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ABSTRACT.

In this thesis we consider turbulent fluid systems. We 

develop a closure scheme in which the mean velocity -field 

of an incompressible -fluid is driven by a turbulent 

velocity field possessing a non-zero mean helicity. We 

use this to investigate the formation of large scale 

vortices and the behaviour of the mean kinetic energy, 

enstrophy and helicity.

The same technique is then applied to the equations of 

magneto hydrodynamics, in order to explain the 

self-generation of mean magnetic fields, and the joint 

formation of current and vortex structures.

We then discuss the convection of a passive scalar by 

the fluid and determine an equation for the mean 

temperature.

Finally we present a theory to account for the behaviour 

of a two-dimensional electrically conducting fluid subject 

to a constant external magnetic field driven by external 

forces. We explain the peaks in the power spectrum, the 

saturation of the magnetic and kinetic energies, and the 

insensitiveness of their equilibrium value on the external 

field. All of these are observed in numerical experiments,
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INTRODUCTION

Fluids are fascinating. Most people, -for example, have 

looked at the pattern of waves breaking on the sea shore 

and even more, especially in Britain, take great delight 

in talking (and complaining) about the weather.

To some extent, however, the motion o-f -fluids is known. 

The Navier  Stokes equation, which describes the flow o-f 

Newtonian fluids (including the Earth's atmosphere and 

oceans) was derived a century and a half ago. The problem 

is that it is difficult to do anything with it.

In some cases it is possible to simplify the equation. 

This is the case, for example, in aerodynamics, where the 

flow of air around a wing can be separated into flow in a 

boundary layer where friction is important, and flow in an 

incompressible, irrotational region immediately 

surrounding it 1 .

It is arguable, however, that the greatest challenge is 

to predict the general properties of fluid motion, either 

from the Navier  Stokes equation itself, or from a 

phenomenol ogi cal model. It is then sensible to consider 

turbulent motion, since this is the "natural" state of 

most liquids and gases. By turbulent motion, we mean a 

state where the fluid exhibits a sensitive dependence on 

its initial conditions. The parameter which characterises 

fluid flow is Reynolds' number R where:

V u.i)



in which U and L are "typical" speed and length scales, 

and v is the kinematic viscosity.

For Re greater than some critical value, say Re <cr>, the 

flow becomes turbulent. This critical value depends 

usually on the particular geometry of the system 

considered, and varies from a few thousand for flow 

through a tube, to 1O & or larger for astrophysical 

systems. Some typical values for Re can be found in Table 

1.

The onset of turbulence has attracted much attention in 

recent years. The pioneering work was done by Landau2 , 

who visualised the transition to turbulence as being due 

the instability of periodic flows as Reynolds' number 

increases. Although the actual scenario proposed by him 

is no longer thought to be a valid description of the 

onset of fluid turbulence, his idea is still present in 

the so  called Feigenbaum and the Ruei le  Takens  Newhouse 

scenarios3 , which describe the transition to chaos as a 

process of period-doubling bifurcations. This thesis, 

however, is concerned with f ul ly  developed turbulence, in 

which all the modes are excited.

The Navier-Stokes equation, which describes the flow of 

Newtonian fluids (for which the rate of stress is 

proportional to that of strain) is:

where v is the velocity field, p is the pressure, and p is 

the density.
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I-f we measure velocities, times, lengths, pressures and 

densities in units U, L/U, L, ? 0U2 and p fl (see (I.I); 

is a "typical" density) the Navier-Stokes equation can 

also be written in the following dimensionless -form:

, 
-A- V v /T _,

" {lm *

where w = curl v is the vorticity (related to the 

rotational properties of the flow). In this form, it is 

easy to see that the non-linear term in (1.2) comprises of 

a kinematic pressure and a vortici ty-producing term.

Equation (1.2) can be obtained by considering the forces 

acting on an arbitrary fluid element, and is a direct 

consequence of the conservation of momentum in binary 

molecular collisions. For derivations from both 

macroscopic and molecular viewpoints see, for example, 

chapter five of the book by Huang*.

In order to close this set of equations, it is necessary 

to express the density in terms of the pressure (i.e., to 

determine the equation of state) and also to find out how 

the density evolves.

Conservation of mass requires that:

However, if we consider, inviscid flow, one consequence 

of the Navier-Stokes equation, in the case of steady flow, 

is that the quantity:

CI.5)
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is constant along a streamline, a curve that is everywhere 

tangent to the local fluid velocity. The pressure 

difference 6p between the pressure at any point in the 

fluid and a stagnation point (a point where the fluid 

velocity is zero) is thus:

<I.6>

For a barotropic fluid, in which the pressure is a 

function of the density alone, we have that:

P ~ ^Z>~S ~ ^-S^-V (I.7>

where cs is the speed of sound. This gives:

V
( T(I -

and so, as we shall only consider fluids for which the 

fluid velocity is small as compared to the speed of sound, 

the density can be regarded as constant. We thus obtain 

the incompressiblility condition:

V-V = t j (I . 9)

The pressure can then be eliminated from (1.2) by taking 

the divergence of (1.2) to obtain:

(I.10))



-6-

where d^ indicates here and henceforth the i-th component 

of the gradient operator ^.

To describe the general properties o-f turbulence, a 

statistical description needs to be developed. If we 

consider an ensemble o-f fluids, which differ only in their 

initial conditions, and take the average of (1.4) over 

them, we find that:

and so the equation of motion for the average involves the 

second moments and so on. This constitutes a closure 

problem, and has arisen because of the loss of information 

brought about by the averaging process (specifically, the 

initial conditions have been "smoothed over"). In order 

to combat this, many sophisticated closure schemes have 

been developed. The difficulty with many of them is that, 

in order to describe the properties of real fluids 

adequately, they are mathematically complex and difficult 

to use in practical situations. In spite of this, some 

have met with partial success, such as the Direct 

Interaction Approximation, and various cumulant discard 

methods 5 .

The cumulant discard hypothesis is a very simple closure 

scheme. For a flow of zero mean, the n  th order moment of 

the velocity can be expanded as:

<-=\ (1.12)
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where '^vCx^) - - -^(x^) » is the n-th order cumulant. If 

the velocity -field obeyed Saussian statistics, then the 

third and higher cumulants would all be zero. Moreover, 

the central limit theorem states that the probability 

distribution -for r independent stochastic variables 

approaches the Baussian distribution in the limit r-»o>. It 

is to be hoped, there-Fore, that for real fluid flows, the 

higher order cumulants may be negligible, allowing the 

equations of motion to be closed.

The Direct Interaction Approximation is a much more 

sophisticated and mathematically complex technique. It 

attempts to obtain expressions for the correlation 

function <Vj <x_,t ) Vj <y^, t+?) > and the mean response function 

of the velocity to an external driving field F in the 

limit as lF_l-»O, that is to say, the quantity:

In order to close the set of equations, the direct 

interaction approximation employs the weak dependence 

principle and the assumption of maximal randomness.

If we are concerned with the Fourier components y_(k^t) 

of the velocity field y_(x_,t), then the weak dependence 

principle asserts that the interaction between modes 

corresponding to different values of j< is weak. The 

maximal randomness condition states that the statistical 

interdependence amongst the Fourier components is brought 

about entirely by the non  linear coupling term in the 

Navier-Stokes equation, and not by either an external
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-force or the initial conditions.

In spite o-f the success o-f the Direct Interaction 

Approximation, it is still very difficult to employ it as 

a predictive tool. It is perhaps because of this 

di-f-ficulty that there has been a notable change o-f 

emphasis in recent years in -favour of the development o-f 

phenomenological models. It could be argued, -for example, 

that the Kolmogorov spectrum* is a good example o-f this 

type o-f approach.

Kolmogorov, in an attempt to determine how the energy is 

distributed amongst the various length scales in the 

fluid, assumed that the non linear term (y_-_?)y_ was local, 

in wavenumber space. If energy is put into the system 

mechanically at some large scale, this non linear term 

transfers it down to the smallest scales, where it is 

dissipated as heat. However, as the non linear transfer 

is assumed to be only local, there is a sufficiently large 

number of scales which "feel" neither the input nor 

removal of energy. This is the so-called inertial range.

He further assumed that the turbulent fluid would 

exhibit universality: for "large enough" Reynolds' 

numbers, the physical properties of the flow would not be 

altered should the Reynolds number be increased by a 

factor of ten. In such a situation, the dynamical 

quantities should be independent of the Reynolds number.

The flow pattern is then characterised by only two 

quantities: the energy input rate and the viscosity. 

