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Abstract

We consider a series of problems regarding quantum Hall edges, focusing on
both dynamics and the mathematical structure of edge states.

We begin in Chapter 3 with a limiting case of the Laughlin state placed in a
very steep confining potential, but which is weak compared to the interactions.
We find that the eigenstates have a Jack polynomial structure and an energy
spectrum which is extremely different from the well-known Luttinger liquid edge.

In Chapter 5 we analyse the inner products of edge state wavefunctions, us-
ing an effective description given by a large-N expansion ansatz proposed by
J. Dubail, N. Read and E. Rezayi, PRB 86, 245310 (2012). As noted by these
authors, the terms in this ansatz can be constrained using symmetry, a procedure
we perform to high orders. We then check the conjecture by calculating overlaps
exactly for small system sizes and comparing the numerics with our high-order
expansion to find excellent agreement.

Finally, Chapter 6 considers the behaviour of quantum Hall edges close to
the Luttinger liquid fixed point that occurs in the low energy, large system limit.
We construct effective Hamiltonians using a local field theory description and
then consider the effect of bulk symmetries on this edge. The symmetry analysis
produces remarkable simplifications which allow for very accurate descriptions of
the low-energy edge physics even relatively far away from the Luttinger liquid
fixed point.
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CHAPTER

Popular Science Background

Basic research is when I am doing what I don’t know what I am doing.

— Wernher von Braun [New York Times, 1957

The field within which this thesis fits is Theoretical Condensed Matter physics,
which focuses on the description of large collections of objects which have been
literally condensed into some phase of matter such as a solid or a liquid[4]. More
specifically, the work is in quantum condensed matter, focusing on a particular
phenomenon called the Quantum Hall Effect[5]. Quantum mechanics has proven
incredibly useful in describing many properties of materials over the past century
but its main utility is in explaining atomic-scale behaviour and how this affects
what we see at our significantly larger scales[6]. However, the quantum Hall
effect is a rare example of intrinsically quantum mechanical behaviour at our
much larger scale.

The quantum Hall effect is also the archetypical example of a topological phase
of matter|[7]. Topology is an abstract field of mathematics which classifies how
two shapes might be equivalent if one can be smoothly deformed, like putty,
into the other![8] and the realisation that these concepts can be used to classify
materials is a topic at the forefront of condensed matter physics today, credited

with the Nobel Prize in Physics as recently as 2016[9]. The field has become

IFor example, a sphere and a cube are equivalent but a sphere cannot be turned into a
doughnut without tearing a hole in the centre.
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Figure 1.1: In a magnetic field the charged electrons in a material move in circular
orbits. Therefore, the electrons near the edge of our quantum Hall system end up
bouncing along the boundary, generating a current along the edge of the system.

particularly exciting in recent years as efforts have been focused on using these
remarkable phases of matter to build a quantum computer[10].

The particular focus of this work has been on describing the physics at the
edges of quantum Hall systems. The quantum Hall effect is formed when an
extremely thin piece of conducting material is exposed to an incredibly strong
magnet and the exact way in which the current is transported through the ma-
terial depends intimately on the edge of the system[11]. To understand this we
first note that the electrical current is carried by charged electrons as they move
through the material. When there are no magnets involved, electrons travel
straight through the sample, as in Fig. 1.1a, until that motion is deviated by
some imperfection or defect. This causes any current we try to push through the
material to be resisted in much the same way that a stream of water encounters
friction as it moves through a pipe.

However, in the presence of a magnet, charged particles are deflected and will
move instead in circular paths[12]. Deep inside the material this is not so inter-
esting but for the electrons near the edge something remarkable happens as the
electrons try to move in their circular orbits but become continually deflected by

the edge of the sample. This is demonstrated in Fig. 1.1b which shows that these



edge electrons find themselves bouncing along the edge, which in turn generates
a current at the boundary. Note also that this current moves effortlessly around
the dimple in the material and, given that the magnet only deflects the electrons
into clockwise orbits, the current along the top edge can only move to the left
whilst the current along the bottom edge can only move right.

We have used a variety of methods to try to better understand the behaviour
at this edge. The picture presented above, whilst approximately correct, ignores
a number of subtleties present in real systems. For example, we assumed that
the electrons bounce against a hard boundary but, in truth, the edge might be
significantly softer, more akin to trampoline than a brick wall. We have also
ignored any interactions between the electrons. Therefore, this thesis considers
a variety of problems to address these complications. In Chapter 3 we were able
to exactly solve a particular extreme case for the edge softness, thus making
some interesting links between quantum Hall edges and other condensed matter
systems. In Chapter 5 we consider some of the mathematical structure necessary
to calculate measureable quantities of these systems. Finally, in Chapter 6 we
think of this edge as some quantum fluid and ask quite generally how it can move
given the symmetries of the system as a whole. In doing so we are able to find how
a more generic edge softness or inter-electron interactions cause simpler models

to develop richer behaviour.
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First Quantised Edges



CHAPTER

Introduction

There are no safe paths in this part of the world. Remember you are over the
Edge of the Wild now, and in for all sorts of fun wherever you go.

— Gandalf the Grey [The Hobbit, J.R.R Tolkien, 1937

The quantum Hall effect is the quintessential example of a topological phase of
matter[9], containing many of the hallmark characteristics so omnipresent within
this truly exciting field[13—17]. This single state of matter possesses macroscopic
observables which are quantised to within a frightening degree of accuracyl[5, 18],
it supports quasiparticle excitations whose charges are some fraction of the fun-
damental electronic charge[19, 20] and whose exchange statistics correspond to
neither bosons nor fermions[21-24] and it supports rich and interesting topologi-
cally protected edge states[11, 25] which we will analyse in great detail over the
course of this thesis.

And yet, the quantum Hall effect is not simply a pin-up for the field. Perhaps
the most exciting developments in topological matter during recent years have
been the concerted efforts to build topological quantum computers[10, 26, 27]. A
quantum computer relies on the high fidelity of its constituent qubits and in non-
topological proposals errors due to small perturbations on the system constitute
a considerable hurdle to be overcome[28]. However, by using the aforementioned
quasiparticles with their unusual exchange statistics one could perform computa-

tions by braiding the worldines of these anyons. These computations are robust




to perturbations as they depend only on the topology of the paths travelled by
the individual anyons so small deviations to the paths have no overall effect.

Much of this remarkable physics lies within the bulk of the system but equally
amazing phenomena can be seen along the boundary. This edge constitutes the
only low-energy degrees of freedom for these systems and supports dissipationless
currents which move in one direction only[11, 29], therefore making it a prime
example of a chiral Luttinger liquid[30, 31]. There is also an intriguing link to the
bulk physics via bulk-edge correspondence[32, 33], which posits that the properties
of the bulk are intrinsically related to the properties of the edge. This link is made
more concrete in Chapter 4 where we discuss the construction of quantum Hall
wavefunctions as correlation functions of a conformal field theory[22, 34, 35].
Furthermore, the edge is easy to measure[31, 36, 37]. On the other hand, certain
properties of the bulk are difficult to measure conclusively[38-40] and therefore
it has been suggested that experiments on the edges of quantum Hall systems
might be used to infer bulk properties[41].

This thesis will be particularly focused on problems which are most applicable
to potential future realisations of the quantum Hall effect in cold-atom settings.
There are a variety of such proposals, some of the most promising of which in-
volve only small numbers of particles[42-46]. However, the cold-atom setting
gives unprecedented control over the confinement of and interactions between the
constituent particles[47-49], which has led to a variety of discoveries in other ar-
eas of quantum condensed matter[50-52]. Therefore, one might hope for similar
insights once the quantum Hall effect is realised in this setting.

Of course, a life on the edge begins with an appreciation of the bulk. Therefore,
we begin this introductory chapter with a discussion of the integer quantum Hall
effect in Section 2.1, focusing on the single particle picture before building up
to the interacting case in Section 2.2 which spawns the fractional quantum Hall

effect. We then discuss two ways to think about edge states, one of which is



often termed the microscopic picture in Section 2.3 before moving onto Wen’s

Hydrodynamic formulation[11] in Section 2.4.

2.1 The Integer Quantum Hall Effect

2.1.1 Two-Dimensional Particles

Consider a system of indistinguishable particles with electromagnetic charge ¢ and
effective mass m,. The particles are placed into a trap defined by the potential
U(z,y,z) and acted on by a magnetic field, B. Ignoring interactions for the
moment, the single-particle Hamiltonian for such a system is

(m — g A)*

Haorn =
3D qu

+U(z,y, 2) (2.1)

where 7 = (p,, py,p-)T is the particle’s momentum vector and A is the vector
potential defined such that B =V x A [6, 12].

We are interested in two-dimensional physics and so design the confinement
by splitting it into a relatively flat, isotropic part U(x,y) and a deep valley in
the perpendicular direction, W (z). We also perform a gauge transformation on
A such that A, = 0, which leads the Hamiltonian to split naturally into two,

2

Hsp = { D: —I—W(z)] +

2my

(p — qA)?
2mq

+U(z,y)| =H.+H (2.2)

where p = (p,p,)" and A = (A, A,)".

We now fix the magnetic field perpendicular to our planar system, B = Bz,
which allows us to make A independent of z. Therefore, the original system
decouples into two independent parts, [H,, H] = 0, one existing in one dimension
and the other in two. One can then consider constraining the locations of particles
along z ever more precisely by creating an ever narrower potential, W (z). This
in turn increases the energy of excitations for motion along z and, once the

first excitation energy is well above the thermal energy, the system always sits

7



in the zero-motion ground state of H., thus making the system effectively two-

dimensional.

2.1.2 In Magnetic Fields

Having restricted the problem to two-dimensions we may consider the physics
of the integer quantum Hall effect[53-56]. Note that we will work on the plane
throughout this thesis (as opposed to the cylinder or torus). In this planar case
the problem is far simpler when working in the symmetric gauge, where the vector
potential is taken to be A = Z(—y, z)T, giving

1 qBy 2 1 qBz 2
) DT — =) 4+U . 2.
H 2my, (px 2 ) 2m, (py (@) (2.3)

We will solve this perturbatively, taking U(z,y) to be small and solving first for
the kinetic term.

We begin by mapping the problem to the complex plane, R? — C via

. 1 .
z=x+ 1y, p= §(px — ipy) (2.4)

such that p = —ih%. Complex conjugate variables are denoted by z and p. With

these substitutions it can be shown that the Hamiltonian has the form

H = ﬁw(aTcH— %) for al = (eBi;/é)p-i- <2€ij/§> zZ, (2.5)

where w = Zn—]j is the cyclotron frequency and /g = , /qu is the magnetic length?.

Therefore, given that af is a ladder operator satisfying [a, a'] = 1, the Hamiltonian
is that of a simple harmonic oscillator with energies F,, = hw(n + %) for principal

quantum number n € ZT. These levels are called Landau Levels[57).

Note that to arrive at Eq. 2.5 we implicitly assumed that gB > 0. The result for ¢B < 0 is
identical up to a constant and swapping variables, (z,p) <> (Z,D).



2.1.3 Landau Levels

However, these ladder operators alone are not sufficient to determine the wave-

functions of the system. For this we construct a second set of ladder operators,

lsV2 _ i
bT:< = )p—{—(%B\/ﬁ)z, (2.6)

which increment another quantum number, [. These have the property [b, b'] = 1

whilst both commuting with both a and a' operators, and therefore the Hamil-

tonian. The full space of states is then constructed as

(a)" (01)
|Wna) = WW0,0) (2.7)
where the vacuum, |tg0), is the state annihilated by both a and b.
Throughout this thesis we will work in the lowest Landau level, n = 0. It is

relatively straightforward to show that these are the states of the form

N
Youl2, ) = [“(%z)l] So (22 2.9

2which describe rings of charge like those shown in Fig. 2.1. Higher Landau levels

are reached by the repeated application of a',

n 0 z " —_ZZ
(CLT) ¢07l(2, 5) X (& — 4£ZB2> <Z e 4ZB2> (29)

which, using the Rodrigues representation for the associated Laguerre polynomi-

als, LE(z) = e*aF L2 (27 Tke =) [58] can be shown to have the form

z2Z Z2Z
Yni(2,2) o ZTmLET (25132) exp (—w) (2.10)

Finally, we note that angular momentum about the z-axis is a good quantum

number of our system with the operator

L, = xp, — yp, = i(zp — Zp) (2.11)

2 Note that the normalisation given here depends on our choice of integration measure. We
use [ d2z/ 2mlp? here, which simply scales all inner products by an overall constant.

9
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Figure 2.1: The probability density of the wavefunctions |¢g;) plotted (a) as
function of the radius for the n = 0 and n = 2 Landau levels and (b) across the
plane in the lowest Landau level.

commuting with our Hamiltonian. We can also phrase this in terms of the ladder

operators as L, = h(bTb — aTa) and therefore a given state has angular momentum

Lz|¢n,l> = h(l - ”)Wn,ﬂ (212>

2.1.4 Many Particles

We now wish to add N fermionic particles to the system. In the continued
absence of confinement there is no unique ground state as there exists an infinite
number of states in the lowest Landau level with ever higher angular momentum.
However, consider restricting our particles to a region of area A = 7R% Given
that each wavefunction describes a distribution centered around the origin with a
radius of £5v/2l, we see that only particles with [ < ﬁ are enclosed within our
system. This gives each Landau level a degeneracy of Ng = q% where @ is the

total magnetic flux through our sample and &y = g is the magnetic flux quantum.

Therefore, consider adding exactly enough particles to fill the lowest Landau

10



level. In this case all the orbitals from [ = 0 to [ = N — 1 are filled such that our

(unnormalised) many-body wavefunction has the form

Z(l) e Ziv_l
v S | s 2.13
(21,...,2n) = Pt exp 24&32 (2.13)

where |X| denotes a Slater determinant of the matrix X. Therefore, the wave-
function is a polynomial of the z; with total degree w By fermionic exclusion

this polynomial must vanish whenever any two z; are equal, implying that the

N(N-1)

polynomial has roots (z; — z;) for all pairs 7 and j. Noting that there are ==

such pairs, the wavefunction must simply be

U(zy,...,2nv) = H (zi — z;) exp (Z JLZ2> (2.14)

1<i<j<N

by power counting where A = [[(z; — 2;) is often called a Jastrow factor.

2.1.5 The System’s Edge

The simple analysis provided above for the degeneracy of a given Landau level
is adequate for the thermodynamic limit though belies some of the complexity
of the situation. A real experimental system holds its electrons in with some
confinement, which we will take to be rotationally symmetry, thus defining a

circular sample. Therefore, each orbital is uplifted by an energy

Unt = (s Ultns) = / &zl [2U () (2.15)

where r = |z| is the radial distance from the origin. The ground state then
occupies those N orbitals for which U,,; is the smallest. Such a situation is given
in Fig. 2.2a, which plots Uy, for particles confined in a circular well of height
ug. Given that the charge distributions are really smeared out, an orbital whose
centre lies within the well can still be raised in energy, and this leads to a smooth

transition from zero energy to uy. Consequently, even though the bulk of the

11
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Figure 2.2: (a) shows the cost of occupying orbital [ in the lowest Landau level
given confinement U = u¢O(r — 10¢g) where © is the Heaviside step function
and r the radius from the origin. Those orbitals within the hatched region have
their radius outside this confinement. Adding 45 particles would then fill all the
states below the dashed line. In (b) we consider a coarse-grained picture including
multiple Landau levels. States near the system’s edge increase smoothly in energy
such that there exist gapless edge excitations even when the chemical potential
lies between Landau levels in the bulk[25].

system is gapped, there exists gapless edge excitations of the ground state which
are localised near the edge of our system. This is also demonstrated in Fig. 2.2b
where confinement causes the states localised near the edge of every Landau level
to be raised in energy. Therefore, even when the chemical potential lies between
two Landau levels, suggesting that the system might be gapped, we have gapless

excitations at the edges of the system.

Aside 1

It is worth noting how this picture tends towards the thermodynamic limit,
focusing on the case in Fig. 2.2a. Recall that the single-particle wavefunctions
are rings of charge with a radius ¢gv/2l and a width of around ¢g. Therefore,
imposing a quantum well potential of depth 1 at radius R = fg+/2l, will have
little effect on all states at radii below R — ¢g and simply confer an energy

ug to states at radii above R + fg. However, the states from [ = [y — /2y

12



to lop + /2l sit within the smooth transition. Therefore, the total fraction of
states near the edge varies as \/LE’ thus validating the previous analysis when

ly is large.

2.2 The Fractional Quantum Hall Effect

2.2.1 Interactions

The results of the preceding single-particle analysis are accurate when the number
of Landau levels filled, v, is at or near an integer. However, when a Landau level
becomes partially filled the picture changes because we can no longer assume
that the states are all degenerate. Instead one finds experimentally that new
gaps appear in the spectrum[59, 60], and so we must search for something that
might explain this broken degeneracy.

The obvious cause is the neglected interactions between particles. The full

Hamiltonian we are interested in solving is not that given by Eq. 2.3 but

N

"= Z _qA + S Vi —r)+ Y Ur). (2.16)

i=1 1<i<j<N i=1
The solution of this Hamiltonian for arbitrary system sizes and for most typi-
cal interactions is exceedingly difficult. However, given that the single-particle
analysis works so well for the majority of cases, we can perhaps consider the in-
teractions as a perturbation, and this will simplify matters somewhat. In fact, in

this thesis we will always work in a limit
hwe >V > U. (2.17)

We therefore begin with a recap of the simple two-body problem in the lowest

Landau level.

13



2.2.2 The Two-Body Problem

The solution of the kinetic term in Eq. 2.16 provides us with the orbitals in

Eq. 2.8. Therefore, the two particle Hilbert space is made up of states

2 2
(21,2001, 1) o< 2z exp (_%)- (2.18)

Throughout this thesis we will consider interactions which are both rotationally
and translationally invariant, and therefore V' = V(|21 — z2|). It is therefore more
convenient to diagonalise V' in a basis of states

|2

Z2
(z1,2|l, L) leLeXp( ——|—| ’) (2.19)

8% 20g°
where 2 = z; — 2z and Z = % are the relative and centre-of-mass coordinates
respectively. Therefore, the matrix elements of V' in this basis are diagonal and

independent of the centre-of-mass angular momentum, L, with

v = (I,LIV|I, L). (2.20)

Example 1
For example, the matrix elements of the Coulomb interaction, V'(|z]) = EE

are of the form

Ve 2, g —E5 wey/m (20— 1)
_ 57 — 2.21
ulVl = fiag e j/ e = (221)

where n!! = n(n — 2)(n — 4) ... is the double factorial. This is plotted in
Fig. 2.3 alongside the same results for hard-core interactions. In the Coulomb
case, v; varies as % for large [, indicating that the interaction is smaller when
the relative angular momentum is larger.

We can understand this variation when we realise that the state |l, L)
describes particles z; and 2z whose relative position is distributed as a ring
of charge like that in Fig. 2.1b with a radius that varies at v/I. Therefore,

higher [ separates the particles further.

14
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Figure 2.3: (a) shows the size of the pseudopotentials of a Coulomb interaction
as calculated in Eq. 2.21. We also show the pseudopotentials for a hard-core
interaction in (b), which fall off quickly once the orbitals are centered outside the
core.

Consider now that we can design some interactions, Vj, for which
UZ[Vk] = 6l,k- (2.22)

These effective interactions are called the Haldane pseudopotentials[61] and can

be used to replicate the matrix elements of any generic interaction V' via
V(|21 — 22]) ka V(|21 — 22|). (2.23)

An explicit construction of these Vj(|z; — 2;|) in a position representation is pre-

sented in Derivation 1 below.

Derivation 1

The Haldane pseudopotentials Vi(|z|) are interactions defined such that

\ZI

1 d*z
ulVil = g | VD b (224)

Such an interaction can be constructed as

27 22 B 22
Vi(z,2) = {47;:?3 ]64“132 (463208)k ((5(2)(z)e 4[32) (2.25)

15



where 0 = %. To check that this produces the required Kronecker-delta one
first cancels the exponential factors and then integrates by parts. If & > [
then the integral evaluates to zero at this step. If £ <[ we are left integrating
|2|20=F)52) (), which evaluates to zero unless k = [.

Finally, this can be put into the more conventional form by commuting

the exponential factors through the derivatives, leading to the result
Vk(Z, 2) X Lk(—EBQVQ)(S(Q)(z) (226)

where Ly (z) is the k™ Laguerre polynomial[62].

2.2.3 The Laughlin State

We have seen that the result of interactions is to maximise the relative angular
momentum between pairs of particles, thus distancing them as much as possible.
Therefore, consider a sample containing N = Ng/m particles where m is an
integer®, corresponding to filling only the lowest Landau level to v = 1/m. The
confines of our system imply that the maximum angular momentum any particle
can have is not far from mN. Therefore, we should design a wavefunction which
maximises the minimum relative angular momentum between any pair of particles

whilst remaining within this limit. The result is the Laughlin wavefunction,

2’1'2
W)= T Gmaren (TSR]
- B

1<i<j<N

a variational ansatz proposed by Robert Laughlin in 1983 to describe the then-
called “anomalous quantum Hall effect” at filling v = 1/3 [19]. Whilst it is not
the exact ground state of our full Hamiltonian it shows extremely good overlap

with that state as found numerically and both are thought to be in the same

3 Note that, unlike in the integer quantum Hall case, we will not force the particles to be
fermionic. However, in the original problem considered by Laughlin, the particles were fermionic
which we shall see requires m to be odd.
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universality class*[63].

Aside 2
Note that throughout this thesis we will use curly Dirac notation for many
body states such as the Laughlin state in Eq. 2.27. Specifically, instead of

U(m) being expressed in the usual way as <z}\11(m)> we will use the notation
T (2, .., 2n) = {200} (2.28)

where z = (z1,...,2x). The reason for this unconventional choice will be
made clear in Part II of this thesis where we will need to make regular use
of two distinct spaces of states, one of which will be many-body states such
as the Laughlin state in Eq. 2.27 and another auxiliary space from conformal
field theory which we will use to label these many-body states. It is hence

important to make a clear notational distinction.

2.2.4 Parent Hamiltonians

Given this ansatz it is possible to work backwards and find the Hamiltonian
for which this is the exact ground state[64, 65]. Such a Hamiltonian can be
constructed with the Haldane pseudopotentials, recalling that V; imposes a cost
only on particles with relative angular momentum of k, i.e, states which vary
as (z; — z;)*. Therefore, one simply truncates the sum of Eq. 2.23 for general

interactions, taking
m—1
V(i = 75) = > wVa(rm — ) (2.29)
k=0

where all v, > 0. As we can see from Fig. 2.3, such a truncation is perhaps even

natural for the case of hard-core interactions®. Taking these interactions leads to

4 Note that the Laughlin wavefunction is antisymmetric with respect to an exchange of any
two particles only when m is odd, corresponding to fermions. Conversely, the bosonic fractional
quantum Hall effect is described by m even.

5 Of course, this does not imply that such a truncation is unnatural for Coulomb interactions.
Terms we neglect must be small compared to something and in this case we always have a
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our parent Hamiltonian,
N

Z ‘_qA + S Valmi—my), (2.30)

i=1 Mq 1<i<j<N

which confers an energy cost to any wavefunction which vanishes slower than
(zi —2;)™. The maximally compressed ground state (i.e, the state which takes up

the smallest area) of our parent Hamiltonian is then the Laughlin wavefunction,

Eq. 2.27.

Aside 3

The quantum Hall effect has long been considered in two-dimensional electron
gases within semiconductors[60]. Typically one sandwiches a thin layer of
GaAs between two layers AlAs which, given the energy difference between
the conduction bands of these two systems, creates a quantum well which the
electrons fill[4]. When the GaAs layer in thin enough, this system becomes
effectively two-dimensional as discussed in Section 2.1.1.

