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Abstract

Analysis and Approximation of Incompressible Chemically
Reacting non-Newtonian Fluids

Seungchan Ko, Keble College

Doctor of Philosophy, Trinity 2018

In this thesis, we consider a system of nonlinear partial differential equations

modelling the motion of an incompressible non-Newtonian fluid, which is chemi-

cally reacting. The governing system consists of a convection-diffusion equation

for the concentration and the generalized Navier–Stokes equations, where the vis-

cosity coefficient is a power-law-type function of the shear-rate, and the coupling

between the equations results from the concentration-dependence of the power-law

index. This system of nonlinear partial differential equations arises in mathematical

models of the synovial fluid found in the cavities of moving joints. The only estab-

lished mathematical result for this model is the existence of weak solutions for the

stationary model. As a subsequent mathematical study, we first construct a finite

element approximation of the model and perform the mathematical analysis of the

numerical method in two and three space dimensions. Key technical tools include

discrete counterparts of the Bogovskĭı operator, De Giorgi-type regularity theorem

in two dimensions, and the Acerbi–Fusco Lipschitz truncation of Sobolev functions.

Then we move to the unsteady problem, and we prove the existence of global weak

solutions of the non-stationary model by using the Galerkin method combined with

generalized monotone operator theory and parabolic De Giorgi–Nash–Moser theory.

As the governing equations involve a nonlinearity with a variable power-law index,

our theory exploits the framework of generalized Lebesgue and Sobolev spaces with

variable-integrability exponent.
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Cα,α/2(QT ) parabolic Hölder space with exponent α on QT

dp(·, ·) parabolic distance

u fluid velocity

π fluid pressure

c concentration of hyaluronan

S(·, ·) Cauchy stress tensor of synovial fluids
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Chapter 1

Introduction

During the past decade, the mathematical study of non-Newtonian fluids has become

an active field of research, stimulated by the wide range of scientific and industrial

problems in which they arise. Examples of non-Newtonian fluids include biological

fluids (such as mucus, blood, and various polymeric solutions), as well as numerous

fluids of significance in engineering, food industry, cosmetics, and agriculture. This

then motivates fundamental research on non-Newtonian flow models, with special

emphasis on its mathematical theory, to understand the behaviour of the fluids

and to provide a theoretical background for engineers and applied scientists. In

particular, from a practical point of view, developing robust numerical methods

which describe the motion of non-Newtonian fluids is of significant importance.

Furthermore, the mathematical analysis of the corresponding partial differential

equations is also important, as it promotes a deeper insight into the construction

and analysis of the numerical methods.

In this thesis, we investigate the mathematical and numerical analysis of certain

kinds of non-Newtonian fluid flow models, which describe the motion of synovial

fluids: from the mathematical point of view, the synovial fluid is a viscous incom-

pressible fluid where the generalized viscosity depends on the shear-rate and the

concentration of the specific molecule. The central goal of this thesis is to establish

the existence of weak solutions for the model, and construct a numerical method

describing the model properly and perform convergence analysis of the numerical

schemes.

The essence of the subject of modelling the synovial fluid is encapsulated in the

generalized Navier–Stokes equations with concentration and shear-rate dependent

viscosity, coupled with a convection-diffusion equation for the concentration. This
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system of equations is often referred to as a model for “chemically reacting fluids”

to emphasize that the behaviour of the fluids fundamentally depend on chemical

properties of the solution.

In this introductory chapter, we discuss some background material on the history

of the mathematical study of non-Newtonian fluids and the modelling of synovial

fluids. In Section 1.1, we first briefly survey some relevant mathematical results on

non-Newtonian fluids with shear-rate dependent viscosity, which are of interest in the

thesis. In Section 1.2, we then introduce a model with generalized viscosity, which

will be considered throughout this thesis. Since the model we will consider is novel

and not very common, we shall highlight the origin and validity of the model, and

then explain why this model describes the relevant physical phenomenon accurately.

Finally, in Section 1.3, we shall make a comment of the structure of the thesis, and

the chapter concludes with an overview of the goals of this thesis.

1.1 Non-Newtonian fluids with shear-rate depen-

dent viscosity

In fluid dynamics, the motion of incompressible fluids in a bounded domain Ω ⊂ Rd

(d = 2, 3), over the time interval (0, T ) of interest, is described by the system of

partial differential equations

∂tu+ div (u⊗ u)− divS = ∇π + f in QT , (1.1)

divu = 0 in QT , (1.2)

where QT = (0, T ) × Ω. This system of equations is derived from the conservation

of momentum and conservation of mass equations, and here the unknown quantities

are the velocity field u : QT → Rd and the pressure π : QT → R. The function f :

QT → Rd represents a given external force and S : QT → Rd×d
sym is the Cauchy stress

tensor. See, for instance, [13] for more details about the derivation of the model.

In order to describe a particular fluid in this framework, we need a constitutive law

relating the stress tensor S to the symmetric velocity gradient

Du :=
1

2

(
∇u+ (∇u)T

)
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whose modulus |Du| is called shear-rate; the rate at which a fluid is sheared during

flow. The simplest example is when the relationship is linear, i.e.,

S = S(Du) = 2νDu, (1.3)

where ν > 0 is the viscosity of the fluid. In this case the system (1.1), (1.2) becomes

the system of classical Navier–Stokes equations (Newtonian fluid flow model), and

the study of these equations is of independent interest. However, this system can

only model a limited set of fluids, with simple molecular structure, such as water

and air. In order to accurately model the motion of fluids with more complicated

structure, one needs to consider generalized models. Those which do not satisfy the

linear relation (1.3) are called non-Newtonian fluids; see [7] for detailed discussion

of non-Newtonian fluid flow models. A special class among these are generalized

Newtonian fluids. Here the viscosity is assumed to be a function of the shear-rate

|Du| and the constitutive relation is

S(Du) = ν(|Du|)Du. (1.4)

For these generalized Newtonian models, two different reactions are possible:

• The fluid becomes thicker (for example, batter): the viscosity of a shear-

thickening (dilatant) fluid is an increasing function of the shear-rate.

• The fluid becomes thinner (for example, blood or ketchup): the viscosity of a

shear-thinning (pseudoplastic) fluid is a decreasing function of the shear-rate.

One of the popular generalized Newtonian fluid flow models and the one that we

are interested in this thesis, is the power-law model in which the viscosity is of the

form

ν(|Du|) = ν0(κ1 + κ2|Du|2)
p−2

2 (1.5)

with ν0, κ2 > 0, κ1 ≥ 0 and p ∈ (1,∞) is specified by physical experiments. More

details about this model and an extensive list of specific p-values for different fluids

can be found in [13]. If p = 2, the model becomes the Newtonian fluid flow model.

The fluid is shear-thickening if p > 2 and is shear-thinning if p < 2.

This mathematical model is useful because of its simplicity, and it is widely used

in the theory of fluid dynamics. There are other models that better describe the
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entire flow behaviour of shear-dependent fluids, but they do so at the expense of

increased complexity. Therefore, the mathematical study of power-law models is

important since, with this model, we can strike a balance between the relative ease

of development of a mathematical theory and practical usefulness.

The rigorous mathematical study of power-law fluids began in the late nineteen

sixties with the pioneering works of Lions and Ladyzhenskaya in [65] and [60], [61],

respectively. In these papers the authors developed the existence theory of weak

solutions of the non-stationary model for p ≥ 3d+2
d+2

(p ≥ 3d
d+2

for the stationary

model) with the aid of monotone operator theory. The cases they could handle were

restrictive for real world situations. Nevertheless, their work was a breakthrough

in the theory of partial differential equations. Since then there has been significant

progress in the mathematical theory of generalized Newtonian fluids. To control the

convective term, some useful approximation techniques were developed such as the

so-called L∞ and Lipschitz truncation techniques, and they were successfully applied

in the existence analysis. As a result, the existence of weak solutions was established

with a wide range of power-law-type models for p > 2d
d+2

; see [52, 74, 53, 39] in the

case of steady, and [67, 81, 43, 16] for unsteady flows.

Once the existence of a weak solution is shown, one of the interesting subsequent

questions from the point of view of computational mathematics is to discretize the

equations and approximate the weak solution in a stable and accurate way. In [8, 9],

the authors derived (in some cases optimal) error estimates for the finite element

approximation of steady-state power-law-like models without a convective term.

For the power-law fluid flow model with a convective term, in [38, 80], the authors

constructed the finite element approximation of a general class of incompressible

non-Newtonian fluids where the viscous stress tensor and the rate-of-strain tensor

are related by a maximal monotone graph, and performed the convergence analysis

of the family of methods under consideration. In particular, in [38], the discrete

counterpart of Lipschitz truncation was constructed, which is a useful technique for

controlling the convective term at the discrete level.

Interestingly, it was discovered in laboratory experiments that in a number of

non-Newtonian fluid flow problems, the power-law index p is not a fixed constant

but is, rather, variable-dependent; see, e.g., [72] for a fluid model where the power-

law index is of the form p(·) := p(|E(x)|2) ∼ p(x), E being a given electric field.
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This fluids are called electro-rheological fluids. When these fluids are exposed to

an electro-magnetic field, their viscosity undergoes a significant change. Nowadays,

electro-rheological fluids have the quality and potential in a wide range of applica-

tions, for example, actuators, clutches, shock absorbers, and rehabilition equipment.

Such electro-rheological models were mathematically investigated in [75, 76], where

the existence theory was developed by using monotone operator theory and also the

so-called higher regularity technique under the assumption that the given E, and

consequently p(·), is smooth enough. Also, some numerical approximations were

considered. Recently, the Lipschitz truncation method was generalized to variable-

exponent spaces in [39], where the existence of weak solutions was shown provided

that p(·) is sufficiently regular in some sense, 1 < p− ≤ p(x) ≤ p+ < ∞ and

p− > 2d
d+2

. Since the equations have a variable nonlinearity, the solutions are sought

in (variable-exponent) generalized Lebesgue and Sobolev spaces Lp(·) and W 1,p(·),

whose functional-analytic properties are more complicated than those of classical

Lebesgue and Sobolev spaces; the theory of variable-exponent spaces will be cov-

ered in Chapter 2. Regarding the numerical approximation of solutions, electro-

rheological fluid flow models were studied in [25, 12], where a discretization of the

problem was constructed and the convergence of a sequence of numerical solutions

was established.

In this thesis, we will consider a similar, but more complicated model. As will

be explained in more detail in the next section, the governing system consists of a

convection-diffusion equation for the concentration and a generalized Navier–Stokes

system for the velocity and the pressure of the fluid, where the viscosity coefficient is

a power-law-type function of the shear-rate, and the coupling between the equations

occurs through a concentration-dependent power-law index. The detailed discussion

of the mathematical model we consider in this thesis will be covered in the next

section.

1.2 Mathematical model of the synovial fluids

In this thesis, we shall investigate the equations modelling the rheological response of

a synovial fluid (a biological fluid found in the moving joint cavities) during a steady
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shear experiment. From the rheological point of view, synovial fluid is incompress-

ible and is the ultrafiltrate of blood plasma (namely, plasma-free from large proteins)

enriched with the locally synthesized polysaccharide molecules, called hyaluronan.

Though one could model the solution using mixture theory, we shall restrict ourselves

to the situation where the solution can be described as a single-constituent fluid.

This perspective is fairly reasonable because the mass concentration of hyaluronan

is negligible, and even if molecules of hyaluronan are accumulated locally, the mass

concentration does not exceed 2% and the solution remains in a practically homo-

geneous state. Nevertheless, we still need to consider the experimentally observed

chemical properties of the fluid.

The presence of hyaluronan in the synovial fluid is important since hyaluronan

is the constituent responsible for the non-Newtonian behaviour of the synovial fluid,

which determines the functioning of the whole synovial joint system. In fact, it

was already seen in viscosimetric experiments performed in the early 1950s that the

synovial fluid has a strong shear-thinning property, depending on the concentration

of hyaluronan in the solution. Explicitly, the viscosity of the fluid is a function

of the concentration as well as of the shear-rate. Higher shear-rates imply higher

alignment of the chains and thus a decrease in the viscosity. On the other hand,

the influence of concentration works in the opposite way because higher concen-

tration of hyaluronan implies higher enlacement of the chains, which increases the

viscosity. In previous studies, the viscous behavior of synovial fluid was mathemat-

ically modelled by a shear-thinning fluid with constant concentration (see [73]) or

the effects of concentration and the shear-rate on the viscosity were separated (see

[69]). This is contrary to the results of laboratory experiments, which show that

the concentration influences the shear-rate response, which implies that the shear-

rate-index depends on the concentration for the power-law model. The restriction

of constant concentration is not appropriate for modelling the behaviour of synovial

fluid under physiological conditions. In real joints, the concentration of hyaluronan

varies. For example, it was shown in [27] that hyaluronan creates a boundary layer

near the synovium with a concentration that is five times higher than in the cen-

tral parts of the synovial joint cavity. Thus we need to consider a mathamatical

model for the generalized viscosity for the synovial fluid that depends on the shear-

rate and the varying concentration of hyaluronan. Therefore, from the viewpoint
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of mathematical modelling, a power-law-like model, where the power-law index is

concentration-dependent, seems reasonable.

More precisely, denoting by c the concentration of hyaluronan in the solution,

it was observed in laboratory experiments (see [63]) that the effect of concentration

and the shear-rate on the viscosity are not separated (in the sense that, ν(c, |Du|) ∼

f(c)ν̃(|Du|)), but that the concentration of hyaluronan affects the level of shear-

thinning. For zero concentration, the viscosity becomes constant, corresponding to

the fact that the fluid is composed only of ultrafiltrated blood plasma, exhibiting

properties of a Newtonian fluid. If the concentration of hyaluronan increases in

the solution, the fluid displays higher apparent viscosity and moreover, it thins the

shear more rapidly. Therefore a new power-law-like model of the synovial fluid was

proposed in [54], where the power-law index was considered to be a function of

the concentration. This new model describes the viscous properties of the synovial

fluid more accurately, and it naturally reflects the fact that non-Newtonian effects

diminish as the concentration of hyaluronan decreases.

Based on the discussion above, from the mathematical point of view, we shall in-

vestigate a system of equations describing the motion of a shear-thinning fluid with

a non-standard growth condition on the viscosity. More precisely, we shall investi-

gate the incompressible generalized Navier–Stokes equations with a power-law-like

viscosity where the power-law index is not fixed, but depends on the concentration.

To close the system, we shall assume that the concentration satisfies a convection-

diffusion equation. The resulting system of partial differential equations is therefore

fully coupled. Namely, we consider the following system of partial differential equa-

tions:

divu = 0 in QT , (1.6)

ρ ∂tu+ ρ div (u⊗ u)− divS(c,Du) = −∇π + ρf in QT , (1.7)

∂tc+ div (cu)− div qc(c,∇c,Du) = 0 in QT , (1.8)

where QT := Ω × (0, T ), Ω ⊂ Rd, d ∈ {2, 3} is a bounded open domain, and

where u : QT → Rd, π : QT → R, c : QT → R≥0 are the velocity, pressure and

concentration fields respectively. In the present context, f : QT → Rd represents a

given density of the bulk force, ρ is the density of synovial fluid, and S(c,Du) is

the shear stress tensor component of the Cauchy stress tensor. For the shear stress
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tensor S, as we discussed above, the prototypical example we are considering is of

the following form:

S(c,Du) = ν(c, |Du|)Du,

where the generalized viscosity ν(c, |Du|) depending on the concentration and on

the shear-rate is of the form:

ν(c, |Du|) ∼ ν0(κ1 + κ2|Du|2)
p(c)−2

2 ,

where ν0, κ2 > 0 and κ1 ≥ 0. We shall assume that the stress tensor S :

R≥0 × Rd×d
sym → Rd×d

sym is a continuous function satisfying the following growth, strict

monotonicity and coercivity conditions: there exist positive constants C1, C2 and

C3 such that

|S(ξ,B)| ≤ C1(|B|p(ξ)−1 + 1), (1.9)

(S(ξ,B1)− S(ξ,B2)) · (B1 −B2) > 0 for B1 6= B2, (1.10)

S(ξ,B) ·B ≥ C2(|B|p(ξ) + |S|p′(ξ))− C3, (1.11)

where p : R≥0 → R≥0 is a Hölder continuous function with 1 < p− ≤ p(ξ) ≤ p+ <∞

and p′(ξ) is defined as p(ξ)
p(ξ)−1

.

On the other hand, in the convection-diffusion equation (1.8), qc(c,∇c,Du)

represents the diffusive flux of the concentration c which, analogously to the shear

stress tensor S, has to be specified by a constitutive equation for the diffusivity of

concentration. In our case, we assume that the diffusion is given by the Fick’s law

qc(c,∇c,Du) = K(c, |Du|)∇c, (1.12)

whereK is the diffusivity, the characteristic of the solute with respect to the solvent.

In general, it is a tensorial function. As it was experimentally documented by [73],

for instance, the diffusivity is dependent of concentration and the shear-rate. For

this concentration flux vector qc, we assume that qc(ξ, g,B) : R≥0×Rd×Rd×d
sym → Rd

is a continuous function, which is linear with respect to g, and additionally satisfies

the following inequalities: there exist positive constants C4 and C5 such that

|qc(ξ, g,B)| ≤ C4|g|, (1.13)

qc(ξ, g,B) · g ≥ C5|g|2. (1.14)
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We shall refer to p(·) as the variable-exponent function and we will cover the

associate mathematical theory in Chapter 2. Since we are considering a specific

application in mind, this function should satisfy additional requirements. More pre-

cisely, p is assumed to be a continuous strictly monotonic function with the prop-

erties of shear-thinning/shear-thickening of the fluid; this means that it is bounded

from below and from above as follows: 1 < p(c) < ∞, where the limiting values 1

and ∞ are attained only for non-physiological and/or non-physical values of c.

Finally, since the concentration of hyaluronan is very low, we further assume that

the density ρ is not influenced by the varying concentration c and hence it remains

constant.

This is the complete description of the model we are going to consider in this

thesis. For further rheological background and results of numerical simulations of

the model, see [63, 54].

1.3 Structure of the thesis

We are now in a position to give more details regarding the aims of the thesis.

Our objective is to develop the mathematical theory of the model described in

the previous section. The only known mathematical results concerning our model

are the proofs of the existence of weak solutions for the stationary model (see, for

example,[20, 21]). Therefore, the aim of the thesis is to develop the mathematical

theory of numerical methods for the approximation of weak solutions for the sta-

tionary model, and to show the existence of weak solution for the unsteady model.

The rest of the thesis is organized as follows:

Chapter 2 will include some preliminaries which will be used throughout the

whole thesis. For example, the basic theory of function spaces related to the given

problem will be covered. More precisely, we present some key results from the theory

of variable-exponent Lebesgue and Sobolev spaces. Since the power-law index of the

viscosity depends on the concentration, variable-exponent spaces naturally arise in

the analysis of the problem under consideration.

In Chapter 3, we will consider the finite element approximation of the stationary

model in a two-dimensional domain. We will discretize the given problem with a

conforming finite element method, using inf-sup stable finite element pairs and with
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a discrete concentration space. The main objective of this chapter is to show the

convergence of the sequence of finite element solutions to a weak solution of the

problem.

Next, in Chapter 4, we extend the analysis developed in Chapter 3 to three space

dimensions, and we formulate an analogous convergence result for a finite element

method in a three-dimensional domain. Before constructing the approximation of

the problem, we shall formulate a regularized problem and perform the finite element

convergence analysis of this regularized problem. Finally, we shall show that weak

solutions of this regularized problem, in turn, converge to a weak solution of the

original problem.

In Chapter 5, we aim to prove the existence of global weak solutions to the non-

stationary model by using the Galerkin method combined with generalized monotone

operator theory and parabolic De Giorgi–Nash–Moser theory.

Finally, in Chapter 6, we will summarize the contents of the previous chapters.

We revisit the description of the problem, recall the main difficulty and how the

problem was solved. We shall also discuss how the results we obtained might be

improved. We then point to possible future research topics including open problems

in related fields, potential improvements of the current results and another related

problems that we are also interested in.

10



Chapter 2

Lebesgue and Sobolev spaces with
variable exponent

2.1 Brief description of the chapter

As we discussed in the previous chapter, we consider power-law-type non-Newtonian

fluids flow models, where the power-law index depends on the concentration, coupled

with a convection-diffusion equation for the concentration. Since the concentration is

the function of the spatial and time variables x and t, the model under consideration

has variable nonlinearity, which causes numerous technical difficulties. In particular,

if we consider a system of partial differential equations with a variable nonlinearity,

one of the main problems is the natural choice of function spaces where we can hope

to find solutions. A natural energy norm cannot be described within the context of

classical Lebesgue and Sobolev spaces. For instance, consider a weak solution u to

the following system

−div (S(Du)) = f in Ω,

u = 0 on ∂Ω,

with a p(·)-Laplacian type nonlinearity S(Du) = |Du|p(x)−2Du where p : Ω →

[1,∞) is a measurable function. Then the energy norm naturally induced from the

above equations is given by

ˆ
Ω

S(Du) : Du dx =

ˆ
Ω

|Du|p(x) dx.

However, this information onDu cannot be correctly understood within the context

of classical Lebesgue and Sobolev spaces. Therefore, we need to exploit the theory of

11



variable-exponent Lebesgue and Sobolev spaces whose functional-analytic properties

are more complicated than those of classical Lebesgue and Sobolev spaces. This

chapter is devoted to introducing the theory of these generalized spaces. The results

presented in this chapter are mainly quoted from [6, 36]. To present an intuition for

variable-exponent spaces, we include the proofs for basic properties of the spaces. For

more advanced results (e.g. Theorem 2.3.8 in Section 2.3, all the results in Section

2.4 and Section 2.5) whose proofs are too long to be included, we omit the proofs

and make some comments on the quotations. Here we only introduce mathematical

results needed for later chapters of this thesis. For further mathematical results on

variable-exponent spaces, see [36] as a comprehensive source of information.

Throughout the chapter, we assume that Ω ⊂ Rd is a bounded open domain

with the Lipschitz boundary ∂Ω. Also, X(Ω)d will denote the space of d-component

vector-valued functions with components from X(Ω). We also define the space of

tensor-valued functions X(Ω)d×d. Furthermore, we shall denote the duality pairing

between f ∈ X and g ∈ X∗ by 〈g, f〉, and for two vectors a and b, a · b denotes

their scalar product; and, similarly, for two tensors A and B, A : B signifies their

scalar product. Finally, for any Lebesgue measurable set Q ⊂ Rd, |Q| denotes the

standard Lebesgue measure of the set Q, and C signifies a generic positive constant,

which may change at each appearance.

2.2 Definitions and basic properties

Let P(Ω) be the set of all measurable functions p : Ω → [1,∞). We shall call the

function p ∈ P(Ω) a variable exponent. We also define

p− := ess inf
x∈Ω

p(x) and p+ := ess sup
x∈Ω

p(x),

and for simplicity, we only consider the case

1 < p− ≤ p+ <∞. (2.1)

On the set of measurable functions f : Ω→ R, we define the functional

Ap(·)(f) =

ˆ
Ω

|f(x)|p(x) dx.

Then it is easy to verify the following properties:
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(1) Ap(·)(f) ≥ 0 for every measurable function f ;

(2) Ap(·)(f) = 0 if and only if f = 0;

(3) Ap(·)(f) = Ap(·)(−f) for every measurable function f ;

(4) The map f 7→ Ap(·)(f) is convex.

A functional which satisfies the properties (1)–(4) is called (convex ) modular ,

and hence the functional f 7→ Ap(·)(f) is a (convex) modular.

Now we introduce the space

Lp(·)(Ω) := {f is measurable on Ω : Ap(·)(f) <∞},

which is obviously a linear space.

Then let us define the functional

‖f‖Lp(·)(Ω) = ‖f‖p(·) := inf

{
λ > 0 : Ap(·)

(
f

λ

)
≤ 1

}
.

Then we have the following proposition defining the norm of the space Lp(·)(Ω).

Proposition 2.2.1. The functional

‖ · ‖p(·) : Lp(·)(Ω)→ [0,∞)

defines a norm on the space Lp(·)(Ω). This is called Luxemburg’s norm for the

variable-exponent space Lp(·)(Ω).

Proof. It is obvious that ‖f‖p(·) ≥ 0 for all f ∈ Lp(·)(Ω). Next if f = 0, it is clear

that ‖f‖p(·) = 0. Conversely, suppose that ‖f‖p(·) = 0. Then, by the definition of

Luxemburg’s norm, for an arbitrary ε > 0, we have

1

ε

ˆ
Ω

|f(x)|p(x) dx ≤
ˆ

Ω

∣∣∣∣f(x)

ε

∣∣∣∣p(x)

dx ≤ 1.

Hence
´

Ω
|f(x)|p(x) dx < ε for an arbitrary ε > 0, which implies that f(x) = 0 a.e.

in Ω. Next, for any constant c ∈ R and f ∈ Lp(·)(Ω), we have

‖cf‖p(·) = inf

{
λ > 0 :

ˆ
Ω

∣∣∣∣cf(x)

λ

∣∣∣∣p(x)

dx ≤ 1

}

= inf

{
λ > 0 :

ˆ
Ω

∣∣∣∣ f(x)

λ/|c|

∣∣∣∣p(x)

dx ≤ 1

}

= inf

{
|c|δ > 0 :

ˆ
Ω

∣∣∣∣f(x)

δ

∣∣∣∣p(x)

dx ≤ 1

}
= |c|‖f‖p(·).
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Finally we shall verify the triangle inequality. Let us define the set

M =
{
f ∈ Lp(·)(Ω) : Ap(·)(f) ≤ 1

}
.

Since Ap(·)(·) is convex, M is also convex. For an arbitrary ε > 0 and every f ,

g ∈ Lp(·)(Ω), it is easy to see that

f

ε+ ‖f‖p(·)
,

g

ε+ ‖g‖p(·)
∈M,

and hence
fθ

ε+ ‖f‖p(·)
+

g(1− θ)
ε+ ‖g‖p(·)

∈M ∀θ ∈ (0, 1).

If we choose θ ∈ (0, 1) such that θ
ε+‖f‖p(·)

= 1−θ
ε+‖g‖p(·)

, we have

f + g

‖f‖p(·) + ‖g‖p(·) + 2ε
∈M,

which implies that

‖f + g‖p(·) ≤ ‖f‖p(·) + ‖g‖p(·) + 2ε.

Since ε > 0 is arbitrary, the assertion follows.

Similarly, we introduce the following variable-exponent Sobolev space:

W 1,p(·)(Ω) :=
{
u ∈ W 1,1(Ω) ∩ Lp(·)(Ω) : |∇u| ∈ Lp(·)(Ω)

}
with the norm

‖u‖W 1,p(·)(Ω) = ‖u‖1,p(·) := ‖u‖p(·) + ‖∇u‖p(·).

From Proposition 2.2.1, it is easy to see that ‖ · ‖W 1,p(·)(Ω) defines a norm on the

space W 1,p(·)(Ω).

Next, we shall verify a relation between the norm ‖f‖p(·) and the modular Ap(·)(f)

for f ∈ Lp(·)(Ω). We begin with the following lemma.

Lemma 2.2.2. If p+ <∞, then for all measurable f with 0 < ‖f‖p(·) <∞, we have

Ap(·)

(
f

‖f‖p(·)

)
= 1.

In particular, if ‖f‖p(·) = 1, we have ‖f‖p(·) = Ap(·)(f) = 1.
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Proof. By the definition of Luxemburg’s norm, it is easy to see thatAp(·)(f/‖f‖p(·)) ≤

1. Therefore it suffices to check that Ap(·)(f/‖f‖p(·)) < 1 is impossible. Note that,

for any 0 < λ ≤ ‖f‖p(·),

Ap(·)

(
f

λ

)
=

ˆ
Ω

|f(x)|p(x)

λp(x)
dx =

ˆ
Ω

(
|f(x)|
‖f‖p(·)

)p(x)(‖f‖p(·)
λ

)p(x)

dx

≤
(
‖f‖p(·)
λ

)p+

Ap(·)

(
f

‖f‖p(·)

)
.

IfAp(·)(f/‖f‖p(·)) < 1, we can choose λ < ‖f‖p(·) such that
(
‖f‖p(·)
λ

)p+

Ap(·)

(
f

‖f‖p(·)

)
<

1, which implies that Ap(·)(f/λ) ≤ 1. This is a contradiction.

The explicit relation between the norm ‖f‖p(·) and the modular Ap(·)(f) is given

in the following assertion.

Proposition 2.2.3. If 1 < p− ≤ p+ <∞, for every f ∈ Lp(·)(Ω) we have

min
{
‖f‖p

−

p(·), ‖f‖
p+

p(·)

}
≤ Ap(·)(f) ≤ max

{
‖f‖p

−

p(·), ‖f‖
p+

p(·)

}
,

or equivalently,

min

{
A

1
p−

p(·)(f), A
1
p+

p(·)(f)

}
≤ ‖f‖p(·) ≤ max

{
A

1
p−

p(·)(f), A
1
p+

p(·)(f)

}
.

Proof. If µ := ‖f‖p(·) = 0, we are done. So assume that µ 6= 0, and consider

h(x) = f(x)
µ

. By Lemma 2.2.2, h ∈ Lp(·)(Ω) and we have

1 = ‖h‖p(·) = Ap(·)(h) ≤
{
µ−p

+
Ap(·)(f) if µ ≤ 1,

µ−p
−
Ap(·)(f) if µ > 1,

from which we have Ap(·)(f) ≥ min
{
µp

+
, µp

−
}

. Note further that

Ap(·)(f) =

ˆ
Ω

|f(x)|p(x) dx =

ˆ
Ω

µp(x)|h(x)|p(x) dx ≤
{
µp
−
Ap(·)(f) if µ ≤ 1,

µp
+
Ap(·)(f) if µ > 1,

which yields Ap(·)(f) ≤ max
{
µp
−
, µp

+
}

.

Corollary 2.2.4. (Unit ball property) If 1 < p− ≤ p+ <∞, for every f ∈ Lp(·)(Ω)

we have the following properties:

• ‖f‖p(·) = 1 if and only if Ap(·)(f) = 1;

• ‖f‖p(·) < 1 if and only if Ap(·)(f) < 1;
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• ‖f‖p(·) > 1 if and only if Ap(·)(f) > 1,

Corollary 2.2.5. Suppose that 1 < p− ≤ p+ <∞ and let {fn}∞n=1 be a sequence of

functions in Lp(·)(Ω) and f ∈ Lp(·)(Ω). Then we have

‖fn − f‖p(·) → 0 if and only if Ap(·)(fn − f)→ 0 as n→∞.

Now we shall prove some important inequalities, which are well-known in classical

Lebesgue spaces. For p ∈ P(Ω), we denote p′(x) = p(x)
p(x)−1

for a.e. x ∈ Ω.

Lemma 2.2.6. (Hölder’s inequality) Suppose that 1 < p− ≤ p+ < ∞. For every

f ∈ Lp(·)(Ω) and g ∈ Lp′(·)(Ω), we have

ˆ
Ω

|f(x)g(x)| dx ≤
(

1

p−
+

1

(p′)−

)
‖f‖p(·)‖g‖p′(·) ≤ 2‖f‖p(·)‖g‖p′(·).

Proof. Let us denote ‖f‖p(·) = λ, ‖g‖p′(·) = µ and assume that λ 6= 0, µ 6= 0.

Otherwise, the assertion is trivial. By Young’s inequality we have, for a.e. x ∈ Ω,

|f(x)g(x)| = λµ

∣∣∣∣f(x)

λ

∣∣∣∣∣∣∣∣g(x)

µ

∣∣∣∣ ≤ λµ

(
1

p(x)

∣∣∣∣f(x)

λ

∣∣∣∣p(x)

+
1

p′(x)

∣∣∣∣g(x)

µ

∣∣∣∣p′(x)
)

≤ λµ

(
1

p−

∣∣∣∣f(x)

λ

∣∣∣∣p(x)

+
1

(p′)−

∣∣∣∣g(x)

µ

∣∣∣∣p′(x)
)
.

Integrating both sides over Ω yields

ˆ
Ω

|f(x)g(x)| dx ≤ λµ

(
1

p−
Ap(·)

(
f

λ

)
+

1

(p′)−
Ap(·)

(
g

µ

))
=

(
1

p−
+

1

(p′)−

)
‖f‖p(·)‖g‖p′(·),

where the last equality comes from the fact Ap(·)(f/λ) = 1 and Ap(·)(g/µ) = 1 due

to Lemma 2.2.2.

Now we shall prove an embedding result for variable-exponent Lebesgue spaces.

Proposition 2.2.7. Suppose that p, q ∈ P(Ω), 1 < p− ≤ p(x) ≤ p+ < ∞, 1 <

q− ≤ q(x) ≤ q+ <∞ and p(x) ≥ q(x) a.e. x ∈ Ω. Then Lp(·)(Ω) ↪→ Lq(·)(Ω) with

‖f‖q(·) ≤ C(Ω, p±, q±)‖f‖p(·) ∀f ∈ Lp(·)(Ω).
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Proof. Let f ∈ Lp(·)(Ω) with ‖f‖p(·) = λ > 0. Denote

Ω2 = {x ∈ Ω : p(x) = q(x)} and Ω1 = Ω \ Ω2.

If we set h = f/λ, by Lemma 2.2.2 we can easily see that Ap(·)(h) = 1. Then, by

Hölder’s inequality, we have

Aq(·)(h) =

ˆ
Ω1

|h(x)|q(x) dx+

ˆ
Ω2

|h(x)|q(x) dx ≤ 2‖1‖ p(·)
p(·)−q(·)

∥∥|h|q(x)
∥∥
p(·)
q(·)

+ Ap(·)(h)

≤ 2 max

{
|Ω|1−

q+

p− , |Ω|1−
q−

p+

}
max

{
A

q−

p+

p(·)
q(·)

(|h|q(x)), A
q+

p−
p(·)
q(·)

(|h|q(x))

}
+ Ap(·)(h)

= 2 max

{
|Ω|1−

q+

p− , |Ω|1−
q−

p+

}
max

{
A

q−

p+

p(·)(h), A
q+

p−

p(·)(h)

}
+ Ap(·)(h)

= 2 max

{
|Ω|1−

q+

p− , |Ω|1−
q−

p+

}
+ 1.

On the other hand, by Proposition 2.2.3, we have

1

λ
‖f‖q(·) = ‖h‖q(·) ≤ max

{
A

1
q−

q(·)(h), A
1
q+

q(·)(h)

}
.

Altogether, we have the desired inequality.

2.3 Basic function space theory

In this subsection, we introduce some function space theory for variable-exponent

spaces, which will be used throughout the thesis. We begin with the dual norm of

the space Lp(·)(Ω). For given f ∈ Lp(·)(Ω), we define the functional

|f |p(·) = sup
‖g‖p′(·)≤1

ˆ
Ω

f(x)g(x) dx.

Proposition 2.3.1. (Dual norm of Lp(·)(Ω)) The functional

| · |p(·) : Lp(·)(Ω)→ R

defines a norm on Lp(·)(Ω).

Proof. It is straightforward to see that |µf |p(·) = |µ||f |p(·) for any µ ∈ R. Also, the

triangle inequality is trivial. Now let us assume that |f |p(·) < 0 and let g ∈ Lp′(·)(Ω)

be an arbitrary function such that ‖g‖p′(·) ≤ 1. By Hölder’s inequality,

1

2

ˆ
Ω

f(x)g(x) dx ≤ |f |p(·) < 0.
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Since ‖g‖p′(·) = ‖ − g‖p′(·), we further have that

0 < −1

2

ˆ
Ω

f(x)g(x) dx =
1

2

ˆ
Ω

f(x) (−g(x)) dx ≤ |f |p′(·) < 0,

which is a contradiction. Next, if f = 0 a.e. in Ω, it is obvious that |f |p(·) = 0.

Conversely, suppose that |f |p(·) = 0 but f 6= 0 on the subset of Ω with positive

measure, in other words, Ap(·)(f) > 0. Let us introduce the function

g(x) = |f(x)|p(x)−1 sign (f(x)) ∈ Lp′(·)(Ω).

Note that ‖g‖p′(·) > 0. Then we have

0 = |f |p(·) ≥
ˆ

Ω

f(x)
g(x)

‖g‖p′(·)
dx =

1

‖g‖p′(·)

ˆ
Ω

|f(x)|p(x) dx =
1

‖g‖p′(·)
Ap(·)(f) > 0,

which is impossible.

Proposition 2.3.2. Suppose that 1 < p− ≤ p+ < ∞. For f ∈ Lp(·)(Ω), |f |p(·) ≤ 1

implies that Ap(·)(f) ≤ 1.

Proof. We argue by contradiction. Suppose that Ap(·)(f) > 1. Then, by Corollary

2.2.4, we have ‖f‖p(·) > 1. Let us introduce the function

g(x) =

∣∣∣∣ f(x)

‖f‖p(·)

∣∣∣∣p(x)−1

sign (f(x)) .

