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Abstract

Although difference-stationary (DS) and trend-stationary (TS) processes have been subject to
considerable analysis, there are no direct comparisons for each being the data-generation process
(DGP). We examine incorrect choice between these models for forecasting for both known and
estimated parameters. Three sets of Monte Carlo simulations illustrate the analysis, to evaluate
the biases in conventional standard errors when each model is mis-specified, compute the relative
mean-square forecast errors of the two models for both DGPs, and investigate autocorrelated errors,
so both models can better approximate the converse DGP. The outcomes are surprisingly different
from established results.
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1 Introduction

An important aspect of model selection when forecasting concerns the appropriate treatment of non-
stationary variables. The two classes of non-stationary processes that we consider here are difference
stationary (DS) and trend stationary (TS) procességhe former contain stochastic trends, and are
integrated of order oné(1), so that differencing yields a stationary series. The latter are stationary about

a deterministic function of time, here taken to be a linear trend. These two forms of non-stationarity
have radically different implications for forecastability when the parameters of the processes are known:
forecast-error variances grow linearly in the forecast horizon for the DS process, but are bounded for the
TS process. This is unsurprising given that the unit root indefinitely accumulates previous disturbances,
whereas in the TS process with known parameters, the conditiesiglp ahead forecast error is simply

that period’s disturbance term. Uncertainty plays an add-on role in the TS process, but is integral to DS.

Sampson (1991) argued that allowing for parameter uncertainty leads to forecast-error variances
which grow with the square of the forecast horizon for each of the DS and TS processes, so that asymp-
totically the two are indistinguishable in terms of their implications for forecastability. However, this
result requires that the estimation sample sizaemains fixed as the forecast horizegoes to infinity.

If T increases witlh, no matter how slowly, then the forecast-error variance in a DS process will swamp
that of the TS asymptotically, and the outcome will be similar to the known parameter case.

More importantly, it is artificial to compare predictability from a TS model when it is the data-
generation process (DGP), with a DS model when it is the DGP. At best, the DGP is eitheraDSora TS
process in any particular instance, so the issue of interest is their relative predictability taking the DGP
as each inturn. This question is of interest because empirically it may be difficult to distinguish between
the two (see, e.g., Perron and Phillips, 1987, Rappoport and Reichlin, 1989, and Rothman, 1998).

In §2, we derive the forecast-error variances for DS and TS models when each in turn is the DGP,
and compare the two, for both known and estimated parameters, confirming the results in Sampson
(1991), but clarifying the conditions for their outcomes to be equivalent. Section 3 then compares the
relative predictability from the two models in the empirically-relevant situations when the TS process
is the DGP, and then when the DS process is the DGP, both with known and estimated parameters.
Simulations ing4 illustrate the analytical results.

While the analytical calculations compare a first-order unit-root process and a deterministic process
with white-noise errors, the results are unaffected qualitatively by allowing for dynamic generalizations
of these processes. The uncertainties surrounding such elements impart terms bf brateforecast

variability, independently of the forecast horizon. These effects will not qualitatively influence the

Lother types of non-stationarities, such as structural breaks, are beyond the scope of this paper, but are likely to be one of the
main causes of forecast failure when empirical econometric models are used in forecasting exercises: see, e.g., Clements and
Hendry (1999). However, the TS model, by imposing a unit root, is the more robust forecasting model in the face of structural
breaks for sequences of forecasts with a moving forecast origin: see Clements and Hendry (1996a), and the empirical evidence
in Eitrheim, Husebg and Nymoen (1999).



results concerning the orders of magnitude of the TS and DS models for either the TS or DS DGPs.
However, allowing for stationary ARMA error processes would enable the models to more closely
mimic each other, affecting quantitative comparisons of predictability5smeports some simulation

results for DGPs with autocorrelated error processes. Section 6 concludes.

2 Predictability in difference-stationary and trend-stationary DGPs
2.1 Difference-stationary DGP and model
The simplest example of a trendih@) process isyy = 0):
Ye = yi_1 + p+ e where ¢ ~ IN[0, 02]. (1)
The h-step ahead forecast for known parameters, conditional on information available dt time
YDS,T+h = I+ Yr4h—1 = ph+yr. (2)

Thus, the forecast is of a change in the variable from the forecast grigletermined by the local trend

wh. The conditional multi-period forecast error is, therefore:

h—1 h—1
epsS,T+h = YT+h — YDS,T+h = ph +yr + Z €T yh—i — (Lh +yr) = Z €T 4+h—i- (3)
=0 =0

