Essays on time-inconsistency and
revealed preference

Pawet Dziewulski
St Hilda’s College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2014






Agacie, za wszystko






Acknowledgements

I would like to thank my supervisor, John Quah, for his invaluable help
during writing this thesis. I am grateful for his advice, his support, and the
exorbitant amount of time spent on discussing, revising, and improving
my work. I would like to thank him for his encouragement and guid-
ance throughout the years which allowed to grow and become a far better

economist than I have ever expected to be.

I would like to thank Lukasz Wozny for the support and encouragement
at the early stage of my academic career. In particular, I am grateful for
a certain conversation that took place 8 years ago, which convinced me to
follow the path of scientific research. Without his guidance and the faith

put in me, I would never be where I am today.

It would not have been possible to write this doctoral thesis without the
help and support of the kind people around me. I am especially grate-
ful to Lukasz Balbus, Alan Beggs, Dan Beary, Vince Crawford, Francis
Dennig, Glenn Harrison, Pawet Gola, Faruk Gul, Jakub Growiec, Jean-
Jacques Herings, Claudia Herresthal, Max Kwiek, Yusufcan Masatlioglu,
Meg Meyer, Sujoy Mukerji, Drazen Prelec, Krzysztof Pytka, Collin Ray-
mond, Kevin Reffett, Kota Saito, Koji Shirai, Bruno Strulovici, Tomasz
Strzalecki, and Bassel Tarbush for many insightful comments and sugges-

tions at various stages of my research.

Finally, I would like to thank my family for their support and encourage-
ment in all my pursuits. Foremost, I am thankful to my wife, Agata, my

muse, my rock, my love.






Abstract

This thesis concerns three important issues related to the problem of time-

inconsistency in decision-making and revealed preference analysis.

The first chapter focuses on the welfare properties of equilibria in exchange
economies with time-dependent preferences. We reintroduce the notion of
time-consistent overall Pareto efficiency proposed by Herings and Rohde
(2006) and show that, whenever the agents are sophisticated, any equi-
librium allocation is efficient in this sense. Thereby, we present a version
of the First Fundamental Welfare Theorem for this class of economies.
Moreover, we present a social welfare function with maximisers that co-
incide with the efficient allocations and prove that every equilibrium can

be represented by a solution to the social welfare optimisation problem.

In the second chapter we concentrate on the observable implications of
various models of time-preference. We consider a framework in which
subjects are asked to choose between pairs consisting of a monetary pay-
ment and a time-delay at which the payment is delivered. Given a finite
set of observations, we are interested under what conditions the choices of
an individual agent can be rationalised by a discounted utility function.
We develop an axiomatic characterisation of time-preference with various
forms of discounting, including weakly present-biased, quasi-hyperbolic,
and exponential, and determine the testable restrictions for each specifi-
cation. Moreover, we discuss possible identification issues that may arise

in this class of tests.

Finally, in the third chapter, we discuss the testable restrictions for pro-
duction technologies that exhibit complementarities. Suppose that we
observe a finite number of choices of input factors made by a single firm,

as well as the prices at which they were acquired. Under what conditions
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imposed on the set of observations is it possible to justify the decisions of
the firm by profit-maximisation with production complementarities? In
this chapter, we develop an axiomatic characterisation of such behaviour
and provide an easy-to-apply test for the hypothesis which can be em-

ployed in an empirical analysis.
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Preface

The questions we consider in this thesis lie in the intersection of general equilib-
rium theory, behavioural economics, and revealed preference analysis. Our discussion
evolves around three main topics.

First of all, we are interested in the welfare properties of economies with time-
dependent preferences. Suppose that, each period, every consumer is represented by
a different self, whose preferences are defined over sequences of consumption bundles
from the current period till the end of time. If a credible commitment device is
not available, the current self needs to take into account the behaviour of his future
incarnations while choosing his lifetime consumption, since any plan determined in the
current period may be revised by one of his future selves. In this thesis, we determine
properties of allocations that arise from trade between consumers characterised in
the above manner. In particular, we are interested whether equilibrium outcomes are
efficient in any sense, and how the dynamic structure of trade influences the final
distribution of consumption.

Time-inconsistency of preferences plays a fundamental role in some of the major
economic issues, including the problem of sustainable growth, the efficient use of
depletable resources, or the question of optimal pension schemes. Understanding how
present-bias and preference for immediate gratification affect decisions of individual
agents as well as the aggregate behaviour of the economy is crucial for developing a
sound economic policy that would address the issues mentioned above.

In the first chapter of the thesis we concentrate on the general properties of al-
locations that arise in this class of economies. We re-introduce the notion of time-
consistent overall Pareto efficiency, defined by Herings and Rohde (2006), according
to which an allocation is efficient if, at any time ¢, there exists no other feasible allo-

cation which improves upon the original one with respect to the preferences of all the
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current and future selves from period ¢ onwards. The definition takes into account
two important factors. First of all, it requires that the allocation is Pareto efficient
with respect to all the agents and all their different selves. Second of all, it imposes
a form of time-consistency on the efficient allocations. This is to say that, as the
time progresses and the initial selves are gradually excluded from the economy, the
remaining incarnations cannot benefit from altering the efficient allocation.

The main result of the chapter shows that any general equilibrium allocation is
efficient in the above sense. Hence, we present a version of the First Fundamental
Welfare Theorem for economies with time-dependent preferences. The result is strik-
ing, as it shows that time-inconsistency of preferences is not a source of inefficiency
as long as we are concerned with the welfare of all agents and their different selves.
That is, any alteration of an equilibrium allocation negatively affects the well-being of
at least some incarnations of some consumers. Therefore, any economic policy should
be designed taking into account the full extent to which it affects the welfare of the
agents, as there is no clear Pareto improvement which could make all the consumers
and all their different selves better off.

In the second chapter of the thesis we remain in the area of inter-temporal de-
cision making and time-dependent preferences, however, we focus on the individual
behaviour of agents, rather than market outcomes. In this part of our discussion we
focus on the testable restrictions for various models of inter-temporal choice. We are
interested in conditions imposed on sets of observations that allow us to justify the
observable choices of individual agents with a certain type of time-preference under
the utility-maximisation hypothesis. Our main interest is focused on the class of
discounted utility models with various specifications of the discounting function.

The discounted utility model plays a crucial role throughout the economic analysis
and is widely accepted as a valid normative standard for public policies, as well as
a descriptively accurate representation of the actual behaviour of economic agents.
However, in the recent years an important question was raised concerning the form
of the discounting function that reflects the actual time-preferences of consumers. In
particular, alternative specifications of hyperbolic and quasi-hyperbolic discounting
were proposed, which could explain various observations anomalous in the model of

exponential discounting utility, formerly dominant in economics. In order to under-
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stand the actual behaviour of economic agents, we find it crucial to determine what
are the observable implications of the above models and how can we differentiate
between the various specifications of discounting, given a finite set of observations.

In our analysis we consider a framework in which agents are allowed to choose
between pairs that consist of a monetary payment and a time-delay at which the
payment is delivered. In each trial of the experiment an agent is offered a finite set
of options from which he is allowed to choose a single element. Therefore, each ob-
servation consists of a set of feasible options from which the agent could choose and
the choice made by the subject. Given that the observer is allowed to monitor only
a finite number of repetitions of the experiment, we provide an axiomatic charac-
terisation of various specifications of time-preference. In particular, we establish the
verifiable implications of the separable, discounted utility model and present a simple
test that can be applied to the real-life data.

Our analysis builds a bridge between the decision-theoretical approach to con-
sumer choice, which characterises different forms of behaviour, and the experimental
work, that elicits the tastes of agents from a finite list of observable choices. Our main
objective is to fill the gap between these two areas of economic research. We provide
an intuitive consistency condition that has to be satisfied by observable choices made
by agents who are endowed with a certain type of time-preference. At the same time
the condition allows us to construct an easy-to-apply test to verify or refute the model
of inter-temporal decision making on the data set.

Our framework is especially relevant for empirical applications. There are numer-
ous examples of experiments performed in the literature in which subjects were asked
to choose between monetary payments delivered with various time-delays. Therefore,
our analysis can be directly applied to observations from the experiments performed
in the literature, in order to empirically determine the form of time-preference that
is most likely to describe the behaviour of economic agents.

In the final part of the thesis, co-authored with John K.-H. Quah, we move away
from questions related to time-preference and consumer choice in order to focus on
the behaviour of firms and the testable implications for production with complemen-
tarities. Given a finite number of observations of input factors and prices at which

they were acquired, we determine conditions imposed on the set of observations under
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which we can rationalise the decisions of the firm by the profit-maximising behaviour
with production complementarities. We refer to the notion of complementarity intro-
duced by Edgeworth, according to which two inputs are complements whenever an
increase of one of the factors increases the marginal returns from the other one.

The importance of complementarities for modern manufacturing follows from the
fundamental shift from mass production to a new pattern of manufacturing based on
flexibility and economies of scope, that took place in the final decades of the twentieth
century. This new paradigm relies on a system-wide and coordinated approach to
production, where the “fit” of various attributes of technology plays a fundamental
role. At the same time, the mathematical representation of complementarity in terms
of supermodular functions, and the one of lattice programming techniques generally,
provides a way of formalising the intuitive ideas of synergy and system effects and
allows for a rigorous analysis of their implications. Given the importance of the notion
of complementarity and its mathematical formalisation, it is crucial to determine
whether the hypothesis provides any observable restrictions that could be tested.

The main purpose of our analysis is to provide an axiomatic characterisation of
the profit-maximising behaviour with production complementarities. Additionally, we
present an easy-to-apply test which allows us either to confirm or refute the hypothesis
on data sets.

We consider our thesis to be aimed at a wide audience. On one hand, we answer
significant theoretical questions regarding the welfare properties of general equilibrium
economies, an axiomatic characterisation of consumer behaviour, and the fundamen-
tal features of technologies with complementarities. On the other hand, we discuss
important issues related to the testable implications of the hypotheses in question
and provide methods which would allow for their empirical verification. Furthermore,
we consider topics that are related to various areas of economic research, includ-
ing general equilibrium theory, macroeconomics, welfare economics, decision theory,
behavioural economics, theory of the firm, revealed preference analysis, and experi-
mental economics. Therefore, we hope that the work presented on the following pages

will find a deep interest of different types of readers.
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Chapter 1

Efficiency and representation of
competitive equilibria in economies
with time-dependent preferences

1.1 Introduction

Consider an exchange economy consisting of consumers endowed with time-dependent
preferences. As in Strotz (1955), each period an agent is represented by a different self
whose preferences are defined over sequences of consumption bundles from the current
period till the end of time. Since tastes may differ across dates in an unrestricted
manner, each consumer is characterised by a sequence of preference relations of all his
subsequent selves. If a credible commitment device is not available, each period the
current self needs to take into account the behaviour of his future incarnations while
choosing his consumption, since any plan determined in the current period may be
revised by one of his future selves. Assuming that agents are sophisticated, that is,
they can correctly predict changes in the preferences of their subsequent incarnations,
the demand is determined by a subgame perfect Nash equilibrium path of the game
between different selves of an individual consumer.?

Suppose that we allow the agents to trade. Every period the current selves may
exchange their rights to consumption inherited from the preceding period for a dif-
ferent consumption plan which is affordable, given the current prices. In this chapter
we characterise the welfare properties of equilibrium allocations arising in this class

of economies. We describe a notion of efficiency and present conditions under which

1Our use of the term sophisticated follows, e.g., Pollak (1968).
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every equilibrium allocation is efficient in the sense defined. Moreover, we construct
a social welfare function with maximisers that coincide with the efficient allocations.
The two results allow us to present a method of representing equilibria by a solution
to a social planner’s optimisation problem.

In our work we reintroduce the notion of time-consistent overall Pareto efficiency
proposed by Herings and Rohde (2006, Definition 27). According to the definition,
an allocation path is efficient if, at any time ¢, there exists no other feasible allocation
path which improves upon the initial one with respect to the preferences of all the
current and future selves following period ¢. In the first main result of this chapter we
show that any competitive equilibrium allocation is efficient in this sense. Therefore,
we present a version of the First Fundamental Welfare Theorem for economies with
time-variant preferences.

Our thesis concentrates on economies with a complete market structure. Each
period the current selves may freely exchange their goods and rights to future con-
sumption on the spot and futures markets respectively, as long as their budget con-
straints are satisfied. Moreover, given that the agents are sophisticated, we expect
that, in equilibrium, the chosen consumption streams are time-consistent, i.e., they
coincide with a subgame perfect Nash equilibrium path of play of the game between
different selves of every agent. In particular, our market structure allows the agents
to transfer their wealth across periods strategically and enables a sophisticated inter-
action between the subsequent incarnations of the consumers. Our class of economies
differs from those specified by Luttmer and Mariotti (2003, 2007) or Herings and
Rohde (2008). However, as we argue in the main body of this chapter, this does
not affect the generality of our result, since all the above concepts are allocationally
equivalent. This allows us to apply our main efficiency result to various specifications
of competitive equilibrium.

Our result is related to the one obtained by Herings and Rohde (2006, Theorem
30). In this paper the authors discuss a class of exchange economies with incomplete
markets and show that, in their framework, any equilibrium allocation path is time-
consistently overall Pareto efficient. In this specification of the market, the agents
are not allowed to transfer their wealth across time; rather, each period t, every

agent is restricted to consuming only those bundles whose value does not exceed the
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value of his initial endowment of goods in that period. This removes the agent’s
ability to save or borrow, and rules out an important channel of strategic interaction
between different selves of the agent, which could affect the welfare properties of the
equilibrium outcomes.

This chapter also refers to a different strand of literature which focuses on condi-
tions under which equilibrium allocations are efficient with respect to the preferences
of consumers in the initial period only. We will say that such allocations are date-
1 Pareto efficient.? For example, Laibson (1997) has shown that once agents have
access to illiquid financial instruments, they are able to commit their future incar-
nations to a plan which is optimal with respect to the individual preferences of the
initial selves. Moreover, once we allow the agents to trade in this framework, the
resulting equilibrium allocations are efficient in the above sense.

Interestingly, in some special cases, even when individual agents are unable to
commit, equilibrium allocations can be date-1 Pareto efficient. This property was
first observed by Barro (1999) for production economies with consumers endowed
with time-separable, logarithmic preferences, and hyperbolic discounting. The result
is surprising, since it implies that even though the initial incarnations cannot commit
to their optimal consumption plans, there exists no other feasible allocation which
could strictly improve upon the equilibrium outcome with respect to their preferences.
Unfortunately, such equilibria are non-generic. As shown by Luttmer and Mariotti
(2007, Proposition 3), once preferences are not homothetic, the set of equilibria and
the set of allocations that are date-1 Pareto efficient intersect only at isolated points.?
Their negative result indicates, that this form of efficiency is rare in the discussed
class of models. On the other hand, our analysis presents a general welfare property
of equilibrium allocations in economies with time-dependent preferences. Therefore,
our positive result completes the characterisation of equilibrium outcomes.

It is worth pointing out that time-consistent overall Pareto efficiency is a weaker

concept than the so called renegotiation proofness introduced by Luttmer and Mariotti

20ur use of this term follows Luttmer and Mariotti (2007, Definition 1(i)). On the other hand,
Herings and Rohde (2006, Definition 10) simply call such allocations Pareto efficient. It is worth
pointing out that date-1 Pareto efficiency and time-consistent overall Pareto efficiency are not com-
parable, since the latter notion is generally inefficient with respect to the initial selves only.

3In fact, Luttmer and Mariotti (2007) show that the statement is true whenever the preferences
of agents are nowhere locally homothetic.
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(2007, Definition 1(ii)). Using our terminology, an allocation path is renegotiation
proof if it is time-consistently overall Pareto efficient, and there exists no other time-
consistently overall Pareto efficient allocation path which dominates the initial one
with respect to preferences of the initial selves only. However, as we show in Section
1.3.2, the opposite implication does not hold, as the concept of renegotiation proofness
is more demanding than time-consistent overall Pareto efficiency.

What is interesting, is that in some cases the three notions of efficiency, i.e.,
time-consistent overall Pareto efficiency, date-1 Pareto efficiency, and renegotiation
proofness, coincide. We discuss one such prominent example in Section 1.5.4.

In the second part of the chapter we present conditions under which every time-
consistently overall Pareto efficient allocation can be represented by a solution to a
social welfare maximisation problem. The result refers to the characterization of com-
petitive equilibria presented by Negishi (1960), who has shown that every equilibrium
can be represented as a solution to a weighted social welfare maximisation problem.
We extend this idea to exchange economies with time-dependent preferences, and
introduce a notion of recursive social welfare obtained via a multi-stage optimisa-
tion problem. At each stage the social planner maximises a weighted social welfare
function of the current selves, subject to him choosing amongst allocations that solve
an analogous social welfare problem in all the subsequent periods. Therefore, since
the choices of the social planner are determined in a similar manner to the one of
the individual agents, the economy admits a form of a sophisticated representative
consumer with time-dependent preferences.

The approach presented by Negishi has found a wide application to welfare eco-
nomics, general equilibrium, as well as macroeconomics. For this reason, we believe
that extending the idea to economies with time-dependent preferences will be useful
for more applied studies of this class of economies.

The remainder of this chapter is organised as follows. In Section 1.2 we introduce
our framework and the necessary notation. Then, in Section 1.3, we present the
notion of time-consistent overall Pareto efficiency and compare it to the alternative
concepts discussed in the literature. We state our main efficiency result in Section

1.4. Finally, Section 1.5 concerns representation of time-consistently overall Pareto
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efficient allocations by a solution to the recursive social welfare maximisation problem.

The auxiliary results are introduced in Appendix A at the end of the thesis.

1.2 Economy with time-dependent preferences

Consider a dynamic exchange economy with a finite time-horizon 7. With a slight
abuse of the notation, by T" we shall also denote the set of time indices, i.e., we let
T:={1,2,...,T}. Moreover, we assume that the economy consists of a finite number
of consumers ¢ € [.

Let X; = RY, where t € T, be a positive orthant of a n;-dimensional Euclidean
space. We shall refer to X; as to the period t commodity space. Hence, n; is the number
of consumable goods at time ¢t. Denote an arbitrary bundle of period ¢t commodities
of consumer ¢ € I by z} € X;.

Due to the dynamic nature of the economy, we find it convenient to consider paths
of consumption. Let X, = xI_, X, be a set of consumption paths from time ¢ to the
final period T. Therefore, an element i € X, is a sequence of bundles & := (2¢)7_,,
where 7! € X, for all s. We shall refer to ! € X, as to a consumption path of
consumer i from period ¢ onwards. In particular, #% denotes a complete consumption
path of consumer i from the initial time 1 till the final period T. Moreover, by
definition, for any ¢ € T' and s > ¢, we have @] = (z}, &, ,) = (z},..., 2t _,1%).

Following Strotz (1955), we characterise every agent i € I by a sequence of pref-
erence relations {=!};cr. We shall refer to =! defined over X, as to a preference
relation of period t self of agent i.* For any s > ¢, we allow for preference relations
=i and = to differ over X,. That is, we admit the case in which for some #, j! € X,
and & = (zf,...,2'_,, &) € X, we have (i, ... 2t | 2) =¢ (zf,.. . 2t | §) and
gt = 2, which would suggest a preference reversal. In fact, the change of prefer-
ences between periods is the source of time-inconsistency in our analysis. Moreover,
we assume that preferences of period ¢ selves are not directly affected nor depend on
the consumption in the preceding periods.® Finally, we denote the anti-symmetric
and symmetric elements of =! in the standard fashion by =% and ~¢, for all t € T'. In

order to make our presentation more transparent, we discuss the following example.

4Formally, we say that =!C X; x X,.
5This condition is equivalent to strong independence of past consumption introduced by Herings
and Rohde (2006, Definition 24).
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Example 1.1 (Quasi-hyperbolic discounting). Let v® : R’} — R denote an instanta-
neous utility function of agent ¢ € I, and §%, 4% in [0, 1) be respectively his long-term
and present-bias discount factor. Let X, := R, for all t € T". Hence, X, = RK(T_HI).

Utility of period ¢ self of consumer i is evaluated by function u : X, > R:

T
up(2}) =o' (2) + ' Y (8 ().
s=t+1
Therefore, whenever we define preferences {=i};cr such that, for all t € T" and any

two &i, i € X, we have
@ =ty if and only if  wl(Z)) > ul(g)),

time-separable preferences with quasi-hyperbolic discounting are embedded in our

framework. Note that in this case, for any s > t, we have

i (i (i R 11311 ifsii_
up(zy) = vz +o0 Y ()N (E) 4+ AN [+ Y (07)F (e
k=t+1 L k=s+1 i

and

() = Py by S () i(ad)

k=s+1

1
Usg

which implies that, as long as the present-bias discount factor % is different from
1, period t and period s selves of agent i evaluate consumption paths starting from

period s differently. Hence, the preferences of the two incarnations differ over X,
Throughout this chapter we impose the following assumption.

Assumption 1. For alli € I and t € T, preference relation = is
(i) reflexive, complete, and transitive;
(ii) locally non-satiated on X, i.e., for all 3% = (xi, 2%, ,) € X, :== X;x X;41 and any
e > 0, there exists some y; € Xy such that ||} — yil|x, < e and (y;, &i,,) =} &},

where || - || x, is a norm on X;.5

With a slight abuse of the notation, we denote the cardinality of the set of con-

sumers by I. A period t allocation is a vector z; € X[, where z; := (zi);c;. In

60bserve that local pon—satiation of ti on X; is a stronger condition than local non-satiation
over the whole domain X;. Clearly the former implies the latter, but the opposite implication does
not hold.
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addition, an allocation path from time ¢ onwards will be denoted by z; € Xt[ , where
%y := (2))ier. Therefore, & is a complete allocation path from the initial period 1
till the final date 7. Moreover, as in the case of consumption bundles of individual

agents, for any ¢t € T and s > ¢, we have &, = (x4, Ty1) = (24, ..., Ts 1, Ts).

1.2.1 Market structure and equilibrium

Consider the following structure of the trade in the economy. At the beginning of
every period ¢t € T, each agent inherits a vector a! € X, of rights to consumption
bundles from that period onwards. The current selves are allowed to trade on two
types of markets: spot markets, where they trade the current period ¢ consumption
goods, and futures markets, where consumers may exchange their claims to future
commodities. Therefore, given the current prices, the agents may sell their bequest
and spend the acquired wealth on a new bundle of consumption goods and rights to
future consumption.

Throughout this chapter we assume that prices of rights to consumption goods
in a given period do not depend on the time at which they are acquired. That
is, for any two periods s and s’ preceding time ¢, the prices of claims to period ¢
consumption traded at time s and s’ are equal to the spot market prices of goods
at time ¢. Even though the assumption seems to be restrictive, we argue in the
following section that it can be imposed without loss of generality. We denote prices
of period ¢ consumption goods by p; € R'}*,. In order to make our notation compact,
we shall denote P, := R, . A path of prices of commodities consumable from period
t onwards is denoted by p, = (p,)_, € P,, where P, := xT_,P,. By construction, we
have p;, = (pi, Pev1) = (P, - -, Ps—1,Ps), for any ¢t and s > ¢. In particular, p; € P,
denotes a sequence of prices of all goods consumable between periods 1 and T

We construct the optimisation problem of time ¢ self of agent i as follows. At
the beginning of the final period T, the agent inherits the rights to consumption a’.
acquired at time T'— 1. The claims can be exchanged on the spot market for a bundle
of the current consumption goods. The disposable wealth of period T self is equal to
the value of the inherited rights to consumption pr - a%, and so time T budget set is

defined by values of correspondence By : Pr x X = X7,

Br(pr,ay) = {wy € Xr: pr-ap < pr-ag}.
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Since there is no consumption taking place beyond time T, there are no futures
markets in the ultimate period. Therefore, the set of choices of period T self is
equivalent to the set of the greatest elements of Br(pr,al) with respect to =%.7

Hence, the demand is governed by values of correspondence V. : Pp x Xp = X,
Vi(pr,ay) = {a% € Br(pr.ay) : a7 =y yp forall vy € Br(pr,ay)}.

Given a path of prices from time T'—1 onwards, pr_1, the total wealth of consumer
i in the penultimate period is equal to the value of his endowment a’._, inherited from
his former self, i.e., pr_; - a;»_,. Hence, the budget set of agent 4 is determined by

values of correspondence Br_ : ]-:’T,l X X'T,l = XT,l,
BT—l(ﬁT—l, &l:r—1) = {(-l"%r_p azf) € Xp_1:pr—1-xp_ +pr-ap < proq- dz:r_l} .

In this chapter we analyse economies where sophisticated agents are endowed with
time-dependent preferences and have no commitment technology. Hence, while de-
termining their consumption paths, consumers can correctly predict preferences and
choices of their future incarnations, but cannot commit to any consumption plan.
This implies, that while acquiring (z%._,, a%), the agents take into account that the
actual consumption taking place at time 7' must belong to Vi(pr,ak). This is to
say, that since period T self is not committed to any plan, he will choose the most
preferable bundle from his budget set given the inherited vector of consumption rights
a’.. Therefore, the problem of the consumer in the preceding period T'— 1 is to max-
imise his current preferences over the set of affordable, time-consistent consumption
paths, i.e., vectors 2% | = (% |, k) in Br_1(pr_1,ar_1) such that =% € Vi(pr, 25).
The set of all such consumption paths is determined by values of correspondence

Fi_,: ProaxXp 33 XT&:
Fp oy (prov,ayp_y) = {(@%_y, &%) € Br_a(pr-1, i) : 2 € Vi(pr, 27) } .

The elements of Fi(pr,ak) are time-consistent in the sense, that once period
T — 1 self acquires a’, = x% rights to period T' commodities, in the following period

the current self has no incentive to re-trade the inherited consumption rights. Hence,

"For a binary relation = defined over some set X, we consider = to be a greatest element of X
with respect to >, or simply a =-greatest element of X, if x € X and for all y in X, we have = > y.
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the consumption plan determined in period 7'—1 will actually be implemented at time

T. This allows to define the demand correspondence Vfl_l : ]f’T_l X XT_l = XT_l,

Vi (Pro1, @) = {iff—1 € By (pr—1, ;) :

~0

Ty =y Yoy forall gy, € Fr_ i (pr-1, &ZT—I)} )

with values that determine the set of optimal, time-consistent choices of agent i.

By backward induction, it is possible to determine the set of all affordable and
time-consistent consumption paths at any period ¢ € T. At the beginning of time
t, every consumer is in possession of a vector of rights to consumption a = (a%)7_,,
where a € X, which was inherited from the preceding period ¢t — 1. The budget set

is then determined by values of correspondence B; : Jf’t X Xt = Xt, where
By(py, i) = {xt e Xy p i<y ai} .

