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Abstract

Electrolytic solutions contain mobile ions that can pass current, and are essential components
of any solution-phase electrochemical system. The Nernst—Planck—Poisson equations describe
the electrodynamics and transport dynamics of electrolytic solutions.

This thesis applies modern numerical and mathematical techniques in order to solve
these equations, and hence determine the behaviour of electrochemical systems involving
charge transport. The following systems are studied: a liquid junction where a concentration
gradient causes charge transport; an ideally polarisable electrode where an applied potential
difference causes charge transport; and an electrochemical cell where electrolysis causes charge
transport.

The nanometre Debye length and nanosecond Debye time scales are shown to control
charge separation in electrolytic solutions. At equilibrium, charge separation is confined to
within a Debye length scale of a charged electrode surface. Non-equilibrium charge separation
is compensated in solution on a Debye time scale following a perturbation, whereafter elec-
troneutrality dictates charge transport. The mechanism for the recovery of electroneutrality
involves both migration and diffusion, and is non-linear for larger electrical potentials.

Charge separation is an extremely important consideration on length scales comparable
to the Debye length. The predicted features of capacitive charging and electrolysis at nano-
electrodes are shown to differ qualitatively from the behaviour of larger electrodes. Nanoscale
charge separation can influence the behaviour of a larger system if it limits the overall rate
of mass transport or electron transfer.

This thesis advocates the use of numerical methods to solve the Nernst—Planck—Poisson
equations, in order to avoid the simplifying approximations required by traditional analytical
methods. As this thesis demonstrates, this methodology can reveal the behaviour of increas-
ingly elaborate electrochemical systems, while illustrating the self-consistency and generality

of fundamental theories concerning charge transport.
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Introduction

In this thesis, numerical and mathematical methods are employed to solve the Nernst—
Planck—Poisson equation set, in order to describe charge transport dynamics in certain
representative electrochemical systems.

Chapters 1-3 are introductory. In Chapter 1, the fundamental theories of ther-
modynamics, electrodynamics and mass transport dynamics for electrolytic solutions
are introduced, in order to derive the Nernst—Planck—Poisson equation set. Chapter 2
discusses the mathematical methods required for this thesis, while Chapter 3 discusses
the corresponding numerical methods.

Chapter 4 presents research into a dynamic theory of liquid junction potentials,
in which a concentration gradient drives charge separation. The subsequent charge
transport leads to a constant potential difference which indicates a non-equilibrium
condition.

Chapters 56 describe research on charge transport at an ideally polarisable elec-
trode. In Chapter 5, the equilibrium properties of the diffuse double layer at such an
electrode are described, including the qualitatively altered double layer at a nanoelec-
trode. This is extended in Chapter 6 to the theory of capacitive charging, the process
by which this equilibrium is attained following a perturbation, with particular reference

to non-linear charge transport dynamics.

Chapters 7-10 consider charge transport due to electrolysis at an electrode. Chapter
7 is introductory and concerns existing theories of electrode thermodynamics, electrode
kinetics and cyclic voltammetry under diffusion-only conditions. Chapter 8 critiques

the electroneutrality approximation in order to assess its usefulness for both equilib-
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rium and dynamic problems. The alternative zero-field approximation is introduced
in Chapter 9, again with a critical discussion, followed by a detailed description of
macroelectrode cyclic voltammetry subject to this approximation. The latter is also
corroborated by experiment. Chapter 10 then describes diffuse double layer effects on
steady-state voltammetry, with predictions for non-classical nanoelectrode voltamm-

etry.

The work reported in this thesis has contributed to seven published papers. Material orig-
inally published in these works is reproduced within by the kind permission of the copyright
holders ACS (Journal of Physical Chemistry), Elsevier (Chemical Physics Letters and Jour-
nal of Electroanalytical Chemistry) and Springer (Journal of Solid State Electrochemistry).
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E. J. F. Dickinson and R. G. Compton, J. Phys. Chem. C, 2009, 113, 17585-17589.
http://pubs.acs.org/doi/abs/10.1021/jp906404h.

E. J. F. Dickinson, L. Freitag and R. G. Compton, J. Phys. Chem. B, 2010, 114, 187-197.
http://pubs.acs.org/doi/abs/10.1021/jp908024s.
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2011, 15, 1335-1345. http://dx.doi.org/10.1007/s10008-011-1323-x
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Chapter 1

Properties of electrolytic solutions

This chapter will introduce the fundamental theories concerning electrolytic solutions,

which form the foundation for the work in this thesis.

1.1 Electrical properties

In his doctoral research, Svante Arrhenius observed that whereas pure water or solid
salts are electrical insulators, a solution of salt in water is electrically conducting.! To
explain this, he hypothesised that when salts dissolve in a polar solvent, such as water,
they dissociate into charged particles — ions — which are independently solvated. These
dissolved ions are called electrolyte and such a solution is termed electrolytic.

The mobility of dissolved ions allows charge to be passed through an electrolytic
solution, thereby conducting electricity. Equally, by applying an electric field, cations
(positive ions) and anions (negative ions) can be separated due to their respective
attraction or repulsion, and so charge can accumulate in an electrolytic solution.

Therefore, we can identify some general properties of electrolytic solutions:
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e They conduct electricity, because they contain freely dissociated ions which can

move through the solution.

e They are resistive, because the solution contains only a finite number of ions, and

these move with only a finite velocity.

e They are capacitive, because the free motion of cations and anions allows charge

to be separated by an electric field.

Here, we have drawn analogies with an electrical circuit, in which “resistance” means
the applied voltage required to drive a given current, and “capacitance” means the
charge separated per applied voltage.

Having made this analogy, it is tempting to assume that an electrolytic solution
will behave exactly like a corresponding circuit element with a defined resistance in
ohms and a defined capacitance in farads. While this may be true in certain specific
or simplified cases, it is not sufficient for most situations, because the local resistivity
and capacitance of a solution depend on its local ionic constitution, which may be
perturbed in a complex manner by various stimuli: for instance, chemical reaction or
diffusion. It is therefore necessary to consider the thermodynamics and electrodynamics

of electrolytic solutions in order to successfully describe charge transport.

1.2 Thermodynamics

The modern science of thermodynamics was developed in the 19th century, based prin-
cipally upon observations in the gas phase. The key determinations are encompassed

in three axiomatic laws. The first states that heat and work are interchangeable forms
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of energy and that their sum is conserved in a closed system; the second states that the
entropy (statistical disorder) of a closed system tends to increase for any spontaneous
change; and the third states that at the absolute zero of temperature, all molecular
motion ceases.?

For an ideal gas, these considerations, together with a mathematical definition of

entropy, lead to a law relating pressure to the other state functions of the system:

P="— (1.1)

where p is pressure, n is the number of moles of gas, R is the gas constant, T is
temperature and V' is volume.

The most useful state function for normal chemical purposes is the Gibbs energy,
denoted G, which describes the amount of work extractable from a chemical system at

constant pressure. From definition, G is given:
G=H-TS (1.2)

where H denotes enthalpy and S denotes entropy. It follows from the first and second

laws of thermodynamics that:
dG =Vdp— SdT (1.3)

Then, for an ideal gas at a given temperature, the Gibbs energy at a non-standard
pressure is given with respect to the Gibbs energy at the standard pressure p© as

follows:
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SO

G(T) = G°(T) + nRT In (ﬁ) (1.5)
p'@
Defining the chemical potential p as the first partial derivative of Gibbs energy with

respect to molar amount, we find:

P
= = u® T In — 1.
= u”+ R npe (1.6)

p,T

In 1885, van 't Hoff proposed and verified experimentally that the osmotic pressure of
a dilute solution with respect to pure solvent is identical to the pressure of the solute in
the gas phase, under the same conditions, if the solvent were imagined to be absent.?

That is, for dissolved i:

V

I = = C;RT (1.7)

where II is the osmotic pressure of a solution of ¢ with concentration C;. If the ideal

gas law is equally valid for relating osmotic pressures:

pi =y + RTIn (ge) (1.8)

The standard concentration C; is conventionally incorporated into the quantity
which is then dependent upon the units chosen.

Equation 1.8 is justified by the requirement of equilibrium of the solute between
the solution and gas phases. It is exact in the limit of infinite dilution, but because
of inter-molecular interactions by the solute in both phases, this equilibrium may not
give a partial pressure that obeys the ideal gas law for all concentrations.? In this case,

it is conventional to express the chemical potential of the dissolved species in terms of
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an activity a;:

pi = py +RTIna; (1.9)

=u; + RTInv; + RTInC;

where ~; is an activity coefficient which depends on the concentration of ¢ as well as
on any extrinsic variables. This is the fundamental relationship governing the thermo-

dynamics of a solution containing uncharged species.

1.3 Electrodynamics

1.3.1 Fundamental electrodynamical equations

Although a general thermodynamic relationship has been developed above, no con-
sideration has yet been made of the influence of electromagnetic interactions on the
dynamics of ions in an electrolytic solution. The fundamental classical relations gov-
erning the interrelation of charge, electric field and electromagnetic force are Maxwell’s
equations and the Lorentz force law.*? Strictly, these equations also incorporate the
effects of the magnetic field generated by a moving charge, but this can generally be
neglected in the study of electrolytic solutions, because ions move sufficiently slowly in
solution that their corresponding magnetic fields are negligible with respect to other
contributing forces.*

Ignoring the magnetic field, the relevant equations are respectively Gauss’s law and

*In the specific case of this thesis, magnetic fields may also be excluded because all of the problems
considered are in high symmetry environments where the electric field has zero curl, such that no
magnetic field exists according to Faraday’s law of induction.



Chapter 1. Properties of electrolytic solutions

the Lorentz force law:

V-E=-" (1.10)

F = ¢E (1.11)

Here, E is the electric field vector, p is the charge density, ¢ is the permittivity of free
space, € is the relative permittivity (or dielectric constant) of the medium, and F is
the force vector acting on a test charge with magnitude ¢. V- denotes the divergence
operator (see also Section 2.1). These equations imply Coulomb’s inverse square law

for the force between two point charges ¢; and ¢y as a function of their separation rqs:

4192
F=—"5"— 1.12
Aeseqriy (1.12)

However, Coulomb’s law only holds for static charges, whereas Gauss’s law and the

Lorentz force law are equally valid for moving charges.’

1.3.2 Electrical potential and Gauss’s law

It is convenient to reframe the above equations in terms of an electrical potential ¢.

The electric field is the negative gradient of ¢:
E=-Vo¢ (1.13)

where V is the gradient operator and the minus sign is included to ensure that positive
charges are attracted down the potential gradient. The electromagnetic force perceived
by a charge is then governed by the electric field between two points with different
electrical potential.

The electrical potential may be understood as an additional electrical potential en-

ergy applying to charged particles, measured with respect to their charge. We must
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incorporate the additional potential energy associated with the electromagnetic inter-
action of the ion into the above expression for the chemical potential of an ideal solution
(Equation 1.8). On the basis of the electrical potential as an energy per unit charge,

we determine the additional potential energy as the product of charge and potential:

1i(¢) = pi(¢ = 0) + zieNagh (1.14)

=uS + RTIna; + 2, F¢

where N, is the Avogadro constant, e is the charge on an electron, z; is the charge
number of the ion ¢ and F' is the Faraday constant (the charge of one mole of electrons,
= Nae =~ 96485 C).

In the potential formulation, Gauss’s law becomes:

Vip+ L =0 (1.15)

€5€0
where V? is the Laplacian operator, which is the divergence of a gradient (see also
Section 2.1).

This equation has useful integrated forms in highly symmetric environments which
relate the electric field to the enclosed charge within a surface. Specifically, in a linearly
symmetric space with coordinate z (see also Section 2.1.2 below), the enclosed charge
Jenc In the “Gaussian box” defined by the domain inside a surface at x = a with area

A is given:

(1.16)

In a hemispherically symmetric space with radial coordinate r, the enclosed charge

within a hemispherical Gaussian surface defined by the shell » = a is given:

(enc a¢

= —€5€p
2ma? or

(1.17)

r=a
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1.3.3 Derivation of the Poisson equation

For an electrolytic solution, the only charge carriers are dissociated ions. There are no

free electrons in the solution. Hence, the charge density may be expressed as:

p:ez,zi% (1.18)

)

This assumes that the concentration of ions is sufficiently large that it can be repre-
sented statistically by a continuous variable.

Converting to molar quantities:

and substituting into Gauss’s Law (Equation 1.15):

F
> %Ci=0 (1.20)

€s€o =
(]

V3¢ +

This is commonly called the Poisson equation’ and is the fundamental relation between
electric field and charge separation for an electrolytic solution.

Dimensional analysis of the Poisson equation can lead us to certain conclusions.
Normalising molar energy by RT and molar charge by F', and normalising to a reference

electrolyte concentration C*, we achieve:

F2C
V26 + ATee, >z =0 (1.21)

i

and multiplying through by the collection of constants:
203V%0 + > zic; =0 (1.22)

where 6 and ¢; are normalised potential and concentration respectively, and zp is a

fStrictly it is a Poisson equation since Poisson derived it in terms of general charge density
[Bull. Soc. Phil. 1813], but this is not the common electrochemical usage.

10
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characteristic parameter with units of length, commonly referred to as the Debye length:

RTezeq
rp =4/ SF2C (1.23)

The factor of two is retained here since it simplifies many equations developed from

the Poisson equation.

The Debye length indicates the length over which separated charge, and hence
electric fields, are screened in an electrolytic solution. For the region around a certain
quantity of charge in an electrolytic solution, the range over which the electric field can
vary is limited by the Debye length. This length scale is encountered very frequently
in the study of charge transport in electrolytic solutions and so will be referred to
throughout this thesis.

For water at 298 K and infinite dilution,® the dielectric constant e, ~ 78.5. Then,
for 1 mM electrolyte, xp ~ 9.6 nm; for 1 M electrolyte, xp =~ 0.3 nm. The presence of
electrolyte influences the solvent permittivity, but not to a considerable extent. These
values indicate that electric fields are screened over very short distances in aqueous
electrolytic solutions. Hence the approximation zp = 0 is often applied, to yield from

Equation 1.22 the expression that:

> ziei =0 (1.24)

i
which states that charge separation in electrolytic solution is zero. Equation 1.24 is

therefore called the electroneutrality condition. The utility and deficiencies of this nat-

ural approximation in various contexts will also be considered throughout this thesis.

11
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1.4 Mass transport: the Nernst—Planck equation

The required connection between thermodynamics and dynamic, non-equilibrium mass
transport was made by Nernst.” He argued that the force acting on a dissolved ion
or molecule could be expressed as the local gradient of its chemical potential. Hence,
all species in solution have a tendency to migrate towards a minimum of chemical

potential. On this basis, for the dissociated ion i:

so long as activity effects due to 4; # 1 can be ignored. Now we assume that ions

moving in solution attain a limiting velocity due to friction from solvent molecules,

which is proportional to the applied force.

This proportionality can be quantified using the definition of mobility, u;, as the ratio

of limiting velocity to applied field:

Vi
g 1.2
=g (1.27)
SO
T

12
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Having established that the velocity of the ions is given by the above expression, the

flux of ions through a given area may be expressed:

J=Cv, (1.29)

T

Now, simplifying C; VIn C; to VC; and introducing the Einstein relation to define a

diffusion coefficient D;:

RT

we derive the Nernst—Planck equation for the flux of an ionic species.

ZiF
J,=-D, (vci o G w) (1.31)

Planck is credited additionally due to his early development of the differential form of
this equation,® and due to his framing of the equation in terms of concentration rather
than osmotic pressure.”

In the above equation, the flux of an ion is the sum of two terms, each representing
a different mode of mass transport. The first depends on the concentration gradient
and therefore quantifies diffusion. Diffusion is a statistical process arising because the
thermal motion of ions tends to equalise their concentrations, minimising chemical
potential (Equation 1.8) by maximising entropy, in agreement with the 2nd Law of
Thermodynamics. Note that where the electric field is zero (V¢ = 0), the Nernst—

Planck equation reduces to Fick’s 1st Law of Diffusion:!°

J;i=—D;VC; (1.32)

A neutral molecule with z5 = 0 has only diffusional mass transport and so also obeys

13
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Fick’s 1st Law of Diffusion.

The second term in the Nernst—Planck equation describes organised motion of ions
with or against electric fields according to their charge. This motion derives from the
Coulombic attraction or repulsion of ions by an electric field, and is termed migration.
It is also sometimes described as electrostatic migration, although since migration by
definition describes moving charge, this terminology is not strictly accurate.

The Nernst—Planck equation as reported here does not include a convection term,
although solvent convection certainly influences the mass transport of dissolved species
in real systems. Convection will be ignored in this thesis since the systems under
consideration involve sufficiently short length and time scales for the effect of thermal
motion of bulk solvent to be considered negligible.

In the absence of an overall flux (J; = 0), the Nernst-Planck equation can be
integrated to the thermodynamic Boltzmann equation, in which the difference in con-

centrations due to a potential difference away from a reference potential ¢q is given:

Ci
Ci,O

T

7T (? cbo)) (1.33)

:exp(—

This equation can equally well be derived from consideration of the chemical potential

at unit activity, since it is a statement of equilibrium.

1.5 Time-dependent mass transport

Time dependence in mass transport can be incorporated by the continuity equation,

which expresses the principle of conservation of mass:

oC;
ot

-~V -7, (1.34)

14
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where t is the time coordinate. This equation assumes that no chemical reactions exist
which might augment or reduce C; independently from mass transport. Then, the
change of concentration at a point must equal the sum of sources and sinks at that

point, i.e. the divergence of the local flux vector. Hence:

RT

ac; )
G, (v

v (C v¢)> (1.35)

which is the time-dependent Nernst—Planck equation. Again, if V¢ = 0, we recover

Fick’s 2nd Law of Diffusion:!°

oC;
ot

= D; V*C; (1.36)

This diffusion equation can equally well be derived by statistical consideration of the
random thermal motion of molecules, as should be expected if the statistical and ther-
modynamical descriptions of entropy are self-consistent. Accordingly, the root mean
square displacement of a diffusing molecule in some time ¢ is given, after Einstein,!!

by:

V(@?) = V2Dt (1.37)

A diffusion layer therefore expands at a rate proportional to the square root of time.
This proportionality dictates the spatial extent of a perturbation due to diffusion, and

is crucial to electrolytic solution dynamics whenever a concentration gradient is present.

1.6 Determining electrolytic solution properties

The Nernst—Planck equation relates the motion of ions to the electric field and hence,
indirectly, to the potential difference between two points. It is then possible to consider

the magnitude of the conductivity of the solution containing k different ionic species.

15
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The total ionic current ¢ through an area A is then given:

i=Y zFAJ, (1.38)
k

F
k k

_ DF?
~ RT

AV Y ZCy
k

where it has been assumed that all D, =~ D and that the electroneutrality condition
holds. Under these conditions we have obtained a simple relation between ionic current

and potential difference. By analogy to Ohm’s law:®

. —A¢p  —VoAzr
= R = oAV (1.39)

where Ry denotes resistance and o denotes the conductivity of the medium. Hence:

DF? 9
o= =T ;szk (1.40)
Defining the ionic strength I as:
1 2
I = 3 Ek 2. Cl (1.41)

a simplified expression is obtained

o D2F2] _ 6o

1.42
RT 3 (142)

In this way, the conductivity of an electrolytic solution can be estimated. The conduc-
tivity increases in direct proportion to the ionic strength, as first determined experi-
mentally by Arrhenius. Without the simplifying approximations made here, however,
relations from conventional electrodynamics, such as Ohm’s law, do not yield unam-

biguous expressions for properties such as solution conductivity.

16
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The most significant relations introduced in this chapter are the Nernst—Planck
equation, the continuity equation and the Poisson equation (Equations 1.31, 1.34 and
1.20 respectively), which collectively will be described as the Nernst—Planck—Poisson
(NPP) equation set. These equations provide the theoretical framework employed in
this thesis to determine the behaviour of model electrolytic solution systems and hence
draw conclusions about their chemistry. The derivations presented above demonstrate
that these equations incorporate fundamental thermodynamic and electrodynamic re-
lations, and so are completely consistent with established chemical and physical laws.
Since the solution of one or more of these equations is non-trivial for problems of inter-
est in charge transport, however, it is necessary to develop an arsenal of mathematical

and numerical approaches, which are detailed in the following two chapters.
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Chapter 2

Mathematical methods

This chapter introduces the mathematical methods employed in the solution of the

Nernst—Planck-Poisson equation set in this thesis.!'?

2.1 Geometry

The equations introduced in Chapter 1 were given in the generic language of vector
calculus, using the operators V, V- and V? to denote gradient, divergence and the
Laplacian respectively. These operators take different forms depending upon the coor-
dinate system employed.

This thesis will consider linear and hemispherical coordinate systems in ‘real’ space.
Both of these are one-dimensional coordinate systems which imply a high degree of
symmetry in the system. In addition, transforms of these coordinates will be employed

to facilitate theoretical work.

18
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2.1.1 Three-dimensional space

Three-dimensional space is conventionally parameterised by three orthogonal Cartesian
coordinates x, y and z. A scalar function in this space has a single value depending on
each of these coordinates and is written as f(z,y,2). A vector function in this space

has a component in each of the coordinate directions and is written:

f(z,y,2) = folz,y,2) 1+ fy(z,y,2) ] + fo(z,y,2) k (2.1)

where 1, j and k are vectors of unit length in the x, y and z directions respectively.
Therefore, a three-dimensional vector function is defined by three scalar functions.
The gradient operator gives the magnitude and direction of the gradient of a scalar

function, in three dimensions:

_Of: Of: Of o
Vf—alerayJJrazk (2.2)

The divergence operator gives the magnitude of the source or sink of a vector function:

Ofc  Ofy  0Of:
V.-f= —£ 2.3
ox + dy + 0z (23)
The Laplacian operator is the divergence of the gradient of a scalar function:
*f  0f  f
2f = 2.4
vy 8$2+6y2+8z2 (24)
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2.1.2 Linear coordinates

The linear coordinate system describes position using a single coordinate x. The yz-

plane for a given z is then assumed to be homogeneous, so f(z,y,2) = f(x). Then:

oS
_of
Vot=a
2, Of
Vi = o

2.1.3 Hemispherical coordinates

The hemispherical coordinate system assumes that for positive z, position can be de-

scribed using a single coordinate r which is the radial distance from the origin:

r=+x2+y?+ 22 (2.6)

Then, the hemispherical shell for a given r is assumed to be homogeneous, so all

functions have complete angular symmetry and f(z,y,z) = f(r). The operators are:

_Of .
V=5t (2.7)
_1007*f)
Vet=GTe
2p 10 (50f
vf_ﬂ@r (r 8r)

where T is a vector of unit length in the r direction. The additional complexity of
these operators accounts for the altered symmetry properties of the coordinate system:
in particular, the area of the homogeneous hemispherical shell for a given r increases
with 72, whereas the area of the homogeneous planes in a linear coordinate system is

constant irrespective of the value of x.

20
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2.1.4 Coordinate transformation

Equations can often be simplified by a coordinate transformation. If we transform from
x into a coordinate ¢ = g(x), the operators above are altered according to the chain

rule:

g 00q dg 0
Or  0qdx  dr Oq (28)

Substitution into the above expressions then allows transformation of the operators

into the appropriate forms in the coordinate q.

2.2 Normalisation

The equations presented in Chapter 1 were all dimensional: that is, the constants and
the dependent and independent variables of the equations have dimensions, and so their
values depend on the units chosen. These equations can be generalised by a process
of normalisation, where the constants and variables are made dimensionless such that
they do not depend on the choice of units. This process also permits dimensional
analysis to reveal characteristic length and time scales and characteristic dimensionless
parameters which dictate the behaviour of a system.

To accomplish the normalisation of a system, standard dimensional quantities are
selected for a set of base units, and the equations are normalised with respect to
these quantities. The base units are respectively length, time, concentration, potential
(voltage) and current.

Hence, denoting a standard quantity with a superscript *, dimensionless length,
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radial length, time, concentration, potential and current are defined respectively as:

x
X=— 2.9
. (29)
R=—
x*
t
T=—
t*
C
c=—
C*
92
¢*
.
J= =
7
Throughout, concentration is normalised by
cr =, (2.10)

where (7 is the bulk concentration of the reference species ¢, and potential is normalised
by

o= = (2.11)

which is a suitable normalisation considering the definition of electrical potential as

energy per unit charge.
The time-dependent Nernst-Planck equation is then:

de, t
S D,
or 2

(v%i 5V (e ve)) (2.12)

where the gradient, divergence and Laplacian operators are now with respect to the
normalised X or R coordinate. This suggests an appropriate relation between the

normalisation of time and the normalisation of space:

l'*2

5 (2.13)

"=

q
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where D, is the diffusion coefficient of the reference species ¢. This ensures an ide-
ally dimensionless time-dependent Nernst—Planck equation containing no extraneous

constants except for the normalised diffusion coefficient:

3 C;
or

:zx(v%%+¢%v-@3vm) (2.14)
where

D =

S| o

(2.15)

q

The choice of z* will vary depending on the particular problem under consideration.
Note that having defined these standard quantities, the appropriate normalisations for
a variable or constant with any other units may be derived by a combination of the
five base units. For instance, a constant with units of velocity should be normalised to
a standard quantity v* = z*/t* = D,/x* since velocity is length per time.

Based on the above, the individual Nernst—Planck, continuity and Poisson equations

have been normalised to the following:

J/i = —D; (VCZ + Z;¢; VG) (216)
o _g.y, (2.17)
or

1 [ 2%\’
2 — R C: =
V<0 + 5 (xD) El zic; =0 (2.18)

Note that the normalised flux is given as

(2.19)

which has been derived from the base unit normalisations. This expression for flux
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further implies a suitable choice of normalisation for current:

FAC:D,

I*

i =FAJ = (2.20)

where A is the area through which the current passes.

2.3 Differential equations

For a system containing n species, the Nernst—Planck—Poisson equation set comprises n
time-dependent Nernst—Planck equations, as well as the Poisson equation, for a total of
n-+1 equations. Equally, the n concentrations ¢; and the potential § comprise n+ 1 un-
known functions, such that since the problem contains as many independent equations
as there are unknowns, we might hope to solve the simultaneous equations to deter-
mine the unknowns uniquely. However, these equations are not algebraic equations,
but differential equations: that is, they involve at least one derivative of an unknown.
In general, the solution of differential equations is more demanding than normal alge-
braic equations, since the derivatives must be integrated to find the unknown function.
Here, some relevant definitions and techniques will be introduced.

If the unknowns of a differential equation are functions of only one variable, the
derivatives are ordinary and so the equation is an ordinary differential equation (ODE).
By comparison, if the unknowns are functions of more than one variable, the derivatives
must be partial, and so the equation is a partial differential equation (PDE). The time-
dependent Nernst—Planck—Poisson equation set is therefore a set of partial differential
equations. If the equation set is taken at steady state where all dc;/07 = 0, the
unknowns ¢; and @ are functions of the space coordinate only. In this case, the Nernst—

Planck—Poisson equation set is a set of ordinary differential equations. In general,
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ordinary differential equations are simpler to solve.
The order of a differential equation is defined as the degree of the highest derivative
in the equation. Both the Nernst—Planck and Poisson equations are second order

differential equations. Any second order ODE can be decomposed into two first order

ODE:s since:
d?f
w + q(m) =0 (2.21)
can be written as
dg
—= = 2.22
o +ta=0 (2.22)
_df
9= dx

2.4 Boundary conditions

The general solution of an nth order ODE typically contains at least n undetermined
coefficients. These coefficients may only be assigned by consideration of boundary
conditions which constrain the unknown function f(z) and/or its derivative f'(x) at

certain boundaries in the space . Boundary conditions are classified into various types:

e A Dirichlet boundary is one where a function is constrained to take a constant

value at a boundary, such as a fixed potential:
flz=x) = A (2.23)
with A a constant.

e A Neumann boundary is one where the first derivative of a function is constrained

to take a constant value at a boundary, such as a fixed potential gradient (electric
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field):
fllx=ai) = A (2.24)

e A Robin boundary is one where a linear combination of a function and its first

derivative is constrained to take a constant value at a boundary:
[z =ap) + M flx=21) = X (2.25)

e A Cauchy boundary is one where both a Dirichlet and Neumann boundary con-

dition are required to apply at a single boundary.

All of the above will be encountered in this thesis. Other more complex boundary
conditions also exist. As a general rule, each boundary condition can be used to
determine one of the coefficients in the general solution of a differential equation, such
that a unique solution exists for a differential equation together with a complete set
of n boundary conditions. For a partial differential equation, boundary conditions are

typically required in all variables.

2.5 Laplace transformation

2.5.1 Solution of linear ODEs

Linear ODEs with constant coefficients can generally be solved by a method known as

Laplace transformation. The Laplace transform is defined as:

() = Lo {f(2)} = / " fa)e v da (2.26)

The function f(z) is transformed to a function f(s) in the s-domain (Laplace space).
The function is therefore resolved into exponential components with differing rates of
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decay. Laplace transformation may be suitably applied to any continuous function with
a semi-infinite domain 0 < z < oo, and is useful for ordinary differential equations in
such a function with a boundary condition at z = 0.

The utility of a Laplace transform is that it converts differential expressions into
algebraic expressions, as shown by evaluating the Laplace transform of a derivative

using integration by parts:

df B <df .,
Lo s {%}—/0 %e dx (2.27)

= [f(x)e_sﬂgo +s /OOO fz)e **dx
= sf(s) = f(0)

The derivative in the real z-domain has been transformed into an algebraic expression
in the Laplace s-domain. The algebraic equation associated with an ODE can then be
solved in Laplace space, and the result is transformed back. The major difficulty with
this technique tends to be the inverse transformation, since the formal definition of the
inverse transform is a complex integral:

a+1-00

fla) = £, {J(s)} = F(s) et ds (2.28)

a—i-oo
where a is a real number chosen such that singularities in f(s) are confined to Re(s) < a.
Typically the evaluation of this integral is achieved either by contour integration, or the
inverse transform is assessed by consulting standard results for the forward transform.

Numerical techniques also exist to evaluate £~! approximately.?
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2.5.2 Solution of linear PDEs

Given that a Laplace transform is able to transform an ODE into an algebraic equation,
the method can also be used to transform a PDE into an ODE, which can then be

solved more easily. This follows since for a function f(z,1?):

of _ [Zof
Loy {(’%}_ e dt (2.29)

= [f(:v,t)e_ﬂgo +5 /000 flx, t)e "t dt
:Sf(xas)_f(x7t:0)

whereas

of *of _

= /Ooog (f(x,t) e""’t) dt

Ox
a o0
= — x,t) e dt
_of
- Or
Hence a Laplace transform in the variable ¢ will reduce partial derivatives in ¢ to alge-
braic expressions, without affecting partial derivatives in any other variable. A partial
differential equation in = and ¢ is then reduced to an ordinary differential equation in z
alone, which can be solved for f(x,s); then, inversion of the transform recovers f(z,t).

The variable x is treated as a constant with respect to Laplace transformation and its

inverse, since the domain of integration is independent of x.
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2.5.3 Laplace convolution

A useful theorem involving Laplace transformation is the convolution theorem, which

states that:

L2 {f(s)-gls)} = f(t) = g(t) (2.31)

where the convolution operator x is defined

ro =g = [ F)g(r 1) dr — / () f(r — 1) dr (2.32)

The convolution of two signals in time is therefore understood as the product of their
Laplace transforms.
The Dirac delta function 6(¢) is an identity function under the convolution operator.

That is:
x(t) *0(t) = x(t) (2.33)

This relation is useful to describe a class of problems termed linear time-invariant,*
examples of which will be encountered in this thesis. If an output function is related
linearly to an input function, i.e. by expressing an arbitrary input function z(t) as a

linear combination of delta function inputs:

x(t) = /_OO x(r)o(t —71)dr (2.34)

[e.e]

then the output is a linear combination of a transfer function A(t) which is the output

response of the system to a delta function input:

y(t) = /00 x(T)h(T —t)dr = x(t) * h(t) (2.35)

oo

Therefore

y(s) = z(s) h(s) (2.36)
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and so the transfer function in Laplace space is the ratio of the Laplace space output
to input. This property allows the response to any input can be derived if the output

to a single input is known.

2.6 Conclusion

Unfortunately, even with the above mathematical techniques for approaching differ-
ential equations, the Nernst—Planck—Poisson equation set is frequently unsolvable by
conventional mathematical methods. This is largely because it is non-linear and so
the above integration and transform methods cannot be applied directly. The Nernst—
Planck—Poisson equations can be linearised, but only subject to certain approxima-
tions, as will be discussed for various problems in this thesis. In more complex cases,
the equation set must be solved by numerical methods using a computer, as will be

discussed in the following chapter.
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Chapter 3

Numerical methods

This chapter will set out the required methods for solving differential equations nu-
merically. The bulk of the results presented in this thesis are determined using the

methods discussed here.

3.1 The method of finite differences

Since a digital computer is unable to treat a continuous function exactly, numeri-
cal methods depend on approximating differential equations to large sets of algebraic
equations, which can be solved by the conventional computational methods described
below. The discretisation of a derivative by pointwise approximation to an associated
algebraic expression is termed the finite difference method.

Consider the Taylor series of a function close to some point x = x:

(Aap

f(xo + Ax) = f(x0) + f'(20) Az + f(10) 5

(3.1)

in which f" and f” represent the first and second derivatives of f(z) with respect to x.
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Rearranging:

f(xo + Az) — f(x0) Az

f'(zo) =
Therefore, the approximation

f(xo + Az) — f(x0)
Az

[/ (o) ~ (3.3)

has an error proportional to Az to leading order, which is termed an O(Ax) error*. As
Ax — 0, the approximation becomes exact. Therefore, a derivative may be accurately
approximated by the linear combination of function values at two points, so long as the
separation of the points is small. As Az — 0, the result obtained from the approximate
method is said to converge towards the exact result.

The approximation above is described as forward differencing, since the derivative
a point is evaluated with respect to the function value at that point and the next point.

A related approximation is backward differencing, which has the same error:

f(xo) = flxo = Ax)

J'(x0) = Ax

+O(Ax) (3.4)

A more accurate approximation can be achieved by central differencing:

Plan) = H0 28T =20 4 o (a0?) (35)

in which the two Az errors from the forward and backward components cancel. How-
ever, this approximation may be numerically awkward because the approximate expres-
sion for the derivative at xg becomes independent of the function value at the same

point xg.

*In algorithm analysis, the ‘big-oh’ O(f(IV)) notation means “to leading order”. That is, as the
size of a problem N — oo, the number of steps tends to a constant multiplied by the function f(N).
The same notation as used here means that as Ax — 0, the error becomes exactly proportional to
Az, since terms in higher powers of Az will decrease more rapidly.
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A second derivative can be approximated by considering Taylor series at two neigh-

bouring points:

Flzo + Az) = fwo) + f'(x0) Az + " (x0) <A2”“")2 ¥ (3.6)
Flzo — Ax) = f(x0) — f'(w0) Az + F" (o) (A;’) — (3.7)

Adding these together and re-arranging, and noting that all the terms in odd-order
derivatives cancel:

f(xo+ Ax) —2f(x0) + f(wo — Az)

(o) = e +0((Ar)) (33)

Having established that continuous derivatives can be approximated to a certain toler-
ance by finite linear combinations of function values, the numerical method for solving
ordinary differential equations for an unknown f(z) on a finite domain requires a grid
of n points z;, where z;,7 = x; + Ax. At each point x;, the differential equation is
approximated by finite differencing to an algebraic equation. At the boundaries, the
boundary conditions are also discretised where necessary. This yields a total of n simul-
taneous algebraic equations which can be solved computationally for the n unknowns
f(x;), thus approximately determining the unknown function f(x).

Other techniques exist for solving ordinary differential equations numerically, such
as finite element methods or Runge-Kutta integration.! However, the finite difference
method is best suited for solving complex equations in simple geometries, exactly as
required for the Nernst—Planck—Poisson equation set in the one-dimensional geometries
discussed in Chapter 2. Hence, the finite difference method is applied for the vast

majority of the work in this thesis.

33



Chapter 3. Numerical methods

3.2 Expanding grid

In fact, the gridding points z; do not need to be equally spaced. To ensure convergence
of the approximations for the derivatives, a high density of points is required where
f(z) is non-linear, i.e. where its higher derivatives are non-zero and so higher order
terms contribute to the Taylor series. The total number of points n can be reduced by
introducing an expanding grid with high grid density for the domain of x where f(z) is
non-linear, but sparse grid density for the domain where f(x) is approximately linear.
This accelerates the numerical solution by decreasing the size of the algebraic equation
set arising from finite differencing.

The modified expressions for the finite difference approximations for an expanding

grid are:?
fir1 — fiza
Nay) ~ 2222 3.9
firi—fi _ fi—fima
" Az Ax_
i) =~ 3.10
[ (@) LAz, + Az.) (3.10)
where

AJI+ = Tjp1 — X4 (311)

Ar_ = Ty — Tij—1 (312)

These approximations are, in general, accurate to O(Ax), which is sufficient to allow
for convergence of the numerical solution by decreasing grid spacing. The reduced
order of accuracy is more than overcome by the efficient minimisation of Ax in regions
where the error magnitudes from f”(x) and higher derivatives are particularly large,

while still allowing Az to become large in regions where these higher derivatives tend
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to zero. Hence, the overall error terms are made negligible across the whole simulation
space, without requiring an excess of grid points.

The most easily customised expanding grid was found to combine constant grid
point spacing close to a boundary X = X, where f”(X) is large with linearly expanding

grid point spacing outside of a point X = Xy + X;. The grid is defined:

XO § X S Xs Xi—i—l = Xl + X Xs (313)

X > X Xiy1 = Xi +9x X;

where vx is a tuneable scaling parameter. In radial space, a similar grid was applied
with parameters yg and R;.

The definition of the linear spacing in the domain X < X ensures that grid spacing
does not change abruptly either side of X. This has the consequence that reducing the
value of either of the parameters 7x and X will increase the grid density and hence
improve convergence by increasing the accuracy of the finite difference approximation.
However, decreasing ~yx increases grid density consistently across the whole space,
whereas decreasing X increases grid point density close to the boundary X = X,
without affecting grid point density distant from this boundary.

For all studies, a convergence study was performed for both parameters, to ensure
that an appropriate compromise was reached between simulation accuracy and simula-
tion runtime. In general, the required solution tolerance was < 0.1% error compared to
the exact solution as vx — 0 and Xy — 0, as assessed from key output parameters. In
this way, optimal maximum values of yx and X were determined, such that simulation

runtime could be minimised without impairing accuracy.
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3.3 Partial differential equations

In solving the time-dependent NPP equation set, it is necessary to discretise the time
derivative as well as the space derivatives. The time domain 7 > 0 is then discretised
using a certain number of time steps, with the initial conditions being applied at the
first time step. Denoting f;, as the vector of the variable f across all n space points at

the time step k, then a forward finite difference in time gives:

foor — T
A—T = g(fk) (3-14)

SO

in which case, since f;; is known from the initial conditions specified for the problem,
f;. 1 can be calculated directly for all subsequent timesteps by iteration of the equation
above, since f;, is known at each time step. This is termed the explicit method. The
explicit method is extremely rapid since determining the evolution of f at each time
step only requires the evaluation of the function g(fy). However, the explicit method
is also numerically unstable, meaning that errors propagate and the time-dependent
behaviour of f becomes oscillatory unless the time step A7 is extremely short.!?2

An alternative approach assumes backward differencing with respect to the time

step k£ + 1:

BT g(60) (3.16)

SO

fk+1 = fk + AT - g(fk—H) (317)
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The right-hand side of this equation is now unknown and so this represents a set
of simultaneous equations which must be solved for the variables at the subsequent
time step. This is termed the implicit method: it is numerically stable, but much
slower because fi; cannot be calculated by function evaluation but rather must be
determined by solving a full equation set.’»? Nonetheless, the implicit method allows
much larger A7 values to be chosen as a consequence of its superior stability, so it is
preferred. Implicit methods have been standard for numerical solutions of the Nernst—
Planck-Poisson equation set since the pioneering work of Brumleve and Buck,® and
the implicit method is used for all time-dependent numerical simulation in this thesis.

As with space discretisation, A7 must be minimised to ensure that the finite differ-
encing approximation in time is converged. However, shorter time steps also increases
simulation runtime, so an irregular time grid provides an advantageous compromise for
some problems. Typically, these are problems where the derivatives in time are very
large immediately following 7 = 0, such that the rate of change of the variables is espe-
cially fast at short time. Then, a linearly expanding time grid is used, parameterised

by an expansion rate 7, and an expansion onset time 7y:
0<7< 75 Tigl = Ti + 97 Ts (3.18)
T > Ty Tit1 =T 7 T
For other problems, where there is negligible perturbation of the initial conditions at
short time, a regularly spaced time grid is used.
Having established that both time-independent and time-dependent finite difference

problems generate large sets of algebraic simultaneous equations to be solved, methods

for solving these equations will now be discussed.
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3.4 Solving linear simultaneous equations

Each equation in a set of n linear simultaneous equations in n variables has the form:

n—1
Z Qi Tj = 24 (319)
§=0

with all a;; and z; constant, and x; variable. The entire set can be expressed in matrix

form as:
Ax =1z (3.20)

where x is the vector of n unknowns {xg, 1, ..., z,_1 }, Z is a vector of n known constants
{z0,21, ..., Zn—1}, and the matrix A consists of n? matrix elements a;;j, where a;; is the
coefficient of the unknown z; in the ¢th linear equation.

Such a matrix equation can be solved by an arithmetical process known as Gaussian
elimination.! This algorithm requires O(n?) operations, and so it is generally slow for
large n and heavily penalises runtime for an increased number of space steps. However,
a more efficient alternative is available, which takes advantage of the distribution of
zeroes in the matrix A. Since the equation arising from finite differencing of an ODE
for one particular space point has non-zero coefficients only with respect to variables
at the same space point or neighbouring space points, the matrix is diagonal: that is,
a;; = 0 for |i — j| > ¢, in which ¢ is a constant depending on the number of unknown
functions. The number of non-zero diagonals is m = 2¢ + 1. A diagonal matrix is
indicated at Figure 3.1.

As a first example, consider a three-diagonal matrix equation, where a;; = 0 for
li — j| > 1. Here, each of the i linear equations has only three non-zero terms: this

is the case for the finite differencing of a linear ordinary differential equation in a
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Qg0 0 Am—1,0 0 0 0
Ag—1,1 Qg1 Am—1,1 0 0
0 aog, am-1; 0
0 0 aQ,n—2 e Qgn—2 QAg+1n—2
0 0 0 ap,n—1 e Qg n—1

Figure 3.1: A diagonal matrix, showing the regular distribution of zeroes.

single variable, such as Fick’s 2nd Law of Diffusion (Equation 1.36). An efficient
O(n) solution procedure for this particular case is given by the Thomas algorithm.!
The Thomas algorithm is O(n?) times faster than Gaussian elimination, thus hugely
improving the rate and scalability of the numerical solution.

The Thomas algorithm works by LU decomposition of the matrix A into lower and
upper triangular matrices L and U, where these matrices have entirely zero entries
above and below the main diagonal, respectively. The triangular matrices give the

following relations:
Ax=LUx=Ly=z (3.21)
where
Ux=y (3.22)

The algorithm is fast because the LU decomposition of an m-diagonal matrix can be
achieved in O(m?n) time. The solution for the unknown vectors y and x is trivial
and requires O(mn) time due to the special distribution of zeroes in the triangular
matrices. So, if m < n, the overall process of solving the equations becomes O(n).

Even if the diagonality of A is increased because the problem has multiple continuous
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differential equation variables, as in the Nernst—Planck—Poisson equation set, m < 25
for the systems considered in this thesis, whereas typically 103 < n < 10°.

A generic algorithm for the solution by LU decomposition of a matrix equation of
size n and diagonality m was developed by the author and is reported in Appendix A.
This algorithm was used for all matrix equations solved in the work making up this

thesis.

3.5 Solving non-linear simultaneous equations

Although we have developed a method for solving linear simultaneous equations, the
Nernst—Planck—Poisson equation set of interest in this thesis is non-linear. The simul-
taneous equations resulting from application of the finite difference method will then
also be non-linear: that is, the equations cannot be written as linear combinations of
the unknown variables. Therefore, the method in Section 3.4 for solving a set of linear
simultaneous equations cannot be applied directly.

The standard method for solving a set of non-linear simultaneous equations is the
iterative Newton-Raphson method.! This is a multidimensional elaboration of the
Newton—Raphson method for solving a single non-linear equation, in which the equation
is written in the form f(z) = 0, and the method finds the value of = for which this
equation holds, i.e. the root of the equation.

Consider the Taylor series of f(x) close to an initial guess z for the root:

f(x) = f(zo) + (x — z0) f (x0) =0 (3.23)
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Then

f(x0)
f'(xo)

If the initial guess is suitable, a sequence of iterations of this type will converge to the

TR Ty — (3.24)

root where f(z) = 0 exactly. Denoting each iteration of guess for the root as z,, the

algorithm is repeated iterations of:

f(z2)
f(z2)

(3.25)

Top1 = Ty —

The convergence of these iterations to a root is dependent upon the smoothness and
monotonicity of the function and the quality of the initial guess. If the initial guess
is poor, it is possible that the Newton-Raphson method will not converge to a root
and so the technique will fail. The success of the technique therefore often requires a
suitably chosen function and an informed initial guess.

For a function of n variables xq, x1, ... x,_1, written as a vector x, the Newton—
Raphson method can be applied using the partial derivative with respect to each vari-
able:

£ = £00) + 3 — o) 2 (320

so, defining u,, = x,, — Tp:

S LB o) (3.27)

n

Where there are n simultaneous equations associated with the n variables, this may be

extended, such that for each function m:

ZuntTt‘@ = — fm(x0) (3.28)

n
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which may be expressed for the vectors u and f in the matrix form:
J(x0) u = —f(x0) (3.29)

where J is the n X n square matrix for which the element J,,, in the m-th row and

n-th column is defined:

_ Ofm
- Oz,

o (3.30)

and is termed the Jacobian matrix. For finite difference problems, the Jacobian will
be diagonal since each algebraic equation only depends on the values of unknowns at
a single grid point or its nearest neighbours, and so J,,,, = 0 for |m — n| > g.

Then, to solve a set of non-linear equations, the set of linear equations represented
by Equation 3.29 is solved by evaluating J and f for the current trial solution x to
calculate u. Then x is augmented by u and the process is repeated, until either all
values u; are less than a characteristic parameter €, or all values w;/f; are less than
€. When these conditions are satisfied, x is converged to the required root to a given
tolerance. The numerical work in this thesis used € = 1075.

The ability of the iterative Newton—Raphson method to converge to a solution is
critically dependent on the quality of the initial guess, much more so than is true
for the single variable Newton—Raphson method. In particular, due to the increased
dimensionality of the problem, there may be a ‘trade-off” between the convergence of
the different constituting equations to their own closest root, causing the iteration to
‘miss’ the point in the n-dimensional function space where all functions simultaneously
have roots.!

In the time-dependent case, this problem is easily mitigated because as A7 —

0, the known values for the variables at one time step more closely resemble their
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unknown values at the next time step. If A7 is sufficiently small, convergence of
the Newton—Raphson method is guaranteed by the negligible change of the system
variables in the time A7. By contrast, for a time-independent problem, an informed
initial guess is required. The analytical and related methods used to determine a
consistently convergent initial guess will be discussed on a case-by-case basis for the

time-independent problems reported in this thesis.

