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Abstract

Nonlinear quantum dynamics is often invoked in models trying to bridge the gap between the
quantum micro-world and the classical macro-world. Such endeavours, however, encounter
challenges at the nexus with relativity. In 1989 Nicolas Gisin proved a powerful no-go theorem,
according to which nonlinear quantum dynamics would lead to superluminal signalling, violating
Einstein’s causality. Here we analyse the theorem from the perspective of recent developments.
First, we observe that it harmonises with the no-restriction hypothesis from General Probabilistic
Theories. Second, we note that it requires a suitable synchronisation of Alice’s and Bob’s clocks and
actions. Next, we argue that it does not automatically exclude the possibility of global nonlinear
quantum dynamics on a tensor product Hilbert space. Consequently, we investigate a class of such
dynamics inspired by discrete analogues of nonlinear Schrédinger equations. We show that, in
general, they exhibit a chaotic character. In this context we inspect whether superluminal signalling
can be avoided by relaxing the no-restriction hypothesis. We study three possible communication
protocols involving either local measurements or modifications of a local Hamiltonian. We
conclude that, in general, in all three cases, two spacelike separated parties can effectuate statistical
superluminal information transfer. Nevertheless, we show an example of a nonlocal nonlinear
quantum dynamics, which does not allow for it, provided that we relax the no-restriction
hypothesis.

1. Introduction

Quantum mechanics has a distinctive mathematical feature—it is a linear theory. This contrasts with classical
mechanics, which is based on nonlinear structures within the domain of differential geometry. The linearity
of quantum mechanics is manifest at both the kinematic and dynamical levels. The former pertains to the
fact that the spaces of quantum states and observables are linear topological spaces. The latter means that the
fundamental evolution equations—Schrédinger, Heisenberg, von Neumann and Gorini—Kossakowski—
Sudarshan-Lindblad [1, 2]—are linear partial differential equations.

The linearity of the quantum formalism is based on the superposition principle, which has been
questioned from different standpoints. A programme for establishing a causal nonlinear wave mechanics has
been outlined already by de Broglie as a continuation of his pilot-wave formalism [3]. The first concrete
equation involving a logarithmic nonlinearity was proposed by Bialynicki-Birula and Mycielski [4]. Another
version of ‘nonlinear quantum mechanics’ was put forward by Weinberg [5, 6]. The common motivation
behind these models was to describe a mesoscopic middle ground between the quantum micro-world and
the classical macro-world. Similar ideas underlie the models of Karolyhazy [7], Di6si [8], and Penrose [9],
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Figure 2. The time-evolution of the overlap between two global states initially separated by " = 0.001 for different values of the
concurrence Cof the initial state ] (0)i. The parameters of the dynamics (24) are Hy = Hg =0 and g = 1.

where 1 = (1, 1, 1) is a Bloch vector within the Bloch ball. Using formula (26) we get

2me=2Re( oo o1t 10 11);
s W= 2Im( o0 01+ 10 11); (27)

"= 20 gt w0t L

Furthermore, we have

9 —— p__
Tr 5= 1 1+ knk® ; and C(j i)= 21 Tr3)= 1k mnk% (28)

where Cis the concurrence—a measure of entanglement between the two qubits. The state ] i is separable if
and only if g is pure, that is knk = 1 and it is maximally entangled iff 5= 51.

4.2. Distinguishability of global states

Let us start with exploring some general characteristics of the two-qubit nonlinear dynamics. Equation (24)
form a complicated system of 4 coupled complex ODEs with 8 free real parameters: 7 coefficients of the local
Hamiltonian (one can be gauged away (8)) and the nonlinear coupling g. Hence, a complete analysis of the
full parameter space is not possible. Instead, we shall present, in this and the forthcoming section, the
highlights from our numerical studies with some fixed parameters.

A detailed study of nonlinear dynamics (1) of a single qubit was carried out in [32]. The authors showed
that such a system exhibits exponential sensitivity to the initial conditions. More concretely, two initial states
with a small overlap, jh (0)j (0)ij = 1 ", become distinguishable, jh (#)j (¢)ij 0, for times
t= O(g 'log" 1). This was shown to hold for a general class of nonlinear functions including, in particular,
the Gross—Pitaevskii (4) and logarithmic nonlinearities (6). One can expect the system (24) to exhibit similar
behaviour.

