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Abstract

The central theme of this thesis is the application of mirror symmetry
to the study of the arithmetic geometry of Calabi-Yau threefolds. More
specifically, we will study two important types of singular fibers that occur
in the mirror family: the large complex structure limit and the conifold
singularity. Given a mirror pair (M, W) of Calabi-Yau threefolds, we
conjecture that the limit mixed Hodge structure on H?(W, Q) at the large

complex structure limit of the complex moduli space of W splits into
Mo Q(-1)"" ™ @ Q(-2)""™

where M is a mixed Hodge-Tate structure that is an extension of Q(—3)
by Q(0). The dual of M, denoted by MV is an extension of Q(0) by Q(3),
whose image in Extllvms@ (Q(0),Q(3)) (which is isomorphic to C/(274)*Q)
is conjectured to be the coset of a rational multiple of (274)3Y0, where
Yooo is the constant term of the prepotential F on the complexified Kéhler
moduli space of M. The proof of this conjecture is potentially very hard,
so instead we will give an interesting example in support of it, which also
illuminates the general case. More precisely, we will study the mirror
symmetry of a self-mirror Calabi-Yau threefold Xg with Hodge numbers
h'' = h'? = 2, and we will compute the limit mixed Hodge structure on
H3(Xg,Q) at the large complex structure limit and show that it satisfies

the predictions of this conjecture.

If further the mirror family, which is a deformation of W, is defined over
Q and the large complex structure limit is a rational point, then the limit
mixed Hodge structure is conjectured to be computed by the Hodge real-
isation of the limit motive constructed by Ayoub’s motivic nearby cycle
functor. In all examples of mirror pairs where Yo has been computed, it

is always of the form

—3x(M)¢(3)/(2mi)® +r,7€Q



where x (M) is the Euler characteristic of M. In this thesis we will observe
the interesting connections between this conjecture and periods of mixed

Tate motives, which also provides a motivic explanation for the occurrence

of <(3> in YE)00.

We will also study the interesting connections between the conifold tran-
sition and Beilinson’s conjecture on the central values of L-functions, and
we will focus on the conifold transition in the mirror family of the quintic,
but our constructions work more generally. The conifold W; of the mirror
family of the quintic is a threefold defined over Q with singularity that
consists of a single rational double point. Its zeta functions are
(1—(p/5)pT)(1 —ay(p) T +p°T?)
A=D1 pT (- pTo (1 —p1) P77

where as(p) is the p-th coefficient in the g-expansion of a modular form
f of weight 4 and level 25. Suppose Wl is the blow up of W; at its
double point, we will show that the L-function of the pure motive hB(Wl)
is L(f,s). By restriction of base field, the variety Wi x Q(5"/2) defines
a variety over Q whose L-function is L(f,s) - L(f ® (-/5),s). Beilinson’s

conjecture predicts that

dimg CH2 (W, x Q(5"2)), @2 Q = ord,_y L(h*(Wr x Q(5'2)), s)

where CH? (W1 ®@(51/2))0 is the subgroup of CH? (W1®Q(51/2)) that con-
sists of cycle classes homologous to zero. We will show that L( f®(-/5), 3)
vanishes at s = 2, hence the right hand side is > 1. To test Beilinson’s con-
jecture, we want to construct a non-torsion algebraic cycle of Wy x Q(5/2)
that is homologous to zero. Over Q(5'/2), W, admits two small resolutions
Wf,i = 1,2, which are constructed from the contractions of the excep-
tional divisor of Wl in the category of algebraic spaces. The exceptional
curve C; of the small resolution )7\/\{ is a conic that is homologous to zero,
and it pulls back to a cycle class [C;] of CH2(W,; ® Q(5/2)) that is homol-
ogous to zero. The involution of Gal(Q(5'/2)/Q) induces an involution
of Wi x Q(5'/2), which maps [C;] to —[C;]. This property corresponds
to the fact that it is the twisted L-function L(f ® (-/5),s), not L(f,s),
that vanishes at s = 2. To test Beilinson’s conjecture, we have to show
[6’2] is not torsion, but our argument depends on a conjecture of Beilinson
and Bloch, and a property of the periods of the threeform defined on the

smooth locus of W;.
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Chapter 1

Introduction

The mirror symmetry conjecture, roughly speaking, predicts the existence of mirror
pairs (M, W) of Calabi-Yau threefolds such that the complexified Kahler moduli space
of M is isomorphic to an open subset of the complex moduli space of W, which is a
neighbourhood of a special boundary point called the large complex structure limit.
The complexified Kéhler moduli space of M, denoted by .# (M), is essentially the
space whose points represent the Kéhler structures of M, while the complex moduli
space of W, denoted by .#-(W), is the space whose points represent the complex
structures of W. The isomorphism between .# (M) and a neighbourhood of the large
complex structure limit in .#x(W) is called the mirror map, which is constructed by
identifying certain functions on 4y (M) with those on .Zc(W) [23| B0, 5I]. Mirror
symmetry is a very powerful tool in the study of algebraic geometry, as it allows one to
transfer questions that are very difficult on one side to considerably easier questions
on the other side. For example, the Yukawa couplings on the Kéahler side which
encodes enumerative invariants are very difficult to compute, but on the complex
side the computations of Yukawa couplings are considerably much easier. In the past
three decades, we have witnessed the great success of mirror symmetry. At the same

time a vague question has come to the minds of both physicists and mathematicians:

Can mirror symmetry be applied to the study of arithmetic geometry

and number theory?

There is much positive evidence that this should be so, but still we are at a very early
stage and very little is known. The main purpose of this thesis is to provide more
compelling evidence to support that this is indeed a right question to ask.

In algebraic geometry, given a family of varieties, usually the singular fibers encode

a lot of essential information about the properties of the family. In this thesis, we will



follow this philosophy and study the singular fibers that occur in the mirror family,
which is a deformation of W. More precisely, we will focus on the following two

important types of singular fibers that occur in the mirror family,
1. the large complex structure limit.
2. the conifold singularity of one parameter mirror family.

We now give a brief overview of each of these two cases in the introduction.

1.1 The large complex structure limit and mixed
motives

Suppose X is an algebraic variety defined over QQ, then it defines an analytic variety
that will be denoted by X(C). Now let us recall how to construct the singular
cohomology groups H'(X(C),Q): first construct a complex

?

° . N r N r+1 r+2

where each object Cj is a rational vector space. Then the singular cohomology group
H'(X(C), Q) is given by the cohomology of this complex, H*(Cp), which is also called
the Betti cohomology of X. The constructions of the algebraic de Rham cohomology
and the étale cohomology of X have similar philosophy: first construct a complex of
vector spaces over a field and then take the cohomology of this complex. Grothedieck’s
vision, supplemented by Deligne, Beilinson and many other mathematicians, is that
there should exist an abelian category MMg over Q which acts as a universal coho-
mology theory of varieties defined over QQ. More precisely, for every variety X defined
over Q, there is a complex of objects of MM, whose cohomology groups act as the
universal cohomology of X, in the sense that all the other cohomology theories of X
are the realisations of this master cohomology theory, like the different incarnations
of the avatar.

Currently, however, the construction of the abelian category MMy is still far be-
yond our reach, and the best thing we have is a triangulated category DM, (Q, Q)
which has almost all the expected properties of the derived category of the conjec-
tured MMy, except for those properties that need DMy, (Q, Q) to be realised as the
derived category of an abelian category, such as a motivic t-structure. Intuitively, a
triangluated category is a category which have similar properties as the category of

complexes of an abelian category (which is modelled on the category of vector spaces).



A t-structure on a triangulated category is a way to realise it as the complex of an
abelian category. For a variety X, we have an object My, (X) in DMy, (Q, Q) which
looks like a complex, but we do not know how to take its cohomology. However, inside
DM, (Q, Q) there is a triangulated subcategory which does have a t-structure, and
the abelian category obtained from it is the category of mixed Tate motives TMjg.
The reader is referred to Appendix [A] and Appendix [B| for more detail.

One of our motivations is the question whether mirror symmetry can be applied
to the study of mixed motives, and whether the theory of mixed motives can offer
new insights into the study of mirror symmetry. In this thesis, we will observe the
interesting connections between the limit mixed Hodge structure at the large complex

structure limit and the following conjecture.

Period Conjecture: suppose a mized Hodge-Tate structure P occurs as a direct
summand of HI(R(N)),q € Z, where N is an object of DM, (Q,Q) and R is the

Hodge realisation functor
R : DM,,,(Q,Q) — D°(MHSy).

See Appendz’:c@ for more detail. Suppose further that it is an extension of Q(0) by
Q(n),n > 3, then the class of P in

C/(2mi)"Q =~ EIt}\/[HSQ (Q(())a Q(”))

(see equation [B.18) is the coset of a rational multiple of ((n).

Remark 1.1.1. If N is isomorphic to an object of DTMqy (the derived category of
TMy), then it follows from the computations in algebraic K-theory that this conjec-

ture is true. See Appendiz[B for more detail.

1.1.1 The limit MHS at the large complex structure limit

For the mirror pair (M, W) of Calabi-Yau threefolds, the large complex structure limit
of the mirror family (a deformation of W) is a special point in the base space where
the irreducible components of the discriminant locus crossing normally, and moreover
the monodromy matrices satisfy certain properties. When the base space of the mirror
family is one dimensional, i.e. h'?(W) = 1, it just means that the monodromy around

the large complex structure limit is maximally unipotent [23],80]. In this case we have



shown in [72] that the limit mixed Hodge structure on H3(W, Q) at the large complex

structure limit splits into
Mo Q(-1) @ Q(-2),

where M is a mixed Hodge-Tate object that is an extension of Q(—3) by Q(0).

Therefore the dual of M, denoted by MY, is an extension of Q(0) by Q(3). The
extensions of Q(0) by Q(3) form a group which is given by

Extams, (Q0), Q(3)) = C/(27i)°Q.

The image of MY in C/(274)?Q is shown to be a rational multiple of (277)3Yogo,
where Yy is the constant term of the perturbative part of the prepotential F on the

complexified Kahler moduli space of M.

Remark 1.1.2. For the mirror pair (M, W), the prepotential F on the complezified

Kahler moduli space of M has an expansion of the form
r__1 SO Vit 1 S Youtith - 1 S Yoort' — Lyt F
6 i 2 iJ 2 % 6 )

where {t;} are the flat coordinates of M (M), and F" is the non-perturbative in-

stanton correction.

So it is a natural question to ask what is the limit mixed Hodge structure on H3(W, Q)
at the large complex structure limit of a general mirror pair (M, W), and we have the

following conjecture.

Conjecture LMHS: for a general mirror pair (M, W), the limit mized Hodge

structure on H3(W, Q) at the large complex structure limit splits into
Mo Q(-1)"" " @ Q(-2)"*™),

where M is an extension of Q(—3) by Q(0). Therefore its dual MY is an extension
of Q(0) by Q(3), whose image in C/(27i)3Q is the coset of a rational multiple of
(27)3Yo00, where Yoo is the constant term of the perturbative part of the prepotential
F on the complexified Kdahler moduli space of M.

Suppose now the mirror family is defined over QQ and the large complex structure
limit is a rational point, then from Ayoub’s motivic nearby cycle functor, there exists
a limit mixed motive M at the large complex structure limit, which is an object
of DM,,,(Q, Q). Its Hodge realisation 93(M) is an object of the bounded derived
category of the mixed Hodge structures over Q, D’ (MHSg). From Conjecture

4



R(M) is expected to compute the limit mixed Hodge structures of W, in
particular H3(R(M)) is the limit mixed Hodge structure on H3(W,Q) at the large
complex structure limit. On the other hand, in all mirror pairs where the coefficient

Yoo has been computed, it is always of the form

YE)()(] = —BX(M) (57(;;;3 +r, re @ (11)

Conclusion: assuming mirror symmetry conjecture, Conjecture LMHS and
Conjecture [C.2.1] then the limit mixed motive M is an interesting example of the
Period Conjecture. On the other hand, if we assume mirror symmetry conjecture,

Conjecture LMHS, Conjecture and Period Conjecture, then the coset of
the constant term Ypgo in C/(27i)3Q is the coset of a rational multiple of ¢(3), which

provides a motivic explanation of the occurrence of ((3) in Yygo.

1.1.2 Mirror symmetry of a self-mirror Calabi-Yau threefold

The proof of Conjecture LMHS is potentially very hard, so instead we will study
an illuminating example that supports this conjecture. More precisely we will study

the mirror symmetry a self-mirror Calabi-Yau threefold Xg with Hodge numbers
M(Xg) = dim H'' (Xeg) =2, h'%*(Xg) = dim H?(Xe) = 2.

After that we will compute the limit mixed Hodge structure on H3(Xg, Q) at the
large complex structure limit, and show it satisfies the predictions of Conjecture
LMHS. The construction of Xg is very interesting in its own right. We start with
a complete intersection Calabi-Yau threefold Y, which is a subvariety of (P%)* cut
out by five multi-homogeneous polynomials. The threefold Y admits a free action by
a finite group & (the dicyclic group of order 12), and the quotient Yy := Y/® is a
Calabi-Yau threefold with Hodge numbers

RH(Ye) =1, h'%(Ye) = 4.
The threefold Yg has a deformation given by
Tye @ Vo — Pé.

Moreover, there exists a commutative diagram of the form

Ve — Vg — Vo

s s TY,
l Ye Ye ®

1. . P2 < . Pt
PC /]:ED(C /]P>(c




the terms of which will be explained now. The P% is part of the discriminant locus
of Ty, and over it we have a subfamily 7y, . A general fiber of 7y, is denoted by
Yy, which is a singular threefold with singularity that consists of three double points.
While inside this PZ, there is a one dimensional discriminant locus P§, over which we
have a subfamily 737 . A general fiber of 737, denoted by Yg®, is a singular threefold
with singularity that consists of 6 double points. The 6 double points of Y3* can be
resolved by a projective small resolution, and after resolution we get a Calabi-Yau
threefold Yy with Hodge numbers

YY) =4, h'2(Yy) =1

and furthermore Y is the mirror threefold of Y. The three double points of Y§ can
also be resolved by a projective small resolution, and after resolution we get a Calabi-
Yau threefold X with Hodge numbers h!'! = h'? = 2. The intuitive observation is
that the conifold Yy falls in the middle ground between Yy and Yg®, therefore it is
expected that its resolution Xg is self-mirror. What’s more, the mirror family of X
is defined over Q.

The mirror symmetry of Xg will be studied carefully in this thesis. We will
construct two divisors € and d, which form a basis of H?(Xg,Z) (modulo torsion)
and more importantly, they will be shown to lie in the closure of the Kahler cone of
Xg. Hence they define a framing of Xy and the complexified Kahler moduli space
of Xg is given by {t;e + 120 : t; € H}, where H is the upper half plane of C. The
rank of the homology group Hs(Xg,Z) is also two, and we will construct two one-
dimensional algebraic cycles I'. and I's which form a basis of Hy(Xe,Z) (modulo
torsions). Furthermore {T'¢, s} is dual to {¢,d}, and this will be important when we
study the Gromov-Witten invariants of X.

From toric geometry, there is a threeform g defined on the mirror family of
X, which is defined over Q. By integrating {2g over an explicit cycle of H3(Xg,Z),
we obtain a period wy that is called the fundamental period of Xg. The other five
linearly independent periods of X will be found by solving Picard-Fuchs equations,
but first we need to find the Picard-Fuchs operators of Xg. For the threefold X, the
complexity of Griffiths-Dwork method is too great for a computer, therefore we have
to have recourse to the method introduced in the original paper [23]. Even though
it is not mathematically rigorous, but it nevertheless works. More precisely, we look

for partial differential operators £ such that

£W0 :O,



and since we have got a power series expansion of w, we can solve this equation to
find £. This method can be programmed by Mathematica, but the drawback is that
from a mathematical point of view we have not proved they are indeed Picard-Fuchs
operators of Xg. Assuming they are, we face the challenging task of solving these
equations, which are PDEs in two variables, and with much labour, we solve these
PDEs by the Frobenius method. Suppose (¢, v) form a local coordinate of the base
space of the mirror family, then there exist canonical solutions of the Picard-Fuchs

equations of Xg given by

wo = ho
1
w1 —%(wolog@+hl)
1 2
Wy = @ni)? (wo log” p + 2 hy log o + ho)
L 1
8= (2mi)3 (w0 log’p + (3 hy + ga) log®p + (312 + 2 g5) log ¢ + hs) + 507 P2 log v
1
W =5 (o logv + g4)
1
ws = (27T’L)2 (?DO 1Og(p IOgV + ga IOgSD + hy logy + 95)
! logv + — ! (g4 log ¢ + g5)
— Wy log Vv [0}
T om 08 (2mi)? 94 08¢ T 95
"y logé+ = (hi logv + gs)
= —— Wy 10 og
omg 04 108 2mi)z gV +9s

where hg, hy, hs, h3, g4 and g5 are power series in ¢ and v that satisfy the conditions
ho(0,0) =1; h;i(0,0)=0, Vi>0; ¢;(0,0) =0,V j.

The coefficients of the power series expansions of h; and g; are determined uniquely
by recursion relations that follow from the Picard-Fuchs equations, and using Math-
ematica, we have computed the first ten thousand terms of each of these functions.
The monodromy of the above canonical periods can be easily found from their
form, from which we find that ¢ = v = 0 is the large complex structure limit of Xg.

Moreover the mirror map is given by the identifications
tl Ewl/wm tQEW4/wO.

We will compute the Yukawa couplings of X and their instanton expansions, from

which we find the Gromov-Witten invariants of Xg. It is very interesting that the
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mirror symmetry of Xg is closely related to the mirror symmetry of the mirror pair
(Ys,Yy), which will be discussed later in Section [7.7]

Based on the study of the mirror symmetry of X, we will compute the limit mixed
Hodge structure on H3(Xg, Q) at the large complex structure limit and show it satis-
fies the predictions of Conjecture LMHS. The method used in the computations of
the limit mixed Hodge structure is constructive and it works even for a general mirror

pair. Furthermore, this method sheds light on the nature of Conjecture LMHS.

1.2 The conifold transition and Beilinson’s conjec-
ture

The study of L-functions has been one of the central areas in number theory, while
this study is very substantial, many parts are still largely conjectural. There are
many important conjectures regarding the behaviour of L-functions. Among these
are Beilinson’s conjectures on the values of L-functions at integral points, which
can be considered as far-reaching generalisations of the Birch and Swinnerton-Dyer
conjecture on the L-functions of elliptic curves. Beilinson’s conjectures have also been
crucial driving forces in the developments of many areas, including mixed motives,
algebraic K-theory etc. However Beilinson’s conjectures still lie far beyond our reach,
and one of our motivations is whether mirror symmetry could be applied to the study
of them. In this thesis, we will observe interesting connections between the conifold
transition and Beilinson’s conjectures. Ever since the paper [23], conifold transition
has attracted the interests of both physicists and mathematicians. In recent years,
Candelas, de la Ossa, Rodriguez-Villegas, van Staten and others have studied the
zeta functions of conifolds in one-parameter mirror families, and they possess very
interesting properties. Here, we will focus on the conifold of the mirror family of
the quintic, but our constructions work more generally for the conifolds of any other
one-parameter mirror family.

The mirror family of quintic, denoted by W — IP’}@, is a fibration defined over Q.
Following conventions of [23], 30], the conifold in this family is the singular fiber of
W over the rational point 1 € P, hence it will be denoted by W, while 1 € ]P’(b will
be called the conifold point. We will call W, the quintic mirror conifold, which is
a singular variety with singularity that consists of a rational double point. The local

structure of the double point of W is isomorphic to that of the double point O of



the hypersurface in A?‘Q defined by the rational polynomial
2 2, 2 5,9 4

u1+3u2+§u3+§u4+g(u1,u2,u3,u4) =0, (1.2)
where {u;};_, are the affine coordinates of Aa and the monomials of g have degrees
> 3. The mirror family of the quintic is constructed as a family of hypersurfaces in
a toric fourfold, therefore there is a natural choice of an integral model of VW, which
only has bad reduction at p = 5. In the pioneering work of [24], the zeta functions of
Wi was computed which are given by

(1—=x(p)pT) (1 —ap(p) T+ p*T?) L5
(1_T) (1—pT)101(1—p2T)101 (1—p3T)’ p )

m (p,T) = (1.3)

where x is the real Dirichlet character (-/5) and as(p) is the p-th coefficient in the

g-expansion of a newform f with weight 4 and level 25 given by

f=n(57)* [77(7)4 +5n(7)> n(257) 4 201(7)? n(257) + 25 n(7) (257)* + 25 77(257)4] .
(1.4)
Here n(7) is Dedekind’s n-function

2w T
24

) H (1 — exp(2mi ’7')), with g := exp(27i 7).

n=1

n(7) = exp (

1.2.1 The zeta functions of the blow up of the quintic mirror
conifold

It is very interesting that the numerator of [1.3| factors as the product of a linear poly-
nomial and a quadratic polynomial, while the quadratic polynomial gains modularity.
But why does the Dirichlet character x appear in the linear polynomial and where
does modularity come from? The smooth models of a singular variety usually contain
lots of essential information, so let us first look at the blow up of the quintic mirror
conifold.

Let VN\/l be the blow up of W at its double point, which is a smooth variety defined
over Q. The exceptional divisor D! of VNV1 is isomorphic to the quadratic surface of

IP’(?@ defined by the equation

2 5)

where (Uy,---,U,) are the projective coordinates of IP’;Q@. The determinant of the

UZ+3U2 +

quadratic polynomial in equation is 5, and the zeta functions of the pure motive
h3(D') are
(1=pT)1—=x(p)pT), p#5.
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The blow up Wl induces a homomorphism of étale cohomology groups

H(?t(wl,@a @6) — Hgt(wl,@v @f)a

which will be shown to be surjective with kernel that is isomorphic to Qy(0) ® x. The
smooth variety Wl also only has bad reduction at p = 5. The zeta functions of the

pure motive hg(Wl) are given by
1—ap(p) T +p°T? p+#5, (1.6)

hence the L-function L(h?’(Wl), s) is just the L-function associated to the modular
form f, i.e. L(f,s). However it turns out to be more natural to consider everything
over the quadratic field F := Q(5'/2). By extension of base field, W, defines a smooth
projective variety

Wl’p = Wl XQ F,
over F', then by restriction of base field, 17\//17 r defines a variety 17\//1, r/q over Q by
WLF/Q : Wl,p — Spec F' — Spec Q.

The involution ¢ of Gal(F/Q) which maps 5'/2 to —5'/2 defines an involution of )f/\\//lv F/Q

(as a Q-variety), which further gives two idempotent correspondences

(1+0)/2, (1—0)/2.

The two correspondences decompose the pure motive h3()7\//1, F/Q) into the direct sum

R Wi rg) = (BPWirja), (1+0)/2) @ (BB (Wi k), (1 —0)/2)
= W) @ (BPOW) ® X),

where x also means the pure motive associated to the Dirichlet character y, hence

the L-function of h3(W1, F/Q) is given by
L(WWyrpa).s) = L(f,5) - L(f © x. ).
1.2.2 A test of Beilinson’s conjecture
Beilinson’s conjecture on central values of L-functions predicts that
dimg CH? (W )0 @2 Q = ord,—y L(R* (W) /0), 5). (1.7)

We will prove that L(f ® x, s) vanishes at s = 2, which immediately shows that the

right hand side is > 1. To test Beilinson’s conjecture, we need to show that the left
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hand side is also > 1, i.e. we want to construct a non-torsion codimension-2 algebraic
cycle that is homologous to zero.

It has been noticed in [22] that the exceptional curve of a small resolution of
Wi (C), the singular complex analytical variety defined by W;, is homologous to
zero. This property is already very interesting from the physics point of view for its
potential connection to supersymmetry breaking. But we are studying the arithmetic
geometry of Wi, hence we would want to construct the algebraic small resolutions.
However since a blow up is always projective, this property eliminates the possibility
of constructing an algebraic small resolution of W, by blowing up a smooth surface
that contains the double point.

The strategy to construct algebraic small resolutions of W; is to contract the
exceptional divisor D! of 17\//1 to its Hilbert scheme in the category of algebraic spaces.
The Hilbert scheme of lines in D! has two disconnected components C;,i = 1,2, both
of which are conics defined over Q(5'/2). Moreover, D} := D' xq F is fibered over

C;, and the fibration morphism is given by
pi:Dp—Ci, i=1,2,

whose fibers are conics. From Artin’s work [2], there exist algebraic spaces 17\/\{ and
morphisms \;
A WLF — W\{, 1=1,2,

such that the restriction of \; to D% is p;, while being an isomorphism outside D}.. We
can further contract the conic C; to the double point of W, p, therefore the algebraic
space )7\/\{ is indeed an algebraic small resolution of WW;. The analytification of Cj is
isomorphic to P& which is homologous to zero.

By restriction of base field, )7\/\{ defines an algebraic space over Q
Wig:Wi—F—Q
and the involution ¢ of Gal(F/Q) yields a commutative diagram

Wi rig —— Wik

Mk
Wi —— Wiy

Under the morphism );, the cycle class [C;] pulls back to a cycle class in CH? (Wl F),
and by intersection theory [45], the pull back is represented by an algebraic cycle Ci

11



with support that lies in D}. From the construction of the cycle class map, [d] is
also homologous to zero, hence it lies in CH*(W), r)o. The Chow group is invariant

under restriction of base field, and there is a canonical isomorphism
CHz(Wl,F>O = CHQ(WLF/Q)O,

therefore [C}] also lies in CHQ(WL #/Q)o- By explicit computation, we will show that
[C1] = —[C,], while the involution « maps [C1] to —[Cy], so we have

S0+ =0, S(1-0(C) =[G

Thus in a non-rigorous sense, [C;] is an algebraic cycle associated to the pure motive
h3()7\71) ® X, and this corresponds to the fact that it is L(f ® x, s), not L(f,s), that
vanishes at s = 2.

But we still do not know whether the cycle class [C;] is non-torsion, i.e. whether
it is nonzero in CHQ(VNVL F)o ®z Q. To proceed, we will need a conjecture of Beilinson
and Bloch [13] 14]: the general Abel-Jacobi map is injective up to torsions. From
this conjecture, we will show that [@] is non-torsion if and only if the following short
exact sequence does not split

0 — ker 8* —— H3W;(C),Q) -2 H*(W,(C),Q) —— 0,  (1.8)
where H3(W;(C), Q) means the mixed Hodge structure on the singular cohomology
group H3(W;(C),Q), etc. So we need to find a way to compute the mixed Hodge
structure on W, and the short exact sequence [L.§| explicitly. Our strategy is to
compute the limit MHS of the mirror family of the quintic at W, then from local
invariant cycle theorem we will show that the MHS on W is isomorphic to the sub-
MHS of the limit MHS that is the kernel of the monodromy operator [88], 95].

Conclusion: there exist three cycles A;|y—1, B1|y=1 and Bs|y—1 that form a basis
of H3(W,(C), Q). The short exact sequence does not split if and only if

/ le#T'/ QWI +T,/ QWU VT', rle@a
Ba|y=1 Atlyp=1 Bil|yp=1

where €))y, is a nowhere vanishing threeform defined on the smooth locus of W,. This

show partial evidence that the extension [1.8|is non-trivial.
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1.3 Layout of the thesis

The structure of the body of this thesis is as follows:

e Chapter |2 discusses briefly Beilinson’s conjecture on the central values of L-

functions.

e Chapter |3 discusses Schmid’s and Steenbrink’s constructions of limit mixed

Hodge structures.
e Chapter {]is a brief overview of mirror symmetry.
e Chapter 5| discusses the construction of the self-mirror Calabi-Yau threefold Xg.

e Chapter [6] describes the construction of two divisors {¢, 0} of X, which lies in
the closure of the Kahler cone of X and form a basis of H*(Xg,Z) (modulo
torsions). It also computes the triple intersection products of the two divisors,
which are important for the computations of Yukawa couplings. Furthermore,

it describes the construction of two one dimensional curves which form a basis
of Hy(Xg,Z) (modulo torsions).

e Chapter 7| computes the canonical periods of Xg by solving Picard-Fuchs equa-
tions. We will find the large complex structure limit of Xy and compute the
instanton expansion of its Yukawa couplings, from which we find the Gromov-

Witten invariants of X.

e Chapter |8]is concerned with the computations of the limit mixed Hodge struc-
ture on H*(Xg, Q) at the large complex structure limit. We will show it satisfies
all the predictions of Conjecture LMHS.

e Chapter [J]is concerned with the construction of the mirror family of the quintic
Calabi-Yau threefold.

e Chapter [10] studies the small resolutions of the conifold in the mirror family of

the quintic Calabi-Yau threefold (which is called quintic mirror conifold).

e Chapter [11] studies the étale cohomology groups of the blow up and the small
resolutions of the quintic mirror conifold. It also studies the extensions induced

by the exceptional curves of the small resolutions.
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e Chapter studies the interesting connections between the blow up of the
quintic mirror conifold and Beilinson’s conjecture on the central values of L-

functions.

e Chapter [13| studies the limit mixed Hodge structure of the mirror family of the
quintic at the quintic mirror conifold. It also studies whether the exceptional

curves of the small resolutions induce non-trivial extensions.
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Chapter 2

Beilinson’s Conjecture on the
central values of L-functions

In this chapter, we will introduce Beilinson’s conjecture on the central values of L-

functions. The reader to whom this is familar can skip this chapter completely. We

will follow the papers [83] and [89], which are also strongly recommended. This

chapter also includes some elementary arithmetic geometry, which prepares the back-

ground for later discussions. The structure of this chapter is as follows:

Section is a short discussion of some elementary properties of the absolute
Galois group Gal(Q/Q) that will be needed in the definition of the L-function

of a variety.

Section [2.2| contains a brief discussion of pure motives through their realisations.
We will also briefly talk about three important Weil cohomology theories of

varieties: Betti cohomology, de Rham cohomology and étale cohomology.

Section [2.3|introduces the L-function associated to a pure motive. It also briefly

discusses the expected (conjectured) properties of L-functions.

Section discusses the order of vanishing of L-functions at integer points. It

also introduces Deligne’s period map and Deligne’s period.

Finally, Section discusses Beilinson’s conjecture on the central values of

L-functions.

2.1 The absolute Galois group Gal(Q/Q)

In this section, we will briefly talk about some elementary properties of the absolute
Galois group Gal(Q/Q), all of which can be found from [84] 93, 97]. Suppose K is
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a number field, i.e. it is a finite extension of the field of rational numbers Q. An
element of K is called an algebraic integer if it is a solution to an integral monic
polynomial

24 12" 4+ -+ +ap =0, with a; € Z. (2.1)

The set of algebraic integers forms a subring of K that will be denoted by Ok, and
it includes Z as a subring. The ring Ok is a Dedekind domain, i.e. it is an integral
domain in which every non-zero proper ideal has a unique factorisation as a product
of prime ideals. In particular the principal ideal (p) C O, generated by a prime

number p € 7Z, has a factorisation

() = 5" By, with P, # P, when i # (22)

where each e; is > 1 and are called the ramification indices. Every nonzero prime
ideal of Ok is maximal, therefore Ok /B, is a field that is a finite extension of the
finite field IF, := Z/pZ [93]. The degree of this extension is denoted by

f(Bi/p) = Ok /B - Fy, (2.3)

and it is called the residue class degree. Furthermore we have a relation

g

> e f(Pi/p)=K:Q]. (2.4)

i=1
If any of the numbers e; is > 1, we say p is ramified in O, otherwise we say p is
unramified. If a prime ideal P of Ok occurs in the factorisation [2.2] we say P divides
p and write e(33/p) (resp. f(P/p)) as its ramification index (resp. residue class degree
Ok /P : F,]). The prime number p is said to split in Ok if e; = f(P;/p) = 1 for
every ¢ in the factorisation while p is said to be inert in O if (p) is a prime ideal
of O.

Let Q be an algebraic closure of Q and Z be the subring of Q that consists of
algebraic integers, then the absolute Galois group Gal(Q/Q) is the group of auto-
morphisms of Q. It is a profinite group that is also given by the following inverse
limit

Gal(@/Q) = lim Gal(L/Q), (25)

where L runs over all the finite Galois extensions of Q. This inverse limit endows
Gal(Q/Q) with a topology called the Krull topology, which is compact, Hausdorff and
totally disconnected. For a prime number p € Z, let Q, be the field of p-adic numbers,

whose algebraic closure will be denoted by @p. From the construction of completion,
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an embedding Q — @p is determined by the choice of a prime ideal p C Z such that
PNZ = (p) [93]. The elements of Gal(Q/Q) that admit an extension to a continuous
automorphism of @p form a subgroup D, that is called decomposition group, which
is isomorphic to Gal(@p /Q,). The definition of D, depends on the chosen embedding
Q— @p, or equivalently the chosen prime ideal p, hence it is only well-defined modulo
a conjugation induced by an element of Gal(Q/Q). The quotient of Z, (the ring of
integers of @p) by its maximal ideal is isomorphic to F, (the algebraic closure of F,)

[93]. Moreover we have a short exact sequence [93]

0 > 1, » D, > Gal(F,/F,) —— 0, (2.6)

where I, is called the inertia group. The Galois group Gal(Fp /F,) is a profinite group
Gal(F,/F,) = l'LnGal(Fpn/Fp), (2.7)

which is topologically generated by the Frobenius map
¢p: F, =T, x>’ (2.8)

The map ¢, is also called the arithmetic Frobenius element, while its inverse ¢, Lig

called the geometric Frobenius element.

Remark 2.1.1. For a dicussion of the absolute Galois group Gal(K/K) and its
decomposition groups, inertia groups, Frobenius elements, etc, the reader is referred
to the text [95].

2.2 Pure motives

In this section, we will talk about pure motives through their realisations, and a more
rigorous treatment may be found in Appendix [A] A pure motive is somewhat like an
avatar, which only influences the human world through its incarnations. As human,
we do not really need to know what an avatar is, instead we only need to know its
incarnations. Suppose X is a smooth projective variety defined over a number field

K, and let M be the following pure motive associated to X
M = h'(X)(n), i,n € Z, (2.9)

which has three important realisations [67]:

17



1. The Betti realisation. Suppose ¢ : K — C is an embedding of K into C, then
by extension of the base field X defines a variety over C, namely X x, C. The
C-valued points (classical points) of X x, C, denoted by (X x, C)(C), form a
smooth projective complex manifold. The Betti realisation of M associated to

the embedding o is the singular cohomology group
Mg, == H'((X x, C)(C), Q(n)) = H'((X x,C)(C), Q) ®Q(n), (2.10)

where Q(n) is (27¢)™ Q which has a pure Hodge structure of Hodge type (—n, —n)
[85]. From Hodge theory, there exists a pure Hodge structure on Mg, with

weight w := 17 — 2n, i.e. it has a Hodge decomposition
MB70' ®QC = ®p+q:w Hp,q’ hP1 = dlm(c HPA, (211)

Moreover if ¢ is real, i.e. the image of ¢ is contained in R, then the complex
conjugation ¢ € Gal(C/R) acts on the points of (X X, C)(C), which induces
an involution c¢* of Mp,. Define ¢, to be the involution on Mg, induced by
the action of ¢ on both the points (X x, C)(C) and the coefficient ring Q(n).
Then the conjugate-linear involution ¢, ® ¢ preserves the Hodge decomposition
of Mg, ®C, i.e. it sends H?? to HP.

2. The de Rham realisation. Over the variety X, there exists a complex of sheaves

of algebraic differential forms [98]
Dy 10— Oxyic = Qe 5 5 QP — 0, (2.12)

However in order to define a ‘reasonable’ cohomology theory, we have to choose
an injective resolution Q% K I* in the category of the complex of sheaves on
X, then the de Rham cohomology of X is defined to be [100]

H' (Xzar, Uy ) = H'(T(X, '), (2.13)

which is also called the hypercohomology of Q% K Here X7, means the Zariski
topology on X. The de Rham realisation of M is the hypercohomology of the
shifted complex €%, [n]

Mg = H'(Xzar, Qx/k(n]), where (Q}/K[n])l = Q?(F/Tk (2.14)

which is a finite dimensional K-vector space [I00]. The de Rham realisation

Mgr has a decreasing filtration FPMgg given by
FPMag = H'(Xgar, FPQ 5 [n]), (2.15)
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where the complex FPQYy . [n] is

FPQyln] 10— - = 0 — Q5T 4 " 4.4 O — 0. (2.16)

3. The f-adic realisation. Suppose /¢ is a prime number, then the /-adic cohomology

of X is defined by the inverse limit

Hyy (X7, Qo) = lim H'((X X K)ai, Z/1"Z) @z, Qu, (2.17)

where (X x i K )¢ means the étale topology on the K-variety X7 := X xx K

and Z/¢"Z means the constant étale torsion sheaf on (X Xy K)g. The f-adic

cyclotomic character Q,(1) is defined by the following inverse limit

Q(1) := @N@n(K) ®z, Q¢, (2.18)

where g (K) consists of the ¢"-th roots of unity which admits an action by
ZJVZ. Let Qu(n) be the tensor product Q(1)®", which is a continuous repre-
sentation of the absolute Galois group Gal(K /K) [97]. The (-adic realisation
of M is

My := Hi (X7, Qu) @q, Qe(n), (2.19)

which is also a continuous representation of Gal(K/K) [78].
There are standard comparison isomorphisms between the three realisations [83]:

1. There is an isomorphism [, between the Betti realisation and de Rham realisa-
tion of M
IG : MB,o ®Q C— MdR R (C, (220)

which sends @, H**~* to FPMyg ®, C. The isomorphism I, clearly depends
on the choice of o. If further o is a real embedding, I, sends the involution
¢, @ c on the left hand side to the involution 1 ® ¢ on the right hand.

2. Suppose @ : K < C is an extension of o, then there is an isomorphism Iz

between the Betti realisation and ¢-adic realisation of M
Iiz : Mg, ®g Q¢ — My, (2.21)

which clearly depends on the choice of @. If further o is a real embedding, the
complex conjugation ¢ defines an element *(c) in Gal(K/K). Then I, sends
the involution ¢, ® 1 on the left hand side to the involution *(¢) on the right
hand side.
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The two comparison isomorphisms imply
dimQ(MB’U) = dimK(MdR) = dim@Z(Mg), (222)
and the common dimension is denoted by rk(M), which is called the rank of M.

Example 2.2.1. The pure Tate motive Q(1) is by definition the dual of the Lefschetz

motive h*(PL), whose realisations are:
1. Q(1)p = 2mi Q, which has a pure Hodge structure of type (—1,—1).
2. Q(1)gr = K, with filtrations F°* =0 and F~! = K.
9. Q1) = Qu(L).

The pure Tate motive Q(m) is the tensor product Q(1)®™.

The twist of the pure motive M by the Tate motive Q(m) will be denoted by
M(m) := M ® Q(m), (2.23)
so M can also be written as
M = h(X)®Q(n). (2.24)

There is a Poincaré duality and a hard Lefschetz theorem in each of the three reali-
sations above, which are compatible with each other under the standard comparison

isomorphisms, therefore the dual of M is given by
MY = h(X)Y(=n) = P X) (dimX — n) = A(X)(i —n) = M(w), (2.25)

where w = 7 — 2n is the weight of M.

2.3 The L-functions of pure motives

From last section, the f-adic realisation M, of the pure motive M is a continuous rep-
resentation of the absolute Galois group Gal(K /K). Recall that a non-archimedean
prime v of Ok is given by a prime ideal of Ok [84], [03]. Suppose I, is the inertia
group of v in Gal(K /K), then we say M, is unramified at v if the action of I, on M,
is trivial, in which case the geometric Frobenius element has a well defined action on
M, that will be denoted by Fr, [93, @7]. Since X is a smooth projective variety, the

(-adic realisation M, is pure of weight w. Here ‘pure’ means that there exists a set S

20



consists of finitely many primes such that for a nonarchimedean prime v ¢ S which
does not divide ¢, the representation M, is unramified at v and all the eigenvalues of
Fr, are algebraic numbers with absolute values Nm(v)*/? [40]. Here Nm is the norm
map defined on the fractional ideals of Ok [84], 03]. For a nonarchimedean prime v
of O such that ¢ { Nm(v), let M/* be the subspace of M, that is invariant under the
action of I,. Then the geometric Frobenius element has a well-defined action on M;"
that will also be denoted by Fr,. The characteristic polynomial of M at v is defined
by

P,(M,T) = det(1 — T Fr,|M/*), ¢fNm(v). (2.26)

From Deligne’s proof of Weil conjectures [40], if X has good reduction at the non-

archimedean prime v, we have:

1. P,(M,T) is an integral polynomial of Z[T| and it is independent of the choice
of 4.

2. P,(M,T) has a factorisation of the form

rk(M)
P(M,T)= ] 01 = o;T), (2.27)

j=1
where a; is an algebraic integer with |a;| = Nm(v)*/2 for every j.

The variety X has bad reduction at only finitely many primes, and Serre has a
conjecture about the behaviour of P,(M,T') at these bad primes [94].

Conjecture 2.3.1. For an arbitrary non-archimedean prime v, the characteristic
polynomial P,(M,T) is in Z[T], and it does not depend on the choice of £. The
integral polynomial P,(M,T) has a factorisation

dim(M,")
Pv<M7 T) = H (1 - T)7 (228>

j=1

where for every j, a; is an algebraic integer with absolute value
;| = Nm(v)“i/%, with 0 < w; < w. (2.29)
Assuming this conjecture, the local L-factor of M at v is defined by

L,(M,s) == P;Y(M,Nm(v)™®), (2.30)
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while the L-function of M is defined by

L(M,s) =[] L.(M,s), (2.31)

where the product is over all non-archimedean primes of Og. The local L-factor

L,(M, s) satisfies the following properties [83]
L,(M(m),s) = L,(M,m+s), L,(M;® My,s)= L,(My,s)L,(Ms,s), (2.32)

and the L-function of M satisfies similar properties. Deligne’s theorem and Conjecture
imply that the infinite product occurs in the definition of L(M, s) converges
absolutely when Re(s) > w/2+ 1, hence L(M, s) is a nowhere vanishing holomorphic

function in this region.

