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Abstract

In this thesis we study an important invariant attached to admissible
smooth representations of a reductive p-adic group G called the wave-
front set. Our main contribution is the study of the wavefront set over
a maximal unramified extension K of the base field. In the first chapter
we obtain an identity relating the wavefront set over K to the Kawanaka
wavefront set of certain representations of the reductive quotient of para-
horic subgroups of G. The second chapter gives a parameterisation of
the nilpotent orbits over K, and endows them with new structure. The
third chapter uses the Borel-Casselman equivalence to obtain an expres-
sion for the wavefront set of Iwahori spherical representations in terms
of the Springer correspondence, and uses it to compute the wavefront set
for a class of representations of particular importance to the theory of

automorphic forms.
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Chapter 1

Introduction

Let k be a finite extension of Q, with finite residue field F, of sufficiently large char-
acteristic, algebraic closure k and let G(k) be the k-points of a connected reductive
group G defined over k and split over an unramified extension of k. Let g be the Lie
algebra of G, and g(k) be the k-points of g. For an admissible smooth irreducible
representation (7, X) of G(k), the wavefront set of X, denoted WF(X), is a harmonic
analytic invariant of X of fundamental importance. Roughly speaking it measures the
direction of the singularities of the character distribution ©x of X near the identity.
More precisely: the Harish-Chandra-Howe local character expansion dictates that
there exists an open neighbourhood V of the identity and coefficients cg(X) € C, one
for each @ in the collection, N, (k), of nilpotent orbits of g(k), such that

O:(f) = Y colX)fo(foexp), VfeCT(V) (1.0.1)
0eN, (k)
where jip denotes the Fourier transform of the nilpotent orbital integral associated

to O € N, (k). The (p-adic) wavefront set is the set (not necessarily a singleton)
WF(X) := max{O : co(X) # 0} C N, (k)

where the maximum is taken with respect to the closure ordering on the k-rational
nilpotent orbits.

Much can be said about X from the wavefront set. When WF(X) consists of
regular nilpotent elements, a famed result of Rodier [42] states that X admits a
Whittaker model. If an orbit in WF(X) meets a Levi subgroup of G(k), then the
work of Moeglin and Waldspurger [34] shows that X cannot be supercuspidal. From
an analytic point of view the wavefront set controls the asymptotic growth of the
space of vectors fixed by the Moy—Prasad filtration subgroups as you go further along

the filtration [6, Section 5.1]. The wavefront set is also expected to play an important
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role in the definition of Arthur packets for p-adic groups, making it relevant to the
study of automorphic forms and the unitary dual.

This distinguishes the wavefront set as a particularly powerful invariant to study.
However, in practice it is notoriously difficult to compute. Moeglin and Waldspurger
[34] have calculated the wavefront set for irreducible smooth representations of GL,,
and for irreducible subquotients of the regular principal series for split classical groups,
but little is known in general. A slightly coarser invariant, which one might hope to
have more control over, is the geometric wavefront set MW E (X). This is defined to
be

FWEF(X) = max{N,(k/k)(O) : co(X) # 0} C N, (k)

where N, (k) denotes that set of k-rational nilpotent orbits and N, (k/k)(Q) denotes
the (unique) k-rational nilpotent orbit of g(k) that O lies in (see page 9 for the
general definition of N,). Much more is known about the geometric wavefront set.
For classical groups, Moeglin [33] showed that it must always be a special orbit, and
in [53] and [54], Waldspurger computed *WF(X) for anti-tempered and tempered
unipotent representations of the pure inner twists of the split form of SO(2n + 1).
Moreover, in analogy with real reductive groups and finite groups of Lie type, it is
expected that there is a single nilpotent orbit in the geometric wavefront set and that
all the nilpotent orbits in WF(X) lie in it. In this sense, "WF(X) is a good first
approximation for WF(X).

In the first part of this thesis we shall concern ourselves with studying the wave-
front set over an intermediate field. This will result in two new invariants which pro-
vide richer information than the geometric wavefront set, but are still more tractable
than the p-adic wavefront set. Let K be the maximal unramified extension of & in .
The residue field of K is naturally an algebraic closure of [F, so we will write Fq for
the residue field of K. Define the unramified wavefront set to be

KWF(X) = max{N,(K/k)(0) : co(X) # 0} C N,(K)

where N, (K) denotes the set of K-rational nilpotent orbits (which we henceforth refer
to as unramified nilpotent orbits) and N,(K/k)(O) denotes the K-rational nilpotent
orbit of g(K') that O lies in. The motivation for this modification comes from the work
of Barbasch and Moy [6] where they relate the coefficients c¢g(X) to representations of
the reductive quotients of the parahoric subgroups of G(k). The introduction of the
field K is inevitable if one wishes to lift geometric results from the reductive quotients
up to the p-adic group, and much trouble is taken in [6] to interpret these results over

the original field k again. What we show in this thesis is that one should accept the
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field K as a fact of life - and once one does this many statements take a more natural
form and a lot of new structure becomes apparent.

The first main result of this thesis - which we now state - illustrates this well. Let
B(G, k) denote the Bruhat-Tits building of G(k). For each face ¢ of B(G, k) recall

that we have the following short exact sequence
1 - U.(0o) = P.(o) = L.(F,) — 1.

The group L.(F,) is a finite group of Lie type, and the space of fixed vectors X Uelo) ig
a finite dimensional representation of L.(F,). As we alluded to earlier, the wavefront
set is an invariant which also makes sense for representations of finite groups of Lie

type and we write
FIWF(X V)

for the (geometric) wavefront set of the representation XV¢(®) of L.(F,). This is
a collection of nilpotent orbits of L. over F, (see Section for precise details).
Motivated by the work of [6], [13] and [51] we introduce a lifting map L. from the
partially ordered set of Fq—rational nilpotent orbits of L. to the partially ordered set
of K-rational nilpotent orbits of G(k). The wavefront sets of the representations of
the reductive quotients are then related to the wavefront set of X by the following

theorem.

Theorem 1.0.1. [Theorem Let (m,X) be a depth-0 representation of G(k).
Then

EWF(X) = FaWE(X Ue)). 1.0.2
WEF(X) cgrg(aéfk)ﬁc( WE( ) (1.0.2)

In fact one can restrict ¢ to range over the faces (or vertices) of any fixed chamber of

B(G,k).
This easily yields the following corollary.

Corollary 1.0.2. [Pmposz'tionm Theorem Let (m, X) be a depth-0 repre-
sentation of G(k). Then

FWF(X) = max N, (k/K)(L(FrWF (X V) (1.0.3)

cCco
where cq is any chamber of B(G, k) and N,(k/k) is defined on page 9.

This corollary cleanly repackages the main idea of [0, Section 5.1] (indeed it makes
precise [0, Proposition 5.2]) and in a sense this alone would be a satisfactory conclusion

to our foray into unramified territory. However from a philosophical perspective
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Theorem suggests that the unramified wavefront set is natural in its own right
and warrants further investigation.

The next chapter of this thesis investigates the unramified wavefront set closer.
The main practical obstruction to doing this is the partially ordered set N,(K) for
which very little is known. The main result of this chapter is a natural parameter-
isation of this set which depends equivariantly on the choice of hyperspecial point.
To make this precise, let us fix some notation. Let Gk denote the base change of
G along Spec(K) — Spec(k) (recall by assumption that Gg is split). Let B(G, K)
be the Bruhat-Tits building for G (K) = G(K) and let Tk be a maximal K-split
torus of Gg. A hyperspecial face of B(G, K) is a face that contains a hyperspecial
point. Let 7 denote the set of hyperspecial faces of B(G, K) and G(K )\ denote
the set of G(K)-orbits of hyperspecial faces. From the root data attached to T we
may construct complex reductive groups G (resp. GY) with the same (resp. dual)
root data. Let N, . denote the set of all pairs (O, C') where O is a complex nilpotent
orbit of G and C'is a conjugacy class of A(Q) - the G-equivariant fundamental group
of O. Let Zg denote the center of G and A(Zg) be the group of components of Zg.
In Section we define an action of A(Zg) on N, . and a simply transitive action
of A(Zg) on G(K)\A2.

Theorem 1.0.3. [Theorem Theorem Proposition For each O €
G(K)\A there is a bijection

Opr, : No(K) = N, (1.0.4)
This map is natural in Tx and A(Zg)-equivariant in 0.

We first remark that the set N, . might look familiar to readers for its resemblance
to the parameters arising in the Springer correspondence. In that setting one considers
the set of pairs (O, p) where O is a complex nilpotent orbit of G and p is an irre-
ducible representation of A(Q). The similarity is of course not precise, but certainly
suggests some tantalising connections. More than simply being suggestive however,
the set N, is well studied in its own right. It naturally arises (non-canonically) as
the parameterising set for nilpotent orbits of finite groups of Lie type and in Som-
mers’ work generalising the Bala—Carter theorem for nilpotent orbits [44]. It is also
the domain for a powerful extension of the incredibly important Barbasch—Lusztig—
Spaltenstein—Vogan duality map d : N, — N,/ going from complex nilpotent orbits
of G to complex nilpotent orbits of G¥. This extension dg : N, . — N/, discovered



by Sommers, but also apparent in earlier work by Lusztig, extends the map d in the
sense that
ds(@,1) = d(0)

where 1 denotes the trivial conjugacy class, and is notable because in contrast to d,
the map dg is surjective. Fixing an orbit & € G(k)\# and using the bijection 0 1,

from Theorem [1.0.3| one can of course interpret the map dg as a map
dS’@”TK : NO(K) — A/;V.

Although this map ostensibly depends on &', we show in Proposition that it is
in fact independent of the choice of &'. Thus let us discard the & from the notation
and simply write

dsmy : No(K) = N

Having discarded with the dependence on &, and given the naturality of dgr, in Tk,
the map dgr, certainly seems natural (in the colloquial sense of the word. Indeed
one might wonder if it admits a more intrinsic construction than the one we have
given). This raises the obvious - and pertinent - question: is dg an order reversing
map? From a purely philosophical perspective the answer ought to be yes - duality
maps should be order reversing. Indeed we provide some evidence to support this
belief in Lemma [3.2.5] However the partial order on N, (K) is difficult to study and
the bijection 64 1, is not so well suited to give easy answers to this question. The

best we can do in this thesis is leave this as a conjecture.
Conjecture 1.0.4. The map dsr, : No(K) — N is order reversing.

But let us set aside this issue for the moment. The work of Achar in [1] strongly
suggests that there is merit in declaring dgr, to be order-reversing. What we mean

by this is we introduce a new order on N,(K) where dg is order reversing by design.
For @1, 05 € N,(K) define

0, <40y if  N(k/K)(O;) < No(k/K)(Qs) and dg1, (01) > dsx, ().

This is the finest pre-order on A, (K) that makes N, (k/K) order preserving and
dgr, order reversing. The naturality of dsr, in Tx means that this pre-order is
independent of the choice of maximal K-split torus Tg. It is not a partial order
because there are orbits Qp,Qy € N,(K) such that O; <4 Oy and @y <4 O but
07 # O,. However, if we define O; ~ Oy when O <4 Oy and Oy <4 O; then

<4 descends to a partial order on N,(K)/ ~a and we can also obtain a explicit
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parameterisation of this set. Let A,z denote the set of all pairs (0, C) of complex
nilpotent orbits of G' and conjugacy classes C' of A(Q) - Lusztig’s canonical quotient
of A(Q) (in the sense of [44, Section 5]). Let 9 : N, . — N,z be the map induced by
the quotient map A(Q) — A(Q) (see the discussion preceding Proposition for
details).

Theorem 1.0.5 (Theorem [3.2.3). Let & € G(K)\F. The composition Q o g,

descends to a natural (in Tg ) bijection
Or,e : No(K)/ ~a= Noe
which does not depend on O.

Crucially for us, the partial order <4 on N,(K)/ ~4 is considerably easier to
compute in practice than the closure ordering on N,(K). This motivates our next
definition. We define the canonical unramified wavefront set to be

KWE(X) = max [LTWPXOO)] (€ NL(K)/ ~)
where [o] : N (K) — N,(K)/ ~4 is the natural quotient map. The compatibility
between <, and N,(k/K) ensures that an analogue of Corollary (Theorem
holds for *WF(X), but X*WF(X) also has the added benefit that it is frequently
(conjecturally always) a singleton. When KWF(X) is a singleton, if we view KWF(X)
as an element of N,z (via fr, ) and *WF(X) as an element of A/, (under the natural
isomorphism between A, (k) and N,), then K*WF(X) takes the form

KWF(X) = ("WF(X), )

for some C' € A(*WF(X)). For those familiar with representations of real reductive
groups, this is reminiscent of the associated cycle of a representation, but of course
differs crucially in that we are dealing with conjugacy classes rather than irreducible
representations, and with A("WF(X)) instead of AFWF(X)).

Beyond being the culmination of a series of ‘natural’ considerations, it is not a
priori clear what utility this new invariant has. Although we will not address this
matter in this thesis, in joint work with Dan Ciubotaru and Lucas Mason-Brown
[10], we use the canonical unramified wavefront set to construct anti-tempered Arthur
packets for p-adic groups. This approach crucially relies on the information encoded in
the canonical unramified wavefront set and fails if one attempts to use the geometric

wavefront set instead.



Let us now briefly digress to explain the terminology used. In the language of
partial orders, Conjecture is equivalent to [e] : Ny(K) — N,(K)/ ~4 being a

homomorphism. Under the assumption that this is true then
EWF(X) = max{[N,(K/k)(0)] : co(X) # 0}

for depth-0 representations and so indeed * WF(X) is a ‘wavefront set’. If we further
assume that all the orbits of & \/A?f‘(X ) lie in a single geometric orbit, then KWF(X)
simply picks out the ~4 classes of elements in K\ﬁ(X ) that minimise dg. Con-
jecturally there is a unique such class - a ‘canonical’ such class with respect to this
property if you will. Perhaps ‘distinguished’” would have been a better modifier, but
that adjective already has an important meaning in the context of nilpotent orbits.

The third and final chapter of this thesis is dedicated to developing the tools
needed to compute “WF(X) for irreducible representations in the principal block of
Rep(G(k)), the category of smooth complex G(k)-representations, when G is split
over k. Recall that the principal block of Rep(G(k)), which we denote Rep;(G(k)),
consists of those representations that are generated by their Iwahori fixed vectors
and is equivalent to the category of modules of the Iwahori-Hecke algebra Hj of
G (k). Moreover, when X is admissible, by the theory of unrefined minimal K-types,
the representations X V<) are sums of principal series unipotent representations. The
wavefront sets of such representations have a particularly simple expression connected
to the Hecke algebra of L.(FF,). We use the compatibility of these Hecke algebras with
the Iwahori-Hecke algebra and a simple deformation argument to obtain an explicit
algorithm in Theorem for computing KWF(X).