In equilibrium, the energy transfer rate £, that is, the 

energy per unit mass transferred per unit time, will be
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constant (and equals the rate at which energy is put into 

the system, -for example by stirring.) From dimensional 

analysis, we have that:

[e] = (1.14)

where v is a velocity and 1 is a length scale, 

From the Navier-Stokes equation:

or, in terms of Fourier transforms:

(I. 16)

where:

r
iRivO < u.i7>

i.e. E(k) is the contribution to the kinetic energy -from 

modes in the wavenumber range k to k+Sk, and we have 

assumed the turbulence to be isotropic.

In terms of dimensions:

(I.IS)

Finally, in a steady state, the Navier-Stokes equation 

is written as:
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(1.19)

where v^ is an "eddy viscosity" introduced to account for 

the pressure term. In many cases, such as in atmospheric 

physics, this eddy viscosity will be much greater than the 

kinematic viscosity. Dimensional analysis gives:

(1.20)

and so, by combining (1.14) to (I.2O) we obtain the -famous 

Kolmogorov spectrum:

- 5/3 
Ot K (1.21)

This is, o-f course, a -far -from rigorous treatment. An 

important objection, for example, was raised by Landau7 , 

who argued that since G. itself is a fluctuating quantity, 

the assumption of universality is violated. Perhaps the 

most surprising aspect of the Kolmogorov spectrum is that 

it is in very good agreement with experiment.

The concept itself is capable of adaptation, and Fleck8 , 

for example, has developed a similar method to describe 

the velocity length scale correlations of molecular clouds,

The Kolmogorov description does not, however, explain 

all of the observed features of turbulence. The most 

outstanding of these are, perhaps, the phenomenon of 

intermittency and the persistence of large scale 

structures.
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By intermittent, it is meant that the turbulence is 

restricted to "patches" of space and time. This feature, 

together with the idea of a cascade of energy from large 

to small scales formed the basis for the Novikov-Stewart 8 

model. They considered a cube of fluid (of side length 

L)to be constituted of n cubes, only m of which are 

"active" and contain turbulence.

The m cubes are then similarly sub divided, in the same 

ratio m/n, until a length scale is reached on which 

viscosity acts, and on which the turbulence is considered 

to be uniformly distributed over the remaining cubes. 

They obtained the expression:

{ T OO % \ I . .£..<-.'

for the mean square dissipation rate, where s is the 

number of sub divisions required to reach the viscosity 

scale In, and hence:

They then proceed to make some further assumptions about 

the spatial distribution of the turbulence-containing 

cubes in order to obtain an expression for the energy 

spectrum. Further details of this, and refinements of it 

(such as the £ model) can be found in the monograph by 

Monin and Yaglom 9 , and a good qualitative discussion can 

be found in the book by Mandelbrot 10 .
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The Novikov-Stewart model is capable o-f great 

improvement. Thus far, the eddies have been regarded as 

being o-f undetermined shape. It can be postulated, 

however, that the vorticity is restricted either to vortex 

tubes, sheets or elements. It would then be possible to 

make use o-f the features of the inviscid Wavier-Stakes 

equation to construct a more realistic model, since this 

corresponds to the Re-nn limit. For example, the energy:

(1.24)

the circulation:

K == £ v . d L
(1.25) 'O

where dl^ is a line element of the closed material curve C, 

and the helicity:

P   f v.cod3^ (1-26)

are all conserved.

One model, proposed by Childress 11 , visualises the 

vorticity as being restricted to vortex tubes. The 

circulation is then just the (constant) strength of the 

tubes, whilst the helicity measures their knottedness. 

The tubes are then permitted to split and reform, subject 

to the three constraints above, and allows an expression 

for the energy spectrum to be determined. This model is 

very similar to one of the earliest proposed descriptions 

of turbulence, namely that suggested by Townsend 12 , where



the vorticity was restricted to randomly oriented vortex 

sheets.

A similar model is employed by Moffatt 13 , in an attempt 

to account for the observed increase in the enstrophy Q, 

where:

-Q- - ( ^r/o-cfe (1 . 27 )

He considers two forms for the distribution of vorticity 

to explain this: the first is a collection of vortex 

filaments, for which the helicity obeys:

' " ----- (1.28)

where r(s) is the torsion of the filament, defined by the 

equation:

cts —'   (1.29)

where t_ and n are the unit vectors tangent and normal to 

the vortex filament, and s is the arc length, and J is the 

Bauss integral:

lx-x x ( (1.30)

It can be seen from equation (1.28) that the constancy 

of helicity places a constraint on the torsion of the 

filament.

The second case dealt with by Maffatt is when the
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varticity is can-fined to randomly convoluted vortex 

sheets. These he shows to be unstable to Kelvin-Helmholtz 

instabilities, and lead to the -formation of spiral 

singularities. From this stage it is possible to obtain 

an expression for the energy spectrum.

The models described above, whilst phenomenoiogical, do 

draw on some of the conservation laws for ideal flow, and 

hence some connexion with the mathematical formulation of 

the problem. Unfortunately, they use the fact that 

turbulence is intermittent in order to obtain an 

expression for the energy spectrum, but do not provide 

even a qualitative picture of why the phenomenon occurs. 

Ideally we should seek an explanation both for this and 

for the persistence of large-scale, coherent vortex 

structures (those vortices that are recognisable after a 

few eddy turnover times T = (vk2 )"" 1 ).

In a region of high helicity, where v is mainly parallel 

to to, the nan linear interaction term vxcd will be small, 

and so energy transfer will be restricted. If a vortex 

was generated in this region, it may well be long lived. 

Moreover, between regions of opposite sign helicity, a

large shear would be generated, leading to dissipation.
i 

This would explain intermittency (dissipation being

restricted within the helical region). It remains to be 

shown that, in a reflexionally symmetric fluid, helical 

regions will occur, and also that large vortices could be 

farmed in such a region.

Levich and Tsinober 1 * have recently shown that in a 

homogeneous fluid, the quantity:
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where the helicity density:

(1.32)

is a constant, up to Q{Re~ i )}. Physically, -for a fluid in 

which <T>=O, I represents the helicity fluctuations. It 

remains to be shown that I2O.

Intuitively, it seems implausible that helicity 

 fluctuations do not exist. Also, the form o-f I is o-f the 

same -form as the Saffmann* 5 integral:

Ma =
<1.33)

where £ is a -force per unit mass acting on the -fluid. This 

can be shown, assuming ergodic behaviour, to be non  zero 

in a fluid if, in a volume V, f « V iyf£ . More conclusively, 

perhaps, when the velocity field obeys Baussian 

statistics, we have:

X = =  f E (1.34)

This equation, as we shall show later, introduces the 

concept of an inverse cascade.

From dimensional analysis, we have:

(1.35)

However, from the Kolmogorov argument, we have that:
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e of. E_ (1.36)

Equations (I.35) and (1.36) are clearly incompatible in 

the same inertial range, which suggests that there are two 

such ranges: one which cascades energy down to small 

scales, and the other creating helicity correlations on 

ever larger scales. This latter cascade would -form 

conditions favourable to the formation of large scale 

vortex structures. A similar situation occurs in 

two dimensional fluid dynamics, where the enstrophy is 

conserved, and hence plays a role analogous to that of the 

mean square helicity in three dimensions,

Recently, in a series of numerical experiments* & , 

evidence for the existence of helical fluctuations in a 

reflexianally symmetric fluid has been found. Moreover, 

the form of the kinetic energy spectrum at the largest 

scales derived by Levich and Tsinober have been applied to 

mesospheric phenomena 17 , where the theory would suggest 

that large scale features such as cyclones may occur due 

to energy transfer from the smaller scale cumulus clouds.

The important concept of helicity fluctuations and the 

role of helicity in general have only recently been 

realised. Motivated by the work described above, and 

based on a model first proposed by Moiseev et al 18 , we 

develop in chapter one a model of an incompressible fluid 

with a non-zero mean helicity. In the second chapter, a 

brief discussion is given of magnetic helicity and its use 

in MHD. The closure scheme developed in chapter one
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applied to the MHD equations, and then, in chapter three, 

to that of a passively convected scalar field.

Finally, in chapter four, some analytical work on forced 

two-dimensional MHD turbulence of a conducting fluid 

subject to an external field is presented. This work 

explains, in part, some of the properties of such flows 

suggested in numerical studies*- 9 * 20 » 2i .
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CHAFTER QNE

LARGE-SCALE VGRTEX FORMATION IN AN INHOHQ6ENEQU5 FLUID:

Ths VJCTK of Lavich ARC Tsirober describea in 

i n tr odu.ct. i on i ndi cates that even i n a ret I ex i onal 1 y 

symmetric ensemble of -fluids (those for nhich <T>=O) the 

fluctuations in the helicity may still be large, and that 

the fundamental I invariant cascades the energy to large 

scales- thereby creating conditions favourable to the 

birth of large scale structures. Should these form in a 

region of large helicity ? i.e. in a region where v is 

jiiai.nly parallel to 4> ? the energy transfer term y_"*£ will 

be small, and hence the structures may be lone lived.

