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Abstract

In this paper, we propose a local squared Wasserstein-2 (W;) method to solve the inverse prob-
lem of reconstructing models with uncertain latent variables or parameters. A key advantage of
our approach is that it does not require prior information on the distribution of the latent vari-
ables or parameters in the underlying models. Instead, through minimizing our proposed local
squared W, loss function, linear regression models or neural networks can be directly trained to
efficiently reconstruct the distributions of the output associated with different inputs based on
empirical distributions of observation data. We demonstrate the effectiveness of our proposed
method across several uncertainty quantification tasks, including linear regression with coefficient
uncertainty, training neural networks with weight uncertainty, and reconstructing ordinary differ-
ential equations with a latent random variable.

1. Introduction

Models incorporating uncertainty have been extensively utilized across various fields. For example, mod-
els incorporating measurement errors are widely used [1-3]. Additionally, models involving latent unob-
served variables are frequently employed in uncertainty quantification (UQ) [4], with applications in
stock price modeling [5] and image processing [6]. In bioinformatics, when analyzing individual sus-
ceptibility to infection to get infected by certain types of genotype-influenced diseases, dimensionality
reduction techniques are often employed to eliminate genes with minor relevance to the disease [7]. In
these models, instead of offering a single deterministic output, the output is sampled from a distribution
influenced by the input.

In this work, we study the following model with uncertainty (random field):

y(xw) :=flx,w), xe DR (1)

where f(;-) : R" x  — R is a continuous function in x; w € (2 is a latent random variable in a

sample space €. D is a bounded measurable subset of R". Only x is observed (referred to as the input).
Therefore, y(x;w) follows a distribution determined by x. Inverse problems of UQ arise in many real-
world applications, including medical imaging, geophysical inversion, and astronomical imaging. In such
problems, one seeks to quantify uncertainty in the outcome from indirect and noisy observations, which
may come from measurement noise, limited resolution, or other sources of observational error. For
example, in x-ray CT, the observed data y are projection measurements (sinograms), and uncertainty
may arise from reduced radiation dose, sparse-view acquisition, limited-angle scanning, and measure-
ment noise [8, 9]. In geophysical inversion, y may represent seismic recordings or pressure data, whose
uncertainty is affected by band-limited acquisition, ambient noise, incomplete spatial coverage, and the
intrinsic nonuniqueness of subsurface inversion [10, 11].

© 2026 The Author(s). Published by IOP Publishing Ltd
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Our goal is to reconstruct a model:

y(x;0) == flx,w), xe DCR" (2)

as an approximation to equation (1) in the sense that the distribution of y(x;w) can be matched by the
distribution of y(x;@) for the same input x. In equation (2), fis a stochastic neural network with weight
uncertainties (detailed in figure 1) and w € () is another random variable (which is the uncertain weights
in the neural network) in another sample space Q (we do not require Q to be the same as ). To our
knowledge, there are few existing methods that directly reconstruct the distribution of y(x;w) for differ-
ent x in equation (1) without requiring a specific form of f or a prior distribution of w.

1.1. Related work

The reconstruction of models with uncertainty from data has received significant research interest [12,
13]. Traditional methods for reconstructing models with uncertainty primarily focus on parameter infer-
ence. These approaches typically start by assuming a specific model form with several unknown para-
meters and then aim to infer the mean and variance of these parameters from the data [14, 15]. Recent
advancements in Bayesian methods, especially the Bayesian neural network (BNN) [16, 17], make it pos-
sible to learn the posterior distribution of unknown and uncertain model parameters given their prior
distributions as well as observed data.

The Wasserstein distance, which measures the discrepancy between two probability distributions [18,
19], has recently become a popular tool in UQ [20]. For example, entropy-regularized Wasserstein dis-
tance methods have been proposed for multi-label prediction problems [21] and imaging applications
[22]. Additionally, the Wasserstein generative adversarial network (WGAN) [23] has been applied to
various tasks, such as image generation [24, 25] and generating the distribution of solutions to partial
differential equations with latent parameters [23]. However, training a generative adversarial network
model can be challenging and computationally expensive [26]. Also, a large number of samples could be
required to reconstruct a distribution using the WGAN method.

On the other hand, our local squared W, loss is related to the recently introduced notion of con-
ditional Wasserstein distance, which measures an expected Wasserstein discrepancy between conditional
distributions and has been studied in, e.g. [27, 28]. In this sense, our construction may be interpreted as
a local empirical approximation of a conditional transport discrepancy over neighborhoods in the input
space when the neighborhood size is small. However, unlike the conditional Wasserstein formulations in
[27, 28], our method does not explicitly define transport on the full joint law via restricted conditional
couplings, but instead works with neighborhood-based empirical approximations. Therefore, when x is
high-dimensional while y and y are low-dimensional in equations (1) and (2), numerically evaluating the
conditional Wasserstein distance could be expensive and inaccurate due to the high dimensionality, but
calculating our local squared W, distance avoids directly solving conditional Wasserstein distance espe-
cially when x is high-dimensional while y is low-dimensional.

1.2. Our contributions
In our paper, we propose and analyze a novel local squared Wasserstein-2 (W;) method to reconstruct a
model equation (2) for approximating the uncertainty model equation (1). Our main contributions are:

1. we propose and analyze a local squared W loss function for reconstructing uncertainty models in
UQ, which could be efficiently evaluated by empirical distributions from a finite number of observa-
tions by using a ‘neighborhood’ technique;

2. unlike the Bayesian methods or previous Wasserstein-distance-based methods [29], our method
does not require a prior distribution of w nor does it necessarily require an explicit form of f in
equation (1);

3. our proposed method can apply to a broad range of UQ tasks such as linear regression with coeffi-
cient uncertainty, training a stochastic neural network with weight uncertainty, and reconstructing an
ordinary differential equation (ODE) with latent uncertain parameters. Specifically, the neural net-
work with uncertainty models that our proposed local squared W, method could train has the cap-
ability of approximating unknown random fields (e.g. {Fy},x € D C R such that given an x, F, € R"
is a random variable) well under mild conditions with fewer than ten hidden layers, and the num-
ber of neurons in such neural networks scales linearly with the dimensionality of inputs and outputs
[30, appendix H]. Therefore, unlike the WGAN or diffusion models, which usually require deep
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Table 1. Summary of commonly used notations throughout the paper.

Symbol Description

x Input variable in R".

y Target variable in the ground-truth uncertainty model
equation (1) in R4,

y Output of the approximate uncertainty model equation (2) in R

w (W) Uncertain latent variables in the ground-truth (approximate)
model.

1) The size of the neighborhood for x.

N The number of total training samples.

N(x,9) The number of samples (x;,y,) satisfying |x; — x[x < J. |- |« is
some norm for the input x € R".

tx (fix) The probability measure of y(x;w) (y(x;w0)) given x.

by s (g 5) The empirical probability measure of y(%;w) (J(%;0))
conditioned on |¥ — x|, < 4.

Ty f A coupling measure of 1 and /i whose marginal distributions
coincide with p and £, respectively.

Wa(p, ) The Wasserstein-2 distance between p and fi.

W3 (y,7) The average W, distance between two random fields y(x;w) and
¥(x;@) (defined in equation (8)).

Wi:g (»,9) Our proposed local squared W loss function for y(x;w) and

9(x;D) (defined in equation (10)).

neural networks [31, 32], our proposed local squared W, approach provides a promising way of dir-
ectly training simple neural networks to effectively reconstruct uncertainty models, especially lower-
dimensional ones.

The organization of this paper is as follows: in section 2, we introduce our novel local squared W,
method, which relies on minimizing a local squared W, loss function. In section 3, we test the efficacy
of our proposed method across several different UQ tasks and make comparisons with some other loss
functions and benchmark methods in UQ. In section 4, we summarize our results and discuss potential
future directions. Notations that are often used throughout this paper are summarized in table 1.

2. A local squared W, method for UQ

2.1. Alocal squared W loss function
First, we formally define the W-distance between two n-dimensional random variables.

Definition 2.1. For two random variables y,y € R", we assume that
E [[lyll”] <oo, E[|I#]*] <oe. 3)

In the following, the norm || - || denotes the /> norm of a vector. We denote probability distributions of y and
y by p and fi, respectively. The W,-distance W, (1, 1) is defined as

W (usft) i=_inf By [ly =717 (4)
In equation (4),

IT (p, f1) := {m | misaprobability measuredefinedon B (R” x R") with marginals ypand i}, (5)

where B(R" x R") denotes the Borel o-algebra associated with R” x R".
To simplify our analysis, we make the following assumptions.

Assumption 2.2 We assume that the following conditions hold for the uncertainty model equation (1) and
the approximate model equation (2).