Hence, the set of affordable and time-consistent consumption paths is given by the

values of correspondence Fti : Pt X Xt = Xt,
F{(pr,ay) == {(‘riv‘%iJrl) € By(py, ) : iiﬂ < V;til(ﬁtﬂyfiﬂ)}a

where Vi, (Pr+1, Z4,1) is the set of optimal, time-consistent choices of the following,
period t + 1 self. Being consistent with our recursive structure, the set is determined

by values of correspondence V' : b x X, =X,
Vi (B @) := {&; € F{(py, ;) &y = g for all gy € F (P, ay) } -

Correspondences F} and V;' are constructed in the following way. Given time
t € T, a path of prices p;, and a sequence of rights to consumption from time ¢
onwards, a¢, we determine the set of all affordable consumption paths from period ¢ on,
denoted by By(py, a;). Every element & = (x},#,,,) of the set consists of the current
consumption bundle % and a sequence of consumption rights/bundles following period
t, 2. ,. In order to make sure that &} € F}(p;, a;), we need to guarantee that &7, is a
solution to the optimisation problem of the subsequent incarnation of agent i, given
that he inherits #}, ;. Only then the future self has no incentive to choose a different
consumption path when time ¢ + 1 arrives. In other words, as long as @, belongs

to V'oy (Prs1, &4, 1), period ¢ + 1 agent cannot strictly benefit from re-trading .
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Finally, set V/(p;, at) consists of =!-greatest elements of F¥(py,al). Hence, it contains
the most preferable, affordable, and time-consistent consumption bundles from the
perspective of period t self.®

We assume that in the initial period ¢ = 1 the vector of rights to consumption a¢
from that period onwards is equivalent to the initial endowment (e!);er of agent 4,

where e} € X} is a claim to commodities consumable at time ¢. Hence, a} = (e!);er.

Definition 1. A complete competitive equilibrium is a pair of an allocation path 7

and prices py such that

(i) every self of every agent chooses an optimal, time-consistent consumption plan,
i.e., for allt € T and i € I, we have T} € Vi (pr, 21%);

(i) markets clear, i.e., for allt € T, we have Y, xi' =Y, €l

In the following section we discuss in detail our definition of equilibrium, and

compare it to other concepts presented in the literature.

1.2.2 Comments on the notion of equilibrium

Our analysis concentrates on a complete market structure similar to the one discussed
in Herings and Rohde (2008, Definition 5.2). Each period ¢, the spot and futures
markets are opened, which allows the current selves to trade all the commodities
available at time ¢ or at any future date. In particular, this enables the agents
to revise their consumption plans according to their current preferences. Since the
agents are sophisticated and take into account the choices of their future incarnations,
we require that in equilibrium the consumers formulate time-consistent plans which
are carried out by the following selves. Moreover, we assume that the agents can
correctly predict both the prices quoted on all the future commodity markets, as well
as the endowments that will be delivered at any date t € T'.

There are two substantial variations which make our definition different from the
equilibrium specification of Herings and Rohde (2008). First of all, we assume that
prices p; of claims to period ¢ consumption are independent of the time at which

they are traded. In other words, for any two periods s and s’ preceding time ¢,

8This specification is equivalent to the one introduced by Strotz (1955). However, it is a different
formulation from the one investigated by Harris and Laibson (2001), or more recently by Balbus,
Reffett, and Wozny (2014) in the infinite dimensional framework.
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prices of claims to period ¢ consumption traded at time s and s’ are equal to p;.
Hence, we assume that the ratios of prices on all the markets remain unchanged as
the time progresses. Moreover, we require that all the prices can be expressed with
respect to a single numeraire, i.e., a single good in one specific period. Therefore, the
assumption suggests that the prices are determined only once at the initial date and
remain unchanged till the end of time. This makes our concept of general equilibrium
closely related to the notion of Arrow-Debreu competitive equilibrium.

Second of all, we require that in equilibrium, at any time ¢t € T, the vector of rights
to consumption inherited by the current self from the preceding period, is equal to
the actual consumption path zj. Clearly, this requirement implies that there is no
trade taking place beyond the initial period, as none of the agents has an incentive
to alter the inherited claims. Hence, even though the markets reopen every period,
there is no exchange between agents past date ¢t = 1.

Surprisingly, even though the two assumptions seem to be restrictive, whenever
Assumption 1 is satisfied,” we may impose them without any loss of generality. This is
to say, that our definition of complete competitive equilibrium presented in Definition
1 is allocationally equivalent to the sophisticated complete equilibrium introduced
by Herings and Rohde (2008, Definition 5.2), in which no conditions are imposed
on the variation of prices and portfolios of assets. This observation is implied by
Theorem 5.3 of the same paper, in which the authors state that even if we allow for
the spot and futures market prices of commodities to vary in an unrestricted manner,
in a sophisticated complete equilibrium their ratios have to be equal. Therefore, the
equilibrium requires that the future market prices to consumption at time ¢, quoted at
any time s, are equal to the time ¢ spot market prices (up to a constant). The result is
driven by the arbitrage opportunities that are created whenever the above condition
is violated. In particular, this implies that we can always normalise the prices with
respect to one common numeraire, without affecting the equilibrium allocation. This
makes our assumption superfluous as long as our interest is concentrated on the final
allocation of consumption goods.

Given the above observation, our second assumption can also be imposed without

affecting the set of equilibrium allocations. Clearly, as the equilibrium spot and fu-

9Note that under Assumption 1 our framework satisfies the definition of a locally non-satiated
economy analysed by Herings and Rohde (2008).
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tures market prices remain unchanged as the time progresses, the value of the assets
inherited at time ¢ has to be equal to the path of consumption goods from that period
onwards, for any ¢t € T. Otherwise, under local non-satiation of preferences, there
would exists at least one self of a consumer who could benefit from altering the equi-
librium consumption plan. However, this would violate the definition of equilibrium.
Therefore, even though our specification of complete competitive equilibrium seems
to be restrictive, the outcomes in our framework coincide with the ones implied by
the setting introduced by Herings and Rohde (2008).

Interestingly, our main result can be directly extended to models with the sequen-
tially complete market structure, in which the consumers are only allowed to trade
on the current spot market and one-period ahead contingent commodities. Therefore,
the poorer asset structure does not affect the welfare properties of equilibrium alloca-
tions. This is true due to Herings and Rohde (2008, Theorem 5.10), who show that the
notion of sophisticated complete equilibrium discussed above is allocationally equiv-
alent to the sophisticated sequentially complete equilibrium (see Herings and Rohde,
2008, Definition 4.2). Therefore, by the argument presented above, this notion also
has to coincide with the one presented in Definition 1. Since our main result refers
only to the final distribution of consumption goods, we need not be concerned with
the process leading to it.

Regarding the framework of Herings and Rohde (2006, Definition 11), our economy
differs in one important aspect. Herings and Rohde characterise the optimisation
problem of consumers in a way which does not allow them to spend on the current
period t consumption more than the value of their initial endowment of period ¢
goods. In other words, in every period ¢, the budget set of agent i consists only
of these consumption paths #¢ = (2%)L_, for which p, - ¢ < p, - €i, for all s. This
condition rules out the possibility of transferring wealth across periods strategically,
which is the essence of the model discussed in our approach. Since the structure of
the economy differs substantially, the equilibrium allocations need not coincide.

Finally, we focus solely on the welfare properties of equilibrium allocations and
do not discuss existence issues. Nevertheless, sufficient conditions for equilibrium

existence can be found in Luttmer and Mariotti (2003, 2006).
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1.3 Efficiency and time-dependent preferences

In the following section we reintroduce the definition of time-consistent overall Pareto
efficiency proposed by Herings and Rohde (2008, Definition 27). Then, we com-
pare this concept to other notions of efficiency discussed in the literature concerning

economies with time-dependent preferences.

1.3.1 Time-consistent overall Pareto efficiency

We say that period t allocation z; 1= (xf)ier € X is feasible if }7,c; 2 < 37, €.

An allocation path &, := (z,)L_, € X! is feasible if, for every s > ¢, allocation z, is
feasible. Denote the set of feasible allocation paths z; by E;. First, we define the

notion of post-t efficiency, which shall become useful in the remainder of this section.

Definition 2 (Post-t efficiency). A feasible allocation path &1 is post-t efficient, for
somet € T, if there exists no other feasible allocation path 1, such that, for alli € I

% A1

and s > t, we have §' =% &L, and §. =% &L, for some i € I and some s > t.

A feasible allocation path z; is post-t efficient if there exists no other feasible
allocation path which can improve upon z; with respect to the preferences of all the
agents and their different selves from period ¢ onwards. Building up on the previous

definition, we present the notion of efficiency which is central to this part of the thesis.

Definition 3 (Time-consistent overall Pareto efficiency). A feasible allocation path

1s time-consistently overall Pareto efficient if it is post-t efficient for allt € T.

The main idea behind the above definition of efficiency refers to a form of time-
consistency of optimal allocations. Consider a path z; which is post-1 efficient but not
time-consistently overall Pareto efficient. This implies that there is no other feasible
allocation path which makes all the selves of all agents weakly better off, and at least
some of them (i.e., at least one self of one agent) strictly better off.

Assume that period 1 has passed and consumers find themselves in period 2. Since
period 1 selves are no longer present in the economy, the remaining selves following
date 1 might be willing to alter the allocation of consumption in the remaining periods.
As period 1 preferences are no longer taken into consideration, there might exist a

distribution of goods which improves upon the previously determined allocation from
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the perspective of the remaining selves. The idea of time-consistent overall Pareto
efficiency is to exclude such cases by imposing an additional condition, according to
which the path of allocations is also post-2 efficient. Therefore, there exists no other
feasible allocation path which can improve upon the original allocation with respect
to preferences of the remaining selves: {=%};c; s>2. This way, even though period 1
selves are no longer present in the economy, the remaining incarnations are not willing
to change the previously determined distribution of goods.

Clearly, once time t = 2 has passed, the remaining selves from period 3 onwards
face the very same problem of time-consistency of the efficient allocation. Once again,
the above notion of efficiency excludes the issue, by requiring that the allocation is
jointly post-3 efficient, etc. This way, regardless of the progress of time, the remaining
selves can never improve upon the time-consistently overall Pareto efficient allocation.

One can also interpret time-consistent overall Pareto efficiency from the point of
view of the final period. Assume that allocation path &1 = (x, z9, ..., z7) is efficient
in the above sense. In particular, this means that it is post-T efficient. Hence, xr is

Pareto efficient with respect to preferences {=%};c;. Let
Ry(zr) := {yr € X} : yr is feasible and v} ~ 2/, for all i € I}

be the set of all period T feasible allocations which are Pareto equivalent to x7 with
respect to {=%}ic;. Recall that time-consistent overall Pareto efficiency implies that
#7 1is also post-(T —1) efficient. Hence, there exists no other feasible 71 = (yr—_1, yr)
such that yp € Rp(zr) and g5, =5 | @b |, for all i € I, while g8 | =5 | @b |,
for some i. Otherwise, it would be possible to choose a consumption path which is
Pareto equivalent to the original allocation for date T selves, but is Pareto preferred
by period T' — 1 incarnations.

Using the recursive structure of the efficient allocation, we know that an analogue

property is satisfied in each period. Hence, given
Ri(2y) := {Qt e X[ : g is feasible and ¢ ~! i, for alli € I and s > t} :

while determining whether the allocation path &1 = (21,22 ..., ;) is time-consistently
overall Pareto efficient, we need to make sure that, each period ¢, there exists no other

feasible sub-path ¢, = (y, 4+1) such that g,41 € Ryy1(Ze41), and g, is strictly Pareto
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preferred to Z; by period t selves. Once again, this captures our understanding of

time-consistency of efficient allocations.

1.3.2 Alternative notions of efficiency

The existing discussion on welfare properties of economies with time-dependent pref-
erences concentrates around two main concepts of efficiency, namely date-t Pareto
efficiency (in particular, date-1 Pareto efficiency) and renegotiation proofness. In
general, the two notions do not coincide with the one specified in Definition 3. In the
following section we discuss in detail the main differences between the three concepts.

First, we formally reintroduce the two alternative notions of efficiency.!?

Definition 4. (i) A feasible allocation path % is date-t Pareto efficient, for some

)

t € T, if there exists no other feasible allocation path 1, such that §i =% %, for

alli € I, and §; +} Z} for some i.'!

(ii) Let R be the set of all feasible, time-consistently overall Pareto efficient alloca-
tion paths. Allocation path T, € R is renegotiation proof if there exists no other

U1 € R such that g =% &%, for alli € I, and ¢} > &' for some i.

The concept of date-t Pareto efficiency is not comparable to time-consistent overall
Pareto efficiency. First of all, since the latter notion takes into account the preferences
of all the different selves of all agents, in general it is possible to improve the welfare
of period t incarnations once the remaining selves are not taken into consideration.
Hence, time-consistent overall Pareto efficiency does not imply date-t Pareto efficiency.

To see that the opposite implication also fails to hold, suppose that allocation
path 7 is date-t Pareto efficient. There are two possible ways in which the allocation
path may violate the definition of time-consistent overall Pareto efficiency. First of
all, there might exist some other feasible allocation y; which is Pareto equivalent to
21 with respect to period t selves, i.e., §i ~i 2¢ for all i € I, but strictly improves

the welfare of the remaining incarnations, i.e., §¢ =% &%, for all i € I and s # ¢, and

10Renegotiation proofness was defined by Luttmer and Mariotti (2007) only for two period
economies. Therefore, we extend the definition in a way we think is accordant with the intuition of
the authors.

Note that date-t efficiency and post-t efficiency are different concepts. The former notion takes
into account the preferences of period t selves only, while the latter considers the welfare of all the
selves from period ¢ onwards.
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gL =% 2% for some ¢ and s # t. Second of all, even if the above Pareto improvement
is not possible, the allocation path might fail to be post-s efficient for some s > ¢t. In
other words, there might exist some feasible allocation path ¢; and some time period
s > t such that g’ »! 2%, for all r > s and ¢ € I, while g’ > Z', for some r > s and 1.
Once the allocation fails to be post-s efficient for some s > t, it violates the definition
of time-consistent overall Pareto efficiency.

(Clearly, time-consistent overall Pareto efficiency is a weaker concept than renego-
tiation proofness. Consider the two-period case as in Luttmer and Mariotti (2007),

with T = {1,2}. Denote the set of all period 2 Pareto efficient allocations by

Ry = {xy € X : 1, is feasible and there is no feasible y, € XJ

such that y4 =% 2b, for all i € I, and v, =4 x5, for some 7}.

Given the definition by Luttmer and Mariotti (2007, Definition 1(ii)), a feasible allo-
cation path 2y := (21, x9) is renegotiation proof if: (a) zo € Rs, and (b) there exist no
other feasible allocation path §; := (y1,92), with yo € Ry, such that ¢} =! 2%, for all
i € I, and ¢} =% 2}, for some i. Clearly, since x5 belongs to Ry, allocation % is post-2
efficient. In addition, there is no other allocation path ¢, := (y1,92), with yo € Ry,
hence, no other post-2 efficient allocation path, which could Pareto improve upon ;
with respect to period 1 preferences. Therefore, any improvement in the welfare of
the initial selves would have to make worst off at least some incarnations in the final
period, which makes Z; a time-consistently overall Pareto efficient allocation.

To see why the opposite implication does not hold, suppose that &1 = (21, x9) is

time-consistently overall Pareto efficient. This implies that (a’) the allocation path is

post-2 efficient, hence, x5 € Ry, and (b’) &7 is post-1 efficient. Let
Ry(x2) := {ys € X, : yo is feasible and yj ~4 a5, for all i € I}

be the set of allocations that are Pareto equivalent to x5 with respect to period 2
selves. Clearly, we have Ry(x2) C Ry. Condition (b’) implies that there is no other
feasible allocation path ¢; = (yi,ys) such that yo € Ro(xs) and gi =% 2%, for all i € I,
while i =% #¢. Clearly, (a) and (a’) are equivalent. However, since Ry(z3) C R,

requirement (b’) is weaker than (b).
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1.4 Efficiency of competitive equilibria

In the following section we present and prove the first main result of this chapter

concerning the efficiency of equilibrium allocations. We begin by stating the theorem.

Theorem 1.1. Under Assumption 1, any complete competitive equilibrium allocation

path is time-consistently overall Pareto efficient.

The above theorem states that, in particular, there exists no other feasible allo-
cation path which can improve upon the equilibrium outcome with respect to the
preferences of all the different selves of every consumer. However, since the outcome
is time-consistently overall Pareto efficient, it additionally implies that as the time
progresses and the initial selves are successively excluded from the economy, there
exists no allocation which could improve the welfare of the remaining incarnations.
Therefore, equilibrium outcomes do not give much room for improvement. Clearly,
an equilibrium allocation is usually neither date-1 Pareto efficient, nor renegotiation
proof. Nevertheless, any change in the allocation of goods would make worst off at
least some of the incarnations.

In order to prove Theorem 1.1, we need to show that any equilibrium allocation
path is post-t efficient for all ¢ € T. To achieve his goal, we apply an inductive
argument. Since the proof is rather extensive, we find it convenient to present it via
several lemmas. In the first result we show that any equilibrium allocation path is
post-T efficient, which at the same time will constitute the base step for our argument.
Throughout this section we consider Assumption 1 to be satisfied. Moreover, we

assume that pair (27, p}) constitutes a complete competitive equilibrium.

Lemma 1.1. Allocation path &5 is post-T' efficient and for any feasible allocation path
7 € X, such that Yo ~xX for all i € I, we have pr -y = pr - 23, for alli € 1.

Proof. First, we show that for any i € I and y% € Xp, we have that (i) yi =% a¥
implies ph - yb > pi - a3t while (ii) yh =4 23 implies ph -y > pi - 2. We prove
both claims by contradiction. Suppose that yi =% 2% and ph - yh < ph - 23, By
Assumption 1, there is some 2% € Br(ph, %) such that 2z =% y% =% x3. This

contradicts that a3 € Vi(ps, 2%%). To show that (i) holds, assume yi =% z%. By
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claim (i), we know that p& - y4 > ph- 2% Whenever the condition holds with equality,
we have yi. € Br(ph, z3%), which contradicts that 23 € Vi(ph, z39).

In order to prove the first part of the lemma, suppose that z; is not post-T efficient.
Hence, there is some feasible allocation path g; such that yb =% x4 for all i € I,
and yb =5 it for some i. Claims (i) and (ii) imply that, for all ¢ € I, we have
Pyl > pho- it while for some 4 the inequality is strict. Therefore,

Pre > €pZph > yp>phe Y ai=phe > e,
iel iel iel iel
where the weak inequality follows from feasibility of yr, while the equality is implied
by the market clearing condition. Clearly, we reach a contradiction.

Finally, to prove the second part of the lemma, take any feasible allocation path
91 such that yk ~& a3 for all i € I. By claim (i), this implies that p% - v > ph - 2%,
for all © € I. Whenever there exists some ¢ € [ for which the above inequality is strict,

we obtain a contradiction analogous to the one above. The proof is complete. O]

Lemma 1.1 is a simple reformulation of the First Fundamental Welfare Theorem.
Since in the final period our model is a static Arrow-Debreu economy, any equilibrium
allocation is Pareto efficient, hence, post-T efficient. However, the result highlights
one important property of an equilibrium. Namely, for any feasible allocation which is
Pareto equivalent to the equilibrium outcome, the value of individual bundles, given
the equilibrium prices, is equal to those chosen in the equilibrium. In fact, as we
show in the remainder of this section, a similar property is satisfied in our dynamic

framework with time-dependent preferences. We proceed with the following claim.

Lemma 1.2. For anyt € T, i € I, take some §! € X, such that foralls >t+1, we

*1

have . ~% ¥ and pt -yl = pt-x¥. Then, 4! =i & implies p} - yi > p; - ', while

Ji =y a7 implies py - yi > pj - vy’
Proof. We prove the first part of the claim by contradiction. Assume that §¢ =! 27,

*1
s

and p; -y, < p; - x}'. By assumption, for all s > ¢ + 1, we have pf -y’ = pf -z
In particular, this is equivalent to py,, - 4., = Prq - 2;%4. Therefore, given the
initial inequality, it must be that p} - y; + pfyq - U1 < pi - 7" + Piq - @51, Hence,

Ui € By(p;,2;"). Assumption 1(ii) implies that there exists some z! € X; such that
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(24, 01) € Bu(p;,27") and (2f,9;,1) = Ui, which by transitivity of >} implies that
(24 Gead) =4 7"

By Lemma A.l (see Appendix A), we have Vi (piy1, 2541) = Vi (B, Jisa)-
In addition, Lemma A.2 (also in Appendix A) implies that 9., € Vi (P}, 25%,).
Given the previous observation, we conclude that §i., € Vi1 (P}, 1, 9i,). Therefore,
consumption path (2,9, ) belongs to F}(p;, 2;"). However, as (zf,9i. ;) >i ;", this
contradicts that #}* belongs to V/(pf, 7). Hence, it must be that ¢¢ = 27 implies
Py ey > vy

To prove the second part of the claim, assume that ¢¢ =! 2;*. By the argument
presented in the first part of the lemma, we know that p}-y! > pf-z;*. Suppose that for
some i € I, we have p} -y = pr-z;*. Then yi € B,(p;, 2;"). Moreover, by Lemma A.1,
we have gi., € Vi (i, 2;%,), while Lemma A.2 implies that g, € V' (priq, Uitq)-
Therefore, we have §¢ € Fi(p;,2"). However, as ¢! = &7, this contradicts that

[t

1t e Vi(pr, 27"). Hence, we conclude that ¢! = 2" implies p; - y¢ > pf - x}°. O

The following lemma states a sufficient condition which allows to determine that
an equilibrium allocation path is post-t efficient, for some ¢t € T'. The result will play

an important role in the remainder of the proof.

Lemma 1.3. Suppose that 5 is post-(t + 1) efficient. Moreover, assume that for any
feasible allocation path 4, such that §: ~% &% for alli € I and s >t + 1, we have

S s

proyt=pt-a¥, foralli € I and s >t + 1. Then, 3} is post-t efficient.

Proof. We prove the claim by contradiction. Suppose that zj is not post-¢ efficient.

Therefore, there exists some feasible allocation path g; such that, for all 7 € I and

*7
s -

7 *1

s > t, we have ' =% 2% and for some i and s > t, §° =' &

7

%7
L a2y, for all

By assumption, &% is post-(t + 1) efficient, so it must be that 7% ~
i € I and s > ¢+ 1. This implies that i =% 2}, for all ¢ € I, and g; =i 2}", for some
1. Therefore, by Lemma 1.2, we obtain
P e oYyl pie Y at=pi- ) el
iel iel iel il
where the weak inequality follows from the feasibility of ¢;, while the equality is

implied by the market clearing condition. Contradiction. O
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The final lemma allows us to determine allocation paths whose spot market values
are equal to the value of the equilibrium outcome. At the same time the result

constitutes the final prerequisite which is necessary to construct the inductive step.

Lemma 1.4. Take any feasible allocation path 4, such that, for alli € I and s > t+1,

7
S

*1

we have gt ~' &1 and pt -yl = pt-ai. Whenever §i ~% &, for all i € I, then

preyl=mp; -z, foralli€I.

Proof. Take any feasible allocation path ¢, that satisfies the thesis of the lemma. By

Lemma 1.2, we know that, for all ¢ € I, whenever ¢/ ~! #* then p; -y > p} - z}".

Suppose that for some ¢ the inequality is strict. Then
P e =pi Y uispie Y art=pi- ) el
iel iel iel iel

Analogously as in the proof of Lemma 1.3, we reach a contradiction. O]

Finally, given the preliminary results, we conclude this section with our argument

supporting the first main theorem of this chapter.

Proof of Theorem 1.1. Suppose that a tuple (7, p}) constitutes a complete competi-
tive equilibrium. We need to show that allocation path 7 is post-t efficient for any
t € T'. We prove the result by induction. By Lemma 1.1, we know that 27 is post-T’
efficient. Moreover, for any other feasible allocation path ¢; such that yi. ~& x for
all i € I, we have p§ -yl = ph - T

To show the inductive step, suppose that 7 is post-(t + 1) efficient and that for
any feasible allocation path g; such that g ~% 2% for alli € [ and s > ¢+ 1, we have
pioyl=pt-x¥ foralli €l and s > ¢+ 1. Then, Lemma 1.3 implies that allocation
27 is post-t efficient. Moreover, Lemma 1.4 states that for any feasible allocation path
1 such that g ~% 2% for all i € I and s > t, we have p% -y’ = pt - 2% for alli € [
and s > t.

By induction, we conclude that whenever z7j is post-1' efficient, then it is post-
t efficient, for any t € T. Therefore, the equilibrium allocation path z7j is time-

consistently overall Pareto efficient. O]
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1.5 Representation of efficient allocations

In the following section we concentrate on a representation of time-consistently over-
all Pareto efficient allocations by solutions to a social welfare optimisation problem.

Throughout this section we impose the following condition.

Assumption 2 (Utility representation). For alli € I andt € T, preference relation
=i is represented by a utility function ut : X, — R. That is, for any two &, §¢ € X,

we have gt = 2% if and only if ui(yl) > ui(zi).*?

In the remainder of the section we characterize our notion of social welfare. Then,
we discuss when this concept coincides with time-consistent overall Pareto efficiency

presented in the preceding section.

1.5.1 Recursive social welfare

We construct our notion of social welfare function using backward induction. Recall
that, for all t € T', F, denotes the set of feasible allocation paths z;. First, consider
the social planner’s problem in the final period ¢ = T. For any non-zero weights
ar = (a%)ier € RL, define set

Ur(ar) == argmaxz ol (k). (1.1)

zreET iel

In other words, Wr(ag) contains all feasible period 7' consumption bundles which
maximise the weighted social welfare function for a fixed vector of weights ar =
(a)ier. Since the form of the above functional is rather standard, we refrain from
further discussion.

Next, consider the problem in period ¢t = T — 1. Denote a path of non-zero
weights from period T — 1 onwards by ar_1 := (ar_1, ar), where ay = (a})ier € Ri,
t € {T' —1,T}. Define

- o i i i
Ur_q(Gr_q1) := argmax g ap qup (T ),
gr_1€lr—1(ar) o7

where

FT,l(ozT) = {(fol,.TT) € ET X € \IJT<04T)},

12Sufficient conditions for utility representation of preferences are well-known (e.g. see Mas-Colell,
Whinston, and Green, 1995, Chapter 3.C).
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and Ur(ar) is defined as in (1.1). Therefore, set Wp_q(&r_1) contains all allocation
paths from date T — 1 onwards which maximise period T — 1 social welfare func-
tional for weights ap_1, given that period T' allocation xr is a solution to the social
planer’s optimisation problem in the final period for weights ay. In other words,
set Upr_q(&r_1) contains time-consistent, welfare maximising allocations, in an envi-
ronment where the social planner faces a similar time-inconsistency problem as the
individual consumers.

Using backward induction, one can determine the corresponding sets W;(d&;) and
['y(duy1) for any ¢ € T, and any path of weights &; := (a;)!_,, where o,y € RL. Define
set

U, (&) := argmax Zaiui(iz), (1.2)
Z¢€lt(Ge41) icl

where

Ly(Guqr) i= {(24, Te1) € By 2 21 € Vi1 (Quga)

and Wy q(&s41) is defined as in (1.2) for period ¢ + 1 selves and the corresponding
subsequence of weights d; ;.

The construction of ¥; and I’y is similar to the construction of correspondences V!
and F} for the optimisation problems of individual agents in Section 1.2.1. Namely,
for any t, take the set E; of feasible allocation paths following time ¢. By definition,
for any z; = (x4, Z441) € Ey, x; is an allocation of period ¢ consumption goods and &4
is a path of allocations following period ¢ + 1. In order to make sure that 7; € I';(&),
we need to guarantee that the subsequence &}, is a solution to the corresponding
social welfare optimisation problem in the following period, given the path of weights
Az41. This way, we obtain a form of time-consistency of socially optimal allocations.
That is, given that the next period social planner is guided by a different social welfare
function, he is not willing to change the allocation determined in the preceding period,
as it could not strictly improve the current welfare given his criterion. Finally, the
social planner in period t chooses an element from the set of feasible, time-consistent

sequences of allocations, that maximises his current objective.

