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Abstract

Although the leading-order motion of waves is periodic — in other words backwards and
forwards — many types of waves including those driven by gravity induce a mean flow as
a higher-order effect. It is the induced mean flow of three types of gravity waves that this
thesis examines: surface (part I), internal (part IT) and interfacial gravity waves (part
III). In particular, this thesis examines wave groups. Because they transport energy,
momentum and other tracers, wave-induced mean flows have important consequences for
climate, environment, air traffic, fisheries, offshore oil and other industries. In this thesis
perturbation methods are used to develop a simplified understanding of the physics of the
induced mean flow for each of these three types of gravity wave groups. Leading-order

estimates of different transport quantities are developed.

For surface gravity wave groups (part I), the induced mean flow consists of two compo-
nents: the Stokes drift dominant near the surface and the Eulerian return flow acting
in the opposite direction and dominant at depth. By considering subsequent orders
in a separation of scales expansion and by comparing to the Fourier-space solutions of
Longuet-Higgins and Stewart (1962), this thesis shows that the effects of frequency dis-
persion can be ignored for deep-water waves with realistic bandwidths. An approximate
depth scale is developed and validated above which the Stokes drift is dominant and
below which the return flow wins: the transition depth. Results are extended to include

the effects of finite depth and directional spreading.

Internal gravity wave groups (part II) do not display Stokes drift, but a quantity analogous
to Stokes transport for surface gravity waves can still be developed, termed the “divergent-
flux induced flow” herein. The divergent-flux induced flow it itself a divergent flow and
induces a response. In a three-dimensional geometry, the divergent-flux induced flow
and the return flow form a balanced circulation in the horizontal plane with the former
transporting fluid through the centre of the group and the latter acting in the opposite
direction around the group. In a two-dimensional geometry, stratification inhibits a
balanced circulation and a second type of waves are generated that travel far ahead and
in the lee of the wave group. The results in the seminal work of Bretherton (1969b) are
thus validated, explicit expressions for the response and return flow are developed and

compared to numerical simulations in the two-dimensional case.

Finally, for interfacial wave groups (part III) the induced mean flow is shown to behave
analogously to the surface wave problem of part 1. Exploring both pure interfacial waves
in a channel with a closed lid and interacting surface and interfacial waves, expressions
for the Stokes drift and return flow are found for different configurations with the mean

set-up or set-down of the interface playing an important role.
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Chapter 1

Introduction

1.1 Background

Although the leading-order motion of waves is periodic — in other words backwards and
forwards — many types of waves including those driven by gravity induce a mean flow
as a higher-order effect. Unlike the wave motion, the induced mean flow is not periodic
and can therefore transport tracers such as particles, momentum and energy. This thesis
examines the induced mean flow of three types of gravity waves that manifest themselves
in different parts of the world’s oceans and atmosphere. Surface gravity waves, as can be
observed on the beach, a lake, or the open ocean, are familiar to many and can mainly
be understood by ignoring the effect of the layer of air that overlies the body of fluid un-
derneath, typically water, with a much higher density, except of course when it concerns
their generation by wind. Interfacial waves can form on the interface between fluids of
comparable but unequal density and occur, for example, when a fresh river flows out into
a salty sea. Density differences can also arise because of temperature differences, such as
in fresh water lakes and the (seasonal) thermocline most prominent in tropical oceans.
When the variation of density is more gradual and a distinct interface can no longer be
distinguished, the now continuously stratified medium can still sustain waves: internal
gravity waves. Such waves are ubiquitous in the stratified ocean and atmosphere (see for

example Sutherland (2010) for a review).

With different governing equations and boundary conditions, the induced mean flows of
these three types of gravity waves are different and depend on the geometry of the prob-
lem, with the depth of the fluid and the number of dimensions considered (two versus
three) playing important roles. Yet, there are many similarities, which are explored in this

thesis. Crucially, this thesis examines wave groups or packets instead of monochromatic
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or periodic waves. Not only does the finite spatial extent of the group lead to different
physical behaviour of the induced mean flow, groups are also more representative of the

real world, as real waves are rarely monochromatic.

Because they transport energy and momentum and cause turbulence where they break,
gravity waves and their induced mean flows have important consequences for climate, en-
vironment, air traffic, fisheries, offshore oil and other industries. Stokes drift for surface
gravity waves is thought to play an important role in the physics of ocean surfaces and
hence constitutes an important component of oceanic general circulation models. In such
models the individual waves are typically too small to be resolved by even the most pow-
erful computational models and the effect of Stokes drift must be parameterized before
inclusion. Such parameterizations have only recently begun to be extended to include
the non-monochromatic or packet nature of the waves (e.g. Breivik et al. (2014)). Other
applications include the dispersion of pollutants by waves, such as those resulting from
an offshore oil spill (e.g. Rohrs et al. (2013)). More generally, the wave-induced trans-
port of momentum and mass by different types of waves plays an important role in the
evolution of the atmospheric and oceanic circulation at global scales. Internal waves may;,
for example, play a significant role in horizontal dispersion in the ocean (Banyte et al.
2013). The ability to understand and adequately parameterize these effects for inclusion
in large-scale numerical models ultimately determines the ability of such models to pre-

dict the climate.

Wave-induced mean flow is a problem that stretches across many branches of physics with
applications in acoustics, plasma physics, condensed matter physics and, most notably,
geophysical fluid dynamics. Perhaps one of the first to describe wave-induced mean flow
was George Gabriel Stokes (1819-1903), who predicted for periodic surface gravity waves
that “in addition to the motion of oscillation the particles are transferred forwards, that
is, in the direction of propagation, with a constant velocity” (Stokes (1847), p. 207).
Figure 1.1 illustrates his predictions. Shown are the trajectories of Lagrangian particles
underneath periodic free surface gravity waves. Provided the water depth is sufficiently
large relative to the length of the waves and to leading-order of approximation, the par-
ticle trajectories are circular with the radius of the circles declining exponentially with
depth. Near the surface the orbits do not close perfectly and a small net drift in the
direction of wave propagation can be observed. The effect is typically small and arises at

a higher order of approximation than linear.
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Figure 1.1: Lagrangian particle trajectories underneath two-dimensional deep-water pe-
riodic surface gravity waves from Wallet and Ruellan (1950) reproduced in van Dyke
(1982). The waves are only moderately non-linear and the net horizontal drift is only
visually apparent for a few orbits near the surface. [Reproduced with permission.]

This phenomenon, in which Lagrangian particles undergo a mean transport despite the
absence of an Eulerian mean flow, is known as Stokes drift. Stokes drift is most con-

veniently defined as the difference between the Lagrangian and the Eulerian flow field:

Lagrangian = Euler + Stokes. (1.1)

In terms of net transport, the concept of ‘Lagrangian mean’ is often required in a more
general sense than its classical sense of the mean following a single fluid particle. What
is of interest is the Lagrangian-mean flow described in terms of equations in Eulerian
form, namely as a function of coordinates z, y and z and time ¢ and not in terms of
the initial particle position, as in a traditional Lagrangian framework. The framework of
Lagrangian-mean flow, which underlies these early results by Stokes, was formalized in
Andrews and Mclntyre (1978), who provided a generalized theory for the back effect of
oscillatory disturbances upon the mean state termed the ‘generalized Lagrangian-mean’
(GLM) (see Biihler (2009) for a review of state-of-the-art wave mean flow interaction

theory).

As first shown by Longuet-Higgins and Stewart (1962), Stokes drift for surface waves is
complemented by another physical process when one considers a wave group or a multi-
chromatic set of waves instead of a monochromatic wave. In the case of a wave group,
particles are transported by the Stokes drift as well as by an Eulerian flow that acts in the
opposite direction: the return flow. Although interfacial waves behave much like surface
waves with the density difference between the two fluids now becoming an important
factor, internal waves are different. As the phase and group velocities of internal waves
are orthogonal, such waves do not display Stokes drift. Nevertheless, a mean flow can be

induced by such waves, as first studied by Francis Bretherton (Bretherton 1969a,b).
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1.2 Synopsis

The thesis consists of three parts: the induced mean flow by surface gravity wave groups
(part I), internal gravity wave groups (part II) and interfacial gravity wave groups (part
III). Part I on surface gravity waves is further subdivided into two chapters: waves in
deep water and two-dimensional seas (chapter 2) and an extension to include two addi-
tional but important physical effects: finite depth and directional spreading (chapter 3).
Part II on internal gravity waves is also subdivided into two chapters: two-dimensional
internal waves (chapter 4) and an extension to three dimensions (chapter 5). Finally,
part III on interfacial waves consists of one chapter (chapter 6) on two-dimensional grav-
ity interfacial waves distinguishing both pure interfacial waves in a two-layer fluid with

closed lids and their interaction with surface waves in a two-layer fluid with a free surface.

This thesis uses perturbation methods to simplify the non-linear partial differential equa-
tions, both governing equations and boundary conditions, of the three problems. In
particular, it uses a combination of Stokes expansions (after Stokes (1847)) in the non-
dimensional amplitude of the wave envelope and separation of scales or multiple-scales
expansion. The separation of scales expansions take advantage of the difference in mag-
nitude between the fast scales of the individual waves (the short wave lengths) that make
up a wave group and the slow scale of the group itself in a quasi-monochromatic wave

group, defined as the much longer length of the envelope.

In doing so, this thesis aims to develop a simplified understanding of the physics of wave-
induced mean flow for these three types of gravity wave groups. In particular, the induced
mean flow always consists of two components and their interaction can be understood
from the simple principle of mass conservation. The first component can be calculated
entirely based on linear theory and transports fluid in the direction of the group velocity
vector. For surface and interfacial gravity waves this first quantity corresponds to the
Stokes drift and its associated Stokes transport. For internal waves this first quantity
is termed the ‘divergent-flux induced flow’ herein, as it can be calculated from the di-
vergence of the advective components in the momentum equation written in flux form.
The divergent-flux induced flow is also known as the pseudo-momentum (per unit mass).
The divergent-flux induced flow for internal waves and the Stokes transport for surface
and interfacial waves are themselves divergent: they transport mass in the direction of
the group velocity vector. A second mean-flow component is needed to ensure mass is

conserved and the entire flow field at second order is divergence-free. This is the Eulerian
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Figure 1.2: Illustration of the two components of wave-induced mean flow for (a) two-
dimensional surface gravity wave groups, (b) three-dimensional internal gravity wave
groups and (c) two-dimensional interfacial gravity wave groups with top and bottom
fluids of density pr and pg, respectively. Divergent-flux induced flow is abbreviated as
DFI-flow in panel b and the horizontal lines are lines of constant phase. Panels a and
¢ show a vertical plane, whereas panel b shows a horizontal plane. The divergent-flux
induced flows are denoted by bold block arrows through the centre of the group, whereas
the return flows are denoted by small arrows around the group.

return flow, another non-linear quantity that transports fluid in the opposite direction.

For two-dimensional surface gravity wave groups the return flow acts at depth below the
group, as illustrated in figure 1.2a. For three-dimensional surface gravity wave groups the
return flow is three-dimensional and is also located spatially below and around the group.
For three-dimensional internal gravity wave groups, an analogous irrotational balance be-
tween divergent-flux induced flow and return flow exists, but any mean flows are confined
to the horizontal plane by the stratification. Figure 1.2b illustrates the balanced circula-
tion that holds in any horizontal plane. The absence of the third dimension necessary for
a balanced circulation in the two-dimensional case leads to a markedly different response
for two-dimensional internal gravity wave groups. Then long waves are generated both
ahead of the group and in its lee. For interfacial waves, a return flow exists on both sides
of the interface, as illustrated in figure 1.2c. A detailed synopsis of the contribution to

the literature made in each chapter is provided below.

This thesis does not examine the effects of non-linearity above the order of the wave-
induced mean flow (second-order in amplitude) and thus does not capture the instability
of the wave train through interaction with the mean flow nor any other non-linear aspects
of the evolution of the group. Furthermore, the effect of earth’s rotation and the induced
mean flow of inertial waves (e.g. Longuet-Higgins (1969)) are not considered herein, nor
are the effects of surface tension, viscous drag in the boundary layer or turbulent drag in

the Ekman layer.
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1.2.1 Surface gravity waves — part I (chapters 2 and 3)
Chapter 2: Stokes drift and return flow for 2D groups in deep water

The Lagrangian trajectories of neutrally buoyant particles underneath focussed surface
gravity wave groups are dictated by two physical phenomena: the well-known Stokes
drift results in a net displacement of particles in the direction of propagation of the
group, whereas the less widely appreciated Eulerian return flow transports such par-
ticles in the opposite direction. This chapter develops simple expressions for the net
Lagrangian displacement of particles as a function of steepness, bandwidth and depth
in a two-dimensional deep-water environment. This chapter does so by pursuing a sep-
aration of scales expansion and, by comparing to the multi-chromatic wave theory of
Longuet-Higgins and Stewart (1962), it shows that to a very good level of approximation
the effects of frequency dispersion can be ignored for realistic sea states. Solutions at all
orders are provided in terms of continuous spectra, so that standard asymptotic methods
can be employed, instead of the discrete series solutions of Longuet-Higgins and Stewart
(1962), which are numerically difficult to integrate to sufficient precision. Finally, this
chapter develops a characteristic depth scale, the transition depth, above which net La-
grangian particle transport is forwards and dominated by the Stokes drift and below

which the net transport is negative and dominated by the return current.

Chapter 2 1is based on a paper entitled “Lagrangian transport by Stokes drift and the
return flow for deep-water surface gravity wave packets”, co-authored by P.H. Taylor and
submitted to the Journal of Fluid Mechanics.

Chapter 3: The effects of directionality and finite depth

The results in chapter 2 rely crucially on the two-dimensionality and deep-water assump-
tions, which are limiting in real seas. This chapter extends the estimates of the net
Lagrangian transport and transition depth in the previous chapter to include the effects
of finite depth and directional spreading. This chapter shows that from the perspec-
tive of the return flow, almost all seas are of finite depth, invalidating the ubiquitous
deep-water approximation. In fact, many seas can be shown to be “shallow” from the
perspective of the return flow with little variation of this low with depth. In addition to
the Stokes transport, the mean set-down of the free surface now also has to be taken into
account when calculating the return flow. Even a small amount of directional spreading
has a large influence on the magnitude of the horizontal transport by the return flow. As

the return flow is now localized around as well as underneath the group, the transition
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depth becomes a transition curve in the two-dimensional plane, for which approximate

expressions are found and validated.

1.2.2 Internal gravity waves — part II (chapters 4 and 5)
Chapter 4: The mean flow and long waves induced by 2D groups

Through theory supported by numerical simulations, this chapter examines the induced
local and long-range response flows associated with a two-dimensional Boussinesq internal
gravity wave group in a uniformly stratified ambient. This chapter shows that stratifica-
tion inhibits a mean flow in the vertical direction to leading-order and that, instead, the
wave group generates another type of wave in its lee. In doing so, this chapter validates
the results in the seminal work of Bretherton (1969b). These solutions are explored and,
thereby, the structure of the response waves showing that a number of results that lend
great physical insight into the problem can be obtained at lower order in the perturba-
tion expansion. For example, the induced flow resulting from the vertical gradient of the
vertical flux of horizontal momentum is responsible for all the momentum contained in
the long-wave response. Qualitatively different from horizontally periodic internal waves,
the vertical profile of the induced horizontal flow across the horizontally localized wave
group is positive at the leading edge and negative at the trailing edge. These results are

validated by the results of numerical simulations.

Chapter 4 1is based on a paper entitled “The mean flow and long waves induced by two-

dimensional internal gravity wavepackets”, co-authored with B.R. Sutherland and pub-

lished in Physics of Fluids (2014, Volume 26, 106601.)

Chapter 5: The balanced circulation induced by 3D groups

The results obtained in chapter 4 depend crucially on the geometry of the problem.
The absence of a third direction, in which a mean flow is not inhibited by stratification,
prohibits a balanced circulation and leads to the generation of a long-wave response. This
chapter derives the simplest possible model of the balanced circulation in the horizontal
plane for three-dimensional internal gravity groups consisting of the induced mean flow
resulting from momentum-flux divergence (the divergent-flux induced flow) and a return
flow to ensure mass is conserved. We show these two flows are analogous to the Stokes

transport and the return flow for surface gravity wave groups, respectively.
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1.2.3 Interfacial gravity waves — part III (chapter 6)
Chapter 6: Stokes drift and return flow for interfacial wave groups

This chapter extends the framework developed for surface gravity waves in chapters 2
and 3 to two-dimensional interfacial gravity wave groups in a stably stratified two-layer
fluid. The induced mean flow for interfacial gravity waves, which has not previously been
studied, is analogous to the surface gravity wave case, but with return flows on both sides
of the interface. As for finite depth surface gravity waves, the return flow can be driven
by both the divergence of the Stokes transport and the mean set-up or set-down of the
interface. For pure interfacial wave groups in a two-dimensional channel three cases are
examined in turn: the case of two infinitely deep fluids, the case of two fluids of finite
and equal depth and the asymmetric case of a finite depth fluid overlying an infinitely
deep fluid. Finally, the induced mean flow of coupled free surface and interfacial waves
is considered, distinguishing the barotropic and the baroclinic solutions to the dispersion

relationship.

Chapter 7: Conclusions

Finally, results are summarized and conclusions drawn in chapter 7, outlining future work
and containing suggestions how the analytical modelling approach developed in this thesis

can be applied to a wider range of geophysical problems.



Part 1

Surface gravity waves






Chapter 2

Stokes drift and return flow for
two-dimensional surface gravity

waves groups in deep water

The Lagrangian trajectories of neutrally buoyant particles underneath focussed
surface gravity wave groups are dictated by two physical phenomena: the well-
known Stokes drift results in a net displacement of particles in the direction
of propagation of the group, whereas the less widely appreciated Fulerian re-
turn flow transports such particles in the opposite direction. Generally, the
Stokes drift is the larger of the two near the surface, whereas the effects of
the return flow dominate at depth and can be thought of as a flow that bal-
ances the divergent mass flur associated with the Stokes transport, hence the
‘return’ flow. It is described by the second-order frequency difference com-
ponents in second-order multi-chromatic wave theory as first developed by
Longuet-Higgins and Stewart (1962), but more simply by solving potential flow
subject to a distribution of sources and sinks located at the still water level, as
shown herein. This chapter sets out to examine the variation of this return
flow with depth. It does so explicitly by pursuing a separation of scales expan-
sion to study the effects of frequency dispersion on wave groups of different
bandwidths in a two-dimensional deep-water environment. This chapter de-
velops simple expressions for the net Lagrangian displacement of particles as
a function of steepness and bandwidth and studies its variation with depth.
Finally, a characteristic depth scale is developed: the transition depth, above
which Lagrangian particles are transported forwards by the Stokes drift and
below which such particles are transported backwards by the return current.

11
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2.1 Introduction

The net horizontal movement that a fluid particle undergoes in a water wave, named
Stokes drift after George Gabriel Stokes who first derived a theoretical description for
this drift in 1847, has been studied extensively. As Stokes noted in his 1847 study, “in
addition to the motion of oscillation the particles are transferred forwards, that is, in the
direction of propagation, with a constant velocity depending on the depth, and decreasing
rapidly as the depth increases” (Stokes (1847), p. 207). Taking a Lagrangian approach,
Stokes (1847) found the following expression for the horizontal drift velocity for regular

waves in deep water and to second order of approximation:

4T
usp(z0) = l/t u(z(t), z(t), t)dt = c(ka)’e**>, (2.1)

T

where ¢ = \/ﬁ = is the wave celerity or phase speed, ¢ is the gravitational constant,
k = 27 /)X is the wave number of the regular wave, a its amplitude and zy the initial
vertical position of the particle with zy = 0 corresponding to the still water level. Stokes
drift is thus a non-linear phenomenon (cf. (ka)?) that can be derived entirely from
linear theory. Stokes (1847) considered both the effect of horizontal displacement z(t) =
xo+ Az (t) and the vertical displacement z(t) = 2o+ Az(t) on the drift velocity usp, equal
to the net displacement per wave period T', and found that half of the drift arose from
each. The resulting close to circular particle orbits with orbits near the surface not quite
closing are best illustrated by Wallet & Ruellan’s (1950) image reproduced in van Dyke’s
(1982) Album of Fluid Motion (see figure 1.1). Compatible results were first derived in
an Eulerian framework by Starr (1947). In an Eulerian framework, a net mass flux is
identified by integrating the (linear) horizontal velocity from the bottom z — —oo up to
the (linear) free surface z = n(x,t). Because the horizontal velocity is higher at a crest
than at a trough, the result gives a mean depth-integrated horizontal flux consistent with
the flux obtained by depth integration of (2.1):

1 t+T n(z,t) 1
Qu=gz [ [ ule)0)dza = 5 Flkar (2.2

a volume flux that is sometimes referred to as the “Stokes transport” and is thence ab-
breviated by the subscript ST.

The framework of Lagrangian-mean flow, which underlies these early results, was not
formalized until Andrews and McIntyre (1978), who provided a generalized theory for
the back effect of oscillatory disturbances upon the mean state termed the ‘generalized

Lagrangian-mean’ (GLM). As noted by these authors, the concept of ‘Lagrangian mean’
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is often required in a more general sense than its classical sense of the mean following
a single fluid particle. What is of interest is the Lagrangian-mean flow described in
terms of equations in Eulerian form, i.e. potentially as a function of position (z, z) and
time ¢. When we refer to the Stokes drift velocity (cf. equation (2.1), which is not a
function of the horizontal coordinate and time here only because the wave considered is
periodic) or the mass flux at a certain position x and time t, it is in fact the ‘general-
ized Lagrangian-mean’ of Andrews and Mclntyre (1978), a hybrid Eulerian-Lagrangian

description of wave mean-flow interaction, we implicitly adopt.

Stokes drift is thought to play an important role in the physics of ocean surfaces and hence
constitutes an important component of oceanic general circulation models (OGCMs)
(McWilliams and Restrepo 1999). In particular, it is now widely accepted that the in-
teraction between Stokes drift induced by surface waves and vertical shear in turbulent
fluid is responsible for Langmuir circulation (Craik and Leibovich 1976), the formation
of a series of shallow, slow, counter-rotating vortices at the ocean’s surface with char-
acteristic bands of floating seaweed, foam and debris accumulating in the convergence
zones between the vortices, at scales of 2m-1km (Thorpe 2004). In turn, the Langmuir
circulation is a large contributor of turbulent kinetic energy to the upper mixed layer
of the ocean surface, much larger than for example wave breaking (Kantha and Clayson
2004). Many authors have estimated Stokes drift and its geographical spatial distribu-
tion across the world’s seas and oceans from oceanographic datasets (e.g. Smith (2006),
Ardhuin et al. (2009) and Tamura et al. (2012)). Typically, such studies are concerned

with the dynamics at the surface only and are based on linear wave theory.

Other authors have considered Stokes drift in experimental wave flumes (e.g. Swan (1990),
Hudspeth and Sulisz (1991), Monismith et al. (2007)) and have found that in such closed
domains in which the zero net mass flux constraint is automatically satisfied, Stokes drift
has to be accompanied by an Eulerian return current, typically driven by a setup in the

direction downstream of wave propagation.

For particles with a density different than that of sea water, such as sediment, organic
material or pollutants, drag forces, inertial forces and added mass all have to be taken
into account. Eames (2008), who investigated the transport of small particles and bub-
bles by progressive water waves and took into account inertial forces and added mass
but not viscous effects, concluded that, to leading order, the average motion of dense
particles can be determined by the combination of their settling velocity and Stokes drift.

Eames (2008) also points to the wider body of literature on multiphase fluid flow in
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which Stokes drift effects play an important role (cf. Hunt et al. (1994)). Stokes drift
is also intimately related to Darwin drift (Eames et al. 1994), the particle displacement
in irrotational fluids due to moving objects. Specifically, the particle displacement due
to a finite group of waves may be compared to a finite string of spherical pearls moving

through an irrotational fluid (Eames and McIntyre 1999).

Although the literature has examined Stokes drift in periodic surface gravity waves in
great detail, the motion of fluid particles transported by a wave group has received con-
siderably less attention. Such wave groups or wave groups form a localized display of
wave action that travels as an albeit dispersive unit or group and can be represented by
the summation of a series of sinusoidal waves with different wave numbers or by means
of a standard separation of scales representation, in which the individual waves evolve
on a fast scale making up an amplitude envelope that evolves slowly in comparison. In
practice, the wave field on the open sea often has a group-like structure. Smith (2006)
not only finds significant variation of his estimates of Stokes drift across the area studied
in line with the occurrence of compact wave groups, but also identifies counter flows at
depth that cancel the estimated Stokes drift at the surface completely. In oceanic general
circulation models, in which the shear of the Stokes drift velocity needs to be included to
model Langmuir turbulence, it is customary to replace the full Stokes drift velocity pro-
file by a monochromatic profile matched to the transport and the surface Stokes velocity
to avoid expensive computations (Breivik et al. 2014), leading these authors to propose
alternative simple approximations based on the deep-water assumption but taking into

account the group structure of real seas.

In real seas, a focused wave group occurs when a set of multi-chromatic wave components
focus at a single position in space and time. Focussed wave groups are relevant, because
they can be used to describe the average shape of an extreme wave crest in a random sea
as a set of independent sinusoids of random amplitude (Tromans et al. 1991). Boccotti
(1983) has shown that the average shape of an extreme wave crest corresponds to a scaled

autocorrelation function of the underlying spectrum.

The structure of the wave-induced mean flow is fundamentally different for wave groups
compared to regular waves. In wave groups the divergent volume flux associated with
Stokes transport (2.2) must induce a return flow. In mathematical terms, the different
wave number components, which make up the linear multi-chromatic wave group, inter-
act to produce frequency-sum and frequency-difference components at the next order in

amplitude. The frequency difference components, in turn, are responsible for the return
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Stokes transport

Return flow

G

Figure 2.1: Mlustration of the irrotational circulation that moves with the travelling wave
group and in which Stokes transport, located near the free surface, transports fluid in the
direction in which the group travels and the return flow acts to balance this by returning
the flow at depth below the free surface. All four fluxes are equal.

flow, as first described by Longuet-Higgins and Stewart (1962). In physical terms, the
dynamic free surface boundary condition, requiring a uniform pressure on the free surface
and the satisfaction of Bernoulli’s law for energy conservation, prevent a net deposition
(extraction) of fluid at the leading (trailing) edge of the group due to the horizontal con-
vergence (divergence) of the Stokes transport flux. For deep water, a spatial separation
of the two effects takes place, as illustrated in figure 2.1: the Stokes transport dominates
at the free surface over the e-folding depth (2kq)~! with ky now denoting the peak of the
wave number spectrum; the magnitude of the return flow decreases much more slowly
with depth and consequently dominates far below the free surface. Combining the (lo-
cal) Stokes transport and the (non-local) return flow leads to zero vertically-integrated
mass transport at the centre of the group and hence there is zero vertically-integrated
momentum associated with the centre of a surface gravity wave group, as emphasized by
Meclntyre (1981).

This chapter explores Lagrangian trajectories of neutrally buoyant particles underneath
focussed surface gravity wave groups. It does so for irrotational, inviscid surface gravity
waves in a semi-infinite two-dimensional unstratified and incompressible fluid. Instead
of integrating the velocity profiles obtained from standard multi-chromatic second-order
theories (Longuet-Higgins and Stewart 1962, Sharma and Dean 1981, Dalzell 1999), we
do so by explicitly by pursuing a separation of scales expansion to study the effects of fre-
quency dispersion on the net Lagrangian displacement by wave groups of different band-

widths in a two-dimensional deep-water environment. We develop simple expressions for
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the net Lagrangian displacement of particles as a function of steepness and bandwidth
and study its variation with depth. Finally, we develop a characteristic length scale,
the transition depth, above which Lagrangian particles are transported forwards by the

Stokes drift and below which such particles are transported backwards by the return flow.

This chapter is laid out as follows. The governing equations and notation are introduced
in §2.2 followed by a discussion of well-known results for periodic waves in §2.3, which
are extended to higher order herein. The perturbation expansion framework in which the
Stokes drift and the return flow are studied in this chapter is set up in §2.4. The equa-
tions describing the Stokes drift and the return flow are solved and discussed in §2.5 first
ignoring the effects of dispersion (§2.5.1), then including leading-order dispersion (§2.5.2)
and finally including all linear (in amplitude) dispersion to reproduce the Fourier-space
solutions of Longuet-Higgins and Stewart (1962) (§2.5.3). Lagrangian particle trajecto-
ries are then examined in §2.6 followed by a discussion in §2.7 of a characteristic depth
above which Stokes drift and below which the return flow are the dominant features of

the flow. Finally, conclusions are drawn in §2.8.

2.2 Governing equations

A two-dimensional body of water of infinite depth and indefinite lateral extent is as-
sumed with a coordinate system (z,z), where = denotes the horizontal coordinate and
z the vertical coordinate measured from the undisturbed water level upwards. Inviscid,
incompressible and irrotational flow is assumed and, as a result, the velocity vector can be
defined as the gradient of the velocity potential u = V¢ and the horizontal and vertical
velocity as u = 0¢/0x and w = 0¢/0z, respectively. The governing equation within the
domain of the fluid is then Laplace:

V=0 for z <n(x,t), (2.3)

where 7(x,t) denotes the free surface. The kinematic free surface boundary condition,
which defines the free surface as moving with the particles located at the free surface,
and the dynamic free surface boundary condition, which states that pressure at the free

surface is constant and zero, are:

on o _

2 2\ _ _
5~ Yar 0, (v +w*) =0 at z=n(z,t), (2.4a,b)

I+ 79

where gravity g acts in the negative z direction. Finally, there is a no-flow bottom

boundary condition requiring that d¢/0z = 0 as z — —oo. We combine the two free
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surface boundary conditions (2.4a,b) into one equation in terms of ¢:
0?¢ Op 0 ([0p\?2
a5+ 5 ()

where (V)2 = (Vo) - (V¢) = u? + w? denotes an inner product. Equation (2.5) can be

solved in combination with a second (diagnostic) equation relating n to ¢.

1/0p\2y 10¢ 0
5(@—?) )+§8_i%(v¢)2:0 at z =n(z,t), (2.5)

2.3 Periodic waves

2.3.1 Lagrangian particle displacement: Stokes drift

As a Lagrangian particle undergoes its orbital motion in periodic waves, Stokes drift
arises due to two components: one due to vertical displacement and one due to horizontal
displacement. For deep-water waves the two contributions are equal. The net horizontal

motion of a particle located at x = xy and z = z5 at t = 0 can be approximated by:

n n—i

de (x — xo (z — 20)? O u(z, 2, t)
Y ) O n+1 9
dt ($O ZO + ZZ; ]Z; ‘ amlﬁzﬂ T=x0,2=20,t + (Oé )

(2.6)
where we expand about the initial vertical and horizontal position of the particle z; and
2o up to nth order in the small parameters «, which denotes the wave steepness a. To
obtain the horizontal velocity w(z,z,t) and the surface elevation n(z,t) (for particles
at the free surface), we use the 5th order Stokes expansion of Fenton (1985) (see ap-
pendix A). For consistency with Fenton’s (1985) series, which are normalized so that
max(n) — min(n) = H, we define a = kH/2 with k = 27/ denoting the wave number
and H the full, non-linear wave height and not the (smaller) component of underlying

linear wave height.

To find an approximate expression for the net displacement Ax in one Eulerian period
T, we solve the differential equation (2.6) retaining only the non-periodic terms. This
must be done iteratively with increasing order of approximation including all the possible
interactions between velocity and displacement terms of different order, ultimately only
retaining terms up to and including fifth order. Using Fenton’s (1985) non-linear disper-
sion equation (A.3), we obtain after very considerable manipulation for a particle at the

free surface:

A 1
I;D’E =a’+ 5044 + O(a®) per Eulerian period T. (2.7)
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It is important here to make a distinction between the two characteristic periods of
the motion: the Eulerian period T" = \/c associated with the periodic motion in a
stationary reference frame and the Lagrangian period T;, = A/(¢—wugp) (cf. Doppler shift)
associated with the completion of the particle orbits in a Lagrangian frame of reference
(Longuet-Higgins 1986), where ¢ = 1/g/k(1 + a?/2 + a*/8) (Fenton 1985) and wugp, are
the phase speed and the horizontal drift velocity in the stationary frame of reference. We

therefore have (Longuet-Higgins 1986):

T.—T  usp/c
T  1—ugp/c

(2.8)

and thus a longer period associated with the orbital motion compared to the period of

the wave. We obtain:

ACUSD,L

3 =a’+ o'+ 0(a), £:1+a2+a4+0(a6). (2.9a,b)

T

From (2.9a) and (2.9b) we then obtain the horizontal Stokes drift velocity at the free
surface: N

e —T% — a2+ 0(ah), (2.10)
which extends the validity of Stokes’s (1847) original result (usp/c = a?) obtained up
to O(a?®) to higher order. It is noteworthy that up to fifth order of approximation,
only second-order terms in the wave steepness are retained in the expression for the
horizontal Stokes drift velocity for regular waves (2.10). Figure 2.2a validates (2.10) by
comparing to the horizontal Stokes drift velocity obtained from numerical integration of
dr/dt = u(x,z,t) and dz/dt = v(zx, z,t) with velocities provided by Fenton’s (1985) 5th
order Stokes expansion. The small difference between the two lines is consistent with the

inclusion of some but not all O(a®) terms in the results from numerical integration.

2.3.2 Eulerian transport: Stokes transport

An Eulerian wave-induced volume flux, known as the Stokes transport, arises from in-
tegration of the (linear) time-varying horizontal velocity u(z, z,t) with respect to depth
z from the bottom at z — —oo up to the (linear) time-varying free surface z = n(x,t).
Using Fenton’s (1985) 5th order Stokes solution (appendix A) and retaining only non-

periodic terms, the net volume flux (L*7~!) is given by:

1T et [g (1, 1, 6
QST_?/t /_OO u(z, z,t)dzdt = §(§a — 1 + O(« )>, (2.11)
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Figure 2.2: Stokes drift for regular waves showing (a) the Lagrangian horizontal Stokes
drift velocity at the free surface (2.10) compared to results from numerical integration
and (b) the associated Eulerian depth-integrated volume flux (2.11) known as the Stokes
transport.

and is shown in figure 2.2b. Although it has to be emphasized that the volume flux
(2.11) in itself does not arise from Stokes drift, but from the in-phase relationship of
the integrand (the horizontal velocity) and the upper limit (the free surface elevation),
an identical volume flux (at least to leading order) can be obtained by integrating the
horizontal Stokes drift velocity (2.10) with depth.

2.4 Perturbation expansion for wave groups

2.4.1 Perturbation expansion in two small parameters

Whereas one small parameter (the wave steepness «) is sufficient to examine periodic
waves, two small parameters are required for the study of wave groups by means of
a perturbation expansion: a steepness (or sometimes amplitude) parameter o and a
bandwidth parameter e separating slow and fast scales. We define o = kg|Ag|, where
| Ap| is the magnitude (of the leading-order component in bandwidth, see §2.4.1.1) of the
complex envelope of the surface elevation 1 and kg is the wave number of the (fast) carrier
wave. The fast spatial and temporal scales are denoted by z, z and ¢ and the slow scales
by:

X=¢€lrx—cyt), Z=ez, T=¢4", (2.12a,b,c)

where the slow scale X moves with the group velocity and the effects of frequency disper-

sion occur on the higher order time scale T'. The slow scale X simply captures translation
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of the group at the group velocity, whereas the higher order time scale T' captures changes
of shape of the group. We keep track of both the order in the bandwidth parameter e,
which we denote by a subscript, and the order in the steepness of the signal, which we
denote by a superscript. For example, n((f)) denotes the component of the surface elevation
that is first order in bandwidth ¢ and second order in steepness a. We do not make the
assumption that € = «, an assumption that is commonly made to derive equations of the

non-linear Schrodinger type (e.g. Dysthe (1979)).

