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Abstract—Topological data analysis (TDA) provides tools for
computing geometric and topological information about spaces
from a finite sample of points. We present an adaptive algorithm
for finding provably dense samples of points on real algebraic
varieties given a set of defining polynomials. The algorithm
utilizes methods from numerical algebraic geometry to give
formal guarantees about the density of the sampling and it also
employs geometric heuristics to reduce the size of the sample.
As TDA methods consume significant computational resources
that scale poorly in the number of sample points, our sampling
minimization makes applying TDA methods more feasible. We
provide a software package that implements the algorithm and
showcase it with several examples.

Index Terms—topological data analysis, real algebraic vari-
eties, dense samples, numerical algebraic geometry, minimal
distance

I. INTRODUCTION

The geometry and topology of real algebraic varieties is a
challenging problem in applications modelled by polynomial
systems. For kinematics problems, geometric insight about
configuration spaces can lead to physical insights (e.g., [40]),
while the geometry of varieties provide information about
biochemical systems (e.g., [32]). Here, we present a new
algorithm fulfilling a key step in applying topological data
analysis methods (TDA), particularly persistent homology [55]
(PH), to real algebraic varieties. The algorithm takes as input a
list of polynomials defining a real algebraic variety and outputs
a sample of points on the variety tailored for input to PH.

A. Prior work

PH computes topological features closely related to a vari-
ety’s Betti numbers. Several analyses and proposed algorithms
[4], [22], [51], offer theoretical complexity guarantees for
variants of the problem of computing Betti numbers given a list
of defining polynomials as input; however, implementations
are not available. Other approaches similar to PH take as input
a sample of points from a variety with output that can be used
to estimate Betti numbers. Extensive effort has produced a

large number of surface reconstruction algorithms, particularly
for nonsingular surfaces embedded in R? such as [2], [10],
[24], [29], [41]. None of these methods apply to general real
varieties, while PH does. There is a probablistic algorithm
for computing Betti numbers from uniform random point
samples [47]. Given a sample of points from a real variety, one
may alternatively compute other features. For a large enough
sample of “general” points, [46] studies the “Betti diagram” of
a projective variety. Given set of general points, one “learns”
the equations defining the algebraic variety [13].

The algorithm in [12] produces samples from the uniform
distribution on a variety. Among deterministic sampling ap-
proaches, subdivision and reduction sampling methods [45],
[53] most closely resemble our algorithm. These methods can
take the polynomials defining a real semialgebraic set as input
and output a dense sample of points. For PH computations,
they exhibit two drawbacks: (1) Sample points in the output
need not be especially close to the underlying variety. (2)
Adjusting current implementations to reduce the number of
sample points is not straightforward. Computational resource
requirements for PH scale up quickly with more input points.

Our approach for sampling varieties is based on numerical
algebraic geometry, with the books [5], [54] providing a
general overview. The algorithm addresses the first point above
by constructing provably dense samples with points very
close to the underlying variety. The theoretical version of the
algorithm can be readily adjusted to incorporate geometric
heuristics which significantly reduce the number of points
in the final output thereby addressing the second point. An
implementation is publicly available as the Python package
tdasampling on PyPi and the package source code is
available at https://github.com/P-Edwards/tdasampling.

B. Organization

The paper is organized as follows: we recall TDA theory and
computations in Section II and numerical algebraic geometry
in Section III. Section IV details the sampling algorithm,


https://github.com/P-Edwards/tdasampling

proves its correctness, and discusses the geometric heuristics
for sample minimization. In Section V, we illustrate our
sampling algorithm with TDA on several examples.

II. TOPOLOGICAL DATA ANALYSIS

Topological data analysis is a field of research encompassing
theory and algorithms which adapt the theory of topology and
geometry to analyze the “shape” of data. The goal of our
sampling algorithm is to produce input for TDA algorithms.

We apply the persistent homology pipeline popularized by
Carlsson in [16] and summarized by Ghrist in [31]. Broader
overviews of other TDA methods can be found in [19], [26],
[48], [49]. The PH pipeline follows these steps:

1) Input data is expected to be in the form of a point
cloud consisting of finitely many points in RY. For
some variants, input in the form of a matrix of pairwise
distances suffices.

