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Supplementary Information for A finite sufficient set of conditions for catalytic
majorization

SUPPLEMENTARY NOTE 1: PROOF OF THEOREM 8
1. Preliminary results

We first introduce the essential ingredients that serve as the foundation for proving Theorem 8.

Fact 1. [1, Theorem 2.7.1] Consider two sets of positive real numbers {a;}¥.; and {b;},. The following inequality
holds:

N

N " N > a
i i=1
Zai log (bz> > (Z ai> log ~
i=1 i=1 Z bz
i=1

We now present the useful definitions and lemmas from [2] that connect the scaled I, norms of vectors to a class of
symmetric polynomials used to derive our results. To this end, we start with the following definition:

Definition 2. Consider an integer » > 1. Denote the r'" degree Taylor polynomial expansion of the exponential

function by P,., where P,.(v) = i Z—, For any vector x € RN and any real number t € R define
i=0 "

N r

folt) = [ Potaty = T [ S0 &2 ) (s1)

1l
i=1 i=1 \ j=0 J:

Further, for any integer k > 1 we define Fy .(x) as the coefficient of t* in the expansion of f.(x,t). Equivalently, we
can express fr(x,t) as:

fola,t) =) Fy ()t (S2)
k=1

Fact 3. [2, Theorem 1] Consider two probability vectors x, y of support size N and take a fized integer r > 1. Then
we have the following characterization of the scaled l, with respect to the polynomial coefficients Fy, , of the exponential
function, for all integers k such that r < k < Nr.

If Fy (x) < Fy r(y) then
lyll, forpel0,1],

lell, < |
Iyl forpe[l,r+1].

<
]l >
We also need the following relations of the so-called Mellin transforms [2]:
Fact 4. Define the integral transform of the logarithm of P, (from Definition 2) as:

I.(p) = /0 log <Z Z) V_pdju forp e (0,1) and

=0

Jr(p) = /OOO (ylog (Zj))vpazj forpe (l,r+1).

=0

Then, if we let t = v/a for a > 0, the following relations hold:

1 S r ( t)i _pdt ,
L-(p)/o 10g<z aﬂ )t - =d forpe(0])

=0

Jtp) /000 at — log (Z (ait')l)>tpcit =a? forpe(l,r+1).
r =0 :




We now prove the statement 1 of Fact 14 to analyze the case when the thermal distribution has irrational entries as
the following proposition:

Proposition 5. Consider the spectral decomposition of the thermal state p, in the energy eigenbasis {|e;)}L, as:

d
pg = X gilei) (el

=1
with some of the eigenvalues g; being irrational. Then there exists a state pg. with all eigenvalues as rational numbers
of form {%}fil, for N large enough, p,. is diagonal in the energy eigenbasis and

log = gl <€
for any given € > 0.

Proof. The above proposition is simply an extension of the fact that any irrational number can be approximated by a
rational number to any desired accuracy.

More formally, let g. denote the vector of eigenvalues of pg. and IV, e are given. Suppose for some 1 <14 < d, g; is

irrational. Then by Archimedian property of real numbers, there exists an integer N’ such that N’ > max [max; [g;], g]
Now we define d; := |g;N'| for all 1 < i < d.

d
Since g is a probability vector, therefore Y. d; = N'.
i=1
Finally, define the rational approximation of g; as: (ge); := ]C\l;, . Thus, (g ); satisfy:

di

l9i — (9¢)il = |9 — v

N’ - N

l._ .
:’N%CIZ<

Note that if for any 1 <i < d, if g; is rational then g; = (g¢); = dﬁ We thus obtain the resultant density matrix

d 4
Po. = ﬁl, leq) (es] -
i=1
This satisfy the property that:
d
d; €
lpg — Pg. 1 :Z gi_ﬁz, SNW <e.
i=1

Below we prove a continuity statement for the p-Rényi divergence.

