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A B S T R A C T 

Axisymmetric Jeans modelling is widely used to infer galaxy mass profiles from integral-field kinematics, but existing 
implementations maintain tractability by adopting highly restricted anisotropy prescriptions. I present a new spectral 
method that solves the axisymmetric Jeans equations as a two-dimensional boundary-value problem. Remarkably, this 
breaks the traditional trade-off between model flexibility and computational cost, accommodating completely general 
anisotropy distributions β(r, θ ) while executing significantly faster than standard restrictive techniques. The method relies 
on three key choices: (i) solving for the intrinsic dispersion v2 r rather than the rapidly varying pressure νv2 r to improve 
numerical conditioning; (ii) working in logarithmic radius to efficiently resolve the large dynamic range of galaxies, 
uniquely matching scale-free (power law) regimes; and (iii) imposing a Robin outer boundary condition that enforces 
the correct asymptotic decay on a finite computational domain. Orbit integrations in realistic galaxy potentials motivate 
spherical alignment of the velocity ellipsoid as a physically plausible default, though the framework easily adapts to other 
alignments. Validated against exact analytic benchmarks – including new analytic Jeans solutions derived herein – the 
solver recovers intrinsic second moments with high accuracy, showing radially uniform residuals for power-law tests. 
In practice, it delivers orders-of-magnitude speed-ups over high-accuracy quadrature schemes and is naturally suited 
to massive GPU parallelization. Released in the public jampy package, this enables the routine application of highly 
general Jeans models to large surveys and the extensive parameter-space exploration required for rigorous uncertainty 
quantification. 

Key words: methods: numerical – techniques: imaging spectroscopy – software: public release – galaxies: fundamental 
parameters – galaxies: kinematics and dynamics – galaxies: structure. 
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 INTRODUCTION  

.1 Dynamical modelling in the era of large surveys 

ynamical models of galaxies are the fundamental scales on 
hich the Universe is weighed. By mapping the gravitational 
otential, these models allow one to measure the masses of su-
ermassive black holes – essential for understanding feedback 
rocesses and galaxy co-evolution – and provide the most direct 
ethod to infer the distribution of dark matter by separating 
t from the luminous stellar component. This decomposition is 
ritical for testing cosmological models and reconstructing the 
ssembly history of galaxies. 
The two most widely used techniques for these tasks are 
rbit-superposition methods (M. Schwarzschild 1979 ) and 
olutions based on the Jeans equations (J. H. Jeans 1922 ). These
pproaches are highly complementary, with the choice between 
hem often dictated by the quality and quantity of the available 
ata. Schwarzschild models provide a fully general treatment 
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f phase-space structure, but they require high signal-to-noise 
S/N) spectra to reliably extract the full line-of-sight velocity 
istribution (LOSVD) needed to exploit that flexibility. In 
ontrast, Jeans modelling relies only on the lowest-order velocity 
oments (mean velocity and dispersion). These moments can 
e measured reliably even from data with moderate S/N ratios 
r at high redshift where the full LOSVD is inaccessible. This
obustness makes Jeans modelling particularly well-suited 
or the massive data sets produced by modern integral field 
pectroscopic (IFS) surveys such as ATLAS3D (M. Cappellari 
t al. 2011 ), CALIFA (S. F. Sánchez et al. 2012 ), SAMI (S. M.
room et al. 2012 ), and MaNGA (K. Bundy et al. 2015 ) (see M.
appellari 2016 , 2026 , for reviews). A theoretical caveat is that
he moments approach does not guarantee the positivity of the 
nderlying phase-space distribution function (DF). 
Crucially, the simpler assumptions of the Jeans method do not 
ecessarily result in lower accuracy for mass recovery in realis- 
ic situations. G. Y. C. Leung et al. ( 2018 , fig. 8) benchmarked
ynamical models against circular velocities derived from CO 

as kinematics in 54 galaxies and found that in the outer re-
ions ( 0 . 8−1 . 6 Re , where Re is the projected half-light radius), the
easurement errors for the Jeans Anisotropic Multi-Gaussian 
This is an Open Access article distributed under the terms of the
/by/4.0/), which permits unrestricted reuse, distribution, and
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xpansion (JAM) method were approximately a factor of 1.7
maller than those for the Schwarzschild method. A similar con-
lusion was reached by Y. Jin et al. ( 2019 , fig. 4) using numeri-
al simulations; in recovering the enclosed mass within Re , the
catter in the JAM results was a factor of 1.6 smaller than that
f the Schwarzschild technique. Neither study found evidence
f systematic bias in the JAM results. These findings confirm
hat, for mass measurement, the restrictive assumptions of Jeans
odelling act as a regularizer that stabilizes the solution against
bservational noise. 
Beyond its robustness, Jeans modelling offers superior compu-

ational efficiency. Unlike orbit-superposition methods or N-body
imulations, it avoids the costly integration of thousands of orbits.
his speed is not merely a matter of convenience; it enables a
evel of scientific rigor that is often computationally prohibitive
or more complex methods. The efficiency of the Jeans approach
llows for the exploration of vast parameter spaces, facilitating
he computation of rigorous Bayesian posteriors and the testing
f various physical assumptions – such as different dark matter
rofiles or anisotropy formulations – to ensure results are statis-
ically well-grounded. 

.2 Past applications of the JAM method 

 prominent implementation of the Jeans modelling approach is
he JAM method (M. Cappellari 2008 , 2020 ) and its associated
ampy software package, 1 which is built on the numpy (C. R.
arris et al. 2020 ) and scipy (P. Virtanen et al. 2020 ) ecosystem.
his framework has established itself as a standard tool for ex-
racting mass distributions across a vast range of scales and red-
hifts. It has received widespread adoption, serving as the primary
echnique for the dynamical modelling of stellar kinematics in
ajor IFS surveys. Notable examples include the modelling of all
arly-type galaxies in ATLAS3D (M. Cappellari et al. 2013a ), the
AMI survey (N. Scott et al. 2015 ), the CALIFA survey (G. Y. C.
eung et al. 2018 ), and MaNGA (H. Li et al. 2017 ; R. Li et al. 2019 ),
ulminating in the dynamical analysis of ∼10 000 galaxies in the
aNGA DynPop project (K. Zhu et al. 2023 ; S. Lu et al. 2023 ). 
The specific dynamical studies associated with these large sam-
les have enabled robust constraints on key galaxy properties.
hese include the total density slopes (e.g. M. Cappellari et al.
015 ; A. Poci, M. Cappellari & R. M. McDermid 2017 ; R. Li et al.
019 ; K. Zhu et al. 2024 ) and dark matter fractions (M. Cappellari
t al. 2013a ; S. Lu et al. 2024 ), the systematic variation of the
tellar initial mass function (IMF; M. Cappellari et al. 2012 ; H. Li
t al. 2017 ; S. Lu et al. 2024 ), and the origins of the fundamental
lane (M. Cappellari et al. 2013a ; S. Shetty et al. 2020 ; K. Zhu et al.
024 ). 
Beyond global structural parameters, these modelling efforts
ave also been instrumental in exploring the link between dy-
amical quantities and stellar populations. Notably, the local es-
ape velocity Vesc , derived from JAM models in the cited studies,
as found to correlate tightly with stellar population diagnostics
N. Scott et al. 2009 , 2013 ). It was also demonstrated that stellar
opulation properties closely follow lines of constant velocity
ispersion σe , or equivalently M∗ ∝ Re , on the (M∗, Re ) stellar
ass–size plane (M. Cappellari et al. 2013b ; R. M. McDermid
t al. 2015 ; M. Cappellari 2016 ). In the local Universe, the frame-
ork is currently being applied to the GECKOS survey data to
NRAS 549, 1–22 (2026)

 Current version 8.1 at https://pypi.org/project/jampy/. 

s  

1  

e  
tudy the asymmetries of edge-on discs from high-quality stellar
inematics (T. H. Rutherford et al. 2025 ). 
The method has also been extended to higher redshifts ( z ≈

 . 8 –2) to trace the evolution of galaxies over cosmic time. Spe-
ific dynamical analyses include the measurement of dynamical
asses (e.g. M. Cappellari et al. 2009 ; J. T. Mendel et al. 2020 )
nd total density profiles (C. Derkenne et al. 2021 ; P. Mozumdar
t al. 2026 ) using data from surveys like LEGA-C (e.g. J. van Houdt
t al. 2021 ; M. Cappellari 2023 ), KMOS3D (H. Übler et al. 2024 ),
nd MAGPI (e.g. C. Derkenne et al. 2023 ). Most recently, with the
dvent of the James Webb Space Telescope (JWST ), the method has
een pushed even further, enabling dynamical modelling out to
 ∼ 5 (R. G. Pascalau et al. 2026 ). 
In the context of cosmology, JAM is frequently combined with
trong gravitational lensing to break the mass-sheet degeneracy
nd constrain the total mass profile of lens galaxies (M. Barnabè
t al. 2012 ; S. Posacki et al. 2015 ; A. Yıldırım, S. H. Suyu & A.
alkola 2020 ). This joint lensing-dynamics approach has been
ritical for the TDCOSMO collaboration’s precise measurements
f the Hubble constant H0 (e.g. A. J. Shajib et al. 2023 ; Tdcosmo
ollaboration 2025 ) and even for testing general relativity on
alactic scales (T. E. Collett et al. 2018 ). 
On smaller scales, the method has been adapted to model dis-
rete tracers, providing insights into the dark matter haloes of 
ilky Way dwarf spheroidal satellites (e.g. E. Vasiliev 2018 ; H.
ang et al. 2025 ) and the internal dynamics of globular clusters
e.g. L. L. Watkins et al. 2013 ). It has also been used to construct
etailed dynamical models of the Milky Way disk using full six-
imensional phase space data from Gaia and the Apache Point
bservatory Galactic Evolution Experiment (APOGEE) (e.g. M.
. Nitschai, M. Cappellari & N. Neumayer 2020 ; M. S. Nitschai
t al. 2021 ) to break the mass-anisotropy degeneracy. 
Finally, JAM has been widely employed to determine black
ole masses across a broad demographic range in both Early-Type
alaxies (ETGs) (e.g. D. Krajnović et al. 2018 ; S. Shetty et al. 2020 ;
. Thater et al. 2019 , 2022 ) and spiral galaxies (e.g. D. D. Nguyen
t al. 2026a ). This includes landmark benchmark measurements
n the elliptical galaxy M87 (D. A. Simon, M. Cappellari & J.
artke 2024 ) and the spiral galaxy NGC 4258 (D. A. Drehmer
t al. 2015 ; D. D. Nguyen et al. 2026b ), which provided critical
ross-checks against independent results from Event Horizon
elescope imaging and water maser dynamics, respectively, as
ell as tests against molecular gas (CO) dynamics (P. Dominiak
t al. 2025 ). Beyond these massive systems and the nuclear black
ole of the Milky Way (A. Feldmeier-Krause et al. 2017 , section
.1.2), the method has pushed into the low-mass regime to de-
ect intermediate-mass black holes in nearby dwarf galaxies and
ltracompact dwarfs (e.g. A. C. Seth et al. 2014 ; C. P. Ahn et al.
017 , 2018 ; D. D. Nguyen et al. 2018 , 2019 ). 

.3 The mathematical bottleneck of semi-analytic 
uadratures 

he diverse applications of the JAM method described above
ave historically relied on a mathematical formulation based
n semi-analytic quadratures. Established by seminal works on
emi-isotropic solutions (C. Satoh 1980 ; J. J. Binney, R. L. Davies &
. D. Illingworth 1990 ; R. P. van der Marel 1991 ; E. Emsellem,
. Monnet & R. Bacon 1994 ) and spherically aligned anisotropic
olutions (R. Bacon, F. Simien & G. Monnet 1983 ; R. Bacon
985 ), this strategy reduces the two-dimensional partial differ-
ntial equations (PDEs) of the Jeans system to one-dimensional

https://pypi.org/project/jampy/
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ntegral representations through judicious changes of variables or 
he method of characteristics. This approach was further refined 
nto the current JAM method (M. Cappellari 2008 , 2020 ). 
While this strategy provides accurate solutions, it imposes strict 

unctional limitations on the galaxy model. The Jeans equa- 
ion for the radial pressure νv2 r constitutes a first-order linear 
rdinary differential equation along specific integration paths. Its 
eneral solution requires an integrating factor (e.g. G. B. Arfken, 
. J. Weber & F. E. Harris 2013 , section 7.2), which must be
erived analytically to express the final solution as a fast, semi-
nalytic quadrature. This constraint restricts the anisotropy pa- 
ameter β to specific forms where the integral

∫ 
(β/r)d r is analytic 

e.g. L. Ciotti 2021 , section 13.3.1). The most common choice is a
onstant β, which yields a simple power-law integrating factor 
2 β , while the most general is the logistic anisotropy of log r in-
roduced by D. A. Simon et al. ( 2024 ). Any deviation from these
estricted forms necessitates the numerical evaluation of nested 
ntegrals, which destroys the computational efficiency that makes 
ackages like jampy attractive. 
The general Jeans equations are PDEs mathematically analo- 
ous to the Euler equations of fluid dynamics; indeed, J. H. Jeans
 1922 ) called them the ‘hydrodynamical equation of motions of 
tars.’ One might therefore expect standard fluid-dynamics meth- 
ds (finite differences or finite elements) to suffice. However, 
rute-force implementations struggle to deliver both high accu- 
acy and efficiency over the extreme dynamic range of galaxy 
odels, so such approaches have remained niche theoretical 
ools. I identified only a handful of studies exploring alterna- 
ive PDE techniques, such as finite differences in spheroidal co- 
rdinates (N. W. Evans 1990 ) or the method of lines for equa-
ions with general velocity-ellipsoid alignment (D. Yurin & V. 
pringel 2014 ); to my knowledge, these have never been used for
ynamical modelling of real galaxies. 
Furthermore, even spectral methods – the focus of this paper 
fail if applied without careful formulation. In my initial at- 
empts using spectral collocation to solve for the standard pres- 
ure term νv2 r , I found that because the stellar tracer density ν
ypically declines by many orders of magnitude from the galaxy 
entre to the outskirts, a polynomial basis struggles to approxi- 
ate such a rapidly varying function. Using a finite number of 
erms, these implementations are either insufficiently accurate or 
equire an excessive number of basis functions, leading to a loss
f the very efficiency they sought to provide. 

.4 A new spectral solver 

he main contribution of this paper is a specific reformulation 
f the Jeans problem that overcomes the mathematical bottle- 
ecks described above. I demonstrate that a spectral method can 
chieve fast exponential convergence, provided three critical de- 
ign choices are made: 

(i) Solving for the velocity dispersion v2 r rather than the 
ressure νv2 r . As detailed in Section 2.3 , while the tracer density
varies by many orders of magnitude across a galaxy, the velocity 
ispersion v2 r is a relatively slowly varying function. Solving for 
his smooth variable improves the conditioning of the problem 

nd allows the spectral representation to be extremely compact, 
equiring fewer basis functions to achieve high precision. 
(ii) Adopting the logarithmic radial coordinate x = ln r. 
s discussed in Section 3.1 , galaxies span a large dynamic range
n radii. The use of logarithmic coordinates ensures that the 
pectral resolution is distributed uniformly across the logarithmic 
ecades of the galaxy. Moreover, this mapping is mathematically 
ptimal as it transforms the governing radial differential equation 
ith variable coefficients into one with constant coefficients for 
cale-free (power law) densities. 
(iii) Imposing a Robin boundary condition on a trun- 
ated radial grid. As discussed in Section 3.3 , standard Dirichlet
oundary conditions (v2 r = 0 ) imposed at a finite radius intro-
uce truncation errors that saturate convergence, preventing the 
ethod from reaching machine precision. The adoption of a gen- 
ralized Robin condition ( r∂v2 r /∂r + μv2 r = 0 ) allows the method
o accurately mimic the asymptotic behaviour of the solution 
ven with a compact finite grid. 

