
Macroscopic Dislocation Modelling

Stephen Patrick Tighe
Hertford College

Oxford

Thesis submitted for the degree of Doctor of Philosophy

Michaelmas Term 1992

RTED % 
o THESIS
V / 
X &

OHO



Abstract

Work-hardened metals typically possess large numbers of dislocations in com­ 

plex three-dimensional configurations about which little is known theoretically. 

Here these large numbers of dislocations are accounted for by means of a disloca­ 

tion density tensor, which is obtained by applying an averaging process to families 

of discrete dislocations. Some simple continuous distributions are examined and 

an analogy is drawn with solenoids in electromagnetism before the question of the 

equilibrium of dislocation configurations is studied. It is then proved that the only 

finite, simply-connected distribution of dislocations in equilibrium in the absence 

of applied stresses are ones in which all components of stress vanish everywhere. 

Some examples of these zero stress everywhere (ZSE) distributions are then given, 

and the concept of 'plastic distortion' is used to facilitate their interpretation as 

rotations of the crystal lattice.

Plastic distortion can also be understood as a distribution of infinitesimal dis­ 

location loops ('Kroupa loops'), and this idea is used in Chapter 4 to investigate 

the dislocation distributions which correspond to elastic inclusions.

The evolution, under an applied stress, of some simple ZSEs is analysed, and 

the idea of 'polarisation' is introduced, again in analogy with electromagnetism. 

Finally, a mechanism is conjectured for the onset of plastic flow.
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Chapter 1 

Introduction

The discovery of the crystallinity of metals led to the recognition that plastic 

deformation was the result of the shearing of one part of a crystal with respect to 

another. This eventually resulted in the postulation by Orowan (1934), Polanyi 

(1934) and Taylor (1934) of the edge dislocation as an explanation of plastic shear. 

Many years prior to this, Volterra (1907) and others (see Love 1927) considered the 

elastic properties of homogeneous, isotropic cylinders which had been cut, strained 

and welded together again to produce bodies which were 'internally' strained - that 

is, strained in the absence of external stresses. However, it was not until after the 

work of Orowan, Polanyi and Taylor, that the relation between the studies of 

internally strained elastic continua and crystal dislocations was noticed.

In common with these early advances, most of the attention devoted since 

then to the theory of dislocations has concerned single dislocations or simple two- 

dimensional arrays. However, experiment confirms that plastic deformation pro­ 

duces complicated three-dimensional distributions of dislocations. A description 

of static equilibrium arrangements, and of the evolution of such distributions is 

the goal of a macroscopic theory of dislocation plasticity, to which this thesis aims 

to contribute.

The mathematical model (for static problems) used here will be essentially that 

of Kroner (1958), and cast within the framework of linear isotropic elasticity. An 

added ingredient is the condition for equilibrium - that the force on a dislocation, 

as given by Peach & Koehler (1950), should be zero.

Later in this chapter the aims of the theory are discussed in greater detail, and 

a review of linear elasticity is given. The basic concepts relating to the creation

1



and motion of dislocations are then explained and a survey of previous discrete 

and continuum models of dislocation behaviour is presented before the properties 

of single dislocations are considered. The stress fields of isolated straight line 

dislocations are derived, and the idea of incompatibility is introduced. This is 

then generalised, and Kroner's theory of stress functions is developed in order to 

obtain the stress field of a curved dislocation.

The introduction, in Chapter 2, of a dislocation density tensor incorporates 

into the model a description of large numbers of dislocations. This is done by 

means of an averaging process in which discrete dislocations are approximated by 

a continuous distribution. The stress, strain and incompatibility are each given in 

terms of the dislocation density tensor, and some simple examples of continuous 

distributions are presented.

The central theme of the thesis will concern configurations of dislocations for 

which every component of the stress tensor vanishes. These zero stress everywhere 

(ZSE) distributions correspond to a state of minimum (that is, zero) elastic strain 

energy, and so are likely to be found in real materials. In addition, in Chapter 3, 

it is proved that, though for equilibrium only one component of stress need be 

zero, and then only where there are dislocations, those distributions which occupy 

a simply-connected, spatially bounded region, and which are in self-equilibrium 

(that is, in equilibrium under zero applied stress) must be of ZSE type.

Kroner's (1955) idea of "plastic distortion" is the subject matter of Chapter 4. 

Unlike Kroner, however, who proceeded from incompatibility, plastic distortion is 

here developed from what will be known as "total displacement" - a generalised 

function interpretation of Burgers' (1939) expression for the displacement field of 

a dislocation. Plastic distortion is then used to give a geometrical interpretation 

of the ZSEs encountered previously, and an alternative method of proof of the 

theorem mentioned above is presented.

Finally, the responses to an applied stress of some simple ZSEs are analysed in 

Chapter 5, and some conjectures are presented concerning the behaviour of more 

general distributions with a view to explaining the onset of plastic deformation.
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Figure 1.1: Stress-strain diagram for a typical crystalline metal under load.

1.1 The Stress-Strain Curve

The relation between the stress and strain in a typical crystalline metal is repre­ 

sented schematically in Fig. 1.1. Initially, as the applied load is increased, the 

specimen responds linearly, and if the load is removed the original shape of the 

specimen will be regained. Thus, along OPi Hooke's law holds, and the point P 1? 

at which Hooke's law ceases to model the behaviour of the material, is known as 

the proportional limit. Between P! and P 2 the stress-strain relation is not linear, 

but the metal is, nevertheless, still elastic. Beyond the point P 2 the specimen 

suffers an irreversible deformation. P2 is thus known as the yield point, and the 

stress corresponding to P2 is the yield stress.

Between P2 and P3 the gradient of the stress-strain curve usually decreases, 

so that the strain increases rapidly with a small increase in stress. If at Pa the 

specimen is unloaded, it does so linearly and elastically, although with a small 

plastic component just prior to complete removal of the load at Q!.

If the material is then reloaded, the process repeats itself, with the specimen 

obeying Hooke's law between Qi and Q 2 , which is the new elastic limit. The



material yields at Qs and plastically deforms along Q3?4, which is an extrapolation 

of the curve between ?2 and Pa. As the material is repeatedly loaded, unloaded 

and reloaded, the proportional limit can be seen to increase. This phenomenon is 

known as work-hardening.

In this thesis we will be concerned mainly with the state of the material at 

points on the strain axis (such as Qi) when the material is unloaded although it 

has been previously strained. The state of the material at the yield stress (such as 

Q2) will be touched upon in Chapter 5.

1.2 Review of Linear Elasticity

It is assumed that the materials we are dealing with obey the laws of linear elasticity 

theory away from any dislocations. Cartesian axes will be used throughout and 

we define the Lagrangian coordinates of a typical point X in the material by

X{ = Xi(xi, x2 , x3 ) (z = 1, 2, 3),

where (xi,X2,x3 ) is the reference position of the particle now at X. The Einstein 

summation convention will be used; that is, we sum over repeated indices. Also, 

all indices will take the values 1, 2 and 3 unless otherwise stated.

The components of displacement are denoted by it,-. Differentiation will be 

denoted by a comma, so that differentiation with respect to Xj, for example, will

be written
du{Ui" = si?

and differentiation with respect to x'- will be denoted

Bold and suffix notation will be used interchangeably both for vectors and second 

order tensors. Where there is ambiguity, the precise version in suffix notation will 

be given.

The components of the strain tensor are denned as

(1.1)



wherever single-valued differentiable displacements u, exist. Given such a dis­ 
placement field u the strain components are easily calculated. However, for a 
given strain, a displacement field satisfying (1.1) may not exist. This is effectively 
because the second derivatives of u may not be continuous, so that the equations

82 Ul d2 Ul d*u2 32u2___ — ____ ____ — ———— etc
dxidx-2 dx^dx^ dxidx3 dx^dx^

may not hold. The conditions for a single-valued displacement field to exist can 
be written

£,'*/£ jmne/n.fcm =0 (l < j), (1.2)

and these are known as the compatibility equations. The necessity of such equa­ 
tions can be established by cross-differentiation of equation (1.1), and their suffi­ 
ciency may be shown as follows. Suppose we define the rotation

1
w,- = -£iklUl,k-

Then, by (1.1) we must have the relation

'A ' ' U '

if a;, and e/n are derived from continuous, single-valued, differentiable displacements 
u,-. Now, the rotation u;, must itself be continuous and single-valued. Thus, the 
integral

JA

which is the difference in value of the rotation between the points A and B, must 
be path-independent. In other words the curl of the integrand must vanish, which 
gives (1.2).

Since we will not be considering dynamic problems, nor problems involving 
body forces, the conditions for translational equilibrium are written in the form

»«j = 0, (1.3)

where <7tJ are the components of the stress tensor.

The stress and strain components are related by Hooke's law, which, in an 
isotropic solid, is written

(1.4)



with inverse relation

Cjj = —— f &ij — 1 ffkk&ij j i (l-^)

where 6tJ is the Kronecker delta, A and /z are the Lame constants, the bulk and 
shear modulus respectively, and v is Poisson's ratio: v = 2 / A+ y

In cases where the strains are compatible (that is, (1.2) is satisfied), we can 
make two further statements concerning the stress and strain. Substituting (1.4) 
into (1.3) gives

Replacing e by (1.1), we obtain

(A + n)ui tij + /^V2 Uj = 0, (1.6) 

which in vector notation is

(A + //)V(V.ti) -f //V 2u = 0,

and is known as Navier's equation. Differentiating (1.6) with respect to Xj and 
adding gives

V2 «jfj = V2 ejj - 0, (1.7)

and so from Hooke's law

3A)V 2 e fcjt - 0. 

Taking the Laplacian of (1.6) and using (1.7) gives

and so from (1.1)

V4 e0- = 0,

which, from (1.4) leads to

W0- = 0. (1.8)

Thus, all the stress components are everywhere biharmonic functions.



1.3 Basic Concepts Concerning Discrete Dislo­ 
cations

1.3.1 Definition

Dislocations can be envisaged physically in one of two ways.
(i). As a crystal defect. At the atomic level a dislocation is a curve of misfit of 

atoms. As we shall see shortly, there are two types of dislocation - the 'screw' and 
the 'edge'. The screw dislocation is somewhat complicated to envisage at this level, 
and so attention will be concentrated here on the edge dislocation, an example of 
which is given in Fig. 1.2(b). Real dislocation sources are discussed below, but for 
conceptual purposes an edge dislocation may be thought to have been created by 
the insertion into the crystal of an extra sheet of atoms, which covers a half-plane 
as shown in Fig. 1.2. The dislocation line is then the boundary of the half-plane - 
that is, the line through X perpendicular to the plane of the paper - and we may 
deduce certain properties from this definition. Being the boundary of a half-plane, 
the dislocation line must not end in the material - a property which all dislocations 
share. Also, the displacement caused by the insertion of the sheet of atoms can 
be seen to be constant along the line of the dislocation because the sheet has a 
uniform thickness. This displacement can be more precisely denned in terms of a 
'Burgers circuit'. A closed circuit SABCF is drawn which encloses the dislocation 
line in Fig. 1.2(b), the same circuit is then drawn in the perfect reference lattice 
and the closure failure FS is known as the 'Burgers vector'.

(ii). Considering the material as an elastic continuum rather than a crystal 
with an ordered lattice, dislocations may be created through the 'cut-and-weld' 
procedure. Straight line dislocations are depicted in Fig. 1.3. We take a cylinder 
of metal and cut it along a half-plane whose boundary is the axis of the cylinder. 
The two faces of the cut are displaced relative to each other by a vector jB, and 
are then welded together again, leaving the body in a state of self-stress. This 
displacement is equivalent to the Burgers vector mentioned above. If B is parallel 
to the axis then a screw dislocation is produced; if B is perpendicular to the axis, 
an edge dislocation is formed.



(a) (*)

-Figure 1.2: (a) Perfect lattice; (b) Lattice with extra half-plane of atoms, consisting 
of those rows of atoms above X. SABCF is the Burgers circuit, with the closure 
failure FS in (a) being equal to the Burgers vector.

In a similar fashion curved dislocations can be viewed as being created by 

cutting along a surface whose boundary is the curve, displacing the two faces of 

the cut relative to one another and then welding. Overlapping material would of 

course need to be removed and any gaps filled in with extra material.

On completion of the cut-and-weld procedure, we notice that across the cut 

surface there is a finite jump, equal to B, in the displacement u from the reference 

state. Thus du{ is no longer a perfect derivative, and the line integral of the 

displacements around a closed curve 7, which links the dislocation as in Fig. 1.4, 

is no longer zero, but equal to the Burgers vector

= <b 
J- (1.9)

The integral is taken round 7 in a clockwise right-handed sense relative to r, a 

unit tangent vector assigned to the dislocation line.

We will be concerned with those dislocations which are created by displacing 

the two faces of the cut surface by a constant vector relative to each other, and 

which thus have a constant Burgers vector. A curved dislocation will therefore 

have, at every point of its line, a component of Burgers vector which is tangent to 

the line and a component perpendicular to the line. Hence, a curved dislocation 

has a linear combination of edge and screw character.
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B

(a)

Figure 1.3: A cylinder of the crystal showing the geometry of, (a) a screw disloca­ 
tion; (b) an edge dislocation.

C

Figure 1.4: A dislocation line linked by a curve 7, which is the boundary of a 
surface S.



From the cut-and-weld procedure, it is clear that a dislocation, being the bound­ 

ary of the cut surface, cannot end in the material, and, as stated above, the dis­ 

locations we will consider will have Burgers vectors which are constant along the 

dislocation line. In fact, it can be proved in more general circumstances (see 

Nabarro 1967) that, in order for the stresses and strains to be continuous away 

from the dislocation line, the relative displacement of the two faces of the cut must 

be a rigid body displacement - that is, a translation or a rigid body rotation.

Of these two definitions of a dislocation most use will be made of the second, 

based on the cut-and-weld procedure, as this allows us access to the tools of the 

continuum theory of elasticity. However, as our goal is a model of dislocation 

plasticity, which is a consequence of the crystalline nature of metals, we wish 

to incorporate into the continuum model certain aspects of dislocation behaviour 

which are determined by the crystal lattice.

1.3.2 Dislocation Dynamics and Slip Planes

One such aspect of the influence of the crystal lattice is the motion of a dislocation. 

Fig. 1.5 depicts the movement through the crystal lattice of an edge dislocation 

under the influence of an applied shear stress. Away from the dislocation the atom 

spacings are uniform, whereas close to the dislocation they are not. This ensures 

that atom 1, in breaking free of atom 3 and attaching to atom 2, moves only a 

small distance (though large compared to the displacement of other atoms) while 

the extra half-plane is shifted from x to y. As the dislocation continues to glide 

and this process is repeated, neighbouring atoms such as 1 and 3 are displaced 

relative to each other by the Burgers vector. Thus the direction of slip for an edge 

dislocation is, by necessity, parallel to the Burgers vector, and for a dislocation 

with an edge component slip will take place in the plane spanned by B and r. 

This plane is known as the slip (or glide) plane. In the case of screw dislocations 

for which the tangent and Burgers vectors are parallel, the slip plane is not unique1 

but in what follows the plane chosen as slip plane will be explicitly stated.

*In practice pure screw dislocations are unlikely to occur; most dislocations are curved though 
they may have straight segments of pure screw character. It is therefore reasonable to speak of 
the slip plane of a screw dislocation.
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Figure 1.5: Movement of an edge dislocation under an applied stress, indicated by 
arrows. (Hull & Bacon 1984).

A slip system is defined as a family of slip planes, whose unit normal is m, say, 

together with those dislocations lying in these slip planes, each of whose Burgers 

vector is B, say.

In what follows it will be assumed that the possible slip planes are those planes 

parallel to the coordinate planes, so that in each slip plane there are two Burgers 

vectors, parallel to the two coordinate axes that lie in that particular plane. In 

terms of the crystal lattice this implies a 'simple cubic' structure which, although 

unrealistic2 as no metal has such a lattice, is adopted for simplicity. In addition, it 

will be assumed that glide dislocations are under consideration3 unless it is stated 

otherwise, and that if they move they do so in their slip planes.

There is another type of dislocation motion, called 'climb', in which the dis­ 

location moves out of its slip plane normal to the Burgers vector. There are two 

types of climb - positive and negative. Positive climb occurs when, for example, 

the row of atoms A, normal to the plane of the paper in Fig. 1.5(c), is removed. 

This may be due to diffusion of vacancies to A, or the appearance of interstitial 

atoms at A and their diffusion away. Negative climb can occur either by interstitial 

atoms diffusing to A, or the formation of a vacancy at A and its diffusion away.

2 Real crystal systems will be discussed in Chapter 3 in the context of von Mises criterion for 
general plastic deformation of a crystal.

3Though some results will also apply to more general scenarios.

11



Figure 1.6: Cross-sectional view of the creation of a prismatic dislocation, (a) A 
'disc' of atoms is removed; (b) The lattice rearranges to compensate for the gap, 
and the dislocation is now the boundary of the disc. (Hull &; Bacon 1984).

1.3.3 Prismatic Dislocations

Thus far it has been implicitly assumed that a dislocation and its Burgers vector 

lie in the same plane, and we will continue to assume this unless otherwise stated. 

However, it is possible that a Burgers vector does not lie in the plane of the 

dislocation. A dislocation whose Burgers vector is perpendicular to the plane 

of the loop is known as a prismatic dislocation and can be thought of as being 

created by the removal (as shown in Fig. 1.6) or addition of a disc of atoms. The 

dislocation is then the boundary of the disc, and its slip surface is the cylinder 

whose generators are parallel to the Burgers vector. Prismatic dislocations arise, 

in practice, from an accumulation of vacancies, for example after rapid quenching 

of a crystal from a high temperature. It is possible for prismatic dislocations to 

expand (or contract) in the plane of the loop, but they must do so by climb.

As can be seen from Fig. 1.5, and as will be shown more explicitly when the 

'force' on a dislocation is calculated, those dislocations whose Burgers vectors lie 

in the plane of the loop are moved by shear stresses (and are known as slip dis­ 

locations), whereas prismatic dislocations respond to compressive stresses. Most 

plastic deformation is the result of shear stresses, and this is why we will be con­ 

cerned primarily with slip dislocations.

12



Figure 1.7: The Frank-Read Source. (Nabarro 1967). 

1.3.4 Creation and Annihilation of Dislocations

Dislocations may be created through a number of different mechanisms. The 

Frank-Read source is one of the best known and is depicted in Fig. 1.7.

BC is a segment of a dislocation that lies in a plane which intersects the plane 

of the paper in the line through B and C. At B and C the dislocation is pinned by 

an unspecified barrier, which may consist of dislocation intersections, composite 

jogs (segments of dislocations connecting parts of the same dislocation on different 

slip planes) etc. (see Hull &; Bacon 1984 for further details of these and other 

barriers). When a stress is applied,BC moves from 1 through to 4, at which stage 

two parts of the same dislocation are about to meet and form a single large loop 

together with the original segment BC, as in 5. (See Dash 1956, for example, where 

experimental evidence is provided for Frank-Read sources.)

The Bardeen-Herring source (Bardeen & Herring 1952) is similar to that of 

the Frank-Read source but involves a climb process instead of glide. Among other 

mechanisms for creation of dislocations is that of cross-slip, where a screw segment 

of a dislocation moves out of the slip plane of the dislocation and into another plane 

called the cross-slip plane. Double cross-slip occurs when the screw segment then 

moves into a slip plane parallel to the original slip plane (Fig. 1.8).

Large numbers of dislocations are created at grain boundaries (boundaries sep­ 

arating differently orientated crystal regions) through each of these mechanisms.

13



Figure 1.8: Double cross-slip. The Burgers vector B is parallel to BG. The screw 
segment moves from the plane ABHG into BCFG and finally CDEF which is 
parallel to ABHG. (Nabarro 1967).

Due to the difference in orientation of neighbouring grains, dislocations in one 

grain may not be able to pass through to the next, and a 'pile-up' may result, 

creating large stress concentrations which induce the emission of dislocations from 

the sources already described. (See Li 1963, Hirth 1972, Malis &; Tangri 1979 for 

example).

A dislocation is annihilated when it meets its exact opposite or when it meets 

the surface of the material. It is clear from Fig. 1.5 that if two half-sheets of atoms 

(one, as shown, lying above the dotted line, another lying below the line) meet, a 

perfect lattice will be the result. As shown in Fig. 1.5(d), when the dislocation 

reaches the edge of the material there is no interior deformation and so no internal 

stresses.

1.4 The 'Force' on a Dislocation

A dislocation cannot experience a Newtonian force since such a force is a product 

of mass and acceleration, whereas it is not meaningful to speak of mass in this 

context. However, as we have seen (Section 1.3.2), a dislocation will move when 

in the presence of an appropriate component of stress. If the stress acting on

14



Figure 1.9: An element of dislocation line dl sweeps out an area dS on moving a 
distance 6r.

the dislocation is an external stress (that is, due to other dislocations or applied 

tractions at the boundary of the material) then the work done in moving the 

dislocation can be thought of as arising from a force per unit length along the 

dislocation line.