Finally, we use the tools developed in this chapter to compute ®*WF(X) and
’_“WF(X ) for the spherical Arthur representations of a split adjoint group over k. For
G a reductive group defined and split over a number field F', these are expected to be
the spherical representations arising as local factors of irreducible subrepresentations
of L2, .(G(F)\G(AF)) (see [18], [23], [22], [31], [32], [35], for proofs in various special
cases. See [29] for a uniform proof that all the spherical Arthur representations arise
in this way). Note that knowledge of the geometric wavefront set of spherical Arthur
representations provides valuable structural insight for automorphic representations.
In particular the geometric wavefront set of the local factors bound the Fourier co-
efficients of the automorphic form (see [15]). Indeed the computations in this thesis
for the geometric wavefront set of spherical Arthur representations have appeared in
a preprint by the author [38] and have already been used to verify a conjecture by

Dihua Jiang about the Fourier coefficients of automorphic forms. We now state our



results for the non-archimedean spherical Arthur representations in terms of their
Arthur parameters. Let G be defined and split over the p-adic field k. Let W} denote
the Weil group of k, and

WDy, = Wy x SL(2,C)

the Weil-Deligne group of k. Let GV be the complex dual group of G. Let (7, X) be
the spherical Arthur representation of G(k) lying in the Arthur packet ¢ : WDy, x
SL(2,C) — GV that is trivial on WDy. Within this packet, X is the representa-
tion corresponding to the trivial representation of A, - the component group of the

centraliser of the image of ©. Let ¢y = v |1X5L(27¢;) and

n = d(t) ((8 é)) . (1.0.5)

The nilpotent orbit @Y := GV.n completely determines the representation X among
the spherical Arthur representations and so we refer to X as the spherical Arthur
representation with parameter QY. The final ingredient that we need in order to
state the result is a refinement d4 due to Achar [I] of the duality map ds. Suppose
G is the complex reductive group with dual GV. Let N’

0,¢?

N,z be the corresponding
sets for GV. The duality d4 is a map

dy : /\/'OVE — Noz
satisfying certain properties. In particular,
dA(0",1) = (d(0"),C"),
for some class C” which is the trivial class when QY is special in the sense of Lusztig.

Theorem 1.0.6 (Theorem 4.2.1)). Let X be the spherical Arthur representation with
parameter Q¥ € NY. Then E*WF(X) is a singleton and

OEWF(X)) = da(0Y,1), *WF(X) = d(Q"). (1.0.6)



Chapter 2

The Waveiront Set

2.0.1 Basic Notation Let k£ be a non-archimedean local field of characteristic
0 with residue field F, of sufficiently large characteristic and ring of integers o C k.
Nonarchimedean local field of characteristic 0 Let p C o be the maximal ideal of o,
fix an algebraic closure k of k and let K C k be the maximal unramified extension
of k in k. Let O be the ring of integers of K. The residue field of K is an algebraic
closure for I, so we write Fq for the residue field of K. Let x : k — C* be an additive
character of k£ that is trivial on p and non-trivial on 0. y descends to a character of
F, and we will refer to the resulting character also as .

Let G be a connected reductive algebraic group defined over k, that splits over
an unramified extension of k. Let g denote its Lie algebra. Let Gg denote the base
change of G along

Spec(K) — Spec(k).

Note that G is a split group. Let Tx C Gg be a K-split maximal torus. For any
field extension F' of k, we write G(F'), g(F') etc. for the F' rational points.

Write X*(Tg, k) (resp. X.(Tk,k)) for the lattice of algebraic characters (resp.

co-characters) of Tk, (,) for the canonical pairing between X*(Tk, k) and X, (Tg, k),

and write ®(Tg, k) (resp. ®Y(Tg,k)) for the set of roots (resp. co-roots) of Gg.
Write

R(GKvTK) = (X*(TKak)> q)<TKvk)7X*<TK7k)7 (I)V(TK,]C), <> >)

for the absolute root datum of G, and let W be the associated (finite) Weyl group. Let
Gz be the connected reductive algebraic group defined (and split) over Z with split
maximal torus Tz such that the root datum of G with respect to T is isomorphic to

R. Let GJ be the Langlands dual group of G, i.e. the connected reductive algebraic



group corresponding to the root datum

R\/ = (X*(TK;E')y CI)\/(TKJ%)’X*(TKJ%)? CI)(TKJ;;): <7 >)

defined (and split) over Z. Set TV = X*(Tg, k) ®z C*, regarded as a maximal torus

in GV := G} (C) with Lie algebra tV = X*(Tk, k) ®z C, a Cartan subalgebra of the
Lie algebra g¥ of GY. Define

Ty = X*(Tk, k) @z Rxg
ty = X*(Tg, k) @z R (2.0.1)
TY = X*(Tg, k) ®z S*.

There is a polar decomposition TV = T/ Ty .

Let Field,, denote the category of field extensions of k. Let N be the functor from
Field; to Set which takes a field extension F' of k to the set of nilpotent elements of
g(F). By nilpotence in this context we mean the unstable points (in the sense of GIT)
with respect to the adjoint action of G(F'), see [13, Section 2]. For F' algebraically
closed this coincides with all the usual notions of nilpotence. Let N, be the functor
which takes F' to the set of orbits in N (F) under the adjoint action of G(F). For
H € G(F) and x € g(F) we write H.x for the adjoint action of H on x. We briefly
remark how N, behaves on morphisms. Given field extensions F}, 5, € Field;, and a

morphism F}; — F5 we have natural inclusion maps
9(F1) — g(Fy) and G(F) — G(F).
Thus given a G(F;) orbit O C N(F}) we can form the orbit
G(F,).0 C N(F).

We define N,(F; — F5)(0) to be this orbit. When we wish to emphasis the group
we are working with we include it as a superscript e.g. NGz,

When F is algebraically closed, we view N,(F) as a partially ordered set with
respect to the closure ordering in the Zariski topology. When F'is k or K, we view
N, (F) as a pre-ordered set with respect to the closure ordering in the topology induced
by the topology on F'. When F' = k it is well known that the pre-order is a partial
order [12, Section 2.5]. When F' = K we will show in that the pre-order is a
partial order. For brevity we will write N'(F'/F) (resp. N,(F'/F)) for N(F — F’)
(resp. N,(F — F')) where F' — F”’ is a morphism of fields.

Recall the following classical result.
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Lemma 2.0.1 ([39],[40]). Let F' € Fieldy be algebraically closed with good charac-

teristic for G. Then there is canonical isomorphism of partially ordered sets AFIEK :

N (F) = NG2(C).

Remark 2.0.2. We include the T as a subscript because the definition of the group
Gy depends on the choice of torus. However A@K is natural in Tk in an analogous
sense to Theorem [3.1.26]

When F is algebraically closed let N, s, (F) denote the set of special orbits in the
sense of Lusztig [27, Definition 13.1.1].

2.0.2 Buildings, Parahorics and Associated Notation Let B(G,k) (resp.
B(G, K)) denote the (enlarged) Bruhat-Tits building for G(k) (resp. G(K)). We
identify B(G, k) with the Gal(K/k)-fixed points of B(G, K). We use the notation ¢ C
B(G) to indicate that ¢ is a face of B. Given a maximal k-split torus T, write A(T, k)
for the corresponding apartment in B(G, k). For an apartment A of B(G, k) and any
subset 2 C A we write A(€2, A) for the smallest affine subspace of A containing 2.
For a face ¢ C B(G, k) there is a group scheme P} defined over Spec(o) such that
P(0) identifies with the stabiliser of ¢ in G(k). There is an exact sequence [41]
Section 1.2]

1 — U.(0) = Pl(0) — LI(F,) — 1, (2.0.2)

where U, (0) is the pro-unipotent radical of P{(0) and L] is the reductive quotient of
the special fibre of P]. Let L. denote the identity component of LI, and let P, be
the subgroup of P! defined over o such that P.(0) is the inverse image of L.(F,) in
Pi(0). The groups P, are called parahoric subgroups of G(k). We have analogous

short exact sequences

1 = U.(o) = P.(0) = L.(F,) — 1, (2.0.3)
and one on the level of the Lie algebra

0 — u.(o) = p.(o) = L(F,) — 0. (2.0.4)
When c is a chamber in the building, then we call P, an wahori subgroup of G. Let

u=|J wle)Cgk), U= [J Udo)CG(k).

cCB(G,k) cCB(G,k)

These are the topologically nilpotent and topologically unipotent elements of g(k) and
G (k) respectively.
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2.0.3 Fourier Transforms By [3, Proposition 4.1], for p sufficiently large (see
the reference for a precise bound for p), there exists a symmetric, non-degenerate

G (k)-invariant bilinear form
B:g(k) xgk) =k
such that for every face ¢ of B(G, k) we have
p.(0) ={X e g(k):B(X,Y) € p,VY € u.(o)}.

Such a bilinear form naturally descends for each face ¢ of B(G, k) to a symmetric,

non-degenerate L.(IF,)-invariant bilinear form
B. : 1.(F,) x 1.(F,) — F,.

Fix a Haar measure jig) on g(k). For a function f € C°(g(k)) we define the Fourier
transform of f to be

F0) = Py (1)0) = [ o BT (V). (2.0.5)

Let ¢ be a face of B(G, k) and h : 1.(F,) — C a function. We define the Fourier

transform of h to be

h(x) == FTLe)(B)(x) == D x(Belx.y)h(y): (2.0.6)

y€le(Fq)

We define h : g(k) — C to be the function given by

(2.0.7)

= h(X+uc(0)) if X € p.(o)
0 otherwise.

We say h is inflated form h and we have that

—~ —~—

FTg(k)(h) (X) = Mg(k)(uc(o)) : FTIC(Fq)(h) (X).

2.0.4 The Harish-Chandra-Howe Local Character Expansion Let exp :
u — U be the exponential map defined in [6, Lemma 3.2] and [50, Section 3.3] (the
exponential map exists since we are assuming p is sufficiently large. See the references
for the precise bounds on p). The map exp : u — U has the property that for every
face ¢ of B(G, k), we have

exp(uc(0)) = Uc(o),
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and exp descends to the exponential from the nilpotent elements of 1.(F;) to the
unipotent elements of L.(F,). For a function f € C*(U) let f o exp denote the
function in C2°(g(k)) given by

flexp(X)) ifXe€u

0 if X ¢ u. (2.0.8)

foesst) - {
For O € N, (k) let ug denote the corresponding nilpotent orbital integral. We have
the following result due to DeBacker (building on work by Waldspurger [50]).

Theorem 2.0.3. [12, Theorem 3.5.2] Let (m,X) be a depth-0 admissible represen-
tation of G(k). Then there exists co(X) € C for each O € N,(k) such that for
f e C*(U) we have

Ox(f)= > co(X)jio(f o exp). (2.0.9)
0N, (k)

We remark that the local character expansion, and in particular the coefficients
co(X), always exists for admissible smooth representations. The point of this theorem
is that for depth-0 representations the expansion is valid for functions supported on
U.

2.0.5 The Wavefront Set of Representations of p-adic Groups Let (7, X)

be a smooth admissible representation of G. The (p-adic) wavefront set is

WF(X):= max O,
O:cp(X)#0

the unramified wavefront set is

K\WFR o
“W%X)~—®£gimA@Uﬂ%ﬂ@%

and the geometric wavefront set is

k\VPK)():::@é&§§#oAﬂ(%/k)m))

Remark 2.0.4. In analogy with real groups and finite groups of Lie type it is expected
that FWF(X) consists of a single nilpotent orbit - @ say. Moreover it is expected
that for all ' € WF(X), N,(k/k)(Q’) = O (this is a strictly stronger condition than
FWF(X) being a singleton since a priori there might exist Oy, Q, € N, (k) which are
incomparable, but N, (k/k)(01) < N,(k/k)(Q5)).
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2.1 Lifting Nilpotent Orbits and Closure Relations

2.1.1 The Lifting Map Let h be the Coxeter number of the absolute Weyl group
for G. Since we are assuming p is sufficiently large, we in particular require p >
3(h — 1) so p satisfies the conditions of section and we can apply the results of
[13] to g(k). Let A be an apartment of B(G, k). For faces ci, ¢z in A with A(eq, A) =
A(cg, A) the projection maps

P, (0) NP, (0) = L, (Fy), Pey(0) NPy (0) = L, (Fy)
are both surjective with kernel U, (0) N U, (0) and so there is an isomorphism
Gcy.ey * Ly (Fy) = L, (F,).
We similarly obtain an isomorphism

jCQ,Cl : lcl (IFQ) — 102 (Fq)

which is compatible with i, ., in the following sense:

jCchl(h'X) = i02,01<h)'j62701(x> (211)

for all h € L., (F,),x € 1., (F,). For H € G(k) and x € 1.(FF,) let H.x denote the image
of HX € puc(o) in 1y (F,) where X is any lift of x to p.(0). This is well defined
because H.u.(0) = up.(0). Let

I = {(¢,x) : ¢ € B(G, k),x € N¥(F,)}.

Let I%¥ denote the set of pairs (¢,x) € I* where x is a distinguished nilpotent ele-
ment of 1.(F,). For (¢,x) € I* let C(c,x) denote the preimage of x in p.(0). For
(c1,x1), (ca,x2) € I we define (c1,x;) ~ (ca,xg) if there exists an H € G(k) and an

apartment A such that
A(C27 ‘A) = A(Hcla A)7 and Xo = jcz,Hcl(H‘Xl)'

Given an (c,x) € I* one can attach to it, as in [6] and [13], a well defined nilpo-
tent orbit L.(x) € N,y(k) called its lift. Tt has the following two useful equivalent

characterisations (due to DeBacker in |13 Lemma 5.3.3]):

1. If x is included into an sly-triple x, h,y € 1.(F,), and X,H,Y € p.(o0) is an sly-
triple such that their images in 1.(IF,) are x, h,y respectively (such an sly-triple
always exists), then L.(x) = G(k).X.

14



2. L.(x) is the unique minimal element of {O € N,(k) : O NC(c,x) # 0}

Let @ € NX(F,). The nilpotent orbit £.(x) is independent of the choice of x € O
we write L£.(0) for the resulting nilpotent orbit. Define

I* ={(c,0) : ¢ C B(G,k),0 € N¥(F,)}

and define I}, to be the subset of I* consisting of pairs (c,®) where O is a dis-
tinguished nilpotent orbit of 1.(F,). For O € N,(k) write I*(Q) for the set
{(c,x) € I" : Lc(x) = O}. Analogously define I}(0), 15(Q), I¥ ,(©). We have the fol-
lowing result due to Barbasch and Moy [6], Corollary 3.7] and DeBacker [13, Theorem
5.6.1] classifying the nilpotent orbits of g(k).

Theorem 2.1.1. The map I — N,(k), (¢c,x) = L.(x) descends to a bijective corre-
spondence between I1%] ~y and N, (k).

Note that for all the results in this section we are using the results from [13] with
r=0.

We can similarly define I*, I)¥, IX, 15, I*(0), I;(0), IX(0), 1X,(0), ~k, C,
and L. for G(K) and the results in this section hold verbatim for these objects too.
We must be careful however since K is not complete and this is a necessary condition
in [13]. The only time this property is used however is in [I3| Lemma 5.2.1]. We give
a proof for this result for r = 0 and base field K which means that the results in this

section do indeed hold verbatim for G(K).

Lemma 2.1.2. Let ¢ be a face of B(G, K) and let X,H,Y be an sly-triple contained
in pe(OD). Then
U(9)-(X + uon(¥)) = X+ u.(9) (212

where ¢y (0)(Y) denotes the centraliser of Y in uc(9).

Proof. Since we are only looking at G(K) = Gg(K), and G is split, we may as well
assume that G is also split over k. Since G(K) acts transitively on the apartments
of B(G, K) we may also assume that ¢ C B(G, k). There is nothing to prove for the
C direction. For the D direction let Z € X + u.(9). Since Z,X,Y € g(K) there is
a finite unramified extension F' of k such that Z,X,Y € g(F). Let op be the ring of
integers for F'. Then since O N F = o we have that Z € X + u.(op). Since F is
complete we can apply [13| Lemma 5.2.1] to G(F') and so

Ue(or). (X4 Cu (o) (Y)) = X+ uc(or)
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Thus
Z € Ug(op).(X+ cuo0)(Y)) C U(O).(X 4 cyu0)(Y))

as required. [

2.1.2 Closure relations The set IX comes with additional structure that I* does
not. For (c1,04), (ca,0y) € IX define

(c1,01) < (2,09) if ¢ = ¢ and O < Os.