Then, by Lemma 2.2.2, we have

Ap′(·)(g) =

ˆ
Ω

(∣∣∣∣ f(x)

‖f‖p(·)

∣∣∣∣p(x)−1
) p(x)

p(x)−1

dx =

ˆ
Ω

∣∣∣∣ f(x)

‖f‖p(·)

∣∣∣∣p(x)

dx = Ap(·)

(
f

‖f‖p(·)

)
= 1,

which implies ‖g‖p′(·) = 1 by Corollary 2.2.4. But then,

|f |p(·) ≥
ˆ

Ω

f(x)g(x) dx = ‖f‖p(·)
ˆ

Ω

∣∣∣∣ f(x)

‖f‖p(·)

∣∣∣∣p(x)

dx = ‖f‖p(·) > 1,

which is a contradiction.

Now we are ready to prove the so called norm-conjugate formula, which is well-

known for classical Lebesgue spaces.

Theorem 2.3.3. (Norm-conjugate formula) If 1 < p− ≤ p+ < ∞, for all f ∈

Lp(·)(Ω), we have that

‖f‖p(·) ≤ |f |p(·) ≤ 2‖f‖p(·) ∀f ∈ Lp(·)(Ω).
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Proof. Let f ∈ Lp(·)(Ω). Then by Hölder’s inequality,ˆ
Ω

f(x)g(x) dx ≤ 2‖f‖p(·)‖g‖p′(·),

which implies |f |p(·) ≤ 2‖f‖p(·). Next, note that∣∣∣∣ f

|f |p(·)

∣∣∣∣
p(·)

= sup
‖g‖p′(·)≤1

ˆ
Ω

f(x)

|f |p(·)
g(x) dx =

|f |p(·)
|f |p(·)

= 1.

Therefore, by Proposition 2.3.2, we have Ap(·)(f/|f |p(·)) ≤ 1. Hence, by Corollary

2.2.4, we finally obtain ∥∥∥∥ f

|f |p(·)

∥∥∥∥
p(·)
≤ 1,

which implies that ‖f‖p(·) ≤ |f |p(·).

Next we shall prove the completeness of the spaces Lp(·)(Ω) and W 1,p(·)(Ω).

Lemma 2.3.4. If 1 < p− ≤ p+ <∞, the space Lp(·)(Ω) is complete.

Proof. Let {fk}∞k=1 be a Cauchy sequence in Lp(·)(Ω). Then, by Theorem 2.3.3, for

arbitrary ε > 0, there exists an N0 ∈ N such thatˆ
Ω

|fm(x)− fn(x)||g(x)| dx ≤ ε

1 + |Ω|
∀m,n ≥ N0

for every g ∈ Lp′(·)(Ω) with ‖g‖p′(·) ≤ 1. Note that we can take g ≡ 1
1+|Ω| as we have

ˆ
Ω

(
1

1 + |Ω|

)p(x)

dx ≤ |Ω|
1 + |Ω|

≤ 1.

Therefore we obtain that, for any m,n ≥ N0,ˆ
Ω

|fm(x)− fn(x)| dx ≤ ε,

which means that the sequence {fk}∞k=1 is Cauchy in L1(Ω). Hence we can extract

a subsequence (not relabelled) such that

fk → f a.e. in Ω as k →∞

for some f ∈ L1(Ω). Now for n > N0, we apply Fatou’s lemma to getˆ
Ω

|fn(x)− f(x)||g(x)| dx ≤ sup
m≥N0

ˆ
Ω

|fn(x)− fm(x)||g(x)| dx ≤ ε

for all g ∈ Lp′(·)(Ω) with ‖g‖p′(·) ≤ 1. Therefore by Theorem 2.3.3, we conclude that

‖fk − f‖p(·) → 0 as k →∞.
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Lemma 2.3.5. If 1 < p− ≤ p+ <∞, the space W 1,p(·)(Ω) is complete.

Proof. Let {fk}∞k=1 be a Cauchy sequence in W 1,p(·)(Ω). By Lemma 2.3.4, there exist

f ∈ Lp(·)(Ω) and g ∈ Lp(·)(Ω)d such that

‖fk − f‖p(·) → 0 and ‖∇fk − g‖p(·) → 0 as k →∞. (2.2)

Let ψ ∈ C∞0 (Ω). Then we have

ˆ
Ω

fk∇ψ dx = −
ˆ

Ω

ψ∇fk dx ∀k ∈ N.

Then, by (2.2), we obtain

ˆ
Ω

f ∇ψ dx = −
ˆ

Ω

ψ g dx,

which implies that ∇f = g. Thus it follows that

‖fk − f‖1,p(·) → 0 as k →∞.

Next, we introduce some density theorems which are necessary to prove more

advanced properties of variable-exponent spaces. We start with the density of simple

functions in Lp(·)(Ω).

Theorem 2.3.6. Suppose that p+ <∞. Then the set of all simple functions on Ω

is dense in Lp(·)(Ω)

Proof. Note that all simple functions on Ω are contained in Lp(·)(Ω), since p+ <∞.

Then the theorem follows by the standard argument which is similar to the one

for the classical Lebesgue spaces based on the Lebesgue dominated convergence

theorem.

Theorem 2.3.7. If p+ <∞, then C∞0 (Ω) is dense in Lp(·)(Ω)

Proof. By Theorem 2.3.6, simple functions are dense in Lp(·)(Ω). Since a simple

function is contained in Lp
+

(Ω) ∩ Lp−(Ω), it can be approximated by a sequence

of C∞0 (Ω) functions in the same space. Then the claim follows from the fact that

Lp
+

(Ω) ∩ Lp−(Ω) ↪→ Lp(·)(Ω), which is not difficult to verify.
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As a next step, regarding duality, we introduce the following analogue of the

Riesz representation theorem in variable-exponent Lebesgue spaces.

Theorem 2.3.8. Suppose that 1 < p− ≤ p+ < ∞. For any linear functional

F : Lp(·)(Ω)→ R, there exists a unique function f ∈ Lp′(·)(Ω) such that

F (u) =

ˆ
Ω

f(x)u(x) dx ∀u ∈ Lp(·)(Ω).

The proof can be performed by the usual method for the classical Lebesgue

spaces based on the use of Radon–Nikodym theorem and on the density of simple

functions. Let us briefly sketch the proof.

Proof. For any measurable set E ⊂ Ω, define λ(E) = F (χE). Then it is easy to see

that λ is a finite signed measure provided that p+ <∞. Also, λ is absolutely contin-

uous with respect to the usual Lebesgue measure since |E| = 0 implies ‖χE‖p(·) = 0.

Then by the Radon–Nikodym theorem, there exists an f ∈ L1(Ω) such that for all

measurable sets E ⊂ Ω,

F (χE) =

ˆ
Ω

χEf dx.

Then it is straightforward to verify that such an f is the desired one by the use of

Theorem 2.3.6. The uniqueness is trivial.

The proof for the problem in a more general setting can be found in [59] or in

Section 2.7 of [36].

Theorem 2.3.9. If 1 < p− ≤ p+ < ∞, the spaces Lp(·)(Ω) and W 1,p(·)(Ω) are

reflexive and separable Banach spaces.

Proof. The reflexivity of Lp(·)(Ω) is a direct consequence of Theorem 2.3.8. The sep-

arability of Lp(·)(Ω) can be obtained by a simple application of Theorem 2.3.7, since

any function belongs to C∞0 (Ω) can be approximated by a sequence of polynomials

with rational coefficients.

On the other hand, by the mapping f 7→ (f,∇f), the space W 1,p(·)(Ω) can be

regarded as a closed subspace of Lp(·)(Ω)×
(
Lp(·)(Ω)

)d
. Thus W 1,p(·)(Ω) is a reflexive

and separable Banach space if 1 < p− ≤ p+ <∞.
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2.4 Log-Hölder continuity

We have studied the definitions and some basic properties of variable-exponent

Lebesgue and Sobolev spaces. However, for the study of partial differential equations

in the variable-exponent context, it is necessary to develop more advanced tools for

variable-exponent spaces. For instance, we are interested in density theorems, em-

bedding theorems, functional inequalities and the boundedness of some important

operators.

In the study of variable-exponent spaces, it was shown that a certain regularity

needs to be assumed on the exponent. A major breakthrough in the theory of

variable-exponent spaces was the identification of the condition on the exponent p

which guarantees the validity of some advanced function spaces theoretical results:

the so-called log-Hölder continuity. We begin with the following definition.

Definition 2.4.1. We say that a function p : Ω→ R is locally log-Hölder continuous

if there exists a C1 > 0 such that

|p(x)− p(y)| ≤ C1

log (e+ 1/|x− y|)
∀x, y ∈ Ω.

Moreover, we say that p satisfies the log-Hölder decay condition if there exists p∞ ∈ R

and a constant C2 > 0 such that

|p(x)− p∞| ≤
C2

log (e+ |x|)
∀x ∈ Ω.

We say that p is globally log-Hölder continuous in Ω if it is locally log-Hölder con-

tinuous and satisfies the log-Hölder decay condition. The constant max{C1, C2} is

called the log-Hölder constant of p.

Definition 2.4.2. We define the following class of variable exponents:

P log(Ω) := {p ∈ P(Ω) :
1

p
is globally log-Hölder continuous}.

If p ∈ P(Ω) is bounded, then p ∈ P log(Ω) if and only if p is globally log-Hölder

continuous. This is due to the fact that p 7→ 1
p

is a bi-Lipschitz mapping from

[p−, p+] to [ 1
p+ ,

1
p−

]. Furthermore, if p is bounded and |Ω| <∞, the log-Hölder decay

condition is automatically satisfied. Note that we are assuming that Ω ⊂ Rd is

bounded open Lipschitz domain and 1 < p− ≤ p+ < ∞ throughout the thesis.

Therefore, in this thesis, we shall use the following alternative definition, which is

widely used in the theory of variable-exponent spaces.

22



Definition 2.4.3. We say that the function p ∈ P(Ω) is log-Hölder continuous on

Ω if there exists a constant Clog(p) > 0 such that

|p(x)− p(y)| ≤ Clog(p)

−log |x− y|
∀x, y ∈ Ω with 0 < |x− y| ≤ 1

2
.

We denote by P log(Ω) ⊂ P(Ω) the set of all log-Hölder continuous functions defined

on Ω.

Now, we can start with the basic density theorem, which is well-known for clas-

sical Lebesgue and Sobolev spaces. Density of smooth functions was one of the first

questions investigated in the function space setting, as early as 1992, by Edmunds

and Rákosńık in [46]. Samko [77, 78] and Diening [33] have shown independently,

that log-Hölder continuity of the exponent is sufficient for the density of smooth

functions. See Section 9.1 of [36] for more detail and the proof of the following

theorem.

Theorem 2.4.4. (Density of smooth functions) Suppose that p ∈ P log(Ω) satisfies

1 < p− ≤ p+ <∞. Then, for each k ∈ N, C∞(Ω) is dense in W k,p(·)(Ω).

Next, we can ask a similar question about the generalization of the embedding

W 1,p(Ω) ↪→ Lq(Ω) for q ≤ p∗, where p∗ is the Sobolev conjugate. Let us first define

the variable Sobolev conjugate:

p∗(x) :=

{
dp(x)
d−p(x)

p(x) < d,

∞ p(x) ≥ d,

For a bounded Lipschitz domain Ω, in [47], Edmunds and Rákosńık proved un-

der the assumption of p(x) being Lipschitz continuous with supx∈Ω p(x) < d that

W 1,p(·)(Ω) ↪→ Lp
∗(·)(Ω). In fact, they proved the embedding even for supx∈Ω p(x) = d;

nevertheless, the space Lp
∗(·)(Ω) with p∗(x) = ∞ needs to be replaced by a more

general space of Orlicz–Musielak type. Later in [48], they extended this result

for p(x) ∈ W 1,σ(Ω) for some σ > d, assuming p+ < d. In [34], Diening proved

same optimal Sobolev embeddings and the generalization of Rellich–Kondrachov

theorem on bounded Lipschitz domains with log-Hölder continuous p(x) satisfying

1 < p− ≤ p+ < d. Here we summarize the result in [34].
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Theorem 2.4.5. Let p ∈ P log(Ω) such that 1 < p− ≤ p+ < d, and assume that

q ∈ P(Ω) satisfies q(x) ≤ p∗(x) a.e. x ∈ Ω. Then we have

W 1,p(·)(Ω) ↪→ Lq(·)(Ω)

where the corresponding embedding constant depends only on d, |Ω|, p+ and Clog(p).

Moreover, if q(x) < p∗(x) a.e. x ∈ Ω, the embedding is compact.

In the later analysis, we also need some important functional inequalities. For

the proofs of these inequalities, see [36] for more detail. We begin with Poincaré’s

inequality.

Theorem 2.4.6. (Poincaré’s inequality) Suppose that p ∈ P log(Ω). Then, for every

u ∈ W 1,p(·)
0 (Ω), the inequality

‖u‖p(·) ≤ C diam (Ω)‖∇u‖p(·)

holds with a positive constant C > 0 depending only on d and Clog(p).

In the constant-exponent case, there is an obvious connection between modular

and norm versions of the inequality, which does not hold in the variable-exponent

context. Indeed, the following one-dimensional example shows that the Poincaré

inequality cannot, in general, hold in a modular form.

Example 2.4.7. Let p : (−2, 2) → [2, 3] be a Lipschitz continuous exponent that

equals 3 in (−2,−1) ∪ (1, 2), 2 in (−1/2, 1/2) and is linear elsewhere. Let uλ be

a Lipschitz function such that uλ(±2) = 0, uλ = λ in (−1, 1) and |u′λ| = λ in

(−2,−1) ∪ (1, 2). Then,

Ap(·)(uλ)

Ap(·)(u′λ)
=

´ 2

−2
|uλ|p(x) dx´ 2

−2
|u′λ|p(x) dx

≥

´ 1/2

−1/2
λ2 dx

2
´ −1

−2
λ3 dx

=
1

2λ
→∞

as λ→ 0+.

In fact, Fan, Zhao and Zhang [50] have shown that the modular Poincaré in-

equality Ap(·)(u) ≤ CAp(·)(∇u) does not hold if p is continuous and has a minimum

or maximum. But in [4], Allegretto has shown that the inequality holds if there

exists a function ξ ∈ W 1,1(Ω) such that ∇p · ∇ξ ≥ 0 and ∇ξ 6= 0. This holds if p is

suitably monotone.
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Let us now turn our attention to Korn’s inequality. In the context of fluid

dynamics and elasticity, the governing partial differential equation only gives control

of the symmetric part of the gradient rather of the full gradient itself. For u ∈

W 1,1
loc (Ω)d, we define the symmetric gradient Du by

Du :=
1

2

(
∇u+ (∇u)T

)
.

In particular, the partial differential equation only ensures that the norm of Du

can be controlled. However, from a point of view of Sobolev spaces, it is desirable

to have control of ∇u. Although it is not possible to estimate |∇u| pointwise by

|Du|, it is in some cases possible to bound the norm of ∇u in terms of the norm of

Du. In particular, for all u ∈ W 1,q
0 (Rd) with 1 < q <∞, we have Korn’s inequality

‖∇u‖q ≤ C‖Du‖q.

Moreover, it was shown that one can generalize Korn’s inequality to the variable-

exponent spaces Lp(·)(Ω). First, for bounded domains, we introduce the generalized

Sobolev space of functions with zero boundary value.

W
1,p(·)
0 (Ω) :=

{
u ∈ W 1,p(·)(Ω) : u = 0 on ∂Ω

}
.

What we need in the subsequent analysis is the following result whose proof can be

found in Chapter 14 in [36], which follows the idea of [42]. A completely different

proof can be found in [40]. Note that we assume zero boundary values for u.

Theorem 2.4.8. (Korn’s inequality) Let p ∈ P log(Ω) with 1 < p− ≤ p+ <∞. Then

there exists a positive constant C > 0 such that

‖∇u‖p(·) ≤ C‖Du‖p(·)

for all u ∈ W 1,p(·)
0 (Ω)d.

Next, we shall investigate another auxiliary result, which is referred to as the

local-to-global result, which is a generalization of an analogous result in classical Lp

spaces. In the classical Lebesgue space setting, the following is easily seen to hold:

‖f‖p =

(∑
i

‖χΩif‖pp

) 1
p

=

∥∥∥∥∥∑
i

χΩi

‖χΩif‖p
‖χΩi‖p

∥∥∥∥∥
p

,
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where Ω = ∪iΩi and Ωi ∩ Ωj 6= ∅ for i 6= j. This raises the question whether in a

variable-exponent space Lp(·)(Ω), one has

‖f‖p(·) ≈

∥∥∥∥∥∑
i

χΩi

‖χΩif‖p(·)
‖χΩi‖p(·)

∥∥∥∥∥
p(·)

.

This statement is indeed true, provided that p ∈ P log and {Ωi} is locally N -finite in

the sense of the following definition.

Definition 2.4.9. Let N ∈ N. A family Q of measurable sets Q ⊂ Rd is called

locally N-finite if ∑
Q∈Q

χQ ≤ N

almost everywhere in Rd.

Let us now state the norm-equivalence theorem precisely; for its proof, see Chap-

ter 7 in [36].

Theorem 2.4.10. Let p ∈ P log(Rd) and let Q be a locally N-finite family of cubes

or balls Q ⊂ Rd. Then,∥∥∥∥∥∑
Q∈Q

χQf

∥∥∥∥∥
p(·)

≈

∥∥∥∥∥∑
Q∈Q

χQ
‖χQf‖p(·)
‖χQ‖p(·)

∥∥∥∥∥
p(·)

for all f ∈ Lp(·)loc (Rd). The constants, not explicitly indicated in this norm-equivalence

(henceforth referred to as ‘implicit constants’), only depend on Clog(p), d and N .

Theorem 2.4.10 is a very powerful tool. It allows us to extend many estimates

and results known for cubes or balls to more complicated domains. To be able to

make use of the formula appearing on the right-hand side of the norm-equivalence

stated in Theorem 2.4.10, we need to compute the variable-exponent norm ‖χQ‖p(·)
of the characteristic function χQ. Some related results are presented in Chapter 4

of [36]; what we need here is the following theorem stated therein.

Theorem 2.4.11. Let p ∈ P log(Rd). Then, for every cube or ball Q ⊂ Rd,

‖χQ‖p(·) ≈ |Q|
1

p(x) if |Q| ≤ 2d and x ∈ Q.

The implicit constants only depend on Clog(p).
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2.5 Bounded operators in variable-exponent spaces

Finally, we introduce some important operators and we discuss the boundedness of

these operators in variable-exponent spaces.

We start with the divergence equation, which is of great importance in the theory

of incompressible fluids. For given f with mean value zero, we seek a solution u

with zero boundary values of

divu = f in Ω, (2.3)

where Ω is a bounded, open and Lipschitz domain. This problem has been stud-

ied by many authors. The Lq-theory in Lipshcitz domain is based on an explicit

representation formula that is due to Bogovskĭı in [14, 15]. Here we introduce the

generalized version of the result to the case of Lebesgue and Sobolev spaces with

variable exponents. Since we are looking for solutions u of (2.3) with zero boundary

values, we need to assume that the right-hand side has a vanishing integral. Let us

denote the space of such functions by

L
p(·)
0 (Ω) :=

{
f ∈ Lp(·)(Ω) :

ˆ
Ω

f(x) dx = 0

}
.

What we need here is the following theorem, which concerns the existence of a

certain bounded linear operator, called the Bogovskĭı operator, in variable-exponent

spaces.

Theorem 2.5.1. Let Ω ⊂ Rd be a bounded open Lipschitz domain and suppose that

p ∈ P log(Ω) with 1 < p− ≤ p+ < ∞. Then, there exists a bounded linear operator

B : L
p(·)
0 (Ω)→ W

1,p(·)
0 (Ω)d such that for all f ∈ Lp(·)0 (Ω) we have

div (Bf) = f,

‖Bf‖1,p(·) ≤ C‖f‖p(·),

where C depends on Ω, p−, p+, and Clog(p).

As a consequence of Theorem 2.5.1, we can prove an inf-sup condition, which

has a crucial role in the mathematical analysis of incompressible fluid flow problems.

The following proposition is a direct consequence of the existence of the Bogovskĭı

operator in spaces with fixed exponent, which is a special case of Theorem 2.5.1; see

[14, 42] for additional details.
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Proposition 2.5.2. For any s, s′ ∈ (1,∞), with 1
s

+ 1
s′

= 1, there exists a positive

constant αs > 0 such that

αs‖q‖s′ ≤ sup
0 6=v∈W 1,s

0 (Ω)d

〈div v, q〉
‖v‖1,s

∀ q ∈ Ls′0 (Ω). (2.4)

Furthermore, one can prove the following inf-sup condition in spaces with variable-

exponent norms, which will play an important role in the subsequent analysis.

Proposition 2.5.3. Let Ω ⊂ Rd be a bounded open Lipschitz domain and let p ∈

P log(Ω) with 1 < p− ≤ p+ <∞. Then, there exists a constant αp > 0 such that

αp‖q‖p′(·) ≤ sup
06=v∈W 1,p(·)

0 (Ω)d

〈div v, q〉
‖v‖1,p(·)

∀ q ∈ Lp
′(·)

0 (Ω).

Proposition 2.5.3 is a consequence of Theorem 2.5.1 and the norm-conjugate

formula presented in Theorem 2.3.3.

Next, we discuss the properties of the maximal operator. In order to derive more

sophisticated results for the spaces Lp(·)(Rd), we have to investigate the Hardy–

Littlewood maximal operator M on Lp(·)(Rd). The central property of the maximal

operator is that it is a bounded operator from Lp(Rd) to Lp(Rd) for p ∈ (1,∞]. We

introduce the variable-exponent generalization of this result.

For any f ∈ L1(Rd), we define the Hardy–Littlewood maximal operator by

(Mf)(x) := sup
r>0

1

|Br(x)|

ˆ
Br(x)

|f(y)| dy, x ∈ Rd,

where Br(x) is the open ball in Rd of radius r centred at x ∈ Rd. Similarly, for any

f ∈ W 1,1(Rd), we define M(∇f) := M(|∇f |).

To prove the boundedness of this operator in Lp(·)(Rd), we need a technical tool

concerning variable-exponent spaces, which is called the key estimate. This will be

independently used in our analysis. The motivation for the key estimate comes from

the integral version of Jensen’s inequality, which states that, for every real-valued

convex function ψ defined on [0,∞), and every cube Q, we have

ψ

( 
Q

|f(y)| dy
)
≤
 
Q

ψ(|f(y)|) dy.

This simple but crucial estimate allows, for example, to transfer the L1-L∞ esti-

mates for interpolation operators to the setting of Orlicz spaces, see [41]. Therefore,
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it is necessary for us to find a suitable substitute for Jensen’s inequality in the

context of variable exponents. Our goal is to control
(ffl

Q
|f(y)| dy

)p(x)

in terms offfl
Q
|f(x)|p(x) dx. If p is constant, this is exactly Jensen’s inequality and it holds for

all f ∈ Lp(Q). However, for variable p, it is impossible to derive such estimates for

all f and we have to restrict ourselves to a certain set of admissible functions f .

Moreover, an additional error term appears. The following statement is a special

case of Corollary 1 in [44], which is an improvement of Corollary 4.2.5 in [36].

Theorem 2.5.4. (Key estimate). Let p ∈ P log(Rd) with p+ < ∞. Then, for every

m > 0, there exists a constant C > 0, which depends only on m, Clog(p) and p+,

such that ( 
Q

|f(y)| dy
)p(x)

≤ C

 
Q

|f(y)|p(y) dy + C|Q|m (2.5)

for every cube (or ball) Q ⊂ Rd with |Q| ≤ 1, all x ∈ Q and all f ∈ L1(Q) with
 
Q

|f | dy ≤ |Q|−m.

By using the key estimate, we can prove the following boundedness result, whose

proof can be found in Chapter 4 in [36].

Theorem 2.5.5. Let p ∈ P log(Rd) with p− > 1. Then there exists a constant K > 0

depending only on d and Clog(p) such that

‖Mf‖p(·) ≤ K(p−)′‖f‖p(·)

for all f ∈ Lp(·)(Rd).

The proof of Theorem 2.5.5 goes back to many authors. The first version is

due to Diening [33], who proved the result for bounded exponents that are constant

outside a large ball. This condition was later relaxed by Cruz-Uribe, Fiorenza,

Martell and Pérez in [29] to the log-Hölder decay condition and by Nekvinda in

[71] to the integral condition 1 ∈ Lp(·). The boundedness of the exponent was then

removed in [35] and [28]. The proof presented in reference [36] is closest to the one

in [35].

Similarly to the case of Poincaré’s inequality, the above theorem does not hold

in a modular form. For instance, Lerner [64] showed that
ˆ
Rd
|Mf |p(x) dx ≤ C

ˆ
Rd
|f |p(x) dx
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if and only if p ∈ (1,∞) is constant.

Finally, we recall the following generalization of McShane’s extension theorem

(cf. Corollary 1 in [68]) to variable-exponent spaces and the boundedness of the

maximal operator in variable-exponent context.

Lemma 2.5.6. (Variable-index extension [30]) Let Ω ⊂ Rd be an bounded open

Lipschitz domain and suppose that p ∈ P log(Ω) is arbitrary with p− > 1. Then,

there exists an extension q ∈ P log(Rd) such that q− = p− and q+ = p+, and the

Hardy–Littlewood maximal operator M is bounded from Lq(·)(Rd) to Lq(·)(Rd).

Having discussed the mathematical background concerning variable-exponent

function spaces, in the next chapter we shall start to focus on the numerical approx-

imation of the model problem under consideration.
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Chapter 3

Finite element approximation of
the stationary model in 2D

3.1 Brief description of the chapter

As we described in the Introduction, we shall investigate a system of equations de-

scribing the motion of a shear-thinning fluid with a non-standard growth condition

on the viscosity. More precisely, we shall consider the incompressible generalized

Navier–Stokes equations with a power-law-like viscosity where the power-law index

is not fixed, but depends on the concentration, and we shall assume that the con-

centration satisfies a convection-diffusion equation. We first consider the stationary

model. In other words, we consider the following system of PDEs:

divu = 0 in Ω, (3.1)

div (u⊗ u)− divS(c,Du) = −∇π + f in Ω, (3.2)

div (cu)− div qc(c,∇c,Du) = 0 in Ω. (3.3)

As discussed in the Introduction, we shall further assume suitable structural con-

ditions on S(·, ·) and qc(·, ·, ·). First, the stress tensor S : R≥0 × Rd×d
sym → Rd×d

sym is

assumed to be a continuous function satisfying, for some positive constant C1, C2

and C3, that

|S(ξ,B)| ≤ C1(|B|p(ξ)−1 + 1), (3.4)

(S(ξ,B1)− S(ξ,B2)) · (B1 −B2) > 0 for B1 6= B2, (3.5)

S(ξ,B) ·B ≥ C2(|B|p(ξ) + |S|p′(ξ))− C3, (3.6)

where : R≥0 → R≥0 is a Hölder continuous function with 1 < p− ≤ p(ξ) ≤ p+ <∞

and p′(ξ) is defined as its Hölder conjugate, p(ξ)
p(ξ)−1

. We further assume that the
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Figure 3.1: Shear-thinning index of viscosity for synovial fluid

concentration flux vector qc(ξ, g,B) : R≥0×Rd×Rd×d
sym → Rd is a continuous function,

which is linear with respect to g, and additionally satisfies the following inequalities:

there exist positive constants C4 and C5 such that

|qc(ξ, g,B)| ≤ C4|g|, (3.7)

qc(ξ, g,B) · g ≥ C5|g|2. (3.8)

To complete the problem, we prescribe the following Dirichlet boundary conditions:

u = 0, c = cd on ∂Ω, (3.9)

where cd ∈ W 1,q(Ω) for some q > d and cd ≥ 0 a.e. on Ω

In this chapter, we consider the construction of a finite element approximation

of the system of nonlinear partial differential equations (3.1)–(3.3) and, motivated

by the ideas in [21], we develop the convergence analysis of this numerical method

in the case of variable-exponent spaces in a two-dimensional domain.

Let us make some comments on the lower bound of p−. Figure 3.1 presents the

shear-thinning index of viscosity for the synovial fluid. The exponent p is plotted as

a function of concentration. The physiological values are approximately in the range

(0.1, 0.25), in the graph depicted by the gray rectangle. The non-dimensionalized

concentration c = 1 refers to (non-physical) 100% concentration of the solvent.

Dashed lines correspond to lower bounds p− as required by the mathematical tools

employed in the proof of existence of a weak solution; see, for example, [20] and

[21]. As a starting point, in this chapter, we perform the finite element analysis

with p− ≥ 3
2

corresponding to p− ≥ 3d
d+2

in 2D, which can be covered by the appli-

cation of monotone operator theory, where the use of Lipschitz truncation can be
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avoided. However, as one can see from Firgure 3.1, it is desirable to perform the

analysis with p− less than 3d
d+2

for practical reasons. Therefore, instead of just using

monotone operator theory, here we develop a more general theory which might be

useful for the analysis with p− lower than 3d
d+2

. For example, if we can prove the

estimate (3.23) with p− lower than 3
2
, with the theory developed here, we can per-

form the same analysis with lower values of p−. In that case, monotone operator

theory is not applicable and the use of Lipschitz truncation is necessary as developed

here. Key technical tools include discrete counterparts of the Bogovskĭı operator, a

De Giorgi-type regularity theorem in two dimensions, and the Acerbi–Fusco Lips-

chitz truncation of Sobolev functions, in function spaces with variable-integrability

exponents. The extension of the results to the case of three space dimensions will

be considered in the next chapter as we need to use a different numerical scheme.

Nevertheless, at least initially, we shall admit d ∈ {2, 3}. Subsequently we shall

restrict ourselves to the case of d = 2. Also, as no uniqueness result is currently

available for weak solutions of the problem under consideration, we can only show

that a subsequence of the sequence of numerical approximations converges to a weak

solution of the problem. First, as mentioned above, we perform the finite element

analysis with the general theory using Lipschitz truncation, which is applicable to

the problem with p− lower than 3
2
. And for the completeness, at the end of the chap-

ter, we will include how current result can be also obtained by the use monotone

operator theory without using Lipschitz truncation. The content of this chapter is

based on the journal paper [57].

3.2 Definition of weak solutions

We begin with the definitions of the following function spaces that are frequently

used in connection with mathematical models of incompressible fluids:

W
1,p(·)
0 (Ω)d :=

{
u ∈ W 1,p(·)(Ω)d : u = 0 on ∂Ω

}
,

W
1,p(·)
0,div (Ω)d :=

{
u ∈ W 1,p(·)

0 (Ω)d : divu = 0
}
.

Using this notation, the weak formulation of the problem (3.1)–(3.3), with the

nonlinear terms satisfying the assumptions above, is as follows.
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Problem (Q). For f ∈ (W 1,p−

0 (Ω)d)∗, cd ∈ W 1,q(Ω), q > d, and a Hölder

continuous function p, with 1 < p− ≤ p(ξ) ≤ p+ < ∞ for all ξ ∈ R≥0, find

(c − cd) ∈ W 1,2
0 (Ω) ∩ C0,α(Ω), for some α ∈ (0, 1), u ∈ W

1,p(c)
0 (Ω)d, π ∈ L

p′(c)
0 (Ω)

such thatˆ
Ω

(S(c,Du) : ∇ψ − (u⊗ u) : ∇ψ) dx− 〈divψ, π〉 = 〈f ,ψ〉 ∀ψ ∈ W 1,∞
0 (Ω)d,

ˆ
Ω

q divu dx = 0 ∀ q ∈ Lp
′(c)

0 (Ω),
ˆ

Ω

(qc(c,∇c,Du) · ∇ϕ− cu · ∇ϕ) dx = 0 ∀ϕ ∈ W 1,2
0 (Ω).

Thanks to Proposition 2.5.3, we can restate Problem (Q) in the following

(equivalent) divergence-free setting.

Problem (P). For f ∈ (W 1,p−

0 (Ω)d)∗, cd ∈ W 1,q(Ω), q > d, and a Hölder

continuous function p, with 1 < p− ≤ p(ξ) ≤ p+ < ∞ for all ξ ∈ R≥0, find

(c− cd) ∈ C0,α(Ω) ∩W 1,2
0 (Ω), u ∈ W 1,p(c)

0,div (Ω)d, such thatˆ
Ω

(S(c,Du) : ∇ψ − (u⊗ u) : ∇ψ) dx = 〈f ,ψ〉 ∀ψ ∈ W 1,∞
0,div(Ω)d,

ˆ
Ω

(qc(c,∇c,Du) · ∇ϕ− cu · ∇ϕ) dx = 0 ∀ϕ ∈ W 1,2
0 (Ω).

The existence of a weak solution to problem (P) was initially proved in [20] in the

case when the variable exponent x 7→ p(x) is bounded below by p− > max
{
d
2
, 3d
d+2

}
with the help of monotone operator theory. The result was improved in [21], where

the existence of weak solutions was proved for p− > d
2

by using Lipschitz truncation

technique. As mentioned above, the aim of this chapter is to perform the convergence

analysis of a finite element approximations of this problem in two dimensions.

3.3 Finite element approximation

In this section, we will construct finite element spaces, which we shall use in this

chapter and state the Galerkin approximation of the problem (3.1)–(3.3). The ex-

istence of a finite element solution in the discretely divergence-free setting will be

established by using Brouwer’s fixed point theorem. Next, we shall prove a discrete

inf-sup condition to ensure the existence of a discrete pressure. Finally we will state

and prove discrete counterparts of some well-known theorems, which will be key

tools in the convergence analysis of the finite element approximation of the problem

under consideration.

34



3.3.1 Finite element spaces

Let {Gn} be a family of shape-regular partitions of Ω satisfying the following prop-

erties:

• Affine equivalence: For every element E ∈ Gn, there exists a non-singular

affine mapping

F E : E → Ê,

where Ê is the standard reference d-simplex in Rd.

• Shape-regularity: For any element E ∈ Gn, the ratio of diamE to the radius

of the inscribed ball is bounded below uniformly by a positive constant, with

respect to all Gn and n ∈ N.

For a given partition Gn, the finite element spaces are defined by

Vn = V(Gn) := {V ∈ C(Ω)d : V |E ◦ F−1
E ∈ P̂V, E ∈ Gn and V |∂Ω = 0},

Qn = Q(Gn) := {Q ∈ L∞(Ω) : Q|E ◦ F−1
E ∈ P̂Q, E ∈ Gn},

Zn = Z(Gn) := {Z ∈ C(Ω) : Z|E ◦ F−1
E ∈ P̂Z, E ∈ Gn and Z|∂Ω = 0},

where P̂V ⊂ W 1,∞(Ê)d, P̂Q ⊂ L∞(Ê) and P̂Z ⊂ W 1,∞(Ê) are finite-dimensional

subspaces.

Vn and Zn are assumed to have finite and locally supported bases; for example,

in the case of Vn, for each n ∈ N, there exists an Nn ∈ N such that

Vn = span{V n
1 , . . . ,V

n
Nn}

and for each basis function V n
i , i = 1, . . . , Nn, we have that if there exists an E ∈ Gn

with V n
j 6= 0 on E, then

suppV n
j ⊂

⋃
{E ′ ∈ Gn : E ′ ∩ E 6= ∅} =: SE.

We shall assume that, for each n ∈ N and for each (closed) element E ∈ Gn, either the

(closed) patch of elements SE has empty intersection with ∂Ω, or, if the intersection

of SE with ∂Ω is nonempty, then SE ∩ ∂Ω has positive (d− 1)-dimensional surface

measure.
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For the pressure space Qn, we assume that Qn has a basis consisting of discon-

tinuous piecewise polynomials; i.e., for each n ∈ N, there exists an Ñn ∈ N such

that

Qn = span{Qn
1 , . . . , Q

n
Ñn
}

and for each basis function Qn
i , we have that

suppQn
i = E for some E ∈ Gn.

We assume further that Vn contains continuous piecewise linear functions and

Qn contains piecewise constant functions.

Note further, by shape-regularity, that

∃m ∈ N : |SE| ≤ m|E| for all E ∈ Gn,

where m is independent of n. We denote by hE the diameter of E.

We also introduce the subspace Vn
div of discretely divergence-free functions. More

precisely, we define

Vn
div := {V ∈ Vn : 〈divV , Q〉 = 0 ∀Q ∈ Qn},

and the subspace of Qn consisting of vanishing integral mean-value approximations:

Qn
0 := {Q ∈ Qn :

ˆ
Ω

Q dx = 0}.

Throughout this chapter, we assume that all finite element spaces introduced

above have the following properties.

Assumption 1 (Approximability): For all s ∈ [1,∞),

inf
V ∈Vn

‖v − V ‖1,s → 0 ∀v ∈ W 1,s
0 (Ω)d as n→∞,

inf
Q∈Qn

‖q −Q‖s → 0 ∀ q ∈ Ls(Ω) as n→∞,

inf
Z∈Zn

‖z − Z‖1,s → 0 ∀ z ∈ W 1,s
0 (Ω) as n→∞.

For this, a necessary condition is that the maximal mesh size vanishes, i.e. we have

maxE∈Gn hE → 0 as n→∞.

Assumption 2 (Existence of a projection operator Πn
div): For each n ∈ N, there

exists a linear projection operator Πn
div : W 1,1

0 (Ω)d → Vn such that:

36



• Πn
div preserves the divergence structure in the dual of the discrete pressure

space, in other words, for any v ∈ W 1,1
0 (Ω)d, we have

〈div v, Q〉 = 〈div Πn
divv, Q〉 ∀Q ∈ Qn.