Definition 5 (Recursive social welfare). An allocation path i = (2%),e; € X{
maximises the recursive social welfare, if there exists a path of non-zero weights & :=

(Oét)tET, where oy € ]Rfr, such that j:i’ c \111(@1),
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By definition of the recursive social welfare, we assume that whenever there exist
two distinct allocation paths &, ; € W;(¢&;) that solve the corresponding social welfare
problem at time ¢, then the actual choice is always determined by the social planner
in the initial period. Therefore, as in the case of the individual consumer demand, or
time-consistent overall Pareto efficiency, we concentrate on socially optimal allocations
that are time-consistent. In other words, the recursive social welfare allocation might
be interpreted as a subgame perfect Nash equilibrium path of the game between
different incarnations of the social planner.

The immediate question that follows from the above definition concerns condi-
tions under which there exists a solution to the recursive social welfare maximisation
problem. It is rather straightforward to show that, whenever function u! is upper
semi-continuous, for all ¢ € I and t € T, the set of recursive social welfare alloca-
tions is non-empty. In fact, under this assumption, for any ¢ € 7" and any weights
&y = (o)LL, where oy € RL, function Y, ; oduf is upper semi-continuous, while set
I'y(&) is non-empty and compact. Hence, every period ¢ social welfare optimisation
problem has a solution.

An allocation maximising the recursive social welfare is a solution to a multi-
stage optimisation problem, where at each stage ¢ the social planner maximises the
current period weighted social welfare function, given that the path of allocations
following time ¢ is a solution to an analogue problem in each of the subsequent periods.
Therefore, the recursive social welfare is closely related to time-consistent overall
Pareto efficiency, as it focuses on a form of time-consistency of optimal allocations.

In the next section we present conditions under which the two notions coincide.

1.5.2 Social welfare and efficiency

First, we show conditions under which every allocation that maximises the recursive

social welfare is time-consistently overall Pareto efficient.

Proposition 1.1. If 5 = (2{")ies € X{ mazimises the recursive social welfare for
some strictly positive path of weights &r = (ou)er, i.€., oy € Riw forallt €T,

then it is time-consistently overall Pareto efficient.

Proof. Let 5 = (x%,...,2%) maximise the recursive social welfare for some real,

strictly positive path of weights &;. We prove the result by induction. First, we show



24 Chapter 1: Efficiency and representation of competitive equilibria...

that 29 is post-T" efficient. Assume the opposite. Then, there exists some yr € Er
such that, for all i € I, uf(y) > ub(25)), and for some i, ub(y%) > ub(x3). Since
weights ap are strictly positive, this implies Y, ; abul(yh) > Y, ol (25, which
contradicts that x5 € Ur(ar) as well as 29 € Uy(dy).

Next, take any ¢t € T" and assume that, for all s > ¢+ 1, 27 is post-s efficient. We
claim that z9 is post-t efficient. Assume the opposite. Therefore, there exists some
U: € F; such that, for all i € I and s > t, we have u’(g") > u’(22), and for some
i and some s > ¢, ul(¢g!) > ul(22"). By assumption, for all s > ¢t + 1, #° is post-s
efficient, so it must be that, for all i € I and s > t+ 1, u’(¢!) = u’(22"). This implies
that g;11 € Uyr1(Ayy1), and so gy € Ty(Adyr1). Moreover, since the weights are strictly
positive, we have Y., odui(y;) > >, ; ajui(@y"), which contradicts that 27 € Wy(dy)

as well as 27 € Uy (aq). O

Proposition 1.1 implies that, in general, a set of time-consistently overall Pareto
efficient allocations can be determined via a solution to the recursive social welfare
maximisation problem, as long as the weights corresponding to each self of every
consumer are strictly positive. In particular, knowing the conditions under which
there exists a solution to some recursive social welfare problem, we conclude that the
set of time-consistently overall Pareto efficient allocations is non-empty.

In order to prove the converse result to Proposition 1.1, we need to impose some

convexity assumptions on the preferences.

Assumption 3 (Concavity). Foralli € I, t € T, and &}, € Xyp1, utility function

uy(x}, Ty, ) is continuous and strictly concave with respect to ;.

Finally, to obtain a sharper version of our results, we refer to one additional

assumption.

Assumption 4 (Monotonicity). For alli € I, t € T, and &}, € X, utility function

u(xy, T4,4) is strictly increasing with respect to .

Observe that we do not require function uj(z},#,,) to be continuous, concave,
or monotone with respect to z},,. In fact, apart from being well defined, we do not
impose any conditions on the properties of the utility functions with respect to the

second argument. We proceed with the second main theorem of this chapter.
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Theorem 1.2. Let Assumptions 2, 3 be satisfied and &1 = (2})ie1, where 3} = (2%)ser,
be a time-consistently overall Pareto efficient allocation. There exists a non-zero path
of weights & = (ou)ier, where ap € RL, such that U1(dq) = {&1}. If additionally
Assumption / is satisfied and xi is non-zero, for all i € I and t € T, then Gy is

strictly positive, that is, oy € RLF, forallt €T.

Proof. Assume that &, = (z1,...,27) is a time-consistently overall Pareto efficient
allocation. We prove the result by induction. First, take ¢ = T. Let function
ur : X5 — R be defined as ur(z7) := (u(2h))ier. Denote the image of function
up over set Ep by Ul := ur(Er). Since for all i € I, u} is continuous and Er is
compact, U’ is compact. Let Ur := {u € R! : u < up(yr), for some yr € Er}.'3 By
Assumption 3, Ur is convex. Moreover, we have Up = Uy — Rfr. Hence, set Up must
be closed and bounded above.

Denote u} = u(x7). By definition of &, there exists no other yr € Er such that,
for all i € I, ul(ys) > ubp(2h), and uh(yh) > u'(zh), for some i. Hence, it must
be that w}. € OUr. By the Separating Hyperplane Theorem (see e.g. Aliprantis and
Border, 2006, Theorem 7.30), there exists some non-zero vector ar € R! such that,
for all w € Up, ar - wp > ap - u. Since Up — Rfr C Ur, it must be that ar € ]Rfr. By
construction, this implies that xp € ¥z(ar). Finally, by strict concavity of u% and
convexity of Er, it must be that Ur(ar) = {zr}.

Next, take any ¢t € T. Assume that there exists a path of non-zero, positive
vectors Gy, such that Wy 1 (é&yyq1) = {2441} Clearly, in this case I';(d;41) is compact
and convex. Let function u, : X] — R’ be defined by w;(i;) 1= (ui(il))ses, and let
U] := uy(T'y(é441)) denote the image of function u; over set I';(d;41). Since, for all
@i, € Xypy, function wi(x?, 2%, ) is continuous with respect to @, set U is compact.
Define set U; := {u € RY : u < uy(3);), for some §; € T'y(éyy 1)}, which by Assumption
3 is convex. Moreover, U; := U] — RL. Compactness of U/ implies that set U; must
be closed and bounded above.

Denote u; = uy(Z). By definition, & is post-t efficient, so it must be u} € 9U,.
By the Separating Hyperplane Theorem, there exists some non-zero vector oy € Rf
such that, for all u € Uy, we have oy - uj > ay - u. Since U — ]Rfr C U, it must be that

a; € RL. Moreover, by construction, we have #; € W;(d;), where &; := (v, Gy11).

3By > we denote the coordinate-wise order on RI.
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Finally, as for all 2i € X, function w(xi, %%, ) is strictly concave in 2! and T';(éy41)
is convex, we have W, (&;) = {#;}.
In order to prove the second part of the theorem, take any ¢t € T'. Assume that

for some j € I, we have o = 0. Let y; = (y!)ies, where for all i # j, we have

yi = 2 4+ 1/(I — 1)z} and 3/ = 0. By assumption, z] is non-zero, hence, for all

i # j we have yi > xl. Clearly, (y;, #111) € Dy(dy1). Since, for all 7, € X4,
function wj(z}, &, ) is strictly increasing with respect to the first argument, we have
Soier oyl &) > >y ajui(xy, ;). This contradicts that &, € W,(&,;) as well as

1 € Uy(an). 0

Proposition 1.1 implies that it is possible to determine a wide class of time-
consistently overall Pareto efficient allocations by solving the social welfare optimisa-
tion problem. On the other hand, Theorem 1.2 provides conditions under which every
time-consistently overall Pareto efficient allocation can be represented by a solution
to the same maximisation problem. Therefore, the two results show when the two
notions are equivalent.

The proof of Theorem 1.2 relies strongly on the strict concavity assumption im-
posed on the utility functions. Once we weaken the condition to weak concavity, there
might exist a time-consistently overall Pareto efficient allocation which cannot be rep-
resented via a solution to the recursive social welfare optimisation problem. For exam-
ple, take T = {1, 2} and assume that &; = (x1, z2) is a time-consistently overall Pareto
efficient allocation path. Moreover, suppose that there exists a unique (up to a scalar)
vector of positive weights ay such that x5 € Ws(ay). Once uj is (weakly) concave, set
Uy (i) is convex and contains set Ry(w3) := {yo € Ey : for all i € I, ub(ys) = ub(xh)},
i.e., the set of period 2 allocations which are Pareto equivalent to x5 with respect to

period 2 selves. However, in general the two sets are not equal. Since

[i(a2) == {(y1,92) € E1 1 42 € Ua(a2)} 2 {(y1,v2) € E1 1 42 € Ra(w2)},

there might exist some 91 = (y1,%2) in I'1(an) such that y, is Pareto unordered
relatively to xo with respect to period 2 selves, i.e., yo € Rs(x2), but ¢; is Pareto
preferred with respect to period 1 agents. In such cases, 1 would never be a solution

to the recursive social welfare maximisation, just like in the following example.
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Example 1.2. Consider a pure exchange economy with two consumers and two goods
j =1,2. Hence, I ={1,2} and T' = {1,2}. Let X, = R%, with its elements denoted
by xb = (28, z?). For all i € I, let period 2 preferences u} : X5 — R be defined by

uh(zh) = 2 + 2%

On the other hand, let period 1 preferences u : X5 — R be defined by

BoAN . il i/ 2
ui(xh) = /2y + "/ 7Y,

where 7! = 1, ¥ = 3. Hence, we assume that period 1 preferences are defined
solely over period 2 consumption bundles. Eventually, let the total endowment in the
economy be ., eb = (1,1).

Note that allocation o = (z3,22) = ((z3', 23?), (x5, 23?)) = ((0.8,0.2), (0.2,0.8))
is time-consistently overall Pareto efficient. Clearly, it is post-2 efficient. To see that
it is also post-1 efficient, observe that the set of date 2 allocations that are Pareto

equivalent to xo with respect to period 2 preferences is
Ry(xg) = {yp € RY 198t 442 =1, for i = 1,2, and v/ + 5’ = 1, for j = 1,2}.

Once we maximise the sum uj + u? over the above set, we obtain x,. Clearly, there
is no other allocation which improves the welfare of period 1 selves without making
worst of at least one incarnation at time 2. Hence, x5 is post-1 efficient, and so time-
consistently overall Pareto efficient. However, there is no &; := (g, ) such that
the allocation is a solution to the corresponding recursive social welfare optimisation
problem.

Observe that 9 € T'1(ay) only for these weights ag = (a3, a3) for which o = 3.
However, then T'(aa) = {y2 € R : 4’ + 457 = 1, for j = 1,2}, while the set of
Pareto equivalent allocations to zy with respect to period 2 preferences is Ra(x2),
defined as above. Therefore, Ry(z2) € I'1 ().

Assume that there exist some period 1 weights a; = (o}, a?) such that z, max-
imises the recursive social welfare. Given the weights, the allocation has to satisfy

the following first order conditions:

1 1

ol _ (Y g oy (e}

2 \zzm) o and 2 3 22 )
1 2 1 2



28 Chapter 1: Efficiency and representation of competitive equilibria...

However, since for the time-consistently overall Pareto efficient allocation x5, we have
1 1
(2! /x31)2 = 2 and 3 (z}?/23%)% = 3/2, there exists no such «; for which the above

conditions are met.

Once we restrict our attention to strictly concave utility functions, set Wo(ay) is

a singleton and the case discussed above does not occur.

1.5.3 Competitive equilibrium and social welfare

Combining Theorems 1.1 and 1.2 allows us to define a recursive social welfare optimi-
sation problem with maximisers coinciding with any complete competitive equilibrium

allocation. Consider the following proposition.

Proposition 1.2. Let Assumptions 1, 2, and 3 be satisfied, and (Z7,p;) be a complete
competitive equilibrium, where &7 = (21")ier and 27" = (x}")ser. There exists a non-
zero path of weights &1 = (au)ier, with oy € RL, such that Ui(&q) = {27}, In
addition, if Assumption 4 is satisfied and x}" is non-zero, for alli € I and t € T,

then &y s strictly positive, that is, oy € RfrJr, forallt €T.

Proof. Theorem 1.1 implies, that for any competitive equilibrium (z7,pj), alloca-
tion path z7 is time-consistently overall Pareto efficient. By Theorem 1.2, any time-
consistently overall Pareto efficient allocation maximises the recursive social welfare
for some real, positive, non-zero weights &;. In particular, this is true for z7. In addi-
tion, whenever Assumption 4 is satisfied and, for all i € I and ¢t € T, x}* is non-zero,

then &; is strictly positive. O]

The above result states, that every allocation arising in a complete competitive
equilibrium can be represented by a solution to the recursive social welfare opti-
misation problem, given some path of weights &;. What is more, the proposition
implies that there exists a method of aggregating preferences of agents with time-
variant tastes and representing them by a single agent in the same class of preferences.
Clearly, as it was mentioned before, the social planner in our problem faces a very
similar time-inconsistency issue as every individual agent in the economy. Moreover,
given the representation, we know that the resulting choice constitutes an allocation

arising in some complete competitive equilibrium.
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1.5.4 Efficiency, social welfare and hyperbolic discounting

In general, the notion of time-consistent overall Pareto efficiency does not coincide
with date-1 Pareto efficiency, nor renegotiation-proofness. However, in some special
cases the three concepts may be equivalent. We devote this section to one such
prominent example.

Suppose that each period the corresponding commodity space is X; := R, for all
t € T. Moreover, the utility function of period t self of consumer ¢ € I is defined as
follows. For all i € I, there exists some function v* : R? — R and some numbers 9,

v € (0,1) such that

T
uy(2}) =o' (x}) +y Y 80 (). (1.3)

s=t+1
In particular, note that the instantaneous utility functions v* may differ across con-
sumers, but the present-bias and long term discount factors v and § are common for

all agents. We proceed with the following proposition.

Proposition 1.3. Consider an economy with preferences defined as in (1.3), where
function v' is strictly increasing, strictly concave and once continuously differentiable,
for all i € I. Then, a strictly positive allocation path &1 is date-1 Pareto efficient if
and only if there exists a vector o € R such that & is a recursive social welfare
allocation for weights & = (ou)ier, where oy = o, for all t € T. Moreover, Iy is

time-consistently overall Pareto efficient and renegotiation-proof.**

Proof. First, we prove (=). Let ; be a strictly positive, date-1 Pareto efficient alloca-
tion path. By a well-known result (see Mas-Colell, Whinston, and Green, 1995, Propo-
sition 16.E.2), there exists some o € R} such that Z; € argmaxy, ¢ > .o @ u (71).
Since v is strictly increasing, for all i € I, we have a** > 0. Moreover, & satisfies

the following necessary and sufficient first order conditions, for all ¢, j € [ and ¢t € T*:

'V (zh) = oV (x{),
S - Y
el i€l

Define a path of weights & := (a4 )er such that ay = o, for all t € T'. Note, that

the unique recursive social welfare allocation for the weights also has to satisfy the

4\We say that = € R™ is strictly positive, if 2 € R% .
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above first order conditions. Therefore, it must be that #; € ¥;(&}). Moreover, by
Proposition 1.1, the allocation is time-consistently overall Pareto efficient.

Next, we show («<). Take any a* € R., and define &; := (ay)ier such that
a = af, for all t € T. Take some &; € Uy(&y). Clearly, it satisfies the above
first order conditions, which implies that & € argmaxy cp > ;7 @ uf(7}). Hence,
by Mas-Colell, Whinston, and Green (1995, Proposition 16.E.2) is date-1 Pareto
efficient. Again, by Proposition 1.1 the allocation must be time-consistently overall
Pareto efficient.

Finally, we show that z; is renegotiation-proof. Let R be the set of all time-
consistently overall Pareto efficient allocations. Clearly, £, € R C FE;. Since ; is
date-1 Pareto efficient, there exists no other allocation ¢; in E; (hence, in R) such

that for all ¢ € I, u!(g}) > ui(2}), and for some i, u}(g%) > u (). O

The above result is not entirely new. It has been already shown by Luttmer
and Mariotti (2007, Proposition 1) that in the case of economies were agents are
represented by time-separable preferences, the set of date-1 Pareto efficient allocations
and the set of renegotiation-proof allocations coincide as long as the discount factors
are identical for all consumers. We show, that additionally every element of the two
sets is time-consistently overall Pareto efficient and maximises the recursive social
welfare for a specific set of weights.

Proposition 1.3 crucially uses the assumption that discount factors are symmetric
across consumers. Only then the first order conditions characterising the three notions
of efficiency are equivalent. Moreover, the proposition above does not require the
quasi-hyperbolic specification of discounting. In fact, as long as values of discount
factors in each period are equal for all consumers, the claim of Proposition 1.3 remains
true. In particular, this holds for the hyperbolic specification of discounting.

Finally, the above proposition does not imply that complete competitive equilibria
in the discussed class of economies are efficient according to Definition 4(i). The result
only states that allocations which are Pareto efficient with respect to the initial selves
coincide with a class of time-consistently overall Pareto efficient ones, and maximise
the recursive social welfare optimisation problem for some specific, time-invariant
weights. In fact, Luttmer and Mariotti (2007, Proposition 3) show that in general

such allocations do not arise in a competitive equilibrium.
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1.6 Concluding remarks

In this chapter we characterized normative properties of competitive equilibria in
economies with time-dependent preferences. We reintroduced the notion of time-
consistent overall Pareto efficiency and showed that any equilibrium allocation path
is efficient in this sense. This way, we extended the result by Herings and Rohde
(2006, Theorem 30) to economies with a complete market structure. In addition, we
complemented the analysis of Luttmer and Mariotti (2007) by establishing a general
property of equilibrium outcomes in this class of models. Moreover, our result implies
that the notion of renegotiation proofness, which might be considered as a benchmark
for efficiency in an economy in which it is not possible to commit not to renegotiate,
might be too strong to be achieved by a decentralised economy (see also Luttmer and
Mariotti, 2007 for a discussion). Finally, due to Herings and Rohde (2008) our result
can be extended to a wider class of economies with a more dynamic market structure.

Additionally, in this chapter we presented a way of representing both the time-
consistently overall Pareto efficient allocations as well as equilibrium outcomes by a
solution to a specific social welfare optimisation problem. In particular, this result
allows us to aggregate time-dependent preferences of agents. Therefore, we established
the existence of a sophisticated representative consumer in the discussed class of

economies.
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Chapter 2

Revealed time-preference

2.1 Introduction

Consider an experiment in which, in every trial, a consumer is presented with a
finite set of pairs (m,t), consisting of a monetary payment m € R, and a time-
delay ¢ € N at which the payment is delivered. The agent is allowed to choose
exactly one option from the set. Suppose that we can observe both the set of feasible
options, denoted by A, and the corresponding choice (m,t). Given a finite number of
repetitions of the experiment, under what conditions can the choices of the consumer
can be rationalised? In other words, when is it possible to determine a function
v : R, x N — R such that, for any observable set of options A and the corresponding

choice (m,t), we have
v(m,t) > v(n,s), forall (n,s) e A?

Clearly, without any additional conditions imposed on v, the above problem is
trivial, as any constant function would rationalise an arbitrary set of observations.
For this reason, given our setting, we focus on a class of functions which are strictly
increasing with respect to monetary payments and strictly decreasing with time-
delays. In particular, we are interested in preferences that are separable with respect
to the two variables. That is, we discuss conditions under which the observable
choices of agents can be supported by a utility function v(m,t) := u(m)y(t), where
u: Ry — Ry is strictly increasing, while v : N — (0, 1] is strictly decreasing. For

obvious reasons, we shall refer to v as to a discounting function.
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The separable specification of preferences seems to be especially important from
the economic point of view. The discounted utility model plays a crucial role through-
out the economic analysis and is widely accepted as a valid normative standard for
public policies, as well as a descriptively accurate representation of the actual be-
haviour of economic agents. However, in the recent years an important question was
raised concerning the form of the discounting function that reflects the actual time-
preferences of consumers. In particular, alternative specifications of hyperbolic and
quasi-hyperbolic discounting were proposed, which could explain various observations
anomalous in the model of exponential discounted utility, formerly dominant in eco-
nomics. See Frederick, Loewenstein, and O’Donoghue (2002) for a detailed discussion
concerning this topic.

We propose an axiomatic characterisation of time-preference in a framework where
the domain of choices is restricted to pairs of monetary payments and time-delays.
Our prize-time set-up is similar to the one discussed in Fishburn and Rubinstein
(1982), Ok and Masatlioglu (2007), or Noor (2011). However, unlike in those pa-
pers, we do not take the preference relation of an agent as a primitive, rather, we
assume that the observer can monitor only a finite number of choices made by the
consumer. This restriction significantly affects the conditions characterising time-
preference. Since the observable choices induce only an incomplete preference order-
ing over the space of prize-time pairs (m, t), the question is how to extend the relation
in a way that is consistent with a certain type of utility function. Whether this is
possible or not determines if a given data set can be rationalised by a specific form
of time-preference. The main motivation of this chapter is to establish the testable
restrictions of various models of inter-temporal choice. In particular, we are interested
in conditions that would allow us to distinguish between different specifications of the
discounted utility model, including the hyperbolic, quasi-hyperbolic, and exponential.

We consider our framework to be particularly relevant from the perspective of
empirical applications. There are numerous examples of experiments in which subjects
are asked to choose between different monetary payments delivered with various time-
delays. This includes an extensive list of studies presented by Frederick, Loewenstein,
and O’Donoghue (2002, Table 1), as well as the works by Chabris, Laibson, Morris,
Schuldt, and Taubinsky (2008, 2009), Andersen, Harrison, Lau, and Rutstrém (2008),
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Benhabib, Bisin, and Schotter (2010), or Dohmen, Falk, Huffman, and Sunde (2012).
The design of the experiments allows us to apply our results directly to the sets of
observations they generate.

We begin our discussion in Section 2.2, where we introduce the notation as well as
some preliminary results. Throughout this chapter our axiomatic characterisation is
imposed on the directly revealed preference relation induced by the set of observations.
We say that a pair (m,t) is directly revealed preferred to (n,s), whenever there exists
at least one observation of the experiment such that both options were available,
i.e., they both belonged to the corresponding feasible set A, and (m,t) was chosen.
We shall denote (m,t)R*(n,s). The main difficulty in our problem is to determine
a pre-order that extends the directly revealed relation to the whole domain of the
prize-time pairs R, x N. Moreover, we need to guarantee that the ordering can be
represented by a utility function that possesses the desirable properties, in particular,
monotonicity and separability.

First, we state the necessary and sufficient conditions under which the set of ob-
servations can be rationalised by a utility function (m,t) — v(m,t) that is strictly
increasing with respect to monetary payments m and strictly decreasing in time-
delays t. We define a partial order >x such that (m,t) >x (n,s) whenever m > n
and t < s, which is strict if at least one of the above inequalities is strict. We
show that the set of observations can be rationalised in the above sense, whenever
there is no sequence {(m‘,t")}", of pairs observed in the experiment such that ev-
ery subsequent element dominates the preceding one with respect to R* or >x, and
(m!,t!) >x (m",t"). Therefore, we evoke a special case of generalised cyclical consis-
tency discussed in Nishimura, Ok, and Quah (2013), as well as the Rationalisability
Theorem II presented in the same paper.

The first main result of this chapter is presented in Section 2.3, where we concen-
trate on the axiomatic characterisation of preferences representable by a separable
utility function v(m,t) := u(m)vy(t). Clearly, as it is a special case of the previous
representation, cyclical consistency is still a necessary condition, however, it is no
longer sufficient. For this reason we introduce an alternative restriction called domi-
nance axiom. Roughly speaking, the condition states that there exists no collection

of directly revealed preference relations (m,t)R*(n,s) in which the distribution of
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payments n, appearing in the inferior options, first order stochastically dominates the
distribution of prizes m in the preferred pairs, while the distribution of time-delays ¢
first order stochastically dominates the distribution of delays s.

Our approach to the characterisation of time-preference via the notion of stochas-
tic dominance is novel. However, the tools we use to show the necessity and sufficiency
of our axioms are similar to those applied in the classical literature on intuitive proba-
bility and additive plausibility (see, e.g., Kraft, Pratt, and Seidenberg, 1959 or Scott,
1964). In particular, the dominance axiom has a similar flavour to the cancellation
law used extensively in this area of research. Moreover, our restriction describing
the separable formulation of time-preference resembles the condition characterising
the expected utility hypothesis, introduced by Border (1992). In his paper, Border
concentrates on observable choices over sets of lotteries, and discusses conditions un-
der which they can be rationalised by the expected utility model. The restriction
of ex-ante dominance, that he proposes, hinges on a specific form of the first order
stochastic dominance between the observable and an alternative, hypothetical choice
function. Even though the question we consider, the framework we specify, as well
as the tools we apply are substantially different from those used by Border, the main
line of our argument is similar.

The second main theorem of this chapter, discussed in Section 2.4, concentrates on
conditions which would allow us to characterise the discounting function v more pre-
cisely. In particular, we provide the axiomatic characterisation of the weakly present-
biased specification of «y, for which ratio v(¢)/v(t + 1) is a decreasing function of ¢.
Therefore, under our formulation, the relative discounting between any two dates di-
minishes as they become more distant in the future. Equivalently, this is to say that
the function has a log-conver extension to the domain of real numbers. We consider
this class to be especially important as it contains all the well-known specifications
of discounting, including hyperbolic, quasi-hyperbolic, and exponential.

The condition characterising this class of time-preference is summarised by the
cumulative dominance axiom. Our restriction requires that there exists no collection
of directly revealed relations (m,t) R*(n, s) such that the distribution of payments n
in the inferior options first order order stochastically dominates the distribution of

payments m appearing in the preferred pairs, while the distribution of time-delays ¢
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second order stochastically dominates the distribution s. The condition is similar to
the dominance axiom. However, as we require for the discounting function v to be
“log-convex”, in order to make sure that the cumulative dominance axiom holds, we
also need to consider samples in which the distributions of time-delays are ordered
with respect to the second order stochastic dominance. Therefore, the cumulative
dominance axiom is more restrictive, as we need to verify a larger class of collections
of elements of the directly revealed preference relation while performing the test.

Finally, in the second part of Section 2.4, we draw our attention to an axiomatic
characterisation of two specific examples of weakly present-biased discounting func-
tions, namely, quasi-hyperbolic and exponential. The testable implications of the two
specifications are similar, however, distinguishable. The essence of the two restrictions
is summarised in the strong cumulative dominance axiom. Loosely speaking, the two
specifications of time-preference require that there is no collection of directly revealed
relations (m,t)R*(n,s) such that the distribution of monetary payments n in the
inferior options (n, s) first order stochastically dominates the analogous distribution
of payments m, while the sum of time-delays ¢ appearing in the superior prize-time
pairs (m, t) is greater than the sum of delays s on the right hand side.