Proposition 6. Let p > 0, and any given € > 0, and two probability distributions x and g. Let gmin := min; g; and g.
be another probability distributions such that ||g — g:|[1 < €, then:

|Dy(x]lg:) — Dp(zxllg)| < max{l,ppu}log (1 + gE' ) , and (S3)

Di(allg.) = Da(allg)] < log <1+ : ) (54)

Jmin



Proof. The above proposition can be proven as follows:
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Dutellas) Dyl = o2l e (& attai ) 106 (20 }]
N
>

1-p
1 N ~ AU
- N <§1 (ge)i’ p) log le
=11 (3 et ) | £ ot
i=1 i=
1-p
> 1 N e)i
< N REACDE 77 Jlog <(g .) )
p—1] (Zl xf(%)f‘”) . gi
1 N _ i
S 7w (E @} (ge)i' p) [m.ax log ((gE) ))H
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where (a) follows from the log-sum inequality, Fact 1, and (b) follows from the following:
N e )i
exlg-adh = 5o |9
i=1 9i
> Ymin X ‘(gs) - 1‘
i=1
> Jmin maX ‘
= log( ><1og< );forallié{l,?...,N}. (S5)

We now give a continuity statement for the case of p =1 (i.e., for KL-divergence). The simplicity comes from the
definition of Di(z||ge) := X x; log (gx—) which leads to:
7 €)1

|D1(x||g) — Dl(nggs” =Y log <(gs)z>

< max |log ((gg),> Yz,

é log (1 + < ) (S6)
Jmin
where (i) follows from Eq. (S5). This proves Eq. (S4). O

In the following lemmas, we demonstrate how conditions based on symmetric polynomials lead to trumping by explicitly
examining the relation between D, (p||py) and D,(c||pg) across the full range of p € R. Throughout, we consider z, y

N N

as two probability vectors of support size N, that is, ¥ z; = ¥ y; = 1 and without loss of generality, the logarithm is
i=1 i=1

taken with base 2.

2. Characterization in terms of relative entropy, for p = 1:

For p = 1, following two lemma guarantee the conditions of trumping.



Lemma 7. For any given € > 0, if Hy(z) < Hy(y) — 2log ( g;n), then

€
Di(pllpg.) > D1(c||pg.) + 2log <1+g - ) .

Proof. The proof follows easily by using the following relation between entropy and the relative entropy:

Di(z||ge) =log N — Hy(z) .

Using the hypothesis of the lemma and above relation completes the proof. O
Lemma 8. For any given € > 0, if D1(p||pg.) > Di(cl|pg.) + 21og (1 + ﬁ), then

Di(pllpg) > Di(cllpy)-

Proof. The continuity of relative entropy from Eq. (S4) together with the hypothesis of the lemma, gives

3
9min )

£
9min )

where (a) and (b) follows from Eq. (54). O

Di(pllog) & Dr(pllpy,) — log (1 +

> Di(allp,) +1og {1+

b
> Di(allpg)

3. Characterization in terms of p Rényi divergence, for p € (1,7):

For p € (1,7), in order to show Fy, 7(z) < FA’“l(g) implies trumping (for some suitably chosen A;(¢)), we prove following
series of Lemmas.

Lemma 9. If Fj, 7(z) < Fj T(g) for some real valued positive function Ay(g) which is independent of k (with € > 0)
then

fF(ya t)

f;(.’l},t) < Al(g) .

Proof. By definition 2 of fz(x,t) and Fy 7(z) [2]:

Jr(z,t) = %ka(x)tk

Here (a) follows from the hypothesis of the lemma. O

Lemma 10. If fr( t) < 2 for any € > 0 and Ay(e) is as defined in Lemma 9 and in addition satisfies

2
&
lally > [l (1+g | ) |

PRERIEICE Dl I




Proof. Using Fact 4, we have the following;:

yit_10g<
j=1

Here (a) follows from the hypothesis of the lemma. Now multiplying both sides of the above Eq. by - J ) , rearranging

N
Yy
i=1

1=

N
> yit —log fr(y.1)

