](S9)

+ (1− Ij)2(S10)

+∫Uj,σ∩O1
xj

KΣ ((fj/2− gj)1gj<fj/2)2
KΣ(hj) + fj(S11)
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+∫Uj,σ∩O1
xj

(KΣ(gj) − fj
fj

)2 fj(S12)

where each term will be bounded independently.

1. For (S8), notice that for any y ∈ O0
xj

and any x ∉ O1
xj

, there holds that ∥x − y∥2Σ−1y
≥

C/ρ2(δ,σ( where ρ(δ,σ) =max(δσα⊥ ,σα0) for some C depending on τ . We can thus
write

∫(O1
xj
)cKΣ(hj) = ∫(O1

xj
)c ∫ hj(y)φΣ(y)(x− y)dydx

= ∫(O1
xj
)c ∫O0

xj

hj(y)exp(−1
2∥x− y∥2Σ−1(y))(2π)D/2σDδD−d dydx

≤ exp{− C2

4δ2σ2α⊥ }∫(O1
xj
)c ∫O0

xj

hj(y)exp(−1
4∥x− y∥2Σ−1(y))(2π)D/2σDδD−d dydx

≲ exp{− C2

4ρ(δ,σ)2}∫(O1
xj
)cK2Σ(hj) ≲ exp{− C2

4ρ(δ,σ)2} ≲ σ2β,
because ρ(δ,σ) = o(∣ log(σ)∣1/2) by assumption.

2. For (S12), there holds

∫Uj,σ∩O1
xj

(KΣ(gj) − fj
fj

)2 fj ≤ ∫O1
xj

(Ljσβ
fj
)2 fj ≤ σ2β ⎧⎪⎪⎨⎪⎪⎩∫O1

xj

(Lj
fj
)

2β+ε
β

fj

⎫⎪⎪⎬⎪⎪⎭
2β

2β+ε

≤ σ2β ⎧⎪⎪⎨⎪⎪⎩∫W1
xj

(Lj,δ
f̄j,δ
)

2β+ε
β

f̄j,δ
∣detdΨ̄xj ,δ ∣

δD−d
⎫⎪⎪⎬⎪⎪⎭

2β

2β+ε

≲ σ2β ⎧⎪⎪⎨⎪⎪⎩∫W1
xj

(Lj,δ
f̄j,δ
)

2β+ε
β

f̄j,δ

⎫⎪⎪⎬⎪⎪⎭
2β

2β+ε ≲ c− 2β

2β+ε
j σ2β ≲ c−1j σ2β,

where we used that ∣detdΨ̄xj ,δ ∣ ≲ δD−d and Lemma S3.2.
3. For (S10), notice that

Ij = ∫ gj1{fj<2gj} +∫ fj

2
1{fj≥2gj} = ∫ gj +∫ (fj − 2gj)

2
1{fj≥2gj}

and that ∫ gj = ∫ KΣ(gj). Moreover

∫O1
xj

KΣ(gj) = ∫O1
xj

fj +∫O1
xj

(KΣ(gj) − fj) = 1+∫O1
xj

(KΣ(gj) − fj)
and since

∣∫O1
xj

KΣ(gj) − fj∣ ≤ ∫O1
xj

Ljσ
β = σβ ∫W1

xj

Lj,δ × ∣detdΨ̄xj ,δ ∣
δD−d

≲ σβ ⎧⎪⎪⎨⎪⎪⎩∫W1
xj

(Lj,δ
f̄j,δ
)

2β+ε
β

f̄j,δ

⎫⎪⎪⎬⎪⎪⎭
β

2β+ε ≲ c− β

2β+ε
j σβ ≲ c−1/2j σβ.
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where we again used that ∣detdΨ̄xj ,δ ∣ ≲ δD−d and Lemma S3.2, we have that

∫O1
xj

KΣ(gj) = 1+O(c−1/2j σβ).
We also have, as in (S8) that

∫(O1
xj
)cKΣ(∣gj ∣) ≲ e− C2

4δ2σ2α⊥ ∫O1
xj

∣gj ∣(y)dy
≲ e− C2

4δ2σ2α⊥ ∥Lj∥∞ = o(c−1j σ2β) = o(c−1/2j σβ),
where the two last inequality comes from ρ2(δ,σ) = o(1/ log(1/σ)) and cj ≥ σ2β . There-
fore ∣1− ∫ gj ∣ ≲ c−1/2j σβ . Moreover, using this time Lemma S3.3

∫
fj>2gj(fj − 2gj) ≲Pfj(fj > 2gj) + ∑

0<⟨k,α⟩<β
σ⟨k,α⟩
δD−d ∫fj>2gj ∣Dkf̄j,δ(zx)∣dx

≲ c−1j σ2β+ε.
All in all, we find that

(1− Ij)2 ≲ exp{−C2/(4δ2σ2α⊥)} + {c−1j σ2β} ∨ {c−2j {σ log(1/σ)}4β+2ε}
≲ exp{−C2/(4δ2σ2α⊥)} + c−1j σ2β

where the last inequality again holds because cj ≥ σ2β .
4. For (S9), we start with taking ⟨k,α⟩ < β. Notice that, thanks to Proposition S2.3,

there exists a constant C > 0 such that for any x,y ∈ O0
xj

, ∣Dkf̄j,δ(zx) − Dkf̄j,δ(zy)∣ ≤
CδD−dLj(x). Then, using (20), together with ∣detdΨ̄(w)∣ ≤C ,

∣KΣ(Dkf̄j,δ(z◻))(x)∣ ≲ ∫
∆−1σ,1(W0−zx) e

−Bσ(x,z)∣Dkf̄j,δ(∆σ,1z + zx)∣dz
≲ δD−dLj(x)∫

∆−1σ,1(W0−zx) e
−Bσ(x,z)dz ≲ δD−dLj(x).

Now notice that

∫Uc
j,σ

∣Dkf̄j,δ(zx)∣dx

≤ ⎧⎪⎪⎪⎨⎪⎪⎪⎩∫Uc
j,σ

{∣Dkf̄j,δ(zx)∣
f̄j,δ(zx) }

2β+ε⟨k,α⟩
f̄j,δ(zx)dx

⎫⎪⎪⎪⎬⎪⎪⎪⎭
⟨k,α⟩
2β+ε
×{∫Uc

j,σ

f̄j,δ(zx)dx}1−
⟨k,α⟩
2β+ε

≲ c−1j δD−dσH1×{1−⟨k,α⟩/(2β+ε)} ≲ c−1j δD−dσH1/2
and likewise, ∫Uc

j,σ
Lj(x)dx ≲ c−1j δD−dσH1×{1−β/(2β+ε)} ≲ δD−dσH1/2. We thus have

shown that

(S13) ∫Uc
j,σ

∣KΣ(Dkf̄j,δ(z◻))(x)∣ ≲ c−1j δD−dσH1/2.
Coming back to (S9), there immediately holds that ∫Uc

j,σ
fj ≲ σH1 , and furthermore, notic-

ing that

hj ≲ h̃j ≲ fj + 1

δD−d ∑
0≤⟨k,α⟩<βσ

⟨k,α⟩∣Dkf̄j,δ(z◻)∣



SUPPLEMENTARY OF BAYESIAN DENSITY ESTIMATION NEAR A MANIFOLD 21

and using (S13) and the monotonicity of KΣ, we find that ∫Uc
j,σ
KΣ(hj) ≲ c−1j σH1/2.

