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Abstract

Analysis and Approximation of Incompressible Chemically
Reacting non-Newtonian Fluids

Seungchan Ko, Keble College
Doctor of Philosophy, Trinity 2018

In this thesis, we consider a system of nonlinear partial differential equations
modelling the motion of an incompressible non-Newtonian fluid, which is chemi-
cally reacting. The governing system consists of a convection-diffusion equation
for the concentration and the generalized Navier-Stokes equations, where the vis-
cosity coefficient is a power-law-type function of the shear-rate, and the coupling
between the equations results from the concentration-dependence of the power-law
index. This system of nonlinear partial differential equations arises in mathematical
models of the synovial fluid found in the cavities of moving joints. The only estab-
lished mathematical result for this model is the existence of weak solutions for the
stationary model. As a subsequent mathematical study, we first construct a finite
element approximation of the model and perform the mathematical analysis of the
numerical method in two and three space dimensions. Key technical tools include
discrete counterparts of the Bogovskil operator, De Giorgi-type regularity theorem
in two dimensions, and the Acerbi—Fusco Lipschitz truncation of Sobolev functions.
Then we move to the unsteady problem, and we prove the existence of global weak
solutions of the non-stationary model by using the Galerkin method combined with
generalized monotone operator theory and parabolic De Giorgi—-Nash—Moser theory.
As the governing equations involve a nonlinearity with a variable power-law index,
our theory exploits the framework of generalized Lebesgue and Sobolev spaces with

variable-integrability exponent.
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Chapter 1

Introduction

During the past decade, the mathematical study of non-Newtonian fluids has become
an active field of research, stimulated by the wide range of scientific and industrial
problems in which they arise. Examples of non-Newtonian fluids include biological
fluids (such as mucus, blood, and various polymeric solutions), as well as numerous
fluids of significance in engineering, food industry, cosmetics, and agriculture. This
then motivates fundamental research on non-Newtonian flow models, with special
emphasis on its mathematical theory, to understand the behaviour of the fluids
and to provide a theoretical background for engineers and applied scientists. In
particular, from a practical point of view, developing robust numerical methods
which describe the motion of non-Newtonian fluids is of significant importance.
Furthermore, the mathematical analysis of the corresponding partial differential
equations is also important, as it promotes a deeper insight into the construction
and analysis of the numerical methods.

In this thesis, we investigate the mathematical and numerical analysis of certain
kinds of non-Newtonian fluid flow models, which describe the motion of synovial
fluids: from the mathematical point of view, the synovial fluid is a viscous incom-
pressible fluid where the generalized viscosity depends on the shear-rate and the
concentration of the specific molecule. The central goal of this thesis is to establish
the existence of weak solutions for the model, and construct a numerical method
describing the model properly and perform convergence analysis of the numerical
schemes.

The essence of the subject of modelling the synovial fluid is encapsulated in the
generalized Navier—Stokes equations with concentration and shear-rate dependent

viscosity, coupled with a convection-diffusion equation for the concentration. This



system of equations is often referred to as a model for “chemically reacting fluids”
to emphasize that the behaviour of the fluids fundamentally depend on chemical
properties of the solution.

In this introductory chapter, we discuss some background material on the history
of the mathematical study of non-Newtonian fluids and the modelling of synovial
fluids. In Section 1.1, we first briefly survey some relevant mathematical results on
non-Newtonian fluids with shear-rate dependent viscosity, which are of interest in the
thesis. In Section 1.2, we then introduce a model with generalized viscosity, which
will be considered throughout this thesis. Since the model we will consider is novel
and not very common, we shall highlight the origin and validity of the model, and
then explain why this model describes the relevant physical phenomenon accurately.
Finally, in Section 1.3, we shall make a comment of the structure of the thesis, and

the chapter concludes with an overview of the goals of this thesis.

1.1 Non-Newtonian fluids with shear-rate depen-
dent viscosity

In fluid dynamics, the motion of incompressible fluids in a bounded domain © C R?
(d = 2,3), over the time interval (0,7 of interest, is described by the system of

partial differential equations

Ou+ divu®@u) —divS =Vr + f in Qr, (1.1)
divu =0 in Qr, (1.2)

where Qr = (0,7") x Q. This system of equations is derived from the conservation
of momentum and conservation of mass equations, and here the unknown quantities

are the velocity field w : Q7 — R and the pressure 7 : Q7 — R. The function f :

Qr — R represents a given external force and S : Qr — ngxn‘f is the Cauchy stress
tensor. See, for instance, [13] for more details about the derivation of the model.
In order to describe a particular fluid in this framework, we need a constitutive law

relating the stress tensor S to the symmetric velocity gradient

Du == (Vu+ (Vu)")

N | —



whose modulus |Dwu| is called shear-rate; the rate at which a fluid is sheared during

flow. The simplest example is when the relationship is linear, i.e.,
S = S(Du) =2vDu, (1.3)

where v > 0 is the viscosity of the fluid. In this case the system (1.1), (1.2) becomes
the system of classical Navier—Stokes equations (Newtonian fluid flow model), and
the study of these equations is of independent interest. However, this system can
only model a limited set of fluids, with simple molecular structure, such as water
and air. In order to accurately model the motion of fluids with more complicated
structure, one needs to consider generalized models. Those which do not satisfy the
linear relation (1.3) are called non-Newtonian fluids; see [7] for detailed discussion
of non-Newtonian fluid flow models. A special class among these are generalized
Newtonian fluids. Here the viscosity is assumed to be a function of the shear-rate

| Du| and the constitutive relation is
S(Du) = v(|Dul|)Du. (1.4)
For these generalized Newtonian models, two different reactions are possible:

e The fluid becomes thicker (for example, batter): the viscosity of a shear-

thickening (dilatant) fluid is an increasing function of the shear-rate.

e The fluid becomes thinner (for example, blood or ketchup): the viscosity of a

shear-thinning (pseudoplastic) fluid is a decreasing function of the shear-rate.

One of the popular generalized Newtonian fluid flow models and the one that we
are interested in this thesis, is the power-law model in which the viscosity is of the
form

v(|Dul|) = vo(k1 + ko|Dul?) "= (1.5)

with vy, ko > 0, k1 > 0 and p € (1,00) is specified by physical experiments. More
details about this model and an extensive list of specific p-values for different fluids
can be found in [13]. If p = 2, the model becomes the Newtonian fluid flow model.
The fluid is shear-thickening if p > 2 and is shear-thinning if p < 2.

This mathematical model is useful because of its simplicity, and it is widely used

in the theory of fluid dynamics. There are other models that better describe the



entire flow behaviour of shear-dependent fluids, but they do so at the expense of
increased complexity. Therefore, the mathematical study of power-law models is
important since, with this model, we can strike a balance between the relative ease
of development of a mathematical theory and practical usefulness.

The rigorous mathematical study of power-law fluids began in the late nineteen
sixties with the pioneering works of Lions and Ladyzhenskaya in [65] and [60], [61],

respectively. In these papers the authors developed the existence theory of weak

3d
d+2

solutions of the non-stationary model for p > 3¢£2 (p >

e for the stationary

model) with the aid of monotone operator theory. The cases they could handle were
restrictive for real world situations. Nevertheless, their work was a breakthrough
in the theory of partial differential equations. Since then there has been significant
progress in the mathematical theory of generalized Newtonian fluids. To control the
convective term, some useful approximation techniques were developed such as the
so-called L> and Lipschitz truncation techniques, and they were successfully applied
in the existence analysis. As a result, the existence of weak solutions was established
with a wide range of power-law-type models for p > %; see [52, 74, 53, 39] in the
case of steady, and [67, 81, 43, 16] for unsteady flows.

Once the existence of a weak solution is shown, one of the interesting subsequent
questions from the point of view of computational mathematics is to discretize the
equations and approximate the weak solution in a stable and accurate way. In [8, 9],
the authors derived (in some cases optimal) error estimates for the finite element
approximation of steady-state power-law-like models without a convective term.
For the power-law fluid flow model with a convective term, in [38, 80], the authors
constructed the finite element approximation of a general class of incompressible
non-Newtonian fluids where the viscous stress tensor and the rate-of-strain tensor
are related by a maximal monotone graph, and performed the convergence analysis
of the family of methods under consideration. In particular, in [38], the discrete
counterpart of Lipschitz truncation was constructed, which is a useful technique for
controlling the convective term at the discrete level.

Interestingly, it was discovered in laboratory experiments that in a number of
non-Newtonian fluid flow problems, the power-law index p is not a fixed constant
but is, rather, variable-dependent; see, e.g., [72] for a fluid model where the power-

law index is of the form p(-) := p(|E(z)|?) ~ p(z), E being a given electric field.



This fluids are called electro-rheological fluids. When these fluids are exposed to
an electro-magnetic field, their viscosity undergoes a significant change. Nowadays,
electro-rheological fluids have the quality and potential in a wide range of applica-
tions, for example, actuators, clutches, shock absorbers, and rehabilition equipment.
Such electro-rheological models were mathematically investigated in [75, 76], where
the existence theory was developed by using monotone operator theory and also the
so-called higher regularity technique under the assumption that the given E, and
consequently p(+), is smooth enough. Also, some numerical approximations were
considered. Recently, the Lipschitz truncation method was generalized to variable-
exponent spaces in [39], where the existence of weak solutions was shown provided

that p(-) is sufficiently regular in some sense, 1 < p~ < p(x) < p™ < oo and

2d
d+2°

p- > Since the equations have a variable nonlinearity, the solutions are sought
in (variable-exponent) generalized Lebesgue and Sobolev spaces L0 and we(),
whose functional-analytic properties are more complicated than those of classical
Lebesgue and Sobolev spaces; the theory of variable-exponent spaces will be cov-
ered in Chapter 2. Regarding the numerical approximation of solutions, electro-
rheological fluid flow models were studied in [25, 12], where a discretization of the
problem was constructed and the convergence of a sequence of numerical solutions
was established.

In this thesis, we will consider a similar, but more complicated model. As will
be explained in more detail in the next section, the governing system consists of a
convection-diffusion equation for the concentration and a generalized Navier—Stokes
system for the velocity and the pressure of the fluid, where the viscosity coefficient is
a power-law-type function of the shear-rate, and the coupling between the equations
occurs through a concentration-dependent power-law index. The detailed discussion

of the mathematical model we consider in this thesis will be covered in the next

section.

1.2 Mathematical model of the synovial fluids

In this thesis, we shall investigate the equations modelling the rheological response of

a synovial fluid (a biological fluid found in the moving joint cavities) during a steady



shear experiment. From the rheological point of view, synovial fluid is incompress-
ible and is the ultrafiltrate of blood plasma (namely, plasma-free from large proteins)
enriched with the locally synthesized polysaccharide molecules, called hyaluronan.
Though one could model the solution using mixture theory, we shall restrict ourselves
to the situation where the solution can be described as a single-constituent fluid.
This perspective is fairly reasonable because the mass concentration of hyaluronan
is negligible, and even if molecules of hyaluronan are accumulated locally, the mass
concentration does not exceed 2% and the solution remains in a practically homo-
geneous state. Nevertheless, we still need to consider the experimentally observed
chemical properties of the fluid.

The presence of hyaluronan in the synovial fluid is important since hyaluronan
is the constituent responsible for the non-Newtonian behaviour of the synovial fluid,
which determines the functioning of the whole synovial joint system. In fact, it
was already seen in viscosimetric experiments performed in the early 1950s that the
synovial fluid has a strong shear-thinning property, depending on the concentration
of hyaluronan in the solution. Explicitly, the viscosity of the fluid is a function
of the concentration as well as of the shear-rate. Higher shear-rates imply higher
alignment of the chains and thus a decrease in the viscosity. On the other hand,
the influence of concentration works in the opposite way because higher concen-
tration of hyaluronan implies higher enlacement of the chains, which increases the
viscosity. In previous studies, the viscous behavior of synovial fluid was mathemat-
ically modelled by a shear-thinning fluid with constant concentration (see [73]) or
the effects of concentration and the shear-rate on the viscosity were separated (see
[69]). This is contrary to the results of laboratory experiments, which show that
the concentration influences the shear-rate response, which implies that the shear-
rate-index depends on the concentration for the power-law model. The restriction
of constant concentration is not appropriate for modelling the behaviour of synovial
fluid under physiological conditions. In real joints, the concentration of hyaluronan
varies. For example, it was shown in [27] that hyaluronan creates a boundary layer
near the synovium with a concentration that is five times higher than in the cen-
tral parts of the synovial joint cavity. Thus we need to consider a mathamatical
model for the generalized viscosity for the synovial fluid that depends on the shear-

rate and the varying concentration of hyaluronan. Therefore, from the viewpoint



of mathematical modelling, a power-law-like model, where the power-law index is
concentration-dependent, seems reasonable.

More precisely, denoting by ¢ the concentration of hyaluronan in the solution,
it was observed in laboratory experiments (see [63]) that the effect of concentration
and the shear-rate on the viscosity are not separated (in the sense that, v(c, | Dul) ~
f(e)v(|Dul)), but that the concentration of hyaluronan affects the level of shear-
thinning. For zero concentration, the viscosity becomes constant, corresponding to
the fact that the fluid is composed only of ultrafiltrated blood plasma, exhibiting
properties of a Newtonian fluid. If the concentration of hyaluronan increases in
the solution, the fluid displays higher apparent viscosity and moreover, it thins the
shear more rapidly. Therefore a new power-law-like model of the synovial fluid was
proposed in [54], where the power-law index was considered to be a function of
the concentration. This new model describes the viscous properties of the synovial
fluid more accurately, and it naturally reflects the fact that non-Newtonian effects
diminish as the concentration of hyaluronan decreases.

Based on the discussion above, from the mathematical point of view, we shall in-
vestigate a system of equations describing the motion of a shear-thinning fluid with
a non-standard growth condition on the viscosity. More precisely, we shall investi-
gate the incompressible generalized Navier-Stokes equations with a power-law-like
viscosity where the power-law index is not fixed, but depends on the concentration.
To close the system, we shall assume that the concentration satisfies a convection-
diffusion equation. The resulting system of partial differential equations is therefore

fully coupled. Namely, we consider the following system of partial differential equa-

tions:
divu =0 in Qr, (1.6)
pOu+ pdiv(u®@u) —divS(c, Du) = -Vr+pf in Qr, (1.7)
Oc + div (cu) — divg, (¢, Ve, Du) = 0 in Qr, (1.8)

where Qr == Q x (0,T), & C R% d € {2,3} is a bounded open domain, and
where u : Qr — R4, 7 : Qr — R, ¢ : Q7 — Rsq are the velocity, pressure and
concentration fields respectively. In the present context, f : Qr — R represents a
given density of the bulk force, p is the density of synovial fluid, and S(c, Du) is

the shear stress tensor component of the Cauchy stress tensor. For the shear stress

7



tensor S, as we discussed above, the prototypical example we are considering is of

the following form:

S(¢, Du) = v(¢,|Dul|)Du,

where the generalized viscosity v(c, |Du|) depending on the concentration and on

the shear-rate is of the form:

(c)=2
v(c,|Dul) ~ vo(ky + ro|Dul?)" 7,

where vy, ko > 0 and k; > 0. We shall assume that the stress tensor S :

Rxo x RET — R is a continuous function satisfying the following growth, strict

monotonicity and coercivity conditions: there exist positive constants C;, Cy and

(5 such that

1S(¢, B)| < Ci(|BPO~" + 1), (1.9)
(S(S;Bl) — S(S,Bz» . (Bl — Bz) > 0 for Bl 7é B2, (110)
S(¢,B)- B > Co(|BI"®) 4 [S[P®) — Cs, (1.11)

where p : R>g — Rsq is a Holder continuous function with 1 < p~ < p(§) < p™ < 0

and p/(€) is defined as pé(le.

On the other hand, in the convection-diffusion equation (1.8), q.(c¢, Ve, Du)

represents the diffusive flux of the concentration ¢ which, analogously to the shear
stress tensor S, has to be specified by a constitutive equation for the diffusivity of

concentration. In our case, we assume that the diffusion is given by the Fick’s law
q.(¢,Ve,Du) = K(c,|Dul)Ve, (1.12)

where K is the diffusivity, the characteristic of the solute with respect to the solvent.
In general, it is a tensorial function. As it was experimentally documented by [73],
for instance, the diffusivity is dependent of concentration and the shear-rate. For
this concentration flux vector g., we assume that g.(, g, B) : Ry xR xRE<! — R?

is a continuous function, which is linear with respect to g, and additionally satisfies

the following inequalities: there exist positive constants Cy and C5 such that

9.(¢, 9, B)| < Cilgl, (1.13)
q.(.9.B)-g > Cs|g”. (1.14)



We shall refer to p(-) as the wvariable-exponent function and we will cover the
associate mathematical theory in Chapter 2. Since we are considering a specific
application in mind, this function should satisfy additional requirements. More pre-
cisely, p is assumed to be a continuous strictly monotonic function with the prop-
erties of shear-thinning/shear-thickening of the fluid; this means that it is bounded
from below and from above as follows: 1 < p(c) < oo, where the limiting values 1
and oo are attained only for non-physiological and/or non-physical values of c.

Finally, since the concentration of hyaluronan is very low, we further assume that
the density p is not influenced by the varying concentration ¢ and hence it remains
constant.

This is the complete description of the model we are going to consider in this
thesis. For further rheological background and results of numerical simulations of

the model, see [63, 54].

1.3 Structure of the thesis

We are now in a position to give more details regarding the aims of the thesis.
Our objective is to develop the mathematical theory of the model described in
the previous section. The only known mathematical results concerning our model
are the proofs of the existence of weak solutions for the stationary model (see, for
example,[20, 21]). Therefore, the aim of the thesis is to develop the mathematical
theory of numerical methods for the approximation of weak solutions for the sta-
tionary model, and to show the existence of weak solution for the unsteady model.

The rest of the thesis is organized as follows:

Chapter 2 will include some preliminaries which will be used throughout the
whole thesis. For example, the basic theory of function spaces related to the given
problem will be covered. More precisely, we present some key results from the theory
of variable-exponent Lebesgue and Sobolev spaces. Since the power-law index of the
viscosity depends on the concentration, variable-exponent spaces naturally arise in
the analysis of the problem under consideration.

In Chapter 3, we will consider the finite element approximation of the stationary
model in a two-dimensional domain. We will discretize the given problem with a

conforming finite element method, using inf-sup stable finite element pairs and with



a discrete concentration space. The main objective of this chapter is to show the
convergence of the sequence of finite element solutions to a weak solution of the
problem.

Next, in Chapter 4, we extend the analysis developed in Chapter 3 to three space
dimensions, and we formulate an analogous convergence result for a finite element
method in a three-dimensional domain. Before constructing the approximation of
the problem, we shall formulate a regularized problem and perform the finite element
convergence analysis of this regularized problem. Finally, we shall show that weak
solutions of this regularized problem, in turn, converge to a weak solution of the
original problem.

In Chapter 5, we aim to prove the existence of global weak solutions to the non-
stationary model by using the Galerkin method combined with generalized monotone
operator theory and parabolic De Giorgi-Nash—Moser theory.

Finally, in Chapter 6, we will summarize the contents of the previous chapters.
We revisit the description of the problem, recall the main difficulty and how the
problem was solved. We shall also discuss how the results we obtained might be
improved. We then point to possible future research topics including open problems
in related fields, potential improvements of the current results and another related

problems that we are also interested in.
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Chapter 2

Lebesgue and Sobolev spaces with
variable exponent

2.1 Brief description of the chapter

As we discussed in the previous chapter, we consider power-law-type non-Newtonian
fluids flow models, where the power-law index depends on the concentration, coupled
with a convection-diffusion equation for the concentration. Since the concentration is
the function of the spatial and time variables x and ¢, the model under consideration
has variable nonlinearity, which causes numerous technical difficulties. In particular,
if we consider a system of partial differential equations with a variable nonlinearity,
one of the main problems is the natural choice of function spaces where we can hope
to find solutions. A natural energy norm cannot be described within the context of
classical Lebesgue and Sobolev spaces. For instance, consider a weak solution u to

the following system

—div (S(Du)) = f in €,
u=20 on 0f),

with a p(-)-Laplacian type nonlinearity S(Du) = |Du|P™~2Du where p : Q —
[1,00) is a measurable function. Then the energy norm naturally induced from the

above equations is given by

/S(Du) : Dudz = / | DuP® dz.
Q Q

However, this information on Du cannot be correctly understood within the context

of classical Lebesgue and Sobolev spaces. Therefore, we need to exploit the theory of

11



variable-exponent Lebesgue and Sobolev spaces whose functional-analytic properties
are more complicated than those of classical Lebesgue and Sobolev spaces. This
chapter is devoted to introducing the theory of these generalized spaces. The results
presented in this chapter are mainly quoted from [6, 36]. To present an intuition for
variable-exponent spaces, we include the proofs for basic properties of the spaces. For
more advanced results (e.g. Theorem 2.3.8 in Section 2.3, all the results in Section
2.4 and Section 2.5) whose proofs are too long to be included, we omit the proofs
and make some comments on the quotations. Here we only introduce mathematical
results needed for later chapters of this thesis. For further mathematical results on
variable-exponent spaces, see [36] as a comprehensive source of information.
Throughout the chapter, we assume that Q C R? is a bounded open domain
with the Lipschitz boundary 9. Also, X (2)¢ will denote the space of d-component
vector-valued functions with components from X (€2). We also define the space of
tensor-valued functions X (Q)9*4. Furthermore, we shall denote the duality pairing
between f € X and g € X* by (g, f), and for two vectors a and b, a - b denotes
their scalar product; and, similarly, for two tensors A and B, A : B signifies their
scalar product. Finally, for any Lebesgue measurable set Q C R? |Q| denotes the
standard Lebesgue measure of the set (), and C' signifies a generic positive constant,

which may change at each appearance.

2.2 Definitions and basic properties

Let P(£2) be the set of all measurable functions p : 2 — [1,00). We shall call the
function p € P(Q2) a variable exponent. We also define

p~ = ess infp(x) and  pT = ess supp(x),
zeQ z€Q
and for simplicity, we only consider the case
l<p <p'<oo. (2.1)

On the set of measurable functions f : 2 — R, we define the functional

Ay (f) = / (@)@ da.

Then it is easy to verify the following properties:

12



(1) Apy(f) = 0 for every measurable function f;

(2) Ap()(f) = 0if and only if f = 0;

(3) Apy(f) = Apy(—f) for every measurable function f;
(4) The map f — Ay (f) is convex.

A functional which satisfies the properties (1)—(4) is called (convex) modular,
and hence the functional f — A,.)(f) is a (convex) modular.

Now we introduce the space
LPO(Q) := {f is measurable on Q : A, (f) < oo},

which is obviously a linear space.

Then let us define the functional

I llzroen = Wby = inf {30+ 4 (4) <1
Then we have the following proposition defining the norm of the space LP()(€).
Proposition 2.2.1. The functional
I llpy = L) = [0, 00)
defines a norm on the space LPY)(Q). This is called Luzemburg’s norm for the
variable-exponent space LPC)(€Y).

Proof. Tt is obvious that || f|[,) > 0 for all f € LPO(2). Next if f = 0, it is clear
that || f||,) = 0. Conversely, suppose that || f|,.) = 0. Then, by the definition of

Luxemburg’s norm, for an arbitrary € > 0, we have

[ 1r@peas < [ 11

Hence [, |f(z)P® dz < e for an arbitrary & > 0, which implies that f(z) = 0 a.e.

p(z)

de < 1.
€

in Q. Next, for any constant ¢ € R and f € LP()(Q), we have

p(x)
||cpr<->=inf{A>0:/ cf(z) dxgl}
(9]

p(z)
= inf )\>O:/ dr <1
Q
p(z)
= inf |c|5>0:/ dz <1
Q

= [elll Fllne)-

f(x)
Mlel

/(=)

4]
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Finally we shall verify the triangle inequality. Let us define the set

M={feLPIQ): Ay (f) <1}.

Since Ap()(+) is convex, M is also convex. For an arbitrary ¢ > 0 and every f,

g € LPU)(Q), it is easy to see that

/ g
€+ Hf”p(-), €+ “ng(-)

eM,

and hence
/o g(1—90)

et 1 fllbey e+ llglleey

If we choose 8 € (0,1) such that

e M Vo € (0,1).

9 1-6
= we have
e+ llpey e+lgllpy’

f+y
1 lloe) + llgllpe) + 2€

9

which implies that
17+ glloey < W lloey + lgllney + 2¢-

Since € > 0 is arbitrary, the assertion follows. O

Similarly, we introduce the following variable-exponent Sobolev space:
WHPO(Q) := {u e WH(Q) N LPY(Q) : [Vu| € LPY(Q)}

with the norm
lullwrzo@) = llullupey = [l + [[Vallpe)-
From Proposition 2.2.1, it is easy to see that || - ||y100)(£2) defines a norm on the
space W) (Q).
Next, we shall verify a relation between the norm || f||,.) and the modular A, (f)

for f € LPU)(Q). We begin with the following lemma.

Lemma 2.2.2. Ifp* < oo, then for all measurable f with 0 < || f],) < oo, we have

)
Ay — ) =1
vo <||f||p<‘>

In particular, if || f||p) = 1, we have || f|lpcy = Apey (f) = 1.
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Proof. By the definition of Luxemburg’s norm, it is easy to see that A,.)(f/||f|lp¢)) <
1. Therefore it suffices to check that A, (f/||fllp)) < 1 is impossible. Note that,
for any 0 <A < [[f[l(),

£ L E@PS @I 1 o\
) <X>‘/ﬂ (@) d“"/9<||f||p<.>) < ) ) dr
|rf\|p<.>)”* 4 ( f )
S( 3 SANTIYA

N
If Apy (f /11 fllpy) < 1, we can choose A < || f{|,.) such that (mTp“>p Ay (L> <
1, which implies that A,.)(f/A) < 1. This is a contradiction. O

The explicit relation between the norm || ||, and the modular A,.(f) is given

in the following assertion.

Proposition 2.2.3. If 1 < p~ < p* < oo, for every f € L) (Q) we have
. - + - +
min {11 120 b < Ao () < max {712, 710}
or equivalently,

min {A;b(f), A;Z)(f)} < [[fllpe) < max {Ap(-)(f)’ A%)(f)} :

Proof. If j1 := || f|lp¢y = 0, we are done. So assume that p # 0, and consider
h(z) = % By Lemma 2.2.2, h € LP1)(Q) and we have

1= ||Allpe) = Apey(h)

IN

{ M*pprc)(f) if p <1,
P Ay (f) i p> 1,

from which we have A,.)(f) > min { AT } Note further that

PrAG(f) ifp<1
wolh = [ 1f@) [ a < 4 1A SR

which yields A,)(f) < max {u”_, up+}. H

Corollary 2.2.4. (Unit ball property) If 1 < p~ < p™ < oo, for every f € Lp(')(Q)

we have the following properties:
o |[flloe) = 1 if and only if A,cy(f) = 1;

o ||fllpe) < 1if and only if Apy(f) < 1;
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o || fllpey > 1 if and only if Apy(f) > 1,

Corollary 2.2.5. Suppose that 1 < p~ < p* < 0o and let {f,}52, be a sequence of
functions in LP)(Q) and f € LPO(Q). Then we have

I fo = fllpey = 0 if and only if Apy(fu—f) =0 as n — 00.

Now we shall prove some important inequalities, which are well-known in classical

Lebesgue spaces. For p € P(Q2), we denote p/(x) = p(pgzl for a.e. x € Q.

Lemma 2.2.6. (Holder’s inequality) Suppose that 1 < p~ < p* < oo. For every
f € LP(Q) and g € LPO(Q), we have

1 1
Jde < —+—) Tl < 20 FlLllall.
[ 15t (p_ == ) ol < 21l

Proof. Let us denote || f|l,)y = A, [|9llyr() = p and assume that A # 0, p # 0.

Otherwise, the assertion is trivial. By Young’s inequality we have, for a.e. x € €,

fl@ L |/(@) g(x) "
|f(z)g(z)| = A ' H ‘ Ap <— N T >
< (i’m ! ’M”“”).
Pl A Ju
Integrating both sides over €2 yields
1 f 1 g
fstertetan <o (= (5) + o ()

1 1
= (= + = ) Il gl
(p (p,)> oyl

where the last equality comes from the fact A, (f/A) =1 and A,y(g/p) = 1 due
to Lemma 2.2.2. O

p(z) 1

Now we shall prove an embedding result for variable-exponent Lebesgue spaces.

Proposition 2.2.7. Suppose that p, ¢ € P(Q), 1 < p~ < p(r) < ph < o0, 1 <
¢ < q(r) < q" < oo and p(x) > q(x) a.e. € Q. Then LPO(Q) — LI(Q) with

1fllaey < O p=, ¢ flloy  Vf € LPO().
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Proof. Let f € LPO(Q) with || f||l,.) = A > 0. Denote
Q={zeQ:plx)=q(x)} and Q= Q\ Q.