The practical implications of this reformulation are profound. 
sing the same modest number of grid points currently employed 
n jampy (typically 20 × 10 ), my method achieves higher accu-
acy than the standard JAM quadrature while recovering the so- 
ution at a computational speed up to two orders of magnitude
aster. 
This performance leap is accompanied by the removal of the 
hysical constraints inherent to previous integral-based methods. 
y approach handles completely general anisotropy distribu- 
ions β(r, θ ) – for which no analytic integrating factor exists –
ithout any additional computational cost. This speed and flex- 
bility facilitate the exploration of vast parameter spaces, rigor- 
us Bayesian inference, and the systematic testing of different 
hysical assumptions. Furthermore, the method’s structure is 
aturally suited for massive parallelization on graphics process- 
ng units (GPUs), suggesting that a properly formulated spectral 
ethod provides a superior framework for the next generation of 
ynamical modelling. 
The paper is organized as follows. Section 2 presents the the-
retical framework, justifying the spherical alignment assump- 
ion and deriving the master equation for the velocity dispersion. 
ection 3 details the spectral solver algorithm, highlighting the 
ritical role of the Robin boundary condition and the method 
or spectral interpolation. Section 4 provides the implementation 
ormulas for multi-Gaussian expansion (MGE; E. Emsellem et al. 
994 ; M. Cappellari 2002 ) models. Section 5 validates the solver
gainst exact analytic solutions and benchmarks its performance. 
inally, Section 6 summarizes the conclusions. 

 THE  SPHERICALLY  ALIGNED  JEANS  

RAMEWORK  

.1 Spherical alignment: the simplest realistic choice 

o obtain a unique solution of the axisymmetric Jeans equations, 
ne must assume a velocity-ellipsoid orientation. Although his- 
orical treatments often adopt cylindrical (M. Cappellari 2008 ) or 
rolate spheroidal coordinates (H. Dejonghe & T. de Zeeuw 1988 ;
. W. Evans & D. Lynden-Bell 1991 ; R. Arnold 1995 ; G. van de Ven
t al. 2003 ), orbital structure in realistic potentials indicates that
pherical alignment (R. Bacon et al. 1983 ; R. Bacon et al. 1995 ; M.
appellari 2020 ) holds a unique, physically motivated position for 
escribing real galaxies. 
The theoretical baseline for velocity ellipsoid alignment was 
stablished by A. S. Eddington ( 1915 ), who noted that in sepa-
able potentials, the principal axes of the velocity ellipsoid align 
ith the coordinate system because the orbital motion decom- 
oses into independent oscillations with zero covariance. This 
MNRAS 549, 1–22 (2026)
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M

Figure 1. Comparison of orbital envelopes in a separable potential versus a realistic galaxy potential. In each panel, four orbits are launched from 

the location of the red circle at a distance r from the galaxy centre, with vR = vz = 0 and a range of azimuthal velocities vφ = 0 . 2 vc (r) , . . . , 0 . 6 vc (r) 
smaller than the local circular velocity vc (r) . Left: Orbits in a Perfect Ellipsoid potential (T. de Zeeuw 1985 ) with density ρ(m ) = ρ0 / (1 + m2 )2 . Here, 
m2 = R2 + z2 /q2 is the elliptical radius with an axial ratio q = 0 . 5 . The orbital boundaries rigidly follow global prolate spheroidal coordinates, forcing 
the velocity ellipsoid to become cylindrically aligned in the core. Right: Orbits in a realistic multi-component potential, consisting of a J. L. Sérsic ( 1968 ) 
n = 4 spheroid with Re = 10 and q = 0 . 5 , an NFW halo (J. F. Navarro, C. S. Frenk & S. D. M. White 1996 ) containing 10 per cent dark matter within Re , 
and a supermassive black hole with M• = 0 . 005 M∗. The grey solid contours are equipotentials (which are rounder than the density). While the orbits do 
not strictly follow a single coordinate system, their envelopes are remarkably well approximated by spherical coordinates (dashed lines) at all radii, from 

the BH-dominated centre ( 0 . 1 Re ) to the halo-dominated outskirts ( 3 Re ). This justifies the use of spherically aligned velocity ellipsoids for modelling real 
galaxies. 
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ehaviour is strictly realized in Stäckel potentials, such as the per-
ect ellipsoid (T. de Zeeuw 1985 ). In these systems, orbits rigidly
espect a single global coordinate system. As they approach the
ore, the defining prolate spheroidal coordinates degenerate into
ylinders, forcing the velocity ellipsoid into a cylindrical orienta-
ion (see Fig. 1 , left panel). 
However, real galaxies are significantly more complex. I exam-

ne the orbital behaviour in a realistic, multicomponent potential.
nlike the spherical potential used in Section 5.3 to allow for
n exact analytic benchmark, here the potential is not spherical,
ut is given by the combination of a flattened ( q = 0 . 5 ) J. L.
érsic ( 1968 ) n = 4 stellar spheroid, a spherical Navarro, Frenk
nd White (NFW; J. F. Navarro et al. 1996 ) halo, chosen to have a
reak radius rs = 10 Re and a dark matter fraction inside a sphere
f radius Re = 10 (in the plot units) of fDM 

(< Re ) = 10 per cent ,
ypical of massive ETGs (M. Cappellari et al. 2013a ; S. Lu et al.
024 ; M. Cappellari 2026 , fig. 11), and a supermassive black hole
ith mass M• = 0 . 005 M∗ (J. Kormendy & L. C. Ho 2013 , equa-
ion 11). Fig. 1 (right panel) illustrates the envelopes of regular
rbits launched at different inclinations ( θ = 30◦ and 60◦) across
hree orders of magnitude in radius, from the black-hole domi-
ated nucleus ( 0 . 1 Re ) to the halo-dominated outskirts ( 3 Re ). 
Two key features emerge from this orbital experiment: 

(i) Local versus global coordinates: while the boundary of 
ny individual orbit may exhibit a slight curvature reminiscent of 
rolate spheroidal coordinates – showing a small ‘bend’ towards
he horizontal near the turning points – this effect is local. As is
ell known, and evident in the zoomed panels of Fig. 1 , these
oundaries do not share a common focal distance. Unlike Stäckel
otentials, where a single coordinate system defines all motions,
eal potentials require a ‘Stäckel fudge’ (J. Binney 2012 ) where the
NRAS 549, 1–22 (2026)
ffective coordinate system varies from orbit to orbit. This concept
s central to action-based modelling in software like galpy (e.g.
. Bovy 2015 ) and Agama (E. Vasiliev 2019 ). 
(ii) Radial alignment of turning points: most crucially, the

corners’ of the regular orbits (the extrema where radial and an-
ular velocities vanish) align remarkably well with lines of con-
tant spherical polar angle (dashed grey lines) across all scales.
hile this alignment is expected in the outer halo or near the
entral black hole, where the potential becomes spherical, it is
ot obvious in the intermediate region where the potential is
ignificantly flattened and far from spherical. Yet, as shown, the
pherical alignment approximation still applies effectively at all
adii. 

Consequently, while the velocity ellipsoid of real galaxies can-
ot be globally described by any simple coordinate system, like
pherical, spheroidal, or cylindrical (N. W. Evans et al. 2016 ),
pherical alignment represents the most robust global approxi-
ation. It captures the fundamental radial nature of the orbital
nvelopes observed in Fig. 1 without imposing the artificial con-
traints that force unphysical cylindrical alignment in the core
f separable models. This theoretical expectation is supported by
aia studies (Gaia Collaboration 2016 ), which are the only ones
urrently able to measure the ellipsoid orientation in a direct
anner, from six-dimensional phase space coordinates. These
ave found that the velocity ellipsoid is well approximated by
pherical polar alignment in both the outer stellar halo (C. Wegg,
. Gerhard & M. Bieth 2019 ) and the disc region (A. Everall et al.
019 ; J. H. J. Hagen et al. 2019 ). See the review by J. A. S. Hunt &
. Vasiliev ( 2025 , section 3.4) for a comprehensive discussion of 
he observational evidence. 



General spectral Jeans solver 5

f
s
i

h
c
o
m
t
m
s  

E  

e  

b  

m
r
e
a
a
c

2

I  

s  

s  

p  

a
f

a

w
d
t

t  

S

w  

t

β

A  

l
g  

s  

t

B
t
m

i  

n
F
t  

p
S

2
c

I  

‘
s
t
f  

c  

i  

m  

t
r
x

t  

B

r

t  

v
c
e  

a  

I
t  

a  

ν

 

I  

r  

y
r

T
e

C

[
a  

m

Thus, I adopt spherically aligned velocity ellipsoids not merely 
or mathematical convenience, but because they provide a 
uperior description of the phase-space structure in realistic, non- 
ntegrable galactic potentials. 
Finally, I emphasize that the spectral formalism presented 
ere, is not mathematically restricted to the spherically aligned 
ase. Unlike semi-analytic quadrature approaches, which rely 
n specific integrability conditions for efficiency, the spectral 
ethod can be applied with equal ease to the Jeans equa- 
ions with any alignment. This includes cylindrically aligned 
odels (JAMcyl ; M. Cappellari 2008 ), alignment in fixed prolate 
pheroidal coordinates (H. Dejonghe & T. de Zeeuw 1988 ; N. W.
vans & D. Lynden-Bell 1991 ; R. Arnold 1995 ; G. van de Ven
t al. 2003 ), or a velocity ellipsoid with a generic tilt specified
y an arbitrary function (e.g. D. Yurin & V. Springel 2014 ). One
erely needs to rewrite the corresponding PDEs derived in those 
eferences, with minimal changes to the implementation. How- 
ver, given the physical status of spherical alignment discussed 
bove, I consider it the most appropriate standard for general 
pplications and restrict the formulations in this paper to this 
ase. 

.2 Assumptions and general equations 

 adopt a spherical polar coordinate system (r, θ, φ) , where the
ymmetry axis of the galaxy aligns with the z-axis ( θ = 0 ). The
patial domain covers the radial range r ∈ [ rmin , rmax ] and the
olar angle θ ∈ [0 , π/ 2] . The dynamics of the tracer population
re governed by the Jeans equations under the following three 
undamental assumptions: 

(i) Steady state: the system is time-independent ( ∂ /∂ t = 0 ). 
(ii) Axisymmetry: the density and potential are symmetric 
bout the z-axis ( ∂ /∂ φ = 0 ). 
(iii) Spherical alignment: the velocity ellipsoid is aligned 
ith the spherical coordinate directions. This implies that the off- 
iagonal components of the velocity dispersion tensor vanish in 
hese coordinates (vr vθ = vr vφ = vθvφ = 0 ). 

Under these assumptions, the two non-trivial Jeans equa- 
ions can be written as (e.g. P. T. de Zeeuw, N. W. Evans & M.
chwarzschild 1996 , equation 2.4) : 

∂ (νv2 r ) 
∂r 

+ 2 νv2 r − νv2 θ − νv2 φ

r 
= −ν

∂�

∂r 
, (1) 

∂ (νv2 θ ) 
∂θ

+ νv2 θ − νv2 φ

tan θ
= −ν

∂�

∂θ
, (2) 

here ν(r, θ ) represents the tracer density and �(r, θ ) denotes the
otal gravitational potential. 
To close this system, I define the anisotropy parameter as 

(r, θ ) ≡ 1 − v2 θ

v2 r 

. (3) 

 key feature of the spectral method presented here is that, un-
ike traditional quadrature-based approaches, I allow β to vary 
enerally as a function of both radius r and polar angle θ . By
ubstituting v2 θ = (1 − β )v2 r into equations ( 1 ) and ( 2 ), the equa-
ions become (e.g. R. Bacon et al. 1983 , equations 1 and 2): 

∂ (νv2 r ) 
∂r 

+ (1 + β ) νv2 r − νv2 φ

r 
= −ν

∂�

∂r 
, (4) 

∂[(1 − β ) νv2 r ] + (1 − β ) νv2 r − νv2 φ = −ν
∂�

. (5) 

∂θ tan θ ∂θ
y solving for the radial and angular components simultaneously, 
his framework provides the radial v2 r and azimuthal second mo- 
ent v2 φ for any given anisotropy and mass distribution. 
As is typical with the Jeans equations, the resulting solution 

s not guaranteed to be physically realizable; that is, it may not
ecessarily correspond to a non-negative distribution function. 
urthermore, the model should be viewed as an approxima- 
ion, given that the velocity ellipsoids of real galaxies are never
erfectly aligned with a single coordinate system, as argued in 
ection 2.1 . 

.3 Solving for the velocity moments in logarithmic 
oordinates 

n traditional Jeans modelling, it is customary to solve for the
pressure’ term νv2 r . However, in galactic systems, the tracer den- 
ity ν typically spans many orders of magnitude from the nucleus 
o the outskirts, whereas the velocity dispersion v2 r varies only by a 
actor of a few. A numerical scheme solving for νv2 r must therefore
apture an enormous dynamic range, which can lead to a signif-
cant loss of precision in the outer regions. To circumvent this, I
inimize the dynamic range of the solution by solving directly for
he intrinsic second moment v2 r . Furthermore, to handle the large 
adial scales efficiently, I utilize the logarithmic radial coordinate 
 = ln r. 
I begin by eliminating the azimuthal second moment νv2 φ be- 

ween the radial and angular Jeans equations (equations 4 and 5 ).
y combining these equations and utilizing the vector identity 

cos θ
∂�

∂r 
− sin θ ∂�

∂θ
= r

∂�

∂z 
, (6) 

he right-hand side is reduced to a compact form involving the
ertical gradient of the potential, which is computationally effi- 
ient to evaluate for several simple models. This procedure gen- 
ralizes the approach of R. Bacon et al. ( 1983 , equation 3) to
llow for a general anisotropy β(r, θ ) . Throughout the derivation,
 multiply the equations by cos θ to eliminate the singularity of 
he tan θ term at the equatorial plane ( θ = π/ 2 ), ensuring that
ll terms remain finite. The resulting PDE for the radial pressure
v2 r is 

− cos θ ∂ (νv2 r ) 
∂ ln r 

+ sin θ ∂[(1− β ) νv2 r ] 
∂θ

− 2 β cos θ (νv2 r ) = νr
∂�

∂z 
. 

(7)

To transform this into an equation for the velocity dispersion, 
 expand the derivatives of the product terms using the product
ule and divide the entire equation by the tracer density ν. This
ields a linear first-order transport PDE for v2 r with source and 
eaction terms 

− cos θ ∂v2 r 

∂ ln r 
+ (1 − β ) sin θ

∂v2 r 

∂θ
+ C(r, θ ) v2 r = r

∂�(R, z) 
∂z 

. (8) 

he coefficient C(r, θ ) accounts for the spatial logarithmic gradi- 
nts of the density and angular derivative of the anisotropy 

(r, θ ) = sin θ
[
(1 − β )

∂ ln ν
∂θ
− ∂β

∂θ

]
− cos θ

(
∂ ln ν
∂ ln r 

+ 2 β
)

. 

(9) 

This formulation is regular throughout the domain θ ∈ 
0 , π/ 2] and explicitly accommodates angular variations in 
nisotropy. As discussed in Section 1 , S ≡ v2 r is a smooth function,
aking it ideal for the spectral solver described in Section 3 . 
MNRAS 549, 1–22 (2026)
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Once the radial dispersion v2 r is obtained, the azimuthal second
oment v2 φ is calculated directly from equation ( 4 ) 

2 
φ = v2 r 

(
1 + β + ∂ ln ν

∂ ln r 

)
+ ∂v2 r 

∂ ln r 
+ ∂�

∂ ln r 
. (10) 

he ∂v2 r /∂ ln r derivatives, are evaluated spectrally from the previ-
us spectral v2 r solution, to maintain high precision and efficiency.

 SPECTRAL  SOLUTION  ALGORITHM  

 solve the governing equation ( 8 ) using a spectral method. While
he conceptual idea is simple – approximating the solution with
lobal polynomials that satisfy the PDE at a grid of collocation
oints – realizing the method’s full potential requires a careful
tudy of its technical nuances. A vast technical literature has been
eveloped over the years to ensure the exponential convergence
hat makes these methods powerful. A clear, practically oriented
ook on this method is L. N. Trefethen ( 2000 ). A brief overview
f the key concepts is also presented in W. H. Press et al. ( 2007 ,
hapter 20.7), while more general and comprehensive books on
pectral methods are available by J. P. Boyd ( 2001 ) and J. Shen, T.
ang & L.-L. Wang ( 2011 ). Finally, the monograph by B. Shizgal
 2015 ) specifically focuses on applications in physics. 