• Πn
div is locally W 1,1-stable, i.e., there exists a constant c1 > 0, independent of

n, such that for all v ∈ W 1,1
0 (Ω)d and all E ∈ Gn,

 
E

(|Πn
divv|+ hE|∇Πn

divv|) dx ≤ c1

 
SE

(|v|+ hE|∇v|) dx. (3.10)

We claim that (3.10) implies the following inequality: there exists a constant

c > 0, independent of n, such that
 
E

|∇Πn
divv| dx ≤ c

 
SE

|∇v| dx ∀v ∈ W 1,1
0 (Ω)d and ∀E ∈ Gn. (3.11)

The proof of (3.11) proceeds as follows. As, by hypothesis, Vn contains the set

of all d-component continuous piecewise linear functions on Gn that vanish on ∂Ω,

for any (closed) element E ∈ Gn for which the (closed) patch of elements SE has

empty intersection with ∂Ω, any d-component vector function c whose components

are constant on SE can be extended to a d-component continuous piecewise linear

function on Gn, contained in Vn. Thus we have, using (3.10) with v − c ∈ Vn, that
 
E

hE|∇Πn
divv| dx =

 
E

hE|∇Πn
div(v − c)| dx ≤ c

 
SE

(|v − c|+ hE|∇v|) dx.

With c =
ffl
SE
v dx, Poincaré’s inequality gives

 
SE

|v − c| dx ≤ c

 
SE

hE|∇v| dx.

Combining the last two inequalities and cancelling the factor hE then yields (3.11)

for elements E ∈ Gn for which SE has empty intersection with ∂Ω.

If, on the other hand, E ∈ Gn is such that SE has nonempty intersection with ∂Ω,

then, since by hypothesis the intersection of SE with ∂Ω has, for such E, positive

(d − 1)-dimensional surface measure, we have, this time by Friedrichs’ inequality,

that  
SE

|v| dx ≤ c

 
SE

hE|∇v| dx.

Using this on the right-hand side of (3.10) directly yields (3.11) for any such E.

Thus we have shown that (3.10) implies (3.11).
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Note further that the local W 1,1(Ω)d-stability of Πn
div implies its local and global

W 1,s(Ω)d-stability for s ∈ [1,∞]. Indeed, since the function t 7→ ts is a convex

function for s ∈ [1,∞), by the equivalence of norms in finite-dimensional spaces,

standard scaling arguments and Jensen’s inequality, we have that

|Πn
divv(x)|+ hE|∇Πn

divv(x)| ≤ ‖Πn
divv‖L∞(E) + hE ‖∇Πn

divv‖L∞(E)

≤ c

 
E

(|Πn
divv(x)|+ hE|∇Πn

divv(x)|) dx

≤ c

 
SE

(|v(x)|+ hE|∇v(x)|) dx

≤ c

( 
SE

(|v(x)|s + hsE|∇v(x)|s) dx

) 1
s

∀E ∈ Gn.

Raising this inequality to the s-th power and integrating over E givesˆ
E

(|Πn
divv|s + hsE|∇Πn

divv|s) dx ≤ c

ˆ
SE

(|v|s + hsE|∇v|s) dx. (3.12)

Summing over all elements E ∈ Gn, considering the locally finite overlap of patches

(which is the consequence of the assumed shape-regularity of Gn), and Poincaré’s

inequality implies, for any s ∈ [1,∞), that

‖Πn
divv‖1,s ≤ cs ‖v‖1,s ∀v ∈ W 1,s

0 (Ω)d, (3.13)

with a constant cs > 0 independent of n > 0. With a similar argument, the

same inequality can be derived for s = ∞. Note further that the approximabil-

ity (Assumption 1) and inequality (3.13) imply the convergence of Πn
divv to v. In

fact, for any V ∈ Vn,

‖v − Πn
divv‖1,s ≤ ‖v − V ‖1,s + ‖V − Πn

divv‖1,s

= ‖v − V ‖1,s + ‖Πn
div(v − V )‖1,s

≤ ‖v − V ‖1,s + cs ‖v − V ‖1,s .

Hence we have

‖v − Πn
divv‖1,s ≤ C inf

V ∈Vn
‖v − V ‖1,s → 0 ∀v ∈ W 1,s

0 (Ω)d as n→∞. (3.14)

Assumption 3 (Existence of a projection operator Πn
Q): For each n ∈ N, there

exists a linear projection operator Πn
Q : L1(Ω) → Qn such that Πn

Q is locally L1-

stable; i.e., there exists a constant c2 > 0, independent of n, such that 
E

|Πn
Qq| dx ≤ c2

 
SE

|q| dx (3.15)
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for all q ∈ L1(Ω) and all E ∈ Gn.

Note that with the same argument as above, we have

ˆ
E

|Πn
Qq|s

′
dx ≤ cs′

ˆ
SE

|q|s′ dx ∀E ∈ Gn, ∀ q ∈ Ls′(Ω), ∀ s′ ∈ (1,∞),

(3.16)

and summing over all E ∈ Gn yields

‖Πn
Qq‖s′ ≤ cs′‖q‖s′ ∀ q ∈ Ls′(Ω), ∀ s′ ∈ (1,∞). (3.17)

Also, the stability of Πn
Q and Assumption 1 imply that Πn

Q satisfies

‖q − Πn
Qq‖s′ → 0, as n→∞ for all q ∈ Ls′(Ω) and s′ ∈ (1,∞). (3.18)

Remark 3.3.1. According to [9], the following pairs of velocity-pressure finite element

spaces satisfy Assumptions 1, 2 and 3, for example:

• The conforming Crouzeix–Raviart Stokes element, i.e., continuous piecewise

quadratic plus cubic bubble velocity and discontinuous piecewise linear pres-

sure approximation (compare e.g. with [19]);

• The space of continuous piecewise quadratic polynomials for the velocity and

piecewise constant pressure approximation; see, [19].

Our final assumption is the existence of a projection operator for the concentra-

tion space.

Assumption 4 (Existence of a projection operator Πn
Z): For each n ∈ N, there

exists a linear projection operator Πn
Z : W 1,1

0 (Ω)→ Zn such that

 
E

(|Πn
Zz|+ hE|∇Πn

Zz|) dx ≤ c3

 
SE

(|z|+ hE|∇z|) dx

for all z ∈ W 1,1
0 (Ω) and for all E ∈ Gn, where c3 does not depend on n.

Similarly as above, the projection operator Πn
Z is globally W 1,s-stable for s ∈

[1,∞], and thus, by approximability,

‖Πn
Zz − z‖1,s → 0 ∀ z ∈ W 1,s

0 (Ω). (3.19)
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3.3.2 Stability of projection operators in variable-exponent
spaces

In this subsection, we shall state and prove some important auxiliary results re-

garding projection operators in the variable-exponent context. A first key step is to

prove stability of the projection operator Πn
div. The main difficulty lies in the fact

that we are dealing with variable-exponent spaces, so several classical results are not

applicable. The main technical tool is the key estimate presented in Theorem 2.5.4.

Proposition 3.3.2. Let p ∈ P log(Rd) with p+ < ∞. Then, there exists a constant

C > 0, which depends on Ω, Clog(p) and p+, such that, for all v ∈ W 1,p(·)
0 (Ω)d,

ˆ
Ω

|∇Πn
divv(x)|p(x) dx ≤ C

ˆ
Ω

|∇v(x)|p(x) dx+ C max
E∈Gn

hd+1
E .

Proof. For E ∈ Gn, by equivalence of norms in finite-dimensional spaces and a

standard scaling argument,

ˆ
E

|∇Πn
divv(x)|p(x) dx ≤ C

ˆ
E

( 
E

|∇Πn
divv(y)| dy

)p(x)

dx

≤ C

ˆ
E

( 
SE

|∇v(y)| dy
)p(x)

dx

≤ C

ˆ
E

( 
SE

|∇v(y)|p(y) dy + hd+1
E

)
dx

≤ C

ˆ
E

 
SE

|∇v(y)|p(y) dy dx+ C |E|max
E∈Gn

hd+1
E

= C

ˆ
SE

|∇v(y)|p(y) dy + C |E|max
E∈Gn

hd+1
E ,

where we have used (3.11) in the second inequality and the key estimate in the third

inequality. Summing up the above inequalities over E ∈ Gn, we have

ˆ
Ω

|∇Πn
divv(x)|p(x) dx ≤ C

ˆ
Ω

|∇v(x)|p(x) dx+ C |Ω|max
E∈Gn

hd+1
E .

That completes the proof.

Next, we shall investigate the stability of the projection operator Πn
Q in variable-

exponent Lebesgue spaces. The key technical tool is the local-to-global result, which

is presented in Theorem 2.4.10. We begin with some auxiliary results, which are

quoted from [12].
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Lemma 3.3.3. Let p ∈ P log(Rd) with p+ <∞ and m > 0. Then, for every Q ⊂ Rd

with |Q| ≤ 1, κ ∈ [0, 1] and t ≥ 0 that satisfy |Q|m ≤ t ≤ |Q|−m, one has

(κ+ t)p(x)−p(y) ≤ C

for all x, y ∈ Q. The constant C only depends on Clog(p), m, p+ and d.

Proof. Since κ ≤ |Q|−m for κ ∈ [0, 1], we have |Q|m ≤ κ + t ≤ 2|Q|−m. Thus the

log-Hölder continuity of p in conjunction with the elementary inequality(
1

s

) 1

log 1
s ≤ e ∀s ∈ (0, 1)

implies that

(κ+ t)p(x)−p(y) ≤ 2p
+

(|Q|−|p(x)−p(y)|)m ≤ C,

where the constant depends on Clog(p), m, p+ and d (but since d ∈ {2, 3} by

hypothesis here, any dependence of constants on d will be ignored henceforth).

Next, we shall prove the following lemma, which will be useful for computing a

variable-exponent norm locally. To state it, we define a piecewise constant approx-

imation of a given exponent p(·) by

ploc :=
∑
E∈Gn

p(xE)χE =
∑
E∈Gn

pEχE,

where xE := arg minEp, i.e., pE := p(xE) ≤ p(x) for all x ∈ E. What we need here

is the fact that the norms ‖ · ‖p(·) and ‖ · ‖ploc(·) are equivalent, which is also quoted

from [12].

Lemma 3.3.4. If p ∈ P log(Rd) with p+ < ∞, the norms ‖ · ‖ploc(·) and ‖ · ‖p(·) are

equivalent on Qn.

Proof. Let gn ∈ Qn with ‖gn‖ploc(·) ≤ 1, which means that
´

Ω
|gn|ploc(x) dx ≤ 1. By

equivalence of norms in finite-dimensional spaces and a usual scaling argument,

‖gn‖L∞(E) ≤ c

 
E

|gn| dx ≤ c

( 
E

|gn|p(xE) dx

) 1
p(xE)

≤ c

(
1

hdE

ˆ
E

|gn|ploc(x) dx

) 1
p(xE)

≤ ch
− d
p(xE)

E .
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Thus we can apply Lemma 3.3.3 with m = 1
p(xE)

, κ = 0 and t = 1 + |gn| to deduce

that
ˆ

Ω

|gn|p(x) dx =
∑
E∈Gn

ˆ
E

|gn|p(x) dx ≤
∑
E∈Gn

ˆ
E

(1 + |gn|)p(x) dx

≤ c
∑
E∈Gn

ˆ
E

(1 + |gn|)ploc(x) dx = c

ˆ
Ω

(1 + |gn|)ploc(x) dx ≤ c.

On the other hand, if ‖gn‖p(·) ≤ 1, then we have

‖gn‖L∞(E) ≤ c

( 
E

|gn|p(xE) dx

) 1
p(xE)

≤ c

( 
E

(1 + |gn|p(x)) dx

) 1
p(xE)

≤ ch
− d
p(xE)

E ,

and as before,
´

Ω
|gn|ploc(x) dx ≤ c.

Now we are ready to prove the stability of Πn
Q in the variable-exponent context.

The precise statement of the stability property is encapsulated in the following

proposition.

Proposition 3.3.5. For a sequence of exponents {pn}n∈N, assume that pn → p in

C0,α(Ω) for some α ∈ (0, 1). Then, there exists a constant C, independent of n,

such that

‖Πn
Qq‖pn(·) ≤ C‖q‖pn(·) ∀ q ∈ Lpn(·)(Ω).

Proof. Let q ∈ Lpn(·)(Ω). Then, by Theorem 2.4.10 and Lemma 3.3.4,

‖Πn
Qq‖pn(·) =

∥∥∥∥∥∑
E∈Gn

χEΠn
Qq

∥∥∥∥∥
pn(·)

≤ C

∥∥∥∥∥∑
E∈Gn

χE
‖χEΠn

Qq‖pn(·)

‖χE‖pn(·)

∥∥∥∥∥
pn(·)

≤ C

∥∥∥∥∥∑
E∈Gn

χE
‖χEΠn

Qq‖pnloc(·)

‖χE‖pn(·)

∥∥∥∥∥
pn(·)

.

By the definition of the variable-exponent norm, one has that ‖χEΠn
Qq‖pnloc(·) ≤

‖χEΠn
Qq‖pnE for each E ∈ Gn. Therefore, by (3.16),

‖Πn
Qq‖pn(·) ≤ C

∥∥∥∥∥∑
E∈Gn

χE
‖χEΠn

Qq‖pnE
‖χE‖pn(·)

∥∥∥∥∥
pn(·)

≤ C

∥∥∥∥∥∑
E∈Gn

χE
‖χSEq‖pnE
‖χE‖pn(·)

∥∥∥∥∥
pn(·)

.

Here the constant C might depend on pnE, but since 1 < p− ≤ p(x) ≤ p+ < ∞, we

can choose a uniform constant C independent of n and E.

At this stage, we claim that

‖χSEq‖pnE ≤ ‖χSEq‖pnloc(·).

42



Indeed, if this were not the case, then, by the definition of the Luxembourg norm,

we would have that ˆ
Ω

∣∣∣∣ χSEq

‖χSEq‖pnE

∣∣∣∣pnloc(x)

dx < 1.

However, by writing SE = E ∪ E1 ∪ · · · ∪ Ej, we have that

ˆ
Ω

∣∣∣∣ χSEq

‖χSEq‖pnE

∣∣∣∣pnloc(x)

dx =

ˆ
E

∣∣∣∣ χSEq

‖χSEq‖pnE

∣∣∣∣pnE dx+

j∑
i=1

ˆ
Ei

∣∣∣∣ χSEq

‖χSEq‖pnE

∣∣∣∣pnloc(x)

dx ≥ 1,

which is a contradiction. Hence together with Lemma 3.3.4 again, the above claim

implies that

‖Πn
Qq‖pn(·) ≤ C

∥∥∥∥∥∑
E∈Gn

χE
‖χSEq‖pn(·)

‖χE‖pn(·)

∥∥∥∥∥
pn(·)

.

Next we claim that

‖χSE‖pn(·) ≤ C‖χE‖pn(·).

By Theorem 2.4.11, for any x ∈ E,

‖χE‖pn(·) ≥ C|E|
1

pn(x) ≥ C|E|
1
pn
E ≥ C|SE|

1
pn
E ≥ C|SE|

1
pn
SE ≥ C‖χSE‖pn(·),

and hence the claim is proved. Therefore, together with Theorem 2.4.10 again, we

have

‖Πn
Qq‖pn(·) ≤ C

∥∥∥∥∥∑
E∈Gn

χSE
‖χSEq‖pn(·)

‖χSE‖pn(·)

∥∥∥∥∥
pn(·)

≤ C

∥∥∥∥∥∑
E∈Gn

χSEq

∥∥∥∥∥
pn(·)

≤ C‖q‖pn(·)

by the finite overlap property of the patches. Note that the constant C above

depends on Clog(pn), and therefore also on n. However, since pn → p in C0,α(Ω),

this constant can be bounded uniformly by a new constant, which is independent of

n. Thus the proof is complete.

3.3.3 Discrete inf-sup condition

The aim of this subsection is to state and prove a discrete inf-sup condition, which

plays an important role in our proof of the existence of the discrete pressure and

the analysis of its approximation properties. The key technical tools required in

the proof of the discrete inf-sup condition are the existence of a Bogovskĭı operator,

stated in Theorem 2.5.1, and the stability property of Πn
div shown in the previous

subsection.
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Proposition 3.3.6. Assume that 1 < p− ≤ p+ < ∞ and pn → p in C0,α(Ω) for

some α ∈ (0, 1). Then, there exists a constant β > 0, independent of n, such that

sup
06=V ∈Vn, ‖V ‖1,pn(·)≤1

〈divV , Q〉 ≥ 1

β
‖Q‖(pn)′(·) ∀Q ∈ Qn

0 , n ∈ N.

Proof. The assertion follows from the isomorphism between (Lp
n

0 (Ω))∗ and L
(pn)′

0 (Ω)

(with the norm-equivalence constants bounded from above by 2 and from below by

1/2). In fact, it follows from Theorem 2.5.1 and Theorem 2.3.3 that we have

‖Q‖(pn)′(·) ≤ 2 sup
v∈Lp

n(·)
0 , ‖v‖pn(·)≤1

ˆ
Ω

Qv dx

= 2 sup
v∈Lp

n(·)
0 , ‖v‖pn(·)≤1

ˆ
Ω

Q div (Bv) dx

= 2 sup
v∈Lp

n(·)
0 , ‖v‖pn(·)≤1

ˆ
Ω

Q div (Πn
divBv) dx.

Now, by Theorem 2.5.1 and Proposition 3.3.2,

‖v‖pn(·) ≤ 1 implies ‖∇Πn
divBv‖pn(·) ≤ C1.

The constant C1 depends on Clog(pn), and therefore also on n. However, since

pn → p in C0,α(Ω), the constant C1 can be bounded uniformly by a new constant,

still denoted by C1, which is independent of n. Therefore,

‖Q‖(pn)′(·) ≤ 2 sup
‖ΠndivBv‖1,pn(·)≤C1

ˆ
Ω

Q div (Πn
divBv) dx

= 2C1 sup
‖ΠndivB

v
C1
‖1,pn(·)≤1

ˆ
Ω

Q div (Πn
divB

v

C1

) dx

≤ β sup
V ∈Vn, ‖V ‖1,pn(·)≤1

〈divV , Q〉.

That completes the proof of the proposition.

3.3.4 Discrete Bogovskĭı operator

In this subsection, we construct a discrete counterpart of the Bogovskĭı operator in

the variable-exponent setting and explore its properties.

Suppose that 1 < p− ≤ p+ <∞ and pn → p in C0,α(Ω) for some α ∈ (0, 1). For

H ∈ divVn, define the linear functional Ln : L(pn)′(·)(Ω)→ R by

Ln(q) =

ˆ
Ω

H Πn
Qq dx, q ∈ L(pn)′(·)(Ω).
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Then, thanks to Proposition 3.3.5, Ln is a bounded linear functional on L(pn)′(·)(Ω).

Hence, by Theorem 2.3.8, there exists a unique K(H) ∈ Lpn(·)(Ω) such that

Ln(q) =

ˆ
Ω

H Πn
Qq dx =

ˆ
Ω

K(H) q dx.

Note that since H ∈ L
pn(·)
0 (Ω) and Πn

Qc = c for all constants c, we have K(H) ∈

L
pn(·)
0 (Ω).

Now we define the discrete Bogovskĭı operator. For n ∈ N, we consider the linear

operator Bn : divVn → Vn by

BnH := Πn
divBK(H) ∈ Vn for H ∈ divVn, (3.20)

where B is defined in Theorem 2.5.1.

For later use, we require the following bound on K(H) in a variable-exponent

norm:

‖K(H)‖pn(·) ≤ 2 sup
q∈L(pn)′(·)(Ω), ‖q‖(pn)′(·)≤1

ˆ
Ω

K(H) q dx

= 2 sup
q∈L(pn)′(·)(Ω), ‖q‖(pn)′(·)≤1

ˆ
Ω

H Πn
Qq dx

≤ C sup
Q∈Qn, ‖Q‖(pn)′(·)≤1

ˆ
Ω

H Q dx. (3.21)

Next, we will show a relevant convergence property of the discrete Bogovskĭı

operator. To this end, we need the following lemma, which is quoted from [38].

Lemma 3.3.7. Let {vn}∞n=1 ⊂ W 1,s
0 (Ω)d, s ∈ (1,∞), such that vn ⇀ v weakly in

W 1,s
0 (Ω)d as n→∞. Then

Πn
divvn ⇀ v weakly in W 1,s

0 (Ω)d as n→∞.

Proof. By the stability property (3.13), there exists a weakly converging subsequence

of {Πn
divvn}∞n=1 in W 1,s

0 (Ω)d. By the uniqueness of the weak limit, it suffices to

identify the limit of {Πn
divvn}∞n=1 in Ls(Ω)d. We deduce by recalling (3.12) that

‖v − Πn
divvn‖s ≤ ‖v − Πn

divv‖s + ‖Πn
div(vn − v)‖s

≤ ‖v − Πn
divv‖s + C‖vn − v‖s + C max

E∈Gn
hE ‖∇(vn − v)‖s,

The first term vanishes because of (3.14) and the second term tends to zero since

vn → v strongly in Ls(Ω)d, thanks to the compact embedding W 1,s
0 (Ω)d ↪→↪→
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Ls(Ω)d. The last term vanishes since {vn}∞n=1 is bounded uniformly in W 1,s
0 (Ω)d

and maxE∈Gn hE → 0 as n→∞.

Now we are ready to prove the desired convergence property of the discrete

Bogovskĭı operator.

Proposition 3.3.8. Suppose that V n ∈ Vn, n ∈ N, and V n → V weakly in

W 1,s
0 (Ω)d as n→∞. Then, we have that

BndivV n ⇀ B divV weakly in W 1,s
0 (Ω)d as n→∞.

Proof. Let us define An := divV n; then, An ⇀ A := divV weakly in Ls0(Ω) as

n → ∞. Therefore, thanks to (3.18), we have, for all q ∈ Ls
′
(Ω) by the classical

Riesz representation theorem (here we shall use the same notation K as above, but

in this case the constructed K(An) lies in a fixed-exponent space Ls0(Ω)), and since

Πn
Qq → q strongly in Ls

′
(Ω) by (3.18), that, for all q ∈ Ls′(Ω),

ˆ
Ω

K(An)q dx =

ˆ
Ω

AnΠn
Qq dx→

ˆ
Ω

Aq dx as n→∞.

In other words, we have that K(An) ⇀ A weakly in Ls0(Ω) as n→∞. The Bogovskĭı

operator defined in Theorem 2.5.1 is linear and continuous, and hence it is also

continuous with respect to the weak topologies of the respective spaces. Therefore,

we have BK(An) ⇀ BA weakly in W 1,s
0 (Ω)d as n → ∞. Hence, by Lemma 3.3.7,

BnAn := Πn
divBK(An) ⇀ BA weakly in W 1,s

0 (Ω)d as n → ∞. As An := divV n and

A := divV the proof is complete.

3.3.5 The finite element approximation

We are now ready to construct the finite element approximation of the problem

(3.1)–(3.3) and prove that the approximate problem has a solution.

An essential property of the problem (3.1)–(3.3) is that, thanks to the fact that

the velocity field u is divergence-free, the convective terms appearing in the equa-

tions are skew-symmetric. It is important to ensure that this skew-symmetry is

preserved under discretization, even though the finite element approximations to

the velocity field are now only discretely (rather than pointwise) divergence-free.
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Since we wish to ensure that the discrete counterparts of the convective terms ap-

pearing in the system inherit the skew-symmetry of the continuous convective terms,

we define the following trilinear forms:

Bu[v,w,h] :=
1

2

ˆ
Ω

((v ⊗ h) : ∇w − (v ⊗w) : ∇h) dx,

Bc[b,v, z] :=
1

2

ˆ
Ω

(zv · ∇b− bv · ∇z) dx,

for all v,w,h ∈ W 1,∞
0 (Ω)d, b, z ∈ W 1,∞(Ω). These trilinear forms then coincide

with the trilinear forms associated with the corresponding convection terms if we

are considering pointwise divergence-free functions and also, thanks to their skew

symmetry, they now also vanish when w = h and b = z, respectively. Explicitly, we

have

Bu[v,v,v] = 0 and Bc[z,v, z] = 0 ∀v ∈ W 1,∞
0 (Ω)d, z ∈ W 1,∞(Ω),

Bu[v,w,h] = −
ˆ

Ω

(v ⊗w) : ∇h dx ∀v,w,h ∈ W 1,∞
0,div(Ω)d,

Bc[b,v, z] = −
ˆ

Ω

bv · ∇z dx ∀v ∈ W 1,∞
0,div(Ω)d, b, z ∈ W 1,∞(Ω).

(3.22)

Furthermore, the trilinear form Bu[·, ·, ·] is also bounded in a sense to be discussed

below in more detail. Observe that for 3d
d+2
≤ p− ≤ p+ < d, we have the Sobolev

embedding

W 1,p(·)(Ω)d ↪→ L2p′(·)(Ω)d.

Then, Hölder’s inequality yields that
ˆ

Ω

(v ⊗w) : ∇h dx ≤ C‖v‖2p′(·)‖w‖2p′(·)‖h‖1,p(·)

≤ C‖v‖1,p(·)‖w‖1,p(·)‖h‖1,p(·).

In the same way, we have
ˆ

Ω

(v ⊗ h) : ∇w dx ≤ C‖v‖1,p(·)‖h‖1,p(·)‖w‖1,p(·).

Thus we obtain the bound

|Bu[v,w,h]| ≤ C‖v‖1,p(·)‖w‖1,p(·)‖h‖1,p(·). (3.23)

This is the only part where the condition p− ≥ 3d
d+2

(p− ≥ 3
2

in 2D) is needed. As

mentioned in Section 3.1, if we can improve this estimate, we can prove the main

theorem with lower values of p−.
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Now, for n ∈ N, we call a triple of functions (Un, P n, Cn) ∈ Vn×Qn
0 × (Zn + cd)

a finite element approximation to a solution of the problem (Q) if it satisfies

ˆ
Ω

S(Cn,DUn) : DV dx+Bu[U
n,Un,V ]− 〈divV , P n〉 = 〈f ,V 〉 ∀V ∈ Vn,

(3.24)ˆ
Ω

Q divUn dx = 0 ∀Q ∈ Qn,

(3.25)ˆ
Ω

qc(C
n,∇Cn,DUn) · ∇Z dx+Bc[C

n,Un, Z] = 0 ∀Z ∈ Zn,

(3.26)

where cd ∈ W 1,q(Ω) with q > d and f ∈ (W 1,p−

0 (Ω)d)∗.

If we restrict the test-functions to Vn
div, the above problem reduces to finding

(Un, Cn) ∈ Vn
div × (Zn + cd) such that

ˆ
Ω

S(Cn,DUn) : DV dx+Bu[U
n,Un,V ] = 〈f ,V 〉 ∀V ∈ Vn

div, (3.27)
ˆ

Ω

qc(C
n,∇Cn,DUn) · ∇Z dx+Bc[C

n,Un, Z] = 0 ∀Z ∈ Zn. (3.28)

The existence of a solution to the discrete problem (3.27), (3.28) follows by a

combination of a fixed point argument and iteration. To prove the existence of a

solution, we need the following lemma, which is a consequence of Brouwer’s fixed

point theorem (cf. [49], Chapter 9).

Lemma 3.3.9. Suppose that v : RN → RN is a continuous function, which satisfies

(∃r > 0) (∀x ∈ RN : |x| = r) v(x) · x ≥ 0.

Then, there exists an x ∈ Br(0) such that v(x) = 0.

Let us prove the existence of a solution to the discrete problem (3.27), (3.28). Let

{wi}mi=1, {zi}`i=1 be bases of Vn
div and Zn respectively, satisfying

´
Ω
wi ·wj dx = δij

for i, j = 1, . . . ,m and
´

Ω
zizj dx = δij for i, j = 1, . . . , `.

We wish to find Un ∈ Vn
div, Cn ∈ Zn + cd of the forms

Un =
m∑
i=1

αiwi, Cn =
∑̀
i=1

βizi + cd
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such thatˆ
Ω

S(Cn,DUn) : DV dx+Bu[U
n,Un,V ] = 〈f ,V 〉 ∀V ∈ Vn

div,ˆ
Ω

qc(C
n,∇Cn,DUn) · ∇Z dx+Bc[C

n,Un, Z] = 0 ∀Z ∈ Zn.

Equivalently, we can rewrite the above asˆ
Ω

S(Cn,DUn) : Dwi dx+Bu[U
n,Un,wi] = 〈f ,wi〉, i = 1, . . . ,m,

ˆ
Ω

qc(C
n,∇Cn,DUn) · ∇zj dx+Bc[C

n,Un, zj] = 0, j = 1, . . . , `.

For a given n ∈ N, we will construct an iteration scheme; i.e., we will define a

sequence of solutions {Un
k , C

n
k } acting on the equations iteratively. As a first step,

define Cn
1 := cd ∈ Zn + cd, and let Un

1 ∈ Vn
div be a solution ofˆ

Ω

S(Cn
1 ,DU

n
1 ) : ∇wi dx+Bu[U

n
1 ,U

n
1 ,wi] = 〈f ,wi〉, i = 1, . . . ,m. (3.29)

The existence of such a Un
1 can be established as follows. Define the function

A : Rm → Rm by

A(α1, . . . , αm) = (a1(α1, . . . , αm), . . . , am(α1, . . . , αm))

with

aj(α1, . . . , αm) =

ˆ
Ω

S(Cn
1 ,Dα) : ∇wj dx+Bu[α,α,wi]− 〈f ,wj〉,

where

α =
m∑
i=1

αiwi.

We note that A is a continuous function on Rm. Then we have, by Sobolev embed-

ding and because the term Bu[α,α,α] vanishes thanks to the skew-symmetry of the

trilinear form Bu, that

A(α1, . . . , αm) · (α1, . . . , αm) =

ˆ
Ω

S(Cn
1 ,Dα) : ∇α dx+Bu[α,α,α]− 〈f ,α〉

≥ C1

ˆ
Ω

|Dα|p(Cn1 ) dx− C2 − |〈f ,α〉|

≥ C1

ˆ
Ω

|Dα|p− dx− ‖f‖
(W 1,p−

0 (Ω))∗
‖α‖1,p− − C2

≥ C1‖α‖p
−

1,p− − C(ε)‖f‖(p−)′

(W 1,p−
0 (Ω))∗

− ε‖α‖p
−

1,p− − C2

≥ (C1 − ε)‖α‖p
−

2 − C2

= (C1 − ε)|(α1, . . . , αm)|p− − C2.

49



Hence by Lemma 3.3.9, there exists an m-tuple (α1, . . . , αm) ∈ Rm such that

A(α1, . . . , αm) = 0, which implies the existence of Un
1 ∈ Vn

div.

Now, multiplying the i-th equation in (3.29) by αi and taking the sum over

i = 1, . . . ,m, we obtain

ˆ
Ω

S(Cn
1 ,DU

n
1 ) : ∇Un

1 dx+Bu[U
n
1 ,U

n
1 ,U

n
1 ] = 〈f ,Un

1 〉,

where the term Bu[U
n
1 ,U

n
1 ,U

n
1 ] = 0 thanks to the skew-symmetry of the trilinear

form Bu. Then, because of the coercivity of S, we have

C1

ˆ
Ω

|DUn
1 |p(C

n
1 ) dx− C2 ≤ ‖f‖(W 1,p−

0 (Ω)d)∗
‖Un

1‖1,p− .

By Young’s inequality,

‖DUn
1‖

p−

p− ≤ C(ε)‖f‖(p−)′

(W 1,p−
0 (Ω)d)∗

+ ε‖Un
1‖

p−

1,p− + C2.

Finally, by Korn’s inequality,

‖Un
1‖1,p− ≤ C, (3.30)

where the constant C is independent of n.

Now, let Cn
2 ∈ Zn + cd be a solution of the equation

ˆ
Ω

qc(C
n
2 ,∇Cn

2 ,DU
n
1 ) · ∇zj dx+Bc[C

n
2 ,U

n
1 , zj] = 0, j = 1, . . . , `. (3.31)

As before, we define a function B : R` → R` by

B(β1, . . . , β`) = (b1(β1, . . . , β`), . . . , b`(β1, . . . , β`))

with

bj(β1, . . . , β`) =

ˆ
Ω

qc(β,∇β,DUn
1 ) · ∇zj dx+Bc[β,U

n
1 , zj],

where

β =
∑̀
i=1

βizi + cd.

We note that B is continuous on R`. Furthermore, we have that

B(β1, . . . , β`) · (β1, . . . , β`) =

ˆ
Ω

qc(β,∇β,DUn
1 ) · ∇(β − cd) dx+Bc[β,U

n
1 , β − cd]

=: I + II,
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with obvious definitions of I and II. Since qc is linear with respect to its second

variable, by (3.7) and (3.8) we have that

I =

ˆ
Ω

(qc(β,∇(β − cd),DUn
1 ) · ∇(β − cd) + qc(β,∇cd,DUn

1 ) · ∇(β − cd)) dx

≥ C5‖∇(β − cd)‖2
2 − C4

ˆ
Ω

|∇cd||∇(β − cd)| dx

≥ C5‖∇(β − cd)‖2
2 − C4‖∇cd‖2‖∇(β − cd)‖2

≥ C5‖∇(β − cd)‖2
2 − C(ε)‖∇cd‖2

2 − ε‖∇(β − cd)‖2
2

≥ (C5 − ε)‖∇(β − cd)‖2
2 − C.

Also,

II =
1

2

ˆ
Ω

(β − cd)Un
1 · ∇cd dx−

ˆ
Ω

cdU
n
1 · ∇(β − cd) dx

= I′ + II′,

with obvious definitions of I′ and II′. Concerning I′, for sufficiently large t > 2 (i.e.

t ∈ (2,∞) when d = 2, and t ∈ (2, 6] when d = 3), we have by Sobolev embedding

that ∣∣∣∣ ˆ
Ω

(β − cd)Un
1 · ∇cd dx

∣∣∣∣ ≤ ‖β − cd‖t‖Un
1‖ 2t

t−2
‖∇cd‖2

≤ C‖β − cd‖1,2‖Un
1‖1,p−

≤ C‖∇(β − cd)‖2‖Un
1‖1,p−

≤ ε‖∇(β − cd)‖2
2 + C(ε)‖Un

1‖2
1,p− .

Hence,

I′ ≥ −ε‖∇(β − cd)‖2
2 − C(ε)‖Un

1‖2
1,p− .

For the term II′, since cd is bounded, we have that

ˆ
Ω

cdU
n
1 · ∇(β − cd) dx ≤ C

ˆ
Ω

Un
1 · ∇(β − cd) dx

≤ C‖Un
1‖2‖∇(β − cd)‖2

≤ C(ε)‖Un
1‖2

1,p− + ε‖∇(β − cd)‖2
2.

Therefore,

II = I′ + II′ ≥ −2ε‖∇(β − cd)‖2
2 − C(ε)‖Un

1‖2
1,p− ,
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and by (3.30), and choosing ε ∈
(
0, 1

6
C5

)
, we have that

B(β1, . . . , β`) · (β1, . . . , β`) = I + II ≥ (C5 − 3ε)‖∇(β − cd)‖2
2 − C

≥ 1

2
C5 |(β1, . . . , β`)|2 − C.

Thus, again, by Lemma 3.3.9, there exists an `-tuple (β1, . . . , β`) ∈ R` such that

B(β1, . . . , β`) = 0, which implies the existence of Cn
2 ∈ Zn.

Next, multiplying the j-th equation of (3.31) by βj and taking the sum over

j = 1, . . . , `, we arrive at
ˆ

Ω

qc(C
n
2 ,∇Cn

2 ,DU
n
1 ) · ∇(Cn

2 − cd) dx+Bc[C
n
2 ,U

n
1 , C

n
2 − cd] = 0.

Hence, by (3.7) and (3.8),

‖∇Cn
2 ‖2

2 ≤ C

ˆ
Ω

qc(C
n
2 ,∇Cn

2 ,DU
n
1 ) · ∇cd dx−Bc[C

n
2 ,U

n
1 , C

n
2 − cd]

≤ C

ˆ
Ω

|∇Cn
2 ||∇cd| dx−Bc[C

n
2 ,U

n
1 , C

n
2 ] +Bc[C

n
2 ,U

n
1 , cd]

≤ ε‖∇Cn
2 ‖2

2 + C(ε)‖∇cd‖2
2 +Bc[C

n
2 ,U

n
1 , cd].

