
Materials Chemistry and Physics 316 (2024) 129106

Available online 20 February 2024
0254-0584/© 2024 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
nc-nd/4.0/).

The effect of property contrast in two-component piezoelectric composites 
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Department of Engineering Science, University of Oxford, 17 Parks Road, Oxford, OX1 3PJ, UK   

H I G H L I G H T S  

• Property contrast for two-component piezocomposites explored. 
• Uniform contrast offers realizable functional performance enhancements. 
• Minimizing material moduli of inclusions boosts transducer figure of merit. 
• Biased contrast offers inaccessible performance boosts. 
• Property contrast captures functional performance of a real world ceramic. 

A B S T R A C T   

A Mori - Tanaka model of piezoelectric composites is used to study the effect of property contrast between the components of a two-component composite. The 
composite comprises a piezoelectric matrix and piezoelectric inclusions whose property values are scaled from those of the matrix. The scaling method allows a wide 
range of material combinations to be approximated without using explicit properties of specific materials. Additionally, the aspect ratio and volume fraction of 
inclusions is varied to seek optimum values of the piezoelectric coefficients in the composite. It was found that scaling the properties in the electroelastic moduli 
reveals significant results for the piezoelectric performance coefficients dhgh, κ33, g33 and kt. By varying the material scaling factors alongside the inclusion aspect ratio 
it is demonstrated that giant enhancements of the transducer figure of merit dhgh could potentially be achieved through composite design. This approach identifies 
some novel opportunities for optimised piezoelectric composites.   

1. Introduction 

Piezoelectric composites comprising two components (one of which 
is allocated the role of the matrix and the other, the inclusion), at least 
one of which is piezoelectric, have found extensive use in applications 
such as ultrasonic medical imaging devices and sonar transducers [1]. A 
longstanding challenge in the field is to optimise or maximise piezo
electric effects, given the limitations of the known monolithic piezo
electrics. It is well known that composites can have greater values of 
certain piezoelectric coefficients than either of the constituent compo
nents [2]. A rich literature exists on various aspects of piezoelectric 
composites, which offers insight into how to obtain the best performance 
for specific applications. These studies have involved a range of pa
rameters including the properties of the components [3], interface ef
fects [4], polarization orientation [5], porosity [6], the number and type 
of distinct components [7], the orientation of inclusions [8] and inclu
sion distribution [9], to name a few. By varying these parameters, it is 
possible to explore a vast material design space and the present work 
aims to demonstrate that surprising design insights can still emerge from 

systematic exploration of this space. To this end, a Mori - Tanaka 
self-consistent scheme is employed to perform micromechanical ana
lyses on two-component composites. In the present work, the approach 
focuses on the effects of the property contrast between the constituent 
components as a generic way of capturing a variety of material behav
iour and indicating the influence of composite design on the piezo
electric properties of interest. This analytical approach is advantageous 
in providing a rapid assessment of the effect of parameter variation, 
thereby enabling a wide range of composite designs to be explored. 
Accuracy checks were carried out in selected cases using other homog
enization schemes, and comparison with results in the literature. 

One of the first studies of a piezoelectric composite using micro
mechanical analysis was undertaken by Dunn and Taya [2], using the 
Eshelby inclusion model and Mori - Tanaka mean-field theory [10]. This 
proved to be advantageous over earlier attempts at modelling such 
composites [11] in that a great variety of composite features could be 
taken into consideration when computing the effective behaviour. The 
consequences of varying the aspect ratio of inclusions, their spatial 
orientations, volume fractions and porosity were all explored. Among 
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many findings, it was demonstrated that porous ceramics offer better 
piezoelectric performance in some cases than their monolithic coun
terparts. This result is remarkable in that a reduction in the volume 
fraction of the active piezoelectric component is beneficial to certain 
piezoelectric properties. Della and Shu [12] exploited the versatility of 
the method by modelling a hierarchical composite with porous piezo
electric and polymer matrices. Significant improvements in the piezo
electric transducer figure of merit were reported. Porosity has received 
increased attention in the literature with Zhang et al. [13] reporting the 
hydrostatic transducer performance of porous piezoelectric ceramics to 
be superior to that of bulk materials. An expansion on the modelling 
work has followed with the introduction of additional attributes such as 
interface effects and poling orientation [14]. The Mori - Tanaka theory 
has also been demonstrated to have reasonable agreement with finite 
element calculations [15]. The versatility, reliability and ease of 
computation makes this approach favourable for piezoelectric compos
ites. One limitation, however, is that local inclusion interactions at high 
volume fractions are not adequately captured; this limits the validity to 
inclusion volume fractions up to about 0.5 [16]. 