If we set h = f/A, by Lemma 2.2.2 we can easily see that A,.)(h) = 1. Then, by

Holder’s inequality, we have

Ayy(h) = [ |h@)* @ dz+ [ k()" dz < 2L _s00 H|h|q(”” HPT +4
Q1 Q2

1_at 11— q—+ ‘1—_ )
< 2max { [Q 7, [Q 77 b max § A (|R[7), §§< (1P]7) & + Ay
T a(

\_/\_/

1—at 1—9— Zﬁ Z_
:2max{|Q| =, [ p+} maX{Ap(Jr)(ma Ap(')(h)} Ap(y(h
1—at -9
=2max< [Q 7, Q] #F F 4+ 1.
On the other hand, by Proposition 2.2.3, we have
1 — .
Sy = Wil < mesx {43000, 43500 |

Altogether, we have the desired inequality. O

2.3 Basic function space theory

In this subsection, we introduce some function space theory for variable-exponent
spaces, which will be used throughout the thesis. We begin with the dual norm of
the space LP()(Q). For given f € LP)(Q), we define the functional

o = sup / f(2)g() da

gl <1/ Q

Proposition 2.3.1. (Dual norm of LP")(Q)) The functional
[ lpey 1 LPO(Q) = R
defines a norm on LPO)(Q).

Proof. 1t is straightforward to see that | f|y.) = |u||f|pe) for any p € R. Also, the
triangle inequality is trivial. Now let us assume that |f|,.) < 0 and let g € L’0(Q)
be an arbitrary function such that ||g||,) < 1. By Hélder’s inequality,

/f dl’<|f|p()<0
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Since ||g|l() = || — gllp(), we further have that

0<—%/Qf(fv)g /f ) dz < | flye) <0,

which is a contradiction. Next, if f = 0 a.e. in €, it is obvious that |f[,.) = 0.
Conversely, suppose that |f[,.) = 0 but f # 0 on the subset of {2 with positive

measure, in other words, A,)(f) > 0. Let us introduce the function

g(x) = |f (@)D sign (f(2)) € LPO(Q).

Note that ||g/,/() > 0. Then we have

9(x)
0= |fln d )Pt - A 0,
o2 [ SO = s f V4 = st >

which is impossible. [

Proposition 2.3.2. Suppose that 1 < p~ < p* < co. For f € LPV)(Q), |flpey <1
implies that Apy(f) < 1.

Proof. We argue by contradiction. Suppose that A,.)(f) > 1. Then, by Corollary
2.2.4, we have || f||,) > 1. Let us introduce the function

p(z)—1

sign (f(x)).

’ 1 1lpc)
Then, by Lemma 2.2.2, we have
f(@)

p(x)
f(l’) p(z)—1\ p(=)—1 p(x) f
A,.(g):/ ‘— dx = dz = Ay (—— ) =1,
70) o T Ao 0 AN

which implies ||g|,/() = 1 by Corollary 2.2.4. But then,

f (=)

p(z)

= [|fllpey > 1,

1l = / f(@)g(@) dz = |l

which is a contradiction. O

Now we are ready to prove the so called norm-conjugate formula, which is well-

known for classical Lebesgue spaces.

Theorem 2.3.3. (Norm-conjugate formula) If 1 < p~ < p™ < oo, for all f €
LPO)(Q), we have that

1Flloy < 1floy 20 fllpey — VF € LPO(Q).

18



Proof. Let f € LPM)(Q). Then by Holder’s inequality,

/f ) dz < 2|l ol

which implies |f|,.) < 2| fl|p¢)- Next, note that

= sup g(x)dx = B} =
o) 1oy gl <t o [Flpe) | floe)

Therefore, by Proposition 2.3.2, we have A, (f/|fly)) < 1. Hence, by Corollary
2.2.4, we finally obtain

el

which implies that || f||,) < [flp)- O

)

Next we shall prove the completeness of the spaces LP¢)(Q) and W0 ().
Lemma 2.3.4. If 1 < p~ < pt < oo, the space LPV)(Q) is complete.

Proof. Let {f,}32, be a Cauchy sequence in LP()(Q). Then, by Theorem 2.3.3, for
arbitrary € > 0, there exists an Ny € N such that

9
< > N,
@) = 1@l de < o men > N

for every g € LP'O)(Q) with ||g||,;() < 1. Note that we can take g = ﬁlﬁ\ as we have

1 p(x) Q
[ () a2 <
o \ 1+ 19| 1419

Therefore we obtain that, for any m,n > N,

[ 1) = fulel o <

which means that the sequence {f;.}3, is Cauchy in L'(Q2). Hence we can extract

a subsequence (not relabelled) such that
fe— f a.e. in {2 as k — o0

for some f € LY(Q). Now for n > Ny, we apply Fatou’s lemma to get

[ 150 = f@lg(@lde < sup [ 1£,60) = fulollato)l o <

for all g € LP'O)(Q) with ||g||,() < 1. Therefore by Theorem 2.3.3, we conclude that

”fk_pr(.) — 0 as k — oo.
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Lemma 2.3.5. If 1 < p~ < pt < oo, the space WO (Q) is complete.

Proof. Let {f,}3°, be a Cauchy sequence in W'?()(Q). By Lemma 2.3.4, there exist
f € LPO(Q) and g € LPO)(Q)? such that

fe = fllpcy =0 and IV fi = gllp¢y = 0 as k — oo. (2.2)

Let ¢ € C3°(Q2). Then we have

/ka?/de:—/l/Jkadx Vk € N.
0 0

Then, by (2.2), we obtain

/Qdex: —/ngdx,

which implies that V f = g. Thus it follows that
”fk_f|‘1,p(.)—>0 as k — oo.

]

Next, we introduce some density theorems which are necessary to prove more
advanced properties of variable-exponent spaces. We start with the density of simple

functions in L") (Q).

Theorem 2.3.6. Suppose that p* < co. Then the set of all simple functions on €2
is dense in LPU)(Q)

Proof. Note that all simple functions on € are contained in LP®)(Q), since p* < oo.
Then the theorem follows by the standard argument which is similar to the one
for the classical Lebesgue spaces based on the Lebesgue dominated convergence

theorem. []
Theorem 2.3.7. If p* < oo, then C3°(Q) is dense in LPO)(Q)

Proof. By Theorem 2.3.6, simple functions are dense in LP()(€2). Since a simple
function is contained in LP" () N LP (Q), it can be approximated by a sequence
of C§°(R2) functions in the same space. Then the claim follows from the fact that

LPT(Q) N LP™ () < LPO(Q), which is not difficult to verify. O
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As a next step, regarding duality, we introduce the following analogue of the

Riesz representation theorem in variable-exponent Lebesgue spaces.

Theorem 2.3.8. Suppose that 1 < p~ < pt < oco. For any linear functional
F: LPO(Q) = R, there exists a unique function f € LPO)(Q) such that

F(u) = /Qf(m)u(a:) dz Vu € LPO(Q).

The proof can be performed by the usual method for the classical Lebesgue
spaces based on the use of Radon-Nikodym theorem and on the density of simple

functions. Let us briefly sketch the proof.

Proof. For any measurable set F C €0, define A(E) = F(xg). Then it is easy to see
that X is a finite signed measure provided that p™ < co. Also, A is absolutely contin-
uous with respect to the usual Lebesgue measure since |E| = 0 implies ||xg]|p) = 0.
Then by the Radon—Nikodym theorem, there exists an f € L'(Q2) such that for all

measurable sets E C (),
F(xg) = / xefdx.
Q

Then it is straightforward to verify that such an f is the desired one by the use of

Theorem 2.3.6. The uniqueness is trivial. ]

The proof for the problem in a more general setting can be found in [59] or in

Section 2.7 of [36].

Theorem 2.3.9. If 1 < p~ < pt < oo, the spaces LPV)(Q) and W'PO(Q) are

reflexive and separable Banach spaces.

Proof. The reflexivity of LP()(€) is a direct consequence of Theorem 2.3.8. The sep-
arability of LP()(€2) can be obtained by a simple application of Theorem 2.3.7, since
any function belongs to C§°(£2) can be approximated by a sequence of polynomials
with rational coefficients.

On the other hand, by the mapping f +— (f, Vf), the space W'P()(Q) can be
regarded as a closed subspace of LP()(€2) x (L”(')(Q))d. Thus W0 (Q) is a reflexive
and separable Banach space if 1 < p~ < pt < oc. O
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2.4 Log-Holder continuity

We have studied the definitions and some basic properties of variable-exponent
Lebesgue and Sobolev spaces. However, for the study of partial differential equations
in the variable-exponent context, it is necessary to develop more advanced tools for
variable-exponent spaces. For instance, we are interested in density theorems, em-
bedding theorems, functional inequalities and the boundedness of some important
operators.

In the study of variable-exponent spaces, it was shown that a certain regularity
needs to be assumed on the exponent. A major breakthrough in the theory of
variable-exponent spaces was the identification of the condition on the exponent p
which guarantees the validity of some advanced function spaces theoretical results:

the so-called log-Holder continuity. We begin with the following definition.

Definition 2.4.1. We say that a function p :  — R is locally log-Hélder continuous
if there exists a C'; > 0 such that
| < <

log (e +1/]z —yl)
Moreover, we say that p satisfies the log-Holder decay condition if there exists p,, € R

Ip(z) — p(y) v,y € Q.

and a constant Cy > 0 such that

Cy
log (e + [x)
We say that p is globally log-Holder continuous in € if it is locally log-Holder con-

’p<x)_poo‘ < Vo € Q.

tinuous and satisfies the log-Holder decay condition. The constant max{C1, Cs} is

called the log-Holder constant of p.

Definition 2.4.2. We define the following class of variable exponents:
1
P8(Q) := {p € P(Q) : ~ is globally log-Holder continuous}.
p

If p € P(Q) is bounded, then p € P8(Q) if and only if p is globally log-Hélder
continuous. This is due to the fact that p — Ilj is a bi-Lipschitz mapping from
[p~,p"] to [p%, p%] Furthermore, if p is bounded and || < oo, the log-Holder decay
condition is automatically satisfied. Note that we are assuming that Q C R? is
bounded open Lipschitz domain and 1 < p~ < p* < oo throughout the thesis.
Therefore, in this thesis, we shall use the following alternative definition, which is

widely used in the theory of variable-exponent spaces.

22



Definition 2.4.3. We say that the function p € P(£2) is log-Holder continuous on
Q) if there exists a constant Ciog(p) > 0 such that

C’log (p ) 1

Ip(x) — p(y)| < Va,y € Q with 0 < |z —y| < 5.

— —loglz —y|
We denote by P'8(Q) C P(£) the set of all log-Holder continuous functions defined
on €.

Now, we can start with the basic density theorem, which is well-known for clas-
sical Lebesgue and Sobolev spaces. Density of smooth functions was one of the first
questions investigated in the function space setting, as early as 1992, by Edmunds
and Réakosnik in [46]. Samko [77, 78] and Diening [33] have shown independently,
that log-Holder continuity of the exponent is sufficient for the density of smooth
functions. See Section 9.1 of [36] for more detail and the proof of the following

theorem.

Theorem 2.4.4. (Density of smooth functions) Suppose that p € P'°8(Q) satisfies
1 <p~ <p'" <oo. Then, for each k € N, C®(Q) is dense in W0 (Q).

Next, we can ask a similar question about the generalization of the embedding
WhP(Q) — L1(Q) for ¢ < p*, where p* is the Sobolev conjugate. Let us first define

the variable Sobolev conjugate:

00 p(r) > d,

For a bounded Lipschitz domain €2, in [47], Edmunds and Rékosnik proved un-
der the assumption of p(z) being Lipschitz continuous with sup,.qp(z) < d that
WPO(Q) < LP"O(Q). In fact, they proved the embedding even for sup, . p(z) = d;
nevertheless, the space LP"()(Q) with p*(z) = oo needs to be replaced by a more
general space of Orlicz—Musielak type. Later in [48], they extended this result
for p(z) € W1o(Q) for some o > d, assuming p™ < d. In [34], Diening proved
same optimal Sobolev embeddings and the generalization of Rellich-Kondrachov
theorem on bounded Lipschitz domains with log-Holder continuous p(z) satisfying

1 <p~ <p' <d. Here we summarize the result in [34].
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Theorem 2.4.5. Let p € P'8(Q) such that 1 < p~ < pt < d, and assume that
q € P(Q) satisfies q(x) < p*(x) a.e. x € Q. Then we have

Wl,p(-)(Q) sy 1,90) (Q)

where the corresponding embedding constant depends only on d, ||, p* and Clog(p).

Moreover, if q(x) < p*(z) a.e. x € Q, the embedding is compact.

In the later analysis, we also need some important functional inequalities. For
the proofs of these inequalities, see [36] for more detail. We begin with Poincaré’s

inequality.

Theorem 2.4.6. (Poincaré’s inequality) Suppose that p € P°8(Q2). Then, for every
u € Wol’p(')(Q), the inequality

[ullpey < C diam (Q)[|Vul[y
holds with a positive constant C' > 0 depending only on d and Cieg(p).

In the constant-exponent case, there is an obvious connection between modular
and norm versions of the inequality, which does not hold in the variable-exponent
context. Indeed, the following one-dimensional example shows that the Poincaré

inequality cannot, in general, hold in a modular form.

Example 2.4.7. Let p : (—2,2) — [2,3] be a Lipschitz continuous exponent that
equals 3 in (—2,—1) U (1,2), 2 in (—1/2,1/2) and is linear elsewhere. Let u, be
a Lipschitz function such that uy(£2) = 0, uy = A in (—1,1) and |u}| = A in
(—2,—1) U (1,2). Then,
N 1/2
Apy(uy) 25 @ da J JapAdr

— = 00

Ap(y (1)) B f_22 |uhy [P doe 2f__21 Adz 2

as A — 0T,

In fact, Fan, Zhao and Zhang [50] have shown that the modular Poincaré in-
equality A,)(u) < CApyy(Vu) does not hold if p is continuous and has a minimum
or maximum. But in [4], Allegretto has shown that the inequality holds if there
exists a function £ € WH1(Q) such that Vp- VE > 0 and V€ # 0. This holds if p is

suitably monotone.
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Let us now turn our attention to Korn’s inequality. In the context of fluid
dynamics and elasticity, the governing partial differential equation only gives control
of the symmetric part of the gradient rather of the full gradient itself. For u €
WhHQ)?, we define the symmetric gradient Du by

loc

Du := - (Vu+ (Vu)").

1
2
In particular, the partial differential equation only ensures that the norm of Du
can be controlled. However, from a point of view of Sobolev spaces, it is desirable
to have control of Vu. Although it is not possible to estimate |Vu| pointwise by
| Dul, it is in some cases possible to bound the norm of Vu in terms of the norm of

Dwu. In particular, for all u € VVO1 I(R?) with 1 < ¢ < 0o, we have Korn’s inequality
Vully < Cl[Dul,.

Moreover, it was shown that one can generalize Korn’s inequality to the variable-
exponent spaces LP)(Q). First, for bounded domains, we introduce the generalized

Sobolev space of functions with zero boundary value.
Wo P (Q) = {u e WH*O(Q) 1 u =0 on 90} .

What we need in the subsequent analysis is the following result whose proof can be
found in Chapter 14 in [36], which follows the idea of [42]. A completely different

proof can be found in [40]. Note that we assume zero boundary values for w.

Theorem 2.4.8. (Korn’s inequality) Let p € P%(Q) with 1 < p~ < p* < oo. Then

there exists a positive constant C' > 0 such that
IVl < Cl[Dully
for all u € Wy ™0 Q)4

Next, we shall investigate another auxiliary result, which is referred to as the
local-to-global result, which is a generalization of an analogous result in classical L”

spaces. In the classical Lebesgue space setting, the following is easily seen to hold:

11l = (Z o, |§) _ | 3 o Il
Z' p

’XQz p
25
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where Q = U;€; and €; N Q; # (0 for i # j. This raises the question whether in a

variable-exponent space LP()(Q), one has

||f||p(

p()
This statement is indeed true, provided that p € P°8 and {Q;} is locally N-finite in

the sense of the following definition.

Definition 2.4.9. Let N € N. A family Q of measurable sets Q C R? is called
locally N -finite if

d xe<N

QeQ

almost everywhere in R

Let us now state the norm-equivalence theorem precisely; for its proof, see Chap-

ter 7 in [36].

Theorem 2.4.10. Let p € P5(RY) and let Q be a locally N-finite family of cubes
or balls Q C RY. Then,

~ | Q”XQpr

2"

> xof

Qe

p(+)

forall f € LloC (R?). The constants, not explicitly indicated in this norm-equivalence

(henceforth referred to as ‘implicit constants’), only depend on Cig(p), d and N.

Theorem 2.4.10 is a very powerful tool. It allows us to extend many estimates
and results known for cubes or balls to more complicated domains. To be able to
make use of the formula appearing on the right-hand side of the norm-equivalence
stated in Theorem 2.4.10, we need to compute the variable-exponent norm ||xol|c)
of the characteristic function xq. Some related results are presented in Chapter 4

of [36]; what we need here is the following theorem stated therein.

Theorem 2.4.11. Let p € P5(RY). Then, for every cube or ball Q C RY,

1 .
Ixellpe) = QP if Q<2 and z € Q.

The implicit constants only depend on Chog(p).
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2.5 Bounded operators in variable-exponent spaces

Finally, we introduce some important operators and we discuss the boundedness of
these operators in variable-exponent spaces.

We start with the divergence equation, which is of great importance in the theory
of incompressible fluids. For given f with mean value zero, we seek a solution u

with zero boundary values of
divu = f in Q, (2.3)

where (2 is a bounded, open and Lipschitz domain. This problem has been stud-
ied by many authors. The L?-theory in Lipshcitz domain is based on an explicit
representation formula that is due to Bogovskii in [14, 15]. Here we introduce the
generalized version of the result to the case of Lebesgue and Sobolev spaces with
variable exponents. Since we are looking for solutions u of (2.3) with zero boundary
values, we need to assume that the right-hand side has a vanishing integral. Let us

denote the space of such functions by

20(Q) = {f e ") - /Qf(x) dz = 0} |

What we need here is the following theorem, which concerns the existence of a
certain bounded linear operator, called the Bogovskii operator, in variable-exponent

spaces.

Theorem 2.5.1. Let Q2 C R? be a bounded open Lipschitz domain and suppose that
p € P8(Q) with 1 < p~ < p™ < co. Then, there exists a bounded linear operator
B: Lg(')(Q) — Wol’p(')(Q)d such that for all f € Lg(')(Q) we have

div (Bf) = f,
HBf”Lp(-) < CHpr(-%

where C' depends on Q, p~, pT, and Ciox(p).

As a consequence of Theorem 2.5.1, we can prove an inf-sup condition, which
has a crucial role in the mathematical analysis of incompressible fluid flow problems.
The following proposition is a direct consequence of the existence of the Bogovskii
operator in spaces with fixed exponent, which is a special case of Theorem 2.5.1; see

[14, 42] for additional details.

27



Proposition 2.5.2. For any s, s' € (1,00), with + + % =1, there exists a positive

constant oy > 0 such that

divwv, q o
asllglls < sup <—> Vqe L (). (2.4)

0#vEW, * ()4 [v][1,s

Furthermore, one can prove the following inf-sup condition in spaces with variable

exponent norms, which will play an important role in the subsequent analysis.

Proposition 2.5.3. Let Q C R? be a bounded open Lipschitz domain and let p €
Pls(Q) with 1 < p~ < p*t < oo. Then, there exists a constant oy, > 0 such that

(div v, q)

llallyy < sup Vge L)

0£vewy P (@) [0/l

Proposition 2.5.3 is a consequence of Theorem 2.5.1 and the norm-conjugate
formula presented in Theorem 2.3.3.

Next, we discuss the properties of the maximal operator. In order to derive more
sophisticated results for the spaces LPO)(RY), we have to investigate the Hardy-
Littlewood maximal operator M on LPC)(R?). The central property of the maximal
operator is that it is a bounded operator from LP(R?) to LP(R?) for p € (1,00]. We
introduce the variable-exponent generalization of this result.

For any f € L'(R%), we define the Hardy-Littlewood maximal operator by

. 1 d

where B,(z) is the open ball in R? of radius 7 centred at x € R?. Similarly, for any
f e WHY{(RY), we define M (Vf) := M(|Vf]).

To prove the boundedness of this operator in LP()(R?), we need a technical tool
concerning variable-exponent spaces, which is called the key estimate. This will be
independently used in our analysis. The motivation for the key estimate comes from
the integral version of Jensen’s inequality, which states that, for every real-valued

convex function ¢ defined on [0, 00), and every cube ), we have

" (72 Fldy) < £ tswn

This simple but crucial estimate allows, for example, to transfer the L'-L> esti-

mates for interpolation operators to the setting of Orlicz spaces, see [41]. Therefore,
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it is necessary for us to find a suitable substitute for Jensen’s inequality in the
context of variable exponents. Our goal is to control <fQ |f(y)] dy)p(m) in terms of
f | f(z)[P®) da. If p is constant, this is exactly Jensen’s inequality and it holds for
all f € LP(Q). However, for variable p, it is impossible to derive such estimates for
all f and we have to restrict ourselves to a certain set of admissible functions f.
Moreover, an additional error term appears. The following statement is a special

case of Corollary 1 in [44], which is an improvement of Corollary 4.2.5 in [36].

Theorem 2.5.4. (Key estimate). Let p € P°5(RY) with p™ < oco. Then, for every

m > 0, there exists a constant C' > 0, which depends only on m, Cig(p) and pT,

such that p()
(f @)l dy) <cf 1P+ clarr (25)
Q Q

for every cube (or ball) Q C R with |Q| < 1, all x € Q and all f € L(Q) with

][ Fldy < Q"
Q

By using the key estimate, we can prove the following boundedness result, whose

proof can be found in Chapter 4 in [36].

Theorem 2.5.5. Let p € P8(RY) with p~ > 1. Then there exists a constant K > 0
depending only on d and Ciog(p) such that

IM fllpey < K@) 1 Fllne)
for all f € LPO(RY).

The proof of Theorem 2.5.5 goes back to many authors. The first version is
due to Diening [33], who proved the result for bounded exponents that are constant
outside a large ball. This condition was later relaxed by Cruz-Uribe, Fiorenza,
Martell and Pérez in [29] to the log-Holder decay condition and by Nekvinda in
[71] to the integral condition 1 € LP(). The boundedness of the exponent was then
removed in [35] and [28]. The proof presented in reference [36] is closest to the one
in [35].

Similarly to the case of Poincaré’s inequality, the above theorem does not hold

in a modular form. For instance, Lerner [64] showed that

[ pear<c | e
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if and only if p € (1,00) is constant.
Finally, we recall the following generalization of McShane’s extension theorem
(cf. Corollary 1 in [68]) to variable-exponent spaces and the boundedness of the

maximal operator in variable-exponent context.

Lemma 2.5.6. (Variable-index extension [30]) Let Q@ C R? be an bounded open
Lipschitz domain and suppose that p € P8(Q) is arbitrary with p~ > 1. Then,
there exists an extension q € PY8(RY) such that ¢~ = p~ and ¢t = p*, and the
Hardy-Littlewood mazimal operator M is bounded from L0 (RY) to LIO)(R?).

Having discussed the mathematical background concerning variable-exponent
function spaces, in the next chapter we shall start to focus on the numerical approx-

imation of the model problem under consideration.
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Chapter 3

Finite element approximation of
the stationary model in 2D

3.1 Brief description of the chapter

As we described in the Introduction, we shall investigate a system of equations de-
scribing the motion of a shear-thinning fluid with a non-standard growth condition
on the viscosity. More precisely, we shall consider the incompressible generalized
Navier—Stokes equations with a power-law-like viscosity where the power-law index
is not fixed, but depends on the concentration, and we shall assume that the con-
centration satisfies a convection-diffusion equation. We first consider the stationary

model. In other words, we consider the following system of PDEs:

divu =0 in €, (3.1)
div(u ® u) —divS(c, Du) = -Vrn + f in €, (3.2)
div (cu) — divgq,.(¢, Ve, Du) = 0 in Q. (3.3)

As discussed in the Introduction, we shall further assume suitable structural con-

ditions on S(-,-) and q.(-,-,-). First, the stress tensor S : Ry x R¥Xd — RI*d ig

Sym sym

assumed to be a continuous function satisfying, for some positive constant C;, Cs

and Cj3, that

1S(¢,B)| < Ci(|BPO + 1), (3.4)
(S(g,B]_) — S(g,B2>> : (Bl — Bz) >0 for B]_ 7£ Bz, (35)
S(§, B)- B > Cy(|BIPY) + |S[P'O) — 5, (3.6)

where : Ry — Rs is a Hélder continuous function with 1 < p~ < p(¢) < p* < ©

and p/(§) is defined as its Holder conjugate, p&(le. We further assume that the
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Figure 3.1: Shear-thinning index of viscosity for synovial fluid

dxd

sym R? is a continuous function,

concentration flux vector q.(£, g, B) : RsgxRIxR
which is linear with respect to g, and additionally satisfies the following inequalities:

there exist positive constants C; and C5 such that

9.(¢, 9, B)| < Cilgl, (3.7)

To complete the problem, we prescribe the following Dirichlet boundary conditions:
u =0, c=cq on 012, (3.9)

where ¢g € W14(Q) for some ¢ > d and ¢4 > 0 a.e. on Q

In this chapter, we consider the construction of a finite element approximation
of the system of nonlinear partial differential equations (3.1)—(3.3) and, motivated
by the ideas in [21], we develop the convergence analysis of this numerical method
in the case of variable-exponent spaces in a two-dimensional domain.

Let us make some comments on the lower bound of p~. Figure 3.1 presents the
shear-thinning index of viscosity for the synovial fluid. The exponent p is plotted as
a function of concentration. The physiological values are approximately in the range
(0.1,0.25), in the graph depicted by the gray rectangle. The non-dimensionalized
concentration ¢ = 1 refers to (non-physical) 100% concentration of the solvent.
Dashed lines correspond to lower bounds p~ as required by the mathematical tools
employed in the proof of existence of a weak solution; see, for example, [20] and

[21]. As a starting point, in this chapter, we perform the finite element analysis

3d

. — 3 . —
with p~ > 3 corresponding to p~ > 775

in 2D, which can be covered by the appli-

cation of monotone operator theory, where the use of Lipschitz truncation can be
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avoided. However, as one can see from Firgure 3.1, it is desirable to perform the

analysis with p~ less than j—g for practical reasons. Therefore, instead of just using

monotone operator theory, here we develop a more general theory which might be
3d

useful for the analysis with p~ lower than ;5. For example, if we can prove the
estimate (3.23) with p~ lower than %, with the theory developed here, we can per-
form the same analysis with lower values of p~. In that case, monotone operator
theory is not applicable and the use of Lipschitz truncation is necessary as developed
here. Key technical tools include discrete counterparts of the Bogovskii operator, a
De Giorgi-type regularity theorem in two dimensions, and the Acerbi—Fusco Lips-
chitz truncation of Sobolev functions, in function spaces with variable-integrability
exponents. The extension of the results to the case of three space dimensions will
be considered in the next chapter as we need to use a different numerical scheme.
Nevertheless, at least initially, we shall admit d € {2,3}. Subsequently we shall
restrict ourselves to the case of d = 2. Also, as no uniqueness result is currently
available for weak solutions of the problem under consideration, we can only show
that a subsequence of the sequence of numerical approximations converges to a weak
solution of the problem. First, as mentioned above, we perform the finite element
analysis with the general theory using Lipschitz truncation, which is applicable to
the problem with p~ lower than % And for the completeness, at the end of the chap-
ter, we will include how current result can be also obtained by the use monotone

operator theory without using Lipschitz truncation. The content of this chapter is

based on the journal paper [57].

3.2 Definition of weak solutions

We begin with the definitions of the following function spaces that are frequently

used in connection with mathematical models of incompressible fluids:

Wol,p(')(Q)d - {’u, c Wl,p(.)(Q)d “w =0 on 89} ,
W&7ﬁg)<9)d = {u € Wol’p(')(Q)d cdivu = 0} )

Using this notation, the weak formulation of the problem (3.1)—(3.3), with the

nonlinear terms satisfying the assumptions above, is as follows.
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Problem (Q). For f € (W," ()%9)* ¢q € W(Q), ¢ > d, and a Hoélder
continuous function p, with 1 < p~ < p(§) < pt < oo for all £ € Ry, find
(c — cq) € WP (Q) N CO(Q), for some o € (0,1), u € Wol’p(c)(Q)d, T E Lgl(c)(Q)
such that

/ (S(c; Du) : Vo — (u@w) : Vap) da — (divap,m) = (F,9) Vap € WE=(Q)Y,
Q
/qdivudx:O Vqe LXF9Q),
Q

/ (g.(c,Ve,Du) - Vo —cu - Vo) dz =0 Vo€ W,2(Q).
0

Thanks to Proposition 2.5.3, we can restate Problem (Q) in the following
(equivalent) divergence-free setting.