Suppose that the element of the dislocation line dl is displaced by an amount 

8r, in the presence of a stress field crTot which does not include the stress field of 

the dislocation itself but which does include the stress due to all other sources. 

Then, as shown in Fig. 1.9, the element sweeps out an area

dS = 8r A dl,

the direction of dS being (according to the right-hand rule) out of the plane of the 

paper. The traction force exerted on (say) the upper face of the elemental area dS 

is equal to
<T Tot .dS,

and, since the upper face of dS is moved relative to the lower face by an amount 

B, the work done by the external stresses on the dislocation line element is

(<rTot .B).dS = ((TTot .B).(6r A dl).

Consequently, the increase in strain energy of the dislocation, which is the work 

done against the external stresses, is

6W = -(<TTot .B}.(8r^dl}

= 6r.((<rTot .B)/\dl). (i.io)
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Figure 1.10: Definition of the vectors n, m, r. 

Now, if the 'force per unit length' is F, then

= (Fdl).6r, (1.11)

and so, comparing (1.10) with (1.11), we arrive at Peach & Koehler's (1950) ex­ 

pression for the force per unit length on a dislocation as

F = (<rTot .B) A T, (1.12)

where T is the unit tangent vector to the dislocation.

The set (n, ra, T) of mutually orthogonal unit vectors is used, where n is the 

unit normal to the dislocation in the slip plane, ra is the unit normal to the slip 

plane, and

r x n = ra,

as in Fig. 1.10. From (1.12) we then have that

F.n(x) = Brffm^x), (1.13)

F.m(x) = -B^Tfn^x), (1.14)

F.r(x] = 0, (1.15)
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where x lies on the dislocation line.
It should be noted that the stress <rTot in (1.12) excludes the stress due to the 

dislocation itself. Later (Chapter 3) we will be considering the self-equilibrium of 

continuous dislocation distributions so that the force acting on the dislocations is 

that due solely to the dislocations themselves. In this case equation (1.12) will be 

assumed to be the correct expression for the force on the grounds that, since the 

distribution is continuous, the dislocation through any point is infinitesimal, and 

hence the stress due to that dislocation is negligible.

1.4.1 Mobility Laws

The relationship between the force on a dislocation and the speed of the dislocation 

must be assumed from experimental results, as there is no microscopic justification 

for any of the mobility laws used in the literature. We follow Stein &; Low (1960), 

Head (1972a), for example, and postulate that

K = A\F.n\ a ~ l F.n, (1.16)

where Vn is the velocity in the direction of the normal n to the dislocation, and 

A and a are positive constants which depend on the properties of the material. 

We will make use of this law in Chapter 5, when we consider the evolution of 

dislocation distributions under an applied stress.

1.5 Review of Previous Discrete and 4 Continuum 
Models

Though the literature, both theoretical and experimental, devoted to the study of 

dislocations is vast, little progress has been made towards a mathematical inter­ 

pretation of work-hardening in terms of dislocations. This is largely due to the 

complexities introduced by the three-dimensionality of the resultant dislocation 

distributions, and the fact that little can be inferred from experimental studies 

except that electron micrographs commonly show a pattern of regions of high and 

low densities of dislocations (see, for example, Kuhlman-Wilsdorf 1987).

4The word 'continuum' is used here to denote the presence of large numbers of dislocations 
rather than large numbers of atoms, as in 'elastic continuum'.
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Simple arrays of discrete dislocations have been widely studied. Eshelby, Frank 

& Nabarro (1951) considered a set of identical dislocations confined to a certain 

portion of a single slip plane. A method was given for finding the equilibrium 

arrangement of the dislocations under an applied stress, and it was shown that their 

positions were given by the roots of a certain set of orthogonal polynomials. The 

evolution of such a distribution has also been investigated (Kanninen & Rosenfield 

1969, Rosenfield & Kanninen 1970, Head 1972 a,b).

When the number of dislocations produced during plastic deformation is very 

large, it is not feasible to model each one individually, and an averaging process 

must be used. If a group of infinitely long and parallel dislocations each lying in 

the same slip plane is represented in this way by a number density, the configura­ 

tion is known as a 'dislocation sheet'. Head & Louat (1955) investigated the static 

equilibrium distribution of a dislocation sheet and their results were compared 

to those of Eshelby et al. (1951) by Mitchell et al. (1965). It was shown that 

the continuum approximation (first introduced by Eshelby in 1949) is accurate to 

within 2 percent when there are twenty dislocations in the equilibrium configura­ 

tion. The time evolution of the dislocation sheet has been studied by Rosenfield 

(1971), Head (1973), Head & Wood (1973 a,b), Ockendon & Ockendon (1983) and 

Wood & Head (1974, 1984).

Dislocation sheets have been useful in the modelling of pile-ups (Ockendon &; 

Ockendon 1983); a 'pile-up' is said to occur when a planar array of dislocations 

is blocked by some obstacle such as a grain boundary or a locked dislocation. 

The modelling of cracks has also been aided by the study of dislocation sheets. 

Indeed, the mathematical problems are identical in that any real crack can be 

modelled with a fictitious dislocation distribution5 (Lardner 1974). For example, a 

body containing a crack in the form of an infinite plane strip occupying the region 

y = 0, —a < x < a, under an externally applied constant shear stress cry2 , is in the 

same state of stress as it would be if, under the same loading, the half of the strip 

a > x > 0 were occupied by a continuous distribution of edge dislocations of one 

sign, and edge dislocations of the opposite sign occupied the other half of the strip 

0 > x > —a in such a way that the dislocations were in equilibrium.

5 Note, however, that real cracks in metals produce real dislocations, and that these two ideas 
should not be confused.
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The idea of the dislocation sheet has been generalised by Head et al. (1987) 

who considered a very special two-dimensional continuous distribution. Some exact 

steady and unsteady solutions were found in which the applied stress was spatially 

linear and the boundary of the distribution was an ellipse. We will see in Chapter 2 

how some of their results can be derived from the present approach. For the special 

case of a rectangular domain, Caffarelli & Friedman (1988) have shown that the 

model of Head et al. can be formulated in terms of variational inequalities, and 

that a solution exists.

More sophisticated mathematical models have been proposed to describe the 

three-dimensional networks which are commonly found in metals. Nye (1953) intro­ 

duced the dislocation density tensor which Kroner (1958) adopted in his kinematic 

approach; this was the first systematic continuum theory of dislocation densities, 

and was based on the idea of 'incompatibility' (Moriguchi 1947), which will be 

discussed shortly. In order to solve the equations of incompatibility, Kroner (1958) 

introduced stress functions in a manner analogous to the use of the vector potential 

in electromagnetism. Indeed, a screw dislocation has very similar properties to a 

line current, the major difference between the two being that like dislocations repel 

each other, whereas identical line currents attract. The analogy between continu­ 

ous distributions of dislocations and currents will be explored in Chapter 2.

Other models have involved widely differing approaches. Kadic & Edelen 

(1982), for example, have used the ideas of gauge invariance to formulate a con­ 

tinuum theory of materials with, among other defects, dislocations. On the other 

hand, a phenomenological approach is adopted by Pilecki (1977) and Walgraef 

& Aifantis (1985a,b,c), who considered the formation and stability of dislocation 

patterns in one, two and three dimensions.

A number of authors have considered arrays of discrete dislocations which pro­ 

duce no long-range stresses (that is, configurations whose stress fields decay expo­ 

nentially with distance from the array (see Nabarro 1967)). Nye (1953) derived the 

relationship between the dislocation density and lattice curvature for zero stress 

distributions. Frank (1955), in determining the nature of dislocation arrays form­ 

ing hexagonal networks, assumed that it was reasonable to consider the case when 

no long-range stresses were present, and Bilby et al. (1958) also restricted their
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discussion of single glide and plane strain to bodies containing dislocation arrange­ 

ments of this type. In the continuum limit the stress tensor of such distributions is 

identically zero and they will play a central role in this work. Mura (1989) called 

these distributions 'impotent' and compared them to experimentally observed low- 

energy configurations. Here, as mentioned in the Introduction, such distributions 

will be known as zero stress everywhere (ZSE) distributions.

1.6 The Mathematical Representation of Single 
Dislocations

1.6.1 Incompatibility

As can be seen from the cut-and-weld definition (Section l.S.lfu^), the displace­ 

ment u can no longer be continuous and single- valued wherever dislocations exist. 

Thus the definition (1.1) of the strain loses its meaning at certain parts of the 

material. This also means that the compatibility equations (1.2) are no longer 

always satisfied, and generally we have, instead of zero on the right-hand side,

The function 77, known as the 'incompatibility tensor', is a source function for 

the strain field and vanishes in 'good', that is, undislocated, material.

1.6.2 The Delta Function

Prior to deriving the expression for the stress components of a curved dislocation 

we consider the case of the single screw dislocation and the single edge dislocation, 

and find the incompatibility in these cases. We will require the use of the Dirac 

distribution (or delta function) £(x,-), i — 1,2,3, which is defined by the linear 

mapping from 'good' functions F(x), where ze!R, (see Lighthill 1980) to the reals:

/oo 
S(t'-t)T(tf )dt' = r(t). (1.18) -oo

Similarly, the two-dimensional delta function 8(xi)8(x 2 ) is defined by the mapping

oo yo

/-ooJ —-oo — oo
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and the three-dimensional delta function ^(xi)<5(x2)^(x3) = <!>(*) , by

the integral being over the whole space.

The derivative of the delta function, 6'(x), is defined by the mapping

/oo 
S'(t' - t)T(t')dt' = -F(t). 

-oo

1.6.3 The Screw Dislocation

From the cut-and-weld procedure (Section l.S.l(ii)) used to visualise the creation 

of the screw dislocation, it is clear that the material is in a state of anti-plane strain, 

and hence that the only nonzero components of strain are e13 = e3i and 623 = 632. 

Thus, the components of displacement are u\ = u2 = 0, u3 = u^(x^y) / 0, 

and from equation (1.9) we have

B = f du3 , 
A

around the arbitrary circuit 7, and hence, away from the dislocation, we use defi­ 

nition (1.1) to write this as

B = 2< e l3dx l + e23^2, (1.19) 
J-f

which, on using Green's theorem in the plane, becomes

D 

623,1 - 613,2 = -8(X1 )8(X2 ). (1.20)

Partially differentiating this with respect to x\ and x2 gives respectively

D

623,11 - 613,21 = —6'(xl )8(x2 ), (1.21) 

and D

e23 ,i2 - 613,22 = —8(x l )6'(x 2 ). (1.22) 

Comparing these with equation (1.17) we see that for a screw dislocation

D

--6(xl )8'(x2 ), (1.23)

D

(1.24) 
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and all other components of rj are zero. 

Equation (1.20) may be written

<723,i ~ *i3,2 = fJ'B8(x l )8(x2 )\ (1.25)

by use of Hooke's law (1.4). (The legitimacy of using Hooke's law here will be 

discussed shortly).

The equilibrium equation (1.3) in this case is

<7i3,i + 0-23,2 = 0 (1-26) 

everywhere. Thus we may write

for some function 0. Substituting these expressions into (1.25) we find that 0 must 

satisfy

V2 (j> = nB8(x l )8(x2 ), (1.27)

whose radially symmetric solution is

This gives the components of stress as

x
/i on\( L3°)

These stress components have an infinite value at the dislocation line, and so raise 

the question as to the validity of using Hooke's law in (1.20), since the stress-strain 

relation is linear only for small strains, as shown in Fig. 1.1. In practice the strains 

close to a dislocation (within the distance of a few atom spacings, known as the 

dislocation 'core') are high, although not infinite, and Hooke's law does indeed 

break down in this region. Nevertheless, it is also true that, even in regions of high 

dislocation density, the dislocations are separated by distances many times greater 

than a typical core width, and so Hooke's law is valid in most of the material. 

Consequently, it is assumed that (1.29, 1.30) are reasonable approximations to the 
stresses due to a screw dislocation.
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1.6.4 The Edge Dislocation

An isolated, infinitely long and straight edge dislocation in an infinite isotropic 

solid with Burgers vector (5,0,0), lying along the x3-axis, corresponds to a state 

of plane strain, as can be seen from the cut-and-weld definition in Section 1.3.1 (ii). 

Thus, the only components of strain which vanish are 613 = 63!, e2s — ^32- From 

equation (1.9)

B= <f du^ (1.31)
J-y

around the arbitrary circuit 7, and hence, away from the dislocation, we use defi­ 

nition (1.1) to write this as

B — f endxi -f (2e 12 - U2,\)dx 2 . (1.32) 
Ji

Since 7 is arbitrary, we obtain

on using Green's theorem in the plane. Differentiating this with respect to x 2 gives

2ei 2)12 - e22il i - en , 22 = B6(xi)6'(x2 ). (1.33) 

Comparing this with equation (1.17) we see that for an edge dislocation

r/33 = B6(Xl )6'(x 2 ), (1.34)

with all other components of 77 being zero.
Writing (1.33) in terms of stress components by means of Hooke's law (1.4), 

making use of the relationship <733 = v(au + <J22 ) and of the equilibrium equations 

(1.3) (which in this case imply that the components of stress may be expressed in 

terms of the second derivatives of a stress function x, the Airy stress function), 

leads us to the equation

(1.35)

Substituting
X - -

gives

(1.36) 
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whose radially symmetric solution is

i In

(1.37)

The components of stress are then

\ / 2 .27r(l-i/) (zj + z

^22 =

9 1\ n*'' _ 7* )

1 2)-. (1.40)

1.6.5 The Curved Dislocation

The stress field of an arbitrary curved dislocation was first derived by Peach & 

Koehler in 1950 by differentiating the components of displacement as given by 

Burgers (1939). We will follow the approach of Kroner (1958), who achieved the 

same result by means of the introduction of stress functions. Firstly, we need to 

establish the incompatibility tensor of a loop dislocation by generalising the results 

for screws and edges.

For the screw dislocation with r — (0,0,1), B = (0,0, B), we can rewrite 

equations (1.23) and (1.24) as

1
(1.41)

and

7/23 = --[£2 i3T3B3<5(x 1 ) <5(x 2 )] (1 . (1.42)

For the edge dislocation with r = (0, 0,1), B = (B, 0,0), we can write equation 

(1.34) as

7/33 = -[e32iT3Bl 8(x 1 )8(x 2 )}^. (1.43)

Since an arbitrary curved dislocation has a linear combination of screw and 

edge character, we may, on the basis of the above three equations, write the in­ 

compatibility tensor of an arbitrary curved dislocation as

- x')]s (1.44)
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for i, j = 1,2,3, i < j, where p ^ z, i + 1 and if p = 3 then zp+i = Xi, and the 

point x 1 lies on the dislocation. Here, the superscript 'S" denotes the 'symmetric 

part'.

We can write the incompatibility tensor in terms of the stress tensor by substi­ 

tuting the expression for the strain components (1.5) in terms of the stress com­ 

ponents into equation (1.17). (A more useful form of the incompatibility tensor is 

given in Appendix A.I). This gives

(1.45) 

Again we justify the use of Hooke's law by the argument given earlier (p. 22).

If the material is in equilibrium under no body force, then, employing (1.3), 

(1.45) reduces to

0ij,kk + ( ffkk,ij ~ Vkkjrfij) = 2/iT/fj. (1-46)

Our aim now is to solve (1.46) for cr in terms of rj and then substitute for 77 from 

(1.44). First, we note that since cr is a symmetric, second rank tensor, and (1.3) 

holds, then we may write

(see Appendix A. 2), where i/> is also a symmetric second rank tensor6 .

This is a generalisation of the stress functions <j> for screw dislocations, and if) 

for edge dislocations. The diagonal elements of -0 are Morera's stress functions, 

and the off-diagonal elements are Maxwell's stress functions (see Love 1927, §56).

Substituting (1-47) into (1.46) gives a cumbersome expression for 77 and yet 

we may expect, on the basis of the Airy stress function equation (1.36) for edge 

dislocations, that we may generalise to obtain 77 as the result of operating with 

the biharmonic operator V4 on a stress function. This is indeed the case, and to 

see why we follow Kroner (see de Wit 1960, p. 271) and introduce a different stress 

function %, defined by

6This result corresponds to that for vectors which says that a divergence-free vector may be 
written as the curl of a vector potential.
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so that we may write

, ,fcm 
1 — f /

Then, when expression (1.48) is substituted into (1.46), the following equation is 

obtained:

(Xjk.kill + Xkijkll) + 1 Xfcf.fcKj + . Xkl,klmmf>ij = %'•

There are six components of -0 (and x), but, since the six stress components cr,-j 

derived from them satisfy the three equations (1.3), only three components of i/> 

(and x} are independent, i/? or x can therefore be made to satisfy three other 

conditions, and this we do by taking the side condition

(1.50) 

which can always be done (see Appendix A. 3). Using (1.50), (1.49) becomes

Xij,kkii = %•• 

The solution of this which vanishes at infinity is

where R = (XiXi)* , X{ = x,- — x\. It follows automatically from (1.17) that

= 0. (1.52)

This is the continuity equation, which states that the incompatibility is solenoidal. 

In the case of a dislocation it states that the dislocation will not stop in the 

material, but will form a closed loop, as was mentioned when the definition of 

a dislocation was given (Section 1.3.1). From (1.51) and (1.52) it follows, by 

integration by parts, the surface integral vanishing at infinity, that

Xijjfc) = 0, (1.53)

in agreement with the side condition (1.50).

Thus, the formula for the stress is simplified, using (1.50), to

<rtj = 2 /* [Xij,kk + ^3^(x*ib,.j ~ Xfcfc,i/£.-j)] , (1-54)
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which, in terms of the incompatibility, becomes

I — V

after two integrations by parts. Substituting the expression (1.44) for the incom­ 

patibility gives (using the property of the delta function (1.18))

(1.55)

where C is the dislocation loop. It is easy to see from this formula that as one 

approaches the dislocation line, that is, as |X| —> 0, we have <7ij(x} = O(1/|X|), 

and as |x| —» oo we have crij(x) = O(l/\x 3 \). 

Using (1.5) we may write

&n f ( n (I , , ,1 , , . c , ,\ 2(A+^)_ n= — I
~ STT Jc

(1.56)

and from (1.17)

Bn
O7T JC

,

f JC
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Chapter 2

Continuous Dislocation 
Distributions

Having considered the properties of single dislocations, we now wish to generalise 

our results in order that they should more closely represent 'real' distributions; 
this means principally that we must take account of the large number density of 
dislocations. This is done by means of an averaging process. Firstly, the general 
case is considered, and the dislocation density tensor introduced. The relationship 

between the density tensor and the incompatibility tensor is then derived, and 
the equations for the continuum model are presented. Some simple continuous 
distributions comprised solely of screw or edge dislocations are examined as a 
means of illustrating the averaging process, and their stress fields are derived.

A less trivial example of a cylindrical sheet is presented, and the special case 
of the elliptical shape is highlighted in order to show how the results of Head et 
al. (1987) may be derived from the present approach.

2.1 Homogenisation

We make the assumption that in a highly dislocated body the dislocations are 
assembled in families, each of which is smoothly varying; that is, in the vicinity 

of any particular point, the members of each family have nearly-parallel tangents 
and have precisely equal Burgers vectors.

By a limiting process in which B and the average lateral separation of the 

dislocations, say e, both tend to zero, with |J3| = O(e), we define a dislocation
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density tensor a for each family by

n , (2.1)

where r is the unit tangent field of the family, 6 is the unit Burgers vector (i.e. it 

is such that B — bb with b = |-B|), and u; = lime 'b _+0 (b/e) is the number density of 

dislocations per unit area crossing a plane normal to r. (Examples of this limiting 

procedure will be given for some simple cases later in this chapter). Note that 

in general a. is not a symmetric tensor. If several families are present, a for the 

ensemble is calculated by summing the contributions from each family.

Because dislocations cannot begin or end in the material, the net "dislocation 

flux" out of any region of dislocated material is zero. Hence V.(u?r) = 0 and, since 

6 is constant along the dislocation lines, we have

<* in ,i = 0. (2.2)

This says that the divergence of a is zero in the sense that a may be considered 

to be composed of three vectors, each of which has zero divergence, and hence 

means that ex can be written as a "curl" , the implications of which are discussed 

in Chapter 4. It should be noted that (2.2) holds even in the unsteady case which is 

discussed in Chapter 5, and for which the full equations are presented in Appendix 

A.8.

The relationship between the incompatibility and dislocation density tensors 

can now be derived. In the limit described above, (1.44) becomes

From this equation it is clear that if a = 0, then rj = 0. However, the converse is 

not true, and there are certain non-trivial dislocation configurations which give zero 

incompatibility. These situations will figure prominently in subsequent chapters.

By averaging B as above, one can also write (for a continuous distribution) the 

equations equivalent to (1.55) and (1.56). We obtain

ffij = —— I \ (£jmnCXin , m >) S R,U + ekmn<Xkn,m'(R,ij ~ Rjrfij) \ dV, (2.4)
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and

'ij ~ Q~ / | \ _i_ O

(2.5)
where the integrations are performed over the whole space (or, equivalently, over 

the dislocated volume).