5. Finally, for (S11), notice that fj/2−gj is a sum of terms of the form σ⟨k,α⟩δ−(D−d)Dkf̄j,δ(z◻)
for 0 ≤ ⟨k,α⟩ < β. The term KΣ((fj/2− gj)1gj≤fj/2)2 is thus upper bounded by a sum of
terms of the form σ2⟨k,α⟩δ−2(D−d)KΣ(Dkf̄j,δ(z◻)1gj≤fj/2)2. Now there holds

∫Uj,σ∩O1
xj

KΣ(Dkf̄j,δ(z◻)1gj≤fj/2)2
KΣ(hj) + fj

≲ σ−H1∥KΣ(Dkf̄j,δ(z◻)1gj≤fj/2)∥∞ ×∫ KΣ(∣Dkf̄j,δ(z◻)∣1gj≤fj/2)
≲ σ−H1

cj
∫O1

xj

∣Dkf̄j,δ(zy)∣1gj≤fj/2)dy ≲ σ−H1

c2j
δD−d {σ log(1/σ)}2β+ε−⟨k,α⟩

where we used Lemma S3.3. Summing all the bounds in k, we obtain that (S11) is
bounded from above, up to constant, by

max
k
c−2j σ2β+ε−H1+2⟨k,α⟩δ−(D−d)log(1/σ)2β+ε ≲ c−1j δ−(D−d)σε−H1 log(1/σ)2β+ε

where we used that cj ≥ σ2β .

Collecting all the bounds on (S8-S12) together with δ2σ2α⊥ = o(1/ log(1/σ)), we get that

cj d
2
H(KΣ(hj), fj) ≲ cj [σ2β log(1/σ)4β+2ε + σH1/2 + σε−H1δ−(D−d)log(1/σ)2β+ε] .

Choosing H1 = 4β and ε ≥ 6β + ε1 where σε1 ≤ δD−d, we obtain the result.

S4. Supplement to Section 5.1: proof of Theorem 3.1. For any probability distribution
P on RD ×S++(D,R), one defines the probability density function on RD

fP (x) ∶= ∫ φΣ(x− y)dP (y,Σ).
Note that when g is a probability distribution on RD , then

KΣg(x) = fP (x) with dP (y,Σ) = δΣ(y)(Σ)g(y)dy.
LEMMA S4.1. Let V0, . . . ,VN be a partition of RD and let P =∑Nj=1πjδzj ,Σj

with zj ∈ Vj .
Then, for any probability measure Q on RD ×S++(D,R),
∥fQ − fP ∥1 ≤ 2 N∑

j=1 ∣Q1(Vj) − πj ∣ + 1

2
sup

1≤j≤N ∥Σ−1/2j ∥op diamVj + 3

2
sup

1≤j≤N sup
Σ∈Sj

√
tr(Σ−1j Σ− Id)2,

where Q1 is the first marginal of Q and Sj is the support of the second marginal of
1Vj
(y)dQ(y,Σ).

PROOF. We write that fQ(x) − fP (x) is

∫
V0

φΣ(x− y)dQ(y,Σ) + N∑
j=1∫Vj

{φΣ(x− y) −φΣj
(x− zj)}dQ(y,Σ)

+ N∑
j=1(Q1(Vj) − πj)φΣj

(x− zj),
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The last term can be readily bounded in L1-norm by

N∑
j=1 ∣Q1(Vj) − πj ∣∫ φΣj

(x− zj)dx = N∑
j=1 ∣Q1(Vj) − πj ∣,

and the first one by Q1(V0) = 1 −∑Nj=1Q1(Vj) ≤ ∑Nj=1 ∣Q1(Vj) − πj ∣. For the second term,
notice that each term of the sum is upper-bounded in L1-norm by

∫
Vj

∥φΣ(⋅ − y) −φΣj
(⋅ − zj)∥1 dQ(y,Σ)

≤ ∫
Vj

∥φΣj
(⋅ − y) −φΣj

(⋅ − zj)∥1 dQ(y,Σ) +∫
Vj

∥φΣ(⋅ − y) −φΣj
(⋅ − y)∥1 dQ(y,Σ)

≤ 1
2
∫
Vj

∥Σ−1/2j (y − zj)∥dQ1(y) + 3

2
∫
Vj

√
tr(Σ−1j Σ− Id)2 dQ(y,Σ)

≤ 1
2
Q1(Vj)∥Σ−1/2j ∥op diamVj + 3

2
Q1(Vj) sup

Σ∈Sj

√
tr(Σ−1j Σ− Id)2,

where we used Prp 2.1 and Thm 1.1 of [4].

S4.1. Proof of Lemma 5.1. Throughout the proof, C denotes a generic constant whose
value depends only on D. We start with bounding the probability measure of Fcn. There holds

Π(Fcn) ≤Π{∃h ≤Hn,µh ∉B(0,Rn)} +Π⎧⎪⎪⎨⎪⎪⎩ ∑h>Hn

πh ≥ εn⎫⎪⎪⎬⎪⎪⎭+Π(∃h ≤Hn,Λh ∉ [σ2n, σ̄2n]D).
The first mass is bounded using (10):

Π{∃h ≤H,µh ∉B(0,Rn)} ≲Hn∫ ∥µ∥−b21∥µ∥≥Rn
dµ ≲HnR

−b2
n ≲ e−c1nε2n ,

as soon as b2R0 ≥ 2c1. The second term is bounded in [12, p. 15] by

Π

⎧⎪⎪⎨⎪⎪⎩ ∑h>Hn

πh ≥ εn⎫⎪⎪⎬⎪⎪⎭ ≤ {
eB

Hn
log(1/ε)}Hn ≲ e−c1nε2n ,

as soon as H0 is large enough. Finally, to bound the last probability, we consider separately
the partial and hybrid location-scale priors.

• Partial location-scale: Λh =Λ1 for all h and using (11),

Π(Λ1 ∉Qn) ≤ΠΛ {min
i

Λi ≤ σ2n}+ΠΛ {max
i

Λi ≥ σ̄2n} ≲ e−c3σ−2b30 nε2n + σ̄−2b4n ≤ e−c1nε2n ,
as soon as σ21 is large enough and σ20 is small enough.

• Hybrid location-scale prior

Π(∃h ≤Hn, Λh ∉Qn) ≤HnEΠ̃Λ
[Q2(min

i
Λi ≤ σ2n)] +HnEΠ̃Λ

[Q2(max
i

Λi > σ̄2n)]
≤Hne

−c3σ−2b30 nε2n +Hne
−c4σ2b4

1 nε2n ≲ e−c1nε2n .
We then turn on bounding the entropy of the partions of Fn. Note that on Fn miniλi ≥ σ2n so
that

maxiλi
miniλi

≤max
i
λiσ

−2
n ≤ σ−20 n2t0/b3 ×max

i
λi.
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From [2], the covering number of Fn,j,ℓ is bounded by

N(εn,Fn,j,ℓ,∥ ⋅ ∥1)
≤ exp⎛⎝CHn[logn+ log(1/εn)] + (D − 1) ∑

h≤Hn

log(jh + 1) +D(D − 1)2ℓ−2Hn logn
⎞⎠ ,

and the covering number of Fn,j is bounded by

N(εn,Fn,j,∥ ⋅ ∥1) ≤ exp⎛⎝CHn[logn+ log(1/εn)] + ∑
h≤Hn

log(jh + 1) +DHn log σ̄
2
n

⎞⎠
≲ exp⎛⎝CHn[logn+ log(1/εn)] + ∑

h≤Hn

log(jh + 1)⎞⎠ .
We bound Π(Fn,j,ℓ) in the case of the partial location-scale prior, for ℓ ≥ 1:

Π(Fn,j,ℓ) ≲ ∏
h≤Hn

(jh√n)−(b2−D)1jh≥1ΠΛ (max
i
λi > σ20n2ℓ−1−2t0/b3)

≲ ∏
h≤Hn

(jh√n)−(b2−D)1jh≥1n−b4(2ℓ−1−2t0/b3)