3.6 Computational details

The application of these numerical methods was achieved by simulation programs writ-
ten by the author, in the programming language C++ using the open source Bloodshed
Dev-C++ software (v4, http://www.bloodshed.net/devepp.html) as a development en-
vironment with an incorporated Windows compiler (mingw). An object-oriented design
was adopted for the various programs to facilitate debugging and to allow for exten-
sive code re-use when the supporting mathematical model or numerical method was
changed, as well as providing generic input and output procedures.* Simulations were
run on a Dell Precision T3400 desktop computer with an Intel Core2 Quad Q9550
2.83 GHz processor and 3.2 GB of RAM, under Windows XP Professional SP3. No
simulations were parallelised and therefore runtimes reported in this thesis are for only

one processor core.

3.7 Conclusion

The numerical solution of the Nernst-Planck—Poisson equation set in this thesis is

achieved by successive simplifying approximations. First, finite differencing in space
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and time converts the partial differential equations into the solution of a set of non-
linear simultaneous algebraic equations for each timestep, according to the implicit
method. The simultaneous equation set is solved by approximating the functional
gradients around an initial guess as linear. The solution to the linear equation set
is achieved by elimination and applied iteratively until convergence to the solution
of the non-linear set is attained. Having established this solution method for the
fundamental equations describing charge transport in electrolytic solutions, particular

examples relevant to the dynamics of electrochemical systems may now be considered.

Bibliography

[1] W. H. Press, S. A. Teukolsky, W. T. Vetterling and B. P. Flannery, Numerical
Recipes. The Art of Scientific Computing., Cambridge University Press, Cambridge,
3rd edn., 2007.

[2] D. Britz, Digital Simulation in Electrochemistry, Springer-Verlag, Berlin, 3rd edn.,
2005.

[3] T. R. Brumleve and R. P. Buck, J. Electroanal. Chem., 1978, 90, 1-31.

[4] N. A. Solter and S. J. Kleper, Professional C++, Wiley Publishing, Inc., Hoboken,
New Jersey, 2005.

44



Chapter 4

Liquid junction potentials

A liquid junction is a boundary between two solutions where at least one ion is present
in different concentrations either side of the boundary. The equilibration of a lig-
uid junction involves charge transport which can be described by the Nernst—Planck—
Poisson equation set, and a potential difference is observed across the junction, for
which a new dynamic theory is developed in this chapter. This work has been pub-
lished by the Journal of Physical Chemistry B,! and the critique of the electroneutrality
approximation in this context has been published by the Journal of Solid State Elec-
trochemistry.? Leon Freitag, a visiting undergraduate student to Pembroke College,
Oxford, from Friedrich-Schiller-Universitiat Jena (Germany), performed the majority

of the numerical simulation programming and data collection for this work.
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4.1 Introduction

4.1.1 What is a liquid junction potential?

When a phase boundary is formed between two solutions with unequal concentrations
of one species of ion — that is, when a liquid junction is formed — a concentration
gradient is established across the boundary such that diffusion of that ion will occur.
Except for certain special cases, such as where a cation and anion share a common
concentration gradient and have equal diffusion coefficients, ionic diffusion leads to
charge separation since different ions diffuse at different rates. This charge separation
can be expressed as an electric field according to the Poisson equation (Equation 1.20),
and hence from the Nernst-Planck equations, migration will also occur. The electric
field can be measured as a potential difference (voltage) across the solution, which is
termed the liquid junction potential.

Because opposite charges attract, the induced migration tends to oppose the initial
relative rate of diffusion. An initially more rapidly diffusing cation is decelerated by its
attraction to the excess of anions it has left behind, and vice versa. Therefore, initially
faster ions are decelerated, and initially slower ions are accelerated.

Liquid junctions were classified into three types by Lingane:* Type 1 is a junction
of two solutions with a common composition but different concentration; Type 2 is a
junction of two solutions of different composition but common concentration; and Type
3 is all other liquid junctions. To avoid undue complexity, Type 3 junctions are not
considered in this thesis, although the methodology set out in this chapter has been
applied to the study of some Type 3 junctions since this work was published.* Figure

4.1 displays liquid junctions of Types 1 and 2.
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TYPE 1 TYPE 2

low high equal
concentration concentration concentration

Figure 4.1: Lingane’s Type 1 and Type 2 liquid junctions.

An exemplar Type 1 liquid junction is the boundary between two HCI (aq) solutions
of different pH; an exemplar Type 2 liquid junction is the boundary between equimolar

NaCl (aq) and KCI (aq) solutions.

4.1.2 'Traditional theories of liquid junctions

In the traditional concept of a liquid junction, as developed more than one hundred
years ago by Nernst and Planck,” 7 the electric field will develop in time until the fluxes
of the two species are equal; then, the discrepancy in their rates of diffusion, arising
from unequal diffusion coefficients, is precisely balanced by their opposite migrational
attraction. When transport of both ions is equally rapid, there is no net ionic current
and so no further charge separation occurs across the junction. Under this condition,
the potential difference across the space is constant.

Both Nernst and Planck employed the electroneutrality condition (Equation 1.24)
in determining their results. For an electroneutral solution of the ions A" and X,

such that cy = c¢x = ¢, which is also free of ionic current such that J, = Jx:
D), (Ve+¢V0) =Dy (Ve—cV0) (4.1)

Note that a linearly symmetric electroneutral solution must have constant ionic current
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in order to remain electroneutral. On rearranging:

D\ — D\
—Vh =224 Xy 4.2
AV Dg—i—D&an (4.2)

which can be integrated for a hypothetical Type 1 liquid junction across an electroneu-
tral solution (Equation 4.4, below) as was reported by both Nernst and Planck.5¢

Planck generalised his arguments in a subsequent paper by introducing the concept
of a finite boundary layer, in which the fluxes of the constituent ions were assumed
to rapidly attain a constant value, i.e. the ionic concentrations are at steady state.”
This can only be true if the ionic concentrations are linear within the boundary layer,
and so constant (bulk) concentrations must be assumed at the edges of the boundary
layer. These arguments allow the derivation of a general transcendental equation for
the liquid junction potential for any composition.

The culmination of the Planck model, in which activity effects are ignored and an
electroneutral steady state within a confined boundary layer is assumed, was the Hen-
derson equation® for the liquid junction potential, which in the dimensionless notation

used in this thesis is written:

sen(z) D! (¢fy — CF |z | Dict
AQLJP:ZZ g ( ) z(z,R 17L) 11’1<ZZ| | % 7,,L>

. . . (4.3)
>z D; (Ci,R - Ci,L) > |Zi‘D;Ci,R

where sgn(z) is the sign function and is +1 for positive numbers and —1 for negative
numbers. The subscripts L and R denote the bulk conditions in the two phases left
and right of the junction respectively.

For a Type 1 liquid junction with a monovalent electrolyte A*X™ in unequal con-

centration either side of the junction, the Henderson equation reduces to:

D, — Dt cy
Abpjp=—-2 X (L 4.4
LJP Dg T D§< n (CE ( )
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For a Type 2 liquid junction with equimolar monovalent electrolytes ATX™ left of the

junction and BTX™ right of the junction, the Henderson equation reduces to:

D', + D;
Abpjp =In [ =2 =X 4.5

Although these special cases were reported identically by Nernst and Planck,>% the
simple formula for the general case is due to Henderson.®

Although successful in yielding an expression for the liquid junction potential, the
concepts of steady state, a confined boundary layer and the imposition of electroneu-

trality all immediately introduce difficulties to the discussion of the system, which will

be critically assessed here.

4.2 Deficiencies of classical liquid junction models

4.2.1 The inherent paradox of electroneutrality

Internal inconsistencies due to the imposition of electroneutrality have been recognised
historically. The first use of the electroneutrality approximation was by Nernst in
1889,° in his study of electromotive forces in electrolyte solutions. He introduced it

without justification, stating:

“In that within the solutions no free electricity [sic|* can persist (at least not
in any quantity such that its total amount would be remotely comparable to the
fixed + and — electricity on the ions), so the condition

PPy =p 4

must be fulfilled.”

*The [sic] is used to indicate antiquated terminology while maintaining a faithful translation. “Free
electricity” is taken to mean “free charge density” in a modern translation, but in the originals the
word(s) “(freie) Elektrizitdt” are used consistently in place of “Ladung” or “Ladungsdichte”.
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- Walther Nernst, May 18891

Planck then employed the electroneutrality approximation in order to find the
steady-state potential difference across a liquid junction in which two solutions of
different concentrations are left to freely diffuse into one another.® In the course of

this work he highlighted its dangers:

“The action of electrostatic forces was accounted for by Nernst, via the as-
sumption that absolutely no free electricity [sic] may arise within the solution;
hence these forces may indeed be ascertained. This assumption admittedly cor-
responds to the laws of electrostatics to a good approximation, and also suffices
for the objective pursued by Nernst; but it would only be exactly accurate if
the charges of the ions, as measured electrostatically, were infinitely large. As
the ions indeed have very large, but nevertheless finite, electrostatic charges, it
follows that before electrical forces can come into action, as a rule a finite and
determinable amount of free electricity [sic] must have been established in the
solution.

- Max Planck, December 1889*

On the grounds of the vanishing value of ¢y, however, Planck persuaded himself
that the “free electricity” — that is, charge separation — is equally vanishing, or at
least is dispersed on an experimentally negligible timescale, and hence electroneutral-
ity is an acceptable approximation, which may be advocated for its utility in finding
mathematical solutions to problems in the theory of electrolytic solutions. Planck was
sufficiently confident in the approximation that he introduced it in his more general
work on liquid junction potentials without any further caveat, merely stating it as fact
established by his previous work.”

Planck was strictly correct in his criticism, however: despite its widespread use, the

electroneutrality approximation suffers from a fundamental inherent paradox which

fAuthor’s own translation from the original, pp. 133-134. The p} refer to osmotic pressures of
cations and the pY refer to osmotic pressures of anions, ignoring the solvent according to the van 't
Hoff theory.® By “fixed electricity”, Nernst presumably means that Doz L Yzl

fAuthor’s own translation from the original, p. 163.
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is rarely acknowledged. In solving the Nernst-Planck equations, we are trying to
determine the effect of the electric field, which describes Coulombic forces and hence
only exists in the presence of a net charge separation. But to determine the electric
field, we have made the approximation of zero charge separation — what, then, is the
cause of the electric field? In effect, the electric field may take any value it pleases in
order that electroneutrality is maintained. Coulombic attractions are hence arbitrarily
strong, such that any charge separation is damped instantly by an arbitrary migration
of opposite charge. The electric field is not constrained in any way to satisfy Maxwell’s
equations.

The implied inconsistency with Maxwell’s equations and the associated paradox of
electric fields in the absence of charge separation have been criticised as disadvanta-

210 even though the

geous to the correct understanding of liquid junction potentials,
electroneutrality approximation can be justified by dimensional analysis and yields a

closed form expression for the liquid junction potential.

4.2.2 Fixed Dirichlet boundary

The Planck model arbitrarily applies constant concentration (Dirichlet) conditions at
the two edges of the boundary layer. The concentration gradient is then discontinuous
at these boundaries and therefore the Nernst—Planck equation does not hold: inside
the boundary layer, both ions flow down a potential gradient, whereas outside the
boundary layer, concentrations are constant and the electric field is zero, so there is no
net ionic flux. In the recent study of Perram et al.,'° the replenishment of material to
constant concentration at a finitely positioned boundary was denounced as unphysical,

since it is not consistent with the laws of conservation of mass, unless a convectional
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Nernst layer is arbitrarily invoked. In free solution, a convection layer is not expected
at a short timescale.

In fact, doubt has long been cast on the meaning of Planck’s results: in 1930,
Guggenheim wrote “The physical conditions corresponding to the Planck formula have
not generally been understood”.!’ He defined the Planck model as a ‘constrained’
liquid junction, as diffusion is limited by the finite boundaries, and he recognised the
‘free’ liquid junction, in which the diffuse layer may expand to infinity, as more phys-
ically realisable for a simple liquid-liquid contact in a cell. Consideration of Planck’s
original work would suggest that the finite boundary layer was invoked for reasons of
mathematical necessity rather than physical insight®.

The mathematical tools for dealing with free liquid junctions were developed by
Hickman,'? who argued that electroneutrality is the long time asymptote to a complete
description of the behaviour, but the implications of his results for the dynamics of
liquid junctions were not discussed in an electrochemical context. This work was
followed up by Jackson who clearly described the long time behaviour and critically
assessed the use of electroneutrality.!> The theories of Hickman and Jackson will be

discussed below in the context of simulation results.

$Planck (author’s translation) — “[The integrable Nernst-Planck equation] is, however, clearly only
applicable for a constant variation of the concentrations in space, and so at first sight will fail if it is
applied to determine the potential difference between two different homogeneous solutions, since the
condition that the derivatives in = are everywhere 0 fails at the contact surface. Nevertheless we can
substitute another case instead, wherein the concentrations are constant, if instead of the boundary
surface, we adopt a boundary layer of extremely small but nonetheless finite thickness...””
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4.3 Computational literature

4.3.1 Review of past work

Despite the feasibility of solving the Nernst—Planck—Poisson equation set, without ap-
proximation, using numerical methods, very few computational studies of the liquid
junction have deviated from Planck’s boundary layer description. Except for the discus-
sion of some special cases where a tangible boundary does indeed limit diffusion, there
is scant evidence in the literature that understanding has improved since Guggenheim’s
writing in 1930 — since the 1960s, the simulation of liquid junction potential forma-
tion has been studied extensively, but almost always with the imposition of finitely
positioned boundary conditions. Numerical simulation work to 2009 is summarised in
Table 4.1: the studies most distinct from the Planck model are those by Hafemann!

and Bagg, 517

in which the computed grid of points was allowed to grow to avoid
constrained diffusion, but in neither case were the results analysed in their physical
context.

As discussed above, Perram et al. criticised electroneutrality and constant con-
centration boundary conditions as unphysical, but the alternative in their numeri-
cal simulation work invoked Neumann boundary conditions at finite boundaries, thus
maintaining conservation of mass, but confining the study to a ‘constrained’ junction.'’
This study noted that a pseudo-steady state potential difference is maintained so long
as bulk solution remains available, and that the characteristic and constant potential
arising from the charge separation achieved at this pseudo-steady state is equivalent to

that predicted by classical theory. Since the simulated liquid junction was constrained,

however, all liquid junction potentials observed were necessarily transient and collapsed
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Author Year Method Boundary E/N  Activity Comments
Nernst® 1889 An. NP Finite Dir. Yes No
Planck$ 7 1890 An. NP Finite Dir. Yes No
Henderson® 18 1907-08  An. Thermo. Finite Dir. Yes No
Goldman'? 1943 An. NP Finite Dir. Yes No Finite membrane.
Hafemann'4 1965 Exp. NPP Expg. Dir. No Yes
Hickman!2 1970 An. NPP Inf. Dir. No No t— o0
Goldberg et al.20 1972 Exp. NPP Finite Dir. No Yes Onsager equations.
Jackson!3 1974 An. NPP Inf. Dir. No No t — oo
Morf?! 1977 An. NP Finite Dir. Yes No Mean mobilities.
Brumleve et al.?2:23 | 1978-81 Imp. NPP Finite Dir. No No
Mafé et al.2* 1986 Imp. NPP Finite Dir. No No
Bagg!®17 1990-92 NI Expg. Dir. No Yes
Horno et al.?5 1992 Network NP Finite Neu. No No
Martuzans et al.26 1998 Imp. NPP Finite Neu. No No
Skryl27 2000 Imp. NPP Finite Neu. No No Hyperbolic diffusion.
Sokalski et al.28:29 2001-03  Imp. NPP Finite Dir. No No Membrane potentials.
Josserand et al.30 2003 2D FEM NP  Finite Neu. Yes No Microchannel flow.
Park et al.3! 2006 LB NPP Finite Neu. No No Microchannel flow.
Perram et al.1? 2006 Imp. NPP Finite Neu. No No
Filipek et al.32 2009 Imp. NPP Finite Neu. No No Membrane potentials.
this work 2009 Imp. NPP Quasi-inf. Dir. No No

Table 4.1: Review of work concerned with analysis and simulation of liquid junction potentials. Ab-
breviations: E/N: electroneutrality approximation; An.: analytical; Exp.: explicit finite
difference; Imp.: implicit finite difference; NI: numerical integration; FEM: finite ele-
ment method; LB: lattice Boltzmann method; NP: Nernst-Planck; NPP: Nernst-Planck-
Poisson; Thermo.: thermodynamic; Dir.: Dirichlet; Neu.: Neumann; Expg.: expanding;

Inf.: infinite.

as the diffusion layer around the junction encountered the impermeable boundaries. In
this case the system equilibrium of electroneutrality, constant ¢; and # = 0 across all

space could be attained in finite time, which is not true if the supply of bulk solution

is unconstrained.

4.3.2 Scope of this work

The bulk solution either side of an experimental liquid junction in an electrochemical
cell is typically extensive, but the dynamics of ‘free’ liquid junction formation, inde-

pendent of the cell size and neglecting convection, are not yet well established. Here,
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the dynamics of liquid junctions are determined, as a function of diffusion coefficients,
bulk concentrations and other pertinent system variables. Neither a constrained system
with finite boundaries nor electroneutrality shall be required as a prior: simplifications.
Where relevant, the Hickman-—Jackson method is used for mathematical analysis.!?!3

The principal aim of this work will be to demonstrate that the liquid junction poten-
tial is best understood as resulting from a dynamic junction of varying charge and size.
Planck’s assumption of a static boundary layer, made in order to invoke an integrable
steady state expression for concentration, is superfluous: a time-independent liquid
junction potential arises even for a continuously diffusing, non-steady-state system. In

fact, the potential difference is shown to be a necessarily non-equilibrium property of

the system.

4.4 Theoretical model

4.4.1 Geometry and variables

The theoretical model follows the general prescription of Chapters 2 and 3, but certain
details particular to the liquid junction system must be introduced.

We consider a homogeneous solution either side of a planar junction, such that mass
transport can be modelled in the linear coordinate X (Section 2.1.2). For a Type 1
liquid junction, only two monovalent ions A" and X~ are present, whereas for a Type
2 liquid junction, three monovalent ions A", BT and X~ are present. At the start of
the simulation at 7 = 0, some imagined barrier at the junction is removed, allowing
the ions to diffuse freely.

The space normalisation is set to the Debye length on the right-hand side of the
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junction (z* = xpg), to simplify the Poisson equation (Equation 2.18) as much as

possible. Concentration is normalised to the concentration of X~ on the right-hand
side of the junction (C% ) and time is normalised to a reference diffusion coefficient
Dy, since the species X~ is present at non-zero concentration for all solutions in all

liquid junction types. Then, for ¢ = A, B or X, the Nernst—Planck—Poisson equation

set is:
82¢; 8 Bl 1 dc;
axz T Eax ( a_X) “Diar 0 (4.6)
920 1
o7 T 5 ;Ziq = (4.7)

where D} is equally normalised to Dx.

4.4.2 Boundary conditions

The space coordinate is centred at the initial junction position of X = 0 and ex-
pands to a pseudo-infinite boundary. The outer boundaries are positioned such that
they will vastly exceed the outer edge of the diffusion layer throughout the simulation
time. The maximum value of | X | used in the simulation, X .y, is therefore defined as
6/ D! ox - Tmax, Where D! is the largest normalised diffusion coefficent of any species,
and Tpay 1S the maximum 7 value for the simulation, given as an input parameter.
Since from normalisation of Equation 1.37 the mean extent of the diffusion layer
in normalised variables is \/m, it can be shown that the relative perturbation
of concentration by diffusion at a distance Gm from the initial position of a
concentration gradient is less than 107¢. Therefore, the problem of a free liquid junction

with effectively limitless bulk solution can be considered using only a finite simulation

space, without a transformation of the space coordinate, as whatever 7., is chosen,
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the simulation space is sufficiently large to ensure that no flux or electric field will arise
outside the boundaries of the space. If sufficiently large, the exact boundary position
does not affect the evolution of the system.

At the outer boundaries, the concentrations of the ions at the boundaries are set

to be constant and equal to their bulk values (Dirichlet conditions), i.e. for all 7 > 0:

X = +Xax Ci =CiR (4.8)

As there is never exchange of material at the boundaries, and the system is initially elec-
troneutral, the simulation space contains zero enclosed charge at all times. Therefore,
the electric field is zero at the outer boundaries according to Gauss’s Law (Equation
1.16), so that for all 7 > 0:

20

X =4+Xpe ——=0 4.9
0X (4.9)

It follows that the liquid junction potential can be calculated as
Abrip = 0(+Xmax) — 0(—Xmax) (4.10)
At 7 = 0, the concentration profile of each ion is defined by a step function:

X >0 ci =Cig (4.11)

X <0 ci = Ciy,

The particular values of ¢} /R depend on the liquid junction type and are given in

Table 4.2, in which ¢ is set as an input parameter.
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Species ¢fp iy Species  ¢jp,  Cig
A g 1 A 1 0
B 0 0 B 0 1
X ¢ 1 X 11
(a) Type 1. (b) Type 2.

Table 4.2: Boundary concentrations for liquid junctions of: a) Type 1; b) Type 2.

4.4.3 Gridding and computation

The simulation space is divided into 2n + 1 points, with the grid expanding outwards
in both directions from X = 0 according to the definitions in Section 3.2. The grid
is symmetric about the junction centre, with dense regular grid spacing close to the
junction, where concentration gradients will initially be extremely large, and sparse
grid spacing for efficiency close to the bulk boundaries, where the solution remains un-
perturbed throughout the simulation. Since the initial conditions are not equilibrated,
the system is rapidly perturbed at 7 > 0. Therefore the time grid is initially dense,
and expands according to the definitions in Section 3.3.

A convergence study was performed, using Afpjp as a diagnostic variable, across
several orders of magnitude in 7. The optimal parameters, giving < 0.2% error with
respect to a fully converged parameter set, were: 5 x 107% < vx < 1073, X, = 1079,
v = 107* and 7, = 1072,

The first and second derivatives are centrally differenced and the time derivative is
differenced according to the implicit method. The iterative Newton—Raphson method
is then applied at each timestep as normal; with the above gridding parameters, this
was found to converge unconditionally, within the range of liquid junction systems

simulated. With three variables (Type 1), the Jacobian matrix is 9-diagonal; with
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four variables (Type 2), the Jacobian matrix is 13-diagonal. The Type 2 simulations
are therefore almost three times slower due to the increased diagonality as well as the
increased number of variables.

Typical runtimes were 3-5 h for a Type 1 liquid junction simulation to Tmax = 103,

due to the high convergence demands of the system.

4.5 Type 1 liquid junction potentials: results

4.5.1 Simulated limiting potentials

Simulated liquid junction potentials for a Type 1 system were achieved by running
a dynamic simulation until some 7 where the potential is approximately constant, as

assessed by some time where:

AOLJP(T/2>
AGLJP (7’)

> 0.998 (4.12)
i.e. the potential difference between the two phases has reached an approximately
constant value. Type 1 liquid junctions were simulated for D, = 0.4, 0.6, 0.8, 0.9, as
well as the special case of HCI|KCI, where D), ~ 4.582 (at infinite dilution in water,
298 K).33 The following concentration ratios were considered: log,,c¢; = —0.1, —0.5,
—1, —1.5 and —2.

These simulated potentials were compared with the classical Henderson equation,

and strong agreement (< 0.25%) was observed in all cases (Figure 4.2).
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Figure 4.2: Comparison of simulated liquid junction potentials (symbols) at pseudo-steady state and
the theoretical values given by the Henderson equation (lines), for a Type 1 system with
varying D/, and ¢f.

4.5.2 Observed dynamics of liquid junction evolution

The dynamics of liquid junction formation were investigated in detail for the junction
between two solutions of HCl with respective concentrations of 1 mM and 10 mM
(¢f =0.1).

The potential difference, Afyyp, is plotted as a function of 7 on a logarithmic scale
to illustrate its evolution (Figure 4.3). The maximum electric field is also plotted, as
assessed from the greatest magnitude of 96/9X in the system. The maximum electric
field is plotted in place of the electric field at X = 0, since the position where the
maximum field occurs is not fixed to X = 0, but rather is found to move. The maximum
electric field quantifies the degree of charge separation in the junction, according to
Gauss’s Law (Equation 1.16), and therefore is crucial to the discussion of the potential
difference across the junction, as is discussed in more detail in Section 4.5.3 below.

Figure 4.3 demonstrates that immediately after 7 = 0, the potential difference
increases proportionally to 7, and the maximum electric field increases proportionally

to 72. The electric field resulting from faster transport of H™ than Cl~ achieves a
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Figure 4.3: Dynamic evolution of the liquid junction potential (Afr;p) and charge separation
(Qrip = (—00/9X ) max) for the Type 1 junction of 1 mM and 10 mM HCI (aq), plotted
on a logarithmic scale in time. Asymptotic limits derived using a zero-feedback approach
(r — 0), and Boltzmann transform asymptotic analysis (7 — o0) are plotted against
the simulation data.

maximum at 7 ~ 1; in dimensional units, the maximum field is ~ 1.3 MV m™! at
~ 5 ns after contact between the solutions. After the electric field reaches its critical
limiting value, the potential difference approaches the Henderson limiting value at long

time, but the electric field does not become constant, but rather decays in magnitude

Defining 7,5 as the characteristic transition time where the maximum field at the
junction occurs, concentration and electric field profiles were recorded at a logarithmic
range of times from 7 = 1072 7, to 7 = 10% 7.s. These are shown at Figures 4.4-4.6.
The evolution of the associated dimensionless electric field, £ = 90/0X, is also shown
at Figure 4.7. It is evident that at longer times, the position of maximum field in the
system is mobile and moves away from the initial position of the junction; additionally,

the concentration profiles become increasingly asymmetric in this range.
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Figure 4.4: Concentration profiles for the HCl (aq) system at times (a) 7 = 0.01 7,5 and (b)
7 = 0.1 7,5 following junction formation. In the former, the junction is predominantly
symmetric and resembles the independent diffusion-only case; in the latter, the point of
isoconcentration has begun to move away from X = 0, although symmetry still domi-
nates.

Figure 4.5: Concentration profiles for the HCI (aq) system at a time 7 = 7 following junction
formation. Here the field is maximal; the profiles show substantial asymmetry and the
point of isoconcentration has moved perceptibly away from X = 0.

4.5.3 Capacitive analogy to describe the dynamics

The point of maximum electric field, Xyaxried, occurs where 920/0X? = 0, and hence,
from Equation 4.7, where cy = cx. The integrated form of Gauss’s Law states that the
electric field at the surface of a charged volume is proportional to the charge within it

(Equation 1.16), such that in normalised coordinates we can define:

06

=< (4.13)
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Figure 4.6: Concentration profile for the HCI (aq) system at times (a) 7 = 10 7,5 and (b) 7 = 100 Teys
following junction formation. In the former, electroneutrality is increasing in the system
and symmetry is slowly being recovered, although the point of isoconcentration continues
to recede from X = 0. In the latter, the overall profile appears electroneutral, but in fact
a finite charge separation still exists which is maintaining a steady potential difference as
the junction grows; close examination shows the point of isoconcentration to be diffusing
towards negative X.

0.20

0.15 I """" r=0.1¢

_§ 0.10

0.05 4

0.00 =

Figure 4.7: Evolution of the electric field profile for the HCI (aq) system at times 7 = 0.01 74,5 to
7 = 100 74,5 following junction formation. Increased asymmetry and the movement of
X1,jp, the position of maximum field, away from the initial junction position are both
evident. £ = 96/0X.
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where

: q
_ : 4.14
< (2RTese0C*)2 (4.14)

and where ¢ is the enclosed charge per unit area.

The significance of the position of maximum field in the system may be recognised
as follows. Considering that the overall domain —X,,., < X < +Xpax is uncharged,
the charge contained within —X .« < X < Xuaxriela must be opposite to that in
XaxField < X < +Xpax. Therefore, as shown in Figure 4.8, Xyiaxriela represents a
plane of maximum overall charge separation, as the solution charge on one side of this
point is equal in magnitude but opposite in sign to the solution charge on the other

side.

Q enc Q enc

A

\

X, :00/0X=-0

enc

Figure 4.8: Representation of the liquid junction as two adjoining Gaussian boxes with equal and
opposite charge.

XMaxFiela may therefore be termed the liquid junction position and denoted Xijp.

In this case, the total degree of charge separation in the liquid junction is given:

_ 9
0X

max

QLip = (4.15)

The liquid junction may now be discussed by analogy to a parallel plate capacitor,
where the ‘plates’ are represented by the volumes of solution either side of Xy jp, which

have dimensionless charges £(90/0X)x=x, .. This ‘capacitor’ charges and discharges
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spontaneously in time, with an associated potential difference from which the ‘capaci-
tance’ of the system may be inferred. From Figure 4.3, it is clear that the ‘capacitor’
discharges to zero charge separation at infinite time without any alteration of its po-
tential difference. At 7 < 7y, the flux of HT across the junction is greater than the
flux of C1~ (charging), but at 7 > 7., these fluxes are not equal as supposed in the
Planck model, but rather the flux of C1~ is now greater than that of H* (discharging).

The simulated motion of this junction position, Xpj;p is plotted logarithmically
against time at Figure 4.9, which shows that in the short time limit, it moves from its

3
2

L i . 1
initial position as 72, and at long time as 72.

Figure 4.9: Evolution of the position of the liquid junction, Xi,jp, for the HCI system, together with
the long time behaviour predicted by asymptotic analysis.

4.5.4 The liquid junction spatial extent

The overall spatial extent of the liquid junction was also evaluated from the simulation

data. The junction spatial extent, A Xy, is defined as:

99 1
AX@ - X (9 - WAHLJP) - X (0 - EAHLJP) (416)

65



Chapter 4. Liquid junction potentials

This is an effective measure of the range of non-zero electric field, and so of the range
over which there is charge separation and the electroneutrality condition is not obeyed.
A Xy is plotted on a logarithmic scale against 7 at Figure 4.10, which shows that the
junction initially grows as 7'%; its growth is then slightly perturbed around the time

when the field is maximum, before again approaching a T3 asymptote as 7 — o0.

Figure 4.10: The junction spatial extent AXy as a function of 7 on a logarithmic scale, for the HCI
1
system. The junction expands as 72 at both short and long times.

4.5.5 Asymptotic analysis at 7 — 0

The 7 — 0 limiting behaviour of the Type 1 liquid junction may be quantified by
means of asymptotic analysis. Because charge separation is negligible at short time,
7 — 0 behaviour is dominated by diffusion. The migrational flux can be approximated
to zero and the electric field is then treated as arising directly from diffusion-only mass
transport, ignoring migrational feedback.

The solution of the diffusion equation from the initial condition of a step function
concentration profile is easily obtained by either Laplace transformation or Boltzmann

analysis, and is well known.3* If the initial condition at 7 = 0 is:

¢i(X,0) = a+ [sgn(X) (4.17)
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then solving Fick’s 2nd Law yields for 7 > 0:

(X, 7) = a+ Berf <2\/%> (4.18)

where erf(z) is the error function. For consistency with our generic Type 1 junction,

the constants o and [ are:

= 4.19
o= (4.19)
1—¢f
I=3
Substitution into the Poisson equation yields:
%0 1
%2~ 3 (ex — ca) (4.20)
16 X X
=—|erf| —— | —erf | ———
2 2/ DT 2\/D\
Integrating from the zero-field boundary at X = —oco into solution yields:

X / /
ﬁzé/ erf X — erf X dXx’ (4.21)
0X 2 J .« 2\/Dir 2\/D)7

(0 () () e o F o)

where p = 2,/D{7 and ¢ = 2@. The integration is accomplished quite easily but
care must be taken with limits: mathematical details were reported in the Supporting
Information to reference [1].

The liquid junction potential is recovered by the further integration of the field

between the two zero-field boundaries:

=2 [ (5 (o (2 ot () 6 2 (55 -0 $))ox 50
(e [x () -()o)
= g - %)
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which on substitution for 3, p and ¢ gives:

Abryp = 9 (Dx —Djy) -7 (4.23)

The point of maximum field occurs where cy = cx, as discussed in Section 4.5.3, which
from Equation 4.18 is necessarily at X = 0 for 7 > 0. Now, substitution of X = 0 into

Equation 4.21 yields:

99 :1_CiVD£<_VD$\.\/F (4.24)
0X 2 N '

These short time results for liquid junction potential and electric field are plotted as

the 7 — 0 asymptotes in Figure 4.3, with evident agreement with simulation for both

observables in this limit.

4.5.6 Asymptotic analysis as 7 — o0

Hickman'? introduced 7 — oo asymptotic analysis as a means of deriving the Hender-
son equation without recourse to electroneutrality; the (86/0X )max o 72 relaxation
of the junction was correctly identified in following work by Jackson,'® where the ob-
servation of a constant potential was rationalised in terms of the expansion of the
junction.

Hickman used the Boltzmann transformation® to facilitate the 7 — oo asymptotic
analysis. This transformation was first introduced to assist in the solution of the
diffusion equation when D(x) is not constant and consists of substituting z = x/v/
into the diffusion equation to find solutions as functions of z.

The Boltzmann transformation for long time may be written as a transformation
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(X,7) = (z,u) where:
v = % (4.25)
v % (4.26)
and so
aix = u%% (4.27)

Therefore the transformed Nernst—Planck—Poisson equations in a linear geometry are:

9%c; 10 1 [20c¢ e,
= —(c; —(Z =0 4.29
822+Zu82(cn)+D§ (282 u@u) (4.29)
on 1
5. T3 Z zici =0 (4.30)
where 7 is the dimensionless electric field:
20
S (4.31)

At this point is helpful to provide a brief summary of work by Hickman'? and
Jackson!® on 7 — oo asymptotic analysis of the Type 1 liquid junction, after which
their results can be extended to consider junction motion and comparison with the
numerical simulation results presented above.

The Boltzmann transformed forms of the NPP equations for a Type 1 system are:

dea (4.32)

%cn 10 1 [z0cp
g2 T uas et o (55 * “%) =0
Pcx 10 1 [(z0cx Ocx
R Gy (5% * “%) =0 (4.33)
on  ca S =0 (4.34)

0z
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These may be reformulated to new equations (4.32)+(4.33) and (4.32)—(4.33) in terms
of a local ionic strength o = cx + cx and a local charge density p = ca — cx:

o 10 200 0o z0p  Op
@+E£(pn)+51 (§%+U%) + 0o (§&+U%) =0 (4.35)

2
%—Fi%((ﬂ?)‘f‘& (5@+ua_a> + 6 (30—§+u@> =0 (4.36)

072 0 20z ou 20 ou
% +£=0 (4.37)
where:
5 = % (4.38)
by = —g%;l% (4.39)

An asymptotic expansion is then assumed for the three variables o(z,u), p(z,u), and
n(z,u):
flz,u) = i fi(z)u' (4.40)
i=0
so that as 7 — oo and hence u — 0, the asymptotic solution consists exclusively of the
leading non-zero terms as the higher order terms will vanish.

Substituting into the Nernst—Planck—Poisson equations generates a power series in

u for each equation, which is equal to zero for all u. Hence, the coefficients of each

power of u must also equal zero. The terms of the Nernst-Planck equations in ©~! and
of the Poisson equation in 1" require:
% =0 (4.41)
d(Z‘;"O) =0 (4.42)
% +2=0 (4.43)
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If 7no(2) is non-zero, 00/0X = ny(z) /T — o0 across all space as 7 — oo, which is
inconsistent with the Poisson equation, as the charge density p is confined to zero at

the boundaries X = +o0. Hence 1(z) = 0, and the above can be summarised by:

po =1 =0 (4.44)

i.e. electroneutrality at long time, to leading order. This result was implied by the
outer asymptotic analysis performed for a related membrane potential problem by
MacGillivray3® and is consistent with the dissipation of charge by Coulombic attraction
as a system tends to a electroneutral equilibrium.

Now, from the terms of the Nernst-Planck equations in u?:

d20'0 ZdO'O
270 4.4
dz? + "2 dz 0 (4.45)
d zdog
E<O_On1) + 525% =0 (446)

Equation 4.45 is a straightforward ordinary differential equation in one function, which

can be integrated to:

dO'() 2251

— = e 4.47

% _ ) exp ( . (4.47)
where A is a constant. Integrating from the boundary at z = —oo inwards, where

0o = 2¢f from the boundary conditions:

00 = 2¢5 + A \/?1 (1 +erf (Zéa_l» (4.48)

and evaluating at z = +oc:

op(00) =2 (4.49)
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such that

A= (1 cf)\/g (4.50)

Therefore, with some rearrangement and substituting in the expressions for o and

introduced above (Equation 4.19):

o = 2 (a + Bert (Z\g(s_l)) (4.51)

doyg 01 220,
FE 23 - exp (—T) (4.52)

Substituting into Equation 4.46:

d ) 220
E(UOTh) = —(52ﬁ2 ?1 exp <—T1> (453)

and as 1;(—o0) = 0, this can be integrated to

oo = ZBZ—T & exp (——) (4.54)

7

Therefore

_ B P <_Z%>

m : (4.55)
VoL a+ Perf (@)
N (51 go

The 7 — oo behaviour of the system of the electric field is then:

g_f(%m(z).u.\/;:% (4.56)

to leading order. This predicted field profile was compared with simulation in a long

time case, with excellent agreement (Figure 4.11).
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Simulation
o Asymptotic analysis
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Figure 4.11: Comparison of the simulated electric field for the model HCIl system at long time
(7 = 10074,5) with the leading non-zero term in the asymptotic analysis introduced by
Hickman and Jackson. £ = 96/0X.

The liquid junction potential may now be determined by the integration of 7;:

AGLJP == / T (Z) dz (457)
by [ dn
51 — 00 oy &
= 02 In —a(oo)
51 O'(—OO)
_ 0 i + 4
N (51 a — ﬁ

On substitution for «, 5, §; and sy, this recovers the Type 1 Henderson equation
(Equation 4.4) precisely, without the a priori assumption of either electroneutrality or
a constrained boundary layer with linear concentration profiles.

This concludes a summary of work on the Type 1 case in Hickman'? and Jackson,!3
but the interesting observation of a moving junction position in the simulation results
suggests further development. To the first order of approximation, the field is maximum
where dn, /dz = 0, neglecting the trivial cases z = +o00. Differentiation of the simplified

expression in Equation 4.55 gives:

d?0g _ (dog)?
d?h _5_200 dz? (dz)

dz N 51 O'g

(4.58)
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As oy is finite for all z, this evaluates to zero where:

2 2
Qoo _ (d"°> =0 (4.59)

707z dz
which can be written with the substitutions s = 2y/01/2 and v = a/f3 as:

_g2

s/

7 relates systematically to ¢f as ¢ = (y—1)/(y+1). This equation is apparently not

v + erf(s) + =0 (4.60)

invertable. It is single-valued and finite, however, for all v > 1, and so a root s(y) may

be evaluated numerically. It follows that

Xpgp = 285(17) T (4.61)

which is plotted as the 7 — oo asymptote in Figure 4.9. Note that s(y) < 0 because
diffusion of both species is to the left, and so drives the junction position to the left of
the junction.

From the substitution of Equation 4.61 back into Equation 4.55, the long time

charge separation is determined as

06 dr-s(y) 1
- — N — — 4.62
OX | x—xpp Vo VT (4.62)

which is plotted as the 7 — oo asymptote in Figure 4.3. This demonstrates that as

Q/LJP =

T — 00, the Type 1 liquid junction approaches a state of continuous loss of charge, at

an asymptotic rate proportional to T3,
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4.6 Discussion of Type 1 dynamics

4.6.1 General trends

A dynamic theory of liquid junction potentials must therefore account for junction
charging and expansion proportional to 73 at short time, and for the following obser-

vations at long time:

The potential approaches a limiting value but the electric field decreases propor-

tionally to T3

The concentration profiles become asymmetric.

The liquid junction position moves away from its initial position.

The spatial extent of charge separation continues to grow as 3.

These observations are inconsistent with the concept of a static, confined liquid junction

at steady state within a boundary layer, as proposed by Planck.”

4.6.2 Short time behaviour

At very short time, insufficient charge separation has developed for the electric field in
solution to significantly influence the mass transport of the ions. Their migrational flux
is hence negligible, and so the concentration profiles approximately obey the diffusion
equation. The charge separation arising from unequal diffusion develops proportionally
to the rate of diffusion through the junction, i.e. as T3 according to the Einstein relation.
Equivalently, the size of the diffusion layer either side of X = 0 is also expanding as

T%, as shown by the trends in AXj.

75



Chapter 4. Liquid junction potentials

Based on the understanding of a potential difference as representing the energy, per
unit charge, associated with the Coulombic force opposing a charge separation, it is
clear that the potential difference must be proportional both to the density of charge
separated and to the distance of separation. This follows from Gauss’s Law in the

linear space:

00 ,
— = 4.63
-0 (1.63)
and therefore for two parallel planes of charge Q' and —Q’ separated by a distance X,

the potential difference is given:
0=Q'X (4.64)

Assuming that the mean distance of charge separation is proportional to the spatial
extent of the liquid junction, i.e. to T%, taking the product of both contributions to
the potential difference predicts a linear increase in time, exactly as observed. That
is, at short times, diffusion causes a linear growth in junction potential because a
charge of magnitude o 77 is being separated by an increasing distance o T%, where
the proportionality is expected from the Einstein expression for the spatial extent of a

diffusion layer (Equation 1.37).

4.6.3 Transitional behaviour

The increasing electric field must, however, impact upon the mass transport of A™ and
X~ by inducing migration. The observed motion of X jp o T%, which is not accounted
for by an asymptotic analysis that ignores migration, proves that there are tangible
migration effects on the junction at all times 7 > 0.

As the electric field increases, transport of the initially faster leading ion is decel-

76



Chapter 4. Liquid junction potentials

erated and that of the initially slower species is accelerated. The electric field is not
uniform through the junction, however, but is maximal at the junction centre and falls
away to zero at either side. Therefore, the discrepancy in migrational flux between A™
and X7, and hence the extent of compensation for their differing rates of diffusion, is
greater at the junction centre than in either the region of lower concentration to the
left or the region of higher concentration to the right. This causes a ‘bunching’ of the
junction: the leading species profile is squashed to the right and stretched to the left,
and wvice versa for the following species, such that the junction position itself moves
with the concentration gradient away from its initial position, and the electric field
becomes asymmetric. This is best exhibited by the concentration profiles recorded at
the point of maximum field (Figure 4.5).

The junction continues to charge as long as the flux of the initially faster ion exceeds
that of the initially slower ion, but since this charging increases the electric field which
opposes the charging process, the rate of charging must gradually slow. The rate of
charging falls to zero, i.e. equal fluxes of both species at the junction, at a characteristic
time 7ys. This time can be identified with the Debye time, tp = xzD /D, which is the
time required for an ion to diffuse across one Debye length. As the diffusion layer
exceeds the extent of the Debye length, the requirement to screen electric fields and
achieve overall electroneutrality begins to dominate the diffusional gradient. For typical
concentrations and diffusion coefficients, tp is of the order of 5-50 ns.

Under a condition of equal fluxes, Planck argued that the potential difference across
the junction is constant,” but as the junction charge is constant, this can then only be
true if the mean distance of charge separation in the junction is also constant; where

the diffusion layers for A™ and X~ can continue to expand without constraint, this
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is not true. Therefore, as the region of maximum field ‘diffuses’ to a region of lower
diffusive flux, the flux of the initially slower ion will overtake that of the initially faster
ion. So, the net ionic current across the electroneutral point Xpjp changes sign, and
and the junction begins to discharge. All behaviour of the liquid junction following this
transition tends towards compensation for the charge separation already generated as

a consequence of unequal diffusive fluxes on a nanosecond timescale.

4.6.4 Long time behaviour

Note that the system is tending towards an equilibrium with equal concentrations
everywhere, and hence no concentration or charge gradients. If there has been a net
transfer of charge across the junction at short time, there must be some transfer of
charge in the opposite direction at long time, before an electroneutral equilibrium can
be recovered. Although the system will be electroneutral at equilibrium, if an infinite
supply of bulk solution is available on either side of the junction, this equilibrium
cannot be attained in finite time.

The concentration profiles following the Debye time (Figure 4.6) show that the
continued relaxation of the field permits the approximate recovery of electroneutrality
around the initial junction position; the overall position of the junction, about which
charge is separated, continues to move with the concentration gradient. As the 7 —
oo asymptote is attained, the junction discharges as T%, i.e. proportionally to the
continuing diffusion. However, the junction is also growing proportionally to 3.

The limiting constant potential difference across the liquid junction is therefore jus-
tified in terms of unconstrained diffusion forcing both an increase in the mean distance

of charge separation o 72 and a decrease in the magnitude of that charge o 7z. In
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the limit 7 — oo these proportionalities cancel precisely and cause a constant liquid
junction potential. The system remains dynamic (Oc¢;/07 # 0), however; both species
are continuously diffusing at a rate approaching the mean of their diffusion coefficients
(Equation 4.51), and the Nernst-Planck equations are not at steady state.

The liquid junction potential is only constant so long as diffusion continues un-
constrained and so is only constant as long as the diffuse layer does not encounter
some boundary where bulk solution is depleted, as is demonstrated by the collapse
of the corresponding potentials in the numerical study of constrained liquid junctions
by Perram et al.! The system is also not locally electroneutral — it merely tends to
electroneutrality in the infinite time limit. The potential difference is therefore asso-
ciated with a finite charge separation which originates in the discrepancy in diffusive
flux occurring at short times and under low electric field conditions, when the junction
size is less than the Debye length, and is never fully compensated.

The agreement of simulation with asymptotic theory in both limits, as well as the
provision, by simulation, of data concerning the dynamic transition between these two
conditions, has afforded a comprehensive and consistent understanding of the Type
1 liquid junction potential. Of fundamental importance is that the constant limiting
liquid junction potential for a free junction only ezists as a dynamic property of the
system, given that charge separation is entirely due to the initial conditions. It cannot
be recovered from a static (Oc;/0t = 0) treatment, as in the classical solution, without
the use of physically meaningless approximations or boundary conditions. Indeed, since
the equilibrium of the system is electroneutral, a potential difference is by definition
indicative of a non-equilibrium, dynamic condition.

The distinction between the Planck model and the model discussed in this chapter
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is highlighted in the schematic at Figure 4.12.

PLANCK:
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Figure 4.12: Schematic demonstrating the fundamentally different physical pictures entailed by
Planck’s static liquid junction and the dynamic model proposed in this work.
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4.7 Type 2 liquid junctions

4.7.1 Simulated limiting potentials

The limiting liquid junction potentials for a set of Type 2 liquid junctions were simu-
lated for Dy and Di = 0.5, 0.75, 1, 1.5 and 2, as well as the special cases of equimolar
aqueous HCI|KCl and NaCl|KCl (Dy, = 4.582, D, = 0.6564, Dj. = 0.9631, at
infinite dilution, 298 K).3® The simulations used the same steady-state condition as
for the Type 1 liquid junction (Equation 4.12). Simulation agreed with the Hender-
son equation to a tolerance of < 0.8% (Figure 4.13). The work of Hickman'? showed
that the Henderson equation is not exact for Type 2 and so exact agreement is not
necessarily expected between the Henderson equation and a simulation based on the

Nernst—Planck—Poisson equations without approximation.