Conjecture 2.3.2. The L-function L(M,s) has a meromorphic extension to the
whole complex plane, and the only possible pole occurs at s = w/2 + 1 when w is
an even integer. Moreover, when it is well-defined, the value L(M,w/2 4 1) is non-
zero [35,(89).

The archimedean primes of Ok are given by real embeddings and conjugate pairs
of complex embeddings, and they are also associated with local L-factors [35] 84].

For simplicity, let us define
['gr(s) = /2. ['(s/2), Tc(s):=Tg(s) -Tr(s+1)=2-(2m) % -I'(s). (2.33)

Suppose v is the archimedean prime of Ok that corresponds to o : K — C, then the
associated local L-factor L,(M,s) only depends on the real pure Hodge structure on
Mg, ®g R, which is carefully discussed in [94] and section 5.2 of [35]:

1. If 0 is a complex embedding, L,(M, s) is defined by

Ly(M,s) = [[Tc(s = )" - [ Te(s —p)"" . (2.34)

p<q p<q

2. If o is a real embedding, then if w is odd, L,(M, s) is defined by

Ly(M,s) =[] Te(s —p)"" . (2.35)

p<q

If w is even, the subspace H*/?>%/? decomposes into the direct sum
Hw/?,w/Q — Hw/2,+ D Hw/2,—’ (236)
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where the two subspaces are defined by
8o HUIH = (<1702, Gy Y = (—1)7/2, (2.31)
then L,(M, s) is defined by
s) = H Te(s —p)"™" - Tgr(s — w/2)dime/2’+ Tr(s —w/2+ 1)dime/2’_.

p<q

(2.38)
The local L-factor of M at an archimedean prime v also satisfies [35]
L,(M(m),s) = L,(M,m+s), L,(My & Ms,s) = L,(My,s) - L,(Ms,s). (2.39)
The total L-factor at infinity is defined by

= H Ly(M, s), (2.40)
v]oo

where the product is over all the archimedean primes of Og. The full L-function of
M is defined by

A(M,s) = L(M,s) - Loo(M,s). (2.41)
Conjecture 2.3.3. A(M,s) satisfies the following functional equation [35, (94,
AM,s) =e(M,s) AN(MY,1—s), (2.42)

where (M, s) is of the form a - b° with a and b as non-zero complex numbers. From

equation [2.25, this functional equation can also be rewritten as
AM,s) =e(M,s) A\(M,w+1—s). (2.43)

There is an operation on pure motives called restriction of scalars which maps a
motive M, defined over K, to a motive Rk /q(M) defined over Q [83]

Rijo(M) := I'(Xq) ® Q(n), (2.44)

where X o means X viewed as a variety over Q by

X — Spec K — Spec Q. (2.45)
The local L-factors of the pure motive Rx (M) satisfy [83]
Ly(Ricjg(M HL (M,5), Loo(Rijq(M),s) = [ [ Lo(M,s) (2.46)
v]oo

which immediately 1mphes
L(M,s) = L(Rg/o(M),s). (2.47)

Therefore in order to study the L-functions of pure motives defined over K, we only
need to study the L-functions of pure motives defined over Q. The field Q only has

one archimedean prime oo, which corresponds to the unique embedding of QQ into C.
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2.4 Properties of the L-functions at integral points

Suppose X is a smooth projective variety defined over Q, then we are interested in

the order of vanishing and leading coefficient of L(h*(X)(n), s) at an integral point.

Definition 2.4.1. Suppose f is a holomorphic function and its order of vanishing at
z =a is T, then the leading coefficient f*(a) is defined by

f(a) :=lm (z —a)""f(2). (2.48)

z—a

From equation [2.32] after a possible Tate twist we only need to study L(h*(X)(n), s)
at s = 0. While from the functional equation [2.42] we can further assume 0 is on the
right side of the central point (w + 1)/2 or equals it, i.e. w < —1. Therefore from
now on we will assume that the weight of M = h'(X)(n) satisfies w < —1. There are

three different cases where the behaviours of L(M, s) are of quite different natures:
1. w= —1, and s = 0 is the central point.
2. w = —2, and s = 0 is the near the central point.
3. w < =3, and s = 0 is in the absolutely convergent region.

In this thesis, we will be mostly interested in the case where w = —1, and s = 0 is
the central point. The Gamma function I'(s) does not have any zero point, but it
has a simple pole at non-positive integral points. From the construction of the total
L-factor Lo (M, s) at infinity in Section [2.3] we have [83)] [39]
ords—o Loo(M, s) =0,
—Ol"dszo LOO(M, S) = dlm(@ MdR/FOMdR - dlIIlQ Mér, (249)
LZO(M, 0)/L;(MV(1)7 O) c (27r)wrk(M)/2+dimMg . Q*,

where Mg means the subspace of Mg on which ¢, acts as 1. The standard com-

parison isomorphism I, between the Betti realisation and de Rham realisation is
I : Mg X C— Mar 200) C. (250)

Definition 2.4.2. The period 6(M) is defined as the determinant of I, computed
with respect to the two rational structures Mg and Mgg. More precisely we choose a
rational basis of Mp and a rational basis of Mag, then (M) is the determinant of 1,
computed with respect to these two bases. Therefore 6(M) is only determined up to a

rational multiple, or equivalently it is uniquely determined in C*/Q*.
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Under the comparison isomorphism /., the involution ¢, ® ¢ of Mp ®g C is sent
to the involution 1 ® c of Mgr ®g C. Therefore the real subspace of My ®qg C that is
invariant under the action of ¢, ® ¢ is mapped isomorphically to the real subspace

of Myr ®q C that is invariant under the action of 1 ® ¢, i.e.

Io: My @ R® Mg ®g R(—1) = Myr ®q R, (2.51)
where R(n) := (27i)"R. Hence I, sends Mg ®g R into Mgr ®g R, and Deligne’s
period map is defined by [35]

an s M @9 R — Myr @9 R — (Mar/F*Mgr) ®¢ R. (2.52)
Since [, preserves filtrations on both sides, the kernel of a,, lies in
keray € FONTF° = H =, (2.53)
where we have used the property that the weight w is < 0, therefore Deligne’s period
map ayy is injective.
Remark 2.4.3. The injectivity of apy is equivalent to
Lo(M} ®g R) N FOMyg ®o R = 0. (2.54)

So the first two equations in can be rewritten into

ords—g Loo(M, s) = dimg ker aipy = 0,
(2.55)

—ords—g Lo (M, s) = dimp coker ;.
The isomorphism [2.51] also induces the following homomorphism
Mg ®gR(—1) = Mr@R/Lo(Mf ®gR) = Mar @R/ (1o (M ®gR)+ F° Mar ®gR),
(2.56)
where the last term is just coker a;;. Together with the isomorphism

Mg ®gR(—1) =~ M(-1){ @R, (2.57)

the homomorphism in equation induces a homomorphism 3y, from ker (apr(-1))
to coker oy
B = ker (ang—1y) € M(—=1)f ®g R — coker ay. (2.58)

If the weight of M is not —2, then the weight of M (—1) is not zero, hence equation
is still true, therefore ay;(—y) is still injective, and the domain of 3j; is 0. On the
other hand, if the weight of M is —2, then the weight of M(—1) is 0, so we have
ker ayg(_1) C FOM(=1)p N F M(=1)g = H**(M(—1)5 ©¢ C) = H "~ (Mg g C).
(2.59)
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For weight reasons, the intersection of I.(H " ' (Mp ®¢g C)) and F'Mygr ®g C is
zero, hence the homomorphism [, is injective.

The injectivity of Deligne’s period map a;y induces a short exact sequence
0 —— Mf ®@gR 5 (Myr/F°Mir) ®g R — coker apyy — 0,  (2.60)
which defines an isomorphism
det((Mar/F°Mgr) ®g R) ~ det(Mg ®g R) - det(coker ayy), (2.61)

where det(-) means the highest exterior power of vector spaces. The domain of a;; has
a rational structure Mg, while the target of ap; has a rational structure Mgg / F° Mg,
hence the isomorphism defines a rational structure D(M) on the R-vector space

det(coker apy).

Definition 2.4.4. The pure motive M is called critical (by Deligne [35]) if Deligne’s
period map oy s an isomorphism, in which case the Deligne’s period of M is defined
by

(M) = det(ay) € R*/Q". (2.62)
where the determinant of ar is computed with respect to the rational structures M

and MdR/FOMdR.

If the pure motive M is critical, i.e. «y; is an isomorphism, then coker iy is 0, so
det(coker aps) is canonically isomorphic to R. In this case, the rational structure

D(M) on det(coker apy) is given by
D(M)=c" (M) Q. (2.63)

The weight of the pure motive MY(1) is —w — 2, which can be positive, but let us
still define Deligne’s period map ajyvr)y by

anrvy + (MY(1)g @ R — (MY (1))ar/F (M (1))ar ®g R. (2.64)
The dual of appv(1y is given by [83]
F'Myr @R — Mg (—1) ®g R ~ M ®¢ R/M ®¢ R, (2.65)

which is also the homomorphism induced by the inverse of I,. Remark imme-
diately implies that the map in equation is injective, hence ayyv (1) is surjective.
Therefore we get a short exact sequence

(e Va%

2O (MY (1))ar/FO (MY (1))ar) @ R — 0.
(2.66)

0— ker(onv(l)) — (Mv(l))g ®Q R
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The dual of the short exact sequence [2.60]fits into the following commutative diagram

0 — (F'Mar + M5) @R — (Mg (1) ® Mg ) ®g R — ker(apvm))” — 0

- I 1

0 — (F'Myr + My) g R ——— Mg ®g R ——— coker (aps) — 0
(2.67)

which induces an isomorphism
ker(aprv(ry)Y = coker (o). (2.68)

Under this isomorphism, the rational structure on det(ker(asv())Y) (induced by the
top short exact sequence of [2.67) is mapped to another rational structure B(M) on
det(coker (avpr)) given by

B(M) = (2ri)~4meMs §(M) D(M), (2.69)

—dim@ M];

where the factor (277) comes from the direct summand Mg (—1) in the term

(Mg (—1) ® M3) ®g R. In the paper [35], under some general assumptions Deligne
shows that

(2mi)~imeMs §(M) € (27ri)~dime Mp —wrk(M)/2- (A1 0) Q*, (2.70)

which depends on a conjectural description of rank-1 pure motives. Then equations

[2.70] together with the functional equation tell us
L*(M"(1),0) B(M) = L*(M,0) D(M). (2.71)
2.5 Beilinson’s conjecture on the central values of
L-functions

In this section, we will talk about Beilinson’s conjecture on the central value of
L(h'(X),s) where 7 is an odd integer and X is a smooth projective variety defined

over Q. For simplicity, let n be
ni=(i+1)/2, i=2n—1. (2.72)
The weight w of the pure motive M := h**~1(X)(n) is —1, which immediately implies

1
dimg Mg ®¢ R = dimg (Mgr/F°) @g R = 3 rk M. (2.73)
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Therefore the domain and image of ay; have the same dimension, so the injectiv-
ity of aj; implies it is an isomorphism, hence we can still define Deligne’s period,
ct(h*1(X)(n)). Another crucial ingredient in Beilinson’s conjecture is the height
pairing h

h: (CH"(X)o ®z Q) ®g (CH™ '7"(X), 7 Q) — R, (2.74)

where CH*(X)g is the subgroup of CH*(X) that consists of cycle classes which are
homologous to zero, i.e. the elements of CH*(X) which are mapped to zero by cycle

class map [78].

Remark 2.5.1. Currently, height pairing is still not well understood, and the readers

are referred to [13, [14)] for careful treatments.

Beilinson’s Conjecture: Suppose X is a smooth projective variety defined over Q

and n is an integer such that 0 < 2n —1 < 2dimX, then
1. The height pairing h is non-degenerate.

2. The dimension of CH"(X )y ®z Q is finite, which equals the order of vanishing
of L(h*1(X),s) at s = n.

3. The leading coefficient L*(h*"~1(X),n) is in c* (h*"~1(X)(n))- det(h)-Q*, where
the determinant of h is computed with respect to arbitrary bases of CH"(X)o®7zQ
and CH*™XH1="(X) @7 Q.

For a discussion of Chow groups, the readers are referred to Appendix [A] The

following property of Chow group will be needed later in this thesis.

Lemma 2.5.2. Suppose X is a variety defined over a number field K and X o means

X wviewed as a variety defined over Q by restriction of base field, then we have
CH(X) = CH'(X)q), CH'(X)o = CH (X/q)o- (2.75)

Proof. The prime cycles of X are in one to one bijection with irreducible closed subsets
of X, so the group C*(X) of algebraic cycles of X is isomorphic to the group C*(X )
of algebraic cycles of X,g. From Section 1.3 of [45], rational equivalence is defined
using rational functions on varieties, which also does not change under restriction of

base field. Therefore we have a canonical isomorphism

CH*(X) = CH'(Xq). (2.76)
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The C-valued points of X g is
X/g(C) = 11, (X x, C)(C), (2.77)

where the disjoint union is over all embeddings ¢ : K — C. So the Betti cohomology
of X g is given by

H*(X,0(C).Q) = &, H*((X x, C)(C).Q). (2.78)
This immediately shows that for a cycle z of CH*(X) (= CH*(X/q)) we have
cx(z) =0 < cx,(2) =0, (2.79)

where clx (resp. clx,,) is the cycle class map of CH*(X) (resp. CH*(X/q)). So we

have a canonical isomorphism
CH*(X)o = CH" (X /q)o- (2.80)

]

Summary: in this chapter, we have introduced Beilinson’s conjecture on the
central values of L-functions, which is a far-reaching generalisation of the Birch and
Swinnerton-Dyer conjecture. However, currently this conjecture is still beyond our
reach, therefore it is very important to provide interesting examples to it, which can
further help us understand this conjecture better. From Chapter [9 to Chapter we
will study the arithmetic geometry of the conifold transition in the mirror family of the
quintic, and show that it provides a compelling example that supports Beilinson’s

Conjecture.
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Chapter 3

Limit mixed Hodge structure

In this chapter, we will discuss the constructions of limit mixed Hodge structures
by Schmid and Steenbrink. We will follow [28| 85, 88, [O95] closely, which are also
recommended to the reader unfamiliar with the construction. The structure of this

chapter is as follows:

e Section briefly discusses the variations of Hodge structures and the Gauss-

Manin connection.
e Section [3.2]is an overview of mixed Hodge structures and their extensions.

e Section discusses Deligne’s canonical extension and Schmid’s construction

of limit mixed Hodge structures.
e Section [3.4] discusses Steenbrink’s construction of limit mixed Hodge structures.

e Finally, Section 3.5 discusses the connections between Steenbrink’s construction
of limit MHS and Ayoub’s motivic nearby cycle functor. It also includes a

conjecture of Ayoub that says limit mixed Hodge structure is motivic.

3.1 Variations of Hodge structures

In this section, we will briefly talk about the variations of Hodge structures, and for
the purpose of this thesis, we will focus on the geometric situation in the sense of [88].
Suppose 2 and S are smooth quasi-projective varieties defined over C, and there is

a smooth fibration
s X — 8 (3.1)

such that the fibers are smooth projective varieties of dimension n. Let Z°(C) (resp.
S(C)) be the C-valued points (classical points) of 2" (resp. S), which is a smooth
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quasi-projective manifold called the analytification of 2" (resp. S). The analytifica-

tion of mg is a smooth fibration between quasi-projective complex manifolds [9§]
75 Z(C) — S(C), (3.2)

the fibers of which are smooth projective manifolds. The fibration 7g" defines a local
system on S(C) given by [85] [101]

Vy, = RI7§. Z, (3.3)

where Z means the constant sheaf on 27(C). The fiber of V7 over a point ¢ € S(C)
is the singular cohomology group H?(.2 (C),,Z) (modulo torsions).

Remark 3.1.1. The local system Vy is a way to glue the lattice HI(Z (C),, Z) (mod-
ulo torsions) together in a compatible way. In this thesis torsions of singular coho-

mology groups are not important, and frequently they will be ignored.

The dual of Vz, denoted by V), is a local system over S(C) whose fiber over
¢ € S(C) is the singular homology group H,(Z (C),,Z) (modulo torsions). Similarly
let Vi (resp. Vi) be the local systems

Vo =RIng,Q=V282Q, Vg :=Ri7g,C=1V,8;C, (3.4)

whose fiber over ¢ is H1(Z(C),, Q) (resp. HY(Z(C),,C)). The local system V7
defines a bundle V over S(C)

V=V ®g OS((C)y (3.5)

where Og(c) is the sheaf of holomorphic functions on S(C). Since the complex mani-
fold Z°(C),, is projective, there is a Hodge decomposition on H?(2 (C),,C) [48, 8g]

H(Z (C)y, C) = Boskzg H 5 (27(C)y), (3.6)
which induces a Hodge filtration
Fy = Orzp HH2(C)y). (3.7)

The complex vector space FP varies holomorphically with respect to ¢, and their
union forms a holomorphic vector bundle F? that defines a sub-bundle filtration of V
[48, [88]. There exists a Gauss-Manin connection V on V such that the local sections

of the local system Vi are flat
ViV = Qg Qo V- (3.8)
Moreover, V satisfies Griffiths transversality [48], [8§]

VF? C Qgey @0ge) F& 1 (3.9)
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3.1.1 Algebraizations

The constructions above have algebraic counterparts. More precisely, there is a com-

plex of sheaves of algebraic forms €% ¢ [l [70, 98]
s 0= Ogys B QY o 5 S Q% 00, (3.10)
and the relative de Rham cohomology sheaf #5 is defined by
Vg = RY 7TS7*(Q:;{/S). (3.11)

Since 7g is a smooth fibration between smooth varieties, ¥5 is a locally free sheaf
on S. The fiber of #5 over a closed point ¢ € S is the ¢-th algebraic de Rham
cohomology H?(Z5, (0% ) of 2, [53, [10]. The complex % is naively filtered by
the complex F? ()%, % s given by

* d n
FP Q0= - —>0—>QJ/S—>Qp;/1S—> 5 QY s — 0, (3.12)

which defines a locally free subsheaf .Z§ on S
T4 = 1Im (R 75, (FP Yy )5) = RIms.(Vy /) (3.13)
that induces a filtration of #5. The analytification of the complex is
Vs 0= Oz ©yse) = Lreyse) = 2 Vs = O (3.14)

which is the usual complex of sheaves of holomorphic forms in complex geometry [52].
The complex QEE'((C) /s(c) 18 filtered by the analytification of the complex

* . P+1 d n
FPQycyyscy 10— = 0= Qo) g0y = Q ©)/s@©) —>Q oy/sc) — 0
(3.15)
Similarly, there are locally free sheaves ¥&" and .Z5*" on S(C) defined by
V§h =RInG, (U eyse) F5 =RIng, (F" Ly o)sc) (3.16)

which, as the notations have suggested, are just the analytifications of #5 and .Z§ re-
spectively. There exists a unique Gauss-Manin connection V on 75, the construction

of which is left to [70], and it is an integrable algebraic connection
V¥ — Qg ®og Vs (3.17)
that satisfies Griffiths transversality
V(FE) C QL @0, TP (3.18)

The Gauss-Manin connection is the analytification of the algebraic Gauss-Manin
connection [3.17] and both of them have been denoted by V by abuse of notation.
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3.1.2 Do Hodge structures have a limit?

Since the field C admits resolution of singularities, there exists a compactification of
the family 2~ given by the commutative diagram

X — X

l,,s s (3.19)

S e— 5

where S is a complete smooth variety which contains S as an open sub-variety, while
Z is a complete variety that contains 2 as an open smooth sub-variety. The fiber

of 2 over a point in S — S can be singular.

Question 3.1.2. Suppose pt is a point in S — S and {pt,}>° | is a sequence of points

in S(C) whose limit is pt. Over each point pt, we have a pure Hodge structure on
thn == Hq<%<(C)ptn, (C) (320)
Let n — oo, does the pure Hodge structures on {Vy } have a limit?

The limit does exist, but it is not a pure Hodge structure any more [8§].

3.2 Mixed Hodge Structure

In this section we will give a very brief introduction to mixed Hodge structures (MHS),
while the readers are referred to [26] [85] for more systematic and complete treatments.
Throughout this section, the ring R will be either Z or Q.

3.2.1 Definition of Mixed Hodge Structure
An (pure) R-Hodge structure H of weight | € Z consists of the data [85]:

1. An R-module Hy of finite rank.
2. A decreasing filtration F*H of the complex vector space He := Hg ®g C.
such that H¢ admits a decomposition
He = ©pig HPY, with HP9 .= FP O F". (3.21)

Here the complex conjugation is defined with respect to the real structure Hr ® g R
of He. The definition immediately implies that [85]

F* = @5, H'7P, (3.22)
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The simplest example of an R-Hodge structure is the Hodge-Tate object R(n),n € Z
of weight —2n.

Definition 3.2.1. The R module of the Hodge-Tate object R(n) is (2mi)"R C C,

while its Hodge filtrations are uniquely determined by the Hodge decomposition
R(n)™ " =C
An R-mixed Hodge structure (MHS) consists of the data:
1. An R-module Hp of finite rank.
2. An increasing weight filtration W, on Hg := Hr ®p Q.
3. A decreasing Hodge filtration F™* on H¢ := Hr ®p C.

such that the Hodge filtration F™* induces a pure Hodge structure of weight [ on each
graded piece G1)Y W := W; / W,_[85]. Morphisms between two R-MHS are given by
linear maps that preserve both weight filtrations and Hodge filtrations [20, [85].

Definition 3.2.2. For two R-MHS A and B, a morphism from A to B is given by a
homomorphism ¢ : Ar — Bpg such that
6 (Wi A) C W, B, V1,

(3.23)
¢ (F? A) C F? B, Vp.

The category of R-MHS will be denoted by MHSg, which is an abelian category [85].
In MHSg, there exists an internal Hom operation [26], 85].

Definition 3.2.3. For two R-MHS A and B, there exists an R-MHS Hom(A, B) with
R-module given by
Hom(A, B)g := Hom(Ag, Bg). (3.24)

Its weight filtrations and Hodge filtrations are given by

Wi (Hom(A,B)) ={¢: ¢ (W, A) C W,y B,Vr},

(3.25)
FP (Hom(A,B))={¢: ¢ (F"A) C F"** B,Vr}.

In fact, MHSp, is a rigid tensor abelian category [85].
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3.2.2 Extensions of MHS

Given two R-MHS A and B, an extension of B by A in MHSp is given by a short
exact sequence
0 > A > H > B > 0, (3.26)

and two extensions are said to be isomorphic if there exists a commutative diagram

of the form

0 > A > 0 > B
[T 327
0 > A > H' B > 0.
The extension [3.26] is said to split if it is isomorphic to the trivial extension which is
defined by [26], [85]

=}

g

00— A—"s Ae&B 15 B —0, (3.28)

where 7 is the natural inclusion map and j is the natural projection map.

Definition 3.2.4. The abelian category of mized Hodge-Tate structures MHTR is
defined to be the smallest full abelian subcategory of MHSR that contains Hodge- Tate

objects R(n),n € Z and is also closed under extension.

The set of isomorphism classes of extensions of B by A, denoted by Extll\,[HsR(B JA),
has a group structure induced by Baer summation, while the zero object is the trivial
extension in [3.28] [26, BE]. Two R-MHS A and B are said to be separated if the
highest weight of A is lower than the lowest weight of B, in which case the extension
[3.26] is said to be separated. When A and B are separated, there is a canonical and
functorial description of the group ExtllleSR(B , A) given by [26, [85]

Extyms, (B, A) = Hom(B, A)gr ®r C/(F° Hom(B, A) + Hom(B, A)g),  (3.29)
and in particular we have the following important lemma.

Lemma 3.2.5. Whenn > 1, Q(n) and Q(0) are separated and we have
Extyps, (Q(0), Q(n)) = C/(2mi)" Q. (3.30)

Proof. The Hodge-Tate object Q(n) is pure of weight —2n and the object Q(0) is
pure of weight 0, so they form a separated pair. The rational vector spaces of Q(0)

and Q(n) are respectively
Q0):QcC, Q(n):(2m)"Q c C. (3.31)
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From the definition of internal Hom in Definition [3.2.3], we have
F°Hom(B, A) = 0. (3.32)
There also exists an isomorphism
Hom(Q(0), Q(n))g ®¢ C = C, (3.33)

which sends Hom(Q(0), Q(n))g to (27i)" Q. Then this lemma follows from O

Given an element § of C/(27i)" Q,n > 1, we want to construct an extension of
Q(0) by Q(n) whose image under the isomorphism is 5. The complex vector

space C* has a natural basis {e;}7_, given by
er = (1,0), eo = (0,1). (3.34)
Let us denote this extension by H, and its rational vector space is
Hg = Q(2mi)"e; + Qey C C2. (3.35)

The weight filtration of H is chosen to be

Wi H=W_ 9, s H="---= 0,
W_Qn == W_l = Q (27?2)”’ €1, (336)
WoH =W, H=-- = Hqg.

Let s be an arbitrary complex number whose coset in C/(27i)" Q is 5, then the Hodge

filtration on H¢ is chosen to be

F'=F=...=0,
FO—...— p—(n=1) C (s e; + 62), (337)
Fn = anfl - .. = (CQ.

There exists an inclusion map of Q(n) into H, which defines a short exact sequence

0 —— Q(n) s H —— Q(0) — 0, (3.38)

hence H gives an extension of Q(0) by Q(n). From the proof of equation in
26, 85], H is sent to 5 by the isomorphism [3.30f The construction of H immediately
shows that the isomorphism class of the extension given by H does not depend on

the choice of s.
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3.3 Limit mixed Hodge structure

In this section, we will give a briefly overview of the construction of a limit MHS
over a point pt € S(C) — S(C), and our treatments are completely from the papers
[28, 29, [88]. The unit disc A and punctured unit disc A* are defined by

A={zeC:|z|<1}, A":={zeC:0<|z|<1}. (3.39)

Suppose A™ is a local neighbourhood of pt in S(C), where m is the dimension of

S(C), and we will assume that
SNA™ = (A")™. (3.40)
Namely the discriminant locus of A™ is the union of m hyperplanes H;
H; .= A" nN{z =0}, (3.41)

which cross each other normally at the origin. Choose a point ¢g := (¢;0) € (A*)™,
then the fundamental group of (A*)™ is

T ((A")™, @o) = By (AT, @i0) = Z™. (3.42)

Here m(A*, i) is the fundamental group of the i-th punctured disc in the direct
product, and let T; be a generator of it. The sub-family of 2°(C) over (A*)™ will be
denoted by

manym © (15) (A7) = (A)™ (3.43)

As before, there is a local system V] over (A*)™ defined by
Vg = RIT(anym o L = Vg|(axym, (3.44)
whose fiber over ¢g is H1(2(C),,, Z). Similarly we have
Vo =Vz®Q = Vgl@anm, Ve =V, ®C = Vefam. (3.45)
The local system V;, defines a bundle V', which has a sub-bundle filtration F"
V=V ®z Oasym = V|arym, F' = FP|anm. (3.46)
The monodromy of the local system V, defines a representation

Uy ((A)™, p) — Aut(HY(Z(C),,, 7)), (3.47)

37



which is determined by the images {U(T;)}7,. The fundamental group 7 ((A*)™, ¢o)
is abelian, hence W(7;) commutes with W(T}) for different ¢ and j. The operator V(T;)
is quasi-unipotent in general |28, 88], but for the purpose of this thesis, we will assume

U(T;) is unipotent for every i, i.e.
(U(T;) — Id)* = 0, for some k; € N. (3.48)
Remark 3.3.1. This is not a strong restriction, see [27] for more detail.

The monodromy operator N; is defined by
N; :=log ¥(T;), (3.49)
which is nilpotent, and NV; commutes with N; for different ¢ and j.

Remark 3.3.2. Some literatures define N; by —log W(T;)/(27i), but the definition
will make the computations of limit MHS simpler.

Definition 3.3.3. Suppose we have an element & € HY(Z (C),,,C), then locally it
extends to a section of the local system Vi, and the value of this section at ¢ will be

denoted by &(p).

However globally this extension will only yield a multi-valued section of V¢ because
of monodromy. The regularised section associated to £ is defined by

y _Zi log i N;

() == exp ( 5ri ) E(p), (3.50)

which is a single-valued section of the bundle V' over (A*)™. Suppose {c%} is a basis
of H1(Z (C),,, C), then the regularised sections {¢%(y)} form a frame of V', which
defines a trivialisation of V' over (A*)™. This trivialisation induces an extension
of V' to a bundle V' over (A)™, which is called Deligne’s canonical extension.
Moreover, the bundle F” is also extended to a bundle F? over (A)™ which gives a

filtration of V' [37, 38, (6, Y, [T01].

-~

From the construction of Deligne’s canonical extension, the section £(¢) of V' is
extended to a section £(¢) of V' over A™, whose value at 0 will be denoted by £(0).
In particular the frame {5%(¢)} of V' is extended to a frame {5°()} of V', while

{5°(0)} forms a basis of the fiber V'|o. Hence there is an isomorphism given by

Py - Hq(,%(((:)@O,C) — ﬁ/|07 p@o(§> = g(())v (351)
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under which the lattice H9(2 (C),,,Z) is sent to a lattice of V'] that will be denoted

by V'|oz [37. 156, 88

®o0r

V'oz = poy (HU (2 (C)yy, Z)). (3.52)
Moreover there is a rational structure on V' lo given by
Ve =V0z®zQ (3.53)

The monodromy operators { N;} define a weight filtration W, on V 0.0, while the fibers
{F"|o} define a Hodge filtration F* on V'], and we have the following important

theorem.
Theorem 3.3.4. The following data forms a MHS
()7/|0,Zv (]7/‘0,@7W*>7 (9/|07W*>F*))' (3'54)

Proof. See [28, 88]. O

3.4 Steenbrink’s construction of limit MHS

In this section, we will talk about Steenbrink’s construction of limit MHS, which is
crucial in showing that the limit MHS is motivic. In the compactification [3.19] S is a

smooth variety, hence locally there exists a smooth algebraic curve C' C S such that
pteC, C—ptCS, (3.55)

and C' is not required to be complete. We further assume C' intersects with the
discriminant locus of S transversely at pt, i.e. the complex curve C(C) intersects
with H; in transversely at origin. The restriction of the family 2~ to C is
denoted by

o % — C, (3.56)

and the only singular fiber of this family is over pt. For simplicity, let us define
C*:=C—pt, Z:=na;'(pt), =% -7 (3.57)
There is an open sub-family over C* given by
o s L — CF, (3.58)

which is a smooth fibration between smooth varieties. The analytifications of 7o and

mo« will be denoted by
et Z(C) — C(C), nfi : Z7(C) — C*(C). (3.59)
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Suppose A is a small neighbourhood of pt in C'(C) and the coordinate of pt is 0. For

simplicity, let us denote the restriction of 73" to A by
A Z = A, with Z := (7&)"1(A) ¢ Z(C), (3.60)
while let wa« be the restriction of mo to A*
A 25— A with 2% = (7)1 (A*) = 2 — Z(C). (3.61)
There is a local system Va- 7 over A* defined by
Varz = Rimax, Z, (3.62)
which defines a bundle over A*
Vax 1= Varz ® Oa-, (3.63)

and its Deligne’s canonical extension to A will be denoted by Va. As before, the
bundle Va+ has a filtration FX., the Deligne’s canonical extension of which to A is
denoted by .732. Suppose g is a point of A*, then the monodromy of Va- 7 induces

a representation of the fundamental group 7 (A*, ¢p)

U (A" ) = Aut(HY(Z,,, 7)), (3.64)

o>

which is determined by the image W(T'), where T is a generator of m(A*, pg). From
the assumption that the monodromy matrices {¥(7})} in Section |3.3| are unipotent,
we deduce that ¥(7') is also unipotent. From the papers [28] 29], the limit MHS on
the fiber 17A|0 defined by the family over C' does not depend on the choice of C' and
it is the same as the limit MHS [3.54] constructed in Section B.3]

3.4.1 Semi-stable reduction

The family 2 has a semi-stable reduction (Chapter II of [71])

N

C'xe ¥ —— & (3.65)

e | lﬂc

¢ —C
and we now explain the terms in this commutative diagram:
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1. ¢’ is a smooth curve and the morphism C’ — C' is finite, moreover the inverse

image of pt € C' is a single point pt’ € C".

2. % is a smooth variety and the morphism 2’ — C' xo % is the blow up of an
ideal sheaf . that is trivial outside the fiber of C’ xo 2 over pt’. Therefore

over C" — pt’, the morphism %’ — C’ X Z is an isomorphism.

3. The fiber 7,/ (pt’) is a reduced divisor with smooth irreducible components

crossing normally.

Since the matrix W(T') is already unipotent, it follows from the construction in Section
that the limit MHS of the family 2”(C) over pt’ is the same as the limit MHS of
the family 2°(C) over pt. Hence from now on, we will assume that the singular fiber

Z = ﬂal(pt) of & is reduced with smooth irreducible components crossing normally.

Remark 3.4.1. However currently there is no semi-stable reduction theorem for fi-

brations where the dimension of the base variety is > 2 [27].

3.4.2 Extensions of the de Rham cohomology sheaves

Similarly as before there is a complex of sheaves of algebraic forms €27, JC and the

relative de Rham cohomology sheaf ¥+ [3.56[is given by [1]
,Vc* =R WC*,*(Q%*/C*) (366)

which is a locally free sheaf over C* since mo+ is a smooth fibration between smooth
varieties. The fiber of ¥+ over a closed point ¢ € C* is the ¢-th algebraic de Rham
cohomology HY( 27, Q}J of 2 [53, 70, 95]. The complex Q%. . is naively filtered
by the complex F? ()7, s whose cohomology yields a locally free sheaf .. that
filters ¥o-. Let (% - (log Z) be the complex of sheaves of algebraic forms over C
with at worst logarithmic poles along the divisor Z, which also has a naive filtration
FP Yy o(log Z) [95]. The sheaves Ve and ﬁ:g are defined by

Yo = R0, Yy ollog Z)), Fh =R (F? Uy o(log Z)), (3.67)

which are locally free over C, and moreover they are the extensions of ¥¢- and Z..
to C' respectively. The Gauss-Manin connection V of 7« is canonically extended to
a connection V of % which has a logarithmic pole at pt with a nilpotent residue.
On the other hand this property also determines the extension of ¥« (resp. .Z5.) to
C' uniquely [37, [70, 85, ©5]. The connection V also satisfies Griffiths transversality

V(ZL) c QL(logpt) ® FE (3.68)
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Let the analytification of ¢+ (resp. Z#f.) be Y@* (resp. ZF5™), and let the
analytification of Y& (resp. Z2) be Y@ (resp. .ZE™), then we have [05]

V| a = RO man(Qza (log Z(CT)),

. (3.69)
FH™ s = Rema . (F? Q35 (log Z(C)).

Under comparison isomorphism, the extension ”/76"3‘“| A (resp. ,fg’a“\ A) is isomorphic
to the Deligne’s canonical extension Va (resp. fg) [37, 56, 88]. The fiber ”/7C|pt has

an explicit description [95]
el = (Yot ®0c Ocpn/Mepe = HY (Z,Qy jo(log 2)|z),  (3.70)

which is just the hypercohomology of the restriction of 2%, /C(log Z) to Z. Similarly,
"/7C“|pt has a description given by [85, [95]

V" o = H(Z(C), 2z /4 (log Z(C))|z(c))- (3.71)
Given a point ¢ € A*, the fiber ”/70\@ satisfies [70], 85]

770‘50 = H* (gsm Q}/C(bg Z)

z,) = (2, QY,), (3.72)
while the fiber ”/7Can|w satisfies [85)] [05]
TEp = HY(Z,, 05 5 (log Z(C))|z,) = Hig(Z,,Q%,) ~ HY(Z,,C).  (3.73)
We have used the following canonical isomorphisms
HY(%,,Q5,) = Hig(2,,05,) = HY(Z,,0), (3.74)

3.4.3 Limit Mixed Hodge Structure

The action of ¥(T") on HY(Z,,,7Z) in equation is extended to an automorphism of

0
the sheaf Vo (~ #2|4), which further induces an automorphism Ty of the fiber )7A|pt

(~ "/76?]“]0) (Proposition 11.2 of [85]). There exists an endomorphism Ny of "i%?nlpt
defined by the Gauss-Manin connection V [95]. Let Resy be the residue map from
Q& (log pt) to C defined by

Resg (g(t) dt/t) = g(0). (3.75)
There is a homomorphism from the germ (%%‘“)pt to the fiber ”175m|pt defined by
(ReSO ® (®00,ptOC,pt/mC,pt)) oV: (77Can)pt — 77Can|pt7 (3.76)
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which vanishes on (”/%i‘“)m ®0q,, Mcpt, hence it defines an endomorphism Ny of “/%‘“]m
that is called the residue of V at 0. From Theorem II 3.11 of [3§] or Corollary 11.17
of [85] we have

To = exp(—2mi Ny). (3.77)

The upper half plane H of C forms a universal cover of A* by the holomorphic
map ¢ — exp(2mig), then we get a holomorphic map from H to A given by the
composition

H— A" — A. (3.78)

From this map, we obtain a commutative diagram

ZxaH 25 2 <25 7(C)
l l” l . (3.79)
H AR > ()

Definition 3.4.2. Let A be Z, Q or C, and it is also considered as the constant sheaf
on Z, then the nearby cycle sheaf RV, (A) is defined by

R, (A) =i} Rp.p*A, (3.80)

which is a complex of sheaves on Z(C) that lies in the derived category Dt (Z(C),A).
See Exposé XIV of [55] for more detail.

In the paper [95], Steenbrink constructs the following data:
1. A representative of R¥,,Z in the derived category D1 (Z(C),Z).

2. A representative of (R¥,,Q, W) in the filtered derived category D™ F(Z(C),Q),

where W, is an increasing filtration on R¥,, Q and

RV, ,Q~RV,,Z®Q, in DT(Z(C),Q). (3.81)

3. A representative of the object (RU,, C, W,, F**) in the bifiltered derived category
DT Fy(Z(C),C), where W, is an increasing filtration on R¥,,C and F* is a
decreasing filtration on R¥,, C, such that

(RV,,C, W,) ~ (R¥,,Q® C,W,) in D*F(Z(C),C). (3.82)

These constructions depend on the choice of ¢ and log ¢ on A* [63],[95], both of which
will be fixed in this thesis.
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Theorem 3.4.3. The following data

(RV, . Z,(RV, Q,W,), (RY, . C,W,, F")) (3.83)
forms a cohomological mized Hodge complex of sheaves in the sense of Deligne [39).
Proof. Chapter 11 of [85]. O

Let us denote the triangulated category of Z-mixed Hodge complexes by Dirgsg,
where * is a boundedness condition, i.e. * could be @), +, — or b, which is also called
the derived category of mixed Hodge complexes over Z [12]. From Proposition 8.1.7 of
[39], the mixed Hodge complex of sheaves in equation yields an object of DKAHSZ

(RI'(R¥,,Z),R['(RY ., Q, W,), RI'(RY,.,C, W,, F*)). (3.84)
For every q € 7, there exists a cohomological functor H? from Dy;yg to MHSy, [12]
H: Dyys, — MHSy, (3.85)
which sends the mixed Hodge complex to the following MHS
(H?o RI'(RY,,Z),H? o RI'(RY,,,Q, W,), H' o RI'(RV ., C, W,, F)). (3.86)
This MHS is also denoted by
(H'(Z(C),R¥,,Z),(H'(Z(C),R¥,,Q), W,), (H!(Z(C),R¥,,C), W,, F*)). (3.87)
Steenbrink proves the following important proposition in [85] ©95].

Proposition 3.4.4. There exists a quasi-isomorphism between the complex of sheaves
RU,C and 5 (log Z(C))|z(c) in the derived category D*(Z(C),C), which depends
on the choice of p and log .

Proof. Chapter 11 of [85]. O
From this proposition we have
P&l = HI(Z(C), 5 (log Z(C))lz(c) = HI(Z(C), R4, (C)). (3.88)

Steenbrink constructs an endomorphism vy of the complex of sheaves R¥, C, which
induces the endomorphism Ny after taking the hypercohomology of RV, C [85, [05].

The endomorphism vy also induces a morphism
vy i RY,,Q — RV, Q(-1), (3.89)
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where (—1) means Tate twist. After taking hypercohomology, the morphism [3.89

becomes
No : H"(Z(C), RV, (Q)) — H"(Z(C), R¥~,(Q))(—1), (3.90)

which determines the weight filtration W, in uniquely [63, 95, 06]. The Hodge
filtration F™* on ¥, is given by the fiber FEM o 195, 06]

FP = FP| = FP. (3.91)

It has been proved by Steenbrink that Schmid’s construction and his construction are
compatible with each other [85] [95] 96].

3.5 Limit MHS is motivic

The Z-mixed Hodge complex [3.84] gives us a Q-mixed Hodge complex by forgetting

the integral structure
Y* := (R['(R¥,,Q),RI'(RY,,Q, W,),RT'(R¥,,C, W,, F*)), (3.92)
whose hypercohomology is the underlying rational MHS of

HI(Y*) = (H'(Z(C), RV, Q), (H*(Z(C),R¥,,Q), W,), (H*(Z(C), RV, C), W., F*)).
(3.93)

Now we need the following lemma from [54].
Lemma 3.5.1. HY(Z(C), RV, A) is isomorphic to HY(Z,,A) when A is Z, Q or C.