1. We assume that y and y in equations (1) and (2) are uniformly bounded:

Iyl < VM, ||y < VM. (6)
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2. We assume that f and fon the right-hand sides (RHSs) of equations (1) and (2) are uniformly Lipschitz
continuous on x, i.e. there exists L<co such that for any w € Q,w €

f(x;0) = f(&w) | < Lix — &, [|fix50) — f%0) || < Lix — &L, ¥x, % € D, (7)

where | - |, is a norm for x € R%,

3. The random variable w is independent of x; the random variable & is also independent of x.

We consider the ‘weighted average discrepancy’ between the two random fields y(x;w) = f(x;w) and

Y(x;0) = f(x;0) in equations (1) and (2):
W (r9) = [ W (i) () ®)

In equation (8), intuitively, the smaller W3 ( iy, fix) is, the more similar the probability measure ji, is to
the probability measure (1, for most x in the support of v. Specifically, if v(-) is strictly positive on the
whole domain D, i.e.

v(x) >0, Vx € D,
then W3(y,y) equals 0 only when
W2 (pix, fix) = 0, a.e.,x € D. (9)

Thus, W3(y,y) is minimized only when the distribution of y(x;w) in the uncertainty model equation (1)
can be perfectly matched by the distribution of y(x;w) in the approximate model equation (2) a.e. in D.
We introduce a novel local squared W, loss function:

ﬂ%mﬂ:éwmmmgﬂa» (10)

Note that the local squared W, loss function equation (10) is not a single squared W, distance between
two probability measures. Instead, it is an average of the Wasserstein distances W%(,u; 5+ 15 5) across all x.
In equation (10) and throughout this manuscript, the superscript e and the subscript ¢ refer to using the
empirical probability measure evaluated using the neighborhood of size J, respectively.

In theorem 2.3, we shall show that our local squared W, loss function is a consistent approximation
to the weighted average discrepancy equation (8). In equations (8) and (10), v(-) and v*(-) are the dis-
tribution and the empirical distribution of x, respectively. y,y correspond to the left-hand side (LHS)
of ground truth model equation (1) and the LHS of the approximate model equation (2), respectively.
W3 is the squared W, distance (detailed definition given in definition 2.1). In equations (8) and (10),
fix is the distribution of y(x;w) when x is fixed, and x5 ; is the empirical conditional distribution of
y(%;w) conditioned on |X — x|, < . Similarly, /i, is the distribution of y(x,&) when x is fixed, and /i ;
is the empirical conditional distribution of y(%;@) conditioned on |% — x|, < J, respectively. | - |, denotes
a norm for x € R

However, it is usually difficult to evaluate equation (8) when only a finite set of observations S :=
{(x;,y;)}}L, is available. If x € D is a continuous random variable with a strictly positive probability
density function v(-), then almost surely x; # x; for any (xi,y;), (xj,5;) € S when i # j. Consequently, it is
challenging to evaluate . To tackle this problem, we propose the local squared W, distance loss func-
tion equation (10). We shall show that the local squared W, distance serves as a good approximation
to W(y,) in equation (8). We can prove the following theorem that gives an error bound of using the
local squared W, loss function ng (y,9) in equation (10) to approximate W3(y,y).

Theorem 2.3. For each x € D, we denote the number of samples (X,y) € S such that |X — x|, < § to be N(x,0).
We denote the total number of samples of the empirical distribution to be N. Assuming that each input x is
independently sampled from the probability distribution v, then we have the following error bound

4M
< — +8CME[h(N(x,5),d)] + 8VMLS 11
<% [1(N(x,).d)] (n
where V~V§Z (y,9) is the local W, distance defined in equation (10) and W3(y, y) is defined in equation (8). M is
the upper bound for ||y||, ||| in equation (6), C is a constant, N is the total number of data points (x,y), and L
is the Lipschitz constant in equation (7). In equation (11),

B[|W2 (5.9) - Wi (.9)
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BN, d) = {21\1 ilog(14+N)?,d<4, 1)

AN i,d> 4.

The proof to theorem 2.3 is provided in appendix A. Specifically, there is a trade-off between
the second and third terms in the error bound equation (11): if we increase J, then N(x,¢) tends to
increase, which makes the second term smaller but the third term larger. As an example, if d >4 and
there is a constant 1 > 0 such that N(x,d) > 10", then from the inequality (11), we can conclude:

E[\Wg(y,y) S0 )ﬂ f/—]\erscuo M6~ + 8V MLS. (13)

For example, if x is uniformly distributed in D and D is a rectangular box or a ball, then
E[h(N(d,x))] = N - “/,((1;”)) := 10", where vy : N“//(%;)) with V(B,) being the volume of a unit ball in R”
and V(D) being the volume of the domain D. equation (13) explicitly shows that when we increase the

size of neighborhood J, the second term in the error bound equation (13) for E UWZ ,Y) — Wi; ,Y)

decreases, while the third term increases. Furthermore, in this case, setting d ~ 1, NG ensures that the

second term and third term in equation (13) are of the same order. Therefore, when the distribution of
samples is close to a uniform distribution with density v, in a unit ball, a practical choice of § could

be v, NGE to balance the error induced from adopting the neighborhood technique and the error when

estimating the empirical distribution of y, using finite many samples.

Specifically, the case when 6 = oo corresponds to commonly used squared W, distance W5(y, y)
(without considering the dependence on x). However, as shown on the RHS of equation (11), setting
0 = oo leads to a blow-up of the third term on the error bound. Empirically, setting § = oo will not
work well for reconstructing the dependence of y on different x, which will be shown in section 3.2.

In addition, theorem 2.3 implies that W3(y,5) can be well approximated by Wﬁg (y,9) when the

number of training data N is sufficiently large such that even for a small §, E[N(x,8) 7] can be main-
tained small, implying the convergence of our local squared W, loss function to the ‘weighted average
discrepancy’ W5(y,y) defined in equation (8). In this scenario, minimizing our local squared W, loss
function is also necessary such that the distribution of y(x;w) can be well represented by the distribu-
tion of y(x;X) for different x. Therefore, our local squared W, method approximates equation (1) using
equation (2) by minimizing the local squared W, loss function W2 5(»,9) in equation (10). Empirically,
we shall show in our numerical examples that our local squared W, method could lead to accurate
reconstruction of lower-dimensional models with only hundreds or thousands of data points when an
appropriate neighborhood size J is chosen.

Finally, theorem 2.3 reflects the well-known curse of dimensionality: as the dimensionality d
increases, the convergence rate of the empirical measure toward the target measure deteriorates to
(’)(N(x,é)_]/ 7). This rate is known to be optimal in general settings [33], and similar dimensionality-
induced challenges are widely observed in UQ problems [10]. Yet, in many practical applications, the
effective dimensionality may be significantly lower due to anisotropic structure or low-dimensional vari-
ability in the underlying random fields. In such cases, alternative formulations-such as sliced Wasserstein
distances [34]-may exhibit improved empirical performance and improve computational efficiency by
reducing the Wasserstein distance between two multidimensional distributions to many Wasserstein
distances between unidimensional projections between them, which could then be easily evaluated.
Additionally, recent theoretical results also show that using the W, metric to learn anisotropic ran-
dom field models could partially alleviate the curse of dimensionality [35]. A rigorous characterization
of these effects in our setting remains a nontrivial open question and is an interesting direction for
future work.

2.2. Structure of the neural-network model with weight uncertainty
Here, we provide the structure of the neural network model with weight uncertainty that shall be used
in the numerical examples in section 3. When we use this neural-network model with weight uncertainty
as the approximate model f in equation (2), all weights with uncertainty {w;;x} constitutes the random
variable & in equation (2). The mean and variance ai,]-7;<,ol-27 ik of the weight w;; ; as well as the bias b; x
for all 7,7,k are to be optimized through minimizing the local squared W, loss function equation (10)
(or other loss functions listed in appendix B).

A pseudocode of minimizing our proposed local squared W, loss function to train the neural net-
work model with weight uncertainty in figure 1 is given in algorithm 1.
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Normal: ¢, = R[‘Ll](Zfi, Wi—1,5,k9i-1,; + i)
ResNet: g;p = Re[,lv(Z}H:l wi—1 g kgi-1 +bik) Fgic1k

"@A\y!@ w; .~ N(a 2
N/ V@V[“V@ﬂ
ReNe/

Figure 1. A sketch of the structure of the neural network model with weight uncertainty used in this paper. The weights

Wijk ~ N(a;,j’k,aizj .) are independently sampled, i.e. w;, j x, is independent of w;, j, x, when (i1,j1,k1) # (i2,j2,k2). When

using this neural network model to make predictions, for each input x = (x1,...,x;) € D C R, we shall resample all weights
{wi,j«} again. Either the normal feed-forward structure for forward propagation or the ResNet technique in [36] for forward
propagation is adopted. In addition to the ReLU activation function shown above, we also use the ELU activation function in

section 3.4.

H: the number of neurons per hidden layer
ReLU: the ReLU activation function

22

Algorithm 1. The pseudocode of training the neural network with weight uncertainty model by minimizing our local squared W loss
function (the local squared W loss in the while loop can be replaced with other loss functions).