M=
—
<€
= <
N
<.
N———
.
Il

N
< % it~ log fr(a,1) — log Ay (<),

the terms, integrating with respect to ¢ € (0,00) and using Fact 4, we get:

log Ai(e) [~
Nlz|z > Nyl + 284te) / £y
p P Jf(p) 0
a log Ai(e) [ 1
> N||y||1’+7/ 7P dt
p Jf(p) k
= N|yl2 + Nlog A (e)
log A1 (g)
S el > vl [1+|y||p
p
b IS 2
= loll % ol 14 =]

where in (a) we set the lower limit of the integral as k = (N pJf(p))_% > 0 ensuring that the integral evaluates to
N Jz(p) and (b) holds for the choice of A;(¢) as

a nynp{ 2”}
Z 2 guun
{(5)" 1}

HyH”

n D N .
In the above analysis (a) holds because |y} = # < # = &, since y is a probability vector and (b) follows as
€ (1,7).
This completes the proof of the lemma. O

2
> for any given € > 0, then:

2
L log (1 + c ) .
-1 9min

Proof. From the definition of Renyi entropy (Eq. 3, 4, 5) we have:

Lemma 11. If ||z|, > ||y||p(1 +

gnnn

H,(z) < Hy(y) —

E :c
H,(x) = log N X —— N
< fg]\lf ? 1 oglly\lp—p_ log (1+g;n)
= Hy(y) - log(1+ © )7
YJmin
where (a) follows from the hypothesis of the lemma. O

Lemma 12. For any given € > 0, if H,(x) < Hp(y) — pzfpl log (

2p €
— log (1 + gmin> . (S7)

DP(PHPQE) > Dp(U||Pgs)+



Proof. The proof essentially follows from the relation between the relative entropy of a given distribution with
uniform distribution and the Shannon entropy of a given state, i.e., Dp(z|luy) = log N — Hp(z) and similarly
D,(y|luny) =1log N — H,(y). Since,

Dy(pllpy.)

D,(z||lun) =log N — Hp(z)

2p €
log N — Hy(y) + 10g<1+ )
p( ) p— 1 Jmin

Ve

9min

2 €
Dyl + % 1og (14 -5

2
L log <1 + c ) .
p 1 9min

Dy(ollpg.) +

Here (a) follows from the hypothesis of the lemma. O

Lemma 13. For any given € > 0, if Dy(p||pg.) = Dp(ol|pg.) + % log (1 + 5= ) then:

min

Dp(PHPg) > D;v(o'Hpg)-

Proof.
Dy(pllog) > Dylollpy.) — =2 1og(1+ : )
PR PR p—1 Grmin
ﬁD(H )+ 2 log(1+ < ) P log(1+ c )
o- p € -
e gmin ) p—1 Jmin
c p € 2p € P €
> D,(ollpg) — log(l—i— )+ log(l—i— )— log(l—i— )
polles) =75 gmin ) p—1 gmin ) p—1 Gmin
= Dp(allpg)
where (a) follows from Proposition 6, (b) follows from the hypothesis of the Lemma and (c) follows from Proposition
6. O

1

27
_ 1+ ==
Thus, Fy 7(z) < IZ‘;((E?;) along with the choice of A;(g) =2 [N {( ymm) H is sufficient to guarantee trumping.

4. Characterization in terms of p Rényi divergence, for p € (0,1):

Since the relation between scaled I, norms of two vectors differ in the regime where p € (0,1) compared to when
p € (1,7), some of the lemmas presented above have different bounds and quantifiers. Here we prove the lemmas for
the region p € (0,1) for clarity and completeness.