Therefore HY(Z(C),RV,,Q) is 0 when ¢ < 0 or ¢ > 2dim Z,, which immediately
implies that H(Y*) is 0 when ¢ < 0 or ¢ > 2dim Z,, hence Y* is essentially an
object of DIZ(/IHSQ, which is the bounded derived category of mixed Hodge complexes
over Q [12]. From Theorem 3.4 of [12], the natural functor D*(MHSq) — Dll(/[HS@ is
an equivalence of categories, and under this equivalence Y* defines a complex M* of
D*(MHSg) such that

HYM?*®) = HYY*),VqeZ. (3.94)

If the deformation 7g : 2~ — S is defined over Q and pt is Q-valued point, then
the curve C can also be chosen to be defined over Q and the family 7o : 2 — C'is also
defined over Q. In this case, the locally free sheaves 770 and ﬁg are also rationally
defined, and the rational vector space ﬁ:g pt filters the rational vector space ”/%|pt,

i.e. the limit Hodge filtration F? in equation [3.91] is rationally defined. Moreover,
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from Ayoub’s construction of motivic nearby cycle functor, which is briefly talked
in Appendix [C] there exists a limit mixed motive M whose Hodge realisation is

conjectured to be isomorphic to M*® by Ayoub.

Remark 3.5.2. The limit mized motive M is an object of DM,,,(Q,Q), which is
Voevodsky’s triangulated category of mixed motives. The readers who are not familiar

with it are referred to Appendiz[B| for a brief overview.

Summary: in this chapter, we have discussed Deligne’s canonical extension and
Schmid’s construction of the limit MHS at a singular fiber. Later in Chapter [§] we
will apply the method in this chapter to compute the limit MHS at the large complex
structure limit of the mirror family of the self-mirror Calabi-Yau threefold Xg. While
in Chapter [13] we will apply the method in this chapter to compute the limit MHS

at the conifold of the mirror family of the quintic.

We have also discussed Steenbrink’s construction of the limit MHS, and the crucial
object in this construction is a complex in the derived category D*(MHSq), whose
cohomology computes the limit MHS constructed by Schmid. On the other hand,
Ayoub has constructed the motivic nearby cycle functor in his thesis [4]. Given an
algebraic family defined over Q and a singular fiber over a rational point of the base
variety, Ayoub’s construction yields a limit motive which is an object of DM,,,(Q, Q)
(Voevodsky’s triangulated category of mixed motives). It is conjectured by Ayoub
that the Hodge realisation of the limit motive is just the complex in D*(MHSg)
constructed by Steenbrink. This is very crucial when we study the limit MHS at the

large complex structure limit.

46



Chapter 4

Mirror symmetry

In this chapter, we will give a brief overview of mirror symmetry. We will follow the

books [30], 51] closely, which are also strongly recommended to the reader unfamiliar

with mirror symmetry. The statement of mirror symmetry conjecture in this chapter

is from [22], 23, 25]. The structure of this chapter is as follows:

4.1

Section is a very short discussion of the complexified Kahler moduli space
of Calabi-Yau threefolds.

Section is a very intuitive (non-rigorous) discussion of the Gromov-Witten

invariants of a Calabi-Yau threefold, which should not be read seriously.

Section discusses the prepotential of the complexified Kdhler moduli space
of a Calabi-Yau threefold.

Section [4.4] discusses the integral periods of the threeform of the mirror family,

and it also introduces the definition of the large complex structure limit.

Section 4.9 briefly discusses the canonical periods of the threeform of the mirror

family, which are the canonical solutions of Picard-Fuchs equations.

Finally, Section introduces the mirror symmetry conjecture.

Complexified Kahler moduli space

Given a mirror pair (M, W) of Calabi-Yau threefolds, the complexified Kdhler moduli
space of M, denoted by .# (M), is essentially the space whose point represents the

Kahler structures on M. We will now give a brief description of .#x (M) which follows
from the books [30} [51]. Recall that the Hodge diamond of the Calabi-Yau threefold
M is of the form
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0 0
0 Rt 0
1 h12 h12 1
0 hit 0
0 0
1

where h'' = dim H' (M) and h'? = dim H%?(M), in particular we have
H'(M,R) = H*(M,R) = 0. (4.1)
The real vector space H'!(M,R) is defined by
H"(M,R) := H*(M,R) N H"*(M, C), (4.2)

i.e. it consists of the element of H?(M,R) that can be represented by a real closed
form of type (1,1). The Kéhler cone of M is defined by

K= {w e H"'(M,R) | w can be represented by a Kihler form of M}, (4.3)

which is an open cone in H"'(M,R) [51]. The complexified Kéahler moduli space of
M is defined by [51]

My (M) = (H*(M,R) +iKyp)/H*(M, 7). (4.4)
We have two important examples.

Example 4.1.1. Given a one-parameter mirror pair (M, W), i.e. hM (M) = 1,
the Kdahler cone Ky is the open ray R-g in R, hence M (M) has a very simple
description [51)]

M (M) =(R+iR-)/Z =H/Z, (4.5)

where H is the upper half plane of C. Now let e be a basis of H*(M,Z) (modulo tor-
sion) that lies in the Kdhler cone Ky [51)], then every point of My (M) is represented
by te with t € H, while et is equivalent to e (t+1). Conventionally t is called the flat
coordinate of M (M) [22, 23]

Example 4.1.2. When h''(M) > 1, a framing of M is a basis {e;}' " of H*(M, Z)
(modulo torsions) such that each e; lies in Ky (the closure of Ky in HY1(M,R)). A
framing defines a cone in H*(M,R) by

hll(M)

Yi={re H*(M,R):z = Z ti e, with t; > 0}. (4.6)

=1
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In this case, the complexified Kdhler moduli space of M 1is set to be
%K,E(M) = (HQ(M7R)+ZE)/H2(M7Z)7 (47)

which has an explicit description: {3, t;e;, t; € H}/ZM' M. The coordinates {t;}

are called flat coordinates of the complexified Kdhler moduli space.

4.2 Gromov-Witten invariants and Yukawa cou-
plings

This section is a leisurely discussion of Gromov-Witten invariants, which should not
be taken seriously, and the readers are referred to books [30, 51] for more rigorous
treatment. Suppose 7 is an element of Hy(M,Z), then we would want to count the

‘number’ of holomorphic maps (up to equivalence)
Pt — M, (4.8)

whose image lies in the homology class 7. However even for a general complex struc-
ture of M, this number is not always well defined [5I]. To cure this disease, it is
necessary to deform the complex structure of M to a general almost complex struc-

ture J, then we can count the number of J-holomorphic curves.

Definition 4.2.1. Suppose J is an almost complex structure on M and ¥, is a genus-
g Riemann surface with complex structure j. A smooth map v : Xy — M is called

J-holomorphic if the push-forward map u, satisfies
Jou, =u, o0, (4.9)

where the composition is a map from the tangent bundle of ¥, to the tangent bundle
of M.

Let .#(n,J,%X,) be the moduli space of .J-holomorphic maps ¥, — M whose
image lies in the homology class 1. For an arbitrary almost complex structure J, this
moduli space can be very bad, therefore it is necessary to restrict our attention to
nice J, where the definition of nice is left to the books [30, 5I]. For a ‘nice’ J, the
moduli space .#(n,J,%,) is a smooth manifold of real dimension 3(2 — 2g), which
also has a natural orientation. Here we have used the properties that the dimension
of M is 3 and its first Chern class is zero since M is Calabi-Yau. See Theorem 15.4

of [51] for a more careful discussion.
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If the Riemann surface 3, is P¢ of genus g = 0, then the real dimension of
A (n, J,PE) is 6. On the other hand, the real dimension of the automorphism group
of P¢, i.e. PGL(2,C), is also 6. Furthermore, for z € PGL(2,C), uo z is also a J-
holomorphic curve, hence this defines an action of PGL(2, C) on .# (n, J,Pt), and the
dimension of the quotient space .# (n, J,Pt)/PGL(2, C) is expected to be zero. After
compactification, . (n, J,Pt)/PGL(2, C) consists of finitely many points, hence the

point-counting of it is well defined, which will be denoted by

#.4(n, J,PL)/PGL(2, C). (4.10)

It is very subtle that this point-counting process actually includes the orientations of
the points of .# (n, J,Pt)/PGL(2, C), so the result can be negative. The number m

is essentially independent of the choice of the ‘nice’ almost complex structure J, and

the readers are referred to [30) 51] for more rigorous and thorough treatments.
Given homology classes Dy, Dy, D3 € H?*(M,C), the Gromov-Witten invariant is
defined by [30] [51]

Uy (D1, D2, D3) := (D1 - n) (D2 - ) (D3 - n) #.4 (n, J,P¢) [PGL(2, C). (4.11)

If there is a framing {e;} C Kas, then A (M) is constructed in Example [4.1.2] and
the coordinate g; is defined by

¢; = exp2mit;. (4.12)

Now suppose Ho(M,Z) is torsion free, then let us define < Dy, Dy, D3 > by

€jn
< Dl,DQ,Dg >i1= D1 'DQ‘D3+ Z \Pn(Dl,Dg,Dg)%, (413)
0#neHo(M,7) Jj1j

where Dy - Dy - D3 is the intersection number f v D1 A Do A Ds.

Remark 4.2.2. With this definition of Yukawa coupling, we are only counting gener-

tcally injective maps.

Notice that in order for the number #.# (n, J,Pt.)/PGL(2, C) Mto be non-zero, the
pairing e; - n must be > 0, since e; lies in the closure of Kéhler cone of M. Therefore
< Dy, Dy, D3 > lies in the ring C[[g1, - , ga11(an)]] of power series in g;, however it is
unclear whether this power series converges on .#x x (M) or not, which is in fact still
an unsolved question [30, 5I]. The tangent space of a point of .#Zk »(M) is naturally

H?(M,C), hence modulo the convergence issue, we have got a cubic form defined on
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the tangent bundle of #k (M), which is called Yukawa coupling. The component

fj(k of Yukawa coupling is defined by
I, ¢
i[j{k = Y;jk + Z an(eia €5, Gk)#lel.n, (4.14)
0n€ Ha(M,Z) v

where Y;;;, is the intersection number given by

Y;jk = / e; N\ €; A €L, (415)
M

which is a non-negative integer.

4.3 Prepotential

There exists a prepotential F defined on the complexified Kéahler moduli space .#x (M),
and when ¢, — i 00, it has an expansion of the form [22 23]

F = —EZY;J'IJ tith — EZYO@'jt t — §Z§/E)Oit - EYOOO + F, (4.16)

where F™ is the non-perturbative instanton correction which is invariant under the
operation t, — tr + 1 and is exponentially small when ¢, — 700, i.e. it admits a
series expansion in ¢, = exp(2mit)) with no constant term [22]. The coefficients Yp;;
and Yyo; will be determined by mirror symmetry, which are rational numbers. The
coefficient Yjgo is certainly the most mysterious one and in all examples of mirror

pairs where it has been computed, it is always of the form [23]

¢3)
Yooo = =3 x(M 4.17
000 X(M) (2ri)? +r, reQ, (4.17)
where x (M) is the Euler characteristic of M. It is believed that equation is valid
for an arbitrary mirror pair but currently there isn’t a proof available. The mirror

period vector II on . 5, (M) is a column vector defined by [22, 23]

oF oF
EI T

(4.18)

I = (-F07~F17"' ’fh1171’t1’..~ 7th11)t, with f0:2f—ztz

where ! means transpose. The i-th monodromy of II is induced by the operation

ti—>ti+1, trp — tk, fork#i, (419)
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under which F"P is invariant. The i-th monodromy matrix Tk ; of II under the
operation is defined by

2n11 41
I, — (Tk.i)ba 1Ls. (4.20)
b—0

The matrix Tx; can be easily computed from the expansion of F in equation [4.16],
which is a (2h! + 2) x (2A' + 2) matrix with entries as linear functions of the

coefficients Y;;i, Yo;; and Ygo;, see Section 4 of [22] for more detail.

4.4 Periods of the threeform of the mirror family

In this section, we will talk about the integral periods of the threeform €2 of the
mirror family and definition of large complex structure limit. Suppose locally there

is a deformation of the mirror threefold W of the form
W = (AP B2 = R2(W), (4.21)

which is a smooth fibration between smooth manifolds. There are local systems over
(A*)"” defined by

Vz =R’mZ, Vy =R*mQ, Ve :=R*nC. (4.22)

4.4.1 Integral symplectic basis

Given a point g € (A*)hu, we now introduce a construction of an integral symplectic
basis of H3(W,,,Z) (modulo torsions).

Lemma 4.4.1. There exists an integral symplectic basis of H3(W,,Z) (modulo tor-
sions)
A(S)u Ai ) 2127 B(S)7 Bfa ; 2127 (423)

which satisfies the following intersection pairings
A-A; =0, B,-B;, =0, A-B; = . (4.24)

Proof. Let W,,] be the fundamental class associated to the manifold W,,,, which is
an element of Hg(W,,,Z). From Poincaré duality, there exists an isomorphism given
by [59]

[Wwo] RS H3<W5007Z) = [cho] ~¢ € HB(W¢07Z>7 (4'25>

52



while [W,,] — ¢ is called the Poincaré dual of ¢, and vice versa. Given two cycles
A, B € H3(W,,,Z), their Poincaré duals A*, B* € H*(W,,,Z) satisty

A* — B*=(A-B)* € HYW,,, 7). (4.26)
The integral symplectic basis will be constructed by induction. First choose an el-

ement A§ of Hs(W,,,Z) such that it is not a k& € Z,k > 2 multiple of any other
element in H3(W,,,Z). We choose a sublattice V; of H3(W,,,Z) such that

Hy(W,,, Z) = ZA, @ Vi, (4.27)
Let a? be the element of H3(W,,,Z) such that
Q2(A5) = A5 ~al=1, a2(Vp) =0. (4.28)

Moreover, let By be the Poincaré dual of a? and let —3° be the Poincaré dual of A3,

then we have

A5 By = Weol ~ (=80 = ) = (Weo) ~ =) ~al =45 ~al =1, (429)

s

which also implies Bj - Aj = —1. Similarly we also have
A~ 52 = ([WSDU] - _62) - 52 :[WSOO] - (_52 ~ Bg) =0,
Bj ~ = (W] ~ ) ~al - =[Wy,] ~ (o —a)) =0, (4.30)

By ~ B = (We] ~al) =~ B =Wy ] ~ (o] — 8)) =L
Now let V; be the sublattice ker a? Nker 82 of H3(W,,,Z). For a cycle C' € Vi, let

¢c be its Poincaré dual, and we have
Ay - C'=Wyo] ~ (=8 = ¢c) = [Weo] ~ (dc — B°)
= (Wao) ~ ¢c) ~ 8, =C ~ 5] =0,

0 0 (4.31)
By - C = [WSDO] - (as ~ ch) - _[WQOO] - (ch ~ as)
= (—Wyo) —~ ¢¢) =’ = —=C ~a” =0.
A straightforward application of induction will finish the proof. O
From the proof of Lemma |4.4.1} the basis {a?, 8°} of H3(W,,,Z) satisfies
ag(Ap) = dav, B(By) = dap, ag(By) = B(4}) =0, (4.32)

from which we get the following pairings
Wil ~ (08 = B2) = b, Weo] — (a2 — al) =0, Wy,] ~ (B = B2) =0, (4.33)
therefore {a?, 3} forms an integral symplectic basis of H*(W,,,Z). For later conve-
nience, we also order the two integral symplectic bases in the way
(A07"' 7A2h12+1) :<Bga ) 21271487"' ; 212)7

12 12
(a07"'7a2h12+1)::( 37762 ,ag,--«,o/; )

(4.34)
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4.4.2 Integral periods of the threeform

In a simply connected neighbourhood of ¢, in (A*)h12, the integral symplectic basis
{A;, By} of Hs(W,,,Z) extends to an integral symplectic basis {AS(p), B ()} of
H3(W,,Z). While the integral symplectic basis {a?, 8%} of H3(W,,,Z) extends to
an integral symplectic basis {a?(y), 8%(¢)} of H3(W,,Z), which is the dual basis of
{A%(p), B;(p)} [10I]. Here we have used the property that the unimodular skew sym-
metric intersection pairing in Lemma is preserved by extension. The threeform
Q of the mirror family is a section of the bundle R* 7,Z ® O(A*)hm over (A*)hm, le.
for every ¢ in (A*)"* Q(y) is a nowhere vanishing holomorphic threeform on W,.
The integral periods of () with respect to the basis {A%(y), B;(¢)} are defined by

)= [ 0w, G- [ ae) (4.35)

which are multi-valued holomorphic functions on (A*)** [22, 23, 51]. The integral

periods vector II is a column vector given by

nl (90) = (g0(¢)7 T 7gh12<90)7 ZO(QOL T 7Zh12<90))t‘ (436)

Under the comparison isomorphism between de Rham cohomology and singular co-

homology, ©2(¢) has an expansion of the form

Qe) =) zlp)ailp) + Guly Z T, . (4.37)

The sections { A2 (), Bi ()} of Vz are usually multl—valued over the punctured poly-
discs (A*)hlz, and its monodromy induces a representation of the fundamental group
m (A", o) [101]

D - m((A*)h”’, 0o) = Aut(Hs(W,,, Z)). (4.38)

The fundamental group 7 ((A*)"™, @) is isomorphic to Z"* with generators {T}}",
so the representation @ is uniquely determined by the images {¥(7;)}. Since unimod-
ular intersection pairing is preserved by extension, the image of ® lies in Sp(2h!'2+2, Z)
(with respect to the basis {A,, By}) [22], 23] 30]. Let T¢; be the matrix of ®(7;) with

respect to the basis {4,122+ 14
2h124+1

Ay = Z Ay (Tei)bas (4.39)
b=0
and so T¢; is an integral symplectic matrix. The i-th monodromy of the period I,

is given by

I, (o) = /A Q(po) — Z(TC,i)ba/A Qo) = Z (Te,i)ba 1y (00)- (4.40)
a b b

b
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4.4.3 Definition of the large complex structure limit

The monodromy of the local system V7 induces a representation ¥ which is dual
to @ [101]
U (A" g0) = Aut(H3(W,,,, Z)). (4.41)

Definition 4.4.2. The origin of the polydiscs AP s the large complex structure limit
of the mirror family if the matrices {V(T;) — Id} are linearly independent and they
satisfy [21), (25, 182):

1. U(T;) — Id is unipotent.

2. (U(T;) — 1d) (¥ (1) — Id) (Y (T}) — 1d) = Yi;i R, where R is a non-zero constant

matriz.

3. (V(T;) — 1d) (¥(T}) — 1d) (¥ (T}) — 1d) (Y (T;) — Id) = O for arbitrary i, j, k and
l.

4. For every i, there exist j and k such that Y, # 0, which is a non-degeneracy

condition.

Therefore a general linear combination ) . a;(¥(7;) — Id), a; € Q will satisfy

(3 a(W(n) —1d))° 20, (D ai(¥(Ty) —1d))" = 0. (4.42)

7 %

The monodromy operator N; is defined by
N; :=log V(T;), (4.43)

which are also linearly independent over Q. A general linear combination of the form
N =3".a;N;, a; € Q satisfies

N?#£0, N*=0. (4.44)

4.5 Canonical solutions of Picard-Fuchs equations

From Griffiths transversality, the integral periods {II,} are solutions to Picard-Fuchs
equations
L1I, = 0, (4.45)

where £ is a Picard-Fuchs operator which is a partial differential operator that has

regular singularities at the singular locus {p; = 0} of A" [38,69]. Now we assume 0
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is the large complex structure limit of mirror family, then there are h'? + 1 canonical

solutions of the Picard-Fuchs equations of the form
Wo = an
W= (folog w1 + f1),
T (4.46)
1
Whi2 = — (fO log Pp12 + fh12) ,
2mi

where {f; ?fo are holomorphic functions on A" that satisfy the conditions

fo(0) =1, f1(0) =--- = fp2(0) = 0. (4.47)

There exist another 22! 4 1 solutions w1241, -+, @ap24; of the Picard-Fuchs equa-

tions which are of the form

Y ) log ox, (4.48)

. . 12 .
where fi.;(p) are holomorphic functions on A" however unlike the one-parameter
case, we do not know their precise form in general. The canonical period vector w is

the column vector given by
w = (woy, @1, *+*, Wopizq1)" (4.49)

Since the integral period vector II and canonical period vector w are two different

bases of the solution space of Picard-Fuchs equations, we have

II=Sw, SeGL2h"?+2,0), (4.50)
and the matrix S will be determined by mirror symmetry. The expansion 4.37] now
becomes

2h124+1
Qp) = > a™p) I, (p) =Y a(p) Sap@(e). (4.51)
a=0 a,b

Let us now define the canonical basis {y*}2"*! of H3(W,,,C) by

2h124+1
v = Z a’ Sy, (4.52)
b=0
then the expansion becomes
2h12+1
Qp) = () @al), (4.53)
a=0



where 7%(yp) is the extensmn of 4* to a section of the local system Vi. Let {C, }2h12+1

be the dual of {y?}? +1 , and it forms a basis of H3(W,,,C). The canonical period

w, is also given by

waLUmw (4.54)

where C,(¢p) is the extension of C, to a section of VY. Suppose Tcan; is the matrix
of ®(T;) with respect to the basis {C, }2h12+1

(I)(E> CCL = Z (TCan,i>ba Cb; (455)
b
then the i-th monodromy of w, is given by

malin) = [ 0e0) > 3 Teumidua [ ow) = S Tewmidamlen):  (456)

a b CVb b

The matrix T,y is related to the matrix T ; by
TCan,i = St TC,Z’ (St)_l, (457)

therefore at the large complex structure limit, the matrix T,y ; satisfies similar con-
ditions as those in Definition hence we can check whether a point is the large

complex structure limit by looking at the monodromy matrix Ttap ;-

4.6 Mirror symmetry conjecture

In this section we will talk about the mirror symmetry conjecture and our treatments

follow from the papers [22], 23].

4.6.1 Prepotential and Yukawa coupling on the complex side

From [19, 48-50], the integral periods (zg,--- , zxi2) cannot all vanish at a point ¢
and locally they define a projective coordinate system of .#Z-(W), with respect to
which G, is a homogeneous function of degree one. The expansion of the threeform

) becomes

= 35l + G ) (4.58)

From Griffiths transversality, we have

/ Q(2) A 8(;2(2) —0, (4.59)
147 “a
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which yields the following relation

0G(z 1
Gu(z) = (9z(a)’ where G(z) := 3 ; 25 Gp(2). (4.60)
The function G(z) is called the prepotential, and it is a homogeneous function of
degree two with respect to the coordinates (zg, - , zx12). The Yukawa couplings Ve
are defined by
230 (2)
abe = Q2) N ——————, 4.61
Yoo /W (2) 02,02,0%, ( )
and from equation and [£.60, we also have
03 Ga(2) P G(z)
 be = = — ) 4.62
Voo Z “d 02,0207, 02,0207, ( )

d
There is a symmetric tensor ) on .#¢(W) defined by

Y= Z Vape dzg dzp dze.. (4.63)

a,b,c

From [4.61], the component V. is also given by
Vave = =11 X O 11, (4.64)

0 1
2_(_10), (4.65)
and from equation [£.50] V.. becomes

Vare = —w@' STX 8 Oppe . (4.66)

where X is the block matrix

4.6.2 Mirror map

In all examples of mirror pairs, there exists an integral symplectic basis {AZ, Bj} of
H3W,,, Z) such that

Za(9) = Awa(p), a=0,--- , h'? (4.67)
where ) is a nonzero constant. Define ¢ by the quotient @; /@y
s w1 file) 12
t"="="=_—""1logp; + yi=1,--- h* 4.68
20 wo 2w &% fo(¥) (4.68)

Definition 4.6.1. The mirror map is induced by the identification of the flat co-
ordinate {t'} of the complexified Kdihler moduli space My s (M) (see Example

with {w;/wo} in a local neighbourhood of the large complex structure limit, i.e.
#= ¢, (4.60)
Remark 4.6.2. [t is very important that the periods[4.40 satisfy the boundary con-

ditions [{.47
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4.6.3 Mirror symmetry conjecture

On the complex side, the period vector II is homogeneous of degree 1 with respect to

the coordinates (zp, - - , zp12). After a rescaling by zg, II is normalised to
Iy = (go/Zo, T 7gh12/207 Lieeo Zh12/Zo)t, (4'70)

which further can be written as

96 oG oG -
HA:(QQ—Zt/ 8t,2~7ﬁu"'7W‘17t17”'7t/h ). (4.71)

From equation [£.61] the normalisations of V. and ) are

yg})c = yabc/Z(Z) = yabc/)\Qw(Q)a yA = y/zg = y/>\2w[2) (472)

Mirror Symmetry Conjecture: given a mirror pair (M, W) of Calabi-Yau
threefolds, there exists an integral symplectic basis {A,, By} of H3(Wy,, Z) such that
1s true. The mirror map in Definition iduces an isomorphism between
M (M) and a neighbourhood of the large complex structure limit in Mc(W), under
which the mirror period vector 11 of M (M) is identified with the normalised integral
period vector Iy of Mc(W) [22, 23]

Take the third partial derivatives of F, then we get the Yukawa coupling y{;k on the

Kahler side given by
K PF

ik Ot;0t;0t, (4.73)

From mirror symmetry conjecture, the normalised Yukawa coupling ygk

plex side is identified with the Yukawa coupling ygk on the Kahler side. The iden-

on the com-

tification of IT with II, in mirror symmetry implies that the monodromy matrices of
IT equals those of 1T [17, 22]
To; =Tk, (4.74)

therefore Tk ; is also an integral symplectic matrix which immediately implies the

following property in mirror symmetry.
Corollary 4.6.3. The coefficients Yy;; and Yoo, are rational numbers.
Summary: in this chapter, we have briefly discussed the mirror symmetry con-

jecture, and our treatment is from the original paper [23]. It should be noticed that

in the mathematics literature, it is the Yukawa complings on the Kahler side and
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complex side that are identified under the mirror map, which is a weaker version of
the mirror symmetry conjecture. From Chapter [f| to Chapter [7}, we will apply the
constructions in this chapter to the study of the mirror symmetry of a self-mirror
Calabi-Yau threefold Xg. In Chapter [§] we will compute the limit MHS at the large
complex structure limit of the mirror family of X, and it will be clear that the
stronger version of the mirror symmetry conjecture in this chapter is crucial in the

computations.
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Chapter 5

The construction of a self-mirror
Calabi-Yau threefold Xg

In this chapter, we will discuss the construction of a self-mirror Calabi-Yau threefold
X with Hodge numbers h'! = h'? = 2. All the results in this section are from [15],

but we will rewrite them in a more mathematical way. The structure of this chapter

is as follows:

Section introduces a complete intersection Calabi-Yau (CICY) threefold Y
which admits a free action by a finite group & of order 12. The quotient of YV
by &, denoted by Y, is a Calabi-Yau threefold with Hodge numbers h'* =

and h'? = 4. Moreover, Yg has a deformation over P*.

Section discusses the geometry of del Pezzo surface dPg, which is the blow

up of P? at three points in general positions.

Section [5.3]discusses the construction of a ®-invariant ample divisor of Y, which

defines an ample divisor of Y.
Section discusses the toric geometric constructions of ¥ and Y.

Section [5.5] studies a two parameter subfamily of conifolds in the deformation

of Yg over P4, whose resolution yields the self-mirror Calabi-Yau threefold Xg.

Finally, Section [5.6]discusses the discriminant locus of this two parameter family
of conifolds, which will be important when we study the mirror symmetry of
Xeo.
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5.1 A complete intersection Calabi-Yau threefold

Let Y be a complete intersection Calabi-Yau (CICY) threefold with configuration

matrix
pl ql r q2 p2
z3; P21 1 1 0 0 |
T4j ]P)Q 0 0 1 1 1

where the projective coordinates of the i-th P* in the product (P*)* are (z)7_,.
Namely Y is the sub-variety of (P?)* cut out by five multi-homogeneous polynomials
p', ¢, p?, ¢ and r with degrees shown in the configuration matrix [5.1 When the
coefficients of p', ¢!, p?, ¢*> and r are general, Y is a smooth Calabi-Yau threefold
with Hodge numbers h'' = 8 and h'? = 44, hence the Euler number of YV is —72.

Now let us define the following polynomials

p(w, z) 1= wg 20 + w1 29 + Wo 21, q(w, z) := wy 21 + wo 22 + ws 20,

1 (5.2)
Mkl = Z_l E LTo,i La+1,j Lat2,k La+3,1,

where for simplicity the index « (resp. j) of x,; takes value in Z/AZ (resp. Z/3Z).
Let the special p!, ¢', p?, ¢> and r be given by

pt = pler,as), PP o= plag,as), ¢ = qlz,es), ¢ = q(w,24), (5.3)
T = CoMoooo + C1Mi111 + C2 Ma222 + C3Moo11 + C4 Mp212- .
When the coefficients {c;}?_, are general, the threefold Y cut out by the polynomials
in is still a smooth Calabi-Yau threefold, but now Y admits a free action by a
group of order 12. More precisely, let & be the group with generators g; and g, that

are subjected to the relations

g5 =1=ygi, 91935= 95 ou, (5.4)

and in fact it is the dicyclic group of order 12. This group & has an action on the

ambient space (P?)* given by

g3 @ Ta,j — Cg(,_l)aj%,j, G4 @ Ta,j = Tay1,j, With (3 = exp(27i/3), (5.5)

which further defines an action on the CICY Y cut out by the polynomials in [5.3]
Moreover, for general coefficients {c;}’_,, this action of & on Y is free, so the quo-
tient Yy := Y/® is also a Calabi-Yau threefold. Let (co,---,c4) be the projective
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coordinates of P4, then the five polynomials in equation cut out a variety ) of
(P?)* x PY. The natural projection map (P?)* x P* — P* defines a fibration of ) over
P* that will be denoted by 7y

Ty 2 Y — PL (5.6)

From now on, Y will mean a general smooth fiber of this family.

Remark 5.1.1. The fibers of the family Y in over the following two points are
1somorphic

(Co, Cy,C2,C3, 04)7 (CO, ¢sc1, Cgcz, C§C3, C§C4)« (5-7)

From geometric invariant theory (GIT), the quotient of ) by & exists and it defines
a fibration over P*

Tye : Yo — P!, with Vg := V/&. (5.8)

The action of & on a general fiber of the family ) is free, so a general fiber of the
family Vg is a smooth Calabi-Yau threefold, and from now on a general smooth fiber
of this family will be denoted by Y (= Y/®). Since the order of & is 12, the Euler

characteristic of Yy is —0.

5.2 The del Pezzo Surface

In this section, we will discuss some properties of the del Pezzo surface dPg, which
is the blow-up of P? at three points that are in general position. It is important to
notice that the polynomials p'(z1;, x3;) and ¢'(x1;, z3;) in equation only depend
on variables z1; and x3;, hence they cut out a surface S in P? x P? (the product of
the first and third P? in (P?)?) which is isomorphic to the del Pezzo surface dPs.

Remark 5.2.1. The cohomology groups of del Pezzo surface S are given by
H°(S,7) ~ H°(S,Z) =7, H'(S,Z) ~ H*(S,7Z) =0, H*(S,Z) = Z*. (5.9)

The projection of P? x P? to the first P? induces a map S — P2, which realises S as
the blow up of P? at the following three points

pdl - (17 17 1)7 pd2 - (17€37<§)7 pd3 = (17C§7C3> (51())

Let E; be the exceptional divisor of S over the point pd;. Let L;; be the unique line
of P? that passes through pd, and pd;, and by abuse of notation the proper transform
of this line in § will also be denoted by L;;. The lines L;; and E; are listed in Table

51 I35
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—1 line T x3;
B, (1,1,1) T30 + T31 + T390 = 0
Lip T10+ (3211 + (12 =0 (1,63, ¢s)
Ey (1,¢5,63) T30 + (3 231 + (332 = 0
Lo T + 211 + 212 =0 (1,1,1)
E; (1,¢3,G3) T30 + G331 + (5 w32 = 0
Lsi | 210+ a1+ Griz=0 (1,¢3,65)

Table 5.1: The six —1 lines of S

On the other hand, the projection of P? x P? to the second P? induces another

map S — P? which realises S as the blow up of P? at the following three points

pd1,2 = (17C§a§3)7 pd2,3 = (17 ]-7 1)7 pd371 - (17C37<32) (511)

Now the line L;; of § is the exceptional divisor over the point pd, ; and the line E; of
S is the proper transform of the line in P? that passes through the points pd; ; and
pd; ;. From properties of blow up [98], the self-intersection number (in S) of each
of the six lines above is —1. For later convenience, the six lines are ordered in the

following way
D, = (E1, Lia, By, Loz, E3, L3y ). (5.12)

Now let H be a general line of P?, which is a hyperplane divisor of P2, and its proper
transform in S, which will also be denoted by H, is the hyperplane divisor of S. From
[52], the self-intersection number of H in S is 1, and the four divisors { H, F1, Es, E3}

form a basis of H?(S,Z), moreover their intersection numbers in S are given by [52]
H-H=1, H-E =0, E-E; = —4,. (5.13)

The only non-zero intersection products between {L;;} and {E;} are
Lij-E;= Ly E; = 1. (5.14)

Poincaré duality implies the intersection pairing of H?(S,Z) with itself is not degen-
erated, so we find [15]

Similarly, the polynomials p? and ¢? in only depend on the variables x5; and

45, hence they cut out a surface S in P2 x P? (the product of the second and fourth
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P? in (P?)*). There is a symmetry between p' (resp. ¢') and p? (resp. ¢*) induced by
the swaps coordinates

T1j <7 T35, Taj <> T4y, (516)

therefore S is isomorphic to S. So parallel constructions work for the surface S and

its six —1-lines will be denoted correspondingly by

Da - (E/l;z1275275237ﬁ37z31>7 (517>

which have the same intersection products as in equation etc. So the polynomials
pl, ¢, p? and ¢? cut out a smooth fourfold S x S in (P%)4, and Y is a hypersurface
cut out by the polynomial 7.

5.3 A G-invariant divisor of Y and the Hodge num-
bers of the quotient Y

From equation and Kiinneth formula, we find that
H*(S x 8,7Z) = H*(S,Z) & H*(S,Z). (5.18)
The polynomial r in equation defines a section of an ample line bundle of (P?)%,
therefore the Lefschetz hyperplane theorem yields an isomorphism [52]
H*(Y,Z) ~ H*(S x 8, 7). (5.19)
The quotient map Y — Y/® = Y induces homomorphisms of cohomology groups
H*(Ys,Z) — H*(Y,Z), H*(Ys,Q) = H*(Y,Q). (5.20)
The action of & on Y induces an action of & on H*(Y,Q), and the standard Leray-
Cartan spectral sequence gives us
H*(Ys,Q) = H*(Y,Q)°, (5.21)
where H?(Y,Q)® consists of G-invariant elements of H%(Y, Q). From the (-1)-lines of
del Pezzo surface, there are 12 divisors on Y that are given by
DY =(D,x8)NY, DY =(8SxD,) NY. (5.22)

In [15], the authors have shown that the only &-invariant element of H%(Y, Q) (up to

a multiplication) is given by
6

> (DY + D)), (5.23)

a=1
hence the Hodge number h'!'(Yy) must be 1. The Euler characteristic of Yy is —6,
thus the Hodge number h'?(Yg) is 4.
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Remark 5.3.1. After quotient by &, S°_ (DY + DY) defines an ample divisor of Ye
which generates its Kahler cone. The divisor Zizl(D}; + 15};) 15 the anti-canonical

divisor of the toric variety S X g, which will be discussed later.

5.4 The toric geometric constructions of Y and Y

The del Pezzo surface S is a toric variety whose polytope Ps is the convex hull of the

following seven lattice points

{,ua 2:0:{(070)7 (170)7 <071)7 (_171)7 (_170)7 (07_1>7 (17—1)}7 (524>

which are the only lattice points of Ps. The fan of S (in the real vector space spanned
by the lattice of one-parameter subgroups of &) will be denoted by Xs, and it has six

one-dimensional cones with ray generators given by
(1,0), (1,1), (0,1), (—-1,0), (—1,-1), (0,-1), (5.25)

while the two dimensional cones of ¥5 are generated by adjacent ray generators. From
toric geometry [31], there exist six divisors associated to the six one dimensional cones
of X, which are just the six (—1) lines {D,}°_,. The polytope of S will be denoted
by Pg, which is isomorphic to Ps, while the fan of S will be denoted by ¥z, which is
isomorphic to Xgs.

Therefore the fourfold S x S is also a toric variety whose polytope Pg, 5 is the

Minkowski sum of Ps and Pg

P

sx§ = Ps x Ps, (5.26)

thus Pg. g is the convex hull of the following lattice points

{1a X s} p=0, (5.27)

which are in fact the only lattice points of Pq, 5. The fan of S x S , denoted by ¥4, 3,
is given by
Vsus = Vs X Bg, (5.28)

_ . . . . 12
hence 3¢, s has 12 one dimensional cones with ray generators {p;},2,

{(1,0,0,0),(1,1,0,0),(0,1,0,0),(-1,0,0,0),(—1,-1,0,0), (0,—1,0,0)

5.29
(0,0,1,0),(0,0,1,1),(0,0,0,1), (0,0,-1,0), (0,0,—1,-1),(0,0,0,—1)}. ( )
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There exist 12 divisors associated to the 12 rays of Y, s, which are given by
{D,x 8, 8xDy}°_,. (5.30)

The group & acts transitively on these 12 divisors [5.30] which induces an action of &
on the lattice of one-parameter subgroups of X, s, and moreover it determines the
action of ® on S x S uniquely [31].

The action of & on the lattice of one-parameter subgroups of ¥g s induces an
action of & on the lattice of characters of X¢ 5. Under this action, the 49 lattice
points of P s fall into five orbits: the trivial orbit that consists of the origin
(0,0,0,0) and four other orbits each consists of 12 lattice points. The toric polynomial

of the trivial orbit is 1 and the toric polynomials of the other four orbits are given by

) =ti+tatprt iy Ly Lyl h
e e o Ty T T T Ty Tty
1 1 1.t t t t 1
Fo(t) = (t2+ —)(ta+ —) + (1 + =)= + )+ (= + 2)(ts + ),
to ty t1" 'ty 13 to 11 ts (5.31)
1 1 1t t Loty 1 '
B =(t1+—)ts+ =)+ (ta+ =)=+ )+ (s + —) (= + 2),
Falt) = (4 )l )+ (ot DI+ D)+t )+
1 1 1 1 t1 to t3 14
)= (ts+—)ts+ =)+ (t1 + —)(ts + —) + (= + 2=+ 2).
Filt) = (a4 )l )+ (4 D)+ )+ G+ D+
Therefore the most general &-invariant toric polynomial of Pg. 5 is given by
f@) =% + 71 f1(t) + 2 fo(t) + 73 f3(t) +7a fa(t), (5.32)

where {7;}1, are free complex parameters. Hence the toric polynomial f(¢)[5.32] cuts
out a four-parameter family of hypersurfaces in S x S , while each hypersurface admits

an action of &, so we get a fibration over P*
mor s Yrer s P4 (5.33)
where the projective coordinates of P* are (7o, -+, V4).

Remark 5.4.1. From toric geometry [31|], the sections of the anti-canonical bundle
of § x S are in one-to-one bijection with the toric polynomials of Pg, 5. Since the
polytope Py, 5 is reflexive, the vanishing locus of a general section of the anti-canonical
bundle ofog 1s a Calabi- Yau threefold. Furthermore the vanishing locus of a general
section that is given by a G-invariant toric polynomial[5.39 is a Calabi-Yau threefold

that admits a free action of &.
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Proposition 5.4.2. The family 7i"|5.35 E 1s isomorphic to the family my -

Y = ytor
l’“’ lﬂy . (5.34)

Pt —= P

The isomorphism between the base space P* is given by a projective linear transfor-

mation

Yo = Ca + c3 + cy, co=3(Cs2+ (53 + 74),s

"= 112 (4cg —2c3 + ), c1=3(G 7+ G+ 74),

Vo = 3_16 (4G co+4¢er+ (der+es—2c)), :é(%—i-1271+12(72+73+74>>
V3 = 3_16 (AGa+aGa+ (e ta—2c), g= ;l (0 =671+ 3 (v2 + 73+ 7)),
V4 = 3_16 (deo+4dcr+ (dea+c3—2¢y)), 0423 (o +37 —6(v2+ 73+ 74))-

(5.35)

Proof. The projective linear transformation is obtained by studying the functions on
the torus of S x S induced by the polynomial r and the toric polynomial f(t)
[15]. O

The quotient of Y% by & defines a fibration over P*
tor y&or SN P4 with ytor ytor/Qi, (536)
which is isomorphic to the family

Vo —— Yior
lﬁg [ (5.37)

Pt —= P!

5.5 The conifold transition and the mirror of Yy

In this section, we will discuss the two parameter subfamily of conifolds of the family
Ve [5.8] and the construction of the mirror of Y.
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5.5.1 A two parameter subfamily of conifolds

Over the subvariety P? of P* defined by ¢y = ¢; = 0, we get a two parameter sub-
family of Vg [5.8 that will be denoted by

Ty, Ve — P2, (5.38)

where the projective coordinates of P? are (cq,c3,c4). A general fiber of Vi will be
denoted by Y, which is a conifold with singularity consists of three double points (this
will be shown in next chapter). From equation the P? defined by ¢y = ¢; = 0
corresponds to the P? defined by 75 = 73 = 74, and for the two P2, the linear

transformation between their coordinates (cq, c3, ¢4) and (79,71, 72) becomes

1
Yo = €2 + ¢35 + ¢, c2 = = (70 + 1271 + 36 72),

9
1 4
n=gle-2a+a),  a=g00=6m+9%), (5.39)
1 4
722%(402—#03—264)7 C4=§(VO+371—1872)-

From Section 5 of [15], the three double points of Y can be resolved by a projective
small resolution, and the smooth variety after resolution is a Calabi-Yau threefold
with Hodge numbers h'' = h'?2 = 2 that will be denoted by Xs. When ¢y and ¢
approach 0 in a general way, there are three spheres S? in the smooth fiber that shrink
to three double points. In the projective small resolution of Y, each double point is
resolved by a P!. This process is called conifold transition by mathematical physicists
23
Xe
lsmall resolution - (5.40)

Yo

Y co—0
5] ?

c1—0

Remark 5.5.1. In next chapter, we will give a construction of a projective small

resolution of Yg that will be convenient for the computations in this thesis.