2.2 The Continuum Model

In view of the assortment of relations introduced and derived in Chapter 1, it is at 

this point worthwhile to collect together the various equations which describe our 

model for the case of static equilibrium. For one dislocation family, there are eight 

independent quantities representing six components of stress and two components 

of dislocation density. To model these quantities we have three independent equa­ 

tions from (1.3), and one from (2.2). By substituting (2.3) into (1.46), another set 

of equations can be derived for a, namely

- (£jmn^tn,m) 5 = —— ( <7{j,kk + ^ ^ —— (&kk,ij ~ Vkkjl^j)} • (2.6)

Although these are six equations relating a and <r, using (2.2) in (2.6) implies that

V2 <7tJ ,- = 0,

and hence, assuming that V.cr vanishes at infinity, that (1.3) holds. In summary, 

therefore, (2.2) and (2.6) provide seven independent equations for the eight un­ 

knowns, and we thus need one more scalar equation to close the model. This 

is supplied by consideration of possible dislocation motion. Thus it is asserted 

that, for equilibrium, the force given by (1.13) should be zero wherever there are 

dislocations with Burgers vector B.

In summary, the model can be written:

A-f

ow = 0 (2.7)

Tot __ Q
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= (0,0,6)
r = (0,0,1)

Figure 2.1: A row of screw dislocations.

This model consists of eight equations for eight unknowns, but it is a compli­ 

cated system for which several boundary conditions need to be appended before 

one could expect there to be a unique solution. Nevertheless, as we shall see in 

the next chapter, one can still deduce important results concerning equilibrium 

distributions.

2.3 Special Distributions 

2.3.1 A Sheet of Screws

Consider a row of straight, infinitely long screw dislocations each with Burgers
/•,

vector B = (0,0, 6), lying in the Xi = 0 plane, in the strip — a < x 2 < a, parallel to 

the x3-axis, at a distance c apart. The only nonzero component of the dislocation 

density tensor is
0/€

<*33 - ^ b6(xi)S(i2 - nt).
n= —o/e

To find the dislocation density tensor for the corresponding continuous distri-
A A

bution we let b, c -> 0 in such a way that 6/e —> a finite value, ft, say. Thus we
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have

/ A 
£ I

a33 = lim Y^ -tb(xi)b(xi - ne )
>.«-' n= _ a /e e • / /^ *

where N = nc. Consequently, for an infinite sheet of screws we take a —>• oo and 

obtain

a33 = $18 (xi),

so that, in the notation of equation (2.1), r3 = 63 = 1, u? = £18(xi).

To calculate the components of stress due to this sheet we use the stress com­ 

ponents of an individual screw dislocation (1.29 and 1.30) and follow a similar 

procedure to that above.

Hence, for a continuous distribution of screws occupying the strip |x2 < a of 

the TI = 0 plane,
- 2 dN. (2.8)

2 V '
27T J- 0 X? + (X 2 - N)'

So, for an infinite sheet of screws

<r = _£H I ——^—-——-dN = 0. (2.9)
1 J O_ / 2 i f »r\2 v 'ZTT J-oo xf -f (x 2 —

Similarly,

_ //Q r°° ____Xi 
2?r 7-oo xf + (x2 —

xi > 0 
xi < 0.

Thus there is a jump in the value of <J23 across the sheet.

On the sheet of screws itself the integrals (2.9, 2.10) do not exist and so the 

stress cannot be calculated there. Later, however, we will be considering the 

equilibrium of continuum dislocation configurations and it will be necessary to 

know whether or not a sheet of screws exerts a force on itself. One may determine 

that no such force is exerted by observing that the 23-component of stress of a 

screw dislocation (which is that which would move the dislocations according to 

the Peach-Koehler formula (1.12)), as given by (1.30), is zero in the X T = 0 plane.
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Figure 2.2: A Slab of Screw Dislocations

Thus the 23-component of stress at any point on the sheet, due to the dislocations 
which do not pass through that point, is zero. This justifies the assertion that the 
stress on a dislocation sheet, due to itself, is zero.

If the sheet of screws had a variable density £l(N) then it would not be so 
straightforward to evaluate the stress components, as it was to evaluate (2.9, 2.10). 
Nevertheless, it is possible in this case to derive, in general, the limiting values of 
<7i3 and <J23 as the dislocation sheet is approached. The result for <7i 3 is provided
by

7_
= ± OO,_oo x\ + (x2 - N) 2 -oo x2 - N 

where the bar on the integrand signifies that the Cauchy Principal Value is to be 
taken. For <723 one can show that

.oo x

2.3.2 A 'Slab' of Screw Dislocations

We now consider a set of sheets of dislocations of the above type, lying in the 
planes xi = constant, between Xi — —c and Xi = c, each a distance e/c apart. In 
a limiting process similar to that above, we allow e to tend to zero, and obtain 
what shall be called a 'slab' of dislocations. The only nonzero component of the
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r = (0,0,1)

Figure 2.3: Two possibilities for sheets of edge dislocations, 

dislocation density tensor is

a33 = ft(H(c - xi) - H(-c - z

where H is the Heaviside function, defined by

1 x > 0H(x) = 0 x < 0.

(2.12)

The stress tensor also has only one nonzero component, given by

-T- < ——C 
1

— c < Xi < c
Xi > C.

2.3.3 A Sheet of Edges

If we have a sheet of infinitesimal edge dislocations, each parallel to the x 

lying in the xi — 0 plane, with tangent vector r = (0,0,1), then we have two 

essentially different choices (in the sense that all other choices are linear combina­ 

tions of these two) for the unit Burgers vector 6. We can take b to be parallel to 

the xi-axis as in Fig. 2.3(a) and hence to be orthogonal to the sheet, or we can 

take it to be parallel to the sheet of dislocations.

(a) Let us first consider the situation depicted in Fig. 2.3(a). The components 

of stress due to a single, infinitely long and straight dislocation lying along the

34



z3-axis with Burgers vector (6,0,0) are given by equations (1.38, 1.39, 1.40). Inte­ 

grating these as we did for the sheet of screws in the limiting case, we find that all 

the components of stress are everywhere zero, and the only nonzero component of 

the dislocation density tensor is

c*31 =

(b) For the situation of Fig. 2.3(b) we write the appropriate components of 

stress for a single edge dislocation and integrate as usual to find that the nonzero 

components of stress due to this sheet are

-i/) x l > 0
0 zi=0 (2.13)

-I/) X! < 0,

and

033 =

In this case

and all other at-j are zero.

It should be borne in mind that the sheets of edges and screws are infinite 

distributions whose properties are likely to differ markedly form those of finite 

distributions. In particular, since the stress fields of the sheets of screws and edges 

are zero on the sheets themselves, these distributions are in equilibrium, whereas 

a finite distribution which is, locally, a sheet of screws or edges is unlikely to be in 

equilibrium.

2.3.4 A Slab of Edge Dislocations

Any slab of edge dislocations composed of sheets of edges as in (a) above will 

produce zero stress everywhere, and dislocation density

A slab of edges occupying the strip -c < xi < c, which we think of as being 

composed of sheets of edges as in case (b) above, will give a stress field whose
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A

Figure 2.4: (a) Cylindrical sheet; (b) Cross-section of cylinder.

nonzero components are

2/zft 
1 -v

— C Xi > C

—x\ —c < x\ < c
C X < —C .

(2.15)

The dislocation density tensor has nonzero component

- xi) - H(-c -

2.4 The Cylindrical Sheet

A less trivial example of a continuous distribution of dislocations is when the sheet 

lies on the surface of a cylinder, rather than covering a plane. Consider a set of 

loop dislocations lying in parallel slip planes whose normal is ra = (0,0, —1), and 

which have Burgers vector B = (0, 6,0). Suppose also that they lie on the surface 

of a cylinder as in Fig. 2.4(a). The stress field of one of these dislocations is given 

by the Peach- Koehler formula (1.55). The component of stress which would move 

the dislocations is, according to (1.13), the 23-component. For the loop in the 

xix2-plane (1-55) gives

li r
— <J-v? = - — 0

I
4?r Jc 2

-R.ikkdx^ —
1

,ikk \-v

where, we recall, R = (X,Jft-)2, Xi = x, — x'. Allowing the separation of the slip

36



planes t and the strength of the dislocations 6 to tend to zero, as usual, so that
A

Hm€ ^0 (6/e) = 0, the total 23-component of stress for the cylinder becomes

cyi = _//n /•<*> tt i , _ i ,\ ,, , .
^23 ~~^J_oo \fc 2 ' lfc/c X2 1-iy -233 ^ij a:3 -

The minus sign is necessary because the normal to the slip plane is in the negative 

#3 direction and so the jump in the displacement across the plane of the dislocation 

loop, 6, is positive as the plane of the loop is crossed in the negative x3 direction. 

Thus (2.16) becomes

In general, this integral cannot be evaluated analytically, but if the curve C is an 

ellipse, then progress can be made. It is known from the work of Eshelby (1957) 

that the ellipse is special, and Jaswon & Bhargava (1961) have shown that Es- 

helby's integral results (which are in fact given for the three-dimensional case of 

the ellipsoid) can be explicitly determined in two dimensions by means of complex 

variable techniques. Using the same principle, it is found (see Appendix A. 4) that 

for the ellipse C

cyi ( } _ Q f b/(a + b) (ii,x2 ) inside C . , 
a23 (zi,z 2)-^j (afc/c^l-z/V-c2 ) 1 /'} (x 1? x 2 ) outside C, (2 ' 18)

where z = x\ -f zx 2 and 7£ denotes the 'real part'. The only other nonzero compo­ 

nent of cr for the cylinder is

which can be evaluated similarly to give

(xi,x 2 ) inside C 
2 _ c2)1/2} ( outs . de

, . (2.20)

where T denotes the 'imaginary part'.
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These results for the ellipse correspond to Eshelby's results for the ellipsoid in 

that the stress inside the ellipse is constant. Eshelby, however, was considering 

the case of an ellipsoidal "inclusion" - a region in an elastic material which has 

undergone a "stress-free transformation strain" - whereas our results are for a 

distribution of dislocations confined to a surface. It will be seen in Chapter 4 that 

the two different approaches are in fact equivalent.

To determine the real and imaginary parts of the complex function in (2.18), 

we introduce confocal coordinates through

z — ccosh(£ + irj) = c(cosh£cos77 + z'sinh£ sin//), (2.21) 

to obtain

_ z — CQs2 ty + smh £ CQSh £ ~ cosh2 £ sin rj cos rj 
(z2 — c2 ) 1 / 2 cos2 TI — cosh2 £ cos2 77 — cosh2 £

Note that

(z2 - c2 ) 1 /2 e2K+''") + 1 '

which behaves like e~ 2^ as £ — >• oo. From (2.21) we have that, as £ — » oo, \z\ 2 ~ e2^, 

and so the stress indeed decays like the inverse square of the distance as the distance 

approaches infinity.

This result should not occasion surprise - the far field stress of a two-dimensional 

patch of screw dislocations of constant density should decay like the inverse of the 

distance (since that is the behaviour of the stress components of the discrete screw 

dislocation) and, as we shall see shortly, the cylindrical sheet can be thought of as 

the 'derivative' of the constant density patch of screw dislocations.

2.5 Two-Dimensional Distributions

2.5.1 A Patch of Screws

The integrands of equations (2.17, 2.19) call to mind the expressions (1.29, 1.30) for 

the stress components of a screw dislocation, and indeed, comparing (1.29, 1.30) 

to (2.17, 2.19), and bearing in mind (A. 13), it can be seen that (2.17) and (2.19) 

represent the stress field of a distribution of screw dislocations lying on the cylinder,
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Figure 2.5: (a) Screw dislocations of density 0:33 = —17 cos 0; (b) Loop dislocations 
of the 627713 family with screw component 0:22 = 17 cos 0, edge component a12 = 
17 sin 0.

of density 0:33 = —17 cos 0, where 0 is the angle between the tangent to the curve 

C and the X2-axis. This density is minus the density of the c*22 component of the 

loop dislocations of the 62m3 family, and the two distributions are equivalent as far 

as their stress fields are concerned. We will return to this point in the succeeding 

chapter. Note also that this equivalence shows that the cylindrical sheet of loops 

corresponds to a state of anti-plane strain in the material.

Head et al. (1987) also considered two-dimensional elliptic regions, although 

the dislocation distributions concerned were of pure screws and edges rather than 

loops as in our case, and were spread throughout a two-dimensional patch rather 

than being confined to the surface of a cylinder. Nevertheless, in the light of the 

previous paragraph, it is not surprising that the two situations are related.

The stress field of a distribution of screws of constant density 17, whose cross- 

section is a region A, is given by the area integrals

•A ~ r " ' ' "' J ~tJ - f (2.23)

(2.24)

2
A _ /i!7 r r 

*13 = ~27//AX| \JjJb -I (J/JL r\ •

In order to use the results already derived, we differentiate (2.23) and (2.24) with 

respect to x\ to obtain
d XA _
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X,
27T

.A.

Applying Green's theorem in the plane gives

• - - " (M5>

and these are just the integrals we evaluated earlier. Since the equations of me­ 

chanical equilibrium (1.3) hold, we also have

~ —"13,1 — "

and so, from (2.18, 2.20) and (2.25, 2.26), we conclude that, if the region A is the 

interior of an ellipse of semi-major axis a and semi-minor axis 6, the 23-component 

of the stress field inside A is

, a -\- b

the arbitrary constant of integration being found to vanish upon evaluation of 

(2.23) at the origin. Similarly, one finds

If the slip planes of the screw dislocations are taken to be those planes parallel to 

the XiXa-plane, then the condition for equilibrium is that the total 23-component of 

stress inside the ellipse must be zero. Therefore, as Head et al. (1987) discovered, 

an applied stress

a + o
must be imposed to ensure equilibrium of an elliptical patch of a33 screw disloca­ 

tions of constant density. It should also be noted that, as is shown in Section 2.6, it 

is necessary to take J7 to be constant in order to ensure that equilibrium is possible.

2.5.2 A Patch of Edges

A similar result may be derived for a two-dimensional distribution consisting of 

edge dislocations of the 61 ra2 family. In this case, the stress components are given
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by

(2.27)

2v(l-v)JJA (XI ' ^7NO ~i-" (2 * 28 ) 

• A ~-A pot " 'MV'M " 2 >-dx\dx'2 . (2.29)

The force exerted on the dislocations is (as given by (1.13)) proportional to the 

12-component of the total stress. We follow the same procedure as before (using 

Green's theorem in the plane) and calculate

A //ft
(J 10 , =:

for the case of an elliptical curve C. As shown in Appendix A.5, one finds that 

inside the ellipse
ab . (2.30)

Similarly, since we can write

c (XI + X%)* XI 

we find that inside the ellipse

<i - 0. (2.31)

The equilibrium equations (1.3) tell us in this case that

r A . ^A

and thus from (2.30) and (2.31) we conclude that inside the ellipse C

ab

the arbitrary constant being seen to vanish upon evaluation of (2.29) at the origin. 

Thus we have deduced directly from the Peach- Koehler formula for the stress 

(1.55) the result of Head et al. (1987), that a two-dimensional distribution of edge
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dislocations of constant density ft occupying an elliptical region is in equilibrium 

under a linear applied stress

abext

2.6 Dislocation Density of Equilibrium Distribu­ 
tions

We have seen in this chapter how the stress fields of various dislocation distributions 

may be calculated by using the Peach-Koehler equation (1.55) for the stress field 

of an arbitrary curved dislocation, and by following an averaging procedure to 

account for the effect of a large number of discrete dislocations. In particular it has 

been asserted (Sections 2.3.1, 2.3.3) that planar dislocation sheets exert no force 
on themselves. On the other hand we have just shown that a two-dimensional, 

elliptical patch of screw (or edge) dislocations produces a spatially linear stress 

field, and so an equal and opposite applied linear stress is required to establish 

equilibrium.

Now the applied stress is not arbitrary but is governed by the usual rules of 

linear elasticity. For example, when screw dislocations of only one type are present, 

a state of anti-plane strain exists. Since the applied stress must therefore also 

correspond to such a state, the hydrostatic stress &kk must be zero, and, recalling 

equations (1.1) and (1.6), we have

V 2 u t = 0, 

which, from (1.1) and (1.4), gives

Wff = 0. 

Next, integrating (2.4) by parts, we may rewrite it as

= -— / { (£jmn«tn,/'/'m') 
47T J [ A ~r P-

(2.32)

Returning to the patch (of any shape) of pure screw dislocations, considered in the 

previous section, for which a33 is the only nonzero component of a, the condition
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for equilibrium is
_ I _exf A <723 + (^23 = U

wherever there are dislocations. In this case the 23-component of (2.32) reduces 

to

// [I
023 = — —— / 7rOf33f

47T 7 Z

and so

V2 <723 = At033,i = 0,

wherever there are dislocations. Thus, we have the result of Head et al. (1987) 

that, for two-dimensional screw dislocation distributions, the density in the slip 

plane is constant. Note that, alternatively, this could have been established directly 

from (2.6) by setting the hydrostatic stress <Tkk = 0.

In general, as we saw in Section 1.2 (equation 1.8), the applied stress will be 

biharmonic. Head et al. also considered a patch of edge dislocations parallel to the 

xa-axis, with Burgers vector in the x\ direction. Then the slip planes are parallel 

to the xiXa-plane, and there is equilibrium when

+ 0ief = 0. 

The 12-component of (2.32) reduces, in this case, to

012 = — /
This is not a state of anti-plane strain and so (1.8) holds. Consequently, where 

there are dislocations

031,122 = 0,

so that any two-dimensional edge dislocation distribution of the type described 

above, for which equilibrium is possible under an applied stress, has density of the 

general form

for some functions /i,/2,/3-
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Taking V4 of equation (2.32) gives

2(AWtJ = -2/i ~T

and so, in general, a family with Burgers vector {&,}, whose slip planes have 
normal {m^}, will be in equilibrium under an applied stress provided that the 
term on the right above is zero wherever there are dislocations. This retrieval, 
from the equations of Kroner, of the results of Head et al. for the form of the 
dislocation density of equilibrium distributions has been given by Head (private 
communication) and is presented here for completeness.

2.7 Analogy with Electromagnet ism

Recall the sheet of screw dislocations described in Section 2.3.1. It is analogous 
to the vortex sheet in fluid dynamics in that there is a jump in the component of 
stress on crossing the dislocation sheet, corresponding to a jump in the velocity 
field as the vortex sheet is crossed. There is in fact a similar analogy with current 
distributions in electromagnetism1 : the magnetic field jumps between constant 
values as a sheet of current is crossed. Also, the Peach-Koehler formula (1.55) for 
the stress can be thought of as the dislocation equivalent of the Biot-Savart law in 
electromagnetism (Peach & Koehler 1950).

In pursuing these analogies further, it is useful to examine vortex and current 
distributions confined to the surface of a cylinder. If the cylinder is made up of 
vortex loops so that the vorticity is everywhere tangent to the cylinder and at 
right angles to the generators, it is found that the velocity field has different but 
constant values inside and outside the cylinder (see Batchelor 1967). The same is 
true of a current distribution which flows around a cylinder at right angles to the 
generators-(commonly known as a solenoid). The cylinder in either of these cases 
may be of arbitrary cross-section. Clearly, therefore, the corresponding situation 
in dislocation theory is not going to involve a cylindrical sheet of dislocation loops 
as described above. The breakdown in the analogy can be seen to be because

^ee de Wit (1960) for a table of correspondences between vector quantities in magnetostatics 
and tensors in dislocation theory.
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the vorticity of the vortex sheet, and the current of the current distribution are, 

respectively, always tangential to the vortex and current lines which comprise the 

cylinder, whereas the Burgers vector of the dislocation loops is a constant. Only if 

it were possible to have a cylinder sheet of dislocation loops whose Burgers vectors 

were tangential to the loops, would we expect to find a result comparable to those 

already mentioned for current and vortex distributions.

So far, we have always taken the Burgers vector to be a constant vector, but 

in our cut-and-weld definition of the dislocation (Section l.3.l(ii)) it was pointed 

out that, for the stress components to be continuous away from the cut surface, 

the displacement needed to be either a translation or a rigid body rotation. If we 

make the latter displacement before welding the body back together again, then 

we arrive at what is known as a rotation dislocation, whose Burgers vector is (in 

the special case of a circular loop), as required, tangential to the dislocation loop.

It should be noted that the analogy is not such that the stress components are 

expected to be uniform inside the cylinder and zero outside. Indeed, a stress field 

of this type can easily be seen to violate the conditions of mechanical equilibrium 

(1.3). We can see how a circular cylindrical dislocation sheet is analogous to a 

similarly shaped solenoid by comparing the expressions for the force on each. The 

force on a current J in a magnetic field B is J A B (see Clemmow 1973, for 

example) and so is proportional to

BAr,

where T is tangent to the current lines making up the solenoid. As we have seen 

(equation (1.12)), the force on a dislocation sheet with unit Burgers vector 6 in a 

stress field a is proportional to

(b.<r) AT,

T here being the tangent to the dislocation lines. The correspondence is thus 

seen to be not between the magnetic field and the stress tensor, but between the 

magnetic field and the product 6.cr, and we can show that the jump in 6.0-, across 

the dislocation sheet comprised of rotation dislocations, is a constant.