0.75 4
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Figure 4.13: Comparison of simulated liquid junction potentials (symbols) at pseudo-steady state,
and the theoretical values given by the Henderson equation (lines), for a Type 2 system
with varying D’y and Df;. The dotted line indicates D)y = Df;, where the liquid junction
potential is zero according to the Henderson equation.
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4.7.2 Observed dynamics of liquid junction evolution

The detailed dynamical theory was extended to Type 2 junctions by investigation of
the junction between equally concentrated aqueous solutions of NaCl and KCI.

The essential trends in liquid junction potential and maximum electric field, as a
function of time, are the same as for the Type 1 case: a logarithmic plot is shown
at Figure 4.14. We may therefore expect a similar physical rationalisation of the
constant potential across the liquid junction as in the Type 1 case. Again, the transition
time between charging and discharging occurs at 7,5 ~ 1; for 10 mM solutions this
corresponds to tis &~ 7 ns in this case, at which time the maximum electric field is

~ 0.3 MV m™~'.
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- - 1 2 3 4
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Figure 4.14: Dynamic evolution of liquid junction potential (Afy,yp) and charge separation (Qryp =
—(00/0X )max) for the Type 2 junction of equimolar NaCl (aq) and KC1 (aq), plotted on
a logarithmic scale in time. Asymptotic limits as 7 — 0 derived using a zero-feedback

approach are plotted against the simulation data.
Some exemplar concentration profiles, across a similar logarithmic range either side
of 7,5 as in the Type 1 case, are shown at Figures 4.15-4.17. As in Type 1 we observe

approximately diffusional behaviour at short time; longer times give greater asymmetry

of the concentration profiles as the field extends. Interestingly, the point where ¢y = cg
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deviates from X = 0, but not extensively.

Figure 4.15: Concentration profile for the NaCl|KCl (aq) system at a time 7 = 0.01 7y, following
junction formation. As at short time for Type 1, the concentration profiles are sym-
metric and resemble the diffusion-only case; the diffuse layer associated with KT is
more extensive than that of Nat due to differences in diffusion coefficient.

Figure 4.16: Concentration profile for the NaCl|KCl (aq) system at a time 7 = 74,5 following junction
formation. The concentration profile of X has become increasingly asymmetric under
the influence of the electric field, and the point where cy,+ = ck+ is now at X < 0.

The corresponding evolution of the electric field profile is shown at Figure 4.18. A
deviation of Xy jp away from X = 0 is not evident until 7 > 7,5 and even then at lower
magnitudes than in the Type 1 example, where the variation in diffusion coefficients
was much greater.

The trend of a general expansion of the liquid junction extent also resembles that
for the Type 1 case (Figure 4.19), with a correlation to the size of the diffusion layer
which expands proportionally to T3,
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Figure 4.17: Concentration profile for the NaCl|KCl (aq) system at a time 7 = 100 74,5 following
junction formation. The asymmetry is further increased here and the point where cy,+
= ck+ has shifted again to X > 0.

0.035

-

0.030

0.025

0.020

0.015

0.010

0.005

iy

Figure 4.18: Evolution of the electric field profile for the NaCl|KCl (aq) system at times 7 = 0.01 Ty,
to 7 = 100 7y, following junction formation. Increased asymmetry of the initial junction
position is evident; close analysis shows that the liquid junction position, Xi,jp, varies
with time.

100 o

Figure 4.19: AXj as a function of 7 on a logarithmic scale, for the model Type 2 NaCl|KCl liquid
junction.
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4.7.3 Asymptotic analysis at 7 — 0

The 7 — 0 limiting behaviours of the Type 2 liquid junction may be approached by
the zero-feedback approximation as for Type 1 (Section 4.5.5). The mathematics are in
fact simplified as the equimolar concentrations give apx = ag = % and g = —fA = %
The species X may be ignored as it is uniformly concentrated at 7 = 0 and hence its
diffusive flux is zero.

Substitution into the Poisson equation then yields in this case:

%0 1 X X
—=-lef| ——— | —erf | ——— 4.65
7 (o (av) (7)) e
which is the same problem as the Type 1 case but with:
1
B = 3 ;o p=2y/D\T ; q= 2@ (4.66)

and so the same solutions (in £, p, q) apply.

1 / !/
X %ﬁ(\/D_A—\/D_B)'\/F (4.67)

and

Dy = Dy

Abrp ~ 5

T (4.68)

These are plotted as the 7 — 0 asymptotes in Figure 4.14, and again show excellent

agreement with simulation in this limit.

4.7.4 Asymptotic analysis as 7 — o0

Unfortunately, the simple long-time asymptotic analysis in the Type 1 case is not
possible in the Type 2 case. Hickman used a further perturbation involving the diffusion

coefficients to achieve approximate results.!?
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To the first approximation, he reported the electric field as:

o0 2 e 1
X _\/; v +erf(z) T (4.69)

where z is defined as above for Type 1 and

_ Dy + D) +2D%
A

(4.70)

This expression can be integrated to yield the Type 2 Henderson equation (Equation
4.5); however, given that a second asymptotic expansion is required, the Henderson
equation is not exact for Type 2, even as 7 — oc.

A comparison of the electric field predicted by the Hickman theory with dynamic

simulation is presented here for the first time.
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Figure 4.20: Comparison of the simulated electric field for the model NaCl|KCl (aq) system, —&,
at long time (7 = 1007,s) with the leading non-zero term in the asymptotic analysis
introduced by Hickman.

The comparison at Figure 4.20 shows that the expression at Equation 4.69 is in
fact not an effective description of the electric field in the system at 7 = 100 Ty.
The position of the maximum field is poorly predicted, and the general shape of the
simulated field is not consistent with the leading term arising from the Hickman theory.

As above, the electric field can be differentiated to find the temporal evolution of
Xpyp. Again, however, comparison with simulation shows that the analysis of Xy jp is
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very poor indeed; even the predicted direction of the motion of Xy jp is incorrect, as
simulation shows that the junction moves in the positive X direction at long times,
whereas the opposite is predicted by numerical analysis.

In the Type 2 case, it is assumed that although the accuracy of the Henderson equa-
tion compared to simulation implies that the integral of the higher terms in Hickman’s
approximation is negligible, these terms may be significant in the region of high field
at the centre of the junction, and so inherent asymmetries occurring in these higher

terms will alter the dynamic trends in the electric field and junction position.

4.7.5 Conclusion on Type 2 dynamics

Although the asymptotic analysis performed for the Type 1 liquid junction is not
tractable for the Type 2 case, numerical simulation has demonstrated that the dynamic
trends in potential difference and charge separation associated with a Type 2 liquid
junction are the same as those for Type 1.

A short time limit where the electric field may be neglected exists, and a straightfor-
ward diffusional analysis gives results that agree closely with the 7 — 0 trends observed
from numerical simulation. The unequal rates of diffusion of Na™ and K%, in opposing
directions, causes a charge separation and hence a potential difference that develops
as 7, because diffusion drives both junction charging and junction expansion as T3
(Equation 1.37). As the electric field develops, it decelerates the mass transport of the
initially faster species and accelerates the mass transport of the initially slower species.
The electric field at the junction position achieves a maximum approximately at the
Debye time, which is when the junction extends one Debye length and so restoration

of electroneutrality becomes the dominant driving force in the system.
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As in Type 1, the non-uniformity of the electric field causes dynamic asymmetry in
the concentration profiles. In particular, the concentration profile of the common ion
species X~ ceases to be uniform. These asymmetries cause the position of the liquid
junction to move, and in the Type 2 case this motion is not well accounted for by
asymptotic theory. Empirical evidence from simulation shows a long time 72 diffusion
of the junction position. Although asymptotic theory correctly predicts the Henderson
equation, its leading term is clearly inadequate as a general description of the electric
field in this case.

Again, the constant liquid junction potential can be rationalised on the basis of
the expansion of the junction in time occurring at a rate proportional to T%, which
balances a loss of charge in the junction also proportional to Té, such that a constant

potential difference arises as an exclusively dynamic property of the system.

4.8 Liquid junction timescales

Type 1 liquid junctions approach a long time asymptote of constant potential difference
across the junction, which is caused by the increased mean distance of charge separation
in the junction exactly balancing the decrease in magnitude of separated charge. The
time required to attain this asymptotic limit is an unknown variable, however, and so
was studied by simulation.

An appropriate timescale for the attainment of asymptotic behaviour is that to
required for the system to achieve 99% of the potential difference predicted by the

Henderson equation, defined as 7y:

Tss = 7-(AgbLJP = 0-99A¢Henderson) (471)
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The simulation results are indicated in Figure 4.21.

Figure 4.21: Comparison of 745, on a logarithmic scale, required to achieve asymptotic behaviour
for a Type 1 system with varying D/, and ¢f.

In general, as the ratio ¢j becomes more extreme, a longer timescale is noted before
asymptotic behaviour is attained, which is consistent with a lengthening of the Debye
time in the more weakly conductive solution left of the junction. The dependence on D’y
is comparatively weak. Note that the dimensional time required for a liquid junction to
attain its limiting potential is directly proportional to ¢, and is inversely proportional to
Dx and C};. A solution of higher conductivity therefore achieves its limiting potential
more rapidly, but in a solution of higher permittivity, the greater screening of electric
fields allows the liquid junction diffusion layer to extend further before reaching the
Debye length and approaching an electroneutral condition. Therefore, for a common
ionic mobility, the formation of a liquid junction potential requires a longer timescale
in a solution of increased permittivity.

Tss Was also investigated for Type 2 junctions according to the definition above
(Equation 4.71). As expected, it was found that greater absolute diffusion coefficients
accelerate all mass transport processes and hence accelerate the rate of attainment of
asymptotic behaviour. The effects of ionic strength and permittivity apply just as in
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the Type 1 case (Section 4.8).

4.9 Conclusions

In this chapter, two liquid junction systems (Figure 4.1) have been analysed using the
Nernst-Planck-Poisson equation set, without the a prior: assumption of electroneutral-
ity, and employing quasi-infinite boundary conditions that imply free bulk solution and
avoid the physical inconsistencies identified in the traditional Planck—Henderson liquid
junction model.!®

The dynamic theory introduced here arises as a synthesis of novel computational
and mathematical study with the asymptotic analysis performed by Hickman'? and
Jackson!? in the early 1970s — work which has not been considered in computational

10,2729 \when accurate simu-

studies of the liquid junction dating from the modern era
lation of the NPP equations, an extremely computationally demanding procedure, has
become viable.

A constant liquid junction potential results from charge separation engendered by
unequal rates of diffusion. This charge separation causes an electric field that modulates
the unequal transport of species, within the Debye time of a few tens of nanoseconds.
As the diffusion layer expands to exceed the Debye screening length of the solution
a transition occurs where the charge separation achieves its maximum, and the lig-
uid junction to begin to discharge towards its equilibrium state of electroneutrality
throughout the system. At times longer than the Debye time, the drive for system

electroneutrality dictates the charge transport across the junction (see for example

Figure 4.6), as expected given the strength of the electroneutrality approximation over
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distances greater than a few Debye lengths.

Aslong as the diffuse layer encounters no finite boundaries, however, the electroneu-
tral equilibrium is not attained in finite time: rather, continuing diffusion causes the
junction to grow at a rate proportional to v/¢, which is equal to its rate of discharge
as v/t, such that a constant potential difference arises, because less charge is separated
across a greater distance. This potential difference arises at timescales of 10-1000 ns
after junction formation for typical aqueous systems, by which time the diffuse layer is
approximately 10-1000 nm in extent.

In contrast to Planck’s assumption,” the only steady state of the free liquid junction
system, i.e. a state where the time derivatives of all species concentrations everywhere in
space is zero, is the unattainable equilibrium where concentrations are constant across
all space. Electroneutrality is never attained exactly, and so a finite potential difference
across the junction is physically acceptable. By using simulation techniques in order
to incorporate the Poisson equation in full, rather than relying on the electroneutral-
ity approximation, the potential difference is clearly attributable to the quantity and
distribution of separated charge, however negligible or widespread this charge may be,
avoiding inherent confusions or paradoxes due to the use of electroneutrality to describe
dynamic charge transport (Section 4.2.1).

In conclusion, constant free liquid junction potentials arise as dynamic properties
of the system and are indicative of a non-equilibrium condition. In a confined sys-
tem where equilibrium can be attained, the liquid junction potential collapses.'® Any
attempt, as is common in the traditional conception of a liquid junction potential,
to derive the unconstrained liquid junction potential on the basis of a static system,

where the Nernst—Planck equations may be taken at such a steady state and hence
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integrated, must necessarily contain some inconsistency with known laws of physics
such as conservation of mass or charge. The static model, unlike the dynamic model,
does not represent a valid physical picture of the liquid junction potential.

By considering charge transport due only to a concentration gradient, considerations
common to all charge transport systems in electrolytic solution have been revealed.
These include the relative freedom of charge separation over distances of a few Debye
lengths, and the correspondingly strong drive for restoration of electroneutrality over
times longer than the Debye time following a perturbation at a fixed point in solution.
In the following two chapters, these concepts and the general methodology are extended
to charge transport caused by an applied potential in an electrochemical cell, rather

than as a consequence of diffusion.
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Chapter 5

Diffuse double layer: equilibrium

In the previous chapter, significant dynamic features of non-equilibrium charge trans-
port driven by a concentration gradient were discussed. This chapter introduces the
electrochemical cell, and presents analysis of the equilibrium of the diffuse double
layer at the surface of a working electrode, with particular reference to non-classical
behaviour at nanoelectrodes. These concepts provide a framework for the study of
dynamic charge transport in an electrochemical cell. This work has been published
by the Journal of Physical Chemistry C,! and this chapter also draws on discussions

published by the Journal of Electroanalytical Chemistry.??

5.1 The electrochemical cell

When two electrically conducting electrodes are connected by a wire and then immersed
in an electrolytic solution, a closed electrical circuit is formed, because the electrolytic
solution is also conducting. If no reaction in solution can occur by electron transfer

to or from an immersed electrode, the electrode is described as ideally polarisable.*
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Then, when the potential difference between the two electrodes is altered, any current
drawn is due to ionic transport rather than due to electron transfer associated with a
heterogeneous reaction at the electrode-solution interface. This chapter and Chapter
6 discuss ionic transport; in Chapters 7-10, current due to heterogeneous reactions
(so-called “Faradaic current”) will be considered.

One electrode is typically a standard reference electrode, meaning an electrode
with a rest potential that is well established on a standard scale. By international
convention, the potential scale for electrochemical cells is calibrated to the standard
hydrogen electrode, in which an aqueous solution with unit activity of protons (pH 0)
is in equilibrium with 1 bar hydrogen gas at a platinum electrode. A more practical
reference electrode in aqueous solution is the saturated calomel electrode, in which
a saturated aqueous solution of chloride ions is in equilibrium with solid mercurous
chloride in contact with a liquid mercury electrode.*

Having established a reference potential, such that the potential difference between
the two electrodes can be measured consistently, current drawn by the system is mea-
sured at the other electrode, which is described as the working electrode. The ref-
erence electrode is termed ‘ideal’ if a potentiostat can be used to apply a potential
difference between the working and reference electrodes in which the potential at the
reference electrode is unchanged, such that only conditions at the working electrode
are perturbed. This standard setup, with an ideally polarisable working electrode, is
indicated at Figure 5.1.

For the purposes of discussing non-Faradaic current due to ionic transport, it will
be assumed that the potential of the reference electrode is negligibly perturbed by

acting as a counter electrode in passing the current through the circuit. This issue will

95



Chapter 5. Diffuse double layer: equilibrium

potentiostat

Al—>

WE. <—X RE.

Figure 5.1: Schematic of an idealised electrochemical cell illustrating a simplified potentiostatic cir-
cuit. W.E.: working electrode; R.E.: reference electrode. The current carried through
the circuit is carried by electrons in the wire and by ions in the solution, with concomi-
tant accumulation or depletion of ions at the electrode interfaces as the electrode charge
alters.

be considered more practically in Chapter 7.

Each electrode will have a certain excess charge due to the population of electrons in
its conduction bands, which is described as a Fermi level and corresponds to the electron
energy, or electrical potential. An electrode may be either positively or negatively
charged, and this is quantified by the surface potential of the electrode. Considering
the relation of the different potentials in the system, let us define the dimensional

potential between the working and reference electrodes as E:

E= ((bw - (bs) N (¢ref - (bs) (51)

where ¢,, is the potential of the working electrode, ¢ is the potential of bulk solution,
and ¢, is the potential of the reference electrode. All of these potentials are absolute.
Further, let us set ¢4 as the reference potential for the entire system, so on this absolute

scale, ¢s = 0 and:

E = ¢y — Oret (5.2)
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Now, we introduce a potential of zero charge, E,,., which is the applied potential
difference such that the working electrode is uncharged, i.e. the value of E for which
ow = ¢s = 0, such that the working electrode has zero excess charge with respect to

bulk solution. Therefore:

Epzc = _(bref (53)

and
¢W =F— Epzc (54)

Therefore, the potential difference between the working electrode and bulk solution
may be determined from the difference between the two measurable parameters £ and

E,c. In normalised units this will be termed an overpotential and is written:

F

F
0= ﬁ (wa - ¢S) = _(E - Epzc) (55)

0
RT

in which both E and E,,. are measured with respect to a common reference electrode.

5.2 The double layer

5.2.1 Definition

The double layer is the region of an electrolytic solution close to the surface of an
electrode where an electric field exists due to the excess charge on the electrode. The
offset of the Fermi level from the bulk solution potential corresponds to either accumu-
lation or depletion of electrons at the electrode surface, and hence a Coulombic force
acts on ions in solution. At equilibrium, the excess electrode charge is balanced by an

opposite excess charge in the adjacent solution, which screens the electric field due to
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the electrode.

5.2.2 Derivation of Gouy—Chapman theory

The first theoretical treatment of the double layer was by Helmholtz and pre-dated the
understanding of ionic dissociation in solution, such that he treated the double layer
as an ideal capacitor.® Gouy and Chapman independently developed a theory for a
diffuse double layer in which the electrolytic solution theories in Chapter 1 are applied
at equilibrium.%7

For a monovalent binary electrolyte ATX™, the Gouy—Chapman theory is developed
as follows. We take the working electrode surface to be held at a constant potential

0y with respect to bulk solution. Each ion is at equilibrium in the electric field, so the

Boltzmann equation holds for each ion:
¢; = exp(—z;0) (5.6)

where the concentration is normalised to the concentration of AX in bulk solution (C*)
where # = 0, such that this is a normalised simplification of Equation 1.33.

The electrode is assumed to be very large with respect to the double layer, and
so the double layer geometry is approximated as linear. We will normalise the linear
space to the Debye length, as in the previous chapter. In this geometry, the Poisson

equation is then:

e =0 (5.7)
or
d?0
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subject to 8 = 0y at X = 0 and § — 0 as X — oo. Since this equation is a function
of the variable 6 only, by incorporation of the equilibrium Boltzmann equation, it is
termed the Poisson—Boltzmann equation.

Although non-linear, this equation can be solved using the identity:

2 1d [do?
aX? " 240 (ﬁ) (5.9)

so that integrating from bulk solution inwards

o\’ db 2 o

= 2(cosh 6 — 1)

0
_ k2 [ 2
= 4 sinh <2>

The condition of constant § = 0 as X — oo constrains that the electric field tends to

do\? L, (0
do ) 0
ﬁ =12 SlIlh (5)

Since if § > 0, df/dX < 0 to satisfy § — 0 as X — oo, and so the sign must be

zero in the same limit, so:

negative. A further integration, this time from the electrode into solution, gives:

0 d@/ X
/ = —/ dX' = —X (5.12)
g, 2sinh (5) 0
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The integral on the left is evaluated as follows:

(5.13)

0 do’ 0 do’
/90 2sinh (%) B /90 4sinh (%) cosh (%)
0

Therefore:
(5.14)

which is the Gouy—Chapman expression for the potential distribution of a double layer
consisting only of a monovalent binary salt. This type of double layer is described as
a diffuse double layer because the charge in the double layer is due to a diffuse excess
of one charge of ions in the dissociated electrolyte.

Note that the Gouy-Chapman equation may be re-arranged to:>®

6 = sgn(fp) In | coth? <M> ’ (5.15)

2

where

Xy = 2arccoth (exp (@)) (5.16)

5.2.3 Properties of the Gouy—Chapman diffuse double layer
The Taylor series of tanh x about x = 0 is:

tanhx =2 + ... (5.17)
such that if |0g| < 1, then because |6| < |6y, the Gouy—Chapman expression tends to:

0~ 0he (5.18)
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Therefore, for an overpotential significantly less than RT/F', the potential profile is
predicted to decay exponentially on the scale of the Debye length. This confirms the
understanding of the Debye length as the distance over which electric fields are screened
in an electrolytic solution, as was introduced by the dimensional analysis in Section
1.3. In this case, the positive and negative surface excesses of oppositely and similarly
charged ions, respectively, screen the electric field due to excess charge on the electrode
over a distance of a few Debye lengths.

The charge contained in the double layer can be calculated by integration of the

Poisson equation, defining a normalised charge (per unit area) Q'
a1 [*™
Q)= 2/}((2) (5.19)
such that from the normalisation definitions in Chapter 2:

o (N (5.20)
2FC*xp  (2RTeyeqC)2

where ¢’ is the dimensional charge per area.
Accordingly, the normalised separated charge on both the electrode and the double

layer, at equilibrium is given by |@Q'(0)|, which is:

Qb = 2sinh (’9—20|> (5.21)

from Equation 5.11. The excess charge on the electrode is exactly opposite to the charge
on the double layer, from the requirement of overall electroneutrality at equilibrium. In

the linear regime at low overpotential, a first order Taylor series approximation gives:

Qpr ~ |0l (5.22)

i.e. a linear relationship between applied potential and double layer charge.
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The differential capacitance of the double layer is defined as the partial derivative
of electrode charge with respect to applied potential. Hence, defining the normalised

differential capacitance (per area) as K}:

r aQiDL o "90|
K= 20, cosh( 5 (5.23)

Again, from the normalisation definitions, this can be related to the dimensional dif-

ferential capacitance per unit area (C) as:

C' ID
K,=—-4 ¢ = 5.24
d C(/j* d ESEO ( )

At low overpotential where K ~ 1, (!, = €s¢p/xp, which implies typical dimensional

values of C} in the range 5200 pF cm™2.

5.3 Extension to a hemispherical space

The Gouy—Chapman description of the diffuse double layer assumes that the electrode
is much larger than the double layer. For a nanoelectrode, where the dimensions of
the electrode approach the Debye length of a typical electrolytic solution, this is no
longer true. Experimental nanoelectrode systems have become increasingly common
for practical applications in the last decade, together with novel fabrication and char-
acterisation techniques, as illustrated by some examples from the literature.”'* The
theory associated with nanoscale double layers remains relatively undeveloped, how-
ever. A study of the equilibrium condition of the double layer is therefore a necessary
stage before the dynamics of nanoscale double layers can be considered.

The theory of the diffuse double layer will be extended here to consider a nanoscale

double layer, by solving the Poisson-Boltzmann equation in a hemispherical space sur-
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rounding an electrode with a given radius r = r.. Some previous literature exists
concerning such a solution. Debye and Hiickel solved the spherical Poisson-Boltzmann
equation subject to the approximation of linearised potential (6 < 1), in their deter-
mination of the time-averaged charge distribution surrounding an ion.!* In addition,
a variety of analytical and numerical solutions of the Poisson—Boltzmann equation,
involving varying degrees of approximation, have been presented for planar, cylindrical

15722 However, the practical electrochemical interpretation

and spherical geometries.
of size or ionic strength effects on the double layer, in the spherical case, has been

neglected by all past workers, to the best of the author’s knowledge.

5.4 Limitations of the Gouy—Chapman model

The Gouy—Chapman model takes no account of the finite size of ions. Stern modified
the Gouy-Chapman theory by including an ‘outer Helmholtz plane’; which is the plane
of closest approach of solvated ions to the electrode surface.?> A compact layer of
adsorbed solvent molecules inside this plane also contributes to the screening of the
electric field, which falls off according to Coulomb’s law through this electroneutral
layer. Grahame clarified the modern mathematical form of the Gouy—Chapman—Stern
theory, and also considered the influence of specific adsorption of ionic species on the
electrode.?? This latter effect is very commonly encountered in practice, which greatly
complicates the experimental verification of theories concerning the behaviour of the
‘free’ electrolytic solution close to the electrode.

In employing the Poisson-Boltzmann equation to describe the diffuse double layer

at a nanoelectrode, we implicitly accept certain assumptions. In effect, we are confined
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to consider nanoelectrodes with sufficient excess charge for classical theory to remain
applicable. As such, this theory does not consider quantised charging or Coulomb
staircase effects.? 2" Equally, the effects of finite ion volume and finite ion number, as
well as maximum ionic concentrations in the close packing limit are ignored, and the
permittivity of the medium is assumed to be uniform: however, given the finite size of
ions there is a maximum ionic concentration that can feasibly be present in the diffuse
double layer. As early as 1947, Grahame wrote that “the neglect of [ionic] crowding
is likely to prove to be the most serious defect of the kinetic theories of the diffuse
double layer now in vogue”.?* Some attempts to account for this by modification of
the Poisson-Boltzmann equation have been presented.?®

The intention of this work is to develop classical theory to include the hemispherical
geometry, such that physical effects attributable to the increased curvature of the
diffuse double layer can be recognised. It is not intended to provide a comprehensive,
detailed model of an experimentally realisable diffuse double layer. Since the original
publication of this work, some of the effects ignored here have recently been discussed

by Wang et al.??

5.5 Theoretical model

5.5.1 Geometry and normalisation

For a study in the hemispherical space surrounding an electrode, we choose to normalise
the space to the electrode radius (z* = r.), such that the space domain is 1 < R < o0

where R = 1 is the electrode surface. Then, the Poisson—Boltzmann equation in
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hemispherical space, for a monovalent binary electrolyte ATX™, is:

1 d [ ,db o
ﬁﬁ (R ﬁ) — Re sinh 9 =0 (525)
where
Te
= 2
Ro= (5.26)

The appropriate boundary conditions are § = 6y at R =1 and § — 0 as R — oc.

The normalised charge (per area) can be constructed in this geometry as follows:

o 1do R, [* )
Q'(R) = RdE= 3 /R (Z z2c2> R*dR (5.27)
hence

1 db

/
== 2
Qb= % 97 (5.25)

R=1

where the division by R, ensures that Q)" and K7} are identically normalised in the hemi-
spherical space. Note that @)y represents a separated charge; the sign of the charge
is in fact opposite in the solution. The corresponding Gouy—Chapman expressions

(Equations 5.21 and 5.23) can be referred to as the planar double layer limit.

5.5.2 Gridding and computation

For the numerical work, an expanding R grid was used, according to the definitions in
Section 3.2. For computational convenience, the outer boundary condition is applied
at a finite distance R = Ry, which is set to a large number, typically R = 10°. It
was verified that altering R,.x to a larger number had no effect on the simulation
results. Converged parameters for the expanding space grid were established by a
detailed convergence study at varying R, and 6y, using )" as a diagnostic observable;

the optimal parameters were yg = 10~ and Ry = 1075,
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The second derivative is centrally differenced, and the iterative Newton—Raphson
method is applied to solve the ODE with an initial guess of 8 = 0 over all space, which
was unconditionally convergent for |6y| < 15 with the above gridding parameters. The
Jacobian matrix is three-diagonal since there is only one variable. A concentration and
potential profile could typically be generated for a given parameter set in less than one

second.

5.6 Analytical theory

5.6.1 Low overpotential

The hemispherical Poisson—Boltzmann equation cannot be solved analytically in full,
but it can be solved in the low potential (Debye—Hiickel) limit. The Debye-Hiickel

approximation takes § < 1, and so sinh(f) ~ 6, thus linearising the equation to:'*

1 d [ ,db ,
S WY prg— 2
= Tp (R dR) R20=0 (5.29)

Linear problems in spherical symmetry of this type are often solved by a substitution
of the form xy = R - 6, which yields:

0%y

3B Rx=0 (5.30)
subject to
R=1 X =0 (5.31)
R — o0 % —0
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The equation can be rewritten as:

10 2
5& <@) — Rgx (532)

Since

90 1 (0x x
OR R (aR R) (5:33)

we can conclude that dy/OR — 0 as R — oo, and so from integration:

3X>2 2 /X N
— | =—-2R, X dx 5.34
(5 0 (5.31)
= —Rx’
and
0
% — R,y (5.35)

From Gauss’s Law for a spherical space, we can relate the potential gradient at the

electrode surface to its enclosed charge. Normalisation of Equation 1.17 gives:

1 06
/ P — [E—
QpL = R. OR|,_, (5.36)
I
T R \OR|,.,
Y Ry
- Re e V0 0
1
o1+ 1)
and hence
K =1+~ (5.37)
d — Re :

For a large electrode, as R, — oo, the hemispherical result agrees with the Gouy—
Chapman prediction that K} ~ 1 for low overpotential (Equation 5.23). However, the

second term in the hemispherical equation suggests an additional ‘excess’ double layer
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capacitance due to the hemispherical nature of the diffuse double layer, which becomes
significant as R, — 1, i.e. where r, — xp. This is the case for nanoelectrodes, where

an augmented capacitance is expected due to the curvature of the double layer.

5.6.2 Solution at a point charge

Although the situation r, < xp is not practically realisable because it implies an
electrode of atomic scale, it is an instructive limiting case to consider theoretically. In

this limit, R, — 0, and therefore from the Poisson equation:

1 d do
V2 _ - 2 7
b= R2dR (R dR) 0 (5:38)

This is equivalent to the equation for the electric field due to a point charge in vacuum,

and the solution has the familiar Coulombic form:

5—2 - —% (5.39)
In this limit
Qo= 1 (5.40)
and
K= & (5.41)
Re

i.e. the capacitance per unit area becomes independent of the applied potential, but also
becomes dependent on the electrode radius, as suggested by the low potential analysis
above. Irrespective of the applied potential, no classical double layer is predicted in
this limit because the electric field becomes negligible across a distance considerably
less than the Debye length. In effect, the charge separation no longer contributes to

screening the electric field.
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Clearly a real nanoelectrode will not display the same behaviour as for a point
charge, where r, is required to be much smaller than atomic scale, but as r. — xp, we
can expect nanoelectrode behaviour to more closely resemble the Coulomb solution with
an ideal inverse square dependence for the electric field. Therefore, the nanoelectrode
regime where r, =~ xp is expected to be intermediate between a potential-dependent
diffuse double layer of the Gouy-Chapman type, and a potential-independent spherical

layer of charge of the Coulomb type.

5.7 Numerical results and discussion

5.7.1 Diffuse double layer at high overpotential

The conclusions developed above by the analysis of the point charge and low overpo-
tential limiting cases can now be developed by simulation, as numerical methods allow
the Poisson—Boltzmann equation to be solved in hemispherical space for any values of
0y and R..

An initial study was performed for a potential step to 8y = 5, which in dimensional
units is a potential step to E — E,,. ~ 130 mV. Figure 5.2 shows simulated results for
normalised surface charge density, Q7 as a function of R, (and hence 7).

A size-dependent transition is indeed observed between the Coulomb and Gouy—
Chapman limits as the double layer becomes relatively spherical for small electrode
sizes and relatively planar for large electrode sizes, even at high overpotential where
the analysis in Section 5.6.1 does not apply. In the limit R, — 0 and R, — o0, the
expected asymptotic behaviours are attained. The region of transition is detailed at

Figure 5.3.
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Figure 5.2: Comparison of the equilibrium charge on the double layer, Qp;,, to the Coulombic and
Gouy—Chapman limiting cases as a function of R,.
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Figure 5.3: Equilibrium charge on the double layer, Qp,, in the transition region of R, between the
Coulombic and Gouy—Chapman limiting cases.

5.7.2 Effect of electrode radius

Having established trends in the system parameters R,, a real system can be modelled
by setting T' = 298 K and ¢; = 78.54. Bulk concentrations of 1 mM and 100 mM were
considered, and a charging potential of #y = 5 was assumed. The results are presented

at Figure 5.4.

At r. > 50 nm, a constant excess charge per unit area is observed in the diffuse
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Figure 5.4: Simulated ¢’ as a function of re, for aqueous solutions at room temperature.

double layer, irrespective of electrode size, exactly as predicted by the Gouy-Chapman
model. By comparison, substantial excess charge density is predicted for nanoelec-
trodes. At a lower ionic strength, the Debye length is longer, and so the effect of
double layer curvature is observed at larger electrode sizes. Note that in the case C*
= 1 mM, the charge density increases more rapidly as r. is reduced than is the case
for C* = 100 mM, since the Debye length is longer in the former case.

Left of the division marked in Figure 5.4, the charge on the electrode is less than
10 electron charges, such that quantum and single-ion effects may be expected to
dominate and hence our theory is not appropriate. For both concentrations, however,
double layer curvature induces deviations of several per cent from the classical planar
Gouy-Chapman theory at electrode radii larger than those where quantised charging

is expected.

111



Chapter 5. Diffuse double layer: equilibrium

5.7.3 Analysis in terms of differential capacitance

For an ideal Coulombic point charge, the differential capacitance is (Equations 5.24

and 5.41):

€s€o

Cl = (5.42)

i.e. not a function of potential.
Equivalently, for the Gouy-Chapman model for a planar electrode, the differential

capacitance is (Equations 5.23 and 5.24):

,  €s€0 F
= h{ ——(F — FE,,. 4
Cy . coS (2RT( b )) (5.43)

i.e. an approximately exponential function of potential, at large overpotential.
Theoretical differential capacitance curves were produced by simulating ¢’ at various
values of (E' — E,.) and differentiating the resulting curves numerically. The simulated
results for C* = 1 mM and varying electrode size are shown at Figure 5.5, again
demonstrating a transition in the behaviour of the diffuse double layer for electrode

radii in the nanoscale region.
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Figure 5.5: Simulated differential capacitance curves for electrodes of varying sizes, shown with
the theoretical predictions of Coulomb’s law (for the two smallest radii cases) and the
planar Gouy—Chapman model. r, = 0.3162, 1, 3.162 and 10 nm; aqueous solution at
room temperature is assumed.
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For reduced electrode radius, Coulombic behaviour, where capacitance is not a
function of potential, is observed across an increased potential window either side of
Epsc. The smallest electrodes here are presented for continuity of theory rather than
to represent any real behaviour for hypothetical sub-nanoscale electrodes. Nonethe-
less, the attainment of Coulombic behaviour is general to R, — 0 and it is therefore
projected that at micromolar concentrations where the Debye length is several tens of
nanometres, Coulombic behaviour should be observable for nanoscale electrodes where

the absolute charge of the double layer is sufficiently large to neglect single-ion effects.

5.8 Conclusions

A rational approach to analysis of numerical solutions of the Poisson-Boltzmann equa-
tion in a hemispherical space demonstrates that the diffuse double layer at a charged
nanoelectrode must differ significantly from the predictions of classical planar Gouy—
Chapman theory. Marked curvature of the double layer, which arises when the electrode
radius is of similar size to the Debye length, causes qualitatively altered diffuse double
layer properties for nanoelectrodes with r, < 50 nm, for typical concentrations of elec-
trolyte. As the ionic strength is reduced, deviations from classical theory are expected
to occur for larger electrodes.

These curvature effects include excess double layer charge and constant, Coulombic
differential capacitance across an increased potential window. For small overpoten-
tials, double layer curvature causes electric fields to tend towards the ideal situation of
a Coulombic point charge, and a Gouy—Chapman diffuse double layer with an exponen-

tially decaying electric field is no longer observed. For smaller electrodes or lower ionic
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strengths, the capacitive properties of the diffuse double layer will obey Coulomb’s law,
rather than the Gouy—Chapman equation, over a wider potential window.

The comprehensive analysis of the equilibrium of a diffuse double layer for a hemi-
spherical ideally polarisable electrode provides a framework for dynamic charge trans-
port problems in this system. In the next chapter, the time-dependent Nernst—Planck—
Poisson equation set is employed in order to consider how equilibrium is recovered
following perturbation of this system, with particular reference to capacitive charging

of the diffuse double layer following a potential step.
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Chapter 6

Diffuse double layer:

capacitive charging

In this chapter, the dynamics of the hemispherical diffuse double layer at an ideally
polarisable electrode are considered for different capacitive charging experiments. In
particular, the non-equilibrium charge transport predicted using the Nernst—Planck—
Poisson model is compared with results from the common model of an equivalent
electrical circuit with a resistor and capacitor in series. The latter is found to be
deficient under many conditions. This work has been published by the Journal of

Electroanalytical Chemistry.!

6.1 Introduction

6.1.1 Capacitive charging

Chapter 5 discussed the equilibrium condition of the diffuse double layer at a charged
working electrode, subject to a series of assumptions. If the potential at the work-
ing electrode is changed dynamically, however, the diffuse double layer cannot attain

its new equilibrium condition instantaneously because charge transport occurs at a
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finite rate. The dynamic processes by which the double layer accumulates or disperses
charge are collectively termed capacitive charging. Measurable currents due to the ionic
transport involved in charging or discharging the double layer are a common feature
of experimental voltammetry.?

Rather than employing the complicated Nernst—Planck—Poisson equation set, ca-
pacitive charging is commonly analysed using the RC equivalent circuit (Figure 6.1), in
which an ideal resistor and capacitor are considered in series with a voltage source.* The
solution is therefore considered to have an ideal, constant and homogeneous resistance,
R, and the double layer is considered to have an ideal, constant and homogeneous

capacitance, Cy.

E®)

Figure 6.1: Schematic of the RC equivalent circuit.

In Chapter 1, the implausibility of describing electrolytic solution dynamics with

constant, homogeneous electrical circuit parameters was highlighted. The strict de-

*Note that while the capacitance C describes the ratio of charge on the capacitor to voltage across
it (Ecap(t)), the applied potential E(t) is the potential difference associated with the voltage source.
These are equivalent only when the current is zero. In the discussion hereafter, capacitance will be
understood to refer to the circuit (and the physical system it represents) as a whole, and so E refers
to the applied voltage. As shall be demonstrated, this circuit capacitance equals C' at zero current.
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pendence of the local resistivity or capacitance of an electrolytic solution upon its
dynamically varying ionic composition implies that results from the RC circuit model
must be treated with caution. In this chapter, a more refined dynamic theory of capac-
itive charging is established using the time-dependent Nernst-Planck-Poisson equation
set. In this way, it is possible to identify the conditions, if any, under which the RC
circuit may be considered physically meaningful for describing charge transport in the
diffuse double layer. As in the previous chapter, both mathematical and numerical
methods are employed as required.

Note that as in the previous chapter, neither the compact layer nor finite ion size
effects will be considered, and therefore there is ample opportunity to further refine
this theory to describe a more realistic system; nonetheless, a rational study using
the Nernst—Planck—Poisson equation set can identify common features of capacitive
charging attributable to size effects or non-linear potential regimes, without these being
shrouded in the complication of a detailed and extensively parameterised description
of the compact double layer. Also, the arguments here will concern ideally smooth
electrodes, and so do not incorporate deviations from ideal RC behaviour associated
with “constant phase angles” due to electrode surface roughness.>® The aim of this
chapter, then, is to reveal the charging behaviour of the diffuse double layer at the
interface between an electrolytic solution and an electrode, and to determine regimes

where that behaviour differs from that predicted by an ideal RC circuit.

6.1.2 Experimental methods

Two experimental approaches are considered by which the diffuse double layer can be

perturbed. The first is a potential step away from the potential of zero charge, such
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that an excess charge is rapidly applied to the working electrode by the potentiostat.
Double layer charge is then accumulated dynamically under the influence of the electric
field until that field is completely screened, i.e. equilibrium is attained. The ionic
current passed through the solution is measured such that a plot of current against time
(a chronoamperogram) contains information about the capacitive charging dynamics.
This current is initially substantial but decays to zero after a certain charging time.

The other experimental approach to be considered is impedance spectroscopy. Here,
a sinusoidal voltage waveform away from the potential of zero charge is applied to the
working electrode at a given frequency. The ionic current will display a time lag
with respect to the input, and therefore by considering the phase shift of different
components of the output current with respect to the input frequency, an apparent
impedance (complex resistance) can be measured.

The real component of the impedance is the resistance of the system, which is
the ratio of current drawn to potential applied with no phase shift; the imaginary
component of the impedance is associated with the capacitance of the system, in which
a component of the current drawn is phase shifted from the input voltage due to the
accumulation and depletion of charge. These results are conventionally presented in a
Nyquist plot, in which the real and imaginary impedances are plotted with respect to

each other for different input frequencies.?©

6.1.3 Results from the RC equivalent circuit

For the RC circuit (Figure 6.1), we may use Kirchhoff’s voltage law to take the sum

of voltages across the various components as zero.” Defining the applied overpotential
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(voltage) as E, the charge on the capacitor as ¢, and the current as i:

q

E — iR, — =
7 Cd

=0 (6.1)

Noting that ¢ = dg/dt, and rearranging:

dq q E
dq _E 6.2
it RO, R (6:2)

such that if a potential step is applied rapidly from initial conditions where ¢ = 0,

perturbing the system away from equilibrium:

q—i%h(1—@@(ﬁgz)) (6.3)

and

i = % = gs exp (R:Ct’d) (6.4)

From the above results, it is clear that ¢ — FCy4 as t — oo, confirming that the

capacitor is ideal. In approaching this equilibrium condition, the capacitive charging

current decays exponentially according to a characteristic time constant RsCy, such

that more resistive or more capacitive interfaces will charge more slowly. This is logical

since it will take longer to accumulate charge if either less charge can be driven by a
voltage in a given time, or more total charge must be accumulated.

In impedance spectroscopy, the impedance spectrum Z(jw) = Z'(w) — jZ"(w) may

be inferred from Ohm’s law for the linear system by Laplace transformation to a Laplace

coordinate jw (that is, a one-sided Fourier transform in a coordinate w):

<

(Jw)
(Jw)

Z(jw) = (6.5)

~i

where V and I are the Laplace transforms of the input potential and the output

current respectively; j is the imaginary unit and w is the spectroscopic frequency. This
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approach is valid because the RC circuit system belongs to a class of problems termed

linear time-invariant, in which the output is a linear function of the input.”® It follows

that:
_ FE
V= 6.6
- (6.6)
and
. ECq4
J= "¢ 6.7
1 + szde ( )
SO
E 1+ jR,Cqw 11 o1
f=——— =R +——=R,— j—— 6.8
jw ECd + Cd jw J C’dw ( )

Therefore Z' = Ry and Z"” = 1/Cqw, such that the resistive and capacitive components
of charging are separated into the real and imaginary components of the impedance,
respectively.f

The problems above, and others, have been reviewed in the textbook of Bard and
Faulkner.? In all of the above ¢ = 0 has been taken to be zero when ¢ = 0, i.e. the step
or impedance wave begins exactly at the potential of zero charge of the system. This
can rarely be guaranteed in practice.

RC circuit analysis can only be meaningful where the parameters Ry and Cq are
constant and independent of the experiment for a given system. Values for these
parameters are revealed by the analysis below using the Nernst—Planck—Poisson model,

together with the range in which they may be considered physically meaningful.
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6.2 Theoretical model

6.2.1 Determination of the appropriate geometry

A great deal of theoretical work has already been performed on the charging dynamics
of diffuse double layers, including the effects of applied voltage and solution compo-
sition. This work has been reviewed by Bazant et al.” and a further recent study by
Beunis et al.!? introduced a variety of limiting cases. The former work also extended
the range of known analytical solutions, providing an exact Laplace transform for the
transient capacitive current for low applied voltages, where the Nernst—Planck equation
can be linearised, as well as applying asymptotic analysis to non-linear cases.

The adoption of a linear geometry is common to almost all of these studies, however.
The reason for adopting this geometry is that since the size of the electrode greatly
exceeds the typical extent of the double layer, the effect of double layer curvature is as-
sumed to only arise for very small electrodes, as discussed in the previous chapter. The
double layer is indeed physically planar to an excellent approximation for electrodes
larger than nanoscale, but this argument applies exclusively at equilibrium. Immedi-
ately following a potential step, the electric field due to the charge on the electrode
will extend into the solution in all directions, and so has spherical symmetry, assuming
that the cell itself is large with respect to the electrode. Unless the solution is confined
to a capillary leading directly to the reference electrode, very little is linear about the
geometry of the system, and consideration of a simple model problem underlines this.

Let us suppose that the cell is being held potentiostatically at its potential of
zero charge, E,,., such that solution is electroneutral in the vicinity of the working

electrode. Then the cell potential is rapidly stepped to a new potential £ — E,.. If
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we assume that reorientation of the polar solvent is much faster than the motion of
solvated ions, an electric field is established across solution instantaneously, with the
solution remaining roughly electroneutral. The instantaneous potential distribution
following the potential step is given by the electroneutral Poisson equation, which is

the Laplace equation:
V2 =0 (6.9)

with boundary conditions of ¢ = E'— E,,. at the electrode, and ¢ — 0 in bulk solution.
If the geometry is linear and bulk solution is treated as the boundary z — oo, we
immediately encounter a problem since there exists no solution consistent with these
boundary conditions.

Of course, we can introduce an arbitrary cell length L such that at x = L, the bulk
solution boundary ¢ = 0 holds. Then, the Laplace equation solves to a constant electric
field, ¢ = (E — Epc)(1 — 7). However, in this case, we must assume that L is a strong
function of the displacement of the reference and working electrodes. We then expect
the initial capacitive current to depend strongly on this displacement, even when it is
very large, which is a rather nonsensical situation and completely ignores bulk solution
which is equally distant from both electrodes, in which range electroneutrality is also
retained.

In a hemispherical space, however, the Coulombic solution ¢ = (£ — E,.)(%) arises
straightforwardly, giving a simple dependence on electrode radius, 7., and no depen-
dence at all on the exact position of the reference electrode, provided it is sufficiently

distant and bulk solution is plentifully available. This conforms to expected behaviour

and has the added advantage that all length scales are quantified easily and in a manner
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that is not arbitrary. Therefore, for the charging problem, it is appropriate to consider
mass transport in a hemispherical geometry. In the limit r, > xp, where xp is the
Debye length, the planar Gouy—Chapman equilibrium condition should be recovered

in the limit of long time.

6.2.2 Choice of transformed coordinates for analysis

The work of Bazant et al.? clarified the importance of a mixed timescale in charging
problems, in which both the diffusional timescale and Debye timescale are important.

In the hemispherical geometry, these scales are:

Tdif — —2 (610)
Dt
™= (6.11)

corresponding to the time normalisation t* associated with a space scaled to the elec-
trode (z* = r,) and a space scaled to the Debye length (z* = xzp), respectively. The
influence of the Debye scale was noted in the linear problem of liquid junctions in Chap-
ter 4, and the influence of both scales is evident in the equilibrium condition discussed
in Chapter 5.

As in Section 4.4.1, a space normalisation by xp will render the Poisson equation
ideally dimensionless, i.e. without extraneous coefficients. However, a space normal-
isation by 7. is standard for diffusional processes. Also it is convenient because the
electrode boundary is set at R = 1, and this normalisation renders the Coulombic field
ideally dimensionless (as in Equation 5.39).