Given N observed data points {(x;,y;),i = 1,...,N}, the stopping criteria € > 0, the size of the neighborhood 4, and the maximal
epochs imax.
Initialize the neural network model in figure 1.
For each data point x;, find samples in its neighborhood B; := {x; : |xj — x| < J}.
Input {x;},i = 1,...,N into the neural network model to obtain predictions {y;},i = 1,...,N.
while W55 (7,) > € && i < imax do
Perform gradient descent to minimize the loss function Wi:g (y,y) and update the parameters (biases & means and variances of
weights) in the neural network.
Resample the weights in the neural network using the updated means and variances of weights.
Input {x;},i = 1,...,N into the updated neural network model to obtain predictions {y;},i = 1,...,N. # for each x;, the
weights in
the neural network are sampled independently.
i=i+1.
end while
return The trained neural network with weight uncertainty model

In general, neither equation (10) nor (8) has closed form since the Wasserstein-2 distance only has
closed forms under certain specific scenarios, e.g. when random variables sampled from multivari-
ate Gaussian distribution. As a special case, assume that for each x, f(x,w) ~ N (by; %) and f(x,w) ~
N (by; 5,) where by, by € R, ¥, 5, € R¥4 and N(-,-) denotes the probability density function of a
d-dimensional multivariate Gaussian distribution. In this case, from [37], W2(juy, fix) = ||bx — by||* +
tr(Sy + Sy — Z(Exf]x)%). When § is small in equation (10) and the number of samples is large enough,
we have:

W ,ﬁ)%W%(y,ﬁ):/Dbx—l;x|2+tr<2x+flx—2(2xflx>z)V(dx). (14)

Though our proposed local squared W, loss function equation (10) might not possess an explicit form,
it could be numerically evaluated by utilizing the POT package in [38].

3. Applications of the local squared W, method to different UQ tasks

In this section, we will demonstrate the implementation of our local squared W, method for vari-

ous UQ problems and evaluate its effectiveness across several UQ tasks. Detailed training settings and
hyperparameters for each example are listed in table 2. Numerical examples in sections 3.1-3.3 are
conducted using Python 3.11 on a desktop equipped with a 32-core Intel® i9-13 900KF CPU (when com-
paring runtime, we train each model on just one core). The numerical example in section 3.4 is conduc-
ted using NYU’s HPC server.
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Table 2. Training hyperparameters, hyperparameters in the neural network model, and training settings for each example. The neural

network parameters include means and standard deviations a; j x, o ; x for weights w; ; x as well as biases b; ; in figure 1.

Section 3.1 Section 3.2 Section 3.3 Section 3.4
Gradient descent method AdamW AdamW AdamW AdamW
Forward propagation method \ ResNet ResNet Normal
Learning rate 0.02 0.025 0.02 0.005
Weight decay 0.005 0.005 0.005 0.005
Number of epochs 1000 1000 1000 500
Number of training samples 1000 2000 686 100
Size of neighborhood ¢ in the loss equation (10) 0.1 0.025 0.05 0.1
Number of hidden layers in © \ 4 4 2
Activation function \ ReLU ReLU ELU
Number of neurons in each layer in ©, \ 50 50 100
Initialization for model/neural-network parameters 1 N(0,107%) N(0,107%) N(0,107%)
Repeat times 5 5 5 5

In this paper, the errors in the mean E[j] and the standard deviation SDI[j] stand for the relative
errors:

Jo [El (50)] ~E[7 ()] [v* (dx)
T LEbmwled)
Jy Sy (x:0)] = SD [ (x:)] [+ (dx)
Jo STy (x: )] [+ (dx)

errorin E[y] :

. (15)

errorin SD [j] : =

3.1. Linear regression with coefficient uncertainty

We first apply our proposed local squared W, method to a linear regression problem with coefficient
uncertainty. Consider the following linear model whose coefficients are sampled from the normal distri-
bution in [39]:

3
y(xw) = Zwixi + wo, wi ~ N (bi,07) . (16)

i=1

We assume that x is independent of w and w; is independent of w; when i# . In equation (16), we set
the ground truth:

(bo,b],bz,bg) = (1, 172,3)7 (0’0,0‘170‘270'3) = (01,02,03,04) (17)

We aim to develop another linear model:

3
§x50) = S @i + o, @i N (8,62), bi= (B by,basbs ) 6 1= (60,61,0,63) (18)

i=1

to approximate equation (16) so that the distribution of y(x;w) can be matched by the distribution of
7(x;0) when fixing x. In equation (18), we assume that x is independent of & and &; is independent
of &; when i#j. For the training data {(x;,y;)}_;, we let x;,x,,x3 be independent of each other and
sample x := (x1,%,,%3) from the following distributions:

x1 ~ Exp(4), xo ~ N (0,0.25), x3 ~ Be(5,5). (19)

Here, Exp(4) denotes the exponential distribution with intensity parameter 4, and Be(5,5) represents the
Beta distribution with both its shape parameters set to 5.

We minimize the local squared W, distance equation (10) in order to obtain l;i and &; in
equation (18). When determining the neighborhood |x — x| < 0 of x for evaluating the empirical dis-
tributions 45 5 and fi 5 in equation (10), two different norms of x are used:

3 3
X oo = D, [xle =Y, (20)

i=1 i=1
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s(a) predicted g(x;w) vs ground truth y(x; ) 05 (b) errors in b and & w.r.t. § O(g) errors w.r.t. the number of training samples
o ground truth y(z; w) 2 ) —F—error in b, |00 "1 —§—average relative error in b
+  predicted g(z; ©) ‘ --}--error in &, 2|00 0.5 | —&—average relative error in &
n 0.4 N —&—error in b, |00 )
N --§--error in &, |®|y a0
5 R - 504
. l ’ 2037 % . =4
- ' < X eIl o)
> 2 i e e B IS by e 0.3
| Z0.2 g2
o X i i ° ° 0.2
' 0.1 01
-2 0 0
-0.4 -0.2 0 0.2 0.4 0.6 0.025 0.05 0.1 0.15 0.2 125 250 500 1000 2000
zo (&= (w0, T9, T0)) ) N

Figure 2. (a) The predicted y(x; ) versus the ground truth y(x,w). To illustrate, we take x on the line x = (xo,xo,%o) and choose
different values of xo = —0.3 +0.14,i = 0,...,9. At each x, we independently sample 100 w = (wo,w1,w>,ws) in equation (16)
as well as & = (0, WD1,W,,ws) in equation (18) and plot 100 ground truth y(x;w) versus 100 predicted (x;&). (b) The average
relative errors in b; and &; w.r.t. the size of neighborhood & when using the two different norms of the input x: |X|homo and |X|pete-

(c) The average relative errors in b; and &; w.r.t. the number of training samples N. In (c), the norm for x is |X|pete (defined in
equation (20)) and the size of neighborhood 6 =0.1.

where ¢; in ||}, are obtained from carrying out a linear regression of y w.r.t. x by minimizing:

N 2

3
Z }’i—chxi—Co . (21)

i=1 i=1

Using | - |hete accounts for the heterogeneity in the dependencies of y on x;,x,,x3 in equation (16).
We use the average relative errors to measure errors in the reconstructed b; and 6;,i = 1,2,3,4 in
equation (18):

>oio lbi — bl

3 A
Zi:o Hai| - |UiH
3 = .
> i=olbil

(22)
> lod

Errorin b:= , Errorin & :=

In figure 2(a), the distribution of the predicted y(x;w) matches well with the distribution of the
ground truth y(x;w) on the line x = (xq,%o, % ). In figure 2(b), the errors in the reconstructed b and
6 are not sensitive to whether using |x|homo OF |X|pete. However, when the size of neighborhood § in
equation (10) is too small (§ =0.025), the error in the reconstructed standard deviation & is large.
When § is too small, the local squared W, loss equation (10) might not be a good approximation of
W3 (y,9) in equation (10), leading to the poor reconstruction of equation (16). On the other hand, the
error in the reconstructed mean b gets larger when ¢ increases. The error in the reconstructed bias b
could be the systematic error, which is introduced by using the neighboring technique, i.e. when quan-
tifying the uncertainty at x, we also include samples with x if |x — x|, < §. Errors in the reconstructed
mean and standard deviation are both kept small when ¢ € [0.05,0.1]. The error in the reconstructed
standard deviation & decreases as the number of training samples N increases, while the error in the
reconstructed b is not very sensitive to N (shown in figure 2(c)).

For y and y in equations (16) and (18), since both y and y are linearly dependent on x;,w;, and &;
and the coefficients w;, and w; are independently sampled from normal distributions, we have:

1 1 2
3 2 3 b 3 2
W2 (y,5) = / S (bi-b)w+ (bobo) ) + | (ot +ai] —(Soidtot) | vide).
D \i=1 i=1 i=1
(23)
W3(y,y) is defined in equation (8). Therefore, our local squared W, loss function:
3. ) 2 3 3 3 0’
W2 (y,9) ~ / 3 (b,- _ bi) X+ (bo _ bo) (Y e+ar] — (Do +or v (dx),
D \i=1 i=1 i=1
(24)

and the approximation gets better when the number of samples becomes sufficiently large such that
there are enough training samples around each x € D even if we choose a very small § — 0T. Then, both
b; and o; might be accurately reconstructed. With limited training data (~ 1000 in this case), we need to
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use a moderate § € [0.05,0.1] to ensure that for most x, there are enough samples around its neighbor-
hood. This leads to a tradeoff in the accuracy of the reconstructed b; and the reconstructed ;, as shown
in figure 2(b).