The results we present in this thesis are not the first attempt to axiomatise time-
preference in a setting with a finite number of observations. Echenique, Imai, and
Saito (2014) characterise various forms of the time-separable model of inter-temporal
choice in a framework in which agents choose streams of a one-dimensional consump-
tion good rather than prize-time pairs. In their setting, an observation consists of a
consumption path selected by the subject and the corresponding prices of the com-
modity in the periods for which the choice is made. The authors specify both the
necessary and sufficient conditions under which the set of observations can be ra-
tionalised by different forms of time-separable preference. What is crucial to their
result, is the assumption concerning concavity of the instantaneous utility function.
This allows the authors to constrain their attention to the implications of the first
order conditions characterising the solution to the consumer optimisation problem.
Therefore, the restrictions they discuss refer to the model of time-separable prefer-
ences with a concave instantaneous utility function. Our framework allows us to

concentrate solely on the core implications of the discounted utility theory. We dis-
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pense the assumptions that are not crucial to the hypothesis and characterise these
observable restrictions which are pivotal to this class of models. Nevertheless, as our
set-up differs substantially from the one adopted by Echenique, Imai, and Saito, our

results are not comparable.

2.2 Preliminaries

We begin the analysis with a formal specification of our framework. Let the domain
over which the agents determine their choices be defined by X := R, x N. Each
element x = (m,t) of the set consists of a monetary payoff m € R, and a time-delay
t € N at which the payment is delivered.

Let K be a finite set enumerating the subsequent trials (repetitions) of the exper-
iment. In each trial £k € K, an agent is asked to choose one element from a finite set
of feasible options Ar C X. An experiment, denoted by &, is a collection of sets of

feasible options,
E = {Ak}rex.

In every trial k € K of the experiment the subjects are obliged to choose exactly
one element from the corresponding set of feasible options Ay. Therefore, an observa-
tion is an ordered pair (Ayg, xy), consisting of the set Ay and the option zy € Ay chosen
by the agent. Given this, the set of observations from the experiment is defined by a

collection of the ordered pairs

O = {(Ax, T) b rek,

where x, € Ay, for all £ € K. Note that our framework allows for the agents to make
multiple choices from a single set Ax. However, each such choice has to be treated as

a separate trial (“with replacement”).! Finally, define the set of observable options by

keK

INote that our framework does not allow for consumers to choose several options simultaneously
from a single set of feasible options, as the sequence in which the elements are chosen matters.
Suppose that an agents chooses two elements x and y from some set A (“without replacement”).
Then the corresponding observations are either (A, x) and (A\{z},y), or (4,y) and (A\{y},x),
depending on which option was chosen first.
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Hence, set A contains all the possible pairs of monetary payments and time-delays
that the agent was offered at least once during the experiment. Clearly, we have
A C X. Moreover, since both K and Ay are finite, for every k € K, so is A.

Let the set of observable payments be given by

M:={m e R, : (m,t) € A}.

Therefore, M is the set of all monetary prizes that appeared in at least one option
during the experiment. Throughout this chapter we shall denote the cardinality of
the set by |M|, while m := min M and m := max M. We define the set of observable
time-delays by

T :={teN:(m,t) e A},

with its cardinality denoted by | 7. Analogously, let the least and the greatest element
of the set be denoted by ¢ := min7 and ¢ := max 7. Finally, let A := M x T.

2.2.1 Revealed preference relations and mixed-monotonicity

In the following section we discuss properties of preference relations induced by the
set of observations O. For any two elements x and y in A, we say that x is directly
revealed preferred to y, if in at least one trial of the experiment both options x and y
were feasible but the agent decided to choose x rather than y. Formally, we will say

that the pair (z,y) belongs to set R* defined by

R* :={(z,y) € A x A there exists A € £ such that z,y € A and (4,z) € O}.

For convenience, we will denote x R*y instead of (z,y) € R*. Whenever both (z,y)
and (y,x) belong to R* we will say that x and y are directly revealed indifferent. We

denote the symmetric part of the relation by Z*, i.e.,
"= {(z,y) e Ax A: 2 R*y and y R*z}.

Similarly, we shall write = Z*y in place of (x,y) € Z*. Note that we do not define the
strict counterpart of R*.

The main purpose of our analysis is to establish conditions under which the set of
observations O can be rationalised by a specific form of utility function. Clearly, one

of the necessary conditions for rationalisation is existence of a transitive closure of
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R* over A. A complete, transitive, and reflexive pre-order R C A x A is consistent
with the directly revealed preference relation R* if for any two x, y € A, we have
xR*'y = xRy, or equivalently R* C R. We shall denote the strict component of
R by P, i.e.,

P={(r,y) e Ax A: 2Ry and —-(yRx)}.

As previously, we shall write Py instead of (z,y) € P. Finally, the symmetric part
of R will be denoted by Z. Hence, Zy if and only if xRy and y R x.

For the purposes of this thesis, we shall concentrate on a specific class of consistent
pre-orders. Let >y denote a partial order on X such that, for any z = (m,t) and
y = (n,s) in X, we have = >x y whenever m > n and ¢t < s. Moreover, the relation
is strict, and denoted by z >y y, if at least one of the above inequalities is strict.
Loosely speaking, we will say that option x is greater than y with respect to >x,
if it offers a higher payment at a shorter delay. A pre-order R is mized-monotone,
whenever for any two elements x and y in A, x >x y implies xRy. In addition,
if z >x y then xPy. The definition suggests that whenever an agent is presented
with two options such that one of them has a (weakly) higher payoff and a (weakly)
shorter delay than the other one, then the former option should be preferred. Clearly,
not every set of observations admits a consistent mixed-monotone pre-order. In the
following section we discuss conditions under which there exists such an extension of

the directly revealed preference relation.

2.2.2 Mixed-monotone rationalisation

Set O is rationalisable if there exists a function v : X — R, strictly increasing with

respect to the partial order >y,? such that for all (A, z) € O,
v(x) > v(y), forally € A.

In the remainder of the chapter we focus on conditions under which the set of obser-
vations can be rationalised by a utility function v that strictly increases in the value of
the monetary payment m € R, and strictly decreases with respect to the time-delay

t € N. We begin by introducing the following axiom.

2That is, for any z, y € X, whenever z >x y then v(z) > v(y).
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Axiom 2.1 (Cyclical consistency). Take any sequence {x*}"_, in A such that x' "' R*z"

or ¥t >y 2t foralli=1,...,n—1, and x' >x ™. Then it must be that z* = z".

The above axiom is a special case of the generalised cyclical consistency condition
formulated by Nishimura, Ok, and Quah (2013). It requires that whenever there ex-
ists a sequence of observable options such that every subsequent element is directly
revealed preferred or greater (with respect to >x) than the previous one, then it
cannot be that the first element of the sequence is strictly greater than the ultimate
one. Clearly, the violation of this condition excludes the existence of a consistent,
mixed-monotone pre-order on A. In fact, by Nishimura, Ok, and Quah (2013, Ra-
tionalisability Theorem I), cyclical consistency is also a sufficient condition for the
existence of such a pre-order. In order to make our presentation more transparent,

we discuss the following example.

Example 2.1. Consider the following directly revealed preference relation:
(5,3) R*(15,4), (15,2) R*(10,1), (15,1) R*(25,3), and (25,4) R*(20,2).

It is easy to check that the set of observations inducing the above relation is cyclically
consistent. Given Nishimura, Ok, and Quah (2013, Rationalisability Theorem I), it
is both necessary and sufficient to propose a consistent, mixed-monotone relation R

defined over the observable options. For example

(15,1) Z (25,3) P (25,4) Z (20,2) P (15,2) Z (10,1) P (5,3) P (15,4).
(Clearly, the relation is both consistent and mixed-monotone.
Proposition 2.1. Set O is rationalisable if and only if it is cyclically consistent.

Proposition 2.1 is a special case of the result by Nishimura, Ok, and Quah (2013,
Rationalisability Theorem IT), who establish the necessity and sufficiency of the gener-
alised cyclical consistency condition for the existence of a utility function rationalising
the choice data in a general class of partially ordered spaces. Unfortunately, their ar-
gument supporting the claim is not constructive, which implies that the only way of
verifying whether O is rationalisable is by referring directly to the definition of cyclical
consistency. Even though finite, this method may be highly inconvenient for applica-

tions, especially when the set of observations is large. For this reason, in Appendix
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B, we present an alternative, constructive proof of Proposition 2.1, which introduces
a more convenient method of verifying rationalisability of the set of observations O
in our framework.

The necessity of cyclical consistency for rationalisation is straightforward. Clearly,
for any function v rationalising O, and any sequence {z'}?_,; specified as in the defi-

nition of the axiom, we have
v(@™) >v(a" ) > ... > (@) >v(@') and v(z!) > v(a"),

which can be satisfied only if ; = z,,. On the other hand, the “sufficiency” part of
the proof is more demanding. We show the result in three steps. First, in Lemma B.1
we argue that cyclical consistency implies existence of a consistent, mixed-monotone
pre-order R over A. In Lemma B.2, we show that whenever such a pre-order exists,
we can always find a sequence of real numbers {v}, }nea such that for any two
options (m,t), (n,s) € A, whenever (m,t) >x (n,s) or (m,t)P(n,s) then v}, > vg,
while (m, t)Z (n, s) implies v!,, = v¢. Finally, in Lemma B.3, we use any such sequence
of numbers to construct a function rationalising the set of observations. Every step
of our argument is constructive. Therefore, it presents a direct method of verifying

whether an arbitrary set of observations is rationalisable.

2.3 Discounted utility rationalisation

In this section we present the first main theorem of this chapter. We say that set O is
rationalisable by a discounted wutility function whenever there is a strictly increasing
instantaneous utility function v : R, — R, and a strictly decreasing discounting
function v : N — (0, 1], with (0) = 1, such that v(m,t) := u(m)y(t) rationalises O.
Clearly, cyclical consistency is a necessary condition for this form of representation.
However, it is no longer sufficient. The following section is devoted to determining

both necessary and sufficient conditions which allow for such a representation.

2.3.1 Dominance axiom

A sample of the directly revealed preference relation R* is a finite, indexed collection

{(2",y") }ier of elements in R*, where we denote 2 = (m',t') and y* = (n’,s"), for
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some m’, n' € M and t, s* € T. We allow for the samples to be generated “with

replacement”. That is, a single element of R* may appear more than once in a sample.

Axiom 2.2 (Dominance axiom). For any sample {(x",y") }ier of R*, where we denote

' = (m't") and y* = (n',s'), such that for any m € M and t € T, we have
Hicel:m'<m}| > |[{icl:n"<m}| and |[{icl:t'<t} < |[{iel:s <t}
all of the above conditions hold with equality.

The above axiom requires that whenever there exists a sample such that the dis-
tribution of monetary payments n', in the inferior options ¥¢, first order stochastically
dominates the corresponding distribution of payments m?, in the preferred options z,
while the distribution of time-delays ¢!, appearing on the left hand side of R*, first
order stochastically dominates the distribution of s, then both distributions of mon-
etary payments and time-delays have to be equal. Therefore, the axiom is violated
whenever there exists a sample {(z%,y")};c; of the directly revealed preference rela-
tion, with 2* = (m? ') and y* = (n’, s*), such that the distribution of n’ stochastically
dominates the distribution of m?, the distribution of #' stochastically dominates the
distribution of s?, and at least one of the two relations is strict. In order to make our

presentation more transparent, we discuss the following example.

Example 2.2. Consider the directly revealed preference relation analysed in Exam-
ple 2.1. We claim that the set of observations inducing the relation fails to satisfy the
dominance axiom. In order to show this, we need to find at least one sample which
violates the condition specified in the definition of the axiom. Take R*. Clearly, the
set is a sample of itself. Note that, given the support {5, 10, 15,20, 25}, the distribu-
tion of payments in the preferred x* = (m‘, ') and the inferior options y* = (n’, s*) are
respectively (1,0,2,0,1) and (0,1,1,1,1). Similarly, given the support {1,2, 3,4}, the
distributions of the corresponding time-delays are both equal to (1,1,1,1). There-
fore, there exists a sample of R* for which the distribution of payments n' strictly
first order stochastically dominates the distribution of m!, while the distributions of
the time-delays are equal. Hence, we conclude that the set of observations O violates

the dominance axiom.
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The above example indicates that dominance is a stronger condition than cyclical
consistency, as there exist sets of observations satisfying the latter but failing the
former. On the other hand the dominance axiom implies cyclical consistency, as we
will show in the remainder of this section.

Interestingly, the axiom is both a necessary and sufficient condition for the set of
observations O to be rationalisable by a discounted utility function. We summarise

this result in the following theorem. The proof is presented in Appendix B.

Theorem 2.1. Set of observations O is rationalisable by a discounted utility function

if and only if it obeys the dominance axiom.

In order to understand why the dominance axiom is a necessary condition, suppose
that O is rationalisable by a discounted utility function v(m,t) := u(m)~(t). This im-
plies that the set is at the same time rationalisable by function w(m,t) := ¢(m)+¢(t),
where ¢ := log(u) and ¢ := log(y). Moreover, under this transformation functions ¢
and ¢ preserve the strict monotonicity of u and ~ respectively.

Take any sample {(z%, ") }ses of the directly revealed preference relation R*, where
2t = (m',t") and y* = (n’, s"). By the definition of rationalisation, for any element of
the sample, we have ¢(m’) + p(t') > ¢(n') + p(s'). In particular, once we sum up all

the inequalities with respect to ¢ € I, we obtain

D om) Y et) =) en) + Y els).

iel iel iel iel
Suppose that the sample is specified as in the definition of the axiom. Then, the
corresponding distribution of monetary payments n’ first order stochastically domi-
nates the distribution of m?. Since function ¢ is strictly increasing, it must be that
Sicr d(m') < 3., ¢(n'). On the other hand, we know that the distribution of time-
delays ¢’ first order stochastically dominates the distribution of s*. By monotonicity of
¢, this implies that >~ ¢(t") < >, ¢(s'). However, given the previous condition,
the two inequalities may hold only if they are satisfied with equality. This requires
that the distribution of monetary payments m! is equal to the distribution of n’, while
the distribution of time-delays #* coincides with the distribution of s'.
The above argument highlights the form of consistency which is expected from a

discounted utility maximiser. As it was shown above, whenever the set of observations
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is rationalisable by a discounted utility function, it can also be rationalised by an
additive utility function w(m,t) := ¢(m) + ¢(t), where ¢ is strictly increasing and
¢ strictly decreasing. Take any sample {(z%,y")}ie; of R*, where 2 = (m‘ ') and
y' = (n',s'), and construct two lotteries: one with the support corresponding to the
preferred pairs (m‘,t') and probabilities equal to the frequencies with which they
appear in the sample; the other one supported by options (n’,s') and probabilities
defined by the frequencies with which they appear in {(z’,vy")}ic;. Whenever the
agent is an expected utility maximiser, his preference over the two lotteries should
be consistent with his choices over individual pairs. Hence, the gamble supported
by the superior options (m', ') should be preferred. On the other hand, due to
separability and monotonicity of the utility function, any violation of the dominance
axiom would imply that the consumer would rather choose the lottery supported by
(n’,s"). However, such behaviour cannot be reconciled with the discounted utility
maximisation.

Showing that the dominance axiom is a sufficient condition for this form of ratio-
nalisation is more demanding, hence, we place the proof in Appendix B. Nevertheless,

we present the main observation used in our argument in the following proposition.

Proposition 2.2. Set O obeys the dominance azxiom if and only if there exists a
strictly increasing sequence {Gm tmem and a strictly decreasing sequence {i et of

real numbers such that (m,t)R*(n, s) implies ¢p, + @1 > On + ©s-

This result is implied by Lemmas B.4 and B.5 in Appendix B, as well as the
necessity of the dominance axiom for rationalisation by a discounted utility function.
To support the above proposition we apply a variation of Farkas’ Lemma, commonly
known as Motzkin’s Rational Transposition. Using the result, we show that the system
of inequalities implied by the directly revealed preference relation fails to have a
solution only if the set of observations violates the dominance axiom.

It is worth pointing out the importance of Proposition 2.2 for the applicability
of Theorem 2.1. The result presents an alternative way of verifying whether the set
of observations obeys the dominance axiom. In fact, the proposition states that the
axiom is equivalent to the existence of a solution to a system of linear inequalities.

Since such systems are in general solvable, i.e., there exist algorithms which allow to
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determine in a finite number of steps whether a given system has a solution or not,
we find the alternative method of verifying the axiom to be much more convenient.

In Theorem 2.1 we establish the testable implications of the mixed-monotone
discounted utility model. Given our framework, an important question is whether
it is possible to test only for separability of the utility function. Unfortunately, the
answer is “no”. This follows from the fact that the set of observations does not
induce strict directly revealed preference relations. Therefore, any separable function
v(m,t) := u(m)7y(t), where both u and ~ are constant, trivially rationalises any set of
observations. Hence, the monotonicity conditions we impose are required to evaluate
any observable restrictions of the discounted utility model in our framework.

In the remaining sections of this chapter we determine conditions under which
the class of preferences rationalising the data can be characterised more precisely.
In particular, we focus on finer restrictions imposed on the form of the discounting
function . Before we proceed with our analysis, we would like to discuss a family of

experiments for which a narrower specification of time-preference is never possible.

2.3.2 Anchored experiments and identification

We say that an experiment & is anchored, whenever it consists solely of binary sets
of feasible choices A, and there exists some z* € X such that, for all A € £, we have
x* € A. In other words, in each trial of an anchored experiment the subjects are
asked to choose between one fixed option z* and some other element in X. We shall
denote z* = (m*, t*).

There are several notable examples of anchored experiments that were performed
in the literature, including Kirby and Marakovic (1964), Coller and Williams (1999),
or Kirby, Petry, and Bickel (1999), Harrison, Lau, and Williams (2002). Therefore,
this class of experiments is relevant from the empirical point of view. An important
advantage of these tests is that the choices the subjects face are relatively simple,
which minimises the chance of errors made by the agents. Nevertheless, as we show
in the next result, the simplicity of the experiment substantially reduces the informa-

tiveness of the observations it generates.
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Proposition 2.3 (Indeterminacy). For any anchored experiment the following state-

ments are equivalent.
(i) Set O is rationalisable.
(i1) Set O is rationalisable by a discounted utility function.
(i1i) For any discounting function v : N — (0, 1], with v(0) = 1, there is a strictly

increasing function u : Ry — Ry such that v(m,t) := u(m)y(t) rationalises O.

The above proposition states that, given observations from an anchored experi-
ment, one can only determine if the choices of the subject are rationalisable according
to the definition in Section 2.2.2. Therefore, the design of the experiment does not
allow to verify whether the observable choices can be rationalised by a narrower
class of preferences. In particular, Proposition 2.3(iii) implies that once the set of
observations is rationalisable, it can also be rationalised by virtually any form of dis-
counting. Hence, we consider this class of experiments to be rather weak, as the data
they produce do not allow for a conclusive specification of time-preference explaining
the observable choices.

The argument supporting the above claim is three-fold. In order to prove impli-
cation (i) = (ii), we show that for any anchored experiment, whenever the set of
observations is cyclically consistent, it may violate the dominance axiom only if it
contains an infinite number of elements. Clearly, by definition this can never hold.
Implication (ii) = (iii) follows from the fact that any directly revealed preference re-
lation can only be expressed with respect to the option (m*, t*). Therefore, given any
discounting function ~, while constructing the utility function v we simply need to
assign a value u(m) to every element m of M that satisfies u(m) > u(m*)y(t*)/~(¢),
whenever (m,t) R*(m*,t*), and u(m) < wu(m*)y(t*)/v(t) otherwise, which is always
possible. Implication (iii) = (i) is obvious. The full proof of the result is presented

in Appendix B.

2.4 Weakly present-biased rationalisation

In the previous section we have determined the necessary and sufficient conditions
under which the set of observations can be rationalised by a discounted utility func-

tion. We devote the remainder of the chapter to determine restrictions which allow
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for a narrower characterisation of the discounting function . In particular, we focus
on a class of preferences that exhibit some degree of present-bias. We will say that
a strictly decreasing discounting function v : N — (0, 1], with v(0) = 1, is weakly
present-biased, whenever function ¢ : N — R, |
(t) = —y(t) ,
y(t+1)
is decreasing. In other words, we require that the relative discounting between any
two subsequent periods decreases as the two dates are further away in the future.
Equivalently, this is to say that there exists a log-convex extension of function v to the
domain of the real numbers. Our interest in the above class of functions is primarily
justified by the fact that it contains the most commonly used forms of discounting.
In particular, the exponential, quasi-hyperbolic, and hyperbolic discounting models

are included in this family.

2.4.1 Cumulative dominance axiom

In this section we present the second main result of this chapter. A set O is rational-
isable by a weakly present-biased discounted utility function, whenever there exists a
strictly increasing instantaneous utility function v : R, — R, and a strictly decreas-
ing, weakly present-biased discounting function v : N — (0, 1], with v(0) = 1, such
that v(m,t) := u(m)y(t) rationalises O.

Axiom 2.3 (Cumulative dominance axiom). Tuke any sample {(x%,y")}ier of RY,
where ' = (m',t*) and y' = (n’, s'), such that, for any m € M and t € T, we have
Hiel:m'<m}|>|{iel:n"<m}| and
t t
/ |{¢e[:tigz}|dzg/ fiel:s <z)de
t t

Then, for allm € M and t € T, we have |[{i € I : m' < m}| =|{i € [ : n® < m}|
and |[{i e I: ¢ <t} =|{iel:s <t}.

The cumulative dominance axiom requires that whenever there exists a sample
such that the distribution of monetary payments n’ in the inferior options first order
stochastically dominates the distribution of payments m' in the preferred prize-time

pairs, while the distribution of time-delays t* appearing on the left hand side of R*
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second order stochastically dominates the distribution of s°, then the distributions
of monetary payments and delays have to be equal. Roughly speaking, the axiom is
violated whenever there exists at least one sample {(2%, ) }ics of the directly revealed
preference relation, with z* = (m‘,t") and y* = (n*, s%), such that the distribution of
n' first order stochastically dominates the distribution of m‘, and the distribution of
t* second order stochastically dominates the distribution of s‘, while at least one of
the two relations is strict.

Note that the cumulative dominance axiom is a stronger requirement than the
dominance axiom. Suppose that the set of observations satisfies the former condition.
Then, there exists no sample of the directly revealed preference relation such that
the monetary payments in the inferior options first order stochastically dominate the
prizes in the preferred options, while the superior time-delays second order stochasti-
cally dominate the delays appearing on the right hand side of the relation. Since first
order stochastic dominance implies the second, there exists no sample such the latter
relation is preserved under the first order stochastic dominance. Hence, the set of ob-
servations must also satisfy the dominance axiom. However, the opposite implication
does not hold, as there might exist a collection of elements in R* such that the corre-
sponding distributions of time-delays are not ordered with respect to the first order
stochastic dominance, but are ordered with respect to the second. In other words,
the cumulative dominance axiom requires verifying a larger set of samples than the

dominance axiom.

Theorem 2.2. Set O s rationalisable by a weakly present-biased discounted utility

function if and only if it obeys the cumulative dominance axiom.

In order to show the necessity of the cumulative dominance axiom for the narrower
form of rationalisation, suppose that the choices of an agent can be explained by
some function v(m,t) := u(m)y(t), where wu is strictly increasing, while 7 is strictly
decreasing and weakly present-biased. Clearly, one can always rationalise the same set
of observations by function w(m,t) := ¢(m)+¢(t), with ¢ := log(u) and ¢ := log(y).
The transformation preserves the monotonicity of the two functions, while ¢ has a

convex extension to R, .
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By definition, for any sample {(z%,y")}ic; of R*, where we denote z° = (m?, t)
and y' = (n%, s%), we have ¢(m?) + o(t') > ¢(n') + ¢(s'), for all ¢ € I. In particular,
Do)+ () =Y o)+ e(s).

iel iel iel iel

Suppose that the sample is specified as in the definition of the cumulative dominance
axiom. As ¢ is strictly increasing, we have Y, ; ¢(m') < 3., ¢(n'). Moreover, since
the distribution of time-delays ¢* second order stochastically dominates the distribu-
tion of s?, the existence of a convex extension of ¢ to the real space implies that
Sier ) < 3. e(s'). However, the two inequalities can be consistent with the
initial condition only if they are satisfied with equality which, by strict monotonicity
of ¢ and ¢, requires that the distributions of monetary payments and time-delays on
the two sides of the directly revealed preference relation are equivalent.

The form of consistency that has to be satisfied by a weakly present-biased dis-
counted utility maximiser is similar to the one discussed in Section 2.3. Take any
sample {(x%,y") }ier of R*, where z° = (m‘,t") and y* = (n’,s'), and construct two
lotteries: one with the support corresponding to the preferred pairs (m?, ') and prob-
abilities equal to the frequencies with which they appear in the sample; the other one
supported by options (n‘, s') and probabilities defined by the frequencies with which
they show up in {(z%,4")}ic;. Clearly, by construction, any expected utility max-
imiser prefers the former gamble to the latter. Given the Bernoulli utility function
w(m,t) := ¢(m)+¢(t), where ¢ is strictly increasing while ¢ is strictly decreasing and
“convex”, whenever the cumulative axiom is violated, it would be possible to construct
a sample such that the lottery over the inferior options would be preferred to the gam-
ble over the superior prize-time pairs. However, this violates the form of consistency
that is required by the weakly present-biased discounted utility maximisation.

The “sufficiency” part of the proof of Theorem 2.2 is more demanding. Similarly
as in the case of discounted utility, our argument consists of two steps. First, in
Lemma B.7 (see Appendix B) we show that once the set of observations satisfies the
cumulative dominance axiom, there always exists a solution to a specific system of
linear inequalities. In the second step, see Lemma B.8, we use the solution to the
system of inequalities in order to construct an instantaneous utility function u and
a log-convex discounting function 7 that rationalise the data. We present the key

observation made in the proof of the theorem in the following proposition.
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Proposition 2.4. Set of observations O obeys the cumulative dominance axiom if
and only if there is a strictly increasing sequence {dm }mem, a strictly decreasing
sequence {¢iher, and a strictly negative sequence {v,}er of real numbers such that
(m, t)R*(n, s) implies ¢ +pr > dn+ps, and for allt € T, we have p+vi(s—t) < s,
forall s € T.

It is worth mentioning that the proposition is important for the applicability
of our main result, as it presents an alternative method of verifying the cumulative
dominance axiom. Moreover, we consider it to be much more convenient than applying

the definition of the axiom directly.

2.4.2 Quasi-hyperbolic discounting

In the following section we concentrate on quasi-hyperbolic discounting functions,
which constitute a narrower class of weakly present-biased preferences. We say that
the set of observations is rationalisable by a quasi-hyperbolic discounted wutility func-
tion, whenever there exist a strictly increasing function u : R, — R, numbers 3,
d € (0,1), and some time-delay ¢° € N such that v(m,t) := u(m)y(t) rationalises O,

where
[ Bt fort < t°,
(1) = { B8t otherwise.

Note that our definition of a quasi-hyperbolic discounting function generalises the
standard notion for which ¢° = 1. By allowing for the “threshold” time-delay t° to
vary, we are able to analyse a wider class of preferences. In particular, as t° denotes
a time-delay which separates the dates perceived by the agent as “present” from
those regarded as “future”, we allow in our test for this parameter to be determined
endogenously.

