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Abstract

This thesis concerns three important issues related to the problem of time-

inconsistency in decision-making and revealed preference analysis.

The first chapter focuses on the welfare properties of equilibria in exchange

economies with time-dependent preferences. We reintroduce the notion of

time-consistent overall Pareto efficiency proposed by Herings and Rohde

(2006) and show that, whenever the agents are sophisticated, any equi-

librium allocation is efficient in this sense. Thereby, we present a version

of the First Fundamental Welfare Theorem for this class of economies.

Moreover, we present a social welfare function with maximisers that co-

incide with the efficient allocations and prove that every equilibrium can

be represented by a solution to the social welfare optimisation problem.

In the second chapter we concentrate on the observable implications of

various models of time-preference. We consider a framework in which

subjects are asked to choose between pairs consisting of a monetary pay-

ment and a time-delay at which the payment is delivered. Given a finite

set of observations, we are interested under what conditions the choices of

an individual agent can be rationalised by a discounted utility function.

We develop an axiomatic characterisation of time-preference with various

forms of discounting, including weakly present-biased, quasi-hyperbolic,

and exponential, and determine the testable restrictions for each specifi-

cation. Moreover, we discuss possible identification issues that may arise

in this class of tests.

Finally, in the third chapter, we discuss the testable restrictions for pro-

duction technologies that exhibit complementarities. Suppose that we

observe a finite number of choices of input factors made by a single firm,

as well as the prices at which they were acquired. Under what conditions
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imposed on the set of observations is it possible to justify the decisions of

the firm by profit-maximisation with production complementarities? In

this chapter, we develop an axiomatic characterisation of such behaviour

and provide an easy-to-apply test for the hypothesis which can be em-

ployed in an empirical analysis.



Preface iii

Preface

The questions we consider in this thesis lie in the intersection of general equilib-

rium theory, behavioural economics, and revealed preference analysis. Our discussion

evolves around three main topics.

First of all, we are interested in the welfare properties of economies with time-

dependent preferences. Suppose that, each period, every consumer is represented by

a different self, whose preferences are defined over sequences of consumption bundles

from the current period till the end of time. If a credible commitment device is

not available, the current self needs to take into account the behaviour of his future

incarnations while choosing his lifetime consumption, since any plan determined in the

current period may be revised by one of his future selves. In this thesis, we determine

properties of allocations that arise from trade between consumers characterised in

the above manner. In particular, we are interested whether equilibrium outcomes are

efficient in any sense, and how the dynamic structure of trade influences the final

distribution of consumption.

Time-inconsistency of preferences plays a fundamental role in some of the major

economic issues, including the problem of sustainable growth, the efficient use of

depletable resources, or the question of optimal pension schemes. Understanding how

present-bias and preference for immediate gratification affect decisions of individual

agents as well as the aggregate behaviour of the economy is crucial for developing a

sound economic policy that would address the issues mentioned above.

In the first chapter of the thesis we concentrate on the general properties of al-

locations that arise in this class of economies. We re-introduce the notion of time-

consistent overall Pareto efficiency, defined by Herings and Rohde (2006), according

to which an allocation is efficient if, at any time t, there exists no other feasible allo-

cation which improves upon the original one with respect to the preferences of all the
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current and future selves from period t onwards. The definition takes into account

two important factors. First of all, it requires that the allocation is Pareto efficient

with respect to all the agents and all their different selves. Second of all, it imposes

a form of time-consistency on the efficient allocations. This is to say that, as the

time progresses and the initial selves are gradually excluded from the economy, the

remaining incarnations cannot benefit from altering the efficient allocation.

The main result of the chapter shows that any general equilibrium allocation is

efficient in the above sense. Hence, we present a version of the First Fundamental

Welfare Theorem for economies with time-dependent preferences. The result is strik-

ing, as it shows that time-inconsistency of preferences is not a source of inefficiency

as long as we are concerned with the welfare of all agents and their different selves.

That is, any alteration of an equilibrium allocation negatively affects the well-being of

at least some incarnations of some consumers. Therefore, any economic policy should

be designed taking into account the full extent to which it affects the welfare of the

agents, as there is no clear Pareto improvement which could make all the consumers

and all their different selves better off.

In the second chapter of the thesis we remain in the area of inter-temporal de-

cision making and time-dependent preferences, however, we focus on the individual

behaviour of agents, rather than market outcomes. In this part of our discussion we

focus on the testable restrictions for various models of inter-temporal choice. We are

interested in conditions imposed on sets of observations that allow us to justify the

observable choices of individual agents with a certain type of time-preference under

the utility-maximisation hypothesis. Our main interest is focused on the class of

discounted utility models with various specifications of the discounting function.

The discounted utility model plays a crucial role throughout the economic analysis

and is widely accepted as a valid normative standard for public policies, as well as

a descriptively accurate representation of the actual behaviour of economic agents.

However, in the recent years an important question was raised concerning the form

of the discounting function that reflects the actual time-preferences of consumers. In

particular, alternative specifications of hyperbolic and quasi-hyperbolic discounting

were proposed, which could explain various observations anomalous in the model of

exponential discounting utility, formerly dominant in economics. In order to under-
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stand the actual behaviour of economic agents, we find it crucial to determine what

are the observable implications of the above models and how can we differentiate

between the various specifications of discounting, given a finite set of observations.

In our analysis we consider a framework in which agents are allowed to choose

between pairs that consist of a monetary payment and a time-delay at which the

payment is delivered. In each trial of the experiment an agent is offered a finite set

of options from which he is allowed to choose a single element. Therefore, each ob-

servation consists of a set of feasible options from which the agent could choose and

the choice made by the subject. Given that the observer is allowed to monitor only

a finite number of repetitions of the experiment, we provide an axiomatic charac-

terisation of various specifications of time-preference. In particular, we establish the

verifiable implications of the separable, discounted utility model and present a simple

test that can be applied to the real-life data.

Our analysis builds a bridge between the decision-theoretical approach to con-

sumer choice, which characterises different forms of behaviour, and the experimental

work, that elicits the tastes of agents from a finite list of observable choices. Our main

objective is to fill the gap between these two areas of economic research. We provide

an intuitive consistency condition that has to be satisfied by observable choices made

by agents who are endowed with a certain type of time-preference. At the same time

the condition allows us to construct an easy-to-apply test to verify or refute the model

of inter-temporal decision making on the data set.

Our framework is especially relevant for empirical applications. There are numer-

ous examples of experiments performed in the literature in which subjects were asked

to choose between monetary payments delivered with various time-delays. Therefore,

our analysis can be directly applied to observations from the experiments performed

in the literature, in order to empirically determine the form of time-preference that

is most likely to describe the behaviour of economic agents.

In the final part of the thesis, co-authored with John K.-H. Quah, we move away

from questions related to time-preference and consumer choice in order to focus on

the behaviour of firms and the testable implications for production with complemen-

tarities. Given a finite number of observations of input factors and prices at which

they were acquired, we determine conditions imposed on the set of observations under
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which we can rationalise the decisions of the firm by the profit-maximising behaviour

with production complementarities. We refer to the notion of complementarity intro-

duced by Edgeworth, according to which two inputs are complements whenever an

increase of one of the factors increases the marginal returns from the other one.

The importance of complementarities for modern manufacturing follows from the

fundamental shift from mass production to a new pattern of manufacturing based on

flexibility and economies of scope, that took place in the final decades of the twentieth

century. This new paradigm relies on a system-wide and coordinated approach to

production, where the “fit” of various attributes of technology plays a fundamental

role. At the same time, the mathematical representation of complementarity in terms

of supermodular functions, and the one of lattice programming techniques generally,

provides a way of formalising the intuitive ideas of synergy and system effects and

allows for a rigorous analysis of their implications. Given the importance of the notion

of complementarity and its mathematical formalisation, it is crucial to determine

whether the hypothesis provides any observable restrictions that could be tested.

The main purpose of our analysis is to provide an axiomatic characterisation of

the profit-maximising behaviour with production complementarities. Additionally, we

present an easy-to-apply test which allows us either to confirm or refute the hypothesis

on data sets.

We consider our thesis to be aimed at a wide audience. On one hand, we answer

significant theoretical questions regarding the welfare properties of general equilibrium

economies, an axiomatic characterisation of consumer behaviour, and the fundamen-

tal features of technologies with complementarities. On the other hand, we discuss

important issues related to the testable implications of the hypotheses in question

and provide methods which would allow for their empirical verification. Furthermore,

we consider topics that are related to various areas of economic research, includ-

ing general equilibrium theory, macroeconomics, welfare economics, decision theory,

behavioural economics, theory of the firm, revealed preference analysis, and experi-

mental economics. Therefore, we hope that the work presented on the following pages

will find a deep interest of different types of readers.
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1.1 Introduction 1

Chapter 1

Efficiency and representation of
competitive equilibria in economies
with time-dependent preferences

1.1 Introduction

Consider an exchange economy consisting of consumers endowed with time-dependent

preferences. As in Strotz (1955), each period an agent is represented by a different self

whose preferences are defined over sequences of consumption bundles from the current

period till the end of time. Since tastes may differ across dates in an unrestricted

manner, each consumer is characterised by a sequence of preference relations of all his

subsequent selves. If a credible commitment device is not available, each period the

current self needs to take into account the behaviour of his future incarnations while

choosing his consumption, since any plan determined in the current period may be

revised by one of his future selves. Assuming that agents are sophisticated, that is,

they can correctly predict changes in the preferences of their subsequent incarnations,

the demand is determined by a subgame perfect Nash equilibrium path of the game

between different selves of an individual consumer.1

Suppose that we allow the agents to trade. Every period the current selves may

exchange their rights to consumption inherited from the preceding period for a dif-

ferent consumption plan which is affordable, given the current prices. In this chapter

we characterise the welfare properties of equilibrium allocations arising in this class

of economies. We describe a notion of efficiency and present conditions under which

1Our use of the term sophisticated follows, e.g., Pollak (1968).
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every equilibrium allocation is efficient in the sense defined. Moreover, we construct

a social welfare function with maximisers that coincide with the efficient allocations.

The two results allow us to present a method of representing equilibria by a solution

to a social planner’s optimisation problem.

In our work we reintroduce the notion of time-consistent overall Pareto efficiency

proposed by Herings and Rohde (2006, Definition 27). According to the definition,

an allocation path is efficient if, at any time t, there exists no other feasible allocation

path which improves upon the initial one with respect to the preferences of all the

current and future selves following period t. In the first main result of this chapter we

show that any competitive equilibrium allocation is efficient in this sense. Therefore,

we present a version of the First Fundamental Welfare Theorem for economies with

time-variant preferences.

Our thesis concentrates on economies with a complete market structure. Each

period the current selves may freely exchange their goods and rights to future con-

sumption on the spot and futures markets respectively, as long as their budget con-

straints are satisfied. Moreover, given that the agents are sophisticated, we expect

that, in equilibrium, the chosen consumption streams are time-consistent, i.e., they

coincide with a subgame perfect Nash equilibrium path of play of the game between

different selves of every agent. In particular, our market structure allows the agents

to transfer their wealth across periods strategically and enables a sophisticated inter-

action between the subsequent incarnations of the consumers. Our class of economies

differs from those specified by Luttmer and Mariotti (2003, 2007) or Herings and

Rohde (2008). However, as we argue in the main body of this chapter, this does

not affect the generality of our result, since all the above concepts are allocationally

equivalent. This allows us to apply our main efficiency result to various specifications

of competitive equilibrium.

Our result is related to the one obtained by Herings and Rohde (2006, Theorem

30). In this paper the authors discuss a class of exchange economies with incomplete

markets and show that, in their framework, any equilibrium allocation path is time-

consistently overall Pareto efficient. In this specification of the market, the agents

are not allowed to transfer their wealth across time; rather, each period t, every

agent is restricted to consuming only those bundles whose value does not exceed the
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value of his initial endowment of goods in that period. This removes the agent’s

ability to save or borrow, and rules out an important channel of strategic interaction

between different selves of the agent, which could affect the welfare properties of the

equilibrium outcomes.

This chapter also refers to a different strand of literature which focuses on condi-

tions under which equilibrium allocations are efficient with respect to the preferences

of consumers in the initial period only. We will say that such allocations are date-

1 Pareto efficient.2 For example, Laibson (1997) has shown that once agents have

access to illiquid financial instruments, they are able to commit their future incar-

nations to a plan which is optimal with respect to the individual preferences of the

initial selves. Moreover, once we allow the agents to trade in this framework, the

resulting equilibrium allocations are efficient in the above sense.

Interestingly, in some special cases, even when individual agents are unable to

commit, equilibrium allocations can be date-1 Pareto efficient. This property was

first observed by Barro (1999) for production economies with consumers endowed

with time-separable, logarithmic preferences, and hyperbolic discounting. The result

is surprising, since it implies that even though the initial incarnations cannot commit

to their optimal consumption plans, there exists no other feasible allocation which

could strictly improve upon the equilibrium outcome with respect to their preferences.

Unfortunately, such equilibria are non-generic. As shown by Luttmer and Mariotti

(2007, Proposition 3), once preferences are not homothetic, the set of equilibria and

the set of allocations that are date-1 Pareto efficient intersect only at isolated points.3

Their negative result indicates, that this form of efficiency is rare in the discussed

class of models. On the other hand, our analysis presents a general welfare property

of equilibrium allocations in economies with time-dependent preferences. Therefore,

our positive result completes the characterisation of equilibrium outcomes.

It is worth pointing out that time-consistent overall Pareto efficiency is a weaker

concept than the so called renegotiation proofness introduced by Luttmer and Mariotti

2Our use of this term follows Luttmer and Mariotti (2007, Definition 1(i)). On the other hand,
Herings and Rohde (2006, Definition 10) simply call such allocations Pareto efficient. It is worth
pointing out that date-1 Pareto efficiency and time-consistent overall Pareto efficiency are not com-
parable, since the latter notion is generally inefficient with respect to the initial selves only.

3In fact, Luttmer and Mariotti (2007) show that the statement is true whenever the preferences
of agents are nowhere locally homothetic.
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(2007, Definition 1(ii)). Using our terminology, an allocation path is renegotiation

proof if it is time-consistently overall Pareto efficient, and there exists no other time-

consistently overall Pareto efficient allocation path which dominates the initial one

with respect to preferences of the initial selves only. However, as we show in Section

1.3.2, the opposite implication does not hold, as the concept of renegotiation proofness

is more demanding than time-consistent overall Pareto efficiency.

What is interesting, is that in some cases the three notions of efficiency, i.e.,

time-consistent overall Pareto efficiency, date-1 Pareto efficiency, and renegotiation

proofness, coincide. We discuss one such prominent example in Section 1.5.4.

In the second part of the chapter we present conditions under which every time-

consistently overall Pareto efficient allocation can be represented by a solution to a

social welfare maximisation problem. The result refers to the characterization of com-

petitive equilibria presented by Negishi (1960), who has shown that every equilibrium

can be represented as a solution to a weighted social welfare maximisation problem.

We extend this idea to exchange economies with time-dependent preferences, and

introduce a notion of recursive social welfare obtained via a multi-stage optimisa-

tion problem. At each stage the social planner maximises a weighted social welfare

function of the current selves, subject to him choosing amongst allocations that solve

an analogous social welfare problem in all the subsequent periods. Therefore, since

the choices of the social planner are determined in a similar manner to the one of

the individual agents, the economy admits a form of a sophisticated representative

consumer with time-dependent preferences.

The approach presented by Negishi has found a wide application to welfare eco-

nomics, general equilibrium, as well as macroeconomics. For this reason, we believe

that extending the idea to economies with time-dependent preferences will be useful

for more applied studies of this class of economies.

The remainder of this chapter is organised as follows. In Section 1.2 we introduce

our framework and the necessary notation. Then, in Section 1.3, we present the

notion of time-consistent overall Pareto efficiency and compare it to the alternative

concepts discussed in the literature. We state our main efficiency result in Section

1.4. Finally, Section 1.5 concerns representation of time-consistently overall Pareto
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efficient allocations by a solution to the recursive social welfare maximisation problem.

The auxiliary results are introduced in Appendix A at the end of the thesis.

1.2 Economy with time-dependent preferences

Consider a dynamic exchange economy with a finite time-horizon T . With a slight

abuse of the notation, by T we shall also denote the set of time indices, i.e., we let

T := {1, 2, . . . , T}. Moreover, we assume that the economy consists of a finite number

of consumers i ∈ I.

Let Xt = Rnt
+ , where t ∈ T , be a positive orthant of a nt-dimensional Euclidean

space. We shall refer to Xt as to the period t commodity space. Hence, nt is the number

of consumable goods at time t. Denote an arbitrary bundle of period t commodities

of consumer i ∈ I by xi
t ∈ Xt.

Due to the dynamic nature of the economy, we find it convenient to consider paths

of consumption. Let X̂t := ×T
s=tXs be a set of consumption paths from time t to the

final period T . Therefore, an element x̂i
t ∈ X̂t is a sequence of bundles x̂i

t := (xi
s)

T
s=t,

where xi
s ∈ Xs, for all s. We shall refer to x̂i

t ∈ X̂t as to a consumption path of

consumer i from period t onwards. In particular, x̂i
1 denotes a complete consumption

path of consumer i from the initial time 1 till the final period T . Moreover, by

definition, for any t ∈ T and s > t, we have x̂i
t = (xi

t, x̂
i
t+1) = (xi

t, . . . , x
i
s−1, x̂

i
s).

Following Strotz (1955), we characterise every agent i ∈ I by a sequence of pref-

erence relations {⪰i
t}t∈T . We shall refer to ⪰i

t defined over X̂t as to a preference

relation of period t self of agent i.4 For any s > t, we allow for preference relations

⪰i
t and ⪰i

s to differ over X̂s. That is, we admit the case in which for some x̂i
s, ŷ

i
s ∈ X̂s

and x̂i
t = (xi

t, . . . , x
i
s−1, x̂

i
s) ∈ X̂t, we have (xi

t, . . . , x
i
s−1, x̂

i
s) ⪰i

t (xi
t, . . . , x

i
s−1, ŷ

i
s) and

ŷis ≻i
s x̂i

s, which would suggest a preference reversal. In fact, the change of prefer-

ences between periods is the source of time-inconsistency in our analysis. Moreover,

we assume that preferences of period t selves are not directly affected nor depend on

the consumption in the preceding periods.5 Finally, we denote the anti-symmetric

and symmetric elements of ⪰i
t in the standard fashion by ≻i

t and ∼i
t, for all t ∈ T . In

order to make our presentation more transparent, we discuss the following example.

4Formally, we say that ⪰i
t⊂ X̂t × X̂t.

5This condition is equivalent to strong independence of past consumption introduced by Herings
and Rohde (2006, Definition 24).
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Example 1.1 (Quasi-hyperbolic discounting). Let vi : Rn
+ → R denote an instanta-

neous utility function of agent i ∈ I, and δi, γi in [0, 1) be respectively his long-term

and present-bias discount factor. Let Xt := Rn
+, for all t ∈ T . Hence, X̂t = Rn(T−t+1)

+ .

Utility of period t self of consumer i is evaluated by function ui
t : X̂t → R:

ui
t(x̂

i
t) := vi(xi

t) + γi

T∑
s=t+1

(δi)s−tvi(xi
s).

Therefore, whenever we define preferences {⪰i
t}t∈T such that, for all t ∈ T and any

two x̂i
t, ŷ

i
t ∈ X̂t, we have

x̂i
t ⪰i

t ŷ
i
t if and only if ui

t(x̂
i
t) ≥ ui

t(ŷ
i
t),

time-separable preferences with quasi-hyperbolic discounting are embedded in our

framework. Note that in this case, for any s > t, we have

ui
t(x̂

i
t) := vi(xi

t) + γi
s−1∑

k=t+1

(δi)k−tvi(xi
k) + γi(δi)s

[
vi(xi

s) +
T∑

k=s+1

(δi)k−svi(xi
k)

]
,

and

ui
s(x̂

i
s) :=

[
vi(xi

s) + γi
T∑

k=s+1

(δi)k−svi(xi
k)

]
,

which implies that, as long as the present-bias discount factor γi is different from

1, period t and period s selves of agent i evaluate consumption paths starting from

period s differently. Hence, the preferences of the two incarnations differ over X̂s.

Throughout this chapter we impose the following assumption.

Assumption 1. For all i ∈ I and t ∈ T , preference relation ⪰i
t is

(i) reflexive, complete, and transitive;

(ii) locally non-satiated on Xt, i.e., for all x̂
i
t := (xi

t, x̂
i
t+1) ∈ X̂t := Xt×X̂t+1 and any

ε > 0, there exists some yit ∈ Xt such that ∥xi
t − yit∥Xt < ε and (yit, x̂

i
t+1) ≻i

t x̂
i
t,

where ∥ · ∥Xt is a norm on Xt.
6

With a slight abuse of the notation, we denote the cardinality of the set of con-

sumers by I. A period t allocation is a vector xt ∈ XI
t , where xt := (xi

t)i∈I . In

6Observe that local non-satiation of ⪰i
t on Xt is a stronger condition than local non-satiation

over the whole domain X̂t. Clearly the former implies the latter, but the opposite implication does
not hold.
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addition, an allocation path from time t onwards will be denoted by x̂t ∈ X̂I
t , where

x̂t := (x̂i
t)i∈I . Therefore, x̂1 is a complete allocation path from the initial period 1

till the final date T . Moreover, as in the case of consumption bundles of individual

agents, for any t ∈ T and s > t, we have x̂t = (xt, x̂t+1) = (xt, . . . , xs−1, x̂s).

1.2.1 Market structure and equilibrium

Consider the following structure of the trade in the economy. At the beginning of

every period t ∈ T , each agent inherits a vector âit ∈ X̂t of rights to consumption

bundles from that period onwards. The current selves are allowed to trade on two

types of markets: spot markets, where they trade the current period t consumption

goods, and futures markets, where consumers may exchange their claims to future

commodities. Therefore, given the current prices, the agents may sell their bequest

and spend the acquired wealth on a new bundle of consumption goods and rights to

future consumption.

Throughout this chapter we assume that prices of rights to consumption goods

in a given period do not depend on the time at which they are acquired. That

is, for any two periods s and s′ preceding time t, the prices of claims to period t

consumption traded at time s and s′ are equal to the spot market prices of goods

at time t. Even though the assumption seems to be restrictive, we argue in the

following section that it can be imposed without loss of generality. We denote prices

of period t consumption goods by pt ∈ Rnt
++. In order to make our notation compact,

we shall denote Pt := Rnt
++. A path of prices of commodities consumable from period

t onwards is denoted by p̂t = (ps)
T
s=t ∈ P̂t, where P̂t := ×T

s=tPs. By construction, we

have p̂t = (pt, p̂t+1) = (pt, . . . , ps−1, p̂s), for any t and s > t. In particular, p̂1 ∈ P̂1

denotes a sequence of prices of all goods consumable between periods 1 and T .

We construct the optimisation problem of time t self of agent i as follows. At

the beginning of the final period T , the agent inherits the rights to consumption aiT

acquired at time T −1. The claims can be exchanged on the spot market for a bundle

of the current consumption goods. The disposable wealth of period T self is equal to

the value of the inherited rights to consumption pT · aiT , and so time T budget set is

defined by values of correspondence BT : PT ×XT ⇒ XT ,

BT (pT , a
i
T ) :=

{
xi
T ∈ XT : pT · xi

T ≤ pT · aiT
}
.
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Since there is no consumption taking place beyond time T , there are no futures

markets in the ultimate period. Therefore, the set of choices of period T self is

equivalent to the set of the greatest elements of BT (pT , a
i
T ) with respect to ⪰i

T .7

Hence, the demand is governed by values of correspondence V i
T : PT ×XT ⇒ XT ,

V i
T (pT , a

i
T ) :=

{
xi
T ∈ BT (pT , a

i
T ) : xi

T ⪰i
T yiT for all yiT ∈ BT (pT , a

i
T )
}
.