The following result is implied by the proofs in [0, Section 3.14].

Proposition 2.1.3. Let (¢1,0y), (co, Q3) € IK and suppose (c1,01) < (co,03). Then
LCI <@1) < ECQ ((O)Q)

In other words, the map £ : I — N (K), (c,0) — L£.(0) is non-decreasing. In
section we prove that £ is in fact strictly increasing. Let Q1,02 € N,(K) and
suppose O < Q.

(1) We say Oy < Qg is a lifted closure relation if there exists a face ¢ of B(G, K) and
(c,0)) € IK(Qy) for i = 1,2 such that (c,0}) < (c,0}) (cf. proposition [2.1.3)).

(2) We say Q) < Oy is a degenerate closure relation if there exists (c,x) € I*(0y)
such that @, N C(c,x) # O (cf. property 2 of section [2.1.1)).

The following proposition shows that every closure relation in N,(K) can be broken

down into a lifted closure relation and a degenerate closure relation.

Theorem 2.1.4. Let O1,05 € N,(K), and suppose Q1 < Q,. Then there exists a
015 € N(K) such that Q1 < Q5 < Oy where Oy < Oy 5 is a lifted closure relation
and Q5 < Qg s a degenerate closure relation.

Proof. Let (¢,0}) € IX(0y). Let x € @} and X € C(c¢,x) N Q. Since p.(O) is open
in g(K), p.(9)NQOy # 0. Let O be the image of @, Np.(O) in I.(F,). We claim that
0} C ©'. Let U be an open subset of 1,(F,) containing x. Let U be the preimage in
p.(9). Since u.(9) is open, the projection map p.(9) — 1.(F,) is continuous and so
U is open and contains X. Thus UNO, # () and so UNQ' # (. This proves the claim.
Write O’ = U;Q’ as a union of L.(F,) nilpotent orbits. Then since @} C O’ there
exists an i such that @, < Q. Let O}, = @'®). By construction Q5 := L.(Q/ ;)
has the required properties. [ |
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For O € N, (k) we say X,H,Y is an sly-triple for O if they are an sly-triple and
X € ©. We now show that N,(K/k) : Ny(k) — N,(K) and N, (k/k) : N,(k) — Ny(k)

are strictly increasing.

Lemma 2.1.5. Let O € N,(k) and let X,H,Y be an sly-triple for Q. Let s = X +
i) (Y) (a Slodowy slice for ©@). Then

(1) Ons={X},
(2) if @' € No(k) and @' N's # O then Q' N's # (.

Proof. We have the decomposition
g(k) = [8(k), X] @ cqur(Y) (2.1.3)
and [g(k), X] is the tangent space of @ at X. Thus
Tx(sN Q) — TxsNTxO =0

and so sNQ is discrete. However, if X" isin sNQ, let Ax: : G,, = G be a 1-parameter
k-subgroup such that
Ax (t).X’ = ¢2X

and write X' = X 4+ Z where Z € cy4)(Y). Let A be the 1-parameter k-subgroup of
G (k) attached to H. Write g(k)(4) for the set of W € g(k) such that \(¢).W = ‘W
and let

a(k)(< 0) = D a(k)(i).

1<0

Since cyy(Y) C g(k)(< 0), write Z = )7, Z; where Z; € g(k)(i). Then

AE DAt X =X+ 272, € 0N (2.1.4)
i<0
for all t € k and — X as t — 0. Since s N @ is discrete this means that X’ = X. This
proves (1).

Let Ad : G(k) xs — g(k) be the restriction of the adjoint map. Ad is smooth with
differential T{; x) which is onto by equation . All the varieties in question are
smooth and so there exists a Zariski open (and hence open in the topology induced by
k) subset V in G(k).s containing X. We have that @’ N's # () and so @' N G(k).s # (.
Since sN O is closed and non-empty the argument for part (1) shows that X € snQ.
It follows that X € @' N'V. But V is open and so @' NV # 0. It follows that
0’ NG(k).s # 0 and so O’ N's # () as required. [ |
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Corollary 2.1.6. Let 0,0 € N,(k). Let X,H,Y be an sly-triple for O and s =
X—i—Cg(k)(Y). Then

1. O =0 iff O' N's is a singleton,
2. 0<0O (iie. 0<OQ and O # Q') iff O' N's has more than one element,

Proof. By Lemma2.1.5) (1), if O = @' then O’ N's = {X}. If O’ Ns is a singleton then
it is closed and the same argument as Lemma (1) gives that O'Ns = {X} and so
0=0".IfO < O then X € O’Ns. By Lemma (2), @' Ns # . It cannot consist
of a single element since by part 1 this would imply @ = Q. Thus O’ N's consists of
more than one element. If @' N's consists of more than one element then O’ N's # ()
and so contains X. Thus O < Q'. But O # Q' since O’ N's is not a singleton and so
0<0'. |

Analogous results to Lemma and Corollary hold for nilpotent orbits of

g(k), though different proof methods must be used (see [9, Lemma 5.10] for details).
Theorem 2.1.7. Let 0,0 € N, (k).

(1) If O <@ then N,(K/k)(O) < No(K/E)(Q').

(2) If O < Q' then N,(k/k)(Q) < N, (k/k)(Q").

Proof. Clearly 2 implies 1 so it suffices to show that O < Q' = N, (k/k)(Q) <
No(k/k)(Q). Let X,H,Y be an sly-triple for O and let s = X 4 ¢y (Y). If O < O/
then O’ Ns has more than one element. Let s = X4-¢,)(Y) 2's. Then N, (k/k)(Q')N
s contains @' N's and so also has more than one element. Thus N,(k/k)(Q) <
No(k/E) (D). [ ]

2.2 The Wavefont Set of Representations of Finite
Groups of Lie Type

2.2.1 Generalised Gelfand—Graev Representations In section only let
G be a connected reductive group defined over F,. Fix an algebraic closure Fq of
F, and let F : G(F,) — G(F,) be the associated geometric Frobenius (so that
G(F,)F = G(F,)). Let h be the Coxeter number of the absolute Weyl group for G
and suppose p > 3(h —1). Then the nilpotent cone N (F,) of g(F,) may be identified
with the unipotent cone of G(TF,) via the exponential map exp : N'(F,) — U(F,) [6,
Section 2.1]. Let B : g(FF,) x g(F,) — F, be a symmetric, non-degenerate G-invariant
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bilinear form and x : F, — C* be a non-trivial character. Recall that for a function
f:9(F,) — C the Fourier transform of f is

Fe) =" x(Bxy)f(y).

x€g(Fq)

For a nilpotent element n € N (FF,) we may associate to it a representation I, of
G(F,) called the associated Generalised Gelfand-Graev Representation or GGGR for
short (see [28), Section 2] for details on its construction). Write 7, for the character

of T'y. v, has the following key properties (due to Kawanaka [20], [19])

(1) 7, only depends on the Ad(G(F,))-orbit of n. If O = G(F,).n write I'g (resp.

7o) for the resulting representation (resp. character),
(2) the support of =, is contained in the closure of G(F,). exp(n).

Let n = e, h, f be an sly-triple in g(F,) and X = —f+cyw,)(e). Letr(n) = 1(dim g(F,)—
dim ¢y, y(n)). We have the following result due to Lusztig about the Fourier transform

of v, o exp (which we will also refer to as 7,).

Proposition 2.2.1. [28, Proposition 2.5, Proposition 6.13] Let n,n’ € N (F,).
(1) nly) = ¢ V#{g € G(F,) : gy € X} for ally € g(F,),

(2) if 4n(n') # 0, then n must lie in the closure of G(F,).n,

(3) if n € G(F,).n" and 4,(n') # 0, then n’ € G(F,).n,

(4) Aa(n) = ¢ W#Cqr,)(n).

2.2.2 The Kawanaka Wavefront Set The Kawanaka wavefront set is the anal-
ogous notion of the p-adic wavefront set for complex representations of G(F,). In this
the wavefront set was introduced by Kawanaka and so we refer to it as the Kawanaka
wavefront set. Let (p,V) be an irreducible representation of G(F,) and xy be the
character afforded by V. The Kawanaka wavefront set F"WF(V) of V is defined to

be the nilpotent orbit O € N,(F,) satisfying
(1) there exists an Q' € N, (F,) such that (yo, xv) # 0 and N,(F,/F,)(Q") = O;

(2) if O’ € N,(F,) and (o, xv) # 0 then N,(F,/F,)(0Q") < O.
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It is not clear a priori that such an orbit exists, but if it does, then it is clear that it
is unique.

The existence of the Kawanaka wavefront set has a somewhat long and complicated
history. Originally conjectured to always exist by Kawanaka, he proved that this is
indeed the case for adjoint groups of type A,, or of exceptional type [20]. He also
gave a conjectural description of FQVVF(V) in terms of Lusztig’s classification of the
irreducible representations of G(F,). In particular, let G* be the dual group of G
defined over F, with corresponding Frobenius F’ and suppose V' corresponds to the
F'-stable special G*(F,)-conjugacy class C' (in the sense of [28, Section 13.2]). Pick
an element g of C*" and let g = su be its Jordan decomposition. We can attach to the
Weyl group W (s) of Cg«(s) an irreducible (special) representation F via the Springer
correspondence applied to u and the trivial local system. The representation £’ =
jvm[f(s)E obtained via truncated induction then corresponds to an [-stable nilpotent
orbit @ and the trivial local system with respect to the Springer correspondence on
g(F,). The orbit O was Kawanaka’s candidate for FoWF(V). This conjecture was
partially proved by Lusztig in his paper [28]. In this paper Lusztig attached to V' an
F-stable unipotent class C' of G(TF,) called the unipotent support of V which is the

unipotent class of G(F,) of maximal dimension satisfying

> xvlg) #0. (2.2.1)

geCF

He then showed that the (log of the) unipotent support of the Alvis—Curtis dual of
V' is the unique nilpotent orbit of maximal dimension satisfying condition 1. above.
This essentially settled the existence claim, modulo the slight weakening of condition
2. above. This however was fixed in later work by Achar and Aubert in [2] (and Taylor
[48] with weakened conditions on the characteristic) - finally settling the matter fully.

In chapter 4 we will need to know the Kawanaka wavefront set for principal series
unipotent representations of G(IF,) when G is split. We record a precise formula for
FsWF for this case.

First recall that for unipotent principal series representations we have a ¢ — 1

operation arising from Lusztig’s isomorphism [26, Theorem 3.1]

CIW] = H(B(F)\G(IF,)/B(F,)) (2.2.2)
that gives a bijection between the irreducible constituents of Indg((gqq))

W -representations. For V' a constituent of Indg((gz)) 1 we write V,_,; for the correspond-

1 and irreducible

ing irreducible representation of W. Second, recall Lusztig’s partition of Irr(W) into
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families so that each family contains a unique special representation. Each special
representation of W corresponds via the Springer correspondence to a special nilpo-
tent orbit @ and the trivial local system. For an irreducible representation £ of W
we write Q°(E) for the special nilpotent orbit corresponding to the special represen-
tation in the same family as £ ® sgn. Unravelling the above recipe for the Kawanaka
wavefront set we get that for principal series unipotent representations of G(FF,), the

Kawanaka wavefront set is given by
FaWF (V) = Q% (V,1). (2.2.3)
We also record the following proposition.

Proposition 2.2.2. Let (p,V) be an irreducible representation of G(F,) and p* de-
note its contragredient. Then TWF(V) = FeWEF(V*).

Proof. The unipotent support of a representation and its contragredient are trivially
the same (see equation [2.2.1]). The result then follows from the fact that Alvis-Curtis

duality commutes with taking contragredients. |

Finally, we make the following convenient definitions. When p is not necessar-
ily irreducible, the Kawanaka wavefront set of p is the collection of maximal orbits
among the wavefront sets of the irreducible constituents. An element of the Kawanaka

wavefront set is called a Kawanaka wavefront-set nilpotent.

2.3 Relating the Q, and F, Wavefront Sets

2.3.1 Inflated Generalised Gelfand—Graev Representations Let (¢,0) €
](’f. Define the function f.o = 5o where g is the character of the GGGR of L.(F,)
attached to the orbit @. We will also write f.o for f.o oexp. The following result is

essentially due to Barbasch and Moy in [6], but is a sharper result than in loc. cit.
Theorem 2.3.1. Let (¢,Q) € I*. Then

(1) feo is supported on the topologically unipotent elements u,

(2) f(feo) =0 unless L.(0) < O'.

(3) Suppose Q' € N, (k) is such that N,(k/k)(Q') = N,(k/k)(L.(Q)). Then

(a) ]f Ec(@) 7é @/7 then ﬂ@’(fc,@) =0.
(b) If £(0) = O, then fios(fo0) 0.
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(4) For any irreducible smooth admissible representation (7, X) of G(k), we have
Ox (fe0) = (Fe0, X))

Here X denotes the contragredient (i.e. the smooth dual) of X. The proof for
(2) in [6] however only shows that £.(0) lies in the closure of N,(K/k)(Q") N g(k) in
g(k). We now give a complete proof of (2) using ideas from [52].

Proof. Let x,h,y be an sly-triple for Q. Let X, H,Y denote a lift of x,h,y to an
sly-triple of g(k). We proceed by first showing that

supp(foo) = {h.(=Y +2) s h € Po(0),Z € Z,, (5 (X)}. (23.1)

We have that f.o(W) # 0 iff W € p.(0) and 4o(w) # 0 where w is the image of
W in 1.(F,). By [28, Equation 2.4 (a)], jo(w) # 0 iff w € L.(F,).(=y + Zi.&,)(e)).
By the proof of [52, Lemma IX.3], we know that the image of Z, (,)(X) in I.(F,) is
Z),(r,)(x). Thus the support consists of those W in P.(0).(=Y + Z,, (0)(X)) + u.(0) =
P.(0).(=Y + Zp.(0)(X) + uc(0)). But from the same proof in [52] we also know that
for Z € Zp,(0)(X)

—Y+Z+u(o)={h(=Y+Z+7Z):7Z €Zy(5),h € Uo)}. (2.3.2)

Thus =Y + Zp,()(X) + uc(0) = Ue(0).(=Y + Zp, (o)) and so equation 2.3.1} holds.
Now let @ be a nilpotent orbit with fig/(fe0) # 0. Then supp(f.o) N Q" # 0.
Thus there is a X' € @', h € P.(0) and Z € Z, (,)(X) such that X' = h.(=Y + Z).
Since h™'.X’ € @' we can assume h =1 and so X' = =Y +Z. Let A\x : G,, — G be a
l-parameter k subgroup so that Ay (t).X' = t2X’, and A be the 1-parameter subgroup
determined by H. Since Zyy(X) C g(k)(> 0), write Z = )., Z; where Z; € g(k)(7).
Then )
A ()X = =Y + > 1217, — =Y (2.3.3)

>0

ast — 0. Thus O = G(k).(-Y) <O |

Note that Theorem together with (2) of this theorem immediately imply (3)
(a) of this theorem.