However, there has been significant recent interest in realising the quan-
tum Hall effect in cold atom experiments[43, 45]. Freed from the messiness of
crystalline samples and with significant control over the inter-particle inter-
actions and confinement, these systems are an ideal location to observe many
new and exciting phenomena in condensed matter physics. For quantum
Hall physics this includes the possibility of realising a bosonic quantum Hall
phase[42]. To do so, one could use uncharged particles, whose interactions
are much closer to hard-core and so better approximated by pseudopotential
interactions, but which also requires us to replace the Lorentz force with an
equivalent, Coriolis force, as achieved by imparting rotational motion on the

system[44].

balance between the interactions and the overall confinement. Therefore, if the confines of our
system are such that the v = % just fits inside then there will usually be no way of rearranging
the wavefunction to satisfy the Vj, for £ > m without expanding the wavefunction and incurring
large confinement costs. Therefore, these remaining pseudopotentials are typically just a mean
field energy shift to any possible ground state.
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2.3 Edge States

2.3.1 States as Polynomials

It is worth noting that the Laughlin wavefunction is the unique maximally com-
pressed ground state of H,, but it is not the only ground state. We have yet
to impose any confinement on our system and so every single-particle orbital on
the plane, 1)y, has the same energy. Once the interactions are imposed we then
realise that the ground states of our system are not only the Laughlin state,
Eq. 2.27, but any holomorphic polynomial of the z; which contains the factors

(z; — zj)™. Therefore, any

\Ilgpm)(z) =P(z) H (zi — ;)™ exp ( Z ZZB > (2.31)

1<i<j<N

is a ground state of H,,, where P(z) is a symmetric polynomial of the positions z =
(z1,...,2n). Note that P must be symmetric to preserve the overall symmetry
of the maximally compressed ground state.

We will call the polynomials, P, edge states. This is because any polynomial
will add an amount of angular momentum equal to its total degree, which we call
AL, and this in turn pushes the particles further from the origin, thus expanding
the state. Omnce the system is confined and the maximally compressed state
becomes the ground state, these are then exactly the gapless edge states discussed

in Fig. 2.2.

Example 2
Consider the m = 1 Laughlin state, which is identical to the integer quantum
Hall effect at ¥ = 1. In that case, the ground state (in confinement) can be

represented by a series of filled orbitals as in Fig. 2.2a, with the ground state
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given by a single slater determinant. We represent this by some root state,
.- 11110000} = : (2.32)

An excitation is formed by moving the fermions out to higher orbitals, the

simplest AL = 1 excitation being of the form

~al
--11101000} = : (2.33)

As AL increases the number of ways to distribute the angular momentum
amongst the particles also increases. For example, at AL = 5 there are seven

different options, one of which is given by

S N\

.- 11001010} = . (2.34)

2.3.2 Symmetric Polynomials

There exists an unending plethora of interchangeable bases with which to repre-
sent symmetric polynomials[66—69]. These include the power sums, the elemen-
tary symmetric polynomials, the Schur and Jack polynomials, the monomials
and the complete homogenous symmetric polynomials. Each is a rich set of ob-
jects with a variety of intriguing properties. Within this thesis we will use the
monomials, the power sums and the Jack polynomials (which include the Schur

polynomials as a special case).

Monomials

The most fundamental of these bases are the monomials,

my = S(zlklzé\2 ), (2.35)
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where A is a collection of positive integers A = {A;, Ay, ...} which we will order
such that A\ > Ay > ... and we use $ to denote symmetrisation over all particles
z;. Therefore, when a single monomial my multiplies the Laughlin state it adds
A1 units of angular momentum to one particle, A\ to another and so on. The

total added angular momentum is then the total degree of the polynomial, AL =

A=A

Power Sums

The simplest basis of symmetric polynomials are the power sums
Pn = ZZZL and P\ = Hp)\i. (2.36)
i i

The individual p, are simply the monomials, m,}, and they add n units of angular
momentum to any one particle. Therefore, Py adds A; units of angular momentum
to any particle, then Ay units to any particle, and so on. This construction differs

from the monomials in that the same particle could be bumped up multiple times.

Jack Polynomials

The Jacks are not so simple[70, 71]. We first require the concept of lexicographical
ordering. Considering two partitions, A and p, we say that A > p if Ay > puy.
However, if A\ = u; then we compare the second element in each partition, and
so on. So, for example, {5} > {4,4,4} and {2,2,2} > {2,2,1,1}.

Next, we must define an inner product on the power sums,
o0
A
(P Pa) = oauGra’™, G = [ mitnm (2.37)
n=1

where m} is the number of occurrences of the integer n within X (so, for example,
mém} = 2 and m§3’2} = 0) and « is some free parameter. We also use the notation

¢(A) to denote the number of elements within the partition A (with, for example,

6 Within number theory, X is often referred to as a partition of an integer, where that integer
is the sum of the elements, |A|. So, for example, the partitions of 3 are {3}, {2,1} and {1,1,1}.
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0({2}) =1 and £({3,2,2}) = 3). Within the space defined by this inner product,
the Jack polynomials, Jy, each indexed by a partition A, form a set of orthogonal

polynomials such that

lal=[A]
J/(\a) =mx + Z U pu(a)my, (2.38)
p<A

for some coefficients vy, which depend on the parameter .

Example 3
Consider AL = 1 Jacks. There is only one partition of the integer 1, namely
{1}. Therefore, we simply have .J ﬁ? = myy.

The AL = 2 subspace is more interesting, containing the partitions {2}
and {1, 1}. To move between monomials and power sums one uses that m; =
Py and myy 1y = %P{l,l} — %P{Q}. Therefore, the {1,1} Jack is simple to write
down as

Ty = mpy. (2.39)

We can then use the transformations to the power sums alongside the defi-
nition of the inner product to find that the polynomial orthogonal to Jii 13
under the inner product defined by Eq. 2.37 is

o 2
J{(2]? = TTL{Q} + H——am{l’l}. (240)

Going forward the process can be simplified as follows. The lexicograph-
ically most inferior Jack is simply my;,.3. The next is the polynomial
J(a)

(21, =M1} + v(a)mya,.} where v(a) is chosen to make this orthogo-

nal to J'%

(11} We then keep adding the next most lexicographically inferior

partition to the basis and finding the coefficients which ensure orthogonality.

The definition provided here for the Jack polynomials is one which is far

more common in the mathematical literature despite these polynomials also being
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present in certain physics problems[72, 73]. An alternative definition is that they

are the eigenstates of the Laplace-Beltrami operator operator|74],

O\ 1—zi+z( 0 5,
HLB(O&) = XZ: (Zza—Zl> + a ; o (Zla—zZ — Zja—zj), (241)

which is intimately related to the Calogero-Sutherland model[75-79]. There has

been much discussion in recent years about how Calogero-Sutherland might de-
scribe quantum Hall edge physics[80, 81] though such claims are still lacking

rigorous derivations.

2.3.3 Full States vs. Edge States

For the majority of this thesis we will work with these polynomials as the edge
states P which multiply the ground state wavefunction. However, the whole state
itself, including the ground state wavefunction, is also a symmetric polynomial in
the bosonic case. It is in fact possible to express the full wavefunctions as Jack
polynomial with the following construction[82-94]. One begins by defining a root
partition, A, which must obey a generalised Pauli principle. For the v = 1/m
Laughlin state, the generalisation is that at most one orbital in any consecutive
set of m orbitals can be occupied. One then takes a Jack parameter of o = —%.

Finally, to consider the fermionic case one can generate the Jack polynomial at

v =1/(m — 1) and multiply the result by a Jastrow factor’.

Example 4
Let us see this in practice for a 5-particle Laughlin state at v = 1/2. The
generalised Pauli principle is easier to visualise if we use the notation for states

in Example 2. In that case the root partition for the ground state is

Ao={86,4,20} +—  |101010101}. (2.42)

" Note that we will also consider the Moore-Read state in Part II of this thesis which has
a similar construction. At v = 1/m the generalised exclusion principle is that at most two

in any string of 2m consecutive orbitals can be occupied. One then uses a Jack parameter of
— k+1 ; —
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This is the most compressed state with at most 1 orbital occupied over any
two consecutive orbitals. The full wavefunction is then JI((O2).

To form an edge excitation one simply adds angular momentum to
the root partition, taking care to respect the generalised Pauli principle.
So, for example, [10101001001} is an allowed root partition but
101010001 1} is not as the consecutive orbitals with [ = 8 and [ = 9

are occupied.

Note that it is still possible to represent the full-wavefunction Jack polyno-
mials as some edge state polynomial multiplying the ground state with a closed-
form expression existing for the Laughlin case[95]°. To find the decomposition
one must find the edge partition, A, which produces the root partition A from
the root partition of the ground state, Ay. Explicitly for the Laughlin state one
must find the A; such that

A:{m(N—1)+)\1, m(N—2)+)\2,,m+)\N_1, 0+)\N} (243)

where the generalised Pauli principle ensures that A\; > Ay > .... Then,

VS 2 | (T (2.44)

i<j

2.4 Hydrodynamic Edges

2.4.1 The Quantum Hall Fluid

So far we have discussed the Laughlin state as a quantum wavefunction but we
can also think about it as a semi-classical fluid. Therefore, we will first establish
some key properties of the fluid’s bulk before moving onto a discussion of the

edge[53, 54, 63].

8 However, for the Moore-Read state we consider in Part II of this thesis, an analogous
closed form expression is lacking in the literature. Nevertheless, the decomposition can still be
performed but must instead be considered on a case-by-case basis.
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In thinking about our state as a fluid, the first claim we make is that the fluid
has a uniform density throughout. For the integer quantum Hall effect (v = 1) we
can see this by noting that the ground state wavefunction is that which occupies
each orbital from [ = 0 to [ = N — 1. The number density of the resulting

probability distribution function in the thermodynamic limit, N — oo, is then

Z <|Zl2> (— |Z|2>—> ! (2.45)
WBZ Il P\ T2 27l '

where the limit uses that this summation is simply the exponential exp (22‘:2).

Therefore, the density is a constant value throughout.
The v = 1/m Laughlin state has m times fewer particles contained within the

same area and therefore a density of n = However, to motivate that it is

2€2

also uniform requires numerical checks or Laughlin’s plasma analogy[19]. Within

this analogy, one notices that the normalisation of the Laughlin wavefunction is

Z /HdQZi exp (—fE), (2.46)

12
for ﬁE:Z|222|2+2mZ—ln|zi—zj\. (2.47)
— 2Up

i<j

This is exactly the partition function for a classical two-dimensional plasma in
the presence of a neutralising background and our state’s most likely distributions
will be given by the low-energy distributions of this plasma. If we conveniently

interpret the results at § = % then we find the particles in the plasma have charge

1

R 2 Numerical studies show that such

of m and the neutralising has density —

a plasma sits in a screening phase for m < m, where m,. ~ 65, above which the
charges prefer a crystalline ordering[96]. This screening phase is characterised by
a uniform density across the plane and so we expect the density of our fluid to

closely mimic this result.

9 To see this consider that E = m¢ for some electrostatic potential ¢. The charge distribution
a given particle sees is then found via Gauss’ law, —V?2¢ = 2mp. The former term in Eq. 2.47
produces the constant background whilst the second term corresponds to an array of point-like
charges of size m.
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The second claim is that the fluid is also incompressible. We have already seen
some hints of the incompressibility for the Laughlin state from the construction of
our parent Hamiltonians, which force all low-energy states to vanish as (z; — z;)™,
meaning that our state has a radius of at least R = fgv/2mN (because it will

reach to at least the [ = m(IN — 1) orbital). More generally, the compressibility

b e

where p and V' are the pressure and volume of the fluid. With energy per particle,

1S

¢ and number density n yielding a total energy F = nel/ we then find

1 20

—=n"— 2.49

k" on (2.49)
where p = (g_f/)v is the chemical potential. However, if we begin with the Laugh-

lin state and increase the density of particles then the filling fraction will increase
above v = 1/m. This leads to a discontinuous jump in the chemical potential
across the gap and therefore k — 0. Our state is therefore incompressible!?.
Therefore, the coarse-grained picture is of a quantum Hall fluid which is in-
compressible due to the interactions between particles (or Pauli exclusion for
v = 1 fermions) and uniformly dense, behaving like a plasma. Recalling then
that our system on the plane satisfies rotational symmetry, this fluid will form
a circular droplet corresponding to the lowest energy configuration within some
typical confinement. Then, as shown in Fig. 2.4, our edge modes are distortions

of this droplet.

10 Note, however, that this claim is dependent on exactly how the energy of the system varies
with density. We have claimed that the chemical potential will jump as n is increased, which
requires the total energy of a system of density n = ﬁ + én to approach zero linearly, as
E ~ dn for én > 0 and E = 0 for on < 0. This would make the chemical potential discontinuous
at on = 0. Whilst this seems eminently plausible, there is no rigorous proof of this statement.
However, we can rely on a wealth of numerical and experimental evidence[61, 97-99].
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Figure 2.4: We show the first few modes of excitation for our circular droplet on
the plane, which correspond to waves around the edge. Note that, being on a
circle, these modes have automatic periodic boundary conditions so are quantised

to have wavevector k,, = 3.

2.4.2 The Classical Problem

We will now consider a semi-classical approach to finding the transport of these
modes along the edge of our system, beginning with a discussion of the fully

classical problem[12]. The equation of motion for our charges is

qu—z =qE+qux B (2.50)

where v is the particle velocity at time ¢. In the absence of an electric field these
particles simply execute circular motion in the form of cyclotron orbits. However,
the electric field which contains these particles within the sample causes these
orbits to drift, as demonstrated in Fig. 2.5a. This happens as the particle loses
kinetic energy when it climbs up the potential gradient, thus making its motion

E 11

slower at the top of the orbit and causing overall drift of v = %

Now consider that our edge is narrow enough that the electric field corre-
sponding to the confinement of the particles is linear. Therefore, as shown in
Fig. 2.5b, we would expect all the charges across the edge to set up a persistent

current propagating at the same speed v, leading to an equation of motion

oh  Oh

o TU5, =0 (2.52)

A simple method to find this drift is to make a Lorentz boost, v, in the direction perpen-
dicular to the electric field, which transforms the electric field to

E' =~(E +v x B). (2.51)

Setting this to zero one finds that v = %.
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qF
— v
(a) (b)

Figure 2.5: In (a) we consider the motions of individual particles within the fluid
and note that they develop an E x B drift. In (b) we consider the system as
a fluid which, assuming that the edge is narrow enough to consider the electric
field as linear, propagates all at the same velocity.

for the height, h(z), of the fluid with respect to the ground state at position z
along the edge. We now wish to quantise this theory and so we need to consider

the energetics of the system.

2.4.3 Wen’s Hydrodynamic Formulation

We begin by recalling that the fluid is incompressible with density n and so the
one-dimensional density at position x is p(x) = nh(z). Therefore, considering
strips of charge like that shown in Fig. 2.5b, which have a total charge of ¢p(x)dz

and feel an average potential of %h(x)E , the Hamiltonian for the system is[11]

H= /da:qp(x)h%)E = Whg/dxp(m)Q, (2.53)

recalling that n = ﬁ and simplifying given the definition of /. Working in

momentum space, p(z) = >, pre~**, and taking py = 0 (which just defines

h = 0) our equation of motion, Eq. 2.52, and Hamiltonian, Eq. 2.53, become

v
e = 1wk H =27h— Pk 2.54
Pr = kP, ™ VZP kPk ( )

k>0

We quantise this theory by identifying some generalised positions ¢, and momenta

pr such that the equation of motion corresponds to Hamilton’s equations[100] (i.e,
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g=2 and p = —a—H) and then impose the canonical commutation relations
op dq )

setting [Qkypk’] = ih(Sk,k/.

The result of this analysis is that ¢, = px and py = ?—Vﬁz’p,k for k > 0 only and
ors i) = (o= ) kO (2.55)
Pk P—k'| = o kK’ - .

This commutator defines the U(1) Kac-Moody algebra[101], which are the same
modes that appear in the Tomonaga Luttinger liquid model[102]. Recalling then
from Fig. 2.4 that the modes are quantised to k, = % by the automatic periodic
boundary conditions around the circle, we can build generic distortions of the

surface with the states

IA) =[] p-+.10) (2.56)

neEA

where |0) is the state annihilated by all pg, for n > 0 and A is once again an
integer partition.

Note that a given state may contain multiple copies of the same mode, imply-
ing that these edge modes are bosonic, and that the states have a linear energy

spectrum, Ex = vY_ _, hk,. These are the hallmark characteristics of a linear

nex
Luttinger liquid, a paradigmatic model of interacting fermions in quantum wires
which happens to describe a large array of other one-dimensional systems[102—
105]. However, in the usual Luttinger liquid model the excitations can travel
in both directions whereas our modes propagate in one direction only. There-

fore, this simple quantum Hall edge is an important example of a chiral linear

Luttinger liquid.

Aside 4

We note that there is a one-to-one mapping between the space of edge states
described by polynomials and these second quantised operators. This link
will be explored in much greater detail in Part II of this thesis but for now we

simply claim that, in the thermodynamic limit, the mapping from the operator
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p—k, 1s to the polynomial p,. This produces density density correlations of

the form

<n|p(zi’pg’)\n> _ V:n cos (kn(z — 7)) (2.57)

(where we implicitly normal order the operators in this expression). There-

fore, the polynomials p,, correspond to the modes, k,, shown in Fig. 2.4.
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CHAPTER

Quantum Hall Edges with Hard

Confinement

All right. Nobody mowve. I got a dragon here, and I'm not afraid to use it. I'm a
donkey on the edge!

— Donkey [Shrek, 2001]

Within the realm of quantum Hall edges there exist very few exact solutions
for the behaviour at the edge of a quantum Hall system, with Wen’s hydrodynamic
formulation being a rare exception. This solution is predicated on a smooth edge,
which we can approximate as some linear potential that completely defines the
velocity at which the modes propagate[ll, 31]. More recently there has been
significant focus on the deviation from linearity[41, 81, 105-107]. In this chapter
we consider the complete opposite limit, where the confinement at the edge is so
steep that the energy is determined entirely by the occupation of state’s furthest
out orbital. In this regime we add another rare exact solution to the annals
of quantum Hall edges, whose energy spectrum is completely different from the

usual Luttinger liquid and whose eigenstates correspond to Jack polynomials|71].
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3.1 Extremely Steep Edges

3.1.1 The Steep Limit

We begin by taking the parent Hamiltonian for the Laughlin state, Eq. 2.30, and

perturbing with some confinement, thus aiming to solve

N

Hm:Z%—i— Z Vm(ri—rj)jtZU(ri), (3.1)

i=1 1<i<j<N i=1

in the lowest Landau level. We will therefore be working in the limit
hwe >V, > U (3.2)

throughout. Furthermore, we will take this confinement to obey the rotational
symmetry of the underlying parent Hamiltonian, which therefore makes it diag-

onal in our basis of orbitals for the lowest Landau level, and so
U=> U, (3.3)
1=0

where 7, is the operator which counts the occupation of the orbital 1y, (i.e, the
2! orbital defined in Eq. 2.8). Therefore, in order to satisfy our limit, Eq. 3.2,
we will demand that U; is much smaller than V,, for all the orbitals, [, that are
occupied.

We are then interested in the solution to this problem in the extremely steep

limit. Precisely, we define this by
> U >U>U > (3.4)

It was noted previously in Ref. [41] that there is a great simplification in this limit:
the energy of a state should be determined entirely by the largest-I orbital which
is occupied, and eigenstates can be constructed by successively orthogonalizing
the root states (i.e, the Jack polynomial states Jj(;’"i“) discussed in Section 2.3.3
where A is the root partition). We use this intuition to construct a fully analytic

solution.
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Aside 5

It should be noted that this limit does not correspond to any experimen-
tal system created thus far. However, it should in principle be possible to
construct such a trap in cold atom realisations[44, 45] of the fractional quan-
tum Hall effect for small particle numbers (see below). Furthermore, it is in
these experiments where the pseudopotential interactions, V,,,, are more likely
to constitute a reasonable approximation to the real interactions, which are
typically hard-core as opposed to long-range Coulomb.

However, to approach this limit we also require the system size to be small.
Consider for example the step function edge considered in Fig. 2.2a, which
did not confer an instant jump in U; but a smooth transition over a range
V1o where [y ~ mN is the outermost orbital. The issue we must surmount is
that the spacing between subsequent orbitals varies as 1/ V1 at high angular
momentum so we would need a confinement which grows, and continues to
grow, over very short distance scales. If we were to take U(r) ~ r?7 for

(!
i

example then the energies of the orbitals would vary as U; ~ . Therefore,

to satisfy our limit at the edge (around ly) we would require v > mN.

3.1.2 Convenient Bases

Given the rotational symmetry of the problem we can diagonalise U in sectors of
well-defined total angular momentum. We then require a suitable basis of states
with which to perform this diagonalisation. As building blocks we will use the
normalised power sum basis, with ¢, = ), (%)n We have already seen a hint
that this basis is orthogonal as these power sums correspond to the Kac-Moody
generators, p_g, , encountered in Section 2.4.3. Specifically, we will take the states

to be of the form {2|Qx} = @AV //Zy, where Zy = {1|1} is the normalisation

of the ground state Laughlin wavefunction and ) are defined exactly equivalently
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to the Py given in Eq. 2.36 (but now in terms of these normalised power sums,

¢n). Then, the states have overlaps of the form[34]
{OAlQu} = oauGV'™ + O(NTY), o= [[matnm (3.5)
n=1

We will say a great deal about this orthogonality in Part I of this thesis but
for now we simply take the result in N — oo limit. In that limit, this inner
product is exactly equivalent to Eq. 2.37 with Jack parameter o = v. Therefore,
the Jack polynomials, J iy), also form an orthogonal basis which we could use to
diagonalise U.

Given these two bases, we will choose the more convenient, which happens
to be the Jack polynomials. To see this, consider using the power sums in the
sector AL = |A|. Each @y can add all AL units of angular momentum to a single
particle and so the highest occupied orbital of QW™ will be the (Iy + |A])™.
Naively one might assume that diagonalisation will therefore produce three states
with energy of order Uj,ya;. However, this is not the case as we can construct
states such as (Qx — Q) or (@Qx — 3Q, + 2Q~) which no longer have Iy + AL as
the highest occupied orbital, and so these states have energy of order U, ar—1 or
below. Therefore, we require a basis for which the maximum power added follows
a strict hierarchy, which is exactly the case for the Jack polynomials. The Jacks
have built-in the property that they add at most A\; units of angular momentum
to a single particle and are constructed such that no linear combination of Jy
with A; matching will remove this leading addition of angular momentum (i.e,
the general combination aJy + 8J,, for A # p where \; = p; will always have a

leading power of z*1).