5.5.2 The mirror Calabi-Yau threefold of Yg

The mirror Calabi-Yau threefold of Y has been constructed in Section 6 of [I5].
The equations 75 = 73 = 74 = 0 define a one dimensional subvariety of P* that is
isomorphic to P!, and over this P!, we get a subfamily of Ve

T Ve — P (5.41)
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a general fiber of which is a singular variety with singularity consists of 6 double
points. The 6 double points can be resolved by a projective small resolution, and
after resolution we get a Calabi-Yau threefold Yy with Hodge numbers h''(Yy) = 4
and h'?(Yy) = 1, which is the mirror of Y. So we get a fibered diagram

Voo —— Vg —— Vo

lﬂ;sg lﬂ;ﬁ l% . (5.42)

1 ¢ \ 2 . \ 4
]P)(C /IP)(C /IP(C

The observation is that Vg falls in the middle ground between Vg* and Vg, since the
resolution of Vg’ is the mirror of Vg, so the resolution of Vg is expected to be the

mirror of itself, i.e. Xg is expected to be self-mirror.

5.6 The discriminant locus of the conifold Y

The singularity of Y, which is a general fiber of Vg [5.38] consists of three double
points, but over some special locus in P2, the fibers can have more severe singularities,
and this special locus is called discriminant locus of the deformation Based on
Grobner basis computations, the discriminant locus of the deformation has been
found which are listed in Table [5.2] [15].

Component Equation Component Equation
e deges—c2 =0 I 1 dey —8e3+Tey =0
ro deg+ez—2c4 =0 [ (Vi) 8c3+cy=0
) co+16c3+4cy =0 [ (Vi) 4eyg—cy =0
[ Gid) o =0 () cs—cys =0
) c5 =0 ) ca+2cs=0
re cy =0

Table 5.2: Discriminant locus

It is very interesting that there exists a (Z/27Z)? symmetry of P? generated by the

projective transformations S and 71" of the form

=
o

8 2 4 1 4
C2 9 9 9 C2 C2 9 9 9 C2
18 2 4 1 2
S=1 ¢ | = i 9 9 s |, T:1 a3 | =135 3§ % C3
_4 8 _7 4 _38 7
C4 9 9 9 €4 €4 9 9 9 =
(5.43)
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which preserves the discriminant locus in Table [15]. To see this symmetry more
clearly, let us define new projective coordinates
U= —2co +4cg + ¢y,
v:i=2(co —2c3+4¢y), (5.44)
w:=6(co + 2c3),

with respect to which, the actions of S and 7" become simpler

S:u—u, v——v, w—w,
(5.45)
T:u— —u, v—>v, w—w.

On the open affine subvariety of P? where w # 0, let us define coordinates ¢ and 7 by

u

v
E:=—, n:=—. (5.46)
w w
The coordinates of the quotient {w # 0}/(Z/27Z)? is given by
X1 = §2, XQ = 772, (547)

which will be convenient when we compute the Yukawa couplings of X.

Summary: in this chapter, we have discussed the constructions of the Calabi-
Yau threefold X, which will be important in Chapter [6] and Chapter []] We also
give some intuition why Xg is expected to be self-mirror, which is supported by the

computations in Chapter [7}
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Chapter 6

Divisors of the self-mirror
Calabi-Yau threefold Xg

In this chapter, we will study the homology group Hs(Xg,Z) and the cohomology
group H?*(Xg,Z), which will be important when we study the mirror symmetry of

Xg. The structure of this chapter is as follows:

e Section discusses a projective small resolution of the conifold Y [5.38, while

the smooth Calabi-Yau threefold after resolution is X.

e Section constructs two divisors € and 0 of Xg, which form a basis of
H?*(Xg,7Z) (modulo torsions). It also shows that the two divisors lie in the
closure of the Kéhler cone Kx,, hence they define a framing of X and its

complexified Kahler moduli space is given by
My (Xe) ={t1e+t20:t; € H},
where H is the upper half plane of C.

e Section discusses the intersection product of a curve and a surface in a

Calabi-Yau threefold.

e Section[6.4]computes the intersection products of € and ¢ with themselves, which

are shown to be
[ =18, [e]*-[6] =6, [§]> =0, (6.1)

where [¢] means the algebraic cycle class represented by ¢, etc.

e Finally, Section constructs two one dimensional algebraic cycles I'c and I's

which form a basis of Hy(Xg,Z) (modulo torsions). Moreover I'. and I's are
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dual to € and 4, i.e. their intersection products are given by
L, [5] ) [Fe] =0,
€] - [Ts] = 0, [o] - [[5] = 1.

6.1 A projective small resolution of the conifold

In this section, we will introduce a projective small resolution of the conifold Y.
Over the locus in P* defined by ¢y = ¢; = 0, we have a sub-family of Y that will
be denoted by

w5 VS — P2 (6.2)

and the quotient of Y* by & is just the family Vg in equation [5.38| It is important

to notice that when ¢y = ¢; = 0, the polynomial r in equation can be written as
1
=1 (A. D, — B, C,), (6.3)

where A,, B,, C, and D, are given by

A, = T19739 B, = x19 %31 + 711 %30,
Cr = —c3(To1 Tao + To0 Ta1) — CaToTaz , Dy = ca(@o1 Tag + Too Ta1) + 4 C2 T2 Tao.
(6.4)
A general fiber of 7y, is a singular variety with singularity given by
A, =B, =C,=D, =0} N(SxS
{ ) (S %) .

=({A, =B, =0} NS) x {C, =D, =0} NS).

The intersection {A, = B, = 0} NS is transverse and it consists of six points {pt, }5_,

pty ¢ (zy;) = (L, 17 1), (z3) =@, =1, 0),
pty : (21;) = (1, — 0), (x3;) = (1, Cga G),
pty © (21;) = (1, Cs, ), (@) = (1, =G, 0), (6.6)
pty = (r1;) =(L, =1, 0), (zz) =(1, 1, 1),
pts = (r1;) = (L, Cg, Gs), (xg) = (1,— 0),
ptg = (z1;) =(1, -G, 0), (z3) = (1, C37 G)
For general {c;}1_,, the equations C, = D, = 0 are equivalent to
C. = Tgy Tay = 0, D, = 1y, Tao + Too a1 = 0. (6.7)

Similarly the intersection {5r =D, = 0}n S is also transverse and it consists of six
points {I;tb}gzl, therefore the singularity of a general fiber of )* , which will be
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denoted by Y?, consists of 36 double points pt, x pNtb. Under the action of &, the 36
double points of Y* fall into three orbits, hence the singularity of Y5 = Y*/® consists
of three double points.

For the variety P x (P?)* x P2, let (1,t5) be the projective coordinates of P!, and
let (¢, ¢3,¢q) be the projective coordinates of the last P2, while as before (x;;) are the

projective coordinates of (P?)*. Let us first define polynomials 7; and 75 by
rli=tA, +t:B,, r*:=t,C.+t,D,. (6.8)
Now let X be the subvariety of P! x (P?)* x P? cut out by the polynomials
p=¢d=p=¢gF=rt=r’=0. (6.9)
The projection of P! x (P?)* x P? to the last P? yields a fibration of X over P?
Tx 1 X — P2 (6.10)

a general fiber of which is smooth and will be denoted by X. The configuration

matrix of the fibers of this family is

pl ql 7,1 7,.2 q2 p2
t; PP{0o 0o 1 1 0 0
T1j PQ 1 1 1 0 0 0
z; P20 0 0 1 1 1 |, (6.11)
T4 IEDQ 0 0 0 1 1 1

so a general fiber of X is a smooth Calabi-Yau threefold. The natural projection
morphism

P! x (PH)* x P* — (P?)* x P? (6.12)
induces a morphism between the two fibrations A and Y* which gives us a commu-

tative diagram
X— )¢

WX /WY . (6.13)
PQ

Lemma 6.1.1. For a general parameter ¢ := {c;}}_,, the fiber X. (X ) is a projective
small resolution of the conifold Y3 (Y*).
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Proof. For a general parameter c, X, is a smooth Calabi-Yau threefold from the
configuration matrix [6.11], and it is projective as it is a subvariety of P* x (P?)%. The

L' =92 = ( can also be written as

A, B t
roo —0. 14
(& o) (0 010
In order for (¢1,t3) to have a nontrivial solution, the rank of the coefficient matrix
in equation must be < 1. If the rank of the coefficient matrix is 1, then (¢, %)
has a unique solution (up to a multiplication). If the rank of the coefficient matrix is
zero, i.e. A, = B, = C, = D, = 0, then equation is always true, which means

the solution space is P!, hence the a double point of )% is resolved by a P!. Since P

equations r

has codimension 2 in X, therefore it is a small resolution. O]

The action of & on Y* can be extended to an action of & on X. Let g3 and g4

(the generators of &) act on P! x (P?)* x P? through
(=1
g:ti_>ti7xa,'_>c $a7‘7Ci_>ci,
’ s 7 (6.15)
g4 : t1 > —cat1 +4co to, to = —cgt1 + c4to, Ta,j = Ta+l,j; Ci — G-

Under this action, the polynomials p', ¢*, p* and ¢? transform in the same way as

before, while r; and 75 transform in the following way

gs : rt— C?? 7“1, r? = (3 7“2,
(6.16)

gt =%t = —4dcyes) rh

The action of & on {c;}1_, is trivial, hence this action preserves the fibers of mx [6.10]
For parameters ¢ = {¢;}’_, which are not in the discriminant locus listed in Table
.2 the action of & on the fiber X, is free. Let us define the variety Xg by

X = X/8, (6.17)
and there is a fibration over P?
Txe : Xo — P2, (6.18)

a smooth fiber of which is a Calabi-Yau threefold with Hodge numbers h'' = h!? = 2
[15].

Lemma 6.1.2. The resolution[0.13 defines a commutative diagram

X — Vs

N A (6.19)
TX g 7qus5
]P)Q
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moreover over a parameter ¢ not in the discriminant locus listed in Table the

Jiber X ¢ is a small resolution of Vg ..

Remark 6.1.3. Furthermore, there is a 7/37Z-action on X generated by hs
h3 . tz — ti, Tq,j — Cg Tq, 55 Ci — C;, (620)

which commutes with the actions of g3 and g4, hence it defines a Z/3Z action on
X that preserves its fibers Xg .. Moreover, this Z/3Z action permutes the three

exceptional curves of Xg ..

6.2 The ®-invariant divisors of X

In this section, we will construct two important divisors € and § of X which will be
shown to form a basis of H?(Xe,Z) (modulo torsions). The notation X will mean
a general smooth fiber of the family X whose quotient by & is X, and the
quotient map will be denoted by

qx : X = X@. (621)

The action of  on X induces an action of & on its divisors, and the divisors of X are
in one-to-one bijection with the &-invariant divisors of X. More precisely a divisor of
X pulls back to a B-invariant divisor of X, while a &-invariant divisor of X induces
a divisor of Xg after quotient by &. We will construct two &-invariant divisors € and
5 of X such that their quotients are the divisors of Xy that we are looking for. From
intersection theory [45), [103], we have the following relations between intersection

products

[ = @P/12, 7 (8] = [ - [8]/12, ()" = [6)°/12, (6:22)
where we have used the property that X is a degree-12 cover of Xg.

Remark 6.2.1. In this thesis, the notation [C] means the rational equivalence class
of an algebraic cycle C' in the Chow group. Intersection product is only well-defined
for equivalence classes of cycles, so when we compute intersection products, we will

freely replace a cycle by one in the same equivalence class if needed.
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6.2.1 The divisor o

The threefold X is a sub-variety of P! x (P?)4, and the natural projection map
P! x (P?)* — P* (6.23)

induces a fibration of X over P!
X — P (6.24)

Recall that the del Pezzo surface S is defined by p! = ¢ = 0 in P2 x P2, while S is
defined by p? = ¢2 = 0 in the other P2 x P2. Let &, be the fiber of X over a point
t € P!, which is given by

S=(txSXxS)NX =t x&xE, (6.25)
where & (resp. &) is the subvariety of (P?)? defined by
E:pt=q¢ =r',=0, gt:pzzq2:r2|t:(). (6.26)

The configuration matrices of & and éN’t are given by

pl 1 T1|t p2 q2 Tz‘t
. P2 ~ . P2
gty BN L L L g ey Pl (6.27)
X3j P 1 1 1 T4y P 1 1 1

When t is general, & and &, are CICY of dimension 1, hence they must be elliptic
curves. From equation m the action of g3 on (t1,%5) is trivial, hence the fiber gt is
preserved by g3

g3 1 0r — 0. (6.28)

But the action of g4 on (1, ;) is not trivial, even though the action of g7 on (t,ts)

is trivial, hence we have
94-(5t = Ogy.ts (94)2'515 = 615' (629)

Let . be a point of P! that is invariant under the action of g, which always exists for
general parameters {c;}!_,, then the divisor gte will be &-invariant, and 8 is defined
by

5 =10, (6.30)
while the divisor ¢ is given by
§=0,/®. (6.31)

Lemma 6.2.2. The divisor 0 lies in the closure of Kahler cone of X.
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Proof. The ample line bundle Op:1 (1) of P! pulls back to a line bundle on P! x (P?)?
which lies in the closure of the Kihler cone of P! x (P?)%. The restriction of this line
bundle to X is a line bundle L that lies in the closure of the Kahler cone of X. The

divisor d is the vanishing locus of a section of L. m

Remark 6.2.3. Since different fibers of the fibration X — P! are rationally equivalent
to each other, later when we compute intersection products, we will replace S with the
&-invariant divisor (St +;5\g4‘t) /2 sometimes, which is rationally equivalent to ;5; This

should be clear from context.

6.2.2 The divisor €

From Section , the G-invariant divisor $X°_ (DY + DY) of Y* is ample. In the &
equivariant projective small resolution of Y* in equation [6.13], this ample divisor of Y*
pulls back to a &-invariant divisor of X that is defined to be €. From computations

using Mathematica, the divisor € is shown to be of the form

=D (P xpt, xS)NX)+ > (P! xS x pty) N X) +8(1,1) + acy—cacs—c)- (6.32)
a b

The divisor € is rationally equivalent to the following &-invariant divisor of X

> (P xpt, x S)NX) + > ((P' x S x pt,) N X) + 24, (6.33)

a b

Lemma 6.2.4. The divisor € is ample.
Proof. The divisor 3°_ (DY + DY) of Y* is ample hence its intersection product
with every algebraic curve of Y* is positive. The threefold X is a projective small
resolution of Y, and the 36 double points of Y* is resolved by 36 P'. So to show € is

ample we only need to show its intersection products with the exceptional curves of

X are positive, and this is done later in this chapter. O

For simplicity, let us define the divisor €y by

G=Y ((P'xpt,xS)NX)+ > ((P' xS xpt,) NX), (6.34)

a b

which is a &-invariant divisor of X and its quotient by & will be denoted by ¢
e0 = {(Uq (P x pt, x S)NX) U (U (P! x S x pt,,) N X)}/&, (6.35)
which is a divisor of Xg. Moreover, the divisor € is rationally equivalent to €y + 2.
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Remark 6.2.5. The 12 irreducible components of the divisor €y, e.g.
(P' x pt, x )N X, (P' xS x pt,) N X, (6.36)

are permuted by the action of &, and so € is also the pushforward of one irreducible

component of €.

Definition 6.2.6. To simplify notations, the irreducible components of €y will be

denoted by Y, and Yy respectively
Y, = (P' x pt, x S)NX, Y, :=(P' x 8 x pt,)NX. (6.37)

Before compute the intersection products of the divisors € and § with themselves, we
first need to discuss the intersection product of a curve and a surface in a Calabi-Yau
threefold [45, 52].

6.3 The intersection product of a curve and a sur-
face in a Calabi-Yau threefold

In this section, suppose M; is a Calabi-Yau threefold, N; is an irreducible smooth
surface and X, is an irreducible smooth curve of genus g, moreover there are embed-
dings

in, : Ny = My, iy, @ Xy — M. (6.38)

If the intersection of ¥, and N; inside M; is transverse, i.e. X, does not lie in
Nj, then their intersection will be finitely many points, the cardinality of which is
their intersection product. However if X lies in Ny, their set-theoretic intersection is
¥, itself, whose cardinality is infinite, so their intersection product has to be defined
otherwise [45]. The embedding of N7 into M; yields a short exact sequence of bundles
on Vg

0= Ty = Tanly, = Ny, — 0, (6.39)

where Ty, is the tangent bundle of Ny, Ty |n, is the restriction of the tangent bundle
of My to Ny and Ny, /ar, is the normal bundle of Ny in M;. The intersection product
of Ny and ¥, denoted by [Ny] - [£,], is given by [45] 52]

[N1] - [34] = /E i*zg (Cl(Nl,NNl/Ml)), (6.40)

where ¢1 (N, /ar,) is the first Chern class of Ny, ar,. From the short exact sequence
[6.39] we have
Z'T(Cl(Ml, TMl)) = Cl(Nl, TNl) + Cl(NhNNl/Ml)- (641)
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Since M is a Calabi-Yau threefold, so its first Chern class vanishes, which implies
Cl(NN1/M1) = _Cl(NhTNl) = Cl(NhQNl) = Cl(Nl, QN1 VAN QNl) = KNl, (642)

where K, is the canonical class of N;. Hence the intersection product becomes
M- (5] = [, () = (K] [24) (6.43)
g
then adjunction formula shows [52]
(V1] - (8] = [Km] - [Bg] = 29 = 2 = [X] - [3], (6.44)

where [£,] - [¥,] is the self-intersection of ¥, in N;.

6.4 Intersection products
In this section, we will compute the following intersection products
&l @l 6] @l B, 0. (6.45)

First since gt is rationally equivalent to ;5;/ for any other ¢ € P!, we immediately get

6] = 8. = [0 - [64] = 0, (6.46)
which shows
&) - [0 =0, [6 =0. (6.47)

To compute the other intersection products, it’s important to notice that the surfaces

Y, and Y} are complete intersections in P* x (P2)2 given by

2 @ oot !
t; P10 0 1 _ t;, P10 0 1
Yo r m; P21 1 1|, Yo zy P21 1 1] (6.48)
T4 PQ 1 1 1 T35 ]P2 1 1 1
The natural projection map
P! x P? x P? — P! (6.49)

induces a fibration Y, (resp. 17},) over P!, whose fiber over t € P! is given by

Yale = {t} x pt, x &

~ ~ (6.50)
Yale = {t} x & X pty,
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where the elliptic curves & and gt have already been defined in m The surface Y,
is the blow up of pt, x S at six points

pt, X pty, b=1,---,6, (6.51)
while the surface Yj is the blow-up of & x ﬁtb at six points
pt, X pty, a=1,---,6. (6.52)

Lemma 6.4.1. The intersection product [€] - [€o] - [5] is 72, hence the intersection
product (€] - [eo] - [0] is 6.

Proof. We have ¢p = > Y, + Zb?b, and in order to compute [€y] - [€o] - [3], there are

four different cases of intersection products that need to be computed
Vol - (e - (0], [Yal- 3] - 8], [Yal- (%) [0 V] - [¥3] - [O0)- (6.53)
Let us first do the case [Y,] - [V3] - [6]:

1. If a # b, we have Y, NY, = (), which shows

Yo -] 3] =0, ¥ a#b, (6.54)

2. If a = b, since intersection product of cycles are associative, let us compute
the intersection product of Y, and gt first. They intersect with each other
transversely, and the intersection is Y,|; = ¢ X pt, X gt, so the intersection
product [Yy] - [Ya] - [;5;] becomes

[Vl - [Ya] - [ = [Ya] - [t x pt, x &] = [t x pt, x &] - [Ya]. (6.55)
For general t, t x pt, x &, is a smooth elliptic curve of genus g = 1, hence from
equation we have
[t X Pty X &) - [Ya] = —[t X pt, x &] - [t X pt, x &
= —[t x pt, x &] - [t' x pt, x E] (6.56)
=0,

where t' is another general point of P! that is different from ¢. Here we have
used the property that different fibers of the fibration Y, — P! are rationally

equivalent to each other.
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So for every a and b, we have

~

[Ya] - [¥5] - [0:] = 0, (6.57)
and by parallel computations, we also have
V] - V3] - [0] = 0, Ya,b. (6.58)

The intersection products of the remaining two cases are transverse, and we have

Vo] - Y] - [0 = [{t} x pt, x &] - V] = [{t} x pt, x pty],

~ ~ ~ _ (6.59)
[Ya] - Vo] - [0:] = [{t} x & x pt,] - [Vo] = [{£} x pt, x ptg],
so we have got
[€o] - [Eo] - [&1] = 72. (6.60)
Since the order of & is 12, we have
leo] - [€o] - [0] = T2/12 = 6. (6.61)
m

Lemma 6.4.2. The intersection product []* is -216, hence the intersection product
[€o)? is -18.

Proof. To compute [6]?, there are eight different cases that we need to study

AR AR AR AR AR ARV AR AR ANV AR AR VA
(6.62)

Ya]- (Y] - [Ye], [Ya] - (3] - [Y), [¥a] - (%) - [Y2), [Ya) - (W) - [Yel.

First let us compute [Y,] - [Ys] - [Ye]. When a # b, the intersection Y, N'Y} is empty,
hence when a, b and ¢ are not all the same, this intersection product is 0. When

a = b = ¢, the triple self-intersection of [Y,] is given by [32] 45]

V) = [ dW) = [ @)= [ don) = [ K 6

a a a Ya

where we have used the property [6.42] It is important to notice that the surface Y,
is the blow up of pt, x S at six points {pt, x pt, }o_,. To simplify notations, let S be
the blow up of S at the six points {pt,}5_,

Bs: §—=8, (6.64)

82



and let us denote the exceptional divisor over pt, by D! . The surfaces Y, and Y, are
both isomorphic to S. To proceed, we need to compute the integration [ g K%, which

is given by a standard fact in algebraic geometry [52]
Kg) [Kg)=9-9-0, (6.65)

where we have used the property that S is the blow up of P? at 9 points. In conclusion,
we find that
Yol - Vo] - [Ye] = 0, [Ya] - Vo] - [Ye] = 0, V a, b, c. (6.66)

Now let us compute [Y,] - [Vy] - [Yo]. If a # b, the intersection Y, NYj is empty,
hence this intersection product is 0, so we only need to compute the case where a = b.

First Y, intersects with Y; transversely, and their intersection is given by
Yo NY, =P x pt, x pty, (6.67)

which is an exceptional curve of Y,, hence its self-intersection in Y, is —1 [98]. The
genus of P! is 0, therefore adjunction formula yields

[Ya] - [Ya] - [Ye] = [Ya] - [B' x pt, x pty)
— —2— [P' x pt, X pty] - [P' X pt, X pty) (6.68)
= -1

From parallel computations, we have

[Ya] : [Ya] : [YL] = _17 (669)

therefore we have found
[€0]? = =216, [e]® = —18. (6.70)
O

Thus we have got the intersection products
[@° = (@] + 2 0)* = @) + 6 (& - (0] = 216, [ [3] = [@]* - [0] = 72.  (6.71)

from which we find
€ =18, [d2- 18] =6, [o]? = 0. (6.72)
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6.5 The algebraic cycles dual to the divisors ¢,

In this section, we will construct two one dimensional algebraic cycles I'c and I'y of
X, which form a basis of Hyo(Xg,Z) (modulo torsions), moreover, their intersection

products with € and § are shown to be

[e] - [T =1
(6.73)
[e] - [Ts] =0, [0]-[Ts] =1,

which shows ¢ and ¢ from a basis of H?(Xg,Z) (modulo torsions). First, the one

dimensional algebraic cycle (1,1) x Dy X pt,, which is isomorphic to P!, lies in the

a’

surface lN/a, from which we construct the following ®-invariant cycle

L= g((1,1) x Dy x pty). (6.74)

ged

The cycle I'. is defined to be the quotient of fe by &

e = {Ugesg((1,1) x Dy x pt;)}/®, (6.75)
which is a cycle of X that is isomorphic to P!.

Lemma 6.5.1. The intersection products of fe and €, ;5; are given by
@) - [0 =12, [3]-[T] =0, (6.76)
hence T'c satisfies the intersection products in equation [0.75.

Proof. Choose a general t € P! and fe does not intersect with gt, hence we get
5]- [0 =o. (6.77)
The surface Y; is the blow up of § x pNt1 at the six points

pt, X pty, b=1,--- 6, (6.78)

where point pt, X pt, lies in the cycle Dy x pt,. The cycle (1,1)x Dy % pt, is the proper
transform of Dy x f)vt1 in }71, hence from the proof of Lemmam its self-intersection
in Y7 is —2. Thus adjunction formula M tells us

V1] - [(1,1) x Dy x pty] =0. (6.79)
Since the intersection of D; x 5‘51 and 371,, b # 1 is empty, so we have found
V3] - [(1,1) x Dy x pty] =0, V¥ b. (6.80)
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The cycle (1,1) x Dy X pt, intersects transversely with Y; at the point (1,1) X pt, X pt,,

while its intersection with Y, b # 1 is empty, so we get

ol - [(1,1) x Dy x pt] = 1, (6.81)
which immediately proves this lemma. O]

The cycle ﬁg is defined by

Ts =Y g(P' x pt; x pt), (6.82)

ged

which is the union of 12 exceptional curves of X, and the cycle I'y is given by

s i= {Uyesg(P' x pt; x pty)}/8, (6.83)
therefore I's is one of the three exceptional curves of Xg.

Lemma 6.5.2. The intersection products of f(g and €, 25; are given by

[Go] - [Ts] = =24, [5] - [T] = 12, (6.84)
from which we get
eo] - [Ts] = =2, [6] 0] = 1. (6.85)

Proof. The curve P! x pt; x f)vtl is an exceptional divisor of 571 (viewed as a blow up
of S x pt,), hence from the proof of Lemma and formula [6.44] we have

[P % pty x pty] - [¥1] = —1, (6.86)
and similarly we also have
P! x pt, % pby) - [Vi] = —1. (6.87)

The intersection of P! x pt, x 1;51 with Yp, Y, is empty when b # 1, so we immediately
have [€] - [ﬁ;] = —24. On the other hand, P! x pt, X pt, intersects with 0, transversely
at the point ¢ X pt; X pt,, therefore we have [&] - [[5] = 12. O

Since [€] = [eo] +2[d], so I'c and I'; satisfy the intersection products in equation [6.73]

Remark 6.5.3. The Z/3Z-action on Xe in Remark[6.1.5 sends 6 to itself, while it
permutes the three exceptional curves of Xg, hence [6] - [I's] = 1 immediately implies
that the three exceptional curves of Xg are homologous to each other. So Theorem
3.2 [87] also proves that the Hodge numbers of X are h*' = h1? = 2.
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Summary: in this chapter, we have constructed two divisors € and 9 of Xg, whose
Poincaré duals form a basis of H*(Xg,Z) (modulo torsion). The two divisors lie in
the closure of the Kahler cone of Xg, hence they define a framing of X, from which
the complexified Kahler moduli space of X is constructed. We have also computed
the triple intersection products of the two divisors, i.e. [¢]?, [€]*-[d], - - -, which will be
important when we compute the Yukawa couplings of Xg in Chapter [7] We have also
constructed two one dimensional algebraic cycles I'. and I'y, which form a basis of
Hy(Xg,Z) (modulo torsion). We have shown that {I';,I's} are dual to {¢,d}, which

will be important when we study the Gromov-Witten invariants of X in Chapter [7]}
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Chapter 7

The mirror symmetry of the
self-mirror Calabi-Yau threefold

X

In this chapter, we will study the mirror symmetry of the self-mirror Calabi-Yau

threefold Xg. The structure of this chapter is as follows:

e Section [7.1] discusses the construction of a threeform on the mirror family.

e Section [7.2] computes the fundamental period @, of X by explicitly evaluating
the integral of the threeform over a cycle in H3(Xg,Z).

e Section studies the discriminant locus of the mirror family and points out

which is the large complex structure limit.

e Section computes the Picard-Fuchs operators using a non-rigorous method,
as the Griffiths-Dwork method turns out to be too complicated for Xg. This
section also solves the Picard-Fuchs equations of Xg by Frobenius method,

which yields six canonical periods of Xg.
e Section [7.5] constructs the mirror map of Xg and discusses its mirror symmetry.

e Section computes the Yukawa couplings of Xg and their instanton expan-

sions, from which the Gromov-Witten invariants of Xg are found.

e Finally, Section studies the connections between the mirror symmetry of X

and that of the one parameter mirror pair (Yg, Yy).
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7.1 The threeform of Xy

In this section, we will discuss the construction of a threeform 2y, for the mirror
family of Xg. From Chapter , the lattice of characters of the toric fourfold S x &

has a basis {e;}\_; given by
e1 =(1,0,0,0), e; = (0,1,0,0), e3 = (0,0,1,0), e, = (0,0,0,1). (7.1)

The fan of S x S has 12 rays generated by {p;}2, , and let z; be the homogeneous
coordinate (which is in the sense of Chapter 5 of [31]) associated to the ray generated

by p;. For each subset
I={iy, - ,ig} C{1,--- 12}, (7.2)
let us define

det(er) := det(< ek, pi, >1<ki<a), dxp:=dry N--- Ndx;,, Tp:= sz . (7.3)
il

There exists a homogeneous fourform 2y on § x S given by

Qo =Y det(e) & day (7.4)
I

the degree of which is 12. The homogenization of the toric polynomial f(¢) in equation
5.32] will be denoted by f(x), which is a homogeneous polynomial of degree 12 in

variables x;. The Poincaré residue of )y defines a threeform on Y by

Qo

1
Qy = — R 2)=0 —— -
7T e APy

(7.5)

The action of & on S x S induces an action of & on the homogeneous coordinates
{x;}}2, which are given by permutations. Both Qg and f;(x;) invariant under this
action of &, hence the threeform €2y is also invariant under the action of &, thus it
induces a threeform defined on the quotient Yy = Y/®.

The formula even works for the conifold Y?®, and now the threeform Qy- is
defined on the smooth locus of Y* which is nowhere vanishing and invariant under the
action of . Hence after quotient we get a threefrom 2y, defined on the smooth locus
of the conifold Y that is also nowhere vanishing. The projective small resolution of
Y3 in Lemma is crepant, so {ly; pulls back to a nowhere vanishing threeform
Qx

e OIl X@.

Remark 7.1.1. From its construction, the threeform Sx, is defined over Q.
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7.2 Fundamental Period

In this section, we will compute the fundamental period of X by explicitly evaluating
the integration of Qy, over a cycle of H3(Xe,Z). There is a three cycle Ty on the
conifold Y* given by

Ty : |ti| = |ta] = |ts] = &, f(t1,ta,t3,84) =0, 0 < e <1, (7.6)

which lies in the torus of S x S and is isomorphic to the three dimensional real torus
(S1)3. The cycle Ty defines a cycle class of H3(Y*,Z), whose image in Yy defines a
cycle class of H3(Yg,Z). Since Ty does not contain any of the double points of Y,
therefore the quotient 7y /& does not contain any of the double points of Y, thus
after resolution it defines a cycle class of H3(Xg,Z). From the construction of the

threeform Qy,, we deduce that the integration of Qx, on Ty /® is a rational multiple

Wy = / st. (77)
Ty

Remark 7.2.1. This is very similar to the quintic case.

of the following integration

For simplicity, let us define affine coordinates (¢, p) by

©=—7/%, p=—"2/7, (7.8)

then the period wy is given by the integration [30]
1 / d*t
N4
@m0 iii=< oty t4(1 — @ f1(t) = p (fo(t) + f3(t) + f4(t))>

. (7.9)
= Y [(eh® +o (R0 + £0)+ L))" ] .

n=0

where we have used Cauchy’s residue theorem and [*], means the constant term of
the Laurent polynomial *. From equation [5.31], the toric polynomials f;(t) satisfy the
property [15]

Ji(t) = T(tr,t2) + Ttz ta),  folt) + f3(0) + fa(t) = T(t1,t2) T'(ts, t4) (7.10)
where T is the Laurent polynomial defined by

1 1 =z
T(:p,y):x—l—5+y+§+—+y (7.11)

y oz
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By evaluating equation|7.9 we have found a power series expansion of the fundamental

period wy given by [1§]

o
@0 = )

n n—

<3

n!

TosTrgs """, (7.12)
—r—235)Irls!
n=0 r=0 s=0 (n r S). T.S!
where the number T}, is
L&) min(k—2r,| 55"
2 ( = k!l'(2r)!

Te = Z Z (r)2s! (3r+2s — k) (k+r—2s)! (k—2r —s)! (7.13)

r=0 s=max(0,[£53"T)
The first several terms of w, are
wo = 1436 p% + 120% 4+ 144 p> + 432 p* o + 216 p p* + 24 + 8100 p* + 8640 p*
+ 8208 p% p? + 1728 p > + 396 ©* + 129600 p° + 324000 p* 4 248400 p* L2

+ 108000 p* ©? 4 25920 p o + 2160 > + - - - .
(7.14)

The procedure to study the mirror symmetry of X is as follows:

1. Find the Picard-Fuchs operators of Xs. However the Griffiths-Dwork method
turns out to be too complicated in this example, therefore we will use a method
from [23], i.e. we will compute the PDE operators which satisfy the following
equation

where £ is an unknown PDE operator in variables ¢ and p. This method is not

mathematically rigorous, but nevertheless it works.

2. Compute the other five canonical periods by solving the Picard-Fuchs equations
Lw=0, (7.16)
which is certainly very very challenging and involves a huge amount of work.

3. Find the large complex structure limit and the mirror map of Xg, which is

another very difficult part.

4. Compute the Yukawa couplings of Xy and their instanton expansions near the

large complex structure limit.

90



7.3 The discriminant locus and the large complex
structure limit

In this section, we will study the discriminant locus of Xy and point out which point
is the large complex structure limit. In the affine coordinate (¢, p), the irreducible
components of the discriminant locus in Table are listed in Table

Component Equation Component Equation
re) p+ ©*=0 v 2p— p=0
ro p=0 i) —6p+5p+1=0
) —4p+4p+1=0 [ (viid) 6p+ p=0
(i) —36p—120+1=0 () ©0—3p=0
) —9p+6p+1=0 ) 12p—4p+1=0
re 18p—3p+1=0

Table 7.1: Discriminant locus in affine coordinate

From this table, the conic I'®) intersects with four lines T'W, TO) T D) gt the
point ¢ = p = 0, which is shown in the top left figure of Figure and to make the
mirror family less singular, the first step is to blow the parameter space up at the
point ¢ = p = 0. The blow up of C? at ¢ = p = 0 is the subvariety of C* x P! given
by

wb=pa, (7.17)

where (a,b) are the projective coordinates of P!. In the open subset of C? x P! where
a # 0, let us define o by
o:=1b/a, (7.18)

then the proper transform of I'®) is given by
p=po, p+0o=0. (7.19)
The natural projection given by

(0, p, o) = (9, 0), (7.20)

induces an isomorphism between the proper transform of I'® and the following line

in C? (whose coordinates are given by (i, 0)) defined by
BoI'® :p+0=0. (7.21)
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Similarly, the proper transforms of the other four lines are given by

. , 1 1 : 1
Bol':o0=0; ByI'™:0= 3 Bo ) : g = e BoI'™ o = 3 (7.22)
while the exceptional divisor of this blow up is given by
Fo: 9o =0. (7.23)
These six lines are shown in top right figure of Figure [7.1]
I\ .
BO F(Vl)

[ (vii)

Bo Fo

By By '™

By By I'©)

Fy

Figure 7.1: Discriminant locus and their blow ups

However there are still three lines By T'®, BoT'W and Fy, crossing normally at the
point ¢ = o0 = 0, so we need to blow this parameter space up again at the point
¢ = 0 = 0. By the same method, the blow up of C? at ¢ = ¢ = 0 is the subvariety
of C? x P! given by

wby =0oa, (7.24)

where (ay,b;) are the projective coordinates of this new P!. Similarly in the affine

open set where a; # 0, let us define u by
w="bi/a. (7.25)
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Over an open subvariety, o satisfies

g= [ p. (7.26)

The natural projection defined by

(p,0,1) = (¢, 1) (7.27)

maps the proper transforms of BoI'®), BoT'® and Fy to the following three lines

respectively
BoBoI'® :pp=—1; ByBeI'W: p=0; ByFy: p=o0, (7.28)
while the exceptional divisor of this second blow up is given by
Fi :p=0. (7.29)

The four lines are shown in the bottom figure of Figure [7.I] In an open subvariety,

the coordinate p satisfies

p=o/p=p/e’. (7.30)
Later we will show that the point (¢ = 0, 4 = —1) (the point e in the bottom figure
of Figure is the large complex structure limit of the mirror family, at which

By By IT'® and F; cross with each other transversely. Now we define v by
v=p+1=p/o*+1, (7.31)

so the large complex structure limit is given by ¢ = v = 0.

7.4 Picard-Fuchs equations and canonical periods

First, we need to find the Picard-Fuchs operators of Xg, however the Griffiths-Dwork
method turns out to be too complicated for X [30], therefore we have to use a non-
rigorous method from [23]. From equation , in a neighbourhood of ¢ = v = 0,
the fundamental period wy has a power series expansion in ¢ and v with first several

terms given by
wo =14+ 12¢% + 24 ¢® + 216 0* + 144 v p* + 864 ©° + 36 2 ©* + 864 v + 5304 ©°
+ 43212 0% + 9936 v ©°® 4 26640 7 + 7776 v 5 + 69120 v " + 150840

+ 14412 o5 + 82080 12 7 4 552960 v ° + 816000 ° + - - - .
(7.32)
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Define the operators 9, and 1, by

0
Dy = 05 9, = Vo (7.33)

Suppose L is a PDE operator of the form

k+1<3
L= Ry 950, (7.34)
k,1>0

where Ry, is an unknown polynomial in variables ¢ and v, and now we plug £ into
the following equation
Lwy =0, (7.35)

which will yield linear equations of the unknown coefficients of the polynomials Ry ;.
By solving these linear equations, we get the polynomials Ry ;. Using Mathematica,

we find two special operators L1, Lo of the form

k<2 k<3
Ly= > ROV, Lo= ) R, 080, (7.36)
k,1>0 k,1>0

where the polynomials R} ; and Ry, are listed in Appendix [D] We have checked that

the operators £; and L, satisfy the following equations to a very high order
Liwg=0;i=1,2. (7.37)

But the drawback of this method is that first £; is only shown to satisfy the equation
to some order, and second it is hugely difficult to prove that they are indeed
Picard-Fuchs operators of X.

7.4.1 The Frobenius methods

In this section, we will use Frobenius method [102] to solve the PDE equations
Liw=0;1i=1,2. (7.38)

The basic idea is that we first try solutions of the form

w = 10 Z ary (€,0) " 1/, (7.39)
ol

where ay (€,d) are unknown coefficients that depend on € and §. Next we plug this
w into the PDEs [7.38] which will yield equations of €, § and a; (¢,0). The lowest

recursion relations are given by
2 =0, 30— =0, (7.40)
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which must be satisfied in order to have a non-trivial solution. Multiplying the second

equation by € and ¢ respectively we get

0=36%%=0, =306 =0,

(7.41)

from which we deduce that the algebra generated by € and § has a basis given by

1, 6, €, €, €, € =366

For simplicity, let us define h(e, d) by

h(e, ) = Z ar (€,6) o* V.
.l

From complex analysis, we have

a €
97 |

and we also formally define
o, = 2 &
BT D€t 069

while @, ; is given by

Wo,0 — ho,o;

w

'650

w1 = hoo loge + hiy,

wo1 = hoo logy + ho g,

gy6 = logv
Oe 6:0_ &Y
gt 07
" g ow LM’

w0 = hoyo log” ¢ + 2 hyo log @ + hay,

w11 = hoo logp logy + hoi logp + hig logv + hy 1,

wWo,2 = h070 log2 v+ 2 h071 log v+ h0,2>

wso = hoo log® ¢ + 3 hio log?p +3 ha o log o + hs,

wa1 = <h070 1Og2 @ + 2 hl,O lOg @ + hg’o) lOg v

—+ (h()’l 1Og2 2 + 2 h171 IOg Y2 + h271) s

W12 = (ho’() 10g2 v+ 2 hO,l IOgV + hoyg) 10g§0

+ (hl,o log2 v+2h, logy + hl,g) ,

wo3 = hoo log3 v+ 3hoa log2 v+ 3hoo logrv + hos.
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Furthermore, h; ; is a power series in variables ¢ and v, the coefficients of which is
determined by the recursion relations given by the Picard-Fuchs equations|7.38] The

formal Taylor series expansion of w is given by
_ J
w= Z i iy

1 1
=wo,0 + €TU1,0 + (5@0’1 -+ 5 62 W20 + € 5@1,1 + 5 62 ) <w271 —+ w&o),

(7.47)

where we have used the equation €3 = 32§ to combine the two terms together. The
coefficients in this expansion, i.e. @, @10, @20, @30 + W21, @Wo,1 and w1, give us
six independent solutions of the Picard-Fuchs equations [7.38] For simplicity let us
define

ho := hog, h1 := h1o, ha == hag, h3 := h3o, g4 := ho1, g5 := h11. (7.48)
Multiply the six solutions by suitable powers of 27i, and re-order them into

wo = hy,

1
w, =— (wology + hy),

2me
1
2T mip (w0 log” p + 2 log o + ha),
! 1
8= (2mi)? (@0 log’p + (311 + g4) log®p + (32 + 2. gs) log ¢ + ha) + 57 @2 log v,
1
Wy =5 (wo logv + ga), (7.49)
i
1
Ws = — (o log ¢ log v 4 g4 log ¢ + hy logv + gs)
(2mi)?
1 log v+ — 1 (g2 log & + gs)
T op 108V (27i)2 94 108 g5
: O+ o5 ! (hy log v + gs).
5 og v
omi log (27i)2 1108 95

We further impose the following conditions on hg, hy, he, hs, g4 and gs
ho(0,0) =1; £h;(0,0)=0, Vi>0; g;(0,0) =0,V j, (7.50)

and then the coefficients of h; and g; are uniquely determined by the recursion rela-
tions given by Picard-Fuchs equations [7.38], which can be solved order by order. Use

Mathematica, we have computed the first ten thousands terms of them.
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7.4.2 The monodromy of the canonical periods

The monodromies of the canonical periods {w;}?_, in equation are induced by

the following two operations
{log ¢ — log ¢+ 2mi, logr — log v} and {log ¢ — log ¢, logv — logv+2mi}. (7.51)
The canonical period vector ¢ is defined by
w = (wy, @1, Wa, W3, W4, Ws)', (7.52)
and its monodromy matrix around ¢ = 0 (resp. v = 0) will be denoted by Tcan
(resp. Tcany)
ot = ot Tcan,, when log o — log o + 271, logr — logv, (7.53)
@' — @' Toan,, when log g — log ¢, logv — log v + 2mi.