Following Bazant et al.,” a compromise is achieved by normalising the coordinates
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according to a geometric mean of the two scales:

" = /TeZp (6.12)

and hence

(6.13)

where ¢ is the chosen normal species. The hemispherical domain is then k., < R < 00,

where the electrode surface is at R = k.. From definition:

ke = /- = /R, (6.14)
D

In hemispherical space, the time-dependent Nernst—Planck—Poisson equation set is

then:
1 0 2 802- 00 1 8ci .
10 (.,00\ 1, B
ﬁ@ (R @) + 5 Ke ZZZCZ =0 (616)

Except for nanoelectrodes, the electrode radius is much greater than the Debye length

and so R, > 1: in this case k. > 1 will also hold.

6.2.3 Gridding and computation

For the numerical work in this chapter, the time-dependent Nernst—Planck-Poisson
equation set was solved using the implicit method, with central differencing of the
space derivatives. Both the independent and dependent variables were transformed.
The space R is transformed into a space —1 < y < 1, such that the boundary
R — oo could be treated exactly within a finite simulation space; the transformation

is also chosen in order to achieve smooth concentration profiles both at short time
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(Coulomb length scale) and long time (Debye length scale):

K2 1
y=t <”g+’71/iee(R—’€e) " L+ 72 Ke (R—’fe)) (6:.17)
The success of subsequent work using a simpler radial transformation, as reported in
Chapter 10, tends to suggest that this complicated transformation might be superflu-
ous, if correct gridding parameters for the radial transformation were evaluated.

The space grid expands towards y = 0 from both y = —1 and y = 1, according to the
definitions in Section 3.2. An expanding time grid is also optimal, since the potential
step causes a strong perturbation of the system following 7 = 0; the definitions in
Section 3.3 were followed. A convergence study was performed using the capacitive
current jeap, at several of orders of 7 as the diagnostic variable, and the converged
gridding parameters in the transformed space were: v = 10, v, = 0.1, g = 1073,
Ry =0.02,5x107* < ~, <1073, and 7, = 0.1.

A logarithmic transformation of the dependent variables ¢y and cx is employed,
since this was found to greatly improve the convergence properties of the numerical

solution:
u; = Ing; (6.18)

Since all ¢; > 0, this transformation is mathematically sound. The Nernst-Planck

equation is then:

such that as flux tends to zero, the equation tends to become linear in this choice of
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variable. The time-dependent Nernst—Planck equation is:

.1
Oui _ —— V-, (6.20)

or ci

(2w ()
C; C;

~ D (v%i 42V + Vg (Vg + 2 V) )

As a compromise to the enhanced linearity of this equation as equilibrium is ap-

proached, the Poisson equation must adopt an exponential dependency:

1
V20 + 3 K2 (e"s —e"X) =0 (6.21)

The logic of the transformation is that as equilibrium is approached, the logarith-
mic variables tend to the simple relations uy = —6# and ux = +6 according to the
Boltzmann equation. By incorporating this natural exponential dependency into the
variables used in the iterative Newton—Raphson method, the linearity of the equation
set is enhanced and contributions to numerical instability are minimised. One possible
example of such an instability would be rounding errors of very large numbers aris-
ing from exponential relations: in the transformed variable, we are guaranteed that

|ui| < |0p| across all time and space.

6.3 The Debye—Falkenhagen equation

Debye and Falkenhagen analysed the dynamics of double layer charging at low over-
potential by applying the Debye—Hiickel approximation (Section 5.6.1) to the time-
dependent Nernst-Planck-Poisson equation set!! .

In the course of a charging experiment, it is reasonable to suppose that the largest

deviation of any concentration from bulk will be the surface excess, at equilibrium, of
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the ion which has the opposite charge as the electrode; that is, in charging the double
layer, no ion accumulates transiently in solution to a concentration greater than is
achieved in the equilibrium double layer. The normalised surface concentration of the
ion of opposite charge is exp(|0y|) according to the Boltzmann equation. So, if |6y < 1

according to the Debye—Hiickel approximation, then:
cio=e 7" 1~ 26, (6.22)
If the concentration over all space is expressed as
c¢i =1+ dc (6.23)

then the perturbation term dc; obeys |0¢;| < |6y] < 1 over all space, and so:

00 00
@ ~ Zi ﬁ (6-24)

ZiC;
thus linearising the Nernst—Planck equation.
For the case of an inert binary monovalent electrolyte ATX ™ if we initially assume

Dy = Dx, then the Nernst—Planck equation for X may be subtracted from that for A,

such that defining the dimensionless charge separation as p = cy — cx:

dp  dcy  Ocx
ar ~ or  or (6.25)
- (V%A YV (ea ve)) - (v%x V- (ex ve))
=V + V- <(cA +ex) ve)
~ V?p+2V?
From the Poisson equation:
2 L
V0 = 5 Ke P (6.26)
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so, substituting for V?20:

o _
or

Vip — ke p (6.27)
which is the Debye-Falkenhagen equation. This is a linear equation describing dy-
namic mass transport of charged species at low potential and hence low deviation from
electroneutrality:.

The properties of the Debye-Falkenhagen equation following a potential step were
discussed in detail for linear space by Bazant et al.? In the spherical case, the increased
complexity of V2 makes direct solution more challenging. The spherical equation, how-
ever, has the estimable advantage of involving no arbitrary length scales. In particular
the equation in this geometry is independent of the reference electrode position, so
long as it is sufficiently distant from the working electrode. The technique for solution
is the removal of radial dependence by introducing a variable u = R - p, such that
the resulting equation is amenable to Laplace transformation by analogy to the linear
case. The Poisson equation may be transformed similarly, using x = R - 0, as in the

equilibrium analysis in Section 5.6.1. The solution of the Debye-Falkenhagen equation

in hemispherical space has not been attempted before and is set out below.

6.4 Theory with equal diffusion coefficients

6.4.1 Solving the spherical Debye—Falkenhagen equation

It can be demonstrated that the theory of linear time-invariant systems is applicable
to the low potential capacitive charging of a solution with equal diffusion coefficients.

On introducing the substitutions u = R-p and x = R -6 to the Debye-Falkenhagen
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equation and the Poisson equation:

ou  0%u )

E = W — Heu (628)
Px 1,

ﬁ + élieu =0 (629)

An arbitrary input voltage is assumed, in which the surface overpotential 0, is a known
function 6y(7).

In the dynamic case, we begin from an initially electroneutral condition at 7 = 0:

w(0,R) =0 (6.30)

X(0, R) = ke Oo(T = 0) (6.31)

i.e. a Coulombic potential distribution (Equation 5.39) associated with a given potential
difference to bulk solution across an electroneutral space. At 7 > 0, the following

boundary conditions apply as R — oc:

u
- 32
50 (6.32)
X
250 6.33
R (6.33)

because bulk solution has a reference potential of zero and is electroneutral. At the
electrode (R = k), both species A and X are inert, and so they have zero flux into

or out of the electrode, and the potential is fixed by the input voltage. Hence, at this

boundary:
ou u ox X
i T J) (EEATTA T, 34
R R (aR R) 0 (6:34)
% = 0y(7) (6.35)

Using the standard Laplace transformations of partial derivatives in Section 2.5.2, the
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Laplace transformation of Equation 6.28, from the time coordinate 7 to a Laplace

coordinate s, is:

L._.(6.28) = = T8 _ g (6.36)
r—s(6. SU= 503 — Kell :
so that introducing a variable k = /s + k2
0%t _

and solving this ordinary differential equation in R:

u = A(s) exp(kR) 4+ B(s) exp(—kR) (6.38)

where A and B are arbitrary functions of s but not R. Condition (6.32) requires
A(s) =0.

Laplace transformation of Equation 6.29 gives, on substituting for u:

Px K
Integrating:
OO 82)? / _Hg Oo / /
AR = e B(s) /R exp(—kR') dR (6.40)
ox k2
3R = ok B(s) exp(—kR) (6.41)

where the requirement that both 90/0R and 6 tend to zero as R — oo is sufficient to
confine 0x/0R as zero in the same limit.
Substitution of this result together with boundary condition (6.35) into boundary

condition (6.34) followed by a few lines of algebraic manipulation achieves:

B(S) . —290(8)

S exp(kke) (6.42)
ke  k
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and so
ox - K2
ﬁ = —eo(S)W . eXp(k(Iie — R)) (643)
_ /4,2
= _00(5)8 +e£ ’ exp(k:(/{e - R))

from which the capacitive transient may be derived.
The capacitive (charging) current can be related to the rate of change of the electric

field at the electrode-solution interface, according to Gauss’s Law (Equation 1.17):

. 0q 0 9 0o
bcap = 5% =~ o1 ( 2717 €s€p 87’) (6.44)

so that applying the required normalisation conditions, the dimensionless capacitive

current can be defined asf:

. . ica_p . _2 620
Jeap = 2rFC*Dr, ke OTOR

(6.45)

R=ke

Note that j..p has been normalised to the electrode space (z* = r¢), to give a common
normalisation to that for the Faradaic current in an equivalent hemispherical system

(as in Chapters 7-10).

Now
00 1 1 ox (6.46)
OTOR | p_,.. ke OTOR Rere k2 OT R :
(]
ke \OTOR|,_, 0T

TThe use of j for dimensionless current is standard in the literature on voltammetry, and is used
here to emphasise the correlation between the capacitive currents in this chapter and the Faradaic
currents in subsequent chapters, since the same normalisation is used for both. To mitigate possible
confusion with the imaginary unit j in other parts of the chapter, “cap” is used consistently as a
subscript when current is being discussed.
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and

o 9x 90 (. X
0rOR |, or) \" OR

Hence the Laplace transformation of the current is

i(5) = Lross(Jeapl)) = <25 Bo(s) - <s +1 T+ %)) - 2l0) (6.18)

e

N ) — (s 0o(s) — 00(0)) (6.47)

So, there exists a linear relationship between the current and voltage functions in
Laplace space, and hence the system is linear overall. The step function response can
then be used to determine the response for any input (Section 2.5.3). Particularly, the
impedance spectrum can be determined by substituting jw for s in the Laplace space

solution to a step function input, as will be developed below.

6.4.2 Transient charging current following a potential step

For the potential step problem, s- 8y = 6(0) = , which simplifies the above to a single

term:

20 20
Jeap(T) = L1, ( 0 ) N G R (6.49)
S

s+, /1+ 3%
Let us approximate , /1 + -% by its Taylor series. From numerical examination of the

1

ap’

function, the nth order Taylor series approximation is accurate to 1% when % <

where ag =~ 50 and a; ~ 3. Noting that the Laplace coordinate s corresponds roughly

to T’%, we can take the nth order Taylor series to be an accurate approximation where:
1 2
— <= 6.50
VT ap (6.50)
and hence

> (Z-%) (6.51)
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Substituting back into dimensional coordinates, this gives a range of accuracy of

LS (ai X x—D> (6.52)

lp Te
where tp is the characteristic Debye time and is defined x%/D. For typical electrolyte
concentrations and diffusion coefficients, the Debye time is at most 1 ps and more
typically is tens of nanoseconds. It is clear, then, that the requirement of ‘long time’ is
in fact not at all stringent from an experimental point of view; since R, is of the order
1 — 106 for most real systems, the available ¢ range is large even for a low order Taylor
series.

Considering the zeroth order Taylor series, we take , /1 + % — 1, so:

1 1
~ (6.53)
s+, J1+5 1ts
and
£ () = exp(—n) (6.54)
S—T 1+S

i.e. strictly at long time and low voltage, and with equal diffusion coefficients, an expo-
nential decay analogous to the RC circuit is predicted, with a decay constant exactly
equal to 1 in our choice of a mixed time coordinate. This approximation is accurate to
1% for (t/tp) > (2500 x (xp/re)). This inequality is satisfied for any experimentally
measurable timescale, except when the electrode is nanoscale and so r, — xp.

Less stringently, the second term of the Taylor series may be included to give a
first order approximation, which is 1% accurate for s < (3 x x2), which is equivalent to
(t/tp) > (9% (xp/re)). Further terms of this Taylor series may reasonably be neglected:

we are excluding the contribution of large values of s as corresponding to (vanishingly)
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small values of 7. So:

1 1 1
- (6.55)

s+, /1+5 stligs <1+ﬁ>s+1

and rearranging, we find that to this next order of approximation

, 252 2k2
Jeap(T) = 26 <2ﬁg n 1) exp <— (2/@2 n 1) T) (6.56)

Again we recover an exponential decay at long time, with a slightly altered decay

constant; for large k. (large electrodes) this further term rapidly tends to unity and
so the first order correction is unnecessary. It should be noted here that since the
additional term in the decay constant also appears as a multiplying factor to the
current as a whole, by comparison with Equation 6.4 it can be identified with a change
in the resistance, Ry, and not of the capacitance.

Converting back into real units, we note that for the charging problem at low

potential, to zeroth order:

RT 1 1 xr2
Ryg = = _ D 6.57
V7 F 4nFDC*r,  2meseq oD (6.57)
o, = S (6.58)
bl :L‘D

Therefore, the capacitance associated with the charging process is the same as that
given for differential capacitance by the Gouy—-Chapman theory (Equation 5.43). This
strongly suggests that this capacitance is physically meaningful, and in the limit of a
large electrode and low applied potential, charging is well described by an RC circuit.

To first order, the capacitance is unchanged, but:

X
Ry = (1 + 27?) R (6.59)

i.e. a slightly elevated resistance over that predicted by Gouy-Chapman theory is seen
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as re — Ip.

At first sight this determination is entirely contradictory with the predictions made
for the equilibrium condition in the previous chapter. By including the influence of
size by solving the Nernst—Planck—Poisson equation set in a hemispherical geometry, a
correction was predicted to the differential capacitance at equilibrium (Equation 5.37).
For the dynamic capacitive charging problem, by contrast, the electrode size does not
alter the capacitance, but does introduce a correction to the resistance. In both cases
the correction is only relevant when r, is a few Debye lengths or less.

The resolution of this problem lies in appreciating that although the initial elec-
troneutral condition for the dynamic solution requires that the solution charge, gson,
is zero at 7 = 0, it does not constrain that the electrode charge, g. = 0. Indeed, since
the applied potential is well defined, the enclosed charge on the electrode immediately
following the potential step, before any ionic migration, is easily calculated, since this

follows simply from Coulomb’s law:

e = 2TegEQTe ¢0 (660)
and therefore the charge density is
€5€
¢, === (6.61)

which is precisely the correction term noted at equilibrium in the previous chapter
(Equation 5.37).

Therefore, the correction to the steady-state differential capacitance is associated
with the “Coulomb charge” on the electrode, i.e. the charge on the electrode when
it is held at a potential difference with respect to a reference electrode separated by

an electroneutral solution. This charge density becomes increasingly significant for
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nanoelectrodes, whereas the Gouy-Chapman diffuse double layer charge density is
independent of electrode size. Since no ionic motion is required to achieve this electrode
charge, it occurs at 7 = 0 in tandem with the potential step. The Coulomb charge
is not measured by the charging transient, since this transient measures the change
of electrode charge after 7 = 0; therefore this size effect does not alter the apparent
capacitance associated with the decay constant for this process.

Therefore, for a nanoelectrode, the total accumulation of charge in solution during
the charging transient is not exactly opposite to the total accumulation of charge on
the electrode. This disparity marginally lengthens the time required to form the double
layer and arises in the RC expression as an excess resistance. The capacitance predicted
at steady state does not, however, dictate the perceived charging capacitance for a na-
noelectrode and so there is no single ‘system capacitance’ as is normally understood.
Equally, the ‘solution’ resistance, Ry, is a strong function of r, and so is as much a prop-
erty of the electrode as it is of the solution. Therefore, especially for nanoelectrodes,

these parameters in the RC circuit model lack a clear physical definition.

6.4.3 Impedance for low applied potential

An exact result has been developed for the Laplace space solution for the hemispherical
system under the low potential limit, and so the impedance spectrum follows directly'?
by substituting jw for s, and taking Z(jw) = 0(jw)/i(jw).

In the case of impedance spectroscopy, #(0) = 0 at the beginning of the applied

voltage wave, and so:

(6.62)
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where the first term in the denominator is the normal Gouy—Chapman diffuse dou-
ble layer impedance and the second is associated with the “Coulomb charge” which
is placed on a nanoelectrode by applying a potential. Assuming that this term is

negligible, the expression simplifies to:

Z(jw) = & jVIw Tt e (6.63)

2 J 2K oW
If ro > zp, i.e. the electrode is not nanoscale, and w < K2:

1 1
Z(jw) = = — j— 6.64
(jw) 5 I, (6.64)

which corresponds to the ideal (zeroth order) resistance as real impedance and the
Gouy-Chapman capacitance as imaginary impedance respectively, in complete agree-
ment with the predictions of RC circuit analysis.

The condition w < k2 applied above requires frequencies less than the Debye
frequency D/z%. The Debye frequency is in the range 1 MHz — 1 GHz for typical
electrolytic solutions, which is not an experimentally achievable range with normal
electrochemical impedance spectroscopy equipment. Note that the Debye frequency is
also not a function of electrode size. Hence even when k. is small we can accurately
assume that w < K2

If the Coulomb charging term is not negligible, then approximating k ~ k.:

K2 1 K2 1
Z(jw)=—"——"—"—j——~———— 6.65
(je2) 2 K24+ 1+ jw j2w/<a§+1—|—jw (6.65)

and so clearly

2

Z(jw) = Z(jw)ac - <K2+I1&—e_|_jw> (6.66)

which is similar to the first order correction noted for the transient resistance. It must

be noted, however, that in this case the resistance is slightly reduced. Therefore the
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nanoscale correction to the complex impedance is opposite to the correction to the
transient resistance, underlining that properties due to an “electrical circuit analogy”

cease to be meaningful at the nanoscale.

6.5 The case of unequal diffusion coefficients

When Dj # Dy, the above analysis may not apply. If one ion is more mobile than the
other, it will react more quickly to a step in potential and so the capacitive properties of
the double layer are altered. The problem can be approached analytically by choosing
to normalise time more generally by the mean of the diffusion coefficients:

_ 2rep | Telp
B DA +DX B Dmean

*

(6.67)

The solution of the NPP equations for unequal diffusion coefficients is feasible in the
Laplace space under the Debye-Falkenhagen approximation and is reported in Ap-
pendix B. The effect of unequal diffusion coefficients can be parameterised by a con-
stant 6 = (Da — Dx)/(Da + Dx) which for less than infinite disparity in rates of
diffusion takes values |§| < 1. For the case of equal diffusion coefficients above, 6 = 0.
Unfortunately, both the analysis and the expression for the resulting transient in
Laplace space are extremely cumbersome for unequal diffusion coefficients. Under the
approximation that s> < R2(1 — 6%)?/442, long time values for Ry and C} can be
derived: in this limit, the charging transient again displays an exponential decay as
predicted by the RC circuit model. For a large electrode at low overpotential:

1 Te . 2DA
WESEO(DA + Dx) JI2D N Dj + Dx

R, = Reo (6.68)
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These results suggest that elevating either diffusion coefficient will decrease the resis-
tance of the solution, which is consistent with the expectation that the solution is more
conductive if the electrolyte is more mobile. Altering the diffusion coefficients does not
affecting the capacitance, which remains equivalent to its value as inferred from the
system equilibrium, which cannot depend on dynamic properties such as species diffu-
sion coefficients. Therefore, RC circuit analysis is still relevant at low potential even in
the case of unequal diffusion coefficients; the resistance is altered such that the rate of
charging is proportional to the arithmetic mean of the diffusion coefficients of the ions
involved. In effect, the equivalent circuit resistance behaves as two resistors in series,

one associated with each ion.

6.6 Simulation Results

As in the previous chapter, numerical simulation was employed to extend the scope of
the discussion to outside the low potential regime where the Debye-Hiickel approxima-

tion can be used to obtain analytical results.

6.6.1 The effect of size

The predictions of Section 6.4.2 are confirmed by numerical simulation of two represen-
tative capacitive transients, for electrode sizes of R, = 10 and one for R, = 103, which
are typical nano- and microelectrode situations respectively. A very small applied po-
tential of 8y = 0.01 is assumed, with an initially uncharged electrode. According to
the first order theory developed above, the correction from the classical resistance is

5% in the first case and 0.05% in the second. The transients are shown at Figures 6.2
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and 6.3.

7 o Simulation (R = 10)

—— Theory (0th Order)
——————— Theory (1st Order)

2047177

Figure 6.2: Simulated capacitance transient for a step from the PZC to 6y = 0.01, with R, = 10.
Zeroth and first order analytical treatments are shown for comparison. The zeroth order
transient is an accurate approximation of the case R, = 1000, normalised appropriately,
so a comparison of micro- and nanoelectrode transients may also be seen.

o Simulation (R = 10°)
— Theory (0th Order)

-20 L e e L

Figure 6.3: Simulated capacitance transient for a step from the PZC to 6y = 0.01, with R, = 1000.
The zeroth order analytical treatment is shown for comparison.

In the simulated capacitive transient for a nanoelectrode, only the first order theory

taking into account the size effect is accurate, whereas for the microelectrode, where

the Debye length is negligible on the electrode scale, the zeroth order theory is entirely

adequate. Figure 6.2 also displays a normalised comparison of the nanoelectrode and
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microelectrode cases, since the latter is given accurately by the zeroth order treatment;
a size-dependent alteration of the decay constant of charging is evident.

Simulation therefore confirms the analytical prediction that at low applied poten-
tial, the RC description, using Gouy—Chapman theory to describe capacitance and a
classical resistance as shown above, is an excellent description of the diffuse double layer
for a microelectrode. This ‘solution’ resistance is, however, a property of the electrode
as well as of the solution. For the nanoelectrode, the curve can still be described in
terms of Rs and C values, since both the charging transient and impedance spectrum
take the same functional form as predicted by the RC circuit model. As demonstrated
above, however, the values of these parameters are dependent on the experiment in
question and so cannot be directly associated with those inferred from impedance
spectroscopy or differential capacitance, thus undermining the physical validity of the

RC model for nanoelectrode charging.

6.6.2 The effect of large overpotential

None of the analysis above applies to overpotentials similar to or greater than RT/F.
Although the low potential range is typical for impedance studies where small over-
potentials are preferred, it is not typical in chronoamperometry or cyclic voltammetry
experiments where ranges of many units RT'/F' are explored in order to access different
thermodynamic regimes of an electrode reaction, as will be explored through Chapters
7-10.

The Gouy—Chapman theory, which is applicable at equilibrium for electrodes signif-

icantly larger than the Debye length, gives the form of the diffuse double layer charge
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density per area as:

Qpr, = 2 sinh (%) (6.70)
from Equation 5.21, which is approximately linear only in the limit of small 6,. For
higher overpotentials, the diffuse double layer charge is predicted to vary exponentially
with applied potential. Since proportionally more charge has to be assembled on the
double layer, more migration of material is required, and so capacitive charging is
expected to take longer. In particular, the significance of non-linear terms in the high
overpotential limit implies deviation from an ideal exponential behaviour.

The prediction of slower, non-exponential charging is confirmed by simulation, as
indicated by comparing simulated charging transients § = 0.05 and 6 = 5 for a micro-
electrode where R, = 1000. The low and high potentials are displayed on linear and

logarithmic current scales in Figure 6.4.

cap

/6

Figure 6.4: Simulated capacitive charging transient for a step to 6y = 0.05 and to 6y = 5, with
R. = 10, comparing the low and high potential limits. Current on: (a) a linear scale;
and (b) a logarithmic scale in which exponential decay is a straight line.

The distinct feature of the non-linear diffuse double layer charging transient is the
much longer non-exponential ‘tail’, corresponding to the assembly of excess charge at
the double layer. More specifically, in the positive potential case a greater accumulation
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of anion is required than depletion of cation, and so the formation of the double layer
requires the establishment of a significant ionic strength gradient in addition to the
separation of charge. This process clearly requires more protracted charge transport
than the ideal charging of a low potential (linear) diffuse double layer in which the
variation in surface excess is roughly equivalent for both ions.

The extent of deviation from exponential decay (RC behaviour) as a function
of electrode overpotential may be explored by considering the “apparent” exponen-
tial decay constant of a charging transient. Since an ideal exponential transient has
O jeap/OT = —k where k is the decay constant, we can plot kupp = —0 1 jeup /0T as
a 7-dependent apparent decay constants. In regions where k,p, is constant, the RC
circuit is a good description, but not where it is variable. The numerical simulation
results are shown in Figure 6.5 for a series of applied 6, values, at different times 7
and for both a nano- and microelectrode. The predicted constant k from the spherical
Debye-Falkenhagen equation is also plotted for clarity. It is clear that while the RC
description is excellent at all times for 6y < 1, it becomes increasingly inaccurate at

longer times for 6y =~ 1 and is wholly inaccurate for 6, > 1.

207 (@44 aaaaaaaqad 209
154 15
1.0 vVvyyvwy 1.0-—04—04444%—%
s s .
m ® M
k’dpp R=10 e 4 R =10° * .
40 i < .
0.5 <« =001 e P03 <« =001 .
v =01 . v =01 -
A =1 A =1
0.0+ e =2 0.0 ® =2
m =5 =5
1st Order Theory Ist Order Theory
-0.5 -0.5
T T T T T T 1 T T T T T T 1
20 15 10 05 00 05 1.0 20 -5 -0 05 00 05 1.0
log 6, log 6,
Figure 6.5: kypp = —01Injeap/07, for various values 7 in a capacitance transient and at various

applied 6 from 6y = 0.01 to 6y ~ 4, for R, = 10 and 103.
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For nanoelectrodes at very short times, all transients deviate from exponential
behaviour, since the asymptotic requirement developed in the analytical theory that
7 < R;?% is no longer so well obeyed (Section 6.4.2). It is relevant to note that all
transients show similar behaviour, exponential or otherwise, at short times — only once
the charging process has developed to a sufficient extent that the surface excesses of the
two ions are no longer symmetric does the rate of capacitive charging exhibit potential
dependence. Of course, a higher applied overpotential increases the initial electric field
acting on the electrolyte and so induces a potential-dependent situation more rapidly.

Capacitive charging is a non-linear process for high overpotential. Consequently, the
low potential analysis does not apply in this regime, and since the form of the transient
is not exponential, RC circuit analysis is also inappropriate as the charging ‘constant’
R,Cy is a strong function of time! Therefore RC circuit analysis is a poor description
of the diffuse double layer for techniques in which applied potential varies by much
more than RT/F, such as, for instance, conventional Faradaic chronoamperometry or

cyclic voltammetry.

6.6.3 The effect of unequal diffusion coefficients

A range of numerical simulations were conducted to consider the effect of unequal dif-
fusion coefficients on capacitive charging. The low-potential analysis above suggests
that the characteristic decay time should be reduced according to the arithmetic mean
of the diffusion coefficients. Additionally, some deviation from pure exponential be-
haviour may be expected for unequal diffusion coefficients, particularly the observation
of a reduced decay constant at very long time.

Three normalised transients at low overpotential are shown at Figure 6.6 on a
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constant time scale (74 = Dat/r.xp), for a modest but realistic range of inequality in

the diffusion coefficients; Dx and Dy are in the ratios 2:3, 1:1 and 3:2, respectively.

....... D /D, =0.666...
-124 —_ =
_ D /D, =1 ~_
a4l | =D, /D, =15 s
: T i 6 g 10
Ta

Figure 6.6: Simulated normalised capacitance transients for a step from the PZC to 6y = 0.05, with
R. = 10* and Dx/Da = 0.666..., 1, and 1.5. In this scale, an exponential decay is a
straight line.

From this it is clear that the decay constant is inversely proportional to the mean
diffusion coefficient and that deviations from exponential behaviour due to diffusion
coefficient disparity are negligible. The interpretation of the RC circuit model as ap-
plying for large electrodes in the low potential regime is confirmed, with an apparent
resistance given by the series combination of a resistance for each ion.

A more complete study at Figure 6.7 shows the variation of kapp,, as defined above,
in time and with varying diffusion coefficient ratio, for low overpotential. It is clear
that for increasingly disparate diffusion coefficients, a greater acceleration of charging
at short time is balanced by a greater deceleration at long time.

This can be understood because the equilibrium diffuse double layer at low over-
potential has approximately symmetric accumulation and depletion of the two ions.
Therefore, after rapid charge transport due to one ion, the system must “wait” for
the slower ion to migrate in order to attain overall equilibrium. Clearly, since the

146



Chapter 6. Diffuse double layer: capacitive charging
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Figure 6.7: The effect of the diffusion coefficient ratio Dx/Da on kapp = —01n jeap /07, at different
times during a capacitance transient with 8y = 0.05 and R, = 10%.

diffusion coefficients do not affect the overall charge accumulated on the equilibrated
diffuse double layer, the integral of the capacitive charging transient must be constant;
hence, faster charging than for the case of equal diffusion coefficients at some time will
correspond to slower charging at some other time.

In general, however, the observation of k,p, very close to unity in a timescale nor-
malised to the mean of the diffusion coefficients confirms that the two ions behave as
two component resistances in series. This suggests that the effect of the charge inter-
action between the ions on their migration is to rapidly balance the rates of migration
to a mean transport rate. The rate of double layer formation is hence the average of
the contributions of each individual ion.

Note that very similar averaged behaviour may be observed in the long time limit of
the liquid junction problem (Section 4.5.6), even though the liquid junction transients
tend to an electroneutral equilibrium whereas the capacitive charging transient tends
to a non-electroneutral equilibrium. As such, this may be viewed as a general limiting

behaviour of the charge transport of symmetric binary electrolyte under the influence
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of an external impetus for either diffusion or migration. Charge transport at a mean
diffusion coefficient allows a smooth decay of charge separation from the charged surface
to electroneutral bulk solution is established on the Debye time scale, and prevents local

regions of charge separation from developing at long time.

6.7 Conclusions

In the arguments and results presented above, charge transport in a diffuse double layer
on perturbation away from equilibrium has been analysed in a self-consistent manner
without the traditional use of arbitrary length scales. Simulations and mathematical
analysis were used in a complementary manner and with strong mutual agreement.
A thorough analysis using the Nernst—-Planck—Poisson equation set, which takes into
account the particular interrelation of conductivity to ionic transport for an electrolytic
solution, demonstrates that charge transport in this system can be described using an

RC equivalent circuit only subject to stringent conditions. These conditions are:

e An electrode larger than nanoscale.

e An applied potential away from the potential of zero charge not larger than RT'/F

(=~ 25 mV).

e Moderately similar diffusion coefficients.

Where these conditions are violated, either ideal RC behaviour breaks down altogether,
as is the case for the non-exponential capacitive charging transients observed at high
applied potential, or, as for a nanoelectrode system, the physical meaning of the ‘con-

stants’ Rs and Cy collapses since they depend on the experiment under consideration.
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The condition of low applied potential, common in electrochemical impedance spec-
troscopy, is strictly necessary for equivalent circuit analysis to be meaningful to describe
a diffuse double layer. Common experimental techniques in Faradaic analysis, such
as chronoamperometry or cyclic voltammetry, regularly probe much larger potential
ranges, and so such simple, linear models for the diffuse double layer are inapplica-
ble in these situations. Consequently, values of Ry and Cy inferred from impedance
spectroscopy must be treated with caution, since they are not representative universal
properties of the system, and do not helpfully parameterise charge transport outside a
linear potential regime. When the electrode length scale is comparable to the Debye
length, these parameters also become ambiguous.

Chapters 4-6 have applied the Nernst—Planck—Poisson equation set to reveal the
influence of the Debye scale and of both linear and non-linear perturbations upon
charge transport in electrolytic solution. The following four chapters will discuss the
interrelation of these fundamental concepts of electrolytic solution dynamics to the
description of the electrode-solution interface when Faradaic current is passed, and

therefore the ionic composition of the solution is dynamically varying.
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Chapter 7

Cyclic voltammetry: introduction

This chapter will review the fundamental theories concerning the thermodynamics and
kinetics of electron transfer at the electrode-solution interface. The common experi-
mental technique of cyclic voltammetry is then introduced. The effects of electrode
size, voltammetric scan rate and other system parameters are discussed, in order to
provide a framework for the detailed study of charge transport in the context of cyclic

voltammetry.

7.1 Electrolysis

The ideally polarisable electrode introduced in Chapter 5 is in fact atypical in nature
and difficult to construct reliably. Much more commonly, chemical changes in the
solution adjacent to a charged working electrode will occur by electron transfer to or
from the electrode. A chemical reaction induced by heterogeneous electron transfer is

termed electrolysis.
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A simple electrochemical reaction between ions in solution can be written:

A*A (soln) = B*? (soln) + ne™ (m) (7.1)

with z; the charge on each species. Conservation of charge requires that zg = zx + n.

The current drawn can be related to the rate of the associated reaction by Fara-
day’s laws of electrolysis,*2 which incorporate the laws of conservation of charge and
mass. Current drawn at a working electrode due to electrolysis is consequently termed
Faradaic current. In a modern notation, Faraday’s laws are summarised by the state-
ment that the Faradaic current is proportional to the incident mass transport of the
reactant molecule A in the following manner:

0
F?%ZHRUA (7.2)

with n representing the number of electrons transferred to the electrode per molecule
of reactant®, F' is the Faraday constant (Section 1.3.2), A is the area of the electrode
and J, is the flux of reactant into the electrode.f

FIOIII COHSGI"VELtiOIl Of mass.:
Jr+Jg =0 (7.3)

i.e. the flux of A consumed at the electrode-solution interface must equal the flux of B

generated at the electrode-solution interface.

*The sign of n has been defined such that current is positive for oxidation, as is conventional.

"This assumes that transport to the electrode is regular across its surface; although this often not
the case in practice, such as for microelectrode voltammetry at a disc, it will be assumed for the
simplified geometries described in this thesis.
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7.2 Electrode thermodynamics

The thermodynamics of electrolysis may be determined from consideration of the fun-
damental theories set out in Section 1.2. If the electrode reaction (Equation 7.1) is at

equilibrium, then the chemical potentials of the reactants and products must be equal:

A = P + npte (7.4)
The chemical potential of an ionic species is given as (Equation 1.14):
wi = pg + RT Ina; + 2, F¢ (7.5)
and so at equilibrium
ps + RT Inap + 2aFés = ug + RT Inag + 2z Fgs + nps — nFdy, (7.6)

where ¢4 is the potential of the solution adjacent to the electrode, and ¢, is the
potential of the electrode itself — that is, the Fermi level of the electrons in the electrode.

Rearranging

Ap® + RT In (Z—B) + (2 — 2a) Fps —nF¢y, =0 (7.7)
A

and recognising that (zp — za) = n:

Ap® RT

ap
Ap=—r 4= n (&) (7.8)

where A¢ = ¢, — ¢, the potential difference between the electrode and the solution.
The activities of the product and reactant ions are equal when the electrode-solution

potential difference takes a certain value, denoted A¢*®:

CAp® AGP

A ©
¢ nk nkF
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where AG*® is the molar Gibbs free energy change of reaction. This relation is logical
considering the definition of potential as an energy per unit charge.
The potential difference across the electrode-solution interface cannot be measured

directly. However, it can be measured with respect to a reference electrode potential:

E=A¢p— Apet (7.10)
and therefore
E° = Ap® — Aot (7.11)
Hence
RT ap
E=FE°+—In|[—= 7.12
* nF (aA) (7.12)

such that the standard reduction potential of the A/B redox couple is the potential

difference E®. By convention, £ is recorded with respect to the standard hydrogen

reference electrode, which has a defined reference potential of 0 V (Section 5.1).
Expanding the activity as the product of an activity coefficient and a concentration,

it follows that:

RT B RT C’B
E=FE°+—1 — — 1 — 1
T WF n<’VA) T WF H(CA) (7.13)

Defining the formal reduction potential EZ as the standard potential measured for

equal concentrations of reactant and product:

RT B
EZP=FE°+—In(= 14
! " nk ! (7A> (7.14)
and so
RT Cgp
E=FE+—In(=— 1
f + nF n <CA> (7 5)

This equation is named the Nernst equation after its formulator.?
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In normalised units, a normalised overpotential n can be introduced:

nkF °
such that the Nernst equation is
n=1In (C—B) (7.17)
CA
or alternatively
CA — CB e = 0 (718)

The direction of electron transfer n has been incorporated into the normalised overpo-
tential such that a positive n always represents a drive for the reaction of A to B, even

for a reduction where this formally represents a negative overpotential.

7.3 Electrode kinetics

The above thermodynamic arguments make clear the position of equilibrium of a chem-
ical reaction that is mediated by electron transfer to or from an electrode. An applied
overpotential provides a driving force for electron transfer between the electrode and
solution, and hence shifts the equilibrium concentrations of the species A and B. How-
ever, the rate at which electrons are transferred, and hence at which equilibrium is
attained, has not yet been discussed. The standard theory of electrode kinetics is the
Butler—Volmer theory, which was initially proposed for slow reactions by Erdey-Griz

4

and Volmer.* Butler determined that this theory was general to electrode reactions,

since it is consistent with the thermodynamic Nernst equation, and so can also apply
5

to fast reactions.

The Butler—Volmer model assumes that the flux of the reactant A — that is, the
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rate of reaction at the surface, from Faraday’s laws — can be expressed as the sum of
forward and reverse reactions which are first-order with respect to the concentration

of reactant and product respectively:

Ja = ka Cx — kg Cg (7.19)

in which kx and kp are the rate constants for electron transfer between the electrode
and the solution species A and B respectively, and have units of velocity.
According to the transition state theory, these rate constants are related to molar

activation energies with respect to a transition state i:

AGH
k; < exp (— RC;Z> (7.20)
AGH = i — pia (7.21)
AGYL = py — (s + npe) = AGY, — AG® (7.22)

The approximation is then made that the dependence of the transition state energy

upon electrical potential is intermediate between that of the reactants and products:
py = gy 4 2aF ¢ +na'F ¢g — nd' F ¢y, (7.23)

where 0 < o’ <1 and represents the potential dependence of the transition state as a

linear combination of reactants and products. Therefore:
AG ~ AGY® —no/ FA¢ (7.24)
=M —nd'F (E — E?)

where A5 is a constant. Hence

a'nF o
ka = kS exp (+ 2T (E — E; )) (7.25)
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with £ an empirical constant.

Equally:
AGEL = AGY — AG® (7.26)
= +nF(l—-d)(FE—Ef)
Hence
kg = kjy exp ((O‘/;#(E — Ef’)) (7.27)
Therefore:

a'nF o (o/ —1)nF o
Ja = kR exp (+ =T (E — Ef )) ca — kY exp <T(E — Ef )) cg (7.28)

At equilibrium, the current is zero and the Nernst equation holds. Hence:

o'nF o —1)nkF
kS exp (+ BT (E — Ef)) ca — K exp (%(E — Eﬁ)) cg=0 (7.29)

Multiplying through by exp (L‘,}/F(E — Ef))

R
kD nF "
ca — é exp (_ﬁ(E — Ef )) cg=0 (7.30)

Therefore, to satisfy the Nernst equation:
EQ = kS = kY (7.31)

where k° is termed the Butler—Volmer heterogeneous rate constant.

By convention, o' is expressed as a Butler—Volmer transfer coefficient o which is
defined in the reductive direction to take values 0 < a < |n|. The relation of «a to o
is summarised for one-electron transfers in Table 7.1.

In summary:

Ja = KO (exp (*g;F (E - Eﬁ)) ca — exp ((C“/;%#(E - Efe)) cB) (7.32)
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Table 7.1: Different systems for defining the transfer coefficient for the potential dependence of the
transition state energy for a heterogeneous electron transfer.

or in normalised units

Jy=K° (e“/" cp — el =m cB> (7.33)
where
* ]{JOZL’*
KO—pot T 7.34
t* D ( )

according to Section 2.2.

The normalised Butler—Volmer equation can be rearranged to a homogeneous form:
-n J//% —a'n _
ca—cpel — e =0 (7.35)
Here it is quite clear that the Butler—Volmer equation reduces to the Nernst equation
either at zero current, or where the reaction is very fast, i.e. as K% — 0.

Both k° and o are empirical parameters. Quantitative calculation of these pa-
rameters from fundamental chemical considerations has in general eluded theoretical
investigation. The most successful theory to date is the Marcus theory, in which AG*
is related to the required reorganisation in order to achieve adiabatic electron transfer
in the transition state, in accordance with the Franck-Condon principle.® This thesis

will not consider the reasons behind particular values of k° and «, but rather will treat

them as freely variable parameters that influence the observed electrode kinetics.
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7.4 The cyclic voltammetry experiment

Cyclic voltammetry is a ubiquitous electrochemical technique with diverse applications
to sensing, mechanistic analysis, and the analysis of surfaces and interfaces.>” A
voltammogram is recorded by scanning the potential difference applied to a working
electrode linearly in time, and recording the current as a function of potential, as

indicated in Figure 7.1.

Potential
Current

Time Time Potential
(a) Applied potential. (b) Recorded current. (c) Voltammogram.

Figure 7.1: Schematic for the cyclic voltammetry experiment. (a) indicates the applied voltage
waveform; (b) and (c) indicate the recorded current waveform with respect to two choices
of abscissa.

The rate of the linear scan is termed the scan rate and is denoted v:
oF
— | = 7.36

In normalised units, the scan rate is denoted o:

t* F *2
—p =Ty, (7.37)

I F
¢*  RT Dy

or

g =

The current-potential waveform is highly sensitive to the concentration and diffusion
coefficient of the reactant, as well as to the electrode kinetics and thermodynamics
of the electrolysis reaction. Therefore, cyclic voltammetry allows the simultaneous
determination of numerous physical parameters. This is facilitated by recording volt-
ammetry at a range of scan rates, such that increased dynamic information is available.

In performing a cyclic voltammetry experiment, it is necessary to consider the prac-
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ticalities of passing significant current through an electrochemical cell. In particular,
it is inadvisable to pass significant current at the reference electrode, as any associated
chemical changes of the reference electrode will alter its reference potential. To avoid
this problem, a three-electrode setup is often used, in which the current passed at the
working electrode is delivered through a counter electrode with high surface area, such
that it does not limit the passage of current. Since the counter electrode is separated
in solution from the reference electrode, it does not perturb the reference potential.

The three-electrode system is indicated at Figure 7.2.

potentiostat

Al—>

R.E. WE. <—X C.E.

Figure 7.2: Schematic of an idealised three-electrode electrochemical cell for a cyclic voltammetry
experiment. W.E.: working electrode; R.E.: reference electrode; C.E: counter electrode.

In the work in this thesis, it will be assumed that the reference electrode and
counter electrode behave ideally, such that a potential difference A¢ can be set pre-
cisely between the working electrode and bulk solution. Under these conditions, the
theoretical model only needs to consider mass transport and electrodynamics at the

working electrode.
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7.5 General theoretical model for voltammetry

It is conventional in analytical voltammetry to add a large excess of inert electrolyte
to the solution, termed supporting electrolyte, in order to increase the solution conduc-
tivity. Typical supporting electrolytes include KCI in water and tetrabutylammonium
perchlorate in acetonitrile. This supporting electrolyte is introduced to attain a condi-
tion of near-zero electric field; the extent to which this can be achieved will be developed
below.

The same electrochemical cell geometry as in Chapters 5-6 will be considered,
in which the working electrode is assumed to be hemispherical with a radius r =
re, surrounded by an infinite supply of bulk solution. This geometry uses a space
normalisation x* = r., and the results agree with linear theory as r, — oo.

Four ionic (or neutral) species must be considered. The electroactive species are
the reactant and product A and B which appear in the electrochemical equilibrium
defined by Equation 7.1, and the charges of these species are defined by the variables
zx and n appearing in that equation. Concentration will be normalised against the
bulk concentration of the reactant, C}.

In addition to the reactant and product, an inert binary monovalent supporting
electrolyte M*X~ is assumed. These ions are present in bulk at a normalised concen-

tration cg,p, where:

o C1sup
Csup = O
A

(7.38)

If the reactant A is charged, it must have a counter-ion to maintain electroneutrality
in bulk solution. The counter-ion is assumed to be either M™ or X~ depending on the

charge zx. The bulk concentrations of the four ions (or neutral species, if A or B is
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neutral) are summarised in Table 7.2.

za <0 za >0
Ch 1 1
ch 0 0
e | Csup T |24l Csup
k& Csup Csup + |24

Table 7.2: Summary of bulk concentrations for the cyclic voltammetry model.

The initial conditions at 7 = 0 are ¢; = ¢ and 6§ = 0. The same conditions
hold in bulk (R — oo) for 7 > 0, assuming limitless bulk solution is available on the
experimental timescale.

The time coordinate is normalised to Dy, the diffusion coefficient of the reactant

species. Then, the time-dependent Nernst—Planck equations are:

aai: = V%o + V- (2acaV0) (7.39)
%Lj = D}y (V2ep + V - (25¢5V6)) (7.40)
O~ Dly (Vew + V- (wV)) (7.41)
%if = Dy (Vex — V- (exV0)) (7.42)

A fifth equation is required to define the electrodynamics: various choices will be
introduced in the following chapters.

The species M and X are inert and hence their incident flux is zero at the electrode

surface:

Lo 00
MO Ap
Re1 OR

8CM

o5 =0 (7.43)

R=1
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. 00
— X0 55
R=1 IR

8CX
—_— = 44
R 0 (7.44)

R=1

Also, conservation of mass relates the fluxes of A and B at the electrode surface:

@ (903
7 DL o[ =B
oR|,  Tm (aR

aCA

- + zacC
R . ACAL0

7,
+ ZBCB,0 o5 =0 (745)
R=1 OR R=1

The boundary condition for the potential at the surface will depend on the electrody-
namical equation chosen in bulk solution.

A final boundary condition describes how the concentrations of the ions A and B at
the electrode surface are related to the applied overpotential. This is typically either
the Nernst or Butler—Volmer equation, depending on whether or not the electrode ki-
netics are sufficiently fast for the concentrations to be thermodynamically equilibrated,
irrespective of the scan rate. Either of these equations can be expressed in the general

form:

f(ca0,cB0,7a,m,00) =0 (7.46)

Note that the derivations of the Nernst and Butler—Volmer equations above assumed
that the potential difference across the electrode-solution interface, ¢y, — @5, was equal
to the potential difference from the electrode to bulk solution, ¢, — ¢s. In fact, if an
electric field exists between the solution at the electrode surface and bulk, as may be
expected if the solution has finite conductivity, these potential differences will differ.
Specifically, the potential difference at the electrode-surface interface is reduced by a

quantity A¢op:

¢w - ¢S70 = (¢W - ¢s) - (Cbs,() - ¢s) (747)

= Aappi — AdoD (7.48)
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Therefore the apparent overpotential 7y, is given as:

Napp = 11 — o (7.49)

where 6, is the value of the variable # at R = 1. When 6, # 0, the overpotential 7
must be replaced with (7 — nfy) in Equations 7.18 and 7.35.

The potential drop across the solution, A¢op, is sometimes referred to as the ohmic
drop, since it can be correlated with the resistance of the solution. The solution resis-
tance does not obey Ohm'’s law in the sense of having a constant resistance, however,
and so this terminology has been criticised as a misnomer.®? In this thesis, the term
ohmic drop will be used, since Ohm’s law can be required to hold, but with the neces-
sary caveat that the resistance inferred from Ohm’s law is time- and space-dependent
during an electrochemical experiment and so is not a universal property of the system.