We note different authors have adopted different symbols and conventions to denote the
group. For example, in Yuen and Lake (1975), a denotes the magnitude of the complex
amplitude of the surface elevation A so that A = aexp(if), whereas in Dysthe (1979)
A denotes the complex amplitude of the velocity potential and B denotes the complex
amplitude of the surface elevation. Yuen and Lake (1975) then continue to express their
equations in terms of the (complex) amplitude of the surface elevation, whereas Dysthe
(1979) has his in terms of the (complex) amplitude of the velocity potential. Herein,
we adopt the following inelegant but correct notation. We let B denote the complex
amplitude envelope of the velocity potential ¢ (with dimensions L*T~'). Similarly, A,
denotes the complex amplitude of the surface elevation (with dimensions L) at nth order
in bandwidth e. We then use 0/0z to denote the combined effect of slow and fast
derivatives, but let the subscripts in 9, and Jx denote only fast or slow derivatives,
respectively (this distinct notation is not retained in future chapters). We restrict our

attention to first and second order in amplitude «, which we consider in turn.

2.4.1.1 Linear in amplitude O(«)

We consider the following linear (in steepness) velocity potential:

oW (z,2,t) = gbg(l)g (z,2,t) =Re[B(X, Z, T)ekozei(kom_‘”ot)}, (2.13)

where we have set ¢8L)) = 0 forn > 1. Equation (2.13) automatically satisfies Laplace (2.3)
at O(a'e®) and for subsequent orders in € we obtain: 9z B = —idx B and d7zB = —0xx B
for z < 0. From the combined free surface boundary condition (2.5) we obtain, at
subsequent orders in ¢, the linear dispersion relationship (a'e’), the group velocity at

which the envelope travels without changing shape (ale') and the modification to this

shape due to leading-order dispersion (a'e?):

(gko — wg) B+2iew <cg,0 — 2i> Ox B+é (cf] 0Oxx — 2iw08T> B=0 atz=0, (2.14)
wo ’ ,
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where we have used 07 B|,—g = —i0x B|.—o from Laplace at O(a'e'). The linearized (in
) version of (2.4a), dn/Ot = 0¢/0z|.—o, provides a relationship between ¢(!) in (2.13)
and n™. The latter is defined as:

1 n i(kox—w
nM = Z nén)) = Z A, eneithor—wot), (2.15)
n=0 n=0

where A,, (with units L) denotes the envelope of the O(ae€™) component of the surface

elevation 77((711)) From (2.4a) we then have:

(8,; — €cy00x + 628T> Z 77((711)) = (ko — ie@X)B|z:06i(koz_“’°t), (2.16)
n=0
where we have used 97 B|.—o = —i0x B|,—o from Laplace at O(a'e!). In order to satisfy

(2.4a) at first order in « and all orders in €, it can be shown that we need an infinite
number of terms in (2.15). Following some manipulation, it can be shown that the first

three terms are:

& 11 1 /i
Ay =iBl._g, Aj=-—0xBlo, Ay=— (30970(9” n koaT)B|Z:0. (2.17a,b,c)

Wo

2.4.1.2 Second-order in amplitude O(a?)

At O(a?) we have from (2.4):

dp@  52p) on® 9™ oM
77(1) - =0 atz=0,
0z Ox? ot Jx Ox (2.18a,b)
00 92 W, 1 0pMN\2 9Dy 2 B B T
o o () + ) ) =m0 a0

gn'® +

We have from combination of (2.18a) (2.18b) and at O(a?):

ool 05 S G (OO e
2.19

where we have used 0%¢™) /022 = —0%¢) /02 from Laplace. Equation (2.19) can be

understood as the “forcing equation” of the return flow with its right-hand side terms

representing a “forcing” by the first-order (in steepness) wave terms that gives rise to
a mean flow on the left hand side. In fact, it can be shown by substituting the O(«)
solutions at the various orders in € into the right hand side that the “forcing” only gives

rise to mean flow terms and that there are no higher harmonics for the potential (at least
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up to O(a?e®)). Equation (2.19) becomes:
1 k2
(eaz + = OaXX) @ (X, 2,T) :;—08X|B|2 02 at z =0, (2.20)
g ’ wo

where we note that the forcing term at O(a?¢?), the order of leading-order dispersion in
(2.14), is equal to zero. The return flow potential gbgF) in (2.20) only caputures the slowly
varying terms in (2.19) and arises from averaging the right hand side over the fast scales.
The return flow can thus be found by solving its governing equation (Jxx + 6ZZ)¢1(3F) =0
subject to (2.20) and the bottom boundary condition. We note that our (2.20) up to
O(€?) is equivalent to (2.20-2.21) of Dysthe (1979), who sets o = € and only considers

terms up to 4th order in the combined small parameter.

2.5 Stokes drift, transport and the return flow for

wave groups

Having derived a forcing equation for the return flow (2.20) in the previous section, this
section evaluates the explicit solutions for the Stokes drift and transport and the return
flow at the different orders in € thereby first ignoring the effects of dispersion (§2.5.1),
then including leading-order dispersion (§2.5.2) and finally including all linear (in ampli-
tude) dispersion to reproduce the Fourier-space solutions of Longuet-Higgins and Stewart
(1962), Sharma and Dean (1981) and Dalzell (1999) (§2.5.3). To assess the effect of fre-
quency dispersion, comparisons are made between the three solutions for a Gaussian
spectrum that is reasonably broad-banded (¢ = 0.16). The value € = 0.16 is representa-
tive of a severe sea state and is obtained by fitting a Gaussian distribution to the peak
of a JONSWAP spectrum obtained from measurements of real seas (Hasselmann et al.
1980) with a peak enhancement factor v = 3.3 (Gibbs and Taylor 2005).

2.5.1 Wave groups without dispersion O(a?e!)
2.5.1.1 Stokes drift and transport for groups without dispersion O(a?c)

By substituting the leading-order (a'¢®) solutions for the horizontal and vertical velocity
w and w into (2.6), a leading-order (a?e”) expression for the Stokes drift and transport

can be derived. The horizontal Stokes drift velocity and the Stokes transport become:

1
usp (7, 2, 1) = wokoe®™*|Ag(X)|?,  Qsr(z,t) = §W0|AO(X)|2' (2.21a,b)
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Comparison with (2.10) and (2.11) for periodic waves immediately reveals that (2.21a)
and (2.21b) are direct extensions of the periodic case with the amplitude envelope Ay,
which varies on the slow scales, replacing the constant amplitude H/2. The Stokes
transport Qs now increases (with increasing x) at the trailing edge of the group and
decreases at the leading edge. It does so at the slow length scale X associated with the
group and in doing so, it effectively “absorbs” fluid at the trailing edge, transports it
through the centre of the group and deposits it at the leading edge of the group. In
other words, the Stokes transport is not divergence-free. The excess quantity of fluid
thus generated near the free surface is given by —0Qs;/0x (see figure 2.3). In physical

terms, this excess (or deficit) necessitates a return flow.

2.5.1.2 Return flow for groups without dispersion O(a%c!)

At leading order in ¢, the return flow can be found by solving for the potential flow field
in the infinite half-space subject to the boundary conditions wgy — 0 as z — —oo and
from (2.20):
L 0l AX)P _ 0Qs(X)
X Z = = — =
where the second equality follows from (2.21b). It is evident then (cf. figure 2.3) that

the Stokes transport acts as a sink (and the return flow as a source) with fluid flowing

(2.22)

upwards (wgp(X,Z = 0) > 0 when the volume flux transported by Stokes transport
along the free surface increases (OxQsr > 0 for X < 0). Conversely, the Stokes trans-
port acts as a source (and the return flow as a sink) with excess fluid flowing downwards
(wpp(X, Z = 0) < 0 for X > 0) when the volume flux transported by the Stokes transport
along the free surface decreases (0xQsr < 0 for X > 0).

Using separation of variables and a Fourier sine transform for a Gaussian wave group
Ao, 1) = ag exp(—(z—cg0t)?/202) to solve the boundary value problem (Ox x +072) b\ =
0 subject to (2.22) and the bottom boundary condition, we obtain for the potential of

the return flow:

1
e

Ore (T, 2,1) = — |ao|*woo / e~ 1®D* 2 gin (k(x — cyot))dk. (2.23)
0

We note that the envelope of 17((8)) (Ay) and, consequently, the envelope of ¢(!) (B) has

a Gaussian shape, but the envelope of n™ (A) does not. The corresponding velocity
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components are given by:

upp (T, 2,t) = 2\/_|a0| wocr/ ke~ 1(ko)*+kz g (k(z — cgot))dk,

Wre(x, 2,1) = —2ﬁ|a0|2w00/ ke_%(k”)Q"'kzsin(k;(:r—cg’ot))dk.
0

(2.24a,b)

An alternative method of deriving an equation for the return flow equivalent to (2.24) that
lends more physical insight into the problem (but is mathematically entirely equivalent)
is illustrated in figure 2.3. At the trailing edge, the Stokes transport provides a sink of
fluid, whereas at the leading edge it acts as a source with strength of the source given
by —edxQsr. The contribution to the horizontal velocity field at (x,z) of a dipole with
its source located at (I 4 ¢,40t,0) and its sink at (—I 4 ¢, 0t,0) and strength M per unit
length dl is given by:

M [ x—1—cyot T+ 1—cgot dl. (2.25)

Qe = -
i (=1 —cgot)?+22 (x+1—cyot)?+ 22

Summing all the potential-low contributions of the sources and sinks located at z = 0

then gives for the horizontal component of the return flow:

= M) r—1—cgot r+1—cyot
4t = T ] .
URF(.T z ) / (l‘ — - Cg70t)2 + 22 (I 4+ — Cg,()t)2 + »2
|ao|?wo /OO [ T —1—cgot T+ 1 —cgot } )
= PR — 9 _ s l . l dl
o2 Jo L@ —1l—coot)2+22  (x+1—coot)? + 22 exp(=(l/o)")

(2.26)
where the strength is given by M(l) = (wolao|?/o)(l/c) exp(—(I/a)?), as evaluated from
(2.21b) for a Gaussian group. Equation (2.26) can be shown to be equivalent to (2.24a).

Figure 2.4 illustrates the spatial distribution of the horizontal and the vertical compo-
nent of the return flow field, which at leading order are steady in the frame of reference
of the group. It is evident from figure 2.4b that the return flow consist of downward
and upward flowing bodies of fluid on, respectively, the leading and trailing edge of the
group, consistent with the idea of a “return” flow. From figure 2.4a it is evident that the
return flow not only consists of a large backward flow underneath the centre of the group
|z — ¢g0t] < 0.50, but also sizeable forwards flow centered around z — ¢, ot = v/20 at the

leading edge and x — ¢, ot = —+/20 at the trailing edge.

To examine the variation of the return flow with depth, consider the horizontal component

of the return flow uge at the centre of the group x = ¢, ot, where wgr = 0. From either



2.5 Stokes drift, transport and the return flow for wave groups 25

zZ— —X

Figure 2.3: Illustration of the boundary conditions the spatial distribution of Stokes
transport near the free surface poses for the return flow in the underlying body of fluid
for a wave group without dispersion. At the trailing edge, the Stokes transport provides
a sink of fluid, whereas at the leading edge it acts as a source with strength of the
source given by M (X) = —edQsr/0X, located at the still water level z = 0 and denoted
graphically by circles with radii proportional to the local strength of the source or sink.
Also shown are the individual waves that make up the group.
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Figure 2.4: Return flow velocity field for wave groups without dispersion showing (a) the
horizontal velocity (2.24a) and (b) the vertical velocity (2.24b) for € = 0.16. It is evident
from panel a that the “return” flow does not only consist of negative horizontal velocities.
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(2.24a) or (2.26) we have at this location, the only location at which a non-trivial closed-

form solution is available:

2 22
oo = st = (1 (at(2))eR). e

which has the near-surface limit |2| < o and the deep-down limit |z| > o:

_% for |2| < o,
une (2 = cgot; 2) = _ wolao|? 1 (£> B for [2[ > o (2.28)
Vro 2\ o :

More generally, we can derive the following limiting behaviour of the horizontal compo-
nent of the return flow in the far-field of large |z — ¢, 0t| or large |z| (see appendix B):
_agPowy  (x —cgpt)? — 2°

upp (2, 2,t) = (2.29)

2\/7 ((x — cg0t)? + 22)2’

from which we can obtain the two far-field limits: uge ~ —272 for |z| > |x — ¢, 0t] and
Ugp ~ (2 —cy0t) 2 for |x — ¢y ot| > |z|, where we emphasize the difference in sign. In the
first limit, namely deep down in the fluid below the group, the horizontal flow velocity is
negative, whereas near the surface, either far in front or far behind the group, the hori-
zontal flow velocity is positive. The horizontal flow is zero in the far field along 45° lines
drawn from the centre of the group (2.29). It is also instructive here to note the difference
in depth decay between the Stokes drift and the return flow: the Stokes drift (2.21) decays
very rapidly (exponentially) with depth on the scale of the wave length of the individual
waves Ao (cf. exp(2koz)) as opposed to the return flow which asymptotically decays much
more slowly with depth (cf. (z/0)72) on the scale of the width of the group o. Figure 2.5

compares the depth decay of the Stokes drift and the return flow at two different locations.

We note from comparison of (2.21a) and (2.28) that the Stokes drift velocity is O(a?e?),
whereas the return flow is always one order higher in ¢, namely O(a?e!). The difference
is explained by the length scales over which both velocities act: the Stokes drift decays
more rapidly (cf. exp(2koz)) with (a fraction of) the wave length as the characteristic
scale over which it acts (1/(2ko) = Ao/(4m)) than the return flow, which decays more
slowly on the scale of the half-width of the wave group o. In fact, the horizontal velocity
of the return flow (2.24a) can be integrated with depth to obtain the total volume flux
by the return flow:

0 2
1 (z—cg 0t)
Qe = / unpdz = —faofune A, (2.:30)

—0o0

thereby confirming the result, emphasized by McIntyre (1981), that Qpe(x,t)+Qsr(z,t) =
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Figure 2.5: Stokes drift (a,b) and return flow (c,d) velocities for wave groups as a function
of depth at the centre of the group = = 0 (a,c) and at z = v/20 (b,d) at t = 0, the time of
focus as t = 0, comparing the solutions for groups without dispersion, with leading-order
dispersion and with full dispersion. Note the different scales on the axes: z/0 = €(ky2)
with € = 0.16 here. The dotted lines in panels b and d correspond to the asymptotic
limits (2.28) (a) and (2.29) (b).

0, a (non-dispersive) surface gravity wave group is associated with zero depth-integrated

momentum, as illustrated in figure 2.6.

2.5.2 Wave groups with leading-order dispersion O(a?¢?)

From inspection of (2.20) it is clear that at the next order in bandwidth («?¢?), the order
at which the leading-order effects of dispersion cause the group to change shape as it
travels, the “forcing term” of the return flow is zero. It can indeed be confirmed from
integrating (2.6) over the fast time scale but allowing for leading-order slow variation in

Ax and Az that no additional Stokes drift arises at order a®e. Leading-order dispersion,



28 Stokes drift and return flow for 2D groups in deep water

€=0.16,t =0 €=0.16,t=0

— Without dispersion
—-—--Full dispersion e = 0.16

Qst(z)/(1/2)]aol*wy
Qrr(x)/(1/2)]aowo

—— Without dispersion

-1.2
— — — Leading-order dispersion
—~1.4}| — — Full dispersion € = 0.16
3 -3 -2 -1 0 1 2 3
a) b) z/o
S €=0.16,t =0
3 0.02 T
= o.01f o= N Tee s 1
s [ - N % -]
i e
g 0 AN /7
= N ”
& -0.01- \ / .
= \ /
S -0.02F W // .
+ A 7!
— Al ///
=B “0.03F [ — Without dispersion ’ ]
> o adinon e L3 - 7
S —0.0a Leddlr}g ordter dispersion , i
— —-—-—Full dispersion e = 0.16 7
~0.05 | | S 7 | |
-3 -2 -1 0 1 2 3
x/o
c)
i .6: -1 Y X ST
Figure 2.6: Depth-integrated volume flux by (a) Stokes transport , (b) the return

flow (Qrr) and (c) the sum of both (Qsr + Qrr) as a function of = for t = 0 (the time
of focus is t = 0) for wave groups without dispersion, with leading-order dispersion and
with full dispersion.

however, causes the group to evolve differently in space and time. As time progresses the
group becomes wider due to dispersion and the third term in (2.14) must now also be

satisfied to reflect this. At this order we have for a Gaussian group (Kinsman 1984):

W 1 7< 1 (176970’5)2) Z( vot/o? (I*Cg,ot)2>
B<$7 2 t)|z:0 = _i—0A0<IE,t) = bo—e 149312 /0t 202 e 144212 /0% 202 ’
ka 1 + ) ’yg t
(2.31)
where we have 7o = d?w/dk?|s—k, = —+/g/kd/4 with w(k) obtained from the linear

dispersion relationship. More simply, we have for the magnitude of B:

2
(z—cg.0t)

|B(a,t)] = [ble” = (2.32)
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with |b] = |bo|/(1 + ~2t%/o*)/* denoting the effective amplitude and & = o+/1 + 132 /o4
the effective Gaussian half-width of the group. As the group disperses with time, the
group widens (95 /8t > 0) and its effective amplitude decreases (9|b|/dt < 0). At any
point in time, the forcing term on the right hand side of (2.20) can be modified to include
the effects of leading-order dispersion by replacing o by & and |b| by |l~)] We note in pass-
ing that (2.31) satisfies the linear part of the non-linear Schrodinger equation often used

to model weakly non-linear, narrow-banded, deep-water wave groups (Adcock and Taylor
2009).

Although the right hand side of (2.20) is not, the left hand side of (2.20) is affected by

leading-order dispersion. Including the O(€?) term, we obtain without further approxi-

mation:
1 =\2
1 oo em1ko)  h=gin (k(z — ¢g0t))
e (@, 2,8) = ——— o205 / D gk, (2.33)
i 2/ 0 1— kzcg’o/g
where |do| = |ao|/(1 + 42t?/o*)'/* is the effective amplitude. Comparison with the non-

dispersive and the fully dispersive solution is made in §2.5.3.

2.5.3 Fully dispersive wave groups O(a?e¢>°)

For completeness, we also follow the frequency domain approach of Longuet-Higgins and
Stewart (1962) (see also Sharma and Dean (1981), Dalzell (1999)). In doing so, we not
only capture the effect of leading-order frequency dispersion of the group (§2.5.2), but
effectively include all orders in €. Instead of discretizing the spectrum (Longuet-Higgins &
Stewart 1962), we define the following linear (in steepness) velocity potential and surface

elevation using a continuous spectrum:

oWz, 2. 1) = / b(k)elteilie—e Mg () (5 4) = / a(k) BTN gk (2.34a,D)

—00

where all spectral terms satisfy the linear dispersion relationship w = \/m and a(k) =
i|k|b(k) Jw(k) in order to satisfy the (linearized in a) free surface boundary conditions
(2.5-2.4a). For consistency with the separation of scales approach, we choose b(k) so that
¢V (z,z = 0,t) in (2.34) has a Gaussian spatial distribution equivalent to (2.13), namely
b(k) = (oby/v/27) exp(—o2(k — ko)2/2). In turn, we set by = —iwpag/ko, so that the
surface elevation envelope is focussed at x = 0 and ¢t = 0. We let f denote the Gaussian
wave number spectrum with unit amplitude: f(k) = (o/v/27) exp(—0?(k — ko)?/2).
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2.5.3.1 Stokes drift and transport for fully dispersive wave groups O(a%¢>)

By substituting linear expressions for du(!) /0x, duM) /0z, Az and Az obtained from
(2.34a) into (2.6), we obtain for the horizontal Stokes drift up to 2nd order in steepness:

bol2 [ [ k2ky + ky |y ||
uSD(:c,z,w:‘%'/ / Fky) f (ko) 22 il eUFilHk2Dz cog (0, — 0,)dky dksy,

w(ks)

(2.35)
where 0; = kjx — w;t + p; for j = 1,2. Although (2.35) does not appear to have a
closed-form solution, it can be readily confirmed that it reduces to (2.21) in the limit of
narrow band-width (e < 1). Finally, we note we have deliberately chosen a continuous
over a discrete spectral representation, so that the (small) Lagrangian displacements can
be evaluated to the required accuracy using standard numerical integration techniques
and the solutions without dispersion (§2.5.1) and with leading-order dispersion (§2.5.2)
can be recovered in the limit of small €. For the same reason and to allow for Gaussian
groups, we have allowed for both positive and negative wave numbers, although the
contribution from the latter is numerically negligibly small for the bandwidth considered
herein (e = 0.16).

2.5.3.2 Return flow for fully dispersive wave groups O(a%c>)

By substituting the linear solutions (2.34), the right hand side of (2.19) becomes:

2 2 (k1) f(k k VIk2|) (Jk1 ||k k1k
<%+ 10 F |bo\ / / f(k1) f(k2) (\/‘71 | 2)(| 1| [k2| + k1 2) in(By — 6,)dkydk,.

g 8t2 \/g
(2.36)

The solution to Laplace subject to the “forcing” (2.36) and the bottom boundary condi-

tion is then:

FUer) £ (k) (v/ TRl = /TRal) ([Rallkal + Kks)
¢RF X, z, t = 2\[/ / |k2 k1| - (\/» \/») Uf —k1| SIH(QQ — Hl)dk(ldk27)
2.3

For a spectrum with only positive wave numbers, (2.37) reduces to the more familiar
(see the deep-water limit of Longuet-Higgins and Stewart (1962) evaluated explicitly by
Sharma and Dean (1981) and Dalzell (1999)):

(bRF(x? 2, t) = / / d(k1>d(k2)wu€2>€(k27kl)z Sin(eg — 91)dk2dk1 (238)
k‘2>k‘1

In §2.5.2 we have already shown that leading-order frequency dispersion does not affect
the Stokes drift velocities. It is evident from figures 2.5a,c that for reasonable values of

the bandwidth (e = 0.16) the effect of full dispersion is negligible too. Focussing on the
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return flow, it has been shown in §2.5.2 that leading-order dispersion generally increases
the magnitude of the horizontal return flow velocities. It can be confirmed from figures
2.5b,d that leading-order dispersion is in good agreement with full dispersion for e = 0.16.
The effect remains small with magnitudes of the return flow velocity at z = 0 approxi-
matively 10% larger at the centre of the group (figure 2.5b) and 7% at x = /20 (figure

2.5d) when allowing for dispersion.

The physical explanation for the larger return flow velocities is most easily understood by
considering the “forcing” equation (2.20). Without any dispersion (O(¢)) (2.20) is simply
a steady mass balance argument: the divergence of the volume flux on the right hand
side results in an up- and downflow on either side of the group. Including leading-order
dispersion (O(€?)), the “forcing”-term on the right hand side of (2.20) is not affected.
The only difference is that the problem is no longer steady as the group disperses and
an extra term is introduced on the left hand side. In loose terms, although the volume
deficit and excess associated with the Stokes transports remains unaffected, on the same
time scale the group appears to have become more broad spatially thus requiring larger
return flow velocities to “return” the fluid and ensure that the total induced mean flow,

the sum of the Stokes transport and the return flow, is divergence free.

Finally, we turn to figure 2.6 confirming the depth integrated volume fluxes of the Stokes
transport and the return flow are equal and opposite (Qsr + Qrr = 0) without dispersion,
but the latter is not the case with dispersion simply reflecting a redistribution of fluid

away from the group as the group (n®) disperses and becomes wider.

2.6 Particle trajectories

In this section we use the kinematics for groups without dispersion, with leading-order
dispersion and a fully dispersive wave group evaluated in §2.5.1-§2.5.3 to determine the
scaling and shape of the Lagrangian particle trajectories at and below the free surface,
as well as their final displacements. The total Lagrangian velocity of a particle u, is
determined by the sum of its Stokes drift ugp, a Lagrangian phenomenon, and the Eulerian
return flow field ugy (Andrews and Mclntyre 1978):

llL = uSD + LIRF . (2.39)
~— ~— ~—~—
Lagrangian Stokes drift ~ Euler

We first consider the net contribution by each in turn.
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Figure 2.7: Net horizontal particle displacement due to Stokes drift Azgp, (a) as a function
of depth, (b) as a function of the bandwidth parameter € and (c,d) as a function of the
initial position of the particle xq relative to the focus point of the group = =0 (at ¢t = 0)
for (c) negative zy and (d) positive zg. Three solutions are compared in each panel:
the separation of scales solution without dispersion (2.40), with leading-order dispersion
(2.41) and the Fourier-space solution with full dispersion. The three solutions in (c,d)
are in fact symmetric around zy = 0.

2.6.1 Particle displacement by Stokes drift

From (2.21a) we obtain for the net horizontal displacement due to Stokes drift for a

particle as a function of its initial vertical position z; and for a Gaussian group:

Azsp(z0) /_Z

usp (Zo, 20, 1)dt

= 2/ma?e?™®  without dispersion, (2.40)

g g

where we have ignored the effects of dispersion. The horizontal particle displacement is

thus only a function of the steepness (cf. a?) and the half-width of the wave group o, but
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decays rapidly with depth, as would be expected. Including the leading-order effect of
dispersion, we obtain from (2.21) in combination with the leading-order dispersive group

(2.32):

ACUSD(waZO) 2 2koz > 1 —Gg-h? . . . .
———— = 2a e 0% ——————e1+<?/4dt  with leading-order dispersion,
g —o /14 e22/4

(2.41)
where the right-hand side integral has been non dimensionalized by defining &g = x¢/0
and t = cgot/o. The net horizontal displacement due to Stokes drift is now both a func-
tion of the initial horizontal and the initial vertical position of the particle. Finally, the
fully dispersive solution (2.35) can be integrated numerically. Figure 2.7 compares the

three solutions.

It is evident then from figure 2.7a that dispersion does not non-negligibly affect the
horizontal displacement by Stokes drift for e = 0.16. In fact, the effects of dispersion only
become apparent at very high e (figure 2.7b). These differences then arise from higher-
order and not leading-order dispersion (figure 2.7b). The effects of dispersion only play a
role through the initial position of the particle (figure 2.7c,d). Particles located very far
away from the centre of the group (|x¢| 2 10%0) simply undergo motion corresponding

to a group that has dispersed and is of much reduced amplitude.

2.6.2 Particle displacement by the return flow

From the identity of the Stokes transport and the opposite and equal return flow volume
flux Qgr(x,t) = —Qpp(z,t) for a non-dispersive wave group, it follows that equal and
opposites (two-dimensional) volumes of fluid Vi and Vip are transported horizontally by

each:

/OO Qsr(z,t)dt = — /OO Qrp(z,t)dt . (2.42)

EVST EVR‘F
The horizontal transport can be found by integrating the horizontal return flow velocity

with respect to time. For a wave group without dispersion we obtain from (2.24a):

Azge(z0)

g

2 o] oo P2 a A
= _a_\/_e/ / foe~ T +hzo cos(kt)dkdt — without dispersion, (2.43)
T J-xJo

where the double integral on the right hand side is non-dimensional with k= ko, t =

cgot/o and only a function of the scaled depth 2, = zp/0. Explicitly, we have from
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Figure 2.8: Net horizontal particle displacement due to the return flow Azg, (a) as a
function of depth and (b) as a function of the bandwidth parameter e. Three solutions
are compared in each panel: the separation of scales solution without dispersion, with
leading-order dispersion and the Fourier-space solution with full dispersion.
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Figure 2.9: Maximum vertical particle displacement due to the return flow Azgp i (2) as
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numerical evaluation of the double integral for a particle located at zg = 0:

Axgp(z9 = 0)

o

~ —0.11340%¢  without dispersion. (2.44)

From comparison of (2.40) and (2.44) for zp = 0 we thus have a positive horizontal
displacement due to Stokes drift that is a factor ~ 31.3/e (=~ 195 for ¢ = 0.16) larger
compared to the opposite horizontal displacement due to the return flow. Equation (2.43)
can be readily modified to allow for the effects of leading-order dispersion. From (2.33)

we obtain:

Azge (w0, 20)

— e %0 cog (g — £ dkdi, 2.45
: //1_6k/4 (k20 — ) (2.45)

which is now additionally a function of the non-dimensional initial horizontal position
%9 = xo/o. Finally, the net horizontal displacement by the fully dispersive return flow
can be obtained by means of numerical integration of the horizontal velocity correspond-
ing to (2.37).

It turns out that the double integrals in (2.43) and (2.45) are very difficult to evaluate
using standard numerical quadratures in part due to the very slow decay of the large
time tails of the integrand (cf. ugy ~ t72, see appendix B). The horizontal displacements
are in practice evaluated by first calculating the depth-integrated transported volume
Viar(20) = ffio urpdz as a function of intial particle depth zy followed by numerical differ-
entiation of this quantity with respect to zy. An alternative method that gives the same
result is to integrate numerically for small time and analytically for large time using the

far-field solutions in appendix B and combine both contributions.

Figure 2.8a then shows the net horizontal displacement as a function of depth displaying
an even slower variation than the horizontal return flow velocity (figure 2.5a,c). The
(small) magnitude of the displacement at z = —100c is still approximately half the value
at the still water level. It can be shown that the far-field solution (2.29) does not result
in a net displacement (appendix B). In agreement with the larger return flow velocities
in figure 2.5a,c¢ dispersion slightly increases the magnitude of the (negative) displacement
(figure 2.8a) and more so for large € (figure 2.8b). We emphasize that, as opposed to
the Stokes drift, the net displacement due to the return flow for non-dispersive groups
is not a direct function of o, but the dependence is only through the dependence on the
vertical position zg/o , which scales on 0. The small parameter € only appears in (2.43)
because of the scaling of the left hand side by o. It goes without saying that the depth
integral of the displacement due to Stokes drift and the return flow despite their very
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different distribution with depth are equal and opposite (2.42). A very small backwards
displacement that decays extremely slowly with depth thus compensates a very much

larger forward displacement concentrated near the still water level.

Although no net vertical displacement of particles arises due to the return flow, we can
evaluate the maximum vertical displacement to obtain a sense of the vertical scale of the

motion associated with the return flow. At zp = 0 we have from (2.24b):

AZRF,min (ZO - 0)

= —a’c  without dispersion, (2.46)
o

and similarly for the leading-order and fully dispersive solution. Figure 2.9 evaluates this
maximum vertical displacement as a function of depth and e. We note from comparison
of figures 2.8a and 2.9a that maximum vertical displacement is approximately 10 times

larger than the net horizontal displacement.

2.6.3 Lagrangian trajectories

Having obtained expressions for the net displacement due to Stokes drift and the return
flow, figure 2.10 shows the trajectories of Lagrangian particles obtained from numerical
integration of the equations of motion dx/dt = u™ +u® for a group without dispersion

for particles initially located at different depths (rows) and different values of € (columns).

The behaviour of particles with initial positions at the still water level (top row) is dom-
inated by Stokes drift with smaller values of € corresponding to more individual waves
making up the group and thus more orbits contributing to the net horizontal displace-
ment. For particles at great depth (bottom row) the particle trajectories are dominated
by the return flow with the individual waves only giving rise to small deflections of the
horse-shoe shaped particle trajectory. We note that for deep water the magnitude of the
horse-shoe shaped return flow trajectory is in fact very small, so small in fact that it
might be difficult to observe in reality. At intermediate depths both the effect of Stokes

drift and the return flow play a role.

The trajectories in figure 2.10 correspond to focused crests, whereas those in 2.11 corre-
spond to focused troughs. Although the net displacements are not affected, as shown in
§2.6.1 and §2.6.2, the trajectory of particles whose motion is dominated by Stokes drift

is affected, whereas the trajectory of particles whose motion is dominated by the return
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Figure 2.10: Lagrangian trajectories of neutrally buoyant particles at different depths
below a focussed crest wave group and for different values of the bandwidth parameter
¢ = 1/(koo). The rows correspond to initial particle depths zo = {0,0.5,1, 2}z with z;
denoting the approximate transition depth of (2.49), where the net horizontal Lagrangian
transport is zero. The columns correspond to values of € = 0.08, 0.16 and 0.32, respec-
tively. The trajectories shown correspond to the solutions without dispersion with the
blue open circle corresponding to the initial position of the particle and the red cross
corresponding to the final position of the particle. The waves are of steepness a = 0.1.
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Figure 2.11: Lagrangian trajectories of neutrally buoyant particles at the still water level
of a focussed trough wave group and for different values of the bandwidth parameter
€ = 1/(koo). The columns correspond to values of ¢ = 0.08, 0.16 and 0.32, respectively.
The trajectories shown correspond to the solutions without dispersion with the blue open
circle corresponding to the initial position of the particle and the red cross corresponding
to the final position of the particle. The waves are of steepness a = 0.1.
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Figure 2.12: The transition depth between positive horizontal particle transport by the
Stokes drift and negative horizontal particle transport by the return flow. Note all the
lines (almost) overlap.

flow is not. The difference in motion is evident from comparison of figures 2.10a,b,c and

2.11a,b,c for particles at the still water level.

2.7 The transition depth

In order to classify when either type of motion described in §2.6.3 occurs, a transition
depth z; can be defined as the depth at which the positive horizontal displacement of a

particle by the Stokes drift is equal to the negative horizontal displacement of a particle
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by the return flow so that the net Lagrangian displacement is zero:
Axy (20 = 2p) = Axgp(z0 = 21) + Axpp(20 = 20) =0 transition depth. (2.47)

Above this depth (zy > z;) particles will be transported in the direction of positive z
and below this depth (zy < z1) particles will be transported in the opposite direction.
Ignoring the generally small effects of dispersion and making use of the fact that Stokes
drift decays much faster with depth than the return flow, an approximate expression
for the transition depth z; approx can be obtained by finding the depth at which the
net horizontal Stokes drift displacement (2.40) has decreased to the surface value of the
return flow displacement at zy = 0 (2.44), which is assumed not to decay over that same
depth:

Azgp(z0 = 0) + Azgp(20 = 21, approx) = 0, (2.48)

which has the solution:

1
ELAPPROX o Ze( = 3442 +log()), of koZrapemox A

. 7 (—3.442 +log(e)). (2.49a,b)

1
2
Figure 2.12 compares the approximate transition depth with transition depths obtained
from solving Az, = 0 (2.47) implicitly without dispersion, with leading-order dispersion
(at xg = 0) and with full dispersion (at xy = 0). It is evident then that the approximate
transition depth (2.49) provides an excellent prediction of the actual transition depth
even including the effects of dispersion at large values of €, much larger than the repre-

sentative value of € = 0.16.

As the steepness of the wave o = |Ap|ko affects both the magnitude of the displacement
due to Stokes drift and the displacement due to the return flow in the same way, the tran-
sition depth is only a function of the bandwidth parameter ¢ = 1/(kgo). As we keep the
wave length of the peak spectral component kq fixed and shrink the width of the group o
(and thus let € increase), the magnitude of the displacement due to the return flow near
the free surface is unaffected Azpy ~ —0.1134a%k;" (from (2.44)), but the magnitude of
the displacement due to Stokes drift Azg, = 2v/moa? exp(2kozy) (from (2.40)) decreases,
as the group is simply shorter. The point at which the net displacement is equal to zero

must then occur at smaller depth and zp approaches zero as € increases (figure 2.12 b).
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Figure 2.13: Dimensional net horizontal particle displacement at the surface zp = 0 (a)
due to Stokes drift and (b) due to the return flow as a function of the peak period of
the spectrum T for a wave group with linear wave height Hy = 2a¢g = 10m. Note that
solutions are only plotted for a < 0.2 corresponding to Ty > 2m+/ag/(ga) ~ 10.0s. The
solution in (a) is a function of €, the solution in (b) is not.