By integration by parts, Sobolev embedding, Hölder’s inequality and Young’s in-

equality,

Bc[C
n
2 ,U

n
1 , cd] =

1

2

ˆ
Ω

cdU
n
1 · ∇Cn

2 dx− 1

2

ˆ
Ω

Cn
2U

n
1 · ∇cd dx

=
1

2

ˆ
Ω

cdU
n
1 · ∇Cn

2 dx+
1

2

ˆ
Ω

div (Cn
2U

n
1 )cd dx

=

ˆ
Ω

cdU
n
1 · ∇Cn

2 dx+
1

2

ˆ
Ω

Cn
2 (divUn

1 )cd dx

≤ ‖cd‖∞‖Un
1‖2‖∇Cn

2 ‖2 +
1

2
‖cd‖∞‖Cn

2 ‖ p−
p−−1

‖divUn
1‖p−

≤ C‖Un
1‖1,p−‖∇Cn

2 ‖2 + C‖Un
1‖1,p−‖∇Cn

2 ‖ dp−
(d+1)p−−d

≤ C(ε)‖Un
1‖2

1,p− + ε‖∇Cn
2 ‖2

2,

provided that 2d
d+2

< p− ≤ p+ < d. Therefore, by (3.30), we obtain

‖∇Cn
2 ‖2

2 ≤ C + C‖Un
1‖2

1,p− ≤ C, (3.32)

where the constant C does not depend on n.

Now we define Un
2 ∈ Vn

div as a solution of the equation
ˆ

Ω

S(Cn
2 ,DU

n
2 ) : ∇wi dx+Bu[U

n
2 ,U

n
2 ,wi] = 〈f ,wi〉, i = 1, . . . ,m,
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and define Cn
3 ∈ Zn + cd as a solution of the equationˆ

Ω

qc(C
n
3 ,∇Cn

3 ,DU
n
2 ) · ∇zj dx+Bc[C

n
3 ,U

n
2 , zj] = 0, j = 1, . . . , `.

The existence of such Un
2 and Cn

3 can be established by the same argument as

above. We continue this process so that we obtain, by iteration, a sequence of

solutions {Un
k , C

n
k } ∈ Vn

div × Zn + cd where Un
k is a solution of the equationˆ

Ω

S(Cn
k ,DU

n
k) : ∇wi dx+Bu[U

n
k ,U

n
k ,wi] = 〈f ,wi〉, i = 1, . . . ,m, (3.33)

and Cn
k+1 is a solution of the equationˆ

Ω

qc(C
n
k+1,∇Cn

k+1,DU
n
k) · ∇zj dx+Bc[C

n
k+1,U

n
k , zj] = 0, j = 1, . . . , `. (3.34)

Also, by the same argument as the one we used to derive the bounds (3.30) and

(3.32), we have

‖Un
k‖1,p− ≤ C1 and ‖∇Cn

k ‖2
2 ≤ C2,

where C1, C2 are positive constants, independent of k ∈ N.

Now we consider the spaces (Vn
div, ‖ · ‖1,p−) and (Zn, ‖ · ‖1,2). Both spaces are

finite-dimensional, hence by the Bolzano–Weierstass theorem there exist subse-

quences (not relabelled) such that as k →∞,

Un
k → Un (strongly) in Vn

div,

Cn
k − cd → Cn − cd (strongly) in Zn.

By the equivalence of norms in finite-dimensional spaces, as k → ∞, and for each

fixed n ∈ N,

‖Un
k −Un‖1,∞ ≤ C(n)‖Un

k −Un‖1,p− → 0,

‖Cn
k − Cn‖1,∞ ≤ C(n)‖Cn

k − Cn‖1,2 → 0.

Since convergence of a sequence of functions in the L∞-norm implies uniform con-

vergence, we deduce that k →∞,

Un
k ⇒ Un DUn

k ⇒DUn, Cn
k ⇒ Cn and ∇Cn

k ⇒ ∇Cn a.e. on Ω.

Note further that since S and qc are continuous, we have

S(Cn
k ,DU

n
k) ⇒ S(Cn,DUn),

qc(C
n
k+1,∇Cn

k+1,DU
n
k) ⇒ qc(C

n,∇Cn,DUn).

53



Now if we pass to the limit k →∞ in (3.33) and (3.34), we have

ˆ
Ω

S(Cn,DUn) : ∇wi dx+Bu[U
n,Un,wi] = 〈f ,wi〉, i = 1, . . . ,m,

ˆ
Ω

qc(C
n,∇Cn,DUn) · ∇zj dx+Bc[C

n,Un, zj] = 0, j = 1, . . . , `.

Therefore, we have established the existence of a solution to the Galerkin approxima-

tions (3.27) and (3.28) for a given n > 0. The existence of a discrete solution triple

for (3.24)–(3.26) then follows by the discrete inf-sup condition stated in Proposition

3.3.6.

Our objective is now to pass to the limit n → ∞. To this end we require two

technical tools: a finite element counterpart of the Acerbi–Fusco Lipschitz trunca-

tion method in variable-exponent Sobolev spaces, and a finite element counterpart

of De Giorgi’s regularity theorem for elliptic problems. We shall discuss these in the

next two subsections, respectively. The finite element De Giorgi estimate considered

here is restricted to the case of two space dimensions (d = 2), as our proof rests on a

discrete version of Meyers’ regularity estimate in conjunction with Morrey’s embed-

ding theorem, which, by the nature of the argument, is limited to the case of d = 2.

A direct proof of a discrete De Giorgi estimate in the case of d ≥ 2, for Poisson’s

equation with a source term in W−1,s(Ω) and s > d, is contained in [3], subject to a

restriction on the finite element stiffness matrix, analogous to the assumption that

is usually made to ensure that the discrete maximum principle holds. It is stated

there, without proof, that more general operators may be covered with little or no

change, including, for instance, “any uniformly elliptic operator in divergence form

with bounded measurable coefficients”. Indeed, Casado-Dı́az et al. [26] consider

linear elliptic problems of the form −div(A∇u) = f with A ∈ L∞(Ω)d×d uniformly

elliptic and f ∈ L1(Ω), and assume diagonal dominance of the associated finite ele-

ment stiffness matrix, a condition, which now also involves the bounded measurable

matrix function A (cf. (1.17) there). As in our setting the concentration equation is

nonlinear, and the diffusion coefficient is a nonlinear function of both the concentra-

tion and the Frobenius norm of the velocity gradient, it is unclear how exactly such

a diagonal dominance condition on the associated stiffness matrix would translate

into a practically verifiable restriction on the sequence of triangulations. We have

therefore confined ourselves here to the case of d = 2.

54



3.3.6 Discrete Lipschitz truncation

The Lipschitz truncation method has a crucial role in the proof of our main result,

which will be stated in the next section. In this section, we shall introduce a discrete

Lipschitz truncation, acting on finite element spaces, following the ideas by Diening

et al. in [38], as the composition of a ‘continuous’ Lipschitz truncation and the

projection defined in Assumption 2 for the finite element spaces. For this reason,

as a starting point for the construction, we shall first recall a result by Diening

et al. [39] concerning Lipschitz truncation in W 1,1
0 (Ω)d, which refines the original

estimates by Acerbi & Fusco [1]. Note that in the following theorem, the no-slip

boundary condition on ∂Ω is preserved under Lipschitz truncation.

Let v ∈ W 1,1
0 (Ω)d. We can then assume that v ∈ W 1,1(Rd)d by extending v by

zero outside Ω. For fixed λ > 0, we define

Uλ(v) := {M(∇v) > λ}

and

Hλ(v) := Rd \ (Uλ(v) ∩ Ω) = {M(∇v) ≤ λ} ∪ (Rd \ Ω).

As M(∇v) is lower-semicontinuous, the set Uλ(v) is open and the set Hλ(v) is

closed.

Theorem 3.3.10. Let λ > 0 and v ∈ W 1,1
0 (Ω)d. Then there exists a Lipschitz

truncation vλ ∈ W 1,∞
0 (Ω)d satisfying the following properties:

(a) vλ = v on Hλ(v), i.e., {v 6= vλ} ⊂ {M(∇v) > λ} ∩ Ω;

(b) ‖vλ‖s ≤ C‖v‖s for all s ∈ [1,∞], provided that v ∈ Ls(Ω)d;

(c) ‖∇vλ‖s ≤ C‖∇v‖s for all s ∈ [1,∞], provided that v ∈ W 1,s(Ω)d;

(d) ‖∇vλ‖∞ ≤ Cλ almost everywhere in Rd.

The constant C in the inequalities stated in parts (b), (c) and (d) depends on Ω and

d. In (b) and (c), the constant C additionally depends on s.

Next, following Diening et al. [38], we modify the ‘continuous’ Lipschitz trunca-

tion so that the resulting truncation is again a finite element function.
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Since Vn ⊂ W 1,1
0 (Ω)d for all n ∈ N, we can apply Theorem 3.3.10 with arbitrary

λ > 0. Note however that the Lipschitz truncation V λ of V ∈ Vn is not contained

in Vn in general. Thus we define the discrete Lipschitz truncation by

V n
λ := Πn

div ◦ V λ ∈ Vn. (3.35)

According to the next lemma, which we quote from [38] (cf. Lemma 14 in [38]),

the projection operator Πn
div modifies V λ in a neighborhood of Uλ(V ) only.

Lemma 3.3.11. Let V ∈ Vn; then, we have that

{V n
λ 6= V } ⊂ Ωn

λ(V ) := interior
(⋃
{SE : E ∈ Gn with E ∩ Uλ(V ) 6= ∅}

)
.

The set Ωn
λ(v) from Lemma 3.3.11 is clearly larger than Uλ(V ) ∩ Ω. However,

according to the following result, we can still control the increase of the set. This

is the most important step in the construction of the discrete Lipschitz truncation;

Lemma 3.3.12 is, again, quoted from [38].

Lemma 3.3.12. For n ∈ N, V ∈ Vn and λ > 0, let Ωn
λ(V ) be defined as in Lemma

3.3.11. Then, there exists a constant κ ∈ (0, 1), only depending on P̂V and the

shape-regularity of Gn, such that

Uλ(V ) ∩ Ω ⊂ Ωn
λ(V ) ⊂ Uκλ(V ) ∩ Ω.

Now we are ready to state and prove the discrete Lipschitz truncation theorem,

which has a suitable form for our problem. The couple (V n, Cn) denotes a sequence

of approximate solutions and define the variable Lebesgue exponent

pn(x) := (p ◦ Cn)(x) for all x ∈ Ω.

The following theorem is a generalization of the result stated in Theorem 3.3.10.

Here, however, we have the added difficulty that the variable exponent changes with

the given sequence.

Theorem 3.3.13. Let Ω ⊂ Rd be a bounded open Lipschitz domain and suppose

that {V n, pn} is a sequence satisfying 1 < p− ≤ pn(x) ≤ p+ <∞ for all x ∈ Ω and

V n ⇀ V weakly in W 1,p−

0 (Ω)d, (3.36)

pn → p strongly in C0,α(Ω), (3.37)
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for some α ∈ (0, 1). Assume further that, for all n ∈ N,

ˆ
Ω

|∇V n|pn(x) dx ≤ C. (3.38)

Then, for each j ∈ N, there exists a sequence {λnj }n∈N such that

(2j)2j ≤ λnj < (2j+1)2j+1

, (3.39)

and a sequence of Lipschitz truncations {V n
j }n∈N ⊂ Vn ⊂ W 1,∞(Ω)d such that for

all n, j ∈ N,

‖∇V n
j ‖∞ ≤ Cλnj ≤ C(2j+1)2j+1

. (3.40)

In addition, we can extract a (not relabelled) subsequence with respect to n such that,

for each j ∈ N,

V n
j → V j strongly in Lσ(Ω)d for all σ ∈ (1,∞), (3.41)

V n
j ⇀ V j weakly in W 1,σ(Ω)d for all σ ∈ (1,∞), (3.42)

∇V n
j ⇀

∗ ∇V j weakly − ∗ in L∞(Ω)d×d, (3.43)

where V j ∈ W 1,∞(Ω)d. Moreover,

‖∇V j‖p(·) ≤ C, (3.44)

and we can extract a (not relabelled) subsequence so that

V j ⇀ V weakly in W 1,p(·)(Ω)d. (3.45)

Furthermore, if we extend V n outside Ω by zero, we have

{x ∈ Ω : V n
j 6= V n} ⊂ {x ∈ Ω : M(∇V n) > κλnj }, (3.46)

where κ is defined in Lemma 3.3.12, and for all n, j,

ˆ
Ω

|∇V n
j χ{V n

j 6=V n}|p
n(x) dx ≤ C

ˆ
Ω

|λnj χ{V n
j 6=V n}|p

n(x) dx ≤ C

2j
. (3.47)

Proof. We first extend each V n outside Ω by zero and we extend each pn defined as

in Lemma 2.5.6. Then we have

V n ⇀ V weakly in W 1,p−(Rd)d,

pn → p strongly in C0,α(Rd).
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By boundedness of the maximal operator (Theorem 2.5.5) for pn(x) > 1, we have

that

‖M(∇V n)‖pn(·) ≤ C(n)‖∇V n‖pn(·).

Note that the constant C(n) depends on Clog(pn), but by the assumption pn → p in

C0,α(Ω), C(n) can be bounded by some uniform constant C independent of n ∈ N.

Thus directly from (3.38), we have

ˆ
Rd
|M(∇V n)|pn(x) dx ≤ C. (3.48)

Now, for each j ∈ N, define the sequence {θij}2j+1−1
i=2j

by

θij := (2j)i,

and a sequence of subsets {U i
j,n}2j+1−1

i=2j
as

U i
j,n := {x ∈ Rd : κθij < M(∇V n)(x) ≤ κθi+1

j }.

Note that U i
j,n are mutually disjoint bounded sets, and thus

2j+1−1∑
i=2j

ˆ
U ij,n

|M(∇V n)|pn(x) dx ≤
ˆ
Rd
|M(∇V n)|pn(x) dx ≤ C.

By the pigeon hole principle, there exists an i∗ ∈ {2j, . . . , 2j+1 − 1} such that

ˆ
U i
∗
j,n

|M(∇V n)|pn(x) dx ≤ C

2j
.

Then, for this i∗, we set

λnj := θi
∗

j = (2j)i
∗
,

and thus (3.39) follows. Therefore we have

ˆ
{κλnj <M(∇V n)≤κ2jλnj }

|M(∇V n)|pn(x) dx ≤ C

2j
. (3.49)

Having such a λnj , we can use (3.35) with λ = λnj applied to V n and thus we introduce

V n
j := V n

λnj
.

Then, by Theorem 3.3.10, part (d), and the W 1,∞(Ω)d-stability of Πn
div, we have

(3.40). Additionally, combining Lemma 3.3.11 and Lemma 3.3.12 yields (3.46). To
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prove (3.47), we use (3.40) and (3.49), and thus
ˆ
{V n

j 6=V n}
|∇V n

j |p
n(x) dx ≤ C

ˆ
{V n

j 6=V n}
|κλnj |p

n(x) dx ≤ C

ˆ
{κλnj <M(∇V n)}

|κλnj |p
n(x) dx

= C

ˆ
U i
∗
j,n

|κλnj |p
n(x) dx+ C

ˆ
{κ2jλnj <M(∇V n)}

|κλnj |p
n(x) dx

≤ C

ˆ
U i
∗
j,n

(M(∇V n))p
n(x) dx+ C

ˆ
Rd

(
M(∇V n)

2j

)pn(x)

dx

≤ C

2j
+

C

(2j)p−

ˆ
Rd

(M(∇V n))p
n(x) dx ≤ C

2j
.

By compact embedding, (3.40), and the fact that V n
j are compactly supported in Rd,

we can, for arbitrarily fixed j ∈ N, extract a subsequence satisfying (3.41)–(3.43).

Furthermore, by using a diagonal process, we can extract a further subsequence in

n such that (3.41)–(3.43) hold for each j ∈ N. Finally, from (3.36), (3.41), (3.46)

and Hölder’s inequality, we obtain

‖V j − V ‖1 ≤ lim
n→∞

ˆ
Ω

|V j − V n
j | dx+ lim

n→∞

ˆ
Ω

|V n
j − V n| dx+ lim

n→∞

ˆ
Ω

|V n − V | dx

= lim
n→∞

ˆ
Ω

|V n
j − V n| dx ≤ C lim sup

n→∞
|{V n

j 6= V n}|
1

(p−)′

≤ C lim sup
n→∞

|{M(∇V n) > κλnj }|
1

(p−)′

≤ C lim sup
n→∞

(ˆ
Ω

M(∇V n)

κλnj
dx

) 1
(p−)′

≤ lim sup
n→∞

C

(λnj )
1

(p−)′
≤ C

(2j)
2j

(p−)′
≤ C

2j
for sufficiently large j ∈ N.

Consequently, we have that for a (not relabelled) subsequence, V j → V a.e. in Ω

as j →∞. So if we prove (3.44), by the uniqueness of the weak limit, (3.45) follows.

To prove (3.44), we note that

lim inf
n→∞

ˆ
Ω

|∇V n
j |p

n(x) dx = lim inf
n→∞

ˆ
{V n

j =V n}
|∇V n|pn(x) dx

+ lim inf
n→∞

ˆ
{V n

j 6=V n}
|∇V n

j |p
n(x) dx ≤ C,

which, by weak lower-semicontinuity (for the details, see the argument leading to

(3.62)) implies the bound ˆ
Ω

|∇V j|p(x) dx ≤ C.

That completes the proof of the theorem.
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3.3.7 Uniform Hölder norm bound in two space dimensions

When studying numerical approximations to nonlinear partial differential equations,

it is often the case that, in order to prove convergence of the sequence of numeri-

cal approximations to a solution of the original problem, some a priori knowledge

about the regularity of the discrete solution is helpful. The aim of this section is to

summarize some results of this type, whose continuous counterparts are well-known

in the context of PDE analysis thanks to, primarily, the work of De Giorgi, Nash

and Moser, and which will be required here in order to complete the convergence

analysis of the numerical method under consideration. In [18], the authors formu-

late a Meyers-type regularity estimate for the sequence of approximate solutions to

a second-order linear elliptic equation obtained by a finite element method. As a

corollary, by Morrey’s embedding theorem, in two space dimensions at least, we will

obtain a uniform bound on a Hölder norm of the sequence of approximate solutions.

We shall discuss the approximation scheme and the associated discrete De Giorgi

theorem in more detail.

From the definition of the finite element space we have constructed, we know

that Zn ⊂ W 1,∞
0 (Ω). So we can consider a conforming finite element approximation

from Zn to the weak solution c ∈ W 1,2
0 (Ω) of the problem −∇ · (A∇c) = ∇ ·F + h,

for F ∈ Ls(Ω)d, h ∈ L
ds
d+s (Ω), s > d, and A ∈ L∞(Ω)d×d uniformly elliptic, with the

approximation W n ∈ Zn defined by: for all Zn ∈ Zn,ˆ
Ω

A(x)∇W n(x) · ∇Zn(x) dx = −
ˆ

Ω

F (x) · ∇Zn(x) dx+

ˆ
Ω

h(x)Zn(x) dx. (3.50)

An application of the Lax–Milgram theorem implies the existence of a unique solu-

tion to equation (3.50). Moreover, as a direct consequence of Proposition 8.6.2 in

[18] and Theorem 5.1 in [55], we have the following result.

Theorem 3.3.14. Assume that Ω ⊂ Rd, d ∈ {2, 3}, is a bounded open convex poly-

topal domain and A ∈ L∞(Ω)d×d is uniformly elliptic. Then, there exist constants

C > 0, n0 ≥ 1 and ε > 0, such that, for all n ≥ n0, s ∈ (2, 2+ε), and all F ∈ Ls(Ω)d

and h ∈ L
ds
d+s (Ω), the solution W n ∈ Zn of (3.50) satisfies

‖W n‖W 1,s(Ω) ≤ C

(
‖F ‖Ls(Ω) + ‖h‖

L
ds
d+s (Ω)

)
.

In particular, if d = 2, by Morrey’s embedding theorem, we have

‖W n‖C0,α(Ω) ≤ C

(
‖F ‖Ls(Ω) + ‖h‖

L
ds
d+s (Ω)

)
with α = 1− 2

s
∈ (0, 1).
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Since we need the second inequality stated in the above theorem in the subse-

quent analysis, we shall henceforth restrict ourselves to the case of d = 2, and will

assume that Ω is a bounded open convex polygonal domain in R2. Obtaining a De

Giorgi-type regularity result for the sequence of finite element approximations to

(3.50) is a challenging open problem in the case of d = 3.

Once we have the above result, by standard boundary reduction argument, we

can obtain a similar result for the equation (3.50) with non-homogeneous Dirichlet

boundary datum cd. Indeed, if we consider Y n := W n − cd instead of W n, we have

the following definition of the approximate solution

ˆ
Ω

A(x)∇Y n(x) · ∇Zn(x) dx =−
ˆ

Ω

F (x) · ∇Zn(x) dx+

ˆ
Ω

h(x)Zn(x) dx

−
ˆ

Ω

A(x)∇cd(x) · ∇Zn(x) dx

for all Zn ∈ Zn. We choose q such that d = 2 < s ≤ q < 2 + ε, where ε is as in

Theorem 3.3.14. Then, if F ∈ Ls(Ω)d and cd ∈ W 1,q(Ω), it is easy to show that

G := F +A∇cd ∈ Ls(Ω)d again. Therefore, we have the following corollary, which

will be used in the subsequent analysis.

Corollary 3.3.15. Assume that Ω ⊂ R2 is a bounded open convex polygonal domain

and that A ∈ L∞(Ω)2×2 is uniformly elliptic with ellipticity constant λ > 0. Then,

there exists a q > 2 such that the following holds: for any G ∈ Lq(Ω)2, h ∈ L
2q
q+2 (Ω)

and any cd ∈ W 1,q(Ω), there exists a unique W n ∈ Zn + cd such that W n − cd ∈

Zn ∩ C0,α(Ω) for some α ∈ (0, 1), satisfying

ˆ
Ω

A(x)∇W n(x) · ∇Zn(x) dx = −
ˆ

Ω

G(x) · ∇Zn(x) dx+

ˆ
Ω

h(x)Zn(x) dx

for all Zn ∈ Zn and fulfilling the uniform bound

‖W n‖W 1,q(Ω)∩C0,α(Ω) ≤ C
(

Ω, λ, q, ‖A‖∞, ‖G‖q, ‖h‖ 2q
q+2
, ‖cd‖1,q

)
.

3.4 The main theorem

We are now ready to state and prove our main theorem. Note that because of the

restriction d = 2 in Corollary 3.3.15, we only consider a two-dimensional convex

polygonal domain Ω. Also, we need a stronger condition on p(x).
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Theorem 3.4.1. Assume that Ω ⊂ R2 is a convex polygonal domain, and cd ∈

W 1,q(Ω) for some q > 2. Let us assume that p : R≥0 → R≥0 is a Hölder continuous

function with 3
2
≤ p− ≤ p(ξ) ≤ p+ < 2 for all ξ ∈ R≥0 and let f ∈ (W 1,p−

0 (Ω)2)∗.

Let {Vn,Qn,Zn}∞n=1 be the sequence of finite element space triples from Section

3.3 and let {Un, P n, Cn}∞n=1 be a sequence of discrete solution triples defined by

the finite element approximation (3.24)–(3.26). Then, there exists a (not relabelled)

subsequence {Un, P n, Cn}∞n=1, which converges to a weak solution {u, π, c} of (3.1)–

(3.3) defined in Problem (Q) as n ∈ N tends to ∞ in the following sense:

Un ⇀ u weakly in W 1,p−

0 (Ω)2,

P n ⇀ π weakly in L
(p+)′

0 (Ω),

Cn ⇀ c weakly in W 1,2(Ω),

Cn → c strongly in C0,α(Ω) for some α ∈ (0, 1).

3.4.1 Convergence of the finite element approximations

As a first step in the proof of our main theorem, we pass to the limit in the sequence

of solution triples and show the existence of weak limits for the sequences in question.

First, we test with Un in (3.24) and then thanks to (3.25) and (3.22), we have

ˆ
Ω

S(Cn,DUn) : DUn dx = 〈f ,Un〉.

By using (3.6), duality estimates, Young’s inequality and Korn’s inequality, we ob-

tain ˆ
Ω

(
|∇Un|p(Cn) + |S(Cn,DUn)|p′(Cn)

)
dx ≤ C1, (3.51)

where C1 is independent of n.

Next, we test with Cn − cd in (3.26), and note that by (3.22) we have

ˆ
Ω

qc(C
n,∇Cn,DUn) · ∇Cn dx =

ˆ
Ω

qc(C
n,∇Cn,DUn) · ∇cd dx+Bc[C

n,Un, cd].

By (3.7), (3.8), Hölder’s inequality and Young’s inequality,

‖∇Cn‖2
2 ≤ C

ˆ
Ω

|∇Cn| |∇cd| dx+Bc[C
n,Un, cd]

≤ ε‖∇Cn‖2
2 + C(ε)‖∇cd‖2

2 +Bc[C
n,Un, cd].
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By integration by parts, Sobolev embedding, Hölder’s inequality and Young’s in-

equality,

Bc[C
n,Un, cd] =

1

2

ˆ
Ω

cdU
n · ∇Cn dx− 1

2

ˆ
Ω

CnUn · ∇cd dx

=
1

2

ˆ
Ω

cdU
n · ∇Cn dx+

1

2

ˆ
Ω

div (CnUn)cd dx

=

ˆ
Ω

cdU
n · ∇Cn dx+

1

2

ˆ
Ω

Cn(divUn)cd dx

≤ ‖cd‖∞‖Un‖2‖∇Cn‖2 +
‖cd‖∞

2
‖Cn‖ p−

p−−1

‖divUn‖p−

≤ C‖Un‖1,p−‖∇Cn‖2 + C‖Un‖1,p−‖∇Cn‖ 2p−
3p−−2

≤ C(ε)‖Un‖2
1,p− + ε‖∇Cn‖2

2.

Therefore, by (3.7) and (3.51), we have

ˆ
Ω

(
|∇Cn|2 + |qc(Cn,∇Cn,DUn)|2

)
dx ≤ C2, (3.52)

where C2 is independent of n.

Now, by Sobolev embedding and the uniform estimates (3.51) and (3.52), we

have for sufficiently large t > 0 and for q > 2 sufficiently close to 2, we have

‖CnUn‖q ≤ ‖Cn‖t‖Un‖ tq
t−q
≤ C‖Cn‖1,2‖Un‖1,p− ≤ C.

Also if we set s := 2q
q+2

, for q > 2 sufficiently close to 2, we have

‖∇Cn ·Un‖s ≤ ‖∇Cn‖2‖Un‖ 2s
2−s
≤ ‖Cn‖1,2‖Un‖q ≤ C‖Cn‖1,2‖Un‖1,p− ≤ C.

Then we can apply Corollary 3.3.15 with G = CnUn and h = ∇Cn ·Un. Hence for

some α ∈ (0, 1), we obtain the following uniform bound, independent of n ∈ N:

‖Cn‖C0,α(Ω) ≤ C3. (3.53)

Since C0,α(Ω) is compactly embedded in C0,α̃(Ω) for all α̃ ∈ (0, α), we have that

Cn → c strongly in C0,α̃(Ω),

which implies that

p ◦ Cn → p ◦ c strongly in C0,β(Ω)
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for some β ∈ (0, 1). We can therefore apply Proposition 3.3.6 with pn(x) := p◦Cn(x).

By (3.24), (3.23) and Hölder’s inequality,

‖P n‖(pn)′(·)

≤ C sup
06=V ∈Vn,‖V ‖1,pn(·)≤1

〈divV , P n〉

≤ C sup
06=V ∈Vn,‖V ‖1,pn(·)≤1

∣∣∣∣ ˆ
Ω

S(Cn,DUn) : DV dx+Bu[U
n,Un,V ]− 〈f ,V 〉

∣∣∣∣
≤ C sup

06=V ∈Vn,‖V ‖1,pn(·)≤1

(
‖S(Cn,DUn)‖(pn)′(·)‖DV ‖pn(·) + ‖Un‖2

1,pn(·)‖V ‖1,pn(·)

+ ‖f‖
(W 1,p−

0 (Ω)2)∗
‖V ‖1,pn(·)

)
.

Therefore, by (3.51), we have

‖P n‖(pn)′(·) ≤ C4, (3.54)

where C4 is independent of n ∈ N.

Using the bounds (3.51)–(3.54), thanks to their independence of n ∈ N, reflex-

ivity of the relevant spaces and compact Sobolev embedding, we can extract (not

relabelled) subsequences such that

Un ⇀ u weakly in W 1,p−

0 (Ω)2, (3.55)

Un → u strongly in L2(1+ε)(Ω)2, (for some ε > 0), (3.56)

Cn ⇀ c weakly in W 1,2(Ω), (3.57)

Cn → c strongly in C0,α̃(Ω), (3.58)

P n ⇀ π weakly in L(p+)′(Ω), (3.59)

S(Cn,DUn) ⇀ S̄ weakly in L(p+)′(Ω)2×2, (3.60)

qc(C
n,∇Cn,DUn) ⇀ q̄c weakly in L2(Ω)2. (3.61)

Before proceeding, we shall prove that the limit function u is contained in the

desired space W
1,p(c)
0 (Ω)d. Since Cn → c in C0,α̃(Ω), and by the continuity of p,

∀ ε > 0, ∃N ∈ N such that n ≥ N implies |p(Cn)− p(c)| < ε

θ
,

where θ > 1 is large enough to satisfy p(c) − θ+1
θ
ε > 1. We can then deduce from
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the estimate above that

C ≥
ˆ

Ω

|∇Un|p(Cn) dx ≥
ˆ
{|∇Un|≥1}

|∇Un|p(Cn) dx

≥
ˆ
{|∇Un|≥1}

|∇Un|p(Cn)−p(c)+p(c)−ε dx ≥
ˆ
{|∇Un|≥1}

|∇Un|p(c)−
θ+1
θ
ε dx.

Then, after adding to the inequality the term
´
{|∇Un|<1} |∇U

n|p(c)− θ+1
θ
ε dx, which is

bounded by some constant C̄ ≤ |Ω|, we obtain

C + C̄ ≥
ˆ

Ω

|∇Un|p(c)−
θ+1
θ
ε dx.

Again, we can extract a (not relabelled) subsequence such that

Un ⇀ u weakly in W
1,p(c)− θ+1

θ
ε

0 (Ω)2.

Thus by using the weak lower-semicontinuity of the norm function, we see that

ˆ
Ω

|∇u|p(c)−
θ+1
θ
ε dx ≤ C,

and consequently, Fatou’s Lemma with ε→ 0 leads us to

ˆ
Ω

|∇u|p(c) dx ≤ C, (3.62)

which implies that u ∈ W 1,p(c)
0 (Ω)2 by Poincaré’s inequality. With the same argu-

ment as above we can also show that

ˆ
Ω

|S̄|p′(c) + |π|p′(c) dx ≤ C. (3.63)

Next, we prove that the limit u is also exactly divergence-free. Let us consider

an arbitrary but fixed q ∈ C∞0 (Ω). Then, by (3.25),

0 =

ˆ
Ω

(Πn
Qq) divUn dx

=

ˆ
Ω

(Πn
Qq − q) divUn dx+

ˆ
Ω

q(divUn − divu) dx+

ˆ
Ω

q divu dx.

The first term tends to zero by (3.18), (3.51) and the second term converges to zero

by (3.55). Therefore,

ˆ
Ω

q divu dx = 0 for any q ∈ C∞0 (Ω),
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which implies that divu = 0 a.e. on Ω. In this case, we can identify the limit

of the convective term Bu[·, ·, ·] as follows. Let us choose an arbitrary function

v ∈ W 1,∞
0 (Ω)2 for which we define V n := Πn

divv ∈ Vn. Then, by (3.14), we have

V n → v strongly in W 1,σ
0 (Ω)2 for σ ∈ [1,∞). (3.64)

Also, by the restriction p− > 1, we have the continuous embedding W
1,pn(·)
0 (Ω)2 ↪→

L2(1+ε)(Ω)2. Therefore, by (3.51) and (3.56),

Un ⊗Un → u⊗ u strongly in L1+ε(Ω)2.

This then enables us to identify the second part of the convective term

−
ˆ

Ω

(Un ⊗Un) : ∇V n dx→ −
ˆ

Ω

(u⊗ u) : ∇v dx as n→∞.

On the other hand, for p− > 4
3
, we have the continuous embeddingW

1,pn(·)
0 (Ω)2 ↪→

L(p−)′+ε(Ω)2; thus Un · V n → u · v strongly in L(p−)′(Ω)2. Indeed,

‖Un · V n − u · v‖(p−)′ ≤ ‖(V n − v)Un + (Un − u)v‖(p−)′

≤ ‖V n − v‖s‖Un‖(p−)′+ε + ‖Un − u‖(p−)′+ε‖v‖s

≤ ‖V n − v‖s‖Un‖1,pn(·) + ‖Un − u‖ 2p−
2−p−−ε

‖v‖s

for some s ∈ (1,∞). The first term tends to zero thanks to (3.14), (3.51) and the

second term converges to zero by (3.55) in conjunction with a compact embedding

theorem. Therefore, together with divu = 0, we haveˆ
Ω

(Un ⊗ V n) : ∇Un dx = −
ˆ

Ω

(Un ⊗Un) : ∇V n dx+

ˆ
Ω

(divUn)Un · V n dx

→ −
ˆ

Ω

(u⊗ u) : ∇v dx as n→∞.

Collecting these limits, we then deduce that

lim
n→∞

Bu[U
n,Un,V n] = −

ˆ
Ω

(u⊗ u) : ∇v dx. (3.65)

Now, we are ready to pass to the limit in the first equation. By linearity of the

projection operator Πn
div and by noting (3.24), we obtain that

〈div v, P n〉 = 〈divV n, P n〉+ 〈div (v − V n), P n〉

=

ˆ
Ω

S(Cn,DUn) : DV n dx− 〈f ,V n〉+Bu[U
n,Un,V n]

+ 〈div (v − V n), P n〉

→
ˆ

Ω

(
S̄ : Dv − (u⊗ u) : ∇v

)
dx− 〈f ,v〉,
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where we have used (3.59), (3.60), (3.64) and (3.65). Also, by (3.59) again,

〈div v, P n〉 → 〈div v, π〉.

Altogether, we have

ˆ
Ω

(
S̄ : Dv − (u⊗ u) : ∇v

)
dx− 〈div v, π〉 = 〈f ,v〉 ∀v ∈ W 1,∞

0 (Ω)2. (3.66)

We note that by using the same argument as above we have that

ˆ
Ω

(
S̄ : Dv − (u⊗ u) : ∇v

)
dx = 〈f ,v〉 ∀v ∈ W 1,∞

0,div(Ω)2. (3.67)

Now, let us investigate the limit of the equation for the concentration, (3.26).

We fix an arbitrary z ∈ W 1,2
0 (Ω) and define Zn := Πn

Zz ∈ Zn. Thanks to (3.56) and

(3.58),

‖CnUn − cu‖2 ≤ ‖(Cn − c)Un‖2 + ‖c(Un − u)‖2

≤ ‖Cn − c‖∞‖Un‖2(1+ε) + ‖c‖∞‖Un − u‖2(1+ε) → 0.

Also, by (3.19), (3.56) and Sobolev embedding,

‖ZnUn − zu‖2 ≤ ‖(Zn − z)Un‖2 + ‖z(Un − u)‖2

≤ ‖Zn − z‖ 2(1+ε)
ε

‖Un‖2(1+ε) + ‖z‖ 2(1+ε)
ε

‖Un − u‖2(1+ε)

≤ C‖Zn − z‖1,2‖Un‖2(1+ε) + C‖z‖1,2‖Un − u‖2(1+ε) → 0.

In other words,

CnUn → cu strongly in L2(Ω)2, (3.68)

ZnUn → zu strongly in L2(Ω)2. (3.69)

By (3.57) and (3.69),∣∣∣∣ˆ
Ω

ZnUn · ∇Cn dx−
ˆ

Ω

zu · ∇c dx

∣∣∣∣
≤
ˆ

Ω

|ZnUn − zu||∇Cn| dx+

∣∣∣∣ ˆ
Ω

zu · (∇Cn −∇c) dx

∣∣∣∣→ 0.

Hence, because divu = 0 a.e. on Ω, we have that

ˆ
Ω

ZnUn · ∇Cn dx→
ˆ

Ω

zu · ∇c dx = −
ˆ

Ω

cu · ∇z dx as n→∞.
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Additionally, by (3.19) and (3.68),∣∣∣∣ ˆ
Ω

CnUn · ∇Zn dx−
ˆ

Ω

cu · ∇z dx

∣∣∣∣
≤ ‖CnUn‖2‖Zn − z‖1,2 + ‖CnUn − cu‖2‖z‖1,2 → 0.

Altogether, we have

lim
n→∞

Bc[C
n,Un, Zn] = −

ˆ
Ω

cu · ∇z dx.

Finally, from (3.19) and (3.61), we have

ˆ
Ω

qc(C
n,∇Cn,DUn) · ∇Zn dx→

ˆ
Ω

q̄c · ∇z dx as n→∞.

By collecting the limits of the two terms, we then have that

ˆ
Ω

(q̄c · ∇z − cu · ∇z) dx = 0 ∀ z ∈ W 1,2
0 (Ω). (3.70)

We see from (3.66) and (3.70) that all that remains to be shown is the identification

of the limits:

S̄ = S(c,Du) and q̄c = qc(c,∇c,Du).