The modelling results in the literature typically focus on specific 
material combinations such as PZT-epoxy composites. However, given 
that many material combinations are possible, the broader picture of 
how material property contrast contributes to performance in piezo
electric composites has not been fully explored. Some studies have used 
property contrast as a parameter [17] for optimising simulation size, but 
an investigation of property contrast on the performance of piezoelectric 
composites was not found in the literature. A similar concept of using 
ratios of electromechanical moduli of the components in a 1–3 piezo
composite was proposed nearly two decades ago by Topolov et al., albeit 
to characterize non-monotonic volume fraction dependencies of the 
overall composite properties [18]. While it is well-known that extreme 
property contrast can be useful, as manifested in porous ceramics, it 
remains an open question whether moderate contrast, or contrast in 
particular properties (dielectric, piezoelectric or elastic moduli) has 
advantages. 

To isolate the influence of the property contrast between the com
ponents in this work, we use the concept of scaled material properties, 
with two distinct types of scaling applied: uniform scaling of the entire 
electroelastic modulus (referred to here as α scaling), or a biased scaling 
applied to all the elements of just one of the elastic, piezoelectric or 
dielectric tensors (referred to here as β scaling). A composite comprising 
a piezoelectric matrix containing inclusions of the same material sub
jected to α or β scaling is studied using Mori - Tanaka mean field theory. 
The scaling factors are varied over a wide range from 10− 2 to 102 rep
resenting fictitious materials which may have either very high or very 
low coefficient values in any one or all of the elastic, dielectric and 
piezoelectric tensors. At first sight such extremes of contrast may seem 
unrepresentative of real materials. However, piezoelectric composites 
comprising piezoceramic inclusions in a polymer matrix may have 
contrast of order 102 or more in certain properties. Furthermore, α 
scaling of 10− 2 gives results similar to the effects of porosity. The results 
obtained can thus be generalized to a wide variety of piezoceramics and 
their composites, enabling comparison with prior studies. Methods for 
achieving significant improvements in other properties are also 
identified. 

2. Models 

The models employed in this work are based on the equilibrium laws 
of electrostatics and solid mechanics. Maxwell’s laws applied to elec
trostatics in the absence of free charge can be stated in differential form 
as 

Di,i = 0 (1)  

εijkEj,k = 0 (2)  

where the electric field, and electric displacement are denoted by Ei and 
Di, respectively. Equations (1) and (2) [19] imply the continuity of the 
normal component of the electric displacement through interfaces and 
continuity of the tangential component of the electric field across in
terfaces. Note that the Levi-Civita connection εijk is in use in (2). Simi
larly, equilibrium of stresses σij, in the absence of body forces, and 
compatibility of strains, εij, can be expressed as 

σij,j = 0 (3)  

εijkεpqruj,qkr = 0 (4) 

Equations (3) and (4) [19,20] imply continuity of tractions through 
interfaces and continuity of the displacement field, uj. Now consider a 
two-component composite in which each component comprises a 
piezoelectric material with linear constitutive response of the form: 

σij =Cijmnεmn + enij(− En) (5)  

Di = eimnεimn − κin(− En) (6)  

where the stiffness tensor Cijmn is measured at constant electric field and 
the dielectric permittivity tensor κin is measured at constant strain. 
Following Barnett and Lothe [21], a compact notation is adopted in the 
form 

ΣiJ =EiJMnZMn (7)  

where the capital indices run from 1…4, with all other indices running 
from 1…3. Also, 

ZMn =

{
εmn, M = 1, 2, 3
En, M = 4 (8)  

and 

ΣiJ =

{
σij, J = 1, 2, 3
Di, J = 4 (9) 

The electroelastic modulus of a piezoelectric solid can be given a 
similar representation 

EiJMn =

⎧
⎪⎪⎨

⎪⎪⎩

Cijmn, J,M = 1, 2, 3
enij, J = 1, 2, 3,M = 4
eimn, J = 4,M = 1, 2, 3
− κin, J,M = 4

(10)  

For later use the collection of identity tensors IMnAb is defined in terms of 
the Kronecker delta δbn by 

IMnAb =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1
2
(δamδbn + δanδbm), A,M = 1, 2, 3

0, A = 1, 2, 3,M = 4

0, A = 4,M = 1, 2, 3

δbn, A,M = 4

(11) 

The composites are modelled as a collection of ellipsoidal inclusions 
embedded in an infinite matrix, according to the wellestablished the
ories of Mori - Tanaka and Hill [2,22]. In each case, the Eshelby tensor 
[23] is used to represent the interaction between inclusions and the 
surrounding matrix material. The extension of Eshelby’s theory to 
incorporate electric fields and electric displacements [24] enables its use 
in the micromechanical analysis of piezoelectric composites. The elec
troelastic equivalent of the Eshelby tensor is a collection of 4 tensors that 
relate the strain and electric field εmn, En in the transformed inclusion to 
the prescribed eigenstrain and electric displacement-free electric field 
ε∗mn,E∗

n : 
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(
εmn
− En

)

=

(
Sεε

mnab SεE
bmn

SEε
nab SEE

bn

)(
ε∗ab

− E∗
b

)

(12) 

Or, in compact notation 

ZMn = SMnAbZ∗
Ab (13)  

where ZMn is defined as in equation (8). The three principal radii of the 
ellipsoidal inclusion may take on any values. However, as the theories 
employed are scale independent, only the ratios are of significance. 
Explicit expressions have been derived in particular limiting cases [25]. 
To enable a more general range of cases, the Eshelby tensors are 
numerically computed in the current work using Gaussian Quadrature. 
A detailed derivation of the Eshelby tensors in equation (12) can be 
found in the work of Dunn et al. [2]. 

