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Abstract

This thesis explores the field of optomechanics and the theory of multi-parameter estimation
for quantum metrology applications.

An optomechanical state inside a microresonator-taper system is studied experimentally,
where the optical and mechanical modes interact by means of Brillouin anti-Stokes scattering.
The scattering leads to sideband cooling of the mechanical (acoustic) mode and the underly-
ing optomechanical coupling takes the form of a beam-splitter interaction Hamiltonian. The
mechanical mode is further cooled by continuously monitoring the optical anti-Stokes mode
by a heterodyne detector. The resulting time-domain data is input offline to a stochastic mas-
ter equation model for Gaussian states to optimally estimate the mechanical phase space tra-
jectories and subsequently reduce the observer’s uncertainty associated with the phase space
coordinates. It is shown that more information about the mechanical mode can be obtained
by heterodyne monitoring than by the commonly used in optomechanics homodyne detection
for the beam-splitter type interaction Hamiltonians.

The second part of this thesis theoretically considers the problem of simultaneous estima-
tion of phase and phase diffusion using fixed-particle number states in the framework of quan-
tum Cramér-Rao bound. Quantum Fisher information matrices are derived analytically in the
limits of large and small diffusive noise to quantify the maximum amount of information avail-
able in the individual estimation of the parameters. The former is for a general fixed-particle
number state and the latter for Holland-Burnett states for which quantum-enhanced estima-
tion of phase as well as diffusion can be obtained. The precision limits given by quantum Fisher
information may not be achievable in the joint estimation of the parameters due to the possi-
ble non-commutativity of the optimal measurements and this can be quantified in terms of
a trade-off relation. This trade-off relation can reach the maximum of 2 in the large diffusion
regime, whereas in the small diffusion regime a numerical evidence is shown that the optimal
trade-off relation approaches 1 for Holland-Burnett states. These numerical results are valid in
the small particle number regime. Finally, numerical results showing behaviour of the trade-off
for a general value of phase diffusion when using Holland-Burnett states are provided.
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Part 1

Quantum metrology introduction



Chapter 1

From classical to quantum

1.1 A brief history of metrology

The story of metrology is the story of measurements. Its beginnings go as far as the beginnings
of humankind. The ability to measure objects was crucial to hunt, build tools, shelters and
eventually civilisations. Initially, people were using natural units found in the surroundings to
compare their measurements such as length of body parts and weight of grain or seeds. How-
ever, these units were not always the same as different people as well as grain and seeds varied
in size. Measurements could only be meaningful to everybody if people used the same stan-
dardised units of measure. Hence, there came the need to establish common standards that
could be used by everybody to quantify the outcome of measurements. Adopting a common
artefact as a unit of measure was a way of achieving this goal and the first recorded attempt
of such a permanent standard was an Egyptian Cubit around 2,500 BC [1]. The Cubit was a
wooden measuring rod derived from the length of the Egyptian Pharaoh's elbow down to the

outstretched tip of his middle finger.
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Development of standardised units went through many evolutions since, but its crucial mo-
ments took place more recently towards the end of the 18th century. The first such moment was
the establishment of the decimal metric system in French law which happened in 1799 during
the French Revolution. Here, the natural units of length and mass were replaced by the me-
ter and the kilogram, and decimal multiples and fractions of these units. They were based on
platinum prototypes with the overall aim of supporting the local trade. Another big step to-
wards common standards took place in the late 18th to early 19th century during the Industrial
Revolution. Mass production of goods during this time meant that accuracy of units of mea-
sure became increasingly important. In 1875, during a conference of an international commis-
sion to supervise the construction of the international metric system, a meter convention was
signed by the participating nations. According to the convention, the participating countries
would adopt the new international prototypes of the meter and kilogram followed by a 4-yearly
General Conference on Weights and Measures (CGPM). The list of units was later extended to
include other physical units, for instance the ampere. Finally, in 1960 during the 11th CGPM,
the modern international system of units (SI units) was adopted. The ultimate goal in this di-
rection since has been to redefine the SI units in terms of fundamental quantities. This would
ensure the long term stability of the units which can not be guaranteed with the artefacts as the
underlying basis of the definition. Moreover, fundamental quantities ought to carry less uncer-

tainty resulting in more precise base units which is very important for precision metrology.

Improving measurement precision is another objective of metrology and it has had a very
big impact on the world we live in today by enabling advances in areas such as navigation,
telecommunication, transport and medicine [2]. Similarly to the standardized units, precision
metrology started advancing during the Industrial Revolution when the mass production of

items motivated the development of high level measuring machines. While initially the attain-
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able precision was thought to be an engineering problem, the birth of quantum mechanics
brought in the appreciation of fundamental limits in precision metrology arising due to quan-

tum noise.

1.2 Thesis outline

This thesis is divided into three parts. Part I (chapters 1, 2 and 3) gives a pedagogical introduc-

tion to the quantum metrology concepts relevant for the works presented in parts II and III.

Part II (chapters 4, 5 and 6) describes an experimental study of a Brillouin optomechanical
system, where the optical and mechanical modes are coupled by a beam-splitter interaction
Hamiltonian leading to sideband cooling of the mechanical mode. Additionally, the optical
mode is continuously monitored by means of balanced heterodyne detection. The collected
time-domain data can then be input to an appropriate stochastic master equation model to al-
low an optimal state estimation of the system. The monitoring further enhances the already
present sideband cooling of the mechanical motion by reducing the observer’s uncertainty
about where the mechanical state resides in phase space i.e. it reduces the variance associ-
ated with its phase space coordinates. One of the important messages here is that heterodyne
detection beats homodyne detection in cooling of the mechanical mode for beam-splitter type

optomechanical couplings.

Part I1I (chapters 7, 8, 9 and 10) is a theoretical consideration of the quantum estimation
process in the quantum Cramér-Rao bound framework. Here, the main goal is to establish the
quantum limits in the simultaneous estimation of phase and phase diffusion for fixed-particle

number states.
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The following is a list of chapters with a brief summary of their contents.

Chapter 1 reviews the basics of quantum mechanics at the core of which is the probabilis-
tic nature of a quantum measurement process arising due to quantum noise. It ends by

introducing the three main stages of a quantum estimation process.

Chapter 2 gives a quantum description of the probe states relevant for this thesis. It also

briefs how a probe state interacts with the system of interest.

Chapter 3 introduces the specific measurements relevant for parts Il and III of this thesis.
While part I1I considers a general positive operator-valued measure formalism, part II is

based on balanced heterodyne detection.

Chapter 4 introduces the field of optomechanics and explains the Physics of couplings
between the mechanical and optical modes. It describes the radiation pressure coupling
and the electrostrictive coupling. The latter is of crucial importance for the work pre-

sented in this thesis.

Chapter 5 describes the physical features of the optomechanical platform which consists
of a whispering gallery mode resonator evanescently coupled to a tapered fibre. The
chapter discusses the underlying system Hamiltonian and the corresponding Langevin
equations of motion that lead to the power spectral density of the heterodyned light. Fur-
ther, it describes the parameter regime in which the system can operate. The system is
capable of achieving strong coupling between the mechanical and optical modes [3], but
it is important to note that this is not the desired parameter regime for cooling of the me-
chanical motion. The achieved system parameters for cooling of the mechanical mode

are listed in table (5.1).
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* Chapter 6 describes the continuous monitoring protocol applied to the time-domain data
obtained by heterodyning the optical mode of the optomechanical state. The chapter
presents the associated results showing the phase space trajectories of the mechanical

mode and the amount of achieved cooling. It ends with an overall summary of part II.

e Chapter 7 gives an introduction to multi-parameter quantum metrology with the empha-
sis on the precision bounds in a parameter estimation process. It describes the quantum
Cramér-Rao bound framework which is crucial for the work presented in part III. In par-
ticular, it introduces classical and quantum Fisher information quantities — distinguisha-
bility metrics, on the space of probability distributions and quantum states respectively,
that quantify the amount of “information" about parameters. A review article on the topic

of multi-parameter quantum metrology was published in [4].

* Chapter 8 motivates the importance of unitary and non-unitary parameter estimation. It
introduces the main goal of part III which is to find the quantum limits in the simulta-
neous estimation of phase and phase diffusion parameters using fixed-particle number
states. It emphasises the problem associated with simultaneous estimation of multiple
parameters due to the non-commutativity of measurements in quantum mechanics. This

work was published in [5].

* Chapter 9 gives the relevant background for the main work of part I1I. Although the quan-
tum limits are attainable in the individual parameter estimation, this cannot be guaran-
teed when estimating the parameters simultaneously due to the possible non-commutativity
of measurements. This leads to a trade-off in how much information can be gained about
one parameter in the expense of the other parameter. Chapter 9 quantifies this trade-

off relation for the considered multi-parameter estimation scheme via Tr [FH™!]|, where
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F and H are the classical and quantum Fisher information matrices respectively and Tr

denotes the trace operation.

* Chapter 10 presents the results in three regimes of the diffusive noise: large, small and in-
termediate values of phase diffusion. The results report on the obtained quantum Fisher
information and the trade-offrelation quantity. While the large and small diffusion regime
results are to a large extent analytical, the intermediate diffusion regime is studied numer-
ically for the special case of Holland-Burnett states. The chapter ends with a summary of

part IIL.

e Chapter 11 concludes all the parts of this thesis.

1.3 Classical measurement formalism

A classical system can be described by a set of system variables whose possible values define a
configuration space and the state of such a system is represented by a probability distribution
on that configuration space. Therefore, the system state describes observer’s knowledge about
the system variables. An ideal measurement on a classical system reveals with certainty the val-
ues of all the system variables. Therefore, the state of such a system can at least in principle be
made deterministic i.e. all the system variables have assigned values with a probability of 1. In
general, this is not the case with quantum systems where for any detection scheme the associ-
ated measurement outcomes have a corresponding probability distribution. As a consequence,

a measurement can only reveal the system parameters with a probability less than unity.
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1.4 Quantum measurement formalism

Throughout part I of this thesis, bold quantities will refer to vectors of numbers or more gener-

ally to matrices, whereas the circumflex diacritic will denote operators.

1.4.1 Quantum state

The state of a quantum system is represented by a vector in a complex vector space — Hilbert
space — with an arbitrarily large dimension. Similarly to the classical case, the quantum state
describes the observer’s knowledge about the system. The basis states |¢;) of the Hilbert space
are defined such that they are orthonormal and therefore their inner product is (¢;|¢;) = 6;;.

The state corresponding to the maximal knowledge is known as a pure state given by
y) :;Wi|¢i> (L.1)
and it is normalised such that the state’s inner product with itself satisfies
(wly) :;hﬂﬂz =1. (1.2)

A matrix representation of the pure state defined in Eqn. (1.1) is |¢)(y|. More generally, a quan-
tum state can be prepared as a classical mixture of pure states |y ;){y ;| each with probability

p;- Such a state is called a mixed state and it is denoted by the density operator ¢ which reads

p=2 pilyp iyl (1.3)
J

The state is normalised so that Tr [p] = 1.
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In order to access the physical properties of p, we need to introduce objects called operators

which can be defined as

A=Y Aijlpi i, (1.4)
ij

where A;; € C. One of the simplest connections that can be made with the state of the system is

to find the expectation value of A with respect to ¢ which is given by

(A)=Tr{Ap}. (1.5)

An isolated quantum system undergoes a reversible evolution generated by a Hermitian
operator also called the Hamiltonian or energy operator H. In the Schrodinger picture, where

the system changes but the operators are constant, the evolution is governed by

Lo =—21A,p0] (1.6)
RTAE el b '

The unitary operator U, satisfying UTU = I where I is the identity matrix, that can be applied
to the state to give the evolution in Eqn. (1.6) is U= e_“q !, For systems that are in contact with
external baths and are being measured, the state evolution can be described by an appropriate

stochastic master equation [6, 7]. Such a situation is considered in chapter 6 of this thesis.

1.4.2 Quantum measurements

Quantum measurements can be described by a collection of measurement operators (M}
which act on the state space of the system being measured [8]. The subscript m denotes the

possible measurement outcomes and the state of the quantum system immediately before the
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measurement is p. The probability that the experimentalist obtains the m™ result is
p(m) :Tr[Mjanp] (1.7)

and the normalised state of the system after the measurement is

W]
p'= # (1.8)
Tr[MmMmp]

The measurement operators satisfy the completeness relation given by
S MM, =1 (1.9)
m

which is equivalent to the statement that the probabilities of the measurement outcomes add
uptolie. Y, pm=Y,Tr [MLMmﬁ] =Tr [ﬁZmMLMm] =Tr[p] =1.

The set of measurements {M,,} gives an observer access to the physical properties — called
observables — of the studied system. In the quantum measurement formalism, the observables

are denoted by Hermitian operators.

In the special case of projective measurements, the measurement can be described by a set
of projectors {M,,} = {P,,} = {Ilm){(m]|} which satisfies ﬁmﬁmf = 6mmrﬁm. These measurement
operators can be represented by an observable M = Y. m m|m){(m|. The projectors {Pm} project
the state of the system onto the eigenstates of M which gives an experimentalist full information

about the observable.

More generally, Mm can be a weighted sum of projectors Mm =) qn,mln){n| with the un-

derlying observable N=Y » n|n)(n| that the observer tries to obtain information about. A mea-
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surement outcome m prepares the state of the system in a combination of the eigenstates of
observable N and as a result, the measurement provides only partial information about N.
This more general quantum measurement treatment is encapsulated in the positive operator-
valued measure (POVM) formalism. Here, a measurement is described by a set of operators
{E“m}, where E,, = M, M,,, and the only condition that they have to satisfy is the completeness

relation given by ¥, £, = I.

At the end of any quantum measurement process, the statistics of the measurement out-

comes determines the properties of the studied quantum system.

1.4.3 Heisenberg uncertainty principle

Observables associated with position and momentum of a particle have continuous spectra
and can be expressed as

Xzfxlx)(xldx (1.10)

and

P:fpmxmm9 (1.11)

respectively. The corresponding eigenstates of X and P, |x) and |p), are normalised such that

[1x)(xldx =T and [|p){pldp=1.

Operators X and P can also be expressed in terms of creation ¢' and annihilation ¢ opera-
tors. These operators represent the mode of a field and satisfy the commutation relation given
by

~éle=1. (1.12)
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With this, the position and momentum operators can be defined as
X = xype (6" + ¢] (1.13)

and

p= ipzpf(é* - c) (1.14)

where x,pr = /Al 2megw) and pgpe = \/hmegrw/2 are, respectively, the standard deviations of

the zero-point motion and zero-point momentum of the oscillator. The oscillator has an ef-
fective mass meg and angular frequency w. Throughout the rest of the thesis, X and P are
normalised so that x,pf = pypr = 1v2. The non-commutativity of operators is one of the cen-
tral aspects of quantum mechanics. In particular, the non-commutativity of X and P, given by

[ X, P] =i, leads to the Heisenberg uncertainty principle

Var (X) Var (P) = (1.15)

|

It states that upon preparing a large number of quantum systems in identical states, p, measure-
ments of X on some of these systems and measurements of P in others give rise to variances in
the obtained measurement outcomes that satisfy Eqn. (1.15). Gaussian pure states saturate the
inequality given by the Heisenberg uncertainty principle. More details about Gaussian states

will be covered in the next chapter.



4.5 Quantum metrology structure 13

1.5 Quantum metrology structure

A measurement process can be divided into three stages: state preparation, interaction with
the system and measurement of the modified probe. Appropriate choice of the input states
ensures that the optimal amount of information is extracted about the studied system and suit-
able measurements ensure that all this information is read out. The following chapters expand

the relevant aspects of these stages for the works presented in parts II and III of this thesis.



Chapter 2

State preparation and interaction with the

studied system

States relevant for this thesis are the definite-particle number states, with emphasis on Holland-
Burnett (HB) states [9], and Gaussian states, with emphasis on thermal states. The Gaussian
state evolution is considered in part II, where the aim is to experimentally demonstrate cooling
of the mechanical motion of an optomechanical system. Definite particle number states are
considered in part III which presents theoretical studies of quantum limits in the simultaneous

estimation of phase and phase diffusion.

2.1 Definite particle number states

Number states |n) are the eigenstates of the number operator 71 = ¢té, where ¢ and ¢é are the
creation and annihilation operators introduced in section 1.4.3. They are states with a definite-

14
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particle number n. The action of 72 on |n) gives

iln) = n|n). 2.1
Acting with ¢" and ¢ on |n) results in
¢'ny =vn+1n+1) (2.2)
and
¢lny = Vnln-1) (2.3)

respectively. Therefore, ¢' adds a particle to the state whereas ¢ subtracts a particle from the
state. A number state can be expressed in terms of the creation operator ¢' acting on a vacuum
state |0) as follows

()"

7 |0). (2.4)
n:

|n) =

States with a definite-particle number are important for metrology from the conceptual point of
view. For a fixed amount of resources, defined as the total number of particles in the state (2K),
they allow improving the precision in parameter estimation protocols when compared to the
classical schemes [10]. More precisely, they allow achieving the so-called Heisenberg scaling
of 1/ (2K) in the estimation precision while the best classical possible scaling is 1/v/2K [4]. An
iconic example of definite-particle number probe states that reach the Heisenberg scaling in

phase estimation protocols are NOON states [10].
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2.1.1 NOON states

A two-mode NOON state is a superposition state with all particles (2K) in one mode and zero
particles in the other mode, and vice-versa for the remaining superposition element. Mathe-
matically, it is expressed as

1
=—(]2K,0)+10,2K)). 2.5
[ ) NooN \/E(l )+ )) (2.5)

While these states can achieve the desired Heisenberg scaling in phase estimation precision,
their advantage quickly disappears in the presence of loss [10, 11]. They are also challenging to

prepare and post-selection methods are often employed.

2.1.2 Holland-Burnett states

Holland-Burnett states also allow reaching the Heisenberg scaling in phase estimation proto-

cols [9]. They can be defined as

K
lWup) = ) bnl2n,2K—-2n), (2.6)

n=0

where b, = vV(2n)! 2K —-2n)!/ (ZK n' (K- n)!). Preparation of HB states involves interfering two
equal number states on a 50/50 beam splitter. While this is still a challenging task, it is more
feasible when compared to NOON states. HB states are also more resilient to loss since loss of
a particle in one of the superposition elements still leaves the other superposition elements to

carry the phase information.

Although definite-particle number states for sensing applications have many practical chal-
lenges, they form a backbone for quantum metrology and are important to study from the fun-

damental science point of view.
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2.2 Gaussian states

Gaussian states can be defined as states whose Wigner function is Gaussian. The Wigner func-
tion is a quasiprobability distribution that gives a representation of a quantum state in phase

space. For a general N-mode state, p, it takes the form [12]
1 L
Wy (x,l’):Wf(x+x’|ﬁ|x—x'>e2”‘ PNy, 2.7)

where x = (x1, x5, ..., x5)T and p= (pl,pg,...,pN)T denote vectors of length N containing the
possible position and momentum values for each mode in g, and |x) = |x], x,..., Xxn) are the
corresponding position eigenstates. Some of the important properties of the Wigner function

include the following. Its marginal distributions are true probability distributions

f W, (x, p)dx = (plplp)
(2.8)

f W, (x, p)dp = (xlp1x)
and the overlap between two states, p; and p», is determined by the product of their corre-

spoonding Wigner functions integrated over all phase space

Tr [p102] :ﬂff Wo, (x, p) Wy, (x, p) dxdp. (2.9)
xJp

A Gaussian N-mode state, pg, can be fully described by its first and second moments. The
first moments read (#) = (<X1,p1,X2,p2, oo XN, ﬁN>)T, whereas the covariance matrix Cov has
elements defined as 20? y = (Fjfx+Ffj) —2(7j) (F). The Wigner function representation of

the Gaussian state, 0, as a function of coordinate r € R2N reads [13]

1 1 AT — o
W () e~ (r=(#) Cov 1(r—<r))’ 2.10)

- (m)N /det(Cov)
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Figure 2.1: Phase space plots of (a) coherent state (b) thermal state and (c) vacuum squeezed
state. All the plots assume an average occupation number of (72) = 16. The red lines are contours
at one standard deviation (std) of the quadratures associated with the corresponding states.

where r = (r1,72,...,Ton)T = (xl,pl,xg,pg,...,xN, pN)T. State, pg, will preserve its Gaussian na-
ture under unitary transformations whose exponents are at most quadratic operators [13]. This

is an important property for the work presented in part II of this thesis.

A common example of pure Gaussian states is the coherent state which forms the basis of

many quantum optics studies.

2.2.1 Coherent states

Coherent states, denoted by |a), are the eigenstates of the annihilation operator ¢ and therefore
satisfy

Cla) = ala), (2.11)

where a € C and can be expressed as a = lale?. These states saturate the Heisenberg uncer-

tainty principle in Eqn. (1.15) with Var (X) = Var (P) = 1/2. In a phase space representation, they

. . . : : A i —a*a
can be imagined as a displaced vacuum state by letting a displacement operator D = %% =% ¢



2.2.2 Thermal states 19

act on the vacuum state |0). This is shown in Fig. (2.1a). In the number state basis, they can be

expressed as

) = el Z ')1,2 |n) (2.12)
with the average photon number of (7) = (a|A|a) = |a/|>.

2.2.2 Thermal states

While the quantum noise in thermal states is typically hidden behind the thermal noise, these
states are usually the starting point for most of the optomechanical platforms which includes
the work presented in part II. Thermal states are an example of mixed states. Their correspond-

ing density matrix, py,, in the number state basis reads

Z vt (2.13)

— + Np

. _ ~ -1 . .
with 7 = (A1) = (eh‘”/ ko T _ 1) , where w is the angular frequency, k, is the Boltzmann constant

and T is the temperature. In the coherent state basis, p, is given by

1 _
pin=—— [ e gy (a)d2a, 2.14)
TNy

where d?a = dRe (@) dIm (). The variance of operators X and P for thermal states is Var (X) =

Var (P) = fi, + 1/2. A phase space plot of a thermal state is shown in Fig. (2.1b).

2.2.3 Squeezed states

In general, squeezed states can relate to any state (pure or mixed) in which the uncertainty of

one of the quadratures is below that of vacuum. However, squeezed vacuum states are of par-
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ticular interest in quantum metrology. Similarly to coherent states, described in section 2.2.1,
they saturate the Heisenberg uncertainty principle in Eqn. (1.15). The uncertainty in one of
the quadratures is reduced below that of vacuum at the expense of increased uncertainty in
the other quadrature. This is illustrated pictorially in Fig. (2.1c). More formally, a single mode
squeezed vacuum state |r) can be defined through a squeezing operator S(r) = e!/ 2(r*et-re®?)

acting on a vacuum state |0) [10]

Iry =S (r)|0), (2.15)

where r = |rlei’. The state has minimum and maximum quadrature variances of Varpi, =

1/2e~" and Varp;x = 1/2e" respectively. The mean particle numberin |r) is (72) = 1/4 (ezr —e % )

Vacuum squeezed states are used to improve the sensitivity of gravitational wave detectors
which rely on optical interferometry [10]. One input of the interferometer is fed with coherent
light whereas the other input is typically left empty. Injecting vacuum squeezed light into the
empty input of the interferometer improves its phase sensitivity if the phase of the coherent

state is appropriately matched with the phase of the low noise quadrature of the squeezed light.

2.3 System interaction

The system that the input probe state interacts with can be parameterised and identification of
the parameters yields knowledge about the studied system. A typical parameter of interest in
quantum metrology settings is the interferometric phase [10] induced by a unitary operation
U(/, = el?”, Physical phenomena, such as gravitational waves [14, 15, 16], changes in refractive
index [17], measurements of displacements, magnetic and electric fields [18] can be associated

with a unitary evolution. Noise parameters, such as diffusion and loss, can also be of interest
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and they are associated with the non-unitary evolution. The aspect of unitary and non-unitary
parameters in the estimation process is discussed in part I1I, and the non-unitary system evo-

lution due to the interaction with the thermal environment is the topic of part II.



Chapter 3

Measurements

Measurement of the evolved probe state allows reading out the information about the system
acquired by the probe. Parts II and III of this thesis explore the measurement aspect in differ-
ent contexts. Part II considers continuous heterodyne measurement of the optical mode in an
optomechanical platform to learn about the phase space trajectories of the relevant mechan-
ical mode. This subsequently cools the oscillator’s mechanical motion by means of reducing
the uncertainty associated with the mechanical quadratures. Part 11, on the other hand, stud-
ies quantum limits in a multi-parameter estimation process, where the probabilities associated
with the measurement outcomes determine the precision with which the relevant parameters
can be estimated. Here, a general POVM formalism is adopted with the example of the canoni-

cal phase measurement and a primary focus on the class of projective measurements.

22
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3.1 Canonical phase measurement

The canonical phase measurement measures the phase ¢ of a field. It constitutes an important
role in the problem of finding the quantum phase observable [7, 19, 20]. The POVM set of such
measurement satisfies the completeness relation fOZ” E¢d¢ =1 with E¢, =1/ (2n) |¢p){¢p|, where
Py =200, e~ 197y is the so-called Susskind-Glogower phase state [19]. For a two-mode field
with phase ¢ in between, phase states can also be defined and in the case of a two-mode HB
state, they take the form |¢) = 21,1(:0 e"|n,2K — n). The phase states |¢) are not eigenstates of
any Hermitian operator and therefore are not directly realisable from the experimental point of

view. They are however important for the fundamental measurement science.

More experimentally feasible measurements include homodyne and heterodyne detection

which are the topics of the next sections.