The applied overpotential 7 for a linear sweep varies as:
n="mn+oT (7.50)
where 7; is the initial overpotential, and on the reverse sweep as
n=mn—o(r—7) (7.51)

where 7 is the switching potential and 77 = (n; — n;) /0.

In dimensional units, the current is given:

. (9CA 00
= — — 7.52
77 OR R=1 A OR R=1 (7:52)
= nF(2rr?)Jy
=2mnFCyDpre

in which, as for the overpotential, n has been incorporated into the normalisation such
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that the normalised current j is positive, even for a reduction where the dimensional
current is formally negative.

Since the boundary condition at the electrode surface depends upon 7, the rate at
which the surface concentrations are perturbed is proportional to the rate of change of
7, i.e. proportional to ¢. In the normalised system of choice:

_F r?
= RT Dy

v (7.53)

Where ¢ — 0, the perturbation of the electrode surface concentrations is slow with
respect to the rate of diffusion as parameterised by the normalised time coordinate 7.
By contrast, where 0 — o0, the electrode surface concentrations are perturbed very

rapidly with respect to diffusion.

7.6 Diffusion-only voltammetry

To consider the relative contribution of migration to mass transport of the electroactive
species, let us multiply the Nernst—Planck equation for each species by z; and then sum

across all species in the system:

or

(2

If electroneutrality is obeyed and the diffusion coefficients are relatively similar:

V- (ve Zz?Dici> ~ 0 (7.55)

and so

VO x (Z szicZ) 7 (7.56)

i
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Therefore, as the normalised conductivity becomes large, electroneutral theory predicts
that the electric field V# tends to zero. Since # = 0 by definition in bulk solution, § — 0
everywhere, and the flux due to migration vanishes.

Since as the concentration of inert electrolyte becomes large, the range over which
electric fields extend becomes infinitesimal, it is therefore common to assume that in
the presence of a large quantity of supporting electrolyte, a “diffusion-only” theory
of mass transport can be used. This is the most extreme simplifying assumption
available concerning the electrodynamics of cyclic voltammetry; indeed, it amounts to
ignoring the influence of the double layer and of electrodynamics in general. Under
this assumption, Fick’s diffusion equation (Equation 1.36) can be used to describe the

mass transport of the species A and B, in place of the full Nernst-Planck equations:

)

% = V2, (7.57)
B
g = D, V2 (7.58)

Note that since ¢; has been normalised to the concentration of the electroactive species,
a “large” quantity of supporting electrolyte means with respect to the concentration
of the reactant, such that inert electrolyte must be added to attain diffusion-only
voltammetry. It is not sufficient to increase the ionic strength of the reactant alone in
order to achieve diffusion-only voltammetry, although this will nonetheless shorten the
Debye length. This is discussed further in Chapter 9.

The observed voltammetry for a given diffusion-only system varies with the nor-
malised scan rate o. Since the real parameter that most strongly influences o is not
the dimensional scan rate v but rather the electrode radius r,, it is clear that electrode

size strongly influences observed voltammetry. In scanning the overpotential across one
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unit RT/F, the elapsed time is RT/Fv, and so the thickness of the diffusion layer in
the time required to perturb 7 by one normalised unit is given by the Einstein equation

(Equation 1.37):

2DART  r1.\/2
Taie & \/2Dat ~ ijv :T\/\; (7.59)

Therefore

2
T

o=2 ° 7.60

<$diﬁ> ( )

In the limit ¢ — 0o, then, the electrode radius greatly exceeds the size of the diffusion
layer on the experimental timescale, such that the diffusion layer remains predomi-
nantly planar throughout the voltammetric sweep. This behaviour is characteristic of
voltammetry performed at macroelectrodes with r, > 1 mm, and will be discussed in
Section 7.7.

By contrast, in the limit ¢ — 0, the size of the diffusion layer rapidly exceeds
the size of the electrode radius. Therefore, the diffusion layer is hemispherical and
diffusion from bulk solution to the electrode is fast with respect to the rate at which
surface concentrations are perturbed. This behaviour is characteristic of voltammetry

performed at microelectrodes with r, < 10 um, and will be discussed in Section 7.8.

7.7 Macroelectrode cyclic voltammetry

7.7.1 Infinite electrode kinetics

Under macroelectrode conditions where ¢ > 1, the diffusion layer is approximately pla-
nar and so the hemispherical coordinate can be approximated by a linear coordinate

system, in which the diffusion equations can be approached by Laplace transformation,
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although the exact solution can is still unattainable without numerical assistance. As-
suming the Nernst equation holds, a characteristic reversible voltammogram for high

o is presented at Figure 7.3.

150 4
1004

504

-50 4

-100

Figure 7.3: Reversible macroelectrode cyclic voltammetry. D =1, ¢ :}OE” K° =105. The dotted
line indicates the predicted peak current from the Randles—Sevéik equation for a linear
diffusion layer.

The waveshape can be explained qualitatively by consideration of the interrelation
between the electron transfer and diffusion processes. At the beginning of the voltam-
metric sweep, 7 < 0 and therefore the initial conditions are negligibly perturbed, and
no significant current is drawn. As 7 is swept upwards, the increased thermodynamic
drive for conversion of A to B causes current to be drawn: the current increases expo-
nentially in proportion to the depletion of A at the electrode surface.

As 7 continues to increase, the conversion of A to B depletes the available concentra-
tion of A for reaction. The current then reaches a maximum, whereafter it decays under
control of diffusion of the species A towards the electrode, where it reacts immediately
since the reaction is strongly thermodynamically favoured. The diffusion-controlled
current scales in proportion to 7'_%, with some offset from the start of the scan: this

proportionality is characteristic for diffusion in a planar system and was previously

168



Chapter 7. Cyclic voltammetry: introduction

encountered as a long time behaviour in the context of a liquid junction in Chapter 4.

On reversing the potential sweep, the same behaviour is observed: as the position
of equilibrium begins to favour the reactant species A once more, an inverse current is
drawn from reconversion of B to A. However, as the product species B is itself depleted
at the electrode surface, the reconversion becomes diffusion-controlled. Therefore, a
back peak is observed and the current decays back towards zero.

Some features of the reversible macroelectrode voltammogram can be quantified.
Randles and Sevéik independently used graphical methods to solve the analytically
intractable integral arising from Laplace analysis of the diffusion equation coupled
with the Nernst equation.!®!'! The resulting Randles-Sevéik equation for the forward
peak current for a single electron transfer (|n| = 1) at a macroelectrode, subject to the

Nernst equation, is:

Jpt = 0.446 /o (7.61)

which is the limiting behaviour of a hemispherical system as the diffusion layer becomes
planar, i.e. as ¢ — 0o. The leading constant is reported to three significant figures.

The corresponding forward peak potential is:
Nt = 1.11 +In Dy (7.62)
(three significant figures) such that
Anpp = [1pt — Npb| = 2.22 (7.63)

i.e. a dimensional AE,, of about 57 mV. This variable is termed the peak-to-peak
separation. This requires that the switching potential is sufficiently large not to affect

the back peak potential. For practical potential windows, AE,, is typically elevated
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to 59-60 mV.
This ideal Randles-Sevéik behaviour is an important limiting case, but it is condi-
tional on an electrode much larger than the size of the diffusion layer, and electrode

kinetics much faster than the diffusional flux incident to the electrode.

7.7.2 Finite electrode kinetics

By Laplace analysis of the theoretical problem when the Butler—Volmer equation is
obeyed, rather than the Nernst equation, Matsuda and Ayabe!? demonstrated that
macroelectrode voltammetry with finite electrode kinetics depends on a Matsuda—

Ayabe parameter, A:

KO
:ﬁ

Where A > 1, the Nernstian response is observed, but as A becomes smaller, the

A (7.64)

voltammetry is altered due to the influence of the electrode kinetics. Because the
current driven at a given overpotential is lower if the kinetics are finite, a greater
overpotential is required to deplete the reactant species A at the electrode to the extent
that a diffusion-limited current is observed. Therefore, the forward peak potential 7 is
increased. This applies to both the forward and reverse reactions, and so An,, > 2.22
for A — 0.

Equally, the forward peak current is reduced because less current is being driven
at the point where diffusion becomes rate-limiting. The corresponding Randles-Sevéik

equation for a system with finite electrode kinetics is:
Jpt = 0.496 Va'o (7.65)

The effect of decreased K° on macroelectrode cyclic voltammetry is shown in Figure
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7.4.

Figure 7.4: Quasi-reversible macroelectrode cyclic voltammetry. Dj = 1, 0 = 103, a = 0.5. In-
creasingly slow electrode kinetics increase the overpotential of the voltammetric peaks
and reduce their current.

7.8 Microelectrode voltammetry

The macroelectrode (planar) description of cyclic voltammetry applies as 0 — oc.
Since the 1980s, however, micro- and nanoelectrodes have been employed with in-
creasing frequency. In this case, the limit ¢ — 0 applies, where the diffusion layer is
approximately hemispherical: the radial mass transport to a microelectrode is consider-
ably more efficient than linear diffusion, with concomitantly enhanced current density.
This is particularly useful for electroanalysis since the signal-noise ratio is elevated by
comparison to a macroelectrode.!?

In addition, voltammetric theory can be simplified by the assumption of steady
state, i.e. the concentrations at the electrode surface are equilibrated with bulk so-
lution because mass transport across the diffusion layer is much faster than the rate
at which the surface equilibrium is altered by the change in overpotential due to the
voltammetric sweep. Under these conditions, dc;/0r7 — 0, and so the problem be-
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comes time-independent: there is no hysteresis in the cyclic voltammogram because

the current becomes dependent only on the potential, and is independent of the scan

rate.

For diffusion-only steady-state voltammetry, the concentration profiles of A and B

obey the hemispherical Laplace equation, and so to satisfy the bulk boundary condi-

tions, the concentrations must take the exact forms:

CA:1—%
B
"~ DLR

(7.66)

(7.67)

where j; are normalised fluxes; ja is also the normalised current j, from Faraday’s laws.

Further, from conservation of mass at the electrode:

Jja+js=0

and so

1—CA’(]
/
DB

CB,0 =

If K — oo, the Nernst equation can be applied:

1 )
CA O — ( - CA,O) D—% =
Hence
1
C g
AT + D etn
and
) 1
JA = =
1+ 5

(7.68)

(7.69)

(7.70)

(7.71)

(7.72)

The steady-state voltammogram is characteristically sigmoidal, with the half-wave po-
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tential at the formal reduction potential when the diffusion coefficients are equal. If Dy
is increased, the accelerated diffusion of B away from the electrode shifts the overall
equilibrium in favour of B, such that the full voltammetric wave is shifted to lower
overpotential. This is clarified by rewriting the equation in terms of an apparent over-

potential 7', where:

1
A= ———— 7.73
JA 1to ( )
where
n =n+InDy (7.74)

The reversible steady-state voltammetry under diffusion-only conditions for a range of

diffusion coefficient ratios is shown at Figure 7.5.

104 | ---- D'B=0.5

—D'B=l
. 7

T DB_2 !

0.8 4

0.6

0.4+

0.24

0.0+

Figure 7.5: Steady-state (microelectrode) cyclic voltammetry for D = 0.5, 1, and 2, with thermo-
dynamically reversible electrode kinetics.

If the electrode kinetics are finite, the current may be limited by the rate of electron
transfer rather than the rate of diffusion, even under conditions of an equilibrated

diffusion layer. Again, the current may be inferred by direct substitution for cg o and
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Ja as functions of cu ¢ into the normalised Butler—Volmer equation:

1 I N
CA’() — ( — CA,O) <D—],3 + KO ) —
hence

1

e—a'n e "

JA

(7.75)

(7.76)

As K° — 0, the Butler-Volmer term tends to dominate such that j, — K%et®" in

accordance with the Tafel law for irreversible reactions.?'* Quasi-reversible steady-

state voltammetry under diffusion-only conditions for a range of heterogeneous rate

constants is shown at Figure 7.6.

0.8

0.6

0.4

0.24

0.0+

Figure 7.6: Steady-state (microelectrode) cyclic voltammetry with finite electrode kinetics. Dj = 1,

a = 0.5.

As n — o0, a limiting current of j — 1 is attained irrespective of the electrode

kinetics. This limiting current implies complete conversion of reactant to product at

the electrode surface, at a diffusion-limited rate. In dimensional units:

Uim = 2T FCy\ DaTe

and the limiting current density is

nFC’*DA

Te

-/
Yim
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highlighting that the convergent hemispherical diffusion to smaller electrodes exhibit

superior current density.

7.9 Conclusion

This chapter has introduced the cyclic voltammetry experiment and has described the
dependence of voltammetric waveshape and quantitative observables, such as peak
current and peak potential, on the relevant system parameters, subject to diffusion-
only mass transport. In the next three chapters, the theory of cyclic voltammetry will
be developed to conditions where charge transport is important. The theoretical model
for diffusion-only voltammetry is an instructive limiting case for the theory of the more

complex system, and will be required frequently.
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Chapter 8

Cyclic voltammetry:

the electroneutrality approximation

This chapter reviews the application of the electroneutrality approximation to charge
transport problems in cyclic voltammetry. This review draws on a critical analysis of
electroneutrality in electrochemistry which has been published by the Journal of Solid
State Electrochemistry.! A novel, streamlined numerical solution method is presented
for steady-state voltammetry subject to electroneutrality, as published by the Journal

of Electroanalytical Chemistry.2

8.1 Origins of electroneutrality

In the hemispherical electrode geometry, the Poisson equation can be written as:

2
D 2
9 \V4 o — 1
(re) 0 ;Ztcl 0 <8)

If 2p < 7, then ) . zic; — 0, except within a distance of a few zp from a boundary
condition where electroneutrality does not hold. This is the case at the electrode surface

due to the uncompensated excess charge 6y, as discussed in Chapters 5-6. This electric
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field is screened by the double layer over a distance of a few Debye lengths: outside
the double layer, electroneutrality holds.

The electroneutrality approximation amounts to the conclusion that insufficient
Gibbs energy is available from diffusion or chemical reaction to separate charge in an
electrolytic solution over a long distance or for a long time. On the basis of dimen-
sional analysis, “long” means with respect to the Debye scale as parameterised by the
Debye length (Equation 1.23) and Debye time. These are of the order of nanome-
tres and nanoseconds respectively, and therefore charge separation rarely impacts on a
macroscale experiment, and may be treated as absent to a good approximation.

Electroneutrality can be applied to a much wider set of situations than can the
requirement of & — 0 discussed in the previous chapter, since it does not require a high
degree of inert support with respect to the reactant concentration. Cyclic voltammetry
may be described by the Nernst—Planck equations together with the electroneutrality

relation for any degree of electrolytic support, so long as:

e The Debye length is negligible compared to the size of the steady-state depletion

layer, i.e. xp < 7.

e Capacitive currents due to double layer charging can be neglected.

e The Nernst or Butler—Volmer equation can be applied with reference to concen-

trations and potential outside the double layer.

The first condition holds for micro- and macroelectrodes, but not nanoelectrodes, for
typical electrolyte concentrations in aqueous solution. The term “depletion layer” is
used in place of diffusion layer, in consideration that the reactant may be transported
by both diffusion and migration in the presence of an electric field. For the third
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condition, if the flux that can be passed through the double layer is limited by any
mechanism, it is not correct to use the electroneutrality relation. The assessment of
whether or not this condition holds will be considered by modelling the diffuse double
layer in full in Chapter 10.

Note that within the double layer, electroneutrality does not hold, by definition;
the application of the electroneutrality condition to describe the electrodynamics of a

system therefore implies that the double layer can be ignored.

8.2 Literature on electroneutral voltammetry

The properties of cyclic voltammetry subject to the electroneutrality approximation
have been extensively studied in the last twenty-five years.

These studies have aimed to quantify the two principal effects which arise when
voltammetry is performed in a weakly conducting electrolytic solution: ohmic drop and
migration. Both effects result from the introduction of a net charge into the solution
due to the passage of Faradaic current, which in the absence of sufficient supporting
electrolyte cannot be rapidly screened on the timescale of the experiment. Since these
effects occur entirely due to an uncompensated charge separation in a depletion layer,
the explanation of either using electroneutrality is paradoxical, if nonetheless effective
(as also addressed in Section 4.2.1).

Ohmic drop describes a shifting of voltammetric features to higher overpotentials
due to the decreased conductivity of the solution and a consequent potential difference
between the solution at the electrode surface and solution in bulk. This idea was

introduced in Section 7.5 in which the apparent overpotential was identified as (n —
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nfy). Voltammetric features are therefore offset by a quantity 6y, due to the excess
overpotential required to overcome the resistance of the solution when Faradaic current
is driven.

The contribution of migration to the incident flux of the electroactive species arises
because the uncompensated electric field either augments or reduces the current under
mass transport-limited conditions. Three cases can be identified: where zan < 0, the
reaction of A produces a depletion layer of opposite charge and so A is attracted to
the surface (higher flux); where zan > 0, the reaction produces a layer of like charge
and so A is repelled from the surface (lower flux); and where zx = 0, the flux of A
is unaffected by the electric field, because A is neutral. In electroneutral theory, the
charge that causes this migration implicitly resides in an infinitesimal layer adjacent
to the electrode; the presence of a potential difference and an electric field in the

absence of charge separation is an unavoidable contradiction of the electroneutrality

approximation.
Author Year Type Method  Comments
Bond et al.3 1984 SSvV Math. za = 0 only.
Amatore et al.* 1987 SSV Math. Cylindrical; Nernstian; equal D.
Oldham® 1988 SSV Math. Nernstian.
Amatore et al. 1988 SSV Math. Nernstian; equal D.
Cooper et al.”>8 1991-1992 SSvV Exp. Comparison to Oldham theory.
Oldham et al.%10  1992-1993 SSV Math. Nernstian; equal D.
Stojek et al.11713  1995-1996 CA Num. Integration method for potential.
Stojek et al.'*17 19972005 | CV/CA  Num.
Bond et al.18: 19 1998-2001 Ccv Num. Experimental comparisons; ¢R compensation.
Streeter et al.20 2008 CA Num. Comparison to other models.

Table 8.1: Literature concerning voltammetric theory subject to the electroneutrality approxima-
tion, to 2008. CA: Chronoamperometry; CV: cyclic voltammetry; Exp.: experimental;
Math.: mathematical analysis; Num.: numerical simulation; SSV: steady-state voltamm-
etry.

Confining our interest to voltammetry involving a single heterogeneous electron
transfer, the literature on electroneutral theory and its direct comparison to experiment
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is summarised in Table 8.1. Additionally, the field has been reviewed by Ciszkowska
et al.?! and by Bond.?? In these works, it is standard to employ either the Nernst
or Butler—Volmer equation to describe the electron transfer, which is assumed to take
place at a plane in solution arbitrarily close to the outer edge of the double layer, where
electroneutrality is maintained.

Two general themes can be noted in the literature. Up to the mid-1990s, work
focused on developing predominantly analytical solutions to the problem of steady-state
voltammetry subject to the electroneutrality approximation. The works of Oldham and
Myland?!® provide the most general treatment of steady-state voltammetry, subject
to the approximations of Nernstian (reversible) electrode kinetics and equal diffusion
coefficients of all ions. Since the mid-1990s, numerical simulation has been employed
to solve time-dependent problems subject to the electroneutrality approximation, such

as macroelectrode cyclic voltammetry and chronoamperometry.

8.3 Steady-state voltammetry: numerical methods

8.3.1 Theoretical model

Existing work on steady-state voltammetry subject to electroneutrality makes a number
of general determinations but, despite the extensive literature introduced in Table 8.1,
does not offer a clear, rapid procedure for determining a voltammogram. For example,
the work of Amatore et al. considers a cylindrical geometry in which steady-state is not
attained.* The work of Oldham et al. draws a distinction between zero and negligible
supporting electrolyte and convolutes the discussion of voltammetry by introducing

“stress profiles” and other mathematical operations without a clear physical analogy.
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Therefore, the following discussion has been developed by the author to synthesise
existing results into a consistent numerical strategy for electroneutral theory, taking full
advantage of known numerical techniques. No theoretical distinction is drawn between
the condition of zero supporting electrolyte and that of a small quantity of supporting
electrolyte, and the optimal numerical procedure for determining a voltammogram is
clarified.

A radially transformed space y will be employed, where:

y=1-+ (8.2)

Therefore, 0 < y < 1 where y = 0 is the electrode surface and y = 1 is bulk solution.
At steady state, the flux of A, ja is a constant in y-space equal to the normalised
steady-state current (Equation 7.52).

The discussion will be confined to one-electron transfers where n = +1. Let us
define the supporting ion ¢ as the inert ion with charge +n and the supporting ion j
as the inert ion with charge —n. Then, taking the general theoretical model for cyclic
voltammetry at steady-state, the time-independent Nernst—Planck equations together

with electroneutrality are:

d—y+zAcAd——jA—0 (8.3)
%§+@%%+%i:o (8.4)
% n% —0 (8.5)

Ccli—(; - anZ_z =0 (8.6)

zaca + zpeg +ne; —ne; =0 (8.7)
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subject to the conditions in Table 7.2 at y = 1.

At y = 0, the flux relations implied by the Nernst—Planck equations in B, ¢ and j
also hold, as does the electroneutrality condition. Note that at steady state, the fluxes
of 7 and j are zero across all solution, since they are zero at the electrode surface where
these species are inert. An additional relationship is required at y = 0 to describe the

electrode kinetics.

8.3.2 [Equal diffusion coefficients

As a first approximation, if Dy = 1, summing the four Nernst-Planck equations gives:

de CL do .
dy " ; o dy ’ &

and so, since the second term is zero due to electroneutrality:

ch =y (8.9)

where v is a constant equal to the sum of concentrations in bulk, as was first demon-
strated by Amatore et al.®

Multiplying Equation 8.9 through by 2z and noting that zg —zx = n, by subtracting
the electroneutrality condition (Equation 8.7) we achieve an expression for cx. Equally,
multiplying Equation 8.9 by z4 and subtracting the electroneutrality condition achieves

an expression for cp:

ca = % (zny — (28 —n)c; — (2B + n)cj) (8.10)
cg = —% <ZA’}/ —(za —n)c; — (24 + n)cj> (8.11)
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Now
ci=cle™
¢ =ciet
such that
. l _ . * —nl * _+nb
ca=~ (287 — (2B — n)cfe (2 +n)cje™™)
g = - (zAfy — (2a — n)c;‘e’"e — (za + n)c?e*"a)

At this point the following shorthand notation is applied:

N = (=)

)\f = (2 +n)cj

A= 2y
Differentiating Equation 8.14:
d& _ )\Be—ne d_e o )\Be+n9 d_e
dy ‘ dy J dy
Substituting into Equation 8.3:
ABe ¢ _ \Bgtnf | ZA ()\B _ \Be—mf _ /\Be+n9) d_9 _

Integrating:

I ’
_5/ ( — 2aA + (2a — n)APe™ + (zp + n))\?e“w) df = jA/ dy
0 1

SO
JA = ((ZA + "))‘?<e+n00 — 1)) — ((ZA — n))\?(efneo — 1)) — nzAAEQO

where, for a one-electron transfer, n? = 1.
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Let us define a variable
2y = o0 (8.21)

so 0 < xg < 1, assuming positive ohmic drop for an oxidation and negative ohmic drop
for a reduction.

Therefore:

ja = ((ZA +n)AD (1 - 3”0)) - ((ZA — n)AB (2 — 1)) + 24N In(zy)  (8.22)

Zo
This expression is general for Dy = Dpg irrespective of whether Nernstian or Butler—

Volmer kinetics are applied.

8.3.3 Nernst equation with equal diffusion coefficients

According to the Nernst equation:

- - 8.23
B0 (8.23)

cao = cge 1)

Substituting the expressions above for ¢y and cg, introducing the A¥ shorthand, and

multiplying through by n:

1 1Y)\ e
B B B A A A
Now, multiplying through by —z2 and collecting like terms:
APxh+ (Are ™ — M) ag+ (AP — )\f/‘e_”) xo + )\?e_” =0 (8.25)

which is a cubic equation which from physical intuition has a real root in the domain
0<zy <1
Note that if AP = 0 or X;‘ = 0, this reduces to a quadratic equation. This is the

case if: zg —n =0, when zp = 0; or zo +n = 0, when zg = 0. So if either A or B is a
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neutral species, the equation is quadratic rather than cubic.
In either case, given that the root of a polynomial P,(x) is confined within a domain

of x, it is trivial to solve for that root using the Newton—Raphson method (Equation

k

3.25), in which each iteration z" is calculated according to:

xO - IO Prll(l'g_l) (826)
where
dP
p=_" 2
n = (327)

A suitable initial guess is xq = 1, corresponding to zero ohmic drop, since the polyno-
mial is smooth and monotonic close to xy = 1.

Having solved for zp, it can be substituted into Equation 8.22 to find the flux ja
directly. Concentration profiles can be determined by taking the integral in Equation
8.19 to 6 at y rather than to 6y at y = 0. This gives a closed expression for § (and hence
all four ¢;) as a function of ja and y. No numerical integration is required once jj is
known. Therefore, solving the cubic equation for 6, allows the concentration profiles
of all species to be reconstructed in full.

Note that the numerical implementation is achieved straightforwardly and no ‘it-

erative’ procedures'®

are required to construct a cyclic voltammogram, beyond that
implied within the Newton—Raphson method used to solve the cubic equation for the

ohmic drop.
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8.3.4 Butler—Volmer kinetics

The Butler—Volmer equation imposes finite kinetics upon the electrode reaction:

ca — cge (1) % e~/ (=nbo) — g (8.28)
SO
2D — APy — A?xio (8.29)
()
— % e Mxy =0

As before this can be multiplied through by zy as many times as is required, to yield

an overall equation of the form:
Po(x0) + 25 Qu(z) = 0 (8.30)

where typically m # n. Given that we expect the root xy to arise in the domain
0 < 2o <1 as before, this equation can also be solved straightforwardly by a Newton—

Raphson method.

8.3.5 Unequal diffusion coefficients

If Dy # Dg, the analysis is more complicated. Summing the Nernst—Planck equations

as above and defining the sum over all concentrations as a function v(y):

dy ,c do

a0y i JA (8.31)
where
Dy
6=1—— .32
Dg (8.32)
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with 6 = 0 for the equal D case above.

Defining v* as the total concentration in bulk, and integrating:

*

¥ 1
/ dv' = jad / dy’ (8.33)
v y

Y=7"4+jad(y—1) (8.34)

né

Also, defining x = e™" generally, the following expressions then apply for c5 and cg:

1 1
A= <)\§ + 28jad(y — 1) = \w — A?;) (8.35)
o5 = —2 (AR § 2 jad(y — 1) — Mg — ArL 8.36
B n v T RAJA (y ) i L iy (8.36)

Noting that:
— — —— =] (8.37)

the above expression for ¢, can be differentiated to:

dea dz 1 dx
4 0 — \BZZ 4 \B 7 8.38
a0y NZBJA P dy + A 2 dy ( )
SO
(1—TLZB(5)jA: _)‘i +>\jﬁ+% )\'Y —i—zB]A(S(y—l)—)\ix—/\j; d_y (839)

This equation is no longer separable in x and y in such a manner that it can be inte-
grated. The most efficient approach was found to be Newton—Raphson iteration of z
using a Runge-Kutta integration to ‘shoot’ from y = 0 to y = 1.2> A finite difference
approach would be equally plausible. In each case, once xo was determined, j, was
determined directly according to the Nernst equation or Butler—Volmer equation. Nu-
merical integration could then be applied to determine the potential profile 6(y), and

hence the concentration profiles of the four ionic species.
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Even with unequal diffusion coefficients, a steady-state voltammogram with elec-
troneutrality can be simulated in a fraction of a second using a normal desktop com-
puter, complete with concentration profiles. This technique provides a useful and
computationally inexpensive starting point as an initial guess for the functions cy, cg
and @ in the presence of more complex boundary conditions, as will be discussed further

in Chapters 9-10.

8.3.6 Exemplar voltammetry

To demonstrate some typical behaviour for steady-state voltammetry subject to the
electroneutrality approximation, exemplar voltammetry is illustrated at Figures 8.1—
8.3. The three cases zan < 0, zan = 0 and zan > 0 are treated by considering one-
electron oxidations (n = +1) of species A with zp = —1, 0, +1. A voltammogram is
presented in each case for quantities of electrolytic support ranging from excess (Csup =
10%) to mnegligible (cgy, = 0.1). The voltammograms and associated concentration

profiles were generated in less than 10 s using the algorithms set out above.

0.0

Figure 8.1: Simulated steady-state voltammetry for the one-electron oxidation of a species with
za = —1, at varying support. Note that reduced electrolytic support leads to attractive
migration because zan < 0.
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0.8

0.6

ss
0.4

0.2 4

0.0

Figure 8.2: Simulated steady-state voltammetry for the one-electron oxidation of a species with
za = 0, at varying support. Migration does not affect the mass transport of a neutral
species, but ohmic drop does influence the position of the voltammetric wave.

0.8+

0.6

0.4+

0.24

0.04

Figure 8.3: Simulated steady-state voltammetry for the one-electron oxidation of a species with
za = +1, at varying support. Note that reduced electrolytic support leads to repulsive
migration because zan > 0.

8.4 Alternatives to electroneutrality

Many more rigorous alternatives to electroneutrality have been considered for the de-
scription of weakly supported cyclic voltammetry. Oldham and Bond reviewed the
suitability of the electroneutrality approximation for weakly supported steady-state
voltammetry?? by developing exact expressions for the steady states under two limit-
ing cases. Their results confirmed that electroneutrality is accurate for electrodes larger
than nanoscale. The limitations of electroneutrality for nanoelectrodes were discussed

by Smith et al., specifically considering the inaccuracy of the approximation where the
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depletion layer approaches the scale of the Debye length.?

Streeter et al.?’ reviewed the problem of weakly supported chronoamperometry
and introduced a so-called ‘zero-field” approximation, in which the detailed structure
of the double layer is not considered and simply its infinitesimal size, compared to the
depletion layer, is used to constrain a condition of zero enclosed charge within the plane
of electron transfer. This approximation is critiqued in detail in the next chapter, and
results based on zero-field are presented there.

The zero-field approximation has been successfully applied to model a range of
voltammetric methods at micro- and macroelectrodes, performed in the Compton re-

26732 The timescales of these experiments tend to greatly exceed the Debye

search group.
time, and the electrode is much larger than the Debye length, even with small concen-
trations of supporting electrolyte. The simulated results differ minimally from those
that would result from an electroneutrality approximation, as would be expected for
these conditions, although electroneutrality has not been assumed a priori. As such,
the conclusions of electroneutral theory in terms of dynamic cyclic voltammetry have
been corroborated by experiment, at least qualitatively, for electrodes of microscale
and larger.?°

Interestingly, electroneutrality is accurate even under ‘extreme’ conditions such as
the stripping of pre-concentrated cadmium from a mercury drop in the total absence of
supporting electrolyte, except for the cadmium salt solution.?! The Faradaic stripping
current causes charge to be injected very rapidly into solution, but the voltammetric
currents are nonetheless, to a very strong approximation, controlled by the require-

ment of electroneutrality in the depletion layer, which exceeds the Debye length within

nanoseconds. The voltammetry is depicted in Figure 8.4.
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Poisson + zero-field
o Electroneutrality

Figure 8.4: A comparison of simulated cyclic voltammograms for the formation of a thallium amal-
gam at a 45 pm mercury hemisphere by reduction of a 5 mM aqueous thallium nitrate
solution, and the subsequent stripping of TI(I), in the absence of additional support-

ing electrolyte and at a scan rate of 200 mV s~!. The electroneutrality and zero-field

approximations give equivalent results.

A major conclusion of this work was that stripping experiments, in which charge
can be injected rapidly into solution, have much more stringent requirements for the
quantity of inert support required for diffusion-only theory to be accurate than is the
case for conventional solution-phase voltammetry with heterogeneous electron transfer
to or from freely diffusing species.3!

Another example of ‘extreme’ conditions is the electrolysis of a charged ion with zero
added supporting electrolyte. In this case, electroneutrality can only be maintained by
migration of the counter-ion of the electroactive species. This situation was discussed
theoretically at steady state using the electroneutrality approximation, by Oldham.?
Recently this problem has been approached dynamically, using chronoamperometry
and cyclic voltammetry together with quantitative modelling using the Poisson equa-
tion and the zero-field approximation.3?:33 The results show very little discrepancy with

Oldham’s results (at steady state); those discrepancies that occur can be attributed to

an exact steady state not in fact being achieved on the experimental timescale. Numer-
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ical simulation indicates that except at very short time or distance, electroneutrality
is obeyed.

As an example, a typical fit of an experimental cyclic voltammogram at trace sup-
port is presented at Figure 8.5, in which the presence of ionic impurities in the reactant

required the modelling of a trace of inert electrolyte.

0.2 4 o Experiment (v=1V s")
Simulation (60 uM trace ionic impurity)

0.14
0.0
i/ pA
-0.1 4

-0.2

-0.3

-0.4 T T T T T
-1.2 -1.1 -1.0 0.9 -0.8 0.7 -0.6

Evs. Ag/Ag |V

Figure 8.5: Experimental voltammetry for the reduction of unsupported 3 mM cobaltocenium hexa-
fluorophosphate in acetonitrile on a 25 pym radius mercury hemisphere, compared to
simulation using the Poisson equation and the zero-field approximation. Adapted from
Limon-Petersen et al.,>® figure 5, p. 140, with permission. Copyright Elsevier (2010).

Further, an example simulation using the Poisson equation with the zero-field ap-
proximation is shown for the case with a total absence of added supporting electrolyte
at Figure 8.6, together with the equivalent result using the electroneutrality approxi-
mation.

It is clear that the voltammetry is effectively indistinguishable between the two
approximations, because the electroneutral electric field, and hence the concentration
profiles, is only inaccurate within a few Debye lengths of the electrode surface (Figure
8.7).

The use of numerical solution, however, permits the modelling of dynamic exper-
iments across a range of scan rates and hence with a varied experimental timescale.
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0.2 4

0.1+

0.0

i/ uA

-0.1 4

-0.2 4
Poisson + zero-field

o Electroneutrality

-0.3 4

S

-04 T T T T T
-0.2 -0.1 0.0 0.1 0.2 0.3 0.4

E-E’/V

Figure 8.6: A comparison of simulated cyclic voltammograms for the reduction of unsupported 3
mM cobaltocenium hexafluorophosphate in acetonitrile on a 25 pm radius mercury hemi-
sphere, showing that the electroneutrality and zero-field approximations give equivalent
results.

-3.10 4

-3.114
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-3.13 ay
" Potential Profile (EN)

e B Potential Profile (ZF)

-3.15 T T T T 1
0 10 20 30 40 50

r-r,/ nm

Figure 8.7: A comparison of simulated potential profiles at the forward peak current, for the re-
duction of unsupported 3 mM cobaltocenium hexafluorophosphate in acetonitrile on a
25 pm radius mercury hemisphere, showing the region in which the predicted potential
profile differs between the electroneutrality and zero-field approximations. The vertical
dotted line marks one unit Debye length from the electrode surface.

This allows better determination of experimental parameters such as diffusion coeffi-
cients and kinetic parameters, as well as improved mechanistic insight. For instance,
numerical simulation of weakly supported dynamic experiments revealed that the com-

proportionation of anthraquinone with its dianion proceeds at a diffusionally-controlled

2

rate in acetonitrile solution,*? according to the principles set out at steady state by

Norton et al.?*
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The investigation compared fully supported and weakly supported voltammetry.
As the support ratio was reduced, the second reduction wave displayed a marked de-
crease in its transport-controlled current, corresponding to repulsive migration resisting
the transport of an anion into a negatively-charged depletion layer. This shows that
transport of the radical anion is rate-limiting, and therefore comproportionation occurs
rapidly. The dependence of the current on the degree of electrolytic support cannot
be explained by transport-controlled two-electron reduction of anthraquinone at the
surface, since the neutral molecule is unaffected by the presence of an electric field.

Of course, steady-state investigation and analysis via electroneutrality — even of the
dynamic data — could have attained the same conclusions. An excellent example of
mechanistic analysis using electroneutral principles at steady state is the elucidation
of the active comproportionation pathways in the reduction of fullerenes by Kowski
et al.*® However, the availability of numerical simulation for the analysis of dynamic
voltammetry allows the use of different scan rates in order to investigate the relative

rates of different chemical and diffusional processes.

8.5 Conclusions

The validity of the electroneutrality approximation when experimental time and space
scales greatly exceed the Debye scale is borne out by detailed theoretical and experi-
mental observation, both for liquid junction systems, as discussed in Chapter 4, and for
voltammetry under weak electrolytic support, as demonstrated above. Charge trans-
port at long times following a perturbation, or at long distances away from a point of

perturbation, is predominantly controlled by the requirement of local electroneutrality.
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The major advantage conferred by the electroneutrality approximation is that it
greatly facilitates analytical solution of the Nernst-Planck equations: in this way,
steady-state voltammetry and concentration profiles for cyclic voltammetry with any
support ratio can be rapidly calculated by the method in Section 8.3. Analytical so-
lutions of time-dependent charge transport problems are usually impossible, however,
even with the electroneutrality approximation. Rather, experiments are typically anal-
ysed using numerical simulation. Since the implementation of the electroneutrality
approximation does not make numerical simulation more straightforward or more sta-
ble, except in special cases such as equal diffusion coefficients,? it becomes unnecessary
as an a priori assumption.

One major disadvantage of the electroneutrality approximation is the introduction
of the paradox of a potential difference without any accompanying charge separation
(Section 4.2.1). Simulations without electroneutrality allow more complete physical
interpretations because electric fields are readily associated with charge separation.
The electroneutrality approximation is useful and insightful for many charge transport
problems and dictates voltammetric behaviour in a great variety of cases, but its use
is perhaps superfluous once numerical simulation is adopted.

The next chapter will discuss the related zero-field approximation, and the proper-
ties of dynamic cyclic voltammetry under conditions where the quantity of electrolytic
support is insufficient to apply diffusion-only theory. In Chapter 10, theories of volt-
ammetry involving the diffuse double layer are considered. In both cases, it is con-
venient to eschew electroneutrality to approach charge transport problems without
paradox and with greater subtlety, without concern over the appropriacy of treating

Debye scales as negligible.
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Chapter 9

Cyclic voltammetry:

the zero-field approximation

The zero-field approximation is a recent alternative to the electroneutrality approxima-
tion for describing the electrodynamics of voltammetry.! In this chapter, the zero-field
approximation is analysed critically and the properties of cyclic voltammetry subject
to the zero-field approximation are discussed. The approximation is then subjected
to experimental corroboration. The critical analysis has been published by Chemical
Physics Letters? and is augmented by further published by the Journal of Electroanalyt-
ical Chemistry.®> The theory of cyclic voltammetry using the zero-field approximation
has been published by the Journal of Physical Chemistry C,* together with the exper-
imental work reported in this chapter. This experimental work was performed by Dr

Juan Limon-Petersen and Dr Neil Rees as a collaboration within the Compton research

group.

199



Chapter 9. Cyclic voltammetry: the zero-field approximation

9.1 Introduction

The zero-field approximation was introduced by Streeter et al.! who found that it pre-
dicted the short-time current for weakly supported potential step chronoamperometry
more accurately than the electroneutrality approximation discussed in the previous
chapter, by comparison to a more complete double layer model. Whereas the elec-
troneutrality approximation supposes that the charge density in solution is zero at all
spaces and times, the zero-field approximation supposes only that the electrical double
layer is negligible in extent compared to the electrode size. Consequently the zero-field
approximation obeys Maxwell’s equations throughout the diffusion layer, unlike elec-
troneutrality, which may account for its superior performance for weakly supported
systems at short times following a potential step.?

The approximation is illustrated in Figure 9.1.

do/dr
- _qel’lC: O

o1 — 4.
qel

Figure 9.1: Schematic showing the logic of the zero-field approximation: the double layer (DL) has
opposite charge to the electrode (el) and so d¢/0r — 0 outside the diffuse double layer.

If there exists a double layer which entirely compensates the charge on the elec-
trode, the charge enclosed within the outer boundary of the double layer is zero, and
therefore according to Gauss’s Law (Equation 1.17), the electric field is zero at this
outer boundary. The zero-field approximation sets V¢ = 0 at r = r, exactly. In the

normalised hemispherical space introduced in Chapter 7, this corresponds to:

00
- = d
OR |5, 0 (9:1)

as a boundary condition to the Poisson equation, with which the Nernst—Planck—
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Poisson equation set is solved in full.

The utility of the zero-field approximation has been borne out by a number of
experimental studies which have been analysed and accurately simulated using this
approach.*® One of these studies is reported later in the chapter. At this stage, it is

instructive to consider the theory of the zero-field approximation in more detail.

9.2 Validity of decoupling the double layer and dif-

fusion layer

9.2.1 Formal understanding of the zero-field approximation

The zero-field approximation represents an ideal, maximal decoupling of the double
layer from the diffusion layer. For less than infinite support, there will exist an elec-
tric field due to the charge on the electrode, as well as an electric field due to charge
generated in solution by electrolysis, which can be interpreted as an ohmic drop. The
excess charge on the electrode leads to a double layer localised at its surface, as dis-
cussed in Chapters 5—6. Given the strength of the electroneutrality approximation, as
discussed in the previous chapter, separated charge is screened outside the extent of
the double layer, and therefore uncompensated charge arising from electrolysis can also
be expected to be contained within the double layer.

In the limits of a large electrode or high support ratio, mass transport gradients
associated with electrolysis are vanishing on the scale of the Debye length. By contrast,
mass transport gradients associated with the diffuse double layer are vanishing beyond
a few Debye lengths away from the electrode surface. The zero-field approximation

assumes that because of the disparity between the diffusional and Debye length scales,
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these effects may be decoupled. The potential in solution is treated as the sum of a
double layer (DL) term and a zero field (ZF) term, the former being only associated
with excess electrode charge and the latter being only associated with charge separation

due to electrolysis:
0 = Op1, + Ozp (92)

Defining the position of zero field as rzr, the double layer is contained within r < rzp.
Then, in the above decoupling, fpr, = 0 for the domain outside the double layer (r >
rzr), and Ozp = Afop for the domain of the double layer (r, < r < ryzp). Here, Afop
is the ohmic drop through the predominantly electroneutral solution from rzr to bulk
solution, which is due to electrolytically generated charge. In fact, both components of
potential must vary continuously from r, to bulk, but in the zero-field limit, they can

be treated as separable without significant error.

9.2.2 Mathematical analysis

In the original exposition of the zero-field approximation, it was described as accu-
rate when the size of the diffusion layer greatly exceeds that of the electrical double
layer,! but this is a slight oversimplification. It is necessary to define carefully what is
meant by “the size of the diffusion layer”. For a hemispherical system at steady state,
both the double layer and diffusion layer formally extend to bulk solution, which is
typically treated as being infinitely distant — what matters is the extent to which the
concentration gradients and electric field differ from their bulk values.

We may consider two exemplar functions, both of which are representative at steady

state. We can imagine a ‘typical’ potential in the region of the double layer to be
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described by the low potential limit of the Gouy—Chapman equation (Equation 5.18),
and a ‘typical’ concentration profile to be described by the steady-state concentration
profile of an uncharged species being generated electrolytically at the electrode surface.

Respectively, these are:

T — T,
¢ = ¢p exp (— ) (9.3)
D
and
Ji 7"2
L Tt le 4
i Dl T (9 )

Of course, this latter concentration profile is atypical of the concentration profile when
migration of an ionic species becomes significant, such as for weakly supported volt-
ammetry, but such bulk migration gradients are generally of similar order to diffusional
gradients, since they arise in response to the developing diffusion layer. The low poten-
tial Gouy—Chapman equation also sets an upper bound on double layer extent, since
a more charged diffuse double layer is comparatively contracted (Equation 5.14).

If the interior boundary for a Nernst—Planck—Poisson problem is set at a zero-
field boundary at r = r, =~ r, + 9, this will be accurate if both the double layer
potential is approximately zero at this point, and the gradient of the diffusion profile
is approximately zero. In consideration of the former condition, we can define § as the
point by which ¢ = ¢y - 107", with some appropriate tolerance n.

The requirement that dc;/dr at r = r. + § exceeds (1 — 107™) times its value at
at r = re — that is, negligible variation in the concentration gradient over this scale —

places a lower limit on the ratio r./zp, namely:

Te S 10" (2In10 + 1) (9.5)
D
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This expression is approximate, for the sake of simplicity, but can be used establish the
order of r, where the zero-field boundary position significantly perturbs the solution to
the NPP equations. For n = 2, implying a less-than-1% deviation in the concentration
gradient due to electrolysis across 99% of the double layer, this gives:

Te — R, > 1000 (9.6)

ID
In real units this would correspond to r, > 1 um for a moderately supported case, or

re > 10 pm for unsupported 1 mM A* (zp &~ 10 nm).

9.2.3 Graphical demonstration

Simulating electrolysis processes with an explicit description of the diffuse double layer
can be difficult, because the length scales associated with the double layer varies
markedly from the length scales over which diffusion and migration to bulk take place.
Simulation processes in conventional radial space, or the y-transform presented by
Streeter et al.! and applied in the previous chapter (Section 8.3), can often fail if insuf-
ficient grid density is allowed in the diffuse double layer range*. At the same time, it is
important to admit sufficient grid density in the domain from r = r, + zp to infinity,
in which the diffusion and migration processes associated with electrolysis take place.

A novel transformation was developed by the author in order to ensure that both
the double layer and diffusion layer occur over a similar range of the transform space,

with similar gradients, in order to assist visualisation of the coupling of the double

*Since this work was performed, work involving the diffuse double layer and multiple length scales
has successfully been performed using a simple radial transformation, as reported in Chapter 10.
This success is due to the refinement of numerical techniques, particularly in terms of the quality of
the initial guess for the concentration and potential profiles. Nonetheless, the transformation in this
chapter is optimal for clear visualisation of multiple length scales.
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layer to the diffusion layer:

Te ID
=1- + 9.7
Y <Te+71(r_re> *'L"D”‘W(T_Te)) 6.1

where 73 = 10 and 0.1 < v, < 0.2 give optimal solution smoothness and allow con-
vergent simulations for a wide range of conditions and electrode sizes. The electrode
then occurs at y = —1 and bulk solution is y = +1. The example functions above are

depicted in Figure 9.2 for a range of values of R..

¢y (R, =10) oo 0 (R,=10)
0.8 T CB (Re = 103) .................. 12} (Re — 10”‘)
\\ _______ CB (Re _ 105) — (Re _ 105)

0.6

S

Figure 9.2: A comparison of exemplar concentration and potential profiles at varying R., in a novel
transform space.

The zero-field decoupling condition is clearly expressed in terms of the requirement
that dc;/0y ~ 0 for all species in the same range that 90/0y ~ 0. Considering the

region of —0.5 < y < 0 in Figure 9.2, this criterion is generally satisfied for R, > 103.