Problem (P). For f € (W (Q)%)*, ¢g € WH(Q), ¢ > d, and a Hélder
continuous function p, with 1 < p~ < p(§) < pt < oo for all £ € Ry, find
(c—cq) € COC(Q)NW2Q), u € Wolﬁ(vc)(Q)d, such that

[ (Ste.Dw)s Vo~ (wew: Vo) de = () Ve WiR @),
/ (g.(¢c,Ve,Du) -V —cu-Vy) der =0 Ve Wy2(Q).
Q

The existence of a weak solution to problem (P) was initially proved in [20] in the

d 3d
27 d+2

case when the variable exponent x +— p(z) is bounded below by p~ > max{
with the help of monotone operator theory. The result was improved in [21], where
the existence of weak solutions was proved for p~ > %l by using Lipschitz truncation
technique. As mentioned above, the aim of this chapter is to perform the convergence

analysis of a finite element approximations of this problem in two dimensions.

3.3 Finite element approximation

In this section, we will construct finite element spaces, which we shall use in this
chapter and state the Galerkin approximation of the problem (3.1)—(3.3). The ex-
istence of a finite element solution in the discretely divergence-free setting will be
established by using Brouwer’s fixed point theorem. Next, we shall prove a discrete
inf-sup condition to ensure the existence of a discrete pressure. Finally we will state
and prove discrete counterparts of some well-known theorems, which will be key
tools in the convergence analysis of the finite element approximation of the problem

under consideration.

34



3.3.1 Finite element spaces

Let {G,} be a family of shape-regular partitions of 2 satisfying the following prop-

erties:

e Affine equivalence: For every element £ € G, there exists a non-singular
affine mapping

Fip:E—>E,
where F is the standard reference d-simplex in R%.
e Shape-regularity: For any element £ € G,,, the ratio of diam F to the radius

of the inscribed ball is bounded below uniformly by a positive constant, with

respect to all G, and n € N.

For a given partition G, the finite element spaces are defined by

V' =V(G,) ={V eC@Q)®*: Vigo F' € Py, E € G, and Vyq = 0},
Q" =Q(Gn) :={Q € L¥(Q) : Qpo F3' € Py, E € G},
Z" =7G,) :={Z € C(Q): Zpo Fg' € Py, E € G, and Zjq = 0},

where Py ¢ WH(E)Y, Py ¢ L®(F) and P, ¢ WY(E) are finite-dimensional
subspaces.
V™ and Z" are assumed to have finite and locally supported bases; for example,

in the case of V", for each n € N, there exists an N,, € N such that
V" =span{VT,..., V' }

and for each basis function V', ¢ = 1,..., N, we have that if there exists an £ € G,

with V' # 0 on E, then
supp V' C U{E' €G,: EENE#0}=: Sg.

We shall assume that, for each n € N and for each (closed) element £ € G,,, either the
(closed) patch of elements Sg has empty intersection with €2, or, if the intersection
of Sg with 0 is nonempty, then Sg N J2 has positive (d — 1)-dimensional surface

measure.
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For the pressure space Q", we assume that Q™ has a basis consisting of discon-
tinuous piecewise polynomials; i.e., for each n € N, there exists an N, € N such

that
Qn = Span{Q?, ceey %n}

and for each basis function @)}, we have that
supp Q7 = E for some F € G,.

We assume further that V™ contains continuous piecewise linear functions and
Q™ contains piecewise constant functions.

Note further, by shape-regularity, that
dm € N: |Sg| <m|E| for all E € G,,

where m is independent of n. We denote by hg the diameter of E.
We also introduce the subspace V},  of discretely divergence-free functions. More

precisely, we define
b= {V eV [divV,Q) =0 YQ € Q"
and the subspace of Q" consisting of vanishing integral mean-value approximations:
’Sr—{Qe@”:/dex—O}-

Throughout this chapter, we assume that all finite element spaces introduced
above have the following properties.

Assumption 1 (Approximability): For all s € [1,00),

inf [[v—-V]|,,—=0 Vo€ W, ()% as n — oo,
VeVn )
inf |q— — 0 Vge L*(Q2 — 00,
-l 1€ L() s n - o0
Zian |z —Z|,,—0 VzeW,*(Q) as n — oo.
6 n )

For this, a necessary condition is that the maximal mesh size vanishes, i.e. we have
maxgeg, hg — 0 as n — oo.
Assumption 2 (Existence of a projection operator II7; ): For each n € N, there

exists a linear projection operator II7;, : Wy ()4 — V” such that:
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o Il preserves the divergence structure in the dual of the discrete pressure

space, in other words, for any v € W, (Q)¢, we have
(dive, Q) = (divIl: v,Q)  VQe Q.

o 117 is locally Whl-stable, i.e., there exists a constant ¢; > 0, independent of
n, such that for all v € Wy (Q)¢ and all E € G,,,

][ (I | + hp| VI v]) de < 01][ (|lv| + hg|Vv|) dz. (3.10)
Sg

We claim that (3.10) implies the following inequality: there exists a constant

¢ > 0, independent of n, such that
][ |VIIL v|dz < c][ |Voldz Vo e W, (Q)? and VE € G,. (3.11)

The proof of (3.11) proceeds as follows. As, by hypothesis, V" contains the set
of all d-component continuous piecewise linear functions on G, that vanish on 0f2,
for any (closed) element E € G, for which the (closed) patch of elements Sg has
empty intersection with 9€), any d-component vector function ¢ whose components
are constant on Sg can be extended to a d-component continuous piecewise linear

function on G,,, contained in V™. Thus we have, using (3.10) with v — ¢ € V", that
][ hp| VT o] dz — ][ hp| VI (v — ¢)| dz < c][ (Jv = c| + hp|Vo|) dz
E Sg

With ¢ = fSE v dz, Poincaré’s inequality gives

][ |v—c[dx§c][ hg|Vv|dz.
SE SE

Combining the last two inequalities and cancelling the factor hg then yields (3.11)
for elements E € G, for which Sg has empty intersection with 0€2.

If, on the other hand, E € G, is such that Sg has nonempty intersection with 0S2,
then, since by hypothesis the intersection of Sg with 02 has, for such F, positive

(d — 1)-dimensional surface measure, we have, this time by Friedrichs’ inequality,

][ |v|dx§c][ hg|Vv|dz.
SE SE

Using this on the right-hand side of (3.10) directly yields (3.11) for any such FE.
Thus we have shown that (3.10) implies (3.11).

that
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Note further that the local W11(Q2)4-stability of II%,  implies its local and global
Whs(Q)-stability for s € [1,00]. Indeed, since the function ¢ +— ¢° is a convex
function for s € [1,00), by the equivalence of norms in finite-dimensional spaces,

standard scaling arguments and Jensen’s inequality, we have that
’Hdlv ( )‘ + h’E|VHd1V ( )‘ < ||H:1LivaL°°(E) + he ||VH(TiLiVUHL°°(E)

< f (MM 0(2)] + he| VI v (2)]) de

< f (o(@)] + he| Vo (2)]) de

<c (]iE (o(@)]* + B3| Vo (z)]") dx)s VE €,

Raising this inequality to the s-th power and integrating over F gives

[ (Mol + 1 VITGol) do < [ (ol + Vo) do (302
Sg

Summing over all elements E € G,,, considering the locally finite overlap of patches
(which is the consequence of the assumed shape-regularity of G, ), and Poincaré’s

inequality implies, for any s € [1,00), that

||Hd1vv||15 < Cs ||’U||1 \8 V’U € WOLS(Q)d7 (313)

with a constant c¢; > 0 independent of n > 0. With a similar argument, the
same inequality can be derived for s = co. Note further that the approximabil-
ity (Assumption 1) and inequality (3.13) imply the convergence of II%};, v to v. In
fact, for any V € V",

< HU_V”18+ HV HdlvaLS
= [lv =V, + [ (v = V)|
< H’U - V”l,s +Cs H’U - V“l,s :

d1v

Hence we have
lv = M vlls <C inf o=V =0 VoeWg (Q)"asn—oo. (3.14)
e n

Assumption 3 (Existence of a projection operator H"): For each n € N, there
exists a linear projection operator II§ : L'(Q2) — Q" such that II§ is locally L'-

stable; i.e., there exists a constant ¢y > 0, independent of n, such that

][ [IHg| dz < 02][ lq| d (3.15)
SE
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for all ¢ € L*(Q) and all £ € G,,.

Note that with the same argument as above, we have

/ g dz < cS,/ lg/¥dz  VEe€G, VYqel®(Q), Vs e(l,0),
E S
} (3.16)

and summing over all £ € G,, yields
IMgle < collaly Vg€ L), Vs e (1,00). (3.17)
Also, the stability of IIf; and Assumption 1 imply that IIf) satisfies
llg — T15qlls — 0, as n — oo for all g € L¥(Q) and s € (1,00).  (3.18)

Remark 3.3.1. According to [9], the following pairs of velocity-pressure finite element

spaces satisfy Assumptions 1, 2 and 3, for example:

e The conforming Crouzeix—Raviart Stokes element, i.e., continuous piecewise
quadratic plus cubic bubble velocity and discontinuous piecewise linear pres-

sure approximation (compare e.g. with [19]);

e The space of continuous piecewise quadratic polynomials for the velocity and

piecewise constant pressure approximation; see, [19].

Our final assumption is the existence of a projection operator for the concentra-
tion space.
Assumption 4 (Existence of a projection operator I1%): For each n € N, there

exists a linear projection operator 112 : Wy (Q) — Z" such that

][ (T2 + hp| VTIZ2]) der < cgj[ (2] + hu|V2]) do
E SE

for all z € Wy () and for all E € G, where ¢ does not depend on n.
Similarly as above, the projection operator 1% is globally Wh*-stable for s €
[1,00], and thus, by approximability,

5z — 2|lis =0 Vze W, (Q). (3.19)
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3.3.2 Stability of projection operators in variable-exponent
spaces

In this subsection, we shall state and prove some important auxiliary results re-
garding projection operators in the variable-exponent context. A first key step is to
prove stability of the projection operator II},,. The main difficulty lies in the fact
that we are dealing with variable-exponent spaces, so several classical results are not

applicable. The main technical tool is the key estimate presented in Theorem 2.5.4.

Proposition 3.3.2. Let p € P¢(R?) with p* < co. Then, there exists a constant
C > 0, which depends on Q, Clog(p) and p*, such that, for allv € Wol’p(')(ﬂ)d,

/|VHdW (2)|P@ dz < C’/ V()P dz + C max h&.
Q Eeg,

Proof. For E € G,, by equivalence of norms in finite-dimensional spaces and a

standard scaling argument,

p(x)
/ VIT, ()P dw<0 |vnle >|dy) dz

p(z)
IVo(y)| dy) dz

JAGA

JACA
[ (f Vol dy + 1) de
1.

< 0/
< C/ |Vo(y) [P dy dz + C' |E| max h™
s

E

Vo(y)PY dy + C | E| max hE,

where we have used (3.11) in the second inequality and the key estimate in the third

inequality. Summing up the above inequalities over £ € G,, we have
/ |VITE v (z)[P@ dz < O/ |Vo(z)[P@ dz 4 C || max hd+1

That completes the proof. O]

Next, we shall investigate the stability of the projection operator IIf in variable-
exponent Lebesgue spaces. The key technical tool is the local-to-global result, which
is presented in Theorem 2.4.10. We begin with some auxiliary results, which are

quoted from [12].
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Lemma 3.3.3. Let p € P8(R%) with p* < oo and m > 0. Then, for every Q C R?
with |Q <1, k € [0,1] and t > 0 that satisfy |Q|™ <t < |Q|™™, one has

(k+ t)p(r)—p(y) <C
for all x,y € Q. The constant C' only depends on Clog(p), m, p™ and d.

Proof. Since k < |Q|™™ for k € [0,1], we have |Q|™ < k +t < 2|Q|™™. Thus the

log-Holder continuity of p in conjunction with the elementary inequality

_1
1 log%

(—) <e Vse(0,1)

s
implies that

(k + t)p(fc)—p(y) < 2p+(’Q‘—\p(1¢)—p(y)\)m <C,
where the constant depends on Cig(p), m, pt and d (but since d € {2,3} by

hypothesis here, any dependence of constants on d will be ignored henceforth). [

Next, we shall prove the following lemma, which will be useful for computing a
variable-exponent norm locally. To state it, we define a piecewise constant approx-

imation of a given exponent p(-) by

Ploc = Z p(xE)XE = Z PEXE,

Eeg, EecGn

where zp := argmingp, i.e., pg := p(rg) < p(z) for all z € E. What we need here
is the fact that the norms || - ||,y and || - [|..(.) are equivalent, which is also quoted

from [12].

Lemma 3.3.4. If p € P8(R?) with p* < oo, the norms || - ||p..c) and || - ||y, are

equivalent on Q™.

Proof. Let g" € Q" with [|g"||,..) < 1, which means that [, [¢"[P<(") dz < 1. By

equivalence of norms in finite-dimensional spaces and a usual scaling argument,

P

p(z

g™ [z ey < C][ lg"|dz < ¢ (][ |g" [Pee) dx) i
E E

1
1 plzg) __d
<c (h_d/ |gnlploc($) d:L‘) = < ChEP(IE)_
E JE
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Thus we can apply Lemma 3.3.3 with m = @, k=0and t =1+ |¢g"| to deduce
that

Llrroa =3 [ a3 [ ol

EegGn Eegn
<cZ/¢ﬂm%Mm—ﬁhﬂmem<c
E€gGn

On the other hand, if ||g" ||,y < 1, then we have

1 1
p(zg) ) __d
o) < c npen) gg ) <c 1+ g"P@yde ) " < ch,"",
g (E) g g 5
E E

and as before, [, [¢"[Pe<® dz < c. O

Now we are ready to prove the stability of IIf) in the variable-exponent context.
The precise statement of the stability property is encapsulated in the following

proposition.

Proposition 3.3.5. For a sequence of exponents {p"},en, assume that p* — p in
C%(Q) for some a € (0,1). Then, there erists a constant C, independent of n,
such that

IT134llyn(y < Cllgllney  Ya € L"O(Q).

Proof. Let g € LP"1)(Q2). Then, by Theorem 2.4.10 and Lemma 3.3.4,

MT5gllmey = || Y xellgg
Eegn ()
IT IT
<C Z o XE0 () IxE QCIHp Z B0l O IxE QQleoc
& Tl | =" 1 el

p™(+)

By the definition of the variable-exponent norm, one has that |[xgIIgq|» ()
X 11§ q]|pn, for each E € G". Therefore, by (3.16),

x5 q]|pn
> ol

Mggllpr) < €
Q p () Hegn ||XE||pn()

| 3 ool

Eegn

XE| pn
. Tyellc

p"()
Here the constant C' might depend on p’, but since 1 < p~ < p(z) < p™ < 0o, we
can choose a uniform constant C' independent of n and E.

At this stage, we claim that

IX554llpn < lIXseallpr ()
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Indeed, if this were not the case, then, by the definition of the Luxembourg norm,

we would have that
Do ()

_XSpd de < 1.

However, by writing Sp = EU E; U---U Ej, we have that

Ploe(T)
dx > 1,

Pl () Ph

X554 dp —

QH:D%

_ Xsgd
qup%

_ XSg4
QHPE

which is a contradiction. Hence together with Lemma 3.3.4 again, the above claim

implies that

Xseq||pn(-
ZXEH B Hp()

11154y < C
QYllp™(-) = ||XE||pn(.)

pn(-)
Next we claim that

X5z llpn () < ClixEllpn()-

By Theorem 2.4.11, for any x € E,

1 4 1 -
IXEllpcy = CIE[T® > CIE|"E > C|SE|"E > C|Sp|™e > Cllxspllpm (),

and hence the claim is proved. Therefore, together with Theorem 2.4.10 again, we

have

Tgallpmey < C

C{ D Xsua

Eegn

< Cllqllpmey

p

S
Eeg" o ||XSE||pn()

) P ()

by the finite overlap property of the patches. Note that the constant C' above
depends on Cig(p™), and therefore also on n. However, since p” — p in Co(Q),
this constant can be bounded uniformly by a new constant, which is independent of

n. Thus the proof is complete. O]

3.3.3 Discrete inf-sup condition

The aim of this subsection is to state and prove a discrete inf-sup condition, which
plays an important role in our proof of the existence of the discrete pressure and
the analysis of its approximation properties. The key technical tools required in
the proof of the discrete inf-sup condition are the existence of a Bogovskii operator,
stated in Theorem 2.5.1, and the stability property of II}, shown in the previous

subsection.
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Proposition 3.3.6. Assume that 1 < p~ < p* < oo and p* — p in CO*(Q) for

some « € (0,1). Then, there exists a constant 5 > 0, independent of n, such that

. 1 "
sup (divV,Q) > BHQH(W(» VQeQp, neN.

0AVEV™, V1 ,pn()<1

Proof. The assertion follows from the isomorphism between (L2 (Q))* and Lép n)I(Q)
(with the norm-equivalence constants bounded from above by 2 and from below by

1/2). In fact, it follows from Theorem 2.5.1 and Theorem 2.3.3 that we have

||Q||(pn)/(,) <2 i sup /dex
veLy" O, ol pny <17 2

=2 sup / Q div (Bv) dz

0eLE" O [loflpny <1/

=2 /lev (I, Bv) dz.

Now, by Theorem 2.5.1 and Proposition 3.3.2,
|v]|pny £ 1 implies || VIIg;,Bol[ny < Ch.

The constant C; depends on Clog(p™), and therefore also on n. However, since
p" — p in C%*(Q), the constant C; can be bounded uniformly by a new constant,

still denoted by C', which is independent of n. Therefore,

1@y () <2 / Q div (I}, Bv) dx
||Hde’U||1 pn (- )<Cl

=2C) sup /lev T B )dx
(o<1

RN

<p sup (divV, Q).
vevn, HV||1,pn( )<1

That completes the proof of the proposition. n
3.3.4 Discrete Bogovskii operator

In this subsection, we construct a discrete counterpart of the Bogovskii operator in
the variable-exponent setting and explore its properties.

Suppose that 1 < p~ < p* < 0o and p" — p in C**(Q) for some « € (0,1). For
H € div V", define the linear functional £ : L#")'0)(Q) — R by

Lr(q) = /Q HI}gdz, g€ LPO(Q).
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Then, thanks to Proposition 3.3.5, £ is a bounded linear functional on L®")0)(Q).
Hence, by Theorem 2.3.8, there exists a unique K(H) € LP")(Q) such that

/HHqux—/lC(H)qda:.

Note that since H € Lgn(')(Q) and IIc = ¢ for all constants ¢, we have K(H) €
L"),
Now we define the discrete Bogovskii operator. For n € N, we consider the linear

operator B : divV" — V" by
B"H =11}, BK(H) e V" for H € divV", (3.20)

where B is defined in Theorem 2.5.1.

For later use, we require the following bound on IC(H) in a variable-exponent

norm:
VCCH |y < 2 sup //C(H) qdx
g€LE™ O(Q), llall gy <17 2
_, sup / H1Igqdxr
€L O(Q), [lall pmy (<17 2

<C sup / HQdz. (3.21)
QeQ, HQ”(pn)l(A)Sl Q

Next, we will show a relevant convergence property of the discrete Bogovskii

operator. To this end, we need the following lemma, which is quoted from [38].

Lemma 3.3.7. Let {v,}22, € Wy *(Q)?, s € (1,00), such that v, — v weakly in
Wy* () as n — co. Then

g, v, = v weakly in W&’S(Q)d as n — o0o.

Proof. By the stability property (3.13), there exists a weakly converging subsequence
of {TI% v,}22, in Wy*(Q)%. By the uniqueness of the weak limit, it suffices to
identify the limit of {II% v, }22, in L*(Q)4. We deduce by recalling (3.12) that

lv = g vnlls < flv = g olls + TG, (v = v)]ls
< [lv = Wgwlls + Cllvn = vlls + € max hg [V (vn = v)ls,

The first term vanishes because of (3.14) and the second term tends to zero since

v, — v strongly in L°(Q)% thanks to the compact embedding W, *(Q)¢ <<
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L*(Q)%. The last term vanishes since {v,}>°, is bounded uniformly in W,*(Q)?

and maxpgegn hp — 0 as n — oo. ]

Now we are ready to prove the desired convergence property of the discrete

Bogovskil operator.

Proposition 3.3.8. Suppose that V" € V" n € N, and V" — V weakly in

Wy ()4 as n — co. Then, we have that
B'divV"™ — BdivV ~ weakly in W,*(Q)? as n — oo.

Proof. Let us define A™ := divV"™; then, A" — A = divV weakly in L§(Q) as
n — oco. Therefore, thanks to (3.18), we have, for all ¢ € L¥(Q) by the classical
Riesz representation theorem (here we shall use the same notation K as above, but
in this case the constructed IC(A™) lies in a fixed-exponent space L§(£2)), and since

nq — g strongly in L*¥ (Q) by (3.18), that, for all ¢ € L*' (<),

/K(A")qdm:/A”H%qu%/Aqu as n — 00.
Q Q Q

In other words, we have that K(A") — A weakly in L§(Q2) as n — oco. The Bogovskii
operator defined in Theorem 2.5.1 is linear and continuous, and hence it is also
continuous with respect to the weak topologies of the respective spaces. Therefore,
we have BK(A") — BA weakly in W, *(Q)? as n — co. Hence, by Lemma 3.3.7,
B A" .= 1% BK(A") — BA weakly in W,*(Q)? as n — co. As A" := div V" and
A :=div V the proof is complete. n

3.3.5 The finite element approximation

We are now ready to construct the finite element approximation of the problem
(3.1)—(3.3) and prove that the approximate problem has a solution.

An essential property of the problem (3.1)—(3.3) is that, thanks to the fact that
the velocity field w is divergence-free, the convective terms appearing in the equa-
tions are skew-symmetric. It is important to ensure that this skew-symmetry is
preserved under discretization, even though the finite element approximations to

the velocity field are now only discretely (rather than pointwise) divergence-free.
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Since we wish to ensure that the discrete counterparts of the convective terms ap-
pearing in the system inherit the skew-symmetry of the continuous convective terms,
we define the following trilinear forms:

B,[v,w, h] := %/Q(('vébh) :Vw — (v@w) : Vh)dz,

1
B.[b,v, 2] := 5 /(zv -Vb—bv-Vz)dz,
Q

for all v,w,h € Wy *(Q)%, b,z € WH*(Q). These trilinear forms then coincide
with the trilinear forms associated with the corresponding convection terms if we
are considering pointwise divergence-free functions and also, thanks to their skew
symmetry, they now also vanish when w = h and b = z, respectively. Explicitly, we
have

By[v,v,v] =0 and Bz,v,2]=0 Yve W= Q) zeW(Q),
B,[v,w,h] = —/(v ®@w): Vhdr Vv, w,he W&g’;(Q)d,
0

(3.22)
B.[b,v, 2] = — / bv - Vzdr Vo € Wy (), b,z € Wh(Q).
Q
Furthermore, the trilinear form B,[-, -, -] is also bounded in a sense to be discussed
below in more detail. Observe that for d3—f2 < p~ < p't < d, we have the Sobolev
embedding
WO Q) — L2OQ)?
Then, Holder’s inequality yields that
| (0@ w): Thds < Clollayillwlayo 0
< Cllollipo lwllipe 1Rl -
In the same way, we have
/Q('v ®h): Vwde < Clo)le 1l lwlhmo-
Thus we obtain the bound
|Bulv, w, h]| < Cllvllipe [wllpe [[ll1p00- (3.23)

This is the only part where the condition p~ > 2% (p~ > 2 in 2D) is needed. As
mentioned in Section 3.1, if we can improve this estimate, we can prove the main

theorem with lower values of p~.
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Now, for n € N, we call a triple of functions (U", P",C"™) € V" x Qp X (Z™ + cq)

a finite element approximation to a solution of the problem (Q) if it satisfies

/ S(C", DU"): DV dz + B,JU",U", V] — (divV,P") = (£,V) VYV €V,
Q

(3.24)

/QdivU”dsz vQ e Qn,
’ (3.25)

/ q.(C",VC", DU™) - VZdx + B.JC", U", Z] = 0 VZ ez,
’ (3.26)

where ¢g € Wh4(Q) with ¢ > d and f € (W (Q)%)*.
If we restrict the test-functions to V}, , the above problem reduces to finding
(U",C™) € Vi, x (Z" + ¢4) such that
/ S(C",DU"): DV dz + B,JU", U", V] =(f,V) VYV eVi, (3.27)
Q
/ q.(C",VC" DU")-VZdx+ B[C",U",Z] =0 VZelZ". (3.28)
Q

The existence of a solution to the discrete problem (3.27), (3.28) follows by a
combination of a fixed point argument and iteration. To prove the existence of a
solution, we need the following lemma, which is a consequence of Brouwer’s fixed

point theorem (cf. [49], Chapter 9).

Lemma 3.3.9. Suppose that v : RY — RY is a continuous function, which satisfies
(3r>0) (VzeRY : |z|=7) v(z) x> 0.
Then, there exists an x € B,.(0) such that v(x) = 0.

Let us prove the existence of a solution to the discrete problem (3.27), (3.28). Let
{w; 1, {2}, be bases of Vi, and Z" respectively, satisfying [, w; - w; dz = §;;
fori,j=1,...,mand [,zzde=20d;fori,j=1,...¢

We wish to find U" € V}}, ., C™ € Z" + ¢4 of the forms

m l
U'" = E Q;Wj, c" = E Bizi + cq
i—1 i=1
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such that

/ S(C",DU"): DV dz + B,[U"U" V] = (f.V) ¥V € Vj,
Q

/ q.(C",VC",DU")-VZdz+ B[C",U", Z] =0 VZ eZ".
Q
Equivalently, we can rewrite the above as

/ S(Cn,DUn) : .D’lUZ dx + Bu[Un,Unij] = (f,'w,), 1= 17 e, My,
Q

/ q.(C",VC",DU") -Vz;dz + B.[C",U", 2;] =0, j=1,...,¢
0

For a given n € N, we will construct an iteration scheme; i.e., we will define a
sequence of solutions {U7}, C'} acting on the equations iteratively. As a first step,

define C7 := ¢4 € Z™ + ¢4, and let U7 € V], be a solution of

/QS(C'{L, DUY) : Vw;dz + B,[UT,UT, w;| = (f, w,), i=1,....,m. (3.29)
The existence of such a U7 can be established as follows. Define the function
A:R™ — R™ by

Alar, ..y am) = (a1(ag, ooy @)y ey am(Q, oy Qi)
with
aj(on, ..., o) = /QS(Cf,Da) : Vw; dz + B,[o, o, w;] — (f, w;),
where m
o= Z o w;.
i=1

We note that A is a continuous function on R™. Then we have, by Sobolev embed-
ding and because the term B, [a, o, ] vanishes thanks to the skew-symmetry of the

trilinear form B, that
Alag, ... o) (g, .. ) = / S(CT,Da) : Vadr + B la,a,a] — (f, )
Q

> Cl/ Do) dz — Cy — |(f, )|
Q

> C DalP dx — -
> C1 [ Dol dr = 1fl s o,

> Cyflelf - — O(s)Hf\QI;;E,p_(Q»* el — Gy
0

O‘Hl,p‘ - Oy

> (Cr=e)lels —Ce
=(Cr1—9)l(ar,...,an)f" —Co.
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Hence by Lemma 3.3.9, there exists an m-tuple (ag,...,q,) € R™ such that

Aoy, ..., ap,) = 0, which implies the existence of U} € V7, .

Now, multiplying the i-th equation in (3.29) by «; and taking the sum over

t=1,...,m, we obtain

| 8(1.DUY s VUL e+ B, UL ULUY = (£.07)
Q

where the term B,[UY,U7T,UY| = 0 thanks to the skew-symmetry of the trilinear

form B,. Then, because of the coercivity of S, we have

C1 [ IDUTPD) o = Co < £l gy gy 10T
By Young’s inequality,

IDULIE- < CEIFIG L 0. +NTTIE, + Ca

Finally, by Korn’s inequality,
U7l <€,

where the constant C' is independent of n.

Now, let C% € Z" + ¢4 be a solution of the equation

/ q.(Cy,VCy, DUY) - Vz;de + B.[Cy, U7, 2] =0, j=1,...,¢
Q

As before, we define a function B : R — Rf by

B(ﬁla"'aﬂe) - (bl(ﬁla"-aﬁf)w"vb@(ﬁla'--aﬁf))

with
by (B, o) = / 4.8, V5, DUY) - Vz;dx + BB, UY, 2],
Q
where

¢
B=Biz+ca
i=1

We note that B is continuous on R’. Furthermore, we have that

(3.30)

(3.31)

B(ﬂlu"’?ﬁf) ’ (617"-755) = /Qqc(67v67DU711) 'v<ﬂ_cd)dI+Bc[ﬁ>U7ll7ﬁ_cd]

= 1+1I,
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with obvious definitions of I and II. Since g, is linear with respect to its second

variable, by (3.7) and (3.8) we have that

- / (4.(8. V(8 — ca), DU?) - V(8 — ca) + q.(5. Vea, DUY) - V(B — ca) da

> GV = ol = Cu | [Veall V(5 = ca)l do

> GV (8 — )l — CillVeals V(8 = ca)ll

> G5V (B —ca)ll3 — C)|IVealls — el V(B = ca)ll3
> (Cs— &) [V (B — ca)|2 = C.