= exp⎧⎪⎪⎨⎪⎪⎩−(b2 −D) ∑h≤Hn

1jh≥1 log(jh) − 1

2
(b2 −D)nHn − b4(2ℓ−1 − 2t0/b3)Hn logn

⎫⎪⎪⎬⎪⎪⎭ .
We bound Π(Fn,j) in the case of the hybrid location-scale prior:

Π(Fn,j) ≲ ∏
h≤Hn

(jh√n)−(b2−D)1jh≥1

= exp⎧⎪⎪⎨⎪⎪⎩−(b2 −D) ∑h≤Hn

1jh≥1 log(jh) − 1

2
(b2 −D)Hn logn

⎫⎪⎪⎬⎪⎪⎭ .
This implies in particular that for the partial location-scale prior

∑
j,ℓ

√
Π(Fn,j,ℓ)N(εn,Fn,j,ℓ,∥ ⋅ ∥1) ≲ exp(1

2
CHn[logn+ log(1/εn)])

×∑
j,ℓ

exp(1
2
∑
h

[(D − 1) log(jh + 1) − (b2 −D)(log(jh)1jh≥1 − 1)]
+1ℓ≥22ℓ−1 logn[D(D − 1)/2− b4])

≲ exp(CHn[logn+ log(1/εn)]/2) ,
since b4 >D(D − 1)/2 and b2 > 2D − 1. Therefore, by choosing M0 > 0 large enough

∑
j,ℓ

√
Π(Fn,j,ℓ)N(εn,Fn,j,ℓ,∥ ⋅ ∥1)e−M0nε

2
n = o(1).

We obtain a similar result for the hybrid location-scale prior.

S4.2. Proof of Lemma 5.2. We let again R = (H log(1/ε)/C2)1/κ and define σ ∶= ε1/β .
Thanks to Corollary 3.5, we know there exists a density function g supported on M δ such
that d2H(KΣg,f0) ≲ σ2β logq(1/σ) for some a > 0. We can in turn, thanks to Lemma 5.3, find
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a discrete probability measure G on M δ ∩B(0,R) with N atoms at least σα1ε2-apart such
that

∥KΣg −KΣG∥1 ≲ ε2 logD/2(1/ε) and N ≲ σ−D logD(1/ε).
We thus have d2H(KΣG,f0) ≲ σ2β logq(1/σ) + ε2 logD/2(1/ε) ≲ ε2 log2r(1/ε) with r ∶=
q/2 ∨ D/4. We let z1, . . . , zN be the atoms of G and denote by pj = G(zj). We let Vj
be the ball centered around zj with radius σ2α0ε2/2. We complete V1, . . . ,VN with sets
VN+1, . . . ,VJ that forms a partition of M τ ∩ B(0,R) with Vj included in balls of the
form {x ∈RD ∣ ∥x− zj∥Σ−1(zj) ≤ 1} for some zj ∈M τ ∩ B(0,R), so that we can take J ≲
N + (R/σ)D ≲ σ−D logD/κ(1/ε). We then set V0 to be the complementary set of the reunion
of the Vj and set further pj = 0 for j greater than N + 1.

We write under the prior Π, P =∑∞h=1πhδµh,Uh,Λh
and Σh =U⊺hΛhUh. We use the conven-

tion that Λh =Λ for all h in the case of the Partial location scale prior and πh = 0 for h ≥K for
the mixture of finite mixtures prior. Set Ñ = log(1/ε) ×N , we consider the following events

PJ = ⎧⎪⎪⎨⎪⎪⎩
J∑
j=1 ∣pj −Pµ(Vj)∣ ≤ ε2 and min

1≤j≤JPµ(Vj) ≥ ε4
⎫⎪⎪⎬⎪⎪⎭ ,

FÑ =
⎧⎪⎪⎨⎪⎪⎩∑h≤Ñ πh ≥ 1− ε

8
⎫⎪⎪⎬⎪⎪⎭ ,

OÑ = {∀1 ≤ h ≤ Ñ , ∥UhO⊺µh
− Id∥op ≤ σ2α0ε2} ,

and LÑ = {∀1 ≤ h ≤ Ñ , Λh ∈ S(σα0)d ×S(δσα⊥)D−d}
where S(t) = {s ∣ t2 ≤ s ≤ t2(1+ σ2β)} .

We first show that if P ∈ PJ ∩FÑ ∩OÑ ∩LÑ , then

dH(fP , f0) ≲ ε logr(1/ε).
Indeed, we have

dH(fP , f0) ≤ dH(fP ,KΣG) + dH(KΣG,f0) ≤ dH(fP̂ , fĜ) + dH(fP̂ , fP ) + ε logr(1/ε),
where dĜ(y,Σ) = δΣ(y) dG(y) and P̂ =∑h≥1πhδµh,Σ̂h

with

Σ̂h =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Σh if h ≤ Ñ
Σ(zh) if h > Ñ and µh ∈ Vj with j ≤N ;
0 otherwise,

where, conventionally, φΣ(⋅−z)dz = δz when Σ = 0. Since P ∈ FÑ , there easily holds ∥fP −
fP̂ ∥1 ≤ 2ε2 and, using Lemma S4.1, we find that

∥fP̂ − fĜ∥1
≤ 2 N∑

j=1 ∣Pµ(Vj) − pj ∣ +
1

2
σ−α0 sup

1≤j≤N diamVj + 3

2
sup

1≤j≤N sup
µh∈Vj

√
tr(Σ(zj)−1Σ̂h − Id)2,

≲ ε2 + sup
1≤j≤N sup

µh∈Vj

∥Σ(zj)−1Σ̂h − Id∥op.
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where we used that P ∈ PJ and that diamVj ≲ σα0ε2 for j ≤N . In the last supremum, if h > Ñ
and µh ∈ Vj , then Σh =Σ(zj) so we only need to handle the case when h ≤ Ñ . Moreover,

Σ(zj)−1Σ̂h − Id =O⊺zj∆−2σ,δOzjU⊺hΛhUh − Id
=O⊺zj∆−2σ,δ(OzjU⊺h − Id)ΛhUh +O⊺zj∆−2σ,δΛhUh − Id
=O⊺zj∆−2σ,δ(OzjU⊺h − Id)ΛhUh +O⊺zj(∆−2σ,δΛh − Id)Uh +O⊺zjUh − Id,

so that

∥Σ(zj)−1Σ̂h − Id∥op ≲ ∥∆−2σ,δ∥op∥Λh∥op∥∥OzjU⊺h − Id∥op + ∥∆−2σ,δΛh − Id∥op + ∥O⊺zjUh − Id∥op
≲ ε2 + σ2β ≃ ε2,

where we used both that h ≤ Ñ and P ∈ OÑ ∩LÑ .
Using [12, Lem B2], we find that for λ > 0 small enough

P0 log
f0
fP
≲ d2H(f0, fP )(1+ log(1/λ)) +P0 {log f0

fP
1fP /f0<λ}

P0 (log f0
fP
)2 ≲ d2H(f0, fP )(1+ log2(1/λ)) +P0{(log f0

fP
)21fP /f0<λ} ,

up to numeric constant. Notice that by assumption, f0 is bounded from above by ∥L∥∞. Let
x ∈M τ ∩B(0,R), and let 1 ≤ j ≤ J be such that x ∈ Vj . Notice that, since P ∈ FÑ ∩PJ , there
holds

ε4 ≤Pµ(Vj) = ∑
µh∈Vj

πh ≤ ∑
µh∈Vj

h≤Ñ
πh + ε8 so that ∑

µh∈Vj

h≤Ñ
πh ≥ ε4/2.