2.8 Conclusions

The Lagrangian trajectories of neutrally buoyant particles underneath focussed surface
gravity wave groups have been examined and simple leading-order expressions for the net
displacement resulting from Stokes drift and the return flow have been developed. In the
deep-water limit, both the Stokes drift, the mean velocity that arises due to the waves
when tracking Lagrangian particles and ignoring the effect of Eulerian flows, and the
Stokes transport, the Eulerian volume flux that arises at the same order (second order)
in steepness occur in the vicinity of the still water level. The much smaller return flow, on
the other hand, varies much more slowly with depth, to the extent that its variation in the
near surface region, where Stokes drift takes place, can be ignored. A separation of the
physical domains in which the two physical phenomena occur thus takes place. Frequency
dispersion is found to only marginally affect both phenomena for realistic sea states and,
to good approximation, the problem can be studied using a leading-order separation of
scales approximation, in which the wave-induced mean flow is steady in the frame of
reference of the group without resorting to more complicated frequency domain represen-
tations (Longuet-Higgins and Stewart 1962, Sharma and Dean 1981, Dalzell 1999). To
obtain a sense of the magnitude of the displacements in real seas, figure 2.13, shows the
particle displacements predicted as a function of the peak period of the spectrum Tj for
a group with linear wave height Hy = 2ag = 10m. Whereas displacements of the order
10'-10%m are predicted for the Stokes drift, the return flow only results in displacements
of the order 1072-10"m.
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Figure 2.14: The dimensional transition depth z; between positive horizontal particle
transport by the Stokes drift and negative horizontal particle transport by the return
flow. Shown is the approximate transition depth zy spprox (2.49) as a function of the peak
period of the spectrum 7} for different values of the bandwidth parameter ¢ = 1/(koo).

Based on the very different depth decay of Stokes drift and the return flow, an approx-
imate transition depth has been proposed above which Lagrangian particles are trans-
ported forwards by the Stokes drift and below which such particles are transported back-
wards by the return current. The transition depth is only a function of the peak wave
number ky and the half-width of the group ¢ decreasing (in absolute terms) with the
former and increasing (in absolute terms) with the latter. To obtain a sense of the mag-
nitude of this transition depth for real seas, figure 2.14 shows the transition depth as
a function of the peak period of the spectrum Tg for different values of the bandwidth
parameter € = 1/(koo). It is not a function of steepness. The transition point only occurs

close to the surface for short period waves.

The results presented herein rely crucially on the deep-water assumption. Although a
typical engineering criterion for an oscillatory wave to be in deep water is kod = 3, a much
larger depth may be required for the return flow of a group not to “feel” the presence of the
bottom. For example, for ¢ = 0.16, we have kod = 3 corresponding to d/o = 3¢ = 0.48,
whereas the Lagrangian displacement due to the return current may still be a significant
share of its surface value at z/o = —20 (cf. figure 2.8a). A sea that is deep for a T = 10

s wave, namely d ~ 75 m so that kyd = 3, may require a much greater depth for the
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return flow to be unaffected by the bottom boundary condition, namely d 2 3 km (taking
z/o = —20 as a criterion with € = 0.16). The presence of the bottom boundary in what
can reasonably be considered infinite depth for the oscillatory components of the wave
group but is in fact finite depth for the return flow, is then likely to increase the mag-
nitude of the return flow near the still water level. This, in turn, has important effects
on the stability properties of the wave train through interaction with the mean flow as
first captured by Dysthe (1979) for truly infinite depth (see Janssen (1983) for a discus-
sion) and first extended to finite depth by Brinch-Nielsen and Jonsson (1986) and more
recently in an Hamiltonian framework by Craig et al. (2010) and Gramstad and Trulsen
(2007). On finite depth the return flow enters the non-linear Schrodinger equation de-

scribing the evolution and stability of the group at lower order than on deep water.

As a final caveat, we note that, although the results presented herein for Gaussian spectra
can be readily extended to different spectra, they rely on the ignoring the third dimension
evidently present in real seas, which will affect the return flow and the transition depths.
The analysis presented here for two-dimensional waves on deep water will be extended

to finite depth in three-dimensional seas in the next chapter.



Chapter 3

The effects of directionality and
finite depth on the induced mean

flow of surface gravity wave groups

As explored in the previous chapter, two physical phenomena drive the La-
grangian trajectories of neutrally buoyant particles underneath surface gravity
wave groups: the Stokes drift results in a net displacement of particles in
the direction of propagation of the group, whereas the FEulerian return flow
transports such particles in the opposite direction. Generally, the Stokes drift
1s the larger of the two near the surface, whereas the effects of the return
flow dominate at depth. A transition depth can be defined that separates the
two regimes. Using a multiple-scales expansion we provide leading-order es-
timates of the forward transport, the backward transport and the transition
depth for realistic sea states. Starting from an idealized Gaussian deep-water
wave group in a two-dimensional sea, we consider the effects of both finite
depth and the directionally spread nature of the waves in a three-dimensional
sea on our estimates of these three quantities. We show that from the per-
spective of the return flow, almost all seas are of finite depth invalidating the
ubtquitous deep-water approrimation. In fact, many seas can be shown to be
“shallow” from the perspective of the return flow with little variation of this
flow with depth. Furthermore, even small degrees of directional spreading can
considerably reduce the magnitude of the return flow and its transport.

3.1 Introduction

As explored in the previous chapter, surface gravity waves have an associated a wave-
induced mean flow known as the Stokes drift. The drift manifests itself most evidently

as the mean horizontal velocity of fluid parcels (Lagrangian particles) that are displaced

43
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by a finite horizontal distance over each wave cycle. During one cycle beneath a wave on
deep water, at leading order in the steepness of the wave the particle follows a circular
trajectory with the size of the circle decreasing exponentially with depth. At the next
order, it is clear these orbits do not close resulting from the displacement of the Lagrangian

particle from its initial position:

1 1
oul )Ax(l) + 8;;( )Az(l), (3.1)

Xz T

Usp =

where the over-line denotes averaging over the individual waves and the superscripts
denote the order in wave steepness. In an Eulerian framework, a surface gravity wave
can be shown to have an associated net volume flux resulting from integration of the
linear horizontal velocity with depth up to the linear free surface n¥, known as the

Stokes transport:

7 (z,t)
Qsr = / uM(x, 2, t)dz. (3.2)

—d

Real seas consist of a spectrum of different frequency components thus constituting a
packet or group structure. Making use of the separation of scales between the fast vari-
ation of the individual waves and the slow variation of the group’s modulation for a
quasi-monochromatic or narrow-banded group, the expressions for the Stokes drift (3.1)
and the Stokes transport (3.2) still hold. The averaging denoted by the over-lines is over
the fast scales, the individual waves. The Stokes transport (3.2) for groups varies with
the (square of the) local amplitude of the group and is therefore divergent. It must induce
a return flow (ugy) first described by Longuet-Higgins and Stewart (1962) that in some
sense returns the fluid deposited by the Stokes transport at the group’s leading edge to be
absorbed again by the Stokes transport at its trailing edge. For sufficiently deep-water, a
spatial separation of the two effects takes place: Stokes drift dominates near the free sur-
face and the return flow dominates at depth. In physical terms, the dynamic free surface
boundary condition, requiring a uniform pressure on the free surface and the satisfaction
of Bernoulli’s law for energy conservation, prevent a net deposition (extraction) of fluid
at the leading (trailing) edge of the group due to the horizontal convergence (divergence)

of the Stokes transport.

Broadly, two oceanographic applications of Stokes drift can be distinguished: its effect
on Lagrangian tracers such as pollutants and buoys on the one hand and its part in the
physics of the ocean surface mixed layer on the other. Regarding the first, Stokes drift
play an important role in trajectory forecasts for search and rescue operations, oil spill
mitigation and the interpretation of in situ observations obtained from tracking buoys
(Rohrs et al. 2013). These authors use data to estimate the effects on Lagrangian dis-

placement of a submerged tracking buoy (in water depths of 220-700 m) distinguishing
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the effects of the Stokes drift and the wave-induced Eulerian fluxes as well as the Coriolis-

Stokes forcing.

Secondly, Stokes drift plays an important role in the ocean surface boundary (or “mixed”)
layer, the approximately 100 m thick layer that controls the exchange of heat, momentum
and gases between the atmosphere and the ocean and is therefore critical in determining
the role of the global ocean circulation on climate (see Belcher et al. (2012) for a review).
With lines of constant vorticity moving with Lagrangian fluid particles in an inviscid
fluid, the sheared depth profile of the Stokes drift velocity with depth stretches initially
vertically orientated vorticity into the horizontal plane (Polton et al. 2005). Two sources
of vertical vorticity can be distinguished: the three-dimensional turbulent vorticity that
give rise to Langmuir circulation and the planetary vorticity that interacts with the Stokes

drift and gives rise to the Stokes-Coriolis force.

With both Langmuir turbulence and the Stokes-Coriolis forcing included in oceanic gen-
eral circulation models, the magnitude of the Stokes drift and its variation with depth
(cf. shear) must also be included. In such models the individual waves are typically too
small to be resolved by even the most powerful computational models and the effect of
Stokes drift must be parameterized before inclusion. Such parameterizations have only
recently begun to be extended to include the non-monochromatic or group nature of the
waves (Breivik et al. 2014).

An important assumption is often that the sea is deep, in other words, that the product of
the wave number kq and the water depth d is large, typically taken as kod 2 3. Variation
of the (linear) properties can then be assumed to be exponential with depth, consider-
ably simplifying the analysis. Whereas the variation of the linear dynamics with depth
scales on the inverse of the wave number k;*', the return flow varies on the horizontal
scale of the wave group o. For the return flow to be unaffected by the bottom boundary
condition, we thus require d/o = €kod to be large, a more restrictive assumption. For a
quasi-monochromatic group, the parameter ¢ = 1/(koo) is assumed to be small. A sea
that is deep for a Ty = 10 s wave, namely d ~ 75 m so that kod = 3, may require a
much greater depth for the return flow to be unaffected by the bottom boundary con-
dition, namely d 2 3 km (taking z/0 = —20 as a criterion with € = 0.16) (see chapter
2). Furthermore, the magnitudes of the return flow are expected to reduce considerably
when the spectrum is directionally spread and the group become spatially localised in
both horizontal directions. The return flow can then both “return” underneath as well

as around the sides of the group. The motivation for this chapter is thus to study the
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behaviour of the return flow and its contribution to Lagrangian transport for realistic sea

states: sea states in finite depth and with directional spreading.

Focussing on two-dimensional deep-water waves and second-order in steepness «, chapter
2 has shown that a leading-order expansion in the bandwidth parameter ¢ = 1/(kyo)
is adequate for capturing the Lagrangian dynamics by both the Stokes drift and the
return flow for a realistic value of bandwidth obtained by fitting a Gaussian spectrum to
the enhanced peak of a Jonswap spectrum (Gibbs and Taylor (2005)). In other words,
such a leading-order expansion correctly captures the Lagrangian dynamics underneath
a wave group, where the effects of frequency dispersion on the shape of the group can be
ignored and the group can be assumed to translate at the group speed without changes in
shape. An approximate transition depth is proposed, above which Lagrangian particles
are transported forwards and below which the transport is in the opposite direction.
Moreover, chapter 2 shows that for the return flow not to be affected by finite depth

effects, the water depth may have to be unrealistically large.

In this chapter, we follow the approach of chapter 2 and extend it to three dimensions
and finite depth. Using a leading-order multiple scales approach, we thus set out to
examine the effect of finite depth and the directional nature of the spectrum in a three-
dimensional sea on three quantities: the net horizontal transport by the Stokes drift, the
net horizontal transport by the return flow and the transition depth that separates these
two regimes. Since the effect of frequency dispersion reduces as the water depth becomes
less deep and motivated by the results of chapter 2, we only consider leading-order con-
tribution in the small parameter e: the order at which the group travels without changing
shape. Finally, an important effect of reducing the depth from infinite to finite needs to
be taken into account. This is the wave-induced set-down, a slowly varying quantity that
has non-negligible effects on the mean flow field for finite depth, but can be ignored for
deep-water (Mclntyre (1981)).

This chapter is laid out as follows. §3.2 introduces the governing equations and bound-
ary conditions and briefly summarizes the findings of chapter 2 for infinitely deep two-
dimensional seas. §3.3 considers the effects of finite depth for two-dimensional seas. This
is followed by a discussion of three-dimensional effects in §3.4, with realistic directional

distributions being considered in §3.4.3. Finally, conclusions are drawn in §3.5.
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3.2 Governing equations and separation of scales model

3.2.1 Governing equations

Assuming irrotational and incompressible flow in a fluid of constant density, the governing
equation V¢ = 0 can be expressed in terms of the velocity potential ¢ defined here in
a three-dimensional coordinate system (x,y,z) with velocity components u = d¢/0x,
v =0¢/0y and w = 0¢/0z. In vector notation we have x = (z,y, z) and u = (u, v, w).
Gravity g acts in the negative z-direction and the still water level corresponds to z = 0.

The governing equation is solved subject to the linear no-flow bottom boundary condition

w(z = —d) = 0 and the kinematic and dynamic boundary conditions at the free surface
z=n(x,y,1):

D 0 1

i (n(x,y, t) — Z) =0, gn+ a—f + §(V¢)2 =0at z =1, (3.3a,b)

where D/Dt = 9;+u-V denotes a total derivative and (V¢)? = (V@) (Ve) = u?+v?+w?

the inner product.

3.2.2 A leading-order two-dimensional separation of scales model

for deep water (review of chapter 2)

Solving potential flow subject to its non-linear boundary conditions (3.3a-3.3b) for a wave
group, two small parameters can be defined: the steepness o = kg|ag|, the product of
a characteristic wave number ky and the magnitude of the amplitude |ag| of the surface
elevation envelope A(X), and a bandwidth parameter ¢ = 1/(koo), a measure of the
bandwidth of the spectrum with e — 0 corresponding to a periodic wave and ¢ an estimate
of the characteristic spatial scale of the group. In the deep-water limit (d — —o0) and a

two-dimensional sea, the dimensional linear signal (O(a'€®)) is given by:

't = A(X)etrmet gl = B(X, Z)etoreltorment), (3.4a,b)

where the real part is understood. The envelopes A(X) (L) and B(X, Z) (L*T!) are a

function of the slow scales:
X =¢€(x —cgot), Z=ez, (3.5a,b)

where the linear dispersion equation wi = gko, ¢,0 = dwo/dky = \/g/ko/2 and A =

i(ko/wo)B|.=o ensure the linear (in «) parts of the boundary conditions (3.3a-3.3b) are
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satisfied.

The Stokes drift, defined as the net horizontal velocity of a Lagrangian particle due to the
linear wave motion (3.1), and the Stokes transport, defined as the net depth-integrated

horizontal Eulerian volume flux associated with linear wave motion (3.2), are given by:
1
Usp = W0k062k0Z|A(X)|27 Qsr = §W0|A(X)|2' (3.6a,b)

At leading order in €, the return flow is forced by the divergence of the Stokes transport:

Odre _ 0Qsr

%% — S ax at z =0. (3.7)

The return flow is governed by Laplace V?¢re = 0, subject to the bottom boundary
condition wgr — 0 as z — —oo and the “forcing” equation (3.7), to give for the horizontal

velocity:
wWo | Qo | 2

Upp = — 0L / o f (k)e¥ cos(ka)dk, (3.8)
0

210

where the hats denote non-dimensional variables, k = ko, 2 = z/o, & = (x — cyot)/0
defined as the horizontal coordinate centered around the middle of the wave group, and

f (l%) is the normalized Fourier transform of the squared amplitude envelope:

A / A et dy
f(k) =—= : (3.9)

alagl?

For a Gaussian group A = |ag|exp(—i2/2), f(k) = /mexp(—k2/4). In the far-field
(|z —cg0t| > 0, |2| > o or both) we can obtain a dipole approximation to the horizontal

velocity field. For a Gaussian group, we have from (3.8) (see appendix D.1):

1 w0|a0|2 12'2 — ,’/3’2

U= o /r o (@24 222

(3.10)

At the centre of the group & = 0 the horizontal velocity thus decays as (z/0)~2 with depth.

3.2.2.1 Lagrangian transport

The total Lagrangian velocity of a particle u,, is determined by the sum of its Stokes drift

Ugp, a Lagrangian phenomenon, and the Eulerian return flow field ugy (Andrews and Mclntyre



3.2 Governing equations and separation of scales model 49

1978):
LIL — llSD + URF . (3.11)

~—
Lagrangian Stokes drift ~ Eulerian

The net horizontal displacement by the Stokes drift (3.6) for a particle as a function of

its initial vertical position zy and for a Gaussian group is given by:
Azgp(20) = 2v/Toa’e? o, (3.12)

The net horizontal transport by the return flow can be found by integrating the horizontal
return flow velocity (3.8) with respect to time. For a wave group without dispersion we
obtain from (3.8):

N / / B F ()R cos(bf) dibdi, (3.13)

where the double integral on the right hand side is non-dimensional (£ = c,t/0) and
only a function of the scaled initial particle depth Zy = zp/0. Explicitly, we have from
numerical evaluation of the double integral for a particle located at zyp = 0 and a Gaussian
group Azgp(zg = 0) &~ —0.1134a2/ky. Comparing magnitudes, we thus have at the
surface:

Az (2 = 0) & 0a®(2y/7 — 0.1134e). (3.14)

For e = 0.16, a representative value obtained from fitting an idealized Gaussian spectrum
to the peak of a Jonswap spectrum Gibbs and Taylor (2005), the contribution due to
Stokes drift is a factor ~ 200 larger than the contribution due to the return flow, provided
the sea is two-dimensional and the depth is large relative to both the length of the

individual waves A and the length of the group o.

3.2.2.2 The transition depth

The transition depth, below which Lagrangian particles are transported backwards by
the return flow and above which such particles are transported forwards by Stokes drift,
is defined by:

Axy (20 = 2r) = Axgp(2r) + Azge(zr) = 0. (3.15)

Ignoring the generally small effects of dispersion and making use of the fact that Stokes
drift decays much faster with depth than the return flow for deep water, an approximate
expression for the transition depth 27 can be obtained. This is achieved by finding the
depth at which the net horizontal Stokes drift displacement (3.12) has decreased to the

surface value (zg = 0) of the return flow displacement, which can be assumed not to decay
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over that same depth:
Azpp(20 = 0) + Azsp (20 = 25 ppe) = 0, (3.16)

which has the solution:

* ~
ZT,DRF ~

2—%( — 3.442 4 log(e)). (3.17)

Provided the fluid is very deep (d/o > 1), chapter 2 has shown that (3.17) provides a near
perfect approximation to the transition depth for realistic bandwidths (using € = 0.16 as

a representative value).

3.3 The effect of finite depth

It is evident from (3.8) that for the return flow not to feel the effect of finite depth, not
only kod needs to be large, but so does d/o = €kod, which is one order in € smaller than
the former. Without taking the d — —oo limit, the linear solution (O(at€®)) in (3.4)

becomes:

cosh (ko(z + d)) cilkoz—wot) (3.18a,b)

(1) — A(X i(kox—wot)
1 (X)e cosh(kod) ’

, oV =DB(X,2)

where the slow scales are defined as in (3.5). From the linear (O(a'e®)) free surface
boundary conditions (3.3a-3.3b) we have B = —igA/wy and w3 = gko tanh(kod), the lin-
ear dispersion relationship. At next order in €, the linear (in «) signals are defined such

that the envelope travels at the group velocity ¢, = dwo/dko.

From the linear signal (3.18), leading-order expressions for the Stokes drift and the Stokes

transport can be obtained:

e woko cosh(2ko(d + 2))
o 2 sinh?(kod)

Wo

~ 2tanh(kod)

JAX)P, Qs |A(X)[%. (3.19a,b)
It is evident then from (3.19) and from figure 3.1, which shows the variation of the Stokes
drift with depth for a number of different depths, that both the magnitude of the Stokes
drift and that of the Stokes transport are larger for shallower depth, the latter equal in
magnitude to the depth integral of the former.

At second-order in steepness, the free surface boundary conditions (3.3a-3.3b) can be
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Figure 3.1: Depth decay of the Stokes drift (3.19a) for different values of the non-
dimensional depth kod = {00,2.5,1.25,0.625,0.3125} (d/o = {00,0.4,0.2,0.1,0.05} for
e = 0.16) for a Gaussian group. The asymptotic limit for infinite depth kody — oo (3.6a)
is denoted by a dashed line visually not distinguishable from kqd = 2.5 here. The values
are correct for two-dimensional seas ((3.6a) and (3.19a)) as well as for three-dimensional
seas ((3.33a) and (3.44a)) at the centre of the group (y = 0). To enable comparison,
the wave number wi = v/gko used in the scaling of the horizontal axis is the deep-water
value, so not a function of depth.

combined to give a “forcing” equation for the Eulerian flow field at second order:

2 2 4(1)
( o, 13_> ) = v, (uVy®) _12(9 ARCIN %(w(l))Q) at z=0, (3.20)
~—_— —

0z ' goe g ot \ Otdz
Vu-QsT h g d
o /ot
where we have used 0,w = —0,u — J,v from conservation of volume and Vy = (9, 9y,0).

Equation (3.20) is referred to as the return flow forcing equation and constitutes the
boundary condition subject to which the Laplace equation has to be solved to obtain the
Eulerian flow at second order. Implicitly, we only include terms that contribute to the
mean flow here. Hence the terms on the right hand side are averaged over the fast scales.
The forcing consists of two terms: the divergence of the Stokes transport (Vy - Qsr) and
the variation of the slowly varying set-down of the free surface associated with the group
(0n® /ot). We will refer to the mean flow driven by both these effects as the return flow.

It can be readily verified from the polarization relationships of the linear wave solutions
(O(a'€?)), showing the relative phases of the different linear components and included in

appendix C for completeness, that only the first term of the mean-flow forcing equation
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(Vi - Qsr) is non-zero at leading-order (O(a?e')) for deep water. In words, the mean
set-down associated with the group is too small to non-negligibly affect the underlying
mean flow field when the fluid is deep and we assume a slowly-varying wave group. The
free surface then “appears rigid to the local mean flow”, as observed by McIntyre (1981)
(p. 339) based on taking a limit of the solutions by Longuet-Higgins and Stewart (1962).
When the fluid is of finite depth, both terms contribute and we have (see appendix C)
for the set-down (O(a?e®)) and the return flow potential at leading order (O(a?e?)):

1
@___ L
g > sinh(2hod) 0 (321)
a(bRF aQST
= (1+56, , 22
9z |, ( + Opp (kod)) 9 (3.22)

where Qgr is given by (3.19b) and dep (kod) = ¢4 0wo/ (g sinh(2kod)). Explicitly, the term
arising from the mean set-down dyp(kod) can be written as:
_ kodsech®(kod) + tanh(kod)

Or (Fiod) = 2 sinh(2kod) ’ (3.23)

where, to avoid confusion, we note that § does not denote a Dirac delta function in this
chapter. In the deep-water limit kyd — 00, dpp(kod) — 0 and we recover the deep-water
return flow forcing equation (3.7). In the limit kod — 0, dpp(kod) — 1/2. The corre-
sponding set-down for deep water is 7'® = —ekgA%/4, one order higher in ¢ than (3.21).

Solving the boundary value problem subject to the bottom boundary condition and the

new forcing equation (3.22), we obtain for the return flow:

a0l (1+ G (ko)) /00 bif (k) cosh(k(2 +d)) (ki) (3.24)

270 tanh(kod) 0 sinh(kd)
where d = d/o is an additional non-dimensional parameter and f(k) is defined as in
(3.9). By taking the limit d/oc > 1 (and hence kod > 1), we recover the deep-water
limit (3.8). With e small, it is however possible for the water to be shallow with respect
to the return flow which varies on the scale ¢ but of intermediate depth or even deep
with respect to the individual waves that scale on A = 27/kq (the shallow-water limit
kod — 0 is considered in appendix E for completeness). In this limit (d = d/o — 0),
(3.24) reduces to a uniform flow:

_w0|A(X)\2(1 + drp (kod))

_ 3.25
Urr 2 tanh(kod)d ’ (3.25)
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Figure 3.2: Depth decay of the return flow for (a,b) two-dimensional groups and (c,d)
three-dimensional groups with equal group widths in both directions (¢ = o, = 0,,) at the
centre of the group (a,c) and at its edge (b,d). The different lines correspond to different
depths d/o = {00,3.2,1.6,0.8,0.4,0.2} (kod = {00,20,10,5,2.5,1.25} for e = 0.16). The
deep-water limit (d/oc — o0) is denoted by a dashed line and the shallow return flow
limits ((3.25) and (3.46)) are denoted by dash-dotted lines.

for a general spectrum. Figure 3.2 compares the horizontal velocity (3.24) for different
depths with the shallow return flow limit (3.25) at two different locations: at the centre

of the group = = ¢, ot and at the trailing and leading edge z = ¢, ot £ V20.

3.3.1 Lagrangian transport

For the net horizontal displacement due to Stokes drift by a Gaussian group, we obtain

from (3.19a) as a function of the initial vertical position of the particle zy:

Azgp(20) = 2v/Ta?085p (kod) cosh(2ko(d + zp)), (3.26)
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Figure 3.3: Depth decay of the net horizontal transport by Stokes drift (3.26) for dif-
ferent values of the non-dimensional depth kod = {o0,2.5,1.25,0.625,0.3125} (d/o =
{00,0.4,0.2,0.1,0.05} for ¢ = 0.16) for Gaussian groups. The asymptotic limit for in-
finite depth kody — oo (3.12) is denoted by a dashed line. The values are correct for
two-dimensional seas ((3.12) and (3.26)) as well as for three-dimensional seas ((3.39) and
(3.47)) at the centre of the group (y = 0).

where dgp(kod) = coth(kod)/(2kod + sinh(2kod)), so that dgp(kod) cosh(2ko(d + z)) —
exp(2koz) as kod — oo and we recover the deep-water limit (3.12). Figure 3.3 examines
the depth decay of the net displacement by Stokes drift for different values of kod. The

overall form is of course very similar to the Stokes drift velocity profiles in figure 3.1.

From (3.24) we have for the net horizontal displacement by the return flow as a function

of the initial vertical position of the particle zy:

A

A (20) = — 5“ kod) * ki (k) cosh(k(Zo + d)) cos(lef)dledt, (3.27)
sinh(kd)

where 0pp(kod) = dsp (kod) (1 + 0p (kod)) sinh(2kod) so that dxe(kod) — 1 as kod — oo and
we recover (3.13). Explicitly, we have for dpp(kod):

Zkod + 3 Slnh(?kod) + smh(4k0d)

Orr (kod) = dsp (kod) (1 + 0pp (kod)) sinh(2kod) = . (3.28
e (Rod) = den (Rod )L+ 0en (hod)) sinb(2hod) = ) (hod + sinb (ko) 2
If the depth is sufficiently small (d/o — 0), (3.27) reduces to:
kod
Ay = —2/70%0 Our (Kod) (3.29)

2kod
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Figure 3.4: Depth decay of the net horizontal transport by the return flow for different
depths for (a,b) two-dimensional groups and (c¢,d) three-dimensional groups with equal
group widths in both directions (0 = o, = o). The panels on the left show intermediate
values of depth d/o = {3.2,1.6,0.8,0.4,0.2} (kod = {20,10,5,2.5,1.25} for ¢ = 0.16)
and the panels on the right show very large depths d/o = {00,25.6,12.8,6.4} (kod =
{00,160, 80,40} for e = 0.16). Also shown (dash-dotted lines) is the shallow return flow
limit (3.29). The difference is only visible for really large depths (right panels).

We note that in this shallow water regime the net displacement is a (linear) function of o,
whereas for deep water there is no dependence on ¢ apart from through the dependence
on depth 2 = z/o (cf. (3.13)). In other words, unlike in the deep-water case, the net dis-
placement by Stokes drift (3.26) and by the return flow (3.29) scale equivalently, namely
with . The net displacement is evidently no longer a function of the initial vertical
particle position. Figure 3.4 shows the variation of the net horizontal displacement (3.27)
by the return flow as a function as a function of depth. Comparison with the shallow
return flow limit (3.29) confirms that the return flow can be approximated as a shallow

uniform flow for all except for extremely large depths.
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3.3.2 The transition depth

Although it is not possible to develop an explicit expression for the transition depth for
general depth kgd, the expression for the net transport in the limit in which the water
is shallow with respect to the return flow (3.29) but not with respect to the individual

waves (3.27) gives:

sinh(2kod)

Az, = 2\/7_ra205SD(kod)(cosh(Qko(Zo +d)) — oed
0

(1+ 5FD(k0d))). (3.30)
We can obtain a corresponding estimate of the transition depth by setting Az, = 0:

1 inh(2kod
. (s

= — cos Skod

Tsee = Gp (1+ 5FD(kod))) —d. (3.31)

Figure 3.5 compares this approximate transition depth (3.31) to the implicit solution of

Az (zr) = 0 showing its large domain validity.

Furthermore, it is evident from (3.22) that for sufficiently small depth, when both the
Stokes drift and the return flow start start to behave like a uniform flow with depth (see
appendix E), the return flow becomes larger than the Stokes drift. Setting 2} .. = 0,
equation (3.31) can be solved implicitly to give kod = 0.53 independently of the spectrum
as an approximate criterion for Azrsp, = —Axgr at 2o = 0. The transition depth in figure

3.5 is thus only shown for kqd > 0.53.

3.4 The effect of directionality

Realistic sea states are directionally spread and comparison with field measurements by
Donelan et al. (1985) and Ewans (1998) to a wrapped normal distribution gives a rms
spreading parameter of 15°—30° (Gibbs and Taylor 2005). Assuming the spreading angle
is small, we assume the rms spreading parameter (in radians) corresponds directly to the
ratio of the two horizontal scales of the group o, and o,. We then have §,, = 0,/0, =
1.6 — 3.3. In order to make analytical progress, we assume the effect of directionality is
sufficiently small for it to only affect the slow dynamics. Defining two small parameters
€ = 1/(koo,) and €, = 1/(koo,), where k remains the wave number of the fast waves in
the z-direction, we assume O(e;) = O(€,), but not necessarily €, = ¢,. For rms spreading
parameters towards the lower end of the range 15° — 30° this assumption is evidently
supported by the data. We have €, = 0.26 — 0.52, setting €, = 0.16. In words, the group

is typically somewhat longer than it is wide, but, more importantly, the length scales are
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Figure 3.5: Transition depth for two-dimensional seas comparing the approximate tran-
sition depth for deep water (2 ;) (3.17) and the approximate transition depth for a
shallow return flow (2 4zr) (3.31) to the implicit solution of Az (z;) = 0 for three values
of e =1/(koo).

of the same order of magnitude. To study the effect of introducing a third dimension in
the simplest possible way, §3.4.1 and §3.4.2 initially proceed under the assumption that
o, = 0, (and 0, = 1). §3.4.3 then relaxes this assumption and examines different degrees
of spreading within the reported range. Corresponding solutions for d,, # 1 are given in

appendix F.

3.4.1 Infinite depth (o, = 0,)

In the deep-water limit (d — oo) and a three-dimensional sea (z,y, z), the linear signal
(O(a'e?)) is given by:

M = A(X,Y)elhormeot) o) — B(X Y, Z)eko7e!Forwot), (3.32a,b)

where we have defined an additional slow scale Y = €,y with €, = 1/(kyo,) and we have
assumed the fast carrier wave travels in the z-direction without loss of generality. For
uni-directional seas we have d,, = 0 (0, — 00) and we return to the two-dimensional
solutions presented above. To simplify the analysis, we start by considering the case of
a group that is as wide as it is long: 0 = 0, = 0y, dsp = 1, and thus € = €, = ¢,. §3.4.3

considers more realistic directional distributions.
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We have for the Stokes drift and the Stokes transport per unit width at leading order:
2oz 2 1 2
usp = wokoe ™ *|A(X,Y)|?, Qsr = §w0|A(X, Y)|7, (3.33)

where the only difference with the two-dimensional result (3.6) is the additional depen-
dence on the slow scale Y. We note that at leading order there is only a Stokes drift
and transport in the x-direction. Although the Stokes drift and Stokes transport are
unaffected at leading order in € (v(V) = ¢ /9y = 0 at O(e°)), the return flow is affected
at leading order by the introduction of the third dimension. The “forcing” equation (3.7)
remains unchanged, but the governing equation has an additional dimension and we thus

have for the return flow:

_ wolaol® / / Ve rihi+i)
= Frilse dk:dl 3.34
e 8n20 N k2 12 (3:34)

w0|a0|2/ /oo k‘lf k‘ l k2+l2 +(k +ly

— FHike ) gk dl, 3.35

e N o
2

Wre = w§7|:;0| / / ik f (k, [)e VR HEHiR) g g (3.36)

where & = (z — ¢yot)/0w, § = y/oy, 2 = 2/, and f(k,1) is now a bivariate function

defined as:
/ / —i(kz+ly) dl’dy

0'2‘610‘2

N)

, (3.37)

where k = ko and [ = lo. We have f(k, 1) = mexp(—(k*+12)/4) for a bivariate Gaussian
group A(z,y) = agexp(—(2* + §%)/2). Obviously, the third dimension generally reduces
the magnitude of the return flow (see figure 3.2), as the mass imbalance caused by the
Stokes transport can be remedied by a return flow in three dimensions rather than one

constrained to a plane.

The far-field behaviour of the horizontal velocity for such a group (see appendix D.2) is

given by a dipole solution in three dimensions:

wolal 282 — 3 — 2°

e = 2 e T (3.38)

At the centre of the group (Z = 0, § = 0), the horizontal velocity decays with depth as
273, evidently a faster rate of decay with depth compared to the two-dimensional case
(272). At the surface (2 = 0) and at the centre of the group (# = 0), the far-field decay
with the span-wise coordinate ¥y is equivalent to the decay with depth: §73. It is evident

from figure 3.6 that the horizontal velocity generally decays faster with depth for the
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Figure 3.6: Far-field depth decay of the return flow (dashed lines) and the full deep-water
solutions for two- and three-dimensional seas (continuous lines) with ¢ = o, = 0, at the
centre of the group (x =0, y = 0) and for € = 0.16.

three-dimensional case and is also generally smaller in magnitude.

3.4.1.1 Lagrangian transport

From (3.33) we can obtain for the total horizontal Lagrangian transport by the Stokes

drift alone, as a function of the initial particle coordinates 1 and z:
Az (Yo, 20) = 2v/moa? o0 W0/o) (3.39)

where the only difference with the analogous two-dimensional result (3.12) is the addi-
tional dependence on transverse (across group) direction y, given here for a Gaussian
group. From (3.34), we obtain for the net horizontal transport by the return flow as a

function of the initial particle coordinates yq and zj:

AI’RF(yo, ZO Qko / / / \/m k2+l2z0+z(kx+lyo)dkdldx (340)

At the still water level (zp = 0) and at the centre of the group (yo = 0), we obtain from
numerical integration of (3.40): Azpr ~ —0.0101a?/ky, approximately a factor of 11.3
smaller than the two-dimensional case (cf. Axyp &~ —0.1134a2/k for 2D) thus illustrating

the strong weakening effect of three-dimensionality on the return flow.
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Figure 3.7: Net displacement by a three-dimensional wave group in infinitely deep water
with ¢ = 0, = 0, for € = 0.16 showing the approximate transition curve (3.41) (black
line) for infinitely deep water. Note that the colour scale saturates for positive Axy,.