3.4.2 Compactness of DUn

Our proof of the identification of the limits begins by showing the compactness of

DUn in the sense that

lim
n→∞

ˆ
Ω

((S(Cn,DUn)− S(Cn,Du)) : (DUn −Du))
1
4 dx = 0. (3.71)

By (3.4), (3.5), (3.51), (3.62) and Hölder’s inequality, we see that

0 ≤ lim sup
n→∞

ˆ
Ω

((S(Cn,DUn)− S(Cn,Du)) : (DUn −Du))
1
4 dx = L <∞.

(3.72)

Hence, it is enough to show that L = 0. For arbitrary fixed χ > 0, define

Ωχ := {x ∈ Ω : |Du| > χ}.

Then by (3.62), we have

|Ωχ| ≤
ˆ

Ω

|Du|
χ

dx ≤ C

χ
.

68



Now we decompose the integral

ˆ
Ω

((S(Cn,DUn)− S(Cn,Du)) : (DUn −Du))
1
4 dx = A(n, χ)+B(n, χ), (3.73)

where

A(n, χ) :=

ˆ
Ωχ

((S(Cn,DUn)− S(Cn,Du)) : (DUn −Du))
1
4 dx,

B(n, χ) :=

ˆ
Ω\Ωχ

((S(Cn,DUn)− S(Cn,Du)) : (DUn −Du))
1
4 dx.

First, by (3.4), (3.51), (3.62) and Hölder’s inequality,

A(n, χ) ≤ C|Ωχ|
1
2 ≤ C
√
χ
.

Next, we introduce a matrix-truncation function Tχ : R2×2 → R2×2 as

Tχ(M ) =

{
M for |M | ≤ χ,
χ M
|M | for |M | > χ.

Since Tχ(Du) = Du on Ω\Ωχ and the integrand is positive, we can rewrite B(n, χ)

as

B(n, χ) =

ˆ
Ω\Ωχ

((S(Cn,DUn)− S(Cn, Tχ(Du))) : (DUn − Tχ(Du)))
1
4 dx

≤
ˆ

Ω

((S(Cn,DUn)− S(Cn, Tχ(Du))) : (DUn − Tχ(Du)))
1
4 dx.

Since p is a Hölder continuous function and Cn satisfies (3.58), we can apply

Theorem 3.3.13. Therefore, for any j ∈ N, we can find Un
j ∈ Vn ⊂ W 1,∞

0 (Ω)2. Let

us denote

Sn,χ := (S(Cn,DUn)− S(Cn, Tχ(Du))) : (DUn − Tχ(Du)).

Then, by Hölder’s inequality,

B(n, χ) ≤

(ˆ
{Un

j =Un}
|Sn,χ| dx

) 1
4

|Ω|
3
4 +

(ˆ
{Un

j 6=Un}
|Sn,χ|

1
2 dx

) 1
2

|{Un
j 6= Un}|

1
2

=: (Bj(n, χ))
1
4 |Ω|

3
4 + (B̃j(n, χ))

1
2 |{Un

j 6= Un}|
1
2 .

First, by (3.39), (3.46) and (3.48), we have

|{Un
j 6= Un}| = ‖χ{Un

j 6=Un}‖L1(Ω) ≤
ˆ
R2

M(DUn)

κλnj
dx ≤ C

(2j)2j
,
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and thus it follows from (3.51), (3.62) and Hölder’s inequality that

(B̃j(n, χ))
1
2 |{Un

j 6= Un}|
1
2 ≤ C

2j
.

Next, we can rewrite Bj(n, χ) as

Bj(n, χ) =

ˆ
Ω

(S(Cn,DUn)− S(Cn, Tχ(Du))) : (DUn
j − Tχ(Du)) dx (3.74)

−
ˆ
{Un

j 6=Un}
(S(Cn,DUn)− S(Cn, Tχ(Du))) : (DUn

j − Tχ(Du)) dx.

(3.75)

By (3.4), (3.40), (3.47), Hölder’s inequality and Young’s inequality, we can analyze

the second term, appearing in (3.75):∣∣∣∣ ˆ
{Un

j 6=Un}
(S(Cn,DUn)− S(Cn, Tχ(Du))) : (DUn

j − Tχ(Du)) dx

∣∣∣∣
≤
ˆ
{Un

j 6=Un}
|S(Cn,DUn) : DUn

j | dx

+ C(χ)

ˆ
{Un

j 6=Un}
(|S(Cn,DUn)|+ |DUn

j |+ 1) dx

≤ C

ˆ
{Un

j 6=Un}
|∇Un|pn(x)−1λnj dx+ C(χ)|{Un

j 6= Un}|
1
p+ +

C(χ)

2j

≤ C

(p+)′

ˆ
{Un

j 6=Un}
|∇Un|pn(x) dx+

C

p−

ˆ
{Un

j 6=Un}
|λnj |p

n(x) dx+
C(χ)

2j

≤ C(χ)

2j
.

Now, to analyze the first term (3.74) above, we have to use the weak formulation.

Here, however, we cannot use the Lipschitz truncation Un
j as a test function, as it

is not guaranteed to be discretely divergence-free. To overcome this difficulty, we

shall define discretely divergence-free approximations with zero trace with the help

of the discrete Bogovskĭı operator; more precisely, let

Ψn
j := Bn(divUn

j ),

Φn
j := Un

j −Ψn
j .

It is then clear that Φn
j has a zero trace on ∂Ω and, by construction, Φn

j ∈ Vn
div.

Moreover, from the compact embedding W 1,σ
0 (Ω) ↪→↪→ Lσ(Ω), (3.42) and Lemma

3.3.8, we have

Φn
j ⇀ U j − B(divU j) =: Φj weakly in W 1,σ

0 (Ω)2, (3.76)

Φn
j → Φj strongly in Lσ(Ω)2, (3.77)
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as n→∞, where σ ∈ (1,∞) is arbitrary. We can then rewrite (3.74) above in terms

of this approximation to obtain
ˆ

Ω

(S(Cn,DUn)− S(Cn, Tχ(Du))) : (DUn
j − Tχ(Du)) dx

=

ˆ
Ω

S(Cn,DUn) : (DΦn
j +DΨn

j ) dx

−
ˆ

Ω

S(Cn,DUn) : Tχ(Du) dx−
ˆ

Ω

S(Cn, Tχ(Du)) : (DUn
j − Tχ(Du)) dx

=: Bn,1
χ,j −B

n,2
χ,j −B

n,3
χ,j .

Now we use (3.27) with V = Φn
j ∈ Vn

div and pass to the limit with (3.56), (3.60),

and (3.76); thus we have, by (3.67), that

lim
n→∞

ˆ
Ω

S(Cn,DUn) : DΦn
j dx = − lim

n→∞
Bu[U

n,Un,Φn
j ] + lim

n→∞
〈f ,Φn

j 〉

=

ˆ
Ω

(u⊗ u) : ∇Φj dx+ 〈f ,Φj〉

=

ˆ
Ω

S̄ : DΦj dx.

Let us now consider the second integral in Bn,1
χ,j . Using the boundedness of

S(Cn,DUn) in Lp
′(Cn)(Ω)2×2, we can estimate it by Hölder’s inequality as follows:

ˆ
Ω

S(Cn,DUn) : DΨn
j dx ≤ C‖DΨn

j ‖pn(·) ≤ C‖Πn
divBK(divUn

j )‖1,pn(·). (3.78)

By (3.21), and Theorem 2.5.1,

‖BK(divUn
j )‖1,pn(·) ≤ C‖K(divUn

j )‖pn(·) ≤ C sup
Q∈Qn, ‖Q‖(pn)′(·)≤1

〈divUn
j Q〉.

We deduce, by Hölder’s inequality, that

〈divUn
j , Q〉 =

∑
E⊂{Un

j =Un}

〈divUn, χEQ〉+
∑

E∩{Un
j 6=Un}6=∅

〈divUn
j , χEQ〉

≤
∥∥∥divUn

j χS{Un
j
6=Un}

∥∥∥
pn(·)

∥∥∥∥∥∥
∑

E∩{Un
j 6=Un}6=∅

χEQ

∥∥∥∥∥∥
(pn)′(·)

≤
∥∥∥∇Un

j χS{Un
j
6=Un}

∥∥∥
pn(·)

∥∥∥∥∥∥
∑

E∩{Un
j 6=Un}6=∅

χEQ

∥∥∥∥∥∥
(pn)′(·)

,

where χS{Un
j
6=Un} is the characteristic function of the set

S{Un
j 6=Un} :=

⋃{
SE : E ∈ Gn such that E ∩ {Un

j 6= Un} 6= ∅
}
.
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Then, by Lemma 3.3.12 and (3.47),∥∥∥∇Un
j χS{Un

j
6=Un}

∥∥∥
pn(·)
≤ C

2j/p+ .

Also, by Theorem 2.4.10,∥∥∥∥∥∥
∑

E∩{Un
j 6=Un}6=∅

χEQ

∥∥∥∥∥∥
(pn)′(·)

≤ C

∥∥∥∥∥∥
∑

E∩{Un
j 6=Un}6=∅

χE
‖χEQ‖(pn)′(·)

‖χE‖(pn)′(·)

∥∥∥∥∥∥
(pn)′(·)

≤ C

∥∥∥∥∥∑
E∈Gn

χE
‖χEQ‖(pn)′(·)

‖χE‖(pn)′(·)

∥∥∥∥∥
(pn)′(·)

≤ C

∥∥∥∥∥∑
E∈Gn

χEQ

∥∥∥∥∥
(pn)′(·)

≤ C‖Q‖(pn)′(·).

Therefore, we have

‖BK(divUn
j )‖1,pn(·) ≤

C

2j/p+ ,

which implies, together with Proposition 3.3.2, that

‖Πn
divBK(divUn

j )‖1,pn(·) ≤
(

C

2j/p+ + C max
E∈Gn

hd+1
E

)γ
(3.79)

for some γ = γ(p−, p+) > 0.

Now, note further that by weak lower-semicontinuity and boundedness of S̄ in

Lp
′(c),ˆ

Ω

S̄ : DB(divU j) dx ≤ C‖B(divU j)‖1,p(c)

≤ C lim sup
n→∞

‖Bn(divUn
j )‖1,pn(·) ≤

(
C

2j/p+

)γ
. (3.80)

For the last two integrals Bn,2
χ,j and Bn,3

χ,j , we use (3.42), (3.58), (3.60) and the bound-

edness of the truncation Tχ to get

lim
n→∞

(
Bn,2
χ,j +Bn,3

χ,j

)
=

ˆ
Ω

S̄ : Tχ(Du) dx+

ˆ
Ω

S(c, Tχ(Du)) : (DU j − Tχ(Du)) dx.

Altogether, we have

lim
n→∞

(
Bn,1
χ,j −B

n,2
χ,j −B

n,3
χ,j

)
≤
ˆ

Ω

S̄ : DΦj dx+

(
C

2j/p+

)γ
− lim

n→∞

(
Bn,2
χ,j +Bn,3

χ,j

)
=

ˆ
Ω

S̄ : DU j dx−
ˆ

Ω

S̄ : DB(divU j) dx+

(
C

2j/p+

)γ
− lim

n→∞

(
Bn,2
χ,j +Bn,3

χ,j

)
≤
ˆ

Ω

(S̄ − S(c, Tχ(Du))) : (DU j − Tχ(Du)) dx+

(
C

2j/p+

)γ
.
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Going back to (3.73), we finally let χ, j →∞ and n→∞, and estimate

lim
χ→∞

lim
j→∞

lim
n→∞

(A(n, χ) +B(n, χ))

≤ lim
χ→∞

lim
j→∞

lim
n→∞

(
C

(
Bn,1
χ,j −B

n,2
χ,j −B

n,3
χ,j +

C(χ)

2j

) 1
4

|Ω|
3
4 +

C
√
χ

+
C

2j

)

≤ lim
χ→∞

C

((ˆ
Ω

(S̄ − S(c, Tχ(Du))) : (Du− Tχ(Du)) dx

) 1
4

+
C
√
χ

)
= 0,

where we have used (3.45) for j →∞ and the pointwise convergence of Tχ(Du)→

Du on Ω with the dominated convergence theorem for χ → ∞. We have thereby

completed the proof of the desired compactness of the sequence {DUn}∞n=1 in the

sense that (3.71) holds.

3.4.3 Identification of S̄ = S(c,Du) and q̄c = qc(c,∇c,Du)

In the previous section we showed that

lim
n→∞

ˆ
Ω

((S(Cn,DUn)− S(Cn,Du)) : (DUn −Du))
1
4 dx = 0. (3.81)

Since the integrand is nonnegative, (3.81) also holds for a set Qγ ⊂ Ω where

Qγ := {x ∈ Ω : |Du| ≤ γ},

with an arbitrarily fixed constant γ > 0. From the sequence of integrands of (3.81),

we can extract a subsequence (again not relabelled), which converges to zero almost

everywhere in Qγ. Then, by Egoroff’s theorem, for arbitrary ε > 0, we can find a

set Qε
γ ⊂ Ω such that |Qγ \ Qε

γ| < ε, where the sequence of integrands converges

uniformly. It is obvious that, thanks to the choice of Qε
γ, we have

lim
γ→∞

lim
ε→0
|Ω \Qε

γ| = 0,

and furthermore, from the uniform convergence, we have

lim
n→∞

ˆ
Qεγ

(S(Cn,DUn)− S(Cn,Du)) : (DUn −Du) dx = 0. (3.82)

Thanks to the boundedness of Du on Qε
γ, by the dominated convergence theorem,

we have S(Cn,Du) → S(c,Du) strongly in Lq(Ω)2×2 for any q ∈ [1,∞). Thus,
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together with the above Lq-convergence and weak convergence (3.55), from (3.82),

we have

lim
n→∞

ˆ
Qεγ

S(Cn,DUn) : (DUn −Du) dx = 0.

Hence, by the boundedness of Du on Qε
γ and the convergence result (3.59), we have

lim
n→∞

ˆ
Qεγ

S(Cn,DUn) : DUn dx =

ˆ
Qεγ

S̄ : Du dx. (3.83)

Now, let B ∈ L∞(Qε
γ)

2×2 be arbitrarily fixed. By the monotonicity assumption

(3.5),

0 ≤
ˆ
Qεγ

(S(Cn,DUn)− S(Cn,B)) : (DUn −B) dx. (3.84)

Thus, from (3.83), the Lq-convergence of S(Cn,B) → S(c,B) and the weak con-

vergence (3.55), we have

0 ≤ lim
n→∞

ˆ
Qεγ

(S(Cn,DUn)− S(Cn,B)) : (DUn −B) dx

=

ˆ
Qεγ

S̄ : (Du−B) dx−
ˆ
Qεγ

S(c,B) : (Du−B) dx

=

ˆ
Qεγ

(S̄ − S(c,B)) : (Du−B) dx.

Now we use Minty’s trick. First, choose B = Du ± λA(x) with λ > 0 and A ∈

L∞(Qε
γ)

2×2. Then, passing to the limit λ→ 0, the continuity of S gives us
ˆ
Qεγ

(S̄ − S(c,Du)) : A(x) dx = 0.

Therefore, we have

S̄ = S(c,Du) a.e. on Qε
γ.

So now we let ε→ 0 and then γ →∞ to conclude that

S̄ = S(c,Du) a.e. on Ω.

Finally, since S is strictly monotonic and Cn → c in C0,α̃(Ω), from (3.81) we

have

DUn →Du a.e. on Ω. (3.85)

As a continuous linear operator preserves weak convergence, by the dominated con-

vergence theorem with (3.57), (3.58) and (3.85), we deduce that

qc(C
n,∇Cn,DUn) ⇀ qc(c,∇c,Du) weakly in L2(Ω)2.
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Therefore, by the uniqueness of the weak limit, we can identify

q̄c = qc(c,∇c,Du),

thus completing the proof of the convergence of the finite element method under

consideration to a weak solution of the problem.

3.5 Proof of Theorem 3.4.1 using monotone op-

erator theory

As mentioned in Section 3.1, here we present the proof of the main theorem by using

monotone operator theory. If p− ≥ 3
2
, we can test with u in (3.67). Indeed,ˆ

Ω

(u⊗ u) : ∇u dx ≤ ‖u‖2
2(p−)′‖u‖1,p− ≤ C‖u‖2

2p−
2−p−
‖u‖1,p− ≤ C,

and hence, u is an admissible test function. Then by (3.27) and (3.67), we have

lim
n→∞

ˆ
Ω

S(Cn,DUn) : DUn dx = lim
n→∞
〈f ,Un〉 = 〈f ,u〉 =

ˆ
Ω

S̄ : Du dx.

Next, by (3.58) and the dominated convergence theorem, we have for arbitrary

φ ∈ C∞0,div(Ω)2 that

S(Cn,Dφ)→ S(c,Dφ) strongly in Lq(Ω)2×2 for all q ∈ (1,∞). (3.86)

Then, by the monotonicity (3.5), we deduce for any φ ∈ C∞0,div(Ω)2 that

0 ≤ lim sup
n→∞

ˆ
Ω

(S(Cn,DUn)− S(Cn,Dφ)) : (DUn −Dφ) dx

≤
ˆ

Ω

(
S̄ : Du− S̄ : Dφ− S(c,Dφ) : Du+ S(c,Dφ) : Dφ

)
dx

=

ˆ
Ω

(
S̄ − S(c,Dφ)

)
: (Du−Dφ) dx.

Now, the density of smooth functions and Minty’s trick with φ = u ± λv where

v ∈ C∞0,div(Ω)2 gives the desired identification S̄ = S(c,Du).

Next, we shall show the almost everywhere convergence of DUn to Du. Let

B ∈ R2×2 be a bounded symmetric function. Then with the same argument as

above and the fact S̄ = S(c,Du), we obtain that

0 ≤ lim sup
n→∞

ˆ
Ω

(S(Cn,DUn)− S(Cn,B)) : (DUn −B) dx

≤
ˆ

Ω

(S(c,Du)− S(c,B)) : (Du−B) dx.
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We set B = Duχ{|Du|<λ} for λ > 0 and let 0 < k < λ. Then we have

lim sup
n→∞

ˆ
{|Du|<k}

(S(Cn,DUn)− S(Cn,Du)) : (DUn −Du) dx

= lim sup
n→∞

ˆ
{|Du|<k}

(S(Cn,DUn)− S(Cn,B)) : (DUn −B) dx

≤ lim sup
n→∞

ˆ
Ω

(S(Cn,DUn)− S(Cn,B)) : (DUn −B) dx

=

ˆ
Ω

(S(c,Du)− S(c,B)) : (Du−B) dx

=

ˆ
{|Du|>λ}

(S(c,Du)− S(c,B)) : (Du−B) dx.

As the first integral is independent of λ > 0, passing λ to ∞ gives us that

lim sup
n→∞

ˆ
{|Du|<k}

(S(Cn,DUn)− S(Cn,Du)) : (DUn −Du) dx = 0.

Since Cn converges to c uniformly and S is strictly monotone, the only way the above

can be true is that DUn tends to Du almost everywhere in the set {|Du| < k}. If

we pass k to ∞, we finally have

DUn →Du a.e. in Ω. (3.87)

Now by the dominated convergence theorem,

K(Cn, |DUn|)→K(c, |Du|) strongly in Lq(Ω) for all q ∈ (1,∞).

Then we obtain that

qc(C
n,∇Cn,DUn) ⇀ qc(c,∇c,Du) weakly in L2(Ω)2.

Therefore, by the uniqueness of the weak limit, we have

q̄c = qc(c,∇c,Du),

which completes the proof of Theorem 3.4.1.

Our aim in the next chapter is to develop a modification of the numerical algo-

rithm considered here in the two-dimensional setting which can be shown to converge

to a weak solution in three space dimensions
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Chapter 4

Finite element approximation of
the stationary model in 3D

4.1 Brief description of the chapter

In the previous chapter, the convergence of a finite element approximation to the

system (3.1)–(3.3) was shown in two space dimensions, using a discrete De Giorgi

regularity result. Because of the absence of an analogous discrete De Giorgi regu-

larity result in three space dimensions, the analysis in Chapter 3 was restricted to

the case of two space dimensions. The aim of this chapter is to extend the analysis

developed in Chapter 3 to the physically relevant case of three space dimensions.

To this end, we exploit a more complicated limiting process here than in Chapter

3, so as to avoid reliance on a discrete De Giorgi regularity result. In particular,

we consider different meshes for the generalized Navier–Stokes system and the con-

centration equation, resulting in a two-level Galerkin approximation. This enables

us to decouple the passage to the limit in the finite element approximation of the

concentration equation from the passage to the limit in the finite element approxi-

mation of the generalized Navier–Stokes system, and we thus completely circumvent

the need for a discrete De Giorgi estimate.

As a first step, in Section 4.2, we define a suitable regularized problem, which

enables us to enlarge the range of the power-law index so as to cover the practically

relevant range of values of this index. In Sections 4.3 and 4.4, we construct a finite

element approximation to the regularized problem and perform a convergence anal-

ysis of the numerical method. Finally, in Section 4.5, we prove that weak solutions

of the regularized problem converge to a weak solution of the original problem. The

77



content of this chapter is based on the journal paper [58].

4.2 Regularization of the problem

Before constructing the approximation of Problem (Q) stated in the previous

chapter, we shall formulate a regularized problem; it will then be the regularized

problem that will be approximated by a finite element method. We shall show

that the sequence of finite element approximations converges to a weak solution

of the regularized problem, and that solutions of the regularized problem, in turn,

converge to a weak solution of Problem (Q). The reason for proceeding in this

way is that direct approximation of Problem (Q), which bypasses the use of the

regularized problem, necessitates the imposition of an unnaturally strong condition

on the variable exponent p in the convergence analysis of the finite element method.

More precisely, if no regularization were used, then the condition p− > 2 would

need to be assumed in order to be able to apply Theorem 4.4.1, which would be an

overly restrictive hypothesis as it would exclude even the case of a Newtonian fluid,

corresponding to p being identically equal to 2. The procedure that we describe

below does not suffer from this shortcoming and also allows us to perform the finite

element analysis with 3d
d+2

> p− > d
2

which is physically relevant as described in

Section 3.1.

As discussed above, we shall utilize the following regularized problem, involving

the regularization parameter k ∈ N. We choose a sufficiently large t > 2, so that

p− > 3
2
> t

t−2
. We then seek a weak solution (u, π, c) := (uk, πk, ck) to

divu = 0 in Ω, (4.1)

div (u⊗ u)− divS(c,Du) +
1

k
|u|t−2u = −∇π + f in Ω, (4.2)

div (cu)− div qc(c,∇c,Du) = 0 in Ω, (4.3)

Note that we have added a new regularizing term 1
k
|u|t−2u in (4.2) for sufficiently

large t > 0. We consider the following weak formulation for the regularized problem.

Problem (Q*). For f ∈ (W 1,p−

0 (Ω)3)∗, cd ∈ W 1,s(Ω), s > 3, and a Hölder

continuous function p, with 1 < p− ≤ p(ξ) ≤ p+ < ∞ for all ξ ∈ R≥0, and

p− > 3
2
> t

t−2
, t > 2, find (c−cd) := (ck−cd) ∈ W 1,2

0 (Ω)∩C0,α(Ω), for some α ∈ (0, 1),
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u := uk ∈ W
1,p(ck)
0 (Ω)3, π := πk ∈ L

p′(ck)
0 (Ω) such that for all ψ ∈ W 1,∞

0 (Ω)3,

q ∈ Lp
′(c)

0 (Ω) and ϕ ∈ W 1,2
0 (Ω),

ˆ
Ω

(
S(c,Du) : ∇ψ − (u⊗ u) : ∇ψ +

1

k
|u|t−2u ·ψ

)
dx− 〈divψ, π〉 = 〈f ,ψ〉,

(4.4)ˆ
Ω

q divu dx = 0, (4.5)
ˆ

Ω

(qc(c,∇c,Du) · ∇ϕ− cu · ∇ϕ) dx = 0. (4.6)

By using Proposition 2.5.3, we can restate Problem (Q*) in the following

(equivalent) divergence-free setting.

Problem (P*). For f ∈ (W 1,p−

0 (Ω)3)∗, cd ∈ W 1,s(Ω), s > 3, and a Hölder

continuous function p, with 1 < p− ≤ p(ξ) ≤ p+ <∞ for all ξ ∈ R≥0, and p− > 3
2
>

t
t−2

, t > 2, find (c − cd) := (ck − cd) ∈ C0,α(Ω) ∩W 1,2
0 (Ω), u := uk ∈ W 1,p(ck)

0,div (Ω)3,

such that for all ψ ∈ W 1,∞
0,div(Ω)3 and ϕ ∈ W 1,2

0 (Ω),

ˆ
Ω

(
S(c,Du) : ∇ψ − (u⊗ u) : ∇ψ +

1

k
|u|t−2u ·ψ

)
dx = 〈f ,ψ〉, (4.7)

ˆ
Ω

(qc(c,∇c,Du) · ∇ϕ− cu · ∇ϕ) dx = 0. (4.8)

We shall formulate the finite element approximation of the regularized problem

Problem (Q*) in a three-dimensional domain; the convergence analysis of the

method is presented in Section 4.3 and Section 4.4. In Section 4.5, we will prove

that a sequence of weak solution triples {(uk, πk, ck)}∞k=1 of the regularized problem

converges to a weak solution triple (u, π, c) of Problem (Q). The latter result is

recorded in our next theorem. As will become clear from the subsequent analysis,

the condition p− > 3
2
> t

t−2
is necessary in order for us to be able to obtain a uniform

bound on the sequence of approximate pressures (i.e., to prove (4.39)) and to apply

Theorem 4.4.1 in the final step in our passage to the limit (i.e., to prove (4.71)).

Theorem 4.2.1. Suppose that Ω ⊂ R3 is a polyhedral domain and cd ∈ W 1,s(Ω)

for some s > 3. Let us further assume that p : R≥0 → R≥0 is a bounded Hölder

continuous function with p− > 3
2
> t

t−2
, t > 2, and suppose that f ∈ (W 1,p−

0 (Ω)3)∗.

Let (uk, πk, ck) be a weak solution of the regularized problem (4.1)–(4.3). Then, as

k → ∞, (a subsequence, not indicated, of) the sequence {(uk, πk, ck)}∞k=1 converges
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to (u, π, c) in the following sense:

uk ⇀ u weakly in W 1,p−

0,div(Ω)3,

ck ⇀ c weakly in W 1,2(Ω),

ck → c strongly in C0,α(Ω) for some α ∈ (0, 1),

πk ⇀ π weakly in Lj
′
(Ω) ∀ j > max{p+, 2}.

Furthermore, (u, π, c) is a weak solution of the problem Problem (Q) stated in

Chapter 3.

4.3 Finite element approximation

4.3.1 Finite element spaces

As discussed before, we shall consider different meshes for the momentum equation

and the convection-diffusion equation. For the velocity and pressure, we will use

the same spaces Vn(Gn) and Qn(Gn) for each n ∈ N, introduced in Chapter 3. In

other words, {Gn} is a family of shape-regular partitions of Ω, Vn(Gn) is a finite-

dimensional subspace of W 1,∞
0 (Ω)3 spanned by a finite number of continuous, locally

supported basis functions, and Qn(Gn) is a finite-dimensional subspace of L∞(Ω)

spanned by a finite number of discontinuous piecewise polynomials. We shall also

use the same notation as in Chapter 3,

Vn
div = {V ∈ Vn : 〈divV , Q〉 = 0 ∀Q ∈ Qn} and Qn

0 = {Q ∈ Qn :

ˆ
Ω

Q dx = 0},

and we further assume the approximability of Vn and Qn (Assumption 1), the

existence of a divergence-preserving, locallyW 1,1-stable projection operator Πn
div into

Vn (Assumption 2) and the existence of a locally L1-stable projection operator

Πn
Q into Qn (Assumption 3). As mentioned before, there exist finite element

pairs (Vn,Qn) satisfying all the assumptions above: for example, the conforming

Crouzeix–Raviart Stokes element. See Chapter 3 for more details.

For the concentration, we introduce another mesh and adopt a different dis-

cretization with a new discritization parameter m ∈ N. As a first step, we define

a new triangulation of the domain for the concentration. Let {Hm} be a family of

shape-regular partitions of Ω such that the following properties hold:
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• Affine equivalence: For each element E ∈ Hm, there exists an invertible

affine mapping

F̄ E : E → Ê,

where Ê is the standard reference 3-simplex in R3.

• Shape-regularity: For any element E ∈ Hm, the ratio of diam(E) to the

radius of the inscribed ball is bounded below uniformly by a positive constant,

with respect to all Hm and m ∈ N.

For given partition Hm, the finite element space for the concentration is defined

by

Zm = Z(Hm) := {Z ∈ C(Ω) : Z|E ◦ F̄
−1
E ∈ P̂Z, E ∈ Hm and Z|∂Ω = 0},

where P̂Z ⊂ W 1,∞(Ê) are finite-dimensional linear subspaces.

We assume that Zm have finite and locally supported bases; for example, for

each m ∈ N, there exists an Nm ∈ N such that

Zm = span{Zm
1 , . . . , Z

m
Nm},

and for each basis function Zm
j , we have that if there exists an E ∈ Hm, with Zm

j 6= 0

on E, then

suppZm
j ⊂

⋃
{E ′ ∈ Hm : E ′ ∩ E 6= ∅} =: TE.

Using the assumed shape-regularity we can easily verify that

∃Y ∈ N : |TE| ≤ Y |E| for all E ∈ Hm,

where Y is independent of m. We denote by hE the diameter of E ∈ Hm.

Throughout this chapter, we assume that the finite element spaces introduced

above have the following minimal approximation property.

Assumption 1* (Approximability) For all s ∈ [1,∞),

inf
Z∈Zm

‖z − Z‖1,s → 0 ∀ z ∈ W 1,s
0 (Ω) as m→∞.

For this, a necessary condition is that the maximal mesh size vanishes, i.e., that

maxE∈Hm hE → 0 as m→∞.
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Assumption 2* (Existence of a projection operator Πm
Z ) For each m ∈ N, there

exists a linear projection operator Πm
Z : W 1,1

0 (Ω)→ Zm such that

 
E

(|Πm
Z z|+ hE|∇Πm

Z z|) dx ≤ c1

 
TE

(|z|+ hE|∇z|) dx

for all z ∈ W 1,1
0 (Ω) and for all E ∈ Hm where c1 does not depend on m.

Similarly as before, the projection operator Πm
Z is globally W 1,s-stable for s ∈

[1,∞], and thus, by approximability,

‖Πm
Z z − z‖1,s → 0 as m→∞, for all z ∈ W 1,s

0 (Ω) and all s ∈ [1,∞). (4.9)

Finally, we state a discrete inf-sup condition, which holds in our finite element

setting. It is a direct consequence of (2.4) and the existence of Πn
div; see [9] for

further details.

Proposition 4.3.1. For s, s′ ∈ (1,∞) satisfying 1
s

+ 1
s′

= 1, there exists a positive

constant βs > 0, which is independent of n, such that

βs‖Q‖s′ ≤ sup
06=V ∈Vn

〈divV , Q〉
‖v‖1,s

∀Q ∈ Qn
0 and ∀n ∈ N.

4.3.2 The finite element approximation

In this subsection, we shall construct the finite element approximation of the problem

(4.1)–(4.3). Similarly as we did in the previous chapter, we shall use the modified

convective term to ensure that the skew-symmetry is preserved under discretization;

Bu[v,w,h] :=
1

2

ˆ
Ω

((v ⊗ h) : ∇w − (v ⊗w) : ∇h) dx,

Bc[b,v, z] :=
1

2

ˆ
Ω

(zv · ∇b− bv · ∇z) dx,

for all v,w,h ∈ W 1,∞
0 (Ω)3, b, z ∈ W 1,∞(Ω). As before, these trilinear forms then

coincide with the corresponding trilinear forms appearing in the weak formulations

of the momentum equation and the concentration equation, provided that we are

considering pointwise divergence-free velocity fields. Furthermore, thanks to their

skew-symmetry, these two trilinear forms now also vanish for discretely divergence-

free functions when w = h and b = z, respectively.
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Moreover, the trilinear form Bu[·, ·, ·] is bounded in the following sense. If

v,w,h ∈ W 1,∞
0 (Ω)3, then, by Hölder’s inequality,

ˆ
Ω

(v ⊗w) : ∇h dx ≤ ‖v‖2(p−)′‖w‖2(p−)′‖h‖1,p−

and ˆ
Ω

(v ⊗ h) : ∇w dx ≤ ‖v‖2(p−)′‖h‖2(p−)′‖w‖1,p− .

Therefore, we obtain the bound

|Bu[v,w,h]| ≤ ‖v‖2(p−)′‖w‖2(p−)′‖h‖1,p− + ‖v‖2(p−)′‖w‖1,p−‖h‖2(p−)′ . (4.10)

Now, we first fix the regularization parameter k ∈ N, and perform the finite

element convergence analysis, for a fixed k ∈ N, of the regularized problem. Recall

that we denote by n the discretization parameter associated with the velocity and

the pressure, and by m the discretization parameter for the concentration (cf. the

discussion at the beginning of Section 4.3), and will pass to the limit, first as m→∞

and then as n → ∞. Since k ∈ N is fixed throughout this section and the next

section, it will be omitted from our notation: for example, we shall write Un,m

instead ofUn,m,k, P n,m instead of P n,m,k, Cn,m instead of Cn,m,k, and (u, π, c) instead

of (uk, πk, ck) for a solution triple of the regularized problem. Having passed to the

limits m,n→∞ with k ∈ N fixed, we shall reinstate the index k in our notation at

the start of Section 4.5 in preparation for the final passage to the limit k →∞ with

the regularization parameter.

For each n,m ∈ N, we call a triple (Un,m, P n,m, Cn,m) ∈ Vn × Qn
0 × (Zm + cd)

a discrete solution to the Galerkin approximation if it satisfies, for all V ∈ Vn,

Q ∈ Qn and Z ∈ Zm,

ˆ
Ω

(
S(Cn,m,DUn,m) : DV +

1

k
|Un,m|t−2Un,m · V

)
dx+Bu[U

n,m,Un,m,V ]

−〈divV , P n,m〉 = 〈f ,V 〉, (4.11)ˆ
Ω

Q divUn,m dx = 0, (4.12)
ˆ

Ω

qc(C
n,m,∇Cn,m,DUn,m) · ∇Z dx+Bc[C

n,m,Un,m, Z] = 0, (4.13)

where cd ∈ W 1,s(Ω) with s > 3 and f ∈ (W 1,p−

0 (Ω)3)∗.
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If we restrict the test functions V to Vn
div, then the above problem is transformed

to the following: find (Un,m, Cn,m) ∈ Vn
div × (Zm + cd) such that, for all V ∈ Vn

div

and Z ∈ Zm,

ˆ
Ω

(
S(Cn,m,DUn,m) : DV +

1

k
|Un,m|t−2Un,m · V

)
dx+Bu[U

n,m,Un,m,V ]

= 〈f ,V 〉, (4.14)ˆ
Ω

qc(C
n,m,∇Cn,m,DUn,m) · ∇Z dx+Bc[C

n,m,Un,m, Z] = 0. (4.15)

If 3
2
< p−, the existence of the discrete solution pair (Un,m, Cn,m) ∈ Vn

div× (Zm+

cd) follows from a fixed point argument combined with an iteration scheme as in

Chapter 3. However, since we have an additional regularization term here and the

proof is slightly different from the one presented in the previous chapter, let us briefly

summarize the proof of the existence of the pair (Un,m, Cn,m) ∈ Vn
div×(Zm+cd). Let

{wi}Nni=1 be a basis of Vn
div ⊂ W 1,∞

0 (Ω)3 such that
´

Ω
wi ·wj dx = δij and let {zj}Nmj=1

be a basis of Zm ⊂ W 1,2
0 (Ω) such that

´
Ω
zizj dx = δij. Then, for fixed n,m ∈ N, we

define the Galerkin approximations.

Un,m :=
Nn∑
i=1

αn,mi wi, Cn,m :=
Nm∑
i=1

βn,mi zi + cd,

which satisfy (4.14), (4.15).

First we define Cn,m
1 := cd ∈ Zm+cd. Then, for any ` ∈ N, we define Un,m

` ∈ Vn
div

as a solution of the following finite-dimensional problem: for all V ∈ Vn
div,

ˆ
Ω

(
S(Cn,m

` ,DUn,m
` ) : DV +

1

k
|Un,m

` |
t−2Un,m

` · V
)

dx+Bu[U
n,m
` ,Un,m

` ,V ]

= 〈f ,V 〉.

Then we define Cn,m
` ∈ Zm + cd as a solution of the finite-dimensional problem

ˆ
Ω

qc(C
n,m
` ,∇Cn,m

` ,DUn,m
`−1) · ∇Z dx+Bc[C

n,m
` ,Un,m

`−1 , Z] = 0 ∀Z ∈ Zm.