Also,

1
II:5/(B—cd)U’f-Vcddx—/chT-V(ﬂ—cd)daj
Q 0

— T +11,

with obvious definitions of I" and II'. Concerning I’, for sufficiently large t > 2 (i.e.
t € (2,00) when d = 2, and t € (2,6] when d = 3), we have by Sobolev embedding
that

[[(6 = vt Veada| < 15 - cal U 2, Vel
< OB = call12[[UT |1 p-
< CIV(B = ca)l2UT |1,
<e|V(B =il +CEINUT,--
Hence,
I'> —[|V(8 = ca)ll; = Ce) UL -

For the term II', since ¢, is bounded, we have that

/ch?-V(ﬁ—cd)dx < C/ U} -V(B—cq)dx
0 0
< CllUT[|l[V (8 = ca)l2
< CEINUTI,- +ellV(B —cal-

Therefore,

I=T+1II'> =2[[V(8 — ca)ll; = CEIUTI,-
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and by (3.30), and choosing ¢ € (O, %05), we have that

BBy, Be) - (Br,.., B) =T+ 11> (C5 = 3¢) [ V(B — ca)|l; - C

v

SCs 1By, B C.

Thus, again, by Lemma 3.3.9, there exists an ¢-tuple (5,

.., B¢) € RY such that
B(f, ..

., B¢) = 0, which implies the existence of C§ € Z".

Next, multiplying the j-th equation of (3.31) by f; and taking the sum over
j=1,...,¢, we arrive at

/ q.(C3,VCy DUY) - V(C3 — cq)da + B.[C3,UT,CY — ¢4] = 0.
Q

Hence, by (3.7) and (3.8),

VeI < © / 4.(C}. YOy, DUT) - Vegda — B.CY, U, G5 — cd
Q

< c/ VO [Vea dr — BJ[CE, U™, C2] + BJCE, U,
Q
< e||[VC3|5 4+ C(e)||Veal3 + Be[Cy, U, cal.

By integration by parts, Sobolev embedding, Holder’s inequality and Young’s in-
equality,

1 1
B.[C3, UY, cq| = §/§2ch? VO3 dx — 3 /Q CYUY - Vegdx

1 1
=3 / cUT - VO dx + 5 / div (CRUYT)cqdx
0

0

= /chU’f -VCy dx—l—%/ﬂC’g(div U')cgda

< [leallo 1UT ]2/ VES ]2 + %||Cd||oo||C§||pp_l||diV Uty
< ClUTlp- IV 2 + ClIUT 1[IV
< CENUTI,- +ellVes s,

dp—

(d+1)p~—d

provided that d2—+d2 < p~ <p* < d. Therefore, by (3.30), we obtain

IVCy3 < C+CllUT3,- <C, (3.32)

where the constant C' does not depend on n.

Now we define U3 € V7, as a solution of the equation

/ S(Cy, DUY) : Vw; dx + B,[U}, UL, w;] =
Q

<f,'wi>, izl,...,m,

52



and define C§ € Z" + ¢4 as a solution of the equation
/ q.(C3,VCy, DUY) -Vzide + B.[Cy, U3, z;] = 0, j=1,...,¢
Q

The existence of such Uj and C§ can be established by the same argument as
above. We continue this process so that we obtain, by iteration, a sequence of

solutions {U},, C}'} € Vi, X Z™ + ¢4 where U7, is a solution of the equation
/QS(C,?,DUZ) :Vw;dz + B, [UL, UL, w;| = (f,w,), i=1,...,m, (3.33)
and C},, is a solution of the equation
/Qqc((],’jﬂ, Ve, ., DUY) -Vzyde + B[C),, Uy, 2] = 0, jg=1,...,0 (3.34)

Also, by the same argument as the one we used to derive the bounds (3.30) and
(3.32), we have
Uk <C1 and - [[VCR; < Cs,

where (', Cy are positive constants, independent of k € N.
Now we consider the spaces (V3| - [|1,-) and (Z", | - |12). Both spaces are
finite-dimensional, hence by the Bolzano-Weierstass theorem there exist subse-

quences (not relabelled) such that as k — oo,

Ur - u” (strongly) in V. |

Cp—ca—C"—cy (strongly) in Z".

By the equivalence of norms in finite-dimensional spaces, as k — oo, and for each

fixed n € N,

Uk = U100 < C)[U} = U[l1p- =0,
ICF = CMheo < C)[ICF = C"12 = 0.

Since convergence of a sequence of functions in the L*-norm implies uniform con-

vergence, we deduce that k — oo,
U!=U" DU} =DU" C;}=C" and VC} = VC" ae. on .
Note further that since S and g, are continuous, we have

S(Ccr, DUY) = S(C™, DU™),
qc(CI?Jrl’ VCI?+17 DUZ) o qc(Cmv VC”? DU”)
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Now if we pass to the limit & — oo in (3.33) and (3.34), we have
/ S(C", DU : Vaw, da + BJU™, U™, w;| = (f,wy), i=1,....m,
Q
/ q.(C",VC", DU™) - Vz; dz + B.C", U™, 2] = 0, i1,
Q

Therefore, we have established the existence of a solution to the Galerkin approxima-
tions (3.27) and (3.28) for a given n > 0. The existence of a discrete solution triple
for (3.24)—(3.26) then follows by the discrete inf-sup condition stated in Proposition
3.3.6.

Our objective is now to pass to the limit n — oco. To this end we require two
technical tools: a finite element counterpart of the Acerbi—Fusco Lipschitz trunca-
tion method in variable-exponent Sobolev spaces, and a finite element counterpart
of De Giorgi’s regularity theorem for elliptic problems. We shall discuss these in the
next two subsections, respectively. The finite element De Giorgi estimate considered
here is restricted to the case of two space dimensions (d = 2), as our proof rests on a
discrete version of Meyers’ regularity estimate in conjunction with Morrey’s embed-
ding theorem, which, by the nature of the argument, is limited to the case of d = 2.
A direct proof of a discrete De Giorgi estimate in the case of d > 2, for Poisson’s
equation with a source term in W~1%(Q) and s > d, is contained in [3], subject to a
restriction on the finite element stiffness matrix, analogous to the assumption that
is usually made to ensure that the discrete maximum principle holds. It is stated
there, without proof, that more general operators may be covered with little or no
change, including, for instance, “any uniformly elliptic operator in divergence form
with bounded measurable coefficients”. Indeed, Casado-Diaz et al. [26] consider
linear elliptic problems of the form —div(AVu) = f with A € L>(Q)™? uniformly
elliptic and f € L'(f2), and assume diagonal dominance of the associated finite ele-
ment stiffness matrix, a condition, which now also involves the bounded measurable
matrix function A (cf. (1.17) there). As in our setting the concentration equation is
nonlinear, and the diffusion coefficient is a nonlinear function of both the concentra-
tion and the Frobenius norm of the velocity gradient, it is unclear how exactly such
a diagonal dominance condition on the associated stiffness matrix would translate
into a practically verifiable restriction on the sequence of triangulations. We have

therefore confined ourselves here to the case of d = 2.
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3.3.6 Discrete Lipschitz truncation

The Lipschitz truncation method has a crucial role in the proof of our main result,
which will be stated in the next section. In this section, we shall introduce a discrete
Lipschitz truncation, acting on finite element spaces, following the ideas by Diening
et al. in [38], as the composition of a ‘continuous’ Lipschitz truncation and the
projection defined in Assumption 2 for the finite element spaces. For this reason,
as a starting point for the construction, we shall first recall a result by Diening
et al. [39] concerning Lipschitz truncation in W' ()%, which refines the original
estimates by Acerbi & Fusco [1]. Note that in the following theorem, the no-slip
boundary condition on 0f2 is preserved under Lipschitz truncation.

Let v € W, (Q)%. We can then assume that v € W (R%)? by extending v by

zero outside ). For fixed A > 0, we define
Uy(v) :={M(Vv) > A}

and

Ha(v) = R\ (Un(v) N Q) = {M(Vo) < A} U (R ).

As M(Vw) is lower-semicontinuous, the set U,(v) is open and the set H,(v) is

closed.

Theorem 3.3.10. Let A > 0 and v € Wol’l(Q)d. Then there exists a Lipschitz

truncation vy € Wol’OO(Q)d satisfying the following properties:
(a) vy =v on Hy(v), i.e., {v £ vy} C{M(Vv) > A} NQ;
(b) [Jvalls < C||vl|s for all s € [1,00], provided that v € L*(Q2)4;
(c) [[Voalls < C||[Vv||s for all s € [1,00], provided that v € W*(Q)%;
(d) [[Voalloo < CX almost everywhere in RY.

The constant C' in the inequalities stated in parts (b), (c¢) and (d) depends on Q and
d. In (b) and (c), the constant C' additionally depends on s.

Next, following Diening et al. [38], we modify the ‘continuous’ Lipschitz trunca-

tion so that the resulting truncation is again a finite element function.
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Since V" C Wol’l(Q)d for all n € N, we can apply Theorem 3.3.10 with arbitrary
A > 0. Note however that the Lipschitz truncation V' of V' € V" is not contained

in V" in general. Thus we define the discrete Lipschitz truncation by
V3ii=1I},0V,eV" (3.35)

According to the next lemma, which we quote from [38] (cf. Lemma 14 in [38]),

the projection operator II7;, modifies V', in a neighborhood of U, (V") only.

Lemma 3.3.11. Let V € V", then, we have that
V3 # V) c (V) i= interior (| {Sp : E € G, with ENUL(V) #0}) .

The set Q% (v) from Lemma 3.3.11 is clearly larger than U,(V') N Q. However,
according to the following result, we can still control the increase of the set. This
is the most important step in the construction of the discrete Lipschitz truncation;

Lemma 3.3.12 is, again, quoted from [38].

Lemma 3.3.12. Forn e N, V. € V" and XA > 0, let QY (V') be defined as in Lemma
3.3.11. Then, there exists a constant k € (0,1), only depending on Py and the
shape-reqularity of G,, such that

U\VINQ C V) CUANV)NQ.

Now we are ready to state and prove the discrete Lipschitz truncation theorem,
which has a suitable form for our problem. The couple (V" C™) denotes a sequence

of approximate solutions and define the variable Lebesgue exponent
p(x) == (po C™)(x) for all z € Q.

The following theorem is a generalization of the result stated in Theorem 3.3.10.
Here, however, we have the added difficulty that the variable exponent changes with

the given sequence.

Theorem 3.3.13. Let Q C R? be a bounded open Lipschitz domain and suppose
that {V™, p"} is a sequence satisfying 1 < p~ < p™(z) < p* < oo for all x € Q and

V"~V  weakly in Wy* (Q)<, (3.36)
Pt —=p strongly in C%*(Q), (3.37)
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for some o € (0,1). Assume further that, for alln € N,
/ IVV"P" @) dg < C. (3.38)
Q
Then, for each j € N, there exists a sequence {\} }nen such that
(29)% <A < (27777, (3.39)

and a sequence of Lipschitz truncations {V'; },en C V" C Whtee(Q)? such that for
alln,j € N,

2j+1

[VVie < CA} < C(27F) (3.40)

In addition, we can extract a (not relabelled) subsequence with respect to n such that,

for each j € N,

ViV strongly in L7 (Q)? for all o € (1, 00), (3.41)
VeV, weakly in W7 (Q)? for all o € (1,00), (3.42)
VV] —~*VV; weakly — * in L>°(Q)%¢, (3.43)

where V; € W1*(Q)4. Moreover,
19V, < C. (3.44)
and we can extract a (not relabelled) subsequence so that
V, =~V weakly in WO (Q)<. (3.45)
Furthermore, if we extend V™ outside Q by zero, we have
{reQ: V£V C{zeQ: M(VV") > kA1, (3.46)
where k s defined in Lemma 3.3.12, and for all n, j,
n P (@) n b () ¢
|VV]- X{V;¢Vn}| de < C |)‘j X{V;P;éV"}| dz < % (3.47)
Q Q

Proof. We first extend each V" outside Q by zero and we extend each p” defined as

in Lemma 2.5.6. Then we have

vtV weakly in WP~ (R4,

"= strongly in C%*(R%).
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By boundedness of the maximal operator (Theorem 2.5.5) for p™(z) > 1, we have
that
[MVV) iy < C)[VVlpngy.

Note that the constant C'(n) depends on Ci,e(p™), but by the assumption p™ — p in
C%(Q), C(n) can be bounded by some uniform constant C' independent of n € N.
Thus directly from (3.38), we have

IM(VV™)[P"® dz < C. (3.48)
]Rd

20+1_1
=27 b

Now, for each j € N, define the sequence {9’}
0 = (27)",

}2J+1 1

and a sequence of subsets {U}  }7

T . d . 1 n i
Ui, ={r e R": k; < M(VV")(z) < 59;’1}.

Note that U ;n are mutually disjoint bounded sets, and thus

2i+1_1

Z/ M(VV™)P"@ da:</ IM(VV™)[P"@ dz < C.

1=2J

By the pigeon hole principle, there exists an i* € {27,... 271 — 1} such that

/.wwww m<;

Jn

Then, for this i*, we set

and thus (3.39) follows. Therefore we have

/ IM(VV™)|P"® de < —. (3.49)
{RAF<M(VV™)<k2IAT}

Having such a A}, we can use (3.35) with A = A} applied to V" and thus we introduce
V%= V;L?.

Then, by Theorem 3.3.10, part (d), and the W1 (Q)%-stability of I1%,,
(3.40). Additionally, combining Lemma 3.3.11 and Lemma 3.3.12 yields (3.46). To

we have
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prove (3.47), we use (3.40) and (3.49), and thus

/ ’VV;LFD”(x) dz < O/ ’K)\?lp"(ic) dz < C/ ‘KA?|pn($) dx
{vi#v"} {vi#v"} {rRAT<M(VV™)}

=C / kAP P dz 4 C / |[KAD P da
U {k2I AT <M(VV™)}

J,m

ny\ P"(x)
< 0/ (M(VV™))P'@ dx—f—(]/ (M) dz
ji*n R4 27
C C C
< n (z) < =
<5+ @y /Rd(M(VV NP @ dg >

By compact embedding, (3.40), and the fact that V' are compactly supported in R,
we can, for arbitrarily fixed j € N, extract a subsequence satisfying (3.41)—(3.43).
Furthermore, by using a diagonal process, we can extract a further subsequence in
n such that (3.41)—(3.43) hold for each j € N. Finally, from (3.36), (3.41), (3.46)

and Holder’s inequality, we obtain
|V, = V]| < lim / V; —V7|dz + lim / [VE —V"|dz + lim / V" —Vi]de

- lim/|V;‘—V”|dx§Climsup|{V;77éV”}|(p1>’

n—oo

n—oo
< Climsup [{M(VV") > kAT &7
n—oo
< Climsup (/ M(VV™) )(p )
n—00 H)\n
, C C . .
< limsup — < - — for sufficiently large j € N.
n—oc (Ag)uﬂ' (29) @7 =

Consequently, we have that for a (not relabelled) subsequence, V; — V a.e. in )
as j — o0o. So if we prove (3.44), by the uniqueness of the weak limit, (3.45) follows.
To prove (3.44), we note that

lim inf/ |VV?|pn(m) dx = lim inf |VV”|7’”(f”) dr
Q

n—o0

+ lim inf / IVVIP @ dz < C,
(Vi#vr)

which, by weak lower-semicontinuity (for the details, see the argument leading to
(3.62)) implies the bound
/ IVV,;[P® dz < C.
Q

That completes the proof of the theorem. n
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3.3.7 Uniform Holder norm bound in two space dimensions

When studying numerical approximations to nonlinear partial differential equations,
it is often the case that, in order to prove convergence of the sequence of numeri-
cal approximations to a solution of the original problem, some a priori knowledge
about the regularity of the discrete solution is helpful. The aim of this section is to
summarize some results of this type, whose continuous counterparts are well-known
in the context of PDE analysis thanks to, primarily, the work of De Giorgi, Nash
and Moser, and which will be required here in order to complete the convergence
analysis of the numerical method under consideration. In [18], the authors formu-
late a Meyers-type regularity estimate for the sequence of approximate solutions to
a second-order linear elliptic equation obtained by a finite element method. As a
corollary, by Morrey’s embedding theorem, in two space dimensions at least, we will
obtain a uniform bound on a Holder norm of the sequence of approximate solutions.
We shall discuss the approximation scheme and the associated discrete De Giorgi
theorem in more detail.

From the definition of the finite element space we have constructed, we know
that Z" C VVO1 >°(Q). So we can consider a conforming finite element approximation
from Z" to the weak solution ¢ € W, () of the problem —V - (AVe¢) = V- F + h,
for F € L¥(Q)4, h € Lﬁ(ﬁ), s >d,and A € L*°(Q)?*? uniformly elliptic, with the
approximation W" € Z" defined by: for all Z™ € Z",

/ A(x)VIW"™(z)-VZ"(x)dz = —/ F(z) -VZ"(x)dx +/ h(x)Z"(z)dz. (3.50)
Q Q Q
An application of the Lax—Milgram theorem implies the existence of a unique solu-

tion to equation (3.50). Moreover, as a direct consequence of Proposition 8.6.2 in

[18] and Theorem 5.1 in [55], we have the following result.

Theorem 3.3.14. Assume that Q C R?, d € {2,3}, is a bounded open convex poly-
topal domain and A € L>®(Q)™? is uniformly elliptic. Then, there exist constants
C >0,n9>1ande >0, such that, for alln > ng, s € (2,2+¢), and all F € L*(Q)?
and h € L%(Q), the solution W™ € Z" of (3.50) satisfies

" ey < € (I + 18l g, )

In particular, if d = 2, by Morrey’s embedding theorem, we have

WW%meC@ﬂ

woq@) + Al e Q) witha =1—2 € (0,1).

L5 (@)
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Since we need the second inequality stated in the above theorem in the subse-
quent analysis, we shall henceforth restrict ourselves to the case of d = 2, and will
assume that €2 is a bounded open convex polygonal domain in R?. Obtaining a De
Giorgi-type regularity result for the sequence of finite element approximations to
(3.50) is a challenging open problem in the case of d = 3.

Once we have the above result, by standard boundary reduction argument, we
can obtain a similar result for the equation (3.50) with non-homogeneous Dirichlet
boundary datum c;. Indeed, if we consider Y := W™ — ¢, instead of W", we have

the following definition of the approximate solution

/ A(z)VY"(z)-VZ"(z)dr = — / F(z) -VZ"(x)dx + / hz)Z"(z) dx
Q Q Q
— /QA(x) Veg(z) - VZ™(x)de

for all Z™ € Z". We choose ¢ such that d = 2 < s < ¢ < 2+ ¢, where ¢ is as in
Theorem 3.3.14. Then, if F € L*(Q) and ¢ € W4(Q), it is easy to show that
G = F + AV¢, € L*(Q)? again. Therefore, we have the following corollary, which

will be used in the subsequent analysis.

Corollary 3.3.15. Assume that Q C R? is a bounded open convex polygonal domain
and that A € L>(Q)**? is uniformly elliptic with ellipticity constant X\ > 0. Then,
there exists a q > 2 such that the following holds: for any G € LY(Q)?, h € ququ(Q)
and any cg € WH4(Q), there exists a unique W™ € Z" + ¢4 such that W™ — ¢4 €
Z" N C%(Q) for some o € (0,1), satisfying

/ A(x)VW™(z) - VZ"(x)dx = —/ G(z)-VZ"(x)dx + / h(z) Z"(x) dx
Q Q Q
for all Z™ € 7" and fulfilling the uniform bound

W lyraopncoa < C (22 1Al 1G g, 1Al 2. leallg)-

3.4 The main theorem

We are now ready to state and prove our main theorem. Note that because of the
restriction d = 2 in Corollary 3.3.15, we only consider a two-dimensional convex

polygonal domain 2. Also, we need a stronger condition on p(z).
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Theorem 3.4.1. Assume that Q C R? is a convex polygonal domain, and cy €
Whe(Q) for some ¢ > 2. Let us assume that p : Rsg — Rsq is a Holder continuous
function with 2 < p~ < p(€) < p* < 2 for all £ € Ryg and let f € (W™ (Q)%)*.
Let {V" Q" Z"}>2 | be the sequence of finite element space triples from Section
3.3 and let {U", P",C"}>°, be a sequence of discrete solution triples defined by
the finite element approzimation (3.24)—(3.26). Then, there exists a (not relabelled)
subsequence {U™, P", C™}>° ,, which converges to a weak solution {u,m,c} of (3.1)-

(3.3) defined in Problem (Q) as n € N tends to oo in the following sense:

U" —~u  weakly in Wy” (Q)%
P"— 7 weakly in Lép+)l(Q),
c"—c weakly in Wh2(Q),
C"—c strongly in C%*(Q) for some a € (0,1).
3.4.1 Convergence of the finite element approximations

As a first step in the proof of our main theorem, we pass to the limit in the sequence
of solution triples and show the existence of weak limits for the sequences in question.

First, we test with U™ in (3.24) and then thanks to (3.25) and (3.22), we have
/ S(C", DU™) : DU"dz = (f,U™).
Q

By using (3.6), duality estimates, Young’s inequality and Korn’s inequality, we ob-
tain

/ (\VU"VD(C”) + ]S(C",DU”)]”'(C")) dz < ¢4, (3.51)
Q

where (' is independent of n.

Next, we test with C™ — ¢4 in (3.26), and note that by (3.22) we have
/ q.(C",VC", DU") -VC" dx = / q.(C",VC",DU")-Vcgdx + B[C™", U™, ¢y.
Q Q
By (3.7), (3.8), Holder’s inequality and Young’s inequality,

Ve < c / VO [Veql da + B[C™ U™, ¢
Q
< 2| VC 2 + C(&) [Veal2 + B.C™ U™, ca).
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By integration by parts, Sobolev embedding, Holder’s inequality and Young’s in-
equality,
" 1
Bc[CnaU 7Cd] = _/
2 Jo
1

1
= —/ch"~VCmdx+—/div (C"U")cqdx
2 Ja 2 Ja

1
cgU™ - VC"do — 3 / C"U"™ - Vegda
Q

1
:/ch”.VC’”dx—l——/C"(divU")cddx
Q 2 Ja

n mn ||Cd||00 mn s n
< feallso [T l2lVE™ 2 + 5= NC7 o= lidiv U™ |l,-
S OO [1p- IVC |2 + CU[1p- (V™| 2,

3p— —2

< CENU,- +ellver]s.
Therefore, by (3.7) and (3.51), we have
/ (IVC"? + g (C™,VC™, DU™)|?) da < Cs, (3.52)
Q

where () is independent of n.
Now, by Sobolev embedding and the uniform estimates (3.51) and (3.52), we

have for sufficiently large t > 0 and for ¢ > 2 sufficiently close to 2, we have

1C"T* g < NC™ U] o < CIC™ 12U 1~ < C.

2q

Also if we set s := it

for ¢ > 2 sufficiently close to 2, we have

[ver-Utfls < [VC2[lU™]

2 <O Uy < CIC 12U - < C

Then we can apply Corollary 3.3.15 with G = C"U"™ and h = VC™ - U". Hence for

some « € (0, 1), we obtain the following uniform bound, independent of n € N:
1C™ | coam) < Cs. (3.53)
Since C%*(€)) is compactly embedded in C%%(Q) for all & € (0, @), we have that
C" —c strongly in C*%(Q),
which implies that

poC™ = poc  strongly in C*?(Q)
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for some 5 € (0,1). We can therefore apply Proposition 3.3.6 with p™(z) := poC"(x).
By (3.24), (3.23) and Holder’s inequality,

1P [l oy
<C sup (divVv, P")

O#VEV",”VHLPTL(.)SI

<C sup
0AVEV™[V]|y pn (<1

/ S(C",DU™) : DV dz + B,JU", U", V] — (f,V)
Q

<C sup (||5(C'", DU ||y 1DV [y + 1O o) IV 1m0
0#V€V",”VH17pn(A)§l

U8y IV T )

Therefore, by (3.51), we have

[Py () < Ci, (3.54)

where C'; is independent of n € N.
Using the bounds (3.51)—(3.54), thanks to their independence of n € N, reflex-
ivity of the relevant spaces and compact Sobolev embedding, we can extract (not

relabelled) subsequences such that

U" —wu  weakly in W,* (Q)2

U" —wu  strongly in L*3*9(Q)2 (for some € > 0),

c"—c¢ weakly in W%(Q),

C" —c strongly in C*%(Q),

P"—gx  weakly in L&' (),
S(C",DU") — 8§  weakly in L#")' ()22,
q.(C",VC",DU"™) — q. weakly in L*(Q)°.

C

Before proceeding, we shall prove that the limit function w is contained in the

desired space W, (Q)4. Since C™ — ¢ in C*%(Q), and by the continuity of p,

Ve >0, 3N € N such that n > N implies [p(C") — p(c)| < g,

where 6 > 1 is large enough to satisfy p(c) — %5 > 1. We can then deduce from
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the estimate above that

C > / VU [P dx > / VU™ P dx
Q (IVU™>1}

> / VU HC PO g > / VU PO 4y
—Jvur =1y {IvU™|>1}

0+1

Then, after adding to the inequality the term f{IVU"|<1} (VU™ [P()=75¢ da, which is

bounded by some constant C' < |2|, we obtain
C+C> / VU [P~ da.
Q
Again, we can extract a (not relabelled) subsequence such that
o) 0F1
U" — u weakly in Wol’p() ()2
Thus by using the weak lower-semicontinuity of the norm function, we see that
/ ]Vu|f"(c)’9%prls dz < C,
)
and consequently, Fatou’s Lemma with ¢ — 0 leads us to

/ V|l dz < C, (3.62)
Q

which implies that w € Wy"'?(Q)? by Poincaré’s inequality. With the same argu-

ment as above we can also show that
/ BPO 4 2@ dz < €, (3.63)
Q

Next, we prove that the limit u is also exactly divergence-free. Let us consider

an arbitrary but fixed ¢ € C5°(Q2). Then, by (3.25),
0= /(H&q) divU" dx
Q
= /(H@q —q)divU"dx + / q(divU" — divu) dz + / qdivudz.
Q Q Q

The first term tends to zero by (3.18), (3.51) and the second term converges to zero
by (3.55). Therefore,

/qdivudxzo for any ¢ € C3°(92),
Q
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which implies that dive = 0 a.e. on (). In this case, we can identify the limit
of the convective term B,[-, -, ] as follows. Let us choose an arbitrary function

v € W, °(Q)? for which we define V" := I, v € V". Then, by (3.14), we have
V" —wv strongly in W, (Q)? for o € [1,00). (3.64)
2

Also, by the restriction p~ > 1, we have the continuous embedding VVO1 P n(')(Q)
L2(+9)(Q)2. Therefore, by (3.51) and (3.56),

(_>

U'oU" »u®u  strongly in L'"(Q)%
This then enables us to identify the second part of the convective term
—/(U"@U”):VV”dx—>—/(u®u):V'vdx as m — 0.
Q Q
On the other hand, for p~ > %, we have the continuous embedding W, P "0 (2)? —
L) *(Q)2; thus U™ - V™ — u - v strongly in L) ()2, Indeed,
U™ - V" —u- vy <[[(V" = 0)U" + (U" = w)vl|p-y
<NV =o[[s|[U"|p-y+e + U™ = ullpmyselv]]s
<V =0l iU gy + 10— ual] 2
for some s € (1,00). The first term tends to zero thanks to (3.14), (3.51) and the

second term converges to zero by (3.55) in conjunction with a compact embedding

theorem. Therefore, together with divu = 0, we have

/(U”@V”):VU”dx:—/(U”@)U"):VV”dx+/(divU”)U”-V”dx
0 Q Q
—>—/(u®u):Vde as n — 00.
0

Collecting these limits, we then deduce that

n—o0

lim B,[U",U", V"| = —/(u® u) : Vodzr. (3.65)
0

Now, we are ready to pass to the limit in the first equation. By linearity of the

projection operator II7;, and by noting (3.24), we obtain that
(divw, P") = (div V", P") 4+ (div (v — V"), P")
_ / S(C", DU™) : DV dz — (£, V") + BJ[U", U", V"]
—i—Q(diV (v—V"),P")
—>/Q(S’: Dv — (u®u) : Vo) dz — (f,v),
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where we have used (3.59), (3.60), (3.64) and (3.65). Also, by (3.59) again,
(divwv, P") — (divw, 7).
Altogether, we have
/Q (S:Dv—(u®@u): Vo) dz — (dive,7) = (f,v) Vv e Wy>(Q)> (3.66)
We note that by using the same argument as above we have that
/Q (S:Dv—(u@u): Vo) de=(f,v) VveWx(Q)> (3.67)

Now, let us investigate the limit of the equation for the concentration, (3.26).
We fix an arbitrary z € W,*(Q) and define Z" := 12z € Z". Thanks to (3.56) and
(3.58),

IC"U" = cully < [[(C" = )U" |2 + [|c(U" = u)]2

<€ = ellocllU [[2014¢) + Nl [[U™ = wl[214) — 0.
Also, by (3.19), (3.56) and Sobolev embedding,

120" = zulls < [[(Z" — 2)U" |2 + [|2(U" — u)|2
<|[1Z" = z|l2040 U l2g4e) + [|2]l 2000 [U™ — ull2(1+4¢)

< ONZ" = 22U [l2014¢) + Cllz 112l U™ = ulla4e) — 0.
In other words,

C"U"™ — cu strongly in L?*(Q)?, (3.68)
Z"U™ — zu  strongly in L*(Q)°. (3.69)

By (3.57) and (3.69),

/Z"U"~VC’"dx—/zu~Vcdx
Q

Q

< / 20" — 2| VO™ dr + ‘ / u- (VO — Ve)da| — 0.
Q Q
Hence, because divu = 0 a.e. on €2, we have that

/Z”U”-VC’”dx%/ercdx:—/cu-Vzd:c as n — oo.
Q Q Q
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Additionally, by (3.19) and (3.68),

‘/C”U"-VZ”dx—/cu-Vzdx
Q Q

<N )12 — 2z + 1CU™ = culs)lzl 2 — 0.
Altogether, we have
lim B.[C",U",Z"] = —/ cu - Vzdz.
n—oo Q
Finally, from (3.19) and (3.61), we have
/ q.(C",VC", DU")-VZ"dr — / q. Vzdr as m — 00.
Q Q
By collecting the limits of the two terms, we then have that

/Q (@, -Vz—cu-Vz)dz =0 VzeW,*Q). (3.70)

We see from (3.66) and (3.70) that all that remains to be shown is the identification
of the limits:

S =S8(¢c, Du) and gq.=q.(c,Ve,Du).

