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Abstract

This thesis is concerned with PDEs that have a strain-limiting constitutive relation,
originating in the framework of continuum mechanics and implicit constitutive the-
ory. The work presented here is broadly split into two halves. In the first half, we

consider the balance of linear momentum
uy =div(T)+ f in(0,7)xQ=:0Q, (1)

where Q C R? is a domain under the action of some external body force f and
u : Q — R? denotes the displacement with Cauchy stress tensor T : @ — R4,

This is supplemented with the strain-limiting constitutive relation

T
e(uy +au) = F(T) i = ———, (2)
(14 [T|*)=
where € is the symmetric gradient operator and a > 0 is a fixed parameter. The lin-
earised strain e(u) is assumed to be small. Provided that the strain at the initial time
t = 0 is sufficiently small, in fact it follows from (2) that the linearised strain e(u)

is uniformly bounded. This is the motivation for the terminology strain-limiting.

We prove the existence of unique weak solutions to (1), (2) under periodic boundary
conditions, Dirichlet boundary conditions and mixed Dirichlet—Neumann boundary
conditions. The theory is first developed in the simplest case, namely, the periodic
setting. The techniques are built upon so that we can eventually investigate the
most challenging case of mixed Dirichlet—-Neumann boundary conditions. The main
ideas used in the existence proofs are as follows. First, we introduce an elliptic reg-
ularisation term into the constitutive relation (2) on the right-hand side, replacing
F with a function F), that is a bijection on R%*? to itself. Existence of a solution
to the regularised problem is proven via a Galerkin approximation in space. Then
n-uniform estimates are constructed. The main technical difficulty here is that the
sequence of approximate stress tensors is, at best, bounded in L (0, T; L' (€)4*4),
which has poor compactness properties. We must construct weighted higher regular-
ity estimates that allow the deduction of a pointwise convergence result. However,
in the case that the parameter a is small, a higher integrability estimate can in fact
be proven. The limit in the regularisation parameter n can then be taken and a

weak solution of the strain-limiting problem constructed.



In the second half of the thesis, the focus is on nonlinear dynamic fracture problems.
We consider a domain that is experiencing damage and cracking under the action
of an external force. As in the previous half of the thesis, there is an unknown
displacement u and Cauchy stress tensor T, but now we also deal with an unknown
phase-field function v : @ — [0,1] which approximates an a priori unknown time-
dependent crack set to a certain approximation level e. The function v takes the
value 1 ‘away’ from the crack set and the value 0 ‘near’ the crack set. The balance

of linear momentum is replaced with
uy = div ((1)2 +n)T) inQ, (3)

where 7 is a fixed parameter that prevents degeneracy near the crack set. This is
supplemented with a nonlinear constitutive relation, either a strain-limiting relation

of the form (2), where the strain is necessarily small, or the relation
e(u; + au) = F(T) := |T|P~T, (4)

where p € (1,00). First, we consider the problem (3), (4) and develop a general
theory of nonlinear dynamic fracture problems of this kind. The existence of weak
energy solutions is proven, meaning that they solve (3) weakly, (4) holds pointwise, a
minimisation problem which ensures growth in the crack set wherever possible (elim-
inating the case of a stationary crack) and the satisfaction of an energy-dissipation
equality. Then we combine the techniques developed with those from the first half
of the thesis to investigate dynamic fracture problems with a strain-limiting consti-
tutive relation. We solve (3) coupled with (2). A partial existence result is proven
in the case of mixed Dirichlet—-Neumann boundary conditions and a full existence

result in the case of fully Dirichlet boundary conditions.
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Chapter 1

Introduction

The aim of this thesis is to investigate systems of partial differential equations (PDEs) that
model problems from continuum mechanics for viscoelastic solids that exhibit a strain-limiting
property, from the point of view of mathematical analysis. The term wiscoelastic is used to de-
scribe a body that can display typical properties of both elastic and viscous materials. The term
elastic is used to mean a body that does not dissipate energy under any process, for example,
a deformation. A wiscous material is one that resists shear force. The term strain-limiting de-
scribes materials that can be accurately modelled using a constitutive law that enforces bounded
strains for arbitrarily large stresses. The concept has been investigated much in recent years in
the context of elasticity but significantly less so for viscoelasticity. Hence, viscoelasticity is the
focus here.

A classical example of a viscoelastic system is that of a linear spring and a linear viscous
dashpot in parallel [17]. We refer also to Figure 2 in [16] and Figure 1(a) in [31]. However, it is
well-known that linear models are insufficient to describe the real world. A simple generalisation
that could be more appropriate is a system with a nonlinear spring and a nonlinear viscous
dashpot. For the systems of PDEs considered here, nonlinear properties are expressed through
a constitutive relation, which encodes specific material properties for a body. While balance
equations are needed to describe the general motion of a body, the resulting problem is closed
by the relevant constitutive laws. We note that the system of PDEs used to model a viscoelastic
body here is identical to that of an elastic solid and a viscoelastic fluid, except for the constitutive
relation.

The term implicit constitutive theory will be used here to refer to the general framework
introduced by Rajagopal in [88]. His idea was to expand upon the previous theory that was
used to describe elastic and viscoelastic bodies since experimental data showed that the classical
models were insufficient. The aim was to do this in a systematic way while ensuring that the
resulting models are thermodynamically consistent. By this, it is meant that the second law of
thermodynamics is satisfied. While implicit theories are common in viscoelasticity, Rajagopal
explains that many are not truly implicit: in particular, explicit relations can be obtained from
them by basic manipulations. However, here implicit will be understood in the most general

sense.



The theory has been used to carefully explain phenomena that were not fully understood
previously. Particular instances include the response of rock [65], Gum Metal and other titanium
alloys (e.g. [104], [53]), stainless steel alloys [100], biological matter [50] and soft materials such
as rubber [30]. Experimental observations of these materials show nonlinear behaviour in the
small strain range. In particular, some demonstrate characteristics of strain-limiting materials.
For additional examples, we refer to [32], [82], [69], and the references therein.

One of the reasons for such interest in strain-limiting materials is their potential use in the
analysis of fracture problems. It is well-known that if there is a linear relationship between the
stress and strain, as in the case of linearised elasticity, the strain has magnitude of order r_%,
where 7 is the distance to the crack tip [95]. The strain experiences a singularity around the
damage. However, we are working in the setting of linearised elasticity, for which the standing
assumption is that the strain is a priori small. Various ad hoc methods have been suggested to
deal with this issue. However, they are not necessarily thermodynamically justified, nor system-
atic in their presentation. In this work, we develop a framework of nonlinear dynamic fracture
problems in which we are able to choose a strain-limiting constitutive relation. This ensures
that the strain remains a priori bounded by a chosen constant, thus avoiding a singularity near
the crack tip while still being a thermodynamically consistent model.

The remainder of this section is dedicated to investigating implicit constitutive theory, dy-
namic fracture problems and discussing the relevant literature on these topics. First, the defini-
tions and notation that are required in order to understand this new class of implicit relations
will be introduced. Next, a review of the theory for elastic solids is undertaken with the view
that this is a stepping stone to the new results presented here on viscoelastic solids. Of particular
interest are existence results for boundary-value problems (BVPs) that result from these models
for elastic bodies. Then, a review of the current results for viscoelastic bodies is presented. The
existing literature on the subject is very limited, especially in the context of a time-dependent
problem. This thesis aims to fill some of these gaps. Next, we present an overview of quasi-
static and dynamic fracture problems. We begin with quasi-static problems because this is the
basis of the dynamic theory. Then we investigate dynamic problems as a basis for the study in
Chapters 5 and 6. In particular, we formulate the nonlinear fracture problem of interest that

uses a phase-field approximation to model the damage in the body.

1.1 Kinematics and equations of motion

The notation introduced here is standard in the literature. For simplicity, throughout the
remainder of this section a three-dimensional setting is considered unless stated otherwise.
However, the later mathematical analysis takes place in an arbitrary spatial dimension d > 2.
Let Q9 C R? denote the initial configuration of a body and Q; C R3 the current configuration
of the body at time ¢t € R. If X denotes a point in €2y, denote the position of that point at time



t in Q; by x = x(t,X). The displacement is defined by u(t,X) := x — X. The velocity v and
deformation gradient F are defined by
vi= X p o OX
ot’ ©0X’
The balance of mass, linear momentum and angular momentum are the equations of motion used
to model the kinematics of a body. They are not specific to a particular material - constitutive
relations are used to make this specification. With respect to the current configuration, they

are expressed as the following system:

% + divx(pv) =0,

3((52;0) + divx(pv @ v) = divx T + pf, (L.1)

T=T"T,

for every (t,x) € R x Q, where p is the current density, T is the Cauchy stress tensor, and
f is the density of body forces. We refer to (1.1) as the Eulerian formulation of the balance
equations. The deviatoric part T? of the stress is defined by T® = T — é(tr T)I, where d is the
dimension and I denotes the identity matrix in R%*?. Thus for d = 3, the three-dimensional
case, we have T = T — %(tr T)I. The volumetric part of the stress is the trace tr T.

The system of equations can also be expressed with respect to the initial configuration. This

gives the following Lagrangean formulation of the balance equations:

P = po det F,
62
pOTg = divxS + pof, (1.2)
SFT = FST,

for every (¢,X) € R x Qq, where S := (det F)TF~" is the first Piola-Kirchhoff stress tensor
and pg is the initial density.

As mentioned previously, the set of balance equations is insufficient to describe the motion
of a body. Specific constitutive relations are needed in order to ensure that individual properties
of the body are encoded into the system of equations. Typically, the relation will involve the
stress and one or more of the kinematic variables, for example, the displacement or the velocity.
As discussed in [16], an equation for the balance of energy is also required in the case that fields
(such as thermal or magnetic fields) are acting on the body. Then further constitutive relations
are also needed. However, for simplicity, it is assumed that the energy is constant throughout
this thesis.

The stretch tensors that are of interest are the left and right Cauchy—Green stretch tensors,
defined respectively by

B=FF', C=F'F.

Furthermore, we consider the Green strain tensor defined by

1
E=5(C-1).



The linearised strain plays a key role in the subsequent analysis, particularly when we intro-
duce the small displacement gradient assumption that is stated in (1.5) below. Consider the

symmetric displacement gradient defined by
1 T
e=c¢(u) = i(qu + (Vxu)"),
referred to as the linearised strain. It is related to the left Cauchy—Green stretch tensor by
B =1+2¢+ (Vxu)(Vxu)T.

This follows by noting that F = Vxx = Vx(X + u) = I+ Vxu. We write L for the velocity
gradient Vyv. The symmetric part of the velocity gradient is then denoted by D, i.e., D =
3(L+ LT). This is related to the deformation gradient by

OF
— =LF.
ot

Indeed, using the definitions of F and L, we have that

LF

B 82u5)7x_ 82u87x_ 0?2 (x—X)— 0%x _c’*)j
COtox 90X Otdx 90X OtoX OtOX ot

From now on, we are only interested in the Lagrangean formulation of the equations of motion.

1.2 Implicit constitutive equations and elasticity

With the equations of motion in mind, we now consider the constitutive relations that encode
specific material properties, with a particular interest in the theory of implicit constitutive
relations. Terms that are traditionally used in the context of elasticity are Cauchy elastic body
and Green elastic body. A Cauchy elastic body is defined as one in which the stress can be
given as a function of the deformation gradient. A Green elastic (or hyperelastic) body is one
in which the stress is defined in terms of a strain energy density function. This takes the form
T = (det F)*l%—vg - FT where W (F) is the strain energy density function. In particular, Green
elastic bodies bodies are a subset of Cauchy elastic bodies.

The notion of elasticity is discussed in [90] and [93] in considerable detail. To summarise
in a line, an elastic body is defined as one which does not dissipate energy under any process.
However, a question that is raised is whether or not the class of Cauchy elastic bodies is in fact
the whole class of elastic bodies. Rajagopal claims that this is not the case [93]. By definition,

the constitutive relation for a Cauchy elastic body is
T = h(F). (1.3)

Assuming that the body is an isotropic, compressible, homogeneous, Cauchy elastic solid, from

standard representation theory we deduce that (1.3) must be of the following form:

T = vI+ B + B2 (1.4)



The functions ~; for 0 < ¢ < 2 are material moduli that depend on p and the principal invariants
of B, i.e., Ig = tr(B), IIg = tr(B?) and IIIg = tr(B?) [92]. These invariants are considered
since we are considering the problem in three-dimensions. By isotropic, it is meant that a body
has the same property irrespective of the direction. Homogeneous is used to mean that the
body has the same properties throughout its entirety.

Suppose that the small displacement gradient assumption holds. By this, we mean that for
some ¢ < 1 we have that

x| Vxul = 0(). (L5)

This is sometimes referred to as the small strain assumption. In this case, we have that B =

I+ 2¢ + O(6?) and it follows that, up to an error of order §2, the relation (1.4) reduces to
T = He,

where H is a fourth order tensor that is independent of &, although it may vary and depend
on (X,t) [16]. In particular, there is a linear relationship between the stress and the linearised
strain when assuming that we are in the small strain range. As stated in [92], even if the
conditions stated above (isotropy and homogeneity) do not hold, a linear relationship between
the stress and linearised strain is always obtained. In particular, there is no justification for
Cauchy elastic bodies to have a nonlinear relationship between the stress and the strain in the
small strain range. However, as shown in [104], for example, it is possible for an elastic body to
have a nonlinear stress-strain relationship under condition (1.5). This suggests that the class
of Cauchy elastic materials is perhaps insufficient to model all elastic bodies. In particular, as
discussed in more detail below, experimental evidence shows that nonlinear relationships model
certain materials in the small strain range particularly well, motivating the study of nonlinear
models.

Introduced in [88], and subsequently studied in a large number of further papers by Ra-

jagopal and his co-workers, rather than (1.3) we instead consider the following implicit relation:
h(T,B) =0. (1.6)

Suppose that the material under consideration is isotropic. Then the relation (1.6) must be of

the following form:
aol + T + 9B + a3T? 4+ ayB? + a5(TB + BT) + a5 (T?B + BT?)

(1.7)
+ a7(B*T + TB?) + ag(B*T? + T?B?) = 0,

where a; for 0 < i < 8 are material moduli depending only on
p, tr T, tr B, tr T2, tr B2, tr T3, tr B3, tr TB, tr T?B, tr BT, tr T>B2.

We refer to [92] and the references therein for details of this calculation. A subclass of this

model is (1.4). However, an analogous subclass to consider is

B = 5ol + BT + 3,12, (1.8)



where the material moduli §; for 0 < i < 2 depend only on the principal invariants of T as
described previously. Under the small displacement gradient assumption (1.5), the relation (1.8)
reduces to

e =BI+ BT+ BT (1.9)

For certain choices of 5;, by arguing in such a way we see that a nonlinear relationship between
the stress and linearised strain is justified. The fact that this is a nonlinear relationship is key,
since this was the main shortcoming of (1.3). In [104], it was shown that 90% cold worked Gum
Metal displays an elastic response up to a strain of 2.5% and the stress-strain relationship in
this region is nonlinear. An attempt to fit the experimental data to the model is presented in

[95]. The relationship that was considered is
e =\ (tr T)I + 200e" " TT, (1.10)

where A1, A2, 7 are positive constants. Clearly this is a subclass of (1.9). It was shown in [95]
that this relationship can be fitted to the data ‘admirably well.” Although further experiments
would be required to show the validity of the model, Rajagopal states that this is a ‘compelling
reason’ to consider such implicit models.

Similarly, the goal of [69] was to fit experimental data for cold worked Gum Metal and other
titanium alloys to a power-law model that forms a subclass of (1.9). An interesting aspect of
the analysis is that the trace part tr T and the deviatoric part T9 of the stress are separated
and are allowed to have different polynomial growth. We refer to [16] for a mathematical study
concerning the strain-limiting problem where the trace and traceless parts are separated. The
authors of [69] state that this model outperforms or is at least as good as (1.10). We note
that Gum Metal is of importance due to its use in applications, in particular in the biomedical
industry [53]. Hence it is necessary to have an understanding of its elastic properties. However,
it is clear that the strain e is unbounded for large stresses in models such as (1.10). This
contradicts the standing assumption under which the model is constructed, i.e., the small strain
assumption (1.5). Thus one must be very careful when working with such models.

Consider a material in which the strain grows faster than linearly with respect to the stress.
We call such a body superlinear. This is the case for stainless steel alloys [100], Gum Metal
and certain titanium alloys. For the model considered in [95], the strain grows exponentially
with respect to the stress. However, the materials of interest in this thesis exhibit the opposite
behaviour. They are sublinear, the strain grows significantly slower than the stress and, in
particular, slower than linearly. Examples of sublinear elastic bodies include rubber and bio-
logical matter; see [58], [59] and [60], for example. An extreme case of this is when the strain
is bounded. Such bodies are called strain-limiting and are the focus of this thesis. Irrespective
of the magnitude of the stress, the strain remains bounded. The expected response of such
materials has been demonstrated by certain biological matter [28] and is further investigated

in [85], where an attempt is made to identify appropriate parameters to fit a strain-limiting



relation to such materials. In practice, a material will fracture before infinite stress is applied to
it. However, strain-limiting constitutive relations are a good fit for experimental data compared
to certain linear models and hence are worth investigating in further detail. The relationship
to fracture will be explored in more detail later on.

It is worth noting that the type of material investigated in [85] is in the context of strain-
locking materials. This is a type of Green elastic body, first introduced by Prager [87] and
expanded upon in [86]. Variational problems are studied in the context of strain-locking ma-
terials in [37]. We refer also to [6], where the existence of minimisers is studied in the context
of elastic ideal locking materials. We mention also [5] where a discussion on strain-limiting
materials is made from the point of view of a variational setting.

The idea that Prager had was to classify materials from soft to hard. As explained in [86],
an extreme soft material is one in which the stress increases until some yield value, without
any increase in the strain. At the yield point, the strain then increases arbitrarily without any
increase in stress. An extreme hard material is opposite in that the roles of the stress and
strain are reversed. Hence, an extreme hard material is an ideal strain-limiting material. The
stress can increase without any increase in strain, at least up until some yield value. It is worth
noting that Rajagopal initially overlooked such materials in the development of his implicit
constitutive theory. However, in [88], he considered bodies where the stress is not a function of
the deformation gradient. Such a body cannot be Green elastic and so falls outside the class of
strain-locking materials. In particular, strain-limiting theory is in some sense a generalisation
of strain-locking theory.

An extremely important possible application of strain-limiting models is the study of fracture
mechanics and crack propagation. When the classical linear model is used to study crack
problems, the strain behaves like 0(7"_%), where r is the distance to the crack tip [95]. In
particular, the model predicts that the strain blows up at the crack tip. Anti-plane shear (or
anti-plane strain) is used to mean that the only nonzero component of the displacement of
a three-dimensional body is perpendicular to the plane. In particular, the strain takes the

following particular form:
0 0 €3
€ = 0 0 €23
€13 €23 0

The stress tensor has an analogous structure. It is common to study the problems of interest
here in the anti-plane setting first due to the simplified structure that is available.

The fact that the strain blows up contradicts the very assumption under which the model
is constructed, i.e., the small displacement gradient assumption (1.5). A better model for
considering fracture in brittle materials might ensure that the strains are bounded. Indeed, in
brittle materials fracture can occur for small strains. This is the motivation for the second half
of this thesis where the analysis of strain-limiting materials is combined with dynamic fracture

problems.



Historically, a variety of approaches have been used to try to deal with the singularity at
the crack tip. Specific methods can be found in [95], [18], and the references within. In [95],
it is stated that even ‘fully nonlinear theories of elasticity are inadequate in describing the
response in the neighbourhood of cracks in that the singularity yet persists.” An advantage of
the strain-limiting theory is that the strains are a priori bounded so no singularity is present,
without the use of an ad hoc method to essentially ‘smooth out’ the singularity. Furthermore,
the approach is systematic as well as being thermodynamically justified. Rajagopal states that
this is a significant advantage over the ad hoc approaches that had been used previously [82].

The first analysis of fracture mechanics using strain-limiting elasticity from the point of view
of implicit constitutive theory was in [99]. Only the anti-plane shear setting was considered.
The constitutive relation was assumed to be of the form e = ¢(|T|)T, where ¢ is a monotone
decreasing function such that r — ¢(r)r is a bounded map on [0,00). We note that a similar
relationship is considered here. The authors concluded that using such a model negates the need
for techniques that ‘remove’ the singularity that occurs in the linear case. Similar problems have
been considered in some specific geometries. In [71] and [70], anti-plane strain is considered in
the context of a plate with a V-notch. The simplifications allow the reduction of the problem
via the Airy stress function, resulting in a problem in one-dimension. This problem was then
studied numerically using the finite element method and the stress was seen to concentrate
around the tip of the V-notch. This contradicts the asymptotic analysis performed in [99],
where the stress was found to vanish in the vicinity of the crack tip. The conflict may be due
to the fact that solutions to nonlinear PDEs can exhibit very different behaviour to what is
suggested by asymptotic analysis. In [81], a plate with a hole was studied numerically. No
singularity was found to occur in this case and the strain was shown to grow significantly
more slowly than the stress. In [18], an infinite cylinder with constant planar cross-section was
considered in the case of anti-plane shear. It was possible to reduce the problem to one that
is similar to the minimal surface equation. A complete mathematical analysis was performed
and the authors proved the existence of a weak solution under certain parameter conditions on
the constitutive relation. Further investigations of crack problems can be found in [61], [62]
and [54]. The specific geometric setting and anti-plane setting make these works significantly
different from the study made here.

Another problem that can be studied in the context of strain-limiting theory is that of
concentrated loads. The idea is to consider large stresses being applied to a body. Under a
linear constitutive relation, the strain will become large due to the magnitude of the stress and
the small strain assumption will be violated. Hence, a theory where the strain remains bounded
a priori could be useful in obtaining an understanding of such a problem. We note that the
loading could be inside the body or on the boundary, leading to two very different problems.
Furthermore, motivating the work in Chapter 2, if the loading is sufficiently far away from the
boundary, such problems may be approximated by a system with periodic boundary conditions.

More general boundary conditions will be the cause of some issue in Chapter 4.



1.3 Elasticity

In this thesis, we are interested in the rigorous mathematical analysis of the initial-boundary-
value problems (IBVPs) that model problems from continuum mechanics for a class of strain-
limiting viscoelastic bodies. The known results for the elastic case must be discussed first since
the problems are deeply related. We note that this has, in general, only been studied in the
steady case by which we mean that there is no time dependence in the problem at hand.

The majority of the aforementioned papers deal with only the anti-plane strain case. How-
ever, mathematical analysis has also been performed in the general case on strain-limiting elas-
ticity. To this end, we consider the effect of the small strain assumption (1.5) on the balance
equations (1.2). The density is explicitly given by (1.2);. The balance of angular momentum
(1.2)3 reduces to T = TT. This restriction will be encoded by the constitutive relation so
we need no longer include it in the system of balance equations. Finally, for the balance of
momentum (1.2)2, we notice that the first Piola—Kirchoff stress tensor S can be replaced by the

Cauchy stress tensor T up to an error of order 62. Thus we have that

p(t,-) = po(1 +tre(t,-)),
2 2 .

Pogtg :PO%;; =divxT + po f, —
in R x Q9. The definitions of x and u were used to obtain the first equality in (1.11),. Since
p is given explicitly as a function of py and the linearised strain € = e(u), we no longer
consider it as one of our unknowns. In particular, we obtain a system of PDEs with unknowns
(u, T). To obtain such a system, we have had to make various approximations. However, such
simplifications have to be made in order to make the model usable with regards to mathematical
analysis, at the cost of a loss of modelling accuracy.

Thus, in this thesis, we focus on
uy =div(T)+ f inQ:=(0,T)xQ, (1.12)

where (u, T') are unknown and f is a given external force. In relation to the previous discussion,
we have Q := Qg and T € (0, 00) is the final time. Furthermore, for simplicity the initial density
po is taken to be constant. However, under suitable regularity assumptions, a non-constant
density can be included in the analysis of Chapters 2, 3 and 4. We couple (1.12) with the

requirement that T = TT and a constitutive relation of the form
€ = ﬁ01+51T+52T2 (113)

In the particular case that S2 = 0, which we do indeed later assume, it follows that the angular
momentum balance is naturally included in (1.13) and so will not be specified.

At the time of writing, as far as I am aware, full analysis of the BVP for the strain-limiting
elasticity problem has only been done in the static case. We note that specific problems have

been studied in [94], for example, extension, simple shear, and torsion among others. However,



as with the anti-plane shear examples discussed previously, the authors of [94] assume a specific
structure on at least one of T and €. Thus we do not investigate them further here. Furthermore,
the problems under consideration in [94] are not analysed in the context of a BVP.

Consider the problem of finding a couple (u,T) : @ — R% x R4 such that

sym
—div(T) = f in Q,
e(u) = F(T) in Q,
(1.14)
u=u on J1p,
Tn=g on 0Ny,

where Q C R? is an open, bounded set with sufficiently smooth boundary and 9Qp, 0Qy
are relatively open, disjoint subsets of 92 such that 9 = 0Qp UINQyN. The body forces f,
boundary traction g, and boundary displacement w are given functions of sufficient regularity.

The function F : ngxn‘i — Rg;n‘i is assumed to be bounded, with a prototypical example given
by

T
- ——, (1.15)
(1+|T]*)=
for a fixed parameter a > 0. We refer to Figure 1.1 to see how F' varies with the parameter

a. Another prototypical example that is commonly seen in the literature is the following. The

[F(T)]

T

Figure 1.1: Dependence of |F(T)| on |T| for the prototype model F(T) = (1 + |T|*)~«T. The four
curves correspond to a = 3 (loosely dash-dotted curve), a = 1 (solid curve), a = 2 (dashed curve) and
a = 10 (dash-dotted curve). Clearly, |T| tends to 1 more rapidly with increasing a. In particular, the
graph becomes ‘sharper’ as a increases, suggesting why we are able to obtain improved results in the
case that a is small. However, it is not clear why a < % is, at present, optimal.

trace part and deivatoric part of the stress are decoupled to give the constitutive relation
F(T) = \(tr T)(tr T)I + u(|T°|)T?, (1.16)

where the functions A and p are given. A typical example for both A and p is

1

. 1.17
(14 |s]*) o

where the parameter a need not be the same for A and p. The following general assumptions

on A and p are from [16] and are based on the fact that (1.17) is a typical choice. We have the
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coercivity and boundedness assumptions

0182

7 < 2 < R Al
Py < A(s)s* < Css s € R, (A1)
Cys2
- :_ . < u(s)s2 < (Osys s e Ry, (A2)

and growth assumptions

(A(s)s) s€ER, (A3)

T < g (99 sER,, (A1)
where C1, C2, k and a are positive constants. In this thesis, we focus on relations of the
form (1.15) but the analysis can be extended to constitutive relations like (1.16) under suitable
assumptions such as (Al)—(A4).

For the completeness of this review of the literature, although it only deals with the anti-
plane strain case, we include a result from [18]. It was the first result of its kind, concerning
problems of the form (1.14), (1.15). However, the geometry is specific. An infinite cylinder
with planar cross-section is considered. The proof is quite different to those in this thesis. Due
to the simplified geometry, the authors of [18] reduce the problem by means of the Airy stress
function. This is the reason for the geometric restrictions on the domain, in comparison to the

results that we prove here which have no such restrictions.

Theorem 1.1. Let Qg C R? be a simply connected, Lipschitz domain. Define the spatial
domain Q = Qo xR with 0Qp = 0, 00n = Qg x R. Assume that f = 0 with boundary traction
g(x) = (0,0,9(x1,x2)) where g € C*(0Q) and faﬂogdS = 0. Consider (1.14) with F given
by (1.16). Suppose that (A1)-(A4) hold. Then there exists a unique weak solution to (1.14)
provided that either

(1) a € (0,00) is arbitrary and Qg is uniformly convez, or

(i) a € (0,2) and O = Teon U L'fiar, where Teop is piecewise uniformly convex, Tfqp is

piecewise flat, and g vanishes on T fiq.

Something of note is the fact that Theorem 1.1 proves the existence of weak solutions under
fully Neumann boundary conditions. This is of contrast to the results of this thesis. We have full
existence results in the case of fully Dirichlet boundary conditions but if part of the boundary
is supplied with a Neumann boundary condition, we are not able to obtain existence of a weak
solution in the usual sense. An error term will be present on the Neumann part of the boundary.
This is discussed in much greater detail in Chapter 4.

Our main interest is in existence results that are similar to that of Theorem 1.1 but for the
case when ) is an arbitrary domain in R3, rather than an infinite cylinder. We note that a

strong existence result holds in the case that a € (0,2) in Theorem 1.1. The restriction on a
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that appears in this thesis for higher integrability estimates is a € (0, %) This leads to the next
theorem of interest.

The following result is proven in [19]. It deals with the system (1.14) in the spatially
periodic setting when the function F' is defined by (1.15). The existence of a unique solution
is proven in the case a < % when working on a periodic domain in R¢. For larger values of
a, only the existence of a renormalised solution is proven. However, later work, in particular
that of [5], shows that the existence of weak solutions in fact holds for every positive value of
a. Furthermore, the renormalised solution constructed in [19] is exactly the weak solution of
interest that is constructed in [5]. For the subscripts %, # that are used in the statement, if F
is a local Lebesgue or Sobolev space L (R%) or Wl’Z’Cp(Rd), F4 denotes the set of all functions

from F that are 1-periodic in each co-ordinate direction. F, represents the subset of this class

of functions having zero integral average on ().

Theorem 1.2. Let Q = (0,1)4, 9Qp = 9Q and 00y = 0, and replace the Dirichlet boundary
condition in (1.14) by a periodic boundary condition. Define F by (1.15) and consider the
resulting periodic problem (P). Suppose that f € W*l’t(Q)d for some t > 1. Then, there exists a
unique weak solution (u,T) to (P), provided that either a € (0,2) ifd > 2 ora € (0,1] if d = 2.

By a weak solution, it is meant that

/QT-z-:(v)dw—/Qf-vdw,

or every test function v € W*l’1 0% such that e(v) € L2 ()% and the constitutive relation
y # i
e(u) = F(T) holds pointwise a.e. in Q.

The proof uses the Galerkin method with a Fourier basis, taking advantage of the periodic
structure of the problem. As mentioned earlier, this periodic setting could be used to model
the problem of concentrated loads acting on a body provided that the concentration occurs
sufficiently far away from the boundary. This motivates our extension of Theorem 1.2 to the
dynamic setting, albeit for viscoelastic materials rather than elastic ones. Furthermore, periodic
structure removes any issues that may arise due to the boundary conditions, such as those in
Theorem 1.4, and so from the point of view of the mathematical analysis of time-dependent
strain-limiting problems is the natural place to start.

The strain-limiting problem considered in Theorem 1.2 is extended to a general domain
in [16]. Indeed, the existence result is proven for a strain-limiting problem on an arbitrary
bounded domain with Dirichlet boundary conditions. Furthermore, the result is extended to
a more general constitutive relation, where F' is decomposed into a volumetric and deviatoric

part as in (1.16). However, the same result applies in the case that F' takes the form (1.15).

Theorem 1.3. Suppose that Q C R? is an open, bounded set with Lipschitz boundary such that
0p = 00, 00N = 0. Assume that X and p satisfy (A1)-(A4), with a € (0, é) Suppose that
f = —div(F) for a given F € W5L(Q)¥*4 where 8 € (ad,1). Then, there exists a couple (u,T)
such that

12



e Tc Ll(Q)dXd

sym>
o uc Wol’p(Q)d for every p € [1,00), and
e g(u) € L>®(Q)%xd,

such that the couple is a weak solution of (1.14), (1.16) in that, for every v € C(Q),

/Te dx—/Fs()d

and the constitutive relation e(u) = F(T) holds pointwise a.e. in Q.

Further regularity results are also proven in [16]. The proofs of existence in Chapters 2, 3
and 4 for the viscoelastic dynamic problem rely on similar methods to those used in the proof
of Theorem 1.3. Namely, an elliptic regularisation is introduced in the constitutive relation and
the strain-limiting problem is approximated by one with growth.

One of the most general results in the literature regarding strain-limiting problems is from
[5].1 A significant feature of the result is the fact that the restriction on the parameter a is
removed, as well as the radial nature of the constitutive relation. The function F' need only
be asymptotically radial. Another important extension is that mixed boundary conditions are
considered. However, a consequence of this choice is the presence of a penalisation term on the
Neumann part of the boundary which cannot be removed.

We introduce the following assumptions on the structure on F. We suppose that F is a C*

function and define a fourth-order tensor? function A by

OF;;
Azyk‘l(T) = . (T) VZ> ja ka le {17 7d}
We also assume that F' is uniformly hA-monotone, i.e., there exists a positive, non-increasing,
continuous function A : Ry — Ry such that, for every T, S € Rg;‘,il,
Cs|SP
T|)|S|* < A (T)Si;S
(| H | Z zgkl ij kl_l—}—‘T‘

1,7,k,1=1

Furthermore, A must be asymptotically symmetric, i.e., there exists a positive constant C5 such

that, for every T € Rg;,ﬁ,
AT - ADP _ Gy
h(|T]) LT

where & is as above and A*(T) := $(A(T) + AT(T)). Finally, F needs to have an asymptotic

radial structure, by which we mean there exists a non-negative continuous function g defined
on R, with
g(t) < Ca(1 +1),

!We note that the restriction on a in Theorem 1.2 (and also Theorem 1.3) is purely technical. The work from
[5] and, in particular, the proof of Theorem 1.4 can be used to extend the results for the periodic and Dirichlet
case to existence for any positive value of a.

2We use such tensors repeatedly throughout the thesis. In particular, we use them to define an inner product on
R*? by (S,U) a(1) = > i et Aijkt(T)Si;Uk. This simplifies the notation significantly and provides information
such as non-negativity of (S,S)(r), as well as use of the Cauchy-Schwarz inequality. However, the most
important part to note is that (OT,0T) 4(1) = OT - 0F(T). This is vital for higher regularity estimates.
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dxd
sym»

for every t € Ry and there exists a constant Cy such that, for every T € R
holds:

the following

lg(IT)F(T) — TJ?

AT < Co(1+|TP).

Theorem 1.4. Let Q C R? be a bounded Lipschitz domain and suppose the initial data wg and
external data (f,g) satisfy a safety strain condition and compatibility condition as described in
[5]. Suppose that F is a C', uniformly h-monotone function with asymptotic radial structure

that is also asymptotically symmetric, with the coercivity and growth conditions
o F(T) -T > Cl|T| - Co, and
o |[F(T)| < (s,

for every T € RYL. There exists a triple (u,T,g) € WHH(Q)? x LY(Q)™4 x (C§(09Qn)4)*

solving (1.14) weakly, up to Neumann part of the boundary. The triple satisfies the regularity

conditions
e uc WHP(Q)? for every p € [1,00),
o c(u) € LX(Q)¥xd,
e u=1ug on Ip,

with the constitutive relation e(u) = F(T) holding pointwise a.e. in Q. The elastodynamic
equation holds weakly up to a penalisation of the Neumann part of the boundary in the following

sense:

/T-s(v)dx:/f-'udx+<g—§,’v>|8QN,
Q Q

for every v € Cll)(ﬁ)d. Furthermore, the triple can be chosen so that the following inequality
holds:

/QT-<s<u>—s<v>>dmsAf-<u—v>dx+égwg-<u—v>ds,

for every v € WHH Q)4 such that v = ug on IQp and e(v) = F(S) in Q for some function
S e LY (04, If 9Qp # O or the integral mean value of w is fized, the triple (u, T, g) is unique

in the above class of solutions.

We note that Theorem 1.4 gives a full existence result to the strain-limiting problem with
fully Dirichlet boundary conditions, under weak assumptions on the constitutive function F'.

For a further discussion of the measure g, we refer to [5]. We prove a result similar to The-
orem 1.4 in this thesis in Chapter 4. In particular, we obtain an existence result for a dynamic
strain-limiting problem with mixed boundary conditions up to a correction term concentrated
on the Neumann part of the boundary. The penalisation only occurs on the Neumann part of
the boundary and it is for this reason that we do not need to extend the class of weak solutions

to the space of Radon measures on Q. In particular, each component of the solution couple
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(u, T) is a Lebesgue function over the entire space-time domain. The presence of the penalisa-
tion term is also the reason that we are unable to obtain the existence of a weak energy solution
to the fracture problem in Chapter 6. We cannot obtain a suitable energy equality due to the
penalty term.

We note that there seems to be a gap in the current literature for the rigorous analysis of
numerical methods for strain-limiting problems. As far as I am aware, the only studies in this
area seem to be [8] and [51]. Although the problem is studied numerically in special geometries
for the case of anti-plane strain in several papers, (for example, see [81], [82], [71], [70]) none
give general error estimates. The strain-limiting problem (1.14) is studied in [8] with F' given by
(1.16) and homogeneous Dirichlet boundary conditions. Under some regularity assumptions, it
is shown that the finite element approximations converge at a given rate. Numerical experiments
are used to demonstrate these theoretical results in two-dimensions.

In a similar way to how [8] extended the work presented in [16], a spectral approximation
of the problem from [19] is discussed in [51]. A nonlinear, finite-dimensional problem was
constructed to approximate the original problem, without requiring an additional regularisation
parameter. An iterative method was used to approximate this finite-dimensional problem and
was shown to converge linearly to the solution of the approximate problem. The periodic
structure permitted the method used in [51] and is significantly different to the ideas used in
[8]. Furthermore, in the periodic case, it is worth noting that there was no restriction on the
parameter in the constitutive relation. This was due to the existence of renormalised solutions
for any positive value of a (although we now know that weak solutions exist irrespective of the
value of a). An area of significant research for the future would be to extend the work in this
thesis in a similar way to that of [8] and [51]. Of particular interest would be to consider the
fracture problems discussed in Chapters 5 and 6. However, this would likely require significant

computational effort.

1.4 Viscoelasticity

In this thesis, we are concerned with dynamic problems in viscoelasticity. The reason for
studying viscoelasticity rather than elasticity is due to the smoothing effect that results from the
presence of the viscous term. The presence of the strain rate e(u;) is vital to the construction of
weak solutions. Without this term, we are unable to obtain sufficient regularity on the sequence
of approximations for the strain-limiting problem. We note that the presence of this ‘damping’
term is common in fracture problems, as is discussed in Section 1.5. It is out of the scope of
this work to remove the viscous term so from now on we assume the presence of the strain rate
term in the constitutive relation.

The standard models that are generally mentioned in the context of viscoelasticity are the

Maxwell, Kelvin—Voigt, Zener and Burgers models. The focus here is on a Kelvin—Voigt type
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model. In the one-dimensional, linear case, the constitutive relation for a linear Kelvin—Voigt
body is given by
o = Fe+ ney, (1.18)

where E and n are constants. The classical physical representation of this model is a linear
elastic spring and a linear viscous dashpot aligned in parallel. Conversely, the Maxwell model
is traditionally represented by a spring and dashpot in series leading to a relation that involves
o, o¢ and €;. The Zener model involves the stress, strain and both of their first order derivatives
with respect to the time variable. A generalisation of this model includes the use of fractional
derivatives in time rather than first order derivatives. For more details, see [3], [105] and the
references therein, for example. The Burgers model is even more complicated and generally
contains a second-order derivative in time.

Combining the ideas of implicit constitutive theory with the Kelvin—Voigt model of the form

(1.18), following [97] we consider the following implicit relation:
h(T,B,D) = 0. (1.19)
An interesting subclass of (1.19) to consider is
T = h(B, D). (1.20)

Under the condition that h is isotropic, a representation similar to (1.7) can be deduced. We
refer to [74] for the details. Under the small displacement gradient assumption (1.5), the

isotropic representation of (1.20) reduces to
T = He + Gey, (1.21)

where H, G are fourth-order tensors that are independent of € and &;. In particular, the relation
(1.21) is linear in (&, &;). However, the linearity leaves open the possibility that the underlying
assumption (1.5) of the model could be contradicted in the case of large stresses. Hence, as in
the elastic case, we look for a system of equations in which the strain is bounded a priori by
a constant that we can choose to be arbitrarily small. For a further study of equations of the
type (1.20), we refer to [96] and the references therein.

An aspect of constitutive relations repeatedly discussed by Rajagopal is that, philosophi-
cally, the force (hence stress) is the cause of the deformation (and consequently changes in the
kinematic variables including strain and strain rate). Mathematically, this suggests that the
kinematic variables should be given as a function of the stress. However, the converse, with the
stress as a function of the strain, seems to have been the focus of historical studies. Not least,
this appears to be due to the fact that it provides mathematical simplicity because the stress
can be substituted into the balance equation for momentum. This results in an equation in just
the displacement variable, albeit of a higher order than the original problem. However, without
such a substitution being available, the problem at hand is fully coupled and thus potentially

more challenging to solve.
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Despite this, we consider the case where the kinematic variables, namely the displacement
and thus strain, are functions of the stress, but not necessarily invertible. The subclass of
implicit relationships of the form (1.19) that we study here is a generalisation of the Kelvin—

Voigt model. In particular, we investigate models of the form
aB +vD = h(T), (1.22)

where h is a nonlinear function and «, v are non-negative constants. This form is justified by
the theory of Rajagopal. Under the linearisation procedure, we do not remove the nonlinear
aspect on the right-hand side of (1.22). Thus we obtain a nonlinear constitutive relation between
the strain, strain rate, and stress tensor. Furthermore, the procedure is systematic and can be
shown to be thermodynamically justified [32].

As in [97], under the condition of isotropy, the relation (1.22) reduces to the form

aB +vD = Bl + AT + 5 T2, (1.23)

where f3; for 0 < i < 2 are functions of the density and the principal invariants of T. Applying

the small strain assumption (1.5), we obtain
ae(u) + ve(uy) = Bol + 1T + B T2 (1.24)

With regards to the constants a and v, as mentioned at the beginning of this section, we require
the presence of the strain rate e(u;).> Thus, without loss of generality, from now on we assume
that v = 1. For the constant «, the corresponding results are more flexible. Indeed, the proofs
here are valid for any non-negative value o > 0. However, if &« = 0 we move into the class of
implicit fluid models [88, 89] so our main interest is the case that o > 0.

It should be noted that the theory of implicitly constituted fluids is very rich. Rigorous
mathematical analysis has been done on many of the systems of PDEs that result from such
a model. Both the steady and unsteady cases have been investigated. See [13], [14] and the
references therein, for example. An elegant part of the analysis is that truly implicit relations
can be considered. The relation h(T,D) = 0 is identified with a maximal monotone graph A,
where (T, D) € A if and only if h(T,D) = 0. Properties of the graph are used in the analysis
rather than those of h. In particular, in [13] and [14], the graph is assumed to be an M-graph,
where M is some N-function. We note that this means that e; grows without bound as T grows.
As aresult, properties of Orlicz spaces are used as they are the natural function space setting, in
a similar way to how they are employed in [56]. This growth condition differentiates the results
on fluids from the results presented here. See also [57] for similar work dealing with monotonic
operators that have an Orlicz growth condition. Furthermore, we note that problems in the
context of fluids have different balance equations to those that are considered here because the

Eulerian formulation is used rather than the Lagrangean formulation.

3The inclusion of the viscous term e( buy) reflects a physical change to the model and is completely valid.
However, the analysis in this thesis is not possible in the case that we do not have the viscous term and the
analysis of dynamic strain-limiting elastic models is an open problem.
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We must also mention the studies in [40] and [41] where similar problems to those considered
in this thesis are discussed and analysed. In [40], for an unknown scalar function u, the following
abstract problem is investigated:

w + A 4+ Bu = f.

The convergence of numerical solutions is used to prove existence of a weak solution. The

following related problem is studied in [41]:
utt—VF(Vut)—Au:f

The problem is supplemented with a homogeneous Dirichlet boundary condition. Here, F' is any
continuous, monotone function such that there exists an N-function M with convex conjugate

M*(v) 1= sup,cga{v - u — M(v)} such that, for every v € R%, we have that
F(v):v > c¢(M(v)+ M*(F(v)).

The coercivity condition above distinguishes the problem from the ones discussed here. In par-
ticular, the system studied in [41] is more similar to the regularised problem that we use to
approximate the strain-limiting problem. Furthermore, the additional damping term Awu guar-
antees the solution extra spatial regularity, which is not necessarily available for the problems
presented in this thesis. The problem in [41] is somewhat similar to those studied in the context
of implicitly constituted fluids, although the proof is related to some results in this thesis. A
discretisation in time is used to prove existence of a weak solution. Such a method is used when
we consider fracture problems in Chapters 5 and 6, but we have an extra variable due to the
presence of the phase-field function which approximates the fracture set.

It is worth mentioning the analysis in [107], where the following system of equations is
investigated:

uy — div(S(Vug, Vu)) = f.

Although, the restrictions on the function S exclude any physically realistic constitutive func-
tions, Tvedt suggests that the methods used could be extended to more realistic cases. However,
we note that the analysis does not cover the strain-limiting problem. Furthermore, the full gra-
dient is considered rather than the symmetric part of the gradient.

Let us now return to strain-limiting solids. In [97], the authors assume that the solid is
incompressible. It is shown that, under the additional assumption that 8o = 0, the constitutive
relation (1.24) must be of the form ae +e; = $T?. The authors suppose that 3; depends only
on tr((T%)?). The propagation of circularly polarised transverse stress waves, standing shear
stress waves, and oscillatory shear waves in this class of viscoelastic solids is investigated in the
context of the time-dependent problem. The authors conclude that the solutions found provide
examples of global existence. Further analysis on problems with the relation (1.24) is currently

limited as far as I am aware, particularly in the case that there is no assumption on the specific
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structure of the deformation. However, in our study we do not assume a dependence of the
strain on only the deviatoric part T9. Equivalently, we do not assume that div(u) = 0.

The one-dimensional strain-limiting viscoelastic problem is considered in [42] in the context
of travelling wave solutions. The right-hand side of (1.24) is assumed to be a general nonlinear
function of the stress. The problem is reduced to a one-dimensional PDE in only the stress
variable. The work [42] was followed by [44], in which the authors investigate an IBVP based

on the system
Uyt = O, in (0,00) x R,
(1.25)
ver + €= h(o), in (0,00) x R,
where u and o are scalar-valued unknowns. The function h is non-linear, increasing and
bounded, with h(0) = 0. The authors use a substitution argument based on the fact that

€ = u, to obtain the equivalent problem

Nt = 9(Ne) +v9g(Ne)ze  in (0,00) X R, (1.26)

where 1 is a potential that satisfies e+ ve; = 1, and g is the inverse of h. We note that g is well-
defined by the assumptions on h. The authors use results based on the variable coefficient heat
equation and the theory of elliptic operators, alongside a linearisation and Banach’s fixed point
theorem, to conclude that a solution to (1.26) exists. Using this, they obtain an existence result
for the original problem (1.25). Although the final existence result is similar to that presented
in Chapter 3, we note that the one-dimensional problem is a very different situation to the
multi-dimensional setting. The equality of the full gradient with the symmetric gradient is a
significant simplification and allows the eradication of the stress from the problem, despite the
strain-limiting setting. No such equality is available in higher spatial dimensions. Furthermore,
such substitutions increase the order of the problem, which we are keen to avoid wherever
possible. Hence the work here is remarkably distinct to the aforementioned results, despite
being based on the same problem originally.

Returning to the topic of travelling wave solutions, which was the basis of [42], we note that
they have been considered in different viscoelastic settings other than for the strain-limiting
problem that is the main interest here. In [38], the stress was assumed to be a nonlinear function
of B and D, with no small-strain assumption. A shearing motion in a three-dimensional solid
was considered, out of which a PDE with a scalar unknown was obtained. Compact travelling
waves were then investigated in this setting. In [66], a relation where the stress is given as
a nonlinear function of € and &; was considered. A third-order PDE in a scalar function was
deduced and travelling wave solutions were considered. We note that all of these results use
substitution methods which increase the order of the original problem.

Another context in which a constitutive relation of the form (1.24) has been studied is in the

quasi-static setting, by which we mean that the inertial term wu is assumed to be sufficiently
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small so that it is negligible. In [63], the authors consider the system
~div(T) = ,
e +ve =F(T),

in QT = (0,T) x Q., where Q. is a domain with a crack, supplemented with mixed Dirichlet—
Neumann boundary conditions. In the case that F'is a bounded, monotone, hemi-continuous,
semi-coercive function, it is shown that a weak solution to the problem exists. However, the
constitutive relation only holds in the form of an integral equality. In this thesis, we will demand
that the constitutive relation holds pointwise a.e. in the domain of interest. We note that in the
fracture problems of Chapters 5 and 6, we do not work directly in a domain with a crack. Instead
we approximate the crack with a phase-field function based off an approximation parameter e.
For a further discussion, we refer to Section 1.5.

A similar problem to that studied in [63] is considered in [64]. The constitutive relation
that is of interest in this work is e(t) = Z(F(T),t), where the prototypical form of F' is given
by F(T) =T/(1+ \T\T)Q%p for a given p € [1,00) and r > 0. The function Z is an integral
operator defined by .

Z(T,t) = J(0)T(t) —i—/o J'(t — s)T(s)ds,

where J is a generalised creep operator. The existence of solutions is studied for both the case
p > 1, i.e., when there is growth in the constitutive relation, and when p = 1, the strain-limiting
case. Creep is a phenomenon displayed by viscoelastic materials. It means that when stress is
applied to a body at a constant level, the strain continues to increase gradually over time. The
prototypical form of a creep function is J(t) = Jo + J1(1 — e ¥/™) where Jy, Ji, 7 are positive
constants. In the case that Jy = 0, the constitutive relation reduces to € + %st = F(T), which
is exactly the prototype of the constitutive relation that is the focus in this thesis if p = 1.

A related model is studied in [77]. It is a one-dimensional ‘quasi-linear’ viscoelastic model
but the strain is given in terms of the stress. The history of the stress up to the current time

is used to define the strain. If o is the one-dimensional stress, the authors of [77] suppose that

tof(o(s),t —s)do

e(t) = f(o(0),1) —I—/O R, E— ds,

where f(o(t),t) = G(o)J(t) for a nonlinear function G and a generalised creep function J, as
mentioned previously. Further mathematical analysis for such a problem can be found in [4].
We also note the similarities of this problem to the one which is studied in [64].

The Kelvin—Voigt model can be generalised in other ways than the relation discussed above.
An interesting study of a Kelvin—Voigt type model has been undertaken in [91], with rigorous
mathematical analysis and regularity theory of the corresponding IBVP in [17, 15], respectively.
The body considered is a mixture of an elastic solid and a viscous fluid with no motion between

the fluid and the solid. This is an exact generalisation of a system with a spring and dashpot set
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up in parallel. The stress is decomposed into the part coming from the elastic solid T, and the

part coming from the fluid Ty. This leads us to consider the following implicit relationships:
h{(T.,,B) =0, hy(T;D)=0, T=T.+Ty.
In the event that the strain is small, consider
hi(T.,e) =0, hy(Ts,e) =0, T=T.+Ty.
In [17], the assumption is that these relations can be rewritten in the specific form
T.=hi(e), T;=hy(e), T=T.+T;

We note that fll, flg would need to be invertible in order for the presence of nonlinear functions
to be justified under the small strain assumption (1.5). In the context of the balance equation
for linear momentum, uy = div(T), we can replace T by hy(g)+hy(e¢). A proof of the existence
of a weak solution to the corresponding problem is given in [17] under the assumptions that hy
satisfies

(ha(T) — ha(S)) - (T~ S) > C|T - S°.

In particular, he must be an unbounded function. Hence the model is not strain-limiting and the
methods used for the proof cannot be directly adapted to the problems studied here. However,
it would be interesting to consider the effect of either h; or hy being a bounded function.
A relation similar to (1.19) is studied in [98]. However, it is a generalisation of the Maxwell
model. Suppose that
h(T,T;,L) = 0. (1.27)

The authors develop a general framework for describing a certain class of rate-type viscoelastic
bodies that is a subclass of (1.27) and ensure that it is thermodynamically justified. We refer
to [98] for further details. A highly related problem, referred to as a stress-rate model, has been

studied in [43]. The authors introduce a thermodynamically consistent model of the form
e = h(o) — oy, (1.28)

where h is a nonlinear function and « is a non-negative constant. The requirement on = is to
ensure that the first and second laws of thermodynamics are satisfied, and so the model can be
thermodynamically justified. The analysis is currently limited to the one-dimensional setting.
This stress-rate type model is compared to the strain-rate type model € + ve; = h(o) in the
one-dimensional setting from the point of view of travelling wave solutions. The extension of
stress-rate problems of this form to higher dimensions does not appear to be possible at the
moment in the case that h is uniformly bounded. This is due to a lack of a priori bounds in
the supposedly thermodynamic case that ~ is non-negative.

To summarise the discussion so far, we are interested in IBVP of the form

uy =div(T)+ f inQ:=Qx(0,7T),
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where (u,T) is an unknown couple that satisfies the constitutive relation

T
e(ut + au) = —— =: F(T) pointwise on Q.
(I +[T[*)=
The function F' is bounded above by a fixed constant. The focus of Chapters 2, 3 and 4 is
to provide mathematical analysis of such problems under various boundary conditions for the

prototypical choice of F' above.