2.1. Mori - Tanaka mean field theory 

The Mori - Tanaka mean field theory views the piezoelectric com
posite as a combination of two distinct components with a clearly 
defined role of matrix and inclusion allocated to them. The resulting 
homogenization gives overall effective electromechanical properties Eo 

as [2] 

Eo
bAMn =EM

bAPq

(
IPqMn + fD− 1

PqiJ

(
EP

iJMn − EM
iJMn

))
(14)  

where the electroelastic moduli of the matrix and inclusion are given by 
EM

iJMn and EP
iJMn, respectively, while DiJAb is given by 

DiJAb =(1 − f )
(
EP

iJMn − EM
iJMn

)
SMnAb + EM

ijAb (15) 

Here f is the volume fraction of the inclusions. Because the Mori - 
Tanaka theory identifies one component as a connected matrix and the 
other component as isolated inclusions, exchanging the matrix and in
clusion components results in a composite with different properties. 

2.2. Hill’s self-consistent scheme 

For comparison with the Mori - Tanaka scheme, selected calculations 
were made using the self-consistent formulation due to Hill [22] which 
differs from the Mori - Tanaka scheme in that each material component 
of the composite enters the analysis on the same footing. Hill’s scheme 
has previously been used for the representation of piezoelectric and 
ferroelectric polycrystals [26]. A constitutive equation of the form of (7) 
holds for each component. To compute the overall effective properties 
Eo

iJKl, Hill’s scheme provides the averaging relationship, 

Eo
iJKl =EiJRsARsKl (16)  

where the over-bar implies a volume average over the component, and 
ARsKl is a collection of concentration tensors relating the average strain 
and electric field in a single inhomogeneity to the average strain and 
electric field in the composite such that 

ZIj =AIjKlZKl (17) 

The concentration tensors ARsKl are computed using the Eshelby 
formalism following a procedure outlined by Hill [22,26]. The scheme is 
self-consistent, in that each component of the composite is treated as if it 
comprises ellipsoidal inhomogeneities in a matrix whose properties are 
those of the composite itself. Consequently, the method does not provide 
explicit expressions for the overall moduli of the composite and iteration 
is employed. 

2.3. Laminate limit and property scaling 

In the limit c
a→0, with a = b, the Eshelby inclusions become equiv

alent to flat layers and the composite is equivalent to a laminate. In this 

case, a comparison with Mori - Tanaka theory is provided by adopting a 
variant of the approach presented by Liu et al. [27] to model piezo
electric laminates. Continuity of the stress and electric displacement 
components normal to each interface between layers is assumed, as is 
the continuity of strain and electric field components tangential to each 
interface. The constitutive equation (7) can then be re-cast as 
(

Σ⊥

Σ‖

)

=

(
P Q

QT R

)(
Z⊥

Z‖

)

(18)  

When the interface between layers of the laminate is normal to the x3 
axis, Σ⊥ = [σ33,σ23,σ13,D3],Σ‖ = [σ11,σ22,σ12,D1,D2], Z⊥ = [ε33, ε23, ε13,

− E3] and Z‖ = [ε11, ε22, ε12, − E1, − E2]. The components of the elec
troelastic modulus EiJKl are accordingly re-arranged in the P,Q and R 
matrices. Noting that Σ⊥ and Z‖ are equal in all layers enables a rear
rangement of (7) followed by volume averaging, which gives explicit 
expressions for the effective material moduli Po,Qo and Ro of the com
posite [27]: 

Po =
(
P− 1
)− 1 (19)  

Qo =PoP− 1Q (20)  

Ro =QT P− 1Qo + R − QT P− 1Q (21) 

Equations 19–21 can be further simplified in the case of a two- 
component laminate in which one component has properties that are 
linearly scaled from the other such that P2 = αP1,Q2 = αQ1 and R2 =

αR1. Then, setting P1,Q1,R1 to P,Q and R, respectively, gives 

Po = γP (22)  

Qo = γQ (23)  

Ro =QT P− 1Q
(
γ − γ− 1)+

1
γ

R (24)  

where 

γ =
1

1 − f + f
α

(25)  

γ− 1 = 1 − f + αf (26)  

with f and α denoting volume fraction of inclusion component and the 
scaling factor, respectively. Two distinct types of scaling of the elec
tromechanical moduli will be considered to generate the moduli of the 
inclusion material: α-type scaling is a uniform scaling of the moduli such 
that 

EP =αEM (27) 

We also consider a biased scaling, referred to here as β-type scaling, 
applied individually to elastic, piezoelectric or dielectric moduli, such 
that 

β(C)⟹EP
iJMn =

⎛

⎝
βCM

ijmn eM
imn

eM
nij κM

in

⎞

⎠ (28)  