From the form of the canonical periods in equation [7.49, the matrices Tcan,, and

Tan,y can be easily computed

111100 1 00010
012300 01 0001
001300 001100
TCan,(p - 000100 ) TCan,l/ — 0007100 (754)
000111 000010
000201 00 0O0O01
Let the matrices R, and R, be defined by
ch = TCan,go - Ida RI/ = TCan,V - Id7 (755)
which satisfy the following relations
R,R,=R,R,, R.=3R’S,#0, R,=R.=R’R,=0. (7.56)

Therefore Tan,, and Tcan, satisfy the conditions in the definition of the large complex
structure limit (Definition [4.4.2)), hence the point ¢ = v = 0 is found to be a large

complex structure limit of Xg.

7.5 The mirror map and the mirror symmetry

In this section, we will construct the mirror map of X and study its mirror symmetry.
Since the Hodge numbers of X are h'' = h'? = 2, from Poincaré duality, there exists

an integral symplectic basis of H3(Xg, Z)
Ay AT, A3, By, By, B, (7.57)
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which satisfy the following intersection pairings
A Ay =0, B, -B; =0, A’-B; =du. (7.58)
The integral periods of Xg are defined by
aler)= [ few). Glew)= [ o), (7.59)
Ag (ov) By (ev)

and the integral period vector II is defined by

o= (907 gl; 927 20y %1, 22), (760)

From Section there exists a prepotential G such that
0G

s

G. a=0,1,2. (7.61)

From the form of canonical periods in [7.49] we have the following assumption.

Assumption: there exists an integral symplectic basis of Hy(Xe,Z) such that
20 = Ao, 21 = A1, 22 = Awog; A € C, (7.62)
Now we define t] and ¢}, by
t) = 21/20 = w1 /w0, ty:= 2220 = wa/w0. (7.63)
Under the operation {log ¢ — log ¢ + 27, log v — log v}, they transform in the way
=+ 1, th =, (7.64)

while under the operation {log¢ — log ¢, logr — log v + 27i}, they transform in the
way
th =t th—th+ 1. (7.65)

Let 115 be the normalised integral period vector

ITa == (Go/z0, G1/ 70, G3/ 70, 1, 11, t5)". (7.66)

The ¢-th monodromy matrix of II, is denoted by T¢;

(Ha)a = Z (Ti)oa (T )y, i =1,2, (7.67)

b

98



where T ; is an integral symplectic matrix. Comparing the intersection products
[6.1] with the relations of monodromy matrices in equation [7.56] the mirror map is

constructed by the following identifications
tll = iy, t/2 = {9, (768)

and from now on, ¢; will also mean ¢. From the intersection products [6.1] we deduce

that the numbers Y;;;, that appear in the prepotential F of .#k x(Xg) are given by
Yin =18, Y2 =6, Yz = Yo =0, (7.69)
so F is of the form

1 1
F==36] =361ty — S You t} — Yo tity — 5 Yo f3

1 1 1
— — Yoo t1 — = Yoou to — = Y, FrP,
5 Yoortr =5 Yooz o — 000 +

(7.70)

The mirror period vector II on the complexified Kéhler moduli space Ak »(Xeg) is

defined by

OF

—, 1=1,2 .71
o L= b (7.71)

2
0
= (Fo, Fi, Fo, L by, bo)', Fo=2F = ) t; g, Fi=
i=1 i

From Mirror Symmetry Conjecture, the mirror map [7.68identifies the normalised
integral period vector 15 on the complex side with the mirror period vector II on the
Kahler side.

7.5.1 The transformation matrix between Il and =@

The non-perturbative part F™P of the prepotential F in equation has a series
expansion in ¢, := exp(2mit;) and gy := exp(2mity). The constant term of F™ is
zero, hence in the limit ¢, — 00, F"P goes to zero, and the leading part of the
mirror period II is determined by the perturbative part of F The leading part
of the canonical period vector @ under the limit ¢},t, — i oo (or equivalently ¢ — 0

and v — 0) is given by
@'~ (1, 8, 17, 17+ 1T b, 1y, 1), (7.72)

Since both IT and w form bases of the solution space of Picard-Fuchs equations of
X, there exists a matrix S in GL(6,C) such that

IM=\Sw. (7.73)
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Since the mirror map identifies 115 with IT in mirror symmetry, so we have
1
n=ly=—=>95w. (7.74)
wo
From the leading part of II and w near the large complex structure limit, S is found

to be . .
—3Y000 —35Y001 O

—5Y001 —Yo11 —9

3
0
1
—5Y002 —Yo12 —3 0 —Yp2o O
—_— 2 ) =y 1<
5= 1 0 0 0 0 0 (7.75)

0 1 0 0 0 0
0 0 0 0 1 0

7.5.2 The monodromy of the integral period vector 11
The monodromies of the mirror period II are induced by the following two operations
t1 —)tl—i-l, to — 1o and t1 — tq, ty — 1o + 1. (776)

Under the operation t; — t; + 1, to — t9, the mirror period II transforms in the way

Mo = > (Ti)ba o, (7.77)
b
where the matrix Tk ; is found to be
1 0 0 0 00
-1 1 0 0 00
0 0 1 000
Ter= | 3 Yig ~Yor1—9 —Yorn—3 1 1 0 (7.78)
9—Yo11 —18 —6 010
3—Y012 —6 0 0 01
Similarly, under the operation t; — t1, to — to + 1, II transforms in the way
Mo = > (Ti2)ba s, (7.79)
b
where the matrix Tk 5 is found to be
1 0 0 000
0 1 0 0 00
—1 0 1 000
T = 7.80
K2 —Yo02 —Yoi2 —Yop2 1 0 1 ( )
Y12 —6 0 010
—Y0,2,2 0 0 0 01

Mirror Symmetry Conjecture implies that Tk ; is equal to T¢;, therefore Tk ; is

an integral symplectic matrix, which shows the following property.

Corollary 7.5.1. The numbers Yy11, Yo12, Yo22, Yoo1 and Yoo are all integers.
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7.6 The Yukawa couplings and Gromov-Witten in-
variants

In this section, we will compute the Yukawa couplings of X and their instanton
expansion. From Section [4.6] the Yukawa coupling tensor of X has components Vp.
where the indices a, b and ¢ run over ¢ and v 4.66 The normalised Yukawa coupling

Y4 on the complex side is given by

Vi = —wt STYS O w/wp. (7.81)

abc —

The matrix ST X S is found to be

00 0 -3 0 0
00 9 0 0 6

reo |0 =90 0 =30

STSS=1 2 0 0 0 o ol (7.82)
00 3 0 0 0
060 0 0 0

which has no dependence on the coefficients Yp;;, Yoo, and Yoo that appear in F|7.70]
and this corresponds to the fact that Yukawa couplings are the third derivatives of

the prepotential F. The coordinates t; and t, are given by

w 1 h 1
ty = — =—logp+ — = — logp + O(y, v),
wy  2mi wo  2mi (7.83)
1 1 |
t2:@:—.10gu+£=—.10g’/+0(9@7 V).
wy 27l wo  2mi

The Yukawa coupling of X is a symmetric tensor, and its normalisation is given by
VA=Y de® +3Y,, do" dv + 3V, dodv? + Y5, dv°. (7.84)

With respect to the natural coordinate (t1, t5), the component y{;k is given by

do® dp® de°
A A
A E - . 7.85
yzjk’ yabc dtz dt] dtk ( )

a,b,c

In order to compute the instanton expansion of ygk, we need to invert the coordinates

transformation between (t1, t2) and (g, v). Since ¢; and ¢o are defined by

q1 = exp (2m’t1) = @ exp (27Ti ﬂ),

@o (7.86)
(o = €xp (27m't2) =V exp (27ri ﬁ),

wo
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and from the power series expansion of h; and g4, the inverse of this coordinate
transformation is determined recursively. So the coordinates (p, ) admit power
series expansions in (qq, g2), the first several terms of which are given by

p=q—a =50+ q (T —12q2) + 3¢} (10¢] + ¢3) +- -+,

(7.87)
v=02—18¢7 2 —8¢i g2 (1 —3¢2) +3¢; 2 (63¢; + 821 —23) + -+ .

The normalised Yukawa coupling ygk has a power series expansion in (q;, ¢2) which

is of the form

RZET 18 j° -
RZEP 6 77k | ik dl g
= + : —— 7.88
V122 0 Z JE | 1= ¢ g (7.88)
Y o) M\ w H
222

The first several instanton numbers n;j;, of X are listed in Table ﬂ

| [k=0[k=1[k=2] k=3] k=4 |k=5] k=6 |k=T7] k=8]k=9]
j= 0o 3 0 0 0 0 0 0 0
j= 0 6 0 0 0 0 0 0 0 0
j= 0 21/ -6 0 0 0 0 0 0o 0
j= 0 48] -24 6 0 0 0 0 0 0
j=4 0 117] -72 81 -12 0 0 0 0 o0
j= 0] 240] -72[ 540 -216 30 0 0 0 0
j=6 0] 525] 336] 3060 -1968] 660 -84 0 0 0
j= 0] 1008 2976] 15120| -12120] 7560| -2160| 252 0 0
j=38 0 199813896 71145| -56112| 62070| -30024| 7587 -816] 0
j= 0] 3696]52272|314100|-178992| 410634 |-293184 121740 [-27888 | 2790

Table 7.2: Instanton numbers

It is very difficult to prove that Ho(Xe,Z) is torsion free, so in this thesis we
will assume this fact. Then by mirror symmetry conjecture, n; is the number of
generically injective J-holomorphic curves (modulo equivalence), P! — Xy, whose
image falls into the homology class jT. + kT's of Hy(Xe,Z). From Section [6.5]
the three exceptional curves of X are homologous to each other, and I's is one of
the exceptional curves. Then it is very interesting to notice that ng; is 3, which
corresponds to the three exceptional curves of Xg. Therefore the computations in

this section provides evidence to the assumption that X is self-mirror.

Remark 7.6.1. The assumption that Hy(Xe,Z) is torsion free is not needed when we
compute the limit MHS on H*(Xg, Q) at the large complex structure limit in Chapter
[73.
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7.7 The connections between Xy and (Y, Yy)

In [I5], the mirror symmetry of the mirror pair (Y, Yy ) has been studied. In this
section, we will discuss the interesting connections between the mirror symmetry
of X and that of the one parameter mirror pair (Ys,Yy). From Section the
mirror threefold Yy is a projective small resolution of the subfamily of Y3 over
the discriminant locus P¢ defined by 75 = 73 = 74, = 0. In affine coordinate, this
discriminant locus P! is also defined by p = 0 or v = 1. The restrictions wp|,—1,
@1 |y=1, wa|,=1 and ws|,—1 are in fact the four canonical periods of Yy which have

been computed in [15]. Furthermore, we have
@Wyly=1 =0, (7.89)
which shows that over the locus v =1
taly=1 = wa/@olv=1 = 0, @a|p=1 = 1. (7.90)
Remark 7.7.1. The restriction of ws to v =1 is not well-defined.

In [I5], the Yukawa coupling of the mirror pair (Y, Yy ) and its instanton expansion
have been computed. The restriction of the Yukawa coupling tensor ) of Xg tov =1
is given by

V0=t = Vopgluv=1 dg?, (7.91)
and it is very interesting that )|,—; is equal to the Yukawa coupling of the mirror pair
(Ys,Yy). Together with equation[7.90] this shows that the Gromov-Witten invariants
of the mirror pair (Y, Yy), denoted by n;(Ys), satisfies

n;(Ye) = > nin(Xe). (7.92)

k

See Section 2.4 of [I5] for more detail. Therefore, the computations of canonical
periods and Yukawa couplings of Xg in this chapter also supports that Xg is self-

mirror.

Summary: in this chapter, we first compute the series expansion of the funda-
mental period of Xg, from which we can compute PDE operators which are expected
to be the Picard-Fuchs operators of Xg. Using Frobenius method, we have solved
the Picard-Fuchs equations and found the six canonical periods of Xg, from which
we identify the large complex structure limit of the mirror family of Xg. Then we
construct the mirror map, from which we find the instanton expansions of the Yukawa
couplings of Xg. This chapter is very crucial to the computation of the limit MHS
at the large complex structure limit of the mirror family of X in Chapter
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Chapter 8

The limit MHS at the large
complex structure limit of Xg

In this chapter we will compute the limit MHS on H3(Xg, Q) at the large complex

structure limit of the mirror family of Xg. The structure of this chapter is as follows:

e Section [8.1] discusses Deligne’s Canonical extension.

e Section computes the weight filtration of the limit MHS on H?*(Xg, Q) at

the large complex structure limit of X.

e Section [8.3| computes the limit Hodge filtration of the limit MHS on H?*(Xg, Q)

at the large complex structure limit of X.

e Section [8.4/shows that the limit MHS on H?(Xg, Q) at the large complex struc-
ture limit splits into
M & Q(-1)* & Q(-2)*,

where M is an extension of Q(—3) by Q(0).

e Finally, Section[8.5]introduces a conjecture which states that for a general mirror
pair (M, W), the limit MHS on H?(W,Q) at the large complex structure limit
splits into

M & Q(-1)"" ™ & Q(-2)""™),

where M is an extension of Q(—3) by Q(0).
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8.1 Deligne’s canonical extension

It is important to notice that the deformation of Xg, i.e. Tx, : Xs — P? in equation
6.18] is defined over QQ, moreover, all the irreducible components of the discriminant
locus listed in Table are also defined over Q. There exists a neighbourhood of
the large complex structure limit which is isomorphic to an open affine subvariety of
Spec Q[y, v] such that its discriminant locus are given by ¢ = 0 and v = 0. After
analytification, suppose A? is a local (analytic) neighbourhood of the large complex

structure limit ¢ = v = 0, then we get a smooth fibration between smooth manifolds
(A2 : W;(i((A*)Q) — (A%)% (8.1)
There are local systems defined over (A*)? which are given by
Vs :=R3 a2l Vo = R3 a2 Q, Vo = R3 a2, C, (8.2)
which defines a bundle V over (A*)? by
V=V, @ Oaxe. (8.3)

Choose a point (g, 1) € (A*)?, and from Section [7.5|an integral symplectic basis
of H3(X,(40,0), Z) has been chosen, which is denoted by

Ap A3, A3, By, Bi Bs. (8.4)

Let {a4, 8%} be its dual, which form a basis of H*(Xeg (49), Z), and their pairings
are given by
a(Ap) = dav, B5(By) = dap, a5(By) = B5(43) = 0. (8.5)
For simplicity, let us also order the two bases in the following way
(Ao, -+, As) - = (B§, B, B, A3, A, A3),
(a®, o 0) = (B, By, B2, o, o, ).

(8.6)

The monodromy of the local system V,’ (the dual of V) induces a representation
© 11 ((A")?, (90, v0)) = Aut(Hs(Xes,(pp.00) Z))- (8.7)

The fundamental group 7 ((A*)?, (o, o)) is isomorphic to Z? which has two genera-
tors T and T3, then the representation ® is determined by the images of T} and T5.
For simplicity, let us denote the matrix of ®(7;) with respect to the basis (A,)2_,
by T¢;. From equation the -th monodromy of the integral period vector II is

105



given by T ;, see equation for more detail. From mirror symmetry conjecture in
Section [4.6] we have
Tei = Tk, (8.8)

where the matrix Tk ; has been computed in Section [7.5.2 The monodromy of the

local system V7 induces a representation W
U (A7), (o, v0)) — Aut(H*(Xe (p0.), Z)), (8.9)

which is the dual representation of ®. For simplicity, let T, ; be the matrix of ¥(T;)

5

with respect to the basis (a®)2_, i.e.

U(T) g — Y o (Tai)par i =1,2. (8.10)
b
Since VU is the dual representation of ® and (a®)>_, is the dual basis of (A,)>_,, then
the matrix 7, ; is given by
Toi=T4) ' =Tk i=1,2. (8.11)
The monodromy operators N, ;,% = 1,2 are defined by
Ny :=logT,;, t=1,2, (8.12)
and from equation [7.56] they satisfies
N2 #0, Ny =0, N2, =0. (8.13)

Given an element & of H?(Xsg (o)), C), its regularisation is given by

~ log o N1 +logv Ny o

£(p,v) = exp(— ), (8.14)

2m
which a single-valued section of V over (A*)2. Then the regularisations {a®}_, form
a frame of V, which define a trivialisation of V over (A*)?. This trivialisation induces
an extension of V to a bundle V over A?, which is the Deligne’s canonical extension of
V), see Section for more detail. Follow the conventions in Section [3.3] the section
E of V extends to a section E of V over A? under Deligne’s canonical extension, and

its value at origin will be denoted by £(0). In this way, we have got an isomorphism
P(go0) * H3(X®,(@0,V0)7 C) - V‘0> (8'15)

and see Section for more detail. Under this isomorphism, the rational vector space
H?*( X, (po,0), Q) defines a rational structure on Vo that will be denoted by ]7]0@

V0o == ®5_, Qa"(0). (8.16)
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8.2 Weight Filtration

In this section, we will compute the weight filtration on 17|07@, which is given by
the weight filtration on H 3(2(@,(@07,,0), Q) induced by the monodromy operator N, ;
[51] (since N, satisfies the conditions in equation [8.13). To compute the weight
filtration on H?(Xg (0.0), Q) induced by N, 1, it is more convenient to choose a new

basis {Ba}Z):O of HS(XQX(&Po,Vo)a Q) given by

5

B =Y (Si)ac, (8.17)

b=0

where the transformation matrix S; is given by

0 %Ymo,l 0 —-18 0 %YO,OJ — %Yo,o,z

—%Yo,o,l Yoii —18 0 0 %Yo,m — Y012

1 7
—5Y002 Yoi2 6 0 =2 3Y5i12— Y020
— 2 3y IR 3 51y 14
51 1 0 0 0 0 0 ' (8.18)

0 -1 0 0 0 —3
0 0 0 0 0 1

From Corollary [7.5.1] Yy,; and Yjo; are all rational numbers, while the determinant
of S is -648, hence the matrix S lies in GL(6,Q) and {3°}3_, is indeed a basis of
H?*(Xeg,(4o,m0), Q). Let us now define the canonical basis {y*}2_, of H*(Xs (p9u), C)
by

5
v = Z o’ Sya, (8.19)
b=0

where the matrix S is given in equation [7.75| Then the expansion of {2y, becomes

Qe (0, 1) = Y 7" (0, ) @alip, V), (8.20)

a=0

where v%(¢, v) is the extension of ¥ to a section of the local system V¢. Let {C,}5_,
be the dual of {y*}2_,, and it forms a basis of H3(Xe,(40), C). The canonical period

w, is also given by

wa(p,v) = / Qx, (0, 1), (8.21)
Ca(p,v)

where C,(¢,v) is the extension of C, to a section of V¢'. With respect to the new
basis {8°}2_, the basis {7*}2_ of H*(Xe,(40,), C) is expressed as

Y=Y (Sa)sa B (8.22)

b=0
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where the transformation matrix Ss is given by

10 0 0 0 0
0o -10 0 -3 0

B o 0 %+ o0 o &
52 = Y000 0 0 =2 0 0
0 0 0 0 0 -1

0 0 0 0 1 0

The action of the operator N, ; on the basis {3°})_, is very simple

(8.23)

Na,lﬁo = 517 Na,lﬂl = ﬁ27 ]\/’oz,lﬁ2 = 537 ]\'foz,lﬁ3 = 07 Na,1ﬁ4 = 07 ]\/’a,lﬁ5 = 54' (824)

The weight filtration on H*(Xg (4.0), Q) induced by N,; can be computed induc-

tively [51], 50, [88]. First, W_; and Wy are given by
W—1H3<X®,(<po,l/o)7 Q) - Oa WGHS(XQS,(wo,I/o)v Q) = HS(Xﬁ,(cpo,l/o)) Q)a

then Wy and W5 are given by

WOHB(X@,(@OWO)? Q) =im Ni,l = Qﬁ?)a
W5H3(XQ5»(<P0,V0)7 @> = ker Ng,l = EB?:lQ 61

Now form the quotient space W5/W,, which is isomorphic to

W5H3(XQ5,(LP0,V0)a Q)/WOHS(X&(SOO,V()% Q) = @51 + @52 + Q/84 + QB4

As the operator N2, induces a zero map on it, so we have

WIH3(‘XQ5,(<,00,V0)7 Q) = WOHs(XQf,(Lpo,Vo)u Q)?
W4H3(X®,(<po,l/())7 Q) - W5H3(X(’5,(g00,u0)7 @)

Then form the quotient space Wy /W7, which is isomorphic to

W4H3(‘X®7(<P0,V0)7 @)/Wle(X@(sOo,Vo)a @) = QBI + Qﬁza

and the operator IV, ; induces a map on it given by
Nﬂt,lﬁl - 527 Na,162 =0, Na,164 =0, Na,165 - 647

therefore we have

W2H3(XQ5,(¢0,V0)7 @) = W3H3(X(’5,(gpo,uo)7 @) = @/82 + @/63 + @/34
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The isomorphism p(,, o) sends the basis {5°}2_ of H3(X (4.00): Q) to the basis
{532(0)}3_, of V|00, hence we have

B0) =D (S1)pad®(0),  FU0) = (S2)sa 5(0). (8:32)

=0 b=0

The isomorphism p(eu,) sends the weight filtration W, H?(Xeg,(p0), Q) to a
weight filtration on Vo g

Wo(Vlog) = Wi(Vg) = Q*(0),

W2(Vloa) = Ws(Vloe) = QF7(0) + QB°(0) + @F4(0), (833
Wi(V]oa) = Ws(Voo) = ©2,Q 5(0),

Ws(Voe) = Ve,

which is the weight filtration on Vo in the limit MHS.

8.3 Limit Hodge Filtration

In this section, we will compute the limit Hodge filtration on ]7\0. From Section ,
the limit Hodge filtration on )~/|O is actually rationally defined. There are plenty of
smooth lines that contains the origin which satisfy the conditions in Section [3.4] e.g.

we can choose a general line given by
Cik’lﬂp—f—kQV:O, kiEQ, (834)

which is defined over Q. By abuse of notations, let us denote the pullback of the
family X to the line C' by
o % — C. (8.35)

See Section for the definition of 7, ”/70, FE, % and their analytifications. The
fiber of Zf at 0, denoted by .Z#f|o, defines a decreasing filtration on ”/70\0, whose
complexification is the limit Hodge filtration on l~)|0 [56, [85], 88, 95, 96]

FP(V]o) = FP(¥Eo) = FP(Yolo) ®@¢ C = FLlo 0 C. (8.36)

Remark 8.3.1. The limit Hodge filtration Fp(17|0) does not depend on the choice of
C. See [28,[29] for more detail.

See Section for the construction of the threeform Q2x, on the mirror family
Txs : Xs — P? in equation [6.18] which is defined over Q. The threeform Qx,
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has logarithmic poles along the smooth components of the singular fiber of 2 over
the large complex structure limit, so it can be extended to a global section of .}

therefore we have

F3(Yclo) D Q- (8.37)
The tangent sheaf of C' has a section of the form
VU = k191 + ko ¥y, with ¥y := @ d/dp, V9 :=vd/dv. (8.38)

The Gauss-Manin connection of # canonically extends to a connection V of “170
which has a logarithmic pole along the large complex structure limit 0 € C, see
Section for more detail. From Griffiths transversality, Vy 2y, is a section of 533
From [28], 29], the limit Hodge filtration does not depend on the choice of C. By a
change of k; and ko in the definition of C', we find that [37), 6]

2
F*(7210) ® C D CQxylo+ Y C(Va, Uy )lo- (8.39)

i=1
Similarly V2 Qx, is a section of F] & and V3 Qx, is a section of o, and again by a
change of k; and ks, we find that

2 2
F'(70l0) ® C D CQxylo+ Y C(Va, Qxe)lo+ D C(Vo, Vi, Qx)lo,

i=1 ij=1

(8.40)
F'(%6)0) ® C = Yolo @ C.

With respect to the regularised frame {7%(p, v)}2_, of V over (A*)?, the threeform

2y, has an expansion given by

LM () Z V(. v) T, v)
a log 2 Na,l + lOg v Na,2
- Z 7 (s v) (exp(— Iri ))ab'
a,b,c (841)

logp Ny +logv Ny o

(‘exp( 5 )b el v)

log @ Ny +logr Ny o
= Z (s, ) ((exp( o

))ab wb((,@, V)a

log o No,1+logv Ny 2
271

where (exp(— ))ab is the matrix with respect to the basis {y*(¢, v)}>_,.

From this expansion we find that

(I |O—Z lim 5°(i5, ) (exp(

@, v—0

logp No1 +logv Ny o

))ab wb(gpa V) = 7770(0)7

(8.42)

21
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hence we have

F*(V]o) = C7°(0). (8.43)
To compute I (VL Qx, )0, we will need the following equation [30]

5

LHVE Qxy) =D 7 (¢,v) V. Qxy = ny o, V)P wa(p,v),  (8.44)
a=0 Cal(y) a=0
from which we find that
B o log o N1 + logv N, o 71(0)
1 _ a ) )
I (Ve Qxe)lo —; (pl}/rgo 3% (exp( 5 ), U1 P
log @ N1+ logr Ny o 74(0)
o (Vo xe )Mo = Z wlirgo 7" (exp( 27 ))ab V2 = 27
(8.45)
so we have got
1
F*(Vl) = C3°(0) + € 5-7"(0) + C 5-7"(0). (3.46)
By similar method we have
_ . ~ IOgQDNal_’_lOgVNaQ 27}72(0)
1 2 _ a ) ) 2 —
Ioo (v191 QXQS)’() - ; gol,lugofy (eXp( 2711 )>ab 191 Wy = (271-1) )
B o log N4 1 +log v N, o 7°(0)
1 _ a ) ’ _
I (V, Vi, Qx4 )0 = ;‘pl}ygo”y (exp( 57 ), 102w, = (@ri)?
log o No1 +logv Ny o 3 6753(0)
I (5, Qxo)lo = Z 1}207 (exp( 2mi ))“b i = (2mi)3
(8.47)

The limits are linearly independent from each other, therefore we have found the limit

Hodge filtration on V|, which is given by

F3(V]o) = C7°(0),

F2(V]) = C7 (0)+<c72<(z) +@%,
F'(V]o) ) + Z cr Z C (Z:f?;z (8.48)

» 53'(0) 39 (0) 7°(0)
P =CT0 % 2 C5 2 S i+ C
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8.4 Properties of the limit MHS

To study the limit MHS on H?(Xg, Q) at the large complex structure limit, it is more

convenient to choose a new basis {27}°_ of V|y given by

2/ = (27i)* f1(0), j=0,1,2,3,

B B (8.49)
= (2mi) 5%(0), 2° := (2mi)* B°(0).
With respect to this new basis, the basis {72(0)}3_ is expressed as
A Y
~0/0y _ 0 000 3
YO = GrEt e
A
M
Y (O) - (27_”)2 T,
I A
~2 = 2
7 (0) = 2 (2mi) v
A
~3 0 _ _ = 3
7O)=-ga
1 A A
~4 0 _ - 1 5
YO =3t e
1 A A
~5 0) = = 2 4.
PO =56 T e "
The rational vector space 9|0,@ is spanned by the following vectors
{(2mi) 7 275y U {(2mi) 2t (2mi) 22} (8.50)
The weight filtration W, (Vo) becomes
Wo(Vlog) = Wi(Vlo) = Qa?,
Wa(Vho) = WaVlng) = Qa* + 3 Q5.
j=2,4
_ ; (8.51)
Wi(V0og) = Ws(Vlog) = Z @ Z @— +Qu
Ws(V]og) = Z @ Z @— +Qa?,
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while the Hodge filtration F* (Vo) becomes

PV = 5 ;\i)?)@span{xo T
F(Vl0) = o Qspan{a’ +
FI(Vlo) = o Qspan{a’ +
FO(Ply) = =2 Qspan{s +

(2mi)3

(27Ti)3 }/000
(27’(’@)3 YE)OO 3
(27Ti)3 Yboo 3

(27Ti)3 YOOO 3

54 'I3} ®Q C?

el 2% 2t 2%} ®¢ C,

(8.52)
1 2%t 2?2t %) ®g C,

1,2 .3 .4 .5
1 a2, 2t 1} @ C.

The crucial observation is the following theorem.

Theorem 8.4.1. Assuming mirror symmetry conjecture, the limit MHS on H?(Xg, Q)

at the large complex structure limit splits into the direct sum

M@ Q(—1)? @ Q(-2)%, (8.53)
where M is a two-dimensional MHS with rational vector space Mg
M@:(g@;Px°+Qx? (8.54)
The weight filtration W, M s
W iM=W_ yM=-..=0,
WoM=WM=:--=W;M=Qu? (8.55)
WeM=W;M=---=Q (2712,)3 2’ +Qa®,
and the Hodge filtration F* M is
FIM=F'M=---=0,
A 2mi)3 Y
F@M:Jﬂwh;ﬂhmz@EﬁQmﬂ+L—%J@x%®@Q .
F'M = (2;;)3 (Q 2"+ —(2m§)ZYOOO 2°) + Qz*) ®q C,
F'M=F?M=..-=F'M.

Proof. This follows directly from the weight filtration W*(17|0,Q) in equation and
the limit Hodge filtration F*(V|o) in equation m O
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Since W_; M is 0, Gry’ M equals Wy M, and the Hodge filtration F* M induces
a pure Hodge structure on Wy M which is isomorphic to Q(0). The inclusion map
Wy M < M induces an injective homomorphism from Q(0) to M, the quotient of
which is the pure Hodge structure on Gry M that is isomorphic to Q(—3). Therefore

we have obtained a short exact sequence in MHSq

0 — Q0) — M —— Q(=3) —— 0, (8.57)

which shows M is an extension of Q(—3) by Q(0). In the abelian category MHSg,
the dual of an object H is defined by [20], R5]

Hv = HOIHMHSQ (H, Q(O)) s (858)

moreover, the dual operation is exact [85], i.e. it sends a short exact sequence to a

short exact sequence, therefore the dual of is a short exact sequence
0 — QB) — MY —— Q(0) —— 0. (8.59)

Theorem 8.4.2. Assuming mirror symmetry conjecture, the dual object MY is an
extension of Q(0) by Q(3) whose image in C/(27i)> Q is the coset of —(2mi)3 Yoo /54.

Proof. The short exact sequence immediately shows MY is an extension of Q(0)
by Q(3). We now compute the object M"Y from Definition Let {z;}>_, be the
basis of (V]o,g)" that is dual to {z }5_¢, and their pairings are given by

z;(z¥) = oF. (8.60)
The rational vector space of MY is the subspace of (V]og)¥ spanned by {(2mi)3 z¢, 23}
(MY)g := Q (27mi)% 7g + Q3. (8.61)

The weight filtration W, M is defined by

WiMY = {¢: ¢ (W, M) C W,;;Q(0)}, (8.62)
so we find that
W, MY =W gM'=...=0,
WM = =W_ MY =Q(27i)? 2o, (8.63)
WoMY =W, MY = - =Q(27i)® 79 + Qus.

The Hodge filtration F* MV is defined by
FPMY = {¢: ¢ (F" M) C F+7Q(0)}, (8.64)
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so we find that

F'MY = F2MY = ... =0,
271i)3 Y,
FOMY=F'MY=F?2 M"Y = (2m)?Q (—%—4000 2o + 3) ®g C, (8.65)
(27Ti)3 Yboo

FPMY=F"*'M' == (2m)* (Q(— zo + x3) + Q) ®g C.

54
From Section |3.2.2} the image of MY in C/(27i) Q is the coset of —(27i)3 Yoo/54. O

8.5 The limit MHS at the large complex structure
limit of a general mirror pair

From the study of one parameter mirror pairs in [72] and the two parameter example
Xg in this thesis, we have a conjecture about the limit MHS at the large complex

structure limit of a general mirror pair (M, W).

Conjecture LMHS: Given a mirror pair (M, W) of Calabi-Yau threefolds, the
limit MHS on H3(W,Q) at the large complex structure limit of W splits into the direct

sum

M & Q(—1)" W) @ Q(—2)"* M), (8.66)

where M is a two-dimensional MHS with rational vector space given by

My =Q (2712,)3 2%+ Qa’. (8.67)
Furthermore, its weight filtration W, M s
Wi M=W_ M=...=0,
WoM=W M= =W;M=Quz° (8.68)
WeM=W,M=---=Q (2;_)3 2’ +Qa®,

and its Hodge filtration F* M is

F*M=FM=---=0,
A 27i)3 Yoo
FPM=FM=F'M= (2m,)3<@(x“ + (73/—000:55) ®g C,
(8.69)
A (271'2)3 )/000
FIM = o Qe+ == ) +Qal) 8 ©
F'M=F?M=---=F'M.
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Here Y., is a positive integer given by

Yiee ::/ eNele, (8.70)
M

where e is an element of H*(M,Z) that lies in the Kdihler cone of M.

Summary: in this chapter, we have applied the methods in Chapter 3| to the
computation of the limit MHS at the large complex structure limit of the mirror family
of Xg. It is clear in the computation that the Mirror Symmetry Conjecture plays
a very essential role. Moreover we have studied this limit MHS and shown that it
splits into the direct sum M @& Q(—1)? ® Q(—2)?, where the dual M" is an extension
of Q(0) by Q(3) whose image in C/(27i)3Q is the coset of —(2mi)? Yyoo/54. Based
on the computations in this chapter, we formulate the Conjecture LMHS which
is about the properties of the limit MHS at the large complex structure limit of an
arbitrary mirror pair. The interesting connections between this conjecture and the
theory of mixed motives, i.e. the Period Conjecture, have been discussed in Section
of Introduction. From next chapter, we will study the arithmetic geometry of

the conifold in the mirror family of the quintic.
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Chapter 9

The mirror family of the quintic
Calabi-Yau threefold

From this chapter to Chapter [I3] we will study the quintic mirror conifold and its
interesting connections to Beilinson’s Conjecture. First in this chapter, we will
discuss the construction of the mirror family of quintic Calabi-Yau threefold. We
will follow [30, B1] closely, which are also recommended to the reader unfamiliar
with the construction, while the reader to whom this is familar can skip this chapter

completely. The structure of this chapter is as follows:

e Section discusses the toric geometric construction of the quintic Calabi-Yau
threefold.

e Section discusses the toric geometric construction of the mirror family of

quintic Calabi-Yau threefold.

e Finally, Section [0.3] discusses the construction of the threeform on the mirror

family of quintic Calabi-Yau threefold.

9.1 The quintic Calabi-Yau threefold

In this section, we will talk about the toric geometric construction of quintic Calabi-
Yau threefold. Suppose (xg,--- ,x4) are the projective coordinates of the projective
space P¢, then a section of the anti-canonical bundle O]P?é (5) is given by a quintic
polynomial in variables {z;}!_, [62, 08]. Then adjunction formula tells us that the
vanishing locus of a quintic polynomial, if it is smooth, has trivial canonical bundle.
So a smooth hypersurface of P¢ that is given as the vanishing locus of a quintic
polynomial is a Calabi-Yau threefold, which is usually called quintic for short. Its
Hodge diamond is [30]
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0 0
0 1 0
1 101 101 1
0 1 0
0 0
1

9.1.1 The polytope of P}

Let M (resp. N) be the lattice of characters (resp. the lattice of one-parameter
subgroups) of the complex torus (C*)%, both of which are isomorphic to Z*. The
tensor product of N (resp. M) with R is a four dimensional real linear space Ng
(resp. Mg)

Np = N®zR~R* Mg :=M®,R~R" (9.1)

There is a canonical pairing between M and N given by
4
M x N = Z, ((a), (b)) > aibs. (9.2)
i=1

Let {e;}1, be the basis of N ~ Z* given by
er = (1,0,0,0), e =(0,1,0,0), es = (0,0,1,0), eq = (0,0,0,1). (9.3)

The projective space P{ is a toric variety, whose fan ¥ in Ny has ray generators

1
Uy = — Zei, u; = e;, fori=1,2,3,4, (9.4)

=1

while the cones of 3 are generated by the proper subsets of {u;}}_, [31]. The standard
simplex Ay of Mg is the convex hull of the following lattice points of M

(0,0,0,0), (1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1), (9.5)
and the normal fan of Ay is just ¥. Let P be the polytope of Mg given by
P:=5A,—(1,1,1,1), (9.6)

whose vertices are the lattice points
vo=(-1,-1,-1,-1), vy =4,—-1,-1,-1), vo =(—-1,4,—1,-1)
(9.7)
vy = (—1,-1,4,—-1), wvy=(—1,-1,—-1,4).

The normal fan of P is also X, and the toric variety associated to P, denoted by Xp,

is the same as the toric variety associated to the fan X, i.e. P¢.
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9.1.2 Anti-canonical bundle

The dual polytope of P, denoted by P°, is a lattice polytope in Nr with vertices
{u;}}q, i.e. P°is the convex hull of the lattice points {u;};_, in Ng. The dual of P°
is just P, which shows P is reflexive. Let D; be the divisor of Xp associated to the

i-th surface of P, then the anti-canonical divisor of Xp is given by [31]

Dp=> D (9.8)

The polytope P has 126 lattice points and the toric polynomials associated to them
form a basis of the sections of the anti-canonical bundle Ox,(Dp) [31]. Since the
polytope P is reflexive, the vanishing locus of a section of Ox,(Dp), if smooth, is
a Calabi-Yau threefold [3I]. By abuse of notations, let z; also be the homogeneous
coordinate associated to the ray of ¥ generated by u;, then the total coordinate ring
Sp of Xp is given by

Sp = Clxg, -, x4]. (9.9)

The class group of Xp, denoted by Cl(Xp), is isomorphic to Z, and the divisor D;
is a generator of Cl(Xp). Moreover D; is rationally equivalent to every other Dj,
therefore the degree of D; is 1, and the degree of Dp is 5. The toric polynomials
associated to the 126 lattice points of P homogenize to the 126 quintic monomials of

Sp, hence the sections of Ox,(Dp) are given by quintic polynomials of Sp.

Remark 9.1.1. The line bundle Ox,(Dp) is isomorphic to Opi(5), therefore the
toric geometry picture is completely compatible with the classical algebraic geometry

picture.

9.2 The mirror family of the quintic

In this section, we will talk about the construction of the mirror family of quintic
Calabi-Yau threefold. We will follow the Example 5.4.10 of [31] and Section 4.2 of [30]

closely, which are also recommended to the readers unfamiliar with the construction.

9.2.1 The singular mirror family of the quintic

The normal fan of P°, denoted by 3°, is a fan in the real vector space Mg with ray
generators {v;}}_, i.e. the vertices of P; while the proper subsets of {v;}}_, generate
all the cones of X°. The toric variety associated to P°, which is the same as the toric

variety associated to the fan 3°, will be denoted by Xpo, which is called the dual
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toric variety of Xp. Let y; be the homogeneous coordinate associated to the ray of

>° generated by v;, then the total coordinate ring of Xpo is given by
S° :(C[yo,"' ,y4]. (910)

Remark 9.2.1. The lattice of characters of Xpo is N, while the lattice of one-
parameter subgroup of Xpo is M, which are swapped compared to that of Xp.

The points {v;}}_, generate a lattice My, which is a sublattice of M, while its dual
lattice, denoted by N, canonically contains N as a sublattice. The index of M; in M
is 125, therefore the index of N in NV is also 125. There is an injective homomorphism
from M to Z5 defined by

m € M ({m,ug), (m,ur), (m,us), (m,us), (m,uy)) € Z°. (9.11)

This homomorphism induces an isomorphism between the quotient abelian group
M /M; and the group G defined by

G = {(ao, -+ ,a1s) € (Z/5Z)°] > a; =0}/{(a,a,0,a,a)|a € Z/5Z},  (9.12)
which is isomorphic to (Z/5Z)3. The lattice points {v;}}_, satisfy a linear equation
U0+U1+U2+U3+U4:O. (913)

If >° is viewed as a fan with respect to the sublattice M;, then the toric varietry
associated to it, denoted by Xso pf, is Pé. On the other hand, Xspo 5, is also the
toric variety associated to the polytope P° with respect to the lattice N;. From
Proposition 3.3.7 of [31], we have

Xpo =~ Xsor /(M/M,) = Pg/G. (9.14)

Remark 9.2.2. Notice that the lattice of characters of Xpo p, is Ny, while the lattice

of one-parameter subgroups of Xpo pp, is M.