For each ` ∈ N, the existence of the functions Un,m
` ∈ Vn

div and Cn,m
` ∈ Zm + cd

is easily shown by means of Brouwer’s fixed point theorem. Furthermore, for each

n,m ∈ N, the sequences of functions {Un,m
` }∞`=1 and {Cn,m

` }∞`=1 satisfy the following

uniform bounds:

‖Un,m
` ‖1,p− + ‖Un,m

` ‖t ≤ C1, ‖∇Cn,m
` ‖2 ≤ C2,
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where C1 and C2 are positive constants, independent of `. Thus, by the Bolzano–

Weierstrass theorem, we deduce the existence of limits Un,m ∈ Vn
div and Cn,m ∈

Zm+ cd for Un,m
` and Cn,m

` , respectively, as `→∞, and these limits form a solution

pair for the Galerkin approximation (4.14), (4.15). This establishes the existence

of a solution to the Galerkin approximations (4.14), (4.15) for any fixed pair of

integers n,m ∈ N. The existence of a discrete solution triple for (4.11)–(4.13) then

follows by the discrete inf-sup condition stated in Proposition 4.3.1, and we write

P n,m =
∑Ñn

i=1 γ
n,m
i yi, where {yi}Ñni=1 is a basis of Qn

0 .

We are now ready to state and prove our main theorem in this section. It asserts

that, as n,m → ∞, the sequence of discrete solution triples converges to a weak

solution triple of the regularized problem.

Theorem 4.3.2. Suppose that Ω ⊂ R3 is a polyhedral domain and cd ∈ W 1,s(Ω)

for some s > 3. Let us assume that p : R≥0 → R≥0 is a bounded Hölder con-

tinuous function with p− > 3
2
> t

t−2
, t > 2, and let f ∈ (W 1,p−

0 (Ω)3)∗. Let

(Un,m, P n,m, Cn,m) ∈ Vn
div × Qn

0 × (Zm + cd) be a discrete solution triple defined

by the finite element approximation (4.11)–(4.13). Then, the following convergence

results hold.

• At the first level of Galerkin approximation, there exist subsequences (not re-

labelled) with respect to m such that (as m→∞),

Un,m → Un uniformly on Ω,

DUn,m →DUn uniformly on Ω,

P n,m → P n uniformly on Ω,

Cn,m ⇀ Cn weakly in W 1,2(Ω),

where Un ∈ Vn, P n ∈ Qn
0 .

• At the second level of Galerkin approximation, there exist subsequences (not

relabelled) with respect to n such that (as n→∞),

Un ⇀ u weakly in W 1,p−

0 (Ω)3,

P n ⇀ π weakly in Lj
′
(Ω) ∀ j > max{p+, 2},

Cn ⇀ c weakly in W 1,2(Ω),

Cn → c strongly in C0,α(Ω),
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where (u, π, c) = (uk, πk, ck) is a weak solution triple of the regularized problem

(4.4)–(4.6).

4.4 Proof of Theorem 4.3.2

4.4.1 The limit m→∞

First, we shall derive some uniform bounds, independent of m ∈ N, and let m

tend to infinity by using the weak compactness properties in the corresponding

reflexive spaces. For simplicity, we shall denote Sn,m := S(Cn,m,DUn,m), qn,mc :=

qc(C
n,m,∇Cn,m,DUn,m).

We test with Un,m ∈ Vn
div in (4.11); then, thanks to the skew symmetry of

Bu[·, ·, ·], we haveˆ
Ω

(
Sn,m : ∇Un,m +

1

k
|Un,m|t

)
dx =

ˆ
Ω

(
Sn,m : DUn,m +

1

k
|Un,m|t

)
dx

= 〈f ,Un,m〉.

By (3.6) and Young’s inequality, we haveˆ
Ω

(
|∇Un,m|p(Cn,m) + |Sn,m|p′(Cn,m) + |Un,m|t

)
dx ≤ C1, (4.16)

where C1 is independent of m, n and k.

Next, we test with Cn,m − cd ∈ Zm in (4.13) and deduce thatˆ
Ω

qc(C
n,m,∇Cn,m,DUn,m) · ∇(Cn,m − cd) dx = Bc[C

n,m,Un,m, cd].

By (3.7), (3.8), Hölder’s inequality and Young’s inequality,

‖∇Cn,m‖2
2 ≤

ˆ
Ω

|∇Cn,m||∇cd| dx+Bc[C
n,m,Un,m, cd]

≤ ε‖∇Cn,m‖2
2 + C(ε)‖∇cd‖2

2 +Bc[C
n,m,Un,m, cd].

Then, by Sobolev embedding,

Bc[C
n,m,Un,m, cd] =

1

2

ˆ
Ω

cdU
n,m · ∇Cn,m dx− 1

2

ˆ
Ω

Cn,mUn,m · ∇cd dx

=

ˆ
Ω

cdU
n,m · ∇Cn,m dx+

1

2

ˆ
Ω

Cn,m(divUn,m)cd dx

≤ ‖cd‖∞‖Un,m‖2‖∇Cn,m‖2 +
1

2
‖cd‖∞ ‖Cn,m‖(p−)′‖divUn,m‖p−

≤ C‖Un,m‖1,p−‖∇Cn,m‖2 + C‖Un,m‖1,p−‖∇Cn,m‖ 3p−
4p−−3

≤ C(ε)‖Un,m‖2
1,p− + ε‖∇Cn,m‖2

2.
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Hence, by (3.7) and (4.16), we have
ˆ

Ω

(
|∇Cn,m|2 + |qn,mc |2

)
dx ≤ C2, (4.17)

where C2 is independent of m, n and k.

Next, we shall derive a uniform bound on the pressure. By Proposition 4.3.1 to-

gether with (4.11), (4.10) and the equivalence of norms in finite-dimensional spaces,

we have

βp‖P n,m‖(p+)′ ≤ sup
06=V ∈Vn

〈divV , P n,m〉
‖V ‖1,p+

≤ sup
06=V ∈Vn

|
´

Ω
Sn,m : DV dx|
‖V ‖1,p+

+ C sup
06=V ∈Vn

|Bu[U
n,m,Un,m,V ]− 〈f ,V 〉|
‖V ‖1,p−

≤ C sup
06=V ∈Vn

‖Sn,m‖(p+)′‖DV ‖p+

‖V ‖1,p+

+ C(n) sup
06=V ∈Vn

‖Un,m‖2
2(p−)′‖V ‖1,p− + ‖f‖

(W 1,p−
0 (Ω)3)∗

‖V ‖1,p−

‖V ‖1,p−
,

where C and C(n) are independent of m. Therefore, by (4.16), we deduce that

‖P n,m‖(p+)′ ≤ C(n). (4.18)

Now we are ready to let m tend to infinity. By (4.16) and (4.18) with the

equivalence of norms in finite-dimensional spaces, we have |αn,m| ≤ C1(n) and

|γn,m| ≤ C2(n), where C1(n) and C2(n) are independent of m. Then, together with

the uniform estimates (4.17), we can extract (not relabelled) subsequences such that

αn,m → αn strongly in RNn , (4.19)

γn,m → γn strongly in RÑn , (4.20)

Cn,m ⇀ Cn weakly in W 1,2(Ω). (4.21)

From (4.19), (4.20), (4.21) and compact embedding, we have

Un,m → Un uniformly on Ω, (4.22)

DUn,m →DUn uniformly on Ω, (4.23)

P n,m → P n uniformly on Ω, (4.24)

Cn,m → Cn strongly in L2(Ω). (4.25)
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By (4.19) and (4.20), note that

Un ∈ Vn and P n ∈ Qn
0 .

Finally, from (4.25), we can extract a further subsequence (not relabelled) such that

Cn,m → Cn a.e. in Ω. (4.26)

Note that since S is continuous, by (4.26) and (4.23), we have

S(Cn,m,DUn,m)→ S(Cn,DUn) a.e. in Ω.

Now, by (4.23), we have that, for sufficiently large m ∈ N,

|DUn,m| < 1 + |DUn| for a.e. x ∈ Ω.

Thus, by (3.4), we have, for sufficiently large m ∈ N,

|S(Cn,m,DUn,m)| ≤ C|DUn,m|p(Cn,m)−1 + C

≤ C(1 + |DUn|)p(Cn,m)−1 + C

≤ C(1 + |DUn|)p+−1 + C,

and C(1 + |DUn|)p+−1 + C ∈ L(p+)′(Ω), where C is independent of m. Therefore,

by the Dominated Convergence Theorem, we have

Sn,m → Sn := S(Cn,DUn) strongly in L(p+)′(Ω)3×3. (4.27)

Furthermore, by (4.26) and (4.23), together with the Dominated Convergence

Theorem,

K(Cn,m, |DUn,m|)→K(Cn, |DUn|) strongly in Lq(Ω) ∀ q ∈ (1,∞).

Therefore, together with (4.21), we have

qn,mc ⇀ qnc := qc(C
n,∇Cn,DUn) weakly in L2(Ω)3. (4.28)

Now we are ready to pass m to infinity in the Galerkin approximation (4.11)–

(4.13). First, by (4.22) and (4.23),

Bu[U
n,m,Un,m,V ]→ Bu[U

n,Un,V ] ∀V ∈ Vn,

1

k
|Un,m|t−2Un,m · V → 1

k
|Un|t−2Un · V ∀V ∈ Vn.
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Furthermore, from (4.27) and (4.24),

ˆ
Ω

Sn,m : DV dx→
ˆ

Ω

Sn : DV dx ∀V ∈ Vn,

〈divV , P n,m〉 → 〈divV , P n〉 ∀V ∈ Vn.

Therefore, we have for all V ∈ Vn,

ˆ
Ω

(
Sn : DV +

1

k
|Un|t−2Un · V

)
dx+Bu[U

n,Un,V ]− 〈divV , P n〉 = 〈f ,V 〉.

(4.29)

Moreover, from (4.12) and (4.23),

ˆ
Ω

Q divUn dx = 0 ∀Q ∈ Qn. (4.30)

Next, let us investigate the limit of the concentration equation, (4.13). We fix an

arbitrary Z ∈ W 1,2
0 (Ω) and define Zm := Πm

Z Z ∈ Zm. Thanks to (4.22) and (4.25),

‖Cn,mUn,m − CnUn‖2 ≤ ‖(Un,m −Un)Cn,m‖2 + ‖Un(Cn,m − Cn)‖2

≤ ‖Un,m −Un‖∞‖Cn,m‖2 + ‖Un‖∞‖Cn,m − Cn‖2 → 0.

Also, thanks to (4.22) and (4.9),

‖ZmUn,m − ZUn‖2 ≤ ‖(Un,m −Un)Zm‖2 + ‖Un(Zm − Z)‖2

≤ ‖Un,m −Un‖∞‖Zm‖2 + ‖Un‖∞‖Zm − Z‖2 → 0.

In other words, we have

Cn,mUn,m → CnUn strongly in L2(Ω)3, (4.31)

ZmUn,m → ZUn strongly in L2(Ω)3. (4.32)

By (4.32) and (4.21),∣∣∣∣ˆ
Ω

ZmUn,m · ∇Cn,m dx−
ˆ

Ω

ZUn · ∇Cn dx

∣∣∣∣
≤
ˆ

Ω

|ZmUn,m − ZUn||∇Cn,m| dx+

∣∣∣∣ ˆ
Ω

ZUn(∇Cn,m −∇Cn) dx

∣∣∣∣→ 0.

Moreover, from (4.31) and (4.9),∣∣∣∣ˆ
Ω

Cn,mUn,m · ∇Zm dx−
ˆ

Ω

CnUn · ∇Z dx

∣∣∣∣
≤ ‖Cn,mUn,m‖2‖Zm − Z‖1,2 + ‖Z‖1,2‖Cn,mUn,m − CnUn‖2 → 0.
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Therefore, we have

lim
m→∞

Bc[C
n,m,Un,m, Zm] = Bc[C

n,Un, Z].

Finally, from (4.28),ˆ
Ω

qn,mc · ∇Zm dx→
ˆ

Ω

qnc · ∇Z dx as m→∞.

Altogether, we haveˆ
Ω

qnc · ∇Z dx+Bc[C
n,Un, Z] = 0 ∀Z ∈ W 1,2

0 (Ω). (4.33)

4.4.2 The limit n→∞

Now we shall derive further uniform estimates, independent of n ∈ N, and let n pass

to infinity. First, we test with Un in (4.29). Then, by (4.30), we haveˆ
Ω

(
Sn : DUn +

1

k
|Un|t

)
dx = 〈f ,Un〉.

By using (3.6) and Young’s inequality, we haveˆ
Ω

(
|DUn|p(Cn) + |Sn|p′(Cn) +

1

k
|Un|t

)
dx ≤ C1, (4.34)

where C1 is independent of n and k, which leads us to

‖Un‖p
−

1,p− + ‖Sn‖(p+)′

(p+)′ +
1

k
‖Un‖tt ≤ C1, (4.35)

where C1 is independent of n and k.

Next, we test with Cn − cd in (4.33), and we obtainˆ
Ω

qnc · ∇Cn dx =

ˆ
Ω

qnc · ∇cd dx+Bc[C
n,Un, cd].

From (3.7), (3.8), Hölder’s inequality and Young’s inequality we have

‖∇Cn‖2
2 ≤ C

ˆ
Ω

|∇Cn||∇cd| dx+Bc[C
n,Un, cd]

≤ ε‖∇Cn‖2
2 + C(ε)‖∇cd‖2

2 +Bc[C
n,Un, cd].

Furthermore, by Sobolev embedding,

Bc[C
n,Un, cd] =

1

2

ˆ
Ω

cdU
n · ∇Cn dx− 1

2

ˆ
Ω

CnUn · ∇cd dx

=

ˆ
Ω

cdU
n · ∇Cn dx+

1

2

ˆ
Ω

Cn(divUn)cd dx

≤ ‖cd‖∞‖Un‖2‖∇Cn‖2 +
‖cd‖∞

2
‖Cn‖(p−)′‖divUn‖p−

≤ C‖Un‖1,p−‖∇Cn‖2 + C‖Un‖1,p−‖∇Cn‖ 3p−
4p−−3

≤ C(ε)‖Un‖2
1,p− + ε‖∇Cn‖2

2.
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Hence, from (3.7) and (4.34),

ˆ
Ω

(
|∇Cn|2 + |qnc |2

)
dx ≤ C2, (4.36)

where C2 is independent of n and k. Thus we have

‖Cn‖2
1,2 + ‖qnc ‖2

2 ≤ C2, (4.37)

where C2 is independent of n and k.

Now, we need to derive a uniform Hölder estimate for the approximate concen-

trations. As we can see from (4.33), the concentration equation is at the ‘continuous’

level (rather than at the ‘discrete’ level), so we can apply the following well-known

result due to De Giorgi and Nash [31, 70]; see also [11] for its application to the

system of partial differential equations considered here.

Theorem 4.4.1. Let Ω ⊂ Rd be a Lipschitz domain and let s > d be fixed. Suppose

that K ∈ L∞(Ω)d×d is uniformly elliptic with ellipticity constant λ > 0. Then,

there exists an α ∈ (0, 1) such that, for any F ∈ Ls(Ω)d, g ∈ L
ds
d+s (Ω) and any

cd ∈ W 1,s(Ω), there exists a unique c ∈ W 1,2(Ω) such that c−cd ∈ W 1,2
0 (Ω)∩C0,α(Ω)

and ˆ
Ω

K∇c · ∇ϕ dx =

ˆ
Ω

F · ∇ϕ dx+

ˆ
Ω

gϕ dx ∀ϕ ∈ W 1,2
0 (Ω);

furthermore, the following uniform bound holds:

‖c‖W 1,2∩C0,α ≤ C
(

Ω, λ, s, ‖K‖∞, ‖F ‖s, ‖g‖ ds
d+s
, ‖cd‖1,s

)
.

To apply the above theorem, we need uniform estimates for CnUn and ∇Cn ·Un.

Since 3
2
> t

t−2
for t > 2, by Sobolev embedding and the uniform estimates (4.34)

and (4.36), for s > 3 sufficiently close to 3,

‖CnUn‖s ≤ ‖Cn‖6‖Un‖ 6s
6−s
≤ C‖Cn‖1,2‖Un‖t ≤ C,

where C is independent of n. Also, for s > 3 sufficiently close to 3, we have

‖∇Cn ·Un‖ 3s
s+3
≤ ‖∇Cn‖2‖Un‖ 6s

6−s
≤ C‖Cn‖1,2‖Un‖t ≤ C,

where C is independent of n. Note that if we considered the original equation (3.2)

instead of the regularized problem (4.2), we would only be able to deduce that
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‖Un‖3p−/(3−p−) ≤ C, which would force us to assume the strong condition p− > 2

so as to be able to prove the above estimates.

Therefore, we can apply Theorem 4.4.1 with F = CnUn and g = ∇Cn · Un.

Hence, there exists an α1 ∈ (0, 1) such that

‖Cn‖C0,α1 (Ω) ≤ C3, (4.38)

where C3 is independent of n. Since C0,α1(Ω) ↪→↪→ C0,α̃1(Ω) for all α̃1 ∈ (0, α1), we

have by (4.38) that

Cn → c strongly in C0,α̃1(Ω),

which implies that

p ◦ Cn → p ◦ c strongly in C0,β1(Ω),

for some β1 ∈ (0, 1).

We now apply Proposition 4.3.1. For a given p+ > 0, choose j > max{p+, 2}.

Then, since p− > 3
2
, we have that W 1,j

0 (Ω)3 ↪→ L2(p−)′(Ω)3 by Sobolev embedding.

Furthermore, since t
t−2

< p−, we have that 2(p−)′ < t. Now, from (4.11) and (4.10),

we have

β‖P n‖j′ ≤ sup
0 6=V ∈Vn

〈divV , P n〉
‖V ‖1,j

≤ sup
06=V ∈Vn

|
´

Ω
Sn : DV dx+Bu[U

n,Un,V ]− 〈f ,V 〉|
‖V ‖1,j

≤ C sup
0 6=V ∈Vn

‖Sn‖(p+)′‖V ‖1,p+

‖V ‖1,p+

+ C sup
06=V ∈Vn

‖Un‖2
t‖V ‖1,p− + ‖f‖

(W 1,p−
0 (Ω)3)∗

‖V ‖1,p−

‖V ‖1,p−

+ C sup
06=V ∈Vn

‖Un‖2(p−)′‖V ‖2(p−)′‖Un‖1,p−

‖V ‖2(p−)′
,

where C is independent of n and k. Hence, by noting (4.34),

‖P n‖j′ ≤ C4, (4.39)

where C4 is independent of n.

92



Now, by (4.34)–(4.39), thanks to the reflexivity of the relevant spaces and by

compact embedding, we can extract (not relabelled) subsequences such that

Un ⇀ u weakly in W 1,p−

0 (Ω)3 ∩ Lt(Ω)3, (4.40)

Un → u strongly in Lσ(Ω)3 ∀σ ∈ [1, t), (4.41)

|Un|t−2Un ⇀ |u|t−2u weakly in L
t
t−1 (Ω)3, (4.42)

Cn ⇀ c weakly in W 1,2(Ω), (4.43)

Cn → c strongly in C0,α̃1(Ω), (4.44)

P n ⇀ π weakly in Lj
′
(Ω) ∀ j > max{p+, 2}, (4.45)

Sn ⇀ S̄ weakly in L(p+)′(Ω)3×3, (4.46)

qnc ⇀ q̄c weakly in L2(Ω)3. (4.47)

Before proceeding further, we note that these limits, together with weak lower semi-

continuity and (4.34), in conjunction with Korn’s inequality, imply that

ˆ
Ω

|∇u|p(c) + |S̄|p′(c) dx ≤ C, (4.48)

where C is independent of k; hence the limit function u is, in fact, contained in the

space W
1,p(c)
0 (Ω)3; see Chapter 3 for the details of the proof of this.

Next, we shall prove that the limit function u is pointwise divergence-free. For

an arbitrary q ∈ C∞0 (Ω), by (4.30),

0 =

ˆ
Ω

(Πn
Qq) divUn dx

=

ˆ
Ω

(Πn
Qq − q) divUn dx+

ˆ
Ω

q (divUn − divu) dx+

ˆ
Ω

q divu dx.

The first term tends to zero by (4.34), (3.18) and the second term converges to zero

by (4.40). Therefore,

ˆ
Ω

q divu dx = 0 for any q ∈ C∞0 (Ω),

which implies that divu = 0 a.e. on Ω.

Now, we shall identify the limit of the convective term Bu[·, ·, ·] as follows. For

an arbitrary v ∈ W 1,∞
0 (Ω)3, we define V n := Πn

divv ∈ Vn. Then, by (3.14), we have

V n → v strongly in W 1,σ
0 (Ω)2 for σ ∈ (1,∞). (4.49)
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By (4.41),

Un ⊗Un → u⊗ u strongly in L1+ε(Ω)3×3.

Hence, we can identify the second part of the convective term

−
ˆ

Ω

(Un ⊗Un) : ∇V n dx→ −
ˆ

Ω

(u⊗ u) : ∇v dx as n→∞.

Also, we assert that Un · V n → u · v strongly in L(p−)′(Ω). Indeed,

‖Un · V n − u · v‖(p−)′ ≤ ‖(V n − v)Un + (Un − u)v‖(p−)′

≤ ‖V n − v‖σ‖Un‖t−ε + ‖Un − u‖t−ε‖v‖σ

for some σ ∈ (1,∞). The first term tends to zero thanks to (4.49), (4.41) and the

second term tends to zero by (4.41). Therefore, since divu = 0, we have

ˆ
Ω

(Un ⊗ V n) : ∇Un dx = −
ˆ

Ω

(Un ⊗Un) : ∇V n dx+

ˆ
Ω

(divUn)Un · V n dx

→ −
ˆ

Ω

(u⊗ u) : ∇v dx as n→∞.

Altogether, we then deduce that

lim
n→∞

Bu[U
n,Un,V n] = −

ˆ
Ω

(u⊗ u) : ∇v dx. (4.50)

Now, we are ready to pass n to infinity in the momentum equation. Since Πn
div

is linear, by noting (4.29), we have

〈div v, P n〉 = 〈divV n, P n〉+ 〈div (v − V n), P n〉

=

ˆ
Ω

(
S(Cn,DUn) : DV n +

1

k
|Un|t−2Un · V n

)
dx− 〈f ,V n〉

+Bu[U
n,Un,V n] + 〈div (v − V n), P n〉

→
ˆ

Ω

(
S̄ : Dv +

1

k
|u|t−2u · v − (u⊗ u) : ∇v

)
dx− 〈f ,v〉,

where we have used (4.45), (4.46), (4.42), (4.49) and (4.50). Also, by (4.45) again,

〈div v, P n〉 → 〈div v, π〉.

Collecting all the limits gives us that, for all v ∈ W 1,∞
0 (Ω)3,

ˆ
Ω

(
S̄ : Dv +

1

k
|u|t−2u · v − (u⊗ u) : ∇v

)
dx− 〈div v, π〉 = 〈f ,v〉. (4.51)
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With the same argument as above, we also have that, for all v ∈ W 1,∞
0,div(Ω)3,

ˆ
Ω

(
S̄ : Dv +

1

k
|u|t−2u · v − (u⊗ u) : ∇v

)
dx = 〈f ,v〉. (4.52)

Note that by Proposition 2.5.3 and (4.48) we have

π ∈ Lp
′(c)

0 (Ω).

Now, let us investigate the limit of the convection-diffusion equation, (4.33). For

an arbitrary but fixed z ∈ W 1,2
0 (Ω), we define Zn := Πn

Zz ∈ Zn. Thanks to (4.41)

and (4.44),

‖CnUn − cu‖2 ≤ ‖(Cn − c)Un‖2 + ‖c(Un − u)‖2

≤ ‖Cn − c‖∞‖Un‖2 + ‖c‖∞‖Un − u‖2 → 0.

Moreover, by (4.41), (3.19) and Sobolev embedding,

‖ZnUn − zu‖2 ≤ ‖(Zn − z)Un‖2 + ‖z(Un − u)‖2

≤ ‖Zn − z‖6‖Un‖3 + ‖z‖6‖Un − u‖3

≤ C‖Zn − z‖1,2‖Un‖3 + C‖z‖1,2‖Un − u‖3 → 0.

In other words,

CnUn → cu strongly in L2(Ω)3, (4.53)

ZnUn → zu strongly in L2(Ω)3. (4.54)

From (4.43) and (4.54),∣∣∣∣ˆ
Ω

ZnUn · ∇Cn dx−
ˆ

Ω

zu · ∇c dx

∣∣∣∣
≤
ˆ

Ω

|ZnUn − zu||∇Cn| dx+

∣∣∣∣ ˆ
Ω

zu · (∇Cn −∇c) dx

∣∣∣∣→ 0.

Therefore, as divu = 0 a.e. on Ω, we obtain
ˆ

Ω

ZnUn · ∇Cn dx→
ˆ

Ω

zu · ∇c dx = −
ˆ

Ω

cu · ∇z dx as n→∞.

Moreover, by (4.53) and (3.19),∣∣∣∣ ˆ
Ω

CnUn · ∇Zn dx−
ˆ

Ω

cu · ∇z dx

∣∣∣∣
≤ ‖CnUn‖2‖Zn − z‖1,2 + ‖CnUn − cu‖2‖z‖1,2 → 0.
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Altogether, we have

lim
n→∞

Bc[C
n,Un, Zn] = −

ˆ
Ω

cu · ∇z dx.

Finally, by (4.47) and (3.19), we haveˆ
Ω

qc(C
n,∇Cn,DUn) · ∇Zn dx→

ˆ
Ω

q̄c · ∇z dx as n→∞.

By collecting all the limits, we obtain thatˆ
Ω

(q̄c · ∇z − cu · ∇z) dx = 0 ∀ z ∈ W 1,2
0 (Ω). (4.55)

As we can see from (4.51) and (4.55), what we now need to prove is the identification

of the limits:

S̄ = S(c,Du) and q̄c = qc(c,∇c,Du).

To this end, we require the following lemma which is similar to the compactness

result presented in Section 3.4.

Lemma 4.4.2. The sequences {DUn}∞n=1 and {Cn}∞n=1 satisfy the following equal-

ity:

lim
n→∞

ˆ
Ω

((S(Cn,DUn)− S(Cn,Du)) : (DUn −Du))
1
4 dx = 0. (4.56)

The proof of the lemma is similar to that in Chapter 3. We shall briefly summa-

rize the key steps of the proof as we have an additional regularizing term here and

we shall require a similar, but more involved, argument in the next section. As in

the previous chapter, we introduce the matrix-truncation function Tχ : R3×3 → R3×3

by

Tχ(M) =

{
M for |M | ≤ χ,
χ M
|M | for |M | > χ.

Then, the most important and most difficult part of the proof of (4.56) is to

show that

lim
χ→∞

lim
j→∞

lim
n→∞

ˆ
Ω

(S(Cn,DUn)− S(Cn, Tχ(Du))) : (DUn
j − Tχ(Du)) dx ≤ 0,

(4.57)

where Un
j is the discrete Lipschitz truncation of the function of Un introduced in

Theorem 3.3.13 . To show (4.57), we define the following discretely divergence-free

approximations with zero trace on ∂Ω:

Ψn
j := Bn(divUn

j ),

Φn
j := Un

j −Ψn
j .
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Here Bn is the discrete Bogovskĭı operator defined in the previous chapter. It is then

clear that Φn
j has zero trace on ∂Ω and, by construction, Φn

j ∈ Vn
div. Moreover, it

can be easily verified, by using basic properties of the discrete Lipschitz truncation

and the discrete Bogovskĭı operator, that

Φn
j ⇀ U j − B(divU j) =: Φj weakly in W 1,σ

0 (Ω)3, (4.58)

Φn
j → Φj strongly in Lσ(Ω)3, (4.59)

as n→∞, where σ ∈ (1,∞) is arbitrary. We can then rewrite (4.57) above in terms

of this approximation to obtain

ˆ
Ω

(S(Cn,DUn)− S(Cn, Tχ(Du))) : (DUn
j − Tχ(Du)) dx

=

ˆ
Ω

S(Cn,DUn) : (DΦn
j +DΨn

j ) dx

−
ˆ

Ω

S(Cn,DUn) : Tχ(Du) dx−
ˆ

Ω

S(Cn, Tχ(Du)) : (DUn
j − Tχ(Du)) dx

=: Bn,1
χ,j −B

n,2
χ,j −B

n,3
χ,j .

Now we use (4.29) with V = Φn
j ∈ Vn

div and pass to the limit; thus we have, by

(4.52), that as n goes to ∞,

ˆ
Ω

Sn : DΦn
j dx = −Bu[U

n,Un,Φn
j ] +

ˆ
Ω

1

k
|Un|t−2Un ·Φn

j dx− 〈f ,Φn
j 〉 (4.60)

→
ˆ

Ω

(
(u⊗ u) : ∇Φj −

1

k
|u|t−2u ·Φj

)
dx+ 〈f ,Φj〉 (4.61)

=

ˆ
Ω

S̄ : DΦj dx. (4.62)

Furthermore, with the help of Lipschitz truncation, we can show that

lim
n→∞

ˆ
Ω

Sn : DΨn
j dx ≤

(
C

2j/p+

)γ(p−,p+)

, (4.63)

ˆ
Ω

S̄ : DB(divU j) dx ≤
(

C

2j/p+

)γ(p−,p+)

. (4.64)

For the proofs of the above inequalities, see the arguments leading (3.78), (3.79) and

(3.80). Altogether, we have

lim
χ→∞

lim
j→∞

lim
n→∞

(
Bn,1
χ,j −B

n,2
χ,j −B

n,3
χ,j

)
≤ lim

χ→∞

ˆ
Ω

(S̄ − S(c, Tχ(Du))) : (DU j − Tχ(Du)) dx.
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The last limit is equal to zero by using the Dominated Convergence Theorem. That

completes the proof of (4.57), and thereby also of the most technical step in the

proof of the lemma.

Having shown (4.56), now we proceed with exactly same argument as in Chapter

3 to identify the limits;

S̄ = S(c,Du) and q̄c = q(c,∇c,Du).

Indeed, what we have shown here is that

S̄ = S̄
k

= S(ck,Duk) and q̄c = q̄kc = q(ck,∇ck,Duk)

for an arbitrary, but fixed k ∈ N. From now on, we reintroduce the regularizing

parameter k ∈ N, and we will pass k to ∞ in the next section.

Remark 4.4.3. Indeed, in the proof of Theorem 4.3.2, the passage to the limit n→∞

can be also done by the use of monotone operator theory without using Lipschitz

truncation. This is due to the stabilization we used here. More precisely, if t > 0

is sufficiently large, we have a higher integrability of Un and u, and hence u is

an admissible test function in (4.52). Therefore, we can apply monotone operator

theory and the use of Lipschitz truncation can be avoided. However, as mentioned

in Section 3.1, here we have used the Lipschitz truncation method as we wish to

consider more general case which can not be covered by monotone operator theory.

4.5 Proof of Theorem 4.2.1

4.5.1 Minimum and maximum principles

Having passed to the limits m,n → ∞, we shall reinstate the index k for the

regularization parameter in our notation, in preparation for passage to the limit

k →∞.

Before we proceed, let us prove minimum and maximum principles for the con-

centration. Let ϕk1 = (ck−minx∈∂Ω cd)− and ϕk2 = (ck−maxx∈∂Ω cd)+. Since ck = cd

on ∂Ω, it is clear that ϕk1, ϕ
k
2 ∈ W

1,2
0 (Ω), so we can test with ϕk1 and ϕk2 in (4.55).

Therefore, we have

−
ˆ

Ω

ukck · ∇ϕk1 dx+

ˆ
Ω

q̄c · ∇ϕk1 dx = 0, (4.65)
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−
ˆ

Ω

ukck · ∇ϕk2 dx+

ˆ
Ω

q̄c · ∇ϕk2 dx = 0. (4.66)

We first consider (4.65). From (3.8) with integration by parts we obtain
ˆ

Ω−
uk · ∇ckϕk1 dx+

ˆ
Ω−
C|∇ck|2 dx ≤ 0,

where Ω− = {x ∈ Ω : ϕk1(x) < 0}, since divuk = 0 and uk = 0 on ∂Ω. By using the

fact that ∇ck = ∇ϕk1 on Ω− and the extension of ∇ck from Ω− to the whole domain

Ω by using the negative part, we have
ˆ

Ω

uk · ∇ϕk1ϕk1 dx+

ˆ
Ω

C|∇ϕk1|2 dx ≤ 0.

Note that
ˆ

Ω

uk · ∇ϕk1ϕk1 dx =
1

2

ˆ
Ω

uk · ∇|ϕk1|2 dx = −1

2

ˆ
Ω

(divuk)|ϕk1|2 dx = 0,

and thus,

ϕk1 = (ck − min
x∈∂Ω

cd)− = constant a.e. in Ω.

In the same way, we can also show that

ϕk2 = (ck −max
x∈∂Ω

cd)+ = constant a.e. in Ω.

By combining the above results, we finally obtain that for any k ∈ N,

min
x∈∂Ω

cd ≤ ck ≤ max
x∈∂Ω

cd a.e. in Ω. (4.67)

4.5.2 The limit k →∞

First, note that by weak lower-semicontinuity of the norm-function, and (4.35),

(4.37) and (4.39), we obtain the following uniform bounds, independent of k ∈ N:

‖uk‖p
−

1,p− + ‖S(ck,Duk)‖(p+)′

(p+)′ +
1

k
‖uk‖tt ≤ C1, (4.68)

‖ck‖2
1,2 + ‖qc(ck,∇ck,Duk)‖2

2 ≤ C2, (4.69)

‖πk‖j
′

j′ ≤ C3, (4.70)

for some positive constants C1, C2 and C3, which are independent of k ∈ N.

Now, since p− > 3
2
, by the min/max principle (4.67), Sobolev embedding and

the uniform estimate (4.68), for s > 3 sufficiently close to 3, we have that

‖ckuk‖s ≤ ‖ck‖∞‖uk‖s ≤ C‖uk‖1,p− ≤ C,
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where C is independent of k ∈ N.

Therefore, we can again apply Theorem 4.4.1 with F = ckuk and g = 0. Hence,

there exists an α2 ∈ (0, 1) such that

‖ck‖C0,α2 (Ω) ≤ C4, (4.71)

for some positive constant C4 independent of k ∈ N. Since C0,α2(Ω) ↪→↪→ C0,α̃2(Ω)

for all α̃2 ∈ (0, α2), we have

ck → c strongly in C0,α̃2(Ω),

which implies that

p ◦ ck → p ◦ c strongly in C0,β2(Ω),

for some β2 ∈ (0, 1).

Therefore, by the reflexivity of the relevant spaces and compact embedding, there

exist subsequences (not relabelled) such that

uk ⇀ u weakly in W 1,p−

0,div(Ω)3, (4.72)

uk → u strongly in L2(1+ε)(Ω)3, (4.73)

ck ⇀ c weakly in W 1,2(Ω), (4.74)

ck → c strongly in C0,α̃2(Ω), (4.75)

πk ⇀ π weakly in Lj
′
(Ω) ∀ j > max{p+, 2}, (4.76)

S(ck,Duk) ⇀ Ŝ weakly in L(p+)′(Ω)3×3, (4.77)

qc(c
k,∇ck,Duk) ⇀ q̂c weakly in L2(Ω)3. (4.78)

Again, by the weak lower-semicontinuity of the norm-function, (4.48) and (4.75)

together with Korn’s inequality, we have that

ˆ
Ω

(
|∇u|p(c) + |Ŝ|p′(c)

)
dx ≤ C, (4.79)

and thus the weak solution u is in the desired space W
1,p(c)
0 (Ω)3.

Now we shall let k → ∞ in (4.51), with v ∈ W 1,∞
0 (Ω)3 chosen arbitrarily. By

(4.73),

uk ⊗ uk → u⊗ u strongly in L1+ε(Ω)3×3.
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Thus, we can identify the limit of the convective term

−
ˆ

Ω

(uk⊗uk) : ∇v dx→ −
ˆ

Ω

(u⊗u) : ∇v dx as k →∞, ∀v ∈ W 1,∞
0 (Ω)3.

Next, by (4.68), we have that

1

k
‖uk‖t−1

t → 0 as k →∞.

Therefore, we have

1

k

∣∣∣∣ˆ
Ω

|uk|t−2uk · v dx

∣∣∣∣ ≤ 1

k
‖uk‖t−1

t ‖v‖t → 0 as k →∞, ∀v ∈ W 1,∞
0 (Ω)3.

We recall from the identification asserted in the previous section that S̄ =

S(c,Du) a.e. on Ω; more precisely, with the index k reinstated in our notation,

S̄
k

= S(ck,Duk) a.e. on Ω. Hence, from (4.77) and (4.76), we obtain for all

v ∈ W 1,∞
0 (Ω)3,

〈div v, πk〉 → 〈div v, π〉 and

ˆ
Ω

S̄
k

: Dv dx→
ˆ

Ω

Ŝ : Dv dx as k →∞.

Altogether, we have

ˆ
Ω

(
Ŝ : Dv + (u⊗ u) : ∇v

)
dx− 〈div v, π〉 = 〈f ,v〉 ∀v ∈ W 1,∞

0 (Ω)3. (4.80)

Furthermore, from above, it is clear that

ˆ
Ω

(
Ŝ : Dv + (u⊗ u) : ∇v

)
dx = 〈f ,v〉 ∀v ∈ W 1,∞

0,div(Ω)3. (4.81)

Note that by Proposition 2.5.3 and (4.79) we have

π ∈ Lp
′(c)

0 (Ω).