Aside 6
The Jacks will make it easier to diagonalise U but, as we have already seen,

they are not simple objects like the power sums. Here we discuss their nor-
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1+3v|1+2v| 1+v 0

Yz =
2v v 0

Figure 3.1: The Young tableau for the partition {4, 3}, including the hook lengths
associated with each box, which count the number of cells below plus v multiples
of the number of cells to the right. We highlight the uppermost row as we will
shortly see that this completely determines the spectrum of U.

malisation. The Jack polynomials are orthogonal with[71]

G

where this normalisation, jx(v) can be phrased in terms of Young

I} = i 0)or (36)

Tableaux[108]. These tableaux, Yy, are combinatorial objects which represent
a particular partition, A, as a collection of boxes arranged in rows. There are
A1 boxes in the first row, A\, in the second row and so on. The box at position
(i,7) is in the i*" row and j® column. We then ascribe hook lengths, hx(i, j),
to each box, which equal the number of boxes underneath plus v multiples
of the number of boxes to the right. An example is given in Fig. 3.1. The

normalisation can then be phrased in terms of these hook lengths as

W)= T (i) + D)(hali,5) +v). (3.7)
(4,3)€EPA
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3.2 Analytic Solution

3.2.1 Method of Solution

We now proceed to diagonalise U in the basis of Jack polynomials, ‘J)(\V)}. The

Gl
AN RO (3:8)

where jx(v) is the normalisation of the Jack discussed in Aside 6. Since U is

matrix elements are

rotationally invariant we need only consider sectors in which |A| = |u| = AL. The
key simplification of U,  stems from the steep edge condition, Eq. 3.4 which, to
leading order, implies that we need only identify the highest angular momentum
orbital which is occupied, say 2!, and we can focus only on the potential from this
orbital, U;. Given the structure of the Jacks this will be the [ = [y + A\; orbital.
We now introduce the notation [2}'] to mean “factoring out everything which
includes the n'" power of 2,”. For example, [2%](as3z® + auz? + ayx) = gz’
We then apply this to the holomorphic polynomial representing the edge state
(ignoring the Gaussian factors) to find how much of the state has particle k in

the [y + A1 orbital. Therefore, we can find how much of a particular state, ¥

occupies orbital [ by considering

d?z \ - al

n) = ) (2 21W(z). 3.9
= [T1 (5r7z ) ¥ bt 39
The subsequent Gaussian integral will then produce the same factorisation on

the bra-state (i.e, any part of U which varies like z£ where I’ # [ will vanish in

this integral) and so

<m=§/ﬂ@iﬁ@ﬂ@ﬁ (3.10)

A similar result also holds for the off-diagonal elements of n;.
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3.2.2 Diagonalisation

Applying the factorisation to J iy)\IJ(m) we find

[Z,lg°+>‘1]J)(\y)\I/(m) — ([ZI;\I]JS/U ([Z,lgo]\ll(m)) (3.11)

since the only way we can factorise Z,ICOJ”\I

is by saturating the contributions from
both the Jack polynomial and the Jastrow factors within the Laughlin wavefunc-

tion. At this point we invoke a remarkable identity of the Jack polynomials from

Ref. [71], which states

1 v 2k M v
@) = () ) (). (3.12)
Note that the z; is normalised by R because our Jacks are composed of the
normalised power sums, functions of z;/R. We have defined zy to be the particle
positions without z; and the new partition A~ is exactly the original partition
with the first element removed, A~ = {\y,...}. Finally, the function d)(v) is a

combinatorial factor closely related to the normalisation jx(v).

Aside 7

Specifically, this factor dy(v) be expressed with the help of the partition’s
Young tableau. It can be expressed, similar to the normalisation, as a product
of hook lengths, though this time only those over the first row,

A1

da(v) =[] (ha(1,5) + 1). (3.13)

Jj=1

Hence, as illustrated in Fig. 3.1, the first row of the tableau will be important.

Similarly, we apply the factorisation to the Jastrow factors,

20 [ [z = 2 = (=) F D20 T (2= 2)™ (3.14)

i<j i<j#k
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and therefore arrive at the result that

|2 12

11 7)) (m 2\ M v m(k— 7 (m
[ IR = ((E) dA(V)Ji)(Z;é)) ((—1) Dz w0l M)).
(3.15)
To find the individual matrix elements we then perform the same manipulation

on the bra-state, J,(['), and take the inner product with the result

NZN—l (2€B2)l0+)\1 (lO + )\1)' d“(V)d)\(V) W | 1)
Up’?}‘ - Ul0+>‘1 201 Ml,)\lf{‘]uf J)‘f}
2Nk Viu(V)ia(v)
(3.16)

with corrections of order Uj,;y,—1. Recall in this expression that Zy is the nor-
malisation of the Laughlin wavefunction, defined as Zy = {1|1}. It is at this
point that the power of the identity in Eq. 3.12 becomes apparent as the states
Jl(:’_) and J ;’j_) will also be orthogonal®, leading to the result that our perturbation
is diagonal in this Jack basis with

(dr(1)*ja-(v)

= N
Uliv}\ Ul0+>\1N< » Yy >\1)5M7>\ j)‘(l/)

(3.17)

where N (N, v, A1) is the overall normalisation factor in square brackets in Eq. 3.16.
We can then apply the results from Asides 6 and 7 for the factors jx(v) and dx(v)
to find that

A1 .
hA(l,j)—Fl
E\ =T, N (N, v, \ —_ 3.18
3 = Vo N 1>JHl ha(L,5) + v (3.18)

where hy (1, j) are the hook lengths (from only the top row of the Young tableau)
which can be shown to have the form
A1
ha(l,) = (M — j)v + (Z my — 1> (3.19)
n=j

where recall we defined m? as the frequency of the integer n in the partition .

! However, note that these Jacks are part of an (N — 1)-particle many-body state. There-
fore, we should renormalise the z; such that correspond to the new radius of the state,

R = ¢p+/2m(N — 1). However, given that we work in the thermodynamic limit, N — oo,
this discrepancy is negligible.
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Aside 8

The scale factor N(NV, v, A1) contains the sole unknown within our energy
spectrum due to the unknown form of the Laughlin wavefunction’s normali-
sation, Zy. Nevertheless, there exists a large- /N expansion[109] which can be
used to constrain A up to a single constant factor. We begin by taking the
N — oo limit of N, working also with \; < N,

NZy_1(205%)"1!

N<N7V,>\1): ZN

(3.20)

Into this we can insert the large-N expansion for Zy taken from Ref. [109],

2
In ZN = mN In(mN)— ZmN2—|—Nln(mN) +r(V)N+... (3.21)

(205%) "2 2

where the constant x(v) is unknown except at ¥ = 1 and recall that v = 1/m.
Therefore,

N(N,v) = a(mN) =" (3.22)

2T —m—k

where a = *=T¢ , which equals 1 when v = 1. This coefficient, o can then
be fit using either Monte-Carlo integration[110] or more simply by comparing

the spectrum in Eq. 3.18 with exact diagonalisation.

3.3 Results

3.3.1 Energy Spectra

We now turn to consider the physics of this result. First, we note that the spec-
trum breaks into branches having different values of A\, with the corresponding
piece having energy proportional to Uj,1y,. The ratio of energies between the
branches is determined by the structure of the confining potential, U, and is

non-universal. Secondly within each branch, we find that the highest energy cor-
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Figure 3.2: A comparison of exact diagonalisation data and our analytic result
for filling fraction ¥ = 1/2 and system size N = 12 in the \; = 1 branch. On
the left we fit Zy_1/Zy using this data (and check the form against Monte Carlo
integration). On the right we demonstrate the convergence of ratios of certain
energies (which should be exact without the problematic Zy_1/Zx factors). Cir-
cles represent exact diagonalisation data and dumbbells represent Monte Carlo
data with a size corresponding to the total error in the result. We extrapolate to
N = oo by including the first two sub-leading corrections (i.e, we fit the data to
a+b/N +¢/N>?). The horizontal dashed lines are the ‘exact’ predictions for the
thermodynamic limit behaviour.

responds to the smallest angular momentum (we will describe a case of this in
detail below and consider the physics of it) in strong contrast to the traditional
Luttinger liquid picture. Nor do the energies bear any resemblance to that of the
Calogero Sutherland model, the alternative model for the edge[80, 81] which also
has Jack polynomials as its eigenstates.

In Figs. 3.2 and 3.3 we show the lowest two branches of the excitation spectrum
for v = 1/2. In these numerics we work in the limit U1 > U, but at finite size.
Therefore, as we will see in Part II of this thesis, there should be corrections
to this result initially of order N~! and sub-leading corrections of order N~3/2.
However, despite a system size of only N = 12, our analytic results are in almost
perfect agreement with exact diagonalisation. For example, the lowest branch of

excitations with \; = 1 and corresponding to the partitions A = {12F} (i.e, 1 is

reproduced AL times in this partition) are shown in Fig. 3.2. Here, the maximum
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Figure 3.3: A comparison of exact diagonalisation and our analytic result for the
A1 = 2 band at ¥ = 1/2 and N = 12 alongside the finite size scaling of energy
ratios. As for Fig. 3.2, the N — oo extrapolation is a fit of the first two sub-
leading corrections (and in this case the N=3/2 corrections are large enough to be
important).

amount of angular momentum added to any one particle is 1, giving an energy

spectrum of the form

AL
E{lAL} = U[0+1N<N, v, 1)m (323)
The second branch with A\; = 2 has modes at an energy scale of U o and

partitions of the form {27 1°} where a > 0 and b > 0. These states add angular
momentum AL = 2a + b to the ground state and produce the spectrum shown

in Fig. 3.3.

Aside 9

Note that when one calculates similar spectra for smaller filling fractions, v =
1/3 and v = 1/4, one again finds good agreement with exact diagonalisation,
although with larger finite size errors. For example, at N = 10, the finite size

error in Fy/FEy is 2.1% for v = 1/2, rising to 4.5% for v = 1/3, and 5.6%
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for v = 1/4. In all cases, however, the convergence to the analytic result as

N — oo is clear.

3.3.2 Physical Explanation

As shown in the figures for each branch, the energy is largest for the smallest
angular momentum, suggesting both that the system prefers to be in a state of
higher angular momentum (though the lowest energy state remains the ground
state) and that the velocity of modes at the edge is in fact negative. To understand
this we consider first the case of ¥ = 1 which can be considered within a single-
particle framework. The ground state is simply a single Slater determinant of all
orbitals filled up to angular momentum [y. For the lowest branch of excitations
(the Uj,+1 branch) one electron is pushed into the angular momentum Iy + 1
orbital, leaving a single hole in one of the previously filled orbitals. Therefore,

the states are of the form

--11101000} = : (3.24)
11011000} = : (3.25)
---10111000} = : (3.26)

and so on. However, given the steep edge condition (and therefore neglecting all
U, for I < ly), the occupancy of any orbitals other than the [y + 1 orbital has
a negligible bearing on the energy. Therefore, given that the occupancy of the
lo+ 1 orbital is exactly 1 for each of these states, the hole can be placed anywhere
within the bulk and the energy of the excitation will therefore be independent of
the total angular momentum to leading order. This can be seen in the spectrum,
Eq. 3.18 where at v = 1 the energy of any state will be simply Ex = Uj 4, -

In the case of ¥ = 1/m with m > 1 we can think in a similar manner by

considering the composite fermion picture[111]. Within this picture one notes
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that the Laughlin wavefunction can be constructed as a Slater determinant of
orbitals 2} [],_;(2zi — zj)mT_l. Therefore, each orbital has a correlation factor built
in which keeps the other particles sufficiently separated to satisfy the interactions.

Thinking in this way, one might first guess that placing a single hole some-
where in the bulk would, as in the integer case, excite only one particle to the [o+1
orbital and therefore lead to the conclusion that the energy is once again indepen-
dent of the angular momentum of the hole (and therefore the angular momentum
of the state as a whole). However, one should remember that in the fractional
case orbitals are typically neither completely filled nor completely empty, and it
is, in fact, the density of particles in the [+ 1 orbital which completely determines
the energy of the state. Clearly when the hole is well inside the bulk its exact
angular momentum matters little, and hence we see the flattening of the bands
at high AL. However, as the hole approaches the edge, corresponding to smaller
AL, the correlation factors become important and begin to increase the average
occupancy of the [y + 1 orbital (as the particles of would like to be close to a hole

of opposite charge). Thus the energy is highest when the hole is as close to the

edge as possible, i.e, when the angular momentum is at its lowest.

Aside 10
As already mentioned in Aside 5, achieving this steep limit in experiment
is likely to be extremely difficult, with the only realistic avenue in cold atom
systems. Within these systems extremely hard wall confinements of the form
U(r) ~ r7 with exponents as high as v = 20 have already been demon-
strated[49, 112]. However, to achieve the limit v > mN as stipulated in
Aside 5 would require something even steeper for any more than a handful of
particles.

Nevertheless, whilst the exact limit is perhaps beyond what is reasonable,

the result remains important as a limiting case which exhibits novel behaviour,
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particularly with regards to the putative negative edge velocity. Therefore,
as the confinement steepens one should expect the velocity to diminish with
the eventual limit of changing sign. In fact, for a system of size N = 10 a
potential of r?° is already sufficient to see a negative edge velocity, albeit at
higher angular momentum with a maximum energy for the U, branch at
AL = 3. The shift occurs because we can no longer ignore the energy of the
hole when it sits close to the edge. However, once the hole is sufficiently within
the bulk, the previous arguments relating to correlation factors diminishing
the occupancy of the furthest out orbitals are once again valid and the edge

velocity turns around.

3.4 Further Work

The methods introduced in this paper can be extended in several ways. For
example, with more analytic effort corrections to some of the results can be
obtained which keep sub-leading terms in orders of U;_;/U,;. In this case when
U,_1 /U is not strictly zero the dispersion develops additional structure, although
the feature of negative edge mode velocity is fairly robust at least for AL not too
small. The technique may also be applied to the edge excitations of the other
quantum Hall states, such as the Moore-Read state (which will be discussed in
Part II), although analysis of these excitations does not appear to result in a
closed form expression for the energy spectrum. Finally, it is interesting to think

about how 1/N corrections might play a role in our results.
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Part 11

Second Quantised Edges




CHAPTER

Theoretical Background

You’re off the edge of the map, mate. Here there be monsters.

— Hector Barbossa [Pirates of the Caribbean: The Curse of the Black Pearl, 2003]

In Part I we mainly dealt with the Laughlin wavefunction as a polynomial.
However, as alluded to in Section 2.4.3, there exists an incredibly powerful method
to express these wavefunctions in second-quantised language, which in turn also
allows for the construction of additional trial wavefunctions to describe quantum
Hall behaviour. The tool for this method is Conformal Field Theory (CFT) [35,
113, 114].

4.1 Conformal Field Theory

4.1.1 Conformal Operators

Conformal field theories are invariant under conformal transformations, which are
any transformation that preserves angles, as shown in Fig. 4.1. Such a stringent
symmetry makes these field theories especially tractable, forcing correlation func-
tions to behave in particular ways and making the operators within the theories
obey a variety of convenient identities which make them useful for all manner of
problems in physics. In the quantum Hall effect these operators are exploited in a

remarkable manner that was discovered by Moore and Read[22]; they noted that
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. e

Figure 4.1: An example of a conformal transformation. Specifically, where the
domain is the complex plane, z, the image is the complex plane w = 22. The
origin in both cases is given by the blue dot. Note that in two-dimensions any

holomorphic transformation w = f(z) is conformal.

the N-particle wavefunctions we have seen so far can be expressed as correlation
functions of N chiral operators from some CFT. The authors were subsequently
able to generalise this construction to produce new trial wavefunctions and there
now exists a smorgasbord of such trial states including the Read-Rezayi series[23],
the Haffnian[115], the Gaffnian[116] and the NASS state[117].

In this part of the thesis we will focus on two wavefunctions; the Laughlin state
which we have already encountered and the Moore-Read wavefunction mentioned
above. In order to understand the construction of these states in terms of CFT
we will begin with introductions to the free boson and free fermion conformal
field theories[35]. We will then introduce the specific construction of trial states

in terms of the operators from these theories in Section 4.2[22, 34].

4.1.2 Free Bosons

Basic Solution

The conformal field theory for free bosons in two dimensions has an action of the

form

1 9 "
S = & /d x 0,0(x)0" (). (4.1)
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Note that in this two-dimensional world this real scalar Bose field, ¢(x), is dimen-
sionless — it has a scaling dimension of zero. More generally, if the dimension
of some operator O is £~¢ (where ¢ is some dimension of length and we work in
natural units, ¢ = h = 1, throughout this chapter) then we say that the operator
has a scaling dimension of d.

Within a path integral formulation, the two-point correlation function of fields
¢(x) and ¢(y) within this theory can be found by evaluating the Green’s function,
G(z,y), defined by

~ ViG(@.y) = i@~ ). (1.2

By conformal invariance this correlator can only depend on the relative position,

|& — y|, which implies that, up to an overall constant
(p()d(y)) = —Infz — y[*. (4.3)

Quantisation

Taking a Minkowski metric, g,, = Diag(—1,1) and = (z,t), the action in
Eq. 4.1 describes a one-dimensional system supported on the line, z, evolving in
time, t. We will take periodic boundary conditions, ¢(z + L,t) = ¢(z,t), thus
placing the system on a cylinder of circumference L. We may therefore decompose

the field in Fourier modes,

i27r'n,

olet) = 3 gult)e P (4.4)

where ¢! = ¢_,. Inserting this into the Lagrangian allows one to identify the

generalised momenta of the theory as m, = ﬁg&i_n, where ¢, = %", and hence
we can construct the system’s Hamiltonian, which is
27 n\ 2
== T (—) b . 45
L2 (71' Tnt {3 On ) (4.5)

This Hamiltonian describes a collection of oscillators with frequency w, =

%\n\ We canonically quantise, taking [¢n, T, = 0nm, and can then define
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ladder operators for each oscillator,
m m
n — MT—n — S @n, Gy, = Tp — —@_p, 4.6
=7~ 29 =m0~ 29 (4.6)

which satisfy al = a_,, and obey the commutation relations

[am am] = n5n+m,07 [am &m} = 07 [&m &m} = n5n+m,0- (47)
Furthermore, one finds that [H,a_,] = *™a_, and similar for a@_, so we can

identify a_, and a_, for n > 0 as the raising operators of the theory, which

2mn
L

increase the energy of a given state by <. Likewise, we can identify the a,, and
a, for n > 0 as lowering operators and therefore define the vacuum state, |0), as
the state which is annihilated by all a,, and a,, for n > 0.

The operators remaining with which to generate the full Fock space include
a_, and a_, for n > 0, each of which increase the energy of the state. However,
our field theory also contains a symmetry which produces an extra degeneracy due
to the operators ag and ¢g. Within the action, Eq. 4.1, this symmetry manifests
itself as the invariance of S under the transformation ¢(x) — ¢(x) + constant.

For the Hamiltonian, the symmetry is [H, ag] = 0 where aq is the operator that

counts this charge. We may then define states of zero energy but charge C' by
|C) = €'“%|0), (4.8)

such that ao|C) = C|C). As a corollary note that states |C) with differing charge

are orthogonal'. Therefore, a general state in the theory is of the form
) = % [ [ azn, [ [ @-n,10) (4.10)
i J

for any sets of positive integers n; and 7.

I To prove this note that ag = ag. Therefore, consider the matrix element

(Cilag|C2) = C1(C1|C2) = C2(C1[C2), (4.9)

which implies that, unless C7 = Cy, the overlap of any two states must be zero.
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Mode Expansion

We now consider the structure of the field itself, which will be of crucial impor-
tance in the construction of trial wavefunctions. To do so, note that ¢,(t) =
Llan(t) — a_n(t)] where the time dependence of these ladder operators can be
extracted using a Heisenberg picture, conjugating with the evolution operator,
e~ ™t to find

an(t) = an(O)e_i%Tnt. (4.11)

This gives us the time dependence of all ¢,(t) except for ¢y(t), which does not
appear in the definition of any ladder operators. However, using the canonical

commutation relations it is simple to show that

60(t) = 0 + ot (1.12)

where ¢y = ¢o(0).

Using these results we can now express the field with the time dependence
explicit. With all operators now implicitly time-independent, the field in terms
of ladder operators has the form

oz, t) = o + 4—7Ta0t +1 Z ! <ane_i2ﬂTn(t_x) + dne_i%Tn(tﬂ)). (4.13)

L v n
By inspection we note that can be split into two chiral fields, ¢(z,t) = p(t —
z) 4+ @(t + x), one of which corresponds to right-moving bosons and the other
corresponding to left-movers. We will find it useful to phrase this chirality in

2w

. 27 27
terms of complex coordinates on the plane, z = e

(7=it) and z = e T "T%) where

T =1t is the Fuclidean time. This mapping is shown in Fig. 4.2. Therefore, we can
express ¢(x,t) as the sum of a holomorphic part, ¢(z), and an anti-holomorphic

part, ¢(z). We then take
o(z) = po — tagIn(z) + i E lanz’". (4.14)
n

as the subsequent mode expansion.
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Figure 4.2: The mapping z = e (") which maps rings at constant Euclidean
time, 7, on the cylinder onto rings over the plane.

Aside 11

Note that the mode expansion in Eq. 4.14 is not quite as advertised. As-
suming an equivalent definition for ¢(z) one would find that ¢(z) + ¢(z) =
®(z, Z) + @o, which includes an extra zero mode. We rectify this using a pro-
cedure called compactification, which places the range of ¢ onto a circle so
that ¢ is identified with ¢ + 27(Q) where @) is some integer called the com-
pactification radius. This introduces another zero mode into the expansion of
¢ due to the possible winding of the field (i.e, ¢(z,t) can now include some
linear term a(z). In this way we note that the symmetry ¢ — ¢ + const is
a U(1) symmetry with an associated U(1) charge measured by ag. The extra
zero modes make Eq. 4.14 exact, though complicate the energetics so have

been omitted here for simplicity.

Identities for the Bose Field

We now consider crucial identities for the chiral Bose field given by the mode
expansion, Eq. 4.14. We have already seen the two-point correlator for the full
field ¢(z,z) in Eq. 4.3 and, given the decoupling into ¢(z) and @(2) it is no
surprise that

(p(2)p(w)) = —In(z —w). (4.15)

Another extremely important result we will need from the free boson theory
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is the concept of Vertex operators. Given that ¢(z) is dimensionless it can be

exponentiated without introducing a new scale by defining
Va(z2) =: @) (4.16)

for some number o and where the notation : X : refers to the normal ordering of
operator X?. This operator has a U(1) charge of o and a scaling dimension of %2
An important identity for this operator which we will require later pertains to
the product of two such operators. The Baker-Campbell-Hausdorff formula gives

the result that

ce® o e®2 = PP o (PiP) (4.17)

where ®; and ®, are operators of a harmonic oscillator as in the case of our free

boson. Therefore,

V. (2)Vs(w) = (2 — w)* glep@)+Be(w)) (4.18)

4.1.3 Free Fermions

Basic Solution

We now consider free Majorana fermions in two dimensions. The field in this
case is made from two Grassmann fields, ¥ = (¢,%)"T and, in terms of complex

coordinates, has an action of the form

S % / 2§03 + o). (4.19)

Note that the fields ¢ and 1) have scaling dimension of % Note however that this
theory contains a parity symmetry due to the Grassmann nature of the fields.
Effectively, one notes that observables and the action must be real which, due to
the nature of Grassmann variables, requires them to be some product of an even

number of fields.

2 Normal ordering is the process of removing unwanted infinities by moving all annihilation
operators to the right of the expression or, equivalently, by defining : X := X — (0/X|0).
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The classical equations of motion relating to the free fermion action are 9y =
Oy = 0. Therefore, as in the bosonic case, we have a “left-mover”, 1(z) and
a “right-mover”, (z). To find the correlation functions we once again look for

Green’s functions, defined by the equations

10\ w2 (=, 2)d(w, @) ~10D(s —w), (4.20)
0

@) (
20. ) \(¥(z, 200 (w, @) (¥(z 2)P(w,w))
where 1 is the 2 x 2 identity. We can then make use of the result® that 0z~ =

0771 = 16@(2) to see that

W D, ) = 21)
(92, 2)w, 0)) = —=—, (4.22)
<1/1(z,2)1/_1(w,1?))> = 0. (4.23)

Mode Expansion

Much like in the bosonic case, the Majorana field has a well-defined mode expan-

sion, which on the plane takes the form
=Y s, (4.24)
k

and similar for ¢)(z). The power of —l is included as the scaling dimension of the
field is 5, hence making the dimensionality explicit. However, to ensure that the
field is Single—valued on the plane the allowable values of k are therefore restricted
to the half-integers, k € 7 + %

These modes satisfy the anti-commutation relations

{tr, Yp} = Oktpos {¥r, ¥p} =0, {Ur, Vp} = ripo- (4.25)

Furthermore, the modes 1, and 1, for k& > 0 can once again be interpreted as

annihilation operators and v_; and _; as creation operators. The vacuum is

3 This can be checked by integrating a holomorphic test function and applying Gauss’ law.
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therefore the state defined by 1;|0) = 9/;,|0) = 0 for all k > 0, which leads to a

full Fock space containing any state of the form
W) = [ v [[ 94,10, (4.26)
( J

where k; and k; are any positive half-integers. However, due to fermionic exclusion

there can be no duplicates (i.e, the state @D%@b% |0) is not allowed because 13 = 0).