Since in the case of a quasi-hyperbolic discounting function 9(t) := v(¢)/v(t + 1)
takes the value of (80)71, for t < t° — 1, and §~! otherwise, the quasi-hyperbolic
specification is weakly present-biased. Hence, any set of observations rationalisable
by this more specific form of time-preference obeys the cumulative dominance axiom.
However, it is no longer sufficient. In this section we discuss the condition that fully

characterises this form of the discounted utility model.
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Axiom 2.4 (Strong cumulative dominance axiom). There exists some t' € T such
that, for any sample {(x%, y*) }ic; of R*, where ' = (m', 1) and y' = (n', s'), satisfying
(i) |{iel:m" <m} > [{iel:n"<m}|, for allm e M;
(i1) Diert' = Vier 8
(i) >, min{t’, ¢’} > 5. min{s", t'},

all the above conditions hold with equality.

The above requirement is stronger than cumulative dominance. Clearly, in order
to verify whether the above axiom is not violated, we need to consider a wider class
of samples of the directly revealed preference relation. As previously, the samples
of interest need to satisfy condition (i). However, additionally, they have to obey
restrictions (ii) and (iii), which impose a weaker requirement on the relation between
the distribution of time-delays appearing on both sides of the directly revealed pref-
erence relation in the sample. Therefore, a greater number of samples satisfies the

two conditions then in the case of the cumulative dominance axiom.

Proposition 2.5. Set O is rationalisable by a quasi-hyperbolic discounted utility func-

tion if and only if it obeys the strong cumulative dominance axiom.

The necessity of the axiom can be proven similarly as in the previous sections.
Suppose that the set of observations is rationalisable by a quasi-hyperbolic discounting
function v(m,t) := u(m)~(t), where 7 is specified as at the beginning of this section
for some (3, ¢ in (0, 1), and a time-delay ¢°. This implies that the set of observations is
also rationalisable by function w(m,t) := ¢(m) + min{t, to}B + 5, where ¢ := log(u),
3 :=log(B), and 6 := log(#). By definition, for any sample {(z’, ") }ies of the directly
revealed preference relation, with 2/ = (m', ') and y = (n', '), we have

Z P(m') + Z min{t’, t°} + SZ th > Z o(n') + Z min{s’, °} + 52 s'.
i€l el el el el el
If the sample is specified as in the strong cumulative dominance axiom, it must be
that 32, ¢(m?) < 3., d(n?), as well as 43, , min{t', t°} < 83, min{s’,#°} and
) et < ) > s S', since 3 and § are strictly negative. However, these conditions
can be consistent with the initial inequality only if they all hold with equality. The
argument remains unchanged once we substitute ¢° with ¢’ := min{t € T : ¢ > t°}.

This requires for the strong cumulative dominance axiom to be satisfied.
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The “sufficiency” part of the proof is presented in Appendix B. Our argument is

constructed around one important observation, which we summarise below.

Lemma 2.1. Set O obeys the strong cumulative dominance axiom for somet' € T if
and only if there exists a strictly increasing sequence {Pm }mem and numbers B, §<0

such that (m,t)R*(n,s) implies ¢, + min{t, t’}B + 16> ¢y + min{s, t’}B + 6.

Proposition 2.5 requires some comment. First of all, observe that the value of
the time-delay t' for which set O obeys the axiom, determines the empirical “kink” of
the quasi-hyperbolic discounting function. In particular, this means that we do not
assume prior to the test the “threshold” date which separates the perceived “present”
from the “future”, but determine it endogenously. In fact, it is possible that one set
of observations admits various forms of quasi-hyperbolic discounting, not only with
respect to the values of the discount factors § and J, but also with respect to the
pivotal time-delay t'.

Second of all, Lemma 2.1 proposes an alternative method of verifying whether the
set of observations obeys the axiom. As in Propositions 2.2 and 2.4, it hinges on the
existence of a solution to a system of linear inequalities conditional on ¢’. Since the
set of the observable time-delays is finite, the test can be performed in a finite number

of steps.

2.4.3 Exponential discounting

Finally, we draw our attention to the exponential discounting models. We say that
set O is rationalisable by an exponential discounted utility function whenever there is
a strictly increasing instantaneous utility function v : R, — R, and some § € (0,1)

such that v(m,t) := 6'u(m) rationalises the set of observations.

Proposition 2.6. Set O is rationalisable by an exponential discounted utility function
if and only if for any subset {(z%,y") }ier of R*, where x* = (m*,t") and y* = (n', s'),
such that [{i € T : m" < m}| > |[{i € I :n* < m}|, for alm € M, and
Soiert' = >0 8" all the above conditions hold with equality.

The above propositions states the necessary and sufficient condition under which
a set of observations can be rationalised by an exponential discounted utility function.

Note that the requirement significantly resembles the one stated in the definition of
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the strong cumulative dominance axiom. In fact, the only distinguishable implications
of the quasi-hyperbolic and exponential model are implied by condition (iii) stated
in the definition of the axiom. Clearly, Proposition 2.6 imposes a stronger condition
on the set of observations, as it admits a larger class of samples that might violate
it. However, whenever the strong cumulative dominance axiom is satisfied for ¢’
equal to the least or the greatest observable time-delay, then the two requirements
are equivalent. Observe that, given an arbitrary sample {(z*, ") }icr of the directly
revealed preference relation, condition (iii) stated in the axiom is trivially satisfied
whenever ¢ = t. On the other hand, if ¢ = ¢, then conditions (ii) and (iii) coincide.
This implies, that in these extreme cases, it is impossible to distinguish between the
quasi-hyperbolic and exponential rationalisation. We summarise the result in the

following corollary.

Corollary 2.1. Set O is rationalisable by an expected utility function if and only if

it obeys the strong cumulative dominance axiom fort' =t or t’ =t.

The condition stated in Proposition 2.6 differs additionally in one substantial
aspect from the strong cumulative dominance axiom. Observe that in order to ratio-
nalise the set of observations by an exponentially discounted utility function, we need
to verify the requirement stated in the proposition only for subsets of the directly
revealed preference relation, and not samples. Clearly, this substantially simplifies

the test and reduces the number of steps required to test the condition.

2.4.4 Discount factors indeterminacy

In the following section we discuss some indeterminacy issues that arise while ratio-
nalising the set of observations by a quasi-hyperbolic or exponential discounted utility

functions. We begin with the following proposition.

Proposition 2.7. Set of observations O s rationalisable by a discounted utility func-
tion v(m,t) := u(m)y(t) if and only if, for any a > 0, it is rationalisable by a dis-

counted utility function v(m,t) = a(m)y(t), where 4 := u® and ¥ := y°.

We omit the proof. The above result simply states that whenever a set of obser-
vations is rationalisable by some discounted utility function, then it is also rational-

isable by its positive exponential transformation. This observation is not new, and
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was already noted by Fishburn and Rubinstein (1982, Theorem 2) in their represen-
tation theorem. However, the above proposition implies a much stronger conclusion.
Namely, any property of function ~ that is preserved under positive exponential trans-
formations, is also satisfied by function 4. In particular, this means that whenever ~
is weakly present-biased (respectively quasi-hyperbolic or exponential) then so is 4.

This plays an important role in the next result.

Corollary 2.2. Set O is rationalisable by a quasi-hyperbolic discounted utility func-
tion if and only if for any B (or §) in (0,1) there is some § (respectively B) in (0, 1),
a strictly increasing utility function u : Ry — Ry, and a time-delay t° such that
v(m,t) = y(t)u(m) rationalises O, where v(t) = B16¢, for t < t°, and ~(t) = B¢

otherwise.

Proof. We show (=). There exists some strictly increasing function v : Ry — Ry,
discount factors f, § in (0,1), as well as time-delay t° such that v(m,t) := u(m)~y(¢)
rationalises O, where function v is defined as at the beginning of this section. Take
any 3 € (0,1), and define a := log(f)/log(5). Clearly, function 0(m,t) := u(m)75(t),
where 4 = u® and 4 = 4, also rationalises O. Moreover, 4(t) = (5')"(6%)?, for ¢ < ¢°,
and 4(t) = ()" (6%)" otherwise. We present an analogous argument for the claim

inside the brackets. Implication (<) is trivial. O

Given the nature of our framework and the above result, there is no testable
restriction for the values of the discount factors § or 9, as long as we consider the two
parameters separately. However, there exists a restriction for pairs (3,d) of the two
discount factors. In fact, a straightforward application of the above result allows to
show that the restriction can be imposed on the ratio log(d)/log(p).

On the other hand, there are no observable implications for the value of the dis-
count factor § rationalising the set of observations under exponential discounting. In
fact, once the choice data can be rationalised for one value of the discount factor,
it can be rationalised for virtually any other value 6 € (0,1). This observation is

directly implied by Corollaries 2.1 and 2.2.

Corollary 2.3. Set O is rationalisable by an exponential discounted utility function
if and only if, for any § € (0,1), there exists a strictly increasing u : Ry — R, such

that v(m,t) := 6'u(m) rationalises O.
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Even though it is impossible to determine the value of the discount factor while
rationalising the set of observations by an exponential discounted utility function, we
are still able to impose the testable restriction on this class of models. Therefore, the
conditions stated in Proposition 2.6 allow us to evaluate the shape of the discounting

function, but not the parameter characterising it.

2.5 Concluding remarks

In this chapter we established the testable implications of the principal models of
time-preference. Our results build a bridge between the decision-theoretical approach
to consumer choice, that provides an axiomatic characterisation of different forms of
behaviour, and the experimental work, that elicits the tastes of agents from a finite
list of observable choices. In particular, our analysis determines the observable restric-
tions for the discounted utility model with different formulations of the discounting
function. Moreover, we introduce an easy-to-apply test which allows to implement
our results in an empirical analysis.

As we have shown in this chapter, in general, it is possible to distinguish between
different models of time-preference in the prize-time framework that we consider.
However, several indeterminacy issues may arise in this class of tests. First of all,
separability alone is not a testable property of the utility function. Moreover, there
are some substantial restrictions concerning identification of the discount factors in
the quasi-hyperbolic and exponential discounted utility models. Finally, given obser-
vations generated in an anchored experiment, it is impossible to distinguish between
any form of time-preference that we discussed in this chapter. Therefore, the design

of the experiment strongly affects the informativeness of the observations it generates.
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Chapter 3

Testing for production with
complementarities®

3.1 Introduction

In this chapter, we discuss the testable restrictions for production technologies with
complementarities. Suppose that we observe a list of choices of input factors x made
by a single firm, given some commonly observed prices p. Under what conditions
imposed on the set of observations can we rationalise the decisions of the firm by
profit-maximising behaviour with production complementarities? In this chapter, we
refer to the notion of complementarity introduced by Edgeworth, according to which
two inputs are complements whenever an increase of one of the factors increases the
marginal returns from the other one. This implies that whenever the price of one input
falls, it is beneficial for the firm to increase the amount of both factors employed in
production.

The importance of complementarities for “modern manufacturing” was highlighted
by Milgrom and Roberts (1990, 1994, 1995), who observed the fundamental shift
from mass production, which benefits from economies of scale, to a new pattern
of manufacturing based on flexibility and economies of scope, that took place in the
final decades of the twentieth century. This new paradigm relies on a system-wide and
coordinated approach to production, where the “fit” of various attributes of technology
plays a fundamental role. The mathematical representation of complementarity in
terms of supermodular functions, and the one of lattice programming techniques

generally, provides a way of formalising the intuitive ideas of synergy and system

*This chapter was written jointly with John K.-H. Quah.



3.1 Introduction 57

effects. These tools allow for a rigorous analysis of the implications of technologies
with complementarities without any additional, superfluous assumptions (see, e.g.,
Milgrom and Roberts, 1990, Milgrom and Shannon, 1994, or Topkis, 1995). Given
the importance of the notion of complementarity and its mathematical formalisation,
it is crucial to determine whether the hypothesis provides any observable restrictions
that could be tested.

The main purpose of our analysis is to determine the necessary and sufficient
conditions under which the set of observations, consisting of input-price pairs (z, p),
can be rationalised by the profit-maximising behaviour with production complemen-
tarities. In other words, we characterise properties of the data set which guarantee
that there exists a supermodular function f, defined over the set of all possible input

vectors, such that for any observation (z,p), we have

f@)—p-z>fly)—p-vy,

for any feasible input vector y. We interpret f(z) as the revenue the firm receives when
it uses factors x. Alternatively, whenever we consider a price-taking firm producing a
single good, it is possible to normalise the price of the output to 1 and interpret f as
a production function. In this chapter, we present an axiomatic characterisation of
the profit-maximising behaviour with production complementarities. Additionally, we
provide an easy-to-apply test which allows us either to confirm or refute the hypothesis
on data sets.

Our revealed preference approach is motivated by the work of Afriat (1972), who
studied the testable implications of the profit-maximisation hypothesis with an arbi-
trary production technology. Moreover, some of the issues that are closely related to
our framework were also discussed by Rockafellar (1970), Rochet (1987), Brown and
Calsamiglia (2007), and Sakovics (2013). Nevertheless, our analysis is substantially
different from the one performed in the above papers. First of all, unlike Afriat, we
assume that the output of the individual firms is not observable, and concentrate
solely on their expenditure data. Second of all, we are not interested in rational-
ising the data set by an arbitrary production function. Rather, we determine the
necessary and sufficient conditions that allow us to justify the observations with a

production function exhibiting complementarities. In particular, we show that there
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are observable restrictions for this kind of technology. Recall that this is not true in
the case of monotonicity or concavity of production (see, e.g., Sdkovics, 2013). That
is, unlike the above two characteristics, supermodularity of the production function
is a testable property.

Ours is not the first attempt to characterise profit-maximisation with production
complementarities. In fact, Chambers and Echenique (2009) formulate the so called
cyclical supermodularity condition and show that it is both necessary and sufficient
for the data set to be rationalisable by a supermodular production function. However,
their results are formulated in the context of production functions defined on a finite
sub-lattice of the Euclidean space. We extend their result by allowing the domain
of the production function to be an arbitrary subset of Rﬁ. Moreover, we present a
tighter condition which allows us to rationalise the set of observations by a supermod-
ular and increasing production function. Hence, monotonicity of technologies with
complementarities is a testable restriction in the framework we discuss.

Our analysis differs from the one performed by Chambers and Echenique in one
additional aspect. Unlike these authors, who specify their axiom in terms of cycles
of observable demands, we concentrate on their empirical distributions. By using
the notion of stochastic supermodular dominance, introduced by Meyer and Strulovici
(2013), we characterise data sets rationalisable by a supermodular production function
through an intuitive condition on the distributions of observable demands generated
by their finite collections drawn (possibly “with replacement”) from the set of ob-
servations. Our approach is similar to the one applied in the classical literature on
intuitive probability and additive plausibility (see, e.g., Kraft, Pratt, and Seidenberg,
1959 or Scott, 1964), as well as the one employed by Border (1992) to provide an
axiomatic characterisation of the expected utility hypothesis. Moreover, it is closely
related to the analysis presented in Chapter 2.

Finally, our results can be applied to rationalise consumer expenditure data by a
quasilinear utility function, as in Brown and Calsamiglia (2007) or Sakovics (2013).
We devote the final section of this chapter to discuss the similarities and differences
of our approach to the one used in the related literature.

The remainder of the chapter is organised as follows. In Section 3.2 we present the

key lattice-theoretical notions used in our analysis. In Section 3.3 we introduce our
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axioms as well as the main theorem of this chapter. Finally, Section 3.4 is devoted to
the testable implications of the quasilinear utility-maximisation. The auxiliary results

are presented in Appendix A which is placed at the end of this thesis.

3.2 Preliminaries

Let R’ be the real /-dimensional space endowed with the standard, coordinate-wise
partial order >. Hence, for any two real vectors z = (z;)f_; and y = (y;)!_, in
R’, we have z > y if and only if z; > v, for all i = 1,...,¢. Moreover, for any z
and y in RY, we denote their join and meet by x V y and x A y respectively, where
(x Vy); :=max{z;,y;} and (z Ay); :== min{z;,y;}, fori =1,... ¢

A pair (X,>) is a sub-lattice of (R, >), whenever X is a subset of R and for

any two elements x, y € X, both x Vy and x A y belong to X.

Remark. With a slight abuse of the terminology, throughout this chapter we shall
say that X is a lattice if and only if (X, >) is a sub-lattice of (R, >).

For any lattices X and Y, we say that X dominates Y with respect to the strong
set order if, forany r € X andy € Y, we have t Vy € X and x Ay € Y. We will say
that X is a product lattice, if it is defined by the Cartesian product of its projections
on R. Hence, X := x{_  X;, where X; := {y € R:y = x;, while (z;){_; € X}, for all
1 =1,...,¢. Given any lattice X, we say that function f : X — R is supermodular,

whenever for any x and y in X, we have

flaVvy)+ flaAy) > f@)+ f(y).

Suppose that lattice X is finite. For any vector x € X, let x+e¢; denote the element
y in X such that y; = z;, for all j # ¢, while y; := min{z € X, : z > x;}, where X;
is the 7’th projection of set X, ¢ = 1,...,¢. In particular, note that e; need not be
a unit vector. For example, consider a finite lattice X := {(1,2),(1,4), (2,2),(2,4)}.
Denote z = (1,2). Then, we have z4+e1+e3 = (2,2)+e, = (1,4)+e; = (2,4). Hence,
even though e; is a unit vector, e, is not. Moreover, since X is a lattice, whenever
x +e; and x +e; belong to X, for some ¢ # 7, then so does x and x + ¢; 4 ¢;. Finally,

note that any vector e; is defined conditionally on z.
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Given any finite lattice X, by Topkis (1978, Theorems 3.1 and 3.2), function
f X — R is supermodular if and only if, for any x € X such that x + e; and
x+e; € X,1i# j, we have

flx+ei+e;)+ f(x) > f(x+e) + flo+e).

Moreover, function f is increasing whenever f(x +e;) > f(x), for any x € X and
1=1,...,¢such that x +¢; € X.

Throughout this chapter we find it convenient to refer to vectors e, € {0, 1}X],
with the entry corresponding to element x € X equal to 1 and all the remaining

coordinates equal to zero.

3.2.1 Supermodularity and stochastic dominance

In the following section we present the notion of supermodular stochastic dominance
introduced in Meyer and Strulovici (2013). Throughout this section assume that
X is a finite product lattice with cardinality |X|. We begin by defining a class of
elementary lattice transformations. For any x € X such that x + e; + ¢; belongs to
X,i#j, let i+ X — RIXI denote a function defined by
1 if y=2 or y=(z+e +ej),
tiy) =9 -1 if y=(z+e) or y=(r+¢j),
0 otherwise.
Equivalently, we may represent the elementary lattice transformation in terms of a
vector ¢j; € {-1,0, 1}‘X| such that tij "= E(ateite;) T Ex = E(uter) — E(ate;) where ¢, is
defined as previously. We denote the set of all such functions by 7.
Let Ax be the set of probability distributions over X. For any pu and v € Ay,
we say that distribution p dominates v with respect to the stochastic supermodular

ordering, and denote it by u =g v, if and only if for any supermodular function

f: X — R, we have
Y f@pe) =) fa)v(@). (3.1)

zeX zeX

Meyer and Strulovici (2013) present a dual characterisation of the above relation,

which plays an important role in the remainder of this chapter.
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Proposition 3.1. For any two probability distributions u, v € Ax, we have p =g v

if and only if there exist some non-negative coefficients {\ }1er such that

,u:y—l—Z)\tt,

where T is the set of elementary lattice transformations on X.

See Meyer and Strulovici (2013) for the proof. Roughly speaking, we say that
distribution g dominates v with respect to the stochastic supermodular dominance
order, whenever the probability assigned by v to any two unordered points x and y in
its support is “shifted” in an equal value to x Vy and = Ay in distribution p. In other
words, relatively to v, distribution p assigns an equally lower probability to any two
unordered points x and y, and a respectively higher probability to their join x V y

and meet z A y. We discuss the notion in the following example.

Example 3.1. Consider lattice X := {2,4,6} x {1,3,5} and two probability distri-
butions p and v defined over X as follows. Distribution p assigns probability 1/4 to
points (2,1), (2,3), (4,5), and (6,5), while v assigns probability 1/4 to points (4,1)
and (6,3), and 1/2 to (2,5). We depict the two distributions in Figure 3.1.

Note that © dominates v with respect to the stochastic supermodular dominance

order. In fact, we can represent the former distribution by

=gty 5 + Y,
where the elementary lattice transformations ¢7; are defined as previously. This is to
say that we can construct p by modifying distribution v using only the elementary
lattice transformations. In this case it suffices to shift the probability of 1/4 from
points (2,5) and (6,3) to their join and meet (6,5) and (2, 3), and the probability of
1/4 from points (2,5) and (4,1) to (4,5) and (2, 1) respectively.

By definition of the elementary lattice transformations, for any two distributions
i and v in Ay, if u dominates v with respect to the supermodular dominance order,
then all marginal distributions of 1 and v are equal. In particular, whenever Y is the
smallest product lattice such that supp(r) C Y, then for any probability distribution
i1 € Ax, we have that u =g v implies supp(p) C Y.
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Figure 3.1: The figure depicts the distributions p and v discussed in Example 3.1.
Observe that the probability of 1/4 assigned to points (2,5) and (6, 3) in v is shifted
equally to their join and meet, i.e., (6,5) and (2,3), in distribution p (depicted by
the solid arrows). An analogous shift takes place from points (2,5) and (4,1) to (2,1)
and (4,5) (depicted by the dashed arrows). Hence p =g v.

3.2.2 Increasing supermodular dominance

The interest of this chapter also concerns increasing supermodular functions. First,
we define the elementary monotone transformations on a finite product lattice X.
For any # € X and i = 1,..., ¢ such that 2 + ¢; € X, define 7% : X — RIX| by

1 if y=x+e,,
i(y) =< —1 if y=u,

0 otherwise.
Similarly to the elementary lattice transformations, we can represent function 7* as a
vector in {—1,0, 1}*I defined by 7¥ := €(a+e;) — Ex» Where €, is specified as previously.
Denote the set of all such transformations by 7.

For any two u, v € Ax, we say that u dominates v with respect to the increasing

stochastic supermodular ordering, and denote it by p > ;g v, if and only if for any in-
creasing and supermodular function f : X — R, condition (3.1) holds. As previously,

Meyer and Strulovici present a dual characterisation of this notion.
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Proposition 3.2. For any two probability distributions u, v € Ax, we have j >=rg v
if and only if there exist some non-negative coefficients {0, },c1 and { i }ier such that

N:V+Z‘977+Z)\tta

TET teT
where T and T are the sets of the elementary monotone and lattice transformations

on X respectively.

Roughly speaking, the increasing supermodular stochastic order is a combination
of the supermodular and the first order stochastic dominance. Take any two probabil-
ity distributions p and v such that p >=;5 v. Given Proposition 3.2, this implies that
po=v+> 707+ > o Mt for some non-negative weights {0:}-e7 and {A}ier.
Suppose that w := v + Y, At is a probability distribution. In particular, this im-
plies that = w + > - 0,7. Hence, there exists a probability distribution w such
that w =g v, while u first order stochastically dominates w. Alternatively, whenever
w' = v+ Y 70,7 is a probability distribution, then it first order stochastically

dominates v, while 1 =g w' (see Meyer and Strulovici, 2013). The above description

need not be precise, as in general w and w’ may not be probability distributions.

Example 3.2. Consider the lattice discussed in Example 3.1. Suppose that p assigns
probability 1/4 to points (2,1), (4,3), (4,5), and (6,5), while v assigns probability
1/4 to (4,1) and (6, 3), and 1/2 to (2,5). Note that we can express u by

2,3)
2

2,3 2,1 43
p=v+ 13 g LD 4 LG9 4 LG

where the monotone and lattice transformations 7;° and ¢7; are defined as previously.
Denote w := v+ %t%’l) + %t%g) + %t%’g), which is a probability distribution that assigns
probability 1/4 to points (2,1), (2,3), (4,5), and (6,5). Hence, by Example 3.1, we

have w >g v. Moreover, as u = w + ;1171(2’3), distribution u first order stochastically

dominates w. Analogously, it is possible to construct a distribution w’ = v + 71(2’3)

which first order stochastically dominates v and pu =g w'.

Similarly to the case of supermodular dominance, whenever distribution p dom-
inates v with respect to the increasing supermodular dominance order, then any
marginal distribution of p first order stochastically dominates the corresponding
marginal distribution of v. In particular, there exist some product lattices Y, and Y,
such that supp(p) C Y, and supp(v) C Y,,, while Y,, dominates Y, with respect to the

strong set order.
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3.3 The main result

Suppose that we observe a finite set of price and factor input data which are elements
of Rﬁ. Therefore, an observation is an ordered pair (z,p) € ]Rﬂ X Rﬁ, consisting of
an input vector x demanded at price p. Denote a finite set of observations by O. The
corresponding set of observable inputs is X' := {z € Rﬁr : (x,p) € O for some p}. For
any set Y C Rﬁ such that X C Y, we say that function f : Y — R, rationalises O
over Y, if for any (z,p) € O, we have

flx)=p-x>fly)—p-y, forally e Y.

We interpret f(z) as the revenue the firm receives when is uses factors x. Alterna-
tively, whenever we consider a price-taking firm producing a single good, it is possible
to normalise the price of the output to 1 and interpret f as a production function.
In the remainder of this section we discuss the necessary and sufficient conditions
on the set of observations which allow us to rationalise the data by profit-maximisation
with production complementarities. In the following subsection we state two axioms
characterising the set of observations, which will be central to our argument. Then,
in Section 3.3.2, we present a simplified version of our analysis by constraining our
attention to finite sub-lattices of Rﬂ. Finally, we state the main result of the chapter
in Section 3.3.3, in which we extend the notion of rationalisation to an arbitrary

sub-lattice of the real space.

3.3.1 Observable choices and supermodular dominance

Take any product lattice Y O X and define the following set of ordered triples:
Ry == {(z,y,p) : (z,p) € O and y € Y'}.

Note that the above set captures the intuition of a directly revealed preference relation
over elements in Y. Each triple, consists of two vectors of inputs x and y, and a vector
of prices p, such that (x,p) constitutes a single observation, while y belongs to the
product lattice Y. Clearly, under the assumption of profit maximisation, whenever
we observe (z,p) it implies that, given prices p, acquiring inputs z yielded higher
profit than y. Therefore, conditional on p, vector x was “preferred” by the firm to y.

Moreover, we expect this condition to hold for any observation (z,p) in O and any
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vector y € Y. In particular, whenever function f : Y — R, rationalises set O over
Y, it must be that (z,y,p) € Ry implies f(z) —p-z> f(y) —p-y.

We define a sample of Ry as a finite, indexed collection {(z°, y*, p®) } ses of elements
in Ry. In particular, we allow for a sample to be constructed “with replacement”.

That is, a single element of the set may appear more than once in the sample.

Axiom 3.1 (Supermodular dominance). For any sample {(x®,y*,p®)}ses of Ry de-

fine probability distributions p and v in Ay by

v(z) = |—é||{s €S:z=2"% and pu(z):= |—él|{s €S z=y"}.

Set of observations O obeys the supermodular dominance axiom over Y whenever for

any sample of Ry, pn =g v implies ) op° - (2° —y*) <0.

The set of observations O obeys the above axiom over a product lattice Y O X,
whenever it is impossible to construct a sample {(z*,y* p®)}ses of Ry such that
the distribution of elements y* dominates the distribution of x* with respect to the
supermodular stochastic ordering, while the total cost of inputs > o p®-2° is strictly
greater than ) _.p®-y°.

The above condition becomes more intuitive once we consider a set of observations
consisting only of two elements (z!,p') and (z?%,p*). Consider a sample containing
(xt, 2t v 22, p') and (22, 2! A 2%, p?). Whenever 2! and 22 are unordered, the distri-
bution that assigns probability 1/2 to 2! V 2? and a' A 2 dominates the distribution

1

that assigns 1/2 to ! and z? with respect to the stochastic supermodular ordering.