If the constituent loop dislocations each lie in planes parallel to the x^-plane,
__ yv

as in Fig. 2.6, then they have Burgers vectors 6(&i,62 ,0) and are such that 61 = r1?
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Figure 2.6: A Circular Rotation Dislocation C.

&2 = T2 . The stress components of the dislocation sheet are calculated from the 

Peach-Koehler formula (1.55) to be

rot 
13

^ =

JL /$ < -
47T Jc ( XI + XI '2 I Y2i ~T Ao

47T

where fl is the number density of dislocations in the sheet. These can be written

CT
rot

rot 
^23 =

_ //ft f h d 
4?r Jc dn

/, a
<P Oo ——

log R

ds,

(2.33)

(2 ' 34)

where <9/5n = ra.V and n is the unit outward normal to C. In turn (2.33, 2.34) 

may be written as contour integrals in the complex plane, namely

rot 
13

^.rot
^23 =

4?r w

'/-
Jc z

-dw.

where I denotes the imaginary part. From Cauchy's residue theorem it can be 

seen that as z crosses the curve C there are jumps in the values of &[£ and a^f 

equal to

[< rot} _ 
r !3 J —

(*•23 J =

(2.35)

(2.36)
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where the square bracket indicates the jump in value of the term as the curve C 

is crossed from the inside. 

Consequently

P 2 — ^

and the analogy is seen to hold. In general the analogy is not quite so simple. 

Here, we are aided by the fact that the only nonzero stress components are the 

off-diagonal elements of the stress tensor. Hence the hydrostatic stress (the trace 

of the stress tensor) is zero, and Hooke's law (1.4) involves only one of the Lame 

constants. The relationship between the stress and strain is in this case exactly 

analogous to that between the magnetic field density B and the magnetic field 

intensity H , namely that B = fiH where fj, is the "permeability" (see Clemmow 

1973, for example).
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Chapter 3

ZSE Distributions

We have seen in the previous chapter how simple continuous distributions of dis­ 

locations can be built from screws and edges. However, as mentioned in the In­ 

troduction, dislocations are often observed not to be arranged in simple sheets, 

but in three-dimensional configurations with regions of both high and low density. 

This inhomogeneity is one of the few facts universally acknowledged in respect of 
dislocations in deformed metals, and with this in mind the aim will be to exam­ 

ine distributions which are confined to a finite region (finite or spatially bounded 

distributions).

These inhomogeneous distributions are created by the process depicted schemat­ 

ically in Fig. 1.1. The diagram can be interpreted as follows. Suppose that at 

the origin O we have a perfect metal crystal; that is, one free from dislocations. 

The specimen will behave as described in Section 1.1, the crystal remaining perfect 

as long as the stress does not exceed the yield stress. Beyond the point ?2 the 

metal will yield, dislocations will be created and will move through the crystal 

giving plastic strain. Many of the dislocations will move right through the crys­ 

tal and 'disappear' through the edges, but some will remain when the specimen 

is unloaded, so that at Qi the material will no longer be perfect, although it is 

unstressed. As this process is repeated, the material will accumulate more and 

more dislocations. The presence of increasing numbers of dislocations obstructs 

the motion of those created during deformation and so explains the increase in 

the proportional limit and yield stress which occur upon loading, unloading and 

reloading. This process is known as 'work-hardening'.

It should be noted that the yield stress is very much greater than the stress
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required to move a single dislocation as described in Section 1.3.2. This may seem 

to lead to a contradiction, since the movement of a single dislocation certainly 

corresponds to plastic shear, and so the yield stress might be thought to be the 

stress required to set in motion a single dislocation in an otherwise perfect crystal. 

The paradox is resolved when one considers that in practice a large number of 

dislocations, each exerting stresses on the others, is present. Hence the yield stress 

must compensate for these stresses, and it is the resultant stress on the dislocations 

at the yield point which is small.

We will begin by considering configurations which are in equilibrium under zero 

applied stress - that is, we are thinking of a metal described by a point such as Qi 

on the strain axis in Fig. 1.1. As is evident from equation (1.13), for a single family 

of dislocations equilibrium is achieved if just one component of stress is zero where 

there are dislocations. That component may be nonzero away from the dislocated 

region, and certainly the five other independent stress components need not be 

zero anywhere (although they must of course be biharmonic wherever the strains 

are compatible, in accordance with equation (1.8)). Given this, it may, therefore, 

seem unsatisfactory to consider only those distributions which actually produce 

no stress field at all - that is, in which all components of stress are everywhere 

zero. However, as we shall soon see, the condition for equilibrium of dislocations 

actually ensures that, for a large class of finite distributions, the only possible 

'self-equilibrium' configuration is one of zero stress everywhere (ZSE) type.

Before proceeding it should be recalled (Section 1.3.2) that a simple cubic lattice 

is assumed, so that possible slip planes are those planes parallel to the coordinate 

planes.

3.1 Self-Equilibrium

A continuous distribution of dislocations is the source of a stress field which acts 

throughout the material concerned, and thus on the distribution itself. The distri­ 

bution is in equilibrium if the component of the Peach-Koehler force (equation 1.13) 

in the slip plane, and normal to the dislocation, is zero; in other words if

F.n = (Jijbimj = 0. (3.1)
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If this equilibrium is achieved in the absence of externally applied stresses then 

the distribution is said to be in 'self-equilibrium'.

The condition (3.1) for equilibrium is at first sight a weak condition. If the 

distribution in question is composed solely of dislocations of one family, then (3.1) 

indicates (as mentioned above) that only one component of the stress need vanish, 

and that only where there are dislocations.

A ZSE clearly satisfies equation (3.1) and is thus in equilibrium. It would seem 

surprising, however, if there were not other distributions which produced some 

stresses but which nevertheless fulfilled the less restrictive conditions imposed by 

(3.1). However, the following theorem can be proved.

Theorem 1 Any smooth distribution for which a ^ 0 everywhere in a finite 

simply-connected volume V, and which is in self-equilibrium, must be a ZSE.

Proof We begin by defining the elastic strain energy W as

W= l-jaij ei3 dV, (3.2)

where the integral is over the whole space. Replacing 0 by its expression in terms of 

the stress function i/> (equation (1.47)) and integrating twice by parts, the surface 

terms vanishing at infinity, gives

W = 2 J ^ln£ikl£Jmneii'kmdV> 

where the term in e is minus the incompatibility (equation (1.17)), so that

W = ~\j^indV. (3.3) 

Substituting the expression (2.7) for 77 in terms of a we get, since t/> is symmetric,

W = 2 J 

Integrating once more by parts, we have

W = ~\ 

where
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and

Vij = £ifc/^j/,jt, (3.5)

so that </> is unique up to the addition of a gradient.

As an example, let us take the situation where the volume V is filled with dislo­ 

cations of the 627713 family, so that the condition for equlibrium is that 

0-23 = 032 = 0 in V, and the only nonzero components of a are a12 and 0:22- 

Then (3.4) becomes

W = -- I </>2l<*12 + faiOlndV.

Since 032 = 0 in V we have </» 2 i,2 — </>22,i = 0 and so can write </> 2 i = d^/d^i, 

$22 — d(/d%2, where f is continuous and single- valued in V, since V is assumed to 

be simply-connected. The condition (equation (2.2)) that dislocations do not end, 

is in this case
= 0.

Hence
H^-I/

2 Jv
or

W = —

= ~o /2 JS=-.dv

by the divergence theorem, where n, being normal to S", is also normal to the 

dislocations on the boundary of V'.

Thus the elastic energy is zero, and since

>0,

(at least for materials whose Poisson ratio A/2(A + //) is nonnegative), all the strain 

components, and therefore the stress components, are zero. A similar method deals 

with all other possible families of dislocations.

This proof is similar to that used by Kirchhoff to establish uniqueness of solution 

for problems in elasticity in which either tractions or displacements are given on the 

boundary of the region in question. Following Kirchhoff, we have used the elastic 

energy, which, being a convex function, has a unique minimum. Here, however,
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we have the added constraint that (1.13) must be satisfied where ex. / 0, which 

is in effect the minimisation of the variation of the elastic energy with respect to 

dislocation displacement e, so that (1.13) could be written FN = dW/de.

This theorem, though leaving open the possibility that there are non-ZSE equi­ 

librium distributions occupying multiply-connected regions, does reveal that im­ 

posing the condition for self-equilibrium greatly restricts the range of valid distri­ 

butions, and indicates that in metals free from applied stresses ZSEs will play a 

major role.

Some examples of ZSEs will now be given, and in Section 3.3 the equivalency 
of ZSEs and dislocation distributions whose incompatibility vanishes everywhere 
(ZIEs) will be discussed.

3.2 ZSE Distributions

We begin by considering two fundamental ZSE distributions which, though not 

finite, will nevertheless be useful later in discussing finite distributions. An impor­ 

tant finite ZSE will also be discussed, as will an example based on the cylindrical 

sheet of the previous chapter.
(i) In Section 2.3.1 we saw that a sheet of screw dislocations lying in the Xi = 0 

plane, with tangent r — (0,0,1), unit Burgers vector 6 — (0,0,1) and slip plane 

normal to ra = (0, 1,0) has a stress field whose only nonzero component is

x l > 0 
-/zft/2 zi < 0,

and for which the only nonzero component of a is

Consider next the 'orthogonal family' of screw dislocations with b — (0,1,0), 

T — (0, —1,0), which also covers the plane x\ — 0 with uniform density Q. This 

has only one nonzero component of stress, namely

and one nonzero density component,

52



Figure 3.1: Dislocations of the 627713 family lying in a surface 5. The arrows denote 
the tangent T to the family.

and so the superposition of these two families has a nonzero density tensor, but 

zero stress everywhere. In metallurgical terms it is a twist boundary; here it will 

be termed a cross-grid of screws.

It should be noted that it was not necessary here to specify the slip planes, as 6 

and T are parallel for pure screw dislocations. However, consideration of how the 

dislocations could join up if they were (large) loops shows that the 0:33 family lies 

in o^Xa-planes, and the a2 2 in x^-planes. (See also the ZSE box, example (Hi)).

(ii) The sheet of edges has already been examined in Section 2.3.3, where it 

was seen that a distribution with nonzero component of «

is a ZSE. This corresponds to a tilt boundary.

(Hi) A simple example of a finite ZSE was found by Head (private communi­ 

cation) by using the expression (2.32) for <r in terms of a. Consider the family of 

dislocations of the 62 m3 slip system, illustrated in Fig. 3.1, which lie in the surface 

5. For this family (2.2) becomes

(*12,1 -f C*22,2 = 0,

and so, for some function /c(xi,x2 ,x3 ), one may write

d/c
, a22 = -
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Figure 3.2: Dislocations of the 637712 system, lying in a surface S.

where, for example, AC could be constant inside the surface and zero outside. The 

interpretation of functions such as this will be given in Chapter 4. Substituting 

these expressions for «i2, #22 into (2.32) gives the (723 component of stress (the 

component which would move the dislocations) as

d4
4?r

d4

dx\ KRdV,

where we have used the property of R that

dR dR

Consider next the 'orthogonal family' of the 63ra2 system which is shown in 

Fig. 3.2. In this case (2.2) becomes

&13.1 + <*33,3 = 0,

and so one may write
dk

dx^ °° dxi' 
for some function k(x\,x<2,X3). One finds the <J23 component of stress to be

fJL -?' I
It is clear, therefore, that if k = K then the 23-component of the stress of the com­ 

bined families will be zero. However, examination of the other stress components
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= (0,0,1)

b = (0,1,0)

Figure 3.3: A ZSE surface - at A the ZSE looks like a cross-grid of screws, and at 
B like a sheet of edges.

reveals that they too are identically zero and we have a ZSE. Since K = K, it is also 

true that a22 = #33 5 in other words, the two families lie on the same surface, and 
locally the superposition is a combination of a cross-grid of screws and a sheet of 

edges (Fig. 3.3).

A special case of this rather general surface ZSE is that of the cube depicted in 

Fig. 3.4. Two faces of the cube are cross-grids of screws, while the remaining four 

are sheets of edges. This ZSE - the "ZSE box" - will be referred to repeatedly in 

the next chapter where its physical interpretation is given.

(iv) The cylindrical sheet of the previous chapter was composed of dislocations 

of the 627713 family with nonzero density components a12 and 0:22- It was also 
described how a cylinder covered by screw dislocations parallel to the x3-axis would 
produce an identical stress field if the density was given by

«33 = — ft cos 0,

where 0 is the angle between the :c2-axis and the tangent to the cross-section of 

the cylinder. Thus, if we take the distribution described by

0:33 = fJ cos 0,

and superimpose this on the cylindrical sheet of the 62 ra3 family (Fig. 3.5), we will 

obtain a ZSE. The screw component of the 62 m3 family is

a22 = ffc cos 0 = a33 ,
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Figure 3.4: The ZSE box: note how the faces are either cross-grids of screws or 
sheets of edges.

because 0 is also the angle between the unit Burgers vector 6 = (0,1,0) and the 

tangent to the 627713 dislocations. Hence, in common with the cross-grid of screws 

and the ZSE box, the screw components of the cylinder ZSE are equal, and we can 

say that, locally, the cylinder ZSE is a combination of a cross-grid of screws and a 

sheet of edges, and hence another special case of Fig. 3.3.

(v) In plastically deformed metals it is usually the case that dislocations occur 

in walls which, though considerably thinner than the undislocated regions, are 

nevertheless comprised of more than a single grid or sheet of dislocations (see 

Fig. 3.6). The ZSE box is one example taken from a large class of distributions 

which can be generated from (3.12). A "volume" ZSE can be produced by setting, 

for example,

6 = ft [(02 - r)H(a 2 -r)- 

6 = 6-0.

- r)#(ai — r)], where r2 = xl + x\ -f x\

This represents a ZSE distribution occupying an annulus between two spheres with
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Figure 3.5: Cylindrical ZSE composed of a combination of loops and pure screws.

Figure 3.6: An electron micrograph of work-hardened aluminium. Young et al. 
(1986).
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nonzero density components

T
(3.6)

(3.7) 
r

al3 = -0— [#(a2 -r)-#(a!-r)], (3.8) 
r

(3.9)

Volume ZSE distributions are just continous distributions of surface ZSEs and can 

be interpreted correspondingly, as will shortly be seen. There is also experimental 

evidence, cited in Chapter 4, which supports the contention that the dislocation 

configurations present in work-hardened metals are similar in nature to volume 

ZSEs.

3.3 Zero Stress and Zero Incompatibility

It is clear from (1.46) that if <r — 0 the incompatibility must also be identically 

zero. That is, every ZSE produces zero incompatibility everywhere (ZIE), and so 

it is natural to ask whether or not zero incompatibility ensures zero stress. We can 

in fact prove the following:

For a finite distribution of dislocations zero stress everywhere (ZSE) and zero 

incompatibility everywhere (ZIE) are equivalent.

As stated above ZSE=>ZIE by (1.46). To show that ZIE=»ZSE, we recall that 

for finite distributions (1.51) holds, and since TJ = 0, x = 0- Then, from (1.54),

(T = 0.

The restriction to finite distributions is important here. Recalling the slab of 

screw dislocations (Section 2.2.2) it is easy to see that if we add more and more 

dislocations to the slab, increasing its size (that is, allowing c — * oo) then the 

whole space will be filled with a dislocation distribution of density c*33 = Q, a con­ 

stant, whose incompatibility is thus zero, but which has nonzero stress component

0*23 = 032 = fJlftXi.

Sheets of edges and cross-grids of screws are infinite distributions, but if we 

think of them as being the appropriate faces of a large ZSE box then they fall 

within the context of this result.
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The importance of this result lies in the fact that, if one wishes to discuss ZSEs, 

one can restrict consideration to those distributions whose incompatibility is zero. 

Indeed, we are now in a position to derive the general form of the dislocation 

density tensor a for finite ZSE distributions. We need to solve (see (2.7) and 

(2.2))

= 0, (3.10)

and

a,n,,=0, (3.11)

which constitute nine equations for the nine components of a. By using the first six 

equations (3.10) to write three of the a,-n in terms of arbitrary functions, and then 

substituting in the remaining three equations (3.11) for the dislocation densities, 

one arrives at the result

ain = Si,n ~~ £p,pVin-> (6.12)

where the £, are each arbitrary functions of £1, x%, and £3- For example, the 

cross-grid of screws can be generated by setting

6-6-0. (3.13)

where H is the Heaviside function. The sheet of edges corresponds to setting

6 = ft#(zi), 6 = 6 = 0. (3.14) 

The ZSE box can also be seen to be the result of choosing

6 = * = /c, 6-6 = 0, (3.15)

with

K = ttH(a - \ Xl \)H(a - \x2 \)H(a - |x3 |),

la being the length of the edges of the box. It is hoped to shed light on the physical 

interpretation of functions such as £ in Chapter 4.
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3.4 Further Comments

In Section 1.5, the work of a number of authors was cited who had considered 

distributions of dislocations which produced no "long-range stresses", or rather 

distributions whose stress field decays exponentially with distance, in contrast to 

single dislocations, for example, whose stress components decay algebraically. It 
was also mentioned that if such a discrete array is "smeared out" into a continuous 

distribution of infinitesimal dislocations, the stress field which results vanishes, as 

in the case of the cross-grid of screws (Section 3.1), for example, or the sheet 

of edges (Section 2.3.3). Short-range stress distributions of dislocations predate 
ZSEs, whose expression in the present context was first given by Head (private 

communication - see the ZSE surface of Section 3.2) and Mura (1989) (who used 
the term "impotent" to describe the surface ZSE). However, the origin of ZSEs can 
be traced back to von Mises (1928) who gave the criterion that a minimum of five 
independent slip systems are necessary if a crystal is to be capable of undergoing 

general plastic deformation (see Hirth &; Lothe 1982, p.297). As detailed in Hirth & 
Lothe, this means that in a face-centred cubic crystal, for example, in which there 
are twelve available slip systems (four slip planes, in each of which there are three 
possible Burgers vectors), the five slip planes necessary for plastic deformation can 
be chosen from the 12 available in a total of 792 ways. Of these, 144 correspond to 

leaving the crystal precisely as it was, 264 to a rigid body rotation of one part of 

the crystal with respect to another, and the remaining 384 to a deformation other 
than a rigid body rotation. It is the second category that concerns us here - those 

plastic deformations which result in a rotation of the crystal lattice but no overall 

change in shape. These ideas will be expanded and clarified in the next chapter.
The approach followed in this chapter to introduce ZSE distributions has not 

explicitly involved any mention of plastic deformation but has used exclusively the 

properties of dislocations as sources of stress and incompatibility. Similarly Nye 

(1953), in introducing the dislocation density tensor, was not concerned per se with 

plastic deformation. The same may be said of Frank (1955) and Bilby et al. (1958). 

There are thus two alternative approaches to the conceptualisation of ZSEs: (i) (as 
the name ZSE suggests) as distributions of dislocations which produce no stress; 

and (ii) (as will be seen more clearly in Chapter 4) distributions of dislocations
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which rotate the lattice lines by means of plastic deformation but which preserve 

the shape of the material.

3.5 Prismatic Dislocations

Although, as mentioned earlier, we are mainly concerned with glide dislocations, 

there is one observation which may be made regarding prismatic loops which has 

implications for the nature of the dislocations in a ZSE. The observation is this: 

if a ZSE were comprised solely of prismatic dislocations then there would be no 

screw component. In other words the elements of the trace of a would all be zero. 

This means, in turn, that, from (3.12)

6,1 = 6,2 = 6,3 = 0,

and, consequently, that the dislocation distribution cannot be spatially bounded. 

Thus, it is concluded that a finite ZSE cannot be comprised solely of prismatic 

dislocations. In the light of Theorem 1, one is therefore led to the conclusion that 

no finite distribution of purely prismatic dislocations can exist in self-equilibrium, 

and this further justifies the restriction to glide dislocations imposed here.
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Chapter 4

Plastic Distortion - Interpretation
of ZSEs

So far, it has been seen how continuous distributions of dislocations may be built 

up by averaging arrays of discrete dislocations; a set of equations for the stress, 

incompatibility and dislocation density has been derived, and the model has been 

closed by giving the condition for equilibrium of a distribution. With the original 

motivation (a dislocation description of Fig. 1.1) in mind, the role of ZSEs has 

been highlighted as being obvious candidates for self-equilibrium distributions, and 

support for the emphasis placed on ZSEs has been supplied by showing that in 

certain cases these are the only possible self-equilibrium distributions.

In this chapter, our examples of specific ZSEs will be reconsidered in terms of 

what Kroner (1955) has called "plastic distortion". This will enable us to give a 

geometrical characterisation of ZSEs and to prove, in a slightly different manner, 

Theorem 1 of the previous chapter. Having introduced the plastic distortion, 

and what will be called "total displacement", these quantities will first be given 

explicitly for the screw and edge dislocations, before the relevant expressions are 

derived for an arbitrary curved dislocation.