As is well known, the cumulative error has a variance that increasesatin the horizonh:
Vlerin] = ho?. (4)
When the DGP is unknown, thiestep forecast errarps 74n = yr+n — Yps,r+n for the model:

Yt = pYi—1 + 0 + €,

where{p, 0} are estimated (denotédfor DS), is:

eps,r+h = Mh+yr+ }il €T4h—i — (Sh + ﬁhyT)
N - (5)
= (,U—5) h + (l—ﬁh)yT—FZ:oﬁTJrhﬂ'-
We neglect coefficient biases, treating such conditional forecasts as unbiased (see e.g., Clements and
Hendry, 1998, ch. 5). Since the drift termin thel(1) process becomes the slope of a linear trend, for
any given realization of the procegs 4 induces an error which is increasing in the forecast horizon.
The case of a local-to-unity root (e.@.— 1 — k/T for small k) when making long-horizon forecasts is
analyzed in Stock (1996), who shows that considerable forecast uncertainty will result.
Generally, the variances of multi-step forecast errors are difficult to derive for estimated parameters
in I(1) processes, due to the non-standard nature of the estimator distributions. However, when the unit-

root model is estimated unrestrictedly for non-zgrdhe estimator limiting distribution is normal (see



West, 1988): the estimate pfconverges at a rate df%, (so its variance can be neglected), whereas
V(] = o2T~, emphasizing the importance of accurately estimating the local trend. Also, Clements
and Hendry (1996b) show that when= 0 and this is known, the distribution &f(p"* — 1) is h
times the Dickey—Fuller distribution; nevertheless, in their Monte Carlo, the resulting forecast errors are
approximately normally distributed.

Here, we concentrate on the case in whjicis correctly imposed at unity, which ensurgés= 1.
Then, the forecast-error variance increases quadratically in the forecast hatifomfixed 7":

V[epsrin] = h(0f +hV [f]) = ho? (1 + %) : (6)
Controlling the rate at whicl’ andh go to infinity by (see Sampson, 1991):
T = Ah" 7)
wherex > 0, then:
Vpsips =V [€psr+n] = ho? (1+ A7ThITF) (8)

which isO(h?) for k = 0; O(h?>=%) for 0 < x < 1; andO(h) for k > 1 (see Sampson, 1991, eqn. 12).

Throughout, the notatio¥,, indicates the conditional expected square error from using moaélen

x|y
the DGP is given by. Here, the model and DGP are the same. We now comygkep s with that

resulting when the DGP is trend stationary.

2.2 Trend-stationary DGP and model

The trend-stationary DGP is given by:

yr = ¢+t +u where u; ~ IN[0,07). (9)

Y u

The h-step ahead forecast for known parameters from (9), conditional on information available at time
Tis:
yrso+n =6 +v (T +h), (10)

with multi-period forecast error:

YT+h — YTS,T+h = UT+h- (11)

The conditional forecast-error variance is the variance of the disturbanceMtémm, ;] = 2. When

parameters have to be estimated (denotéat TS), (10) becomes:
Ursrin =0 +7 (T +h), (12)
with the multi-period forecast error:

ers,T+h = (¢ - 5) + (v =) (T + h) +uryn, (13)



and error variance given by:
Vlersainl =V |9] + (T + R VE] +2(T + k) C[4,5] + o (14)

Direct calculation deliver¥/[6], where@ = [¢ : 7], and substitution into (14) gives, on simplifying by
approximating(T' + 1) ~ T
Viersrin] =~ 402771 —12(T 4 h)o2T 2 +12(T + h)? 02T 3 4 o2 15)
= o2 (1+4T1 + 12hT2 + 12R°T3) .
From (15), for fixedl", the forecast-error variance grows with the square of the forecast horizon. Using

(7) to determine the behaviour of (15) aandT go to infinity at different rates:
Vrsirs =V [ersren] ~ o5 (L+4A7 R7F + 1247201725 4 12472177%%) (16)

Thus, (16) isO(h?) for & = 0; O(h?~3%) for 0 < x < 2; andO(1) for x > 2 (see Sampson, 1991, eqn.
18). To more easily compare (15) for a trend-stationary DGP with (6) for a difference-stationary DGP
whenT" is not assumed fixed, we calculate their ratio, and elimiiatsing (7):

Vpsips bt A-1p2—+
X
Vrsrs 1+ 4A-Th=r 4 12A-2R1-25 { 124-342-3x

17)