3.2 Homodyne and heterodyne detection

3.2.1 Homodyne detection

A balanced optical homodyne detector measures a quadrature of an optical field mode (¢;)
by interfering the signal of interest with the on-resonance reference light field (&) in a strong
coherent state on a 50/50 beam splitter. The resulting signal is measured by two photodetectors
and the photocurrents subtracted to yield a quadrature value. The measured quadrature can be
expressed as Xg (H)=1/V2 (éI (el + ¢ e‘ig) and its phase angle 6 is determined by the phase
of the reference field which is also referred to as the local oscillator. The homodyne detection

scheme is shown in Fig. (3.1). After the beam splitter transformation, annihilation operators ¢;
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Figure 3.1: Schematic of balanced homodyne detection scheme. Signal field mode ¢;, in state
p, interferes with the local oscillator in mode ¢, on a 50/50 beam splitter. The resulting signals
in modes d, and d» are measured by two photodetectors and the photocurrents are subtracted
and the difference amplified to yield the final signal proportional to the samples of the quadra-
ture Xy of state p. The phase 0 of the measured quadrature is determined by the phase of the
local oscillator.

and ¢, transform to

A 1
dy = — (61 +io),
v2 (3.1)
A 1
dz =— (6 +1i6y)
V2
respectively. The intensity measured by the two photodetectors is proportional to the number

of photons present in modes 1 and 2. It can therefore be represented by the following number

operators

A sata sata o aTa
(C1 C1+1¢,C2—1C,C + 0202) ,

=z
Il

H&)
S

(3.2)

G gt G _ L (ata L iata _iafa o oata
Ny =d,dp = (0202+1czcl—10102+clcl)

N~ N~
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for modes 1 and 2 respectively. Subtracting N; and N, gives
ANhom = No — N = i(egel - éjéz) : (3.3)

Since mode ¢, corresponds to the reference field which is in a strong coherent state, it can be

represented as a classical field of amplitude a1 = |arole?. This leads to a photocurrent differ-
3 _ At Li0-7/2) | A A—i(@-7/2) .

ence of ANpom = |larol |6 e + C1e . The /2 term present in the exponent can be

absorbed into 6 which gives
ANhom =larol (EIeie + éle_ie) = \/Z|a§Lo|Xg. (3.4)

Homodyne detection therefore indeed corresponds to a measurement of a single quadrature of

the probed field.

3.2.2 Heterodyne detection

In heterodyne detection, the local oscillator is detuned from the system frequency by wygr/ (27).
The effect of the detuning is to replace ¢, with ¢;e™ "=t which results in the photocurrent dif-
ference of

ANhet = larol (éIel(Q+wHET 1) + éle—l(g+(uHET t)) — \/§|“LO|X(9+wHET 0 (3.5)

As aresult, the measured quadrature rotates at the frequency wygr/ (27). If the system evolution
time is appreciably longer than 27 /wygr then information about two orthogonal quadratures

can be obtained.
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Chapter 4

Introduction to optomechanics

4.1 Background and motivation

The field of optomechanics explores the interactions between electromagnetic radiation and
mechanical systems to allow control of the mechanical motion. Some of the first examples
of optomechanical systems employed cantilevers inside microwave cavities coupled by the ra-
diation pressure force [21, 22, 23, 24]. This research direction was strongly motivated by the
development of gravitational wave detectors whose desired sensitivity encouraged studies of
such platforms and their fundamental limits. The quantum limits associated with the sensitiv-
ity of optomechanical systems were first investigated by Braginskii and colleagues in the 1960s,
see for instance Ref. [25]. Braginskii pointed out the importance of radiation pressure quan-
tum fluctuations in cooling the mechanical motion. Appropriate control of the experimental
parameters can reduce the temperature of the mechanical mode and also allow efficient swap
operations between the optics and mechanics if strong interactions are invoked. This finds ap-
plications not only in fundamental science, but also in fields such as metrology and information

27
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processing [26, 27, 28, 29]. Mechanical oscillators can be used as a precise sensor to detect dif-
ferent kinds of forces [27, 30, 31]. Moreover, the field has explored different cooling approaches
such as sideband cooling [32, 33, 34, 35, 36, 37, 38, 39, 40], conditional state preparation [41]

and feedback cooling [42, 43, 44, 45, 46].

While microwave cavities were convenient to use with the technology available in the 1970s,
reaching the regime of low thermal microwave occupation requires demanding cryogenic tech-
niques. This is because at such low wavelengths the microwave thermal occupation is still
above the ground state even at low environmental temperatures. For instance, a 10 GHz mi-
crowave signal has a thermal occupation number of 2 at the environmental temperature of
1 K. Working in the optical regime has the advantage of having the optical thermal occupation
very close to vacuum even at room temperatures and thus making it more feasible to achieve
mechanical ground states without cryogenic systems. Therefore, the experimental efforts ex-

panded towards exploring interactions between optical and mechanical modes [47].

Further technological advances allowed miniaturization of mechanical elements and fabri-
cation of high finesse and high quality factor optical cavities essential for the exploration of the
quantum regime. Nowadays, many optomechanical systems have been investigated includ-
ing: membranes and nano-rods inside Fabry-Perot resonators, whispering gallery resonators,
photonic crystals and evanescently coupled nanobeams [26]. They allow to access different ex-
perimental parameter regimes and explore different underlying physical principles. Although
the field started with the radiation pressure as the mediator of the optomechanical coupling,
platforms investigating different interaction types, such as electrostriction, are now possible.
In particular, such systems allow for exploring the field of Brillouin optomechanics [48] which

is one of the bases for the experiment presented in this part of my thesis.



4.2 Cavity properties 29

4.2 Cavity properties

A simple cavity can be constructed by positioning two highly reflective mirrors at some dis-
tance L. The cavity will support modes whose half wavelengths fit the cavity an integer number
of times. Such modes are the cavity’s eigenmodes and the amplitude of light injected into these
eigenmodes is reinforced on each reflection from the mirrors building up the power of the opti-
cal field. The optical field also experiences some unwanted material losses and the unavoidable
losses associated with coupling to external light. As a result, photons inside the cavity have a
certain lifetime denoted by 7. A different type of cavity is a microresonator, for instance mi-
crosphere and microrod resonators [49, 50], where light circulates inside a material medium by
means of total internal reflection. Here, the optical power build up is mainly limited by material
absorption and surface scattering. Microrod resonators are of particular interest for the work
presented in part II of this thesis and more details about them can be found in section 5.3 of

chapter 5.

The separation between the longitudinal resonances of a cavity can be quantified by its free
spectral range (FSR) which is defined as the inverse of the round trip time experienced by the
photons inside the cavity. For a microrod resonator of diameter d and refractive index n, the

FSR in the angular frequency units can be expressed as,

2c
AwEgsg = Py 4.1)

where c is the speed of light in free space. The transverse mode structure of microrod res-
onators allows for the existence of optical resonances within the free spectral range. This allows
selecting discrete optical modes separated by an appropriate frequency distance which is very

important for the experiment presented in this part of the thesis. A frequency separation Aw
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can be converted into the equivalent wavelength separation AA using

AL = Adw 4.2)
21 4 A’ '

where A is the wavelength of light. The property of a cavity that measures its ability to store

energy is the quality (Q) factor defined as

_ Wcav

Q= ?, (4.3)

where w¢qy/27 is the cavity resonance frequency and x = 7/7 is the cavity amplitude decay rate
in the units of angular frequency. The ability to store light can also be quantified by the number
of round trips that a photon takes before it leaks out of the cavity. This is encapsulated in a

quantity called finesse given by,

_ Awrsr
2k

F (4.4)

The amplitude decay rate x constitutes the earlier mentioned two types of losses, the external

coupling losses k and any other internal losses «; such that
K = Ke + Kij. (4.5)

The power at the input of the cavity Pj, is enhanced resulting in the intracavity power

Pcav— - ) 4-6
TP+ 0) n(12yTo) (4.6

where T, is the cavity transmission on resonance, T, is the actual cavity transmission and A,

is the laser detuning with respect to the optical mode. In the denominator, + applies to under-
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and over-coupled conditions respectively.

4.3 Radiation-pressure-based optomechanics

Radiation pressure relates to the transfer of momentum from light to an object that it interacts
with. This force was first theorized by Kepler in the 17th century who noted that tails of comets
point away from the Sun during their transits. Although radiation pressure has a big impact on
the dynamics of objects in outer space, we do not perceive much of its influence on the Earth.
It does however dictates the dynamics of many optomechanical systems. In 1966, Braginskii
and Manukin formulated a classical description of this effect for mirrors inside the Fabry-Perot
resonator [21]. In their work, radiation pressure introduces positive or negative rigidity in the
mechanical oscillator depending on the sign of the optical cavity detuning. Positive detuning
amplifies whereas negative detuning damps the mechanical motion. This dynamical effect of

radiation pressure on the mechanical motion is termed as dynamical backaction [51].

Throughout part II, the optical and mechanical modes are denoted by @ and b respectively.
The optical and mechanical amplitude decay rates in angular frequency units are represented
by x and yn, respectively. The quadrature operators are normalised such that the variance of
vacuum is 1/2 unless stated otherwise. The resulting position and momentum quadrature op-

erators for an arbitrary mode operator ¢ are defined by
X=(e"+¢)rva (4.7)

and

P:i(é*—é)/\/i (4.8)
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respectively.

The following calculation considers a mode description of the optical and mechanical os-
cillators to derive the cooling and heating Hamiltonians for a cantilever coupled via radiation
pressure to a Fabry-Perot cavity of length L. The optical cavity resonance frequency is wcay/27

and the mechanical frequency is wn,/27. The oscillator has an effective mass of 71,

The uncoupled optical and mechanical Hamiltonian Hy can be represented by two har-
monic oscillators,

Hy = hwcaV&T& + homb' b. 4.9)

The above Hamiltonian does not include the dissipation and cavity driving terms, but their
effect on the interaction Hamiltonian is considered qualitatively at the end of this section. The
displacement Ax of the cantilever from the original position x = 0 changes the cavity length
and therefore its resonance frequency. For small displacements, we can Taylor expand wcay

with respect to x about x = 0 and keep terms up to the linear order only,

Weay (X) ® Weay,x=0 + X0Wcay/0X. (4.10)

The term —0w,y/dx describes the cavity frequency shift per displacement and is denoted by D

which for this example is way/ L. The Hamiltonian Hj can therefore be written as

ItIO = h (wcavyx:() - DXm) CAZT& + hmeTB, (4.1 1)

where Xy, is the mechanical position quadrature operator defined in Eqn. (4.7) for mode b. The
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interaction part Hiy of this Hamiltonian is therefore
Hine = —hgod'a (BT + 15), (4.12)

where gy = D/v/2 represents the coupling between the optical number operator and the me-
chanical position quadrature in the units of angular frequency per (1/ \/Q) \/ Var (Xm,o). Here,
Xm0 is the mechanical position quadrature ground state with variance given by Var (f(m,o) =
hl (2megrwn). Using the linearized approximate description of cavity optomechanics [26], the

optical field can be considered as quantum fluctuations d @ around an average coherent ampli-

tude a,
a=a+da. (4.13)
The interaction Hamiltonian then becomes,
Fline = —hgo (a* +6&T) (@+6a) (zama). (4.14)

The term containing | a |> implies an average radiation pressure force which only shifts the
spatial origin of the mechanical oscillator and therefore can be omitted. The term containing
Satéa can also be ignored as it is | a | times smaller compared with the remaining terms. This
results in,

Hine = —hgo (cx*6&+a5d*) (IAQT+IA9). (4.15)

Writing a =| a | €' and taking ¢ = 0, we get

Fine=—hgola| (5a+5a*) (15* + 13) (4.16)



4.3 Radiation-pressure-based optomechanics 34

and expanding the brackets,
Fin=—hgo | | (8ab" +6a'b+5ab+5a'b'). 4.17)

The radiation pressure force is provided by pumping the optical cavity mode with a laser light.
The detuning of the pump laser Ay, with respect to the optical cavity determines the dynamics
of the system. In the resolved sideband regime (x < wy,), two interesting scenarios can be

distinguished.

1. Ap = —wy — here laser light is red-detuned with respect to the cavity resonance. This
strongly suppresses the last two terms of Hj, in Eqn. (4.17) as they are not resonant.
Therefore, the first two terms are only relevant and form the beam-splitter (BS) inter-

action, Hgg = —hgolal (6 ab'+sat 15), which leads to cooling of a mechanical motion.

2. AL = wy, - here laser light is blue-detuned with respect to the cavity resonance and the
last two terms are dominant. Therefore, the interaction Hamiltonian represents a two-
mode squeezing, Hrvs = —hgo | a | (8ab+8a'b'), which leads to growth of energy in

both modes if no dissipation is present.

The red-detuned scenario forms the backbone for sideband cooling [36]. It is important to
note that the mechanical motion cannot be indefinitely cooled due to the quantum backaction
limit [40]. It arises due to the asymmetry between the rates at which phonons are absorbed and
emitted from the mechanical mode due to the presence of the radiation pressure force [26, 52].
The absorption and emission processes are proportional to (72 + 1) and 72 accordingly, where 7
is the average phonon number in the mechanical mode. This leads to a non-zero minimum

phonon occupation even when there is no coupling to the mechanical thermal bath (y,, = 0).
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In the resolved sideband regime (wy, >> «), this gives a minimum phonon number of 7y, =

(K/20m)2.

4.4 Brillouin optomechanics: electrostriction and photoelas-

ticity

In general, light scattering results from fluctuations of optical properties in a material medium
that the light passes. There are different light scattering processes, such as Raman, Rayleigh
and Brillouin scattering, leading to different physical phenomena. The scattered light is shifted
to higher and lower frequency components known as Stokes and anti-Stokes components re-
spectively. The work outlined in this part is based on Brillouin scattering which is the scatter-
ing of light (or photons) from acoustic waves (or phonons). It was first studied by Leon Bril-
louin in 1922 [53] and is a type of inelastic scattering. During this interaction, photons in the
pump mode are scattered to the Stokes and anti-Stokes modes by creating and annihilating
phonons from the acoustic (mechanical) mode respectively. Energy and momentum of the
photon-phonon system are conserved which implies,

(4.18)

and

B = Ro o
(4.19)
Ep + 7ém = _k)aS-
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Figure 4.1: Conservation of wave vector k for the Stokes (left) and anti-Stokes (right) scattering
processes. Subscripts S, aS, m and p refer to Stokes, anti-Stokes, mechanical and pump modes
respectively. When | %m |>| %p |, the scattered light is enhanced in the backwards direction rela-
tive to the incident pump light.

Throughout the rest of part I, w and k indicate angular frequency and wavevector respectively.
Subscripts S, aS, m and p refer to Stokes, anti-Stokes, mechanical and pump modes respectively.
The mechanical and optical wavevectors have magnitudes, | %m |l=wm/v, | %p |=wpnlc, | 76&18 |=
wasn/cand | 755 |= wsn/c, where n is the refractive index of the material medium, c is the speed
oflightin free space and v is the speed of sound in the material medium. When | I_ém [>] %p | such
that Eqn. (4.18) and Eqn. (4.19) are satisfied, the scattered light is enhanced in the backwards
direction relative to the incident pump light. This is shown pictorially in Fig. (4.1). The phonons
travel in the direction of the pump photons in the case of Stokes and in the opposite direction in
the case of anti-Stokes scattering. The condition on the magnitude of momenta for the Stokes

scattering process, shown in Fig. (4.1), gives

b _Tm_ =7 (4.20)
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Using the energy conservation condition in Eqn. (4.18) and the fact that v < ¢/n, the above

equation can be expressed as
2wpn N 2wpnv

STV

W = (4.21)

Therefore, the mechanical frequency depends on the ratio of the speeds of sound and light in a

given material medium.

The Stokes and anti-Stokes back scattering is the relevant scenario for the experiment pre-
sented in part II, where the studied optical fields are at telecommunication wavelengths (1, =
1550 nm, or equivalently w, /27 ~ 194 THz) and the considered medium is fused silica with
v =5.97 x 103 m/sec [54] and n = 1.47. Using Eqn. (4.21), the resulting | km |~ 1.9 x 106 m~! >|

%p |~0.9%10°m™! and wy /27 =~ 11 GHz.

The physical mechanisms responsible for the coupling of the mechanical and optical modes
are electrostriction and photoelasticity. Electrostriction is the property of a material to com-
press under the applied electric field whereas photoelasticity describes the change of optical
properties of the material under the applied mechanical stress. The incident pump field exerts
an electrostrictive pressure to the material which leads to creating or annihilating phonons in
the acoustic field. The acoustic field, on the other hand, photoelastically causes variations in
the refractive index of the material medium leading to scattering of the incident photons into

the Stokes and anti-Stokes fields.

The refractive index fluctuations can be induced by thermal phonons or by the presence of
optical field. The former case leads to thermal whereas the latter case to stimulated scattering.
When the incident pump light is strong, the thermal scattering process can be very efficient
leading to a lot of light in the Stokes and anti-Stokes modes. Beating of the incident pump

light and the Stokes light reinforces the acoustic wave. At the same time, beating of the pump
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Figure 4.2: Scattering of a pump photon (red) into the Stokes (brown) and anti-Stokes (orange)
modes by adding and subtracting a phonon from the mechanical mode, respectively.

light and the acoustic wave reinforces the Stokes light. This positive feedback can lead to the
exponential growth of the Stokes occupation and is referred to as stimulated Brillouin scatter-
ing (SBS). This amplification process can only happen with the Stokes light as the anti-Stokes
light dampens the acoustic mode and thus weakens the acoustic wave. Therefore, anti-Stokes

scattering is a thermal process only.

Brillouin scattering is the interaction of four fields, pump dy, Stokes ds, anti-Stokes das and

the mechanical field b. The full interaction Hamiltonian can be written as
v o ot B s atpt
Hine = hgo (ap a,gb+ apagb ) +h.c. (4.22)

and the interaction is pictorially shown in Fig. (4.2). The anti-Stokes part of the Hamiltonian
forms a BS interaction which can be used for cooling of the mechanical motion if the Stokes

terms are suppressed.
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4.5 Applications: optomechanical sensing

Optomechanics has found many applications since its beginnings in 1960s and at the time was
sparked largely due to the growing interest in gravitational wave detection. Some of the many

uses include,

1. Fundamental science — optomechanics allows experimental realisation of non-classical

states of macroscopic objects [55, 26].

2. Information processing — strong coupling between light and mechanics permits efficient
swap operations between these two modes which is very relevant for devices such as op-
tomechanical transducers. Optical storage protocols can also be applied to optomechan-
ical systems to store light in the mechanical excitations [56, 57]. Another example of in-
formation processing application is a tunable optical filter, where two microcavities with
a certain gap in between are evanescently coupled to an optical field. Tuning of the opti-
cal resonances is possible by changing the width of the gap or applying capacitive tuning

between the two resonators [58, 59].

3. Metrology — mechanical oscillators with optical readout can provide exquisite sensors.

This will be the focus of the remainder of this section.

While ground state cooling has already been achieved in some optomechanical platforms [37,
38, 40, 46], it is still an active area of research. Although cryogenic systems can aid this task, they
are not very practical for commercial mass production applications due to their bulk, complex-
ity and cost. Another way of cooling the mechanical degree of freedom is to use the sideband
cooling technique introduced in Sec. 4.3. However, to date, this technique also requires pre-

cooling to achieve ground states and therefore, is still at the research stage. A technique that
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has been applied to real-world sensing applications is the displacement measurement [27]. Op-
tomechanical systems are very well suited for displacement sensing due to the large coupling
that can be achieved between the optical and mechanical modes. Such measurement is limited
by two factors, measurement shot noise and radiation pressure shot noise (RPSN), which set the
maximum input drive power for which the sum of these effects is minimal. The precision limit

is called the standard quantum limit (SQL) and is typically masked by the thermal noise [60].

High bandwidth accelerometry is one of the areas that could benefit from the high precision
displacement measurements that can be performed by optomechanical platforms. A typical
accelerometer is based on an accurate displacement measurement of a moving mass under the
applied acceleration. This displacement is usually measured using the capacitance between the
moving mass and a nearby electrode. Such measurement is limited by the electro-thermal noise
from the readout circuitry and can be reduced by employing optical interferometric methods
which eliminate the electronic noise and introduce the fundamental thermal-mechanical noise
only. This noise leads to a trade-off between the achievable sensitivity and bandwidth. Using

displacement measurements in optomechanical systems this noise limit can be achieved.

Another interesting sensing application is magnetometry which has a wide range of uses
in biology, medicine, security, defence, condensed matter physics etc. Here, optomechanical
systems allow avoiding cryogenic systems while still achieving high magnetic field sensitivity.
For this purpose, a magnetostrictive material (Terfenol-D) is placed on a whispering-gallery-
mode (WGM) resonator which then contracts and expands under the applied magnetic field.
As a result, the resonance frequency of the resonator shifts allowing to infer the magnetic field

strength [61].
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Atomic force microscopy is also a type of displacement measurement on an optomechan-
ical system. It relies on a nanometer radius tip placed at the end of a cantilever which scans
the surface of interest. Contact forces between the tip and the surface deflect the cantilever.
This displacement can be measured with high precision using optomechanical readout meth-

ods [62].

Finally, the GEO 600 gravitational wave detector measures displacements of mirrors in a
Michelson interferometer caused by gravitational waves. These displacements are transduced
onto the incident light field at one of the inputs of the Michelson interferometer. Squeezed light
has been injected into the empty port present at the other input of the interferometer to further

increase the sensitivity of this optomechanical system beyond the SQL [63].



Chapter 5

Experimental setup and equations of

motion

5.1 Overview of the experiment

The aim of the experimental work presented in part II of this thesis is to cool a mechanical
mode of a microresonator by continuously monitoring the light evanescently coupled to it and
evanescently leaving the resonator after the interaction. This conditional state preparation is
performed from room temperature using a heterodyne detection scheme. The details of how
the measurement is used to learn about the mechanical mode are given in the next chapter. This
chapter focuses on the experimental setup, its operational parameter regime and the equations

of motion that lead to the power spectral density seen in the heterodyne measurement.

The studied system consists of one acoustic mode and two optical whispering-gallery-modes
(WGMs). WGMs take their name after the phenomenon observed under the dome of St. Paul’s
Cathedral. It was noted that when two people stood at the opposite ends of the dome and faced

42
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Tapered fibre

\_Microrod resonator

Laser light in

Figure 5.1: Schematic illustration of how laser light (red arrow) is evanescently coupled via a
tapered fibre (red) to a whispering-gallery-mode inside a microrod resonator (black). The light
is trapped in the bulge region formed on a silica rod using the CO»-laser lathe machining tech-
nique. More information about microrod resonators is given in section 5.3.1.

the dome, they could hear each other’s whispers. They could no longer hear the whispers when
they faced each other. This phenomenon was first explained by Lord Rayleigh in 1878 [64].
Sound waves bounce off the dome surface with little loss leading to constructive and destruc-
tive interference of the waves at different locations of the dome. Later, in the 20th century, this
phenomenon was realized for electromagnetic waves inside dielectric spheres and other geo-

metrical structures [49] that light can circulate by means of total internal reflection.

In this experiment, the acoustic wave and the optical WGMs are contained inside a silica
microrod resonator [50]. Fig. (5.1) shows the schematic of how laser light evanescently cou-
ples to a WGM in such a resonator. The circulating light can then scatter off the mechanical
mode by means of Brillouin scattering explained in section 4.4. The two optical WGMs par-
ticipating in the Brillouin scattering process are separated by approximately the mechanical
frequency of wn, /27 = 11 GHz. These are transverse optical modes of the resonator. The lower
frequency mode is the pump mode, where the laser light is injected, whereas the higher fre-

quency mode is the anti-Stokes mode, where the scattered pump light scatters into. During
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Figure 5.2: BS interaction between the anti-Stokes (orange) and mechanical modes leading to
the transfer of phonons from the mechanical to the anti-Stokes mode with the help of an aux-
iliary pump (red) field. This exchange of quanta is such that the energy and momentum in
Eqn. (4.18) and Eqn. (4.19) are conserved within the linewidths of the participating modes.

this scattering process, the pump photons and the acoustic phonons are used to create light
of higher frequency in the anti-Stokes mode. This creates a BS interaction between the me-
chanical and anti-Stokes modes. As a result, the mechanical motion is sideband cooled be-
cause the thermal occupation of the mechanical oscillator at room temperature is higher than
that of the anti-Stokes mode which is initially in vacuum. The externally driven pump mode
acts as an auxiliary mode enhancing the strength of the interaction. Fig. (5.2) shows a pictorial
representation of this interaction. It is important to emphasise that Brillouin Stokes scatter-
ing is suppressed by the cavity mode structure and therefore the resulting heating effect does
not take place. This is because the transverse optical modes of the resonator are irregularly
spaced in frequency making it possible to select a mode pair with the desired modal neighbour-
hood. In the experiment, the laser light, denoted by subscript L, is slightly off-resonance with

respect to the pump field. This means that for the same laser power the interaction strength
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is weakened compared to the on-resonance case. Additionally, there is some frequency mis-
match A/27 = w,s/27 — w1, /271 — wm /27 between the anti-Stokes mode and the Brillouin re-
sponse spectrum [65]. However, as long as there is an appreciable overlap between them, the

Brillouin scattering process will take place.

The BS interaction already leads to cooling of the mechanical motion by means of convert-
ing phonons and pump photons into anti-Stokes photons. Monitoring of the anti-Stokes light
further enhances our knowledge about the mechanical mode since the two modes are coupled
by the BS interaction. This has the effect of reducing the phase space variance of the mechan-
ical state and therefore increases its purity. The experiment has optical non-linearities as well

as optomechanical interactions. The non-linearities are discussed in the next section.

5.2 Third-order nonlinear optical materials

All materials, to some extent, have an optical power-dependent refractive index n. A linear
dependence of n with power is a third-order nonlinear process and is referred to as the optical
Kerr effect. The microrod resonator’s medium (fused silica), used for this experiment, is a third-
order nonlinear material and therefore exhibits the optical Kerr effect. This results in optical
intracavity power dependent frequency shift of the resonances and effectively intracavity power

dependent detuning A.