1.5 Fracture Problems

In the second half of the thesis (namely Chapters 5 and 6), we are interested in combining
the theory of dynamic fracture with the theory of nonlinear, implicit constitutive relations. To
my knowledge, at present the mathematical analysis of dynamic fracture problems has only
been done in the setting of linear elasticity and linear viscoelasticity. We aim to extend such
fracture studies and examine time-dependent damage problems with a constitutive relation from
nonlinear viscoelasticity. Of particular interest is the strain-limiting case when the linearised
strain is bounded a priori. The key motivation for considering strain-limiting models in the
context of fracture is that such a defining relation ensures no singularity is experienced in the
strain. Indeed, we cannot contradict the small strain assumption which is essential to the
construction of the model here. This contrasts the known results for damage models with a
linear constitutive relation where a singularity occurs at the crack tip [95]. In this section, we
introduce the theory of dynamic fracture based on the principles in [76, 72]. Then we combine
this with implicit constitutive theory to obtain a fracture problem with a nonlinear constitutive
relation between the Cauchy stress tensor, linearised strain, and strain rate. The most important
contribution of this thesis is in Chapter 6 where we consider a dynamic fracture problem with
strain-limiting constitutive relation and prove the existence of weak energy solutions.

Consider a body with a crack which can grow in time due to the action of an external
force. In the case of a linear constitutive relation in the small strain setting, the strain has
magnitude of order r~2 where r is the distance to the crack tip [95]. The strain experiences
a singularity at the crack tip, contradicting the standing assumption that the strain is small.
A more reliable model might be one in which the magnitude of the strain is bounded a priori
so such contradictions cannot arise. This motivates considering a strain-limiting constitutive

relation. In particular, consider the prototype

T
e(uy +au) = F(T) = ———, (1.29)
(1+|T[*)«
for fixed parameter a > 0. Other choices for the function F' are available, but for simplicity of
the presentation, we make this specific choice as suggested in [23, 92]. For further details of the
possible generalisations, we refer to the discussion at the end of Chapter 2.

We consider (1.29) coupled with (1.12) in the context of dynamic fracture. We now give a

brief introduction to the modern theory of fracture. The principles that drive the mathematical
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analysis of fracture in brittle bodies can be traced back to the seminal work of Griffith [55].
In the quasi-static setting, he stipulated that a crack can only grow if the increase in surface
energy is exactly equal to the resulting decrease in elastic potential energy. In other words, the
newly created area is proportional to the loss of stored energy. In the anti-plane setting with a
linear constitutive relationship where u is the scalar displacement, we write this mathematically
as

p / Vu®)[2 dz + GHTY () = E / Vu(0)2 dz + GHENC0)),  (1.30)
2 Jovcw 2 Javc(o)

where C(t) C Q is the crack set, u is the elasticity constant and G. is the fracture toughness.
We use H4! to denote the (d — 1)-dimensional Hausdorff measure. The first term in (1.30)
corresponds to the elastic energy and the second term to the surface energy. This formulation
was first introduced by Francfort and Marigo [49], based on the Mumford-Shah functional that
is used in image segmentation [78].

Alongside this energy balance, the balance of linear momentum must hold. Essentially we
require div(u(t)) = 0 to hold away from the crack set at any point in time. We formulate this

as a variational problem. The couple (u(t), C(t)) must satisfy

Alu(t), C(1)) = g/ Vu(t) | det GoHL(C (1)) < ’;/ Va2 de+GHEY(E), (1.31)
O\C(t) oG

for every suitable comparison couple (@, C') with C(t) ¢ C. The principle of irreversibility is
also required to hold, i.e., the crack is non-decreasing in time so C(s) C C(t) for every s < t.
Problems of the form (1.30), (1.31) where we work directly with the crack set are called sharp
interface problems. Mathematical analysis of this anti-plane shear problem takes place in [49],
with higher dimensional settings treated in [36] and [48]. Both the crack set and displacement
are treated as unknowns. This causes significant analytical difficulties. The analysis takes
places on the set Ui>o{t} x (2 \ C(t)) which is not only a domain that changes in time but is a
priori unknown because the crack set (C(t))¢>0 is unknown. Even if the crack set is known, the
analysis is still delicate because the appropriate function spaces change at every point in time.

An approach to avoid working on time dependent cracking domains is to approximate the
crack set by a phase-field function. The Ambrosio—Tortorelli functional [1, 2] takes the following

form in the context of quasi-static fracture for linear elasticity:

1
Ad(u,v) = ’2‘/9( 2+n€)|Vu2dx+Gc/Qe]Vv]2+46(1 )2 da, (1.32)

where ¢ > 0 is an approximation parameter, 7. is a numerical stability parameter such that
0 < ne < ¢, and v is the unknown phase-field function, also referred to in the literature as
the material parameter. The function v approximates the crack set in the sense that v takes
values close to 1 away from the crack and values close to 0 near the crack. Although € acts as a
length scale for the approximation, we must be careful not to assign a physical meaning to this
parameter [10]. For the mathematical analysis of this approximation in the quasi-static setting,

we refer to [68] and [52], for example.
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The approximation (1.32) is a sensible choice because A, converges to the sharp-interface
functional A in the sense of I'-convergence. We refer to [11] for the details but the essence is as
follows. Let ((uf,v))e be a sequence such that at any point in time v minimises v — A¢(u€, v)
over a set of suitable test functions such that v < v.. Then there exists a subsequence in € and

a solution couple (u,C) to (1.30), (1.31) such that for a.e. time ¢ we have

vVus(t) — Vu(t)  strongly in L?(Q)4,

li €\2 . 62d :/ t2d
dim [ (@ 4 Vu o = [ [Fuo) da,

1
; 2 2 d-1
e111%1 €|Vul* + 46(1 v) dx =H"(C(t)).

Hence, the sequence of solutions for the approximate problem represents a suitable approxima-
tion to the solution of the sharp-interface functional.

We remark that there are other choices of approximation available. For example, the fourth
order functional

G.

A, v) = “/Q( > 4l Vulde + &

1
5 / —(1 —v)* + 2¢|Vo|* + 8| Av|* du,
O €

is investigated in [9] and [79]. This functional also I'-converges to \A. An advantage of this
choice is that the higher order spatial derivatives improve the convergence rate of numerical
solutions. In particular, when studying these fracture problems from the point of view of
computational analysis, the Ambrosio—Tortorelli functional is not necessarily the best choice of
approximation for the sharp-interface functional. On the other hand, from the point of view
of mathematical analysis, the Ambrosio—Tortorelli functional and its generalisations to higher
dimensions is sufficient for good existence results.

The aforementioned literature all concern the quasi-static problem. Here, we are interested
in the adaptation of Griffith’s theory to the dynamic problem, i.e., we do not assume that the
term wy is negligible. An extension of quasi-static fracture theory to dynamic fracture theory

was first introduced by Mott [76] and relies on the following three principles:
(i) elastodynamics, the balance of linear momentum should hold away from the crack set;
(ii) energy balance, an energy-dissipation balance that includes the kinetic energy should hold;
(iii) irreversibility, the crack cannot heal itself in time.

However, this is not sufficient for a well-posed problem. The case of a stationary crack should

be ruled out. The following additional principle was introduced by Larsen [72]:
(iv) maximal dissipation, if the crack can grow while satisfying (i)—(iii) then it should.

As with the quasi-static problem, the study of dynamic fracture problems broadly follows one of
two approaches: working directly in the sharp-interface setting, or an approximation by means

of a phase-field function, generally based on the Ambrosio—Tortorelli functional. The focus in
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this thesis is on the use of a phase-field approximation, avoiding the technicalities of working
in a time dependent domain. However, for completeness, we first discuss the few known results
concerning the sharp-interface case.

For sharp-interface problems, the analysis is significantly more complicated compared to the
quasi-static model due to the presence of the intertial term. Hence, a first step in the analysis is
to solve the elastodynamic equation for an unknown displacement when the crack set (C(t))i>0

is known a priori. Consider the problem of looking for a function u such that
uy = div(E(t, z)Vu) + f(t,z) inQ\C(), tel0,T], (1.33)

where E is an elasticity tensor and (C(t)):>0 is a given sequence of subsets of {2 satisfying some
regularity requirements. In an attempt to better understand (1.33), in [33] for the scalar-valued
case and [106] for the vector-valued case, first consider the following simplified problem. We

look for a function u solving the wave equation
uy — Au —yAu, = f,

where v € {0,1}. The system is damped if v = 1 and undamped if v = 0. The viscous
term Aw; from the damping provides a certain smoothing effect. A result of this is that, if
v = 1, uniqueness and an energy-dissipation balance can be shown. However, uniqueness and
satisfaction of an appropriate energy-dissipation balance is an open problem in the undamped
setting. We note the similarities between this and the existence analysis available for the elastic
and viscoelastic problems on an undamaged domain.

In both [33] and [106], the existence proofs use a discretisation in the time variable. This
is the standard approach to tackle such fracture problems, and we use a similar approach here.
However, different approaches to prove the existence of solutions are available under stronger
regularity requirements on the crack set, assuming that it is a priori known. In [80], [35] and,
for the vector-valued case, [25], a co-ordinate change is used to transform the problem from one
on the cracking domain Ug>o{t} x (€2\ C(t)) to one on the reference domain [0, c0) x (€2\ C(0)).
A solution to a suitable transformation of the original problem is found on the reference domain.
The existence of a solution to the transformed problem is equivalent to the existence of a solution
to the original problem on the cracking domain. However, it is unlikely we can expect such good
regularity from crack sets in practice.

The next step in the analysis is to deal with the case where both the crack set and displace-
ment are a priori unknown. As far as I am aware, the only known result in the multi-dimensional
setting is that which is presented in [34]. Under some assumptions on the regularity and ge-
ometry of the crack set, the authors show that among all possible couples (u(t), C(t))¢>0, there
exists at least one which satisfies the maximal dissipation condition so the crack grows whenever
it is possible for it to do so. There is no damping term present, an advantage of the analysis

compared to the aforementioned works. Although a significant amount remains unknown at
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this stage, such a result suggests that the maximal dissipation condition is the correct principle
to impose on the dynamic problem.

An important aspect of all of the aforementioned literature is that only linear elasticity or
linear viscoelasticity is considered, i.e., a linear relationship between the Cauchy stress tensor
and linearised strain. This is a significant gap in the literature. To my knowledge, there has
been no study of dynamic fracture problems in the context of nonlinear constitutive relations
except for the work presented in this thesis. In Chapters 5 and 6, we aim to extend some of the
known results for linear problems to such nonlinear models, considering both a general case of
polynomial growth and a strain-limiting constitutive relation. To avoid the technicalities that
come with the sharp-interface model, we consider a dynamic problem with phase-field approx-
imation based on the Ambrosio—Tortorelli functional. The main focus is on the technicalities
that arise due to the highly nonlinear nature of the underlying PDE.

A regularised model of the type that we study in this thesis was first introduced in the works
[10, 72, 73]. The formulation is based on the principles of elastodynamics, energy-balance and
irreversibility, but not maximal dissipation as in [34]. This is because maximal dissipation is
naturally guaranteed by the formulation. The minimisation problem (1.35) introduced below
ensures that the ‘crack’ grows whenever it is possible for it to do so. In [73], the authors look

for an unknown displacement w and phase-field function v that solve
uy = div((v* + no)Ee(u +uy)) + £ in (0,T) x Q, (1.34)
subject to the minimisation problem

Acu(t),v(t)) = inf Ac(u(t),v), (1.35)

v<v(t)

where we define the approximate energy functional

Ad(u,v) = ;/Q(v2+77€)Es(u)-s(u) dx+/941€(1 )%+ Vol da. (1.36)

The first integral on the right-hand side of (1.36) represents an approximation of the elastic
energy and the second integral is an approximation of the surface energy, with fixed approxi-
mation parameter €. The minimisation problem is identical to that for the quasi-static model.
In the literature, it is sometimes referred to as unilateral minimality.

An issue occurs as a result of the minimisation problem when taking the limit in the ap-
proximation parameter €. As stated in [73], “the unilateral minimality of the v variable has
no obvious counterpart in a sharp-interface model.” This means that there is nothing ensuring
maximal dissipation in the limiting model. A further deficiency of the model (1.34), (1.35) is
the presence of the viscous term w;. When taking the limit in the approximation parameter,
the viscoelastic paradox can occur [27]. That is, the only possible solution of the corresponding
sharp-interface problem is constant in time. However, in such dynamic fracture models, our

interest lies in non-stationary solutions. This paradox is a potential issue with including the
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damping term in (1.34). However, in the problems that we study here, we include a damping
term. It is out of the scope of this thesis to remove this term. As mentioned in the setting of
problems without damage, the viscoelastic term provides a smoothing effect that is currently
required in order to perform suitable mathematical analysis.

Such a shortcoming is overcome in [26] where the author considers a variation of (1.34),
(1.35) that has no such damping term in (1.34). Rather than include a dissipative term in
(1.34), a rate-dependent term is included in the minimisation problem (1.35). The author of
[26] considers

uy = div((v® + no)Ee(u)) + f, (1.37)

coupled with the rate-dependent minimisation problem

Ac(u(t), o) + (o), v(t)ko = inf {Ac(u(t),v) + (wt), vz}, (1.38)

v<v(t)

where the functional A, is as in (1.36) and (-, -)x 2 is the standard inner product in the Sobolev
space H*(Q). For every k € Ny, it is shown that a weak solution to (1.37), (1.38) exists that
also satisfies an energy-dissipation inequality. If k > %, it is possible to prove that the energy-
dissipation inequality is in fact an equality. This is essentially a consequence of the Sobolev
embedding theorem, from which it follows that H*(Q) is continuously embedded into C(Q) for
k>4

The proof of the existence of solutions to the dynamic problem in both [73] and [26] involves
introducing a discretisation in the time variable. The time-discrete formulation involves an
alternating procedure. The elastodynamic equation is solved for the displacement given the
phase-field function from the previous time step. The minimisation problem for an unknown
phase-field function is then solved, given the displacement function at the current time step. A
similar procedure is used here, combined with a Galerkin approximation in the spatial domain.

A key novelty of the presentation in Chapter 5 is the formulation of the problem and the
extension of the analysis of the linear case to a model of nonlinear viscoelasticity with a Kelvin—
Voigt rheology, based on the implicit constitutive framework in the small strain setting. In
particular, we note the derivation of uniform estimates on the sequence of solutions to the time
discrete problem. However, the case of the strain-limiting material is the real highlight of this
thesis. We make a significant step towards the use of strain-limiting constitutive relations in
sharp-interface fracture models, which is the ultimate goal.

The nonlinear nature of the problem adds significant analytical challenges to the problem,
compared to the equivalent problem in the linear setting. Not only does the problem require
careful formulation, but we have to work hard to obtain uniform estimates and to improve the
regularity of approximate solution sequences. In the strain-limiting case, we have the added
complication that the stress tensor T is only bounded a priori in L'(Q)?*¢. At best, this gives
weak-* compactness in the space of Radon measures on Q. However, we want to stay out of

the space of measure-valued solutions. Inspired by the analysis in the case where there is no
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fracture, we carefully improve the regularity of the approximations of the stress. This allows

the deduction of a pointwise convergence result despite the poor integrability. We later improve

1

L (©)?*?) under specific boundary conditions.

this to strong convergence in L(0,T’; L

1.6 Notation and auxiliary results

Throughout this thesis, for a domain Q@ C R%, let LP(Q) and W*P(Q) denote the standard
Lebesgue and Sobolev spaces, respectively, for k£ € N and p € [1,00]. The norms on these spaces
are denoted by |||, and ||- || p. If we are working with a function defined on some space €y that
is different to £, we denote the norms in LP() and W*P(€) by || - || r(ay) and | - [ (00)s
respectively.

Let Wé~C P(Q) denote the closure of the set of smooth, compactly supported functions C2°(£2)
with respect to the norm || - ||, for p € [1,00) and for p = oo we will denote WéC’OO(Q) =
I/VéC 1(Q) N Wk(Q). If the boundary S has a Dirichlet part Qp and a Neumann part 9y,
let C¥(©2) be the set of all k-times differentiable functions up to the boundary of (2 such that they
vanish in a neighbourhood of 92p. Then Wl’;’p (Q) is the closure of C% (Q) with respect to |||k
for p € [1,00) and denote Wg’oo(Q) = Wk’OO(Q)ﬂWg’I(Q). If p = 2, we write H*(Q) := Wk2(Q)
and HE(Q) := Wéf’z(ﬂ). HE(Q) is defined analogously. Furthermore, we define Hg_H(Q) to be
the closure with respect to || - ||x.2 of the set of all functions from C*(Q) that are equal to 1 in a
neighbourhood of the Dirichlet part of the boundary 0€2p. The Sobolev spaces Wg’p (©) behave
how one would expect them to. In particular, the Sobolev embedding theorem holds. Suppose
that p, ¢ € [1,00) andk,lGNosuchthatp<q,k‘>l,p<dand%—§:%—é. Let Q Cc R?
be a bounded, open domain with Lipschitz boundary and v € Wg’p (). Then v € Wh4(Q) by
the standard Sobolev embedding. There exists (v,), C C¥(Q) such that v, — v in WkP(Q).
Applying the Sobolev embedding theorem to v, — v, it follows that v,, — v in W59(Q). Hence,
by definition, v € WE(Q).

We define C3(0Qn) to be the set of all functions from C1(9Qy) such that there exists an
extension to 2 that lies in C}, (). The dual space is denoted by (C§(92n))*.

Given a space F of real-valued functions, let F¢ and F%*? be the sets of R?- and R*“-valued
functions such that each component defines an element of 7. We denote by W‘k’p/(Q) the dual
space of Wé‘: P(Q), where p’ is the Holder conjugate of p. We let ng’p ’(Q) be the dual space of
WEP(€).

We require various Korn-type inequalities throughout this work, the several variations de-
pending on the boundary conditions under consideration. The proof of the periodic result
(Theorem 1.5) can be found in [19]. The proof of the general case (Theorem 1.6) can be found
in [29]. For the remaining results, they correspond to test functions in the setting of Dirichlet
and mixed Dirichlet—-Neumann boundary conditions. We use Korn’s inequality from [39] and
[67], respectively, and then apply the Poincaré inequality to obtain the corresponding Korn—

Poincaré inequality.
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Theorem 1.5. Let p € (1,00) and Q = (0,1)¢, the d-dimensional flat torus. There exists a
positive constant C' = C(p,d) such that, for every u € W*l’p(Q)d,

[ullip < Clle(w)llp.

Theorem 1.6. Let Q C R? be a domain with d > 2. There exists a constant C = C(Q) such
that

1
lulliz < C (lull3 + lle(w)ll3)® -

Theorem 1.7. Let Q C R? be an open, bounded Lipschitz domain. Letp € (1,00). There exists
a positive constant C depending on p, d and Q) such that, for every v € Wol’p(Q)d,

Vol < Clle()]lp-

Theorem 1.8. Let Q C RY be an open, bounded Lipschitz domain. Let p € (1,00). There exists
a positive constant C depending on p, d and ) such that, for every v € Wol’p(Q)d,

[ollp < Clle()llp-

Theorem 1.9. Let Q C R? be an open, bounded domain with Lipschitz boundary OQ such that
there are open, disjoint subsets OQp, 0N C OQ with 00p U QN = 0Q and 0Qp # 0. For
every p € (1,00), there exists a constant C depending only on Q, 0Qp and p such that, for
every u € Wll)’p(ﬂ)d,

[ull1p < Clle(w)llp,

In this thesis, the prototype function that is considered in the strain-limiting constitutive
relation is F(T) = (1+ |T|a)_%T where a > 0 is a positive constant. We make use of the
following property of the function F', the proof of which can be found in [19].

Lemma 1.10. Let a € (0,1). There exists a positive constant C, depending only on a, such

that

1—a 2
2
’

(T —8) (F(T) - F(S)) > C|(1+|T|)"=" — (1+]8])
for every T, S € R4,

In Chapter 3, we require knowledge of the fractional Nikol’skii spaces and an appropriate
embedding theorem [16]. For parameters 3 € [0,1) and p € [1, 00), for an open, bounded domain
Q c R%, we define the local fractional Nikol’skii space to be the set of f € L7 (Q) such that,
for every subset {2 that is compactly contained in §2,

Alf
hB

limsup sup
h—0 1<i<d

< 00,

LP(Q0)
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where Af denotes the difference quotient with increment A in the i-th coordinate direction. Let
Q1 C ) be a compactly contained subset such that )y is compactly contained in ;. We define
Al

|

[ fllarsrny == C|lIfllLep(0,) + limsup sup
h—0 1<i<d

LP ()
We have the following embedding result.
Lemma 1.11 (Nikol’skii embedding). Let 5 € [0,1) and p € [1,00) be such that fp < d. For

every § > 0, sufficiently small, there exists a positive constant C, depending on B, p, d gy and
Qq, such that

1, gt s S O vy

d—pBp

for every f € NPP(Q).

loc

With this, we are ready to begin our investigation into the mathematical analysis of strain-

limiting viscoelastic solids.

1.7 Chapter Summaries

In Chapters 2, 3 and 4, we consider (1.12) coupled with e(u; + au) = F(T), and supplemented
with periodic, homogeneous Dirichlet and mixed Dirichlet—-Neumann boundary conditions, re-
spectively. In the periodic and Dirichlet cases, we prove the existence of a unique weak solution
of the problem for any a > 0. This is done by approximating the strain-limiting problem with
a regularised one, i.e., one that has slightly better integrability of the stress tensor. For the
mixed Dirichlet—-Neumann case, we are only able to show the existence of a weak solution up to
a penalisation term on the Neumann part of the boundary. Furthermore, we can show higher
integrability estimates on the stress tensor in the case that a is small. We build up throughout
the three chapters and the optimal result is proven in Chapter 4.

Now we discuss the main results from Chapters 5 and 6. The first, presented in Chapter 5,

concerns a problem that has constitutive relation of the form
e(us + au) = F(T) := |T|P>T, (1.39)

where p > 1. For p € (1, 2], we prove the existence of a weak solution (u,v) to the elastodynamic
equation
uy = div (b(v)T) + f, (1.40)

coupled with a minimisation problem analogous to (1.35) and an energy-dissipation balance.
For p > 2, we also obtain an existence result. However, the energy-dissipation balance only
holds at almost every point in time. This results from a lack of regularity of the phase-field
function that is not present in the case that p € (1,2].

The second result, presented in Chapter 6, concerns strain-limiting solids with the constitu-

tive relation (1.29). The elastodynamic equation (1.40) is coupled with (1.29), a rate-dependent
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minimisation problem of the type (1.38), and an energy-dissipation balance. We supplement
this with mixed Dirichlet—Neumann boundary conditions. We restrict to k& > % + 1 to ensure
good regularity of the phase-field function. This allows the derivation of higher regularity esti-
mates on approximations of the displacement and stress tensor, replicating the ideas of Chapter
4.

If the Neumann part of the boundary is non-empty, due to a lack of global estimates on
the stress tensor, the elastodynamic equation is only shown to hold weakly up to a penalisation
term on the Neumann part of the boundary as in Chapter 4. An important consequence of this
is that we are only able to show that an energy-dissipation inequality holds. However, if we
have fully Dirichlet boundary conditions, there is no such penalisation term and we are able
to obtain a full existence result (cf. Chapter 3). A weak form of (1.40) holds, the constitutive
relation is satisfied pointwise a.e., the minimisation problem holds at every point in time and

we have an energy-dissipation equality.
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Chapter 2

Strain-limiting problem with
periodic boundary conditions

In this chapter, we investigate the strain-limiting problem in a periodic setting. The results
presented here are the basis of the paper [21]. Throughout this chapter, we will denote Q =
(0,1)?, the d-dimensional flat torus with spatial dimension d > 2. Let Q = (0,7) x Q, the

space-time domain. We look for a couple (u,T) : Q@ — R? x R?*? such that

uy = div(T) + f in Q, (2.1a)

e(u; + au) = F(T) := % in Q, (2.1b)
(1+ [T

u(0,-) = up, u(0,-) = uy in Q, (2.1¢)

u(t,-) € L) on [0,T]. (2.1d)

The restriction (2.1d) refers to periodic boundary conditions. We are interested in studying
the existence and uniqueness of weak solutions to the strain-limiting problem (2.1) in this peri-
odic setting. We introduce the necessary analysis required to study such viscoelastic problems
without the technicalities when we have more complex boundary conditions.

As is standard in the periodic setting, we fix the integral mean value to be 0 so that we
can obtain a uniqueness result. The constants ¢ > 0 and « > 0 are fixed material parameters.
We are given the body force f, as well as initial data wg, u; for the displacement and velocity,
respectively. The exact regularity requirements are introduced in Theorem 2.10 and Theorem
2.11. We are concerned with the existence of long-time, large-data weak solutions of (2.1)

defined in the following sense.

Definition 2.1. Given data ug € W2 (Q)%, wy € L2(Q)?, and £ € L2(0,T; W, 2(Q)%), we
say that a couple (u, T) with regularity

o u € W22(0,T; L2(Q)%) N Wh2(0,T; W (Q)%),
o uy + au € LP(0,T; WiP(Q)%) for every p € [1,00) with &(u; + au) € L=(Q)?4,

o T e L'(0,T; Ly ()™,
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is a weak solution of the strain-limiting problem (2.1) if
/Qutt(t) W+ T() - e(v)de = (f(1), ), (2.2)
for every v € WP™(Q)% and a.e. t € (0,T), with constitutive relation
e(us +au) = F(T) pointwise a.e. in Q, (2.3)
and initial conditions holding in the sense that

Jim (u(t) — uo

1,2 + |lue(t) —uil]2) = 0. (2.4)

Recalling standard regularity results concerning Bochner spaces (see [45, Chapter 5], for
example) the space WP(0,T; X) is continuously embedded into C ([0, T; X) for every p € [1, oc]
up to a continuous representative where X is an arbitrary, fixed Banach space. In this thesis,
we always assume that we are working with the continuous representative if one is available. It
follows that the initial conditions (2.4) are well-defined under the regularity conditions on u in
Definition 2.1.

The standard procedure for proving the existence of a weak solution to such a nonlinear
problem is to use a Galerkin approximation in space. However, this is not possible in the strain-
limiting setting due to the coupling of the PDE (2.1a) with the constitutive relation (2.1b). On
the other hand, if we can formulate the problem in terms of only the displacement, we can use
a Galerkin approximation to show that a solution exists to this alternative problem. From this,
we then try to find a solution to the strain-limiting problem. We cannot obtain a formulation in
terms of only u at present due to the fact that F' is not a bijection from R%*? to itself. Indeed,
F' is bounded because this encapsulates the strain-limiting property.

In the spirit of [16, 5], we approximate (2.1) by means of an elliptic regularisation. We
replace the function F' by a function F;,, with approximation parameter n where F}, is a bijection
from R4*? to itself, but retains certain properties of F. In particular, F}, is strictly monotonic
and continuously differentiable. We use a Galerkin approximation by means of trigonometric
polynomials to prove the existence of a unique weak solution to the regularised problem. The
resulting weak solution is denoted by (u",T™). Careful higher regularity estimates are then
derived in order to obtain suitable convergence results in the limit with respect to n. We use
these uniform estimates to show that the limiting couple is in fact a weak solution to the original
strain-limiting problem (2.1).

Let us discuss the lack of integrability of the stress tensor T in some detail. Generally, the
best uniform estimate on T™ and a priori estimate on T is in L1(0, T} L%(Q)dXd). In particular,
suppose that (u,T) is a sufficiently smooth solution to (2.1) so that the following manipulations

are justified. Taking the inner-product of (2.1a) with u; + cu and integrating over 2, we use
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integration by parts to see that

2
/8<]ut| _|_aut~u> —a|ut|2+T-F(T)d$=/f‘(ut+au)d$

< ClIfl-12lle(wr + au)]2
< O fll-12-

We used the Korn—Poincaré inequality on a periodic domain (Theorem 1.5) to obtain the first

inequality and the strain-limiting property to obtain the second. Next, we note that

T. F(T) > ‘rg‘ —Cy, (2.5)

for every T € R¥4 where C, is a fixed positive constant depending only on a. We integrate
with respect to the time variable and use Gronwall’s inequality to deduce that
T
o (1 + lea)l3) + | iz (14 Il + el + [ 1701 10r).

with the full reasoning to be shown in the proof of Theorem 2.4. The constant C' on the right-
hand side depends only on «, a, T and d. Boundedness in L!(0,T; L#(Q)dXd) at best gives
weak-* compactness in the space of Radon measures M(Q)?*¢. We do not have a convergence
result that gives a limit in the space of Lebesgue functions. Instead, we construct higher

regularity results and prove a pointwise convergence result.

2.1 The regularised problem

Throughout this section, let n € N be a fixed approximation parameter. We define the ‘regu-

larised’ function F,, on R%*¢ by

T T
Fp(T) = C+ —.
(1+]|Tj*)s  n(l+ |T[w)

The term regularised refers to the presence of the second-term on the left-hand side, commonly
referred to as an elliptic regularisation term. By the Browder—Minty Theorem, we immediately
see that the function F}, is a continuous bijection from R?*¢ to itself. In particular, we note the
coercivity property

T2 S e s |
A+|Te)e  nQ+ [T 2 2

Fo(T) T = ~C,.

The exact statement of the Browder—Minty Theorem is as follows [12].

Theorem 2.2 (Browder-Minty). Let S be a bounded, continuous, coercive and monotone func-
tion from a real, separable Banch space X into its continuous dual X*. Then S is surjective. If

S is additionally strictly monotonic, then S is a bijection.

In fact, the function F), is a C'-diffeomorphism from R?*¢ to itself. This is due to the
following result from [103]. The function F), satisfies the hypotheses of Lemma 2.3 by viewing

F,, as a map on R% and directly calculating the derivative.
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Lemma 2.3. A C'-map f : R — R is a C-diffeomorphism if and only if the Jacobian det(D f)

never vanishes and | f(v)| — oo whenever |v| — co.

Later on in this thesis, we consider a different regularisation term, namely, n~'T. The linear
choice in fact provides more optimal results. However, we consider this slightly more complicated
term here for two reasons. First, we want to extend the work that has been done in the steady
case and this choice of regularisation was used more frequently. Second, the nonlinear term
ensures an improved convergence result for the approximation sequence (uy + au™),, where u”
is defined below. We have that (w! 4+ au™), converges to w; + aa weakly in LP(0, T; WP (Q)%)
for every p € [1,00). In fact, by the Aubin-Lions lemma, we have strong convergence in LP(Q)?
for every p € [1,00). In comparison, we can at best take p = 2 in the case of the linear
regularisation term. We also note that such a regularisation term suggests how one might prove
the existence of a solution to a nonlinear viscoelastic problem when the constitutive function
provides similar growth to F;,.

We consider the following regularised problem: find a couple (u”, T") : Q — RY x R4*d
such that (2.1a), (2.1¢)—(2.1d) hold with

e(uy +au”) = F,(T") in Q. (2.6)

The function Fj, is a bijection so we can rewrite the momentum balance (2.1a) and the consti-

tutive equation (2.6) as a single equation, namely,
uy = diV(Fn_l(E(u? +au"))) + f.

We define a weak solution of the regularised problem analogously to Definition 2.1 for a
weak solution of (2.1). However, the regularity requirements are replaced by asking that
u™ € W22(0,T; L2()%) and u? + au™ € L0, T; W1 (Q)9), with the approximate stress
satisfying T" € LH%(O,T; Li;%(Q)dXd). In the weak form of the (2.1a), we consider test
functions v € W (Q)4,

For the remainder of this section, we focus on proving the existence of a solution to the reg-
ularised problem by means of a Galerkin approximation. Let (¢;);>1 be a sequence of trigono-
metric polynomials from C°(Q) such that the functions form an orthonormal basis of L2(Q)
and, for every m € N, there exists an M, € N such that the linear span of (gbi)f‘ﬁf is exactly the
vector space of trigonometric polynomials of degree at most m with integral over {2 equal to 0.
We define V;,, = (span{¢1, ..., ¢n,, )% A basis of Vj, is ((biej)f?;’ld. We use e; to denote the
j-th standard basis vector in R?. This basis is orthonormal with respect to the inner product
in L2(Q)?. We denote by P™ the orthogonal projection operator from Lz#(Q)d to the space of
R%valued trigonometric polynomials of degree at most m. The restriction of P™ to L2(Q)? is
exactly the orthogonal projection from L2(Q)? to V;,.

For the remainder of this section, we suppress dependencies on n since the parameter is fixed

throughout. However, we do indicate if a constant C' depends on the approximation parameter
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n. In Theorem 2.4, we introduce the Galerkin approximation of the regularised problem, prove
that a solution exists to the finite-dimensional problem and deduce some uniform estimates on

the Galerkin solution.

Theorem 2.4. Suppose that we are given data ug, u; € L2(Q)% and f € L?(0,T; L2(Q)9).
There exists a function w™ € W22(0,T; L2(Q)?) of the form

My d
u(tw) =) > B (t)di(z)e;
i=1 j=1
such that, for every v"™ € V, and a.e. t € (0,T),
/ uy(t) - 0"+ T"(t) - e(v™)dx = / f(t)-v"de, (2.7)
Q Q

where T™ is defined by e(ui"+au™) = F,(T™) in Q, with initial conditions given by u™(0,-) =
P ug and u*(0,-) = P™uy. Furthermore, there exists a constant C, independent of n and m,

such that

Tm 1+%
sup ()3 + sup nur%tn@-+m/“rrm|+-"dxdt
t€[0,T] te[0,T] Q n

(2.8)
T
gc(uwW@+wm@+Aruw%a)

Mmd g1ch that

Proof. For an arbitrary v € L2(2)¢, we may identify P™wv with a vector (vij); 2

My, d

Py = Z Zvij¢iej'

i=1 j=1
With this in mind, the Galerkin approximation from V,, is equivalent to the following system
of first order ODEs:

(B (1), 7" () = (¥™ (1), g(t, B™ (£),7™ (1)), (2.9)
B"(0) = PMug, ~¥"(0) = P"uy,

where g = (gij)%";’ld is defined on (0,7) x RMm*d x RMmxd 1,y

My d

9ij(t, B,7) = — /Q F,t (Zzs (vt + aBrr) ¢k61)> -e(¢iej) dz + /Q f(t) - (die;) da.

k=1 1=1

The function g is measurable with respect to ¢ by the assumptions on f and is continuous in
(B,7), recalling the continuity of F,;!. Hence, applying standard Carathéodory theory (see, for
example, Theorem 2.4.1 from [108]) we deduce that a solution u™ exists on a possibly short
time interval [0, T} ) for some T, < T, where T} may depend on n and m. Given a solution u™,
define T™ = F; ! (e(u™ + au™)) which is justified because F}, is a bijection from ngﬁg to itself.

To extend the solution to the whole of (0,7"), we show that the coefficients 8™ and 3}"
remain bounded as the time approaches T,. First, we note that, by the orthonormality of the

basis,
My, d

™ O3+ i ONF =Y > (IBF @ + W @)) - (2.10)

i=1 j=1
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We test in (2.7) against u}* + au™ and see that

0:/u{?-(u;"—l—aum)—l—Tm-e(u?—l—aum)—f-(ufljtaum)dx
)

o m|2
:/Qat ( utz' +a"%”‘“m> alup’ P+ T™ - Fy(T™) = f - (uf" + au™) da.

For an arbitrary ¢ € (0,7%), we integrate over (0,t) to get

(I g g e O
(14 |T™)s  n(l+ \Tm\l_l)
Pmu
|| 1||2+a/[P wy - PMug — ul'(t) - // a|u;”|2+f (uf” + au™)]
pm p™m 2 m|2 2 ||ut ( )H%
C(a) | [1P™ w3 + [[P™uol3 + \u P+ PP )+
(2.11)
where we have used the fact that
t
u(t) = PMuyg +/ uy"(s) ds. (2.12)
0
Using (2.12) again, we see that
t 2
[um (Ol < 21wl +2] [ ur(s)ds]
0
t
SQHPmung—i—%é/ / [ul™(s)|? dz ds.
0 JQ
Adding this inequality to (2.11), we deduce that
Tm’Z |Tm‘2
@I + @i+ [ [ | - ]
(1+|T™%)a  n(l+|T™ =)
< ot ) (1Pl 1Pl + [ [ [+ 157
0
Applying Gronwall’s inequality yields
Ty ’ 'm‘l—i—f
sup @1+ sup up@IF+ [ [ e S dear
te[0,T%) te[0,T%) (2.13)

< Claya,d,T) (1 P a3+ [P + / HfH%dt> ,
0

where C' is a positive constant that is finite for any finite value of T,. The dependence on a

comes from applying (2.5). It follows from (2.13) and (2.10) that

sup max ()2 + [y (1)) < C.
Sup e (8OF + OP)

Thus there exists a solution to the Galerkin approximation from V;, on the whole of [0, 7.
Furthermore, the asserted bound (2.8) follows from (2.13), using that || P™v||2 < ||v||2 for every
ve L2 (Q)d by standard properties of orthogonal projection operators. ]
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Corollary 2.5. Let u™ be the solution of the Galerkin approzimation from V, constructed in

Theorem 2.4. There exists a constant C, independent of n and m, such that

T
le(uf" + au™)|[Lrrg) < C (1 + w3 + [|u |13 +/0 Hf(t)H%dt> :

Proof. From the definition of T™, we have that

T
e(uf" + au™)| < 1+
It immediately follows that
R
LA T [T 1y
141 141
le(f" + au™)[| i1 (g) < c<1 + Z“@) < 0(1 + ;“‘”)
Applying the bound of Theorem 2.4, we deduce the asserted result. ]

Next, we look for a bound on wuj}. Considering the previous estimates, the best (n,m)-
independent bound we currently have on w/? is in L1(0, T; Wi (2)4)) where W, ()4 denotes
the dual space of W, °(Q)4. This space clearly has poor compactness properties. We need to
look for a bound in a reflexive Sobolev space (or the dual of one) because then, by the Banach—
Alaoglu theorem, the weak convergence of a subsequence follows. To do this, we test in (2.7)
against u}? +au}" to obtain a bound on w}} in L?(Q)? that is independent of n and m. However,
we require stronger requirements on the initial data. The safety strain condition (2.14) stated
below must hold. We need the image of e(u; +aug) on € to be compactly contained in the open
unit ball so that F, '(e(u1 + auyg)) is bounded uniformly on  with respect to n. Otherwise,
we are unable to bound the initial stress T"(0) independent of m and n. Furthermore, we
ask that uy + aug is in the space WfH’Q(Q)d for some k > %. This is so that the projected
data P™(wu; + aug) uniformly approximates u; + aug in WH(Q)4. Combined with the safety
strain assumption, we are able to deduce that F,, ! (e(P™(u; + auy))) is uniformly bounded in
L>*(Q)9*? with respect to both n and m, provided that m is sufficiently large. In Section 4.3,
we discuss how the requirement on k can be weakened.

We note that F~!(e(u; + aug)) must exist a.e. in Q because otherwise the initial stress
could not be defined. Hence we must have that |e(u; + aug)| < 1 a.e. in Q. However, the
stronger requirement of the safety strain condition is required in the proof in order that the
approximations (F,, !(e(u; + aug))), can be bounded uniformly in L°°. At present, the safety
strain condition is required in the steady case also, suggesting that this condition is necessary

for an existence proof.

Lemma 2.6. Let the assumptions of Theorem 2.4 hold and let u™ be the solution of Galerkin
approximation. Suppose additionally that uy + augy € fH’Z(Q)d for some k > % and we have
the safety strain condition

le(ur + aup)lloc = Cx < 1. (2.14)
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There exist an my € N and a constant C, independent of m and n, such that, for every m > my,

T T
/ 3+ sup / |Tm<t>|1“xﬂTm(t).zl}sc<1+||uoué+uu1u§+ / Hf(t)H%),
0 te[0,7] JQ 0

where x o denotes the indicator function of a set A.
Proof. Testing in (2.7) against ui} + auy”, it follows that
0 [« hy (| T2
0:/ ul|? + = —]u?!Q—i—M — - (ui + aui®) dz, (2.15)
Q ot \ 2 2

where h,, : [0, 00) — [0, 00) is defined by

# 1 1 1 1
hn(s) = a Tt suponiin ol (8 Sl — dt.
0 (I4t2)ta  n2(14¢272a)2 n/) n(l+t2"2)?

This can be seen by noticing that

0
T o (Fu(T™))
" . T " . T 1 " . TP
= Tt il I Sy T
(L [Tmfe) ™ n2(1 4 T 7w) (L T2

= h,(|T™*)T™ - T}
9 (ha(ITP)
ot 2 ’

There exist positive constants c,, C; depending only on a such that
1l_a 1 l_a
a2 2X{s>1) — Ca < hu(s) <sn +Cy (52 2X{s>1} + 1) ;

for every s € [0,00). Integrating (2.15) over (0, 1), it follows that

! m « m m —a
| [P dsds + Slur @ + [ el O xgmnzn do
0 JQ Q

t 1 t
gc<1+uulug+/ ]Tm(0)|2dm+/ /|f\2+\um2dxds)+/ /|u;gy2dxds,
Q 0 Jo 2J)o Ja

where C = C(a,a) is independent of m and n. It remains to bound T™(0) in L2(9)%x4,
independent of m and n. In fact, we show that T™(0) is uniformly bounded in L>(Q)?*? for
every m > myg, where mg depends only on the choice of initial data.

By definition, we have that T™(0) = F, !(e(P™(u1 + aug))). Suppose that there exist
constants mg € N and C; € (0, 1) such that, for every m > my, ||[e(P™(u1 + aup))||ec < Ci. By
definition of F}, and the radial property, we see that |F~1(T)| > |F,'(T)| for every T € R¥*¢
with |T| < 1. Furthermore, F~! is a radial function that increases in absolute value as |T|

increases. It follows that

IT™(0)] = |E  (e(P™ (w1 + aug)))| < [F7H(e(P™ (u1 + auo)))| < f7H(C1) < oo,

n

where f is defined on [0,00) by f(s) = T = T It follows that T™(0) is bounded in L (£2)4*4
+s%)a
independent of m and n, with bound depending only on the data and parameters of the problem,

for every m > my.

39



It remains to prove the existence of such an mg and C;. From standard properties of
projection operators, we have P™v — v strongly in L2(Q)? as m — oo, for every v € L2(Q).
However, the projection operator also commutes with derivation [24], i.e., 0;(P™v) = P™(0;v)

for every v € W;z(Q)d and 1 <14 <d. It follows that
lim [P0 — |12 =0 Yoec WFL2(Q)d
m—o0

However, WFT?(Q)? embeds continuously into C*(€Q)¢ by the Sobolev embedding theorem,

recalling that k > g In particular, for an arbitrary v € Wt 2(Q)d, we have that

le(P™v) — e(v)]|oo < Clle(P"v) — €(v)||r2 < CP"v — k11,2,

where C' is independent of m and v. It follows that (e(P™(u; 4+ auyg))).m, converges strongly in
L>=(Q)94 to g(u; + aug). Hence, by the safety strain condition (2.14), there exists mq such

that, for every m > my,

le(P™ (u1 + auo))lloo < [le(ur + aug)|loo + [[e(P™ (w1 + aug)) — e(ur + auo)|lo

= Cs + [[e(P™(u1 + aup)) — e(ur + o) ||

1-C, 1+0C
<C,+ 2*= J;*::Cl<1.

Thus we conclude that the stated bound holds. O

Due to the growth of the function F;, and, in particular, the good integrability of the sequence
(T™)y, for each fixed n we can take the limit as m — oo and prove the existence of a weak

solution to the regularised solution.

Theorem 2.7. Let the assumptions of Lemma 2.6 hold and denote by u™ the solution of the
Galerkin approzimation from Vi, of the regularised problem. There ezists a couple (u,T), the
unique weak solution of the regularised problem, such that the following convergence results hold

as m — 0o:
o u” — u weakly in W22(0,T; L2(Q)%);
o T™ — T weakly in Ln »(0,T; L (Q)dXd);
o u™ + au™ — uy 4 au weakly in L0, T; W (Q)4).

Furthermore, there exists a constant C, independent of n, such that

Ti+E
sup fult)le + sEup]Hut()HQ-i-/ fa? + T+ L ' da dt
te[0,T te[0,T Q
, (2.16)
T sup ( [ o )>1}da:) sc(1+\|uou§+uu1|r%+ / \f<t>rr§dt).
t€[0,T] 0
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Proof. Considering the bounds in Theorem 2.4, Corollary 2.5 and Lemma 2.6, along with the
Korn—Poincaré inequality and standard compactness results for Bochner spaces, the convergence
results follow immediately up to a subsequence in m that we do not relabel. The subsequence
restriction can be removed once both existence and uniqueness have been proven. Consider

arbitrary but fixed test functions v € C>*(Q)? and ¢ € C([0,T]). Then we must have that
/ uy - (YP"v) + T - e(p P"v)dedt = / f - (@P™v)dxdt. (2.17)
Q Q

By the previously discussed properties of the projection operator with the smoothness of v, we
have that P™v — v strongly in C1(Q)% as m — co. Combining this with the weak convergence

results, we take m — oo in (2.17) to deduce that
/ ug - (Yv) + T e(Yv)dedt = / - (yYv)dzdt.
Q Q

Since 1 is arbitrary, we can use a standard density argument with respect to the time variable
and deduce that the required weak form of (2.1a) is satisfied by the limiting couple which we
denote by (u, T).

We know that w € C1([0,T]; L2(Q)?) by standard regularity results for Bochner functions.
Hence, we must have that

Jim ([fe(t) = u(0)lz + flue(t) — w(0)][2) = 0. (2.18)

However, by the Aubin—Lions lemma, up to a possible further subsequence that we do not
relabel, the sequences (u™),, and (u}"),, converge strongly to w and w;, respectively, in
(0, T); Wy P2(Q)%) where W, 12(Q) is the dual space of W;*(€). In particular, we have
that u™(0) — u(0) as m — oo. However, u™(0) = P™ug — ug in L2(Q)% as m — co. Thus
u(0) = up. By similar reasoning, we also have that u;(0) = u;. Using (2.18), we conclude that
the initial conditions are satisfied in the required sense.

To see that the constitutive relation (2.6) is satisfied by the limiting couple, we use a
variant of Minty’s method [75]. First, we notice that (u® + au™),, converges weakly in
L2(0,T; W2 (Q)%) and (w? + aw™),, converges weakly in L2(0,T;L2(Q)%). Applying the
Aubin-Lions lemma, we see that (u}+au™),, converges strongly in L2(0, T; L2(Q)%) to u;+au.
Testing in the Galerkin approximation from V,,, against u;" + au™, integrating over (0,7") and

using this strong convergence, we see that

lim T" - e(ui” + au™)dz dt
m—00 Q
= lim (Ui +au™) —uy - (uf + au™)dzdt
m—00 Q

(2.19)
:/f-(ut+au)—utt-(ut—i—au)dxdt
Q

= / T - e(us + au) dz dt.
Q
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Let S € LH%(Q)dXd be arbitrary but fixed. By the monotonicity of F},, the final line of (2.19)

and the previous convergence results, we get the following:

0< lim [ (T™ —8) - (Fy(T™) — F\(S)) dz dt

m—r o0 Q

_ /Q(T = S) - (e(ug + au) — Fo(S)) da dt.

We now choose S = T +~U for some v > 0 and U € L®(Q)??. Dividing the resulting
inequality through by ~ and letting v — 0+, we deduce that

0< :F/QU - (e(ur + au) — F,(T)) dz dt.

e(ut+ou)—F,(T)

Setting U = e (s taw)—F (T

7> we conclude that the constitutive relation (2.6) holds.

It remains to prove that (2.16) holds. The bounds on the displacement follow from the weak
convergence results and weak lower semi-continuity of norms. For the L'(Q) and LH’%(Q)
bounds on T, we apply weak lower semi-continuity again and notice that if T — T weakly in
L1+%(Q)dx‘i then clearly the weak convergence holds in LP(Q)?*¢ for every p € [1,1+ 1). For
the final term, we use Fatou’s lemma. However, we first need to prove the pointwise convergence
of (T™),,. In fact, we need to show that T™(t) — T(t) pointwise a.e. on €2, for a.e. t € (0,T).

First, we mimic an argument from [19] to show that T™ — T strongly in L'(Q)%*¢. For
each k > 0, define the set

Qi ={(t,z)eQ : 1+ |T|+|T"| > k}.

From Theorem 2.4 and weak lower semi-continuity, there exists a constant C' = C'(n), indepen-

dent of m, such that

/ T E 4+ [T dedt < C(n),.
Q

It follows that |Q7| < C(n)k_(l‘*'%). Splitting the domain @ into Q" and its complement, we

2
</ T — T|d:1;dt>
Q

<o, e s or LNl
L +W(QZ’”) Q\QZL (]. + |Tm‘ + ’T’) +a

have

dx dt

<Ck™n+ Ck1+a/ (T™ - T) - (F(T™) — F(T)) da dt
Q

<Ck o+ Ck1+a/ (T™ — T) - (F,(T™) — F,(T)) dz dt.
Q
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Using (2.19), it follows that

lim [ (T —T) (Fo(T™) — F,(T))dzdt

m— 00 Q

= lim T" - e(ui” + au™) =T - F,(T) = T -e(u)* + au™) + T - F,(T)dx dt

m—00 Q
= / T -e(us+au)—T-F,(T)—T- e(ur+au)+ T F,(T)dzdt
Q

=0.

Hence, we deduce that

lim / IT™ — T|dadt < Ckn,
mzeeJe
for arbitrary & € N. Thus T™ — T strongly in L'(Q)?*?. Hence, up to a further subsequence
that we do not relabel, we have that T™ — T pointwise a.e. on ) and so also T™(t) — T(t)
pointwise on  for a.e. t € (0,7).

Now we prove the uniqueness of solutions. Suppose that (u;,T1) and (ug, T2) are weak
solutions of the regularised problem emanating from the same data. Let v := u; — us, S :=
T; — To. Testing in the weak form of (2.1a) for (u;, T;) against v; + awv for ¢ € {1,2} and

subtracting the resulting equations, we integrate the result over (0,t¢) to obtain
¢
0—/ /vtt-(vt+av)+S-s(vt+av)dxds
0 JQ

_ [ u@®)P ' 2
= [ —— F+av(t) - v(t)de + S - e(vs + av) — alvy|“ dz ds,
o 2 0 Jo

where we use the fact that v(0) = 0, v4(0) = 0 and v, v, are continuous functions from [0, 7]
to L2(Q)4. Tt follows that

vy 2 t
o§/g\ (Qt)l dx+/0 /Q(Tl—T2)~(Fn(T1)—Fn(TQ))dmds

t t 2
g/ /(2a2+a)\vt\2dxds+/ [v:(2)] dz.
0 Jo o 4

We absorb the last term on the right-hand side into the left and apply Gronwall’s inequality to
deduce that, for every t € (0,7,

_ [ @) !
o_/Q4dx+/0 /Q(Tl—Tg)~(Fn(T1)—Fn(T2))dxds.

It follows that w1 = us a.e. in @ and, by the strict monotonicity of F;,, we have that T =
T,. O

2.2 Higher regularity estimates

In this section, we focus on obtaining higher regularity estimates that allow us to take the

limit as n — oo and obtain a weak solution of the strain-limiting problem (2.1). As discussed
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previously, these regularity results are vital in order to obtain a suitable convergence result on
the sequence of approximate stress tensors, bypassing the poor integrability estimates.

We first consider the case that a > 0 takes any arbitrary value and construct estimates that
enable us to prove the pointwise convergence of the sequence of approximate stress tensors.
We work at the level of the Galerkin approximation. The time regularity estimates must be
constructed in this setting so that they are rigorous. We can also obtain the spatial regularity
estimates at the level of the Galerkin approximation because in this periodic setting, spatial
derivatives of test functions are also valid test functions in (2.7). We note that this is not the

case outside of the periodic setting.

Lemma 2.8. Let the assumptions of Lemma 2.6 hold and let u™ denote the solution of the
Galerkin approximation of the regularised problem from V,,. Suppose additionally that ug, w1 €
W*I’Q(Q)d and f € L*(0,T; W*I’Q(Q)d). There exists a constant C = C(a,a,T,d), independent

of m and n, such that

m m VT
sup [|[Vu™(t)|3 + sup [Vu; (t)H%‘F/ dedt
te[0,7] t€[0,T] Q (2.20)
< C (IVuol + [ Vurl + 1V F132()) -
If we additionally have that f € W12(0,T; L2(2)%), then
Ty
sup Hum(t)|]2+/ e dadt
o) 7 Jo (LTI (2.21)

< C (w3 + 14132 + IFOIF + llur + auoll3,)
for a constant C = C(a,a,T,d,Cy), for every m > mgy where my is from Lemma 2.6.