Given a path of prices from time T−1 onwards, p̂T−1, the total wealth of consumer

i in the penultimate period is equal to the value of his endowment âiT−1 inherited from

his former self, i.e., p̂T−1 · âiT−1. Hence, the budget set of agent i is determined by

values of correspondence BT−1 : P̂T−1 × X̂T−1 ⇒ X̂T−1,

BT−1(p̂T−1, â
i
T−1) :=

{
(xi

T−1, a
i
T ) ∈ X̂T−1 : pT−1 · xi

T−1 + pT · aiT ≤ p̂T−1 · âiT−1

}
.

In this chapter we analyse economies where sophisticated agents are endowed with

time-dependent preferences and have no commitment technology. Hence, while de-

termining their consumption paths, consumers can correctly predict preferences and

choices of their future incarnations, but cannot commit to any consumption plan.

This implies, that while acquiring (xi
T−1, a

i
T ), the agents take into account that the

actual consumption taking place at time T must belong to V i
T (pT , a

i
T ). This is to

say, that since period T self is not committed to any plan, he will choose the most

preferable bundle from his budget set given the inherited vector of consumption rights

aiT . Therefore, the problem of the consumer in the preceding period T − 1 is to max-

imise his current preferences over the set of affordable, time-consistent consumption

paths, i.e., vectors x̂i
T−1 = (xi

T−1, x
i
T ) in BT−1(p̂T−1, âT−1) such that xi

T ∈ V i
T (pT , x

i
T ).

The set of all such consumption paths is determined by values of correspondence

F i
T−1 : P̂T−1 × X̂T−1 ⇒ X̂T−1,

F i
T−1(p̂T−1, â

i
T−1) :=

{
(xi

T−1, x
i
T ) ∈ BT−1(p̂T−1, â

i
T ) : xi

T ∈ V i
T (pT , x

i
T )
}
.

The elements of F i
T (p̂T , â

i
T ) are time-consistent in the sense, that once period

T − 1 self acquires aiT = xi
T rights to period T commodities, in the following period

the current self has no incentive to re-trade the inherited consumption rights. Hence,

7For a binary relation ⪰ defined over some set X, we consider x to be a greatest element of X
with respect to ⪰, or simply a ⪰-greatest element of X, if x ∈ X and for all y in X, we have x ⪰ y.
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the consumption plan determined in period T−1 will actually be implemented at time

T . This allows to define the demand correspondence V i
T−1 : P̂T−1 × X̂T−1 ⇒ X̂T−1,

V i
T−1(p̂T−1, â

i
T−1) :=

{
x̂i
T−1 ∈ F i

T−1(p̂T−1, â
i
T−1) :

x̂i
T−1 ⪰i

T−1 ŷ
i
T−1 for all ŷiT−1 ∈ F i

T−1(p̂T−1, â
i
T−1)

}
,

with values that determine the set of optimal, time-consistent choices of agent i.

By backward induction, it is possible to determine the set of all affordable and

time-consistent consumption paths at any period t ∈ T . At the beginning of time

t, every consumer is in possession of a vector of rights to consumption âit = (ais)
T
s=t,

where ais ∈ Xs, which was inherited from the preceding period t− 1. The budget set

is then determined by values of correspondence Bt : P̂t × X̂t ⇒ X̂t, where

Bt(p̂t, â
i
t) :=

{
x̂i
t ∈ X̂t : p̂t · x̂i

t ≤ p̂t · âit
}
.

Hence, the set of affordable and time-consistent consumption paths is given by the

values of correspondence F i
t : P̂t × X̂t ⇒ X̂t,

F i
t (p̂t, â

i
t) :=

{
(xi

t, x̂
i
t+1) ∈ Bt(p̂t, â

i
t) : x̂i

t+1 ∈ V i
t+1(p̂t+1, x̂

i
t+1)

}
,

where V i
t+1(p̂t+1, x̂

i
t+1) is the set of optimal, time-consistent choices of the following,

period t + 1 self. Being consistent with our recursive structure, the set is determined

by values of correspondence V i
t : P̂t × X̂t ⇒ X̂t,

V i
t (p̂t, â

i
t) :=

{
x̂i
t ∈ F i

t (p̂t, â
i
t) : x̂i

t ⪰i
t ŷ

i
t for all ŷit ∈ F i

t (p̂t, â
i
t)
}
.

Correspondences F i
t and V i

t are constructed in the following way. Given time

t ∈ T , a path of prices p̂t, and a sequence of rights to consumption from time t

onwards, âit, we determine the set of all affordable consumption paths from period t on,

denoted by Bt(p̂t, â
i
t). Every element x̂i

t = (xi
t, x̂

i
t+1) of the set consists of the current

consumption bundle xi
t and a sequence of consumption rights/bundles following period

t, x̂i
t+1. In order to make sure that x̂i

t ∈ F i
t (p̂t, â

i
t), we need to guarantee that x̂i

t+1 is a

solution to the optimisation problem of the subsequent incarnation of agent i, given

that he inherits x̂i
t+1. Only then the future self has no incentive to choose a different

consumption path when time t + 1 arrives. In other words, as long as x̂i
t+1 belongs

to V i
t+1(p̂t+1, x̂

i
t+1), period t + 1 agent cannot strictly benefit from re-trading x̂i

t+1.
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Finally, set V i
t (p̂t, â

i
t) consists of ⪰i

t-greatest elements of F i
t (p̂t, â

i
t). Hence, it contains

the most preferable, affordable, and time-consistent consumption bundles from the

perspective of period t self.8

We assume that in the initial period t = 1 the vector of rights to consumption âi1

from that period onwards is equivalent to the initial endowment (eit)t∈T of agent i,

where eit ∈ X i
t is a claim to commodities consumable at time t. Hence, âi1 ≡ (eit)t∈T .

Definition 1. A complete competitive equilibrium is a pair of an allocation path x̂∗
1

and prices p̂∗1 such that

(i) every self of every agent chooses an optimal, time-consistent consumption plan,

i.e., for all t ∈ T and i ∈ I, we have x̂∗i
t ∈ V i

t (p̂∗t , x̂
∗i
t );

(ii) markets clear, i.e., for all t ∈ T , we have
∑

i∈I x
∗i
t =

∑
i∈I e

i
t.

In the following section we discuss in detail our definition of equilibrium, and

compare it to other concepts presented in the literature.

1.2.2 Comments on the notion of equilibrium

Our analysis concentrates on a complete market structure similar to the one discussed

in Herings and Rohde (2008, Definition 5.2). Each period t, the spot and futures

markets are opened, which allows the current selves to trade all the commodities

available at time t or at any future date. In particular, this enables the agents

to revise their consumption plans according to their current preferences. Since the

agents are sophisticated and take into account the choices of their future incarnations,

we require that in equilibrium the consumers formulate time-consistent plans which

are carried out by the following selves. Moreover, we assume that the agents can

correctly predict both the prices quoted on all the future commodity markets, as well

as the endowments that will be delivered at any date t ∈ T .

There are two substantial variations which make our definition different from the

equilibrium specification of Herings and Rohde (2008). First of all, we assume that

prices pt of claims to period t consumption are independent of the time at which

they are traded. In other words, for any two periods s and s′ preceding time t,

8This specification is equivalent to the one introduced by Strotz (1955). However, it is a different
formulation from the one investigated by Harris and Laibson (2001), or more recently by Balbus,
Reffett, and Woźny (2014) in the infinite dimensional framework.
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prices of claims to period t consumption traded at time s and s′ are equal to pt.

Hence, we assume that the ratios of prices on all the markets remain unchanged as

the time progresses. Moreover, we require that all the prices can be expressed with

respect to a single numeraire, i.e., a single good in one specific period. Therefore, the

assumption suggests that the prices are determined only once at the initial date and

remain unchanged till the end of time. This makes our concept of general equilibrium

closely related to the notion of Arrow-Debreu competitive equilibrium.

Second of all, we require that in equilibrium, at any time t ∈ T , the vector of rights

to consumption inherited by the current self from the preceding period, is equal to

the actual consumption path x̂∗
t . Clearly, this requirement implies that there is no

trade taking place beyond the initial period, as none of the agents has an incentive

to alter the inherited claims. Hence, even though the markets reopen every period,

there is no exchange between agents past date t = 1.

Surprisingly, even though the two assumptions seem to be restrictive, whenever

Assumption 1 is satisfied,9 we may impose them without any loss of generality. This is

to say, that our definition of complete competitive equilibrium presented in Definition

1 is allocationally equivalent to the sophisticated complete equilibrium introduced

by Herings and Rohde (2008, Definition 5.2), in which no conditions are imposed

on the variation of prices and portfolios of assets. This observation is implied by

Theorem 5.3 of the same paper, in which the authors state that even if we allow for

the spot and futures market prices of commodities to vary in an unrestricted manner,

in a sophisticated complete equilibrium their ratios have to be equal. Therefore, the

equilibrium requires that the future market prices to consumption at time t, quoted at

any time s, are equal to the time t spot market prices (up to a constant). The result is

driven by the arbitrage opportunities that are created whenever the above condition

is violated. In particular, this implies that we can always normalise the prices with

respect to one common numeraire, without affecting the equilibrium allocation. This

makes our assumption superfluous as long as our interest is concentrated on the final

allocation of consumption goods.

Given the above observation, our second assumption can also be imposed without

affecting the set of equilibrium allocations. Clearly, as the equilibrium spot and fu-

9Note that under Assumption 1 our framework satisfies the definition of a locally non-satiated
economy analysed by Herings and Rohde (2008).
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tures market prices remain unchanged as the time progresses, the value of the assets

inherited at time t has to be equal to the path of consumption goods from that period

onwards, for any t ∈ T . Otherwise, under local non-satiation of preferences, there

would exists at least one self of a consumer who could benefit from altering the equi-

librium consumption plan. However, this would violate the definition of equilibrium.

Therefore, even though our specification of complete competitive equilibrium seems

to be restrictive, the outcomes in our framework coincide with the ones implied by

the setting introduced by Herings and Rohde (2008).

Interestingly, our main result can be directly extended to models with the sequen-

tially complete market structure, in which the consumers are only allowed to trade

on the current spot market and one-period ahead contingent commodities. Therefore,

the poorer asset structure does not affect the welfare properties of equilibrium alloca-

tions. This is true due to Herings and Rohde (2008, Theorem 5.10), who show that the

notion of sophisticated complete equilibrium discussed above is allocationally equiv-

alent to the sophisticated sequentially complete equilibrium (see Herings and Rohde,

2008, Definition 4.2). Therefore, by the argument presented above, this notion also

has to coincide with the one presented in Definition 1. Since our main result refers

only to the final distribution of consumption goods, we need not be concerned with

the process leading to it.

Regarding the framework of Herings and Rohde (2006, Definition 11), our economy

differs in one important aspect. Herings and Rohde characterise the optimisation

problem of consumers in a way which does not allow them to spend on the current

period t consumption more than the value of their initial endowment of period t

goods. In other words, in every period t, the budget set of agent i consists only

of these consumption paths x̂i
t = (xi

s)
T
s=t for which ps · xi

s ≤ ps · eis, for all s. This

condition rules out the possibility of transferring wealth across periods strategically,

which is the essence of the model discussed in our approach. Since the structure of

the economy differs substantially, the equilibrium allocations need not coincide.

Finally, we focus solely on the welfare properties of equilibrium allocations and

do not discuss existence issues. Nevertheless, sufficient conditions for equilibrium

existence can be found in Luttmer and Mariotti (2003, 2006).
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1.3 Efficiency and time-dependent preferences

In the following section we reintroduce the definition of time-consistent overall Pareto

efficiency proposed by Herings and Rohde (2008, Definition 27). Then, we com-

pare this concept to other notions of efficiency discussed in the literature concerning

economies with time-dependent preferences.

1.3.1 Time-consistent overall Pareto efficiency

We say that period t allocation xt := (xi
t)i∈I ∈ XI

t is feasible if
∑

i∈I x
i
t ≤

∑
i∈I e

i
t.

An allocation path x̂t := (xs)
T
s=t ∈ X̂I

t is feasible if, for every s ≥ t, allocation xs is

feasible. Denote the set of feasible allocation paths x̂t by Et. First, we define the

notion of post-t efficiency, which shall become useful in the remainder of this section.

Definition 2 (Post-t efficiency). A feasible allocation path x̂1 is post-t efficient, for

some t ∈ T , if there exists no other feasible allocation path ŷ1 such that, for all i ∈ I

and s ≥ t, we have ŷis ⪰i
s x̂

i
s, and ŷis ≻i

s x̂
i
s, for some i ∈ I and some s ≥ t.

A feasible allocation path x̂1 is post-t efficient if there exists no other feasible

allocation path which can improve upon x̂1 with respect to the preferences of all the

agents and their different selves from period t onwards. Building up on the previous

definition, we present the notion of efficiency which is central to this part of the thesis.

Definition 3 (Time-consistent overall Pareto efficiency). A feasible allocation path

is time-consistently overall Pareto efficient if it is post-t efficient for all t ∈ T .

The main idea behind the above definition of efficiency refers to a form of time-

consistency of optimal allocations. Consider a path x̂1 which is post-1 efficient but not

time-consistently overall Pareto efficient. This implies that there is no other feasible

allocation path which makes all the selves of all agents weakly better off, and at least

some of them (i.e., at least one self of one agent) strictly better off.

Assume that period 1 has passed and consumers find themselves in period 2. Since

period 1 selves are no longer present in the economy, the remaining selves following

date 1 might be willing to alter the allocation of consumption in the remaining periods.

As period 1 preferences are no longer taken into consideration, there might exist a

distribution of goods which improves upon the previously determined allocation from
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the perspective of the remaining selves. The idea of time-consistent overall Pareto

efficiency is to exclude such cases by imposing an additional condition, according to

which the path of allocations is also post-2 efficient. Therefore, there exists no other

feasible allocation path which can improve upon the original allocation with respect

to preferences of the remaining selves: {⪰i
s}i∈I,s≥2. This way, even though period 1

selves are no longer present in the economy, the remaining incarnations are not willing

to change the previously determined distribution of goods.

Clearly, once time t = 2 has passed, the remaining selves from period 3 onwards

face the very same problem of time-consistency of the efficient allocation. Once again,

the above notion of efficiency excludes the issue, by requiring that the allocation is

jointly post-3 efficient, etc. This way, regardless of the progress of time, the remaining

selves can never improve upon the time-consistently overall Pareto efficient allocation.

One can also interpret time-consistent overall Pareto efficiency from the point of

view of the final period. Assume that allocation path x̂1 = (x1, x2, . . . , xT ) is efficient

in the above sense. In particular, this means that it is post-T efficient. Hence, xT is

Pareto efficient with respect to preferences {⪰i
T}i∈I . Let

RT (xT ) :=
{
yT ∈ XI

T : yT is feasible and yiT ∼i
T xi

T , for all i ∈ I
}

be the set of all period T feasible allocations which are Pareto equivalent to xT with

respect to {⪰i
T}i∈I . Recall that time-consistent overall Pareto efficiency implies that

x̂1 is also post-(T−1) efficient. Hence, there exists no other feasible ŷT−1 = (yT−1, yT )

such that yT ∈ RT (xT ) and ŷiT−1 ⪰i
T−1 x̂i

T−1, for all i ∈ I, while ŷiT−1 ≻i
T−1 x̂i

T−1,

for some i. Otherwise, it would be possible to choose a consumption path which is

Pareto equivalent to the original allocation for date T selves, but is Pareto preferred

by period T − 1 incarnations.

Using the recursive structure of the efficient allocation, we know that an analogue

property is satisfied in each period. Hence, given

Rt(x̂t) :=
{
ŷt ∈ X̂I

t : ŷt is feasible and ŷis ∼i
s x̂

i
s, for all i ∈ I and s ≥ t

}
,

while determining whether the allocation path x̂1 = (x1, x2 . . . , x̂t) is time-consistently

overall Pareto efficient, we need to make sure that, each period t, there exists no other

feasible sub-path ŷt = (yt, ŷt+1) such that ŷt+1 ∈ Rt+1(x̂t+1), and ŷt is strictly Pareto
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preferred to x̂t by period t selves. Once again, this captures our understanding of

time-consistency of efficient allocations.

1.3.2 Alternative notions of efficiency

The existing discussion on welfare properties of economies with time-dependent pref-

erences concentrates around two main concepts of efficiency, namely date-t Pareto

efficiency (in particular, date-1 Pareto efficiency) and renegotiation proofness. In

general, the two notions do not coincide with the one specified in Definition 3. In the

following section we discuss in detail the main differences between the three concepts.

First, we formally reintroduce the two alternative notions of efficiency.10

Definition 4. (i) A feasible allocation path x̂1 is date-t Pareto efficient, for some

t ∈ T , if there exists no other feasible allocation path ŷ1 such that ŷit ⪰i
t x̂

i
t, for

all i ∈ I, and ŷit ≻i
t x̂

i
t for some i.11

(ii) Let R be the set of all feasible, time-consistently overall Pareto efficient alloca-

tion paths. Allocation path x̂1 ∈ R is renegotiation proof if there exists no other

ŷ1 ∈ R such that ŷi1 ⪰i
1 x̂

i
1, for all i ∈ I, and ŷi1 ≻i

1 x̂
i
1 for some i.

The concept of date-t Pareto efficiency is not comparable to time-consistent overall

Pareto efficiency. First of all, since the latter notion takes into account the preferences

of all the different selves of all agents, in general it is possible to improve the welfare

of period t incarnations once the remaining selves are not taken into consideration.

Hence, time-consistent overall Pareto efficiency does not imply date-t Pareto efficiency.

To see that the opposite implication also fails to hold, suppose that allocation

path x̂1 is date-t Pareto efficient. There are two possible ways in which the allocation

path may violate the definition of time-consistent overall Pareto efficiency. First of

all, there might exist some other feasible allocation ŷ1 which is Pareto equivalent to

x̂1 with respect to period t selves, i.e., ŷit ∼i
t x̂

i
t, for all i ∈ I, but strictly improves

the welfare of the remaining incarnations, i.e., ŷis ⪰i
s x̂

i
s, for all i ∈ I and s ̸= t, and

10Renegotiation proofness was defined by Luttmer and Mariotti (2007) only for two period
economies. Therefore, we extend the definition in a way we think is accordant with the intuition of
the authors.

11Note that date-t efficiency and post-t efficiency are different concepts. The former notion takes
into account the preferences of period t selves only, while the latter considers the welfare of all the
selves from period t onwards.
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ŷis ≻i
s x̂

i
s, for some i and s ̸= t. Second of all, even if the above Pareto improvement

is not possible, the allocation path might fail to be post-s efficient for some s > t. In

other words, there might exist some feasible allocation path ŷ1 and some time period

s > t such that ŷir ⪰i
r x̂

i
r, for all r ≥ s and i ∈ I, while ŷir ≻i

r x̂
i
r, for some r ≥ s and i.

Once the allocation fails to be post-s efficient for some s > t, it violates the definition

of time-consistent overall Pareto efficiency.

Clearly, time-consistent overall Pareto efficiency is a weaker concept than renego-

tiation proofness. Consider the two-period case as in Luttmer and Mariotti (2007),

with T = {1, 2}. Denote the set of all period 2 Pareto efficient allocations by

R2 := {x2 ∈ XI
2 : x2 is feasible and there is no feasible y2 ∈ XI

2

such that yi2 ⪰i
2 x

i
2, for all i ∈ I, and yi2 ≻i

2 x
i
2, for some i}.

Given the definition by Luttmer and Mariotti (2007, Definition 1(ii)), a feasible allo-

cation path x̂1 := (x1, x2) is renegotiation proof if: (a) x2 ∈ R2, and (b) there exist no

other feasible allocation path ŷ1 := (y1, y2), with y2 ∈ R2, such that ŷi1 ⪰i
1 x̂

i
1, for all

i ∈ I, and ŷi1 ≻i
1 x̂

i
1, for some i. Clearly, since x2 belongs to R2, allocation x̂i

1 is post-2

efficient. In addition, there is no other allocation path ŷ1 := (y1, y2), with y2 ∈ R2,

hence, no other post-2 efficient allocation path, which could Pareto improve upon x̂1

with respect to period 1 preferences. Therefore, any improvement in the welfare of

the initial selves would have to make worst off at least some incarnations in the final

period, which makes x̂1 a time-consistently overall Pareto efficient allocation.

To see why the opposite implication does not hold, suppose that x̂1 = (x1, x2) is

time-consistently overall Pareto efficient. This implies that (a’) the allocation path is

post-2 efficient, hence, x2 ∈ R2, and (b’) x̂1 is post-1 efficient. Let

R2(x2) :=
{
y2 ∈ XI

2 : y2 is feasible and yi2 ∼i
2 x

i
2, for all i ∈ I

}
be the set of allocations that are Pareto equivalent to x2 with respect to period 2

selves. Clearly, we have R2(x2) ⊆ R2. Condition (b’) implies that there is no other

feasible allocation path ŷ1 = (y1, y2) such that y2 ∈ R2(x2) and ŷi1 ⪰i
1 x̂

i
1, for all i ∈ I,

while ŷi1 ≻i
1 x̂i

1. Clearly, (a) and (a’) are equivalent. However, since R2(x2) ⊂ R2,

requirement (b’) is weaker than (b).
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1.4 Efficiency of competitive equilibria

In the following section we present and prove the first main result of this chapter

concerning the efficiency of equilibrium allocations. We begin by stating the theorem.

Theorem 1.1. Under Assumption 1, any complete competitive equilibrium allocation

path is time-consistently overall Pareto efficient.

The above theorem states that, in particular, there exists no other feasible allo-

cation path which can improve upon the equilibrium outcome with respect to the

preferences of all the different selves of every consumer. However, since the outcome

is time-consistently overall Pareto efficient, it additionally implies that as the time

progresses and the initial selves are successively excluded from the economy, there

exists no allocation which could improve the welfare of the remaining incarnations.

Therefore, equilibrium outcomes do not give much room for improvement. Clearly,

an equilibrium allocation is usually neither date-1 Pareto efficient, nor renegotiation

proof. Nevertheless, any change in the allocation of goods would make worst off at

least some of the incarnations.

In order to prove Theorem 1.1, we need to show that any equilibrium allocation

path is post-t efficient for all t ∈ T . To achieve his goal, we apply an inductive

argument. Since the proof is rather extensive, we find it convenient to present it via

several lemmas. In the first result we show that any equilibrium allocation path is

post-T efficient, which at the same time will constitute the base step for our argument.

Throughout this section we consider Assumption 1 to be satisfied. Moreover, we

assume that pair (x̂∗
1, p̂

∗
1) constitutes a complete competitive equilibrium.

Lemma 1.1. Allocation path x̂∗
1 is post-T efficient and for any feasible allocation path

ŷ1 ∈ X̂1 such that yiT ∼i
T x∗i

T , for all i ∈ I, we have pT · yiT = pT · x∗i
T , for all i ∈ I.

Proof. First, we show that for any i ∈ I and yiT ∈ XT , we have that (i) yiT ⪰i
T x∗i

T

implies p∗T · yiT ≥ p∗T · x∗i
T , while (ii) yiT ≻i

T x∗i
T implies p∗T · yiT > p∗T · x∗i

T . We prove

both claims by contradiction. Suppose that yiT ⪰i
T x∗i

T and p∗T · yiT < p∗T · x∗i
T . By

Assumption 1, there is some ziT ∈ BT (p∗T , x
∗i
T ) such that ziT ≻i

T yiT ⪰i
T x∗i

T . This

contradicts that x∗i
T ∈ V i

T (p∗T , x
∗i
T ). To show that (ii) holds, assume yiT ≻i

T x∗i
T . By
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claim (i), we know that p∗T ·yiT ≥ p∗T ·x∗i
T . Whenever the condition holds with equality,

we have yiT ∈ BT (p∗T , x
∗i
T ), which contradicts that x∗i

T ∈ V i
T (p∗T , x

∗i
T ).