Proposition 2.3.2. Suppose (7, X) has depth-0. Let
E(X) = {0 € N,(k) : there exists (c, Q') € I¥(Q) such that Ox(f.o) # 0}.
Write 2™ (X) for the mazimal orbits of Z(X). Then
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(1) WF(X) = 2m(X),
(2) if O € 2m**(X), then Ox(feor) # 0 for all (¢,0') € I¥(0).

Proof. Let O € WF(X) and (¢,Q’) € I¥(0). Since X has depth-0 and the inflated
GGGRs have support in U we have

Ox(feo) = Z cor flor (feor). (2.3.4)

0" N, (k)

Then by Theorem part 2 we have that

Ox(feo) = Y corfior(fe)- (2.3.5)
0<0”
But if O < Q" then cgr = 0 and so Ox (feor) = cor(X)fio(feor) # 0. Thus WF(X) C
=(X).

Now suppose O € WF(X) and Oy is a nilpotent orbit with O < O;. Let (¢;,0}) €
I5(01). Then Ox(fu,.0,) = Sp,<0, @210, (for 07). But if Oy < 0y then O < @y and
80 cp,(X) = 0 and so Ox(fc, 0,) = 0. Thus we get that WF(X) C Zm**(X).

Finally, suppose Q is in 2% (X) and (¢, Q') € I*(0). O must be < @, for some
0; € WF(X) (since otherwise cg,(X) = 0 for all O < Oy and so Ox(f.or) = 0).
But WF(X) C Z(X) and so by maximality we must have O = O and so Z"**(X) C
WF(X). This establishes 1.

To establish 2., note by the first part we have that ©x(f.o) # 0 for all O €
WF(X) and (¢, Q') € I¥(0). Then use the fact that 2™ (X) = WF(X). |

Proposition 2.3.3.

1. KWF(X) = max{N,(K/k)(Q) : 0 € WF(X)},
2. FWF(X) = max{N,(k/K)(0) : 0 € KWF(X)}.
Proof. This follows from N, (K /k) and N,(k/K) being non-decreasing. [ |

Corollary 2.3.4. Suppose (7, X) has depth-0. Then K\?V\F’(X) 1s equal to the set of
mazimal orbits of No(K/k)(Z(X)).
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2.3.2 Local Wavefront Sets We now define local wavefront sets WF, and X WF,
for ¢ a face of B(G,k). Let Oy,...,0p € NX(F,) be the Kawanaka wavefront-set
nilpotents of W, := VU a representation of L.(IF,). Let O, ..., Q) € Nt<(F,) be
the nilpotent orbits in U;Q; such that (g, We) # 0. Define

WE(X) = {L£:(0}) : 1 <i < I} and “WF(X) = {£(0;) : 1 <i < k}.

It is clear that
FWF(X) = {N,(K/k)(D) : O € WF(X)}.

Let € denote a collection of faces in B(G, k) such that for all O € N, (k) there exists
a (¢, Q') € I*(0) such that c € €. Examples of € that satisfy this property are:

(1) the faces of a fixed chamber cg;
(2) the vertices of a fixed chamber cg;
(3) a choice of vertex from each G(k) orbit of the vertices of a fixed chamber ¢.

Theorem 2.3.5. Let (7, X) be depth-0. Then

KWF(X) = max KWF(X).

cEC

Proof. Let 5Z(X) = N,(K/k)(Z(X)). We will show that XWF.(X) C K=Z(X) for all
c € €, and that if O is a maximal element of XZ(X) then O € *WF_.(X) for some
c € €. Corollary then implies the result.

The first part is straightforward. Let ¢ be any face of B(G, k) and O € KWF.(X).
Write O as N, (K /k)(Q;) where Oy is in WF.(X). By definition of WF.(X), O is in
Z(X). Thus we have *WF.(X) C ¥Z(X).

For the second part let O be a maximal element of X=(X). Write
0 = No(K/k)(OQy)

where Oy € Z(X). Let (¢,0}) € IF¥(0y) be such that ¢ € €. Since Ox(f.0,) # 0,

there is an irreducible constituent W of VV() with
Loy, W) # 0.
Let Q) € N<(F,) be a Kawanaka wavefront set nilpotent of V'V(®) such that

No(Fq/Fq)(01) < .
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Let Oy = £.(0}). O, is an element of XZ(X). By Proposition [2.1.3]
No(Fo/F,)(0) < 0y
implies that
O = No(K/k)(01) = No(K/k)(Le(01)) = L(No(Fg/Fq)(01)) < L(D}) = 0.
By maximality of O in Z(X) we get that @ = Q5. It follows that O € *WF.(X). B

Corollary 2.3.6. Let (m, X) be an admissible representation of G(k) and let ¢ be a
face of B(G, k). Then

KWF(X) = {£,(0) : O € FTWF(XU=))} (2.3.6)
Proof. We have that XUe(®) = (XUC("))*. Thus by Proposition ,
FaWF (X Ve(©)) = Fayyp (X V=),
|

We will always use the expression in equation to compute the local wavefront

sets .

Corollary 2.3.7. Let (1, X) be an admissible representation of G(k) and let (7, X)

be its contragredient. Then

KWF(X) = *WF(X) and "WF(X) = FWF(X).
Proof. By Proposition [2.3.3] it suffices to show the first equality. By Lemma [2.3.5
it suffices to show that KWF.(X) = KWF.(X) for any face ¢ of B(G, k). This last

equality follows from the previous corollary. |

In the following example we use the local wavefront sets to show that the geometric

wavefront set of an anti-spherical representation is the regular nilpotent orbit.

Example 2.3.8. Let (7, X) be a spherical representation of G(k). Let A be an apart-
ment of B(G, k) and ¢ be a hyperspecial face of A. By definition, VV<(®) contains the
trivial L.(F,)-representation. Let AZ(X') denote the Aubert-Zelevinsky dual of X [4]
Definition 1.5]. Then AZ(X)V<() contains the Steinberg representation. By Equation
2.2.3] the Kawanaka wavefront set of the Steinberg is Q4 - the regular nilpotent orbit
of L.(FF,). This is the unique maximal nilpotent orbit of L.(F,) and so the Kawanaka
wavefront set of VUe() is Opeg- Let O = L£,(0,y). Then *WF.(AZ(X)) = O. By
Theorem , N, (k/K)(Q) is the regular nilpotent orbit of g and so "WF(AZ(X))

must also be the regular nilpotent orbit.
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Chapter 3

Unramified Nilpotent Orbits

3.0.1 Basic Notation Recall from section the definitions of Gy, Tz and
Tg. Let G = Gz(C), N, := NS2(C), and T' = Tz(C). Write X*, X, for the common

character and co-character lattices of Tk and Tz, and ® for &(Tg, k). Let
W =W x X,
be the extended affine Weyl group of Gk and let
W W, w +— w

be the projection map along X,.

Let E = X*®zR, V = X, ®z R and define the compact torus T = V/X,. Extend
the natural pairing (—, —) between X* and X, to one between E and V. This allows
us to view X* as linear functions on V' via the embedding x — (x,—) € V*. It is
moreover clear that these maps descend to continuous maps V/ X, — R/Z and so we

obtain a homomorphism
X* — T = Hom,(T,R/Z).

This map is in fact a W equivariant bijection [30, Section 9]. We now define the

vanishing set for three different scenarios.

(1) For a subset S C T define

Xs={xeX :x(s) =1, Vs € S};

(2) For a subset S C V, view X* as linear functions on V' and define

X5 ={x € X*:3In € Zsuch that x(s) =n, Vs € S};
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(3) For a subset S C T, view X* as continuous homomorphisms from T to R/Z and
define
Xs={xeX :x(s)=0+12Z, Vs € S}.

For SCT,V,or T, define &5 := & N Xg.
Define the set of affine roots

UV:={a+n:aecd}

where a4 n denotes the affine function v — a(v) +n on V. For a = a+n € ¥ write
a := « for the linear part. The extended affine Weyl group W acts on V by affine
transformations. This induces an action of W on the set ¥ via w : a — a o w=!. For
a subset S C V write Vg for the set of all affine roots that vanish on S. Note that
Oy = Wy and that V,g = w. Vg for all w € W.

The hyperplanes defined by the a € ¥ endow V with a chamber complex struc-
ture and W acts by chamber complex automorphisms. Let A := A(Tk, K) be the
apartment of B(G, K) associated to Tx. The apartment A is the underlying affine
space of the vector space V' and so affords an action of V' by translations. For this
section we will need to make a choice of identification between V and A - in particular
we must choose a hyperspecial point zg € A (see [49, Section 1.10] for the definition)
to send the origin of V' to. Let us fix such a choice zy and write x,, : V — A for
the resulting identification. This induces a chamber complex isomorphism between
V and A, identifies ¥ with the affine roots of A, and fixes an action of W on A.

For ¢ a face of A (resp. V') write A(c) for A(c, A) (resp. A(c,V)). ForacC A
let W, denote the subgroup of 1% generated by the reflections through hyperplanes
containing c¢. The torus Ty is in fact defined over O, is a subgroup of P. for each
¢ C A, and the special fibre of Tk, denoted Tk, is an Fq-split maximal torus of
L.(F,). Write ®.(Tg,F,) for the root system of L.(F,) with respect to Tf. Then
®.(Tg,F,) naturally identifies with the set of ¢ € (T, k) that vanish on A(c, A),
and the Weyl group of L. with respect to Tk is naturally isomorphic to W,.  Let
Bx be a Borel of G containing T and let A := A(Tg,Bg) C & be the simple
roots determined by By. Let A be the simple roots of ¥ corresponding to A. In
particular, when ®(T, K) is irreducible, A=AU {1 — ap} where aq is the highest
root of (T, K) with respect to A. In general, for (T, K) = Hi:l ®; where each @,
is irreducible and [ > 1, then A = ]_[ﬁzl A; where A; = AN ®;, and A = ]_U:l A,
Let ¢y be the chamber of A cut out by A.  There is a unique labelling function
Type,, A of the faces of B(G, K) in terms of the set

P(A):={JCA:JNA CA,1<i<I}
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such that for ¢ C ¢, we have that A(c) is the vanishing set of Type, A(c) (see [14,
Section 5.2]).

3.0.2 Pseudo-Levis Let N denote the normaliser of 7" in G and W be the Weyl
group N/T. A pseudo-Levi subgroup L of G is a connected centraliser Cg(s) of a
semisimple element s € G. Pseudo-Levi subgroups have the following convenient

characterisation.

Proposition 3.0.1. [30, Lemma 14] Let S C T be a subset. Then Cg(S) is a
reductive subgroup of G and is generated by T together with the root subgroups X, for
a(s) =1 forall s € S.

For a pseudo-Levi L C GG containing T, write @, for &, where Z C T is the center
of L.

3.1 Parameterising Unramified Nilpotent Orbits
3.1.1 Affine Bala—Carter Theory Let

IFy={(e,x) eIl :cC A} and I, 4, ={(c,0) € I}, : c C A}

o,

Since G(K) acts transitively on ordered pairs of apartments and chambers the in-
clusion map I fd7 a4 — 1 fd descends to a bijection on ~g equivalence classes. Let
A denote the normaliser of Tk (K) in G(K) (or equivalently the stabiliser of A in
G(K)). For (c1,01),(c2,Qy) € I[ 4 declare (cy, Q1) ~_ 4 (cz,Dy) if there exists an
n € A4 such that A(c;) = A(nez) and Q1 = jey e, (n.02). Note that n.O is a single
L., (Fq) orbit. Indeed, if x, € O, then

n.0y = nL,(F,).x2 = nLe, (F,)n " 'n.xy = Lye,n.xo.

Proposition 3.1.1. The map
IgA — ][fd’A, (c,x) — (c, LC(Fq).X)

o

descends to a bijection between I3/ ~x and I 4/ ~.x.
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Proof. The map IfA — [fd’A is clearly surjective. Suppose there is a h € G(K)
such that A(c;) = A(hcz) and X1 = Je, hey (h-x2). Then we can write h = nhy where
ne€ A hy€P.,(O). Thus

L, (Fq)'xl =L, (Fq)'jchh@(h'x?) =L, (FQ)jChnCQ(nhO'XQ) (3.1.1)

= jcl,nC2 (anz (Fq)nhO-XQ) = jCl,nCQ(n(LCQ (]Fq)(hoxz))) (312)

But since hy € P, (9), we have that L, (F,)(ho.x2) = L, (F,)x2 and so

(c1, L, (Fq)'xl) ~. (Ca; Lig, (Fq)'XQ)'

Thus Iy — I 4/ ~.v descends to a well defined map I,/ ~x— I8y 4/ ~.v. Now
suppose there is an n € .4 such that A(c;) = A(ncy) and

L., (Fq)xl = Jernes (N(Licy (FQ)XQ))‘

Then there exists an h) € L., (F,) such that x; = je, ne, (M0x2). Let hg € P, () be a
lift of hy and h = nhg. Then A(c¢;) = A(hcz) and

X1 = jcl’nCQ(nho.X2> = jCI’hCQ(h.Xg). (313)
Thus 1 f ) ~k— 1 ftt 4/ ~.x is injective and hence a bijection as required. [ |

Note that the choice of base point xg induces a surjection 7 : A" — W with kernel
Tk (D). Since additionally

T4 (07) C () P.O),
cCA
if ny,ny € A and w(n;) = 7w(ny), then for any facet ¢ of A and nilpotent orbit
0 e ./\/OLC(Fq), we have nic = nyc and n1.OQO = ny,.O. Thus for w € W, c C A and
0 € NE<(F,), defining w.Q to be n.Q where n is any element of .4 such that w(n) = w,
is well defined. Now define a relation ~ 4 on I, 4 4 by declaring (c1, Q1) ~4 (c2, Qy) if
there exists w € W such that A(c;) = A(wey) and Oy = iy wey (W.Q2). Then clearly

~ 4 and ~ 4 are the same equivalence relation on [ O{(d7 A

Let ABCr, (A) be the set of pairs (J,.JJ") where J € P(A) and J' C J is a
distinguished subset of J in the sense of Bala—Carter [5, Section 1][11], Section 8.2]
(we can think of J as the simple roots of a crystallographic root system). Given
¢ C B(G, K), Type,, a(c) is a set of simple roots for ®.(Tx,F,), and so given a dis-
tinguished O € NF<(F,), let BC,, a(c, Q) be the corresponding distinguished subset
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of Type,, a(c) prescribed by the Bala-Carter classification of distinguished nilpotent
orbits [LT} Section 8]. Recall that ¢ is the chamber of A cut out by A. Let

K K _
IO,d,Co = {(C’ @) € Io,d,A e C CO}'
Since W acts transitively on the chambers in A, the inclusion map I fdm — I OK A

descends to a bijection. There is a bijection between IX, ~and ABCr, (A) given by

0,d,co
ABCCE&TK : (C7 @) = (Typexo,A(C)7 BCxo,A(Ca @))

. ABCrp, (A) — IX

O7d7cO

Write X

Ovdch

ABCr, (A) define

for the inverse map. For (Ji,J7), (Ja, J5) €

(J1, J1) ~5 (Jo, J3) if there exists w € W dy=w.Jy, Jy=w.J..

Proposition 3.1.2. Let (¢y,01), (cy, Q) € IK, . Then

o,d,co "

(c1,01) ~a (c2,02) if and only if ABCy, 1y (c1,01) ~5 ABCyy 1, (2, 02).