2) A collection of shapes, simplicial complexes, are con-
structed out of the input data. The complexes encode the
shape of the data at different distance scales.

3) Algebraic topological features of the simplicial com-
plexes produced in Step 2 are calculated, compared, and
ultimately assembled into a single output summary using
the algebraic theory of persistent homology.

Steps 2 and 3 present competing requirements any sampling
approach tailored for PH must balance. On the one hand, PH
computation costs rise quickly the more points are added to
the input sample. On the other hand, the algorithm must return
sufficiently many points to construct a “good” sample of a
viarety. See e.g. [26], [49] for detailed discussions of PH, and
[34] for an introduction to homology.

A. Building simplicial complexes from data

Definition IL.1. Let X be a finite subset of a metric_space
Y and € be a real number. The Cech complex for X with
parameter €, Cc(X), is a simplicial complex such that:

o If € <0, C.(X) is defined directly to be .
« The vertex set of C(X) is X.
« A set z € X belongs to Ce(f( ) if there exists a point
y € Y such that distance between y and any point in X
is at most e.
The Vietoris-Rips complex for X with parameter e, denoted
R.(X), is a simplicial complex that fulfills an alternative
version of condition 3 above:
* A set 2 = X belongs to R.(X) if the distance between
any two points in z is at most e.

Calculating Cech complexes for reasonably sized point
clouds presents computational issues since higher order in-
tersections of balls must be checked and individual simplices
must be stored. Vietoris-Rips complexes estimate Cech com-
plexes, and can be constructed more easily since only pairs of
balls need checking. See §3.2 of [26] for more computational
details about constructing these complexes. The following
interleaving result precisely describes the manner in which
the Vietoris-Rips complexes estimate Cech complexes.

Theorem IL.2 (de Silva and Ghrist [23]). If Xisa finite set
of points in RN and € > 0 there is a chain of inclusions

Cu(X) S Ru(X) € C(X) S Roe(X)

0|

€ 1 2N
whenever 5 = 3 i1

B. Persistent homology

Consider a point cloud X sampled evenly from nearby
some underlying space X < R™. PH methods consider all of
the homology groups H,(C.(X)) simultaneously. Persistent
homology theory provides an algebraic framework for tracking

homology features as the parameter value e changes. We
summarize the categorical approach introduced in [15].

Definition II.3. Let k be a field (% in all subsequent exam-
ples). A persistence module is a functor F' : (R, <) — vect,
from the poset (R, <) to the category vect; consisting of
(finite dimensional) vector spaces over k with linear maps
between them. Explicitly, F' is determined by:
« A k-vector space F'(e) for every e € R
o Alinear map F(e <€) : F(e) — F(¢€) for every pair of
real numbers € < € such that:
— F(e <€) is the identity map from F'(e) to itself
- Given real numbers € < €/ < €, Fe < €’) = F(€ <
€Yo F(e<¢)

Definition I1.4. A point € € R is regular for a persistence
module F' if there exists an open interval ] € R where € € 1
and F(a < b) is an isomorphism for all pairs a < b € 1.
Otherwise € is critical. A functor is tame if it has finitely
many critical values.

Example ILS. For any finite point cloud X < RV and
real numbers 0 < e < €, it follows directly from the
definition that C.(X) < Cu(X). Fixing p > 0 and applying
H, results in a sequence of vector spaces and %—linear
maps H,(C.(X)) < H,(C (X)) induced by inclusion. The
assignment ¢ — H,(C.(X)) along with these linear maps
defines a tame persistence module H,,C.(X ), which we will
denote by HC. An analagous persistence module exists for
the Vietoris-Rips complex denoted by H R. <

Definition I1.6. The rank function of a tame module F' assigns
x <y rank F(z < y) for every < y € R. The persistence
diagram of F is the multiset DF' of points (z,y) with 2 <
y € Ru{—00, 0} where rank(z < y) is the number of points
in DF above and to the left of (x,y).

Theorem II.7 (Fundamental Theorem of Persistent Homol-
ogy). Let F' and G be tame persistence modules. F' and G
are isomorphic if and only if “decorated” versions (see [49])
of DF and DG are equal.

The original algebraic version of Theorem II.7 for PH
appears in [55], and a categorical version in [15]. Each point
(z,y) in a module’s persistence diagram can be viewed as
describing the range of parameter values through which a
single independent feature in the module persists. See Fig. 1.