We now proceed to construct a mode! of a fluid driven by 

an underlying Gaussian turbulent flow of a civen 

helicitVx The initial theory, cue to Maissev ?t al i8 ,. 

dealt specifically with a hornogereous fluid whose equation 

of state (u-:ssc fc^ simplicity) ^as p-kp 2 » The derivation 

given hers is for a more general case, since we consider a 

weakly non homogeneous flow of a particular nature of an 

incompressible fluid. Inhomogensities are likely tc arise 

in any natural flaw.

Assume that for some time t-<t Q the (turbulent) velocity 

is given by v = yj1 5 p = p'"1 , where is a S correlated 

field with Gaussian statistics, has zero inean and has a 

definite helicity. This field will ab&y the Navi^r Stores 

equation, for an incompressible fluid, so thats
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(1,1)

where dt- E 3/3t and .*- E pV-^t. Taking the divergence or 

this ecu^tion G

 "" i ""7* x

The assumction of incoropressibi1ity is valid so long as 

the Mach number M (the ratio of fluid to sound velocity) 

is small CM 4 0-3) .

At tims t 0 , "switch on" a small mean velocity <y_> <i.a« 

such that ?<v>! « I vti everywhere, Realistically, this can 

only be satisfied "almost" everywhere, as occasional 1 y v*1 

may vanish,) At ail subsequent times, the total velocity 

can be expressed as the sum of these two fields plus a 

third term, This third terra, denoted by v 1 , is a "mixing" 

velocity.- of zero mean, which is a function of the 

turbulent velocity, so that v- = y_* <y_r ,*?*-) » The same 

argument is also given for the total pressure,

We note that v 1 is wel 1-def i neds at any time later th-sp 

r Q , we can , in pr i nc i p 1 e?, deter mi. ne f rom the i ni t i al 

conditions, wh^.t y_^- would have been if <y_> had not been 

switched an, and can measure both v and <v>, and hence v 1 

is wel1 determined.

For times t>-t 0 we have:

d the pressure equation i-=s
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where the total velocity and pressure can be decomposed to

gi ve;

Equations (1.5) can be considered to be the definition 

of v 1 and  n i .

Upon inserting the expressions (1.5) into <1.3) and 

using (i.i), we obtain, after taking the ensemble averages

= - <xJ
~ ~ ~ (1.6)

i

-V

Initially, since i <y_> J «! v^i , we expect iv^KOyJ1 !, and so 

the terms non  linear in <v> and v i can be neglected. This 

simplifies the above equation, which reduces to?

(1.7)

The last two terms on the left-hand side can be obtained 

from the mixing correlator <v'^ <x_) v i (y_)> ? and so the 

evolution can be deter -mined if this correlator can be 

calculated.

Since the mixing velocity is a function of v'c and tf't-

only, and these are assumed to be Gaussian variables ,
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can use the Novikov-Furutsu -formula22 * 23 to express the 

mixing correlator in the forms

J< v

(l.S)

where IR and (E are the responses of the mixing velocity to 

a change in the turbulent driving -fields, that is:

a, 3) =
J

and:

where (1) - <x_j,t.|} and similarly for the other arguments, 

while 4>/S... indicates a functional derivative,

Equation (1«S) is obtained by writing the function 

v i (v^1 ) as a Taylor series in v1-, and then noting that for 

Gaussian fielos of zero mean, the n tn order moment 

<y_- <x_.j ) y_*- <.x_2> = « « . yj- ixj-y) > can be expressed in tarms of the 

second order moments < v^ (x_; ) v-(x_j ) > only =

We now proceed to calculate the response functions IR and 

C.

Place expressions <i«5> into equation <1.3) and simplify 

using (l.i), After performing seme tedious alqsbra,

obtain an equations of motion for the mixing velocity: 
i

(1. ID



where A is a known vector -function. This can be 

integrated to give a -formal solutions= -r
Jo

in which the (obvious) label )£ has been suppressed =

Using the equation above allows the response -functions 

to be calculated. Taking the -functional derivative with 

respect to the pressure first qivess

x 
> d

(1.13)

From causality, the interaction term can only respond to 

a change in the driving field at an earlier time, so that 

the lower Iisuit in (1.12) can be replaced by t". However, 

since we are only interested in equal time commutation

relations, ^e let t -*  t 7 ' in the above to Gives

.14;

Taking the -functional derivative with respect to the 

velocity gives;

(Rij fe /-b 1 y ,-b^) - -JVK (b'^Cx -y

3x



Following the same procedure as before yields the 

euation:

( 1 = 16)

where the factor of one half arises from the derivative of 

the Dirac delta function.

The expressions <1.13> and (1.15) can now be inserted 

into the equation for the mixing correlator and, after 

p er f or mi n g the i n t eg r a t i on s , we ob t a i n ;

(1. 17) 

e need now only specify the correlator K, wheres

to determine the terms < < v *  . _]?) v^ + <y_^-» v} v ̂/.^

Uie assume, for simplicity* that this correlator may be 

decomposed into the product of spatial and temporal 

components, Moreover, if the turbulence is statistically 

stationary, the time  dependent function will depend only 

on the time  separation r. Thus we have:

(1.19)

In the above f we have taken -Mr) to be the S-function, 

It is usually assumed that the turbulence is both



  

homogeneous and isotropic, so that there is no preferred 

origin or direction for the axes. In that case, the 

correlator K is simply a function of irj. For this work 

we retain seme weakly homogeneous terms o-f a particular 

nature. Having made a Garticular choice for the origin, 

»**e write the correlator as 3

where R and S are the relative and centrald co-ordinates, 

namely;

and X is an expansion parametsr, which can be taken to be 

the ratio of the length scale of the inho<nogenei ties in 

theturbulent field to the dimension of the system. Ter^s 

involving powers of R greater than two have been neglected 

because they do not contribute to the final equations (at 

most the first derivative of K with respect to R is 

required, and the limit as R-*0 is then taken). Terms of 

OCA3 ) will be neglected,, as it is assumed that the 

expansion parameter is small.

We note that this choice for the correlator is similar 

to that given by Satchel or for axisymmetric turbulsncs-



the axis of symmetry being here replaced by the centrald 

coordinate S. This places a particular significance on 

the vector S^, and hence on the choice -for the origin. It 

thus restricts the nature of the inhomcgeneities 

considered.

It is easy to see that the $CR,-S> cives a measure of the 

"longitudinal" correlation, whilst q(R,S> and h(R ? 3) 

represent partially the "transverse" correlation.

We are not free, however, to choose any functions for 

the set -C'i»,A,B,C,D,g,hj-, since under the transformations

 0

the correlator must re<7sain unchanged. This imposes the 

following set of symmetry conditions;

R, 2)

I n add i t i on to this, we assume , f or si iT.p 1 i c i t y , that :

, n,Bxo; iD q/ h?' ' ' >^'^3' ^ d.24)

This is a particularly restrictive assumption, and again 

constrains the type of innomageneities considered. In the 

limit A-*0 ? these conditions reduce to those assumed by 

Moiseev et al»

It is now possible to obtain the derivatives:
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S^x

< 1 . 25 )

and :

where we have used the notation;

(1.27)

However, -from equation (i.2O) , we have that

(1.2S)

wh i c h i ir«p 1 i es t h at s

hex) -=— ••*"•- ' — * j a s 2'^''

Further to this, we have the incompressiblity condition= 

namelys

wi th:

(i.31)



I he condition imposed by equation (i.29) must be true

every where - If we apply it specifically at the point y_=>l? 

we obtain:

x ((x v)c -t-

In order to satisfy this equation at every point, 

choose to puts

^< -o
(i.33a)

and:

<1.33b)

We note that this particular choice makes all terms of 

-first order in A zero.

Inserting equations <1»29) and (1.33) into <1»25) and 

< i.26) and usi ng (1.27) gi ves2

U.34)

We can use this to obtain different interpretations of 

the quantity g<x_), since the mean helicity density of the 

tubulant field is:



•—«o_ 
— iCS

Likewise the enstrophy density is;

(1.36)

and the kinetic energy density is;

Ci.37)

From <i.33> , we have that 2

\f *" I I I ^S. 1,^ I J_ X-^VA __ /••>. -=-n •
— (_>/ { 1 • 0-0 J

which, i-f we integrate using Gauss's theorem? gives:

(1.39)

I-f there exists a closed sur-face S c, , such that on this 

surface C(x_)=O, then within the volume V 0 enclosed by S n , 

there must exist regions of positive and negative C(x_) ? 

sines?