In order to prove the first part of the lemma, suppose that x̂1 is not post-T efficient.

Hence, there is some feasible allocation path ŷ1 such that yiT ⪰i
T x∗i

T , for all i ∈ I,

and yiT ≻i
T x∗i

T for some i. Claims (i) and (ii) imply that, for all i ∈ I, we have

p∗T · yiT ≥ p∗T · x∗i
T , while for some i the inequality is strict. Therefore,

p∗T ·
∑
i∈I

eiT ≥ p∗T ·
∑
i∈I

yiT > p∗T ·
∑
i∈I

x∗i
T = p∗T ·

∑
i∈I

eiT ,

where the weak inequality follows from feasibility of yT , while the equality is implied

by the market clearing condition. Clearly, we reach a contradiction.

Finally, to prove the second part of the lemma, take any feasible allocation path

ŷ1 such that yiT ∼i
T x∗i

T , for all i ∈ I. By claim (i), this implies that p∗T · yiT ≥ p∗T · x∗i
T ,

for all i ∈ I. Whenever there exists some i ∈ I for which the above inequality is strict,

we obtain a contradiction analogous to the one above. The proof is complete.

Lemma 1.1 is a simple reformulation of the First Fundamental Welfare Theorem.

Since in the final period our model is a static Arrow-Debreu economy, any equilibrium

allocation is Pareto efficient, hence, post-T efficient. However, the result highlights

one important property of an equilibrium. Namely, for any feasible allocation which is

Pareto equivalent to the equilibrium outcome, the value of individual bundles, given

the equilibrium prices, is equal to those chosen in the equilibrium. In fact, as we

show in the remainder of this section, a similar property is satisfied in our dynamic

framework with time-dependent preferences. We proceed with the following claim.

Lemma 1.2. For any t ∈ T , i ∈ I, take some ŷit ∈ X̂t such that for all s ≥ t + 1, we

have ŷis ∼i
s x̂∗i

s and p∗s · yis = p∗s · x∗i
s . Then, ŷit ⪰i

t x̂
∗i
t implies p∗t · yit ≥ p∗t · x∗i

t , while

ŷit ≻i
t x̂

∗i
t implies p∗t · yit > p∗t · x∗i

t .

Proof. We prove the first part of the claim by contradiction. Assume that ŷit ⪰i
t x̂

∗i
t ,

and p∗t · yit < p∗t · x∗i
t . By assumption, for all s ≥ t + 1, we have p∗s · yis = p∗s · x∗i

s .

In particular, this is equivalent to p̂∗t+1 · ŷit+1 = p̂∗t+1 · x̂∗i
t+1. Therefore, given the

initial inequality, it must be that p∗t · yit + p̂∗t+1 · ŷit+1 < p∗t · x∗i
t + p̂∗t+1 · x̂∗i

t+1. Hence,

ŷit ∈ Bt(p̂
∗
t , x̂

∗i
t ). Assumption 1(ii) implies that there exists some zit ∈ Xt such that
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(zit, ŷ
i
t) ∈ Bt(p̂

∗
t , x̂

∗i
t ) and (zit, ŷ

i
t+1) ≻i

t ŷit, which by transitivity of ⪰i
t implies that

(zit, ŷt+1i) ≻i
t x̂

∗i
t .

By Lemma A.1 (see Appendix A), we have V i
t+1(p̂

∗
t+1, x̂

∗i
t+1) = V i

t+1(p̂
∗
t+1, ŷ

i
t+1).

In addition, Lemma A.2 (also in Appendix A) implies that ŷit+1 ∈ V i
t+1(p̂

∗
t+1, x̂

∗i
t+1).

Given the previous observation, we conclude that ŷit+1 ∈ V i
t+1(p̂

∗
t+1, ŷ

i
t+1). Therefore,

consumption path (zit, ŷ
i
t+1) belongs to F i

t (p̂
∗
t , x̂

∗i
t ). However, as (zit, ŷ

i
t+1) ≻i

t x̂
∗i
t , this

contradicts that x̂∗i
t belongs to V i

t (p̂∗t , x̂
∗i
t ). Hence, it must be that ŷi1 ⪰i

t x̂
∗i
t implies

p∗t · yit ≥ p∗t · x∗i
t .

To prove the second part of the claim, assume that ŷit ≻i
t x̂

∗i
t . By the argument

presented in the first part of the lemma, we know that p∗t ·yit ≥ p∗t ·x∗i
t . Suppose that for

some i ∈ I, we have p∗t ·yit = p∗t ·x∗i
t . Then ŷit ∈ Bt(p̂

∗
t , x̂

∗i
t ). Moreover, by Lemma A.1,

we have ŷit+1 ∈ V i
t+1(p̂

∗
t+1, x̂

∗i
t+1), while Lemma A.2 implies that ŷit+1 ∈ V i

t (p̂∗t+1, ŷ
i
t+1).

Therefore, we have ŷit ∈ F i
t (p̂

∗
t , x̂

∗i
t ). However, as ŷit ≻i

t x̂∗i
t , this contradicts that

x̂∗i
t ∈ V i

t (p̂∗t , x̂
∗i
t ). Hence, we conclude that ŷit ≻i

t x̂
∗i
t implies p∗t · yit > p∗t · x∗i

t .

The following lemma states a sufficient condition which allows to determine that

an equilibrium allocation path is post-t efficient, for some t ∈ T . The result will play

an important role in the remainder of the proof.

Lemma 1.3. Suppose that x̂∗
1 is post-(t+ 1) efficient. Moreover, assume that for any

feasible allocation path ŷ1 such that ŷis ∼i
s x̂∗i

s , for all i ∈ I and s ≥ t + 1, we have

p∗s · yis = p∗s · x∗i
s , for all i ∈ I and s ≥ t + 1. Then, x̂∗

1 is post-t efficient.

Proof. We prove the claim by contradiction. Suppose that x̂∗
1 is not post-t efficient.

Therefore, there exists some feasible allocation path ŷ1 such that, for all i ∈ I and

s ≥ t, we have ŷis ⪰i
s x̂

∗i
s , and for some i and s ≥ t, ŷis ≻i

s x̂
∗i
s .

By assumption, x̂∗
1 is post-(t + 1) efficient, so it must be that ŷis ∼i

s x̂∗i
s , for all

i ∈ I and s ≥ t + 1. This implies that ŷit ⪰i
t x̂

∗i
t , for all i ∈ I, and ŷit ≻i

t x̂
∗i
t , for some

i. Therefore, by Lemma 1.2, we obtain

p∗t ·
∑
i∈I

eit ≥ p∗t ·
∑
i∈I

yit > p∗t ·
∑
i∈I

x∗i
t = p∗t ·

∑
i∈I

eit,

where the weak inequality follows from the feasibility of ŷ1, while the equality is

implied by the market clearing condition. Contradiction.
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The final lemma allows us to determine allocation paths whose spot market values

are equal to the value of the equilibrium outcome. At the same time the result

constitutes the final prerequisite which is necessary to construct the inductive step.

Lemma 1.4. Take any feasible allocation path ŷ1 such that, for all i ∈ I and s ≥ t+1,

we have ŷis ∼i
s x̂i

s and p∗s · yis = p∗s · x∗i
s . Whenever ŷit ∼i

t x̂∗i
t , for all i ∈ I, then

p∗t · yit = p∗t · x∗i
t , for all i ∈ I.

Proof. Take any feasible allocation path ŷ1 that satisfies the thesis of the lemma. By

Lemma 1.2, we know that, for all i ∈ I, whenever ŷit ∼i
t x̂

∗i
t then p∗t · yit ≥ p∗t · x∗i

t .

Suppose that for some i the inequality is strict. Then

p∗t ·
∑
i∈I

eit ≥ p∗t ·
∑
i∈I

yit > p∗t ·
∑
i∈I

x∗i
t = p∗t ·

∑
i∈I

eit.

Analogously as in the proof of Lemma 1.3, we reach a contradiction.

Finally, given the preliminary results, we conclude this section with our argument

supporting the first main theorem of this chapter.

Proof of Theorem 1.1. Suppose that a tuple (x̂∗
1, p̂

∗
1) constitutes a complete competi-

tive equilibrium. We need to show that allocation path x̂∗
1 is post-t efficient for any

t ∈ T . We prove the result by induction. By Lemma 1.1, we know that x̂∗
1 is post-T

efficient. Moreover, for any other feasible allocation path ŷ1 such that yiT ∼i
T x∗i

T , for

all i ∈ I, we have p∗T · yiT = p∗T · x∗i
T .

To show the inductive step, suppose that x̂∗
1 is post-(t + 1) efficient and that for

any feasible allocation path ŷt such that ŷis ∼i
s x̂

∗i
s , for all i ∈ I and s ≥ t+ 1, we have

p∗s · yis = p∗s · x∗i
s , for all i ∈ I and s ≥ t + 1. Then, Lemma 1.3 implies that allocation

x̂∗
1 is post-t efficient. Moreover, Lemma 1.4 states that for any feasible allocation path

ŷ1 such that ŷis ∼i
s x̂

∗i
s , for all i ∈ I and s ≥ t, we have p∗s · yis = p̂∗s · x∗i

s , for all i ∈ I

and s ≥ t.

By induction, we conclude that whenever x̂∗
1 is post-T efficient, then it is post-

t efficient, for any t ∈ T . Therefore, the equilibrium allocation path x̂∗
1 is time-

consistently overall Pareto efficient.
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1.5 Representation of efficient allocations

In the following section we concentrate on a representation of time-consistently over-

all Pareto efficient allocations by solutions to a social welfare optimisation problem.

Throughout this section we impose the following condition.

Assumption 2 (Utility representation). For all i ∈ I and t ∈ T , preference relation

⪰i
t is represented by a utility function ui

t : X̂t → R. That is, for any two x̂i
t, ŷ

i
t ∈ X̂t,

we have ŷit ⪰i
t x̂

i
t if and only if ui

t(ŷ
i
t) ≥ ui

t(x̂
i
t).

12

In the remainder of the section we characterize our notion of social welfare. Then,

we discuss when this concept coincides with time-consistent overall Pareto efficiency

presented in the preceding section.

1.5.1 Recursive social welfare

We construct our notion of social welfare function using backward induction. Recall

that, for all t ∈ T , Et denotes the set of feasible allocation paths x̂t. First, consider

the social planner’s problem in the final period t = T . For any non-zero weights

αT := (αi
T )i∈I ∈ RI

+, define set

ΨT (αT ) := argmax
xT∈ET

∑
i∈I

αi
Tu

i
T (xi

T ). (1.1)

In other words, ΨT (αT ) contains all feasible period T consumption bundles which

maximise the weighted social welfare function for a fixed vector of weights αT :=

(αi
T )i∈I . Since the form of the above functional is rather standard, we refrain from

further discussion.

Next, consider the problem in period t = T − 1. Denote a path of non-zero

weights from period T − 1 onwards by α̂T−1 := (αT−1, αT ), where αt = (αi
t)i∈I ∈ RI

+,

t ∈ {T − 1, T}. Define

ΨT−1(α̂T−1) := argmax
x̂T−1∈ΓT−1(αT )

∑
i∈I

αi
T−1u

i
T−1(x̂

i
T−1),

where

ΓT−1(αT ) := {(xT−1, xT ) ∈ ET : xT ∈ ΨT (αT )} ,
12Sufficient conditions for utility representation of preferences are well-known (e.g. see Mas-Colell,

Whinston, and Green, 1995, Chapter 3.C).
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and ΨT (αT ) is defined as in (1.1). Therefore, set ΨT−1(α̂T−1) contains all allocation

paths from date T − 1 onwards which maximise period T − 1 social welfare func-

tional for weights αT−1, given that period T allocation xT is a solution to the social

planer’s optimisation problem in the final period for weights αT . In other words,

set ΨT−1(α̂T−1) contains time-consistent, welfare maximising allocations, in an envi-

ronment where the social planner faces a similar time-inconsistency problem as the

individual consumers.

Using backward induction, one can determine the corresponding sets Ψt(α̂t) and

Γt(α̂t+1) for any t ∈ T , and any path of weights α̂t := (αs)
T
s=t, where αs ∈ RI

+. Define

set

Ψt(α̂t) := argmax
x̂t∈Γt(α̂t+1)

∑
i∈I

αi
tu

i
t(x̂

i
t), (1.2)

where

Γt(α̂t+1) := {(xt, x̂t+1) ∈ Et : x̂t+1 ∈ Ψt+1(α̂t+1)},

and Ψt+1(α̂t+1) is defined as in (1.2) for period t + 1 selves and the corresponding

subsequence of weights α̂t+1.

The construction of Ψt and Γt is similar to the construction of correspondences V i
t

and F i
t for the optimisation problems of individual agents in Section 1.2.1. Namely,

for any t, take the set Et of feasible allocation paths following time t. By definition,

for any x̂t = (xt, x̂t+1) ∈ Et, xt is an allocation of period t consumption goods and x̂t+1

is a path of allocations following period t+ 1. In order to make sure that x̂t ∈ Γt(α̂t),

we need to guarantee that the subsequence x̂i
t+1 is a solution to the corresponding

social welfare optimisation problem in the following period, given the path of weights

α̂t+1. This way, we obtain a form of time-consistency of socially optimal allocations.

That is, given that the next period social planner is guided by a different social welfare

function, he is not willing to change the allocation determined in the preceding period,

as it could not strictly improve the current welfare given his criterion. Finally, the

social planner in period t chooses an element from the set of feasible, time-consistent

sequences of allocations, that maximises his current objective.

Definition 5 (Recursive social welfare). An allocation path x̂◦
1 := (x̂◦i

1 )i∈I ∈ X̂I
1

maximises the recursive social welfare, if there exists a path of non-zero weights α̂1 :=

(αt)t∈T , where αt ∈ RI
+, such that x̂◦

1 ∈ Ψ1(α̂1).
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By definition of the recursive social welfare, we assume that whenever there exist

two distinct allocation paths x̂t, ŷt ∈ Ψt(α̂t) that solve the corresponding social welfare

problem at time t, then the actual choice is always determined by the social planner

in the initial period. Therefore, as in the case of the individual consumer demand, or

time-consistent overall Pareto efficiency, we concentrate on socially optimal allocations

that are time-consistent. In other words, the recursive social welfare allocation might

be interpreted as a subgame perfect Nash equilibrium path of the game between

different incarnations of the social planner.

The immediate question that follows from the above definition concerns condi-

tions under which there exists a solution to the recursive social welfare maximisation

problem. It is rather straightforward to show that, whenever function ui
t is upper

semi-continuous, for all i ∈ I and t ∈ T , the set of recursive social welfare alloca-

tions is non-empty. In fact, under this assumption, for any t ∈ T and any weights

α̂t := (αs)
T
s=t, where αs ∈ RI

+, function
∑

i∈I α
i
tu

i
t is upper semi-continuous, while set

Γt(α̂t) is non-empty and compact. Hence, every period t social welfare optimisation

problem has a solution.

An allocation maximising the recursive social welfare is a solution to a multi-

stage optimisation problem, where at each stage t the social planner maximises the

current period weighted social welfare function, given that the path of allocations

following time t is a solution to an analogue problem in each of the subsequent periods.

Therefore, the recursive social welfare is closely related to time-consistent overall

Pareto efficiency, as it focuses on a form of time-consistency of optimal allocations.

In the next section we present conditions under which the two notions coincide.

1.5.2 Social welfare and efficiency

First, we show conditions under which every allocation that maximises the recursive

social welfare is time-consistently overall Pareto efficient.

Proposition 1.1. If x̂◦
1 = (x◦i

1 )i∈I ∈ X̂I
1 maximises the recursive social welfare for

some strictly positive path of weights α̂T := (αt)t∈T , i.e., αt ∈ RI
++, for all t ∈ T ,

then it is time-consistently overall Pareto efficient.

Proof. Let x̂◦
1 = (x◦

1, . . . , x
◦
T ) maximise the recursive social welfare for some real,

strictly positive path of weights α̂1. We prove the result by induction. First, we show
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that x̂◦
1 is post-T efficient. Assume the opposite. Then, there exists some yT ∈ ET

such that, for all i ∈ I, ui
T (yiT ) ≥ ui

T (x◦i
T ), and for some i, ui

T (yiT ) > ui
T (x◦i

T ). Since

weights αT are strictly positive, this implies
∑

i∈I α
i
Tu

i
T (yiT ) >

∑
i∈I α

i
Tu

i
T (x◦i

T ), which

contradicts that x◦
T ∈ ΨT (αT ) as well as x̂◦

1 ∈ Ψ1(α̂1).

Next, take any t ∈ T and assume that, for all s ≥ t + 1, x̂◦
1 is post-s efficient. We

claim that x̂◦
1 is post-t efficient. Assume the opposite. Therefore, there exists some

ŷt ∈ Et such that, for all i ∈ I and s ≥ t, we have ui
s(ŷ

i
s) ≥ ui

s(x̂
◦i
s ), and for some

i and some s ≥ t, ui
s(ŷ

i
s) > ui

s(x̂
◦i
s ). By assumption, for all s ≥ t + 1, x̂◦

s is post-s

efficient, so it must be that, for all i ∈ I and s ≥ t+ 1, ui
s(ŷ

i
s) = ui

s(x̂
◦i
s ). This implies

that ŷt+1 ∈ Ψt+1(α̂t+1), and so ŷt ∈ Γt(α̂t+1). Moreover, since the weights are strictly

positive, we have
∑

i∈I α
i
tu

i
t(ŷ

i
t) >

∑
i∈I α

i
tu

i
t(x̂

◦i
t ), which contradicts that x̂◦

t ∈ Ψt(α̂t)

as well as x̂◦
1 ∈ Ψ1(α̂1).

Proposition 1.1 implies that, in general, a set of time-consistently overall Pareto

efficient allocations can be determined via a solution to the recursive social welfare

maximisation problem, as long as the weights corresponding to each self of every

consumer are strictly positive. In particular, knowing the conditions under which

there exists a solution to some recursive social welfare problem, we conclude that the

set of time-consistently overall Pareto efficient allocations is non-empty.

In order to prove the converse result to Proposition 1.1, we need to impose some

convexity assumptions on the preferences.

Assumption 3 (Concavity). For all i ∈ I, t ∈ T , and x̂i
t+1 ∈ X̂t+1, utility function

ui
t(x

i
t, x̂

i
t+1) is continuous and strictly concave with respect to xi

t.

Finally, to obtain a sharper version of our results, we refer to one additional

assumption.

Assumption 4 (Monotonicity). For all i ∈ I, t ∈ T , and x̂i
t+1 ∈ X̂t, utility function

ui
t(x

i
t, x̂

i
t+1) is strictly increasing with respect to xi

t.

Observe that we do not require function ui
t(x

i
t, x̂

i
t+1) to be continuous, concave,

or monotone with respect to x̂i
t+1. In fact, apart from being well defined, we do not

impose any conditions on the properties of the utility functions with respect to the

second argument. We proceed with the second main theorem of this chapter.
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Theorem 1.2. Let Assumptions 2, 3 be satisfied and x̂1 = (x̂i
1)i∈I , where x̂

i
1 = (xi

t)t∈T ,

be a time-consistently overall Pareto efficient allocation. There exists a non-zero path

of weights α̂1 := (αt)t∈T , where αt ∈ RI
+, such that Ψ1(α̂1) = {x̂1}. If additionally

Assumption 4 is satisfied and xi
t is non-zero, for all i ∈ I and t ∈ T , then α̂1 is

strictly positive, that is, αt ∈ RI
++, for all t ∈ T .

Proof. Assume that x̂1 = (x1, . . . , xT ) is a time-consistently overall Pareto efficient

allocation. We prove the result by induction. First, take t = T . Let function

uT : XI
T → RI be defined as uT (xT ) := (ui

T (xi
T ))i∈I . Denote the image of function

uT over set ET by U ′
T := uT (ET ). Since for all i ∈ I, ui

T is continuous and ET is

compact, U ′
T is compact. Let UT := {u ∈ RI : u ≤ uT (yT ), for some yT ∈ ET}.13 By

Assumption 3, UT is convex. Moreover, we have UT = U ′
T −RI

+. Hence, set UT must

be closed and bounded above.

Denote u∗
T = u(xT ). By definition of x̂1, there exists no other yT ∈ ET such that,

for all i ∈ I, ui
T (yiT ) ≥ ui

T (xi
T ), and ui

T (yiT ) > ui(xi
T ), for some i. Hence, it must

be that u∗
T ∈ ∂UT . By the Separating Hyperplane Theorem (see e.g. Aliprantis and

Border, 2006, Theorem 7.30), there exists some non-zero vector αT ∈ RI such that,

for all u ∈ UT , αT · u∗
T ≥ αT · u. Since UT − RI

+ ⊂ UT , it must be that αT ∈ RI
+. By

construction, this implies that xT ∈ ΨT (αT ). Finally, by strict concavity of ui
T and

convexity of ET , it must be that ΨT (αT ) = {xT}.

Next, take any t ∈ T . Assume that there exists a path of non-zero, positive

vectors α̂t+1 such that Ψt+1(α̂t+1) = {x̂t+1}. Clearly, in this case Γt(α̂t+1) is compact

and convex. Let function ut : X̂I
t → RI be defined by ut(x̂t) := (ui

t(x̂
i
t))i∈I , and let

U ′
t := ut(Γt(α̂t+1)) denote the image of function ut over set Γt(α̂t+1). Since, for all

x̂i
t+1 ∈ X̂t+1, function ui

t(x
i
t, x̂

i
t+1) is continuous with respect to xi

t, set U ′
t is compact.

Define set Ut := {u ∈ RI : u ≤ ut(ŷt), for some ŷt ∈ Γt(α̂t+1)}, which by Assumption

3 is convex. Moreover, Ut := U ′
t − RI

+. Compactness of U ′
t implies that set Ut must

be closed and bounded above.

Denote u∗
t = ut(x̂t). By definition, x̂1 is post-t efficient, so it must be u∗

t ∈ ∂Ut.

By the Separating Hyperplane Theorem, there exists some non-zero vector αt ∈ RI

such that, for all u ∈ Ut, we have αt ·u∗
t ≥ αt · u. Since Ut −RI

+ ⊂ Ut, it must be that

αt ∈ RI
+. Moreover, by construction, we have x̂t ∈ Ψt(α̂t), where α̂t := (αt, α̂t+1).

13By ≥ we denote the coordinate-wise order on RI .
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Finally, as for all x̂i
t ∈ X̂t, function ui

t(x
i
t, x̂

i
t+1) is strictly concave in xi

t and Γt(α̂t+1)

is convex, we have Ψt(α̂t) = {x̂t}.

In order to prove the second part of the theorem, take any t ∈ T . Assume that

for some j ∈ I, we have αj
t = 0. Let yt = (yit)i∈I , where for all i ̸= j, we have

yit = xi
t + 1/(I − 1)xj

t and yjt = 0. By assumption, xj
t is non-zero, hence, for all

i ̸= j we have yit > xi
t. Clearly, (yt, x̂t+1) ∈ Γt(α̂t+1). Since, for all x̂i

t+1 ∈ X̂t+1,

function ui
t(x

i
t, x̂

i
t+1) is strictly increasing with respect to the first argument, we have∑

i∈I α
i
tu

i
t(y

i
t, x̂

i
t+1) >

∑
i∈I α

i
tu

i
t(x

i
t, x̂

i
t+1). This contradicts that x̂t ∈ Ψt(α̂t) as well as

x̂1 ∈ Ψ1(α̂1).

Proposition 1.1 implies that it is possible to determine a wide class of time-

consistently overall Pareto efficient allocations by solving the social welfare optimisa-

tion problem. On the other hand, Theorem 1.2 provides conditions under which every

time-consistently overall Pareto efficient allocation can be represented by a solution

to the same maximisation problem. Therefore, the two results show when the two

notions are equivalent.