3.4.1.2 The transition depth and width

Upon introducing a third dimension, one length scale, i.e. the transition depth, is no
longer sufficient to sufficient to map out the transition between forward transport by
Stokes drift and backward transport by the return flow. Assuming that the return flow
varies much more slowly spatially than the Stokes drift, an assumption which was shown
to be valid for the transition depth of two-dimensional seas, we obtain a parabolic rela-

tionship for the transition curve Az, ~ Axgp(yg, 25) + Azge(0,0) = 0:

1 1
kozs — 562(]{03/5)2 = 5 log(e) — 293, (341)

which is illustrated in figure 3.7. Comparing to the full (y,z) field of Az, without
making this assumption finds excellent agreement. We define the transition depth and

the transition width as intersections with the z-axis and the z-axis, respectively:

* 1 *
P 2—]%<1og(e) _ 5.86), Y o sy = £01/5.86 — log(e). (3.42a,b)

Figure 3.8 compares these approximate length scales to the full solutions of Ax;, = 0, ob-
tained implicitly, demonstrating near perfect agreement for a broad range of bandwidths

similar to the results in chapter 2.
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Figure 3.8: Approximate deep return flow transition depth (a) zj ... ,, and width (b)

Yt presp (3-42) (dashed lines) compared to the full solutions (continuous lines) for infinite
depth and in three-dimensional seas (0, = 0,, ds5 = 1). Note the full solutions are
indistinguishable from the approximate solutions.

3.4.2 Finite depth (0, = 0;)

Combining the effects of finite depth (§3.3) and that of adding the third dimension
(83.4.1), gives for the linear signal (O(a'e")):

cosh (ko(z +d))
cosh(kod)

M = A(X,Y)ethormeot) M) = B(X,Y, Z) e'thor=wol) - (3.43a,b)
where the slow scales are defined as in (3.5) and Y = ¢,y with ¢, = 1/(koo,) =€, = €
as in §3.4.1. From the linear (in «) free surface boundary conditions (3.3) we have

B = —igA/wy and w2 = gk tanh(kod), the linear dispersion relationship.

From the linear signal (3.43), expressions for the Stokes drift and the Stokes transport

can be obtained:

U — LU()I{Z() COSh(2k0(d + Z))
) sinh?(kod)

Wo

AX,Y)? = ——

IAX,Y)|2. (3.44ab)

where the only difference with their two-dimensional analogues is an additional depen-
dence on y. The leading-order Stokes drift and Stokes transport are only non-zero in the

x-direction. The return flow is given by:

RF —

LM%|1+@D% C%mvm+ﬁ@+agmﬂm%ﬂ

8m2 tanh (kod) / / \ /k2 2 sinh (1 /k2 + jzaf)

(3.45)
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where k = ko, | = lo, & = x/o, § = y/o, 2 = zJo, d = d/o, dep(kod) defined in (3.23)
and f(k,1) in (3.37). Taking the limit d/o — 0, we obtain a flow that is uniform with
depth but varies spatially according to:

w0|a0| 1 + 6FD l{Q / / (’;AJ’_ZQ) ~A A
= "\ dkdl. 4
i 8m2 tanh (kod) - k:2 + 12 (3.46)

3.4.2.1 Lagrangian transport

The net horizontal transport by Stokes drift alone can be found from integrating (3.44a)
with respect to time for a Gaussian group. As a function of the initial particle coordinates

1o and zp, we obtain:

Azgp (Yo, 20) = 2v/ T 06sp (kod) cosh(2ko(d + 20)) exp(—(yo/0)?), (3.47)

where dsp(kod) = coth(kod)/(2kod + sinh(2kod)). The only difference with the two-
dimensional solution (3.26) is the additional dependence on gy = yo/0. Similarly, the

net displacement by the return flow is given by:

Az (Yo, 20) = — el / / / ] ol ]%2+52(20+(i))€i(m+ig°)dl%didj
T ke \/k;2 2 sih(Vi2 + 2d) ’
(3.48)

with dpp(kod) = dsp(kod) sinh(2kod)(1 + dpp(kod)) as before. We consider the shallow-
water limit d/o — 0 and obtain from (3.48):

5 k
Ay (yo) = — ZWZ nr (Ko / / / k:2+l2 e!(ki+lio) qkdidz, (3.49)

where we note that the net transport by the return flow is constant with depth, but

remains a function of the transverse coordinate yy. Figure 3.4 shows the variation with
depth of the net displacement by the return flow for different depths at the centre of the
group y = 0, whereas figure 3.9 examines its variation with the transverse coordinate y
at the still water level z = 0. It is evident from these figures that the shallow return
flow approximation (3.49) is valid except for extremely large water depths (kod 2= 20 for
e =0.16).

3.4.2.2 The transition depth and width

As before, we can obtain the following approximate relationship for the transition curve:
Az, =~ Azgp(yg, 25) + Azge(0,0) = 0 based on the shallow return flow limit (3.49).



3.4 The effect of directionality 63

3D:Z:0,53D:1 3DIZ:0,(53]_):1
0.005
< <
2 £-0.01
4 q
< <&
-0.015
. - - - - - -0.02 - - - - -
-30 -20 -10 0 10 20 30 -30 -20 -10 0 10 20 30
a) y/o b) y/o

Figure 3.9: Variation of the net horizontal transport by the return flow in the verti-
cal plane orthogonal to the direction of propagation for different depths. The panel
on the left shows intermediate values of depth d/o = {3.2,1.6,0.8,0.4,0.2} (kod =
{20,10,5,2.5,1.25} for ¢ = 0.16) and the panel on the right shows very large depths
d/o = {00,25.6,12.8,6.4} (kod = {00,160,80,40} for ¢ = 0.16). Also shown (dash-
dotted lines) is the shallow return flow limit (3.29). The difference is only visible for
really large depths (right panels).

Explicitly, this can be rewritten as:

.1 . . sinh(2kod) (1 4 dpp (Kod)) L(58/9)
2y = o (cosh (CSRF,ZSD(53D =1) Send ) d (3.50)

where the non-dimensional constant c is given by:

Coran(Gsp = 1) 7r5/2 / / / k;2+l2 @W@d/%did@zo.om (3.51)

with the second approximate equality holding for a Gaussian group with o, = o,,.

Figure 3.10 illustrates the topology of the transition curve for different depths comparing
the finite depth solutions for the net Lagrangian transport Ax; with the approximate
transition curve (3.50). It is evident from figure 3.10 that the transition “curve” is no
longer a continuous curve when finite depth effects are considered. In fact, for shallow
enough depths and sufficiently spread groups the Stokes drift dominates the return flow
at all depths in terms of its net horizontal transport underneath the centre of the group.
For the case 0,5, = 1 considered here, this depth criterion corresponds to kod ~ 2.6
(from sinh(2kod)(1 + 0sp)/(2kod) = 1/Csprsp(dsp = 1)). The separation of physical
domains that is observed for deep water, in which the Stokes drift dominates near the

surface and the return flow at depth, is transformed for shallow water provided the group



64 The effects of directionality and finite depth

koAzy/a? (03p = 1,d/o =12.8) koAzy/a? (03p = 1,d/o =6.4) koAzy/a? (03p = 1,d/o =3.2)
0.01 0 \“-—__ ‘B i
01 -0.2 T— 0.02
0.005
0 2 0
-0.01 -0.0z

-2 0 2 -2 0 2
a) vlo b) ylo c) vl/o
kgAxL/a (dsp =1 d/U 1.6) kgAxL/a (dsp =1 d/(f =0.8) koAzy/a? (03p = 1,d/o =0.4)

0 0
0.05 0.1 0.2
-0.2 -0.2
0.05 0.1
s -0.4 s -0.4
0 N 0 N 0
-0.6 -0.6
-0.08 -0.1
-0.8 .
-0.0¢t -0.1
-0.2
-1 -1 0
y/o y/ff

kUArL/a (6sp = 1,d/o =0.2) koAzy/a? (03p = 1,d/o =0.1) koAzy/a? (63p = 1,d/o =0.05)

0 0.4
-0.2
0.2
_ 04
N 0
-0.6
-0.2
-0.8
-1 -0.4
y/ﬂ

Figure 3.10: Net horizontal Lagrangian displacement by a three-dimensional wave
group with ¢ = o, = o, for € = 0.16 and different values for depth d/o =
{12.8,6.4,3.2,1.6,0.8,0.4,0.2,0.1,0.05} (kod = {80,40,20,10,5,2.5,1.25,0.625,0.3125}
for e = 0.16) showing the approximate transition curve (3.50) (black line). Note that the
colour scale saturates for positive Axy,.

g) h) u/o

has some directional spreading. In that case, the Stokes drift is dominant everywhere
underneath the group (|y/o| < 2) and the return flow dominates everywhere else (|y/o| 2
2). Although we no longer have a parabola, we still define the vertical and horizontal

scales of the transition curve as 2% ¢.pan = 26(y6 = 0 and ¥k o op = Yo (25 = 0):

: . 1
L cosh™ (C Sus = 1 M) —d f sinh(2kod) ~, |
2k COoS snr.sp (Osp ) 2kod or 2kod = Csrpsp(0sp = 1)

~ 1
—d for sinh(2kod)
2kod CSRF,ZSD (5

*
ZT,SRF,SD -

cn||

p=1)
(3.52)

1 2]€0d
R . 3.53
Yrsrrsp = 04| 108 (CSRF,3D(63D = 1) tanh(?k’od)) ( )
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3.4.3 Realistic directional spectra

Considering more realistic degrees of directional spreading, appendix F shows the solu-
tions for the three-dimensional return flow field for o, # o, (and dsp # 1). For different
degrees of directional spreading representative of real world seas, this section then com-
pares the deep and shallow return flow limit to the net displacements of a particle at
the free surface and transition depths and width than can be obtained from the velocity

fields in appendix F. We first consider the two limits in turn for d,, # 1.

3.4.3.1 The deep-water return flow limit

In deep water (d/o — o0), the net transport by Stokes drift and return flow associated

with a directionally spread group are given by:

Yo\ ?

Azsn (Yo, 20) = 2v/mow0? exp (2kozo — (=) ), (3.54)
» (2k020 - (7))
2\/%CDRF,3D(53D)CY2

Axpp(yo = 0,20 =0) = — (3.55)

ko ’

where Cprpsp(dsp) is given by:

1 o 0o 00 ]%2 ];, Z o o
CDRF,BD(63D) = S 5/2/ / / —f< ’ ) €Z(kx+lyo)dk’dldi’. (356)
7T A A
—00 J —00 J —00 k2 + 5§Dl2

From numerical evaluation of the numerical integral for a Gaussian group, we have for the
constant Chrpsp = {0.032,0.0056,0.0028,0.0014,0.0010} for d,, = {0,0.5,1,2,3} with
corresponding values of Azyp(yo = 0,20 = 0) = {0.1134,0.0197,0.0101, 0.0051, 0.0034 }* / ky
illustrating the dramatic effect of even small degrees of directional spreading on the net

transport by the return flow. The approximate transition curve remains parabolic:

Oy

2
1 1
]{3020 - 5 <@> — 5 IOg (CSRF,SD(53D)€$) . (3-57)

Approximate transition depths and widths are:

* 1 *
2T DRF,3D — Q_kO ( log(EI)"i_lOg(CSRF,SD(53D>>)a Yrprrsp — Oy \/_ log(CSRF,SD((SSD)) - log<er)'
(3.58a,b)
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3.4.3.2 The shallow-water return flow limit

Under the shallow return flow approximation (d/o — 0), the net transport by Stokes

drift and return flow associated with a directionally spread group are given by:

Axep (Yo, 20) = 2v/Ta2 0,05 (Kod) cosh(2ko(d + 20)) exp(—(yo/0y)?), (3.59)

sinh(2kod)

AxRF(yD = 0, zZ20 — 0) = —2\/7_1'0375513(de)(1 + (SFD(de)) 2]{ d
0

CSRF,3D(63D)7 (3'60)

where Cggpsp = is given by:

> k2 zka: A
OSRF,BD 3D = 71'5/2/ / / k2—1—62 l2 dkdld (3.61)

From numerical evaluation of the numerical integral for a Gaussian group, we have for the
constant Cggpsp = {1,0.11,0.056,0.028,0.019} for d5, = {0,0.5,1,2,3}. The approximate

transition curve is given by:

Zp = —— COS

_4 { sinh(2kod)
2k

2kod Csirap(0p) exp((yo/ﬁy)2)> —d. (3.62)

Approximate transition depths and widths are:

inh(2kod
cosh™ (SR (45 (o) Canr o)
) ) ) —d, (3.63)

T,SRF,3D 2k70

N tanh(2kod)(1 + 0pp (kod
Yrsrrap = Oya | — 10g<CSRF,3D<53D)) - log ( ( 0 >2(k0d ( 0 ))>, (3.64)

where the transition depth is only defined for sinh(2kod)(1+0pp (kod) / (2kod) > 1/Cspp sp(0sp)-
For smaller depths, the Stokes drift is always larger underneath the centre of the group.

Figure 3.11a and 3.11b compare the transition depth, defined as the solution to Ax; (yo

0,20 = zr) = 0, and the transition width, defined as the solution to Az, (yo = yr, 20 =
0) = 0, to the approximate scales in the deep return flow (d/o — 00) (3.58) and the shal-
low return flow limit (d/o — 0) (3.63-3.64) for different degrees of directional spreading.
It is evident from these figures that the shallow return flow limit provides an excellent ap-
proximation except for very large depths. Unless the sea state is perfectly uni-directional,

a transition depth cannot be defined for kod < 2 with all net transport positive below the
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Figure 3.11: Transition depth (a) and width (b) for three-dimensional seas with different
degrees of directionality d,, = 0,/0, and as a function of water depth kod. Shown are
the deep return flow limit (3.58) (horizontal dashed lines), the shallow return flow limit
(3.63-3.64) (dashed lines) and the implicit solution for intermediate depth (continuous
lines).
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Orms = 0° | Orus = 57 | orus = 10° | orus = 20° | opus = 30°
Location d kod lao| (m] | Azgp [m] | Azge [m] | Azge m] | Azge m] | Azge [m] | Azge [m]
—11.9 —-1.2 —0.62 —0.31 —0.21
Coastal 10 m 0.68 2.9 14.4 —-11.9 —-1.2 —0.62 -0.31 —-0.21
—0.07 —0.01 —0.005 —0.003 —0.002
—-8.0 —0.82 —-0.41 —0.21 —0.14
Coastal 20 m 1.0 3.9 14.9 —8.0 —0.82 -0.41 -0.21 -0.14
—0.09 —0.01 —0.007 —0.004 —0.002
—54 —0.56 —0.28 —0.14 —0.09
S. North Sea 40 m 1.7 4.7 18.1 —-5.4 —0.56 —-0.28 -0.14 —0.09
—0.11 —0.02 —0.009 —0.004 —0.003
-3.3 —0.34 —0.17 —0.09 —0.06
C. North Sea 80 m 3.2 5.0 21.6 -3.3 —-0.34 —-0.17 —0.09 —0.06
—0.11 —0.02 —0.009 —0.005 —0.003
—-1.7 —0.17 —0.09 —0.04 —0.03
N. North Sea 160 m 6.4 5.0 22.0 -1.7 -0.18 —0.09 —0.04 —0.03
—0.11 —0.02 —0.009 —0.005 —0.003
—0.55 —0.06 —0.03 —0.01 —0.01
Continental Slope | 500 m 20 5.0 22.0 —0.55 —0.06 —-0.03 —0.01 —0.01
—0.11 —0.02 —0.009 —0.005 —0.003
—0.27 —0.03 —0.01 —0.007 —0.005
Continental Slope | 1.0 km 40 5.0 22.0 —-0.28 —0.03 —0.02 —0.008 —0.0058
—0.11 —0.02 —0.009 —0.005 —0.003
—0.09 —0.009 —0.005 —0.002 —0.001
Abyssal Plane 3.0km | 1.2-10% 5.0 22.0 -0.14 —0.02 -0.01 —0.005 —0.003
—0.11 —0.02 —0.009 —0.005 —0.003
—0.05 —0.005 —0.002 —0.002 —0.0008
Abyssal Plane 6.0 km | 2.4 -10% 5.0 22.0 —-0.12 —-0.02 —0.009 —0.005 —0.003
—0.11 —0.02 —0.009 —0.005 —0.003
—0.03 —0.003 —0.001 —0.0006 —0.0004
Mariana Trench 11 km | 4.4-10% 5.0 22.0 -0.11 —0.02 —0.009 —0.005 —0.003
—0.11 —0.02 —0.009 —0.005 —0.003

Table 3.1: Net horizontal transport for particles at the free surface and at the centre of
the group (2o = 0, yo = 0) for different depths (rows) and different degrees of directional
spreading (columns). We set Ty = 10s, a = 0.2 and €, = 0.16. Three values are reported.
The top value of Axyr corresponds to the shallow-water return flow limit, the bold value
to the full finite depth solution and the bottom value to the deep-water return flow limit.
The root mean square spreading parameters ogpys = {0°,5°,10°,20°,30°} correspond to
dsp = {0,0.54,1.1,2.2,3.3}. If z; < —d, the Stokes drift dominates the return flow at all
depths below the centre of the group.

centre of the group. The kinks in figure 3.11a arise because of the change in topology of

the transition curve as shown in moving from figure 3.10e to 3.10f.

3.5 Conclusions

This chapter has examined the Lagrangian transport by wave groups in finite depth and
directionally spread seas driven by two opposing effects: the Stokes transport transport-
ing fluid particles in one direction and the return flow opposing this by transporting
fluid particles in the opposite direction. Both the effect of finite depth and the effect
of directional spreading are crucial factors in determining the magnitude and physical

importance of the net transport.
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Orms = 0° | Oras = 0° | Orms = 10° | ogus = 20° | ogus = 30°
Location d kod Zr [m] Zr [m] Zr [m] Zr [m] Zy [m]
—-1.6 < —d < —d < —d < —d
Coastal 10 m 0.68 -1.6 < —d < —d < —d < —d
—38.8 —52.2 —57.2 —62.3 —65.2
—6.4 < —d < —d < —d < —d
Coastal 20 m 1.0 —64 < —d < —d < —d < —d
—50.9 —68.6 —75.1 —81.7 —85.6
—14.1 < —d < —d < —d < —d
S. North Sea 40 m 1.7 —14.1 < —d < —d < —d < —d
—61.4 —82.8 —90.6 —98.7 —103
—23.1 —51.5 —60.3 —-70.9 < —d
C. North Sea 80 m 3.2 —-23.1 —51.5 —60.3 —-70.9 < —d
—65.3 —88.0 —96.4 —105 —110
—31.8 —60.1 —68.5 —77.1 —82.1
N. North Sea 160 m 6.4 —31.8 —60.1 —68.5 771 —-82.1
—65.5 —88.3 —-96.7 —105 —110
—45.9 —74.2 —82.7 —91.3 —96.3
Continental slope | 500 m 20 —45.9 —74.2 —82.7 —-91.3 —-96.3
—65.5 —88.3 —-96.7 —105 —110
—54.5 —80.9 —91.3 —99.9 —105
Continental slope | 1.0 km 40 —54.3 —80.3 -90.7 —-99.3 —104
—65.5 —88.3 —-96.7 —105 —110
—68.2 —96.5 —105 —113 —119
Abyssal Plane 3.0 km | 1.2 - 102 —63.2 —87.9 -96.3 —-105 —110
—65.5 —88.3 —-96.7 —105 —110
—76.8 —105 —114 —122 —127
Abyssal Plane 6.0 km | 2.4 - 102 —64.9 —88.3 —-96.7 —105 —110
—65.5 —88.3 —96.7 —105 —110
Mariana Trench 11 km | 4.4 102 —65.5 —88.3 —-96.7 —105 —110
—65.5 —88.3 —96.7 —105 —110

Table 3.2: Transition depth at the centre of the group (zg = 0, yo = 0) for different
depths (rows) and different degrees of directional spreading (columns). We set Ty = 10s
and €, = 0.16. Three values are reported. The top value of Axyp corresponds to the
shallow return flow limit, the bold value to the full finite depth solution and the bottom
value to the deep return flow limit. The root mean square spreading parameters opys =
{0°,5°,10°,20°,30°} correspond to d;, = {0,0.54,1.1,2.2,3.3}.

To illustrate these findings, table 3.1 shows estimates of the net transport of a particle
located at the still water level for a broad range of water depths ranging from shallow
coastal regions (d = 10 m) to the deepest point in the ocean (d = 11 km). The values
shown correspond to a wave group of steepness a = kolag| = 0.2, a bandwidth parameter
of €, corresponding to the best fit of a Gaussian to a Jonswap spectrum (Gibbs and Taylor
2005) and a peak period of Ty = 10 s. It is evident from this table that the effects of
depth on the magnitude of the transport by the return flow are large. Evidently, the
limits of validity of a Stokes expansion are reached for sufficiently small depth, when
the ratio of depth and wave amplitude d/ag is no longer large. Different authors have
studied the range of validity of Stokes theory (Dean 1970, Hedges 1995, Fenton 1990,
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Sobey 2012). Typically, the shallow-water limit of validity can be expressed in terms of

the Ursell number (Ursell 1953):

HA2
a3’

where H = 2aq is the wave height. Hedges (1995), for example, shows that U, = 40 gives

U, = (3.65)

a good boundary between the validity of Stokes and Cnoidal theory. Using the small
parameters in this chapter, we have from (3.65): U, = 872a/(kod)?. Therefore U, = 40
and a = 0.2 corresponds to kod ~ 0.73 and only our estimates for d = 10 m in table 3.1
are perhaps marginally outside of the domain of validity of Stokes theory. Furthermore,
by comparing estimates based on the shallow return flow limit and the deep return flow
limit to the general finite depth solution, we show that the return flow can be modelled
a uniform flow with depth (the shallow return flow limit) for water depths up to 0.5 — 1

km for the case considered in table 3.1.

Also shown in table 3.1 is the effect of directional spreading on the return flow, demon-
strating the large decreasing effect of even a small degree of directional spreading on the
magnitude of the transport by the return flow. The values of the rms spreading parame-
ter (15° —30°) shown correspond to the typical range observed in field measurements for

storm driven waves (Donelan et al. 1985, Ewans 1998).

Finally, table 3.2 provides an overview of estimates of the transition depth, defined as the
depth at which the Lagrangian transport by the Stokes drift and the return flow exactly
balance and Az = 0, for a broad range of water depths. Again, the effect of directional
spreading is significant. For sufficiently shallow water the transition depth cannot be

defined, as the return flow is located around instead of below the group.
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Internal gravity waves
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Chapter 4

The mean flow and long waves
induced by two-dimensional internal

gravity waves groups

Through theory supported by numerical simulations, this chapter ezamines the
induced local and long-range response flows resulting from the momentum-flux
divergence associated with a two-dimensional Boussinesq internal gravity wave
group n a uniformly stratified ambient. The theoretical approach performs a
perturbation analysis that takes advantage of the separation of scales between
waves and the amplitude envelope of a quasi-monochromatic wave group. The
approach is first illustrated by applying it to the case of the deep water surface
gravity waves of chapter 2, showing that the induced flow, upy, resulting from
the divergence of the horizontal momentum flux is equal to the Stokes drift.
For a localized surface wave group, upy 1s itself a divergent flow and so there
18 the non-local response manifest in the form of a deep return flow beneath
the wave group. The focus of this chapter is on internal wave groups that are
localized in the horizontal and vertical. This chapter derives an expression for
the divergent-flux induced flow that, as in this case of surface wave groups, is
itself a divergent flow. This chapter then shows that the response is a hori-
zontally long internal wave that translates vertically with the wave group at
its group velocity. Scaling relationships are used to estimate the wave number,
horizontal extent and amplitude of this induced long wave. At higher order in
perturbation theory, an explicit integral formulation for the induced long wave
15 derived.

This chapter thus provides validation of Bretherton’s (1969b) analysis of flows
induced by two-dimensional internal wave groups and provides further analysis
that gives intuitive insights into the physics governing the properties of the
induced long wave. In particular, consistent with momentum conservation,
this chapter shows that the horizontally-integrated horizontal flow associated
with the long wave is given exactly by the horizontal integral of upr. However,

73
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qualitatively different from horizontally periodic internal waves, the vertical
profile of the induced horizontal flow across the horizontally localized wave
group 1s positive at the leading edge and negative at the trailing edge. These
results are validated by the results of numerical simulations of a Gaussian
wave group initialized in an otherwise stationary ambient fluid.

4.1 Introduction

Internal waves propagate vertically through the atmosphere and ocean moving under the
influence of buoyancy forces in a stratified medium. Where they break, the consequent
momentum-flux divergence irreversibly accelerates the ambient fluid. Cumulatively in
the atmosphere, this non-negligibly affects the zonal wind speeds and, through thermal
wind balance, the mean temperatures (Palmer et al. 1986, McFarlane 1987, McLandress
1998). Despite their importance, the mechanism for momentum transport and deposi-
tion by internal waves remains unclear. Although linear theory is sometimes employed to
predict where anelastic internal waves break (Lindzen 1981), it is now clear that weakly
non-linear effects can significantly change the evolution and breaking levels (Sutherland
2006b, Dosser and Sutherland 2011a, Rieper et al. 2013). Most studies into vertically
propagating weakly non-linear internal waves have examined wave groups that are ver-
tically localized and horizontally periodic. Such wave groups have a well-defined wave-
induced mean flow that translates vertically with the wave group at its group velocity,
before being irreversibly deposited to the background when the waves break. Even be-
fore breaking, the wave-induced mean flow Doppler shifts the waves as they grow to large

amplitude giving rise to modulational stability or instability (Sutherland 2006b).

If an internal wave group is horizontally as well as vertically localized, the direct counter-
part to the induced flow for horizontally periodic waves is a horizontally divergent flow
field. And so there must be a response flow that ensures the total flow field is incompress-
ible. Using the concept of wave-action conservation, Bretherton (1969b) examined the
wave-induced flow resulting from two- and three-dimensional internal wave groups. He
predicted that a small-amplitude localized two-dimensional wave group should excite a
horizontally long disturbance while a three-dimensional (span-wise localized) wave group
should generate a horizontal recirculation, which in itself could have a far-field influence
on the ambient fluid (Biihler and McIntyre 2005, Biihler 2009).

This chapter revisits the theory for the flow induced by two-dimensional internal wave

groups. The objectives are threefold. Firstly, rather than relying on wave-action con-
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servation, we develop a wave group-based theory to derive intuitive expressions for the
(local) divergent-flux induced flow and the (non-local) induced long wave associated with
a localized quasi-monochromatic wave group. Secondly, we derive approximate scaling
estimates and an analysis of the integral equation describing the induced long wave that
provides insight into the structure of the non-local motion induced by the wave group.
Thirdly, we compare the theoretical predictions with fully non-linear numerical simula-

tions of a small-amplitude wave group initialized in a stationary ambient.

To lay the theoretical groundwork, we first review the theory for the wave-induced flow
of surface wave groups as discussed in chapter 2 and of horizontally periodic, vertically
localized internal wave groups. Even without breaking, surface gravity waves have as-
sociated with them a wave-induced flow known commonly as the Stokes drift (Stokes
1847). From a Lagrangian perspective, the flow is a consequence of fluid parcels being
advected further in the wave-direction at the top of their orbits than they propagate in
the opposite direction at the bottom of their orbits, as well as an equivalent effect during
motion in the horizontal direction. The expression for the vertical integral of the Stokes
drift is equal to the pseudo-momentum per unit mass. But the latter is conceptually

distinct, arising from consideration of conservation laws.

In this chapter, we present another perspective, showing that the pseudo-momentum per
unit mass is identical to the flow arising from the divergence of the horizontal flux of
horizontal momentum associated with a quasi-monochromatic wave group. This we refer
to as the “divergent-flux induced flow”. If the surface wave group has finite horizontal
extent, the Stokes drift is zero ahead and behind the wave group resulting in a conver-
gence and divergence of the horizontal flow at the wave group’s leading and trailing edge,
respectively. This results in a response flow that moves opposite to the direction of the
Stokes drift, and is hence referred to as the return flow. For deep water it extends far
below the surface (Longuet-Higgins and Stewart 1962) (see chapter 2). The vertically
integrated volume flux of this response flow is equal and opposite to the volume flux
associated with the Stokes drift. It is for this reason that the Stokes drift is sometimes
referred to as the pseudo-momentum per unit mass, a reminder that the actual momen-
tum of the wave group (which includes the return flow) is zero (cf. McIntyre (1981) and

discussion in chapter 2).

For internal waves in a uniformly stratified fluid, the properties of their associated wave-
induced flow are not so well understood. It is well known that plane periodic Boussinesq

internal waves are an exact solution of the fully non-linear equations of motion. The
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mean Lagrangian displacement of fluid parcels due to the waves is zero: there is no
Stokes drift. However, the pseudo-momentum, inferred through wave-action conserva-
tion (Bretherton and Garrett 1969, Bretherton 1969b, Acheson 1976) or derived through
the principles of Hamiltonian fluid dynamics (Scinocca and Shepherd 1992), is non-zero
(Biihler 2009). Indeed, for horizontally periodic, vertically localized internal wave groups,
the pseudo-momentum per mass gives the wave-induced mean flow Sutherland (2001).
This is a transient, horizontally uniform flow that translates vertically with the wave group
at the vertical group velocity. Through a separate theoretical approach that examines mo-
mentum transport by quasi-monochromatic wave groups, the origin of the wave-induced
mean flow for horizontally periodic wave groups is clear: the flow results from the verti-
cal divergence of the horizontal momentum flux (Sutherland 2010, Dosser and Sutherland
2011b).

If a two-dimensional internal wave group is horizontally as well as vertically localized, the
divergence of the pseudo-momentum is non-zero. And so, as in the case of surface wave
groups, there must be a response flow. However, this flow cannot simply return above and
below the wave group because stratification inhibits vertical motions associated with such
a re-circulation. Different from the approach of Bretherton (1969b), we use a wave-group
approach to derive what we call the “divergent-flux induced flow” for localized internal
wave groups. We show that the divergent-flux induced flow itself induces a response flow
such that the total wave-induced flow extends broadly in the horizontal to either side of
the wave group. Higher-order perturbation theory reveals that the flow induced by the

wave group is a horizontally long internal wave that moves vertically with the wave group.

This chapter is laid out as follows. Governing equations for two-dimensional internal grav-
ity waves are introduced in §4.2. §4.3 then reviews the theory of wave-induced mean flow
associated with surface waves and horizontally periodic internal waves introducing the
concept of divergent-flux induced flow. In §4.4 the concept of divergent-flux induced flow
is used to describe the induced mean flow of two-dimensional internal gravity waves. In
§4.5 these predictions are compared with numerical simulations of a quasi-monochromatic
horizontally periodic and horizontally localized wave groups showing that the theory well
captures the flow induced by a small-amplitude internal wave after a transient start-up

time. Finally, conclusions are drawn and implications discussed in §4.6.
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4.2 (Governing equations

We begin by making the usual Boussinesq approximation, that is, we ignore variation of
density in the conservation equations except where it is responsible for the existence of the
buoyancy force itself. In a two-dimensional coordinate system in which x and z denote the
horizontal and vertical coordinates, respectively, the corresponding momentum equations
e Du 10dp Duw 1 Op p

- _ - r =—— = —g— 4.1a,b
Dt Lo 8x’ Dt Lo 0z gp07 ( . )

where u and w denote the horizontal and vertical velocity, respectively, p the fluctuation
pressure, and gravity g acts in the negative z direction. In the Boussinesq approximation
po is the (constant) characteristic density. The total density of the fluid is the sum of
background density p(z) and small variations from the background p, so that pr = p+ p.
The fluid is assumed to be incompressible. Together with mass conservation this requires

the flow to be non-divergent:
V-u=0. (4.2)

We further assume the ambient is uniformly stratified with a corresponding positive and
constant squared buoyancy frequency:
i5
N2=_9% (4.3)
po dz
Neglecting diffusion of heat and salinity, internal energy conservation gives the following
evolution equation for the perturbation density p:
Dp dp

e = W (4.4)

In a uniformly stratified Boussinesq fluid it is convenient to re-express p in terms of the

vertical displacement field £ through:

£ = —pp (4.5)

where the prime denotes a z-derivative. Then (4.4) can be rewritten as:

b _

o = W (4.6)

From (4.2), one may define a stream function v (z, z,t), so that:

u=—0¢Y/0z and w = JdyY/ox. (4.7a,b)
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It is convenient to combine the horizontal and vertical momentum equations (4.1) into
one equation in terms of ¢ and . By taking the span-wise component of the curl of
momentum equation and using (4.5), we obtain the equation for baroclinic generation of

(span-wise) vorticity:

DV 50
o= =N (4.8)

in which the material derivative acts on the vorticity, defined by:

= -V (4.9)

Finally, (4.6) and (4.8) are combined and written in the form with a linear differential
operator L acting on v on the left-hand side and the divergence of a non-linear vector F
on the right-hand side:

62 82 82 2 82 _ 0 2 0

[ﬁ[@*@] N a—] v=V-[gleu s 8o eul] @)
e g EVF
=L

Equations (4.6) and (4.10), together with (4.7) and (4.9), comprise two coupled fully

non-linear equations in ¢ and .

4.3 Surface waves and horizontally periodic internal

waves

In this section we begin by reviewing the theory for the wave-induced mean flow asso-
ciated with surface wave, already explored in chapter 2. We show that the Stokes drift
is equal (but not equivalent) to the pseudo-momentum per unit mass and that both are
reproduced by consideration of the divergence of the horizontal flux of horizontal mo-
mentum associated with quasi-monochromatic surface wave groups. Likewise, we show
that the divergence of the vertical transport of horizontal momentum associated with
horizontally periodic internal wave groups reproduces the pseudo-momentum. With this
physically intuitive derivation of the wave-induced flow, which is local to the wave group,
we go on to examine the divergent-flux induced flow and the total wave-induced flow
associated with horizontally and vertically localized wave groups, which are non-local to

the wave group.
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4.3.1 Surface gravity waves

The purpose of this section is not only to review the theory for surface waves, but also to
establish the mathematical terminology in a familiar setting. Plane surface gravity waves
in deep water of horizontal wave number k (assumed positive) have frequency w = \/gk,
in which g is gravity and we have assumed w > 0 corresponding to rightward-propagating
waves. Assuming the waves have vertical-displacement amplitude Ag, the polarization

relations give the horizontal and vertical velocities:

u = wdhoe BTy = —jw AgerelFrmet) (4.11a,b)
and the corresponding horizontal and vertical displacement fields:
Az = iAgeF2ei*=wt) Az = Ayetretlthe—et) (4.12a,b)

in which it is understood that the actual fields are the real part of the right-hand expres-
sions. Averaging these fields in time over one period gives zero. However, performing
a Taylor-series expansion of the horizontal velocity up to order amplitude squared (thus
following particles in their leading-order Lagrangian motion) and averaging gives (Stokes
1847):

usp = u + Az % + Az % = (w/k)a’?e**?, (4.13)
in which a = Ayk is the wave steepness and the over-line denotes averaging over either
a period or a wavelength. This is the Stokes drift, which corresponds to the mean La-
grangian advection of fluid parcels by a surface wave in the absence of any background
(i.e. Eulerian) flow. The corresponding Lagrangian volume flux is given by vertically in-
tegrating (4.13). Multiplied by the density of water py the Stokes drift of periodic surface

gravity waves has an associated vertically integrated momentum:

w

M = pg—s
/)02k2

a?. (4.14)
An analogous result was first derived in an Eulerian framework by Starr (1947). In an
Eulerian framework, a net mass flux is identified by integrating the horizontal velocity
from the bottom up to the free surface. Because the flow is higher at a crest than at a
trough, the result gives a mean depth-integrated horizontal flux consistent with the flux
obtained by depth integration of (4.13).