C. Computational considerations

Persistence diagrams for modules arising from the homol-
ogy of finite simplicial complexes can be computed via the
Persistence Algorithm (see e.g. [21] VII.1). In the worst case,
the computational complexity for computing the persistence
of H,R.(X) = HR scales with the maximum number of
p + 1 simplices in R, attained at any parameter value e.
More precisely: if X contains m points, calculating the full
persistence diagram for HR in the worst case has time
complexity O((p'_’:z)w) where w is the best known exponent
for matrix multiplication [43]. The best known upper bound
is w < 2.3728639 [38].

The Persistence Algorithm has been significantly optimized
since its original formulation (for instance: [8], [20], [42]).
Despite improvement in optimizations and implementations,
limiting both the size of the point cloud m and the homology
dimension p is often necessary to make PH computations
feasible (see [48]). Many applications restrict to computing PH
only in dimensions p < 2. Since memory consumption grows
rapidly as the number of points m increases, this necessitates
keeping the size of point samples as low as possible.
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Fig. 1: The top figure shows a filtered complex as it changes
with parameter value. The bottom figure depicts the persis-
tence diagram. Blue points represent 0 dimensional homology
and pink points represent 1 dimensional homology.

D. Homology inference

Suppose that X < RY is a finite point cloud sampled
from nearby the compact topological space X < RY. A key
property of persistent homology, first observed and proven
in [21], is that persistent homology computed from X re-
covers the homology of the X provided X is a “dense
enough” sample. To make this notion precise, recall that any
compact topological space such as X defines the distance-
to-X function dx : RN — R. The function is given by
dx(y) = mingex d(z,y) for any y € RY. Given any real
number ¢ > 0, define X¢ = d'(—00,¢]. The space X¢ is
formed from X by taking the union of all closed balls of
radius € in RY centered at points of X.

Definition IL8. Let A, B € R" be compact and 0 < 6 < e €
R. The set A is a (6, €)-sample of B if A< B? and B < A°.

Remark 1. Definition I1.8 is a specific instance of an infer-
leaving between generalized persistence modules as defined
in [14]. It is also generalization of the Hausdorff distance
between subsets of metric space.

Definition I1.9. Let X < R" be a compact metric space. The
homological feature size of X, hfs(X), is the infimum of all
positive critical values over all dimensions & of the persistence
module € — Hp(X¢) (negative € are assigned ).

Remark 2. The homological feature size of a space X was
introduced in [21], and is bounded below by the space’s reach
[1] and the space’s weak feature size [17]. More precisely,
0 < reach(X) < wfs(X) < hfs(X). The weak feature size of
real semialgebraic sets is known to be positive ([30] §5.3), and
so the homological feature size is positive as well. Compact
real semialgebraic sets are absolute neighborhood retracts (see
e.g. Theorem 3 of [39] and Corollary 3.5 of [33]), and in
particular this implies Hy(X) =~ H,(X") for any compact
semialgebraic set and x < hfs(X).

Theorem II.10 (Homology Inference Theorem, [18], [21]).
Let X,X < RY, with X compact semialgebraic and Xa
finite (0, €)-sample of X where 0 < 0 < € and his(X) >
2(e + 9). Letting HC = H,Cy(X), the dimension of H,(X)
is the number of points in D(HC) above and to the left of
the point (e,2¢ + 0) € R2.

Proof. From the definition of (J, €)-sample we have inclusions
X — X — X0 o, X240 o, X2(e+9) The Nerve
Theorem (e.g. §4G.3 [34]) implies that HC (a) =~ H,(X®) for
all a € R. Applying homology to the sequence and using the
assumption on the homology when thickening X, we obtain
the commutative diagram

H,(X) — HC(e) — H,(X) — HC(2¢ + 8) — Hy(X)
\/
h
where the maps from H,(X) to itself are isomorphisms. Since
there is an isomorphism from H,(X) to itself which factors
through h, dim H,(X) < rank(h). h also factors through a
map with domain H,(X), so rank(h) < dim H,(X). O

Corollary 1. Let HC’,X,X,e, and & be as in Theo-
rem IL.10. The number of points above and to the left

of (2ey/%%L e +20)

HR = H,R.(X) is a lower bound for dim H,(X).

in the persistence diagram for

Proof. Let a = 2¢ % By Theorem II.2, we have the

following commutative diagram of linear maps

HR(a) — HC(e) — HC(2e + §) — HR(4e + 26).