Now we can write

fP (x) ≥ ∑
µh∈Vj

h≤Ñ
πhφΣh

(x−µh) ≳ ε4

δD−dσD ,

where we used that ∣detΣh∣1/2 ≤ (1+ σ2β)D/2δD−dσD ≲ δD−dσD and that ∥x− y∥Σ−1(y) ≲ 1
for any x,y ∈ Vj with a similar line of reasoning as in the proof of Lemma 5.3, relying on
P ∈ OÑ ∩ LÑ . Furthermore, since fP (x) ≤ ε8 +∑h≤Ñ πhφΣh

(x − µh), there must be some
h ≤ Ñ such that both πh ≥ ε2 and µh ∈B(0,R) holds, otherwise one would get a contradiction
looking at the mass of f0 since one would get

∥f0∥1 = ∥f01B(0,R/2)∥1 + ∥f01B(0,R/2)c∥1
≤ ∥fP1B(0,R/2)∥1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶≲ε2+εH

+∥(fP − f0)1B(0,R/2)∥1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶≲ε+σβ

+∥f01B(0,R/2)c∥1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶≲εH
,

where the inequalities occurs up to log-term. For x ∉ B(0,R), notice that, for this particular
h ≤ Ñ , fP (x) ≳ ε2φΣh

(x−µh) . Taking λ =Cε4/(δD−dσD) for some small constant C , one
get for any ℓ ≥ 1,

P0{(log f0
fP
)ℓ1fP /f0<λ} ≤P0{(log f0

fP
)ℓ1B(0,R)c}

≲ logℓ ε2

σDδD−d ×P0(B(0,R)c) +∫
B(0,R)c ∥x−µh∥2ℓΣ−1h

f0(x)dx
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≲ εH logℓ
ε2

σDδD−d + σ−2ℓα0 {∫ ∥x∥4ℓf0(x)dx}1/2P0(B(0,R)c)1/2
≲ ε2 log2(1/ε),

where the last inequality holds for ℓ ∈ {1,2}, provided that we chose H ≥ 8α0 + 4β. This
shows that fP ∈B(f0, ε̃) for ε̃ ≈ ε logs(1/ε) with s = r∨1. It only remains to lower bound the
prior mass of the event PJ ∩FÑ ∩OÑ ∩LÑ .

For this, one can use (10) and the fact that the scales are drawn independently to rest to
find that

Π(PJ ∩FÑ ∩OÑ ∩LÑ) ≥Π(PJ ∩FÑ) × cÑo ∏
h≤Ñ

O{∥UOµh
− Id∥op ≤ σ2α0ε2} ×Π(LÑ).

We easily get that O{∥UOµh
− Id∥op ≤ σ2α0ε2} ≳ (σ2α0ε2)D(D−1)/2. For Π(LÑ), we use

(11) or (12) along with a simple Markov inequality to find that

Π(LÑ) =EΠ {Q2 ([σ2α0 ,(1+ σ2β)σ2α0]d × [δ2σ2α⊥ ,(1+ σ2β)δ2σ2α⊥]D−d)Ñ}
≳ exp(−2α0B0 log(1/σ)Ñ)exp{−c2Dσ−D} .

For Π(PJ ∩FÑ), we write

Π(PJ ∩FÑ) ≥Π(PJ) −Π(FcÑ) ≳ e−CJ log(1/ε) − e−Ñ log(Ñ),
where we used [7, Lem 10] and the bound [12, p. 15]. We conclude by noticing that
e−Ñ log(Ñ)≪ e−N log(1/ε) so that in the end

Π(PJ ∩FÑ ∩OÑ ∩LÑ) ≳ exp(−CN logt(1/ε))),
for some C depending on the parameters and t =D/κ+ 2, ending the proof.

S4.3. Proof of Lemma 5.3.

PROOF OF LEMMA 5.3. Let g ∶RD →R be a density supported onM δ and satisfying (14)
and (15). Let R = (H log(1/ε)/C2)1/κ, so that g is less than C1ε

H outside of B(0,R). We
consider the functions {χi}i∈I introduced in Lemma S1.4 associated with a τ/64-packing{xi}i∈I of M ∩B(0,R). Recall that the number ∣I∣ of functions is less than of order RD . We
can write

KΣg(x) =KΣ(g1Bc(0,R))(x)+∑
i∈IKΣ(χig1B(0,R))(x) =KΣ(g1Bc(0,R))(x)+∑

i∈I ciKΣgi(x)
where ci = ∥χig1B(0,R)∥1 and gi = χig1B(0,R)/ci is a density supported on O0

xi
. Notice that

for any x ∈RD
KΣ(g1Bc(0,R))(x) ≤C1ε

HKΣ(1Bc(0,R))(x) ≤C1ε
H

and that

∥KΣ(g1Bc(0,R))∥1 = ∥g1Bc(0,R)∥1 ≤ ∫∥x∥≥RC1e
−C2∥x∥κ ≲ ∫

r≥R e
−C2r

κ

rD−1 dr
≲ log(D−2)/κ+1(1/ε) × εH ,

where we used a NP-bound on the incomplete Gamma function in the last inequality. Conse-
quently, the term KΣ(g1Bc(0,R)) need not be discretized. Take now i ∈ I . As in the proof of
Theorem 3.4, there holds that

φΣ(y)(x− y) ≲ εH

σDδD−d ∀x ∉ O1
xi
, y ∈ O0

xi
,
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provided that τ ≳Rδσα⊥ . This means that ∣KΣgi(x)∣ ≲ εH

σDδD−d for all x ∉ O1
xi

. If now x ∈ O1
xi

,
there holds

KΣgi(x) = ∫W0
xi

φΣ(Ψ̄xi
(w))(x− Ψ̄xi

(w))ḡi(w)dw
= ∑
j∈Ji

c̄i,j ∫Wi,j

φΣ(Ψ̄xi
(w))(x− Ψ̄xi

(w))ḡi,j(w)dw
where ḡi(w) = gi(Ψ̄xi

(w)) × ∣detdΨ̄xi
(w)∣, c̄i,j = ∫Wi,j

ḡi and ḡi,j = ḡi/c̄i,j . The sets Wi,j

form a partition ofW0
xi

that are included in
d∏
ℓ=1[w0

tℓ ,w
0
tℓ+1) × D∏

ℓ=d+1[w⊥tℓ ,w⊥tℓ+1) ∩W0
xi
,

for (w0
t1 , . . . ,w

0
td ,w

⊥
td+1 , . . . ,w⊥tD) vary on a grid of size (σα0 , . . . ,σα0 , δσα⊥ , . . . , δσα⊥). No-

tice that

CardJi ≃ 1

σα0d
× ( δ

δσα⊥ )
D−d = σ−D.

Let i ∈ I and j ∈ Ji be fixed and denote for short Ψ̄ = Ψ̄xi
and Σ̄ = Σ ○ Ψ̄. We let Γ > 0

and we distinguish two cases: infw∈Wi,j
∥x − Ψ̄(w)∥2

Σ̄−1(w) ≥ Γlog(1/ε) and infw∈Wi,j
∥x −

Ψ̄(w)∥2
Σ̄−1(w) <Γlog(1/ε). In the former,

∫Wi,j

φΣ̄(w)(x− Ψ̄(w))ḡi,j(w)dw ≲ εΓ/2
σDδD−d .