2

Using this technology it is relatively simple to check that (0] (2)y(w)]|0) = -

z—w"

4.1.4 Energy-Momentum

In both of these theories, a special operator is the energy-momentum tensor,
which is a conserved Noether current arising from conformal invariance. For the
free boson and free fermion theories the holomorphic part of this current has the

form

T#(z) = = : (idp(2))” : (4.27)

and  TY(z) = —% s (2)00(2) (4.28)

N —

respectively where, as before, :: corresponds to normal ordering of the operators.
Much like the fields themselves, these T'(z) also admit their own mode expansions

of the form
T(z) =) L,z " (4.29)

where the L, are the modes of the Virasoro algebra and correspond to particular
facets of the set of conformal transformations. For example, L_; is the generator
of translations whilst L, generates dilations and rotations on the plane. The
operator Lg is particularly special as it makes up the Hamiltonian with H
Lo + L. The eigenvalue of L is called the conformal dimension of the state and
for both of our theories effectively counts the numbers of modes weighted by their

mode number, i.e, [Lg, a_,] = na_, and [Lg, x| = k).
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4.2 Trial Wavefunctions as Conformal Blocks

4.2.1 General Construction

We now introduce the remarkable result that trial wavefunctions can be written as
correlation functions of chiral operators from a conformal field theory[22, 23, 34,
118]. The relevant CFTs will always be made up of two sectors, being supported
in some

CFT = CFTyqy ® CFT,, (4.30)

where the U(1) sector always corresponds to the chiral part of the free boson
theory and CFT\, is the statistics sector, some other chiral CFT which contains
the holomorphic field x(z). In this way we will construct operators from the
building blocks of the CFT which represent the individual particles in a manner
similar to bosonisation[103, 104].

Specifically, we represent any given particle at position z by the operator
Am(2) = x(z) 1 eV#G) (4.31)

which has a U(1) charge of magnitude \/m given by the vertex operator of (z).
The quantum Hall wavefunction on the plane at filling fraction v = 1/m can then

be expressed as the correlation function
\I/@‘(Z) = <v|c%./4m(z1) .. ..Am(ZN)|O>, (432)

where ¢l is the background charge, |0) = 0)y(y ®10), is the vacuum of the full
CFT and |v) is some neutral state of the full CFT (i.e, a state containing zero
U(1) charge). Note that in the absence of the background charge, this correlator
would evaluate to zero, as the N particle operators provide a total charge of

Ny/m. The background charge is a neutralising operator of the form
N = emiNVmeo, (4.33)
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and hence the correlator is non-vanishing.

Aside 12

Note that our particular choice for the background charge in Eq. 4.33 is
not unique. Physically, this choice corresponds to placing a U(1) charge of
—N+/m at infinity but alternative methods exist in which the charge is instead
spread out over the droplet[118]. We place our charge at infinity because it is
significantly simpler to work with but we note that, unlike some other choices,
it will lead to wavefunctions W ,|(z) which do not include the Gaussian factors,

exp (_151222)7 usually attached to each orbital. However, given the constancy

of these factors it is exceedingly simple to include them within our integration
measure instead of directly attached to each state. Therefore, we will define

the overlap of two quantum Hall wavefunctions as

{0 Pu} = [ Dz U (2)Puw(2), (4.34)

CN
where the integration measure has the form

Dz =[] {d2zi exp (—'2222)} . (4.35)

i

Note that W, (z) describes edge states with the auxiliary state, |v) corre-
sponding to the particular edge excitation. In fact, ¥ can be considered as some

linear mapping from a CFT state to a physical wavefunction,
v ”U> — \If@‘(z). (436)

For the case |[v) = |0), the wavefunction is that of the ground state. More
generally we recall that each edge excitation has an associated quantum number,
AL, which corresponds to the amount of angular momentum each edge state has
with respect to the ground state. The analogue in the CFT is the conformal

dimension of the state |v) with Lolv) = ALv).
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4.2.2 The Laughlin State

The Laughlin state has a trivial statistics sector, i.e, x = 1, making its CFT
solely that of the free boson, CFTy(;). The particle operator for this case is then
simply the vertex operator. Therefore, we can use the identity for products of
vertex operators given in Eq. 4.18 to see that
Wiy () = (0] VP ENe0) o) T (2 — )™ = [ [z — 2)™ (4.37)
i<j i<j
as required for the Laughlin wavefunction.

Now consider some non-trivial auxiliary state, |v). This state must be neutral
such that it does not add any particles but can otherwise be any state from the
CFTuyq). We can label the states as

IA) =[] a-nl0) (4.38)

neEAX

where A = {1, Ao, ...} is an integer partition containing any collection of integers
greater than zero. These states have conformal dimension Lo|A) = > . Ai|A),
which corresponds to the amount of angular momentum added by the particular
excitation.

The mapping to a first quantised wavefunction can be found by noting that

(s A (2)] = V=" A (2). (4.39)

Therefore, it is straightforward to see that the a, modes correspond to unnor-

malised power sums,

Wi (z) =m = Pa(z) [z — 2)™ (4.40)
i<j
where the individual p, are taken to be unnormalised, i.e, p, = ) .2/, and

recall that the notation ¢(X) refers to the number of elements in the partition
A. Therefore, as claimed, the state W does indeed have angular momentum

AL =Y, \; with respect to the ground state*.

4 We can now contrast this picture in terms of a CFT with the modes of the density we
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4.2.3 The Moore-Read State

The statistics sector for the Moore-Read wavefunction is that of a free Majorana
fermion with field x(z) = v¥(z). Before we construct the trial wavefunctions
which follow from this CF'T it is worth recalling that the fermionic CFT contains
a parity symmetry, which forces the correlation function of an odd number of
fermionic fields to vanish. Therefore, the construction differs slightly between
odd and even particle numbers, and we shall focus initially on the even case. In
this case the vacuum, |0), corresponds to the ground state, which has the form
Wi (2) = (W(21) ... ¥(zw) [ [ (20 — 2)™ (4.41)
i<j
To the many-body fermion correlator one can apply Wick’s theorem to find the

Moore-Read (Pfaffian) wavefunction,

Wi(2) = Pf( ! ) [ ==z)m, (4.42)

! I/ i<y

where this extra term, Pf(...), is called the Pfaffian, and is an antisymmetrised

sum over all products of the fractions ﬁ,
i %

1 1 1 1
Pf( ) - ZA( ) (4.43)
Zi — Zj§ Z1 — 2223 — 24 ZN—-1 — RN

where A refers to the antisymmetrisation over all the indices 1,...,N. Once

again, note the absence of Gaussian factors in Eq. 4.42, which we once again

place within the integration measure, whose form is once again given by Eq. 4.35.

Aside 13
We claim that the Moore-Read wavefunction describes the quantum Hall
effect at filling v = 1/m. To see this note that the maximum angular mo-

mentum of any one particle in the Moore-Read ground state is m(N — 2).

considered in Section 2.4.3. By comparing the resulting space of states and the commutation
relations of the modes we see that the two pictures are equivalent with py, = /55 an, where

we recall that &k, = 5.
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Therefore, for large system sizes we see that, indeed, there are N particles
filling approximately mN orbitals. It is then proposed that this state or its
particle-hole conjugate, the anti-Pfaffian describes the true ground state of
the quantum Hall state at filling fraction v = 5/2 (i.e, with two inert lower
Landau levels and an additional half-filled, spin-polarised level)[119-124].
Furthermore, note that there also exist parent Hamiltonians for the Moore-
Read state[125, 126]. However, the interactions necessary to realise the exact
form in Eq. 4.42 are three-body interactions which impose energy costs unless

the wavefunction vanishes sufficiently fast as z; — 2; — 2.

Consistent with the Laughlin state, we excite edge modes by applying the
positive modes of the fields in our CEF'T on the vacuum. In this case, we have two
branches of excitations, one of which is an exact replica of the bosonic excitations
from the Laughlin state and another arising due to the fermionic field. This second
branch is more restricted than for the bosons because the individual states must
obey parity symmetry and satisfy fermionic exclusion. As such, general states

have the form

IAsp) =[] an [ ¢-il0) (4.44)

neA lep

where X is once again any integer partition but p is an ordered (g > ps > ...)
set of positive half-integers (y; € Z* + %). Parity symmetry then forces the
number of elements within the set p to be even. Furthermore, given that the v
anti-commute we must also enforce an ordering on this product and we choose to

order the v, with the smallest [ at the right-most position, i.e,

31

@55,5

> = ¢391]0) (4.45)

where ) refers to an empty set containing no elements. Despite the extra complex-

ity of these states, they once again raise the angular momentum by an amount
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equal to the conformal dimension of the state, which in this case is

AL=>"N+> (4.46)
i J

Therefore, there must once again be some function of the z; multiplying the

ground state with a total degree of AL and it has the form

Pan=m= Pa(2) < <H<w?)>¢(£<f>w> (447)

where these correlation functions can be evaluated by Wick’s theorem to give

similar Pfaffians to Eq. 4.43 (see Ref. [34] for an explicit example).

Aside 14

Finally, we consider the case when N is odd. The picture is almost identical
but, due to parity symmetry, we must be careful to ensure that the total
number of fermionic operators within any given correlator is even despite an
odd number of particle operators. This discrepancy is made up for by the edge
states, which are identical to those in Eq. 4.44 except that g must contain
an odd number of elements. This even holds for the ground state, which
is instead defined by the CFT state ¢%’0>- Furthermore, an odd particle
number leads to a different counting of states to the even Moore-Read state.
For example, at AL = 1 the only edge state when N is even is |1; ) but when

N is odd we can have both }Q); %> and [1; %>

4.2.4 “Ward Identities” for Trial States

In the following two chapters we will consider the effects of various symmetries
in the first-quantised space of quantum Hall wavefunctions and their effects on
this auxiliary CFT space. To do so, we will need to be able to map a number of

operators acting on W, (z) to operators which act directly on the auxiliary state,
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|v). We have already seen a number of these in the form of the edge states,

(Z Z?> Vi (2) =¥ (o] \j% (4.48)

What follows is a series similar mappings for some important operators, some of

which are reminiscent of the Ward identities[35], which are a set of differential

equations for correlators in a CFT arising due to conformal symmetry.

The Number Operator

Consider first the action of the number operator, N. Recall that each particle is
represented by the operator A,,(z) and these carry a U(1) charge of /m. Given
that this charge must accompany every particle we surmise that the operator

ag/+/m will count particles. Therefore,

MW (2) = {01l (5 ) Anler) - Anex)l0) (1.9

However, the job is not complete as this operator does not act directly on our
auxiliary state but instead on |v) through the background charge. To find the
action directly on the state |v) we must then commute it through this background
charge, which has the effect that ag — ag+ N+/m throughout. This produces the

result that
N\I/@‘(z) = (N + —) |U> (4.50)

The Dilation Operator

We next consider the action of the generator of dilations,

on our state. Acting on a holomorphic polynomial, this operator simply counts
the total degree of that polynomial. Therefore, it should be immediately obvious
that its mapping into the CFT will be as Ly plus some constant relating to the

total angular momentum of the ground state.
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Assuming we do not know the rest angular momentum we can use the result

that

(Lo, A (2)] = (za n %)Am@) (4.52)

where m = m for the Laughlin wavefunction and m+1 for the Moore-Read state.

Therefore, we can replace the action of £y with

Z 20,V (2) = (v|ch (Lo — @> A (z1) ... An(2x)]0). (4.53)

As a final step we must once again commute this operator through the background

charge. To do so we note that conjugating the bosonic field by ¢ has the effect

Nym
z

cNidp(2)e, N =idp(z) + (4.54)

but has no effect on the statistics sector. Therefore, given that Ly = L + L
and the operator from the statistics sector commutes with the charge, it can be

shown that

(4.55)

EO\I/M(Z) =V <L0 + aoN\/ﬁ + M) |U>

2
For our neutral states the ag term will evaluate to zero and this constant is
usually unimportant, leaving solely Ly. Note however that this constant does

indeed reproduce the expected total angular momentum of the ground state,

w for the Laughlin state and w for Moore-Read.
The Translation Operator
We conclude with a mapping of the generator of translations into the CFT,

Loy=) 0. (4.56)

Once again, it is perhaps unsurprising that the operator in the CFT language
which replicates the action of the translation operator on the full wavefunction is

in fact the generator of translations, L_;. To see this we note that

[L_1, An(2)] = 0A,(2), (4.57)
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and therefore we can map the derivative directly into the CFT as
D 00 (2) = @lep (L) An(21) .. An(28)]0). (4.58)

We once again wish to commute this through the background charge and there-
fore, using the result for the conjugation of the field by the charge given in

Eq. 4.54, find that the action of a derivative directly on the state is

L4V (z) =V : (L4 + Nyma_) o). (4.59)

Projection to the Lowest Landau Level

We conclude this section with an identity which will make it far easier to map cer-
tain terms in the space of polynomial wavefunctions into the CFT by converting
them into differential operators. The procedure is called Projection to the lowest
Landau level[127] and relies on the fact that the wavefunctions we work with
will always be holomorphic polynomials with some unchanging Gaussian factors.
Therefore, consider the matrix element of a single power of the anti-holomorphic
coordinate, Z;, between the states labelled by auxiliary states |v) and |w). This

is defined as

(Zi)%w = /DZ\TJM(Z)Q\I}(M(Z), (4.60)
where we recall the existence of the Gaussian factors in the integration measure,
Eq. 4.35. Therefore, in any such matrix element we can replace the power of z;

by a derivative acting on the Gaussian factor within the integration measure,

(3o = [ 26°0,(D2) T () (2), (461
We then integrate by parts, using that the Gaussian factors cause the integrand

to vanish at infinity, and therefore conclude that, within the space of states of

lowest Landau level wavefunctions, we are at liberty to make the substitution,

In this way we will be able to consider the action of the anti-holomorphic coor-

dinates on the holomorphic wavefunctions.
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CHAPTER

Inner Products

O, what may man within him hide, Though angel on the outward side!

— Duke Vincentio [Measure for Measure, William Shakespeare, 1603]

Calculating the overlaps of the strongly correlated trial wavefunctions in the
quantum Hall effect is a very difficult problem Nevertheless, the problem is of
great importance for finding the energy and entanglement spectra of quantum
Hall systems, as well as for computing observables. Recent works have made
progress by using the aforementioned description of wave functions in terms of
CFT correlation functions[34, 128], as we can work with the much simpler space
of states from the auxiliary CFT space. We will closely follow the description in
Ref. [34] where the authors provide powerful constraints on the structure of the
inner products of these trial states by appealing to the underlying symmetries of
qH states.

In Ref. [34] the structure of these edge state inner products was used to ana-
lyze the particle and real-space entanglement spectra of quantum Hall states[129,
130]. However, the exact form for the inner product is a conjecture. Therefore,
even though the conjecture is extremely well motivated, being based on an exact
calculation for the trial wave functions of a p, + ip, superconductor and having
a strong physical basis, the authors do not provide a derivation of this result.
Specifically, the authors of Ref. [34] use the ansatz that the inner product form is

the exponential of a local action, Sy, which is very difficult to prove in general,
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and we can only do so for the integer quantum Hall case, as demonstrated in a
future publication[131]. Therefore, it is important to further check the validity of
this powerful result, and this constitutes the main outcomes of this chapter as we
provide extensive numerical evidence in support of these claims. We also use the
constraints proposed in Ref. [34] to calculate Sy to very high orders. In Chapter
6 we will build on these results to study effective Hamiltonians for the quantum
Hall effect.

We begin in Section 5.1 with an overview of the general form for inner products
and an introduction to the constraints provided by the symmetries of quantum
Hall states in the CFT. In Section 5.2 we provide high order expansions calculated
for Sy in the Laughlin and Moore-Read cases. Finally, we provide numerical

evidence in support of the conjectures made by Ref. [34] in Section 5.3.

5.1 Symmetries of the Inner Product

In this section we will introduce the notation and general structure of inner prod-
ucts of edge state wave functions in the quantum Hall effect. We will then review
the conjecture and symmetry analysis of Ref. [34] before using these symmetries

to constrain the form of this inner product as much as possible.

5.1.1 CFT Formulation

For the purposes of inner products we will use curly Dirac notation for states
in the physical space of holomorphic polynomials to distinguish them from the

states in the conformal field theory, i.e.,
{Z‘\If@,‘} = \IJM(Z). (51)

We are interested in finding the overlaps of such states, as defined by the integra-

tion measure in Eq. 4.35. Using our previous definitions of quantum Hall states
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in terms of conformal blocks we may now rewrite this inner product in the Hilbert

space of the CFT as

{90t :/DZ<w|CﬁAm(zl)---Am(zN)|0><0|AmT(zN)---Am*(zl)can|v>-
(5.2)

Therefore, we can define the inner product, Gy, within the space of the CFT as
Gy = /chﬁAm(zl) .. .Am(zN)]0><O\AmT(ZN) . .AmT(El)C;LN (5.3)

which produces a mapping from an inner product in the physical space into the

CFT language of the form
{00 P} = (wlGnlo). (5.4)

If we could evaluate Eq. 5.3 we would then have the exact form for overlaps of
quantum Hall edge states. Unfortunately this proves to be an extremely difficult
problem.

Instead we consider what the generic form of Gy could be. By definition, Gy

is a Hermitian and positive definite operator so we can write it in the form
GN = ZNRQLOG_SN, (55)

where recall that Zy is the N-particle normalisation of the ground state (i.e,
defined such that {\If<0|“11<0|} = Zy) and R is the radius of the quantum Hall
droplet. Lg is the zero mode of the Virasoro algebra. This equation defines the
action, Sy = SJT\, and is the form proposed in Ref. [34], in which the authors
argue that Sy is a local action on the boundary of the droplet; it is a massive
perturbation to the full CF'T.

By itself, Eq. 5.5 is just a definition of some operator Sy onto which we shift
our ignorance about the exact form of GG. However, the crucial simplification lies
with the claim that Sy is local. This is a conjecture based on exact calculations

for the trial states of p, + ip, superconductors, a kind of toy model for trial
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wavefunctions with many similarities to quantum Hall trial wavefunctions, and
also on the assumption of charge screening within the bulk of the droplet. This
conjecture is one of the major constraints we impose upon Sy which allows one
to make progress. However, as it is not a rigorous statement it is important that
we check its validity. This, as well as computing the explicit form for Sy, is the
main motivation for this work with Section 5.3 providing numerical evidence in

support of this ansatz.

5.1.2 The Symmetries of Sy

We begin with a short discussion on the conjecture of locality made by Ref. [34].
This claim is motivated partly by the fact that, for trial states of a p, + ip,
superconductor, the inner product operator equivalent to G can be calculated
exactly and it has the form claimed in Eq. 5.5 for a local action, Sy. Another
motivation is provided by the generalized screening hypothesis, the idea that all
correlation functions within the bulk of the droplet should be short range.

For the Laughlin state, this screening can be understood in terms of the plasma
analogy, which we have already seen in Section 2.4.1. Recall that this system is in
a screening phase for m < m, where m, ~ 65, meaning that correlation functions
decay exponentially[53, 96]. A similar (though much more in-depth) analysis is
also possible for the Moore-Read state with a similar conclusion[132]. As such,
we expect that all the important physics in at least these two systems should be
due to local interactions[133].

This idea of screening suggests that the degrees of freedom at one point in the
system will not interact significantly with degrees of freedom at another location.
Given that the relevant degrees of freedom for the overlaps of edge states (which
are localized on the boundary) will be located on the edge we surmise that the
action will exist only at the boundary. Furthermore, it can include only local

terms which do not generate interactions between well-separated regions along
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the edge. As such, one may take an ansatz for Sy which is local, of the form

Sv =35, / dz &, (z), (5.6)

where z is the coordinate along the circumference of the droplet at radius R (i.e.,
at z = Re™/ R) and we sum over all possible local operators, ®,, which have a
priori unknown coupling coefficients s,.

It is important to understand which terms in this sum remain relevant as the
system size increases. The variation of each term becomes clear when we perform

a change of variables from the circle z to the plane z. Under this substitution

B () = (E)cb() — (5.7)

where the second equality defines a new operator ®,(z) = (iz)%®,(z). Note that
d, is the scaling dimension of the field ®, and recall that R = fgv2mN is the

radius of the droplet where (g is the magnetic length. This maps the action to

Sy = ;ZS_“I ]4 2 (5.8)
Having rephrased the action we note that the contour integral can be freely
deformed and is a scale invariant quantity. Based on the previous heuristics, we
also expect the coefficients to vary as §, ~ g% ! where ¢g is roughly the UV
cutoff in the theory. As such, we define dimensionless coefficients, s, which we
expect to be of order unity via 273, = s, (EB\/%) da=t such that

54 dz 1
= —— P —2 P, .

-1
Therefore, we see that the action is an expansion in v/ N  and so, for N large

enough, we can restrict our attention to only those operators where d, is small.

5.1.3 Number Conservation

We now begin to make rigorous observations about the structure of the inner

product. Firstly, we note that particle number is conserved, which is a simple
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statement that the scalar product between any two states must be zero if the
number of particles is not the same. We have already seen that the operator
which counts the particle number is ag/+y/m where aq is the zero mode of the
Bose field and counts the total charge. Therefore this constraint can be imposed
by [ao, Sy] = 0.

As such, number conservation precludes any terms in Sy which contain ¢
and this imposes a strong constraint on the U(1) sector of the field theory. It
prevents the inclusion of any vertex operators, : ¢’*?*) : and requires any mention
of the bosonic field to be as a derivative, i.e., the current i0p(z) or a descendant
of it. This does not imply any constraint on terms arising from the statistics

sector.

5.1.4 Rotational Invariance

The next rigorous constraint is a result of rotational invariance. In a rotationally
invariant environment, Quantum Hall states have well-defined angular momenta
and the scalar product of any two excited states with different angular momenta
must be zero. The operator which measures angular momentum in the CFT
language is Lo, (which we note contains a contribution from both the charge and
statistics sectors, L, = Ly + Lg’). Therefore rotational invariance forces us to
conclude that [Lg, Sy] = 0.

This constraint happens to be rather powerful. So far the structure of Sy is
one of polynomials of the fields and their derivatives multiplied by any a priori

arbitrary function of z. For example, in the Laughlin case all terms have the form

®a(2) = f(2)(i0p(2)™ (10%p(2)) ™ - - (5.10)

where m; are integer which give the operator’s scaling dimension as d, = Y | jJm;.
This function of f(z) is then an a priori completely arbitrary function. However,

if we impose rotational invariance then this constrains it to be simply f(z) o z%.
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An analogous result exists for any other trial quantum Hall state constructed as

a CFT correlator in this manner.

5.1.5 Translational Invariance

The final constraint is the most powerful as it allows many of the coefficients in
the proposed expansion of Sy to be fixed. It is a consequence of the translational
invariance of the Laughlin wave function and leads to the conclusion that the

action must satisfy[34]

[e™% a_y] = e~ 5N (5.11)

1
N
where L_; is the generator of translations in our Virasoro algebra. This allows
us to fix the coefficients of all operators which have some nontrivial commutation
relation with the a_; mode of the U(1) field.

To derive Eq. 5.11 we will analyze how translational symmetry can help us
make exact statements about the inner products of edge states containing p;
edge modes (where these modes correspond physically to a small shift of the

whole droplet). Consider the inner product,

{\II<U|‘11|\I/<w\} = <w|GNCL_1‘U> = /DZﬁl\I/(U|\I/<w (512)

Within this integral we can use the procedure outlined Section 4.2.4 for projecting
anti-holomorphic terms onto the holomorphic wavefunction in the lowest Landau

level, using the substitution z; — 2¢5%0;. Applying this substitution we find

<w]GNa,1]v> = /DZ\TJMQEBQ\/EEl\If(M (5.13)

where recall that £ = ). 0; is the generator of translations. We have also al-
ready seen how this operator maps into the CF'T in Derivation 4.2.4 and therefore
find that

(w|Gna_1|v) = 205*v/m{w|(Nv/ma_; + L_1)Gn|v), (5.14)
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which holds for all states |w) and |v). Therefore, we have that
1
R2LO€7SNCL,1 = R2 (a1 + N—\/mL1> RQLoeisN. (515)

We can then use that [Lg,a_1] = 1 and tidy up the remaining terms to find

exactly the identity given in Eq. 5.11.