Plastic distortion can be interpreted in a variety of different ways - the "stress- 

free transformation strain" of Eshelby's (1957) well-known ellipsoidal inclusion 

problem can be thought of as plastic distortion of the ellipsoid, while Kroupa 

(1962) interpreted plastic distortion as a continuous distribution of infinitesimal 

dislocation loops. More will be said about each of these approaches later.
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4.1 The Distortion Tensor (3

In creating a dislocation loop by cutting over a surface bounded by the line of 

the proposed dislocation, and displacing the two faces of the cut, holes appear 

which need filling and some interpenetration will occur for which compensation 

must be made. If this is indeed the case, then it is extremely difficult to envisage 

how a displacement may be denned near to the cut. The problem does not arise, 

however, if one takes the cut surface to be in the plane of the loop, as then the 

process does not generate any holes or interpenetration except near the line itself, 

and the displacement is simply defined as the displacement of the material from 

the reference configuration. Clearly, this displacement is not defined actually on 

the cut surface itself but only in the limit as the surface is approached from either 

side.

One way in which to calculate the strain field of a dislocation is to ignore the 

jump in displacement it, differentiate u away from the cut according to (1.1), 

and note that the result is continuous across the cut. If, however, one wishes 

to retain information about the cut surface, then the jump in the displacement 

must not be ignored, and one is led to consider what will be known as the "total 

displacement" itT , which differs from u solely in the respect that the derivatives of 

UT are interpreted as distributions, so that, as shown below, there is an additional 

term involving a delta function. The gradient of UT will be written as

and will be termed "total distortion".

It will be simplest first to give an example. For the screw dislocation (1.29, 1.30)

U T = (0,0,0/2*-) -7T <0 < 77,

where 0 is the cylindrical polar coordinate. When the derivatives in (4.1) are 

interpreted as distributions (see Appendix A. 6) one finds

,T ~ bx <
13 z? +

A
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where H is the Heaviside function. For edge dislocations, where

UT = I arctan — —
2(1 '4(1 -v

< X ,o ,
rrt

I has nonzero components

/9u =

6
27T

6
2?r

Xi ( 1 X2(x\-Xl}
[ x 2 -

[ *2

.xf +

6
2?r

6
2;r

" 1 -

.2(1

" 1 -
[2(1

4- r2 9f1 jy'i /'r 2 4- r2 ^ 2 '~ 0/2 V / V 1 1^ 2/

x^ 2(1 - j/) (x? + x^)2 + *^

-2,/ x, 1 Xlx\ 1
-•/)*? + *! ' l-^(x? + ^)2 J

o 1 2 
— Zl/ X2 1 XjX 2

-v)x\ + x\ 1 - ix (xf -fx2,) 2

(4.

In either situation the respective /3 can be averaged, as were the stress com-
T*

ponents in Chapter 2, and it is seen that the distortion tensor (3 will inevitably 

have two components. One component (the last terms in each of (4.2) and (4.3)) 
is the plastic component, subsequently to be called (3 , in which is encoded the 
cut-and-weld instructions; it is merely the generalised derivative of the relative 

displacements through B that have occurred across all the cuts. The other com­ 

ponent (the first two terms in (4.2) and (4.3)), subsequently to be called /3 E , is 

the elastic component resulting from the elastic response to the weld process. We 

thus write
T

and note that none of these tensors is necessarily symmetric. In the continuum
T1

limit both components of /3 will be piecewise smooth functions wherever cuts 

have been made. For example, for the sheet of screws (Section 2.3.1) the only
p .nonzero component of p is

and for the sheet of edges (Section 2.3.3)
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From these examples it is expected that (3 P will have support over the cut surface, 

and indeed it can be shown that this is the case for the arbitrary curved dislocation. 

In order to derive this result, we first develop the expression for UT for a curved 

dislocation.

4.2 Total Displacement of an Arbitrary Curved 
Dislocation

In Chapter 1 Navier's equations (1.6) for the displacements in a strained elas­ 

tic body were derived. Clearly, when a dislocation is present in the body, these 

equations hold only away from the cut surface. Similarly, the total displacement 

UT will satisfy Navier's equations away from the cut, but there will be a nonzero 

right-hand side corresponding to the distributional derivatives. Thus we may write

/ \ , \ T i \-r2 T I A A \(A -f l*>) uj,ji + A*v ui — ~9ii (4-4)

where pt exists only on the cut surface. To solve this equation it is useful to 

introduce Green's tensor function G^, the tensor analogue of the usual Green's 

function which is often used to solve differential equations. Whereas the Green's 

function G(x] represents the response of a system at a point x to a unit impulse 

applied at the origin, the Green's tensor function here represents the displacement 

uj (x) due to a point force at the origin in the direction Xj. Seeger (1955) has 

shown that the equation for Gij is

(A + n)Gjmji(x) + //V2 Gim (x) + 6im 6(x) = 0, (4.5)

along with the boundary condition that Gij vanishes at infinity. Here, S(x) is the 

three dimensional version of the Dirac delta function (Section 1.6.2). The solution 

of (4.4) is then

ul(x) = f Gkm (x - x'}gm (x'}dV' , (4.6)

where the integral is over the whole space. Substituting (4.6) in (4.4) and using 

(4.5) confirms that this is indeed the solution. However, (4.6) is not a very useful 

expression for MT , and so we begin with the equivalent expression

(4.7)
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where the integral is over the whole space, apart from the cut surface S. Evaluating 

this using the divergence theorem, and denoting the positive side of S by 5+ and 

the negative side by S_, we have

The surface terms at infinity vanish since G,j vanishes there. As the displacement 

11% jumps by the amount Bk , the Burgers vector, on crossing 5, (4.8) gives

uTm (x] = I Bk {\6ik Glmj(R) j s Gim , k (R))}n t dS' , (4.9)

where we have written -R = x — x'.

All that now remains is to evaluate GtJ by solving in (4.5). This we can do by 

using Fourier transforms (Leibfried 1953, see de Wit 1960). Defining the Fourier 

transform of Gkm as

Gkm (k) = jGkm (x)eik -x dVx ,

the integration being over the whole space, then the inverse transform is

Gkm (x) =

Taking Fourier transforms of (4.5) gives us

(A

Multiplying by &t and summing over z this becomes

(4.10)

(A

and so
Glm (k) = - film A -p H KiKffi

k2 A + 2/z fc4
which we can invert using (4.10) to give

Gim (x) =
STT/J 2

(4.11)
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Substituting in (4.9) for Gfcm , we obtain the expression for the displacement as

BmR.pp + Bk 6im R, kpp - 2-^-tf R
A -f- ZfJ,

-— / {BmR^ppdSl + BkR,kpP dS'm }

I _ __ 
4?r A +

1

, p ^ (4.12)
07T J5

I [BiR^mpp — BkR,ikm}dS'i .
JS47rA-t

The last two terms here can be turned into line integrals around the boundary of 

the cut surface, that is, along the dislocation line C. Stokes' theorem is, in suffix 

notation,

/ 6{jkAk,jdSi = <f> Akdx k , Js Jc
for any open surface S bounded by the curve C. The second term in (4.12) may 

be written (bearing in mind that R^ = —R,i'} as

J_ /ro o jo. _ DO , C M J_ / o_ f p ,o/o / \^k^-,kpp(-1' 1̂ m •L-'i{i',mppU'Ui f — I -D[Oij k c k l Tn nnpjCiUj
57T JS 07T JS

= — 0 Bi£ k im R<ppdx'k .
O7T JC

Applying Stokes' theorem in a similar fashion to the third term in (4.12) we obtain

T _ 1 / D p jc; ^ /
m 8?r 7s ' ppi l STT 7c

. 1 A +

which we may alternatively write as

Bm ft 1 jf—-'
c 
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where

is the solid angle subtended at x by the surface S. This is essentially the form 

given by Burgers (1939) (see de Wit 1960), the minus sign being the consequence 

of an opposite definition of the Burgers vector. The solid angle is not a single 

valued function - it changes by an amount 4;r on linking the curve C'. However, 

the last two terms in (4.13) are single-valued. The second term can be seen to be 

so because in vector notation it can be written

1 f B A dx'
h R '

which is proportional to the vector potential of a line current in magnetostatics. 

The third term is the gradient of a single-valued function, and so, when integrated 

around a closed curve, it gives zero.

De Wit (from whose review article much of the above is taken) obtains the 

expression (4.13) for the displacement by assuming that the material contains 

body forces, so that Navier's equations (1.6) have a nonzero right-hand side, and 

hence that a nontrivial solution may be derived. He then sets the body forces to 

zero to deduce the formula (4.9). Whilst this gives the correct answer, it is a little 

misleading, since there are in fact no body forces at all. However, the g, in (4.4) 

may be interpreted as being a layer of body forces confined to the cut surface.

Now that we have arrived at an expression for the total displacement of an 

arbitrary curved dislocation we recall our original motivation, which was to find 

the associated total plastic distortion. This we do by taking the gradient of the 

total displacement.

4.3 Total Plastic Distortion of an Arbitrary Curved 
Dislocation

In deriving their formula (1.55) for the stress tensor of a dislocation as a line 

integral over the dislocation curve, Peach & Koehler (1950) expressed the solid 

angle as a line integral and differentiated under the integral sign. It is easier, 

however, firstly to take the gradient of the solid angle and express that as a line 

integral.
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Again we follow de Wit (1960) and note that

Using the relation R,upp = — 8?r^(JR), our expression for the total plastic distortion 
is

= -Bi I 6(R)dS', Js

r> .

Jc

In common with our earlier examples we have a plastic component (the first term) 

which has value B{ on the cut surface and is zero elsewhere, and an elastic com­ 

ponent comprised of the other three terms.

An immediate consequence of (4.14) is that the elastic distortion gives the 

components of the strain through the equation

«i = \(PS + $), (4.15)

and thus the stress components (1.55) through Hooke's law (1.4). Indeed, by 

neglecting the plastic distortion, this was how Peach &; Koehler (1950) derived the 

expression for the stress tensor.

At the beginning of this chapter it was stated that, in order to give physical 

meaning to the total displacement, we would always take the cut surface to be in the 

plane of the dislocation. It should be noted, however, that in the derivation leading 

to (4.13) the cut surface could be any surface whose boundary is the dislocation 

line. We will say more about this shortly.
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4.4 Distortion and the Density Tensor

Since the plastic distortion j3 effectively records the cut-and-weld procedure, it 

is not surprising that the dislocation density tensor a may be written in terms 

of /3 . The appropriate relation was first written down by Kroner (1955); three 

observations will help us to identify the nature of this relation. The first is to note 

that (2.2) expresses the fact that the divergence of ot is zero. This means that a 

may be written as the "curl" of a function which is unique up to the addition of a 

gradient. Secondly, from (1.17), (2.3) and (4.15), we have that

G"* 
tnm i ^imn^-nm ~~ ^ikl^mnP ~T

_ ZT*
This suggests that the dislocation density is the "curl" of the elastic distortion p . 

To relate ex to the plastic distortion we make our final observation. The equation

V A /3T = V A (/3 + (3 P ) = 0, (4.16)

would be automatically satisfied in the classical sense if UT were differentiable, since 

/3 T is the gradient of itr , but it is always satisfied in the sense of distributions. 

Thus we are led to suggest that ex is minus the curl of j3 , a suggestion which we 

can show to be true by re-examining (4.14). From (4.14) we have

An = ~Bn I 6(R)dS'h (4.17)
*/ J

whose curl is

= Bn I 
J S

= -Bn f
J O

where ra is the outward normal to S and the subscript V here denotes the z'th 

component rather than the derivative with respect to x,. Therefore (using the 

formula fc (j)dx = fs n A VfidS from vector analysis)

- Bn j>c 8(R)dx\
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r being the unit tangent vector to the dislocation line, and dl1 a line element. The 

right-hand side here is clearly the 'm'-component of the dislocation density, since 

the integral is a delta function along the dislocation line, and so we have

It follows immediately from (4.16) that

From the expressions for (3 E and (3P in (4.14) it is seen that (3 is not unique, 

due to the arbitrariness of the cut surface spanning the dislocation line. Thus, 

if /3 were defined by (4.18), the appropriate surface would have to be given to
ri

ensure uniqueness. On the other hand /3 , being an integral around the dislocation 

line, is unique. If (3 were to be defined through (4.19) we would therefore require 

a "gauge" condition. This is supplied by substituting (4.15) into the equilibrium 

equations (1.3) giving

(Xfikkhj + 2M/^) 5 L' = 0, (4.20)

and, indeed, this condition can be shown to ensure uniqueness of (3 (see Mura 

(1963) and Willis (1967) 1 where the explicit Green's function representation 

Pmn( x } = / CtjkiGnk,i(x — x')ermjari(x'}dx' is displayed, C,^/ being the elastic 

constants for the anisotropic case).

4.5 Choice of the Cut Surface

It has already been stated that the emphasis here is on glide dislocations, and 

it has been assumed that the available slip planes are parallel to the coordinate 

planes. For a dislocation which fulfils these criteria it is natural to choose the 

surface in which to make the cut to be the slip plane. In this case it can be seen 

from (4.17) that only one off-diagonal component of /3 P is nonzero. 2 For example,

l This situation is also reminiscent of electromagnetism where the gauge condition div A = 0 
ensures the uniqueness of the vector potential whose curl is the magnetic field (in fact A = 
f jdv/\r\, where j is the current).

2 It is important for later purposes to observe that the restriction to glide dislocations implies 
that the diagonal components of ft are each zero.
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if the dislocation were given by

«12 - sm06(l-r)6(z), (4.21) 

a22 = -cos 06(1-r)6(z), (4.22)

where (r, 0} are polar coordinates in the xiX2-plane, then we would have 

/3£2 = H(l — r}6(z) with all other components being zero. In later sections it 

will always be assumed that the cut is chosen in this way, but it is illuminating 

to consider other examples. The cut may be made over any open surface whose 

boundary is the dislocation loop, so that /3 , which spans the surface, will have a 

different form depending upon the chosen cut. If, for instance, in the above exam­ 

ple the spanning surface were the semi-infinite cylinder r = l,z > 0, the nonzero 

components of (3 would be

/?£ = smOS(l-r)H(z), 

PP2 = cos 06(1-r)H(z).

Any other spanning surface would have a combination of P^t P^i and /?(^, as can 

be observed from (4.17).

A slight variation on this example is if the dislocation loop, while still a glide 

dislocation, is such that its slip plane is not parallel to one of the coordinate planes. 

If the cut is, nevertheless, chosen to be in the slip plane, then the diagonal elements 

of /3 P are nonzero (Fig. 4.1), but since the Burgers vector is normal to the slip 

plane normal, it can be deduced from (4.17) that the trace of (3 P is zero.

In summary, for glide dislocations there are two cases: if the slip planes are all 

parallel to coordinate planes and the cuts have been made in the slip planes, then
pthe diagonal elements of (3 are each zero; in the case in which the slip planes 

are not parallel to the coordinate planes, but the cuts are made in the slip planes, 

one can say that ppk — 0. The breaking of either of these conditions implies the 

presence of prismatic dislocations.

4.6 Construction of ZSEs

Now that the concept of plastic distortion has been introduced and the implications 

of the choice of cut surface have been explored, we will return to the theme of the
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Figure 4.1: A dislocation loop whose slip plane is not parallel to one of the coor­ 
dinate planes, and therefore which has nonzero diagonal elements of /3 .

previous chapter, and discuss how an understanding of plastic distortion can enable 

us to create ZSEs following the idea of Mura (1989) and Head et al. (1992). It will 

be assumed that we are concerned with glide dislocations, that all slip planes are 

parallel to coordinate planes, and that the cuts needed to create the dislocations 

are made in the slip planes. Let us begin by making an observation. Substituting 

(4.18) into (2.3) gives

lii = e^mn(0£);L; (4-23)

hence the skew-symmetry of (3 P ensures the vanishing of 77, and in turn cr (see 

Section 3.3). Thus, supposing we are given a family of dislocations, we can ask 

whether it is possible to "cancel" the stress field of this family by superposing a 

second family in such a way as to ensure a skew-symmetric fip . The feasibility 

of this construction can be seen, for example, when we have a given distribution 

of 62 m3 dislocations, giving nonzero a12 ,a2 2- Here, from (4.17), the only nonzero

component of 

component is

is /?£. Now superpose a new distribution whose only nonzero

32-
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It will only have 63m2 dislocations (with 0:13,0:33 the only nonzero dislocation den-
r> ^^ j p

sities), each of which will be orthogonal to the original family. However, p + p 

is skew-symmetric and so there is zero stress and zero incompatibility everywhere. 

This procedure can evidently be extended to more general families, as will be 

illustrated shortly.

The cross-grid of screws (Section 3.2(%)) can be generated by a skew-symmetric 

plastic distortion with nonzero components

#3 = SlH(- Xl ) = -#£, (4-24)

Incidentally, (4.24) also indicates that the slip planes have been chosen to be those 

parallel to the XiX 3 and £i£ 2-planes for the 033 and o-22 dislocations respectively. 

The ZSE box is composed of dislocations of the 62777,3 and 637773 families for which 

cuts were made inside the box parallel to the x\x<i and xiX3-planes respectively. 

The relevant nonzero components of (3P are consequently

/?2P3 = -/?3P2 = ft#(a - M)H(a - x,\)H(a - \x3 \). (4.25)

On the other hand, the sheet of edges is not produced by a skew-symmetric 

j3 , but by a single nonzero component

/?£ - n#(-zi), (4.26)

if the cuts are made in the negative £i-plane.

The expressions (4.24, 4.26, 4.25) for the plastic distortion resemble closely 

those for the vector £ (3.13, 3.14, 3.15). This is not a coincidence, and it will be 

seen later in what sense j3 p and £ are related in ZSEs.

4.7 Distortion in ZSEs

As stated above, the skew-symmetry of (3 P ensures that 77 and a vanish, and if 

we were to compare the expression for a in terms of £ as given in (3.12) with that 

for a in terms of /3 P as given in (4.18), we would be encouraged to ask whether 

3 P is alwavs skew-symmetric in a ZSE. In fact we can show that this is indeed the
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case when we impose the restriction that there are no prismatic dislocations. The 

proof is given in Appendix A.7. From (4.14) we then obtain

(4.27)

This means that, up to rigid body rotations and translations of the entire body, 

UT = 0, and consequently (see (4.14)) that (3 E + (3P = 0.

Since the incompatibility is zero everywhere, both (3 and /3 satisfy the com­ 

patibility equations and so it will be possible to define both a single-valued elastic 

displacement U E and a single-valued "plastic displacement" up , although neither 

UE nor up need be continuous. In regions where a = 0, U E and up will be 

classical continuous displacements, and so will correspond to rigid body rotations 
and translations. Now, from (4.14), UT = UE -\- up and since UT = 0 we have 

up — —UE . That is, in a ZSE, the elastic displacement is exactly cancelled by an 

equal and opposite "plastic displacement" up'.

As an example, let us consider a ZSE situation where the dislocations are 

confined to a closed surface surrounded by material which has not been sub­ 

jected to any "cuts" during the cut-and-weld procedure. Hence outside the surface 
up = U E = 0, and inside the surface we have

up = u A r + c, UE = —u A r — c, (4.28)

for suitable constants u; and c. This corresponds to removing the interior, cutting 

along one family of slip planes (illustrated in Fig. 4.2 for the simple cubic case) and 

displacing along those planes to strain the interior, and then cutting and displacing 

along the second family to "cancel" this strain (thereby creating up ) and finally 

rigid-body-rotating back (through UE ) to enable the interior to be reinstated. In 

this case the support of (3 is the surface and its interior, and the support of a 

is the surface itself. Note that if we did not rotate between the second cut and 

reinsertion, stresses would be necessary for the interior to be reinstated, which 

would then leave a non-ZSE configuration. Fig. 4.2 is also an example of what was 

mentioned in Chapter 3 in the context of the von Mises criterion for the general 

plastic deformation of a crystal. The crystal can be seen to have suffered a plastic 

deformation which retains the shape of the material.
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(a)

•sx.

Figure 4.2: (a) The interior of the cube; (b) Plastic distortion 
distortion /?£ = -/?£; (d) Rigid body rotation.

(c) Plastic
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The ZSE box (Section 3.2 (Hi)) could be produced by just such a process. It 

can be followed explicitly (illustrated in Fig. 4.2): take the first set of cuts to 

be along planes parallel to the z^-plane and displace in the x? direction. Then 

cut along planes parallel to the o^xa-plane and displace in the minus £3 direction. 