While if infw∈Wi,j
∥x − Ψ̄(w)∥2

Σ̄−1(w) ≤ Γlog(1/ε), we first show that supw∈Wi,j
∥x −

Ψ̄(w)∥2
Σ̄−1(w) ≤Γ′ log(1/ε) for some Γ′ >Γ. We letw0 ∈Wi,j such that ∥x−Ψ̄(w0)∥2Σ̄−1(w0) ≤

2Γlog(1/ε) and takew ∈Wi,j . Using (28), we get that there ∥prTΨ̄(w) −prTΨ̄(w0) ∥op ≲ σα0 and
the same holds for prNΨ̄(w) −prNΨ̄(w0) . Let us denote y = Ψ̄(w0) and z = Ψ̄(w). First notice
that if x ∉W1

xi
, then ∥x−y∥Σ−1(y) ≳ σ−α0 ∧ δ−1σ−α⊥ >Γlog(1/ε) so that necessarily x ∈W1

xi
.

In particular, ∥x− y∥ ≤B for some constant B > 0 not depending on Γ. Now recall that

∥x− z∥Σ−1(z) = ∥ 1

σα0
prTz
(x− z) + 1

σα⊥δ prNz
(x− z)∥ .

Furthermore, we can write

x− y =Ψ(vx) −Ψ(vy) + δ (N(vx)ηx −N(vy)ηx)(S14)

= dΨ(vy)[vx − vy] + δdN(vy)[vx − vy]ηx + δN(vy)[ηx − ηy] +O(σ2α0).(S15)

Using (S14), there holds

prTy
(x− y) = prTy

(Ψ(vx) −Ψ(vy) + δN(vx)ηx)
= prTy

(Ψ(vx) −Ψ(vz) + δN(vx)ηx) +O(σα0)
= prTz

(Ψ(vx) −Ψ(vxi,j
) + δN(vx)ηx) +O(σα0)

= prTz
(x− z) +O(σα0)

where O(σα0) is independant of Γ. Now using (S15), we find that

prNy
(x− y) = δN(vy)[ηx − ηy] + δprNy

(dN(vy)[vx − vy]ηx) +O(σ2α0)
= δN(vz)[ηx − ηz] + δprNz

(dN(vy)[vx − vxi,j
]ηz) +O(δσα⊥) +O(σ2α0)

= prNz
(x− z) +O(δσα⊥ + σ2α0)
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where we used that α0 ≥ α⊥, and where again O(δσα⊥ + σ2α0) does not depend on A. All in
all, we find that

∥x− y∥Σ−1(y) = ∥ 1

σα0
prTx
(x− y) + 1

σα⊥δ prNy
(x− y)∥

= ∥ 1

σα0
prTz
(x− z) + 1

σα⊥δ prNz
(x− z)∥ +O (1+ σ2α0/(δσα⊥))

= ∥x− z∥Σ−1(z) +O (1+ σ2α0/(δσα⊥)) .(S16)

Now using that σ2α0 = o(δσα⊥), there thus holds that ∥x− Ψ̄(w)∥Σ̄−1(w) ≤ 2Γlog(1/ε) for Γ
large enough.

Denote RT (u) = exp(u) −∑T−1t=0 ut/t!, then ∣RT (u)∣ ≤ eu∣u∣T /T ! and

exp{−1
2
∥x− Ψ̄(w)∥2Σ̄−1(w)} = T−1∑

t=0
(−1)t
2tt!
∥x− Ψ̄(w)∥2tΣ̄−1(w) +RT (−∥x− Ψ̄(w)∥2Σ̄−1(w)/2) .´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶∶= RT (x,w)

Note that RT (x,w) is uniformly bounded by

∣RT (x,w)∣ ≤ e5Γlog(1/ε) (5Γlog(1/ε))T
T !

≈ ε−5Γ logT (1/ε)
T !

.

Set,

Ai,j(w) ∶= ⟨ei, Σ̄−1(w)ej⟩, Bi(w) ∶= ⟨ei, Σ̄−1(w)Ψ̄(w)⟩, and C(w) ∶= ∥Ψ̄(w)∥2Σ̄−1(w),
so that all functions Ai,j , Bi and C are continuous functions of w and if x = (x1, . . . ,xD),
∥x− Ψ̄(w)∥2tΣ̄−1(w) = {∥x∥2Σ̄−1(w) − 2⟨x, Σ̄−1(w)Ψ̄(w)⟩ + ∥Ψ̄(w)∥2Σ̄−1(w)}t

= ∑∣k∣=t(
t

k
)(−2)k2 ⎧⎪⎪⎨⎪⎪⎩ ∑1≤i,j≤DxixjAi,j(w)

⎫⎪⎪⎬⎪⎪⎭
k1 { D∑

i=1xiBi(w)}
k2

C(w)k3

= ∑∣k∣=t(
t

k
)(−2)k2C(w)k3 ∑∣ℓ∣=k1 (

k1
ℓ
) ∏
1≤i,j≤D(xixj)ℓi,jAℓi,ji,j (w) ∑∣m∣=k2 (

k2
m
) D∏
i=1x

mi

i Bmi

i (w)
= ∑(p,ℓ,m)∈Gt

Pp,ℓ,m(x) ×C(w)p ∏
1≤i,j≤DA

ℓi,j
i,j (w) ∏

1≤i≤DB
mi

i (w)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶∶= Qp,ℓ,m

where Pp,ℓ,m(x) are polynomial functions of x, Qp,ℓ,m(w) are continuous functions of w,
and where Gt is the set {(p, ℓ,m) ∣ p+ ∣ℓ∣ + ∣m∣ = t} ⊂ND2+D+1. According to [8, Lem 3.1],
one can always find an atomic probability measure Gi,j such that

∫ Qp,ℓ,m(w)ḡi,j(w)dw = ∫ Qp,ℓ,m(w)Gi,j(dw)
for all p, ℓ,m such that p+ ∣ℓ∣ + ∣m∣ ≤ T − 1. Since there are less than TD

2+D+1 such triplets,
the probability measure Gi,j can be taken to have less than TD

2+D+1 atoms. Note that then,
this measure satisfies that

∣∫Wi,j

φΣ̄(w)(x− Ψ̄(w))(ḡi,j(w)dw −Gi,j(dw))∣
= 1(2π)D/2δD−dσD ∣∫Wi,j

RT (x,w)(ḡi,j(w)dw −Gi,j(dw))∣ ≲ ε−5Γ logT (1/ε)
δD−dσDT ! .
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All in all, Gi,j is such that

∣∫Wi,j

φΣ̄(w)(x− Ψ̄(w))ḡi,j(w)dw −∫Wi,j

φΣ̄(w))(x− Ψ̄(w))Gi,j(dw)∣

≲
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1

σDδD−d ε
H if x ∉ O1

xi
;

1

σDδD−d ε
Γ/2 if x ∈ O1

xi
and infw∈J ∥x− Ψ̄(w)∥2Σ̄−1(w) ≥Γlog(1/ε);

1

σDδD−d
1

T !
ε−5Γ logT (1/ε) if x ∈ O1

xi
and infw∈J ∥x− Ψ̄(w)∥2Σ̄−1(w) ≤Γlog(1/ε).