Proof. Let (J;,J!) = ABC,, 1, (c;, Q;) for i = 1,2. (=) Suppose there is a w € W
such that A(c;) = A(wez) and O = 4y we, (0.02). Note that J; is a root basis for
Y- Thus since A(c1) = A(wez) = wA(cz), we have that J; and wJ, are both
root bases for 1 4(,). Thus there exists wy € W, such that J; = wowJ,. Now, the
Bala—Carter data for ic, 4, (w.Q2) with respect to w.Jy is w.Jj. With respect to the
root basis Jj it is thus wowJy. Thus (Ji, J7) ~5 (J2, J3). (<=) Suppose there is some
w € W such that (Jy, J)) = w.(Jz, J}). Then J; = wJo implies that A(cy) = A(wes).
Moreover, the Bala—Carter data of i., ., (w.Qs) is wJ with respect to w.Jy = J;. But
w.J5 = J{ and so Oy and i¢, e, (w.02) have the same Bala—Carter data and so must

be equal. u

Theorem 3.1.3. The map
Loy : ABCry (D) = Ny(K), (J,J) = LoIX, (J,J)
descends to a bijection ABCr, (A)/ ~i = No(K).

Proof. This follows immediately from the previous Proposition. [
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Recall that regular Bala—Carter theory states that there is a map from the set
BCr, (A) of pairs (J,J') where J C A and J’ is distinguished in J, to A, (k) that
descends to a bijection BC,, 1, : BCr, (A)/ ~w — N, (k) (where ~yy is the obvious
analogue of ~g7). So Theorem is an affine version of the combinatorial Bala—
Carter Theorem in a very literal sense (ABC stands for Affine Bala-Carter). In
Proposition [3.1.29 we give a precise statement about how these two parameterisations

relate.

3.1.2 Properties of Lifting of Nilpotent Orbits Let L =L,,, 1 =1,,. Note
that L(F,) = Gy(F,) since G is split. Let tx be the Lie algebra of Tx. There is
a natural identification between the character lattices of T and Tg. For a € ® let
@ denote the image under this identification. Let ® = {a : a € ®}. Let B be the
maximal ideal of . Recall that a choice of uniformiser of K induces an isomorphism
of additive groups between P* /P! — R /P! for any i, j € Z. For any facet ¢ of
A this in turn induces an isomorphism from L.(F,) onto the pseudo-Levi of L(F,)
corresponding to Tk (F,) and ®.. For a uniformiser @ let i., : L. — L denote
the corresponding homomorphism and j.g : 1. — 1 the associated morphism of Lie

algebras. One important property of this map is that the following diagram commutes

Tx
/ \ (3.1.4)
1, e v 1.

Moreover, since (1.)5z maps to l; the resulting map of nilpotent orbits does not depend

on the choice of uniformiser for K (this follows from Bala-Carter theory). Thus we
obtain a canonical map j., : NX(F,) — NE(F,). Note since L and Gz have the
same root data, by Lemma there is an order preserving isomorphism

Al NE(F) — N,
Let AETK : N,(k) — N, be the isomorphism from Lemma applied to F = k.
Theorem 3.1.4. Let (¢,0) € I,. Then
Ak o No(k/K) 0 Lo(0) = A7 0 jo,o(0).

Proof. Let x,h,y be an sly-triple for O and let X,H,Y be a lift to an sl,-triple for
L.(0). We have that a(H) € Z for all « € ®. There exists a w € W such that
a(wH) > 0 for all @« € A. In particular then a(wH) € {0,1,2} for all « € A.
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We also have j.5(0) = wjes(0) = Jueo(w.O) and w.L.(0) = L.(0). Thus by
replacing (¢, Q) with (we, wQ) we can assume that a(H) € {0, 1,2} for all @ € A.
Then jeo(), jew(h), jes(y) is an sly-triple for j.,(Q). But since a(j.o(h)) = a(h)
equals to the image of a(H) in F, for all o € A, j.,(0Q) and N,(k/K)(L.(O)) have
the same weighted Dynkin diagram with respect to A and A respectively and so
Ak, o Ny(k/K) 0 Lo(0) = Azt © jeo(O). u

Corollary 3.1.5. Let (c,Qy), (c,0y) € IX and suppose that Oy < Q. Then
No(k/K)(Le(01)) < No(k/K)(Le(D2)).
Proof. By [9, Theorem 5.5, if @; < @y, then j.,(01) < j.o(O2). Thus

No(k/E) (1) = Af1 0, ,(01) < At 0 0 (02) = N, (k/K)(O).

Corollary 3.1.6. The map L : IX — N,(K) is strictly increasing.

Proof. Suppose that (¢, Q) < (¢,0}). Let O; = L.(0Q)) for i = 1,2. Since L is non-
decreasing we have that O; < Q,. By corollary we have that N, (k/K)(OQ,) #
N, (k/K)(Q,). Therefore Q; # O, and so O; < @, as required. [

Corollary 3.1.7. The closure ordering on N,(K) is a partial order.

Proof. Let O1,0, € N,(K) and suppose O; < Oy < OQ;. By Theorem there
exists Oy 5 € N,(K) with @; < Oy5 < O, such that @ < Oy 5 is lifted and Oy 5 < Oy
is degenerate. Since N, (k/K)(Q;) = N,(k/K)(Q,), by corollary [3.1.6, we must
have O; = Qy5. Let (c,0)5) € IX(0,5) be such that C(c, Q| ;) N Oy # () and let
X,H,Y € P.(9O) be an sly-triple for Oy 5. By Lemma we have that

X 4+ 1,(9) = U (9).(X + o (Y)).

It follows that
X+ Cuc(g)(Y) M @2 7é 0.

However,
X + CUC(D) (Y) g X —+ Cg(E) (Y)

and since N, (k/K)(01) = N,(k/K)(Qy) we have that
(X + (V) N AL (/) () = X
Thus (X + Cuc(g)<Y)> N0y = X and so O; = Os. [ |
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3.1.3 McNinch and Sommers’ Parameterisation of A,. For a finite group
G write C(Gy) for the set of conjugacy classes of Gy. For O € N, let A(Q) denote
the component group of the centraliser of an element of Q. This group is well defined

up to inner automorphism of G. Let
Noe ={(0,C) : 0 e N,,C € C(A(Q))}.

Note that the ¢ here is short for ‘conjugacy class’ and does not refer to a face of the
building. By [30, Remark 2] this set is in bijection with the set

{(n,gC2(n)) :n € N9 g€ Cq(n)}/G.

This is perhaps a more canonical description of the N, ., but the first description has
the benefit of being easier to understand. We will pass interchangeably between the
two.

Let .# denote the set of pairs (L,tZ°) such that L is a pseudo-Levi of G and tZ°
is an element of Z/Z° where Z is the center of L and L = C&(tZ°). Let IS denote the
set of all triples (L,tZ°, x) such that (L,tZ°) € %, and x is a distinguished nilpotent

element of [, the Lie algebra of L. McNinch and Sommers prove the following result.

Theorem 3.1.8. ([30/) The map MS : (L,tZ° z) — (x,tC&(z)) yields a bijection
between IS /G and N, ..

Note that every semisimple element can be conjugated to lie in 7. Thus if we
define ]gT to be the subset of IS consisting of triples (L,tZ° ) such that T C L,
then the map in Theorem descends to a bijection between IgT/ G and N,.
Define Fr = {(L,tZ°) € # : T C L}. We will additionally find it convenient
to work with orbits rather than elements. Define [(()C’d’T to be the set of all triples
(L,tZ°,0) where (L,tZ°) € Zr, and O is a distinguished nilpotent orbit of [.

Proposition 3.1.9. The map (L,tZ°, x) — (L,tZ°, L.z) induces a bijection between
15/G and IS, 1 /N.

Proof. The induced map ¢ : [, éC,T — It(SCLT /N is clearly a surjection. Suppose g € G is
such that g(Lq,t, 27, x1) = (L, toZ35, x2). Then T, gT are both maximal tori of Ly and
so there is a | € Ly so that (g7 = T and so lg = n for some n € N. Clearly nly = Lo
and n(t127) = toZ5. Also n(Liz1) = Lenxy = Logry = Loxs. Thus ¢ factors
through .%r/G. Now suppose there exists a n € N such that n(Ly, 6,27, Lizy) =
(Lo, t2Z3, Loxs). Then nly = Ly and nlixy = Loxy. Thus Lonzy = Lexs and so
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there exists an | € Ly such that Inzy = x9. Clearly In(t1Z]) = t2Z5 since t2Z5 lies
in the center of Ly. Thus In(Ly, 179, 21) = (Lo, t2Z3,x5). Thus ¢ descends to a

bijection as required. |

Note that N stabilises If,d,T and 7' acts trivially on [((;C,d,T' Thus W acts on IS, 1
and I3, /W = IS, /N. We thus have bijections

/G

/ \ (3.1.5)

IS0 /W Noe.

Write MS, r for the composition ]éc,d,T — If)c’d’T/W = Ny

3.1.4 From Faces of the Apartment to Pseudo-Levis Recall from section
the definitions of T" and T. We view T as a complex algebraic group with
the Zariski topology and T as a topological group with the topology induced from

(X~

the classical topology on V = R™k(X")  Recall the following standard results about

closed subgroups of T" and T.

Proposition 3.1.10. [16, Section 16] There is a W -equivariant bijective correspon-

dence
{closed subgroups H < T} <+ {Z-submodules M < X*} (3.1.6)
H— X, ={xeX":x(H)=1} (3.1.7)
{teT:x(t)=1Vxe M} + M. (3.1.8)

Proposition 3.1.11. [36, Chapter 4] There is a W -equivariant bijective correspon-

dence
{closed subgroups H < T} < {Z—submodules M < ']T} (3.1.9)
H— Xi={xeX*: x(H)=0+2) (3.1.10)
(teT:y(t)=1Vyxe M}« M. (3.1.11)

Moreover, for every closed subgroup H < T the connected component of H contain-
ing the identity, H°, coincides with the annihilator of the torsion elements of the

Pontryagin dual of H.

For an affine subspace A C V, call A admissible if it is equal to the vanishing set

of a subset of the affine roots W.
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Proposition 3.1.12. For every admissible A C V', there is a pseudo-Levi L with
Oy =Dy,

Proof. This follows easily from [47, Remark 5.2 (b)]. |

Write 7 for the set of admissible affine subspaces of V. Cocharacters pair inte-
grally with the roots ® and so X, acts on the collection of admissible affine subspaces
by translation. For A € &7 write [A] for the orbit of A in ./ under the action of X,.
For A € o/ write L, for the pseudo-Levi containing 7" with &, = ®,4. For v € X,

and w € W we have Ly, = L4 and L, 4 = w.L, (where w.L, denotes wL w™1).

Remark 3.1.13. For a closed subgroup H < T, X}, = RX;;NX*. Moreover, for tH°® &
H/H° we have X}; C X/ € X0 and &y C Oygo C Ppyo. Identical statements hold
for closed subgroups H < T.

Lemma 3.1.14. Let HH < T be a closed subgroup, m : V. — T be the projection map
and z +H° € H/H°. Then

1. there is an affine subspace A CV such that = (z+H°) = A+ X,, X} = X} o
and dim A = rk H°.

2. if B is any other affine subspace with 7=1(z + H°) = B + X, then B € [A],
Xp =X g and dim B = rk H".

Proof. Let N be annihilator of H° in X*. By Proposition 3.1.11, X*/N is a free

Z-module and so the short exact sequence
0— N —X"— X*/N —0 (3.1.12)

splits. We can thus find a basis x1,..., x, of X* such that x1, ..., xx is a basis for N
and Xji1,- .-, Xn Project onto a basis for X*/N. Let 71, ...,7, be the dual basis in
X.. Then H° is evidently equal to the image of W = >"" , 4 Ry = N¥_, ker x; under
m:V — T. Let w € V be such that 7(w) € v+ H°. Then A = w + W maps onto
z+ H° and so 77 (z + H°) = A + X,. It is clear that y € X* takes integer values
on A iff it does so on A + X, iff it does so on z + H° and so X} = X y.. Also
dimA = dimW = rk X*/N = rkH°. This is establishes (1). To establish (2) note
that A+ X, is a disjoint union of translates of A by elements of the lattice @le Z;
and that @le R~; N A is a single point. Thus the connected components of A + X,
are exactly [A]. If B is an affine subspace such that 771(z+H°) = B+ X, then as B is
connected it must be contained in some C' € [A]. The property that A+ X, = B+ X,
then forces C' = B+ ;. Z~;. But this can clearly only happen if B = C'. Finally,

i=k+1
it is obvious that if B € [A] then dim B = dim A and X} = X}. |
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Proposition 3.1.15. Let L be a pseudo-Levi with center Z. There is a canonical

bijection
Z17° > {Aed P C Py C Pyro}/X, (3.1.13)

with the property that if [A] is the image of tZ° then ®4 = Pco (iz0). In particular,

there is a bijection
{tZ°e€Z/Z7° . CL(tZ°) =L} {Aec o :dy=,}/X.. (3.1.14)

Proof. Fix a pseudo-Levi L and let Z denote its center. The annihilator of Z in
X*is Z®;. Write N for the annihilator for Z° in X*. Recalling the identification
between X* and ']T, let H denote the annihilator of Z®; in T. Then both the character
group of Z/Z° and the Pontryagin dual of H/H® naturally identify with N/Z®; =
tor(X*/Z®y) - the torsion subgroup of X*/Z®,. But Z/Z° and H/H" are both finite
Abelian groups and since the Pontryagin dual and character group (which we denote
by X*) coincide for finite groups we obtain a canonical isomorphism f; given by the

composition

Z)Z° — X*(tor(X*/Z®)) — (tor(X*/Z®))" — H/H". (3.1.15)

Claim 3.1.15.1. The isomorphism fr, has the property that for all tZ° € Z/Z°,

Xigo = X;L(tZO)'

Proof. Suppose x € X* vanishes on tZ°. Then since y is multiplicative, it must vanish
on Z° too and hence lie in N. Its image in N/Z®; = tor(X*/Zd,) = X*(Z/Z°) -
the character group of Z/Z° - must thus lie in X*(Z/Z°);z.. Conversely any lift of
an element xy € X*(Z/Z°)1z0 to X* clearly lies in X/,.. Thus X;,. is equal to all
possible lifts of elements in X*(Z/Z°);7.. We may similarly characterise X5 170y and

so we obtain the desired result. [ |

Now fix a tZ°, let v + H° = f,(tZ°) and let 7 : V' — T denote the projection
map. By Lemma we may assign to z + H° a well defined class [A] with the
property that for any B € [A] we have n7'(z + H°) = B + X,, dim B = rk H° and
Xp = XZ, o Define A1 (tZ°) to be [A]

Claim 3.1.15.2. [A] is an admissible class with ®; C 4 C P yo.
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Proof. The conditions on ® 4 are evident from the fact that &4 = &,y and remark
. It remains to show that A is admissible. We know that &, C X7 yo = X7
and so A lies in the vanishing set of {a —a(A) : a € 1} C W. It thus suffices to check
that dim A = dim V' —dim R®;,. This follows from dim A = rk H° = rk X* —rk Z®;, =
dimV — dimR®;. [ |

Thus A, gives us a well defined forwards map for equation [3.1.13] Moreover
by= Py = @C%(tzo) and so Az, has the advertised property. It thus remains to show
that the map has an inverse.