3.2. Training a neural network model with weight uncertainty
Next, we consider reconstructing the following nonlinear uncertainty model [40, 41]:

y(xw) =wi (1 —exp(—wx)) +5, (25)

where w := (w;,w,)" are the latent random variables in the model. We assume that x and w are inde-
pendent. We independently generate 1000 samples for training with x ~ ¢/(—0.5,0.5) and (w;,w;)" ~
N ((19.1426,0.5311)T, %), where ¥ is the covariance matrix:

6.22864 —0.4322
(04322 0.04124]° (26)
A parameterized neural network model with weight uncertainty in figure 1 is used as fin
equation (2), which approximates equation (25). We aim to optimize the mean and variance of weights
{wijx} as well as the bias {b;«} in the neural network by minimizing equation (10) such that the dis-
tribution of y aligns with the distribution of y given the same x. For testing, we generate a testing set
T = U2, T; with each T; containing 100 samples (x;;,y(x;;w)),%.; = 0.1i —0.5,r=1,...,100.

We compare our local squared W, loss function with other commonly used loss functions in UQ
(definitions given in appendix B) as well as a BNN method in [42, 43] which minimizes the Kullback—
Leibler divergence and a WGAN method in [44, 45]. For implementing the WGAN method, the gener-
ator is the same parameterized neural network model with weight uncertainty in figure 1 as used when
utilizing other loss functions, while the discriminator is a feedforward neural network with one hidden
layer equipped with 32 neurons and the ReLU activation function. Within each epoch for training the
generator, 256 randomly selected samples will be provided to train the discriminator, repeated 10 times.
After training, the generator is used to make new predictions on the testing dataset. The neural network
model in figure 1 trained by minimizing the local squared W, loss function yields y(x;w) whose dis-
tribution is close to the distribution of the ground truth y(x;w) on the testing set (figure 3(a)). The
performance of minimizing the local maximum mean discrepancy (MMD) loss is comparable to min-
imizing our local squared W, loss (figure 3(b)). However, unlike the analysis of our local squared W,
method in section 2.1, there is no theoretical guarantee justifying why the local MMD loss could be
successful. Further comparisons with such local MMD loss will be presented in section 3.3. The dis-
tributions of the predicted y(x;) by minimizing the local Mean squared error (MSE) and the local
Mean?+var deviate much from the distribution of the ground truth y(x;w) at different x (figures 3(c)—
(d)). Adopting any ‘nonlocal’ loss functions yields poor performance (figures 3(e)—(h)). The BNN
method generates y(x;w) whose distribution fails to adequately match with the distribution of the
ground truth y(x;w), and one possible reason could be that randomly initialized means and variances
of weights as well as the biases in the neural network do not provide a good prior distribution for the
BNN. Finally, we find that training the discriminator and generator in the WGAN approach requires
fine-tuning of hyperparameters, as reported in other literature [46]. We need to choose a learning rate
equal to 0.0001 with 10000 epochs for training the generator so that both the discriminator and the
generator can be trained successfully. Nonetheless, the WGAN performs worse than our proposed local
squared W, approach. Overall, our local squared W, method can most efficiently train the neural net-
work model with weight uncertainty in figure 1 to reconstruct the nonlinear model equation (25) among
all loss functions and methods, with the smallest errors in E[j(x;@)] and SD[j(x;&)] on the testing set
(shown in figure 3(j)). Additionally, when adopting the neural network model (figure 1), our method
does not require prior knowledge of the form of the nonlinear model equation (25), nor does it demand
prior distributions of the two latent model parameters w1, w,.

We also compared the runtime and memory usage when using different loss functions or methods.
From table 3, training with any ‘local’ loss function can be more computationally expensive than using
their ‘nonlocal’ counterparts. The computational cost of evaluating the local squared W, loss function is
similar to that of using the local MMD loss function, which is more expensive than that of using local
MSE, local Mean?+var loss, or the WGAN method. Yet, using the local MSE, local Mean?+var loss
function, or the WGAN method fails to accurately reconstruct the uncertainty model equation (25).

On the other hand, using our local squared W, loss function will not lead to an increased memory
usage compared to using other loss functions or methods. Theoretically, in the worst scenario, the num-
ber of floating-point operations needed to evaluate our proposed local squared W, loss function is

9
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Figure 3. (a)—(j) The ground-truth y(x;w) plotted against the predicted y(x; W) on the testing set. The predicted j is obtained by
minimizing different loss functions (defined in appendix B) and obtained by using the BNN method and by using the WGAN
method. (k) The average errors in the mean and the standard deviations of y on the testing set obtained by minimizing different
loss functions and by using the BNN method as well as by using the WGAN method. The neural network model with weight
uncertainty (figure 1) trained by minimizing our local squared W loss yields the smallest errors among all methods. Minimizing
the local MMD is comparable to minimizing the local squared W loss, likely because the MMD could also somehow measure the
discrepancy between two probability distributions.

Table 3. Runtime and memory usage of utilizing different loss functions and methods. Mean and standard deviations of runtime and
memory usage are obtained over five repeated experiments of each method.

Method Local squared W, Local MMD Local MSE Local mean®+var W,

Time (s) 3346 +213 3915+ 179 55814202 11154835 570t 16
Memory (MiB) 1151.3 +168.4 2867.9 +291.8 1029.6 +25.9 857.3£61.0 854.3 £105.9
Method MMD MSE Mean?+var BNN WGAN

Time (s) 842 + 37 100+ 1 157 + 14 73310 44057 2166 £ 105
Memory (MiB) 1328.9 4-278.2 853.6 1.2 723.6 £137.4 3196.4 4 342.0 313.6 £6.3

O(NE[N?(x,6)1logN(x,6)]) with standard network simplex methods, where N is the total number of
samples and N(x,0) is the number of samples in a neighborhood around x. Therefore, a proper choice
of ¢ is important to guarantee N(x;J) is not too small (not sufficient data to quantify uncertainty,
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e.g. when § =0.025) or too large (computationally expensive and introducing large systematic
errors).

Two additional experiments are performed. First, we alter the standard deviations of the two para-
meters wy,w, in equation (25) and the standard deviation of the input x. We find that larger standard
deviations in the latent model parameters and a larger standard deviation in the input x (sparser data)
both lead to a poorer reconstruction of the nonlinear model equation (25), as shown in appendix C.

Second, we adjust the structure of the neural network model depicted in figure 1. We discover that
using a neural network with 2 hidden layers and 50 neurons per hidden layer equipped with the ResNet
technique in [36] leads to the smallest errors in the reconstructed E[y(x;w)] and SD[j(x;W)]. These res-
ults are presented in appendix D.

3.3. Application: reconstructing the distributions of concrete compressive strength associated with
selected variables

As an application of our method, we reconstruct the distribution of the concrete compressive strength
associated with selected continuous variables in the concrete compressive strength dataset in [47]. This
dataset documents concrete compressive strength along with various influential factors affecting it. We
reconstruct the distribution of the concrete compressive strength (measured in MPa) based on six recor-
ded continuous variables (measured in kg m~3): cement, fly ash, water, superplasticizer, coarse aggregate,
and fine aggregate. Previous models, such as those presented in [48, 49], depict concrete compressive
strength as a continuous function of these variables. We exclude two discrete, integer-valued variables:
blast furnace slag and age. Additionally, other factors that might affect the concrete compressive strength
are not recorded in this dataset. Thus, the concrete compressive strength might not be a deterministic
function of the six selected variables. We can regard the six selected variables as the input x, the neg-
lected variables as the latent variables w, and the concrete compressive strength as y in equation (1).
Then, we can use the approximate model equation (2) to approximate the distribution of the concrete
compressive strength given x. In our analysis, we normalize each selected variable with a mean of 0 and
a variance of 1.

We compare the neural network model with weight uncertainty in figure 1, trained by minimizing
the local squared W, loss function equation (10), against a neural network without weight uncertainty
(i.e. setting 0;; = 0 for the weights w; ;i in figure 1), trained by minimizing the MSE loss (defined
in appendix B). When using a neural network without weight uncertainty, the approximate model is
deterministic:

y=fx). (27)

Additionally, to make further comparison with MMD-based methods, we also compare training the
neural network with weight uncertainty using our local squared W, loss function against using the local
MMD loss function (detailed in appendix B).