Hence, for the axiom to hold, it must be that
ptoat +pt - <pt- (@t va?)+pt (2l Aa?),

or equivalently, p*- (2% —x! A2?) < p'- (2! va? —x'). That is, the difference between
the cost of 22 and 2! A2? under prices p? cannot be strictly greater than the difference
in the cost of inputs ' V 2% and 2! under prices p'. Once we consider sets with a
greater number of observations, the above requirement becomes more sophisticated,
as it has to be verified not only for individual pairs of input vectors, but also for their

arbitrary sets. We discuss one such case in the following example.
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Example 3.3. Consider lattice Y = {2,4,6} x {1,3,5}. Suppose that we observe
three input choices of a firm, equal to (6, 3), (4, 1), and (2, 5), at prices (1,1), (1.5,2.5),
and (2, 2) respectively. The corresponding set Ry consists of all triples (z, y, p), where
x is equal to one of the observed choices, p is the price at which x was chosen, while
y is any element in Y. We claim that the above observations fail to satisfy the

supermodular dominance axiom. Consider the following sample of Ry:

(e, 5, p), ((6.3). (4,5), (1, 1)),
@yt | ) @), 2:3),(15,25)),
(2,1, ), ((2:5), (2.1), (2,2)),
(a4, p") ((2,5), (6.5, (2.2))

Denote the distribution of x* in the above collection by v. Clearly, v assigns prob-
ability 1/4 to points (6,3) and (4,1), and 1/2 to (2,5). On the other hand, the
distribution of y*, which we denote by u, assigns probability 1/4 to each element in
its support, i.e., (4,5), (2,3), (2,1), and (6,5). By Example 3.1, we know that p =g v.
Moreover, we have Zizl p° - (x° — y®) = 1, which is strictly greater than 0. Since
there exists at least one sample violating the condition stated in the axiom, the set

of observations fails to satisfy the supermodular dominance axiom.

Given the notion of increasing supermodular dominance order, we are able to

specify a stronger requirement imposed on the set of observations.

Axiom 3.2 (Increasing supermodular dominance). For any sample {(x*,y*, p*) }ses

of Ry define probability distributions u and v in Ay by
v(z) = |T1€|’{3 €S:z=2"} and p(z):= |—§||{3 €S:z=y’}

Set of observations O obeys the increasing supermodular dominance axiom over Y

whenever for any sample of Ry, p =g v implies ) . op° - (z° —y°) < 0.

The above condition is similar to the supermodular dominance axiom, apart from
the weaker notion of dominance used in the definition of the requirement. Clearly,
the second axiom is stronger, as it requires to verify the condition for a larger class
of samples of Ry. Namely, since y =g v implies u > v, the set of samples that
potentially violate the increasing supermodular dominance axiom is greater (by set
inclusion) then the set of collections violating the supermodular dominance axiom. In
the following example we present one set of observations that obeys the supermodular

dominance axiom but fails to satisfy the increasing supermodular dominance axiom.
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Example 3.4. Consider lattice Y discussed in Example 3.3. Suppose that the set of
observations is O = {(x*,pF)}i_,, where 2! = 2% = (2,5), 2* = (4,1), 2* = (6,3),
while p! = (1,2), p*> = (2,2), p* = (2, 1), and p* = (3,2). We do not verify it directly,
but it is possible to show that the data set obeys the supermodular dominance axiom.?
However, it does not satisfy the increasing supermodular dominance axiom. To show

this, take the following sample of set Ry induced by the set of observations:

(z', 9", p"), ((2,5),(2,1),(1,2)),
(@%,9% %), | _ ) ((2,5),(4,5),(2,2)),
(z°,9°, p°), ((4,1),(6,5),(2,1)),
(z*,y*,p") ((6,3),(4,3),(3,2))

By Example 3.2, we know that the distribution of y* dominates the distribution
of z* with respect to the increasing supermodular dominance order. Moreover, we
have 2321 p® - (2 — y®) = 2, which is strictly greater than 0. Hence, the increasing

supermodular axiom is violated.

The axioms stated above have a similar flavour to the cancellation law used in
the in the classical literature on intuitive probability and additive plausibility (see,
e.g., Kraft, Pratt, and Seidenberg, 1959 or Scott, 1964). As in the above literature,
our condition is imposed directly on the samples of elements drawn from the revealed
preference relation. Clearly, the requirements are not equivalent, as the framework
we discuss is different, however, the line of our argument highly resembles the one

applied in those papers.

3.3.2 Supermodular rationalisation on a finite lattice

In the following section we show that the supermodular (increasing supermodular)
dominance axiom is a necessary and sufficient condition for the observations to be
rationalisable over a finite lattice by a supermodular (increasing and supermodular)
technology. In particular, we revisit the result by Chambers and Echenique (2009)
and show that the cyclical supermodularity requirement, specified in their paper, is

equivalent to the supermodular dominance axiom. In the following proposition we

!Given Proposition 3.3, presented in the remainder of this chapter, we know that in order to
verify the supermodular dominance axiom it is sufficient to determine a supermodular function
f Y — R, that rationalises the set of observations over Y. In fact, there exists at least one such
function. For example, function f(2,1) = 15, f(4,1) = 11, f(6,1) = f(6,5) = 1, f(2,3) = 13,
f(4,3) = f(2,5) =9, and f(6,3) = f(4,5) = 5, is both supermodular and rationalises O over Y.
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show the necessity of the supermodular (increasing supermodular) dominance axiom

for rationalisation of the data.

Proposition 3.3. Let O be rationalisable by a supermodular (increasing and super-
modular) function f:Y — Ry overY, for some finite product lattice Y 2O X. Then

it obeys the supermodular (increasing supermodular) dominance aziom over'Y .

In order to show that the result in the brackets holds, take any increasing, super-
modular function f:Y — R, and any sample {(x*, y*, p®) }ses of Ry. By definition,
for any s € S, we have f(z®) — f(y®) > p* - (z® — y°). In particular, once we sum up

the inequalities with respect to s € S, we obtain
M FE) =D fW) =) p (=)
sesS ses ses

Given distributions v and p, defined as in the increasing supermodular dominance ax-

fom, we have Y, s f(2%) = S| 5, cy f@)w(a) while s £ (%) = 5] X sey fla)p(a).

Since p =g v, by the definition of the increasing supermodular stochastic dominance,

0> f@) =D fy)=> p (" —y)

s€S seS seS
Equivalently, we can show the necessity of the axiom using the dual representation
of the increasing supermodular dominance order, specified in Proposition 3.2. Suppose
that u =g v. Therefore, there exist some positive weights {0, },c7 and {\; }1er such
that p = v+ > 0.7+ > ,cr Mt, where T and T denote the sets of elementary

monotone and lattice transformations respectively. In particular,

DS =Y ) = —ISI) ] f@)(u(x) — v(x))

= IS5 (X, 0re) + 3, M)
= 151376, 3 f@)r(@) — SIS A Y fla)t()
T€T  z€Y teT  zeY

Whenever function f is increasing, for any 7 € 7 thereisay € Y with y +¢; € YV
such that >, f(x)7(x) = f(y +e;) — f(y) > 0, for some i = 1,...,¢. Similarly, if
the function is supermodular, then for any ¢t € T thereisay € Y with y+e;+¢; € Y

such that >, f(2)t(x) = fly+ei+e) +fy) = fly+e)—fly+e)=0,i#].
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Clearly, these two observations guarantee that > o f(2°) = > ¢ f(y®) < 0, which
by our previous argument implies ) _<p° - (° —y*) < 0.

The result outside the brackets can be proven in an analogous way. Clearly,
whenever p© >g v, then for any supermodular function f : Y — R,, we have
Yoees f(2°) = > .cq f(y°) < 0. Hence, it must be that > _cp° - (2° —y*) < 0. Simi-
larly, it is possible to show the result using the dual representation of the stochastic
supermodular dominance order. Recall that, whenever  dominates v in the above
sense, we have p =v+3% 0.7+, \t, where weights {\; },c are positive and
0, =0, for all 7 € T. Hence, we can apply the same argument as previously.

Showing that the supermodular (increasing supermodular) dominance axiom is at

the same time a sufficient condition for rationalisation is more demanding.

Proposition 3.4. Suppose that O obeys the supermodular (increasing supermodular)
dominance axiom over some finite product lattice Y O X. There is a supermodular

(increasing and supermodular) function f Y — Ry that rationalises O over Y .

Proof. Enumerate the elements of Ry such that the set is equal to {(z",y",p") }+er-
Let A be a |T| x |Y| matrix, in which every row corresponds to a single elementary
lattice transformation 7 € 7. Therefore, for any 7* € T, the corresponding row
is equal t0 €(y4e,) — €z, Where g, is defined as in Section 3.2. Similarly, let 7" be
the set of the elementary lattice transformations defined over Y. By B we denote
a |T| x |Y| matrix, in which every row corresponds to a single elementary lattice
transformation ¢ € T. Hence, for any t7; € T, the corresponding row is equal to
E(zteite;) T Ex = E(ate)) — E(ate;)- Let C be a [R| x |Y| matrix, where for each r € R,
the r’th row is equal to €, — g,r. Finally, by d we denote a vertical vector of length
|R|, where for each r € R the corresponding entry is equal to p" - (" — y").

Observe that in order to prove the result outside the brackets, it suffices to show
that, given the supermodular dominance axiom, there is a vector f € RE/‘ such that
B-f>0and C- f>d. On the other hand, proving the statement in the brackets
is equivalent to showing that the increasing supermodular dominance axiom implies
the existence of some f € R‘f‘ such that A- f >0, B-f >0, and C'- f > d. We prove
only the second case. The result outside the brackets can be proven analogously.

First, we claim that whenever set O obeys the increasing supermodular dominance

axiom, there is some f € RYI such that A-f >0, B-f >0, and C - f > d. By
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Theorem A.2 (see Appendix A), whenever the system of inequalities has no solution,
there are vectors 6 € ZT, A€ Zlf‘ and v € Z‘f', where either > 0, A > 0, or v > 0,
such that - A+ \- B+~-C =0, while 7-d > 0. Take any such vectors and denote

0= (0;)rers A = (M)ier, and v = (7,-)rer- The above conditions can be rephrased as
nyjemr + Z 0,7+ Z Mt = Z%gyr and Z%p’" (2" =y") >0,
rER T€T teT reER rER
respectively. For any z € Y, let K(x) := {r € R : x = 2"}. That is, K(x) is the
set of all indices r € R enumerating the elements of Ry for which the corresponding

element z" is equal to x. Analogously, let L(y) := {r € R : y = y"}. Define probability
distributions v and u, by

_ ZkEK(x) Tk _ ZlGL(y) m,

ZTGR Tr Z’I‘ER Tr .

Therefore, probability v(z) is equal to the sum of weights 7,, » € R, for which the

v(x): and p(y) :

corresponding element z" is equal to x, divided by the sum of all +,.. Analogously,
probability u(y) is equal to the normalised sum of weights ~,, r € R, for which the
corresponding clement y” is equal to y. Moreover, denote 6, = 6,/ > verYr and

A= N/ > verYr- The above conditions imply that

v+ Zéﬂ'%— ijtt = and Z%p’“(ﬂ —y") > 0.

TET teT re€R

By Proposition 3.2, we have p >=rg v, while _ _,vp"(z" —y") > 0. Construct a
sample {(2°,y®, p®) }ses of Ry such that each element (2", y", p") appears 7, times, for
all » € R. Observe that the distributions of #* and y* are equal to v and u respectively.
In addition, we have ) __<p°-(2°—y°) > 0. Since p =g v, this violates the increasing
supermodular dominance axiom. Therefore, we conclude that the axiom implies the
existence of some f € RVl such that A- f >0, B- f>0,and C - f > d.

In order to show that there is a solution in R‘f‘, note that by definition of matrices
A, B, and C, whenever vector f satisfies the above system of inequalities, then so
does f + a, where a is a vector in RY! with every entry equal to some constant.

Clearly, we can always find an a such that (f +a) € ]R‘rl. O

2In our notation we assume that > icpai = 0.
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Propositions 3.3 and 3.4 imply that the supermodular (increasing supermodular)
dominance axiom is both a necessary and sufficient for the set of observations to be
rationalisable by a supermodular (increasing and supermodular) function f : Y — R,
over an arbitrary finite product lattice Y that contains X. In particular, whenever
we restrict our attention to product lattices, the result concerning the necessity and
sufficiency of the supermodular dominance axiom for rationalisation of the data set is
equivalent to Chambers and Echenique (2009, Proposition 2). This implies that the
set of observations satisfies our axiom if and only if it is cyclically supermodular (see
the above paper for a formal definition of this notion). In other words, we present
an alternative characterisation of profit-maximisation with production complemen-
tarities in terms of distributions defined over the observable inputs, rather than their
cycles. In addition, by introducing the increasing supermodular dominance axiom,
we provide a stricter requirement under which the set of observations is rationalisable
by an increasing and supermodular technology. Given Example 3.4, we know that

monotonicity of production with complementarities is testable.

3.3.3 Supermodular rationalisation on an arbitrary lattice

In the following section we discuss conditions under which the set of observations
can be rationalised over any sub-lattice of the Euclidean space. Before we state the
main theorem, we need to introduce some additional notation. Let X* denote the
smallest (by set inclusion) product lattice that contains X'. In other words, we define
X* = x!_ X, where X; ;== {y € R : y = x;, where (xj)§:1 € X'} is the ¢’th projection

of set X'. Consider the main theorem of this chapter.

Theorem 3.1. Set O is rationalisable over Rﬂ by a supermodular (increasing and
supermodular) function f : RS — Ry if and only if it obeys the supermodular (in-

creasing supermodular) dominance axiom over X*.

The necessity part of the above theorem is directly implied by Proposition 3.3.
Therefore, in the remainder of the section we focus on the sufficiency of the axioms.
Let X be the smallest (by set inclusion) product lattice containing X U{0}. In other
words, we define X := x‘_,(X; U {0}). Consider the following lemma.

Lemma 3.1. Suppose that O obeys the supermodular (increasing supermodular) dom-

inance axiom over X*. Then it obeys the axiom over X;.
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Proof. Take any sample {(z°,y° p®)}scs of Rx; such that the distribution of y?,
denoted by pu, dominates the distribution of z*, denoted by v, with respect to the
stochastic supermodular (increasing supermodular) dominance order. Denote the
smallest (by set inclusion) product lattice containing supp(r) by Y,. Similarly, let Y,
denote the smallest product lattice containing supp(u). Since z® € X, for all s € S,
it must be that supp(v) C X*. Moreover, if © =g v then Y, =Y, while g >;g v
implies that Y, dominates Y, with respect to the strong set order. In either case it
must be that Y, C X*. Therefore, whenever O obeys the supermodular (increasing

supermodular) dominance axiom over X*, it satisfies the axiom over X. O

Given Proposition 3.4, the above lemma implies that whenever the set of observa-
tions obeys the supermodular (increasing supermodular) dominance axiom over X*,
there exists a supermodular (increasing and supermodular) function f : Xj — Ry,
which rationalises the data over Xj. In the next lemma, we show that any such
function has a supermodular (increasing and supermodular) extension to R, which
rationalises O over ]Rﬁ. Our argument is constructive. That is, we explicitly de-
fine the extension by applying a specific form of multi-linear interpolation between
the points of f(X). Before we prove the general result, we explain our method in

following example.

Example 3.5. Consider two observations (z!,p!') and (22, p?), where z! = (3,1),
p' = (2,1), while 22 = (1,2) and p? = (1,1). Hence, X = {(3,1),(1,2)}, while the
smallest product lattice containing X' is X* = {(1,1),(3,1), (1,2),(3,2)}. Finally, set
X¢ is equal to X*U{(0,0), (1,0),(3,0),(0,1),(0,2)}. In Figure 3.2 we plot the lattice
as well as an increasing and supermodular function f : X — R that rationalises the
set of observations over X;. We claim that there is an extension of f to R3.

Take any point in R, e.g., y = (y1,¥y2) depicted as in Figure 3.2. Note that the
point belongs to the convex hull of elements (1,1), (3,1), (1,2), and (3,2). Clearly,

it can be expressed as a linear combination of these points in the following way:

y = (y1,92)
- B R R L)
= 22—_y12 : [33—_7;11 ’ (3a 2) + y31_—11 ’ (172)} + y22_—11 : [?;,_Tyll ’ (3a 1) + y31_—11 ’ (17 1)}
_ 2=y 3-u (3 2) + 2—y2  y1—1 (1 2) + y2—1  3—yi (3 1) + y2—1 -1 '(1 1)
2—-1 3—1 ? 2—-1 3—1 ’ 2—-1 3—1 ’ 2—-1 3—1 ) :
— —

a1 a2 a3 Qy
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Figure 3.2: The figure depicts a production function rationalising the set of observa-
tions discussed in Example 3.5. The points in the corresponding lattice X* are rep-
resented by solid red dots, while the void red dots represent the elements of X\ X*.
The values of function f : Xj — R are denoted in red next to the corresponding
points in XJ. The grey solid line denotes the upper bound of co(Xf).

Given the above weights, we are able to define the value of function f at point y by

taking a linear combination of its values at points in X*. That is,

f(y) = Oélf(3>2) + Oégf(l, 2) + Cl’gf(B, 1) + Oé4f(1, 1)
= a;-7T+ay-5+a3-6+ ay -4

Clearly, we can determine the value of the function in an analogous way for any point
y that belongs to co(Xj). Whenever a point is outside co(X() (e.g., ¢ depicted in
Figure 3.2) its value is equal to the value of the “closest” point that belongs to co(X(),
i.e., ¥ Az, where z := \/ co(X{) = (3,2).

In the following lemma we show that the extension of function f : Xj — R, to

Rﬂ, constructed in the way presented above, preserves all the desired properties.

Lemma 3.2. Let [ : X — Ry be a supermodular (increasing and supermodular)
function that rationalises O over X;. There exists a supermodular (increasing and

supermodular) extension of f to Rﬂ that rationalises set O over ]Rﬂ.
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Proof. Let co(X{) be the convex hull of X§j. Denote I = {1,...,¢}, and let Z be
the power set of /. Define X()" ={r e Xg a2+ ,.,6 € X;}. Inother words, X()"
consists of all the elements in X which are not contained in the upper bound of set.
For every z € )0(5", define a hyperrectangle H, := {y e R}, 12 <y < a4+, e},
as well as the set of its vertices V, := {y € X§ :y =2 + >, €, for some J € T}.
Observe that by definition, we have H, = co(V;) and X§ = [J,. % V. Clearly, this
implies that

co(Xy) = U H, = U co(Vy).
ceXy ceXy
We denote the greatest element of co(X{) by .
Step 1: We propose a candidate function that extends f to Rﬂ_. First, define

correspondence ¢ : co(X§) = R in the following way. For any element x € X{)k and y

in Hy, let g(y) == ,cra%(y)f (z+ > ;s €:), where

z L Yi — T Yi —Ti \ 3
i) =11 5 H(l‘ el )

i€I\J ied

and ||-] is the Euclidean norm.* Therefore, for any y € H,, the value of g(y) is a linear
combination of the values of function f evaluated at the vertices of the hyperrectangle
that contains y, i.e., points in f(V,). Moreover, the weights assigned to each element

in f(V,) are defined such that y = >, 7 o5(y)(x + > _,., €;). In other words, we have

( f(y) = a5(y) (a: > e flet ) a)).

JeT

Finally, by definition of a%(y), if y belongs to one of the sides (or edges, or is one of
the vertices) of H,, the strictly positive weights are assigned only to these vertices
of the hyperrectangle that “span” that side (or that edge, or only that single vertex).
In particular, this implies that g is single-valued at any non-empty intersection of
hyperrectangles H,. Since g is a linear function on the interior of each H,, it is a
continuous function over co(X§). Moreover, whenever f increases, so does g.

Define the extension of function f to R, f: RY — Ry, by f(y) :== g(Z A y).
Clearly, for any » € X, we have f(z) = g(z) = f(z). Hence, function f is a well

3In our notation, we assume that Yicpai =0and [[;cpa; =1,
ATherefore, for any i € I, |le;|| is simply the distance between vectors x and z + e;. More
precisely, it is the difference between the values of the i’th coordinate of the two vectors.
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defined extension. Moreover, as “A” is a continuous operator and ¢ is a continuous
function, f is continuous. Finally, whenever f increases, so does f.

Step 2: We show that function f is supermodular. We begin by showing that
function ¢ is supermodular over its domain. By Topkis (1978, Theorem 3.2), it
suffices to show that for any yi > v, y; > y;, 1 # j, we have

9Wis Ui Y—is) — 9 U Y=is) = 9(Wis Y5 Y=is) — 9(Yis Y5 Y—ij)- (3.2)

Since g is piece-wise linear, it is almost everywhere twice continuously differentiable.

By the Fundamental Theorem of Calculus the above condition is equivalent to

/ / (92; ZZ, Zj, y_ij)dzidzj 2 0.

For any x € )2'5*, i€l,and y = (y;,y—;) in the interior of H,, we have

o000 =3 gk s e+ X, )

where for any J € Z,

e L fer 11 <1_yﬁe_zfﬁk> ifi€J,

aaﬁ( ) W ke iy KEI\J
y; _ﬁ % I1 (1 — yﬁ:ﬁk) otherwise.
Trer "N ke(\\{i} *

Since 7 is the power set of I, for any set J € Z that contains ¢, there exists a
corresponding set J' = J\{i}. Equivalently, (I1\J")\{i} = I\J. Moreover, the above
argument implies that 0a%/0y;(y) = —0a%,/0yi(y). Let Z; denote the collection of
all subsets J of I such that i € J. Then,

dg o’
8yz( v) = JEZZ 8y;-] ) {f (x et ZkeJ\{i} ek) a f<x * Zke]\{i} ekﬂ'
For any J € Z;, denote

Mz, J) = f<x et Zke]\{i} ek) B f<x + ZkeJ\{i} 6’“)'

Clearly, 0%g/0y:0y;(y) = > jez, 0%/ 0yi0y;(y)h(z, J), where, for any J € T,

1 H Yk —Tk H (1 _ yk—$k> lf] c J’
*a’ () = lleallle; I keI ) llel kel llel

9yid _ Y=k :
Yol ||el||He]|| H o I (1 ] > otherwise.
ke(IN\{s}
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Analogously, for any set J € Z; that contains j, there exists some J' = J\{j}, or

equivalently (I\J)\{j} = I\J. Moreover, 9*a%/dy;0y,(y) = —0%a%, /dy;0y;(y). Let
Z;; denote the collection of all subsets J of I such that {i,j} C J. Therefore,

0? 0%a’

() = ’

0yi0y; =, Oyi0y;

(W) [, J) = h(z, I\{j})],
where 92a% /0y;0y;(y) > 0. Moreover, for any J € Z;;, we have

hi(z,J) = hi(x, J\{7}) = [f(z+€i +ej) — f(z+€j)] - [f(z‘l't?i) - f(z)],

where z = x4+ >, M) Ek- Since f is supermodular on X, the above expression is
positive for all z € X such that z +e; + e; € X;. Hence, at any y € co(X) for
which g is twice-continuously differentiable, we have 92g/9y;0y;(y) > 0. Therefore,
condition (3.2) is always satisfied, which implies that function ¢ is supermodular.
To show that f is also supermodular, take any y and z in R’ . By definition of

the function and supermodularity of g, we have

fly) + f(2)

IA
s =
&
>
S
<

= f

Step 3: We show that function f rationalises O over Rﬁ. Take any (z,p) € O and

y € RY. Since Z Ay € co(Xy), there exists some 2’ € X()" such that Z Ay € Hy. In

. . . 9t 2¢ _ ot k

particular, there exist weights {ou}i_1, >y @r = 1, such that Z Ay = >, _; a2”,

where 2¥ € V,/ is a vertex of hyperrectangle H,,. By definition of function ¢, this

implies that ¢(z A y) = Ziil apf(2%). Finally, f rationalises O over X{. Hence, for
any such 2’ and 2* € Vs, we have f(z) —p-x > f(2*) — p- 2*. Therefore,

fx)=p-z = f() P

_ af(@) —p- Zkl
NI

)—p-(w/\y)

) =Dy
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where the first equality follows from the fact that f is an extension of f, and x €

X* C X{. The proof is complete. n

In some cases we might be interested in rationalising the set of observations by a
production function which is defined over a subset of Rﬁ (which might not necessarily
be finite). In particular, this might take place when some input factors can only be
acquired in integer amounts. The following corollary to Theorem 3.1 shows that the
axioms stated in Section 3.3.1 remain both necessary and sufficient for this form of

rationalisation.

Corollary 3.1. LetY be any lattice such that X* CY. Then, set O is rationalisable
over' Y by a supermodular (increasing and supermodular) function f:Y — R if and

only if it obeys the supermodular (increasing supermodular) dominance aziom over

X*. (Note that' Y does not have to be a product lattice.)

The above result follows from the fact that, whenever there exists a function
rationalising O over Rﬂ, the same function rationalises the set over any restricted do-
main. Moreover, both supermodularity and monotonicity are preserved over the new
domain. This implies that the supermodular (increasing supermodular) dominance
axiom is a necessary and sufficient condition for rationalising the data set over an
arbitrary sub-lattice of the Euclidean space.

Suppose that lattice Y is finite. The above observation implies that, whenever Y
contains X*, in order to rationalise O over Y, it is sufficient for the set of observa-
tions to obey the supermodular (increasing supermodular) dominance axiom over X*,
rather than Y. In other words, Corollary 3.1 provides a tighter condition than the
result discussed in Propositions 3.3 and 3.4, as it suffices for our axioms to be verified
over a smaller set. In particular, this also refers to Chambers and Echenique (2009,
Proposition 2), who require for the cyclical supermodularity condition to be satisfied
for any cycle in Y. Since their axiom is equivalent to supermodular dominance over
Y, it is enough to check either the cyclical supermodularity condition or the super-
modular dominance axiom for the elements of X* only. This plays an important role
for the applicability of our results to an empirical analysis. Clearly, whenever set Y
is much larger than X*, the above observation allows us to substantially reduce the

complexity of the test.
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Even though our axioms provide an intuitive condition for rationalisability of the
set of observations, checking whether the requirement is satisfied by the data might
be cumbersome and hard to apply in an empirical analysis. Fortunately, there exists

a more convenient way of implementing the test. Consider the following proposition.

Proposition 3.5. LetY D X be a finite product lattice. Set O obeys the supermodular
(increasing supermodular) dominance aziom over Y if and only if there is a sequence
(increasing sequence) of numbers { fi}zey such that, for any x € Y with x + e; + ¢;
inY, i # j, we have fute,ve;) + fo = flate) + flatey), and (2,y,p) € Ry implies
fo—p-x>f—p-y.

The result states that the supermodular (increasing supermodular) dominance
axiom is equivalent to the existence of a solution to a certain system of linear in-
equalities. It is clear that any such solution constitutes a supermodular production
function that rationalises set O over Y.° Therefore, Proposition 3.5 is simply a re-
formulation of Propositions 3.3 and 3.4. Note that the above result provides us with
a simple method of verifying if O is rationalisable over Rﬁ. By Theorem 3.1, the set
of observations is rationalisable over the Euclidean space if and only if it obeys the
supermodular (increasing supermodular) dominance axiom over X*. By Proposition
3.5, we can verify the condition by finding a solution to the corresponding system of
linear inequalities. As it is well known, such systems can be efficiently solved in a

finite number of steps, which we find crucial for the applicability of our result.