Lemma 14. If fr(z,t) < {Zi?é;)) for any € > 0 and As(e) is as defined in Lemma 9 and in addition satisfies
As(e) > 9 Vo , then

ol (1455) " 7 forpefod
el <4 77 h

ol (1+ 555) Jorp € (5,1

Proof. Using Fact 3, we have the following:
1 o0
N|z|2 = / t=? ! log fr(z,t)dt
b I=(p) Jo
< L/OO t7P " og fr(y,t)dt — log As(e) /00 L dt
I=(p) Jo o e L)

L Nl —tog As(e) [
< Y|l — log s/ t

b e L)

= Nllyll5 {1 — Nn(p)log A2(e)} . (S8)



where (a) follows from the hypothesis of the lemma, while inequality (b) arises from restricting the integration range of
the second term to a modified lower bound k = (n(p)pN2||y||ng(p))71/p instead of 0. This ensures that the definite

integral in the second term evaluates to N?||y|[5n(p) with the chosen function 7(p) = max{p, (1 — p)} depending on
the range of p.

Now, we choose Ay(g) > 2% i (implying that log A3(g) > 0), which further leads to:

n(p)log As () > ?;i)j
- % [1 — <1 _ 2;8%)}
)™ .

where (i) holds since (1 +z)~™ > 1 — nx, for x € [0, 1].

Case 1: For p € (1/2,1], we have n(p) = p and then substituting Eq. (S9) in Eq. (S8) gives:

2
= ) , for p e (1/2,1] .

min

lell, < Iyl (1 n
P P g

Case 2: For p € [0,1/2), we have n(p) =1 — p and again :

1 e —2(1-p)
log As(e) > N 1- (1 + gmm> .

Substituting Eq. (S9) in Eq. (S8) gives

2 1*10)
€ Z
el < bl (1+ <) for p € [0,1/2).

This completes the proof of the lemma. O

—2~
Lemma 15. If ||z||, < ||y||p(1 + gj;n) where 1= max{(%) ,1} for any given € > 0, then:

D €
H, H -2 1 1 .
o) < Hylo) - 27 tog (14 =)

Proof. From the definition of Renyi entropy (Eq. 3, 4, 5) we have:

N
1 A
Hy,(z) = 17plog Nx%
a logN P Y 5
1 -2 1 1
< 1o, o leelyly =29 log (14—

P €
= H,(y —210g<1+ )
W) =27 -~

where (a) follows from the hypothesis of the lemma. The lemma thus implies:

Hp(y)—Qlog(l—i— < ) for p € 10,1/2)

9min

Hp(y)—%’,,bg(ﬂr E) for p € [1/2,1)

9min

Hy(z) <

This completes the proof of the lemma. O



Lemma 16. For any given € > 0, if H,(x) < Hp(y) — 2%1; log (1 + ﬁ), for v := max { (1_7’7) 71} then:

1P log (1 + < ) .
1- p 9min
Proof. The proof essentially follows from the relation between the relative entropy of a given state with maximally

mixed state and the von Neumann entropy of a given state, very similar to that of Lemma 12 (with the factor p — 1
being replaced by 1 — p in the denominator of the second term on the right hand side of the desired inequality). O

DP(PHpge) > Dp(UHPgE) +2

Lemma 17. For any given £ > 0, if Dy(pllpy.) = Dp(o]lpy. + 2L log (1 4= ) for v := max{(lp%p) 71} then:

9min

Dy (pllpg) > Dp(allpg)-

Proof. The essential idea is to use the continuity of D, (p||pg) in the second argument, which follows from Proposition 6.
We do the analysis under the following two cases:

Case 1: For p € [0,1/2) range, we have {-& = 1. This leads to:

i 5
Dyelrs)  Dylpllon) ~1og (14 =)
ii € €
> Dp(a|pg€)+2log(1+ : )—log(l-i—g . >
i € € €
> Dp(ollpg) — log <1+ > + 2log <1—|— > —log <1+ >
Gmin Jmin Gmin
= Dy(allpg)-
Case 2: For the range p € [1/2,1), we have £ = ;2. Thus:
i P €
D, D — 1 1
Wollog) > Dy(plon,) — 2o (14 -5
ii 2p € p 5
> Dp(ollpg.) + log<1+ )— log<1+ )
p(ellos) + 75 gmin)  1-p Gmin

iii p € 2p € P €

> D,(o ———1log |1+ )—i— lo <1—|— )— lo <1+ )
p( Hpg) 1—p s < 9min 1-p s 9min 1-p s 9min

= DP(UHPQ)‘

where for both the above cases, (i) and (iii) follows from Proposition 6; (ii) follows from hypothesis of the lemma.