The proof of Theorem 1.2 relies strongly on the strict concavity assumption im-

posed on the utility functions. Once we weaken the condition to weak concavity, there

might exist a time-consistently overall Pareto efficient allocation which cannot be rep-

resented via a solution to the recursive social welfare optimisation problem. For exam-

ple, take T = {1, 2} and assume that x̂1 = (x1, x2) is a time-consistently overall Pareto

efficient allocation path. Moreover, suppose that there exists a unique (up to a scalar)

vector of positive weights α2 such that x2 ∈ Ψ2(α2). Once ui
2 is (weakly) concave, set

Ψ2(α2) is convex and contains set R2(x2) := {y2 ∈ E2 : for all i ∈ I, ui
2(y

i
2) = ui

2(x
i
2)},

i.e., the set of period 2 allocations which are Pareto equivalent to x2 with respect to

period 2 selves. However, in general the two sets are not equal. Since

Γ1(α2) := {(y1, y2) ∈ E1 : y2 ∈ Ψ2(α2)} ⊋ {(y1, y2) ∈ E1 : y2 ∈ R2(x2)},

there might exist some ŷ1 = (y1, y2) in Γ1(α2) such that y2 is Pareto unordered

relatively to x2 with respect to period 2 selves, i.e., y2 ̸∈ R2(x2), but ŷ1 is Pareto

preferred with respect to period 1 agents. In such cases, x̂1 would never be a solution

to the recursive social welfare maximisation, just like in the following example.
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Example 1.2. Consider a pure exchange economy with two consumers and two goods

j = 1, 2. Hence, I = {1, 2} and T = {1, 2}. Let X2 = R2
+, with its elements denoted

by xi
2 = (xi1

2 , x
i2
2 ). For all i ∈ I, let period 2 preferences ui

2 : X2 → R be defined by

ui
2(x

i
2) := xi1

2 + xi2
2 .

On the other hand, let period 1 preferences ui
1 : X2 → R be defined by

ui
1(x

i
2) :=

√
xi1
2 + γi

√
xi2
2 ,

where γ1 = 1, γ2 = 3. Hence, we assume that period 1 preferences are defined

solely over period 2 consumption bundles. Eventually, let the total endowment in the

economy be
∑

i∈I e
i
2 = (1, 1).

Note that allocation x2 = (x1
2, x

2
2) = ((x11

2 , x12
2 ), (x21

2 , x22
2 )) = ((0.8, 0.2), (0.2, 0.8))

is time-consistently overall Pareto efficient. Clearly, it is post-2 efficient. To see that

it is also post-1 efficient, observe that the set of date 2 allocations that are Pareto

equivalent to x2 with respect to period 2 preferences is

R2(x2) = {y2 ∈ R4
+ : yi12 + yi22 = 1, for i = 1, 2, and y1j2 + y2j2 = 1, for j = 1, 2}.

Once we maximise the sum u1
1 + u2

1 over the above set, we obtain x2. Clearly, there

is no other allocation which improves the welfare of period 1 selves without making

worst of at least one incarnation at time 2. Hence, x2 is post-1 efficient, and so time-

consistently overall Pareto efficient. However, there is no α̂1 := (α1, α2) such that

the allocation is a solution to the corresponding recursive social welfare optimisation

problem.

Observe that x2 ∈ Γ1(α2) only for these weights α2 = (α1
2, α

2
2) for which α1

2 = α2
2.

However, then Γ1(α2) = {y2 ∈ R4
+ : y1j2 + y2j2 = 1, for j = 1, 2}, while the set of

Pareto equivalent allocations to x2 with respect to period 2 preferences is R2(x2),

defined as above. Therefore, R2(x2) ⊊ Γ1(α2).

Assume that there exist some period 1 weights α1 = (α1
1, α

2
1) such that x2 max-

imises the recursive social welfare. Given the weights, the allocation has to satisfy

the following first order conditions:

α1
1

α2
1

=

(
x11
2

x21
2

) 1
2

, and
α1
1

α2
1

= 3

(
x12
2

x22
2

) 1
2

.
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However, since for the time-consistently overall Pareto efficient allocation x2, we have

(x11
2 /x21

2 )
1
2 = 2 and 3 (x12

2 /x22
2 )

1
2 = 3/2, there exists no such α1 for which the above

conditions are met.

Once we restrict our attention to strictly concave utility functions, set Ψ2(α2) is

a singleton and the case discussed above does not occur.

1.5.3 Competitive equilibrium and social welfare

Combining Theorems 1.1 and 1.2 allows us to define a recursive social welfare optimi-

sation problem with maximisers coinciding with any complete competitive equilibrium

allocation. Consider the following proposition.

Proposition 1.2. Let Assumptions 1, 2, and 3 be satisfied, and (x̂∗
1, p̂

∗
1) be a complete

competitive equilibrium, where x̂∗
1 = (x̂∗i

1 )i∈I and x̂∗i
1 = (x∗i

t )t∈T . There exists a non-

zero path of weights α̂1 := (αt)t∈T , with αt ∈ RI
+, such that Ψ1(α̂1) = {x̂∗

1}. In

addition, if Assumption 4 is satisfied and x∗i
t is non-zero, for all i ∈ I and t ∈ T ,

then α̂1 is strictly positive, that is, αt ∈ RI
++, for all t ∈ T .

Proof. Theorem 1.1 implies, that for any competitive equilibrium (x̂∗
1, p̂

∗
1), alloca-

tion path x̂∗
1 is time-consistently overall Pareto efficient. By Theorem 1.2, any time-

consistently overall Pareto efficient allocation maximises the recursive social welfare

for some real, positive, non-zero weights α̂1. In particular, this is true for x̂∗
1. In addi-

tion, whenever Assumption 4 is satisfied and, for all i ∈ I and t ∈ T , x∗i
t is non-zero,

then α̂1 is strictly positive.

The above result states, that every allocation arising in a complete competitive

equilibrium can be represented by a solution to the recursive social welfare opti-

misation problem, given some path of weights α̂1. What is more, the proposition

implies that there exists a method of aggregating preferences of agents with time-

variant tastes and representing them by a single agent in the same class of preferences.

Clearly, as it was mentioned before, the social planner in our problem faces a very

similar time-inconsistency issue as every individual agent in the economy. Moreover,

given the representation, we know that the resulting choice constitutes an allocation

arising in some complete competitive equilibrium.
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1.5.4 Efficiency, social welfare and hyperbolic discounting

In general, the notion of time-consistent overall Pareto efficiency does not coincide

with date-1 Pareto efficiency, nor renegotiation-proofness. However, in some special

cases the three concepts may be equivalent. We devote this section to one such

prominent example.

Suppose that each period the corresponding commodity space is Xt := Rn
+, for all

t ∈ T . Moreover, the utility function of period t self of consumer i ∈ I is defined as

follows. For all i ∈ I, there exists some function vi : Rn
+ → R and some numbers δ,

γ ∈ (0, 1) such that

ui
t(x̂

i
t) := vi(xi

t) + γ
T∑

s=t+1

δs−tvi(xi
s). (1.3)

In particular, note that the instantaneous utility functions vi may differ across con-

sumers, but the present-bias and long term discount factors γ and δ are common for

all agents. We proceed with the following proposition.

Proposition 1.3. Consider an economy with preferences defined as in (1.3), where

function vi is strictly increasing, strictly concave and once continuously differentiable,

for all i ∈ I. Then, a strictly positive allocation path x̂1 is date-1 Pareto efficient if

and only if there exists a vector α∗ ∈ RI
++ such that x̂1 is a recursive social welfare

allocation for weights α̂1 := (αt)t∈T , where αt = α∗, for all t ∈ T . Moreover, x̂1 is

time-consistently overall Pareto efficient and renegotiation-proof.14

Proof. First, we prove (⇒). Let x̂1 be a strictly positive, date-1 Pareto efficient alloca-

tion path. By a well-known result (see Mas-Colell, Whinston, and Green, 1995, Propo-

sition 16.E.2), there exists some α∗ ∈ RI
+ such that x̂1 ∈ argmaxŷ1∈E1

∑
i∈I α

∗iui
1(ŷ

i
1).

Since vi is strictly increasing, for all i ∈ I, we have α∗i > 0. Moreover, x̂1 satisfies

the following necessary and sufficient first order conditions, for all i, j ∈ I and t ∈ T :

α∗i∇vi(xi
t) = α∗j∇vj(xj

t),∑
i∈I

xi
t =

∑
i∈I

eit.

Define a path of weights α̂1 := (αt)t∈T such that αt = α∗, for all t ∈ T . Note, that

the unique recursive social welfare allocation for the weights also has to satisfy the

14We say that x ∈ Rn is strictly positive, if x ∈ Rn
++.
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above first order conditions. Therefore, it must be that x̂1 ∈ Ψ1(α̂
i
1). Moreover, by

Proposition 1.1, the allocation is time-consistently overall Pareto efficient.

Next, we show (⇐). Take any α∗ ∈ RI
++ and define α̂1 := (αt)t∈T such that

αt = α∗, for all t ∈ T . Take some x̂1 ∈ Ψ1(α̂1). Clearly, it satisfies the above

first order conditions, which implies that x̂1 ∈ argmaxŷ1∈E1

∑
i∈I α

∗iui
1(ŷ

i
1). Hence,

by Mas-Colell, Whinston, and Green (1995, Proposition 16.E.2) is date-1 Pareto

efficient. Again, by Proposition 1.1 the allocation must be time-consistently overall

Pareto efficient.

Finally, we show that x̂1 is renegotiation-proof. Let R be the set of all time-

consistently overall Pareto efficient allocations. Clearly, x̂1 ∈ R ⊆ E1. Since x̂1 is

date-1 Pareto efficient, there exists no other allocation ŷ1 in E1 (hence, in R) such

that for all i ∈ I, ui
1(ŷ

i
1) ≥ ui

1(x̂
i
1), and for some i, ui

1(ŷ
i
1) > ui

1(x̂
i
1).

The above result is not entirely new. It has been already shown by Luttmer

and Mariotti (2007, Proposition 1) that in the case of economies were agents are

represented by time-separable preferences, the set of date-1 Pareto efficient allocations

and the set of renegotiation-proof allocations coincide as long as the discount factors

are identical for all consumers. We show, that additionally every element of the two

sets is time-consistently overall Pareto efficient and maximises the recursive social

welfare for a specific set of weights.

Proposition 1.3 crucially uses the assumption that discount factors are symmetric

across consumers. Only then the first order conditions characterising the three notions

of efficiency are equivalent. Moreover, the proposition above does not require the

quasi-hyperbolic specification of discounting. In fact, as long as values of discount

factors in each period are equal for all consumers, the claim of Proposition 1.3 remains

true. In particular, this holds for the hyperbolic specification of discounting.

Finally, the above proposition does not imply that complete competitive equilibria

in the discussed class of economies are efficient according to Definition 4(i). The result

only states that allocations which are Pareto efficient with respect to the initial selves

coincide with a class of time-consistently overall Pareto efficient ones, and maximise

the recursive social welfare optimisation problem for some specific, time-invariant

weights. In fact, Luttmer and Mariotti (2007, Proposition 3) show that in general

such allocations do not arise in a competitive equilibrium.
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1.6 Concluding remarks

In this chapter we characterized normative properties of competitive equilibria in

economies with time-dependent preferences. We reintroduced the notion of time-

consistent overall Pareto efficiency and showed that any equilibrium allocation path

is efficient in this sense. This way, we extended the result by Herings and Rohde

(2006, Theorem 30) to economies with a complete market structure. In addition, we

complemented the analysis of Luttmer and Mariotti (2007) by establishing a general

property of equilibrium outcomes in this class of models. Moreover, our result implies

that the notion of renegotiation proofness, which might be considered as a benchmark

for efficiency in an economy in which it is not possible to commit not to renegotiate,

might be too strong to be achieved by a decentralised economy (see also Luttmer and

Mariotti, 2007 for a discussion). Finally, due to Herings and Rohde (2008) our result

can be extended to a wider class of economies with a more dynamic market structure.

Additionally, in this chapter we presented a way of representing both the time-

consistently overall Pareto efficient allocations as well as equilibrium outcomes by a

solution to a specific social welfare optimisation problem. In particular, this result

allows us to aggregate time-dependent preferences of agents. Therefore, we established

the existence of a sophisticated representative consumer in the discussed class of

economies.
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Chapter 2

Revealed time-preference

2.1 Introduction

Consider an experiment in which, in every trial, a consumer is presented with a

finite set of pairs (m, t), consisting of a monetary payment m ∈ R+ and a time-

delay t ∈ N at which the payment is delivered. The agent is allowed to choose

exactly one option from the set. Suppose that we can observe both the set of feasible

options, denoted by A, and the corresponding choice (m, t). Given a finite number of

repetitions of the experiment, under what conditions can the choices of the consumer

can be rationalised? In other words, when is it possible to determine a function

v : R+ ×N → R such that, for any observable set of options A and the corresponding

choice (m, t), we have

v(m, t) ≥ v(n, s), for all (n, s) ∈ A?

Clearly, without any additional conditions imposed on v, the above problem is

trivial, as any constant function would rationalise an arbitrary set of observations.

For this reason, given our setting, we focus on a class of functions which are strictly

increasing with respect to monetary payments and strictly decreasing with time-

delays. In particular, we are interested in preferences that are separable with respect

to the two variables. That is, we discuss conditions under which the observable

choices of agents can be supported by a utility function v(m, t) := u(m)γ(t), where

u : R+ → R+ is strictly increasing, while γ : N → (0, 1] is strictly decreasing. For

obvious reasons, we shall refer to γ as to a discounting function.
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The separable specification of preferences seems to be especially important from

the economic point of view. The discounted utility model plays a crucial role through-

out the economic analysis and is widely accepted as a valid normative standard for

public policies, as well as a descriptively accurate representation of the actual be-

haviour of economic agents. However, in the recent years an important question was

raised concerning the form of the discounting function that reflects the actual time-

preferences of consumers. In particular, alternative specifications of hyperbolic and

quasi-hyperbolic discounting were proposed, which could explain various observations

anomalous in the model of exponential discounted utility, formerly dominant in eco-

nomics. See Frederick, Loewenstein, and O’Donoghue (2002) for a detailed discussion

concerning this topic.

We propose an axiomatic characterisation of time-preference in a framework where

the domain of choices is restricted to pairs of monetary payments and time-delays.

Our prize-time set-up is similar to the one discussed in Fishburn and Rubinstein

(1982), Ok and Masatlioglu (2007), or Noor (2011). However, unlike in those pa-

pers, we do not take the preference relation of an agent as a primitive, rather, we

assume that the observer can monitor only a finite number of choices made by the

consumer. This restriction significantly affects the conditions characterising time-

preference. Since the observable choices induce only an incomplete preference order-

ing over the space of prize-time pairs (m, t), the question is how to extend the relation

in a way that is consistent with a certain type of utility function. Whether this is

possible or not determines if a given data set can be rationalised by a specific form

of time-preference. The main motivation of this chapter is to establish the testable

restrictions of various models of inter-temporal choice. In particular, we are interested

in conditions that would allow us to distinguish between different specifications of the

discounted utility model, including the hyperbolic, quasi-hyperbolic, and exponential.

We consider our framework to be particularly relevant from the perspective of

empirical applications. There are numerous examples of experiments in which subjects

are asked to choose between different monetary payments delivered with various time-

delays. This includes an extensive list of studies presented by Frederick, Loewenstein,

and O’Donoghue (2002, Table 1), as well as the works by Chabris, Laibson, Morris,

Schuldt, and Taubinsky (2008, 2009), Andersen, Harrison, Lau, and Rutström (2008),
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Benhabib, Bisin, and Schotter (2010), or Dohmen, Falk, Huffman, and Sunde (2012).

The design of the experiments allows us to apply our results directly to the sets of

observations they generate.

We begin our discussion in Section 2.2, where we introduce the notation as well as

some preliminary results. Throughout this chapter our axiomatic characterisation is

imposed on the directly revealed preference relation induced by the set of observations.

We say that a pair (m, t) is directly revealed preferred to (n, s), whenever there exists

at least one observation of the experiment such that both options were available,

i.e., they both belonged to the corresponding feasible set A, and (m, t) was chosen.

We shall denote (m, t)R∗(n, s). The main difficulty in our problem is to determine

a pre-order that extends the directly revealed relation to the whole domain of the

prize-time pairs R+ × N. Moreover, we need to guarantee that the ordering can be

represented by a utility function that possesses the desirable properties, in particular,

monotonicity and separability.

First, we state the necessary and sufficient conditions under which the set of ob-

servations can be rationalised by a utility function (m, t) → v(m, t) that is strictly

increasing with respect to monetary payments m and strictly decreasing in time-

delays t. We define a partial order ≥X such that (m, t) ≥X (n, s) whenever m ≥ n

and t ≤ s, which is strict if at least one of the above inequalities is strict. We

show that the set of observations can be rationalised in the above sense, whenever

there is no sequence {(mi, ti)}ni=1 of pairs observed in the experiment such that ev-

ery subsequent element dominates the preceding one with respect to R∗ or ≥X , and

(m1, t1) >X (mn, tn). Therefore, we evoke a special case of generalised cyclical consis-

tency discussed in Nishimura, Ok, and Quah (2013), as well as the Rationalisability

Theorem II presented in the same paper.

The first main result of this chapter is presented in Section 2.3, where we concen-

trate on the axiomatic characterisation of preferences representable by a separable

utility function v(m, t) := u(m)γ(t). Clearly, as it is a special case of the previous

representation, cyclical consistency is still a necessary condition, however, it is no

longer sufficient. For this reason we introduce an alternative restriction called domi-

nance axiom. Roughly speaking, the condition states that there exists no collection

of directly revealed preference relations (m, t)R∗(n, s) in which the distribution of
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payments n, appearing in the inferior options, first order stochastically dominates the

distribution of prizes m in the preferred pairs, while the distribution of time-delays t

first order stochastically dominates the distribution of delays s.

Our approach to the characterisation of time-preference via the notion of stochas-

tic dominance is novel. However, the tools we use to show the necessity and sufficiency

of our axioms are similar to those applied in the classical literature on intuitive proba-

bility and additive plausibility (see, e.g., Kraft, Pratt, and Seidenberg, 1959 or Scott,

1964). In particular, the dominance axiom has a similar flavour to the cancellation

law used extensively in this area of research. Moreover, our restriction describing

the separable formulation of time-preference resembles the condition characterising

the expected utility hypothesis, introduced by Border (1992). In his paper, Border

concentrates on observable choices over sets of lotteries, and discusses conditions un-

der which they can be rationalised by the expected utility model. The restriction

of ex-ante dominance, that he proposes, hinges on a specific form of the first order

stochastic dominance between the observable and an alternative, hypothetical choice

function. Even though the question we consider, the framework we specify, as well

as the tools we apply are substantially different from those used by Border, the main

line of our argument is similar.

The second main theorem of this chapter, discussed in Section 2.4, concentrates on

conditions which would allow us to characterise the discounting function γ more pre-

cisely. In particular, we provide the axiomatic characterisation of the weakly present-

biased specification of γ, for which ratio γ(t)/γ(t + 1) is a decreasing function of t.

Therefore, under our formulation, the relative discounting between any two dates di-

minishes as they become more distant in the future. Equivalently, this is to say that

the function has a log-convex extension to the domain of real numbers. We consider

this class to be especially important as it contains all the well-known specifications

of discounting, including hyperbolic, quasi-hyperbolic, and exponential.

The condition characterising this class of time-preference is summarised by the

cumulative dominance axiom. Our restriction requires that there exists no collection

of directly revealed relations (m, t)R∗(n, s) such that the distribution of payments n

in the inferior options first order order stochastically dominates the distribution of

payments m appearing in the preferred pairs, while the distribution of time-delays t
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second order stochastically dominates the distribution s. The condition is similar to

the dominance axiom. However, as we require for the discounting function γ to be

“log-convex”, in order to make sure that the cumulative dominance axiom holds, we

also need to consider samples in which the distributions of time-delays are ordered

with respect to the second order stochastic dominance. Therefore, the cumulative

dominance axiom is more restrictive, as we need to verify a larger class of collections

of elements of the directly revealed preference relation while performing the test.

Finally, in the second part of Section 2.4, we draw our attention to an axiomatic

characterisation of two specific examples of weakly present-biased discounting func-

tions, namely, quasi-hyperbolic and exponential. The testable implications of the two

specifications are similar, however, distinguishable. The essence of the two restrictions

is summarised in the strong cumulative dominance axiom. Loosely speaking, the two

specifications of time-preference require that there is no collection of directly revealed

relations (m, t)R∗(n, s) such that the distribution of monetary payments n in the

inferior options (n, s) first order stochastically dominates the analogous distribution

of payments m, while the sum of time-delays t appearing in the superior prize-time

pairs (m, t) is greater than the sum of delays s on the right hand side.

The results we present in this thesis are not the first attempt to axiomatise time-

preference in a setting with a finite number of observations. Echenique, Imai, and

Saito (2014) characterise various forms of the time-separable model of inter-temporal

choice in a framework in which agents choose streams of a one-dimensional consump-

tion good rather than prize-time pairs. In their setting, an observation consists of a

consumption path selected by the subject and the corresponding prices of the com-

modity in the periods for which the choice is made. The authors specify both the

necessary and sufficient conditions under which the set of observations can be ra-

tionalised by different forms of time-separable preference. What is crucial to their

result, is the assumption concerning concavity of the instantaneous utility function.

This allows the authors to constrain their attention to the implications of the first

order conditions characterising the solution to the consumer optimisation problem.

Therefore, the restrictions they discuss refer to the model of time-separable prefer-

ences with a concave instantaneous utility function. Our framework allows us to

concentrate solely on the core implications of the discounted utility theory. We dis-
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pense the assumptions that are not crucial to the hypothesis and characterise these

observable restrictions which are pivotal to this class of models. Nevertheless, as our

set-up differs substantially from the one adopted by Echenique, Imai, and Saito, our

results are not comparable.

2.2 Preliminaries

We begin the analysis with a formal specification of our framework. Let the domain

over which the agents determine their choices be defined by X := R+ × N. Each

element x = (m, t) of the set consists of a monetary payoff m ∈ R+ and a time-delay

t ∈ N at which the payment is delivered.

Let K be a finite set enumerating the subsequent trials (repetitions) of the exper-

iment. In each trial k ∈ K, an agent is asked to choose one element from a finite set

of feasible options Ak ⊂ X. An experiment, denoted by E , is a collection of sets of

feasible options,

E := {Ak}k∈K .

In every trial k ∈ K of the experiment the subjects are obliged to choose exactly

one element from the corresponding set of feasible options Ak. Therefore, an observa-

tion is an ordered pair (Ak, xk), consisting of the set Ak and the option xk ∈ Ak chosen

by the agent. Given this, the set of observations from the experiment is defined by a

collection of the ordered pairs

O := {(Ak, xk)}k∈K ,

where xk ∈ Ak, for all k ∈ K. Note that our framework allows for the agents to make

multiple choices from a single set Ak. However, each such choice has to be treated as

a separate trial (“with replacement”).1 Finally, define the set of observable options by

A :=
∪
k∈K

Ak.

1Note that our framework does not allow for consumers to choose several options simultaneously
from a single set of feasible options, as the sequence in which the elements are chosen matters.
Suppose that an agents chooses two elements x and y from some set A (“without replacement”).
Then the corresponding observations are either (A, x) and (A\{x}, y), or (A, y) and (A\{y}, x),
depending on which option was chosen first.
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Hence, set A contains all the possible pairs of monetary payments and time-delays

that the agent was offered at least once during the experiment. Clearly, we have

A ⊂ X. Moreover, since both K and Ak are finite, for every k ∈ K, so is A.