5.2 Results for the inner product

5.2.1 The Laughlin State

A Basis of Operators

We begin by summarising the consequences of the conditions of locality, number
conservation and rotational invariance for operators allowed in Sy from the U(1)
sector. A general basis of terms which satisfies all three conditions is given by
Tr = fd—z,zr_l H 10" p(2) (5.16)
2m e
where we take I' = {71,79,...} as a semi-ordered set of positive integers 7, >
Y2 > ... > 0 of weight |I'| = > .~ which corresponds to the term’s scaling
dimension, i.e, dr = |I'|. Using this basis we may generate any local action.
Note that the basis defined by Eq. 5.16 is over-complete. To see this, consider

Th1, which we can integrate by parts to give

Ty = %%22%8((1&0(2))2) = —Ty;. (5.17)
Therefore, one must be careful to use a basis of Ty which includes only ‘unique’ T’
(i.e, linearly independent Tt). At low orders it is sufficient to find these ‘unique’ I'
simply by the integration by parts procedure described above, though for higher

orders it may be necessary to decompose the subsequent terms into bosonic modes

and analyse whether the individual matrices are linearly independent.
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It is worth noting an apparent oddity in Eq. 5.17. On the left hand side we
have T5; with scaling dimension 3 and on the right hand side T}, whose scaling
dimension is 2. The source of this contradiction is really just notation. From
scaling arguments we do not really expect (&p)2 to appear at scaling dimension
d, = 3. We only expect 9%pdy at this order (and also (9¢)* and ). However,
given that we want to use a convenient basis it makes little sense to keep careful
track of both T5; and T3 in the action if they are simply the same operator.
Therefore, it is more convenient to simply throw away 75; and allow 77 to appear
at both scaling dimension 2 and 3, which means more generally that any 7t in the
final basis can appear at scaling dimension dr and any scaling dimension higher.
This further implies that the coefficients will vary as s, ~ ¢v/N e Lo N Ty
for some constants ¢, ¢’ and so on.

Once we rid ourselves of these extraneous terms we are left with a linearly
independent basis up to scaling dimension 7 (or R~%) given in table 5.1. Note that
we do not consider the scaling dimension dr = 1 as the sole term here is T} = ag
and we work with states |A) which have U(1) charge of zero (i.e, ag|\) = 0 for

all |A)). Therefore, this term and others like it are trivial.

Aside 15

Let us see in greater detail how the table of ‘unique’ terms in Table 5.1 was
constructed. As mentioned already, the d, = 1 sector is somewhat trivial. It
does give us T}, but this operator is null (7} = ag = 0). Therefore, the first
nontrivial case arises at d, = 2. Here, there are two partitions, 75 and 77;.
The former can be integrated by parts and gives us back our null operator.
The latter, however, is distinct, containing two bosonic modes. Thus, at

scaling dimensions d, = 2 a full, linearly independent basis is given by
Tr € {T11}. (5.18)

We then move onto d, = 3, where the possibilities are 13,75, and Ti11.
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dr | Unique terms

Tll

Tlll

T227 Tllll

T2217 T11111

T337 T2227 T22117 Tllllll

N O Ot s W N

T3317 T22217 T221117 Tlllllll

Table 5.1: A table of some of the first few linearly independent terms from which
H can be constructed. Note that the choices made for I' are not unique. For
example, as we have already seen T7; and Th; are exactly equivalent up to an
overall sign and so to keep notation simpler we replace T5; with 7};, though must
then allow part of the coefficient of T}, to vary as R4z,

Once again, the first case is a couple of integrations by parts away from our
null operator, T7. The last case, 1111, is a distinct operator, containing three
bosonic modes, and so indescribable by a linear combination of any other
terms which are all two bosons or fewer. Finally, the middle case, T5; can be
integrated by parts to give —T}; as we have already seen. Therefore, this is

not new. Our linearly independent basis of operators for d, = 3 is
Tr € {Tw1, Tin}- (5.19)

Going forward, the view is much the same. We continue to add parti-
tions, I', of higher scaling dimension and attempt to phrase them in terms
of basis operators we already have. To do so, we choose to reduce the size
of the maximal derivatives in that term, i.e., given some term T3;; our first
priority should be to integrate away the 3. However, this is a choice and other
approaches would work equally well.

Nevertheless, the situation becomes slightly more complex. At scaling
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dimension d, = 4 the term T} is once again trivial. The term T3; when
integrated by parts is equal to a sum of T7; and Tss. The former, 77, is
already in our basis but the latter arises at this scaling dimension. Therefore,
we can take T3, or Thy and elect for Ty, Finally, T5;; can be expressed in
terms of 7117 and Tiq1; is a necessarily new term. Therefore, we claim that
up to d, =4

Tr € {111, Tu1r, Thann, Too ) (5.20)

However, one should note that, whilst 755 cannot be expressed in terms
of T}, by integrating by parts, one may still worry that the two terms, being
bilinears, might be equivalent. To fully convince oneself of the contrary one
can check the matrix elements of the two operators to see that they are indeed
independent.

Therefore, a general, efficient method for finding unique 7t is one of in-
tegration by parts to phrase Tt in terms of other Tt with at least the first
two integers 7; and 7 being equal. Such terms are difficult to reduce fur-
ther integrating by parts so one must see if the resulting terms are linearly
independent by other means, for example by considering individual matrix

elements or by taking a commutator.

Laughlin Action

Given our basis of operators we may now express the action as

Sr
unique I \/NI |

We can then apply our translational invariance condition, Eq. 5.11 at each order

(corresponding to increasing scaling dimensions) to fix the individual coefficients,
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sp. We find the final form up to 6 order (scaling dimension of 7) to be

1 S99

1
Sy =———-T 222 -
N GUmN T et T o

S99 1
B <2mN5/2 - 144m\/mN3> (8Toz1 = 2Tin)

S33 1 —7/2
T T O 6

where s99 and s33 are undetermined coupling coefficients which cannot be fixed
by translational invariance as they commute with the a_; mode. By scaling

arguments we expect these coefficients to have sub-leading corrections of order

VN e
522 Sé?é) Sg;)
o = No + ROE +... (5.23)

and similar for sz3. We will now sketch an explicit derivation of the form of

Eq. 5.22 up to 3¢ order.

Derivation 2

We begin by expanding Sy in powers of v N ! as

(1 (2
Sy =S 4 S—_ PRI (5.24)

To fix S we simply note that our ground state must be normalised. This is
the condition that
(0| R*0e=5V|0) = 1 (5.25)

and so S(]0) = 0. Given that the only term with a scaling dimension of zero
is T1 = ap and ag will always evaluate to zero on our neutral states we simply
discard it as set S = 0.

We can also quickly convince ourselves that SV = 0. The only terms

allowed at this order are T} = ag = 0 and 73, the latter of which has a

nontrivial commutation with a_;. However, translational invariance, Eq. 5.11,

75



requires that the commutator of SM with a_; be zero, and so the coupling
coefficient s;; must be zero.
The first nontrivial term arises at order N~!'. At this order our transla-

tional invariance condition reads

(S@ a_] = —%Ll. (5.26)

By noting that
[i0p(2),a_,] = 272 (5.27)

we see straight away that the term 7717 has commutation relation

dz .
[Tnl,a,l] = 3%% : [z@gp(z)f L= 6L,1. (528)
Therefore, we may conclude that s;;; = —#ﬁ at this order whilst all other

coefficients vanish.

At order N=3/2 our translational invariance condition tells us that
[S® a_4] =0. (5.29)

The smallest set of non-vanishing linearly independent operators we are al-
lowed at this order are 7171, 7111, T1111 and T5,. The first three have a non-
trivial commutation relation with a_; so their coupling coefficients at this
order must vanish. T however, commutes with a_; and so we can say noth-
ing about its coupling coefficient. As such,

1 S99 _9
Sy = ———— Ty + —2.T), + O(N?). 5.30
V= gmn i T yaale + O(NT) (5.30)

Beyond these orders the picture becomes more involved but can still be ap-
proached in a manner similar to that presented here. The only extra concern
to consider is that Sy is hermitian and is therefore made up only of hermitian
operators. As it transpires, some of the terms, T, are neither hermitian nor
can be made hermitian in combination with other Tr. The first casualty of

this condition is Th99, which we conclude cannot be present in the action.
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5.2.2 The Moore-Read State

A Basis of Operators

We proceed exactly as before, beginning with a definition of the basis we can
use to express any local Hamiltonian constructed from these two fields, ¢(z) and
¥(z), which are relevant to the problem. These will now be labelled by a pair of
partitions, I' = {71, 72, ...} and also E = {{, &, .. .}, one for the bosonic sector

and one for the fermionic sector,

Trz = ]{ ;—;zlﬂﬂ“f’—l [T i07¢(2) Haw(z). (5.31)
€T &eE
There are a few things to note about this definition. Firstly, I', relating to the
bosonic fields, is as before; it is a partition of positive integers which we order
such that v4 > 75 > .... The new, fermionic partition, E, is also a set of integers
though it cannot contain any integer twice (due to fermionic exclusion) and it
must have an even number of elements (due to parity symmetry). We denote the
number of elements by [(E) so, for example, [({0,1}) = 2 and {({0,1,2,3}) = 4.
Furthermore, it can also contain 0 as an entry (i0°p is excluded due to number
conservation though no such symmetry prevents 9%)). To further distinguish
this partition from « we will also order it in reverse, with & < & < .... Finally,
the product over the elements, &, must have a specific ordering, as permutations
bring about an overall sign change, so we define this product such that
[] o%¢ = 0% wosy ... (5.32)
=
Note that in both the bosonic and fermionic cases the empty set, (), refers
to no contributions from that sector. So for example Tt are all the purely
bosonic terms which we found when considering the Laughlin state and include
no fermionic fields.

Once again, there is a large degeneracy in this definition of basis elements.
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dr= | Unique terms

2 | T, Tpor

3 | T, Tiom

4 | Ta20, Th111,9, T201, T11.01, T 12
)

To91,0, T11111,0, I3,01, L2101, T111,01, 11,12

Table 5.2: A table of some of the first few linearly independent terms we can
use to construct the action in the Moore-Read case. The number of possibilities
grows much quicker with the scaling dimension than it did in the Laughlin case.

For example,

Thos = 7{ d—z.z%a%

_ 7{ T 2o = 2Ty, (5.33)

211

Therefore, we must once again weed out these duplicate entries, and so we provide
a particular choice of a linearly independent basis of terms in table 5.2 for the
first few scaling dimensions, where the scaling dimension of a given term is dp g =

=, =)
T+ |E] + =5~

Moore-Read Action

Asin the Laughlin case, we generate an action which is a sum over all the uniquely
defined labels, I and E and constrain whatever coefficients we can by translational

symmetry. We find that the action has the form

(1 — spo1/NV? + 55701/3]\7)

50,01 1
Sy = -2 - T T
N = Nzt 6y /mN 11,0 + 2 /mN 1,01
5920 50,12 1 1
+ Nz ~37g L2209 + N3/2 ~573 Loz + Y gl — TN Th1,01
53,01 _
+ W(Tg,01 +3Th01) + O(N?) (5.34)

78



where 501, S22,0, Sp.12 and s3 1 are all undetermined constants assumed to be of
. . . . -1 .
order unity but with potential corrections of order v N  etc. Once again, we

sketch a short proof of the lower orders of this result.

Derivation 3

As was the case for the Laughlin state, we expand Sy in powers of v N -
and apply the translational invariance constraint, Eq. 5.11, order by order.
We first note that S(® = 0 for exactly the reasons presented in the Laughlin
calculation. We then note that S can be made up of only two non-trivial
terms, namely 71,9 and Tpo;. As we saw in the Laughlin case, the non-
vanishing commutation relation which 77, ¢ satisfies with a_; disqualifies it
but the fermionic term, T g; commutes with a_;, and therefore might appear

with any coefficient. Therefore, we surmise that
S(l) = S@,OlTQ,Ol (535)

where sg; is an unknown. We note that this first term is, up to an overall

factor, simply the stress-energy for the statistics sector,

= —25p01 ]{ —sz (5.36)

where T%(z) is the holomorphic component of the stress-energy tensor.

At the next order our constraint is of the form
(sW)’
vm

We have just seen that S commutes with a_; so the contribution involving

[—S@) + ,a1] = LL,l. (5.37)

this vanishes whilst S must produce L_;. The terms allowed by this order

are those we saw at order v N ! and also
dz
T = f 22 (i0p(2))? -, (5.38)

T1.01 —]{ dz 22 i0p(2)Y(2)0n(z) - . (5.39)
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Therefore, given that the generator of translations in the Virasoro algebra of
the full CF'T has the form

L= o (@002~ w(200(:) - (5.40)

and recalling the identity in Eq. 5.27, it is straightforward to see that

1 1
5(2) - — —Tl,Ol' (541)

mﬂn,@ + 2 /m

Beyond this point the calculation once again progresses in a very similar
manner with operators which commute with our a_; mode being assigned
a priori unknown coefficients and the remaining terms being fixed by trans-
lational invariance. We must also pay attention to hermiticity which first

excludes Ty, appearing by itself as we might expect it to in S©).

5.3 Numerical Analysis

The major aim of this chapter is to test that the conjectured form for inner
products proposed in Ref. [34] agrees with the true overlaps of quantum Hall
edge states. We calculate these overlaps exactly by generating the edge states
in a single-particle basis of monomials, making use of the description of these
states in terms of Jack polynomials as pioneered in Refs. [82-84]. We must then
perform a basis transformation on these Jack polynomial states to produce the
edge states generated by the CF'T modes, a procedure which is well understood
for the Laughlin case[95] but must be considered on a case-by-case basis for
Moore-Read states’.

Unfortunately, this method limits us to quite modest values of N as the Hilbert

! Recall that the Jack polynomials can be expressed as a sum of linearly independent mono-
mials. Similarly, a general edge state Wy, can also be expanded in terms of monomials.

Therefore, by comparing the coefficients attached to monomials within these expanded states
we are able to find the relevant change of basis between the Wy, and the Jack polynomials.
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space dimension quickly becomes too large to store individual states. For the
Laughlin case this limits us to N = 12 whilst for the Moore-Read case the size of
the Hilbert space in this monomial basis is more limited and only grows too large
for our methods above N = 18. However, given that the effects we are trying to
observe are as small as 1/N? it is crucial that our method is exact as the errors
on a similar implementation with Monte Carlo, for example, would be unlikely
to converge without enormous computer time. Furthermore, the fact that N is
small makes the corrections we are looking for more clearly visible and makes the

subsequent excellent agreement all the more impressive.

5.3.1 The Laughlin State

Fitting the coefficients of Sy

In order to evaluate the accuracy of the ansatz, Eq. 5.5, we must first find suitable
fits for the coefficients we were unable to constrain by symmetry arguments alone.
To do this we minimise the Frobenius norm of the matrix corresponding to de-
viations between the exact data and this ansatz, Gy (sa2, S33) = R2Lo o5 (s22,533)
where Sy is defined in Eq. 5.22. So, given a matrix of overlaps calculated exactly,
(On)ij = {\I/@‘{\I/(ﬂ}, we set the values of the coefficients s95 and s33 such that
the “error”,

en = [|Gn(s22,533) — Onllp, (5.42)

is minimised, where || X||, = Tr(X XT) denotes the Frobenius norm of the matrix
X.

To perform this minimisation we use a process of simulated annealing[134].
The aim of the process is to minimise our loss function, ey(s22, $33), but this
unfortunately contains a number of local minima in which typical minimisation

processes can get stuck. Therefore, we minimise ey with random moves 3512), ség) —
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sgi;l), ségrl) which we accept with a probability

S )
Pii+1 = min |1, exp —% (5.43)

for some ‘temperature’, T'. Within the simulated annealing process, this temper-

ature begins large and is then steadily decreased to close to zero.

Aside 16

We expect this description to be most accurate for lower angular momentum
states, as we discuss in the following subsection. Therefore we restrict the
basis of states |i) in which we perform this minimisation procedure to be
only those in the AL = 4 subspace. Furthermore, we work with states |i)
which are normalised. Given that the individual normalisations of the states
(Eq. 4.38) vary quite significantly (for example, (11111|11111) = 120 whilst
(41|41) = 4), this normalisation ensures that diagonal matrix elements of Oy
and G are each close to unity. This is important as the Frobenius norm only
cares about the magnitude of the deviations, and so this normalisation ensures
that each matrix element is weighted roughly equally during the minimisation

procedure.

Recall that we truncate Gy to be a sixth order expansion with errors of
order N~7/2. Therefore, we should expect that ey is of the same order and this
introduces some uncertainty in the values we fit for s9s and s33. For example,
because we a priori expect soo to appear as a third order contribution, any fit
using our sixth order expansion of Gy will have some error of order N2 as
compared with an infinite-order expansion of G . Similarly, our fit to s33 will
suffer errors of order N1,

We could, of course, reduce this error by expanding G to higher orders, a
procedure which is algorithmically simple and so could be delegated to a com-

puter. However, we have chosen to truncate at sixth order because the seventh
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order contribution includes three new coefficients which cannot be constrained by
translational symmetry. As such, if one continues to expand Gy to higher and
higher orders one is forced to accept more and more fit coefficients. Whilst this
would no doubt increase the accuracy of G, it somewhat diminishes the utility
and results in over-fitting the data.

Therefore, we simply fit the values of s95 and s33 such that G as expanded
to sixth order provides the optimal description of the data, Oy (a selection of
this data for the largest case of N = 12 is provided in tables 5.3 and 5.4). We
plot the results of these fits in Fig. 5.1 for filling » = 1/2 and v = 1/3. Firstly
we note that the scaling of s9s appears to be as expected, tending towards some
constant value in both cases. This is strong evidence in support of the scaling
arguments from Ref. [34]. The scaling of s33 is less clear and suggests that the
term T3, to which this coefficient is associated, may appear at order N3 or
higher, instead of the N=°/2 we expect. Nevertheless, this does not contradict
the scaling arguments as we expect each coefficient to include such sub-leading
corrections. The only surprise is that the leading term may vanish. As such, this
is still supporting evidence that this scaling analysis is valid.

However, it is also interesting to note the strong similarity between the data

for v = 1/2 and v = 1/3. Firstly, the large-N value of the coefficient, sg?;) , appears

to be the same, or very similar, in both cases. The sub-leading correction, 5542)
also contains a remarkable coincidence. For the integer qH effect at v = 1 it is
straightforward to show[131] that this sub-leading contribution is s53 = —1/24
and so it is interesting to note that the values for these fractional cases are
extremely close to —1/24/m (where m = 1 for the integer case). In the v = 1/2
case we find sg;) = —0.0286 as compared with —1/24\/m = —0.0295 and for the

case at v = 1/3 we have sgé) = —0.0230 as compared with —0.0241.
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Figure 5.1: We calculate the values for the coupling coefficients s95 and s33 which
best describe the data for the Laughlin state at filling ¥ = 1/2 and v = 1/3 as
shown by the dark blue points in the figures. We then perform a weighted least-
squares fit of the variation of these coefficients with v N ~ and find the forms
given in each plot, as shown by the orange dashed curve. Although the points
are calculated exactly, the weighting of each point assumes that the errors due
to truncation on sy are of order N=2 and of order N~! for s33. Specifically the
fit is obtained by minimising the sum s = 3. (y; — f(2;))?/e? where y; are our
data points, f(x;) our fit function with variable z; = VN ! and e; this assumed
“error”.

Aside 17

For filling fractions v = 1/m where m > 3 the structure is less clear. Firstly,
these states live in a larger single-particle Hilbert space as they have a larger
total angular momentum, which makes storing the state difficult. Secondly,
we find that the convergence, even at comparable system sizes, is much worse,

in much the same way that the data for v = 1/3 is slightly less smooth than
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that at v = 1/2. Nevertheless, we can perform the same analysis for v = 1/4
and v = 1/5 up to system sizes of N = 10. Whilst the resulting data is
far noisier than that presented in Fig. 5.1, a simple linear fit is potentially
consistent with the cases above. We find that sg?;) = —0.030 and —0.027 in the
v = 1/4 and v = 1/5 states respectively, similar to the values we fit in Fig. 5.1.
Furthermore, we find that the slopes are sgé) = —0.0206 and —0.0190 as
compared to our guess, —1/24,/m, which evaluates to approximately —0.0208

and 0.0186 respectively.

These coincidences, as well as the suggestion that the leading contributions to
s33 vanish in both cases, seem to suggest deeper structure in this form for the inner
product which it might be possible to access analytically. For example, it may be
possible to derive further identities like Eq. 5.11 which encode other, non-obvious
symmetries of the problem. One might also be able to use the large-N expansions
of generating functions for the 2D Dyson gas presented in Ref. [128]. Furthermore,
it is conceivable that the Matrix Product State description of these states, as
pioneered in Refs. [135, 136], might also be used to make exact statements about

some or all of these coeflicients.

Accuracy of the Sy expansion

Most important is that the form of G accurately describes the overlaps of qH
edge states. Therefore, we input the fits for s99 and s33 shown in Fig. 5.1 into the
inner product operator, Gy (S22, $33) and calculate the form of inner products of
edge states, once again for filling fractions v = 1/2 and v = 1/3. Some results for
12-particle systems are presented in Tables 5.3 and 5.4 where we show the overlaps
matrices in the AL = 5 sub-space (where recall AL is the amount of angular
momentum added by the edge excitation). The inner product as calculated by

G agrees extremely well with the exact data for every overlap.
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v=1/2 | Va1 | Yo | Yoo | Yei | Ve Wiy W5
120.0000 | 7.0711 | 0.4167 | 0.4167 | 0.0246 | 0.0246 | 0.0014
Y 120.0000 | 7.0711 | 0.4167 | 0.4167 | 0.0246 | 0.0246 | 0.0000
7.0711 | 12.2628 | 1.4206 | 2.1187 | 0.1660 | 0.2482 | 0.0243
e 7.0711 | 12.2626 | 1.4205 | 2.1185 | 0.1667 | 0.2500 | 0.0246
0.4167 1.4206 | 8.0167 | 0.2482 | 1.4073 | 0.9355 | 0.2699
ez 0.4167 | 1.4205 | 8.0177 | 0.2500 | 1.4072 | 0.9352 | 0.2778
0.4167 2.1187 | 0.2482 | 6.0461 | 0.3635 | 1.3812 | 0.2013
Yo 0.4167 | 2.1185 | 0.2500 | 6.0472 | 0.3635 | 1.3805 | 0.2083
0.0246 0.1660 | 1.4073 | 0.3635 | 5.9861 | 0.2425 | 1.6569
Yo 0.0246 | 0.1667 | 1.4072 | 0.3635 | 5.9940 | 0.2500 | 1.6528
0.0246 0.2482 | 0.9355 | 1.3812 | 0.2425 | 3.8653 | 1.0914
Wi 0.0246 | 0.2500 | 0.9352 | 1.3805 | 0.2500 | 3.8709 | 1.0878
0.0014 0.0243 | 0.2699 | 0.2013 | 1.6569 | 1.0914 | 4.3703
e 0.0000 | 0.0246 | 0.2778 | 0.2083 | 1.6528 | 1.0878 | 4.3855

Table 5.3: We show a table calculating the overlaps of Laughlin-type edge states
numerically and with our expression Gy at filling v = 1/2 and system size N = 12.
The entries in the row ¢ and column j correspond to {\II<Z-| ‘\I/<j| } /R?*AL where the
upper entry is the value we find by taking exact overlaps numerically and the
lower entry (in bold) is the value we find when we use Gy.