β(e)⟹EP
iJMn =

(
CM

iJMn βeM
imn

βeM
nij κM

in

)

(29)  

β(κ)⟹EP
iJMn =

(
CM

ijmn eM
imn

eMnij βκM
in

)

(30) 

In each case, for practical calculations, we limited the range of 
scaling to 10− 2 ≤ β,α ≤ 102. Note that (28–30) are not fully independent 
in that a combination of scaling operations using (28–29) can produce 
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the equivalent of (30). Furthermore, the existence of non-dimensional 
groups of the form e2

Cκ implies relations between the scaling effects 
from (28–30). For simplicity we present results for each individual 
scaling, whilst recognizing similarities. There are also thermodynamic 
limits to the β scaling achievable in real materials due to the requirement 
for positive definiteness of the material moduli. These limitations are 
indicated in the results by using dashed lines when any eigenvalue of the 
matrix of material moduli becomes negative. An illustration of the use of 
α and β(e) scaling on a base material equivalent to PZT-7A can be seen in 
Fig. 1. Note that there are also fibrous piezoelectric composites (50 
percent inclusion/50 percent matrix combinations) included to serve for 
comparison. The scaling can be used to approximate a variety of mate
rials: elastic dielectrics without piezoelectricity correspond to β(e) = 0. 
Voids have β(C) = 0, β(e) = 0, β(κ)≪1 and correspond to a combination 
of α≪1 and β = 0. Several common piezoelectric materials [28] cluster 
close to α = β = 1. Note that arrows near certain materials imply that 
the materials are further along the axis in the appropriate direction. For 
convenience of plotting in Fig. 1, we approximate α = C33/ C33,PZT− 7A and 
β(e) = e33/αe33,PZT− 7A. A more accurate representation of a range of 
materials would require a variation of all three β coefficients. 

2.4. Problem definition 

The composite to be analysed consists of general combinations of 
piezoelectric inclusions in a piezoelectric matrix. We choose material 
moduli similar to those of a typical piezoelectric, PZT-7A [11], as the 
base material. This is representative of a ceramic with hexagonal 6 mm 
symmetry [2]. Each component of the composite is chosen to be poled 
along the global x3 direction as shown in Fig. 2. For initial exploration of 
the effect of the aspect ratio of inclusions, only the c/a ratio is varied, 
keeping a = b, and the major axis of each ellipsoidal inclusion is taken to 
be aligned with the x3 direction. 

Results for varying aspect ratios of the inclusions will be presented. 
Effective properties for various piezoelectric coefficients were computed 
using the Mori - Tanaka model (14) and for limiting cases where c/a → 0, 
laminate theory (22–24) was used for a consistency check. Hill’s ho
mogenization scheme was used to check specific cases. Note that all 
results are normalize relative to a monolithic piezoelectric material, 
equivalent to the unscaled base material such that for each coefficient X,  

X* = Xcalculated/Xbase ceramic.                                                                    

The entire code was written and executed in MATLAB®. 

3. Results and discussion 

3.1. Validation of Mori - Tanaka homogenization method 

In order to encourage confidence in the results obtained from the 
Mori - Tanaka calculations, some standard results first produced by 
Dunn et al. [2] will be re-computed using the Mori - Tanaka model as 
implemented in the present work, along with some finite element results 
for simple composite designs. Note that, for the case of the d33 coeffi
cient in Fig. 3(b), experimental results from Chan et al. [29] have been 
used to compare with theoretical calculations from the Mori - Tanaka 
model. The results in Fig. 3a-d match closely with those produced by 
Dunn et al. [2]. For the COMSOL calculations, a cube of dimensions 
1.0x1.0 × 1.0 mm3 was used to model the polymer matrix material. The 
PZT-4 inclusions were chosen to be spherical. In order to compute the 
d33 and d31 coefficients presented in Fig. 3, the expression d3i = Δti/E 
was used, where Δt is the change in dimensions of the cube along the i 
axis and E is the applied electric field in the appropriate direction. See 
Table 1 for material properties used in calculations. 

Though good agreement can be found between the COMSOL and 
Mori - Tanaka calculations, there is a high discrepancy at inclusion 
volume fraction v f ~ 0.5 (Fig. 3e-f). This may be attributed to the 
inability of the Mori - Tanaka model to rigorously account for the 
touching of inclusions at such high volume fractions [16]. Additionally, 
as noted by Dunn et al. [16], the Mori - Tanaka model is strictly valid 
only for dilute or moderate volume fractions (v f < 0.5). 

Fig. 1. Illustration of property scaling on reference materials. Approximate α 
and β (e) values representing a variety of piezoelectrics and other materials 
are shown. 

Fig. 2. Piezocomposite illustration: (a) Ellipsoidal inclusion and (b) illustration of composites with various connectivities.  
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3.2. Spherical inclusions with scaled properties 

We start with a composite comprising spherical piezoelectric in
clusions (c/a = 1) embedded in a piezoelectric matrix of the same ma
terial, subjecting the inclusions to a uniform scaling of all material 
moduli by a factor α, as defined in equation (27). The volume fraction f 
of inclusions is varied in the range 0.1–0.5. 