If the displacements are uniformly distributed throughout the cube V, then the 

elements /3 2̂ and /323 of (3 will be constant throughout V, and will vanish in the 

region exterior to V. Then

U") o — DOT — ^ r> , • i/iJ J/ 0 outside

.. _
"3,2 ~

and

everywhere. Hence
_ cx3 inside dV 
~~ 0 outside dV

—cx-2 inside dV 
0 outside

and
E _U3 — ~

This thought experiment, which involves removing a piece of material, plas­ 

tically deforming it and applying the appropriate elastic deformation (a simple 

rotation in the case above) to return the piece to its original shape, is similar to 

that of Kroner (1958) when introducing the concept of incompatibility. Kroner 

imagines the material to be cut into a large number of volume elements, which are 

then plastically strained. The original state of the material is described as 'con­ 

nected', to indicate the absence of holes. After the elements have been strained, 

however, they no longer (in general) fit together, and the body is thus no longer 

connected. Incompatibility is, physically, the result of plastic distortions which 

destroy the connectedness of the body. In reality, plastic deformation does not, 

of course, occur through such a mechanism. To achieve the final state described 

above, dislocations would have to either "move in" from infinity, or "out" from
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sources inside the surface. Plastic and elastic deformation would then occur simul­ 

taneously. Nevertheless, the thought experiment is an aid to understanding the 

resultant state and the complementary effects of elastic and plastic distortion. 

In terms of our formulation, connectedness corresponds to

I duf = <f uljdxj = 0 (4.29)
J C J C

for any closed curve C in the body. If the derivatives of UT are interpreted in a 

distributional sense, (4.29) will hold unless there are holes in the material.

4.7.1 Note on Surface Dislocations

Surface distributions have been represented here by a dislocation density tensor 

which has a delta function over the surface. For example, the sheet of screws 

(Section 2.2.1) has nonzero density tensor component

a33 =

and this is interpreted as meaning that a screw dislocation family of strength 0 

occupies the plane Xj = 0. There is an alternative approach to the concept of 

the surface dislocation distribution, first given by Bilby (1955). If (3 is uniformly 

distributed throughout a region V, then there is a dislocation distribution confined 

to the surface of V, and the strength of the distribution can be written

where n is the unit outward normal to the surface, and [f3] = (3+ — ft p_, where 

(3*? denotes the value of (3 just outside the surface and j3_ is the value of (3P just
i

inside the surface.

Surface currents in electromagnetism, and surface vorticity in fluid dynamics 

can be defined in a similar manner as the jumps in the tangential component of 

the magnetic field or the velocity field respectively.

4.8 More ZSEs

Armed with the ideas enunciated above, we can now construct some ZSEs of a 

more elementary composition. Recall the dislocation C (Section 4.5) whose only
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Figure 4.3: Dislocation line C with j3 2̂ spanning the interior.

nonzero component of /3 P is (3 2̂ — H(\ — r)8(x3 ), if the cut is taken inside the 
loop. The cancelling dislocation family thus has

and

The relevant dislocation densities are

Of 12 = - sin 68(1 - r)8(x3 ), 

a2 2 = cos 08(1 — r)£(x3 ),

a'13 = -H(l-r)8'(x3 ), 

a'33 = cos 08(1 — r)8(x3 }.

Hence the cancelling family represents a uniform distribution of edge dislocation 

dipoles "enclosing" 5 as in Fig. 4.4.

ZSEs such as that in Fig. 4.4 can now be superimposed to generate a surface 

ZSE such as that discussed in Section 3.2 (Hi). In order that the dipoles cancel in 

the interior of the surface the superposition must be of dipoles of equal strength. 

The surface dislocation can, alternatively, be viewed as a superposition of more 

basic dislocation arrangements involving dipoles; the logical conclusion of this 

decomposition of dislocation distributions into their most fundamental elements 

is a description in terms of infinitesimal dislocation loops, first given by Kroupa 

(1962), and which will be examined in more detail later in this chapter.
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Figure 4.4: Dislocation loop and cancelling family of dipoles.

4.9 Theorem 1 Revisited

Using the ideas presented concerning plastic distortion, we can now prove again 

the theorem of the previous chapter and extend it to cover the case of distribu­ 

tions confined to simply-connected surfaces. Again consider the elastic energy W 

(equation (3.2)). From (4.14) and (4.15) we may write

Substituting this into (3.2), we have (using the symmetry of cr,-j and (1.3))

1.
2J

Integrating the first term by means of the divergence theorem, and taking the 

tractions o^Uj to be zero at infinity, leaves us with

W = —— (4.30)

Assuming f3 p to have support in the plane of the each dislocation loop, then if the 

dislocated region contains loops of the 62 m3 family, for example, the only nonzero 

component of (3 P will be {3 P2 . Since /3 can be nonzero even if a = 0 (as in 

the case of a dislocation loop or surface dislocation distribution, for example), the
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Figure 4.5: (a) Non convex region, Va C Vp; (b) Convex region, Va = Vp.

dislocated region Va will be contained within the plastically distorted region 

as depicted in Fig. 4.5. It is not difficult to see that if the region Va is convex, 

then VQ = Vp, whereas otherwise VQ ^ Vp. 

Hence (4.30) reduces to

and since only (3^ ^ 0 we have

a ,The condition for equilibrium (equation (3.1)) is, in this case, that a^ — 0 in V 
so, for a simply-connected convex region Va , we have W = 0, and as before this 

implies cr — 0.
If the region is not convex, then (4.31) reduces to

since 0^23 = 0 only in Va . In order to show that this equation vanishes, it is 

necessary to express cr as the curl of a tensor potential function <f> as in (3.5) and 

to integrate by parts to arrive once again at the expression (3.4) for W in terms 

of 4> and a. This method therefore simplifies the proof of the theorem only in the 

case of a simply-connected convex dislocated region.

In order to extend Theorem 1 to the case of surface dislocations, we take up 

the proof at expression (4.31) for the elastic energy. Substituting for cr^ from (3.5)
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Figure 4.6: Dislocations of the 627713 family covering the surface S\. S<2 is parallel 
to the X!£ 2 -plane and is free of dislocations. C is the bounding curve of Si.

gives us

which can be integrated by parts to give

W = -\ I ei
Z JdV

-\ I
L JV

(4.32)

where dVp is the boundary of Vp and thus is the surface containing the dislocations. 

There are no dislocations inside the surface and so the second term involving ot is 

zero. Next, let us suppose that we have only one family of dislocations, as we did 

previously. If the family is the 62*77,3 family then the only nonzero component of 

/3 P is /?£, and so (4.32) is reduced to

*~i (4.33)

The situation is as depicted in Fig. 4.6, for example, where the dislocations are 

supposed to cover a 'cap' Si. The boundary dVp consists of Si, in which the 

dislocations lie, and S2 , which is dislocation-free. Since S2 is parallel to the XiX 2 - 

plane, n\ — n 2 = 0 there, and (4.33) can be written

1 r p
\V = —— I /33 2 (^22^i ~ </> 2 i?7 2 )dS. (4.34)

2 1 C* 
J J\

Now, in equilibrium <723 = 0 on Si, and since Si is simply-connected we may 

write, once again, 022 = 5(/<9x 2 , <£ 21 = d£/dxi, where ( is single-valued. Also,
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since a = 0 in V, f3 2̂ = $32(23), and so, decomposing 5i into a set of curves 

(in fact corresponding to the dislocation lines) lying in the planes parallel to the 

XiX 2-plane, (4.34) is a sum of integrals of the form

= I
JC

which vanish because £ is single-valued, and the proof is complete.

It should be noted that this proof is valid for any number of dislocation families 

so long as they fulfil the requirements that they are comprised entirely of glide 

dislocations and occupy a simply-connected region.

If the dislocations were not confined to a finite region, but were such that each 

family of dislocations had a nonzero density (decaying at infinity) at every point 

of space, then it is possible to prove the same result as above: namely that any 

self-equilibrium distribution must be a ZSE. This can be done by noting that, in 

such a case, one component of stress would be zero throughout the whole space for 

each family of dislocations. A tedious manipulation, involving cross-differentiation 

of the equations (2.6) and an appeal to uniqueness of solution for linear partial 

differential equations whose dependent variables vanish at infinity, establishes the 

result.

4.9.1 Multiply-Connected Regions of Dislocations

The proof of Theorem 1 fails when the dislocated region concerned is multiply- 

connected, since the function ( is then no longer necessarily single valued, leading 

to the possibility that the elastic strain energy does not vanish. However, in the 

absence of counter examples, it is conjectured that the theorem holds even in the 

non-simply-connected case and the following argument is presented in support.

An example of a doubly-connected surface distribution is that illustrated in 

Fig. 4.8(a) where a family of &2m3 dislocations covers four sides of a cube. Let 

us consider the cut-and-weld operations necessary to create such a distribution. 

Firstly, a cube of material is removed from the body as in Fig. 4.7(a). The 

cube is then cut into 'slices' and the slices displaced in the Xi-direction before 

being welded back together (Fig. 4.7(b)). Applying tractions to the sheared cube 

in Fig. 4-7(b) returns it to its original shape (Fig. 4.7(c)) whence it can be
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(a)
(6)

\ \ \ \ \

VTT\ \mri

\ \ \ \ \\ \ \ \ \\\ \ \ \\ \ \ \ \\ \ \ \ \

(d)
Figure 4.7: Creation of a doubly-connected surface distribution of dislocations, (a) 
The original specimen with the surface over which the cut is to be made marked in 
bold, (b) The cube is plastically sheared in the Xx-direction. (c) The shape of the 
cube is regained by applying tractions, (d) The cube is replaced in the 'matrix'.
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Figure 4.8: The component families of the ZSE cube.

replaced in the body from which it was cut (Fig. 4.7(d)). Dislocations now occupy 

the surface as depicted in Fig. 4.8(a). If the surface dislocation were in self- 
equilibrium, the dislocations would not move when the applied tractions were 

released. It is intuitively apparent, though, that when the tractions are removed 

the dislocations will experience a force and will either shrink or expand to infinity. 
In the specific case of the cube this intuitive response can be verified explicitly 

from the mathematical model by means of a simple observation.

Assume that the given 627713 distribution is in self-equilibrium. If 5i denotes 

the four faces of the cube covered by this family then the condition for equilibrium 
is that <J2 3 = 0 on S\. Next, observe that if the 62 m3 family is rotated clockwise 

through 90° about the Zi-axis, one arrives at the situation illustrated in Fig. 4.8(b). 

That is, the 637712 family is just the 62 m3 family rotated and so must also be in 

equilibrium. If S2 denotes the four faces of the cube occupied by the 637712 family 

then the 23-component of the stress field of this family must vanish on 52 . Now, 

the stress due to the 62 m3 family is minus that due to the 63m 2 family, because 

together they constitute a ZSE, and so one concludes that cr2 3 = 0 on 52 also. 

The surface of the cube is a simply-connected surface and hence one may invoke 

Theorem 1 to show that the distribution must be a ZSE. On the other hand, 

the dislocations comprising the surface distribution are slip dislocations created
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through the imposition of a plastic distortion /3^- ft is not, therefore, skew- 

symmetric and so the distribution cannot be a ZSE, giving us a contradiction 

which implies that the assumption of self-equilibrium is incorrect.

The simplest multiply-connected dislocation distribution is, of course, the single 

discrete loop dislocation. It is well-known (see Gavazza & Barnett 1976, Titchener 

1988) that a dislocation loop exerts a self-force. In the context of this model the 

dislocation would, therefore, either shrink in on itself or expand to infinity, but 

could not be in self-equilibrium.

4.9.2 Non-ZSE Equilibria

Given the above, it may be thought that the only distributions in self-equilibrium 

are ZSEs. This is not the case, however, and it is worth noting at this point some of 

the counterexamples. A single screw or edge dislocation will remain in equilibrium 

in the absence of applied stresses and provides the simplest counterexample, though 

also the most degenerate. Similarly, a sheet of screw dislocations lying in the 

X2X3-plane with Burgers vector 6 = (0,0,1) and whose slip planes are normal to 

ra = (0,1, 0) is in self-equilibrium. The force on the sheet is, by the Peach-Koehler 

formula, proportional to cr23. This component of the stress is, however, zero on the 

sheet.

Many other examples of non-ZSE equilibrium distributions exist involving dis­ 

crete edge dislocations, as detailed in Chen et al. (1964) where dislocation mul- 

tipoles are considered. Two examples are given in Fig. 4.9. The quadrupole in 

Fig. 4.9(a) consists of two pairs of dislocations where the line segments connecting 

each pair bisects the other. In Fig. 4.9(b) a multipole consisting of seven edge 

dislocations is shown. Each dislocation in the lower row sits half way (in the xi 

direction) between neighbouring dislocations in the upper row. This multipole 

may be extended to include more dislocations provided only that one dislocation 

remains unpaired.

4.10 Elastic and Plastic Rotation

Having seen how in a ZSE, though there is no elastic strain, the material has 

undergone a rotation caused by the movement of dislocations, we should be able
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Figure 4.9: Examples of non-ZSE equilibrium distributions of edge dislocations.

to write down a relation between the dislocation density tensor and the rotation. 

By analogy with linear elasticity we define the total rotation (using 4.14) as

where Ljf- is the elastic rotation and LO?- is, correspondingly, the plastic rotation. 

In the absence of dislocations uf- would be zero, and uf- would be the usual elastic 

rotation given by
E = oK; ~ «j,0-

Elastic strain is defined by (4.15), plastic strain (analogously) by

(4.36)

and total strain is the sum of the two terms. Since the rotation tensors ufj and 

uj- are skew-symmetric, we may write them in terms of vectors, so that

E

Then we have

and a similar equation for e p '. Taking the curl of (4.37) gives

F

(4.37)
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from (4.19). The divergence of u?f may be written in terms of a as follows:

Thus we obtain
E _ _ , _ c _ /A QO\ 
P,3 2

Similarly
p I

"p,j = aPJ ~ 2°PJ Q9« ~ e M«' CS,9' ( 4 ' 39 )

with

Equation (4.38) can be solved as follows to give the elastic rotation in terms of 

alone. Differentiating (4.38) with respect to Xj and summing over j yields

-= -apjtj + -aqq , p - epqi e^q3 . (4.40)

Substituting Hooke's law (1.4) into the equation of mechanical equilibrium (1.3) 

one finds that

2/*e,-j,j + Ae fcfcij = 0,

and thus we have

q,
t-t L*J

Consequently we may write the solution of (4.40) which vanishes at infinity as the 

integral over the whole space

= _, ^, ^^^ (4 _ 4
4?r J R

In the absence of a result for the plastic strain ep corresponding to Hooke's law 

for e, one cannot in general find a similar expression for the plastic rotation

Equation (4.38) was first written down by Nye (1953) for e = 0, that is, i 

the ZSE case. Kroner (1955) obtained the full expression (4.38), but assumed that
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the strain could be divided into compatible and incompatible parts, and that e in 

(4.38) is the incompatible element, so that when a — 0, so are e and cj^. In the 

Nye (ZSE) case
UJ E = — (JJP

which, we can see, ties in (through (4.35)) with the earlier statement (Section 4.7) 

that UT = 0 in a ZSE. The example given in Section 4.7 of a surface ZSE can 

easily be interpreted using (4.38). Both within and outside the surface, oc — 0, 

and so the vector u) E is constant inside and outside the surface and suffers a jump 

across the surface.

With e — 0, we may rewrite (4.38) and (4.39) as expressions for a. in terms of 

the appropriate rotation. We get

lpj

- (4.42)

This last expression is identical in form to (3.12), which was derived by solving 

the equations rj = 0 and V.c* = 0, but which gave no insight into the physical 

interpretation of £. We can now identify £ as a rotation vector.

Similarly, in a ZSE, (3 P is skew symmetric and so, by examining (4.18) and 

(3.12), we may make the comparison

£1 — $23 = —

6 =

6 = 

4.10.1 Rotation in Volume ZSEs

The effect of a ZSE surface dislocation upon the orientation of the two parts of the 

material which it separates was described in Section 4.7, and now we proceed by 

means of example to discuss the properties of dislocations distributed throughout

a volume.
(i) Firstly we consider a slab of cross-grids of screws. The relevant dislocation 

densities are (see Section 2.3.2)

- Xi) - H(-C -
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Figure 4.10: Schematic diagram showing rotation of slip planes in a slab of cross- 
grids of screws.

and from (4.42) we find that the rotation is

Xi < — c 
—c < Xi < c 
X > c

'? = 0.

Thus the slab of cross-grids imposes a continuous rotation about the £i-axis upon 
the slip planes parallel to the x 2 x3-plane (Fig. 4.10).

(ii) As a further example, we recall the volume ZSE considered in Section 3.2(v). 
The screw components of the distribution, an and a22, are equal (equations 3.6- 
3 9) as expected, and locally it has the character of a slab of cross-grids of self- 
cancelling screws or a stress free slab of edge dislocations (Section 2.3). The effect 
of this ZSE is described by

CJ, = < -r)

0

r ^ a \ 
GI < r <
r > a 2 ,

Uo = = 0.
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This is a rotation of concentric spheres about the Xi-axis, the magnitude of the 

rotation increasing continuously from 0 to fi(a2 — «i) as the radius is traversed 

inwards from the boundary of the dislocated region to the inner sphere r = ai

There is experimental evidence to support the notion that dislocation config­ 

urations such as this are commonly found in crystalline metals. An X-ray study 

of both hard (e.g. copper, aluminium) and soft (e.g. lead, tin) work-hardened 

metals by Gay, Hirsch &; Kelly (1954) concludes that the regions of low dislocation 

density (which they term 'particles') are separated by boundaries consisting of dis­ 

tributions of dislocations which are responsible for "large plastic curvature" and 

which occupy "volumes of material large compared with those associated with a 

cross-grid of screw dislocations". It is also stated that the curvature is continuous 

across the boundaries between particles.

4.10.2 Incompatibility of Rotation3

In a ZSE stress, strain and incompatibility are zero, as if the body containing the 

ZSE were a perfect metal crystal free from externally applied forces. We have 

seen in this chapter that the factor distinguishing a perfect crystal from a crystal 

possessing ZSEs is the matter of the rotation of the slip planes. A material with 

ZSEs may thus be described as a body with compatible elastic strains (77 = 0) but 

with "incompatible rotations", and a tensor of rotational incompatibility may be 

introduced to complement 77.

The expression for a in terms of elastic distortion (4.18) may be written

Taking the curl of a yields

ikl^-jmn^-ln,km r ^i

= r + i/i,

where 77 is the elastic incompatibility and v is the rotational incompatibility. Like 

77, i/ is symmetric and divergence-free, so that

= 0.

3 I am grateful to J.B. Titchener for helpful correspondence concerning this topic.
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Figure 4.11: The loop shown contributes to the 722, 723, 732, and 733, components 
of the dislocation loop density.

The value of v is that it allows us to construct a correspondence between the 

properties of dislocations as sources of stress and strain on the one hand, and, 

equally, of rotation on the other, as in the table below.

V
e, cr

e p = (/3P ) S

if
UE
LJ P

In a ZSE the quantities on the left-hand side of the the table are all zero, but those 

on the right-hand side are not. Thus, if we wish to fully describe a dislocated 

material, we must have information concerning not only the prevailing state of 

stress and strain but also of the rotation.

4.11 Kroupa Loops

The interpretation of plastic distortion as a continuous distribution of infinitesimal 

dislocation loops, as given by Kroupa (1962), has already been mentioned a number 

of times. Kroupa denotes the density of infinitesimal loops by the tensor 7,., which 

is defined as the ;-th component of the sum of the Burgers vectors of all the loops 

which enclose the unit vector in the z'-th direction (see Fig. 4.11).

Bv inspection it can be seen that the diagonal components of 7 describe the
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loops whose Burgers vectors are perpendicular to the plane of the loop. Thus the 

diagonal components represent the prismatic element of a distribution of loops, 

and similarly the off-diagonal components describe the glide element.

If a region A in the x^-plane is filled with identical loops each of which 

possesses Burgers vector 6 = (0,1,0) and normal n = (0,0,1) then the resultant 

effect is that the positive side of A is displaced by an amount equal to b relative 

to the negative side. Thus the boundary of the loop is a dislocation line, and the 

infinitesimal loops amount to a plastic distortion corresponding to (3^ with support 

over the interior of A. Expansion of the dislocation is effected by the creation of 

more loops to fill the area swept out by the dislocation, and likewise shrinkage of 

the dislocation requires removal of loops.

Kroupa (1962) also gave the expression for the total displacement UT due to 

a continuous distribution of infinitesimal loops. He arrived at this formula by 

integrating the displacement due to a single infinitesimal loop. The same may be 

obtained by using the plastic distortion formulation developed here.

From (4.14) and (4.15) we have

Using Hooke's law (1.4) and substituting in (1.3) gives 

(A + „)«£, + pV

Noting that this is just (4.4) with

9, =

the solution is (4.6) for which we have already calculated the Green's function 

(4.11). After some manipulation and integrations by parts one arrives at

where v is Poisson's ratio and the integral is over the region of nonzero j3 p .

The expression (4.44) serves to highlight a number of points. Firstly, one notices
p

that U T is solely dependent on the symmetric part of {3 . If, as in a ZSE (comprised
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of slip dislocations), /3 is skew-symmetric, the total displacement vanishes, as was 

discovered earlier (Section 4.7). Furthermore, (4.43) and Hooke's law (1.4) show 

explicitly that cr also depends only on (/3 ) 5 , confirming what we have seen in the 

study of ZSEs - that the stress field of any dislocation family can be cancelled by 

choosing a distribution of plastic distortion which renders /3 P skew-symmetric.