\/

h

It follows that rank(h) < rank(HC(e < 2¢ + 0)). The-
orem IL.10 shows that the rank of HC(e < 2¢ + 0) is
dim H,(X). O

III. SAMPLING USING NUMERICAL ALGEBRAIC GEOMETRY

An algebraic variety V' < C¥ is the solution set of
a system of polynomial equations. The real points of V,
Ve =V n RN < RY, is areal algebraic variety. One approach



to compute a point on Vg is by computing a point z € Vg
which is a global minimizer of the distance function between
a given test point y € RY and Vi [52]. We summarize the use
of numerical algebraic geometry to perform this computation
based on [36] (see also [3], [25], [50]) with Section IV relying
on this to generate a provably dense sampling of V.
Suppose that fi,...,fn—a € Rlzi,...,zn] and let
V < CV be the union of d-dimensional irreducible compo-
nents of the solution set of f = {f1,..., fv—a} = 0. That is,
V is a pure d-dimensional algebraic variety with corresponding
real algebraic variety Vg = V n RY. We note that there is
no loss of generality since one can utilize randomization if
more than N — d polynomials are provided as shown in the
following example. This assumption simplifies formulating the
critical point conditions of the minimization problem below.

Example III.1. The affine cone over the twisted cubic curve
is the irreducible surface (d = 2)

V = {(s3, s, st%,t%) | s,t e C} = C*

defined by x% — I3T1 = Tol3 — T4T1 = Toly — x% = 0.
Since N = 4, we can randomize down to N —d = 2
equations, say f1 = fo = 0 where

flz) =

In particular, V' is one of the two irreducible components of
the solution set defined by f; = fo = 0 with the other being
the plane defined by 3z1 + 729 — 424 = 1 — 7Tx3 — 624 = 0.
<

x5 — x3w1 + 2(T0m4 — 73)
Loy — Tql1 — 3(1’2{E4 — $§)

Given a test point y € RY, the approach of Seidenberg [52]
is to compute a global minimizer of

min {ZZ]\;(% —yi)? ‘ re VR}

which is accomplished by solving the Fritz John optimality
conditions, namely solving

(1L 1)

) (@)
Gyl A = [ Mo(@ —y) + 5 NV i) ]

on CV x PN=4 where Vf;(x) is the gradient of f;(z) with
respect to z. Consider the homotopy

B f(z) 1B
Hys(@ A1) = [ Xo(z =) + X MV fi(x) ] '

The following is immediate from coefficient-parameter contin-
uation [44] showing that generic choices of parameter values
(y, B) leads to a well-constructed homotopy H, 3.

Proposition IIL.2. There exists a nonempty Zariski dense open
subset U = CN x CN~=4 such that if (y,3) € U, then
1) the set S < CN x PN~ consisting of all solutions to
Hyg(z,\,1) = 0 is finite and each is a nonsingular
solution;
2) the number of points in S is equal to the maximum
number, as y' € CN and 3’ € CN=% both vary, of isolated
solutions of Hy g/(x, A, 1) = 0;

3) the solution paths defined by the homotopy
H, g(z, A\, t) = 0 starting at the points in S att = 1 are
smooth for t € (0,1].

The number of points in S is equal to the Euclidean distance
degree of V(f — /) [25]. The set S can be computed using
standard homotopy continuation as described in [36]. Since
Gy(xz,A) = Hyp(z,\0), the endpoints of solution paths
defined by H, g(z,\,t) = 0 contained in CV x PN~ are
solutions of Gy, = 0. Hence, tracking the paths starting at
the points in S at ¢t = 1 yields a finite set of solutions of
G, = 0 containing the global minimizer of (III.1) as shown
in the following from [36, Thm. 5].

Theorem IIL3. Suppose that y € RN and 8 € CN=¢ such
that the three items in Proposition II1.2 hold. Let E be the set
of endpoints contained in CN x PN~ of the homotopy paths
starting at the points of S att = 1 defined by H, g(x, A,t) = 0
and 71 (x, ) = x. Then, m(E) n Vg contains finitely many
points, one of which is a global minimizer of (I11.1). Hence,
Ve = & if and only if m(E) n Vg = &.