3.4.2 Compactness of DU"

Our proof of the identification of the limits begins by showing the compactness of

DU?" in the sense that

lim [ ((S(C",DU") — S(C", Du)) : (DU" — Du)) dz = 0. (3.71)

n—oo 0

By (3.4), (3.5), (3.51), (3.62) and Hélder’s inequality, we see that

0 < lim Sup/ ((S(C™, DU™) — 8(C™, Du)) : (DU" — Du))i dz = L < 0.
n— o0 Q
(3.72)
Hence, it is enough to show that L = 0. For arbitrary fixed x > 0, define

Q :={r € Q:|Du| > x}.
Then by (3.62), we have

D
|QX|§/ﬂdx§€.
o X X
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Now we decompose the integral
/ ((S(C", DU") — S(C", Du)) : (DU" — Du))* dx = A(n, \)+B(n, x), (3.73)
Q
where

A(n,x) = /Q ((S(C™, DU™) — S(C™, Dw)) : (DU™ — D)) dz,

X

Bn,y) = /Q , 18" DU = (C". Dw)) - (DU" _ Du))} da.

First, by (3.4), (3.51), (3.62) and Hélder’s inequality,

N[

Bl

Next, we introduce a matrix-truncation function 7} : R?*? — R?*? as

M for | M| < x,
T.(M) = _
(M) { X% for |M| > x.
Since T (Dwu) = Du on Q\ ), and the integrand is positive, we can rewrite B(n, x)

B(n,x) = /Q . ((S(C™, DU™) — S(C", T, (Duw))) : (DU" — T\,(Du)))T dx
< /Q (S(C™, DU™) — S(C", T\(Dw))) : (DU" — T\(Dw)))? da.

Since p is a Holder continuous function and C™ satisfies (3.58), we can apply
Theorem 3.3.13. Therefore, for any j € N, we can find U} € V" C Wy (Q)2. Let

us denote
S,y = (S(C",DU") - S(C", T\ (Duw))) : (DU™ —T\,(Du)).

Then, by Holder’s inequality,

B(n,x) < ( / |sn,x|dx> Q7 + ( / |sn,xwédx> {U" £ U™}
{up=Un} {u3+Un}
= (B;(n, X)) 1|QI + (B;(n, X)) [{U" # U"}5.

First, by (3.39), (3.46) and (3.48), we have

M n
Mmoo 4o ¢
e KA (27)?

{U7 #U"}H = |Ixqwrzom o) <
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and thus it follows from (3.51), (3.62) and Hélder’s inequality that
(B, )T £ UM< 5
Next, we can rewrite B;(n, x) as
Bji(n,x) = /Q(S(C”,DU”) - 8(C", Ty(Du))) : (DU} — T\(Du))dx (3.74)
— /{Un#Un}(S(O”, DU") - §(C", T\ (Du))) : (DU} —T\(Du))dz.

(3.75)
By (3.4), (3.40), (3.47), Holder’s inequality and Young’s inequality, we can analyze
the second term, appearing in (3.75):

/ (S(C", DU™) — S(C", T,(Dw))) : (DU — T(Du)) da
wrAUmy
< / S(C", DU™) : DU da
wrumy
+ O(X)/ (IS(C™, DU™)| + |DU™| + 1) dz
wr Uy

n 1 C
< 0/ VU PO\ e + C(x){UG # U} + e
{Up#Um}

23
n C n O
< ?,/ VU™ |? (z) dx—i——_/ |/\§L’p @ dg + (X)
C(x)
< YRR

Now, to analyze the first term (3.74) above, we have to use the weak formulation.
Here, however, we cannot use the Lipschitz truncation U’ as a test function, as it
is not guaranteed to be discretely divergence-free. To overcome this difficulty, we
shall define discretely divergence-free approximations with zero trace with the help
of the discrete Bogovskii operator; more precisely, let

w7 = B"(divU}),
or =U; — V.
It is then clear that ®7 has a zero trace on €2 and, by construction, ®% € Vi, .
Moreover, from the compact embedding Wy 7 (Q) << L7(Q), (3.42) and Lemma
3.3.8, we have
®! = U; — B(divU;) =: ¥, weakly in W, (Q)?, (3.76)
D7 — P, strongly in L7(Q)?, (3.77)
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as n — oo, where o € (1, 00) is arbitrary. We can then rewrite (3.74) above in terms

of this approximation to obtain
/(S(C”, DU") - S(C", T (Dw))) : (DU} — T (Du)) dz
Q
_ / S(C", DU") : (D®" + D¥") du
Q

— / S, DU") : T\ (Du)dz — / S(C", Ty(Dw)) : (DU} — T\ (Du))dz
Q Q
. n,1l n,2 n,3
=By — By — By
Now we use (3.27) with V' = ®7 € V{, and pass to the limit with (3.56), (3.60),
and (3.76); thus we have, by (3.67), that

lim [ S(C",DU"): D®"dx = — lim B,[U",U",®"] + lim (f,®")
n—oo

:/(u®u):V<I>jdx+(f,<I'j>
Q
:/S:D<1>jdg;.
Q

Let us now consider the second integral in B;jl Using the boundedness of

S(C™, DU™) in LF'(©")(Q)2*2, we can estimate it by Holder’s inequality as follows:
/ S(Cm, DU”) . D‘I’;L dzx S CHD\I’?Hpn(.) S CHHQWB}C(le U?)”LP"(-)' (378)
0
By (3.21), and Theorem 2.5.1,

IBK(div U})l1pm() < CIK(divU7F)||pny < C sup (divU7} Q).
QEQ™, [IRl(pny (y<1

We deduce, by Holder’s inequality, that

([divU?,Q) = > (divU" xzQ) + Y. (divU?, xpQ)

EC{Uu}=U"} En{U}#U"}#0
< || VUG X somy ) > xe@
En{UT#U"}#0 ,
(™)' ()
EN{UT£U"}#0

™)' ()

where XS{U;P Lumy is the characteristic function of the set
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Then, by Lemma 3.3.12 and (3.47),

C
<

vU; = 2i/pt’

n
XS{Un¢Un}

Also, by Theorem 2.4.10,

XEQ n)/(.
Z ) <C Z XEH ||(p /)()

EN{UT AU} £0 EN{UT £U™} 0 Ixellemye

(p L)/(')

fa Ixellorro ||,
<C Z XeQ
Eegn (™)' ()
< C1|Qllny
Therefore, we have
" C
IBIC(di U1 gm) < g

which implies, together with Proposition 3.3.2, that

C
T3, BK(div U |1 pn(y < ( + C max héH! (3.79)

0l
20/p" E€Gn )
for some v = ~y(p~,p*) > 0.
Now, note further that by weak lower-semicontinuity and boundedness of S in

Lr'©

Y

/ 8 DB(divU;)dx < C|[B(divU;)||1p0
Q o
< Chgl—iip |1B™(div U?)|[1,m() (2]/p+) : (3.80)
For the last two integrals B;f and B;;’, we use (3.42), (3.58), (3.60) and the bound-
edness of the truncation 7}, to get

lim (BY? + ByY) /s T, (Du) dx+/ScT(Du)) (DU; — T\(Du)) dx.

n—oo

Altogether, we have

lim (B — BY? — BYY)

s VX0 X:
< [ §:D¥;d Sl Byt + BY?
< ) 8:D®jdet (g | — lim (BG4 B)
Q. Q. . C K . n,2 n,3
= Q,S’ : DU ;dz — QS : DB(divU;) dx + o)~ nlg{)lo (Bys5 + Byy)

< [(5-ste1(Dw) (DU, - 1, Dwydr+ (55
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Going back to (3.73), we finally let v, j — oo and n — oo, and estimate

lim lim lim (A(n,x) + B(n, x))

X—+00 j—+00 Nn—00

o COO\t .. C C
nl  pn2  pn3 ~
< Jim Jim lim (C (s =B+ G0) okt s v g

< lim © (( / (S — S(c.T,(Dw))) : (Du - TX<Du>>dx)i + %) 0,

where we have used (3.45) for j — oo and the pointwise convergence of T (Du) —

Dwu on Q with the dominated convergence theorem for y — co. We have thereby
completed the proof of the desired compactness of the sequence {DU™}° | in the

sense that (3.71) holds.

3.4.3 Identification of S = S(c, Du) and q. = q.(c, V¢, Du)

In the previous section we showed that

lim [ ((S(C",DU™) — S(C", Du)) : (DU" — Du)) dz = 0. (3.81)

n—oo Q

Since the integrand is nonnegative, (3.81) also holds for a set @, C Q where
Q= {zeQ: Dul <7},

with an arbitrarily fixed constant v > 0. From the sequence of integrands of (3.81),
we can extract a subsequence (again not relabelled), which converges to zero almost
everywhere in @),. Then, by Egoroft’s theorem, for arbitrary ¢ > 0, we can find a
set Q5 C € such that |Q, \ Q5| < &, where the sequence of integrands converges
uniformly. It is obvious that, thanks to the choice of @7, we have

lim lim [Q\ Q5| =0,

y—00 e—0

and furthermore, from the uniform convergence, we have

lim [ (S(C",DU")— 8(C", Du)): (DU" — Du)dxz = 0. (3.82)

n—00 e
Q5

Thanks to the boundedness of Du on )5, by the dominated convergence theorem,

we have S(C", Du) — S(c, Du) strongly in L4(Q2)?*2 for any ¢ € [1,00). Thus,
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together with the above L?-convergence and weak convergence (3.55), from (3.82),

we have

lim [ S(C",DU"): (DU" — Du)dz = 0.

Hence, by the boundedness of Du on ()5 and the convergence result (3.59), we have
lim S(C",DU") : DU" dx = / S : Dudz. (3.83)
Now, let B € L>(Q%)*** be arbitrarily fixed. By the monotonicity assumption
(3.5),
0< / (S(c",pu")—-S(C",B)): (DU" — B) dx. (3.84)
Q5
Thus, from (3.83), the L%-convergence of S(C", B) — S(c, B) and the weak con-
vergence (3.55), we have

0< lim [ (S(C",DU") - S(C",B)): (DU" — B)dx

n—00 e
Q5

:/Q S:(D’u,—B)dx—/Q S(c,B): (Du— B)dz

£ 3
vy v

= / (S — S(c,B)) : (Du — B)dx.
Q5
Now we use Minty’s trick. First, choose B = Du + AA(x) with A > 0 and A €
L>(Q3)***. Then, passing to the limit A — 0, the continuity of S gives us
/ (S — S(c, Du)) : A(x)dz = 0.

~

Therefore, we have

S = S(c,Du) ae. on Q5.

So now we let ¢ — 0 and then v — 0o to conclude that

S = S(c, Du) a.c. on .

Finally, since S is strictly monotonic and C" — ¢ in C%%(Q), from (3.81) we

have

DU" — Du a.e. on . (3.85)

As a continuous linear operator preserves weak convergence, by the dominated con-

vergence theorem with (3.57), (3.58) and (3.85), we deduce that
q.(C",VC", DU") — q.(c,Vc,Du) weakly in L*(Q)?.
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Therefore, by the uniqueness of the weak limit, we can identify
QC = qc(c7 vc’ Du)?

thus completing the proof of the convergence of the finite element method under

consideration to a weak solution of the problem.

3.5 Proof of Theorem 3.4.1 using monotone op-
erator theory

As mentioned in Section 3.1, here we present the proof of the main theorem by using

monotone operator theory. If p~ > %, we can test with v in (3.67). Indeed,

/Q(U®U) Vude < Jlully, -y llully- < Cllul, llull,- <C.

2—p—

and hence, u is an admissible test function. Then by (3.27) and (3.67), we have

lim [ S(C™", DU"): DU"dx = lim (f,U") = (f,u>:/S':Dudx.
Q

n— oo 0 n—oo
Next, by (3.58) and the dominated convergence theorem, we have for arbitrary

¢ € Cio, (Q)? that
S(C™, D¢) — S(c, D¢) strongly in LY(Q)*** for all ¢ € (1,00). (3.86)
Then, by the monotonicity (3.5), we deduce for any ¢ € C5%;, (Q2)? that

0 <lim sup/ (S(C",DU™) — S(C",D¢)) : (DU" — D¢) dx
Q

n—oo

S/(S:Du—S:Dq’)—S(c,qu):Du—i—S(c,qu)):Dq’)) dx
Q

= /Q (S —S(c, D)) : (Du— D¢)dx.

Now, the density of smooth functions and Minty’s trick with ¢ = u + Av where
v € C§%;y (€2)? gives the desired identification S = S(¢, Du).
Next, we shall show the almost everywhere convergence of DU"™ to Du. Let
B € R**? be a bounded symmetric function. Then with the same argument as
above and the fact S = S(c, Du), we obtain that
0< limsup/Q (S(c",DU™) - S(C",B)) : (DU" — B)dx

n—oQ

< /Q (S(c, Du) — S(c, B)) : (Du— B)dx.
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We set B = Dux{puj<y} for A > 0 and let 0 < k& < A. Then we have
lim sup / (S(C", DU™) — S(C", Du)) : (DU" — Du) da
n—00 {|Du|<k}
zlimsup/ (s(c*,bu"™) - S(C",B)): (DU"™ — B)dx
{|Du|<k}

n—oo

< lim sup / (S(C". DU™) — S(C". B)) : (DU" — B)dx
n— 00 o)

= / (S(c, Du) — S(¢,B)) : (Du — B)dx
Q

= / (S(¢, Du) — S(¢, B)) : (Du — B)dx.
{[Du|>A}

As the first integral is independent of A\ > 0, passing A to oo gives us that
n—oo

lim sup/ (S(C",DU™) - S(C",Du)) : (DU™ — Du)dzx = 0.
{|Du|<k}

Since C™ converges to ¢ uniformly and S is strictly monotone, the only way the above
can be true is that DU" tends to Du almost everywhere in the set {|Du| < k}. If

we pass k to oo, we finally have
DU" — Du a.e. in €. (3.87)
Now by the dominated convergence theorem,
K(C",|DU"|) — K(c,|Du|) strongly in L(2) for all g € (1,00).
Then we obtain that
q.(C",VC", DU"™) — q,.(c, Ve, Du) weakly in L*(Q)°.
Therefore, by the uniqueness of the weak limit, we have
9. = q.(c, V¢, Du),

which completes the proof of Theorem 3.4.1.
Our aim in the next chapter is to develop a modification of the numerical algo-
rithm considered here in the two-dimensional setting which can be shown to converge

to a weak solution in three space dimensions
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Chapter 4

Finite element approximation of
the stationary model in 3D

4.1 Brief description of the chapter

In the previous chapter, the convergence of a finite element approximation to the
system (3.1)—(3.3) was shown in two space dimensions, using a discrete De Giorgi
regularity result. Because of the absence of an analogous discrete De Giorgi regu-
larity result in three space dimensions, the analysis in Chapter 3 was restricted to
the case of two space dimensions. The aim of this chapter is to extend the analysis
developed in Chapter 3 to the physically relevant case of three space dimensions.
To this end, we exploit a more complicated limiting process here than in Chapter
3, so as to avoid reliance on a discrete De Giorgi regularity result. In particular,
we consider different meshes for the generalized Navier—Stokes system and the con-
centration equation, resulting in a two-level Galerkin approximation. This enables
us to decouple the passage to the limit in the finite element approximation of the
concentration equation from the passage to the limit in the finite element approxi-
mation of the generalized Navier—Stokes system, and we thus completely circumvent
the need for a discrete De Giorgi estimate.

As a first step, in Section 4.2, we define a suitable regularized problem, which
enables us to enlarge the range of the power-law index so as to cover the practically
relevant range of values of this index. In Sections 4.3 and 4.4, we construct a finite
element approximation to the regularized problem and perform a convergence anal-
ysis of the numerical method. Finally, in Section 4.5, we prove that weak solutions

of the regularized problem converge to a weak solution of the original problem. The
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content of this chapter is based on the journal paper [58].

4.2 Regularization of the problem

Before constructing the approximation of Problem (Q) stated in the previous
chapter, we shall formulate a regularized problem; it will then be the regularized
problem that will be approximated by a finite element method. We shall show
that the sequence of finite element approximations converges to a weak solution
of the regularized problem, and that solutions of the regularized problem, in turn,
converge to a weak solution of Problem (Q). The reason for proceeding in this
way is that direct approximation of Problem (Q), which bypasses the use of the
regularized problem, necessitates the imposition of an unnaturally strong condition
on the variable exponent p in the convergence analysis of the finite element method.
More precisely, if no regularization were used, then the condition p~ > 2 would
need to be assumed in order to be able to apply Theorem 4.4.1, which would be an
overly restrictive hypothesis as it would exclude even the case of a Newtonian fluid,
corresponding to p being identically equal to 2. The procedure that we describe

below does not suffer from this shortcoming and also allows us to perform the finite

3d
d+2

> p~ > < which is physically relevant as described in

element analysis with 5

Section 3.1.
As discussed above, we shall utilize the following regularized problem, involving
the regularization parameter £ € N. We choose a sufficiently large ¢ > 2, so that

p~ >3 > L. We then seek a weak solution (u, 7, c) := (u¥, 7%, ") to

divu =0 in €, (4.1)

1
div (u ® u) — div S(¢, Du) + E!u|t_2u =-Vrn+f in €, (4.2)
div (cu) — divq,(¢, Ve, Du) = 0 in €, (4.3)

Note that we have added a new regularizing term +|u|""?u in (4.2) for sufficiently
large t > 0. We consider the following weak formulation for the regularized problem.

Problem (Q*). For f € (W,” (Q)%)* ¢g € W'(Q), s > 3, and a Hélder
continuous function p, with 1 < p~ < p(§) < p™ < oo for all £ € Rsp, and
p > 2>t > 2 find (c—¢g) i= (F—cy) € Wy*(Q)NCO*(Q), for some a € (0,1),
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u = u* € Wol’p(ck)(Q)?’, =17 € Lgl(ck)(Q) such that for all ¢ € W, ()2,
g € L§9(Q) and ¢ € W) (),

/Q (S(c, Du): VY — (u®u): Vo + %|u|t_2'u, . 1,0) dz — (divep, m) = (f, ),

/ gdivudr =0, (4.5)

Q

/ (g.(c,Ve,Du) - Vo —cu-Vy) de =0. (4.6)
0

By using Proposition 2.5.3, we can restate Problem (Q¥*) in the following
(equivalent) divergence-free setting.

Problem (P*). For f € (Wy* (Q)*)*, cq € W'(Q), s > 3, and a Holder
continuous function p, with 1 < p~ < p(§) < p* < oo for all £ € Rxg, and p~ > 3 >
ot > 2, find (¢ — ) == (K — ) € CO%Q) NWGR(Q), u = ub € Wl (),
such that for all ¥ € Wy (2)* and ¢ € W;?(€),

/Q (S(c, Du) : VY — (u®@u) : Vi + %]ult_zu : 1,b> de = (f, ), (4.7)
/Q (q.(¢,Ve,Du) - Vo —cu-Vy) dr=0. (4.8)

We shall formulate the finite element approximation of the regularized problem
Problem (Q¥*) in a three-dimensional domain; the convergence analysis of the
method is presented in Section 4.3 and Section 4.4. In Section 4.5, we will prove
that a sequence of weak solution triples {(u*, 7% c¥)}2 | of the regularized problem
converges to a weak solution triple (u,7,c) of Problem (Q). The latter result is
recorded in our next theorem. As will become clear from the subsequent analysis,
the condition p~ > % > ﬁ is necessary in order for us to be able to obtain a uniform
bound on the sequence of approximate pressures (i.e., to prove (4.39)) and to apply

Theorem 4.4.1 in the final step in our passage to the limit (i.e., to prove (4.71)).

Theorem 4.2.1. Suppose that @ C R? is a polyhedral domain and cq € WH*(Q)
for some s > 3. Let us further assume that p : R>g — Rs is a bounded Hélder
continuous function with p~ > 3 > Lt > 2, and suppose that f € (Wy" (Q)*)*.
Let (u*, 7%, c*) be a weak solution of the reqularized problem (4.1)—(4.3). Then, as

k — oo, (a subsequence, not indicated, of) the sequence {(u®, 7% c*)}22 | converges
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to (u,m,c) in the following sense:

ub —~u weakly in W&ﬁ;(Q)g’,
& —c weakly in W2(Q),
&= strongly in C%*(Q) for some a € (0,1),

7N weakly in L7 (Q) Vj > max{p",2}.

Furthermore, (u,m,c) is a weak solution of the problem Problem (Q) stated in

Chapter 3.

4.3 Finite element approximation

4.3.1 Finite element spaces

As discussed before, we shall consider different meshes for the momentum equation
and the convection-diffusion equation. For the velocity and pressure, we will use
the same spaces V"(G,) and Q"(G,) for each n € N, introduced in Chapter 3. In
other words, {G,} is a family of shape-regular partitions of Q, V*(G,) is a finite-
dimensional subspace of VVO1 >°(02)? spanned by a finite number of continuous, locally
supported basis functions, and Q"(G,) is a finite-dimensional subspace of L>({2)
spanned by a finite number of discontinuous piecewise polynomials. We shall also

use the same notation as in Chapter 3,

b ={V eV": ({divV,Q) =0 VQ € Q"} and ng{Qe@”:/dexzo},

and we further assume the approximability of V* and Q" (Assumption 1), the
existence of a divergence-preserving, locally W-!-stable projection operator II%_ into
V" (Assumption 2) and the existence of a locally L'-stable projection operator
15 into Q" (Assumption 3). As mentioned before, there exist finite element
pairs (V" Q") satisfying all the assumptions above: for example, the conforming
Crouzeix—Raviart Stokes element. See Chapter 3 for more details.

For the concentration, we introduce another mesh and adopt a different dis-
cretization with a new discritization parameter m € N. As a first step, we define
a new triangulation of the domain for the concentration. Let {H,,} be a family of

shape-regular partitions of € such that the following properties hold:
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e Affine equivalence: For each element £ € H,,, there exists an invertible
affine mapping

FE B — E7
where F is the standard reference 3-simplex in R3.

e Shape-regularity: For any element £ € H,,, the ratio of diam(FE) to the
radius of the inscribed ball is bounded below uniformly by a positive constant,

with respect to all H,, and m € N.

For given partition H,,, the finite element space for the concentration is defined

7" = L(Hy) = {Z € CQ): Zgo Fy €Py E € H, and Zgg = 0},

where P; C Wl’w(E) are finite-dimensional linear subspaces.
We assume that Z™ have finite and locally supported bases; for example, for

each m € N, there exists an N,, € N such that
7" = span{Z{",..., Zy },

and for each basis function Z7", we have that if there exists an £ € H,,, with Z7" # 0
on F, then
supp Z;" C U{E’ EHpy: EENE#0} = Tg.

Using the assumed shape-regularity we can easily verify that
Y e N: |Tg| <Y|E| for all E € H,,,

where Y is independent of m. We denote by hp the diameter of F € H,,.
Throughout this chapter, we assume that the finite element spaces introduced

above have the following minimal approximation property.

Assumption 1* (Approximability) For all s € [1, c0),

Zian lz—Z||,,—0 Vze Wyt (Q) as m — oo.
e m ’

For this, a necessary condition is that the maximal mesh size vanishes, i.e., that

maxpey,, hg — 0 as m — oo.
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Assumption 2* (Existence of a projection operator I17) For each m € N, there
exists a linear projection operator 113 : W, () — Z™ such that

][ (I} 2| + hg|VII}2|) de < 01][ (|z| + he|Vz|) dzx
E T

E

for all z € Wy''(Q) and for all E € H,, where ¢; does not depend on m.
Similarly as before, the projection operator 117 is globally Wh*-stable for s €
[1,00], and thus, by approximability,

|7z — 2|1, = 0  asm — oo, for all z€ W,*(Q) and all s € [1,00). (4.9)

Finally, we state a discrete inf-sup condition, which holds in our finite element
setting. It is a direct consequence of (2.4) and the existence of II%, ; see [9] for

further details.

Proposition 4.3.1. For s, s’ € (1,00) satisfying % + 5 =1, there exists a positive

constant Bs > 0, which is independent of n, such that

.
ol < sup Vo9 G g and YneN.
0

2vevn  |lvllLs
4.3.2 The finite element approximation

In this subsection, we shall construct the finite element approximation of the problem
(4.1)—(4.3). Similarly as we did in the previous chapter, we shall use the modified
convective term to ensure that the skew-symmetry is preserved under discretization;

By[v,w, h] := %/Q((vééh) :Vw — (v®@w) : Vh)dz,

1
B.b,v, z] = 3 /(zv -Vb—bv-Vz)dz,
0

for all v, w, h € Wy ®(Q)?, b,z € W'*(Q). As before, these trilinear forms then
coincide with the corresponding trilinear forms appearing in the weak formulations
of the momentum equation and the concentration equation, provided that we are
considering pointwise divergence-free velocity fields. Furthermore, thanks to their
skew-symmetry, these two trilinear forms now also vanish for discretely divergence-

free functions when w = h and b = z, respectively.
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Moreover, the trilinear form B,[-,-, -] is bounded in the following sense. If

v,w,h € W, ™(Q)3, then, by Holder’s inequality,
[ 0@ w): This < ol ylwlghl-

and

/Q(’v ®h) : Vwdz < [[v]lyp-y [ Rllap-y 1wl -

Therefore, we obtain the bound
|Bu[v,w, b]| < |[v]l2-y w2y [Bll1p- + [[0ll2p-yllwllip-[[Pllag-y- (4.10)

Now, we first fix the regularization parameter £ € N, and perform the finite
element convergence analysis, for a fixed k € N, of the regularized problem. Recall
that we denote by n the discretization parameter associated with the velocity and
the pressure, and by m the discretization parameter for the concentration (cf. the
discussion at the beginning of Section 4.3), and will pass to the limit, first as m — oo
and then as n — oo. Since k € N is fixed throughout this section and the next
section, it will be omitted from our notation: for example, we shall write U™™
instead of U™™*, P»™ instead of P™"* C™™ instead of C™™* and (u,n, c) instead
of (u*, 7%, c*) for a solution triple of the regularized problem. Having passed to the
limits m,n — oo with k£ € N fixed, we shall reinstate the index k in our notation at
the start of Section 4.5 in preparation for the final passage to the limit k& — oo with
the regularization parameter.