From Example 5.4.10 of [31], the class group Cl(Xpo) is isomorphic to the abelian
group Z@® Ny /N. From Exercise 5.4.7 of [31], the character group Homgz(Cl(Xp- ), C*),

as a subgroup of (C*)°, has an explicit description given by

4
Homy,(CH(Xpe),C) = {(A¢, -+, M) AeC, ()P =1L [[¢ =1} ~C aC.
=0

(9.15)
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The toric variety X po is also constructed as the geometric quotient of C® — 0 by the
character group Homy(Cl(Xp-), C*) [31]. After quotient by C*, Xpo is described as
the quotient of P{ by G, while the action of an element (ag,- - ,a4) of G on P is

(y07"' 7y4) — (Cgo Yo, - >Cg4 y4>7 (916)

where (5 is exp(2mi/5). Let Dy be the divisor of Xp. associated to the i-th surface

of P°, then the anti-canonical divisor of Xp., denoted by Dps, is given by
Dpo:=> Dy (9.17)

The sections of the anti-canonical bundle Ox,, (Dpo) has a basis given by the six
lattice points of P°: the origin and the vertices {u;}}_,. The homogenisations of the
six lattice points in the total coordinate ring S° are

4
Origin — H Yi, Ui —> Yo, (9.18)

=0

hence a general section of Ox,,(Dpe) is of the form

4 4
Yoy e [ [u (9.19)
i=0 i=0

If H?:o ¢; # 0, the vanishing locus of this section is an irreducible hypersurface of

Xpo that is isomorphic to
4 4
Ye: Y yi=50[u=0 (9.20)
=0 i=0
Now we also allow 1) to take the value oo, and Y. is given by
4
[[vi=o0. (9.21)
=0

which is singular and reducible. So we have got an algebraic family Y, fibrated over

P, however the fiber Yy is singular even for a general parameter 1.

9.2.2 The singularities of the singular mirror family

Now we will look at the singularities of the fiber Y, carefully. Let Xy be the hyper-
surface of P¢ defined by

4 4
Xy:fp=Y 2l =5¢ [[zi=0 (9.22)
i=0 i=0
which is smooth when 1° # 1, 0c0. The singularities of the singular fibers are:
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1. When ¢° = 1, the singularity of X, consists of 125 double points given by

(¢go, -+ ¢4 with a; € Z/5Z and Y _a; = 0. (9.23)

2. When ¢ = 0o, X, is the union of five P}

4
Xoo: [Jzi=0 (9.24)
i=0
The action of G on P¢ is given by
(zo, -+ s xa) = (5" @0, -+, (5" T4), (9.25)

which preserves X, and the quotient variety is just Yy,
Xy/G =Y. (9.26)

However this action of G on X, is not free and the quotient process creates singular-
ities: if the stabilizer of a point is nontrivial, then its image in Y}, is a singular point.

When v # oo, the points of X, that possess nontrivial stabilizers are [51]:

1. 10 curves Cjj := {x; = x; = 0} N Xy, the stabilizer of which is of order 5. For

example Cy; is given by
Cor: 79 = 11 = x5 + a3 + 27 = 0, (9.27)
and its stabilizer is {((%, (5%, 1,1,1) : a € Z/5Z}.

2. 10 points Pjji, := {x; = x; = x; = 0} N Xy, the stabilizer of which is of order
25. For example Py, is given by

Piji i 19 =3 = 19 = x5 + 7 = 0, (9.28)
and its stabilizer is {(¢¢,¢%, ¢ %7 1,1) : a,b € Z/57}.

The variety P¢ is covered by five open affine subspaces U; := {z; # 0}, which are
also the affine toric varieties associated to the maximal cones of its fan 3. The action
of G on P} preserves U;, hence the quotient variety P¢/G is covered by affine toric
varieties {U;/G}}_,. Now let us look at the quotient variety U/G carefully: define
T4; = x;/T4, then the G-invariant elements of C[z,;] form a subring C[z,,]¢ that is
given by

C[l’;m]c = C[l‘io, inl, 1’45172, ZEZ:), $470]}471(L’472I4’3]. (929)
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By sending 37451,1' — t; and x4,0%4,1%42%43 — t4, We get an isomorphism
Clz44]® =~ Clto, t1,ta, t3, ta] /(] — toti tats ). (9.30)

So the quotient variety Uy/G is isomorphic to the affine toric variety
Us/G =~ Spec Clty, t1, to, t3, t4]/{t] — totitats), (9.31)

while the open subvariety (X, N Uys)/G of Yy, is a hypersurface of Uy/G defined by
the equation
L+to+t+ts+t5—5ibty =0. (9.32)

The images of C;; and Pjj; in Yy, # oo are singular points, therefore even for a

smooth X, its quotient Y}, is still singular.
Remark 9.2.3. When ¢ # oo, the singular locus of Yy is of codimension 2, hence

its dualizing sheaf wy,, is well defined, which is trivial because P° is reflerive [30].

9.2.3 The resolution of the singularities of the mirror family

Now we will talk about the resolution of the singularities of Y,. Let us choose a
maximal projective subdivision $° of £°, which is a refinement of %° [30]. There are
lots of maximal projective subdivisions of X° and a special one is given in the appendix

of [81]. The toric variety Xg, associated to Si° satisfies the following properties:
1. Xg, is projective.
2. The map of fans $° — ¥° induces a birational toric map

¢: Xeo — Xpo. (9.33)

3. When 9 # oo, the proper transform of Y, in Xg, resolves the singularities
CU/G and szk/G

4. When ¢° # 0,1, 0o, the proper transform of Yy in Xg, is a smooth Calabi-Yau
threefold. While when ¢® = 1, the proper transform of Y}, in Xg, is singular

with singularity consists of a single double point, which is the quotient of the
125 double points of X, by G.
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The readers are referred to [30] for the detail and proofs. Denote the proper transform

of Yy in Xg, be Wy, and we get the mirror family of quintic
™ W — Pg, (9.34)

a smooth fiber of which is a Calabi-Yau threefold with Hodge diamond [30]

1
0 0
0 101 0
1 1 1 1. (9.35)
0 101 0
0 0
1

Remark 9.2.4. When ¢ # oo, the resolution morphism
QSw : Ww — Yw (936)

is crepant [30)]. Since the dualizing sheaf of Yy is trivial, so the dualizing sheaf of Wy
is also trivial. The proof that W, is Calabi-Yau (when ¢° # 0,1,00) can be found in
the book [30)].

The mirror family in equation has the advantage that it is more symmetric,
which is important when doing computations, however it suffers a defect that W, is
isomorphic to W, y, therefore the true moduli of this family should be parametrised
by 4°. This defect can be cured by a similar construction. Rescale 3o by the factor
1/¢ and define ¢ := 1/4°, then equation becomes

4 4
duo+ Y =5 w=0. (9.37)
i=1 i=0
Parallel construction as before yields a new mirror family
™ W — Pg, (9.38)

which has three singular fibers over the points 0, 1, 00. The point ¢ = 0 is the large
complex structure limit, which is an essential ingredient in mirror symmetry [23]. The
singular fiber over 1, denoted by W, is called conifold. To avoid potential confusions,

we will call it quintic mirror conifold in this thesis.
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9.3 The threeform of the mirror family

Since toric varieties and toric morphisms are actually defined over SpecZ [31], the
families in equations[9.20] [9.34] and [9.38 are in fact fibrations defined over Z, a priory
the three families are defined over Q. This is also shown in the explicit description of

U;/G and Y,,[0.32 Since Xy, is a hypersurface in P, there is well-known method

to construct a threeform on it, and over the affine open subset X, MUy, the threeform

is given by [51]

dl’4,() A dl’471 A dl’472 . 1/} d$470 A dl‘471 VAN dl‘472

Qx, =59y
Y Ofy/0xas X, xig — Y Xy0Ta1%a2 | x

(9.39)
P
When Xy is smooth, the denominator is nowhere vanishing, hence (1x, is a well-
defined threeform on X, that is also nowhere vanishing [51]. The threeform €y, is
G-invariant, hence it induces a threeform on the smooth locus of Y, that is nowhere
vanishing, which also shows that the dualizing sheaf of Y, is trivial [5I]. More explic-
itly, the affine open subset (X, N U,)/G is given by equation , and the induced

threeform over its smooth locus is given by

tydty A dt; A dt
Qy, Y Lydlo Adby Adby) (9.40)

125 tf(ts—ta) |y,

From Remark [9.2.4] the resolution morphism [9.36| is crepant, hence the threeform

Qy,

constructions of threeforms immediately show that Qx,, Qy, and Q(v)) are all defined

will pull back to a nowhere vanishing threeform Q(¢)) on W, if it is smooth. The

over Q.

Summary: in this chapter, we have discussed the construction of the mirror
family of the quintic, which in fact is an algebraic fibration defined over Q. We also
discuss the construction of the threeform for the mirror family, which is algebraically
defined over Q. This chapter will be important when we discuss the conifold transition
in Chapter and when we compute the limit MHS at the quintic mirror conifold
later in Chapter (13| This chapter is totally from the literature, and it is included here

in order to make this thesis as self-contained as possible.
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Chapter 10

The small resolutions of the
conifold in the mirror family of the
quintic

In this chapter we will construct the small resolutions of the conifold in the mirror
family of quintic, which is called quintic mirror conifold, in the category of algebraic

spaces. The structure of this chapter is as follows:

e Section discusses the construction of quintic mirror conifold and the local
structure of its double point. It also shows there exists a nowhere vanishing

threeform defined on the smooth locus of quintic mirror conifold.

e Section[10.2] studies the analytic small resolutions of quintic mirror conifold, i.e.
the small resolutions of the analytic variety defined by quintic mirror conifold

in the category of analytic varieties.
e Section discusses the conifold transition in the mirror family of quintic.
e Section studies the Hilbert scheme of lines in a quadratic surface of P).

e Finally, Section constructs the algebraic small resolutions of quintic mirror

conifold in the category of algebraic spaces.

10.1 Properties of the conifold in the mirror family
of the quintic

In this section, we will look at the construction of the quintic mirror conifold W

which is a variety defined over Q and study the local structure of its double point.
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The quintic conifold X; is given by

Y al—5][==0 (10.1)

whose singularity consists of 125 double points

4
{ (¢80, €8, ¢82, ¢85, (8" s a; € Z/5Z, Y a; =0mod 5 }, (10.2)

i=0
and G acts transitively on the 125 double points. From last Chapter, the singular locus
of Y1 = X, /G consists of C;;/G, P,;;/G and a double point. From Section , the
affine open subvariety (Uy/G)NY is isomorphic to the subvariety of Spec Q[to, - - - , t4]
defined by

t —totitats =0, 1+tg+t +ty+t3—5ty =0, (10.3)
and moreover it is isomorphic to the hypersurface of Spec Q[ty, - - - , t4] defined by
t —titots (5ty —ty —ty —t3— 1) = 0. (10.4)

The coordinates of the double point of Y] are given by
t=-=ty = 1. (10.5)

Let s; be t; — 1 and define the new coordinates u; by

1
Uy 1= 51—|—582+583—§54,
1 n 1 5
U = — S9 - 83 — = S84,
2 - 6" 6 (10.6)
Uz -= 53 — 1 S4;
1
Uy = 584,
then the equation becomes
2 2, 2 5,9
u1—|—3u2+§u3+§u4+g(u1,u2,u3,u4) =0, (10.7)

where ¢ is a rational polynomial whose monomials are of degree > 3. With respect
to the new coordinate u;, the double point of Y] becomes the origin O := (0,0, 0,0).
Therefore the local structure of the double point of Y; is determined by equation [10.7]
The singularities C;;/G and P, /G are resolved by the crepant resolution m

¢1: W1 = Y, (10.8)
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hence the singularity of W, is a double point defined over Q that will be called dp in
this thesis. The double point of Y; does not lie in C;;/G and P,;j;/G, therefore a local
neighbourhood of dp in W) is isomorphic to an open neighbourhood of the double
point O of the hypersurface in Afé defined by equation .

From the adjunction formula [98], the dualizing sheaf wy, of X is trivial. There
is a threeform )y, defined on the smooth locus of X; that is given by

Oy, = drao N drgy Adagy ’ (10.9)

4
Lgg — L4,0L4,1 %42 |x,

which is nowhere vanishing, hence it is a global section of wx, [51]. The threeform
Qx, is G-invariant, therefore it defines a threeform €2y, on the smooth locus of Y}
that is also nowhere vanishing. Since the codimension of the singular locus of Y] is
2, so the existence of a nowhere vanishing threeform {2y, on its smooth locus also
shows the dualizing sheaf wy, is trivial. In the affine open subvariety (U;/G) N Y,
the threeform €y, is given by

1 tzdtg Adty Adts
C125 tf (ts—ta) |y

(10.10)

Y1

The resolution morphism ¢, is crepant, hence the dualizing sheaf wyy, of W is
also trivial, and the threeform 2y, pulls back to a nowhere vanishing threeform €y,
on the smooth locus of W.

In this thesis, the resolutions of W, will play a very important role, and first let
us look at its blow up. Let 17\71 be the blow up of W at its double point dp, which is

a smooth projective variety defined over Q. So we get a fibered diagram [9§]

D' 2w,
lﬁ/ lﬁ , (10.11)

dp ——> W,

where D' is the exceptional divisor of Wl. From the construction of blow up, D! is

isomorphic to the quadratic surface of ]P’% defined by

2 5
Uf+3U§+§U§+§UZ:O, (10.12)

where {U;};_, are the projective coordinates of P

Remark 10.1.1. Under the blow up morphism [ |10.11], the threeform Qyy, pulls back

to a threeform (5 on Wl, which is a section of the canonical bundle Q3 . Moreover

Wh
Oy, only vanishes on D*.
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10.2 The analytic small resolutions of the quintic
mirror conifold

The C-valued points of the quintic mirror conifold W, denoted by W;(C), is the
analytic variety defined by W;. In this section, we will study the small resolutions of

Wi (C) in the category of analytic varieties.

10.2.1 The analytic small resolutions of a double point

In W, (C), there exists a local (analytic) neighbourhood of dp which is isomorphic to
a local neighbourhood of the double point O := (0,0, 0,0) of the hypersurface in C*
defined by

H: wz—2y=0, (10.13)

where (w,x,y, z) are the affine coordinates of C*. There exist two small resolutions
of the double point O of H [9§]:

1. The blow up of C* at w = z = 0 is the hypersurface of C* x P{ defined by
wX —azW =0, (10.14)

where (X, W) are the projective coordinates of P¢. The proper transform of H

in this blow up, denoted by 17i 1, is given by
wX —zW =0,

(10.15)
yX —zW =0.
The natural projection map C* x Pt — C* induces a morphism
Ky Hy — H, (10.16)

which is an isomorphism on the open subset H; — (r,1)~(0). The exceptional

curve (kg 1) *(O) is isomorphic to Pg.
2. The blow up of C* at w = y = 0 is the hypersurface of C* x PL defined by
wY —yW =0, (10.17)

where (Y, W) are the projective coordinates of P¢. The proper transform of H
in this blow up, denoted by ﬁ[g, is given by
wY —yW =0,

(10.18)
zY —zW =0.
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The natural projection map C* x Pt — C* induces a morphism
kot Hy — H, (10.19)

which is an isomorphism on the open subset H, — (k m2) 1 (O). The exceptional

curve (kp2) ' (O) is also isomorphic to Pg.

Remark 10.2.1. The two small resolutions [/1\71 and flg of H are not isomorphic, i.e.
there does not exist an isomorphism from fll to ﬁg such that the following diagram

15 commutative

Hl ......................... 5 H2
K

\ / . (10.20)
H,1 KH,2
H

There does exist a birational map between Hy and Hy which is called Atiyah flop [98].

Let the blow up of H at O be H , then the exceptional divisor of His isomorphic
to the quadratic surface in P defined by [08]

WZ-XY =0, (10.21)

where (W, XY, Z) are the projective coordinates of P%. Moreover, H is also the
blow up of H; at its exceptional curve (k) *(0), and the corresponding blow up

morphism is denoted by

A H — H;, i=1,2. (10.22)

Therefore we get a commutative diagram

H
H, Hy
HHN A,z
H

where kg ; 0 A\g; is the blow up morphism H — H. The exceptional divisor of H , i.e.
the quadratic surface [10.21] is isomorphic to P¢ x Pg, and the restriction of Ay ; to

it is just the natural projection morphism

(10.23)

pi : P& x PG — Pg. (10.24)
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10.2.2 The analytic small resolutions of the quintic mirror
conifold

Since the construction of (analytic) small resolution is local, parallel construction
works for W; (C), therefore we get two small resolutions of W; (C) that will be denoted
by Wf’an,i = 1,2. Let the resolution morphism be

KWV W (C), i = 1,2, (10.25)

where the exceptional curve (k2)~!(dp) is isomorphic to Pt. Here the notation “an”
is to remind us that Wf’an is a complex manifold, not an algebraic variety. There also

exists an Atiyah flop

\ . (10.26)
K K"

The C-valued points of the blow up Wl, denoted by Wl((C), is a projective complex
manifold, and similarly Wy (C) is also the blow up of W™ at its exceptional curves

(k?)~1(dp). Let us denote this blow up morphism by
A2 W (C) = Wi =1,2, (10.27)

and we get a commutative diagram

Wi (C)

N
A2
Wi

@\,AA

Wi(C)

Wll,an ,an (1028)

where the composition 2" o A2" is the blow up morphism of W;(C) at dp. The
exceptional divisor of W;(C) is D!(C), i.e. the C-valued points of D', which is
isomorphic to the quadratic surface in Py defined by the equation [10.12} As before,

D'(C) is isomorphic to P& xPE, and the restriction of A2 to it is the natural projection

map p; in equation [10.24]
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10.3 The conifold transition in the mirror family
of the quintic

In order to study the arithmetic geometry of W;, we need to construct algebraic
small resolutions of it such that their analytifications are Wli,an' At first one might
hope to find a smooth surface in W, (defined over a number field) that contains the
double point dp, and then a small resolution of W, can be constructed as the blow up
of W at this smooth surface. However if a small resolution of W, can be constructed
in this way, then it must be projective as blow up is always projective [98]. But
its analytification Wf’aﬂ cannot be projective as its exceptional curve is homologous
to zero [23], so this method does not work. In this section, we will show why the
exceptional curve of W\f’an is homologous to zero, which is an essential ingredient in
Beilinson’s conjecture.

Suppose A is a small (analytic) neighbourhood of the conifold point ¢ = 1 in P{,
and let the mirror family over A be denoted by

TA W(C)|A — A, (1029)

the only singular fiber of which is the quintic mirror conifold W;. Let the restriction
of the mirror family to the punctured disc A* := A\ {¢p = 1} be denoted by

mas : W(C)

A = AF, (10.30)

which is a smooth fibration between smooth complex manifolds. There exists a local
system V7 defined by ma«
Vg =R 1A~ .2, (10.31)

whose fiber over a point ¢ € A* is H3*(W,(C),Z) (modulo torsion). The dual of V7
will be denoted by V', whose fiber over ¢ is H3(Wy(C),Z) (modulo torsion). There

are also local systems given by
Vo =R71a-,Q=V2®Q, V¢ :=R¥ma-.C =V ®C, (10.32)

whose fibers over ¢ are H*(W,(C),Q) andH?*(W,(C),C)) respectively. From the
Hodge diamond the Betti number b3(W,(C)) of a smooth fiber is 4, hence by
Poincaré duality there exists a symplectic basis {A4;(v), Bi(v)}2, of H3(Wy(C),Z)

(modulo torsion) with intersection pairings [23] [51]

Aa(¥) - By(th) = dap,  Aa(¥) - Ap(1) =0, Ba(9) - By(p) = 0. (10.33)

From the paper [23], the homology cycles As(¢)) and By(1)) can be chosen in a way
such that when ¢ — 1 we have:
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1. The homology cycle Ay(¢)), which is homeomorphic to S3, shrinks to the double
point of W, (C).

2. The homology cycle By(1), which is homeomorphic to the real torus (S')3,
becomes a homology cycle of W, (C) that contains the double point dp.

3. The homology cycles A;(¢)) and Bj(¢) are chosen far away from Ay(1)) and
Bs(1)) so that the limit ¢» — 1 will not affect them.

From Theorem 3.2 [87], the Betti number b3(W;(C)) is 3, and later we will show that
Aily=1, Bily=1, Bafy=1 (10.34)

form a basis of H3(W;(C),Z) (modulo torsion). In the small resolution of W, (C), the
double point is resolved by a P{, which is homeomorphic to S?. This whole process

is called conifold transition, which is summarised in the following diagram [23],

Wi,an
. (10.35)
W, (C) =5 wy(C)

Since the cycle Ay(7)) is nonzero in Hz(W,(C), Q), Theorem 3.2 of [87] implies

that the exceptional curve of Wf’an

must be homologous to zero. This interesting
property has already been explained explicitly in the paper [23]. When ¢ — 1, the
cycle By(1)) becomes a cycle By|y—; of W;(C) which contains the double point. Then
the exceptional curve Pf is the boundary of the cycle (k2)~!(Ba|y—1). From this

property we immediately deduce that Wf’an cannot be a Kahler manifold: suppose

—~
7,an

there exists a Kahler form J on W™, then the “area” of the exceptional curve, i.e.
f% J, cannot be zero. But this exceptional curve is a boundary, then Stokes theorem
implies that this integration must be zero, thus we have reached a contradiction.
This also shows that after small resolution, the homology cycle (k&)™ (Ba|y=1) is not

closed any more. Theorem 3.2 of [87] shows the third Betti number of Wf’am is
by (V™) = 2, (10.36)
while when j # 3, the Betti numbers satisfy

b;(Wy(C)) = b;(Wi(C)) = b (Wi™), j # 3. (10.37)
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10.4 The Hilbert scheme of lines in a quadratic
surface

The idea to construct an algebraic small resolution of W is to contract the excep-
tional divisor D! of W, to a conic, but first we need to study the Hilbert scheme of
lines in a smooth quadratic surface of Pﬁ)@. The Hilbert scheme of lines in IP’% is the
Grassmannian G, 3, which is isomorphic to a quadratic hypersurface of ]P’;Z’Jg defined
over Q. A line L in IF’% is determined by two distinct closed points, and suppose their

coordinates are

($07$175U2,933)7 <y0ay1>y27y3)7 (10-38)

then the Pliicker coordinates p;; of L are defined by
There are only 6 independent p;; which are ordered in the way

(p01, Po2; Po3, P12, P13, p23)7 (1040)

and they cannot all vanish because the two closed points are different. Moreover, L
is uniquely determined by its Pliicker coordinates [10.40, hence we get a well-defined
injective map
G5 — PR, (10.41)
which sends the Grassmannian G; 3 isomorphically onto the quadratic hypersurface
of P, defined by
Pot1 P23 — Poz2 P13 + Po3 P12 = 0. (10.42)

After a rational projective transformation, every smooth quadratic surface S of
P?, that is defined over Q is of the form

3

S Xg + kX7 + ko X5 + ks X3 =0, with k; € Qand [ [ & # 0, (10.43)
i=1
where (X, -+, X3) are the projective coordinates of P?@. We now show that the

Hilbert scheme of lines in S has two disconnected components, both of which are
conics defined over the quadratic field F' := Q((k;kok3)'/?). The equation [10.43| can

also be written into

(Xo+iki” X)) (Xo — i ky>X1) + (ks> Xy 41 ks> X3) (ky> Xy — i ks> X3) = 0. (10.44)
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Given two numbers a and b, the following two closed points

<a+b ila—b) b—a i(a+b)> <a—b_z’(a+b) a+b i(a—Db)

— — 10.45
2 2k, T 2ky 2 ks 2 2k T 2ky " 2ks > ( )

determines a line in S, the image of which under Pliicker embedding lies in the
conic C defined by

k1 por + (k1]€2k‘3)1/2p23 =0, Fkopo — (k1k2k3)1/2p13 =0,

L2 , ) ) (10.46)
ks pos + (kikaks) = p1a = 0, ki pg, + k2 poy + k3 pos =0.

This conic is defined over the quadratic field F', and it is a subvariety of the hyper-
surface [10.42| (over the field F').

Lemma 10.4.1. Quver the quadratic field F', there exists a map
1 ZSF—>01, with SF Z:SXQ F, (1047)
which 1s a fibration over Cy, and the fibers are conics.

Proof. We have a homomorphism between homogeneous rings

Flpo1, poz, pos, P12, P13, pa3] — F[Xo, X1, X, Xj] (10.48)
that is defined by
k1 koks)'/?
DPo1r — X§ + k1 X7, Po2 — k1 X1 Xo — %XOX&
2
ki koks)'/? ki koks)'/?
po3 — k1 X1 X3 + %XOXZ: pr2 — —Xo X — (12—3))(1)(3, (10.49)
3 2
Ky koks)1/? X2 X2
p13 = —XoX3 + &Xﬁﬁ, D23 — (k1k2k3)1/2(—2 + 2.
k’3 k3 k2
From equation [10.46] this homomorphism induces a map p; : Sp — C;. A fiber of p;
is the intersection of a plane in IP’(%2 with Sg, which is a conic. n

By parallel construction, given two numbers a and b, the following two closed points

<a—|—b _i(a—=b) b—a i(a+b)> (a—b _i(a+Dd) a+b _i(a—b)) (10.50)
2 7 2k 7 2ky 2ky /) 2 2k 7 2ky’ 2 ks .

determines another line in S. The image of this line under the Pliicker embedding

10.41} lies in the conic Cy defined by
k1 po1 — (k1k2k3)1/2P23 =0, Fkypo+ (k1k2k3)1/2p13 =0, (10 51)
k3 pos — (k1k2k3)1/2 pi2 =0, ki p(2)1 + ko pSQ + k3 p33 =0.

This conic () is defined over the field F', and it is a subvariety of the hypersurface
10.42| (over the field F').
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Lemma 10.4.2. Quer the quadratic field F', there exists a map
p2:Sp — Ch, (10.52)
which is a fibration over Cy and the fibers are conics.

Proof. We have a homomorphism between homogeneous rings

F'[po1, po2, Pos, P12, P13, pas] — F[Xo, X1, Xa, X3], (10.53)
that is defined by
po1 = X§ + k1 X7, po2 = k1 X1 Xs + %XOX&
po3 — k1 X1 X3 — %XOXQ, P12 — —XoXo + %Xng7 (10.54)
p13 — —XoX3 — W)QXQ, Pag — —(k1k2k3)1/2<)]§—322 + )2—5)

From equation [10.51], this homomorphism induces a map ps : Sp — Cs. A fiber of py

is the intersection of a plane in IP’(?@ with S, which is a conic. O]

Remark 10.4.3. Over the algebraic closure Q, the quadratic surface Sg is isomorphic
to IE% X IP’}@, hence its Hilbert scheme of lines is the disjoint union of two IE%. The
fibration of Sg over IP% 15 just the natural projection IF% X IP’}@ — IP’}@.

The Galois group Gal(F/Q) consists of two elements {1, ¢}, while the involution ¢
sends (ky ko k3)'/? to — (k1 ko k3)/2. By restriction of base field, Sp and C; are viewed

as varieties defined over Q by
SF/QZSF:SXQF—)F—)@, Ci/QZOi%F—)Q. (1055)

The involution ¢ defines an automorphism of Sy/g and an isomorphism between C' /q

and Cy/q, which fit into a diagram

Sk — Sk
lpl lpz ) (10.56)

Cig — Cyg

the commutativity of which follows directly from the constructions of p; and ps.

136



10.5 The algebraic small resolutions of the quintic
mirror conifold

The exceptional divisor D! of Wl is isomorphic to the quadratic surface of IF’% defined
by the equation|10.12] therefore the Hilbert scheme of lines in D' has two disconnected
components C; and Cs, both of which are conics defined over the field F := Q(5'/?).

Furthermore there are morphisms
pi:Dp—Ci, i=1,2, Dp:=D"xqgF, (10.57)

which are fibrations over C;, and the fibers are conics. By extension of base field to

F', we got the following blow-up morphism over F
B:Wip — Wip, with Wy =W, xg F, Wyp =W, xg F. (10.58)

The idea to construct algebraic small resolutions of W; is to contract the exceptional
divisor D} to the conics Cj,i = 1,2, however such contractions only exist in the

category of algebraic spaces over F.

Remark 10.5.1. An algebraic variety is constructed by patching together affine vari-
eties using their Zariski topologies. Intuitively and non-rigorously, if we patch together
affine varieties using their étale topologies, we get algebraic spaces. We realise that
it will be more confusing if we give the definitions of algebraic spaces here, so instead
we will refer the readers to the chapters on algebraic spaces in the Stacks Project
[10])]. For the category of complete algebraic spaces defined over C, the analytifica-
tion functor is fully faithful. The essential image of this functor consists of compact
analytic spaces whose complex dimension equals the transcendence degree of the field

of meromorphic functions (these varieties are Moishezon spaces).

Proposition 10.5.2. Qver the field F', there exist algebraic spaces W{, defining ideal

I; C ﬁfv{ whose vanishing locus is C;, and morphisms
A Wip — W (10.59)

such that the restriction of \; to DL is the map p; in equation while \; is an

isomorphism outside Dj..

Proof. The conormal bundle Ny, of the exceptional divisor Dy, is the restriction of
F
the ample line bundle Ops (1) to it, hence N, is also ample. Over the algebraically
J— F
closed field Q, N}, is isomorphic to [95]
F

Npy = piOpi (1) ® p3Op(1), (10.60)
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where we have used the property that D}@ is isomorphic to P}@ X IE%. Over Q, the
pushforward (p;)« (N, 1\7/%) is isomorphic to (9%(1) & O%(l), while the higher push-
forward R"(p;)«( 2)/11? ) is zero when n > 1. Then this proposition is an immediate
consequence of Theorem 3.1 and 6.2 of Artin’s paper [2], supplemented by Corollary
1 of Mazur’s paper [77]. O

Moreover, Wl, r is the blow up of V/\7{ at its exceptional curve C;. From the construc-
tion of contraction, the analytification of the algebraic space )7\/\{ is just the (non-
Kéhler) complex manifold Wf’an (as the notation has already suggested), therefore

we get the following crucial observation.
Lemma 10.5.3. The exceptional curve C; of 17\/\{ 1s homologous to zero.

Proposition 10.5.4. There exists a morphism k; in the category of algebraic spaces

over F'

kit Wi = Wip, (10.61)
which contracts the exceptional curve C; of )7\/\{ to the double point of Wi r.

Proof. Over the field Q, the conormal bundle of the defining ideal I; C ﬁw{ on
C; x Q ~ }P’}@ is (9% (1) & O%(l), which is an ample vector bundle [5§]. Then this

proposition is an immediate consequence of Corollary 2 of [77]. O

Therefore we have obtained a commutative diagram

Wi r

N
Wi Wi
AN
Wi

whose analytification (which depends on the embedding o : F' — C) is the commu-

(10.62)

tative diagram [10.28] From the construction of A\; and x;, we have
ﬁ — K1 0 )\1 — K9 O )\2. (1063)
By restriction of base field, we get algebraic spaces defined over QQ given by

Wimg: Wir—F 5 Q, Wi :Wi—F Q. (10.64)
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The Galois group of F' = Q(5'/2) has two elements {1, ¢}, where the involution ¢
sends 512 to —5Y2. The involution ¢ defines an automorphism of W) /g and an

isomorphism between )7\/\11 /Q and )7\)\12 Q) hence we get a diagram

Wl,F/Q — Wl,F/Q
|n | (10.65)

Wijg — Wiy
The commutativity of this diagram follows from the construction of A\; and the com-
mutativity of the diagram [10.56|

Summary: in this chapter, we have discussed the construction of the quintic
mirror conifold, which is a threefold defined over Q whose singularity consists of a ra-
tional double point. We have also studied the local structure of this double point and
its blow up. The main result of this chapter is the construction of the two small reso-
lutions of the quintic mirror conifold, which are algebraic spaces defined over Q(5'/?).
The two small resolutions are obtained from the contractions of the exceptional di-
visor of the blow up of the quintic mirror conifold at its rational double point. The
exceptional curves of the two small resolutions are conics defined over Q(5'/2) that are
homologous to zero, which will be crucial when we study the interesting connections
to Beilinson’s Conjecture in Chapter Furthermore there also exists a rational
algebraic threeform defined on the smooth locus of the quintic mirror conifold, whose

periods will play an important role when we discuss Beilinson’s Conjecture.
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Chapter 11

The étale cohomology groups of
the resolutions of the quintic
mirror conifold

In this chapter, we will study the étale cohomology groups of the blow up )7\71 and the
small resolutions )7\/\{ of the quintic mirror conifold W;. We will discuss the extensions
induced by the exceptional curves of the small resolutions )7\/\{, which is an essential

ingredient in Beilinson’s conjecture. The structure of this chapter is as follows:

e Section is a brief overview of the étale h-topology and étale h-cohomology
theory [46].

e Section studies the long exact sequence of étale cohomology groups asso-
ciated to the blow up S : Wl — Wi, and it will also discuss the zeta functions
of WI.

e Section studies the compactly supported cohomology of the smooth locus

of quintic mirror conifold.

e Finally, Section discusses the extensions induced by the exceptional curves

of the small resolutions )7\/\{, which lies in the group

Extmyoe ) (Qu0), HE (W 5, Q0)(2)). (11.1)

These extensions will be crucial in the test of Beilinson’s conjecture.

11.1 The étale h-cohomology group

In this section, we will very briefly discuss the étale h-cohomology theory that will

be needed in this thesis, and the readers are referred to the original paper [46] for
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proofs and further detail. First, the étale h-topology is a Grothendieck topology on
the category of schemes which is finer than the usual étale topology, but nevertheless

possesses many advantages.

Definition 11.1.1. Given a suitable subcategory of the category of schemes, the eh-
topology, short for étale h-topology, is the Grothendieck topology whose opens are
the same as the opens of the étale topology, while its coverings are generated by the

following types of coverings:
1. Usual étale coverings.

2. Abstract blow ups. More precisely, suppose we have a fibered diagram

Z’/

7 —— X'
lﬁ” lﬁ ) (11.2)
Z — 5 X

where i is a closed embedding and (B is a proper morphism that is an isomorphism
from X' — Z' to X — Z. Then we say the morphisms

(x5 x 75Xy (11.3)
form a covering of X.

For a perfect field k, suppose Sch/k is the category that consists of separated schemes
of finite type over k, then we equip Sch/k with the eh-topology and denote this
site by (Sch/k)en. Let (Sch/k)S! be the topos of eh-sheaves on Sch/k, which has
enough injectives. Given an eh-sheaf .# € (Sch/k)S! and a scheme X € Sch/k,
the eh-cohomology group HY (X,.%),i € Z is defined by the derived functors of the
global-section functor

F - T(X, 7). (11.4)

A very important property of eh-cohomology theory is that every abstract blow up
yields a long exact sequence of eh-cohomology groups.

Proposition 11.1.2. For every abstract blow up there exists a long exact se-

quence of eh-chomology groups

o HY(X,P) S HY(Z.F) @ HY(XF) TS B2 F) ——
(11.5)
Proof. Proposition 3.2 of [46]. O
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While for the locally constant torsion sheaves, the eh-cohomology groups are the same

as the étale cohomology groups.
Lemma 11.1.3. For a scheme X € Sch/k, there is an isomorphism

H(X, iS7) = Hi (X, 150), n € Z, (11.6)
where the characteristic of k does not divide m.

Proof. Theorem 3.6 of [46]. O

11.2 The étale cohomology groups of the blow up

From Proposition [11.1.2| and Lemma [11.1.3] the blow up diagram [10.11] yields a long
exact sequence of étale cohomology groups

/

n 7;*’6*) n n A B*_i* n
T Hét(wl,@a @Z) (—> Hét<dp7 @6) @ Hét(WL@a Qf) —D1> Hét(D}@7 @K) —

11.7
Since over the field Q, D}@ is isomorphic to IP’}@ X IP’}@, therefore we have o
H;(D}@, Q¢) =0, when n # 0,2, 4, (11.8)
therefore the long exact sequence gives us an exact sequence
0 —— HAWy5. Q) — HA (W, 5.Q0) —2 HL(DL, Q) 1
(11.9)

1)
g N
L Hgt(wl,@v(@é) — Hgt(WL@a@é) —0

When p # 5, both D! and Wl have good reductions at it. From Proposition IV 5 of
[92], the characteristic polynomial P,(h?(D'),T) is given by

Py(h*(D"),T) = (1 =pT)(1 = x(p)pT), p#5, (11.10)

where x is the real Dirichlet character (-/5). Therefore from the exact sequence [I1.9]

and the zeta functions of W in equation [1.3| we get
PR W), T) = (1= pT)™, B(R*OM),T) = 1 —as(p) T+ p* T2, p#5. (11.11)
The exact sequence also shows that the Betti numbers of Wl are given by

POV, =500 =1, b'OW) = (W) = 0, B*OW,) = b*OWV,) = 102, BPOW,) = 2,
(11.12)
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while Remark [10.1.1] tells us
ROW) =3 (W) =1, B2 (W) = kYW = 0, (11.13)

SO )7\71 is a rigid threefold, but it is not Calabi-Yau any more. The exact sequence
also shows that * is surjective, so its kernel, denoted by ker 5*, is a one dimensional
representation of Gal(Q/Q). Later in this section we will show that as a representa-
tion of Gal(Q/Q(5"?)), ker B* is isomorphic to Q;(—1), hence as a representation of
Gal(Q/Q), ker 8* must be of the form

ker 8" ~ Qu(—1) ® €, (11.14)

where € is a real Dirichlet character. But there are only two possibilities: the trivial
character and y = (-/5), hence the zeta functions of W; in equation [1.3| immediately

implies that € must be x.

Let U be the smooth open subvariety W; —dp of W, which also equals )//\V/l —
The inclusion morphism of U into W, (resp. )7\71) will be denoted by j (resp. }), and

they form a commutative diagram

x lﬂ , (11.15)

which induces a commutative diagram of étale cohomology groups

H ( 1@7@8) —>H3( 1Qa@€)

\ ﬁ* . (11.16)

Hgt(U@7 Qf)

Lemma 11.2.1. The homomorphism ;* m is injective, hence the image of
H (W, g, Q) in H}(Ug, Q¢) under j* is identified with ngt(WL@, Q).

Proof. The inclusion } induces a long exact sequence [7§]

Het Dl( 1@7@5) - H ( 1(@7@3) —> H (UQva) tpl( 17@aQZ) —
(11.17)
The Gysin sequence yields an isomorphism [7§]
Hg, Dl( 1@ Q) = He(Dgg, Qi)(—1) =0, (11.18)
hence the homomorphism j* in this exact sequence is injective. O]
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11.3 The compactly supported cohomology groups

In this section we will discuss the compactly supported cohomology of the smooth

open subvariety U = W; — dp. First, let us choose an embedding
o:F=Q(Y%) —-Q (11.19)
In Section [10.5] we have constructed a pair of small resolutions of W; over F'
kit Wi Wip, i=1,2, with Wyp = W, xg F, (11.20)

and the exceptional curve C; = x; ' (dp) is a conic defined over F. Let Up be U x¢ F,

and it is a smooth open subvariety of 17\/\{ while the inclusion morphism is denoted by
Up = Wi —C, i Up <= Wi (11.21)
So we get a commutative diagram

Ji ey
Up —— W]

\ l’” , (11.22)

Wik

where by abuse of notation the inclusion morphism of Up into W; ¢ has also been
denoted by j. From Section [10.5] we have a commutative diagram

’LDl

1 F 0
DF Em— Wl,F

lpi l& : (11.23)

C; —2 s Wi
The following isomorphism will be important in this thesis.