From analysis of both the cases above, we get that D, (p||py) > Dp(cl||pg) which completes the proof of the lemma. [

_ 2e
For our purpose, it is thus sufficient to choose A21(5) =2 Nomin which guarantee trumping.

5. Characterization in terms of p Rényi divergence, for p € (—5,0):

In the regime p € (—5,0), we need to show

Fia (&) 1
— = > F — 1<k<N
Ao T TERET

implies trumping for some real valued positive function A,(¢). To demonstrate this, we need the following lemmas.

a
Lemma 18. If Fx((;)) > Fia (%) , for some real-valued positive function Ag(e) with 1 <k < N and e > 0, then




Proof. By Definition 2 of f1(z,t) and Fy 1(x) [2]:

1 1
S (s,t> =X Fra (5) t*
y k y
1

Ao
b
2 |
™
S—
=M
&
=
7~ N\
NI‘
N—
~
>

where (a) follows from the hypothesis of the lemma. O

fl(%’t)

Lemma 19. If f; (yi,t) < 3%~ then for any e >0, £ € (0,1) and the choice of As(e) as

{ (1+E_)2(1+S)1}
As(e) > 2 "

10)

the following holds:

1

lﬁ

yS

&
<1 " ) |
I3 Jmin

>
Proof. From Fact 3, we have the following:

3 00
1 / e 1

R (,t
A A gfr|

o 1 oo _5_11 (1 ) low A OOt—§—1
> Ir(ﬁ)/o t og fr yg,t dt + log s(s)/o Ir(f)dt

1
¥
yS

dt

o0 t_,f_l

1,(€)

dt

AVASS

z—l-logAs(s)/k
_ NH;Hiu + Nlog A,()} . (S10)

Here (a) follows from the hypothesis of the lemma whereas in (b) we restrict the range of the definite integral to

¢ —le ¢
k= <§N2 y% . Ir(§)> 7oo] instead of considering the full domain [0, 0o}, ensuring that it evaluates to N> yi
{ ()7 }
Now, the choice of A(e) > 2 implies:
o\ 2049 2(1+£5)
14 Nlog As(e) > (1+ > > (1+ ) (S11)
Y9min Y9min

where (i) holds since & € (0, 1). Substituting Eq. (S11) in Eq. (S10) and taking the £* root both the sides, completes
the proof. [

We now state a lemma that serves as a bridge between ||z|—, and Hi”kg

9l-p gltés

Lemma 20. ||x|\,,<||y||p(1+ - ) T for pe(-50) < | E>( 5(1+ ) © for £€(0,1).

1 1

9min 9min
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Proof. The equivalence in the lemma can be shown by the following analysis for any £ € (0,1):

1 1 e\ 1 1 e\ E
1 ‘ E <1 " > = Y > H (1 " ) (512)
X I3 y I3 Ymin X £5 y £5 Ymin

gltes

1 1 ( I ) [
— > 1+
[ll—gs = [Iyll-¢s Gmin

_oltinl
[P]
= [xll, <ll¥l, (1 + ) , where p := —£5 and hencep € (-5,0)
(S13)
ol-p
I3 P
= [xll, <ll¥l, (1 + - ) , forall pe(-5,0).
[
2l-p
Lemma 21. If ||z|, < ||lyllp (1 + = ) " for any given € > 0, then:
Hy(x) < Hy(y) — 2log (1 + ge. ) .
Proof. From the definition of Rényi p-entropy (Eq. 4) and the notation p = —|p| (since p is negative) we have:
N
1 3 @
H,(z) = —1_plog N x z_N
log N lp|
= — + log ||z
AR
a logN lp| ol 2(1—p) £
< - + logly|l, + X log [ 1+
AT T e p Gmin
log N lp| Pl 201+ p|) 2
= — + logl|y|l, — X log |14+ —
Tl Tl eIl T ) v Gmin
€
= Hp(y)—2log<1+g : ),
where (a) follows from the hypothesis of the lemma. O
Lemma 22. For any given € > 0, if H,(z) < H,(y) — 2log (1 + QL) then:
€
Du(eln.) = Dyollpg) +2og (14 ). (s14)