Taking H ≥ 1, Γ ≥ 2 and T ≥ 5Γlog(1/ε) yields a bound of order ε/σDδD−d in every case.
Then the probability measure

G =∑
i∈Iαi ∑j∈Ji

c̄i,j(Ψ̄xi
)#Gi,j ,

is a discrete measure on M δ with at most

Nε = TD2+D+1∑
i∈ICardJi ≈ logD

2+D+1(1/ε)RDσ−D ≤ σ−D logD
2+D/(κ∧2)(1/ε)

atoms and such that ∥KΣG−KΣg∥∞ ≲ ε/(σDδD−d).
We now turn to bounding the L1 norm. Let again pick i ∈ I and j ∈ Ji. We let xi,j =

Ψ̄xi
(wi,j) for some wi,j ∈Wi,j and for T > 0 we define

HA = {x ∈RD ∣ ∥x− xi,j∥Σ−1(xi,j) ≤A} .
There holds that LebHA ≃ δD−dσDTD . Furthermore, we have, denoting respectively Pi,j

and Qi,j the push-forwards of ḡi,j and Gi,j through Ψ̄xi

∥KΣPi,j −KΣQi,j∥1 = ∫HA

∣KΣPi,j −KΣQi,j ∣ + ∫Hc
A

∣KΣPi,j −KΣQi,j ∣
≲ δD−dσDAD∥KΣPi,j −KΣQi,j∥∞ +∫Hc

A

[KΣQi,j +KΣPi,j]
≲ADε+∫Hc

A

[KΣPi,j +KΣQi,j].(S17)

Recall that the support of Pi,j and Qi,j are in Ψ̄xi
(Wi,j). Furthermore, since

diamprM Ψ̄xi
(Wi,j) ≲ σα0 ,

there holds, using (28), that ∥prTy
−prTy′ ∥op ≲ σα0 for any two y,y′ ∈ Ψ̄xi

(Wi,j). Let y ∈
Ψ̄xi
(Wi,j) and x ∈ HcA, we now show that ∥x − y∥Σ−1(y) ≥A/2 if A is chosen large enough.

First notice again that if x ∉W1
xi

, then ∥x − y∥Σ−1(y) ≳ σ−α0 ∧ δ−1σ−α⊥ ≥A for all A so that
we can take x ∈W1

xi
. Now using (S16) applied to z = xi,j , we find that ∥x − y∥Σ−1(y) = ∥x −

xi,j∥Σ−1(xi,j)+O(1+σ2α0/(δσα⊥)) ≥A/2, where we used that σ2α0 = o(δσα⊥), and provided
that A is chosen big enough.

This yields that

∫Hc
A

KΣPi,j = ∫
Ψ̄xi
(Wi,j

∫Hc
A

φΣ(y)(x− y)dxPi,j(dy)
= 1(2π)D/2σDδD−d ∫Ψ̄xi

(Wi,j)∫Hc
A

exp{−1
2
∥x− y∥2Σ−1(y)}dxP (dy)

≤ 1(2π)D/2 ∫∥z∥≥A/2 exp{−12∥z∥2}dz ≲ exp(−A2/8),
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where we made the variable change z =Σ−1/2(y)(x− y) in the second to last inequality. The
same holds for KΣQi,j . Setting A = (8 log(1/ε))1/2 and combining with (S17), ∥KΣPi,j −
KΣQi,j∥1 ≲ logD/2(1/ε)ε. We finally obtain that

∥KΣg −KΣG∥1 ≲∑
i

αi ∑
j∈Ji

c̄i,j log
D/2(1/ε)ε ≲ logD/2(1/ε)ε.

Also we can choose the atoms of G to be σα0 ∧ δσα⊥ × ε apart, thanks to Lemma S4.1
together with the following bound on Σ(z)−1Σ(y) − Id when ∥z − y∥ ≤ σα0 ∧ δσα⊥ε:

Σ(z)−1Σ(y) − Id =O⊺z∆−2σ,δOzO⊺y∆2
σ,δOy − Id

=O⊺z∆−2σ,δ(OzO⊺y − Id)∆2
σ,δOy +OzO⊺y − Id,

so that√
tr(Σ(z)−1Σ(y) − Id)2
≤√D∥Σ(z)−1Σ(y) − Id∥op ≲ ∥∆−2σ,δ∥op∥OzO⊺y − Id∥op∥∥∆2

σ,δ∥op + ∥OzO⊺y − Id∥op
≲ σ−2α0 ∨ δ−2σ−2α⊥∥Oz −Oy∥op ≲ [σ−2α0 ∨ δ−2σ−2α⊥]∥prTz

−prTy
∥op

≲ [σ−2α0 ∨ δ−2σ−2α⊥]∥z − y∥ ≲ ε,
where we used (28) in the second to last inequality, ending the proof.

S5. Supplement to Section 4.

S5.1. Additional details on the numerical setting. The manifolds used in the numerical
experiments are given through the following equations:

• The two circles: it is the union of C1 and C2 with equation (x − xi)2 + (y − yi)2 = r2i for
i ∈ {1,2}. In the experiements, we chose (x1, y1) = (0,0), (x2, y2) = (2,0) and r1 = r2 = 2.

• The 2D-spiral: it is given by the parametric embedding

φ2 ∶ t ∈ [0,1] ↦ ⎧⎪⎪⎨⎪⎪⎩
R(ωt+ θ0)cos(ωt+ θ0)
R(ωt+ θ0) sin(ωt+ θ0).

In the numerical studies, we chose R = 1/2π, ω = 7π/2 and θ0 = π/2.
• The 3D-spiral: it is given by the parametric embedding

φ3 ∶ t ∈ [0,1] ↦
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
R(ωt+ θ0)cos(αt+ θ0)
R(ωt+ θ0) sin(αt+ θ0)
νt.

In the numerical studies, we chose R = 1/2π, ω = 7π/2, θ0 = π/2 and ν = 2.

• The torus: it is the set T given by the equation (√(x− x0)2 + (y − y0)2−R)2+(z−z0)2 =
r2. In the experiements, we chose (x0, y0, z0) = (0,0,0), R = 3 and r = 1.

S5.2. Details on the Gibbs sampling algorithm. This first section presents the imple-
mentation of the partial location-scale prior (8) with Gibbs sampling for a particular choice
of measure H .

In order to simplify the notations we will write indifferently Λ as a D-dimensional diago-
nal matrix or a D-dimensional vector.
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We use the latent cluster representation of the (µiOi) and denote by ci the cluster alloca-
tion of observation i:

ci = cj ⇔ yi and yj are in the same cluster

and let N be the number of clusters, so that 1 ≤ ci ≤N . We write ϕc = (µ∗c ,O∗c )1≤c≤N for the
unique values of the cluster parameters.

PROPOSITION S5.1. In the model (18), we have :

p(Λ∣Y,(µi,Oi), b) = D⊗
j=1 InvΓ(aj +n/2, bj +

1

2

n∑
i=1⟨Oji ∣yi −µi⟩2)

p(b∣Y,(µi,Oi),Λ) = D⊗
j=1Γ(aj + 1,κj +λ−1j )

and :

p(µ∗c ∣O∗c ,Y,(ci),Λ) =N(⋅∣µ̂c,A−1), c ≤N
p(O∗c ∣µ∗c ,Y,(ci),Λ) = pBMF(⋅∣S,−1

2
Λ−1,M0)

where

A =Σ−10 +ncO∗cΛ−1(O∗c )T , nc =Card{i ∶ ci = c} ,
µ̂c =A−1[Σ−10 µ0 +O∗cΛ−1(O∗c )T ∑

ci=cyi] and S = ∑
ci=c(yi −µ∗c )(yi −µ∗c )T .

PROOF OF PROPOSITION S5.1. • For the variances Λ we have

p(Λ∣Y,(µi,Oi), b)∝ p(Λ∣b)∏
i

N(yi∣µi,OiΛOTi )∝
⎡⎢⎢⎢⎢⎣
D∏
j=1λ

−(a+1)
j e−bj/λj

⎤⎥⎥⎥⎥⎦
n∏
i=1N(yi∣µi,OiΛOTi ).