(dropping the multiplicative term?/o2). Thus, (17) reveals thats # 0, Vg ps/Vrsirs — oo as

h — oo (s0T — oo at the rate determined by (7)). The case- 0 corresponds to a fixedl, whence
Vpsips/Vrsirs — A%/12 ash — co. WhenT grows ash increases, no matter how slowly ¢lose

to, but not equal to, zero), théfy g ps/Vrsrs — oo, SO the forecast-error variance of the DS process
swamps that of the TS process in the limit, since(fet « < 1, Vpgps/Vrsirs — A*h*/12. Thus,

only whenT is fixed will the DS and TS DGPs be asymptotically indistinguishable, even allowing for
parameter uncertainty in estimated models thereof.

However, such comparative findings cannot be used to interpret empirical evidence, since the DGP
is at best one of the two processes DS or TS, whereas (17) compares the forecast-error variances for
each being its own DGP. The relevant forecast-error variance ratio of DS and TS models applied to the
same series will depend on which process generated the data. Since computer-reported conventional
error-variance formulae are calculated assuming that the model is correctly specified for the process,
and so correspond to eith€, 5 ps Or Vrg s, 0ne must be incorrectly reported when estimating both
models, and the extent of such mistakes will become apparent below. In the next section, we derive the
forecast-error variance ratios of the DS and TS models taking each as the DGP in turn.

3 Predictability in difference-stationary and trend-stationary models

Initially, we abstract from parameter-estimation uncertainty, then look at the extent to which the results

change when the parameters have to be estimated.



3.1 Trend-stationary DGP using a DS model

When the process is trend stationary as in (9), the incorrect DS pregdiktery, ignoring estimation

uncertainty, yields the forecast error:
epsT+h = Yr+h — Ypsr+h = ¢ + v (T + h) + uryn — (ph + yr) (18)
with an expectation conditional ap- of:
Erslepsrin | yr] = (0 +9T) —yr+ (v —p) h = —ur + (v — p) h,
and an expected conditional squared error:
2 2 2
Ers [¢bsrin | yr] = 04 + (Ers [epsrin [ yr))™ (19)

From appendix7.2, the value of: that minimizes the in-sample expected squared-error |Qss=sy.

Treatingu as known at that value, and substituting into (19) gives:

Vpsirs = Ers [ebsrin | yr] = op + 7, (20)

or unconditionally,Ers[V psirs] = 202, so that the relative loss to using the DS is:

Vv
Ers [ DS'TS} — 9. 21)
TS|TS

Thus, despite their radically-different behaviour when each is simultaneously assumed to be its own
DGP, conditionally on a TS DGP, they differ only by the periBdsquared disturbance, independently
of h. Specifically, the DS model forecast-error variance, when the TS model is the DGP, is of the same
order as the TS model variana@(({l) in h).

Consider now the impact of parameter estimation uncertainty. First, we défijefor the DS
model given by (1) when (9) is the DGP, gas simply the mean of\y;:

T
A=T7'y Ay = TR (22)
t=1
and substituting fog from (9):
~ ur — ug
pr— 2
=" i (23)
so that: )
20
Vrs[a] = = (24)

This expression for the variance of the estimated growth is an ordErsofialler than an investigator
would report on calculating the OLS formufg (x'x)~! (wherex is a vector of ones), since in that
case, from (1) and (9):

€ =7 —p+ Au (25)



which implies that:
02 =Erg [e?] = 2072 (26)

and sincgx’x) "t = T—1, theno?(x'x)~! = 20271, as against (24). Thus, the estimated growth rate
would be far more precise than reported, greatly overstating forecast uncertainty. This bias derives from
the differencing-induced negative residual autocorrelation.

The DS-model predictor whemis estimated i$/ps .+, = 1th + yr with forecast error:

epst+n = ¢+ (T +h)+upyn — (Bh +yr) 27)
= (y—mwh+ (ursn —ur)
and an expected squared forecast error of:
Ers [Vpsirs] = h*Vrs(i] 4 207 — 2Ers [ur(y — 1i)h] 28)

= 202 + h?202T72 + 2ho?T!

where we have substituted from (23) and (24) to get the second line. Controlling the relative rate of
increase oh andT as before{ = Ah*):

£ | VDsiTs| _ 24 2A-2p228 L 9 A1 9
e Vrsrs T 14 4A-ThRE L 12424125 1 12434236
Forx =0, ash — oc:
VDS|TS] A
ETS[ — = (30)
Vrsrs 6

so both forecast-error variances are of the same orderiircreasing in the square of the horizon.
Forl > x > 0, the dominant term ik in the numerator i2A=2h2~2%, and in the denominator is
12A73h273% s0:

~ Zpk 31
s (31)

[VDS|TS] A
Ers Y
TS|TS
which goes to infinity ik at rateO (h*).