Let the set of observable payments be given by

M := {m ∈ R+ : (m, t) ∈ A}.

Therefore, M is the set of all monetary prizes that appeared in at least one option

during the experiment. Throughout this chapter we shall denote the cardinality of

the set by |M|, while m := minM and m := maxM. We define the set of observable

time-delays by

T := {t ∈ N : (m, t) ∈ A},

with its cardinality denoted by |T |. Analogously, let the least and the greatest element

of the set be denoted by t := min T and t := max T . Finally, let Ā := M×T .

2.2.1 Revealed preference relations and mixed-monotonicity

In the following section we discuss properties of preference relations induced by the

set of observations O. For any two elements x and y in A, we say that x is directly

revealed preferred to y, if in at least one trial of the experiment both options x and y

were feasible but the agent decided to choose x rather than y. Formally, we will say

that the pair (x, y) belongs to set R∗ defined by

R∗ := {(x, y) ∈ A×A : there exists A ∈ E such that x, y ∈ A and (A, x) ∈ O} .

For convenience, we will denote xR∗y instead of (x, y) ∈ R∗. Whenever both (x, y)

and (y, x) belong to R∗ we will say that x and y are directly revealed indifferent. We

denote the symmetric part of the relation by I∗, i.e.,

I∗ := {(x, y) ∈ A×A : xR∗y and y R∗x}.

Similarly, we shall write x I∗y in place of (x, y) ∈ I∗. Note that we do not define the

strict counterpart of R∗.

The main purpose of our analysis is to establish conditions under which the set of

observations O can be rationalised by a specific form of utility function. Clearly, one

of the necessary conditions for rationalisation is existence of a transitive closure of
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R∗ over A. A complete, transitive, and reflexive pre-order R ⊆ A×A is consistent

with the directly revealed preference relation R∗ if for any two x, y ∈ A, we have

xR∗y ⇒ xRy, or equivalently R∗ ⊆ R. We shall denote the strict component of

R by P , i.e.,

P := {(x, y) ∈ A×A : xRy and ¬(yRx)}.

As previously, we shall write xP y instead of (x, y) ∈ P . Finally, the symmetric part

of R will be denoted by I. Hence, xI y if and only if xRy and yRx.

For the purposes of this thesis, we shall concentrate on a specific class of consistent

pre-orders. Let ≥X denote a partial order on X such that, for any x = (m, t) and

y = (n, s) in X, we have x ≥X y whenever m ≥ n and t ≤ s. Moreover, the relation

is strict, and denoted by x >X y, if at least one of the above inequalities is strict.

Loosely speaking, we will say that option x is greater than y with respect to ≥X ,

if it offers a higher payment at a shorter delay. A pre-order R is mixed-monotone,

whenever for any two elements x and y in A, x ≥X y implies xRy. In addition,

if x >X y then xP y. The definition suggests that whenever an agent is presented

with two options such that one of them has a (weakly) higher payoff and a (weakly)

shorter delay than the other one, then the former option should be preferred. Clearly,

not every set of observations admits a consistent mixed-monotone pre-order. In the

following section we discuss conditions under which there exists such an extension of

the directly revealed preference relation.

2.2.2 Mixed-monotone rationalisation

Set O is rationalisable if there exists a function v : X → R, strictly increasing with

respect to the partial order ≥X ,2 such that for all (A, x) ∈ O,

v(x) ≥ v(y), for all y ∈ A.

In the remainder of the chapter we focus on conditions under which the set of obser-

vations can be rationalised by a utility function v that strictly increases in the value of

the monetary payment m ∈ R+ and strictly decreases with respect to the time-delay

t ∈ N. We begin by introducing the following axiom.

2That is, for any x, y ∈ X, whenever x >X y then v(x) > v(y).
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Axiom 2.1 (Cyclical consistency). Take any sequence {xi}ni=1 in A such that xi+1R∗xi

or xi+1 ≥X xi, for all i = 1, . . . , n− 1, and x1 ≥X xn. Then it must be that x1 = xn.

The above axiom is a special case of the generalised cyclical consistency condition

formulated by Nishimura, Ok, and Quah (2013). It requires that whenever there ex-

ists a sequence of observable options such that every subsequent element is directly

revealed preferred or greater (with respect to ≥X) than the previous one, then it

cannot be that the first element of the sequence is strictly greater than the ultimate

one. Clearly, the violation of this condition excludes the existence of a consistent,

mixed-monotone pre-order on A. In fact, by Nishimura, Ok, and Quah (2013, Ra-

tionalisability Theorem I), cyclical consistency is also a sufficient condition for the

existence of such a pre-order. In order to make our presentation more transparent,

we discuss the following example.

Example 2.1. Consider the following directly revealed preference relation:

(5, 3) R∗(15, 4), (15, 2) R∗(10, 1), (15, 1) R∗(25, 3), and (25, 4) R∗(20, 2).

It is easy to check that the set of observations inducing the above relation is cyclically

consistent. Given Nishimura, Ok, and Quah (2013, Rationalisability Theorem I), it

is both necessary and sufficient to propose a consistent, mixed-monotone relation R
defined over the observable options. For example

(15, 1) I (25, 3) P (25, 4) I (20, 2) P (15, 2) I (10, 1) P (5, 3) P (15, 4).

Clearly, the relation is both consistent and mixed-monotone.

Proposition 2.1. Set O is rationalisable if and only if it is cyclically consistent.

Proposition 2.1 is a special case of the result by Nishimura, Ok, and Quah (2013,

Rationalisability Theorem II), who establish the necessity and sufficiency of the gener-

alised cyclical consistency condition for the existence of a utility function rationalising

the choice data in a general class of partially ordered spaces. Unfortunately, their ar-

gument supporting the claim is not constructive, which implies that the only way of

verifying whether O is rationalisable is by referring directly to the definition of cyclical

consistency. Even though finite, this method may be highly inconvenient for applica-

tions, especially when the set of observations is large. For this reason, in Appendix
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B, we present an alternative, constructive proof of Proposition 2.1, which introduces

a more convenient method of verifying rationalisability of the set of observations O
in our framework.

The necessity of cyclical consistency for rationalisation is straightforward. Clearly,

for any function v rationalising O, and any sequence {xi}ni=1 specified as in the defi-

nition of the axiom, we have

v(xn) ≥ v(xn−1) ≥ . . . ≥ v(x2) ≥ v(x1) and v(x1) ≥ v(xn),

which can be satisfied only if x1 = xn. On the other hand, the “sufficiency” part of

the proof is more demanding. We show the result in three steps. First, in Lemma B.1

we argue that cyclical consistency implies existence of a consistent, mixed-monotone

pre-order R over A. In Lemma B.2, we show that whenever such a pre-order exists,

we can always find a sequence of real numbers {vtm}(m,t)∈Ā such that for any two

options (m, t), (n, s) ∈ Ā, whenever (m, t) >X (n, s) or (m, t)P (n, s) then vtm > vsn,

while (m, t)I (n, s) implies vtm = vsn. Finally, in Lemma B.3, we use any such sequence

of numbers to construct a function rationalising the set of observations. Every step

of our argument is constructive. Therefore, it presents a direct method of verifying

whether an arbitrary set of observations is rationalisable.

2.3 Discounted utility rationalisation

In this section we present the first main theorem of this chapter. We say that set O is

rationalisable by a discounted utility function whenever there is a strictly increasing

instantaneous utility function u : R+ → R+ and a strictly decreasing discounting

function γ : N → (0, 1], with γ(0) = 1, such that v(m, t) := u(m)γ(t) rationalises O.

Clearly, cyclical consistency is a necessary condition for this form of representation.

However, it is no longer sufficient. The following section is devoted to determining

both necessary and sufficient conditions which allow for such a representation.

2.3.1 Dominance axiom

A sample of the directly revealed preference relation R∗ is a finite, indexed collection

{(xi, yi)}i∈I of elements in R∗, where we denote xi = (mi, ti) and yi = (ni, si), for
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some mi, ni ∈ M and ti, si ∈ T . We allow for the samples to be generated “with

replacement”. That is, a single element of R∗ may appear more than once in a sample.

Axiom 2.2 (Dominance axiom). For any sample {(xi, yi)}i∈I of R∗, where we denote

xi = (mi, ti) and yi = (ni, si), such that for any m ∈ M and t ∈ T , we have

|{i ∈ I : mi ≤ m}| ≥ |{i ∈ I : ni ≤ m}| and |{i ∈ I : ti ≤ t}| ≤ |{i ∈ I : si ≤ t}|,

all of the above conditions hold with equality.

The above axiom requires that whenever there exists a sample such that the dis-

tribution of monetary payments ni, in the inferior options yi, first order stochastically

dominates the corresponding distribution of payments mi, in the preferred options xi,

while the distribution of time-delays ti, appearing on the left hand side of R∗, first

order stochastically dominates the distribution of si, then both distributions of mon-

etary payments and time-delays have to be equal. Therefore, the axiom is violated

whenever there exists a sample {(xi, yi)}i∈I of the directly revealed preference rela-

tion, with xi = (mi, ti) and yi = (ni, si), such that the distribution of ni stochastically

dominates the distribution of mi, the distribution of ti stochastically dominates the

distribution of si, and at least one of the two relations is strict. In order to make our

presentation more transparent, we discuss the following example.

Example 2.2. Consider the directly revealed preference relation analysed in Exam-

ple 2.1. We claim that the set of observations inducing the relation fails to satisfy the

dominance axiom. In order to show this, we need to find at least one sample which

violates the condition specified in the definition of the axiom. Take R∗. Clearly, the

set is a sample of itself. Note that, given the support {5, 10, 15, 20, 25}, the distribu-

tion of payments in the preferred xi = (mi, ti) and the inferior options yi = (ni, si) are

respectively (1, 0, 2, 0, 1) and (0, 1, 1, 1, 1). Similarly, given the support {1, 2, 3, 4}, the

distributions of the corresponding time-delays are both equal to (1, 1, 1, 1). There-

fore, there exists a sample of R∗ for which the distribution of payments ni strictly

first order stochastically dominates the distribution of mi, while the distributions of

the time-delays are equal. Hence, we conclude that the set of observations O violates

the dominance axiom.
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The above example indicates that dominance is a stronger condition than cyclical

consistency, as there exist sets of observations satisfying the latter but failing the

former. On the other hand the dominance axiom implies cyclical consistency, as we

will show in the remainder of this section.

Interestingly, the axiom is both a necessary and sufficient condition for the set of

observations O to be rationalisable by a discounted utility function. We summarise

this result in the following theorem. The proof is presented in Appendix B.

Theorem 2.1. Set of observations O is rationalisable by a discounted utility function

if and only if it obeys the dominance axiom.

In order to understand why the dominance axiom is a necessary condition, suppose

that O is rationalisable by a discounted utility function v(m, t) := u(m)γ(t). This im-

plies that the set is at the same time rationalisable by function w(m, t) := ϕ(m)+φ(t),

where ϕ := log(u) and φ := log(γ). Moreover, under this transformation functions ϕ

and φ preserve the strict monotonicity of u and γ respectively.

Take any sample {(xi, yi)}i∈I of the directly revealed preference relation R∗, where

xi = (mi, ti) and yi = (ni, si). By the definition of rationalisation, for any element of

the sample, we have ϕ(mi) +φ(ti) ≥ ϕ(ni) +φ(si). In particular, once we sum up all

the inequalities with respect to i ∈ I, we obtain∑
i∈I

ϕ(mi) +
∑
i∈I

φ(ti) ≥
∑
i∈I

ϕ(ni) +
∑
i∈I

φ(si).

Suppose that the sample is specified as in the definition of the axiom. Then, the

corresponding distribution of monetary payments ni first order stochastically domi-

nates the distribution of mi. Since function ϕ is strictly increasing, it must be that∑
i∈I ϕ(mi) ≤

∑
i∈I ϕ(ni). On the other hand, we know that the distribution of time-

delays ti first order stochastically dominates the distribution of si. By monotonicity of

φ, this implies that
∑

i∈I φ(ti) ≤
∑

i∈I φ(si). However, given the previous condition,

the two inequalities may hold only if they are satisfied with equality. This requires

that the distribution of monetary payments mi is equal to the distribution of ni, while

the distribution of time-delays ti coincides with the distribution of si.

The above argument highlights the form of consistency which is expected from a

discounted utility maximiser. As it was shown above, whenever the set of observations
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is rationalisable by a discounted utility function, it can also be rationalised by an

additive utility function w(m, t) := ϕ(m) + φ(t), where ϕ is strictly increasing and

φ strictly decreasing. Take any sample {(xi, yi)}i∈I of R∗, where xi = (mi, ti) and

yi = (ni, si), and construct two lotteries: one with the support corresponding to the

preferred pairs (mi, ti) and probabilities equal to the frequencies with which they

appear in the sample; the other one supported by options (ni, si) and probabilities

defined by the frequencies with which they appear in {(xi, yi)}i∈I . Whenever the

agent is an expected utility maximiser, his preference over the two lotteries should

be consistent with his choices over individual pairs. Hence, the gamble supported

by the superior options (mi, ti) should be preferred. On the other hand, due to

separability and monotonicity of the utility function, any violation of the dominance

axiom would imply that the consumer would rather choose the lottery supported by

(ni, si). However, such behaviour cannot be reconciled with the discounted utility

maximisation.

Showing that the dominance axiom is a sufficient condition for this form of ratio-

nalisation is more demanding, hence, we place the proof in Appendix B. Nevertheless,

we present the main observation used in our argument in the following proposition.

Proposition 2.2. Set O obeys the dominance axiom if and only if there exists a

strictly increasing sequence {ϕm}m∈M and a strictly decreasing sequence {φt}t∈T of

real numbers such that (m, t)R∗(n, s) implies ϕm + φt ≥ ϕn + φs.

This result is implied by Lemmas B.4 and B.5 in Appendix B, as well as the

necessity of the dominance axiom for rationalisation by a discounted utility function.

To support the above proposition we apply a variation of Farkas’ Lemma, commonly

known as Motzkin’s Rational Transposition. Using the result, we show that the system

of inequalities implied by the directly revealed preference relation fails to have a

solution only if the set of observations violates the dominance axiom.

It is worth pointing out the importance of Proposition 2.2 for the applicability

of Theorem 2.1. The result presents an alternative way of verifying whether the set

of observations obeys the dominance axiom. In fact, the proposition states that the

axiom is equivalent to the existence of a solution to a system of linear inequalities.

Since such systems are in general solvable, i.e., there exist algorithms which allow to
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determine in a finite number of steps whether a given system has a solution or not,

we find the alternative method of verifying the axiom to be much more convenient.

In Theorem 2.1 we establish the testable implications of the mixed-monotone

discounted utility model. Given our framework, an important question is whether

it is possible to test only for separability of the utility function. Unfortunately, the

answer is “no”. This follows from the fact that the set of observations does not

induce strict directly revealed preference relations. Therefore, any separable function

v(m, t) := u(m)γ(t), where both u and γ are constant, trivially rationalises any set of

observations. Hence, the monotonicity conditions we impose are required to evaluate

any observable restrictions of the discounted utility model in our framework.

In the remaining sections of this chapter we determine conditions under which

the class of preferences rationalising the data can be characterised more precisely.

In particular, we focus on finer restrictions imposed on the form of the discounting

function γ. Before we proceed with our analysis, we would like to discuss a family of

experiments for which a narrower specification of time-preference is never possible.

2.3.2 Anchored experiments and identification

We say that an experiment E is anchored, whenever it consists solely of binary sets

of feasible choices A, and there exists some x∗ ∈ X such that, for all A ∈ E , we have

x∗ ∈ A. In other words, in each trial of an anchored experiment the subjects are

asked to choose between one fixed option x∗ and some other element in X. We shall

denote x∗ = (m∗, t∗).

There are several notable examples of anchored experiments that were performed

in the literature, including Kirby and Marakovic (1964), Coller and Williams (1999),

or Kirby, Petry, and Bickel (1999), Harrison, Lau, and Williams (2002). Therefore,

this class of experiments is relevant from the empirical point of view. An important

advantage of these tests is that the choices the subjects face are relatively simple,

which minimises the chance of errors made by the agents. Nevertheless, as we show

in the next result, the simplicity of the experiment substantially reduces the informa-

tiveness of the observations it generates.
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Proposition 2.3 (Indeterminacy). For any anchored experiment the following state-

ments are equivalent.

(i) Set O is rationalisable.

(ii) Set O is rationalisable by a discounted utility function.

(iii) For any discounting function γ : N → (0, 1], with γ(0) = 1, there is a strictly

increasing function u : R+ → R+ such that v(m, t) := u(m)γ(t) rationalises O.

The above proposition states that, given observations from an anchored experi-

ment, one can only determine if the choices of the subject are rationalisable according

to the definition in Section 2.2.2. Therefore, the design of the experiment does not

allow to verify whether the observable choices can be rationalised by a narrower

class of preferences. In particular, Proposition 2.3(iii) implies that once the set of

observations is rationalisable, it can also be rationalised by virtually any form of dis-

counting. Hence, we consider this class of experiments to be rather weak, as the data

they produce do not allow for a conclusive specification of time-preference explaining

the observable choices.

The argument supporting the above claim is three-fold. In order to prove impli-

cation (i) ⇒ (ii), we show that for any anchored experiment, whenever the set of

observations is cyclically consistent, it may violate the dominance axiom only if it

contains an infinite number of elements. Clearly, by definition this can never hold.

Implication (ii) ⇒ (iii) follows from the fact that any directly revealed preference re-

lation can only be expressed with respect to the option (m∗, t∗). Therefore, given any

discounting function γ, while constructing the utility function u we simply need to

assign a value u(m) to every element m of M that satisfies u(m) ≥ u(m∗)γ(t∗)/γ(t),

whenever (m, t)R∗(m∗, t∗), and u(m) ≤ u(m∗)γ(t∗)/γ(t) otherwise, which is always

possible. Implication (iii) ⇒ (i) is obvious. The full proof of the result is presented

in Appendix B.

2.4 Weakly present-biased rationalisation

In the previous section we have determined the necessary and sufficient conditions

under which the set of observations can be rationalised by a discounted utility func-

tion. We devote the remainder of the chapter to determine restrictions which allow
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for a narrower characterisation of the discounting function γ. In particular, we focus

on a class of preferences that exhibit some degree of present-bias. We will say that

a strictly decreasing discounting function γ : N → (0, 1], with γ(0) = 1, is weakly

present-biased, whenever function ϑ : N → R++,

ϑ(t) :=
γ(t)

γ(t + 1)
,

is decreasing. In other words, we require that the relative discounting between any

two subsequent periods decreases as the two dates are further away in the future.

Equivalently, this is to say that there exists a log-convex extension of function γ to the

domain of the real numbers. Our interest in the above class of functions is primarily

justified by the fact that it contains the most commonly used forms of discounting.

In particular, the exponential, quasi-hyperbolic, and hyperbolic discounting models

are included in this family.

2.4.1 Cumulative dominance axiom

In this section we present the second main result of this chapter. A set O is rational-

isable by a weakly present-biased discounted utility function, whenever there exists a

strictly increasing instantaneous utility function u : R+ → R+ and a strictly decreas-

ing, weakly present-biased discounting function γ : N → (0, 1], with γ(0) = 1, such

that v(m, t) := u(m)γ(t) rationalises O.

Axiom 2.3 (Cumulative dominance axiom). Take any sample {(xi, yi)}i∈I of R∗,

where xi = (mi, ti) and yi = (ni, si), such that, for any m ∈ M and t ∈ T , we have

|{i ∈ I : mi ≤ m}| ≥ |{i ∈ I : ni ≤ m}| and∫ t

t

|{i ∈ I : ti ≤ z}|dz ≤
∫ t

t

|{i ∈ I : si ≤ z}|dz.

Then, for all m ∈ M and t ∈ T , we have |{i ∈ I : mi ≤ m}| = |{i ∈ I : ni ≤ m}|
and |{i ∈ I : ti ≤ t}| = |{i ∈ I : si ≤ t}|.

The cumulative dominance axiom requires that whenever there exists a sample

such that the distribution of monetary payments ni in the inferior options first order

stochastically dominates the distribution of payments mi in the preferred prize-time

pairs, while the distribution of time-delays ti appearing on the left hand side of R∗
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second order stochastically dominates the distribution of si, then the distributions

of monetary payments and delays have to be equal. Roughly speaking, the axiom is

violated whenever there exists at least one sample {(xi, yi)}i∈I of the directly revealed

preference relation, with xi = (mi, ti) and yi = (ni, si), such that the distribution of

ni first order stochastically dominates the distribution of mi, and the distribution of

ti second order stochastically dominates the distribution of si, while at least one of

the two relations is strict.

Note that the cumulative dominance axiom is a stronger requirement than the

dominance axiom. Suppose that the set of observations satisfies the former condition.

Then, there exists no sample of the directly revealed preference relation such that

the monetary payments in the inferior options first order stochastically dominate the

prizes in the preferred options, while the superior time-delays second order stochasti-

cally dominate the delays appearing on the right hand side of the relation. Since first

order stochastic dominance implies the second, there exists no sample such the latter

relation is preserved under the first order stochastic dominance. Hence, the set of ob-

servations must also satisfy the dominance axiom. However, the opposite implication

does not hold, as there might exist a collection of elements in R∗ such that the corre-

sponding distributions of time-delays are not ordered with respect to the first order

stochastic dominance, but are ordered with respect to the second. In other words,

the cumulative dominance axiom requires verifying a larger set of samples than the

dominance axiom.

Theorem 2.2. Set O is rationalisable by a weakly present-biased discounted utility

function if and only if it obeys the cumulative dominance axiom.

In order to show the necessity of the cumulative dominance axiom for the narrower

form of rationalisation, suppose that the choices of an agent can be explained by

some function v(m, t) := u(m)γ(t), where u is strictly increasing, while γ is strictly

decreasing and weakly present-biased. Clearly, one can always rationalise the same set

of observations by function w(m, t) := ϕ(m)+φ(t), with ϕ := log(u) and φ := log(γ).

The transformation preserves the monotonicity of the two functions, while φ has a

convex extension to R+.
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By definition, for any sample {(xi, yi)}i∈I of R∗, where we denote xi = (mi, ti)

and yi = (ni, si), we have ϕ(mi) + φ(ti) ≥ ϕ(ni) + φ(si), for all i ∈ I. In particular,∑
i∈I

ϕ(mi) +
∑
i∈I

φ(ti) ≥
∑
i∈I

ϕ(ni) +
∑
i∈I

φ(si).

Suppose that the sample is specified as in the definition of the cumulative dominance

axiom. As ϕ is strictly increasing, we have
∑

i∈I ϕ(mi) ≤
∑

i∈I ϕ(ni). Moreover, since

the distribution of time-delays ti second order stochastically dominates the distribu-

tion of si, the existence of a convex extension of φ to the real space implies that∑
i∈I φ(ti) ≤

∑
i∈I φ(si). However, the two inequalities can be consistent with the

initial condition only if they are satisfied with equality which, by strict monotonicity

of ϕ and φ, requires that the distributions of monetary payments and time-delays on

the two sides of the directly revealed preference relation are equivalent.

The form of consistency that has to be satisfied by a weakly present-biased dis-

counted utility maximiser is similar to the one discussed in Section 2.3. Take any

sample {(xi, yi)}i∈I of R∗, where xi = (mi, ti) and yi = (ni, si), and construct two

lotteries: one with the support corresponding to the preferred pairs (mi, ti) and prob-

abilities equal to the frequencies with which they appear in the sample; the other one

supported by options (ni, si) and probabilities defined by the frequencies with which

they show up in {(xi, yi)}i∈I . Clearly, by construction, any expected utility max-

imiser prefers the former gamble to the latter. Given the Bernoulli utility function

w(m, t) := ϕ(m)+φ(t), where ϕ is strictly increasing while φ is strictly decreasing and

“convex”, whenever the cumulative axiom is violated, it would be possible to construct

a sample such that the lottery over the inferior options would be preferred to the gam-

ble over the superior prize-time pairs. However, this violates the form of consistency

that is required by the weakly present-biased discounted utility maximisation.