Since w(E) n Vi consists of finitely many points, a global
minimizer of (III.1) is identified by simply minimizing over
these finitely many points.

IV. GENERATING SAMPLES

This section presents an algorithm integrating Theorem III.3
with geometric tools to produce provably dense samples
of real algebraic varieties. The input and output are as follows.

Input:

o Polynomial equations fi,...,fn—a € Rlzi,...,zN]
defining a pure d-dimensional real algebraic variety X =
Ve(f1,..., [n—d)-

« A compact region R € RY of the form R = [a1,b1] x

- X [an,by]. We call any regions of this form boxes.

o A sampling density € > 0.

o An estimation error § with 0 < 6 <e.

Output: A (finite) set of points X < RY that form a (4, ¢)-
sample of X n R.

Proposition III.2 and Theorem III.3 provide a computation-
ally tractable approach to finding very accurate estimated so-
lutions of the optimization problem (III.1) for generic y € R,
Following the terminology of these two results, we can define
a subroutine MinDistance which takes a point y € RV as
input, and outputs a set S consisting of one point s, with
d(q,s4) < 9 for every point ¢ € m1(E) n V. The subroutine
follows these steps on input y:

1) Choose a parameter 3 € CN~¢ such that Theorem II1.3
holds for the pair (y, ), which exists for generic y,
and construct the homotopy H, g using the polynomial
system f defining X.

2) Track the homotopy paths of H,, g, which are guaranteed
to exist by Theorem IIL.3, to obtain the elements of
m1(F) n Vg up to numerical error 4.



The smallest distance from y to a point in
MinDistance(y) solves the problem (III.1) up to error 4.
Repeatedly solving the minimum distance problem this way
yields enough information to construct a provably dense
sampling of X. Neglecting estimation error momentarily, the
sampling algorithm’s core consists of a short loop which
computes the desired sample points iteratively. Denoting the
open ball of radius r centered at y by B,.(y) for any r > 0,
this short loop is:

1) Choose an appropriate new “test point” 3 € RV,

2) Run MinDistance(y) and place the returned points
into the set of output points. Each sample point s covers
a region B (s) of points in X that are within distance €
of s. Let d = dx(y) be the minimum distance from y to
X which can be calculated from the points returned by
MinDistance(y). The region By(y) does not contain
any points of X. Store information about Bg(y) and
B.(s) (for all returned sample points s) for later use.

3) Check to see if the union all of the regions of the form
Be(s) and By(y) found in previous iterations of Step 2
contains R. If so, stop and output the sample points which
have been collected. Otherwise, return to Step 1.

Remark 3. The stopping condition in Step 3 above guarantees
that the outputted sample is a dense sample of X n R. Suppose
that R € B U C, where B = UgesBc(s) for some subset .S of
X,and Cn X = . Then for any z € X n R, it follows that
x € B, so d(z,s0) < € for some sg € S. Thus, dg(z) < e.

The full sampling algorithm tracks the spatial information
for Steps 1 and 3 above by recursively dividing the region R
into smaller boxes as necessary. Let SplitBox be a sub-
routine which takes as input a box A = [¢1,dq] x -+ X
[cn,dn] S RY. It returns a pairwise disjoint set of smaller
boxes {Aq, ..., A} such that A = U¥_| A;. We can arrange
repeated applications of SplitBox into a tree structure.

Definition IV.1. For any box A < R, let T4 be the tree with
root A whose nodes are boxes in RY . The children of any box
C'in T are the elements of SplitBox(C). The elements of
SplitBox (C) have parent node C.

For technical reasons, repeated applications of SplitBox
must eventually split an input region A = [c1,d;] x -+- %
[en, dn] into arbitrarily small pieces. Put precisely, given any
~ > 0 and input region A, there is some n such that all n-
children of A in Ty have maximum side length at most ~.
As an example, consider a version of SplitBox that when
applied to A returns the two boxes [c1, d1]x - - % [¢j, & ’;dj ] x
—x [enydy] and [er, di] x - x [9FH di] % - x [en, di]
where |d; — ¢;| is the maximum side length for the box A.
Using SplitBox the sampling algorithm conducts a breadth
first search of T while iteratively building the output sample.