The training set S consists of the first two-thirds of the samples in the dataset. The remaining
one-third of the samples constitute the testing set, denoted by T. When calculating the errors in the

predicted mean and standard deviation defined in equation (22), we use E [y(a?;w) ‘ ’i — x| < 50} to
approximate E[y(x,w)], and E[ﬁ(i,o&)“i— x|, < (50} to approximate E[j(x,w)], respectively. We also

use SD [y(f;w) ‘ |%— x| < (50} to approximate SD[y(x,w)] and SD [)7(92,03) ‘ |JE — x|, < (50} to approximate

SD[y(x,w)]. Only (x,y) € T for which there are at least 5 samples (X,y(X,w)) € T satisfying |x — x|, < o
are used for calculating the errors in the predicted mean and standard deviation. We take o = 0.2 and

|x|2 := S2°_ 2x2, where ¢; is obtained by minimizing:

i=1"i"i?
S|V T] 6 2
Z ()/] (x]‘) — ZC,'X]",‘ — Co) . (28)

j=1 i=1

Our local squared W, method yields distributions of y(x,&), |%X — x|, < Jy that align well with the
distributions of the ground truth y(x,w),|% — x|, < dy on the testing set for different x. As illustrations,
in figures 4(a) and (b), we plot the distributions of the predicted y(%,0), |X — x| < Jo against the distri-
butions of the ground truth y(X,w),|¥ — x|, < dy for 10 randomly selected samples (x;,y;) € T such that
the cardinality of the set H(xj,yj) €T:|xj—x|x < 60}‘ > 5. In figure 4(c), we plot the errors in the pre-
dicted mean E[y(x;w)] and standard deviation SD[y(x;w)] obtained from the three methods: (i) using
the neural network model with weight uncertainty trained by minimizing the local squared W, loss
equation (10), (ii) using the neural network model with weight uncertainty trained by minimizing the
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Figure 4. (a) The predicted y(%; @) using the neural network with weight uncertainty in figure 1 versus the ground truth y(%;w)
for 10 randomly selected samples (x, y) in the testing set T satisfying ‘{i eT:|x—x| < 50}‘ > 5. (b) The predicted means

E [)7(:2, uf))‘ |£ — x| < 60] and the predicted standard deviations SD[j(%; (fu)‘ |% — x|, < 60] using the neural network with weight
uncertainty model in figure 1 versus the ground truth mean E[y(%; w)‘ |%— x|, < 50] and standard deviation SD[y(%; w)‘ |%—

x| < 50] for 10 randomly selected samples (x, ») in the testing set T satisfying ‘{55 ET:|Xx—x|x < 50}‘ > 5. In both (a) and

(b), we use the neural network with weight uncertainty model trained by minimizing the local squared W, loss equation (10)
with § = 0.05 (6 is the size of the neighborhood in the loss function and is different from §p = 0.2). (c) The average relative errors
in the mean and standard deviation of predictions y generated by the neural network model with weight uncertainty, trained by
minimizing the local W loss equation (10) or by minimizing the local MMD loss function, versus the average relative errors in
the mean and standard deviation of predictions y generated by the neural network model without weight uncertainty, trained by
minimizing the MSE loss. Note that in (¢), the size of the neighborhood § only applies to using the neural network model with
weight uncertainty trained by minimizing the local W loss equation (10) or the local MMD loss. Thus, when using the neural
network model without weight uncertainty trained by minimizing the MSE loss, the results do not change with §. Reproduced
from [47]. CC BY 4.0.

local MMD loss, and (iii) using the neural network model without weight uncertainty trained by min-
imizing the MSE loss. The error in the predicted standard deviation is much smaller for (i) than for (ii)
or (iii). Therefore, our proposed local squared W, method could more accurately reconstruct the distri-
bution of the concrete compressive strength associated with different x, compared to training a neural
network with weight uncertainty by minimizing the local MMD loss or using a neural network model
without weight uncertainty trained by minimizing the MSE. Training a deterministic neural network
with the MSE loss function cannot capture the uncertainty in the concrete compressive strength, given
the six selected variables. On the other hand, in addition to requiring an appropriate neighborhood size
9, the local MMD loss function is kernel-based and might require fine-tuning of the kernel functions for
good performance, making it less flexible than using our local squared W, loss function.

Similar to the results shown in figure 2(b) on reconstructing the linear model equation (16), it
is most appropriate to choose a moderate J in the loss function equation (10) when using our local
squared W, method to reconstruct the distribution of concrete compressive strength on the six selec-
ted variables. Errors in the predicted mean and standard deviation can both be well controlled when
§ €10.05,0.1], as shown in figure 4(c). When § is too small or too large, the accuracy of the predicted
mean and standard deviation decreases.

3.4. Reconstructing an ODE with parameter uncertainty
Finally, we consider an ODE with uncertain latent parameters:

d t;
)’(}’+t,w) =gy, tw), tw), weQ,t€0,1], y(y,,0w) =y, € R, (29)

where w are latent parameters with uncertainty. We aim at using another ODE to approximate
equation (29):

d);(J’m t;(,:})

dt :gA(};(}’O,t;L&),LUb),L&EQ,tE[O,T],);(yo,o;(;)):}’oeRn, (30)

where & are uncertain parameters in ¢. In the following, we regard the initial condition y, as the input
and y(y,,;w) as the output (the norms of the input yo and output y(y,,t;w) are the same /* norm || ||
for vectors). For each t € [0, T], suppose there exists a Lipschitz constant L, uniform in #, such that for
any w € Q and & €

[y 0, t:0) =y (o, 5.0) || < Lllyy = 5ll,

12

7 5o, 1:0) — ¥ (70, @) || < Lllyy — yolls Yoo €R", (31
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then theorem 2.3 implies that minimizing the local squared W, distance ng (o, w), ¥y, 1;w)) in
equation (10) could be effective in comparing the distributions of y(y,,t;w) and y(y,,t;w).

Additionally, if g and g in equations (29) and (30) are uniformly Lipschitz continuous in y and ¢,
then a large Wg:g(y(yo,t;w),y(yo, t;0)) implies that there exists a pair (y,s) € R? x [0,7] such that 7,
fails to align well with 7, s (1, and ), ; denote the distributions of g(y,s,w) and g(y,s,w), respectively).
We present the following result.

Proposition 3.1. Suppose the following Lipschitz conditions on g and g hold:

||g(ylat17w) — gy, t2,w) H < Lg(H)’l —nll+la—ul),

||gA(ylat17(D) _g(J’z»t%f«a) H ng(”yl _}’2” + ‘t2 - tl‘)’ 0< Lg<oo,Vy1,y2 € anvhatZ 207 Vw € Q,V(f) € Q
(32)

Then, there exist two constants Cy depending on t and C, depending on t and E[||y||?] such that:

W3 (tty, 1 fiy,.) < Co sup. W3 (s 7y.s) + 1, Vyy € R (33)
¥,0<s<t

In equation (33), piy, + and i, . are the distributions of y(y,, t;w) and P(y,, ;0); 1y s, 7y,s are the distributions
of g(y,s,w) and §(y,s,0) in equations (29) and (30).

Proof to proposition 3.1 is provided in appendix E. Proposition 3.1 implies that minimizing

Wig (y(yo,t;w) ,y(}’o,t;(ﬁ)) ~ / W% (Uyo,tvﬂyo,t) dv (J’()) < <C0 sup W% (ny,saﬁy,s) + Cl) s (34)

" $,0<s<t
where v(y,) is the probability measure of the initial condition yy, is a necessary condition such that
W3 (1,5, 7ly,s) is small for any y € R” and 0 < s < t. In other words, if Wig (Yo, t;w), 9 (¥, £50)) is
large, then there exists a pair (y,s),0 < s < t such that W3(1,.,7),,) is large and thus the distribution of
g(y,s,w) cannot be well approximated by the distribution of g(y,s,«&). Empirically, minimizing the LFS
of equation (34) is used as a proxy for recovering the model equation (29) by equation (30). Specifically,
in the LHS of equation (36), we only use the initial condition y, to determine the neighborhood, and
the time variable ¢ is considered fixed. Specifically, the first term on the RHS follows from the Gronwall’s
inequality, whereas the constant C; arises from the mismatch between the functional forms of g and g.
The estimate in proposition 3.1 can be sharpened in certain special cases. In particular, when g =g, the
constant C; vanishes; see [30, theorem 2.2].

We reconstruct the following 4D ODE with a latent random variable (example 4.3 in [50]):

% = (0.05+w)y; +0.05y5 — (1 —w?) ys,

d

D2 _ (1—w?)y1 +(0.05+w)y, +0.054,

ddt (35)
% = (—0.05+w)ys — (1—w?) ya,

d

% =(=0.054+w)ys+ (1 —w?)ys, t€[0,2].