.1 Radial mapping strategies 

 critical component of spectral methods on semi-infinite do-
ains is the choice of mapping function between the physical
oordinate r and the computational coordinate ξ . Standard treat-
ents (e.g. C. Canuto et al. 2007 , section 8.8.2) typically focus on
apping the interval ξ ∈ [ −1 , 1] to r ∈ [0 , ∞ ) or r ∈ [0 , L ] . How-
ver, for the specific problem of galactic dynamics, this approach
s often sub-optimal. The presence of a supermassive black hole
reates a cusp or singularity at r = 0 that is difficult to resolve
ith global polynomials. Furthermore, the evaluation of stellar
ensities at extremely large radii ( r → ∞ ) can lead to floating-
oint underflow. 
To address these issues, I generalize the standard mappings to
trictly enforce a finite domain [ rmin , rmax ] , where rmin > 0 avoids
he central singularity and rmax is sufficiently large to approx-
mate the asymptotic regime (e.g. rmax = max { σMGE } , or rmax =
 Re ). I achieve this via a two-step transformation. First, the spec-
ral coordinate ξ ∈ [ −1 , 1] is mapped linearly to an intermediate
ariable u ∈ [ umin , umax ] : 

 (ξ ) = umax − umin 
2 

ξ + umax + umin 
2 

. (11) 

econd, the physical radius is defined as r = f (u ) , where f 
etermines the clustering of grid points. I have implemented
nd tested five specific mappings, which represent the finite-
nterval generalizations of the classical semi-infinite stretchings
escribed by C. Canuto et al. ( 2007 ): 

(i) Logarithmic mapping: u = ln r. This corresponds to the
runcated Exponential Mapping (C. Canuto et al. 2007 , equa-
ion 8.8.14). The nodes are distributed uniformly in ln r. 
(ii) Algebraic mapping: u = r/ (r + L ) . This corresponds to

he Truncated Algebraic Mapping (C. Canuto et al. 2007 , equa-
ion 8.8.13). It maps the semi-infinite domain to a finite interval
sing a rational function, providing a node distribution that de-
ays as 1 /r2 at large radii. For this and subsequent mappings, I
NRAS 549, 1–22 (2026)
ound good results using as scale parameter the geometric mean
f the boundaries, L = √ rmin rmax . 
(iii) Arctan mapping: u = arctan (r/L ) . This is the trigono-
etric equivalent of the algebraic mapping, sharing the same
symptotic behaviour and node clustering properties. 
(iv) Asinh mapping: u = asinh (r/L ) . This acts as a hybrid
apping that behaves linearly for r � L and logarithmically for

 
 L . 
(v) Linear mapping: u = r. This corresponds to Domain
runcation (C. Canuto et al. 2007 , equation 8.8.12). It distributes
odes uniformly in the radius r. 

In extensive tests against the analytic solutions presented in
ection 5 , I found that the logarithmic mapping consistently
ielded the best results, producing the smallest relative residuals.
he algebraic and arctan mappings performed nearly as well,
xhibiting similar exponential convergence properties, provided
he scale L was chosen appropriately. The asinh mapping per-
ormed poorly, unless the scale was chosen to be extremely small
 L � rmin ), in which case the mapping effectively reduced to the
ogarithmic one. Finally, the linear mapping performed remark-
bly poorly, failing to resolve the gradients in the inner regions
ven with high grid resolutions. 
The superior performance of the logarithmic mapping is not
ccidental but is a direct consequence of the mathematical struc-
ure of the master equation derived in Section 2.3 . As shown in
quation ( 8 ), the radial differential operator appears explicitly
s ∂/∂ ln r. Furthermore, the decay coefficient C(r, θ ) defined in
quation ( 9 ) depends on the term ∂ ln ν/∂ ln r. 
Consider the fundamental building block of galaxy models:

 power-law tracer density ν ∝ r−γ . In linear coordinates, the
ensity slope varies rapidly as 1 /r. However, in the logarithmic
oordinate x = ln r, the gradient term becomes a simple constant:

∂ ln ν
∂ ln r 

= −γ . (12) 

onsequently, for a power-law model, the transformation to log-
rithmic coordinates converts equation ( 8 ) from a differential
quation with variable coefficients (which vary rapidly near the
entre) into a system with constant coefficients in the radial
irection. 
This means the equation has uniform numerical difficulty
cross the domain: the local physics at r = 0 . 01 is mathematically
dentical to that at r = 100 . The logarithmic mapping exploits
his scale invariance and distributes spectral resolution uniformly
cross logarithmic decades of galaxy structure, rather than wast-
ng resolution in the outskirts. Because real-galaxy light profiles
re typically locally scale-free (e.g. broken power-laws (e.g. L.
ernquist 1990 ; T. R. Lauer et al. 2005 ; L. Ferrarese et al. 2006 ))
r have slowly varying local slopes (e.g. J. L. Sérsic 1968 profiles,
ee J. Kormendy et al. 2009 ), this mapping naturally provides the
ost efficient and accurate general representation. 

.2 Chebyshev spectral collocation 

aving established the logarithmic mapping x = ln r as the opti-
al radial coordinate, I solve the governing equation ( 8 ) using a
ensor-product Chebyshev collocation spectral method. 
The mapped log-radial domain x ∈ [ln rmin , ln rmax ] corre-
ponds to the spectral domain ξ ∈ [ −1 , 1] as described in Sec-
ion 3.1 . Similarly, the angular domain θ ∈ [0 , π/ 2] is mapped to
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∈ [ −1 , 1] using the linear transformation, 
(η) = π

4 
(η + 1) . (13) 

he derivative operators transform as 

∂ 

∂ ln r 
= 2 
ln (rmax /rmin ) 

∂ 

∂ξ
,

∂ 

∂θ
= 4 

π

∂ 

∂η
. (14) 

I discretize the domain using Chebyshev–Gauss–Lobatto 
odes. For Nr radial points and Nθ angular points, the nodes are 
i = − cos (π i/Nr ) and η j = − cos (π j/Nθ ) . The unknown func- 
ion v2 r = S(x, θ ) is represented by a vector s of size Nr Nθ , formed
y flattening the grid values Si, j = S(xi , θ j ) . Empirically, I found
hat a good heuristic for defining the grid dimensions to approx- 
mately minimize the errors for a given total number of colloca- 
ion points is to choose Nr ≈ Nθ lg (rmax /rmin ) . 
Differentiation is performed using the standard Chebyshev dif- 

erentiation matrixD (e.g. L. N. Trefethen 2000 , equation 6.3–6.5). 
or N + 1 Chebyshev nodes y j = cos (π j/N ) ( j = 0 , . . . , N), the
ntries of D are 

00 = 

2 N2 + 1 
6 

, DNN = −2 N
2 + 1 
6 

, 

Dj j = 

−y j 
2(1 − y2 j ) 

, j = 1 , . . . , N − 1 , 

Di j = 

ci 
c j 
(−1)i + j 
yi − y j , i � = j, (15) 

here c0 = cN = 2 and c j = 1 otherwise. 
I construct the one-dimensional differentiation matrices D ξ

size Nr × Nr ) andD η (size Nθ × Nθ ). The two-dimensional differ- 
ntial operators are then constructed using Kronecker products 
 ⊗). Due to the general dependence of β(r, θ ) , the coefficients are
ot strictly separable. Consequently, I construct the operators by 
ultiplying the derivative matrices with diagonal matrices rep- 
esenting the variable coefficients. While methods based on the 
ast Fourier Transform (FFT) or separable optimizations could 
e used, they are not computationally necessary given the small 
ize of the grids (typically 40 × 30 ) studied here. 
Let I r and I θ be identity matrices of size Nr and Nθ , respectively. 
he terms in equation ( 8 ) are discretized as follows: 

(i) Radial term: − cos θ ∂S 
∂ ln r 

 rad = diag (− cos θ )
[

2 
ln (rmax /rmin ) 

D ξ ⊗ I θ
]

. (16) 

(ii) Angular term: (1 − β ) sin θ ∂S 
∂θ

 ang = diag [(1 − β ) sin θ]
(
4 
π

I r ⊗ D η

)
. (17) 

(iii) Decay term: CS 
 decay = diag ( C) . (18) 

The full discrete operator is L = L rad + L ang + L decay . The PDE 

s thus reduced to the linear system: 

 · s = b , (19) 

here b is the vectorized source term r(∂ �/∂ z) . Given the rela-
ively small size of the matrix L (typically less than 1000 × 1000 ), 
 solve this system using a standard dense linear solver (LAPACK; 
. Anderson et al. 1999 ). The boundary conditions are subse-
uently incorporated into this system as described in Section 3.3 . 
.3 The boundary conditions 

he partial differential equation in equation ( 8 ) is first-order and
inear. As illustrated in M. Cappellari ( 2020 , fig. 2), its charac-
eristic curves originate at the outer boundary at infinity and 
ropagate inward to the equatorial plane at different radii. The 
olution is therefore uniquely set by the boundary condition at 
nfinity, effectively reducing the problem to initial-value ordinary 
ifferential equations (ODEs) integrated along characteristics. 
For this reason, I do not impose boundary conditions in θ . I ver-

fied that adding symmetry boundary conditions (e.g. ∂v2 r /∂θ = 

 ) at θ = 0 and θ = π/ 2 does not change the numerical solution,
onsistent with the system’s mathematical structure. 
Regarding the radial boundary, the natural physical condi- 

ion is νv2 r → 0 as r → ∞ . However, spectral methods gener-
lly require either a bounded domain or a mapping to infinity.
hile a rational function mapping (e.g. C. Canuto et al. 2007 ,
ection 8.8.2) can theoretically cover the semi-infinite domain 
0 , ∞ ) , as discussed in Section 3.1 , I found that in practice this
eads to poor accuracy. Furthermore, mapping to infinity requires 
valuating densities at very low values that can underflow to zero,
ausing numerical instability. 
Instead, I adopt a finite radial domain with a large outer
oundary rmax (e.g. rmax ≈ max { σMGE } ). Experiments revealed 
hat simple homogeneous Dirichlet conditions (v2 r = 0 ) at this 
nite boundary introduce significant truncation errors that sat- 
rate the exponential convergence curve and prevent the method 
rom reaching machine precision (Section 5 ). While this error 
an be mitigated by increasing rmax , doing so inefficiently redis- 
ributes grid points away from the galaxy centre where kinematic 
ata are typically concentrated. 
The proper solution is to impose a Robin boundary condition 

e.g. W. A. Strauss 2008 , section 1.4) that enforces the correct
symptotic power-law decay of the velocity dispersion. This con- 
ition takes the form 

∂ ln v2 r 
∂ ln r 

= −μ ⇒ ∂v2 r 

∂ ln r 
+ μ v2 r = 0 , (20) 

here μ represents the logarithmic slope of the radial velocity 
ispersion at the boundary. 
I determine μ from the local properties of the potential and 

racer density. The derivation proceeds in two steps. First, in Ap-
endix B , I derive a new, fully analytic solution to the spherically
ligned anisotropic Jeans equations. This solution describes an 
xisymmetric power-law tracer embedded in a spherical power- 
aw potential, assuming constant anisotropy. This result gener- 
lizes previous semi-isotropic solutions (L. Ciotti 2021 , equa- 
ion 13.188) and is of independent interest. It demonstrates that 
he radial and angular dependences of the velocity dispersion are 
eparable, which justifies approximating the dynamics at large 
adii as a set of independent spherical Jeans equations along each
ngular ray. 
Second, in Appendix C , I solve this effective spherical equa-

ion assuming a slowly varying power-law density slope. By cre- 
ting a differential equation for the logarithmic slope μ and ap- 
lying an adiabatic approximation (assuming ∂ μ/∂ r ≈ 0 near 
he boundary), I derive a correction term that accounts for the
urvature of the density profile. This yields an expression for the
oundary slope 

≈ δ + γ ′ 

γ − 2 β + δ
. (21) 
MNRAS 549, 1–22 (2026)
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ere, δ ≡ −∂ ln v2 c /∂ ln r is the logarithmic slope of the circular
elocity squared (e.g. δ = 1 for a Keplerian potential and δ = 0
or a constant rotation curve), γ ≡ −∂ ln ν/∂ ln r is the tracer
ensity slope, and γ ′ ≡ ∂γ /∂ ln r accounts for the local curvature
f the density profile. All quantities required for this correction
re already needed and available on the collocation points for the
pectral solution, while I compute the γ ′ derivative spectrally at
he boundary (rmax , θ j ) . For real galaxy profiles, where the density
lope varies continuously, the second term in equation ( 21 ) pro-
ides a crucial correction that minimizes numerical reflections at
he boundary, improving spectral convergence even on truncated
rids. 
I verified that the full equation, including the curvature-
orrection γ ′ term, provides a significant reduction of the resid-
als near the boundary rmax . Moreover, all given terms produce
easurable improvements. For instance, when testing different
nisotropy values, the prediction including β is strictly more ac-
urate than ignoring it. In practical applications, the outer bound-
ry rmax is typically placed at large radii (e.g. rmax � 3 Re ) to ensure
hat the line-of-sight (LOS) integration captures the vast majority
f the galaxy’s luminosity when computing projected kinemat-
cs. However, I tested that this boundary condition is sufficiently
ccurate to allow for a sub-per cent accurate solution even with
 boundary rmax as small as 1 Re for the Sérsic n = 4 model of 
ection 5.3 . 
This boundary condition is implemented directly into the lin-
ar system L · s = b . I identify the row indices k in the global
ystem vector corresponding to the outer radial boundary nodes
 r = rmax ). For these rows, I replace the standard PDE discretiza-
ion in the matrixL and the source vector b with the discrete form
f equation ( 20 ): 

 k, : ← [ D ln r ] k, : + μI k, : , b k ← 0 , (22) 

here [D ln r ]k, : represents the kth row of the logarithmic differ-
ntiation matrix (including the mapping metric) expanded into
he full two-dimensional operator size, and I k, : is the kth row of 
he identity matrix. This enforces the logarithmic slope μ at the
oundary while allowing the value of S to float to satisfy the Jeans
olution. 

.4 Recovering the azimuthal velocity dispersion 

nce v2 r is determined, the azimuthal second moment v2 φ is com-
uted using the radial Jeans equation (equation 10 ), which re-
ains valid for a general β(r, θ ) . All terms are evaluated spec-
rally with minimal additional computational cost. The radial
erivative ∂v2 r /∂ ln r is obtained by applying the operator D ξ ⊗ I θ
including the mapping metric) to the solution vector s . The ra-
ial potential gradient �r is computed via the chain rule, �r =
R sin θ + �z cos θ , using cylindrical potential derivatives; here,
z is reused from the source term of the spectral solver and does
ot require recomputation. 