Let [A] be an admissible class with ®; C &4 C ®zo. Then 7(A) C H and is
connected so m(A) C z + H° for some z € H. But also

O, C Dy C Dy C X =RXENX* CRX, =Rby, (3.1.16)

and so R®, = R®;. Thus, since A is admissible, dimA = dimV — dimR®d, =
dimV — dimR®; = rkH°. We must therefore have that m(A) = z + H°. Applying

fr ! we obtain a backwards map which is clearly inverse to Aj. |

Remark 3.1.16. Let L; C Ly be pseudo-Levis containing 7' with centers Z, Z5 re-
spectively. Let Hy, Hy be the corresponding subgroups of T. We have Z, C Z; which
induces a map Zy/Zs — Z1/Z;. Similarly we have a map Hy/H3 — H; /HS. By the

naturality of the construction of fr,, fr, we have that

Z5/73 2 H, /H

l l (3.1.17)

f
Z,)Z7 — Hy /H;
commutes.

Proposition 3.1.17. There is a canonical W -equivariant bijection
Fr > A X, (3.1.18)
where the forwards map is given by A : (L, tZ°) — A (tZ°).

Proof. We show first that A is injective. Let (Lq,t127), (Lo, t2Z3) € Fr and write
[A;] = A(L;, t;Z7). Suppose we have [A;] = [As]. Then

CDLl = CI)t1Zf = (I)Al = CI)AQ = q)thQO = CI)LQ (3119)
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and so L1 = Ly =: L. We then get that 127 = 1275 from the fact that A\; is a
bijection. Now let [A] be an admissible class. By Proposition there exists a
pseudo-Levi L with &, = ®4. Let Z denote the center of L. Then by Proposition
there exists an tZ° such that \(L,tZ°) = [A] and so A is surjective. It remains
to show that A is W-equivariant. Since the projection map V' — H is W equivariant
is suffices to check that for all w € W, the outer square of the following diagram

commutes

Z)2° Ji » H/H°

X*(N/Z®;) ——— (N/Z%p)"

w(-) low,l lowfl w(-)

X*(wN/wZ®) —— (wN/wZPp)"

wZwZ° Ju > wH/wH°.
(3.1.20)
But it is clear that all the inner squares commute and so the outer square must do
too. |

An important consequence of the proposition is the following corollary.

Corollary 3.1.18. Let
£:{c aface of V} — Fr, c— XN(Alc) + X.). (3.1.21)

Then £ is W -equivariant surjection and cy,co lie in the same fibre iff A(cy) + Xi =
A(es) + X Moreover, if £(c)

= (L,tZ3) then L is a complex reductive group with
the same root datum as Ly, () (Fy).

Let us investigate how the bijection from Proposition [3.1.17|behaves under shift by
a hyperspecial point yo € V (i.e. a point y € V such that &, = ). Let 7, : &/ /X, —
o/ | X, be the map induced by translating by yo. Let Ay € o7 be the vanishing set of
U,,. Then yo € Ay and 7, = 7, for any y € Ay (since ¢(y — yo) = 0 for all y € Ay).
Since 7, does not depend on the choice of y € Ay write 74, for 7, where y € Ay. Since
4, = ® we have that A1 (Ay+ X,) = (G, g Zg) for some ty € Zg. Since ¢, is central
in G, for any (L,tZ°) € Fr, we also have (L,totZ°) € Zr (and this procedure is

independent of the choice of coset representative of tgZ¢ since Zg C Z°).
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Lemma 3.1.19. Let (L,tZ°) € Fr. Then
ML, totZ°) = 1ay (ML, tZ°)).

Proof. Since fr, is a group homomorphism we have that f(totZ°) = fp(toZ°) +
fo(tZz°). Let m : V. — T be the projection map. By definition of ¢, we have

that 7(yo) € fa(toZg). By Remark we have that w(yo) € fr(tcZ°). Thus
fr(totZ°) = m(yo)+ fr(tZ°) and so the lift of f1(totZ°) to &7 /X, is 1,,(A(L,tZ°)). N

Now fix a hyperspecial point 2y € A and let

Co: {c C A} = Fr

be the composition £ o r .

Lemma 3.1.20. Let xg, x{, be two hyperspecial points in A and ¢ C A. Let £,,(c) =
(L,tZ7) and L4 (c) = (L',¥'Z3,). Then L =L
Proof. Let v = xy — zf. For any y € A we have

R (y) + v = K1 (y).

Therefore we have that
Ak (o) +v = A(H;;(C)).
But since xg, xj, are both hyperspecial we have that «(v) € Z for all &« € ®. Therefore
Pt = Pac e

and so L = L’ as required. [ |

For ¢ C A write L. for pr, o £,,. By the above lemma pr, o £, is independent
of the choice of 7o which is why we omit it from the notation for L.. Since L. (F,)
and L. have the same root data, by Lemma there is an isomorphism of partial

orders

AT NYe(Fy) = NJ<(C).
Moreover for ¢ C A, O € NX<(F,)

AZ1 0 jeo(0) = G.AZ(0) (3.1.22)

since saturation of nilpotent orbits can be computed purely in terms of the weighted

Dynkin diagram.
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3.1.5 A Parameterisation of Unramified Nilpotent Orbits
Theorem 3.1.21. Fiz a hyperspecial point o € A. The map
F$0 : Ifd,_A — ]g:,d,Ta (Ca @> = (S:vo (C)u qu (@)))

mduces a bijection
Too : 1K 4] ~a— IS0/ W. (3.1.23)

Proof. The map [ fd, a4 [écjd’T is clearly a surjection. Let
(c1,01), (c2,09) € Ifd’A
and suppose that (¢;, Q1) ~4 (¢, 0g). Then there exists a w € W such that
A(cr) = A(wes) and O = Jie, e, (w.O2).
By corollary [3.1.18] we have that £,,(c1) = 1w.£,,(c2). Moreover
AZH(O1) = AL ey ey (w.02)) = A, (1.02) = bAT(Dy).

Thus B B
(Lay(c1), AZ7(O1)) = 1. (L4, (c2), AL?(D2))

and so I 4 — I(()C’d’T/W descends to a map
K C
[o,d,A/ ~AT [o,d,T/W

To see that this map is injective suppose that (c1, 1), (c2, Q2) € I 4 are such that
there is a wy € W with

(Lao(e1), AF(01)) = wo. (L4, (c2), AT (02)).
Since £,,(¢1) = wo. L4, (c2) = L4, (woco) we have that
A(er) + Xi = A(woez) + Xs
and so there is a w € W such that 1 = wg, and A(c;) = A(wey). Moreover
AZH(O1) = WAL (O3) = Af, (0.03) = AL (fey e (w.02))

and so Oy = Ji¢; we, (W.03). Thus (¢1,04) ~4 (c2,02) as required. [
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Let pr; : N, — N, be the projection onto the first factor. Let 0, 1, : No(K) —
N, be the composition

Lo N
NoAK) —== I 4) ~a — IS0 /W —— N, (3.1.24)
where the first isomorphism is the inverse of £ : I 4/ ~.y— N,(K) (see Section
3.1.1) and the third isomorphism is the composition of the two isomorphisms in

Equation [3.1.5

Theorem 3.1.22. The map 0,1, : No(K) = N, is a bijection and for all O €
No(K)
A WNo(k/K)(Q)) = pry(zy 1, (0)).

Proof. Since all the maps involved are bijections, 6,,r, is also a bijection. Let
0 € N,(K) and (¢, ') € I, 4(0). By theorem m

Ak o N, (k/K)(0) = Al 0 j, ,(0).

By equation |3.1.22

A1 0j.,(0) = G.AL(O).
But

GAL(OQ') = pry (0,1, (0))

as required. [ |

Let . denote the set of hyperspecial faces of B(G, K) (these are the faces of
B(G, K) which contain hyperspecial points). For a point = € B(G, K) write ¢(x) for

the face containing x.

Lemma 3.1.23. Suppose xg, x|, are hyperspecial points of A such that c(zo) = c(z).

Then Oy, 1, = 9$67TK.

Proof. Tt suffices to show that £,, = £,,. We have that £,, = £o figy and £, =
Lo '%;61' But if ¢(zg) = ¢(xp) then the isomorphism of chamber complexes induced by

Kz, and kK, are the same. [
0

In the proof of the above lemma we showed that £,, only depends on the face of
xo. Thus for h € N A we will write £, for £,, where z( is any point in h. Similarly
we write fh for fmo where x4 is any point in h. Note that when G is semisimple

and zg is hyperspecial, ¢(z9) = x¢ and so there is no content to the lemma.

41



Lemma 3.1.24. Let ¢ be a face of B(G, K), g € G(K) and suppose ¢, gc C A. Then
there ezists an € A (the normaliser of Ty ), such that gc = nc.

Proof. Let ¢; be a chamber of A with ¢ as a face. Then gc; has gc as a face. Let ¢
be a chamber of A containing gc as a face. Then gc; and ¢y both share gc as a face
and so there exists a g1 € Py.(O) such that gigc; = ¢ (and necessarily g1gc = gc).
Let go = g1g. Then g2.A and A contain ¢y. Since the subgroup of G(K) preserving
types (in the sense of [14], Section 5.5]) acts transitively on pairs of apartments and
chambers of B(G, K) there exists a g3 such that g3g2.A = A and g3co = ¢y where g3
fixes ¢y point-wise. In particular gsgc = ge. Since gzg2.A = A we have that g3g, € 4.
Let n = g392. Then nc = gs3goc = g3gi1gc = gc as required. [

Lemma 3.1.25. Suppose g, x(, are hyperspecial points of A and there exists a g €
G(K) such that c(zq) = ge(xo). Then Oy, mye = O 1y -

Proof. By the previous lemma we may assume that g € A", Let h = ¢(xp), h' = c(zy).
We need to show that T, = I'y. Let (c,0) € Ifd,A. It is sufficient to show that
Li(c) = Lw(c). But £y = £y, since c(gzg) = gc(xy) = h'. Finally, since zq is
hyperspecial, grg = x¢ + v for some v € X, (to see this, note that the orbit of A"
on xo 1s KJIO(W.O) = Ky (X4)) and by Corollary we have £,,1, = £,,. Thus
£, = £y as required. [

Let 0 € G(K)\J be a G(K) orbit on .#°. By the previous lemma, the map
02,1 is independent of the choice of xy € h for h € &' N A. Thus we write 04 1, for
0., 1, Where xy € h for some h € 0N A.

Now suppose T, T are two maximal K-split tori of Gg. Let g € G(K) be such

that T} = gTxg~'. This induces an isomorphism or root data
R(Gg, Tx) = R(Gg, T%), (3.1.25)
an isomorphism of complex groups
(G.T) = (G.T), (3.1.26)

and an isomorphism

Br 1, Noe = NZ,C- (3.1.27)
The isomorphisms in Equations [3.1.25] |3.1.26[ differ by conjugation by an element of

W for different choices of g with T = gT kg~ " and so the isomorphism in Equation
is independent of choice of g.
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Theorem 3.1.26. Fiz an orbit 0 € G(K)\J. Let T, T be two mazimal K -split
tori of Gi. Then the diagram

(3.1.28)

commutes.

Proof. Let ¢ € G(K) be such that T} = ¢gTgg ™' and A = A(Tg,K),A =
A(T, K). Then A= gA'. Let h € 0N A and pick zg € h. Then gzg € gh € ONA'.
Let

R(Gr, Tx) = (X*,&,X.,8"), R(Gg,Ty) = (X", &, X, 3")

and (%, ) @ (X%, X.) — (X, X]) be the isomorphisms induced by Ad(g) (these
isomorphisms restrict to isomorphisms & — &' &V — V). Let V = X, @z R, V' =
X! ®z R and write (,g : V. — V' for ¢, ®z R. Write  : (G,T) — (G',T") for the

isomorphism of complex algebraic groups induced from (*,(.). We claim that

{caface of V} —=— Zr
|é ln (3.1.29)

{c a face of V'} —2 Fp.

commutes. Note that in this diagram, by ¢, g we mean the map on chamber complexes
induced by (. g, and by 7 we mean the map % — % induced by 1. We omit the
details since this is a slightly tedious, but standard check. We remark simply that the
isomorphism in Equation is equivariant with respect to 7 on the left, and (. g
(descended to the compact torus) on the right and the commutativity of the square
follows essentially from this. We have also that the first diagram below commutes

and so the second one does too.

v A A0 g,
lC*,R lﬂf'—w&? l:cﬂgx ln (3. 1 .30)

Kgag
Vi— A, A 2 T

Now for ¢ C A, the root system of L.(F,) is ®,, while the root system for L, is ®..

Moreover Ad(g) induces an isomorphism between L. (F,) and L.(IF,) which identifies
®, with @;C according to the identification induced by (*. Finally (* restricts to an
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/
ge’

particular the first diagram below commutes and so the second one does too

isomorphism between ®., the root system of L., and &/ . the root system of L’gc. In

B, —— B NE(F,) SN N (F,)

l l lqu lAfZ (3.1.31)

b — P, NLe(C) —Ts N2=(C).

It follows that
r
@ C
]ol,(d,A — Io,d,T

lAd(g) l" (3.1.32)

gzg

K C
[o,d,A’ Io,d,T’

also commutes. But if (¢/,Q") € 1%, 4 is equal to g.(c, Q) for some (¢, € I}, ,)
then (¢, Q') ~k (¢,0). Thus

Ig,{d,A/ ~A

— lAd . (3.1.33)

No(K)
—~

'[(f,{d,.A// ~A .

commutes. Finally
Iyar — Nog

l” lﬁTK,T’K (3.1.34)
It(JC,d,T’ B '/\/Z,c

trivially commutes. Stringing together the diagrams in Equations |3.1.33] [3.1.32] and
3.1.34] yields the desired commutative triangle. |

3.1.6 Equivariance of the parameterisation We now finally investigate how
the parameterisations corresponding to different & € G(K)\.# relate. Fix a Tk,
let A = A(Tg,K) and set 54 = 5 N A. Let us define an action of Zg/Zg on
G(K)\A. Let tZg € Zg/Zg and let Ag + X, = MG, tZ8). Let ¢ € 5 N A. Note
that hyperspecial faces are in fact admissible classes i.e. A(c, A) = ¢ for hyperspecial
faces ¢ (since @, is constant on A(c, A)). Thus by the discussion preceding Lemma
B.119 for y € Ay + X,, the translation 7, : &//X, — &/ /X, restricts to a map
| X — 4/ X, which does not depend on the choice of y. Denote the resulting
map

Teze, %/X* — e}ZﬂA/)(*.
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We now define the action of tZg on G(K)\J# as follows. Let & € G(K)\.7. Let
c € ONA. We saw in the proof of Lemma[3.1.25|that 6 N A = c+ X,. Let ¢ + X, =
Tize,(c + X.) and 0" = G(K).(c/). This is well defined because G(K).c' = ¢ + X..
Finally we set

(tZg).0 == 0.

Proposition 3.1.27. The map (tZg) : G(K)\H — G(K)\IA defines a simply
transitive action of Zg/Zg on G(K)\A .