The process can be understood by considering the electric polarization field vector P of a

third-order nonlinear material as a function of the electric field vector E,

P=coyVE () +3e0x® | E(0) I E () = €0 xefiE (w), (5.1)
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where ¢ is the vacuum permittivity, y and y® are the first- and third-order susceptibilities
respectively [54] and yeff = )((1) +3 )((3) | E(w) |2. For simplicity, an isotropic medium is assumed
(which applies to fused silica) to suppress the tensor indices associated with ¥y and y®. Re-

fractive index n of the material can be defined as

3,03)
n:\/1+Xeff:nO¢1+%|E(w) 2, (5.2)
0

where ng = \/1+ yV is the weak field refractive index. Assuming that the nonlinear term in

1/

Eqn. (5.1) is much smaller than the linear term and using (1 + xz) Z (1+x/2) for x < 1,

Eqn. (5.2) can be approximated as

3,3
n:n0(1+27(7|E(w) |2). (5.3)
0

In terms of time averaged optical intensity I = 2nyeqc | E (w) |2, the above equation reads

3¢ ®
n=ngy+

> 1= n0+n21, (5.4)
4ngeoc
where n, = 3y¥/ (4niepc) is the nonlinear refractive index. In general, the change in the re-
fractive index An, such that the final refractive index is n = ny + An, leads to a frequency shift
of

An

Aw=-w—, (5.5)
n

where w is the original frequency. The above treatment considers refractive index change expe-

rienced by the beam of light that caused it. This is the so-called self-Kerr (SK) effect and leads
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to a frequency shift of a cavity mode by

Vlgl
A(USK = —wT. (5.6)

If two modes, one containing weak intensity and the other one high intensity light, are
present in the medium then the frequency of the mode associated with the weak intensity
light will also shift due to the presence of the high intensity light mode. This is referred to as
the cross-Kerr (XK) effect. In the case of a perfect intensity overlap between the two modes,
Anxg =3y®1/(2 n%eo ¢) = 2ny. The resulting angular frequency shift of the low intensity light

mode is

21’l2[

Awxg = —w (5.7

Lower intensity overlaps between the two modes reduce the factor in front of n,.

In this experiment (see Fig. (5.2)), the pump mode experiences a self-Kerr effect whereas
the anti-Stokes mode, which is initially in vacuum, experiences a cross-Kerr effect due to the
high intensity of light in the pump mode. Assuming a perfect overlap between the pump and
anti-Stokes modes, the resulting angular frequency separation between the two modes due to

the Kerr effect reads

2W3s — Wy ) N2 2Was — Wy ) N2
A~ Ao = Awas — Ay = _[2es - p) I, = _( anA ﬁp) Peay. (5.8)
€

Here, A is the original separation between the modes, I, is the light intensity in the pump
mode, A is the effective mode area of the pump mode (which is assumed to be equal to the
effective mode area of the anti-Stokes mode) and P,y is the intracavity pump power defined

in Eqn. (4.6). Although the intensity overlap between the two modes is not 100% in the ex-
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periment, Eqn. (5.8) still shows a linear dependence between A and P.,,. The slope of this

relationship depends on the intensity overlap between the modes.

5.3 Experimental setup

The experiment is performed in polarisation maintaining (PM) fibres and a schematic of the
setup is shown in Fig. (5.3). The pump laser of sub-kilohertz linewidth is set to ~ 1550 nm and
is evanescently coupled to a silica microrod resonator via a tapered fibre. After identifying a
suitable mode pair separated by approximately the mechanical frequency wn, /27 = 11 GHz,
the cavity pump mode is thermally locked to the frequency of the pump laser. The laser light
is backscattered off the resonator’s acoustic mode into the anti-Stokes mode as explained in
Fig. (4.1). The anti-Stokes light is then directed to a heterodyne detector via a circulator and the
resulting signal is stored as a time trace. The data can then be analysed to recover the relevant

system parameters and to improve our knowledge about the mechanical state.

5.3.1 Microrod resonator

The microrod resonator is a bulge formed on a silica rod using the CO,-laser lathe machining
technique [50]. An example of such resonator is shown in Fig.(5.4a). In this process, a fused-
silica rod, machined to a desired diameter, is put on a fast rotating spindle while the CO,-laser
cuts two rings into the rod. The region in between the rings confines the WGMs. The resonator
is fabricated in collaboration with Dr. Pascal Del'Haye’s group at the National Physical Laboro-
tory in Teddington. The low material and surface losses can give rise to high optical Q-factors

exceeding 108. See section 4.2 of chapter 4 for definitions of cavity properties. The diameter of
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Figure 5.3: Experimental setup: pump light (red) is evanescently coupled into the microrod
resonator and backscatters off the resonator’s acoustic mode. The resulting anti-Stokes light
(orange) is heterodyned and further analysed to reveal information about the mechanical state.
The red curve in the time trace represents vacuum signal while the blue curve anti-Stokes signal.
Note that PSD refers to power spectral density and FFT to fast Fourier transform.
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Figure 5.4: (a) Microrod resonator of diameter d = 700 ym. (b) Microrod resonator’s optical
modes seen as absorption lines on an oscilloscope’s time trace. The horizontal time range cor-
responds to ~ 10 pm wavelength scanning range or equivalently ~ 1.25 GHz frequency scanning
range.

the rod used for this experiment is d = 700 um which combined with the refractive index of sil-
ica at telecommunication wavelengths, n = 1.47, gives the free spectral range (FSR) of Awgsgr/27m =
95 GHz. In wavelength notation, this corresponds to AAgsg = 0.76 nm. Although the pump laser
thermal tuning range is 1 nm only, the transverse structure of the resonator allows for many so-
lutions to Maxwell’s equations within this range. As explained in section 5.2, the detuning A

between the pump and anti-Stokes modes varies linearly with the intracavity power due to the

self- and cross-Kerr effects inside the silica material.

5.3.2 Searching for resonances

To search for resonances, light resulting from the interference of the pump light that does not
couple into the resonator and the pump light that couples out of the resonator is measured in
a photodiode as shown in Fig. (5.3). The different resonances can be studied by piezo scan-

ning the laser which relies on applying a ramp voltage followed by an amplifier to the piezo
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plug. This in turn applies tensile strain to the fibre laser which allows fast wavelength tuning.
The resonances can then be observed as transmission dips on an oscilloscope’s time trace. See
Fig.(5.4b). To pump on the desired mode a thermal lock is applied. The evanescently coupled
pump light heats the resonator up which results in red-shifting of the cavity resonance regard-
less of whether the mode is pumped on the red or blue side with respect to the resonance [66].
A self-stable situation can be reached when approaching the resonance from the blue side. The
presence of the optical field heats the cavity and therefore shifts the cavity resonance towards
higher wavelengths. This decreases the absorbed power and after some time an equilibrium
is reached with the surrounding environment. The pump wavelength can be further increased
to tune deeper into the resonance until maximum absorption is reached at which point the
resonance is lost. This is the principle of a thermal lock. A self-stable situation can only be

established in the blue-detuned case which reduces the available power due to the detuning.

5.3.3 Identifying a suitable mode pair

An appropriate mode pair is identified by looking for the SBS condition explained in section 4.4
of chapter 4. Here, the roles of the pump and the scattering mode are reversed. The higher
frequency mode acts as a pump and the lower frequency mode acts as a Stokes mode. If the
pump and Stokes modes are separated by the mechanical frequency and the single photon cou-
pling strength g is appreciable then a strong backscattered light can be detected at a frequency
wm /27 away from the pump light. This can be measured directly on an optical spectrum anal-
yser. A low power threshold SBS is a good indicator for a high go between the modes participat-

ing in the Brillouin interaction resulting in a strong anti-Stokes signal.
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5.3.4 Heterodyne detection

The heterodyne detector which measures the backscattered anti-Stokes light consists of a strong
local oscillator (LO) mixed with the anti-Stokes signal on a 50/50 beam splitter. The LO is
derived from an independent laser source to the pump light. It is at a frequency wio/27 =
was/27m + wypr /27, where wygpr/27 is the heterodyne frequency of ~ 150 MHz. The outgoing
light from the BS is directed to a balanced detector which measures the photocurrent differ-
ence and amplifies it. The balanced detector used for this experiment is the BPD-1 model from
Insight Photonic Solutions which has a 3 dB cut-off frequency of 400 MHz and ~ 20 dB clear-
ance between shot noise and electronic noise at the LO power of 5 mW. This is the LO power
used for the optomechanics experiments discussed in this part of the thesis. Fig. (5.5a) shows
the vacuum and electronic noise frequency spectra for this detector. The vacuum noise has
a flat gain spectrum profile within its specified bandwidth which is important for the analysis
presented in the next chapter. Fig. (5.5b) shows detector noise variance as a function of LO
power. A linear relationship is an indicator of a shot noise limited performance of the detec-
tor. At high LO powers, the detector’s amplifier saturates which starts happening at ~ 6 mW.
The balanced detector has a specified quantum efficiency of ngp ~ 0.8 at telecommunication

wavelengths limited by the quantum efficiency of its InGaAs photodiodes.

The signal from the balanced detector contains information about the two orthogonal quadra-
tures of the anti-Stokes mode and also of the mechanical mode due to the optomechanical
coupling. In an ideal heterodyne detection wygr/27m — 00, however, as long as it is appreciably
greater than the mechanical intensity decay rate, which in this case is 2y, /271 ~ 42 MHz, it is
still a very good approximation. The full measured time trace has a length of 100 us and is sam-

pled at 10 Gsamples/s. A small fraction of such a time trace is shown in Fig. (5.3). The red trace
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Figure 5.5: (a) Frequency spectrum of BPD-1 balanced detector electronic noise (green) and
shot noise (red) at 5mW LO power. (b) BPD-1 balanced detector noise variance versus LO
power.

shows the vacuum signal whereas the blue trace shows the heterodyned anti-Stokes signal. The
anti-Stokes signal is visibly modulated by the heterodyne frequency, as indicated on the time

trace, and also by the mechanical linewidth.

Fig. (5.6) shows the main parts of the experimental setup.

5.4 System Hamiltonian

The Hamiltonian of the interaction between the pump, anti-Stokes and mechanical modes

reads

lp + Was 8 bas + Wb b + Harive, (5.9)

where Hyyive is the input laser drive and is given by Hyyive = Q*€l“L!4, + Qe ¢L! Ezg, with Q =

\/ 2KpePin/ (hwp)ei¢. Kp.e denotes the pump mode’s external amplitude decay rate, Py, is the
optical input power to the cavity and ¢ is the initial phase of the input laser. Hamiltonian terms

associated with the self- and cross-Kerr effects are ignored since they can be treated as intra-
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Figure 5.6: Photographs of the main components of the experimental setup.

cavity power dependent detuning A, see section 5.2 for details.

The Hamiltonian can be further simplified by working in a suitable rotating frame. Rotating
a Hamiltonian in the frame of a general mode operator ¢ about frequency w corresponds to a
unitary transformation U = elwe'et general, U transforms the Hamiltonian in the following
way,

fi— U0 -0 (o) (5.10)

and it is useful to note that U¢UT = ¢e™ ! and U2 (U') = —iwété. Therefore rotating the Hamil-

tonian in Eqn. (5.9) in the frame of the pump mode a,, about the laser frequency w, gives

>

= g (e_ithdpd;;SB-F el al aqgh' ) — LG G + wasl g Gas + oD D+ Q ap + Qaf,  (5.11)
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where A, = wy, — wy, is the laser detuning with respect to the pump mode. Further rotating the

Hamiltonian in the frame of d,5 about w,g and then in the frame of b about Was — W, gives

A

Gasb') - AB'b - Aala, + Q" 4y +Qaf, (5.12)

where A = w,s — w1, —wn,. Since the pump mode is driven by a strong laser field, it can be treated

as a classical field with negligible quantum fluctuations such that
ap —a=lale?. (5.13)
Picking ¢ = 0 and neglecting the constant terms, the Hamiltonian simplifies to
a
h

= G(alsh+ ausb') - ab'b, (5.14)

where G =| a | gy is the enhanced optomechanical coupling strength.

5.5 Quantum Langevin equations and power spectral density

5.5.1 Fourier transform definitions

The time derivative of a general operator C is denoted by C. Operators in the time domain are
denoted by C whereas operators in the frequency domain by C. Fourier transforms for opera-

tors and their time derivatives are defined as

+00 .
C(r = \/%f_oo C(w)e “'dw (5.15)
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Cw = Lfm—iwé(w) e lqy = _—if+ooZ(w) e e = —iZ (1) (5.16)
V21 J-oo  V2r - B ' '

where Z (w) = wC (w). In the frequency domain, the operators are

B 1 +00 R .

C(w) = —f Cpe“tdr (5.17)
V 271 J-o00
C(w) = Lfmc‘(t) eldr = —iZ () = —iwC (W) (5.18)
\/271' —00 ' '
Operator C' (w) satisfies
CHw) = Lfm ctetdr = (C-w)' (5.19)
vV 27‘[ —00

5.5.2 Quantum Langevin equations of motion

The quantum Langevin equations enable the stochastic evolution of system operators in the
Heisenberg picture to be computed [67]. They can be obtained by differentiating an appropri-
ately time-evolved system operator containing the system and environment dynamics under
the rules of quantum stochastic calculus. They yield the following time evolution of the anti-

Stokes and mechanical modes of the optomechanical system considered in this work,

bias () = —1 [ Gas (1), H] — Kasas (1) + \/2Kas,1 4 (1) + /25,00, (1) (5.20)
b(t)=—i[b(®), A] = ymb () + /2ymbin (1), (5.21)

where H is defined in Eqn. (5.14), ks is the amplitude decay rate of the anti-Stokes mode and

is composed of internal losses k55 ; and external coupling losses ks ¢ as defined in Eqn. (4.5),

and Y, is the mechanical amplitude decay rate. The quantum noise operators di(ril) and &i(fl) are
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associated with the intrinsic and external optical loss channels, and b;, noise operator arises
from coupling of the mechanical state to the surrounding thermal bath. Substituting for A in

Eqn. (5.14) gives

bias (1) = —1GD (1) — Kasas (1) + \/2Kas,1 40 (1) + /2Ka5,0 4 (1) (5.22)
b (1) = —iGaas (1) = Ymb (£) + \/2Ymbin (£) +iAD (1). (5.23)

Fourier transforming Eqn. (5.22) and Eqn. (5.23) according to Eqn. (5.17) and Eqn. (5.18) gives

~1Wdas = ~1GD — Kas s + \/2Kas 140 + \/2Kas,0 ) (5.24)
—iwb = —i(Gaas — AD) = Ymb + /2y mbin. (5.25)

Writing this set of simultaneous equations in a matrix form

] . ~ ~ (i) ~(e)
—iw+ K5 iG aas V/2Kas,il, +1/2Kase

(5.26)
iG —i(W+A)+ym b \/2yml~9m
and solving for d,s and b yields
Gias —i(w+A)+ym  —iG V/2Kas,1 G0 + \/2Kas 0 G
=D : (5.27)
b -iG —iw + K g V/2Ymbin
where
1
D (w) = (5.28)

(—iw +Kas) (i (@+A) +ym) + G2



5.5.2 Quantum Langevin equations of motion 58

Eqn. (5.27) describes the anti-Stokes and mechanical fields in the frequency domain inside the
cavity. The optical field that comes out of the cavity doy: can be described using the cavity

input-output theory [67],

Aout = di(ﬁ) -V 2KaS,e as. (5.29)

The light field that comes out of the cavity also experiences detection losses. These losses can
be encapsulated in the detection efficiency parameter denoted by 14 and defined by the ratio
of intensity of light after enduring the losses and intensity of light before encountering the loss
channel. This extra loss channel can be modelled as a beam splitter of transmissivity /7 qe
and reflectivity /1 —1qer With doye and vacuum field &i(rtl’s) at the inputs of the beam splitter.

Therefore, the detected optical field operator in frequency domain is

~ ~ ~ ~(b
a= \/Maer (@)~ /25 0lias) + /T~ Tlaer @iy (5.30)

Substituting for d,s from Eqn. (5.27) into Eqn. (5.30) and defining coupling efficiency as 7¢p =

Kas,e/Kas gives

a ZZiG\/T/detncpl \/KaSYmDBiH

- 2\/77det770p1 vKasKas,iD (—i (w+A)+ Ym) &l(rll)

+ v/Mdet (1 = 2 epikas D (=i (@ +A) +ym)) &) (5.31)

~(b
+4/1- ndetai(ns)

= A1 () bin + A2 (@) @0 + A (0) 3° + Ag () a2

in ’

where in the last row the coefficients in front of the noise operators are abbreviated into the

A(w) terms.
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5.5.3 Power spectrum of detected light

The out-coupled anti-Stokes light is directed to a heterodyne detector which measures two or-
thogonal quadratures of light. More precisely, it measures quadratures rotating at the hetero-

dyne frequency wygr/27 given by

L
V2

Xuer (1) = (ﬁT (1) eHET! 4 4 (p) e_inETt) ) (5.32)

The power spectral density (PSD) of an operator is defined as the Fourier transform of its auto-

correlation function [68]. For the operator Xugr, this gives a PSD Sy Xiger OF

+00

SXHETXHET ((U) = f ein <XITIET (t + T) XHET (t)> dr. (533)
—o0
Equivalently, it can be written as
Ry T 7 / /
SXHETXHET ((1)) = f <XHET ((1)) XHET ((,l) )> dw ’ (534)
—0o0

where Xpgr () = X’;IET (w) is the Fourier transform of Xygr (1) defined in Eqn. (5.17) given by

Xgr (@) = — (&' W) +aw-). (5.35)

1
V2
Here, w; = w + wygr and w_ = w —wyer. The PSD for the rotating quadrature can therefore be

written as

+00

1 - 8 - .
S Xyppr Xigpr (@) = Ef <czT (w4)a (w’_)> + <a (w-_)a' (a)'+)> do’, (5.36)

—00
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where terms (@@ and {a'a') do not contribute towards the PSD. Correlation functions of the

input noise satisfy [68]

<l~9;rn (@) bin (a/)> = fpd (0 + ')

(5.37)
<Ein (@) b} (a)’)> = (p+1)6 (w+0')
and
Sty = (0N =
<am () Gin (@ )> =0
(5.38)
<€lin (W) al (a)’)> =§(w+0'),
where 71, is the mechanical thermal bath occupation. The resulting PSD is
1 2 - 2 -
S Xprgr Xuer (@) = > (1 A1 (—w4) I fin+ | Ay (0-) | 7 + 1) (5.39)
Substituting for A; using Eqn. (5.31) gives
1
S Xppr Xiger (@) = 5 + anetncleaSYmGzﬁb (| D(-w+) |2 +1D(w-) |2) (5.40)
and substituting for D using Eqn. (5.28) we have
1 5
S Xugr Xuapr (@) = §+277det77cleaSYmG np %
1
g 5.41
(G2 -0 (W —A)+ 7<aS7’rn)2 + ((U+ (Ym + KaS) - AKas)z ( )

1

+
(GP—w_(w-+A)+ Kasym)z + (- (Ym +Kas) + AKa5)2

When A = 0, the above heterodyne power spectrum is symmetric. When A # 0, the A terms

bring linear and third-order terms in w; and w_ in the denominators of Eqn. (5.41) resulting in
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Figure 5.7: Analytical heterodyne power spectra obtained using Eqn. (5.41) for detunings
A/2m =0 (left) and A/2m = =70 MHz (right). Parameters: G/2m = 9.6 MHz, ka5/27 = 45.5 MHz,
Ym/27m = 21 MHz, n¢p = 0.88, nger = 0.35, 71, = 555 and wygr/27 = 200 MHz (left), and

wyer/27 = 140 MHz (right).

the antisymmetric spectrum. The two instances of A = 0 and A # 0 are shown in Fig. (5.7).

5.6 Parameter regime in which the experiment operates

The thermal occupation of the mechanical bath 72, in the high temperature limit can be deter-

mined by

_ ksT
iy ~ ——

) 5.42
o (5.42)

where T is the bath temperature and kg is the Boltzmann constant. The experiment is operated
at room temperature of T ~ 293 K and the Brillouin signal has a frequency of wy, /27 ~ 11 GHz

which gives 71, = 555. The high mechanical frequency puts the system in the resolved sideband
regime, where wpy, >> «.
The detection efficiency n4e¢¢ can be divided into two components: heterodyne efficiency

nuer and transmitted power efficiency 7yans between the anti-Stokes output of the microres-

onator and the input of the heterodyne detector. nygr ~ 0.77 and is mostly limited by the effi-
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ciency of the balanced detector (ngp ~ 0.8). The remaining contribution comes from the 50/50
beam splitter. 7yans ~ 0.8/7TF depends mainly on the circulator efficiency and the tapered fibre
efficiency ntg. Therefore, nget = NHETNwrans ~ 0.62/7TE. All the efficiencies are determined by
measuring the input and output intensity of light passing through the relevant optical compo-
nents except for the efficiency of the balanced detector which is taken from the manufacturer’s

specification.

As explained in section 5.2, the self- and cross-Kerr effects give rise to a linear dependence
between the intracavity power and detuning A. The slope of this relationship depends on the in-
tensity overlap between the pump and anti-Stokes modes and therefore depends on the choice

of the optical modes.

The mechanical amplitude decay rate for the silica microrod resonator is measured to be

Ym/2m ~ 21 MHz by fitting the heterodyne power spectra to the model in Eqn. (5.41) [3].

The taper-resonator system can operate in three optical coupling regimes: under-, critically-
and over-coupled, by bringing the tapered fibre appropriately close to the surface of the micro-
rod resonator. Changing the distance between the tapered fibre and the resonator alters the
amount of light evanescently coupled into the resonator. It therefore changes the decay rate
due to the external coupling losses k.. The three coupling regimes can be summarised as fol-

lows,

under-coupled: ke <kj
critically-coupled:  «e = k; (5.43)

over-coupled: x> k.

Scanning the resonances and changing the amount of light that is coupled into the resonator
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are the only degrees of freedom accessible by the experimentalist. They allow varying ks,
but also affect the amount of light coupled into the pump mode and hence influence G. The
intracavity power in the pump mode is maximised when xpe =/ ’Krz),i + Ai, so when the light is
close to critically-coupled to the pump mode if the laser detuning is small. This can be derived

by maximising Eqn. (4.6) with respect to k. Note that subscript p denotes the pump mode.

The total amplitude decay rate of the optical modes 2x /27 is identified by measuring the
half-width at half-maximum of the transmission dips recorded on an oscilloscope’s time trace.
These transmission dips are formed due to the light that results from the interference of the
laser light that does not couple into the resonator and light that couples out of the resonator.
The measured width can be converted from the time units to the frequency units by writing
sidebands at a known modulation frequency. The intrinsic and external optical loss contribu-
tions, 2xi/2m and 2k /27 respectively, can be determined by recording the cavity transmission

on resonance Ty. T relates to x and x via
2Ke 2
To=[1-=2 (5.44)

and x; can be identified via x = kj + Ke.

The optomechanical coupling strength G is determined by fitting the experimental power
spectrum of the heterodyned light to the theoretical model in Eqn. (5.41). To verify the extracted
parameters, a sequence of time-domain data is taken at varying intracavity power P,y defined
in Eqn. (4.6). Since G =| a | go, a square root scaling is expected in a plot of G as a function of

Py (see Fig. (5.9)).
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5.6.1 Strong coupling

The high Q-factors of the optical resonator modes allow achieving the parameter regime where
strong coupling between the optical and mechanical modes can be observed. This is reported
in [3]. When the two modes are uncoupled they oscillate independently at frequencies w,s and
wn. In an appropriate rotating frame picture, the system can be described by two eigenstates
having the same eigenfrequencies, but different damping rates x5 and yn, for the optical and
mechanical modes respectively. When the modes are strongly coupled, the eigenstates in this
picture are not degenerate in eigenfrequencies anymore and energy splitting for A = 0 can be
observed. This energy splitting is a signature of strong coupling and is referred to as normal
mode splitting. The two eigenstates have now damping rates composed of a mixture of k35 and
¥m and more specifically, for A = 0, they have a common damping rate of (kas +ym) /2. The
strongly coupled modes can be viewed as a single system with hybrid optomechanical modes
oscillating at frequencies determined by the coupling strength G. The strong coupling condi-
tion is G > (Kas + )fm) /2. To achieve this requirement, k5 has to be as small as possible, but at

the same time the pump mode has to have sufficient external coupling to allow high G.

This was one of the main parts of my work with the manuscript under review [3]. The details

will be given in Georg Enzian’s thesis as it is a group policy to avoid repetition in theses.

5.6.2 Parameter regime for cooling of the mechanical mode

When cooling the motion of a mechanical mode, the optical anti-Stokes mode serves as a damp-
ing channel for the acoustic phonons. It is therefore beneficial to work in the over-coupled
regime for the anti-Stokes mode. At the same time, it is important to operate at a high optome-

chanical coupling strength G which can be obtained when laser detuning is as small as possible



5.6.2 Parameter regime for cooling of the mechanical mode 65
Parameter
Parameter abbreviation Value Units
Enhanced optomechanical coupling strength G/2n between 2.3 and 9.6 | MHz
Detuning: w.s/2m — wy /2w — 0wy /27 Al2m between —74 and 33 | MHz
Heterodyne frequency: wio/27m — w,s/27 wHET/ 27 between 140 and 200 | MHz
Mechanical amplitude decay rate Ym/27 21 MHz
Total optical amplitude decay rate Kas/27 45.5 MHz
Detection efficiency Mdet 0.35 -
Coupling efficiency Nepl 0.88 -
Total efficiency: ngetncpl n 0.31 -
Mechanical thermal occupation 78 555 -
Total measurement acquisition time tacq 100 us
Oscilloscope sampling rate SR 10 x 10° SPS
Balanced detector bandwidth BW 350 MHz

Table 5.1: System parameters for the mechanical state cooling experiment. SPS denotes sam-

ples per second.

and the pump mode is close to critically-coupled. Table (5.1) shows a summary of the relevant

parameters used for the measurement enhanced cooling of the mechanical mode presented

in the next chapter. Note that a set of time-domain data is taken for different optomechanical

coupling strengths and therefore different detunings. Fig. (5.8) shows the expected linear re-

lationship between the detuning and intracavity power for the chosen pump and anti-Stokes

modes. Fig. (5.9) shows the anticipated square root scaling of the optomechanical coupling

strength with the intracavity power.
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Figure 5.8: Detuning versus intracavity power curve for the selected optical mode pair. The
linear relationship is expected due to the self- and cross- Kerr effects experienced by the pump
and anti-Stokes modes respectively.
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Figure 5.9: Enhanced optomechanical coupling strength versus intracavity power for the se-
lected optical mode pair. G =| « | go is expected to have a square root scaling with P, as shown
in the data.