But by orthogonality :

N(yi∣µi,OiΛOTi )∝
⎡⎢⎢⎢⎢⎣
D∏
j=1λ

−1/2
j

⎤⎥⎥⎥⎥⎦exp(−
1

2
⟨yi −µi∣OiΛ−1OTi (yi −µi)⟩)

∝⎡⎢⎢⎢⎢⎣
D∏
j=1λ

−1/2
j

⎤⎥⎥⎥⎥⎦exp(−
1

2
⟨OTi (yi −µi)∣Λ−1OTi (yi −µi)⟩)

∝⎡⎢⎢⎢⎢⎣
D∏
j=1λ

−1/2
j

⎤⎥⎥⎥⎥⎦exp
⎛⎝−12

D∑
j=1λ

−1
j ⟨Oji ∣yi −µi⟩2⎞⎠

∝ D∏
j=1[λ−1/2j exp(−1

2
λ−1j ⟨Oji ∣yi −µi⟩2)] ,

where Oji is the j-th column of Oi. Therefore,

p(Λ∣Y,(µi,Oi), b)∝ D∏
j=1[λ−(a+1)j e−bj/λjλ

−n/2
j exp(−1

2
λ−1j

n∑
i=1⟨Oji ∣yi −µi⟩2)]

∝ D∏
j=1[λ−(a+1+n/2)j exp(−λ−1j [bj + 1

2

n∑
i=1⟨Oji ∣yi −µi⟩2])] ,
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i.e conditionally on the rest of the variables, the (λj)Dj=1 are independent with distribution
InvΓ(a+n/2, bj + 1

2∑ni=1⟨Oji ∣yi −µi⟩2).
• For the hyperparameters (bj)Dj=1 we have

p(b∣Y,(µi,Oi),Λ)∝ p(b)p(Λ∣b)∝ D⊗
j=1Γ(aj + 1,κj +λ−1j )

i.e conditionally on the rest of the variables, the b′js are independent with distribution
Γ(aj + 1,κj +λ−1j ).

• For the cluster locations (µ∗c )1≤c≤K we have

p(µ∗c ∣O∗c ,Y,(ci),Λ)∝ p(µ∗c )∏
ci=cN(yi∣µ∗c ,O∗cΛ(O∗c )T )

∝ exp(−1
2
{⟨µ∗c −µ0∣Σ−10 (µ∗c −µ0)⟩ + ∑

ci=c⟨yi −µ∗c ∣O∗cΛ−1(O∗c )T (yi −µ∗c )⟩}) ,
and since the prior p(µ∗c ) is Gaussian with mean µ0 and variance Σ0 the above con-
ditional posterior distribution is a Gaussian distribution with mean µ̂c = A−1[Σ−10 µ0 +(O∗c )Λ−1(O∗c )T ∑ci=c yi] and variance A−1 = [Σ−10 +nc(O∗c )Λ−1(O∗c )T ]−1.

• For the cluster orientations (O∗c )1≤c≤K we have

p(O∗c ∣µ∗c ,Y,(ci),Λ)∝ exp(tr{MT
0 O

∗
c })∏

ci=cN(yi∣µ∗c ,O∗cΛ(O∗c )T )
∝ exp(tr{MT

0 O
∗
c })exp(−12 ∑ci=c⟨yi −µ∗c ∣O∗cΛ−1(O∗c )T (yi −µ∗c )⟩)

∝ exp(tr{MT
0 O

∗
c − 1

2
∑
ci=c(yi −µ∗c )(yi −µ∗c )TO∗cΛ−1(O∗c )T})

∝ exp(tr{MT
0 O

∗
c − 1

2
Λ−1(O∗c )TSO∗c } ,) .

We thus obtain

O∗c ∼ pBMF(O∗c ∣S,−12Λ−1,M0) ∣ µ∗c ,Y,(ci),Λ.

Proposition S5.1 is the key to implement algorithm 8 in [11].

REMARK 1. Here we can see that when ∑ni=1⟨Oji ∣yi −µi⟩2 = o(n3/2), InvΓ(a+n/2, bj +
1
2∑ni=1⟨Oji ∣yi −µi⟩2) is tightly concentrated around its mean

bj + 1
2∑ni=1⟨Oji ∣yi −µi⟩2
a+n/2− 1 ≥ bj

a+n/2− 1;
and if we fix bj this may induce a rather strong penalization on small values of λj for finite
n.

Even though to the best of our knownledge no direct samplers are available for pBMF, it
is still possible to perform a Gibbs sampling update over the columns of O∗c (cf [9] and the
associated package rstiefel). Another more involved (but more efficient) option would
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be to perform Hamiltonian Monte Carlo via polar expansion as suggested in [10]. With a
slight abuse of notation we will write

O∗c ∼ pBMF,Gibbs(⋅∣A,B,C,O∗c )
for a Gibbs sampling scan on the column of O∗c starting from O∗c . All in all, this leads us to

Algorithm 1 below. It uses the conditional allocation distributions :

(S18) P (ci = l∣c−i, yi,(ϕl)1≤l≤h)∝ [n−i,cN(yi∣µl,OlΛOTl ) ∀1 ≤ l ≤ kα
mN(yi∣µl,OlΛOTl ) ∀k < l ≤ h

Algorithm 1: Gibbs sampling algorithm for Partial location scale DP mixture

Input : a dataset Y = (yi)ni=1, a current partition c = (ci)ni=1, a current state ϕ = (µ∗l ,O∗l )Kl=1 (with K

the current number of clusters), current variances Λ = (λj)Dj=1, current hyperparameters

(bj)Dj=1, a number of auxilliary parameters m ∈N∗,

α > 0,µ0 ∈RD,Σ0 ∈ S++D (R),M0 ∈MD(R) the parameters for the base distribution of the

Dirichlet process, (aj)Dj=1 the prior parameters for the variances
Output: an updated state (c,ϕ,Λ, b)
for i = 1, . . . ,n do

k←#{j ≠ i ∶ cj = ci}; h← k +m; and label (cj)j≠i with {1, . . . , k};
if ∃j ≠ i ∶ ci = cj then

(ϕl)k<l≤h i.i.d∼ G0;
else

if ∀j ≠ i ∶ ci ≠ cj then

ci← k + 1; (ϕl)k+1<l≤h i.i.d∼ G0;
end

end
n−i,c←#{cj ∶ j ≠ i}; draw ci from {1, . . . ,h} with probabilitity (S18);

discard the (ϕl) not associated with any observations;
for l ∈ {c1, . . . , cn} do

nl←#{i ∶ ci = l}; A =Σ−10 +nlO∗l Λ−1(O∗l )T ;

µ̂l =A−1[Σ−10 µ0 +O∗l Λ−1(O∗l )T ∑ci=l yi];
µl← µl ∼N(µ̂l,A−1) ; S←∑ci=l(yi −µ∗l )(yi −µ∗l )T ;

O∗l ←O∗l ∼ pBMF,Gibbs(O∗l ∣S,−12Λ−1,M0,O
∗
l ) ;

end
;

(λj)Dj=1←(λj)Dj=1 ind∼ p(λj ∣(yi), c,(ϕl))∝ InvΓ(a+n/2, b+ 1
2 ∑ni=1⟨(O∗ci)j ∣yi −µ∗ci⟩2);

b←(bj)Dj=1 ind∼ Γ(aj + 1,κj +λ−1j )
end
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Chapter 5

Discussion and future directions

We conclude this thesis by summarising in Section 5.1 the contributions of in Chapters 2 3 &

4, and ending in Section 5.2 by a discussion of possible extensions.

5.1 Summary

In Chapters 2 & 3, we have investigated the asymptotic behaviour of some classes of Bayesian

nonparametric procedures in the nonparametric regression model with covariates located on

an unknown submanifold of a Euclidean space. We have first focused in Chapter 2 on Gaussian

process priors of Matérn type for the unknown regression function f0, by studying the intrin-

sic Matérn processes, which are defined by random basis expansions in the eigenbasis of the

Laplace-Beltrami operator of the submanifold. Although such a prior is not always tractable

since it requires to work directly on the (possibly unknown) submanifold in question—in

particular to compute the eigenfunctions of the Laplace-Beltrami operator—it serves as a

benchmark that we compare with the so-called extrinsic Matérn processes, defined by the re-

striction of an ambient, Euclidean, standard Mátern process to the submanifold in question.