Now, let us investigate the limit of the concentration equation (4.55). Let us

choose an arbitrary, but fixed, z ∈ W 1,2
0 (Ω). By (4.73) and (4.75),

‖ckuk−cu‖2 ≤ ‖(ck−c)uk‖2+‖c(uk−u)‖2 ≤ ‖ck−c‖∞‖uk‖2+‖c‖∞‖uk−u‖2 → 0.

In other words,

ckuk → cu strongly in L2(Ω)3.

Hence we have ˆ
Ω

ckuk · ∇z dx→
ˆ

Ω

cu · ∇z dx.
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Recalling the identification q̄c = qc(c,∇c,Du) and reinstating the index k, we have

q̄kc := qc(c
k,∇ck,Duk); hence, by (4.78), we get

ˆ
Ω

q̄kc · ∇z dx→
ˆ

Ω

q̂c · ∇z dx as k →∞.

By collecting the above limits, we deduce that

ˆ
Ω

(q̂c · ∇z − cu · ∇z) dx = 0 ∀ z ∈ W 1,2
0 (Ω). (4.82)

As a final step, we need to identify the limits:

Ŝ = S(c,Du) and q̂c = qc(c,∇c,Du).

To this end, analogously as before, we need to prove the following equality:

lim
k→∞

ˆ
Ω

((S(ck,Duk)− S(ck,Du)) : (Duk −Du))
1
4 dx = 0. (4.83)

The proof is similar to the one presented in the previous section. The only part of

the argument that we shall give here in detail is the proof of the analogue of (4.60)–

(4.62) since we now have a different weak formulation at this level. The other parts

of the proof proceed as in Chapter 3.

First we define a divergence-free approximation with zero trace as follows:

Φk
j := ukj − B(divukj ),

where B is the Bogovskĭı operator introduced in Theorem 2.5.1. Then, as before,

we have

Φk
j ⇀ uj − B(divuj) =: Φj weakly in W 1,σ

0 (Ω)3, (4.84)

Φk
j → Φj strongly in Lσ(Ω)3, (4.85)

as k →∞, where σ ∈ (1,∞) is arbitrary.

Let us further define χn,k1,j := Πn
divΦ

k
j . Then, by (3.14),

χn,k1,j → Φk
j strongly in W 1,σ

0 (Ω)3, ∀σ ∈ (1,∞).

Now, by (4.29),

ˆ
Ω

Sn : Dχn,k1,j dx = −Bu[U
n,Un,χn,k1,j ]−

ˆ
Ω

1

k
|Un|t−2Un · χn,k1,j dx+ 〈f ,χn,k1,j 〉.
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If we take n→∞ in the above equality, we have

ˆ
Ω

S(ck,Duk) : DΦk
j dx =

ˆ
Ω

(
(uk ⊗ uk) : ∇Φk

j −
1

k
|uk|t−2uk ·Φk

j

)
dx+ 〈f ,Φk

j 〉.

(4.86)

Next, we define χn,k2,j := Πn
divΦj, and then we have

χn,k2,j → Φj strongly in W 1,σ
0 (Ω)3, ∀σ ∈ (1,∞).

Again, by (4.29),

ˆ
Ω

Sn : Dχn,k2,j dx = −Bu[U
n,Un,χn,k2,j ]−

ˆ
Ω

1

k
|Un|t−2Un · χn,k2,j dx+ 〈f ,χn,k2,j 〉.

If we take n→∞, we have

ˆ
Ω

S(ck,Duk) : DΦj dx =

ˆ
Ω

(uk ⊗ uk) : ∇Φj −
1

k
|uk|t−2uk ·Φj dx+ 〈f ,Φj〉.

Subsequently, if we pass k to the infinity, we obtain

ˆ
Ω

Ŝ : D dx =

ˆ
Ω

(u⊗ u) : ∇Φj + 〈f ,Φj〉. (4.87)

Therefore, from (4.86) and (4.87), we deduce that

lim
k→∞

ˆ
Ω

S(ck,Duk) : DΦk
j dx = lim

k→∞

ˆ
Ω

(
(uk ⊗ uk) : ∇Φk

j −
1

k
|uk|t−2uk ·Φk

j

)
dx

+ lim
k→∞
〈f ,Φk

j 〉

=

ˆ
Ω

(u⊗ u) : ∇Φj dx+ 〈f ,Φj〉

=

ˆ
Ω

Ŝ : DΦj dx,

which is the desired analogue of (4.60)–(4.62) corresponding to the limit k → ∞,

and thereby the proof of (4.83) has been completed.

We can then use the same argument as the one we employed in the previous

section to identify S̄ = S̄
k

= S(ck,Duk) and q̄c = q̄kc = qc(c
k,∇ck,Duk), and thus

we can again identify Ŝ = S(c,Du), q̂c = qc(c,∇c,Du). That completes the proof

of the convergence theorem.

In this and the previous chapter, we have explored the convergence of finite

element approximations of the steady version of the model problem under consid-

eration. In the next chapter, we turn our attention to the unsteady version of the

model problem and show the existence of a weak solution.
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Chapter 5

Existence of weak solutions for the
non-stationary model

5.1 Brief description of the chapter

We have successfully completed the convergence analysis of the finite element method

for the steady problem in both two and three space dimensions. Now we move on

to the unsteady version of the problem. We are interested in developing an exis-

tence theory for the non-stationary model. In other words, we would like to know

whether weak solutions to the following system of equations exist in the domain

QT := Ω × (0, T ), where Ω ⊂ Rd with d ≥ 2 is a bounded open Lipschitz domain

and (0, T ) denotes the time interval of interest:

divu = 0 in QT , (5.1)

∂tu+ div (u⊗ u)− divS(c,Du) = −∇π + f in QT , (5.2)

∂tc+ div (cu)− div qc(c,∇c,Du) = 0 in QT , (5.3)

where u : QT → Rd, π : QT → R, c : QT → R≥0 are the velocity field, pressure

and concentration respectively. Again, f : QT → Rd represents a given density

of the bulk force, Du denotes the symmetric velocity gradient, and S(c,Du) and

qc(c,∇c,Du) are the extra stress tensor of the Cauchy stress tensor and the diffusion

flux respectively. In this setting, for given functions u0 and c0 defined in Ω, we

prescribe the following initial conditions

u(x, 0) = u0(x) and c(x, 0) = c0(x) in Ω, (5.4)

where 0 ≤ c0 ≤ c̃0 for some positive constant c̃0.
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Furthermore, we set ST := ∂Ω × (0, T ) and ΓT := ST ∪ {(x, t) : x ∈ Ω, t = 0},

and we prescribe the homogeneous boundary conditions

u(x, t) = 0 and c(x, t) = 0 on ST . (5.5)

Finally, as before, we assume again that the extra stress tensor S : R≥0 ×

Rd×d
sym → Rd×d

sym is a continuous mapping with the following non-standard growth,

strict monotonicity and coercivity: there exist positive constants C1, C2 and C3

such that

|S(ξ,B)| ≤ C1(|B|p(ξ)−1 + 1), (5.6)

(S(ξ,B1)− S(ξ,B2)) : (B1 −B2) > 0 for B1 6= B2, (5.7)

S(ξ,B) ·B ≥ C2(|B|p(ξ) + |S|p′(ξ))− C3, (5.8)

where p : R≥0 → R≥0 is a Hölder continuous function such that 1 < p− ≤ p(ξ) ≤

p+ < ∞ and p′(ξ) is defined as p(ξ)
p(ξ)−1

. Furthermore, we assume that the diffusion

flux vector qc(ξ, g,B) : R≥0 × Rd × Rd×d
sym → Rd is a continuous mapping, which is

linear with respect to g, and satisfies the following inequalities: there exist positive

constants C4 and C5 such that

|qc(ξ, g,B)| ≤ C4|g|, (5.9)

qc(ξ, g,B) · g ≥ C5|g|2. (5.10)

In this chapter, we shall develop the existence theory for the above model with

the help of a generalized Galerkin method, together with the use of monotone op-

erator theory in variable-exponent spaces and the parabolic De Giorgi–Nash–Moser

regularity theory. As a consequence, we can also obtain the existence result for a

class of unsteady electro-rheological fluid flow models as a special case, which is

completely new. This by-product will be discussed in Chapter 6. Also, we will dis-

cuss a possibility to improve our main result. The content of this chapter is based

on the paper [56].

5.2 Definition of the weak solution and the exis-

tence theorem

In this section, we introduce our main theorem together with some preliminaries

required for the precise statement of the theorem. First, we introduce some concepts
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and notations for parabolic problems. The main difference compared to previous

chapters is that we are considering both the space and time variable, so we are

working with the cylinder QT rather than with the spatial domain Ω. We shall

write z = (x, t) ∈ Rd+1, where x ∈ Rd denotes the spatial variable and t ∈ R≥0 is

the time variable. Let P be the set of all measurable functions p : QT → [1,∞];

again, we call a function p ∈ P(QT ) a variable exponent. Then we define p− := ess

infz∈QT p(z), p+ := ess supz∈QT p(z). Throughout the chapter, we only deal with the

case

1 < p− ≤ p+ <∞. (5.11)

Then we define generalized Lebesgue spaces on QT , which are equipped with the

corresponding Luxembourg norms:

Lp(·)(QT ) :=

{
u ∈ L1

loc(QT ) :

ˆ
QT

|u(x, t)|p(x,t) dx dt <∞
}
,

‖u‖Lp(·)(QT ) := inf

{
λ > 0 :

ˆ
QT

∣∣∣∣u(x, t)

λ

∣∣∣∣p(x,t) dx dt ≤ 1

}
.

Some basic inequalities also hold for variable-exponent Lebesgue spaces on QT . For

example, if p, q, s ∈ P(QT ) are such that 1
s(z)

= 1
p(z)

+ 1
q(z)

for all z ∈ QT , then for

any f ∈ Lp(·)(QT ) and g ∈ Lq(·)(QT ), we have

◦ (Hölder’s inequality) ‖fg‖Ls(·)(QT ) ≤ 2‖f‖Lp(·)(QT )‖g‖Lq(·)(QT ),

◦ (Young’s inequality)
´
QT
|fg|s(x,t) dx dt ≤

´
QT
|f |p(x,t) dx dt+

´
QT
|g|q(x,t) dx dt.

Next we define the following anisotropic Sobolev space with variable exponent:

Wp(·)(QT ) :=
{
u ∈ L1(0, T ;W 1,1

0, div(Ω)d) : |∇u| ∈ Lp(·)(QT )
}
,

‖u‖Wp(·)(QT ) := ‖u‖L2(QT ) + ‖∇u‖Lp(·)(QT ).

If we follow the argument used in Chapter 2 to prove Theorem 2.3.9, it is easy to

check that all of the above spaces are Banach spaces, and thanks to (5.11), they are

all separable and reflexive. We also define the dual space (Lp(·)(QT ))∗ = Lp
′(·)(QT )

where the dual variable exponent p′ ∈ P(QT ) is defined by 1
p(z)

+ 1
p′(z)

= 1.

Furthermore, in order to study the temporal regularity of functions, we introduce

the following parabolic spaces: for a real Banach space X,

C([0, T ];X) := {u ∈ L∞(0, T ;X) : u : [0, T ]→ X is continuous},

Cw([0, T ];X) := {u ∈ L∞(0, T ;X) : u : [0, T ]→ X is weakly continuous},
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where both spaces are equipped with the L∞(0, T ;X) norm.

Finally, we need to introduce the parabolic Hölder space, which has an important

role in our analysis. We consider the parabolic metric dp(·, ·) defined by

dp(z1, z2) := |x1 − x2|+ |t1 − t2|
1
2 ,

where z1 = (x1, t1), z2 = (x2, t2) ∈ Rd+1. We then define the parabolic Hölder space

using the above parabolic distance: for some α ∈ (0, 1),

Cα,α/2(QT ) :=

{
f ∈ C(QT ) : ∃C > 0 such that

|f(z1)− f(z2)|
dp(z1, z2)α

≤ C ∀z1, z2 ∈ QT

}
,

with the norm

‖f‖Cα,α/2(QT ) := ‖f‖L∞(QT ) + sup
z1,z2∈QT , z1 6=z2,

|f(z1)− f(z2)|
dp(z1, z2)α

.

Then, our main result concerning the existence of weak solutions is as follows.

Theorem 5.2.1. Let Ω ⊂ Rd with d ≥ 2 be a bounded open Lipschitz domain, and

assume that f ∈ L2(QT )d, u0 ∈ L2(Ω)d and c0 ∈ {f ∈ C0,α0(Ω) for some α0 ∈

(0, 1) : f = 0 on ∂Ω}. If p is a bounded Hölder continuous function with p− > d,

then there exists a weak solution pair (u, c) to the system of equations (5.1)–(5.3)

and some α ∈ (0, 1) such that

u ∈ C([0, T ];L2(Ω)d) ∩ Lp−(0, T ;W 1,p−

0, div(Ω)d) ∩Wp(c)(QT ),

c ∈ C([0, T ];L2(Ω)) ∩ L2(0, T ;W 1,2
0 (Ω)) ∩ Cα,α/2(QT ),

satisfying

ˆ
QT

S(c,Du) : Dψ dx dt =

ˆ
QT

(f ·ψ + (u⊗ u) : Dψ + u · ∂tψ) dx dt

+

ˆ
Ω

u0(x) ·ψ(x, 0) dx

for all ψ ∈ C∞0,div(Ω× [0, T ))d and

ˆ
QT

qc(c,∇c,Du) · ∇ϕ dx dt =

ˆ
QT

(c∂tϕ+ cu · ∇ϕ) dx dt+

ˆ
Ω

c0(x)ϕ(x, 0) dx

for all ϕ ∈ C∞0 (Ω× [0, T )).
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5.3 Auxiliary tools and results

In this section, we introduce the necessary technical tools, especially some results

from function space theory, that we use throughout the chapter. We begin with some

embedding theorems. The following proposition concerns the compact embedding

of parabolic Hölder spaces.

Proposition 5.3.1. Let QT ⊂ Rd+1 be such that QT is compact in Rd+1 and let

0 < α < β < 1. Then the inclusion map i : Cβ,β/2(QT ) ↪→ Cα,α/2(QT ) is compact.

Proof. We first note that QT is also compact with respect to the topology induced

by the parabolic distance dp(·, ·). Let {fn}∞n=1 be a bounded sequence in Cβ,β/2(QT ).

Then, trivially {fn}∞n=1 is a uniformly bounded and equicontinuous class of functions.

By the Arzelá–Ascoli theorem, there exists a subsequence {fn}∞n=1 (not relabelled)

such that fn → f in C(QT ) for some f ∈ Cβ,β/2(QT ).

Let gn := f−fn ∈ Cβ,β/2(QT ). Then ‖gn‖Cβ,β/2(QT ) ≤ C for some constant C > 0

and ‖gn‖C(QT ) → 0 as n→∞. To complete the proof, it suffices to show that

[gn]α := sup
z1, z2∈QT , z1 6=z2

|gn(z1)− gn(z2)|
dp(z1, z2)α

→ 0.

For arbitrarily small δ > 0,

[gn]α ≤ sup
z1 6=z2, dp(z1,z2)≤δ

|gn(z1)− gn(z2)|
dp(z1, z2)α

+ sup
dp(z1,z2)>δ

|gn(z1)− gn(z2)|
dp(z1, z2)α

≤ sup
z1 6=z2, dp(z1,z2)≤δ

|gn(z1)− gn(z2)|
dp(z1, z2)β

dp(z1, z2)β−α + sup
dp(z1,z2)>δ

|gn(z1)− gn(z2)|
dp(z1, z2)α

≤ δβ−α[gn]β + 2δ−α‖gn‖C(QT )

≤ Cδβ−α + 2δ−α‖gn‖C(QT ).

Therefore,

lim sup
n→∞

[gn]α ≤ Cδβ−α + 2δ−α lim sup
n→∞

‖gn‖C(QT ) ≤ Cδβ−α.

Since δ > 0 is arbitrary, we conclude that [gn]α → 0 as n → ∞, which completes

the proof.

Also, we will use the following parabolic version of the Sobolev embedding theo-

rem, which comes from the use of standard Sobolev embedding and an interpolation

inequality. For the proof, see Proposition 3.1 in [32].
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Proposition 5.3.2. If 1 ≤ p < ∞, there exists a constant C > 0, depending only

on d and p, such that

Lp(0, T ;W 1,p
0 (Ω)) ∩ L∞(0, T ;L2(Ω)) ↪→ L

p(d+2)
d (QT ), (5.12)

with ˆ
QT

|v|
p(d+2)
d dx dt ≤ C

(
sup

0∈(0,T )

ˆ
Ω

|v|2 dx

) p
d ˆ

QT

|∇v|p dx dt

for every v ∈ Lp(0, T ;W 1,p
0 (Ω)) ∩ L∞(0, T ;L2(Ω)).

Additionally, we introduce another important embedding theorem, which is clas-

sical in the study of time-dependent problems. See, for example, [79] or Lemma 6.3

in [51].

Lemma 5.3.3. (Aubin–Lions lemma) Let V1, V2 and V3 be reflexive, separable Ba-

nach spaces such that

V1 ↪→↪→ V2 and V2 ↪→ V3,

and let 1 < p < ∞, 1 ≤ q ≤ ∞. Then {v ∈ Lp(0, T ;V1) : ∂tv ∈ Lq(0, T ;V3)} is

compactly embedded into Lp(0, T ;V2).

We also need the following existence theorem for the system of ordinary dif-

ferential equations. Before we state the theorem, we introduce some notation in

the context of ordinary differential equations. We want to find a function C :

(t0−δ, t0 +δ)→ RN such that it solves the following ordinary differential equations:

d

dt
C(t) = G(t,C(t)), ∀t ∈ (t0 − δ, t0 + δ) (5.13)

C(t0) = C0, (5.14)

where C0 ∈ RN . Here we consider G : (t0 − δ, t0 + δ) × Bε(C0) → RN for some

ε > 0. Then we have the following existence theorem. See [82] for more details.

Theorem 5.3.4. (Carathéodory’s theorem) Suppose that G : (t0 − δ, t0 + δ) ×

Bε(C0)→ RN satisfies the following properties: if we denote G = {G1, . . . , GN},

• Gi(·,C) is measurable for all i = 1, . . . , N and for all C ∈ Bε(C0).

• Gi(t, ·) is continuous for a.e. t ∈ (t0 − δ, t0 + δ).
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• |G(t,C)| ≤ F (t) for all (t,C) ∈ (t0−δ, t0 +δ)×Bε(C0) and F (t) is integrable

on (t0 − δ, t0 + δ).

Then there exists a δ1 ∈ (0, δ) and an absolutely continuous function C : (t0−δ, t0 +

δ)→ RN such that C solves (5.13)–(5.14) for a.e. t ∈ (t0 − δ1, t0 + δ1).

Next, in order to ensure the Hölder continuity of the approximate concentrations

in the later analysis, we will use the the following result, which is mainly due to De

Giorgi, Nash and Moser; see [62] for more details.

Theorem 5.3.5. Suppose that for K ∈ Rd×d with measurable components, there

exist positive constants C1, C2 > 0 such that

‖K‖L∞(QT )d×d ≤ C1, Kb · b ≥ C2|b|2 for all b ∈ Rd a.e. in QT .

Assume further that g ∈ Lr(0, T ;Lq(Ω)d) where q and r are arbitrary constants

satisfying
2

r
+
d

q
= 1− ε,

with

q ∈
[

d

1− ε
,∞
]
, r ∈

[
2

1− ε
,∞
]

and 0 < ε < 1.

Let c ∈ L∞(0, T ;L2(Ω))∩L2(0, T ;W 1,2
0 (Ω)) with ∂tc ∈ L2(0, T ;W−1,2(Ω)) be a weak

solution of ∂tc− div (K∇c) = div g in the sense that

〈∂tc, ϕ〉+

ˆ
Ω

K∇c · ∇ϕ =

ˆ
Ω

g · ∇ϕ dx ∀ϕ ∈ W 1,2
0 (Ω).

If c|ΓT ∈ C
β,β/2(ΓT ) for some β ∈ (0, 1), then there exists an α ∈ (0, β] depending

on d, C1, C2, β, g, q and r such that

c ∈ Cα,α/2(QT ),

with

‖c‖Cα,α/2 ≤ C(d, C1, C2, β, ‖g‖r,q).
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Now we move to function space theory for variable-exponent spaces. First, we

introduce a subset P log(QT ) ⊂ P(QT ) as the class of log-Hölder continuous functions

on the cylinder QT , satisfying

|p(z1)− p(z2)| ≤ Clog(p)

− log |z1 − z2|
∀z1, z2 ∈ QT : 0 < |z1 − z2| ≤

1

2
. (5.15)

The following lemma shows that a parabolic Hölder continuous function on QT

automatically belongs to this class.

Lemma 5.3.6. Let z1, z2 ∈ QT with |z1 − z2| < 1
8
. Then, for any α ∈ (0, 1), there

exists a constant C > 0 such that

dp(z1, z2)α ≤ C

−log |z1 − z2|
.

Proof. From the definition of the parabolic distance, we have dp(z1, z2) < 1
2
. Further-

more, by an elementary calculation, we can easily verify the following inequalities:

dp(z1, z2) ≤ 2|z1 − z2|
1
2 for |z1 − z2| < 1 and xα ≤ C

−log x
for 0 < x <

1

2
.

Therefore, we have

dp(z1, z2)α ≤ 2α|z1 − z2|
α
2 ≤ C2α

−log |z1 − z2|
.

What we need here is a density result for the function space Wp(·)(QT ) defined

in Section 5.2. First, from [66], we infer the existence of a sequence {λj}∞j=1 ⊂ R

and a sequence of functions {wj}∞j=1 ⊂ W `,2
0, div(Ω)d, ` ∈ N, satisfying

• each wj is an eigenfunction associated with the eigenvalue λj in the following

sense: for all j ∈ N,

〈wj,φ〉W `,2
0

= λj

ˆ
Ω

wj · φ dx ∀φ ∈ W `,2
0,div(Ω)d,

•
´

Ω
wi ·wj dx = δij for all i, j ∈ N,

• 1 ≤ λ1 ≤ λ2 ≤ · · · and λj →∞,

• 〈 wi√
λi
,

wj√
λj
〉W `,2

0
= δij for all i, j ∈ N,

• {wj}∞j=1 is a basis of W `,2
0, div(Ω)d.
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We choose ` > 1 + d
2

so that W `,2
0,div(Ω)d ↪→ W 1,∞

0, div(Ω)d. Then we have the following

lemma, which is quoted from [5].

Lemma 5.3.7. Let p ∈ P log(QT ). For each u ∈ Wp(·)(QT ), there exists a sequence

{dj(t)}∞j=1 ⊂ C1([0, T ]), satisfying∥∥∥∥u− m∑
j=1

djwj

∥∥∥∥
Wp(·)

→ 0 as m→∞.

In fact, unlike the space used in [5], here we are dealing with the function space

of solenoidal functions. However, that does not affect the proof of the lemma as

here the basis {wj}∞j=1 consists of solenoidal functions.

5.4 Proof of the main theorem

5.4.1 Galerkin approximation

Let {wj}∞j=1 be a basis of W `,2
0,div(Ω)d, constructed in the previous section, and let

{zk}∞k=1 be a basis of W 1,2
0 (Ω) which is orthonormal in L2(Ω). We are looking for a

sequence of approximate solutions {uN,M , cN,M}∞N,M=1 of the form

uN,M =
N∑
i=1

aN,Mi wi, cN,M =
M∑
i=1

bN,Mi zi,

where aN,M = {aN,Mj }Nj=1 : (0, T ) → RN and bN,M = {bN,Mk }Mk=1 : (0, T ) → RM ,

which solve the following system of ordinary differential equations:

ˆ
Ω

∂tu
N,M ·wj dx−

ˆ
Ω

(uN,M ⊗ uN,M) : Dwj dx+

ˆ
Ω

SN,M : Dwj dx (5.16)

=

ˆ
Ω

f ·wj dx ∀j = 1, . . . , N

uN,M(·, 0) = uN,M0 = PNu0 =
N∑
j=1

aN0,jwj, (5.17)

ˆ
Ω

∂tc
N,M zk dx−

ˆ
Ω

uN,McN,M ·∇zk dx+

ˆ
Ω

qN,Mc ·∇zk dx = 0 ∀k = 1, . . .M, (5.18)
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cN,M(·, 0) = cN,M0 = PMc0 =
M∑
j=1

bM0,kzk, (5.19)

where

SN,M = S(cN,M ,DuN,M), qN,Mc = qc(c
N,M ,∇cN,M ,DuN,M),

and PN , PM denote the L2-orthogonal projections onto the finite-dimensional linear

spaces AN = span{w1, . . . ,wN}, BM = span{z1, . . . , zM} respectively.

Let us define C(t) := (aN,M1 (t), . . . , aN,MN (t), bN,M1 (t), . . . , bN,MM (t)) and we shall

write C0 := (aN0,1, . . . a
N
0,N , b

M
0,1, . . . , b

M
0,M). Then the system (5.16) and (5.18) can be

rewritten as

d

dt
C(t) = G(t,C(t)), (5.20)

C(0) = C0. (5.21)

It is easy to see that G is measurable with respect to t and is continuous with

respect to C. Moreover, it is straightforward to show that there exists an integrable

function F such that

|G(t,C(t))| ≤ F (t)

at least for all (t,C(t)) ∈ (−T, T )×D where D is (M +N)-dimensional cube with

radius R := 2 maxi |Ci
0|. Therefore, Theorem 5.3.4 then guarantees the existence of

solutions to (5.16)–(5.19) at least for a short time interval. The uniform estimates

that we will derive below enable us to extend the solution onto the whole time

interval (0, T ).

5.4.2 Uniform estimates independent of M

We first derive some uniform estimates that are independent of M . Multiplying the

jth equation in (5.16) by aN,Mj , followed by taking the sum over j = 1, . . . , N and

integrating the result over (0, t), we obtain

‖uN,M(t)‖2
2 + 2

ˆ t

0

ˆ
Ω

SN,M : DuN,M dx dτ = ‖uN,M0 ‖2
2 + 2

ˆ t

0

ˆ
Ω

f · uN,M dx dτ.

Applying (5.8) and Poincaré’s inequality and using standard duality estimates to-

gether with Young’s inequality, we conclude that

sup
t∈(0,T )

‖uN,M(t)‖2
2 +

ˆ T

0

ˆ
Ω

(
|∇uN,M |p− + |SN,M |(p+)′

)
dx dt ≤ C, (5.22)
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and hence, by Proposition 5.3.2,

‖uN,M‖
L
p−(d+2)

d (QT )
≤ C. (5.23)

Similarly, multiplying the kth equation in (5.18) by bN,Mk , taking the sum over

k = 1, . . . ,M and integrating the result over (0, t), we arrive at

‖cN,M(t)‖2
2 + 2

ˆ t

0

ˆ
Ω

qN,Mc · ∇cN,M dx dτ = ‖cN,M0 ‖2
2.

By using (5.9) and (5.10), we have

sup
t∈(0,T )

‖cN,M(t)‖2
2 +

ˆ T

0

ˆ
Ω

(
|∇cN,M |2 + |qN,Mc |2

)
dx dt ≤ C. (5.24)

Next, we also need to estimate the time derivative of aN,M . We therefore multiply

the jth equation in (5.16) by d
dt
aN,Mj , sum over j = 1, . . . , N , and integrate over time.

It is obvious that the first term becomes
´ T

0
| d
dt
aN,M |2 dt. For the convective term,

by (5.22) we have

ˆ T

0

ˆ
Ω

(uN,M ⊗ uN,M) :

(
N∑
j=1

d

dt
aN,Mj ∇wj

)
dx dt

≤
ˆ T

0

ˆ
Ω

|uN,M ⊗ uN,M |

(
N∑
j=1

∣∣∣∣ d

dt
aN,Mj

∣∣∣∣2
) 1

2
(

N∑
j=1

|∇wj|2
) 1

2

dx dt

≤
ˆ T

0

(
N∑
j=1

∣∣∣∣ d

dt
aN,Mj

∣∣∣∣2
) 1

2 ˆ
Ω

|uN,M ⊗ uN,M |

(
N∑
j=1

|∇wj|2
) 1

2

dx dt

≤

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2

ˆ T

0

ˆ
Ω

|uN,M ⊗ uN,M |

(
N∑
j=1

|∇wj|2
) 1

2

dx

2

dt


1
2

≤ C(N)

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2
(ˆ T

0

(ˆ
Ω

|uN,M ⊗ uN,M | dx
)2

dt

) 1
2

≤ C(N)

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2

sup
t∈(0,T )

‖uN,M(t)‖2
2

≤ C(N)

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2

.

For the term involving the stress tensor, note that
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ˆ T

0

ˆ
Ω

SN,M :

(
N∑
j=1

d

dt
aN,Mj ∇wj

)
dx dt

≤
ˆ T

0

ˆ
Ω

|SN,M |

(
N∑
j=1

∣∣∣∣ d

dt
aN,Mj

∣∣∣∣2
) 1

2
(

N∑
j=1

|∇wj|2
) 1

2

dx dt

≤
ˆ T

0

(
N∑
j=1

∣∣∣∣ d

dt
aN,Mj

∣∣∣∣2
) 1

2 ˆ
Ω

|SN,M |

(
N∑
j=1

|∇wj|2
) 1

2

dx dt

≤

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2

ˆ T

0

ˆ
Ω

|SN,M |

(
N∑
j=1

|∇wj|2
) 1

2

dx

2

dt


1
2

≤ C(N)

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2
(ˆ T

0

(ˆ
Ω

|SN,M | dx
)2

dt

) 1
2

.

By equivalence of norms in finite-dimensional spaces,

ˆ
Ω

|SN,M | dx ≤
ˆ

Ω

(
C1 + C2|DuN,M |p

+−1
)

dx ≤ C + C(N)‖uN,M‖p
+−1

2 .

Hence, by (5.22), we have

ˆ T

0

ˆ
Ω

SN,M :

(
N∑
j=1

d

dt
aN,Mj ∇wj

)
dx dt

≤ C(N)

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2
(ˆ T

0

(ˆ
Ω

|SN,M | dx
)2

dt

) 1
2

≤ C(N)

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2 (

C + C(N)

ˆ T

0

‖uN,M‖2(p+−1)
2 dt

) 1
2

≤ C(N)

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2
(
C + C(N) sup

t∈(0,T )

‖uN,M‖2(p+−1)
2

) 1
2

≤ C(N)

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2

.
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Finally for the external force term,

ˆ T

0

ˆ
Ω

f ·

(
N∑
j=1

d

dt
aN,Mj wj

)
dx dt

≤
ˆ T

0

ˆ
Ω

|f |

(
N∑
j=1

∣∣∣∣ d

dt
aN,Mj

∣∣∣∣2
) 1

2
(

N∑
j=1

|wj|2
) 1

2

dx dt

≤ C(N)

ˆ T

0

(
N∑
j=1

∣∣∣∣ d

dt
aN,Mj

∣∣∣∣2
) 1

2

‖f‖2 dt

≤ C(N)‖f‖L2(QT )

(ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt

) 1
2

.

Collecting all the terms above gives us the following uniform estimate, independent

of M : ˆ T

0

∣∣∣∣ d

dt
aN,M

∣∣∣∣2 dt ≤ C(N). (5.25)

As a last step, we shall derive an estimate for the time derivative of the approxi-

mate concentration. Let PM
1 be the orthogonal projection onto BM with respect to

the W 1,2
0 (Ω) inner product. Then, for any ϕ ∈ W 1,2

0 (Ω), we have from (5.18) that∣∣∣∣ˆ
Ω

∂tc
N,Mϕ dx

∣∣∣∣ =

∣∣∣∣ˆ
Ω

∂tc
N,MPM

1 ϕ dx

∣∣∣∣
≤
ˆ

Ω

|uN,McN,M ||∇PM
1 ϕ| dx+

ˆ
Ω

|qN,Mc ||∇PM
1 ϕ| dx

≤ ‖uN,McN,M‖2‖PM
1 ϕ‖1,2 + ‖qN,Mc ‖2‖PM

1 ϕ‖1,2

≤ C
(
‖uN,McN,M‖2 + ‖qN,Mc ‖2

)
‖ϕ‖1,2.

Integrating over the time interval (0, T ) together with (5.22), (5.24), Sobolev em-

bedding and norm equivalence in finite-dimensional spaces leads us to

ˆ T

0

‖∂tcN,M‖2
W−1,2(Ω) dt ≤ C

ˆ T

0

(‖uN,McN,M‖2
2 dt+ ‖qN,Mc ‖2

2) dt

≤ C

ˆ T

0

‖uN,M‖2
3‖cN,M‖2

6 dt+ C

≤ C(N)

ˆ T

0

‖uN,M‖2
2‖∇cN,M‖2

2 dt+ C

≤ C(N).

Therefore, we finally have

‖∂tcN,M‖L2(0,T ;W−1,2(Ω)) ≤ C(N). (5.26)
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5.4.3 The limit M →∞

Having shown the uniform estimates (5.22)–(5.26), we can establish some necessary

convergence results for a selected (not relabelled) subsequence, as M → ∞. First,

by (5.25),

aN,M ⇀ aN weakly in W 1,2(0, T ) and thus strongly in C([0, T ]), (5.27)

from which we obtain the following uniform convergences results:

uN,M → uN uniformly and DuN,M →DuN uniformly. (5.28)

Next, by (5.24) and (5.26),

cN,M ⇀ cN weakly in
{
z ∈ L2(0, T ;W 1,2

0 (Ω)), ∂tz ∈ L2(0, T ;W−1,2(Ω))
}
. (5.29)

Therefore by applying the Aubin–Lions lemma (Lemma 5.3.3), we deduce that

cN,M → cN strongly in L2(QT ), (5.30)

which implies, for a (relabelled) subsequence, that

cN,M → cN almost everywhere in QT . (5.31)

Next, from (5.28) and (5.31), we have that

SN,M → SN := S(cN ,DuN) almost everywhere in QT .

Also, by (5.28) again, for sufficiently large M ∈ N, we have that

|DuN,M | < 1 + |DuN | almost everywhere in QT .

Therefore, by (5.6), we have, for sufficiently large M ∈ N, that

|SN,M | ≤ C|DuN,M |p(cN,M )−1 + C

≤ C(1 + |DuN |)p(cN,M )−1 + C

≤ C(1 + |DuN |)p+−1 + C,

and hence,

‖SN,M‖L(p+)′ (QT )d×d ≤ C.
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Thus, by the dominated convergence theorem, we have

SN,M → SN strongly in L(p+)′(QT )d×d. (5.32)

Finally, concerning qN,Mc = K(cN,M , |DuN,M |)∇cN,M , by (5.31), (5.28) and the

dominated convergence theorem,

K(cN,M , |DuN,M |)→K(cN , |DuN |) strongly in L2(QT ).

Therefore, together with (5.29),

qN,Mc ⇀ qNc := qc(c
N ,∇cN ,DuN) weakly in L2(QT )d. (5.33)

The convergence results obtained above allow us to take the limit in our Galerkin

approximation. First, by using (5.27), (5.28) and (5.32) we have
ˆ

Ω

(
∂tu

N ·wj − (uN ⊗ uN) : Dwj + SN : Dwj

)
dx =

ˆ
Ω

f ·wj dx ∀j = 1, . . . , N.

(5.34)

Regarding the initial condition for the velocity, thanks to (5.27) and the fact that

aN,M(0) = aN0 for all M , if we denote limM→∞ u
N,M
0 = uN0 = PNu0, we have

uN(·, 0) = uN0 .

Next, from (5.28), (5.29), (5.33) and a density argument, we have for a.e. t ∈

(0, T ) that

〈∂tcN , ϕ〉 −
ˆ

Ω

(
uNcN · ∇ϕ− qNc · ∇ϕ

)
dx = 0 ∀ϕ ∈ W 1,2

0 (Ω). (5.35)

We shall verify the attainment of the initial condition for the concentration. First,

by (5.24) and (5.26), we have

cN ∈ C([0, T ];L2(Ω)). (5.36)

Next, we integrate (5.18) over t ∈ (0, τ), and pass M to the limit to get
ˆ

Ω

cN(τ)zk dx−
ˆ τ

0

ˆ
Ω

(
uNcN · ∇zk − qNc · ∇zk

)
dx dt =

ˆ
Ω

c0zk dx,

where we have used that ‖cN,M0 − c0‖2 = ‖PMc0 − c0‖2 → 0 as M → ∞. Since´
Ω
uNcN · ∇zk dx and

´
Ω
qNc · ∇zk dx are integrable in time, as τ → 0, we have

ˆ
Ω

cN(τ)zk dx→
ˆ

Ω

c0zk dx.
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Hence, together with (5.36), we finally obtain

lim
t→0+

‖cN(t)− c0‖2 = 0.

By (5.36) again, we deduce that

cN(0) = c0 in L2(Ω).

5.4.4 Maximum and minimum principles

Before proceeding further, we shall derive maximum and minimum principles for

the concentration by using standard arguments for parabolic problems.