Chapter 6

Measurement enhanced cooling

6.1 Current cooling techniques and state of the art

Cooling of mechanical motion is an important goal in many aspects of optomechanics. Its
importance for fundamental science as well as practical applications, for instance metrology,
makes such studies worthwhile pursuing. Gravitational wave sensing is one of the areas that
started this field direction. Gravitational wave detectors consist of test masses that are driven
into motion by the passing gravitational waves. The displacement of the test masses can be ac-
curately measured using optical interferometry. Ideally, the interferometer arm lengths should
be a quarter of the gravitational wave wavelength which corresponds to arm lengths of 75 km [16].
To avoid such long distances, Fabry-Perot cavities are used to increase the effective distance
travelled by light inside the interferometer. The system dynamics therefore comprises mechan-
ical motion of the test masses and the dynamics generated due to the presence of light inside
the optical cavity. The behaviour of this type of optomechanical system and the associated me-
chanical motion cooling limits were studied by Braginskii and colleagues in 1960s and 1970s.

67
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Their studies first explored sideband cooling for optomechanical systems [21, 22] and the im-
portance of radiation pressure shot noise in displacement measurements [25, 69, 70]. Enhanced
cooling and attaining the mechanical ground state in different optomechanical platforms has

since remained of major interest.

6.1.1 Sideband cooling

Laser driving a cavity optical mode on resonance (wr, = w¢ay) leads to formation of optical side-
bands as the mechanical motion modulates the optical field. This interaction leads to creation
of photons at frequencies (w;, — wy) and (wy, + wy,) when phonons are created and annihilated
from the mechanical mode respectively. The low frequency sideband is referred to as the Stokes
light whereas the high frequency sideband as the anti-Stokes light. Sideband cooling relies on
red-detuning the laser light with respect to the cavity optical mode by an amount wy, such that
the Stokes light is suppressed by the cavity response. As a result, anti-Stokes scattering dom-
inates and cooling of the mechanical mode can be achieved. Quantitative description of the
heating and cooling processes are given in sections 4.4 and 4.3 for the radiation pressure and

electrostrictive couplings respectively.

In the case of radiation pressure coupling, there is typically only one optical mode present.
Although red-detuning the laser light with respect to this optical mode suppresses the Stokes
heating process, there is a limit to how much mechanical motion can be cooled. This limit is
called the quantum backaction limit and is caused by the quantum fluctuations of the radia-
tion pressure force which lead to asymmetry in Stokes and anti-Stokes transition rates [52]. In
addition to the cavity response, the former is proportional to (72 + 1) and the latter to 77, where

71 is the phonon occupation number in the mechanical mode. When 7 is appreciably larger
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than 1 the asymmetry in the heating and cooling transition rates has negligible effect. However,
as the phonon number approaches the mechanical ground state occupation (72 < 1), the addi-
tion of 1 in the pre-factor for Stokes transition rates starts becoming important. It leads to the
balance between the heating and cooling transition rates at a non-zero phonon number even
when there is no coupling to the mechanical thermal bath (y, = 0). In the resolved sideband
regime (wmy, > ), this back action occupation number is given by 7imin = (k/2wm)? [26]. Side-
band cooling allows optomechanical systems with appropriately low mechanical thermal bath
occupation number reaching the mechanical ground state [37, 38] and quantum backaction
limit [40]. All these experiments had to be carried out in cryogenic environments to achieve
i < 1. Earlier works had been conducted at room temperatures and allowed reducing the me-

chanical occupation number by a factor better than 30 using sideband cooling [34, 35].

Anti-Stokes Brillouin cooling has not been extensively explored in the field of optomechan-
ics. Electrostrictive property of the resonator medium is responsible for the optomechanical
coupling necessary for the scattering to occur. Platforms where this process is present, for in-
stance microrod and microsphere resonators, typically allow selecting discrete optical modes.
Suppression of the Stokes light is possible by identifying two discrete optical resonances sepa-
rated by the mechanical frequency. Cooling of a mechanical mode inside a silica microsphere

by forward Brillouin anti-Stokes scattering was reported in [39].

6.1.2 Feedback cooling

Feedback cooling in optomechanical systems relies on continuous monitoring of the optical
field to gain information about the position of the mechanical oscillator. With this knowledge,

it is possible to obtain an estimate of the oscillator’s velocity and to apply an appropriate feed-
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back force to oppose the mechanical motion [71]. This technique was first proposed in [42]
and experimentally realised in [72]. It requires optimal estimates of quadrature expectation
values which can be achieved via the stochastic master equation model of the system. Given
the optimal quadrature estimates, a feedback force can be applied to the mechanical oscillator

to displace it back to the origin.

Feedback cooling has been successfully implemented in different optomechanical platforms.
Studies in [43, 73, 74] achieved cooling of mechanical motion to effective temperatures in the
millikelvin regime and [75] used this technique for high precision force sensing. Feedback cool-
ing was applied to enhance sideband cooling techniques [76, 45] and to modify the in-loop
cooling field to observe normal mode splitting due to the decreased optical cavity linewidth [77].
More recently, Rossi et al. [46] reported feedback cooling of a nanomechanical membrane res-

onator from a cryogenic temperature of ~ 10 K down to its quantum ground state.

Studies in this area use phase sensitive detection schemes, such as homodyning, to mea-
sure the phase of the probe beam to estimate the mechanical position. The optimal detec-
tion strategy depends on the interaction Hamiltonian H;,, between the optical (subscript L)
and mechanical (subscript m) fields. In the case of radiation pressure coupling with the driv-
ing field on-resonance with the optical cavity, Hiye < X1 X, as can be seen from Eqn. (4.16).
In such interactions measuring a single quadrature of light (phase), for instance via homo-
dyning, captures all the information about the mechanical mode. This can be understood by
considering the Heisenberg equation of motion between the optical quadratures X; and Py,
and Hiy. The time evolution of Py is coupled to X, while X; remains unaffected. The beam-
splitter interaction, relevant for sideband cooling, leads to a different interaction Hamiltonian
Hipp ox XEXm + ﬁzﬁm. It couples P to X,, and also X; to P,,. Therefore, more information

about the mirror position can be gained by monitoring two orthogonal quadratures of light for
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instance via heterodyning.

6.1.3 Conditional state preparation and cooling protocol for this work

Feedback cooling techniques allow reducing the thermal occupation of mechanical states by
continuously monitoring the optical field coupled to the mechanical motion and feeding this
information back to the system. While this technique physically cools the mechanical motion, a
quantum state represents the observer’s knowledge about the state of the system and as such it
is affected by the act of measurement alone without the feedback. The state can be conditioned
on the outcome of the measurement as a result of which its position uncertainty and hence
purity are reduced. Conditional state preparation schemes were considered in pulsed optome-
chanics [78] and experimentally demonstrated in [44]. Optimal state estimation via continuous
monitoring was reported in [41] by applying a Kalman-filtering approach. Both of the exper-
iments relied on radiation pressure coupling and monitoring of the optical field by means of

homodyning.

This chapter presents a protocol, based on a stochastic master equation model, that is ap-
plied offline to the data obtained from the optomechanical system explained in chapter 5. The
protocol optimally estimates the phase space trajectories of the mechanical mode and sub-
sequently cools it by means of reducing the uncertainty associated with its phase space co-
ordinates. In the experiment, the evanescently coupled pump light scatters off the 11 GHz
mechanical mode into the anti-Stokes mode which provides the first pre-cooling stage for the
mechanical motion. The physical process respnsible for the optomechanical coupling is elec-
trostriction and the interaction Hamiltonian takes the form of a BS interaction. The anti-Stokes

light is continuously monitored by a heterodyne detector which gives more information about
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the mechanical position when compared to homodyne monitoring for this interaction Hamil-
tonian. The heterodyne data is then used offline alongside the appropriate stochastic Gaussian
model of the system [79] to prepare a mechanical state conditioned on the past measurements.
This effectively purifies the state by reducing its phase space variance. The analysis is applied
to the data in collaboration with Klaus Melmer and Jinglei Zhang at the University of Aarhus.
Such a protocol greatly enhances sideband cooling techniques and shows superiority over the
commonly used homodyne detection. A manuscript on this work is currently in preparation for

submission and publication.

6.2 Effective phonon number

The figure of merit quantifying the amount of cooling for this protocol is the effective phonon
number defined as [78]
> 1

fleff = Urzllaxamin - 5) (61)

2
min

where 62, and 02 . are the maximum and minimum variances of the quadratures of the mea-
sured mechanical mode positioned back at the origin after the measurement. The mechanical
state conditioned on the heterodyne outcome is displaced from the origin and also squeezed
due to the finite heterodyne frequency. The effective phonon number defined in Eqn. (6.1)
quantifies state purity and as such is insensitive to displacement and squeezing operations. It is
derived by considering a displaced, squeezed thermal state and calculating its thermal occupa-
tion after displacing it back to the origin and undergoing the inverse of the squeezing operation.
The derivation is as follows. Thermal occupation of the mechanical mode b is

7= (b'b) = 5 ((Xhax) + (Praim) +1{[Xmax, Pmin])), (6.2)

N~
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where Xmax and P, are the quadratures along which the mechanical state’s variance is maxi-
mum and minimum respectively. Angular brackets denote the expectation value. Using

{[Xmax Pmax]) = 1 and the fact that 02, = (X2,,), and 0% . = (P?. ) for a squeezed thermal

state positioned at the origin of phase space, the phonon number can be expressed as

1

(02ax+ i) — = 6.3)

n= min 2

N =

Finally, a state with no squeezing has equal quadrature variances denoted by 0. Since squeeze
operation preserves the area element in phase space, o relates to the quadrature variances of

the squeezed mechanical state via o2 = 7, / afnaxafm .- Using this relation, the effective phonon

e g2 _1_ [ 2 2 1 .
number is 71 = fleff = 0° — 5 = \/ Omax0sy, — 5 a8 defined in Eqn. (6.1).

6.3 Toymodel

The following calculation is a simplified model of the mechanical motion cooling protocol,
where the continuous heterodyne monitoring of the optical mode is replaced by a single pro-
jection onto a coherent state. While continuous conditioning on the measurement outcomes is
an optimal strategy for learning about the system, a single shot measurement already provides
some knowledge of where the mechanical mode lies in phase space. The toy model gives an

intuition of how the cooling protocol behaves.

The toy model considers a beam-splitter interaction between the mechanical mode in a

+o0o0 —

thermal state pm, = 1/ (w7ip) /- e la*/ 7| gy (ar|d?ar and optical anti-Stokes mode initially in a

—00

vacuum state p,s = |0)(0]. The mechanical mode has initial thermal occupation 7. |@) denotes

a coherent state with complex amplitude a = 1/\/5(()?“> + i<15a>) and d’a = dRe[a]dIm[a].
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The beam splitter of amplitude reflectivity r and transmissivity ¢ = V1 — r2 partially state-swaps
the optomechanical state towards hotter optical mode and cooler mechanical mode. This re-
sults in sideband cooling of the mechanical motion. The optical output is projected onto a co-
herent state |u) with complex amplitude p = 1/v2({X,) +i(P,)). Since the beam splitter cou-
ples X,s to Py, and Pyg to Xy, the projection further narrows down the uncertainty associated
with the mechanical position and momentum quadratures. The toy model is shown pictorially

in Fig. (6.1).

The initial optomechanichal state is

ﬁ = ﬁm ® ﬁaS- (6.4)

[ L

AT

BS
reflectivity r
A é'
2 > = —
Pm Pm

Figure 6.1: Toy model of the cooling protocol. Mechanical mode b in a thermal state p, and
optical anti-Stokes mode a in a vacuum state interact on a beam splitter leading to sideband
cooling of the mechanical motion. The outgoing optical field 4’ is then projected onto a coher-
ent state |p) further reducing the uncertainties associates with the mechanical quadratures in
mode b'.
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The beam splitter operator B transforms the optical & and mechanical b modes according to
(6.5)

Using Eqn. (6.5) and the fact that amplitudes of coherent states transform the same as their

annihilation operators, state p after the beam splitter transforms to

1 +00 _
_f e (11ayy (taly) ® (liray o Giraly) da, (6.6)

5/ = BpB' -
P TT iy

where subscripts @’ and b’ denote beam splitter output modes 4’ and &'. After projecting the

optical output mode onto coherent state |u), the remaining state in the mechanical mode is

N N Oo —|a®/ 7 . 232
m=—— e Plra) p(taly [{ulira)|"d°a
an
b (6.7)
N +too 2
=— el il gy )y dPa,
nnb

where I(,ulircz)l2 — e~ lu-iral® \yas used to obtain the second line. N = el#*/(1+7wr?) (1 + ﬁbrz) is
the normalisation constant such that Tr[p},] = 1. To calculate the variance of the resulting
mechanical position Xy, and momentum P, quadratures, it is useful to first compute the ex-
pectation values of X, XIZH, P, and Przn. They are

nbrv

1+nbr2 < Pu)

1+ 27, - A2r? (=24 12 +2(B,)* (12 -1))

<Xm> Tr [Pme] =

Xin) =T [P Xin] =
) =Tr| I= 2(1+7pr2)’ 6.8)
anV .

1+nr2 <“>

. . 1+27, - agre (=2+r? +2(X,) (r2-1)
(Prm) =Tr[pinPra] = i )

2(1+ apr2)?

(Pm) =Tr [ Pm] =
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Figure 6.2: Effective phonon number given by the toy model as a function of the BS intensity
reflectivity for different optical detection schemes and initial thermal occupations. (a) Here, 7ies
decreases due to the BS interaction only. Therefore, to achieve low 7, very small ny, or high
r are required. (b) 7i.s decreases due to the BS interaction and the information gained about
one of the quadratures in the homodyne measurement. (c) Access to both quadratures further
reduces 7iegr. When 7ipr® >> 1, fier — (1—r?)/r? and therefore is independent of the initial
mechanical occupation number 7i,. (d) Direct comparison of the three detection schemes for
ny = 500.

where (X,,) and (P, ) are the measured estimates of the anti-Stokes field quadratures such that

(Xas) = (X,) and (P,s) = ( P,,). Therefore, the final variances of X, and Py, are respectively

N A 2 1 1+ 1y
T e
A ) 1 1+ 7y
op=(Pq)~(Pm) = Tr e (69)

The variances are the same because projection onto a coherent state gives the same informa-
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tion about X;, and Py, and the same is true for a heterodyne measurement operating at an
infinite heterodyne frequency. In this experiment, wygr is finite which results in asymmetries
in information gained about the two quadratures. However, since wygr ~ 150 MHz is apprecia-
bly greater than the mechanical decay rate 2y,/27 ~ 42 MHz, this asymmetry is not very sig-
nificant. Eqn. (6.1) gives the following effective phonon number for this single coherent state

projection,
iip (1-r?)

_ 6.10
1+flb7’2 ( )

ﬁeff, het =

The same procedure can be repeated to obtain effective phonon numbers when projecting the
optical field onto a single quadrature and when tracing out the optical mode. The former case
corresponds to a single homodyne measurement whereas the latter to ignoring the measure-
ment outcome. The resulting effective phonon numbers for the single quadrature projection

and tracing out the optical mode are respectively

) 1 ap(1-r2) A+ 1
Neff hom = \/Z + 1+ 27p12 - 5 (6.11)
and
ettt = fip (1—72). (6.12)

The analytical forms in Eqn. (6.10), Eqn. (6.11) and Eqn. (6.12) show that 7ieff het < 7eff hom <
Tleff, ¢r given r > 0. Plots in Fig. (6.2) further compare the three detection schemes for different

iy, and against each other.
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6.4 Continuous measurement cooling theory

Although the toy model, presented in the previous section, gives an intuitive view of how differ-
ent detection schemes perform in cooling of the mechanical mode, it does not capture the full
physics of the process. In particular, it does not consider the continuous nature of the detection
scheme, the finite optomechanical interaction time and the finite lifetime of the participating

photons and phonons.

6.4.1 Stochastic master equation

The time evolution of this open quantum system can be appropriately modelled by a stochastic
master equation. Since the monitoring of the optical mode is by means of a Gaussian detection,
the suitable master equation must contain measurement involving Gaussian-distributed noise.

The master equation takes the form [7, 79]

dp = —}i_L [A,p]dt+Y Diel pde+ Y. yAnH [En] pAW), (£), 6.13)
h h

where p (?) is the state of the system, {¢;,} are the participating dissipation operators, and D and

‘H are the Lindblad and measurement superoperators defined as
(éTéﬁ + ﬁé*é) (6.14)

and

H[ém:éﬁ+ﬁe*—<é+é*>p. 6.15)
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The first term on the right hand side of Eqn. (6.13) is the free Hamiltonian evolution, the second
summation term describes dissipation into and out of the system and the last summation term
is the information gain during the measurement of the dissipation channels with efficiency ny,.

dWy, (1) is the associated Wiener increment which satisfies
(dWy, (1)) =0, (dWy, ())dW), (¢')) =0 for ' # ¢ (6.16)

and

dwWy, (1)? = dr. (6.17)

The Wiener process is a stochastic process with normally distributed increments dW (¢) with
mean 0 and standard deviation v/d¢. In Eqn. (6.13), it models the random nature of vacuum
noise during a Gaussian measurement process. For the system presented in this work, there are
three dissipation operators: ¢ = \/2ym (i + )b, & = /2ymipb’ and & = \/2Kgs dase T,
They describe thermal phonon absorption and emission from the mechanical mode, and vac-
uum absorption into the monitored anti-Stokes mode respectively. The anti-Stokes mode is
monitored by a heterodyne detection with total efficiency n and heterodyne frequency wygr/27.
The resulting stochastic master equation describing this optomechanical system is

dp=- ! [A,p] dt +2ym (7 + DD [b] pdt + 2ym i, D [BT] pdi+
% (6.18)

+2Ka5D [Gase Y] pd it + \/2KasH [Gase ] pd W (2).

6.4.2 Gaussian state evolution

The optomechanical state is initially Gaussian and performing a Gaussian measurement, such

as heterodyne, leaves the remaining state Gaussian [80, 79]. Therefore, the system is fully de-
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scribed by its first and second moments at all times. The first moment is denoted by vector
® = ((Xm, Pm, Xas,ﬁas>)T with & = (7, 72, 73, 74) . The covariance matrix is represented by Cov
with elements 20? i = ({7}, Fx}) = 2(F#}) (7) such that the diagonal elements are twice the vari-
ances of position and momentum operators. The evolution of first and second moments of
continuously monitored Gaussian states was calculated in [79] under the conditions that the
Hamiltonian is at most quadratic and operators {¢j} are linear in the quadrature observables.
Such constraints apply to the optomechanical system presented in this work. The evolution of

first and second moments in the forward direction are

d (&) =A(@#)dz¢+(CovB' —N') /ndw (6.19)

and

dCov
dr

= ACov+ CovA” + D -2 (CovB” ~N") (CovB" -N")", (6.20)

where superscript T denotes the transpose operation. Matrices A, B, N, D and 7 for the system

described by the master equation in Eqn. (6.18) are

A= (6.21)

vVA+7Ap)Ym O 0 0

B= /T Ym 0 0 0 (6.22)
0 0 /KasCOS(WHETE) /KasSin(WHET?)
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vVA+7p)ym 0 0 0
N= ~V/TiYm O 0 0 (6.23)

0 0 /KasCOS(WHETE) +/KasSin (WHET?)
4(3+fp) Ym 0 0 0
0 4(3+M)ym O 0
D= (6.24)
0 0 2K as 0
and
0 0 O
n=10 0 0}- (6.25)
0 0 n

dW = (dW;,dW,,dW; = dW)T is a three element column vector, but only the last element dW
contributes since only the anti-Stokes mode is monitored. The measured heterodyne current

dy relates to dW in the interval d¢ via
/At
dy ()= (e +él)de+dw (o). (6.26)
Substituting ¢3 = v/2kas dase "M and das = 1/v/2 (Xas +1P,s) into Eqn. (6.26) gives

dy () = 21/Kas1 { Xas €08 (WhET 1) + Pas sin (wpgrt) ydt +dW (1) (6.27)
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The measured current dy (¢) is therefore used in the evolution of the vector of first moments in

Eqn. (6.19) via the stochastic term dW (¢). It can be obtained by rearranging Eqn. (6.27) to give
dW (£) = dy (1) — 2+/Kas1 { Xas c0s (WHET ) + Pas sin (wyert) ) dt. (6.28)

It is important to note that the covariance equation, Eqn. (6.20), is a deterministic equation
and as such it only requires the knowledge of system parameters, but not the measured hetero-
dyne current. Eqn. (6.19) on the other hand is non-deterministic and depends on the stochastic

measurement outcome.

In order to apply the Gaussian state evolution formalism in Eqn. (6.19) and Eqn. (6.20), and
the relation in Eqn. (6.28), the measured current needs to be normalised such that the exper-
imental vacuum noise increment dyy,c (f) corresponds to the Wiener noise increment dW (¢)
with standard deviation v/d¢. The normalisation procedure therefore requires measuring a vac-
uum time trace dyyac (). For a signal sampled at a rate 1/d¢ and measured with a detector of

bandwidth at least 1/d¢, the normalisation corresponds to a statement

vdt = ay/Var (dyvac), (6.29)

where «a is the normalisation constant. Therefore, the measured signal of interest dymeas (£)

corresponds to dy (#) in Eqn. (6.27) via
dy (£) = adymeas (1), (6.30)

where a = /dt/Var (dyvac) by using Eqn. (6.29). However, as can be seen in Table (5.1), the

sampling rate of 10 GHz, corresponding to dt = 0.1 ns, is much greater than the detector’s
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bandwidth of 350 MHz. As a result, the sampled signal is low pass filtered by the detector’s
finite response and dt given by the inverse of the sampling rate is not the correct quantity to

use for normalisation.

6.4.3 Finite bandwidth detector

The effect of the detector’s bandwidth on the measured vacuum noise is shown in Fig. (5.5a).
The measured vacuum spectrum is flat up to ~ 350 MHz and therefore the data contains the
correct flat white noise spectrum up to this frequency. This bandwidth is high enough to resolve
the evolution of the system studied in this work. See Table (5.1) for system parameters. The
correct normalisation is therefore such that the measured vacuum noise frequency content is
the same as the expected Wiener noise frequency content for the relevant frequencies. This can
be investigated by considering the cumulative power spectrum up to frequency w for dW (#)

and dyyac (). In general, a cumulative power spectrum A (w) for signal f (#) can be defined as
A=Y If ()P, (6.31)

where f (w') is the Fourier component of f (£). The variances of dW and dyy,c are proportional
to their corresponding cumulative power spectra via Parseval’s theorem as shown below,

Var (dW) = % Y AW o Y 1dW (o) P = Aw (@)

t<T w'<w

(6.32)
1 ~
Var (dJ/vac) = N Z |[dyvac (£) |2 X Z |d Jvac (U),) |2 = Avac (0),

t<T w'<w

where N is the number of data points over which the variances are taken. Ay (w) and Ay, ()
are the cumulative power spectra for dW (¢) and dyy,c (f) respectively. For ideal white noise, it

is expected that A (w) = kw, where k is a constant. Therefore, the normalisation constant « can
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Figure 6.3: Check that the normalisation procedure in Eqn. (6.34) gives the correct vacuum
noise power spectrum and mechanical oscillator’s phase space trajectories up to the bandwidth
of the detector. (a) Cumulative power spectra of the simulated ideal white noise and the mea-
sured normalised vacuum noise. The spectra are the same up to the bandwidth of the detector
if the measured noise is appropriately normalised. (b) Simulated trajectories of the mechanical
oscillator with ideal white noise and the same noise but low-pass filtered. Both cases capture
the same system dynamics within the relevant time scales.

be found via

Vkw = av/ kyac, (6.33)

where ki = Ay (0) /0 and kyae = Ayac (0) /o for o satisfying Ayac (0) < . The cumulative
power spectra of the correctly normalised measured vacuum noise and the ideal white noise
are shown in Fig. (6.3a). Further, Fig. (6.3b) unveils simulated trajectories of the mechanical
oscillator with ideal white noise and the same noise but low-pass filtered. It shows that the ac-
tion of the filter does not affect the oscillator’s trajectories on time scales relevant for the system

evolution if appropriate normalisation is applied .
Therefore, in the case of finite bandwidth detection, the measured current d yyeas (£) can be

related to dy (¢) in Eqn. (6.27) by substituting for a from Eqn. (6.33) into Eqn. (6.30). This yields

k
dy (1) =/ =X

dJ/meas (7). (6.34)

kvac
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The protocol described via Eqn. (6.19) and Eqn. (6.20) with dW (¢) found using an appropri-
ately normalised measurement current (Eqn. (6.27) and Eqn. (6.34)) can be used to prepare a

conditional state of mechanical motion for the system studied in this work.