.5 Modelling the mean rotation 

he solution to the Jeans equations yields the total azimuthal
econd moment v2 φ . This moment is the sum of the squared mean
treaming velocity and the velocity dispersion, v2 φ = vφ

2 + σ 2 
φ ,

here generally σ 2 
x ≡ v2 x − vx 

2 . For the radial and polar coordi-
ates, the mean motion is zero in steady state, implying σ 2 

r = v2 r 
nd σ 2 = v2 . However, for the azimuthal component, the tracer
NRAS 549, 1–22 (2026)

θ θ
istribution and the gravitational potential alone cannot uniquely
ecompose the total second moment into ordered rotation vφ and
andom motions σφ . In simple terms, for any equilibrium model,
ne can always reverse the sense of rotation of an arbitrary set of 
rbits without affecting the density of the tracer or the potential
n which they move. Consequently, the sense of rotation – for
xample, whether a galaxy is a fast or slow rotator (E. Emsellem et
l. 2007 , 2011 ) – contains crucial information on the fossil record
f galaxy formation (see review by M. Cappellari 2016 ), but does
ot help in constraining the potential. This implies that, in prin-
iple, one has complete freedom to parametrize the tangential
nisotropy, subject only to the physical constraint that v2 φ and σ 2 

φ

ust be non-negative (e.g. L. Ciotti 2021 , section 13.3.2; B. Wang,
. Cappellari & Y. Peng 2021 ; L. De Deo, L. Ciotti & S. Pellegrini
024 , 2025 ). 
To predict the LOS velocity fields, one must adopt a heuristic
ecomposition. I describe here the case for a single kinematic
omponent. For multicomponent systems, which must be applied
or MGE models, the approach is described in M. Cappellari
 2020 , section 5.2). A general and flexible approach is to specify
he azimuthal anisotropy explicitly, in analogy with the defini-
ion of the meridional anisotropy β = 1 − σ 2 

θ /σ 2 
r . I define the

zimuthal anisotropy parameter as 

(r, θ ) ≡ 1 − σ 2 
φ

σ 2 
r 
. (23) 

ith this definition, the random azimuthal dispersion is given by
2 
φ = (1 − γ )v2 r , and the streaming velocity follows directly from
he dispersion relation 

φ =
[ 
v2 φ − (1 − γ )v2 r 

] 1 / 2 
. (24) 

his formulation allows for a spatially varying anisotropy profile
(r, θ ) , providing significant freedom to model complex kine-
atic structures. 
Alternatively, C. Satoh ( 1980 ) introduced a widely used ap-
roach to describe the mean rotation of galaxies with a semi-
sotropic ( σR = σz and 〈 vR vz 〉 = 0 ) velocity ellipsoid. This method
ssumes that the mean rotation is a fraction κ of the rotation
f a model with an isotropic ( σφ = σR = σz ) velocity ellipsoid.
. Cappellari ( 2008 ) generalized this approach to describe the
elocity fields of anisotropic fast rotators using high-quality IFS
ata. Although these axisymmetric galaxies generally possess a
ertically flattened velocity ellipsoid ( σz < σR ; M. Cappellari et al.
007 ; J. Thomas et al. 2009 ), their velocity fields can be accurately
redicted by assuming an oblate velocity ellipsoid ( σφ = σR � = σz )
nd scaling the rotation by κ analogously to Satoh’s isotropic
ormulation. 
The Satoh approach is naturally applied for cylindrically
ligned velocity ellipsoids, appropriate for flattened systems. In
hat case, the only natural way to apply it is as vφ = κ (v2 φ − v2 R )1 / 2 .
or a spherically aligned velocity ellipsoid, there are two natural
ossibilities depending on the shape of the system: 

(i) Tangential isotropy ( σφ = σθ ): this choice assumes that the
elocity ellipsoid has a circular cross-section in the plane orthog-
nal to the radius. This option makes more sense for close to
pherical systems, as it converges to spherical symmetry in the
pherical limit. It corresponds to setting γ = β. The resulting
treaming velocity is 

φ = κ
[ 
v2 φ − (1 − β )v2 r 

] 1 / 2 
. (25) 
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(ii) Equatorial isotropy ( σφ = σr ): alternatively, one may as- 
ume the azimuthal random motions track the radial dispersion. 
his option approximates the cylindrically aligned anisotropy by 
aving an oblate velocity ellipsoid on the galaxy equatorial plane. 
his form of the anisotropy has been shown to accurately describe 
he velocity fields of fast rotators (e.g. M. Cappellari 2008 , fig. 5;
. Cappellari 2016 , fig. 10), which are generally flat systems (A.-
. Weijmans et al. 2014 ). It corresponds to setting γ = 0 . The
treaming velocity becomes 

φ = κ
(
v2 φ − v2 r 

)1 / 2 
. (26) 

Empirically, it is found that κ ≈ 1 provides an accurate descrip- 
ion of fast-rotator galaxies when high-quality data are available 
M. Cappellari 2016 , fig. 11; K. Zhu et al. 2023 , fig. 10). This
uggests that the condition σφ ≈ σr , inherent to this parametriza- 
ion, is not merely a convenient fitting function for the mean 
otation field, but captures a fundamental property of the internal 
ynamics of these systems. 
Also, note that the value of κ does not have to be constant for

he whole galaxy. For example, one can have κ that changes sign
s a function of position (A. Negri, L. Ciotti & S. Pellegrini 2014 )
r one can assign different κ to different MGE kinematic compo- 
ents (M. Cappellari 2016 , fig. 12; M. Mitzkus, M. Cappellari & C.
. Walcher 2017 ; D. Bevacqua, M. Cappellari & S. Pellegrini 2022 ).
ll these studies used these approaches to model counter-rotating 
tellar components. 
All three parametrizations are implemented in jampy , allow- 

ng the user to switch between definitions depending on the spe-
ific kinematic features of the galaxy being modelled. 
Finally, I emphasize that these kinematic decompositions are 
euristic and lack a fundamental physical justification. Conse- 
uently, they should not be used when the primary objective 
s to constrain the gravitational potential, such as when mea- 
uring the mass of a supermassive black hole or dark matter.
n these applications, one should strictly avoid fitting the mean 
elocity V and velocity dispersion σ separately. Instead, the anal- 
sis must rely solely on the total second moment V 2 

rms ≡ v2 los ≈
2 + σ 2 , which is the unique quantity constrained by the Jeans 
quations. 

.6 Spectral interpolation 

o compare the models with observations, I project the intrinsic 
oments along the LOS. A fundamental advantage of the spectral 
ethod over finite-difference or discrete quadrature approaches 
s that it does not merely provide the solution at discrete grid
oints. Instead, it yields a global functional form for the solu-
ion S(r, θ ) expressed as a high-order polynomial. This allows for
he evaluation of the smooth solution and its derivatives at any 
rbitrary location in the domain with spectral accuracy. 
I employ barycentric Lagrange interpolation, which is both 
umerically stable and efficient. For one-dimensional Cheby- 
hev points of the second kind xk with weights wk = (−1)k δk 
where δk = 1 / 2 at endpoints and 1 otherwise; J.-P. Berrut & L.
. Trefethen 2004 , equation 5.4), the interpolant is given by (J.-P.
errut & L. N. Trefethen 2004 , equation 4.2) 

f (x) ≈
∑ 

k 
wk 

x − xk fk ∑ 

k 
wk 

x − xk 
. (27) 
or the two-dimensional field S(r, θ ) , I perform a tensor-product
nterpolation. Given a point (r, θ ) along the LOS, it is first mapped
o spectral coordinates (ξ, η) . I then interpolate along the angular
irection η for each radial node to obtain Si (η) , and subsequently
nterpolate these values along the radial direction ξ to obtain 
(ξ, η) . 
While barycentric interpolation is computationally more in- 

ensive than local low-order methods, the latter introduce inter- 
olation errors that scale algebraically with grid size, potentially 
egrading the exponential convergence of the spectral solver. In 
ontrast, barycentric interpolation preserves spectral accuracy, 
nsuring that the interpolation step does not become the accu- 
acy bottleneck. Therefore, I adopt it as the default. However, 
or applications where maximum speed is critical and moderate 
ccuracy suffices, bilinear or bicubic interpolation remain valid 
lternatives. 

.7 Line-of-sight integration 

he LOS integration proceeds by defining a coordinate system 

x′ , y′ , z′ ) , where z′ is the coordinate along the LOS. At each sky-
lane pixel (x′ , y′ ) , I integrate the luminosity-weighted second 
oment νv2 los (or any other moment) along z

′ . At each integration 
tep, coordinates are transformed to the galaxy frame (r, θ ) , and
he intrinsic moments v2 r , v

2 
θ , v

2 
φ are evaluated via interpolation, 

rojected onto the LOS vector, and summed using a quadrature 
ule. For this step, I employ the general tensor-projection formal- 
sm described in M. Cappellari ( 2020 , section 3). 
In my previous implementation (e.g. M. Cappellari 2020 , sec- 

ion 6.3), the LOS integral was evaluated over the full domain
−∞ , ∞ ) using a standard TANH-based quadrature (C. Schwartz
969 ). This approach is efficient where the integrand is smooth;
owever, the presence of a supermassive black hole creates a sin-
ularity in the potential and velocity dispersion at the galaxy cen-
re ( r = 0 ). While adaptive quadrature can handle such features,
t is ill-suited for the massive parallelisation required by GPU 

ardware, which relies on fixed instruction sets across threads. 
To resolve this without sacrificing accuracy or resorting to a 
rohibitively large number of fixed points, I optimize the inte- 
ration by splitting the interval at z′ = 0 (the point of closest
pproach to the galaxy centre). This allows the singularity to be
reated as a domain endpoint. I apply the ‘mixed rule’ quadra-
ure (W. H. Press et al. 2007 , table 4.5.14, third column) to each
esulting semi-infinite interval. This rule utilises the transforma- 
ion z′ = exp (t − e−t ) , which provides double-exponential (DE) 
onvergence (H. Takahasi & M. Mori 1974 ) at the lower limit ( z′ =
 ), effectively neutralizing the central singularity. It maintains a 
ingle-exponential fall-off at infinity, which is sufficient because 
he MGE surface brightness decreases exponentially and typi- 
ally becomes negligible beyond ≈ 3max (σMGE ) . This tailored 
uadrature allows for high-accuracy integration, achieving errors 
elow the per cent level with as few as 20 points, even for cuspy
rofiles. By reducing the necessary evaluation points by an order 
f magnitude, this optimization ensures that the projection step 
omplements the speed of the spectral solver. 

.8 Computing gradients of density and potential 

he spectral method presented here is fundamentally general: it 
olves the governing partial differential equations for any tracer 
ensity ν and gravitational potential �, provided their gradients 
MNRAS 549, 1–22 (2026)
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an be evaluated at the collocation nodes. The implementation
xplicitly allows the user to provide arbitrary software functions
o compute these gradients. This flexibility represents a signifi-
ant departure from previous JAM implementations, which re-
ied entirely on the MGE formalism for both the potential and
he density to enable semi-analytic integration. 
A typical application of this new capability involves models
here an axisymmetric stellar tracer is embedded in a total grav-
tational potential not derived from the stellar density. A popular
hoice for the total density is the generalized NFW (gNFW; J.
. B. Wyithe, E. L. Turner & D. N. Spergel 2001 ) profile, which
 employ in the test described in Section 5.3 . This set-up is fre-
uently utilized in dynamical studies (e.g. A. Poci et al. 2017 ;
. Lu et al. 2024 ). In such cases, the gravitational force of the
otal density often has a simple analytic form (e.g. H. Zhao 1996 ).
hese analytic gradients can be passed directly to the spectral
olver, accelerating the computation and, crucially, avoiding the
eed to approximate the analytic dark matter profile with a one-
imensional MGE fit. 
However, for the stellar component, obtaining an accurate in-

rinsic density from observations requires deprojection of the sur-
ace brightness. For this purpose, the MGE method (E. Emsellem
t al. 1994 ; M. Cappellari 2002 ) remains the preferred tool due
o its ability to fit complex profiles accurately and deproject them
nalytically. Consequently, while the solver is general, its integra-
ion with MGE components is of primary practical importance.
n the following section, I provide the specific formulas required
o implement the spectral solver for models where the density
nd/or potential are described by an MGE. 

 IMPLEMENTATION  FOR  MGE  MODELS  

he spectral solver requires the logarithmic gradients of the
racer density and the derivatives of the gravitational potential.
or MGE models, these quantities can be computed in two ways.
he first approach utilises the explicit analytic derivatives of 
he Gaussian components. The second approach computes the
erivatives numerically using the same spectral differentiation
atrices employed by the solver itself. I implemented both op-
ions in jampy and found that the spectral differentiation often
ields superior results for complex multicomponent models. It ef-
ectively smooths over small-scale irregularities in the derivatives
hat arise from the superposition of many Gaussian components,
hereby enhancing the stability of the solution. Consequently,
 adopt spectral differentiation to generate the lower-accuracy
inematic maps of Figs 6 and 8 , reserving the analytic formulas
or the convergence testing of Figs 3 and 7 . For completeness, I
rovide these explicit analytic expressions below. 

.1 Tracer density derivatives 

 assume the tracer number density ν is the deprojection of a sur-
ace brightness parameterised by N Gaussian components (e.g.
. Cappellari 2020 , section 4.2). In cylindrical coordinates (R, z) ,
he density is given by 

(R, z) =
N ∑ 

k=1 
ν0 k exp 

[
− 1 
2 σ 2 

k 

(
R2 + z2 

q2 k 

)]
, (28) 

here ν0 k is the central density, σk the dispersion, and qk the in-
rinsic flattening of the kth component. In spherical coordinates
NRAS 549, 1–22 (2026)
(r, θ ) , substituting R = r sin θ and z = r cos θ , the exponent for
ach component becomes −r2 / (2 σ 2 

k )[sin 
2 θ + (cos 2 θ ) /q2 k ] . 

The spectral solver requires the logarithmic derivatives of ν.
he radial derivative is 

∂ ln ν
∂ ln r 

= − 1 
ν(R, z) 

N ∑ 

k=1 

νk (R, z) 
σ 2 
k 

(
R2 + z2 

q2 k 

)
, (29) 

here νk (R, z) represents the density contribution of the
th component. The angular derivative is derived from the
erm ∂θ [sin 2 θ + cos 2 θ/q2 k ] = 2 sin θ cos θ − 2 sin θ cos θ/q2 k =
in (2 θ )(1 − 1 /q2 k ) . Thus 

∂ ln ν
∂θ
= − R z 

ν(R, z) 

N ∑ 

k=1 

νk (R, z) 
σ 2 
k 

(
1 − 1 

q2 k 

)
. (30) 

.2 Gravitational potential and forces 

he source term of the linear system in equation ( 8 ) depends
n the vertical potential derivative �z . I assume the potential
s generated by a central supermassive black hole of mass M•
nd a mass distribution (stars and dark matter) parameterised by
n MGE with M components ( ρ0 j , σ j , qj ). The total potential is
= �• + �gal . 
The black hole contribution is �• = −GM•/r, with r =
 

R2 + z2 , yielding the vertical derivative: 

∂�•
∂z 
= GM•z 

r3 
. (31) 

For the galaxy MGE potential �gal , I adopt the integral expres-
ion from M. Cappellari ( 2020 , equation 44). To highlight the
edundancy in the computation of the two derivatives, I define 

j (R, z, u ) ≡
ρ0 j qj exp 

[
− 1 

2 σ 2 j 

(
R2 
1+ u + z2 

q2 j + u 

)]

(1 + u )
√ 

q2 j + u 
. (32) 

he potential is then 

gal (R, z) = −2 πG
∫ ∞ 

0 

M ∑ 

j=1 
σ 2 
j � j (R, z, u )d u. (33) 

he vertical derivative required for the solver is 

∂�gal 

∂z 
= 2 πG z

∫ ∞ 

0 

M ∑ 

j=1 

� j (R, z, u ) 
q2 j + u 

d u. (34) 

As discussed in M. Cappellari ( 2020 , section 6.2), I evaluate
hese integrals using the DE quadrature method (H. Takahasi
 M. Mori 1974 ; L. N. Trefethen & J. A. C. Weideman 2014 ; W.
. Press et al. 2007 , section 4.5). I apply the change of variable
 = exp ( π

2 sinh t ) , which maps t ∈ (−∞ , ∞ ) to u ∈ (0 , ∞ ) . In
ractice, I find that integrating over t ∈ (−3 . 7 , 3 . 7) ensures a
ractional truncation error below 10−13 . This transformation is
xceptionally efficient because it forces the integrand to decay
ouble-exponentially at both ends of the interval, allowing the
rapezoidal rule to achieve high precision even when the original
ntegrand decays slowly (as u−5 / 2 ). I have verified that 60 points
n t provide 10−4 relative precision for all common MGE pro-
les. The quadrature for all (R, z) coordinates in the grid can be
omputed with a single vectorized operation, leveraging modern
entral processing unit (CPU) and GPU architectures for optimal
erformance (see also H. Wang et al. 2025 ). 
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Figure 2. Performance of the spectral JAM solver compared to the exact 
analytic isotropic Satoh model ( β = 0 ). Top panels: Maps of the intrinsic 
radial and azimuthal velocity dispersions, (v2 r )1 / 2 and (v2 φ )

1 / 2 , computed 
on a 32 × 24 ( Nr × Nθ ) grid with a velocity scale of

√ 

GM/a . The labelled 
solid grey contours show the spectral solution, which closely matches 
and mostly obscures the analytic solution represented by the dashed ma- 
genta contours. The white contours indicate the tracer’s isodensity levels, 
spaced logarithmically by powers of 10 from the peak. Bottom panels: 
Relative percentage error between the spectral and analytic solutions. The 
black dots mark the collocation points where the spectral approxima- 
tion exactly satisfies the partial differential equation (PDE). The result- 
ing residuals are essentially structureless and negligible (relative errors 
< 10−5 ) throughout the meridional plane. Note that these contour and 
point conventions apply to all subsequent kinematic maps. 
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To recover v2 φ via equation ( 10 ), the radial gradient ∂ �/∂ r 
s also required. For the black hole, ∂ �•/∂ r = GM•/r2 . For the
alaxy, I combine the cylindrical derivatives using the chain rule: 
r = (∂ �gal /∂ R ) sin θ + (∂ �gal /∂ z) cos θ . The cylindrical radial
erivative is 

∂�gal 

∂R 

= 2 πG R
∫ ∞ 

0 

M ∑ 

j=1 

� j (R, z, u ) 
1 + u 

d u. (35) 

he total radial force is thus 
∂�

∂r 
= GM•

r2 
+ sin θ ∂�gal 

∂R 

+ cos θ ∂�gal 

∂z 
. (36) 

oth ∂ �gal /∂ R and ∂ �gal /∂ z are computed using the same DE
uadrature scheme, ensuring high accuracy and numerical con- 
istency across the spectral grid. 