\

provided that C (x_> is not zero everywhere within V n . From 

equation (i.37), these correspond to regions o-f 

enhancement or reduction o-f turbulent kinetic energy. 

If we assume that C(x^) = CUxj), then <1.33) becomes;

(1,41)
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which has & solutions

_ Co 
— ,•

' (1,42) 

We note that this expression is singular at the origin, 

again illustrating the nature o-f the inhomogeneity. 

Ecuati on ( i,42) a i ves;

(1,43)

As well as being able to obtain a speci-fic -form -for the 

enstrophy, it is also possible to obtain an expression for 

the energy spectrum, since we have that:

— ̂ S X
d x
— (1=44) 

which, in this case, becomess

— LK X „
>;X (1,45)

which, on integration, yields:

.4.

The sign o-f C 0 determines whether the kinetic energy is 

enhanced or reduced in the presence o-f i nhomogenei ties.

From equations ( i . 35)-» < 1 . 37) , we can construct two 

length scales characteristic o-f the turbulent -field, 

namely s
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and:

(1,43)

The implications of these ''natural'"' length scales v^i 1 1 he

discussed l£.t2r,

The ter:ns which need to be calculated are2

(1.49)

and 2

(1,50)

Inserting equation <1.17) into equation (1,49) givess

. = _ . lirv>
a. si)

which, using equation (1,34) yields;

• 52)
or equi valently , in vector -form:

(1,53)

By inserting equation (1.17) into equation (1,50), we

obtains
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(1.54)

which, upon L_sing equation (1,34), simplifies to give;

We note that the trace Q-f the quantity in the brackets is 

simply the kinetic energy density of the turbulent -field.

Hence ^e can write the (linearised) equation of motion 

for the mean -field <v> in the form;

ffx)V A <v> _ V

(1.56)

where we have defined the quantities

a ' 57)

As the kinetic energy is positive, we note that the 

viscosity is enhanced due to the presence of the turbulent 

driving fielda

If we had not chosen the particular form of equation 

(1.2O) for the correlator Kjj, we would have obtained the 

following equations

<^>; - Vt <TT>



where:

so that?

( i.57c)

f»

In equation (1.57), it can be seen that the operator q 

can be interpreted as a stretching term, since (x/ _*><v> 

gives the spatial rate of change of <y_> in the direction 

of x_ ? and that when this is large, then <v> will increase 

more rapidly with time, depending on the sign of C<x_>, In 

regions where energy enhancement of the turbulent field 

occurs, so that C(>^)>0, the mean field will tend to 

increase on a time scale (A^C')" 1 ^

we now proceed to expand all variables as a power series 

in A, so that:

This gives the following equation for the velocity to 

zeroth order in A:

This is the result obtained by Moiseev et si, provided 

that we set g(x_) equal to a constant, The equations are 

therefore not particularly sensitive to the equation of
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state.

From equation <1.58>, we can also obtain the first order 

expression for the velocity, namely:

< 1 . 6O )

-Y<TT,>

By taking the curl of equation (1.59) we obtains

<LOo>

which, upon Fourier Transforming, assuming g 0 ' to be 

constant, gives the following growth rate for vertices:

$60 = SoK-V^K-
4. A » Oji. .•»

There is thus a band of scales 0 < k 4 q fi "/v" for which 

growth occurs. The maximum growth rats Ycna* ClC:cur = a"^ 

scale k 0 , where:

; Ko - ?£_

We can compare the size of the vortex structures formed 

with the "typical" length scale of the turbulent field 

given in equation (1.47), giving:

saate of -h^rbutenb ^ t&id 4>0
" K
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so that:

o ̂  N

The ratio of these two scales is thus dependent on a 

single number:- the ratio of the "turbulent" to the 

molecular viscosity. Srowth occurs on a range o-f scales, 

so there will be some large scale structures formed, 

whatever the value o-f this ratio,

To obtain the first order equation for the vorticity, we 

simply take tha curl of equation Ci.iO), giving:

Taking the divergence of equations (1.59) and (i.6O) gives 

the zsroth and first order equations for the pressure, 

namely:

(1-67) 

and:

(1,68)

It is interesting to note from equation (1,67) that a 

helicity gradient can generate pressure and that, in the 

absence of such a gradient, the pressure obeys Laplace's 

equation. If g0<x_) is such that go<x_> - gj I xj > , then
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equation (1.67) becomes:

69)

so that in this case the pressure can be related, through 

the he! i city density, ta the mean angular momentum, since;

A

have also the second order equations:

£ A<V,>

ands

as well as;

V VTT> * ^
4- Y

It is also possible to determine the zeroth order 

equations for the kinetic energy, enstrophy and helicity 

associated with the mean -field.

Forming the scalar product of equation (i«6O) with <y_>
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and integrating gives:

3i. A-

4

The energy associated i*ith the 'Dean field is thus subject 

to the usual viscous dissipation, (but with an enhanced 

coefficient of viscosity) and is also affected by the 

he! i city of the mean field- If this helicity is of the 

^ame sign everywhere as the mean helicity of the turbulent 

field ? then the energy will tend to increase. This is a 

result similar to that obtained by Moffatt25 . The 

equation for the enstrophy is obtained by forming the dot 

product of equation (l.&S) with <^»> 0 and integrating. The 

result is:

'- • 75)

Hers we have viscous dissipation, bat also enstroohy 

generation caused by the "smoothing" of the turbulent 

field helicity and the helicity associated with the 

vorticity (as opposed to the velocity) field.

Finally, the time evolution of the helicity is given by

(1.76

wh i ch, in this case * beeomes;
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a.77)

where A-; - is i~he vo^ticitv tensor, de-fined such that?
' i J

(1.78)

ands hences

- — e<C <LOK>> (1.79)

Again there is a viscous damping term, hell city generation 

due to the mixing of the < small scale) turbulent heiicity 

with the (large scale) enstropny associated with the mean 

field, and & term occur ing due to the skewness of the mean 

velocity field.

In this chapter, we have developed the closure scheme 

proposed by rlciseev et al . in order to discuss an 

incompressible fluid driven by a weakly inhomogeneaus, 

Gaussi an— correlated driving field of a definite mean 

heiicity. This model is valid for systems where the 

turbulent viscosity is small in comparison to the 

molecular viscosity, We have found an enhancement of 

viscosity due to the energy of the turbulent field, 

Vortex product ion occurs on large scales due to the 

presence of a mean heiicity. The energy associated <*ith 

the mean field will increase provided that the turbulent



and mean field he!icity have the same sign,

In the second chapter, we use this technique to 

investigate the behaviour of passively convected fields
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CHAPTER TWO 

THE EFFECT OF HELICITY ON MAGNETIC FIELDS,

Many astrophysical objects possess magnetic moments, the 

Earth, Sun and pulsars being examples. From elementary 

considerations, as we shall see later, it would appear 

that the magnetic fields o-f these two bodies should have 

decayed to zero over their li-fetime, some 1O 9 years. The 

•fact that it has not suggests that there should be some 

form of self—generation of the magnetic field, and much 

work has been done on applying dynamo theory to these 

systems, in order to explain the long—lived nature of the 

field.

In recent work26 , the helicity of the magnetic field has 

been shown to play a part in the formation of stellar 

magnetic structures. As a result, the magnetic field B is 

often assumed to be purely helical, so that:

(2.1)

Such a field is called force-free, since the Lorentz 

force density JAB <j[ is the current density) associated 

with it is zero. It is also the field configuration of 

minimum magnetic energy. For these fields, a current is 

produced parallel to the magnetic field, thus creating a 

poloidal component. This "« effect 11 is a major ingredient 

in modern dynamo theory27 . If we assume further that «
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has a constant value, then it is easy to show that:

V1 ft -+ 0^5 -
~~ (2.2)

This is the linear Helmholtz equation, and solutions can 

be found for given boundary conditions.. The force— free 

condition has been applied to the solar corona to 

determine the form of the magnetic flux tubes28 . Further 

work has shown that should such a flux tube be expanded by 

an external force, then magnetic helicity will be 

transported to this region29 .

The results of chapter one show that a mean kinematic 

helicity (i.e., <v"u> ? O) causes a self —generation of 

vorticity. It is to be hoped that the application of the 

closure scheme developed there might help to explain the 

phenomenon of self —generating magnetic fields. It is also 

possible that the results may be applicable to 

astrophysical objects, since rotational motion encourages 

the development of kinetic helicity27 . Work by De 

Young30 , however, indicates that turbulent generation of 

magnetic fields in extra— galactic radio sources is 

unlikely, unless the kinetic energy input is accompanied 

by helicity flow on all length scales.

In the presence of a magnetic field, the equation of 

motion for a conducting fluid will become:

(2.3)

where j. is the current density, B is the magnetic field, E 

the electric field, and ?e the charge density; the last 

two terms on the right-hand side clearly constitute the
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Lorentz -force.