Lemma 11.3.1.
HE (Ug, Qo) ~ HEW, 3, Qe), Von = 2. (11.24)
Proof. The compactly supported étale cohomology group of U is given by [79]
HZ

4 (U ZT) = B (W, g 4(Z/(2) (11.25)
where j is the inclusion morphism of U into W,. The following pair of maps

UL w, < dp (11.26)
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induces a pair of maps
j i

which yields a short exact sequence of étale sheaves on W, 5 [79]
0 — 4" Z/2) — Z/0T — i, i*(Z/Z) —— O . (11.28)

Since i.i*(Z/{Z) is a skyscraper sheaf on W, g, therefore the long exact sequence of

cohomology groups produced by this short exact sequence induces an isomorphism

Hi (Ug, Qo) = HixOW, g, 51" (Z/0Z)) = Hix(W, 5, Qe), Vn > 2. (11.29)
]
Both HE .(Ug, Qv) and HE (W), g, Q) are continuous representations of Gal(Q/Q),

and the isomorphism in Lemma [11.3.1]is an isomorphism between Galois represen-
tations. The étale cohomology group Hg .(Ur Xi@’ Q) is just H (Ug, Q) viewed
as a representation of the closed subgroup Gal(Q/F). By abuse of notations, from
(Ug, Q) also means Hf (Up %, Q,Qy), which should clear from con-

ét,c
text. Similarly, H3 (W, g, Q¢) (viewed as a representation of Gal(Q/F)) also means

H Wi X, Q,Qy).

now on Hetc

Lemma 11.3.2. The following diagram of continuous representations of Gal(Q/F)

18 commutative

Hetc(UQan> — H (Wl Q?@é)

\ ln;s . (11.30)

H3(Wi 5, Q)
Proof. We just need to show the following diagram is commutative

HS

ét,c

(Ug, Z/tZ) —— H{ W\, Z/{Z)

\ ln;.« . (11.31)

HY (W 4. 2/e2)

The inclusion map j : Ug < W, g defines an injective homomorphism of étale sheaves
on W, 5
i (Z)0Z) — Z/1Z, (11.32)
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which induces a commutative diagram of complexes of étale sheaves on W), 5

WZNL) ——— ZJIZ

l l : (11.33)

Rei ki (Z/02) —— Ri; «(Z/IZ)
We have a fibered diagram
Up —2s Wi
lm [x - (11.34)
UF ;> Wl,F

and since extension by zero commutes with base change [78], [105], we get an isomor-

phism of étale sheaves on W
K IZIT) = i (Z)12). (11.35)
So we get a commutative diagram

Hg W, g, (Z/02)) —— Hg(W, g, Z/UZ)

l ln; . (11.36)

HE (W 5, (2 02)) —— HE(W: 5, 2/(2)

From the proof of Proposition 3.1 in Chapter VI of [78], the following homomorphism

between complex of étale sheaves
J(ZJL) — Rk . i (Z /L) (11.37)

is in fact a quasi-isomorphism. Hence the left vertical homomorphism in is an
(Ug, Z/tZ)
is independent of the choice of a complete variety which contains Ugr. Thus the
commutativity of the diagram follows from the commutativity of the diagram

in equation [I1.36] O

isomorphism, which is the property used to show the definition of H é3tvc

11.4 The extensions induced by the exceptional
curves of the small resolutions

In this section, we will discuss the extensions induced by the exceptional curves of

the small resolutions of W;, which will be very crucial in the test of Beilinson’s
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conjecture. There is a long exact sequence of étale cohomology groups associated to
the pair ()7\/\{, C;), part of which is [78]

Hgt,Ci’@(Wi@a@f) - Hg’t<Wi@7Qf) . Hgt(U@a Qf) j
(11.38)

Wi s YAJi
L Hét,oi’@(wl’@,(@é) — H§t<WL@7Q€>
The Gysin sequence gives us
Hgt,Ci’@<Wi@7Q€) =0, Hgt,ci@<wi’@7(@e) >~ H&(Q@,Qz)(—Q) = Qu(-2), (11.39)

where we have used the property that C; is a conic defined over the field F. From
last chapter, we know the cycle C; is homologous to zero, thus from the definition of

cycle class map, the homomorphism ¢ is zero. Hence we get a short exact sequence
0 —— HZWi5 Q) — Hi(Ug, Q) — Qu(-2) — 0, (11.40)
whose dual is

0 —— Q2 — H

ét,c

(Ug: Qu)(3) — HE(Wig,Q)(3) — 0. (11.41)
Here we have used Poincaré duality to deduce that [78]
H, o (Ug, Q) = Hi,(Ug, Q)Y (=3), HL(W, g, Qu) =~ HE (W, 5. Q)'(3)  (11.42)

Remark 11.4.1. The surjective homomorphism from the étale cohomology group
H}, (Ug, Qe)(3) to Hgt(w\;@,@g)(?)) in the short exact sequence |11.41| is in fact the

ét,c
natural morphism given by

—~

(Ugs ZJZ) = HYW, 5, jir(Z/CZ)) = HY(W: 5, 5115 (Z/(Z)) — HY(Wi g, Z/(Z).

(11.43)

H3

ét,c

After a Tate twist by Qy(—3), the short exact sequence [11.41| becomes

0 —— Qu(—1) —— H}

ét,c

(Ug: Q) — HZOW! 5, Q) — 0. (11.44)

From Lemma [11.3.2) we can replace the group Hg, .(Ug, Q) in the short exact se-
quence with the group H g’t(WL@, Qy), hence we get the following important result.
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Proposition 11.4.2. The small resolution k; induces a short exact sequence of rep-
resentations of Gal(Q/F)

0 —— Qu(-1) —= HEZW, 5, Q) —— Hg’t(Wi@,Qe) —— 0,  (11.45)
where by abuse of notations the injective homomorphism from Q,(—1) to Hg’t(WL@, Qp)
has also been denoted by v;.

From the commutative diagram in equation [10.62, /3 : Wl, r — Wi r has a factori-
sation given by
B:Wir 25 Wi S Wy, (11.46)

which yields a commutative diagram of continuous representations of Gal(Q/F)

k¥ .
Hgt (WL@, @L’) — H§t<wiy@7 Qf)
lld le : (11.47)

( 1@7@8) —> HS( 1@7(@@)

Since the homomorphisms x} and $* are both surjective and the dimension of the
group Hgt(VNVL@, Qr) equals the dimension of H} (Wi Q,Qg), we have the following

important lemma.

Lemma 11.4.3. The pull back homomorphism
T HY(W 5, Qi) — HE(W, 5, Q) (11.48)

18 an isomorphism.

So the vertical homomorphisms of the commutative diagram [11.47] are both iso-
morphisms, hence this commutative diagram can be extended to the following com-

mutative diagram of short exact sequences

0 — Q(—1) —— H} (Ug, Q) — Hj (WZQ,@E)

ét,c
Id ~ lId
0 — @e(v—1) — Hgt(w\;@,@) L m (WZQ,@,Z) . (11.49)
Id l,\;f
0 L H (W, 5, Q) 2 HZ (W, 5.Q) —
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Here the injective homomorphism vf : Ly — Hg (W, g, Q) is constructed in the way
such that this digram is commutative. Take the dual of [11.49] and then take a Tate
twist by Q¢(—1), we get the following commutative diagram

0 —— HA(W: 5, Q0)(2) — HA(Ug, Q)(2) —— Qu(0) —— 0

IdT Id

= () o
0 —— HYW! 5.Q0)(2) 5 HL(W,5.Q0)" (1) —— Qu(0) —— 0 -

i y

— (5*)v
0 — HiWi g Q)(2) —

/

HE (W, 5,Q0)V(—1) — LY(=1) —— 0
(11.50)

where all the vertical homomorphisms in it are isomorphisms.

Remark 11.4.4. Notice that all the rows of the commutative diagrams and
11.50 are short exact sequences, while all the vertical homomorphisms are isomor-
phisms and the identity homomorphisms have been explicitly denoted by Id.

Summary: in this chapter, we first study the étale cohomology of the blow up
Wl of the quintic mirror conifold, from which we find the zeta functions of the pure
motive h3(W,), which shows h3(W;) is modular and the L-function L(h3(W;), s) is
just the L-function associated to the modular form f in equation [I.4. We have also
studied the extensions induced by the exceptional curves of the small resolutions of
the quintic mirror conifold, which will be crucial when we discuss the Beilinson’s
Conjecture in Chapter [12]
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Chapter 12

The blow up of the quintic mirror
conifold and Beilinson’s conjecture

In this chapter, we will study the interesting connections between the blow up of
quintic mirror conifold and Beilinson’s conjecture. More precisely, we will show that
the blow up of quintic mirror conifold provides a compelling example to Beilinson’s

conjecture. The structure of this chapter is as follows:

e Section studies the L-function of the blow up of quintic mirror conifold and

its connections to Beilinson’s conjecture.

e Section [12.2] constructs the pull backs of the exceptional curves of small resolu-

tions 17\/\{ under the morphism
A Wl, rF— Wi

e Finally, Section [12.3] studies the extensions induced by the pull backs of the

exceptional curves of small resolutions 17\/\{, which lie in the group

EXtéal(@/F)(Qf(O)aHgt(wl,@@e)@)), F =Q(5Y?).

This section also discusses whether these extensions split or not, which is very

crucial in Beilinson’s conjecture.

12.1 The blow up of the quintic mirror conifold
and Beilinson’s conjecture

In this section we will study the L-function of the blow up Wl of the quintic mirror

conifold W; and its connection to Beilinson’s conjecture. By extension of base field,
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we get a smooth projective variety Wi g defined over F = Q(5/2)
Wl,F = )7\71 XQ F. (121)

Then by restriction of base field, we get a smooth projective variety WL r/q defined
over QQ given by
Wl,F/Q : Wl,F —F — Q (12.2)

Beilinson’s Conjecture predicts that
dim@ CHQ(WLF/Q)O Xz Q = OI‘dSZQ L(hg(w/l’p/@), S). (12.3)

Let us look at the right hand side first. The variety 17\//17 F/q is the product of two
smooth projective varieties defined over Q, i.e. Wl and Spec F', hence Kiinneth

formula yields

H3 (Wi rg ®q Q, Q) = H3 (W, 5. Q) ®q, Hy(Spec F ®g Q, Q). (12.4)

The second factor in this tensor product is

HE (Spec F ®q Q, Q) = Qu(0) & X, (12.5)

where x also means the Galois representation associated to the Dirichlet character Yy,

so the L-function of the pure motive h?’()?\jl, F/Q) is given by

LB (Wi rja), s) = L(BP(0W), 5) - L(BBOW) @ x, 5)
= L(f75> : L(f®X75)

Lemma 12.1.1. The L-function of the twisted modular form f&®x vanishes at s = 2,

(12.6)

hence we have
ords— L(h3()/NV1’F/Q),s) > 1. (12.7)

Proof. From Magma, the eigenvalue of the twisted modular form f ® x under Fricke
involution is —1. While from Theorem 7.1 [64], the sign of the functional equation

satisfied by a weight-4 newform is —1. So we immediately have
L(f®x,2)=0. (12.8)

The method here is from a post on MathOverflow, “Special Values of a L function”.
]
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Remark 12.1.2. Numerical method shows that L(f,2) # 0 and the derivative of
L(f ® x, s) also does not vanish at s = 2, i.e.

orde—y LWy p/g), s) = 1. (12.9)

Hence in order to show that the pure motive h3(VAV/L F/q) Provides interesting evi-

dence to Beilinson’s Conjecture, we will need
dim(@ CH2(]7V/1’F/Q)0 ®Z Q = dimQ CH%WLF)O ®Z Q Z 1. (12.10)

Namely we want to construct a codimension 2 algebraic cycle of 1//\\71, F/q that defines a
nonzero element of CHz(WL F/0)o ®zQ, i.e. it is homologous to zero and non-torsion.
The crucial observation is that the exceptional curve C; of the small resolution W{ is
of codimension 2 and it is also homologous to zero, therefore the cycle class [C}] lies
in CHQ(Wf)O. So the pull back of the cycle class [C;] under the morphism

A Wip — W (12.11)

is a cycle class in CH2 (W, r)g (:CHQ(VVJLF/Q)O)

12.2 The pull backs of the exceptional curves of
the small resolutions

In this section, we will construct the pull back of the cycle class [C;] under the
morphism ;. Since the scheme-theoretic inverse of C; under ); is the exceptional
divisor D}, of W r which is of codimension 1, so we have to construct the pull back

of [C;] using intersection theory [45], and we will need Proposition 6.7 of [45].

Remark 12.2.1. Intersection theory has been defined for stacks, and in this section

we will use the intersection theory for algebraic spaces freely.

Let Ng, be the normal bundle of C; in 17\/\{, and from the construction of blow up, the

exceptional divisor D} is given by
Dy =P(Ng,). (12.12)

Let WV, pt. be the normal bundle of D} in WL F, then the excess normal bundle on D}
is defined by

152



where p; is the fibration map DL — C; in equation [11.23] From Proposition 6.7 of
[45], the pull back of [C;] is given by the formula

A (G]) = (ipy)«(cr (&), (12.14)

where ip1 is the inclusion morphism Dl — VNVLF. Here ¢1(&;) is the first Chern
class of the line bundle &;, which is a one dimensional cycle class of Df.. Now let us
choose a one dimensional cycle (72 of D1 which represents c;(&;), then CN’Z is also a
codimension-2 cycle of )//\V/l, r which represents the pull back Af([C;]). Proposition 6.7
(b) of [45] shows

(M-(C]) = (). (D) = €], (12.15)

so the map \; sends the support of C; onto the support of C;.

Lemma 12.2.2. In the Chow group C’HQ(WLF), the algebraic cycle classes {[C;]}2,
satisfy the equation
Gl = —[Gs). (12.16)

Proof. We will prove [Cy] = —[C] in the Chow group CH'(D%), which will immedi-

ately prove this lemma. Given an embedding o : FF — C, the natural morphism
Dg = Dy %, Q — Dp (12.17)
induces an isomorphism

Pic(D}) = Pic(Dg), (12.18)

so we only need to prove this equation over the algebraically closed field Q. Over Q,

we have an isomorphism
Dg ~ Pg x Pg, (12.19)

so the Hilbert scheme of lines in D}@ consists of two disjoint union of PL, i.e.
C; xg@:%. (12.20)
Moreover, the two fibrations p; : Dy — C; become the two natural projections
pi - Dg = Pg x Py — P (12.21)
The normal bundle N, DL is given by

Ny = 1 (Os1 (~1)) @ 95 (Ops (—1)), (12.22

153



while the normal bundle N, is given by
Npr = Opi (—1) ® Opr (—1). (12.23)
Q Q Q
From properties of first Chern class, we have
C1 (5@@) = pf (01 (N%)) -G (NDé)v (12-24)

from which we get

ei(E1g) = a1 (i (Oe (1)) = 1 (93 (Ors(-1)). -
a(€g) = a1 (P3(Or (<1)) ) = 1 (pi (Ors (1)) )
which shows [Cy] = —[C3] over Q. O

Since the Chow group CHQ(VNVL F) is canonically isomorphic to CHQ(VNVL F/Q), the
cycle class [6’1] of Wl, r is canonically a cycle class of )7\//17 r/q- The involution ¢ of the

Galois group Gal(F/Q) induces an involution of Wi p/q
L WI,F/Q — Wl,F/(@a (1226)

which further defines an involution of CHQ(WL r/@)- From the commutative diagram
10.65, we find that . maps [C}] to [Co] and vice versa, i.c.

L1 [Ch] — [Co] = —[C). (12.27)

The involution ¢ [12.26| defines two idempotent correspondences of WLF/Q (see Ap-

pendix [A| for the definition of correspondences)
(T+1)/2, (1—1)/2, (12.28)
which decomposes the pure motive h3(WL F/0) into the following direct sum

R Wira) = (BOWure), (1+0)/2) & (BP(Wirg), (1 - 1)/2)

e g (12.29)
=h (W1) D (h (Wl) (24 X).
The two idempotent correspondences send the cycle class [51] to
1 ~ 1 ~ ~
S+ 9(G]) =0, 1 -)(C]) =[], (12.30)

and intuitively [C}] should be considered as an element of CH*(h3(W;) ® x)o, which
corresponds to the property that it is the L-function of h?’()?\//l) ® X, ie. L(f®x,s),
that vanishes at s = 2, while numerical results shows the L-function of h3(W1), ie.
L(f,s), does not vanish at s = 2.
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12.3 The extensions induced by cycle classes ho-
mologous to zero

In this section, we will study the extensions induced by the pull backs of the excep-
tional curves of small resolutions, and we will also study whether these extensions

split or not, which depends on a conjecture of Beilinson and Bloch.

12.3.1 Extensions

From Proposition 9.2 in Chapter VI of [78], the cycle class map commutes with pull
back, therefore cycle 51 of VNVL r is also homologous to zero. Let Ui be the open
subvariety WLF —|Cy| defined over the field F, where |Cj| is the support of C;. The

cycle 6’2 induces a long exact sequence with first several terms given by [66] 67, [78]

—~

0 — HE (W, 5,Q0)(2) — HE (U5, Q0)(2) = HY o (W15, Q0)(2) = HE (W, g, Q) (2).
(12.31)

There exists a homomorphism
d(Cy) - Qu0) = HY o (W g, Qo) (2), (12.32)

whose composition with ¢ gives the image of C; in Hg‘t(VNVL@, Q¢)(2) under the cycle
class map, which is zero. The image of the homomorphism ¢l (6’2) is a one dimensional
vector space that is isomorphic to Q(0), whose inverse image in Hg’t((N%, Qr)(2) will

be denoted by E;. Thus we have obtained a short exact sequence

—~

0 —— H{ (W, 5, Q) (2) > E; > Qe(0) —— 0. (12.33)

The map A; sends the pair (Wl #,C) to the pair ()7\/\{, (), hence it induces a homo-

morphism from the following exact sequence associated to ()7\/\{, Ci)

WA A 6=0 N
0— Hgt(wp(@f)(z) - Hgt(U@, QE)(Q) — Hgt,ci@(wp Qé)(z) — Hét(Wla Qe)(Q)
(12.34)
to the exact sequence [12.31] associated to the pair (WLF, 6’2) Then Proposition 9.2

in Chapter VI of [78] yields a homomorphism between short exact sequences

0 —— HL (Wi, Qu)(2) —— HE(Ug.Q)(2) — Qu(0) — 0

lx; l lld . (12.35)

0 —— H3 (W, 5,Q)(2) » B, » Qu(0) — 0




In Section [11.4] we have shown A} is an isomorphism, so from the five lemma the cen-
tral vertical homomorphism is also an isomorphism. Together with the commutative

diagram [11.50] this yields an isomorphism between short exact sequences

0 —— Hi{(W,5.Q0)(2)

|

0 — HEWg @)(2) 5 HE W, 5,Q0)Y (1) — LY(=1) — 0

— Mo

Here is a subtle point, if we choose an isomorphism
LY(~1) = Q,(0), (12.37)
then from Lemma we will have
v = —uy. (12.38)
Therefore we have [66], 67]

E, = —F,, in Extg aym) (Qe(0), H, 2( 1Q,QZ)( ). (12.39)

12.3.2 A criterion for non-torsion

The codimension-2 cycle C; of 17\//17 F also induces an extension in MHSq [66, [67]

0 — H3(Wir %, C)(C),Q)(2) — H¥(Wir x, C)(C),Q)V(~1) - Q(0) — 0
(12.40)

where by abuse of notation H%(WLF X, C)(C), Q) also means the MHS on the Betti
cohomology group H3((WLF x, C)(C),Q), etc. But we also have

Wir o C= (W xg F) x, C =W, xgC, (12.41)

hence take the dual of [12.40| and then twist it with Q(—1), we get a short exact

sequence
0 — Q(—1) — H3W(C),Q) — H*M(C),Q) —— 0. (12.42)

Remark 12.3.1. Notice that the short exact sequences associated to vj is isomorphic
to the short exact sequence associated to v}, but they are not isomorphic to each
other as extensions of H3(Wi(C),Q) by Q(—1). For more detail, see the definition
of extensions in Section[3.3
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In order to determine whether the cycle class [C}] is zero or not in CH2(W, r)o®Q,
we will need a conjecture of Beilinson and Bloch [I3], 14]. Given a smooth projective

variety X defined over a number field K, the generalised Abel-Jacobi map is given by

H* 7 ((X %, C)(C),C)

~ HZL((X %, C)(C),Q(c)) + Fe’
(12.43)

where ¢ is a positive integer, o is an embedding of K into C, and H’,"'(X)(c) means
the rational MHS on the cohomology group H* !}((X x, C)(C),Q(c)).

AJ, s CH(X)y — Exthpsss, (Q0), HE, ' (X)(0))

Beilinson-Bloch’s Conjecture The Abel-Jacobi map AJ, is injective up
to torsions [13, 14, [67)].

From this conjecture, the cycle class [5’1] is non-torsion if and only if the extension
does not split, which is equivalent to the property that the short exact sequence
does not split. A trivial simplification is that the short exact sequence [12.42
does not split if and only if the following short exact sequence does not split
0 —— ker B* —— H3(Wi(C),Q) —2— H3(W(C),Q) —— 0. (12.44)
To proceed, we need to compute the MHS on the quintic mirror conifold W, and
construct the short exact sequence explicitly. Our strategy is that we first
compute the limit MHS of the mirror family of quintic over W, then from local
invariant cycle theorem we will show the MHS on W, will be given by the kernel of
monodromy operator [88]05]. Our conclusion is: the short exact sequence does
not split if and only if

/ Ow, # 7"/ Oy, + 7"/ Oy, Vr, 7" eqQ. (12.45)
Ba|y=1 Ailyp=1 Bily=1

Here )y, is the nowhere vanishing threeform on the smooth locus W, — dp, and
{A1|y=1, Bilyp=1, Ba|y=1} are from Section [10.3} which will be shown to form a basis
of Hg(Wl((C), @)

Summary: in this chapter, we first study the L-function of the pure motive
h3(W1, r/g) and prove it vanishes at s = 2. Then Beilinson’s Conjecture predicts
the existence of a non-torsion cycle class in CHZ(WL F/0) that is homologous to zero.
The crucial observation is that the exceptional curve of a small resolution of the
quintic mirror conifold is homologous to zero, so it pulls back to a cycle class of

CHQ(WLF/@) that is homologous to zero. To test Beilinson’s Conjecture, we will
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have to show that the pull back of the exceptional curve of a small resolution is non-
torsion. By the Beilinson-Bloch’s Conjecture, it is equivalent to the condition
that the short exact sequence [12.44] does not split. In Chapter[I3] we will compute the
short exact sequence by studying the limit MHS at the quintic mirror conifold.
We further show that the short exact sequence does not split if and only if
one period of the threeform €2y, is not equal to the sum of rational multiples of the
two other periods, which shows partial evidence that the pull back of the exceptional

curve of a small resolution is not torsion.
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Chapter 13

The MHS of the quintic mirror
conifold

In this chapter, we will compute the limit MHS of the mirror family of quintic at the
quintic mirror conifold W;. From local invariant cycle theorem, we will show that the
MHS of quintic mirror conifold W is given by the kernel of the monodromy operator.
Furthermore, we will also discuss the criterion given in Section for the extensions

to be non-trivial. The structure of this chapter is as follows:

e Section computes the weight filtration of the limit MHS of the mirror family

at quintic mirror conifold.

e Section computes the limit Hodge filtration of the limit MHS of the mirror

family at quintic mirror conifold.
e Section studies the MHS on quintic mirror conifold.

e Finally, Section discusses the criterion for the extensions constructed in
Section [[2.3] to be non-trivial.

13.1 The weight Filtration of limit MHS at the
quintic mirror conifold

In this section, we will compute the weight filtration of the limit MHS of the mirror
family to quintic over the conifold W;, and the method we will use is from Chapter
Bl The notations in this chapter are from Section [10.3] and recall that A is a small
neighbourhood of the conifold point 1 = 1 in P§, and V7 is the local system over A*
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defined in equation [10.31] whose fiber over a point ¢ € A* is H*(W,(C),Z) (modulo
torsions). This local system V7 defines a bundle V over A* by

V=V, ®Ox-, (13.1)

the fiber of which over a point 1 € A* is H3(W,(C), C). The bundle V has a filtration
given by sub-bundle FP, whose fiber over v is

Tl = @psp HH(Wy(C), C). (13.2)

See Chapter |3| for more detail. There exists a Gauss-Manin connection V on V such

that the local sections of V¢ are flat
ViV — Q. Qo V. (13.3)
Moreover, V satisfies Griffiths transversality

VF? C Q). ®o,. FPL (13.4)

In this chapter, it is more convenient to choose a new coordinate w of A defined
by

wi=97 1= =5 -1)(Y_ ¥, (13.5)

and the coordinate of the conifold point ¢) = 1 in this new coordinate is w = 0.
Now let us repeat what has been discussed in Section [10.3| with respect to this new
coordinate w. Choose a point wy in A*, then from Poincaré duality, there exists
an integral symplectic basis {A;, B;}?_; of H3(W,,(C),Z) (modulo torsions) with

intersection pairings
Ay -Ay=0, B, -B,=0, Ay Bp=u. (13.6)

By extension, A, (resp. By) extends to a local section of V) (the dual of V7) whose
value at w will be denoted by A,(w) (resp. By(w)), furthermore, {A;(w), B;(w)}2_,
form an integral symplectic basis of H3(W,,(C),Z) [30, 5I]. From the paper [23],

there is a special choice of {A;, B;}%; such that when w — 0 we have:

1. The homology cycle As(w), which is homeomorphic to S?, shrinks to the double
point of W, (C).

2. The homology cycle By(w), which is homeomorphic to the real torus (S')3,
becomes a homology cycle of H*(W;(C),Z) that contains the double point dp.
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3. The homology cycles A;(w) and B;(w) are far away from As(w) and Bs(w) so
that the limit w — 0 will not affect them.

Moreover, the monodromy of this basis around w = 0 is given by [23]
Al — Al, A2 — AQ, Bl — Bl, BQ — Bg —|—A2 (137)

The integral periods of the mirror family of quintic are defined by

zq(w) = /Aa(w)Q(w) , Gy(w) :/ Qw), (13.8)

By (w)

where (2 is the threeform of the mirror family of quintic constructed in Section [9.3]

The integral period vector II is defined by
I (w) = (Gi(w), Ga(w), 21 (w), 22(w))". (13.9)

From the monodromy of {4;, B;}? , in equation the monodromy of integral

periods are found to be
21— 21, 22 = 22, G1 = G1, G2 = Ga + 20 (13.10)

Let the dual of {A;, B;}2_, be {a, 3'}2_,, which forms a basis of H*>(W,,,(C),Z), and

the pairings between them are
a'(A;) = 6y, '(By) =0, §'(A;) =0, 5'(B)) = dy;. (13.11)
The monodromy of {a*, 3°}2_; around w = 0 is dual to that of {A;, B;}%, which is
given by
at - ato? = o - 28— gL pE = B (13.12)
Let T}, be the monodromy matrix of the basis {a’, 3°}2_,, and it is unipotent
(T;,, — 1d)* = 0, (13.13)
and the monodromy operator N is defined by
N :=log T,, =T, —Id, N*=0. (13.14)

The monodromy operator N induces a weight filtration on H?(W,,(C),Q) that

is constructed inductively [30, 51]. Because N? = 0, we have
Wo=W, =0, Wy=Ws=Ws=H*(W,I(C),Q). (13.15)
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But N # 0, so we have
Wo=ImN=Qp8* Wy=ker N =Qoa' +Qs' + Qs> (13.16)
The elements a!, 3! and $? are invariant under monodromy around w = 0, while o?

isn’t. The regularised section &? is defined by

9 log w

a =exp(— N)o*(w), (13.17)

271

which is a single valued section of V over A*. Then {a!, a2, 8!, 4%} form a frame of
V), and defines a trivialisation of V over A*. This trivialisation induces an extension
of V to a bundle V over A, which is called Deligne’s canonical extension, and the
readers are referred to Section [3.3| for more detail. Following the notations in Section
, the frame {a!, a2, 4%, 8%} extends to a frame {a', a2, 3%, 8%} of V. Let their
values at w = 0 be

o, a%(0), B, B (13.18)

which defines an integral structure on Vo that will be denoted by 17|0,Z

V0oz :=Za' +Za*0) + Z B + Z 5> (13.19)
Tensor it with QQ, we get a rational structure ]7|07@ on 1~i|0

Viog = Qa' +Qa*(0) + QA + QA (13.20)

From Section , the weight filtration on H*(W,,,(C), Q) induces a weight filtration
on V|o,g, which is given by

Wo=W,=0, Wo=Qp% Ws=Qa'+Qp' +Qp% Wy=Ws=Ws= Vo
(13.21)

13.2 The limit Hodge Filtration of limit MHS at
the quintic mirror conifold

In this section, we will compute the limit Hodge filtration on 17\0, but first we need
to study the canonical solutions of Picard-Fuchs equations of the mirror family of

quintic near the conifold point w = 0.
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13.2.1 The canonical periods near the conifold point

Suppose C'is an element of H3(W,,,(C), C), then it extends to a (multi-valued) section
of the local system V,’, and let the period p(w) be defined by

p(w) = /C o) (13.22)

which is a multi-valued holmorphic function over A*. From Griffiths transversality,
p(w) satisfies Picard-Fuchs equations of the mirror family of quintic. From [23] [30% 51],
one special Picard-Fuchs equation is of the form

d* 24z-3)d® (722-35) > (24z2-5) d 24 Lo—o
R e T Y =P =0,
)

dzt 2(1—2) d2® 522(1—2)d2?2 5231 —2)dz  62523(1— 2
(13.23)
where the variable z is ¢ ~°. In this thesis, we are interested in the ‘canonical’ solutions
of the Picard-Fuchs equation|13.23|in the local neighbourhood A of the conifold point.
With respect to w, the Picard-Fuchs equation becomes

{d4 +2(4w+1) & (T2w+37) d* (24w +19) i—i— 24
dw*  w(l+w) dw? bw(l+w)?dw? Sw(l+w)d)dw 625w(l+w)?

fp=0,
(13.24)
which has a regular singularity at the conifold point w = 0 [30, B7]. On the other
hand, the monodromy operator N defined in equation satisfies N2 = 0, hence
the solution space of the Picard-Fuchs equation has a canonical basis of the
form [30], 37, 38]

2
1
Po, P1, P2, P3i= — E Ai pi logw + h), with A\; € C and A\ A3 # 0, (13.25)
2m —

where {p;}?_, and h are holomorphic functions in the disc A. The Picard-Fuchs
equation [13.24]| can be solved by Frobenius method, from which we get power series
expansions of {p;}2_, and h that are convergent on A. There exists a canonical choice
of {pi}2_, and h that are given by
2 97 2971
po=1— —uw’+ .

. 5 O 6
25 T Taree? ~ aesrmo® TO (@Y
7, 41, 1133 , . 6089

5 6
oy L2 4L 5 1133 19
U T Y " 200 ez O ) (13.26)
2 3T . 2309 286471105%_()(up) :
P2 = 30 1800 225000 !
23, 6397 , 333323 )
=360 T &0000% ~ o000 TO ()
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moreover ps is of the form

1
ps = 5—=(p1 logw +h). (13.27)

These canonical solutions are also periods of the mirror family of quintic, hence there
exists a basis {D;}?_, of H3(W,,(C),C) such that

pi(w) = /D.( )Q(w), (13.28)

where D;(w) is the extension of D; to a (multi-valued) section of V,’. The monodromy

of the canonical periods {p;}?_, is induced by the operation log w — log w + 27,

which is easily found from their form in equation [13.26] and [13.27]

P 100 0\ [po
P1 010 0] [m
i I e (13.29)
P3 0101 P3

Let the dual of {D;}?_, be {§'}?_,, which form a basis of H*(W,,(C),C). From the
monodromy of {p;}2_, in equation [13.29| the monodromy of {6'}?_; is found to be
0

(6° ot 6% &%) — (80 ot & &) (13.30)

S O O
o = O
o= O O

0
0
-1 1
So ¢°, 62 and &2 are invariant under monodromy, hence they define sections of V over

A, however ¢ is not invariant under monodromy, and its regularisation is

3 (w) = exp (—k;g CNY 6 (w), (13.31)

Yy’

which is a single valued section of V over A*. Following the notations in Section [3.3]
5'(w) extends to a section of V over A that will be denoted by &' (w).

13.2.2 The computation of the limit Hodge filtration

The limited Hodge filtration on 9|0 will be computed by the limit values of periods
{pi}2_, and their derivatives [72 85, 88, [95]. From the standard comparison isomor-
phism I [2.20] the threeform 2 of the mirror family of quintic has an expansion

3

LM)w = palw) 6*(w). (13.32)

a=0



With respect to the frame {&°, S5t 52, 53} of V, I 1(Q2) has an expansion

=3 §°(w) (exp(—l(;i =N)),, (exp(k;i;.ﬂN )y Pe() (13.33)
= 3 ) (xS N) (),

is the matrix of exp(—2%N) with respect to {6%(w)}3_,,.
ab a=0

where (exp(— E

21
From this expansion we find that

log w

1@l = 3 lim 8 (w) (exp(er V), (1) = & (13.34)

Since I '(Q)|a is a section of the rank-1 F3 (the extension of F3 to a bundle over A

under Deligne’s canonical extension), we deduce that
Flo=Cd°. (13.35)

From Griffiths transversality, 1" (V4/aw 2) is a section of F2, and we also have

d d
Vdde:—/ Qw) = —pi(w), 13.36
Di(w) / dw Di(w) ) dw () ( )
therefore an expansion of I )'(V /4, Q) is given by [30]
3
Io_ol(vd/dw Q)|w = Z 5a(w) Vd/de(w)
“=0 e ] (13.37)
~ ogw
= 3 (PG M) )
Its limit under w — 0 is
~ 1
T S 13
tim 12 (Vajaw D)l = 3'(0) + 5 0% (13.38)
where §'(0) means the value of * at w = 0, thus we have
- - 1
F2lo=Cd° +C(04(0) + — %). (13.39)
2mi
Similarly 7' (wV7,,,?) is a section of F! whose limit at w = 0 is
1
g o2 _ o
ul;lin() 15 (WV G 0 e = 57 5°, (13.40)
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which implies that

f1|o=C§0+C(51(0)+2Lm53)+62im53. (13.41)
Therefore we have found the limit Hodge filtration on 17|0
F3V|y = C4°,
F2V]y = €0 + C(E(0) + — 67,
N B 271” . (13.42)
FYW|y=C6&" + C(6*(0) + 5 §%) + (C% 63,

Flo = Vlo.

From Section the weight filtration [I3.21] and limit Hodge filtration [13.42] form a

mixed Hodge structure on V|o.

13.3 The MHS on the quintic mirror conifold

In this section, we will discuss the MHS on W;. We have constructed two bases
of H3(W,,(C),C), the integral symplectic basis {a, 3'}2_, and the canonical basis
{6°}2_,, while the difference between them is a general linear transformation. Since
the integral periods {G;, z;}?_, and canonical periods {p;}?_, both form bases of the
solution space of Picard-Fuchs equation [13.24] their difference is a general linear
transformation S € GL(4, C), which must be of the form

1 Soo So1 Soz 0 [ po
G2 S S Sz A P1
= , A#£ 0. 13.43
21 Soo Sa1 Sz 0 P2 7 ( )
% 0 A 0 0/ \p
Remark 13.3.1. From the paper [23], \ is —4m?/5%/2.
The three form I_}(€2) has two different expansions
3 .
I1Q)=8"G+ B G+a'zy +a’z = Z &' pi, (13.44)
i=0
which implies that
Soo Sor Sez 0
S0 S11 Sz A
60 o1 6% )= (8" B2 ol a?) |0 T O 13.45
( )= 5 of o) Soo Sa1 Sa 0 ( )
0 A 0 0

166



At the conifold point w = 0, the limit values of the canonical periods {p;};_, are
po(0) =1, p1(0) = p2(0) = p3(0) =0, (13.46)
which shows that the limit values of integral periods at w = 0 satisfy
Gilw=0 = So0; Galw=0= S10, 21|lw=0 = S20, 22|w=0 = 0. (13.47)

As w — 0, the cycle Ay(w) shrinks to the double point of W;(C), while A;(w), By (w)
and B(w) induce three cycles Ajl|y—o, Bilw=0 and Bs|y—g of H3(W;(C),Z), and we

have
S()o :/ QWU 510 :/ QWU SQO :/ QW1' (1348)
Bi|w=0 Ba|w=0 Atlw=0

The value of Si¢ has been computed in [23]

omi |} & 5n)!
Sio = (?> > (n(‘)ﬁ (13.49)

n=0

From [39], there exists a MHS on H3*(W,(C),Q), which will also be denoted by
the same symbol. The monodromy operator N, defined in equation defines an
endomorphism of the limit MHS on 1~/|0, and the kernel of N, denoted by ker NV, is
a sub-MHS of this limit MHS. From the local invariant cycle theorem [85] [88] [05],
there is a surjective homomorphism H?(W;(C), Q) — ker N in MHSq. However both
H3*(W;(C), Q) and ker N have dimension 3, hence this surjective homomorphism must

be an isomorphism. The underlying rational vector space of ker N is
ker N = Qo' + Q' + Q3% (13.50)
The weight filtration on ker N is induced by the weight filtration on \7|0,@
Wy =W, =0, Wy =Qp?% W5 =ker N, (13.51)

and it is crucial that the dimension of W is one and the dimension of W5/W5 is two.
While the Hodge filtration on ker N is induced by the limit Hodge filtration on )7|0

F3=F?=C¢, F! :(350+<c2im53, FY =ker N. (13.52)
From equation , the element §° is given by
6 = Spo B + S10 5% + S . (13.53)
Furthermore, the quotient homomorphism
ker N = W5 — W3 /W, (13.54)

defines a homomorphism in MHSq, where W3/W; is a Hodge structure of weight 3.
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13.4 A criterion for the non-torsion
The blow up 3 : Wi — W, in induces a homomorphism of MHS [39]
B*: H*(Wi(C),Q) — H*(Wi(C), Q), (13.55)

which is surjective from Section [L1.2] From the same section, we know the dimension
of H3(VNV1((C), Q) is 2 and the pure Hodge structure on H3(VNV1((C), Q) is of weight 3.
From Section |13.3, the weight filtration on H3(W,(C), Q) satisfies

dimg Wo H*(W,(C),Q) = 1, dimg W3 H*(W;(C), Q)/W, H*(W,(C), Q) = 2.
(13.56)

Therefore we deduce that the pure Hodge structure on H3(W;(C), Q) is isomorphic
to the pure Hodge structure on the graded piece W3 /Wy of H3(W;(C), Q), hence the
homomorphism £* in equation is isomorphic to the quotient homomorphism in
equation [13.54, Moreover the kernel of 5*, denoted by ker 5*, is isomorphic to the
pure Hodge structure on Wj.

Let a' (resp. BI) be the image of a! (resp. SB') in the quotient space W3 /W,
then the rational vector space W3/Wj is spanned by

Ws/We = Q@' + QP (13.57)
while the induced Hodge filtration on W3/W5 is given by
F3=F2=F'=C(Sp B + Swa'), Fy = (Ws/Ws) ®q C. (13.58)

Notice that the transformation matrix S in equation [13.43|is non-degenerate, so Sy
and S5 cannot both be zero. The induced Hodge filtration on Wj is given by

F?=0, F' = F' =W, ®qC, (13.59)

hence the pure Hodge structure on W is isomorphic to Q(—1), and we have the

following important proposition.

Proposition 13.4.1. The short exact sequence|12.44) is isomorphic to

0 > W > ker N —— W3 /Wy —— 0, (13.60)

which splits if and only if there exist two rational numbers v and ry such that

S10 = 11500 + T2 S20- (13.61)
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Proof. = Suppose there exist two rational numbers r; and ry such that this

equation is satisfied, then let us define x and y by
ri=a' +16% y:=p8"+r (13.62)
So {8%, x,y} form a basis of W3, while §° in is equal to
§° = Spoy + Sao . (13.63)
Suppose H' is a pure Hodge structure with underlying rational vector space
Hy=Qzx+Quy, (13.64)
and the Hodge filtration
F*H' = F°H = F'H' = C(Spoy + S ), Fo H' = Hjy ®q C. (13.65)

By sending z (resp. y) to a' (resp. Bl), we get an isomorphism between H' and the
pure Hodge structure W3 /W,. Therefore in this case, the short exact sequence [13.60

is isomorphic to

0 > W » Wod H' > H'

e

(13.66)

<= Suppose the short exact sequence splits, then there exists a homomorphism
of mixed Hodge structures j : W3/Wy — ker N whose composition with the quotient
homomorphism is identity. Let H' be the image of j, then the MHS ker N is
isomorphic to the direct sum of W5 and H'. Let z (reps. y) be the image of @' (resp.

Bl) under the homomorphism j, then there exist r; and r5 in Q such that
r=j@)=a'+rp y=3B)=p"+r B (13.67)
The image of Sy Bl + Sap @' under the homomorphism j is given by

7(S00 Bl + 520 51) = 500(51 + 7 52) + 520(061 + 79 52)

. ) ) (13.68)
= Soo B + (71 So0 + 72 S20) B + S .
Since j is a homomorphism between mixed Hodge structures, we must have
SlO =T S()O + T2 Sgo. (1369)
O
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Remark 13.4.2. From equation[13.48 and this proposition, the short exact sequence
15.6(0) does not split if and only if

/ O, #r O, + 7"'/ Qw,, Vr, " € Q. (13.70)
Baly=1 Atlyp=1 Bilp=1

Summary: in this chapter, we have applied the methods in Chapter [3| to the
computation of the limit MHS at the conifold of the mirror family of the quintic,
from which we can compute the short exact sequence explicitly. Then we have
shown that the short exact sequence does not split if and only if the condition in
Remark is satisfied, so it shows partial evidence that the short exact sequence

does not split.
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Appendix A

Pure motives

This appendix is a very brief overview of the pure motives, thus it is not meant to
be complete and references will be given for a further reading. The structure of this

appendix is as follows:
e Section briefly discusses the theory of algebraic cycles.
e Section describes the Weil cohomology theory and some of its axioms.

e Section is concerned with the construction of the category of pure motives

using algebraic cycles.

e Section discusses some expected properties of the conjectured abelian cat-

egory of mixed motives.

A.1 Algebraic cycles

An excellent reference to the theory of algebraic cycles is the book [45], which is
strongly recommended to the readers. In this section, we will follow the notations of
[80]. First let SmProj/k be the category of non-singular projective varieties over a
field k, which is a symmetric monoidal category with product of objects given by the
fiber product of varieties. Moreover, the ‘symmetry’ of this category is given by the

canonical isomorphism

A prime cycle Z of the non-singular projective variety X is defined to be an irreducible
algebraic subvariety of X, whose codimension is defined to be dim X — dim Z. The

set of all prime cycles of dimension r (resp. codimension r) generates a free abelian
group that will be denoted by C,(X) (resp. C"(X)), and elements of C,.(X) (resp.
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C"(X)) will be called algebraic cycles of dimension r (resp. codimension r). Two

prime cycles Z; and Z, are said to intersect with each other properly if
codim(Z; N Zs) = codim(Z;) 4 codim(Zs), (A.2)

where Z; N Z; means the set-theoretic intersection of the underlying point sets of the

subvarieties {Z;}2_;.

Remark A.1.1. An irreducible closed subset of X has a natural algebraic variety
structure induced from that of X [98].