 VALIDATION  AND  PERFORMANCE  

n this section, I validate the spectral solver by comparing its re-
ults against both existing numerical methods and analytic solu- 
ions. The primary focus of these comparisons is on the intrinsic
elocity moments (v2 r and v2 φ). This choice is motivated by the 
act that the projection onto the observational plane relies on the
stablished formalism and software of M. Cappellari ( 2020 , sec-
ion 3). While I have replaced the original bilinear interpolation 
ith a more precise barycentric spectral scheme (Section 3.6 ), the
nderlying geometry of the LOS integration remains unchanged. 
Logically, if the intrinsic moments recovered by the spectral 
olver are correct, the projected observables will be correct by 
xtension. I have explicitly verified this by comparing projected 
aps from the spectral JAM method against those from the 
tandard quadrature-based JAM; the two approaches yield high- 
ccuracy agreement across the entire sky plane. By focusing the 
ollowing tests on the intrinsic three-dimensional moments, I 
rovide a more stringent test of the core mathematical break- 
hrough of this paper: the numerical solution of the Jeans partial
ifferential equations. 

.1 Comparison with the analytic isotropic Satoh solution 

ully analytic solutions are essential for the rigorous validation 
f any new numerical solver. They provide a ground truth that
an be evaluated to machine precision and, unlike discretized 
odels, are guaranteed to satisfy the governing equations and 
oundary conditions exactly. In this first test, I assess the accuracy
nd convergence properties of the spectral method in isolation, 
liminating any uncertainties that might be introduced by the 
GE approximation of the density or potential. 
I consider the isotropic case of the galaxy model by C. Satoh

 1980 ). This model assumes the mass to follow the tracer distribu-
ion and possesses a fully analytic solution for the velocity second 
oments in the semi-isotropic limit, where the velocity ellipsoid 
as a circular cross-section in the (R, z) meridional plane ( σR =
z and vR vz = 0 ). This corresponds to the solution provided in M.
appellari ( 2020 , equations 68–69) by setting βz = 0 . To test the
olver’s pure numerical performance, I provide the exact analytic 
radients of the Satoh potential and tracer density as inputs to the
pectral code, rather than their MGE approximations. 
The results are presented in Figs 2 and 3 . Fig. 2 visualizes the
olution and the relative errors for a representative grid of size 
r × Nθ = 32× 24 , which I use in all the subsequent kinematic 
aps. To facilitate a direct visual comparison with previous im- 
lementations, the plot is designed with identical levels and con- 
ours as M. Cappellari ( 2020 , fig. 5). The spectral method recovers
he intrinsic moments (v2 r )1 / 2 and (v2 φ )1 / 2 with remarkable accu- 
acy; the relative errors show the expected structure tracing the 
istribution of the collocation points, but the deviations remain 
nsignificant and below 10−5 across the entire meridional plane. 
The quantitative convergence is analysed in Fig. 3 , which plots

he maximum relative error against the number of angular grid 
oints Nθ (while maintaining Nr = 2 Nθ ). Unless otherwise spec- 
fied, throughout this paper, the maximum relative errors and 
onvergence plots always refer to the spatial region shown in 
he corresponding maps. Near the edges of the computational 
rid, the relative errors can be larger. However, this is generally
rrelevant for practical applications because the galaxy surface 
rightness typically drops by orders of magnitude at those radii, 
aking the kinematics unobservable. 
This test highlights the critical role of the boundary conditions 
iscussed in Section 3.3 . In spectral methods, accuracy typically 
xhibits an initial transient regime, followed by exponential con- 
ergence once the solution is adequately resolved. However, as 
hown by the red squares, when a standard Dirichlet boundary 
ondition (v2 r = 0 ) is imposed at the finite outer boundary rmax ,
he convergence quickly saturates around an error floor of 10−3 . 
his saturation is a direct consequence of the truncation error at
he boundary, where the physical solution is small but non-zero. 
MNRAS 549, 1–22 (2026)
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M

Figure 3. Numerical convergence of the spectral solver as a function 
of grid resolution. The maximum relative error over the domain � (of 
size 14 a × 7 a ) is defined as ε = max � | (σr − σ true 

r ) /σ true 
r | , with the grid 

dimensions fixed at the ratio Nr = 2 Nθ . When a Dirichlet boundary con- 
dition (v2 r = 0 ) is imposed at the finite boundary of radius rmax = 30 a , the 
error eventually saturates (red solid line with squares). In contrast, adopt- 
ing a Robin boundary condition (blue dashed line with circles) restores 
exponential convergence, allowing the error to decrease steadily toward 
machine precision. The rapid rate of this convergence is demonstrated by 
an exponential fit (green dotted line) to the data for Nθ ≥ 6 . Remarkably, 
the method achieves an accuracy of ≈ 1 per cent using a grid as coarse as 
Nr × Nθ = 14 × 7 . 
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In contrast, the Robin boundary condition (equation 20 ) suc-
essfully eliminates this saturation (blue circles). The error
ontinues to decrease exponentially toward machine precision
imits. The convergence is well-fitted by the exponential y ≈
 . 56 exp (−0 . 51 x) , demonstrating that the method achieves ∼
 per cent accuracy with as few as Nθ = 7 angular points (a 14 × 7
rid). This dramatic efficiency gain over traditional grid-based or
uadrature methods is a hallmark of properly formulated spectral
echniques. 

.2 Comparison with the analytic anisotropic power-law 

olution 

o verify the accuracy of the spectral solver for anisotropic mod-
ls, I compare it against the exact analytic solution for power-law
racers derived in Appendix B . As in the Satoh test, I use the exact
nalytic gradients for the density and potential in the spectral
olver rather than an MGE approximation. This ensures that the
omparison assesses the convergence of the partial differential
quation solver itself, rather than the accuracy of the MGE ex-
ansion of a power law. 
I construct a model with a flattened spheroidal tracer density

 q = 0 . 5 ) scaling as ρ ∝ r−2 . 3 , embedded in a spherical total mass
istribution with density ρtot ∝ r−2 . 2 (implying a circular velocity
2 
c ∝ r−0 . 2 ). The tracer slope γ ≈ 2 . 3 and total slope γtot ≈ 2 . 2
sed in this test are representative of high- σ galaxies, namely
assive ETGs (K. Zhu et al. 2024 ; S. Li et al. 2024 ; M. Cappellari
026 , fig. 11). I test two constant anisotropy values, representing
he extreme range of values found in observed galaxies (M. Cap-
ellari 2026 , fig. 10): 
NRAS 549, 1–22 (2026)
(i) A radially anisotropic model with σθ/σr = 3 / 4 , correspond-
ng to β = 1 − (3 / 4)2 ≈ 0 . 44 . 
(ii) A tangentially anisotropic model with σθ/σr = 4 / 3 , corre-
ponding to β = 1 − (4 / 3)2 ≈ −0 . 78 . 
The results are shown in Fig. 4 , while a qualitative explana-

ion of the observed trends is provided in Appendix B4 . For con-
istency with the other analytic benchmarks, the convergence
nalysis (Fig. 5 ) is performed in the isotropic limit ( β = 0 ). The
greement between the spectral solver and the analytic solution
s spectacular, with relative errors of order 10−11 . This effectively
achine-precision agreement confirms that the method correctly
andles both the anisotropy terms and the singular behaviour of 
ower-law cusps. Notably, a grid with Nθ = 4 ( Nr = 8 ) is already
ufficient to reach 1 per cent accuracy. 
This test serves as the empirical proof of the optimality of the

ogarithmic mapping discussed in Section 3.1 . As visualized in
he bottom panels of Fig. 4 , the residuals are strictly constant
s a function of radius within each angular sector, exhibiting
scillations only along the angular direction. 
This constant error profile confirms that the logarithmic map-
ing x = ln r transforms the Jeans operator into one with con-
tant coefficients, making the physics translation-invariant in
n r. Consequently, the truncation error does not vary with radius,
roducing the flat residual maps observed. Because the radial
tructure is resolved to essentially machine precision, the conver-
ence error in Fig. 5 is dominated entirely by the angular spectral
esolution. I verified this by repeating the test with a fixed Nr =
0 (rather than Nr = 2 Nθ ), obtaining an identical convergence
urve; for a power law, ≈ 10 radial points suffice to saturate the
adial precision. 
Any alternative mapping (such as linear or algebraic map-
ings) would break this symmetry, introducing variable coeffi-
ients that degrade accuracy at specific radii – typically near the
entre or the boundary. The machine-precision, radially uniform
esults obtained here demonstrate that the logarithmic mapping
rovides the mathematically natural coordinate system for these
roblems. Since real galaxies are well-approximated locally by
ower laws, the ability of this mapping to capture such behaviour
ith a minimal number of basis functions is likely the funda-
ental reason for the method’s remarkable efficiency and overall
uccess. 

.3 Comparison with the analytic isotropic MGE solution 

he previous two tests against the Satoh and power-law models
alidated the spectral solver’s core algorithm and its handling of 
nisotropy using exact analytic gradients. However, both cases
escribed somewhat idealized systems. To evaluate the spectral
olver in a regime more representative of massive early-type
alaxies (ETGs) – characterized by high central concentrations
nd significant dark matter fractions – I now construct a more
ealistic composite model. 
I model the stellar tracer as an axisymmetric oblate distribution
ith an intrinsic axial ratio q = 0 . 5 and a Sérsic n = 4 profile (G.
e Vaucouleurs 1948 ), typical for massive ETGs (see review by
. Cappellari 2026 ). The gravitational potential is generated by

 spherical total mass distribution following a generalized NFW
gNFW) profile (J. S. B. Wyithe et al. 2001 ). I approximate both
he tracer and the total density with 20 Gaussians each, using
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Figure 4. Comparison of the spectral solver with the exact analytic solution for a flattened ( q = 0 . 5 ) power-law tracer density ρ ∝ r−2 . 3 embedded in 
a spherical power-law total density ρtot ∝ r−2 . 2 . Left panels: Radially anisotropic case with σθ /σr = 3 / 4 . Right panels: Tangentially anisotropic case 
with σθ /σr = 4 / 3 . In both cases, the top rows display the velocity second moment maps, (v2 r )1 / 2 and (v2 φ )1 / 2 . The spectral solver results are shown as 
both the background colour images and the labelled solid grey contours, while the analytic solutions are represented by the dashed magenta contours 
(which are mostly obscured by the solid grey contours). The contour and point conventions are identical to those described in Fig. 2 . The velocity scale is 
normalized to the circular velocity vc at R = 1 . The bottom rows present the relative percentage error between the two solutions, demonstrating that they 
are nearly identical. The relative error is less than 10−11 , which is effectively machine precision. This result confirms the high accuracy of the spectral 
solver when applied to anisotropic models. 

Figure 5. Numerical convergence for the isotropic power-law model 
( β = 0 ). Similar to the behaviour shown in Fig. 3 , applying a Dirich- 
let boundary condition at finite radius rmax = 30 (red solid line) causes 
the error to saturate above 1 per cent. In contrast, the Robin boundary 
condition (blue dashed line) maintains exponential convergence down 
to machine precision as the number of grid points Nθ increases (with 
the radial grid size fixed at Nr = 2 Nθ ). Notably, the error of the optimal 
solution drops to just 1 per cent with a grid as small as Nθ = 4 . This rapid 
convergence confirms the optimality of the logarithmic mapping when 
applied to power-law profiles. 
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2 Current version 6.2 at https://pypi.org/project/mgefit/. 
he mge_fit_1d function of the mgefit package 2 (M. Cappellari 
002 ). I fit the tracer in the interval 0.1–10 Re and the total density
n the interval 0.1–10 rs , with Re = 10 (in the arbitrary units used
n the plots). I adopt a total density inner slope of ρtot ∝ r−2 . 2 , con-
istent with observations of massive ETGs out to several effective 
adii (e.g. M. Cappellari et al. 2015 ; P. Serra et al. 2016 ; S. Bellstedt
t al. 2018 ). 
The gNFW break radius is set to rs = 10 Re . This choice is
otivated by the empirical relation between the stellar half-mass 
adius and halo size, r1 / 2 ≈ 0 . 015 R200 (A. V. Kravtsov 2013 ). Us-
ng the approximation r1 / 2 ≈ (4 / 3) Re for a Sérsic n = 4 profile
L. Ciotti 1991 , table 2), this relation can be rewritten as rs ≈
9 Re /c200 . For a representative halo concentration of c200 ≈ 9 
e.g. A. A. Dutton & A. V. Macciò 2014 ), this yields rs ≈ 10 Re . This
cale is much larger than the typical field of view and ensures the
est probes a regime where the potential has not yet reached its
symptotic Keplerian form. 
This set-up describes a composite model where the stellar 
omponent acts as a tracer in a total potential that I assume to
e spherical to provide an exact test case. This configuration is
idely used in the dynamical modelling of real galaxies (e.g. A.
oci et al. 2017 ; S. Lu et al. 2024 ). Crucially, rather than em-
loying the exact gradients as in the previous sections, here I
se the standard MGE implementation described in Section 4 . 
his allows me to validate the ease of use of the method for
eneral applications where analytic gradients are not available. 
 compare the numerical result against the analytic solution for 
he Jeans equations of a spheroidal MGE tracer in a spherical
MNRAS 549, 1–22 (2026)

https://pypi.org/project/mgefit/
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M

Figure 6. Validation of the spectral solver using a realistic composite 
galaxy model. The tracer is a Sérsic n = 4 stellar bulge embedded in a 
cuspy gNFW total density profile with inner slope γ = 2 . 2 . Top pan- 
els: Intrinsic radial and azimuthal velocity dispersion maps (v2 r )1 / 2 and 
(v2 φ )

1 / 2 . The velocity scale is
√ 

GM/rs . Bottom panels: Relative percent- 
age error between the spectral solution and the exact analytic MGE solu- 
tion derived in Appendix A . Despite the high dynamic range and central 
cusp, the maximum error remains remarkably low ( < 0 . 1 per cent). 
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Figure 7. Numerical convergence analysis for the composite Sérsic + 
gNFW model. The symbols and error definition ε follow Fig. 3 , with the 
grid dimensions fixed at Nr = 2 Nθ . Consistent with the Satoh test results, 
using a Dirichlet boundary condition (filled red squares) at r = 30 = 3 Re 
results in an accuracy plateau caused by truncation errors. Conversely, 
the Robin boundary condition (filled blue circles) restores exponential 
convergence, allowing the solution to reach a precision of 10−4 . The 
convergence rate is slightly shallower than in the Satoh case (compare 
with Fig. 3 ), which is likely due to the small fluctuations in the MGE 
model derivatives caused by the superposition of multiple Gaussians. 
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GE potential, which I derive in Appendix A . By using identical
GE coefficients for both the solver and the analytic formulae, I

solate the discretization errors of the PDE solver from any errors
ssociated with MGE fitting. 
For all the tests with Satoh, power law, and Sérsic, I used radial
rid boundaries rmin = min (σMGE ) and rmax = 30 (in the units
f the plots). This rather arbitrary value of rmax , which is about
wice the size of the plot and corresponds to just 3 Re for the
érsic profile, was meant to illustrate the robustness of the Robin
ondition compared to a Dirichlet one. 
The results are presented in Figs 6 and 7 . Despite the high dy-
amic range of the n = 4 profile, the spectral method recovers the
nalytic solution with a maximum relative error < 0 . 1 per cent.
he convergence properties analysed in Fig. 7 confirm that the
obin boundary condition (equation 20 ) restores exponential
onvergence, achieving a precision of ∼ 10−3 with a modest 26 ×
3 grid. This confirms the method is robust for modelling realis-
ic density profiles of galaxies with variable curvature and dark
aloes. 