6.4.4 Sideband cooling analytical expression

When the optical mode is not monitored, the mechanical mode is still cooled due to the anti-
Stokes scattering invoked by the beam-splitter interaction. The mechanical motion is therefore
sideband cooled and this is pictorially illustrated in Fig. (5.2). The covariance evolution for-
malism in Eqn. (6.20) can be used to find the resulting quadrature variances of the mechanical
mode without the measurement by setting n = 0. The variances can then be substituted into

Eqn. (6.1) to find the effective phonon number.

Solving Eqn. (6.20) yields the following analytical expression for the effective phonon num-

ber,
2, .2
G"+K5g+KaS¥Ym

G?+ KaSYm) (KaS + Ym) ’

Teff, sc = flme( (6.35)

where subscript sc stands for sideband cooling. In the limit of G? > Kag (Kas + )/m), the effective
phonon number is

im  Fiefr sc = i : Y (6.36)

G?>>Kas (Kas+¥Ym Kas + )fm) '
In principle, the cooling is limited by the initial thermal bath occupation and linewidths of the
optical and mechanical modes. There is no associated quantum backaction limit which exists
in the radiation pressure coupling, where the minimum phonon occupation number is 7, =

(x/20m)? at ym = 0.
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6.4.5 Measurement enhanced cooling protocol summary

The following points summarise the procedure for the measurement enhanced cooling of the

mechanical mode.

1. Two optical modes of the microresonator separated by approximately 11 GHz are se-
lected. The lower frequency mode is the pump mode, whereas the higher frequency mode

is the anti-Stoke mode.

2. Laser light is evanescently coupled into the pump mode which scatters off the resonator’s
acoustic mode into the anti-Stokes mode. The interaction between the acoustic mode
and the anti-Stokes mode can be represented by a beam-splitter Hamiltonian which leads

to sideband cooling of the mechanical mode.

3. The resulting backscattered anti-Stokes light is measured in a heterodyne detector of
bandwidth 350 MHz at a heterodyne frequency of wygpr/27m ~ 150 MHz. The heterodyne
signal is then recorded as a time trace of length 100 us on an oscilloscope. A vacuum time

trace of the same length is also measured for normalisation.

4. The mechanical state can be further cooled by means of reducing the uncertainty associ-
ated with its phase space trajectories by using the information contained in the recorded
time traces. The number quantifying the amount of cooling is the effective phonon num-

ber defined in Eqn. (6.1).

5. The information about the phase space trajectories can be extracted from the time traces
by using an appropriate stochastic master equation model. Since the system remains
Gaussian throughout the evolution, it can be fully described by its first and second mo-

ments at all times. Their evolution is given in Eqn. (6.19) and Eqn. (6.20).
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6. The covariance equation, Eqn. (6.20), is a deterministic equation and does not require
the measurement record input. The equation for first moments, Eqn. (6.19), is a non-
deterministic equation and the measured time trace can be input via the stochastic term
dW (1) by using Eqn. (6.28). The measured current needs to be appropriately normalised

using a vacuum time trace in conjunction with Eqn. (6.34).

7. Solving Eqn. (6.19) and Eqn. (6.20) allows estimating phase space trajectories of the op-
tomechanical state and the associated reduced uncertainties which can also be expressed

in terms of the effective phonon number.

6.5 Heterodyne versus homodyne measurement discussion

Monitoring the optical mode of an optomechanical state allows extracting information about
the mechanical mode. As already highlighted in section 6.1.2, the optimal choice of the mea-
surement depends on the optomechanical interaction Hamiltonian. The homodyne measure-
ment is desirable for X; X, interactions as the mechanical mode is coupled to a single quadra-
ture of light P; only. The beam-splitter interaction, with interaction Hamiltonian proportional
to XEXm + ﬁ{ﬁm, encodes the information about the mechanical mode in both quadratures of
light. Hence, monitoring both light quadratures, for instance via heterodyning, is more bene-
ficial. The beam-splitter interaction corresponds to sideband cooling of the mechanical mo-
tion and as such further measurements of the optical mode enhance the amount of cooling by
reducing the uncertainty of where the mechanical mode lies in phase space. The toy model,
described in section 6.3, shows that a lower effective phonon occupation is achieved after het-
erodyning the optical mode as opposed to homodyning it. See Eqn. (6.10), Eqn. (6.11) and

Fig. (6.2). Although the toy model gives a good intuitive understanding of the process, it doesn’t



6.5 Heterodyne versus homodyne measurement discussion 88

@ —— ()
1200 = = =homodyne, P 600
= = =homodyne, X = = =homodyne
1100
' Ss ~ rot. homodyne, P 550 !'ot. homodyne
2 1000 S - rot. homodyne, X sol}Y ideal heterodyne | |
£ 900 | 450
fl:{ 800 ,:5400 [
S 700) = 3501
S 600 300 -
L e R N R E S A T T T I ]
E 500 - 250
=
400 ¢ 200 -
300 ! ! ! ! ! ! L 150 B L L L L L !
0 2 4 6 8 10 12 14 16 0 2 4 6 ' 8 10 12 14 16
Time [ns] Time [ns]
©
—) =0
09r - == =0.01]
== = =0.1
n=03 ||
0.8 n=0.5
n=1
0.7r
g
=06
\:w
051
04
0.3

0 5 10 15 20 25 30 35 40
G [MHZ]

Figure 6.4: (a) Variances of mechanical quadratures for different measurement schemes as a
function of time. (b) The corresponding effective phonon number. (c) Cooling factor as a func-
tion of optomechanical coupling strength G for different efficiencies . Continuous lines cor-
respond to an ideal heterodyne scheme (wypr — oo) and dashed lines to a homodyne scheme
(wher = 0). The curves show that the cooling factor approaches saturation for increasing val-
ues of G and 7. Plots (a), (b) and (c) are theoretical plots for the following system parameters:
2Kas/2m =90 MHz, 2y, /2m = 42 MHz, A/2n = 0 and 71, = 555. Plots (a) and (b) are plotted for
G/2m =20 MHz, n = 0.5 and in the case of rotating homodyne measurement, wygr = 150 MHz.

capture all the physics. In particular, it does not take into account the continuous nature of
the measurement and the finite lifetimes of phonons and photons inside the mechanical and
anti-Stokes modes respectively. The full system is studied using the stochastic master equation
model of section 6.4 which can be further simplified to differential equations for means and

covariances if the system is Gaussian.

While an ideal heterodyne detection operates at an infinite heterodyne frequency, the het-

erodyne scheme presented in this work uses wygr/27 ~ 150 MHz. Therefore, the detection
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scheme used in this work corresponds to a rotating homodyne measurement more precisely.
Since wygr/27 is much greater than the mechanical intensity decay rate, an ideal heterodyne
measurement does not improve the rotating homodyne scheme significantly. This is shown
in Fig. (6.4a) and Fig. (6.4b) for a realistic parameter regime. Fig. (6.4a) shows the oscillating
variance at twice the heterodyne frequency for the rotating homodyne scheme and the cor-
responding variances for the homodyne and ideal heterodyne schemes. Fig. (6.4b) shows the
corresponding effective phonon number, defined in Eqn. (6.1), using such detection schemes.
Since the rotating homodyne variance is oscillating in time, an average over the oscillation pe-

riod will be taken to obtain the variance for any future calculations.

While the heterodyne measurement uses all the anti-Stokes light to collect information
about both optical quadratures, the homodyne detection uses the same light resources to learn
about a single quadrature. It is therefore an interesting question to ask why it is overall more
beneficial to use all the light to measure two quadratures as opposed to one quadrature but
more precisely. Fig. (6.4c) provides some understanding towards this question. It shows the
cooling factor, defined by

CF = , (6.37)

for homodyne and heterodyne detections as a function of the enhanced optomechanical cou-
pling strength G for different detection efficiencies . In the weak coupling regime, it indeed
seems that the net amount of cooling is similar for both detection schemes. However, for larger
values of G, there is a saturation limit to how much a single quadrature can be cooled given by
the dashed lines. A similar situation happens for 7. After reaching certain efficiency, further

increase in 1 does not gain much more information about the mechanical position.
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6.6 Experimental results

Fig. (6.5) shows the outcomes of applying the Gaussian filter, described in section 6.4 and in
particular summarised in subsection 6.4.5, to the time-domain data obtained by heterodyn-
ing the optical mode of the Brillouin system presented in chapter 5. The heterodyned light
originated from scattering of the pump photons off the mechanical phonons to create the up-
converted anti-Stokes photons that were detected. This interaction between the mechanical
and anti-Stokes mode can be represented by a beam-splitter Hamiltonian (see Eqn. (5.14)) and
led to sideband cooling of the mechanical mode. Ten time traces of total length of 100 us were
recorded at room temperature using an oscilloscope of sampling rate of 10 Gsamples/s. The
datasets were taken for increasing values of the optomechanical strength G which has a square
root scaling with the intracavity power Py, as shown in Fig. (5.9). The self- and cross-Kerr ef-
fects led to optical power dependent detuning A between the anti-Stokes and pump modes as
illustrated in Fig. (5.8). The taper-resonator coupling conditions were such that the anti-Stokes
intensity decay rate was 2x,5/2m ~ 91 MHz. The total experimental efficiency was 1 = 0.31
and the heterodyne frequency was approximately 150 MHz. Details of the experimental setup
can be found in section 5.3 and the relevant system parameters are further discussed in sec-

tion 5.6 and listed in Table (5.1).

Fig. (6.5a) shows the estimated quadrature trajectories of the mechanical mode with stan-
dard deviations of the position and momentum quadratures denoted by shaded areas. The
plots are for the dataset with highest G/27 = 9.6 MHz and the corresponding A/2n = —74 MHz.
The plots were obtained by solving the evolution equations for the first and second moments
of the optomechanical state given in Eqn. (6.19) and Eqn. (6.20) respectively. The equation for

the second moment gives the required variances of the mechanical phase space quadratures. It



6.6 Experimental results 91

(a) (b) 1 MH |
—e— unmonitored
60 0.9 —e— rot. homodyne
a0f
Z 208
Z 20r 5
o =]
r:/“ ‘:@
=0 07
A
o< 20
v 06"
40
eor 05 ‘
0 2 4 6 8 10
60 - G [MHz]
(©) 1200
40
7y
E 20f Moofe—t—-y . o
g =
Z 0 5 L
A = 1000 —e— unmonitored
g 3 —e—rot. homodyne average
QA -20 F <] rot. homodyne + phase space Var(X,,)
\% <. 900 [ : 1
40 ><
BRI
60 [ -
0 10 20 30 40 50 700 -
Time [ns]

(o2}
o
o

Figure 6.5: (a) Mechanical quadrature trajectories conditioned on the rotating homodyne mea-
surement outcome. Shaded areas represent the standard deviations of quadratures X, and
P.,. (b) Cooling achieved in the experiment (red points). Black points correspond to sideband
cooling. (c) Total information budget before (black) and after the measurement (green). The
green points are summations of the mechanical quadraturee variance after the measurement
(red) and the variance of the estimated mechanical phase space trajectories during the mea-
surement time of 100us. The close overlap between the green and black points signifies that
the formalism is self-consistent.

is a deterministic equation and therefore did not require an input from the measured current.
The equation for the first moments gives the estimated phase space trajectories. It is a non-
deterministic equation and as such required an input from the measurement record through
the stochastic term dW (¢) which relates to the measured current via Eqn. (6.28). The measured
current was appropriately normalised so that the experimental vacuum noise increment cor-
responded to the Wiener noise increment with standard deviation v/dz up to the bandwidth of

the detector. Details of this procedure is given in subsection 6.4.3. Fig. (6.5a) illustrates that as



6.6 Experimental results 92

the state evolves in time, the stochastic measurement outcome moves the mean values of X,
and Py, away from the original zero position. The uncertainties associated with X, and Py, are
reduced, and the amount by which the mechanical mode is cooled depends on two compet-
ing processes: the decoherence rates and the rate at which information is acquired during the

measurement. Eventually, steady state is reached as shown in Fig. (6.4a).

The cooling factor, defined as the ratio of the effective phonon number 7i¢¢ and the thermal
phonon number 7y, for this room temperature experiment is shown in Fig. (6.5b) for the ten
recorded datasets of varying G and A. 71, = 555 and i is defined in Eqn. (6.1) which depends
on the minimum and maximum variances of the mechanical quadratures. The cooling factor
therefore depends on the system parameters only regardless of whether the system is moni-
tored or not. The black points quantify the amount of sideband cooling while the red points

include the information gain due to the rotating homodyne measurement.

Since the quadrature variances and therefore the cooling factor do not require a measure-
ment input, it is important to check that the determined system parameters are self-consistent
with the enhanced measurement cooling theory. Fig. (6.5¢) does that by considering the in-
formation budget for the mechanical mode before and after the measurement. It is expected
that the unmonitored mechanical quadrature variance (black points) is the same as the sum of
the variance after the measurement (red points) and the variance of the recorded mechanical
phase space trajectories. The sum is given by the green points and requires an input of the mea-
sured current. The close overlap between green and black points suggests that the formalism is

self-consistent.
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6.7 Summary

The work presented in part II of this thesis explores the optomechanical interaction inside a
Brillouin system comprised of a silica microrod resonator evanescently coupled to an external
laser field. In particular, the study considers optical whispering gallery modes corresponding
to wavelengths of ~ 1550 nm and the acoustic mode of frequency wn, /27 = 11 GHz. By select-
ing two discrete optical modes separated by wy, and pumping on the lower frequency mode,
a beam-splitter interaction is created between the remaining higher frequency (anti-Stokes)
mode and the mechanical mode. The interaction itself leads to sideband cooling of the me-
chanical mode by creating light in the anti-Stokes mode. The experiment operates at room
temperature and can achieve strong coupling as reported in [3]. The anti-Stokes light is then
continuously monitored by means of a heterodyne detection with a heterodyne frequency of
wyet ~ 150 MHz. The measurement scheme is also referred to as rotating homodyne due to the
finite heterodyne frequency. The experimental setup is shown in section 5.3 and the system pa-
rameters are listed in Table (5.1). The resulting heterodyne time traces are input into the appro-
priate Gaussian filter which describes how the system evolves under continuous monitoring.
The Gaussian evolution model is explained in section 6.4. The protocol prepares a conditional
state of mechanical motion with reduced effective phonon number, defined in Eqn. (6.1), which

quantifies the improved purity of the state. The key conclusions are:

1. Continuous monitoring of the optical mode of an optomechanical state enhances side-

band cooling of the corresponding mechanical mode.

2. Heterodyning the optical mode outperforms homodyning in cooling and purifying the
mechanical state for beam-splitter interaction types since information about the me-

chanical mode is contained in both light quadratures.
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3. A Gaussian filter [79] was successfully applied to the heterodyne time domain data ob-
tained from a Brillouin optomechanical system at room temperature. The protocol pro-
duced a conditional state of mechanical motion with the corresponding trajectories and

cooling factors shown in Fig. (6.5).

While sideband cooling is a common technique used in optomechanics and allows studying
quantum regimes [37, 38, 40], appropriate filter models can enhance this technique and also be
used in conjunction with feedback cooling methods. This creates opportunities for enhanced

sensing applications as the thermal noise in the system is reduced.
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Quantum limits in the simultaneous

estimation of phase and phase diffusion
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Chapter 7

Introduction to multi-parameter quantum

metrology

Metrology, as the science of measurements, encapsulates a wide range of aspects from defining
units of measure, developing more precise estimation schemes to understanding the funda-
mental limits associated with the parameter estimation process. These fundamental limits are
set by quantum mechanics and as such provide deep insights into this field. In a typical esti-
mation scenario, phase is the parameter of interest whose precision is limited by the presence
of noise, such as dephasing and loss, in any experiment [10]. Although, the knowledge of phase
and decoherence parameters enables the full characterisation of a system, less attention has

been devoted towards studies of noise estimation schemes.

While the previous part presents an experiment to improve the sensitivity of an optome-
chanical system, this part describes the theory of an estimation process and the associated lim-
its. In particular, it looks at the limits in the joint estimation of phase and phase diffusion in the

Cramér-Rao bound framework with the emphasis on optical systems. The work presented in

96
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Figure 7.1: Three stages of the estimation process: 1. Probe state preparation. 2. Interaction of
the probe with a parametrized system. 3. Measurement of the modified probe which results in
probabilities that can be analysed to estimate the parameters of interest.

part 11 was published in Ref. [5] and a review article on multi-parameter quantum metrology

was published in Ref. [4].

7.1 Shot noise and Heisenberg limits

As already mentioned in the main introduction, a typical estimation process can be divided into
three stages: probe preparation, interaction with the system and probe readout. This is shown
in Fig. (7.1). For a given interaction with the system, the choice of probe states and measure-
ments determines the precision with which the parameters of interest can be measured. After
the probe readout stage, the gathered statistics can be analysed by invoking an estimator func-
tion to yield an estimate of the parameters. All estimation schemes suffer from errors which
can be either systematic or statistical. Statistical errors of a stochastic nature can be reduced

through repeated interactions between the probe and the system (corresponding to M inde-
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pendent measurements), resulting in the typical statistical error (in standard deviation) scaling
of M~z. The origins of this scaling lies in the central limit theorem from probability theory,
and is possible classically without the invocation of quantum mechanics. Given a probe of size
(such as the number of particles or modes, energy) N, the best classical possible scaling is the
so-called shot noise limit, whose error also scales as N -3 [10]. Although the shot noise limit
and the central limit theorem have the same quadratic dependence, they are of entirely differ-
ent origins. In optics, the shot noise limit originates from the discrete nature of photons whose

number distribution is Poissonian with the standard deviation of N2, where N is the number of

photons in this case.

Once the stochastic noise is suppressed, quantum mechanics is the final and most funda-
mental barrier to the precision of an estimation scheme. This inevitable limit is set by the quan-
tum vacuum fluctuations and can only be overcome by invoking uniquely quantum mechani-
cal techniques. Quantum probes endowed with such non-classical correlations can attain the
so-called Heisenberg limit, identified by a N™! scaling in the standard deviation [81, 82]. This
enhanced scaling, leading to a more precise estimation, is at the root of the appeal of quantum
metrology. Quantum metrology can find application in scientific areas from astronomy - de-
tection of gravitational waves, to biology — imaging of biological samples sensitive to the total
illumination [14, 17]. It has relevance to magnetic, electric, and gravitational field sensing, and

more precise clock synchronisation protocols [83, 84].

Quantum metrology thus seeks scenarios where non-classical resources can provide im-
provements in the parameter estimation over the classical strategies and tries to identify the
measurements that achieve quantum enhanced precisions. It must be understood that the
quantum improvement can be availed only after all classical sources of stochastic noise have

been suppressed. The most prominent example of this endeavour is the quest for the detection
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of gravitational waves using laser interferometry [85, 86].

7.2 Local and global estimation theories

Estimation theories can be categorised into global and local theories. In the global case, the pa-
rameter can be completely unknown and the estimation protocol enables finding the parame-
ter of interest to some precision. Schemes based on the Bayesian theory, where the parameter is
arandom variable distributed according to some prior probability distribution, can be consid-
ered global [10, 87, 88]. On the other hand, in some circumstances, we may already have a good
knowledge of the interval where the true parameter value lies. In such cases, local approaches
could be beneficial to further improve the precision and accuracy of the parameters of inter-
est. Examples of local precision bounds include the Barankin [89], Holevo [90] and Cramér-Rao

bound (CRB). The last mentioned bound is of crucial importance for this part of my thesis.

7.3 Classical Cramér-Rao bound

Throughout part III of this thesis, bold quantities will refer to vectors of numbers or more gen-

erally to matrices, whereas the circumflex diacritic will denote operators.

A statistical quantity capturing the performance of an estimation process is the variance
of the estimator. The estimator, labelled as T, is a function of the measured data which allows
estimating the parameters of interest. Ideally, T should be unbiased, which means that its mean
value should be equal to the true parameter value, and precise which means that its variance

should be as low as possible. A crucial result from probability theory, the Cramér-Rao bound
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Figure 7.2: The two plots show probability distributions p; and p, associated with two estima-
tor functions 77 and T» for parameter A (continuous curves) plotted against the possible pa-
rameter value A(v) based on measurements v. T} has narrower variance than 7». In each plot,
there is an additional distribution corresponding to parameter A +dA (dashed curves). The two
distributions separated by an amount dA are easier to distinguish in the case of T7, where the
narrower estimator variance indicates higher FI.

(CRB), states that the variance of an (unbiased) estimator is lower bounded by the inverse of the
Fisher information (FI). The Fl is a function of the probability distribution obtained at the end of
an estimation process, and is of independent interest in probability theory, information theory,
and information geometry [91]. More precisely, it is a distinguishability metric which provides
a statistical distance on the space of probability distributions. It tells us how easily we can
distinguish neighbouring probability distributions when separated by an infinitesimally small
amount of the parameter value characterising the distributions. This is illustrated pictorially in

Fig. (7.2). Therefore, the FI captures the amount of ‘information’ about a given parameter in a

probability distribution. The single-parameter CRB is derived in the section below.

7.3.1 Single-parameter Cramér-Rao bound

The following derivation of the single-parameter CRB [92] considers a distribution p(V;A) of

a random variable V parameterised by a single parameter A. The distribution is normalised
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such that ¥, p (v,;A) = 1, where the sum is taken over all possible measurement values v,. M

samples of data, (v y@ My identically and independently distributed, are drawn from

that distribution. The aim is to find the lower bound on the variance of an unbiased estimator

T (VWD v@ ., VIM;2) for the parameter A based on the samples {VD, V@ vM} The un-

biasedness condition implies (T) = A, where the angular brackets denote the expectation value

taken with respect to p (v; A). The score function for p (V; 1) for a single parameter A and M =1

is defined as

~ oy (P (Vi)
S=0\(In(p(V; 1)) = T
with the mean value of
0 vy A

y P(Vy?)[)

The FI of parameter A is the variance of the score given by

(02
FA) == (2= {(0x(Inp(V;1))*) =
<( /1( )) > ; p(vy;/l)

The CRB lower bounds the variance of the estimator according to

1
Var (T) = m

(p(2i2)

(7.1)

(7.2)

(7.3)

(7.4)

This inequality can be proven using the Cauchy-Schwarz inequality which can be expressed as

(Cov (S, T))? < Var (S) Var (T),

(7.5)
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where Cov (S, T) is the covariance between S and T. Using Var (S) = F (1) and substituting in the

definition of covariance, the above inequality reads
((S=(SN(T = (T)))* < F (A) Var (7). (7.6)
Further, using (S) = 0 from Eqn. (7.2), the inequality simplifies to
(STY?* < F(\) Var (T). (7.7)

The quantity (ST) is

sy -y 22 (231)

T(vy;A)p(vysA)=02)_ p(vyA) T (vy;1) =1, (7.8)
() AP =0l p e )Ty

where it is assumed that the estimator T is unbiased i.e. (T) = A and that p (v, 1) is a well be-
haved function such that the interchange of summation and differentiation can be performed.
Substituting Eqn. (7.8) into Eqn. (7.7) proves the CRB in Eqn. (7.4) for a single data sample. The

CRB for parameter A when using M samples (v y@ My takes the form

MVar(T) = ﬁ (7.9)

It is obtained by assuming that the samples are identically and independently distributed in
which case the joint probability distribution is p (v, v®, .., v®™; 1) = [T p(v'?; 1) and the

resulting FI for M samples is MF (7).
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7.3.2 Multi-parameter Cramér-Rao bound

In the multi-parameter estimation formalism, T; denotes the i estimator of parameter A; and
the variance of a single estimator is replaced by the covariance matrix Cov of the estimators with
elements Cov;; =(T;T;) — (T;){T;). For M data samples which is equivalent to M repetitions of

the experiment, Cov is lower bounded by

MCov = ()7, (7.10)

where F is the Fisher information matrix with elements

0. 0.
Fij:Z Al(Py) A,(Py). 7.11)
y by

Here p, is a shorthand notation for p (v,; 1) and therefore, the probability of y™® measurement

outcome associated with the vector of parameters A.

The single-parameter CRB Eqn. (7.9) as well as the multi-parameter CRB Eqn. (7.10) are

guaranteed to be asymptotically saturated by the maximum likelihood estimator.

7.4 Quantum Cramér-Rao bound

The quantum version of estimation theory begins with a quantum state p, which undergoes
an evolution depending on A. The resulting state p, is measured by a set of positive operator
valued measures (POVMs) {f[y} satisfying the completeness relation }_,, fly = [, where [ is the
identity matrix. This leads to probabilities given by p), = Tr [p All y]- All the information about

the parameters A is now encapsulated in the probability distribution py, and can be used to
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estimate the parameters with a precision given by the classical FI in Eqn. (7.11). However, the
FI now also depends on the POVMs {f[y}, which stand in the way of obtaining a fundamen-
tal quantum limit to the covariance Cov(A). The mathematical task is thus that of maximising
the classical FI over all POVMs giving rise to the quantum Fisher information (QFI) — a distin-
guishability metric on the space of quantum states which quantifies the maximum amount of
“information" about a parameter attainable by a given probe state [90, 93, 82]. Lower bound-
ing the variance of an unbiased estimator with the inverse of the QFI is the so called quantum

Cramér-Rao bound (QCRB). In the multi-parameter case, QCRB takes the form
MCov= (H)™, (7.12)
where H is the QFI matrix with elements
H;j =Re[Tr[paL;L;1]. (7.13)

Here, Re is the real part and L; denotes the symmetric logarithmic derivative (SLD) correspond-
ing to parameter A; obeying

202,01 =Lipa+0aL:. (7.14)

The elements of H can be written in terms of the eigenbasis of the density matrix oy = Y i Ex|ex) (ex!

with eigenvalues Ej and eigenvectors |ey), leading to

0 (E )04 .(E},,)
H,-j:Re Z%
n

n

4 Z Enm w<en|al-em><a/l<emlen> . (7.15)
mm  (En+Em)? ' !

Therefore, calculating QFI requires diagonalising the density matrix which can be a challenging

task for high rank matrices. See Appendix (A.1) for a derivation of Eqn. (7.15).
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The QCRB in Eqn. (7.12) gives a tighter bound than the CRB in Eqn. (7.10) which means
MCov = (F)~! = (H)"! and therefore the QCRB provides the first step in understanding the fun-
damental limits of quantum enhanced metrology. Single parameter QCRB can in principle be
always saturated. However, an additional saturability problem arises in the quantum multi-
parameter estimation due to the possible non-commutativity of quantum measurements. If
the optimal measurements corresponding to the different parameters do not commute, then
there is not a common eigenbasis set out of which to construct the optimal POVM. This addi-
tional aspect of quantum multi-parameter estimation is what makes quantum metrology inter-
esting. The lower bound on the precision set by the QCRB can not be always attained when we
try to simultaneously gain knowledge about multiple parameters. The non-commutativity of
measurements in quantum mechanics is of crucial importance for the work presented in this

part of my thesis.