If two prime cycles Z; and Z, intersect with each other properly, then the intersection
product Z; - Z5 is defined by

Zy-Zy=>> m(T; Zy- Z,) T, (A.3)
T

where the sum is over all irreducible components of Z;NZy and m(T'; Z1-Z5) is Serre’s
intersection multiplicity formula [45]. Extend this definition by linearity, then inter-
section products are defined for algebraic cycles Z = > i m; Ziand W =5, m W,
when Z; and W, intersect properly for all j and [. Therefore there exists a partially

defined intersection product on the group of algebraic cycles
C"(X) x C3(X) oy C"P5(X). (A.4)

Suppose f : X — Y is a morphism between two non-singular projective varieties X
and Y, then the pushforward homomorphism f, on algebraic cycles is defined by its
action on an arbitrary prime cycle Z of X

0 if dim f(Z) < dim Z
fi(Z) == { )<

k(Z)  k(f(Z2)]-f(Z) ifdimf(Z)=dimZ
where k(Z) (resp. k(f(Z))) is the function field of Z (resp. f(Z)) and [k(Z) :
k(f(Z))] is the degree of field extension [98]. The next step is to define the pullback

homomorphism f* on algebraic cycles. Given a prime cycle W of Y| the first attempt
is to naively define f* by [45]

FFV) = > loy, (Opvz1)- T, (A.6)
)

TCf~1(Z

where the sum is over all the irreducible components of f~(Z) and Lo, ,.(Of-1(z)1)

is the length of the ring Op-1(z) 1 in Ox . However this definition is only partially
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defined and in general f*(W) does not make sense [45]. The solution to the above
problems is to find an equivalence relation ~ on the group of algebraic cycles which
satisfies the property: for two arbitrary cycles Z; and Z,, there exists a cycle Z] in the
equivalence class of Z; such that Z] intersects with Z, properly and the equivalence
class of Z] - Z5 is independent of the choice of Z]. The equivalence relation ~ that
satisfies this property will be called an adequate equivalence relation. For an adequate
equivalence relation ~, let C*(X) be the quotient group C*(X)/ ~, etc. Then we

have a well-defined intersection product
C"(X)w X C*(X)w — C"(X) ., (A.7)

and a well-defined pushforward homomorphism f, : C, (X) — C,.(Y), while the
pullback homomorphism f*: C7 (Y) — C7(X) can also be defined. Suppose W is a
prime cycle of Y, then f*(W) is defined by [45]

FrW) = (prx)« (T - (X x W), (A.8)

where pry is the natural projection map from X x Y to X and I'; is the graph of f.
The set of adequate equivalence relations are ordered in the way such that ~q is said
to be finer than ~y if for every algebraic cycle Z, Z ~q 0 implies Z ~5 0. The two
most important adequate equivalence relations are rational equivalence and numerical
equivalence [80]. In fact rational equivalence is the finest adequate equivalence relation

and numerical equivalence is the coarsest adequate equivalence relation [80].

A.2 Weil cohomology theory

In this section, we will introduce the definition of Weil cohomology theory, and our
treatment is from the reference [33]. Let Gr=" Veck be the rigid tensor abelian cate-
gory of finite dimensional graded vector spaces over a field K such that char K = 0

[42]. Every object V of Gr=° Vecg has a decomposition
V =&,5V,, (A.9)

where V,. consists of elements that are homogeneous of degree r. The tensor product
of Gr=° Vec is denoted by ®x. The category Gr=° Vecy admits a graded symmetry
defined by

V@ w — (—1)38UIEY 4y &0, (A.10)
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when v and w are both homogeneous elements. A Weil cohomology theory is a

symmetric monoidal functor
H* : SmProj/k — Gr=" Vecy (A.11)

that satisfies a list of axioms [33]. Examples of Weil cohomology theory include
Betti cohomology, algebraic de Rham cohomology, étale cohomology, which have been
discussed in Chapter 2] We will not give all the axioms in this section, but instead
we leave them to the reference [33]. Among these axioms is the existence of the cycle
class map

cl: Cr (X))o = H*(X), (A.12)
which doubles the degree and sends the intersection product of cycles to the cup

product of cohomology classes. Here C* (X)q is defined by
C2(X)g = O (X) @20, (A.13)

where ~ is an adequate equivalence relation. On the other hand, a Weil cohomology

theory H* yields an adequate equivalence relation ~ g« defined by [80]
Z ~g 0 cl(Z) =0. (A.14)

However, it is not clear whether ~g+ depends on the chosen Weil cohomolgy theory
H*.

A.3 Pure motives

The three examples of classical Weil cohomology theory given in Chapter [2| behave
as if they all arise from a cohomology theory defined over Q, however this is known
to be false [80]. Grothedieck’s idea to explain this phenomenon is that there exists a
universal cohomology theory such that all Weil cohomology theories are the realisa-
tions of it. More precisely there exists a rigid tensor abelian category My, over Q
and a functor

Mg, - SmProj/k°® — Myom (A.15)

such that for every Weil cohomology theory H*, there exists a functor H}, that makes

the following diagram commute

SmProj/kP LN Miom

HI Al
N ;HM ( 6)

°
>0
Gr=" Vecg
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Now suppose ~ is rational equivalence or numerical equivalence [80], and we will
construct the category of motives M. for ~. Given two non-singular projective
varieties X and Y, the group of correspondences from X to Y of degree r is defined
by

Cort"(X,Y) := CM X (X x Y). (A.17)

Correspondences can be composed [91]
Corr”(X,Y) x Corr®(Y, Z) — Cort" (X, Z), (A.18)
which is given by
gxh—hog:= (pls)*((pm)*g ) (p23)*h), (A.19)

where pis is the natural projection morphism from X x Y x Z to X x Y, etc. Given
a morphism f : Y — X, its graph I'y in X X Y is an algebraic variety that is
isomorphic to Y, therefore I'; is an element of Cort®(X,Y") [08]. On the other hand,
a correspondence of Corr’(X,Y) can be viewed as a multi-valued morphism from Y

to X. A correspondence «y induces a homomorphism from H*(X) to H*(Y) through

Y1 T = pos (P U cl(y)), (A.20)

where p; (resp. ps) is the projection morphism from X x Y to X (resp. Y). The
homomorphism (I'f), induced by I’y is just the pullback homomorphism f*. The
category M., is constructed by the following three steps [80]:

1. Construct a category whose objects are formal symbols
{My,(X): X € SmProj/k}, (A.21)
and let the morphisms between two objects be
Hom(M,,,(X), My, (Y)) := Corr? (X, Y)q, (A.22)
where
Corr(X,Y) = Corr"(X,Y)/ ~, Cort’(X,Y)q = Corr(X,Y) ®7 Q. (A.23)

This category can be viewed as the linearisation of SmProj/k°P.
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2. Take the pseudo-abelianisation of the category constructed in step 1 and denote

this new category by M°T. The objects of M°T are formally given by
{(My(X),e) : X € SmProj/kand e € Cort”, (X, X)g, e =e},  (A.24)
and the morphisms between two objects are
Hom((Myn(X),€), (Myn(Y), £)) i= fo Con® (X, Y)goe.  (A25)

Denote the graph of the identity morphism of P' by Api, then the object
(Mg (PY), Apr) has a decomposition [80]

(Mg (P*), Apr) = (Mym(P'), {0} x P! + P! x {0}) = My,,,(P') & Mg, (P').
(A.26)
The component M, (P') will be called Q(0) and the component M2, (P') will
be called Q(—1).

3. The category of motives M., is constructed from M by inverting the object
Q(—1). The objects of M., are formally given by

{(My(X),e,m) : X € SmProj/k, e € Cort’ (X, X)q, € = e, and m € Z},
(A.27)

and the morphisms between two objects are
Hom((Myn(X),e,m), (Mg, (Y), f,n)) := f o Cort ™(X,Y)goe.  (A.28)

The category M is isomorphic to the full subcategory of M., whose objects
are of the form (My,,(X),e,0).

The morphisms between two objects of M. form a rational vector space whose di-
mension is finite when ~ is the numerical equivalence. The direct sum in M. is
essentially defined by [91]

(Mg (X),e,m) & (Mg (Y), fym) = (Myn(X 1LY ), e @ f,m), (A.29)
while the tensor product in M. is essentially defined by
(Mg (X), e,m) @ (Mg (Y), f,n) := (Mg (X x Y), e x f,m +n). (A.30)

The object Q(0) is shown to be a unit [80, O1], and the dual operation in M. is
defined by
(Myn(X),e,m)" := (Mg, (X), €', dim X —m), (A.31)
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where e' means the transpose of e. From the construction of M., there exists a

functor
Mgy, : SmProj/k°® — M., (A.32)

which sends X to (Mg, (X),Ax,0) and f: Y — X to I'y. It is straightforward to
see that every Weil cohomology theory H* automatically factors through M,

SmPI'Oj/kOP —>Mgm M, .t

e A.
Tl M (A.33)

2
>0
Gr=" Vecg

however the category M., is not abelian [80, O1]. On the other hand the category
M,um has been proved to be abelian and semi-simple [65, 80], but it is not known
whether an arbitrary Weil cohomology theory H* will factor through it. Given an
algebraic cycle v such that v ~u, 0, then it induces a zero homomorphism in M,,.
In order for H* to factor through M,,,, the induced homomorphism -, needs
to be zero, which is equivalent to the property that cl(y) = 0. However this is not

known currently, but it is conjectured to be true by Grothendieck.

Conjecture D Given an algebraic cycle v that is numerically equivalent to 0,

then its cohomology class cl(y) is zero for every Weil cohomology theory.

This conjecture also implies that the homological equivalence relation ~ g« defined
by a Weil cohomology theory H* is the same as the numerical equivalence. There are
also several other important conjectures concerning the properties of My, together

with this one, they are called the standard conjectures of Grothendieck [74].

A.4 The conjectured abelian category of mixed
motives

The theory of pure motives can be viewed as the universal cohomology theory for non-
singular projective varieties, so one might wonder what is the universal (Bloch-Ogus)
cohomology theory for the arbitrary varieties. Beilinson conjectured that there exists
a rigid tensor abelian category of mixed motives MM, that has similar properties
to that of MHSg, which forms the universal cohomology theory for the arbitrary
varieties defined over k [75]. Here we will list several expected properties of the

conjectured abelian category MM:
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1. MM, is a rigid tensor abelian category whose Hom sets are vector spaces over
Q. It contains Tate objects Q(n),n € Z that satisfy

Q(m) ® Q(n) = Q(m +n), (A.34)
while Q(0) is a unit object.

2. There exists a contravariant functor M, from the category of varieties over k
to the derived category of MM,

M,,, : Var/k® — D"(MMy,,). (A.35)

3. The full subcategory of MM}, consisting of semi-simple objects is equivalent to

the category of pure motives.

4. For every object M of MMy, there exists a finite weight filtration W, (M) such
that all the graded pieces Gr}" (M) are pure motives.

5. If o : k — C is an embedding, then there exists a Hodge realisation functor
R, : MM, — MHSQ, <A36)

which is compatible with all the structures of MM}, and MHSgq. For every vari-
ety X over k, R, (H?(Mj,,(X))) is the g-th Betti cohomology Hf ,(X) together
with the (natural) rational MHS on it [39].

6. The abelian category of mixed Tate motives TMj, is the smallest full abelian
subcategory of MMy that contains the Tate objects Q(n),n € Z and is also

closed under extensions.

The construction of an abelian category MM, that possesses all the expected prop-
erties is still beyond reach. However now there are several constructions of the trian-
gulated tensor categories (e.g. Voevodsky’s construction of DM (k, Q) [76, 99]) that
satisfy nearly all the expected properties of the derived category of MMy, except
those properties that need these triangulated categories to be realised as the derived

category of an abelian category, like a motivic ¢-structure.
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Appendix B

Voevodsky’s triangulated category
of mixed motives

This appendix is a very brief overview of Voevodsky’s triangulated category of mixed
motives and the abelian category of mixed Tate motives over Q. The structure of

this appendix is as follows:

e Section discusses some properties of Voevodsky’s triangulated category of

mixed motives.

e Section discusses some properties of the abelian category of mixed Tate

motives.

B.1 Voevodsky’s mixed motives

Let k be a field that admits resolution of singularities and A be a commutative
ring with unit, Voevodsky’s category of mixed motives, denoted by DM(k, A), is
a rigid tensor triangulated category [76, 99]. The ring A is called the coefficient
ring, while in this paper we are mostly interested in the case where it is Q. The
category DM(k, Q) has nearly all the expected properties of the derived category
of the conjectured abelian category of mixed motives defined over k [75]. In this
section, we will only list some properties of DM(k, A) and use them as a blackbox,
while leave the construction of DM(k, A) and the proofs to these properties to the

excellent references [70, 99]. Meanwhile the first section of [3] is also very helpful.

1. The category DM(k,A) is a rigid tensor triangulated category that contains
pure Tate motives A(n), n € Z. A(0) is a unit object of it and A(—1) is the
dual of A(1)

A(—1) = Hom(A(1), A(0)), (B.1)
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where Hom is the internal Hom operator. The Tate object A(n) satisfies

A(n) = (B.2)

AP ifn >0
A(=1)®" ifn<0

For an object N of DM(k, A), its Tate twist NV (n) is defined as N ® A(n), while
its dual NV is defined as Hom (A, A(0)).

. There exists a contravariant functor from the category of non-singular projective

varieties over k to the category DM(k, A)
Mg, : SmProj/k°® — DM(k, A), (B.3)

which sends a non-singular projective variety X to a constructible object of
DM(k, A) such that fibered product in SmProj/k is sent to tensor product in
DM(k, A), i.e.

My (X X3 Y) = My (X) @ My (Y). (B.4)

The definition of constructibility could be found in 3], and the full triangulated
subcategory of DM(k, A) consists of constructible objects will be denoted by
DM, (k, A), which is the smallest full pseudoabelian triangulated subcategory
of DM(k,A) that contains the image of M, and is also closed under Tate

twists.

. When the field £ admits an embedding into C, say o : k — C, there exists a

Hodge realisation functor
Ry : DMgu(k,Q) — D" (MHSg) (B.5)

such that for every non-singular projective variety X, R, (Mgm(X )) is a com-
plex in D*(MHSg) whose cohomology computes the singular cohomology of
X (C) with the natural rational MHS [61], [62, [86]. In this paper we are mostly
interested in the case where k = Q, since there is only one embedding of Q into

C, let us denote the Hodge realisation functor by R for simplicity.

. The composition of R, with the forgetful functor from D*(MHSg) to the de-
rived category of rational vector spaces D?(Vecg) is (up to an equivalence) the

Betti realisation functor Rpety; [9]

Rpetti * DMgm(k, Q) — D’ (Vecy). (B.6)
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B.2 The mixed Tate motives

We now briefly talk about the abelian category of mixed Tate motives TMg, while
the readers are referred to the paper [73] for detail. Let K;(k) be the i-th algebraic
K-group of the field k [44], there exists a family of Adams operators {¢'};>; which
act on K;(k) as group homomorphisms [44]. These Adams operators induce linear

maps on the rational vector space K;(k) ®z Q, which induce a decomposition
Ki(k) @7 Q = @50 K;(k)Y, (B.7)
where the eigenspace K;(k)") is defined by
Ki(k)9 = {z e K;j(k) @, Q: ¢! (z) =V a,VI > 1}. (B.8)
The strong version of Beilinson and Soulé’s vanishing conjecture claims that [73]
Conjecture BS Ky, (k)9 =0 if p <0 and q > 0.

When the field & is Q, Conjecture BS has been proved [41]. Let DTMg be the full
triangulated subcategory of DM,,(Q, Q) generated by Tate objects Q(n),n € Z,
from [73] there exists a motivic ¢t-structure on DTMg whose heart is defined to be
the category of mixed Tate motives TMg. For two objects A and B of TMg, an

extension of B by A is a short exact sequence

0 > A > B > B > 0 (B.9)

Two extensions are said to be isomorphic to each other if there exists a commutative

diagram of the form

0 s A s B s B > 0
lld l: Id ) (B.10)
0 s A s B/ s B s 0

where the central vertical morphism is an isomorphism. The extension is said to

split if it is isomorphic to the trivial extension

0 yA—— AeB 15 B > 0, (B.11)

where 7 is the natural inclusion and j is the natural projection. The set of isomorphism
classes of extensions of B by A, denoted by ExtrlrMQ(B , A), has a group structure that
is induced by Baer summation, whose zero element is the trivial extension [B.11} The
extensions of Q(0) by Q(n),n > 3 could be described explicitly by Corollary 4.3 of
[73].
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Lemma B.2.1. There exists an isomorphism

Tpi ExtlTM@ (Q(0),Q(n)) — Kop1(Q)™, n>2. (B.12)

The rank of the higher algebraic K-group Ky, 1(Q) is well-known [47]

rank Ko, 1(Q) =

0 ifn=2kk>1
(B.13)

1 ifn=2k+1,k>1"

which yields
Ko 1(0) 530 0 ifn=2kk>1 _—
n— X = . .
e Q ifn=2k+1,k>1

As Ky,_1(Q)™ is a linear subspace of Ky,_1(Q) ®z Q, this immediately implies that
Ko 1 (Q)WW =0,if n =2k k>1. (B.15)

When n = 2k + 1, k > 1, as a linear subspace of Ky, 1(Q) ®z Q, Ka,_1(Q)™ is
either 0 or Q. From [36], [41) 57], there exists a nontrivial extension of Q(0) by Q(n)
when n =2k +1, k> 1, hence ExtrlrM@ (Q(0),Q(n)) is nonzero and we have

Extyn, (Q0), Q(n)) ~ Kop 1 (Q)™ = Q, if n =2k +1, k > 1. (B.16)

The restriction of the Hodge realisation functor R to TMg is a functor
R:TMgy — MHT, (B.17)

where MHTq is the full abelian subcategory of MHSy that consists of mixed
Hodge-Tate structures, i.e. those mixed Hodge structures whose semi-simplifications
are direct sums of Tate objects Q(n). From [41], the restriction of R to TMg
[B.17 is exact and full-faithful, hence it induces an injective homomorphism from
EXU}MQ(Q(O), Q(n)) to Extll\,IHTQ (Q(0),Q(n)). Since MHTY, is a full abelian subcat-
egory of MHSg, the isomorphism immediately implies

Exthparr, (Q(0), Q(n)) = Exthgs, (Q0),Q(n)) = C/(2ri)" Q. (B.13)

Lemma B.2.2. When n > 3, the image of Extl_,,MQ (Q(0),Q(n)) in C/(27i)" Q under
Hodge realisation is the subgroup of C/(2mi)" Q consists of elements which are the

cosets of rational multiples of ((n).
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Proof. When n =2k, k> 2, ((n) is a rational multiple of (2714)", therefore the coset
of ¢(n) in C/(27i)" Q is 0, hence this lemma is a direct result of Lemma [B.2.1]

When n = 2k + 1, k > 1, from [36, 41, 57], there exists a mixed Tate mo-
tive that is a nontrivial extension of Q(0) by Q(n), whose Hodge realisation in
ExtllleT@ (Q(0),Q(n)) is the coset of a nonzero rational multiple of ((n). As the coset
of ¢(n) in C/(27i)" Q is nonzero, this lemma is a direct result of Lemma[B.2.1 O
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Appendix C

Limit mixed motive

This appendix is devoted to the construction of the limit mixed motive using Ayoub’s

motivic nearby cycle functor [4]. The structure of this appendix is as follows:

e Section discusses the construction of the category of étale motivic sheaves.

e Section discusses the construction of the limit mixed motive.

C.1 A naive construction of étale motivic sheaves

Let A be a commutative ring which will be the coefficients ring in the construction of
étale motivic sheaves, and in this paper we are mostly interested in the case when A
is Q. In order to satisfy some technical assumptions, all schemes in this section are
assumed to be separated, Noetherian and of finite Krull dimension. For a base scheme
U, the category of étale motivic sheaves with coefficients ring A will be denoted by
DA (U, A). Here we will follow [I0] and give an incorrect naive construction of a
category DA®"#¥¢({J, A), which nonetheless catches some essences of DA (U, A) and

suffices for this paper.

Let Sm/U be the category of smooth U-schemes endowed with étale topology
[78] and let She(Sm/U; A) be the abelian category of étale sheaves on Sm/U that
take values in the abelian category of A-modules. A smooth U-scheme Z defines a
presheaf through

V e Sm/U — A ® Homy (V, 2), (C.1)

where A ® Homy (V, Z) is the A-module generated by the set Homy (V) Z), and the
sheaf associated to this presheaf will be denoted by Ag(X). In this way we find a

Yoneda functor
A¢t : Sm/U — She(Sm/U; A), (C.2)
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which can be considered as the first-step linearisation of the category Sm/S.

Lemma C.1.1. The étale sheaf Au(U) associated to the identity morphism of U is
the constant étale sheaf on Sm/U.

Proof. For the smooth U-scheme U given by identity morphism, Homy (V, U) consists
of only one element for every scheme V' of Sm/U,, i.e. the structure morphism V' — U.
So we have

A (U)(V) = A®@Homy (V,U) ~ A. (C.3)

It is easy to check that the restriction homomorphism is the identity homomorphism
of A, hence the sheaf Ag(U) is the constant sheaf on Sm/U. O

The next step in the construction of the triangulated category of étale motivic
sheaves is to take Al-localisation [I0]. Suppose D(Shg(Sm/U;A)) is the derived
category of She (Sm/U; A), and let Ty1 be the smallest full triangulated subcategory
of D(Shg(Sm/U; A)) that is closed under arbitrary direct sums and also contains all

the complexes of the form

> 0 y A (AL xp V) —— Ag(V) —— 0 —— -+, (C.4)

where V' is a smooth U-scheme and the morphism from Ag (A Xy V) to Ag (V) is
induced by the projection A}, xi V. — V. Define DA**T(UJ, A) to be the Verdier
quotient [10]

DA (U, A) := D(She(Sm/U; A)) /Tan, (C.5)

whose objects are the same as that of D(She(Sm/U;A)), hence by abuse of nota-
tions, the objects of DA*T(U, A) will be denoted by the same symbols as that of
D(Shg(Sm/U; A)). As the name implies, objects of DA*(17, A) will be called effec-
tive U-motives. The effect of Verdier quotient is that morphisms of D(She (Sm/U; A))
whose cones lie in 741 get inverted in DA“®(U, A). For example, the cone of the
morphism

Ae(Af xp V) — Ag(V) (C.6)
is in Ta1, hence it becomes an isomorphism in DA (U, A), i.e. in DA®T (U, A),

the object Ag (A} Xy V) is isomorphic to the object Ag (V).

Definition C.1.2. Let DA%0(U, A) be the smallest full triangulated subcategory
of the category DAét’eﬁ(U, A) that contains all the objects of the form Ag(Z) with
Z € Sm/U of finite presentation and is also closed under taking direct summand.
Objects of DA I (U, A) will be called constructible U-motives.
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The last step in the construction is stabilisation, and we will follow Ayoub and
only give a naive stabilisation in this paper [10]. The injection ooy < P}, induces a
morphism

Agi(oop) — Aét(]P)1U>7 (C.7)

whose cokernel in Shg (Sm/U; A) will be denoted by Ag(P(;,00r). The motive in
DA®(7, A) defined by Ay (P}, 0oy ) will be called the Lefschetz motive

L= Aét(P[lj, OOU>. (CS)
The naive stabilisation is to invert the Lefschetz motive L
DA™ (U, A) := DA (U, A)[L 7). (C.9)

More precisely, objects of DA®¥({J, A) are formal pairs (M,m) where M is an
object of DA®(17, A) and m is an integer. Morphisms between two objects (M, m)
and (N, n) are given by

lim  Homp geveng ) (M ® L™ N L. (C.10)
r>— min(m,n)

This naive stabilisation has the merit of being very straightforward, but suffers many
technical problems, e.g. DA®™V({J, A) is not even a triangulated category. However
it still catches some of the essences of the category of étale motivic sheaves DA (U, A).
More precisely, let DAS™ ({7, A) be the full subcategory of DA™Ve(TJ, A) that
consists of objects (M, m) such that M is an object of DAS (U, A). Under some
technical assumptions, which are all satisfied when U is a quasiprojective variety over
a field of characteristic 0 and A is Q, the category DA™ (/) A) is equivalent to the
full triangulated subcategory DA (U, A) of DA (U, A) that consists of constructible
objects, which is certainly the most important subcategory of DA® (U, A) [10]. Since
in this paper we will only be concerned with constructible objects of DAét(U, A),
this naive stabilisation will suffice for this paper. The defect-free construction of
DA (U, A) will not be talked here and is left to the paper [10].

Remark C.1.3. From the construction of DA®(U, \), there exists a covariant func-
tor from Sm/U to DA®(U, \), so the construction in this section is covariant. How-
ever in Section[B| the functor which attaches a mized motive to a variety is contravari-
ant as we are interested in cohomology theory instead of homology theory, while the

difference is just a dual operation [T])].
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The category DA (U, A) satisfies Grothendieck’s six operations formalism [4, 0],
but here we will only mention one such operation. Given a morphism g : U — V,

there exists a pushforward functor g,
gx : Shg(Sm/U; A) — She(Sm/V; A), (C.11)
which sends an étale sheaf G of She(Sm/U; A) to g. G of She(Sm/V'; A) such that
g GW):=G(W xy U), W € Sm/V. (C.12)
The functor g, can be derived and it induces a functor Rg, [10]
Rg. : DA®T(U7 A) — DA (V, A). (C.13)

The functor g, can be extended to the L-spectra, which can again be derived and
yields a functor Rg. [4], 10]

Rg. : DA(U,A) — DA%(V, A). (C.14)

From [4], the functor Rg, sends constructible objects of DA (U, A) to constructible
objects of DA% (V, A).

C.2 Ayoub’s motivic nearby cycle functor

The category DAét(U, A) satisfies the nearby cycle formalism, which realises to the
classical nearby cycle functors [4, 9]. Since 0 is a smooth point of C, the local ring
Ocp is a discrete valuation ring, and the affine scheme Spec 0 admits an injection
into C' [9§]

Spec Ocg — C. (C.15)

Let the henselisation of O¢,g be OF , then there is an injective local ring homomor-

phism from ¢ to O, that induces a morphism [106]
Spec O, — Spec Oc. (C.16)

The affine scheme Spec ﬁg,o consists of two points: a generic point n and a closed
point s with residue field is Q. For simplicity, let us denote Spec ﬁg,o by B, and we

have a henselian trait (B, s, 7)

n > B < s. (C.17)
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The composition of [C.15] and [C.16] is a morphism i : B — C and let f : Xp — B be
the pull-back of mq along 1

XB — X
lf lm@ : (C.18)
B——C
then the pull-backs of f along » — B and s — B form a commutative diagram

X, s Xp < X,

lf" lf lf‘q , (C.19)
y B <

n S

where X is just Y. There exists a motivic nearby cycle functor RU
RV, : DA%(X,,Q) — DA%(X,,Q), (C.20)

whose construction is left to [4,[9]. From Theorem 10.9 of [9], the functor R¥ s sends
constructible objects of DA®(X,, Q) to constructible objects of DA®(X,, Q). From
Lemma [C.1.1] the identity morphism of X, induces the constant étale sheaf Qg (X))
on Sm/X, which defines a constructible motive of DA®(X,, A) that is also denoted
by Qe (X,,). Therefore RV ;(Qg; (X)) is a constructible motive of DA% (X, @), which
is called nearby motivic sheaf by Ayoub. The nearby motivic sheaf RW(Qe (X))
realises to the classical nearby cycle sheaves by Théoreme 4.9 of [5] in the Betti
realisation case and by Théoréme 10.11 of [9] in the f-adic realisation case, also see
Section 1.2 of [§]. The structure morphism fs in induces a functor R(fs). [4]

R(f,). : DA%(X,, Q) - DA%(Q,Q), (C.21)

which sends constructible objects of DA® (X, Q) to constructible objects of DA®(Q, Q)
[4]. Now define the limit mixed motive Z to be

Z = R(f,), o RU;(Qa(X,)), (C.22)

which will be a constructible object of DA (Q, Q). From Theorem 4.4 of [10], the
category DA®(Q, Q) is equivalent to DM*(Q, Q), a fact that is also discussed in
Section 4.3 of [10]. From Theorem 14.30 of [76], DM®(Q, Q) is equivalent to the
dual of DM(Q, Q), therefore the dual Z¥ of Z can be considered as a constructible
object of DM(Q,Q), i.e. an object of DM,,,(Q,Q). The motive R\I/f((@ét(Xn))

realises to the classical nearby cycle sheave for the Betti realisation by Théoreme 4.9
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of [5] (when Xp is the base change of a finite type Q[g]-scheme) and for the ¢-adic
realisation by Théoreme 10.11 of [9]. Therefore the realisations of Z¥ compute the
cohomologies of classical nearby cycle sheaves (in Betti case or f-adic case) and Ayoub

conjectures that more is true,

Conjecture C.2.1. The Hodge realisation of ZV 18 1somorphic to the complex

Z® in i.e. the Hodge realisation of Z¥ computes the limit MHS in[3.99 (up to
an isomorphism,).

However currently it is not available in literature and the proof of it, even though

could be considered as ‘routine’, can be technically very hard.
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Appendix D

The Picard-Fuchs operators of Xg

This appendix gives the two Picard-Fuchs operators of Xg introduced in Chapter

[7, which are of the form

k+1<2 k+1<3
— E : 1 k ql _ E 2 k ql
Ll — Rk7l19@rl9y, £2 — Rk,lﬁ4p191/7
k,1>0 k,1>0

where 9, and 1, are defined by

0 0
Uy ::SOE’ 9, :zyg.

The polynomial coefficients R}c, , of the operator £, are

Ryy = v (360°¢° +36¢0° +24¢° + ¢ — 1),

Ri,l = —v (14417 ¢® —144v* — 2410 ? +24¢* + 2 — 3),

Ry, = 2(v—1)(T20°¢* —108v¢® — 240 0> +36¢° + 240> + o — 1),
Rig = —veo(3607¢" —144v¢® —24v 9 — 108 ¢* — 48 ¢ — 1),

Ry, = 24(v—=1)v¢*(Bre—9¢ —2),

Ryg = 48r¢*(3p+1),

while the polynomial coefficients Ry ; of the operator L, are

R, = —2161° " + 333720 " + 2268 " ¢* — 114048 1° ¢° — 16848 1° *

(D.1)

(D.3)

— 1080 1° p* — 3888 1% 0¥ — 259212 p° — 43217 p* — 216 1% * — 8112

+ 6020+ 307432400 ©° + 35640 v ! + 11340 v > + 210 v ¢* — 360 v ¢

—30v — 1296 % — 1728 p° — 648 p* + 24> +47* +2¢p — 1,
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3(3601° ¢* — 55080 v* ! — 4104 " ©* — 48 1* ? + 194976 13 P

+ 76752 1% pt + 12528 1 ©® + 456 1% p? — 213 p 4+ 213 + 4320 1%

— 148608 12 ¢® — 35760 1> ©* + 3408 1 * + 648 12 ©* — 31517 p — 2512

— 5184 v ¢% — 59040 v ¢® — 55200 v ¢* — 13040 v ©® + 1164 v ©* + 650 v ¢

+ 50 v — 2592 0% — 2592° — 648 " + 12 — p 4+ 1),

—2(8641° ¢® — 130248 v* p* — 10908 1* p* — 216 * p* + 485568 1* P

+ 339660 1° o + 57240 ° ©° + 2448 1° % — 315 @ + 9 1% + 2592 1% O

— 895752 1% ¢° — 37681212 p* — 60300 1 ©* — 2277 1* ©* — 1455 1% ¢ — 105 1°
— 155521 8 + 294192 v ° + 65412 v ¢* — 11874 v ¢® + 5658 v * + 2121 v
+ 156 v + 12960 ¢° 4 115992 ¢° 4 101844 ¢* 4- 24726 * — 675 ¢* — 759 ¢ — 59),
12(v—1)(72v% ¢* — 10584 12 ¢* — 936 ° 0 — 241° ©* + 42912 1% ©°

+ 31284 12 o* + 5904 % ® + 288 1% ©? + 12 — 864 v % — 88TT6 v °

— 45024 vt — 90721 ¢* — 4951 ? — 1651 ¢ — 11 v + 864 ¢°

+ 45864 0° + 24300 * + 3978 + 1009 * + 150 ¢ + 10),
3(720° ¢* — 9828 vt p* — 1080 v * — 48 vt ? + 26208 1° ©°

+ 52704 1 p* + 11160 v° ¢ + 504 13 ©* — 4752 1% ©® — 15379212 °

— 48144 12 o* — 544812 ¢* — 28517 p? — 912 — 212 — 5184 v °

+ 28080 v ° 4+ 24120 v ! + 6780w > + 1374 v 2 +290v  + 20 v

— 3888 % — 4320 % — 1296 * + 36 ©* + 47 % + ),

—3(2161° p* — 27648 v* o* — 33120% p* — 144 v ©? 4+ T1T121° °

+ 160128 ° o* + 3427213 ©® + 1776 13 ©* 4+ 413 ¢ — 22464 12 ©°

— 460800 1% ©® — 267120 2 p* — 65328 1? ® — 418212 * — 6917

— 6% + 10368 v ¢° + 394848 v ©° + 214896 v ! + 34420 v > + 4966 v >

+ 890 ¢ + 60 v + 15552 0 + 12960 ¢° 4 2592 ¢* — 36 > + ),
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Ry, = 12¢(361° ¢* — 3996 v ©° — 540" ©* — 24 % 4 9648 1° ©* + 21420 1°
+ 538213 % + 3121 p + 13 — 6480 % 0 — 49248 1% p* — 46824 17 P
— 13248 % p* — 94512 ¢ — 16 + 12960 v ° + 71280 v * + 51864 v ©*
+ 12550 v ¢? 4 1435 v ¢ — 6480 ¢° — 31680 * — 22488 * — 4234 ¢?),
R, = o (—3888v"¢° + 1081 * + 35424 1° " — 4321° 0 — 1441°% ¢
+ 18144 1% ©° — 63072 % p* + 69984 12 ©* + 27648 1 ? + 1458 12
+ 317 — 51840 v ¢° — 195264 v p* — T4880 v ¢* — 4680 v p* — 480 v ¢
— 30V — 33696 0° — 31968 ¢* — T776 ©* + 300 ©* + 190 p + 1),
Ry, = —216(v—1)¢° (=360° 0+ v* +3280% > — 3607 ¢+ 1* + 1681 ¢°
— 2560 p* —36vp+ v —312¢° —224p* —36¢ + 1),
Riy = —960°(3p+1)(6p+1)(18¢* +6¢p —1).
(D.4)

Moreover, with respect to the coordinates (¢, p) of the parameter space of Xg,

there exist two Picard-Fuchs operators Zl and EQ of the form

k4+1<2 k+I<3
Lo= Y Ry, ok, Ly=> Ry 080, (D.5)
k,1>0 k,1>0
where 9, and 19, are defined by
J, ::go%, v, ::,u%. (D.6)
The polynomial coefficients }N%llj of the operator ENl are
Ryy = p(3612¢° + 720> +720° +24¢° + ¢ — 1),
R, = —(u+1) (1442 + 144 ¢0* — 2411 p* + 20 — 3),
Ry, = 2(p+1) (122> + 36 — 249> + o — 1),
Rig = — np(36u2¢* —T2p¢" — 24 pp—2160° — 12 — 1),
Ry, = 2(364° ¢° — 10817 0* — 2442 ¢* — 108 pu0® — o+ 1),
Rb, = 48pu¢* (3p+1), (D.7)
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while the polynomial coefficients E? ; of the operator L, are

2
R370

2
R2,1

220+ 1)Be+1)(6p - 1),

p (212 + 720 —72up* —4dpp+5u+720° — 240> — 20 +3),
—(p+1)(25242Q° + 144 pup® =120 * =5+ 8+ 2¢p — 1),
2(p+1) (1082 0° +36np® —48u® — po+2p+ @),

p? (144 1 ® +324 0% +72¢0% + o + 1),

— 504 1% 3 — 396 1% 3 — 48 2 ©? — 3% o — 3 4 216 p?

— T2 —6pue+ou+2¢p—1,

2216 1 0° =36 p* 0° — 2442 @ + PP+ p? — 108 g’
+T2p* + 3o —3pu—2¢),

24 1% p* (24 +5),

—2(2520° 07 + 482 ©* = T2’ + 24 p 9 + 200 — p— ),

48 1% o* (6 + 1). (D.8)
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Appendix E

The Yukawa couplings of Xg

In this appendix, we will give the Yukawa couplings of the self-mirror Calabi-Yau
threefold X, which are introduced in Section [7.6] With respect to the coordinates
@ and v of the parameter space of X, the Yukawa coupling tensor ) of X is of the

form
YV = Voo A + 3V dp* dv + 3V dp dv? + Yy, dV°. (E.1)

The four components (Vypy, - - - ; Youw) are rational functions of ¢ and v, which have
been computed by studying the coefficients of the Picard-Fuchs operators of Xg
[23, 51]. From Section , over the open locus of the parameter space of Xy where

p, ¢ and v are all well-defined, we have
p=r—-1)¢" (E.2)
Let A be
A=’ (9p—6p—1)(6p—50—1)dp—4p—-1)(12p—4p+1)

(18p=3¢+1)(2p—9)Bp— ) (6p+ ¢)(36p+12¢ — 1),

(E.3)

then the four components of ) are given by

6
Voo = — m( 186624 p® + 466560 p° p* + 5184 p° — 466560 p* ©*

— 129600 p* ¢ + 8640 p* ¢ 4 3456 p* + 129600 p* p* + 45360 p* ©*
— 7992 p? ©? — 2160 p® p — 144 p® — 8640 p* ° — 4752 p? Y* — 288 p* ©*
+ 720> +96 0% 0+ 216 p* +27Tpp® —4pp* +2¢* —3¢°),

6 3

(2mi)3 (p+ %) A

Voo = (—93312 p° — 513216 p° p* — 62208 p° ¢ — 2592 p°
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— 466560 p* ©* + 311040 p* > + 106272 p* p? — 4320 p* p — 1728 p*

+ 466560 p® > + 45360 p* p? — 32400 p* ©* + 612 p® ©? + 1008 p> v + 72 p?
— 129600 p? 5 — 34560 p* ©° + 8712 p? ' + 2736 p* > + 12 p* p? — 48 p*
+ 8640 p " +3024p S — 144 p® — 167 p* —3p e +2p? — 725
—24¢° — o'+ ¢°),

6 ¢
(2mi)3 (p +¢?) A
— 466560 p® p* + 155520 p® p* + 64800 p® p* — 2160 p* ¢ — 864 p°

Vo = —46656 p° — 373248 p* p* — 62208 p* © — 1296 p*
(%2}

+ 466560 p* > 4+ 90720 p* p? — 12960 p? ©* — 504 p* ©?* + 468 p* v + 36 p*
— 129600 p ©°® — 32400 p ©° + 7236 p p* + 2280 p® + 12 p* — 24 p
+ 8640 " 4 1296 05 — 684 ° — 59 ! + 22 + ©?),

3¢’ 6 5 2 5 5
oy = — 7= 46656 p° + 559872 + 93312 p° o + 1296
Y @m0 (p ﬂOz)QA( p P P’ p

+ 1399680 p* p* — 64800 p* ? 4 2160 p* p + 864 p* + 933120 p> °

— 933120 p* ©° — 272160 p* * + 8640 p® * + 2160 p* ©* — 432 p* ¢
— 36> — 933120 p® " — 12960 p* ©°® + 51840 p* ©® — 11988 p? L*
— 3912 p% > — 72 p* ©* 4 24 p? © + 259200 p ° + 43200 p 7

— 15768 p® — 2688 p® — 61 p* —22pp® — p* — 17280 ¢’
+ 864 ¢ + 2664 7 +10¢° — 115" —4¢* + ©°). (E.4)

With respect to the coordinates (¢, p) of the parameter space of Xg, the Yukawa

coupling tensor ) is of the form
Y =Youp dp® +3 Yoro de*dp +3 Yoopp dep dp* + Yop dp’. (E.5)

From the transformation between (g, v) and (¢, p), we have

1/:14—&7 dv =

1

from which the four components (Y,gp, -+ ,Y,p,) can be easily computed from the

components (Y,.o, -, Y, ). From Section [5.6] the parameter space of Xy has a
Ppp
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(Z/27)? symmetry generated by the transformations S and T of the form

N 36p+1 1
4 = —p—=
6(—36p+ 12+ 1 3
S ( ) : T : . (E7)
. b6p+12¢p -1 2 1
P 36(—36p+ 12 + 1) P2 P39y

From Section [5.6] the quotient of the parameter space of X by (Z/2Z)? has natural

coordinates given by

6+ 1) 36p— 12 o+ 1)
X, — (6p+1) X, = (36p p+1)° (E.8)
9(—12p+4 @ +1)2 9(—12p+ 4 p+1)2

For simplicity, let us also define n by

12(3p—¢)+1
3(-12p+4p+1)

which is invariant under 7" and is sent to —n under S. The Yukawa coupling tensor

Y is also expressed as

1 2
y = LN {dfo2(1—9X2) [(9+8X1—219X2+648X1X22)—

(2mi)3 D
(1+9X2)(512X12+X§)+1904X1X2+220X22] —dX3X,(1-9X))

[(9—219X1+8X2+648X12X2)—(1+9X1)(512X12+X22)+2264X12—140X1X2] —

(E.10)
3dX2dXy Xo(1-9X1)(1-9X>) [(9—128X1—2X2+512X12—72X1X2+X§)
+ S(Xl—Xz)} 4 3dX1dX2 X1 (1-9X,)(1-9X) ¥
[(9—128X1—2X2+512X12—72X1X2+X22) - 8(X1—X2)} }
where D is defined by
D= X;Xo(1-9X)(1-9X)(X; — Xo)(1—8X; — Xo)% x (E11)

x (81 — 1152.X; — 18 X5 + 4096 X7 — 128 X1 X5 + X7 .
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