.4 Comparison with numerical anisotropic JAMsph 
olutions 

n the general case of a Sérsic + gNFW model with non-zero
nisotropy ( β � = 0 ), no analytic solution exists for the Jeans equa-
ions. To validate the spectral solver in this regime, I compare
ts performance against the standard public jampy code (M.
appellari 2020 ). Specifically, I use the JAMsph implementation,
hich utilizes a robust numerical scheme based on a direct two-
imensional quadrature of the Jeans equations for a spherically
ligned velocity ellipsoid. To ensure that my reference model is
NRAS 549, 1–22 (2026)
ore accurate than the spectral solver, I configure JAMsph with
uadrature with stringent relative error tolerance of ε = 10−4 . 
To probe the solver’s stability across different orbital regimes, I

est the same two cases of constant anisotropy as in Section 5.2 :
θ /σr = 3 / 4 and σθ/σr = 4 / 3 . The results are presented in Fig. 8 .
n both scenarios, the spectral method produces velocity fields
hat are virtually indistinguishable from the JAMsph results. The
elative differences are consistently below 0.1 per cent in the re-
ions shown. 
Because JAMsph is itself a numerical implementation with its
wn convergence properties, this level of agreement confirms
hat the spectral solver correctly converges to the same physical
olution within the accuracy limits of the reference code. This
est successfully validates the implementation of the anisotropy
erms and the coupling between the radial and angular compo-
ents in the spectral formulation. These results demonstrate that
he spectral solver can handle the range of orbital configurations
ypically required for the dynamical modelling of real galaxies. 

.5 Spectral JAMsph with angular anisotropy variation 

 key novelty of the spectral method presented here is its ability
o handle a completely general anisotropy distribution β(r, θ )
ithout compromising computational efficiency. This capability
llows for models that are far more physically realistic than those
imited by standard assumptions of constant anisotropy or rigid
eometric alignments (spherical versus cylindrical). 
This flexibility is illustrated in Fig. 9 , where I use the spectral
olver to approximate the complex anisotropy structure observed
n real galaxies. As detailed in M. Cappellari ( 2008 ) and sum-
arized in their fig. 1, the velocity ellipsoid of fast-rotator ETGs
s essentially aligned with the spherical coordinate system (r, θ )
verywhere, consistently with the orbit integration experiment in
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Figure 8. Comparison of the spectral solver against the standard JAMsph numerical quadrature for the Sérsic + gNFW model with constant anisotropy. 
Left panels: Radially anisotropic case ( σθ /σr = 3 / 4 ). Right panels: Tangentially anisotropic case ( σθ /σr = 4 / 3 ). The top rows display the intrinsic 
velocity dispersions (v2 r )1 / 2 and (v2 φ )

1 / 2 , while the bottom rows present the relative percentage errors between the two methods. In both anisotropic 
regimes, the discrepancy remains consistently below 0.1 per cent, confirming the agreement between the two numerical approaches. 

Figure 9. Comparison of velocity second moments under different anisotropy configurations for a Satoh model. Left panels: Radially anisotropic 
models ( R = 3 / 4 ). Right panels: Tangentially anisotropic models ( R = 4 / 3 ). Top Row: Standard JAMsph with constant spherical anisotropy σθ /σr = R . 
The velocity ellipsoid is strictly radially oriented (solid magenta ellipses) and maintains a constant shape everywhere. Middle Row: New Spectral JAM 

with angularly varying anisotropy σθ /σr = R− cos (2 θ ) . This configuration maintains the spherical coordinate framework but allows the velocity ellipsoid 
shape (magenta ellipses) to vary with angle, mimicking the behaviour observed in realistic galaxies. Bottom Row: Standard JAMcyl with constant 
cylindrical anisotropy σz /σR = R . The velocity ellipsoid (magenta ellipses) is cylindrically oriented. Note that the Spectral models (middle) successfully 
reproduce the global kinematic features of the widely used Cylindrical models (bottom), which are known to approximate fast-rotator galaxies well. 
Crucially, however, the Spectral models avoid unphysical artefacts, such as the sharp drop in v2 φ at intermediate angles seen in the bottom-left panel 
(dark diagonal valley), thus providing a more physically robust solution. 
MNRAS 549, 1–22 (2026)
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ection 2.1 . However, the axis of maximum elongation of the el-
ipsoid is not fixed relative to the radius vector. Instead, the shape
f the ellipsoid varies with position: the major axis is radially
ligned in the equatorial plane but becomes orthogonal to the
adial direction (tangential) near the galaxy symmetry axis (the
-axis). This behaviour leads to a global anisotropy that, to first
rder, resembles a simple flattening of the velocity ellipsoid in
he z-direction (v2 z < v2 R ). 
The cylindrically aligned JAM models (JAMcyl ) were originally
esigned as a simple and efficient heuristic to approximate this
ariation using a constant anisotropy in cylindrical coordinates
 βz = 1 − v2 z /v

2 
R ). Here, I demonstrate that the spectral solver can

eproduce this realistic behaviour within a spherical alignment
ramework by adopting an angularly varying anisotropy parame-
er. I introduce a variation of the form 

θ /σr = R− cos (2 θ ) ⇒ β(θ ) = 1 −R−2 cos (2 θ ) , (37) 

here R is the anisotropy ratio parameter. This function ensures
hat the ratio of tangential to radial dispersion, σθ/σr , transitions
moothly from R at the equatorial plane ( θ = π/ 2 ) to 1 / R at
he symmetry axis ( θ = 0 ). This mimics the variation inherent in
ylindrical models where the ratio σz /σR is roughly constant. 
Fig. 9 compares three scenarios using a Satoh model: 

(i) Standard JAMsph with constant anisotropy (top row). 
(ii) The new Spectral JAM with the angular variation β(θ ) de-
cribed above (middle row). 
(iii) JAMcyl with constant βz (bottom row). 

I test two ratios: R = 3 / 4 (radially anisotropic at the equator)
nd R = 4 / 3 (tangentially anisotropic at the equator). The sim-
larity between the JAMcyl models and the new spectral models
s striking. This confirms that the success of cylindrical models
n fitting fast-rotator kinematics (e.g. M. Cappellari 2016 , fig. 10)
tems from their ability to capture these gross variations in orbital
nisotropy. 
However, the spectral models offer a crucial improvement.
he JAMcyl solution in the radially anisotropic case (bottom-left)
xhibits a strong, artificial drop in v2 φ at intermediate θ angles
visible as a dark deep diagonal valley in the kinematic map).
his is an unphysical artifact of the cylindrical approximation
hen βz is large and positive. The spectral solution with angular β
ariation (middle-left) reproduces the correct global structure but
emains free of such artefacts. Similarly, the spectral result for the
angentially anisotropic case (middle-right) is strikingly similar
o the cylindrical counterpart (bottom-right). This test demon-
trates the ability of the spectral method to provide physically
obust solutions that accurately reflect the underlying dynamical
rocesses, avoiding the singularities introduced by the cylindrical
pproximation and all without computation speed penalty. 
The ability of this spectral solver to handle general β(r, θ ) dis-

ributions, also makes it a valuable tool for testing and debugging
rbit-superposition (Schwarzschild) codes. Specifically, one can
onstruct a Jeans model with the same intrinsic second moments
s those fitted by a Schwarzschild code on an (r, θ ) grid. Since
he spectral solution is accurate to numerical precision, it can be
sed to verify that the Schwarzschild code recovers the correct
rojected moments, thereby quantifying discretization errors in
he orbit-integration or weight-solving stages. 
NRAS 549, 1–22 (2026)
.6 Execution time benchmarks 

omparing the execution time of the spectral method against the
tandard quadrature approach is non-trivial due to their funda-
entally different convergence properties. The spectral method
ields a global solution with exponential convergence, whereas
he standard method relies on independent point-wise quadra-
ures controlled by a tolerance parameter. A rigorous comparison
ould require tuning the quadrature tolerance to match the post
oc accuracy of the spectral solution against an exact analytic
olution. 
Despite these caveats, a comparative test on identical hardware

an Intel Core i7-1355U CPU) provides a compelling illustration
f the efficiency gains. I tested two grid configurations using
he standard python 3.13 implementation, based on the exam-
les that produced Fig. 8 . For the standard jampy (version 8.1)
enchmarks, I maintained a default relative precision of ε = 0 . 01
or the JAMsph quadrature ( epsrel = 0.01 ). In both cases,
 computed the intrinsic moments (v2 r and v2 φ) for the Sérsic +
NFW model with constant anisotropy β ≈ 0 . 44 on a polar grid
ithout subsequent interpolation: 
(i) Standard resolution ( Nr ×Nθ = 20× 10 ): This grid is the
efault for intrinsic moments in the public jampy package with
emi-isotropic alignment ( align = ’sph’ ). Comparing the
pectral solver against a quadrature evaluation at these points
ielded a speedup of ≈ 100 ×. 
(ii) High resolution ( Nr ×Nθ = 32 × 24 ): On the finer grid
sed for the error maps in this paper, the spectral method scales
ore steeply due to the O (N3 ) cost of the linear algebra solver,
ompared to the O (N ) linear scaling of independent point-wise
uadratures. Nevertheless, the speed-up remains a substantial ≈
0 ×. 
While the current python implementations do not yet exploit
xplicit parallelism, the two methods target different architec-
ures. The quadrature approach was designed for scalar, single-
hreaded execution, whereas the spectral method consolidates
he computation into dense linear algebra operations (matrix–
atrix multiplications and system inversions) that are naturally
uited to massive parallelization on GPUs and modern multicore
PUs. 
These tests demonstrate that the spectral method provides a
ramatic improvement in speed at comparable accuracy. In fact,
he Jeans solution becomes so efficient that it is likely no longer
he main computational bottleneck of the entire dynamical mod-
lling procedure. This efficiency gain serves as a critical enabler
or next-generation modelling pipelines, allowing for the explo-
ation of higher-dimensional parameter spaces. 
For this reason, I limit the benchmarks here to the intrinsic mo-
ents – the core novelty of this work – rather than characterizing
he full modelling execution time, which depends heavily on the
mplementation details of the other steps like the LOS integration
nd PSF convolution. 
Finally, it is worth noting that speeding up the solver is not

he only strategy to accelerate parameter inference. When the
arameter space is low-dimensional, one can effectively emulate
he model likelihood via interpolation of a grid of pre-computed
odels (e.g. the analysis of Tdcosmo Collaboration 2025 ). Sim-
larly, machine learning techniques are increasingly being used
s emulators to bypass direct equation solving, including specif-
cally as a JAM emulator (e.g. M. R. Gomer et al. 2023 ; D. A.
imon et al. 2026 ). However, these emulator approaches still re-



General spectral Jeans solver 17

q
t
i
e
c
s
e

6

I  

a
t
g
d
l
e
a

 

s
s
t
a
l
p
c
g

d
t
d  

c
a
r
i

a
(  

p
f  

a
n  

p
h

s
h
e
v
p
b
L
g

a
o
i
p

A

I  

e
l
c
I  

s
i

D

N  

p
j  

j

R

A
A
A  

A  

A
B
B
B
B
B
B
B
B
B
B  

B
B
B  

B
C  

C
C
C
C
C
C  

 

C
C
C
C
C
C
C
C

uire a fast and accurate solver to generate training data, and 
hey become less feasible as the dimensionality of the model 
ncreases (e.g. when exploring the general anisotropy profiles 
nabled by this method). The spectral solver presented here thus 
omplements these approaches by providing the fundamental 
peed and flexibility required for high-dimensional dynamical 
xploration. 

 CONCLUSIONS  

n this paper, I have introduced a new spectral solver for the
xisymmetric Jeans equations that overcomes the long-standing 
rade-off between computational speed and physical flexibility in 
alactic Jeans dynamical modelling. By transforming the partial 
ifferential equations into a linear system using Chebyshev col- 
ocation, the method achieves a combination of generality and 
fficiency that was previously unattainable with standard semi- 
nalytic quadrature-based techniques. 
The method is built upon three key design choices that en-
ure both numerical robustness and physical applicability: (i) 
olving directly for the intrinsic velocity dispersion, rather than 
he pressure-like second moment, to improve conditioning; (ii) 
dopting a logarithmic radial coordinate to naturally handle the 
arge dynamic range of galaxies and the singular behaviour of 
ower-law cusps; and (iii) enforcing a rigorous Robin boundary 
ondition to recover the correct asymptotic decay on a finite 
rid. 
The main results and implications of this work are: 

(i) General anisotropy with spectral methods: unlike stan- 
ard quadrature schemes that require specific integrability condi- 
ions, the spectral method handles completely general anisotropy 
istributions β(r, θ ) . This allows for the construction of physi-
ally motivated models – such as those with angularly varying 
nisotropy – that can reproduce the realistic kinematics of fast- 
otator galaxies (e.g. mimicking cylindrical alignment) without 
ntroducing unphysical artefacts. 
(ii) High-accuracy validation: the solver was validated 
gainst three exact analytic benchmarks: the isotropic C. Satoh 
 1980 ) model; a new solution for anisotropic power-law tracers in
ower-law potentials (Appendix B ); and a new analytic solution 
or an MGE tracer in a spherical MGE potential (Appendix A ). In
ll tests, the spectral solver recovered the intrinsic moments with 
egligible errors ( < 0 . 1 per cent, reaching machine precision for
ower laws), demonstrating the power of spectral methods in 
igh-dynamic-range regimes. 
(iii) Efficiency and parallelism: despite its generality, the 
pectral method is orders of magnitude faster than traditional 
igh-accuracy quadratures. By reducing the solution of the Jeans 
quations to standard dense linear algebra operations (matrix- 
ector products), the algorithm is naturally suited for massive 
arallelization on GPUs. This efficiency shifts the computational 
ottleneck of dynamical modelling from the Jeans solver to the 
OS integration and PSF convolution, paving the way for the next 
eneration of Bayesian inference pipelines. 