3.4 Related results and alternative applications

In the previous sections we were concentrating on the necessary and sufficient condi-
tions under which the set of observations can be rationalised by either a supermodular
or an increasing and supermodular production function. Clearly, the axioms we dis-
cussed are at the same time sufficient for rationalising O by any production function.

However, as we were focusing on a specific type of technology, our conditions are not

5Obviously, we can define f : Y — R, by f(z) := f,. Given this, for any z € Y with = + ¢; and
z+e;inY, i # j, we have f(z+e;+e;)+ f(x) > f(x+e;)+ f(z+e;), which implies supermodularity
of the function. Finally, as (z,y,p) € Ry implies f(z) —p-z > f(y) —p -y, function f rationalises
O over Y.
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necessary in this more general case. In the following section we show how our results
relate to those in the existing literature.

In the second part of the section we discuss the way in which Theorem 3.1 corre-
sponds to the testable restrictions for the quasilinear utility-maximisation hypothesis.
In particular, we focus on how our results can be applied to the analysis performed

by Brown and Calsamiglia (2007) or Sékovics (2013).

3.4.1 Cyclical monotonicity and supermodular dominance

The necessary and sufficient conditions for rationalisation of input-price data by an
arbitrary technology can be obtained directly by the application of Rockafellar (1970,
Theorem 24.8). Various versions of the argument can be found, e.g., in Brown and
Calsamiglia (2007), Chambers and Echenique (2009), or Sdkovics (2013). In order to

make our thesis self-contained, we present the result below.

Proposition 3.6. The following statements are equivalent.
(i) Set O is rationalisable by a function f: RS — Ry over RL.

(ii) The set of observations is cyclically monotone. That is, for any finite sequence

{(z™, p")}, in O, we have
po(@ =) +pt (@ =)+ p" T @ =) T (@ = 2h) <0,
(ii1) Set O is rationalisable over RY. by an increasing, concave function f: Ry — R

In order to understand how the above condition is related to the supermodular (in-
creasing supermodular) dominance axiom, take any sample {(z® y°, p®)}ses of Rx~,
where X* is the smallest (by set inclusion) product lattice containing X. As previ-
ously, let distributions v and p € Ax+ be defined by v(2) := ﬁ|{s €S:z=2%} and
w(z) = ﬁ\{s € S:z=y"}|. We claim that set O is cyclically monotone if and only if
for any sample {(z°,3°, p*) }ses of Rx~ such that y = v, we have ) _¢p*(2°—y°) <0
(denote the latter condition by ).

To see that cyclical monotonicity implies (x), take any {(z®, y°, p*)}ses such that
@ = v. In particular, for all s € S, we have y* € X, or equivalently, (y°,p) € O, for

some p. Clearly, it is possible to construct a sequence {(z", p™)}7, of length m = |S|
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such that (z!, 22, p'), (2% 23, p%), ..., (z™ 2, p™) belong to Rx-.5 Moreover, by

cyclical monotonicity, we have
1 1 2 2 2 3 m(,..m 1\ S s S
p(e—a)+p (e —2)+ -+ p"(x —x)—Zp(x —y°) <0
seS

In order to show that the opposite implication also holds, take any finite se-

quence {(z™,p")}"™ ; in O. Observe that any such sequence generates a sample

1

{(z™ y™, p")} ™, where y* = 2" forn = 1,...,m — 1, and y™ = z'.

Clearly
the corresponding distributions p and v are equal. Moreover, condition (x) implies
that 3570, p" - (2" —y") < 0.

Given the above characterisation, it is straightforward to show that the super-
modular (increasing supermodular) dominance axiom imposes a stronger condition
on the set of observations than cyclical monotonicity. Namely, as any two equivalent
distributions are at the same time ordered with respect to =g (=), in order to verify
whether the set of observations obeys the supermodular (increasing supermodular)
dominance axiom we need to check the condition stated in the definition of the axiom
for a larger class of samples. That is, not only the samples for which the corresponding
distributions are equivalent, but also those for which they are ordered with respect

to =g (=1s).

3.4.2 Supermodularity and quasilinear rationalisation

The results obtained in the previous sections can be easily reinterpreted as a consumer
optimisation problem with quasilinear utility function. Suppose that the consumer’s

preference can be represented by function v : RY x Ry — R, defined by
v(x,m) :=u(x) +m,

where u : Rﬂ — R is a utility function defined over ¢ consumption goods, while
m denotes the value of the numeraire. Given some initial wealth w, the consumer

optimisation problem is

maxv(z,m), s.t. p-x+m < w.

(z,m)

6The sequence can be constructed as follows. Take any element (x,y,p) from {(z*,y%,p%)}ses,
and denote it (z!,22,p'). Given that u = v, there exists a triple (z’,%’,p’) in the sample such that
2’ = z2. Denote (2%, 23,p%) := (2/,%,p'). Analogously, we can find some (z”,y”,p") such that
2" = 3, and so on. Since the sample is finite, eventually we reach the final element (2™, 2!, p™).
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Clearly, as function v strictly increases with respect to m, the budget constraint is
binding at every solution to the above problem. Therefore, without loss of generality,
the inequality in the constraint can be replaced with equality.

¥ m*)}rer, where p* and o*

Suppose that the set of observations is given by {(p*, z
denote the price and the demand for the consumption goods, while m” is the chosen
level of the numeraire. The set of observations is rationalisable by a quasilinear
utility function if there is a function w : Rﬂ — R such that for any £ € K, we have
u(z®) +m* > u(y) +n, for all y € RL and n > 0 such that p* - 2% + m* = p* -y + n.

Equivalently, the set is rationalisable in the above sense whenever

k

u(z®) = p* -2t >uly) —p* -y,

forall y € Rﬂ such that p*-2¥ +mF > p*.y. The above objective function very closely
resembles the profit function discussed in Section 3.3. In particular, under some
additional assumptions, Theorem 3.1 can be applied directly to the above context.

Given the observation set {(p*,z* m*)}rck, denote the reduced set of observa-
tions by O = {(2*,p*)}rek, and let X be the set of observable demands {z*}cr.
Moreover, let X* be the smallest (by set inclusion) product lattice containing X,
while

Rx+ = {(z,y,p) : (x,p) € O and y € X"}

Suppose that the set of observations {(p*, 2*, m*)}rex is such that for all k € K,
we have p* - 2F + mF > pF . 2!, for all | € K. Clearly, by applying Proposition 3.6,
the data set is rationalisable by a quasilinear utility function if and only if it obeys
cyclical monotonicity. Moreover, without loss of generality we may assume that the
function is concave and increasing.

In a similar manner we can apply Theorem 3.1 in order to determine the nec-
essary and sufficient conditions for the set of observations to be rationalisable by a

supermodular (increasing and supermodular) quasilinear utility function.

Proposition 3.7. Suppose that the set of observations {(p*, z*, m*)rex is such that
for all k € K, we have p*-x*+mF > p*.y, for ally € X*. Then, it is rationalisable by
a supermodular (increasing and supermodular) quasilinear utility function if and only

if set O obeys the supermodular (increasing supermodular) dominance axiom over X*.
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Proof. First, we show (=-). Take any supermodular (increasing and supermodular)
function v : RY — R and any sample {(z°,y*, p®) }ses of Ry~. Since for all k € K, we
have p* - 2% +m* > p¥.y, for all y € X*, it must be that u(x®) —p*-2° > u(y®) —p°-y°,
for all s € S. Define distributions v and p over X* as in the definition of the axiom.
Whenever p =, v (@ =15 ), then 0 > >~ _cu(a®) = > cqu(y®) > > . cqp’ (2° —y°).
In order to show (<), note that by Theorem 3.1, whenever set O obeys the
supermodular (increasing supermodular) dominance axiom over X* there exists a
supermodular (increasing supermodular) function u : Rﬁ — R such that, for any
(z,p) € O, we have u(z) —p-x > u(y) —p-y, forally € RL. In particular, the
“)

condition holds for any triple (z*,p*, m¥) in the set of observations and any y € R%

such that p* - 2% +mF > p* . y. O

The assumption stated at the beginning of the proposition is crucial for the re-
sult to hold. Namely it requires that every element in set X* is affordable for the
agent at every observation. Equivalently, it implies that the value of the numeraire
is high enough for the budget constraint to be neglected while rationalising the set
of observations. This allows us to treat the consumer optimisation problem in the
exact same way as profit-maximisation discussed in Section 3.3. Once the additional
assumption is dropped, the supermodular (increasing supermodular) dominance ax-
iom remains sufficient for the corresponding form of rationalisation, but is no longer
necessary. This is due to the fact that, for any observation (x*,p* mF), condition
u(x®) — p* - 2% > u(y) — p* - y has to be satisfied only for those y € X*, for which
PF ok mb > ph ey,

3.5 Concluding remarks

In this chapter, we focused on the testable restrictions for profit-maximisation with
production complementarities. Assuming that we observe only a finite number of
demands for input factors and their prices, in the main theorem of this part of the
thesis we determine a necessary and sufficient condition under which the data set can
be rationalised by a supermodular production function. Our axiomatic characterisa-
tion of firms’ behaviour as well as the easy-to-apply method of verifying the condition

provide the foundation for an empirical analysis of “modern manufacturing”. Given
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the importance of the notion of complementarity and its mathematical formalisation
for the economic analysis, we consider the our result to be an important step towards

verifying or refuting the hypothesis on empirical grounds.
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Appendix A

Auxiliary results

In the following chapter we present the auxiliary results that play an important role
in our arguments supporting the main claims discussed in the thesis.

We begin by introducing two lemmas employed in the proof of Theorem 1.1 in
Chapter 1. In particular, we determine some properties of optimal choices of sophis-
ticated consumers with time-dependent preferences. The notation used in the first

two lemmas corresponds to the one presented in Chapter 1.

Lemma A.1. Take anyt € T, p; € Pt, and &, §; € X, such that, for all s > t, we
have DPs - y; = Ds - 'Z‘:Lg Then; Ei(ﬁta gz) = Ei(ﬁta i'i) and ‘/Z(ﬁta gZ) = ‘/ti(pty j:i)

Proof. Take any ¢t € T and any two consumption paths &, §¢ € X, such that, for all
s >, we have p, -y’ = p, - r. By definition,

Fti(ﬁtagi) = {(Z§72;+1) € Bt(ﬁtagi) . 5§+1 < ‘/Z&-l(ﬁt+1>2§+l)}'

Clearly, by the initial assumption, we have B;(py, i) = By(py, 2%), which by the above
definition implies that F}(p;, 9) = F{(ps, 2%). Since Vi (py, 9i) and Vi (py, 2%) contain
the =!-greatest elements of F}(py,4!) and F}(p;, #%) respectively, they are equal. [

Lemma A.2. Let &t € Vi(p;,2l). Then, for any 4, € X, such that, for all s > t,

N Y i i i il i
gL ~t 3L and ps -yt = ps - 2%, we have y; € Vi (py, &),

Proof. We prove the result by induction. We begin by constructing the base step.
Consider the final period ¢t = T', and let z%. € Vi (pr, 2%). Take any 44 € Xr such that
Yo~ 2t and pr -y = pr - k. Clearly, bundle % belongs to Br(pr, x%). Moreover,

since y ~k xb, it must be that i € Vi(pr, 5).
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Next, take any ¢ € T and & € V;i(p,,4!). Let a consumption path § € X, be
such that, for all s > ¢, we have §¢ ~% 2% and p, - y® = ps - 2. In order to construct
the inductive step, suppose that g, € V/(Pr+1,2},,). By Lemma A.1, we know
that sets Vi (Prs1, Uiq) and V' (Peya, &) are equal. Therefore, it must be that

i1 € Vi (Dre1, Uiy ). Moreover, by definition we have
‘Ftl(ﬁtw%f‘/) = {(ZZ7'§§+1) € Bt<ﬁt7£i) : 2Z+1 S ‘/ti«kl(ﬁt—ﬁ-lvé;rl)} .

Clearly, i € By(pr,#}). Since gj,, € Viii(Pi1,9i11), we have that g; € F{(py, ).
Hence, it must be that ¢! € V/i(p;, #%), which completes the proof. O

Next, we concentrate on two distinct variations of the well-known Farkas’ Lemma.
First, we state the so-called Motzkin’s Rational Transposition, to which we refer in

the arguments supporting the results presented in Chapter 2.

Theorem A.1 (Motzkin’s Rational Transposition). Let A be an kxn rational matriz,
B be an | x n rational matriz, and C' be an m X n rational matriz. Fxactly one of the

following alternatives is true.
(i) There exists x € R™ such that A- x>0, B-x >0, and C -z = 0.

(ii) There exist § € ZF, A € Z!, and m € Z™ such that - A+ X\-B+7-C = 0,
where 8 > 0 and \ > 0.

The proof of the above theorem can be found in Stoer and Witzgall (1970). Our
next result is a specific version of Farkas’ Lemma, which plays a substantial role in

the proof of Proposition 3.4 and Theorem 3.1 stated in Chapter 3.

Theorem A.2 (Farkas’ Lemma). Let A be a m X n rational matriz and let b € R™.

Ezactly one of the following alternatives is true.
(i) There exists x € R™ such that A-x > b.
(i) There exists A € Q™, where A > 0, such that \- A =0 and A -b > 0.

The above result is a special case of the rational version of Farkas’ Lemma. How-
ever, in the above theorem we allow for vector b to be an element of R™ rather than
Q™. This variation on the original result is significant for the main argument of Chap-
ter 3. Clearly, without loss of generality, we can substitute Q™ with Z™. We prove

the result using Fourier-Motzkin’s Elimination Theorem. In order to make our thesis
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self-contained, we present a modified version of the theorem below. The original proof

can be found in Fourier (1826) or Motzkin (1951).

Lemma A.3 (Fourier-Motzkin’s Elimination). Define P := {x € R" : A-x > b},
where A is a m x n rational matriz and b € R™, and let 7 : R™ — R™"~! be a projection
defined by w(zt, 2, ..., a") == (2%,...,2"). There exists a positive rational matriz A

such that
m(P)={(22,...,2,) ER" P A-A-(z1,20,...,2,) > A-b, for all z; € R}.

Proof. Denote the entries of matrix A by a;;. By definition, set P consists of all the

elements = in R™ that satisfy
a1 + appTo + - + apry, > by, foralli=1,...,m.

Define sets G := {i : ajy > 0}, Z :={i : a;; = 0}, and L := {i : a;; < 0}, and

reformulate every inequality & € G such that

A2 Afn, by,
Ty 2 =7y — - — Tp — :
|1 |1 |1 |

Moreover, reformulate any inequality in [ € L so that

a2 Ay by

7 < b g+
lan |

< =y —,
|an | lan|

The above reformulation allows us to reduce |G| + |L| inequalities corresponding to

the indices in sets G and L to just two inequalities defined by

b b
mln{&aflé_‘_+&xn+_l}2x12max{_%x2_.._aknl‘n_ k }
el | |an| lan| |an | keG | |ap| |1 [

Observe that vector (zo,...,x,) belongs to projection 7(P) if and only if there
exists some real number x; such that (zy,xs,...,2,) € P. This implies that vector

(x9,...,2,) has to satisfy all the inequalities in Z as well as

b
leL |CL11| |CL[1’ |CL11| keG |CLk1| |ak1| \ak1|

Moreover, vector (za,...,x,) satisfies the above inequality if and only if it satisfies

|G||L| inequalities such that for any k € G and [ € L, we have

b b
a2 Ty 4o+ Qlp, z, + I 9% Akn k
| | |an |

__—_a'/'Q—---— xn—
|an | % | g1 =
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or equivalently

a a Ak An b b
( k2 +i>x2+...+( ; +;)xn2<_k+_l>'
laga| — fan] ag|  an| lagr| — Jan]

Define a |G||L| + |Z| by m matrix A as follows. For each of the first |G||L| rows,

take the corresponding indices kK € G and [ € L. Let the k’th entry of that row be
equal to 1/|ak1|, the I’th entry be equal to 1/]a;;|, and all the remaining entries be
equal to zero. Finally, in each of the |Z| remaining rows, let the entry corresponding
to element z € Z be equal to 1, and all the remaining entries be equal to zero.
Clearly, A is positive. In addition, since A is rational, so is A. In order to conclude
the proof, note that, by construction, vector (za, ..., x,) solves the above system of
inequalities if and only if (A - A) - (x1,29,...,2,) > (A - D), for all z; € R. Hence,
(xg,...,2,) € m(P) if and only if (A-A)- (21, 22,...,2,) > (A-b), for any z; € R. [

We proceed with the proof of Theorem A.2.

Proof of Theorem A.2. We begin by showing (i). Suppose that there is no A € Q™,
A > 0, such that A\- A =0and A-b > 0. Define set P := {xr € R* : A- 2z > b},
where A and b are specified as in the thesis of the theorem. Hence, A -z > b, for
some z € R" if and only if z € P. Let 7 : R® = R*! be a projection defined by
7t(z1,29,...,2¢) = (22,...,24), for some ¢ > 1. Clearly, set P is non-empty if and
only if set 72 o7 o -+ o (P) C R is non-empty.

By Lemma A.3, there is a sequence of positive rational matrices {A;}?_, such that

{z, eR: Ay Ay A) - (21,...,3,) > (Ao--- Ay, - D),

for all (xy,...,2,-1) € R"il}.

Denote C := (Ay--- A, - A) and d = (Ag--- A, - b). Clearly, matrix C' has n columns.
Denote the number of rows of the matrix and the dimension of vector d by r. Note
that matrix C' is rational, with non-zero entries appearing only in the n’th column.
We shall denote the entries of the matrix by ¢;;, and the entries of vector d by d,,
wheret=1,...,rand j=1,...,n.

Define sets G := {i : ¢;, > 0}, Z :={i : ¢;,, =0}, and L := {i : ¢;, < 0}. Observe
that, for any ¢« € Z, it must be that d; < 0. Otherwise, there would exist a row of
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matrix (Ag - -+ A,), denoted by A, such that A\- A =0 and A-b > 0. Since A is positive
and rational, this would lead to a contradiction.

Set 2o 73

o---on™(P) is non-empty if and only if miney, d;/c,, > maxyeq di/Crn.
Suppose that miney, d;/¢;, < maxgeg di/ckn. Take any [ € L and k € K such that
dy/cin < di/cg, and construct a vector v € Q" with the I’th and k’th entry equal
to 1/|cn| and 1/|cg,| respectively, while every other entry is equal to zero. Clearly,
Ai=7-Ay--- A, € Q™ is a positive vector. Moreover, by definition, A - A = 0 while
A-b > 0. Contradiction. Therefore, whenever there is no A € Q™, A > 0, such that
A-A=0and X-b> 0, there exists some x € R’ such that A-z > .

In order to prove the second part of the result, suppose that there is some A € Q™,

A > 0, such that A\- A =0 and A-b > 0. Whenever there exists some x € R" such
that A-x > b, we have (A-b) > (A- A) -z > (A-b), which yields a contradiction. [
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Appendix B

Proofs

In the following section we present proofs of the results stated in Chapter 2 that were

not included in the main body of the thesis.

B.1 Proof of Proposition 2.1

In this section we concentrate on the argument supporting Proposition 2.1. Since
the necessity of cyclical consistency for rationalisation of the set of observations was
already discussed in the main body of the thesis, we concentrate on the sufficiency
part of the proposition. We present the argument via three lemmas that follow. In
the first result we show that cyclical consistency axiom implies the existence of a

consistent, mixed-monotone pre-order on O.

Lemma B.1. Whenever the set of observations O is cyclically consistent, it admits

a consistent, mized-monotone pre-order R over A.

Proof. First, we define an equivalence relation on A. We will say that elements x
and y are related to each other whenever x Z*y. Denote a typical equivalence class by
[z]. We prove our claim by induction on the number of equivalence classes. If there
is a single equivalence class of A, then let xRy for any two elements in A, which
is consistent with the revealed preference relation and mixed-monotone. Otherwise,
there would be some z, y in A such that * R*y, y R*z, and x >x vy, which would
violate cyclical consistency.

Suppose that the claim holds for L equivalence classes of A. We will show that
it also holds for L + 1 classes. Define a relation > over the equivalence classes in the

following way. We say that [z] > [z] whenever there exists some 2’ € [z]', z € [z],
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and a sequence {z'}"; in X such that: (i) ™ R*z® or '™ >y 2, (ii) 2’ R*x!
or o' >x z!, and (iii) 2" R*x or 2" >x wx. Clearly, the relation is transitive. In
order to show that it is anti-symmetric, assume the opposite, i.e., that there exist
two distinct equivalence classes [z]" and [z] such that [z]" = [z] and [z] = [z]'. The
first relation implies that there exist some 2’ € [z]', z € [z], and a sequence {x'}",
satisfying conditions (i), (ii), and (iii). The second relation implies that there exist
some y € [z], ¥’ € [z]', and a sequence {y'}", satisfying conditions (i), (ii), and (iii).
Hence, there exists a sequence {z'}*_; in A such that every subsequent element of
the sequence dominates the preceding one with respect to R* or >y, and 2! >x 2*.
If the elements are ordered only with respect to R*, then it must be [z) = [z]. This
yields a contradiction, since by assumption the two equivalence classes are distinct.
Otherwise, we have z! >y 2* which violates cyclical consistency.

Given the above argument, it follows that there exists an equivalence class m such
that there is no other equivalence class [z] with [z] = [z]. Moreover, the exclusion

of the equivalence class from A does not affect the relations between the remaining

equivalence classes. Construct the new set of observations O in the following way.

Whenever (A,z) € O and z € [z], we have (A,z) ¢ O'. For any (A4,z) € O such

that « ¢ [z], define set A" := {x € A : z ¢ [z]}, and let (A",x) € O'. Note that

the set of observable choices corresponding to 0" is A" = A\[z]. Since A’ has only
K equivalence classes, by the induction hypothesis we conclude that there exists a
mixed-monotone pre-order R on A’ consistent with the revealed relations generated
by O’. We can extend the pre-order to the whole set A by letting 2’ P x for all ' € A’

and z € [z], and o' Tz, for 2/, x € [z]. O

In the following lemma we show that whenever the set of observation admits a
mixed-monotone pre-order over A, there exists a solution to a certain system of linear

inequalities. Recall that A := M x T.

Lemma B.2. Let O admit a consistent, mized-monotone pre-order R on A. There
are numbers {v% }nea such that for any (m,t), (n,s) € A, (i) if (m,t) >x (n,s)

or (m,t)P (n,s) then vt > v, and (ii) (m,t)Z(n,s) implies vt, = v.

Proof. Since O admits a mixed-monotone pre-order R consistent with the revealed

relations, for any two elements z, y in A, we have either x Py or xZy. First, we
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determine numbers {v}, }(n.ea in a recursive manner. Take any (n, s) € A such that
for all (m,t) € A we have (m,t)R(n,s). Clearly, such element exists. Assign any
strictly positive value to v? and define &} := {(n, s)} as well as V; := {vZ,0}.

For any j > 1, assume that X; C A is non-empty, and for all (m,t) € A\AX;],
we have (m,t) R (n,s), for any (n,s) € &X;. Moreover, assume that set V; is a finite
set of strictly positive real numbers and 0. Take any (n,s) € A\AX; such that for
all (m,t) € A\X;, we have (m,t)R(n,s). If there exists a (m,t) € &; such that
(n,s)Z(m,t), let v5 = maxVj. Otherwise, set v to be any number strictly greater
than maxV;. Denote Xj;1 := X; U{(n,s)} and V;4; := V; U {v;}. The algorithm
terminates whenever A4 = &;. In this case, denote V' := V;. By construction, for any
(m,t), (n,s) € A, if (m,t)P(n,s) then v}, > v, and (m,t)Z(n,s) implies v}, = vE.

In order to complete the proof, we need to determine the values of the remain-
ing elements of {v},}nsea If (7,1) belongs to A, let vt take the value assigned
previously. Otherwise, let v% be any number strictly greater than maxV. We de-
termine the remaining numbers in the following way. If (m,t) € A, then v}, takes
the value as determined above. Otherwise, define m* := min{n € M : n > m} and

t~:=max{s € T : s < t}.! Set v/, = v, where v is any number satisfying

min {vfnﬂvfn } > v > max {v' €V :min {viﬁ,vﬁn } > U/} .

Finally, we show that, for any (m,t), both v}, <v!  and v}, <ol . If (m,t) does
not belong to A, the claim holds by construction. Therefore, it suffices to consider the
case when (m,t) € A. We prove the claim by contradiction. Suppose that v}, > vf .
or vt > v! . This would imply, that there exists some n > m and s < ¢ such
that (n,s) € A and v} < v} . By construction of {v}, }(mea, this would mean that
(m,t) R (n,s). However, unless (m,t) = (n,s), we have (n,s) >x (m,t). Since R is

mixed-monotone, this yields a contradiction. O]

Clearly, any sequence that satisfies the properties discussed in the previous lemma
automatically determines a utility function defined over A that rationalises the set of

observations. In the following lemma we show how to extend the function to X.

!That is, m* is the immediate successor of m, while ¢~ is the immediate predecessor of ¢ (with
respect to the increasing order on M and T respectively).
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Lemma B.3. Set O is rational if there exists a sequence of numbers {vh,} e
such that, for any (m,t), (n,s) € A, whenever (m,t) >x (n,s) then v!, > v, and

(m, t) R*(n, s) implies vf, > ve.

Proof. Whenever m # 0, construct a decreasing sequence {vf}ic7 such that, for all
t € T, we have vj < vl,. Similarly, whenever t # 0, let {09 };nerq be a decreasing
sequence with v > vt  for all m € M. If both m # 0 and £ # 0, let v be such that
vg < v§ < 0. Finally, denote Mo := M U {0} and Tp := T U {0}.

For any m € My\{m}, define m™ := min{n € M : n > m}. Similarly, for
any t € To\ {t}, let 7 := min{s € T : s > t}. We begin by defining function
w: [0,m] x [0,] — R. For any m € Mo\{m} and t € To\ {¢}, take any (n,s) in

[m,m™] x [t,tT] and let

b (1 ) ol (1 ) (1 ) of

t mt—m tt—t mt-

Clearly, the function is defined by a bi-linear combination of the elements that belong
to the sequence {v! } pmox75- In particular, the function is continuous and monotone
with respect to >x.

Let w : Ry xR, — R be an extension of function w to Ry xR, defined as follows.
For any (n,s) € [0,m] x [0,7], let w(n,s) := w(n,s). Let {\'}ie7; be any strictly
increasing sequence of strictly positive real numbers, while {f, }menm, denotes any
strictly decreasing sequence of strictly negative real numbers. For any ¢t € 7o\ {f},

and any s € [t,tT], n > m, define

w(n,s) = 2=t (vh + N(n —m)) + (1 - 2%) - (vl + 2 (n —m)).

Analogously, for any m € Mo\{m}, and any n € [m,m*], t > ¢, define

wW(n,s) = 1 (v A+ (s — 1) + (1= 2722) - (vl + pn+ (s — 1))

Finally, for any n > 7 and s > 7, let w(n, s) := v 4+ N(n — ) + pim(s — 1). Clearly,
the above function is continuous and strictly increasing with respect to the partial
order >y. Moreover, for any (m,t) € A, we have w = v! . In particular, whenever
x R*y then w(z) > w(y). In order to complete the proof, let v : Ry x N — R be

defined by v(m, t) := w(m,t), for any point (m,t) in its domain. Obviously, function
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t
m-

v is mixed-monotone and for any (m,t) € A, we have v(m,t) = v!,. Hence, z R*y

implies v(x) > v(y). The proof is complete. O

Note that Lemmas B.1, B.2, and B.3 imply that whenever a set of observations
is cyclically consistent it is possible to construct a mixed-monotone utility function
v : X — R that rationalises 0. Hence, cyclical consistency is a sufficient condition
for this form of rationalisation. Moreover, note that Lemma B.2 allows to verify the
cyclical consistency axiom by finding a solution to a system of linear inequalities.