7.5 Multi-parameter quantum metrology applications

For equivalent resources, simultaneous quantum estimation of multiple phases or in general,
parameters corresponding to non-commuting unitary generators, provides better precision
than estimating them individually [11, 94]. This has generated interest in multi-parameter
quantum metrology in a variety of scenarios and contexts [95, 96, 97, 98, 99, 100, 101]. How-
ever, the myriad motivations for studying multi-parameter quantum metrology are deeply in-
terleaved and intertwined. Nevertheless, the following presents a broad delineation of at least

three broad seams of interest:

1. Physics: The measurements that maximise the QFI corresponding to multiple param-

eters need not necessarily commute. Thus, the enhancements in precision metrology
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promised by quantum mechanics might eventually be thwarted by quantum mechanics.
It is of principal interest in quantum information theory as it explores the information
extracting capabilities of quantum measurements, and provides a rich new testing bed
for understanding the nature of quantum measurements in great generality. High preci-
sion estimation is also beginning to play a role in the detection of novel phenomena such
as gravitational waves [86] and should lead to discoveries yet unknown in other areas of

fundamental physics.

2. Mathematics: The quantum Fisher information matrix — the multi-parameter extension
of the QFI - is a ‘metric’ on the space of quantum states. Although it is not unique as in
the classical case, it is minimal among all monotone metrics [102]. This makes it not only
a quantity of inherent interest in quantum metrology, but also capable of unlocking novel
features of the space of quantum states whose study underlies all of quantum information

theory, non-commutative geometry and quantum information geometry [103, 104, 105].

3. Technology: Numerous high level applications intrinsically involve multiple parameters.
Quantum enhanced schemes for imaging [106], microscopy, spectroscopy to high pre-
cision sensors for classical electric, magnetic, gravitational fields cannot be developed
without a clear understanding of multi-parameter quantum metrology. Eventually, highly
precise characterisation of components for fault-tolerant quantum technologies [107]
and quantum information science [108] might also benefit from multi-parameter quan-

tum metrology.



Chapter 8

Joint estimation of phase and phase

diffusion motivation

The central role of unitary evolution in quantum mechanics makes phase estimation a salient
problem in precision metrology including the sensing of magnetic and electric fields, changes
in refractive index, and measurements of time and displacements. This includes some of the
most challenging tasks in physics such as gravitational wave detection [15, 14, 16] as well as
highly desirable applications such as biological tracking and imaging [17]. Therefore, the un-
derstanding of the fundamental limits in the precision of phase estimation set by quantum me-

chanics is a worthwhile endeavour.

However, in real scenarios, phase estimation schemes are invariably affected by noise that
results in the loss of quantum enhancement. This reverts quantum-enhanced scalings back
down to that given by the shot noise limit [109, 110, 10]. Typical noise channels include particle
loss and phase diffusion. Substantial effort has been invested in studying the effect of noise on

phase estimation, both theoretically and experimentally in the case of loss [111, 112, 113, 114]

107
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as well as phase diffusion [115, 116, 117, 118]. The quantum limit (although in general not tight)
on the phase estimation precision in the presence of diffusion has also been obtained using a

variational approach [119].

Phase diffusion is a dissipationless noise channel that describes phase drifts within the mea-
surement time due to interaction with the environment. Instead of being a nuisance, phase
diffusion can, in fact, provide useful information about the physical system that the quan-
tum probe interacts with. This has been labelled as decoherence microscopy [120] and has
found numerous applications [121] including thermometry [122, 123, 124, 125], optomechan-
ical temperature measurements within and beyond the linearised regime [26, 126], and fun-
damental physics [127]. Phase fluctuations between modes of an optical interferometer are
inexorable, and can be caused by mechanical strains and thermal fluctuations inside an opti-
cal fiber [128, 129]. Phase diffusion also arises in matter-wave optics, particularly in confined
geometries where its precise estimation can provide information on atom-atom interaction
strength [130]. The precision of cold-atom accelerometers is limited by phase diffusion result-
ing from rotational fluctuations and gravitational forces, whose precise estimation might help
alleviate their effect [131], or be used in precise measurement of physical constants [132]. At
a more fundamental level, phase diffusion is a parameter of interest in gravitational decoher-
ence models [133, 134, 135] and dark matter detection [136]. Moreover, in circumstances where

these parameters vary in time, joint estimation scheme can provide more satisfactory results.

Numerous scenarios thus exist where a precise knowledge of phase diffusion in addition to
the phase parameter can furnish a better understanding of the system under study. Schemes
to estimate phase and phase diffusion simultaneously have been studied recently. Theoretical
studies on the joint quantum-limited estimation of phase and phase diffusion using a quantum

state comprised of a large number of qubits [137] have been undertaken, as well as experimen-
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tal studies on single qubit systems [138, 139]. While this work deals with collective dephasing,

models considering independent dephasing have also been studied in [140].

The central challenge of joint quantum-limited estimation schemes is the possible non-
commutativity of measurements in quantum mechanics. As a result, the quantum limits may
not always be attainable, even in principle. The joint estimation scenarios thus inevitably lead
to trade-off relations in the attainable precision for the different parameters. Such trade-off
relations tell us how much information can be gained about one parameter in the expense of
the knowledge about the other parameters [4]. This is unlike the case for single parameter es-
timation, where the quantum-enhanced limit can always be attained [93, 82]. Gill and Massar
derived a bound on the trade-off relation in the joint estimation of all the parameters character-
ising a quantum state of which one possesses many copies [141]. Their bound for mixed states
is derived for measurements acting on a single copy of the state at a time. Recently, a symmetric
measurement saturating the Gill-Massar bound was found [142]. This measurement is local and
equally extracts optimal information about all the parameters, but applies to pure states only.
It is important to stress that the Gill-Massar bounding strategy is only tight when the number
of parameters is the same as the dimension of the Hilbert space in which the quantum state
resides. Since this work considers the joint estimation of phase and phase diffusion — only two
parameters — using a multi-dimensional quantum probe state, the Gill-Massar strategy is ex-
cessively lax for such purposes. New methods are therefore developed to seek tighter trade-off

relations.

The main goal of the work presented in part III is to understand how this trade-off relation
depends on the dimension of the state. Holland-Burnett (HB) [9] states form an apt example of
FPN states for this purpose. The strategy for obtaining the trade-off relations for the simultane-

ous quantum-limited estimation of phase and phase diffusion applies to fixed-particle number



Chapter 8. Joint estimation of phase and phase diffusion motivation 110

(FPN) states. It relies on a Taylor expansion of the full density matrix in the regimes of large
and small diffusion. This leads to a tridiagonal density matrix and a low-rank density matrix
in the large and small diffusion regimes respectively which enables their analytic diagonali-
sation. This overcomes the fundamental challenge for calculating the quantum Fisher infor-
mation (QFI) for mixed quantum states analytically — their explicit diagonalisation. It is also
important to stress that this method differs from strategies undertaken in other works, for in-
stance [143] where the diffusion parameter is a constant independent of the dimension of the
state. In this work, the validities of the approximations put some dependence between phase

diffusion and the total number of particles. The main results are as follows:

1. In the large phase diffusion regime, for any FPN state, an analytically closed-form expres-

sion for the QFI matrix is provided. See Sec. (10.1.1).

2. Inthe large phase diffusion regime, for any FPN state, an analytically closed-form expres-

sion for the trade-off quantity

Fii Fxp
_+ _

Tr[FH '] = (8.1)

Hyy  Hyp'

is provided. The maximum value of this quantity is 2, when both parameters are es-
timated with quantum-limited precision. This work shows that in the large diffusion
regime, it is possible to attain the optimal trade-off relation of Tr[FH™!] = 2 for certain
FPN states. It therefore follows that the globally optimal trade-off relation with respect to
all diffusion values also approaches 2 for such states. HB states are an example of such

states in the large particle number regime. See Sec. (10.1.2).

3. In the small phase diffusion regime, for any HB states, an analytically closed-form ex-

pression for the QFI matrix is provided. Most importantly, these states allow a quantum-
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enhanced estimation of phase as well as phase diffusion. See Sec. (10.2.1).

4. In the regime of phase diffusion approaching zero, for HB states of small particle num-
bers, a numerical evidence is presented that the maximum value of Tr[FH™!] approaches
1. This implies that, in the simultaneous estimation of phase and diffusion in this regime,
when we estimate one parameter at the quantum-limit we gain no precision about the

other parameter. See Sec. (10.2.2).



Chapter 9

Background

9.1 Probe system

This work considers joint estimation of two parameters, phase ¢ and collective phase diffusion
A. The investigated system is shown in Fig. (9.1). The probe state is prepared in a pure FPN
state with a total number of 2K particles. The mathematical representations of such a state and

the special case of HB states are

2K
lwepn) = ) anln, 2K — n) 9.1)
n=0
and
2K
lWEB) =) buby24In,2K - 1) (9.2)
n=0

respectively, where g € Z{0 : K}. The normalised complex amplitudes, a, = |a,|e®", satisfy

Zi’io la,|?=1and b, = vV2n)!2K — 2n)!/ (2Kn!(K— n)!) is a special case of a;,, which takes non-
zero values only for even terms.
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Figure 9.1: Schematic diagram of the investigated system (a) with a general FPN state — 9y has
the form of Eqn. (9.4) and (b) with the special case of HB states — 0y has the form of Eqn. (9.5)
or Eqn. (9.6). HB states are generated by acting with the unitary Uy on two modes (associ-
ated with annihilation operators ¢ and d) containing equal number of particles K. In photonic
systems, this corresponds to interfering two equal Fock states on a 50/50 beam splitter. It is
also worth noting that U¢, and VA commute and therefore the order in which phase shift and
diffusion channel are applied is irrelevant.

The propagator of ¢ is a unitary transformation of the form U(,, = e'%" where 7 is the num-
ber operator. The collective phase diffusion channel, 5, is a random phase shift distributed
according to a normal distribution of width A which acting on the probe state gi, gives

62 A A
0a =V (Pin) = dee 222 UpinU;. 9.3)

1 f+00
V2rA J-
Its effect is to exponentially erase the off-diagonal elements of the density matrix which also
means reducing the information content about the parameters from the probe state.

The n™ component of the input FPN state acquires the phase term of e”*? and after passing

through the phase diffusion channel, the overall state becomes mixed. The resulting density
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matrix is of the form,

2K )
. n_A N2
0=0rpn= Y. ana, e T oK —ny(n', 2K - 1) 9.4)
n,n'=0

The particular instance of HB states can be written as

2K

: n_ A2 l
DrB="Y On2qOuwoqbyby "= T I 2K — )0, 2K - 7| 9.5)
n,n'=0 2
or equivalently
A X 2ip(n—n")-20%(n—n')? ! !
Oup= Y. bubye™? "712n,2K - 2ny(2n',2K - 2’|, (9.6)
n,n'=0

where {¢q,q'} € Z{0: K}.

9.2 Attaining the quantum limit

When solving the SLD equation, Eqn. (7.14), for a general evolved FPN state, 9, it is useful to
work in the basis that contains all the phase information, so that the resulting density matrix
contains only real elements. This representation is given in Appendix (A.2). In this basis repre-

i(¢n+6n) |n,2K — n) where 8, is the phase of each component of the input

sentation, |I';, K,(p,g) =e
FPN state, the derivatives of ¢ with respect to ¢ and A are imaginary and real respectively. The
SLD equation is a Lyapunov equation and since  is a positive matrix, it has a unique continu-

ous solution [144]

m A A
=2 f dre 09, pe0", 9.7)
0
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where A; labels the different parameters and in our case, i = 1 and i = 2 correspond to ¢ and A
respectively. From this form of the solution, we can conclude that L, and L, are imaginary and
real respectively in the basis of |T'j, k¢ ¢). With this and using Hermiticity of SLDs, L; and L, can

be expressed as,
2K

Li=i Y fuwallnkeo) Tw ksl (9.8)
n,n'=0
and
A 2K
L= )Y guwallnkeo)Twxepol (9.9)
n,n'=0

where {f,,, 1 .a) &nw,a} €ER, and fi, A = — frr na and g, n7.A = 8w n,a- Since all the phases can be
absorbed in the basis and according to Eqn. (7.13), the QFI elements are basis independent, the
whole QFI matrix is ¢ independent. Additionally, the off-diagonal elements of the QFI matrix
are necessarily zero since trace of the product of two real matrices and one imaginary is imag-
inary as a result of which the real part is zero. Therefore, the QFI matrix for phase and phase

diffusion for any input pure FPN state is of the form

H= , (9.10)
0 Hy
where subscripts 1 and 2 refer to ¢ and A, as noted earlier. H;; and Hyy correspond to the
maximum information content in the individual estimation of ¢ and A respectively. Obtaining a
general closed-form of the quantum limits for this system is a difficult task because the evolved
density matrix has the rank of (2K + 1) for FPN and (K + 1) for the special case of HB states,
and the diagonalisation of such matrices is a challenging problem for arbitrary K. To obtain a
better understanding, analytical expressions in the regimes of large and small phase diffusion

are derived. For intermediate values of phase diffusion, a numerical approach is employed to
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solve for the SLDs and calculate the QFI (see Appendix (A.3)).

The limits on the covariance matrix set by the QFI are not necessarily attainable in multi-
parameter estimation scenarios due to the possible non-commutativity of optimal measure-
ments. A sufficient condition for saturating the QCRB is [L;,1,] = 0 which does not hold for a
general FPN state or the special case of HB states. This implies that the optimal POVMs in the in-
dividual parameter estimation constructed from the eigenvectors of the SLDs do not commute
in general and will not saturate the two-parameter QCRB. A weaker condition, which is suffi-
cient and necessary, for saturating the multi-parameter QCRB is Tr 9 [L1, L,]] = 0. However,
calculating this quantity numerically shows that it is non-zero for some fixed-particle number
pure states. It is found to be zero for HB states for particle numbers up to 158, but this is also
based on a numerical routine as opposed to an analytical proof. Additionally, to fullfil the multi-
parameter saturability condition given by the expectation value of the commutator of the SLDs,
it is necessary to consider multiple copies of the state and collective measurements. Although
such strategy can bring further enhancements in the attainable joint precision [138, 140], it is
harder to treat theoretically and implement experimentally [145]. Therefore, as a first step, this
work is restricted to single copies of the state only. Additionally, the measurements are con-
fined to a class of projective measurements as they optimise the FI of the associated probability

distribution [141, 146].

The figure of merit considered in this work is the trace of the covariance matrix which for
our two parameter case, ¢ and A, is minimised when the off-diagonal elements of the FI matrix
are zero. We can therefore compute how close the minimum variances of the estimators for
phase and phase diffusion parameters (Varpi,(¢p) and Varpi, (A) respectively) associated with

a given measurement compare with the QCRB by considering the ratios of the corresponding
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diagonal elements of the FI and QFI matrices. This is given by

F F. H! H;}L
Te[FH )= L 4 2 = S E—— 22
Hy1y  Hyy MVarpin(¢p) MVarpin(A)

(9.11)

which is the bound studied in this work. The higher the bound, the higher precision we can
attain about the two parameters simultaneously. Its upper limit is set by the QCRB which in
the case of our two-parameter estimation problem gives Tr[FH!] < 2. This quantity has been

considered in previous works such as [141, 138, 142].

The optimal bound Tr [FH'l]InaX with respect to all projective measurements, similarly to
the QFI, is ¢ insensitive. The reason is the following: the phase dependence of the bound arises
because the input state ;, acquires phase in the unitary transformation Uy = e'*. If some
optimal value of phase which maximises the bound in Eqn. (9.11) is changed by an amount {
due to a unitary transformation U{ = ¥ we can always reverse the action of this unitary by
applying Ug !in our optimal measurement. As a result, the optimal bounds depend only on the

particle number and the phase diffusion parameter.

Though highly desirable, the maximisation of Tr[FH!] over all projective measurements
is in general exigent. This is partially due to the lack of knowledge of the closed form of the
QFI for a general phase diffusion parameter and particle number, and partially due to the need
to optimise over a complex space containing 2d — 2 parameters, where d is the dimension of
the Hilbert space of the input probe state, factor of two accounts for the fact that we have real
and imaginary parameters and subtraction of two accounts for normalisation and global phase.
This work therefore, explores this aspect analytically in the regime of large (for a general FPN
state) and small (for the special case of HB states) A, and provides numerical results for the

general A regime (for HB states).



Chapter 10

Results for different diffusion regimes

10.1 Large diffusion regime

The off-diagonal elements of the FPN density matrix in Eqn. (9.4) decay exponentially in A. If
A is sufficiently large, we can neglect all the off-diagonals except for the one (k™ off-diagonal)
that is closest to the main diagonal and contributes non-zero elements. This approximation

—A2/4

corresponds to Taylor expansion of ¢ to the order of 2k? in x = e about x = 0 which results

in the approximate, tridiagonal density matrix,

2K
pLa= Y anal, @20 5, pedIn 2K —nyn 2K —n'l,  (10.1)
0

n,n'=

where subscript LA identifies the large phase diffusion approximation. The case of k =1 cor-
responds to an FPN state, where the first off-diagonal contributes non-zero elements and this
is the last off-diagonal of the density matrix that we keep. The instance of k = 2 corresponds
to a state, where the first off-diagonal has all zero elements and the second off-diagonal con-
tributes non-zero elements, and therefore this is the last one that we keep. HB states are a good
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Figure 10.1: Diagonal QFI matrix elements as a function of K for HB states in the large phase
diffusion approximation. K is the particle number in each of the two input modes of the unitary
generating the HB state (see Fig. (9.1)). Both H;; and H>, are increasing functions of K as ex-
pected from Eqn. (10.4) and Eqn. (10.5). The accuracy of the analytical expressions gets worse
as K increases which is expected from the validity constraint in Eqn. (10.3). In general, the ap-
proximation for H»; is less accurate than for H;; due to the factor of A2 appearing in Eqn. (10.5)
as explained in the main text.

example of the k = 2 case, where in fact only even numbered off-diagonals contribute non-zero
elements. Also, in the case of HB states, a;, = bgé n,2q as defined in Eqn. (9.2). The approxima-

tion in Eqn. (10.1) is valid when

2 2K
A(FPN) > \/(k+ 1)2 ]n(T) (10.2)
and
AHB) > %m(?) (10.3)

for a general FPN and the special case of HB states respectively, where f is the allowed relative
error on the density matrix (see Appendix (A.4) for details). This shows the v/In (K) dependence

on the threshold value of A for the desired relative error.
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Figure 10.2: Semi-log plot of the diagonal QFI matrix elements as a function of A for HB states
in the large phase diffusion approximation. H;; and H», show an exponential decrease with re-
spect to A as expected due to the exponential erasing of the off-diagonal elements of the density
matrix. We present the y-axis on the logarithmic scale to show that the QFI elements go to zero
at large A. A complementary, linear plot of the QFI as a function of A is shown in Fig. (A.3) of
Appendix (A.7) which magnifies the calculation error at smaller phase diffusion values. The an-
alytical approximations show a good agreement with the numerical data. At K =25and A =1,
the relative error of the analytical values with respect to the numerical values of H;; and Ha,
are 1.6% and 4.9% respectively. This behaviour improves at larger A values and at K = 25 and
A = 1.2, the relative errors reduce to 0.3% for H;; and 0.9% for Hy».

10.1.1 Quantum limit

In order to gain an intuition for the form of the SLDs in the large A approximation, the SLD
equation described in Eqn. (7.14) can be solved for small values of K. This gives us an ansatz
for the SLDs for ¢ and A, I:LLA and I:zyLA respectively, shown in Eqn. (A.25) and Eqn. (A.26) of
Appendix (A.5). The SLDs are accurate to the order of x2¥ which can be proven by substituting
them into the left and right hand sides of the SLD equation to verify that the equality holds
within the approximation. This is shown in Appendix (A.5). It is worth noting that the presence

L. . 2 2_aA-2
of the factor of A in L, 1 o decreases its order of accuracy from x** to x?F" ~4A " In(&),
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The resulting QFI elements, Hyj 1A and Hyp 1A, are given by

2K 2 2
' mlanl? +lan—i|?
2K 2 2
a Ay—
Hy1a = 4K* A2 Y (anl1an-i (10.5)

—,
n=k |an|2 + |an—k|2

where the sums above are upper-bounded by 1/2 (see Appendix (A.6)). For HB states, this can
be attained in the regime of large K. This upper bound implies the loss of quantum enhance-
ment in the large phase diffusion regime as at some point increasing the particle number in
the input probe state will have no influence on the precision of our estimation scheme. The
exponential decrease of Hj; 14 and H»p 14 with respect to A is to be expected since the effect of
phase diffusion is to exponentially erase the off-diagonal elements of the density matrix. Again,
the accuracy of H», 14 is decreased from x4 to x4 -4872In(8%) que to the presence of the A?

factor. The calculation of the Hjj 14 term is shown in Appendix (A.6).

The analytical quantum limits given in Eqn. (10.4) and Eqn. (10.5) are compared with the
values obtained using a numerical routine developed in MATLAB (see Appendix (A.3)) for HB
states. The resulting curves are shown in Fig. (10.1) and Fig. (10.2). Further, we provide a nu-
merical phase diffusion validity plot in Fig. (A.1) of Appendix (A.4), also for HB states. The plot
shows the threshold values of A for which the approximation is valid as a function of particle

number (K) when the maximum allowed relative error (6 H;;/ H;;) is 0.05.

10.1.2 Trade-off relation

To find the maximal joint information bound for our problem, we are required to maximise

Tr [FH™!] with respect to all projective measurements |v,) = Y25 r, ,e%un|n,2K — n) which
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form a POVM set {|v,){v,[} for the considered Hilbert space. Such optimisation is shown in
Appendix (A.8) in the large A regime. For any FPN state with coefficients a, = Ianleien, the

phase X, , of the optimal projectors must satisfy

Xy,n = Xy,n—k—l _2Xy,n—k —05_k-1+20,,_—0,. (10.6)

Additionally, we assume that the magnitudes r),, of the optimal projectors are equally weighted
which gives

Tyn=—"Fm—. (10.7)

This last choice in Eqn. (10.7) is motivated by the results from the simulated annealing algo-
rithm which searches through the space of projective measurements to maximise the bound
for HB states. The numerics is performed in the small particle number regime and shows that
the bound becomes A independent for large values of A (see Fig. (10.8) of Sec. (10.3)). The
associated optimal projectors have the structure as given by Eqn. (10.6) and Eqn. (10.7). The re-
sulting bound, Tr[FH!], in the simultaneous estimation of ¢ and A in the large phase diffusion
regime is

Sp— (Zf,’iklannan_kn{ 108)

ZZK lan)?|a,—i|?
n=k |a>+a,_l*

See Appendix (A.8) for derivation. This bound reaches the QCRB for two-parameter estimation,
ie. Tr [FH_I] =2, when |a,| = |a,—k| for n € Z{k : 2K}. This shows that the globally optimal
bound with respect to all diffusion values will also approach the QCRB for such states. For HB
states, the condition |a,| = |a,—| coincides with the large particle number (K) regime. Plot
of the bound in Eqn. (10.8) as a function of K in the case of HB states is shown in Fig. (10.3).
The inlay plot shows the asymptotic attainability of the QCRB at large K, whereas the main

plot shows the comparison with the numerical optimization routine based on the simulated
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Figure 10.3: Joint information bound in estimating ¢ and A simultaneously as a function of K
for HB states in the large phase diffusion regime. The main plot compares the analytical bound
in Eqn. (10.8) with the optimal bound at A = 1 found using the simulated annealing algorithm.
The two methods show a good agreement which suggests that the POVM defined in Eqn. (10.7)
and Eqn. (10.6) is indeed optimal in the special case of HB states for the investigated small K
regime. The inlay plot displays the analytical bound for a higher range of K values in the case

of HB states. It shows that the bound approaches the upper limit of 2 set by the QCRB for large
K. At K = 1500, the analytical bound is 1.97.

annealing algorithm. At large values of A, the analytical bound in Eqn. (10.8), obtained using
the POVM defined in Eqn. (10.6) and Eqn. (10.7), provides a good agreement with the numerical
data in the case of HB states. However, an analytical proof of the optimality of this POVM for a

general FPN state in the large phase diffusion regime remains an open question.

10.2 Small diffusion regime

The analysis for the small phase diffusion regime is restricted to the special case of HB states.
In this regime, the HB density matrix in Eqn. (9.6) is Taylor-expanded to the second order in
A for Hp; and to the fourth order in A for Hy; near A = 0. The reason for the fourth order
Taylor expansion in A in the case of Hy, is to ensure that the corresponding SLD equation,

2050 = L0 + 0Ly, is accurate to at least second order in A as we lose one order in A on the left
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hand side due to the differentiation with respect to A.