For each n,m € N, we call a triple (U™™, P™™, C™™) € V" x Qf X (Z™ + cq)
a discrete solution to the Galerkin approximation if it satisfies, for all V' € V",

QeQrand Z € 7™,

1
/ (S(O”’m, DU™™): DV + U2 U V) dz + B,[U™™, U™, V]
Q

—(divV,P™™) = (f, V), (4.11)
/ QdivU™ dx =0, (4.12)
Q
/ g (Cvm ver™, DU™™) -VZdx + B[C™™, U™, Z] = 0, (4.13)
Q

where ¢; € W(Q) with s > 3 and f € (W7 (Q)%)*.
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If we restrict the test functions V' to V7. .

to the following: find (U™™,C™™) € V& x (Z™ + cq) such that, for all V' € V7,
and Z € 2™,

then the above problem is transformed

1
/ (S(C”’m,DU”’m) A I A V> dz+B,[U™™, U™, V]
Q
=(£V), (419
/ q,(C™™ N Cm DU™™) -V Z dx + B.[C™™, U™, Z] = 0, (4.15)
Q

If 2 < p~, the existence of the discrete solution pair (U™, C™™) € Vi, x (Z™+
cq) follows from a fixed point argument combined with an iteration scheme as in
Chapter 3. However, since we have an additional regularization term here and the
proof is slightly different from the one presented in the previous chapter, let us briefly
summarize the proof of the existence of the pair (U™™,C™™) € Vi X (Z™+c,4). Let
{w;}} be a basis of Vi C Wy™(Q)% such that [, w; - w; dz = 6;; and let {z;}
be a basis of Z™ C Wol’z(Q) such that [, z;z; doz = &;;. Then, for fixed n,m € N, we

define the Galerkin approximations.
Nnp, N,
nm .__ n,m R . n,m
U = E ;" Wi, cmm o= g BZ Zi + Cd,
i=1 i=1

which satisfy (4.14), (4.15).
First we define C}"™ := ¢4 € Z™+c¢q. Then, for any ¢ € N, we define U™ € Vi,

as a solution of the following finite-dimensional problem: for all V' € V7|

1
/Q (S(C;’m, DU;™): DV + E\U?’mrﬁ*z u,”- V) de + B, U™ U,;/™ V]
= <f7 V>
Then we define C;"™ € Z™ + ¢4 as a solution of the finite-dimensional problem
/ . (CP™ VO™ DU™™) .V Z dx + B[CP™ U™ 2] =0 VZ ez
Q

For each ¢ € N, the existence of the functions U™ € V7, and C}"" € Z™ + ¢4
is easily shown by means of Brouwer’s fixed point theorem. Furthermore, for each
n,m € N, the sequences of functions {U},"™}?°; and {C;""}2, satisfy the following

uniform bounds:
U™ - + 10 (| < Ch, VO™l < Cy,
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where (7 and C5 are positive constants, independent of £. Thus, by the Bolzano—
Weierstrass theorem, we deduce the existence of limits U™™ € Vj, and C™™ €
Z" +cq for U™ and C;"™, respectively, as ¢ — oo, and these limits form a solution
pair for the Galerkin approximation (4.14), (4.15). This establishes the existence
of a solution to the Galerkin approximations (4.14), (4.15) for any fixed pair of
integers n, m € N. The existence of a discrete solution triple for (4.11)—(4.13) then
follows by the discrete inf-sup condition stated in Proposition 4.3.1, and we write
prm = va:”l 7" y;, where {yz-}ﬁi"l is a basis of Q.

We are now ready to state and prove our main theorem in this section. It asserts
that, as n,m — oo, the sequence of discrete solution triples converges to a weak

solution triple of the regularized problem.

Theorem 4.3.2. Suppose that Q@ C R? is a polyhedral domain and cq € WH(Q)
for some s > 3. Let us assume that p : Rsy — Rs¢ is a bounded Holder con-

tinuous function with p~ > 2 > ‘Lt > 2 and let f € (Wy” (Q)°)*. Let

t—27
gmm, prmoenmy e Vi x Qp x (Z™ + ¢q) be a discrete solution triple defined
by the finite element approximation (4.11)—(4.13). Then, the following convergence
results hold.

o At the first level of Galerkin approximation, there exist subsequences (not re-
labelled) with respect to m such that (as m — c0),
urm —-u" uniformly on €,
DU — DU" uniformly on Q,
prm— prt uniformly on ,
crm— o weakly in W#(Q),
where U™ € V™, P" € Qf.

o At the second level of Galerkin approximation, there exist subsequences (not
relabelled) with respect to n such that (as n — 00),
U'—u weakly in W, (Q)?,
P"— 7 weakly in L7 (Q) Vj > max{p",2},
c"—c weakly in Wh2(Q),
C"—c strongly in C**(Q),
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where (u, 7, c) = (uk, 7%, *) is a weak solution triple of the reqularized problem

(4.4)-(4.6).

4.4 Proof of Theorem 4.3.2

4.4.1 The limit m — o

First, we shall derive some uniform bounds, independent of m € N, and let m
tend to infinity by using the weak compactness properties in the corresponding
reflexive spaces. For simplicity, we shall denote S™™ := S(C™™, DU™™), g™ =
qg.(CT™ VO™ DU™™).

We test with U™™ € V} in (4.11); then, thanks to the skew symmetry of

B[, -, ], we have
n,m n,m 1 n,m|t n,m n,m 1 n,m|t
st vt + U™ | de = svm . DU™™ + —|[U™™|" | dx
Q k Q k
= <f? Un,m)'
By (3.6) and Young’s inequality, we have
/ (|VUn’m|p(Cn,m) + |Sn,m’p/(0n,m) + ‘Un,m‘t) dx < 017 (416)
Q

where (' is independent of m, n and k.

Next, we test with C™™ — ¢4 € Z™ in (4.13) and deduce that
/Qqc(C"’m7 verm DU™™) - V(O™ — ¢q) dz = B[JC™™ , U™™, ¢q.
By (3.7), (3.8), Holder’s inequality and Young’s inequality,
[vem ™3 < / IVC™™||Veq| dz + BJC™™, U™™, ¢4
< HIVCE 4 Ve + B UM )
Then, by Sobolev embedding,
B J[C™™ U™™, cq] = %/chU”’m VO™ dx — %/QC’"’"‘U”’m -Vegda

1
:/ch”’m'VC"’mdx—i-—/C"’m(diVU”’m)cddx
Q 2 Ja

n,m n,m 1 n,m : n,m
< el 5V s + 5 leallo | €™ -y iy T -
< O™y V™™ 3 + CIT™™ 1 [VC™ sy

=

< CEIU™™ 1, +elve™ ™.
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Hence, by (3.7) and (4.16), we have
/ (IVC™™? + |g™?) dx < Cs, (4.17)
Q

where (5 is independent of m, n and k.
Next, we shall derive a uniform bound on the pressure. By Proposition 4.3.1 to-

gether with (4.11), (4.10) and the equivalence of norms in finite-dimensional spaces,

we have
divV, pmm
Bl gy < sup ATV
oxveve [V |ip+
S . DV dx
< wp Lo |
0£Vevn ||‘/||1,pJr
B Jum. urm vy - (f,V
oy 1B |- (£.V)
0£VEVn IVl p-
S N DV
c wp I8y 1DV
0£VEVn V{1 0+
1T 500 IV o=+ NFI e oy 1V 1 p
+C(n) sup @) W™ (2 ,
0£VeVn IV {1 p-

where C' and C(n) are independent of m. Therefore, by (4.16), we deduce that
[Pty < C(n). (4.18)

Now we are ready to let m tend to infinity. By (4.16) and (4.18) with the
equivalence of norms in finite-dimensional spaces, we have |a™™| < Cj(n) and
|7 < Cy(n), where Cy(n) and Cy(n) are independent of m. Then, together with

the uniform estimates (4.17), we can extract (not relabelled) subsequences such that

a™™ — " strongly in RV (4.19)
AT — A" strongly in RN”, (4.20)
crm = o weakly in W12(Q). (4.21)

From (4.19), (4.20), (4.21) and compact embedding, we have

v —u" uniformly on €, (4.22)
DU™™ — DU" uniformly on €, (4.23)
pmm— pn uniformly on €, (4.24)
(G X O strongly in L*(Q). (4.25)
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By (4.19) and (4.20), note that
Uu"ev® and  P" e Q.
Finally, from (4.25), we can extract a further subsequence (not relabelled) such that
crm— o a.e. in (. (4.26)
Note that since S is continuous, by (4.26) and (4.23), we have
scHm DU™™) — S(C", DU"™) a.e. in Q.
Now, by (4.23), we have that, for sufficiently large m € N,
|IDU™™| <1+ |DU"| for a.e. x € Q.
Thus, by (3.4), we have, for sufficiently large m € N,

|S(Cn,m7DUn,m>| S C’DUn,m|p(C’”’m)fl + C
< C(1+ | DU 4 ¢
< C(1+|DU"» '+,

and C(1 + |DU"|)*" 1+ C e L®»)(Q), where C is independent of m. Therefore,

by the Dominated Convergence Theorem, we have
Snm 8" = §(C", DU™)  strongly in L®) ()% (4.27)

Furthermore, by (4.26) and (4.23), together with the Dominated Convergence

Theorem,
K™ | DU™™|) — K(C",|DU"|) strongly in L%(9) Vg e (1,00).
Therefore, together with (4.21), we have
qgr™ —ql =q . (C",VC", DU") weakly in L*(Q)®. (4.28)

Now we are ready to pass m to infinity in the Galerkin approximation (4.11)-

(4.13). First, by (4.22) and (4.23),

B, [U™™ U™, V] = B,[U", U™, V] A
1 1
LA B VA A VL AR A A A
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Furthermore, from (4.27) and (4.24),

/S”’m:Dde%/S":Dde YV eV,
Q Q
(div V', P"™) = (divV, P™) YV eV

Therefore, we have for all V € V",

1
/ (S“ DV + U U V) dz + B U™, U, V] — (divV, P") = (£, V).
Q
(4.29)
Moreover, from (4.12) and (4.23),

/ QdivU"dz =0 VYQeQm (4.30)
Q

Next, let us investigate the limit of the concentration equation, (4.13). We fix an

arbitrary Z € W,?(Q) and define Z™ := II'Z € Z™. Thanks to (4.22) and (4.25),

|cmmuT = ety < (U = UT)CHT | + [UT(CMT = Gl
< U = Ul |[C*™ 2 + [U" [ [ €™ = CTl2 = 0.

Also, thanks to (4.22) and (4.9),

[Zzmu™™ = 20" < (U™ =U")Z" || + |[U(Z™ = Z) |2
< U™ = U"[[o]| 2™ ]l2 + U ||| 2™ = Z]l2 = 0.

In other words, we have

crrutm — cru” strongly in L*()?, (4.31)
zmumm — Zu” strongly in L*(Q)°. (4.32)

By (4.32) and (4.21),

‘/ZmU”’m-VC’”’mdx—/ZU”-VC’”dx
Q Q

< / ZmUmm — UM VO da 4+ ‘ / ZUN(VCm™ — VO dz| - 0.
Q Q
Moreover, from (4.31) and (4.9),

‘ / cemug™m™ . vZ"dr — / c"U"-VZdx
Q Q

<l U™ " |of| 2™ = Zlhe + | Z]h o lC™ U™ = CMU | — 0.
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Therefore, we have

T B,[C™, UM, 27 = B[C", U, Z).
Finally, from (4.28),
/q?’m-VZmdx%/qZ-Vde as m — 00.
Altogether, we hane '

/q?-Vde+Bc[C”,U",Z]=0 VZe Wyt (Q).
Q

4.4.2 The limit n — oo

(4.33)

Now we shall derive further uniform estimates, independent of n € N, and let n pass

to infinity. First, we test with U" in (4.29). Then, by (4.30), we have
/Q (sn . DU" + %\U”\t> dr = (£,U™).
By using (3.6) and Young’s inequality, we have
/Q <\DU"|p(Cn) + |Sn|p’(C") + %|Un|t> dr < O},
where (; is independent of n and k, which leads us to

n||p- n ) 1 n
Uy + 118710 + 2T < Gy,
where (; is independent of n and k.

Next, we test with C™ — ¢4 in (4.33), and we obtain

/q?-VC’"dx:/qZ-Vcddx+Bc[C’”,U",cd].
Q Q

From (3.7), (3.8), Holder’s inequality and Young’s inequality we have
IVCME <€ [ VO™ Ved do + BiC™ Ui
< 6||VQCHH§ +C(e)lIVealls + B[O, U™, cal.
Furthermore, by Sobolev embedding,

1
BlC" Ul = [

1
cgU" - VC™"dx — 5/ C"U"™-Veygdo
Q

Q
1
:/ch”-VC”dx—l——/C"(divU”)cddx
Q 2 Jg

n n |Cd oo m : n
< Nealloo T T o + L2 i,
< Uy [V o+ U™ VO e

4p— —3

< CEIU"L,- +elVe]s.
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Hence, from (3.7) and (4.34),
/Q (IVC"]* + |q2?) dz < Cs, (4.36)
where () is independent of n and k. Thus we have
IC™ 132 + g2l < Co, (4.37)

where (5 is independent of n and k.

Now, we need to derive a uniform Holder estimate for the approximate concen-
trations. As we can see from (4.33), the concentration equation is at the ‘continuous’
level (rather than at the ‘discrete’ level), so we can apply the following well-known
result due to De Giorgi and Nash [31, 70]; see also [11] for its application to the

system of partial differential equations considered here.

Theorem 4.4.1. Let Q C R? be a Lipschitz domain and let s > d be fized. Suppose
that K € L*°(Q)¥? is uniformly elliptic with ellipticity constant X > 0. Then,
there exists an o € (0,1) such that, for any F € L*(Q)%, g € L#(Q) and any
ca € WH(Q), there exists a unique ¢ € WH2(Q) such that c—cq € Wy (Q)NC%(Q)

and
/KVC-Vgpd:c:/F-V@dx—i—/g(pdx Vo e Wy (Q);
Q Q Q
furthermore, the following uniform bound holds:

wi2znCcoae >~ 3 Ny 9y 00 S ds_, ||Cd|[1,s ) -
el < C (A, 1K llocs I1F s 9l e Nl )

To apply the above theorem, we need uniform estimates for C"U" and VC"-U".
Since 2 > L for ¢ > 2, by Sobolev embedding and the uniform estimates (4.34)
and (4.36), for s > 3 sufficiently close to 3,

1C"U" ||s < [IC"l6[[U"]] oo < ClIC™|12[|U"[|: < C,
where C' is independent of n. Also, for s > 3 sufficiently close to 3, we have

|\ver-un

3 < [[VC[L[U"
s+3

TS CllC" 12U < C,

where C' is independent of n. Note that if we considered the original equation (3.2)

instead of the regularized problem (4.2), we would only be able to deduce that
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U™ ||3p- (3—p—) < C, which would force us to assume the strong condition p~ > 2
so as to be able to prove the above estimates.
Therefore, we can apply Theorem 4.4.1 with FF = C"U" and ¢ = VC" - U".

Hence, there exists an oy € (0, 1) such that
1C™ | con @y < Cs, (4.38)

where Cs is independent of n. Since C%?1(Q) s C%%1(Q) for all a; € (0, ), we
have by (4.38) that
C" = c strongly in C%%'(€Q),

which implies that
poC™ = poc strongly in C%"(9),

for some £ € (0,1).
We now apply Proposition 4.3.1. For a given pt > 0, choose j > max{p", 2}.

Then, since p~ > 3, we have that W,”(Q)* — L**)(Q)? by Sobolev embedding.

Furthermore, since 55 < p~, we have that 2(p~)" < t. Now, from (4.11) and (4.10),

we have

divVv. P"
BIP Yy < sup YV
ozvevn ||V,

| [, 8" : DV dx + B,[U", U™, V] — (£, V)|
< sup
0£VEVn V[,
18" |y [V 111+
0£VEVn 1V |1+
1TV 1~ + 1 £
O, V-
1U" oy IVl 10" |1 -
0£VEVn IV 2oy ’

<C

(WoLp_ (Q)3)* V”l,p_

+C
where C' is independent of n and k. Hence, by noting (4.34),
[Pl < Cu, (4.39)

where (Y is independent of n.
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Now, by (4.34)—(4.39), thanks to the reflexivity of the relevant spaces and by

compact embedding, we can extract (not relabelled) subsequences such that

U —u weakly in W7 (Q)% N L{(Q)?, (4.40)
U'—u strongly in L7(Q)? Vo e[l,t), (4.41)
U™ 2U" — |u|"?u  weakly in LT (Q), (4.42)
c"—c weakly in Wh2(Q), (4.43)
C"—=c strongly in C%%(Q), (4.44)
P*—7 weakly in L7 (Q) Vj > max{p",2}, (4.45)
S" 8 weakly in L#D'(Q)3*3, (4.46)
q. —q. weakly in L?(Q)®. (4.47)

Before proceeding further, we note that these limits, together with weak lower semi-

continuity and (4.34), in conjunction with Korn’s inequality, imply that
/ VP + |SP@ de < C, (4.48)
Q

where C'is independent of k; hence the limit function w is, in fact, contained in the
space W&’p(c)(Q)B’; see Chapter 3 for the details of the proof of this.
Next, we shall prove that the limit function w is pointwise divergence-free. For

an arbitrary ¢ € C§°(€2), by (4.30),
0= /(H&q) divU" dz
0
= /(H%q —q) divU"dx—i—/q(divU” —divu)dz —|—/qdivud:c.
0 0 0

The first term tends to zero by (4.34), (3.18) and the second term converges to zero
by (4.40). Therefore,

/qdivudx:O for any ¢ € C5°(Q),
Q

which implies that divu = 0 a.e. on 2.
Now, we shall identify the limit of the convective term B,[-,-, ] as follows. For

an arbitrary v € W, °(Q)3, we define V" :=II%, v € V". Then, by (3.14), we have

V" —wv  strongly in W7 (Q)? for o € (1,00). (4.49)
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By (4.41),
U'oU" >u®u  strongly in L'(Q)%3.

Hence, we can identify the second part of the convective term
—/Q(U”®U”):VV”dx—>—/Q(u®u):V'vdx as n — oo.
Also, we assert that U™ - V™ — u - v strongly in L® ) (Q). Indeed,
U™ V" —u- vy < (V" = 0)U" + (U" — w)vl|p-y
< V" =0l |[U |l + IU" = ulle—c[[v]l

for some o € (1,00). The first term tends to zero thanks to (4.49), (4.41) and the

second term tends to zero by (4.41). Therefore, since divu = 0, we have

/Q(U”®V”):VU”dx:—/

(U @ U") : VV"dz + /(div UM U" - V"dx
Q

Q
—>—/(’u,®u):Vvdx as n — 00.
Q

Altogether, we then deduce that

lim B,[U",U", V"] = —/(u® u) : Vodz. (4.50)
Q

n—oo

Now, we are ready to pass n to infinity in the momentum equation. Since II},,

is linear, by noting (4.29), we have
(divw, P") = (div V", P") 4+ (div (v — V"), P")
1
:/ (S(C”,DU”) . DV" 4+ U2 U V") dz — (f, V")
Q
+ B, U, U", V"] + (div (v — V"), P")
- 1
— / (S : Dv + E|u\t’2u v—(u®u): Vv) dz — (f,v),
Q
where we have used (4.45), (4.46), (4.42), (4.49) and (4.50). Also, by (4.45) again,
(divwv, P") — (divw, 7).

Collecting all the limits gives us that, for all v € W, >(Q)3,

/Q(S:Dv+%|u|t_2u-v—(u®u):Vv) dz — (dive, 7) = (f,v).  (4.51)
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With the same argument as above, we also have that, for all v € W(},ﬁ(ﬁ)?’,
/gZ(S:Dv+%|u|t_2u~fv—(u®u) :Vv) dr = (f,v). (4.52)
Note that by Proposition 2.5.3 and (4.48) we have
7 e LF9Q).

Now, let us investigate the limit of the convection-diffusion equation, (4.33). For
an arbitrary but fixed 2 € W,*(Q), we define Z" := 1132 € Z". Thanks to (4.41)
and (4.44),

|C"U" = cully < [(C" = U ||z + |c(U" = u)]l2
<C" = elloolU |2 + llelloo [U™ = ufl2 = 0.

Moreover, by (4.41), (3.19) and Sobolev embedding,

1270" = zulls < [(Z" = 2)U" || + [|2(U" = )5
< 2" = 2llslU" s + 1216 U™ — w3
< ClZ2" = 212U ls + Cllzlh2/[U" = ulls = 0.

In other words,

cC"U" — cu strongly in L*()?, (4.53)
Z"U™ — zu  strongly in L*(Q)°. (4.54)

From (4.43) and (4.54),

/Z”U"-VC’"dx—/zu-Vcd$
Q

Q

< / |Z"U"™ — zu||VC"|dx + ‘ / zu - (VC" — Ve)dz| — 0.
Q Q
Therefore, as divu = 0 a.e. on {2, we obtain
/Z”U"-VC’”dx—)/zu-Vcdm:—/cu-Vzdx as n — oo.
) Q Q
Moreover, by (4.53) and (3.19),

‘/C”U”-VZ”dx—/cu~Vzd:c
Q Q

< C"U™ 212" = 2ll12 + [C"U™ = cullaf|z[l1.2 = 0.
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Altogether, we have

lim BJ[C",U",Z"] = —/ cu - Vzdz.
Q

n—o0

Finally, by (4.47) and (3.19), we have
/QqC(C’”, ver, DU") -VZ"dx — /Qqc -Vzdx as n — oo.
By collecting all the limits, we obtain that
/Q (@, -Vz—cu-Vz2)dz =0 VzeW,?Q). (4.55)

As we can see from (4.51) and (4.55), what we now need to prove is the identification
of the limits:
S =S(c,Du) and g, = q.(c,Vc, Du).

To this end, we require the following lemma which is similar to the compactness

result presented in Section 3.4.

Lemma 4.4.2. The sequences {DU"}°, and {C™}22, satisfy the following equal-
ity

lim [ ((S(C", DU™) — S(C", Du)) : (DU" — Du))i dz = 0. (4.56)

n=eo Jo
The proof of the lemma is similar to that in Chapter 3. We shall briefly summa-
rize the key steps of the proof as we have an additional regularizing term here and
we shall require a similar, but more involved, argument in the next section. As in
the previous chapter, we introduce the matrix-truncation function T, : R3*3 — R3*3

by
M  for |[M| < x,
T, (M) = -
x(M) {X% for |M| > x.

Then, the most important and most difficult part of the proof of (4.56) is to
show that

lim lim lim [ (S(C", DU") - S(C", Ty(Dw))) : (DU" — Ty(Du))dz <0,

X—+00 j—+00 Nn—00 Q
(4.57)

where U7 is the discrete Lipschitz truncation of the function of U™ introduced in
Theorem 3.3.13 . To show (4.57), we define the following discretely divergence-free

approximations with zero trace on 02:
v = B"(divUY),
T =U; — V.
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Here B™ is the discrete Bogovskii operator defined in the previous chapter. It is then
clear that @7 has zero trace on J) and, by construction, ®; € Vi, . Moreover, it
can be easily verified, by using basic properties of the discrete Lipschitz truncation
and the discrete Bogovskil operator, that
®F —~ U, — B(divU;) = ®; weakly in W, ()2, (4.58)
PF — P, strongly in L7(Q)?, (4.59)
as n — oo, where o € (1, 00) is arbitrary. We can then rewrite (4.57) above in terms

of this approximation to obtain
/Q(S(C”, DU") - S(C", T (Dw))) : (DU} — T,(Du)) dz
- /Q S(C".DU™) : (D&! + DT") dz
- / S, DU") : T\(Du)dz — / S(C", T\ (Du)) : (DU} — T, (Du))dx
= BQ - By — By Q

Now we use (4.29) with V' = @7 € Vj, and pass to the limit; thus we have, by

(4.52), that as n goes to oo,
n n n n n 1 n|t— n n n
/QS D& dr = B,[U"U ,<I>j]+/QEyU U @ de— (£,97) (460)
1

— / ((u @u): VP, — E\u|t_2u : <I>j> de + (f, ®;) (4.61)

Q
= / S:D®;dx. (4.62)

Q

Furthermore, with the help of Lipschitz truncation, we can show that

v~ .ph)

n—oo 0

y(p~,p")
¢ ) ) (4.64)

/QS : DB(divU;)dz < (W
For the proofs of the above inequalities, see the arguments leading (3.78), (3.79) and
(3.80). Altogether, we have

) . ) 1 2
lim lim lim (B”’- — B — B"’?’)
X—300 jr00 n—s00 VX X:J X:J

< lim [ (S—S(c, T\ (Duw))): (DU; —T,(Du))dz.

X—00 0
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The last limit is equal to zero by using the Dominated Convergence Theorem. That
completes the proof of (4.57), and thereby also of the most technical step in the
proof of the lemma.

Having shown (4.56), now we proceed with exactly same argument as in Chapter

3 to identify the limits;

S = S(¢, Du) and q.=q(c¢,Ve,Du).
Indeed, what we have shown here is that
S=58"= S(c*, Du¥) and g.=q" = q(c", V¥, DuF)

for an arbitrary, but fixed ¥ € N. From now on, we reintroduce the regularizing

parameter k£ € N, and we will pass k£ to co in the next section.

Remark 4.4.3. Indeed, in the proof of Theorem 4.3.2, the passage to the limit n — oo
can be also done by the use of monotone operator theory without using Lipschitz
truncation. This is due to the stabilization we used here. More precisely, if t > 0
is sufficiently large, we have a higher integrability of U™ and w, and hence u is
an admissible test function in (4.52). Therefore, we can apply monotone operator
theory and the use of Lipschitz truncation can be avoided. However, as mentioned
in Section 3.1, here we have used the Lipschitz truncation method as we wish to

consider more general case which can not be covered by monotone operator theory.

4.5 Proof of Theorem 4.2.1

4.5.1 Minimum and maximum principles

Having passed to the limits m,n — oo, we shall reinstate the index k for the
regularization parameter in our notation, in preparation for passage to the limit
k — oo.

Before we proceed, let us prove minimum and maximum principles for the con-

k k

centration. Let of = (cF —ming,ecaq cg)_ and o = (¥ — max,coq cq)4. Since & = ¢y

on 09, it is clear that ¥, o5 € W, *(Q), so we can test with ¢¥ and ¢k in (4.55).

Therefore, we have
- / ubc - Vb da + / q. - Veidr =0, (4.65)
Q Q

98



- / uFch Vb d + / q. Vb dr =0. (4.66)
We first consider (4.65). Sl;rom (3.8) with intggration by parts we obtain

/ ub - VFoh dr + . C|V¥|?dz <0,
where Q™ = {x € Q : pf(x) < 0}, since divu® = 0 and u* = 0 on 9. By using the
fact that Vb = Vpk on Q7 and the extension of V¥ from Q- to the whole domain

Q2 by using the negative part, we have

/uk-Vgolfgo’fdx+/C|V90’f|2dx§0.
Q Q

Note that
k k _k 1 k k|2 1 N NP
u” - Voleide = = [ u - V]pi|de = —= [ (divu®)|¢f|* dz =0,
and thus,
k k . .
= — _= .. in €.
o1 = ( min Cq) constant a.e. in

In the same way, we can also show that

b = (" — max ¢q)s+ = constant a.e. in €.
€0

By combining the above results, we finally obtain that for any k € N,

min ¢; < & < maxey a.e. in €. (4.67)
€0 €00

4.5.2 The limit £ — o©

First, note that by weak lower-semicontinuity of the norm-function, and (4.35),

(4.37) and (4.39), we obtain the following uniform bounds, independent of k& € N:

_ 7 1
[u®lI} -+ 1S(c", Duk)Hg& + Ellukl\ﬁ <y, (4.68)
||CkH%,2 + Hqc(ckv vck7 Duk)H% S 027 (469)
7% )12 < Cs, (4.70)

for some positive constants C, C'y and C3, which are independent of k£ € N.

Now, since p~ > %, by the min/max principle (4.67), Sobolev embedding and

the uniform estimate (4.68), for s > 3 sufficiently close to 3, we have that
lef |5 < fle*lloollulls < Cllutl,- < C,
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where C' is independent of k € N.
Therefore, we can again apply Theorem 4.4.1 with F' = c*u* and g = 0. Hence,

there exists an as € (0, 1) such that
HC'“Hco,az@ < Cy, (4.71)

for some positive constant Cy independent of k& € N. Since C%2(Q)) < C%%2(()

for all &y € (0, az), we have

&= strongly in C%%2(Q)),

which implies that
k : 0,82 ()
poc® —poc strongly in C™"2(Q),

for some £, € (0,1).
Therefore, by the reflexivity of the relevant spaces and compact embedding, there

exist subsequences (not relabelled) such that

ub —~u weakly in Wol;dpi;(Q)S, (4.72)

ut = u strongly in L2+ (Q)3, (4.73)

& —c weakly in W%(Q), (4.74)

&= strongly in C*%2(Q)), (4.75)

™ —~ 7 weakly in L7(Q)  Vj > max{p,2}, (4.76)

S(c*, Du*) —~ 8 weakly in L") (Q)33, (4.77)
q.(c", V", DuF) —q,  weakly in L*(Q)®. (4.78)

Again, by the weak lower-semicontinuity of the norm-function, (4.48) and (4.75)

together with Korn’s inequality, we have that
/ (1Vup© + |8179) dz < C. (4.79)
Q

and thus the weak solution w is in the desired space Wy (€)3.
Now we shall let k — oo in (4.51), with v € W;"*°(Q)? chosen arbitrarily. By
(4.73),

u"@ub 5 u®u  strongly in L'E(0Q)33.
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Thus, we can identify the limit of the convective term

—/(uk®uk) : Vode — — /(u@u) :Voder  as k— oo, Vo e Wy (Q)>
Q 0
Next, by (4.68), we have that

Ml =0 as k — oo.

|

—||u

k
Therefore, we have

1
E‘/|uk|t_2uk-fvdx
Q

We recall from the identification asserted in the previous section that S =

1
< el ol =00 as koo, Yo e Wy (@)

S(c, Du) a.e. on ; more precisely, with the index k reinstated in our notation,
S" = S(c*, Du*) ae. on Q. Hence, from (4.77) and (4.76), we obtain for all
v e Wy™(Q),

(divw, 7") — (dive, ) and /QSk : Dvdx — /QS :Dvdx as k — oo.
Altogether, we have
/Q (8:Dv+(weu): Vo) de—(dive,m) = (f.o)  Voe WE=(Q). (450)
Furthermore, from above, it is clear that
/Q (S’ :Dv+ (u®u): Vv) dz = (f,v) Vo e W&ﬁ(Q)S. (4.81)
Note that by Proposition 2.5.3 and (4.79) we have
me LF9Q).