In addition to this, we have Ohm's law;

J - <r(£ -4- y/\B~" c.~ (2.4)

where <r is the (scalar) conductivity, and Maxwell's 

equations which, neglecting displacement currents, became:

v/\g - -•^^
(2.5)

with the equation of continuity of charge:

Y • j - O (2.6)

In the non— relati vistic limit, the terms involving can

be neglected, and after some manipulation we obtain the 

magneto— hydrodynamic equations for the magnetic field and 

fluid velocity31 :

(2 _ 7)
and:

where:

— C
(2 - 9)

is the magnetic diffusivity.

An order of magnitude estimate for the lifetime T of a

magnetic field is thus:
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(2.10)

For the case of sunspots, -for example, i\-10 and L=10 7 , 

so that T=lO 13s, much less than the age o-f the sun. Some 

•form of dynamo action is there-Fore expected.

We note that equation (2.7) is similar to the vorticity 

equation:

(Jb "*" Y '~}^ =

(2.11)

except that in equation (2.11) we have, instead of 

equation (2.8) the constraint &> = ?xy_.

By analogy with fluid turbulence, we can define a 

magnetic Reynolds number Rm such that:

t^=KB-S)v'
(2.12)

and at extreme values of R'm we have:

and:

(2.13)

so that for small Rm , there is a decaying magnetic field, 

but for Rm large, there will be field generation. In 

astrophysical applications, the length scale involved is 

quite often large, and so Rm is usually high.
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Usually only the case of a perfectly conducting fluid i 

dealt with, so that ^ -* O, but in the fallowing treatment 

it has been retained, since the analysis is not 

complicated by it, and physically it represents the 

effects of molecular collisions.

We now define the Alfven velocity b by:

(2.14)

and, since the density ? is constant, equations (2.7) and 

(2.8) become:

(2.15)

and:

~ -<- Y . v\ y ^ V Vx v -u (b- v)b - vAr-t- fe
?fc / ~ >.--'_ -\. &

We proceed in the same manner as in chapter 1, by 

splitting the velocity, density, and magnetic fields into 

a turbulent driving, a mean and a mixing term:

Vz: <v> -4. y

b =<b> ̂  b^ j. b' (2 - 17) 

TT =• <TT>-4- TT^ 4. TT 1

where we assume that the turbulent fields obey Gaussian 

statistics, and v^B*1 are of zero mean, and that 

Kb_>l,ib 1 !« I b * I This time, to simplify the calcuations, 

we also assume homogeneity.

Inserting equation (2.17) into equations (2.15) and
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(2.16) and averaging yields:

(2,18)

and:

'^X -4- <C£!'Y)V'

-u < b1 .

We also have equations -for both la 1 and v 1 , namely:

=(<b>-v)vt j. (bt.v)<v> -^^-v)

(2.2O)

and:

£- -/— "~ U- '-J^—' — (V,\OJ (2.21)

where F and B are known -functions. From the above two 

equations, by integrating with respect to time, we obtain 

the following -functional derivatives:

(2.22)
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-- - J
<2.23>

_ l

~. (2.24) _ ory-*i _ <^,-> - i o<y~ti

<2.25)

From the Nov^cov—Furutsu -Formula we have that:

(2.26)

which, upon using the -functional derivatives and 

integrating (using the fact that both <y_> and <b_> are 

solenoidal) gives:

Similarly we obtain:

x)b.Vy)>^ X9 ̂ CSI^Qj
-* <=»* t

<2-28)
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and:

(2.29)

and finally:

(2 . 30)

By analogy with equation (1.18) we now construct the 

correlators o-f the driving fields as follows:

(2.31)

(2,32)

(2.33)

where r_ = x_ — y_. we note that incompressibi 1 ity is 

satisfied if we choose:

, 2 . 541

We have also that the kinematic helicity density Y? the 

magnetic helicity density Ym anc* <v^-j_^> are given by:

(2.35)
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(2.36)

t ":•
\ ̂ - m

We note that <yj1 • s?xbj1 > = <b^t -cj->. This is consistent with 

the result obtained by taking the divergence of equation 

(2.4) (Ohm's Law) in the non-relativistic limit. If the 

turbulent magnetic field is purely helical, then we have 

that:

(2.3S)

where YC = <v"b_ 1 > is the cross-hel ici ty density. The 

physical consequence of assuming that <v^- _[*• > 5* O will be 

discussed later.

The kinetic and magnetic energies and the cross-helicity 

Yc are given by:

K.e = i<V**> r: 3^0) (2.39)

(2.40)

We have also that:

(2.42)
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where Cj j is either < v_t (x^) v^ (x_+r_) >, <b_t <>^) bj1 (x+r_) > or 

<b_t (x^v^x+r.) > and a(O) then equals g(O), -f (O) or h(0) 

respectively. It is now possible to determine the 

correlators in equations (2.18) and (2.19). We have:

^ 
J^-. ^ DtC<)V.^W» (2.43)

so that:

^>^ dr:
J (2.44)

which, using equation (2.42) gives:

Similarly we obtain:

and:

and -finally:

(2.45)

<2.46)

(2.47)

(2.48)

Inserting equations (2.45) to (2.48) into (2.18) gives:
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(2.49)

where we have omitted the argument (0) .

In order to determine the equation o-f motion -for the 

mean velocity, we need to evaluate the correl
ators:

(2.50) 

and:

(2.51)

Using the correlators (2.32), (2.33) and (2.34) yields:

C(y fc . V)V | N> - *HoWv<b> - <bto^>v\v;> (2.52)

and:

(2.54)

(2.55)

Inserting these expressions into equation (2.19) gives:

(2.56) 
- h V
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By taking the curl of equations (2.49) and (2.56), we are 

in a position to investigate the joint formation of 

current and vortex structures. We have:

(2.57) 

and also:

V
3

C2.58)

where we have introduced the quantities:

(2.59)

Equations (2.57) and (2.5B) constitute a pair o-f linear, 

coupled dif-ferential equations. This coupling occurs due 

to the non—zero correlation between the turbulent velocity 

and magnetic -fields. Again we note that the transport 

coe-ff icients are enhanced by the total energy (both 

magnetic and kinetic) stored in the turbulent -field.

The kinematic helicity and the magnetic helicity can be 

combined to give an e-f-fective helicity Ye» where:

(2.60)

I-f we denote the Fourier transform o-f <G>> and <^xb_» by 

Q and J_ respectively, then, upon Fourier transforming 

equations (2.56) and (2.57), we obtain:
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thK

-ihK T,
31

= o

(2.61)

where we have written:

- — UU +

» - UO (2.62)

If we assume that there is no correlation between the 

turbulent velocity and magnetic fields, then the situation 

becomes particularly simple. For consistency, we would 

then require that:

o

-tL
O O

o o

= o
(2.63)

which implies that either:

= O

or:

= o

(2.64)

(2.65)

which lead to the dispersion relations:

(2.66)



-51- 

and:

(2.67)

Jhe dispersion relation (2.67) reduces, in the

non—magnetic limit, to the expression obtained by Moiseev

et al.

It is interesting to note that even when the the 

turbulent magnetic -field possesses no magnetic helicity, 

large scale current structures may still grow, provided 

that the kinematic helicity is non—zero. Likewise, vortex 

structures may grow if the magnetic helicity is non-zero-

The equation we have obtained -for the large scale 

magnetic field (for the case when there is no correlation 

between the turbulent velocity and magnetic fields) is:

(2.68)

This is the a-dynamo equation (with « replaced by g(O)), 

which has been derived by other workers using different 

methods. (See, for example, the book by Parker32 ). In 

one method, used by Moffatt27 , the electric field, 

assuming the velocity field to be known, is expanded as:

(2 _ 69)

Then, by setting:

(2.70)
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he obtains:

(2.71)

The problem with this method is to determine the value 

of «. In our work we have obtained the expressions

^

(2.72)

which we can write as:

(2.73)

where 7m and rv are the correlation times -For the 

turbulent magnetic and velocity fields respectively. We 

have, however, that:

(2.74>

so that we can write:

(2.75)

I-f we assume equipartition of energy between the 

turbulent magnetic and velocity fields, then we can write 

equation (2.75) as:

(2.76)
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The -first term in the brackets is the expression -for « 

obtained by Keinigs33 , whilst both terms have been derived 

as passible expressions -for a by Matthaeus et a^ 3 *. , with 

the exception that 3q>/2 and 3^/2 replace the molecular 

viscosity and magnetic di-f-fusivity.