Theorem IV.3. Algorithm IV.2 terminates and outputs a (0, €)-
sample of X N R.

Before proving Theorem IV.3, we consider the following.

Algorithm IV.2 SAMPLING ALGORITHM

Input: Polynomial equations f1,..., fn—a € R[z1,...,2zn], a
box R = [a1,b1] X - -+ X [an, bn], sampling density € > 0, and
estimation error 0 < 0 < e.
Output: A list of points which form a (,¢)-sample of
V]R(fl, ey fod) N R.

1: Initialize an empty spatial database COVEREDREGIONS which
can store and retrieve information about subregions of R

2: Initialize an empty list SAMPLEOQUTPUT of points in R™

3: for each node M in Tr not marked “done”, iterated via breadth
first search do

4: if The maximum side length of M is at most i/_ﬁé or M does
not intersect any region stored in COVEREDREGIONS then
5: Run MinDistance (y) where y is the center point

of M, returning a set of sample points S with minimum dis-
tance d from y to any point in S.

6: Add regions Bg_s(y) and Be(s) for each s€ S to
COVEREDREGIONS. Add each s € S to SAMPLEOUTPUT.

7: end if

8: if M < B for any region B contained in COVEREDREGIONS
then

9: Mark M and all nodes in the subtree rooted at M “done”
and stop searching the subtree rooted at M.

10: end if

11: if All unsearched boxes in Tr are marked “done” then

12: End loop.

13: end if

14: end for

15: return SAMPLEOUTPUT

Lemma IV4. (1) Let A be a box in RY with maximum side
length less than E_A‘;. If y, S, and d take values as in lines
4-6 of Algorithm 1V.2, then either A € B(s) where s € S
minimizes the distance to y, or A € Bg_s(y). (2) Let Ty be
a tree of boxes in R with root A as in Definition IV.1, and
let T’y be a finite subtree of T4 such that if a node M is in
T and is not a leaf, all the first children of M in T4 are
contained in T. If L = {L1,..., Ly} are the leaf nodes of
T, the equality A = Uk_,C; follows.

Proof. (1): Let v be the maximum side length of A and
suppose that y = (y1,...,yn)T. Without loss of generality
we can replace A with the hypercube I, [y; — 3,y + 7]
since A is a subset of the latter box. A has diagonal
length A = ~+/N, which by assumption is less than
€ — 0. Let a € A be an arbitrary point, and note that
the maximum distance from a to y is half the length
of the diagonal A. Suppose that d = d(y,s) < % + 0.
Then for any point in a € A, it follows that
d(a,s) < d(y,s)+d(y,a) < A+6 < e—6+0 = e. Therefore
A € B(s). Otherwise, suppose d = d(y,s) > % + 0. Then
d— 6 > %. Since the maximum value of d(y,a) is it
follows that a € By_s5(y), so A € By_s(y).

A
2

(2): We proceed by induction on the maximum depth
of the tree 7. Suppose that the depth of 77 is 0. Then 17 is
a tree that consists of one leaf node, the box A, and (2) holds
trivially. Suppose that (2) holds for any box B, corresponding
tree Tz, and subtree T with depth at most £ — 1 where
k = 1. Then if T", has depth k, T" contains all the nodes



SplitBox(A) = {Ai,...,A;} by assumption. Note that
T, is the union of the root A along with finite subtrees
fulfilling the conditions of (2) rooted at A;,...,A;, and that
the set £ of leaf nodes of 77 is the union L1 U -+ U L;
where L; is the set of leaf nodes of the subtree rooted at
A;. By the induction assumption, Urec, L = A;. Therefore
A=0Ul_JA; =Ul_| Urer, L = UrecL as desired. O

Proof of Theorem IV.3. (Termination): Let o = 5’]\‘; By
our assumption on SplitBox there is an n such that the
n-children of R in Ty have side length less than a. Therefore
if M is any n-child of R, lines 4-6 of the algorithm will
run if M is searched. Part (1) of Lemma IV.4 shows that
line 9 will run on M subsequently. Therefore the algorithm’s
breadth first search terminates at maximum depth n.