For x > 1, both the DS and TS forecast-error variances increase less rapidiy)tidi, and the
ratio converges t@, as in the ‘known model’ case in (21).

3.2 Difference-stationary DGP using a TS model

Suppose now that the DGP is the DS process, so that the DS model mean-squared forecRtSEEDr (
is given by (4). The value of¢,~} that minimizes the in-sample prediction error for the TS model is
{yo, 1} (see§7.1), so the forecast error with known parameters is:

h—1 h—1
ersin = ph+yr + Y erini— (T +h) =y =yr —yo—uT+ Y erypi  (32)
i=0 i=0

Then, conditional onyr:
Vrsips = ho? + (yr — yo — uT)? (33)



and the ratio relative to the DS-model variance is:

Vrsips — ho? + (yr — yo — pT)?
Vpsips ho? .

Taking expectations conditional gg:

h+T
h

V
Eps [ TS|DS (34)

}:1+Th1:
DS|DS

so that the forecast-error variances are of the same orde(@n%), and hence linear in the horizon).

The TS model is penalized whénis small orT" large.

Thus, the two models are indistinguishable in terms of their implications for predictability when we
ignore estimation uncertainty, and derive the forecast-error variances assuming the DGP is either DS or
TS. When the TS model is the DGP, the forecast-error variances of both modél§lar@and when the
DS model is the DGP, both are(h). There is qualitatively different behaviour dependent on which is
the DGP, but not between the models of that DGP when parameters are known.

Next, we derive the forecast-error variances allowing for parameter estimation uncertainty with a DS
DGP. The TS-model parameter estimates correspond to ‘spurious detrending’ — see Durlauf and Phillips
(1988). Intermediate results used in the calculations are collected in the appendix, where equations
(44) and (45) provide expressions for the estimates of the TS-model parafigetetsfor the DS DGP,
leading to the variances of the parameter estimates as:

2
€

~] N 202T 60

VDSM ~ 22 and Vps[i] ~ £ (35)

(see (46) and (47)) ignoring terms ©{7'~2) or smaller.
Consider, instead, an investigator who used the conventional forj(i&'X)~!, whereX = [¢ t]

when is a vector of ones andl=[1,2, ..., 7). Since from (1) and (9):
t
ut:yo—qb—k(u—v)t—kZei (36)
i=0

the population variance of the TS-model disturbance will be heterosceda@ie_,— o?t. On average
over the samplez2 = 7' °/_, 02t = 102 (T + 1). The standard OLS formula yields approximate
estimates for the parameter varianceggtﬂnd“y’ of 202 and 60272, which compared to (35) are a
factor of orderI” too small. Thus, the estimated growth and intercept would be far less precise than
reported, by a factor of/T for their standard errors, inducing serious under-estimation of the forecast
uncertainty. This is exactly the opposite of the outcome using the DS model for a TS DGP.

The TS-model forecast error for estimated parameters becomes:

h—1
ersren = phtyr+ Y erini—¢ (T +h)
=0
N h—1
= yr—AT =6 — (F—wh+ > eryni (37)

1=0



or after some algebra:
Eps [Vrsips] = (T'+ h) 07 + Vps [5} +Vps A1 (T + h)* +2(T + 1) Cps [5, 7] : (38)

Substituting forVps[¢] = 022 T, Vps[F] = 02871, and usingEps[> 1=y er1n—i(d — yo)] = 0,
EDS[Z?:_O1 erin_i(y — p)] = o2, andCDS[qz, 7] = —0.102, from appendix equations (48)—(50):

(39)

£ [Vrsips] | Sh 4+ 2 ARS 4 Sh2r A~
e B h+ A=Th2=+ :

Vpsips
Whenk = 0, the numerator and denominator &ré¢h?). For(0 < « < 1, the numerator and denominator
are bothO(h?~%). For1 < , the numerator i€)(h*) and the denominator 9(h), so the overall term
is O(h*~1). These relative orders of magnitude are unaffecteggoy= 0 when the constant term is
omitted from the TS model.
Parameter estimation is actually advantageous for the TS model when the DGP is a DS process. If
the pseudo-true values of the TS-model parameters are gisedu( q§ = 1) instead of the estimated

values, so tha¥/ ps[7] = 0 andVps[¢] = 0, the performance of the TS model deteriorates. Taking the
expectation of (33), we have for the pseudo-true parameters that:

Eps |Vrsips | 7 = 1, ¢ = yo| = (T + h) o (40)

compared to the numerator of (39). Whén= 1 andx — oo, so thatT becomes large, then
EpsVrsipsly = u,$ = yol/Eps[Vrsips] — 15/2. Intuitively, this occurs because the only in-
formation from the sample realization used by the TS model with known parameters is the value of
(i.e., o = yo), while the TS model with estimated parameters uses information up to pEnaal the
estimates{7, 5}. AlthoughEpslyr+1] = ¢ + p (T + 1), on any sample realization;4; can vary
considerably from its expectation becaysg} is | (1). Forecasts based on usiggand ¥ are more
accurate since they capture part of the deviation of the sample path from the population path, and so
commence closer to the forecast origin.

4 Monte Carlo

Two sets of Monte Carlo simulations illustrate the preceding analysisthe first (usingPcNaive,

artificial TS and DS DGPs with growth rates of 2.5% per period, and error standard deviations of 5%,
generated data fdf' = 100 from which both DS and TS models were estimated. The aim was to
evaluate the biases in estimating the standard errors of the growth coefficients from the conventional
formulae, as shown if3. This yielded table 1.

When the model coincides with the DGP — for both DGPs — the mean Monte Carlo standard errors

(MCSESs) are close to the corresponding standard deviations computed from the sampling distributions

2Computations were performed using GiveWin, PcFiml 9, and PcNaive (see Doornik and Hendry, 1996, 1999, 1998) and
the Gauss programming language, Aptech Systems, Inc., Washington.
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Table 1 Monte Carlo and theory standard error and standard deviation compaxd0ns. (
MCSE MCSD SE SD
TS DGP

TS model | 0.0172 0.0172 - -
DS model| 0.7081 0.0721 0.707 0.0707
DS DGP

DS model| 0.4956 0.4678 - -
TS model | 0.0430 0.5146 0.0543 0.62

1A}

(MCSDs), but as anticipated, they are out by the factors/@fin opposite directions when the models

are inappropriate. The uncertainty in the DS growth estimate when TS generates the data is genuinely
larger than that of the TS model, but the two models have similar uncertainty when DS is the DGP.
Moreover, numerical evaluation of the theory formulae delivers closely similar results, as the last two
columns of table 1 show.

A second set of simulation experiments (using GAUSS) illustrate the formulae for the relative
MSFEs of the TS and DS models given by (21), (34), (29), and {39he DS and TS DGPs were
‘calibrated’ on the log of UK Net National Income series over 1870-1993 (data from Friedman and
Schwartz, 1982, and Attfield, Demery and Duck, 1995). Neither model is a congruent representation
of that data, but the estimates of the parameters so obtained (including the error variances) are taken
as ‘typical’ values for the DGPs; the latter are then assumed to have normal, independently-distributed
disturbances with the estimated error variances. For the simulated data for the DS DGP, the first-period
value is always set equal to the 1870 historical value. We consider estimation sample siz2@ foom
200 in steps ofl: for each of these, we generdtdo 200 step-ahead forecasts. For the DS model, the
single parameter. is estimated, and for the TS, the p&is,v}. We also consider the ‘known model’
case, for which the parameters are replaced by their pseudo-true values. Variations in the results across
sample sizes due to the Monte Carlo are minimized by using common random numbers. Thus, for each
of the 10, 000 replications, the first values of the simulated sample of lengttare identical to those
of a sample of size + k (k > 0).

The results are summarized in figure 1, which displays ratiosI®FEs for each pair of values
{T,h}, where the denominator is always tMSFE of the model corresponding to the DGP. Panels
a andc show ratios ofMSFEs of DS to TS models when the DGP is a TS process, for known and
estimated parameters respectively; pabedsdd show ratios oMSFEs of TS to DS models when the
DGP is a DS process, when parameters are known and estimated respectively. Thusa padéls
confirm formulae (21) and (34), respectively. When parameters are known, and for the TS DGP, using

3Numerical evaluation of these formulae is straightforward, but would not have provided an independent check of the

analytic calculations and approximations.



11

TS DGP: Known DS DGP: Known

TS DGP

Figure 1 Ratios oMSFEs for the TS and DS models.

the wrong model doubles tidSFE, independently of the sample size and forecast horizon, in line with

the formula. For the DS DGP, with known parameters, we find equal accuracy of the two models for
large h, as the formula suggests, and also that the TS model fares relatively worse as the sampe size
increases.