Fig. 4 shows homogenized properties of the resulting composites 
using Mori - Tanaka theory along with results from Hill’s homogeniza
tion (in dashed lines) for a volume fraction of inclusions f = 0.1. Note the 
similar trend both theories predict at this volume fraction for all per
formance parameters shown in Fig. 4. Though the trends predicted by 
the theory of Mori - Tanaka seem to persist in results from Hill’s theory, 
the exact magnitudes differ considerably. It is worth noting that the 
former has a much better agreement with finite element calculations 
[15]. Referring to Fig. 4(a) it can be seen that scaling of the inclusion 
properties can enhance the e33 coefficient of the composite, as may be 
expected. However, the effect is relatively weak: even when the inclu
sion component has piezoelectric coefficient 100 times greater than 
those of the matrix material, the homogenized piezoelectric coefficients 
increase by only a factor of 1.3–3.5, depending on volume fraction. At 
first sight this appears surprising: placing inclusions with increased 

piezoelectric response into a composite may not greatly enhance the 
piezoelectricity of the composite. To understand why this is, it is 
instructive to consider the distribution of electric field in such a com
posite. Suppose α = 100; then the inclusions are strongly piezoelectric 
but also have high stiffness and permittivity. The consequence of the 
high permittivity inclusions on the distribution of electric field is that 
the electric field strength is low in the inclusions in order to satisfy 
continuity of electric displacement. Thus, the inclusions contribute little 
to the development of stress through the piezoelectric effect, while the 
matrix material dominates the response. This is pertinent to the design 
of composites in which electroceramic particles are embedded in a 
polymeric matrix; the electroceramic not only has much greater piezo
electric response than the matrix, but typically also has much greater 
permittivity. To achieve more fully the advantage in piezoelectric effect 
that the piezoelectric inclusions can give, the inclusions should experi
ence the full strength of the electric field; this can be achieved in aligned 
fibre composites. Turning to the piezoelectric coefficient d33, Fig. 4(b) 
shows that this coefficient of the composite, of importance in displace
ment actuators and pressure sensors, is largely unchanged by α scaling 
over a wide range. This is because of the way the d coefficient relates to 
the stiffness and piezoelectric tensors C and e. Subjecting C and e to any 
magnitude of uniform scaling results in the expression d = C− 1e 

Fig. 3. Checks against previous works: (a) eh and e33 composite calculations for PZT-4/Epoxy composite [2], (b) d33 calculations from Mori - Tanaka model for 
PZT-7A fibers in Epoxy matrix [2] compared with experimental results of Chan et al. [29], (c)− d31 calculations for spherical PZT-5 inclusions in Araldite polymer 
matrix [2], (d) d33 calculation for spherical PZT-4 inclusions in Epoxy matrix performed using COMSOL software and (d) d31 calculation for spherical PZT-4 in Epoxy 
matrix performed using COMSOL software. 

Table 1 
Material moduli of various ceramics and polymer materials used for calculations.  

Material C11 (Gpa) C12 (Gpa) C13 (Gpa) C33 (Gpa) C44 (Gpa) e31 (C/m2) e33 (C/m2) e15 (C/m2) κ11/κo- κ33/κo- 

PZT-4 139 77.8 74.3 115 25.6 − 5.2 15.1 12.7 730 635 
PZT-5 121 75.4 75.2 111 21.1 − 5.4 15.8 12.3 916 830 
PZT-7 148 76.2 74.2 131 25.4 − 2.324 9.5 9.2 730 635 
Epoxy 6.43 4.29 4.29 6.43 1.07 0 0 0 5 5 
Araldite 3.86 2.57 2.57 3.86 0.64 0 0 0 9 9  
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remaining unchanged. There are slight variations in d33 in the composite 
due to the coupled interactions between matrix and inclusions. Like d33, 
the electromechanical coupling coefficient kt shows only slight changes 
in response to property scaling, remaining in the range of 0.5–0.55 over 
a wide range of α scaling. The coupling coefficient measures the effi
ciency with which mechanical energy is converted to electrical energy. 
When α < 1, the inclusion becomes both mechanically compliant and 
weakly piezoelectric. The inclusion is easily deformed but not suffi
ciently piezoelectric to convert deformation energy into electrical en
ergy; as a result, it contributes little to the coupling coefficient of the 
whole composite. Conversely, when α > 1, the inclusion becomes 
strongly piezoelectric but also mechanically stiff. In this case, the 
increased stiffness limits deformation and hence limits conversion of 
mechanical to electrical energy even though the inclusion is strongly 
piezoelectric. Fig. 4(c) show that the dielectric permittivity κ33 of the 
composite can reach a peak value several times that of the base material. 
Increased permittivity translates to increased charge storage for poten
tial capacitor applications. However, this requires inclusions that have 
greatly enhanced permittivity. Applications requiring high permittivity 
do not benefit from formation of a composite as there is always one 
component of the composite with greater permittivity than the ho
mogenized medium. At the other end of the spectrum of scaling, low κ 
materials, of importance in microelectronics [30], can be obtained 
through the incorporation of low κ inclusions into a solid; this could be 
realized through porous materials [31]. In the design of sonar trans
ducers, the figure of merit dhgh (dh = d33 + d31 + d32, gh = dh/κ33) 
quantifies the efficiency as a transmitter and receiver. Fig. 4(d) indicates 
that α scaling with α < 1 can have a strong effect on this performance 
parameter. This effect comes primarily from the g coefficients, which 
increase as α is reduced below unity. The result is of importance to 
transducer design, indicating that inclusions with minimized moduli are 
desirable. Consequently, porous piezoelectrics offer enhanced perfor
mance as hydrostatic transducers. Next, consider the effect of α scaling 