Proof. The fact that this defines an action follows immediately from the fact that the
map in Equation |3.1.15is a group homomorphism. To see that the action is simply

transitive, first note that the map
)X, = G(K\A, c+X.— G(K).c

is a well defined bijection (it is injective since G(K).cN A = ¢+ X, and surjective
since G(K) acts transitively on apartments). Thus it suffices to show that Zg/Zg
acts simply transitively on 7,/ X.. To see that the action is transitive let ¢+ X, ¢ +
X, € Hy. Let vg € c+ X,y € '+ X, and y = x9g — 2. Let Ag = ¥, and
(G,tZg) = NY(Ag + X,). Then 7, = Tize, and hence Tyze(c + X.) = ¢ + X..
Finally let ¢ + X, € 0, tZ% € Zg/Z¢ and suppose th%(c + X,) = c+ X.. Let
Ao + X = MG, tZg) and y € Ag + X.. By definition 7z, = 7,. Let 79 € ¢
and Aj be the vanishing set of ® is V. Then ¢+ X, = k,,(Aj + X.) and so since
1,(c + X,) = ¢ + X, it follows that y € Aj + X,. Thus Ay + X, = A + X.. But
A HAL+ X)) = (G, Z) and so tZg = Z&. Thus the action is simply transitive. W

There is also an action of Zg/Zg on N, given by
tZ¢ : (n,sC&(n))/G — (n,tsC(n))/G.

This is well defined since t € Zg and Zg C Cg(n). We will write this action as
(0,C) — (0,tC) when we view N, . as pairs (O, C).

Proposition 3.1.28. Let 0 € G(K)\A and tZ¢, € Zg/Zg. Then

Oze).0my = (t2)-001 -

Proof. This is an immediate consequence of the definitions and Lemma |3.1.19, [
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3.1.7 Compatibility with the Bala-Carter parameterisation

Proposition 3.1.29. Let O € N, and let [(J,J")]w € BC(A) be the Bala—Carter
parameter for Q with respect to A. Then

9$07TK © ABCIO,TK([(‘L J/)]W) = ((O)v 1)'

Proof. For I € P(A) let ¢(I) denote the face of ¢q with Type equal to I. Let O € N,
and let [(J, J')]w be the Bala—Carter parameter for Q. Then O intersects non-trivially
with [,y and the distinguished orbit @, of [.;) parameterised by J’ lies in this
intersection. Since L is a Levi it is equal to Cg(Z5) where Z; is the center of
Le(yy. Thus (Leyy, 25,05) € Iéc,d,T and its image in N, is (0,1). We also have
that A(Leyy, Z5) = [A] where A is the vanishing set of J, and (AffJ))*l(@J/) is the
distinguished nilpotent orbit of 1., corresponding to J'. It follows that 6~'(0, 1) has

affine Bala-Carter parameter [(J,J')]; as required. |

This result implies that the diagram below commutes.

BCr, (A)/ ~w —— ABCr,(A)/ ~5 —— BCr,(A)/ ~w

lN lN lN (3.1.35)
_ om0l (AR (0),1) - ( -
id

Here the map i is the map induced by the inclusion map

BCr, (A) — ABCr, (A). (3.1.36)

We remark that this composition 8,, r,, o ABC,, 1, is independent of zy as can
be easily seen from the construction of the two maps (indeed the composition can be

defined entirely by referring only to the vector space V' and not the affine space A).

3.1.8 Example: Go Consider the case when G is K-split semisimple of type G5
(there is only one isogeny type). Let A = {ay, as} denote the simple roots where ao

is the short root and let g be affine simple root in A. The extended Dynkin diagram

Q (v (g

of Gy is o= . The set ABCTK(K) consists of the pairs

<@7 (Z))a ({a0}7 (Z))? ({al}v Q))? ({052}, @)7 ({ala a2}7 (Z))a
({ar, a2}, {a2}), ({0, a2}, 0), ({0, aa }, 0). (3.1.37)
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Under the equivalence relation ~;, all equivalence classes are singletons except
({0}, 0) ~5 ({aa},0) so N,(K) has size 7. We also obtain 7 nilpotent orbits using
the parameterisation in terms of N, .. The only nilpotent orbit with non-trivial G-
equivariant fundamental group is Gy(a;). In this case A(Gs(aq)) = S3 which has 3
conjugacy classes which we denote by representatives 1, (12), (123). Using theorem

3.1.22] the unramified orbits can be parameterised by
(07 1)7 (Ala 1)7 (gl’ 1)7 (GZ(al)a ]-)a (GQ(a1)7 (12))7 (GQ(al)’ (123))’ (GQ’ 1) S ./\/’07,;.

(3.1.38)
We thus have two parameterisations
ABC,, 1, : ABCr, (A) = Ny(K), 0ppmy - No(K) — N,
We now demonstrate how they match up i.e. we describe the composition
0o, © ABCyy 1, : ABCr, (A) S5 N,
We already have from Proposition the following matchings
(0,0) < (1,1),
({en},0) < (A1, 1)
({az}, 0) ¢ (A1, 1)
({ar, a2}, {on}) < (Ga(ar), 1)
({o, a2}, 0) <5 (G2, 1) (3.1.39)

It remains to determine how to match up (Ga(a1), (12)) and (Ga(ay), (123)) together
with ({ag, a1},0) and ({ag, as},?). For this we must look at the map A. Figure
is a diagram of the chamber complex on V' together with the coroot lattice (in
grey), the coroots of the simple roots and minus the highest root (in blue), and a
fundamental domain for the topological torus V/X, (in red).

Figures [3.2| and |3.3| respectively show the vanishing sets of {«g, a1} and {«g, s}
in T (recall the definition from section [3.0.1] (2)) lifted to V. Having the same color
indicates having the same image in T. Note that the yellow and blue lattices are
W conjugate, and the red, cyan and green lattices are also W conjugate. Thus
respectively they give rise to the same element of N, .. It suffices thus to focus on the
blue and green lattices respectively. Clearly the blue lattice gives rise to a conjugacy
class of order 3, while the green one gives rise to a conjugacy class of order 2. The

remaining matchings are thus

({ao, a1}, 0) < (Ga(ar), (123)),
({0, as}, 0) < (Ga(a), (12)). (3.1.40)
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Figure 3.1: The chamber complex for V' is displayed alongside the coroot lattice (in
grey), the coroots dy,d1,ds (in blue), and the fundamental domain for the torus T (in
red).

Figure 3.2: The colored disks (grey, blue, yellow) are all the lifts of the vanishing set
of {ap, @1} in T. Having the same color indicates having the same image in T.
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Figure 3.3: The colored disks (grey, red, cyan, green) are all the lifts of the vanishing
set of {ag, s} in T. Having the same color indicates having the same image in T.
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3.2 Equivalence Classes of Unramified Nilpotent
Orbits

3.2.1 A Duality Map for Unramified Nilpotent Orbits Fix a torus Tx and
corresponding Langlands dual group GY as in Section Write N, for NG'(C)
and A for A(Tk, K). In [45, Section 6], Sommers defines a duality map

ds : Npoe — N (3.2.1)

Let 0 € G(K)\ and fix a hyperspecial point xy in & N A to fix an isomorphism
N JT(D*) ~ W. Define

ds,ore =ds o b1, : No(K) = N (3.2.2)

The map dg is natural under isomorphisms of complex reductive algebraic groups
and so dg ¢ 1, is natural in Tx. We wish to give a recipe for computing ds o1, in
practice.

Let ¢ C A and let E be a special representation of W.. Recall from [28, Theorem
10.7] that the representation jVV.gCE obtained through truncated induction corresponds
under the Springer correspondence for g¥(C) to a nilpotent orbit OV € N, and the
trivial local system. This gives us a map

md! : N (F,) — N

07Sp

(recall from the end of Section the definition of N

O,Sp

(F,)). Let dj, denote the
Lusztig-Spaltenstein duality

dy, : -A[oLC(Fq) — Nol,lécp(Fq)'

Define
sy 1X0 = NY, (c,0) = Ind! o dy,(0). (3.2.3)

Proposition 3.2.1. The following diagram commutes

IK dS,wo,TK Nv
0,A o
| 2
ds,0,T g
No(K)
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Proof. Let ¢ C c be faces of A. Then 1.(F,) is the reductive quotient of the parabolic
pe(9)/uy(9) in 1+(F,). For O € NL(F,), write Ind® O for the Lusztig-Spaltenstein
induction of @ from 1,(F,) to 1,(F,). Let Sat® denote the map from N (F,) to
Ny “(F,) obtained by L. (F,)-saturation (note that although 1.(F,) is naturally only
a subquotient of 1 (FF,), it is standard to identify it with a Levi factor of p.(9)/uu (D)

and the saturation map is independent of this choice of Levi factor). Recall that
di, o Sat? O = Ind¢ o d;,0.

Then since Indf’v/ o Indt/ = Indgv and £.(0) = L,(Sat?Q) it suffices to show that
the diagram commutes when I oA 18 replaced by ]O 4.4- Now consider the following

diagram

(3.2.5)

./\/O(K)<—IdA/~A—>IdT/W—>NOC*>NV

o

We wish to show that the outermost square commutes. But we already know all the

inner squares and triangles commute except for the square outlined by the red arrows.
The maps Imdiv and dj, can also be defined on N'X_ (C) — N.Y and NF(C) — NL_(C)

0,8p 0,8p

where L is a pseudo-Levi of G, using using the Springer correspondence over C instead
of Fq. Define

dSp IS0 = Noer (L, 1Z3,0) v Ind?” o dy(O)

where [ is the Lie algebra of L. Since for good characteristic the Springer correspon-
dence does not depend on the base field, it is clear that dg ., T, = dgTK ol'y,. It
remains to show that dngK = dg o MS, r. This follows from [44], Proposition 7]. W

One remarkable property of dg is that it does not depend on the isogeny of G (in

fact isogeny of semisimple quotient of G). Let
Noe=1{(0,0): 0 € N,(C),C € C(A(Q))} (3.2.6)

where A(Q) is Lusztig’s canonical quotient of A(Q) as defined in [45], Section 5] and
write Q : N, . — N, ¢ for the map induced by C +— C (where C' denotes the image
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of C'in A(Q)). Then [I, Theorem 1] shows that dg factors through Q. We will call
the resulting map from N, — N,/ also ds. Let Zg/Zg act trivially on N,z The
argument in [44], Section 5] shows that the map Q : N, . — N, z is Zg/Z&-equivariant.

Proposition 3.2.2. Let 0,0" € G(K)\. Then ds o, = ds.or 1) -

Proof. By Proposition [3.1.27| there exists a (unique) tZ& such that (tZ2).0 = 0.
Thus

ds,eor e = ds0Qo0b0uze)0m, =dsoQ(tZ5).001y)
=dsoQobpr, =dsor,
where the third equality uses the Zg/Zg-equivariance of Q. [ |

Thus we can define dgr, to be the map dgg 1, where € is any element of
G(K)\# and this is well defined. We will also define fp, = 9 o 6,1, where
O € G(K)\s. This is also independent of & by the Zg/Zg-equivariance of 9.

3.2.2 An equivalence relation on N,(K) Recall that in [I], Achar defined
a pre-order <4 on N,. by (01,C1) <4 (02,C) if O < Oy and ds(04,Cy) >
ds(0y,Cy). We can transport it over N,(K) via a Oy 1, for some 0 € G(K)\A to
obtain a pre-order on N,(K). By Theorem this pre-order can be expressed as:
01,05 € N,(K)

@1 SA @2 <~ NO(E/K)(@l) S NO(E/K)(@)Q) and dS,TK((@l) Z dS7TK(@2).

By Proposition this pre-order is independent of the choice of &'. By naturality
of ds ¢ 1, in Tk, this pre-order also does not depend on the choice of Tx. Now define
@1 ~ A @2 if @1 SA @2 and @2 SA @1.

Theorem 3.2.3. The fibres of the map gTK are exactly the ~ 4-equivalence classes

on N,(K). In particular (3TK descends to a natural (in Tk ) bijection
O_TK ZNO(K)/ ~ A= No,é~

Proof. The fibres of Q are precisely the equivalence classes of <4 on N,,. by [I,
Theorem 1]. Naturality in T is inherited from naturality of 04 1, and Q. [ |

By construction <4 descends to a partial order on N, (K).
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Lemma 3.2.4. Let O1,0, € N,(K). If Oy ~4 Oy then
No(k/K)(01) = No(k/K)(Oy).
Proof. Obvious. [

The saturation map N, (k/K) is constant on ~ 4 classes.

Lemma 3.2.5. Let (¢, 0)), (¢, Q) € IS, and let ©; = L (OQ}) fori=1,2. If0) < O
then dsr, (0Q2) < dgm, (01). In particular O; <4 Os.

Proof. If Q@) < Q) then d;_ (0%)

Theorem 12.5] and so dg 1, (02) < ds1,(Oy). |

3.2.3 The Canonical Unramified Wavefront Set Let (7, X) be a depth-0

representation of G(k). Define the canonical unramified wavefront set of (7, X) to be

WE(X) = Cglg(aék)[ﬁc(EWF(XUC))] (S No(K)/ ~a).

The canonical unramified wavefront set has many of the nice properties that & \7\715‘(X )

has.

Lemma 3.2.6. Let (7, X) be a depth-0 representation of G(k). Then
EWF(X) = max[F=Z(X)].

Proof. The proof is exactly the same as Lemma [2.3.5| except we need to be careful for
the second part which we now provide the details for. Let O be a maximal element
of K=(m) with respect to <4. Write @ = N,(K/k)(0;) where Q; € Z(X). Let
(c,0)) € I¥(Oy). Let

0} = N (B, /F,)(@)).

o

Let @4 be a wavefront set nilpotent for VU<(®) such that Q% < Q}. Let Q3 = L.(0}).
0} is an element of *Z(7). By Lemma [3.2.5, Q) < O} implies that O <4 Q3. By

maximality of Q in ¥Z(7) we get that
@ ~A @3.

In particular

No(k/K)(0) = No(k/K)(Os).
Thus by corollary we have that O, = Q4. It follows that O € KWF (7). [ |
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Theorem 3.2.7. Let (7, X) be a depth 0 representation of G(k). Then

"WF(X) = max N(k/K)(*WF(X)).

Proof. By Proposition and corollary m EWF(X ) consists of the maximal
elements of N, (k/K)(XZ(X)). Since Oy <4 O, implies that *O; < *O,, the results
follows by Lemma [3.2.6| [ |

3.2.4 Achar’s Duality Map Let N/, N/, be the analogous objects of N, . and

N,z for G¥. In [1], Achar introduces duality maps
da
N,z d<:> Nye. (3.2.7)
A

which extend dg in the sense that the following diagram commutes

Nye =55 NY
lo. prﬁ (3.2.8)

da
NO,E ? NO\,/E'

Here pry : N,z — N,/ denotes the projection onto the first factor.
Let d : Ny — N, denote the Barbasch-Vogan duality [7] and drs : N, — N,
denote the Lusztig-Spaltenstein duality [46].

Theorem 3.2.8. 1. Let O € N,(K). Then A% _oN,(k/K)(0) < dodsr,(0).
2. Let O¥ € N). Then
{(0,C) € N, : ds(0,0) = 0Y,0 = d(0Y)} = Q1 (da(0Y,1)). (3.2.9)
In particular this set is non-empty.
3. Let O € N,(K) and OV € NY. If dst, (0) > OV then 01, ([0]) <a da(OV,1).

Proof. In [1l, Proposition 2.3] Achar proves that ds(Q', C') < dg(0, 1) for all (0',C) €
Ny e But dg(Q',1) = d(Q'). Thus dod(Q') < dods(0Q',C). Since O < dpgodrs(0Q') =
d o d(Q') the first part follows.

The second part is an immediate consequence of [45, Remark 14] and [Il, Propo-
sition 2.8].