Proof. First we prove the spatial estimate (2.20). We take V - V(u}* + au™) as a test function
n (2.7), a valid choice because differentiation does not increase the degree of a trigonometric

polynomial and has integral over 2 equal to 0 due to periodicity. Integration by parts yields

o_—/(ug;z—f)-(v-V(u;"+aum))+Tm-s(v-V(u?+aum)) dz
Q

m|2
Q

—Vf- -V +au™)dx.
In the above, we use VS to denote the third-order tensor (0yS;;); .k and V - S to denote the
vector (0;5;5)i. We need justify the equality

/(V'Tm).(v-wu?mw» da::/VTm-VFn(Tm)dx.
Q Q

We proceed as follows, denoting S := T™ and v := u;" + au™ for simplicity of notation. Using

integration by parts twice and the symmetry of S, we have that

. 8SZ] 82'01' . 8SZ] 8 v;
/Q (V-8)- (V- Vo) dr= | TG [ S e / VS - Ve(w
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The boundary integrals from the integration by parts vanish due to periodicity. Furthermore,
trigonometric functions are smooth so the manipulations are all justified. Proceeding as in the
proof of Theorem 2.4, we integrate over an arbitrary time interval. Applying Young’s inequality
and Gronwall’s inequality, we deduce that
sup |[Vu™(#)||3 + sup ||[Vul(t)|3 —i—/ VT™ - VF,(T™)dxdt
te[0,T7] te[0,T7] Q

< € (IVuoll3 + [Vl + 19 F122(q ) -
The function T + n~1(1 + \T\l_%)_lT is monotonic so we have that
VT™ . VF,(T™) > VT™ - VF(T™).
Next, we apply the chain rule to F' to see that

‘akTm‘Q (Tm . 8kTm)2’Tm|a72 S ‘VTmP

VI™ . VF(T™) > >
(1+|Tm|)a (1+|Tmfa)*a (14 [Tmja)t

It follows immediately that (2.20) is satisfied.!

Now we focus on (2.21). If the Galerkin solution was smooth in time, we could differentiate
(2.7) with respect to the time variable and test in the resulting equation against uy; + auj".
However, we do not have sufficient regularity to justify this. Instead, we use difference quotients
in the time variable to mimic this idea. We define by A the difference quotient with increment

h in the time variable, i.e.,

Afg(t) = g(t +h) - g(t), (2.23)
for any t and h such that (2.23) is defined. Fix ¢ € (0,7") and let h > 0 be sufficiently small
such that ¢t + h < T. Using (2.7), we have

/ Alul(t) v + APT™(t) - e(v) dz = / Al f(t) - vda,
Q

for every v € Vj,,. Setting v = Al (ul + au™)(t), replacing t by 7 € (0,t) and integrating with

respect to 7 over (0,t), we obtain

A3 [ [ AT APR(TT)
h2 o Jo h Trdas

h
Apu )3, A @, 187 Tion Xm>

|
< C(CL, «, d7 T) ( h2 h2 12

Using the regularity properties of (¢;);>1 and the coefficients 8™, we can apply Lebesgue’s
dominated convergence theorem when taking the limit as h — 0+. Optimising the resulting
inequality over ¢ € (0,7, we deduce that

T3

T
S g ()15 + /Q ey < O (B OIF + il + 1£Eq) . 229

!This arguement will be used repeatedly throughout the thesis and referred to as ‘monotonicity and the chain
rule.’
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using the fact that (as a consequence of monotonicity and the chain rule)
Ty ?
(14 rmpyise = T

We note that w}} is continuous on Q because f € C([0,T]; L2(Q)?) under the additional as-
sumptions on the data. Now, we will show that ||u}}(0)||2 is bounded above by a constant that
is independent of m and n. Considering (2.7) at time ¢ = 0, which we can do because of the

continuity of uj} on [0,T], and testing against uj}(0), we see that
i) = | ~T7(0) - e(u; (0) + £(0) - w2 (0) da
= /Q [div (F, (e(P™ (uy + aup)))) + £(0)] - ufp(0) da (2.25)
< [lldiv(F, " (e(P™ (w1 + awg))))ll2 + || £(0)]|2] [[uf(0)]l2-
Using the fact that F), is a C'-diffeomorphism (recall Lemma 2.3), we get
div(E, ! (e(P™ (w1 + awg))))ll2 < | D(ET) (e(P™ (ur + aup)))lloo|ut + aul|22-

Considering properties of symmetric positive definite matrices, direct calculation shows that

there exists a constant C, depending only on a such that
ID(E;N)(S)] = [(DF) ™M F, N (S)] < Ca(l+ [FH(S)[1F) vS € R,
so the application of Lemma 2.3 is justified. Returning to (2.25), it follows that, for every
m > mo,
lug (0|2 < [(DFR)~H(FH (e(P™ (w1 + awp))))||o |t + auoll2,2 + | £(0)]|2
< Ca(1+ f7HC) ™) |Jur + augll22 + 1| £(0) 2
< C(a, C) (|lur + auollz2 + [ £(0)]3)

where mp € N and Cy € (0,1) are from Lemma 2.6. Substituting this into (2.24), the required
bound (2.21) follows. O

Next, we show that, in the case that a is small, where smallness depends on the dimension
d, higher integrability estimates can be proven for the sequence (T™),,. We prove this result in
three spatial dimensions, since this is the physically relevant case. However, in Chapter 4, we
will see that this result can be improved, but only under the stronger assumptions on the data
than are used in Lemma 2.8. We only require minimal regularity assumptions on the data for

the following result.

Lemma 2.9. Let the assumptions of Lemma 2.6 hold. Suppose additionally that wg, w1 €
W2 ( Q)4 and f € L2(0,T; W*(Q)?). Furthermore, assume that d = 3 and a € (0, 2]. Setting

0= %‘1, there exists a constant C > 0, independent of n and m, such that
[ dede < € (14 [Vl + [V 3+ 1951 o))
Q

for every m > my.
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Proof. Using Lemma 2.6 and (2.20) from Lemma 2.8, there exists a constant C', independent of
n and m, such that
_ |VT™|?
sup / |T™ ()| “dx) —I—/ —————dadt <, (2.26)
t€[0,7) ( Q o (14 |Tm|)t+e

for every m > mg. We can remove the indicator function from the bound in Lemma 2.6 (and so
the first term on the left-hand side of (2.26)) because a < 1. Applying the Sobolev embedding

theorem to the function (1 + \Tm\)liTa, we see that

T p(-a) , VT2
"5 4z )" dt < C(p, _ VR gpde+1),
/ (A‘ | x) -<p@<AJ1+HWDHa$ )

for every p € (2,6]. In particular, setting p = 6, we get

1

T
sup </ ]Tm(t)|1_“dx) +/ </ T P da:)3 dt < C. (2.27)
t€[0,7) Q 0 Q

Fix some ¢ € (1, 00) that is to be determined later. We denote by ¢’ = q%’l the Holder conjugate
of q. Applying Holder’s inequality with exponents (g, ") and considering the first term on the
left-hand side of (2.27), we see that, for a.e. t € (0,7),

" 1 142a(g—1) .
|Tm|1+? de < |||Tm‘1_qul HTmH q <C |Tm|1+2a(q—1) dz
o > 1 14+2a(g—1) = 0 .

We claim that ¢ can be chosen such that

1 2 1 1-—
,S,:§7 1+2a(q_1)§u

< — =3(1—a). (2.28)

The existence of such a ¢ € (1,00) is possible in the case that a < % Choose ¢ = 3. Then the
first inequality in (2.28) holds trivially. To see that the second holds under the restriction that

a < %, we simply notice that
14+2a(g—1)=14+4a<3(1l—a) <= Ta<2.

Thus such a ¢ exists. Given this choice, we use the second inequality of (2.28) to deduce that

“ T 7
/ ’Tm’1+? da dt S C/ </ ‘Tm’1+2a(Q—1) dx) dt
Q 0 Q
T (1—a) %
§C(d,T)+/ </ IT™| "2 d:n) dt
0 Q

<0 (14 1Vl + [Vur |3 + IV F122q))

Setting § = ; = %‘1, the asserted bound follows. O

We remark that the choice of p is likely optimised in the above argument as it enables a large
choice of ¢ in the first inequality in (2.28) while maximising the choice in the second inequality.
However, this result is not optimal. Under stronger conditions on the time regularity of f, we
can show a similar result in any spatial dimension d > 2 when a € (0, %) This is explored

further in Chapter 4.
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2.3 The limit in the regularisation parameter

In this section, we use the higher regularity and integrability estimates of Section 2.2 to take the
limit in the regularisation parameter n. Provided that m > mg, the order in which the limit in m
and n in fact does not matter. However, for simplicity, we take m — oo followed by n — co. We
denote by (u™, T™) the weak solution of the regularised problem with approximation parameter
n and u™™ the solution of the Galerkin approximation from V,,, of the regularised problem with

parameter n.

Theorem 2.10. Suppose that ug, uy € Wi2(Q)% and w1 + aug € WE2(Q) for a k > %,
such that the following safety strain condition holds:

le(ur + aup)||oo = Cx < 1.

Furthermore, assume that f € L2(0,T; W22 (Q)%) N WL2(0, T; L2(Q)?). There exists a couple
(u, T) that is the unique weak solution of the strain-limiting problem (2.1) in the sense of
Definition 2.1.

Moreover, if (u™, T™)),, is the sequence of solutions to the regqularised problem, the following

convergence results hold:
o u X w weakly-* in W2°(0,T; L2(Q)4) N Whe (0, T; W (Q)%);
o ul + au” — u; + au weakly in LP(0,T; WP (Q)?) for every p € [1,00);
o T" — T pointwise a.e. in Q.

Proof. The proof of uniqueness can be argued almost exactly as in the proof of Theorem 2.7 so
we do not include the details here. We focus on the existence of weak solutions. Summarising
the bounds from Theorem 2.4, Corollary 2.5, Lemma 2.6 and Lemma 2.8, there exists a constant

C, independent of m and n, such that

sup [ O35+ sup a5+ sup [l O3 + @™ + aw ™) | g

te[0,T te[0,7 te[0,7)
1
‘T”’m|1+5 ‘VTn,mP ‘T?’m|2
™ dedt <C 2.29
e S ey e SO 0

assuming from now on that m > myg. First, we prove the pointwise convergence of (T"),.
Define sequences

T 1

gnm — gm )
(1 + ‘Tn,m|)1+a’ (1 + ‘Tn,m’)l—l—a

By definition, the modulus of each function is bounded above by 1. Using (2.29), we immediately
see that
/ (VS™™ |2 4 |SP™ 2 4+ [ Vs ™2 + s P dedt < C, (2.30)
Q
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where C' is independent of n and m. By standard compactness properties and the Aubin—Lions
lemma, it follows that (S™™),, converges strongly in L?(Q)%*¢ to a limit S™, say. However, by
the pointwise convergence of (T™™),, a.e. on @, shown in the proof of Theorem 2.7, we can

identify the limit S™ by
Tn
(1 + ‘Tn|)1+a'

An analogous result holds for (s™),, and the corresponding limit s". By weak lower semi-

" =

continuity, it follows from (2.30) that
1™l o (@) + 18" [ Lo (@) + /Q [VS™2 + IS} [? +[Vs"* + s dedt < C,

where C' is independent of n. Applying the Aubin—Lions lemma again, the sequences (S™),, and
(s™),, converge strongly in L?(Q) and so pointwise a.e. on @ as n — oo to limits that we denote
by S and s, respectively, up to a subsequence in n, not relabelled.?

By Fatou’s lemma, we see that

/ s T dedt < C’—l—liminf/ IT"|dz dt < C.
Q e JQ

Thus, 5_14%@ is integrable so s > 0 a.e. in (). By elementary analysis, we deduce that T" =
S™(s™)~! converges pointwise a.e. on Q asn — co. We denote the limit by T. By Fatou’s lemma
and the uniform L'-bound on (T"),, the limit T is an element of L'(Q)?*¢. The remaining
asserted convergence results from the statement of the theorem follow easily from (2.29) and
standard compactness results for Bochner spaces.

Next, we recall that

"

n(1+ T =w)

e(u] +au”) = F,(T") = F(T") +

Using the pointwise convergence of (T™),, with the fact that T is finite a.e. in @), we see that

T — T d T -0
a
G40 Q[TE i)

pointwise a.e. on @ as n — oo. It follows that
e(uf +ou™) = F,(T") — F(T) pointwise a.e. in Q.

However, we have that (e(u} + au™)), converges weakly in L%(Q)?*? to e(u; + au). Weak
limits in L?(Q) and pointwise limits must coincide.® Thus the constitutive relation (2.1b) holds

pointwise a.e. in . Satisfaction of the initial conditions (2.4) can be argued by standard

2 As when we took the limit in m, any convergence results that only hold up to subsequence in n later improve
to convergence of the entire sequence due to the uniqueness of the limit.

3 By the Banach-Saks theorem [101], there is a subsequence of (e(u? +au™)), whose Cesaro averages converge
strongly to e(ut + au). The sequence of averages converges pointwise a.e. on @ up to a further subsequence.
On the other hand, the pointwise convergence of (F,(T")), is preserved by taking any combination of Cesaro
averages and subsequences. Thus we must also have that the same sequence of averages converges pointwise to
F(T). However, pointwise limits are unique and so F(T) = e(u; + au) as required.
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reasoning and using the initial conditions for the sequence of regularised solutions, so we do not
include the details here.

It remains to show that the weak form (2.2) of the momentum equation is satisfied by the
limiting couple (u, T). Let v € C°(Q)? and v € C([0, T]) be arbitrary but fixed test functions.
Given 7 € C(]0,0)), we consider the function 7(|T"|)vy. We note that we cannot use vi)
directly as a test function because the pointwise convergence is not sufficient to evaluate the
limit

lim [ T"-e(vy)dxdt.

n—oo Q

Instead we introduce that cut-off function 7. This allows application of the pointwise conver-
gence result. Then the integrability of T is used to evaluate what remains after taking the limit
in n.

The function 7(]T"|)vey is a valid test function in the weak form of (2.1a) provided that
7(]T"|) is weakly differentiable with weak derivative in L?(£2). To see why this is true, we note

that we can write

T(|T") =7 <fn ((1 + |T”|)1+;/n>> where f,(s) = sﬁ —1.

First, we claim that (14 |T"|) 2 is an element of L2(0,T; WH2(Q)4). Applying the reasoning

from Lemma 2.8, there exists a constant C, independent of m and n, such that

C>/T"m Fo(T™™), + VI™™ . VE,(T™™) da dt

+/ /n |2
/( (1 + [T™™)) )] +’V(1+]T”’m|) | dzat.

Hence (14|T™ m|) 5™ is bounded in W 2(0,7T; L3(Q))NL2(0, T; W12(Q)). Reasoning as we did
with the sequence (S™™),,,, we deduce that (14 |T”\)# is an element of W12(0,T; L?(2)) N
L?(0,T; W12(Q)). By the chain rule for weak derivatives and noting that 7o f, € C1([0, 00)),
we deduce that the function 7(|T"|) = (7o f,)((1 4+ |T"|) By ) is weakly differentiable in space
for a.e. t € (0,7T) with weak derivative given by

Vr(T) =7 (7)) £ (14 T 757 9 (04 1T7) 727 € L12(Q)°

Thus 7(|T"|)ve is indeed a valid test function and the following is justified:

/ ug - (T(|T" o) + 7(|T"NT™ - € (v¢) — f - (7(|T"|)vep) dz dt
9 (2.31)
_/Qw”-(w(\m)@v) dz dt.

Next, we replace T by a function 7, € C}([0, 00)) such that

{1 sk
Y00 i s > 2k,
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and |7/ (s)] < Ck™! for a constant C that is independent of k. Using Lebesgue’s dominated

convergence theorem and the integrability of T, we deduce that

+%/") ®v) dz dt

= Jim Jim [l (o) + ()T ew0) = £ - (T o) ded

k—o00 n—00

lim lim —/Q@Z)T"- (V(Tkofn) ((1+IT"!)1

k—o00 n—00

= lim Qutt (m(ITDvy) + 7(|T)NT - e(vy)) — f - (7 (| T|)vep) dadt

k—o0

- /Q“ (i) + T - e(wi) — f - (v) da dt.

To prove that (2.2) holds, it suffices to show that the limit on the left-hand side vanishes. First,

we notice that

/Qw"- (V (7 fn) ((1+ yT”|)1+§/”) ®v> dz dt

= lim YT (Ve (|T™™]) @ v) dzdt,

m— 00 Q

where the integral on the right-hand side is well-defined by the regularity of the approximate

stress tensor T™™. Thus it is sufficient to show that

lim lim lim / YT (V1 (|T™™|) @ v) dedt = 0.

k—00 N—00 T—>00

Expanding out the derivative, justified because we are working with the Galerkin approximation,

we see that
/ DT (V| T"™]) @ v) da dt
Q
/1/17 (T™™[)(1 4 [T™™[0) & F(T™™) - (V[T @ v) de dt

= /Q GE(T™™) - (VB(IT"")) @ v) de dt

== [ GBI o (F(T ™)) 0, + BT F (T, 5 dadt,
Q Xy Ly
where By, is defined by By(s fo (1+ ta)aTk( ) dt. The boundary integrals coming from the

integration by parts vanish due to periodicity. For each T € R%*¢, we define the fourth-order
tensor A(T) by

0 T;;
= g, <<1 + [T >i>

We can easily check that, for every T € R%*?  the bilinear functional

(S, U) 4(1) Z Aijpg(T

,7,p,9=1
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defines an inner product on R%*¢ 4 In fact, this inner product satisfies
/ ((91Tn’m, 81Tn’m)A(Tn,m) dxdt = / 8lTn’m . 8[F(Tn’m) dx dt
Q Q

< / VI VE, (T™™) dz dt (2:32)
Q
<C,

where C' is a constant that is independent of n and m, using Lemma 2.8. By integration by

parts, the inner product property of A(T) and the Cauchy—Schwarz inequality, we see that

‘/ YT (Vi (|T™™]) @ v) dxdt’
Q

< SuBR(IT™™) =L ) Plo]d, T + [ B ([T™™ || F(T")[|Vo| dz dt
Q v i,

A(Tn,m)

< / SaBy (T2 ) | ( 5uBy(IT™)) 22 dz dt
2 ol ). ol ).
1,7 2¥) A(Trm)

1
2
- ( /Q (O] ™, |0 T ™) 4pnmy da dt) + /Q By (T ™)) [F(T")] [ Vo] da .
(2.33)
For the second term on the right-hand side, by the boundedness of F', we have that

BB DI [Volde e < O 0) [ BT .
For the second factor of the first term on the right-hand side of (2.33), we use (2.32) to see that
/ (W[ T, oG T™™) 4epnmy dzdt < / HoPVT™ . VE(T ™) dz dt < C,
Q Q

where C' is independent of n and m. For the first factor of the first term on the right-hand side
of (2.33), we have

. . n,m|\|2
[ ((mrrmn ) (summn ) <c [ TR
@ [l 01/, A(Tnm) Q (14 |Tmm|e)a

where the constant C' depends only on the dimension d. By the choice of 7%, we have By (t) = 0
ift <k andif ¢t > k then

t 2k
|Bi(t)| = ‘/ Th(s)(1+ sY)ads| < (]j/ (14 s%)eds < Ck < Ct.
k k

In particular, By is uniformly bounded for each fixed k& € N. Using the weaker bound that

“We use inner product arguments of this vein throughout the thesis. The notation is simplifying and allows
use of standard inner product results, in particular, the Cauchy—Schwarz inequality. Furthermore, we can directly
relate (0;T,0;T) 4(t) to the derivative 0;T - 0; F(T), which we have spent time in deriving estimates for.
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|Bi(t)] < Ct, we see that

/ <<5isz(|Tn’mDUj) ,<5isz(’Tn’mva> ) dzdt
n,m|\|2
<C / ABET™DE 4 g
Q (1+[Tmm|*)a

m Tn,m
SCéBMT’M ]

— = dedt
(1+[Tmm)e):

<c [ B ded,
Q

Using the uniform boundedness of By on [0, 00) for each fixed k with the dominated convergence

theorem and the pointwise convergence of (T™™),, and (T"),, it follows that

k—00 N—00 M—00

lim lim lim ’/ YT (V7 (|T) @ v) da dt‘
Q

k—00 n—00 MmM—00

< C lim lim lim / | Br.(|T™"™|)| dz dt
Q
= (C lim / |Br(|T|)|dzdt < C lim |T|dxdt =0,
k—oo Jo k—ro00 {|T|>k}

where the final line follows from the fact that T € L!(Q)?*?. Hence we have proven the existence

of a weak solution to the strain-limiting problem (2.1). O

Next, using the higher integrability result from Lemma 2.9 we prove an existence result under
weaker conditions on the data, provided that the parameter a in the strain-limiting relation is

small. In particular, we use the uniform bound on (T"), in L'9(Q)?*? to prove that (T"),

converges strongly to T in L'(Q)4*<,

Theorem 2.11. Suppose that we have ug, ui € W*I’Q(Q)d and f € L*(0,T; W*1’2(Q)d), such
that uy + aug € W2 Q) for some k > g and the safety strain condition (2.14) holds.
Furthermore, assume that d = 3 and a € (0, %) There ezists a unique weak solution (u,T) of
the strain-limiting problem (2.1) in the sense of Definition 2.1. Furthermore, if ((u™, T")), is

the sequence of solutions to the regularised problem,
T" =T  strongly in L*(0,T; L#(Q)dXd).
Proof. From Lemma 2.9, we immediately deduce that

/ T dedt < C,
Q

where C' is independent of n and § = %a > 0. From Theorem 2.4, Lemma 2.6 and Theorem 2.7,

we have the following bound:

sup [[u"(t)[[2+ sup [lu"(t)|l2+ sup Hu?(t)llz+/ ufy” + |T"| dz dt
t€[0,T] te[0,T7] t€[0,T] Q

T
+/0 [ ()13 dt + le(uf! + aw™)|[png) < C,
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where C is independent of n. It follows that, up to a subsequence in n that we do not relabel,

the following convergence results hold:

o u™ Xy weakly-* in WLo0(0, T; L2(Q)%) N L°(0, T; W2 (Q)4);

o u" — u weakly in W22(0,T; L2(Q)4) N Wh2(0, T; W2 (Q)%);

o ul + au” — u; + au weakly in LP(0, T; WP (Q)9);

o T" — T weakly in L'0(0, T; L (Q)?9).
Reasoning exactly as in the proof of Theorem 2.7, but using the bound

/ ‘Tn|1+5 + |T|1+5 de dt S 07
Q
we have that
T" - T strongly in L'(0,T; L;é (Q) <),

Thus, T" — T pointwise a.e. on ) up to a further subsequence that we do not relabel and so
also F,,(T") — F(T) pointwise a.e. on (. By the uniqueness of pointwise and weak limits in
L?(Q), we deduce that F(T) = e(u; + au) pointwise a.e. in Q. By standard arguments, we
can show that the limiting couple (u,T) satisfies the initial conditions in the required sense.
Finally, it remains to show that the weak form (2.2) of (2.1a) holds. However, using the strong
L'-convergence of (T"),, this can be done in a standard way. Thus we have existence of a weak

solution. The proof of uniqueness is unchanged from the case of a general a. O

Remark. Adapting the proofs in this section, we can generalise the results to a larger class of

strain-limiting constitutive relations. In particular, consider
e(u + au) = G(T),
where G is a function such that

(G(T) = G(8)) - (T =8) =0,
G(T) -T > Co|T| — Cq,
|G(T)| < e,

for positive constants cy, c1. Furthermore, we assume that G has the Uhlenbeck form

T
e(u + au) = %0/(|T|)m,

where o € C?(Ry;Ry) is a strictly convex function such that

C1

P(0) = () =0, [¢"(s)] < 7o

Vs S R+.
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Applying the reasoning in [20], this is sufficient to obtain a pointwise convergence result on the
sequence of approximations to the stress tensor. To obtain results like those in Lemma 2.9 and
Theorem 2.11, we ask that

S[”

dxd
W VT,SGRX,

(8,8)aT) = o

for a constant a € (0, %), in spatial dimensions d = 3, where the inner product (-,-) a(T) 8
defined as in the proof of Theorem 2.10. In Chapter 4, we see that this can be improved to
a € (0, %) in an arbitrary spatial dimension d > 2. Throughout the rest of the thesis we will
focus on the prototype form F(T) = (1+ ]T]a)_%T. However, the results are still valid for this
Uhlenbeck form.

Similarly, in the spirit of [16], we can also consider relations of the form
(u + o) = A(JtrT])(t'T)T + (| T )T,
where X\ and p satisfy similar conditions to those on ¢'.

We do not consider the periodic problem again in this thesis. However, the techniques
developed in this chapter are vital to the results proven for problems on a general domain. The
physically relevant problem has mixed Dirichlet—Neumann boundary conditions so the final aim

is to deal with this more complicated example, making use of the theory built here.

95



Chapter 3

Strain-limiting problem with
Dirichlet boundary conditions

In this chapter, we extend the work of Chapter 2 and consider the strain-limiting problem on
a general domain Q C R? with Dirichlet boundary conditions. We prove an existence result
for homogeneous Dirichlet boundary conditions here, but the case of inhomogeneous Dirichlet
boundary conditions can be found in [20]. Indeed, the proof here can be easily extended to
inhomogeneous boundary conditions but complicates the notation and data restrictions. Thus
we tackle only the homogeneous problem here.

As discussed previously, the periodic setting has potential application in strain-limiting
problems where there is a concentrated load sufficiently far away from the boundary. This is so
that there is negligible effect of the load on the boundary. However, the final aim is to consider
strain-limiting problems in the context of fracture problems. Thus we need to investigate
strain-limiting problems in a non-periodic setting. The problem with mixed Dirichlet—-Neumann
boundary conditions experiences additional issues, which will be discussed in Chapter 4. Instead,
we start with the simpler case of fully Dirichlet boundary conditions. We note that if part of the
boundary has a homogeneous Dirichlet boundary condition, this refers to the physical constraint
that this part of the boundary is clamped which is always the case in practice.

Throughout this chapter, we fix @ C R?, an open, bounded domain with Lipschitz boundary
where d > 2. The assumption of a Lipschitz domain is to ensure that we can apply Korn’s
inequality (Theorem 1.7) and, in particular, the Korn—Poincaré inequality (Theorem 1.8). The
boundary is Lipschitz and hence continuous so we have the following density result concerning

the choice of test functions [16].

Lemma 3.1. Let Q C R? be an open, bounded domain with continuous boundary. Given a
w € Wol’2(Q)d such that e(w) € L>® ()9 there exists an approvimation sequence (w™), C
C®(Q)¢ such that w™ — w strongly in L*(Q)¢ and e(w™) = e(w) weakly-* in L=®(Q)*? as

n — Q.

Consider the following strain-limiting IBVP. Given a finite final time horizon 7', define

the space-time domain @ := (0,7") x Q. Consider the problem of finding an unknown couple
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(u, T) : Q — R% x R¥ guch that

uy = div(T) + f in Q, (3.1a)

T
+ =F(T) := 1 i ) 3.1b
e(u; + au) = F(T) 5 T in Q (3.1Db)
u(0,-) = ug, u(0,-) = uy in Q, (3.1c)
u(t,) =0 on (0,7] x 09, (3.1d)

for fixed constants a > 0, o > 0, initial data ug, u; and an external body force f. The notion

of a weak solution is defined as follows.
Definition 3.2. Given data ug € W, (Q)? L2()¢ 2(0,T; W—12(Q)4
2. 0 0 ,up € L2()* and f € L7(0,T; W=5%(Q)%), we say
that the couple (u,T) with regularity
o u e W22(0,T; LX(Q)%) n W2(0,T; Wy () %),
o u+ au € LP(0,T; Wol’p(Q)d) for every p € [1,00) with e(u; + au) € L®(Q)%*4,

e Tc Ll(Q)dXd,

is a weak solution of the strain-limiting problem (3.1) if
/ w0+ () - e(v) dz = (F(£), 0), (3.2)
Q

for every v € Wol’Q(Q)d such that e(v) € L¥(Q)¥? and a.e. t € (0,T), with constitutive
relation (3.1b) holding pointwise a.e. in @, and initial conditions

lim ([|w(t) — uoll1,2 + [lue(t) — usll2) = 0. (3:3)
t—0-+

As in Chapter 2, to prove the existence of a weak solution to this problem, we cannot
consider a Galerkin approximation directly. We must first introduce a regularised problem and
replace the function F' in the constitutive relation by a function F; that is a bijection from
R t¢ itself. Thus we obtain a problem that can be formulated in terms of the displacement

u only. Consider the following:

Ut = le(T) + f in Q, (34&)

el +ou) = Fy(T) = —+ 4 T inQ, (3.4D)
(1+[T[*)e 1 +]T"n)

u(0,-) = ug, ut(0,-) = uq in Q, (3.4¢)

u(t,-) =0 on (0,77 x 0. (3.4d)

The notion of a weak solution of (3.4) is defined in an analogous way to Definition 3.2, but with
w + aw € L0, T; Wy " ()9) and T e LH%(Q)dXd. The test functions in the weak form
of (3.4a) are from Wol’nH(Q)d.
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To show the existence of a weak solution to the regularised problem, we use a Galerkin
approximation. An appropriate finite dimensional function space with which we approximate
VVO1 2(Q)? is defined as follows. Let (¢i)i>1 be a basis of eigenfunctions from Wg t12(Q) corre-

sponding to the problem

Mo, ¥) = a(d,9) == (6,0) + Y (9°9,0%0) Vo e WitH2(Q),
|Bl=d+1

where (-,-) is the inner product in L?(f), a(-,-) is the given bilinear form and A\ € R is a
scalar corresponding to an eigenvalue of a(-,-). The basis is chosen so that it is orthogonal
in Wéj 12(Q)) and orthonormal in L2(2). We refer to Lemma 5.1 in [47] and the references
therein for the details on this construction. Letting e; be the j-th standard basis vector in R,
it follows that (¢i€j)§3’i1 is a basis for W(?H’Q(Q)d. We define V;,, to be span{é1, ..., ¢m ¢ By
the Sobolev embedding theorem, we have W(;Hl’z(Q) C C1(Q). Hence, for every p € [1,00), the
linear span of the eigenfunctions (¢iej)i°3’i1 is dense in I/VO1 P (),

Let P™ denote the orthogonal projection from L?(Q) onto span{¢i,...,¢mn}. In an abuse
of notation, we also denote by P™ the function that applies P™ component-wise on L?(Q)? and
Lz(Q)dXd. By standard results on orthogonal projection operators in Hilbert spaces, we have

that
[P olls < vl Vo € L*(9),

and, by construction, there exists a constant C' independent of m such that, for every v €
d+1,2
WO (Q)d7
[P v][a412 < Cllvllas1,2: (3.5)

To see why (3.5) is true, note that it is sufficient to prove the result for functions from Wg Th2Q).
Let W, = span{¢1,...,¢n}. For every i, j € N, we have a(¢;, ¢j) = 0;;\;. Clearly W, is
an orthonormal subspace of WgH’?(Q). For w € WSH’Z(Q), we can write w = P™w + wt

|-
where wt € span{@my1, ... }“ I Since w, P"w € ngJrl’Q(Q), then wt € WgH’Q(Q) and so
}”'Hd+1,2

wt € span{ i1, ... . By orthogonality we have that

a(w, P"w) = a(P™w, P"w). (3.6)

Let || - ||o be the norm on W61+1’2(Q) that is induced by the inner product a(-,-). From (3.6),

we deduce that
[P wlla < [lwla-

However, || - ||, is equivalent to the usual norm || - 4412 on W4TL2(Q). The existence of a
constant C' such that (3.5) holds now follows from combining these two facts.

It follows from standard interpolation theory [7] that, for every k € {1,...,d}, there exists
a constant C' such that, for every v € W&’Q(Q)d,

1P v][k2 < Cllo]k2-
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d"rl 2(Q)d

Since P™ is a projection operator, for every v € W, , we have P™v — v strongly in

WarL2(Q)d, Tt follows that, for every k& € {0,...,d} and every v € W§’2(Q)d, we have the

approximation property
P™y — v strongly in W*2(Q)4 as m — oo.

With these results in mind, we focus on proving the following result concerning the existence

of solutions to the regularised problem.

Theorem 3.3. Let a > 0, a > 0 and n € N be fizred constants. Let the initial data ug,
uy € L2(Q)? and body force f € L*(Q)¥*? be given such that uj + aug € VV’CJrl 2(Q)4 for some

k> g and we have the safety strain condition
le(ur + aup) |l = Ci < 1.

There exists a unique weak solution (u,T) of the reqularised problem (3.4) with approzimation

parameter n. Furthermore, there exists a constant C, independent of n, such that

141
sup [\U(ﬂH%%-Hut@)Hﬂ-+b/‘hMAQ-%FTI+-‘|dawﬂ-+ sup j/rﬂr SOV
te[0,T Q te[0,7)
| ’1+7 de < 2 2 r 29
T+ swp e <O (14 Juol3+ lal+ [ IF@I3de).
¢€[0,T] ”+1 0

(3.7)

Proof. For simplicity of notation, we do not explicitly include the dependence on n of the
regularised solution or Galerkin approximation in this proof. However, we do indicate the
dependence of constants on n where appropriate. The Galerkin approximation from V;, of the
regularised problem that we use to prove the existence of a solution is formulated as follows.

We look for a function 4™ of the form

m d
() =YY AR ()ei(x)e;,
i=1 j=1
such that, for every test function v € V,,, and a.e. t € (0,7T), we have
/ugg(t)-v+Tm( . dac—/f cwdz, (3.9)
Q
where the approximation stress tensor T is defined by
e(uf" + au™) = F,(T™) pointwise in @, (3.9)
with initial conditions
u™(0,-) = P"ug, ui*(0,-) = P"uy.

We note that (3.9) is well-defined because Fj, is a bijection from R‘Si?jn% to itself. We reason as

in the proof of Theorem 2.4 to transform the problem into a system of first order ODEs. We

29



apply Caratheodory theory to yield the existence of a solution to the Galerkin approximation
from V,,, on a possibly short time interval [0, T%) where T\ < T'. To ensure that the solution can
be defined on the whole of [0, T], we show that the coefficients 8™ and the time derivatives 3}"

do not blow up as t — T. Testing in (3.8) against v = u}” + au', we see that

™2
/6t<’ 152| +au§”-um> alul"? + T™ - Fp(T™) dz < O/ fl2lle(uf + au™)|]2, (3.10)

applying the Korn—Poincaré inequality. Next, we write
™|
n(1+ [T

e(uf" + au™)| < 1+

from which it follows that

1

Tm 2 2
lle(u* +au™)|s <C |1+ (/ ] 1) dz dt)
Q

n(1+ |Tm|' ==

We integrate (3.10) over (0,t) and use Young’s inequality to deduce that
Tm 2 Tm 2
[lug" (¢ / / ] + ] i dwds
(1+|T™|2) n(l+4 |T™ =)

<c (1 T luoll3 + e |3+ /0 [ b 152 azas + |um<t>||§>
t

<c (1 ol + ol [ [ g+ |f|2dxds> ,
0 Q

arguing as in the proof of Theorem 2.4 to absorb the ||u™(¢)||3 term. By Gronwall’s inequality,

it follows that

T ’ m|1+f
swp [umB)Z+ sup [wl (O3 + / / o T
te[0,T%) te[0,1%) (3.11)

+ lle(u® + au™)||priigy) < C (1 + w3 + [|uoll3 +/O IIfH%dt> ;

for any T, < T, where Q. = (0,T%) x €, for a constant C = C(T, a, a, d) that is independent of
m and n. Recalling that the basis is orthonormal with respect to the inner product in L?(Q),
it follows that

max sup |85 (¢ B + max sup (B < Jup lu™®)]15 + Jup lu"®)]13 < C.
In particular, 8" and B;" do not blow up in any finite time interval and so we have existence
of a solution to the Galerkin approximation from V,, on the whole of [0,7]. Furthermore, we

can replace Ty by T in (3.11).

Next, test in (3.8) against u}} + au}* and reason as in Lemma 2.6 to obtain

/Q > dzdt + sup / T ()] x o1

te[0, 7]/
1
+ sup /|Tm(t>|1+ndx§0<1+||u1\§+/ ]f|2da:dt—|—/\Tm(0)|2dx>.
tefo,r]Jo n(n+1) Q Q
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Under the assumptions on u; + aug, we know that P (u; + aug) — w1 + aup strongly in
Wf ’2(Q)d and thus the convergence holds in C'(Q)¢. Hence, there exists mg € N such that, for

every m > mg,

1+ C,
|e(P™ (w1 + aug))|leo < 5 = Cp < 1.

We conclude that there exists a constant C, independent of n and m, such that, for every
m > mo,

T (8)|

m)|2 m l-a
da dt T (t m d Tatn+ 1)
/Q|utt| zdt+ sup /Q OF “xgrm@21y dz + sup /Q n(n +1)

te[0,T) te[0,T]

§C<1+Hu1|!§+/ If\dedt>.
Q

With this, (3.11) and using the proof of Theorem 2.7, we deduce that the following convergence

results hold up to a subsequence in m, not relabelled:
o u” 2y weakly-* in W1Ho°(0,T; L2(Q)%) and weakly in W22(0, T; L?(Q)9);
o ul" 4+ au™ — u; + au weakly in LT (0, T; Wy " TH(Q));
e T — T weakly in LH%(Q)dXd and strongly in L'(Q)%*¢.

We know that P™v — v strongly in C'(Q)? for every v € Wg T12(Q)4 and so we deduce from

(3.8) and standard arguments that
/ uy(t) - v+ T(t) -e(v)de = / f(t)-vde, (3.12)
Q Q

for every v € Wol’"H(Q)d and a.e. t € (0,7). Using the strong convergence of (T™),,, we
deduce that
e(u* + au™) = F,(T") — F,(T) pointwise a.e. in Q.

Pointwise and weak limits in L?(Q) coincide. Thus the constitutive relation must hold pointwise
in Q. The initial conditions hold by standard arguments. Hence, we have the existence of a
weak solution to the regularised problem (3.4). To prove the uniqueness of such solutions, we
notice that u; + au € L0, T; Wi (Q2)?) and argue as in the proof of Theorem 2.7. By

Fatou’s lemma and weak lower semi-continuity of norms, we deduce that (3.7) holds. O

3.1 Higher regularity estimates

In this section, we prove results analogous to those from Section 2.2. We focus on obtaining
higher regularity estimates for the solution of the regularised problem. As in Theorem 3.3, we
denote the solution of the regularised problem with approximation parameter n by (u, T). The
major difference here compared to the periodic problem is that we cannot use V-V (u;" +au™)

as a test function in the Galerkin problem. Instead, we use difference quotients in the spatial
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variable at the level of the regularised solution in order to ensure that we are working with
valid test functions. We will use Lemma 1.10 regarding the monotonicity of F' as well as the
Nikol’skif embedding, Lemma 1.11, to obtain a higher integrability estimate, provided that a is

small.

Lemma 3.4. Suppose that the assumptions of Theorem 8.8 hold. Assume additionally that the
data satisfies wg, u € W&’z(Q)d and f € L*(0,T; I/Vllgf(Q) ), and we have that a € (0, %) and

d = 3. There exists 6 = §(a) > 0 such that, for every compact subset Qo C Q, there exists a
constant C = C(Qy), independent of n, such that

T
//T1+5dxdt§0,
0 Qo

Proof. Fix hg > 0 and let h € (0,hg). Let v € W&’"H(Q)d be such that v(xz) = 0 for every
x € Q such that d(z,0) < hg. Then we have

for n sufficiently large.

/A?utt(t) v+ AMD(t) - vdr = / A f(t) - vda, (3.13)
Q Q

for a.e. t € (0,T). Let 7 € C2°(Q2) be a cut-off function such that

T(z) =

1 ifd(z,09) > 2ho,
0  if d(z,09) < h.

Then v = 7(u; + au)(t) is a valid test function in (3.13) and we get
/ AN AP (w4 au)dr = / APy - AP (ug + au) + AT - e (7(uy + au)) dz
Q Q

ho, |2
= / 9 <T‘Ai w + arAlu, - A?u) — ar|Ahu? (3.14)
o Ot 2

+ AR Ale(uy + au) + APT - (vT © AP (uy + au)) da.

Using the constitutive relation and Lemma 1.10, there exists a constant C' depending only on

a such that
l—a 2
/ TAMT . Ale(u; + au) dx > C/ T )A? ((1 + |T|)T>‘ dr.
Q Q

Recalling (3.7), we can bound &(u; + au) in L>®(0,T; L"*1(Q)4*9) independent of n by the

following reasoning. From the constitutive relation, we have that

Tﬁ
le (ut—l—au)|<1+‘ |

and so, for a.e. t € (0,7,

1

1
letur + aw(©lloar < 0@+ ([ TP+ <c.
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where C' is a constant that is independent of n. This is a slightly stronger result than the
previous bound in L"*1(Q). We note that in the static setting (cf. [5]) we do not need such a
bound.

Next, we mimic an argument from [16], adapted to this time-dependent setting. Fix 5 €
(0,1), to be determined later. We note that 25 < d = 3. This is required in order to justify
an application of the Nikol’skil embedding (Lemma 1.11). We define § := § — ~ +1 and assume
that n is sufficiently large so that 8 > 0. Returning to (3.14) and dividing by KB , we have that
V7| AY (ue + 0wl

hB
< COIT@N1llwe + aullpo s,
CONT@ Ml + 0wy o

< C(ho)IT @)1 l[e(ur + au)|| e

. n
. (vr ® Al (uy + au)) dz < C|IT®)|,

(3.15)

using Morrey’s inequality followed by the Korn—Poincaré inequality (Theorem 1.7). By defini-

tion of 3, we have that

i< 4 o 4
-3~ 1-

for n sufficiently large. The set 21 denotes supp(7), a compact subset of 2. The constant C' in

<n+41,

(3.15) is independent of n. The application of Morrey’s inequality is independent of n because

of the upper bound on —%¢= by - B As a result of these bounds, we also have that

le(ur + au)(t)Hlig < Clle(uw + aw)(t)|nr1 < C e le(ue + au)(s)llnt1 < C,
- s€l0,T

for a.e. t € (0,T). It follows that

: (VT @ AP (u; + au)) dz < C(ho)[|T" ()1,

for a.e. t € (0,T). Returning to (3.14), we get

1 Al |2 —a |2
[ (B st ate) ittt (om0

1
< Clh) T+ 5 / FABF . Ay + ow) da
Q

180 ey |, [l (e + 0w)l3

C'(ho)||T(t)]]1 + = ~
()T (O + — o

Integrating over (0,¢) and rearranging the terms involving Alu and APu,, as in the proof of

Theorem 3.3, we see that

h 2 h 2
/‘A"t()'dx+/ AP ’Ah 1+ )‘ da ds
2hP hﬁ
h ho, |2 h 2 h 2
<o //yTy+ Biu ~’ oAl 1A dxds+/T|Aiut~(0)|
h h 2
[Aku(0)? dx>+/T|Aiutgt>| N,
h? Q 4hB
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We absorb the final term on the right-hand side into the left. Next we apply Gronwall’s in-

equality. Ignoring the displacement terms on the left-hand side, we deduce that

T h 1a |2 2 2 \v4 2
— A + |7 < L+ V +|[Vu o) T Ulllr2(0
/ ¥ ‘ i <(1 ‘ D 2 )‘ <C (/ ’ ’ /0 /1 ‘ .f’ ” 0”[2( 1) H IH 2( 1))

< O (1 lluoll2e + a2 + 1F120) + IV F I 0170

where C' is independent of n, using standard properties of difference quotients (see [45], for

l1—a
2

example). Using the uniform L'-bound on T, we know that (1 + |T)) is an element of

B
L?(Q). It follows that T € N2 (), defining the local Nikol’skii spaces analogously to those on
the whole of R%. Applying the embedding result from Lemma 1.11, we see that, for any 6 >0,

sufficiently small,

T —a
e [NOHENTPR a0, a @16)
0 L

T l=a o
Cz [T Ee
0 d—p (QQ)

N2 (Ql)

where C, ¢ are positive constants that may depend on hgy and 8, respectively, but are indepen-
dent of n. Here, €y and €2, are open subsets of {2 such that 2y is compactly contained in §2;
and € is compactly contained in 2.

At this point in [16], the argument was essentially complete. There was no integral in time
so the exponent on the Ld%dBﬂS(Qo)—norm did not matter. However, here, we have an exponent

1 — a, followed by an integral in time. To see why this is the case, we rewrite (3.16) as

T
[, ascted), (3.17)
0 L 4= (Q)
relabelling & but still choosing it sufficiently small. The factor of 1 — a complicates matters
because the Bochner space L'=%(0,T; X) is not a Banach space for a € (0,1). Hence we must
carry out further manipulations in order to deduce useful information from (3.17).

For n sufficiently large, we have

d(l—a d(l—a 18 —ad
(1-a) _ d )d 14 LB 4P
d—{ d—pB+ 5 2d-p 2
where p := %__aﬁd. Under the assumptions on d and a, we have ad < 1. From now on, choose 3
from the interval (ad, 1) so that  —ad > 0. Clearly f < d. Hence we must have that p > 0.
Next, notice that di(;ﬁ is an increasing sequence in n. We fix 6 > 0 such that
n+1
d(l—a) - P
— —i0>14=.
d—p + 2
Then there exists ng € N sufficiently large such that, for every n > ng,
d(1 — ~
U=a) 5147 (3.18)
d—pB+ 55 2
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From now on, we assume that n is sufficiently large so that (3.18) is true. It follows that

ITON 148 ) < C”T(t)HL%?*S(QO)’

where C' = C(Q,d,a), 8 = B(a,d) and § = d(a,d) are positive constants, independent of n.
From (3.17), we have that

T
| ol a<c

We use this bound with (3.7) to show that T € L'*°(0,T; L};‘S(Q)dXd) for a 6 = d(a) > 0
with bound in this space independent of n. We proceed in a similar way to the periodic case.
However, the admissible values of a are smaller due to the use of the Nikol’skii embedding,
rather than the stronger Sobolev embedding. Let ¢ € (1,00), to be determined later. By

Holder’s inequality, we have

T
//| T dedt = //|T|q 7|T|s T dudt
0 Qo Qo
7 1
g/ (/ T\~ “dq:) </ |T|1+2“(q_1)dx>th (3.19)
0 Qo Qo
T ‘
<C / ( / ]T]1+2“(q1)d3:> dt,
0 Qo

using (3.7) in the transition to the final line. Suppose ¢ € (1, 00) can be chosen so that
1 1—-a p
< 1+2 —1)<1+=. 3.20
1 + p’ + (I(q ) — + 2 ( )

Since d = 3, we notice that a < 2—7 is equivalent to 2d+9ad < 11. Then, 8 = (a) can be chosen

sufficiently large from the interval (ad 1) so that 2d + Qad < 116 Basic algebra shows that

this is equivalent to g = [(3 7 > 9 Next, we set ¢ =

statement of (3.20) trivially holds. To see that the second statement holds for this choice of g,

the required statement is equivalent to 2a (Tj) < g, which is equivalent to 4a?+2ap < p— ap.

Thus, it is enough to show that, for the given choice of a, we have 4a® < p(1 — 3a). Because

> é, a sufficient condition is 2a% < é(l —3a). However, 18a® +3a — 1 is strictly negative when

a € (0, §). In particular, (3.20) can be satisfied provided that a € (0, %), noticing that # < 2.
For this choice of ¢ and using (3.20), we see that

T ‘ T Y
/ (/ TH?a(ql)dx) dt < C / </ |T|1+2dx> dt +1
0 Qo 0 Qo
T
gc(/ </ |T|1+2dx> dt+1>§0,
0 Qo

where C' is independent of n, but depends on )y, and the parameters and data of the original

problem. Returning to (3.19) and setting § = %, it follows that

T
//]T1+5dxdt§C,
0 Qo

where C'= C(§p) is independent of n, thus concluding the proof. O
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3.2 Existence of solutions to the strain-limiting problem in the
case that a is small

With the previous integrability result and (3.7), we have sufficient information to show the
existence of a weak solution to the strain-limiting problem (3.1) in the case that a € (0, %) and
d = 3. We prove the existence of a solution for an arbitrary a > 0 and spatial dimension d in
Chapter 4. However, this is under much stronger regularity assumptions on the data. Under
the current assumptions, namely those of Lemma 3.4, we are unable to obtain a bound of the

form (2.20), due to a lack of regularity of the approximate stress tensors.

Theorem 3.5. Suppose that we have initial data ug, wy € WOI’Q(Q)d and a body force f €
L2(Q)™d N L2(0,T; W2 (Q)9) such that ui +aug € W(?H’Q(Q)d for some k > % with the safety

loc

strain condition
le(ur + aup)l|oo = Cx < 1.

Furthermore, suppose that a € (0, %) and d = 3. There exists a unique weak solution (u,T) of
the strain-limiting problem (3.1) in the sense of Definition 3.2. Furthermore, if ((u™, T")), is

the sequence of solutions to the regularised problem, the following convergence results hold:
o u™ 5w weakly-* in WH>(0,T; L*(Q)%) N L>®(0, T; Wol’Q(Q)d);
o u" — wu weakly in W22(0,T; L?(Q)4) N W12(0, T; W(}Q(Q)d);
o u + au” — us + au weakly in LP(0,T; Wol’p(Q)d) for every p € [1,00);
o T —~ T weakly in L'*°(0,T; L};J(Q)dx‘i) and strongly in L*(0,T; L}, (2)4*9).

Proof. Using Lemma 3.4 and (3.7) from Theorem 3.3 alongside standard compactness results,

we immediately deduce that, up to a subsequence in n not relabelled,
o u™ 5y weakly-* in W12°(0, T; L2(Q)%) and weakly in W?22(0,T; L*(Q)%),
o ul + au” — uy + au weakly in LP(0,T; Wol’p(Q)d) for every p € [1,00), and
e T" — T weakly in L'+°(0,T; L'+9(Q)4x9).

Before proving the higher regularity convergence results for (u™),, and the strong convergence
result for (T"),, we first consider the weak form of (3.1a). For every v € C}(Q)? and every
¢ € C(]0,T]), we have that

/ ull - (o) + T - € (Yo) dxdt:/ f- (Yv) dadt.
Q Q
Letting n — oo and using the above weak convergence results, we see that

/utt-(wv)+T-s(wv) dxdt:/f-(wv) dx dt.
Q Q
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Using the regularity of (w,T), it follows that (3.2) holds. The initial conditions hold in the
required sense as a result of standard arguments.

To show that the constitutive relation is satisfied, we first derive the stronger convergence
results. Let u™™ denote the Galerkin approximation from V,, of the regularised problem with

approximation parameter n. Using the constitutive relation and initial condition, we see that
u™™(t) = e” P Mg + /Ot D ("™ + au™™)(s) ds.
Taking the symmetric gradient of both sides, we have the memory kernel property
e(u™)(t) = e e(PMug) + /O t D, (T™™)(s) ds.
It follows that
e OF < (e + [T ds)
<C (1 + |e(P™ug)|* + /Ot |Tn:2(3)|i ds) .

Integrating over 2 and applying Fubini’s theorem, we see that

lle(@™™) ()|l < C | 1+ |le(P™ug)l|2 + (/0 Adeds)

<c <1 T le(P™un)]lz + ( / )l ds) é>

< C (14 |[PMugl12),

1
2

where C' is a constant that is independent of n and m. By the Korn—Poincaré inequality,
it follows that (u™™),, is bounded in L*(0,T; W01’2(Q)d), independent of n and m. Hence
u" € L>(0,T; W01’2(Q)d) and is bounded in this space, independent of n. Next, we write

3=

(™)) < ale(ur (o) + 1+ T O

but the right-hand side is an element of L?(Q) and uniformly bounded in this space with
respect to n. Applying the Korn—Poincaré inequality, it follows that u;”™ € L*(0, T} WO1 ’2(Q)d)
and is bounded in this space, independent of n and m. Hence u" € WH2(0,T; Wol’Q(Q)d) N
L*>(0,T,; Wol’z(Q)d), bounded uniformly in this space with respect to n and so

o u” > u weakly-* in L®(0,T; Wol’Q(Q)d)7 and
e u" — u weakly in W12(0,T; W&’Z(Q)d).