Now, let us investigate the limit of the concentration equation (4.55). Let us

choose an arbitrary, but fixed, z € W, (). By (4.73) and (4.75),
I —cully < [[(" = c)ut(lo+[le(w —w)l2 < [l* —cfl ool |2+ [le]| o le" 2] > — 0.

In other words,

Fuf = cu strongly in L*(Q)3.

Hence we have

/ckuk-Vzdx%/cu~Vzda:.
Q Q
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Recalling the identification q. = q.(c, Ve, Du) and reinstating the index &, we have
q" = q.(c*, V¥, Du); hence, by (4.78), we get

/t‘]’j-Vzdm%/qc-Vzdx as k — oo.
Q Q

By collecting the above limits, we deduce that
/ (@, -Vz—cu-Vz2)dz =0 VzeW,?Q). (4.82)
Q

As a final step, we need to identify the limits:

~

S =S8(¢c,Du) and q,=q.(c,Vec,Du).
To this end, analogously as before, we need to prove the following equality:

lim | ((S(c*, Du*) — S(c*, Dw)) : (Du* — Du))i dz = 0. (4.83)

k—o0 Q

The proof is similar to the one presented in the previous section. The only part of
the argument that we shall give here in detail is the proof of the analogue of (4.60)—
(4.62) since we now have a different weak formulation at this level. The other parts
of the proof proceed as in Chapter 3.

First we define a divergence-free approximation with zero trace as follows:
ko ok c ok
@7 = u; — B(divu;),

J

where B is the Bogovskii operator introduced in Theorem 2.5.1. Then, as before,

we have

<I>§ — u; — B(divu;) =: ®, weakly in W, (Q)?, (4.84)
<I>§f — ®; strongly in L7(Q), (4.85)

as k — oo, where o € (1,00) is arbitrary.

Let us further define X?]k = II7, ®. Then, by (3.14),
X?,’f — ®F strongly in Wy (Q)*, Vo € (1,00).
Now, by (4.29),
|87 Dxithds = ~BUN U X3 = [ OO e (.
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If we take n — oo in the above equality, we have

/S(ck,Duk):Dtl);‘?dx_/
Q

1
i <(uk ®u*): Vo — E|uk|t_2uk : @f) dz+ (f, ®%).

(4.86)

Next, we define X;]k =113, ®;, and then we have
ngk — P, strongly in W, (Q)%, Vo € (1,00).
Again, by (4.29),
/Q S": Dyt dz = —B,[U", U", x5%] — /Q %|U"|t—2 U™ - x5 dz + (f,x57)-
If we take n — oo, we have
/QS(C'C, Du"): D®;dx = /Q(uk @u"): Ve, — %|’u,k|t_2uk @, dr + (f, ®;).
Subsequently, if we pass k to the infinity, we obtain

/S’:Ddx:/(u@u):V‘I)j+(f,¢’j>. (4.87)
0 0
Therefore, from (4.86) and (4.87), we deduce that

1
lim [ S(c*, Du*): D®"dx = lim ((uk ®u*): VOl — E|uk|t*2uk : qﬂ?) da

. k
+ lim (f, ®7)
~ [wsw): Ve do+ (1, 8)
Q
—/S’:Dq)jdx,
Q

which is the desired analogue of (4.60)—(4.62) corresponding to the limit k& — oo,
and thereby the proof of (4.83) has been completed.

We can then use the same argument as the one we employed in the previous
section to identify S = S" = S(c*, Du*) and q. = @* = q.(c*, V¥, Du"), and thus
we can again identify § = S(c, Du), g, = q.(c, Ve, Du). That completes the proof
of the convergence theorem.

In this and the previous chapter, we have explored the convergence of finite
element approximations of the steady version of the model problem under consid-
eration. In the next chapter, we turn our attention to the unsteady version of the

model problem and show the existence of a weak solution.
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Chapter 5

Existence of weak solutions for the
non-stationary model

5.1 Brief description of the chapter

We have successfully completed the convergence analysis of the finite element method
for the steady problem in both two and three space dimensions. Now we move on
to the unsteady version of the problem. We are interested in developing an exis-
tence theory for the non-stationary model. In other words, we would like to know
whether weak solutions to the following system of equations exist in the domain
Qr = Q x (0,T), where Q C R? with d > 2 is a bounded open Lipschitz domain

and (0,7) denotes the time interval of interest:

divu =0 in Qr, (5.1)
Ou+div(u®@u) —divS(c, Du) = -Vr+ f  inQr, (5.2)
dyc + div (cu) — divg,.(c, Ve, Du) =0 in Qr, (5.3)

where u : Qr — R4, 7 : Qr — R, ¢ : Qr — Rs are the velocity field, pressure
and concentration respectively. Again, f : Qr — RY represents a given density
of the bulk force, Du denotes the symmetric velocity gradient, and S(c, Du) and
q.(c, Ve, Du) are the extra stress tensor of the Cauchy stress tensor and the diffusion
flux respectively. In this setting, for given functions wg and ¢y defined in €2, we

prescribe the following initial conditions
u(x,0) = up(z) and c(x,0) = co(x) in Q, (5.4)
where 0 < ¢y < ¢y for some positive constant ¢.
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Furthermore, we set Sy := 9Q x (0,T) and 'y := Sy U {(z,t) : x € Q,t = 0},

and we prescribe the homogeneous boundary conditions
u(z,t) =0 and c(x,t) =0 on St. (5.5)

Finally, as before, we assume again that the extra stress tensor § : Ry X
ngxn‘f — ngxn‘f is a continuous mapping with the following non-standard growth,

strict monotonicity and coercivity: there exist positive constants C;, Cy and Cj

such that

1S(¢, B)| < Ci(|BPO71 + 1), (5.6)
(S(g, Bl) — S(g,B2)) : (Bl — Bg) > (0 for B4 # Bz, (57)
S(¢,B)- B > Co(|BI"®) 4 [S]P®) — Cs, (5.8)

where p : R>g — Ry is a Holder continuous function such that 1 < p= < p(&§) <

pt < oo and p'(€) is defined as pé(le. Furthermore, we assume that the diffusion
flux vector q.(¢,g, B) : R5o x R? x Rg;g — R? is a continuous mapping, which is

linear with respect to g, and satisfies the following inequalities: there exist positive

constants Cy and C'5 such that

9.(¢, 9, B)| < Cilgl, (5.9)

q.(¢,9,B) - g > Cs|g|*. (5.10)

In this chapter, we shall develop the existence theory for the above model with
the help of a generalized Galerkin method, together with the use of monotone op-
erator theory in variable-exponent spaces and the parabolic De Giorgi-Nash—Moser
regularity theory. As a consequence, we can also obtain the existence result for a
class of unsteady electro-rheological fluid flow models as a special case, which is
completely new. This by-product will be discussed in Chapter 6. Also, we will dis-
cuss a possibility to improve our main result. The content of this chapter is based

on the paper [56].

5.2 Definition of the weak solution and the exis-
tence theorem

In this section, we introduce our main theorem together with some preliminaries

required for the precise statement of the theorem. First, we introduce some concepts
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and notations for parabolic problems. The main difference compared to previous
chapters is that we are considering both the space and time variable, so we are
working with the cylinder @7 rather than with the spatial domain 2. We shall
write 2 = (z,t) € R4 where z € RY denotes the spatial variable and ¢ € Rs is
the time variable. Let P be the set of all measurable functions p : Qr — [1,0];
again, we call a function p € P(Qr) a variable exponent. Then we define p~ := ess
inf.cqr p(2), p™ := ess sup,q,. p(z). Throughout the chapter, we only deal with the
case
1<p <pt<oo. (5.11)
Then we define generalized Lebesgue spaces on ()7, which are equipped with the

corresponding Luxembourg norms:

L'NQr) = {u € Li.(Qr) : / u(z, )P de dt < oo} ,

”U’HLP(')(QT) = inf {)\ >0: /
T

Some basic inequalities also hold for variable-exponent Lebesgue spaces on Q7. For

u(x,t) p(@t)

A

dedt < 1}.

example, if p, ¢, s € P(Qr) are such that ﬁ = zﬁ + $ for all z € Qr, then for

any f € LPY)(Qr) and g € L1O)(Qr), we have
o (Holder’s inequality) || fg

@) < 21 e @l gl Lty (@
o (Young’s inequality) fQT | fg|*@ dz dt < fQT | f|P@8) da dt + fQT |g|9@®) dz dt.

Next we define the following anisotropic Sobolev space with variable exponent:
Wy (Qr) == {u e L'(0,T; Wol,’éiv(Q)d) 1 [Vu| € Lp(')(QT)} ,
lwllw, @) = 1wl + IVl o) 0

If we follow the argument used in Chapter 2 to prove Theorem 2.3.9, it is easy to
check that all of the above spaces are Banach spaces, and thanks to (5.11), they are
all separable and reflexive. We also define the dual space (LP")(Qr))* = L O(Qr)
where the dual variable exponent p’ € P(Qr) is defined by zﬁ + ﬁ =1.

Furthermore, in order to study the temporal regularity of functions, we introduce

the following parabolic spaces: for a real Banach space X,
C([0,T]; X) :={ue L>®(0,T;X) :u:[0,7] — X is continuous},
Co([0,T); X) :={ue L*(0,T;X) : u:[0,T] — X is weakly continuous},
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where both spaces are equipped with the L>°(0,7"; X') norm.
Finally, we need to introduce the parabolic Holder space, which has an important

role in our analysis. We consider the parabolic metric d,(-, -) defined by
1
dp<21, 22) = ]xl — 33'2‘ + ‘tl — t2’2,

where 21 = (z1,11), 22 = (79, t3) € R¥. We then define the parabolic Hélder space

using the above parabolic distance: for some « € (0, 1),

Co2(Qr) = {f € C(Qr) : 3C > 0 such that [F(z1) = £2)] <C Vz,» € QT} )

dp(21, 22)"

with the norm

|f(z1) = f(z2)]
[fllcaarz@ry = IfllLe@n +  sup '
C (Qr) (@r) 21,22€QT, 217722, dp(zlyzQ)a

Then, our main result concerning the existence of weak solutions is as follows.

Theorem 5.2.1. Let Q C R? with d > 2 be a bounded open Lipschitz domain, and
assume that f € L*(Qr)?, uo € L*(Q)? and ¢y € {f € C%*(Q) for some ay €
(0,1) : f =0 on 9N}, If p is a bounded Hélder continuous function with p~ > d,
then there ezists a weak solution pair (u,c) to the system of equations (5.1)—(5.3)

and some o € (0,1) such that

w e C([0,T] X)) N L (0, T3 Wy i (0)) N Wi (Qr),
c € O([0,T]; LA () N L*(0,T; Wy *(2)) N C***(Qp),

satisfying

/S(c,Du):D¢dxdt:/ (f Y+ (uu): Dp+u-dpp) dedt

T T

+/Qu0(a:)-1,b(a:,0)d:c

Jor all ¢ € 5%, (2 x [0,T))* and

(cOrp + cu - V) dedt + / co(z)p(z,0)da
0

/ q.(c,Ve,Du) - Vodrdt = /

T

for all ¢ € C°(2 x [0,T)).
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5.3 Auxiliary tools and results

In this section, we introduce the necessary technical tools, especially some results
from function space theory, that we use throughout the chapter. We begin with some
embedding theorems. The following proposition concerns the compact embedding

of parabolic Holder spaces.

Proposition 5.3.1. Let Qp C R be such that Qp is compact in R¥' and let
0 < a < B < 1. Then the inclusion map i : C*P/2(Q) — C**/2(Qr) is compact.

Proof. We first note that Q; is also compact with respect to the topology induced
by the parabolic distance d,,(-, ). Let {f,}>°, be a bounded sequence in C##/2(Q).
Then, trivially { f,}>2, is a uniformly bounded and equicontinuous class of functions.
By the Arzela—Ascoli theorem, there exists a subsequence {f,}°°; (not relabelled)
such that f, — f in C(Qy) for some f € CPF/2(Q,).

Let g, i= f—fu € CPPP2(Qy). Then ||gulpos2(g,) < C for some constant C' > 0

and [|g,[l¢@,) — 0 as n — oo. To complete the proof, it suffices to show that

|gn(21) — gn(22)]

[gn]a = sup — — 0.
2172'26671,2’17&22 dp<zla 22)
For arbitrarily small 6 > 0,
n\21) — gnlZ n(21) — gn(2
[gnla < sup |9n(21) — g iQM £ sup |gn(21) — g Eyz)|
atz ()< dp(2122) dp(a1,2)>0 Ap(21,22)

|gn(21) — g"<22)‘dp(zl Zz)ﬁ—a +  sup |gn(21) — gn(20)]

2175Z2,dp(21,22)S5 dp(21, 22>5 dp(Z1,Z2)>5 dp(Zl, 22)04
< 6 ~[gals + 20 gullcgy)
S 05,3—(1 + 26—a||gnHC(QT)

< sup

Therefore,
lim sup [gn]a < C6°~ 4 267 lim sup lgnllc@,) < coP,
n—oo n—oo
Since § > 0 is arbitrary, we conclude that [g,], — 0 as n — oo, which completes

the proof. O

Also, we will use the following parabolic version of the Sobolev embedding theo-
rem, which comes from the use of standard Sobolev embedding and an interpolation

inequality. For the proof, see Proposition 3.1 in [32].
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Proposition 5.3.2. If 1 < p < o0, there exists a constant C' > 0, depending only
on d and p, such that

p(d+2)

LP(0,T; Wy P(Q)) N L0, T; L*(Q) — L™ (Qp), (5.12)

p(d+2) 2 ¢
lv| @ dedt < C | sup lv|* dx |VolP dz dt
T 0€(0,T) /Q Qr

for every v € LP(0,T; Wy P(Q)) N L>(0, T; L*(Q)).

with

Additionally, we introduce another important embedding theorem, which is clas-
sical in the study of time-dependent problems. See, for example, [79] or Lemma 6.3

in [51].

Lemma 5.3.3. (Aubin—Lions lemma) Let Vi, Vo and V3 be reflexive, separable Ba-

nach spaces such that
Vi ==V, and Vo — Vs,

and let 1 < p < oo, 1< q<oo. Then {v e LP(0,T;V}) : Qv € LU0, T;V3)} is
compactly embedded into LP(0,T; Vs).

We also need the following existence theorem for the system of ordinary dif-
ferential equations. Before we state the theorem, we introduce some notation in
the context of ordinary differential equations. We want to find a function C :

(to—6,to+0) — RY such that it solves the following ordinary differential equations:

%C(t) —G(1,C(1), Ve (to— bt +0) (5.13)

C(ty) = Co, (5.14)

where Cy € RY. Here we consider G : (to — §,ty + ) x B.(Cy) — RY for some

e > 0. Then we have the following existence theorem. See [82] for more details.

Theorem 5.3.4. (Carathéodory’s theorem) Suppose that G : (to — 0,19 + 0) X
B.(Cy) — RY satisfies the following properties: if we denote G = {Gy,...,Gn},

e G;(-,C) is measurable for alli=1,...,N and for all C € B.(Cy).
e G,(t,-) is continuous for a.e. t € (to — 0,19+ 0).
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o |G(t,C)| < F(t) forall (t,C) € (to—0,to+0) x B-(Cy) and F(t) is integrable
on (to — d,tg +9).

Then there exists a 6y € (0,0) and an absolutely continuous function C' : (to— 6, to+
§) = RY such that C solves (5.13)~(5.14) for a.e. t € (tg — 1,10 + d1).

Next, in order to ensure the Holder continuity of the approximate concentrations
in the later analysis, we will use the the following result, which is mainly due to De

Giorgi, Nash and Moser; see [62] for more details.

Theorem 5.3.5. Suppose that for K € R™? with measurable components, there

exist positive constants C1,Cy > 0 such that
| K[| oo (yixa < Ct, Kb-b> Cyb|* for all b e R? a.e. in Qr.

Assume further that g € L"(0,T; LY(Q)?) where q and r are arbitrary constants

satisfying
2 d
-+ -=1-¢,
roq
with
2
qEL_ },TE[l oo] and 0 <e < 1.
Let ¢ € L>(0,T; L*(Q)) N L0, T; Wy *(Q)) with dy,c € L*(0,T; W=2(Q)) be a weak

solution of Oyc — div (K'Ve) = div g in the sense that
<8tc,g0)+/KVc-Vg0:/g-Vgodx Vo € W, 2(Q).
0 0

If e, € CPBI2(Tr) for some B € (0,1), then there exists an a € (0, 8] depending
ond, Ci, Cs, B, g, q and r such that

c € Cu*(Qp),

with
HC||C"">O‘/2 S C(d7 Cl? 027 57 ||gHr7q)
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Now we move to function space theory for variable-exponent spaces. First, we
introduce a subset P°¢(Qr) C P(Qr) as the class of log-Holder continuous functions
on the cylinder @7, satisfying
Clog (p)

1
—_— Y S 0 < - < —. 5.15
—log]zl — 22| 21,29 € Qr ‘21 Z2| =9 ( )

Ip(21) — p(22)| <

The following lemma shows that a parabolic Holder continuous function on Qr

automatically belongs to this class.

Lemma 5.3.6. Let 21, 29 € Qr with |21 — 29| < %. Then, for any a € (0,1), there

exists a constant C' > 0 such that

C
d R B—
W2 Dol

Proof. From the definition of the parabolic distance, we have d(z1, z2) < % Further-

more, by an elementary calculation, we can easily verify the following inequalities:

1
dy(z1,29) < 2|21 — 22|% for |21 — 2| < 1 and z* < for 0 <z < -.
—logx 2
Therefore, we have
o c2°
d @ <L2¢ — 2l —
el =2 sl = S
[

What we need here is a density result for the function space W,.)(Qr) defined
in Section 5.2. First, from [66], we infer the existence of a sequence {)\;}32; C R
and a sequence of functions {w;}32, C W(i’Qdiv(Q)d, ¢ € N, satisfying

e cach w; is an eigenfunction associated with the eigenvalue A; in the following

sense: for all j € N,

(. B)e =Ny [wy-ddr Vo WG

wii CW;j dr = (52']' for all ?:, ] S N,

1§)\1§)\2§ and/\j—>oo,

Yo L) ez =0 forall i, j €N,

* <\/)\77 W>Wo

{w;}32, is a basis of Wé’iiv(ﬂ)d.
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We choose £ > 1+ £ so that W(ffﬁv(ﬂ)d — W&ﬁfv(Q)d. Then we have the following

lemma, which is quoted from [5].

Lemma 5.3.7. Let p € P8(Qr). For each u € Wy)(Qr), there exists a sequence
{d;()}52, € CH([0,T7]), satisfying

m
Hu — E dj ’l,Uj
Jj=1

In fact, unlike the space used in [5], here we are dealing with the function space

—0 as m — 00.
Wp(-)

of solenoidal functions. However, that does not affect the proof of the lemma as

here the basis {w;}32, consists of solenoidal functions.

5.4 Proof of the main theorem

5.4.1 Galerkin approximation

Let {w;}%2, be a basis of WOI“/,’;V(Q)”Z, constructed in the previous section, and let

{2,352, be a basis of Wy(Q) which is orthonormal in L?(Q). We are looking for a
N.M N M e

)

sequence of approximate solutions {u v~ of the form

N M
§ : N,M 2 : N,M
’U’N’M = a; ’ wi, CN’M = bz ’ Zi,

i=1 i=1

where a™M = {a""}¥, : (0,7) = RY and 8™ = {5 HL, . (0,T) — RM,

which solve the following system of ordinary differential equations:

/at'u,N’M-'wj dr — /(uN’M®'u,N’M) : Dw, dx—i—/SN’M :Dw;dz  (5.16)
Q Q Q

Q

N
WM (- 0) = M = PNoyy = Zaé\fjwj, (5.17)
=1

/atcN’M 2% dm—/ uVMANM g, daH—/ @MV de =0 Vk=1,... M, (5.18)
Q Q Q
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M
MM(0) = g™ = PMeg = " b, (5.19)
where
SN’M = S(CN’M7 DU’N’M% qéV’M - qc(cN’Mu VCN’Ma D,U’N’M)a

and PV, PM denote the L2-orthogonal projections onto the finite-dimensional linear
spaces Ay = span{wy,...,wy}, By = span{z, ..., zy} respectively.

Let us define C(t) := (a)™(t),...,aN™ @), b0 M (t),..., b0 (1)) and we shall
write Co = (ag'y, - .- ag >0y - - -, bg'ar)- Then the system (5.16) and (5.18) can be

rewritten as

Sct) = G(t, Ct)), (5.20)
C(0) = Cy. (5.21)

It is easy to see that G is measurable with respect to t and is continuous with
respect to C. Moreover, it is straightforward to show that there exists an integrable
function F' such that

IG(t,C(1))] < F(t)
at least for all (¢, C(t)) € (=T,T) x D where D is (M + N)-dimensional cube with
radius R := 2max; |C}|. Therefore, Theorem 5.3.4 then guarantees the existence of
solutions to (5.16)—(5.19) at least for a short time interval. The uniform estimates

that we will derive below enable us to extend the solution onto the whole time

interval (0, 7).

5.4.2 Uniform estimates independent of M

We first derive some uniform estimates that are independent of M. Multiplying the
jth equation in (5.16) by ajy’M, followed by taking the sum over j = 1,..., N and

integrating the result over (0,t), we obtain

t t
||uN’M(t)||§+2/ /QSN’M:D'U,N’dedT: ||uéV’M||§+2/ /Qf-'u,N’dedT.
0 0

Applying (5.8) and Poincaré’s inequality and using standard duality estimates to-

gether with Young’s inequality, we conclude that

sup |lu™M(t)||3 + / / \VuNM\p + | SN | " ) dedt < C| (5.22)

t€(0,T)

113



and hence, by Proposition 5.3.2,

T

| NM|| Sy <C. (5.23)

Similarly, multiplying the kth equation in (5.18) by b]kV’M, taking the sum over

k=1,..., M and integrating the result over (0,t), we arrive at

t
le™M )13 + 2/ /QQiVM VMM dz dr = [|eg™M 13-
0

By using (5.9) and (5.10), we have

sup MM (1) + //|chM2+quM|2) dedt <C.  (5.24)

te(0,T)

Next, we also need to estimate the time derivative of a’¥*¥. We therefore multiply
the jth equation in (5.16) by % jV’M sum over 7 = 1,..., N, and integrate over time.
It is obvious that the first term becomes fo |La™M|2dt. For the convective term,

by (5.22) we have

dx dt
1
2 N 2
) /]uN’M®uN’M| (Z|ij\2> dz dt
Q s
1 1 2
2 2 T N 2
dt / /|uN’M®uN’M| SOV | da | ar
0 Q o
T d 2 2
< C(N) / —a™M| dt
o |dt

[\
v
SIS
o
M=
q
&
T
\/

NI

oV M

=
—

T 2 2
(/ (/ |uN’M®uN’M|dx) dt)
0 Q
T d 2
< C(N) (/ EaN’M dt | sup [[u™M(1)]3
0 te(0,T)

Td 2
< C(N / —a™M| dt
o ([ Jer] )

For the term involving the stress tensor, note that

N

=
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T evar (S~ 4 v
S —a; " Vw; | dedt
/0 /Q ;dt ? ’
T N 2 % N
g/ /\sN7M| (Z ) <Zyvu;j|2> de dt
0 Ja j=1 j=1
T N 2 % N %
g/ (Z ) /istMy <Zvaj|2> dz dt
0 j=1 Q 7j=1
T d 2 % T N 2
< (/ < dt) / /\sN7M| <Z|ij|2> de | dt
0 0 Q j=1

dt
< C(N) </OT d 2dt>;</0T(/QSN’de)2dt>é.

dt
By equivalence of norms in finite-dimensional spaces,

(S

dt ?

dt

[N
[N}
[NIES

aV:M

N,M

/ SMM da < / (€1 + CaDu P 1) i < O+ N
QO Q

Hence, by (5.22), we have

[N

NI

Q
_l’_
Q

(N) sup [uM|3®" D
te(0,T)
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Finally for the external force term,

d
2 N >
M) <Z|wj|2> dz dt
j=1
Ca ) [ Flloct

T 2 3
< ()£l 2om ( / dt) -

Collecting all the terms above gives us the following uniform estimate, independent
a

of M:
T
|

As a last step, we shall derive an estimate for the time derivative of the approxi-

D=

dNM

d
L gNM

dt

4 g dt < C(N). (5.25)

mate concentration. Let PM be the orthogonal projection onto By, with respect to

the W,*(€) inner product. Then, for any ¢ € W,2(Q), we have from (5.18) that

/acNMgpdx

/ o,cNMPMp da

< [ MNNITPY gl da+ [ gV TRY 6l da
Q Q
< Mo PV iz + @ ol Pl

< C (Ju™MMMy + 1@ M) lell.e-

Integrating over the time interval (0,7") together with (5.22), (5.24), Sobolev em-

bedding and norm equivalence in finite-dimensional spaces leads us to

T T
/ 10NN 2, g di < C / (MM 12 e+ (| g™ [12) dt
0 0
T
<c / M2l 2t 4 C
0

T
< C(N) / MBIV NV |2 dt 1 C
< C(N).

Therefore, we finally have
HatCN’M‘|L2(0’T;W71,2(Q)) S C(N) (526)
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5.4.3 The limit M —

Having shown the uniform estimates (5.22)—(5.26), we can establish some necessary
convergence results for a selected (not relabelled) subsequence, as M — oo. First,

by (5.25),
a™M —~ a" weakly in W%(0,T) and thus strongly in C([0,T]), (5.27)
from which we obtain the following uniform convergences results:
u™M — u uniformly and Du™* — Du” uniformly. (5.28)
Next, by (5.24) and (5.26),
N~ N weakly in {z € L*(0,T; Wy?(Q)), 9,z € L*(0,T; W2()}. (5.29)
Therefore by applying the Aubin-Lions lemma (Lemma 5.3.3), we deduce that
ANM 5 N strongly in LA(Qr), (5.30)
which implies, for a (relabelled) subsequence, that
ANM 5 N almost everywhere in Q7. (5.31)
Next, from (5.28) and (5.31), we have that
SNM _ 8N = §(cN, Du”) almost everywhere in Q7.
Also, by (5.28) again, for sufficiently large M € N, we have that
|Du™M| < 1+ |Du”| almost everywhere in Qp.

Therefore, by (5.6), we have, for sufficiently large M € N, that

|SN,M| < C‘DUN,M‘p(cN’M)fl +C
+C
< C(1+|Du)P ' +C,

N,]\/[)_l

< C(1+ |Du |y

and hence,

1S™ M| ey

@it < ¢
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Thus, by the dominated convergence theorem, we have
SNM _ 8N strongly in LP)(Qr)**¢. (5.32)

Finally, concerning q¥'" = K(cNM | DuMM|)VNM ) by (5.31), (5.28) and the

dominated convergence theorem,
K (M | Du™MM)) — K (N, |Du”|) strongly in L*(Qr).
Therefore, together with (5.29),
@M =~ gV = q. (N, VY, Du™) weakly in L*(Qr)". (5.33)

The convergence results obtained above allow us to take the limit in our Galerkin

approximation. First, by using (5.27), (5.28) and (5.32) we have

/(atuN-wj—(uN@)uN):ij+SN:ij) dx:/f-wjdx Vj=1,...,N.
Q Q

(5.34)
Regarding the initial condition for the velocity, thanks to (5.27) and the fact that
a™M(0) = al for all M, if we denote limy_o0 up ™ = ud = PNuy, we have

u™ (-,0) = uy.

Next, from (5.28), (5.29), (5.33) and a density argument, we have for a.e. ¢t €
(0,7) that

(0, ) — /Q (uNN Vo —q) V) dz =0 Vo € Wy (Q). (5.35)

We shall verify the attainment of the initial condition for the concentration. First,

by (5.24) and (5.26), we have
N e o([0,T); L*(2)). (5.36)
Next, we integrate (5.18) over ¢t € (0,7), and pass M to the limit to get

/ N ()2 do — / / (’LLNCN -V, —ql) - Vi) dedt = / Cozk Az,
Q 0 JQ @

where we have used that ||c)"" — colla = |[PMco — colls — 0 as M — oo. Since

JouNcN - Vzdr and [, Y - Vz, dz are integrable in time, as 7 — 0, we have

/ AN(T)zpdr — / cozy de.
Q Q
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Hence, together with (5.36), we finally obtain

. N o _
Jim ([ (t) = coll2 = 0.

By (5.36) again, we deduce that

N(0) = ¢y in L*(9).

5.4.4 Maximum and minimum principles

Before proceeding further, we shall derive maximum and minimum principles for
the concentration by using standard arguments for parabolic problems.