Let us start with a simple example of ‘purely nonlinear’ dynamics with Hy = Hp = 0. In such a case, an
analytic solution to equations (24) is given by formulae (19) with Xj; = 0. Let us consider a class of initial
states:

j o= P=—((1+x)jo0i +(1 x)j11i); forx2 [0;1]: (29)

2(1+ x%)

Forx=0,] ,i isa Bell state, while for x= 1 it becomes a separable state. More generally, we have
Qi «)=(1 2)=(1+x).

Let us consider two initial states, ] (0)i andj (0)i, from the class (29) such that] (0)i has a fixed value
of concurrence Candj (0)i is chosen so that jh (0)j (0)ij = 1 ", for some small "> 0.

Figure 2 illustrates the dynamics of the overlap between these two states, d(t) = jh ()] (#)ij, for a fixed
value of concurrence C. It shows that, with Hy = Hg = 0, the distinguishability is best—both in terms of
maximal distinguishability and in terms of time to achieve it—if the initial state is maximally entangled. If
one of the initial states is separable, then the distinguishability is constant.

The distinguishability of global states can be significantly enhanced by tuning the parameters of the local
dynamics, as illustrated in figure 3. The plot on the logarithmic scale, figure 3(b), suggests that the overlap
between the states can decay exponentially fast and that the dynamics of the overlap is, in general, chaotic.
This is coherent with the results of [32] for a single qubit nonlinear dynamics.

9
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Figure 3. The time-evolution of the overlap between two states zier the dynamics (24) witha; = 0:1,¢=0.413,d =0.108,g=1
and a, = by = b, = 0. The initial statej (0)i = (jOOi +j11i)= 2 is maximally entangled state and " = 0.001. The plots are
shown on (a) the linear scale, and (b) the logarithmic scale.
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Figure 4. The time-evolution of the concurrence for system (24) with parameters a; = 0:2, ¢ =0.4,d=0.5,¢g=1and
a; = by = b, = 0. (a) The initial states are the Bell state (blue curve) and a state (29) with concurrence 1 ", for " =0.001

(orange curve). (b) The case of separable initial states (30) with " =0.001.

4.3. Dynamics of entanglement

In general, the entanglement in the system described by equation (24) is not constant. In fact, the
concurrence (28) may fluctuate in time, even if there is no local dynamics, i.e. Hy = Hp = 0. Hence, not
surprisingly, the nonlinear quantum dynamics of the form (13) goes beyond the LOCC paradigm [40],
within which the entanglement can never increase in time.

In figure 4 we present exemplary dynamics of concurrence under the dynamics (24). First, we take two
initial entangled states,j (0)i andj (0)i, from the class (29) such thatj (0)i is maximally entangled and
C(j (0)i)=1 ",forasmall"> 0.Figure 4(a) shows that the evolution of concurrence of these two states
quickly bifurcates.

Secondly, we take two initial separable states,

i (0)i = jooi and  j (0)i = pﬁjoi (1 ™)joi +"j1i) : (30)

Figure 4(b) shows that entanglement can arise under the dynamics (24) even if one starts from a separable
initial state. The dynamics of concurrence is again sensitive to the initial state.

4.4. Sensitivity of local dynamics on the global state

In the previous subsections we have studied the dynamics of global quantities impelled by the equation (24).

We have witnessed the sensitivity of the overlap and concurrence on the choice of the initial state, at least for

some values of dynamics’ parameters. We shall now provide further evidence for chaos in the system (24).
Let us consider the dynamics of Bob’s local effective state g(f), as defined by equation (10). Using the

Fano parametrisation (26), we can depict the time-evolution of j as a trajectory on a Bloch ball. Figure 5

shows an example of such a trajectory for dynamics (24) with parameters a; = ¢= 0:1,d= 0.3,¢= 2 and

a, = by = by = 0, for the initial statej (0)i = (jOOi + j11i)= 2 and the time range ¢ 2 [0; 100].

10
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Figure 5. An exemplary time-evolution of Bob’s reduced density matrix p(#).(a) The trajectory on the Bloch ball starts at the

maximally mixed state (blue dot) and ends up in a partially mixed state (red dot). (b) The plot of the corresponding components
of the Bloch vector.
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Figure 6. Evidence for chaos in nonlinear two-qubit dynamics. See text for the description.