on the g33 piezoelectric coefficient (g33 = d33/κ33) which is of signifi
cance in sensing applications, piezoelectric ignition and energy har
vesting from stress. Since this coefficient arises from the inverse of the 
electroelastic moduli in E, α scaling has a reciprocal effect on g, such that 
the greatest g coefficients in the inclusion are obtained as α → 0. This 
effect can be seen in the homogenized composite, as shown in Fig. 4(e). 
The hydrostatic component eh exhibits similar behaviour to e33, see 
Fig. 4(f). 

Remaining with spherical inclusions, Fig. 5 shows the effect of a 
biased scaling, β, of the stiffness tensor Cijmn in the electroelastic 
modulus EiJMn of the inclusions, keeping piezoelectric and dielectric 
properties fixed. This enables identification of the restricted influence of 
inclusion stiffness on the coupled properties of the composite. Starting 
with the d33 coefficient, we see a decreasing trend with increasing β > 1 
at all inclusion volume fractions. This results because stiff inclusions 
limit local straining, thus constraining coupled effects in the composite. 
Conversely when β < 1 the inclusions are mechanically compliant while 
retaining strong piezoelectricity. This gives rise to increased piezoelec
tric coupling in the homogenized composite, but note that for typical 
piezoelectrics, only a modest scaling below β = 1 is possible before 
positive definiteness of the inclusion material matrix is lost (dashed lines 
in Fig. 5), representing materials that are not thermodynamically stable, 
and thus unlikely to be realized. Similar trends persist in the transducer 
figure of merit, dhgh, coupling coefficient, kt, and the g33 coefficient, see 
Fig. 5(b–d). 

When subjected to a biased scaling of the piezoelectric tensor eimn, 
both d33 and dhgh show an increase over a range of β with a peak around 
β = 3; this is again in an inaccessible range of material properties due to 
loss of positive definiteness. The coupling coefficient (Fig. 6(c)) shows a 
similar increase around β = 3. The initial peak in this range may be the 
result of an enhanced piezoelectricity which translates to more input 
mechanical energy being converted to electrical energy. 

Turning to a β scaling of the permittivity tensor κ, we see that the 

Fig. 4. The effect of α scaling of the electroelastic moduli for spherical piezoelectric inclusions in a piezoelectric matrix. Note that the dashed lines in this figure 
represent corresponding calculations using Hill’s homogenization method. 
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transducer figure of merit dhgh increases modestly with decreasing 
dielectric properties in Fig. 7(a) and a similar trend is seen for the g33 
coefficient, Fig. 7(c). As expected, a biased scaling of the dielectric 
properties of the inclusion directly affects the κ33 permittivity compo
nent of the homogenized composite as can be seen in Fig. 7(b). However 
in a particulate composite the effect on the homogenized medium is 
much less than the scaling of the inclusions. Thus, for achieving a high 
permittivity, the formation of the composite is not advantageous. Note 
that scaling with β << 1 is largely inaccessible due to loss of positive 
definiteness. Thus, overall, only limited gains are seen through β scaling 
of the dielectric properties. 

3.3. Rod-shaped and disc-shaped inclusions 

We next consider variations of the aspect ratio c/a to produce rod- 
shaped (c/a = 102) or disc-shaped (c/a = 10− 2) inclusions. Fig. 8 sum
marizes results for both uniform α scaling and biased β scaling of the 
electroelastic moduli in the inclusions, at various aspect ratios; the in
clusion volume fraction is fixed at f = 0.5 for the purposes of illustration. 
Fig. 8(a) reproduces selected results for spherical inclusions (c/a = 1) to 
facilitate comparison with different aspect ratios. The greatest increases 
in the sonar transducer figure of merit dhgh result from a uniform scaling 
to reduce all properties, implying that the limiting case of spherical 
pores in a piezoelectric matrix would be beneficial for the design of a 
sonar transducer. This is consistent with previous modelling results in 
the literature [31] and some recent experimental investigations [32]. 
Comparing with Fig. 8(b–c), it is evident that the enhancement of dhgh is 