The “sufficiency” part of the proof of Theorem 2.2 is more demanding. Similarly

as in the case of discounted utility, our argument consists of two steps. First, in

Lemma B.7 (see Appendix B) we show that once the set of observations satisfies the

cumulative dominance axiom, there always exists a solution to a specific system of

linear inequalities. In the second step, see Lemma B.8, we use the solution to the

system of inequalities in order to construct an instantaneous utility function u and

a log-convex discounting function γ that rationalise the data. We present the key

observation made in the proof of the theorem in the following proposition.
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Proposition 2.4. Set of observations O obeys the cumulative dominance axiom if

and only if there is a strictly increasing sequence {ϕm}m∈M, a strictly decreasing

sequence {φt}t∈T , and a strictly negative sequence {vt}t∈T of real numbers such that

(m, t)R∗(n, s) implies ϕm+φt ≥ ϕn+φs, and for all t ∈ T , we have φt+vt(s−t) ≤ φs,

for all s ∈ T .

It is worth mentioning that the proposition is important for the applicability

of our main result, as it presents an alternative method of verifying the cumulative

dominance axiom. Moreover, we consider it to be much more convenient than applying

the definition of the axiom directly.

2.4.2 Quasi-hyperbolic discounting

In the following section we concentrate on quasi-hyperbolic discounting functions,

which constitute a narrower class of weakly present-biased preferences. We say that

the set of observations is rationalisable by a quasi-hyperbolic discounted utility func-

tion, whenever there exist a strictly increasing function u : R+ → R+, numbers β,

δ ∈ (0, 1), and some time-delay t◦ ∈ N such that v(m, t) := u(m)γ(t) rationalises O,

where

γ(t) :=

{
βtδt for t < t◦,
βt◦δt otherwise.

Note that our definition of a quasi-hyperbolic discounting function generalises the

standard notion for which t◦ = 1. By allowing for the “threshold” time-delay t◦ to

vary, we are able to analyse a wider class of preferences. In particular, as t◦ denotes

a time-delay which separates the dates perceived by the agent as “present” from

those regarded as “future”, we allow in our test for this parameter to be determined

endogenously.

Since in the case of a quasi-hyperbolic discounting function ϑ(t) := γ(t)/γ(t + 1)

takes the value of (βδ)−1, for t < t◦ − 1, and δ−1 otherwise, the quasi-hyperbolic

specification is weakly present-biased. Hence, any set of observations rationalisable

by this more specific form of time-preference obeys the cumulative dominance axiom.

However, it is no longer sufficient. In this section we discuss the condition that fully

characterises this form of the discounted utility model.
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Axiom 2.4 (Strong cumulative dominance axiom). There exists some t′ ∈ T such

that, for any sample {(xi, yi)}i∈I of R∗, where xi = (mi, ti) and yi = (ni, si), satisfying

(i) |{i ∈ I : mi ≤ m}| ≥ |{i ∈ I : ni ≤ m}|, for all m ∈ M;

(ii)
∑

i∈I t
i ≥

∑
i∈I s

i;

(iii)
∑

i∈I min{ti, t′} ≥
∑

i∈I min{si, t′},

all the above conditions hold with equality.

The above requirement is stronger than cumulative dominance. Clearly, in order

to verify whether the above axiom is not violated, we need to consider a wider class

of samples of the directly revealed preference relation. As previously, the samples

of interest need to satisfy condition (i). However, additionally, they have to obey

restrictions (ii) and (iii), which impose a weaker requirement on the relation between

the distribution of time-delays appearing on both sides of the directly revealed pref-

erence relation in the sample. Therefore, a greater number of samples satisfies the

two conditions then in the case of the cumulative dominance axiom.

Proposition 2.5. Set O is rationalisable by a quasi-hyperbolic discounted utility func-

tion if and only if it obeys the strong cumulative dominance axiom.

The necessity of the axiom can be proven similarly as in the previous sections.

Suppose that the set of observations is rationalisable by a quasi-hyperbolic discounting

function v(m, t) := u(m)γ(t), where γ is specified as at the beginning of this section

for some β, δ in (0, 1), and a time-delay t◦. This implies that the set of observations is

also rationalisable by function w(m, t) := ϕ(m) + min{t, t◦}β̂ + tδ̂, where ϕ := log(u),

β̂ := log(β), and δ̂ := log(δ). By definition, for any sample {(xi, yi)}i∈I of the directly

revealed preference relation, with xi = (mi, ti) and yi = (ni, si), we have∑
i∈I

ϕ(mi) + β̂
∑
i∈I

min{ti, t◦} + δ̂
∑
i∈I

ti ≥
∑
i∈I

ϕ(ni) + β̂
∑
i∈I

min{si, t◦} + δ̂
∑
i∈I

si.

If the sample is specified as in the strong cumulative dominance axiom, it must be

that
∑

i∈I ϕ(mi) ≤
∑

i∈I ϕ(ni), as well as β̂
∑

i∈I min{ti, t◦} ≤ β̂
∑

i∈I min{si, t◦} and

δ̂
∑

i∈I t
i ≤ δ̂

∑
i∈I s

i, since β̂ and δ̂ are strictly negative. However, these conditions

can be consistent with the initial inequality only if they all hold with equality. The

argument remains unchanged once we substitute t◦ with t′ := min{t ∈ T : t ≥ t◦}.

This requires for the strong cumulative dominance axiom to be satisfied.
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The “sufficiency” part of the proof is presented in Appendix B. Our argument is

constructed around one important observation, which we summarise below.

Lemma 2.1. Set O obeys the strong cumulative dominance axiom for some t′ ∈ T if

and only if there exists a strictly increasing sequence {ϕm}m∈M and numbers β̂, δ̂ < 0

such that (m, t)R∗ (n, s) implies ϕm + min{t, t′}β̂ + tδ̂ ≥ ϕn + min{s, t′}β̂ + sδ̂.

Proposition 2.5 requires some comment. First of all, observe that the value of

the time-delay t′ for which set O obeys the axiom, determines the empirical “kink” of

the quasi-hyperbolic discounting function. In particular, this means that we do not

assume prior to the test the “threshold” date which separates the perceived “present”

from the “future”, but determine it endogenously. In fact, it is possible that one set

of observations admits various forms of quasi-hyperbolic discounting, not only with

respect to the values of the discount factors β and δ, but also with respect to the

pivotal time-delay t′.

Second of all, Lemma 2.1 proposes an alternative method of verifying whether the

set of observations obeys the axiom. As in Propositions 2.2 and 2.4, it hinges on the

existence of a solution to a system of linear inequalities conditional on t′. Since the

set of the observable time-delays is finite, the test can be performed in a finite number

of steps.

2.4.3 Exponential discounting

Finally, we draw our attention to the exponential discounting models. We say that

set O is rationalisable by an exponential discounted utility function whenever there is

a strictly increasing instantaneous utility function u : R+ → R+ and some δ ∈ (0, 1)

such that v(m, t) := δtu(m) rationalises the set of observations.

Proposition 2.6. Set O is rationalisable by an exponential discounted utility function

if and only if for any subset {(xi, yi)}i∈I of R∗, where xi = (mi, ti) and yi = (ni, si),

such that |{i ∈ I : mi ≤ m}| ≥ |{i ∈ I : ni ≤ m}|, for all m ∈ M, and∑
i∈I t

i ≥
∑

i∈I s
i, all the above conditions hold with equality.

The above propositions states the necessary and sufficient condition under which

a set of observations can be rationalised by an exponential discounted utility function.

Note that the requirement significantly resembles the one stated in the definition of
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the strong cumulative dominance axiom. In fact, the only distinguishable implications

of the quasi-hyperbolic and exponential model are implied by condition (iii) stated

in the definition of the axiom. Clearly, Proposition 2.6 imposes a stronger condition

on the set of observations, as it admits a larger class of samples that might violate

it. However, whenever the strong cumulative dominance axiom is satisfied for t′

equal to the least or the greatest observable time-delay, then the two requirements

are equivalent. Observe that, given an arbitrary sample {(xi, yi)}i∈I of the directly

revealed preference relation, condition (iii) stated in the axiom is trivially satisfied

whenever t′ = t. On the other hand, if t′ = t, then conditions (ii) and (iii) coincide.

This implies, that in these extreme cases, it is impossible to distinguish between the

quasi-hyperbolic and exponential rationalisation. We summarise the result in the

following corollary.

Corollary 2.1. Set O is rationalisable by an expected utility function if and only if

it obeys the strong cumulative dominance axiom for t′ = t or t′ = t.

The condition stated in Proposition 2.6 differs additionally in one substantial

aspect from the strong cumulative dominance axiom. Observe that in order to ratio-

nalise the set of observations by an exponentially discounted utility function, we need

to verify the requirement stated in the proposition only for subsets of the directly

revealed preference relation, and not samples. Clearly, this substantially simplifies

the test and reduces the number of steps required to test the condition.

2.4.4 Discount factors indeterminacy

In the following section we discuss some indeterminacy issues that arise while ratio-

nalising the set of observations by a quasi-hyperbolic or exponential discounted utility

functions. We begin with the following proposition.

Proposition 2.7. Set of observations O is rationalisable by a discounted utility func-

tion v(m, t) := u(m)γ(t) if and only if, for any a > 0, it is rationalisable by a dis-

counted utility function v̂(m, t) := û(m)γ̂(t), where û := ua and γ̂ := γa.

We omit the proof. The above result simply states that whenever a set of obser-

vations is rationalisable by some discounted utility function, then it is also rational-

isable by its positive exponential transformation. This observation is not new, and
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was already noted by Fishburn and Rubinstein (1982, Theorem 2) in their represen-

tation theorem. However, the above proposition implies a much stronger conclusion.

Namely, any property of function γ that is preserved under positive exponential trans-

formations, is also satisfied by function γ̂. In particular, this means that whenever γ

is weakly present-biased (respectively quasi-hyperbolic or exponential) then so is γ̂.

This plays an important role in the next result.

Corollary 2.2. Set O is rationalisable by a quasi-hyperbolic discounted utility func-

tion if and only if for any β (or δ) in (0, 1) there is some δ (respectively β) in (0, 1),

a strictly increasing utility function u : R+ → R+, and a time-delay t◦ such that

v(m, t) := γ(t)u(m) rationalises O, where γ(t) = βtδt, for t < t◦, and γ(t) = βt◦δt

otherwise.

Proof. We show (⇒). There exists some strictly increasing function u : R+ → R+,

discount factors β, δ in (0, 1), as well as time-delay t◦ such that v(m, t) := u(m)γ(t)

rationalises O, where function γ is defined as at the beginning of this section. Take

any β′ ∈ (0, 1), and define a := log(β′)/ log(β). Clearly, function v̂(m, t) := û(m)γ̂(t),

where û = ua and γ̂ = γa, also rationalises O. Moreover, γ̂(t) = (β′)t(δa)t, for t < t◦,

and γ̂(t) = (β′)t
◦
(δa)t otherwise. We present an analogous argument for the claim

inside the brackets. Implication (⇐) is trivial.

Given the nature of our framework and the above result, there is no testable

restriction for the values of the discount factors β or δ, as long as we consider the two

parameters separately. However, there exists a restriction for pairs (β, δ) of the two

discount factors. In fact, a straightforward application of the above result allows to

show that the restriction can be imposed on the ratio log(δ)/ log(β).

On the other hand, there are no observable implications for the value of the dis-

count factor δ rationalising the set of observations under exponential discounting. In

fact, once the choice data can be rationalised for one value of the discount factor,

it can be rationalised for virtually any other value δ ∈ (0, 1). This observation is

directly implied by Corollaries 2.1 and 2.2.

Corollary 2.3. Set O is rationalisable by an exponential discounted utility function

if and only if, for any δ ∈ (0, 1), there exists a strictly increasing u : R+ → R+ such

that v(m, t) := δtu(m) rationalises O.
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Even though it is impossible to determine the value of the discount factor while

rationalising the set of observations by an exponential discounted utility function, we

are still able to impose the testable restriction on this class of models. Therefore, the

conditions stated in Proposition 2.6 allow us to evaluate the shape of the discounting

function, but not the parameter characterising it.

2.5 Concluding remarks

In this chapter we established the testable implications of the principal models of

time-preference. Our results build a bridge between the decision-theoretical approach

to consumer choice, that provides an axiomatic characterisation of different forms of

behaviour, and the experimental work, that elicits the tastes of agents from a finite

list of observable choices. In particular, our analysis determines the observable restric-

tions for the discounted utility model with different formulations of the discounting

function. Moreover, we introduce an easy-to-apply test which allows to implement

our results in an empirical analysis.

As we have shown in this chapter, in general, it is possible to distinguish between

different models of time-preference in the prize-time framework that we consider.

However, several indeterminacy issues may arise in this class of tests. First of all,

separability alone is not a testable property of the utility function. Moreover, there

are some substantial restrictions concerning identification of the discount factors in

the quasi-hyperbolic and exponential discounted utility models. Finally, given obser-

vations generated in an anchored experiment, it is impossible to distinguish between

any form of time-preference that we discussed in this chapter. Therefore, the design

of the experiment strongly affects the informativeness of the observations it generates.
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Chapter 3

Testing for production with
complementarities∗

3.1 Introduction

In this chapter, we discuss the testable restrictions for production technologies with

complementarities. Suppose that we observe a list of choices of input factors x made

by a single firm, given some commonly observed prices p. Under what conditions

imposed on the set of observations can we rationalise the decisions of the firm by

profit-maximising behaviour with production complementarities? In this chapter, we

refer to the notion of complementarity introduced by Edgeworth, according to which

two inputs are complements whenever an increase of one of the factors increases the

marginal returns from the other one. This implies that whenever the price of one input

falls, it is beneficial for the firm to increase the amount of both factors employed in

production.

The importance of complementarities for“modern manufacturing”was highlighted

by Milgrom and Roberts (1990, 1994, 1995), who observed the fundamental shift

from mass production, which benefits from economies of scale, to a new pattern

of manufacturing based on flexibility and economies of scope, that took place in the

final decades of the twentieth century. This new paradigm relies on a system-wide and

coordinated approach to production, where the“fit”of various attributes of technology

plays a fundamental role. The mathematical representation of complementarity in

terms of supermodular functions, and the one of lattice programming techniques

generally, provides a way of formalising the intuitive ideas of synergy and system

∗This chapter was written jointly with John K.-H. Quah.
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effects. These tools allow for a rigorous analysis of the implications of technologies

with complementarities without any additional, superfluous assumptions (see, e.g.,

Milgrom and Roberts, 1990, Milgrom and Shannon, 1994, or Topkis, 1995). Given

the importance of the notion of complementarity and its mathematical formalisation,

it is crucial to determine whether the hypothesis provides any observable restrictions

that could be tested.

The main purpose of our analysis is to determine the necessary and sufficient

conditions under which the set of observations, consisting of input-price pairs (x, p),

can be rationalised by the profit-maximising behaviour with production complemen-

tarities. In other words, we characterise properties of the data set which guarantee

that there exists a supermodular function f , defined over the set of all possible input

vectors, such that for any observation (x, p), we have

f(x) − p · x ≥ f(y) − p · y,

for any feasible input vector y. We interpret f(x) as the revenue the firm receives when

it uses factors x. Alternatively, whenever we consider a price-taking firm producing a

single good, it is possible to normalise the price of the output to 1 and interpret f as

a production function. In this chapter, we present an axiomatic characterisation of

the profit-maximising behaviour with production complementarities. Additionally, we

provide an easy-to-apply test which allows us either to confirm or refute the hypothesis

on data sets.

Our revealed preference approach is motivated by the work of Afriat (1972), who

studied the testable implications of the profit-maximisation hypothesis with an arbi-

trary production technology. Moreover, some of the issues that are closely related to

our framework were also discussed by Rockafellar (1970), Rochet (1987), Brown and

Calsamiglia (2007), and Sákovics (2013). Nevertheless, our analysis is substantially

different from the one performed in the above papers. First of all, unlike Afriat, we

assume that the output of the individual firms is not observable, and concentrate

solely on their expenditure data. Second of all, we are not interested in rational-

ising the data set by an arbitrary production function. Rather, we determine the

necessary and sufficient conditions that allow us to justify the observations with a

production function exhibiting complementarities. In particular, we show that there
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are observable restrictions for this kind of technology. Recall that this is not true in

the case of monotonicity or concavity of production (see, e.g., Sákovics, 2013). That

is, unlike the above two characteristics, supermodularity of the production function

is a testable property.

Ours is not the first attempt to characterise profit-maximisation with production

complementarities. In fact, Chambers and Echenique (2009) formulate the so called

cyclical supermodularity condition and show that it is both necessary and sufficient

for the data set to be rationalisable by a supermodular production function. However,

their results are formulated in the context of production functions defined on a finite

sub-lattice of the Euclidean space. We extend their result by allowing the domain

of the production function to be an arbitrary subset of Rℓ
+. Moreover, we present a

tighter condition which allows us to rationalise the set of observations by a supermod-

ular and increasing production function. Hence, monotonicity of technologies with

complementarities is a testable restriction in the framework we discuss.

Our analysis differs from the one performed by Chambers and Echenique in one

additional aspect. Unlike these authors, who specify their axiom in terms of cycles

of observable demands, we concentrate on their empirical distributions. By using

the notion of stochastic supermodular dominance, introduced by Meyer and Strulovici

(2013), we characterise data sets rationalisable by a supermodular production function

through an intuitive condition on the distributions of observable demands generated

by their finite collections drawn (possibly “with replacement”) from the set of ob-

servations. Our approach is similar to the one applied in the classical literature on

intuitive probability and additive plausibility (see, e.g., Kraft, Pratt, and Seidenberg,

1959 or Scott, 1964), as well as the one employed by Border (1992) to provide an

axiomatic characterisation of the expected utility hypothesis. Moreover, it is closely

related to the analysis presented in Chapter 2.

Finally, our results can be applied to rationalise consumer expenditure data by a

quasilinear utility function, as in Brown and Calsamiglia (2007) or Sákovics (2013).

We devote the final section of this chapter to discuss the similarities and differences

of our approach to the one used in the related literature.

The remainder of the chapter is organised as follows. In Section 3.2 we present the

key lattice-theoretical notions used in our analysis. In Section 3.3 we introduce our
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axioms as well as the main theorem of this chapter. Finally, Section 3.4 is devoted to

the testable implications of the quasilinear utility-maximisation. The auxiliary results

are presented in Appendix A which is placed at the end of this thesis.

3.2 Preliminaries

Let Rℓ be the real ℓ-dimensional space endowed with the standard, coordinate-wise

partial order ≥. Hence, for any two real vectors x = (xi)
ℓ
i=1 and y = (yi)

ℓ
i=1 in

Rℓ, we have x ≥ y if and only if xi ≥ yi, for all i = 1, . . . , ℓ. Moreover, for any x

and y in Rℓ, we denote their join and meet by x ∨ y and x ∧ y respectively, where

(x ∨ y)i := max{xi, yi} and (x ∧ y)i := min{xi, yi}, for i = 1, . . . , ℓ.

A pair (X,≥) is a sub-lattice of (Rℓ,≥), whenever X is a subset of Rℓ
+ and for

any two elements x, y ∈ X, both x ∨ y and x ∧ y belong to X.

Remark. With a slight abuse of the terminology, throughout this chapter we shall

say that X is a lattice if and only if (X,≥) is a sub-lattice of (Rℓ,≥).

For any lattices X and Y , we say that X dominates Y with respect to the strong

set order if, for any x ∈ X and y ∈ Y , we have x∨ y ∈ X and x∧ y ∈ Y . We will say

that X is a product lattice, if it is defined by the Cartesian product of its projections

on R. Hence, X := ×ℓ
i=1Xi, where Xi := {y ∈ R : y = xi, while (xj)

ℓ
j=1 ∈ X}, for all

i = 1, . . . , ℓ. Given any lattice X, we say that function f : X → R is supermodular,

whenever for any x and y in X, we have

f(x ∨ y) + f(x ∧ y) ≥ f(x) + f(y).

Suppose that lattice X is finite. For any vector x ∈ X, let x+ei denote the element

y in X such that yj = xj, for all j ̸= i, while yi := min{z ∈ Xi : z > xi}, where Xi

is the i’th projection of set X, i = 1, . . . , ℓ. In particular, note that ei need not be

a unit vector. For example, consider a finite lattice X := {(1, 2), (1, 4), (2, 2), (2, 4)}.

Denote x = (1, 2). Then, we have x+e1+e2 = (2, 2)+e2 = (1, 4)+e1 = (2, 4). Hence,

even though e1 is a unit vector, e2 is not. Moreover, since X is a lattice, whenever

x+ ei and x+ ej belong to X, for some i ̸= j, then so does x and x+ ei + ej. Finally,

note that any vector ei is defined conditionally on x.
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Given any finite lattice X, by Topkis (1978, Theorems 3.1 and 3.2), function

f : X → R is supermodular if and only if, for any x ∈ X such that x + ei and

x + ej ∈ X, i ̸= j, we have

f(x + ei + ej) + f(x) ≥ f(x + ei) + f(x + ej).

Moreover, function f is increasing whenever f(x + ei) ≥ f(x), for any x ∈ X and

i = 1, . . . , ℓ such that x + ei ∈ X.

Throughout this chapter we find it convenient to refer to vectors εx ∈ {0, 1}|X|,

with the entry corresponding to element x ∈ X equal to 1 and all the remaining

coordinates equal to zero.

3.2.1 Supermodularity and stochastic dominance

In the following section we present the notion of supermodular stochastic dominance

introduced in Meyer and Strulovici (2013). Throughout this section assume that

X is a finite product lattice with cardinality |X|. We begin by defining a class of

elementary lattice transformations. For any x ∈ X such that x + ei + ej belongs to

X, i ̸= j, let txij : X → R|X| denote a function defined by

txij(y) :=


1 if y = x or y = (x + ei + ej),

−1 if y = (x + ei) or y = (x + ej),
0 otherwise.

Equivalently, we may represent the elementary lattice transformation in terms of a

vector txij ∈ {−1, 0, 1}|X| such that txij := ε(x+ei+ej) + εx − ε(x+ei) − ε(x+ej), where εx is

defined as previously. We denote the set of all such functions by T .

Let ∆X be the set of probability distributions over X. For any µ and ν ∈ ∆X ,

we say that distribution µ dominates ν with respect to the stochastic supermodular

ordering, and denote it by µ ⪰S ν, if and only if for any supermodular function

f : X → R, we have ∑
x∈X

f(x)µ(x) ≥
∑
x∈X

f(x)ν(x). (3.1)

Meyer and Strulovici (2013) present a dual characterisation of the above relation,

which plays an important role in the remainder of this chapter.
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Proposition 3.1. For any two probability distributions µ, ν ∈ ∆X , we have µ ⪰S ν

if and only if there exist some non-negative coefficients {λt}t∈T such that

µ = ν +
∑
t∈T

λtt,

where T is the set of elementary lattice transformations on X.

See Meyer and Strulovici (2013) for the proof. Roughly speaking, we say that

distribution µ dominates ν with respect to the stochastic supermodular dominance

order, whenever the probability assigned by ν to any two unordered points x and y in

its support is “shifted” in an equal value to x∨ y and x∧ y in distribution µ. In other

words, relatively to ν, distribution µ assigns an equally lower probability to any two

unordered points x and y, and a respectively higher probability to their join x ∨ y

and meet x ∧ y. We discuss the notion in the following example.

Example 3.1. Consider lattice X := {2, 4, 6} × {1, 3, 5} and two probability distri-

butions µ and ν defined over X as follows. Distribution µ assigns probability 1/4 to

points (2, 1), (2, 3), (4, 5), and (6, 5), while ν assigns probability 1/4 to points (4, 1)

and (6, 3), and 1/2 to (2, 5). We depict the two distributions in Figure 3.1.