9.3 Relation between the zero-field approximation

and electroneutrality

As illustrated in the previous chapter, simulations using the zero-field approximation

give very similar results to those using electroneutrality, so long as the electrode is
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large with respect to the Debye length (R, > 1). However, the zero-field formulation
is consistent with Gauss’s Law, within the approximation of ignoring the double layer,
and does not introduce a potential difference without a corresponding charge separation
in the solution. Simulations demonstrate that in a zero-field formulation the charge
corresponding to the ohmic drop, and hence to bulk migration, is confined to a thin
but finite layer adjacent to the zero-field boundary® — correctly, we should assume this
charge to be intrinsic to the double layer and so the zero-field description remains
strictly approximate.

The zero-field solution relates to the electroneutral solution as follows. First, let
us suppose that the two solutions are distinct only in a boundary layer within a few
Debye lengths of the zero-field boundary, since the outer boundaries are unaltered and
electroneutrality will hold elsewhere. We now make the assumption that r ~ r, in this
range and introduce a Debye scale X' = (y/o/xp) - (r — r,) where ¢’ is the normalised

conductivity of the solution at y = 0:

o = Z Z2¢ip (9.8)

i

Hence the Poisson equation takes the form:

e 1

in this range. Further, let us assume that the potential can be written in the form 6 =
0© + 00 where 6 is the electroneutral solution and 8™ is the zero-field perturbation.

On the relevant scale close to the electrode, 6 is approximately linear so long as

R, is large. Therefore d?6) /dX"? ~ 0, and 0) — 0 as X’ — oo. At X' = 0, the
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electrode surface:

4o 4o
X ax

—0 (9.10)

to satisfy the zero-field condition.
If the flux is not limited by the change of boundary condition, the limiting flux
is controlled by diffusion and migration outside the position of zero-field. Assuming,

then, that the flux is unaltered by the presence of the zero-field condition:

. dCi do .(0)
Ji = aAxX + ZiCidX, =7 (911)
SO
de;  dcl” g
X’ - adX’ + ZiCiW =0 (912)

If the zero-field condition is negligibly perturbing then we can take ¢; ~ cgo) and hence
C; ~ CEO) exp(—z6WM) (9.13)
where 1) then becomes the solution to a corresponding Poisson-Boltzmann equation

subject to the inner boundary condition of Equation 9.10 and the outer boundary
condition V) = 0.

It is clear that the above approximations are well justified if 6 < 1. For typi-
cal electric fields arising from the passage of Faradaic current in the electroneutrality
solutions, this is certainly the case, and therefore the zero-field approximation simply
imposes a weak Gouy-Chapman diffuse layer perturbation on the electroneutrality re-
sult, which does not significantly alter the flux. If, however, #) > 1, then the above

analysis will fail, and so it is not appropriate for a double layer with a considerable
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excess charge.

9.4 Electrochemical boundary conditions

9.4.1 The implied approximation in the zero-field model

Having determined the range of electrode size for which the zero-field approximation
does not significantly affect predicted concentration profiles due to misplacement of
the electrode boundary, and having also determined the manner in which the zero-field
condition perturbs the electric field from the electroneutrality solution, it is necessary
to consider whether equations such as the Nernst equation or Butler—Volmer equation
may be correctly applied at the point of zero field. Of course, if the point of zero field
is close enough to the electrode that electron tunnelling is rapid here, then we may
freely assume that the zero field boundary is indeed the site of electron transfer, and
so overpotential and concentration may be related by one of the above equations at
this boundary.

At low support in particular, however, the exponential decay distance of the electric
field in the double layer, as defined by the Debye length, is at least 0.3 nm, whereas
the exponential decay distance of the tunnelling process is typically shorter: a value of
at most 1 A is suggested by Edwards et al. for aqueous solution.’® In a real system,
electron transfer is then likely to take place inside the double layer. A more detailed
theory, including tunnelling, will be discussed in the next chapter, but for the moment
it is useful to consider how to relate diffuse double layer potential to the electron

transfer equations.
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9.4.2 Relation of excess charge to overpotential

First, the surface potential, ¢, as defined in Chapter 5, must be determined as a
function of the applied overpotential.
The applied Faradaic overpotential for a cyclic voltammogram is defined by refer-

ence to the formal reduction potential of the system.
Efar =F - E1fe (915)

From the definition of the potential difference across the electrochemical cell in Equa-

tions 5.2 and 5.3:

E = oy — bret (9.16)

= dw + Epse
Equating the two expressions for E:
E =FEp + EF = ¢ + Eppe (9.17)
and so
¢w = Epar — (Epae — EF) (9.18)

which places the definition for the surface potential at the outer Helmholtz plane in
terms of a potential scale centred at E”. A normalised potential of zero charge on this

scale can then be defined as:

F ©
epzc = ﬁ (Epzc - Ef ) (919)
and then if the electrode surface potential is defined with respect to bulk solution as

F

b= o O (9.20)
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the appropriate boundary condition for a diffuse double layer at the electrode surface

1S:

b = —= (Efar - Epzc) (921)

The apparent overpotential, taking into account the potential difference to bulk solu-

tion, is Napp = n — nby from Equation 7.49. Then, at the outer Helmholtz plane:

napp,O = nePZC (922)

which makes clear that, interestingly, the perceived overpotential for electron transfer
to or from a solution-phase species at the outer Helmholtz plane is independent of
the applied overpotential with respect to a reference electrode in bulk solution. This
relation can now be applied in the context of the potential and concentration profiles

derived for the decoupled limit above.

9.4.3 Fully reversible electron transfer

Let us define a position y = yzr as the zero-field boundary outside the double layer,
where ¢; = ¢; zr and 6 = Afpp, denoting the ohmic drop from the zero-field boundary
to bulk solution. If the double layer is at equilibrium, then the concentration at the
outer Helmholtz plane can be expressed in terms of the potential difference across the

double layer according to the Boltzmann equation (Equation 1.33):

Ci0 = CizF €Xp <—zi (% — Opue — AHOD)> (9.23)
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If electron transfer is reversible, the Nernst equation is obeyed at the site of electron

transfer, which we take to be the outer Helmholtz plane, where n — nfy = nf,,.:
CA0 — CB,O e_nepzc =0 (924)

Substituting in Equation 9.23:

e_ZA(%_epzc_AeoD) ZB(%_QPZC_AQOD) e_nepzc — O (925)

CA,ZF — CBZF €

and re-arranging, recalling that n = 2 — 2a:
cazr — cpzpe 1TA%P) = (9.26)

which is the Nernst equation as set for the conditions at y = yzp.

This relation can be understood as demonstrating that in an equilibrated diffuse
double layer, the altered apparent overpotential due to the electric field in the diffuse
double layer is exactly offset by the corresponding accumulation or depletion of the
species A and B, which are accumulated or depleted to a different extent due to their
different charge.

Although striking, this result is not surprising, and is easily justified: since the dou-
ble layer is equilibrated with respect to y = 0 and A and B are equilibrated at this point
by the Nernst equation, they must necessarily be at equilibrium at all points through
the double layer, 0 < y < yzr in accordance with the laws of thermodynamics. The
implication is significant, nonetheless — if electrochemical kinetics are sufficiently fast,
steady-state voltammetry is blind to the actual position of electron transfer. Therefore,

for fast electron transfer, the zero-field approximation can be applied with confidence.
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9.4.4 Finite electrode kinetics

The above analysis does not hold so precisely if kinetics are finite. Following the same
approach as above, we substitute in the expressions for ¢; within the double layer to

the Butler-Volmer equation as constructed at y = 0, with the result that a ‘Frumkin

1

correction’!! arises between the ‘real’ k°, if electron transfer is at y = 0, and the

apparent k” assuming electron transfer at the zero field boundary.

From the assumption that the Butler-Volmer equation does apply at y = 0:

-
e ZA gmnolfhre — ) (9.27)

CA0 —CBOC KO

As before, substituting Equation 9.23 gives:

J ) '
2B (2 —0pzc—AboD) efnepzc _ ?AO e ne Opze 0 (928)

ZA(% 76pchAeOD)

CAZF € — CBZF €

and multiplying through as before

!/

—(n—nA6 ‘]A —na'Opzet+2a (L —0pzc—A0 _
CA,ZF — CBZF € (o o) _ 70 ¢ pret2a (5 =0 op) = () (9.29)

Rearranging

(- o (1 A 4 o) (—nfpme—
cagr — cggpe (17nAfon) _ ZA omal(n=nibon) (5 +Hal)(n=nbpe—nAbon) — () (9.30)

Therefore the Butler—Volmer equation holds at y = yzr, but subject to an altered

apparent heterogeneous rate constant:

J) /
CA7F — CBZF e~ (m—ndbop) _ _“A —a(n-nAbop) _ ( (9_31)
) ) KO
app
with
Kgpp — KO o~ (FA+a") (n—nbpre—nAbop) (9.32)

1

This is then a Frumkin correction'! across the double layer, since the overpotential
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where the electron transfer in fact takes place — at the outer Helmholtz plane, in the
discussion above — is not the same as the overpotential at the outer edge of the double
layer where electron transfer is expected to take place in the zero-field approximation.
This has the troubling implication that &° is effectively indeterminable without prior
knowledge of the position of electron transfer. The Frumkin correction is explored in
more detail in the next chapter.

This effect did not cause significant problems in fitting the experimental weakly
supported voltammetry of known ‘fast’ electron transfers, including that reported later

in this chapter, as well as other examples reported in the literature: thallium(I),>?

ferrocene,® hexaammineruthenium(I11)*# (also below), cadmium(II),” cobaltocenium?®
and hexacyanoferrate(III).® These are mostly near-Nernstian systems with &% > 0.5
1

cm s~! in general, as discussed in the respective publications, but k° possibly as low

as 0.07 cm s™! for thallium(T).

9.5 Conclusion on the validity of the approximation

A lower limit of R, ~ 1000 has been placed on the radius of electrode for which the
double layer and the diffusion layer are effectively decoupled. The success of the zero-
field approximation has been shown to be dependent on the site where electron transfer
takes place, and the correctness of extending the Butler-Volmer equation to the plane of
zero field has been questioned. Only if electrochemical kinetics are infinitely fast is the
voltammetry independent of the site of electron transfer, as then a reduced apparent
overpotential at the outer Helmholtz plane is modulated by a corresponding excess of

the electroactive reactant with respect to product, and vice versa.
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The detailed theory of steady-state voltammetry involving the diffuse double layer
will be introduced in the next chapter. First, weakly supported macroelectrode cyclic
voltammetry will be analysed by solving the Nernst—Planck—Poisson equations subject
to the zero-field approximation. Since in the macroelectrode limit, the electrode size

greatly exceeds the size of the diffusion layer, a time-dependent theory is required.

9.6 Theoretical model for dynamic voltammetry

9.6.1 Introduction

A theory for dynamic cyclic voltammetry subject to the zero-field approximation, across
a wide range of normalised scan rate (o) and electrolytic ratio (cgyp), can now be de-
veloped by numerical solution of the time-dependent Nernst—Planck—Poisson equation
set. The normalised hemispherical electrode system introduced in Section 7.5 will be
used.

The study of weakly supported cyclic voltammetry is of general interest, since the
introduction of excess supporting electrolyte may introduce problems to voltammetric
analysis. Supporting electrolyte increases capacitive currents which do not contribute
to the analytical signal, and especially if either supporting ion adsorbs specifically to
the electrode, these currents may be considerable and difficult to predict theoretically.
The introduction of large quantities of salt is often inappropriate for analytical mea-
surements concerning biological compounds, and in some otherwise analytically useful
solvents, it is impossible to dissolve sufficient supporting electrolyte to use diffusion-
only theory.

Consequently it is important to establish theoretically, and to demonstrate by exper-
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iment, the minimum quantity of supporting electrolyte required for voltammetry to be
indistinguishable from the predictions of diffusion-only theory. Additionally, to be able
to accurately model and interpret voltammetry under non-diffusion-only conditions
considerably widens the scope of voltammetric investigation. Since the publication of
this work, this has already yielded striking results, such as the use of weakly supported
voltammetry to infer homogeneous reaction kinetics in an anthraquinone system which
would have been impossible to determine by conventional voltammetric methods.!?

Past treatments of weakly supported macroelectrode cyclic voltammetry have used
electroneutrality. These include the studies of diffusion coefficient effects by Stojek and
co-workers.'®14 The mathematical description of migration and the role of supporting
electrolyte was discussed in detail by Oldham and Zoski in the context of general
electrochemical mass transport,'® in which a minimum support ratio of ¢y, = 26 was
suggested for steady-state voltammetry. This will be shown below to be a substantial
underestimate under transient conditions. The problem of ohmic drop has also been
considered at microelectrodes in a recent theoretical discussion by Amatore et al.t®

To the author’s knowledge, the detailed theoretical treatment of weakly supported
cyclic voltammetry at macroelectrodes was neglected until the publication of this work,
perhaps due to the implicit practical problems of high ohmic drop associated with
any experimental exploitation. The only experimental examples encountered in the
literature involve self-support for highly charged species at high concentrations, where
convective effects cannot be ruled out.!”1?

This work therefore represents the first application of the full time-dependent
Nernst—Planck—Poisson equation set with the zero-field approximation to cyclic volt-

ammetry. Theoretical results are presented and discussed, and then the theory is
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compared with experimental voltammetry to establish the validity of the model.

9.6.2 Detail of theoretical model

The theoretical system described in Section 7.5 is employed, with the Poisson equation

being applied to describe the electrodynamics. In the hemispherical geometry, this is:

V30 + ! R? zic;i =0 9.33
2 e

1

and the zero-field approximation (Equation 9.1) is applied at the electrode surface. The
Butler—Volmer equation is applied, since Nernstian kinetics can be considered within
the same model by artificially setting K° > o:

efa/ (777”90) 8CA

KO OR

—(n—nbo) __

=0 (9.34)
R=1

CA0 —CBOC

Because the electric field is zero at the electrode surface, the current can be recorded
as simply:

. Oca

R=1

For computational convenience, the R — oo boundary is set at a finite position
R = R, and is set to the maximum extent of the diffusion layer for a diffusion-only

system, in the same manner as for the liquid junction simulations (Section 4.4.2):

Ruax = 1+ 6 /DL T (9.36)

Due to the requirement of electroneutrality in bulk solution, this is an appropriate outer
boundary position even for a weakly supported solution. Following Limon-Petersen

et al..® integration of the hemispherical Laplace equation (the electroneutral Poisson
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equation) outside R = Ryax gives:

06

9 max max o 1o
(Rmax) + R Yz

=0 (9.37)
R:Rmax

which is set as the outer boundary condition for the variable 6.

9.6.3 Gridding and computation

The simulation space is discretised across the domain 1 < R < Rp.y, with the grid
expanding outwards from the electrode surface, where concentration gradients are most
extreme and where the most charge separation is expected. The definitions in Section
3.2 are used. Because the initial conditions are not significantly perturbed after the
start of the simulation, since 7; < 0, a regular time grid is employed, with a constant
number of time steps 7pr per unit 7.

A convergence study was performed, using jpe, jpb and Amn,, as diagnostic vari-
ables. The optimal parameters, giving < 0.2% error with respect to a fully converged
parameter set, were: yg = 5 x 1073, Ry = 2 x 1073, 7pp = 100 or 200.

The first and second derivatives are centrally differenced and the time derivative is
differenced according to the fully implicit methodf. In the discretised equations, the
Poisson equation is substituted for V26 in the Nernst-Planck equations to improve
convergence, since the system is very nearly electroneutral over the majority of the
simulation space. The iterative Newton—Raphson method is applied at each timestep
as normal, with unconditional convergence using the above gridding parameters. The

Jacobian matrix is 15-diagonal; typical runtimes were 90 s — 10 min per voltammogram.

fThe data reported in the original publication used the alternative Crank-Nicolson method,?® but
the fully implicit method has since been found to be more accurate in some situations and is preferable.
The data reported here are unaffected by choice of time differencing.
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9.7 Theoretical results and discussion

9.7.1 Qualitative effects of incomplete support

For dynamic cyclic voltammetry, just as for steady-state voltammetry as discussed in
the previous chapter, the passage of Faradaic current introduces charge to solution in
the vicinity of the electrode. Because the solution conductivity is finite, this charge can
only be compensated at a finite rate, and therefore an electric field arises in solution.
The lower the conductivity of the solution relative to the quantity of reactant, the
greater this electric field, and therefore the more significant ohmic drop and migration
effects will become.

For weakly supported cyclic voltammetry, we expect the characteristic observables
Jpt and Anp, to become functions of of ¢y, and R., as well as o and Dy as for diffusion-
only voltammetry.

Microelectrode voltammetry is expected to be substantially less sensitive to changes
in cqyp, as the passed current is very small and so ohmic drop becomes increasingly
insignificant; consequently, microelectrode voltammetry in weakly supported media is

already a well established technique.?!

9.7.2 Exemplar voltammetry and ohmic drop

Simulations of three exemplar macroelectrode voltammograms are shown at Figure 9.3.

The limiting effect on current and the marked effect of ohmic drop on peak-to-peak
separation are clear. The perceptible broadening of the peak-to-peak separation is
notable even in the cg,, = 100 case, by contrast to the determination that at steady-

state, cqup = 26 is sufficient to limit ohmic drop to < 1 mV.'® Because of the significantly
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Figure 9.3: Exemplar voltammetry for the reversible one-electron oxidation of neutral A to BT at
a macroscale hemispherical electrode (o = 10%, R, > 10°, K° = 10°) at electrolytic
support ratios varying from excess support (csup = 1000) to weak support (cgyp = 1).

increased current passed at a macroelectrode, the ohmic drop is much larger than for
steady-state voltammetry a microelectrode (Figure 8.2); this is consistent with the
traditional interpretation?? of the ohmic drop as an ohmic voltage equal to the product
of current and solution resistance (iRj).

In the most weakly supported case, the forward peak is not encountered within the
scan range. A ‘ramping’ effect is observed, where the current increase with potential
becomes approximately linear, rather than exponential, due to the dominating contri-
bution of uncompensated solution resistance. A concentration profile in the pre-peak
region (Figure 9.4) shows clearly that migration of M* and X~ accompanies the flux of
A towards the electrode. To maintain electroneutrality in the diffusion layer as positive
B is generated, depletion of M* and accumulation of X~ is required. Since ca o~ cp
in the figure, it can be inferred that 7,,, ~ 0 and so nfy, ~ n = 10.

To examine the concept of solution resistance in more detail, a plot of the simulated
variation of current, ohmic drop and inferred solution resistance during a scan with

Csup 1S shown at Figure 9.5.
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Figure 9.4: Concentration profiles at § = 10 for the weakly supported reversible one-electron oxi-
dation of neutral A to BT at a macroscale hemispherical electrode (o = 10*, R, > 10°,
K% =10°, coup = 1).
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Figure 9.5: Simulated current, ohmic drop, and resistance during a cyclic voltammetry experiment
performed for the one-electron oxidation of neutral A. to BT (¢ = 10%, R, > 10°,
K° = 10°, ¢sup = 10). In order to plot all three observables on a single ordinate scale,
normalised ohmic drop has been multiplied by 10 and normalised resistance by 100.

The dimensionless resistance P, = 0.05 is exactly as expected given the expression:

B 1
Zi Zzzci

which is suggested by the electroneutral analysis in Section 1.6.

P, (9.38)

Therefore, dimensional analysis of the Nernst—Planck equations correctly reveals
the resistance of the macroelectrode system, considering that the timescale of the volt-
ammetry experiment is very slow with respect to the Debye time, and electroneutrality

is maintained closely throughout solution.
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The approximation of time-independent uncompensated solution resistance, R,
throughout the scan is accurate for a macroelectrode system. For the high o regime
there are no charging or migration effects which suggest strong deviation from elec-
troneutrality. Hence, the ohmic drop does obey Ohm’s law with constant R in this
system. There is no reason to assume inadequacy in compensating ohmic drop by

simple arithmetic correction with a constant Ry, as reviewed by Britz.??

9.7.3 Dependence of j,; and An,, on cyyp

The quantitative variation of the normalised observables jys and Anp, with cg,, was
studied by producing surface plots in which the change in the observable is plotted
in the z-axis against variation in the support ratio and normalised scan rate. By
considering a full range of normalised scan rates, both the macro- and microelectrode
limits are included. Figures 9.6 and 9.7 show the variation of these observables with
Csup for the one-electron oxidation of a neutral species (za = 0, n = +1, e.g. ferrocene

to ferrocenium).

2.0 7]
log j, 1

ERENN M
my

/j/j////////////////////////

i
.

Figure 9.6: log jur vs. log o and log ceyp for za = 0, with R, > 10°.

In Figure 9.6, the recognisable transition with increasing o from steady-state (low
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o) behaviour to Randles-Sevéik (high o) behaviour is observed at high Csup- AS Coyp de-
creases, peak currents in the Randles-Sevéik region are reduced from the ideal diffusion-
only value, since the rate of migration of supporting electrolyte becomes rate-limiting
as the ratio of electrolytic support is reduced. By comparison, peak current is not
significantly affected in the low ¢ regime.

The variation of the normalised scan rate, o, does not strictly correspond to a
variation in re, as R, has been held constant at V2 x 107 (macroelectrode). So long
as R, is large enough to exceed a nanoelectrode scale, however, varying R, has no
observable effect on the voltammetry since the double layer and diffusion layer are
accurately decoupled. Therefore, the low ¢ regime is equivalent to a microelectrode
regime, and in this case, voltammetry is not strongly affected by cq,p at low o, as

expected because the negligible current drawn leads to negligible ohmic drop.

log Anpp

log o

Figure 9.7: An,, vs. logo and log cgyp for za = 0, with R, > 10°. The switching potential is ns = 40.

Figure 9.7 demonstrates the increased peak-to-peak separation, Anp,,, resulting
from increased ohmic drop at macroelectrodes as the support ratio is decreased. Un-
der typical macroelectrode voltammetry conditions of ¢ > 103, a significant positive
deviation from the expected diffusion-only value of An,, ~ 2.3 is noted as the support
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ratio is reduced. Distinguishable ohmic drop effects are observed even under relatively
high support ratios in the range 10 < ¢y, < 100.

The extent of the ohmic drop at the lowest support ratios is such that no diffusion-
limited peak occurs within the range of the scan, for which the simulated switching
potential was ~ EZ 4 1.5 V; consequently, some j,¢ and An,, data points in Figures 9.6
and 9.7 cannot be reported. For all scan rates the limit of infinite resistance is achieved
for a non-conducting solution with cg,p, — 0, and hence no electrolyte: infinite peak-

to-peak separation would be observed.

9.7.4 Effect of 25 and the concept of self-support

Where z5 # 0, the electroactive species and its counter-ion are charged and so can
act themselves as supporting electrolyte, contributing to the compensation of solution
charge by migration. Additionally, if zan < 0, the electroactive species can compensate
the change in solution charge resulting from its own oxidation or reduction by migrat-
ing towards the electrode surface, leading to the attractive migration regime where
transport-limited current is elevated. Where z5 # 0 and cq,p — 0, the migration of
the electroactive species and its counter-ion dominate charge transport and are crucial
to allowing electron transfer by migrating in order to maintain electroneutrality out-
side the diffuse double layer. Consequently a minimum ‘intrinsic’ degree of electrolytic
support exists for the case zp # 0, even at cg,, = 0.

Figure 9.8 shows the variation with cg,p, for the one-electron reduction of a singly-
charged species (zp = +1, n = —1, e.g. cobaltocenium to cobaltocene).

Figure 9.9 shows the variation of the observables with cg,, for the one-electron re-

duction of an ion with z4 = +3 (e.g. hexaammineruthenium(III) to hexaammineruthe-
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Figure 9.8: log j,r and Anpp vs. logo and log ceyp for za = +1 and n = —1, with R, = 105. The
switching potential is ny = —40.
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Figure 9.9: log j,¢ and Anp, vs. logo and logceyp for za = +3 and n = —1 at a hemispherical
electrode with R, = 10°, switching potential 7 = —40.

Both these plots clearly indicate elevated current at low support due to the influ-
ence of attractive migration, since zan < 0 in both cases. For the macroelectrode limit,
the peak current initially decreases with support ratio, due to the influence of ohmic
drop, before the current increases at even lower support where attractive migration
of the electroactive species dominates the charge transport required to maintain elec-
troneutrality close to the electrode surface. Equally, the peak-to-peak separation does
not become infinite at zero support, but rather tends to a limiting value due to the

intrinsic solution conductivity supplied by the electroactive species and its counter-ion.

224



Chapter 9. Cyclic voltammetry: the zero-field approximation

Rooney et al. reported “approximately reversible” self-supported macroelectrode
voltammetry for the [Fe(CN)g]3~/4~ couple at glassy carbon, Au and Pt electrodes.!”
Examination of the published voltammograms suggests AE,, > 60 mV is in fact ob-
served, and at the high concentrations of the electroactive species and low scan rates
employed, convection is likely to significantly influence mass transport. On the basis of
time-dependent theory using the Nernst—Planck—Poisson equations, in a self-supported
regime, the ohmic drop observed in cyclic voltammetry is not a function of the elec-
troactive species concentration since in the absence of deliberately added support, both
the conductivity of the solution and the Faradaic current scale linearly with the concen-
tration of the electrolytic species. A large concentration of electroactive species cannot
be used to recover reversible voltammetry under self-supported conditions. This con-
clusion holds provided that there is sufficient ionic strength in solution to render the
Debye length much smaller than the diffusion layer, so that the zero-field model is

accurate.

9.7.5 Effect of R,

The dimensionless parameter R, in the normalised Poisson equation is the ratio of the
electrode radius to the Debye length, and hence of the relative scale of the diffusion
layer to the diffuse double layer. The effect of R, on observed cyclic voltammetry as a
function of o was studied for a one-electron oxidation of a neutral species with cg,, = 5
and 0.2. In both cases, R, was found to have no significant effect on the voltammetry,
so long as it is large enough for the zero-field approximation to be accurate: if the
intrinsic conductivity of the solution is sufficient to make the Debye length negligible

on the electrode scale, electroneutrality holds until a distance very close to the electrode
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surface. Therefore, ohmic drop dominates the effect of ¢4, on the voltammetry.

9.7.6 Effect of Dp

The effect of the ratio of diffusion coefficients, Dy = Dg / Da, on the observable
Anpp was considered. Although for diffusion-only voltammetry, the position of the
voltammetric wave is a function of Dj, the peak-to-peak separation is independent
of Di. It was found that Dj influences the peak-to-peak separation only to a small
extent, and only where cg,;, is very low, such that the migration of the product species

becomes significant to maintaining charge balance.

9.7.7 Effect of Dy and Dx

If one or both of the supporting electrolyte ions has a high diffusion coefficient compared
to the electroactive species, and so can migrate rapidly with respect to the rate of
diffusion of the electroactive species to the surface, solution resistance is compensated
more rapidly and hence the ohmic drop is correspondingly less. A plot of An,, vs. Dy

and Dx is shown at Figure 9.10.

Figure 9.10: An,, as a function of Dj; and D% for the one-electron oxidation of A® with cgup = 10
(weak support), o = 10*, R, > 10°. The switching potential is n; = 20.
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The symmetry of Figure 9.10 demonstrates that charge introduced to the solution
by the passage of Faradaic current is equally well compensated by the migration of like
charges away from the surface as for opposite charges towards it. A relatively high
supporting electrolyte diffusion coefficient is clearly helpful to minimisation of ohmic

drop effects by accelerating the compensation of electric fields in solution.

9.8 Experimental results and discussion

9.8.1 Experimental setup

Aqueous solutions of 5 mM hexaammineruthenium(III) chloride (HexRu(III), Aldrich,
98%) and different quantities of potassium chloride (Aldrich, > 99%) as supporting
electrolyte were prepared with ultra pure water with resistivity > 18.2 MQ cm™! (at
298 K). The solutions were degassed for 30 min with Ny (BOC, High Purity Oxygen
Free) before starting each experiment.

A platinum disc with radius 1 mm was used as a working electrode, a platinum
foil was used as a counter electrode and a saturated calomel electrode (SCE) was used
as the reference electrode. The working electrode surface was polished prior to the
experiment using diamond spray (0.3 and 0.1 pm, Kemet International, UK) on soft
lapping pads (Buehler, USA). The solution temperature was maintained at a constant
298 K during the experiments using a water bath (W14, Grant).

The range of potassium chloride concentrations investigated was 2000, 500, 150
and 50 mM KCl, corresponding to cg,, = 400, 100, 30, and 10. For each solution,
voltammetry was performed across a range of scan rates (50, 100, 200, 500 and 1000

mV s7!) using an analogue potentiostat (built in-house) which was connected to an
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oscilloscope (TDS 3034B, Tektronix, USA) to record the data.

The analogue potentiostat was used in place of a digital equivalent to prevent arte-
facts introduced by the digital staircase voltage waveform, especially the broadening
of peak-to-peak separation which is an essential observable in the study of weakly
supported voltammetry. Bilewicz et al.?2> noted these effects in diffusion-only cyclic
voltammetry in which the triangular voltage waveform was approximated by a dig-
ital staircase, and these effects have been investigated theoretically for disc-shaped
electrode systems.?*

Since double layer charging is not considered by the theoretical model, the capac-
itive current was estimated using blank voltammetry recorded in solutions containing
the same degree of electrolytic support, but without the electroactive species. The
excess of chloride ions introduced by the hexaammineruthenium(III) chloride into the
experimental solutions was emulated by augmenting the concentration of potassium
chloride in the blank solutions by 15 mM in each case. This allowed the background
non-Faradaic current to be subtracted from the experimental voltammograms, so that
the Faradaic current could be accurately compared to a simulation ignoring capacitive
current.

The diffusion coefficients for the hexaammineruthenium(III) and hexaammineruthe-
nium(II) cations in the aqueous KCI system were determined via fully supported dou-
ble potential step chronoamperometry using a 25 pm radius platinum disk, accord-
ing to the procedure established by Klymenko et al.?> The measured values were

1

Dyexrum = 9.0 % 107% cm? s7! and Dexruan = 1.0 X 107° ecm? s7!. These compare

26-28

well to literature values for the diffusion coefficient of HexRu(III), which range

from 8.5-9.1 x 107% cm? s71, all measured in 0.1 M KClI in aqueous solution at 298 K.
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9.8.2 Experimental voltammetry

The resulting experimental voltammetry is presented at Figures 9.11-9.15, below, for
the five scan rates investigated. In each case, the four support ratios are indicated in
voltammograms A-D: respectively, c¢qp = (A) 400, (B) 100, (C) 30 and (D) 10. The
zero-field simulation procedure set out above was used to determine a best fit to the
experimental voltammetry, and is indicated by the closed circles.

The following parameters were used in the simulation:

e r, = 0.71 mm to correspond area-to-area with a disc electrode with r, = Imm.
e (' =5mM.

® Dyexruam = 9 x 1079 cm? s71, as characterised by microelectrode double poten-

tial step chronoamperometry.

® Dexru@n) = 107° ecm? s, as characterised by microelectrode double potential

step chronoamperometry.

e Di+ = 1.8 x 107° ecm? s, from the literature.?

e Dei- =1.95 x 1075 em? s7!, from the literature.?

e i =1cms ! and a = 0.5, to render the system effectively reversible, as expected

for the hexaammineruthenium(IIT/1I) couple.®

o ¢, = 785431

T = 298 K, thermostatically controlled.

The formal potential in the simulation, Ef, was different for each support ratio and
was treated as a simulation parameter. Since the diffusion coefficients of the two species
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are characterised to within a close tolerance, the shift in both forward and back peaks,
which is consistent at all scan rates for a given support ratio, must be attributed to
variation in F¢. This support ratio dependence is justified since the formal potential
varies with the activity coefficients of the electroactive species and hence also with ionic

strength (Equation 7.14).

Csup / mM | EF vs. SCE / mV
2000 -213
500 -190
150 -175
20 -170

Table 9.1: Observed shift in formal potential of the HexRu(III/II) couple as a function of ionic
strength.

The formal potential varied consistently with ionic strength, as indicated in Table

9.1.

i/ pA
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E/V vs SCE E/VvsSCE

Figure 9.11: Comparison of experiment and simulation for [Ru(NH3)s)>* + e~ = [Ru(NHjz)g)?"
v=>50mV s A: Coup = 2M; B: Cgyp = 500 mM; C: Cyyp = 150 mM; D: Cgyyp = 50
mM.
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Figure 9.12: Comparison of experiment and simulation for [Ru(NHz)s]>* + e~ = [Ru(NHjz)g)?"

v =100 mV s7. A: Csup = 2M; B: Cysyp = 500 mM; C: Cyyp = 150 mM; D: Cyyp =
50 mM.
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Figure 9.13: Comparison of experiment and simulation for [Ru(NH3)s]>* + e~ = [Ru(NHjz)g]?"

v =200 mV s™. A: Csp = 2M; B: Cyyp = 500 mM; C: Cyyp = 150 mM; D: Cyyp =
50 mM.
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Figure 9.14: Comparison of experiment and simulation for [Ru(NHz)s)>* + e~ = [Ru(NHjz)g)?"
v =500 mV s7. A: Csup = 2M; B: Cyyp = 500 mM; C: Cyyp = 150 mM; D: Cyyp =
50 mM.
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Figure 9.15: Comparison of experiment and simulation for [Ru(NH3)s]>* + e~ = [Ru(NHjz)g]?"
v=1Vst A Cyp = 2M; B: Cyyp = 500 mM; C: Cyyp = 150 mM; D: Cqyp = 50
mM.
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In general, Figures 9.11-9.15 illustrate a very close fit between the theoretical and
experimental data for Cases A-C, but an underestimation of peak-to-peak separation
the theoretical model in Case D, to beyond experimental error. In Case D, the trends
in i and AE,, are still predicted qualitatively, but not quantitatively. These results
are summarised by a plot of AE,, against logv for the theoretical and experimental

data at Figure 9.16.

160 i
1 o Experimental (+/- 5 mV)
AE 1401 Theoretical
pp
1 A
/mV. | i
100 i
] B
80
— 0
604 T 1 1D
[ ]
1."75 ' 2.00 ' 2.‘25 ' 2.‘50 ' 2.‘75 ' 3.::)0
log (v/ mV s’l)

Figure 9.16: Comparison of experimentally observed and theoretically predicted AE,, for macro-
electrode cyclic voltammetry of HexRu(IIT) with support ratios: (A) 400, (B) 100, (C)

30, and (D) 10.
A variety of the approximations in this model are likely insufficient under weakly
supported conditions, but under typical experimental conditions of cs,, > 30, the the-

oretical model accurately predicts the extent of broadening of peak-to-peak separation

caused by uncompensated solution resistance.

9.8.3 How much supporting electrolyte is required?

At this stage it is possible to quantitatively consider the following question: how much
supporting electrolyte is required to achieve ‘diffusional’ cyclic voltammetry? In the

diffusion-only limit, the observables i, and AE,, can be used analytically without
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inaccuracy due to the presence of an electric field in solution.

If ‘experimental distinguishability’ is defined to a given tolerance in terms of the
relative change in either i, or AE,,, it is possible to derive the minimum value of cgyy,
required to render the voltammetry indistinguishable from the diffusion-only case, for
any given combination of r., v, Da, Dg, Dy and Dx. According to the comparison
of the hemispherical zero-field model with experimental voltammetry, this theory is
accurate when cg,, > 30, and for disc electrodes as well as hemispherical electrodes in
the region where a disc-shaped electrode may be approximated by a hemisphere of the
same area, which is roughly o > 10®. Our conclusions will therefore be quantitatively
accurate in this range.

As an example, three model systems can be considered. In these model systems,
Dx = Dy and Dy = Dx, and €5 = 78.54 (as for water). Three cases were studied,
where Dy}, takes values of 1, 2 and 3. In each case, voltammetry was simulated for the
hemispherical electrode for a range of o and cg,,. Each of the resulting voltammograms
was classified by comparison of the recorded AE,, to that predicted for the diffusion-
only case, with ¢y, — 0o but the same parameters otherwise. The ‘diffusion-only’
voltammetry was calculated using the same numerical simulation method, but with
the artificially high support ratio cg,, = 10°. Each data set is presented as a contour

plot (Figures 9.17-9.19) to show the value of the deviation as a function of o and cgyp:
AAE,, = AE,, — AE,, ain (9.39)

The possible regimes of AAE,,, compared to experimental error are: less than 1 mV
(indistinguishable); 1-3 mV (well supported, i.e. indistinguishable within likely exper-

imental error for a digital potentiostat); 3-5 mV (distinguishable within experimental
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error); 5-10 mV (insufficiently supported), and greater than 10 mV (acutely unsup-

ported).

1000+

sup

100

10 l(I)O 10IOO
. /2D) VIV or (2 /D)v/V

e /hemi

Figure 9.17: Contour plot showing the deviation AAE,, of theoretically observed AEy, from the
diffusion-only value at a hemispherical electrode for varying csyp = Csup/Cx and
(r2/Da)v, where Dyi/Dpy =1, A 2 BT +e7. KY =10°; R, > 10°.

1000+
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T
10 100 1000

(2 . J2D)vIV or (7, ID)vIV
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Figure 9.18: Contour plot showing the deviation AAE, of theoretically observed AE,, from the
diffusion-only value at a hemispherical electrode for varying csyp = Csup/Cx and

(r2/Da)v, where Dy /Dp =2, A 2 BT + e7. KY =105 R, > 10°.
The data are simulated here for a hemispherical electrode for which it is assumed
that the voltammetry is largely indistinguishable from a disc macroelectrode. The
correspondence, for equal area, that r2 . = 2r2 and hence the horizontal scale of

e,disc e,hemi>

the plots varies by a factor of two, depending on the geometry in which r, is measured.
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Figure 9.19: Contour plot showing the deviation AAE,, of theoretically observed AE,, from the
diffusion-only value for cyclic voltammetry at a hemispherical electrode for varying
Csup = Csup/Ci and (r2/Da)v, where Dyi/Dy = 3, A 2 BT + e~ K° = 10°%
R, > 10°.

The approximation of a disc to a hemisphere is justified provided the reference
electrode is situated sufficiently far from the working electrode, as then the electric
field can be treated using a hemispherical geometry in solution in either case. The
approximation limited by electrode size to where both a hemisphere and a disc electrode
yield a predominantly planar diffusion layer, which can be defined as the range of
normalised scan rates where o > 10°.

Note that the choice of switching potential will affect AE,,. The data set above
uses a potential window of ~ 1 V|, from 7, = —20 to nr = +20. In a narrower switching
window, the same support regions are expected to remain appropriate.

These data are simulated for the one-electron oxidation of a neutral species, and
so do not necessarily apply directly to other reactant charges. Since at support ratios
Csup = 30, the contribution of counter-ions to the total ionic strength is negligible and
migrational currents are also negligible, these plots are also expected to be valid for

other values of z,.
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9.9 Conclusions

In this chapter, the zero-field approximation has been rigorously justified subject to
the electrode being larger than nanoscale, and the Nernst or Butler—Volmer equation
being applicable at the outer edge of the double layer. The theory of macroelectrode
cyclic voltammetry in weakly supported solution has then been described subject to
this approximation, with special consideration given to the conventional observables of
forward peak current and peak-to-peak separation.

Comparison was then drawn with experimental cyclic voltammetry for the aqueous
[Ru(NH;)g]?*/?* system at a Pt macroelectrode: the theoretical model based on the
zero-field approximation was shown to be quantitatively accurate, within experimen-
tal error for our system, for at least the region cg,, > 30, across a range of typical
experimental scan rates.

The contour plots presented at Figures 9.17-9.19 are designed to be instructive to
the experimentalist; for any macroelectrode system, the required csy;, to limit deviations
from the diffusion-only case to within a certain tolerance may be inferred. The range
of applicability of these plots is confined, however, to macroelectrode voltammetry
and, at this stage, to electrochemically reversible systems. Of additional interest is the
practical observation of the thermodynamic effect of varying ionic strength in such a
system, such that £ becomes a function of cgyp.

These contour plots clearly demonstrated that the minimum support ratio of 26
proposed for the steady-state system!® is not equally useful for transient cyclic volt-
ammetry, but rather is broadly inappropriate. The majority of macroelectrode systems

require support ratios greater than 100 to prevent detectable ohmic drop effects which

237



Chapter 9. Cyclic voltammetry: the zero-field approximation

corrupt kinetic or mechanistic measurements using cyclic voltammetry. Additionally,
this work affords further understanding of the microscopic and macroscopic effects
associated with extended electric fields in solution.

Both the electroneutrality and zero-field approximations ignore the diffuse double
layer, however. As indicated by the analysis beginning this chapter, to extend the
theory of weakly supported cyclic voltammetry to finite electrode kinetics or to nano-
electrode voltammetry, it is necessary to incorporate the diffuse double layer into the

theory. This problem is considered in the next chapter.
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Chapter 10

Cyclic voltammetry:

effect of the diffuse double layer

Thus far, the theory of charge transport in cyclic voltammetry has been considered
subject to simplifying approximations which neglect the diffuse double layer. In this
chapter, the influence of the diffuse double layer on the passage of Faradaic current
is investigated for steady-state voltammetry, according to the Nernst—Planck—Poisson
model. The effects of reactant charge, electrode charge, electrode size and quantity of
supporting electrolyte are all considered, and both infinite and finite electrode kinetics
will be investigated, as well as distance-dependent electron transfer (tunnelling) and
activity effects.

Certain combinations of reactant charge and electrode excess charge can be shown
to profoundly alter the predicted current by exclusion of the reactant (Levich effect) or
deceleration of apparent kinetics (Frumkin effect), although tunnelling can overcome
both effects by moving the plane of electron transfer. The structurally altered double
layer at nanoelectrodes is also discussed, for which the partially unscreened electric

field can increase or decrease the predicted current, depending on the electrode charge.
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The results reported in this chapter have been published by the Journal of Elec-
troanalytical Chemistry.! Relevant work is also incorporated from prior publications
in the Journal of Physical Chemistry C,? the Journal of Solid State Electrochemistry,?

and Chemical Physics Letters.?

10.1 Introduction

The traditional (Gouy—Chapman—Stern) theory of the electrical double layer, as in-
troduced in Chapter 5, supposes that a part of the potential difference between the
electrode and bulk solution is contained within a compact layer within the plane of
closest approach of solvated ions. This plane is termed the outer Helmholtz plane,
outside of which the remaining electric field is screened by unequal concentrations of
cations and anions in a diffuse double layer close to the electrode surface.”” The size of
the double layer is parameterised by the Debye length which at typical ionic strengths
is of the order of nanometres, as introduced in Section 1.3.3.

The development of practical nanoelectrochemical systems in the last decade®? has
led to renewed interest in the fundamental theories of electrode kinetics and charge
transport dynamics, particularly at the nanoscale. The nanoscale is especially inter-
esting because in this limit the size of a normal depletion layer approaches the Debye
length, and so the charged double layer and the depletion layer become interlinked.
Therefore, the electroneutrality and zero-field approximations are inapplicable in this
limit. Non-classical charge transport effects for nanoelectrodes have already been pre-
dicted for the capacitive charging problems discussed in Chapters 5—6.

A number of theoretical works have introduced different models for the double layer,

of varying sophistication.!® !4 In many of these works, numerical simulation is required
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in order to approach the Nernst—Planck—Poisson equation set without approximation
for the study of systems with complex boundary conditions or under transient condi-
tions. This work will explore theoretical aspects of the effect of the diffuse double layer
on the passage of Faradaic current, using a very simple, classical model of the double
layer in order to avoid convoluting important trends.

Three possible descriptions of the electron transfer kinetics will be considered: the
Nernst equation applied at the outer Helmholtz plane, the Butler—Volmer equation
applied at the outer Helmholtz plane, and distance-dependent electron transfer (tun-
nelling). In this way, both mass transport effects and electron transfer kinetic effects
associated with the double layer can be inferred. Activity effects arising from the vari-
ation in ionic strength across the double layer will also be discussed. In particular, the
theory will consider a wide range of possible potentials of zero charge for the electro-
chemical system, as well as a range of reactant charges, allowing for a fuller and more
consistent treatment of diffuse double layer effects than in recent, otherwise detailed
studies.!4 15

While highlighting the significance of the results to nanoscale voltammetry and
voltammetry with low concentrations of supporting electrolyte, it is also necessary ad-
dress implications for ‘conventional’ fully supported voltammetry at larger electrodes,

16718 Tp this manner, unusual

which were excluded from early studies of the topic.
voltammetric behaviour attributable to double layer effects can be identified, as well

as identifying discrepancies between common experimental observation and the predic-

tions of the Nernst—Planck—Poisson theory.
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10.2 Theoretical model

The basis of the theoretical model is the description of cyclic voltammetry using the
Nernst-Planck—Poisson equations, as set out in Section 7.5. The current-potential
relationship for the n-electron reaction of A*2 to B*B is to be determined at steady
state, in the presence of a certain quantity of a supporting electrolyte M*X~. The
current can be limited either by the transport of A to the electrode or by the rate of its
reaction at the electrode, and will be controlled by both the positions of equilibrium
of these processes as well as their absolute rate due to the finite rates of diffusion,
migration, electron transfer, etc.

The assumption of steady state is only relevant for a practical cyclic voltammetry
experiment if the timescales associated with capacitive charging and mass transport
of the reactant from bulk solution are very fast compared to the timescale of the
experiment. In Chapter 7, the diffusion length on an experimental timescale was
established as \/% , and so both the Debye length xp and the electrode radius r. must
be much smaller than this distance if steady state can be used to describe a transient
system. These inequalities hold for small microelectrodes and nanoelectrodes. In these
cases, both double layer charging (as discussed in Chapter 6) and mass transport are
much faster than the rate at which the applied potential is varied, and so there will be
negligible voltammetric hysteresis. The steady state solution is therefore representative

of the likely outcome of a real dynamic experiment.
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10.2.1 Geometry and normalisation

As in the analysis in Section 8.3, a transformed length scale will be used for simulation:

Te
=1-— 10.1
y g (10.1)

where y = 0 is the electrode surface and y = 1 is bulk solution. This transformation
was also employed in the work by Streeter et al. on potential step chronoamperometry
subject to a complex description of the diffuse double layer.!? It was found that by
a suitable choice of gridding, this simple transformation allowed acceptable numerical
convergence, and so the complicated y-transformations introduced previously (Equa-
tions 6.17 and 9.7) were probably superfluous.

Note that a steady-state concentration profile or potential profile scales as r~! in
hemispherical space, and so appears as a straight line across the domain 0 <y <1 in
the radial transform above. Also, as r — 1., dy — dr, so for short Debye lengths, the
y-space approximates to linear space: for R, > 1, the diffuse double layer is contained
within this pseudo-linear domain.

In this geometry, the time-independent Nernst—Planck—Poisson equation set is:

dea do

m + zaCA i Ja=0 (10.2)
Cilin + 2pcp Z—z + é_?g =0 (10.3)
(1—y)* leiyz + %Rﬁ Z:Zici =0 (10.4)
Cg_'; _0 (10.5)

subject to the bulk conditions detailed in Table 7.2, as well as the reference potential

6 = 0 in bulk solution.

244



Chapter 10. Cyclic voltammetry: effect of the diffuse double layer

Because the ion concentrations are at steady state, the inert ions M* and X~ obey
the Boltzmann equation, since if their flux is zero at the electrode surface, it must be

zero over all solution. Hence, for all y:

ey = e’ (10.6)

cx = cxet? (10.7)

10.2.2 Diffuse double layer

The diffuse double layer is included by imposition of a fixed surface potential, 6y, at
y = 0:

Ui

(9 - 90 - E - QPZC (108)

The excess charge on the electrode is a function of both the applied overpotential, 7,
and the potential of zero charge, 6., as derived previously (Section 9.4.2). Note that
the excess charge of the electrode varies across a voltammetric scan, since changing 7
also changes 6.