Proof. The proof essentially follows from the relation between the relative entropy of a given distribution with uniform
distribution and the Shannon entropy of a given state, that is,

Dp(pllpg.) = Dpla|lun) = —log N — Hy(z)

—log N — Hy,(y) + 2log <1+ c )

9min

Ve

= D,(y||lun) + 2log (1+ c )

9min

g
= Dy(ollpy.) + 2plog (1+ ) .

min

Here (a) follows from the hypothesis of the lemma. O
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Lemma 23. For any given € > 0, if Dy(p||pg.) > Dp(o]|pg.) + 21og (1 + gjm) then:

Dy (pllpg) > Dp(allpg)-

Proof. The proof follows from the following analysis:

a 9
Dy(pllpg) > Dy(pllpg.) —log (1+g : )
b € €
> Dp(ol|pg.) +2log <1+ : )—log (1+g : )
c S € 3
> Dp(a|pg)—log<1+g : >+210g(1+g _ >—10g<1+g : )

= Dy(allpg)-

where (a) and (c) follow from Eq. (S4) of Proposition 6, (b) follows from the hypothesis of the Lemma and (c) follows
from Proposition 6. Above expression implies D, (p||pg) > Dp(cl|pg)- O

6. Characterization in terms of p Rényi divergence, for p € (T,00) and p € (—oo, —3|:

Following Lemma explores the ranges p € (T,00) and p € (—oo, —5] to guarantee the conditions for trumping.

2 2
Lemma 24. For a fized € > 0, letN>1,x,y€R]4\_’,x1>y1(1+ 5) >Oandymin>:cmin<1+ 5) > 0. Let

9min 9min

r and s be chosen as:

log N
r= %8 and s=

2
log 1 — log y; <1 + = )

log N

oY
IOg Ymin — 10g {xmin (1 + ga, ) }

9min

Then, Dy(pllpg) > Dp(cl|pg) for ¥p > 7 and Vp < —5.

Proof. Using the choice of r and following the steps outlined in Lemma 11 we get:

2
< > forp>r7.

min

Il > Iyl (1+
P P g
Now using the following relation between the p-Rényi divergence and the our scaled ¢, norm we get:

2 €
D,(x||lun) =1log N + I% log||x|l, = Dpx||lun)> Dp(yl|lun)+ » _pl log <1 + i > . (S15)

The following analysis leads us to the proof of the lemma for p > 7:

Dy (pllpg) = Dp(xllg)

zmmw—m@+

=)
Jmin
log <1+ = >
Jmin

> Dy(yllg) = Dy(ollpy) -

where (a) and (c) follows from the continuity of p-Rényi divergence mentioned in Eq. (S3) of Proposition 6; (b) follows
from Eq. (S15).

In order to prove the lemma for p < —3, we make the following observations (for p < 0):

1 Ip|
= ;o Hp(x) =
s xl=p P L+ |p|

p
p—1

b
> Dy(yllge) +

1

X

log|[x]|-

lp| = Dp(XHUN) = —log N — Hp(x) .
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From Corollary 12 and the choice of s, we get:

1 e\
>[5l (o)
—lpl Y l—pp) Ymin

1 1 < € )2
= > 1+
Ixll=1p; = Iy ll-pp) Jmin

—2
€
=[xl = < lyll=pp) (1 L. )

2|p| 2
= Hp,(x) < Hy(y) — P+ 1 <1+g : )

1

X

2|p| £
= D, (x|lun) > Dy(yllun) + 1+
i i I |p| + 1 9min

Now doing similar analysis for the case p > T, gives:

Dy(pllpg) > Dy(ollpy) for p € (—o0,~3] .
This completes the proof the lemma. O

SUPPLEMENTARY NOTE 2: DISCUSSION ON TRUMPING CONDITIONS FOR GENERAL STATES
HAVING COHERENCE

At first, it may be noted that no necessary and sufficient set of conditions are currently known for catalytic state
transformations involving states having coherence under the corresponding free operations, rather only necessary
conditions have been established [3]. Here, we outline a method to derive a finite set of necessary conditions for
catalytic majorization in quantum states having coherence.