Note that µ dominates ν with respect to the stochastic supermodular dominance

order. In fact, we can represent the former distribution by

µ = ν + 1
4
t
(2,1)
12 + 1

2
t
(2,3)
12 + 1

4
t
(4,3)
12 ,

where the elementary lattice transformations txij are defined as previously. This is to

say that we can construct µ by modifying distribution ν using only the elementary

lattice transformations. In this case it suffices to shift the probability of 1/4 from

points (2, 5) and (6, 3) to their join and meet (6, 5) and (2, 3), and the probability of

1/4 from points (2, 5) and (4, 1) to (4, 5) and (2, 1) respectively.

By definition of the elementary lattice transformations, for any two distributions

µ and ν in ∆X , if µ dominates ν with respect to the supermodular dominance order,

then all marginal distributions of µ and ν are equal. In particular, whenever Y is the

smallest product lattice such that supp(ν) ⊆ Y , then for any probability distribution

µ ∈ ∆X , we have that µ ⪰S ν implies supp(µ) ⊆ Y .
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Figure 3.1: The figure depicts the distributions µ and ν discussed in Example 3.1.
Observe that the probability of 1/4 assigned to points (2, 5) and (6, 3) in ν is shifted
equally to their join and meet, i.e., (6, 5) and (2, 3), in distribution µ (depicted by
the solid arrows). An analogous shift takes place from points (2, 5) and (4, 1) to (2, 1)
and (4, 5) (depicted by the dashed arrows). Hence µ ⪰S ν.

3.2.2 Increasing supermodular dominance

The interest of this chapter also concerns increasing supermodular functions. First,

we define the elementary monotone transformations on a finite product lattice X.

For any x ∈ X and i = 1, . . . , ℓ such that x + ei ∈ X, define τxi : X → R|X| by

τxi (y) :=


1 if y = x + ei,

−1 if y = x,
0 otherwise.

Similarly to the elementary lattice transformations, we can represent function τxi as a

vector in {−1, 0, 1}|X| defined by τxi := ε(x+ei)−εx, where εx is specified as previously.

Denote the set of all such transformations by T .

For any two µ, ν ∈ ∆X , we say that µ dominates ν with respect to the increasing

stochastic supermodular ordering, and denote it by µ ⪰IS ν, if and only if for any in-

creasing and supermodular function f : X → R, condition (3.1) holds. As previously,

Meyer and Strulovici present a dual characterisation of this notion.
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Proposition 3.2. For any two probability distributions µ, ν ∈ ∆X , we have µ ⪰IS ν

if and only if there exist some non-negative coefficients {θτ}τ∈T and {λt}t∈T such that

µ = ν +
∑
τ∈T

θττ +
∑
t∈T

λtt,

where T and T are the sets of the elementary monotone and lattice transformations

on X respectively.

Roughly speaking, the increasing supermodular stochastic order is a combination

of the supermodular and the first order stochastic dominance. Take any two probabil-

ity distributions µ and ν such that µ ⪰IS ν. Given Proposition 3.2, this implies that

µ = ν +
∑

τ∈T θττ +
∑

t∈T λtt for some non-negative weights {θτ}τ∈T and {λt}t∈T .

Suppose that ω := ν +
∑

t∈T λtt is a probability distribution. In particular, this im-

plies that µ = ω +
∑

τ∈T θττ . Hence, there exists a probability distribution ω such

that ω ⪰S ν, while µ first order stochastically dominates ω. Alternatively, whenever

ω′ := ν +
∑

τ∈T θττ is a probability distribution, then it first order stochastically

dominates ν, while µ ⪰S ω′ (see Meyer and Strulovici, 2013). The above description

need not be precise, as in general ω and ω′ may not be probability distributions.

Example 3.2. Consider the lattice discussed in Example 3.1. Suppose that µ assigns

probability 1/4 to points (2, 1), (4, 3), (4, 5), and (6, 5), while ν assigns probability

1/4 to (4, 1) and (6, 3), and 1/2 to (2, 5). Note that we can express µ by

µ = ν + 1
4
τ
(2,3)
1 + 1

4
t
(2,1)
12 + 1

2
t
(2,3)
12 + 1

4
t
(4,3)
12 ,

where the monotone and lattice transformations τxi and txij are defined as previously.

Denote ω := ν+ 1
4
t
(2,1)
12 + 1

2
t
(2,3)
12 + 1

4
t
(4,3)
12 , which is a probability distribution that assigns

probability 1/4 to points (2, 1), (2, 3), (4, 5), and (6, 5). Hence, by Example 3.1, we

have ω ⪰S ν. Moreover, as µ = ω + 1
4
τ
(2,3)
1 , distribution µ first order stochastically

dominates ω. Analogously, it is possible to construct a distribution ω′ = ν + τ
(2,3)
1

which first order stochastically dominates ν and µ ⪰S ω′.

Similarly to the case of supermodular dominance, whenever distribution µ dom-

inates ν with respect to the increasing supermodular dominance order, then any

marginal distribution of µ first order stochastically dominates the corresponding

marginal distribution of ν. In particular, there exist some product lattices Yµ and Yν

such that supp(µ) ⊆ Yµ and supp(ν) ⊆ Yν , while Yµ dominates Yν with respect to the

strong set order.
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3.3 The main result

Suppose that we observe a finite set of price and factor input data which are elements

of Rℓ
+. Therefore, an observation is an ordered pair (x, p) ∈ Rℓ

+ × Rℓ
+, consisting of

an input vector x demanded at price p. Denote a finite set of observations by O. The

corresponding set of observable inputs is X := {x ∈ Rℓ
+ : (x, p) ∈ O for some p}. For

any set Y ⊆ Rℓ
+ such that X ⊆ Y , we say that function f : Y → R+ rationalises O

over Y , if for any (x, p) ∈ O, we have

f(x) − p · x ≥ f(y) − p · y, for all y ∈ Y.

We interpret f(x) as the revenue the firm receives when is uses factors x. Alterna-

tively, whenever we consider a price-taking firm producing a single good, it is possible

to normalise the price of the output to 1 and interpret f as a production function.

In the remainder of this section we discuss the necessary and sufficient conditions

on the set of observations which allow us to rationalise the data by profit-maximisation

with production complementarities. In the following subsection we state two axioms

characterising the set of observations, which will be central to our argument. Then,

in Section 3.3.2, we present a simplified version of our analysis by constraining our

attention to finite sub-lattices of Rℓ
+. Finally, we state the main result of the chapter

in Section 3.3.3, in which we extend the notion of rationalisation to an arbitrary

sub-lattice of the real space.

3.3.1 Observable choices and supermodular dominance

Take any product lattice Y ⊇ X and define the following set of ordered triples:

RY := {(x, y, p) : (x, p) ∈ O and y ∈ Y }.

Note that the above set captures the intuition of a directly revealed preference relation

over elements in Y . Each triple, consists of two vectors of inputs x and y, and a vector

of prices p, such that (x, p) constitutes a single observation, while y belongs to the

product lattice Y . Clearly, under the assumption of profit maximisation, whenever

we observe (x, p) it implies that, given prices p, acquiring inputs x yielded higher

profit than y. Therefore, conditional on p, vector x was “preferred” by the firm to y.

Moreover, we expect this condition to hold for any observation (x, p) in O and any
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vector y ∈ Y . In particular, whenever function f : Y → R+ rationalises set O over

Y , it must be that (x, y, p) ∈ RY implies f(x) − p · x ≥ f(y) − p · y.

We define a sample of RY as a finite, indexed collection {(xs, ys, ps)}s∈S of elements

in RY . In particular, we allow for a sample to be constructed “with replacement”.

That is, a single element of the set may appear more than once in the sample.

Axiom 3.1 (Supermodular dominance). For any sample {(xs, ys, ps)}s∈S of RY de-

fine probability distributions µ and ν in ∆Y by

ν(z) := 1
|S| |{s ∈ S : z = xs}| and µ(z) := 1

|S| |{s ∈ S : z = ys}|.

Set of observations O obeys the supermodular dominance axiom over Y whenever for

any sample of RY , µ ⪰S ν implies
∑

s∈S p
s · (xs − ys) ≤ 0.

The set of observations O obeys the above axiom over a product lattice Y ⊇ X ,

whenever it is impossible to construct a sample {(xs, ys, ps)}s∈S of RY such that

the distribution of elements ys dominates the distribution of xs with respect to the

supermodular stochastic ordering, while the total cost of inputs
∑

s∈S p
s ·xs is strictly

greater than
∑

s∈S p
s · ys.

The above condition becomes more intuitive once we consider a set of observations

consisting only of two elements (x1, p1) and (x2, p2). Consider a sample containing

(x1, x1 ∨ x2, p1) and (x2, x1 ∧ x2, p2). Whenever x1 and x2 are unordered, the distri-

bution that assigns probability 1/2 to x1 ∨ x2 and x1 ∧ x2 dominates the distribution

that assigns 1/2 to x1 and x2 with respect to the stochastic supermodular ordering.

Hence, for the axiom to hold, it must be that

p1 · x1 + p2 · x2 ≤ p1 · (x1 ∨ x2) + p2 · (x1 ∧ x2),

or equivalently, p2 · (x2−x1∧x2) ≤ p1 · (x1∨x2−x1). That is, the difference between

the cost of x2 and x1∧x2 under prices p2 cannot be strictly greater than the difference

in the cost of inputs x1 ∨ x2 and x1 under prices p1. Once we consider sets with a

greater number of observations, the above requirement becomes more sophisticated,

as it has to be verified not only for individual pairs of input vectors, but also for their

arbitrary sets. We discuss one such case in the following example.
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Example 3.3. Consider lattice Y = {2, 4, 6} × {1, 3, 5}. Suppose that we observe

three input choices of a firm, equal to (6, 3), (4, 1), and (2, 5), at prices (1, 1), (1.5, 2.5),

and (2, 2) respectively. The corresponding set RY consists of all triples (x, y, p), where

x is equal to one of the observed choices, p is the price at which x was chosen, while

y is any element in Y . We claim that the above observations fail to satisfy the

supermodular dominance axiom. Consider the following sample of RY :
(x1, y1, p1),
(x2, y2, p2),
(x3, y3, p3),
(x4, y4, p4)

 =


((6, 3), (4, 5), (1, 1)),

((4, 1), (2, 3), (1.5, 2.5)),
((2, 5), (2, 1), (2, 2)),
((2, 5), (6, 5), (2, 2))

 .

Denote the distribution of xs in the above collection by ν. Clearly, ν assigns prob-

ability 1/4 to points (6, 3) and (4, 1), and 1/2 to (2, 5). On the other hand, the

distribution of ys, which we denote by µ, assigns probability 1/4 to each element in

its support, i.e., (4, 5), (2, 3), (2, 1), and (6, 5). By Example 3.1, we know that µ ⪰S ν.

Moreover, we have
∑4

s=1 p
s · (xs − ys) = 1, which is strictly greater than 0. Since

there exists at least one sample violating the condition stated in the axiom, the set

of observations fails to satisfy the supermodular dominance axiom.

Given the notion of increasing supermodular dominance order, we are able to

specify a stronger requirement imposed on the set of observations.

Axiom 3.2 (Increasing supermodular dominance). For any sample {(xs, ys, ps)}s∈S
of RY define probability distributions µ and ν in ∆Y by

ν(z) := 1
|S| |{s ∈ S : z = xs}| and µ(z) := 1

|S| |{s ∈ S : z = ys}|.

Set of observations O obeys the increasing supermodular dominance axiom over Y

whenever for any sample of RY , µ ⪰IS ν implies
∑

s∈S p
s · (xs − ys) ≤ 0.

The above condition is similar to the supermodular dominance axiom, apart from

the weaker notion of dominance used in the definition of the requirement. Clearly,

the second axiom is stronger, as it requires to verify the condition for a larger class

of samples of RY . Namely, since µ ⪰S ν implies µ ⪰IS ν, the set of samples that

potentially violate the increasing supermodular dominance axiom is greater (by set

inclusion) then the set of collections violating the supermodular dominance axiom. In

the following example we present one set of observations that obeys the supermodular

dominance axiom but fails to satisfy the increasing supermodular dominance axiom.
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Example 3.4. Consider lattice Y discussed in Example 3.3. Suppose that the set of

observations is O = {(xk, pk)}4k=1, where x1 = x2 = (2, 5), x3 = (4, 1), x4 = (6, 3),

while p1 = (1, 2), p2 = (2, 2), p3 = (2, 1), and p4 = (3, 2). We do not verify it directly,

but it is possible to show that the data set obeys the supermodular dominance axiom.1

However, it does not satisfy the increasing supermodular dominance axiom. To show

this, take the following sample of set RY induced by the set of observations:
(x1, y1, p1),
(x2, y2, p2),
(x3, y3, p3),
(x4, y4, p4)

 =


((2, 5), (2, 1), (1, 2)),
((2, 5), (4, 5), (2, 2)),
((4, 1), (6, 5), (2, 1)),
((6, 3), (4, 3), (3, 2))

 .

By Example 3.2, we know that the distribution of ys dominates the distribution

of xs with respect to the increasing supermodular dominance order. Moreover, we

have
∑4

s=1 p
s · (xs − ys) = 2, which is strictly greater than 0. Hence, the increasing

supermodular axiom is violated.

The axioms stated above have a similar flavour to the cancellation law used in

the in the classical literature on intuitive probability and additive plausibility (see,

e.g., Kraft, Pratt, and Seidenberg, 1959 or Scott, 1964). As in the above literature,

our condition is imposed directly on the samples of elements drawn from the revealed

preference relation. Clearly, the requirements are not equivalent, as the framework

we discuss is different, however, the line of our argument highly resembles the one

applied in those papers.

3.3.2 Supermodular rationalisation on a finite lattice

In the following section we show that the supermodular (increasing supermodular)

dominance axiom is a necessary and sufficient condition for the observations to be

rationalisable over a finite lattice by a supermodular (increasing and supermodular)

technology. In particular, we revisit the result by Chambers and Echenique (2009)

and show that the cyclical supermodularity requirement, specified in their paper, is

equivalent to the supermodular dominance axiom. In the following proposition we

1Given Proposition 3.3, presented in the remainder of this chapter, we know that in order to
verify the supermodular dominance axiom it is sufficient to determine a supermodular function
f : Y → R+ that rationalises the set of observations over Y . In fact, there exists at least one such
function. For example, function f(2, 1) = 15, f(4, 1) = 11, f(6, 1) = f(6, 5) = 1, f(2, 3) = 13,
f(4, 3) = f(2, 5) = 9, and f(6, 3) = f(4, 5) = 5, is both supermodular and rationalises O over Y .
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show the necessity of the supermodular (increasing supermodular) dominance axiom

for rationalisation of the data.

Proposition 3.3. Let O be rationalisable by a supermodular (increasing and super-

modular) function f : Y → R+ over Y , for some finite product lattice Y ⊇ X . Then

it obeys the supermodular (increasing supermodular) dominance axiom over Y .

In order to show that the result in the brackets holds, take any increasing, super-

modular function f : Y → R+ and any sample {(xs, ys, ps)}s∈S of RY . By definition,

for any s ∈ S, we have f(xs) − f(ys) ≥ ps · (xs − ys). In particular, once we sum up

the inequalities with respect to s ∈ S, we obtain∑
s∈S

f(xs) −
∑
s∈S

f(ys) ≥
∑
s∈S

ps · (xs − ys).

Given distributions ν and µ, defined as in the increasing supermodular dominance ax-

iom, we have
∑

s∈S f(xs) = |S|
∑

x∈Y f(x)ν(x) while
∑

s∈S f(ys) = |S|
∑

x∈Y f(x)µ(x).

Since µ ⪰IS ν, by the definition of the increasing supermodular stochastic dominance,

0 ≥
∑
s∈S

f(xs) −
∑
s∈S

f(ys) ≥
∑
s∈S

ps · (xs − ys).

Equivalently, we can show the necessity of the axiom using the dual representation

of the increasing supermodular dominance order, specified in Proposition 3.2. Suppose

that µ ⪰IS ν. Therefore, there exist some positive weights {θτ}τ∈T and {λt}t∈T such

that µ = ν +
∑

τ∈T θττ +
∑

t∈T λtt, where T and T denote the sets of elementary

monotone and lattice transformations respectively. In particular,∑
s∈S

f(xs) −
∑
s∈S

f(ys) = −|S|
∑
x∈Y

f(x)(µ(x) − ν(x))

= −|S|
∑
x∈Y

f(x)
(∑

τ∈T
θττ(x) +

∑
t∈T

λtt(x)
)

= −|S|
∑
τ∈T

θτ
∑
x∈Y

f(x)τ(x) − |S|
∑
t∈T

λt

∑
x∈Y

f(x)t(x).

Whenever function f is increasing, for any τ ∈ T there is a y ∈ Y with y + ei ∈ Y

such that
∑

x∈Y f(x)τ(x) = f(y + ei) − f(y) ≥ 0, for some i = 1, . . . , ℓ. Similarly, if

the function is supermodular, then for any t ∈ T there is a y ∈ Y with y+ ei + ej ∈ Y

such that
∑

x∈Y f(x)t(x) = f(y + ei + ej) + f(y) − f(y + ei) − f(y + ej) ≥ 0, i ̸= j.
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Clearly, these two observations guarantee that
∑

s∈S f(xs) −
∑

s∈S f(ys) ≤ 0, which

by our previous argument implies
∑

s∈S p
s · (xs − ys) ≤ 0.

The result outside the brackets can be proven in an analogous way. Clearly,

whenever µ ⪰S ν, then for any supermodular function f : Y → R+, we have∑
s∈S f(xs) −

∑
s∈S f(ys) ≤ 0. Hence, it must be that

∑
s∈S p

s · (xs − ys) ≤ 0. Simi-

larly, it is possible to show the result using the dual representation of the stochastic

supermodular dominance order. Recall that, whenever µ dominates ν in the above

sense, we have µ = ν +
∑

τ∈T θττ +
∑

t∈T λtt, where weights {λτ}τ∈T are positive and

θτ = 0, for all τ ∈ T . Hence, we can apply the same argument as previously.

Showing that the supermodular (increasing supermodular) dominance axiom is at

the same time a sufficient condition for rationalisation is more demanding.

Proposition 3.4. Suppose that O obeys the supermodular (increasing supermodular)

dominance axiom over some finite product lattice Y ⊇ X . There is a supermodular

(increasing and supermodular) function f : Y → R+ that rationalises O over Y .

Proof. Enumerate the elements of RY such that the set is equal to {(xr, yr, pr)}r∈R.

Let A be a |T | × |Y | matrix, in which every row corresponds to a single elementary

lattice transformation τ ∈ T . Therefore, for any τxi ∈ T , the corresponding row

is equal to ε(x+ei) − εx, where εx is defined as in Section 3.2. Similarly, let T be

the set of the elementary lattice transformations defined over Y . By B we denote

a |T | × |Y | matrix, in which every row corresponds to a single elementary lattice

transformation t ∈ T . Hence, for any txij ∈ T , the corresponding row is equal to

ε(x+ei+ej) + εx − ε(x+ei) − ε(x+ej). Let C be a |R| × |Y | matrix, where for each r ∈ R,

the r’th row is equal to εxr − εyr . Finally, by d we denote a vertical vector of length

|R|, where for each r ∈ R the corresponding entry is equal to pr · (xr − yr).

Observe that in order to prove the result outside the brackets, it suffices to show

that, given the supermodular dominance axiom, there is a vector f ∈ R|Y |
+ such that

B · f ≥ 0 and C · f ≥ d. On the other hand, proving the statement in the brackets

is equivalent to showing that the increasing supermodular dominance axiom implies

the existence of some f ∈ R|Y |
+ such that A ·f ≥ 0, B ·f ≥ 0, and C ·f ≥ d. We prove

only the second case. The result outside the brackets can be proven analogously.

First, we claim that whenever set O obeys the increasing supermodular dominance

axiom, there is some f ∈ R|Y | such that A · f ≥ 0, B · f ≥ 0, and C · f ≥ d. By
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Theorem A.2 (see Appendix A), whenever the system of inequalities has no solution,

there are vectors θ ∈ Z|T |
+ , λ ∈ Z|T |

+ and γ ∈ Z|R|
+ , where either θ > 0, λ > 0, or γ > 0,

such that θ ·A + λ ·B + γ ·C = 0, while γ · d > 0. Take any such vectors and denote

θ = (θτ )τ∈T , λ = (λt)t∈T , and γ = (γr)r∈R. The above conditions can be rephrased as∑
r∈R

γjεxr +
∑
τ∈T

θττ +
∑
t∈T

λtt =
∑
r∈R

γrεyr and
∑
r∈R

γrp
r · (xr − yr) > 0,

respectively. For any x ∈ Y , let K(x) := {r ∈ R : x = xr}. That is, K(x) is the

set of all indices r ∈ R enumerating the elements of RY for which the corresponding

element xr is equal to x. Analogously, let L(y) := {r ∈ R : y = yr}. Define probability

distributions ν and µ, by

ν(x) :=

∑
k∈K(x) γk∑
r∈R γr

and µ(y) :=

∑
l∈L(y) γl∑
r∈R γr

.2

Therefore, probability ν(x) is equal to the sum of weights γr, r ∈ R, for which the

corresponding element xr is equal to x, divided by the sum of all γr. Analogously,

probability µ(y) is equal to the normalised sum of weights γr, r ∈ R, for which the

corresponding element yr is equal to y. Moreover, denote θ̂τ := θτ/
∑

r∈R γr and

λ̂t := λt/
∑

r∈R γr. The above conditions imply that

ν +
∑
τ∈T

θ̂ττ +
∑
t∈T

λ̂tt = µ and
∑
r∈R

γrp
r(xr − yr) > 0.

By Proposition 3.2, we have µ ⪰IS ν, while
∑

r∈R γrp
r(xr − yr) > 0. Construct a

sample {(xs, ys, ps)}s∈S of RY such that each element (xr, yr, pr) appears γr times, for

all r ∈ R. Observe that the distributions of xs and ys are equal to ν and µ respectively.

In addition, we have
∑

s∈S p
s ·(xs−ys) > 0. Since µ ⪰IS ν, this violates the increasing

supermodular dominance axiom. Therefore, we conclude that the axiom implies the

existence of some f ∈ R|Y | such that A · f ≥ 0, B · f ≥ 0, and C · f ≥ d.

In order to show that there is a solution in R|Y |
+ , note that by definition of matrices

A, B, and C, whenever vector f satisfies the above system of inequalities, then so

does f + a, where a is a vector in R|Y | with every entry equal to some constant.

Clearly, we can always find an a such that (f + a) ∈ R|Y |
+ .

2In our notation we assume that
∑

i∈∅ ai = 0.
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Propositions 3.3 and 3.4 imply that the supermodular (increasing supermodular)

dominance axiom is both a necessary and sufficient for the set of observations to be

rationalisable by a supermodular (increasing and supermodular) function f : Y → R+

over an arbitrary finite product lattice Y that contains X . In particular, whenever

we restrict our attention to product lattices, the result concerning the necessity and

sufficiency of the supermodular dominance axiom for rationalisation of the data set is

equivalent to Chambers and Echenique (2009, Proposition 2). This implies that the

set of observations satisfies our axiom if and only if it is cyclically supermodular (see

the above paper for a formal definition of this notion). In other words, we present

an alternative characterisation of profit-maximisation with production complemen-

tarities in terms of distributions defined over the observable inputs, rather than their

cycles. In addition, by introducing the increasing supermodular dominance axiom,

we provide a stricter requirement under which the set of observations is rationalisable

by an increasing and supermodular technology. Given Example 3.4, we know that

monotonicity of production with complementarities is testable.