Let g(y,w) == (g (y,w),gz(y,w),gg(y,w),g4(y,w))T represent the RHS of equation (35). We set the ini-
tial condition y, ~ N ((1,1,1,1)",a%Ly), where I, € R*** denotes the identity matrix. In equation (35),
we let w ~ U(—0,0). We independently sample the initial condition y, and w, generating 100 trajector-
ies for both the training and testing sets. The neural network model with weight uncertainty in figure 1
is adopted as the RHS ¢ in the approximate ODE model equation (30), which aims at approximating
equation (35) (we also set ¢ to be time-homogeneous, i.e. § = g(y,w)). We shall use the odeint function
with the rk4 method in the torchdiffeq package [51] for numerically integrating the ground-truth
ODE (35) and the approximate ODE (30). The means and variances of the weights, as well as the biases
in the neural network, are optimized by minimizing the time-averaged local squared W, distance:

1 =) 2
—— Y WS (g s w) P (s 150)) , & = iAL, At = —. (36)
m+1 pas m

13



10P Publishing Mach. Learn.: Sci. Technol. 7 (2026) 035001

M Xia and Q Shen

(a) y1(yo, t;w) and §1(yo, t; @), a = 0,0 = 0.25 (b) y2(yo, t;w) and Ga(yo, t; @), a = 0,0 =0.25  (c) y3(yo, t;w) and gs(yo, t; @), a = 0,0 = 0.25
3 1
25 05
0 0
2
0.5
-1 515 ]
-1
1
5 1.5
ground truth y;(yo, t;w) 0.5 F ——ground truth ys(yo, t;w) 2 ground truth ys(yo, t;w)
——predicted 91 (yo, t;@) ——predicted g2 (yo, ;@) ——predicted §3(yo, ;@)
-3 0 2.5
(d) ya(yo, t;w) and G (yo, t; @), a = 0,0 = 0.25 () y1(yo, t;w) and §1(yo, t;@), a =0.3,0 = 0.25  (f) y1(yo, t;w) and §(yo, t;@), a = 0,0 = 0.4
25 2 1
2
0
15
S s =
1 -
-2
05 ——ground truth ya(yo, t;w) —— ground truth y(yo, t;w) ground truth y, (yo, t;w)
—— predicted §4(yo, t;@) —— predicted §1(yo, t;@) ——predicted §1(yo, t;@)
0 -3 -3
0 05 1 15 2 0 05 A 15 2 0 05 15 2
time ¢ time ¢ time ¢
(g) mean and SD of g, and G, a = 0,0 = 0.25 (h) mean and SD of g; and g, a = 0.3,0 =0.25 (i) mean and SD of g; and §;, a = 0,0 = 0.4
0.6 0.6 0.6
—§—ground truth g (y, w) —&—ground truth g, (y, w) —§—ground truth 9y, w)
o —F—predicted §i(y, @) 08 —F—predicted §1(y, &) —F—predicted §i(y, @)
I 4
&
1.2 1.2
14 1.4
16 0.1 02 03 04 o5 0.1 02 03 04 o5 % 0.1 02 03 04 05
z(y=(1—21+21—21+2)) (*(lle+z17z1+z)) (:(17z1+z1—z1+z))
- (j) errors in g and g, a = 0,0 = 0.25 errors in g o errors in § 55
—§—error in g(y, @)
¥ ererror it (yo, ) 03 :
0.08
1o 0.15
02
. 0.06 :
S 5 s
£ 10 FE 0.1
“ %If‘fi&i? 0.1 0.04
s RS 2
X 0.0
10 ‘i‘ 0 0.02
10 0 0
05 N 15 2
time
Figure 5. (a)-(d) Comparison between the ground truth y;(y,, t;w) and the predicted yi(y,,#,),i = 1,2, 3,4 when the standard
deviation of the initial condition a = 0 and o = 0.25 in the distribution of the model parameter w. (¢) Comparison between the
ground truth y; (y,, ;w) and the predicted 1 (y,, @) (a = 0.3,0 = 0.25). (f) The ground truth y, (y,, t;w) versus the predicted
71 (¥, t;0) (a= 0,0 = 0.4). In (a)—(f), the ground truth y;(y,, t;w) are trajectories in the testing set and the predicted ;(y,, t;w)
are generated based on the initial conditions in the testing set (the testing set and the training set share the same a, o). (g) Means
and standard deviations of the ground truth g (y,w) versus the predicted 81(y,&) (a=0,0 =0.25). (h) Means and standard
deviations of the ground truth g (y, &) versus the predicted ¢ (y, &) (a = 0,0 = 0.4). (i) Means and standard deviations of
the ground truth g1 (y,w) versus the predicted & (y,w) (a =0.3,0 = 0.25). In (g)—(i), welety = (1 — z,1 4+ 2,1 — 2,1+ 2),
N _ E[wi(u,,ﬁ,)] R B o
z=0.05i,i =0,...,10. (j) The errors m (14¢ and fi; are the probability measures of y(-, ;w) and y(+, f; @), respect-
Y, tiw
. E [W§ (ny(,),,,ﬁy(,>,,)] o . R N
ively) and W in y and gat different time ¢ when a = 0,0 = 0.25. 1,(;  and 7)), denote the distributions
g(y(1),w ’
of g(y(t),w) and g(y(1),w), respectively. (k) Errors in y (defined in equation (37)) for different a and o . (1) Errors in gand y
(defined in equation (37)) for different a and o. The errors of y and g are evaluated on the testing sets.

Specifically, the time variable ¢ is not used to determine the neighborhood of y(y,,t;w) in

equation (36). The following error metrics:

f 260(7(}’0»5 w), ¥ (ypsw))ds

Jo E[W3 (ny(e).607y(9.5)] ds

(37)

errorin g:=

error in y:=

Iy W35, (v (.53 ,0) ds

9y

JLEllgy(s),w) 2] ds

are used to quantify the errors of y and g in the reconstructed ODE (30), respectively. We set § = §p =
0.1 in equations (36) and (37) and m =100 in equation (36).
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Opverall, by minimizing the time-averaged local squared W, distance equation (36) and using the
neural network with weight uncertainty as g, the distribution of trajectories generated by our recon-
structed model, equation (30), closely aligns with the distribution of trajectories generated by the ground
truth ODE (35), across different values of a,0. To demonstrate this, we plot the reconstructed J;(y,, t;w)
against the ground truth y;(y,,t;w),i =1,2,3,4 when: a = 0,0 = 0.25 (figures 5(a)—(d)). We also plot
the ground truth y,(y,,;w) against the reconstructed y; (y,,t;w) for a=0,0 = 0.4 (figure 5(e)) and
a=0.3,0 =0.25 (figure 5(f)). Additionally, the distributions of the ground truth g are effectively rep-
resented by the distribution of the reconstructed ¢ when inputting the same y for different values of
o and a. As an example, we plot the means and standard deviations of ground truth g, against those
of the predicted g, along the line y=(1—2,1+2,1—2,14z) when: a= 0,0 = 0.25 (figure 5(g)),
a=0.3,0 =0.25 (figure 5(h)), and a = 0,0 = 0.4 (figure 5(i)). In figure 5(j), the error in y grows over
time due to error accumulation but is kept below 0.1 for all . From figure 5(k), larger values of a and o
both correspond to larger errors in y. One potential explanation is that larger values of a and o result in
sparser training trajectories, making it more challenging to accurately reconstruct the underlying model
equation (35). In figure 5(1), larger values of o lead to larger errors in the reconstructed g, while a larger
a does not necessarily lead to larger errors in g, i.e. the reconstruction of the RHS of the ODE (35) is
not very sensitive to the distribution of the initial condition but could be less accurate when the intrinsic
noise in the ground truth right-hand side of the ODE (35) is stronger.

4. Summary & conclusion

In our paper, we proposed a local squared W, method for reconstructing uncertainty models in UQ
through minimizing a local squared W, loss equation (10). The local squared W, loss function could
be efficiently evaluated using empirical distributions of observed data. We showcased the effectiveness of
our approach across various UQ tasks and showed that it outperformed some benchmark methods.

As future directions, it would be promising to conduct further analysis to determine the optimal size
of neighborhood ¢ in equation (10) as well as to identify an appropriate norm | - |, for the input x for
our method. The choice of a proper ¢ could be problem-specific and depend on the quantity and dis-
tribution of observed data. Additionally, entropy-regularized optimal transport methods-such as the
Sinkhorn algorithm and Sinkhorn divergences [52, 53]-could be incorporated to solve the correspond-
ing optimal transport problems more efficiently. In particular, these approaches may reduce the com-
putational complexity to O(NE[N?(x,§)]) and offer improved statistical and computational perform-
ance in high-dimensional settings. Since computing the squared W, distance is independent in each
neighborhood, it is worth further exploration on adopting recent GPU-based optimal transport solvers
[54] or GPU-based entropy-regularized Wasserstein distance solvers [55] to parallelize the calculation
of different squared W, distances in different neighborhoods to accelerate the computation of the loss
function. Deriving theoretical justifications, such as a generalization error bound similar to that in the-
orem 2.3, for using an entropic-regularized Wasserstein distance could be a nontrivial problem, but a
promising field of future research. It would be beneficial to develop an appropriate surrogate model
as f in equation (2). Furthermore, exploring the application of our local squared W, method to other
UQ problems merits further investigation. For example, integrating our local squared W, method with
recent stochastic differential equation reconstruction methods [56, 57] could enable the reconstruc-
tion of dynamical systems characterized by both uncertain parameters and intrinsic fluctuations. A fur-
ther direction for future work is to strengthen the connection between our framework and Wasserstein
robustness, distributionally robust optimization, and Wasserstein-regularized inverse problems. In par-
ticular, it would be interesting to investigate how ideas from Wasserstein ambiguity sets, robust UQ,
and Wasserstein-based fidelity or regularization terms could be incorporated into our local squared W,
framework, especially for inverse problems with significant observational uncertainty and model misspe-
cification [58-62]. Another related direction is to investigate how Wasserstein-based robustness principles
in neural network training can be incorporated into the learning procedure of our model [63]. Finally,
we mainly focused on the reconstruction of lower-dimensional uncertainty models in this work, as the
generalization error bound could become poor when the dimensionality d gets large in equations (11)
and (12), and the computational cost could be high without using entropy-regularized Wasserstein dis-
tance when a large dataset is used. Additional techniques, such as dimension reduction techniques, could
be necessary when applying Wasserstein-distance-type loss functions to higher-dimensional, large-scale
problems [64], which is beyond the scope of this paper. Overall, it is a promising research direction to
further explore how to adapt our proposed local squared W, method to the reconstruction of higher-
dimensional uncertainty models.
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Appendix A. Proof to theorem 2.3