Before discussing the catalytic majorization conditions for quantum states having coherence, let us first explore the
formal aspects of the concept known as Symmetry [3, 4]. This concept has significant applications in physics, and
recent insights indicate that any deviation from Symmetry, termed as asymmetry serves as a resource for information
processing tasks [4].

Symmetry group and symmetry operation: For a symmetry group G, the symmetry transformation of a
density matrix p corresponding to the group element g can be represented as follows:

geEG = p—=Uyp) = Ug(P)UJ

where U, is unitary.

An evolution M is said to be symmetric with respect to G if it commutes with the action of the symmetry group
ie., if [M,G] =0 for all g € G. This implies that the order in which the symmetry transformation and the dynamics
occur does not affect the final state. In other words, for every density matrix p and each element g in the group G,
the Equation MU, (p)] = Uy[M(p)] holds. Similarly, a state is called symmetric if it is invariant under symmetry
transformations; otherwise, it is called asymmetric.

Indeed, a resource theory can be formulated where the set of free operations comprises those demonstrating symmetry
with respect to the group G. Specifically, this theory pertains to quantum coherence between eigenspaces of the
observables generating G. If the generator is the Hamiltonian Hy, the corresponding channel M is time-translation
symmetric.

Definition 25. For any p > 0, the free coherence of a state p with respect to the Hamiltonian H is
Ap(p) == Dy(pl|Nu(p))

where N is the operation that removes all coherence between energy eigenspaces and D, is the Réyni divergence as
defined earlier.

Similar to how free energies determine the extent to which a state deviates from being thermal, free coherence serves
as a measure of how far a state strays from being incoherent in energy. In order to check state transformation between
two states in presence of a catalyst, the free energy relations are no longer sufficient rather it is only necessary to go
beyond free energy relations to capture the role of quantum coherence in thermodynamical state transformation.

Let us now discuss the conditions for the transformation of states having coherence. For that we borrow and state
the theorems from [3, 5].
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Fact 26. [3, Theorem 1] The set of Thermal operations on a quantum state is a strict subset of the set of symmetric
quantum operations with respect to the time-translation.

Fact 27. [3, Theorem 2] For all p > 0, we necessarily have AA,, <0 for any thermal operation.

It is easy to argue that the above fact is true in general for any thermal operation. The Rényi divergence follows the
relation D, (M (p)||[M(c)) < Dp(pllo) for all p. Since from Fact 26, [M,Ny] = 0, we derive the condition that the
above fact is indeed true.

A state p in H can be transformed into a state o (i.e., p — o) through a catalytic thermal operation, if there is
another quantum state p. in Hilbert space H,. with Hamiltonian H. and a thermal operation M on H ® H. i.e.,

M(p® pe) =0 @ pe.

Fact 28. [3, Theorem 4] Catalytic thermal operations with a block-diagonal catalyst are symmetric operations, i.e., if
H is the system’s Hamiltonian and C is a catalytic thermal operation then

C(e—thpeth) _ e_thC(p)eth.
Fact 29. [3, Theorem 5] If [p., H.] =0, for p® p. = 0 ® p., we necessarily have
A,(0) < Ay(p) Vp> 0.
This implies the necessary conditions for catalytically transforming states having coherence, involve comparing the
generalized coherence-free energies (of order p) of p and o across an infinite range of p values.

One can now get a finite number of necessary conditions for catalytic majorization by replacing p, with a state
ps =: Nu(p) that removes all the off diagonal elements of the state into the discussion of Corollary 7 and Theorem 8.
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