I-f we set the crass-he! i ci ty equal to zero, then the 

equation -for the current density is:

<2.77)

Thus current structures will form in the wavenumber range;

(2.78)

with a maximum growth rate Ymax occur ing at a wavenumber 

k 0 , where:

_
" -" (2.78)fyt

The "natural" length scale associated with the turbulent 

magnetic -field is:

f^Col

so that we have:

scale, of
(2. SO)

which is bounded by:
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We wish this ratio to be as small as possible, in order 

that the structures are much larger than the scales over 

which the turbulent -field changes. This will occur in 

systems where the turbulent di-f f usi vi ty is much less than 

the molecular magnetic di-F-f usi vi ty , and also -for systems 

where the kinematic and magnetic helicity have the 

opposite sign.

If we retain the cross— hel icity, but set the kinematic 

and magnetic helicity to zero, and neglect all the damping 

terms, we obtain the equations:

<2.82)

which lead to:

(2.83)

which gives the dispersion relation:

00 ~ - • •- (2.84)

This implies that vorticity can grow on all scales, due to 

the presence of cross-helicity between the turbulent 

velocity and magnetic fields. The largest growth rates 

occur on the smallest scales.

Finally, if we neglect all the damping terms, and retain



only the terms involving then we obtain:

(2.85)

These may be combined to give the wave equations:

= hr vVu?> ; g> = hV<j>
^

<2.86)

We see thus that h (O) has the dimensions of velocity. We

have that:

h T=
(2,37)

where f is the typical correlation time, is the Alfven

velocity associated with the turbulent magnetic -field, and 

1 is the length scale over which the magnetic -field 

changes. An order o-f magnitude estimate thus suggests 

that h(O) is approximately the Alfven velocity.

In this chapter we have found that both vortices and 

current structures may grow in a fluid which is driven by 

turbulent fields possessing either kinematic or magnetic 

helicity. The coefficients of viscosity and magnetic 

diffusivity are enhanced by the presence of the total 

energy (both kinetic and magnetic) of the turbulent

fields.
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CHAFTER THREE. 

HELICITY AND THE PASSIVE CONVECTION OF A SCALAR FIELD,

We now move on to discuss the convection of a passive 

scalar field, in this case the temperature, by the fluid.

The flow of heat across a fluid element's surface d 2S 

per unit time is h_'d 2S^ where h_ is the heat flux vector. 

This must equal, in the absence of viscosity, the rate of 

change of heat flowing out of the fluid element, which is 

d-t-lpcB), where c is the heat capacity of the fluid, 8 is 

the temperature, and d^ is the convective derivative, 

namely:

- x. + v.

and signifies differentiation with respect to time in a 

frame which is co—moving with the fluid.

If we assume that the temperature gradients are not too 

large, then we can put h_ == —k^8, where k is the thermal 

conductivity.

Integrating throughout the volume of the fluid gives:

(3.2)

which, using Gauss's theorem, gives:

(3.3)
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where we have introduced the thermal diffusivity 

de-fined by:

^ K
<3.4)

The effect of viscosity is to introduce a heat 

generation term due to the presence o-f stresses within the 

fluid. In the book by Landau and Li-fshitz 7 , for example, 

it is shown that equation (3.3) must be modified so that:

(3.5)

We proceed in exactly the same manner as in chapters 1 

and 2, and decompose the velocity and temperature fields 

into three parts, a turbulent Gaussian—correlated part,

/

the mean part and an interaction part, so that,e.g.,

(3.6)

By averaging equation (3.3) we obtain an equation for 

the mean temperature <B>, which is:

<3.7)

We have also the equation for the interaction part of 

thetemperature, obtained by inserting equation (3.6) into 

equation (3.3) and simplifying using equation (3.7). The 

resulting expression is:
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(3.3)

where H(v 1 ,B 1 ) is a known function.

We can use equation (3.8) to obtain the functional 

derivatives:

and:

5. 10)

From the Novikov— Furutsu -formula we have that:

frx)©Ya)> - f<vfe>viftJ "

f <v£osJ

which, using equations (3.9) and (3.10) becomes:

. 12)

However, we know that:

(3.13)
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and so we need only specify the correlator <v'^ <x_> yj- <y> > in 

order to obtain <v^-*vB>.

We shall sgain treat the fluid as being inhomaqeneous, 

and hence adept the same correlator as used in chapter 

one , narnel y '

,i,

Using this expression in equation (3=13) yields?

2. A 
<)\~r^ *'<^V<V>

L

If we acain employ the Novi kov— Furutsu formula, 

obtains

, 
* ~

However, from the Navier-Stokes equation, we know that;

x =

and also that:
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Ule need now to speci-fy the correlator < B^- (x_) yj- (y_) > - We 

again per-form a power series expansion and set:

^. - _ O.^CL' \A/t3 r\
3. I*?.

W-a have the incompressibi 1 i ty condition to use, namely:

= o
(3,20)

and we again restrict the inhomogenei ties that are being 

considered to those -f or iX>hic>i ;

We n?ust have:

(3=22)

and aaain, -for simplicity, we make the -Following choices:

?< ^ =• O

and:

(X- V^bfx^ rr (3 ' 24)

can write this latter condition in the -form:

V- (bCx-)x _ o
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so that we snust have:

(3,26)

for some vector -Field h.

If we make the further assumption that b (x_) depends only 

on the magnitude of x_, then we can solve equation (3.24) 

to obtains

r ) -
- <3.27)

In order to interpret b <>O and d <x_) physically, we note 

that;

(3.28)

and also;

(3 " 29?

so that b (>£) models the correlation between the 

temperature and the velocity, whilst d<>O contributes to 

the correlation between the temperature and the vorticity 

The d <x_> contribution to the correlator (3,29) is along 

the "line of sight" from the origin to x_, whilst the b (x_) 

term is perpendicular to it. This latter term will be 

zero if b = b(!x_i). The fact that < 8 fc (x> yj1 <x_> > is slang 

the line o-f sight is a consequence of the assumtions



(3.21). (3.22) and (3.23). It shows the importance of the 

choice o-f origin, and the special nature of the 

inhamogeneity.

It is interesting ta note that the one—point correlation 

beti^esr- the temperature Gradient ar?d the velocity iss

3b vx - , UA.-H (3.30)

The longitudinal part is given by;

- o

Uie can construct a length scale from <v^ (x_) 8^ (x_) > and 

fi- < x ) 8^ (x ) > whi ch i s 2

k y^cx^e^X _. i bcx

and is a length scale typifying the turbulent -fields.

If we insert equations (3.17? and (3,18) into equation 

<3, 16) and integrate, we obtain;

However, we have that:

(3,34)

which, upon using equation (3.19) yields:



A r- A -| (3.35)
= ±-\ vb«qx^> -d^x)x-<a2>

^2-L J

From Chapter 1 (equation (1.17), we knew that:

and we can use this to -find the correlator?

which we can write as:

can be expanded using the correlator (3,14). The

result

_,.

x )

UJe can put j=i , p=k in the above, and then j=k,p=i, and

hence obtain the equation
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where we have introduced the dilatiion tenso^* namey

We have thus obtained the equation describing the 

evolution of the mean temper at Lire of the fluid, which is

x

<3,42) 

U}e note that again the transport cost ficient is enhanced

dus to the erierqv' stored in the turbL*lent velocity -field,, 

Ecuatian (3.42) can be simplified i-? we assume that the

viscous heating e-f-fect is negligible ? and that the

turbulent velocity and temper at Lire -fields are

uncorr slated. We obtain;

^ OK v L

In the homogeneous limit, this reduces to the dif -fusion 

equation.

Equation <3.43> is particularly interesting if ^;s assLime 

that C<x) depends only on ix!» In this case, we have that
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It is new possible to seek sclutians -for <3<x_.t>> a-f the 

'•arms

(3=45)

where r = i x_\ »

Sustituting equations (3,44) and (3.45) into equation 

(3.43) yields i

dr r^ (3.46)

and, the time— dependent term obeys:

p^tr
<3.47>

As is expected, the solution to equation (3.46) is ? in 

the homogeneous limit, the zeroth order spherical Bessei 

•f u.n c t i on . Th e sec on d or d er ( i n A ) c or r ac t i on t o R ( r ) i s 

giver by the solution to;

We note, however, that we have generated solutions to 

the mean temper at Lire equation which depend only on r= The 

physical significance of this is that whilst the 

underlying turbulent velocity and temperat'-irs -fields might 

be inhomogensous, it is still possible to get isotropic 

behaviour o-f the mean -fields.