The potential of zero charge is an important system parameter which can be freely
varied in the context of the simulation in order to alter the excess charge on the
electrode — from definition, a positive 0,,. implies that the electrode has negative
excess charge in the range close to the formal potential at n = 0, and wice versa.

Note that this description of the double layer considers only the diffuse (Gouy—
Chapman) component, and therefore excludes the effects of the compact (Stern) com-
ponent, or of any specifically adsorbed ions. This is therefore a limiting case, in which

only those effects due to the diffuse double layer are considered. The extension to a
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more detailed description of the double layer will necessarily encompass diffuse double
layer effects and therefore the work reported in this chapter constitutes a hopefully

useful first step.

10.2.3 Electron transfer kinetics

A boundary condition is also applied at ¥ = 0 to describe the kinetics of the electron
transfer. We will initially address two such boundary conditions — one is the Nernst

equation:
fNE = ca — cp exp ( —(n— n00)> =0 (10.9)
The Nernst equation implies thermodynamic equilibrium at y = 0 and so the electron
transfer cannot be rate-limiting if it holds.
Our alternative is the Butler—Volmer equation which admits finite electrode kinetics:

fev = fxg — % exp < —a(n— n90)> =0 (10.10)

As discussed in Section 7.3, as K° — 00, so fagy — fnE-

10.2.4 Transformation of the dependent variables

The use of logarithmic concentration variables, as introduced in Section 6.2.3 for the
simulation of capacitive charging, improves numerical convergence when there are nat-
ural exponential relationships in the equation set to be solved, as is the case for the
Nernst—Planck—Poisson equations for a diffuse double layer. However, because cg = 0

at y = 1, Incpg is not an appropriate variable. Therefore, the following transformed
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variables were chosen:

us =lIncp

uy = In(ca + cp)

The Nernst—Planck—Poisson equations then become:

dua g .
Z7A - us —
dy + zaA dy Ja €
du, ao .
d—l;—I— (25 —ne"a ") dy —jade " =0
2
(1 —y)4d—z + % > (cire O _ctetl —peva + zpe™) =0
dis _,
dy
The Nernst equation can be written as:
—nbo
1 _|_ _ euo',O_uA,O — 0

e "N

and the Butler—Volmer equation as:

—nby - —a/(n—nbo)
1+ ¢ — gUo0"uA0 | ]Ae— e UA0 — )
e " K©°

10.2.5 Gridding and computation

(10.11)

(10.12)

(10.13)

(10.14)

(10.15)

(10.16)

(10.17)

(10.18)

The time-independent Nernst—Planck—Poisson equations are solved with forward differ-

encing using the iterative Newton-Raphson method. A grid is chosen which maximises

grid point density at the boundaries y = 0 and y = 1, according to the definitions in

Section 3.2. This ensures a minimum density of points in the range 0 < y < ygn, corre-

sponding to the double layer. A maximum density of points is also set at the boundary

y = 1, to avoid problems with Ay — 0 in this limit when larger grid density was re-
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quired at the electrode boundary. Optimal simulation parameters were determined by
a convergence study using ja as the diagnostic variable. These varied depending on the
particular boundary conditions, but in the worst case, vz = 10~* and Ry = 1075 were
found to be appropriate, with R;,—; correspondingly reduced to ensure that Ay > 1076
at this boundary.

By contrast to the time-dependent problems considered previously, the steady-state
diffuse double layer with Faradaic current is a complicated time-independent problem
in multiple variables, and so numerical convergence of the iterative Newton—Raphson
method cannot be guaranteed, as discussed in Section 3.5. Therefore, a strong initial
guess for the concentration and potential functions is required. The Nernst—Planck—
Poisson equations with a diffuse double layer and [fy| > 1 are a particularly difficult
equation set to solve, due to the contribution of multiple length scales to the unknown
functions, and the likelihood of extreme behaviour at high surface potentials given the
exponential relationships involved. Consequently, for many unsuitable initial guesses,
the Newton-Raphson method is not able to converge to a solution.

For this reason, a method of successive elaboration of the boundary conditions was

used to minimise failure in the numerical process. The following approach was taken:

1. Determine the electroneutral solution by the appropriate method from Section

8.3.

2. Solve the Poisson—Boltzmann equation given the surface concentrations and po-
tential under electroneutrality, as discussed in the previous chapter (Equation
9.14), and apply this is a perturbation to the electroneutral solution. This is an

initial guess which obeys the full double layer boundary condition of arbitrary sur-
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face potential (Equation 10.8), but which neglects the possible effect of Faradaic
current on the structure of the double layer, and does not admit that steady-
state flux may be other than predicted by electroneutrality, due to rate-limiting
mass transport or electrode kinetics within the double layer. Nonetheless, it is a

superior initial guess to the unperturbed electroneutral solution.

3. If the Newton—Raphson method fails to converge with this initial guess, hold
the surface potential constant but reduce the overpotential 1 by one unit, and
repeat steps 1-2. Repeat until the Newton—Raphson method converges. Then
use the result as an initial guess for the solution with overpotential 1 one unit
higher, and repeat until the solution for the original parameter set is determined.
This approach is effective when incorporating the diffuse double layer causes a

significantly different steady-state current.

4. If tunnelling is required, use the normal double layer result as an initial guess
to the tunnelling solution. Backtrack the applied overpotential as necessary. If
this fails, use the Poisson—Boltzmann perturbation on the electroneutral result
and try this as an initial guess. On failure, backtrack the surface potential 8y as
required. Again, this recovers a limit where the diffuse double layer perturbs the

electroneutral steady-state current less profoundly.

Taken together, these techniques ensured convergence of the numerical method with-
out further intervention from the user for the vast majority (> 99.9%) of simulations
attempted, and enabled the construction of complete data sets for ja across a wide
range of 1 and 6, for the various boundary conditions. The runtime to solve for a

single data point (one set of 1, 0,,., etc.) varied from one or two seconds to up to a
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minute if considerable backtracking was required.

Runge-Kutta integration techniques were used as a trial, but were found to be un-
suitable due to the difficulty of convergence of the integrals in the presence of decaying
exponential terms in the functions, which necessarily arise in the presence of a double
layer.

Having solved the equation set, the result of interest is steady-state voltammetry,
i.e. the function ja(n,...) where (...) represents the relevant system parameters, other

than applied potential.

10.3 Double layer: mass transport effects

First, diffuse double layer effects on steady-state mass transport towards the electrode
will be studied, by simulating Nernstian voltammetry in the presence of a significantly
charged double layer. Since the Nernst equation implies thermodynamic equilibrium,
the electron transfer kinetics cannot be rate-limiting, and so deviations from the pre-
dictions of electroneutral theory must be due to rate-limiting mass transport within

the diffuse double layer.

10.3.1 Simulation results: Nernstian kinetics

An ultramicroelectrode system with R, = 100 was studied: this corresponds to r, =
0.96 um for a 1 mM concentration of the electroactive species in water, at room temper-
ature. The three migrational categories from electroneutral theory — attractive migra-
tion, zero migration and repulsive migration — were considered using the one-electron

oxidations (n = +1) of electroactive species with z4 = —1, 0 and +1 respectively. Each
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voltammogram was simulated from n = —10 to n = +10, for potentials of zero charge
in the range —10 < 0, < 410 and for support ratios varying from negligible support
(csup = 107%) to full support (ceyp = 10%). The largest excess charge considered was
therefore |fy| = 20, which is approximately 0.5 V.

With 378 voltammograms arising from the comprehensive study of a single electrode
size under ideal Nernstian electron transfer, it is clear that it will not be feasible to
present or discuss the full extent of the data set. Rather, here and later in the chapter,
the data will be used selectively to highlight and provide evidence for key trends, which

in all cases are borne out by the full data set available.

10.3.2 Migration effects at low support

When the potential of zero charge was set such that the excess charge on the electrode
is minimised at overpotentials where the oxidation of A is thermodynamically driven, a
conventional migrational influence on the transport-limited current was observed with
varying support ratio. This is shown in Figures 10.1 and 10.2 for examples of attractive
migration (zp = —1) and repulsive migration (z5 = +1) respectively. In each case,
decreased electrolytic support increases the strength of the migrational effect.

The effect of 0,,. was then considered. The cases where zp = —1 and 25 = 0
showed negligible double layer dependence. Where currents were dependent on the
double layer for these cases, this occurred only at negligible support ratio, where the
Debye length is longest. In this case, the approximation r. > zp is less exact and so

small discrepancies from the electroneutral solution are expected.
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A ->B'+¢
Nernstian
R =100, §,,.=+5

c =10
w

Figure 10.1: Simulated steady-state voltammetry for a microelectrode with different electrolytic sup-
port ratios cgyp, obeying the Nernst equation, with zp = —1 and 0p,; = +5. Attractive
migration is observed as the support ratio is reduced.