Here, we shall prove theorem 2.3. First, we have

E[|W(.5) — W35 09) || <E[|[W30.5) = W3* 09) || +E |[W3* ) - Wis e || 39)

where
W?mﬂ:/w%mmwwm, (39)
D

and v°(dx) is the empirical distribution of x. For the first term in equation (38), the following inequal-

ity holds:
7 |

(/Dwﬁ (Mx,ﬂx)ue(dx)—/DW§ (Mx7ﬂx)y(dx)>2] 2 (40)

[ W) (@) [ W3 o) ()

1

<E

< %IE [(Wg (anﬂx) -E [Wg (,Uxa/lx)])z} ’ < ﬂ

The last inequality holds because for any x € D, using the assumption equation (6), we have

0 < W3 (ks fix) < 2 (E[lly (x30) [IP] + E [[[§ (3:0) *]) = 4M. (41)

Next, we estimate the second term in equation (38):

B || Walom ) (@0~ [ W 5005) 0 00 )

We denote fie 5 (115 5) to be the conditional distribution (empirical conditional distribution) of y(x;w)
conditioned on |X —x| <6 and fixs (/i 5) to be the conditional distribution (empirical conditional dis-
tribution) of y(%;W) conditioned on |X — x| < 6, respectively.
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For any x € D, we have

W% (Nxaﬂx) - W% (ﬂi,ﬁ,ﬂi,é) ’ < ’WZ (:uxaﬂx) -W, (ﬂi,évﬂi,é) : (WZ (ﬂxaﬂx) +W, (Ni,évﬂi,é))

(43)
< AVM|W: (ps ) — Wi (15, 15.5) |

Using the triangle inequality of the Wasserstein distance in [65], for any x, we have

|W2 (/Jxvﬂx) - W2 (,U/;éﬂﬂ)ec,é) } < |W2 (/lm/lx) - WZ (/lxa,ux,ﬁ) | + |W2 (ﬂxvﬂx,&) - WZ (,foﬁaﬂx,é) |
+ W2 (pr.6, fix.6) = Wa (Bxsss 15,5) | 4 [Wa (.55 185, 5) — Wa (185,60 35,5) |-

W, (Mx,&uﬂx) +W, (ﬂx,&vﬂx) +W, (,U*fc,énumé) +W, (ﬂ;,évﬂx,é)
(44)
We shall estimate the first term in the last inequality of equation (44). We define a new random vari-
able y(x;w) coupled with y(x;w) such that given x,w in y(x;w):

y(%w) = f(x,w), (45)

where the random variable x is independent of x and independent of w, and we let X have a probability
-v(dx). Ay denotes the set {x € D: |x — x|, < J} and [|z_4|,<s is the indicator function:

o Ty
density 155"

]I|£fx\x§6 =1, ‘32 - x‘x < 67 H\ffxbgé =0, |’E - x|x > 4. (46)
Since f is Lipschitz in x, we have
|y (%w) —y(xw) || < L6. (47)

Additionally, the distribution of y is also p, s because X and w are independent.
We take a special coupling probability measure 7, ,,. , = (,9)«P such that for all A € B(R" x R"),

Fres (4) =P (0057 (1)) (48)

where (y,y) is interpreted as a measurable map from Q x (R? x Q) to R" x R". (y,7) "' (A) € Q x (R? x
Q) is the preimage of A under (y,y) and P((y,y)~'(A)) is the probability measure of the set (y,)~'(A).
Therefore, we have

WZ (/‘x,&v,ufx) < E(y,}?)wﬁux‘“%é [H}’ _}7}’2} ’ < Lo. (49)

Similarly, for the second term in the last inequality of equation (44), from the Lipschitz continuity con-
dition of fin assumption equation (7), we can also show that

W, (/jx,év/lx) < Lé. (50)

For the third and fourth terms in the last inequality of equation (44), from theorem 1 in [33], there
exists a constant C such that

I

E[W: (156 1006) | SE[WS (455, 1x.5) ] < CE[lly (x3w) [I¢] “h(N(x,0).d) < CYMh(N(x.6).d) (51)

and

ol

E [Ws (%5 fix0)] < E[W2 (iS50 fis)]* < CE [l5(x:) €] ¢ (N (x,6),d) < CVMh (N(x,5),d), (52)

respectively. Here, || - ||¢ is the I® norm of a vector and we have ||y||s < ||y||. In equation (52), the func-
tion h is defined as:

N-ilog(1+N)?,d <4,
)= 4 s EN) (53)
N74,d> 4.
Plugging equations (51) and (52), equations (49), and (50) into equation (44), we have proved that:
E[|Wa (s, fix) = Wa (15,5, 35, 5) | ] < 2CV/MR(N(x,6) ,d) 4 2L3. (54)

17



10P Publishing

Mach. Learn.: Sci. Technol. 7 (2026) 035001 M Xia and Q Shen

Therefore, combining the two inequalities equations (43) and (54) and taking the expectation of
equation (54) w.r.t. the empirical distribution v¢(x), we have

[|w2 (y.5) — WS (1.9) } < 8CME[h (N (x,5) ,d)] + 8v/MLS. (55)

Combining the two inequalities equations (40) and (55), the inequality (11) holds, completing the proof
of theorem 2.3.

Appendix B. Definitions of different loss metrics

Below, we provide descriptions and definitions for different loss functions used in this study. In the fol-
lowing, N denotes the number of samples.

1. The squared W, distance
W3 (1, ) = W5 (1, %)

where p¢ and ¢ are the empirical distributions of y and y, respectively. It is estimated by
2 e re\ ~u 1 1
W3 (15, fify) & ot . emd2 NIN7 NIN’ C|, (56)

where ot .emd?2 is the function for solving the earth mover’s distance problem in the POT package of
Python in [38]. N is the number of ground truth and predicted samples, Iy is an N-dimensional vec-
tor whose elements are all 1, and C € RN* is a matrix with entries (C);; = ||y; — yj||>. i and y; are
the ground truth data and prediction associated with x;, respectively.

2. MMD (maximum mean discrepancy) [66]:

MMD (y,y) = E[K(y,y)] = 2E[K(y,y)] + E[K(y,y)],

where K is the standard radial basis function (or Gaussian kernel) with the multiplier 2 and number
of kernels 5. y and y are the ground truth observation and prediction, respectively.

3. Mean squared error (MSE): where N is the total number of data:

N

R 1 R
MSE (y,9) = > _ ~llyi =5l
i=1
4. Mean?+var loss function:

N N
1 N -
(Mean® + var) (y,y) = ZZNH%—)@'HZ—F|Var(y)—Var(y)|

i=1i=1

where
N o N Ny
Var(y) = Z ly; - Z il var ) =2 g =3 5 (57)
5. The local squared W, distance
W35 (.9)
defined in equation (10). It is estimated by
N 1 1
2. N o - .
W2,5 (y7y) ~ Z NOt -emd?2 (N(x,‘,(s) IN(X{,ﬁ)? N(x,',é) IN(xi,ts)vc(xl)> ) (58)

i=1

where ot .emd?2 is the function for solving the earth mover’s distance problem. N is the number of
ground truth and predicted samples, Iy(y,s) is an N(x;,d)-dimensional vector whose elements are all
1, and C(x;) € RN®:0)xNi0) For each x;, we denote S(x;,0) := {%i,- -, Xiy, 5 } to be the set such
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that S(x;,0) = {X € S: |X — xi[ < 6}. The entries in C are: (C)g = ||y; — y;[I*. || - || is the > norm of
a vector. |- [, is the norm of the input x (specified in each example). y; and y;, are the ground truth

;. = fixi,,w;,) and predicted y; = fixi, &) for x;, € S(x;,0),5=1,...,N(x;,0).
6. Local MMD:

N

MMD; (y,5) = >+ (

i=1

E[K(y[xi, 0],y [xi,0])] = 2E [K (y [xi, 0], y[xi,0])] + E [K (y[xi, 0] , y [xi, 6])]) ,

Z\~

where K is the standard radial basis function (or Gaussian kernel) with multiplier 2 and number of
kernels 5. y[x;, 6] is the set of ground truth {y, = f(x;;wi)} such that x; € S(x;,d). y[x;,d] is the set
of reconstructed {y; = j(x,;;c&,;)} such that x;, € S(x;,6). S(xi,0) := {xi, ..., Xi, , } has the same
meaning as defined in the local squared W, distance.

7. Local MSE:

z

MSEs(y,5) = > 1MSE( [x:, 0] y[xi,é)])7

i=1
where y[x;,0] and y[x;,] have the same meaning as defined in the local MMD loss function.

8. Local mean?+var:
N
(Mean® 4 var)s(y,y) = Z (Mean?® + var) (y[x,-,é],y[x,-,d)]),
i=1

where y[x;,0] and y[x;,§] have the same meaning as defined in the local MMD loss function.