4.12 Elastic Inclusions

Suppose that one carries out a procedure similar to that necessary to create the 

doubly-connected dislocation distribution illustrated in Fig. 4.8(a) - firstly a region 

is cut out of an elastic body and undergoes plastic deformation specified by e p , 

the symmetric part of /3 P . In Eshelby's (1957) terminology this is a "stress-free 

transformation strain" and according to Furuhashi & Mura (1979) it is known as 

an "eigenstrain". If tractions are applied to the boundary of the region which 

serve to restore it to its original shape, and if it is replaced in the body from 

which it was cut (the 'matrix 1 ) before the tractions on the boundary are removed, 

then the region (the cube in Fig. 4.8 (a)) is called an 'elastic inclusion'4 and the 

body is in a state of self-stress. Eshelby deduced the well-known result that if 

the transformation strain is uniform (that is ((3 ) 5 is constant) throughout an 

ellipsoidal region then, inside the ellipsoid, the elastic strain and the stress are also 

uniform. This effectively amounts to showing that if the region of integration in 

(4.44) is an ellipsoid then UT is linear in x and thus e is a constant from (4.43).

The elliptical cylindrical sheet of Section 2.4 is an example of an inclusion with 

eigenstrain

e = H(\ - /(zi,z2 )) /(zi,z2 ) = + .

Since e p is uniform inside the elliptical cylinder, Eshelby's result predicts that the 

stress inside the cylinder is also uniform, as was shown directly in Chapter 2.

A ZSE such as the cylindrical ZSE, or the surface ZSE of Section 3.1, is an ex­ 

ample of an inclusion which possesses a trivial eigenstrain ep = 0, but a nontrivial 

dislocation density. Furuhashi & Mura (1979) have pointed out that, in general,

4 The term 'inclusion' is often used to describe a cavity or region within a material possessing 
elastic constants different from the matrix, but here it will be used only as described above.
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the condition that an eigenstrain should not be a source of internal stress is that 

e p takes the form

4 = ^ + ^) = ^ + ",,), (4.45)

for some functions v,-. This is the general solution of the equation 

?7 = VAVAep = 0 (1.17), as one would expect.

As we have seen in Section 4.7, the ZSEs with which we are most concerned 

are those for which /3 is skew-symmetric, and hence which correspond to trivial 

eigenstrains e = 0. In this case v corresponds to a rigid body rotation or trans­ 

lation of the material within the inclusion with respect to that outside. However, 

one may still have a ZSE even if e p / 0, since the eigenstrain must simply be of 

the form given in (4.45). Such ZSEs, having less trivial eigenstrains than those we 

have been concerned with here, may be expected to have less trivial dislocation 

densities, for example. Examination of an example given by Furuhashi & Mura 

(1979) will show that this is not necessarily the case. They discuss a ZSE whose 

eigenstrain is given by

- r) \x2 H(l-r) \

which is derived from the function

0 
\xzH(l-r) 0

so that ((3 P } S is distributed throughout a sphere. Since only the symmetric part 

of J3 P is presented, the dislocation density which this distortion represents is not 

uniquely denned by (4.18). For example, ef2 = \(PP2 + ^fi) = | X2#(1 — r). Thus 

we may choose either /3P2 = x 2 H(l — r) or /32l = x 2H(l — r), or an appropriate 

combination of the two. Hence there are essentially four choices for j3 (in the 

sense that any other choice is a linear combination of these four) and they are 

detailed below with the corresponding a.

A ' ' Xl H(l -r) 0 x3 H(l -r)\
x 2 H(l-r) 0 0

0 0 0 )
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|
-(z2 z3/r)£(l - r) 0
(x l x3 /r)8(\-r) 0 -

0 0

0
-r)

— (z 2z3 /r)£(l - r)

B.

ot =
0

(x l x3 /r)8(l -r) 
(x l x 2 /r)8(l -r)

x 2 H(l-r) x3H(l-r)\ 
000 
000

0
(x 2 x3 /r)8(l - r)

-r)

0
- r) + (x 23 /r)8(l - r) 

(x 2x3 /r)8(l — r)

c.

D.

f £!//(! -r) 0 0
z 2 //(l-r) 0 0
x3 H(l~r) 0 0 )

ex. =

-r)
0

OL =

(x 2 z3 /r)<5(l - r)
0 

—(ziZ 2 /r)£(l — r)

0
o

0

0
0
oy

-r)-(z^/r)^(l-r) 0

Possibility A appears to consist of two families of dislocations, one with density 

components an, a2 i (a 61 m3 family), and one with density components a23, <^33 

(a 637711 family). This would at first sight seem to be a standard example in which 

the two families are 'orthogonal 1 with equal screw components. Problems arise, 

however, when one attempts to interpret the dislocations physically. A cross- 

section of the 63rai family is shown in Fig. 4.12.
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Figure 4.12: A diagram showing the dislocations of the b3m l family corresponding 
to the plastic distortion given in A. Arrows indicate the tangents to the dislocations. 
It is seen that the dislocations do not form closed loops, and hence that the plastic 
distortion chosen is physically unacceptable.

The distribution can be seen to consist of a uniform density of edge dislocations 
filling the interior of the sphere, combined with a layer of curved dislocations on its 
surface. The diagram shows that the dislocations do not form closed loops. This 
seems to contradict our most fundamental assumption about dislocations, since 
the fact that the divergence of a is zero (2.2) implies that the dislocations do form 
closed loops. This problem arises from a 'bad' choice of ftp'. One may choose any 
function at all for (3 P and then, by definition, the divergence of a will vanish. Not 
all choices of f3P , though, will lead to families of dislocations. The reason why 
this is so can be elicited from an interpretation of the /?£ component of plastic 
distortion as a distribution of Kroupa loops. Since this component varies with x3 , 
the density of Kroupa loops varies in the direction of the Burgers vector, and so 
the infinitesimal loops do not combine to give a constant jump in displacement 
across the Z 2 ;r3-plane. Possibility A is thus rejected as an acceptable dislocation 
arrangement on physical grounds. Possibilities B and D are likewise ruled out and 
one is left with the trivial case C for which the plastic distortion is a solution of 
the equation a = - V A (3 P = 0, so that in (4.45) one has chosen
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Figure 4.13: Plastic distortion which does not dislocate the material, (a) Perfect 
crystal, (b) Cut along the x 2 x3-plane and displace in the x 2 direction, (c) Weld 
to give dislocation-free crystal.

It only remains to answer the question as to what is the nature of a plastic 

distortion which is not responsible for a dislocation distribution. As an example, 

consider the simplest case, in which only one of the functions V{ is involved, and 

which, additionally, is dependent on only one variable. Thus take

v-2 = H(XI), vi = v3 = 0. 

The only nonzero component of (3 is then

This has the effect of displacing the two halves of the solid, separated by the 

x 2 x 3-plane, with respect to each other as illustrated in Fig. 4.13.
D c*

Since we are dealing with situations in which (ft )* / 0, it is not surprising 

that we will no longer be restricted to glide dislocations, and we should expect to 

encounter prismatic dislocations. The choice

= H(XI), v2 = v3 = 0,

causes a plastic distortion
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which is a distribution of prismatic loops, and can be thought of as the limiting 

case as a — > oo of the circular disc distribution

fa = 8(x l )H(a -r) r2 = x\ + x\, 

which is responsible for the prismatic dislocation given by

= — 8(xi)8(a - r), 
r

X-2

r

As described earlier (Section 1.3.3), a prismatic dislocation corresponds to the 

presence of a disc of vacancies in the crystal, and a cross-section of a prismatic 

loop is shown in Fig. 1.6. As a increases to infinity, it is apparent that the effect 

of the plastic distortion will be to remove a whole sheet of atoms, thus leaving the 

crystal perfect as before, and hence dislocation-free. 

A less trivial example is shown in Fig. 4.14. Take

vi = H (a - \xi\)H(a - |x 2 |), ^2 = ^3 = 0, 

to give

/3n = +8(a- x l \)H(a 

ft! =

the sign depending on whether x\ (or x2 ) is positive or negative respectively. 

Fig. 4.14 shows that this plastic distortion amounts to a 'shuffling' of the atoms 

which leaves the crystal undistorted. At x\ — a the prismatic element of /3 intro­ 

duces vacancies (Fig. 4.14(a)). The shear element (3^ displaces the material inside 

the square xi , x 2 | < a in the x l direction (Fig. 4.14(b)), and finally (Fig. 4.14(c))

atoms are introduced by /?fx at Xi = —a leaving the lattice undistorted and hence 

dislocation-free. Thus we conclude that, though ZSEs consisting of purely glide 

dislocations have trivial eigenstrains, they nevertheless have nontrivial dislocation 

densities. Conversely we have also seen that certain nontrivial eigenstrains actually 

involve plastic distortions which lead to the trivial result a = 0.
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Figure 4.14: The 'shuffling' of atoms caused by a nontrivial 'impotent' eigenstrain 
which results in a lattice free of dislocations, (a) Plastic distortion /3£ at x\ = a; 
(b) Plastic distortion /?£; (c) Plastic distortion 0^ at xi = -a.
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Chapter 5

Response to Applied Stresses

So far, a framework has been described which enables us to think of general equi­ 

libria of dislocation continua under zero applied stress, and of ZSEs in particular. 

In this chapter, following Head et al. (1992), the possible response to tractions 

applied at the boundary of the material will be considered. As Fig. 1.1 shows, 

the stress-strain response is linear almost until the onset of plastic flow. The task 

is to reconcile this linear behaviour with the presence within the material of large 

numbers of dislocations, which will respond to stress fields by adopting some equi­ 

librium configuration in which the appropriate stress components vanish. It will 

be assumed that before any stress is applied, the distributions in the specimen are 

arranged in a ZSE configuration, and we will consider how this must respond to 

an increase in the applied stresses. The discussion will be confined to simple cubic 

crystals for simplicity (although some of our arguments will not apply to other 

crystal structures).

Motion of dislocations, which has already been touched upon in Section 4.9.1, 

introduces extra equations into the model. For each family there will be a conser­ 

vation equation which states that dislocations are neither created nor destroyed 

during the unsteady motion. These additional equations also introduce (unknown) 

velocities so that the system is not over-determined. The full model is presented 

in Appendix A.8.
Firstly, the cross-grid of screws will be considered, followed by the less trivial 

cross-grid slab of screws, and finally some comments will be made concerning 

the cylindrical ZSE with circular cross-section, as a first step towards the goal of
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understanding the evolution of the ZSE box, in the first instance, and, ultimately, 

volume ZSEs.

Much experimental evidence exists (see Gay et al. 1954, Bailey 1963, Bailey 

&; Hirsch 1962, Kuhlmann-Wilsdorf &; van der Merve 1982, for example) which 

describes how work-hardened metals commonly possess a 'honeycomb' structure 

in which a substantial proportion of the material is more-or-less free from dislo­ 

cations, while the dislocations are arranged in 'walls' interspersed between 'good' 

patches (or 'particles'). That this scenario is in accord with the mathematical 

model is suggested by the following argument. Suppose, as is usually the case, 

that significant numbers of dislocations from all the six possible families of slip 

dislocations are present, and suppose also that they are distributed throughout 

the specimen with the respective densities atn being everywhere smooth. Then, 

in equilibrium, there would be a nonzero density of each family at most points, 

which is perfectly possible for a ZSE; however, when a stress is applied, the three 

off-diagonal stress components must still vanish where there are dislocations of 

each of the six families. This might be achieved by a wholesale rearrangement of 

the dislocation network but not by a continuous response to the applied stress. 

Thus the possibility that the original ZSE configuration has a smoothly varying 

density distribution is rejected, and the honeycomb configuration is certainly pos­ 

sible. With this scenario, the function of the 'good' regions is to transmit stress 

as in conventional elasticity theory, while the response of the walls is that of a 

polarisation1 in the sense that the dislocations within them move a short distance 

so as to accommodate the stress in the neighbouring 'good' patches. If the walls 

were quite thick, their dislocation density would cause & to vanish in much of the 

material, and so it is assumed they are thin (as mentioned in Chapter 4, this is 

confirmed by experimental evidence), with their faces presenting 'naked' disloca­ 

tions to the 'good' patches in such a way as to match the stress therein. This is 

consistent with the result (Section 2.3.1) that there is a constant jump in stress 

across a sheet of screw dislocations. It may be further conjectured that, as the 

external stresses are increased, so the degree of polarisation increases until the 

point is reached at which some of the dislocation walls can polarize no further. At 

is idea is due to A.K.Head and S.D. Howison.
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this stage, which is tentatively identified with the onset of large-scale plastic de­ 

formation, the response to yet further stress would be an irreversible change in the 

dislocation configuration as dislocations move large distances across the interstices 

of the honeycomb structure; such movement can be interpreted as plastic flow.

5.1 The Cross-grid of Screws

We recall from Sections 2.3.1, 3.1 (i) that a sheet of screw dislocations with Burgers 

vector (0,0,1) covering the plane x\ — 0 with uniform density ft (i.e. #33 = ft<5(xi), 

Q,J = 0 otherwise), generates the piecewise constant stress field

//ft/2 x l > 0
n /0 , n

—//Si/2 Xi < U.

By superposing onto this sheet the orthogonal sheet 0*22 = $16 (xi) which generates

a stress
/ _ / _ f -//ft/2 zi > 0

we create the simple cross-grid of screws ZSE.

Consider now the response of a cross-grid of screws to an external stress

^ext _ ^ext __ _ ^ n 
a23 — °32 — CT<D > U,

say. There are three possible equilibrium configurations: the cross-grid may remain 

in place, its two components may separate and remain a finite distance apart, or 

they may have to move to infinity. The first occurs when 0 < a0 < //ft/2; when 

<7o = //ft/2, however, the two sheets can remain in equilibrium separated by any 

distance. Suppose (without loss of generality) that they are at xi = ±1; the total 

23-stress component is <723 -f <J23 -f <70 , which (since it is assumed that the stress 

due to each sheet vanishes on the sheet itself) takes the values

//ft/2 X! < -1
0 x = —1
-//ft/2 -1 < xi < 1
0 Z! = 4-1 
//ft/2 xj > 1.

Thus the 0:33 sheet is in equilibrium at Zi = — 1 under the two equal and opposite 

stresses CTQ and <723 , and the a22 sheet is in equilibrium at zi = 4-1 under the two 

equal and opposite stresses cr0 and a23 .
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Finally, if |<j0 | > //fi/2, no equilibrium is possible with either sheet at a finite 

value of xi.

This model presents an extremely crude paradigm for the 'polarisation' de­ 

scribed earlier; the value CTQ = //fl/2 is the critical stress at which an irreversible 

configuration change might occur.

This simple calculation can be backed up by an analysis of a continuous slab 

of cross-grids, which is now presented.

5.2 The evolution of a cross-grid slab

In this section the unsteady response of a slab of cross-grids is considered. Hitherto 

little has been mentioned concerning dislocation dynamics, but in this situation, 

following Head (1972a), a simple mobility law (see Section 1.4.1) will be assumed 
according to which a screw dislocation in a stress field which would act to disturb 

its equilibrium (i.e. having the relevant non-zero off-diagonal components) moves 

in its slip plane with a velocity proportional to the excess stress. The slab of 

cross-grids, initially in equilibrium under zero applied stress, will be subject to a 

constant applied stress switched on at t = 0.

Consider, then, the distribution of 2 families of screw dislocations for which at 
t = 0 the nonzero density tensor components {c*tj}, {a(j} are

u;>0 ii <L
o

C/22 = Q33- (5.2)

It is assumed that the slip planes for the unprimed and primed families are re­ 

spectively x\Xs and rria^-planes, so both can move in the xi-direction. The stress 

fields of these dislocations have nonzero components

x\ ^ L
= cr23 = < fiuxi -L <xi< L (5.3) 

—^luiL x\ < —L,

<T23 = <732 = —(723- (5-4)

Clearly this distribution is a ZSE.
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Suppose now that an external stress

is switched on. In the subsequent motion the a33 dislocations move in the direction 

of increasing Xi, the a22 ones in the opposite direction; v(xi,t] and v'(xi,t] are 

their velocities, and (see Appendix A. 8) conservation of dislocations is represented 
by the equations

These are two additional equations, and v and v' are additional unknowns. More­ 

over, the 23-components of the stresses generated by the distributions satisfy

<9<J23 dcr23 ,

Lastly, it is assumed that the mobility law has the form

V = A(<723 + <4 + <7S'), (5.5)

(5.6)

where A is constant and the minus sign in (5.6) incorporates the parity of the 

primed family.
Substituting for v,v' from (5.5), (5.6), and for a33 , a'22 from (5.1), (5.2), we 

obtain two equations which, after integrating with respect to Xi (the arbitrary 

function of t that arises vanishes), can be written as the hyperbolic system

= 0,

with initial conditions (5.3), (5.4).
The Riemann invariants of this system yield

fi T*

at
i

cr23 = constant on — — = — (cr23 + <723
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Figure 5.1: Broken lines represent characteristics of 0:33 dislocations, solid lines
those of a'22 dislocations.

r7 o = constant on —r- 23 dt
A 
A*

extx 
r23 )•

A characteristic diagram is shown in Fig. 5.1. The important feature as far as 

our discussion is concerned is the behaviour of the characteristics through x\ = ±L, 

for these trace the evolution of the edges of the slab. The outward-going charac­ 

teristics are straight lines with slope ^Aa^1 / //, while the inward-going character­ 

istics have the equations x\ =• ±{(7^(1 — e~ 2Au;t ) — I^LoL j /2//u;. We see that 

the slab 'sheds' a proportion a2^t /2fiu}L of its original dislocations from each side; 

these dislocations move off to infinity with constant speed, and the proportion 

(1 ~~ fl'lfV^A"*^) tnat ^ s ^e^ f°rms a thinner slab of thickness 2L — v^/fiu and 

density equal to that of the original slab. This new slab is in fact a ZSE, but it 

is 'shielded' from a*%£ by the dislocations from the original slab that have moved 

away towards x\ = ±00.

Note that this more detailed model is in fact capable of describing, with some 

limitations imposed by the high degree of symmetry assumed, the onset of the 

polarisation mentioned above, and the evolution of two faces of naked dislocations
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Figure 5.2: Cylindrical ZSE whose families have been separated by a small radial 
distance. Arrows indicate direction of force.

shielding a ZSE. If, however, the external stress is too large (cr^f* > 2/zu;L), all the 

original slab separates out into its constituent sheets and moves to infinity, and 

the slab may be said to have broken down.

5.3 'Unzipping' of the Cylindrical ZSE

In this section some preliminary remarks will be made regarding the cylindrical 

ZSE described in Section 3.2. (iv) as a first step towards understanding the three- 

dimensional version of the cylindrical ZSE, namely the ZSE box.

Suppose that the cylinder has circular cross-section, and that the ZSE is com­ 

prised of screw dislocations of the 62*713 system as generators, and loops of the 637712 

system. Suppose also that the two families have been separated by a small radial 

distance as in Fig. 5.2, so that they exert an attractive force upon each other. The 

23-component of stress (the component which would move the dislocations) is, for 

each family (Appendix A. 4)

1 inside Cs
2

^f cos 2$ outside C5 , 
1 inside C\

2

-5- cos 2$ outside C/,

where 9 is the polar angle, r is the polar length and the letters / and s denote 

loops and screws respectively. The self-stress on the dislocations is half the sum
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of the values on either side of the respective curve, as can be established by an 

examination of the complex variable analysis in Appendix A. 4. Thus

COS 20],

= -[1 + cos 20].

The total stess on each family is then

on the screws, and

_ or
COS26I

on the loops.

Since the normal component of the force on the dislocations is proportional 

to this component of stress, it is apparent that the force is directed as shown 

schematically in Fig. 5.2. The important point to note is that at As , A', Bs and 

£?', the stress vanishes when rs = r/, and the dislocations experience no mutually 

attractive force at these points. This suggests that when a stress is applied to a 

cylindrical ZSE it will begin to 'unzip' such that the points A 1 , As and Bl , Bs 

separate first (see Fig. 5.3), and the screw dislocations move across the interior of 

the cylinder. This mechanism will be reversible until the screw dislocations meet 

their opposites and annihilate.

In one respect this scenario is counter-intuitive - at the points A', As and B l , B s 

the ZSE is, locally, a cross-grid of screws, and at C and D the screw component 

is zero. One would, therefore, have supposed that it would be at the points C 

and D that the families would not experience a force. On the other hand, it also 

seems unlikely that the screw dislocations near C and D would 'unzip' since, being 

confined to slip planes whose normal is in the x 2-direction, they can only move 

parallel to the zi-direction.

Clearly, further analysis is required to confirm that the ZSE unzips as con­ 

jectured, and also to determine how the shapes of the unzipped segments of the 

dislocations evolve.