-66-

In this chapter we have obtained the equation of motion 

o-f the ;7!ean temperature of the fluid. The thermal 

diffusivity is enhanced due to the turbulent motion, In 

the homogeneous case when viscous damping mav be 

neglectad, we obtain the diffusion equation* It is -st7.il 

possible? to obtain isotropic behaviour o-f the mean -isle 

even if the underlying turbulent fluid is inhornogeneous*
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CHAPTER FOUR

FORCED hHD IN THE PRESENCE OF AN EXTERNAL MAGNETIC FIELD

In this chapter, we discuss -forced MHD in the presence 

o-f an external magnetic field. Much work on this subject 

o-f a numerical nature has recently been

undertaken i9 1 20 » 2 *• , but as yet a simple interpretation o-f 

the main observed features has been lacking.

The Navier— Stokes and magnetic induction equations can 

be written as:

IT V)V =• JAB - VTT (4.1)

and:

?!L 
3b

<4.2)

If we introduce dimensionless variables, v and i> are the 

inverse Reynolds and magnetic Reynolds numbers 

respectively. We shall now consider two-dimensional flow, 

so that we may assume that there is no dependence on the z 

coordinate. The fluid velocity is obtained from a stream 

function ^, according to:

ax '

Slight care has to be taken with the magnetic induction
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B. This comprises of two terms; a constant -field along 

the x-axis, and a turbulent field b, so that:

<4.4,

and the turbulent component is derivable from a vector 

potential say a, according to:

b = VACaS)

where i^ and fcc are unit vectors along the x an z axes 

respectively.

From (4.3) and (4.5), it can be seen that the vorticity 

t> and the current j_ are of the form (Q,G,<i>) and (O,0,j), 

where:

(4.6)

Taking the curl of (4.1) and "removing" the curl from 

(4.2) gives:

<4.7>

and:

<4.B)

where stochastic driving forces F and G have been 

introduced.

We assume that the induced magnetic field b_ is much
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smaller in magnitude than the external field B 0 , and that 

all velocities are small as compared to the Alfven 

velocity. In dimensionless units, these conditions become:

« 1 (4.9)

By considering the relative magnitudes of the terms in 

(4.7) and <4.9), great simplification can be achieved,

since:

and:

« I

(4.1O)

(4.11)

as well as:

(4.12)

where it has been tacitly assumed that the length scales 

over which the magnetic and velocity fields change are of 

the same order of magnitude. If this assumption is not 

made, the condition:

needs to be imposed to preserve (4.12)

Using (4.1O),(4.11) and (4.12) in (4.7) and (4.8) gives:
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and:

These two coupled linear equations can be solved in 

terms of the properties o-f the driving -fields. By 

introducing the Fourier transform of a dynamical variable 

Q(x,t) by:

(4. 15)

equations (4.13) and (4.14) become (using a dot to denote 

partial derivative with respect to time):

(4. 16)

with:

(4. 17)

By Fourier transforming (4.6) however, we have:

We obtain, therefore, the equations:

^ - V^VC ^w -f- LK^T*w*4^. _i_ /G, ^ (4.18)
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and:

(4. 19)

for the two potentials, with Hk = k~2 Fk . 

By introducing the (complex) vector x_ by:

<4.2O)

it is passible to cast the above equations in the 

following form:

(4.21)

where:

(4.22)

If we note that S^ is a stochastic driving term and L is 

a constant matrix, it can be seen that (4.21) is nothing 

more than the vectorial form of the Langevin equation. It 

is possible to write this in a Fokker-Planck form35 .

Equation (4.21) suggests a method to account (partially) 

for the neglected nan—linear terms, by the introduction of 

an "eddy viscosity". This would mean that v-»v+v ± (t), so 

that (4.21) becomes a stochastic differential equation, 

whose solution depends on the autocorrelation time, i.e. 

the time r such that <v(t)v(t '+f) >~0 for t-t'>f. Physical 

intuition would suggest that the eddy viscosity would be 

auto-correlated on quite a short timecale, so that
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standard methods might be used to obtain a series solution 

-for x^(t) in terms o-f r36 .

In order to solve the simpler problem where the Reynolds 

number is time independent, we introduce the eigenvalues 

and eigenvectors of the matrix L through:

(4.23)

and then expand all variables ass

n ; S *

We note that since L is not Hermitian, the eigenvalues 

are not real and the eigenvectors are not orthogonal. The 

expansion may be per-formed, however, since the

/

eigenvectors form a linearly independent complete set. 

Substitution of (4.23) and (4.24) in (4.21) gives:

(4.25)

which has the solution:

-Antf**r\t 
+ 0, J e

To restrict our attention to systems in which the 

velocity and magnetic potentials are initially zero (which 

is the case in most computer experiments), we require 

cn (0)=0.

The one-time correlation function is:
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-(%\ -*
e 

x

(4.27)

Should the external -field -fluctuate rapidly, then we can 

assume that:

(4.28) 

which gives:

(4.29)

However, from (4.24), we know that:

(4.30)

where:

(4.31)

From (4.29) and (4.3O) it is possible to see that 

saturation must occur since:

(4.32)

and:

A . V* ^ (4.33) 
/^^^^~f" ^TV\

Moreover, it is now possible to -find an analytic
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expression for the power spectrum A-j -j <k, 

definition, we have that:

B

_ f 00

so i ns-'?r tr. net

In the presence of either magnetic diffusivity or 

kinematic viscosity., An will have a real part,so we have 

that:

M (4,3?

AA-+-A;

where?

r~~ — i~tot
i Q*.

I (4,36)

so that the cower spectrum has a peak at a=O and L

To be more specific, we now proceed to evaluate the

eigenvalues of LJ

v
1

y, 
X*.

= -->
"y.

ill
(4,37)

where u)a is the Al-Pven freauency ( = k_° B n ) B 

This Gives;
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which we write as:

(4.39)

The (damped) peaks in the spectrum are there-fore at:

LO = if V-WTTpK^
(4.40)

For the case of unit Prandtl number, that is, when 
v = *\, 

we have jj(k) = ±2ua so that the poles will occur at o> = O 

and w = ±2o»a , which is in excellent agreement with the 

numerical experiments of Hussain et a! 2i , 

The eigenvectors are given by:

(4.41)

so that:

^ =^ /
v V A+ - vi,^ i (4.42)

where the £ •»- are normalisation constants, 

We can now evaluate <r+, since:

S -

and so
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(4.43)

De-fine £ by:

(4.44)

so that we can write:

(4.45,
which gives:

r)
,_____________ (4.46)

From now on, we shall consider only the case for which 

v=n which is used in the numerical experiments 19 » 20 » 2 4 . 

This means that:

(4.47)

Equation (4.2O) de-fines:

(4.48)

which, upon expanding gives:

+ <io--r> r, _
V "-
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Inserting (4.47) in (4.49) yields:

Mi

i - e

(4.5O)

. . V -ZVKHr 
H- VK - e (VK

To obtain an expression -for <l>jH 2 >, we simply exchange H 

and B in the above. It can thus be seen that <l^! 2 > = 

<lai 2 >, and hence equi parti on o-f energy applies at ail 

times. This is a consequence o-f having a Prandtl number 

exactly equal to unity. The equilibrium value obtained 

-for the magnetic potential is:

C J_
(4.51)

which is clearly bounded by:

|m ' • -• -. (4.52)

so that the equilibrium value is not particularly 

sensitive to the external magnetic -field, a -fact born out 

in the computer experiments.

By making use o-f Parseval 's theorem, it is possible to 

obtain an instantaneous value for the total energy, since:

^ (4.53) 

which gives the -following bounds far the energy:
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(4.54)

It is interesting to note that in the in visci 

Navisr-Stokes limit, we have;

(4.55)

Finally in this chapter, we consider the effect of a 

broad— band (in wave-number space) driving force, on a 

two-dimensional nan— conducting -fluid by putting;

— O

The kinetic energy is simply:

-/ 

J <0

Bv trans-f ormina to the net* coordinate;

(4,53)

we can write (4,57) in terms of a standard integral, 

namely;

where;

c*) = f^j 4 „ 6O
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ever f we also have that

(4.61)

r —= ^
-> ( t

oo
••!•> J^S ^^

•^ /-W-
(4,62)

is the exponential integral,

This leads to the following expression -for the kinetic 

enerqv?

/ (4.63)

with;

; r -

being the eddy turnover times -for the largest and smallest 

driven eddies,

For times large as compared to TJ^, we can employ the 

asymptotic expansion of Ej(z). namely;

/I - J-
(4,64)

to obtain;
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into squation (4.66) we obtain:

- ———- fa ~ 5) - EI&O + SezrSuo)] ,, „.-a>w J ^- -

taking the limit as S-*i then gives the expression which 

corresponds to cutting;

(4.73)

which iss

- 3rr= -31 ' — Q, I (4.74)
fc\

I
/

This is o-f the same form as both the analytical anc 

numerical expressions obtained by Hossain et a! 39 , 

although in their numerical experiments the value o-F S i«as 

set to be 33/7O,

Where this result dif-fers -from Hossain ^t s.1 is in the 

value of the time constant* Their expression is?