This plays an important role for the applicability of our result.

B.2 Proof of Theorem 2.1

In this section we prove the sufficiency part of Theorem 2.1. That is, we show that
the dominance axiom is a sufficient condition for the set of observations to be ratio-

nalisable by a discounted utility function. We start with the following lemma.

Lemma B.4. Whenever O obeys the dominance axiom there is a strictly increasing
sequence {Gm tmem and a strictly decreasing sequence {p;}ier of real numbers such

that (m,t)R*(n,s) implies ¢p, + @1 > G + ©s.

Proof. Enumerate the elements of R* so that it is equal to {(a?,y?)};cs, where we
denote 7 = (m?,#’) and ' = (n?,s?). Let p,, € {0,1}M m € M, be a vector
equal to 1 at the coordinate corresponding to m and 0 elsewhere. Analogously define
ne{0, 1} teT.

Let I be a |M| + |T| by |[M] + |T| identity matrix. Moreover, let B denote a
|J| times | M| + |T| matrix such that, for any j € J, the j'th row of the matrix is
equal to (Zkgmj Pk = D pcni s D psts Tk = D pssd 7). We claim that if O obeys the
dominance axiom, there are vectors & € R™MI and 9 € RI7! such that T (£,9) > 0
and B - (¢,9) > 0.

Suppose that O obeys the axiom, but there are no such vectors. By Theorem A.1
(see Appendix A), there are some § € ZMHTTand X € ZI such that -1+ \-B = 0 (%),
with 6 > 0 and A > 0. Take any such § and A, and let A = (\;) ;e

For all j € J, take \; copies of pair (27,97) € R* and construct a sample
{(2%,y") }ier, where ' = (m‘,t") and y* = (n’, s%). Since § > 0, for equation (*) to hold
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it must be that Zie] Zkgmi HE < Zie[ Zkgni p and Zie[ Zkzti Tk < Zz‘e[ Zsti Tk

is satisfied, with at least one inequality being strict. This is possible only if
Hicel - m'>m} <|{i€l:n">m}| and |{icl : t' <t} <|{iel: s <t},

for all m € M and t € T, while for at least one m or ¢ the inequality is strict.
However, this violates the dominance axiom.

To complete the argument, take any vectors £ and ¢ such that I- (£,7) > 0 and
B-(&,9) > 0. Define sequences {&, }mem and {&; hie by & i= o - € and 0y 1= 7+ 0.
By construction, (m,t) R*(n,s) implies >, & + > s Uk > D pcpn §k + D sy U
Let ¢,, := Zkgm & and @ = Zth Ui, for all m € M and ¢t € T. Since sequences
{&ntmem and {0 }er are strictly positive, both {¢., tmem and {p;}er are strictly
monotone. Moreover, (m,t) R*(n, s) implies ¢, + @1 > dn + @s. ]

In the next lemma we show how to construct a discounted utility function that

rationalises the set of observations

Lemma B.5. Set O is rationalisable by a discounted utility function whenever there
is a strictly increasing sequence {Gm tmem and a strictly decreasing sequence {p; e

of real numbers such that (m,t)R*(n,s) implies ¢n, + @1 > On + @s.

Proof. Take any number ¢y < ¢,, whenever m # 0, and let ¢y = ¢,, otherwise.
Denote My = M U {0}. In addition, for any m € M U {0} different from m, define
the immediate successor of m by m* := min{n € M :n > m}. Let ¢ : R — R be

specified by
o(n) = Y [bm+ An(n —m)xn, (n), (B.1)

meMo
where Y is the indicator function,? \,, := (¢+ — ¢m)/(m™ — m) for all m different
from m, A\ is any strictly positive number, while N, := [m, m™) for m # m, and
Ny = [m, 00). Clearly, the function is continuous and strictly increasing. Moreover,
for any m € M, we have ¢(m) = ¢,,.
If ¢ = 0, define sequence {@:}ier by @ := @1 — . Otherwise, let @ == .
Denote ¢g = 0, 7o := T U {0}, and let the immediate successor of ¢ in T be defined

2That is, for any set Y, we have yy (z) = 1 whenever z € Y, and xy (z) = 0 otherwise.
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by t* :=min{s € T : s > t}, for any ¢t # t. Define function ¢ : N — R_ by

o(s) = Y [+ vils = D)]xs,(s)
teTU{0}

where y is the indicator function, v, := (¢+ — @)/ (tT —1t) for all t € T U{0} different
from ¢, v7 is any strictly negative number, while S; ;== {s e N: ¢ < s < t'} for t # ¢,
and S7 := {s € N : ¢ < s}. Note that the function is strictly decreasing and takes
only negative values with ¢(0) = 0. Moreover, we have ¢(t) = @, for any t € T .

Define functions u : Ry — Ry and v : N — (0, 1] by u := exp(¢) and v := exp(y).
Clearly the two functions are strictly monotone, while v(0) = 1. Finally, for any
element (m,t) in A, we have v(m,t) = exp(¢, + @¢). Hence, whenever we have

(m,t) R*(n,s) then v(m,t) > v(n,s). O

Lemmas B.4 and B.5 imply that whenever the set of observations obeys the dom-
inance axiom, we can construct an instantaneous utility function v : R, — R, and
some discounting function v : N — (0, 1] such that v(m,t) := u(m)y(t) rationalises

O. Clearly, this completes the argument supporting Theorem 2.1.

B.3 Proof of Proposition 2.3

We devote this section to the proof of Proposition 2.3. The following result states an
important property of anchored experiments. We apply the following lemma in the

proof of Proposition 2.3, which is presented in the remainder of this section.

Lemma B.6. Let £ be an anchored experiment. Whenever O is rationalisable by a
discounted utility function, there is a strictly increasing sequence {n;}ie7 in Ry such

that (m,t) R*(m*,t*) implies m > ny, and (m*,t*) R*(m,t) implies ny > m.

Proof. As set O is rationalisable by a discounted utility function, there is some strictly
increasing u : Ry — R, and a strictly decreasing v : N — (0, 1], with 7(0) = 1, such
that (m,t) R*(m*,t*) implies u(m)y(t) > u(m*)y(t*), and (m*,t*) R*(m,t) implies
u(m*)y(t*) > u(m)y(t). Let u* := u(m*) and ~v* := v(¢*), while for all t € T,

ny = min{m € Ry : u(m) > u*y*/v(t)}.
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Since w is continuous and strictly increasing, number n; is well defined with u(n;) =
u*y*/~(t), for all t € T. Moreover, since 7 is a strictly decreasing function, {n;}er
is a strictly increasing sequence.

Suppose that (m,t) R*(m*,t*). This implies that u(m)y(t) > u(m*)y(t*). There-
fore, u(m) > u*y*/~(t) = u(n;). By strict monotonicity of u, it must be that m > n,.
Analogously, we show that (m*,t*) R*(m,t) implies n; > m. O

Before we proceed with the proof Proposition 2.3, we need to introduce one addi-
tional notion. We will say that collection {(z°,y")}icr, where we denote z* = (m?, t%)

and y* = (n', s%), is a dominant sample of R*, if for all m € M and t € T, we have
Hicel - m'<m}|>|{icl:n"<m}| and |[{i el :t' <t} <|{iel:s" <t}

We say that a sample is strictly dominant, whenever it is dominant, and there exists

no subset J C I, such that for all m € M and t € T, we have
HicJ - m'<m} <|{icJ:n'<m} and [{icJ:t'<t}|>|{icJ:s <t}

Clearly, whenever the sample is dominant and such subset exists, then {(z*, y") }icp s 18
also a dominant sample. It is straightforward to show that for any dominant sample
{(2%,y") }ier such that either [{i € T : m* < m}| > [{i € I : n* < m}|, for some
meM,or |[{i e [:t <t} <|{iel:s <t} for somet € T, has a strictly

dominant sub-sample. We proceed with the proof of Proposition 2.3.

Proof of Proposition 2.3. We prove (i) = (ii) by contradiction. Suppose that the
set of observations is O is cyclically consistent, but there is a sample {(z*,y%) }ier,
where 2 = (m', ') and y* = (n', s%), such that for all m € M and t € T, we have
Hiel - m' <m}|>{iel:n"<m}land [{i eT:t <t} <|{iel:s <t},
where at least one inequality is strict. In particular, this implies that there exists a
strictly dominant sub-sample {(27,4’)};cs, J C I.

Take any element (27, 3’) of the sub-sample. Since it is strictly dominant, it cannot

be that 27 >x 97. Otherwise, we would have

{ie {7} :m <m}| <[{ie{j}:n <m}|
and |[{ie {j}:t' <t} >{ie{j}:s <t}
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for all m € M and ¢ € T, which would violate that {(z7,47)},e; is strictly dominant.
On the other hand, since O is cyclically consistent, it cannot be that 37 >y 7.
Otherwise, this would imply that 27 R*y’ and 3’ >y 27, which would violate the
axiom. Hence, for any element (27,%7) of the sample, 2/ and 3’ must be unordered
with respect to the partial order >y. Therefore, either (i) m? > n’ and #/ > &7, or
(i) m’ < n? and # < s/. Finally, since £ is an anchored experiment, for any element
of the sample, we have either 2/ = z* and 3/ # 2*, or 27 # z* and ¢’ = z*. Take any

pair (27, 3’) from the sample and consider the following claims.

Claim 1: If ¥ = z*, n? > (<) m*, and s > (<) t*, then there is some (2%, y) in the
sample such that m* > (<) n? and t* > (<) s, or m* > (<) n/ and t* > (<) &.

We prove the claim outside the brackets. Since the sample is dominant, it contains
some (z*,y*) such that t* > s/. Since £ is an anchored experiment, this implies that
y¥ = x*. First, suppose that t* > s/ and m* < n/. Then v/ >x 2*. However, since
2F R* x* R*y7, this would violate cyclical consistency. On the other hand, whenever
m”* = n? and t* = s7, we have 2% = 3/ and y* = 7. In particular, this implies that for
allm e M and t € T, we have |{i € {j,k} : m' <m}| = |{i € {j,k}: n* < m}| and
{i € {j,k} : t" <t} = |{i € {j,k} : s* < t}|, which contradicts that {(z7,y7)};es
is strictly dominant. Therefore, it must be either m* > n/ and t* > s7, or m* > n/

and t* > s7. In order to prove the version in the brackets, note that the sample must

contain some (z*,y*) such that m* < n/. The rest of the argument is analogous.

Claim 2: If v/ = x*, m? > (<) m*, and t# > (<) t*, then there is some (z*,y*) in
the sample such that n* > (<) m? and s* > (<) t7, or n* > (<) m? and s* > (<) #7.
We prove the claim analogously to Claim 1. Given Claims 1 and 2, there exists a
sequence {z*}X | in A such that for any two subsequent elements z* = (m*, t*) and
2Pl = (mFH Y we have mF > mFTL and tF > t5FL where at least one of the
above inequalities is strict. Clearly, since A is finite, there exists the final element
2% of the sequence, for which there is no y = (n,s) in A such that m®* > n and
ti > s (with at least one inequality being strict). However, by Claims 1 and 2, this
contradicts the existence of a properly embedded sample of R*. Therefore, given that
O obeys cyclical consistency, there is no dominant sample {(x’,4")}ic; of R* such
that, for some m € M ort € T, we have [{i € J :m' < m}| > |{i € J : n’ < m}]
or {i € J:t <t} <|{i € J:s" <t} Hence, the dominance axiom is satisfied.
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By Theorem 2.1, this implies that the set of observations O is rationalisable by a
discounted utility function.

To show (ii) = (iii), assume that (ii) holds. By Lemma B.6, there exists a strictly
increasing sequence of numbers {n; };c7 such that for any = € A, where z = (m, 1),
whenever x R*z* then m > n;, and x*R*x implies m < n;. Take any number u* > 0
and a discounting function v : N — (0,1], with v(0) = 1. Let 7* := ~(¢*) and
wp = u*y*/y(t). As v is strictly decreasing, sequence {u;};c7 is strictly increasing
and positive.

Whenever n; # 0, set ny = 0, and let uy be any strictly positive number such that
up < ug. Otherwise, let ng = n; and up = uy. Denote Ty := T U {0}. Finally, for all
t € Ty different from ¢, let the immediate successor of ¢ be t* := min{s € T : s > t}.

We define function v : Ry — R, by

u(m) := Z[Ut + Ae(m — ne)lxw, (m),

teTo

where \; = (ug+ — ug)/(ng+ — ny) for all ¢ # ¢, g is any strictly positive number, and
Ny := [ng, g+ ), for all ¢ # ¢, while Ny := [nz,00). Clearly, the function is continuous
and strictly increasing. Moreover, by construction, for all t € T, we have u(n;) = uy.

To complete this part of the proof, suppose that for some = € A, we have x R*z*,
where z = (m, t). By assumption, it must be that m > n,. By monotonicity of u, we
have u(m) > u(n;) = u*y*/y(t), which implies that u(m)y(t) > u*y* = u(m*)y(t*).
Analogously, we show that if x* R*x then u(m*)y(t*) > u(m)~(t).

In order to complete the proof, note that implication (iii) = (i) holds trivially,

since any set rationalisable by a discounted utility function is rationalisable. O]

B.4 Proof of Theorem 2.2

In the following two lemmas we prove the sufficiency of the cumulative dominance

axiom for rationalisation by a weakly present-biased discounted utility function.

Lemma B.7. Let O obey the cumulative dominance axiom. There is a strictly in-
creasing sequence {dmtmer, a strictly decreasing sequence {@ e, and a strictly
negative sequence {v;}er of real numbers such that whenever (m,t)R*(n,s) then

Gm + 1 > On + s, while for allt € T, we have o, + vi(s —t) < ps, for all s € T.
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Proof. Enumerate the elements of R* such that it is equal to {(z7,y7)};cs, where
2l = (m?, ') and y/ = (n/,s?). In addition, define the immediate successor of ¢ in T
by t* :=min{s € T : s > t}, for all ¢t € T different from ¢, while {* :=¢ + 1.

For any m € M, let u,, € {0,1}}™ be a vector that takes the value of 1 at
the coordinate corresponding to m, and 0 elsewhere. Moreover, for any t € T, let
7 € {0, 1}7] be a vector taking the value of (t* —t) at the coordinate corresponding
to t, and zero in all the remaining entries.

By I we denote a | M|+ |T| by | M| + |T| identity matrix. Moreover, let B; be a
|J| times | M| matrix such that, for any j € J, the j'th row of the matrix is equal to
(D ks He = Do ft). Similarly, let By be a |J| by |T| matrix where the j’th row
is equal to (Zthj Th = D kse 7). Define Bs as a |T|—1 times | M| matrix with every
entry equal to 0. Finally, B, is a matrix of dimensions |7| — 1 by |T|, where each
column corresponds to one element in 7 and each row corresponds to an element in
T\{t}. Moreover, for each row corresponding to time-delay ¢, the entry in the column
corresponding to ¢ is equal to 1, while the entry in the column corresponding to t*
is equal to —1. We set all the remaining entries to be equal to 0. We use the above
matrices to construct a |J| +|7| — 1 times | M| + |T| matrix B, defined by

B [ i ] |
We claim that whenever O obeys the cumulative dominance axiom, there exist vectors
¢ € RMI and 9 € RI7! such that T (£,9) > 0 and B - (£,9) > 0.

We prove the claim by contradiction. Suppose that O obeys the cumulative domi-
nance axiom, but there are no such vectors. Theorem A.1 implies that there are some
0 € ZMHTI and X € ZVHITI=1 such that -1+ X- B = 0, where § > 0 and X > 0. Take
any such vectors and denote A = (X, ), where A = ()\;)je; and A = (A\)ser\ (3, SO
that every coordinate of \ corresponds to a single element in R*, while each entry of
) corresponds to a time-delay t # t. Moreover, let B := [B; B,], while B := [Bs By.
Clearly, we have 6 -1+ X- B+ )\ B =0 (x).

Construct a sample { (2%, y") };c; of R* by taking A; copies of pair (z7,47) from the
directly revealed preference relation, for each j € J. Since vector 0 is strictly greater
than zero, for condition (x) to hold, it must be that A - B < —\ - B. In particular,
this implies that Y ;> pcpi ik < D icr D op<ns k- Hence, for all m € M, we have
{iel:m'<m} >|{iel:m" <m}.
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Moreover, we require that A - B < 3750/ D s g Te = 2oier Dogme T+ Note that by
) 4 > >
definition, Y .., > iup Tt = j;t {i € I:t" <z}|dz forallt € T. Hence, in particular,
the initial condition implies that

tt tt

Atg/ |{i€[:si§z}|dz—/ Hiel: t < z}dz.
t t

Since \; > 0, we have ftﬁ HieI:t <z}d: < ftﬁ {i € I : s* < z}|dz. Denote
the immediate predecessor of t in 7 by t~ := max{s € T : s < t}. Take any t € T,

different from ¢, and suppose that
t - t .
py §/ |{iEI:SZ§z}|dz—/ H{iel:t'<z}dz. (B.2)
t t
For inequality (%) to hold, we require that

At—Atg/
t

Given the initial condition (B.2), this implies that

Ats/
t

Since A+ > 0, we have ftﬁ i eI :t < z}de < f;+ {i € T :s" < z}dz. By

induction, we conclude that the condition holds for all t € T.

tt tt

Hiel:s §2}|dz—/ Hiel:t < z}de.

t

tt tt

Hiel:s §z}|dz—/ Hiel:t"<z}|dz.

t

Recall that § > 0. Therefore, for (x) to hold, it must be that at least one of the
above inequalities is strict. However, this violates the cumulative dominance axiom.
Therefore, there exist vectors £ and ¢ such that I (£,49) > 0 and B - (£,9) > 0.

Take any pair (£,9) satisfying the above system of inequalities. Define sequences
{&nmem and {9¢}ier by & i= i - € and 9y := 7, - O respectively. Clearly, both
sequences are strictly positive. Moreover, whenever we have (m,t) R*(n,s), then
Zkgm §k + Zkzt Uk > Zkgn Sk + Zst Ui Define {émfmem by ¢m = Zkgm Ek-
Given that {&,,}men is strictly positive, the above sequence is strictly increasing.
Similarly, construct a strictly decreasing sequence {¢;}ie7 by @1 == > 15, Uk By the
previous argument, whenever (m,t) R*(n, s) then ¢, + ¢r > ¢ + @s.

In order to complete the proof, define v; := —0,/(tT —t), for all t € T. By

definition of {¥,;}ie7, sequence {v; her is strictly negative and (weakly) increasing.



Appendiz B: Proofs 101

We need to show that for all ¢ € T, we have ¢, +vi(s—t) < @, for all s € T. Clearly,
the inequality holds whenever s = t. Assume that s > ¢t. By definition of ¢;, we have

or+u(s—t) = —Z(r+—7“)vr+vt(s—t)

r>t

= —Z(?"Jr — ), + Z (r*—mr)

r>t s>r>t

= Z (r* —r)(vy —v,) — Z(r+ — )0,

s>r>t r>s

where the inequality follows form the fact that {v;}e7 is an increasing sequence.

Using a similar argument, we can show that the condition holds for any s < t. O

Given the above lemma, we can show how to construct a weakly present-biased

discounted utility function that rationalises the set of observations.

Lemma B.8. Set O s rationalisable by a weakly present-biased discounted utility
function, whenever there is a strictly increasing sequence {dm}mem, a strictly de-
creasing sequence {@}ier, and a strictly negative sequence {v;}ie7 of real numbers
such that (m,t)R*(n,s) implies ¢m + @1 > ¢n + @s, while for all t € T, we have
ot (s —1t) < s, forallseT.

Proof. Define function ¢ : Ry — R asin (B.1). Whenever ¢t = 0, construct a sequence
{@t}reT, where @y := ¢y — . Otherwise, let {@;}+e7 be equal to {p;}er. Moreover,
denote ¢g = 0 and Ty := T U {0}. Define function ¢ : R — R_, by

P(s) == max{g; + ve(s — 1)}

Note that, by definition of {¢; }se7 and {v;}ie7, the above function is strictly decreas-
ing, and convex. Hence, function 9(t) := ¢(t) — p(t+ 1) is also decreasing. Moreover,
we have ¢(t) = @y, for all ¢ € T. Finally, the above properties hold once we restrict
the domain of ¢ to N.

Define functions u : Ry — Ry and v : N — (0,1] by u := exp(¢) and ~ := exp(9p)

respectively. Clearly, the two functions are strictly monotone, while v is log-convex



102 Appendiz B: Proofs

with v(0) = 1. Moreover, we have v(m,t) := u(m)y(t) = exp(¢,, + ¢¢), for any
(m,t) € A. Therefore, whenever (m,t) R*(n,s) then ¢,, + @ > ¢, + @5, which
implies that v(m,t) > v(n,s). O

Lemmas B.7 and B.8 imply that whenever the set of observation satisfies the
cumulative dominance axiom, it is always possible to construct a utility function
u: R, — R, and a weakly present-biased discounting function v : N — (0, 1] such

that v(m,t) := u(m)~(t) rationalises O. This concludes the proof of Theorem 2.2.

B.5 Proofs of Propositions 2.5 and 2.6

In the following section we present two lemmas that support the sufficiency of the
strong cumulative dominance axiom for rationalisability by a quasi-hyperbolic dis-
counted utility function. At the same time, the two results complete the proof of

Proposition 2.5. In the second part of the section we prove Proposition 2.6.

Lemma B.9. Whenever O obeys the strong cumulative dominance axiom for some
t' € T, there exists a strictly increasing sequence {Gm tmem and numbers B,6<0

such that (m,t)R* (n, s) implies ¢n, + min{t,t'}3 +t6 > ¢, +min{s, t'}3 + s6.

Proof. Take any t € T for which O obeys the strong cumulative dominance axiom.
Enumerate the elements of R* so that it is equal to {(27,y7)};es, where 27 = (m?,t7)
and y/ = (n?,s’). For any m € M, let p, € {0,1}M be a vector that takes
the value of 1 at the coordinate corresponding to m, and 0 everywhere else. Let I
denote a | M| + 2 by |[M] + 2 a diagonal matrix, where for the first |[M| rows the
corresponding entries are equal to 1, while for the last two are equal to —1. Let B
be a |J| times |M| + 2 matrix such that, for any j € J, its j’th row is equal to
(D ki Mk = D i My 7 — 87, min{#/,#'} —min{s’,#'}). We claim that there exists a
vector ¢ € R and real numbers 8 and 4 such that I- (&, 5 B) > 0 and B- (¢, 5, B) > 0.

We prove the claim by contradiction. Suppose that there are no such vectors. By
Theorem A.1 (see Appendix A), there is some # € ZM*2 and A € Z!/! such that
-I+X-B =0 (x), where § > 0 and A > 0. Take any such vectors and denote
A = (A;)/=,. Construct sample {(z",y")}ics by taking A; copies of pair (27,y’) from of
R*, for all j € J. Since vector 0 is strictly greater than zero, for condition (x) to hold,

it must be that Y., > i bk < D ier Dopeni fm, as well as 35, 18 > 37, s/, and
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ey min{t’, ¢} > 3. min{s’, ¢}, with at least one inequality being strict. However,
this contradicts the strong cumulative dominance axiom.

Take any ¢ and 4, 3 satisfying I- (€, 5 B) > 0 and B- (¢, 5, B) > 0. Define sequence
{&n}tmerm by &m = pim-§. By construction of matrix B, whenever (m,t) R*(n, s) then
> k<m Er+to+min{t, t'}3 > > k<n Ex+s0+min{s, '} 3. Define sequence {¢p, }mert by
Gm = Y e Sk Since {&n}bmenr is strictly positive, {¢m fmem is strictly increasing

and satisfies the property specified in the lemma. O

Given the above lemma, the following result completes the sufficiency part of

Proposition 2.5.

Lemma B.10. Set O is rationalisable by a quasi-hyperbolic discounting function if
there is some t' € T, a strictly increasing sequence {¢m, tmem and numbers B,6 <0

such that (m,t)R* (n, s) implies ¢, + t6 + min{t, t'}3 > ¢, + s 4+ min{s, ¢'}3.

Proof. Construct function ¢ : Ry — R as in (B.1). Recall that the function is
continuous and strictly increasing. Moreover, for any m € M, we have ¢(m) = ¢,,.
Define function u : R, — R by u := exp(¢). Moreover, let § := exp(d), 8 := exp(f),
and t° := ¢/. Define function v : N — (0,1] by ~v(¢) := %", whenever ¢t < ¢°, and
v(t) == B 6 otherwise. Clearly, we have v(0) = 1. Moreover, for any prize-time pair
(m,t) € A, we have v(m,t) :== u(m)y(t) = exp(¢dm + to + min{t,¢°}3). Therefore,

whenever (m,t) R*(n, s) holds, then v(m,t) > v(n, s). The proof is complete. ]

We complete this section with the argument supporting Proposition 2.6 which is

presented in Section 2.4.3.

Proof of Proposition 2.6. We can show the necessity of the conditions stated in the
proposition analogously to the quasi-hyperbolic case. In order to show sufficiency,
enumerate the elements of R* such that it is equal to {(z7, y?)} e, where 27 = (m/, /)
and y/ = (n’,s7). For each m € M, let i, € {0,1}Ml be a vector with all entries
equal to zero, apart from the one corresponding to m equal to 1. Moreover, denote
the immediate successor of m in M by m™ := min{n € M : n > m}, for all m # m.
Let A be a |[M| by | M| + 1 matrix constructed as follows. Each of the first | M| — 1
rows is equal to (ftm+ — fim,0), while the | M|+ 1'th entry of the | M|’th row is equal
to —1. Let B be a |J| by | M|+ 1 matrix, where for each j € J, its j’'th row is equal
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t0 (s — fini, 7 — s7). We claim that whenever mathcalO obeys the condition stated
in the proposition, there is a vector ¢ € RMI and a number & such that A- (0, 5) >0
and B - (¢,6) > 0.

We prove the claim by contradiction. Suppose that O obeys the condition, but the
above system of inequalities has no solution. By Theorem A.1, there exists § € ZM!
and A € ZM! with > 0 and A > 0, such that § - A+ \- B = 0 (x). Take any such
vectors and denote A = (A;)7_,. Construct a sample {(z',y") }ies of R*, by taking \;
times each pair (z7,97). By definition of matrices A and B, whenever (%) is satisfied,
the above sample can be partitioned into subsets {(z*, y*)}rex of R* such that, for
all m € M, we have [{k € K : mF <m}| > [{k € K : n* < m}|. Moreover, it must
be that >, ;" > >, ;s". Finally, as @ > 0, at least one of the above inequalities
must be strict. However, this contradicts the condition stated in the axiom.

Take any ¢ and 0 such that A - (¢,8) > 0 and B - (¢,6) > 0, and define sequence
{bm}mem by ém = pim - ¢. Clearly, it is strictly increasing, while (m,t) R*(n, s)
implies ¢y, + 6t > ¢, + ds. Construct function ¢ : R, — R as in (B.1), which
is continuous and strictly increasing and, for any m € M, we have ¢(m) = ¢,,.
Define function u : Ry — R, by u := exp(¢), and let § = exp(g). Clearly, for any
(m,t) € A, we have v(m, t) := 6'u(m) = exp(¢dm +t6). Hence, (m,t) R*(n, s) implies
v(m,t) > v(n,s). The proof is complete. O
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