The Taylor-expanded forms of the evolved HB density matrix to the second and fourth order

in A are respectively

K . ,
01,50= Y. bpbye®®" (1 -2A%(n-n')%)|2n,2K - 2n)(2n',2K - 21| (10.9)

n,n'=0

and

K . .
O250= Y bpbye® "M (1-2A%(n-n)? +2A%(n-n"")|2n,2K —2n)(2n',2K - 21|, (10.10)

n,n'=0

where subscript SA identifies the small phase diffusion approximation. The validity of the ap-
proximation is evaluated by comparing the last kept non-zero term with the first neglected non-
zero term. When expressing ¢ as 01,sa, the approximation made is A*> < 1/(n—n' )2. This in-

equality can be further tightened by taking (n — n’) = K which gives

1
A« —

I (10.11)

The equivalent validity constraint can be derived for g, sp which has the same form as Eqn. (10.11)

but with an extra factor of 3/2 in front.

Expanding Eqn. (10.9) and Eqn. (10.10), we get a set (JV;) of 3 linearly independent vectors
describing 01 sa and a set )V,) of 5 linearly independent vectors describing g, sa. The elements

of sets YW; and W, are defined as follow,

Wi ={lwr) , w2, lws)} (10.12)
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and

Wo ={lw1) , lwe), lws), |lwa) , | ws)} (10.13)

where |wy) = ZIn(:O nk_ll(pn> with |¢p,) = b,e%%"2n,2K —2n). See Appendix (A.9) for the proof
of linear independence of the elements of sets JV; and W,. Since 91,5 and Q2 sa are spanned
by 3 and 5 linearly independent vectors respectively, they can be expressed as 3 x3 and 5 x5
dimensional matrices if an appropriate orthonormal basis set is chosen. This is crucial since it
overcomes the problem of diagonalising a (K+1) dimensional matrix. The orthonormal sets can
be found by orthonormalising the vectors {|w;),|w»),...,|ws)} using the Gram-Schmidt proce-
dure and they are denoted by Vi = {|v1),|v2), |v3)} and Vo = {[v1), [v2), |v3), |v4), |Us)} for 01,54 and
02,5a respectively. The Gram-Schmidt procedure and its results are shown in Appendix (A.10).

Given V; and V,, we can now perform the basis change of 9, sa and 92 sa by applying

N
o' =Y Tr[lvpwilg]lvivjl, (10.14)
i,j=0

where N is the number of basis vectors forming a complete set. The resulting 3 x3 and 5 x5

density matrices, written in the basis V; and V,, are

bii 0 b3

O01sa=| 0 by O (10.15)

bis 0 0
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Figure 10.4: Diagonal QFI matrix elements as a function of K for HB states in the small phase
diffusion approximation. As expected, Hy; and Hy; are increasing functions of K showing the
approximate Heisenberg scaling of K. The approximation becomes worse at larger K values
for a given A as expected from the validity constraints in Eqn. (10.11). In general, H,, is more
accurate than Hj; because in this case the density matrix of the probe state is Taylor expanded

to the fourth order in A rather than second order in A.

and

N _
O2,sA =

C22

C13

Co4

C15

) (10.16)

where b;; € R and ¢;; € R and these matrix elements are functions of K and A only. The exact

forms of the entries in terms of K and A are given in Appendix (A.11). It is worth noting that

the reduced matrix elements have no ¢ dependence, whereas the orthonormal basis vectors

defining these matrices have no A dependence.
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Figure 10.5: Diagonal QFI matrix elements as a function of A for HB states in the small phase
diffusion approximation. Both H;; and H», are decreasing functions of A in this regime. For a
given value of K the approximation gets worse at larger A which agrees with the validity con-
straints in Eqn. (10.11). At K =20 and A = 0.02, the relative error of the analytical values with
respect to the numerical values of H;; and H», are 9% and 2% respectively. The accuracy im-
proves at smaller A values and at K = 20 and A = 0.018, the relative errors reduce to 6% for Hy;
and 1% for H22.
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Figure 10.6: Bound on the joint estimation of phase and diffusion for HB states, numerically
optimised with respect to orthonormal proejctive measurements. K labels different particle
numbers. The main plot shows that the bound Tr [FH™!] as A — 0 for the considered K values.
The inlay plot shows the optimal bound as a function of K for the smallest sampled A of 0.01.
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10.2.1 Quantum limit

Diagonalisation of matrices in Eqn. (10.15) and Eqn. (10.16) is greatly simplified due to their
sparse structure. In particular, @’LS A can be expressed as a direct sum of 2 x 2 and 1 x 1 matrices,
whereas @’2,5 A as a direct sum of 3 x 3 and 2 x 2 matrices. The diagonalisation of these matri-
ces reveals that one of the eigenvalues of @/I,S A and two eigenvalues of @lz,s A are negative up to
the order of A* and A® respectively. Therefore, they are zero within our small phase diffusion
approximation and they do not contribute towards reconstructing our Taylor expanded density
is a rank 2 matrix and

matrices. Consequently, rank 3 matrix within the small phase

01,5 02,5
diffusion approximation. See Appendix (A.11) for details of the diagonalisation procedure and
the results. The alternative form of the QFI expression in terms of the eigenbasis of the density
matrix, given in Eqn. (7.15), can be used to find Hy; and H», within the small phase diffusion

approximation. The resulting diagonal QFI matrix elements (when keeping second order in A

terms only) corresponding to the HB probe state are
Hypsa = 2K(K +1) - 2K (K +1)?A%, (10.17)

and

1
Ho 50 = 2K(K+1) = Z(K(K + 1))2A%, (10.18)

The first of these expressions shows that the presence of phase diffusion diminishes the pre-
cision attainable in the estimation of phase. This has been anticipated before [10, 115, 116,
117, 138], but we now provide an exact expression for HB states. The second expression shows
that it is possible to achieve a quantum-enhanced estimation of the phase diffusion parameter.

This is because the QFI for A scales quadratically with K, while any classical strategy with K
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particles will only lead to a QFI scaling at most linearly in K. Figures (10.4) and (10.5) show the
comparison of the obtained analytical expressions in Eqn. (10.17) and Eqn. (10.18) with the nu-
merical data points. Additionally, numerical phase diffusion validity plot for this approximation

is shown in Fig. (A.4) of Appendix (A.11).

10.2.2 Trade-off relation

The trade-off relation in the limit of A — 0 for an arbitrary POVM set {7,} composed of

projectors Ivy) Zn 0r},nelxy 12n,2K —2n) is

1 2
Tr[FH | = X&+D
2
x S (Zn w=0 Rynn SIN (®J/yn,n’) (n—n )) +4A° (Zn w=0 Rynn' COS (®J’vn»"') (n- n,)z) . (10.19)
y=0 X =0 By cos (@y.nyn’)

where 0y, , v = Xy, — X),n +2¢(n—n')) and Ry, v = Iy, Ty, byby. The term independent of
A corresponds to Fy;/Hjq, whereas the remaining term containing the factor of A2 corresponds
to F»2/ Ho,. Details of the derivation are given in Appendix (A.12). Equation (10.19) shows that
in the regime of A — 0, to attain high precision about A, we require some A dependence in the
POVM to reduce the effect of the A? factor appearing in the F,, term. Without knowing this

further structure of the optimal POVM, standard maximisation seems to be a challenging task.

To gain some intuition of what the trade-off relation might be as A — 0, numerical results
based on a simulated annealing algorithm are presented in the small particle number regime.
The results suggest that the bound in the joint estimation of phase and phase diffusion using

HB states approaches 1 as A approaches 0. Figure (10.6) shows this tendency with the smallest
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Figure 10.7: Numerical results with the canonical phase measurement POVM at A = 0.01. In the
high particle number regime (considered within the simulation), the POVM gives significant
information about both phase and diffusion with the total trade-off Tr [FH™!| of approximately
1.06.

sampled A of 0.01.

Although the diagonal elements of the QFI matrix (H;; and H»») reach maximum at A =0,
the above mentioned numerical results (performed for small particle numbers) suggest that the
opposite is the case for the joint information bound. As an example, we consider the canonical
phase measurement POVM [19, 20], corresponding to a projection onto the phase state |y) =

Y, €¥|n), which for our two-mode HB probe state has the form,

1 K.
lv,)=—— ) e"|n,2K - n). (10.20)
Y Van r12=:0

This POVM was suggested in Ref. [137] as an optimal measurement for estimating both phase

and diffusion in the large particle number regime using the cosine state.

The canonical phase measurement has no A dependence and therefore for our scheme,

according to Eqn. (10.19), the FI of the diffusion parameter gets vanishingly small as A — 0.
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Figure 10.8: Numerical optimal join information bound for HB probe states for different A and
K values obtained using the simulated annealing search algorithm. The bound peaks at some
intermediate diffusion value (between 0.3 and 0.4) for the considered particle numbers.

However, it is still possible to extract some information about A using this POVM if A is not
too small. We numerically simulate the performance of this measurement in our estimation
scheme for A = 0.01 and particle number (K) regime between 1 and 80. The results presented
in Fig. (10.7) show that in the high particle number regime (considered within the simulation),

we can extract significant information about both ¢ and A.

10.3 Trade-off for intermediate diffusion

The analytical understanding of the trade-off (valid for arbitrary A values) in the joint estima-
tion of phase and diffusion for a general FPN state and in the special case of HB states remains
an open question. However, the large diffusion analysis shows that for FPN states with equally
weighted magnitudes the joint information bound approaches 2 which is the upper bound set
by the QCRB. For HB states, this corresponds to the large particle number regime. Since this

is true in the large diffusion regime and Tr[FH '] < 2 then it has to also apply to the globally
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Figure 10.9: Globally maximal joint information bound with respect to all A values plotted as a
function of K for HB states.

maximal bound across all diffusion values for such states.

Simulated annealing algorithm was used to perform a numerical search on the space of
projective measurements to maximise the joint information bound at a given A and K values in
the case of HB states. The results are shown in Fig. (10.8) and Fig. (10.9). The bound peaks at
intermediate values of A (between 0.3 and 0.4) for the considered K values. As K increases, the
numerics suggests that this maximal bound also increases but at a decreasing rate for higher K
values. As explained at the beginning of this section, we expect this maximal bound to reach

the upper limit of 2 set by the QCRB.

10.4 Summary

In any physical system, noise processes are always present and to be able to include them in the
estimation schemes is an important step towards real-life, robust metrology. In fact, in many
circumstances, noise itself may be the parameter that we require to gain the knowledge of. This

brings us to the situation, where the simultaneous estimation of unitary and non-unitary pa-
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rameters is of interest. The presence of non-unitary parameters (noise) typically makes the
analysis of the system much harder since one has to deal with mixed states as opposed to pure

states.

In this work, the problem of quantum-limited joint estimation of phase and collective de-
phasing was studied in the framework of QCRB using FPN states. The QFI for this system is a
diagonal matrix whose elements are derived in the regimes of large (for a general FPN state) and
small (for the special case of HB states) diffusion by performing Taylor expansion of the evolved
density matrix in the appropriate limits. The results are shown in Eqn. (10.4), Eqn. (10.5),

Eqn. (10.17) and Eqn. (10.18).

One of the goals of this research was to answer how closely the precision promised by the
QFI can be attained when one tries to estimate phase and diffusion simultaneously by perform-
ing projective measurements acting on a single copy of the state. Of particular interest was to
understand how this attainability is affected by the dimension of the state which in the instance
of HB states is equal to (K + 1). Although the QFI is attainable in the individual estimation of
parameters [4], it is not necessarily so in the joint estimation schemes due to the possible non-
compatibility of optimal measurements. This gives rise to bounds quantifying how much in-
formation can be gained about one parameter in the expense of the knowledge about the other
parameters. Such bounds are of fundamental importance in quantum mechanics and therefore
worth pursuing. They were studied in previous works for different schemes [138, 141, 142] and

defined by Tr [FH™!|. In general, the QFI as well as the optimal bound are phase independent.

The analytical joint information bound for phase and collective diffusion is derived in the
large diffusion regime (for a general FPN state) by assuming the optimal POVM to be composed

of projectors with components of equally weighted magnitudes. The choice of this POVM was
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motivated by the results from the simulated annealing algorithm which searched through the
space of projective measurements to maximise the bound for the special case of HB states. The

POVM and the associated bound are shown in Eqn. (10.6), Eqn. (10.7) and Eqn. (10.8).

The analytical bound in the small phase diffusion regime is more difficult to derive due to
the more complex structure of the optimal POVM. The results suggest that this POVM should
contain some diffusion dependence in order to obtain significant FI for the vanishing diffusion
parameter as A — 0 (see Sec. (10.2.2)). A numerical routine was therefore employed and found
that in the small particle number regime for HB states the bound Tr [FH!| gets close to 1 as
A — 0. Moreover, if diffusion is not too small then it is possible to obtain significant FI for
both ¢ and A with a POVM which is A independent. This is the case for the canonical phase
measurement where the numerical results, performed at A = 0.01 and for particle number (K)

between 1 and 80, show exactly this for higher K values.

The main conclusions are:

1. The QFI matrix in the small phase diffusion regime shows that HB probe states can achieve
nearly Heisenberg like scaling not only for phase, but also for diffusion in the instances
where the second order in diffusion terms are very small. This is promising for areas

where estimation of small diffusive noise parameters is of interest such as thermometry.

2. In principle, quantum-limited simultaneous estimation of phase and phase diffusion is
possible in the large phase diffusion regime for FPN states whose components are of
equal magnitude. However, the quantum limits themselves decrease exponentially with
diffusion and therefore, this is of practical importance in the instances where we are lim-
ited to such states. Nevertheless, this result advances the analytical understanding of this

simultaneous estimation scheme. Additionally, it shows that the globally maximal bound
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across all diffusion values, which may or may not coincide with the large phase diffusion

regime, will also saturate the QCRB for such states.

3. As diffusion approaches zero, the numerical simulations for HB states suggest that one
cannot achieve the quantum-limited precision for both parameters and the associated
trade-off relation, Tr [FH‘1 ], approaches one. Therefore, the individual estimation of pa-
rameters is always favourable in such instances. However, the simultaneous estimation
is sometimes unavoidable, for instance in imaging, and it is important to have the knowl-
edge of the associated limitations. This numerical evidence still awaits an analytical un-

derstanding.

While this work provides several results on the simultaneous estimation of phase and phase
diffusion and the relevant framework for further studies of quantum-limited estimation schemes

in the presence of noise, there are still some immediate open questions:

1. The QFI matrix for HB states and general FPN states for arbitrary diffusion strength.

2. Analytical joint estimation bound in the small, and ideally, in arbitrary diffusion regimes.
3. Structure of the optimal POVM in the small, and ideally, in the general diffusion case.

4. Proof of optimality of the POVM in Eqn. (10.7) in the large diffusion regime.

5. Translation of the optimal POVMs into feasible experiments enabling optimal joint esti-

mation of phase and diffusion.

6. Finally, the problem of estimating phase diffusion in the presence ofloss and phase [147],
and the quantum-limited estimation of phase diffusion simultaneously with multiple

phases [148, 11, 94, 149, 4] also remain unaddressed.



Chapter 11

Overall thesis conclusion

Metrology has come a long way since its beginnings that can be traced back to the begin-
nings of humankind. It allowed improving people’s quality of life by aiding the development of
medicine, telecommunication, transport, navigation and sensing technologies. The advances
in quantum physics can further benefit this field by exploring new platforms to reach higher
sensitivities and studying the fundamental limits in the achievable precision in different es-
timation schemes. The quest for gravitational waves is a great example of this. The field of
metrology is very broad and covers many areas. The work presented in this thesis investigated

two aspects of metrology:

1. Optomechanical state estimation — experimental work

2. Precision bounds in quantum multi-parameter estimation — theoretical work.

The optomechanics project, presented in part II, considers a Brillouin system inside a mi-
croresonator evanescently coupled to an external laser field at room temperature. The sys-
tem consists of one acoustic mode and two optical whispering gallery modes separated by the

136
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mechanical frequency of 11 GHz. The lower frequency optical (pump) mode is injected with
the laser light which leads to scattering of the pump photons off the mechanical (acoustic)
phonons into the higher frequency (anti-Stokes) mode. As a result, the mechanical mode is
sideband cooled and the interaction between the mechanical and anti-Stokes modes can be
represented by a beam-splitter interaction Hamiltonian with the pump mode acting as an aux-
iliary field. See Fig. (5.2). The anti-Stokes mode is continuously monitored by a heterodyne
detector. The resulting data, in the form of oscilloscope’s time traces, are input offline to an
appropriate stochastic Gaussian model [79] developed in collaboration with Klaus Malmer and
Jinglei Zhang at the University of Aarhus. Such protocol, described in details in chapter 6, op-
timally uses the data to estimate phase space trajectories of the mechanical mode and subse-
quently enhances sideband cooling of this mode by means of reducing the uncertainty asso-
ciated with its phase space coordinates. This effectively purifies the state and the results are
shown in Fig (6.5). Another important message of part II is that heterodyne detection beats the
commonly used in optomechanics homodyne detection in the amount of cooling that can be
achieved for beam-splitter type interaction Hamiltonians. This is discussed in details in sec-
tion 6.5. The experimental protocol presented in part II will have a positive contribution in
the areas of optomechanics and sensing, and the manuscript for publication from this work is

currently in preparation.

The quantum multi-parameter estimation project, presented in part IlI, theoretically con-
siders the problem of simultaneous estimation of unitary and non-unitary parameters. While
many metrology protocols consider interferometric phase as the parameter of interest, the
presence of noise is unavoidable in real-life systems and will degrade the achievable precision
associated with the unitary parameters. Additionally, the noise parameters may be the parame-

ters of interest and their precise identification certainly improves our knowledge of the studied
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system. The precision with which the parameters can be estimated is determined by the choice
of probe states and measurements. The main work presented in part I1I explores the simultane-
ous estimation of phase and phase diffusion in the framework of quantum Cramér-Rao bound
using fixed-particle number states. In particular, the work aims to identify the quantum limits
associated with the parameters in the form of quantum Fisher information matrix, defined in
Eqgn. (7.13), and whether these limits can be achieved simultaneously. The joint attainability of
the precision limits can be quantified via the trade-off relation quantity defined in Eqn. (9.11)

and it arises due to the possible non-commutativity of measurements in quantum mechanics.

Holland-Burnett states were considered in this work as the special case of fixed-particle
number states which allow reaching the non-classical Heisenberg scaling in noise free phase
estimation schemes. One of the goals of this research was to investigate how the attainability
of the quantum limits given by quantum Fisher information is affected by the dimension of
the state. Holland-Burnett states are a good choice for this as their dimension scales with the
number of particles. The main results of this project include the derivation of the analytical
quantum Fisher information matrices in the limits of large (Eqn. (10.4) and Eqn. (10.5)) and
small (Eqn. (10.17) and Eqn. (10.18)) diffusive noise. The large diffusion limit is performed for
a general fixed-particle number state whereas the small diffusion limit for the special case of
Holland-Burnett states. In the limit of small diffusive noise, Holland-Burnett states attain the
Heisenberg scaling in the individual estimation of both phase and phase diffusion. However,
here, numerical simulations suggest that knowing one parameter precisely implies little infor-
mation about the other parameter. Therefore, individual parameter estimation in this regime
is favourable. The large diffusion analysis suggests that optimal estimation of both parame-
ters simultaneously is possible. However, larger values of the noise parameter degrades the

advantage of using non-classical schemes. Nevertheless, the result provides a more complete
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analytical understanding of the problem. The trade-off quantity for intermediate diffusion val-
ues was also considered numerically for Holland-Burnett states of low particle numbers. The
results in Fig (10.9) suggest that the trade-off relation can reach close to its optimal value of
2 as the number of particles in the state and hence its dimension increases. This work was
published in [5] and a review article on the topic of multi-parameter quantum metrology was
published in [4]. The studies presented here provide the relevant framework for works concern-
ing quantum-limited estimation with noise. In particular, it gives a starting point for imaging

applications, where a multi-parameter estimation problem arises naturally.
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Appendix for part 111

A.1 QFI matrix elements in terms of the eigenbasis of the den-

sity matrix of the input probe state

The following is a proof for the alternative formula of the QFI matrix elements (H;;), given in
Eqgn. (7.15), in terms of the eigenbasis of the density matrix of the input probe state. The SLD

equation given by Eqn. (7.14) is the so called Lyapunov matrix equation which has a solution
A o0 A A
Li=2 f dre 0279, pae er% (A.1)
0

Writing 0, in its eigenbasis, o = Y i Exlex)(exl, and applying the definition of an exponential

—oank .
Z‘Lo( % )~ we obtain

function, e 0! =

R enl0y.0ale
Ll‘ -9 Z ( ml A,Q/ll n>
n,m

E+E, lem){enl. (A.2)
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L;L; can therefore be written as

(eml0y,0alen) (€nl0a;0alen)
En+Enm Ey+Ep,

lem){en|. (A.3)

Writing 0 in its eigenbasis form, the following expression for 94 L; L; can be obtained,

.. (eml0y,0alen) (enl0r;0alen)
OALiLj=4 ) Ep ~ - -
el En+En E,y+E,

lem)(enl. (A.4)

Taking the trace of the above expression and using the eigenbasis form for 0,04, i.e. 03,04 =

> k0, Exler) (el + Exl0a,er) ekl + Exler) {0y, exl, we get

Tr(paLiL;) Z — E )2(6nmaa Ep+ (En— Em)(0a,€nlem)) 8 n,m01,; Em
o ( " (A.5)

+ (Em—Eyn) (61]. emlen)).

Multiplying the brackets, using 0, {e,|e;;) = (01, enlem) +<e,l0,, em) = 0 and taking the real part
of the resulting expression, the required formula for H;; is

0. (En)0y . (Ey) (Ep — Ep)?
H.—R i j 4 ZnT Em
ij € Z E, " n,m " (Ep+ Em)?

n

(enldy, em><a/1j emlen) | . (A.6)

A.2 FPN state in the phase dependent basis

Complex amplitudes, a,, of ¢ can be written in the exponential form as a,, = |a,|e'?”, where

0, € {0,27}. With this, ¢ can be expressed as,

2K : ! 0 0 Az n2
0= lanllay|elP=0n"0ule=5 (=m0 oK — ny(n/, 2K = 1. (A7)

n,n'=0
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All the phases can be absorbed into the basis of p and the same is true for its derivatives. There-
fore, operating in this new basis, |T';, k4,0 = el @n+0n) |y 2K — ), all the matrix elements of ¢ and
00 are positive, and all the elements of 00 are imaginary. The corresponding matrix repre-

sentations are,

2K _A_z( B ’)2
0= lanllayle” 2" "0, k00w k0, (A.8)

n,n'=0

2K
0p0=1 Y (n—nlayllayle

n,n'=0

2 A
T n=np

K00 L k0.0l (A.9)

2K A2 N2
onp=—-0 Y, (n—nlanllawle” ="y k00T k0l (A.10)

n,n'=0

A.3 Quantum Fisher information numerical routine

The numerical routine for calculating QFI relies on vectorising the SLD equation, given in Eqn. (7.14),
so that it becomes

210y,0)=[p®I+I®0 1L, (A.11)

where [ is the identity matrix. ¢ can be written in its eigenbasis representation as 9 = VDV,
where V is the matrix of eigenvectors of p and D is the corresponding diagonal matrix of eigen-
values. Similarly, @T can be expressed as V*DVT. Therefore, the right hand side of Eqn. (A.11)

becomes

el+ieptl|L) =
(Ve VDo H(VievT
(A.12)
+WeVH(UIeD)(Vie VI)IL)

= (Ve V¥ (Del+IeD)(Ve VL.
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|L;) can therefore be found by taking the inverse of D ® I+ I® D so that it can be written as

ILiy=2(Ve V(Do l+leD) (Ve V*)"a,,0). (A.13)

The numerical QFIs can then be found by putting |L;) back into its matrix form and substituting

itinto Egn. (7.13).

A.4 Validity of the large diffusion approximation

We evaluate the error associated with the large phase diffusion approximation by considering
norm one of the matrix composed of the neglected elements of the original density matrix o

(Eqn. (9.4)). Therefore, the error € can be expressed as

2K 2K ’ ,)2
0 O n-n
€= Z |Qn,n'_QLAn,n’}: Z |ay|la,|x R
n,n/:o n,n':O, (A.14)
n#n',
n#n'tk

where we used the fact that the magnitude of the complex exponential is 1. We can overestimate
the error by setting the power of x to the lowest possible number, (n— 1), = k + 1, which
corresponds to the first off-diagonal that is negligible within the approximation. For the special
case of HB states, k = 2, but also (n — 1) i, = k + 2 since only even numbered off-diagonals
contribute non-zero elements to the density matrix. With this, the errors for a general FPN
state and for the special case of HB states (where a, = bgé‘ n2q as defined in Eqn. (9.2)) are

respectively

2K
2
eFPN) < 2001 S g fay] (A.15)

n,n'=0,
n#n'+k
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and

2K K
2
efB) < 2B 27 14 % agllagl [=x%2 -1+ Y buby|. (A.16)
n,n'=0, n,n'=0,
n#n'+k n#n'+1

2K

The summation term in Eqn. (A.15) and Eqn. (A.16) consists of two sums, one positive ) =

ol@nllay|
and one negative 22‘?‘15 lanllan—il|. To further overestimate the error, we can set the negative

part of the summation to zero. Additionally, to derive a closed form of the error in terms of K,

we can overestimate the error even further by setting |a,| = |a,|. This is due to the arithmetic-
harmonic mean inequality for positive numbers, (|a,| + |a,|) /12 = 2|a,llay|/ (|a,) + |a,y ), which

can be re-written as |ay| |a,| < (Ianl2 +|ay Iz) /2 with equality when |a,| = |a,y|. The amount by
which the errors are overestimated gets worse when k > 1 since some of the coefficients a, are

zero. We can account for this in the case of HB states by reducing the Hilbert space from 2K to

K as shown in Eqn. (A.16). We therefore obtain the following errors

2K
eFPN) < 20k 1)" (—1 + ) Ianlz) = 2 K2k’ (A.17)
n,n'=0
and
eHB) < gx32, (A.18)

We evaluate the validity of the approximation by defining the error € (equations (A.15), (A.16),
(A.17) and (A.18)) as some fraction f of the sum of the elements of the original density matrix

0. Therefore,

2K 2K 2(n— /)2
e=f Y lonw|= Y lanllawlx®™ " (A.19)
n,n'=0 n,n'=0

K

We can tighten our error bound by using the lowest possible value of 2121 =0 |Q n, n/| which is 1.