However, the data also shows that the agreement is worse for inner products
involving large-n modes, a,, with one of the worst agreements being the calcula-
tion of the normalisation of the W ), state. That the agreements become worse
for larger n modes is not unexpected. Consider, for example, the operator T,

(2m—1)/2

which we expect to appear at order N~ . The expectation of this operator

in the state a_,|0) for large n varies as
(0|an(Thm)a—p|0) ~ n*™ 1, (5.44)

As such, if such an operator were to appear in the action, Sy, then it’s leading con-

tribution to the normalisation of the state W g, would vary as ~ Sy, (n/v N)*"~*
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v=1/3 || Yui111 | Yeu | Yeon | Yeuy | Yee Wig s
120.0000 | 5.7735 | 0.2778 | 0.2778 | 0.0134 | 0.0134 | 0.0006
R 120.0000 | 5.7735 | 0.2778 | 0.2778 | 0.0134 | 0.0134 | 0.0000
5.7735 | 12.1301 | 1.1539 | 1.7241 | 0.1104 | 0.1653 | 0.0132
e 5.7735 | 12.1299 | 1.1538 | 1.7240 | 0.1111 | 0.1667 | 0.0134
0.2778 1.1539 | 7.9512 | 0.1653 | 1.1423 | 0.7563 | 0.1794
Ve 0.2778 | 1.1538 | 7.9520 | 0.1667 | 1.1421 | 0.7562 | 0.1852
0.2778 1.7241 | 0.1653 | 5.9398 | 0.2897 | 1.1193 | 0.1337
Yo 0.2778 | 1.7240 | 0.1667 | 5.9407 | 0.2897 | 1.1189 | 0.1389
0.0134 0.1104 | 1.1423 | 0.2897 | 5.8779 | 0.1611 | 1.3393
Yo 0.0134 | 0.1111 | 1.1421 | 0.2897 | 5.8836 | 0.1667 | 1.3371
0.0134 0.1653 | 0.7563 | 1.1193 | 0.1611 | 3.7585 | 0.8784
Wi 0.0134 | 0.1667 | 0.7562 | 1.1189 | 0.1667 | 3.7629 | 0.8765
0.0006 0.0132 | 0.1794 | 0.1337 | 1.3393 | 0.8784 | 4.2072
e 0.0000 | 0.0134 | 0.1852 | 0.1389 | 1.3371 | 0.8765 | 4.2189

Table 5.4: As in table 5.3 we show a comparison of exact calculations of Laughlin
state overlaps found numerically (upper entry) with our approximation using G
(lower entry in bold) for N = 12. This data is at filling v = 1/3.

where s,,,,, would be its associated coupling constant (which we would be unable
to fix using translational symmetry). Therefore, even though we have neglected
all T, for m > 3 on the grounds that they are much more irrelevant in 1/ VN
than the terms we have kept, this still poses problems for calculating matrix

elements of states including modes a,, where n is comparable to v N.

Constraints on non-local terms

Throughout this work we have assumed that the action, Sy contains no non-
local terms. This claim is based on the premise that the Laughlin state is in the
screening phase, and so has short-range correlations within the bulk. As such,

this perturbation to the underlying CFT, our action in G, should depend only
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on local degrees of freedom.
It is interesting now to assess this claim in light of the data. Consider some
new action of the form

gN =Sy + S](\rrlon—local) (545)

where this extra contribution now contains anything which might be non-local.
The simplest such terms which can couple the field at two arbitrarily separated
positions are those with two integrals. The most well known of these which also
respects our rotational invariance condition is the Benjamin-Ono term[81, 107],

of the form

Tpo = 7{ 57 7{ 2mi (2 —w)? 110 (2)i0p(w) :

|2|>[w]

= Z NA_pQy,. (5.46)

n>0
The coefficient of this term is expected to scale as N 1.

However, this Benjamin-Ono term by itself does not respect translational
invariance and therefore, to consider whether it appears or not, we create a new
translationally invariant Benjamin-Ono term by combining it with 777, such that
the result commutes with a_;. This has the form

Too=)» (n—1)a_na. (5.47)
n>0

It is then possible for this term to appear in the expansion of Sy but with

some unknown coefficient, *82, which cannot be fixed by translational symmetry.

Therefore, if we include only this term in S non-local) .

simplicity, we have one
extra parameter we must fit.

In this vein we expand our new Gy, whose action is Sy, and attempt to
fit this new coefficient. We take an N2 expansion, neglecting any terms of

order N=5/2 and fit the coefficients, sy and sgo by using the {¥ gjq,|¥ 0|0, } and

{\IJ@‘QS ‘\I/@as} overlaps for calibration. I.e, we choose s95 and sgp such that the
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Scaling of coefficients in non-local action
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Figure 5.2: Naive power law scaling of the coefficients of the Benjamin-Ono term
(light blue) and the Ts; term (dark blue) for v = 1/2 Laughlin when we expand
the non-local metric, Gy, neglecting terms of order N=%2. We find that s
scales as expected ~ N73/2 whilst the Benjamin-Ono term falls off faster than
N—52 which is the order of terms we neglect. This analysis does not rule out the
existence of all non-local terms but is further evidence as to their insignificance.

numerically calculated normalisations of these two states agree exactly with our
expression, Gy.

The result of the fit is shown in Fig. 5.2. It shows that the coefficient sq5 scales
approximately as expected, appearing very close to 3" order in the expansion, as
corresponding to the scaling dimension of the 75y term. On the other hand, the
Benjamin-Ono term falls of roughly as N~°/2 or faster, which is the order of terms
we are neglecting in this calculation. Therefore, this fit is as likely to come from
the corrections we are neglecting as it is to be due to a non-zero Benjamin-Ono

coefficient. This gives additional evidence supporting the notion that all terms

should be local.

5.3.2 The Moore-Read State

Fitting the coefficients of Sy

We would also like to analyse these claims for the Moore-Read state. We proceed

with fitting the coefficients of Sy in exactly the same manner as for the Laughlin
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case, by minimising the Frobenius norm of deviations between the exact data and
the results given by Gy = R?0¢=9¥ where Sy is defined by Eq. 5.34. In this
case, Sy is a function of four unknown couplings, sp o1, S22.9, Sp12 and s3 1, and
we minimise

en = ||Gn(Sp,01, 522,0, 50,125 53,01) — ON“F- (5.48)

We once again minimise this in the normalised basis of states at AL = 4 using a
process of simulated annealing.

In this case we have truncated the expansion at fourth order (once again,
this is due to an explosion of extra coefficients at subsequent orders with three
new parameters required at fifth order). Therefore, we expect the errors on the
coefficient sgp; to be N ~2 whereas for the two coefficients, S909 and spq2, the
errors are of order N~'. Finally, the error on s3; is expected to be quite large;
of order VN ! As such, these coefficients are expected to have much larger
errors than those in the Laughlin case.

We should also note that we have four coefficients as opposed to only two
in the Laughlin case. To some extent, this does make this description for the
Moore-Read case less powerful as more numerical data is required. However,
the dimension of the space of edge states is also much larger in the Moore-Read
case as it replicates exactly the edge states from the Laughlin state, made purely
from bosonic modes, in addition to fermionic and mixed states. For example, the
AL = 4 sub-space has dimension 5 in the Laughlin case and 10 in the Moore-Read
case. There are therefore almost quadruple the number of distinct inner products
one can consider at this angular momentum, which to some extent justifies the
need for extra coefficients.

Thus, we perform fits for these coefficients at fillings v = 1 and v = 1/2
and show some extrapolations as a function of N in Fig. 5.3 (once again, we
show a selection of the data, Oy, used to fit these coefficients in the following

subsection, in tables 5.5 and 5.6, for the largest systems of N = 18). In the
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Figure 5.3: We calculate the values of coupling coefficients sp 01, S22 and sp 12
which best describe the data for the Moore-Read edge states at filling v = 1
and also for sy, at filling v = 1/2. These are shown by the dark blue points
in the figures. We then perform a weighted least-squares fit of the variation of

these coefficients with v N ~! and find the forms given in each plot, as shown
by the orange dashed curve. Each point is weighted according to the amount of
error expected due to truncation. For example, we expect to calculate sg 0, up to
corrections of order N2 and so we set this as the error on each point and then
minimise the sum of squared residuals weighted by this error as for the Laughlin
case detailed in Fig. 5.1.

v =1 case each of the coefficients sy 1, S220 and sy 12 appear to obey the scaling
hypothesis with small sub-leading corrections of order v N - Unfortunately, a
similar extrapolation cannot be done for s3¢; as the VN ! errors in the fits are
too large. However, we do see that the values are small (less than 0.01 in each
case, which is a similar size to the other coefficients) and so the effect of this term
is not expected to be significant. We also present the extrapolation of the least

irrelevant coeflicient spo; at v = 1/2. Again, this appears to obey the scaling
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L=t oo [ Yoo | Yaro | Voo | Yoo [V [P | Voo [ Yoo | Yoo
24.0000 1.3333 0.0741 | 0.0741 | 0.0041 0.0000 0.0000 0.0000 0.0000 0.0000

P 24.0000 1.3333 | 0.0741 | 0.0741 | 0.0000 | 0.0000 0.0000 | 0.0000 | 0.0000 | 0.0000
1.3333 4.0113 0.4416 | 0.6603 | 0.0731 0.1199 0.0067 0.0133 0.0011 0.0004

P 1.3333 4.0124 | 0.4444 | 0.6667 | 0.0741 0.1185 0.0062 0.0123 0.0000 0.0000
0.0741 0.4416 7.8482 | 0.0731 | 0.8546 0.0133 0.2382 0.0015 0.0387 -0.0039

oz 0.0741 0.4444 | 7.8522 | 0.0741 | 0.8889 | 0.0123 0.2371 | 0.0000 | 0.0340 | -0.0031
0.0741 0.6603 0.0731  2.9181 | 0.6363 0.0200 0.0011 0.1935 0.0321 0.0107

i 0.0741 0.6667 | 0.0741 2.9216 | 0.6667 | 0.0185 0.0000 | 0.1895 | 0.0278 | 0.0093
0.0041 0.0731 0.8546 | 0.6363 | 3.6003 0.0022 0.0420 0.0428 0.4056 0.1369

Piaso 0.0000 0.0741 | 0.8889 | 0.6667 | 3.5997 | 0.0000 0.0370 | 0.0370 | 0.4037 | 0.1346
0.0000 0.1199 0.0133 0.0200 | 0.0022 2.5832 0.1435 0.2870 0.0239 0.0080

\Ij<1'1 el 0.0000 0.1185 | 0.0123 | 0.0185 | 0.0000 | 2.5822 0.1440 | 0.2881 | 0.0185 | 0.0062
0.0000 0.0067 0.2382 0.0011 | 0.0420 0.1435 2.5856 0.0159 0.3803 -0.2304

\Ij<2 el 0.0000 0.0062 | 0.2371 | 0.0000 | 0.0370 | 0.1440 2.5777 | 0.0123 | 0.3834 | -0.2300
0.0000 0.0133 0.0015 0.1935 | 0.0428 0.2870 0.0159 1.4570 0.2402 0.0801

\Ij<1 221 0.0000 0.0123 | 0.0000 | 0.1895 | 0.0370 | 0.2881 0.0123 | 1.4537 | 0.2451 | 0.0817
0.0000 0.0011 0.0387 | 0.0321 | 0.4056 0.0239 0.3803 0.2402 1.5792 -0.0032

\D<w il 0.0000 0.0000 | 0.0340 | 0.0278 | 0.4037 | 0.0185 0.3834 | 0.2451 | 1.5797 | -0.0023
0.0000 0.0004 -0.0039 | 0.0107 | 0.1369 0.0080 -0.2304 0.0801 -0.0032 1.6294

‘I/<w 133 0.0000 0.0000 |-0.0031 | 0.0093 | 0.1346 | 0.0062 | -0.2300 | 0.0817 | -0.0023 | 1.6318

Table 5.5: As in table 5.3 we show in row ¢ and column j the inner product
{\IJ<Z-| }\Ifm } /R?AL where the angular momentum of these edge excitations is AL =
4 and the system size is N = 18. The states |i) are defined by Eq. 4.44. This case
is the Moore-Read state at filling v = 1. The upper value in each cell is calculated
by taking the overlaps exactly in the physical space of monomials whilst the lower
value in bold is calculated by using G x using the extrapolations of sy o1, S22,0, S¢.12
and s3; which we calculated in the previous section.

hypothesis, tending towards a constant value with a small sub-leading correction
-1

of order v N . However, we note that the sub-sub-leading corrections for this

fermionic case appear to remain appreciable for the values of N < 18 we present

here.

Accuracy of the Sy expansion

Using the fits for the coefficients as described above we can compare with the

overlaps we find numerically. In tables 5.5 and 5.6 we compare the exact overlaps
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L r=12 | Vs [Youe | Yoo [Vorn | Yoo [ Vo [ Yensr [ P0na | Yoonn | Yooal]
240000 | 0.9428 | 0.0370 | 0.0370 | 0.0015 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000

PO ) 0000 | 0.9428 | 0.0370 | 0.0370 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.9428 | 39899 | 03120 | 0.4673 | 0.0367 | 0.0871 | 0.0034 | 0.0068 | 0.0004 | 0.0001

YL 0428 | 3.9898 | 0.3143 | 0.4714 | 0.0370 | 0.0817 | 0.0031 | 0.0062 | 0.0000 | 0.0000
0.0370 | 03120 | 7.8612 | 0.0367 | 0.6075 | 0.0068 | 0.1714 | 00005 | 0.0203 | -0.0035

Pezol |0 0370 | 0.3143 | 7.8606 | 0.0370 | 0.6285 | 0.0062 | 0.1633 | 0.0000 | 0.0170 | -0.0015

0.0370 | 04673 | 0.0367 29096 | 0.4529 | 0.0103 | 0.0004 | 0.1295 | 00152 | 0.0051

YO 00370 | 0.4714 | 0.0370 2.9116 | 04714 | 0.0093 | 0.0000 | 0.1273 | 0.0139 | 0.0046

0.0015 | 0.0367 | 0.6075 | 0.4529 | 3.6354 | 0.0008 | 0.0231 | 00203 | 02743 | 0.0857

Yo | 0000 | 0.0370 | 0.6285 | 0.4714 | 3.6360 | 0.0000 | 0.0185 | 0.0185 | 0.2645 | 0.0882

0.0000 | 0.0871 | 0.0068 | 0.0103 | 0.0008 | 23112 | 0.0908 | 0.1816 | 0.0107 | 0.0036

Y0144 | 0000 | 0.0817 | 0.0062 | 0.0093 | 0.0000 | 23177 | 0.0917 | 0.1834 | 0.0093 | 0.0031
0.0000 | 0.0034 | 0.1714 | 0.0004 | 0.0231 | 0.0908 | 23035 | 0.0071 | 0.2382 | -0.1395

Y4t | 50000 | 0.0031 | 01633 | 0.0000 | 0.0185 | 0.0917 | 2.3075 | 0.0062 | 0.2381 | -0.1429
0.0000 | 0.0068 | 0.0005 | 0.1205 | 0.0203 | 0.1816 | 0.0071 | 1.2342 | 0.1446 | 0.0482

Y048 | 00000 | 0.0062 | 0.0000 | 01273 | 0.0185 | 0.1834 | 0.0062 | 1.2245 | 0.1484 | 0.0495
0.0000 | 0.0004 | 0.0203 | 0.0152 | 0.2743 | 0.0107 | 02382 | 0.1446 | 1.2474 | -0.0015

Y042 0.0000 | 0.0000 | 0.0170 | 0.0139 | 0.2645 | 0.0093 | 0.2381 | 0.1484 | 1.2417 | -0.0012
0.0000 | 0.0001 | -0.0035 | 0.0051 | 0.0857 | 0.0036 | -0.1395 | 0.0482 | -0.0015 | 1.3021

Y022 | 0.0000 | 0.0000 | -0.0015 | 0.0046 | 0.0882 | 0.0031 | -0.1429 | 0.0495 | -0.0012 | 1.3061
Table 5.6: Similar to table 5.5 we show a comparison of the numerical calculations

for the Moore-Read state (upper entry) with our approximation using Gy (lower
entry in bold) for N = 18 and at filling fraction v = 1/2.

at system sizes of N = 18 and at AL = 4 with those calculated with our inner

product operator Gy, as a function of the coefficient fits we found in the previous

section.

We find that the agreement is once again very good, though unsurprisingly not

quite as accurate as the higher-order calculation we performed for the Laughlin

state. The lack of a symmetry to constrain the coefficients of fermionic opera-

tors in Gy also hampers the agreement for fermionic or mixed states, which are

noticeably less accurate than their purely bosonic counterparts.
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5.4 Further Work

We recall that in the Laughlin case the coefficients involved in the inner product
operator at fractional fillings were remarkably similar to the coefficients which can
be calculated exactly for the integer quantum Hall effect. This suggests that yet
further constraints could be imposed onto this description in order to constrain
the values therein which we could not fix by the symmetries considered here
alone. Such promising avenues for finding such analytic behaviour include exact
Matrix Product state methods[135, 136] and large-N expansions of generating
functions for the 2D Dyson gas[128]. It would also be interesting to analyse the
claims of Ref. [34] in the context of further quantum Hall states, most notably the
Read-Rezayi state. Furthermore, as previously mentioned, we can examine these
claims rigorously in the integer quantum Hall effect[131] (which can be thought
of as Laughlin at v = 1). We will also use a similar analysis to that presented

here in the next chapter when considering the dynamics of edge modes.
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CHAPTER

Effective Hamiltonians

I'm on the edge, the edge, the edge, the edge, the edge, the edge, the edge

— Lady Gaga [The Edge of Glory, 2011]

We have already seen that the low-energy dynamics of edge modes in the
thermodynamic limit corresponds exactly to a chiral linear Luttinger liquid. For
generic systems this linear picture is only true in the scaling limit of low energies
and large system sizes. However, for the parent Hamiltonians discussed in Sec-
tion 2.2.4 and in the presence of perfect quadratic confinement, the dispersion of
the edge modes is linear regardless of system size all the way to high energies[61,
133, 137]. Away from these special cases one must consider the effect of irrele-
vant contributions!, which introduce nonlinearities such as nontrivial dispersion
or scattering processes between modes.

In this chapter we will consider exactly this non-ideal case, which can be
characterised by anharmonic confinement or interactions and will, in general,
have a far richer, nonlinear edge structure. This has been discussed in numerous
works such as Refs. [1, 41, 80, 81, 106, 138-140]. To analyse these nonlinear
effects we will take the ideal, linear case given by the parent Hamiltonian Hpayent,
and perturb it with 6, thus moving it towards something more realistic. We

then construct an effective field theory for the perturbed system. In doing so

!By irrelevant we mean that these contributions are small away from this “fixed point” at
low energies and large system sizes and become smaller the closer we get to that point.
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we generate a mapping from a perturbation acting upon the whole bulk of the
droplet, 6H, onto a low-energy effective Hamiltonian which resides only on the
edge.

In order to constrain the field theory, we conjecture it to be local and impose
upon it the symmetries of the perturbation using a construction inspired by work
from J. Dubail, N. Read and E. Rezayi[34] and revisited recently in the previous
chapter[2]. We find that this procedure is especially fruitful as we can map
symmetries of the perturbations, such as rotational and translational invariance,
to powerful constraints on the effective Hamiltonian’s form. We illustrate this
mapping from bulk interactions to their effect on the edge for the Laughlin[19]
and Moore-Read|[22] quantum Hall states, though the procedure could in principle
be generalised to more exotic quantum Hall states, such as the Read-Rezayi
states[23] or any other state which can be expressed by a conformal field theory|35,
118].

We will see that this effective description of the edge dynamics is accurate for
short-range interactions and confinements close to quadratic. These two condi-
tions make our work particularly applicable to potential cold atom realisations
of the quantum Hall effect where the interactions between atoms are generally
short-range, perhaps even hard-core, the confinement can be readily tuned to a
simple quadratic, and the number of particles can be quite small[42, 43, 45]. In
this regime our effective theories prove to be extremely good at capturing the
effects of finite size and non-ideal interactions on the edge behaviour.

We begin by introducing the concept of an effective Hamiltonian in section
6.1, describe how this can be expressed as a field theory on the edge of our system
and discuss the effect of symmetries. We then use these powerful results in section
6.2 for the Laughlin and Moore-Read wavefunctions to propose generic theories
for the edge dynamics induced by non-ideal bulk interactions. Finally, we present

numerics in support of these claims in section 6.3, showing the excellent agreement
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between finite-size exact diagonalisation and our effective edge theories.

6.1 An Effective Description

6.1.1 Effective Hamiltonians

We will use the powerful language of CF'T to generate effective low-energy theories
for quantum Hall edges. To do so we take a full Hamiltonian for the system of

the form

H = Hparent + 6H (6.1)

and then diagonalise 6+ within the context of degenerate perturbation theory.
In the construction of our physical states, each is labelled by some auxiliary state
in the CFT W,. The state |v) is such that it describes a state with AL units of
angular momentum with respect to the ground state. The parent Hamiltonian,
with its parabolic confinement, is then such that the energies of these states are
linear in this added angular momentum, £, oc AL.

However, the subspaces at a given AL will be degenerate. For example, in the
Laughlin case at AL = 2 there are two states, Wy and ¥ ;. Once we impose
our perturbation, 0 on the system, this degeneracy will in general break, mixing

the two states,

OHY @ = Hyu V- (6.2)
However, given the linearity of the description of these wavefunctions in terms of
CFT (i.e, a¥ | + BY 1 = Yiylarws), We in fact have that

OHY (| = ¥y where (V| = Z (W|Hy - (6.3)

w

As such, there is an operator H which is the image of H under a linear mapping
from the physical space of states to the CFT which reproduces the mixing of the

real states in the CFT language, i,e,
OHY () = Viym- (6.4)

97



This equation defines H.

In what follows we will consider the constraints imposed upon H by the sym-
metries of 0H. As usual in quantum mechanics, the symmetries of the Hamilto-
nian will be expressed as a vanishing commutation relation with some operator,
B, which encodes the particular symmetry. Consider then that this operator also
has a mapping to the CFT,

BV, = V8. (6.5)

In this way, the symmetry of 0H can be simply mapped to a symmetry of H,
[B,0H]|=0 +— [H,B]=0. (6.6)

This procedure allows us to impose strong constraints on the form of H.

It is worth noting a key consequence of the fact that the mapping is linear.
Consider, for example that we perturb the trial wavefunction by two perturba-
tions, 0H = 0H1 + dHs. Given that our mapping to the CF'T language is linear,
each of these perturbations admits its own effective description and the two sim-
ply add,

OH=0H1+Hy +— H=H + H. (6.7)

Now consider that JH commutes with a set of operators {Bi,...,B,} but that
0Ho also has one extra symmetry, B,.1. The former statement implies that H
commutes with each of By to B,. However, H5 also commutes with B, ; and,
given that the mapping to the CFT language is linear, it must also be the case
that [Hy, B,11] = 0. Therefore, the individual effective Hamiltonian satisfies
symmetries that the whole might not.

This may seem like an obvious point but it is of crucial importance. Con-
sider for example that 6, is some confinement imposed on the system and dH,
corresponds to an interaction. In this case, dH, possesses an extra symmetry
compared to 0H;, that of translational invariance, and this imposes extra con-

straints on the form of H,. However, because the mapping 0H — H is linear,
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the only part of the effective Hamiltonian that knows anything about the form
of the interactions is Hs. Therefore, even when the generic perturbation to the
system as a whole, 0H, does not possess translational symmetry, the fact that our
mapping is linear means that we are still able to make strong statements about

all the contributions to H arising from interactions.

6.1.2 Preliminary Examples

Harmonic Confinement

We begin with a simple example where the mapping dH — H can be performed
exactly. In general, this will not be possible but this example provides a taste of
the machinery involved in the subsequent calculations.

The perturbation we will consider is a harmonic confinement imposed upon

the droplet. In the first quantised language this perturbation has the form

N
(SHZU()Z

=1

21'2

. (6.8)

We now wish to consider the effect of 0H acting upon our wavefunction W .
At first glance this does not appear possible as the wavefunction ¥, can only
be holomorphic but the interaction contains z; terms. However, we have already
seen that this can be resolved using projection to the lowest Landau level, as
discussed in Section 4.2.4, z; — 205%0;.

In this way, we can reformulate our perturbation as a differential operator.