There is also a close correspondence between the theoretical formulae and the simulation results
when the model parameters are estimated. Consider first the TS DGP ia figpriall but the shortest
horizons, the ratio first increases ‘Aggrows, then tends back to 2 (far > 1 the ratio converges on
2), with maxima along12 — h) T2 4 16RT? + 6h* = 0 (e.g.,T = 70 ath = 200): this explains the
apparent ‘quadratic’ shape for large

Next, from (31), whens = 0.5 (say) (sol’ = A\/h), thenV pg15/Vrgrs — +/h for A = 6. This
relation holds, e.qg., fromil" = 42, h = 49) to (T' = 84, h = 196), and explains the less-than-linear
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increase in the ratio.
Fork = 1,T/h = Alis constant, and if we consider = 1, soh = T, (a diagonal across the surface
in the cube), then from (29), the ratio increases linearly,iaccording to:

£ Vpsirs| 6
s T 1428p 1

Vrsirs
Figure M (for the DS DGP) is consistent with (39). For larflesayT = 200, andh = 1, the formula

predicts a ratio of aroun2B, which is also evident from the figure. For lar@e(x = 0), the ratio of the
TS to DS modeMSFE asymptotes t6 /5.

5 TS and DS processes with ARMA errors

The above analytical results are derived for DS and TS DGPs given byy: 1 + 1 + ¢ andy; =

¢ + vt + u; with white-noise disturbances. The models have the same forms, although the derivations
allowed for the autocorrelation induced when the wrong model is fitted. The analysis suggests that
allowing for dynamic generalizations of these simple processes will not qualitatively affect the results.
Consider (29), which summarizes the relative performance of the two models for the TS DGP. While
the variance of the DS-model drift is 1/7?, so is estimated an ord& more accurately than that of

any additional stationary variables in the model, it enters the formula for the forecast-error variability
multiplied by k2, and is thus the dominant parameter-estimation uncertainty effect. Allowing more
general DS and TS DGPs and estimating the corresponding models would add &fderms to the
numerator and denominator of (29), but the ‘lafgeresults would be unaltered for all. Similarly,
inspection of (39) for the DS DGP indicates that the qualitative results would be unaltered by adding
orderl/T stationary-regressor estimation effects to either the numerator or denominator. Nevertheless,
in this section, we investigate by simulation more general error processes, so the DS and TS models
better approximate the converse DGPs.

For the TS DGP, the disturbanag becomes a first-order autoregression (AR
Yy =od+ vyt +ur, up = pus_1+as, ar~IN [O,Jg] (42)

with 0 < p < 1. Thenp = 0 in (41) replicates our original formulation. But asncreases towards
(but less than) unity, the degree of persistencg; imcreases, and the DS model can more successfully
approximate the TS DGP. This can be seen by rewriting (41) as:

vy = py1to(l—p)+py+y(1—-p)t+a
= py—1+ "+t + (42)

so that¢* — v andy* — 0 asp — 1. The DS model of this DGP is unchanged, but the TS model
is augmented by a lagged valuespf We simulate data from (42) with? = (1 — p?)o2 so that the
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variance ofu, in (41) does not depend gn In the simulations{gb,fy,aﬁ} are calibrated as if4, and
p=1{0,0.3,0.6,0.9}.

For the DS DGP, the disturbance follows a first-order moving average {(MA

Ye =y +pute, € =b —Yb_1, b ~IN[0,07]

where0 < ¢ < 1. Theny = 0 delivers the original formulation, and the TS model can more accurately
characterize the DS model @sapproached. The TS model estimated for this DS DGP is unchanged,
while the DS model is the correctly specified ARINIAL, 1) with drift. We seto? = 02/ (1 + ¢?) so

that the variance of, does not depend ap. The DGP is calibrated as f#, andy = {0, 0.3,0.6,0.9}.
All results are for10,000 replications.

1.6

1.2 1.4

05 1.0 1.5 2.0 25 30 35 4.0

Y 02 04 0E 0.5 1.0

Figure 2 Simulation ratios d1SFEs for TS DGP with AR disturbance.