For the third part note that by part 1 of this theorem we have that

AL, o N, (k/K)(D) < d(0Y).
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By assumption we also have
ds(0) > ds(da(0Y,1)) = QY.
Since p;(da(0Y,1)) = d(QV), it follows by definition that 8([Q]) <4 d4(0OV,1). N

When using the duality maps to compute wavefront sets we will often want to

consider the following modifications. Define
diTK :'N’o\jé — NO(K)/ ~A, dg = (Q_Tk)il oda

and
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Chapter 4

The Wavefiront Set for the
Principal Block

4.0.1 Basic Notation Let Rep(G(k)) denote the category of smooth represen-
tations of G(k).

If H is a complex reductive group and x is an element of H or its Lie algebra b,
we write H(z) for the centraliser of z in H, and Ag(x) for the group of connected
components of H(z). If S is a subset of H or b (or indeed, of HUb), we can similarly
define H(S) and Ag(S). We will sometimes write A(z), A(S) when the group H is
implicit.

Write BY for the flag variety of GV, i.e. the variety of Borel subgroups BY C G".
Note that BY has a natural left GY-action. For g € GV, write

B ={B"ecB"|ge B"}.

(this coincides with the subvariety of Borels fixed by g). Similarly, for x € g, write
B! ={BYeB'|zeb"}.

If S is a subset of GV or g¥ (or indeed of G¥ U g"), write

Bs =B

€S

The singular cohomology group H'(BY,C) = H'(BY) carries an action of A(S) =
Agv(S). For an irreducible representation p € Irr(A(S))), let

H'(BY)? := Homus)(p, H'(BY)).
We will often consider the subset
Irr(A(S))o := {p € Irr(A(S)) | HtOP(Bg{)p # 0}. (4.0.1)
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4.1 Local Wavefront Sets for the Principal Block

4.1.1 Representations with Unipotent Cuspidal Support

Definition 4.1.1. Let X be an irreducible smooth G (k)-representation. We say that
X has unipotent cuspidal support if there is a parahoric subgroup P. C G such that

XUel) contains an irreducible Deligne-Lusztig cuspidal unipotent representation of
L.(F,). Write IT1L*(G(k)) for the set of all such representations.

Recall that an irreducible G (k)-representation V' is Iwahori spherical if V) £ 0
for an Iwahori subgroup I(o) of G(k). We note that all such representations have
unipotent cuspidal support, corresponding to the case P. = I and the trivial repre-
sentation of T'(F,).

We will now recall the classification of irreducible representations of unipotent
cuspidal support. Write L(G(k)) for the set of GV-orbits (under conjugation) of
triples (s,n, p) such that

e s € GV is semisimple,
e n € g” such that Ad(s)n = gn,
o pc Iir(Agv(s,n)) such that p|zv) acts as the identity.

Without loss of generality, we may assume that s € TV. Note that n € g¥ is neces-
sarily nilpotent. The group GV(s) acts with finitely many orbits on the g-eigenspace
of Ad(s)

o = {re g’ | Ad(s)e = gz}

In particular, there is a unique open GV (s)-orbit in gg.
Fix an sl(2)-triple {n™, h,n} C g¥ with h € t} and set

So = Sq

NIy

(4.1.1)
Then Ad(so)n = n.

Theorem 4.1.2 (Local Langlands correspondence, |21, Theorem 7.12][24, Theorem
5.21]). Suppose that G is adjoint and k-split. There is a natural bijection

L(G(k)) = TT"(G(k)),  (s,n,p) = X(s,n,p),

such that

1. X(s,n, p) is tempered if and only if so € T," and GV(s)n = g/,
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2. X(s,n,p) is square integrable (modulo the center) if and only if it is tempered

and Agv(s,n) contains no nontrivial torus.
3. X(s,n, p)"® £ 0 if and only if p € Irr(A(s,n))o, i.e., p is such that

H'(BY,)° # 0.

For each parameter (s,n, p) € L(G(k)), there is an associated standard represen-
tation Y (s,n,p) € Rep(G(k)). For Iwahori spherical representations, the relevant
results are |21, Theorems 7.12, 8.2, 8.3]. For the more general setting of represen-
tations with unipotent cuspidal support, see [25, §10]. The standard modules are of
finite length and have the property that X(s,n,p) is the unique simple quotient of
Y(s,n,p).

4.1.2 The Borel-Casselman Equivalence In this chapter we assume that G is
k-split. We fix a maximal K-split torus T, a root basis A for ®, and a hyperspecial
point g € A(Tg, K). Recall the definition of ¢y from the end of Section and
let I be the Iwahori subgroup of G corresponding to cy. Recall the Iwahori—Hecke
algebra associated to G(k) and I,

Hi = {f € C(G(k)) | flirgiz) = f(g), 11,12 € I(0)}.

Multiplication in Hj is given by convolution with respect to a fixed Haar measure
of G(k). Let Repy(G(k)) denote the Iwahori category, i.e. the full subcategory of
Rep(G (k)) consisting of representations X such that X is generated by X'®). The
simple objects in this category are the (irreducible) Iwahori spherical representations.
By the Borel-Casselman Theorem [8, Corollary 4.11], there is an exact equivalence

of categories
my : Repr(G(k)) — Mod(H;), my(X) = X1, (4.1.2)

This equivalence induces a group isomorphism
my : Ri(G(k)) = R(Hy), (4.1.3)

where Rp(G(k)) (resp. R(Hp)) is the Grothendieck group of Rep;(G(k)) (resp.
MOd(HI))
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4.1.3 Deformations of Modules of the Iwahori-Hecke Algebra Suppose
P. is a parahoric subgroup containing I with pro-unipotent radical U, and reductive
quotient L.. The finite Hecke algebra H,. of L.(F,) embeds as a subalgebra of Hj.
For X € Rep;(G(k)) admissible, the Moy—Prasad theory of unrefined minimal K-
types [37] implies that the finite dimensional L.(F,)-representation X V() is a sum of
principal series unipotent representations and so corresponds to an H.module with

underlying vector space
(X Uelnto)/Uele) — xT(o),

The H.-module structure obtained in this manner coincides naturally with that of
ResZimI(X ).
Let
Je: He — C[W,]

be the isomorphism introduced by Lusztig in [20, Theorem 3.1]. Given any H.-module
M we can use the isomorphism J,. to obtain a W, -representation which we denote by
M. Define

X

w. = (Resiiimi(X)) g1 (4.1.4)

We will need to recall some structural facts about the Iwahori-Hecke algebra. Let
X = X,(T,k) = X*(TV,k) and consider the (extended) affine Weyl group W =
W x X. Let
S:={sq |lae A}y CW

denote the set of simple reflections in W. For each x € X, write ¢, € W for the
corresponding translation. If W is irreducible, let ay, be the highest root and set sg =
Sapt-ay, S =5U {so}. If W is a product, define S* by adjoining to S the reflections
50, one for each irreducible factor of W. Consider the length function ¢ : W — Z>,
extending the usual length function on the affine Weyl group W =W x Z®"

lwty) = > [za)+1+ > |z,0)

acdt acdt
w(a)ed™ w(a)edt

For each w € W, choose a representative @ in the normaliser Ngy(I(0)). Recall the

affine Bruhat decomposition



For each w € W, write T,, € Hy for the characteristic function of I(0)wI(0) C G (k).
Then {T,, | w € W} forms a C-basis for Hj.
The relations on the basis elements {T,, | w € W} were computed in [I7, Section
3]
Tw - T = Tour, if f(ww') = L(w) + L(w'),
T? = (¢ — )T, + q, s € 5%
Let R be the ring Clv,v!] and for a € C* let C, be the R-module R/(v—a). Let
‘Hi,, denote the Hecke algebra with base ring R instead of C and where ¢ is replaced
with v? in the relations . By specialising v to /g, 1, we obtain

(4.1.5)

—~

Hio ®r C 45 = Hi, Hi, @ Cy = C[W]. (4.1.6)

Suppose Y = Y (s,n, p) is a standard Iwahori spherical representation, see Section
M.1.1] and let M = my(Y). By [21], Section 5.12] there is a Hy, module M,, free over
R, such that

M, 2rC z=M

as Hr-modules. We can thus construct the W—representation

Yo = M, ®r C;.

Let R(W) be the Grothendieck group of Rep(WW). Since the standard modules form
a Z-basis for Ri(G(k)), the Grothendieck group of Rep;(G(k)), there is a unique

homomorphism

(0)g—1: Ri(G(k)) = R(W) (4.1.7)
extending Y — Y,_,;. Moreover, since

Res%Y}Hl =Y

We

for the Iwahori spherical standard modules we have that

Resty X, .1 = X|w, (4.1.8)

for all X € Ri(G(k)).

4.1.4 Reduction to Weyl Groups Recall the definition of Q® in Section [2.2.2]
Theorem 4.1.3. Suppose X € Rep;(G(k)). Let ¢ C ¢y. Then

FrWF (X V) = max{0*(E) : [Resl), (X"®) : E] > 0} (4.1.9)
and *WF (X)) is the lift of these orbits.

Proof. This is just putting together Equation [4.1.8 and the results in Section [2.2.2]
[ |
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4.2 The Wavefront Set of Spherical Arthur Rep-
resentations

Suppose G is adjoint and split over k. Fix a maximal K-split torus Tk, a root basis
A, and a hyperspecial point zy € A(Tg, K). Let ¢g be the chamber defined as in
the end of Section and I be the corresponding Iwahori-subgroup. Recall from
the end of Section the definitions of dff ;. and dZ}K. Let (m, X) be the spherical
Arthur representation with parameter QY. With respect to Lusztig’s parameterisation
of representations with cuspidal unipotent support, this is the representation with
parameter [(q%hv, 0,triv)], where h" is a neutral element for an sly-triple for QY. In

this section we will prove the following theorem.

Theorem 4.2.1. Let (7, X) be the spherical Arthur representation with parameter
OV e N,J. Then

KWF(X) = d§ 1, (0%,1), *WF(X) = d, (0Y). (4.2.1)

Remark 4.2.2. The results we prove in [I0] imply that the above theorem holds with-

out the restriction that G is adjoint.

Let n € QY. Our strategy is to apply Theorem [4.1.3] The conditions apply since X
is Iwahori spherical (since it is spherical). The first step is thus to get a grasp on the 1%
structure of (X I(°))q_>1. With respect to Lusztig’s parameterisation of representations
with cuspidal unipotent support, AZ(X) corresponds to [(q%hv, n, triv)|, where h" is
a neutral element for @Y. In particular sy = 1 (as defined in Equation and so
by Theorem [4.1.2] (1), AZ(X) is tempered. Let Y’ be the standard module of AZ(X)
(so that AZ(X) is the unique simple quotient of Y’). Then since AZ(X) is tempered,
by [21, Theorem 8.2] we have that Y’ = AZ(X). In particular, by [41], Corollary 8.1]
we have that

(AZ(X)M), 1 = (V)yn = sgn @H" (BY)™

where X, acts trivially on the total cohomology space. It follows that
(XI(U))qal _ H*(Br\:)triv

and that the action of W factors through - : W — W. It thus suffices to understand
H*(BY)" as a W-module and to do this we will use the theory of perverse sheaves.
We adopt the conventions of [43], except that we will work with perverse sheaves

over C rather than [-adic sheaves, and we will ignore shifts since we are exclusively
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interested in the total cohomology. For J € P(A), we will write ¢(.J) for the face of ¢q
with type equal to J, and we write W; in place of W, for notational convenience.

Let 7 : E;V — g” be the Grothendieck resolution and C be the constant sheaf on
g". Let NV be the nilpotent cone on of g¥. Then m,C = IC(g¥, £) where L is the
local system on the regular semisimple elements g,Yeg obtained by pushing forward
the constant sheaf along 77'(g,,) = 8,,- This map is an etale covering with Galois
group WV and L is a GV-equivariant sheaf of WV representations. We can thus
decompose it as £ = D perpmvy E ® L. Thus mC = D permvy £ @ 1C(g7, L)
and we have that IC(g¥, Lg) |yv= IC(O¥%, £g) where the map E — (0, Eg) is the
Springer correspondence [43]. Thus m.C [xv= D pcrmv) IC(0}, &x).

Lemma 4.2.3. Let J € P(A) and E € Irr(W)). View W; as a subgroup of W wvia
W, > W =S WY, (4.2.2)

The first map is the projection map - : W= W. Define K ;g to be the perverse sheaf

Kip= @ [E:dy, EJIC(O,Ew). (4.2.3)
E'elrr(WV)

Then the support of K ;g lies in the closure of dst, (c(J), O°(E)).

Proof. By [2, Proposition 4.3], [Ind%;E : E'] > 0 implies that O, < Indﬂj)@” where
Q" is the Springer support of the unique special representation in the same family as
E. But Q" = dps(0'(E)) and so in fact

O < dsay 1 (c(]), 0°(E)) = dsr,c (c(J), 0°(E))

where the last equality is Proposition m Therefore supp(K; g) is contained in the
closure of dg, (c(J),0°(E)) as required. |

Theorem 4.2.4. Let n € NV and O} = GV .n.

1. For all J € P(A) and E € Irr(W;) such that E is an irreducible constituent of
Resy, H*(BY)"™™, we have that Oy < dgr, (c(J),0%(E)).

2. Let O € 5{11{(6114(@;/, 1)) and (¢(J), Q') € Ifdm(@). Let E be the special repre-
sentation of Wy corresponding to dy,,,(Q'). Then

[E: Resly, H*(BY)""] = 1. (4.2.4)
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Proof. 1. Let J € P(A) and E € Irr(W;). We have that

[E:Resly H*(B))] = [E:Resly, @ E ®H;IC[Oy.&p)]  (4.2.5)

E'elrr(WV)
= Y [E':Indy E]dim H;IC(Q}, &)  (4.2.6)
E’elrr(W)

Thus if [E : Res%JH* (BY)] > 0 then

n € suppK;p C dgr,(c(J), 0 (E)).

But [E : Res%JH*(B,Y)t”“] > 0 implies that [F : Res%JH*(B,Y)] > 0 and so
indeed Q) < dgt,(c(J),0*(E)).

. Let @,c, Q', E be as in the statement of the theorem. Since O’ is distin-

guished, it is special and so Q@/(E) = @' and O = O(c(J), 0¢(E)). Let E' =
JWSE. Then [Indj, E : E'] = 1, 0% = dssr.(c(J),0%(E)) = OY, and
Epr is the trivial local system. Since [E” : Ind%}vE] > 0 implies that O}, <
ds .z (c(J),0°(E)) = Q) |2, Proposition 4.3], we have that

H*(Kyp) loy= ) [E" : Indyy E)Epn. (4.2.8)
E”EIrr(WV):@é,,:@X

By a similar calculation as above we have that [F : Res%JH *(BY)irv] = [triv :

H*(K;g) lov]. Thus [E : Resy, H*(B))"™"] = [E': Ind%jE] =1 as required.
|

We can now give a proof of Theorem [4.2.1]
Proof. Let J € P(A). By Theorem we know that

KWF,()(X) = {£L(c, 0°(E)) : E € Ire(W,), [E : Resll) V'] > 0}. (4.2.9)

By part 1 of Theorem , for any O € KWF(7)(X) we have dg T, (0) > Q. By
Theorem m, it follows that 6, (0) <4 d4(0Y,1). But by part 2 of Theorem

4.2.4

we have that for any O € 5}L(d,4(@v, 1)) and (¢(J),0') € Ig(;d(@) we have that

0 € KWF)(X). Tt follows that

EWF(X) = 05} (d4(0Y,1)) = d}§ (0, 1).

Since N, (k/K)(0) = d*(0Y) for any O € 03! (d4(0Y, 1)) it follows that

FWF(X) = d*(0V).
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