This solver enables the exploration of the full solution space 
llowed by the axisymmetric Jeans equations, facilitating rigor- 
us parameter inference for complex galaxy models. A reference 
mplementation of the spectral JAM method is included in the 
ublic jampy package (M. Cappellari 2008 , 2020 ). 
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hater S. , Krajnović D., Cappellari M., Davis T. A., de Zeeuw P. T., Mc-
Dermid R. M., Sarzi M., 2019, A&A , 625, A62 

hater S. et al., 2022, MNRAS , 509, 5416 
homas J. et al., 2009, MNRAS , 393, 641 
refethen L. N. , 2000, Spectral Methods in MATLAB. Society for Indus-
trial and Applied Mathematics, Philadelphia, PA, https://doi.org/10.1
137/1.9780898719598 

refethen L. N. , Weideman J. A. C., 2014, SIAM Rev. , 56, 385 
bler H. et al., 2024, MNRAS , 527, 9206 
an de Ven G. , Hunter C., Verolme E. K., de Zeeuw P. T., 2003, MNRAS ,
342, 1056 

an der Marel R. P. , 1991, MNRAS , 253, 710 
an Houdt J. et al., 2021, ApJ , 923, 11 
asiliev E. , 2018, MNRAS , 481, L100 
asiliev E. , 2019, MNRAS , 482, 1525 
irtanen P. et al., 2020, Nat. Methods , 17, 261 
ang B. , Cappellari M., Peng Y., 2021, MNRAS , 500, L27 
ang H. , Suyu S. H., Galan A., Halkola A., Cappellari M., Shajib A. J.,
Cernetic M., 2025, A&A , 701, A280 

http://doi.org/10.1017/9780511736117
http://dx.doi.org/10.1126/science.aao2469
http://dx.doi.org/10.1111/j.1365-2966.2011.20365.x
http://dx.doi.org/10.1093/mnras/stae1001
http://dx.doi.org/10.1093/mnras/staf1894
http://dx.doi.org/ 10.1093/mnras/216.2.273
http://dx.doi.org/10.1093/mnras/280.3.903
http://dx.doi.org/10.1086/166727
http://dx.doi.org/10.1093/mnras/stab1996
http://dx.doi.org/10.1093/mnras/stad1079
http://dx.doi.org/10.1093/mnras/staf1338
http://dx.doi.org/10.1093/mnras/stv536
http://dx.doi.org/10.1093/mnras/stu742
http://dx.doi.org/10.1093/mnras/76.1.37
http://dx.doi.org/10.1111/j.1365-2966.2007.11752.x
http://dx.doi.org/10.1111/j.1365-2966.2011.18496.x
http://dx.doi.org/10.1080/00207169008803867
http://dx.doi.org/10.1093/mnras/260.1.191
http://dx.doi.org/doi.org/10.1093/mnras/271.1.202
http://dx.doi.org/10.1093/mnras/251.2.213
http://dx.doi.org/10.1093/mnras/stv2729
http://dx.doi.org/10.1093/mnras/stz2217
http://dx.doi.org/10.1093/mnras/stw3377
http://dx.doi.org/10.1086/501350
http://dx.doi.org/10.1051/0004-6361/201629272
http://dx.doi.org/10.1051/0004-6361/202347507
http://dx.doi.org/10.1051/0004-6361/201935264
http://dx.doi.org/10.1038/s41586-020-2649-2
http://dx.doi.org/10.1086/168845
http://dx.doi.org/10.1016/j.newar.2024.101721
http://dx.doi.org/10.1093/mnras/82.3.122
http://dx.doi.org/10.1093/mnras/stz1170
http://dx.doi.org/10.1146/annurev-astro-082708-101811
http://dx.doi.org/10.1088/0067-0049/182/1/216
http://dx.doi.org/10.1093/mnras/sty778
http://dx.doi.org/10.1088/2041-8205/764/2/L31
http://dx.doi.org/10.1086/429565
http://dx.doi.org/10.1093/mnras/sty288
http://dx.doi.org/10.3847/1538-4357/aa662a
http://dx.doi.org/10.1093/mnras/stz2565
http://dx.doi.org/10.1093/mnras/stae838
http://dx.doi.org/10.1093/mnras/stad2732
http://dx.doi.org/10.1093/mnras/stae1116
http://dx.doi.org/10.1093/mnras/stv105
http://dx.doi.org/10.3847/1538-4357/ab9ffc
http://dx.doi.org/10.1093/mnras/stw2677
http://dx.doi.org/10.1093/pasj/27.4.533
http://arxiv.org/abs/2602.10347
http://dx.doi.org/10.1093/pasj/28.1.1
http://dx.doi.org/10.1086/177173
http://dx.doi.org/10.1093/mnras/stt2505
http://dx.doi.org/10.3847/1538-4357/aabe28
http://dx.doi.org/10.3847/1538-4357/aafe7a
http://arxiv.org/abs/2601.17439
http://dx.doi.org/10.3847/1538-4357/ae32f2
http://dx.doi.org/10.1093/mnras/staa1128
http://dx.doi.org/10.3847/1538-4357/ac04b5
http://dlmf.nist.gov/
http://dx.doi.org/10.1214/aoms/1177728074
http://dx.doi.org/10.1093/mnras/stag210
http://dx.doi.org/10.18637/jss.v005.i05
http://dx.doi.org/10.1093/mnras/stx101
http://dx.doi.org/10.1093/mnras/stu2098
http://numerical.recipes/book
http://dx.doi.org/10.1051/0004-6361/202556418
http://dx.doi.org/https://doi.org/10.1051/0004-6361/201117353 
http://dx.doi.org/ 10.1093/pasj/32.1.41
http://dx.doi.org/10.1016/0021-9991(69)90037-0
http://dx.doi.org/10.1086/157282
http://dx.doi.org/10.1111/j.1365-2966.2009.15275.x
http://dx.doi.org/10.1093/mnras/sts422
http://dx.doi.org/10.1093/mnras/stv1127
http://dx.doi.org/10.1093/mnras/stw1010
https://doi.org/10.5281/zenodo.2562394
http://dx.doi.org/10.1038/nature13762
http://dx.doi.org/10.1051/0004-6361/202345878
http://doi.org/10.1007/978-3-540-71041-7
http://dx.doi.org/10.1093/mnras/staa1043
https://doi.org/10.1007/978-94-017-9454-1
http://dx.doi.org/10.1093/mnras/stad3309
http://doi.org/10.1007/978-3-032-02232-5
http://dx.doi.org/10.1093/mnras/stv202
https://openlibrary.org/books/OL10278713M
http://dx.doi.org/10.2977/prims/1195192451
http://dx.doi.org/10.1051/0004-6361/202555801
http://dx.doi.org/10.1051/0004-6361/201834808
http://dx.doi.org/10.1093/mnras/stab3210
http://dx.doi.org/10.1111/j.1365-2966.2008.14238.x
https://doi.org/10.1137/1.9780898719598
http://dx.doi.org/10.1137/130932132
http://dx.doi.org/10.1093/mnras/stad3826
http://dx.doi.org/10.1046/j.1365-8711.2003.06501.x
http://dx.doi.org/ 10.1093/mnras/253.4.710
http://dx.doi.org/10.3847/1538-4357/ac1f29
http://dx.doi.org/10.1093/mnrasl/sly168
http://dx.doi.org/10.1093/mnras/sty2672
http://dx.doi.org/10.1038/s41592-019-0686-2
http://dx.doi.org/10.1093/mnrasl/slaa176
http://dx.doi.org/10.1051/0004-6361/202554861


General spectral Jeans solver 19

W  

W
W
W

W
Y
Y
Y
Z
Z  

Z  

A
S

T
J
s
H
J
g

b
m
t
M  

s  

C  

C  

h
s
m
d
i
p  

N  

a
p
t
i
b  

2
 

m
t
e  

t
s
t
p
t
d
u
e
t
f
p

A

F  

I
t
v
e

fi  

t

ν

T
c
d
z  

2

ν

r
e  

z

v

c  

e
r  

w
s  

c  

t

v

w

M

 

t
s  

e
O  

s

v

w  

t
s
t  

b

m

atkins L. L. , van de Ven G., den Brok M., van den Bosch R. C. E., 2013,
MNRAS , 436, 2598 

egg C. , Gerhard O., Bieth M., 2019, MNRAS , 485, 3296 
eijmans A.-M. et al., 2014, MNRAS , 444, 3340 
olfram S. , 2003, The Mathematica Book, 5th edn. Wolfram Media, 
Champaign, IL. Available at: http://reference.wolfram.com/ 
yithe J. S. B. , Turner E. L., Spergel D. N., 2001, ApJ , 555, 504 
ang H. et al., 2025, ApJ , 993, 249 
ıldırım A. , Suyu S. H., Halkola A., 2020, MNRAS , 493, 4783 
urin D. , Springel V., 2014, MNRAS , 444, 62 
hao H. , 1996, MNRAS , 278, 488 
hu K. , Lu S., Cappellari M., Li R., Mao S., Gao L., 2023, MNRAS , 522,
6326 

hu K. , Lu S., Cappellari M., Li R., Mao S., Gao L., Ge J., 2024, MNRAS ,
527, 706 

PPENDIX  A:  ANALYTIC  MGE  JEANS  

OLUTION  

o rigorously validate the numerical accuracy of the spectral 
AM method, it is essential to compare its results against exact 
olutions that share the same underlying physical assumptions. 
owever, analytic solutions to the two-integral or semi-isotropic 
eans equations for non-spherical systems are relatively rare, and 
eneral anisotropic solutions are non-existent. 
Historically, the Jeans equations, in the isotropic limit, have 
een solved analytically for several mass-follows-light axisym- 
etric models – where the gravitational potential is generated by 
he tracer density distribution. Notable examples include the M. 
iyamoto & R. Nagai ( 1975 ) model, with its corresponding Jeans
olution provided by R. Nagai & M. Miyamoto ( 1976 ), and the
. Satoh ( 1980 ) model utilized in the main body of this paper.
. O. Smet, S. Posacki & L. Ciotti ( 2015 ) provides a compre-
ensive review of such analytical, axisymmetric, isotropic Jeans 
olutions. More complex isotropic Jeans solutions for composite 
odels, which are capable of describing galaxies embedded in 
ark matter haloes, are even less common. Examples of these 
nclude axisymmetric power-law densities within the logarithmic 
otential of J. Binney ( 1981 ), or a Keplerian potential, solved by
. W. Evans ( 1993 ), and N. W. Evans & P. T. de Zeeuw ( 1994 ),
nd the spheroidal power-law tracers embedded in spherical 
ower-law potentials (L. Ciotti 2021 , equation 13.188). Perhaps 
he most physically realistic analytic reference currently available 
s the axisymmetric isotropic Miyamoto–Nagai stellar density em- 
edded in a logarithmic potential dark halo (C. O. Smet et al.
015 ). 
Standard analytic tests, like those using the C. Satoh ( 1980 )
odel, require approximating the analytic density with an MGE 

o validate MGE-based numerical solvers. This introduces fitting 
rrors that can obscure the solver’s intrinsic precision. The deriva-
ion in this Appendix avoids this by providing a fully analytic 
olution to the cylindrically aligned Jeans equations for a flat- 
ened axisymmetric MGE tracer embedded in a spherical MGE 

otential. This formulation uses the exact input parameteriza- 
ion required by the JAM solver, ensuring any discrepancies are 
ue to the numerical scheme, not fitting approximations. While 
tilizing a spherical potential, this setup remains physically rel- 
vant as real galaxy total densities are expected rounder than 
heir stellar tracer distributions, and the MGE’s flexibility allows 
or robust benchmarking across a variety of tracer and density 
rofiles. 
1 The vertical velocity dispersion v2 z 

ollowing the assumptions of M. Cappellari ( 2008 , section 3.1),
 consider an axisymmetric system where both the dynamical 
racer population and the total mass density are parametrized 
ia the MGE. I further assume a cylindrically aligned velocity 
llipsoid. 
For a single axisymmetric Gaussian tracer component k, de- 
ned by peak density ν0 ,k , radial dispersion σk , and intrinsic flat-
ening qk , the density distribution is 

k (R, z) = ν0 ,k exp 
[
− R2 

2 σ 2 
k 
− z2 

2(qk σk )2 

]
. (A1) 

he gravitational potential � is generated by a sum of spheri- 
al Gaussian mass components j, each with total mass Mj and 
ispersion σ j . Imposing the boundary condition νk v2 z,k → 0 as 
 → ∞ , the vertical Jeans equation is (J. Binney & S. Tremaine
008 , equation 4.223) 

k (R, z)v2 z,k (R, z) =
∫ ∞ 

z 
νk (R, z′ )

∂�

∂z′ 
d z′ . (A2) 

Defining the Gaussian vertical scale σq,k ≡ qk σk , the purely 
adial factor exp [ −R2 / (2 σ 2 

k )] cancels between both sides of 
quation ( A2 ). One is left with a one-dimensional integral along
′ , with R entering only through r′ = √ 

R2 + z′ 2 : 

2 
z,k (R, z) = exp 

( 

z2 

2 σ 2 
q,k 

) ∫ ∞ 

z 
exp 

( 

− z′ 2 

2 σ 2 
q,k 

) 

∂�

∂z′ 
d z′ . (A3) 

For a spherical Gaussian mass component j, the vertical force 
an be written as ∂ � j /∂ z′ = (GMj (r′ ) /r′ 3 ) z′ , where Mj (r′ ) is the
nclosed mass. Switching variables from z′ to the spherical radius 
′ uses r′ d r′ = z′ d z′ and maps the limits z′ ∈ [ z, ∞ ) to r′ ∈ [ r, ∞ ) ,
ith r = √ 

R2 + z2 . The Gaussian kernel transforms into a con- 
tant factor times exp [ −r′ 2 / (2 σ 2 

q,k )] , so the prefactor and kernel
ombine into exp [ r2 / (2 σ 2 

q,k )] . The result depends on (R, z) only
hrough r: 

2 
z,k (r) = exp 

( 

r2 

2 σ 2 
q,k 

) ∫ ∞ 

r 
exp 

( 

− r′ 2 

2 σ 2 
q,k 

) 

GMj (r′ ) 
r′ 2 

d r′ , (A4) 

here the enclosed mass for the spherical Gaussian component 
j is (M. Cappellari 2008 , equation 49) 

j (r) = Mj 

[ 
erf 

( 

r √ 

2 σ j 

) 

−
√ 

2 
π

r 
σ j 
exp 

( 

− r2 

2 σ 2 
j 

) ] 
. (A5) 

The integral in equation ( A4 ) is the same mathematical object
hat appears for a spherical MGE tracer with isotropic disper- 
ion, with the substitution σk → σq,k . Evaluating it using standard
rror-function manipulations and the representation in terms of 
wen’s T function yields, for a single tracer component k in a
ingle spherical Gaussian potential componen t j: 

2 
z,k (r) = GMj 

[ 
1 
r 
erf 

( 
r √ 
2 σ j 

) 
−
√ 
8 π

σq,k 
exp 

( 
r2 

2 σ 2 
q,k 

) 
T
(

r 
σq,k 

,
σq,k 

σ j 

)] 
, (A6) 

here T (·, ·) is Owen’s T function (D. B. Owen 1956 ). This func-
ion is readily available in standard numerical libraries, such as 
cipy.special.owens_t in scipy (P. Virtanen et al. 2020 ), following 
he implementation by M. Patefield & D. Tandy ( 2000 ), or the
uilt-in OwensT in Mathematica (S. Wolfram 2003 ). 
Since the gravitational potential is additive, the velocity second 
oment for a specific tracer component k corresponds to the 
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um of the contributions from all M Gaussian components of the
otential. To obtain the total velocity moments for the full MGE
odel, the second moments (either v2 z or v2 φ) are then calculated
s the density-weighted average over all N tracer components 

2 =
∑ 

k, j νk v
2 
k, j ∑ 

k νk 
. (A7) 

It is important to note that while the vertical velocity dispersion
f an individual Gaussian component v2 z,k depends only on r, the
otal dispersion v2 z – obtained by summing over all tracer and
otential components – will exhibit a full (R, z) dependence due
o the varying vertical Gaussian scale σq,k across different tracer
omponents. 

2 Asymptotic expression to prevent numerical overflow 

he analytic solution for v2 z,k (r) in equation ( A6 ) contains the
actor exp [ r2 / (2 σ 2 

q,k )] , which can overflow numerically when
 
 σq,k . A naive point-mass approximation is not appropriate
nless r is also large compared to all potential scales σ j ; this
s often not the case in composite galaxy models, where r may
e large relative to a tracer’s σq,k yet still comparable to the
ark-halo dispersions σ j . 
To ensure numerical stability in precisely this regime, I use an
lternative representation obtained by substituting equation ( A5 )
nto equation ( A4 ) and rewriting the result as 

2 
z,k (r ) =

√ 

2 GMj √ 

π σq,k 

∫ σq,k /σ j 

0 
exp 

( 

− r2 t2 

2 σ 2 
q,k 

) 

t2 

1 + t2 
d t. (A8) 

When r 
 σq,k , the exponential strongly suppresses the inte-
rand for t � σq,k /r, so the integral is controlled by the small- t 
ehaviour. In that limit, one may expand 

t2 

1 + t2 
=
∞ ∑ 

n =1 
(−1)n −1 t2 n . (A9) 

umerical tests confirm that equation ( A6 ) remains accurate
nd matches direct quadrature until overflow occurs; therefore
n asymptotic treatment is only needed in the extreme regime
 
 σq,k . Retaining only the leading term ( n = 1 ) gives a compact
pproximation: 

2 
z,k (r) �

GMj (r) σ 2 
q,k 

r3 
. (A10) 

orrections are O[(σq,k /r)2 ] and are negligible where overflow
ecomes an issue. Crucially, equation ( A10 ) remains valid even
f r is not large compared to σ j , making it robust for composite
odels. 