The vertically integrated energy associated these waves is £ = py(g/2)Ay*. The analogy

to momentum as a conserved quantity for fluids is the so-called “pseudo-momentum”,
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which, from the principle of conservation of wave-action (Bretherton and Garrett 1969),

is given generally for waves in a stationary ambient by:
P=FkE/w. (4.15)

Substituting the expression for E into (4.15) and using the dispersion relation reveals that
P = M: the pseudo-momentum is equal to the momentum computed from the Stokes
drift.

These results have assumed an infinitely periodic wave train. Perhaps a more physically
intuitive appreciation of the near-surface momentum associated with surface waves comes
from consideration of quasi-monochromatic surface wave groups. By analogy with (4.11),

we suppose the horizontal and vertical velocity fields are given by:
uV) = wA(X, T)eke!kr=wt M) = _jwA(X, T)er=el ket (4.16a,b)

in which A is the amplitude envelope with initial magnitude Ag = |A|, and the super-
scripts on the left-hand side emphasize that these are velocities given to O(a'). The am-
plitude envelope is assumed to vary slowly in space and time compared to the fast scales
k~! and w™!, respectively. The leading-order evolution of the wave group is its translation
at the group velocity. This is captured by setting X = e(x — ¢,t) with e = 1/(0k) < 1,
in which o represents the spatial extent of the wave group and ¢, = (/g/k)/2 is the
group velocity. The dispersion of the wave group is a slower process that depends on the
curvature of the amplitude envelope, as represented by T = €?t. Because our examination
is not concerned with weakly non-linear effects, we need not provide a scaling between «
and e for the multiple-scales asymptotic expansion that follows, as in the previous chap-

ters.

Now consider the flux-form of the horizontal momentum equation:

ot ox 0z ox

Ou __O(uw) _ O(uw) _d(p/p) (4.17)

Substituting (4.16) into the advective terms on the right-hand side and keeping only the
slowly varying terms we find that the vertical divergence term vanishes because u(") and

w® are 90° out of phase. The remaining flux term is:

2
—0,uMu® — —edy %|A(X,T)\2e2kz . (4.18)

Here the over-line denotes effective averaging over the fast scales so as to retain only
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slowly varying terms. As a result, we have retained the z-derivative term in (4.18), which

represents the horizontal transport of horizontal momentum per unit mass.

The order o? divergent flux in (4.18) results in an acceleration which itself must be order
a?. The resulting divergent-flux induced flow we denote by ups(X,T), an O(a?) quantity
that translates at the group velocity of the surface wave group. Substituting upr on the
left-hand side of (4.17) and taking the time derivative gives —Oiupr >~ —ec,0xUpp, in
which we have retained terms of order e alone. Equating this to the divergent-flux term

and integrating in X gives the explicit expression for the divergent-flux induced flow:

1] —
Upe = —uMu) = wk|A|? %2 (4.19)
Cq

For plane waves |A| = Ay and (4.19) becomes equal to the equation for the Stokes drift
(4.13). The vertical integral of (4.19) after multiplying by density gives the pseudo-
momentum, given by generally (4.15) and specifically by (4.14). The physics of the
near-surface flow are clear under this macroscopic examination of the momentum con-
servation law, which reveals that the horizontal flow results from the divergence of the

horizontal flux of horizontal momentum per unit mass.

Of course, this is not the whole story. Because upy for horizontally localized wave groups
is itself a horizontally divergent flow, there must also be a response flow in order to ensure
volume is conserved. This is taken care of by the pressure gradient term in (4.17). The
divergence of upe gives rise to an order a? pressure p? that drives a return flow uge
below the wave group. The structure of this flow was first computed by Longuet-Higgins
& Stewart (1962) (see chapter 2) through a spectral analysis that extracted a mean flow
resulting from wave-wave interactions within the wave group. The perspective provided
by our wave group analysis reveals that, ignoring dispersion, this return flow results from
an effective mass source-sink dipole acting at the upper boundary of an irrotational fluid

(see chapter 2).

The total wave-induced flow associated with surface waves is the sum of the divergent-
flux induced flow and the return flow: u® = uDFﬁ— Ugr, Where i is the unit vector in the

x-direction.
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4.3.2 Horizontally periodic internal waves

Plane periodic two-dimensional internal waves in Boussinesq fluid have a dispersion
relation w = Nk,/|k|, in which k = (k,, k.) is the wave number vector and N =
\/W is the buoyancy frequency, which is a function of the background den-
sity gradient p. The polarization relations for these waves expressed in terms of the

vertical-displacement amplitude Aq give the velocities:

i(kzx+k,z—wt)
’

k. ,
u = z’k—one w = —iwAge! ke thez=wt) (4.20a,b)

x
Using these expressions to compute the Lagrangian horizontal displacement of fluid
parcels at order amplitude-squared, as in (4.13), gives zero. Thus there is no Stokes
drift for internal waves. However, from the energy density, £ = pyN?Ay*/2, one can

determine the pseudo-momentum:

ky 1

P=—F= sgn(kz)§p0N|k|A02, (4.21)
w

in which sgn(k,) denotes the sign of the horizontal wave number. And so one can infer a

corresponding induced flow:

1

From Hamiltonian fluid mechanics (Scinocca and Shepherd 1992) or through considera-
tion of the circulation associated with isopycnals displaced by periodic internal waves (cf.
§3.4.5 of Sutherland (2010)), the wave-induced flow is alternately expressed by —(£(),,
the negative correlation of the vertical displacement (§) and span-wise vorticity () fields.
Using the polarization relations, it is straightforward to show that this expression is equiv-

alent to that given by up in (4.22).

As above, we reconsider this problem by examining the evolution of quasi-monochromatic
internal wave groups (Sutherland 2006b, Dosser and Sutherland 2011a) (cf. §3.4.5 of
Sutherland (2010)). In this section we suppose the wave group is horizontally periodic

but vertically localized with vertical displacement field is given by:
5(1) _ A(Z, T)ei(kzx—i—kzz—wt)’ (423)

in which A(Z,T) is the (complex) amplitude envelope of the wave group that trans-
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lates at the vertical group velocity c,., as represented by the choice of the slow scale
Z = €,(z — cgst), in which €, = 1/(k,0,) where o, measures the vertical extent of the
wave group. The effects of dispersion, which come in at higher order in €,, are expressed

through the long time scale T' = €2 .

As in (4.20), the corresponding horizontal and vertical velocity fields at leading order in

€ are:

u(l) _ Zk—wA(Z, T) ez(kzx+kzz—wt)7 w(l) — —ZWA(Z, T) el(kzl'+kzz—wt)7 (4.24a,b)
in which it is understood that the actual fields are the real parts of the expressions on the
right-hand side. Again we consider the flux-form of the horizontal momentum equation
(4.17). Because the wave group is horizontally periodic, the z-average of (4.17) gives the

usual expression for momentum transport per unit mass:

O e =~ .. (4.25)
where we let the angular brackets with the subscript x denote averaging over z. It is
important to appreciate that « on the left-hand side of (4.25) does not represent the
fluctuation horizontal velocity due to waves. If it were, the average would give zero.
Instead (u), represents the horizontal mean flow that is induced by a wave group whose
amplitude envelope varies in the vertical. This is not the irreversible mean flow that
results from wave breaking. Rather, it is transient: it translates with the vertical group
velocity of the wave group, the flow accelerating at the wave group’s leading edge and

decelerating at its trailing edge according to (4.25).

With this in mind, we expect (u), to depend on the slow variables Z and T. And so,
continuing the informal separation of scales argument, the time derivative on the left-
hand side of (4.25) is replaced by Z and T derivatives according to 9; = —€,c,,07 + €207,
and the second of these is neglected under the assumption that e, is small. Likewise,
0/0z on the right-hand side of (4.25) becomes the slow vertical derivative €,0,. And so

we have to leading order in ¢,:

(u®), = —(uHwm),. (4.26)

The induced mean flow (u(?) is O(a?), hence the superscript. Note that (4.26) is anal-
ogous to the well-known result that the mean energy of a wave times its group velocity

is just the energy flux. Multiplying both sides of (4.26) by the background density pg
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and by ¢y, gives the statement that the horizontal momentum times the vertical group

velocity equals the vertical flux of horizontal momentum.

Substituting the horizontal and vertical velocities from (4.24), we obtain an explicit ex-
pression for the divergent-flux induced flow in terms of the amplitude envelope of the

vertical displacement field:

Upp

()., = san(k.) 5 NIk | AP (4.27)

For vertically as well as horizontally periodic waves, A(Z,T) = Ay, in which case upy
reduces to the (4.22) for the wave-induced mean flow derived from the pseudo-momentum.
Because (4.27) was derived for horizontally periodic wave groups, upy is independent of x
and so itself is a divergence-free flow. Indeed, being derived from the horizontally averaged
horizontal momentum equation (4.25), we see there is no additional induced flow that
would result from an order amplitude-squared pressure field. For horizontally periodic
internal wave groups, the divergent-flux induced flow (hence the pseudo-momentum per

unit mass) is the total wave-induced flow.

4.4 Horizontally localized internal wave groups

4.4.1 The divergent-flux induced flow

Vertically and horizontally localized wave groups translate in the z-z plane at the group
velocity ¢, = (cgs, ¢42). As such, in addition to the slow variable Z = €,(z — ¢g,t) used
above, we introduce the slow scale in a frame translating at the horizontal group velocity
X = €;(x — cgt), in which ¢, = 1/(k,0,) and o, measures the horizontal extent of the
wave group. For convenience, we suppose 0 = g, ~ 0, so that € = ¢, ~ ¢,. The slow

variables are thus defined to be:

X =¢€(x—cut), Z=elz—cut), T=¢Ll (4.28a,b,c)
Similar to (4.23), the leading-order vertical displacement field is:
¢ = A(X, Z,T)eitkavthez—ut), (4.29)

in which the subscript and superscript emphasize that the term is O(e’a!). Correspond-

ing expressions for the horizontal and vertical velocity are found as in (4.24), respectively,
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but with the arguments to A additionally involving the slow variable X.

The flux-form of the horizontal momentum equation is again given by (4.17). But now
we cannot meaningfully average in the horizontal. Neglecting pressure for now, we focus

on the flow resulting from the vertical divergence of the horizontal momentum flux upg:

Oslpp = _896“%3“%; - (‘Lugégwgéi. (4.30)
As in (4.18), the over-line denotes the operation of effectively averaging with respect to

the fast scales keeping only the slow variations.

Following the same procedure, we write the vertical momentum equation in flux-form
and consider the slowly varying, order amplitude-squared terms crucially neglecting the
mean pressure gradient and buoyancy forcing that arise at the same order. The resulting

equation for the vertical component of the divergent-flux induced flow is thus given by:

_ 1, 1) 1, @)
OyWpy = —azu(o)w(o) — 8zw(0)w(0). (4.31)
We now recast these equations in terms of the slow variables, keeping terms of order e
alone. In particular, at O(e), the partial time-derivative on the left-hand sides of (4.30)

and (4.31) becomes 0; ~ —ecy,0x — €cy,0z. Thus we arrive at the pair of equations:

Collnr = UGG, Cqtpe = wigluly). (4.32a,b)

Finally, using the polarization relations of the form (4.24), we derive an explicit expression
for the divergent-flux induced flow of horizontally and vertically localized internal gravity

wave groups:

1

1 k.
(Upg, Wpyr) = sgn(ky;) Nk||Ac, = sgn(kx)§N|k\ \A|2<1, ——). (4.33)

ko

qr

The horizontal component is the same as that found for horizontally periodic wave groups
in (4.27). But it is now evident that the divergent-flux induced flow has a vertical com-
ponent as well. By way of illustration, figures 4.1a and b show the vertical displacement
field and divergent-flux induced flow associated with a Gaussian wave group centered at

the origin whose vertical displacement field is given by:

£=A I (ko + k.2) (4.34)
= Agexp ACERPS cos(k,x .2), )

with k, = —k,, 0, = 0, = 20k, ' and Ay = 0.01k, . The divergent-flux induced flow in
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Figure 4.1: Vertical displacement field (a) associated with a localized internal wave group
defined to propagate upward and to the right, its corresponding divergent-flux induced
flow (b) given by (4.33) and the negative divergence of this induced flow field (c). The
wave group is defined with k = k,(1,1), envelope width ¢ = 0, = 0, = 20k, " and
amplitude Ag = 0.01%k,'. The legend in panel b indicates the magnitude of the displayed
arrow.

figure 4.1b is negligible except within the wave group itself and the direction of the flow

is everywhere parallel to the group velocity vector.

Unlike the case of horizontally periodic waves, (4.33) cannot represent the total wave-
induced flow. Computing the negative divergence of (4.33), shown in figure 4.1c, we see
that there is a net transport of mass away from the trailing edge of the group and a net
deposition of mass at the leading edge. The flow is not divergence free. So, as in the case
of horizontally localized surface gravity wave groups, there must be a response flow that

results in a divergence-free total wave-induced flow.

4.4.2 Total wave-induced flow and leading-order response flow

Here we derive an expression that predicts the leading-order, divergence-free, wave-
induced flow that is the sum of the divergent-flux induced flow (4.33) and the response

flow. After finding the total flow, it is straightforward to find the response flow.

As in §4.4.1, we consider a horizontally and vertically localized wave group whose vertical
displacement field f(((l))) is given by (4.29), in which the slow variables are defined by (4.28).
The polarization relations of plane waves give corresponding equations at first order in

amplitude for the velocity ugé; and the vorticity C(%)) . Substituting these relations in the
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right-hand side of (4.10), gives the second-order amplitude equation:
LY@ = V- [9,((Du) + N2, (€Du)] (4.35)

where the linear operator L is defined in (4.10) and, for now, we have included terms at all
orders in € arising from the various slow derivatives. If we substitute plane-wave solutions,
for which A(X,Z,T) = Ay is constant, into the right-hand side of (4.35), we find the
operator is identically zero. This demonstrates the well-known result that plane periodic
internal gravity waves satisfy the non-linear equations exactly. The total wave-induced
flow, derived from the O(a?) stream function ¥?| is a consequence of the internal wave

group having finite spatial extent as expressed by the small but non-zero value of e.

However, if we use the O(a'e®) wave group equations for f(%)) , C(%)) and ugé;, as in (4.29),

to compute the slowly varying products C((é)) ugég and f((é)) uééi in (4.35), again we obtain
zero. This is because the vertical displacement and vorticity fields associated with plane
waves are 90° out of phase with the components of the velocity field. As shown in §4.4.4
and appendix G, the leading-order non-zero terms resulting from the products of vorticity
and vertical displacement with velocity are O(a?¢). Therefore, the scales of each term in

(4.35) are given as follows:

(. J

2 @) — v [a,(c® a®) 4 N0, (6D u®
|00 (Ors +022) + N amlw (X,2) = V- [3(cV u) + N2, (€M u®) |, (4.30)

O(aVet) O(al¢?) O(a2eY)

O(a?e3)

where we have assumed the divergence on the right-hand side induces a response expressed
in terms of the stream function 1, which is a function of the slow scales X and Z.
Extracting the leading-order term, gives the differential equation €20xx¢® (X, Z) = 0,

which has the general solution:
V@ = f(2)X — 9(2), (4.37)

where f(Z) and ¢g(Z) are arbitrary functions of the slow scale Z. Using (4.7), we find
that the general velocity field for the leading-order total wave-induced flow in a frame
of reference moving with the wave group is (u®,w®) = (—f(2)X + ¢'(2), f(Z)). Re-
quiring bounded horizontal flows as X — 00, we must have f'(Z) = 0. And so f(Z)
is constant. But the additional requirement that the wave-induced vertical velocity must
be zero as Z — +oo means f(Z) = 0. Therefore at this order of approximation the total

wave-induced flow is:
u? =G(2), w? =0, (4.38a,b)
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in which G(Z) = ¢/(Z) is some function of Z. Thus we have shown that at O(a?e')
the total wave-induced flow has no vertical motion but extends horizontally far from the

wave group.

These equations for the total wave-induced flow, together with the equations (4.33) for
the divergent-flux induced flow of internal waves, give equations for the response flow

(Upp, Wrr). To satisfy (4.38b), we must have:

1 N2k,
Wrr = —Wpr = 3 |A|2

5 (4.39)

Because the total horizontal wave-induced flow u®? = G(Z) is independent of x, mo-
mentum conservation dictates that the response flow at this order must act to spread
the local divergent-flux induced flow wupp horizontally uniformly in z. Explicitly, the

horizontal component of the response flow is:

1
Upp = —Upp + I /uDF dz, (4.40)

in which the integral is performed over the horizontal extent of the domain L,. Combining

these results, the total wave-induced flow at O(a?%€) is:

1
u® — (L—zfu,DF, 0 ) (4.41)
in which
]’U,,DF = /UDF dl’ (4.42)

is the horizontally integrated horizontal component of the divergent-flux induced flow. In
particular, for a Gaussian wave group centered at the origin with vertical displacement
given by (4.34), equations (4.33) and (4.42) give:

]_ 2 2
Iypr = sgn(k;x)i\/?ax N|k|A2 e/, (4.43)

4.4.3 Horizontal long wave response: scaling considerations

At first glance, (4.41) suggests the counter-intuitive prediction that the wave-induced
flow decreases to zero as the horizontal extent of the domain in which the wave group
propagates extends to infinity. Yet, it must be kept in mind that the prediction (4.38)
arises as a result of truncating the perturbation expansion on the right-hand side of (4.36)
at O(a?e?). As we will show in §4.4.4, by considering terms at O(a?¢*) on the right-hand
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side of (4.36), the wave-induced flow at higher order in € is in fact a horizontally long

internal wave that translates vertically with the wave group.

This insight does not negate the usefulness of results in §4.4.2. In the wave group’s imme-
diate surroundings, the wave-induced flow does appear to be horizontally uniform. Only
in the far field to either side of the wave group does the horizontal flow gradually decrease
to zero. Nonetheless, the horizontal extent of the induced flow is finite. And so it is not
useful to compute the average of a localized horizontal flow over the domain as in (4.41).
It is useful, however, to characterize the magnitude of the induced horizontal flow in
terms of the integral given by (4.42). Here we use this diagnostic and physical reasoning
to make order-of-magnitude estimates for the structure of the long wave induced by the
wave group. The estimates will be compared with the long wave properties derived more

rigorously in §4.4.4.

We imagine the wave group as a translating body force in a stratified ambient that excites
a long, hence hydrostatic, internal wave. This part of the induced flow we describe as the
“response wave”. Its spatio-temporal structure (denoted by ‘r’ subscripts) is described
by the following three relationships:

ker Wy 2

K|

A ~ I

(4.44a,b,c)

The first identity is the dispersion relation for long waves (|k;.| < |k.-|). The second
identity equates the vertical phase speed of the response wave to the vertical group ve-
locity of the localized wave group c,., which is the source of the response waves. Finally,
assuming the localized wave group travels rightward, the horizontal velocity field associ-
ated with the response wave near the localized wave group must be positive over the total
vertical extent ~ 20, of the localized wave group. This gives rise to the third expression

for the approximate vertical wave number of the response wave.

Combining the expressions in (4.44) gives the horizontal wave number of the response
wave and the lateral extent of the disturbance L;, estimated to be half a horizontal

wavelength of the response wave:

4 kP

€€
Tk2|k,| 7

o ’CQZ| 2 (ﬁkilkz, 2

|kx7"| - N 2r 4 |k|3 €2 ) kam Lz = 7r/|kw7"| = (

) 0, (4.45a.b)

The scaling for |k,,.| emphasizes that the response wave is long compared to the horizontal

wave number of the waves k., and the scaling for L; emphasizes that the horizontal extent
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of the long wave is indeed much wider than the wave group extent o, under the assump-
tion that €, ~ €,. The scaling relationship for L; is alternatively found by considering
the distance travelled by a long wave at its horizontal group velocity |cgur| ~ N|ky, |/ k.,
over the time, o,/cy,, in which the wave group travels vertically at its group velocity
over its vertical extent. Likewise, by examining characteristic velocity and time scales,
Bretherton (1969b) proposed the scaling L; ~ 6*1N0Z2/cgz, in which € = ¢, ~ ¢,. By
matching the dispersion characteristics of the wave group and the response wave, (4.45)

is more explicit in the dependence of L; on the vertical and horizontal extents of the wave

group.

The response wave should emanate from the localized wave group qualitatively like a
bow wave. The corresponding magnitude of the slope of lines of constant phase of the

response wave is:

Kar
sz

= g cos® Osin |0] e, (4.46)

which, being small, is consistent with this being a long wave.

The amplitude of the response wave is estimated by the requirement that the horizontal
integral of the horizontal flow over a crest of the long wave should equal I, ,r, given by

(4.42). Thus the amplitude of the horizontal velocity associated with the long wave is:

1
AOur = _erju,DF- (447)

\)

In particular, for the Gaussian wave group given by (4.34), we estimate:

NE; k.|

7T5/2N|kz| 2 1 2
k|2 16

2 2 _
|Ag|%e,” = 6 kP ey €7, (4.48)

71.2
AOur = E(ﬁaz)

in which we have used (4.43). Because the divergent-flux induced flow has spread laterally
over a distance of order L;, the total wave-induced flow within the wave group, estimated

by Agur, is smaller than up, by a factor e, te,2.

4.4.4 Estimation of the horizontal long wave response

In §4.4.2 we derived the fully non-linear equation (4.10) expressed in terms of a linear
response L1 to non-linear forcing V-F. There we showed that substitution of the leading-
order fields associated with the wave group into the quadratic terms of F gives zero. One

must express the fields associated with the wave group to next order in € in order to



4.4 Horizontally localized internal wave groups 91

produce a non-trivial non-linear forcing term. The details of this calculation are provided
in appendix G. Therein we derive expressions for u, £ and ¢ at O(a'e') and from these

we find V- F at O(a?é?).

With the insight provided in §4.4.3, we expect the non-linear forcing given by (G.6) to
excite a disturbance that is long compared to the horizontal extent of the forcing region.
Following Bretherton (1969b), we therefore approximate the z-dependent forcing by a

Dirac delta function. Explicitly, we write the non-linear forcing term as:

(V-F)P ~ N(2)8(k,7), (4.49)
in which: -
NG) =k, / v P2 i (4.50)

For later convenience, we have written the result in terms of the fast variables in a
reference frame translating at the group velocity of the wave group ¥ = X/e = x—cy,t and
Z=Z]e =z — cgt. In particular, if the amplitude envelope of the vertical displacement
field is a Gaussian in the horizontal so that A(%,Z) = Agexp[—1?/(202)] A(Z) with
||A|| = 1, then (4.50) together with (G.6) gives:

k3k2

~ 1 [ A
N(z) = —5(\/%01) N? B Aj0sz:| AP (4.51)

In deriving this result we note that the integral in z, hence in X, eliminates all terms in
(G.6) that involve at least one X derivative. The term that remains results from the ver-
tical divergence of d;(Cw). Transforming from Z- to Z-derivatives results in the implicit

appearance of € = (k,o,)75.

To find the induced long wave response at O(a?) to the non-linear forcing of a horizontally
Gaussian wave group, we solve for the stream function (®) by substituting (4.49) and
(4.51) on the right-hand side of (4.10). On the left-hand side we solve in the vertically
translating frame and make use of the long wave approximation so that dy ~ —032855

and 0., + 0., ~ 0z;. Explicitly, we have:
(cgzagggg - NQaﬁ)w@ — N(5)d(k, 7). (4.52)

The solution is found by taking the double Fourier transform in # and Z of the resulting

differential equation. We begin by taking the Fourier transform of the right-hand side
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(4.49) with N (2) given by (4.51):

o0 o0 o _ kf kQ o
/ / (V- F)Pe 412 4747 = —N3 |ii|5ZA20$0z 12| AP, (4.53)

in which |.A/T2(,u) is the Fourier transform of |A|?(Z). In particular, if the wave group is a
Gaussian in the vertical as well as horizontal such that A = exp(—2%/202), we have the

Fourier transform pair:
AP = exp(=2/02), [A = exp(—(u.)*/4). (4.54)

The solution to (4.52) in Fourier space is given generally by:

) k2K2 3|T4|\2
& —N3 EE A2, 4.55

While inverting the double Fourier transform to obtain the solution for 1/(® in real space,
the integral with respect to xk can be evaluated explicitly. In doing so, it is necessary to
select the branch cut corresponding to outgoing waves (Bretherton 1969b). Thus we find:

1 kuk,

VA(E,2) = ——N T “ A2o,0, /0 | Ay cos (nz + g]'z\’[ |)du, (4.56)

which corresponds to the solution given by (3.15-3.16) in Bretherton (1969b). Therefore

the horizontal flow associated with the induced long wave is:

kik, .
u? (&%) = N TE “Ado,0., /0 ].A|2u sin (puz + p° g]\|f |)d,u, (4.57)

In particular, for a bivariate Gaussian wave group, according to (4.54) we have

. 1 k k g &0 ~2 2 C ‘i”
2 o xvz 9% — 4 ~ ~ ~2%gz ~
w( )(1” Z) = —g WAOU—Z ; e M / L4 COS <'UU_Z + [ N—O'g)d'u (458)
and L - . 7
2/~ N xRz 00z _02/4 A2 . - .9 Cgz|T A

where i = po,, so that the integral-terms in (4.58-4.59) are non-dimensional.

Figure 4.2 plots the predicted stream function and horizontal velocity associated with
the long wave induced by an upward-propagating Gaussian wave group given by (4.34).
Clearly the induced wave is significantly longer than the horizontal extent of the wave

group, which is o, = 20k, !. From (4.45b), the predicted horizontal extent of the wave
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Figure 4.2: Predicted stream function (a) and horizontal velocity field (b) of the long wave
induced by a Gaussian wave group centered at the origin with k, = —k,, k.0, = k0, = 20
and k, Ag = 0.01. The diagonal dashed lines in panels a and b indicate the predicted slope
of phase lines of the long wave according to (4.46). Panel ¢ shows the horizontal integral
of the horizontal velocity predicted by theory (solid line) and computed numerically in a
finite sized domain with —500 < k,z < 100 and —3217 < k,x < 3217 (dotted line) and
with —5500 < k,z < 500 and —25736 < k,z < 25736 (dashed line).

group is L; ~ 1440k, which is a reasonable estimate of the lateral extent of the induced
long waves to either side of the wave group at z = 0. Below the wave group the induced
long waves extend much further laterally, spreading in a manner qualitatively similar to

that of a bow wake.

Crucially, these lee waves have zero net horizontal momentum associated with them. Even
though the induced long wave has alternating positive and negative horizontal velocity
field, as anticipated from the results in §4.4.2 these cancel upon integration except at the

level of the wave group itself. This can be shown by horizontally integrating (4.57):

e o 1

/ u® dx = Nk|(vV7o,) / |A|2 cos(1hz) din = §N|k|(ﬁax) |AJ2. (4.60)
—00 0

This is equal to the horizontal integral of the horizontally integrated divergent-flux flow

given generally by (4.33) and (4.42), and given explicitly by (4.43) for a wave group that

is Gaussian in the vertical and horizontal. The result is plotted as the thick solid line in

figure 4.2c.

Although the horizontally integrated flow is strictly positive, the local horizontal flow
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about the wave group itself changes sign in the vertical. In particular, from (4.59) a wave
group with bivariate Gaussian amplitude envelope has an induced horizontal velocity
profile along its horizontal center given by:
20

3% [ 2L <2(i)2 _ 1) D(:Z:/az)}, (4.61)

O-Z z

1 k.k
2) / ~ ~ iz

A
in which D(z) = e [ e" dt = (1/2) [;° e~*"/*sin(xt) dt is Dawson’s integral (Press et al.
2007). Because D(z) is an odd function, it is evident that u® is zero at the vertical center
of the wave group and begins positive above and negative below, if the wave group propa-
gates upward and to the right. This result has potentially important consequences for the
modulational stability of moderately large amplitude internal wave groups. The stability
of horizontally periodic Boussinesq internal waves was assessed through the derivation of
a non-linear Schrodinger equation in which the non-linear term was strictly positive as a
consequence of the wave-induced mean flow being positive (Sutherland 2006b). Though
beyond the scope of this chapter, future work will consider the weakly non-linear influence

on a wave group of an induced horizontal flow that changes sign over its vertical extent.

Finally, we comment on the implementation of these results in numerical simulations.
For this purpose, the Fourier transforms in (4.58) and (4.59) must be estimated by com-
puting Fourier series in a finite sized domain. Because the lee wave, shown for example
in figure 4.2b, has significant amplitude far from the wave group, this means that the
inverse transform must be computed on a very wide and deep domain in order to repro-
duce properly the horizontally integrated horizontal flow. To illustrate this, in figure 4.2c
we also plot the horizontally integrated, horizontal flow found by inverse transforming
(4.59) on two different sized domains. In a domain with the horizontal and vertical extent
of the fields plotted in figure 4.2a and b, the horizontally integrated horizontal velocity
is moderately smaller than that predicted by (4.43) about the level of the wave group
and at greater depths it alternates between positive and negative flows whose magnitude
decreases with vertical distance away from the wave group. These result because the lee
wave is significant at the sides of the domain. If the domain is much wider (over 200
times the wave-group width), the computed horizontally integrated flow is closer to the
prediction (4.43) and there is better cancellation of the positive and negative flows with
depth.

Although accurate numerical calculation of the integrated horizontal velocity requires a
large domain, the stream function, horizontal velocity, and other fields associated with
the long wave change negligibly about the location of the wave group if the domain is

sufficiently wide (i.e. about 4L;) and sufficiently deep so that the trailing waves have
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negligible amplitude at the bottom of the domain. All of this is to say that numerical
simulations of a wave group that include the predicted lee wave as an initial condition
would have to be performed on (perhaps impractically) large domains in order to give an
accurate representation of the momentum transport expressed through the horizontally
integrated horizontal flow. This insight guides the design of the numerical simulations

used to test the predictions of theory.

4.5 Numerical simulations

4.5.1 Numerical model and initial conditions

The evolution of internal wave groups in a uniformly stratified fluid is simulated using a
code that solves the fully non-linear, Boussinesq Navier Stokes equations in two dimen-
sions (Sutherland and Peltier 1994). Instead of directly solving the momentum equations,
the code evolves the span-wise vorticity field ¢ = (V x u) -j, where j is the unit vector
in the y-direction (into the plane), so ¢ is not a vector here. The evolution equation of
the span-wise vorticity is found from taking the curl of the momentum equations. As
discussed in §4.4.2, instead of considering density perturbations, we evolve the vertical

displacement field £ = —(p')"!p through manipulation of the internal energy equation
(4.6).

Explicitly, £ and ¢ are advanced in time according to the (non-dimensional) equations

obtained from (4.6) and (4.8) with added viscous damping and thermal diffusion terms:

o _ _, 08 08 1
5 = Ug> —wg: +w+ RePng’ (462)
o ¢ ¢ 0 1 ’

in which D represents a diffusivity operator and we set the Prandtl number to be Pr =1
and the Reynolds number Re = (N/k,?)/v = 10°. The effects of diffusivity are included to
ensure numerical stability, but their influence is set to be negligible as far as the evolution
of the wave group and induced mean flow is concerned. To minimize the influence of
diffusivity on the wave group and wave-induced flow, in the simulations reported upon
here, Laplacian diffusivity acts only on disturbances with horizontal wave numbers much
larger than the wave number of the localized wave group k,. The equations are solved
in a horizontally periodic domain with free-slip upper and lower boundaries. The fields
themselves are discretized by Fourier modes in the horizontal and by discrete evenly

spaced grid points in the vertical. In this horizontal Fourier space, in which 9, — ik, the
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diffusivity operator is expressed by:

0 k <k,
D= = (4.63)
—k?>+0,, k>k,.

In the simulations reported on here we set the cut-off wave number to be k, = 2k,.

Given (, the stream function is found by inverting Poisson’s equation ¢ = —V?1, which
is equivalent to inverting a tri-diagonal matrix in horizontal Fourier space. From v, the
velocity components are found using (4.7). The simulation is initialized by a Gaussian

wave group whose vertical displacement field in general is given in real-space by:

£(z,2,t =0) = A(z, 2,0) cos(kyx + k,z). (4.64)

In simulations of vertically localized and horizontally periodic wave groups centered ini-
tially at the origin, the amplitude envelope is A(x,z,0) = Agexp[z?/(20.%)] and the
width of the domain is set to be A\, = 27/k,. In simulations of horizontally and verti-
cally localized wave groups the amplitude envelope is given as in (4.34) by A(z,z,0) =
Agexpla?/(20,2) + 22/(20.%)] and the width of the domain is set to be very much larger
than o,. In either case, assuming small amplitude quasi-monochromatic wave groups,

linear theory is used to initialize the corresponding vorticity field through:
C(z,z,t=0) = A cos(kyr + k.2), (4.65)

in which Ac = N(k,” + k.%)'/2A.

Here we report on simulations of the wave group examined in §4.4. Explicitly, using
k., and N~! to define the characteristic length and time scales, we set k, = —k, and
Ay = 0.01k,~'. According to the dispersion relation, the wave has constant-phase lines
oriented at 45° to the vertical and the wave group propagates upward to the right at
group velocity (¢, c,.) = N/(2v/2k,) (1,1). The vertical extent of the wave group is
o, =0=20k, ! (e, = 0.05) and in horizontally localized wave group simulations we also
set 0, = 0 (€, = 0.05).

According to (4.45), the horizontal extent of the induced long wave is expected to be on
the order of L; = 3200\/§/ﬂ k, ' ~ 1440k, ! on either side of the wave group. With this
in mind, in simulations of horizontally localized wave groups the horizontal extent of the
domain is set to be 1024\, = 6434k, . We will show that this is sufficiently wide that
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the periodic boundary conditions do not affect the wave group or the induced mean flow

about the level of the wave group as it translates upwards.

For straightforward comparison of the numerical results with theory, the wave group is
situated initially with its centre at the origin. Thus, after time Nt = 200, the wave group
is expected to be centered about (z,2) ~ (70.7,70.7)k; ! after propagating diagonally a
distance of approximately 5o. At this location, after the transient start-up time resulting
from choosing the initial ambient to be stationary, we may reasonably compare the mea-
sured flow induced by the wave group with the predictions of steady state theory. This
is demonstrated explicitly below in the examination of the horizontally periodic wave
group. The upper and lower boundaries of the domain are situated at z = 200k, * and
2z = —100k, !, sufficiently far so that these do not influence the wave group evolution

over the duration of a simulation.

For horizontally periodic, vertically localized wave groups, Sutherland (2006b) showed
that one should also superimpose on the perturbation fields the horizontal component
of the wave-induced flow, given by (4.33) for rightward-propagating waves: upp(z,t =
0) = — (£¢),—o = (1/2)N|k||Ao(2)|?, in which Ay(z) = A(z,t = 0) is the initial amplitude
envelope of the vertical displacement field. This is not a steady background flow but the
transient induced mean horizontal flow at t = 0, which at later times translates vertically
at the vertical group velocity with the wave group. If a simulation is initialized with zero
mean horizontal flow then, by momentum conservation, the vertically integrated mean
horizontal momentum must be zero for all time. So the zero mean flow initial condition
is actually specifying a wave group initially situated at the level of a steady background
flow with flow profile &« = —upp(2z,¢t = 0). In these simulations, as time progresses and
the wave moves vertically away from its initial position, the steady background flow is
revealed about the initial position of the wave group while the opposite signed transient
flow is observed to translate vertically with the wave group which, neglecting dispersion,
is given by Upr = (1/2)N k|| Ag(2)[?, with Z = z — ¢y.t.