The results for the TS DGP are presented in fig. 2. Panelherep = 0, corresponds to panel

of fig. 1. Forp = 0.3, (panelb) the shape of the surface is similar, but the vertical axis indicates that
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Figure 3 Simulation ratios dISFEs for DS DGP with MA disturbance.

the DS model is more competitive. For= 0.9, the DS model is a good approximation to the TS DGP,
particularly for smalll” andh. Indeed, forT" < 50 the one-parameter DS model yields more accurate
forecasts than the three-parameter TS model. The results for the DS DGP are presented in fig. 3, and
indicate that for) = 0.9, the TS model is more accurate whEn< 100.

Thus, as we alter the DGP in the direction of the ‘other model’, for ‘sridalthe DGP model
may Vield less accurate forecasts. In many empirical settings, both DS and TS models may appear
to fit a series almost equally well, mirroring the difficulties that unit-roots tests have in distinguishing
the null from nearby stationary alternatives, such as trend stationarity. For the UK NNI data series,
fig. 4 shows 100-, 75-, 50-, and 25-step ahead forecasts from both the simple DS and TS models with
conventionally-computed 95% confidence intervals. The prediction intervals for TS are generally too

narrow, while those of the DS model are too wide. Overall, TS forecasts are more accurate than the DS
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forecasts for the two longer horizons, but less accurate for the shorter.

Figure 5 provides a final way of comparing the forecast performance of the two models. Rather
than look at a sequence of multi-step forecasts for four different origins, we move the origin through the
sample, calculating sequences of multi-step forecasts where the models are re-estimated at each point.
The initial origin is atl” = 50, and we generate around seveigtep forecast errors, down to onfe-
step forecast error (requiring caution in interpreting the longer-horizon outcomes). For each of these,
we calculateMSFESs, which are plotted against the forecast lengths (shown on-tie@s). The four
models are the simple TS and DS models, the TS model with a lagged-dependent variable, and the DS
model with an MA term. No one model is best at all horizons, and it is hard to interpret the findings
in terms of the simulation results, because M®FE for a given horizon is of necessity calculated by
varying the sample size. Nevertheless, the simple TS model is the least accurab@-gptos ahead, as
would be the case if the actual process was either unit root or stationary with autoregressive dynamics.
The TS model with an AR error (TSar, in the figure) is competitive with the DS models, consistent with
this explanation. At longer horizons, the TS models are more accurate than the DS models, as would be
the case if the process did not contain a unit root, but note that the longer hit&BRs are based on
relatively few observations.

To find some general rules that might guide model choice in practice, Diebold and Kilian (1999)
study by Monte Carlo whether unit-root pre-testing produces more accurate forecasts. They find pos-
itively in favour of pre-testing versus routinely differencing, suggesting success in selecting the more
useful representations for forecasting, at least in the absence of structural breaks.

12

11

1900 1950 2000 1900 1950 2000

Figure 4 TS and DS forecasts for the historical data.
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Figure 5 Empirical TS and DS modBISFEs for UK NNI data.

6 Conclusions

DS and TS processes have markedly different implications for forecasting when the properties of each
model are derived treating it as the DGP. Allowing parameter-estimation uncertainty, forecast-error
variances grow with the square of the forecast horizon for each model, assuming that the estimation
sample,I’, remains fixed as the forecast horiziogoes to infinity. IfT" increases wittk, no matter how

slowly, then the known-parameter case prevails, and the forecast-error variance of a DS process swamps
that of the TS asymptotically.

However, a more meaningful approach is to compare the predictability of the two models when the
DGP is either DS or TS, so that the other model is mis-specified, since in practice, only one model will
(at best) approximate the DGP. In this setting, in the absence of parameter-estimation uncertainty, the
two models are indistinguishable in terms of their implications for predictability. When the TS model is
the DGP, the forecast-error variances of both modelg)éte, and when the DS model is the DGP, both
areO(h). There is qualitatively different behaviour dependent on which is the DGP, but not between the
models of that DGP when parameters are known. A richer pattern of results emerges under parameter-
estimation uncertainty. For the TS DGP, both models’ forecast-error variances increase in the square
of the horizon for fixedl" (x = 0), the DS/TS variance ratio goes to infinity Asncreases — but less
quickly thanh (0 < k < 1) — and for faster rates of increase®fthe ratio converges t. For the DS
DGP, both the TS and DS models’ variances are of the same arglet; ~), for 0 < x < 1. Only when
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T increases at a faster rate thadoes the order of the TS model variance exceed that of the DS model.
The Monte Carlo simulations corroborated these results.