In order to compare two time-evolutions of Bob’s reduced state, p(£) and (f), we shall compute the
Euclidean distance in the Bloch ball between the two corresponding trajectories

r

h i
D)= [n(t) n2O)+ ny (o) nyo(t)2+[nz(t) n9()]*;

(31)

and plot the quantity log(D(#)=D(0)). Such an approach to detect the chaos in quantum systems was also
adopted in [41, 42]. Figure 6 shows a comparison of the logarithmic distance between the trajectories for
exemplary dynamics (24) with parameters a; = a, = b, = d =1, by = ¢ = 2. For the initial states we have
chosen the maximally entangled state j (0)i =(j00i + j11i)= 2 and its perturbation (29) with

x = 0:00005, which gives D(0) = 0:0001. The plots are characteristic to chaotic dynamics and suggest a

positive Lyapunov exponent > 0—see appendix. Furthermore, the value of the Lyapunov exponent is
larger for dynamics with a larger value of the nonlinear coupling, as expected.

5. Superluminal signalling

In the previous section we have analysed several general properties of nonlinear dynamics in bipartite
quantum systems. The latter exhibits certain distinctive features, such that the increase of entanglement and
chaotic behaviour of trajectories. Up to this point, we have studied the impact on dynamics of the choice of
the global initial state, which has been prepared in the common causal past of Alice and Bob (recall figure 1).
We are now interested in the possibility of effectuating operational superluminal signalling from Alice to Bob.
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(a) Source state: [1) = (|00) + |11))/v/2 (b) Source state: |¢) = (|00) + [01) + |10))/+/3.

Figure 7. Evolution of Bob’s state after Alice’s measurement of two different observables. All plots: a; =a, = b, =c=1,
by = d =2, g=3. Black plot: time-evolution of Bob’s state after Alice’s measurement of j0ih0j; red plot: time-evolution of Bob’s
state after Alice’s measurement of j+ih=+j.

In order to do so, we assume that Alice can encode a bit of information in the system through some local
operation on her particle. Then, we inspect whether Bob can infer this bit from the local detection statistics
he would obtain by measuring his particle. If this is the case, then superluminal signalling is (statistically)
possible, because we can always arrange the spacetime setup in a way so that the readout event lies outside of
the causal future of the sending event. As we shall see, for the general case of local dynamics (i.e. for generic
values of parameters of the local Hamiltonians H4 and Hp), the no-signalling principle (3a) is violated. This
characteristic of dynamics (24) will be investigated across three possible communication protocols.

5.1. Signalling through the choice of the measurement observable

We first consider the scenario employed in Gisin’s argument. Let Alice and Bob share an entangled state

j i2H 4 H p. Suppose now that Alice can measure one of two possible observables, X; X92 B (H 4), which
do not commute. For simplicity, and without loss of generality, we assume that both observables are
one-dimensional projectors, X = j' ih' j, X°=j' %h' 9§, with0< jh' j' Gj < 1. Now, because the

dynamics (13) is defined only for pure statesin H4 H 5 we do need to assume some state-update rule after
the measurement. We adopt the standard von Neumann postulate.

Letj (0)i be the state prepared at the source. When Alice measures the observable X at a moment t, > 0
(see figure 1(b)), she will get the outcome 1 with probability p; = h (%)jX 1] (#)i and the global state
will be projected to j i = p%(X 1)j (t)i, and she will get the outcome 0 with probability pp= 1 p;,in
which case the global state will become j (i = 9% (1 X) 1] (t)i,and analogously for X°

Consequently, depending on whether Alice measures X or X9, the effective time-evolution of Bob’s reduced
density operator for t > t, is, respectively,

X X
()= pTeaj <(ih (D] or )= plTraj 2ABih A1)j; (32)

x=0;1 x=0;1

where | ,(£)i andj J#)i arise from the dynamics (13) with initial states ] ,(t)i and ] Xt)i, respectively.
Superluminal signalling is possible if Bob can statistically distinguish between () and J(#), at some
time-moment ¢ > fy. Note that if we do not assume the local tomography axiom (and hence the
no-restriction hypothesis), then signalling may not be operationally possible even if () 6 (f). Without
loss of generality, we can assume that to = 0, because Alice’s measurement effectively ‘resets’ the initial state
for the global dynamics, so that the evolutions () and (£) do not depend on the source state j (0)i.
We performed an extensive numerical study of the two-qubit dynamics determined by equation(24). As
noncommuting observables we have chosen X = j0ih0j and X°= j+ih+j, where j+i = (jOi + jli)= 2. We
found that for generic parameters of local Hamiltonians, with ¢;d 6 0, and for a generic entangled source
state, Bob can always statistically distinguish between () and J(#), at any time ¢ > 0. This is true, even if
Bob can only measure one observable, j0ih0j. The case with ¢= 0 and/or d = 0 is different and will be
described in section 6. Figure 7 presents two examples of different dynamics of Bob’s reduced state, p(#) and

HOB

12
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