strongly dependent on the aspect ratio of the inclusions. The greatest 
benefit to the transducer figure of merit arises when c/a and α are both 
minimized – corresponding to flat, disc-shaped porosity in the trans
ducer. A comparison with the predictions from laminate theory (c/a → 
0) is shown in Fig. 8(b), indicating a similar trend with scaling. The 
results suggest that thin, crack-like pores in the piezoelectric matrix 
could be beneficial for increasing the transducer figure of merit; this 
contrasts with some conventional designs that employ rod-shaped 
piezoelectric inclusions in a polymer matrix [33]. A similar degree of 
improvement was recently reported in a more complex composite of 
piezoelectric inclusions in a porous polymer matrix with two different 
types of pores by Topolov et al. [34]. The findings may indicate a route 
for development of improved transducer materials, though it should be 
noted that the theory proceeds on the assumptions of continuity of 
electric displacement and linear material behaviour. In the limit of thin, 
flat porosity, the electric field strength in the pores may result in charge 
transfer across pores (electrical breakdown) which could limit the 
applicability of this material design. Thus the porosity may require 
highly insulating properties to achieve the effect indicated in Fig. 8(b), 
suggesting the use of polymer inclusions with high breakdown strength. 
A rod-shaped geometry for the inclusions, Fig. 8(c), shows similar trends 
but with less enhancement to the figure of merit. Fig. 8 suggests that a 
uniform α scaling of the electroelastic moduli would have a greater in
fluence on the transducer performance than any individual biased β 
property scaling. 

The longitudinal piezoelectric coefficient d33 follows a different 
pattern to that of the figure of merit dhgh. Comparing the α scaling alone 

Fig. 5. The effect of β scaling of stiffness tensor C for spherical piezoelectric inclusions in a piezoelectric matrix. Dashed lines indicate loss of positive definiteness of 
the electroelastic moduli. 
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throughout the three aspect ratios shown in Fig. 9, it can be seen that the 
d33 coefficient of the composite is almost unchanged by scaling of the 
electroelastic moduli of the inclusion. Consistent results in the case c/a 
= 0.01 are obtained using laminate theory in Fig. 9(b). If instead, a 
biased scaling of stiffness with β < 1 is applied, this improves the d33 
performance for all aspect ratios, with the greatest increase occurring in 
the case of disc-shaped inclusions (c/a = 0.01). An even greater 

enhancement of d33 appears in rod-shaped inclusions with β > 1 scaling 
of the piezoelectric coefficients. However, note that these enhancements 
may not be realizable due to thermodynamic limits. Biased scaling of the 
dielectric properties appears to have negligible influence on the d33 
coefficient of the composite. 

Fig. 10 shows the effect of various types of scaling and inclusion 
aspect ratios on the electromechanical coupling coefficient kt. The 

Fig. 6. The effect of β scaling of piezoelectric tensor e for spherical piezoelectric inclusions in a piezoelectric matrix. Dashed lines indicate loss of positive definiteness 
of the electroelastic moduli. 

Fig. 7. The effect of β scaling of dielectric tensor κ for spherical piezoelectric inclusions in a piezoelectric matrix. Dashed lines indicate loss of positive definiteness of 
the electroelastic moduli. 
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coupling coefficient is largely unchanged by α scaling for all aspect ra
tios. It increases significantly with either biased scaling of stiffness or 
permittivity when β < 1, or biased scaling of the piezoelectric co
efficients when β > 1. Significant gains appear for all inclusion aspect 
ratios, but note that the practically achievable gains are again strongly 
limited by loss of positive definiteness. 

The effect of material property scaling and inclusion aspect ratio on 
the dielectric permittivity κ33 is shown in Fig. 11. 

Uniform scaling with α > 1 increases the permittivity. This implies 

that stiffening the inclusion while strengthening both its piezoelectric 
and dielectric properties is favourable if a higher overall permittivity for 
the composite is desired. A scaling in stiffness alone, β (C), leaves the 
permittivity of the composite largely unchanged for all aspect ratios of 
inclusions. However, biased increase of the piezoelectric properties, β 
(e) > 1, increases the composite permittivity with striking results in the 
case of rod-shaped inclusions. Once again, thermodynamic stability 
limits the available gains. 

In Fig. 12, we see that disc-shaped porosity has potential benefits to 

Fig. 8. The effect of α and β scaling on figure of merit dhgh for varying aspect ratios, c/a, of inclusions. The inclusion volume fraction is fixed at 0.5. Dashed lines 
indicate loss of positive definiteness of the electroelastic moduli. 

Fig. 9. The effect of α and β scaling on the longitudinal piezoelectric coefficient d33 for varying aspect ratios, c/a, of inclusions. The inclusion volume fraction is fixed 
at 0.5. Dashed lines indicate loss of positive definiteness of the electroelastic moduli. 