Next, we adapt the proof of Theorem 2.7 to show that T™ converges strongly to T in L*(0, T; L} _(€)4*).

loc

If this is true, it follows that T" — T pointwise a.e. on () and so the constitutive relation is
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satisfied by the uniqueness of weak and pointwise limits. Fix a non-empty, compact subset

Qo C © and denote Qo = (0,T") x . For every k > 0, we define the set Q} by
Qr={t,z) €@ : 1+|T|+|T" > k}.
Using Lemma 3.4 and Markov’s inequality, we have that
Q0N QR < Ck=UH),

where C' is independent of n and k but depends on €y. Reasoning as in the proof of Lemma

3.4, we see that
2
(/ |T" — T|dz dt> <C <k_25 + kHa/ (T"—-T) - (F(T") — F(T)) dz dt) . (3.21)
Qo Qo

For any fixed p € [1,00), taking n sufficiently large such that n + 1 > p, we have that

p P _p_
TTL T'fl n n+1
/ | agar= [T gpae < € (/ T da:dt)
Q n(1+|Tn|1—g) Q nP \ Jg

p
C T BENe.
- ([ )T 2 €
nn+1 Q n n2

It follows that
TTL
n(L+ [T7' )
for every p € [1,00). Let 7 € C*(Q2) be a cut-off function such that 7 = 1 on y. By the

— 0 strongly in LP(Q)dXda

monotonicity of F', we see that

0< lim [ (T"—T) (F(T") — F(T)) dzdt

n—oo Q
< lim [ A(T" = T)- (F(T") - F(T)) dedt

e (3.22)
< lim [ 7(T" - T) - (Fy(T") — F(T)) dzdt

n—oo Q

= lim [ 7(T"-T) e(u} +au") —7(T" - T) - F(T)dzdt.

n—oo Q
Since F' is bounded, using the weak convergence of (T"),, and compact support of 7, we have
that
lim 7(T" —T) - F(T)dxzdt = 0.

n—oo Q
For the other term on the right-hand side of (3.22), we see that
/ 7(T" —T) - e(uy + au")dzdt
Q

= /Q(T” —T)-e(r(u} + au™)) — (T" = T) - ((uf + au™) @ Vr) dzdt

_ /Q (g — u) - (F(ul + au™) — (T" — T) - ((ul + au™) @ V) dadt,
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using (3.2) in the transition to the last line, noting that the body force terms cancel. Next, we
note that
uy + ou” — u + au weakly in L2(0,T; Wol’2(Q)d)7

uy + auy — uy + ouy weakly in L2(0,T; L*(Q)%).
By the Aubin-Lions lemma, (u}' + au™), converges strongly in L?(Q)? and so

lim [ (wy —uy) - (7(uf + ou™)) dedt = 0.
n—oo Q

For the other term, we note that
ul + ou” = uy +au  weakly in L+ (0, 7; w0 (Q)d),

where (1 4 0)’ is the Hélder conjugate of 1 + 6. Since 6 < 1, we have that WOL(H&)/(Q) C
LU+ (Q) ¢ L?(Q), where each embedding is dense and the first embedding is compact. Using
the Aubin-Lions lemma again, (u} + au™),, converges strongly in LU+9"(Q)?. Combining this
with the weak convergence of (T"),,, we get that

lim [ (T"-T): ((uf + au™) ® Vr) dedt = 0,

n—0o0 Q

and so

lim [ (T"—T)-(F(T") — F(T)) dzdt = 0.

n—oo QO

Returning to (3.21), we deduce that, for every fixed k,

2
lim (/ " —T\dxdt) < Ck™.
0

n—o0

Letting k£ — 00, the required convergence result follows, concluding the proof. ]

To summarise this chapter, we have shown the existence of a unique weak solution of the
strain-limiting viscoelastic problem in the case of homogeneous boundary conditions provided
that the parameter a in the constitutive relation is sufficiently small. However, under the
regularity assumptions on the data, at this stage we are unable to prove the existence of a
solution for an arbitrary value of a. We require the methods from Chapter 4 in order to obtain

such a result.
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Chapter 4

Strain-limiting problem with mixed
Dirichlet—Neumann boundary
conditions

In this chapter, we prove an existence result that generalises the work of Chapter 3. We consider
mixed Dirichlet~Neumann boundary conditions for the strain-limiting problem. Furthermore,
we extend the proof of the previous section to show the existence of a unique weak solution
of the Dirichlet problem in any dimension and for any a > 0 by adapting the reasoning from
Chapter 2. Furthermore, we show that the integrability of the stress tensor can be improved to
L'9(0, T Lllot‘;(Q)dXd) for some ¢ > 0 in any dimension d > 2, provided that a € (0, 2). This
significantly improves the results of both Chapter 2 and Chapter 3. The work in this chapter
has not been submitted as a stand-alone paper but is combined in [21], [20] and [84].

However, we do not prove a full existence result as in the previous chapters when the
Neumann part of the boundary is non-empty. Due to the lack of integrability of approximations
of the stress tensor near the Neumann part of the boundary, an error term appears there. In
particular, for a sequence (T™),, that is bounded in L' (Q)?4*?, the best global convergence result
that we have is weak-* convergence in M (Q)%*¢ to some limit T, say. On the other hand, using
higher regularity estimates, we prove that the sequence under consideration converges pointwise
a.e. on (). This is done via higher regularity estimates as in Chapter 2. We use this to show that
the singular part of the limit T can be localised to the boundary 9. The test functions in the
weak form of the PDE vanish on the Dirichlet part of the boundary so we only see singularities
on the Neumann part. This reflects what is known about the problem in the steady case [5]
where there is no time dependence.

The structure of the proof is similar to previous chapters. However, we now use a linear
regularisation term. This is because the approximations of the stress tensor have much higher
regularity in this case, compared to the regularisation term used in Chapters 2 and 3. The
uniform estimates on the displacement approximations are slightly weaker but are still sufficient
for our purposes. We prove the existence of a weak solution to the regularised problem using

a Galerkin approximation. Higher regularity estimates with respect to the time variable are
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constructed at the level of the Galerkin approximation to ensure that the estimates are fully
rigorous and to deal with the lack of continuity of u}; in time, where (u™, T™) is the solution of
the regularised problem. As in Chapter 3, the spatial estimates are constructed using difference
quotients in space and the solution of the regularised problem. As a result they are only local
in space.

Let © C R? be an open, bounded domain with Lipschitz boundary so that the outward
unit normal n is well-defined a.e. on the boundary. We assume that we have relatively open
subsets 9Qp, 00xn of N such that 00p NIy = 0 and IQp U Iy = 9. We assume that
the Dirchlet part is non-empty, 9Qp # (). This is because in a true physical experiment the
body under investigation must be clamped in some part, corresponding mathematically to a
partial homogeneous Dirichlet boundary condition. Furthermore, under these assumptions, we
can apply the Korn—Poincaré inequality for mixed boundary conditions, Theorem 1.9, which is
vital to the analysis. We denote the space-time domain by @ = (0,7T) x 2, for a fixed final time
T € (0,00). We look for a couple (u, T) : Q@ — R% x R¥*? such that

uy = div(T) + f in Q, (4.1a)

e(ut + au) = F(T) := % in Q, (4.1b)
(1+[T[)=

’U,(O, ) = Uo, ut(07 ) =w in , (41C)

u(t,) = on (0,7] x 0Qp, (4.1d)

Tn=g on (0,7] x 00, (4.1e)

where n is the outward unit normal on 9Qy and f, g are a given external body force and
boundary traction, respectively. The parameters a > 0 and « > 0 are fixed but arbitrary.
Concerning the assumptions on the initial data, we ask that ug, ui € WBQ(Q)d. Furthermore,

we assume that u) + aug € WEH’Q(Q)d for a k > % and we have the safety strain condition

le(ur + aup)l|oc = Cx < 1. (4.2)

This is so that the convergence of the approximations of the initial data is sufficiently strong.
We also require a compatibility condition between the initial data and the boundary traction
g. We ask that

g(0,) = F Y (e(uy + aug))n  on 9Qy. (4.3)

This is well-defined because F~! is defined on the open unit ball in R**¢ and we have the
safety strain condition (4.2). This compatibility condition (4.3) is a vital assumption in the
existence proof. It is used to obtain time regularity estimates which are needed for the pointwise
convergence of (T"),. We must take care to ensure that similar compatibility conditions hold
at the level of the regularised and Galerkin approximation (where the function F' and the initial
data are approximated). Although the compatibility is not needed for the existence of solutions

at the Galerkin or regularised level, it is required for the n-independent estimates.
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4.1 The regularised problem

For a fixed approximation parameter n € N, we consider the problem of finding a couple (u, T)

such that

uy = div(T) + f in @, (4.4a)

e(uy + au) = F,(T) := Ll + T in Q, (4.4b)
(I+|Tfe)a 7

U(O, ) = Uo, ut(07 ) = U1 in €2, (44C)

u(t,-) = on (0,7] x 0Qp, (4.4d)

Tn=g, on (0,7] x 0. (4.4e)

By the Browder-Minty theorem (Theorem 2.2), the function F, is a bijection from R%*¢ to itself.
Furthermore, by Lemma 2.3, F), is a C'-diffeomorphism. We use a linear regularisation term
from now on because it simplifies the reasoning concerning higher regularity of the regularised
solution, which is then used to construct uniform higher regularity estimates. Furthermore, we
can show optimal (to my knowledge) higher integrability estimates on the stress tensor. The
arguments can be applied directly to Chapters 2 and 3 to improve the results there.

The boundary traction g is replaced by an approximation g,, defined by

g, (t,2) = x(nt)F; Y e(ur + aug))n + (1 — x(nt))g(t, z), (4.5)

where y € C2°([0,00)) is a smooth cut-off function such that x = 1 on [0, 3], x = 0 on [1, c0).
We note that there exists a constant C such that |x/(¢)] < C and |x”(¢)| < C for every t € [0, 00).

This approximation is used in order to ensure that a condition analogous to (4.3) holds, namely,
9,(0,-) = E; Y (e(ug +aug))n  on 0Qy. (4.6)

This approximation choice is vital in the higher regularity estimate Lemma 4.5. Before pro-
ceeding further, we consider properties of the approximation sequence (g,,), and its derivatives
in time. From the safety strain condition (4.2), we notice that the approximation sequence
(E Y (e(ur + aug)))n converges uniformly on Q to F~!(e(u1 + aug)) at a rate of order 2.
Indeed, define scalar valued functions f and f, on [0, 00) by
t t
f#) = ——=, f®)=f0O)+—.
(1+ o) n
On the open unit ball and the whole of R?*¢, respectively, we have that

_ _ T _ _ T
F7Y(T) = f 1(\T\)m, Fnl(T)Ifnl(lTl)me

It follows that

[F7HT) = F U = 11T = £ (T,

n
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for any T € R4 with |T| < 1. Consider the subset [0, C,] C [0, 1) for some C, € (0,1). From

explicit calculation we have that

_ t
) = ——,
(1 -t
which is continuously differentiable on [0, C\] with bounded derivative there. Define a constant
C} to be the maximum of f~1(C,) and the supremum of |(f~1)| over [0, C.]. It follows that for

every z, y € [0, Cy] we have that

[f M) = F7H )] < Cilz —yl, (4.7)

applying the mean value theorem. For every y € [0, f~1(C.)], we also have

Fuly) — F)] <

n

Fix n € N and let « € [0, C,]. Assuming that = + % € [0, Cy], we deduce that

(e () (e )l (2 2)) ol (2 2)) =5

This yields

By the monotonicity of f,, ! and (4.7),

@) - Cf < f (x - %) < fol(z) < fH <x+ %) < fYx) + 212
and so
02
@) - el s 2 (48)

In the case that = — % < 0, we replace x — % with 0 and analogously for x + % with Ci.
Thus, for every = € [0,C,] and every n, (4.8) holds. With (4.8) in mind, we return to the
approximation g,,.. Suppose that g € W12(0, T; L?(0x)%). Then

X(nt)| Ey (e (ur + aug))n — g(t, )|

‘gn(t7 J}) - g(t7 1’)’

IN

|y (e(ur + aug)) — F~H (e(wr + auo))| + x(nt)|g (0, 2) — g(t, @)

IA

|[Ey (e + aug)) — F~H(e(ur + aug))| + x(nt) /O |94(s, )| ds.

We square and integrate over 9 to obtain

[N

1
t 2 O
</ ”gtH%Q(aQN)dS> < T
0 n2

Thus g,, — g in L>=(0,T; L?(0Qx)?) as n — oo and, for a constant C, we have that

C
19,(5) = 9Bl 200y < = + x(at)t

gnlloe(200n)) < C(+ gl nee(r2000)) + 19ell L2 (2008 )))-
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For the first derivative in time, from the definition of g,,, we have that

(g)i(t, ) = nx/ (nt) F,,  (e(u1 + aug))n + (1 — x(nt))g,(t, #) — nx'(nt)g(t, z)
= ny'(nt) [Fn_l(s(ul + aug))n — F Y (e(u + aug))n|
+nx'(nt) [F_l(e(ul + aug))n — g(t,z)] + (1 — x(nt))g,(t, ).

For the first term on the right-hand side, we have
T 2
/ /(9 ‘nx/(nt) [Fn_l(s(ul + aug))n — F~ (e(u; + aug))n| ‘ dSdt
Qn

<C/ "(nt)?dt = C’/ '(nt) |2dt<C/ ynt|4dt<9

where C'is a constant that is independent of n. Similarly, for the second term on the right-hand

side, we get

T 2 C
/‘/ I (nt) [F~ (e (w1 + auo))n — g(t, 2)] > dSdt < .
o Joay n

It follows that

T T
EAW%MMEWW&SCO+A”MW@WM&>

Thus g,, — g weakly in W12(0,T; L?(0Qy)4). It also follows that if we have g € W1°(0, T; L?(0Qx)%),
then g, — g weakly-* in W1°°(0, T; L?(090x)%) with

1(gn)tll oo (z200x)) < CA+ gl oo (z200x)))-
Finally, suppose that g € W21(0,T; L2(09Qx)?). From direct calculation, we have that
(g,)u(t,x) = nQXH(nt)Fn_l(s(ul + aug)) + (1 — x(nt)) g, — 2nx (nt)g, — n’x" (nt)g

=n?Y"(nt) [F, ' (e(u1 + aug)) — F~'(e(ur + auy))]
+n?x"(nt) [F~H(e(ur + aug)) — g] + (1 = x(nt))gy — 2nx (nt)g,-

Taking the norm in L'(0, T; L?(92x)?), we deduce that
1(gn)etllLrz200n)) < C [+ 9l e z200n)) + 19ull L1 (22000 ))] -
To summarise, we have the following result.

Lemma 4.1. Suppose g € WH2(0,T; L2(0QN)?) with approzimation sequence (g,,)n defined as
above. Then g, — g weakly in W12(0,T; L?(0Qy)?%) and there exists a constant C = C(C\, a)
such that

gnllzez200y)) < CA+ gl 200y + 19l L2(22005)))s
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and

1(gn)ell 2z200y)) < C+11g:ll2(z2008)))-

If g € WE2(0,T; L2(000x)%), the convergence holds weakly-* in this space and

1(gn)tll oo (z200x)) < CA+ gl oo (2 00x)))-

If g € W20, T; L?(090n)?), the convergence holds weakly in this space and

1(gn)ell L2 0an)) < C+ gl 20y + 1196l e (2200x)))-

With this in mind, we focus on proving the existence of a weak solution to the regularised

problem (4.4), defined in the following sense.

Definition 4.2. Given data ug € L*(Q)¢, u; € W12(Q)4, body force f € L*(Q)? and bound-
ary traction g,, € L*(0,T; L?(0Qn)%), we say that a couple (u, T) with regularity

o u e W20, T; W5 2(Q)%) nW12(0,T; L2 (Q)%),

e u;+au € L*0,T; Wll)’Q(Q)d), and

o T e L*(Q)™,
is a weak solution of the regularised problem (4.4) with mized Dirichlet~-Neumann boundary
conditions if

(wn®).v) + [

Q

T(t)-e(v)dx = /Qf(t) -vde +/8 g,(t)-vdS, (4.9)

Qn

for a.e. t € (0,T) and every v € WE’Z(Q)d, with constitutive relation
e(uy + au) = F,,(T)  pointwise in Q, (4.10)
and initial conditions satisfied in the sense that

, _ ~uyll_is) = 0. 411
Jim (la(t) = wolla + ur(t) = ]| -1.2) = 0 (4.11)

Theorem 4.3. Let Q C R? be a bounded, Lipschitz domain with Dirichlet and Newmann parts
of the boundary as before. Let a > 0 and o > 0 be fixed problem parameters. Suppose that
we are given initial data ug, u; € L2(Q)?, body force f € L*(Q)¢ and boundary traction g €
W20, T; L>(0Qn)%). Define the approzimate boundary traction g, € W2(0,T; L?(0Qy)%)
by (4.5). Suppose further that w; + augy € WEH’Q(Q)CI for some k > % and the safety strain
condition (4.2) holds. There exists a unique weak solution (w,T) of the regularised problem
(4.4) with approximation parameter n in the sense of Definition 4.2 and there exists a constant
C depending only on 2, T, a, a and Cy such that

T2
sup a2+ sup [us(®)]2+ / o)+ B g
t€[0,T] t€[0,T] Q n

r e (6)]12
+/O s+ aw) (1) |1+ =2t (4.12)

T
<cC <1 + o3 + lwtll3 + 19170 z2(00x) +/0 1F@OI3 + 19:(0)]122 00, dt) _
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Proof. Let (¢;)i>1 be a basis of eigenfunctions WgH’Q(Q) corresponding to the problem

Mo, v) = a(6,v) = (6,0)+ Y (8°9,0%%) vy e WiH3(Q),

|B|=d+1

where (-, -) is the inner product in L2(€2), a(-,-) is the given bilinear form and A € R is a scalar.
The basis is chosen so that it is orthogonal in Wg+1’2(ﬂ) and orthonormal in L?(f2), reasoning

as in Chapter 3 to deduce the existence of such a basis. By the equivalence of the norm induced

by the inner product a(-,-) and the usual norm on Wg+1’2(ﬂ), if P™ is the projection operator

from L?(Q) to span{¢i,...,¢mn} extending component-wise to vector-valued functions where

appropriate, we have that
1Pl < Cllollanz Yo € Wp(Q),

where C' is independent of m. Also ((ﬁiej)f;’(:jl is a basis for Wg+1’2(Q)d that is orthonormal
in L2(Q)? and is orthogonal in Wg+1’2(Q)d. We define V,,, = span{¢1,...,¢n}% Then P™ :

L?*(Q)? — V;, and consequently there exists a constant C, independent of m, such that
1P o]l2 < [|vlla Yo € LX),
and
1P| as10 < Cllollarre Yo € Wat2(Q)%

By standard interpolation theory [7], it follows that, for every k € {1,...,d}, there exists a

constant C, independent of m, such that
k
1P|z < Cllvllre Yo € Wh(Q)%

By the density of the linear span of (¢;e;);; in WgH’Q(Q)d, the span must also be dense in
Wé’p(Q)d for every p € [1,00).

Since we replace the initial data in the regularised problem with the projections P™uyg,
P™uy in the Galerkin approximation of the problem, we require a further approximation of
the boundary traction g,,. Using the cut-off function x as before, we define an approximate

boundary traction g, ,,, by
Inm (b, ) = X(mt) F (e(P™ (uy + aug)))n + (1 — x(mt))g,, (1, ).
Using the above approximation results and the regularity of u; + awug, we have that
P™(uy + aug) — up + aug  strongly in C1(Q)<.
Next, we write

190.m(t,2) = g, (t,2)| < x(mt)| F7 (e(P™ (u1 + aug))) — F, ' (e(u1 + aug))]
+x(mt)|g,(0) — g, ()]
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It follows that

1G2m(8) = n (Dl L2000y < 15 (€(P™ (u1 + o)) — Fr (e(ur + awo)) || r2a0,)

1

< ( JRCBIC A ds) <o),

m?2

(4.13)

where O(1) — 0 as m — oco. Hence g,,,, — g, strongly in L>(0, T} L2(09QN)9) as m — 0.

Furthermore, for a constant C' depending only on the problem parameters, we have

1G0,m ()l L200x) < C (1 + 191l 200x)) + 19¢ll 220220008 )) ) -

The Galerkin approximation from V,,, of the regularised problem (4.4) is formulated as follows.

We look for a function 4™ of the form

m d
uw(tz) =) Y BT (Hdi(x)e;,
i=1 j=1
such that, for every v € V;,, and a.e. t € (0,7,
/ uif () - v+ T"(t) - e(v)de = / f(t) -vde + / Inm(t) -vdS, (4.14)
Q Q 00N

where the approximate stress tensor T™ is defined by e(u;” + au™) = F,(T™) pointwise in @,

and with the initial conditions
u"(0) = P"ug, uy"(0) = PMuy.

Reasoning as in the proof of Theorem 2.4, a solution exists to the Galerkin approximation from
Vim on a possibly short time interval [0,7) where T, < T. To prove that the existence result
can be extended to the entire time interval of interest, we find an energy estimate which shows
that the coefficients 3™ and (7" do not blow up as ¢t approaches T,. Testing in (4.14) against
(u + au™)(t), we have that

T

m|2
/ 0 (’“t | +au§n.um> — afuf" P+ T F(T™) +
Q
= / - (u+ au™)de +/ Gnm - (W) + au™)dS
Q NN

< FOll2ll (" + aw™)(#)]|2 + Cllgn,m )]l L2005 [I(ui* + au™)(#)]]12
le (uf + aw™)(®)|13
4 )

(4.15)

<C (1 L5+ Ig®I7200,) + HgtHiQ(m(aﬂN») +

using the trace theorem, Young’s inequality and the Korn—Poincaré inequality (Theorem 1.9).

To bound the final term on the right-hand side, we note that

T2
[t +aunpaz = [ mmyzar< oo [ Pa
Q Q Q n
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Substituting this into (4.15) and absorbing the stress tensor term into the left-hand side, we

reason as in the proof of Theorem 2.4 to see that

m 2 m 2 T m ||TmH% m m|2
sup [lu™(t)[lz+ sup [ui*(O)2+ [ IT™[1+ ——= + ui” + cw™|1p dt
te[0,Ty) te[0,T) 0 n

T*
<c (1 + luoll3 + lunl3 + 912 2200, + /O 1FOIE + 190012200, dt)

T*
<C <1+ o3 + w13 + 119113 e 120620 )) +/0 IF@))2 + ”gt(t),@mmdt) 7

where C is independent of n and m, and is finite for any finite value of Ty. By the orthonormality

of the basis functions, we have that

sup w3+ sup [uf' @} = sup sz (0P + sup ZZ\

te[O,T*) tE[O,T*) tE[OT* 1= 1] 1 [7 * 1= 1] 1

Thus we conclude the existence of a solution to the Galerkin approximation from V;,, on [0, 7.

Furthermore, there exists a constant C', independent of n and m, such that

T
sup [ O+ s ([0 ]+ / o+ P e+ / Il + o™ (1) 2
t€[0,T] 0

<cC <1+ luoll3 + ||u1H§ + 1917 22 00)) +/O IF@O3 + 9, ()13 00,) dt) ‘
(4.16)
Next, we notice from (4.14) that, for every v € W;)’Q(Q)da

(uyy(t),v) = / uyy(t) - vde = / uyy (t) - P"vdx
Q Q
= / —T"(t) - e(P™v) + f(t) - P"vdx + / nm(t) - P"vdS
Q QN
<T@ ll2lle(P™)|l2 + | FO 2P 0ll2 + [|G5m (D L2003 1PVl L2 (008)

< C A+ T Ol + 1FOll2 + 1g0m @ 22504)) 1P 0l1.2
<CAHIT Oz + £ Oll2 + 1gnm @) 22005)) [V]1.2-

It follows that

T T
/0 i [fy-12 < C (1 + 11911722 002 +/0 [T )13+ 11£113 + ”gt”%%@m\;)]) :

Hence uf} € L*(0,T; WBl’Q(Q)d) with bound in this space independent of m, but depending on
n. With this and (4.16), the following convergence results hold up to a subsequence in m that

we do not relabel:
o u” >y weakly-* in WH°(0,T; L2(Q)%);
o u™ — u weakly in W22(0,T; W, (Q)%);

o u + au™ — wu; + au weakly in L?(0,T; Wll)’g(Q)d);
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e T™ — T weakly in L?(Q)%*¢.

By standard arguments, we see that

I - —uil[-12) = 0.
Jim () = aollz + () — will-12) = 0

Reasoning as in the proof of Theorem 2.7, we further have that T™ — T strongly in L'(Q)?*¢
and thus pointwise a.e. in Q. It follows from the constitutive relation that e(u; +au) = F,(T)
pointwise a.e. in Q. Next, we fix arbitrary test functions w € C$(Q)¢ and v € C([0,T]). We
test in (4.14) against v = ¥ P™w and integrate over (0,7"). Using that P™w — w strongly in
Wat12(Q)?, we take m — oo in the equation resulting from (4.14) and use the arbitrariness of

1) and w to obtain

(uy(t /T dx—/f wdx+/ gn(t) -wdS,
00N

for every w € Wé’2(Q)d and a.e. t € (0,7"). Hence we conclude the proof of existence of a weak
solution to the regularised problem.

For the proof of uniqueness, suppose that (u;, T;) for i € {1,2} are weak solutions of the
regularised problem emanating from the same initial data. Let v = u; — ug. First, we note

that

(v, vy + av) = ('vtt + avy, vy + av) — avy, vy + av)

2
8 (o ool TOIR) o,

using the regularity of v; + awv to justify the transition to the second line. We refer to [102]

concerning Gelfand triples for the details. It follows that

2 2 2
% (H'Ut + av||; o« ”U||2> _04/ ‘Ut|2 d:z:—i—/(Tl —Ty) - (F,(Ty) — F,(Ty))dz = 0.
Q Q

2 2

Integrating over (0,t) for some ¢ < T', we deduce that

|vt [CAQIEIN / / (Ty —T2) - (Fu(T1) — Fy(T2)) dads < C /Otnvt(s)n%ds.

Applying Gronwall’s inequality, it follows that

H'Ut lod®li3 //T1T2 Fo(T1) — F,(T3)) dzds = 0,

which implies that u; = us, T1 = T3 and so we have uniqueness of solutions. ]

4.2 Higher regularity estimates

Now, we focus on proving higher regularity estimates for the solution of the regularised prob-
lem that are independent of n. We suppress the dependence of the regularised solution on n

throughout this section for simplicity of notation.
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4.2.1 Regularity in the time variable

Lemma 4.4. Let the assumptions of Theorem 4.3 hold and let (u,T) be the solution of the
reqularised problem (4.4) constructed there. There exists a constant C, independent of n, such
that

]utt| dedt + sup]/ |T(t)|} ()| dx§C(l—i—HuOH%—i-Hu1H§+HU1+au0HiQ
te[0,T

+/ 12 + )2 dt+ su IIE )
; 1F Oz + [lg: @) 17200, te[o%] llg( )||L2(89N))

Proof. Let (u, T™) denote the solution of the Galerkin approximation from V,,. Testing in

(4.14) against u}} + au;® we obtain

0 a‘u‘ |2 |I ‘2
m|2 t m m
/Q‘ tt‘ 875( 2 2n ( )t .

= / - (ul} +au®)de —1—/ Gnm - (uff + ouf)ds
Q 0N
m d m m
< [Ifll2lluy + w2 + 4 G - (U + au™)dS
N
B / (gn,m)t : (u;n + aum) ds.
o0

Integrating over (0,t) yields the following:

t . Tm(t 2 . Y
[ [z asar+ [ EEOC G iy di

t
1+ /0 [F (P)ll2ll (wif + awi) (7|2 + [1(gnm)e(T) | L2004) € (W + au™)(7)]|2 dT
F1Gnm O 2000 1 (6] + au™) ()12 4 [1G5,m (0) | L2 (90 | 4+ ™) (0)]]1,2
P wlf+ [ [T (O do)
Q

(4.17)
<5 [ [P arar+ (15 g llmon e + ol
/ LFOI + 1 (O + 1@ )e(P) 22 00 + 1+ @272 dr
£ 190 (0) 20200 | P 211 + o) wlp+ [ [T ds).
Next, notice that
le(wp + aum) @) < [FE@)@)s + T2 <oy W 4

To bound the g,, ,,,(0) term on the right-hand side of (4.17), we recall that, for every m > my,
we have [|e(P™(u1 + aup))||o < C1 < 1. Hence, there exists a constant C' depending only on
a, Cy and € such that

190, ()| 2(060) < [~ (e(P™ (1 + o)) r2(902) < C- (4.19)
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Reasoning as in the proof of Lemma 2.6, for every m > mg, we have that
'T™(0)] < C. (4.20)

Using the bounds in (4.16) with (4.18), (4.19), (4.20) and Young’s inequality, it follows that for

a constant C', independent of n and m, we have
1t T (t)[? -
2/0 /Q”u?gZdJIdT-i-/Qn + ‘Tm(t)‘l aX{\Tm(t)|21} dx

t
< O(1+ lfuo 3 + w3 + Il + o2, + / 1FOIE+ 19 2200,

1 [ |T™())?
(@) () 2000 47 + 190D F2000)) + 5 /Q e

for a constant C, independent of n and m, from which we deduce that

2d d |Tm(t)|2 Tm 1—a d
luip["dzdt + sup | ———+ [T ()] "X rn@)>1y dz
Q tep]Jo M

T
< O 1+ Iluoll3 + a3 + llur + awoF + /O [FOIE + 19Ol 00, dt 42D
+ sup g(®)lzz0y) )-
t€[0,7]
Hence, up to a subsequence in m that can be chosen independent of n, we have that

wy — U weakly in L?(Q)<,

*

™ AT weakly-* in L°(0,T; L*(Q)%*9).
Furthermore, using weak lower semi-continuity, Fatou’s lemma and the pointwise convergence
of (T™),, taking m — oo in (4.21) we have that

2
/\UtthxdtJr sup /| dl + [T X{|T(t)|21}d$SC(1+HUOH§+Hulllg
Q te[0,T]

s + w3 + / IFOIB+ 90l 46+ e 901200

as required. O

We now prove that the bound in Lemma 4.4 can be improved under further assumptions
on the data. Indeed, we obtain higher regularity estimates with respect to the time variable.
As in Chapter 2, we do this at the level of the Galerkin approximation because the regularised
solution does not necessarily have continuity of us at the initial time. In particular, we cannot

bound it in terms of the initial data.

Lemma 4.5. Let the assumptions of Theorem 4.3 hold and suppose additionally that f €
W20, T; L2(Q)9). Then T € WH2(0,T; L2(Q)9*?) and there exists a constant C, independent
of n, such that

|T|? | T |? 2 2
sup |Jug(t)]|2 +/ + dzdt < C(l + |luill3 + |lu1 + augl|
+e[0,T] o (L +|T[)t+e n 2 22

T
IO+ [ IF01E + 9 o0y A+ 50 o), )

te[0,7]
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Proof. Let u™ denote the solution of the Galerkin approximation from V,,, of the regularised
problem with approximate stress tensor T"". Under the given assumptions, we have that f €
C([0,T); L*()%) and g, ,,, € C([0,T]; L*(8Qn)?). Hence, uff € C([0,T]; Vin). In particular, for

every v € V,, taking ¢ = 0 and using integration by parts, we see that
/ uif (0) - vdx
Q
:—/ Tm(O)-s('v)—f(O)~'vdx+/ gnym(O)-'vdS
Q

2199

_ /Q (div(F; Y (e(P™(us + aug)))) + £(0)) - vda

- F Y (e(P™(uy 4 aug)))n - vdS
N

+ F7 Y (e(P™(uy 4 aug)))n - vdS
NN

= /Q (div(E, ! (e(P™(u1 + auy)))) + £(0)) - v da.
We see that we can identify
uji (0) = P™[div(E, " (e(P™ (w1 + aup)))) + F(0)].

The function F, ! is continuously differentiable by Lemma 2.3. Using the chain rule, we can

write
[P [div(E, H(e(P™ (w1 + aug))))]2

< ID(ET) (e(P™ (w1 + awo)))lloo |V (€(P™ (w1 + auo))) |2
< [|IDFE)

—~~

e(P™(u1 + aug))) ool [ P™ (u1 + auo)|2,2
< C|ID(E, M) (e(P™(u1 + awg))) [loo|[ur + aug|2,2.

We apply the inverse function theorem to see that, for every S € R%*4,

ID(EHS)] = [(DF)THEH ()] < Call+ [F7HS)I).
If additionally |S| < 1 then

ID(ES)] < Cal+[FH ) < Ca(1+ [FTHS)™H).
Hence, for every m > my, it follows that

ID(F, ) (e(P™ (u1 + aug))) [l < C,
where C' is a constant depending only on a and C\. Thus we deduce that
[ui (0)][2 < C ([lur + w22 + (| F(0)]2) - (4.22)

This fact will be vital later in the proof when we look for a bound on u}} in L°(0,T; L?(Q)9).
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We denote by Al the difference quotient of length A in the time variable. Fix an arbitrary
t € (0,7) and let h > 0 be sufficiently small so that ¢t + h < T. On (0,t), for a test function
v € V,,,, we have that
/A?u?ﬁ-v—kA?Tm-s(U)dx:/A?fmdx—i— Atgnm-vdS.
Q Q QN
Choosing v = Al (u}* + au™), it follows that

A 2
/8t<| t;‘” +aA?u;n-A?um)—am?uwMA?Tm.A?Fn(TM)dx

:/Af;f-Af;(u;”+aum)dx+ AlGnm - AT (U + au™) dS.
Q 00N

Replacing ¢t with 7 € (0,¢) and integrating over (0, t) with respect to 7, we manipulate terms as

in Lemma 2.8 to see that

t
| AP ()3 + | Alup )3 + / / ADT™ . AL F, (T™) dardr
< (o) (HA?um(O)H%HIA?u 0)I13 + / |ARFI3 + A7 gnmnm(aﬂmd) (4.23)

t
! /0 | AR + au™)|2 5 dr,

where € > 0 is some constant which is to be fixed sufficiently small later in the proof. We apply

the Korn—Poincaré inequality and use the constitutive relation to deduce that

™ 2
I8k + 0w, < Clate +aun = [ b e oy
Q
We claim that, for every T, S € R%x4,
|F(T) = F(S)]* < (T = 8) - (F(T) — F(S)). (4.25)
Without loss of generality, suppose that |T| > |S|. Then
1 1
T = [
1+ [8[9)a  (1+][T[*)e
and we also note that
1 1
(o Yot )
(1+[8]|%)a (1+]|T*)a
Equivalently,
F(T)|— |F(S)| = T S| <|T| - 1S 4.26
[F(T)| = [F(S)] = <|T|—IS]. (4.26)

(1+|TJa)e  (1+]S[a)w
Next, we write

(T —S)- (F(T) - F(8)) — |F(T) — F(S)]?
:< 1 - 1 2>|T|2+< 1 - 1 2>|S|2
(1+|T*)a  (1+|T|e)a (1+8|9)a  (14]8S])a

1 1 1
A+ T @+[S[9)«  (A+[T|)=(1+][S[|")a
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Notice that for any £, ¢ € [0,1), we have that & + ( — 2£¢ > 0. Using this with the Cauchy—

Schwarz inequality, it follows that

(T—S)- (F(T) - F(S)) - |[F(T) - F(S)’
2( S 2>1T12+< R 2>rS\2
(L4 [T[)F  (1+]|T))? A+ (8% (1+]8])3

_< ! T+ ! 1 —2 11 1>T|S’
(L+[T[*)a  (A+[8]*)a  (1+[T[*)a(1+[S]*)a
= ([F(T)| = [F(S)]) - (IT| = IS[ = [F(T)[ + [F(S)[) = 0,

where the final line follows from (4.24). Hence (4.25) holds as required.
Returning to (4.24), we use (4.25) to yield

AL (uf" + au™)[}, < C / AT™CAME (T™) da.
Q

Fixing e appropriately small so that the final term on the right-hand side of (4.23) can be
absorbed into the left, it follows that

t
| AP ()3 + | Alup ()3 + / / AMT™ . AFF,(T™) da dr
0 Q
t

<c (mﬁumm)n% Ak (O0)]3 + /0 JALFIZ + 1A%, 2 00 dr) .

We divide through by h? and let h — 0+ to deduce that
m 2 t m m |T:5n‘2
(1)) +/ / TP P+ L g dr

0 JQ n

t
< C(e) (HUZL(O)!%Jr IU?L(O)H%Jr/O 1£113 + II(Qn,m)tHLz(aQN)dT>,

using the dominated convergence theorem to justify taking the limit inside the integral. We

apply (4.22) to obtain

T

t
i ()3 + /0 /Q T P, + T e dr

" (4.27)

t
< C(e) <||U1 +augll3 5 + [[ua]|3 + [1£(0)113 +/0 £ 13+ 11 (Gnm)ell 22 0620) dT) :
Recalling that ((g,, ,)¢)m is bounded in L?(0,T; L?(9Qn)?), we deduce that

ull X ouy weakly-* in L*°(0, T; L*(Q)%),
T T, weakly in L2(Q)™*.

Performing the explicit differentiation, we note that there exists a constant C, depending only

on a, such that

T F(T™ s o TP
t t= (14 |Tm|)i+e
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Using the pointwise convergence result of (T"),, and the dominated convergence theorem,
(1 + |T™))~(1+9),,, converges strongly in LP(Q)¥*? to (1 + |T|)~"+% for any p € [1,00).
Combining this strong convergence with the weak convergence of (T}"),,, it follows that
T" N T
L+ [Tm) " (1 |T))

weakly in L?(Q)%*<.

1+a

Hence taking m — oo in (4.27) and using weak lower semi-continuity, we get the required

result. O

As a consequence of this, we are able to prove the following result concerning the regularity

of Uit

Corollary 4.6. Let the assumptions of Lemma 4.5 hold and suppose additionally that wug,
uj € Wég(Q)d. Then u € W22(0,T; W,%)’2(Q)d) and there exists a constant C, independent of
n, such that

T
sup a2+ sup uit)ff+ [ Juaiade <3
te[0,T) te[0,T) 0

T
+/0 LF @S+ 1F N3 + ge () 7200,) dt + sup Hg(t)l\%z(aﬂm)-

t€[0,T]

Proof. Recalling (4.25), there exists a constant C, independent of n, such that
‘FN(T) - Fn(S)|2 <C(T-S8)- (Fu(T) - Fn(S)>v
for every T, S € R4, From the constitutive relation, it follows that
|Ale(ul™ + au™)|? = |AME,(T™)2 < CAMT™ . APE, (T™).

Using the proof of Lemma 4.5, for every 0 < t; < t9 < T and h > 0 sufficiently small, we see
that

/t2/ |Ale(uf +au W qedi < © f?/ APT™ ATF(T™) 4
- h h
t1

T
< O(1+ lfuo 3 + w3 + Il + o2, + /0 1FAO13 + 19002200, dt

+ s gl 2200, + Crll (P (w1 + auo))) — Fy (e (un + o)) o

where C is a positive constant that is independent of m and n. We let h — 0+ and apply the
Korn—Poincaré inequality (Theorem 1.9) to deduce that

T
|+ )01 2 e < € (1l + a3+ s + ol

T
+ [ I£018 + g 0) o, + s lg(0)lsen,)

+ Cn||F; Y e(P™(uy + aug))) — F; L (e(ur + aug))||oo-

85



The right-hand side is bounded above, independent of m, and so wy +awu; € L?(0,T; WL]')’Q(Q)d).

Taking the limit as m — oo in the above yields
T
[ s+ aud @15 de < (14 ol + alf + un + ol
0
g 2 2 2
4 [ 1A + 190 Bany, e+ sup 1901z,
0 t€[0,T)]

Next, recall that u; + au € L%(0,T; W}f(Q)d). Since uy + auy € L(0,T; Wé’Q(Q)d), we have

that w + au € L0, T; W52 (0)?). Now, we show that w € L=(0, T; W5(Q2)%). Tt will follow

from this that u, € L*>(0, T} Wéz(ﬂ)d) and thus also uy € L?(0, T} W}f(Q)d) as required.
We reason at the level of the Galerkin approximation, as usual, in order to ensure the

arguments are fully rigorous. First, we notice that

0
—(eu™) = e (ul" + au,,).

ot

Integrating this over (0,¢) yields
t
u™(t) = e~ tu™(0) + / ) (Wl 4 au™) (1) dr. (4.28)
0

Since w™(0) = P™ug € W5*(Q)% and u}" + au™ € L2(0,T; W55 ()%), the right-hand side of
(4.28) is an element of Wll)’Q(Q)d for every t € (0,7). Hence the left-hand side is also an element
of this space. It follows that

t
)2, < C (Hum<o>\i2 = [l + el dr)

t
<c (HuOHig + [+ aum IR, df) .

Taking the supremum over (0,7") and using Theorem 4.3, it follows that (u™),, is bounded
uniformly in L*°(0, T Wé’Q(Q)d). Thus uw € L*(0, T Wé’Q(Q)d) and satisfies the bound

S[lépﬂ Jw(t)]1,2 < C<1 + l[wollf 2 + lull3 + 19170 (22 2010))
te|0,

T
+ [ IFO+ lou®lBzn, ) ).

Hence u; € L?(0,T; Wéz(ﬂ)d) and so also uy € L%(0,T; W})’Q(Q)d). Using this and the bound
on uy + auy in L2(0,T; WH2(Q)?), we see that

sup [lug(t)[[7, < C ( sup |[|(u + au)(t)|[F o + sup IIU(t)II?,z>
te[0,T] t€[0,T] t€[0,T]

T
<C (IIM + aug|F 4 +/ (w4 o) (£)]|7 o dt + S[up} IIU(t)I?p)
0 te[0,T

T
<C (1+ o2+ a3 + /0 1913+ 1608 + gl on,y -+ s ]||9(75)||%2(89N)>-
t€|0,
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Finally, we have that

T
| 015t < € (1 ol + o + sup 190500,
tel0

b U@+ 15018 + gDl ).

as required and so the desired bound follows. O

Using the improved regularity of T, we can also improve the bound from Lemma 4.4 and
show that T € L>°(0, T; L' (£2)9*9) with bound in this space that is independent of n. This is a
significant improvement because boundedness in L>°(0, T; L*(Q)9*¢) implies weak-* compact-
ness in L2 (0, T; M(Q)9*4), rather than M(Q)4*<.

Lemma 4.7. Suppose that the assumptions of Corollary 4.6 hold. There exists a constant C,
independent of n, such that

)!
sup / () do < C(1+ uoll s+l + sup lg(0)Fgon,
te[0,T] te[0,T

v [ 10+ 1708+ ugt@)n%mm at).

Proof. Using difference quotients in the time variable at the level of the Galerkin approximation,

we see that
/ Arur - (U + au™) + APT™ - e(ul + au™) dz = / Alf - (Ul + au™) dx
Q Q
+ Al nm - (uf" +au™)ds.

AN

For the inertial term, that is the one involving uj}, we write
0
/ A?ug (u' +ou™)dx = / 5 (Afu? (uyt + aum)> At uy’ - (uy + ouf®) dz.
Q Q
It follows that
t
/ / APT™ . el + au™) dz dr
0 JQ
t
= / / Al f (w4 au™) + AMu - (Ul + o) dzdr
0 Jo
t
+ / Alg, - (W + au™)dS dr
0 Joay ’
+ [ AP O) - (u + ow)(0) = Al (e) - (u + ow) (1) da
Dividing through by h and letting A — 0 yields

t t
//T;"-F(Tm)dde:/ /ft-(ugn+ozum)—|—u;?-(u?f+au?)d:z:d7
0Jo 0 Jo

s=t

+ /t /aQN (Gnm)t - (uf" +au™)dSdr — [/Qufg(s) (u” + au™)(s) dl‘] o (4.29)

< ([ 1501+ Ngnmilzzons ar + sup [ + I + s 13])
TE
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To deal with the left-hand side, we notice that

e (e 2) ()5 (45)

where gy, is defined on [0, 00) by

Suppose s > 2. Then

()>/s L du+ i +
5 ——du+—> - - = —
i) = s (1+u2)a nT 29.s3 m oltg

+
n

Furthermore, we easily see that g, (s) < 2s for every s > 0. Returning to (4.29), we obtain the

following:

m 2
Lo+ T <o [ g rmopa
Q Q

n

t
<o [ aTOP a4 [ IO+ 1@umlizan 47 + s w012,
Q 0 T7€[0,¢]

+ sup [uf (1) R+ sup [lu(r)]3)
7€[0,¢] te[0,T]
t
<o [ 1P de+ [ IO+ Gnm)l o dr+ sw ()]}
Q 0 T€[0,¢]
+ sup [|uf ()[R + sup [lu(r)]3)
T€[0,t t€[0,T]

]
t
SC(H/ £ (O3 + 1(gnm)ill 2 00y) 47 + sup [[w™(7)|]3 2+ sup [luf(7)F 2
0 T€[0,t] T7€[0,¢]

+ sup [ug(7)]3),
te[0,7)

for every m > mg, where myq is as in Lemma 4.4, and C is independent of m and n. Applying
the estimates from Theorem 4.3, Lemma 4.5 and Corollary 4.6 with the pointwise convergence

of (T™),, and Fatou’s lemma, the required result follows. O

4.2.2 Regularity in the spatial variable

In this section, we concentrate on improving the spatial regularity of the solution of the reg-
ularised problem (u,T). First, we show that T € L?(0,T; VV;’CZ(Q)dXd), possible due to the
linear regularisation term. It follows that uy = div(T) + f is satisfied pointwise in . This is
used to show that a bound analogous to that of Lemma 4.5 holds but with respect to spatial
derivatives rather than time derivatives. However, all bounds are only local in space because

we use the difference quotient method.

Lemma 4.8. Suppose that the assumptions of Lemma 4.4 hold. Suppose additionally that the
data satisfies ug, u1 € Wlif(Q)d and f € L*(0,T; Wlif(Q)d). Let Qo C Q2 C Q) be open subsets
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such that each containment is compact so Qo C Q1 and Q3 C Q. Then T € L*(0,T; VVllo’cz(Q)d)

and there exists a constant C, depending n, Qo and 1 such that
T 2
vT
o () oy + s sy + [ U dea
te[0,T7] te[0,T] 0 Joo T

< C(m) (1 + lfuoll3 + lall2 + [ Vuol3z(g,) + [ Vut 32,

T
+ [ USRI+ IV o + 19Oy )

Proof. Let €y and 21 be as in the hypotheses of the lemma. Fix a smooth cut-off function
7 € C°(Q) with 7 = 1 in Qg and supp(7) C Q1. Let AP denote the difference quotient of length
h in the i-th co-ordinate direction. For A sufficiently small, depending on €2y and €2y, for an

arbitrary v € I/Vli’f(Q)d, we have that
/ Al - (TQA?U) +AMT € (TQA?’U) do = / Alf. (#A%) da,
Q Q

where the boundary traction term g,, vanishes due to the compact support of 7. Replacing v

with u; + au, it follows that
/ Ahayyy - (TZA?(ut + au)) +AM € <T2A?(ut + au)) dz
Q

Al |2
= / 9 <|T vl + ar?Alu, - Afu) — ar?|Aluy > + P2AMT - AMEL(T)
q Ot 2
+27AlMT - (A?(ut +au) ® VT) dz
0 (|TAru? AT
> / —- 7’7 ] + aTQA?ut . A?u - aTQIA?utF —1—7'27’ il dz
— C)|[|VT|A] (u + au)|3.

Integrating the resulting inequality over (0, ¢) and arguing as in the proof of Theorem 2.4, there

exists a constant C', depending on n, such that

|AFT

t 2
I Abw(t)|2 + /Ay (1)]2 + / / L
0 Ja 2n

t
<C(n) (IITA?U(0)||§+IITA?Ut(0)||§+/O IITA?fI@JrHIVT\A?(utJrau)H%dS)-

We divide through by h? and let h — 04 to see that the approximate stress tensor T is weakly

differentiable in each spatial co-ordinate direction, by standard results on difference quotients.

89



Furthermore, we have that

sup [Vt )HL2Q)+ sup, IVue ()72 0) / / VI g
t€[0,T Qo

2
< sup [PVu(®)]3+ sup ||th<t>||%+ [+ 2 VI 4y
t€[0,T] t€[0,T7 Q n

T
< 00 (Irvanll + IrVali + [ 179715 + 11971V o+ o)t
2 2 r 2
< Cn) (Hwoum) IVl + [ 1951, dt)
2 2 2 r 2 2
Ol el ( 1+ ol + sl + 500 gl + [ 1518+ lalsony )
€10,

Noticing that 7 can be chosen such that ||V 7|/~ depends only on £y and Q;, the required bound
follows. O

Clearly the estimate in Lemma 4.8 has a dependence on n on the right-hand side so is not
useful when taking the limit as n — oco. However, we will use the extra regularity of T, and in

particular the fact that (4.4a) holds pointwise, to prove an estimate that is independent of n.

Lemma 4.9. Suppose that the assumptions of Lemma 4.8 hold, with compactly contained open
subsets Qg C 1 C Q such that Qgy, Q1 have smooth boundaries. There exists a constant C,

depending on Qo and Q1 but independent of n, such that

VT VT
y + Vu +/ / + dzdt
tes[%%] IVu(t )HLz SUP [V () HL?(QO) 0y (1 + [T+ N

< C<1 + [[uol3 + [lualf3 + ”Ul +aug||? 5 + [ Vuol|72 () T HVU1HL2(91)

/0 91+ IV 71200 + lodony d+ sup 1901z, )

Proof. Using the weak form of (4.4a) with the regularity result of Lemma 4.8, we immediately
see that
uy = div(T) + f  pointwise a.e. in Q. (4.30)

By the continuity and boundedness of F and DF, T € L?*(0,T; VVllocz(Q)dXd) implies that
F(T) € L?(0,T; VVZ})’CQ(Q)dXd), recalling the chain rule for weakly differentiable functions. Such
a result is well-known in one spatial dimension but in higher dimensions is not freely available
in the literature. Hence we prove the claim for this choice of F. Indeed, F € C*(R%*d; R4*d)
with derivative
OF(T)i;  duly |T|*~ QTUTH
0T (L+[T)7  (1+[TI):

Thus we have that |0F(T);;/0Ty| < 2. Furthermore, from Lemma 3.2 in [19], we have that
|F(T) — F(S)| < 2|T — 8| for every T, S € R¥4. Since T € L2(0,T; W1 *(Q)%*4), we have

loc

T(t) € Wﬁi’f(Q)dXd for a.e. t € (0,7). Then there exists a sequence (S,), C C}(Q)¥*¢ such
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that S,|o, — T(t) strongly in W2(0)4*¢ and pointwise a.e. on g as ¢ — oo. Using the
chain rule for classically differentiable functions with integration by parts, for every test function
v € CXQp) and every p € {1,...,d}, we have that

Ov OF(Sq)ij O(Sq) ki
F(S,)ii=—dx = — 474 % v de.
Q0 (Sq) ]8a:p /QO 0SSy Ox,,

Applying the pointwise convergence result for (S;), with the uniform bounds on F' and its

derivative, we see that

8FKSqﬁj4$ OF (T(t))i

F(Sq)ij — F(T(t))” and strongly in Lp(Qo),

O0Sp OSp
for any p € [1,00). It follows that
ov ov
F(T(t));i=— dxr = lim F(S,)ii=— dx
[ o de = tim [ FS)u5T
i~ [ 2F B0 0w o _/ OF(T(t)i; 0Tt .
q—0 Qo askl 8.%‘17 Qo 8Skl 8$p

Hence F(T(t)) is weakly differentiable in Q. As € is arbitrary, F'(T(¢)) is weakly differentiable
in Q with derivative in L?(0,T; L? (f)), given by what we would expect from the chain rule.

loc

Thus F(T) € L2(0,T; W12 (Q)?xd),

loc
From the constitutive relation, it follows that e(u; + au) € L?(0,T; I/Vli’f(ﬂ)dx‘i). We
claim that u; + au € L?(0,T; Wlif(Q)d). We prove this via a density result. Suppose that

v e W22(Q)?. Applying Korn’s inequality (Theorem 1.6), there exists a constant C', depending
only on €2y, such that

d
Follwaeian < 0<||qu1,2<QO> 'y He(amnm(%))

i=1
< C (Ilvllwrzy) + IV(e(@))ll2(00))

< C (Ivllwrzg) + IVl r200)) < Cllvlinzaqy)-

In particular, [|v[ly12(0y) + [V(€(v))]l12(0y) is @ norm on W22(Qo)¢ that is equivalent to the
usual norm on W?22(Qy). It follows that if v € W12(€)y) is such that e(v) € WH2(£)?*?, then
necessarily v € W22(€)%. Thus the claim holds and wu; + au € L2(0,T; W22(Q)4).

loc

Let 7 € C2°(92) be a cut-off function between Qg and §2; as in the proof of Lemma 4.8. Then
72div(V(uy + au)) € L2(Q)? and has support in (0,7) x Q. Taking the dot product of this
function with (4.30), we integrate the resulting equality over 2 to obtain

/Q Py - div(V(ug + o)) = /

A [Tzdiv(T) - div(V (g + aw)) + 72 F - div(V(ug + au))] .

For the first term on the right-hand side, write

T, 9 )
@ o Oz Oxy,

. / 7_2 8Tz-j 62(ut + OCU)Z‘ 0T 82(ut + au)i or
- Q 8$k 890389% " 8$38$k al'k

dx

& (ut + au); o1
8xz Ox;j

— QTTij d.l‘,
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using an integration by parts argument to obtain the final line. Indeed, we consider smooth
approximations of the stress and displacement tensors in €2y, perform classical integration by
parts and then take the limit in the approximation sequences.