3 The azimuthal velocity second moment v2 φ

or a cylindrically aligned model where the radial and vertical
econd moments are related by v2 R = bv2 z or equivalently βz = 1 −
2 
z /v

2 
R , the semi-isotropic Jeans equation for the azimuthal second

oment (M. Cappellari 2008 , equation 11) is 

2 
φ,k = b

[ 
v2 z,k +

R 

νk 

∂ (νk v2 z,k ) 
∂R 

] 
+ R

∂�

∂R 

. (A11) 

Two simplifications make an analytic evaluation straight-
orward. First, from equation ( A1 ) one has (R/νk ) (∂ νk /∂ R ) =
NRAS 549, 1–22 (2026)
R2 /σ 2 
k . Second, because v2 z,k depends on (R, z) only through r,

v2 z,k /∂R = (R/r ) dv2 z,k / d r . Substituting these identities into equa-
ion ( A11 ) gives 

2 
φ,k = bv2 z,k 

(
1 − R2 

σ 2 
k 

)
+ R

( 

b
∂v2 z,k 

∂R 

+ ∂�

∂R 

) 

. (A12) 

To eliminate the remaining derivative, one may use the semi-
sotropic axisymmetric Jeans relation for a Gaussian tracer profile
n a spherical potential. The vertical Jeans equation ∂ (νv2 z ) /∂ z =
ν∂ �/∂ z, for a Gaussian tracer with vertical scale σq,k implies
 νk /∂ z = −z/σ 2 

q,k νk . Since for a spherical potential v2 z,k depends
nly on r, one has ∂v2 z,k /∂z = (z/r ) dv2 z,k / d r . Substituting these
nto the Jeans equation yields 

dv2 z,k 
d r 
= −d�

d r 
+ r 

σ 2 
q,k 

v2 z,k . (A13) 

or a spherical potential, the radial gradient is given by ∂ �/∂ R =
(R/r ) d�/ d r . Substituting the gravitational acceleration d�/ d r =
Mj (r ) /r2 , with Mj (r ) from equation ( A5 ), into the Jeans equa-
ion yields the final analytic result 

2 
φ,k (R, z) = bv2 z,k (r)

[ 
1 + (1 − q2 k ) R2 

σ 2 
q,k 

] 
+ (1 − b)GMj (r) R2 

r3 
. 

(A14) 

n the semi-isotropic limit ( b = 1 ), the term explicitly dependent
n the potential gradient vanishes. However, the azimuthal mo-
ent is strictly coupled to the vertical moment through a geo-
etric factor that varies with radius R , determined by the tracer’s
attening ( qk ). This derivation highlights that even in a spherical
otential, the flattening of the tracer distribution explicitly links
he spatial coordinates to the azimuthal velocity field. 

4 Contribution of a central black hole 

ue to the linearity of the Jeans equations with respect to the
ravitational potential �, the contribution of a central supermas-
ive black hole of mass M• to the velocity second moments can
e computed independently and added to the contribution from
he extended mass distribution. 
For a point-mass potential �• = −GM•/r, the integral for the
ertical velocity dispersion (equation A4 ) can be solved analyti-
ally. For a single Gaussian tracer component k, the BH-induced
ertical second moment is given by (E. Emsellem et al. 1994 ,
quation 88) 
[ 
v2 z,k 

] 
•
= GM•

r 

[ 
1 −

√ 

π

2 
r 

σq,k 
erfcx 

( 

r √ 

2 σq,k 

) ] 
, (A15) 

here erfcx (x) = exp (x2 ) erfc (x) is the scaled complementary er-
or function ( scipy.special.erfcx in scipy , P. Virtanen et al. 2020 ).
his function is essential for avoiding arithmetic overflow when
valuating the combination exp [. . . ] erfc [. . . ] at large radii. 
The corresponding contribution to the azimuthal second mo-
ent is obtained by applying the BH radial force, ∂ �•/∂ R =
M•R/r3 , to the general solution in equation ( A14 ) 
[ 
v2 

φ,k 

] 
•
= b

[ 
v2 z,k 

] 
•

[ 
1 + (1 − q2 k ) R2 

σ 2 
q,k 

] 
+ (1 − b)GM•R

2 

r3 
. (A16) 

his expression reduces to equation (102) of E. Emsellem et al.
 1994 ) in the isotropic case ( b = 1 ). 

https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.erfcx.html
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The BH contribution should be added to the contributions 
rom the extended mass components to obtain the total second 
oments. 

PPENDIX  B:  ANALYTIC  POWER-LAW  JEANS  

OLUTION  

he dynamical problem of power-law axisymmetric spheroidal 
racers embedded in spherical power-law potentials was previ- 
usly studied by L. Ciotti ( 2021 , equation 13.188), who derived
nalytic Jeans solutions for the isotropic case in the specific po-
entials of a Singular Isothermal Sphere (SIS) and a point mass
black hole). These results were recently utilized by L. De Deo, 
. Ciotti & S. Pellegrini ( 2025 ) to investigate the effects of cylin-
rically aligned anisotropy (M. Cappellari ( 2008 ) b-anisotropy). 
he derivation below generalizes those semi-isotropic results to 
ystems with spherically aligned velocity ellipsoids with arbitrary 
onstant anisotropy β, and to arbitrary power-law slope δ of the 
ircular velocity. 

1 Model definitions 

 assume the tracer number density ν is a power-law stratified on
blate spheroids with axis ratio q . Defining the elliptical radius m
n terms of cylindrical coordinates (R, z) as m2 = R2 + z2 /q2 , the
ensity is 

(m ) = ν0 

(
m 

r0 

)−γ

. (B1) 

n spherical coordinates (r, θ ) , this can be rewritten as 

ν(r, θ ) = ν0 qγ

(
r 
r0 

)−γ

(1 − ω)−γ / 2 , 

where ω ≡ (1 − q2 ) sin 2 θ. (B2) 

he system is embedded in a spherical potential �(r) that gener- 
tes a power-law squared circular velocity profile with slope δ: 

2 
c (r) = v2 0 

(
r 
r0 

)−δ

⇒ ∂�

∂r 
= v2 c (r) 

r 
. (B3) 

hile a power-law density ρ ∝ r−α implies a circular velocity 
lope δ = α − 2 [assuming α < 3 for a finite M(< r) ], the formu-
ation in terms of v2 c is more general. For example, the Keplerian 
otential of a finite point mass corresponds to δ = 1 (the limit
→ 3 ), while a flat rotation curve corresponds to δ = 0 (the
ingular isothermal sphere, α = 2 ). 

2 Analytic solution 

or a constant anisotropy parameter β = 1 − v2 θ /v
2 
r , the solution 

o the axisymmetric Jeans equation with spherically aligned ve- 
ocity ellipsoids (equation 7 ) can be obtained by integrating along 
he characteristic curves (e.g. M. Cappellari 2020 , equations 10) 

v2 r (r, θ ) =
∫ ∞ 

r 

(
r′ 

r 

)2 β
ν(r′ , θ ′ )

d�
d r 

(r′ ) d r′ , (B4) 

here the integration is done along the path sin θ ′ = 

r′ /r)β−1 sin θ . By performing the change of variable 
 = ω(r′ /r)2 β−2 , the integral reduces to the Incomplete Beta 
unction form Bω (a, b) ≡

∫ ω 
0 x

a −1 (1 − x)b−1 d x (F. W. J. Olver 
t al. 2010 , equation 8.17.1 ). The final closed-form solution for
he intrinsic radial velocity dispersion is separable in r and θ , 
ith the dispersion radial profile v2 r (r) at any angle following the 
ircular velocity v2 c (r) : 

2 
r (r, θ ) = v2 c (r)

(1 − ω)γ / 2 

2 − 2 β
Bω (ζ , 1 − γ / 2) 

ωζ
, (B5) 

here the parameter ζ depends on the tracer slope γ , the circular
elocity slope δ, and the anisotropy β: 

≡ γ − 2 β + δ

2 − 2 β . (B6) 

ne can verify that this expression recovers the isotropic results
 β = 0 ) with δ = 0 (SIS) and δ = 1 (Keplerian) derived by L. Ciotti
 2021 , equations 13.188). 
In realistic galaxy models, ζ and 1 − γ / 2 can be negative,
hich computer algebra systems such as Mathematica handle 
irectly. In numerical libraries restricted to positive parameters 
e.g. scipy.special.betainc ), the function can instead be 
valuated via standard recurrence relations (F. W. J. Olver et al.
010 , equation 8.17.20 –21 ) as in jampy.util.betax . 
The azimuthal second moment follows from the general Jeans 

elation equation ( 10 ). For a power-law model, the radial deriva-
ives simplify to algebraic terms involving the logarithmic slopes: 
ln ν/∂ ln r = −γ and ∂ ln v2 r /∂ ln r = −δ. Substituting these, 
long with the circular velocity v2 c = ∂�/∂ ln r, yields the linear 
elation 
2 
φ (r, θ ) = (1 + β − γ − δ) v2 r (r, θ ) + v2 c (r) . (B7) 

To my knowledge, this is the simplest fully analytic solution to
he anisotropic spherically-aligned Jeans equations for a flattened 
racer, and is therefore an ideal test case for numerical solvers.
t accurately describes dynamics both in galaxy outskirts and 
n centers where stellar densities follow power laws (e.g. T. R.
auer et al. 2005 ); the approximation is especially accurate in the
eplerian limit ( δ = 1 ) inside a supermassive black hole sphere
f influence, where the central point mass dominates and the 
otential is effectively spherical, exactly matching the model’s 
rimary assumption. 

3 Projected kinematics 

 notable general property of this scale-free power-law formu- 
ation is that the projected LOS Vrms separates into a pure radial
caling and a purely angular factor. Introducing the dimension- 
ess LOS coordinate s ≡ z′ /R′ , so that z′ = R′ s , one finds that
ll dependence on the projected radius R′ factors out of both 
he LOS numerator and denominator. This leaves a net scaling 
2 
rms (R′ , φ′ ) ∝ R′−δ along any fixed sky position angle φ′ . Conse-
uently, the logarithmic radial slope of the observed V 2 

rms profile 
quals −δ, like for the v2 c , and is independent of the tracer slope
and the (constant) anisotropy β; those parameters affect only 

he angular dependence and normalization. In particular, a flat 
otation curve ( δ = 0 ) implies Vrms is independent of R′ (so iso-
rms contours are radial rays). 

4 The benchmark case γ + δ = 2 

 physically fundamental benchmark is defined by the limit 
+ δ = 2 , a condition that roughly captures the structure of real
assive galaxies (e.g. a flat rotation curve δ ≈ 0 with a near-
sothermal tracer γ ≈ 2 ). Because of this, the simple analytic re-
ations derived in this limit provide a very useful intuitive under-
MNRAS 549, 1–22 (2026)

https://dlmf.nist.gov/8.17.E1
https://docs.scipy.org/doc/scipy/reference/generated/scipy.special.betainc.html
https://dlmf.nist.gov/8.17.E20
https://dlmf.nist.gov/8.17.E21
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tanding of the qualitative kinematic trends observed in realistic
alaxy models (see Section 5.3 and Section 5.4 ). 
In this idealized power-law regime ( ζ = 1 ), the anisotropy de-
endence vanishes from the Beta function term in equation ( B5 ).
his implies that anisotropy acts as a global scaling of v2 r through
he factor 1 / (2 − 2 β ) = (σr /σθ )2 / 2 , without altering the geomet-
ic shape of the radial dispersion field. 
In contrast, the transverse second moments v2 θ and v2 φ are both

ndependent of anisotropy. This is immediate for v2 θ = (1 − β )v2 r ,
here the scaling factor (1 − β ) exactly cancels the intrinsic
nisotropy scaling of v2 r derived above. It also follows for the
zimuthal component v2 φ , as co-adding the transverse moments
ields the exact identity 

2 
φ (r, θ ) + v2 θ (r, θ ) = v2 c (r) . (B8) 

or models satisfying this condition, the sum of the transverse
econd moments is entirely determined by the local circular
elocity. This sum is formally independent of the anisotropy
arameter β, the spatial flattening of the tracer, and the po-
ar angle θ . Thus, while the radial dispersion v2 r scales directly
ith (σr /σθ )2 , the transverse moments remain invariant under
hanges in anisotropy. 
By decomposing the azimuthal moment into its mean and
ariance components, v2 φ = vφ

2 + σ 2 
φ , and assuming isotropy in

he tangential velocity dispersions ( σφ = σθ ≡ σ ), the identity
educes to the form 2 σ 2 + vφ

2 = v2 c . This expression generalizes
he solution for the non-rotating SIS ( σ = vc /

√ 

2 for vφ = 0 ; e.g.
. Binney & S. Tremaine 2008 , equation 4.104). It demonstrates
athematically that, for a given vc in the γ + δ = 2 limit, the
resence of ordered rotation vφ implies a strictly corresponding
eduction in the tangential velocity dispersion σ . 
For completeness, when ζ = 1 the Incomplete Beta function

educes to elementary functions, so both v2 r and v2 φ admit closed
orms without special functions, although these algebraic expres-
ions are omitted here for brevity. 

PPENDIX  C:  ROBIN  BOUNDARY  CONDITION  

his section details the outer boundary condition implemented in
he spectral method. I first justify the use of a spherical approxi-
ation to evaluate the boundary condition independently along
ach angular ray. I then derive the expression for the Robin slope
, which incorporates a correction for the local density curvature.

1 Justification via separability 

he general analytic solution for power-law profiles derived in
quation ( B5 ) takes the separable form 

2 
r (r, θ ) ≡ S(r, θ ) = v2 c (r) × F (θ, β, γ , δ) . (C1) 

rucially, the radial scaling of the velocity dispersion is driven
ntirely by the circular velocity v2 c (r) , while the anisotropy β, den-
ity slope γ , and potential slope δ determine the normalization
nd angular structure. 
In the asymptotic regime ( r → ∞ ), I assume that the system
ehaves locally like a power-law model. Consequently, one can
NRAS 549, 1–22 (2026)

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
( https://creativecommons.org/licenses/by/4.0/ ), which permits unrestricted reuse, dis
reat the dynamics along any fixed radial ray at angle θ as satis-
ying the spherical Jeans equation, parametrized by the local in-
tantaneous values of the anisotropy β(rmax , θ ) and density slope
(rmax , θ ) . This allows determining the boundary condition μ(θ )
or each angular grid point independently. 

2 Derivation of the density curvature correction 

onsider the spherically symmetric radial Jeans equation (J. Bin-
ey & S. Tremaine 2008 , equation 4.215) in logarithmic coor-
inates x = ln r. Let S = v2 r . Defining local logarithmic slopes
(x) ≡ −d ln ν/ d x and δ(x) ≡ −d ln v2 c / d x, and allowing for a
on-zero curvature γ ′ ≡ d γ / d x, the Jeans equation with constant
becomes 

d S 
d x 
− (γ − 2 β ) S = −v2 c . (C2) 

 seek the logarithmic slope of the dispersion, μ(x) ≡ −d ln S/ d x,
o apply as my boundary condition. Rearranging the differential
quation to isolate S: [
(γ − 2 β ) − 1 

S 
d S 
d x 

]
= v2 c ⇒ S = v2 c 

γ − 2 β + μ
. (C3) 

o find μ, I differentiate the logarithm of equation ( C3 ) with
espect to x: 

d ln S 
d x 
= d ln v2 c 

d x 
− d 
d x 

ln (γ − 2 β + μ) . (C4) 

ubstituting the definitions μ = −d ln S/ d x and δ = −d ln v2 c / d x:

= δ + γ ′ − 2 β ′ + μ′ 

γ − 2 β + μ
. (C5) 

 now apply the adiabatic approximation. At large radii, I assume
he solution relaxes to a power-law form, implying that the slope
becomes constant ( μ′ ≈ 0 ). I also assume constant anisotropy
eyond the boundary ( β ′ = 0 ). This yields μ = δ + γ ′ / (γ − 2 β +
) . Substituting the zeroth-order approximation μ ≈ δ into the
enominator yields the adopted Robin boundary condition 

≈ δ + γ ′ 

γ − 2 β + δ
. (C6) 

ere, δ represents the dominant gravitational constraint (e.g.
= 1 for a Keplerian potential), while the second term corrects
or the fact that the tracer density profile may be steepening or
hallowing ( γ ′ � = 0 ) at the grid boundary. 
An alternative derivation of equation ( C6 ) follows directly from

he exact analytic solution in equation ( B5 ). The radial behaviour
f the Incomplete Beta function is dominated by the pole in its
rst parameter, scaling asymptotically as Bω (ζ , ·) ∼ ωζ /ζ . This
mplies that the amplitude of the velocity dispersion scales in-
ersely with ζ . Substituting ζ from equation ( B6 ) reveals the fun-
amental scaling v2 r ∝ v2 c / (γ − 2 β + δ) of equation ( C3 ). Loga-
ithmic differentiation of this dominant term, treating the density
lope γ (r) as a variable while holding the potential slope and
nisotropy constant, recovers equation ( C6 ) exactly. 
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