We begin with the maximum principle. Let ¢ := xo.-(¢) max{0, ¢" —&} where &
is the upper bound on the initial datum ¢. Clearly ¢ € W,*(Q) for a.e. t € (0,7),
so we test by ¢ in (5.35). Integrating over t € (0,7 yields

T T
Oz/ <8tcN,so>dt—/ /(uNcN-w—qg,V-w) dodt =: T+ 11 +III,
0 0 Q

with an obvious numbering. We can then compute I, IT and III as follows:

T T 1 1
1= [ @ @i = [ @bt = 5161 - 31Ol

T T
= — u'c’ - rdt = u’ - Ve xdt
I //NNwdd //NVngdd
0o Jo 0o Jo
T 1 (T
:/ /uN-Vgogpdxdt:—/ /uN-V|<p|2dxdt:O,
0o Jo 2Jo Ja

T T
III:/ /qu-Vgodxdt:/ /K(CN,|DuN|)VcN~Vg0dxdt
o Jo o Jo
T
= / /K(CN, |Du™|)Vy - Vodrdt > 0.

o Jo

Altogether, we have ||o(7)|2 < [[¢(0)|l2 = 0, which implies that
N(x,t) <& ae. in Qr. (5.37)

In the case of the minimum principle, we choose ¢ := X9, () min{0, ¢}, which
obviously belongs to Wy%(Q) for a.e. t € (0,T). If we proceed as above, we obtain
that

0 < cN(x,t) ae. in Q. (5.38)

Note that since convex sets are weakly closed and the set {z € R : x > 0} is

convex, weak and strong limits of ¢V are still non-negative.
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5.4.5 Uniform estimates independent of N

Now we shall derive some uniform estimates independent of N. We first multiply
the jth equation in (5.34) by aN, and then take the sum over j = 1,..., N. If we

integrate the result over (0,t), we have

t t
\|uN(t)\|§+2/0 /QsN;DuNda;dT:HugVHgm/o /Qf-uNda:dT. (5.39)

As before, a straightforward argument leads us to the following uniform estimate:

sup [[u()]]2 + / / |VuN|p )4 |8N e ) dedt < C. (5.40)

te(0,T)

By Proposition 5.3.2, we have

[ - asa <C, (5.41)
L—d  (Qr)
and thus

Ju™ @ u"|| e <C. (5.42)
L 2d (Qr)

Furthermore, by weak and weak—sx lower semicontinuity of norms, we have from

(5.24) that

™| oo 073220 + ||CN||L2(0,T;W01’2(Q)) + llgX 2052 @)n) < C. (5.43)

Now we shall derive a uniform Holder estimate for the approximate concentra-
tions ¢. Since ¢y € {f € C%*(Q) for some ag € (0,1) : f = 0 on 9N} and
N (-,0) = ¢p a.e. in Q for all N € N, we have that for some ag € (0,1) indepen-
dent of N € N, ¢V (-,0) € C%(Q) after possibly being redefined on a set of measure
zero. Therefore we have cf\F’T € CPP2(I'y) for some 3 € (0, 1) independent of N € N.
Moreover, since p~ > d, we can choose a positive integer m sufficiently close to 2+d

so that 2 (d+2) >m > 2+d and

d
=1—¢ and m >

2
— + — for some small ; > 0.
m m 1—¢

Next, as we see from (5.37) and (5.38) that ¢ is uniformly bounded. Hence we
have from (5.41) that

T

e inan) < Ol s <O
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We then apply Theorem 5.3.5 to (5.35) with m = r = g and g = u™¢". Therefore

we have the following estimate:
N otz < C, (5.44)

where oy € (0,1) and C' > 0 is independent of N.

Finally, we shall derive a uniform estimate for d,u”. For simplicity, we shall
denote HY := -8 + 4N @ u" and let ¢y := min {%, (p+)’} > 1. Then, from
(5.40) and (5.42), we obtain

I HY | ooy < C.

Now let 9 € Wgﬁiv(Q)d and let P/ denote the orthogonal projection into Ay with
respect to the W2 (Q)-inner product. Then, from (5.34), we have

/ oy - dx
Q

= ‘ / ou™ - PNy da
Q

< / [HY|[DPY | dr + / FI1PY | da
< Y | PN gy + | FI P

< O H o |BY $lles + 1111 PV bl
< C (| H[lgo + 1 £112) 1l

Therefore we have that

T

T T
| o g < [ iENiga [ a
< C (1Y [ $n gy + 1 12200m) <€

which means that

100 oo w22 ey < C- (5.45)

5.4.6 The limit N — oo

By using the uniform estimates derived in the previous subsection, we can now pass

N to oo. First of all, from (5.40) we have

u” — u weakly in L? (0, T; Wol”dpi;(Q)d). (5.46)
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Furthermore, from (5.40) and (5.45) together with the Aubin-Lions compactness

N

lemma (Lemma 5.3.3), we have u”¥ — w strongly in L?(Qr)¢. Therefore, using

(5.41) with an interpolation inequality yields
u” — wu strongly in L*(Qr)? Vs e [l,p (d+2)/d). (5.47)
From (5.45), we also have
duN — dyu weakly in L©(0,T; W5 (Q)9). (5.48)
By (5.40) again, we obtain
SN '8 weakly in L¥"' (Q7)*, (5.49)

for some S € R4,
Next, we move to the convergence of the sequence of approximate concentrations.

First, by (5.43), we have
N — ¢ weakly in L2(0,T; W, 2(Q)). (5.50)
Furthermore, from (5.44) with Proposition 5.3.1, we obtain
N = ¢ strongly in C°2°2/%(Q) (5.51)
for some ay € (0, ). Using (5.43) again yields
qY — g, weakly in L*(Qr)* (5.52)

for some g, € RY.

Now we are ready to pass N to oo in the second level of our Galerkin approx-
imations (5.34) and (5.35). First, we fix v = gw; where g € C;([0,7)). Then, by
(5.47) and (5.49), we have

/S:Dvdxdt:/ (f-v+(u®@u): Dv+u-0w) dedt (5.53)

—i—/uo(x) -v(z,0)dz, (5.54)
Q
where we have used

duN vdrdt = —/

uév-v(as,O)d$dt—/ u® - Qv dr dt
Q

Qr Qr
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and ulY — wg strongly in L?(Q)¢. Since the class of all test functions which are

finite linear combinations of functions that can be factorized in space and time is

dense in the corresponding Bochner space, we have

/S’:Dl/)dxdt:/ (f- Y+ (u®u): Dp+u-dpp) dedt (5.55)

T T

+ / wo(z) - P(z,0)dz, (5.56)
Q
for all ¢ € Cj%;, (2 x [0,T))%
With the same argument, (5.35) together with (5.47), (5.51) and (5.52) implies

/ qc-Vgod:cdt:/ (cOpp + cu - Vo) dxdt—ir/co(x)go(:c,O)da:
T T Q

for all p € C§°(2 x [0,7T)).
Finally, we shall show that the limit function w is contained in the desired solu-

tion space W) (@r). By (5.51) and the continuity of p,

Ve >0, IN €N such that N > N implies |p(c") — p(c)| < %,

where ¢ > 1 is sufficiently large so that p(c) — #-e > 1. Then we have from (5.40)
that

C > / IV P dz dt > / VNP da di
Qr {IVulN|>1}
> / |V [P P qp qf > / (VN PO~ dz dt.
{IVuN|>1} {IVuN|>1}
Thus, we obtain that
/ (VN PO~ dy dt = / (VN PO~ da dt
T {IVul|>1}
+ / IV PO dz dt < C.
{IVul|<1}
We can then further extract a (not relabelled) subsequence such that
Vu = Vu weakly in LP©~ % ¢(Qp) .

Then, weak lower-semicontinuity leads us to

/ |Vu]p(c)’%E dzdt < C,

T

123



and thus Fatou’s Lemma with ¢ — 0 yields
/ V|9 dzdt < C. (5.57)
T
Similarly, we can also deduce that
/ |S|P'© dzdt < O (5.58)
T
To apply monotone operator theory in the next subsection, the limit function
u should be an admissible test function in (5.55). This is where the control of the
convective term is needed, and thus the value of p~ should be restricted. Let us fix
v = gw where g € C*([0,T]) and w € {w;}32,. Then, from (5.34), we have
ou - vdrdt :/ (¥ @u): Vo—8Y:Vv+ f v) dedt.
Qr T
From (5.48), (5.47) and (5.49), we have

/0T<6tu,v> = / (u@w):Vvo—8:Vu+ f-v) dzdt. (5.59)

Now let ¢ € Wy (Qr). Then, by Lemma 5.3.7 and (5.59), there exists a sub-
set {@}r2, C spanfgw : g € CY([0,T]) and w € {w;}52,} such that ||¢, —

W,y (@r) — 0 as k — oo and

T
/O (Oyu, @) = /Q (u®@u): Vo, —8:Ve, + f- @) dedt. (5.60)

Since p~ > d > 3’;%2 for d > 2, we have from (5.41) that

<,

@ ullirogn < 1wl g, < Cllulliae-y g, < CHuHi Qr

P (d+2)
d

and hence we can pass the first term on the right-hand of (5.60) to the limit. Also,
by (5.58), we may pass k to the limit in the second term and the convergence of the
third term is trivial. This means that the left-hand side also has a limit as k& — oo.

Therefore, we obtain that

T
/0 (O, §) = / (uou):Ve—8:Vo+f-¢)dedt Yo e Wy (Qr),
! (5.61)

and

Oy € (Wyo)(Qr))". (5.62)
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Next, we claim that w € Cy ([0, T]); W=1*") (Q)4). Since we know the fact that

sup |[wllyy—r.ry < C sup flu(t)]2 < C,
te(0,7) te(0,7)

it is enough to show that [ (u(t1) — u(to)) - ¢dz — 0 as t; — to for arbitrary
¢ € W (Q)% Note that

[ )~ utio dte = [ @y

to

:/tl/((u®u):v¢—S:V¢+f~¢) de dt
to Q

t1 B
< [ (Il + 18y + 151) Il

to

< (Il gy + 18056007 @) + 1122001 )

1
X [t1 = to|7™ [|@||1p+-

Since the last term goes to 0 as t; — to, we deduce that u € C, ([0, T]; W@ (Q)4).
From this claim together with the fact ||w|| o 7,2(0)1) < C, we further deduce that

u € Cy([0,T]; L2(2)4). (5.63)
Now, for fixed tq € [0, 7], we have from (5.61) that

l(t) = u(to) 13 = [lu(®)3 + l|lu(to) I —2/QU(t)-U(to) dz

= @)l — lu(to)llz — Q/Q(u(t) — u(ty)) - u(to) dz
= /tt/Q(f ‘u— S : Du)drdt — Q/Q(U(t) —u(tg)) - u(ty) dz.

Since [(f - u — 8 : Du)dx is integrable on [0,7] and u(ty) € L*()%, we can
conclude that

lw(t) — u(ty)|s — 0 as t — to,

which means that
u € CO([0,T]; L*(Q)%). (5.64)

We next verify the regularity for the time derivative of the approximate concen-

trations. From (5.35), we have

(9™, )| =

/(UNCN-VSO—QiV-VSO)dx < (Il eIz + llge )l ell.2-
Q
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By using (5.37), (5.38) and the fact d+2 3;:22 < p~, we obtain

T T
[ 10 mar <0 [ Qe izas 1@< e [ e o<
0 0
Therefore, we finally have
9™ 27w 122y < €

which implies

Orc € L*0,T; W 12(Q)).
Hence, we can now conclude that
c e C([0,T]; L*(Q)). (5.65)
As a final step, to complete the proof, it remains to show that
S=S8(c,Du) and q,=q.c,Vc,Du).

These equalities will be verified in the next subsection.

5.4.7 Identification of S = S(c, Du) and q. = q.(c, Vc, Du)

In this subsection, we shall identify the limit functions to complete the proof. We

first note that from (5.34) we have

f-uddedt = /(E)tu vV — (uV @u"): DuY + 8V DuY) dadt

/|u Tdzx — = /|u ]2dx+/ SY . Du” dxdt,
Qr

where we have used that divu® = 0. Also, by (5.62), we can test by w in (5.61).

QT

Therefore, as divu = 0, we have that

T
f~udxdt:/ (@u,u}dt—/ (u®@w): Du—8:Du) drdt
0 T

1 1 _
= —/ lu(T)|? dz — —/ ]u(O)]QdaH—/ S : Dudxdt.
2 Jo 2 Jo Qr

Therefore, it is straightforward to see that

Qr

SY . Du” dxdt — S : Dudzdt
QT QT

= f-uNdrdt — f-udxdt
Qr

__/|u (T)[2dz — /QuN(T)-u(T)dw

1
+/|u(T)|2dx—i——/|PNu0\2dx——/|u0]2dx.
Q 2 Ja 2 Ja
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It is obvious that fQT f uNdrdt — fQT f-udzdt and |[[PMug — uglls — 0. Also,
(5.63) implies that u™¥(T) — w(T) weakly in L?(Q2). Thus we have

N—oo

limsup/ SY . Du!N dz dt §/ S : Dudzdt. (5.66)
T T

Next, by (5.51) and the dominated convergence theorem, we obtain for arbitrary

but fixed ¢ € C>([0,T]; C5°(2)?) that
S(cN,D¢) — S(c, Do) strongly in LY (Qp)™*? for all ¢ € (1,00). (5.67)

Then, by the monotonicity (5.7), we deduce for any ¢ € C>([0,T]; C5°(Q)?)
that

0< limsup/ (S(cN, Du) — S(cV, D¢)) : (Du” — D¢) du dt

N—o0 T

= limsup/ (SN, Du) : Du" — S(cV, Du™) : D¢

N—oo T

— 8(c",D¢) : Du" + S(c", D¢) : D¢)dxdt
§/ (8:Du—S:D¢— S(c, D) : Du+ S(c, Dg) : D) du dt

_ / (5 — S(c, D)) : (Du — D) dudt.

T
Now we use Minty’s trick. Since C*°([0, T]; C5°(2)4) is dense in W) (Qr) (see, for
example, Lemma 1.15 in [6] where the mollification argument was used to show this
fact), we can set ¢ = w+ v with A > 0 and v € C>([0,T]; Cg°(Q)?). By passing to
the limit A — 0 and using the continuity of S, we deduce the desired identification
S = S(c, Du).

Next, we shall show the almost everywhere convergence of Du” to Du. Let
B ¢ R%™? be a bounded symmetric function. Then with the same procedure as
above and the identification S = S(c, Du), we have that

0< limsup/ (8(cN,Du”) — S(c",B)) : (Du" — B) dz dt

N—o0 T

< / (S(c, Du) — S(c, B)) : (Du — B) dudt.
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We set B = Dux{puj<y} for A > 0 and let 0 < k& < A. Then we have

N—oo

lim sup / (S(c™, Du”) — 8(c", Du)) : (Du™ — Du)dzdt
{|Du|<k}

N—oo

= lim Sup/ (S(cN,Du”) — S(c",B)) : (Du" — B)dz dt
{|Du|<k}

< 1imsup/ (S(cN, Du™) — S(cV, B)) : (Du" — B)dzdt
Qr

N—oo

:/ (S(c, Du) — S(¢,B)) : (Du— B)dzdt

- / (S(c, Du) — S(c, B)) : (Du — B)dz dt.
{|Du|>A}
Since the first integral is independent of A > 0, passing A\ to oo gives us that
lim sup / (S(cN, Du”) — 8(c", Du)) : (Du" — Du)dzdt = 0.
{|Du|<k}

N—oo

N

Since ¢ converges to ¢ uniformly and S is strictly monotone, the only way the above

can be true is that Du® tends to Du almost everywhere in the set {|Du| < k}. If

we pass k to oo, we finally have
Du" — Du a.e. in Qr. (5.68)
Now by (5.51), (5.68) and the dominated convergence theorem,
K(cV,|Du"|) = K(c,|Du|) strongly in L1(Qr) for all g € (1,00).
Finally, together with (5.50), we obtain that
qiv — q.(c, Ve, Du) weakly in LQ(QT)d.
Therefore, by the uniqueness of the weak limit, we have
q. = q.(¢, V¢, Du),

which completes the proof of Theorem 5.2.1.

5.5 Regularized problem

In this section, we shall discuss a possibility to improve our result. Since the con-
dition p~ > d is the minimum requirement to apply the parabolic De Giorgi—Nash—

Moser regularity theorem, we need to find another approach, which avoids the use of

128



De Giorgi—Nash—Moser theory. One possibility is to consider a regularized problem.

More precisely, we consider the standard mollifier n(z) = n(x,t) in R*! and define

1= 20 ()

for each ¢ > 0. Then we define the stress tensor with a regularized power-law

exponent

p(ne*c)—2

S.(c, Du) = vy(k1 + ko|Dul*)” 2 Du,

where x is a convolution operator with respect to both space and time variables.
Then we proceed using a similar argument to the one in the previous section. We
begin with a Galerkin approximation of the regularized problem. Since z; has zero
trace, we can define extensions by zero so that z; € W2?(R?) for all j = 1,..., M.

For sufficiently small € > 0, we then look for a sequence of approximate solutions

{u M N2 of the form

N M
N,M N,M
u™ M = § a; " w;, MM = E by i,

i=1 i=1

where a™M = {a}""}¥, 1 (0,7) = RY and 8™ = {5 HL, : (0,T) — RM,

which solve the following system of ordinary differential equations:
/ (O™ w; — (WM @ uNM) : Dw; + MY Dw;) do
Q

:/f-'wjdx Vj=1,...,N,
Q

/GtcN’Mzkdzv—/uN’McN’M-Vzkdm—l—/qu’M-Vzkdx:O Vk=1,...M,
Q Q Q

where

Si‘V’M = SE(CN7M7 DUN7M)7 qu,M = qc(chMa VCN7M> DU’N7M)'
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The existence of approximate solutions is implied by Theorem 5.3.4.
When we pass M to oo, the only part different from the previous section is the
limit of regularized concentrations. As we have strong L? convergence of ¢V'M to

¢V, by Young’s convolution inequality, we have

N?

1 5% MM — 0% N[ ooy < el 2@l = V2o

NM N2
< C@E)|[e™ =2 — 0 as M — oo,
which implies the uniform convergence
775 * CN7M j 778 * CN?

and hence,

SNM — 8N .— § (N, Dul).

Next, when we let N — oo, instead of using parabolic De Giorgi-Nash—Moser
theory to deduce the uniform convergence of concentrations, we apply Lemma 5.3.3
once more to obtain

N — ¢ strongly in L*(Qr),

which again implies

ng*cNZKnE*c.

For the remaining part of the proof, since 7. * ¢ € C**/2(Qr) for each £ > 0, we can
proceed with the same argument as the one used in the previous section, and hence
we can prove the existence of weak solutions (u,c¢) := (u.,c.) for the regularized
problem.

To complete the analysis, an ideal scenario would be when the solution of the
regularized problem (u.,c.) converges to the weak solution (u,c) of the original
problem as ¢ — 0. In that case, we could apply a similar argument to the one
used earlier in the chapter to pass € to 0 without exploiting parabolic De Giorgi—

Nash—Moser theory, so we could prove the existence of weak solutions to the original

3d+2

415 - Lhis, however, remains an open problem.

problem provided that p~ >
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Chapter 6

Conclusions

6.1 Summary of the thesis

In this thesis, we have investigated a system of nonlinear partial differential equa-
tions modelling the motion of the synovial fluid, which is a biological fluid found
in the cavities of moving joints. From the rheological viewpoint, the synovial fluid
consists of ultrafiltrated blood plasma diluting a particular polysaccharide, called
hyaluronan. It was already observed in viscosimetric experiments performed in the
early 1950s that the synovial fluid has a strong shear-thinning property, depending
on the concentration of hyaluronan in the solution. Explicitly, the viscosity of the
fluid is a function of the concentration as well as of the shear-rate. Denoting by ¢
the concentration of hyaluronan in the solution, it was observed in laboratory ex-
periments that the effect of concentration is not a scaling factor of the viscosity (as,
for instance, v(c,|Dul|) ~ f(c)v(|Dwul), but that the concentration of hyaluronan
affects the level of shear-thinning. Therefore, a new power-law model of the syn-
ovial fluid was proposed in [54], where the power-law index was considered to be a
function of the concentration.

More precisely, we considered the incompressible generalized Navier—Stokes equa-
tions with a power-law-like viscosity, where the power-law index depends on the
concentration. To close the system, the concentration was assumed to satisfy a

convection-diffusion equation:

divu =0 in Qr, (6.1)
Oru + div (u ® u) — div S(¢, Du) = —Vr + f in Qr, (6.2)
Oc + div (cu) — divg, (¢, Ve, Du) =0 in Qr, (6.3)
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(€)= : »
where S(c, Du) = vo(r; + ko] Dul?) "2 * Du with some positive constants vy, o >

0, k1 > 0 and q.(c,Ve, Du) = K (c,|Dul)Ve.

We began by studying the stationary problem. The existence of a weak solution
to the elliptic problem was proved in [20, 21] in the cases when the variable exponent
p(z) is bounded below by p~ > max {g, %}, p- > %l respectively. The main
question of interest in Chapters 3 and 4 was the construction of a sequence of
computable approximate solutions, that belong to finite-dimensional spaces spanned
by piecewise polynomial functions, and which converges to a weak solution of the
problem.

In Chapter 3, the construction of a conforming finite element approximation of
the stationary model was considered and the convergence analysis of the numerical
method was developed in the case of variable-exponent spaces in a two dimensional
domain. As no uniqueness result is currently available for weak solutions of the
problem under consideration, one can only show that a subsequence of the sequence
of numerical approximations converges to a weak solution of the problem.

The key technical tools in the proof included a discrete counterpart of De Giorgi’s
regularity theorem (cf. [18]) and discrete Lipschitz truncation (cf. [38]). Further-
more, the stability of the projection operator for the pressure was proved without
an error term, in the context of variable-exponent spaces. As a consequence, a dis-
crete Bogovskii operator was constructed in variable-exponent spaces, which played
a crucial role in the proof. Because of the absence of a discrete De Giorgi regularity
result in three space dimensions, the analysis was restricted to the case of two space
dimensions.

As a special case of the above result, one obtains the convergence of finite element
approximations of electro-rheological fluids, which was not shown before. See, for
instance, [12] where (optimal) error bounds were obtained, but the convective term
was excluded.

Next, the analysis was extended to three space dimensions in Chapter 4. To
avoid the use of a discrete De Giorgi theorem, different meshes were considered for
the momentum equation and the concentration equation. This enabled separating
the passages to the limits with respect to the discretization parameters in the two
equations, thus avoiding the need for a discrete De Giorgi regularity result in three

space dimensions.

132



To this end, a regularized problem was considered; then we approximated the
regularized problem by a finite element method. It was shown that the sequence
of finite element approximations converges to a weak solution of the regularized
problem. We also showed that the solutions of the regularized problem actually
converge to a weak solutions of the original problem. The reason for considering the
regularized problem is that direct approximation of the original problem required
us to assume an unnaturally strong condition on the variable exponent p in the
convergence analysis of the finite element method; the procedure we adopted in
Chapter 4 does not suffer from this shortcoming.

The proof is based on the arguments used in our earlier 2D analysis. However,
adding a new limiting process associated with the regularization parameter creates
new technical difficulties: We had to prove a maximum/minimum principle for the
sequence of approximate concentrations in order to apply De Giorgi’s theorem and
had to introduce another limiting process with a new subscript, resulting from the
use of Lipschitz truncation, necessitated by the presence of the convective term.

Having successfully completed the convergence analysis of the finite element
method for the steady problem in both two and three space dimensions, we moved
on to the unsteady version of the problem. We have established the existence of
global weak solutions to the unsteady model under consideration. Our main techni-
cal tools included generalized monotone operator theory and parabolic De Giorgi—
Nash—Moser regularity theory from which we obtained the Hélder continuity of the
approximate concentrations. Thus the restriction p~ > d was essential in our anal-
ysis since p~ > d was the minimum requirement to ensure the Holder continuity of
the concentration, which then guaranteed the validity of necessary function space
theory in variable-exponent spaces.

However, as was mentioned in Section 5.1, we can also apply our method to the
electro-rheological fluid flow problem which is of independent interest. In this case,
we can prove the existence of weak solutions with lower values of p~. More precisely,

we have the following result as a corollary of Theorem 5.2.1.

Corollary 6.1.1. Let Q C R? with d > 2 be a bounded open Lipschitz domain, and
assume that f € L7 (Qr)? and uo € L*(Q)%. If p is a bounded Hélder continuous

function with p~ > 32 then there exists a weak solution w € C([0,T]; L*(2)7) N

133



Lr (0,T; W(i’gi_V(Q)d) N Wy (Qr) satisfying

/S(Du):Di/dedt:/ (f- Y+ (u®u): DY +u-0np) dedt

T T

—i—/guo(x)~1b(x,0)dx

Jor all 4 € C5%;, (2 x [0,T))* where

p(z,t)—2

S(Du) = vy(k; + Kko|Dul?)” 2 Du,
for some positive constants vy, ko > 0 and k1 > 0.

Unlike the model considered in this thesis, such an electro-rheological fluid flow
problem is free from a coupled concentration equation, so there is a possibility
to improve the above result. For example, if one could develop parabolic L*> or
Lipschitz truncation techniques for variable-exponent spaces, we could control the
convective term with lower values of p~, and hence we could prove the existence of
weak solutions with a weaker assumption on p~. Therefore, an interesting direction
for future research is to generalize the solenoidal parabolic Lipschitz truncation

technique introduced in [16] to the case of variable-exponent spaces, so that we can

2d

prove the existence of weak solutions for p~ > Z5.

6.2 Future research topics

6.2.1 Existence of weak solutions

One of the interesting future research topics is the extension of results regarding
existence of weak solutions for power-law-like fluid flow models. For example, it is

still an open problem whether there exists a weak solution in the case of 1 < p <

2d
d+2

2d
d+2

for unsteady power-law fluid flow models. In the stationary case, p > is
thought to be optimal since it is the minimum requirement to define the convective
term in the weak formulation. However unlike the stationary case, the convective
term for the parabolic problem is contained in L'(Q7) since we always have u €
L>(0,T; L*(2))% Tt is not clear, though, how to obtain the compactness of the
sequence of approximate velocities in L'(Q7); understanding this open problem

would be a challenging research project.
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Furthermore, the analysis of the existence of solutions for more general models
would be another interesting research topic. For instance, in [22, 23], the authors
considered incompressible fluids with power-law-like rheology given by an implicit
constitutive equation relating the stress tensor S and symmetric velocity gradient
Dw in terms of a maximal monotone graph. Such a framework includes many clas-
sical models such as standard Navier—Stokes and power-law fluids, Bingham fluids
and even shear-rate dependent fluids with discontinuous viscosities. Additionally,
the analysis of fluid flow equations coupled with other equations (such as a tem-
perature equation, or an equation describing the variation of the concentration of
chemicals) in a non-trivial way would also be exciting. For example, in [24], the
authors established the long-time existence of weak solutions for a system of partial
differential equations representing the balance of mass, the balance of linear mo-
mentum, the balance of energy, and the equation for the entropy production where
the viscosity and thermal conductivity depend on the pressure, temperature, and
the shear-rate.

Finally, as mentioned in Section 6.1, it would be also interesting to prove the
existence of weak solutions for non-stationary electro-rheological fluids with % <
p~. This could be achieved if we could extend the result in [16] (the construction of
parabolic solenoidal Lipschitz truncation) to the case of variable-exponent spaces.
However, the method used in [16] is very technical and consists of a number of
localization arguments, so it is not immediately clear how it could be extended to

variable-exponent spaces.

6.2.2 Finite element methods

A further interesting topic for future research is to approximate weak solutions of
nonlinear partial differential equations considered in the previous chapter by using
finite element methods and to perform the mathematical analysis of the resulting
numerical methods. In [12], the authors studied the finite element approximation
of incompressible electro-rheological fluids and derived certain error bounds for the
approximations of the velocity and the pressure. However, they only considered the
case of a slow flow and neglected the convective term. Therefore, deriving optimal
error bounds for electro-rheological fluids including a convective term is a natural

subsequent research question.
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Furthermore, the analysis of time-stepping in finite element methods for parabolic
problems is also intriguing. In [17], an error bound for the finite element approxima-
tions of an elliptic p(x)-Laplace system was derived. It would be a natural extension
to consider the analysis of a space-time finite element approximation of a parabolic
p(z,t)-Laplace system, as well as unsteady electro-rheological fluids.

Another interesting topic regarding numerical methods is to design an adaptive
finite element methods for the given PDEs and perform a mathematical analysis
of the numerical methods, in particular, an a posteriori error analysis in order to
provide a good mesh refinement strategy. This problem is theoretically interesting,
but it is also very important from a practical point of view, as it helps us to reduce
computational costs. For a p-Laplace equation, the convergence of adaptive finite
element methods was shown in [37] and optimality of the method was proved in
[10]. Extending these results to equations with variable nonlinearity would be an

interesting topic.

6.2.3 Regularity theory

A regularity theory for partial differential equations with variable nonlinearity would
be also an interesting topic for future study, especially for electro-rheological fluids.
As a starting point, in [45], the authors established a nonlinear Calderén—Zygmund
type estimate for a p(x)-Laplace system and thus obtained higher integrability of the
solution. One possible future research direction is to extend this result to the case
of stationary electro-rheological fluids and develop a nonlinear Calderén—-Zygmund
theory for these.

Another interesting regularity issue is how to obtain (partial) Holder continuity of
weak solutions. In [2], the authors obtained partial C1*-regularity for weak solutions
to a system modelling electro-rheological fluids in the stationary case. Obtaining
analogous regularity results for the unsteady problem would be a further exciting

direction for future research.
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