Recalling that R = {gv2mN we find,

N
Uy U

OH=—+— 05 6.9

& m_l—mNi:lz (6.9)

(where the constant term arises from the action of 0; on z; itself). Thus, we find
a constant energy shift plus an extra term which we can map into the CF'T using
the “Ward identity” Eq. 4.55 which gives

(mN —m) +2

=" (L + apNy/m) + U
2m

mN

(6.10)
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where recall that m = m for the Laughlin state and m + 1 for Moore-Read.
Thus, we have our first effective Hamiltonian. In the space of neutral edge
states (i.e, ag|v) = 0) this simply reduces to a linear model,

U
H = m—;{LO + const (6.11)

where Lo simply counts the conformal dimension, AL, of the state |v), and so

U
E = m_]o\/AL + const. (6.12)

This also proves that any perturbing confinement to the quantum Hall system

which is quadratic gives only a linear contribution to the spectrum.

Harmonic Interactions

Consider the Harmonic interaction, which we take to have the form

H=Vo)

i#]

2
Zi — Zj

1
50, (6.13)

This interaction is clearly very non-local, coupling particles with larger sepa-
rations more than those which are close. In order to find the mapping of the
operator in the CFT we must first convert it into a differential operator using

projection to the lowest Landau level z; — 2¢%9;. The result of this is that
0H = N%Zzﬁ V()ZzzZ@ +VoN(N —1). (6.14)

Therefore, we simply need the mapping of these operators into the CFT, as in

Eqgs. 4.55, 4.40 and 4.59. Collating these results we therefore find that

H = N‘/(] <L0 —a-1a1 — WL 1&1)
mN? + (2 —m)N — 2

+ NV 5

(6.15)

Note that this effective Hamiltonian is clearly non-local with the L_ja; term

being of the form

_1a; = f2m 7{ 57 (iDp(w))” : zidp(z). (6.16)
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6.1.3 Local Field Theories

A priori, we know nothing about the form of H but we shall attempt to constrain
it using a simple symmetry analysis. In what follows we shall use a local field
theory description for H and then map the symmetries of the perturbation, dH,
into the CFT language in order to find symmetry constraints on the terms in H.
We begin by noting that our effective Hamiltonian operator, H, is a CFT
operator which acts only within the space of edge states and so is supported
along the edge. We then conjecture this Hamiltonian should be local, following
from the work of Dubail, Read and Rezayi[34] who emphasised the importance of
local field theories in the description of quantum Hall states. The motivations are
then equivalent to those we saw in Chapter 5, that the bulk obeys a generalised
screening hypothesis below m, ~ 65 and hence, the interactions between particles
in the plasma decay exponentially, implying that the relevant physics be local.
Thus, we conjecture that our effective Hamiltonian, which by its definition
is some operator supported along the edge of our droplet, should be local. This

means that we take H to be of the form

H= / dz Y hal(x, 0H)®q(x) (6.17)

where x is the one-dimensional coordinate encircling the surface of the droplet
and ®,(z) are local operators made up of the fields ¢(x) and x(x) and which
have associated coupling constants h, that depend a priori on the position, =z,
and the perturbation, 6. A non-local form would be an integral over multiple
edge coordinates with local Hamiltonian densities depending in some non-trivial
manner on each coordinate, thus coupling well-separated regions of space along
our edge.

The mapping between this edge coordinate x and a complex planar coordinate
z is given by z = re™/® for any r (but physically we consider r ~ R) and where R

is the droplet’s radius. Working with this planar coordinate proves to be a large
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simplification. If we make this change of variables we find that

H=%" 75 ;—;ha(z, IH) (%)d“lcba(z) (6.18)

where d, is the scaling dimension of the field ®, (and we have also absorbed
some constant factors into h,). Given that we are interested in cases where the
number of particles is finite but still large, we see that the effective Hamiltonian
is an expansion in % where R is large. As such, we may restrict ourselves to
considering only contributions with a small scaling dimension, d,, and still hope
to gain an accurate picture for relatively large system sizes. Furthermore, in the
scaling limit, for which R — oo, the behaviour is given simply by the term with
the lowest scaling dimension, d,.

It should be stressed that this locality conjecture is not a rigorous constraint
on H. We have motivated it here on the idea that the bulk physics is local
though exactly how this should transfer to the form of H is not fully understood
(though we provide some further evidence in the integer quantum Hall effect in a
future publication[131]). Therefore, we provide supporting numerical evidence in
Section 6.3 which further substantiates that this local description is very accurate
for at least short-range interactions. Nevertheless, the locality conjecture may
incur some loss of generality when the perturbation we add to the Hamiltonian
describes some long-range interactions, in which case one might no longer expect
a local field theory to provide an ample description of the dynamics. However,
without the powerful simplification that this conjecture imposes on the theory, it

would be extremely difficult to make significant progress.

6.1.4 Symmetries

Number Conservation

We now move on to rigorous constraints on our Hamiltonian, of which we shall

consider three. The first is the conservation of total number of particles in the
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system. This is conservation of U(1) charge, as each particle possesses a charge
of /m. The operator which counts this charge is ay and therefore, the particle
number in the CFT language is N = q /v/m. As such, the Hamiltonian must
commute with aq,

[H, ao] = 0. (6.19)

The consequence of this is relatively simple and means that our Hamiltonian
must obey the same underlying U(1) symmetry of the free boson CFT. For the
field this symmetry manifests itself as a shift to the field under the action of the

U(1) generator
©(z) = ¢(z) + dpo. (6.20)

As such, the individual operators ®,(z) can only involve ¢(z) as a derivative, i.e,
0"p(z) for n > 0. Note that there is no constraint on the statistics sector due to

this conservation law.

Rotational Invariance

We will also consider perturbations dH which are rotationally invariant. Once
again, this is a very reasonable constraint for interactions, though perhaps more
restrictive for confining potentials. On a mathematical level, it is relatively simple
to derive the concomitant commutation relation for this symmetry by noting
that the Hamiltonian should leave the total amount of angular momentum in the
system invariant. Recalling that the angular momentum relative to the ground
state is equal to the conformal dimension of the state (v|, and this is measured

by the operator Lg, we therefore have that
[H, Lo] = 0. (6.21)

However, once again, it is perhaps simpler to consider this constraint from
a more physical perspective. Our droplet is a disc, and this system is invariant

under rotations. Our edge is the circle at the edge of this disc, and the rotation of
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the bulk coordinate corresponds to a translation of the edge coordinate. There-
fore, our edge Hamiltonian must be translationally invariant. This has a simple
consequence that the coupling coefficients h, which we introduced in Eq. 6.17

must be independent of x or z.

Translational Invariance

The final bulk symmetry we may consider is two-dimensional translational invari-
ance. Of course, this symmetry is not applicable to confining potentials but it
does provide very strong constraints on the forms of field theories which describe
interaction perturbations. Such perturbations will be translationally invariant
within the bulk, meaning that the perturbation commutes with the generator of

translations,
[5%, Zai] = 0. (6.22)

9 We already know the mapping of the translation operator into

where 0; = 7~

the CFT from Eq. 4.59 and therefore, we arrive at the constraint that

{H, 0+ ﬁ“} —0 (6.23)

wherever H describes some translationally invariant perturbation, 0H.
Nevertheless, there is once again a simpler picture to keep in mind. Consider
that our perturbation dH will induce dynamics on the edge states of our system.
This is shown by another cartoon picture in Fig. 6.1. On the left of this figure
the droplet is centred and the arrow indicates the dynamics induced by dH (there
may be additional dynamics due to the parabolic confinement in Hparens Which we
ignore here). Now consider the right picture, where we shift the position of our
droplet. The dynamics induced by 0H, assuming that it is a translationally in-
variant perturbation, should be identical, but now about a new origin. Therefore,
there must be some decoupling of the centre-of-mass mode from the underlying

field theory. If we reconsider our cartoon pictures for the edge modes in Fig. 2.4
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Figure 6.1: On the left we show a droplet with some edge excitation which is
evolved by our translationally invariant perturbation, 0H. Given that 0H is
translationally invariant, this evolution will be about the centre of mass, and
thus should be the same for the droplet on the right, whose centre of mass is
slightly shifted. Crucially, 0H cannot move this centre of mass.

then we see that the a, edge mode creates n equally sized lobes of charge around
the surface of the droplet. For n > 2 these cancel out, leading to no net shift of
the centre-of-mass. The a; mode however, is equivalent to a shift of the droplet.
As such, the field theory, H, cannot induce any dynamics on this edge mode.
Therefore, a state W, will have the same energy under dH as a shifted state
W (yja, and so

[H,a1] = 0. (6.24)

Now, of course, this does not immediately appear to agree with Eq. 6.23 but, in
fact, the two are simply hermitian conjugates of each other, as we will demon-
strate in Derivation 4. Therefore, these conditions together encode translational
invariance and ensure that our effective Hamiltonian corresponds to some hermi-

tian Hamiltonian in the physical space.

Derivation 4

As discussed in Chapter 5, our physical states W, are not quite orthogonal
under the same inner product as |v) but instead require some operator Gy
which acts to give states non-zero overlaps. Therefore, consider matrix ele-
ments of our hermitian Hamiltonian, 64" = 6H. Given that this Hamiltonian

is hermitian we can act it either forward on the ket-state or backwards on the
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bra-state, with the results that

{9 | 0H| W} = {9 | i } = {9 g | W } (6.25)

— (w|HGyv) = (w|GyH|v). (6.26)

Therefore, whilst we must have that HGy = (HGy)' the effective Hamilto-
nian itself, H, need not be hermitian and is in fact not in general. In fact,
the mapping we constructed from harmonic interactions in real space to an
effective Hamiltonian, given by Eq. 6.15, was indeed non-hermitian. It need
only have real eigenvalues which correspond to the real energy spectrum.
We can push this argument one step further. Consider the matrix element
of some operator which might not be hermitian but similarly admits mappings

into the CFT of the form
XV} = Vx}, (00| X = {0 en (6.27)

where X = X only if X' = X. Therefore, considering the matrix elements
of X in the CFT we see that the proper hermitian conjugation of operators

(with respect to the physical space) is of the form
XGy = Gy (xH)! (6.28)

where { is the usual hermitian conjugation with respect to the CFT (i.e,
(an)" = a_, for example).

Therefore, our particular case where X = >~ 0;. We find that
(Nyma_y + L_1)Gy = Gy (X7 (6.29)

which, by comparison with Eq. 5.15 for the translational symmetry conse-

quence of the inner product operator, G, implies that

mt_ 0
(X ) ——2£B2\/ﬁ. (6.30)
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This result can similarly be derived with no knowledge of the inner product by
simply using projection to the lowest Landau level. Recall that z; is equivalent
to 205%0; and this works in reverse too, allowing us to replace >, 0; with
> 22%, which once mapped into the CFT is equivalent to Eq. 6.30. Therefore,

we can take a “physical hermitian conjugate” of Eq. 6.23 to see that

[H, (a1 + NLﬁLl)} g %[al, H] =0 (6.31)

as required.

Confinement vs Interactions

To summarise the results of the preceding section, we have found the mapping of
various symmetries of a general perturbation d’H into our CFT language. They

are as follows:

1. Number conservation implies charge conservation,

[H, a] =0, (6.32)

2. Rotational invariance implies translational invariance along the edge,

[H, Lo] = 0, (6.33)

3. Translational invariance of §H implies a set of new constraints,

(H,a;] =0 (6.34)

H,oa_; + = 0. (6.35)

1
— L,
Nym
Note that these are general symmetries which apply to H regardless of our con-
jecture of locality.

We are now in a position to consider any generic perturbation 6, which we

split up into a confining part dHy, and an interaction term, 0Hy . As discussed
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previously, these individual perturbations will have mappings into the CFT of

the form Hy and Hy which simply add,

In the rotationally symmetric cases we will consider, Hy; will then satisfy the first
two symmetries, of number conservation and rotational invariance. However, we
will find that we can constrain the form of Hy significantly more given that it must

also satisfy the third symmetry, corresponding to bulk translational invariance.

6.2 Results

6.2.1 Confinement

We begin by considering the effect of number conservation and rotational symme-
try on the form of effective Hamiltonians. This is the situation which corresponds
to the part of our field theory which describes the effects of confinement on the
droplet. We recall that number conservation forces H to commute with ag, thus
forcing ¢(z) to appear in H only as a derivative and that rotational invariance
equates to one-dimensional translations along the edge, removing the possibility
for our coupling coefficients, h,, to depend on position, z.

Let us consider the effect of these symmetries for the Laughlin and Moore-
Read wavefunctions. In the Laughlin case the statistics sector is trivial (xy = 1)
leaving only a theory made from the bosonic field. In general the fields ®,(z)
have the form

Da(2) = (100(2))™ (iPp(2)™ - (6.37)
for non-negative integers my, ms,.... Each term has a scaling dimension d, =

my+2ms+. .. and it is always assumed that they are normal ordered. Therefore,

we can consider the first few most relevant terms (up to total derivatives) to be

H = 7{ E(gz@a@(z))? +422(i00(2)°) + O(B). (6.38)

2
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The first of these terms is the usual chiral linear Luttinger liquid term, and by
itself would lead to a dispersion £ = vAL. The second term is then a scattering
term which, for example, might take the n = 2 mode (recall Fig. 2.4) and scatter
this into two n = 1 modes. Note that this form of nonlinear Luttinger liquid has
been studied at length in, for example, Refs. [106, 139].

We may also consider the consequences of these simple symmetries on the
generic effective Hamiltonian describing a Moore-Read edge. In this case the
statistics sector is a free fermion CFT with x(z) = ¢(z). Therefore, our general

fields have the form

B, (2) = (i0p(2))™ -+ x ((2))"(Bp(2))" - -- (6.39)

where the m; are once again any non-negative integer but k; € {0,1} due to
fermionic exclusion. In this case the scaling dimension of a given term is d, =

Do my + >, (l + )k:l As such, the first few most relevant terms will be

H = § o2 (- 2a000(2) + Z2(i0p(2))
+012%(109(2))” + 9222 (10p1Y(2))) + O(R73). (6.40)

In this Hamiltonian the first two terms are once again linear edge velocities which
by themselves would simply give us the spectrum E = v1ALy + v2AL,, giving
the fermionic modes a velocity v; and the bosonic modes a velocity v,. We
then have two scattering terms, one exactly equivalent to the Laughlin scattering
term, which scatters bosonic modes, and one coupling term which scatters a single

bosonic mode into two fermions and vice versa.

6.2.2 Interacting Laughlin

Constructing H

We now consider the addition of two-dimensional translational symmetry to the

effective Hamiltonian, which will allow us to describe the effects of interactions on
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the edge dynamics. We will find that this symmetry is very restrictive, removing
the majority of those terms which were present in those effective Hamiltonians
describing confinement. Given these restrictions, we will need to go to rather high
order (large d,) to find the major contributing terms. In doing so we need to find
a good basis of operators with which to work and then use those to construct

linearly independent Hamiltonians H, such that
H=> hH, (6.41)

where the H, are individual blocks which satisfy the translational symmetry
commutation relations and h,(6H) are coefficients which scale as h, ~ R~
where d, is the scaling dimension of the leading term (the term with the lowest
scaling dimension) in H,. We will therefore use exactly the Tt used in the previous

chapter, defined as

Tr = j{ Ezm_l H 10" p(2). (6.42)

271
v €T
Once again, we must then be careful to only construct the individual H, from
linearly independent Tt.
Restricting to interactions we must now find individual effective Hamiltonians,
H,, which satisfy the commutation relations Egs. 6.24 and 6.23, which we recall

to have the form

[Ha,a1] =0, (6.43)

Hy a1+ = 0. (6.44)

1
— I
N+v/m !

By inspecting Eq. 6.44 we note that we will need to expand H, in powers of le/m

of the form

Hél) H((LQ)
H,=HY + +
Nym — (Ny/m

Note here that the expansion in powers of 1/N can be compared to our overall

E o (6.45)

expansion of the effective Hamiltonian in powers of 1/R. To relate the two we

recall that the radius varies as the square root of the particle number, R =
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(5V2mN. Therefore, if HLSO) is made up from terms of scaling dimension d, this
tells us that H" can be made only from terms with a scaling dimension d, + 2
or smaller. In general, H™ is a combination of terms with scaling dimension
d, + 2n or smaller. Furthermore, recalling than h, scales as R'~% and given that
R ~ /N we note that the overall coefficient in front of any H™ must vary as
\/Nl—da—Qn'

Using this expansion, we find from Eqgs. 6.43 and 6.44 that the leading order

terms in any H, are those which satisfy the simple relations

[H?, 1] = [H®, a_1] = 0. (6.46)

a

For example, of the terms listed in table 5.1 those which satisfy both of these
constraints are Thy and T33. A summary of these leading terms up to a scaling
dimension of 9 is provided in table 6.1. The majority of these are simple bilinear
terms, which will predominantly modify the dispersion of the edge modes (see
below), though we will also find at d, = 9 that there is a three-body scattering
term.

Nevertheless, the leading terms do not tell the whole story and we must gen-
erate the sub-leading terms via Eq. 6.44, which necessarily generates interesting
nonlinear scattering terms. This ladder of sub-leading corrections are generated

by the constraints

[HY, a1 =0 Vn, (6.47)
[H™ a_y] = [L_y, H" Y] (6.48)

a

with the former equation from Eq. 6.43 latter arising from Eq. 6.44.

The Leading Contributions

Let us consider this in greater detail for the least irrelevant term with leading

contribution T5,. To see that this satisfies the leading order requirements for a
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Ts33 + Tsso — 31000

Table 6.1: The first few leading contributions to the effective Hamiltonian for
the Laughlin case which commute with both a; and a_; and whose effects are
suppressed by factors of R'~%. We note that the first three are bilinears in the
bosonic modes, which means that their primary effect is on the dispersion of edge
modes. The final example at d, = 9 is a trilinear, which corresponds to some
three-body scattering of bosonic modes.

translationally invariant effective Hamiltonian, Eq. 6.46, consider that in terms

of bosonic modes this term has the form

dz 2
Tﬂ:]{g —2 Hi0Pp)" = —2) (n* — Da_an. (6.49)

Therefore, it is clear that the n = +1 modes are absent from this term. We then
proceed to apply Eqgs. 6.47 and 6.48 to produce the sub-leading terms H . We
first consider Eq. 6.47 in the context of the individual fields,

[10"p(2), a1] = =01 (6.50)

Therefore, in order to satisfy this condition, we must have that n > 1, and so
we only consider T, where ~ contains integers greater than or equal to 2 such as
Th99, T33, The99 and so on.

We then consider Eq. 6.48, recalling that L_; acts to differentiate the fields

of the CFT?, and so this constraint becomes

271

HY ] = ]f%zf’)a((ia%)z). (6.51)

2 Simply consider that [L_1, p(2)] = 9p(2).
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We must now consider which terms might appear in HQ(?. Recall that by scaling
arguments the pool of terms which might appear is restricted to those with a
scaling dimension dyy; + 2 = 6 or smaller. This therefore includes Ts,, T35 or
Tho. A priori, any of these might appear in Hé;) but, given that 75 and 133
commute with a_; their coefficients are unconstrained by this equation. Initially,

this appears worrying as it suggests that
HY) = oy + BT + 7Taz (6.52)

where we are unable to say anything about a and 5. However, in practice this
is not a problem as T5, and T33 are also permissible o terms, exactly because
they commute with a_;. Therefore, whatever the values of o and 3, these co-
efficients can be combined with hyy and hss, thus yielding no new coefficients.
This argument is indicative of a more general principle. When considering what

terms might appear in any H™ where n > 0 one should first remove any terms

which commute with a_; and therefore produce their own HLS?)

to avoid adding
unnecessary extra coefficients.
Therefore, returning to our example, we note that Hz(;) should be made up

of only T595. To find how much of this term is present, consider once again the

commutation of the mode with the field, which in this case is
[10"p(2),a_1] = 0" (272). (6.53)
Therefore, if we state that H%) = a/l599 then we find by evaluating Eq. 6.51 that

1
= —. 6.54
o= (6.:54)
Thus,

1
HQQ = T22 + mT222 + ... (655)

In fact, this procedure can be continued easily to all orders, with the result that

8 (2n+ 1N

Hy=Tyn+ Y n Tyn (6.56)
 (Ny/m)" (2n + 41!
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where 2" refers to the partition containing n copies of 2.
We can also consider this picture for the H, whose leading contribution is 733.
For this root the first sub-leading correction as calculated using Eq. 6.48 has the

form
5 15
oNVm *? 2Nym

In general, this contribution is made from the terms T339n—2 and Ty» of the form

H33 - T33 -+ TQQQ + e (657)

Hs _T33+Z( ~ \/_>  Thaon + ™ f) TQW) (6.58)

where the coefficients, «,, and (3, satisfy the recursive relation

2n+ 3
n = ns 6.59
o 5 (6.59)

2n+1 6(2n+1)
n—1 " A,y
m+4"" (n+1)(n+2)

Bn:

(6.60)

for all n > 0 and where (ap, fp) = (1,0). A similar procedure can be repeated
to fix all the H,, leaving only h, as free parameters which depend on the bulk

interactions and cannot be fixed by symmetry only.

6.2.3 Interacting Moore-Read

Effective Hamiltonians for the Moore-Read state follow an extremely similar pat-
tern to that we have seen for the Laughlin state. Once again, the imposition of

bulk translational symmetry on the effective Hamiltonian prompts us to search

for individual, independent contributions, H, = a4+ N\l/m[ﬁl) + ..., which sat-

isfy the commutation relations in Eqs. 6.47 and 6.48. The sole difference is that

the individual terms, HC(L”), for the expansions in le/m are some terms expressed
in terms of both the bosonic field, ¢(z) and the fermionic field, ¥ (z).
We begin once again by recalling that our basis of possible operators,

d !
Trz = ]{ AR [T a0 ez [ o%(2), (6.61)

Y€l &ex
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T501 + 31501
T3 Th,23
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Table 6.2: The leading contributions to the effective Hamiltonian in the Moore-
Read case. These contributions occur at order R'~% and are mostly diagonal in
the basis defined by Eq. 4.44, and so primarily affect the dispersion. However,
there are scattering terms at order R~* which couple the fermionic edge states
with the bosonic modes.

has been discussed at length in the previous chapter. We then restrict the wide
array of possible linearly independent terms in Table 5.2 to those which satisfy
the symmetries of our Hamiltonian. Recall that to first order this entails search-

) which commute with both a; and a_;. In the Laughlin case this

ing for HCEO
was extremely restrictive. However, in this Moore-Read case the constraint is
somewhat less powerful due to the fact that the centre of mass mode commutes
with terms of purely fermionic nature. As such, there are more contributions
than previously, as provided in table 6.2.

Finding all the sub-leading contributions is then a case of applying the com-
mutation relation in Eq. 6.48 to generate the ladder of terms, Hél), HP and so
on. As before, the situation is relatively simple, with L_; acting as a derivative
on the fields within each Tt = on the right and a_; seeing only bosonic fields on

the left. Applying this procedure, one then finds that the three leading terms for

Moore-Read hamiltonians have the form

1 (2n—1

NVm)r (2ol Ton o1, (6.62)

Hpo1 =Ty o1 + Z (
n=1
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- 8  (2n+ 1
Hypp = Toop + Z — Tont2 g, (6.63)
— (Nym)" (2n +4)!!
s 1 (2n+ 1)
Hypo=Thiz+ Y - Ty 10. (6.64)
— (Nym)»  (2n)!

Therefore, each of the terms which, to leading order, simply change the dispersion
of the fermionic modes (i.e, those of the form Hjg) necessarily have sub-leading

contributions which couple the bosonic and fermionic excitations, suppressed by

1

a factor of N

6.3 Numerical Analysis

We once again stress that the claim of locality which was so instrumental in
calculating these allowed contributions to our Hamiltonian was a conjecture based
primarily on the understanding of the Laughlin state as a plasma in its screening
phase (for % < 65). As such, we present thorough numerical evidence to further
motivate this claim by comparing the results of these local effective Hamiltonians,
which we hope will provide a very accurate description of the low-energy physics,
with exact numerical results. For this particular work, we have made the relevant
code openly available[141], which is based in part on the open source package
DiagHam[142].