(Completeness): Let T7 be the subtree of Tr which
Algorithm IV.2 searches before terminating. By construction,
T}, fulfills the conditions of Lemma IV.4 part (2). If £ is the
set of leaf nodes in T}’%, then R = upes L follows. Let S be
SAMPLEOUTPUT which was returned by the algorithm and
Y be the set of center points of balls with form By_s5(y) in
COVEREDREGIONS. By construction any element L € £ has
L < B.(s) for some s € S or L < By_s(y) for some y € Y.
By Theorem III.3 and the definition of MinDistance
it follows that X n (UyeyBa—5(y)) = . Similarly to
Remark 3, we have that X n R € UsesB.(s). We also have
dx(s) < 0 for all s € S by definition of MinDistance.
Thus S is a (, €)-sample of X N R. O

In practice, there are two opposing resource demands the
algorithm needs to balance. The MinDistance step in
Algorithm IV.2’s core loop consumes significantly more time
than any other individual step, so an optimal run of the
Algorithm makes as few calls to MinDistance as possible.
Resource demands for processing the Algorithm’s output with
data analysis methods scale with the number of points in the
sample. An optimal output sample therefore contains as few
points as possible while being provably dense. We can adjust
the Algorithm’s components, integrating geometric heuristics
both to reduce MinDistance calls and output sizes. These
heuristics include:

e Dynamic box splitting - Instead of splitting along the
longest side of a box B with SplitBox, split B so
that the largest intersection (by Lebesgue measure) of B
with a region stored in COVEREDREGIONS is a box in
the output.

e Dynamic sampling - Refuse to add points to the output
sample if their distance to the nearest point already in
SAMPLEOUTPUT is less than some threshold.

o Heuristic tree searching - Place priority on first search-
ing and applying MinDistance to the largest boxes
(by Lebesgue measure) at each level of depth in the
search tree. Larger boxes represent larger regions which
potentially do not intersect X, and so a single run of
MinDistance has the potential to lead to the exclusion
of a much larger box By_s(y).

See [27] for an extended discussion of both the heuristics and
implementation.

V. EXAMPLES

Algorithm IV.2 has been implemented and used to pro-
duce dense samples of varieties for further processing via
persistent homology. Data, algorithm parameters, plots, and
other scripts for the examples are available at https://github.
com/P-Edwards/sampling-varieties-data. Vietoris-Rips persis-
tent homology calculations were performed using the package
Ripser [6]. Plots of persistence diagrams were produced using
a modified version of a plotting script included with DIPHA
[7].

In the following examples, regions of the persistence di-
agrams are highlighted according to Corollary 1. Points in
the highlighted region of an example’s diagram correspond to
homological features in the underlying variety, assuming the
diagram was produced from a (J, €)-sample of a variety with
homological feature size at least 2(e + 9).

A. Clifford torus

The Clifford torus 7" is an embedding of the product of
two circles, S* x S!, into R*. It is also a pure 2-dimensional
algebraic variety defined by two equations in four variables:

1

1
T = Vel + i = 5,75 + 95 — 3)-

Since T is a torus, its Betti numbers are known theoretically to
be By = 1,51 = 2, and B3 = 1. Note that T" is compact as it is
contained in the closed ball B;(0) in R*. A sample of T was
obtained by using Algorithm IV.2 to produce a (10~7,0.14)
sample of T (the bounding box used was [—1,1]%). The
sample contains 5,689 points.

Vietoris-Rips persistent homology thresholded to a parame-
ter value of 0.60 was subsequently calculated for the sample.
The points in the persistence diagram represent features born
before 0.60, and the points on the top edge of the diagram
represent features that do not die at 0.60 or earlier. The shaded
region in Fig. 2 is derived from Corollary 1 assuming the
homological feature size of the torus is at least 2(0.14+1077).
All points above and to the left of (0.221,0.56) are shaded.