For horizontally and vertically localized wave groups, it is not appropriate to superimpose
on the wave field the divergent-flux induced flow upr, because this is a divergent flow.
Instead of making assumptions about the divergent-flux and response flow a priori, here
we initialize without a wave-induced flow altogether and observe how the induced flow
evolves as the wave group propagates. We will see that for both horizontally periodic and
horizontally localized wave groups, the horizontal velocity field evolves so that there is a

horizontally integrated horizontal flow that translates with the wave group while a nearly
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equal and opposite but non-translating flow appears about the initial vertical location of

the wave group.

4.5.2 Horizontally periodic wave group simulation

First, a simulation with a horizontally periodic wave group is performed with zero initial
mean horizontal flow. This provides a basis for comparison with horizontally localized
wave groups. The results are shown in figure 4.3. The initial condition in figure 4.3a
shows contours of the horizontal velocity field to the left and to the right shows the

vertical profile of the horizontally integrated horizontal flow:

Ly
I, = / udz, (4.66)

—L,

in which the horizontal extent of the domain is the horizontal wavelength: A\, = 2L,.
Because the wave group is horizontally periodic and we have not superimposed a mean

background flow initially, I,(z,¢ = 0) = 0 for all 2.

At later times, the wave group is seen to propagate upwards at the predicted vertical group
speed, being centered around z ~ 70k, ' at time Nt = 200. During its propagation, the
horizontally integrated flow develops into a “double-jet” profile. A negative jet centered
around z = 0 is evident at Nt = 100 and remains centered there at Nt = 200. Meanwhile
a positive jet appears, being centered around z = 35k, ' at Nt = 100 and around
2 =70k, ' at Nt = 200. At this last time, the lower positive jet conforms almost exactly
to the predicted horizontally integrated divergent-flux induced flow, defined by (4.42).
Explicitly, the dashed line shows:

1
@DFZAI{aNmp%%xpp4z—%gﬁﬂyﬂ}. (4.67)

This simple prediction assumes the wave group translates at the group velocity from its
initial position at the origin and does not disperse. Indeed the small discrepancy between
I, and I, pr at Nt = 200 about z = 70k, " is the result of dispersion. If I, pr is com-
puted using |A(z,t)|* rather than |A(z — ¢g.t,t = 0)]?, the curves exactly overlap about
z = T0k, "
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Figure 4.3: Numerical simulation of a horizontally periodic wave group at times Nt =
(a) 0, (b) 100 and (c) 200. The left panels show the horizontal velocity field, the right
panels show the horizontally integrated horizontal flow I, (black line). The dashed line
plots the predicted integrated horizontal induced flow given by (4.67).
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Momentum conservation for a Boussinesq fluid predicts that the domain integrated hor-
izontal flow [ I,dz is unchanging in time. In our simulations, we indeed find that
f I,dz = 0 at each time step. In particular, at Nt = 200 the positive momentum asso-
ciated with the lower positive jet is exactly cancelled by the upper negative jet situated
around z = 0. This result reaffirms the assertion by Sutherland (2006b) that simulations
of horizontally periodic, vertically localized wave groups in otherwise stationary fluid
should nonetheless have a non-zero mean flow, @(z,t = 0) = upp, imposed at the outset.
To require zero mean flow, as we have done in the simulation shown in figure 4.3, means
that one is actually simulating a wave group centered about a (steady) background neg-
ative jet whose speed is equal and opposite to the (transient) divergent-flux induced flow
so that the sum of both equals zero at each height z. When the wave group propagates
vertically away, the wave-induced flow moves with the waves and reveals itself as a pos-
itive, through vertically translating horizontal jet. Simultaneously, the steady negative

background jet is revealed.

Herein, the primary purpose of figure 4.3 is to demonstrate that the wave-induced flow
has fully separated from the background flow at Nt = 200. And so at this time, in a
frame of reference moving at the group velocity the wave group and its induced flow can

be regarded as being in steady state.

4.5.3 Horizontally localized wave group: non-local wave-induced

flow

We now consider the simulation of a horizontally as well as vertically localized wave group.
Diagnostics at Nt = 200 are shown in figure 4.4. This is the time at which the horizontally
periodic wave group and its induced mean flow were shown to have reached steady state
in a reference frame translating vertically at speed c,,. Although the domain extended
over —3200 < k,x < 3200, here the fields are plotted only for —100 < k,x < 100.

As expected, the horizontal and vertical velocity fields in figure 4.4a and b show that the
wave group has translated to the origin with little dispersion. Because the magnitude of
the wave-induced flows is predicted to be of order amplitude squared, the signal is too
weak to be seen on the colour scale shown in these two plots. Indeed, (4.48) predicts
the magnitude of the induced horizontal flow to be Agy,/(N/k,) ~ (7°/2/128) x 107° ~
1.4 x 107%. To reveal the induced flows, we perform a horizontal Fourier transform of
both fields over the entire domain and set to zero all Fourier components with horizontal

wave numbers between 0.5k, and 1.5k,. Inverse transforming gives the resulting wave
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Figure 4.4: Horizontally and vertically localized Gaussian wave group at Nt = 200
showing the (a) horizontal and (b) vertical velocity fields and the wave group-filtered
(c) horizontal and (d) vertical velocity fields.

group-filtered horizontal and vertical velocity fields w and w shown in figures 4.4c and
d, respectively. These fields, plotted with a colour scale spanning a much smaller range
of non-dimensional speeds, e.g. |[u]| < 2 x 107°N/k,, show that the magnitude of the
horizontal response flow is indeed well-predicted by (4.48).

Even though the momentum-flux divergence associated with the wave group is predicted
to generate a local v and w-dependent divergent-flux induced flow according to (4.33),
consistent with (4.41) the response flow results in a total wave-induced flow moving the
fluid almost entirely in the x-direction. In figure 4.4c, u appears to be nearly indepen-
dent of x. However, the plots of u over the entire horizontal computational domain
in figure 4.5 shows that w exhibits a pattern similar to a bow wake. Somewhat more
directly, it resembles the pattern of internal waves created by a translating cylinder
(Stevenson and Thomas 1969, Voisin 1994), although in the case of a vertically translat-

ing cylinder the horizontal flow field is an odd function in = centered about the cylinder
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and in our case it is an even function of x centered about the wave group.

The result in figure 4.4c clearly shows that the momentum-flux divergence associated
with the wave group acts as translating localized forcing that excites horizontally long
internal waves. The slope of the phase-lines associated with these waves is consistent
with the assumptions leading to the order-of-magnitude prediction (4.45) for the lateral
extent of the wave-induced flow. The vertical wavelength of the long waves is on the
order o, = 20k, and the slope of the constant-phase lines predicted by (4.46) to have
magnitude |k, /k.,| = 7e./4v/2 ~ 0.028 is consistent with the slope evident in figure 4.5d.

Tracking the constant phase line of the long wave emanating from the front of the wave
group at time Nt = 200 (figure 4.5d), we see that the disturbance field becomes negligibly
small at a vertical level corresponding to the trailing edge of the wave group. The lateral
extent of the disturbance is k,|z| ~ 1000, close to the value k,L; ~ 1440k, " predicted
by (4.45). The disturbance field further in the lee of the wave group continues to emanate
outward. Yet this can be understood as the passive propagation of long waves after their

forcing is turned off.

The long waves are the result of the wave-induced flow associated with the localized wave
group. Despite the somewhat complex structure of the long waves, horizontally integrat-
ing the (unfiltered) horizontal velocity field reveals horizontal vertical profiles shown in
the right panels of figure 4.5, similar to those produced by a horizontally periodic wave
group. Again, as time progresses, the initially zero flow evolves to reveal a superposition
of a steady negative ‘jet’ centered around z = 0 and a vertically translating positive ‘jet’.
(We have put the word ‘jet” in quotations here because the flow is in fact z-dependent,
though over long horizontal distances compared with the wave group width.) Further-
more, the vertical structure of the ‘jet’ is well predicted by theory. From (4.27) and
(4.42), we predict:

Iu,DF = \/7_Tax {%N|k|"402 eXp [_(Z - ngt)Q/O'zﬂ } : (468)

The right-hand panels in figure 4.5 show that this prediction closely overlaps with the in-
tegrated horizontal flow calculated from the simulations in the vicinity of the wave group
after it has translated sufficiently far from its initial position and left the negative ‘jet” in

its wake. Although the wave-induced velocities from momentum-flux divergence (4.33)
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are of order o?€?, the resulting velocities associated with the long wave corresponding to

(4.68) are of order ¢!, as shown in (4.48) setting € = ¢, = ..

Comparing the structure of the predicted horizontal velocity shown in figure 4.2b (for
a wave group centered at the origin) with the numerically computed horizontal velocity
associated with the induced long wave shown in figure 4.5d, it is clear that a wave group
in an otherwise stationary ambient induces a long wave with the structure and amplitude
predicted by theory. While the horizontally integrated horizontal flow is positive over the
vertical extent of the wave group, the induced horizontal low measured along a vertical
profile through the centre of the wave group changes from positive on the leading flank
to negative on the trailing flank as illustrated in figure 4.6. This shows vertical profiles of
u(z = 0, z) at four different times and compares the results with the theoretical prediction
given by (4.61). Because the ambient is stationary at Nt = 0, the measured wave group-
filtered horizontal flow is zero at this time. However, after less than one buoyancy period
the vertical profile of the wave group-filtered horizontal flow through the centre of the
wave group conforms closely to the predicted flow (figure 4.6b). The measurements and
prediction are close to overlapping at Nt = 10 (figure 4.6¢) and much later at Nt = 200
(figure 4.6d). This shows that a wave group generated in an ambient initially at rest
rapidly induces a horizontal flow field across its breath whose structure can be predicted

by steady-state theory.

4.6 Conclusions

This chapter has examined, theoretically and numerically, the structure of the flow in-
duced by a small-amplitude, two-dimensional, Boussinesq, horizontally and vertically lo-
calized internal gravity wave group. This induced flow is not the result of wave-breaking,
but is a transient flow that varies broadly in space - compared to the width of the wave

group - and which is coupled with the wave group as it moves at its group velocity.

Through a theoretical wave-group approach that seeks a steady wave-induced flow in a
frame of reference that moves with the group velocity of the wave group (based on the
analogy with the surface-wave case in chapters 2 and 3), we find that the leading-order
total wave-induced horizontal flow is a horizontally uniform flow whose horizontal inte-
gral is equal to the horizontal integral of the horizontal component of the divergent-flux

induced flow for internal waves upp.
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Figure 4.5: Wave group-filtered horizontal flow (left) associated with the Gaussian wave
group at Nt = (a) 50, (b) 100, (c¢) 150 and (d) 200 shown over the entire horizontal
extent of the domain. The size of the localized wave group is indicated by the ellipse in
each of the left-hand images. The diagonal dashed lines in the left-hand image of (d) are
drawn with the slope of the long wave phase lines predicted by (4.46). The horizontally
integrated horizontal velocity computed from the unfiltered horizontal velocity field is
plotted by the solid lines in the corresponding panels to the right. The dashed line shows
the prediction (4.68) for the horizontally integrated induced horizontal flow.
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Figure 4.6: Vertical profiles of the measured horizontal velocity (solid lines) at & = 0,
corresponding to the horizontal position of the centre of the wave group, shown at non-
dimensional times Nt = (a) 0, (b) 5, (¢) 10 and (d) 200. These are compared with the
predicted horizontal flow (dashed lines) given by (4.61).

Simulations show that an internal wave group indeed excites a long horizontal distur-
bance. But in a sufficiently wide horizontal domain, it is clear that the disturbance field
is not horizontally uniform to the far reaches of the domain. In an incompressible fluid,
information about the presence of the wave group can only be transmitted laterally at
the speed of horizontally long internal waves. The structure and extent of the long dis-
turbance was anticipated by Bretherton (1969b). Furthermore, the analysis reveals the
link between the momentum transport by the wave group and the long wave. Consistent
with theory, we find that the horizontally integrated horizontal flow associated with the
long waves is well represented by the horizontal integral of upy. This result and the re-
quirement that the horizontally long internal waves propagate with vertical phase speed
equal to the vertical group velocity of the internal wave group gives a prediction, not just
for the wave number, but also the amplitude of the long waves. Crucially, the character-
istic horizontal scale of the induced long wave is much larger than the horizontal scale

associated with the group itself: the response is non-local.

This study has focused on small-amplitude, Boussinesq internal wave groups confined to
two dimensions. If the span-wise extent of the wave group is finite, adding a third dimen-
sion to the problem, then it is possible for a component of the response flow to circulate
laterally around the wave group in what has been called “Bretherton flow” (e.g. figure
3a of Biihler and McIntyre (2005)) and is explored in the next chapter. There is some
recent experimental evidence for a recirculating flow resulting from a span-wise localized
internal wave beam (Bordes et al. 2012), though viscosity played an important role in
that study. The dynamics are expected to be more complicated if the waves are large-
amplitude or grow to large amplitude through non-Boussinesq effects (Sutherland 2001,

Dosser and Sutherland 2011a,b). Horizontally periodic, vertically localized internal wave
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groups have been shown to be modulationally unstable if their frequency is larger than
that for waves with the fastest vertical group velocity. The amplitude-envelope of these
waves narrows and grows and advances vertically at a slower speed as a consequence of
being Doppler-shifted by the wave-induced mean flow. Otherwise the waves are modu-
lationally stable and the wave group broadens vertically. Qualitatively, the same weakly
non-linear dynamics have been observed for wave groups that are horizontally as well as
vertically localized (Sutherland 2001).

This can now be understood to occur due to weakly non-linear interactions between the
wave group and the horizontal flow associated with the induced long wave. Weakly non-
linear theory has also provided evidence for radiating wave-like disturbances excited by
moderately large, fully three-dimensional wave groups (Tabaei and Akylas 2007). Based
on the scaling of the response flow, very large computational domains would be needed
to resolve such problems without the effects of boundaries playing a determining role.
Future work will investigate weakly non-linear effects associated with interactions between
a span-wise finite, large-amplitude internal wave groups and the induced long wave it
generates. The ultimate goal of such work is to evaluate the transport of momentum
and energy, not only by the wave group, but by the horizontally long internal waves it

generates.



Chapter 5

The balanced circulation induced by
three-dimensional internal gravity

wave groups

Unlike the two-dimensional case (chapter 4), in which the group radiates long
horizontal waves, the induced flow of a three-dimensional gravity wave group is
steady in the reference frame moving with the group. Indeed the physics of the
problem simplifies considerably by adding a third dimension and is analogous
to the physics of a two-dimensional surface gravity group studied in chapters
2. In the surface gravity wave case, the transport of fluid by the Stokes trans-
port is proportional to the (square of the) local amplitude of the envelope. As
the amplitude of the envelope of the group varies, so does the Stokes trans-
port leading to a divergence of fluid on the trailing edge of the group and a
convergence on the leading edge. In deep water, the Eulerian return flow is
simply the flow field that is required to ensure volume is conserved and the
fluid is ‘returned’. This chapter shows that, at leading order, the same inter-
pretation holds for three-dimensional internal gravity wave groups, for which
the stratification inhibits all induced flow in the vertical direction and the bal-
ance between the divergent-flux induced flow (the internal wave analogue of
the Stokes transport introduced in chapter 4) and the return flow holds for ev-
ery horizontal slice. This chapter thus provides an explicit description of the
divergent-flux induced flow and the return flow for three-dimensional inter-
nal gravity wave groups first described by Bretherton (1969b) in the simplest
possible framework.
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5.1 Introduction

It has been known since Bretherton (1969b) that a three-dimensional internal gravity wave
group induces a mean flow that consists of two components: a local response through
the centre of the group and a non-local flow around the group, sometimes known as
the ‘Bretherton flow’ (Biihler and Mclntyre 2005). Although Bretherton (1969b) does
not find explicit expressions for the mean flow around the group, he concludes that it
must be entirely horizontal, non-divergent and, according to the circulation theorem, ir-
rotational except where the wave energy density is non-zero (i.e. at the centre of the
group). At each horizontal level separately then, the mean flow can be found as the two-
dimensional incompressible motion around a concentrated patch of vorticity. Finally,
Bretherton (1969b) remarks that the velocities are expected to fall off as the inverse
square of the distance to the centre of the group, as in the field due to a two-dimensional

dipole.

By appealing to the much simpler, and perhaps more physically intuitive, argument of
divergent-flux induced flow introduced in chapter 4, this chapter shows how the induced
mean flow by three-dimensional internal gravity waves can be understood using a simple
mass balance argument. Unlike Bretherton (1969b), this chapter also provides explicit
expressions for the induced velocity field distinguishing two components: the divergent-

flux induced flow and the return flow.

Referring the reader to chapter 4 for a more extensive introduction, this short chapter is
laid out as follows. §5.2 introduces the three-dimensional governing equations, which are
solved by means of a combined separation of scales and perturbation expansion in §5.3.

Finally, conclusions are drawn in §5.4.

5.2 Governing equations

We begin by making the usual Boussinesq approximation, that is, we ignore variation
of density in the conservation equations except where it is responsible for the existence
of the buoyancy force itself. In a three-dimensional coordinate system in which x and y
denote the horizontal coordinates and 2z denotes the vertical coordinate, the corresponding
momentum equations are:

Du 1 N
— = ——Vp—g—k, 5.1
Dt Po Po (5:1)
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where u = (u,v,w) denotes the velocity vector with components in the direction of the
respective unit vectors i, j and k, p denotes the pressure, and gravity g acts in the
negative z direction. In the Boussinesq approximation py is the (constant) characteristic
density. The total density of the fluid is the sum of background density p(z) and small
variations from the background p, so that pr(z,y,2) = p(z) + p(x,y, z). The fluid is
assumed to be incompressible. Together with mass conservation this requires the flow to
be non-divergent:

V-u=0. (5.2)

We further assume the ambient state is uniformly stratified with a corresponding positive
and constant squared buoyancy frequency:
I5
N2=_9% (5.3)
po dz
Neglecting diffusion of heat and salinity, internal energy conservation gives the following

evolution equation for the perturbation density p:

Dp__ dp

— . 4
Dt wdz (5-4)

In an uniformly stratified Boussinesq fluid it is convenient to re-express p in terms of the

vertical displacement field £ through:

€= —pp (5.5)

where the prime denotes a z-derivative. Then (5.4) can be rewritten as:

b _

o = W (5.6)

By taking the curl of the momentum equation (5.1), the pressure terms can be eliminated

and we obtain an equation for the baroclinic generation of vorticity ( = V x u:

D¢ O+ 0€¢>’ (57)

— —(¢.-VYVu-— N2<— =
Dt ¢-Vu ayl 8$‘]
where we have used the vector identity u- Vu = (V(u-u))/2 —u x (V x u), the fact
that the flow is incompressible (5.2) and we have expressed p in terms of . Equations

(5.6) and (5.7) can be combined, by taking = and y derivatives of (5.6) and substituted
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into (5.7) after taking its temporal derivative, to give:

0 —020. (9} + N?9,
9?20, 0 —(8? + N?o, ] u=V- [—at(u®c+c.Vu) —NQ(aw(uf)j—(?y(uﬁ)i)},
~920, 020, 0 b

=L

(5.8)
where the linear matrix operator L acts on the velocity vector u and the terms in the
right-hand side vector F' are non-linear in the amplitude. The symbol ® denotes the
tensor product. Equation (5.8) is referred to as the mean flow forcing equation and it

can readily be compared to its two-dimensional analogue (4.10) in chapter 4.

5.3 The divergent-flux induced flow and the return

flow

5.3.1 Perturbation expansion

Wave groups translate in (z,y,2)-space at the group velocity ¢, = (¢gy, ¢gy, ¢42). In order
to represent a three-dimensional group, we assume that the characteristic widths of the
group o, 0, and o, are of the same order of magnitude. Likewise, the peak wave numbers
in the three directions k,, k, and k. are assumed to be of comparable magnitude. We have
0 =0, ~ 0y~ 0, and |k;| ~ |ky| ~ |k.|, so that e = €, ~ €, ~ €., where ¢, = 1/(k,,0,,) for
n =x,y,2. We then introduce the slow variables X, Y and Z describing the translation

of the wave group:
X =¢€(x—cput), Y =ely—cyt), Z=clz—cut), T=¢t, (5.9a,b,c,d)

where dispersion of the group occurs on the very slow (cf. O(e?)) time scale T. We
introduce a second small parameter o« = |k|Ag, where Ay is the amplitude of vertical
displacements at the centre of the group and k = (k,, ky, k,) is the wave number vector.

At leading order (a'e®) the vertical displacement field is:
¢W = ¢ly) = Re[A(X, Y, 2, T)ei ke thoythezmwn)], (5.10)

where the superscript denotes the order in «, the subscript the order in € and we set

higher order terms in € to be zero without loss of generality.
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5.3.2 Periodic wave solutions (review)

The linear dispersion equation can be obtained by solving the linearized versions of (5.2)
and (5.8) simultaneously. Taking two equations from (5.8) and (5.2), we have three

linearly independent equations at O(«):

0 —020, (92+ N%)9,

020, 0 —(02+ N0, | u=0(x1). (5.11)
Oy Oy 0.,
) R
For a non-trivial solution, we require det(M) = 0, from which we obtain the linear
dispersion relationship: ) ,
W Ktk (5.12)

N2 k24 k2 + k2

The periodic solution for u™) corresponding to (5.10) with A = ay can be obtained from
combining (5.6) and (5.11):

Y

. k.
uV) = —jw 2 _: 17 ( —kyk, )aoei(k“ﬂ”+kyy+kzz°Jt), (5.13)
(k2 +k3)/ k2

where the real component is understood. It can be verified by substituting (5.10) with
A = ag and (5.13) into the right-hand side of (5.8) that plane periodic Boussinesq internal
waves are an exact solution of the fully non-linear equations of motion, a well-known result
(see for example Sutherland (2010)).

5.3.3 Leading-order induced mean flow

Returning to the forcing equation (5.8) and assuming that the Eulerian flow field at

second-order in « varies on the slow scales X, Y and Z, it can be shown that the
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individual terms have the following orders in « and e:

B 2 2 2 7]
2 0 B w9 [aut w00+ 0 Tut)] .
3 4 0 ol \/ |
— 929, 90 0 e
L €3 €3 .
. - )

v. [N2( L (uMEM); + (u(l)gu))i)],

N /

(5.14)

where we are only interested in mean flow terms and thus average over the fast scales on
the right hand side, as denoted by the over-line. We thus have at leading order (O(a?€'))

for the induced mean flow u®:

Oxw?(X,Y,2) =0, oyw?(X,Y,Z)=0, (5.15a,b)

which implies that w® = 0, as volume is conserved (V - u = 0). In words, stratification
inhibits all mean flows in the z-direction at leading order. In general we have the total
induced mean flow u® as the sum of the divergent-flux induced flow upy (see chapter 4)
and the return flow ugg:

u(2) - uDF + uRF. (5.16)

We therefore have for the vertical direction wgr = —wpy; all low is inhibited by strat-
ification. The induced mean flow is confined to the horizontal plane and has to satisfy

two-dimensional conservation of volume:
vH ' uI({Q) = vH . (uDF,H + uRF,H) = 0, (517)

where we let the subscript H denote (two-dimensional operations in) the horizontal plane:
Vi = (8,,0,) and u) = (u® v®@).

5.3.3.1 Divergent-flux induced flow

We only consider the temporal and advective components of the momentum equation

(5.1), to arrive at a definition of the divergent-flux induced flow (see chapter 4):

Oupp

5 = —V - (¥ @uW), (5.18)
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Figure 5.1: The divergent-flux induced flow in a horizontal plane through the centre of
the group (z = c¢4.t) showing (a) the velocity field (upr,vpr) and (b) its convergence
—Vyu - (Upp, Upr) showing that the divergent-flux induced flow transports fluid in the
direction of (the horizontal component of) the group velocity.

where we have used V - u = 0 to write the equation in conservative form. The over-lines
denote averaging over the fast scales. We now recast (5.18) in terms of the slow variables,

keeping terms of order € alone. In particular, d; ~ —ecy,0x — €cgy Oy — €cy.07:

Cylipr = uMu), CyUpp = OMON CyWpp = wMu®, (5.19a,b,c)

Using the polarization relationships (5.13), we obtain from (5.19) the divergent-flux in-

duced velocity vector field pointing in the direction of the group velocity vector c,:

1 Cqy C
— o NIK||Af (1, S, ), 5.20
or = 5 VIKJAP (1, 22, (520
Figure 5.1 shows the components of (5.20) and the convergence and divergence of this
velocity field in a two-dimensional horizontal plane through the centre of the group (with

a positive sign corresponding to an excess of fluid and a negative sign to a deficit).

5.3.3.2 Return flow

From the result in §5.3.3, we immediately obtain wyr = —wpr and solving for the return
flow field amounts to solving the two-dimensional Laplace equation (5.17) with sources
and sinks given by the divergence of the two-dimensional divergence-flux induced flow
field ugpy = (usp, vsp) With the individual components given by (5.20). We do so in local

complex coordinates in the horizontal plane. The complex potential at Z = x + iy of a
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source with strength M (Z*) located at Z* = z* + iy* is given by:

Bu(2) = 0u(2) + iv(2) = L EBEZZ), (5-21)

The source strength for a unit area dzr*dy* is given by:
AM(Z*) = =V} - (upe(2*, y"), vor(2*, y*) ) da*dy*. (5.22)

Summing over all the sources, we have for the complex potential:

By = — / / V' (ol ’y)”“( ’y>)log(\/($—x)+(y—?/*)2>dx*dy*.
(5.23)

Explicitly evaluating the stream function and the velocity components for an isotropic

(0 = 0, = 0, = 0,) Gaussian wave group A(z,y,2,t) = Agexp(—((z — cgut)? + (y —

Coyt)? + (2 — ¢g2t)?)/(20%)), we have for the velocity components:

-~ S ke (1 ~ %
_ v L (R et ) J.
Upp = e v dzrdyr,
(o =&+ (50
~ Sx ko (1 ~ %
_ IkINA2 ) x—x)+5(y—y)) ~@P=(") g3+ dg*
Upp = e dz*dy
RF QA; i*)Q + @_ A*)2

where & = (z — cyyt)/o and § = (y — ¢4t)/o. The corresponding return flow field is
illustrated in figure 5.2a. In this figure, the group velocity vector is in the direction of
the diagonal y = x line. The return flow is thus predominantly in the opposite direction.
The sum of the divergent-flux induced flow upr and the return flow ugy is shown in figure
5.2b.

5.4 Conclusions

This chapter has provided an explicit description of the induced mean flow by three-
dimensional internal gravity wave groups in uniformly stratified Boussinesq ambients.
Although internal gravity waves do not display Stokes drift (defined as the difference
between the Lagrangian and Eulerian velocity), the analogy with surface gravity wave
groups can be exploited. As for surface gravity wave groups (cf. chapter 2), the wave-
induced mean flow consist of two components. Taking advantage of the separation of
scales in a quasi-monochromatic wave groups, the advective terms in the momentum
equations (sometimes referred to as Reynolds stresses) give rise to a mean flow through

the centre of the group in the direction of the group velocity vector that we term the
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Figure 5.2: The return flow in a horizontal plane through the centre of the group (z = ¢;.t)
for a three-dimensional wave group showing the velocity field (ugp, vrr) and (b) the total
induced mean flow field u® = (Upp + Urp, Vpr + Vrp) at the same location.

“divergent-flux induced flow” (see chapter 4). This divergent-flux induced flow is analo-
gous to the Stokes transport for surface gravity waves and it is local to the group. Because
the divergent-flux induced flow is divergent itself (it transports volume), a second compo-
nent of the induced mean flow is needed: the return flow. The return flow acts to restore
the mass imbalance by transporting fluid in the opposite direction around the group. It is
thus non-local in the same way as the return flow for surface gravity wave groups in deep

water. Stratification simply acts to confine this balanced circulation to a horizontal plane.

Comparing the results in this chapter to the results in the previous chapter (chapter 4)
on two-dimensional internal wave groups, a clear contrast becomes evident. Whereas the
response to three-dimensional groups is a balanced circulation, two-dimensional groups
induce a quasi-steady long internal wave ahead and in its lee. Realistically then, one
should expect both a long internal wave and a recirculating region about a wave group
of sufficiently wide but nonetheless finite span-wise extent. It is not immediately clear
how such a mixed response could be predicted using a perturbation expansion of the type
considered herein. Such geometries, that perhaps form realistic descriptions of internal

gravity waves generated by flow over a mountain range, provide scope for future work.

Finally, explicit evaluation of the mean flow passing through the wave group can be used
to develop weakly non-linear equations for the evolution of moderately large amplitude
internal wave groups. This methodology has been successfully employed by Sutherland
(2006b) and Dosser and Sutherland (2011a,b) who derived non-linear Schrédinger equa-
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tions for horizontally periodic, vertically localized two-dimensional internal wave groups
allowing these authors to assess the modulational stability of such groups. Extending
these results to three-dimensional wave groups using the explicit description of the in-

duced mean flow derived herein provides scope for future work.
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Interfacial gravity waves
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Chapter 6

Stokes drift and return flow for
two-dimensional interfacial wave

groups

This chapter extends the framework developed for surface gravity waves in
chapters 2 and 3 to two-dimensional interfacial gravity wave groups in a sta-
bly stratified two-layer fluid. It considers the leading-order terms in a sepa-
ration of scales expansion for a quasi-monochromatic interfacial wave group.
As for finite depth surface gravity waves, the return flow can be driven by both
the divergence of the Stokes transport and the set-up or set-down of the in-
terface. For pure interfacial wave groups in a two-dimensional channel three
cases are examined in turn: the case of two infinitely deep fluids, the case
of two fluids of finite and equal depth and the asymmetric case of a finite
depth fluid overlying an infinitely deep fluid. Finally, the induced mean flow
of coupled free surface and interfacial waves is considered distinguishing the
barotropic and the baroclinic solutions to the dispersion relationship. Both the
non-Boussinesq case and the Boussinesq case, in which the density difference

between the fluids is small, are considered.

6.1 Introduction

Interfacial gravity waves can occur on the interface between two fluids of different density

with the lighter fluid overlying the denser one in a stable configuration. Two different

configurations can be distinguished: a case without a free surface for which only inter-

facial waves exist, and a case with a free surface for which interfacial and free surface

waves interact. Examples of interfacial waves in the natural environment can be found

when density changes are relatively abrupt, such as at the thermocline in tropical seas

119



120 Stokes drift and return flow for interfacial wave groups

or lakes and at the atmospheric inversion. For example, Akylas et al. (2007) studied the
interfacial solitary waves that may arise from the interaction of a propagating internal
tidal beam with the thermocline, motivated by field observations in the Bay of Biscay
by New and Pingree (1990, 1992). More generally, long non-linear internal solitary-like
waves are ubiquitous features of coastal oceans, as has been shown by in situ and remote
sensing observations (see Helfrich and Melville (2006) for a review). Another often cited
example of interfacial waves playing a role is the fast-moving band of clouds that appears
typically in early morning hours in late October over North-Western Australia and is
sometimes known as the Morning Glory. Although the dynamics are more complicated,
the clouds mark the crest of a solitary wave that propagates along the morning-time
atmospheric inversion (Noonan and Smith 1985, Christie 1992, Menhofer et al. 1997).

Perhaps the most appealing example of interfacial waves is in the so-called dead water
effect, first described by the Norwegian Arctic explorer by Fridtjof Nansen (1861-1930).
The dead water effect occurs when a layer of fresh water overlies a layer of salt water and
a ship’s propeller is located approximately at the interface between the fluids. Instead of
driving the ship forwards, the propeller drives internal waves, which are hardly visible at
the free surface and can bring the ship to a standstill. It most commonly occurs where
glacier runoff flows into salt water, such as in fjords. It was observed and documented by
Nansen (1897) when sailing his ship the Fram in the Nordenskiold Archipelago near the
Taymyr Peninsula (Russia). More generally, oceanic internal waves are not directly visi-
ble to the observer at the ocean’s surface or only through small amplitude disturbances

that are visible on satellite images (Klemas 2012).

Using the framework developed in the previous chapters, this chapter explores the struc-
ture of the Stokes drift, Stokes transport and the return flow for pure interfacial wave
groups and coupled free surface interfacial wave groups (see figure 6.1). Two incompress-
ible fluids of different density are considered in a two-dimensional semi-infinite domain.
The fluids are assumed to not mix. Both large density differences (non-Boussinesq) and
the limit of small density differences (Boussinesq) are considered. Although the individual
fluids may be modelled as irrotational, shear between the two layers may lead to an in-
stability through the formation of Kelvin-Helmholtz billows. Such instabilities are in fact
thought to be an important mechanism for interfacial wave breaking and, consequently,
mixing in the ocean (see Helfrich and Melville (2006) for a review including of field mea-
surements). Provided the effects of gravity are sufficiently strong, the effects of shear
are stabilized (see for example Fringer and Street (2003) for a study of shear instability
in interfacial waves). This chapter is therefore restricted to the regime of shear-stable

interfacial waves. Instead, this chapter pursues a perturbation expansion in the small
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Figure 6.1: Tllustration of definitions for (a) closed-lid interfacial wave groups and (b)
coupled free surface and interfacial wave groups in a two-layer fluid.

parameter o = ko|Ap|, where kg is the peak wave number and |Ag| is the wave group
amplitude combined with a separation of scales expansion for quasi-monochromatic wave
groups in the small parameter ¢ = 1/(koo), where o is the horizontal scale of the wave
group. As in the previous chapters, only effects up to O(a?) are considered. We thus
abstract from the significant literature on non-linear evolution of interfacial waves and

the formation of solitary wave solutions.

This chapter is laid out as follows. §6.2 examines interfacial waves in a two-dimensional
channel with a closed lid, first introducing its governing equations and boundary condi-
tions (§6.2.1), followed by its solutions for an infinite depth channel (§6.2.2), a channel
with two layers of equal finite depth (§6.2.3) and, finally, a channel with a layer of finite
depth overlying a layer of infinite depth (§6.2.4). §6.3 then considers coupled interfacial
and surface waves in a two-layer fluid with a free surface, beginning with introduction of
its governing equations and boundary conditions (§6.3.1) followed by a discussion of the
two familiar categories of linear solutions (§6.3.2): the barotropic or surface mode and
baroclinic or internal mode. The induced mean flows for wave groups in the barotropic
and the baroclinic mode are then discussed in detail in §6.3.3 and §6.3.4, respectively.

Finally, conclusions are drawn in §6.4.