Fig. 10. The effect of α and β scaling on coupling coefficient kt for varying aspect ratios, c/a, of inclusions. The inclusion volume fraction is fixed at 0.5. Dashed lines 
indicate loss of positive definiteness of the electroelastic moduli. 
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the g33 performance of a composite at α < 1 and c/a = 0.01. Biased 
scaling of stiffness or dielectric permittivity produce similar effects on 
the g33 piezoelectric coefficient. Interestingly, a biased scaling of the 
piezoelectricity tensor e has relatively little influence on the overall g33 
piezoelectric coefficient. 

To conclude the study, we provide a comparison of the model with 
recent experimental data of Zhang et al. [13]. Porous transducers are of 
great interest as they can offer a superior figure of merit dhgh to that of a 
bulk ceramic. It was demonstrated in the aforementioned work that a 
porous BCZT (barium titanate doped with Ca, Zr) based composition 
offered a performance over 100 times that of the dense ceramic. A 
comparison between predictions of the Mori - Tanaka model and these 
experimental results is presented in Fig. 13. 

In order to model the experimental data, ideally the full elec
troelastic moduli of the matrix material would be used. As these were 
not available, estimates were based on the known elastic, piezoelectric 
and dielectric properties of barium titanate, which were modified by 
scaling the eijk and κik tensors by a factor of β (e) = β (κ) = 3 to reflect the 
reported experimental value of d33 = 600 pC/N13,32. Regarding the 
stiffness Cijkl of BCZT, it is likely that it is not as high as 3 times that of 
barium titanate, as evidenced in literature relating to doped barium ti
tanates [35]. The stiffness of BCZT is expected to lie in the range of 1–1.5 
times that of barium titanate [32]. Note that introducing porosity also 
modifies the stiffness, especially at higher porosity levels, at which point 
the Mori - Tanaka model might not adequately capture the consequent 
matrix compliance [16]. Accordingly, we vary the stiffness in the range 
0.5–1.7 in order provide a reasonable fit to the experimental data. As for 
the aspect ratio c/a, we found a better fit for the experimental data with 

oblate (c/a < 1) rather than prolate (c/a > 1) inclusions. The experi
mental data [13] indicates the presence of a variety of irregular pore 
shapes in this BCZT ceramic; we show calculations for c/a = 0.1, 0.3 and 
0.5. As can be seen in Fig. 13, the agreement in the trends across all 
piezoelectric coefficients is reasonable given many uncertainties about 
the details of the porous BCZT. The general agreement with complex 
experimental data gives some confidence in the model’s ability to cap
ture trends in the behaviour of real composites. 

4. Conclusions 

A simple two-component piezocomposite comprising piezoelectric 
matrix and inclusion materials was studied, with the inclusion material 
subjected to a uniform scaling (α) or biased scaling (β) of the elec
troelastic moduli. The objective was to study the effects of property- 
contrast between constituent components on piezoelectric perfor
mance. The results of scaling on various piezoelectric coefficients and 
performance parameters were explored across a range of inclusion ge
ometries. It was found that penny shaped pores in a piezoelectric 
ceramic can produce remarkable enhancement of dhgh, by factors of 
several hundred relative to the dense ceramic. Scaling of the elec
troelastic moduli uniformly or in a biased manner does not always have 
straightforward consequences for the behaviour of the composite. Uni
form scaling of all electroelastic moduli of the inclusions benefited 
certain performance coefficients, but the piezoelectric coefficient d33 is 
almost unaffected by this scaling. Meanwhile, a biased contrast in any 
one of the elastic, piezoelectric and dielectric properties between the 
components proved detrimental to most performance parameters. 

Fig. 11. The effect of α and β scaling on dielectric tensor κ33 for varying aspect ratios, c/a, of inclusions. The inclusion volume fraction is fixed at 0.5. Dashed lines 
indicate loss of positive definiteness of the electroelastic moduli. 

Fig. 12. The effect of α and β scaling on piezoelectric coefficient g33 for varying aspect ratios, c/a, of inclusions. The inclusion volume fraction is fixed at 0.5. Dashed 
lines indicate loss of positive definiteness of the electroelastic moduli. 
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Noting that porous ceramics (represented approximately by uniform 
scaling α = 10− 2) can produce excellent performance for the transducer 
figure of merit dhgh, the present model was used for comparison with 
recent experimental results for porous BCZT ceramics, with a satisfac
tory fit to the experimental data. This illustrates the utility of property 
contrast as a concept for modelling the performance of piezoelectric 
composites. The results of this study contribute insight into piezoelectric 
composites that can provide guidance for future design of transducer 
materials. By highlighting remarkable performance improvements 
resulting from modifying a few material parameters, the study also 
points to an opportunity for more generalized optimization of piezo
electric composites. In summary, the findings of the present work are: 
(1) Uniform contrast between matrix and inclusion in a two-component 
composite show functional performance enhancements that are acces
sible, (2) The transducer figure of merit dhgh in particular shows a giant 
enhancement resulting of minimized material moduli of the inclusions, 
(3) Biased contrast between matrix and inclusion does boost some 
functional performance parameters but these are inaccessible as they 
breach thermodynamic limits and (4) The concept of property contrast 
was demonstrated to reasonably capture functional performance of a 
real world ceramic (BCZT). 
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