Since the stress tensor T is symmetric, it follows that

20Ty 1 0 (8(ut + au); N O(ur + au)j)

/QﬂdiV(T) div(V (e + o)) dz = / T

QO 8.1:k 2 axk 8a;j 8:61
0 (ut + au); Ot 0?(us + au); Ot
27T, — 27T ———————d
e J 8$]6.%'k 8xk T 8.1‘% 8iL‘j o
oT;; 0 0*(ut + au); Ot 0 (uy + au); Ot
2 1) t % t 7
= — i + 27Ty, — 27T ———————dx.
/QT 8$k 8xk (E(Ut + au)) J e J 6$]8.%'k al'k T 8.1‘% 8iL‘j o
Recalling that the gradient of a tensor S is defined to be VS = (aiTjk)gj,k:D we get
/ 72div(T) - div(V(us + ow)) dz
Q
0?(uy + au); Ot 0?(uy + au); Ot
2 t 7 t 7
= T- 27T, — 27T, ———————d
/QT VT - V(e(us + au)) + 27T;; du,0r O 7Ty; 52 oz, x
0?(uy + au); Ot 0% (uy + au); Ot
2 t 7 t 7
= VT -VF,(T)+ 27T, — 27T, ———————dux.
/QT (T) + 27T Oxj0x,  Oxp, T oz Ox; v
For each k € {1,...,d}, define a tensor B* = (ij);%jzl by
or or or
Bf =T, — — 26,3, Tiy=— + 6;i T —.
K J@xk ik lal‘l + K 6:Bl
By definition, it follows that
Oe(v)j BE — O0e(v)ij T, or 285('0)1-de& 0e(v); Tklﬁ
oz, J Oxy, oz, oz, 0x; Oxy, ox;
. 32’Ui N or B 82’01 ﬁ
N 8$]a$k Y 81‘k 8$ka$k Y BIE]"
Hence we have that
/ 2VT - VF,(T) — 72wy - div(V(u; + au)) dz
@ (4.31)

= —/ QTwa» + 72 f - div(V(ug 4 au)) dz.
Q Oxy, /

Integrating by parts and using the fact that 7 has compact support in §2, we rewrite the terms

involving uy as
- /97'2%% -div(V(us + au)) dz
= /QTZV’Utt -V(ug + au) + 27V (u + ou) - (uy @ V) de,
and the parts involving the body force as

—/Tgf-diV(V(ut+au))dx:/TQVf-V(ut—i—oeu)—i—QTV(ut—i—oau)-(f®VT) da.
Q Q
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Returning to (4.31), we get

/ 2 Vuy - V(ug + au) + 72°VT - VF,(T)dz = / 2V - V(u + ou)
Q Q

27_85(ut + au);;

+27V(u + au) - (f @ V1) =27V (u + au) - (uy ® V1) — < Bj; da.

&vk

Integrating over (0,t), we deduce that
t
ITVu(t)||3 + ||7Va (1) |3 +/ / 72VT - VF,(T) dx ds
0 JQ
t
sc(\|rwor\%+rww1||%+ 1Ay + 19 0wl + o s (232

8{-: ut + au)m Bk

dz ds) .

We now look more carefully at the final integral on the right-hand side of (4.32). Define a
fourth-order tensor A, (T) for each T € R?¥*? by

OF,(T);;

An(T)ijr = T,

which induces an inner product on R4*? defined by
(S,U)4 Z An(T)ijkiSi Ui
1,7,k =1

It is easy to check by direct calculation that this is a well-defined inner product on R%*¢ for

every T € R¥*?, Also, for every S € R¥? we have that

S|? S|? S|? S|?
L ./ < (S,8)4,m) < C i (4.33)
(1+[Tj) e 7 ' (1 +[T[*)= 7

dxd
sym»

Next, we notice that, for any C € R

0 oT
@(Fn(T))ig‘Cij = An(T)ijip—— o P Ci; = (T, C) A, (T)-

With this in mind, (4.32) can be rewritten as
t
Va3 + 7 Ve @) + / /Q (70K T, 70, T) 4, () der ds
0
t
CAIV o) (I Vol + Il + [ 1V o)+ 19 + 0w,

t
gy ds+ [ [ |70 T B, )| drds).

Using the inner product property, the Cauchy—Schwarz inequality and (4.33), the final term on
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the right-hand side can be bounded as follows:
t
/ / ‘(TakT, Bk).An(T) dx ds
0 JQ
t 1 1
< / /(TakT, 7O T)% oy (B, B")? () dards
0 Q n n

t t
Q

1
‘Bk‘z Bk‘Q
//TakT 70k T) 4, T)dxds—i—C/ /Qll‘i‘\T\ - dx ds.

From definition, we see that |B¥| < C|T|, where C is a positive constant depending only on the

dimension d and ||V7|«. Hence, we have that

t
IrVu(t)]3 + \\TVut(t)\\§+/ /Q(TakTaTakT)An(T) dz ds
0

t
< C(IrVuall+ IVwlE + [ 195, + IV + 0w, + lunlia, ds

t T 2 T 2
[T ),
0 JO 1 + |T| n
Applying the bounds from Theorem 4.3 and Lemma 4.4 , we conclude the required result. [

4.2.3 The limit as n — oc©

We have sufficient information on the weak solution of the regularised problem in order to
consider the limit as n — co. From now on, we denote by (u", T") the weak solution of the
regularised problem (4.4) with approximation parameter n. First we focus on the convergence of
(T™),, as n — oo. We show a pointwise convergence result using the higher regularity estimates

of the previous sections and the Aubin—Lions lemma, bypassing the poor integrability bounds.

Lemma 4.10. Suppose that ug € W]%)’Q(Q)d, u; € W};Q(Q)d and w1 + auy € Wg+1’2((2)d
for a k > % such that the safety strain condition (4.2) holds. Suppose that we have g €
W20, T; L2(09QN)9) and £ € W12(0,T; L2(Q2)?) N L2(0, T; VVZ})’CQ(Q)d) such that the compatibil-
ity condition (4.3) holds. Let (u", T™) denote the weak solution of the regularised problem (4.4).
There exists a subsequence in n, not relabelled, and a limiting function T € L>(0,T; L*(£)%*4)

such that
T" - T pointwise a.e. on Q.

Proof. Fix an open, compactly contained subset {29 C €. Using the results of Lemma 4.5 and

Lemma 4.9, there exists a constant C' = C(€)y), independent of n, such that

T2 V"2
+ dedt < C. 4.34
/ /Q (1 [T)iFe (T Tofee 00 = (4.34)
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We argue using similar techniques to those used in the proof of Theorem 2.10. Define sequences
(S™),, and (s"),, by
™ 1

Sn = — Sn = .
(1+ ’Tn‘)l—&-a’ (1+ ‘Tn’)l—l-a

Clearly the sequences are uniformly bounded on @. Using (4.34), the weak differentiability

of T™ in the time and space variables, and the chain rule for weak derivatives as discussed

previously, there exists a constant C' = C'(€), independent of n, such that
T
/ / IVS™? + |82 + |Vs™|? + |sP > dedt < C.
0 Qo

Thus the sequences are bounded in W12(0,T; L2(Q)) N L2(0,T; W,22(£2)). We use the Aubin-

loc

Lions lemma to deduce that there exists a subsequence in n, not relabelled, such that

S"—S strongly in L2(0,T; L*(£0)%*9),
s"— s strongly in L*(0,T; L*(Q0)),

and both sequences converge pointwise a.e. on (0,7) x Qy. Let (€;);>1 be an increasing
sequence of open, compactly contained subsets of (2 such that U;2; = ). Considering a diagonal
subsequence with regards to pointwise convergence on sets of the form (0,7") x €;, we find a
further subsequence, not relabelled, such that S — S and s — s pointwise on (0,7") x €; for
every 4. Since U;Q; = Q, we conclude that the pointwise convergence holds a.e. on (0,7 x .
Next, recall that there is a constant C', independent of n, such that

/|T”|dxdt+ sup /|T"(t)dx§C’. (4.35)
Q te[0,T] JQ

Using Fatou’s lemma and the pointwise convergence result, it follows that

/ s~ T dedt < liminf [ (s")" T dzdt = liminf [ 1+ |T"|dzdt < C.

1
Hence s~ T+« € LY(Q) so s > 0 a.e. in Q. Hence, (s")~! converges pointwise a.e. on @ to s=*

and so T" = (s")~!S" converges pointwise a.e. on @ as n — co to a limit which we denote
by T. This implies that, for a.e. ¢t € (0,7), T"(t) — T(t) pointwise a.e. on . Applying
Fatou’s lemma again and the second estimate in (4.35), we see that T € L*°(0,T; L*(Q)4*9) as

required. O

Theorem 4.11. Suppose that uy € Wé’Q(Q)d, u; € Wll)’2(Q)d and w1 + augy € WII;H’Z(Q)d
for a k > % such that the safety strain condition (4.2) holds. Suppose that we have g €
WL2(0,T; L2(0Qn)%) and f € W2(0,T; L2(Q)%) N L2(0, T; W= (Q)%) such that the compati-

loc

bility condition (4.3) holds. There ezists a triple (u, T, g) with regularity
o w e W20, T; W5*(2)7) nW2(0,T; L*(Q)%),
o T € L>(0,T; L*(Q)%9),
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o g € L®(0,T;(C5(00n)7)"),

that is a weak solution of the mized boundary value problem (4.1) up to an error g on the
Neumann part of the boundary in the following sense. For every test function v € Cll)(ﬁ)d and

a.e. t € (0,T), we have

/ up(t) - v+ T(t) -e(v)de = / f(t)-vdx +/ g(t)-vdS — (g(t),v)|aay (4.36)
Q Q 0

Qn
where w and T satisfy the constitutive relation

T
e(ur + au) = F(T) := ——  pointwise a.e. in Q.
(1+|T[")=

The initial conditions are satisfied in the sense that

Jim [[lu(t) = wollz + ue(t) — wal2] = 0.

If the solution triple additionally satisfies

/utt-(ut—&—au—v)—l—T-e(ut—i—au—v)dxS f-(ut+au—v)dx+/ g-(ur+au—wv)ds, (4.37)
o Q 0N

fora.e. t € (0,T) and every v € W}f(Q)d such that there exists S € L'(Q)™? with e(v) = F(S)

a.e. in Q, then (u,T,g) is unique in the class of all such solutions.!

The solution constructed by taking the limit in the sequence of solutions to the regularised
problem (4.4) satisfies (4.37) and, in particular, is the unique solution in this class of weak

solutions. Furthermore, the following convergence results hold:
o u™ 2w weakly-* in WH(0, T Wéa(ﬂ)d) NW22(0,T; L?(Q)9);
o u" — u weakly in W2(0, T; W;)Q(Q)d);
o ul +au™ — u; + au weakly in L*(0,T; T/Vlif(Q)d),
o c(uy + au”) — e(us + au) pointwise a.e. on Q;

e T" — T pointwise a.e. on Q;

o T 5T weakly-* in L% (0, T; M(Q)*?) where we identify
(T(0), £ @ e = [ T(0)-e(0) do + @(0))lony

for every v € CL(Q)? and a.e. t € (0,T).

We note that (4.37) is a reasonable ask. In particular, any true weak solution of the problem will satisfy
the inequality. In fact, it will satisfy the relation as an equality. The inequality comes from the presence of the
penalty on the Neumann part of the boundary.
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Proof. Putting together the results of Theorem 4.3, Lemma 4.4, Lemma 4.5, Corollary 4.6,

Lemma 4.7 and Lemma 4.9, there exists a constant C, independent of n, such that

T
sup [[u"(#)[l12 + sup [luy(®)]12 + sup Hul‘t(t)|!2+/ s (£)113 2 it
0

te[0,T] te[0,7 te[0,7
T 2 T 2
+/ L] dzdt + sup /|T”(t)|+|(t)|dx§0
Q n te[0,7] JQ n

and for any open, compactly contained subset Qy C €2, there is a constant C' = C(€), inde-

pendent of n, such that

/ AR )”” ) 4w + aw) ()32t < C.

Hence, up to a subsequence in n that we do not relabel, we have the following convergences:
o u™ 5y weakly-* in W°(0, T; Wé’Q(Q)d) NW?22(0,T; L2(Q)%);
e u" — u weakly in W22(0,T; Wllj’z(Q)d);

o u + au” — uy + au weakly in L2(0,T; W22(Q)4);

loc

e T" X T weakly-* in L2 (0, T; M(Q)4%9).

Here L2 (0, T; M(£2)?%9) is the linear space of the equivalence classes? of functions h : (0, T) —

M(Q)?*? such that h is w*-measurable and there exists a constant C' such that
[(h(@), v) m@y.c@yl < Clvlleq —ae on (0,T), for every v € C(Q)dx,

The bracket (-, ->( M@),c(@) denotes the duality pairing between M(Q) and C(Q). The norm on
this space is the infimum over all such possible C. By Theorem 10.1.16 of [83], L% (0, T; M (Q)?*4)
is the dual space of L(0,T;C(2)%*9). Next, we note that C'(Q)?*? is a separable space with
respect to the usual norm because Q is a compact metric space. Then, it is a well-known fact
of Bochner spaces that therefore L'(0, T; C(Q)4*?) is separable. Thus, by the sequential form
of the Banach—Alaoglu Theorem, the closed unit ball of L% (0,7; M(2)%*?) is sequentially
compact in the weak-* topology. In particular, a bounded sequence in L% (0, T; M(Q)%*9)
has a weakly-* convergence subsequence. Since a bounded sequence in L>(0,T; L'(Q)%*?)
bounded in L% (0,T; M(Q)?*?), any bounded sequence in L>(0,T; L'(£2)?*?) has a weakly-*

convergence subsequence in L2 (0,T; M(Q)4*4). Hence, the sequence of approximate stress

is

tensors (T™),, converges weakly-* in L% (0,T; M(Q)?*?), up to a subsequence, to some limit

T.
Let v € C1(Q)? and ¢ € C([0,T]). Then, for every n, we have

/Qutt (vY) + T" - e(ve) da dt = /f (v1)) dxdt—l—/ /BQN - (v1p) dS dt.

2Equivalence defined to mean equality a.e. on (0,T) as usual.
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Taking n — oo and using the above convergence results followed by a standard density argument
with respect to the time variable, we deduce that

/Qutt(t) ~vdz + (T(t), e(V)) m@).c@) = /Qf(t) ~vde +/a g(t)-vdS, (4.38)

QN

for every v € CL(Q)? and a.e. t € (0,7).

Furthermore, from Lemma 4.10, we have that T" — T pointwise a.e. in ) as n — oo,
where T € L>®(0,T; L' (2)?*?). Then F(T") — F(T) pointwise a.e. on @ by continuity of F
and n~!T™ — 0 pointwise a.e. on @ because T is finite a.e. on Q. Hence F,(T") — F(T)
pointwise a.e. on Q. It follows from the weak convergence result for (e(u} + au’)),, and the
constitutive relation for the regularised problem that (e(u} + au™)), converges pointwise a.e.
on @ to e(u; + au) and also e(u; +au) = F(T) pointwise a.e. in (). We see that u satisfies the
required initial conditions by standard arguments and using that 4™ (0) = up and u}(0) = u;.

Using the pointwise convergence of (T"),, and arguing as in the proof of Theorem 2.10, we

see that

/ uy(t) - v+ T(t)-e(v)de = / f(t)-vdz. (4.39)
Q Q

for a.e. t € (0,T) and every v € Wol’z(Q)d.

The next step is to compare (4.38) and (4.39) in order to obtain the required error term
g. We mimic the arguments from [5] but adapt them to this more complicated time-dependent
setting. We define the normal components of T(¢) and T(t) on 9 by their action on elements
of C}(99n)%. We recall that this is defined to be the subset of those functions v € C*(9§)?
such that v vanishes on 9€p. By Theorem 1 in [46], there exists a linear extension map
E : C1(09) — CY(Q) such that Ev = v on 9Q for every v € C1(9Q)%. Furthermore, there

exists a constant C', depending only on 2, such that

[Ev1,00 < Cllvlc100)- (4.40)

The restriction of E to the functions from C3(9Qy)? (that are defined on the whole of dQ via
extension by 0) are mapped into C%(€Q)?. Moreover, for every v € C}(92x)4, there exists an
extension ¥ € Ch(Q)? such that (4.40) holds, noting that [vllcta0) = Iv]lcrany) in this case.

For a.e. t € (0,T), we define the normal component of T(¢) on 9Qy by
(T, v)lony = [ wnlt) 5+ T(0) £(6) - £(0) - b,
Q

where v € C§(9Qn)? and v is a Cl-extension of v to . First, we notice that T(t)n is well-
defined as an operator on C3(9€Qy)? by the following reasoning. Suppose that @1, 92 € Ch(Q)?
are any two extensions of v to 0. Clearly, we have that ¥; — ¥ € C3(2)? and so the difference
is a valid test function in (4.39). It follows that
[ un®)- 514+ 1) - e@n) ~ £(0)- 91de = [ walt)- 52+ Te) -e(52) - £(0)- 52
Q

Q
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and so (T(t)n, v)|sq, is defined independently of the choice of extension. Thus it is well-defined.

In particular, we can choose the extension defined by the operator E. Using (4.40), we see that

(T (t)n,v)|oay| = ‘/Q uy(t) - Ev+ T(t) -e(Ev) — f(t) - Evdx
< O (Jluee(®)ll2 + IT@r + [[F@)ll2) | E[]1,00
= C ([luw®ll2 + IT@ N1 + I1F@O)ll2) [vllcpoay)-

Hence, for a.e. t € (0,T), we have T(t)n € (C§(9Qn)%)*. Since uy, £ € L>=(0,T; L*(2)?) and
T € L>=(0,T; L' (2)%*?), it follows that t — T(¢)n is weakly-* measurable on (0,7) and so
T(t)n defines an element of L% (0, T; (CE(0QN)D)*).

In a similar manner, we define the normal component of T(¢) on 0y by
(T(t)n,v)|ony = /ﬂutt(t) -0 = f(t) - vde + (T(1),e(9) u@).cm@):

Using (4.38), we reason as with T(t)n to see that T(t)n is well-defined and is an element
of (CL(AQN))*. Since T € L(0,T; M(Q)4*9), we deduce that T(t)n is an element of
L25(0,T; (CL(0QN)D)%).

The error on the Neumann part of the boundary is the difference between these normal

components. For a.e. t € (0,T"), we define the penalisation g(t) on 9Qy by

(G(t), v)loay = (9(1), V) (ctoan)cioay) = (TN = T(t)n, v)|say-

By definition, we have that g € L% (0, T; (C}(092n)9)*). Let v € C(Q)%. Then we see that

/utt(t)~v—|—T(t)~s(v)—f(t)-vdx—/ g(t) - vdS
Q 0

Qn

= (T(t)n, v)]o0y — /8 RECRTE

= (G0, W) oy + (T, ©) oy — /8 _g(-vds

=—(g(t),v)|aay + /Qutt v — f(t) -vde + (T(t),s(v»(M@)’C(ﬁ)) - /69 g(t)-vdS

= —(9(1),v)]aay

using (4.38) in the transition to the final line. It follows that, for every v € C%(Q)? and a.e.
te(0,7),
/ wir(t) - v+ T(t) - e(v) dz = / Ft) vdr+ / g(t) - vdS — (§(t), v) oy
Q Q 19193
which is exactly (4.36).

Now that we have an existence result, we prove that the triple that is constructed from
the limit of the solutions to the regularised problems satisfies the inequality (4.37). Let v €
W})’Q(Q)d and ¢ € C([0,T]) be fixed but arbitrary test functions such that ¢» > 0 and there
exists an S € LY(Q)¥*? with e(v) = F(S) a.e. in Q. Let n € N and test in the weak form of
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the regularised problem against u} + au™ — v, multiply by ¢ and integrate over (0,7"). Taking

the limit as n — oo yields
T
/wf-(ut+au—v)dmdt+/ Yg - (u + au —v)dSdt
Q 0 JoQy

T
= lim wf (u?—l—au"—v)dfcdt—l—/ g, - (ul +au” —v)dSdt
0o Jooy

n—0o0

= lim / Yuy - (u) + au” —v) +YT" - e(uy + au™ — v) dz dt,

n—0o0

where we used the strong convergence of (g,), in L>(0,T;L*(00y)?%) and the weak con-
vergence of (u! + au™), in L*(0,T;L*(09QN)%), a consequence of the weak convergence in
L%(0,T; WH2(Q)9). Using the weak convergence of (u}}),, and the strong convergence of (u}' +

au™), from the Aubin-Lions lemma, we see that

n—00

lim /¢UZ‘(U?+CYUTLv)d$dt:/wUtt‘(Ut+au’U)dl‘dt.
Q

For the term involving the approximate stress tensor, we need to make use of the pointwise
convergence of (T"),. It is clear that we cannot use the dominated convergence theorem or
monotone convergence theorem directly. Instead, we rely on Fatou’s lemma, the coercivity of
F,, and the monotonicity of F. Using the assumption that F'(S) = e(v) and the constitutive

relation for the regularised problem, we can write
/ O - e(ul + au” — v) dz dt
/ YT™ - (F,(T") — F(S))dz dt
/ T" - (F(T™) — F(S)) dz dt
/ Y(T (F(T™) — F(S)) + S - (F(T") — F(S)) dz dt.

Using the boundedness of F' and the pointwise convergence of (T"),, we have that F(T") —
F(T) strongly in LP(Q)?*? for every p € [1,00). Using this and Fatou’s lemma, we see that

n—oo

lim inf / YT e + ou — v)ded

/wT S) - (F(T) — F(S)) + S - (F(T) — F(S))dz dt
:/Qq/;T-(F(T)—F(S))d:cdt
:/Qz/;T.s(ut+au—v)dxdt,

where we have used the constitutive relation for the limiting couple in the transition to the final
line. Putting the above together and recalling that 1 is arbitrary, we conclude that (4.37) is

satisfied by the solution constructed from the sequence of solutions to the regularised problem.
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Finally we show that weak solutions satisfying (4.37) are unique. Consider two triples
(u?, T?, '), where i € {1,2}, emanating from the same data such that they solve the strain-
limiting problem in the stated weak sense up to the boundary and the inequality (4.37) is
satisfied. We mnotice that u? + au? is a valid test function in the inequality (4.37) for the
weak solution (u!,T!,g'), and vice versa. Adding the resulting inequalities and denoting

w = u' —u?, we see that

/ wyy - (wy + aw) + (T = T?) - (F(T!) — F(T?))dz <0,
Q

for a.e. t € (0,T), where the right-hand side vanishes because the solutions have the same data.
Integrating over (0,t) and using that the initial data for the two solutions coincide, we deduce
that
sup [lw(t)[3 + sup [we(t)]|3 + / (T' = T?) - (F(T') - F(T?))dzdt < 0.
te0,T] te[0,T] Q
Thus u! = w? and, by the strict monotonicity of F', T! = T?. Taking the difference of (4.36)

for the two solutions, it follows that

(' (1), v)loay = (@*(1), v)loay,

for a.e. t € (0,T) and every v € C})(ﬁ)d. Hence §' = §° and thus we have uniqueness of

solutions in this class. O

Corollary 4.12. Suppose that the assumptions of Theorem 4.11 hold and suppose that (u, T, g)
is the weak solution of the strain-limiting problem constructed from the sequence of solutions for
the regularised problem. Suppose also that there exists a weak solution (ﬂ,T) of the problem,

without penalisation on the Neumann part of the boundary. Then uw =@, T =T and § = 0.

This corollary confirms that our notion of solution with a penalisation is in fact the correct
notion. Indeed, if a weak solution to the strain-limiting problem exists, then the one we construct
from the limit of solutions to the regularised problem coincides with it. We can also use Theorem
4.11 to extend the results of Section 3 because if the Neumann part of the boundary is empty

we trivially have no error term present.

Corollary 4.13. Suppose that Q C R% is an open, bounded Lipschitz domain and let a > 0,
a > 0 be fixed problem parameters. Suppose that we have initial data ug, g € W&Q(Q)d such
that w1 + aug € WOkH’Q(Q)d for some k > & such that the safety strain condition (4.2) holds.
Suppose that f € WH2(0,T; L?(Q2)4) N L%(0,T; VVliCQ(Q)d) There exists a unique weak solution
to the strain-limiting problem (3.1) with homogeneous Dirichlet boundary condition in the sense
of Definition 3.2. Furthermore, if (u™, T"), is the sequence of solutions to the approrimate

problem with regularisation term n~'T™, we have that

T" - T pointwise a.e. on Q.
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4.3 Lower regularity initial data

In this section, we show that, rather than requiring that w; + auy € WJIBH’Q(Q)d for some
k> %, in fact we only need u; + augy € WE)’Z(Q)d. This is an improvement in every spatial
dimension d > 2. We do this by approximating the problem with the linear regularisation term
and by introducing an approximation of the initial data. To do this, we need an appropriate
approximation result concerning functions from the relevant spaces which will allow us to use
the previous results. First, we state a lemma concerning approximations in the case of Dirichlet
boundary conditions. This result is proven by adapting the linear approximation that is used

in the proof of Lemma 4.3 from [16].

Lemma 4.14. Let Q C R? be an open, bounded Lipschitz domain. Suppose that ug, w; €
W&’Z(Q)d are given functions such that ui + aug € W02’2(Q)d and e(uy + aug) € L>®(Q)7*4,
There exists sequences (ug )k, (w1 k) C CX(Q)? such that

e ug ) — ug strongly in WOLQ(Q)d,
. 1,2 d
o uyj — up strongly in W, ()%,
o uy + augy — ur + aug strongly in W02’2(Q)d,
o e(uyy+ augi) N e(uy + aug) weakly-* in L ()44,

This can then be used to prove an analogous approximation result for initial data in the case
of mixed Dirichlet—-Neumann boundary conditions. The proof also employs similar methods to

those used in the proof of Lemma A.3 from [5].

Theorem 4.15. Let Q C R? be an open, bounded domain with Lipschitz boundary such that
there are open subsets of OS2, the Dirichlet 0Qp and Neumann 0Qn parts, such that 0Qp N
OON =0 and O0p UONN = ON. Let ug, u € WBQ(Q)d be functions such that uy + aug €
WE)’Z(Q)dOWLOO(Q)d. There exists sequences (ug k), (w1 x)k C C¥(Q)¢ such that the following

convergence results hold as k — oo:
; 1,2 d.
o ug . — ug strongly in Wy5"(2);
, 1,2/0d
o uyj — uy strongly in W5 ()%
o uyj + augp — u + aug strongly in W%’Q(Q)d;
o e(uyp +augy) = e(ur + aug) weakly-* in L>(Q)9.

With this in mind, we consider the following problem. Suppose that we are given initial data
ug, U € Wé’z(Q)d such that u; + aug € W%’Q(Q)d and the safety strain condition (4.2) holds,
with external body force f € W12(0,T; L?(2)%) n L%(0,T; VV;}?(Q)d) and boundary traction
g € Whe(0,T; L*(0Qn)?) such that the compatibility condition (4.3) holds. Let (),
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(w1 k)k C CX(Q)4 be the approximation sequences for ug and wg, respectively, from Theorem

4.15. For approximation parameters n, k € N, we consider the following problem:

uy® = div(T™F) + f in Q,
& Tn,k
e(u]"" + au™r) = F(T™F) + in Q,
u™(0,-) = ug 1, u?’k(O, D) =gk on €, (4.41)
u (t,) =0 on (0,7] x 09Qp,
T n = 9k on (0,T] x 090,

where g,, , is defined by

o (t:2) = X (K F ((ua i + auop))n + (1= x(kt))gy, (1, o),

with g,, is defined as before. The existence of a solution to (4.41) can be proven using the
Galerkin method. For each fixed n, we take the limit as £ — oo. This leads us to obtain the
existence of a solution to the regularised problem (4.4). Then we proceed exactly as before to
get a solution of the strain-limiting problem up to penalisation on the Neumann part of the

boundary.

4.4 Higher integrability estimates

In this section, we improve the estimates from Chapter 3 concerning the integrability of the
stress tensor T provided that the parameter a is small, where smallness depends on the spatial
dimension d. We prove the result in the case of stronger assumptions on the initial data.
However, the result can easily be extended by using the aforementioned extra approximation
level to the case that u; + auy € Wl%’2(Q)d. We state the theorem in the setting of mixed

boundary conditions, but it applies directly to the case of fully Dirichlet boundary conditions.

Theorem 4.16. Suppose that ug, u; € Wé’2(Q)d and w1 + augy € Wgﬂ’z(ﬁ)d forak >4
such that the safety strain condition (4.2) holds. Suppose that we have boundary traction g €
W (0, T; L2(09N)?) and body force f € W12(0,T; L2(Q)) N L2(0, T} Wﬁ)’f(Q)d) such that the
compatibility condition (4.3) holds. Furthermore, assume that a € (0,%). Then, for every § > 0
such that a + 6 < %, for every compact subset Qo C Q, there exists a constant C = C(6,€)

such that
T
/ / IT*0 + T * 0 dz dt < C,
0o Jao

for everyn € N, where (u,T, g) is the solution of the strain-limiting problem constructed in The-
orem 4.11 and (u™, T™) is the solution of the reqularised problem with approzimation parameter

n. Furthermore, we have that

T" =T  weakly in L1+5(0,T; L1+6(Q)dXd)-

loc
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Proof. From the proof of Lemma 4.7 and Lemma 4.9, there exists a constant C = C(€),
independent of n, such that

[VT"?
dxdt+ sup / T"(t)|dz < C.
/ /QO (1 +[Tn[)tte t€[0,T] Q| )l

Applying the Sobolev embedding to the first term on the left-hand side to (1+ \T”(t)])kTa with

parameter p € (2, d2d2] if d>3,orpe(2,00)if d =2, we see that

/ I, desc
0 Z (Qo)

From now on, we assume that d > 3 but the argument for d = 2 is similar. Letting p = d2—_d2,

we have that
d—2

d(l—a) d
sup /]T ]dx—i—/ (/ |'T"(¢)| = da:) dt < C,
tGOT 0 Qo

where C' is independent of n. Let § = 6(a,d) > 0 be fixed so that a + 6 € (0,2). A standard

manipulation shows that

d(1+8) -2 _d(1-a)
d—2 d—2

We apply Holder’s inequality with parameters § and _d_ 5 to obtain

/QOIT”(t)!ldeg </QO |Tn(t)|dx>(2l </QO — dx) :

da—2

d(l—a) d
(/ W%ﬂ!*?dﬁ +1
Qo

d—2

T Lis T d(1—a) e
/ / IT"(t)|'°dzdt < C / </ |T"(t)| a2 dx) dt +1
0 Qo 0 Q0

where C' is a positive constant that is independent of n. It follows that (T"),, is uniformly

bounded in L'*9(0,T; L1+ (0)4*4) and so converges weakly in this space. Since T" — T

loc

<C

Integration over (0,7 yields

<C,

pointwise, we conclude that the weak limit of (T"),, must be T. O

This chapter marks the end of our study of strain-limiting problems on a general domain
that is undamaged. We have proven the existence and uniqueness of weak solutions in the
case of mixed Dirichlet-Neumann boundary conditions, up to a penalisation on the Neumann
part of the boundary, and a full result in the periodic setting. The remaining two chapters
use the methods developed in Chapters 2, 3 and 4 in order to investigate the more challenging
problem of nonlinear dynamic fracture problems. The first step is to build the theory for a
nonlinear constitutive relationship between the linearised strain and Cauchy stress tensor. This
is the purpose of Chapter 5. Then we combine Chapters 4 and 5 to investigate strain-limiting
dynamic fracture problems. We prove a partial existence result for mixed Dirichlet—Neumann

boundary conditions and a full existence result for Dirichlet boundary conditions.
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Chapter 5

Nonlinear fracture problem with
growth

Before studying strain-limiting dynamic fracture problems and extending the work of the previ-
ous chapters concerning strain-limiting problems, we first introduce general nonlinear dynamic
fracture problems where the strain is not a priori bounded. We consider constitutive relations of
the form e(u; + au) = |T|P~2T where p € (1, 00). This choice of constitutive relation provides
similar properties to the regularised relation from Chapters 2 and 3. In this ‘growth’ setting,
the stress tensor (and its approximations) are elements of a reflexive Bochner space so good
compactness properties are available. This work is submitted and can be found in [84].

We approximate the unknown fracture set by a function called the phase-field function. We
fix an approximation parameter e. We refer back to Section 1.5 for further explanation of this
parameter, but it will appear in the surface energy functional H and refers to the ‘thickness’
of the approximation of the phase-field approximation compared to the crack set. We obtain
a system of PDEs similar to that of the previous chapters, with a couple of extra restrictions
due to the presence of the unknown phase-field function. The system is supplemented with a
minimisation problem. This ensures that the ‘approximate crack’ grows whenever it is able to
do so, i.e., while balancing the appropriate energies. We further supplement the problem with
an energy-dissipation balance.

Throughout this chapter,  C R¢ is an open, bounded set with Lipschitz boundary which
is split into a Dirichlet part 02p and a Neumann part 92y, as in Chapter 4. That is, 0Qp
and Oy are open, disjoint measurable subsets of 9§ such that 9Q = 0Qp U9Qx. We fix a
final time horizon 7' > 0 and denote by @ = (0,7 x € the space-time domain. Let p € (1,00)
and a > 0 be fixed problem parameters. Given a body force f : Q@ — R, boundary traction
g: (0,T) x 90y — R? and initial data ug, u; : @ — R% vy : Q@ — R, we look for a triple
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(u, T,v) : Q — R% x R¥? x R such that

uy = div(b(v)T) + f in Q, (5.1a)

e(u; + au) = F(T) := |T|P>T in Q, (5.1b)
u=0,v=0 on (0,7 x 0Qp, (5.1c)

b(v)Tn =g on (0,T] x 9, (5.1d)
w(0,) = ug, w(0,-) = uy, v(0,-) = vy in €, (5.1e)

subject to the crack non-healing property v; < 0, satisfaction of the minimisation problem
E(u(t),v(t)) + H(v(t)) = inf {E(u(t),v) + H(v) : v € Hp, (), v < v(t)}, (5.2)

for every t € [0, 7], and the energy dissipation balance
t
F(tu(t), ue(t), v(t)) +/ / b(v) [F~ ! (e(uy + au)) — F ' (e(au))] - e(w) + f, - udzds
0 Ja

t
+/ / g, - udSds = F(0;ug, u1,vg),
0 Joy
(5.3)
for every t € [0,7]. The functionals F, £, H denote the total, elastic and surface energy,
respectively. They are defined mathematically by

where the kinetic energy K and external force functional [ are defined, respectively, by

i

K(w) =52, (U(t),u) ::/Qf(t)-udm—l—/m]vg(t)-uds. (5.4)

The function ¢* is the convex conjugate of ¢, where ¢ is the anti-derivative of F'. In particular,

we have
T
o(T) = / sP™ ds.
0

We note that F~1(T) = % on R™? and, for every T € R4, we have

T - F(T) = ¢(T) + ¢*(F(T)), T-F (T)=p(F (T))+¢*(T). (5.5)
In what follows, we are interested in weak solutions of (5.1)—(5.3), where (5.1a) holds in the
sense that

(wn(®).w) + |

Q

b(v(t))T(t) - wdx = /Qf(t) ~wdx +/a g(t) - wdS, (5.6)

QN

for a.e. t € (0,7) and every test function w € W]%)’p /(Q)d. The exact definition of a weak

solution will be made clear in Theorem 5.1.

106



For the minimisation problem (5.2) to hold at the initial time ¢t = 0, we require a compati-

bility condition between the initial data ug and vg. We ask that
E(uo, vo) + H(vo) = inf {E(ug,v) + H(v) : v € Hp (), v <o} (5.7)
The function b : R — R is defined by
b(v) = v* +1,

where 1 > 0 is a fixed approximation parameter. In practice, specifically in computational
analysis, it is common to require that 7 < e. However, this is not required for the existence
proofs here. The presence of 7 is to ensure that we do not experience degeneracy in the
elastodynamic equation (5.1a) at points where v = 0.

The functional Ay(v) := E(u,v) + H(v) is well-defined on Hp,, () with values in [0, 0o
for each fixed u € WE’Q(Q)”Z. It may take the value positive infinity if v is not additionally
an element of L>°(£2). The framework of the problem ensures that, for any solution (u,v),
t — ov(t) is a decreasing function so the crack non-healing property holds automatically. If
vy € L>®(Q) then v(t) < |lvglls for every t € (0,T]. Furthermore, given any v € Hj, () and
defining v = max{0,v}, we have that v* € H}, () and Ay (v") < Ay(v). It follows that
any solution of the minimisation problem (5.2) and (5.7) is non-negative a.e. on 2. Hence the
phase-field function satisfies v(t) € L>°(f2) for every ¢t € [0,T] and ¢t — |[v(t)]| is a decreasing
function, provided that vy € L>().

As in previous chapters, the Dirichlet boundary data is taken to be 0 to simplify the pre-
sentation. However, the proof adapts easily to inhomogeneous Dirichlet boundary conditions.
We refer to [20] for further details. In this chapter, because the stress tensor is an element of
a reflexive space, we can show the existence of a weak energy solution to the fracture problem
without any penalisation on the Neumann part of the boundary. This will not be the case for

the strain-limiting dynamic fracture problem (cf. Chapter 6).

Theorem 5.1. Suppose that p € (1,2], and we are given f € C’l([O,T];WE)l’p(Q)d) and g €
CY([0,T]; L (9Qx)%) with initial data wg, wy € Wé’p/(Q)d and vo € H} () such that the
compatibility condition (5.7) holds. Furthermore, assume that vy € [0,1] a.e. on Q. There

exists a weak energy solution (u, T,v) of (5.1)—(5.3) with regularity
o we W22(0,T; L2(Q)%) N WL (0, T; WL (2)9),
o T c L=(0,T; LP(2)%x9),
e v e WH(0,T; HY(Q)) with v(t) € H},,1(Q) for every t € [0,T],

such that it solves the dynamic fracture problem in the following sense. The elastodynamic

equation (5.1a) holds weakly in the sense that
[ un®) - w b)) - e(w) da = (1(6),w), (5.8)
Q
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for a.e. t € (0,T) and every w € Wll)’p/(Q)d. The constitutive relation (5.1b) holds pointwise
a.e. in Q, the minimisation problem (5.2) holds for every t € [0,T] and the energy-dissipation
balance (5.3) holds for every t € [0,T]. We have the non-healing property v¢ <0 a.e. in Q and
the initial conditions are satisfied in the following sense:

lim [[lu(t) = wuoll1,2 + [we(t) — wall2 + [[v(t) — vol[1,2] = 0. (5.9)
t—0+

Theorem 5.2. Suppose that p € (2,00), and we are given f € Cl([O,T];ng’p(Q)d) and
g € CY([0,T7; L (Q)%) with initial data ug, u; € Wé’p/ Q)N L2, and vo € Hp, () such
that vy € [0, 1] a.e. in Q and the compatibility condition (5.7) holds. There exists a weak energy
solution (u, T,v) of (5.1)—(5.3) with regularity

o we W22(0,T; LA(Q)%) N Wh (0, T; WiY ()9),
o T c L>=(0,T; LP(2)%x9),

e v:[0,T] = H},,(Q) with v e L>®(0,T; H(Q)) and v is continuous a.e. as a map from
[0.7] to L*(2),

such that it solves the dynamic fracture problem in the following sense. The weak form (5.8)
of the elastodynamic equation (5.1a) holds for a.e. t € (0,T) and every test function w €
Wé’pl(Q)d N L2(Q)%, the constitutive relation (5.1b) is satisfied pointwise a.e. in Q, the min-
imisation problem (5.2) holds for a.e. t € [0,T] and the energy-dissipation balance (5.3) holds
for a.e. t € [0,T]. The non-healing property holds in the sense that v(t) < v(s) a.e. in Q, for
every 0 < s <t <T. The initial conditions are satisfied in the sense that v(0) = vy and

t£%1+ [”U(t) —ugl[1p + [lwe(t) — u1|]2] =0.

The proofs of Theorem 5.1 and Theorem 5.2 follow the same steps initially. We differentiate
between the cases p < 2 and p > 2 for technical reasons at the final step. We introduce a two-
level approximation with parameters N and M, where N refers to a discretisation in space and
M to a discretisation in time. For simplicity, denote § = (N, M). We solve this approximate
problem which is discrete in both the space and time variables. For each fixed N, take the limit
as M — oo to obtain a solution to a semi-discrete problem which is continuous with respect
to the time variable. Then derive suitable uniform estimates and take the limit as N — oo.
It is at this stage that we differentiate between p € (1,2] and p € (2,00). We first prove the
result when p € (1,2] and then show the necessary adaptations when p > 2. We remark that
we do not need a regularisation in the constitutive relation because the function F' is already a
bijection from R%*? to itself.

The two-level approximation suggests how the analysis could be adapted to standard finite-
element approximations on a Lipschitz polygonal domain. However, we choose approximations
in space that enjoy high regularity in order to simplify the analysis and avoid technical arguments

such as those in Section 3.6 of [73].
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The exact structure of the proof of Theorem 5.1 is as follows. In Theorem 5.4, we prove
the existence of a solution to a time discrete Galerkin approximation of (5.1). In Propositions
5.5 and 5.7, we show that the discrete solution satisfies a suitable discrete formulation of the
minimisation problem (5.2) and an energy-dissipation inequality, analogous to (5.3). Then we
derive M-independent bounds on the discrete solution. Taking the limit as M — oo, we obtain
a solution to a Galerkin approximation of (5.1) that is continuous in the time variable. Take the
limit as NV — oo to obtain a weak solution of (5.1)—(5.3) in the sense of Theorem 5.1. If p > 2,
we apply a Helly type theorem to make use of the monotonicity of the approximate phase-field
M)

functions to deduce a suitable strong convergence result for (v")y since an Aubin—Lions result

is not available.

5.1 The discrete problem

Let (¢;)$2, be an orthogonal basis of Wff(Q)d for some k > %—l— 1 such that it is orthonormal in
L%(Q)¢. By the bound on k and the Sobolev embedding theorem, WEQ(Q)d continuously embeds
into C*(Q)?. Construction of such a basis was given in Chapter 4. Define Viy = span{¢,... ¢y}
and let Py : L?(2)¢ — Vv be the orthogonal projection operator. By construction, there exists

a positive constant C', independent of N, such that
l
1Pyulliz < Clluliz Vue W5H(Q)7

for every 0 <1 < k. A fact we use multiple times in the following is that, for every ¢ € [1, oo],
the norms |- ||, and ||-||1,4 are equivalent to the standard norm |||y, = ||-||x,2 on Viy. However,
the constants of equivalence depend on N so this fact can only be used in the construction of
M-uniform estimates.

Fix an approximation parameter 8 = (N, M) € N? and define a time step h = % For every
m € {0,..., M}, denote tfn := mh. Given problem data ug, ui, vg, f and g, satisfying the
regularity assumptions of Theorem 5.1, we define an initialisation for the S-approximation of
(5.1) by

ug = uUg,N, u’fl = uo,n — huyn, vg = vév, (5.10)

where v{Y € H}, +1(82) is the solution of the minimisation problem for wug y, i.e.,
E(uo N, v) + H(v)) = inf {E(uon,v) + H(v) : v <o, v € Hp ()}, (5.11)

where the approximations g n, w1y are defined below. We impose (5.11) so that a condition
analogous to (5.7) holds. This allows us to show that the minimisation problem holds at every
time ¢ € [0,7]. The existence and uniqueness of the function v € H},, () satisfying (5.11)
can be proven using the direct method in the calculus of variations and strict convexity, the
details of which can be found in the proof of Theorem 5.4. Under suitable regularity assumptions
on the external forces, we define a time discrete approximation of [ = f + g by the discrete

sequence (l,&)%zl where 15, = l(t,ﬁn).
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Given a sequence (u?n)fn/h M, from some vector space X, where My < M; are integers,

with corresponding discrete time step h, we use § and §2 to denote the first and second order
difference quotients of the sequence. That is, denote
u,ﬁn e 5u7ﬁn — 5“5;, uﬁ — 2ufn71 + u?

oup = " —m=l 5%y = - -1 _ = m-z (5.12)

for any index My < m < M; such that the difference is well-defined.
We choose approximations wo v, w1,y € Va such that (|lu; —u; n|2)n, (|wi — win|1p)N

are non-increasing, null sequences with respect to N for ¢ € {0, —1}. In particular, we have that

i [ — el i — i) =0,
for i € {0, —1}. Considering 0 € Vy as a comparison with u;, we notice that

|u; — Ol + [lu; — 0

1 = llwill2 + w1

In particular, choosing u; x as a better approximation of u; than 0, the sequences can be chosen

such that

Jwi — i nll2 + llw; — winll1y < llwll2 + |williy  for i€ {0,1}.

The existence of such approximations follows from the fact that UxVy is dense in WE’Q(Q)d,
which is dense in both WL]')’p I(Q)d and L%(Q)¢. Before introducing the B-approximation of the

fracture problem, we consider the approximation properties of (vév )N

Lemma 5.3. Let vg € Hp,, () with vy € [0,1] a.e. in Q and ug € Wll)’p/(Q)d N L2(Q)¢ such
that the compatibility condition (5.7) holds. Let (u})n be an approzimation of ug as above.
Let v} € H},,1(Q) be the solution of the minimisation problem (5.11). Then v € [0,1] a.e. in
Q and v — vy strongly in H ().

Proof. By construction, we have vév < vgp < 1 and, as discussed previously, comparing vév

with the non-negative part max{0,v)} = (v{¥)*, we deduce that v}¥ > 0 by the uniqueness
of minimisers. We refer to the proof of Theorem 5.4 for the uniqueness of minimisers. Hence

vy €10,1] a.e. in Q. Next, by construction, we have that

1
[o{'l12 < Cle (e(aug,n))dx + 4*€||1 — vy |15+ el Vo' lI3 + 1
C(e [5 wo N, v)) + H(wl )+ 1]
< O(e) [E(uo,n, v0) + H(vo) + 1]

sa@“”éw@WWWMHmﬁﬁ{

| &

< C(€) [lle(uo I + ol + 1]

< C() [lluolly + lluolly + luoll?2 +1],

110



using the minimising property of v(])v in the transition to the third line. Thus, up to a subsequence
that we do not relabel, (v)Y)x converges weakly in H'(Q), strongly in L?(£2) and pointwise a.e.
in Q to a limit 9y € H})H(Q). Since v} < v for every N, we have §y < vg in 2. By weak lower

semi-continuity' and Fatou’s lemma,

E(ug, v9) + H(p) < lim [8(u07N,véV) —1—7—[(1)(])\7)] < lim [E(uo,n,v0) + H(vo)]
N—o0 N—o0

= &E(up,vo) + H(vo) < E(uo, Vo) + H (o),

where the final line follows from the compatibility condition (5.7). Hence 0y is also a minimiser
of (5.7) and so, by strict convexity, we deduce that vy = 0.

For the strong convergence of (v)Y)n in H(Q), we notice that (€(uo n,v{’))n converges to
E(ug,vp) by the dominated convergence theorem and the uniform boundedness of (b(v)'))n.
Inserting this into the above, it follows that H(vo) = limy_,0o H(v{'). However, from the strong

convergence in L?(),
1 . 1 .
L= w03+ €l Vel = Hen) = Tim ) = 1~ woll3 + Jim | Vel |3

In particular, (VoY) n converges weakly and in norm in L?(f2). Thus the convergence is strong
in L2(9). O

Theorem 5.4. Suppose that ug, u; € W})’p/(Q)d NLA )4, vg € H}, 1 () such that vy € [0, 1]
a.e. in Q and the compatibility condition (5.7) holds. Let f € Cl([O,T];ng’p(Q)d), g €
CY([0,1); L (9Qx)?) and define I as in (5.4). Given 3 = (N, M) € N? and initialisations ug,
u[jl, Ug as above, there erists a unique solution sequence (ugl,vﬁb)f\n/[:l to the B-approzimation

problem which we define recursively as follows. For m € {1,..., M}, let u?n € Vi be such that

m

/ 52ub, . w + b )T - e(w) dz = (IF., w), (5.13)
Q

for every w € Vi, where we define Thy, = F_l(s(éuﬁm + auﬁm)). We let vi, € H} L1 (Q) be the

function that solves the minimisation problem

S(ung,ﬁn) + H(vg) = inf {S(ung) +H(v) 1 ve H%)H(Q),v <’ } ) (5.14)

m—1

Proof. Fix m € {1,..., M} and suppose that the problem is solved at the (m — 1)-st time step.
We look to show that a solution ul, € Vi to (5.13) exists and then we show that a solution
vh, € H}, () to (5.14) exists. Then we show that this solution couple is unique.

By the Browder—-Minty Theorem (Theorem 2.2), S is a bijection and there exists a unique
ug@ € Vi such that S(uﬁ) = lﬁl in V.

To solve (5.14) at the m-th time step, define a functional A : Hj, ,(Q) — RU {oc} by

A(v) = E(ufn,v) + H(v) = / —2p (s(auﬁl)) + i (1 —v)* 4 €| Vo[> da.

Q0 « €

! Throughout this chapter and the next, by weak lower semi-continuity we mean the weak lower semi-continuity
of norms. In particular, if (z,), is a sequence in a normed space X that converges weakly to some xz € X, then
|z|lx <liminf, oo ||Zn| x.
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The functional A is bounded below by 0 so the infimum of A over functions from H}, () that

are bounded above by Ufi_l exists. Let (vg)r>1 be a minimising sequence. It follows that
Alwr) > 11— g2 + €| Vo2 > C© —1)3
(o) 2 11—l + €l T2 > CCe) o — 113

Hence the sequence (vy);, is bounded in H'(Q). Up to a subsequence that we do not relabel,
(v ) converges strongly in L?(£2), pointwise a.e. on € and weakly in H'(2) to a limit v, say.
Then v € H, () because HJ, () is weakly closed. Applying weak lower semi-continuity

and Fatou’s lemma, we deduce that A(v) < infﬁeH}JH(Q) A(?). Hence v is a minimiser. To see

that v is the unique minimiser, we simply note that A is strictly convex. O
Proposition 5.5. Let the assumptions of Theorem 5.4 hold and let (ufn, vﬁ@)%zl be the solution

sequence constructed there. Then vﬁb € [0,1] and (51)51 <0 a.e. in Q where 51},’% 1s defined as in

5.12). Furthermore, for every x € H} . ,(Q) such that Y < P we have
D+1

m—1’

0 < [Du(ufy,v) + H (03] (X~ o)

B L P NP N I B B (v of (5:19)
= /Q - (x — )" (e(au),)) + %(vm —1)(x —vl,) + 2eVu,, - V(x — v,,) dz.
In particular, for every x € H})(Q) such that x <0, we have
0.< |9 (ufyvp) +H (o)) (- (5.16)
Proof. The initialisation 1)5 satisfies vg < 1in € so by construction vl < 1in Q. By previous

reasoning, UﬁL >0 a.e. in € since vﬁn is a minimiser. By definition, vﬁb < v and so (51),% <0

m—1
in Q.

The first statement follows from the definition of vﬁl being a solution of the problem. In

particular, consider v, = vfi +e(x — ’Ufn_l) as a comparison function for v,ﬁn. The function
¥ 1s a well-defined test function because ¥, € H}) +1(Q) and 7. < Uﬁl < Uﬁb_l. We have

0 < e 1(A(%) — A(v)) for every e > 0. Expanding out the right-hand side and letting ¢ — 0+,
g

m—1

and Y € H},, {(Q). Substituting this ¥ into (5.15), we obtain (5.16). O

we conclude the required result. For (5.16), given such a y, set x = X—i—fuﬁl. Then y < fuﬁl <w

Corollary 5.6. Let the assumptions of Theorem 5.4 hold and let (u%,vﬁl)%zl be the solution

sequence constructed there. For every 1 <m < M,
0 =[O, vf) + H (0] (0uf). (5.17)

Proof. We reason as in the proof of Lemma 3.2 of [73]. Testing in (5.15) against v L it follows

m—1’

that 0 > |0,€ (uby, vl + H’(vg)] (6v5,). For the opposite inequality, we choose ¥ = 2vh, _”5%1
in (5.15). 0
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Proposition 5.7 (Discrete energy-dissipation inequality). Let the assumptions of Theorem 5./
hold and let (uﬁl, vﬁz) _; be the solution sequence constructed there. For every m € {1,... M},

the following energy-dissipation inequality holds:

J J

Ftl ul  6ul 02 + hZ/ b(vf_1 e ((5u + auﬁ)) Ffl(g(au@)) .s(éuﬁ)dx
— /0
+hz 5l§3 1, U (0 uONaulNﬂ}O)

Proof. We test in the elastodynamic equation (5.13) against hou,. Using the relation

a-(a—b)=_(la? - b>+|a—b*) Va, beR" (5.18)

1
2
we rewrite the inertial term (the one involving 62ub,) as
1
| 82w do = 5 (16w = loul 3 + 0wl = 1 18) . (519)
For the term involving the external force and boundary traction, we write

(8 héul) = (18 ul) — (18l )+ h(oll, Wl ). (5.20)

m—1>W

For the term involving the stress tensor, we have that

/ b’ VTP . e(hsul.) dz — / b’ )F N (e(aul) - e(houl) da
Q Q

+h /Q b(vfy) |[F (0w, + auf,)) — F~\(e(auf,)| - e(0uf) do.