6.2 Closed-lid interfacial waves

6.2.1 Governing equations and boundary conditions

For a two-dimensional domain (see figure 6.1a), the governing equations V?¢, = 0 for
z > n and V2¢; = 0 for 2 < n are solved subject to three boundary conditions at the

interface z = n(x,t). The vertical coordinate z is measured upwards from the undisturbed
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interface level z = 0. The two-dimensional velocity potentials in each layers are defined so
that: uy = 0¢r/0x, wy = O¢1/0z in the top layer and uy = dpy/0x, wy = J¢y/Iz in the
bottom layer, with v and w denoting the horizontal and vertical velocity, respectively. The
boundary conditions are, respectively, a kinematic boundary condition for the velocities
in the top layer, a kinematic boundary condition for the velocities in the bottom layer
and a dynamic boundary condition setting the pressure at either side of the interface to

be equal (cf. Bernoulli’s equation):

an on B an on B B
5 + Urg — Wr = 0, T + ug oy W= 0 on z=n(xt), (6.1a,b)
aCbT 1 2 _ a¢B 1 2 _

pr( G+ 51Vl - gn) = pu( 2 +5IVoul* +gn) on z=n@p).  (62)

Finally, wy — 0 as 2z — Hy and wy — 0 as 2 — — Hy, reflecting the two closed boundaries
at the top and bottom of the channel.

6.2.1.1 Linearized equations

The linearized (in «) boundary conditions (6.1-6.2) are:

on on

_gt —wl|_ =0, _gt —w|_, =0, (6.3a,b)
P (Tl) 8¢(1)
mn — B e))
Pr +9pn" = ps——|  +gpsn", (6.4)
ot |._, ot |,_,
which can be combined, eliminating 7, to give:
06y o 0y

r———— — Pp—— — — pPr =0. 6.5
p atQ o pB atQ o g(pB p ) az o ( )

We note from (6.3) that the leading-order vertical velocities are equal at the interface:
Wiy —0) = W (s —
wy'(z=0)=wy’ (2 =0).

6.2.1.2 The mean flow forcing equation

At second-order (in ), we obtain from the boundary conditions (6.1-6.2):

ot 0z ox

87)(2) a¢(T2) B ) < O (1)) 377(2) 3¢](32) B AR ( O
’ ot 0z ox

T U 77(1)> on z=0, (6.6a,b)
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8¢(2) a¢(2) 1
_ 2) B T4 M2 )2
g(ps — pr)n'® + ps 5 "o 2(pT\V¢T 2 — ps| Vs |)+---

(6.7)

H2 (Tl) o2 ](31)
_'_ (pTL — pBL
0z0t 0z0t

where we have restricted our interest to mean flow terms by averaging over the fast scales,

)77(1) on z=0,

as denoted by the over-lines. Furthermore, we have used the identities 0°¢, = —02¢n
and 0%¢, = —0%¢y (from Laplace). Before taking stock and considering the orders in «
and e of the different terms, we must consider the linear (in «) solutions. Three cases are
considered in turn: two layers of infinite depth, (§6.2.2), two layers of finite and equal
depth (§6.2.3) and one layer of finite depth overlying a layer of infinite depth (§6.2.4).

6.2.2 Solutions for two layers of infinite depth (H — o0)
6.2.2.1 Linear solutions

We assume linear (in «) velocity potentials of the form:

r(rl) — BT(X, Z, T)efkozei(komfwot)+O(a1€1>’ qb](gl) — BB(X7 Z, T>€k‘ozei(k0x7wot) +O(O{1€1)7
(6.8a,b)
where X = e(x — ¢y0t), Z = ez and T = €°t. The corresponding interfacial elevation is

assumed to be:
nV = A(X, T)e'kor==0t) 1 O(ale). (6.9)

Satisfying the linearized boundary conditions (6.3-6.4) at O(a'€®), we recover the stan-
dard periodic wave solutions for interfacial waves:
o _ tAKX)

w .
Oy’ = —Oe—kozel(kox—mt) + O(alel),

w _ AKX
ko ?

. Wo o gilkoz—wot) | O(alel),
(6.10a,b)
and the deep-water linear dispersion relationship w? = ¢'ko, where ¢’ = g(ps — pr)/(ps +
pr) is now the reduced gravity. Table 6.1 summarizes the linear solutions, as evaluated

at the undisturbed interface level z = 0.

6.2.2.2 Second-order solutions: mean flow

It is evident that the leading-order linear solutions in the two-layers are simply equivalent
to the leading-order deep-water surface gravity wave solutions (see chapter 2) with gravity

g replaced by the effective gravity ¢’ in the dispersion relationship. Accordingly, we can
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infinite and equal depth  finite and equal depth finite over infinite depth

(HT:HB.:H—M)O) (HT:HB:H) (HT:H,‘HB—)OO)
T](l) (1’,7 t) A(X)ez(koszgt) A(X)ez(kozfamt) A(X)@ i(koz—wot)
ugl)(l,’ y = 0’ t) (JJ()A( ) i(koz—wot) tan]:on)A(X)ei(koz_wow woA( ) i(koz—wot)
u(ll)(‘rv z = 07 t) _MOA( ) i(koz—wot) _tanl:()on)A(X)el(kowint) tanh(koH)A(X) z(kox wot)
wBl)(Lz =0,t) —iwy A(X)eikor—wot) —iwy A(X)eikor—wot) —iwg A(X)eikoz—wot)
w&l)(xy z2=0,1) —iwoA(X)e“kUz_‘*’ot) —iwy A(X)eikoz—wot) —iwy A(X)eikoz—wot)
(92¢)](51)(l =0,t )/37@t _Wo (X)e’ koz—wot) _ QA(X) i(kox—wot) _ng(X)ei(koz—wgt)
82¢(Tl)(x =0,t)/020t —wW2 A(X)eikoz—wot) —W2 A(X)eikoz—wot) —w2 A(X)ekoz—wot)

Table 6.1: Linear (O(a'e”)) solutions for interfacial waves with a closed lid in an infinite
depth two-layer fluid, a finite depth two-layer fluid and a finite depth fluid overlying an
infinite depth fluid evaluated at the undisturbed interface level z = 0. Each finite depth
layer has depth H.

derive leading-order expressions for the Stokes drift and Stokes transport in the two

respective layers:

Usp,T = WOkO|A(X)|2€_2kOZ; Uspp = WOkO|A(X)|2€2k0za Qst = Qs = Qsrp = %WO|A(X)|2'

(6.11a,b,c)
In words, the Stokes drift and Stokes transport are equal and in the same direction in
both layers and entirely equivalent to the surface gravity wave problem of Stokes (1847)

considered in chapter 2.

In order to take stock of the different orders of the terms in the mean flow forcing
equations (6.6-6.7) and make use of the symmetry, we first define difference and sum
terms ¢? = qb](f) — ¢(T2) and ¢% = qb](f) + ¢(T2), noting these new terms are only defined at
z = 0. Using the definition of the Stokes transport in (6.11c) and the linear polarization
relationships in table 6.1, we then have from (6.6-6.7):

0 0
@< ¢(_2) ) = £<¢](32) — ¢(T2)> =2— QST (a263) on z=0, (6.12)
O(a260) O(a2) \T/
O(aZe)
! 00t 67 062 -
§Q(PB — pr) 2 +(ps — pr) o2 +(ps + pr) o ) 02 1 +0(a“e’) on z=0,
O(a2e2) O(a2e3) O(a2e?) (a2)
(6.13)
9 2 6)77( ) 2.3
—( o3 ): (gbB +¢f )— +0(a”€’) on z=0, (6.14)

where we have assumed that the mean-flow terms evolve on the slow scales X and Z and

change shape on the even slower scale 7. In turn, we have from (6.12) that gb(,z) = O(a?e%),
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from (6.13) that ¢ = O(a%¢') and from (6.14) that n® = O(a2¢!). Leading-order

solutions for the mean flow can thus be found by solving Laplace subject to the boundary

conditions: @ @
8¢T — _ aC?ST 7 8¢B — aC)ST 7 <6 15a,b)
0z |,_ ox 0z |,_, ox

in addition to the boundary conditions at the top and bottom of the channel w; — 0 as

z — 00 and wg — 0 as 2 — —oo. The solutions are:

1 o
Pren = —2—|a0\2w00/ f(ka)ekz sin(k(x — ¢y0t))dk + O(a262), (6.16)
™ 0

1 oo
Prrr = —%\aoﬁwoa/o f(ka)e’kz sin(k(x — ¢y 0t))dk + O(a262), (6.17)

where f(ko) denotes the envelope in Fourier-space:

/00 |A(x)|2e" " da
o . (6.18)

U|ao|2

Flko) =

For a Gaussian group A = ag exp(((x—c,ot)/0)?/2), we have f(ko) = /7 exp(—(ko)?/4).

For the leading-order mean set-down, we have:

@ 9%
ot o

: (6.19)
2=0
and thus 7® = 0 at O(a%e) from (6.16-6.17). Comparing the leading-order solutions for
the return flow and the mean set-down, these are found to be equivalent to the deep-
water surface gravity wave problem (see chapter 2) with the exception of the set-down,
which is non-zero at O(a?e!) for two-dimensional deep-water surface gravity waves. The
compensating effect of both layers restores symmetry, eliminating the set-down. The next
potentially non-zero term would arise as the group changes shape due to dispersion, an

effect not considered here.

We have assumed when neglecting higher-order terms in (6.12-6.14) that (ps — pr)/(ps +
pr) = O(1). In other words, density differences are large and the waves are non-
Boussinesq. It is evident from (6.13) that the order of the third term increases relative
to the other terms in the Boussinesq limit, for example (ps — pr)/(ps + pr) = O(€). As
this particular term is zero here due to symmetry, the solutions (6.16-6.17) remain valid

in the Boussinesq limit.
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6.2.3 Solutions for two layers of equal finite depth (H)
6.2.3.1 Linear solutions

Taking account of the effect of finite depth but restricting our attention to two layers of

equal depth H, we assume linear (in «) velocity potentials of the form:

cosh(ko(H — 2)) i (koz—wot) 1.1
1 T— W 2
b + O(ateh), (6.20)

oV = B.(X,Z,T)

cosh(ko(H + 2)) i(koz—wot) 1l
7 T—w O 621
Slnh(k0H> e -+ (Oé € )7 ( )

oV = By(X, Z,T)

where X = e(x — ¢,0t), Z = ez and T = €°t. The corresponding interfacial elevation is

assumed to be:
M = A(X, T)e'kor=ol) 1 O(ate!). (6.22)

Satisfying the boundary conditions (6.3-6.4) at O(a'e”), we recover the standard periodic

wave solutions for finite-depth interfacial waves:

1A(X )wp cosh(ko(H — 2)) , o—wo
ot = (kg) 0 si(nl(l]((koH) D thor-eat 1. 0(al 1), (6.23)

(1) iA(X)wo cosh(ko(H + 2)) i(koz—wot) 1.1
= _ .24
: ko smh(kH) +Olae), (6:24)

and the linear dispersion relationship wg = ¢'ko tanh(koH ), where ¢ = g(ps—p+)/(ps+pr)
is the reduced gravity. Table 6.1 summarizes the linear solutions, as evaluated at the

undisturbed interface level z = 0.

6.2.3.2 Second-order solutions: mean flow

It is evident that the leading-order linear solutions in the two-layers of finite depth are
simply equivalent to the leading-order finite-depth surface gravity wave solutions (see
chapter 3) with gravity g replaced by the effective gravity ¢’ in the dispersion relationship.
Accordingly, we can derive leading-order expressions for the Stokes drift and the Stokes

transport in the two layers:

woko cosh(2kg(H — 2))

woko cosh(2ko(H + 2))
Usp,r = - 12
2 sinh?(koH )

2 sinh®(koH)

|A(X)|2, Usp,p = |A(X)|2,

(6.25a,b)

Wo

St (R ) LACX)2. (6.26)

Qsr = QST,T = QST,B =
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As expected, the Stokes drift and transport are equal and in the same direction in both

layers and entirely equivalent to the surface gravity wave problem considered in chapter 3.

In order to take stock of the different orders of the terms in the mean flow forcing equations
(6.6-6.7) and make use of symmetry again, we define ¢2 = ¢ — ¢ and L = oD+ 4,
as for the deep-water interfacial waves considered in §6.2.2. The ordering in (6.12) remains
unchanged and we still have ¢* = O(a2e?). We have from (6.7), using the definition of
the Stokes transport in (6.26) and the linear polarization relationships in table 6.1:

L 00 ¢ e ) M
ég(PB = pr) - J+EPB - pT>8—t24+EpB + pT)a—tQJ = é&(ﬂﬂV(bT |> — ps|Vés ]2>1+...
O(;gel) O(;EEQ) O(;EEQ) O(;gel)
0 ( o) oy
il _ 1 _
T (v ozot ™ azat>” oo E=h

O(a‘gel)
(6.27)

where the right hand side was zero at O(a?e') for two deep layers, but is non-zero for
finite depth (cf. table 6.1). We then have at leading-order:

on® o1 1 )
o) = (s = pr) = | (e — 1)W2|A? 6.28
9(ps = pr) =, (ps = pr) 5, 4(tanh2(koH) >wo| oE (6.28)
which can be solved to give:
1 1 g
@ = - % |A)? 2€%). 2
7 2 sinb (ko) g oAl 0@ (6.29)
From (6.6a-6.6b) we then have to leading-order:
99+ 0Qsr D9y Qs
=(—1+4+dpp(koH —_ = (1 + dpp (ko H 6.30a,b
R R R SR (SR NN

where Qgy is given by (6.26) and dpp(koH) = ¢4 owo/ (g sinh(2koH)). Explicitly, the term
arising from the mean set-down dyp(koH) can be written as:
_ koHsech®(koH) + tanh(koH )

FD H) = N ; 31
o (Ko H) 2 sinh(2koH) (6:31)

where, to avoid confusion, we note that § does not denote a Dirac delta function in this
chapter. In the deep-water limit kgH — 00, dpp(koH) — 0 and we recover the deep-
water return flow forcing equations for two layers (6.16-6.17). In the limit kgH — 0,
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dpp(koH) — 1/2. We note (6.31) is equivalent to the analogous definition (3.23) for
finite-depth surface gravity waves in chapter 3. Explicitly, we have for the return flow

satisfying Laplace and the top and bottom boundary conditions:

~ JaolPwor (1 + den( /Co Cosh (k(z+ H)) . 5 5
Fren =~ 27 tanh (ko H / flk sinh(kH) sin(k(z—cyot))dk+0(a’€),
(6.32)

_ aolPwoo (1 = e (koH)) [ cosh(k(H — z2)) . 5 5
Prea = = 27 tanh(koH) /0 (k) sinh(kH) sin(k(@—cqot))dk+0(a”€).

(6.33)

As previously, we have assumed when neglecting higher-order terms in (6.27) that (pg

pr)/(ps+pr) = O(1). In other words, density differences are large and the waves are non-
Boussinesq. It is evident from (6.27) that the order of the third term increases relative
to the other terms in the Boussinesq limit. However, we note that this term will be zero

due to symmetry and the solutions (6.32-6.33) remain valid in the Boussinesq limit.

6.2.4 Solutions for a layer of finite depth (H) overlying a layer
of infinite depth (H, — 00)

6.2.4.1 Linear solutions

Taking account of the effect of finite depth in the top layer of depth H, but retaining an

infinitely deep bottom layer, we assume linear (in «) velocity potentials of the form:

oM = Bu(X, Z,T)eko7eitkor=wnt) 4 O(alel), (6.35)

where X = e(z — ¢,0t), Z = €z and T = €*t. The corresponding interfacial elevation is
assumed to be:

N = A(X,T)e'™0 =) + O(a'e"). (6.36)
Satisfying the boundary conditions (6.3-6.4) at O(a'e”), we recover the standard periodic

wave solutions:

P A(X)wo cosh(ko(H —
]{?0 Slnh(koH)

¢SF1) _ Z))ei(koa:fwot) + O(Oélﬁl), (637)
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A(X ,
](31) — _7’ (k )(JJO ekozez(koaf)—wot) + O(Oé1€1), (638)
0
and the linear dispersion relationship w2 = gko(ps — pr)sinh(koH)/(pr cosh(koH) +
pssinh(koH)). In the Boussinesq limit Ap = py — pr — 0, the linear dispersion rela-
tionship simplifies to w2 = ¢'ko(1 — exp(—2koH))/2, where ¢’ = g(ps — pr)/(ps + pr) is
the reduced gravity. The final column in table 6.1 summarizes the linear solutions, as

evaluated at the undisturbed interface level z = 0.

6.2.4.2 Second-order solutions: mean flow

It is evident that the leading-order linear solutions in the two-layers are simply equivalent
to the leading-order surface gravity wave solutions for finite depth (see chapter 3) in the
top layer and for deep-water (see chapter 2) in the bottom layer with gravity ¢ replaced
by the effective gravity ¢’ in the dispersion relationship. The leading-order expressions

for the Stokes drift and the Stokes transport in the two layers are self-evident:

LUOk’O COSh(2k0<H — Z))

Uso.r = 2 sinhQ(k?oH) |A(X)|2> Uspp = W0k0€2kOZ|A(X>’2> (6.39a,b)
__ W 2 _“ 2
QST,T - 2tanh(k0H) |A(X)| ’ QST,B 9 ‘A(X)| . (6.40a,b)

The Stokes drift and transport are still in the same direction in both layers, but no longer

equal and symmetry is lost.

Without defining the difference and sum terms (in the absence of symmetry), we have
directly from (6.6-6.7), using the definition of the Stokes transport in (6.40) and the linear

polarization relationships in table 6.1:

06 on® wo  IJAX)P
= — =— O(a?e® 6.41
0z |, Ot 2tanh(koH) O /+ (7€), (6.41)
O(aZe) O(a?e) O(aZ2e)
005" | 9  wdJAX)[?

= O(a?e?), 6.42

0= |, ot 2 or o) (6.42)
z N’ \—  —

O(a2e) O(aZe) O(aZe)
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a¢(2) 8¢(2) 1 1
_ 2 5 - T = el | ——— — L ||A(X)].
9(ps = p2) 17 +ps 5 e |, T 1P ) |A(X)]
O(a?) ——— ——— < -~ _
O(aZe) O(a?e) O(a2)
(6.43)
From (6.43), we obtain for the leading-order mean surface elevation:
) — px sinh(koH) L kAP 6.44
1 pr cosh(koH) + pg sinh(koH) \ tanh?(koH) ol ACOF. (6.44)
In the Boussinesq limit, we obtain from (6.44):
1 1
@ = kol A(X))2. 6.45
0 = S A (6.45)

From comparison with the set-down for closed-lid interfacial waves in a two-layer fluid
where the layers are of equal depth H (6.29), we note the mean surface displacement no
longer becomes smaller in the limit of small density differences (¢’/g — 0). Moreover,
we have a set-up instead of a set-down. The set-up is driven by the lack of symmetry
between the Stokes transport forcing on either side of the interface. The contribution
from the top layer is no longer cancelled out by the contribution from the bottom layer

and remains in (6.43). Finally, we have for the return flow forcing to leading order:

8¢ wo HA(X)?
=0 (146 (koH, py, pr) tanh(koH) ) ———21 4
0z |,_, 2tanh(k0H)< + Oro(KoH, po, pr) tanh(o )> ox (6.46)
005 | wy 0| AX)?
. H By MT . 4
5| = (1= FinlkoH, ps, pr) ) T (6.47)

where 67, = prwocyo(tanh™2(koH) — 1)/2g(ps — pr). In the Boussinesq limit:
1
5 (koH) = 86—2k0H( — 1+ e*! 4 2k H)esch?(koH), (6.48)

which is not equal to dpp defined for the symmetric case in (6.31). Figure 6.2a compares
the two solutions. Solving Laplace in both layers subject to the bottom and top boundary
conditions and (6.46-6.47) then gives:

|a0|2w00(

(bRF,B = - o

S (koH)) /0 h f(ko)e sin(k(z — c,ot))dk, (6.49)

¢RF,T = -

sin(k(x—cyot))dk.
(6.50)

|ao|*woo (1 4 07, (ko H ) tanh (ko H / 1k cosh (k(H — 2))
27 tanh(koH) sinh(kH)
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Figure 6.2: Finite depth coefficients for the return flow in the Boussinesq limit of a two-
layer fluid with a closed lid. Panel a compares dpp(koH) (6.31) for the symmetric case
with 67, (ko H) (6.48) and 0}, (ko H) tanh(koH ) for the asymmetric case. Panel b compares
the final depth corrections in the solutions for the return flow in the two layers (6.49-6.50).

Figure 6.2b compares the prefactors in (6.49-6.50) showing a larger magnitude in the top
layer. Focussing on the top-layer, the magnitude of the return flow is increased relative to
the solution in §6.2.3 by the asymmetry, which causes a positive set-up and thus a larger
return flow in the top layer and a smaller one in the bottom layer. Finally, it is evident
from figure 6.2b that the role of the set-up dominates that of the Stokes transport in the
bottom layer for sufficiently small kg H. In fact, the return flow then reverses and becomes
positive, in the same direction as the Stokes drift. For kgH =~ 0.30 the “return flow” in
the bottom layer is zero. For the top layer, we still have 6/ (koH) tanh(koH) — 1/2 as
koH — 0.

6.3 Coupled free surface and interfacial waves

6.3.1 Governing equations and boundary conditions

Now consider the two-dimensional domain (see figure 6.1b) consisting of two layers of fluid
of different density, but with a free surface. The fluid on the bottom has density pz and
thickness Hy and the fluid on top has density p; and thickness H;. The vertical coordinate
z is measured upwards from the undisturbed free surface; the vertical coordinate 2’ is also
measured upwards, but from the undisturbed interface between the two fluids, so that
z/ = z + Hy. Assuming irrotationality and incompressibility, the governing equations in
both fluids are Laplace: V3¢, = 0 and V2¢, = 0. The standard free surface boundary
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conditions are:

D g, 1
E(T]T - Z) =0, aqth + §|V¢T|2 +gne =0 on z=ng(x,t), (6.51a,b)

stating, respectively, that a particle that is located at the free surface stays there (kine-
matic boundary condition) and that the pressure on the free surface is constant and equal

to zero (dynamic boundary condition). The interfacial boundary conditions are:

D%(”B B z) =0, D% (778 - Z’) =0 onz =mn(x,1), (6.52a,b)
B<a§; + %|V¢B|2 + 97713> = PT(% + %]Vﬂ%!z + 9%) on 2’ = ny(xz,t), (6.53)

where (6.52) ensures particles located at the interface remain there on both sides of the
interface and (6.53) equates the pressures on both sides. Explicitly, D/Dt = 0, + u.0, +
w0, for the top layer and D/Dt = 0; + ug0, + w0, for the bottom layer. Finally, the

bottom boundary requires wy — 0 as 2/ — — Hj,.

6.3.2 Linearized equations and solutions

The linearized (in «) free surface boundary conditions (6.51) are:

P g) P (Tl)
% —wld) = 0, gt +gnr=0 on z=0, (6.54a,b)
which can be combined eliminating 77%2):
1826 9oV
19°6: o1’ _ 0 on z=0. (6.55)

g Ot? 0z

The linearized (in «) interfacial boundary conditions (6.52-6.53) are:

o (1) o (1) o (1) o (1)
= —ul) =0, =P —uf’ =0, pB—gj +gni) = pT—zz +gni) on =0,
(6.56a,b,c)
which can be combined to eliminate 77}(32):
i 61 0y :
Pr 12 Y — PB 12 Y —g(ﬂB - PT) - L =0 on 2z =0. (6,57)




6.3 Coupled free surface and interfacial waves 1533

Henceforth, we restrict our attention to an infinitely deep bottom layer (Hy — oo) and
a top layer of finite depth H.. Evidently, if the top layer is also of infinite depth, the
coupling between the surface and the interface is lost immediately and we return to the

closed-lid case. We seek linear (in «) solutions of the form:

W(x, z,t) = Ba(X, Z,T)e" kor=<0t) 1 O (e, (6.58)

o (@, 2,t) = (Bf (X, Z,T)e"* + By (X, Z,T)e ™ 0%)e!kor=at) 4 O(a'e!),  (6.59)

where X = e(z — ¢,0t), Z = ez, T = €*t. Furthermore, in order for the dynamics of the
two layers to be coupled at zeroth order in € it must be the case that H, scales on k;'

and not on the slow scale . We further define:

77](31) (l’, t) — AB (X, T)ei(kol“*wot) + O(Ofl€1>, 77511) (l’, t) — AT(X, T)e’i(koxfwot) + O(Ozlel).
(6.60)
Substituting the trial solutions (6.58-6.60) into the linear boundary conditions (6.54-6.56),

we find the standard linear dispersion relationship after considerable manipulation:
(D —1) ((pB — pr) sinh(koHy) — D (py sinh(koHy) + pn cosh(kgHT))> —0, (6.61)

where D = w2 /gko. Tt is clear that the dispersion relationship (6.61) has two solutions:
D = w?/gko = 1, known as the barotropic or surface mode, and the baroclinic or internal

mode: ) .
D= “o _ ' (ps — pr) sinh (ko H-) ' (6.62)
gko  prsinh(koHy) + pg cosh(koHy)

It can be shown that in the Boussinesq limit (6.62) reduces to the linear dispersion
relationship for the analogous problem with a closed lid (§6.2.4). The (non-Boussinesq)

linear solutions for the barotropic mode are:

gD = Apeithor—wot) 4 O(a'e"), nV = AgehoHrgilkor—wot) | O(ate"), (6.63a,b)

¢(Tl) _ _inAT pkoz gilkoz—wot) | O(ale), g25](31) _ _Z,w(;CAT ohoz ilkoz—wot) | O(ale),
0 0
(6.64a,b)

where it is immediately evident that the velocity potential is continuous across the in-
terface and the solutions are entirely equivalent to the deep-water surface gravity waves
solutions examined in chapter 2. The fluid motion is barotropic: its surfaces of constant

density and constant pressure coincide.



134 Stokes drift and return flow for interfacial wave groups

The solutions for the baroclinic mode, in which the interface is no longer a surface of

constant pressure, are:

?7%1) :ATei(koxfwot)_FO(alel)’ ?7](31) — A, pPr ekOHTei(kO‘T*WOt)+O(a1€1)’ (6.65a,b)

Ps — Pr
A ,
gbl(gl) _ Z.CU(;{:O T ; p_Tp ekoHTekoz ez(koz—wot) + 0(04161), (6.66)
B T
A, (1+ D! D1—-1 ,
f([‘l) _ _ZCU(I)C T +2 ekoz + 5 eng) ez(kg:(:fwgt) + 0(04161), (667)
0

where D! = (ppsinh(koHy) + pgcosh(koHz))/(ps — pr)sinh(kgHy) corresponding to
the baroclinic solution to the dispersion relationship. Table 6.2 summarizes the linear
solutions, as evaluated at the undisturbed free surface level (z = 0) and the undisturbed
interface level 2/ = 0 for both the barotropic and the baroclinic mode. The final column
in table 6.2 shows the solutions for the baroclinic mode at the undisturbed interface level
2/ = 0 in the Boussinesq limit, in which Ap = py — pr is small and pr = py = pg, a

reference density. In the Boussinesq limit (6.65-6.67) reduce to:

) A )
s = Ageltor=eot) L O(alel), pi = _p_pe_kOHTAse’(’W‘”O” +0(a'e'), (6.68a,b)
0

(ﬁ}gl) _ _Z,CUOAB kozlei(k‘OI*th) + O(Oé1€1) (b’(rl) —

iwoAB cosh(koz)
]{;0 ’ ko Sinh(koHT)

e koz—wot) +O(Oél€1>,
(6.69a,b)

where it is now convenient to express all quantities in terms of the internal wave amplitude

Ag. From comparison with the analogous closed-lid solutions (6.37-6.38), it is clear
and not altogether surprising that the small displacement of the free surface does not
contribute to the velocity potential in the top layer in the Boussinesq limit, in line with
the commonly made closed-lid approximation in oceanographic applications that is also

consistent with field observations of interfacial waves in the ocean (e.g. Kao et al. (1985)).

6.3.3 Second-order solutions: mean flow for the barotropic mode

6.3.3.1 Stokes transport

With equivalent expressions for the velocity fields as the deep-water surface gravity waves
in chapter 2, the expressions for Stokes drift and Stokes transport for the barotropic mode

must also be equivalent to the deep-water surface gravity wave case. Writing the Stokes
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Barotropic mode Baroclinic mode Baroclinic mode
(non-Boussinesq) (Boussinesq)
z2=0 Z'=0 z2=0 Z=0 Z=0
77(Tl) Ar Ay Ay Ay —(Ap/po)e FoHr A,
77}(31> e—koHr AT ka“HTAT _poprT ekoHr AT _poEpv1~ 6knl‘lTAT Ay
uV woAr woekoHT A woD71A, wo (D‘1 cosh(koH.) — sinh(kOI-IT)>AT —(wo/ tanh(koH,)) Ap
u}(gl) — woe Rt A, — —wy poprT ekoflr A woAg
wg) —iwgAyr  —iwge RoHT A, —iwoAr —iwp ( cosh(koHy) — D! sinh(kUHT)> A —iwgAg
w,gl) — —jwge FotT 4, - 1wy popr ekollr 4 —iwgAg
o
8;:’5; —w3A,  —wlekofiT A, —wiAs —w? ( cosh(kgH,) — D! sinh(k’oHT)> Ay —wiAs
9261 5 _ . P T
o - —wge Ml Ay - wg Mot A, —w2A,

Table 6.2: Linear (O(a'e”)) solutions for coupled interfacial and surface waves evaluated
at the undisturbed free surface (z = 0) and the undisturbed interface (2’ = 0). All terms
are to be multiplied by exp(i(kox —wot)). For the baroclinic mode D~! = (py sinh(koHy)+
pu cosh(koHx))/((pe — pr) sinh (ko Hx)).

transport explicitly for each layer, we have for the barotropic mode to leading-order:

nT(zvt) 1 1
Qurs = / ufPdz = sup(1— e ) 4, (6.70)
*HT+77B(x7t)
nB(xvt) (1) 1
QST,B = / uy dz’ = §W0€_2kOHT|AT|2a (6'71)

where the over-lines denote averaging over the fast time scales. Evidently, we have Qgr 4+

Qsrs = wo|Ar]?/2, the deep-water solution without two densities.

6.3.3.2 Return flow

From the free surface boundary conditions (6.51):

00 10%Y 97 man 19 oY o 1o .

8- g ot ax<“T "T> g o1 <8t82 e+ gl VerP ) on 2 (6:72)
< —_—— N— ~— -~ .
O(a2el) O(a2e?) O(a2el) O(e) =0 at O(a2e0)

where we have used the linear polarization relationships in table 6.2, restricted our at-
tention to mean flow terms and assumed these evolve on the slow scales. We thus have

to leading order:

08 9wy w1 9A
0z l:=0 %(uT |Z=0 B )_ 20 (6.73)
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We have from the interfacial boundary conditions (6.52-6.53) and the polarization rela-

tionships in table 6.2:

965 oy w 2t iz OLAX)” 2
B _wo AR L o263 6.74
0z |, ot 5 ¢ ox +0(a’¢’), (6.74)
2= N~ ™, g
O(aZ2e) O(a?e?) O(aZe)
962 on® Wo oy O AX) +O(a2e) (6.75)
_—— = — - a.. € .
0z '—0 ot 2 dr |
z'= el Y .
O@re)  Ola2e) O(a%9)
(2) (2)
. Oos; B 0 — 0 6.76
9(ps = px) 15, +ps =5, e ot L, ~ (6.76)
O(a25) —V O(aze(})
O(a2e) Olae)

where the right hand side scales as O(a%€?), but is identical to zero here. Summing up,

we can ignore the slow modulation of the interface 7],(32) and calculate the return flow at

leading order according to:

008 | 1 o AP 000 |1 DA
92 » = 50)06 or 92 . = 50.)06 W (677a,b)

It is evident that all we have done is to compartmentalize the Stokes transport and the
return flow forced by the divergence of the Stokes transport at the two boundaries: the

solutions are entirely equivalent to the deep-water gravity wave case in chapter 2.

6.3.4 Second-order solutions: mean flow for the baroclinic mode

It is evident from the linear solutions for the baroclinic mode in the Boussinesq limit (6.68-
6.69) that we return to the analogous closed-lid problem already examined in §6.2.4. Here

we investigate how this is modified by non-Boussinesq effects.
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6.3.4.1 Stokes transport

Writing the Stokes transport explicitly for each layer, we have to leading-order for the

baroclinic mode:

e IO IO
Qsrr :/ Uy dz = Uz’ =gy’ — Uz’ =07

*HB+nB(xvt)
1 2
= §W0 (5ST,T,F(kOHT7 PB, PT) + 5ST,T,I(kOHT7 PB, ,OT)) ’AB‘ )
1
= §W055T,T(kDHT; PB) PT) |AB|27
(6.78)
778(3?:15) 1
QST,B = / ufal)dzl = §WO|AB|27 (6‘79)

where the over-lines denote averaging over the fast time scales and we express the
Stokes transport in terms of the (square) of the internal wave amplitude As. The non-
dimensional terms dgr 1 (koHr, ps, pr) and dgrr1(koHr, ps, pr) reflect the contributions
from the free surface (F') and the interface (I) to the Stokes transport in the top layer,
respectively. For the bottom layer, we only have one contribution (cf. dgr 5 = dgrp; = 1).

Explicitly, we have:

- 6.80
Pr prsinh(koHy) ( )

5ST,T,F(k0HT7 PB; pT) =

A
dsrr1(koHy, ps, pr) = p—p <D_1 cosh(koHy) — sinh(kOHT)>e_k°HT, (6.81)

T
where Ap = pg — pr and D! = (py sinh(koHy) + pg cosh(koHy))/((ps — pr) sinh(koHy)).
In the Boussinesq limit Ap/py — 0 with py = (ps + pr)/2, equations (6.80-6.81) simplify
considerably:

Ap cosh(koHy) — sinh(koHy)
Hy, A =2—
5ST,T,F(k0 T P/Po) Py sinh(koHT) )

(6.82)

1

6ST,T,I (kOHT) = Wa
T

(6.83)

and it is clear that the effect of the internal wave (6.83) is dominant for small density
ratios Ap/po. Finally, dgr 1 is defined as the sum of both terms: dgrr+ = dsrrr + Osrr1-
Figure 6.3 compares the relative magnitude of the two contributions for different values of
Ap/pr, with the sum of both terms illustrated in figure 6.4. We note from (6.79) that the

Stokes drift coefficient in the bottom layer is not a function of kygH. and small relative to
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Figure 6.3: Stokes transport coefficients for the top layer with a free surface for different
densities comparing the non-Boussinesq coefficients (6.80-6.81) and the Boussinesq coef-
ficients (6.82-6.83). Panel (a) shows the contribution from the free surface wave group
(0srrr) and panel (b) from the interfacial wave group (dsrr;). Note that the dashed
line for the Boussinesq case in panel b closely overlaps with the non-Boussinesq line for
Ap/pr = 0.01.

the Stokes drift coefficient in the top layer except for large koHy (cf. dgrp = dsrpr = 1).