This effectively demands our error to be smaller than that given in Eqn. (A.19) and re-defines it
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as,

e=f. (A.20)

This translates to the following regimes of A within which our approximation is valid,

AFPN) > \/(k 21)2 1n(%<) (A.21)
+

or in terms of the coefficients, a,,, of the FPN state

sz 2 e S jaian (A.22)
(k+1) f n =0,
n#n'tk

and

AHB) > \ /%m(?) (A.23)

or in terms of the coefficients of the HB state b,,

1 1 K

AFB > |\ —n|—| -1+ Y buby||. (A.24)
8 f n,n'=0,
n#n'+k

Eqn. (A.21) and Eqn. (A.23) show the vIn (K) dependence on the threshold value of A for the

considered relative error f.

The exact numerical validity plot for the actual QFI is shown in Fig. (A.1) in the case of HB
states. It shows the minimum values of A as a function of particle number (K) when the highest

allowed relative error (6 H;;/ H;;) is 0.05.
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Figure A.1: Phase diffusion numerical validity plot within the large phase diffusion approxima-
tion for HB states. The figure shows the threshold values of A as a function of particle number
(K) when the highest allowed relative error on the QFI is 0.05. K =1 case is not shown as it
already gives a tridiagonal density matrix and therefore an exact solution valid for all A.

A.5 SLD matrices in the large diffusion regime

In the large A approximation, the SLDs for a general FPN state are given by the following ex-

pressions,

F
ana,,

2K
Lipa =2ix% Y (n-n)———"—e"",, i, 2K — ny(n', 2K - 1| (A.25)
n,n'=0 lan|® + |an’|
and
2 2 A J2k2 K a”a;’ ip(n—n') / /
Lyia=—2°Ax*" Y ————e®" M5, i kn, 2K - ny(n', 2K - 1), (A.26)
n,n'=0 lan|=+|ay]

where subscripts 1 and 2 refer to ¢ and A respectively. The above SLDs can be substituted into
the SLD equation, Eqn. (7.14), to check that these are the correct solutions within the approxi-

mation. Firstly, we perform such verification for L; ; ». The left hand side of the SLD equation
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is,

2K
20p01a =21 ) ana,, (n— n')el®n-m) y2(n-n )2(5,1,,1/ + 8 +k) 11, 2K — n)(n', 2K — 1’|
n,n'=0

(A.27)

2K
. 2 : o
= 2ix?k Y ana,’;,(n—n')e“/’(” "8 skl 2K — ny(n', 2K — '),
n,n'=0

where §,, ;7 does not contribute any non-zero terms due to the factor of (n — n') appearing in

the summation. To calculate the right hand side of the SLD equation, we require expressions

for oraLy,La and Ly 1aQra,

2K a,lay*a*
N S . 2 nin I o I N2
QLALLLA — 21x2k Z (n— n/) . m2 ip(n—m )x2(n m’)
n,n',m'=0 |an| + |an’|
X (8t + 0t i) kel 1, 2K — my(m’, 2K — m| (A.28)

2K ana*,|a,y|?
L o2 na, 1qn
= 2ix?k Y (n—-n n
n,n'=0

i /
arae  Onmekln 2K = myn, 2K~ n|
n n'

and

Litapia = Oralira)’

ana’,|an|® (A.29)

2k? X
=2ix™" Y (n-n)
n,n'=0

3 !
mel(’bm_n )6n,n/ik|n,2K— n)(n’,ZK— n'l.
n n'

In obtaining Eqn. (A.28) and Eqn. (A.29), we keep terms of order up to X2k only. The right hand

side of the SLD equation is a sum of Eqn. (A.28) and Eqn. (A.29) and hence

. R e X ana’,(lan|® +|ay|?)
A A 2k / n
Otaliia+Liiafia =2ix"" ) (n—n)

n,n'=0

3 !
i S Snekln, 2K = myn', 2K =
n n'

2K
. 2 : o
= 2ix2k Y (n—n’)ana;‘;,e“/’(” "8 skl 2K —ny(n', 2K — 1’|
n,n'=0

(A.30)
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which is equal to Eqn. (A.27) i.e. 20p01A. Therefore, Eqn. (A.25) gives the correct expression for

_2k2A2 .. A
e 2k°A%14 - A similar proof can be constructed for Ly 14, however,

~ 2

Ly 1A up to the order of X2k =
. 2 2_ -2

here the order of accuracy is attenuated from x**" to x2F" ~42"Ind) dye to the presence of the

factor of A.

A.6 QFI elements in the large diffusion regime

The following is the calculation of Hjj 1A, QFI corresponding to the individual estimation of

. . . . . 2 2
phase, in the large diffusion regime for a general FPN state. Firstly, we calculate L | ,,

2K a,a’ la r|2
7 2 452 Neon! / %y 1%n ip(n—m'
(Lia)?=-4x* Y (n-n(' = m)— — 5~ €T sk sk
o (anl? +1awP)(apl? +an?)

x|n,2K —n)(m',2K —m/|.

(A.31)
With this,
2K ajla,|?a,|?a* .
R " 2 11%n n / —m' —n)?
orallia)?=-4x* Y (n-nW'-m)— 5 el 2
Ln,n',m'=0 (lanl= +lay?) (| ap | +ap 1)

X Onn kO n',m' k(01,0 +01,nek) 11, 2K — h(m',2K - m'|

2K anlan?lay?a .
2 n n n ! !
=—4x"® Y (n-nn'-mh—; 5 e )
o (anl+ @ PY(an P+ am )

XOpnn+kOn' m+kln, 2K — ny(m',2K — m/|,

(A.32)
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where in Eqn. (A.32), terms of order higher than X are neglected as explained in the main

text. The total neglected term is given by 6 gy,

2K 2 12
6q¢ = —4x*F Y. (n—-nn'-m) ailanl 1@y |y eleUl=m) y2(0-n)*
2 2 2 2
I,n,n',m=0 (lanl® +law?) (a1 + |aml*) (A.33)

X 6n,n’ik6n’,mik51,nik|Z’ZK_ D{m,2K — ml|.

Taking the trace of the neglected term in Eqn. (A.33) gives zero and therefore neglecting terms
of order higher than x*** contributes no error to the actual QFI. Taking the trace of Eqn. (A.32)

gives,

4 2
/)2 |an| |an’|

2K
~ 2

Tr[ora (L 2] = ax* n-— '

[OrA(L1,LA)7] Y ( (anZ + lay 2o mm=k

n,n'=0

2K ,|2

42 AR % |an|*|an—i|* law_r|*ay,
B (lanl? + |@n_i|?)? (@ _ k2 + | ay|?)?
n=k n n—k n'=k n'-k n

2K 2 2
2 lan|“lan—kl

n=k |an|2 + |an—k|2

(A.34)

As all the terms in the above expression are real then this is also equal to H;; ;4. The same pro-
cedure can be performed to calculate Ha2 1A, QFI corresponding to the individual estimation of

A. In this case, the neglected term also contributes zero to the actual QFI.

We can upper-bound the summation term, A = Z?fik \an|®lan—i*! (|anl* + |ay—k|?), appear-
ing in Eqn. (A.34) by noting that the terms inside the sum have the form of the harmonic mean
and therefore,

2K 2
a + a

1
2

with the equality when la,|? = |a,_i|? for n € Z{k : 2K}. Further, we can expand the sum on the
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Figure A.2: The summation term (A) in Eqn. (A.34) gets close to 1/2 at large K. For K = 1000, A
=0.49.

right hand side and re-group its elements to give
1 2 2 2 2
A< 4(|6lo| +..+laxkl” +lagl” + ...+ |axk—kl7). (A.36)
Using Z,zfio |a,|? = 1 we obtain

A=<

ke
e Z (lanl® + | azg—nl?) (A.37)

N |~

which gives the upper bound of 1/2 when Zﬁ;%)(lanlz +lask—_nl®) /14 =0.

For HB states, the upper bound of 1/2 is reached when (Ibol2 + IbKlz) /4 = 0. This condi-
tion and hence the upper bound is asymptotically reached when K becomes large as shown in

Fig. (A.2).

A.7 Complementary QFI plot to Fig. (10.2)

Fig. (A.3) shows a linear plot of the QFI as a function of A for large phase diffusion values.
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Figure A.3: Complementary figure to Fig. (10.2) showing a linear plot of the QFI as a function of

A for large phase diffusion values. Additionally to the curve, we plotted the sampled A points
for the analytical QFI expression (crosses) to magnify the calculation error for smaller A values.

A.8 Trade-off in the large diffusion regime

We consider orthonormal projective measurments acting on a single copy of the evolved FPN

state, given in Eqn. (9.4). Such a measurement can be realized by a POVM set {|v,)(vy [}, where

2K .
lvyy =Y 1y e n, 2K - n) (A.38)
n=0

with ry,,, € R{0: 1} and X,,, € R{0: 27}. The completeness relation, Z?,folvﬁ(vyl =1, and the

normalisation give the following constraints respectively,

2K

Z Tynlyn€
y=0

Con=Xyn) = 5, (A.39)

and

Y2, =1 (A.40)
0
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The probability associated with the y™ outcome and its corresponding derivatives with respect

to ¢ and A are given by,
2K o2
py = (vyldralvy) = Z relan® +2x Z Ty,nTy,n—kl@nlln—k| cOS(®y,, 1) (A.41)
= k Y
n=
o 2K
0ppy =—2kx™" Y rynlyn-klanllan—rlsin(©y,, k) (A.42)
n=k
and
2\ 22 S
Oapy =—2k"Ax™ Y ryulyn—klanllan—il cos(©y, k), (A.43)
n=k

where 0, ¢ = (X}, -k — Xy,n +0n — Op—i + k¢). Using Eqn. (7.11), the resulting elements of the
Fisher information matrix, F;; and F», corresponding to the individual estimation of ¢ and A
are given by,

(XK rynlyn-klanllan_klsin (G)J/:”vk))z

I 0( inmnm +2x2K* Z?fik (”y,nry,n—kmn”“n—k' cos (®y,n,k))

=4k’ 4’€Z(

9 (A.44)
4k2x4k2 %( ((ank ry,nry,n—klan”an—klSln(®y,n,k))
y=0 Yok nlanl?
and
2
— Ak A% 4K2 (Z,zfik ry,nry,n—klanHan—kl Ccos (®y,n,k))
7=\ X8, (12 planl?) +2x2%° 2K (1) 01y el @nll@n—il cos (©y,, a
(22K rynr |anllan—il cos(© ))2 (3.45)
:4k4A2x4k22( y»nlyn—klUnlllpn—k »nk ,
y=0 Zn 0 y,n|an|
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where we neglect orders higher than x*** t0 obtain the final expressions. The trade-off, Tr [FH™!|

Fy1/ Hyy + Fo2/ Ho, is calculated using quantum limits found in Eqn. (10.4) and Eqn. (10.5). Itis

2K 1 2K
-1
TFH '1==) |——— Z Ty nTyn—kTyn Tyn—kl @nll @il @ || @ k|
»n »nty,
Sy=0 Z rynlanl n,n'=k

x (sin (Oy, ) sin (0, k) + €08 (O, ) cOS (@y,n',k))) (A.46)

RELYP K i TynTyn—kTyn Tyw—klanllan—illawlap_i| cos (O, n k — O k)
B Z( Xnto Tyl anl? )

where s = Zi’ik |an|?|an-kl?*! (lan* + lan—k|*) and to obtain the final expression, we used the
identity cos (a — b) = cos (a) cos (b) + sin (a) sin (b). Since s, ry,, and |a,| in Eqn. (A.46) are posi-
tive then the trade-off is maximised when cos (0, , x — ©y, k) = 1. Further, assuming projectors
whose coefficients have equally weighted magnitudesi.e. ry,, = 1/4/ %( + 1, we get the trade-off

as given by Eqn. (10.8).

A.9 Linear independence of the elements of sets }V; and WV,

Sets VW, and WV, are described in Eqn. (10.12) and Egn. (10.13). Their elements consist of vectors
|lwy) = Zf:o nk_llgon) for k ={1,..., N}, where N (number of vector elements) is 3 for VV; and 5
for W,. We are interested in a situation, where (K + 1) = N since the size of the density matrix
in the number basis is (K + 1) x (K +1). A set is linearly dependent if one of the vectors in the
set can be expressed as a linear combination of the other vectors. If none of the vectors is
linearly dependent then the set is said to be linearly independent. Mathematically, the linear

independence can be stated as

N K
Z Ck-1 Z nk_ll(pn> =
k=1 n=0

(A.47)
iffcp_; =0fork =1{1,..., N}.
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The above condition can be re-written as

n=0 k:l

K N
Z (Z Ck—lnk_l) lgpn) =0

(A.48)
iffc_1 =0fork ={1,..., N}

and since vectors ¢, = b,e%%"2n,2K —2ny, n = {0,...,K} are orthogonal then the condition for

linear independence can be further simplified to

N
Y crn* T=co+en+cen®+..+enn¥ =0
k=1

forn=10,..,K} (A.49)

iffcp,_1 =0fork =1{1,..., N}.

We, therefore, obtain (K+1) distinct, simultaneous equations, corresponding to cases n = {0, ..., K},
with N unknowns. However, the first equation (n = 0 case) imposes condition ¢y = 0. There-
fore, after solving for the first N equations we will obtain two equations relating two unknowns,
but there will be a contradiction because the two unknowns (in each of the two equations) will
be related by a different constant factor because the coefficients in front of c;_; take different

k-1

values for each equation. Therefore, if (K + 1) = N then chvzl Ci—1M can only be satisfied if

cx—1 = 0fork ={1,..., N} as required by the linear independence condition.

To see this, we can consider an example of W), set containing N = 3 vectors and K = 2. We

get the following 3 simultaneous equations,

Co = 0
co+c1+c=0 (A.50)

co+2c1+4c,=0.
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It is clear that if ¢y = 0, as required by the first equation in (A.50), then the remaining two equa-

tions, will be in contradiction.

A.10 Gram Schmidt procedure and orthonormal sets V; and V),

The first vector |w;) of sets VWV, and W, given in equations (10.12) and (10.13), is already nor-
malised and therefore, it can be taken as the first element |v;) of the orthonormal sets V; and

V,. The remaining vectors are found using

|Wit1) = X (il wies) i)

|Vk+1) = . (A.51)
T Mwies) - XX ilwg v |
The Gram Schmidt procedure produces the following orthonormal basis set,
K
lv1) =) lon),
n=0
2v2Y K (n=5)lpn)
[v2) = ,
VIo(n+K)
oy = 8V2YK o((n—5)2 - KK+ 1)lpn)
8 (n+K-1
\/H”‘O(" ) (A.52)
) K
|vg) = Y (K=2n)(2+ (-3+K)K +16n(n-K)lpn),
VIl (n+ K = 2) =0
K 3
|vs) = v2 Y (J] K=-n)-32K2+(K-1K)n

VT + K =3) 150 /=0

+32(2+ K (5K —1))n? —256Kn> +128n*)|@,).



A.11 Reduced HB density matrix and its diagonalisation in the small diffusion regime 156

A.11 Reduced HB density matrix and its diagonalisation in the

small diffusion regime

In the small A approximation, the HB density matrix can be Taylor expanded to the second and
fourth order in A about A = 0, as shown in Egn. (10.9) and Eqn. (10.10). The entries of @’1 sa (see

Eqn. (10.15)) in terms of K and A are

AZ
b1 = 1—?K(K+l),

A’ ﬁ (A.53)
b13:—— (n+K-1), .
4\/§ n=0

AZ
bgg = ?K(K+ 1),

and the entries of ¢}, ¢, (see Eqn. (10.16)) are

AZ
ci1=1+ 5K(K+ 1)(—16+A2(—2+9K(K+ 1)),

C3= —— ﬁ(n+K—1)(—2A2+A4(—1+2K(K+1)))
13_8\/§ ik ’

A* lz[
Ci5 = (n +K - 3),
64v2 \ no (A.54)

2
e = _% K(K+1)(~4+ A2(=2+ 3K(K + 1)),

A4 5
C2a = =75y | KK+ 1) [[(n+K-2),

n=0

4 3
c3=— [[(n+K-1).
2 n=0

The eigenvalue equation corresponding to 0] ¢, can be written as
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b;1 0 biz|| x X1
=EgW (A.55)
0 b22 0 X2 X2 |’ .
b13 0 0 X3 X3

where EM and |eM) = x;|v1) + x2|v2) + x3|v3) are the eignenvalues and eigenvectors (the basis
vectors are given in Eqn. (A.52)) of 9] . The matrix equation gives 3 simultaneous equations

of the form

b11x1 + b13X3 = E(l)xl
bngg = E(I)XZ (A.56)

b13x1 = E(l)X3.
The second equation in (A.56) gives the first eigenvalue and eigenvector of

EY = by, (A.57)

and

V) = |vy). (A.58)

The remaining two equations form a 2 x 2 matrix with eigenvalue equation

bi1 biz|| x1 N
=gW (A.59)

biz 0 X3 X3

and characteristic polynomial of (E"V)? — by E¥) — b2,. The resulting eigenvalues and the corre-
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sponding eigenvectors are

1 _
E} >
(A.60)
2 2
W b11+\/b11+4b13
EW = >
and
1)
le”) = —2=1v1) + |v3)
13 (A.61)

1)

1 3
ey = ——|v1) + |v3).
b3

1)

Eigenvectors |e,’) and |e

é”) need to be normalised by dividing them by the magnitude of the

vectors. E{D and Iegl)) contain terms of order up to A%, however, Eél) and Ieél)), and Eél) and

él)) contain also terms of higher order. Additionally, eigenvalue Eél) appears to be negative,

le
however, further Taylor expanding this eigenvalue reveals that it is in fact zero within the ap-

proximation. Taylor expansion of the eigenvalues and eigenvectors to the second order in A

about A = 0 results in the following eigenvalues and normalised eigenvectors,

1
E{Y = by

1 _
EV =0
(A.62)

1
B = by
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and

1
") = |v,)

6))
le,

) =—=bizlv1) +|v3)
(A.63)

lel”) = —|v1)—bi3|vs).

These eigenvectors and eigenvalues reconstruct the HB density matrix accurate to the second
order in A. Therefore, Taylor expanding the evolved HB density matrix to the second order in A
about A = 0 in fact produces a rank 2 matrix within the approximation which can be used when
calculating Hy;. Note that neglecting the higher order terms fits within the original constraint

of A2 < 1/K2.

The same procedure is applied to @’2,5 A Which can be described by the following 5 simulta-

neous equations,

cnyi+asys+cisys = E?y
)
C22Y2+ Coays =E Yo
ci3y1+ca3ys =E@ys (A.64)
22 =E®y,

2
cisy1 = E®ys,

where E® and |e@) = y1|v1) + 2l vo) + y3|vs) + yalva) + y5|vs)) are the eignenvalues and eigen-
vectors of 9/, ¢ .. Since y, and y4 occur only in the second and fourth equation of (A.64) and y1,

y3 and ys in the first, third and fifth equation of (A.64) then o’ 2,5A €an be written as a direct sum
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of 2 x 2 and 3 x 3 matrices with the following eigenvalue equations,

C2 C24 y2 N2

= g®@ (A.65)
cy 0 Ya Ya
and
C11 C13 Ci5 N h4!
_ @
c13 ¢33 0 y3 |=E ¥3 |- (A.66)
cs 0 0 Vs Vs

The 2 x 2 matrix gives eigenvalues

/2 2
Co2 —1/C5, t4cC
@ _ 22 22 24

El
2 (A.67)
@ _ Coo + C%Z + 4C§4
E? = v .

with the corresponding eigenvectors

(2)
2 1
6Py = —|v2) + [va),

Co4
© (A.68)
)

2
le; ") = ——Iv2) + |v4),
C24

where the eigenvectors need to be normalised by dividing them by the vector magnitude.

The 3 x 3 matrix has a characteristic polynomial a of the form of a cubic equation

a=k(E?)?+1(E??+mE® +n, (A.69)

where k= -1, I = (¢33 + c11), m = (—c11¢33 + €35 + ¢53) and n = —c?; c33. The resulting eigenvalue
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solutions and the corresponding eigenvectors are

5L (1vucs )
ti (A.70)
and
E® 1 [(EP)? cnE?
6Py =—[vy) + — | —— — 15— —— | [v3) +|vs), (A71)
C15 C13 C15 C15

1/3
where i = {3,4,5), 1 =1, u = (~1+iv3) /2, us = (-1-iv3) 12, C = ([ + V=27k%C) 12) ", ¢ =
(1?-3km), {1 = Q1B -9kim+27k?n) and { = (18kimn—4n+1>m?—-4km3-27k*n?). This time,
eigenvalues Eiz) and Ef) appear to be negative, however, Taylor expanding the eigenvalues to

the fourth order in A about A =0, we get

EP =0
EY = cp

. K1 +K)(=2+K(1 +K)A?
E3 =C11+ 32

(A.72)
EY =0
2

E® =Z¢

5 3 3

The corresponding normalised eigenvectors expanded to the fourth order in A are not shown
since they are complicated functions of K and A. The zero eigenvalues and the corresponding
eigenvectors do not contribute when reconstructing the density matrix accurate to the fourth

order in A. The remaining non-zero eigenvalues (Ef), Eéz) and Eéz)) and the corresponding
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Figure A.4: Phase diffusion validity plot for the small phase diffusion approximation for HB
states. The figure shows the threshold values of A as a function of particle number (K) when the
highest allowed relative error on the QFI (6 H;;/ H;;) is 0.05.

eigenvectors reconstruct the density matrix accurate to the fourth order in A when using their
full forms given in Eqn. (A.67), Eqn. (A.68), Eqn. (A.70) and Eqn. (A.71). The reason to use the
full forms is that the eigenvectors (corresponding to E. (2), EéZ) and EéZ)) contain A™* terms and

therefore higher order terms in the expansion are required to ensure that we do not lose the

fourth order terms in A due to cancellations.

These eigenvalues and eigenvectors can then be used to calculate the diagonal elements of
the QFI matrix by using Eqn. (7.15). These elements are given in Eqn. (10.17) and Eqn. (10.18)

of the main text.

Fig. (A.4) represents the phase diffusion validity plot for the small A approximation. It shows
the maximum allowed phase diffusion values as a function of K when the highest allowed rela-

tive error on the QFI (6 H;;/ H;;) is 0.05.
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A.12 Joint estimation trade-off for HB statesas A — 0

Similarly to the approach taken when calculating the trade-off in the large phase diffusion ap-
proximation (shown in Appendix (A.8)), we use the HB density matrix expanded to the second
order in A about A = 0 (Eqn. (10.9)) and a complete POVM set {7} composed of projectors
lvy) = y K n=0Ty, nelxy |2n,2K — 2n) to calculate the probability associated with the y* h Gutcome.

The probability and its corresponding derivatives with respect to ¢ and A are,

K
py={vyld1salvyy = Y. Rypw(1—20%(n—n')*)cos(©y,nn), (A.73)

n,n'=0

K
Oppy = —2 Z Ry (1= 2A%(n—-n")?»)(n—-n')sin (@Mn’n/) (A.74)
n,n'=0
and
K

0apy=—4A Y. Rynw(n—n)?cos(0y, ), (A.75)

n,n'=0

where 0, v = (Xy,n — Xy,n +2¢(n—n')) and Ry, v = I'y,nly,wbnby. The associated diagonal
elements of the Fisher information matrix, F;; and F»,, corresponding to the individual estima-

tion of ¢ and A respectively are,

2
K (Zn n'= ynn’ sln(®y,n,n’) (I’l—l’l’) (I—ZAZ (I’l—n’)z))
y=0 Y o Rynn €08 (®y, 5 ) (1 =242 (n— n)?)

) (A.76)
(Zn w=o Rynn S0 (O, ) (n— n,))

y=0 Znn 0 Ry, n,n €08 (©y, 5 )
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and

2
16A2 (Zn e y n,n' COS (@y,n,n,) (n _ n/)z)
y=0 Zn = ynanOS (®y,n,n') (1—2A2(n—n’)2)

. (A.77)
16A2 (Zn o Rynn €08 (0y, ) (n—1') )

y=0 Znn -0 yn,n’COS(Gy,n.n’)

’

where the approximations are made assuming that A — 0 so that terms containing 2A% (n — n’ )2
are negligible compared to 1. Using the QFI expressions found in Eqn. (10.17) and Eqn. (10.18)
and assuming A — 0 so that terms containing 2K (K + 1) A? are negligible compared to 1, we can

compute Tr[FH™!]

Tr[FH | =

2
2 [ O - n')) 482 (5K Ly Rynrc05(©y) (1= 1Y)
K(K+1) y=0 Zn w0 Ry,n,n €OS (®y,n,n’)

(A.78)

The A term appearing in the trade-off in Eqn. (A.78) cannot be simply neglected (by invok-
ing A — 0) because we require to compare terms of the form: sin(©y,, ,)sin(0©,,,, ) and
4A%c0s (0, 11) €08 (Oy, m, n) (n— ') (m—m'). If the phase of the POVM has some A depen-
dence then it is not straightforward which term dominates. In fact, to obtain significant Fisher
information for the diffusion parameter for decreasing values of A, we would expect some A de-
pendence in the POVM to reduce the effect of the A? factor. Without knowing further structure
of the optimal POVM, standard optimisation is a difficult task to perform. However, the nu-
merical results based on the simulated annealing algorithm suggest that as A — 0 the trade-off

approaches 1 (see Fig. (10.6) of the main text).
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