The first term on the right-hand side is in the given energy-dissipation inequality. For the
second term on the right, we use the minimisation problem to rewrite the expression in terms
of the elastic energy and surface energy. By the monotonicity of F~! and recalling that F~! is

the derivative of p* (cf. (5.5)), we get
/ ﬁ _DFE Ye(aub) - e(houl) dx
/ / m DE Yae(sul + (1 - s)uﬁ ) -e(ul, — ufn_l)ds dz

- / o) [PV e(aub)) — P (ae(sub + (1 — syuf,_)] - e(ul, — uf,_)dsdx

Z/Q/o (”m—1)F Yae(su?, +(1—3)u§z V) -e(uy, - )ds dx
,Uﬁ
-/ Mont) (o (eout)) — (el ) do
Q
o8 P WP — Urﬁn
= [0 ety M) ey 4 PO O e

(5.21)
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The first inequality in the above follows from the monotonicity of F~!, and the second inequality
is from considering the final term and v,ﬁn being a solution of the minimisation problem with

respect to ub,. Putting together (5.19), (5.20) and (5.21), we deduce that

F(th i u o)+ h [ ) [P (e(ul, + awd) - P el )] - e0us) da
Q
+h<5l§n> ; ><~7:(m ;U En 1>5“§1—17U7ﬁn—1)-

Using this recursively, we obtain the required energy-dissipation inequality. O

Lemma 5.8. Let the assumptions of Theorem 5.4 hold and let (ufn,vﬁ)n]‘le be the solution

sequence constructed there. There exists a constant C, independent of N and M, such that

a3+ max fl6wh 3+ max ullf, + max [0
CTL+ laal3 + ol + ool g + ol + 1 gy—vy + Il s

Furthermore, there exists another constant C = C(N), independent of M, such that

25l s, 1+ s, e
< C(N)[L+ [uall3 + o 13 + llwoll3 2 + [lwoll?, + (1117 w1y el o1y
Proof. We expand the total energy functional and use the monotonicity of F' to obtain

K(oul) + E(ul 02) + H@P)

< K(0up) + E(ug,vy) + H(vg) — (g ug) + (15, i) —h > (007, ).

Using the Korn—Poincaré inequality and Young’s inequality, we see that

16w 13 + |17 + llvmli o

B
< \lsub |12 b(vm) BV d B2
< [[6u,[lz + o ¥ (e(oa,)) dz + [lvp, [l 2

b(v?)
< c[uuﬁlr\% + /Q =020 (e(aug)) da + o [lr.2 + 110) -1l |1
m
i p il + 1S |16l ||1,p||u?1||1,p/} (5.22)
j=1

m
<C [1 + [l |3 + llvollF o + ol + IO+ W71, + R IS I,
j=1

m
’ 1 /
F R I |+
j=1
where C' is independent of M and N. We write

m
wl, =l +houl =g+ oul,
j=1
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so adding Hug@H% to both sides of (5.22), we deduce that
e 13 + 1513 + lumly -+ lom i 2

< 0[1 T 3 + ol

m
Ta + luoll] + IO, + 17, + 2 Y IS,
J=1

m m
Yy \uf_lué].
J=1 j=1

We apply the discrete Gronwall inequality to get that

/
(e Jlup 34+ max [lown 13+ max Jup|f, + max ol

< 0[1 o3 + o3+ lfooll3 2 4 sl + N2 e gty + ey |
Using the equivalence of norms, the second bound follows immediately. ]

In the elastodynamic equation, the term b(vﬁl) is present, which is nonlinear in vfi. Hence,
to obtain a pointwise convergence result for interpolants of the sequence (b(vg))%zl, we look
for bounds on (51)51. The eventual aim is to use the Aubin-Lions lemma and deduce a strong
convergence result. Due to the nonlinearity of F', when looking for bounds on the sequence
(6vi)M_, | we cannot argue as in the proof of Lemma 3.4 from [73]. In particular, we can-
not ‘transfer’ the effects of the nonlinearity between s(urﬁn) and €(5u7’3n) in the sense that, for

symmetric matrices A such that A = A%A%, we have that
Ae(ul) e(6ul) = Aze(ul) - Aze(oul) = e(ul) - Ae(u?).

Instead, we make use of the embedding Vi C Wl@’Q(Q)d c C1(2)% and Corollary 5.6. The idea
is to ‘differentiate’ the terms in the square brackets in (5.17) in some ‘discrete’ sense in order

to obtain [|dvi|1.2.

Lemma 5.9. Let the assumptions of Theorem 5.4 hold and let (uﬁl,vﬁ@)%:l be the solution

sequence constructed there. There exists a constant C' = C(N), independent of M, such that,
for every 1 <m < M,

/

’ p
J6ui3 s < C {1+ lual3 + luol + lluoly + llooll3 2 + 1 sy + el -1 |

Proof For every 1 <m<M, by Proposition 5.5 and Corollary 5.6, respectively, we have that
B,E (u” w,, 1, m 1) +’H’( )] (6v) and 0 = [8 E(uby, i) +H' (vm)} (6v5). Subtracting

the second equation from the first inequality, we obtain

S+l vadig < 7 [ [b(a)so*(e(auil»— ¢<e<aug>>].5vgdm. (5:23)
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We add and subtract a‘lb’(vifl)go*(s(auﬁl)) to the right-hand side of (5.23) and use that
b'(v) = 2v to yield

1 2
H5vﬁz|§+2€|W5vﬁLH§+a/ [6um 0" (e(auy,)) do
Q

< h//b’ Dovl F Y ae(su’ |+ (1 —s)uf)) - e(0u?) dsdz
< 1 (W)l 900 12 (llstan_ ) IE + lletaui) 170) (e o + le(uf,p)ll2)

B
m
_ llom]i3
< O, el

Absorbing the first term on the right-hand side into the left, using the second bound from

Lemma 5.8 and maximising over m on the resulting left-hand side, the result follows. O

Lemma 5.10. Let the assumptions of Theorem 5.4 hold and let (u%,vﬁl)%zl be the solution

sequence constructed there. There exists a constant C' = C(N), independent of M, such that,

for every 1 <m < M,

167 13, < €1+ Iluall3 + luoll3 + l[uoll?,, + Ilvolh.2 + 111 o =10y + W1 o 171 )

M
m=0

Proof. Recalling that the sequence (v;%) is uniformly bounded above by 1, for any test

function w € Vi, it follows that
<Vﬁﬂw=/M%WH@W%+M@DfWN$H%mﬁ
Q
< C [0 vy + v + W1 ool

Thus, we have that

< OL+ a3+ llasoll3 + el + 100l 5+ 11 e sy + Il gy s

where C' = C(N) is independent of M. The norm in V} is equivalent to the norm in V. Using

this and maximising over the left-hand side with respect to m, the required result follows. [

5.2 The limit as M — oo and the time-continuous Galerkin

problem
For the solution sequence (uﬁ)%zo, we define the affine, backwards and forward interpolants,
respectively, by

B B
t—t tm — 1t
u(t) = — g, + g, €[ty 1. th), me{l,..., M},
u () = uf te(tfn L8] me{1,..., M},
ub () =P, telt? t2), me{1,..., M},

where u?, 4P~ are extended continuously to t = 0 and ¢t = T, respectively. Similarly, we

denote by wh, uP+/ uP~ the interpolants of (Jul,)M_,, and "+ the backwards interpolant

m=0’
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of (82ul)M_| . We let 77, v+, vP~ be the interpolants of (vh)M_, and v+ the backwards

m
interpolant of ((5vm) 1- Clearly we have that
ﬁtﬁ — uﬁ""')/’ ﬁtﬁ” — uﬁf‘r://’ Etﬁ — Uﬁ’—i_’/.

Putting together the results of Lemma 5.8, Lemma 5.9 and Lemma 5.10, we immediately obtain

the following.

Lemma 5.11. Let the assumptions of Theorem 5.4 hold and let (u?n,vfn)ﬂm/lzl be the solution

sequence constructed there. There exists a constant C = C(N), independent of M, such that

_ + _
7N Z e (v + 17 oo gy 18 N vy + 175 o gy + 1070 1)

B,4,11(2

(Vn)
< C(N)[1+ [Juall3 + [lwoll5 + HUOH o Flvollee + 11 o 10y + el o —1.9]" -

0P e gy + 0

Lemma 5.12. Let the assumptions of Theorem 5.4 hold and let (um,v;%) _1 be the solution

sequence constructed there. There exists a subsequence in M, not relabelled and independent of
N, and a limiting couple (u™N,vN) such that u¥ € W2>(0,T;Vy), vV € Wh(0,T; H'(Q))
with v (t) € H},,1(Q) for every t € [0,T), such that the following convergence results hold as

M — oco:

gV M) (M) 2y N ul weakly-* in WH>(0,T; Vi), respectively;

o gNM) Gg(NM) s N ulN strongly in C([0,T); CH(Q)?), respectively;

wNAME gy (NM)E 2y N N weakly-* in L(0,T; Vi), respectively;
o 7VM) AN weakly-* in Whee (0, T; HY(Q));

TWNM) s N strongly in C([0,T]; L*(Q));

o v(NM)E XN wpeakly-* in L0, T; H(Q)).

Furthermore, v € [0,1] and v)¥ <0 a.e. in Q.

Proposition 5.13. Let the assumptions of Lemma 5.12 hold and let (uN,vN) be the limiting
couple constructed there. Then (u’,v™) is a weak solution of a Galerkin approrimation from

VN from (5.1) in the following sense. For a.e. t € (0,T) and every w € Vy,
/ ul) (1) -w + b(o™ ()TN (1) - e(w) dz = (I(t), w), (5.24)
Q

where the approzimate stress TV is defined by e(u) + au) = F(TVN) pointwise a.e. in Q.

The initial conditions hold in the sense that

Jim [l () — wonllvy + luf (£) — winllvy + [0V (#) = vg' [l12] = 0.
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Proof. Rewriting (5.13) in terms of interpolant functions, for a.e. ¢ € (0,7) and every test

function w € Vi, we see that
/ Hf’+’/ cw 4 b () F e + auf ) (1) - e(w) de = (P (t), w).
Q

Let ¢ € C(]0,T)) be fixed but arbitrary. By the strong convergence results of Lemma 5.12, we
see that, for every t € (0,7),

lim [/Q¢ [b(vﬂ’_(t))F_l(e(u6’+” + auP M) (1)) - e(w) dz — <lﬂ’+(t),’w>} dt]

M—o0

(5.25)
=/ W (BN () FH (e(uy +au™)(1) - e(w) de — (I(t), w)] dt,
Q
and by the weak convergence result, we have that
lim [ @™ wydedt = / ul) - wip da dt. (5.26)

Putting together (5.25) and (5.26) with a standard density argument, we obtain (5.24), defining
TV on Q by F~l(e(ul) + au®)). Satisfaction of the initial conditions follows from the strong
convergence results for u™ and w}Y in C([0, T]; C1(Q)?), and for v"¥ in C([0, T]; L?(2)), combined

with the fact that wg n, i v and v(])v are initialisations for the time discrete problem. ]

Proposition 5.14. Let the assumptions of Lemma 5.12 hold and let (uN,vN) be the limiting
couple constructed there. For every t € [0,T], the approzimate phase-field function UN(t) solves

the minimisation problem

E™N (), o™ (1)) + H(WN (t)) = inf {E(UN(t),v) +H(v) : ve Hp,(R),v < UN(t)} . (5.27)
Proof. By the choice of the initial data ug y and v(])v , the result holds trivially at time ¢ = 0.
For t € (0,T], it suffices to show that

v N() N L N N
0< X (e(au™ (1)) + 2—6(1) (t) —1)x +2eVu (t) - Vxdz, (5.28)
Q
for every x € H, () with x < 0. By Proposition 5.5, for such a y and an arbitrary ¢ € C([0,T)
with ¢ > 0, we have that

b (v1) * B,+ L s+ B+
0< waga (e(au”™)) + Z(U T —1)x¥ + 2eVo” T - V(xy) de dt.
Q

Letting N — oo in the above, we use the weak convergence results and Lebesgue’s differentiation
theorem to deduce that for a.e. t € (0,7], (5.28) holds. By the regularity of «’¥ and vV in
the time variable, the right-hand side of (5.28) is continuous in the time variable. Hence (5.28)

holds for every t € [0, 7], as required. O

Proposition 5.15. Let the assumptions of Lemma 5.12 hold and let (u™,v™V) be the limiting

couple constructed there. For every t € [0,T], we have the energy-dissipation equality

F(0;u0 n, w1, v ) = Ft;u (2), ul (t), vV (1) + /0t<lt, u™)ds
(5.29)

' Ny [—1(n(aN N -1 N N
—i—/o /Qb(v ) [F 7 (e(u +au™)) — FlH (e(au™))] - e(u;) dads.
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Proof. Trivially the result holds at the initial time ¢ = 0. Furthermore, each term is continuous
in ¢ so it is enough to show that equality holds at a.e. ¢ € (0,7). Considering the energy-
dissipation inequality from Proposition 5.7 and taking the limit as M — oo there, we deduce
that (5.29) holds at a.e. ¢t € (0,7) with the equality sign replaced by “<”. For the opposite

direction, first notice that

K(up (8)) = K(uin) + [(1(1), w" () = (1(0), u™ (0))] +/0 (1, u™) ds

! Ny -1 N N N
_|_/0 /Qb(u VF (e(uy +au’))-e(u;')deds

t t
:/ /ug.uiub(vN)Fl(s(uiuauN))-e(ugV)dxds—/ (IuM)ds
0 JQ 0

taking ul¥ as a test function in (5.24). Subtracting this from (5.29), for (5.29) to hold it suffices
to show that

(W™ (s), v (s)) + H(N / / (elau™)) - e(u])dzds >0.  (5.30)

To prove (5.30), we mimic an argument from [73]. We fix ¢ € (0,7]. For each K € N>y, define

a time step hxg = K 't and consider the corresponding time-discrete approximate solution
sequence given by u,iV’K = ulV(hk), v,iv’K := vV(hk) for k € {0,..., K}. Then,

K
E@N (1), vV (1) — Euon,vd) = D [E@ o) — £l o).
k=1

By the variational problem (5.27), we have that
ECuy™vp ") = £ ], o)) + M) = R
> b(U]iVK) ( * N,K * N,K
— —\¥ (e(auk ) — ¢ (elauy 7)) ) da

(v
=% / / (ae(suiVK +(1—- s)uiv_ll()) . s(éug’K) dsdzx.
Using the previous notation for interpolants of sequences, we deduce that

E(u™ (), 0" (1)) — E(uon, v ) — H(v)) + H(w™ (1))
/ / / o) F~ ae(suMFr 4 (1 — s)uF)) -e(ﬂiV’K) dsdzdr. (5:31)
Since u” € WQ’OO(O,T; Vy) and v € WHo(0,T; H(2)) N L*>(Q), we have that
o uMNEE 5 4N strongly in C([0,T]; Viv),
o uwVK — ulN strongly in W°(0,T; Vy),
o vV KA 5y strongly in L(0, T; L2(Q)%).

Letting K — oo in (5.31) and, using the dominated convergence theorem, it follows that (5.30)
holds. d
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5.3 The limit as N — oo

5.3.1 TUniform estimates

Now we focus on constructing estimates on the couple (u”,v") that are uniform with respect
to N. The couple (uN , oY ) constructed in Lemma 5.12 is not necessarily a unique solution
of the Galerkin problem but we note that throughout this section we work with the solution

couple constructed from the time discrete problem.

Lemma 5.16. Let the assumptions of Lemma 5.12 hold, let (uN, UN) be the limiting couple con-
structed there, and denote TN := F~Y(e(u} + au')). There exists a constant C, independent
of N, such that
N 2 N ! N 2 g N N '
sup [lu™(t)[2 + sup [u” (@IF,, + sup [up ()3 +/ ITH @0 + llug @I, dt
t€[0,T) te[0,T) t€[0,T] 0
< O [+ ool + etol3 + st 13 + 112, -1y |-

Proof. For the first, third and fourth terms on the left-hand side, we test against u) + au®

in the elastodynamic equation (5.24) and argue as in Theorem 2.4, for example, recalling the
positivity of b to obtain the bound on T¥. Using the constitutive relation, we notice that we

have the memory kernel property
¢
(u(1) = e(uon) + [ DP9 ds
0
and so we deduce that

sup [le( )1 < C |1+ eCwollf + [ 0P dsar]
te[0,T] Q

Applying the Korn—Poincaré inequality (Theorem 1.9), we get the L*°(0,T; Wllj’p / (2)%) bound

on u”. With this and the bound on TV, it follows that

T T
/ luf (@®)IF At < C {1 +/ le(u™ (), dt+/ TN P dxdt] .
0 ’ 0 Q
Putting the above together, we conclude the desired result. O

Lemma 5.17. Let the assumptions of Lemma 5.12 hold and let (u”,vN) be the limiting couple
constructed there. There exists a constant C', independent of N, such that
[ i aear s [IEYOIE + I OIF, ] < {1+l + uol, +
Q te[0,7] ’ ’ ’
T
ey T

Proof. Tt suffices to prove the claim for the first two terms. In particular, if TV is uniformly
bounded in L>(0,T; L?(Q)?*%), and using the L>(0,T; W' (2)?) bound on u from Lemma
5.16, then

e(ulN) = —e(au) + F(TY) = —e(au®) + |TVP2TV,
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Thus we have

le(u)Z, < alle(@™)[Z, + T2,
. Apply the Korn—Poincaré inequality, it follows that

a1, < € [le@™)IE + I T¥z]

Taking the supremum with respect to the time variable, the required bound on u;" follows.
Now we focus on the remaining estimates. We test against u}} + au} in the elastodynamic

equation (5.24) to see that

/|u d:x+— (S113) +/b(vN)TN.F(TN)tdx:<z,ug+augv>
Q

= N),

=5 ((l up +au®™)) — (I, u) +aou

For the term involving the stress tensor, we write
Ny\mN N d Ny L Ny, N LN
b(v™)TY - F(TY ) de = — b(v) 5T Pdz ) — [ b(v™ )y, [TV P dw
Q dt \Ja p Q p

d 1
> — ([ b)) |TNPd
> 4 (Lo ac),

where the inequality follows from the non-positivity of v/¥. We integrate over (0,¢) for an

arbitrary ¢t € (0,7] to deduce that

¢
//|u |?dzds + = ||ut ||2+/b )*|TN( t)|P dx
0 Ja

< 0[1 + [lua |3 +/ [P~ (e(urn + quon)IP da + [[1() |1 plle(uy’ + au™)(t)]y
0
t
+ [11(0)[|-1plle(ur,n + cwo,n) [l +/0 el —1plle(uf + au™)(t)]|, ds
< C{l + w3 + lJuollf, + lwllf, + 12T oo 17109
T N Ny P 1 Ny LN e
+ ; 12, + lle(uy + au™)[), ds| + 3 Qb(U (t))ljfT )P d.

We absorb the final term on the right-hand side into the left and apply Gronwall’s inequality

to see that the required estimate is satisfied. ]

Lemma 5.18. Let the assumptions of Lemma 5.12 hold and let (u™N,vN) be the limiting couple

constructed there. There exists a constant C, independent of N, such that

T
o 101 < €1+ ool + ol + o B+ ol + 101+ | me,)
(S
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Proof. From the energy-dissipation equality (5.29), we have that
HN (1) < Fltsu™ (1), up (8), 0™ (1)) + (1(6), u™ (1))
t
+ / / b(v™) [Ffl(e(uiv + au®)) — Fﬁl(r-:(ozuN))] e(ul)dzds
0 Jo
t

= (I(t), uN (1)) + F(0;uo n, w1 N, 0d) —/ (I, u) ds

0
2 ' 2 2 g
< Ot + ol + ol + lual + 0l + Wl vy + [ T3P 5]

using Lemma 5.16 for the final line. By the definition of H, we maximise the left-hand side with
respect to ¢t € [0,7] to yield the required result. O

Lemma 5.19. Let the assumptions of Lemma 5.12 hold and let (u”™,vN) be the limiting couple

constructed there. For a.e. t € (0,T), we have that
[0,E@N (1), 0¥ (1)) + H (Y (1))] (o (1)) = 0. (5.32)

Proof. We differentiate the energy-dissipation equality (5.29) with respect to the time variable

to obtain the following:

1
Oz/ug-uivdaﬂ—/(vN—l)va+26VvN~VvtNdaz
Q Q <€

/ UN
4 /Q ) ¥ ™)) + b0 F (eo) - el e — (™) — (1)

+ /Qb(vN) [F_l(s(uiv + au™)) — F_l(s(ozuN))] ce(ul)dx + (I, ul)

= {/ uﬁ . uiv + b(vN)F_l(s(uéV + auN)) -e(uiv) dr — <l,uiv>}
Q

V) N o Ny LN N N oo
+ P (e(au™)) + 26(1) D" +2eVo™ - Vo, do| .
Q

The sum of terms in the first set of square brackets vanishes because it is the elastodynamic
equation (5.24) with test function u)¥. Hence the sum of terms in the second set of brackets
must also vanish, but this is exactly the left-hand side of (5.32) and so the required result

follows. [

Lemma 5.20. Let the assumptions of Lemma 5.12 hold and let (uN, UN) be the limiting couple
constructed there. Suppose additionally that p € (1,2]. There exists a constant C, independent
of N, such that

T
N / /
sup [0 < ©|1+ ol + fll + ool + o+ w10y + /O ||zt||p1,p]
te|0,

Proof. Fixt € (0,T] such that (5.32) holds and let & > 0 be sufficiently small such that t—h > 0.
We know that

0 < [0,E (W™ (t — h),v™ (t — h)) + H (vN (t = h))] (v]¥ (1)), (5.33)
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because v (t) is a suitable test function in (5.28). Subtracting (5.32) at time ¢ from (5.33)

yields
"N (t — (N
0< / [W(p*(&‘(aul\[(t —h))) — W¢*(€(QUN(t))):| Uiv(t) do
Q
—i—2l [vN(t—h)—vN(t)]vt ()dx+26/v t_h)_UN(t))'Vviv(t)dx_
€Ja

We use the fundamental theorem of calculus and divide the resulting inequality through by A

to see that

1 oN(t) — N (t — h) vV (t) — N (t - h)
% . ; -viv(t)+2e/0v< h >~VvtN(t)

2€

’UN —UN o
+2 [ EEN ¥ 0 et - )
YN (0) v et v Wt )~ uN (1)
g/ﬂ/o U () F  (ae(su™ (t—h)+ (1 —s)u (t)))e( 3 >

Because u”¥ € C1([0,T]; V) and vV € W2(0,T; H'(S2)), we can take the limit as h — 0+ to
deduce that, for a.e. t € (0,7),

sl O + 269X O + 2 [ o (O elau”(0)) do
Q
< [ ER i 1P (et @) etu ()] da
Q
= [ (1 wlieten )% ) - (1etou 0))"F etw @) ) d.

We apply Holder’s inequality, followed by Young’s inequality and absorb the term involving v;"
into the left-hand side to deduce that

iHvN<t>||%+2euwiv<t>||%+é |1 0P el ) do

< c/ e(u ()P 2le(ul (1) 2 d.

If p = 2, the first factor on the right-hand side is 1 so we can apply Lemma 5.17. If p € (1,2),
we apply Holder’s inequality with parameters g = 7 /2, qd = 2 , valid because p’ > 2. It follows
that

1 1 “( /2
el B+ 26 Ve I + - [ ot do < Clle(u) 2t
Applying Lemma 5.17, we obtain the desired bound. O

Theorem 5.21. Suppose that ug, u; € Wl’p/(Q)d N LA Q)" and vo € Hp 4(Q) such that
vo € [0,1] a.e. and the compatibility condition (5.7) holds. Let f € C([0,T); W_l’p(Q)d) and
geCclo,T); Wy Y2(0)9), and define | as in (5.4). There ezists a triple (u, T,v) that is a weak
energy solution of (5.1)—(5.3) in the sense of Theorem 5.1.

Furthermore, for the sequence (uN,vN)N of approximate solutions constructed in Lemma
5.12 with stress tensor TV = F~1(e(ul) +au™)), there exists a subsequence in N, not relabelled,

such that the following convergence results hold:
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o uN — w weakly in W22(0,T; L2(Q)%) and weakly-* in W1H>(0, T} Wll)’p/(ﬂ)d);
o TV 5T weakly-* in L(0,T; LP(Q)4*9);
o vV 5 v weakly-* in WH°(0,T; H'(Q)).

Proof. The convergence results follow easily from the uniform bounds in Lemma 5.16, Lemma

5.17, Lemma 5.18 and Lemma 5.20. By the Aubin-Lions lemma, u” — w strongly in C*([0, T]; L (Q)%),
and vV — v strongly in C([0,7]; L?(Q2)). The limiting phase-field function v clearly satisfies

v € [0,1] and v; < 0 ae. in Q with v(t) € H},, 1(Q) for every ¢ € [0,T]. From (5.24), for every

w € CX(Q)? and ¢ € C([0,T7]), we have that

T
/ ul - (YPyw) + b(N)TY - e(y Pyw) dz dt = / (1, Pyw) dt. (5.34)
Q 0

Using the weak convergence results and the fact that Pyw — w strongly in C*(Q)?, we let
N — oo in (5.34) to obtain

T
/ wy - (Yw) + b(v)T - e(Yw) dadt = / (I, vw) dt.
Q 0

Using Lebesgue’s differentation theorem and a standard density argument, it follows that the
elastodynamic equation is satisfied at a.e. ¢ € (0,T), for every test function w € Wé’p /(Q)d.
The satisfaction of the initial data follows from the usual arguments and the approximation
properties of the sequences (uo n)n, (w1 n)n and (v))n (cf. Lemma 5.3).
To see that the constitutive relationship holds in the limit, we use a variant of Minty’s
method as in the previous chapters so do not include the details. We also see that
Jim : b(™M)| TN P dz dt = /Q b(v)|T|P dz dt. (5.35)
However, (b(UN)%TN)N converges weakly in LP(Q)%*¢ to b(v)%T. It follows that TV — T
strongly in LP(Q)?*? and so (e(ulY + au’))y converges strongly in L?' (Q)%*? to e(u; + au).
Reasoning as before and using the memory kernel property, we have that e(u’Y) — &(u) strongly
in L°°(0,T; LY (Q)4*9). In particular, e(u) — e(u) pointwise a.e. in Q as N — oo. We also
have that e(u)) — e(u;) strongly in L? (Q)%*? and pointwise a.e. on Q. We use Fatou’s lemma
with weak lower semi-continuity to take N — oo in the energy-dissipation equality (5.29) and

obtain

F(t;u(t), ue(t),v(t)) —i—/o /Qb(v) [T — F'(e(au))] ~€(ut)dxds+/0 (le(s),u(s))ds

< l}\r{nﬁigof [}"(t;uN(t),uiV(t),vN(t)) +/0 /Qb(vN) [TN - Fﬁl(s(auN))} ce(u))dzds (5.36)
+/ (l(s), u™ (s)) ds} = lim inf F(0; uo v, w1 n, v’ ) = F(0; 1, u1, vp),
0

N—oo

124



for a.e. t € (0,7). For the opposite inequality, we argue as in the proof of Proposition 5.15,
provided that the limiting triple satisfies the minimisation problem (5.2). Thus it remains to

show that
0 < [9u€ (u(t),v(t) +H'(v(t))] (x),

for every x € H}(€2) such that x < 0. Using Proposition 5.14, we recall that

ACAO TR

5 2—(UN —1)x + 2eVoY - Vx| dzdt, (5.37)
€

< i
for every ¢ € C([0,T]) such that ¢y > 0, with x as above. By the strong convergence of
(e(u™))y in L' (Q)**¢ and the definition of p*, we see that ¢*(e(au’)) = ¢*(e(au)) strongly
in L'(Q). Using the dominated convergence theorem, it follows that (b'(v™)¢*(e(au™)))n
converges strongly in L'(Q) to b'(v)¢*(e(au)). With this and the weak convergence of (vV)y

in L>(0,T; H*(Q)), it follows that

_ V) . 1
0= /Qw [axgp (e(au)) + 2?(12 —1)x + 2eVov - Vx| dzdt.

Hence, the limiting triple satisfies both the energy-dissipation equality and the minimisation
problem. We conclude that it is a solution of the dynamic fracture problem (5.1)—(5.3) in the

required sense. O

Next, we consider when p € (2,00). The proof of Lemma 5.20 cannot be adapted to large
values of p. Instead, we use the L°(0,T; H'(2)) bound on (v")x and the monotonicity of (vV)
as functions on [0, 7]. Indeed v™ (¢) < vV (s) in Q, for every 0 < s <t < T. Thus we can apply
the following theorem from [26]. We combine this (Theorem 5.22) with the Rellich-Kondrachov
compactness theorem to obtain a strong convergence result in H'(Q2) (Corollary 5.23). For the
limiting function constructed in this result, it satisfies a certain continuity property which is

needed to prove one direction of the energy-dissipation equality.

Theorem 5.22. Let v* : [a,b] — L%*(Q) be a sequence of functions on a bounded interval
[a,b] C R such that v*(t) < v¥(s) in Q for every a < s <t <b and k € N. Suppose that there
exists a C > 0 such that Hvk(t)HLZ(Q) < C for every k € N and t € [a,]].

There exists a subsequence in k, not relabelled, and a function v : [a,b] — L?*(Q) such that,
for every t € [a,b], we have that v¥(t) — v(t) weakly in L?(Q) as k — oo where vl 220 < C
for every t € [a,b] and v(t) < v(s) for every a < s <t <b.

Corollary 5.23. Let (vF)x>1 be a sequence of functions on [a,b] taking values in H'(Q) such
that we have Uk(t) < vk(s) in Q for every a < s <t < b and there exists a C > 0 such that
||vk(t)HH1(Q) < C for every k € N and t € [a,b).

There erists a subsequence in k, not relabelled, and a function v : [a,b] — H' () such that,
for every t € [a,b], the subsequence converges strongly in L?(Q) and weakly in H'(Q) to v(t).
Furthermore, |[v(t)|| 1) < C for every t € [a,b] and v(t) < v(s) for every a < s <t <b.
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Proposition 5.24. Let the assumptions of Corollary 5.23 hold with corresponding sequence
(vF)k>1 and limiting function v. Then v is almost everywhere continuous on [a,b] with respect

to strong convergence in L?(Q) and weak convergence in H'(Q).

This is proven using monotonicity and the fact that such a function can only have countably
many discontinuities. We are now ready to prove the existence of a weak energy solution to the

fracture problem (5.1)—(5.3) in the sense of Theorem 5.2.

Theorem 5.25. Suppose that wg, w1 € WL]')’pI(Q)d N LA Q) and vo € Hp 4(Q) such that
vo € [0,1] a.e. and the compatibility condition (5.7) holds. Let f € Cl([O,T];WBI’p(Q)d) and
g € CY([0,T); L” (90x)%), with | as in (5.4). There exists a triple (u, T, v) that is a weak energy
solution of (5.1)—(5.3) in the sense of Theorem 5.2.

Furthermore, for the sequence ((u™,v™))n constructed in Lemma 5.12 with stress tensor
TN = =1 (e(ul +aul)), there exists a subsequence in N, not relabelled, such that the following

convergence results hold:
o uN — w weakly in W22(0,T; L2(Q)%) and weakly-* in WH(0,T; W' (Q)%);
o TN 5T weakly-* in L®(0,T; LP()%*%);
o vV (t) — v(t) strongly in L*(Q)) and weakly in H'(Q) for every t € [0,T].

Proof. The convergence results follow immediately from the uniform bounds in Lemma 5.16,
Lemma 5.17 and Lemma 5.18, with Corollary 5.23. By the Aubin-Lions lemma, we have that
uN — w strongly in C1([0,T]; L” (Q)%). Furthermore, the limiting function v satisfies v € [0, 1]
a.e. in Q with v(t) < v(s) for every 0 < s <t < T and v(t) € Hp,,(Q). Furthermore,
v(0) = g since vV (0) = v{¥ and (v}’) N converges strongly in H'(Q) to vy by Lemma 5.3. Using
the pointwise convergence of (v )y, we argue as in the proof of Theorem 5.22 to see that the
required elastodynamic equation is satisfied by the limiting triple. Similarly, we can use the
same argument to deduce that F(T) = e(u; + au) pointwise a.e. in Q. As before, we deduce
that e(u) — e(u) in L=(0,T; LP (2)%*9) and e(u)) — e(u;) in LY (Q)?*?. As a result, we
can take the limit in the energy-dissipation equality (5.29) to obtain (5.36).
For the minimisation problem, we recall that, for every x € Hll) (©2) such that x <0,

O'N@®) N 1N N
0< XY (e(au™ (1)) + 5 (v (t) — 1)x + 2eVo (t) - Vx dz.
Q
Multiplying by an arbitrary ¢» € C([0,7T]) such that ¢» > 0 and integrating over (0,7"), we take
the limit in the resulting inequality and apply a density argument in the time variable to deduce

that, for a.e. t € (0,T), for every x € H}(2) such that y <0,

0< /Q U(Ua@»x@*(s(au(t))) + %(v(t) — 1)y + 2eVo(t) - Vy da.
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This is exactly equivalent to having that, for a.e. ¢ € (0,7),
E(u(t),v(t)) + H(v(t)) = inf {E(u(t),v) + H(v) : v <o(t), v € Hpy (D)}

Hence, the required minimisation problem (5.2) holds at a.e. t € (0,7). Due to a lack of
continuity in the time variable of v, we cannot improve this to equality holding at every point
in the time interval [0, 7).

To show that the opposite inequality to (5.36) holds (and thus prove satisfaction of the
energy-dissipation equality), we reason as in Proposition 5.15 and use the continuity result
from Proposition 5.24. Let N' C [0, 7] be a null set such that v is continuous on [0,7] \ N and
the minimisation problem (5.2) is satisfied at every point in [0,7] \ N. Fix ¢t € (0, 7] \N and
K € N>5. We define a time step hx = % For each 1 <k < K — 1, pick tkK € (hk — £ hk +
hTK) N ((0,T)\ N) and let t& = ¢, tI = 0. Then v is continuous at each time pomt i for
1 <k < K. We define discrete sequences

ul =utl), TE =T, of =ov@tf) for0<k<K,

and write
K

E(u(t), v(t)) — E(uo,v0) = ) [E(ug, vi) — E(ufy, viy)] - (5.38)
k=1

For the terms in the square brackets in the sum on the right-hand side, since the minimisation

problem is satisfied at the given time points, we see that

E(ug ,vi) — E(ufy,viy)

= g(ukK’U?) - g(ui{—lvvé() + 5(“?—1?“?) - 5(”?—1?”5—1)

UK
> / He) (¢*(elaug)) — p*(e(aufy))) dz + H(viy) — H(vi)
= hie / / o) “Hae(sup + (1 - s)upy)) - e(dup) dsda + H(vf ;) — H(vg).

We substitute this into (5.38) and use the previous notation for interpolants of sequences to

obtain

E(u( uo,vo) > H(vo) — H(v(t))
/ / / ) F ae(su®T + (1 - s)u™7)) - e(@) dsda dr.

In the limit as K — oo, we have b(vE) — b(v) pointwise a.e. on (0,t) x Q and
1
/ F~ ae(su®" + (1 - s)u"7))ds = F~ (ae(u)) strongly in LP((0,t) x Q)44
0
By the uniform bound on v, it follows that b(v% fo “ae(sufT +(1—s)uf"7)) ds converges

strongly to b(v)F~!(ae(u)) in LP((0,t) x Q)9 Suppose that (@) — e(u;) weakly in
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LP'((0,) x 2)%*¢ We conclude that

: ! lb(vK’ﬂ -1 K, ~ ) - e(@) dsde dr
hm/O/Q/O F ' (ae(su®t + (1 — )u7)) - e(@X) dsde d

K—oo «
— /t/ @F—l(s(au)) - e(uy) dw dr,
0 Ja «@

and, in particular, we get that

E(u(t),v(t)) + H(v(t)) > E(uo, vo) + H(vo) —i—/o /Q b(aU)F_l(s(au)) - e(uy) dz dr.

Reasoning as in Proposition 5.15, it follows from this that the energy-dissipation equality is
satisfied. It remains to show that e(@X)—e(u;) weakly in L (Q)?*?. In fact, we prove the

stronger result of weak-* convergence in in L>(0,¢; L (Q)9*?). By definition, we have that

K 1 K K th —tis i
e(duy ) = ge(uk —up ) = h[{]{l( e(u(s)) ds,
k—1
iy

where { denotes the average integral operator. The difference e is uniformly bounded with
respect to K and k by construction of the time points ¢5. Hence, we deduce that |le(dul)|, <

Clle(we)ll oo () Which implies that

HE(H{()”LN(O,t;LP’(Q)) < C||€(ut)||Loo(Lp’)-

It follows that (e(@f))x>1 converges weakly-* in L>(0,¢; L' (Q)%*9). Since @™ — w strongly

in L¥'((0,t) x Q)%, it follows that the weak-* limit of (e(@}<))x>1 is e(us) as required. O

This concludes our study of dynamic fracture problems in the case that the strain is not
a priori bounded. We have developed a full existence theory that can be extended to a more
general class of constitutive relations under certain growth and regularity conditions. In Chapter
6, we combine the techniques developed here with those of the strain-limiting problem from

Chapter 4 in order to investigate strain-limiting dynamic fracture problems.
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Chapter 6

Nonlinear fracture problem with
strain-limiting constitutive relation

In this chapter, we combine all of the work of the previous chapters to study a strain-limiting
dynamic fracture problem with mixed Dirichlet—Neumann boundary conditions. This is the key
contribution of this thesis. The work is submitted and contained in [84]. If we let p — 1+ in
the constitutive relation from Chapter 5, we obtain

T

e(ur + au) = T =:

Fy(T).

However, the function F} is clearly not injective, nor is it continuous at the origin. Instead, we
focus on a ‘smoothed’ version of this function. Namely, we consider F' as in Chapters 2, 3 and

4, defined by

e(us + au) = Ll =: F(T),
(1+|T|*)a
where a > 0 is a fixed problem parameter. We prove an existence result for a dynamic fracture
problem with a phase-field approximation that satisfies a strain-limiting property defined by
the above.

As in previous chapters, the main issue that needs to be overcome in the analysis is that the
stress tensor T and its approximations are bounded in L>(0, T; L' (2)?*?) at best, which has
very poor compactness properties. We are only able to deduce from this a weak-* convergence
result in the space of Radon measures on ). However, for the constitutive relation to make sense
pointwise, the stress tensor must be an element of some Lebesgue function space, or at least
be a measurable function. Using higher regularity results, we improve the known information
to deduce that the approximations in fact converge strongly in the space L'(0, T} Lllo C(Q)”lx‘i)7
irrespective of the value of a. This leads to some issues near the boundary due to the lack of
global convergence but it is possible with this convergence to show satisfaction of the constitutive
relation pointwise on Q). In the case that the boundary conditions are fully Dirichlet, as in the

problem without fracture from Chapter 3, a full existence result analogous to that of Chapter

5 is possible.
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To prove the higher regularity estimates, the presence of the phase-field function provides
an additional challenge. If we apply similar reasoning to that of Chapter 4, spatial derivatives
of v will appear alongside the stress tensor. We require high regularity of the phase-field
approximations due to the low integrability of the stress, namely, the gradient Vv must be
uniformly bounded on the space-time domain. Considering the construction of the problem, we
would expect the gradient to have absolute value of order ¢! because the parameter € gives a
sense of the ‘thickness’ of the approximation of the crack set. However, proving such a bound
in practice is not possible at present. Hence, in the spirit of [26], we introduce a so-called
rate-dependent term in the minimisation problem. By rate-dependent, we mean that we have
a functional that has v; as an argument. The presence of this term imposes a dependence on
the speed at which the crack may grow. The physical implication of including such a term is
discussed in detail in [26], particularly in the case k = 0. However, the presence of the term is
necessary for the analysis of the strain-limiting problem.

If (T™),, is a sequence of approximations to the stress tensor T, we prove that the se-

1
loc

L>®(0,T; L' (92)?*?), we also see that the sequence converges weakly-* in L% (0, T; M(Q)4*9) to

quence converges strongly in L'(0,T; L, (2)?*?) to T. However, from the uniform bound in
a limit T, say. As in Chapter 4, the difference between T and T is confined to the boundary and
in the weak form of the elastodynamic equation causes the presence of a penalty term on the
Neumann part of the boundary. A further consequence is that we are unable to show that the
energy-dissipation equality is satisfied when the Neumann part of the boundary is non-empty.
At best, we have an energy-dissipation inequality. In fact, even if we a priori assume that the
error term vanishes, we are still unable to prove that an energy-dissipation equality is satisfied.

The exact formulation of the problem of interest is as follows. We fix problem parameters
keN a>0and a>0. Let Q C R? be an open, bounded domain with Lipschitz boundary
such that 9 has a Dirichlet part dQp and a Neumann part 0Qy. Let T > 0 be a fixed
finite final time and denote by @ := (0,7") x Q the space-time domain. We look for a triple

(u, T,v) : Q — R% x R¥4 x R that satisfies, in some weak sense,

uy = div(b(v)T) + f in Q, (6.1a)

e(u + au) = F(T) 1= —+ i Q, (6.1b)
(1 [Ty

u=0,v=0 on (0,7] x 0Qp, (6.1¢)

b(v)Tn=g on (0,7] x 00, (6.1d)

u(0,-) = uo, ue(0,-) = w1, v(0,) = vo in Q, (6.1e)

with crack non-healing property v; < 0, satisfaction of the minimisation problem

E(u(t),v(t)) + H(v(t)) + Gr(v(t), ve(t))

= inf {E(u(t),v) +H(0) + Grl(v,v,(t)) : v e HpW Q) v < v(t)}7 (62
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and the energy-dissipation equality

F(t;u(t), u(t),v(t)) + t b(v) (T — F~(e(au))) - e(uy) deds + t(lt, u) ds
Q
0 0 (6.3)

t
+/WMM&®=f®wwmm
0

for every t € [0,T]. We recall that H]f)+1(Q) is the set of functions v € H¥(Q) such that v = 1
on J€Qp in the sense of traces.

We define the total energy functional F, elastic energy £ and surface energy H by

Ftu,w,v) = K(w) + E(u,v) + H(v) — (I(t),u),

b(v)

. 1
5(u,v)=/ —¢"(e(au))dx, H(v)=zlll—v!\§+6||Vv||§,
0 @ €

with kinetic energy K and external force | given by
1
K(w) = ol (0w = [ f0) udos [ g(t)-uds.
Q or,
The functional Gy, is defined on H™{k1}(Q) x Hmax{k1}(Q) by

Gr(v,2) = (v, 2)k2 == Z / 0% - 9%w dz.
o<k 7!
In the elastic energy functional, ¢* is the convex conjugate of ¢, where ¢ is defined on R%*? by
IT| t
o(T) = / — dt.
0 (1+t¢%a

We notice that F(T) = g—{i(T). On the open unit ball in R™? we have F~}(T) = %‘PT,

*

Furthermore, for every T € R?*? (with |T| < 1 for the second equality) we have that
T F(T) = (T) + ¢"(F(T)), T-FY(T)=p(F (T)) +¢"(T). (6.4)

This fact is used throughout this chapter and is vital in the derivation of certain estimates. The
function ¢* is finite on the open unit ball in R%*? and infinite outside of the closed unit ball.

Hence for the elastic energy to be finite in the strain-limiting setting, the strain e(w) must be

1

contained in the closed ball of radius ™" around the origin. We make the following observation

concerning a hypothetical solution of (6.1)—(6.3). Suppose that the initial data is chosen so that
max {|le(aug)||co, |lE(u1 + aup)||oo } := Cx < 1. (6.5)
Using the memory kernel property, we have that
e(au(t)) = e(aug)e " + /Ot e F(T(s)) ds.
Taking the supremum norm, it follows that

t
le(aw(t)]loo < e le(at) oo +/ et ds <1 —e°T(1-C,) =: C,.
0
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Since C, < 1, the right-hand side C is strictly less than 1. Hence, (o) is uniformly bounded
away from 1, provided that (6.5) holds. This is a safety strain condition as in the previous
chapters, except we now have the additional bound on the initial strain e(ug). Also, this is
clearly sufficient in order to guarantee that the initial energy (particularly the initial elastic
energy) is finite.

Due to the presence of the functional Gy in the minimisation problem (6.2), we can no
longer guarantee that v > 0 on (). For this reason, we must modify the choice of b from the
previous chapter to ensure that b is uniformly bounded below and achieves its maximum over
(—o0,1] at 1. We later ask that k > % so, by the Sobolev embedding theorem, v € L*(Q).
Approximations of the phase field function will also be bounded in this space. Hence such a

boundedness restriction is essentially obsolete in this case. However, for simplicity, we assume

that b is non-decreasing on R and bounded below. A standard choice of b to consider would be
b(v) = max{0,v}* + 7, (6.6)

where 17 > 0 is a fixed constant. However, we can consider a more general class of functions

satisfying the following requirements:
e be CI(R);
e there exists a positive parameter 7 such that b(v) > n on R;
e b is monotonically non-decreasing on R.

Examples include b(v) = e” + n where n > 0 is fixed, or a smoothing of (6.6).

For strain limiting problems of the type (6.1)—(6.3), we do not require a compatibility con-
dition of the type (5.7). Such a condition does not make sense because we do not prescribe
initial data for the rate dependent term v:(0). We only need the minimisation problem to hold
at a.e. t € (0,7). However, as in Chapter 4, we require a compatibility condition between the
Neumann boundary data and the initial data. Due to the presence of b(v) in the elastodynamic

equation, we modify the condition slightly to
9(0) = b(vg) F~(e(uy + aug))n  on 0Qy. (6.7)

This is vital in order to bound approximations of us(0), used in obtaining higher regularity
estimates of the displacement and the stress tensor with respect the time variable.

As with the analysis of the strain-limiting problem without fracture, the first step in proving
the existence of a solution is to consider an approximation that replaces the bounded function

F' in the constitutive relation with one that is unbounded. Namely, we consider the problem of
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finding a triple (u, T, v) such that

uy = div(b(v)T) + f in Q, (6.8a)

e(us + au) = F,(T) := Ll + T in Q, (6.8b)
(1+[Tf*)=

u=0,v=0 on (0,77 x 0Qp, (6.8¢)

b(v)Tn =g" on (0,7] x 0Qy, (6.8d)

u(0,-) = ug, w(0,-) = uy, v(0,:) = v in ©, (6.8¢)

subject to the crack non-healing property v; < 0, the minimisation problem

En(u(t),v(t)) +H(v(t)) + Gr(v(t), ve(t))

6.9
_ inf {Sn(u(t),v) +H(©) + Gr(v,0(t)) = ve HRF Q) 4 < v(t)} . 69
and the energy-dissipation equality
Fu(t;u(t), ue(t),v(t)) + t b(v) (T — F, ! (e(au))) - e(uy) dzds + t(lf,u) ds
‘l fows

t
+ / lon($)I12 5 ds = Fu (0 g, 1, v0),
0

for every t € [0,7]. The functional F,, is defined by replacing £ and [ in F with &, and ["
which are defined as follows. The body force approximation [" is defined by replacing g with
g" (see below for the definition) and the approximate elastic energy function &, is defined as
with £ but ¢* is replaced by ¢} . The function ¢}, is the convex conjugate of ¢, where ¢, is an

anti-derivative for F;,. In particular, we define

Tl t IT? .
on(T) :/ Cat+ T Ty = sup {T-S - Fu(S)).
0 (1+1t%)a 2n ScRdxd

Expressions analogous to those in (6.4) hold but on the whole of R?*?¢ because F), is a C'-
diffeomorphism on R?*? to itself (cf. Lemma 2.3).
The approximation g" is defined as in Chapter 4. Let x € C2°([0,00)) be a smooth cut-off

function such that y = 1 on [0,4], x = 0 on [1,00) and there exists a constant C' such that

12
IX'(t)] < Ct~! on [0,00). Define g" on [0,T] x 90y by

g"(t, ) = x(nt)b(vo) F,, * (e(ur + aug))n + (1 — x(nt))g(t, z).

We choose this approximation so that we have a compatibility condition like (6.7). Indeed, we
have that

g"(0) = b(vo)F;, He(uy + aup))n (6.11)
Reasoning as in Chapter 4, if g € W1*°(0, T'; L?(0Qx)?), we have g" — g strongly in C ([0, T]; L?(0Qy)%)
and weakly-* in W1°°(0, T; L?(0Qx)?). Furthermore, we have that

lg" ||L°° L2(8QN)) <C(1+ HgHLoo(L2(aQN)) + HgtHL2(L2(aQN))) )

g | oo (r200n)) < C (14 llg¢ll oo (22000 ))) »
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where C' is a constant that is independent of n. If g € W21(0,T; L?(02x)%), then (g"), is
bounded in W21(0,7T; L2(092x)?) and converges in this space to g. It follows that, provided
f e W20, T; L?(Q)9), then (I"), is bounded in W?21(0,T; W51’2(Q)d) and converges weakly
in this space to (.

The proof of the existence of a solution to (6.8)-(6.10) follows similar lines to the proof in
Chapter 5. In fact, the results of that chapter already tell us that a solution to the problem
exists in a weak energy sense. However, to obtain the necessary higher regularity estimates,
we use the exact structure of the time discrete problem. Furthermore, due to the presence of
the linear term in the constitutive relation, we do not need to use a Galerkin approximation
in space. We are essentially working in the p = 2 setting, so appropriate bounds are available
in the time discrete setting that allow us to use the Browder—Minty Theorem (Theorem 2.2)
immediately without a discretisation in space.!

Now we introduce a time discrete approximation of the regularised problem. We prove that
the solution satisfies various properties such as a discrete energy-dissipation inequality, as well
as uniform estimates. These allow us to take the limit in the time step to obtain a solution
of the time continuous regularised problem (6.8)—(6.10). We start with assuming k& > 0 and

gradually introduce restrictions on k£ only when they are needed.

Theorem 6.1. Fiz a reqularisation parameter n € N and a time discretisation parameter
M € N. Denote v = (n,M). Suppose that ug, u; € WE’Z(Q)d, f e C’l([O,T];WBLQ(Q)d)
and g € CY([0,T]; L2(0QN)?). Let I" be as defined above. Suppose that vy € Hglixl{k’l}(Q)
with vy € L>(Q). Furthermore, suppose that b € C*(R), b is uniformly bounded below by some
n > 0, and b is non-decreasing. Denote the time step h = % and define initialisations for the

problem by

vy _ v Y _
uy =up, u' | =1ug—huy, v;="uvp.

We denote Iy, = 1"(t}),) where tg, = mh for 0 <m < M.
Considering the statements recursively, for every 1 < m < M there exists a unique u,, €
Wé’Q(Q)d such that

/ *u, - w + b(vg, ) Fy H(e(0u), + au,) - e(w) da = (I, w), (6.12)
Q

for every w € Wé’z(Q)d, and there exists a unique vy, € Hgfi{k’l}(Q) such that

1
En(tup, vp) + H(vn) + 357Gk (Vi = vy U = Vi)

(6.13)

"We could prove the results in Chapter 5 without using a Galerkin approximation in space but the uniform
estimates become much more technical to deal with. It is simpler to introduce the approximation in space and
obtain a solution to a discrete in space, continuous in time problem from the fully discrete problem rather than
going directly from a discrete in time problem to the original problem.

1 max
= inf {En(u;’n,v) + H(v) + ﬁgk(v —v) _u—vl _):veE HDH{M}(Q), v <)
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Proof. First, we note that by construction v, < vg for every 0 < m < M. It follows that

n < b(vm) < b(vp). The right-hand side is uniformly bounded above by b(||vg|loc). Hence,
if the solution sequence exists, (b(vi,))m is uniformly bounded on Q. Fix m € {1,...,M}
and suppose that the result holds at the (m — 1)-st time level. Consider the solution map

S:WE () = W5 (Q)? defined by

—2u” v — Y
(Stup) = [ HEEA T oy, (o (M au) ) et
Q

It is easy to check that the hypotheses of the Browder-Minty Theorem (Theorem 2.2) are

satisfied and, in particular, that S is a bijection. We deduce that there exists a unique u,, €
W52 Q)% such that S(up) = L in W;,%(Q)%. Equivalently, g, is the unique solution of

(6.12).
max{k,1}

For the existence of a function v}, € Hp " () solving the minimisation problem (6.13),

define a functional A on Hgf;{k’l}(Q) by

Av) = En(usfyyv) + H(0) + 52 Gl = 0,10~ 0 )
— [ Mgt eaun) + - 0P + Ve + o - o R
Clearly A(v) > 0 and A(0) < oo so the infimum exists. If (v;);>1 is a minimising sequence for
A, it follows that (v;);>; is uniformly bounded in H max{kJ}(Q). Hence, up to a subsequence,
not relabelled, it converges weakly in H™{%1}(Q), strongly in L?(€2) and pointwise a.e. on {2
as | — oco. By weak lower semi-continuity, the continuity of b and Fatou’s lemma,

inf A(v) = lilm inf A(v;) > A(v) > inf A(D).
—00

seHp (@) 0<0], seHp (@) 5<0],

To see that the choice of minimiser is unique, we note that o — A(?) is strictly convex and

apply a standard argument. O

We state Lemma 6.2 and Corollary 6.3 without proof, as they can be proven as in Proposition
5.5 and Corollary 5.6, taking account of the extra rate-dependent term. Similarly, we can obtain
an energy-dissipation inequality (Proposition 6.4), following the proof of Proposition 5.7.
Lemma 6.2. Let the assumptions of Theorem 6.1 hold and let (u?n,v,%)%:l be the sequence
of solutions to the time discrete, regularised problem. For every 1 < m < M and every x €
Hglj_);{k’l}(ﬂ) such that Y < v we have

m—1’

1
05 [0uinlu ) + H (R + 500805, = G 1v0 = 0 )| (R 5, )

b (vh) - . 1 -
= [P G ene@un) + o~ DR =)
Q o 2e
+2eVo), - V(X — vl 1) dz + (0v), X — v 1 )k2,
where 0yGi, (v, w)[2] = (w, 2)k2. In particular, for every x € Hgax{k’l}(ﬁ) with x <0,

m—1’ m—1

0< [81,8”(141, vl ) +H (V) + %&)Qk(v% v Lol —vl )| (x)-
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Corollary 6.3. Let the assumptions of Theorem 6.1 hold and let (um,v?n) _1 be the sequence

of solutions to the time discrete, reqularised problem. For every 1 < m < M, we have that

1
Oun(wm; vm) +H (v7,) + 500Gk (v, — U ~ Up1) | (607,).

v
Um—1>Um m

Proposition 6.4. Let the assumptions of Theorem 6.1 hold and let (u,, v%)%zl be the sequence
of solutions to the time discrete, regularised problem. For every 1 < m < M, the following

energy-dissipation inequality holds:

Fo(t)sul  du) vl ) +hz H‘SU;‘YHIQc,QthZ(M]’u’Y

+hZ/Qb(v;7_1 ( (6u +auj)) F,;l(e(au])) '5(5“;/)d$S]:n(O;uo,ul,vo).