The extrinsic Matérn processes are precisely the priors used implicitely if one uses a standard

Euclidean Matérn process prior without knowing that the covariates are actually supported

on a submanifold. Surprisingly, we have shown that both types of priors can lead to optimal

posterior contraction rates under smoothness assumption on f0, even though empirical argu-
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ments tend to indicate that intrinsic methods are preferable in practice. Indeed, as opposed

to the extrinsic ones, the intrinsic processes do not introduce spurious correlations for the

value of the regression function at point being close with respect to the ambient distance but

far away with respect to the Euclidean distance.

In Chapter 3 we have considered an alternative solution to the problem considered in

Chapter 2. In a possibly semi-supervised setting, we have constructed an approximation to

the intrinsic processes over the submanifold by a random basis expansion the eigenbasis of

the graph Laplacian of a random geometric graph constructed over the covariates. Since the

construction of the random geometric graph is always tractable—as it only necessitates the

knowledge of the pairwise Euclidean distance between the covariates—this provides a graph

based prior that can be interpreted as a numerical approximation to the original intrinsic

processes. As opposed to Chapter 2 we have not limited ourselves to Gaussian processes but

actually consider general priors on the basis coefficients. Under Hölder smoothness assumption

on f0 and for appropriate choice of hyperparameters we have shown near minimax optimal

posterior contraction rates for such priors. Moreover, we have explained how to construct

Bayesian procedures adaptive to the smoothness of f0 by considering hierarchical priors, and

where the hyperparameters are data-driven. The proof of our posterior contraction rates

crucially relies on a novel approximation argument for the restriction of smooth functions

to random geometric graphs in the graph Laplacian eigenbasis, which can be used in other

contexts (for instance we deduce a similar rate of convergence for a least squares estimator

from our approximation result).

In Chapter 4 we have considered the problem of estimating a probability density f0 sup-

ported on a small tubular neighbourhood of a submanifold of RD based on an i.i.d. n−sample.

By constructing a new class nonparametric Gaussian mixture models (where the prior on the

covariance matrices explicitely separates orientation and eigenvalues) and a new class of man-

ifold anisotropic Hölder functions (where the smoothness anisotropy is measured along a co-

ordinate frame moving along the submanifold), we have described how such priors can lead to

minimax optimal posterior contraction rates for the estimation of f0 under the Hellinger dis-
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tance, provided that the width δn of the tubular neighbourhood is not too small. In particular,

a width δn satisfying δn → 0 is compatible with our assumptions, provided that this decay is

not too fast. We have also shown that the density f0 belongs to our new anisotropic smooth-

ness class in natural additive noise models. Finally we have complemented our theoretical

analysis by an MCMC and MAP (maximum a posteriori) implementation of our methods,

demonstrating a clear advantage over standard priors when the probability distribution is

nearly singular.

5.2 Limitations and future directions

There are several ways in which our contributions can be extended. First of all, in Chapter 3

we have provided a solution to the problem of adaptive estimation by considering a hierarchical

prior, which adapts to the unknown smoothness of the regression function but (potentially)

not to the intrinsic dimension (in the case of the global loss ∥·∥N ). Since we do not present

lower bounds it is not clear whether or not this is an artefact of the proof and if these

hierarchical priors can actually adapt both to the smoothness and the intrinsic dimension

when considering the ∥·∥N loss. The issue stems from the fact that, in order for our proof

to go through, the truncation level J in the random basis expansion and the connectivity

parameter h of the random geometric graph must satisfy an inequality of the type h ≲ J−1/d

a posteriori, ignoring log factors. As pointed out in the paper, a simple solution could be

to plug in a consistent intrinsic dimension estimator as in [17], but even if this solution is

satisfactory theoretically this may result in suboptimal behaviour in the unfortunate case

where the dimension estimator fails. Thus refining our proof strategy in order to design

priors adaptive both to the smoothness and the intrinsic dimension could be of interest.

The adaptation problem was not considered in Chapter 2. When using the intrinsic

processes, it is assumed that the submanifold is known (since we need to access the Laplace-

Beltrami eigenpairs), and therefore the intrinsic dimension is considered known too. The

adaptation to the smoothness can then be achieved using standard approaches, for instance

by considering a hierarchical random truncation as in Chapter 3. For the extrinsic processes,
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the results contained in [117] & [106] indicate that it may be possible to adapt simultane-

ously to the smoothness of the regression function and the intrinsic dimension, by putting an

appropriate empirical Bayes prior on the ambient Matérn process length scale.

Moreover, as we pointed out in Chapter 2, looking at the posterior contraction rates alone

(i.e. the power of n appearing in the rate) was not able to discriminate between intrinsic

and extrinsic processes, even though they demonstrate different behaviours in practice. It

may be interesting to investigate in which way the posterior contraction rate depends of the

submanifold itself, in particular making the dependence of the O constant in the extrinsic

curvature explicit.

Our result regarding the extrinsic processes in Chapter 2 is a direct consequence of the

trace and extension theorem between submanifold and ambient Sobolev spaces ([97] Section

10.2). It turns out that a similar theorem exists for Besov spaces and an analog result for a

class of rescaled extrinsic Besov priors defined by random basis expansion in a wavelet basis

[3, 57] can then be proved using the spatial localisation of the basis under Besov smoothness

assumption on the true regression function.

For the density estimation problem studied in Chapter 4, a lot of questions remain unan-

swered. For instance, our posterior contraction rates are minimax optimal provided that the

width of the tubular neighbourhood does not decay too quickly, but it is not clear if the corre-

sponding threshold is optimal or not. In particular, it may be that this lower bound condition

on the width is a consequence of our proof technique (and therefore potentially an artefact of

the proof itself) and/or can be lowered when considering other kernels for the mixture models.

A natural candidate is the Fisher-Gaussian kernel, as it can potentially adapt better to non

linear submanifolds thanks to the curved shape of the kernel itself. Using this kernel might

therefore help to weaken the condition on the width, but no formal results are known yet.

In Chapter 4 we focused on posterior contraction rates with respect to the Hellinger

distance, which is compatible with our model of probability distribution supported in a tubu-

lar neighbourhood around a submanifold (since in this case the model is dominated by the

Lebesgue measure). Still in the i.i.d. sampling model, if the true probability distribution
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of the observations is supported on an unknown (possibly non smooth) subset of [0, 1]D of

Minkowski dimension d ≤ D, using a Dirichlet process prior (which is conjugate for the

likelihood), it is possible to prove a result similar to the one obtained in [115] for the em-

pirical distribution and deduce near minimax optimal posterior contraction rates under the

Wasserstein−p metrics with automatic adaptation to the intrinsic dimension d by taking ad-

vantage of the explicit form of the posterior distribution. For more involved models and priors

however, the prior mass and testing approach presented in Section 1.3 of Chapter 1 might not

lead to (near) minimax rates in general, and no alternative proofs giving near optimal rates

are known so far. Therefore the question of optimal Wasserstein posterior contraction rates

is still an open problem.

247


	Introduction
	Elements of differential geometry of submanifolds
	Submanifolds
	Riemannian structure of submanifolds

	Sobolev spaces and heat diffusion
	Compact submanifolds
	Graphs

	Bayesian asymptotics
	Posterior consistency and contraction rates
	Examples

	The manifold hypothesis
	Literature review
	Contributions


	Posterior Contraction Rates for Matérn Gaussian Processes on Riemannian Manifolds
	Nonparametric regression on random geometric graphs sampled from submanifolds
	Estimating a density near an unknown manifold: a Bayesian nonparametric approach
	Discussion and future directions
	Summary
	Limitations and future directions