We begin with the maximum principle. Let ϕ := χ[0,τ ](t) max{0, cN−c̃0} where c̃0

is the upper bound on the initial datum c0. Clearly ϕ ∈ W 1,2
0 (Ω) for a.e. t ∈ (0, T ),

so we test by ϕ in (5.35). Integrating over t ∈ (0, T ) yields

0 =

ˆ T

0

〈∂tcN , ϕ〉 dt−
ˆ T

0

ˆ
Ω

(
uNcN · ∇ϕ− qNc · ∇ϕ

)
dx dt =: I + II + III,

with an obvious numbering. We can then compute I, II and III as follows:

I =

ˆ T

0

〈∂tcN , ϕ〉 dt =

ˆ τ

0

〈∂tϕ, ϕ〉 dt =
1

2
‖ϕ(τ)‖2

2 −
1

2
‖ϕ(0)‖2

2,

II = −
ˆ T

0

ˆ
Ω

uNcN · ∇ϕ dx dt =

ˆ T

0

ˆ
Ω

uN · ∇cNϕ dx dt

=

ˆ T

0

ˆ
Ω

uN · ∇ϕϕ dx dt =
1

2

ˆ T

0

ˆ
Ω

uN · ∇ |ϕ|2 dx dt = 0,

III =

ˆ T

0

ˆ
Ω

qNc · ∇ϕ dx dt =

ˆ T

0

ˆ
Ω

K(cN , |DuN |)∇cN · ∇ϕ dx dt

=

ˆ T

0

ˆ
Ω

K(cN , |DuN |)∇ϕ · ∇ϕ dx dt ≥ 0.

Altogether, we have ‖ϕ(τ)‖2 ≤ ‖ϕ(0)‖2 = 0, which implies that

cN(x, t) ≤ c̃0 a.e. in QT . (5.37)

In the case of the minimum principle, we choose ϕ := χ[0,τ ](t) min{0, cN}, which

obviously belongs to W 1,2
0 (Ω) for a.e. t ∈ (0, T ). If we proceed as above, we obtain

that

0 ≤ cN(x, t) a.e. in QT . (5.38)

Note that since convex sets are weakly closed and the set {x ∈ R : x ≥ 0} is

convex, weak and strong limits of cN are still non-negative.
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5.4.5 Uniform estimates independent of N

Now we shall derive some uniform estimates independent of N . We first multiply

the jth equation in (5.34) by aNj , and then take the sum over j = 1, . . . , N . If we

integrate the result over (0, t), we have

‖uN(t)‖2
2 + 2

ˆ t

0

ˆ
Ω

SN : DuN dx dτ = ‖uN0 ‖2
2 + 2

ˆ t

0

ˆ
Ω

f · uN dx dτ. (5.39)

As before, a straightforward argument leads us to the following uniform estimate:

sup
t∈(0,T )

‖uN(t)‖2
2 +

ˆ T

0

ˆ
Ω

(
|∇uN |p(cN ) + |SN |p′(cN )

)
dx dt ≤ C. (5.40)

By Proposition 5.3.2, we have

‖uN‖
L
p−(d+2)

d (QT )
≤ C, (5.41)

and thus

‖uN ⊗ uN‖
L
p−(d+2)

2d (QT )
≤ C. (5.42)

Furthermore, by weak and weak−∗ lower semicontinuity of norms, we have from

(5.24) that

‖cN‖L∞(0,T ;L2(Ω)) + ‖cN‖L2(0,T ;W 1,2
0 (Ω)) + ‖qNc ‖L2(0,T ;L2(Ω)d) ≤ C. (5.43)

Now we shall derive a uniform Hölder estimate for the approximate concentra-

tions cN . Since c0 ∈ {f ∈ C0,α0(Ω) for some α0 ∈ (0, 1) : f = 0 on ∂Ω} and

cN(·, 0) = c0 a.e. in Ω for all N ∈ N, we have that for some α0 ∈ (0, 1) indepen-

dent of N ∈ N, cN(·, 0) ∈ C0,α0(Ω) after possibly being redefined on a set of measure

zero. Therefore we have cN|ΓT
∈ Cβ,β/2(ΓT ) for some β ∈ (0, 1) independent of N ∈ N.

Moreover, since p− > d, we can choose a positive integer m sufficiently close to 2+d

so that p−(d+2)
d

> m > 2 + d and

2

m
+
d

m
= 1− ε1 and m >

d

1− ε1

for some small ε1 > 0.

Next, as we see from (5.37) and (5.38) that cN is uniformly bounded. Hence we

have from (5.41) that

‖uNcN‖Lm(QT ) ≤ C‖uN‖
L
p−(d+2)

d (QT )
≤ C.
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We then apply Theorem 5.3.5 to (5.35) with m = r = q and g = uNcN . Therefore

we have the following estimate:

‖cN‖Cα1,α1/2(QT ) ≤ C, (5.44)

where α1 ∈ (0, 1) and C > 0 is independent of N .

Finally, we shall derive a uniform estimate for ∂tu
N . For simplicity, we shall

denote HN := −SN +uN ⊗uN and let q0 := min
{
p−(d+2)

2d
, (p+)′

}
> 1. Then, from

(5.40) and (5.42), we obtain

‖HN‖Lq0 (QT ) ≤ C.

Now let ψ ∈ W `,2
0,div(Ω)d and let PN

` denote the orthogonal projection into AN with

respect to the W `,2
0 (Ω)-inner product. Then, from (5.34), we have∣∣∣∣ˆ

Ω

∂tu
N ·ψ dx

∣∣∣∣ =

∣∣∣∣ˆ
Ω

∂tu
N · PN

` ψ dx

∣∣∣∣
≤
ˆ

Ω

|HN ||DPN
` ψ| dx+

ˆ
Ω

|f ||PN
` ψ| dx

≤ ‖HN‖q0‖PN
` ψ‖1,q′0

+ ‖f‖2‖PN
` ψ‖2

≤ C‖HN‖q0‖PN
` ψ‖`,2 + ‖f‖2‖PN

` ψ‖`,2

≤ C
(
‖HN‖q0 + ‖f‖2

)
‖ψ‖`,2.

Therefore we have that

ˆ T

0

‖∂tuN‖q0
W−`,2div (Ω)

dt ≤ C

ˆ T

0

‖HN‖q0q0 dt+

ˆ T

0

‖f‖q02 dt

≤ C
(
‖HN‖q0Lq0 (QT ) + ‖f‖2

L2(QT )

)
≤ C,

which means that

‖∂tuN‖Lq0 (0,T ;W−`,2div (Ω)d) ≤ C. (5.45)

5.4.6 The limit N →∞

By using the uniform estimates derived in the previous subsection, we can now pass

N to ∞. First of all, from (5.40) we have

uN ⇀ u weakly in Lp
−

(0, T ;W 1,p−

0,div(Ω)d). (5.46)
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Furthermore, from (5.40) and (5.45) together with the Aubin–Lions compactness

lemma (Lemma 5.3.3), we have uN → u strongly in L2(QT )d. Therefore, using

(5.41) with an interpolation inequality yields

uN → u strongly in Ls(QT )d ∀s ∈ [1, p−(d+ 2)/d). (5.47)

From (5.45), we also have

∂tu
N ⇀ ∂tu weakly in Lq0(0, T ;W−`,2

div (Ω)d). (5.48)

By (5.40) again, we obtain

SN ⇀ S̄ weakly in L(p+)′(QT )d×d, (5.49)

for some S̄ ∈ Rd×d.

Next, we move to the convergence of the sequence of approximate concentrations.

First, by (5.43), we have

cN ⇀ c weakly in L2(0, T ;W 1,2
0 (Ω)). (5.50)

Furthermore, from (5.44) with Proposition 5.3.1, we obtain

cN → c strongly in Cα2,α2/2(QT ) (5.51)

for some α2 ∈ (0, α1). Using (5.43) again yields

qNc ⇀ q̄c weakly in L2(QT )d (5.52)

for some q̄c ∈ Rd.

Now we are ready to pass N to ∞ in the second level of our Galerkin approx-

imations (5.34) and (5.35). First, we fix v = gwj where g ∈ C1
0([0, T )). Then, by

(5.47) and (5.49), we have

ˆ
QT

S̄ : Dv dx dt =

ˆ
QT

(f · v + (u⊗ u) : Dv + u · ∂tv) dx dt (5.53)

+

ˆ
Ω

u0(x) · v(x, 0) dx, (5.54)

where we have used

ˆ
QT

∂tu
N · v dx dt = −

ˆ
Ω

uN0 · v(x, 0) dx dt−
ˆ
QT

uN · ∂tv dx dt
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and uN0 → u0 strongly in L2(Ω)d. Since the class of all test functions which are

finite linear combinations of functions that can be factorized in space and time is

dense in the corresponding Bochner space, we have

ˆ
QT

S̄ : Dψ dx dt =

ˆ
QT

(f ·ψ + (u⊗ u) : Dψ + u · ∂tψ) dx dt (5.55)

+

ˆ
Ω

u0(x) ·ψ(x, 0) dx, (5.56)

for all ψ ∈ C∞0,div(Ω× [0, T ))d.

With the same argument, (5.35) together with (5.47), (5.51) and (5.52) implies

ˆ
QT

q̄c · ∇ϕ dx dt =

ˆ
QT

(c ∂tϕ+ cu · ∇ϕ) dx dt+

ˆ
Ω

c0(x)ϕ(x, 0) dx

for all ϕ ∈ C∞0 (Ω× [0, T )).

Finally, we shall show that the limit function u is contained in the desired solu-

tion space Wp(c)(QT ). By (5.51) and the continuity of p,

∀ε > 0, ∃N̂ ∈ N such that N ≥ N̂ implies |p(cN)− p(c)| < ε

θ
,

where θ > 1 is sufficiently large so that p(c)− θ+1
θ
ε > 1. Then we have from (5.40)

that

C ≥
ˆ
QT

|∇uN |p(cN ) dx dt ≥
ˆ
{|∇uN |≥1}

|∇uN |p(cN ) dx dt

≥
ˆ
{|∇uN |≥1}

|∇uN |p(cN )−p(c)+p(c)−ε dx dt ≥
ˆ
{|∇uN |≥1}

|∇uN |p(c)−
θ+1
θ
ε dx dt.

Thus, we obtain that

ˆ
QT

|∇uN |p(c)−
θ+1
θ
ε dx dt =

ˆ
{|∇uN |≥1}

|∇uN |p(c)−
θ+1
θ
ε dx dt

+

ˆ
{|∇uN |<1}

|∇uN |p(c)−
θ+1
θ
ε dx dt ≤ C.

We can then further extract a (not relabelled) subsequence such that

∇uN ⇀ ∇u weakly in Lp(c)−
θ+1
θ
ε(QT )d×d.

Then, weak lower-semicontinuity leads us to

ˆ
QT

|∇u|p(c)−
θ+1
θ
ε dx dt ≤ C,
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and thus Fatou’s Lemma with ε→ 0 yields

ˆ
QT

|∇u|p(c) dx dt ≤ C. (5.57)

Similarly, we can also deduce that

ˆ
QT

|S̄|p′(c) dx dt ≤ C. (5.58)

To apply monotone operator theory in the next subsection, the limit function

u should be an admissible test function in (5.55). This is where the control of the

convective term is needed, and thus the value of p− should be restricted. Let us fix

v = gw where g ∈ C1([0, T ]) and w ∈ {wj}∞j=1. Then, from (5.34), we have

ˆ
QT

∂tu
N · v dx dt =

ˆ
QT

(
(uN ⊗ uN) : ∇v − SN : ∇v + f · v

)
dx dt.

From (5.48), (5.47) and (5.49), we have

ˆ T

0

〈∂tu,v〉 =

ˆ
QT

(
(u⊗ u) : ∇v − S̄ : ∇v + f · v

)
dx dt. (5.59)

Now let φ ∈ Wp(c)(QT ). Then, by Lemma 5.3.7 and (5.59), there exists a sub-

set {φk}∞k=1 ⊂ span{gw : g ∈ C1([0, T ]) and w ∈ {wj}∞j=1} such that ‖φk −

φ‖Wp(c)(QT ) → 0 as k →∞ and

ˆ T

0

〈∂tu,φk〉 =

ˆ
QT

(
(u⊗ u) : ∇φk − S̄ : ∇φk + f · φk

)
dx dt. (5.60)

Since p− > d ≥ 3d+2
d+2

for d ≥ 2, we have from (5.41) that

‖u⊗ u‖Lp′(c)(QT ) ≤ ‖u‖
2
L2p′(c)(QT )

≤ C‖u‖2
L2(p−)′ (QT )

≤ C‖u‖2

L
p−(d+2)

d (QT )
≤ C,

and hence we can pass the first term on the right-hand of (5.60) to the limit. Also,

by (5.58), we may pass k to the limit in the second term and the convergence of the

third term is trivial. This means that the left-hand side also has a limit as k →∞.

Therefore, we obtain that

ˆ T

0

〈∂tu,φ〉 =

ˆ
QT

(
(u⊗ u) : ∇φ− S̄ : ∇φ+ f · φ

)
dx dt ∀φ ∈ Wp(c)(QT ),

(5.61)

and

∂tu ∈ (Wp(c)(QT ))∗. (5.62)
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Next, we claim that u ∈ Cw([0, T ];W−1,(p+)′(Ω)d). Since we know the fact that

sup
t∈(0,T )

‖u‖W−1,(p+)′ ≤ C sup
t∈(0,T )

‖u(t)‖2 ≤ C,

it is enough to show that
´

Ω
(u(t1) − u(t0)) · φ dx → 0 as t1 → t0 for arbitrary

φ ∈ W 1,p+
(Ω)d. Note that

ˆ
Ω

(u(t1)− u(t0)) · φ dx =

ˆ t1

t0

〈∂tu,φ〉 dt

=

ˆ t1

t0

ˆ
Ω

(
(u⊗ u) : ∇φ− S̄ : ∇φ+ f · φ

)
dx dt

≤
ˆ t1

t0

(
‖u‖2

2(p−)′ + ‖S̄‖(p+)′ + ‖f‖2

)
‖φ‖1,p+ dt

≤
(
‖u‖2

L2(p−)′ (QT )
+ ‖S̄‖L(p+)′ (QT ) + ‖f‖L2(QT )

)
× |t1 − t0|

1
p+ ‖φ‖1,p+ .

Since the last term goes to 0 as t1 → t0, we deduce that u ∈ Cw([0, T ];W−1,(p+)′(Ω)d).

From this claim together with the fact ‖u‖L∞(0,T ;L2(Ω)d) ≤ C, we further deduce that

u ∈ Cw([0, T ];L2(Ω)d). (5.63)

Now, for fixed t0 ∈ [0, T ], we have from (5.61) that

‖u(t)− u(t0)‖2
2 = ‖u(t)‖2

2 + ‖u(t0)‖2
2 − 2

ˆ
Ω

u(t) · u(t0) dx

= ‖u(t)‖2
2 − ‖u(t0)‖2

2 − 2

ˆ
Ω

(u(t)− u(t0)) · u(t0) dx

=

ˆ t

t0

ˆ
Ω

(f · u− S̄ : Du) dx dt− 2

ˆ
Ω

(u(t)− u(t0)) · u(t0) dx.

Since
´

Ω
(f · u − S̄ : Du) dx is integrable on [0, T ] and u(t0) ∈ L2(Ω)d, we can

conclude that

‖u(t)− u(t0)‖2
2 → 0 as t→ t0,

which means that

u ∈ C([0, T ];L2(Ω)d). (5.64)

We next verify the regularity for the time derivative of the approximate concen-

trations. From (5.35), we have

|〈∂t cN , ϕ〉| =
∣∣∣∣ ˆ

Ω

(uNcN · ∇ϕ− qNc · ∇ϕ) dx

∣∣∣∣ ≤ (‖uNcN‖2 + ‖qNc ‖2)‖ϕ‖1,2.
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By using (5.37), (5.38) and the fact 2d
d+2

< 3d+2
d+2
≤ p−, we obtainˆ T

0

‖∂tcN‖2
W−1,2(Ω) dt ≤ C

ˆ T

0

(‖uNcN‖2
2 dt+ ‖qNc ‖2

2) dt ≤ C

ˆ T

0

‖uN‖2
2 dt+ C ≤ C.

Therefore, we finally have

‖∂tcN‖L2(0,T ;W−1,2(Ω)) ≤ C,

which implies

∂t c ∈ L2(0, T ;W−1,2(Ω)).

Hence, we can now conclude that

c ∈ C([0, T ];L2(Ω)). (5.65)

As a final step, to complete the proof, it remains to show that

S̄ = S(c,Du) and q̄c = qc(c,∇c,Du).

These equalities will be verified in the next subsection.

5.4.7 Identification of S̄ = S(c,Du) and q̄c = qc(c,∇c,Du)

In this subsection, we shall identify the limit functions to complete the proof. We

first note that from (5.34) we haveˆ
QT

f · uN dx dt =

ˆ
QT

(
∂tu

N · uN − (uN ⊗ uN) : DuN + SN : DuN
)

dx dt

=
1

2

ˆ
Ω

|uN(T )|2 dx− 1

2

ˆ
Ω

|uN(0)|2 dx+

ˆ
QT

SN : DuN dx dt,

where we have used that divuN = 0. Also, by (5.62), we can test by u in (5.61).

Therefore, as divu = 0, we have thatˆ
QT

f · u dx dt =

ˆ T

0

〈∂tu,u〉 dt−
ˆ
QT

(
(u⊗ u) : Du− S̄ : Du

)
dx dt

=
1

2

ˆ
Ω

|u(T )|2 dx− 1

2

ˆ
Ω

|u(0)|2 dx+

ˆ
QT

S̄ : Du dx dt.

Therefore, it is straightforward to see thatˆ
QT

SN : DuN dx dt−
ˆ
QT

S̄ : Du dx dt

=

ˆ
QT

f · uN dx dt−
ˆ
QT

f · u dx dt

− 1

2

ˆ
Ω

|uN(T )− u(T )|2 dx−
ˆ

Ω

uN(T ) · u(T ) dx

+

ˆ
Ω

|u(T )|2 dx+
1

2

ˆ
Ω

|PNu0|2 dx− 1

2

ˆ
Ω

|u0|2 dx.
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It is obvious that
´
QT
f · uN dx dt→

´
QT
f · u dx dt and ‖PNu0 − u0‖2 → 0. Also,

(5.63) implies that uN(T ) ⇀ u(T ) weakly in L2(Ω). Thus we have

lim sup
N→∞

ˆ
QT

SN : DuN dx dt ≤
ˆ
QT

S̄ : Du dx dt. (5.66)

Next, by (5.51) and the dominated convergence theorem, we obtain for arbitrary

but fixed φ ∈ C∞([0, T ];C∞0 (Ω)d) that

S(cN ,Dφ)→ S(c,Dφ) strongly in Lq(QT )d×d for all q ∈ (1,∞). (5.67)

Then, by the monotonicity (5.7), we deduce for any φ ∈ C∞([0, T ];C∞0 (Ω)d)

that

0 ≤ lim sup
N→∞

ˆ
QT

(
S(cN ,DuN)− S(cN ,Dφ)

)
: (DuN −Dφ) dx dt

= lim sup
N→∞

ˆ
QT

(S(cN ,DuN) : DuN − S(cN ,DuN) : Dφ

− S(cN ,Dφ) : DuN + S(cN ,Dφ) : Dφ) dx dt

≤
ˆ
QT

(
S̄ : Du− S̄ : Dφ− S(c,Dφ) : Du+ S(c,Dφ) : Dφ

)
dx dt

=

ˆ
QT

(
S̄ − S(c,Dφ)

)
: (Du−Dφ) dx dt.

Now we use Minty’s trick. Since C∞([0, T ];C∞0 (Ω)d) is dense in Wp(c)(QT ) (see, for

example, Lemma 1.15 in [6] where the mollification argument was used to show this

fact), we can set φ = u±λv with λ > 0 and v ∈ C∞([0, T ];C∞0 (Ω)d). By passing to

the limit λ→ 0 and using the continuity of S, we deduce the desired identification

S̄ = S(c,Du).

Next, we shall show the almost everywhere convergence of DuN to Du. Let

B ∈ Rd×d be a bounded symmetric function. Then with the same procedure as

above and the identification S̄ = S(c,Du), we have that

0 ≤ lim sup
N→∞

ˆ
QT

(
S(cN ,DuN)− S(cN ,B)

)
: (DuN −B) dx dt

≤
ˆ
QT

(S(c,Du)− S(c,B)) : (Du−B) dx dt.
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We set B = Duχ{|Du|<λ} for λ > 0 and let 0 < k < λ. Then we have

lim sup
N→∞

ˆ
{|Du|<k}

(
S(cN ,DuN)− S(cN ,Du)

)
: (DuN −Du) dx dt

= lim sup
N→∞

ˆ
{|Du|<k}

(
S(cN ,DuN)− S(cN ,B)

)
: (DuN −B) dx dt

≤ lim sup
N→∞

ˆ
QT

(
S(cN ,DuN)− S(cN ,B)

)
: (DuN −B) dx dt

=

ˆ
QT

(S(c,Du)− S(c,B)) : (Du−B) dx dt

=

ˆ
{|Du|>λ}

(S(c,Du)− S(c,B)) : (Du−B) dx dt.

Since the first integral is independent of λ > 0, passing λ to ∞ gives us that

lim sup
N→∞

ˆ
{|Du|<k}

(
S(cN ,DuN)− S(cN ,Du)

)
: (DuN −Du) dx dt = 0.

Since cN converges to c uniformly and S is strictly monotone, the only way the above

can be true is that DuN tends to Du almost everywhere in the set {|Du| < k}. If

we pass k to ∞, we finally have

DuN →Du a.e. in QT . (5.68)

Now by (5.51), (5.68) and the dominated convergence theorem,

K(cN , |DuN |)→K(c, |Du|) strongly in Lq(QT ) for all q ∈ (1,∞).

Finally, together with (5.50), we obtain that

qNc ⇀ qc(c,∇c,Du) weakly in L2(QT )d.

Therefore, by the uniqueness of the weak limit, we have

q̄c = qc(c,∇c,Du),

which completes the proof of Theorem 5.2.1.

5.5 Regularized problem

In this section, we shall discuss a possibility to improve our result. Since the con-

dition p− > d is the minimum requirement to apply the parabolic De Giorgi–Nash–

Moser regularity theorem, we need to find another approach, which avoids the use of
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De Giorgi–Nash–Moser theory. One possibility is to consider a regularized problem.

More precisely, we consider the standard mollifier η(z) = η(x, t) in Rd+1 and define

ηε(z) =
1

εd+1
η
(z
ε

)
for each ε > 0. Then we define the stress tensor with a regularized power-law

exponent

Sε(c,Du) = ν0(κ1 + κ2|Du|2)
p(ηε∗c)−2

2 Du,

where ∗ is a convolution operator with respect to both space and time variables.

Then we proceed using a similar argument to the one in the previous section. We

begin with a Galerkin approximation of the regularized problem. Since zj has zero

trace, we can define extensions by zero so that zj ∈ W 1,2(Rd) for all j = 1, . . . ,M .

For sufficiently small ε > 0, we then look for a sequence of approximate solutions

{uN,M , cN,M}∞N,M=1 of the form

uN,M =
N∑
i=1

aN,Mi wi, cN,M =
M∑
i=1

bN,Mi zi,

where aN,M = {aN,Mj }Nj=1 : (0, T ) → RN and bN,M = {bN,Mk }Mk=1 : (0, T ) → RM ,

which solve the following system of ordinary differential equations:

ˆ
Ω

(
∂tu

N,M ·wj − (uN,M ⊗ uN,M) : Dwj + SN,Mε : Dwj

)
dx

=

ˆ
Ω

f ·wj dx ∀j = 1, . . . , N,

uN,M(·, 0) = uN,M0 = PNu0,

ˆ
Ω

∂tc
N,M zk dx−

ˆ
Ω

uN,McN,M · ∇zk dx+

ˆ
Ω

qN,Mc · ∇zk dx = 0 ∀k = 1, . . .M,

cN,M(·, 0) = cN,M0 = PMc0,

where

SN,Mε = Sε(c
N,M ,DuN,M), qN,Mc = qc(c

N,M ,∇cN,M ,DuN,M).
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The existence of approximate solutions is implied by Theorem 5.3.4.

When we pass M to ∞, the only part different from the previous section is the

limit of regularized concentrations. As we have strong L2 convergence of cN,M to

cN , by Young’s convolution inequality, we have

‖ηε ∗ cN,M − ηε ∗ cN‖L∞(QT ) ≤ ‖ηε‖L2(QT )‖cN,M − cN‖L2(QT )

≤ C(ε)‖cN,M − cN‖2
L2(QT ) → 0 as M →∞,

which implies the uniform convergence

ηε ∗ cN,M ⇒ ηε ∗ cN ,

and hence,

SN,Mε ⇒ SNε := Sε(c
N ,DuN).

Next, when we let N → ∞, instead of using parabolic De Giorgi–Nash–Moser

theory to deduce the uniform convergence of concentrations, we apply Lemma 5.3.3

once more to obtain

cN → c strongly in L2(QT ),

which again implies

ηε ∗ cN ⇒ ηε ∗ c.

For the remaining part of the proof, since ηε ∗ c ∈ Cα,α/2(QT ) for each ε > 0, we can

proceed with the same argument as the one used in the previous section, and hence

we can prove the existence of weak solutions (u, c) := (uε, cε) for the regularized

problem.

To complete the analysis, an ideal scenario would be when the solution of the

regularized problem (uε, cε) converges to the weak solution (u, c) of the original

problem as ε → 0. In that case, we could apply a similar argument to the one

used earlier in the chapter to pass ε to 0 without exploiting parabolic De Giorgi–

Nash–Moser theory, so we could prove the existence of weak solutions to the original

problem provided that p− ≥ 3d+2
d+2

. This, however, remains an open problem.
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Chapter 6

Conclusions

6.1 Summary of the thesis

In this thesis, we have investigated a system of nonlinear partial differential equa-

tions modelling the motion of the synovial fluid, which is a biological fluid found

in the cavities of moving joints. From the rheological viewpoint, the synovial fluid

consists of ultrafiltrated blood plasma diluting a particular polysaccharide, called

hyaluronan. It was already observed in viscosimetric experiments performed in the

early 1950s that the synovial fluid has a strong shear-thinning property, depending

on the concentration of hyaluronan in the solution. Explicitly, the viscosity of the

fluid is a function of the concentration as well as of the shear-rate. Denoting by c

the concentration of hyaluronan in the solution, it was observed in laboratory ex-

periments that the effect of concentration is not a scaling factor of the viscosity (as,

for instance, ν(c, |Du|) ∼ f(c)ν̃(|Du|), but that the concentration of hyaluronan

affects the level of shear-thinning. Therefore, a new power-law model of the syn-

ovial fluid was proposed in [54], where the power-law index was considered to be a

function of the concentration.

More precisely, we considered the incompressible generalized Navier–Stokes equa-

tions with a power-law-like viscosity, where the power-law index depends on the

concentration. To close the system, the concentration was assumed to satisfy a

convection-diffusion equation:

divu = 0 in QT , (6.1)

∂tu+ div (u⊗ u)− divS(c,Du) = −∇π + f in QT , (6.2)

∂tc+ div (cu)− div qc(c,∇c,Du) = 0 in QT , (6.3)
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where S(c,Du) = ν0(κ1 + κ2|Du|2)
p(c)−2

2 Du with some positive constants ν0, κ2 >

0, κ1 ≥ 0 and qc(c,∇c,Du) = K(c, |Du|)∇c.

We began by studying the stationary problem. The existence of a weak solution

to the elliptic problem was proved in [20, 21] in the cases when the variable exponent

p(x) is bounded below by p− > max
{
d
2
, 3d
d+2

}
, p− > d

2
respectively. The main

question of interest in Chapters 3 and 4 was the construction of a sequence of

computable approximate solutions, that belong to finite-dimensional spaces spanned

by piecewise polynomial functions, and which converges to a weak solution of the

problem.

In Chapter 3, the construction of a conforming finite element approximation of

the stationary model was considered and the convergence analysis of the numerical

method was developed in the case of variable-exponent spaces in a two dimensional

domain. As no uniqueness result is currently available for weak solutions of the

problem under consideration, one can only show that a subsequence of the sequence

of numerical approximations converges to a weak solution of the problem.

The key technical tools in the proof included a discrete counterpart of De Giorgi’s

regularity theorem (cf. [18]) and discrete Lipschitz truncation (cf. [38]). Further-

more, the stability of the projection operator for the pressure was proved without

an error term, in the context of variable-exponent spaces. As a consequence, a dis-

crete Bogovskĭı operator was constructed in variable-exponent spaces, which played

a crucial role in the proof. Because of the absence of a discrete De Giorgi regularity

result in three space dimensions, the analysis was restricted to the case of two space

dimensions.

As a special case of the above result, one obtains the convergence of finite element

approximations of electro-rheological fluids, which was not shown before. See, for

instance, [12] where (optimal) error bounds were obtained, but the convective term

was excluded.

Next, the analysis was extended to three space dimensions in Chapter 4. To

avoid the use of a discrete De Giorgi theorem, different meshes were considered for

the momentum equation and the concentration equation. This enabled separating

the passages to the limits with respect to the discretization parameters in the two

equations, thus avoiding the need for a discrete De Giorgi regularity result in three

space dimensions.
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To this end, a regularized problem was considered; then we approximated the

regularized problem by a finite element method. It was shown that the sequence

of finite element approximations converges to a weak solution of the regularized

problem. We also showed that the solutions of the regularized problem actually

converge to a weak solutions of the original problem. The reason for considering the

regularized problem is that direct approximation of the original problem required

us to assume an unnaturally strong condition on the variable exponent p in the

convergence analysis of the finite element method; the procedure we adopted in

Chapter 4 does not suffer from this shortcoming.

The proof is based on the arguments used in our earlier 2D analysis. However,

adding a new limiting process associated with the regularization parameter creates

new technical difficulties: We had to prove a maximum/minimum principle for the

sequence of approximate concentrations in order to apply De Giorgi’s theorem and

had to introduce another limiting process with a new subscript, resulting from the

use of Lipschitz truncation, necessitated by the presence of the convective term.

Having successfully completed the convergence analysis of the finite element

method for the steady problem in both two and three space dimensions, we moved

on to the unsteady version of the problem. We have established the existence of

global weak solutions to the unsteady model under consideration. Our main techni-

cal tools included generalized monotone operator theory and parabolic De Giorgi–

Nash–Moser regularity theory from which we obtained the Hölder continuity of the

approximate concentrations. Thus the restriction p− > d was essential in our anal-

ysis since p− > d was the minimum requirement to ensure the Hölder continuity of

the concentration, which then guaranteed the validity of necessary function space

theory in variable-exponent spaces.

However, as was mentioned in Section 5.1, we can also apply our method to the

electro-rheological fluid flow problem which is of independent interest. In this case,

we can prove the existence of weak solutions with lower values of p−. More precisely,

we have the following result as a corollary of Theorem 5.2.1.

Corollary 6.1.1. Let Ω ⊂ Rd with d ≥ 2 be a bounded open Lipschitz domain, and

assume that f ∈ L(p+)′(QT )d and u0 ∈ L2(Ω)d. If p is a bounded Hölder continuous

function with p− > 3d+2
d+2

, then there exists a weak solution u ∈ C([0, T ];L2(Ω)d) ∩
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Lp
−

(0, T ;W 1,p−

0, div(Ω)d) ∩Wp(·)(QT ) satisfying

ˆ
QT

S(Du) : Dψ dx dt =

ˆ
QT

(f ·ψ + (u⊗ u) : Dψ + u · ∂tψ) dx dt

+

ˆ
Ω

u0(x) ·ψ(x, 0) dx

for all ψ ∈ C∞0,div(Ω× [0, T ))d where

S(Du) = ν0(κ1 + κ2|Du|2)
p(x,t)−2

2 Du,

for some positive constants ν0, κ2 > 0 and κ1 ≥ 0.

Unlike the model considered in this thesis, such an electro-rheological fluid flow

problem is free from a coupled concentration equation, so there is a possibility

to improve the above result. For example, if one could develop parabolic L∞ or

Lipschitz truncation techniques for variable-exponent spaces, we could control the

convective term with lower values of p−, and hence we could prove the existence of

weak solutions with a weaker assumption on p−. Therefore, an interesting direction

for future research is to generalize the solenoidal parabolic Lipschitz truncation

technique introduced in [16] to the case of variable-exponent spaces, so that we can

prove the existence of weak solutions for p− > 2d
d+2

.

6.2 Future research topics

6.2.1 Existence of weak solutions

One of the interesting future research topics is the extension of results regarding

existence of weak solutions for power-law-like fluid flow models. For example, it is

still an open problem whether there exists a weak solution in the case of 1 < p ≤
2d
d+2

for unsteady power-law fluid flow models. In the stationary case, p > 2d
d+2

is

thought to be optimal since it is the minimum requirement to define the convective

term in the weak formulation. However unlike the stationary case, the convective

term for the parabolic problem is contained in L1(QT ) since we always have u ∈

L∞(0, T ;L2(Ω))d. It is not clear, though, how to obtain the compactness of the

sequence of approximate velocities in L1(QT ); understanding this open problem

would be a challenging research project.
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Furthermore, the analysis of the existence of solutions for more general models

would be another interesting research topic. For instance, in [22, 23], the authors

considered incompressible fluids with power-law-like rheology given by an implicit

constitutive equation relating the stress tensor S and symmetric velocity gradient

Du in terms of a maximal monotone graph. Such a framework includes many clas-

sical models such as standard Navier–Stokes and power-law fluids, Bingham fluids

and even shear-rate dependent fluids with discontinuous viscosities. Additionally,

the analysis of fluid flow equations coupled with other equations (such as a tem-

perature equation, or an equation describing the variation of the concentration of

chemicals) in a non-trivial way would also be exciting. For example, in [24], the

authors established the long-time existence of weak solutions for a system of partial

differential equations representing the balance of mass, the balance of linear mo-

mentum, the balance of energy, and the equation for the entropy production where

the viscosity and thermal conductivity depend on the pressure, temperature, and

the shear-rate.

Finally, as mentioned in Section 6.1, it would be also interesting to prove the

existence of weak solutions for non-stationary electro-rheological fluids with 2d
d+2

<

p−. This could be achieved if we could extend the result in [16] (the construction of

parabolic solenoidal Lipschitz truncation) to the case of variable-exponent spaces.

However, the method used in [16] is very technical and consists of a number of

localization arguments, so it is not immediately clear how it could be extended to

variable-exponent spaces.

6.2.2 Finite element methods

A further interesting topic for future research is to approximate weak solutions of

nonlinear partial differential equations considered in the previous chapter by using

finite element methods and to perform the mathematical analysis of the resulting

numerical methods. In [12], the authors studied the finite element approximation

of incompressible electro-rheological fluids and derived certain error bounds for the

approximations of the velocity and the pressure. However, they only considered the

case of a slow flow and neglected the convective term. Therefore, deriving optimal

error bounds for electro-rheological fluids including a convective term is a natural

subsequent research question.
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Furthermore, the analysis of time-stepping in finite element methods for parabolic

problems is also intriguing. In [17], an error bound for the finite element approxima-

tions of an elliptic p(x)-Laplace system was derived. It would be a natural extension

to consider the analysis of a space-time finite element approximation of a parabolic

p(x, t)-Laplace system, as well as unsteady electro-rheological fluids.

Another interesting topic regarding numerical methods is to design an adaptive

finite element methods for the given PDEs and perform a mathematical analysis

of the numerical methods, in particular, an a posteriori error analysis in order to

provide a good mesh refinement strategy. This problem is theoretically interesting,

but it is also very important from a practical point of view, as it helps us to reduce

computational costs. For a p-Laplace equation, the convergence of adaptive finite

element methods was shown in [37] and optimality of the method was proved in

[10]. Extending these results to equations with variable nonlinearity would be an

interesting topic.

6.2.3 Regularity theory

A regularity theory for partial differential equations with variable nonlinearity would

be also an interesting topic for future study, especially for electro-rheological fluids.

As a starting point, in [45], the authors established a nonlinear Calderón–Zygmund

type estimate for a p(x)-Laplace system and thus obtained higher integrability of the

solution. One possible future research direction is to extend this result to the case

of stationary electro-rheological fluids and develop a nonlinear Calderón–Zygmund

theory for these.

Another interesting regularity issue is how to obtain (partial) Hölder continuity of

weak solutions. In [2], the authors obtained partial C1,α-regularity for weak solutions

to a system modelling electro-rheological fluids in the stationary case. Obtaining

analogous regularity results for the unsteady problem would be a further exciting

direction for future research.
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[20] M. Buĺıček and P. Pustějovská. On existence analysis of steady flows of gen-

eralized Newtonian fluids with concentration dependent power-law index. J.

Math. Anal. Appl., 402(1):157–166, 2013.
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[52] J. Frehse, J. Málek, and M. Steinhauer. An existence result for fluids with

shear dependent viscosity—steady flows. In Proceedings of the Second World

Congress of Nonlinear Analysts, Part 5 (Athens, 1996), volume 30, pages 3041–

3049, 1997.
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[74] M. Růžička. A note on steady flow of fluids with shear dependent viscosity.

In Proceedings of the Second World Congress of Nonlinear Analysts, Part 5

(Athens, 1996), volume 30, pages 3029–3039, 1997.
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