B. Quartic surfaces

Restricting to the box [—3, 3] x [—3, 3] x
consider the real algebraic varieties

[—3, 3], we next

4zt + 7yt + 321 — 3 — 823

Vi=Vg + 22%y — 42® — 8xy® — Sxy
+ 8z — 6y> 4 8y* + 4y
144z + 144y — 225(2 + y*)2? + 3502%y>
Vo = Vg + 812* + 23 + 7x%y + 322 + 3y

— 4z — 5y + 5y% + by

Both quartic equations define pure 2-dimensional varieties.
Figure 3 displays visualizations of both V; and V5 using
the gathered samples allowing for a qualitative analysis. In
particular, V7 appears to be a sphere up to homotopy, with
two distinct sphere-like features.
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Fig. 2: PH results derived from sampling the Clifford torus.
The sampling density is (1077,0.14). The estimated Betti
numbers are 5y = 1, f; = 2, and 5o = 1.
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Fig. 3: Quartic surfaces sampled using Algorithm IV.2.

Samples produced for V; and V5 contain 1,511 and 13,904
points respectively. The persistent homology results in Fig. 4
show that V7 has homology features corresponding to a 2-
sphere. The persistence diagram for V; shows how the per-
sistence diagram also captures geometric information about
V1 beyond just its Betti numbers. A 2-dimensional point
which is relatively far away from the diagonal but not in
the shaded region appears in the persistence diagram for Vi,
and corresponds to the smaller of the two sphere-like features.
The only homology features confirmed for V5 in Fig. 5 are 5
connected components.

2
< 15 ° 5
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o &
0.5
0 —0
0 1 2
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Fig. 4: PH results for V;. The sampling density is (10~7,0.20)
and the estimated Betti numbers are 8y = 1,58, = 0,5, = 1.
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Fig. 5: PH results for V5 thresholded to a parameter value of
0.405. The sampling density is (1077, 0.10) and the estimated
Betti numbers are 5y = 5,31 = 0, and By = 0.

C. Deformable pentagonal linkages

For a more elaborate example, we also analyze a kinematics
inspired polynomial system. Consider a regular pentagon in the
plane consisting of links with unit length, and with one of the
links fixed to lie along the x-axis with leftmost point at (0, 0).
The space V), of all possible configurations of this regular
pentagon is a real algebraic variety. Farber and Schiitz study
this type of configuration space in [28], as well as provide an
overview of its study. A specialization of their results shows
that By of V,, is 1, 3 is 8, and 33 is 1.

A description of the polynomials defining V), is pre-
sented in [11, §6.2.2] which is modelled as a compact
pure 2-dimensional real algebraic variety in the six variables
$1, 82,83 and c1, co, c3, namely:

V-V s2+c2 -1, s3+c3-1, s2+c—1,
PR (si+se+s3)?+(l+ea+etes)?—1 )"

A (1077,1.12) sample of V}, was produced by first obtaining
a (1077,1.0) sample using Algorithm IV.2. This sample was
then sub-sampled by iteratively choosing a point in the sample,
removing all other points within .12 of the chosen point, and
repeating this loop until all points in the subsample had no
other points within distance .12. The sample contains 3,548



points, and persistent homology calculations were thresholded
to distance value 2.2. The persistent homology results are
summarized in Fig. 6. The points far from the diagonal on
the left hand side capture the theoretically expected homology
for the configuration space.
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Fig. 6: Persistence diagram computed by sampling the

configuration space of deformable pentagonal linkages. The
sampling density is (1077,1.12).

VI. CONCLUSION AND FUTURE WORK

The sampling algorithm presented in this paper is a first
step towards systematizing the use of the TDA for obtain-
ing geometric and topological information from algebraic
varieties, including those that arise in applications. Our use
of numerical algebraic geometry methods in the sampling
process is unique among sampling approaches, and enables
our algorithm to simultaneously satisfy both theoretical and
practical constraints for applying TDA. The examples we
provide in Section 5 illustrate how using the PH pipeline
approach allows for the extraction of detailed information
beyond Betti numbers on a real algebraic variety.

A step forward would be to derive and incorporate fur-
ther information from the stratification structure of singular
varieties into systematic TDA based analysis. Running the
PH pipeline on individual strata after identifying them via
stratification methods for samples (for instance: [9]) or alge-
braic methods (detailed in [35]) would result in an even more
detailed summary of the variety. Another direction is to apply
persistent homology of ellipsoids rather than e-balls [13].

Our work also raises the natural question of computationally
estimating a lower bound on the weak feature size of vari-
eties. Future work will explore how to exploit the algebraic
description for this purpose. Finally, it would be worthwhile
to investigate the noise induced from sampling via homotopy
continuation in the context of off-set varieties [37].
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