Now we investigate M-independent bounds on the solution sequence so that we can take

the limit as M — oo and obtain a weak energy solution of the regularised problem (6.8)—(6.10).

Lemma 6.5. Let the assumptions of Theorem 6.1 hold and let (um,v%) —1 be the sequence
of solutions to the time discrete, regularised problem. There exists a constant C = C(n),

independent of M, such that

2 Z 2 52
1<ma<XMHu H1,2+1glna§XMH5u H2+ max v, Hk2+h |6y, ”1,2+Hévm‘|k,2)

< () [1+ (0(0)lloe + 1)lfsoll3 2 + a3 + ool 2 + W32y + W21 -

Proof. Expanding out the energy-dissipation inequality, we use the Korn—Poincaré inequality

to see that

16w I3 + lud i o + o7, \I12+hZH5v”Hk2+hZH€ (6u))3
7j=1

< [|6w, 13 +C(n)/Qb(v?n_l)wi(s(a%))dwr oI 2 +hZH5v]Hi,z

Loy / b)) [ (0w + au))) — By (e(on)))] - e(ou)) da
j=17¢
< C |1+ Fu(Osug, ul, v9) + (I udy) —h Y (60, u]_y)
j=1

To ot luall3 + llvollf o + 170V 1210 + 1311 5

< c[l T (b0 oo + 1)

||Um||12
+hZ||5ﬂ||212+hZu 7”12} funlte
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We absorb the final term on the right-hand side into the left and apply the discrete Gronwall
inequality to yield the following:

M
2 2 2 2
Jfax [loug 3+ max g e+ max [loll3s + Zl (6w l17 2 + lI6vpnll7 2)
m=

< O 1+ (Ibo0)lloo + Vluol2 o + a3 + ool o + 1312y + Ellz2r-12)]

We can write v, = vy +h 7", dv] and so we get that

M
2 2 2
(max [of,[F, < C (|rvo||k,2 +hy ||5vm||k,g> .
- = m=1
Combining this with the above, we conclude the required result. O

M
m=1

~

Lemma 6.6. Let the assumptions of Theorem 6.1 hold. Let (w,vm) be the sequence

of solutions to the time discrete, regularised problem. There exists a constant C = C(n),

independent of M, such that

M
B IR l3 + max 6w 3 < C) [T+ 131y + Iy 1
m=1 - =
+ (14 [[b(v0) [loo) ll€ (1 + aug) |3 + Hul\@]

Proof. We use an argument similar to one from Chapter 4, adapted to the time discrete setting.
Let 1 < m < M. We test against h(6%u,, + ad,) in the elastodynamic equation (6.12) and
now consider each term in turn. We rewrite the term involving the nonlinear function F;, in the

following way:
/Q b)) (e(0ul, + aul,)) - e(h(6%ul, + adul,)) da
= [ Mo DF e+ i) - s(Fu, + o) do
- /Qb(vqu)Fnl(E(éu?nl +oau,, 1)) - e(0u,,_; +ou,, ) dz (6.14)
— [ b [P eou,+ o)
— By M e(0u],_y + au), )] (0w, +au], ) de.

| N
Define a fourth-order tensor B, (T) for each T € R*4 by B (T) = %(T) with corre-

sponding inner product given by
(S, U)g, (1) = BI*(T)S;; U

By definition and the fundamental theorem of calculus, we have that

1
(F\(T) — FyY(S)) T = /0 (T.T — S)5, (o1 (1_sy5) 5.
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On the other hand, we see that
pn(F,H(T)) = pu(E,1(S))
= — /01(1 —s)(T—=S,T—8)p,(sT+(1-s)s) ds + /OI(T, T — S)B, (sT+(1—5)8) 48
Rearranging and using the inner product property yields
(F () = F(8)) + T = n (B, H(T)) — ou (' (S))

1
n /0 (1— 8)(T — 8, T — )5, (1 (198 45 = 0n(E () — gu(F1(S)).

Returning to (6.14), it follows that

m—1

Z/Qb(v
[

/Q (07, ) F; N (e(0ul, y +aul, 1)) -e(0ul, , +oaul, ;) dx

/Q b )E N e(dul, + aul)) - e(h(%ul, + adul,)) dz

m-1)Fn(€(0u, + aul,)) - e(dud, + aug,) do
Y

(6.15)
+ /Q b(vm_1) [en(Fy H(e(0uh,_y +aup, 1)) — ou(E,  (e(0u), + aul)))] do

- / bl _y) [Pn(e(6ul, + aul)) — @h(e(6ul_, +ou, )] do
QO

> / (o, )t (e(BuT, + o)) — b(v], )t (e(Bul, y + o, ) da,
Q

using the relation ¢, (F, *(T)) — F, }(T)- T = ¢} (T) and the non-decreasing property of b. We

n

insert (6.15) into (6.12) with w = h(6%up, + adus,) to deduce that
a
hllo*ui i3 + 5 (10unnllz — 1wy, oI5 + [l0wg, — du, 4 13)

4 / b(u, )t (e(ud, + auy)) — (vl )t (e(dul, y +aul, 1)) dz
Q

< (1, 6uf, + aul,) — (1]

10wy Faw) )+ R0, ouw) | +ou) ).

m

Using this recursively, it follows that

B 6%l |3 + 6ug )3 + /Q (o)t (e (ud, + o)) da
j=1

<C {H%H—ml!sw% +aud,)llz + 11 -12lleur + auo)llz + B 1161712 5

j=1
m—1
03 el + au)) + funl + [ bluoer (el + auo»dx].
=0 @

Noting that ¢ (T) > C(n)|T|?, we apply Young’s inequality to absorb the e(duy, + auy,) term
on the right-hand side into the left. After an application of the discrete Gronwall inequality,
the required result holds. O
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The following estimate demonstrates the extra regularity due to the presence of the func-

tional Gr. However, it is only possible under a restriction on the size of k.

Lemma 6.7. Let the assumptions of Theorem 6.1 hold. Let (u%,v;’n)%zl be the sequence of
solutions to the time discrete, reqularised problem. Suppose additionally that k > %. There

exists a constant C = C(n), independent of M, such that

Jnax (50125 < C00) (14 10 ey, 0] 2 (10000) oo + 1) 72
2 2 2
ol 3 + loollF o + W12y + Nillay-1)

where I, denotes the interval [= 1107 oo s V7]l 00,5) and ||07 ||oo s := maxi<m<nr ||vm|loo-

Proof. First, we note that ||v7|ls« < oo because of the estimate from Lemma 6.5 and the
Sobolev embedding H*(Q) c L>(Q). From Corollary 6.3, we see that

v 1
||5U?n||i72 = —/Q (v )5 nen(elau)))) + 2—6(1)77,Z —1)ov,), + 2eVvy), - Vov), dx

< C(n) [ (@) llool10v7, oo lle(ul) I3 + o, = 2lldv |2 + V07, 2l Vdv7, ||2]
< C(n) [I' (W) llsolle ()13 + [lv7, = 1|2 + [V [l2] 1607, k.2,

using the Sobolev embedding theorem to get |[dvllco < C||dvh|lk2. We notice that b’ is

continuous and so
1 ) oo < I8l 20wy < 00,
Using Lemma 6.5, we have that

max Hs(uV)HQ—f— max |lo), — 1|2 + max IV |2
1<m 1<m 1<m

scmﬂrwwmeWwﬂb+ﬂmem+nmﬂﬁ+wm@+mwﬁ
Sl L] 7 14 A §
from which the asserted bound follows. O
Using the notation of Chapter 5 for interpolants, we immediately have the following.

Lemma 6.8. Let the assumptions of Theorem 6.1 hold. Let (um,v;'n) _, be the sequence of

solutions to the time discrete, regularised problem. Suppose additionally that k > 4. There

2
exists a constant C = C(n), independent of M, such that

max |[w?(¢)|12 + max | i " (t)||12 + max Hu%i”(t)
t€(0,T] t€[0,1] telo, T te[0,T]

1,2

T
+ ()12 dt + max ||T7(¢ + max |[v7*E max |07 (¢
| Ot ma 170 + mae 070 + mﬂu Ol

< () [U+ 000} oo + 'Lz (1] 1+ o3

+ HlH%oo(Wsz) + HltH%Q(W*L?)}-

139



6.1 A solution to the regularised problem

Theorem 6.9. Let the assumptions of Theorem 6.1 hold and suppose additionally that k > %.
There exists a weak energy solution (u™, T™ v™) of the regularised problem (6.8)-(6.10) in the
following sense. For every test function w € W})’Q(Q)d and a.e. t € (0,T), we have the weak

elastodynamic equation

/Q wl(t) - w + b ()T (1) - e(w) dz = (" (t), w), (6.16)

where the stress tensor is identified by (6.8b) pointwise a.e. in Q. For a.e. t € [0,T], the
minimisation problem (6.9) is satisfied and for every t € [0,T], the energy-dissipation balance
holds. We have the crack non-healing property vy < 0 and the initial conditions are satisfied in

the sense that

Jm [[l”(2) —wollv2 + llug (8) — wall2 + [|[v"(2) = vollk.2] = 0. (6.17)

Proof. Using the bounds in Lemma 6.8 and standard compactness results, there exists a subse-
quence in M, not relabelled and independent of n, such that the following convergence results
hold:

o W' X um weakly in W0 (0, T; W5 (Q));

o Wt W Aoqyn u} weakly-* in L>°(0,T; WL];Q(Q)d), respectively;

o W X uP weakly-* in L°(0,T; W5(Q)%) and weakly in W2(0,T; L2(Q2)4);
o 77 5 ™ weakly-* in WH(0,T; H*(Q));

o vVE 2 o™ weakly-* in L(0, T HY, 1 (Q)).

We have v} < 0 on @ by construction and weak convergence preserves ordering so v < 0
a.e. on ). We apply the Aubin—Lions lemma and the Sobolev embedding theorem to see that
() s converges strongly in C([0, T]; H(Q)NC(Q)). Consequently, (vVF); converges strongly

in L>(0,T; HL(Q) N C(Q)). In particular, for 1 <m < M and t € (t],_,th), we get
t—t th —t
)~ T 8) =0, — e - Pt = (1, — 060,

which yields

Vot Y 2
[0 =5y < B max, 07z < Ch.

for a constant C, independent of M. Thus v+ — %7 — 0 strongly in L>(0,T; H*(Q)). By
the strong convergence of ©7 and the Sobolev embedding theorem, the strong convergence of
(v7 ) follows. Applying the Aubin-Lions lemma to w” and w?”, we see that these sequences

converge strongly in C([0,T]; L?(22)9) to their respective limits. Recalling the initialisation for
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the discrete problem, u"(0) = wg and u?(0) = uy in L2(Q)%, and v"(0) = vg in H'(Q) by
standard arguments, so (6.17) holds.

We define the stress tensor by T? = F,!(e(u] + au”")). By Lemma 6.8 and the bound
|F71(T)| < n|T), it follows that T7 is bounded in L>°(0, T; L2(Q)4*9), independent of M. In
particular, we have that T7 = T™ weakly-* in L>°(0,T; L*(Q)%*%) as M — oo for some limit
T".

We rewrite the elastodynamic equation (6.12) in terms of the interpolant functions, test

against a fixed w € W})’Z(Q)d, multiply by an fixed but arbitrary x € C(]0,7]), and integrate
over [0,7] to deduce that

T
/ﬂu?ﬂ(Xw)+b0ﬂ*jT7-st0dxdt::/ (1 xw) dt.
Q 0

Letting M — oo yields

/OTX. (/Q ul - w +b(" (1) T"(t) - e(w) dx — <ln’w>> dt — 0.

By Lebesgue’s differentiation theorem, the weak elastodynamic equation (6.16) holds for a.e.
t € (0,T) and every test function w € W})’Z(Q)d as required.

Applying the Aubin-Lions lemma to (ﬁz’/ + au? )y, we see that the sequence converges
strongly in L2(Q)? to u} + au™ as M — oo. Hence we have that

lim b )T - e(u] + au? ") dz dt
M—o0 Q

T
= lim [— / w)” - (a] + au’ ) dedt + / () + au? ) dt
Q 0

M—o0
T
:—/ ug-(u?+au”)dxdt+/ (", uf + au”)dt
Q 0
:/uwwmqw+wwma
Q

Applying Minty’s method (cf. the proof of Theorem 2.7), we deduce that e(uy +au™) = F,(T")
pointwise a.e. in Q.

To prove that the minimisation problem (6.9) is satisfied, we note that u”* — " and
w?t = P strongly in L2(0,T; WH2(Q)?). This is proven by adapting the reasoning in
[73] (namely, Lemmas 3.9, 3.10 and 3.11) to the nonlinear problem. The sequence (v?'"),
is bounded in H*(Q) and thus in L>(Q). By the previous reasoning, the sequence also con-
verges pointwise a.e. on Q. The same is then also true for (b (v""))y, with limit b/ (v™)
with respect to pointwise convergence on ) and weak-* convergence in L*°(Q). Using the
dominated convergence theorem, we see that (b'(vV")pk(e(au™ ™))y converges strongly in
LY(Q) to b/ (v")¢} (e(au™)). Furthermore, by the strong convergence of u”* and w?"* in
L2(0,T; W2(Q)9), it follows that e(w; + au”t) converges strongly in L?(Q)%*?. Thus, TV —
T" strongly in L?(Q)%*<.
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From Lemma 6.2, for every x € HE () such that x < 0 and every 1 € C([0,T]) with ¢ > 0,

we have

' T
0§/Q<b( ) Xl (e (au7»+))+21€zp(v%+_1)x+2€vm,+.vx) +/0 (@ZWX)]CQ’

which, taking the limit as M — oo, leads to

b/ 1 n n r n
o< [ (F v teton) + v~ 2690 9x) + [ s
It follows that, for a.e. t € (0,T) and every x € HP(Q) such that x <0,

0 < [Bu&n(u”(t), v (t)) + H'(v™(1)) + BuGr (V" (), v (1))] (X)-

Thus the limiting couple satisfies the minimisation problem (6.9).
It remains to show that energy-dissipation equality holds. Using the energy-dissipation

inequality for the discrete solution sequence, we immediately deduce that

Fult;u" (1), uf (t), v" (1) + /D /Q b(v") (T" — F; H(e(au™))) - e(u}) dz ds o
6.18

t t
ﬁ/@m@®+/WﬁW&®SEWWMm%)
0 0

For the opposite inequality, we cannot argue as in Proposition 5.15, due to a lack of continuity

of the rate-dependent term v;'. Instead, suppose that, for a.e. ¢t € (0,7,

0< /QUZ‘t(t) S (1) + b(u" (8)) T (2) - e(uy () dz — (1" (¢), ui' (1))
+ [0uEn(u” (8),0" (1)) + H' (0" ()] (7' (1) + o} ()17 -

Integration with respect to the time variable yields

¢ t
0< / / uyy - uy +b(")T" - e(u))deds — / (1", uy) ds
0

1 t
/ / vt oy (e(au™)) + 2—(1}” — Dvf +2eVo" - Vol deds + / w7 5 ds
€ 0 ’

-4 (’“;'b +—/£l‘””>w:<e<u?-+<mu">>dx-—<szﬂw) {0 ) ds

b [ b [ e+ )~ F )] el dads

(6.19)

+HWW»—HWWD+AHW%ﬂS
——[KXzf%s))%-éh(u”(s),v”@ﬂ)—%?ioﬂ%s))—-<F%s),u”(s)ﬂizé%-]£ (I, w"y ds
//' (e(u + aum)) — H%WMWWWM®+AM%ﬂ&

This is equivalent to

t t
.HQWMMMSENWWWﬁ@m%Dﬁ/WWW®+/Hﬁﬁﬂs
0 0

// e(ul + aw™)) — F; (e(au™)] - e(uf) de ds,
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which, together with (6.18), shows that the energy-dissipation equality is satisfied at a.e. ¢ €
(0, 7). Each term in the energy-dissipation equality is continuous as a function of the time
variable. Hence the energy-dissipation equality is satisfied at every point in [0, 7.

It remains to show that (6.19) is satisfied. First, we test in the elastodynamic equation

(6.16) against uy to see that
0= /Quft cup + (™) T - g(uy) de — (1", uy).
Thus it remains to show that
0 < [Bu&n(u™(t), v (1)) + H'(v"(t))] (0] (1)) + o7 (1)][7 2- (6.20)
However, we know that the minimisation problem is satisfied and in particular we have that
0 < [Ou&n(u” (1), 0" (1) + H' (V" (1)) + BuGr(v" (), v (£))] (1),

for every x € HE /() such that y < 0. Since v}'(t) satisfies these hypotheses for a.e. t € (0,T),
(6.20) holds as required. O

Corollary 6.10. Let the assumptions of Theorem 6.9 hold and let (u™, T™, v™) be the solution
triple constructed from the limit of the time discrete problem. For a.e. t € [0,T], the following
equality holds:

[Oun (™ (8), 0" (1)) + H' (0" (1)) + BuGr (0" (8), 07" (1))] (v} (1)) = 0.

Lemma 6.11. Let the assumptions of Theorem 6.9 hold and let (u", T" v") be the solution

triple constructed there. There exists a constant C, independent of n, such that

Tn2
sup [ (O3 + sup [l ()15 + | o+ T P dear
te[0,T7] te[0,T) Q n
2 2 2 T 2 2
<C |1+ ol + a5+ Dl uoony + | 1718+ ol an ]

Proof. The reasoning follows the same argument as that of Theorem 2.4. However, we need to
take care of is the term resulting from the presence of the boundary traction term g". First,
we note that

"]

T
le(u) +au™)| <1+ )
n

We apply the trace theorem and the Korn—Poincaré inequality to get

t t
/ / g"-up +audSds < C/ N1 =1 2w + cu™||1 2 ds
0 Joay 0
2 Lo LT
< C0) |1+ lgllzeer20ay)) + ; 1911z 902y ds| + 6 " ds.

The final term on the right-hand side can be absorbed into the left of the elastodynamic equation,

testing with uy’ + au”. d
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With Lemma 6.11, we can use the energy-dissipation equality to obtain bounds on the
phase-field function. We do not include the details because it is similar to Lemma 5.18. It is at
this stage that we need the safety strain condition (6.5) to hold. This ensures that the initial
elastic energy &,(up,vp) can be bounded above independent of n. In particular, we claim that
the sequence (7 (e(aug))), is uniformly bounded in L'(Q). Convex conjugation is an order
reversing process and ¢ < ¢, so we have that ¢} (T) < ¢*(T) for every T € R¥9. Recalling
that % = F~Y(T) and ¢*(0) = 0, we get

. eleruo) QIC2
or(elaug))dz < | ¢*(e(aug))dz = ——Fdsde < ————,
Q 1—3“)5 (1—-C%)a

where C, is the constant from the safety strain condition (6.5).

Lemma 6.12. Let the assumptions of Theorem 6.9 hold and let (u™, T™, v™) be the solution
triple constructed there. Suppose additionally that the safety strain condition (6.5) holds. There

exists a constant C, independent of n, such that

T
sup / er(elen(®))dr+ sup Oz + / e (®)lF2dt < €1+ uol
tel0,T] /O te[0,T 0

T
o100 + et 13 + lvoll3 2 + 16(00) oo + N2 12y + /0 )2, ]

Lemma 6.13. Let the assumptions of Theorem 6.9 hold and let (u", T" v") be the solution
triple constructed there. Suppose additionally that the safety strain condition (6.5) holds. There

exists a constant C, independent of n, such that

sup [[of ()25 < C |1+ V| eqsy . )] [14"”0"%4‘”“0”1@04-‘UIH%'FHUOH%,Q
te[0,T] L(Q)

T 2
150 loe + 1) + /0 ut<t>u2_1,2dt] .

Proof. From Corollary 6.10, we have that, for a.e. t € (0,7),

lop ()12 = [ae< (1), 0" (6) + H (0" (1)] (27 (1)
—— [ P 0 el () + 5070 = e (0 + 269670) - T 1)

[|b st Olla | o (elan©)) o+ 1070 - Ll O
n ||W<t>uz||w<t>uz]

2
L4 It (| (0w @) a2 )+ 1" OIB + 90701

N I ()17
2 9y

using the Sobolev embedding theorem for the second inequality. Applying Lemma 6.12, the

result follows. O
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Now we focus on improving the regularity estimates on the approximations of the stress ten-
sor (T™),. As in Chapter 4, we look for weighted estimates on the time and spatial derivatives.
These allow us to deduce a pointwise convergence result for (T"),,, mimicking the ideas from the
chapters on strain-limiting problems without fracture. Now we have the added complication of
the phase-field function. Lemma 6.13 is essential in the derivation of higher regularity estimates
for (T™),. For time regularity, the assumption k& > g is sufficient because it guarantees that
(vf")r, is a bounded sequence in L*(Q). However, for the spatial regularity estimates, we need
(Vo™),, to be uniformly bounded in L>(Q)?. Thus, we ask for k > 4 + 1 in this case.

We start with the regularity in the time variable. We work directly with the time dis-
crete approximation rather than the time continuous solution of the regularised problem to
ensure a fully rigorous argument. We construct a bound that is uniform in n and M, and let
M — oo. By weak lower semi-continuity and the pointwise convergence of (T7)ys, we deduce
an n-independent bound on T}. The issue that occurs if we try to work with the time con-
tinuous solution of the regularised problem is that wj, is not continuous at ¢ = 0. Thus it
cannot be identified via the initial data. However, for the time discrete problem, 62ua’ is not
currently defined. We need to define an initialisation term uZQ and use it to define 52ug, an
approximation of ul;(0). We choose u”, so that 6>u] is bounded in L?(2)?, independent of
M and n, which is used to show that (6%u,)?_, is uniformly bounded in L?(Q)? with respect
to M and n. Taking M — oo, we get a uniform bound on (u}}), in L>=(0,T; L?(2)?). Hence
T" ¢ W2(0,T; L?(Q)?*?), but with bound depending on n. However, this higher regularity
can be used to find a weighted estimate on T} that is uniform in n.

The compatibility condition is essential here. In particular, we make us of the fact that the
approximation g" is chosen so that (6.11) holds. Suppose hypothetically that w}, is continuous
from [0, 7] into L?(2)%. Testing in the elastodynamic equation (6.16) at time ¢ = 0 against

u},(0), we have that

s (0)13 = /Q —b(v"(0))T™(0) - e(uf; (0)) dz + (I"(0), w3 (0))

= / —b(vo)F; He(ur + aup)) - e(ul(0)) + £(0) - ulk(0) dz —I—/ E (e(uy + aup))n - ull(0)dS
Q 00N

= /Q [div (b(vo) Fyy (e(ur + ang))) + £(0)] - uf(0) dz,

where the boundary integral from the integration by parts vanishes due to (6.11). It remains to
show that div(b(vg)E,; ' (e(u1 + aug))) is bounded in L?(92)? independent of n. This is shown
in the proof of Proposition 6.14 below. Without such a compatibility condition, we would need
a bound on u;(0) on the Neumann part of the boundary 9§2x. We use analogous reasoning to

show that 6%u] is bounded in L?(Q)4, independent of n and M.

Proposition 6.14. Let the assumptions of Theorem 6.9 hold and let (u", T™ v™) be the so-
lution triple constructed there. Suppose additionally that the safety strain condition (6.5)
holds. Furthermore, assume that f € W2(0,T; ng’z(Q)d), g € W210,T; L?(09x)%), and
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ut+aug € le)’z(Q)d. Then T™ € W21(0,T; L2(Q)) and there exists a constant C, independent
of n, such that

sup Hu”(t)H2+/ TeP T < o 1t ) ]
tt 2 Q n = L (IH'Un”LOO(Q))

t€[0,T7] (1 + |Tn|)1+a
1+ (ol 2 + [lwollo0 + flut |13 + v

12+ 16(v0)lloo + Il oo w12y + el 7212,

2
+ llut + auollz + [l Lrw-1.2)] ™

Proof. Fixy = (n, M) and let (ug,,v,)M_, be the discrete solution sequence from Theorem 6.1.
Denote the discrete stress Ty, = F; 1 (e(dur, + aud,)) for 0 <m < M. We fix m € {2,..., M}

n

and test in the elastodynamic equation (6.12) at levels m and m — 1 against v = 62, + adu,.

We subtract the resulting inequalities to obtain

[ 0T = b5 T ) e (020, + vy

+ (6%u}, — 8°u), ;) - (%u], + aduy,) dx = (1), — 1)1, 6°u), + aduy,).

(6.21)

We can rewrite the first set of brackets using (5.18) to get that
/ (8%u), — 0%u),_,) - (6%u), + adu],) dz
Q

1
= 5 (16" uRlI3 — 167w, 13 + 1073, — 6w, 4 13)

m—1" m—1 :

+ / S*u), - ou), — 8*u) - ou)  dx — / hé?u), - 6*u) | dx
Q Q

For the terms involving the body forces, we perform a discrete integration by parts with respect
to the time variable, moving the derivative in time from the displacement terms to the body

force term so that the trace of second order derivatives §%u;, are not present. We obtain

(=1, 8%u), + adu))

1
= E<l;yn — Loy, (0ug, +aud) — (0w, +auy,_y))
= (01, 6u), + au))) — (600, 6u) | +au) ) —h(3*),,0u), | +au) ).

For the nonlinear term, first define the fourth-order tensor A, (T) by

OF,(T);;

An(T)ijr = oTw

(6.22)
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with corresponding inner product on R?*¢ defined in the usual way. Then we get

/Q [b(]_ )T — b(s,_)T7,_,] - e(6%ul, + adul) da

= [ BT by, BT B ),

h
- [ - ) BB,
Q
Fo(Th) — Fu(T),
o [ 00 i) Ty TR )y

1 T’Y TZ@ _ T’Y
:h// b(v;ynl)< m-l m_l> dsdzx
2 Jo h h An(STH+(1=8)T,_,)

Lo ) —b(v] ) T, —T)
—‘rh// |: m—1 m—2 :| <T27/1_ 7 m—1
aJo h ! h
b (T T Th T
=9 (/Umfl) h ’ h
J0 An (sThH+(1=s)T7 1)

b(vy, 1) b( P
(Tm 1 Tmfl)An(ST;Yn‘F(l—S)T;Ynil) ds d:c,

using the Cauchy—Schwarz inequality in the transition to the last line. Summing over the indices

between 2 and m, it follows that

) dsdx
Ap(sT+(1—5)T7 _)

dsdx

(H52 ml3 = 1807 [3) + (6%, 0ul) — a(6*u], ud)

TW T _ 2,7 §2 ’Y
+5 Z// b(v 5 >AH(ST;+(1S)T;1 ds dz ahZ& 6%

< (017, 0u, + aul,) — (017, 6u] + aud) + 1Y (571, 6u)_; + au)_,)

=2
m—1 1 v v 2
h b('U]) - b(vj—l) 0 Yy
+ % ]z; /Q/O (h (T, T) An (577, +(1-s)T7) ds da.

To remove the term §2u], we define u”, and thus 52ug, which we will bound in terms of only

the problem data. We look for u”, € L2(Q)? such that, for every w € WBZ(Q)d,

N

(6.23)

/Q %o — 2"h—21 Yy = — /Q b(vo) F N (e(dud + aul)) - e(w) dz + (17(0), w)
= /Q [div (b(vo) F, ! (e(ur + aug))) + £(0)] - wdx,

using the compatibility condition (6.11). Thus define u”, by

uw)y = 2u" | —ug + h? [div (b(vo) Fy, ' (e(ur + aug))) + F(0)] .

The right-hand side is an element of L2(Q)? and so u”, € L(Q)?. Furthermore, it satisfies

ul —2u”, +u”
/Q 0— 2 h_21 tu_, cwdz = /Q [div (b(vo) F), (e(ur + ang))) + £(0)] - wdx, (6.24)
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for every test function w € L?(Q)%.
We claim that, under the assumption u; + aug € W]%Q(Q)d and the safety strain condition

(6.5), there exists a constant C, independent of n, such that
|div (b(vo) F;, (e (us + aup))) + £(0)]], < C. (6.25)

A bound on div (b(vg) F,;

Le(ur + aup))) in L2(Q)? that is uniform with respect to n can be

deduced in the following way. Expanding the derivative, justified by the regularity assumption,

we have that

0

div (b(vo) F,, ' (e(u1 + aug))), = o (b(vo) (e (ua + o) )ij)
= b/(vo)anl(E(ul + ) )i + b(vo)An(e(ur + aug))ijr as(u1az 'Ozuo)kl.

Using the safety strain condition and the fact that |[F(T)| < |F,(T)| for every T € R4, we

notice that

Ci

5 (e + o) < [P~ e+ omo))| €

n

Q=

By direct computation of the derivative of F;,, we also see that

1 1 T|*2T;; T
St (( . ) Ty T |

’A (T)kl|: > I,
B 1+[T|9)s ") (1+4]|TJ2) s

and so

Ci
|div (b(vo) Fy, (e(u1 + aup)))| < C ((10)1 Vol + [Ve(u; + auo)]> .
The right-hand side is an element of L*(Q) so div (b(vo)F,, ' (e(u1 + aug))) € L*(Q)¢ with
bound in this space independent of n since vg € L?(2) and u; + aug € Wg’Q(Q)d. Hence (6.25)

holds.

Returning to (6.24), we choose w = §u] as a test function to yield

|6%ud|3 = /Q [div (b(vo) Fy, H(e(ur + aug))) + £(0)] - 6%uf da

o Idiv (b(v0) Fry (e(u1 + awo))) + FO)E | [[8*ug |3
< 5 2

Applying (6.25), there exists a constant C, independent of n and M, such that
18225 [l2 < C ([[voll2 + lur + auollz,2) -
Now, we compare

[ 2w+ )T - elw) do = (@),
Q
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and
/Q&QUY cw + b(v))T] - e(w) dz = (I, w).
Subtracting these equalities from each other and choosing w = §?u] + adu], we obtain
L1913~ 18%6313) + (6% 0u7) — (6. 6u) + (5%, G — b))
+ g /Q /01 b(vg) (6T7, 5T¥)An(sT]+(1—s)Tg) dsdz
< (8l], 6u] + au]) — (81}, duf + auy).
Adding this to (6.23), we deduce that, for every m € {2,..., M},
5 (18267, — 124 8) + (0%, ) — (6% )

Y STV _ 27, 6%
+2 Z// 5T 6T >AH<ST;.+<1_S)T;1 dsda ahZé ,0%ul )

< (o1, 6u), + auy),) — (8l], dug + aul) + hZ(éle duj y +auj )
=2

m—1 1 YN 1 2

h b(vj) b(”j—1)

77.21/9/0 <h (T}’T})An(ST;LlJr(lfs)T?)dex'
J:

A corresponding inequality holds in the case m = 1 so, from now on, we assume that 1 < m < M.

Young’s inequality yields
- 2 2 2 |]52um\|2
ahY (6%u],6%u]_,) a)h Z 5% ||5 +
=1

and

0% 13

a0y, bu7,) < 20°du 3+

It follows that
S2ur 12 + h / / TV ST dsdzx
167w, 13 Z >An( T)+(1-5)T]_,)

SC[W Hz+hZH52 T3 + 10w, 13 + [10%2g 113 + (1607 |12l 007, + aug, [l 2
7=0

m
o+ oudllia+h Y 16201 -12)0u) ) +au) |2
=2

m—1 1 b(v7)—b(v771) 2
+h2// (th (T, T)) (517, + (1)1 ds |
= /edo
Next, we notice that

T) = hZéT;’ + Ty = hZ(ST; + E Y e(ug + aup)),
j=1 j=1
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and so

”T;H% hz H5T7||2 1(€(u1 + auy))

n

< h T” 6T dsd 1
=C Z// >An(T“’+(1 $TY_,) sdr+11,

j—1

where C' depends only on the data of the original problem. From the definition of T}, we have

le(dum, + au)| < 14+ n~1T),| and so

<Cl1 T7
le(du) + aul)|3 c< +hz// 5 5T )A I dsdw),

for every 1 < m < M. Applying the Korn—Poincaré inequality, it follows that

T3
16%u), |13 + max [ow] +au7H12—|— max L il
1< 1<j<m  n

h T7 5T dsd
* Z// >A (sT]+(1—s)T]_}) e

m—1
C [1 +[10%udll3 + kY (107 u][13 + (16w, |15 + [16%g |15 + l[wl3 + 077,121 2
7=0

W (b)) = b))\
+”6m|2_1’2+h,§:1/9/0 (Jh] (T}, T ) An(sTY +(1-s)T7) ds dz
]:

m 2
1
Tl + cuol25 + (hZ Ha%;nm) ] L e 6] + 0wl

- 21<j<m
Jj=2

Applying the discrete Gronwall inequality, we see that

IT%3
1gna<XM<H5QU7nH§+H5U?n++a%!!iz+ )

Y Y
+hz / / (5T 6T >An<sT;+(1s>T;1) ds dz

M
C[Ilé2 ||z+1<maX (6w 13+ 101,121 2) + Nuwall + | Y 162 [1-12
j=2

2

e N R I
+Hu1+au0\|?72+h Z /Q/O (thl (T7 T )An(sT” +(1—s)Tj)d5d$ .
j=1
(6.26)

To bound maxi << || 6w, ||3 from above, independent of n and M, we test in the elastodynamic
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equation (6.12) against w = h(du,), + au,),) to get
(L h(0u, + aug,))
= / §2u), - h(du), + aul) + b))V E,; He(0u), + au)) - e(h(du), + au],)) dx
Q
1
= 5 (10w 13 = 19w, I3 + 10ws, — dug, 4 [3) + a(dug,, )
—a(bu) j,ul ;) —ah(du),, du) 1)+ h/ b(v F,(T},) d.

Using this recursively, we deduce that

|5Um”2 Jrhz/ (T’Y)d

< ||5u0||2

+ a(dud, uw)) — a(du),, ul) +ahz ouj,oui ;) +hz I}, 0uj +au))

C [lluol3 + [lu1l3] — a<5u7n,ug + hZ(Su;) + Chz 1] -12lle(0u] + aul)|2
j=1 j=1

m—1 m Y

1T} l2

<C 2 5] = alldu, 13 — a 6wl B> dul ) + ChY |12 |1+ —L—
= [HUOHQ_'_HU1H2] CVH u’m”2 Q| 0y, = u; + ~ H]H 1,2 + n

IIT”HQ

5um hn
<c[1+uuouz+uu1u2+uzuLzW 1S s ”M 9ulls Z
J=1

Absorbing the final two terms on the right into the left-hand side, we apply the discrete Gronwall
inequality to get

 Dax [|duy, 15+ h Z/ T + < C[1+ [luollz + llull3 + 2l 2r—12)] -
In fact, we further have that
maxu, ||2+h2||5u'7 oo < C [1+ ol + urll + U r1)] -

Returning to (6.26), we see that, for every 1 <m < M,

2,7 (|12 v 70T
(”6 umHZ—i_H(sum_‘_au Hl? +hZ// 5T 6T >An(ST’Y+(1 $)T7_

Jl)

<]

M 2 M-1 1
S O SUETEN TS o i RETERRC
m=2 m=1

Since | € W20, T; WD_1’2(Q)d), we must have | € W1°°(0,T; WBLQ(Q)d). There exists a

constant C, independent of n, such that

iy max 052, (6:27)

11E | Leoqw-12) < C (1 + el poo(w-12)) ,  and

1T -2y < C (1 + Ll pooqw—r2y + lletll rw-12)) -
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It follows that

2
_max. {01, ||212+<h2|152 ||_1,2) < C (U4 lll w12y + el w—12))

Next, we consider the final term on the right-hand of (6.27). By the fundamental theorem of
calculus for weak derivatives, we have

‘ b(vm) = b(vy, 1)

b7 = -

1
3 [V = ) - ) ds
0

S LA T [ eA ]

_‘1

using the notation of Lemma 6.7. Applying Lemma 6.7, there exists a positive constant C' =

C(n), possibly depending on n but independent of M, such that

max 100 lo < C max | 0v, || k.2
1<m 1<m

<c [1 + r\b'\|Loo<zM%,*>} [1 + (1 + [1b(vo) loo)| 3+ [lwoll3

+ ”lH%oo(wflz) + HltH%2(W71,2):| =: C1(n).

It follows that

M-—1 1 b(U;yn) _ b(,U’Y B ) 2
" Z /Q/O < h 1 ) (T%’T%)An(sT?n_‘_l-i-(l_s)T;Yn) dsdz
m=1
M 1
SCl(n)QhZ/Q/O (T o) 4, (57, (1-yT) A A
m=1
M
T“f ’2
n)2hn / [T d
2

< Ci(n)20n [1+ Juaoll3 + lfwa |3 + 122001

using Lemma 6.5 in the transition to the final line. It follows that

1<max ||(52 HQ—i- ax [[6w), + auw), H12+ nax T, ||2

7y v
-I-hZ// T ,0T! )An(sT}+(1—s)T;’_1) dsdz

< C(n) [C1(n)’n + 1] [1 ol + w3 + W21

where C' depends on n and the problem parameters but is independent of M. Rewriting this in

terms of the interpolant functions, we get

_ _ T)|?
sup [T/ ()1 + sup ] +aw |, + [ T g dt+ sup T 012
t€[0,1] te[0,1] Q t€[0,1]

< O [O1mn+1] |1+ ol + a3 + 112012

using the fact that n=1|T|? < (T, T)4 An(s) for every T, S € R?*4 By standard compactness

arguments, there exists a subsequence in M, independent of n, such that
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o ! A ul weakly-* in W1>°(0, T LQ(Q)d)a
o @ +au’t S ul + au™ weakly-* in L>(0,T; W11)’2(Q)d)a
e T' — T weakly in Wh2(0,T; L2(Q)9*?) and weakly-* in L>(0,T; L*(Q)%*?),

Recalling the strong convergence results from Theorem 6.9, (w; + au” ")), converges strongly
in L2(0,T; WBQ(Q) ) to u} + au™. Tt follows that T7+ — T strongly in L?(Q)4*9. Similarly,

we have that TV~ — T" strongly in L?(Q)%*¢. Furthermore, we can write

T2

(TVF, T7) 48) = + (T, T) (s), (6.28)

n
where (-, ) 4(s) is the inner product corresponding to the fourth-order tensor A(S) defined by

A(S)iji = %Sk)l“, and recalling A, defined by (6.22). We claim that if (T™);, (SM)y,

converge strongly to limits T, S, respectively, in L?(Q)%*?, then
(TM, TM)‘ATL(S]\/I) — (T, T)4,(s) strongly in LY Q)% (6.29)
By (6.28), it is sufficient to show that the result holds for A rather than A,,. We have that

(TM, TY) ggary — (T, T) acs)
= (TM, TM) gy = (T, T) gs1y + (T, T) gsnry — (T, T) 45

TM 2 T 2 SM a—2
— ’ ‘ ‘ ‘l ‘ ‘ T [(SM X TM)2 _ (SM X T)Q]
(L4 [SM|e)e (14 [SM]|0)HFe
TP 1 1 L SIS T) _[sYE(sM-T)?
1 1 1
(L+[SM|7)e (1 +[S[)« (1+|S| ) (1+[8M]e)"*a

dxd

Using the dominated convergence theorem and the fact that T € L?(2)?%¢, we see that

1 1 a—2 ~T2 M |a—2 M~T2
T ) ]+sw (8-T)* |sM|"*(sM . )

1 1 1 1
(L+[SMe)a (1+[S[4)a] (1+[S[)Fa  (14]|SM]e)*a

strongly in L'(Q). Similarly, we have that

TM 2 _ T 2
M — 0 strongly in L}(Q).

(1+[SM]|")e
For the remaining term, write

|SM|a—2

(14 [sM)t+e

_ st [<SM ,TM>2_(S,T>2
(1 + |SM[a)lta | \|SM] SM]

_ o IsMe [sM e } [ v SY ]
(1+ |SM|a)lta [[SY] SMl [SM]

<™ — 1TV + 1.
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The factors on the right-hand side converge strongly in L?(Q) to 0 and 2|T| respectively. Hence
the product converges in L*(Q) to 0. Thus (6.29) follows and we conclude that

1
X(o,T—h)(t)/o (TV, T7F) 4 (T () +-(1—syT+) ds = (T, T7) 4 ()

strongly in L'(Q) as M — oo.

On the other hand, recalling the uniform bound on (’ng)%[:o with respect to M and the

pointwise convergence of (v7'%),s, we have that
1 *
/ V (st + (1 —s)0"7)v) ds — b (v™)v),
0

weakly-* in L>°(Q). It follows that
Mol ) — b(o) )\
" Z / / ( h = > (TZ’“T ).An(sT'Y Q- S)TV)dS dx

T h 1
/ L ( / (sot (1= 07 ) ([T s )
0

%/b’(v”)v{‘(T",T")An(Tn) dz dt,
Q

as M — oo. Taking the limit in (6.26), we apply weak lower semi-continuity and the weak

convergence results to deduce that

hos . Ty 1T 0|2
sup [ulb(Z + sup [[uf + 0|2, + / dedt+ sup IOl
te[0,T te[0,T) t€[0,T) n

5.2+ llvolli 2 + lwoll3 + w13 + Ul oo w-1.2) + el oo r-1.2)

<c|

+ HlttH%l(Wflﬂ) +/ b’(v”)vf(T", Tn)An(Tn) dz dt],
Q

where the constant C' is independent of n. Using the n-independent bounds of Lemma 6.11

with Lemma 6.13, we get

| |
+

S dzxdt
1 + |Tn|a)g n

SO T ) < WOl @lE s |,

S CHb,HLOO(IHUn

ety N0 Nty [1 ol o + el + -1

2
<C [1 + Hb’HLoou”vnHLw(Q))} [+ [luoll 2 + [[oll1,00 + llutll3 + [lvo1% 2
2
H {10 (v0) oo + 12117 1.2y + N lellZ2(ar-1.29] -
It follows that

n 12 n |T¢ | "|2 IT" (4113
sup [lugi(t)[z + sup [luf 4+ au ||12+ dzdt + sup
te[0,T) te[0,T) t€[0,T] n

2
<C |1+ Hb,HLOO(IHU"||L°°(Q>):| [1

2
F U1 oo -2y + Ml F2 1.2y + w1 + auollzg + [l Lrw-1.2)]

£+ [16(v0) ]l
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The sequence (v™),, is uniformly bounded in L°°(Q) with respect to n and b is bounded on

bounded sets. Thus [|V[| oo ( is bounded above independent of n and the right-hand

Ijonl oo ()
side can be bounded above by an n-independent constant Co, say.

Using the extra regularity of T", we now look for an n-uniform estimate on T}. Since we
have T™ € W12(0,T; L2(Q)9%9), then also F,(T") € W'2(0, T; L?(92)%*?) with weak derivative

A, (T™)T}. For a.e. t € (0,T), we note that

— A, (T™T?,  (6.30)

pp TEER =T g Fa(T(4 ) = F(T(0)
h—0+ h h—0+ h

where the limits are with respect to strong convergence in L?(2)%*¢. Let A} be the undivided
difference quotient of length A in the time variable. Let ¢ € (0,7"). Assume that A > 0 is
sufficiently small so that ¢t + h < T'. Considering the elastodynamic equation (6.16) at ¢t and
t + h with test function AP(ul + au™)(t), the difference of the two yields

(AL (), A (uy + aug) (1))
= /Q Afugy(t) - AP (uf! + au)(t) + AF (b(0")T") (1) - (AL (uff + au™))(t) dz

Ah n 2
= d [Auy (?)]]3 + a/ Afu? . Af}u" dzr | — a/ ]Afuﬂde
dt 2 Q Q

+ / AMp(™) 7T - ARF,(T™) + b(0™)APT™ - APF,(T™) dz,
Q

(6.31)

where 7' denotes a translation of distance h in the positive time direction. From the uniform
L*>(Q) bounds with respect to n on (v™), and (v}")y, there exists a constant C, independent of

h and n, such that

h
AR = /0 W (Wt + 8)ul(t + 5) ds

< WY ") lIv7 12 (@)

2
< (14 Wl |1+ a0l + lwoll oo + llun 13 + oo

11600 oo + 1w -1y + Wl 21| < o

Recalling that (-, -) An(T) is an inner product for every T € R¥xd it follows that

1
S CCQh/Q/O )(Ttth, A?Tn)An(STthT"%»(lfs)T") dsdz

/ Arp(™)TT" - APF,(T™) da
Q

1
< CC3n? /Q/o (rhT", Ttth).An(S‘rthT”+(1fs)T") dsdx

1
+2/Q/0 (AtT 7AtT )An(sftthJr(lis)Tn) dsdz.

There exists a constant C', independent of n, such that

|Fa(T) = Fu(S)]” < O(T = 8) - (Fu(T) — Fa(8)).
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As aresult, |AFF, (T2 < CAPT™ - AFF,(T™). Using this and the constitutive relation (6.8b),

the external force term can be bound in the following way:
(AR, AY (uf + au™))| < C| A" -12]| Abe(uf + au™)

<clabr|E,, + ! /AhT” AlFL(T") da,

where C' is independent of n. Returning to (6.31), we integrate over (t1,t2) C [0,7] to deduce
that

| ARl (t2) |3 + / / MAMT™ L APME, (T™) de dt
t1

§C[/ 1A%, 2dt+h2/ // (T 7' T"™) A, (st (1—syTn) ds dz i
t1

+/ 1A (DI dt + [ Afuf (t1)]13 + IIA?un(h)Hg]

t1

We divide through by A% and use standard properties of difference quotients to get

h to h n h n

h2 h

to
<c| / I |r212dt+ / / / T 4 ont o 1oy ds
1

T osup O3+ sup uu?(wu%}
t€[0,T t€[0,T]

/ 2
<C {1 +||b ||L°°(IHU"||L°°(Q>):| L

2
+ ([l oo -2y + ||lt||%2(w—1,2) + [Ju1 + aupll22 + ||ltt”L1(W—172)]
to 1
/(v2 /0 (Ttth7 Ttth>An (STZLT"‘F(I*S)TVL) dS d$ dt,
1

where C' is independent of n. In the limit as h — 0+, we have that 7*T™ — T" strongly in

T2+ lluollee + llunll3 + [[vollf o + [1b(vo)llo

L%((t1,t9) x Q)%%4. Using this and the dominated convergence theorem, we obtain
to 1 b b to
hlir(r)lJr t /Q/O (" T, 7' T") A, (srhpn 4+ (1—s)Tn) A8 dz dt = / / (T, T") 4, (Tn) d dt
1
. " 2 2 2
/Q IT"| + e dedt < C [1 + [lwollz + [lu1]lz + ||lHL2(W_1,2)} .

It follows that

Ahu?(ts) 2 AhT" CAPF, (T
limsup ———5——= ” ()3 +11msup/ / £ Fn >dxdt
t1

h—0+ h2 h—0+ h

(v0) oo

SC 1+||b,||L°°(IHv”I|Loo(Q))i| [1

2
Ul oo w12y + Ml F2 1.2y + luwr + auollz + sl Lrw-12)]
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where C' depends only on the parameters of the original problem. Using (6.30) with Fatou’s

lemma and the monotonicity of Fj,, we have that

to hmn h n t2
limsup/ / A T AT )d dt >/ / T} - A (T")TY de dt
t1

h—0-+ h
to
t1

— ull(t) strongly in L?(Q)%.

As with (6.30), for a.e. t € (0,7T), we have that

u(t + h) —up(t)
h

Taking t; — 0+ and setting to = ¢, we deduce that, for a.e. t € (0,7T),

g (t H2+// J(TE, TY) 4, (T dz ds

2
<C [1 + ¥/ HLOO(IHU"||L°°(Q>):| it

2
Ul oo w12y + el Z2 1.2y + w1 + auollzg + [l Lrw-1.2)]

(v0) oo

Taking the essential supremum over the left-hand side with respect to ¢ and using the definition

of A, the result follows. O

Corollary 6.15. Let the hypotheses of Proposition 6.14 hold. There exists a constant C, inde-
pendent of n, such that

T 2
/0 lu ()32 dt < C [1 + ||b’|yLoo(1”vn”Lw<Q)>} [+ [lwoll 2 + l[uoll1,00 + llur]|3 + [lvo1? 2
2
+116(v0) oo + 12l oo w-1.2) + el Zo 1.2y + ller + @uolla,2 + [zt 2 w-1.2)] -
Proof. From the constitutive relation, we have
|Are(ul + au™)|? = |AFF,(T™))? < CAMT™ . AMF,(T™).

It follows that A~ ' Ale(ul +au™) is uniformly bounded in L?((t1,t2) x Q)¢ with respect to h for
any fixed interval (¢1,t2) that is compactly contained in (0,7"). We deduce that e(u} + au™) €
W20, T; L2(Q)%9). By the Korn-Poincaré inequality (Theorem 1.9), in fact u} + au™ €
W20, T; WS5*(Q)4). However, u! € L*(0,T; W5 (Q)™4). Thus u}, € L2(0,T; W5 ()%).
The stated bound can be obtained from applying the estimates from the previous proposition

with Lemma 6.11. O

With this extra time regularity, we can improve the L'(Q)?*? uniform bound on (T"),
to a bound in L°°(0,T; L'(Q)9*4). The space L>(0,T;L'(2)?*%) embeds continuously into
L25.(0, T; M(Q)4%9), which is the dual of L'(0,T;C(Q)%*?). By the sequential form of the
Banach-Alaoglu Theorem, a bounded sequence in L>(0, T'; L' (2)?*?) has a weakly-* convergent
subsequence in L% (0,T; M(2)??4). The measure is only seen on the spatial domain. If we
only had an L'(Q)?*? bound, the best weakly-* convergent subsequence would be in M (Q)4*¢,

which provides significantly less information.
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Lemma 6.16. Let the hypotheses of Proposition 6.14 hold and let (u", T™ v™) be the triple

constructed in the proof of Theorem 6.9. There exists a constant C, independent of n, such that

2
sup / T (8)] dw < C (1 Wy, )] [0+ T0l3 + o oo + a3+ lleo 22
te[0,T] JQ @
]2

+[1b(v0)lloc + 12l oo 1.2y + 1 Lell7
Proof. Fix t € (0,T) and h > 0 such that t +h < T. Test in the elastodynamic equation (6.16)

at times ¢ and ¢ + h against v = (u} + au™)(t). The difference of the two equalities yields

(ARI(D), (uf + au™)(t)) = / gt (Aku - (up + aum))

— AMu(t) - (ul + aul)(t) + AP (b(v™)T™) (t) - e(ul + au™)(t) dz.

We integrate over (t1,t2), where 0 < t; < to < T, divide through by h and let h — 0+ to get
to t to to
/ (7 uy + au™)dt = [/u?t (ui’ + au™) / /utt (uyy + auy') dzdt
Q t t1 t1

/: / vl Fo(T"™) + b(v™) T} - Fy(T") dz dt.