6.3.4.2 Return flow

From the free surface boundary conditions (6.51) at second-order (in «/), we obtain the

familiar return flow forcing equation (cf. chapter 3):

0 10°\ o 0, way 100 o) 1.
(5 *;@)@—%WT r >‘§a(atazm +5(Vol?) arz=0. (6:84)
A O(Ocz) — ~~ -

O(e) O(e?) O(a2e!) O(a2el)

where we have two contributions on the right hand side: one from the divergence of a
Stokes transport term and one from the mean set-down of the surface wave group. To

leading-order we have for the free surface set-down:

2 4(1)

@ _ _1(3 or L, 2) 6.5
\/T]T g\ 0toz I _'_2( Pr |z:0) : (6.85)
O(a2e0) S ~ <

O(a2e0)

From table 6.2, we can express the set-down of the free surface as:

77%2) = 6F<kOHT7 PsB, pT)kO‘ABP? (6'86)
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Figure 6.4: Total Stokes transport coefficients (dgrr) for the top layer with a free surface
for different densities comparing the sum of the non-Boussinesq coefficients (6.80-6.81)
and the sum of the Boussinesq coefficients (6.82-6.83). Note that the difference between
the Boussinesq and non-Boussinesq solutions is only visible for the largest value of Ap/ps.

where 6y = (D — D71 (Ap/pr)? exp(—2koHy) /4, which in the Boussinesq limit reduces

to:
1 Ap cosh(koHy) — sinh(koHy)
Ix(A koHy) = ——— : .
#(&0/pos o Hr) 4 po sinh(koH-) (687)

Figure 6.5a then shows the variation of this generally small set-down with kqH; for
different relative densities. We now consider the two terms on the right hand side of
(6.84) in turn:

0wy my_ 1L 9] A, 2
%(UT |z:OnT ) - §w065T,T,F(k0HT7pB7pT) al’ y (688)
_12<82¢(T1) O 1(v¢(1)‘ )2) 1 Suer (ko H )5’|AB|2 (6.89)
g ot \ Otoz ZzonT 2 T 12=0 - 2(*)0 rr,F\F0 LT, PB; P1 or .

where Ogr 1 r(koHr, ps, pr) is defined in (6.80) and Oppp(koHr, ps, pr) = —2kocy00s/wo,

which, in the Boussinesq limit, simplifies to:

1 Ap—1+2koHy + exp(2koHy)

Orer(Ap/po, koHy) = —— 6.90
e (BP0 Fotln) = 50 (exp(2koHy) —1)° (6.90
We define dgprr = dsr.rp + Orper, S0 that to leading order:
9P 1 0| Ap|?
g; = §w05RF,T,F(kOHT7 B PT) |a;| . (6.91)

z=0
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Figure 6.5: Mean surface (a) set-down and interfacial set-up (b) coefficients dp and 6,
for different densities comparing the non-Boussinesq coefficients and the Boussinesq co-
efficients (6.87). Note that the difference between the Boussinesq case and the non-
Boussinesq cases in panel b is very small and not clear from visual inspection.

Figure 6.6a shows the contribution to the return flow forcing in the top layer at the mean
surface level due to the free surface set-down Oxp r (ko Hr, ps, pr) (6.90). Comparison with
the total return flow forcing at the mean surface level 0pp 1 (ko Hr, ps, pr) shown in figure
6.6b, the contribution from the set-down is marginal except for shallow depths, as in
the surface gravity wave case in chapter 3. For shallow water depths, both contributions
to the return flow, namely the divergence of the Stokes transport and the free surface

set-down, are of equal order of magnitude.

We have from the interfacial boundary conditions (6.52-6.53) and the polarization rela-

tionships in table 6.2:

50? on? 1 Il A..|2
0|, o = gl ) "G 0GR, (600
O(a2e) O(a?e) O(a?e)
o (2) o (2) 1 OlA.2
:;2 _ gt = S |a;| +0(a?e%), (6.93)
2/=0 N———
O(a2e) O(aZe) O(aZe¢)
agb(?) a¢(2)
9(ps = pr) N5 +pn p —pr = g(ps — pr)diko| As|* . (6.94)
O(a2e?) _ﬁg _,29 O(;;EO)
O(aZe) O(aZe)

where Ogp11(koHr, ps, pr) is given by (6.81) and 0;(koHr, ps, pr) is, after considerable
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Figure 6.6: Return flow forcing coefficients for the free surface boundary condition for
different densities comparing the non-Boussinesq coefficients and the Boussinesq coeffi-
cients. Panel a shows the contribution from the free surface wave set-down (dgpr) and
panel b shows the coefficient for the total return flow forcing at the free surface, namely
the sum of the set-down and the Stokes drift coefficients: dzprr = dsrrr + Oppr (cf.
(6.91)).

manipulation, given by (from table 6.2):

—pE—2pFpT—2pBPT+3p%+ (p%+2PBPQT—3P%) cosh(ko Hr)+2pB (pB—pr)pr sinh(2ko Hr)

2 (pB +pT) ’ (pT+pB coth(koHT)) sinh? (ko Hr)

o =

)

(6.95)
which reduces to d; = (exp(2koH:) — 1)7'/2 in the Boussinesq limit, a value equivalent
to the set-up of the analogous closed-lid case (cf. (6.45)). Summing up, we have for the

leading-order interfacial set-up:
/’71(32) = 5I<k0HT710B7pT)k0‘AB|2' (696)

Figure 6.5 compares the set-down at the free surface (panel a) and the set-up at the in-
terface (panel b), the latter being much larger in magnitude for small density differences

and in fact not a function of Ap/py in the Boussinesq limit.

Finally, we have for the return flow forcing at the interface to leading order:

56'? w A2
g); e _70<§ST,T,I(’€OH, Pe; pr) + Orea(ko H, pB,pTD ’ajl : (6.97)

-~
OrF,T,1(koH,pB,0T)
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Figure 6.7: Return flow forcing coefficients for top layer at the interfacial boundary con-
dition for different densities comparing the non-Boussinesq coefficients and the Boussi-
nesq coefficients. Panel a shows the contribution from the interfacial wave set-down
(Ogr;) and panel b shows the coefficient for the total return flow forcing to the top
layer at the interface, namely the sum of the set-down and the Stokes drift coefficients:
Orrr1 = Osr.r1+ Orey. Note that the dashed line for the Boussinesq case in panel b closely
overlaps with the non-Boussinesq line for Ap/p; = 0.01.

8¢1(32) Wo ( G\ABP
= (1= ppi(koH, ps, ) ) 6.98
0z |, B wet(koH, ps, pr) or ( )
where dpp; = 2¢400,5/wo. In the Boussinesq limit, dpe, converges to the analogous

quantity for the closed-lid case ¢, defined in (6.48). Figure 6.7 shows the magnitude of
the coeflicients dgp; and dgp 1. For the non-Boussinesq case, the top layer now experiences
forcing from both interfaces and we can solve for the return flow to give explicitly using

superposition:

brne = — lao2woor /°° f(ko)sin(k(x — cgot)
RF, T — 2T 0

Sh(EH) (5RF,T,F cosh (k(z + Hy)) + Gup.rs cosh(kz)+)>dk.

(6.99)
where the return flow field is dominated by the interfacial forcing in the Boussinesq limit
and contributions from the free surface do not play a role unless the density difference is

large. The relative magnitude of the forcing coefficients is evident from figure 6.8.

6.4 Conclusions

This chapter has examined the induced mean flow of two-dimensional interfacial gravity

groups in a two-layer fluid through a separation of scales expansion for quasi-monochromatic
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Figure 6.8: Total return flow forcing coefficients for the top layer showing (a) forcing
from the mean free surface level (z = 0) and (b) forcing from the mean interface level
(2/ = 0). Note that the dashed line for the Boussinesq case in panel b closely overlaps
with the non-Boussinesq line for Ap/p. = 0.01.

wave groups, considering both the case of a closed lid and the case of a free surface on
top. In the Boussinesq limit, the effect of the free surface on the linear dynamics can
be ignored, a not surprising and well-known result that is also confirmed to apply to the
mean flow herein. As for surface gravity wave groups, the induced mean flow consist of
two components: the Stokes drift and transport on the one hand and the return flow on
the other.

For a two-layer fluid with a closed lid, three cases are considered in turn. For two in-
finitely deep layers, the leading-order solutions for the return flow field on both sides are
equivalent to the deep-water surface gravity wave solutions in chapter 2. As a result of
symmetry of the return flows on both sides of the interface, there is no mean set-down
of the interface, as for deep-water surface wave groups. For two layers of finite and equal
depth, we obtain a set-down of the interface analogous to the finite depth surface gravity
wave problem in chapter 3. The magnitude of the set-down is now proportional to the
density difference between the layers. Both the divergence of the Stokes transport and
the set-down of the interface contribute to the magnitude of the return flow, reducing
the magnitude of the return flow in the top layer and increasing the return flow in the
bottom layer by, at most, 50% relative to the case without a set-down, as for the surface
gravity wave case. The third case of a finite depth fluid overlying an infinitely deep fluid
is markedly different. The asymmetry now leads to a mean set-up of the interface instead
of a set-down. As a result, the return flow is enhanced in the top layer and reduced in

the bottom layer. If the top layer is sufficiently shallow, the set-up becomes sufficiently
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large to eliminate the return flow in the bottom layer. For even shallower depths, the

“return flow” in the bottom layer becomes positive.

Evidently, the limits of validity of a Stokes expansion are reached for sufficiently small
depth, when the ratio of the layer depth and interfacial wave amplitude H/ag is no longer
large, as discussed for surface gravity waves in chapter 3. Based on analogous work for
surface waves, Yuan et al. (2007) provide validity regimes for different interfacial wave

theories.



Chapter 7

Conclusions

This thesis has examined the structure and magnitude of the induced mean flow by
surface, internal and interfacial wave groups. In all three cases, the advective terms in
the momentum equation, sometimes referred to as Reynolds stresses, calculated based
on linear theory gave rise to one component of the mean flow, termed the ‘divergent-
flux induced flow’ herein. The divergent-flux induced flow is also known as the pseudo-
momentum (per unit mass). In the simplest possible framework, a mass balance argument
can be used to show that a second component of the mean flow is required, as the

divergent-flux induced flow is itself divergent.

Surface gravity waves - part I

For surface gravity waves the divergent-flux induced flow is known as the Stokes transport
and, for deep water, it is concentrated near the surface. As has been shown in chapter 2,
the return flow in infinitely deep water can be understood as the balancing flow that is
required by the divergence of the Stokes transport to ensure mass conservation is satisfied.
From a practical perspective, its magnitude can be found by placing a series of potential-
flow sources and sinks at the undisturbed water level with their strength corresponding
to the local divergence of the Stokes transport. The effects of frequency dispersion, caus-
ing the group to change shape as it travels, can be ignored for realistic sea states, as
has been shown by considering subsequent order in a separation of scales expansion and
by comparing to the Fourier-space solutions of Longuet-Higgins and Stewart (1962). In
loose terms, the Stokes drift transports fluid from the trailing edge of the group to its
leading edge and the return flow transports this fluid back. A transition depth can then
be defined above which net horizontal Lagrangian transport is positive and dominated

by the Stokes drift and below which net horizontal Lagrangian transport is negative and
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dominated by the return flow. Chapters 2 and 3 show how this depth scale depends on

the peak wave number and bandwidth of the spectrum.

For the return flow of surface gravity waves to be unaffected by the presence of the bottom
boundary condition requires the depth to be really rather large. Whereas the variation
of the linear wave dynamics with depth scales on the inverse of the wave number kg, the
variation of the return flow with depth scales on the half-width of the group ¢. The non-
dimensional parameter € = 1/(koo) that compares their relative magnitudes is typically
small. Moreover, the functional dependence of the return flow on the non-dimensional
depth z/0 is much slower than the exponential decay of the linear wave dynamics with
koz, as explored in chapter 2. Taking into account finite depth, calculations in chapter
3 show that for a typical peak wave period of T = 10 s, the bottom boundary has a
significant effect of the magnitude of return flow up to depths of approximately 1.0 km.
For smaller depths, the two-dimensional return flow can in fact be modelled as a block
flow that is uniform with depth, a “shallow” water approximation with respect to the
return flow. Relative to the Stokes drift, which is truly concentrated near the surface,
the magnitude of the horizontal transport by the return current always remains small,
except for water depths of less than 100 m for a typical peak wave period of Ty = 10 s
(and € = 0.16). For small water depths, not only the divergence of the Stokes transport,
but also the set-down of the free surface provides “forcing” for the return flow with a

maximum enhancement of 50% for the shallowest of water depths.

Chapter 3 also explores the effect of directional spreading on the magnitude of the re-
turn flow and associated particle transport. It is physically intuitive that, as soon the
return flow can flow around as well as underneath the group itself, the magnitude of the
velocities at any point reduces significantly. For sufficiently shallow water depth, the
two-dimensional picture in chapter 2, in which the Stokes transport and the return flow
form an irrotational balance in the vertical plane, is rotated by 90 degrees. The return
flow becomes uniform with depth, but can be modelled by a distribution of potential-flow
sources and sinks in the horizontal plane. The local Stokes drift through the centre of

the group is complemented by a non-local return flow distributed over a large area.

Internal gravity waves - part 11

Although the non-linearity of internal gravity waves in a continuously stratified medium
arises from the non-linear governing equations and not from the non-linear boundary

conditions, as for the surface gravity wave case, and internal waves do not display Stokes



147

drift, the structure of its induced mean flow is remarkably similar. This especially applies
to the case of three-dimensional internal gravity waves (chapter 4). At leading order in
a separation of scales expansion for a quasi-monochromatic wave group, stratification
acts to restrict the induced mean flow entirely to the horizontal plane. The return flow
can then be found by solving for a two-dimensional potential flow field, subject to a dis-
tribution of sources and sinks of fluid provided by the divergence of the divergent-flux
induced flow, thereby providing explicit descriptions for the return flow field predicted
by Bretherton (1969b). The analogies with the two-dimensional surface gravity case in
deep-water in chapter 2 are evident, and the solutions are in fact entirely equivalent to the
return flow for shallow-depth three-dimensional surface gravity wave groups. Provided
the depth is sufficiently shallow relative to the scale of the group, variation of the return

flow is then also confined to the horizontal plane.

Unlike the case of surface gravity waves and three-dimensional internal gravity waves,
a balanced circulation consisting of the divergent-flux induced flow and a return flow
cannot exist for two-dimensional internal gravity wave groups. Stratification inhibits
mean flows in the vertical direction and there are not enough physical degrees of freedom
for a balance to form. Instead, the group generates a second type of waves that are long
relative to the size of the group. On the scale of the group these waves thus appear to be
a mean flow. In reality they travel out in front and in the lee of the travelling wave group,
thereby confirming the results of Bretherton (1969b). The problem can be approximated
as steady, as the horizontal velocity of the source of the long waves (the group itself) is
much smaller than the speed of the long waves it generates. Although the entire flow
field can be predicted by going to higher order in the separation of scales expansion,
reproducing the results of Bretherton (1969b) and comparing to the results of fully non-
linear numerical simulations, many physical insights can be derived at lower order from
the concept of divergent-flux induced flow. For example, the amount of momentum
contained in these long waves can be understood by considering the momentum associated

with the divergent-flux induced flow.

Interfacial gravity waves - part III

Finally, chapter 6 has examined the induced mean flow of two-dimensional interfacial
gravity groups in a two-layer fluid distinguishing the case in which the top fluid is ex-
posed to a free surface and the closed-lid case. In the Boussinesq limit of small density
differences between the layers, the effect of the free surface on the linear dynamics can
be ignored, a not surprising and well-known result. This also applies to the mean flow.

As for surface gravity wave groups, the induced mean flow consist of two components:
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the Stokes drift and transport on the one hand and the return flow on the other. In fact,
the behaviour of the induced mean flow of interfacial gravity wave groups is analogous
to that of surface gravity waves with the exception that Stokes drift and transport and
the return flow can now occur on both sides of the interface. As a result, symmetry or

the lack thereof has a large role to play.

The symmetric cases of two infinitely deep fluids and two fluids of finite depth overlying
each other, not surprisingly, correspond closely to the case of deep-water surface grav-
ity waves of chapter 2 and the case of finite-depth surface gravity waves of chapter 3,
respectively. In the last case, the set-down of the interface enhances the return flow in
the bottom layer and reduces it in the top layer (by 50% at most, as for surface gravity
waves). In the asymmetric case of a finite-depth light fluid overlying an infinite-depth
dense fluid, which is perhaps most realistic of real cases in the physical environment (cf.
the oceanic thermocline), the response is markedly different. The asymmetry now leads
to a mean set-up of the interface instead of a set-down. As a result, the return flow is
enhanced in the top layer and reduced in the bottom layer. If the top layer is sufficiently
shallow, the set-up becomes sufficiently large to eliminate the return flow in the bottom

layer altogether. For even shallower depths, the “return flow” even becomes positive.

Implications and future work

What reunites the three types of gravity waves examined in this thesis is that the be-
haviour of their induced mean flows is fundamentally altered by the geometry in which
they occur. For surface gravity waves groups, the structure of the return flow is altered
by the introduction of a third degree of freedom through even very small degrees of direc-
tional spreading. Moreover, the degree of directional spreading crucially determines the
magnitude of the return flow and the magnitude of the corresponding particle transport
of Lagrangian particles. For internal gravity wave groups, the effect of going from three
to two dimensions is even more dramatic, preventing a balanced circulation and exciting
long waves that travel out in front of the group and in its lee on a much longer spatial

scale than the group itself.

Although two-dimensional geometries are relevant for certain physical situations, such as
the internal waves generated by a spatially uniform flow over a long mountain range or
surface gravity wave groups in uni-directional seas, two-dimensional geometries are too

restrictive to understand wave-induced flow in the physical environment. Although the
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transition between two-dimensional and three-dimensional geometries can be easily un-
derstood for surface gravity waves by introducing a small amount of directional spreading
(as in chapter 3), the exact nature of this transition is less clear for internal gravity waves.
Realistically, one might expect both a long internal wave and a recirculating region to be
induced about an internal wave group of sufficiently wide but nonetheless finite span-wise
extent. Currently, leading-order separation of scales expansions (chapters 4 and 5) can
only predict either behaviour separately, in line with Bretherton (1969b). Examining
how this approach can be adapted to model cases in which both types of responses occur

provides scope for future work.

For surface gravity waves, the depth is shown to have a very important effect on the size of
the mean flow through the centre of the group, with the infinite depth approximation only
applicable to extremely deep seas and resulting in a mean flow that is too small for most
other depths. Depth is thus also an important factor in determining the non-linear evo-
lution and potential instability of surface wave groups through their interaction with the
mean flow. Although instabilities of this kind have received attention for surface gravity
waves, relatively little is known about this type of instability for internal and interfacial
waves. With simple expressions for wave-induced mean flow in place, these results can
be used to develop weakly non-linear equations for the evolution of moderately large
amplitude internal wave groups. This methodology has been successfully employed by
Sutherland (2006a), Dosser and Sutherland (2011a) and Dosser and Sutherland (2011b),
who derived non-linear Schrodinger equations for horizontally periodic, vertically local-
ized two-dimensional internal wave groups, and thus provides scope for further work on
the non-linear evolutions of two and three-dimensional internal wave groups and the in-

teraction with their mean fows.

Finally, application of the wave-induced mean flow framework developed in this thesis, in
which the mean flow is understood as the inseparable pair of divergent-flux induced flow
and its response flow necessary for conservation of mass, to other types of geophysical
waves provides scope for future work. For example, the induced mean flows of Kelvin
waves (e.g. Weber et al. (2014)) and Rossby waves (e.g. Marshall et al. (2013)) have
recently received attention. Crucially, the approach developed herein only lends itself
for problems in which a separation exists between the fast scales of the individual waves
and slow scales of the envelope that modulates the quasi-monochromatic wave train.
It cannot be applied to waves for which such a separation does not exist, such as the
shallow-water solitary waves described by a Korteweg-de Vries equation. Ultimately,

the product of the physical understanding developed in this thesis may contribute to
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improved parameterization of Stokes drift and internal gravity wave drag to be used in

General Circulation Models of the earth’s climate.



Appendix A

Fenton’s (1985) 5th order Stokes

expansion

For deep water, the Stokes expansion in wave steepness « for the velocity potential and
the surface elevation in deep water up to fifth order are respectively given by (Fenton
1985):

g

qb(.i(}, Z, t) = ﬁ |:ozekz sin(@)—%ag’e}” sin(9)+%a462kz sin(26)+a® (—%ekz sin(@)—i—l—lze?’kz sin(30)>i| , (Al)

n(x,t) = % |:<a7%a37%a5) cos(9)+(%a2+§a4> Cos(29)+<%a3+%a5> cos(30)+ 2 a* cos(40)+ 222 a° cos(50)i| ,

(A.2)
where § = kx — wt and o = kH/2. Note that Fenton’s (1985) series (A.1) and (A.2)
are normalized so that max(n) — min(n) = H, where H denotes the full, non-linear wave
height and not the (smaller) underlying linear wave height. The non-linear dispersion

equation is given by (Fenton 1985):

W= \/g_k<1 + %OP + %o/l), (A.3)

so that the errors in the dynamic and kinematic free surface boundary conditions are
both O(ab).
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Appendix B

Two-dimensional surface wave

return flow far-field asymptotics

B.0.1 Wave number space
B.0.1.1 Without dispersion

The horizontal component of the return flow without dispersion (2.24a) can be expressed

in terms of the non-dimensional integral:

1 \a0|2w0

PN

uRF x,z, t . / f k(z4i(a—%)) d/{: (B.l)

where k = ko, 2 = z/o, @ = x/o and { = ¢yot/o and f(k) = kexp(—k2/4). The
asymptotic behaviour of the horizontal component of the return flow without dispersion
(B.1) at large distances away from the centre of the group, either |x—c, ot| — 00, 2 = —00

or both, can be found by integrating by parts twice:

i / z+z T— t
Z+’L T— t )dk] _ Re |:f( ) k(z+i(2— t)) / f _ dk
/ f 24i(z— t 2 + Z 4 — t) ’

_ f’( ek h(54i(a— t))] o0 f//(k,)ek(é-i-z’(it—f)) ]
= Re + ~N\ 2 dk 3
I (z+z(x—t)) /0 (2’+i(§7—t))

(.Ci' . £)2 _ 52 f//( ) k(2+i(2—1%)) A]
= — - B} +Re dk ;
(& —£)2+ 22) [/0 (2 +i(& — 1)

(B.2)

where we have used f(k) — 0 as k — 0, f(k) = 0 as k — oo, f'(k) = 1 as k — 0 and
f! (/2:) — 0 as k — co. The Riemann-Lebesque lemma now guarantees that the right-hand
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integrals in the final equation of (B.2) converges to zero as |# — ¢| — co. For 2 — —o0
convergence to zero is guaranteed by the nature of the exponential, so that we have in

the far-field (|2 — | = oo or z — —00):

(B.3)

upp (T, 2, t) =

From (B.3) we can obtain an expression for the horizontal particle displacement by the

return flow in the far-field as a function of time and the initial particle position (xg,z2):

t
/ URF(:EOaZOat)dt 1

—00

. ]a0]2w0 i’o —Tg
o 2T 400 (&0 — 1)? +2§)2-

(B.4)

It is also evident from (B.4) that the net particle transport (by taking the limit  — 00)
by the far field (2 — —o0) of the return flow is zero.

B.0.1.2 W.ith leading-order dispersion

Including the leading-order effect of dispersion, an expression for the corresponding hor-
izontal velocity of the return flow can be found by differentiating the velocity potential
(2.33) with respect to x. The expression thus obtained has the same functional form
as (B.1) for a group without dispersion, but with a different function f, which is now
given by f(k) = kexp(—k?/4)/(1 — ke/4). Tt can be shown that the new f has the same
properties: f(k) — 0 as k — 0, f(k) — 0 as k — oo, f/(k) = 1 as k — 0 and f'(k) — 0
as k — oo. As a result the asymptotic argument in §B.0.1.1 remains valid and we have
for the far-field:
_aolPowe  (x —cgpt)? — 2°

tae(7, 2, ) = 2\/7 ((x — cg0t)? + 22)2’ (B:5)

with |ag| = |ao|(1 + ~2t2/o*)~V/* replacing |ag| and & = (1 4 12t?/o*)'/? replacing o in
B.3. We note that |ag|>d = |ag|*c and that leading-order dispersion does not affect the

far-field solution.

B.0.2 Real space

Although the solution can be shown to be identical, it may be more physically intuitive
to consider the flow field of a series of sources and sinks, in which case we can construct
an expression in terms of a summation (over the different sources and sinks) in physical

and not wave number space. The contribution to the horizontal velocity field at (z,z) of
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a dipole with its source located at (I + ¢, 0t,0) and its sink at (—I + ¢,t,0) and strength
M per unit length dl is given by:

dl (B.6)

dugy = — —
w r—1l—cyot)?+22 (v+1—cyot)?+ 221"

M[ x—1—cgpt T+ 1 —cgot
™ L

Instead of integrating (B.6), we first assume the source and sink are far away from our
point of interest (z, z) relative to the distance between the source and sink pair, namely
|z — ¢, 0t| > 21, 2> 2l or both. In this limit (B.6) becomes:

20 (x —cyot)? — 22

((x —¢y0t)? + 22)2

M(1)dl, (B.7)

dugy =

2|

where the strength is given by M = (wg|ao|?/c)(l/c) exp(—(l/c)?). Normalizing by the
group half-width o so that [ = lJo, & = x/o, t = cyot/o, we have for the far-field

behaviour of a Gaussian group:

which is equivalent to (B.3).
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Appendix C

Mean flow forcing for surface waves
of infinite and finite depth

Table C.1 summarizes the lowest-order linear (O(a'€”)) solutions for finite and infinite
depth that contribute to the forcing of the mean flow (3.20).

infinite depth (kod — o0) finite depth
,’7(1) Aei(koxfwm‘/) Ae’i(koxfwm‘/)
¢(1) _Me’i(koﬁfwot) . woA i(kox—wot)
ko . ko tanh(kod) )

1 i(kox—wot w i(kox—wot
u® wer(o ot) que(o ot)
w(l) _iweri(komfwot) _iweri(komfwot)
a;ﬁﬁa(? _ngei(kol'—wot) _ngei(kol‘—wot)
8QZ _ 0 wo OJA? w DA2

3t = 5 (uWn®) €% ox € 3tanh kod OX
877(2) _ _l(g <82¢((1) 77(1) + l’v¢(1)|2> 0 € 6970&}(2] a‘AP
ot g ot \ 020z 2 4gsinh®(kod) 90X

Table C.1: Linear polarization relationships (O(a'€®)) evaluated at z = 0 (only real parts

understood) and resulting leading-order (O(a?¢')) mean flow forcing terms for finite and
infinite depth.
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Appendix D

The deep-water return flow as a

summation of sources and sinks

D.1 Two-dimensional summation of sources and sinks

From the potential of a source with strength M in a two-dimensional infinite half-space
located at # = z* and 2z = 0, ¢pr = (M/7)In(y/(z — 2*)% + 22), we obtain for the

horizontal velocity of a dipole with strength m per unit length and its source and sink

located at x = x* and x = —x*, respectively:
m r—x* x4z
duge = — — } x*, D.1
e (x —a*)2+ 22 (x+ax%)2+ 22 (D-1)

from which the return flow field can be found by integrating with respect to x* from
z* =0 to * — oo. The far-field limit, valid for either |z| > o, |z| > o or both, is:

2 - 22 1 wolagf* 2% — 22

- * *d *:
7T([L’2—|—Z2)2/0 m(a”)a"du 2ym o (224 22)%

Urr =

(D.2)

where we have used & = /0 and 2 = z/o and the second identity holds for a Gaussian

spectrum:

a o * 2 .k .
_ Qam(f ) _ wOIZo! %exp(_(z Jo)?). (D.3)

m
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D.2 Three-dimensional summation of sources and sinks

(0, = Uy)

From the potential of source with strength in a three-dimensional infinite half-space
located at (z*,y*), ¢rr = —(M/(27))/\/(z — 2%)® + (y — y*)® + 22, we obtain for the

horizontal velocity of a dipole with its source located at (x*,y*) and its sink at (—z*,y*):

r—x* T+ x*

(@ a -y +2)""  (@ra)2+@-y)+ 22)3/2]

dugy = n [ dz*dy*,
27

(D.4)
from which the return flow field can be found by integrating with respect to z* from
r* =0 to z* — oo and with respect to y* from y* — —oo to y* — oo. The far-field limit
valid for |z| > o, |y| > o and |z]| > o is:

Urr =

202 —y? — 22 / /OO 2m(z*, y*) *dx*dy w0|a0|2 242 — % — 22 (D.5)
(22 4 y? + 22)5/2 do (224924 22)527

where the second identity holds for a Gaussian spectrum:

aQST( Y )WO|CLO|2
m(a’,y7) = ox* o o

—exp(—(2"/0)* = (y/0)*). (D.6)



Appendix E

The shallow-water limit for surface

waves

E.1 Two-dimensional shallow-water limit

In the shallow-water limit kod — 0, the linear signal (3.18) becomes:

7](1) — A(X)el(koff—wot)7 V) = QA(X>62(kor—wot)’ wh = —z’&ko(d%—z)A(X)el(kOm‘“Ot)7
Wo Wo
(E.1a,b,c)
with the linear dispersion equation wy = v/gdko. The velocity field in (E.1) still satisfies

conservation of volume. The Stokes drift and transport are given by:

_ |A(X)!2\/7 _ \A(X)|2\/§
Usp = B B Qsr = 9 A (E.2a,b)

It is evident that the limit kyd — 0 must be taken with great care and that, in such a

limit, we must also have @ — 0. In physical terms, finite amplitude waves cannot exist
on a infinitely thin fluid. From (3.25), we have:
3JAX)P g

The only net contribution to Lagrangian transport then results from the mean set-down
(0@ /ot) and we have u;, = usp + upe = —(|A(X)|?/4)1/9/d>, a negative uniform flow.
This result is perhaps intuitive, as in the limit of shallow depth the group and phase
velocities become equal. In physical terms, individual waves then no longer move through
the group taking particles with them and hence cannot drive the irrotational circulation

of Stokes drift and return flow associated with deep-water wave groups.
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E.2 Three-dimensional shallow-water limit

As before, the leading-order Stokes drift and transport are readily extended to three

AX,Y)]? g ALY g
uSD:T $7 QST:T E (E.4a,b)

dimensions:

Taking note of the return flow “forcing equation” (3.20), conservation of volume can be

satisfied in a two-dimensional (z, y) domain to give:

L[ [ m(,y)(z+7)
= —— dx*dy* E.b
e 27Td/_oo/_oo(x+x*)2+(y+y*)2 v (E5)

where m(x*, y*) is the source strength of a distribution of sources (ans sinks) located at
z = 0. We have used dpp(kod) — 1/2 as kod — 0. Their strength is given by:

30Qui(z",y") _ 3 [glaola

2 or S\ 7 g o (= ((@/0)* + (y"/0)")), (E.6)

m(z,y") =

where we have used a summation of dipoles to solve Laplace subject to the boundary
condition at z = 0 (3.20) (see appendix D). The second identity in (E.6) holds for a

Gaussian group with o =0, = 0,.



Appendix F

Three-dimensional surface gravity

wave return flow with o, # oy

F.0.1 Infinite depth (o, # 0,)

The assumption o, = o, (and dsp = 1) has been relaxed in §3.4.3 to examine the effects
of realistic degrees of directional spreading. The corresponding solution for the return

flow velocity potential with d,, # 1 is:

_ Zwo|a0|2/ / kf k: l /;;2+[25§D5+i(1%£+ig)d];d[7 (F.1)

2
8T 2+ 262

A

where & = /0., §j = y/o,, 2 = z/0, and f(k,[) is now a bivariate function defined as:

/ / ka:Jrly)dxdy
(F.2)

axay]agP ’

flk,1) =

A~

where k = ko, and [ = lo,. We have f(k,1) = mexp(—(k? 4 [?)/4) for a bivariate
Gaussian group A(z,y) = agexp(—(2% + 9%)/2).
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F.0.2 Finite depth o, # 0,

For finite depth, the corresponding solution for the return flow is:

(1.2 1 7282 (5 1 g
gbRF B zw0’a0| 14 (SFD k’od / / l{f k’ l COSh( k ‘l‘l 53D(Z + d)) ez(ki"_[g)d];’dl:

2 . 4
§m* tanh(hod) iz iz, sinh (\/i2 o+ 263,d)
(F.3)
with d = d /o.. In the shallow return flow limit, we obtain:
w0|a0| (14 0wn( k‘o / /Oo k2 ( ik+i9) g a7
= T dkdl. F.4
e 82 tanh(kod) o k2 + 5252 (F.4)



Appendix G

Non-linear forcing of long internal

waves

Here we compute the leading-order non-zero expression for V- F in (4.10), in which F is
given explicitly by:

0 0
Ekqu+N%ﬂwan, (G.1)

and the velocity, vorticity and vertical displacement fields u®, ¢ and €M are given

e |

in terms of the quasi-monochromatic internal wave group. Further to (4.29), we neglect
dispersion, expressed through the dependence of the amplitude envelope upon the slow
variable T. Thus for the vertical displacement field we suppose at leading order:

¢W =¢l) = AX, 2)e”, (G.2)
in which it is understood that the actual field is the real part of the right-hand side, 6 =
kyx+k,z—wt, and (X, Z) = (e(x — cgat), €(z — ¢4:t)) represent the slow spatial variables
associated with the amplitude envelope that translates at the group velocity of the wave
group. Here we have assumed the slow vertical and horizontal scales are comparable
in magnitude so that ¢ = ¢, = ¢,. For convenience in this appendix, we also drop the
superscript, (1), with the understanding that all the fields under consideration are O(«)
and so write the perturbation expansion in e for each of the fields as ¢ = () +€() + . . -,

ete.

From the linearized equations of motion for internal waves, we express the O(¢) fields in
terms of the vertical displacement amplitude envelope, as listed in the second column of
table G.1. At O(e), we assume that £ is an imposed field and so set 58)) =0 (and 5((:3 =

for n > 1). To get the remaining fields we extract terms involving exactly one derivative

of the amplitude envelope. So, for example, from the differential relations w = 0, = 0,¢
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field O(€%) O(e")

vertical displacement §o) = Ae® §uy=0

stream function Yoy = —(N/|k])Ae® Yay = —i(N/|k]*) [k, Ax + k,Az]e®
horizontal velocity u@) = i(Nk./|k[)Ae® uqy = (Nky /KPP [ k. Ax + kyAzle®
vertical velocity wi) = —i(Nky/|k|)Ae”  wqy = (Nk./|K|]*)[—k.Ax + k, Az]e®
vorticity o) = —N|k|Ae? Cay = i(N/|k|) [k Ax + k. Azle®

Table G.1: Expressions for different fields at O(ae®) (second column) and O(ae') (third
column) given in terms of the amplitude envelope A of the vertical displacement field,
as found through the linearized equations for internal waves. It is understood that the
actual fields are the real parts of the tabulated expressions.

we find:
—CgeAxe” — ¢y, Aze = —(N/|k|)Axe™ + ik, (G.3)

in which the subscripts to A denote partial derivatives. Solving for v(;) and simplifying
using ¢y = NE?/|k|? and ¢,, = —Nk,k./|k|® gives:

Y1 = —i(N/ k[P [k, Ax + ko Az)e”. (G.4)

This and the corresponding expressions for the other O(e) fields of interest are given in
the third column of table G.1.

Next we consider the leading-order, O(a?e'), contributions from each of the four products
of pairs of fields in the expression for F in (G.1). In doing so, we explicitly extract the
real part of each expression and keep only the slowly varying result (i.e. those terms in
the product for which ¢ multiplies its complex conjugate). At O(a?e”) the result gives
zero. At next order in € we consider the product of O(€?) fields with O(e') fields. Thus
we find the following:

Cu)) = §(N2/|k| [2kok.0x + (k2 — k2)0,] |A,

Qo)) = (V) [(2 — (2kh.)07] AP,

— (2 € (G5)
(Eu)() = §(Nko/ k%) [~k.0x + k2] A,

(€w)F) = F(Nk/Ikf*) [—k.0x + k0] | A

These expressions may be substituted into (G.1) to get the non-linear forcing at O(a?e?).
After some simplifying we find:
@ 14N
(V-F)g = —6 TS — kok, (3k2 + K2) Oxxx + (ki +4k2k2 + k}) Oxxz
IS (G.6)
+ kok.(5k? — k2) Oxzz — 2K2k2 0427 ||A
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