To assess our effective Hamiltonians we will take H to be simply a sum of the
first few, least irrelevant terms from the field theoretic considerations we have
made, including their coupling coefficients, h,, which we cannot fix by symmetry
alone. These Hamiltonians are then simple to diagonalise, being phrased in terms
of second quantised operators. We then perform the exact numerics by generat-
ing the full edge states in a basis of single-particle states, the monomial basis, by
using their expression in terms of Jack polynomials[82-84]. We then exactly di-

agonalise the interaction within reduced subspaces of edge states at fixed angular
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momentum to find the eigenstates and eigenvalues, and compare to the effective

Hamiltonians, H(h,), by fitting the coupling coefficients to the data.

6.3.1 Confinement

We will initially consider the simpler case of confinement where the perturbation
is simply a single-body term in the Hamiltonian. Recall then that we cannot use
translational invariance to significantly constrain the final form of the effective

Hamiltonian so we simply take the first few least irrelevant contributions,

dz . _
H= j{ 5 <2 (i0p(2))* + ng(zagp(z))?’) +O(R7?). (6.65)
We will use this to consider a relatively steep edge confinement of U = Uy(r/ R)S
and fit the coefficients v and g by simply matching the exact and effective spectra.
To perform this fitting we minimise a loss function, as in the inner products case,

specifically taking
elr. exac 2
L(v,g)=>_ (B (v,9) — E*) (6.66)

-
where EfT are the eigenvalues of our effective Hamiltonian, H, and £ are the
corresponding eigenvalues of our perturbation, éH. We can then choose which
eigenvalues to use in this loss function and we include only the eigenvalues at
AL = 5. The simulated annealing method used for finding the coefficients within
the inner product is once again useful to avoid becoming stuck in a local minimum.
We find the results in Fig. 6.2 for the v = 1/3 Laughlin state containing N = 10
particles, which shows a very good match.

We also consider the Moore-Read case. Once again, without translational
invariance the resulting effective Hamiltonian cannot be significantly simplified,

which leaves us with the following least irrelevant terms,

H = § o2 (= 2a000(:) + o(i0p(2))?
+9122(10¢(2))° + g22%(10ppY(2))) + O(R™3). (6.67)
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v=1/3 Laughlin edge spectrum given octic confinement

13f L
e are dH
are H :
12 5 =0.29140, ¢ .
o
o
s g=0.01810, * .
~— 11+ ¢ °
L3 . *
[ )
10} e
o
oL [ ]
0 1 2 3 4 5

AL

Figure 6.2: A comparison of our effective Hamiltonian with fit parameters g and
v with the exact spectrum for an N = 10 Laughlin state at v = 1/3 confined
purely by a weak octic confinement U = Uy ). (1;/ R)® (i.e, there is no additional
quadratic confinement).

Once again, we check this against exact numerical results for a Moore-Read
droplet confined by radial potential of the form Uy(r/ R)® and fit the coefficients
by minimising the discrepancy between the exact eigenvalues and those predicted
by the effective Hamiltonian. The results are given in Fig. 6.3 and show good

agreement once again.

6.3.2 Interacting Laughlin

For the Laughlin state perturbed by nontrivial interactions we shall employ a sim-

ple two-parameter effective Hamiltonian, including only the two least irrelevant
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v=1 Moore-Read edge spectrum given octic confinement
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Figure 6.3: A comparison of our effective Hamiltonian with fit parameters
v1, V2, g1 and go with the exact spectrum for a v = 1 Moore-Read state con-
fined by a weak octic confinement U = Uy ) . (1;/ R)S when N = 14. Once again,
the quadratic confinement was set to zero for these results.

contributions,

H = hyyHay + h3sHss. (6.68)

This should replicate the matrix elements of the Hamiltonian as calculated nu-
merically up to corrections of order R~7.

We then note that, given this form for the effective Hamiltonian, certain
matrix elements will constrain the coefficients hyy and hgs exactly. Specifically,
consider the element (2|H|2) where |2) = a_»|0) as defined in Eq. 4.38. The only
non-zero contribution to this comes from 75, contained in Hss. Not only is this
true for the truncated expansion, but we expect it to hold true at every order.
Furthermore, the only local terms which we expect can contribute to the matrix

element (3|H|3), even in an infinite-order expansion, are Thy and T33. Therefore,
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these two matrix elements should determine hos and hgz exactly, and these are
what we use to fit these coefficients.

Note that to find the effective Hamiltonian H from the data requires one to
also calculate the overlaps of the wavefunctions. To see this, recall that the states

in the quantum Hall language are not orthogonal, i.e,
{00 W} = (wlGnlv) (6.69)
where we have discussed the form of Gy at length in Chapter 5. Furthermore,
{ U |6H |V } = (w|HG V). (6.70)

Therefore, we can calculate the matrices Gy and (HGy), and therefore we find

the effective Hamiltonian by

H = (HGy)G. (6.71)

Coefficient Scaling

Upon fitting the coefficients it is important to check that the scaling arguments
made previously hold. These claimed that the coefficients h, should scale as
R'~9a_ Then, given that the radius scales as the square root of particle number,
N, this means that

ha ~ VN ™. (6.72)

To check that this scaling is borne out in the data, we fit the parameters for
a variety of system sizes for fillings ¥ = 1 and v = 1/2 and plot the results
in Figs. 6.4a and 6.4b. The exact results will depend upon the interaction and
filling and in these examples we take the interaction to be the first Haldane
pseudopotential for » = 1 and the second Haldane pseudopotential at v = 1/2.
We see that the results appear to be consistent with the scaling hypothesis, with
hoo varying in the large-N limit as hoy ~ VN _3, exactly as expected. hgss is less

: . -5
clear. For the integer case it also appears to vary as expected, hzz ~ VN | but

120



Coefficient scaling for the 1* pseudopential at filling v=1 Coefficient scaling for the 2"¢ pseudopential at filling v=1/2
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Figure 6.4: In (a) we perturb the integer quantum Hall effect at v = 1 with a
first pseudopotential, Vi, and find the scaling of the coefficients hoy and hsz in the
effective Hamiltonian. In both cases the coefficients appear to obey the scaling
hypothesis well, varying as hqe ~ VN 17 where dye = 4 and d33 = 6. In (b) we
perturb the Laughlin wavefunction at ¥ = 1/2 by the second pseudopotential.
Plotted is the value we fit for hgy (which we expect to scale as o/ N _3) in the
effective Hamiltonian as N is varied, which appears to converge very quickly to
some constant/ VN ’ Unfortunately, hss, which is expected to vary as v N 75,
does not converge for this range of system sizes but does appear to decay at least

\/WA

as quickly as vV N _5, if not faster, as required by the scaling hypothesis.

at v = 1/2 it appears that sub-leading corrections to this coefficient are large

enough that the value does not converge for the range of N we can reach with
. -5

exact methods. Nevertheless it does not appear to fall off slower than v N, so

this also appears consistent with scaling arguments.

Effective Hamiltonian Spectra

Perhaps the most crucial check that our effective Hamiltonians describe the true
behaviour of quantum Hall edges is that they faithfully reproduce the spectrum
of edge states. Therefore, we take the Hamiltonian in Eq. 6.68 and fit values for
hoo and hsz based on the method described above. We then plot the agreement

for the case of exponential repulsion between particles,

V =wy Zexp (— 2) , (6.73)
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at a variety of filling fractions in figures 6.5, 6.6 and 6.7. In each case we find

that this two-parameter fit is very good.

v=1and N=100 with exponential repulsion
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Figure 6.5: A comparison of our 2-parameter effective Hamiltonian with the
exact edge spectrum for a ¥ = 1 quantum Hall state perturbed by exponential
repulsive interactions in Eq. 6.73 in the limit where wy is small. Recall that,
because we expect the only terms in H which contribute to the matrix elements
we use to fit hoy and hzz are Hyy and Hsz, we expect that the fits to these
coefficients are exact for these systems at these particle numbers. We find that
the subsequent agreement is extremely good, capturing the distinct characteristics
of the spectrum and matching most points extremely closely.

Note that in these plots the linear slope is a free parameter of the parent
Hamiltonian derived from the confinement, which we always take as quadratic.
Therefore, in each plot we add an arbitrary harmonic potential (specified in each
figure) which produces the accompanying linear slope. The repulsive interactions
then cause the energies to decrease with respect to this linear edge as angular

momentum is increased. This is because these excited states allow the particles
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v=1/2 and N=12 with exponential repulsion
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Figure 6.6: A comparison of numerical results for a v = 1/2 Laughlin state per-
turbed by exponential interactions with our 2-parameter effective Hamiltonians.
As with the integer quantum Hall case, the agreement is excellent.

=

to avoid each other more successfully, increasing their average separations. The
states which then lie exactly on the Luttinger liquid line are those edge states
which correspond simply to translations of the original circular droplet as a whole,

i.e, the states a®F|0).

Constraints on non-local terms

Throughout the preceding text we have assumed that the only terms which con-
tribute to H are local. However, this is a conjecture based on the Laughlin state
being in a screening phase for m < 65, which makes correlations short range.
However, for sufficiently long-range interactions we expect non-local terms to
also contribute. One such example is the harmonic interaction, for which we can

find the effective Hamiltonian exactly as presented in Eq. 6.15 and which contains
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Figure 6.7: A final comparison of numerical results with our effective description
for the v = 1/3 Laughlin state, which once again shows excellent agreement.
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IN{Say

non-local contributions.

However, this is a special case of an interaction which actually grows with
separation. In a more general setting, one of the most well-known non-local terms
we might expect to contribute is the Benjamin-Ono term[80, 81, 107], which has

the form

feo _7{ 2m?{ omi (s —w) | 0P (F)i0p(w =Y na_a, (6.74)

2> >0

and has the lowest scaling dimension possible for such a double-integral term.
Therefore, to ascertain the likelihood that non-local terms might appear we insert
it into the Hamiltonian and attempt to fit its coefficient. We will then analyse

the scaling of the resulting coefficient.
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Therefore, we take the ultra-simple Hamiltonian

1
H=gpo <TB-O - §T11) + g2l + . .. (6.75)

and fit these two coefficients. Note that the inclusion of the 7T7; here ensures that
the overall Benjamin-Ono term which we have inserted here obeys the leading

condition of translational symmetry, i.e,
la1, HY] = [a_y, HY] = 0. (6.76)

The terms that we throw away in Eq. 6.75 are then either off-diagonal (terms
which are generated by this Benjamin-Ono term to satisfy translational invariance
at all orders) or of order N —5/2 We then fit the coefficients gg.o and ¢so with the
first two non-trivial diagonal elements, (2|H|2) and (3| H|3).

The fits for the coefficients are plotted in Fig. 6.8 for the case of an exponential
interaction at v = 1/2. We see that the scaling of g9 is very close to the expected
VN = whereas the Benjamin-Ono coefficient does not scale in a manner which
can even be approximated by a power law. Nevertheless, we see that it is always
much smaller than gs5 despite the fact that it is expected to be roughly v/ N times
larger. Therefore, it is unlikely that the Benjamin-Ono term contributes to our
effective Hamiltonian, or at least its effects are much smaller than expected by

simple scaling arguments.

Couplings for Pseudopotentials

We now look at what the values for the couplings, hos and hss, look like for the first
few Haldane pseudopotentials. In theory, each pseudopotential has associated

with it an effective Hamiltonian,
ViVix = Vinm,, (6.77)

and therefore, given that any interaction can be formed from a sum of pseudopo-

tentials, i.e, V = >, vV}, the effective Hamiltonian of such an interaction is
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Scaling of coefficients in the non-local effective Hamiltonian
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Figure 6.8: We assume for the moment that the Hamiltonian might contain non-
local terms and fit them taking the form in Eq. 6.75 for H and taking exponential
interactions between the particles at filling v = 1/2. We see that the Benjamin-
Ono coefficient is consistently smaller than goo despite scaling arguments suggest-
ing that it should be ~ /N times larger. As such, any contribution this term
makes to the dynamics are much smaller than expected. Clearly this does not
prevent any non-local term being present at any order in the expansion but it
does provide evidence against this most likely contribution.

simply
H=> uv.H,. (6.78)
k

Recall that the parent Hamiltonian at v = 1/m is constructed from all the pseu-
dopotential V;, with £ < m and so these annihilate all our wavefunctions at these
filling fractions. Therefore, knowledge of the coupling coefficients within the Hy
of Eq. 6.78 for k£ > m is all we require to be able to build the effective Hamiltonian
for any interaction.

Unfortunately, as we have already seen in Fig. 6.4b for example, fitting some
of these coefficients can be difficult or simply unreliable for the system sizes we
are able to compute exactly. Therefore, we fit only the leading order contribution,
hao for each and give the values in table 6.3 for the pseudopotentials contributing
to the interactions at v = 1/2.

However, whilst our data for fractional fillings remains too small to form a
reliable conclusion about the sub-leading corrections to the effective Hamiltonian,

we can perform this analysis extremely reliably for » = 1, where we consider N
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Pseudopotential els
Va 0.079 + 0.007
Vi 0.074 £ 0.020
Ve 0.087 £ 0.036

Table 6.3: The leading coupling coefficient for the effective Hamiltonian of various
pseudopotentials at fractional fillings v = 1/2. For the case at half filling the
convergence to a constant appears robust and the errors are very small. Similar
extrapolations could not be made reliably for the case at v = 1/3 given the
inferior convergence in this case.

Pseudopotential hg) hgé) hgz) hgg)
Vi 0.28240.001 | 0.000 4 0.002 | —0.179 4 0.016 | 0.071 &= 0.001
V3 0.423 +0.001 | 0.001 +0.017 | —0.633 &= 0.187 | 0.247 & 0.001
Vs 0.529 £0.001 | 0.004 £ 0.014 | —1.268 £ 0.156 | 0.485 £ 0.001
Vz 0.617+0.001 | 0.010 +0.010 | —2.088 4+ 0.135 | 0.771 & 0.005
Vo 0.694 £ 0.006 | 0.014 £0.278 | —2.982 £5.472 | 1.103 £ 0.189

Table 6.4: The coupling coefficients for the first few contributing pseudopotentials
at filling v = 1. We note that the higher-order coefficients are larger relative to
the lower order coefficients for the higher pseudopotentials (which are the pseu-
dopotentials that are more important for less local interactions), i.e, hgg)/ hé‘?‘
is smaller for Vj, where k is larger. Furthermore, we note that the coefficient of

—4

hoo at order vV N is very small relative to the coefficients at fractional powers of
N. This is in good agreement with our calculation for the asymptotic behaviour
of the exponential potential shown in a future publication [131], which predicts

—2n
vanishing coefficients at even order (i.e, at order vV N ).

as high as 160. Thus, we fit the effective Hamiltonian to 5" order, expanding the
leading coupling coefficient as
h(3) h(4) h(5)

-t +o(VN)

and considering only the leading order for hgs = hé?/ VN ° + (’)(\/N 76). Each

h22

(6.79)

of these coeflicients is shown in table 6.4.
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6.3.3 Interacting Moore-Read

The spectra for the Moore-Read state are more complex than those for the Laugh-
lin state. For example, consider the subspace of states with AL = 5 units of an-
gular momentum added with respect to the ground state. In the Laughlin case,
this is a 7-dimensional subspace but in the Moore-Read case there are 16 states.
As such, the matrix, 0H, which our effective Hamiltonian, H, must reproduce in-
cludes over four times as many matrix elements. Nevertheless, as we shall see, an
effective Hamiltonian containing only three terms (and thus three fit parameters)
can still provide an extremely good description of the resulting behaviour. Thus,
in the resulting discussion we will take the effective Hamiltonian to include the

three least irrelevant terms
H = hypo1Hpo1 + haogHao g + hg12Hp 12 (6.80)

Note that to leading order, each term of this Hamiltonian is purely fermionic or
bosonic, and hence the modes appear to decouple. However, one should recall
that to first order each of these fermionic terms (as given in Eqs. 6.62 and 6.64)
will couple the bosonic and fermionic edge channels.

As in the Laughlin case, we will fit the coupling coefficients in Eq. 6.80 by
comparison with particular matrix elements. Specifically (2;(0|H|[2;0) will fit
the coefficient hgpp. Additionally, we use <(Z); %%|H|@ 31> and <(Z); g%}H 0 %%

122
together to fit the coefficients hg o and hy 2. We present a scaling analysis of

the resulting fit coefficients for the bosonic ¥ = 1 Moore-Read state perturbed by
exponential interactions in Fig. 6.9. As these plots show, the scaling hypothesis
appears to work well even for these relatively small system sizes. The convergence
for the least irrelevant contribution, hg; is very good and is shown to vary as
VN ! as expected by scaling arguments. Less clear are the forms of scaling for
haa g and hy 12 which do not converge so convincingly over the system sizes we are

able to access though still appear to fall off no faster than the v N - required.
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Coefficient scaling for exponential repulsion at filling v=1
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Figure 6.9: We consider the Moore-Read state at v = 1 perturbed by an expo-
nential repulsive interaction, Eq. 6.73, and fit the coupling coefficients, hy o1, hao g
and hg 2 at a variety of system sizes, N. We then plot the variation of kg and

hag g with IV, which are expected to vary as VN - and v N - respectively based
on scaling arguments. The convergence to this scaling behaviour is quite good for
both hy o1 and hgyg. However, the convergence is unclear for the coefficient hy 12,
whose scaling behaviour we do not show here, as we cannot reach large enough
N with these exact methods for the value to converge. Nevertheless, the scaling
hypothesis does not appear to be incompatible with any of this data.

Effective Hamiltonian Spectra

One again, the most crucial check of our effective theory is that they are able
to reproduce the spectra of the corresponding systems. As such, we calculate
the spectrum numerically for Moore-Read states containing N = 16 particles at
filling » = 1. The data when the interactions we perturb with are exponentially
repulsive (i.e, the same as in Eq. 6.73) is shown in Fig. 6.10 alongside a comparison
to the effective Hamiltonian, H (hg 1, ha2,g, hp12), where these coupling coefficients
are fit using the procedure described above.

This comparison shows very good agreement between the exact numerical data
and our low energy effective theories. Notably, the renormalisation of the velocity
of the fermionic modes is indeed borne out by the data, with the lowest energy
modes in Fig. 6.10 corresponding to cases where all of the angular momentum
goes into the excitation of fermionic edge modes. Their velocity is reduced by

the presence of interactions.
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v=1and N=16 with exponential repulsion
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Figure 6.10: We show the spectrum for the Moore-Read state containing N = 16
particles at filling v = 1 perturbed by an exponential repulsive interaction,
Eq. 6.73. The three coupling coefficients in the effective Hamiltonian, H, are
fit using the process described above and provide a very accurate fit to the nu-
merically calculated spectrum (the dots corresponding to the spectrum of §H
whilst the orange lines are the spectra of H). As in the Laughlin case, the
gradient of this linear Luttinger liquid slope (the blue line corresponding to an
unperturbed droplet) is a free parameter of the parent Hamiltonian arising from
the assumption of quadratic confinement.

However, we show here data only for the v = 1 Moore-Read state as smaller
filling fractions do not converge sufficiently to be described by our effective theo-
ries at the system sizes we can reach with these exact methods. We suspect that
this is due to a larger correlation length in these systems[143], which therefore re-
quires higher order terms to be included in H to provide an adequate description
of the data at small system sizes. This point is also true for the Laughlin state,
whose agreement with our low energy theories also worsens as the filling fraction

decreases. We present an illustration of this point in Fig. 6.11.
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v=1/2 and N = 8 with a 2"? pseudopotential v=1/4 and N = 8 with a 4% pseudopotential
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Figure 6.11: A pair of plots showing the spectrum for the Laughlin quantum Hall
edge when the bulk interactions are the first non-vanishing pseudopotentials at
filling fractions v = 1/2, 1/3 and 1/4, (i.e, at filling 1/m we add the pseudopo-
tential Vi) and the system size is N = 8. The effective Hamiltonian we fit is
simply H = g95T5,, with the coefficient fit using only the data at AL = 2. The
blue points are the numerical data and the orange levels are the result of diago-
nalising the effective Hamiltonian. This data shows that the agreement becomes
worse as the filling fraction decreases, with the agreement very poor for v = 1/4.
To describe this case well one would require higher order terms in the effective
Hamiltonian.

6.4 Future Work

We have found accurate theories describing the behaviour of quantum Hall edges
relatively close to the Luttinger liquid fixed point. However, the present analysis
does not cover the full behaviour of the resulting theories. It would be extremely
interesting to analyse the consequences of the remaining terms in greater details,
considering for example the implications on the hydrodynamics of the systems,
perhaps along similar lines to previous works[80, 106, 139] which have, among
other things, considered the potential for shockwaves along the edge. Further-
more, the line of reasoning we use in this paper is readily applicable to any other
quantum Hall wavefunction which can be expressed in terms of conformal blocks,
which might indicate further interesting results in, for example, the Read-Rezayi
states. Finally, given that these results depend intimately on our conjecture of

locality and that this is not fully understood, it would be worth exploring exactly
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how and why the Hamiltonian can be claimed to be local, something which we

partially consider for the integer quantum Hall effect in a future publication[131].
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Part 111

Concluding Remarks




CHAPTER

Summary and outlook

That’s beyond our borders; you must never go there, Simba.

— Mufasa [The Lion King, 1994]

This thesis has considered a variety of problems in quantum Hall edge physics.
We have found the exact solution for the edge behaviour in a particularly extreme
limit, finding that the eigenstates correspond to Jack polynomials with a strange
dispersion relation. We have also looked in detail at the validity of conjectures
regarding the edge state inner products for two particularly important quantum
Hall states. Finally, we have produced highly accurate effective descriptions of
the dynamics of edge states in cases close to the Luttinger liquid fixed point
corresponding to low energies and large system sizes.

More specifically, in Chapter 3 we provided an analytic solution for the edge
excitations of Laughlin states in a steep confinement limit. We found that the
eigenfunctions are the Jack polynomials analogous to the Calogero-Sutherland
model, but the eigenenergies are wildly different from that model. The dispersion
even suggests novel new behaviour such as the possibility for counter-propagating
edge modes, a phenomenon which arises due to the correlation of the outermost
particles with the bulk droplet.

We have also provided an in-depth analysis of the inner products of quantum
Hall edge states in both the Laughlin and Moore-Read states. We find that the

form for the inner product conjectured in Ref. [34] agrees very well with the
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numerical data, especially for larger system sizes. We are also able to fit values of
the coefficients involved in this expansion which cannot be constrained by using
exact methods. The values determined for certain expansion coefficients match
simple analytic forms which may suggest that additional physical constraints are
present.

Finally, we looked at the behaviour of quantum Hall edge states in anharmonic
traps and in the presence of short-range interactions, generating highly accurate
descriptions of the dynamics using a local field theory approach. We showed that
these theories are extremely accurate by providing numerical comparison to the
low energy structure of both the Laughlin and Moore-Read states. These effective
theories show that the addition of bulk translational symmetry causes surprising
simplifications in the nonlinear Luttinger liquid expansion. Furthermore, these
local descriptions of the edge behaviour are at odds with alternative proposals
for the edge state behaviour relying on non-local models such as the quantum
Benjamin-Ono equation|81].

To summarise, the methods presented in this thesis shed light on the physics
of quantum Hall edges in certain situations though there are, of course, a num-
ber of open questions remaining within the field. For example, we have not
discussed problems such as the effects of long-range interactions or considered
edges with disorder, where translational invariance can no longer be assumed
along the boundary. Furthermore, we have focused only on states which admit
a construction in terms of conformal field theories, leaving interesting questions
regarding the behaviour of systems without such a description, such as the Jain
series and the anti-Pfaffian[124, 144]. Additionally, there is a great deal of inter-
esting work on analysing the physics of nonlinear one-dimensional systems that
we have barely touched upon in this work[80, 81, 105, 106, 139, 140]. These are
rich and interesting problems which will surely continue to produce intriguing

results.
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