108



Bl A1

Figure 5.3: Conjectured 'unzipping' of ZSE cylinder under applied stress. The 
dotted line indicates screws; the solid line loops.
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Chapter 6

Conclusions & Further Work

A typical crystalline metal behaves as depicted in Fig. 1.1 upon loading, unloading 

and reloading. The material is elastic and obeys a linear stress-strain relation for 

small applied stresses. This relation becomes nonlinear (though the material is 

still elastic) as the loading is gradually increased, and finally a point is reached 

(the yield point) where the material deforms irreversibly. Here, this behaviour has 

been examined from the viewpoint of dislocation theory. It is known that work- 

hardened metals (that is, metals which have undergone the process just described) 

possess large numbers of dislocations and that the irreversible (plastic) deformation 

is enabled by the movement through the material of these dislocations. Since it is 

not feasible to model vast numbers of dislocations individually, a continuum model, 

based on a dislocation density tensor, has been developed by smoothing out large 

numbers of similar dislocations into 'families', and deriving the stress fields of such 

families by averaging results obtained for discrete dislocations. Having introduced 

the continuum model, it is then used to derive various results including those for 

dislocation distributions which occupy an elliptical region - it is known that the 

ellipse, in two dimensions, and the ellipsoid, in three dimensions, are special (see 

Eshelby 1957, Head et. al 1987) and a similar conclusion is drawn here.

Returning to the stress-strain curve Fig. 1.1, it is natural to begin the investiga­ 

tion by attempting to determine the character of those dislocation configurations 

that exist in the unloaded metal. It is intuitively obvious that distributions of 

dislocations which produce zero stress everywhere (ZSEs) are likely candidates for 

self-equilibrium arrangements. It is not clear, however, that ZSEs must be the 

only distributions in equilibrium in the absence of applied stresses. The condition
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for equilibrium is that the component of the Peach-Koehler force normal to each 

dislocation should be zero; this requires only one of the six components of stress to 

vanish, and then only where there are dislocations. It comes as a surprise, therefore, 

to discover that the model predicts that any distribution of dislocations which fills 

a simply-connected volume, or covers a simply-connected surface, must be a ZSE 

if it is to be in equilibrium. The result adds weight to the experimental evidence 

(e.g. Gay et al. 1954) that ZSEs figure prominently in real plastically deformed 

metals, and in fact Kuhlmann-Wilsdorf (1987, 1989) has proposed that most ar­ 

rangements of dislocations are "low energy dislocation structures" (or LEDS) - a 

proposal that is in accord with the above result since ZSEs have zero energy.

The simplest ZSEs - the sheet of edges and the cross-grid of screws - are formed 

by smoothing out into a continuum discrete rows of screws and edges. These dis­ 

crete distributions may be regarded as the forerunners of ZSEs, and they have been 

known for some time (Taylor (1934) discussed the sheet of edges, and Frank (1948) 

examined the cross-grid of screws). Indeed, these "short-range stress" dislocation 

distributions have been used, if not directly studied, by a number of authors (Nye 

1953, Bilby et. al 1957). However, if one wishes to trace the origins of the ZSE, 

then one must return to the work of von Mises' (1928) (see Section 3.4), who gave 

the criterion for general plastic deformation of a crystal. Von Mises work is also 

important in that it indicates that the results derived here for ZSEs, based on the 

model simple cubic lattice, can, in principle, be extended to real crystals, although 

this may in practice be complicated by the larger number of slip systems (12 in 

face-centred cubic and body-centred cubic compared to 6 in simple cubic).

The physical interpretation of both volume and surface distributions of dislo­ 

cations is facilitated by the concept of "plastic distortion" introduced by Kroner 

(1955) and defined here as the generalised derivative of the discontinuous displace­ 

ments that result from the creation of dislocations via the cut-and-weld mecha­ 

nism. Plastic distortion is denoted (3 , and the displacements, known as "total 

displacements", are denoted UT . The plastic distortion is shown to be related to
P .-^the dislocation density tensor through the equation —curl/3 = a. For a given 

dislocation distribution (3P is thus unique only up to the addition of a gradient, 

this being, physically, a consequence of the fact that many different surfaces may 

be chosen over which to make the cut in the cut-and-weld process.
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The classical part of the derivative of total displacement has been called "elastic 

distortion" (written 0E ) since the symmetric part of (3E is the strain e. Thus, in 

a ZSE, e ;= ((3E ) S = 0; but it has also been shown that, for a ZSE, (fip ) s is 

also zero, as is the total displacement UT . These facts (which are valid for ZSEs 

consisting entirely of slip dislocations) allow the interpretation of ZSEs which is 

that, in the case of surface distributions, the slip planes within the surface have 

undergone a rotation with respect to the slip planes outside the surface. In the 

case of a volume ZSE the rotation is continuous across the dislocated region, as is 

borne out by experimental observation (Gay et al. 1954).

Plastic distortion has a close relationship to what are known as 'inclusions' - in 

fact an inclusion is merely a region which has undergone plastic distortion, although 

this is usually given in terms of its symmetric part (or "eigenstrain"). There is 

a well-known result due to Eshelby (referred to above) for ellipsoidal inclusions, 

and the cylindrical sheet of Chapter 2 with elliptical cross-section is shown to 

be the two-dimensional simplification of this. There is a problem concerning the 

connection between an inclusion and the dislocation density which it represents: 

namely, since an eigenstrain involves the symmetric part of the plastic distortion, 

the dislocation density (which is minus the curl of (3P ) is not uniquely defined. It 

is important, therefore, to examine the possible dislocation densities to ensure that 

the chosen plastic distortion is the cause of a 'sensible' dislocation density; that 

is, it should represent a family or combination of families of dislocations. In the 

case of an 'impotent' eigenstrain (any nonzero eigenstrain which nonetheless gives 

a zero stress field), as given by Furuhashi & Mura (1979), it is seen that the only 

reasonable dislocation density representing the inclusion is the trivial one a = 0. 

It is a point of interest to ask whether all such 'impotent' eigenstrains give the 

same result and are thus the source of nothing more than a 'shuffling' of atoms 

which leaves the crystal undeformed.

There is an interpretation, due to Kroupa (1962), of plastic distortion as a 

continuous distribution of infinitesimal loops, which has a parallel in electromag- 

netism where a current line can be replaced by a continuous distribution of ficti­ 

tious infinitesimal current loops. Kroupa loops are helpful in distinguishing slip 

dislocations from their prismatic counterparts, and also in unravelling the physical 

meaning of the impotent eigenstrains already mentioned.
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Prismatic dislocations have been discussed in a number of places although 

usually they have been excluded, as most plastic deformation is a consequence 

of shear stresses rather than the hydrostatic stresses which prismatic dislocations 

serve to relieve. In addition to this it is shown that a (finite) ZSE cannot be 

comprised entirely of prismatic dislocations, although whether combinations of 

prismatic and slip dislocations can be ZSEs remains an open question.

Some headway has been made in describing the evolution of ZSEs. The concept 

of 'polarisation' has been introduced to cope with the fact that, along the elastic 

portion of the stress-strain curve, the dislocation distributions have, presumably, 

not broken down and yet can accommodate applied stresses. With one eye on the 

eventual goal of understanding the evolution of the ZSE box, some preliminary ob­ 

servations have been made regarding the simplest two-dimensional approximation 

- the cylindrical ZSE with circular cross-section. It is conjectured that this ZSE 

will 'unzip', the component families separating gradually as the applied stress is 

increased, and recombining if the stress is removed before the ZSE collapses.

The electromagnetic analogy was mentioned above in relation to Kroupa loops, 

and, indeed, this analogy is quite extensive - the similarity between the Peach- 

Koehler formula for the stress of a dislocation as an integral over the dislocation 

line, and the Biot-Savart formula for the magnetic field of a current loop, is well- 

known. Here it has been shown that a cylindrical sheet of dislocations suffers a 

constant jump in the product cr.b, as the sheet is crossed, in comparison to the 

constant jump in magnetic field B which is experienced upon crossing a cylindrical 

current sheet (or solenoid).

With regard to possible future work, an extension of Theorem 1 to cover 

multiply-connected dislocated regions would be most welcome. The argument 

presented in Chapter 4 to rule out the specific case of the single family of 62m3 

dislocations lying on the surface of a cube may be a helpful indicator as to how 

to proceed. On the other hand, extending this work to more realistic crystal 

structures such as fee or bcc could widen the possibility of the existence of non- 

ZSE equilibrium distributions, as then so-called "Lomer-Cottrell locks" may be 

present. These locks, which rely on the creation of 'partial' dislocations (see Hirth 

&; Lothe 1982) are not possible in the model simple cubic lattice, but may serve
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as barriers to the demise of an otherwise unstable dislocation distribution in the 

crystals in which they occur.

Again with an eye to further work there are the questions which arose above 

regarding the possibility of ZSEs comprised of combinations of slip and prismatic 

dislocations, and a determination of whether or not impotent eigenstrains must 

always leave a crystal undistorted.

The most natural development of this work would be an analysis of the circular 

cylindrical ZSE. Being a state of anti-plane strain the field equation is just Laplace's 

equation, rather than the biharmonic equation which will hold in the ZSE box case, 

and this should simplify matters. An analysis of the evolution of the ZSE box would 

follow this, and a homogenisation over many boxes would be the final step.
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Appendices

A.I The Incompatibility Tensor

The incompatibility tensor may be written in a more convenient form as follows. 

(See de Wit 1960).

T" VVl

A. 2 Proof that Equation (1.47) holds.

This proof follows de Wit (1960). Any vector v that vanishes at infinity can be 

decomposed into a 'gradient' and a 'curl 1 . That is, we may write

Vi = (j>,i + £ijkAkj. (A.I)

Consequently, if TtJ , a/j, A/n are second rank tensors, and a,, bj are vectors, we 

may write

Tij = ajti + £ikiaij,k, (A. 2)

and

so that, substituting (A.3) into (A.2), we get

= CLj,i

—- Gj,z i C{j' £ikl£ jmn-''-ln,mki
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where

Ci = £ikibi,

Putting

at- + ct =

we obtain

where 'S' again denotes 'symmetric part of. Thus, since atj is a symmetric tensor, 

we may write

(A.4)

where t/>jn is also a symmetric tensor. We know that cr^j = 0, and so

fai + fe = 0. (A.5) 

Differentiating with respect to Xj gives

which may be written as

and so
V2 (^,, t ) - 0. (A.6)

Now fa vanishes at infinity and so </>,-,,- must as well. The solution of (A.6) is

since 0,- and therefore faj vanishes at infinity. Substituting this in (A.5) gives

fe; = VVj - 0, 

and so by the same argument we have

<t>3 = 0,

and thus conclude from (A.4) that

116



A. 3 Proof that Equation (1.50) always holds

Again we follow de Wit (1960). Suppose we found a solution x'a °f (1-49) which 

does not satisfy (1.50). The function

will then give the same value of o^ in (1.48) as x'ij, by virtue of the fact that

£ikl£jmn(</>l,n + <t>n,l) tkm = 0.

Now if (1.50) must hold for Xij, then

or

A solution of this equation is

where /? = (A",^,-) 5 and X,- = x, — x(-. This solution can be verified using the 

relation

Therefore, since x'ij l?> known, we can calculate </>,-. We can then use (A. 7) to find 

a function Xij which satisfies (1.50).

A. 4 Stress Field of an Elliptical Cylindrical Sheet

Note firstly that

(A - 8)
(A - 91

where u; = xj + zxj, ^ = x\ + ^2, ^ denotes the 'imaginary part 1 , *R, denotes the 

'real part', and a bar implies the complex conjugate.
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C"

(a)

Figure A.I: (a) Ellipse C and branch cut; (b) Curve C 1 with branch cut.

To calculate the contour integral in (A.8, A.9) we proceed as follows. For the 

ellipse
JL i

the equation relating w and w is given by

a 2 + b2 2ab
w = (A.10)

The square root is defined by

where R and r are as in Fig. A.l(a), and 0 G (0,2?r), (f> G (0,2?r). Hence

,2 i L2a , dw — w

and so

- dw 262 /_^L_^/
Jc w — z c2 fc

w — dw.
1C Z - W C" JC W - Z C2 JC ( W - Z )(w2 — C2 )2

The first term can be calculated by Cauchy's integral theorem. In the second term, 

the square root factor introduces a branch cut which we take to run from w = — c 

to w = c, as shown in Fig. A.l(a). Next we make the substitution

1

so that

w = -, 
v

dw = ——dv. v 2
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Then
it; j l I ~dv—-—-dw = - <f>

- C2)2 Z JC > V ( V - 1)(1 _(w - z)(w2 - c2 J2 z Jc1 v (i 

where now C' is a curve in the v-plane, such that, if the point z is inside C, 
the point 1/2 is outside C' and vice-versa. Also, the branch cut now runs from 

w = -oo iow = -1/c, and from w - l/c to w = oo, as in Fig. A.l(b). Thus, if 
z is within C we have a pole at v = 0 whose residue is 2iri; if z is outside C, we 
have poles at v = 0 and v - 1/2, so that the residue is 2iri(l - z/(z2 - c2 ) 1 / 2 ). 

Thus

F dw - dw _ ( -4?ri6/(a + 6) z inside C 
Jc z-w ~ ( (-±7riab/c2 )(l - z/(z2 - c2 ) 1 /2 ) 2 outside C, (A>11)

and so, from (A.8)

_ , x

^i , / I —2?r6/(a + 6) z inside C 
c XI + XI X2 ~\ (-27ra6/c2 )TC{l - 2/(2 2 - c2 ) 1 / 2 } z outside C.

Also, since

we have

/ Xi , / f 0 2 inside (7/T\ ________ ̂ y 'v* _- s
Jc XI -f X2 l ~ \ (-27ra6/c2 )J{l - z/(z 2 - c2 ) 1 / 2 } 2 outside C.

It is easy to see how the expression (A.11) reduces in the case of a circle for 
points within the circle. However, for points outside the circle it is not simple to 
express the real part of the complex function (1 — 2/(2 2 — c2 ) 1 / 2 ) in terms of xi 
and x 2 , and confocal coordinates, as given by (2.21), collapse to give 2 = 0 when 
a = b. However it is straightforward to achieve the desired result by repeating the
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calculation above for the case when c = 0. One obtains

dw-dw __ f -2?rz z inside C 
YC z — w \ 2r2 7rz'/z 2 z outside C/Jc

for a circle of radius r. Consequently, we have

/ Xl dx> = / -* (x l5 x2 ) inside C 
7c X? + XI 2 \ r2 7r(z2 - * 2 )/(;r 2 + z 2 ) 2 ( Xl , z 2 ) outside C,

/ Xl dx> = /O (0:1,3:2) inside C 
JcXj + Xl 1 \ -2r2 7rx 1 x 2 /(x? -f a: 2 ) 2 (x,,x2 ) outside C.

A. 5 Stress Field of an Elliptical Patch of Edge 
Dislocations

We have

1 / ((z - w) + (z - w))(z - w? , _, r Xl (Xl-Xl) ———

Thus
27r(l -i/) 4 1//1 z -u) V |1 7 7 r ' 4 Jc \z — w (z — w}

Substituting for w from (A. 10), and using 

w dw r dw

, , ̂  - dw).

0

/•
0 
JC

/• CK; — cio rt . /*,„>>0 ————— = 2?rz < rt . ., , 9X 3 (A. 17)/c (^ - zY 2a6/(z2 - c2 )2 v ;

2 dw
— // 9 2\ 

- C2 )? I 1 - ̂ /(^ - C )
2\- 

2

dw —
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where in each case the upper term is for points inside C and the lower for points 

outside C'. We obtain
- _ _ \ -

_J_ , z ~ w \ , , , _v n -I — 4a6/(a + b\' ——— -f 7————rr (cfou - efoy) = 27Ti < . ,, / v ;
^ __ -yyj I -v /tJtlZ I ^ / 1 >< -f / ^_ N

where

ab 
2

Hence finally
" ' +*) !

Also

which from (A. 14) and (2.20) is equal to

0 z inside C 
27rl{-/(z)-a&/c2 (l-z/(z2 -c2 ) 1 / 2)} z outside C.

Thus
A ^n f 0 z inside C

f^ - — -— X

11)1 1 — i/ 1 T{g(z}} z outside C,
v

where

2a63 a63 z a63 (z2 - c

a6(a2 + 62 )

A. 6 Derivatives of Total Displacement

From the cut-and-weld definition of a screw dislocation (Section l.3.l(ii)) the total 

displacement is seen to have the form
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A

Since there is a jump of 6 in the value of u3 on crossing the cut half-plane 

< 0, x2 = 0) we have

Hm ul(Xll t) - 4(x x , -t)} = bH(-Xl ).

Dividing each side by 2*, multiplying by a test function <j>(x 2 ) and integrating, we 

have

lim / —;— dx-2-
L t—*

This reduces to

"

lim /' - 
t-+o J-t t

upon expanding <^(x 2 ) in a Taylor series about the origin. Hence

L/U, 3 

r\
^~J SV,— OO

and we may conclude that

,2 i ™2 '1 ~r X 2

In the case of an edge dislocation, as in Section l.S.lfuj, the total displacement 

has the form

with a jump in the uf component such that

lim u(x!,0 - t/ 

Hence there is a contribution to the x2 derivative of wf equal to

and /flji is as given in (4.3).
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A.7 Skew-symmetry of /3P in ZSEs

If we take the support of /3P to be the plane of the dislocation loop, then slip 

dislocations are represented by off-diagonal components of /3P ; the three diagonal 

components correspond to prismatic dislocations (Kroupa 1962). 

In a ZSE, the incompatibility is zero and therefore

This means that there exist classical continuous single-valued functions <^>, such 

that

= fe + fe- (A.20)

Next, suppose that (3 is distributed throughout a volume V (so that a would have 

support either over the surface of V or over the whole or part of V). Then, outside 

V,

&,j + fc — 0> 

and so, outside V,

— 7x2 + constant, 

</> 2 = —0X3 -f- 7^1 + constant, (A. 21) 

</>3 = (3x2 — &x \ -f constant,

for some constants a, /?, 7. Since ^^ = ^ = /?£ = 0 in the absence of prismatic 

dislocations, we have that in V,

for some functions /i, /2 , /a- Since the <fc must be continuous, in particular on dV , 

it is not then difficult to see that (A.21) must hold inside V as well as outside, and 

(A.20) becomes
+ = 0.
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A.8 Unsteady Conservation Equation

We require the conservation equation for the dynamical situation of Section 5.2. 

The derivation follows that of the Reynolds Transport Theorem of fluid dynamics 

(see Acheson 1990, p. 220), and is given in general before being specialised to the 

case considered in Section 5.2.

Let V(t) be the volume occupied by a 'blob' of dislocations at time t, which we 

suppose to be dyed in order that one may follow its progress. Suppose also that 

u;(x,t) is the dislocation number density at the point x (which moves with the 

dislocations) and time t. Then

Tt = "• (A '22)
where v, the dislocation velocity, is perpendicular to the dislocation lines, so we 

have v = .A(crtj6,mj)n, where n is the normal to the dislocation lines in their slip 

planes, A is a mobility constant (Section 1.4.1) and it has been assumed that a = 1 

in (1.16).

Since we require the total dislocation density in the dyed blob to remain con­ 

stant in time, we need to show that

d
'V(t)

If x = X at t — 0, then we may write

4- I w(x,t)dV = Q. (A.23) 
at Jv(t\

d f d f
— I uj(x,t)dv = — / (*J\ X , t jJ U.A i flv\ 2 "^ 31 (^A.24)
dt Jv(t) dt Jv(o)

where the Jacobian J is the determinant

J =

The integral on the right in (A.24) is over a fixed volume and so the derivative 

may be taken inside the integral sign to give

dtJV(t) ^ JV(0)
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Now

dJ_ 
dt

9x2
ax
8x3

JLl*
9t9. 

_9x
dX 
9x

9x 9A"
9X

9X2
9A"i 

9 9x3
dtdXl

JV.v.

dX? 
9x2 9x

9 9x3 
dtdX2

9 9x3 
9t9A"3

Thus

*.~dt

d_ 
v(t) [dt

- L

9*!
9 9x2

9x3 
dXl

9xi

9 9x2 _9 9x3
>t 9A"2 S
9x3 9x,

V(t)

As this must vanish for all £, if dislocations are to be conserved, then

duo
dt

Equation (A.25) and the equations

.v = 0. (A.25)

•in,i = 0 (a,-n = ubiTn ),

v = A(cr,-j6,-mj)n,

(A.26) 

(A-27) 

(A.28)

together constitute the model for the unsteady case. As mentioned in Section 2.2, 

(A.26) and (A.27) consist of seven equations for eight unknowns. (A.25) provides 
one more equation, and v contributes one more unknown (as it is confined to the 

slip plane, and its direction is known since a is known). Finally, (A.28) represents
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one independent equation, and so (A.25)-(A.28) consist of nine equations for nine 

unknowns.

In Section 5.2 the nonzero components of density are a22 and ^33, and the dis­ 

locations may only move parallel to the Xi-direction. Thus, for the 0:33 dislocations 

with speed v, (A.25) reduces to

dt
and for the a22 dislocations with speed v'

dt
as required.
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