A third Monte Carlo simulation suggested that such results still held qualitatively when the corres-
ponding models allowed for residual autocorrelation, but by making them closer substitutes, there was
naturally less quantitative difference between these alternative representations.
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7 Appendix

7.1 Pseudo-true valueg¢,~v} in a TS model for a DS DGP
The values of{ ¢, v} that minimize the in-sample prediction error of the TS model are obtained by
minimizing:

T 2

EDSZ ye— (p+0)]° = EDSZ yo+ut+zes— ¢ +t)

= (1) %T(T+1)(2T+1)+T¢(¢—2yo)

+ (07 = 2(6 = w0) (1= 7)) 5T (T +1).

—_

The first-order conditioné%) = 0 for a minimum yield:
1 1
0=-2(u=7) ;T (T+1) T +1)+2(¢ —0) 5T (T +1),
S0 —yo = & (u—7) (2T +1); and9L) =
¢—yo=3(n—"7) (2T +1);andF;
1

=2(0 =) T =2(n—7)T(T+1),

s0¢ — yo = 3 (1 — ) (T + 1), with solution{¢ = yo,v = u}.

7.2 Pseudo-true value ofy in a DS model fora TS DGP

The in-sample{to T') residual sum of squares of the DS predictor for the TS DGP (known parameters)

is:
T T
Slp+attu—(n+ye) =D (v—p+ Auy)’ (43)
t=1 t=1
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SO:
T

1
ETSE @+t +u — (p—ye—1)]” =T (v — )" + 270y,
t=1

which is minimized ovey by settingu = ~.

7.3 OLS estimates of a TS model parameters for a DS DGP

After some algebra, the OLS estimates{b/cﬂnd? in (9), when (1) is the DGP, are:

T T
F- 12073 S — 6T72) S, (44)
t=1 t=1
and:
_ T T
G—yo AT 5, — 6T 2> ¢S, (45)
t=1 t=1

corresponding to ‘spurious de-trending’ — see Durlauf and Phillips (1988} zg:1 €, is the partial
sum of the DS DGP disturbance, and the approximations are obtained frorid’ + 1.
The following derivation evaluates one of the summations necessary to calculate the variances of

these parameters.

. . T 2
7.3.1 Derivation ofEpg (thl tSt)

SinceX"! | ¢S, = Z]'Tzl ZtT:j tej

2 2

with:
T T 7j—1
t = — = — _ —
Y=Y - S i=lr@iy - LG
t=j t=1 t=1
o\ 1 1
Dot| =T + (G- - ST+ D)6,
t=j
and so: )
T T 9
I St] = o
j=1 \t=j

Eps [(Zfl St>2] andEpg [(ZL St) (Zthl tStﬂ can be derived similarly, and are approx-

. 3 .
imatelyo?Z- and 2 027", respectively.
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7.3.2 Derivation ofVpg [&]

From (45):
. T T 2
Vs 6] = Eps <4lest—6T22tSt> ,
t=1 t=1
and substituting the expressions derived above for the expectations of terms involving partial sums:
~1 16 T3 48 (5 36 2
Vv H:— 22 ) - 2° 24 e A P ey 46
Ds |9 T2<053> T3(245 T 156 715 (46)

7.3.3 Derivation ofVpg [7]

From (44):

T T 2
Vs [7] = Eps [(? - u)ﬂ = Eps <12T3 ot — 6772 st> :
t=1 t=1
and substituting the expressions derived above for the expectations of terms involving partial sums:
144 [ 2 1 144
Vs [7] =~ ( 2T5> = < 2T3> - = < g 2T4> A (47)

76 \157¢ 37 75 \ 247 57

7.3.4 Derivation ofEpg [STqZ}

T T
Eps [S70| = Eps [AT'Sr> " S — 6T 28y Z tSt] (48)
2 3
~ AT 5?2 [T2+T—T7] —0—3%% ~ o2 2T — 2T = 0,

whichuses"!_ ST ¢t =T \[BT(T+1) —L(s—1)s] ~ 173,

7.3.5 Derivation ofEpg [ST (7 — 7)]

T T
1257 S¢S, — 6 (T +1) S+ 3 S

P = 1227 — 62
Eps [Sr (7 — )] = Eps TEIOTC ~ g7 3T3 2 ] =o?. (49)
7.3.6 Derivation of Cpg [5, ﬁ]
T
125 tS,—6(T+1) > S, T T
~ 1 i=1 =1 -1 a2
Cps [(b, ’Y] = Epg T(T+1)(T-1) <4T tzl 5= 6T tzl tSt)

12

48 5 72 2 2473 365
Balily o6 iy i 74 = -0.102. 50
[T4 24' 7515 793 | Tiz4 } 7 (50)