Recalling that F;, is the derivative of ,, using the chain rule for weak derivatives, we have
that ¢, (T") € WH(0,T; L1(2)) with weak time derivative T} - F,,(T™). Since ul} + au} €
L?(0,T; Wé’z(Q)d), we have u} +au”™ € C([0,T7; Wég(ﬂ)d) and so by the constitutive relation,
Fo.(T™) € C([0, T]; L2(2)%*9) with F,(T™(0)) = e(u1 +aug). Since T € WH2(0, T; L?(Q)4*),
then T" € C([0, T]; L*(Q)%*¢). Combining these facts, it follows that T™(0) = F, ! (e(u1+auo))
and the following holds:

(6.32)

to
lim / F,(T™) dz dt
t1—0+

:t}g&{[/g D" (1)) o (T (1) ] /:/ Y (™)l o T”)dxdt}

= / b(v™(t2))n (T™(t2)) — b(vg)n(Fy He(uy + aug))) dz — / 2/ V(0™ o, (T") da dt.
Q 0 Q

From (6.32), we also have that

[/Qb( n(#))on (T(2) I : /:/b’ Yol (T™) dz dt

t2
= / (I uy + au™) dt — / uy(t2) - (uf + au™)(t2) — upy(t1) - (uy + au™)(t1) dz
t1 Q

to to
—/ /b'(v”)va"-Fn(T")dde—/ /ug-(ug+aug)dxdt
t1 Q t1 Q

< C[l + HltH%?(W*lv?) + Hu? + au””%2(W1,2) + HUZtH%oo(Lz) + ||u?||%oo(L2) + Hun”%w(Lg)
/(04T n n |Tn‘2
+ |6 (v )HL"O(Q)Hvt HLO@(Q) o |'T"| + dedt

(v0)loo

/ 2
<C {1 + b ”L°°(-’\|v"|\mo<cz>)] [

2
+ Ul oo w12y + Ml 2212y + w1 + @iz + el Lrw-12)] ™
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We deduce that

2
su b(v™(t))n (T™(t))dz < C |1+ || || oo (1, m
s [ e @nenre) [+ 18 2ty ) |

+ w3 + llvollf 2 + 16(v0) oo + 1l oo w12y + el 7212y + 1wt + augl|22 (6.33)

el -1ay) + /Q b(vo)n (F (e (w1 + o)) da.

There exist constants c¢i, ¢z, independent of n, such that ¢;|T| — co < ¢,(T). We apply
this to the left-hand side of (6.33). For the final term on the right-hand side, we have that
on(F7H(T)) < E;7Y(T) - T. Using the safety strain condition (6.5), it follows that

/ b(v0)n (F (e (1 + aug))) da < [[b(v0) o / F (e (w1 + auo))|e(ur + ouo)| da
Q Q

C2?0
G ) e

< CulQ1b(v0) oo 1 F (e (w1 + auo) [lsclle(ur + auo)llo < I Coyt

O

Next, we focus on improving the spatial regularity estimates on the solution. We prove a
weighted estimate on VT", analogous to the bound from Proposition 6.14. We use arguments
that mimic those in [5] and those in Chapter 4. The presence of the phase-field function causes
additional difficulty. Indeed, we will see that to obtain a suitable bound on VT", we require
(Vo™),, to be uniformly bounded in L*°(Q). Hence we now impose that k > %l + 1 and so, by
the Sobolev embedding theorem, we have that H*(Q2) embeds compactly into C1(Q).

Proposition 6.17. Let the assumptions of Theorem 6.9 hold and let (u™, T™, v™) be the solution
triple constructed in the proof. Suppose that the safety strain condition (6.5) holds and that g €
W20, T; L2(9QN)D), f € L2(0,T; WE2(Q)H) n W20, T; W5 (), ui + aug € WH(Q)4
and ug € VVfof(Q)d Furthermore, assume that k > % + 1. For every pair of open sets €,
Q such that Qo C Q1 and Qp C ), there exists a constant C, depending on Qo and Qq but

independent of n, such that

vT"? [vT"?
/ /Qo L [T|)ita + - dzdt < CHl —|—Sl;p HbHLC"’(InwuLw(Q))

2
o Cosup [Vl )] OF 12y + 19 F (g

where Q1 = (0,T) x Q1 and the constant C1 is defined by

3 1
Ch = |:1 -+ sup ||b/||1||anoo(Q):| [1 + HUOHQ + ||'U,0H12700 + HulHQ + ||UOH1,2 4 ||b(7)0)||§o
n
+ ||l||L°°(W—1,2) + ”lt||L2(W—1,2):| .

Proof. For sets g, Q1 as above, let ¢ € C2°(£2) be a cut-off function such that ( = 1 on ©y and
supp(¢) is compactly contained in ;. There exists a hg = ho(Q0,21) > 0 such that for every
h € (0, ho), the function (Al is well-defined on ) for arbitrary v € L*(Q)¢. We denote by Q;
the set (0,7) x Q; for i € {0,1}.
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First we show that the solution triple has higher regularity in space than is presently known.
Then we use this to prove an estimate that is uniform with respect to n. Taking ¢? A?(u?—i—au")
as a test function in the elastodynamic equation (6.16) and noticing that the Neumann boundary

term vanishes, we get that
/ CAM - ANl + au™) + Al (b(™)T7) - £ (CQA?(U? + au”)) dz
/C2Ah ) - Ab Wl + au™) dz
Ch* IV £ )l 20 IV (uf + aw™)(®)] r2(0,)-
Using that supp(¢Alv) C Q; for v € L?(2)?, we see that
[ 2l Al + au) do < CORITulllon |90 +ou) e,

which is valid by Corollary 6.15. For the terms that contain the nonlinearities, that is F,(T")

and b(v™), we have
/Ah . (C2Ah(ut + au )) dz
- [ (A?b@%"T" +bMAIT") - (20VC® Al(uf + au”) + Ce(Al(u} + au"))) dz,
Q

h

where 7;* is a translation of length A in the i-th coordinate direction. Integration over (0,7")

yields

/ o) AT . ALE, (T
<C [/0 (RPIVFO 2@ IV (g + au™ | 2, + B2 Vgl L2 o) |V (uf + au”)llm(gl))]
+ /Q [C2alb() e T e(Al(u + au™))| + / 200" ALT" - (V¢ @ Al(uf + au™))|
+ /Q ‘2(A?b(v")TZhT” (V¢ ® Al (ul + ozu"))‘ .
Recalling that |F,(T) — F,,(S)| < 3|T — S| for every n and every T, S € R?*? we can write
/Q ‘CQA?b(U")TihT” Ce(Ah(ul + au"))( da dt

< ORIV e V0| 10 /Q C2 || AP dir

jon | oo (g))

< Chllt/ V0™ oo (@) I T |22 (@) ICAF T || 12(g)-

HLOO(IHUTL”LOO(Q))
Similarly, we have that
/ 20N AL - (VC @ Al (uf + au™)| drdr
Q

C(O)h[bll oo WICART™| L2 IV (6] + au™) | 12(q,)s

ol oo ()
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and
/ (2@?1)(@")7{1@ A(VC® Al + au™))| dzdt
Q
< C(C)thlHL"O(I“vnHLOO(Q))van”L‘x’(Q)HTn”L?(Ql) [V (ui + au™)|[2q,)-

It follows that

n

AT Gt < CR2L 4] |14 )12 IV 12 o + [1]]2
0 N Lo ) L@ T IPNE= jon oo ))

: |:||v-f(t)H%2(Q1) HIV(uf +au™) 720, + I VUiilizg,) + HTn||%2(Q1)] < C(n)h?,

where C is a positive constant that depends on n, (, the problem parameters and the problem
data. Dividing through by h? and letting h — 0+ yields T" € L2(0,T; W12(Qg)?*?). Since Qq
is arbitrary, it follows that T" € L2(0, T; W,2?(Q)?%4). We also have the extra spatial regularity

loc

e(u? +au™) € L2(0,T; W22 (Q)%*4). Using Korn’s inequality and a standard density argument

loc
as in Chapter 4, we see that u? + au™ € L*(0, T I/Vli’f(Q)dXd) By the memory kernel property
and the assumption that ug € VVZ%)S(Q) we further deduce that u” € L=(0, T; W22(Q2)%). As

loc

a result, u' € L(0,T; VVif(Q)d) We now use this improved regularity to deduce estimates
that are uniform in n.
Considering an arbitrary test function v € C2°(Q)? in the elastodynamic equation (6.16),

using the improved regularity of T™, we deduce that
uy, = div(T") + f pointwise a.e. in Q. (6.34)

Each term in (6.34) is an element of L2(0,T’; L?

loc

(2)%). We take the dot product of (6.34) with
C2V - V(u? + au™) and integrate over € to give the following:

/C2utt (V- V(u} +au")) d
(6.35)
= [ i) - (V- (uf +au) + CF (V- V(a +au”)) do.
Q
For the first term on the right-hand side, expanding out the derivatives, we get that

/Q Cdiv(b(u™)T") - (V - V(uf + au")) d

3 T}, 92 ey, OV 02
:/Qg%(v oz, az(ut—l—au)—l—QQb’(v) 5 B 6)2(ut+ozu)d:1:.

Using an integration by parts argument, justified by considering a smooth approximation of T"

on 21 with compact support in €2, we see that

8” 2
/Cz 0 (up + au™); dx

a a?
TL82 n n / nan
= [ ) G et + )y = T o) [F ) GG+ 2 )
0 L
+T;;a e(ul + aum)y; |V (v )a%f2+ 47C( )} dz.
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The first term on the right-hand side can be identified as

/g2 aa: (% e(ul + au )de_/gb )VT" - VF,(T") dz,
k

where the gradient operator is defined by VT = (GkTij)g jk—1- This yields

/ Cdiv (b(W")T™) - (V - V(u! + au™)) de

2 n n 21/ " 82
/C MVT" - VF,(T") + ¢*V' (v )”8 aQ(ut—Fau)

ov™ oC
oz, C+2—b(v )}

Ox;
8 0 0
- OTy el + auy [ (o >(;’k<+2af b da

o /
- Csz O 2 (uf + au™); [b (") 5~

/C b(v")VT" - VE,(T") +C—s(ut + au )UBnkdx
where, for each k € {1,...,d}, the second-order tensor B™* is defined by

B}:" = T, [2b(™)0kC + Cb' (v™)0kv™] — 2054 Ty, [26(0™)OpnC + Cb (v")Opy0"]
+6; T [Qb(v")amC + Cb'(v”)@mv”] + 25jk§T?mb’(v”)8mv” — (5ijCTZmb'(U")8mv",

using the identity

v _ 2i€(v). 9
8:5% - "0z, ik ox;

e(w)kk-
For a constant C' = C((), independent of n, we have that
[B™F| < C [IIb(v™)l| oo @) + 1007 | oo )] 1T
< C (Bl oe (g )+ 19222 C1] 17

where we recall that C is the constant given by

1 1
Cr = [1 + sup ||, ] [1 + lluollz + [lwollf oo + [[wall2 + l[vollr2 + [16(vo) |3
n

o™ oo (@)
+ HZHL‘X’(W*L?) + ”lt”L2(W71,2)i| .
It follows that

e(ul + au™) - B™F dz| = ™). B"* dz

axk Oxk

Cy o
S/QQ(‘?’“T L OKT™) 4, () + C () Xsupp() (B™, B™") 4, (zny da,
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where Xqupp(¢) denotes the indicator function of supp(¢) and A, is defined as in (6.22). Using
properties of the inner product (-, -) An(T), it follows that

/Q Xsupp(¢) (Bn’k) Bmk)An(T") dz dt

Bn,k2 Bn,k2
SC/I ® L B g
Q n

1+|T7
T2

2 |Tn‘2
< C [HbHLOO(I”vn”Loo(Q)) + Hb’HLOO(I”UHHLOO(Q))Cl} /Q n + 1+ ’T”| dz dt

2
< O |Ibll oo tymy ) + 10 o0y e €] (1 N0 l3 4 Heaa 3 4 U212

We return to (6.35) and see that

VT VT ?
dx dt
/QO (1 + |Tn|)l+a + n x

<C | Cb") (0T, 0T") 4, (1) du dt
Q

< c/ Clul — £)- (V- V(] + au™)) dz dt
Q

+C | lIbll + (V'] ) 1+ uolld + a3 + 1012
L>=( ) L2 | oo ) ) 1 ollz - llvallz T IZ2w-12) | -

Tjjm | oo ()
Recalling that uf, € L2(0,T; WH2(2)%), we use integration by parts and note that boundary

terms disappear due to the compact support of ¢ to see that
| =) (V- T + 0w da
- /Q§2V(f ) V(U + ou) + 2 (Vo (f —ulh) - V(uf + oun) d

d (IICV’M?II%

Q

+ oz/ﬂ CIVuy? dz + CONF 2V () + au™) |2 + C(Q)uf |2V (w) + au™)|2.
We apply Gronwall’s inequality to deduce that

dx dt

VT [? [VT"[?
sup [|[CVu(t)|2+ sup [|CVul(t ||2+/
t€[0,T] H 12 te[O,T}’ POl Qi (L4 |Tn|)t+a

2
/ 2 2 2
< c[ [ R L4 v e o) I U L R T R L v
+ [luf + au”|| 2wz + uglZe ey + 1 Fl17202) + ”VfH%Q(Ql))}

oo + [[unl3

2
R LA P et i P P

< C’[ {1 + HbHLOO(IHv"HLOO(Q)

2
+ [[ool[F 2 + 16(v0) oo + 11 F oo r-1.2y + el 2 —12) + [[ur + augll22 + HlttHLl(W’l’Q)]
 1F ez + IV F 12 )

/
1 g )

< C’[ {1 + HbHLOO(IHv"HLOO(Q)

O] O 1 Fl g + IV FI2 }
1 1 L2(L?) L2(Q1)|*
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Corollary 6.18. Let the assumptions of Proposition 6.17 hold and let (u", T™, v"™) be the so-
lution of (6.8) constructed in Theorem 6.9. With Qo, Q1 and Cy as in Proposition 6.17, there

exists a constant C, independent of n but depending on Qg and 1, such that

T
sup[[V2u(8)]22 ) + / 19202 (1) 23
t€[0,T] 0

2
/ 4 2
< C[[l +SUD Il Lo (1my oo )) T SUP Nl 200 (1 ) C1] O+ IF L2022
+HIVEIZ200) + HVZUOH%%Q”]'

Proof. From Proposition 6.17, u™ € L*(0,T} VVif(Q)d) and u} € L*(0,T; I/VlzoCQ(Q)d) For the

n-uniform estimate, from the memory kernel property, we have that
t
e(u™(t)) = e e (ug) + / e (=) F,(T"(s)) ds.
0

We recall that
|ALF,(T™)[? < CAIT™ - Al F,(T™), (6.36)

so, for h sufficiently small, we get

t
HA?e<un<t>>H%z(QO>sc(||A?s<uo>H%2<go>+ / /Q A?T”-A?Fn<T”>dxds).
0

Dividing through by h? and letting h — 0+, we deduce that

17 e (u (1))]I7
lim sup 2 L2 (@) <C <||V2uo||%2(90) +/ VT" - VF,(T")dz dt)
h—0+ Qo
/ 2 4 2 2
S C [1 + Hb”LOO(IHv"HLoo(Q)) + ”b HLOO(IH’U"HLOO(Q))CI:| Cl + HfHL2(L2) + Hv‘fHL2(Q1))

+ HU0||%2(91)}

Using Korn’s inequality, it follows that w™ € L°(0,T; W>%(€)4) with bound as in the statement

loc

of the corollary. Applying (6.36) again, we have u} + au™ € L?(0,T; W2’2(Q)d) with bound as

loc

in Proposition 6.17. Hence, u} satisfies the required estimate. O

6.2 Limit in the regularisation parameter

We now have sufficient uniform estimates and are able to take the limit as n — oo to obtain a
weak solution of the strain-limiting fracture problem (6.1)-(6.3), up to the Neumann boundary
condition. First, we focus solely on the elastodynamic equation. Following this, we consider the
minimisation problem (6.2) and then the energy-dissipation equality (6.3). The issues caused
by the presence of a Neumann boundary condition means that we are not able to obtain a
full existence result as in Chapter 5. However, in the case that we assume a fully Dirichlet
boundary condition, we prove a strong convergence result that is not possible when we have

mixed boundary conditions. We use this to show the existence of a weak energy solution.
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Theorem 6.19. Suppose that k > %+ 1 with data vy € HJ%_H(Q), Up, U € WL]')’Q(Q)d such that
ug € Wﬁ’f(Q)d, u +aug € Wg’Q(Q)d and the safety strain condition (6.5) holds. Furthermore,
suppose that we have f € W1(0,T; WBI’Z(Q)d)ﬂLQ(O, T; VVZEE(Q)CZ), g € WL(0,T; L2(000n)%)
and the compatibility condition (6.7). Let ((u",T",v")), be the sequence of solutions to the
reqularised problem (6.8)—(6.10) constructed in Theorem 6.9 from the limit of the time discrete

problem. There exists a subsequence in n, not relabelled, and a limiting triple (u, T,v) such that
o u" 2w weakly-* in W (0, T; L2(Q)%) N W0 (0, T; W5 (Q)%),
o u" — u weakly in W22(0,T; WE’Q(Q)“’/) N Wh2(0,T; I/VZQOCZ(Q)d),
o c(up + au”) — e(us + au) pointwise a.e. in Q,
o v" 2y weakly-* in WH(0,T; H*(Q)) with v(t) € Hg_H(Q) for every t € [0,T],

e T" — T pointwise a.c. in Q where T € L>(0,T; L' (2)%*9).

Furthermore, there exists an error term g € LS%(0,T; (CL(0QN)?)*) such that
/Q wa(t) - v + b((t))T(t) - e(v) do = /Q £ - vdo+ (g(t) - G Desoayy  (637)

for a.e. t € (0,T) and every test function v € C}L(Q)?. The constitutive relation (6.1b) holds
pointwise a.e. in Q and the initial conditions hold strongly in the sense that

. B B 2 _ _
Jim ([[e(t) = woll + fle(t) — wnl3 + o(t) = vollk.2) = 0. (6.38)

Proof. Putting together the results of Lemma 6.11, Lemma 6.12, Lemma 6.13, Proposition 6.14,
Corollary 6.15, Lemma 6.16, Proposition 6.17 and Corollary 6.18, there exists a constant C,

independent of n but dependent on the problem data and problem parameters, such that

T
sup [lu"(8)[|7 5 + sup [up()|[fo + sup Hng(t)H%/ gy (B)]IF 2 dt
te[0,T] t€[0,T] t€[0,T 0

)

+ sup /QsDZ(E(OéU"(t)))dfCJr sup [[v"(#)[;2 + sup [[of (117

t€[0,T te[0,T] t€[0,T]
[T (t)]? T} | T} |

+ sup / T" (¢ —i—dx—i—/ + dx dt 6.39

b ST O o (e by (6:39)
+ 2 { sup |[u"(1)] JF/TH’u”(f)H2 dt

- u 2,2 y

G oy WEAG0) T f A TIW2(00)

[VT"[? [VT"? ]

+ + dedt| < C

/Qo (1+ [T+ n x >

where g, Q; are open subsets of Q such that Qg C Q1 and Q7 € Q and C = C’(Qo, 2,Q) is a
constant.

Up to a subsequence in n that we do not relabel, the first, second and fourth asserted conver-
gence results must hold for some limiting functions w and v. Using the initial conditions for the

solution of the regularised problem, we use the Aubin—Lions lemma and standard arguments to
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deduce that (6.38) holds. For the pointwise convergence of (e(u} + au'™)),, suppose that (T"),
converges pointwise a.e. on @ to a limit T, say. Then (F,(T")),, converges pointwise to F'(T)
a.e. on @, but F,(T") = e(u} + au™). Thus by the uniqueness of pointwise and weak limits in
L?(Q), it follows that e(u} + au™) converges pointwise in Q to e(u; + au). From (6.39) and
Fatou’s lemma, if pointwise convergence holds then the limiting function T must be an element
of L>(0,T; L'(Q)4*?). Hence it is enough to prove the pointwise convergence of (T™),.

We prove the pointwise convergence result in an analogous way to the method used in

Chapter 4. Define sequences (S™),, (s")n, respectively, by

S" = —Tn s" = —1
(14 [Tr|)tte’ ~ (14 To)te

By the differentiability of T™ and the chain rule for weak derivatives, we see that S™ and s"
are weakly differentiable in both time and space. Furthermore, for sets )y and 1 as above, we

have

T
18" o (@) + 8™l (@) +/ IVS™ 12200 + 15" 122 (0) + 187 1220y + 187 72

VT Ty
<2+C// de+ | ——Lt——dxdt <C,
o (L+ [T T Jo (U oo 0 =

where C is independent of n. Applying the Aubin-Lions lemma, we deduce that (S™),, and (s"),

converge strongly in L2(0,T; L? (€)) to respective limits S and s. In particular, they converge

loc
pointwise a.e. on Q. Considering Fatou’s lemma and the uniform L!(Q)?*? bound on (T"),,
then s T+ is an element of LY(Q). Thus s > 0 a.e. in Q and so T" = (s")718" —» s71S = T
pointwise a.e. in (). As the pointwise limit of measurable functions, T is measurable and
T € L>(0,T; LY(Q)4x9).

Next, we claim that, for every test function v € Wol’z(ﬂ)d such that e(v) € L>®(Q)?*4 for
a.e. t € (0,T), we have that

/ w(t) - v + b(v(t)T() - e(v) do = / £(t) - vda. (6.40)
Q Q

By a density argument and Lemma 3.1, it is enough to show that (6.40) is satisfied for smooth
test functions v € C°(Q)4. We fix an arbitrary v € C2°(2)? and € C([0,7]). We consider
(T vy € W2 ()7 as a test function in the elastodynamic equation (6.16) where 7 €
C1(]0,00)) is a fixed smooth function. This choice is valid because 7(]T"|) is uniformly bounded
on () and, by the differentiability of T and the chain rule for weakly differentiable functions,
7(JT"|) € L*(0,T; W12(Q)). It follows that

0= /Q ufy - (T )ow) + bV I" - e(r(| T )ow) — f - (~(|T"Jow) da dt
- /Q ufy - (T )ow) + b )| T" )T - e(v9) — f - (~(|T"Jow) dar dt

+ / Pb(v™)T" - (V7 (|T"|) ® v) dz dt.
Q
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Since 7 has compact support in [0,00) and T™ — T pointwise on @, 7(|T"|) — 7(|T|) and
7(|T")T™ — 7(]T|)T strongly in LP(Q) for every p € [1,00). Furthermore, (v")y, is uniformly
bounded in @) and converges pointwise to v by the Aubin—Lions lemma. Hence, by the dominated
convergence theorem, b(v™)7(|T"|)T" — b(v)7(|T|)T strongly in LP(Q)%*? for every p € [1,00).
It follows that

n—o0

lim (— [ ¥b(v™")T" - (V7(|T"|) @ v) dadt
g ) o
= /Qutt (T(ITNHvyp) + b(v)r(IT)T - e(vy) — f - (7(|IT[)vy) dz dt.

Now replace 7 by 7, € C1([0,00)) in (6.41) where 7 is such that 0 < 7, < 1 on [0, 00) with

() 1 if s <k,
Ti(s) =
¥ 0 ifs> 2k,

and there exists a constant C, independent of k, such that |7/| < Ck~!. Letting k — oo in

(6.41) and using that T € L'(Q), we apply the dominated convergence theorem to get

lim lim <—/szb(v”)T" : (VTk(|T"])®'v)> dzdt

k—o00 n—o0

(6.42)
- /Q wie - (v0) + b(v)T - e(v9) — f - (v0)) dedt.

If we show that the limit on the left-hand side of (6.42) vanishes, since 1 is arbitrary, it will
follow immediately that (6.40) holds. We can write

/wa(v")T” (Vr(IT7) @ v) da dt

_ /Qm,;(my)b(vnm (VIT" ® v) de dt

=/111712(|Tn!)(1+|T”|a)‘1lb(vn)F(Tn)'(V|Tn|®’0)d$dt
/wb ) - (VoI T")) © ) dedt,

where gy is defined on [0, 00) by

gk(s) = /08(1 —l—ua)éT,’g(u) du.

Integration by parts yields

/wb )+ (Vor(IT")) @ v) da dt
/wb ™) ag’“a(fnb s dzdt

(6.43)

T"); n ny OV
/w (o) ik, ) P, 5 v

n n aTZ’ n n avj
_/ngqu Agi(T") 52 (T (T

dx dt,
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where A is the derivative of F'. Considering the inner product induced by A(T) = g—g(T), we

apply the Cauchy—Schwarz inequality followed by the Hélder inequality to get that

oT
‘/ ¢9k ’T | z]lp(Tn) ’U] dxdt'

, (Y|v|oyT ) > dz dt
A(T™)

= / Sagr(JT™]) ’*]
3
/ (< gk (JT")) |7J < 19k |Tn|)|3|> > dx dt
¢ w3/ ac
1

| [ /Q (wolorzy), ;. (wlolorTy), ) . do dt} .

For the second factor on the right-hand side, we have that

IN

/Q((@b|v|8lT%)i7j,(w|v|BlT%)i7j)A(Tn) dodt < C(v,w/Q(alT",alT")A(Tn) dz dt
< C(v,v) / VT" - VF(T") dx dt
Q

< C(v,¢),
where C' is independent of n. For the other factor,

/ (llgk(\T"])j> ,(@lgk(\Tny)”j) d:cdt<C/ oI T")* 4
Q |v| i |v| i) A |Tn‘

")
By definition, we have that gi(s) = 0 for s < k and, for s > k,
s 2k
gr(s) = / (1+ ’U/a)%T]::(U) du < / 1+ ua)%rllf(u) du < Ck < Cs.
k k

Using that gx(s) < Cs for every s > 0, it follows that

/ <5ﬂgk(|T"y)”j> ,(zlgk(\T"])j> dxdth/gk(\T"])dxdt.
Q |v| i v id) A(Tm) Q

For the second term on the right-hand side of (6.43), by the boundedness of F', we get that

n n ”a’vj n
| v T F s drat < O(w. ) [ gl et

Putting these together yields

lim lim ‘/ ¥b(v (ng(|T"|)®’v)dazdt'

k—o00 n—00

1
3
< C lim lim [/ gr(|T"|) dz dt + </ gk(\T"])dxdt) ] .
k—ocon—oo | [ Q

Using the pointwise convergence of (T"),, the bound on g for each fixed k£ and the fact that

T € L'(Q)™9 with the dominated convergence theorem, we see that

lim lim [ g(|T"))dzdt = hm/gk IT|)dzdt < C lim IT|dx dt = 0.
Q

k—o00 n—00 k—o0 {|T|>k}
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Thus (6.40) holds, as required.
The sequence (T™),, is uniformly bounded in L(0,T; L'(£2)?*?) and hence is uniformly

bounded in L (0, T; M(Q)4*4). This is the dual space of L(0, T; C(£2)?*9) so by the Banach-

Alaoglu theorem, there is a subsequence, not relabelled, that converges weakly-* in Lg% (0, T'; M(2)

to a limit T, say. Taking the limit in the elastodynamic equation (6.16) when testing against

an arbitrary v € CL(Q)4, we deduce that

We note that b(v™) — b(v) strongly in L'(0,T;C(Q)). Indeed, since v" - v weakly-* in

W10, T; H*(Q)) and H*(Q) is compactly embedded into C*(Q), we apply the Aubin-Lions

lemma to see that v — v strongly in C([0,T]; C*(Q)). By the continuity of b, we immediately

deduce that b(v™) — b(v) strongly in C(Q) and so, for every w € C(Q)?*? and + € C([0,T]),
T T T

lim /0 /Qb(U”)T” cwpderdt = lim (T", b(v™")w)y dt = /0 (T, b(v)w)y dt.

n—oo n—oo 0

Using (6.40) and (6.44), and arguing as in Chapter 4, we can construct an error term g €
L2%(0,T; (CL(0QN)1)*) such that (6.37) holds. Recall that C¢(9€y) is the set of functions w €
C1(0Qy) such that there exists an extension @ € CL(Q)4 of w to O such that it vanishes on 9Qp
and there exists a continuous extension operator E : C1(0Q)% — C1(Q)? such that E| Clo0N)>
the restriction to functions in C§(9Qy)?, has image contained in C}(Q)?. Furthermore, for

every v € C1(99)¢, we have that
[1E][1,00 < Cllvllcr(a0),

where C is independent of v. We define the normal component of b(v(t))T(¢) and b(v(¢))T on
the Neumann part of the boundary, respectively, by

(b(o(t)) T (), v) oy = /ﬂ w(t) - + b(o(t)T(t) - £(8) da,

and

(b(v(t)T(t)n, v)|ony = /Qutt(t) -vdz + (b(v(t)T (), €(0)) m@),c@):
where © denotes an extension of v € C}(992n)? to an element of CL(Q)%. Considering (6.40)
and (6.44), these normal components are well-defined, with the right-hand sides independent of
the choice of extension. Considering the extension operator E, we conclude that b(v(t))T(¢f)n
and b(v(t))T(t)n define elements of (C}(9Qn)9)* for a.e. t € (0,T). By the regularity of wuy,
T and T, it follows that b(v)Tn, b(v)Tn € L% (0, T; (CH(0QN)D)*).
We define the penalisation g on the Neumann part of the boundary by

(g(t),v)|aay = ()T ()n — b(v(t))T(t)n, v)|say,
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for a.e. t € (0,T) and every v € C}(9Qn)?. It follows that, for v € C}(Q)? and a.e. t € (0,T),
we have
/Q’utt(t) v +b(v(t)T(t) - e(v) de = (b(v(t)) T (t)n, v) |0y
= (b(v(®)T(t)n, v)|oay — (G(t), v)loay
= [ ) - v+ (T(), (0D aim e — @00 0)lons
:/ f(t)~vd:n+/ g(t)-vdz — (g(t),v)|aay
Q 0
= [ 0 vzt (g(0) = 5(0). lon.

Thus the elastodynamic equation (6.1a) is satisfied weakly up to a penalisation on the Neumann

part of boundary in the required sense. ]

Proposition 6.20. Let the assumptions of Theorem 6.19 hold and let (u, T, v, g) be the solution

quadruple constructed there. For a.e. t € (0,T), v(t) solves the minimisation problem

E(u(t),v(t)) +H(v(t)) + Gr(v(t), ve(t))
= inf ) {E(u(t),v) + H(v) + Gx(v,v(t))} .

UEHg_,'_l(Q),vgv(
Furthermore, vi <0 a.e. in Q.

Proof. First, recall that v{* < 0in ). Weak convergence preserves ordering so clearly v; < 0. To
prove that the minimisation problem holds, recall that, for every x € H f)(Q) such that x <0,
for a.e. t € (0,7),

0 < [Dp&n(u™(t), v (1)) +H' (V" (1)) + 0uGr (0" (1), v} (1))] (x)

— /Q P pr(e@u)) + o0 (0) = D +26707(1) - Vvda + (v ()

o 2¢
Let v € C([0,T1]) such that ¢» > 0. Multiply the above inequality by v and integrate over (0, 7).

Using the weak convergence results, we have

T
lim P [/ i(U"(t) —1)x + 2eVo"(t) - Vx dx + (x, U?(t))k’2:| dt
0 Q

n—00 2¢

:/OT¢ [/Slge(v(t)—l)x%—Qer(t)-dem%—(x,vf(t))m] dt.

It remains to deal with the nonlinear term. It is sufficient to show that

b

n /
liminf/ P ! )ch;(s(au"))dxdtg / 1/}b

EMU) xp¢*(e(au))dx dt

First, we claim that e(u") — e(u) pointwise a.e. in Q. We have that (u"), converges
weakly in the space W12(0,T; W>%(Q)%). By the Aubin-Lions lemma, u" — wu strongly in

loc

L%(0,T; VVllocz(Q)d) and so e(u") — e(u) pointwise a.e. in ). Next, we claim that ¢ (e(au)) —
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¢*(e(au)) pointwise a.e. in (). We have e(u;+au) = F(T) pointwise a.e. in (). By the memory

kernel property and safety strain condition (6.5), we have

le(u(t))| = |e e(ug) + /0 (T (s)) ds

—at t
Cue + / e g
0

[0}

IN

Qel-

(14 eoT(C, — 1)]

k%9

where C,, € (0,1) is a fixed constant depending only on C,, T and «. In particular, we have
that |le(au)|[zo(g) < Cus. Thus, for ae. (t,7) € Q, le(u"(au(t,z)))| < 1 for n sufficiently
large (depending on (¢,2)). The function * is well-defined on the open unit ball in R¥*? and
in this set ¢} (T) — ¢*(T) for each fixed T. It follows that

or(e(au™)) = ¢*(e(au)) pointwise a.e. in Q.

Recalling the pointwise convergence of (v™),, and continuity of &', it follows that

b'(v") b'(v)

(8

Xpn(e(lau™)) = ¢

x¢*(e(aw))  pointwise a.e. in Q.

The function on the left-hand side is non-positive so by Fatou’s lemma, it follows that

T /
/ BOLE(w) (1), v(t))(x) dt = / o (”w*(s(au))dxdt
0 Q

> lim sup

n—oo

(e(au™)) da dt.

Since 1 is arbitrary, we conclude the desired result. O

Using these pointwise convergence results with Fatou’s lemma, and the weak lower semi-
continuity of norms, taking n — oo in the energy-dissipation equality for the regularised solution

yields the following result immediately.

Proposition 6.21. Let the assumptions of Theorem 6.19 hold and let (u, T, v, g) be the solution

quadruple constructed there. For every t € [0,T], the following energy-dissipation inequality
holds:

Fltult), wit / lox(s)[25 ds + / (1(s), u(s)) ds

/ / e(ur + au)) — F~ 1 (e(au))] - e(uy) dzds < F(0;uo, w1, vo).

To prove that equality holds, we must assume that the Neumann part of the boundary
is empty, i.e., fully Dirichlet boundary conditions. The main problem is the presence of the
error term on the Neumann part of the boundary. We discuss an equivalent formulation of

the energy-dissipation equality to see why we must make this restriction. Suppose that we
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have some sufficiently smooth solution of the strain-limiting problem which satisfies the energy-
dissipation equality. Differentiating with respect to the time variable and applying the chain

rule for weak derivatives, we see that

0= {/Q wy - ug + b(0)T - e(uy) dz — (1, ut>}

v 1
+ [/ (Z)Ut o (e(au)) + Z(v — 1oy + 2eVo - Vo dx + Hth%2 ,
Q

for a.e. t € (0,T). The terms in the curly brackets correspond to the elastodynamic equation

and the terms in the square brackets are exactly
[0uE (u,v) + H (v) + 0uGr (v, vr)] (y). (6.45)

From Propsition 6.17, the expression (6.45) is bounded below by 0. If we additionally have that

the expression (6.45) vanishes, then we must have that
/ W - g + (V)T - (uy) dz — (I, wg) = 0, (6.46)
Q

for a.e. t € (0,7T). It is clear that (6.46) holds if there is no penalisation on the Neumann part
of the boundary when testing with w;, which is trivially the case if 9Qy = (. In the mixed
boundary condition case, we would need to show that

lim [ b(v")T" - e(uy)dzdt = / b(v)T - e(u) dz dt.
Q

n—oo Q

However, we do not have any global convergence results that are sufficient in order to prove
such a claim. From now on, we assume that the Neumann part of the boundary is empty so
0 = 0Qp. Thus (6.46) holds and now we focus on showing that the expression (6.45) vanishes
at a.e. t € (0,7). We have proven that

0< [&,E(u,v) + H' (v) + 0y G (v, Ut)] (ve),

for a.e. t € (0,7). Now we will show that the opposite inequality holds. By weak lower
semi-continuity, we see that, for every ¢ € C([0,T]) such that ¢ > 0,

T /
b (v™)vp 1
0= li_)m P [/ M<p;';(c-:(04u")) + 2*(@” — Dovf +2eVo" - Vo' dz + Hv?HiQ dt
n—oo [q Q « €
/ n n
> lim wa“’;%z(ewu"»dx dt

T 1
+/ ¥ [/ 7(7)_ 1)vt+26VU‘VUtd$+ H'UtHi2] dt.
0 Q 26 7

We need to prove that

n—o00 [0 «

lim wwgo:(e(au”))dxdtZ/wb,(v)vtw*(s(au))dxdt. (6.47)
Q Q
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At best, the convergence of (v}),, is weak in L>°(0, T; H*(2)). Hence a strong convergence result
for the sequence (¢! (e(au™))), needs to be found. We will prove that strong convergence in
LY(0,T; L}, () holds.

First, we show that T™ — T strongly in L*(0,T; L}, .(2)%*9). If a € (0, 2), in fact this can

loc

be improved to L'*9(0,T; L1 ()44 for some § = §(a) > 0. Next, we show that ¢ (e(au™))

loc

converges to ¢*(e(au)) strongly in L'(0,T; L}, (Q2)) and use the fact that (v}'),, and v; vanish
on the boundary to prove (6.47). The energy-dissipation equality can be concluded from the
aforementioned arguments and we deduce the existence of a weak energy solution to the strain-

limiting problem in the case of fully Dirichlet boundary conditions.

Lemma 6.22. Let the assumptions of Theorem 6.19 hold and suppose additionally that 0Qp =
0. Let (u, T,v) be the solution triple constructed there and let ((u™, T" v™)),, be the sequence

of solutions to the regqularised problem from Theorem 6.9. Then,
T" =T  strongly in L*(0,T; L}, (Q)%*9).

Proof. By the pointwise convergence result for (T"),, it is enough to show that |T"| — |T|
strongly in L'(0,T; L} (). There exists a constant C, independent of n, such that, for every

loc

Qo compactly contained in §2,

T"(¢ 2 " 2 1 T " 2
sup /’()’daﬂ-/ IT? dz dt + / / v drdt < C,
tep.1)Jo N Q n c()Jo Jo, n

where ¢(€y) depends only on Q and €. By the Aubin—Lions lemma, it follows that (nféT”)n
converges to 0 strongly in L2(0,T; L? (2)%%9). On the other hand, we have that

loc

lim [ b(v™")T" - F,(T")dxdt = / b(v)T - F(T)dxzdt.
By the pointwise convergence and non-negativity of the integrands, we deduce that

b(v™)T" - F(T™) — b(v)T - F(T)  strongly in L*(0,7; L' (Q)),

and so T" - F,(T") — T - F(T) strongly in L'(0,T; L'(2)). Using the convergence result for
(n_%T”)n, it follows that

T". F(T") - T - F(T) strongly in L'(0,T; L}, .()). (6.48)

We can write

1
. T (14 [T7]7)2 .
‘T':<<l+ma>z e TR,

where x4 is the indicator function of a set. By the dominated convergence theorem,

|Tn‘X{\T”|§1} — ’T’X{|T|§1} StI'OHgly in Ll(O,T; Ll (Q))
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For the other term, the first factor converges strongly in L'(0,T; L}, (€2)). The second is

uniformly bounded and converges pointwise in Q). It follows that

T (T (TP (T
(1+|T7|e) I R B TP [ ) e

strongly in L*(0,7; L},.(2)). The asserted convergence result follows immediately. O

Lemma 6.23. Let the assumptions of Theorem 6.19 hold and suppose additionally that 0Qp =
0Q. Let (u, T,v) be the solution triple constructed there and let ((u™, T™,v™)), be the solutions
to the regularised problem constructed in Theorem 6.9. Furthermore, assume that a € (0, %)
Let Qg be an open set that is compactly contained in Q. For every § > 0 such that a + 6 < %,
there exists a constant C = C(Qq) independent of n such that

T
/ / IT"*0 + | T dz dt < C.
0 Qo

Furthermore, T" — T strongly in L'*9(0,T; LH(;(Q)dXd) for every such §.

loc

Proof. First, recall that there exists a constant C' = C(€)) such that

Tn2
C(Q9) > sup /|T” \d:l:—i—/ / _ VI dz dt
te[0,7) Q (14 |T7|2)

> (/ 1+ 10D % oy i~ 1)

0

> CaCp </ HTnHl p(1—a) dt — 1) )
2 (Q0)
2 2d

where p € (2, 775] if d > 2, p € (2,00) if d = 2, applying the Sobolev embedding theorem
applied to (1+|T"(¢ )])l;a We argue in the case d > 2 but the case d = 2 is similar. Choosing
p = =%, it follows that

T Y =2
wp/ﬁW@Mmﬁ/</|TWW$J®Jd(ﬂ§me (6.49)
te[0,T] JQ 0 Qo

Take § > 0 such that a+ 6 € (0,2). A standard manipulation shows that

d(1+8) -2 _d(l-a)
d—2 d—2

Applying Hélder’s inequality with parameters 5 and 7%, we get

/ﬂo T ()"0 dz < </QO |T”(t)|dx>3 </QO |T”(t)|1+% dx>d52

d(1+6)—2 d
gC(/ |T"(t)| -2 d:1:>
Qo

d(l—a) Lf
§<7<1+-/“|T”uﬂ =: dx) .
Qo
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Integration over (0,7") and use of (6.49) yields

T
/ / T (1) 14 d dt < ().
0 Qo

Since § > 0, we deduce that T® — T weakly in L'+%(0, T'; L1+6(Q)dXd). For strong convergence,

loc

let a € (0,1). Applying Holder’s inequality with parameter p = =, we see that

T T
/ / |Tn . T‘1+a5 dr dt = / / ’Tn . T|Oz+a§+(1fa) dz dt
0 Q() 0 Q0
T 11—«
< (/ / ™ T]1+5da:dt> (/ / —T|dxdt>
QO Q0
<0</ / —T|d:cdt> ,
Qo

where the right-hand side vanishes in the limit. Hence the strong convergence result follows. [

Lemma 6.24. Let the assumptions of Theorem 6.19 hold and suppose additionally that 0Qp =
0. Let (u,T,v) be the solution triple and ((u™, T",v")), the sequence of solutions to the

reqularised problem from Theorem 6.9. Then,

o (e(au™)) = ¢*(e(au))  strongly in LY0,T; L}OC(Q)).

Proof. First, we show that ¢} (e(ul! + au™)) — ¢*(e(u; + au)) strongly in L'(0,T; L}, .(Q)).
From Lemma 6.22, (n~!|T"|?),, converges strongly to 0 in L'(0,T; L} (2)). Using this with

the dominated convergence theorem, ¢, (T") — ¢(T) strongly in L'(0,T; L} (Q)). Using this

loc

with the strong convergence of (T" - F},(T")),, we get
o (e(ull + au™)) — ¢*(e(us + au))  strongly in L*(0,T; Li,.(Q)).

To prove the asserted convergence result for (¢} (e(au™)))n, by the memory kernel property

and Jensen’s inequality, we see that

pn(e(au”(t))) < ¢y (e(auo)) +/0 eIk (e(uf! + au™)) ds. (6.50)

By the pointwise convergence result for (¢} (e(au™))), and the strong convergence of (¢} (e(uy+

au™)))y, it follows that
0 </ /QO e(aug)) — ¢*(e(au(t))) + [/Ot e o (e (uy —i—au))ds} dz dt
< liminf/ /Qo on(elaug)) — ¢ (elau”(t))) + {/t ae®C ok (e(ul + au ))ds] dz dt

n—oo 0

/ /Qo e(auo)) [/0 (e (Ut+au))ds} dz dt

— lim sup/ / oy (e(au™(t))) dz dt.
n—00 Qo
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In particular, we have

/ /Qo e(aug)) — ¢*(e(au(t))) + [/Ot e o (e(uy + au)) ds] dz dt

t
/ / e(auy)) {/ e (5~ t)w*(s(ut—kau))ds] da dt
Qo 0

- limsup/ / o (e(au(t))) dx dt,
n—oo Qo

and so

limsup/ / oy (e(au(t))) dz dt <hm1nf/ / oy (e(au(t))) dx dt,
n—oo QO n—oo QO

using Fatou’s lemma to obtain the second inequality. Thus (¢}, (e(au™))), converges to ¢*(e(aug))

both in the sense of norms and pointwise a.e. in ). Thus we obtain strong convergence in
L0, T Lo, (2))- O

The final piece of information needed in order to deduce the desired energy equality concerns
the sequence (v}),,. Namely, we must show that the functions vanish uniformly on the boundary,
which is only possible due to the fully Dirichlet boundary conditions. This allows us to overcome

the lack of global convergence in space. We require the following auxiliary result.

Lemma 6.25. Let w € WH(Q) be such that w = 0 on 9K in the trace sense. There exist

positive constants C' and &g, depending only on ), such that
lw(z)| < C||Vw||ood(z,092)  for a.e. x € Q such that d(z,002) < do.

The idea of the proof is to cover the boundary by finitely many balls such that the boundary
is given by a Lipschitz function within each ball. The fundamental theorem of calculus is used
alongside comparing points near the boundary and those on the boundary to deduce the required

result.

Corollary 6.26. Let the assumptions of Theorem 6.19 hold and assume additionally that
00p = 00. Let 6y be the constant from Lemma 6.25. For every 6 € (0,0y), let Q5 be the
set of points x € Q such that d(x,0) < §. There exists a constant C, independent of n, such
that, for every 6 € (0,dp),

16 (0™ )0 [| oo 0,7y x25) < O (6.51)

Proof. For z € Qs and a.e. t € (0,T), we have
' (v" (t, 2))oi’ (8, 2)| < (V' (0")lloo|vf (£, 2)] < Cllo"[loo [V | od(@, 02) < C4.

Taking the essential supremum over the left-hand side, the bound (6.51) follows. O
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Lemma 6.27. Let the assumptions of Theorem 6.19 hold and assume additionally that 0Qp =
0. Let (u, T,v) be the solution triple from Theorem 6.19 and ((u", T™,v")),, the solutions to
the regularised problem constructed in Theorem 6.9. Let ip € C([0,T]) be fized but arbitrary.
Then,

im [ 2% o (o)) dodt = /Q PO o)) dadt.

n—00 Q « «
Proof. Let 6 € (0,09) where Jp is the constant from Lemma 6.25. Let 5 be as in Corollary
6.26. Then we have that

O ©*(e(au)) dz dt'

[ o oy -
T

/ [ veete) (- )

<

- - (6.52)

T
e /0 /Q | [Faleou) = elow))] dedt + s,

where C is a positive constant that is independent of n and é.

Notice that '\ s is a compact subset of 2. Using this with the local convergence results for
©r (e(au™)), we see that the second term on the right-hand side of (6.52) vanishes as n — oo.
For the first term, we use that (b/(v™)v}), converges weakly-* in L>°(Q) as n — oo, with the

fact that 1¢*(e(au)) € L1(Q). It follows that the first term also vanishes in the limit. This

yields
/(M n /
lim ‘ [P ety — o ) de| < 5,
n—00 Q « «
for every 6 € (0,dp). Letting 6 — 0, we conclude the asserted result. O]

Corollary 6.28. Let the assumptions of Theorem 6.19 hold and suppose additionally that
00p = 00. Let (u, T,v) be the corresponding solution triple that is constructed in Theorem
6.19. Then (u,T,v) is a weak energy solution of the strain-limiting dynamic fracture problem

in the following sense. For every test function w € Wol’Q(Q)d N WL ()4, we have that

/utt(t)~w—|—b(v(t))T(t)-e(w)dx—/f(t)-wdx,
Q Q

for a.e. t € (0,T), with constitutive relation
T o ‘
e(ur + au) = ——  pointwise a.e. in Q.
(14 [T|*)=

The minimisation problem (6.2) holds for a.e. t € (0,T) and the energy-dissipation equality
(6.3) 1is satisfied for every t € [0,T). The initial conditions hold in the sense that

lim {[lae(t) = woll1,2 + llue(t) — wrfli2 + [lv(t) — vollk,2] = 0.
t—0+
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Chapter 7

Conclusions and open problems

To conclude this thesis, we will gather up the results that have been presented here and discuss
the relevant open problems that are associated with this work.

In the work from Chapters 2, 3 and 4, we prove a full existence result to the strain-limiting
viscoelastic problem in the setting of periodic and Dirichlet boundary conditions for an arbitrary
value of the parameter a¢ > 0 in the constitutive relation. We note that the magnitude of a
essentially refers to the differentiability properties of the function F' in the constitutive relation.
The existence result is despite the best bound on the sequence of approximate stress tensors
(T™),, being in L>°(0,T; L*(2)*?). When we have that a € (0, 2), it is possible to show that
(T™),, is a bounded sequence in L'*%(0,T; L};‘S(Q)dXd) for every 6 > 0 such that a + 0 < 2
(with a global bound in the periodic case). This improves the convergence of (T"),, from only
pointwise in @Q to strong convergence in L'(0,T; L}, (9)9%9).

In the case of mixed Dirichlet—-Neumann boundary conditions, we have an existence result
up to satisfaction of the Neumann boundary condition. That is, there is an error term on 9y
that appears in the weak form of the elastodynamic equation. The reason for such a failure is
that the convergence of the approximate stress tensors (T"),, is only pointwise on @ or, if a
is small, weak in L'T9(0,T; Llljg‘s(Q)dXd) for some 0 > 0. In either case, we have no suitable
convergence result near the boundary.

An immediate question that we must ask is whether or not a solution exists that solves
the strain-limiting problem in some weak sense without this error. It is reassuring that if a
solution does exist, the solution that we construct from the limit of the regularised solutions
coincides with the true solution. The work in [5] shows that, even in the steady case where
we have no time dependence, it is not clear if a solution exists without the penalisation on
the Neumann part of the boundary. It would make sense to investigate this issue further in
the steady case and then try to adapt any results to the dynamic problem studied here. A
possible place to start might be to try to construct some type of higher integrability estimates
near the boundary. However, comparing this problem to the minimal surface equation where

such a singularity cannot be removed from the boundary [16], proving such a claim seems less

promising.
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A related problem that would be interesting to study is the balance of momentum coupled

with the stress-rate constitutive relation
e(u) = W(T) =Ty,

where h is a nonlinear function and + is a constant. Of particular interest is when h is bounded.
This relation is first mentioned in [43] where the authors impose that ~ is positive in order
for the model to be thermodynamically consistent. They study the one-dimensional problem,
investigating the similarities between the stress-rate model and the strain-rate model. The re-
sults suggest that it would be interesting to study what might happen in higher dimensions.
However, there are no obvious energy estimates resulting from such a system so it is not imme-
diately clear how the existence of solutions might be proven. This suggests that perhaps some
modification of the system must be made in order to perform any analysis.

We must also mention the strain-limiting dynamic elastic problem. This is the elastodynamic

equation coupled with the constitutive relation

e(u) = Ll (7.1)
(1+]T|*)=

There is no strain-rate term &(u;) present in (7.1), which provided a certain level of smoothing
in the problems studied in this thesis. Little attention has been given to this problem despite
many investigations in the steady case, for example, [5], [19], [18], to name a few. We note
that some work has been done in the parabolic case [22] where wuy is replaced with u; in the
elastodynamic equation. However, this greatly simplifies the problem compared to when wy
is present. As with the stress-rate problem, the first issue that occurs is that there are no
obvious energy estimates for the system. One possible way to tackle this might be to introduce

a damping term into the elastodynamic equation, since we have removed it from the constitutive

relation. For example, one might study (7.1) coupled with
Ut — le(T) + ﬁV . Vut, (72)

where 3 is a fixed positive constant. More generally, it could be interesting to investigate (7.2)
coupled with the strain-limiting viscoelastic relation that was studied throughout this thesis
and consider the effects of an extra damping term.

In Chapter 5, we developed a general theory for nonlinear dynamic fracture problems with a
phase-field approximation that mimics an a priori unknown crack set. The existence of a weak

energy solution was proven for the specific constitutive relation
e(us + au) = |T|P72T,

where p € (1,00). The solutions satisfied the elastodynamic equation in the usual weak sense,
the constitutive relation held pointwise on the space-time domain, and both the minimisation

problem (ensuring crack growth) and energy-dissipation equality held at every point in time.
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In Chapter 6, we combined the techniques developed in Chapter 5 with those of Chapter 4 to
investigate a strain-limiting dynamic fracture problem. For mixed Dirichlet—-Neumann boundary
conditions, a singularity appeared on the Neumann part of the boundary. For this reason, only
an energy-dissipation inequality is proven and partial satisfaction of the elastodynamic equation.
We do not obtain a weak energy solution in the complete sense. However, for fully Dirichlet
boundary conditions, a full existence result can be proven.

The first question that arises from this work is the uniqueness of solutions. Even in the linear
case [73], the uniqueness of solutions remains open. The other obvious question, at least in the
strain-limiting case, is whether or not the existence can be proven without the presence of the
rate-dependent term in the minimisation problem. It ensures good regularity of the phase-field
approximation which is necessary for deriving higher regularity estimates on the stress tensor.
Even removing the restriction on £ would be a starting point in order to develop the theory
further.

As discussed in the introduction, an issue if we were to take the limit in the approximation
parameter € is the presence of the strain rate term e(u;) in the constitutive relation. It can
cause the viscoelastic paradox, where only stationary solutions are allowed. Hence, of interest
would be an investigation into nonlinear dynamic fracture problems without the strain-rate
term. However, even in the linear case, it is not clear how to do this. It has been attempted
when there is a rate-dependent term in the minimisation problem [26], but there has been no
analysis achieved, to my knowledge, for the elastodynamic problem with an elastic constitutive
relation and a minimisation problem involving only the elastic energy and surface energy. As
discussed above, it is not clear how to study the strain-limiting elastic problem even without
the complication of damage so there is much to be learnt before we can think of tackling a
strain-limiting elastic problem with fracture. Following this, the ultimate goal would be an
existence result for a dynamic fracture problem with an exact crack set, rather than a phase-
field approximation, and a strain-limiting constitutive relation between the stress and the strain.
Numerical simulations of such a model are currently out of reach due to the highly nonlinear
nature of the problem. However, an interesting problem to study would be the numerical
analysis and simulations of a dyanmic fracture problem with linear constitutive relation. The
next step may be to investigate nonlinear fracture problems in the quasi-static case as this could
simplify matters slightly. Such simulations may give an idea of how such a phase-field model

relates to actual crack formation.
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