A >B  +e
Nernstian

R =100, ,,,

c =10
sup

=+5

---=-c =1
sup

~~~~~~~ c, =10°

up

n

Figure 10.2: Simulated steady-state voltammetry for a microelectrode with different electrolytic sup-
port ratios cg,p, obeying the Nernst equation, with zpo = +1 and 6,,. = +5. Repulsive
migration is observed as the electrolytic support ratio is reduced.

10.3.3 Electrode size effects

The availability of a full diffuse double layer solution enabled a comparison of steady-

state currents, as a function of support ratio, between the zero-field approximation

and the full treatment with 6,,. = —5,0,+5, for reversible electrochemical kinetics.

Results at an applied overpotential of n = +5 for the case zy = —1 are shown for four

electrode sizes, from R, = 10 to R, = 10*, at Figures 10.3-10.6.

It is clear that deviations from zero-field are negligible in the previously determined
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Figure 10.3: Steady-state currents, ja, for z4 = —1 as a function of cg,p, comparing the zero-field
model with the full diffuse double layer model for 0,,c = —5, 0 and +5. R. = 10;
n=+5.
2.00
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X RCZIOO,?]:+5
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Figure 10.4: Steady-state currents, ja, for za = —1 as a function of cg,p, comparing the zero-field
model with the full diffuse double layer model for 6, = —5, 0 and +5. R, = 100;
n = +5.
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Figure 10.5: Steady-state currents, ja, for z4 = —1 as a function of cg,p, comparing the zero-field

model with the full diffuse double layer model for 6,,. = —5, 0 and +5. R, = 1000;

n=+5.
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Figure 10.6: Steady-state currents, ja, for z4 = —1 as a function of cgyp, comparing the zero-field
model with the full diffuse double layer model for 6, = —5, 0 and +5. R, = 10%
1= +5.

range R, > 1000, irrespective of the internal structure of the double layer. For nanoelec-
trode voltammetry, however, the inextricability of the double layer from the electric
field associated with electrolysis causes a wide range of behaviour; the steady-state
current is a strong function of 0,,. and the zero-field approximation is, as expected,
unsuitable. This confirms a lower limit of R, = 1000 for the zero-field approximation,
as determined in the previous chapter.

Potential profiles are compared for zero-field and the full simulation (with 6y = +10)

at Figure 10.7.

-=-=-Zero-Field 0 6
O Perturbation --==Zero-Field
Full Solution

4 O Perturbation

Full Solution

Figure 10.7: Steady-state potential profiles for the one-electron oxidation of A~ to BY at n = +5,
with zero support. 6, = —5; R, = 10%. The diffuse double layer is magnified on the
left; the figure on the right shows ohmic drop through the depletion layer.
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Even at zero support, for R, = 1000 it is clear that the potential profile for the full
simulation is well represented by a decoupled sum of an inner double layer contribution,
and an outer potential profile which is associated with the zero-field or electroneutral
solution and accounts for the ohmic drop (Equation 9.2). This outer potential profile
(0 or Ozp in the previous chapter) is approximately constant through the diffuse
double layer range.

As a consequence, for modest values of 6, and for R, > 1000, the potential and
concentration profiles determined by the perturbation procedure described above match
those from the full simulation almost exactly. This is shown in Figure 10.7 and the

corresponding concentration profiles are displayed in Figure 10.8.

300+

&

2504 W
i

200+

150 C 06
C A N
100 —-=-=-- Zero-Field
O Perturbation 0.4+ i
Full Solution —eme Zero-Flelq
1 02 O Perturbation
’ Full Solution
04
T T T T 1 0.0 T T T T T T
0.0000 0.0005 0.0010 0.0015 0.0020 0.0 0.2 0.4 0.6 0.8 1.0

Figure 10.8: Steady-state concentration profiles of the electroactive species A~ for the one-electron
oxidation at n = 45, with zero support. 8, = —5; R, = 103. The diffuse double layer
is magnified on the left; the figure on the right shows the depletion layer.

It is particularly significant that although the concentration of A at the site of elec-
tron transfer differs between the full diffuse double layer and zero-field treatments by a
factor of over 2000 (Figure 10.8), the steady-state currents are respectively j, = 1.791
and jy = 1.781, a difference of only 0.55%. This underlines the dramatic independence
of current from double layer structure revealed for thermodynamic electron transfer in

Section 9.4.3. The evidence from simulation including the diffuse double layer confirms
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the suitability of the zero-field approximation in such a case. The detailed behaviour

of steady-state voltammetry for low R, will be explored further in Section 10.6.

10.3.4 Double layer charge dependence

By contrast to the other two cases, extreme double layer dependence was observed
for the repulsive migration case where zy = +1. Specifically, currents were highly
suppressed, at all support ratios, wherever the excess charge of the electrode was highly
positive. This corresponds to potentials for which the reactant and the product are both
strongly repelled. These results are exemplified by the fully supported voltammetry at
Figures 10.9 and 10.10, in which the disparate behaviour between zpo = 0 and 2y = +1

is illustrated.

A >B'+e
Nernstian

08| R =100,¢, =10"
Zero-Field

Figure 10.9: Simulated steady-state voltammetry for a microelectrode with high support, obeying
the Nernst equation, with zpo = 0. All four lines overlap and no Levich exclusion effect
is observed.

As set out in Section 9.4.3, thermodynamics require that if the Nernst equation
holds at the outer Helmholtz plane, it equally holds at the outer edge of the double

layer, so long as the double layer is internally equilibrated. Hence, the electroneutral

solution with the Nernst equation will give an unaltered current in the presence of a
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Figure 10.10: Simulated steady-state voltammetry for a microelectrode with high support, obeying
the Nernst equation, with zp = +1. A marked Levich exclusion effect is observed
when the surface charge is highly positive.

double layer. This is observed in the full simulation study in some cases (e.g. Figure
10.6), but not in others (e.g. Figure 10.10).

Since the Nernst equation guarantees infinitely fast electron kinetics, the additional
loss of current with a strongly repulsive excess charge on the electrode implies the
presence of rate-limiting mass transport. Specifically this must be the mass transport
across the diffuse double layer, and therefore we need to consider whether a charged
layer limits the current that can be driven through it. This latter point was not

considered in the analysis in the previous chapter.

10.3.5 Levich exclusion effect

Is there a maximum flux that can be driven through a double layer? The evidence of
Figures 10.9 and 10.10 is that this will depend on the charge of the reacting species.

The question was posed in the Russian literature by Levich as early as 1949.2° He
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integrated the Nernst—Planck equation using an integrating factor, as follows:

de; do
= —— i — 10.1
J dy chy (10.19)

d
Jiexp(z0) = d_y (exp(zlﬂ) ci>
1
Ji / exp(z;0) dy = ¢ — exp(z;0) ¢;
y
Hence

¢; = exp(—z;0) (cf — Ji /1 exp(z;0) dy) (10.20)
Yy

If j; = 0, this expression equals the normalised Boltzmann equation (Equation 1.33), as
required. Otherwise the passage of flux will cause a perturbation of the concentration.
If j; < 0, i.e. flux away from the electrode, this deviation is positive and need not
concern us further — this is the case for the product species. For the reacting species
where j; > 0, the concentration is negatively perturbed. The perturbation is negligible
if the species A is attracted to the electrode and so 250 < 0, since the integral vanishes
in this case. However, if the species A is repelled by the electrode, exp(zxf#) may be
large.

Levich considered that since ¢y > 0, we can define the maximum flux across the
double layer as being that where cp = 0 at y = 0, i.e. complete depletion. The integral
of exp(za#) from y = 0 to y = 1 is not trivially evaluated, however, since 6 becomes a
function of cp if A is charged.

If the support ratio is high, we can approximate that @ is dictated by the conductiv-
ity supplied by the supporting species alone, and so is independent of c,. In this case,
Levich used the Gouy—Chapman expression for the potential profile (Equation 5.15) to

derive an expression for ja max. This expression does not agree well with simulation,

258



Chapter 10. Cyclic voltammetry: effect of the diffuse double layer

however, because it fails to consider that the limit ¢y = 0 is not necessarily consistent
with the Nernst equation.

Substitution of the integrated expressions for ca o and cg into the Nernst equation
does accurately reproduce the simulation results for Levich exclusion at high support,

as will be demonstrated. From Equation 5.15, the Gouy—Chapman equation gives:

exp(zif) = (coth (X ZX‘)))M (10.21)

for the exclusion case z;n > 0. So, to determine ¢;  from Equation 10.20, the following

integral must be evaluated:

/01 (coth (X +2X0>)2m dy (10.22)

Ignoring spherical effects we can take

r—Te 1
~ = X 10.23
Y - Wi ( )

where [ is the ionic strength, so the integral may be expressed as

(1+yg)
) —
coth u)*™ du 10.24
RANT /y; ( ) ( )
where
X + X
u = J; 0 (10.25)
The integral
b
I = / (cothw)®™ du (10.26)
evaluates to
G|
I,=b—a— Z or 1 (coth® ' b — coth® ' a) (10.27)
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for m > 0. For the integration at hand, then, when z;n > 0:

1 X X Q\Zz| 2
/(coth( + °>) dy = x (10.28)
0 2 Re\/7

|2i]
RV1 1 {1+ _1 (%
e {h2k-1 _ coth2t! (_)
5 T Zkl % — 1 (CO ( 2 0 2

Noting that:

1 v
coth ( i yo) = (10.29)

it follows that

|2

[l (552)) e R (1o (05

(10.30)

and so, substituting into Equation 10.20:
cio = exp(—zibo) (¢; — Ji ©;) (10.31)

where

|2

0, = Ri/? > %1_ 1 (1 ~ exp <(2k _ 1)@)) (10.32)

Then, substituting Equation 10.31 into the Nernst equation gives:

1
14+ 0,+em (14 06p)

JA (10.33)
This expression is compared to simulated steady-state voltammetry in Figure 10.11:
it evidently reproduces simulation to much greater accuracy than the prediction by
Levich based on a depletion condition.?

If the reactive species A and B contribute strongly to the ionic composition of the

double layer, a simple Gouy—Chapman expression with respect to the supporting elec-

trolyte concentration cannot be used to describe the potential profile, so this analysis is
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Figure 10.11: Simulated steady-state voltammetry for a microelectrode with high support, obeying
the Nernst equation; zo = +1 and 6p,c = —5. The magnitude of Levich exclusion
effect is correctly predicted by substitution into the Nernst equation but not by a
depletion condition.

less accurate. In the limit of high overpotential, however, the exclusion effect nonethe-
less dominates voltammetry in the repulsive migration case of zpan > 0, to the extent
that the flux is negligible.

The physical effect behind Levich exclusion is the difficulty of driving flux of a
species that is present at low concentration due to Coulombic repulsion from the elec-
trode. A flux can be driven by a small perturbation of the concentration gradient
(diffusion) or electric field (migration) away from their zero flux values, as for an equi-
librated diffuse double layer in which diffusion and migration are exactly balanced. To
drive significant flux through the double layer then requires a sufficiently large concen-
tration of the electroactive species, since in this case considerable diffusional flux can
be driven by a negligible perturbation of the concentration, or considerable migrational
flux can be driven by a negligible perturbation of the electric field. If the concentration
ca is small, however, the perturbation required to concentration or electric field makes
driving a large flux impossible, within the constraints of solution electrodynamics.

In the attractive migration case (zan < 0), the Levich exclusion effect does not
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occur under normal conditions of electrolysis, since if zan < 0, then za((n/n) — 6y)
becomes more negative at larger ), and so the attraction of A to the surface is increased
according to the Boltzmann equation. Therefore, Levich exclusion, which is due to
repulsion of A, becomes less significant with increasing overpotential.

By contrast, in the repulsive migration case, elevating the overpotential alters the
excess charge of the electrode and so increases the repulsion of A, thereby limiting
the flux due to Levich exclusion. Levich exclusion therefore occurs for any charged
reactive species, but it will only be significant for the repulsive migration case, because
otherwise it is likely to occur only at overpotentials where Faradaic current is otherwise

negligible and therefore Levich exclusion is not itself rate-limiting.

10.4 Double layer: kinetic effects

The influence of the diffuse double layer on the kinetics of electron transfer at the

electrode surface will now be considered.

10.4.1 Computational setup

Having used the Nernst equation to consider diffuse double layer effects exclusively
associated with mass transport, an equivalent study across a range of support ratios and
electrode charges can now be performed using the Butler—Volmer equation (Equation
10.10) in order to consider diffuse double layer effects due to the finite kinetics of
electron transfer at the electrode surface. In addition to R, csup, 77 and 6, as above,
then, steady-state voltammetry with finite kinetics also depends on K° and a which

describe the absolute rate and potential dependence of the heterogeneous electron
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transfer, respectively.

A study was performed using R, = 100, as before, with o/ = 0.5 and K° = 10,
corresponding to a conventionally ‘fast’ £ = 1.36 cm s! for the electrode size in
question. Note that because we are considering an ultramicroelectrode, this value of
k° will not in fact give perfectly Nernstian behaviour. The simulated steady-state
voltammetry is compared to the result using the Nernst equation, in order to identify
effects which are exclusively due to the finite electron transfer kinetics.

For the attractive migration case (zp = —1), a negligible difference is observed
between infinite and finite electrode kinetics as a function of diffuse double layer charge.
Only for an extremely negatively charged electrode is any difference observed, and it
amounts to only a small shift of the voltammetric wave to higher overpotential.

For the zero migration case (za = 0), the waveforms remain sigmoidal, but the
limiting current at high overpotential is lowered for highly positive electrode excess

charge, as illustrated in Figure 10.12.

104 | A">B +¢
R=100,c, =10 | 7 oo
Nernst, Hrzc =0

----K'=10,8,,=0

Figure 10.12: Simulated steady-state voltammetry for a microelectrode with high support, com-
paring the Nernst equation to the Butler—Volmer equation for different charges of
electrode; zp4 = 0. If the electrode kinetics are finite, the limiting current is reduced
for an increasingly positive electrode.

The more positive the electrode, the greater the magnitude of this effect. Note
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that no Levich exclusion effect was predicted for this case above (Figure 10.9), but
the introduction of finite electrode kinetics introduces a double layer effect even in the
absence of migration of the reacting species.

For the repulsive migration case (za = +1), the waveform is peaked and an en-
hanced suppression of the steady-state current is observed at large overpotential, espe-
cially for highly positive electrode surface charge (see Figures 10.13 and 10.14). This
effect occurs additionally to the Levich exclusion effect described previously. FEven
for electrode charges where a Levich exclusion effect was not observed, there is some
suppression of current at high overpotential, where the electrode becomes positively

charged.

0.5 A >B +e
R.=100,c =10’

0.4 4 orzr =5

Nernst

----K'=10

0.3

Figure 10.13: Simulated steady-state voltammetry for a microelectrode with high support, compar-
ing the Nernst equation to the Butler—Volmer equation; zp = +1, 0,,c = —5. The
electrode is highly positive over most of the potential range and a strong Frumkin
effect is observed in addition to the Levich exclusion acting on the Nernstian volt-
ammetry.

Similar trends were observed at low support. In the repulsive migration case the
effect is in fact less extreme at lower support, because the ohmic drop in bulk solu-
tion offsets the amount of excess charge at the electrode surface, and so the potential

difference across the double layer is reduced.
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Figure 10.14: Simulated steady-state voltammetry for a microelectrode with high support, compar-
ing the Nernst equation to the Butler—Volmer equation; zp = +1, 0,,c = +5. The
electrode is negative over most of the potential range but becomes positive at high
overpotential, where a Frumkin effect is observed.

10.4.2 Frumkin correction

The effects reported above may be understood on the basis of the classical ‘Frumkin cor-
rection’.?! The introduction of Butler—Volmer kinetics introduces the possibility that
the current may be limited because electron transfer is slower at the outer Helmholtz
plane (inside the double layer) than outside the double layer. This idea was originally
discussed by Frumkin who proposed a correction to the apparent k° inferred from
diffusion-only theory in order to determine the ‘real’ &°.

The theory of the Frumkin correction was set out in the previous chapter. Following
the same derivation as used with respect to the zero-field approximation, if there exists
a point outside which electroneutrality holds, and where the ohmic drop to bulk solution

is Ogn, then from Equation 9.32, the Frumkin correction is:
ZA
Ko, =K exp (— (? + o/> (n — nbpgze — n@EN)> (10.34)

The physical cause of the change in apparent K° is that the potential dependence of

the transition state Gibbs energy is not equivalent to that of either reactant or product,
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and therefore the rates of the anodic and cathodic reactions change as a function of
potential through the double layer in a manner that is not exactly compensated by the
relative change in concentration of the reactant and product, by Coulombic attraction
or repulsion. For thermodynamic equilibrium, this compensation is exact, and so the

Nernst equation is unperturbed by an applied potential, as was discussed above.

10.4.3 Analysis at full support

If the supporting electrolyte concentration is high, there is negligible resistance outside

the double layer and so Ogx — 0 irrespective of the current being passed. Hence:

K°  ~ KO exp (— (ZA v 0/> (n — nepzc)) (10.35)

app "
Given that mass transport outside the double layer will be diffusion-only if cg,y, is large,
it is suitable to substitute the Frumkin-corrected K into the expression for steady-

state current subject to the Butler—Volmer equation under diffusion-only conditions

(Equation 7.76), such that:

1
JAJFC R ey (10.36)
14 ostn g L
where
K = K° exp(+a'n) exp (— (Z—A - o/) (n— n9pzc)> (10.37)
n

= K° exp(—zann) exp((za + na’) Op,c)

Using 0.5 as a typical value of o, the predicted behaviour for the three values of z4
can now be considered.
Where zan < 0, a positive 6,,. reduces k’. However, as with the Levich exclusion

effect, increasing the overpotential n will elevate k’. In the attractive migration regime,
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then, the Frumkin correction effect disappears at high overpotential, with Nernstian
behaviour being recovered. Therefore, the Frumkin correction is difficult to observe
where zan < 0 because, as with Levich exclusion, the thermodynamics of electron
transfer are typically rate-limiting at overpotentials where Frumkin correction might
otherwise be significant.

Where zp, = 0, k' is independent of 7, and therefore as n — 00, ja approaches
a constant limiting value not necessarily equal to unity, which is entirely consistent
with the the simulation data (Figure 10.12). In this case, the Frumkin correction
reducing the rate of reaction exactly balances the elevation of that rate due to increased
thermodynamic driving force, as 7 increases. For greater nf,., the Frumkin correction
becomes more considerable.

Where zan > 0, a negative 6, strongly reduces %, and this effect increases with
overpotential. Therefore, an extreme Frumkin correction is expected in this case. The
consequently peaked voltammogram has been predicted previously.'¢

For all three examples, these results are consistent with the simulation data. At
full support, the exact current in the full diffuse double layer simulation model can be
predicted based on the electroneutral solution (Section 8.3) with the Butler—Volmer

equation and a heterogeneous rate constant K .

10.4.4 Analysis at low support

At low support, it is still possible to analyse the data on the basis of a Frumkin
correction. The situation is complicated by the dependence of the Frumkin correction
on OgN, which corresponds to the ohmic drop arising from the electroneutral solution:

at low support, this will be non-zero. Therefore a K gpp cannot be directly determined
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but rather arises as a self-consistent solution for K7 to the equation:

Koy = K° exp ( — (zan+ ) (n — nby — nfpx (Kpy = Kgpp))> (10.38)
The concordance between electroneutral solutions obeying this equation and the full
simulation is good in extreme limits of fy but has an inaccuracy of up to 20% in some

ranges of 0y, for R, = 100. In this case, the additional influence of Levich exclusion may

lead to a more complex interaction than predicted by the simple Frumkin correction.

10.5 Influence of tunnelling

10.5.1 Distance-dependent electron transfer

Up to this point, electron transfer has been considered to occur classically, at a plane of
electron transfer coincident with the outer Helmholtz plane, inside the diffuse double
layer. This theoretical model predicts unusual effects concerning both mass transport
and apparent electrode kinetics, in which both ‘Levich exclusion’ and the Frumkin
effect may contribute strongly to the observed voltammetry, depending on the excess
charge on the working electrode.

In fact, electron transfer is understood to take place via tunnelling, a process of
instantaneous transfer of the electron between two classically separate points. The rate
of tunnelling has a distance dependence of the form exp(—/f'z), where the tunnelling
decay constant (' is of the order of 1 A~! in aqueous solution.?? Therefore, electron
transfer may in fact take place some distance away from the outer Helmholtz plane, at
which point the potential may be such that the Levich exclusion or Frumkin effects are

less significant. We will consider the effects of tunnelling to determine whether more
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‘conventional’ sigmoidal voltammetry is predicted if the plane of electron transfer is
allowed to move away from the outer Helmholtz plane.

Feldberg considered the potential step chronoamperometry experiment subject to
distance-dependent electron transfer, but only under diffusion-only conditions.?® He
found that deviations from classical behaviour occur only where the dimensionless
parameter k°/3'D is greater than unity, which is not the case for normal values of
these parameters. In this paper, the steady-state solution in a spherical geometry
was said to have been reported by Marcus and Siders,?* but while this work implicitly
contains the required calculations, the context is that of homogeneous electron transfer
and the voltammetric result is not considered. Nonetheless, these calculations are quite

feasible for diffusion-only conditions, and the steady-state current is given:

] =9 1 2 K 10.39
JA,TL—JA,NE‘( +B,rcf(77; <5’D)>) (10.39)

where the function f(n, (k°/B'D)) is given in Appendix C, together with the derivation.

The above equation tends to the Butler—Volmer limit for £° < 8'D. Again, only for
large values of the dimensionless parameter k°/3'D does tunnelling become significant.

Distance-dependent electron transfer in the presence of migration has been consid-
ered more recently. Gavaghan and Feldberg used analytical techniques to consider its
relevance to the Frumkin correction.?” This work defined the range of Debye lengths
where the standard Frumkin correction is expected to apply, and a range where it is
perturbed by the distance-dependent electron transfer, including the range in which the
plane of electron transfer moves fully outside the diffuse double layer. Also, the recent
works of White?® and of Chen and co-workers!* have incorporated distance-dependent

electron transfer according to a similar formalism to our own, although without direct
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comparison to the case where 3 — oo, in which electron transfer is confined to the

outer Helmholtz plane.

10.5.2 Theoretical model

Following previous works in the field, the Butler—Volmer equation can be assumed to
dictate the relative rate of electron transfer at any point in solution. Therefore, a
source or sink applies to the concentration of species A, such that its rate of change at

a given position is:

aCA o PRY! a]A o
oy~ Umwi g~ fev() (10.40)

where the Butler—Volmer expression is

fBv = exp < +a'(n — n9)> (cA —cp exp(—(n — n9))) (10.41)
and

k' =wv-exp (—ﬁ—yy) (10.42)

where v is a constant and (3 is a dimensionless parameter equal to 8'r.

At steady state, dca /0T = 0, and so:

(1-y)* % = v exp <—5—yy> - fov (10.43)

As [ — o0, electron transfer is confined to a plane close to y = 0 where fgy becomes
effectively constant, such that:

9
aL; ~ v - fgyexp(—p5y) (10.44)

Ja %v-va/ exp(—py) dy
0

_ v fBv

B
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Since the Butler—Volmer equation for electron transfer confined to the outer Helmholtz

plane is:
ja = K° fay (10.45)
then for continuity of theory in this limit, we require
v=K"83 (10.46)
such that

(1-y)* ‘3—; ~ K" Bexp (—lﬁ_—yy) fov =0 (10.47)

Together with the Nernst—Planck—Poisson equations, this condition is used in place of
the condition of constant ja (Equation 10.16) to simulate steady-state voltammetry in
the presence of distance-dependent electron transfer. At the electrode surface (y = 0),

the electrode is impermeable to the species A:
ja(0) =0 (10.48)

since the reaction of A is now described by the tunnelling condition.

10.5.3 Results from simulation

A comprehensive simulation study was carried out, using the tunnelling description
of electron transfer kinetics across the three cases for z5, and the full range of 7 and
0,z used in the previous studies. The parameters K = 10 and o = 0.5 were used
as before, and 3 was set to 10%, which corresponds to 8 = 1.04 A='. The resulting
voltammetry was compared with the results from the Nernst and Butler—Volmer studies
to analyse the extent to which Levich exclusion or Frumkin effects can be mitigated

by distance-dependent electron transfer.
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For the case where zpo = +1, sigmoidal voltammetry was recovered for a highly
positively charged electrode at high support, where both the Levich exclusion and
Frumkin effects were observed if electron transfer was confined to the outer Helmholtz
plane. This is exemplified by the voltammetry in Figure 10.15. Note that an apparent
kinetic shift is still observed compared to the result if the Butler—Volmer equation is

used in conjunction with electroneutrality.

104 | Ao g he
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——EN+BV s
- - - Nernst //
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Figure 10.15: Simulated steady-state voltammetry for a microelectrode with high support, compar-
ing different kinetic regimes. za = +1, 0p,c = —8. The Levich and Frumkin effects
are largely avoided by the inclusion of tunnelling.

In order to confirm that this dramatic effect can be attributed to a change in the
plane of electron transfer, the mean position of electron transfer was calculated from

the simulated concentration profiles according to the formula:

7 y iy

jA,max

(10.49)

YET mean =

which is straightforwardly determined numerically from the simulation data. The po-
sition of maximum electron transfer was also determined, being the position where
(1 —y)*dja/dy takes its maximum value. The data are presented in Figure 10.16.

It is clear that at overpotentials where a marked double layer effect is encoun-

tered for the conventional kinetic models, the predicted YpT mean a0d YrT max deviate
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Figure 10.16: Effect of applied potential and electrode excess charge on the mean and maximum
positions of electron transfer by tunnelling (ygr) for oxidation with z4 = +1. In the
region where the Frumkin effect is significant in the absence of tunnelling, the plane
of electron transfer with tunnelling changes to maximise flux.

markedly from y = 0 if distance-dependent electron transfer is allowed. By moving
the plane of electron transfer away from the electrode, the Frumkin effect is mitigated
by maximising n — nf at the point of electron transfer. Equally, the Levich exclusion
effect is minimised since the species A does not need to be transported across a con-
siderable portion of the potential difference lying between y = 0 and y = ygn. This
is particularly significant where |6y| > 10, in which case the Gouy—Chapman theory
predicts that the vast majority of the additional potential difference is confined to a
range much less than the tunnelling distance away from the electrode surface.

The case of zy = 0 was also considered, for a potential where a Frumkin effect was
expected, but not a Levich exclusion effect. Again, a normal (electroneutral) limiting
current was recovered by permitting distance-dependent electron transfer, although
an alteration of the apparent kinetics attributable to the tunnelling process is also
observed in the voltammetry, as shown in Figure 10.17.

This kinetic effect was examined by applying a constant 7 = +5 and considering a

wide range of positive surface potentials, as shown in Figure 10.18.
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Figure 10.17: Simulated steady-state voltammetry for a microelectrode with high support, compar-
ing different kinetic regimes. zp = 0, 65, = —8. The Frumkin effect is largely avoided
by the inclusion of tunnelling.

1.00

0.99 XXXXX A">B e
X R=100,c = 10°
0.98 X n=+5
X K'=10, g=10"
j 0.97- X
A x
0.96 x
X
0.95 - X
X
XXX X X X
0.94
T T T T T
5 0 5 10 15
0

Figure 10.18: Dependence of voltammetric current on electrode excess charge for zo = +0 and
7 = +5. Two limits are observed.

Figure 10.19 illustrates the altered plane of electron transfer corresponding to these
steady-state currents with tunnelling.

Two distinct limits are observed. The first is where the excess charge is negligible,
and so the Frumkin effect is also negligible. Therefore, ygT mean — 0 since mass trans-
port across the double layer to the electrode, where the tunnelling rate is maximum,
occurs on a rapid timescale compared to the rate-limiting diffusion outside the double
layer. This corresponds to the determination that under diffusion-only conditions, ig-

noring the double layer, the theoretical inclusion of tunnelling does not alter the plane
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Figure 10.19: Effect of electrode excess charge on the mean position of electron transfer by tunnelling
(ygT) for oxidation with z4 = 0, indicating a change of the plane of electron transfer.

of electron transfer for normal values of k°, 5’ and D.%

In the limit of high excess charge and a considerable Frumkin effect, a ‘tunnelling
limit” is noted, in which the plane of electron transfer achieves a maximum value.
A different limiting current is observed in this regime, due to the impossibility of
overcoming the full Frumkin effect with a finite 5. A plot of the flux of A as it varies
through space is presented at Figure 10.20 for different surface charges, demonstrating
the shift of the plane of electron transfer away from the electrode in the region where

the Frumkin effect applies.
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Figure 10.20: Flux profiles across the tunnelling region for oxidation with zo =0 and n = +5, as a
function of excess charge.
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In the case of low support, the mitigation of Levich or Frumkin effects by incorpo-
ration of distance-dependent electron transfer is less straightforward. Since the Debye
length is longer in a weakly supported solution, proportionally less of the diffuse double
layer effect can be avoided by electron transfer at a fixed tunnelling distance. Signif-
icantly, ‘normal’ currents can be driven at low support in the presence of tunnelling
regardless of the potential of zero charge, but extreme overpotentials may be required
to achieve this in the Frumkin-limited regime. This is demonstrated in Figure 10.21,
which compares Butler—Volmer and distance-dependent electron transfer kinetics for
a weakly supported case, with zo = +1. In the latter case, a normal sigmoidal wave-
form is observed, but only at extreme overpotential by comparison to the prediction of

electroneutral theory.
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Figure 10.21: Simulated steady-state voltammetry for a microelectrode with low support, comparing
different kinetic regimes. za = +1, 0,,c = —8. The Frumkin effect is avoided by the
inclusion of tunnelling, but only at extreme overpotential.

This behaviour arises since the electron transfer rate £’ has exponential dependence
upon n and so can always be driven to a large enough value to drive appreciable flux in
an outer region of the double layer where the Frumkin correction is not rate-limiting.
However, due to the exponentially decaying spatial dependence of the electron transfer
rate, the required overpotential increases with the Debye length, since the region of
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bulk solution potential is more distant from the electrode. This behaviour is not
possible for electron transfer confined to the outer Helmholtz plane, where increasing
the overpotential will simply add to the double layer charge and hence to the extent
of Frumkin correction to the rate constant. The unbounded exponential dependence
of the electron transfer rate upon applied potential difference cannot be viewed as

physically exact, however.

10.6 Nanoelectrode voltammetry

We have considered a range of double layer effects for an electrode radius-to-Debye
length ratio characteristic of an ultramicroelectrode (R, = 100), which is not quite
large enough for the zero-field approximation to be exact, but nonetheless sufficient
for nanoelectrode effects on the double layer structure, such as those introduced in
Chapter 5, to be insignificant. Here, electrode size effects due to the reduced size of

the double layer are introduced.

10.6.1 ‘Coulombic’ voltammetry

For systems with low conductivity or with a very small nanoelectrode, r, — xp and
so R, — 1. It has already been shown that the diffuse double layer deviates from the
classical (planar) Gouy—Chapman description in this limit, due to the effects of curva-
ture upon the double layer (Equation 5.37 and Section 5.7). The extreme theoretical
limit of nanoelectrode voltammetry is that where R, — 0, i.e. where the Debye length
is much larger than the diffuse double layer. In this case, electric fields are effectively

unscreened across the entire depletion layer, which completely changes the charac-
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teristics of the voltammetry, since concepts such as electroneutrality or the zero-field
approximation are no longer relevant or meaningful.

As a limiting case, the steady-state voltammetric current is derived for R, = 0.
Even at low support, this is not a practically achievable limit, since it implies sub-
atomic electrode sizes, but nonetheless it predicts relevant results for for describing the
transitional region (R, ~ 1) where unscreened charge in the depletion layer contributes
to voltammetry.

As R, — 0, the electric field ceases to depend on the solution conductivity and is
unscreened to well beyond the depletion layer. It therefore obeys the Laplace equation

in the region of interest, and takes the form:

0 = 0o(1 —y) (10.50)

Substituting this expression into the Nernst—Planck equation:

de; :
Y
SO
d —2z;0 < —2z;0
(e e) = e (10.52)
Y

and integrating

y=1 1
/ d(e 7% ¢;) = j; / e~ =% dy (10.53)
y 0

_ ¥ .
e st — g == zifo 1)
zﬂo
Therefore
e#if — 1

(10.54)
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Applying the Nernst equation and the outer boundary conditions:

el —1 gy e ]

—alo 4 g ~(n=nfo) = 10.55
© + A ZAQO D{B ZBHO ¢ ( )
Multiplying through by e=#a%
1 — e?abo e 1 — e*Bbo
l+ja|———+———+—] =0 10.56
+]A ( ZAQO + D{g ZBQO ) ( )
and hence
J— (10.57)
AT e '
B
where
emal 1
R — 10.58
= (10.58)
eB — 1
b= —— 10.59
o (10.59)

The derivation of this equation was alluded to in the work of Norton et al.,' who
considered a slightly more complex system and do not appear to have reported this
particular result.

The three electroneutral cases again all exhibit distinct voltammetric behaviour
according to this equation, and these cases have been recognised previously by both
analysis and simulation.'®17 Where z5, = 0, there is a strong apparent catalytic effect
where a positive electrode limits the rate of oxidation, whereas a negative electrode
accelerates the rate. The maximum achievable rate remains j5 = 1 since the transport
of A is diffusion-only.

Where zan < 0, extremely large currents are achievable for an electrode of oppo-
site charge to the reactive species, since it is strongly attracted towards the electrode

surface. At high overpotential, the steady-state current tends towards infinity rather
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than towards a limiting value.

Where zan > 0, peaked voltammetry is typically seen, due to the interplay of the
relative attraction and repulsion of the species A and B. At appropriate surface charges,
ja > 1 is possible; equally, high overpotential tends to limit current due to repulsion

of the reacting species.

10.6.2 Effect of unscreened charge separation

Although the predictions here are based on the unrealistic assumption that R, = 0,
the same trends can be observed in simulation results for feasibly small R.. A compre-
hensive study was performed with R, = 1, corresponding to r, = 9.6 nm for a 1 mM
concentration of electroactive species in water at room temperature. At low support,
where the Debye length is longer, trends corresponding to ‘Coulombic’ voltammetry
are observed, as exemplified by Figures 10.22 and 10.23, which compare voltammetry
for the three zj cases at 6,,. = 0 and +5 respectively. The effect of tunnelling (us-
ing 3 = 10*) has been retained for consistency with the previous section; it does not

substantially alter the results.

2.5+

Tunnelling (8= 10
Rc= 1, Cop™ 1

HI"ZC = 0

2.0+

0.5

Figure 10.22: Simulated steady-state voltammetry for a nanoelectrode with low support, showing
the effect of the reactant charge where 6,,. = 0.
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259
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Figure 10.23: Simulated steady-state voltammetry for a nanoelectrode with low support, showing
the effect of the reactant charge where 6,,. = +5.

As discussed above, the current drawn for the attractive migration case greatly ex-
ceeds that predicted for low support according to electroneutral theory. For the zp = 0
case, a partial Frumkin effect is observed such that ja < 1, but the voltammetry is
generally sigmoidal. For the repulsive migration case, ja > 1 is observed for certain
values of 0., in contrast to the predictions of electroneutral theory, and the voltamm-
etry is also characteristically peaked, showing a collapse of voltammetric current even
for a 0, where no strong Frumkin correction is expected.

The unscreened nature of the depletion layer for this example is clearly illustrated
by comparing two typical concentration profiles for the attractive migration case, with
R. = 1, shown for high support and low support at Figures 10.24 and 10.25 respectively.

In the highly supported case, the Debye length is sufficiently short with respect
to the electrode that a conventional Gouy—Chapman diffuse double layer is observed,
with negligible ohmic drop outside this layer. By contrast, at zero added support, the
conductivity is low and the Debye length is comparable to the electrode size. Hence,
the electric field is unscreened across a wide portion of the depletion layer. This leads to

significant additional current due to the unscreened Coulombic attraction of A~ to the
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Figure 10.24: Concentration and potential profiles for the oxidation of A~ to B? at a nanoelectrode,
with full electrolytic support.

ST A >B'+e
AN R=1,c =0
.. . wp
44 L n=+10, 6, =+5

Figure 10.25: Concentration and potential profiles for the oxidation of A~ to B? at a nanoelectrode,
with zero added electrolytic support.

electrode. The negligible concentration gradient of species A for y < 0.7 shows that the
transport of A is predicted to be almost entirely due to migration in the range of about
30 nm from the electrode surface where charge separation is largely unconstrained.
The effects of electrode size upon Faradaic current are complex and particularly
difficult to relate to the double layer structure as predicted in the absence of electrolysis.
For example, on the basis of the elevated charge density on a nanoelectrode due to the
curvature of the double layer, discussed in Section 5.7, the overpotential at a given
distance is increased for a nanoelectrode compared to a larger electrode. An exemplar

potential profile for the equilibrium diffuse double layer in the absence of electrolysis
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is shown at Figure 10.26, for 6, = +5 at two different nanoelectrode sizes and with
an electrolyte concentration of C* = 1 mM. A size-dependent difference is observed,
implying a more powerful driving force for electrolysis for the smaller electrode, because
the potential drop from the electrode to solution in the outer tunnelling region is

greater.

Tunnelling region

r =5nm
14
I r =50 nm
0 T T T T T 1
0 10 20 30 40 50
r-re/A

Figure 10.26: Simulated potential profile in the diffuse double layer for 8y = +5 and C* = 1 mM,
comparing r. = 5 and 50 nm.

This might suggest that for quasi-reversible cases, the Frumkin correction is more
easily mitigated for smaller electrodes, and the steady-state current subject to distance-
dependent electron transfer is larger for smaller electrodes. However, this trend does
not arise clearly in simulation: rather, the relative normalised steady-state current as a
function of electrode size depends on the charge of the reacting species and the excess
charge on the electrode, in a complex manner.

This inadmissability of arguments based on diffuse double layer structure in the
absence of electrolysis arises specifically in the case of nanoelectrode voltammetry be-
cause the diffuse double layer and depletion layer cannot be decoupled. Therefore,
the distribution of the additional charge introduced into solution due to the passage

of Faradaic current is fundamental to controlling charge transport in the depletion

283



Chapter 10. Cyclic voltammetry: effect of the diffuse double layer

layer, and hence the limiting current drawn at a nanoelectrode. This uncompensated
charge is predicted to either elevate or reduce steady-state currents depending on the

interaction of electrode excess charge and the solution charge generated by electrolysis.

10.7 Activity effects

The results presented above predict significant deviations from sigmoidal steady-state
voltammetry for a range of systems. The Faradaic current may be limited either by a
Levich exclusion effect where depletion of the reactant in the double layer limits the
flux, or by a Frumkin effect where the potential dependence of the transition state
slows the apparent kinetics of the reaction. Both effects are mitigated to some extent
by distance-dependent electron transfer, and with nanoelectrodes, entirely different
behaviour may be observed.

These theories are based on the assumption of unit activity coefficients, however.
The concentrations of ions are unconstrained in the theoretical model, and due to the
exponential dependence of the Boltzmann equation, the predicted concentration of the
support species may reach unrealistic values. For instance, if 1 M support is assumed
(€sup = 1000), then for n = 10 and 6,,. = —10, the predicted surface concentration of
X~ is approximately 5 x 10® M, which is altogether unreasonable due to finite ion size

and electrostriction of solvent.

10.7.1 Theoretical model

To account for this inaccuracy and to determine whether the various double layer effects

may still be observed under conditions where extreme concentrations are not permitted,
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activity will be treated empirically using the Robinson-Stokes equation,?” in which the
stabilisation of ions by the Debye-Hiickel ionic atmosphere effect and the destabilisation
of all solution species by electrostriction and related effects are accounted for by an

activity coefficient (;) of the following form:

— AT

——+m;l 10.60
1+ BVI ( )

Invy; =

where the ionic strength I has been taken in dimensionless units as:

1
I= 5%:7,,3% (10.61)
and so the constants A, B; and m,; are normalised appropriately.

Recalling Equation 1.29 the Nernst-Planck equation can be framed in the general

normalised form:

Ji = e V4 (10.62)

where p; is the chemical potential, and so:

Ji=D; (VC@' + zic; VO + % C; VI) (10.63)

where [ is normalised ionic strength:

1 2
I=; Z 22¢; (10.64)

This accounts for the influence of ionic strength gradients on mass transport, due to

differential stablilisation at different ionic strengths.

10.7.2 Double layer structure

The effect of activity upon the structure of the diffuse double layer can be considered by

solving for above equation at zero flux for a monovalent inert salt M™X~, by analogy for
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the work using the ideal solution approximation reported in Chapter 5. The following
representative parameters were used for both M and X~ assuming 1 M concentration
in bulk: A =1.17, B=0.95, m = 0.25. As expected, the surface charge density in the
diffuse double layer is limited by the electrostriction effect, such that both the double
layer charge and the differential capacitance are found to be much less than predicted
from the Gouy-Chapman theory, in which the charge density is unconstrained.
Figure 10.27 illustrates the difference in the potential profile in the double layer
when the Robinson—Stokes equation is incorporated into the Poisson—Boltzmann equa-
tion. The simulation here assumed C* = 1 M and R. = 100, with §, = +10. Note
that the Debye length is unchanged, and so the distance over which the surface charge
is compensated is similar. However, the total charge in the double layer is greatly
reduced, and the electric field is much less extreme within one Debye length of the

electrode surface.

Activity
............. Gouy-Chapman

Figure 10.27: Simulated potential profiles for the diffuse double layer with R, = 100 and 6y =
10, comparing the normal Gouy—Chapman result with a simulation invoking activity
effects according to the Robinson—Stokes equation.
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10.7.3 Voltammetry

Having established that the double layer structure differs markedly when activity effects
are considered, a comprehensive study was performed as above. The three cases of
za = —1, 0, and +1 were considered for —5 < 0, < +5 and —10 <7 < 410, subject
to both the Nernst and Butler—Volmer equations. All species were assumed to obey
the Robinson—Stokes equation with the same parameters given above, with respect to
a reference concentration of 1 M.

The necessary re-formulation of the Nernst equation to take into account non-

ideality is given below:
ca —cpe =0 (10.65)
where
Ap=—(n—nbl)+Inyg —Inys (10.66)

at the point in solution where the equation is applied.
On the assumption that the ionic strength dependence of the transition state energy
follows the same linear relationship with o as the potential dependence, a non-ideal

Butler—Volmer equation can also be constructed:

ca — cpe®t — % oa'Br — (10.67)

The Nernst—Planck equation with activity can be solved using the same Newton—
Raphson method with finite differencing as described above, in Section 10.2.5.

The results showed that Levich and Frumkin effects are observed in steady-state
voltammetry even where the effects of activity were considered, although the effects

were qualitatively altered in some cases. For example, the Levich exclusion effect for
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Nernstian voltammetry with zo = +1 occurs to a different extent depending on the

support ratio, as shown in Figure 10.28.

Lo A+ > Bz++e,
Nernstian, RE =100
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Figure 10.28: Simulated steady-state voltammetry for a microelectrode using the Robinson—Stokes
equation; R. = 100, zpa = 1. The extent of the Levich exclusion effect resulting from
a double layer with 6,,. = —5 alters as a function of the support ratio.

The shift of the half-wave potential as a function of support ratio results from the
dependence of the formal potential Ef upon ionic strength, whereas the difference
in limiting current under the electroneutrality approximation occurs because of the
well understood repulsive migration effect discussed in Section 10.3.2. Further, the
change of ionic strength between the high and low support regimes alters the degree of
exclusion of A, since both Coulombic repulsion and electrostriction of the solvent by the
support species contribute to the exclusion of A* from the diffuse double layer. Note
that the positive shift of the weakly supported voltammetry means that the current is
significantly lower at the potential where Levich exclusion affects the limiting current,
which is quite similar in both cases.

Additionally, a Levich exclusion effect is observed at high overpotential even when
za = 0, because A is excluded from the double layer by the destabilising effect of high
ionic strength caused by a non-zero ma in Equation 10.60. This is illustrated in Figure
10.29.
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Figure 10.29:
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R.=100,c = 10°
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Simulated steady-state voltammetry for a microelectrode using the Robinson—Stokes
equation with full support and hence high ionic strength; R, = 100, zo = 0, and
csup = 103, By comparing the electroneutral solution with a double layer with 6, =
—5 under different kinetic regimes, we see that both Levich exclusion and Frumkin
effects are observed.

This effect is necessarily less marked at low ionic strength. Hence, a Frumkin effect

with a constant limiting current, as expected in all cases for z4 = 0 in the extreme of a

highly positively charged electrode with an ideal solution, was not observed when the

Robinson—Stokes equation was applied, even at low support where the ionic strength

effects are less extreme (Figure 10.30).

A'>B +e
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0.6 1 , |
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Figure 10.30: Simulated steady-state voltammetry for a microelectrode using the Robinson—Stokes
equation with low support and hence low ionic strength; R, = 100, zpo = 0, cup = 1,
and 0p,c = —5. Compared to the fully supported case, the Levich and Frumkin effects
are weaker, since the ionic strength is less extreme.

By substitution of the Boltzmann equation for an equilibrated diffuse double layer
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into the Butler—Volmer equation, a Frumkin correction including activity can be de-

rived. It takes the general form:

CA0 VB,0 VB,EN
Kgpp = KO E exp (—O/(TLHO ~|> lIl m — 111 m)) (1068)

This indicates the increased complexity of the Frumkin effect when activity is consid-
ered.

The incorporation of tunnelling is able to overcome the Levich and Frumkin ef-
fects, just as for the case of an ideal solution (Figure 10.29). As before, the plane of
electron transfer moves away from the electrode wherever the current was altered by
the distance-dependent electron transfer. Strikingly non-sigmoidal voltammetry is also
observed, due to the interplay of the different effects noted (Figure 10.30).

The extent to which the Levich and Frumkin effects can be mitigated by tunnelling
is in fact less than the ideal solution case. This can be understood because tunnelling
is only helpful in overcoming the Frumkin or Levich effects where either the depletion
of ca or the relative chemical potentials of A and B are markedly altered within the
tunnelling distance of the electrode surface. Since the electric field in the double layer is
damped by the electrostriction effect, the potential and double layer composition differ
less between the outer Helmholtz plane and the outermost plane of electron transfer

with tunnelling than would be the case for a model involving an ‘ideal solution’.

10.8 Correlation to experimental data

Given the range of deviations from normal sigmoidal steady-state voltammetry pre-
dicted by theories based on the Nernst—Planck equations, it is relevant to consider

whether any of these deviations have been observed in reported voltammetry. The
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literature on the topic contains a diverse set of experiments that unfortunately lack
clear trends.

In general, the extreme suppression of Faradaic current at high overpotential and
the consequently peak-shaped voltammetry suggested for certain systems by Sections
10.3 and 10.4 have not been observed. This suggests that the role of the compact
double layer, which is ignored in the theoretical model of this chapter, must then be
significant in mitigating the influence of the diffuse component of the double layer upon
the overall current, as has previously been suggested by He et al.'? and as is indicated
by the results of Norton et al.' The theoretical study by He et al. and later related

12,14 report exclusively sigmoidal voltammetry even for the repulsive migration

works
case, suggesting that the involvement of the compact layer at high excess charge is
particularly important. Therefore, the results reported in this work represent an outer
limit on behaviour due to the possibly reduced significance of the diffuse double layer
under normal voltammetric conditions.

A loss of current at low support for nanoelectrodes has been reported by Chen
et al.?® for the reduction of hexaammineruthenium(IIT), which could arguably be at-
tributed, at least in part, to the effect of the unscreened Coulomb potential, which
would be markedly more significant at zero support than at high support due to the
change in the Debye length. A similar effect has been reported for the reduction of hex-
achloroiridate(IV)? as well as the reverse reaction of this couple.*® The effect was also
noted for the ferri/ferrocyanide couple, but was exhibited in the microelectrode size
range also, implying possible follow-up kinetics or the involvement of a surface reaction.

A positive deviation from the expected current has been observed for the oxidation of

the modified ferrocene species FEcTMA™ at nanoelectrodes.?"3! This is consistent with
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some predictions above concerning the case zan > 0, but the characteristically peaked
voltammetry predicted by simulation is not observed in the experimental voltammetry.

Our simulation results suggest that the current with weak electrolytic support at a
nanoelectrode can deviate either positively or negatively from the current expected at
full support, depending on the value of ,,., and, more generally, upon the distribution
of charge in the double layer. It is perhaps not surprising in this case that both elevated
and reduced limiting currents for low support at nanoelectrodes have been observed in
the literature. The quantitative prediction of these results on a case-by-case basis is

not yet feasible, however.

10.9 Conclusions

The full range of effects by which the diffuse double layer may influence steady-state
Faradaic current have been discussed. The current at a given overpotential may depend
upon the charge of the reactant, the direction of oxidation or reduction, the excess
charge on the electrode which must be compensated by the diffuse double layer, the
quantity of supporting electrolyte, and the electrode size.

Distinct behaviour is observed for the three cases where zan < 0, zo = 0 and
zan > 0. These three cases arise because increasing the thermodynamic overpotential
to promote the passage of Faradaic current may cause the excess charge on the electrode
to change in such a manner as to either attract or repel the electroactive species A, or
neither, if it is uncharged.

An electrode excess charge which repels the reactant from the electrode may cause

rate-limiting mass transport through the diffuse double layer, according to the the-
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ory pioneered by Levich. Additionally, the apparent kinetics are altered according
to the Frumkin correction. The alteration of the diffuse double layer arising from
the non-ideality of the solution was considered by simulation, and is not predicted to
significantly affect these conclusions. For zxn < 0, apparent electrode kinetics are
accelerated with increasing overpotential and therefore the effect is not noticeable. By
contrast, for za = 0 or zan > 0, the apparent electrode kinetics are decelerated with
increasing overpotential, leading to decreased or near-zero limiting current.

For nanoelectrodes at low support where the diffuse double layer is of comparable
size to the depletion layer, the theory based on the Nernst—Planck—Poisson equations
predicts a complete change the waveshapes and magnitude of the observed voltamm-
etry, due to the influence of unscreened charge. Limiting currents may be either in-
creased or decreased depending on the particular excess charge on the electrode. The
inclusion of distance-dependent electron transfer into the theoretical model is able to
mitigate both the Frumkin and Levich effects, especially at higher support ratio where
the Debye length is short. This is because both of these effects arise due to the presence
of the diffuse double layer, and specifically with respect to limitations on charge trans-
port through the double layer. Therefore, if it is possible for electron transfer to occur
outside the double layer, or at least a substantial part of it, these effects do not con-
strain Faradaic current. So, it is reasonable to hypothesise that tunnelling is significant
to the observation of normal sigmoidal steady-state voltammetry at microelectrodes.

The compact double layer is likely to play an additional, significant role in alleviat-
ing diffuse double layer effects, by reducing the excess potential at the outer Helmholtz
plane, as has been indicated by previous studies.!?1¢ Such an effect is implied by the

absence of peak-shaped steady-state voltammetry in the experimental literature.
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The work reported in this chapter was not intended to construct an exact model
to describe the passage of Faradaic current between an electrode and the neighbouring
solution. Rather, certain idealisations of the double layer structure and the kinetics of
electron transfer were assumed, in order to determine the perturbation of voltammetric
behaviour that is specifically due to the diffuse double layer, under diverse conditions
and subject to different assumptions. This should provide a guide to future experi-
mentation in terms of behaviour attributable to the diffuse double layer, as well as
identifying situations where voltammetry is influenced by other structural features of
the electrode-solution interface.

In particular, this work reveals that charge transport on the local Debye scale is
able to affect the observable behaviour of macroscopic, predominantly electroneutral
systems by limiting the rate of charge transport and electron transfer. This is exempli-
fied by the Levich and Frumkin effects in steady-state voltammetry. The requirement
of bulk electroneutrality certainly constrains the dynamic behaviour of systems involv-
ing charge separation, such as a developing liquid junction (Chapter 4), a charging
diffuse double layer (Chapter 6), or macroelectrode cyclic voltammetry (Chapter 9).
Equally, the thermodynamics and kinetics of local regions of charge separation can
themselves control the rate of charge transport through the electrolytic solution in an

electrochemical cell.
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Conclusion

Mathematical and numerical solutions to the Nernst—Planck—Poisson equation set have
been used to study solution-phase charge transport in three types of electrochemical
system.

In a liquid junction, a concentration gradient causes charge separation, which engen-
ders a potential difference in the solution. The charge separation decays with continuing
diffusion as electroneutrality is restored following the Debye time, but the dynamics of
the system cause the potential difference to remain constant.

For an ideally polarisable electrode, a potential difference is applied across the
cell to force an equilibrium condition with charge separation, which is contained in
a diffuse double layer with a spatial extent parameterised by the Debye length. The
dynamics of the contraction of the electric field to this region, and hence double layer
formation, depend on the conductivity of the solution and become non-linear if the
applied potential is large.

For cyclic voltammetry at a charged working electrode, the diffuse double layer
can be ignored and electroneutrality is a good approximation wherever the electrode
is large and double layer effects are not rate-limiting. However, uncompensated charge

separation within a few Debye lengths of the working electrode may still radically alter
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the maximum rate of charge transport and the kinetics of electron transfer. For na-
noelectrodes, unscreened charge pervades the depletion layer and so the diffuse double
layer is intrinsic to mass transport.

These observations suggest some general features of charge transport in electrolytic
solutions. It is clear that the equilibrium condition of an electrolytic solution is elec-
troneutral, with equal concentrations of positive and negative ions, unless there is
some boundary where the application of an electric field induces charge separation.
In this case, the charge separation is confined to a diffuse double layer which screens
the electric field within a distance of a few Debye lengths, which is a distance of tens
of nanometres for a typical system. Where an electrode is of comparable size to the
Debye length, the equilibrium structure of the double layer is altered.

Both the liquid junction and capacitive charging experiments involve a rapid per-
turbation away from equilibrium. In both cases, electroneutrality dictates dynamics
after a Debye time scale, which is the time scale of diffusion or migration across the
diffuse double layer. Because the liquid junction system contains an infinite quantity
of bulk solution, equilibrium cannot be achieved in finite time, and therefore exact
electroneutrality is never recovered. By contrast, the capacitive charging experiment
can attain its equilibrium since it involves a finite double layer at a fixed boundary,
and therefore capacitive charging current decays exponentially, whereas ionic current
in a liquid junction decays proportionally to the rate of diffusion.

The cyclic voltammetry experiment involves a slow perturbation of electrode kinet-
ics with respect to the Debye time. Therefore charge transport can be described using
the electroneutrality or zero-field approximtion, and the diffuse double layer can be

ignored, unless it limits the rate of mass transport or electron transfer. In the latter
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case, it is generally accurate to treat the double layer as internally equilibrated, such
that the Levich and Frumkin effects can be parameterised: the diffuse double layer
acts as an infinitesimal boundary to an electroneutral system. Again, an important
exception arises if the electrode scale becomes comparable to the Debye length, for
which novel nanoelectrode effects are predicted.

These ideas can be summarised as follows:

1. The equilibrium of an electrolytic solution is electroneutral except on a Debye

length scale away from a boundary where charge separation is induced.

2. A perturbation away from equilibrium which is rapid compared to the Debye
time tolerates non-equilibrium charge separation at times less than the Debye

time.

3. Once a depletion layer has extended a long distance from a point of perturba-
tion, compared to the Debye length, electroneutrality dictates charge transport.
Equally, electroneutrality dictates charge transport outside regions of equilibrium

charge separation, after a Debye time scale following perturbation.

4. Equilibrium can be recovered in finite time only if the the system has been per-

turbed only across a finite domain. This requires at least one fixed boundary.

5. A perturbation away from equilibrium which is slow compared to the Debye time
allows the approximation of a boundary layer across a Debye length scale. The
boundary layer is at equilibrium and tolerates charge separation; outside the

boundary layer, charge transport is controlled by electroneutrality.

6. A system in which a fixed scale is comparable to the Debye length, such as a na-
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noelectrode, has a complex interaction of charge transport with other properties

and does not obey the generalisations above.

It is hoped that the trends discussed here can act as a guide for the future experimental
and theoretical investigation of charge transport.

The versatility of the combination of the numerical finite difference method with
the Nernst—Planck—Poisson equation set has been demonstrated. In certain cases the
difficulty of solving these equations numerically has required the refinement of the
numerical approach with guidance from physical intuition. Numerical solution al-
lows the avoidance of approximations that may be inappropriate, and provides data
from which system trends can be readily inferred. Therefore, this methodology is a
practical approach for the theoretical investigation of charge transport dynamics in
electrochemistry. Since the theories presented here have been inferred from particular
electrochemical systems, their extension to other more elaborate systems is a logical

direction for future research.

299



Glossary

Roman symbols

Symbol | Definition Unit

A area m?

A Debye-Hiickel constant = 0.509 mol~2 kg%

a; activity of species 4

Cyq capacitance F

Cé capacitance per unit area F m~2

C; concentration of species i mol dm™3
Cio surface concentration of species 4 mol dm—3
C* bulk concentration mol dm~3
Ci normalised concentration

c; normalised bulk concentration

Csup support ratio

D diffusion coefficient (c)m? s~!
D’ normalised diffusion coefficient

E applied cell potential A\

E* standard reduction potential A%

EZ formal reduction potential A%

Epe potential of zero charge A%

AE,, peak-to-peak separation \%

e the charge on an electron = 1.602 x 10~ C

F the Faraday constant = 96485.3 C mol ™!

G Gibbs energy J

AG® change in Gibbs energy under standard conditions J mol™!



Glossary

AGH activation energy J mol~!
H enthalphy J mol~!
i current A

Upf forward peak current A

1 ionic strength mol m~—3
J flux vector mol m~? s
J normalised current

Jeap normalised capacitive current

K° normalised heterogeneous rate constant

K} normalised capacitance per unit area

KO Butler—Volmer heterogeneous rate constant (c)m s1
k the Boltzmann constant = 1.381 x 10723 J K~}

n number of electrons transferred in the oxidative direction

n number of moles (Chapter 1)

P normalised solution resistance

P pressure bar

p° standard pressure = 1 bar

Q' charge per unit area C m™2

q charge C

q radial transform of normalised conductivity

R the gas constant = 8.31447 J K~! mol~!

R ratio of electrode radius to Debye length, = r./xp

Ry computational: switching point of an expanding grid

Ry physical: solution resistance Q

r radial space coordinate m

Te electrode radius m

S entropy J K~ ! mol™!
T temperature K

t time S

tp Debye time S

u inverse normalised time (Chapter 4)

U radial transform of normalised charge separation (Chapter 6)

Vv volume m

i



Glossary

<

Zi

voltammetric scan rate Vst
normalised linear space coordinate

switching point of an expanding grid

linear space coordinate m
Debye length m
normalised complex impedance

Boltzmann transform coordinate

charge number of species ¢

Greek symbols

Symbol | Definition Unit
Q Butler-Volmer transfer coefficient for reduction
o transfer coefficient in direction of reaction
normalised tunnelling decay constant
B tunnelling decay constant m~!
Yi activity coefficient of species ¢ m? mol !
TR grid expansion coefficient (radial space)
X grid expansion coefficient (linear space)
Yr grid expansion coefficient (time)
) composite diffusion coefficient
€0 the permittivity of free space = 8.854 x 1072 F m—1
€s relative permittivity or dielectric constant of a solvent
n normalised electric field on the Boltzmann scale (Chapter 4)
n normalised overpotential (Chapters 7-10)
Anpp normalised peak-to-peak separation
0 normalised potential
0o normalised electrode surface potential
0N potential at the outer edge of the double layer
Opzc normalised potential of zero charge
Afrjp | normalised liquid junction potential
Afop normalised ohmic drop
Ke =R,

iii



Glossary

A the Matsuda-Ayabe parameter

i chemical potential of species i

11 osmotic pressure

charge density

o normalised conductivity

o normalised voltammetric scan rate

T normalised time

TPT time grid points per unit n

Ts switching point of an expanding time grid

10} potential

Gm potential of an electrode

Oref potential of the reference electrode

s potential of the solution phase

Ow potential of the working electrode

A¢op | ohmic drop

X radial transform of normalised potential
Abbreviations

erf(z)  the error function
NPP Nernst—Planck—Poisson
sgn(z) the sign function

© standard state

* standard quantity for normalisation
1 transition state

Laplace transform

per unit area

variable of integration

Unusual or foreign journal abbreviations

Ann. Phys.

Annalen der Physik (1900-)

v

J mol~!
N m—2

Cm3

< < < < < <



Glossary

Ber. Kgl. Pr. Akad. Wiss.

Coll. Czech. Chem. Com-
mun.

C. R. Hebd. Séances Acad.
Sci.

Dokl. Akad. Nauk SSSR

J. ACM

J. Gen. Physiol.
Physik. Z.

Pogg. Ann.
Wied. Ann.

Z. Elektrochem
Z. Physik. Chem.

Sitzungsberichte der Koniglich Preuflischen Akademie der Wissen-
schaften zu Berlin

Collection of Czechoslovak Chemistry Communications

Comptes Rendus Hebdomadaires des Séances de I’Académie des Sci-
ences

Doklady Akademii Nauk SSSR (Proceedings of the USSR Academy
of Sciences)

Journal of the ACM (Association for Computing Machinery)
Journal of General Physiology

Physikalische Zeitschrift

Annalen der Physik und Chemie (1824-1876, ed. Poggendorff)
Annalen der Physik und Chemie (1877-1899, ed. Wiedemann)
Zeitschrift fir Elektrochemie

Zeitschrift fiir Physikalische Chemie



Appendix A

Diagonal matrix equations

A set of n coupled simultaneous linear equations can be expressed in matrix form as
Ax =7z (A.1)

where the matrix of coefficients A is a square matrix of size n, and x and z are vectors
of size n, where x contains unknowns and z contains known coefficients.

The matrix element in the ith row and jth column of A is conventionally denoted
;.

The process of LU decomposition writes the matrix A as the product of lower and

upper triangular matrices, L and U:
A=LU (A.2)

where [;; = 0 for ¢ < j, l;; = 1 for ¢ = j, and u;; = 0 for ¢ > j.
Hence

Ax =L(Ux) =Ly =1z (A.3)

because matrix multiplication is associative.
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From the rules of matrix multiplication:

n—1
Q35 = Z likukj (A-4)
k=0

Given the distribution of zeroes in L and U, [;; # 0 only where £ < 4, and u; # 0

only where k£ < j. Therefore:
J
j <1 A5 = lekuk] (A5)
k=0

i
J=i ai; = E Lirug;
k=0

Now, let us assume that the matrix A is diagonal. Hence, the matrices L and U
are also diagonal. If the matrix has 2g 4+ 1 diagonals, these can be enumerated from
0 to 2q with ¢ denoting the central diagonal. Therefore, [;; # 0 only if £k — i+ ¢ > 0,

Le. if k >i—q. Equally, ug; # 0 only if j —k +¢ < 2¢, ie. if k > j—q.

Iti,j > ¢
J
J <t ajj = Z Likur; (A.6)
k=i—q
J=1 aj; = Z likug;j
k=j—q
and otherwise
J
j <1, 1< q Qa5 = Z likukj (A7)
k=0

i
J= J<gq aijzzlikukj
k=0

Now, in order to consider the diagonal matrix, we introduce a notation as, to

denote the element in the f-th diagonal and g-th row. Hence:

f=0—-1)+q (A.8)
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g=1 (A.9)

In this notation, it follows that for g > g and f + g > 2¢:

f+9—q
F<a  apg= ) luh-grqthsiot (A.10)
k=g—q
g
I >q Afg = Z Ly k—g+qUk,f+g—k
k=f+g—2q
and otherwise
f+9—q
f<a g9<q Qij = Z Ly k—g+qUWh,f+g—k (A.11)
k=0

g
f>2q f+9<2q Qij = Z Ly k—g+qUk, f+g—k

k=0
Introducing the substitution:
K=k—g+gq (A.12)
it then follows that
f
f<q Afg = Z Uk gUftq—k' J'+9—q (A.13)
k=0
q
f=q Gfg = Z Uy g +q—k' k49—
k'=f—q
and otherwise
f
f<a g9<q (fg = Z Uk Ut b +9—q (A.14)
k'=q—g

q
fza f+g<2q afg = Z Ukt U f4q—k' ' +9—q

k'=q—g
These equations have the property that the equation for the outermost diagonals f = 0

and f = 2q have only one term. Then the equations in f =1 and f = 2¢g — 1 have two

terms, and so on to f = ¢ which has ¢ +1 terms. Excluding the term containing I, or
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us, as appropriate, the equations have ¢ — |f — ¢| terms.

The interdependency of the equations can also be considered. From analysis of
the above equations, it is found that the equation as, contains no terms containing
elements of L or U with both the diagonal greater than f and the row greater than g.
Also, for f < ¢, the equations do not depend on upper matrix elements for g > f+g—q.
Now, f 4+ g — ¢ = i, which is the column number, so the g-th row only is required to
solve for the g-th column.

Considering that the last term in each equation contains an unknown value at the

point fg, it can be removed from the sums, as:

f f-1
Z U gUftq—' k+g—q = Lfglqg+f—q T Z I/ g U 4g—k ' +-9—q (A.15)
Kk ™
q q—1
Z U gUftq—/ ki+g—q = Uf,g T Z U gUptrq—t k' +9—q
k' k'

since [, 4 = 1 from definition. Then:

-1
f<a lrg = (afg o Z lk’,guf-ﬁ-q—kﬂk’#-g—q) [Ug,g+f—q (A.16)
k'=0
q—1
fzaq Ufg = Qfg — Z Uk gUf+q—k' k49—
K=f—q
and otherwise
-1
f<a, g<a = (afg - lk',guf+qk',k'+gq> [tggrf-q (A7)
k'=q—g
q—1
f>2q f+9<2q Ufg = Afg — Z Ukt gUptq—k' k' +g—q
k'=q—g

Note that g + f — ¢ is not a function of &" and is kept constant for constant i, i.e. pro-
gression down a column.

Therefore, an appropriate order in which to solve the equations for the L and U
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matrices is from top-left to bottom right. First, the top-row is solved, then the left-hand
column, and so on. Each row-column solution is termed a ‘chevron’ and n chevrons are
solved down the matrix from top-left to bottom-right. The first ¢ — 1 chevrons have
constraints since these contain elements where 7 < ¢ or 7 < ¢; the last ¢ — 1 chevrons
exceed the matrix bounds and therefore also have special constraints.

Iterative solution methods for the equations Ly = z and Ux = y are found easily
by inspection. In the former case, iteration begins at the top-left of the matrix L and
proceeds downwards; in the latter case, iteration begins at bottom-right and proceeds
upwards.

The relevant calculations to determine y are, for g < ¢:

q—1
Yg = 2 — Z Uk gYk'+9—q (A.18)
k'=q—g
and otherwise
q—1
Yg = 29 — Z Uk gYk'+9—q (A.19)
k'=0

which are iterated from g =1 to g = (n — 1).
The relevant calculations to determine x are, for g > (n — q):
n—1—g+q
Ly = (yg - Z lk”,gxk“rg—q) [Ug,g (A.20)
k'=q+1

and otherwise

2q
Ig = <yg - Z lk’,gxk’—‘rg—q) /uq7g (AQ].)

k'=q+1

which are iterated from g =n — 1 to g = 0.
The overall LU decomposition is O(m?n) and the determination of the solution

once the matrix is decomposed is O(mn).



Appendix B

Debye—Falkenhagen equation:

unequal diffusion coefficients

The solution of the hemispherical Debye-Falkenhagen equation will be presented here
for unequal diffusion coefficients, following the terminology and notation used in Chap-
ter 6.

In the case of unequal diffusion coefficients, it is helpful to normalise time as:

= DAQfZDX (B.1)
such that

- Ot B2
Then by defining

0; = (DAQ——?DX) (B.3)

the full Nernst—Planck—Poisson equations are:
8CA 1 0 8CA 00
"L == (R == — B.4
ar A<R28R (R (aR +CA6R>)> (B4)

8cX_ 1 0 2 8cx 00
oy X (R—@ <R (E %))) (B:5)
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Appendix B. Debye-Falkenhagen equation: unequal diffusion coefficients

10 [ ,00\ 1,
1 o) = B.
R?OR <R 8R) pelea—ex) =0 (B:6)

with initial conditions for the potential step at 7 = 0:

CA = Cx = (B.7)
eolie
0 = B.8
. (B3)
and conditions as R — oo:
ca — 1, ex — 1 (B.9)
60— 0 (B.10)
and conditions at R = Ke:
Odca 00
— — = B.11
or Ter =Y (B.11)
80){ 89
.S B.12
R~ XOR (B.12)
0 =06, (B.13)

As before we shall take the Debye—Falkenhagen limit and therefore make the linearising

approximation:

06 09 00

CA@ ~ CX@ ~ @ (B14)
Taking p = ca — cx as before, and additionally defining o = ca + cx:
@0’ 1 8 2 ((5A + 5)() 80' (5A — 5){) 8p @0
— === —_ —0x)=—= B.1
or  R’OR (R ( > orT T 2 or O™ (B.15)
dp 1 0 o (0 —0x) 0o (da + 6x) Op 00
or  R2OR (R ( > oR T 3 o atxgg (B.16)

Noting that s + dx = 2 and defining § = (Da — Dx)/(Da + Dx):
oo 1 0 , [ Oo dp 5
- _ -7 - _ — B.1
o7 ROR (R (aR * 8R)) OFep (B.17)
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op 1 0 5 [ Op do 9
9p 1 9 op L 599\ _ B.1
o7~ RPOR (R <8R+58R>) el (B-18)
1o [ ,00\ 1,
R OR (R @)‘ 3hel (B.19)

with 0 =2 and p =0 at 7 =0 and R — oo, and the following conditions at R = ke:

do
- — B.2
55 = ° (B.20)
dp a0
BN + 2@ =0 (B.21)

The spherical dependence of these linear equations can be removed as before by taking

gq=R-0,u=R-p,and x = R -6, such that:

dq  0%q d%*u
= o+ (g e 2
ou 0%q  0%u
o = om T o e (B.23)
0? 1
(‘3_};; + éngu =0 (B.24)

subject to the following conditions at 7 = 0:

u=0 (B.25)
¢ =2R (B.26)
X = Ooke (B.27)

and the following as R — oo:

u
— 30 B.28
R (B:28)
4 .9 (B.29)
R
X
X .y B.30
R (B:30)
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and the following at R = ke:

dq ¢

2 B.31

OR R 0 (B.31)
ou u ox X\
@—ﬁ”(@—ﬁ)—o (B.32)

X

A B.

=0 (B.33)

0%q 0%

R (a—}; . mgﬂ) —s§=—2R (B.34)
0% 0%
_aRl; — (s+/<;§)11+5—8Rq2 =0 (B.35)

These are now ordinary differential equations in R which can be solved to give solutions
with unknown coefficients in s only. Let us suppose, in accordance with the theory of

linear differential equations, that we can assume solutions of the form:

2R | ¢
7= ZA exp(—\R) (B.36)

|§||
-M%

1

7

where A;, B; and \; may be functions of s but not R. Hence:

- 4

% Z A; N2 exp(—\R) (B.38)

U

o = > B; A exp(—\R) (B.39)
=1

On substitution into Equations B.34 and B.35, we find:

(A; (A} — s) + B; 6(A] — K2)) exp(—A\R) =0 (B.40)

M- 1M-

(A; 6N + B (X} — (s + K2))) exp(=\R) =0 (B.41)

1

-
Il
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which must hold at all R, so each term in the sum must be equal to zero. From
Equation B.41:

SN A = (s+ K2 — )\ B; (B.42)

Note that either coefficient may be zero and so we shall not cancel terms directly.

Rather if we multiply Equation B.40 through by ¢ and substitute:
(s + K2 — M) By — 6sA; + 0°(\] — Kk2) B; = 0 (B.43)
Multiplying by A? again, we can substitute further:
(N (s+ K2 =N+ 62N —k2)—s(s+rZ=A))) Bi=0 (B.44)

which must require that for non-zero B; (a non-trivial solution), A; must obey a quartic

characteristic equation expressed as:
(1—=86HN — (25 + (1 = *)KH A +s(s +K2) =0 (B.45)

Since (1 — 6?) only equals zero for an infinite difference in diffusion coefficients, we will
exclude this case and hence divide through by (1 — §2). Defining s’ = s/(1 — §?), the

characteristic equation for \; becomes:

M= (28 + KON + 8 (s +K) =0 (B.46)

2 4
A = i\/s’—i—%i ,/5%/%% (B.47)

The requirement that §/R — 2/s and a/R — 0 as R — oo allows us to determine that

which has solutions:

A;(s) = B;(s) = 0 for positive A;. Only the negative roots need to be considered, such
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that if we define:

2 R4

A = +\/s’ + % +/ 5700 + ¢ (B.48)
2 R4

)\2 = +\/Sl + % — 5/252 + Ze (B49)

with all square roots in the positive sense, then we may express ¢ and u as:

2R
(j = Al exp(—AlR) + A2 exp(—/\gR) + ? (B50)

u = By exp(—A\1R) + By exp(—A2R) (B.51)

where Aq, Ay, By and By are related by Equation B.42 and are unknown functions of
s. Note that by definition:

for ke > 0 and [0| < 1. We now consider the boundary condition at Equation B.31.
Taking the Laplace transform of this expression and substituting the expression for ¢

yields:

2 A A 2
— A1 Ay exp(—Aike) — Az Ao exp(—)\2/<ae)+g——1 exp(—)\me)—ﬁ—2 exp(—)\Qme)—; =0

e e (B.53)
and therefore
(1 4+ MRe) Ay exp(—A1ke) + (1 4 Aake) Az exp(—Agke) =0 (B.54)
and hence
Ay = —% exp((Aa — A1)ke) Ax (B.55)

It then follows from Equation B.42 that:

(14 A\Ke) )\2(5 4 Hg _ )\2)
Pr= s A;ee) A%(s FR2 )é) exp((A2 — Ai)ke) By (B.56)
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Via cumbersome but elementary algebra it can be demonstrated from the definitions

of A1 and \, that
M(s 42— N) K220 _

pu— pum— b B-
N(s+r2—N) K242 (B.57)
where
4
a = +4/526% + % (B.58)
and hence
(1 -+ >\1I€e>
By=——7"7-—-"b Ay — A\ )ke) B B.59
2 (1 + dor) 1 exp((Az 1)ke) B ( )
and
1
u= B (exp(—)\lR) - % by exp((A2 — A1)ke) exp(—/\gR)) (B.60)
From the Poisson equation:
Fx _ 1,
ZA L Z 2y B.61
orz ~ 2! (B:61)
SO
> 82;( / 1 2 Oo /
= —— U B 2
/R 8R’2dR QRG/R udR (B.62)
which on performing the integration yields:
ox  0x 1, exp(—=A1R) (14 A\Re) by
= === —k: B — — A2 — A1)Ke —A
OR ~ OR|, . 2" M (T4 dgre) g P02 = Ake) exp(=AaR)

(B.63)
On a further integration, it is clear that the requirement that y/R — 0 as R — oo also
requires that dx/OR = 0 in the same limit. We therefore have expressions for u and

Ox/OR, which we can substitute into the Laplace transform of Equation B.32:

o () o)
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Again, following some cumbersome but elementary algebra, we can derive:

A
exp(A1Ke) <<)\% N 2_2 B /ﬁ%) Ay — <1+11:e by <)\% N 2_: B /{g)) )\1> (B.65)

—26,

Bl -
1+Aoke

Defining the denominator of the above as ¢(s), on resubstitution to Equation B.63:

Ox = 90& (/\2 exp(—A1 (R — ke)) — % b1 A1 exp(—A2(R — /fe))) (B.66)

OR s ¢(s)
Since
. . (1+3) oy
i(8) = L(Jeap(T)) = 2 R . (B.67)
we can determine that
. Dx 1
]Cap(T) (1 + D—) 00 ,C (f(S)) (B68)
A
where
N )\2(1+)\Ql€e) —)\1(1—’—)\1%6) b1
1o = () (369

To determine the capacitive transient it suffices to perform the above inversion.

It is possible to rewrite this function to be inverted, f(s), as

! (B.70)

where
)\1(1 -+ Alﬁe) (1 — bl)
P(s) = - (e (B.71)

© T X(1+Xake) L

provided that s > 0.
Note that
~
by = Fe B.72
Tz (B.72)
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Appendix B. Debye-Falkenhagen equation: unequal diffusion coefficients

where

2_a s 46252 ~1 202"

. 7 R (B.73)

so long as s is small. This is a “long time” approximation, although not a very stringent
one as K, is typically > 10 and so R}/26% will greatly exceed a wide range of s2. Hence

for small s';
—2528/2
R—é _ 52 812

b —
1T RA

(B.74)

Hence (1 — by) &~ 1 and this term can be neglected. When ¢ is small, Ao(1 + Agke) is
also vanishing, however, so the other term involving b; must be treated more carefully.
Here by making the same first order approximation of the square root (or zeroth order

if it is a small term in a sum):

ML+ Mke) 8 +r2+1

~ (B.75)
)\2(1 + Aglie> s' + :_/2
and on substitution
A (1 4+ A\Ke —0%s’ !
1( + 1R ) bl ~ S \/S_ <B76)
Aa(1 + Agkie) Ke (14 keV/s')
such that
1-0 1 Vs
(A1(1+A12C) ~ = \/i_z N (B.77)
]- - )\2(1+)\21€C) bl 1 + Ke\/?“_ Sne 5
Continuing the same approximation, we can elaborate ®(s) in full as:
! 2411 Vs
B(s) ~ & Fe T +f,\‘§) (B.78)
(1+ He\/g) + Esm—es
and so
f(s) ! (B.79)
S) & :
_ H/e\/? 2
s'+1 Ty 0%s’
in the limit that
1—62
2 B.80
s < (B.80)
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Appendix B. Debye-Falkenhagen equation: unequal diffusion coefficients

Two further limits arise within this expression. One is the conventional long time:

1 -6

4

since k2 is typically large. The other is a “very long time” limit:

(1-06%)

2
Ke

5 <K (B.82)

which is typically some time long after the capacitive current has decayed to zero,
unless k. is small.

The former limit corresponds to kev/s’ > 1, and hence:

1 1
1+(1—6%)s 1+s

f(s) = (B.83)

giving a transient of exp(—7), which corresponds mathematically to two single-ion
resistors in series.

In the “very long time” limit, kev/s’ < 1, so:

(B.84)

giving a transient of (1 — 6%)exp(—(1—6%)7). This corresponds mathematically to two

single-ion resistors in parallel.
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Appendix C

Steady-state voltammetry:

diffusion-only tunnelling

The solution of the problem of steady-state voltammetry under diffusion-only condi-

tions (¢ = 0) and subject to distance-dependent electron transfer will be presented

here, using the terminology and notation of Chapter 10.

The equation set required is:

. dea
]A—d—y
L —eca
CB D
- B e (2
dy p — BV

where

xxi

(C.4)



Appendix C. Steady-state voltammetry: diffusion-only tunnelling

Hence
N
By = (1—|—D—,) e (¢ — cn) (C.5)
where ¢y is the Nernstian (equilibrated) concentration of A and is given

1

N 1+ Dgen

(C.6)
Note that when o/ = 0.5 and Dj = 1, this reduces to
_ n
fev = cosh <§> (¢ —enN)

implying a ‘restoring force’ such that the rate of the reaction to recover equilibrium
increases exponentially for large overpotentials either side of Ef.

Substituting the various relations as required, we find that we must solve:

d*c _ By
d_yQ_kﬁe l—y.(c—cN):O (C?)
subject to
d
R - (C.8)
dy y=0
c(l)=1 (C.9)
where the collection of constants k is given:
e " ’
k=K° (1 + —,) et (C.10)
Dy
C.1 Outer Solution
Where
)
PR — >> —
l—y = p
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Appendix C. Steady-state voltammetry: diffusion-only tunnelling

then the reaction term becomes negligible and so a simple diffusive steady state applies

d2
N
dy?

Solving such that the outer boundary condition applies, and ignoring the inner bound-

ary condition as applying to a boundary layer that is perturbed by the reaction, we

determine that

col—ja(l—y)=1-722 (C.11)

where R = r/r,.

C.2 General Inner Solution (Tunnelling)

We are now concerned with solving the full equation C.7 in the boundary layer close
to y = 0 where the reaction term is non-zero. We will solve in terms of the spherical
coordinate R, rather than y. As R — oo we require that the inner solution approaches
the outer solution (Equation C.11) asymptotically.

First we will introduce the following substitution of the dependent variable:

u=(c—cn)- R (C.12)
such that
and hence
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Appendix C. Steady-state voltammetry: diffusion-only tunnelling

such that Equation C.7 becomes

d*u (R

Now we substitute the independent variable:

g=a-e 2 (C.16)
where a is a constant.
Therefore
du B du
kR~ 2%y
P[P d
a2~ 4 Tag \Tg
PP, dPu du
g\ dg? +qdq
SO
S A ke
Tag T T B
If we let
4k
a=4]— C.17
5 (C.17)

4K0 L+ e~ A77
= _ e_a
B Dy
then the equation we must solve is simply

d*u
2 4 g——Fu=0 C.18
Cag Tl T (C.18)

which is the modified Bessel equation of zeroth order.

Note that this equation is to be solved over the range from ¢ = 0, corresponding to
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Appendix C. Steady-state voltammetry: diffusion-only tunnelling

R — 00, to ¢ = a, corresponding to R = 1. The constant a contains the ratio K°/3

which is equivalent to:

K° K°
K=—

3~ @D

(C.19)

where D is the diffusion coefficient of A. Typically, kK < 1: it represents the ratio of
the rate of electron transfer to the rate of diffusion across the distance 1/4" in which
electron transfer by tunnelling proceeds at a perceptible rate. Typically diffusion across
this distance occurs on a very short timescale with respect to electron transfer. This
parameter was identified by Feldberg,! who found that deviations from classical theory
in dynamic diffusion-only chronoamperometry arise only when x > 1.

The general solution of Equation C.18 is:
u=A-1Iy(q) + B- Koq) (C.20)

where Iy and K are the zeroth order modified Bessel functions of the first and second

kinds respectively, and A and B are constants. Hence:
1
c=ontp (A-Io(q) + B - Ko(q)) (C.21)

We must determine A, B and ja such that Equation C.21 satisfies the boundary con-
dition at Equation C.8, and such that Equation C.21 approaches Equation C.11 as

R — o0 (¢ — 0).

C.3 Determination of coefficients

We must relate A and B such that

de
dR|p_, a
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Appendix C. Steady-state voltammetry: diffusion-only tunnelling

Differentiating Equation C.21, we find

9 = (A Io(a) + B Kola)) — 73 (A~ Tofa) + B - Ko(a)
- = (‘qu% (A Tfa) + B+ Ko(a)) = (A~ Do) + B KO(Q)))

=3 (500410~ B K@) + 35 (4 (o) + B Kala) )

where I, and K; are the first order modified Bessel functions of the first and second
kinds respectively.

Substituting R =1 (¢ = a):
~(Feh@ - B Kia) - (4 h(a) + B Ko@) ) =0
2& 1la 1la ola ola =

and so rearranging

A aKi(a) — 2Ky(a
A _okla) g o) _ g (C.22)
B CLIl(CL) + BIO(CL)
This ratio is then a function of @ and 8. Hence
B
c=cN T R (®1o(q) + Ko(q)) (C.23)

To assess the asymptotic approach of this equation to the outer solution, it is useful to

know the asymptotic forms of the modified Bessel functions when ¢ — 0. These are:
I(0) ~ 1 (C.24)

Ko(g — 0) ~ —In (%) — (C.25)

where the Euler-Mascheroni constant v = 0.5772....
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Appendix C. Steady-state voltammetry: diffusion-only tunnelling

Expanding the logarithm:

Substituting into Equation C.21 with the asymptotic expressions:

o (045 (- (143 (#m(3))
_ (ﬁ;) .- <1+%(7+1n(%)—q>)>

Equating the constant term with Equation C.11:

B
75 =1-o
and hence
c=1—L(1—ey) 1+3(7+1n(9>—q>> (C.26)
R B 2
such that from equating the term in (1/R) with that in Equation C.11
. 2 a
Ja = (1 —cn) (1—|—E<7+ln <§> —@)) (C.27)

which indicates a deviation from Nernstian behaviour as for the Butler—Volmer expres-

sion (reported in the main text).
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Appendix C. Steady-state voltammetry: diffusion-only tunnelling

C.4 Limiting behaviour

Let us consider the classical limit in which x < 1 and so 3> K°. In this limit, a — 0

and so we should evaluate ® in this limit. The asymptotic limits required are:

SO

a? 2
213

:§—Ko(a)
1+k

Now

2
H = 1—1—5(—[(0(@) —(I))
2

~Kola)(1+ K) — 2+ Ko(a)
:1+ﬁ< T+ %

Koy(a) scales in Ina, and therefore as a — 0

‘ 1 1
jy—A—>1— == 1
.]A,N 1+k3 1+E

thus reproducing the Butler-Volmer result in the classical limit.

XXVIiil
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C.5 Plane of electron transfer

The maximum rate of electron transfer occurs when the source-sink term is largest,

l.e. on maximisation of

2

fla) = % (®lo(a) + Kolg)) (C33)

It can be demonstrated by graphical investigation for a range of 5 and a values that
this maximum occurs at ¢ = a for almost all values of £ < 3. Only when k& >  does
the plane of electron transfer move away from the electrode surface. This is an extreme
condition which requires very slow diffusion compared to the rate of electron transfer.

Tunnelling effects are hence only observed in terms of altered currents for large .
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