Appendix C. How distributions of model parameters and the input affects the accuracy
of reconstructing equation (25)

We carry out two additional experiments on reconstructing equation (25) in section 3.2, aiming to
investigate how the distributions of the model parameters (w;,w,) and the input x affect the accuracy
of reconstructing the nonlinear model equation (25).

First, we varied the distribution of the uncertain parameters (w;,w,). We set x ~ U (—0.5,0.5) and
(w1,wy)T ~ N((19.1426,0.5311)",0%1,) in equation (25), where I, € R?*? is the identity matrix, to gen-
erate the training samples. For the testing samples, we set x € {x; : x; = —0.540.1i,i =0,...,10} and
(wi,w2)T ~ N((19.1426,0.5311)",021,). At each x;, 100 testing samples are generated. The variables x
and (w,w,) were independently sampled for both the training and testing sets. We varied o, the stand-
ard deviation of the latent model parameters w; and w,, for both the training and testing samples.

Second, we alter the distribution of x in the training set. We let (wy,w,) ~ N ((19.1426,0.5311)", 1)
and sample x ~ U(—a,a) with different a for the training set. For testing, we generate a testing set T =
U2, T; with each T; containing 100 samples (x; ;, y(x,i,w)),X.; = 0.1i— 0.5,r=1,...,100 and (w;,w,) ~
N ((19.1426,0.5311)",1,). x and (w;,w,) are independently sampled for both training and testing sets.

For both experiments, we use the same neural network model with weight uncertainty, training set-
tings, and hyperparameters as used in section 3.2 (listed in table 2). The errors in the predicted mean
E[y(x;&)] and standard deviation SD[j(x;w)] are calculated on the testing set.

As depicted in figure 6(a) and (b), larger standard deviations in the model parameters (w;,w,) and
a larger standard deviation in the input x of the training set both result in larger errors in the predicted
mean E[y(x;&)] and in the predicted standard deviation SD[j(x;w)]. A possible reason could be that
larger standard deviations in the model parameters (w;,w,) and a larger standard deviation in the input
x both lead to more sparsely distributed training samples, making it more difficult to reconstruct the
underlying nonlinear model equation (25).
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(a) errors in E[g] and SD[§] w.r.t. o (b) errors in E[j] and SD[j] w.r.t. a

1r
—o—E[y] error —o—E[y] error
——SD[g] error —+—SD[g] error

error
error
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Figure 6. (a) The errors in the predicted mean E[j(x;d)] and predicted standard deviation SD[j(x;w)] w.r.t. the standard devi-
ations of the uncertain model parameters (w;,w; ). (b) The errors in the predicted mean E[y(x; )] and predicted standard devi-
ation SD[j(x; )] when varying the standard deviation of x in the training set. The errors are evaluated on the testing set.

Appendix D. Neural network architecture

We carry out an additional experiment for section 3.2 to explore how the structure of the neural net-
work model in figure 1 affects the accuracy of reconstructing the nonlinear model equation (25). The
local squared W, distance equation (10) is used as the loss function for training the neural network with
the size of the neighborhood J =0.1. We change the number of hidden layers as well as the number of
neurons per hidden layer. Additionally, we compare the performance of the ResNet technique against the
standard feed-forward structure for forward propagation.

Table 4. Means and standard deviations of errors in the predicted E[j(x; @)] and SD[j(x;D)]
in section 3.2, calculated over 5 independent experiments. The errors are calculated on the
same testing set as used in section 3.2.

Width  Depth Errorin E[j(x;0)]  Errorin SD[j(x;0)]  Runtime (s)
12 4(ResNet) 0.053£0.013 0.127 40.023 3099 + 561
25 4(ResNet) 0.035£0.005 0.126 +0.026 2469 £ 502
50 4(ResNet) 0.051£0.013 0.11440.012 3346 £213
100 4(ResNet) 0.232 £ 0.409 0.19040.138 3706 £ 781
50 1(ResNet) 0.044 £ 0.005 0.106 +0.018 2853+ 593
50 2(ResNet) 0.034 £ 0.003 0.106 - 0.034 2801 299
50 3(ResNet) 0.043 £0.010 0.11540.024 2428 +499
50 1(feed-forward)  0.049 = 0.005 0.106 +0.023 2503 90

50 2(feed-forward)  0.044 £0.011 0.1294+0.019 2526 £ 560
50 3(feed-forward)  0.075+0.031 0.161 4 0.020 2526 £ 560
50 4(feed-forward)  0.060 £ 0.028 0.17540.022 2820 4622

In table 4, the errors of the predicted mean and standard deviation, E[j(x;0)] and SD[y(x;w)], may
increase as the number of hidden layers in the neural network increases if the ResNet technique is not
implemented. However, when the ResNet technique is employed, the errors of the predicted mean and
standard deviation do not deteriorate as the number of hidden layers increases. This improvement may
be attributed to the ResNet technique, mitigating the gradient vanishing issue [67] that affects simple
feed-forward neural networks. On the other hand, if the number of neurons is too small or too large,
then the errors in E[j(x;W)] and SD[y(x;w)] becomes large. A too-small number of neurons per layer
could be insufficient, while an excessively large number of neurons can complicate the optimization
of weights under uncertainty. A neural network with 3 hidden layers and 50 neurons in each layer,
equipped with the ResNet technique, appears to be effective configuration for reconstructing the non-
linear model equation (25).
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Appendix E. Proof to proposition 3.1

Below, we provide proof to proposition 3.1. First, note that

dlly (ro: 5w) =7 (0, 50) I* =2y (1, 50) =7 (10, 59) .8 (¥ (15, 15w) ,1,w0) = £ (7 (3, :0) . 1,0) )
<y 0o 550) =7 (0, 50) 11 + [[g (v (v, 5)  1,0)

— 8y 50),1,0) + (¥ (1, 50) , £,0) — §(F (0, D) , 1,D) |
< (14283) Iy (10 50) = 7 (0, 59) I+ 2118 (7 (7, 65) s 0) = 803y, ), )
< (14 2L) [yt 50) = 70700 50) > + 2] |80ty 50), £0) — 8(0,0,0)

+£(0,0,0) — §(0,0,0) + §(0,0,0) — gy (¥, w), 1,0) ||
< (1420 ly(yy, tw) — 9, 15 0)

+6/1(0,0,w) — £(0,0,0)|* + 12Lg (¥ (v, s; ) [I* + 7).

2

(59)
where (-,-) denotes the inner product of two n-dimensional vectors. By applying the Gronwall’s inequal-
ity to the quantity ||y(y,,t;w) — $(y,, ;@)||* in equation (59), we can conclude that:

t
Iy 05 = 500,500 | < Sexp (1+2221) - | (g0.0.0) = 8(0,0.8) [+ 222 (Iy (i) [P+ ) ) .
0
(60)
In equation (60), (g(0,0,w),£(0,0,&)) is seen as a random variables in R*". For any coupling probabil-
ity measure 7, , 4, , (8(0,0,w),£(0,0,0)) such that its marginal distributions are 7,0 and 7l (1),s and
fly,s denote the probability measures of g(y,s,w) and g(y,s,w), respectively), we denote 7* (w,w) such
that

" (AvB) = Tno,0,70,0 ((g(ovovw) agA(070>‘D)) (AvB)) ) (61)

whereAGB( ) Be B().

sider (g(0,0,w),£(0,0,&)) as a measurable map from  x Q to R” x R™. Specifically, if we take the
expectation of equation (60) and taking the infimum over all 7, , 5,,((0,0,w), £(0,0,0)), we conclude
that

E(w,d))NW*(w,d)) “'y(ym t;(U) —}70’0; t,@) HZ]

t
6exp (1+21%1) / W3 (10.0,710.0) + 212 (E [[ly (v, 5:0) 2] + ) di )

In other words, 7y, , #,, is the pushforward measure of 7*. Here, we con-

t
< 12L§ exp (t+ 2Lgt) / (E [Hy(yo,s;w) ||2} Jrsz) ds+ 6texp (t+2L§,t) - sup W3 (7]%5,77},75) .
0 ,0s<t

It is easy to verify that the marginal distributions of 7*(w,w) are the distributions of w and &, respect-
ively. We denote 7#(C, D), (C,D) € B(R") x B(R") to be the pushforward probability measure of 7*
such that

T(C,D) =7 (70 ), 7 (s 5w)) ' (CD)), (63)
where (y(yo,t,w),)?(yo,t,w))_l(c, D) is the preimage of (C, D) in B(€2) x B(f2). Additionally, we can

verify that the marginal distributions of 7 are Hy,,c and fi, ,, respectively. Therefore, using the inequal-
ity (62), the following inequality holds:
l

t
< 12L§,exp (H— 2L§t> / (E[lly 5 s;w) 7] + %) ds (64)

+ 6texp (1+2Lf,t)- ggp w; (Mys>yss) »
e

W3 (asiine) < Egipnstn ¥ =9I | = Boiormm sy | 0or0) = 930, 1560)

which completes the proof of proposition 3.1. The two constants Cy,C; in proposition 3.1 are:

t
Co := 6texp (1+2L§t>, C = 1212 exp (t+zL§,t) / (E [y (7. 5:9) ] +5%) ds. (65)
0
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