(4.75;

with a numerical fit of f = 124 T corresponding to a 

wavenumber given by k 2 = 2« as opposed to the value of k- 

= 55 which the above theory wculo predict <as their 

forcing bard is in the region 55 ^ k 2 * 7O)» As the abov* 

theory is linear, it is interesting to speculate that the



presence of non-linear interactions preserve the shape or 

the kinetic energy, but shift the dominating wavenurobar to 

larger scales,

The en s t r op h y Q (t) is g i ven by:

(4.76)

and so, using <4.56) and the Fourier transform of (4.6) we 

obtain:

which, when integrated, yields:

where E.£<z) is the same as in equation <4.62). 

In tar»ns of S^ this equation can be written as:

H-V

so that for broad bana -driving we have?

(4,79)

L In 6 1 <4.so>

whilst when <$F<k 2 )l> is the S-function, we haves

- 3rr_C, _ -C 
[
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Here we remark that in Hossain et al 3 *, vwhen deriving a 

semi -analytical expression far the energy, assume that a 

time exists such that the enstrophy has reached a constant 

value whilst the energy continues to grow. Comparison or

equations (^,74) and (4=81) shov-o that this is not the case 

-For this particular verm of stirring,

In equilibrium,, we have the expressions

H-v?

which will be zero -for stirring at a single wavenumber f 

but unbounded -far broad— band stirring,

In this chapter, <#>s have used a linear niece 1 o-f 

two— dimensional MHD turbulence to explain the observed 

•features of recent numerical work, namely the saturation 

of the magnetic potential, the insensi ti vi ty of the 

equilibrium value of the energy to the external magnetic 

field, and the prominent peaks in the power spectrum- One 

of the -features which this model does not explain is the 

observed concentration at the smallest scales permitted in 

the computer experiments. This, we note, is hardly 

surprising, since linearisation involves the neglect of 

the non-linear terms, and it is precisely these which are 

mainly responsible for energy transfer between the various

modes,

It also does not account for the rapid saturaticn 

followed by o. gentle decay of the e-nstroohy which has been 

reported by some workers,

It was suggested that these terms could possibly' be
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accounted -for by introducing an eddy viscosity. 'rtore work 

could also be dene on the particular far™ a-: the driving 

•force, to see whether the peaks in the power -spectrum are 

driver—independent or not.
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CQNCLUSIQNS.

In this thesis, the effect o-f a ncn-zerc mean helicity 

on turbulent fluid systems has beer di^cussea, The model 

used is based on the assumption that the -fluid velocity, 

the magnetic -field or the -fluid temperature fnay be 

decomposed into a turbulent, mean and interaction 

component. For the velocity -field, the turbulent driving 

component is 8-correlated in time, obeys Baussian 

statistics and has weak inhomogeneitias of a particular 

character. It is incompressible and has non-zero mean 

helicity. It has been shown that large scale (in 

comparison to the scale o-f the turbulent -field) vortices 

will form, provided that the turbulent velocity field 

possesses a mean helicity. The viscosity is enhanced by 

the turbulent motion. In the homogeneous limit, the 

equation for the large scale vortex structures reduces to 

that obtained by Moiseev et al 18 . The difference between 

the lenoth scale cf the structures and that of the 

turbu 1 ent va 1 oci t.y field is 1 argest when the viseasi ty 

enhancement is small.

For an electrically conducting fluid, the joint 

formation of vortices and current structures will occur, 

provided that one of the kinetic or magnetic helicities of 

the turbulent fields is non-zero. If there is no 

correlation between the driving velocity and rnagns-ic 

fields, then the squat ion -for the mean magnetic field is 

simply the «—dynamo equation, with a value of ex consistent
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with recent work. Enhancement of magnetic diffusivity 

occurs due to the total (both magnetic and kinetic) energy 

stored in the turbulent -fields.

when the magnetic and kinetic helicities are zero, we 

obtain the wave equation for both the vorticity and 

current density. The speed of propagation depends on the 

correlation between the velocity and current density of 

the turbulent -fields.

For the case of the temperature of the fluid, we find 

that the thermal diffusivity is enhanced. If there is no 

correlation between the driving temperature and velocity 

fields, we find that it is possible to obtain isotropic 

solutions for the mean temperature, even when the driving 

fields are inhomogeneous. In the homogeneous limit, the 

equation reduces to the diffusion equation.

It would appear that the closure scheme considered is 

quite successful and should be developed further, The 

three most important improvements that could b-a mads are 

to generalise the nature of the inhomogeneities 

considered 5 account for the non-linear terms, and to 

consider the effect of non-Saussian and non-S-correlated 

driving fields, Unfortunately there appears to be no 

simple way to achieve the second objective, though it may 

be possible to make some progress with the last two- In 

order to do so, it may be best to write the equations of 

motion in terms of the characteristic functional of the 

turbulent fields. For the velocity field v c , this would 

obey (since it satisfies the Navier-Stokss squation) the 

equation obtained by Hopf38 * The approach of Furutsu may
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then be -Foil awed. With 3 non-Gaussian correlator, it 

should be possible to construct a correlator such that the 

mean helicity a-f the turbulent -field is zero, and yet the 

mean-square helicity to be non-zero. It may then be 

passible to investigate -further the conjecture a-f Levich 

and Tslnober, namely that large scale vortices may still 

be -formed even if the mean helicity is zero,

One way of generalising the nature of the 

inhomogeneities considered would be to remove the 

important restrictions a-f equations (1.24) and (3.21). 

More general expressions -for K^ ^ (x_,x_) and Ai^ n (;j_) can then 

be used in equation (1.57a). This equation can also be 

used to describe the case of axisymmetric turbulence.

Another problem that still remains is that whilst we 

have found that large scale vortex and current structures 

may form, we are still unable to determine their lifetimes 

and show that they are long-lived. It is tempting to 

assume that, like many non-linear dynamical systems ? 

saturation will occur, but this is not necessarily the 

case. This may only be resolved if a better approximation 

for the nan—linear terms is found.

There are other questions which this work raises. Since 

we suppose that helicity produces coherent vortex 

patterns, if we are given a distribution of purely helical 

reqions of fluid at some time t 0 , what will their 

distribution be at some later time, and what vortex 

pattern will they have generated 7 Before this can be 

answered, a modal will have to be constructed to account 

for the interaction between two regions of different
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helicity, This interaction will clearly be 1arqsst for 

regions of opposite helicity, and will causa a shear 

across the surfaces o-f these helical structures.

A model -For -fluid turbulence could then be developed in 

terms of an inter-set ing ensemble o-f soliten—1iks vortex 

structures of a definite hell city.

The results of the fourth chapter are in very good 

agreement with experiment. The calculations predict 

saturation o-f both the magnetic and kinetic energy 

densities. These are of the same form as those obtained 

by Hcssain et a! 2i . We have also equipartition of 

energy. Our theory predicts ths observed peaks in the 

power spectrum of the magnetic potential at twice the 

Alfven frequency* It does not explain, however, the 

observed concentration o-f energy at the largest scales 

allowed. The explanation will not be forthcoming until 

the non-linear terms are taken into account .5 since it is 

precisely these terms which are resposible for the energ
y 

transfer between modes. The theory does not predict the 

observed decay of enstrophy. This may well be due tc the 

fact that the driving forces considered in this work are 

different to those used, for simplicity, in numerical 

experiments

It is possible to develop the model by writing the 

non-linear terms as an "eddy viscosity". Then, by using 

the techniques for solving stochastic differential 

equations, expressions fot the magnetic and kinetic 

energies may be found, in terms of the auto-correlation 

time of the eddy viscosity.
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TAELE ONE, 

SOME TYPICAL VALUES FOR THE REYNOLDS NUMBER.

For -flow in a pipe, the transition to turbulence usually occurs 

in the range 20OO 4 Re 4 270O.

SYSTEH. LUrns" 1 ) LCm) v(m2s~" i ) R^

Aircraft wing 3.x 1C2 IxlO 1 1-SxlO"" 5 2xlO 7

Cricket ball ZxlO 1 7xlO~ 2 l.SxlO" 5 IxlO 5

Shi p 8x 10° ix iO2 1 . lx 10~ 6 7x 1C 3

Sac ter i urn i n water 2x 1 0 ° i x 1 0~ 4 I.I x 1 0~ & 2x 1 02

Blood flow in aorta lxlO° 2xlO~2 4.0xiO~ 6 5xlO3

Airflow around volcano 1 IxlO 1 2xl0 4 i.SxlO" 5 IxlO 10

1 The volcano, part of the Aleutian Island group, is 2518km 

hiah. and approximately 18km wide.
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