3.3.3 Supermodular rationalisation on an arbitrary lattice

In the following section we discuss conditions under which the set of observations

can be rationalised over any sub-lattice of the Euclidean space. Before we state the

main theorem, we need to introduce some additional notation. Let X∗ denote the

smallest (by set inclusion) product lattice that contains X . In other words, we define

X∗ := ×ℓ
i=1Xi, where Xi := {y ∈ R : y = xi, where (xj)

ℓ
j=1 ∈ X} is the i’th projection

of set X . Consider the main theorem of this chapter.

Theorem 3.1. Set O is rationalisable over Rℓ
+ by a supermodular (increasing and

supermodular) function f : Rℓ
+ → R+ if and only if it obeys the supermodular (in-

creasing supermodular) dominance axiom over X∗.

The necessity part of the above theorem is directly implied by Proposition 3.3.

Therefore, in the remainder of the section we focus on the sufficiency of the axioms.

Let X∗
0 be the smallest (by set inclusion) product lattice containing X ∪{0}. In other

words, we define X∗
0 := ×ℓ

i=1(Xi ∪ {0}). Consider the following lemma.

Lemma 3.1. Suppose that O obeys the supermodular (increasing supermodular) dom-

inance axiom over X∗. Then it obeys the axiom over X∗
0 .



72 Chapter 3: Testing for production with complementarities

Proof. Take any sample {(xs, ys, ps)}s∈S of RX∗
0

such that the distribution of ys,

denoted by µ, dominates the distribution of xs, denoted by ν, with respect to the

stochastic supermodular (increasing supermodular) dominance order. Denote the

smallest (by set inclusion) product lattice containing supp(ν) by Yν . Similarly, let Yµ

denote the smallest product lattice containing supp(µ). Since xs ∈ X , for all s ∈ S,

it must be that supp(ν) ⊆ X∗. Moreover, if µ ⪰S ν then Yµ = Yν , while µ ⪰IS ν

implies that Yµ dominates Yν with respect to the strong set order. In either case it

must be that Yµ ⊆ X∗. Therefore, whenever O obeys the supermodular (increasing

supermodular) dominance axiom over X∗, it satisfies the axiom over X∗
0 .

Given Proposition 3.4, the above lemma implies that whenever the set of observa-

tions obeys the supermodular (increasing supermodular) dominance axiom over X∗,

there exists a supermodular (increasing and supermodular) function f : X∗
0 → R+,

which rationalises the data over X∗
0 . In the next lemma, we show that any such

function has a supermodular (increasing and supermodular) extension to Rℓ
+, which

rationalises O over Rℓ
+. Our argument is constructive. That is, we explicitly de-

fine the extension by applying a specific form of multi-linear interpolation between

the points of f(X∗
0 ). Before we prove the general result, we explain our method in

following example.

Example 3.5. Consider two observations (x1, p1) and (x2, p2), where x1 = (3, 1),

p1 = (2, 1), while x2 = (1, 2) and p2 = (1, 1). Hence, X = {(3, 1), (1, 2)}, while the

smallest product lattice containing X is X∗ = {(1, 1), (3, 1), (1, 2), (3, 2)}. Finally, set

X∗
0 is equal to X∗∪{(0, 0), (1, 0), (3, 0), (0, 1), (0, 2)}. In Figure 3.2 we plot the lattice

as well as an increasing and supermodular function f : X∗
0 → R that rationalises the

set of observations over X∗
0 . We claim that there is an extension of f to R2

+.

Take any point in R2
+, e.g., y = (y1, y2) depicted as in Figure 3.2. Note that the

point belongs to the convex hull of elements (1, 1), (3, 1), (1, 2), and (3, 2). Clearly,

it can be expressed as a linear combination of these points in the following way:

y = (y1, y2)

=
(
3 · 3−y1

3−1
+ 1 · y1−1

3−1
, 2 · 2−y2

2−1
+ 1 · y2−1

2−1

)
= 2−y2

2−1
·
[
3−y1
3−1

· (3, 2) + y1−1
3−1

· (1, 2)
]

+ y2−1
2−1

·
[
3−y1
3−1

· (3, 1) + y1−1
3−1

· (1, 1)
]

= 2−y2
2−1

· 3−y1
3−1︸ ︷︷ ︸

α1

·(3, 2) + 2−y2
2−1

· y1−1
3−1︸ ︷︷ ︸

α2

·(1, 2) + y2−1
2−1

· 3−y1
3−1︸ ︷︷ ︸

α3

·(3, 1) + y2−1
2−1

· y1−1
3−1︸ ︷︷ ︸

α4

·(1, 1).
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Figure 3.2: The figure depicts a production function rationalising the set of observa-
tions discussed in Example 3.5. The points in the corresponding lattice X∗ are rep-
resented by solid red dots, while the void red dots represent the elements of X∗

0\X∗.
The values of function f : X∗

0 → R are denoted in red next to the corresponding
points in X∗

0 . The grey solid line denotes the upper bound of co(X∗
0 ).

Given the above weights, we are able to define the value of function f at point y by

taking a linear combination of its values at points in X∗. That is,

f(y) = α1f(3, 2) + α2f(1, 2) + α3f(3, 1) + α4f(1, 1)

= α1 · 7 + α2 · 5 + α3 · 6 + α4 · 4.

Clearly, we can determine the value of the function in an analogous way for any point

y that belongs to co(X∗
0 ). Whenever a point is outside co(X∗

0 ) (e.g., y′ depicted in

Figure 3.2) its value is equal to the value of the “closest” point that belongs to co(X∗
0 ),

i.e., y′ ∧ x̄, where x̄ :=
∨

co(X∗
0 ) = (3, 2).

In the following lemma we show that the extension of function f : X∗
0 → R+ to

Rℓ
+, constructed in the way presented above, preserves all the desired properties.

Lemma 3.2. Let f : X∗
0 → R+ be a supermodular (increasing and supermodular)

function that rationalises O over X∗
0 . There exists a supermodular (increasing and

supermodular) extension of f to Rℓ
+ that rationalises set O over Rℓ

+.
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Proof. Let co(X∗
0 ) be the convex hull of X∗

0 . Denote I = {1, . . . , ℓ}, and let I be

the power set of I. Define X̊∗
0 := {x ∈ X∗

0 : x +
∑

i∈I ei ∈ X∗
0}. In other words, X̊∗

0

consists of all the elements in X∗
0 which are not contained in the upper bound of set.

For every x ∈ X̊∗
0 , define a hyperrectangle Hx := {y ∈ Rℓ

+ : x ≤ y ≤ x +
∑

i∈I ei},
as well as the set of its vertices Vx := {y ∈ X∗

0 : y = x +
∑

i∈J ei, for some J ∈ I}.

Observe that by definition, we have Hx = co(Vx) and X∗
0 =

∪
x∈X̊∗

0
Vx. Clearly, this

implies that

co(X∗
0 ) =

∪
x∈X̊∗

0

Hx =
∪

x∈X̊∗
0

co(Vx).

We denote the greatest element of co(X∗
0 ) by x̄.

Step 1: We propose a candidate function that extends f to Rℓ
+. First, define

correspondence g : co(X∗
0 ) ⇒ R in the following way. For any element x ∈ X̊∗

0 and y

in Hx, let g(y) :=
∑

J∈I α
x
J(y)f

(
x +

∑
i∈J ei

)
, where

αx
J(y) :=

∏
i∈I\J

yi − xi

∥ei∥
∏
i∈J

(
1 − yi − xi

∥ei∥

)
.3

and ∥·∥ is the Euclidean norm.4 Therefore, for any y ∈ Hx, the value of g(y) is a linear

combination of the values of function f evaluated at the vertices of the hyperrectangle

that contains y, i.e., points in f(Vx). Moreover, the weights assigned to each element

in f(Vx) are defined such that y =
∑

J∈I α
x
J(y)(x+

∑
i∈J ei). In other words, we have

(y, f(y)) =
∑
J∈I

αx
J(y)

(
x +

∑
i∈J

ei, f
(
x +

∑
i∈J

ei
))

.

Finally, by definition of αx
J(y), if y belongs to one of the sides (or edges, or is one of

the vertices) of Hx, the strictly positive weights are assigned only to these vertices

of the hyperrectangle that “span” that side (or that edge, or only that single vertex).

In particular, this implies that g is single-valued at any non-empty intersection of

hyperrectangles Hx. Since g is a linear function on the interior of each Hx, it is a

continuous function over co(X∗
0 ). Moreover, whenever f increases, so does g.

Define the extension of function f to Rℓ
+, f̄ : Rℓ

+ → R+, by f̄(y) := g(x̄ ∧ y).

Clearly, for any x ∈ X∗
0 , we have f̄(x) = g(x) = f(x). Hence, function f̄ is a well

3In our notation, we assume that
∑

i∈∅ ai = 0 and
∏

i∈∅ ai = 1,
4Therefore, for any i ∈ I, ∥ei∥ is simply the distance between vectors x and x + ei. More

precisely, it is the difference between the values of the i’th coordinate of the two vectors.
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defined extension. Moreover, as “∧” is a continuous operator and g is a continuous

function, f̄ is continuous. Finally, whenever f increases, so does f̄ .

Step 2: We show that function f̄ is supermodular. We begin by showing that

function g is supermodular over its domain. By Topkis (1978, Theorem 3.2), it

suffices to show that for any y′i > yi, y
′
j > yj, i ̸= j, we have

g(y′i, y
′
j, y−ij) − g(yi, y

′
j, y−ij) ≥ g(y′i, yj, y−ij) − g(yi, yj, y−ij). (3.2)

Since g is piece-wise linear, it is almost everywhere twice continuously differentiable.

By the Fundamental Theorem of Calculus the above condition is equivalent to∫ y′j

yj

∫ y′i

yi

∂2g

∂zi∂zj
(zi, zj, y−ij)dzidzj ≥ 0.

For any x ∈ X̊∗
0 , i ∈ I, and y = (yi, y−i) in the interior of Hx, we have

∂g

∂yi
(yi, y−i) =

∑
J∈I

∂αx
J

∂(yi)
(y)f

(
x +

∑
k∈J

ek

)
,

where for any J ∈ I,

∂αx
J

∂yi
(y) :=


1

∥ei∥
∏

k∈J\{i}

yk−xk

∥ek∥
∏

k∈I\J

(
1 − yk−xk

∥ek∥

)
if i ∈ J,

− 1
∥ei∥

∏
k∈J

yk−xk

∥ek∥
∏

k∈(I\J)\{i}

(
1 − yk−xk

∥ek∥

)
otherwise.

Since I is the power set of I, for any set J ∈ I that contains i, there exists a

corresponding set J ′ = J\{i}. Equivalently, (I\J ′)\{i} = I\J . Moreover, the above

argument implies that ∂αx
J/∂yi(y) = −∂αx

J ′/∂yi(y). Let Ii denote the collection of

all subsets J of I such that i ∈ J . Then,

∂g

∂yi
(y) =

∑
J∈Ii

∂αx
J

∂yi
(y)

[
f
(
x + ei +

∑
k∈J\{i}

ek

)
− f

(
x +

∑
k∈J\{i}

ek

)]
.

For any J ∈ Ii, denote

h(x, J) := f
(
x + ei +

∑
k∈J\{i}

ek

)
− f

(
x +

∑
k∈J\{i}

ek

)
.

Clearly, ∂2g/∂yi∂yj(y) =
∑

J∈Ii ∂
2αx

J/∂yi∂yj(y)h(x, J), where, for any J ∈ Ii,

∂2αx
J

∂yi∂yj
(y) :=


1

∥ei∥∥ej∥
∏

k∈J\{j}

yk−xk

∥ek∥
∏

k∈I\J

(
1 − yk−xk

∥ek∥

)
if j ∈ J,

− 1
∥ei∥∥ej∥

∏
k∈J

yk−xk

∥ek∥
∏

k∈(I\J)\{j}

(
1 − yk−xk

∥ek∥

)
otherwise.
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Analogously, for any set J ∈ Ii that contains j, there exists some J ′ = J\{j}, or

equivalently (I\J ′)\{j} = I\J . Moreover, ∂2αx
J/∂yi∂yj(y) = −∂2αx

J ′/∂yi∂yj(y). Let

Iij denote the collection of all subsets J of I such that {i, j} ⊆ J . Therefore,

∂2g

∂yi∂yj
(y) =

∑
J∈Iij

∂2αx
J

∂yi∂yj
(y)

[
h(x, J) − h(x, J\{j})

]
,

where ∂2αx
J/∂yi∂yj(y) ≥ 0. Moreover, for any J ∈ Iij, we have

hi(x, J) − hi(x, J\{j}) =
[
f(z + ei + ej) − f(z + ej)

]
−

[
f(z + ei) − f(z)

]
,

where z = x +
∑

k∈J\{j} ek. Since f is supermodular on X∗
0 , the above expression is

positive for all z ∈ X∗
0 such that z + ei + ej ∈ X∗

0 . Hence, at any y ∈ co(X∗
0 ) for

which g is twice-continuously differentiable, we have ∂2g/∂yi∂yj(y) ≥ 0. Therefore,

condition (3.2) is always satisfied, which implies that function g is supermodular.

To show that f̄ is also supermodular, take any y and z in Rℓ
+. By definition of

the function and supermodularity of g, we have

f̄(y) + f̄(z) = g(x̄ ∧ y) + g(x̄ ∧ z)

≤ g
(
(x̄ ∧ y) ∨ (x̄ ∧ z)

)
+ g

(
(x̄ ∧ y) ∧ (x̄ ∧ z)

)
= g

(
x̄ ∧ (y ∨ z)

)
+ g

(
x̄ ∧ (y ∧ z)

)
= f̄(y ∨ z) + f̄(y ∧ z).

Step 3: We show that function f̄ rationalises O over Rℓ
+. Take any (x, p) ∈ O and

y ∈ Rℓ
+. Since x̄ ∧ y ∈ co(X0), there exists some x′ ∈ X̊∗

0 such that x̄ ∧ y ∈ Hx′ . In

particular, there exist weights {αk}2
ℓ

k=1,
∑2ℓ

k=1 αk = 1, such that x̄ ∧ y =
∑2ℓ

k=1 αkz
k,

where zk ∈ Vx′ is a vertex of hyperrectangle Hx′ . By definition of function g, this

implies that g(x̄ ∧ y) =
∑2ℓ

k=1 αkf(zk). Finally, f rationalises O over X∗
0 . Hence, for

any such x′ and zk ∈ Vx′ , we have f(x) − p · x ≥ f(zk) − p · zk. Therefore,

f̄(x) − p · x = f(x) − p · x

=
∑2ℓ

k=1
αkf(x) − p ·

∑2ℓ

k=1
αkx

≥
∑2ℓ

k=1
αkf(zk) − p ·

∑2ℓ

k=1
αkz

k

= g(x̄ ∧ y) − p · (x̄ ∧ y)

≥ g(x̄ ∧ y) − p · y

= f̄(y) − p · y,
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where the first equality follows from the fact that f̄ is an extension of f , and x ∈
X∗ ⊆ X∗

0 . The proof is complete.

In some cases we might be interested in rationalising the set of observations by a

production function which is defined over a subset of Rℓ
+ (which might not necessarily

be finite). In particular, this might take place when some input factors can only be

acquired in integer amounts. The following corollary to Theorem 3.1 shows that the

axioms stated in Section 3.3.1 remain both necessary and sufficient for this form of

rationalisation.

Corollary 3.1. Let Y be any lattice such that X∗ ⊆ Y . Then, set O is rationalisable

over Y by a supermodular (increasing and supermodular) function f : Y → R if and

only if it obeys the supermodular (increasing supermodular) dominance axiom over

X∗. (Note that Y does not have to be a product lattice.)

The above result follows from the fact that, whenever there exists a function

rationalising O over Rℓ
+, the same function rationalises the set over any restricted do-

main. Moreover, both supermodularity and monotonicity are preserved over the new

domain. This implies that the supermodular (increasing supermodular) dominance

axiom is a necessary and sufficient condition for rationalising the data set over an

arbitrary sub-lattice of the Euclidean space.

Suppose that lattice Y is finite. The above observation implies that, whenever Y

contains X∗, in order to rationalise O over Y , it is sufficient for the set of observa-

tions to obey the supermodular (increasing supermodular) dominance axiom over X∗,

rather than Y . In other words, Corollary 3.1 provides a tighter condition than the

result discussed in Propositions 3.3 and 3.4, as it suffices for our axioms to be verified

over a smaller set. In particular, this also refers to Chambers and Echenique (2009,

Proposition 2), who require for the cyclical supermodularity condition to be satisfied

for any cycle in Y . Since their axiom is equivalent to supermodular dominance over

Y , it is enough to check either the cyclical supermodularity condition or the super-

modular dominance axiom for the elements of X∗ only. This plays an important role

for the applicability of our results to an empirical analysis. Clearly, whenever set Y

is much larger than X∗, the above observation allows us to substantially reduce the

complexity of the test.
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Even though our axioms provide an intuitive condition for rationalisability of the

set of observations, checking whether the requirement is satisfied by the data might

be cumbersome and hard to apply in an empirical analysis. Fortunately, there exists

a more convenient way of implementing the test. Consider the following proposition.

Proposition 3.5. Let Y ⊇ X be a finite product lattice. Set O obeys the supermodular

(increasing supermodular) dominance axiom over Y if and only if there is a sequence

(increasing sequence) of numbers {fx}x∈Y such that, for any x ∈ Y with x + ei + ej

in Y , i ̸= j, we have f(x+ei+ej) + fx ≥ f(x+ei) + f(x+ej), and (x, y, p) ∈ RY implies

fx − p · x ≥ fy − p · y.

The result states that the supermodular (increasing supermodular) dominance

axiom is equivalent to the existence of a solution to a certain system of linear in-

equalities. It is clear that any such solution constitutes a supermodular production

function that rationalises set O over Y .5 Therefore, Proposition 3.5 is simply a re-

formulation of Propositions 3.3 and 3.4. Note that the above result provides us with

a simple method of verifying if O is rationalisable over Rℓ
+. By Theorem 3.1, the set

of observations is rationalisable over the Euclidean space if and only if it obeys the

supermodular (increasing supermodular) dominance axiom over X∗. By Proposition

3.5, we can verify the condition by finding a solution to the corresponding system of

linear inequalities. As it is well known, such systems can be efficiently solved in a

finite number of steps, which we find crucial for the applicability of our result.

3.4 Related results and alternative applications

In the previous sections we were concentrating on the necessary and sufficient condi-

tions under which the set of observations can be rationalised by either a supermodular

or an increasing and supermodular production function. Clearly, the axioms we dis-

cussed are at the same time sufficient for rationalising O by any production function.

However, as we were focusing on a specific type of technology, our conditions are not

5Obviously, we can define f : Y → R, by f(x) := fx. Given this, for any x ∈ Y with x+ ei and
x+ej in Y , i ̸= j, we have f(x+ei+ej)+f(x) ≥ f(x+ei)+f(x+ej), which implies supermodularity
of the function. Finally, as (x, y, p) ∈ RY implies f(x)− p · x ≥ f(y)− p · y, function f rationalises
O over Y .
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necessary in this more general case. In the following section we show how our results

relate to those in the existing literature.

In the second part of the section we discuss the way in which Theorem 3.1 corre-

sponds to the testable restrictions for the quasilinear utility-maximisation hypothesis.

In particular, we focus on how our results can be applied to the analysis performed

by Brown and Calsamiglia (2007) or Sákovics (2013).

3.4.1 Cyclical monotonicity and supermodular dominance

The necessary and sufficient conditions for rationalisation of input-price data by an

arbitrary technology can be obtained directly by the application of Rockafellar (1970,

Theorem 24.8). Various versions of the argument can be found, e.g., in Brown and

Calsamiglia (2007), Chambers and Echenique (2009), or Sákovics (2013). In order to

make our thesis self-contained, we present the result below.

Proposition 3.6. The following statements are equivalent.

(i) Set O is rationalisable by a function f : Rℓ
+ → R+ over Rℓ

+.

(ii) The set of observations is cyclically monotone. That is, for any finite sequence

{(xn, pn)}mn=1 in O, we have

p1 · (x1 − x2) + p2 · (x2 − x3) + . . . + pm−1 · (xm−1 − xm) + pm · (xm − x1) ≤ 0.

(iii) Set O is rationalisable over Rℓ
+ by an increasing, concave function f : Rℓ

+ → R+.

In order to understand how the above condition is related to the supermodular (in-

creasing supermodular) dominance axiom, take any sample {(xs, ys, ps)}s∈S of RX∗ ,

where X∗ is the smallest (by set inclusion) product lattice containing X . As previ-

ously, let distributions ν and µ ∈ ∆X∗ be defined by ν(z) := 1
|S| |{s ∈ S : z = xs}| and

µ(z) := 1
|S| |{s ∈ S : z = ys}|. We claim that set O is cyclically monotone if and only if

for any sample {(xs, ys, ps)}s∈S of RX∗ such that µ = ν, we have
∑

s∈S p
s(xs−ys) ≤ 0

(denote the latter condition by ∗).

To see that cyclical monotonicity implies (∗), take any {(xs, ys, ps)}s∈S such that

µ = ν. In particular, for all s ∈ S, we have ys ∈ X , or equivalently, (ys, p) ∈ O, for

some p. Clearly, it is possible to construct a sequence {(xn, pn)}mn=1 of length m = |S|
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such that (x1, x2, p1), (x2, x3, p2), . . ., (xm, x1, pm) belong to RX∗ .6 Moreover, by

cyclical monotonicity, we have

p1 · (x1 − x2) + p2 · (x2 − x3) + · · · + pm(xm − x1) =
∑
s∈S

ps(xs − ys) ≤ 0

In order to show that the opposite implication also holds, take any finite se-

quence {(xn, pn)}mn=1 in O. Observe that any such sequence generates a sample

{(xn, yn, pn)}mn=1, where yn = xn+1 for n = 1, . . . ,m − 1, and ym = x1. Clearly

the corresponding distributions µ and ν are equal. Moreover, condition (∗) implies

that
∑m

n=1 p
n · (xn − yn) ≤ 0.

Given the above characterisation, it is straightforward to show that the super-

modular (increasing supermodular) dominance axiom imposes a stronger condition

on the set of observations than cyclical monotonicity. Namely, as any two equivalent

distributions are at the same time ordered with respect to ⪰S (⪰IS), in order to verify

whether the set of observations obeys the supermodular (increasing supermodular)

dominance axiom we need to check the condition stated in the definition of the axiom

for a larger class of samples. That is, not only the samples for which the corresponding

distributions are equivalent, but also those for which they are ordered with respect

to ⪰S (⪰IS).

3.4.2 Supermodularity and quasilinear rationalisation

The results obtained in the previous sections can be easily reinterpreted as a consumer

optimisation problem with quasilinear utility function. Suppose that the consumer’s

preference can be represented by function v : Rℓ
+ × R+ → R, defined by

v(x,m) := u(x) + m,

where u : Rℓ
+ → R is a utility function defined over ℓ consumption goods, while

m denotes the value of the numeraire. Given some initial wealth w, the consumer

optimisation problem is

max
(x,m)

v(x,m), s.t. p · x + m ≤ w.

6The sequence can be constructed as follows. Take any element (x, y, p) from {(xs, ys, ps)}s∈S ,
and denote it (x1, x2, p1). Given that µ = ν, there exists a triple (x′, y′, p′) in the sample such that
x′ = x2. Denote (x2, x3, p2) := (x′, y′, p′). Analogously, we can find some (x′′, y′′, p′′) such that
x′′ = x3, and so on. Since the sample is finite, eventually we reach the final element (xm, x1, pm).
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Clearly, as function v strictly increases with respect to m, the budget constraint is

binding at every solution to the above problem. Therefore, without loss of generality,

the inequality in the constraint can be replaced with equality.

Suppose that the set of observations is given by {(pk, xk,mk)}k∈K , where pk and xk

denote the price and the demand for the consumption goods, while mk is the chosen

level of the numeraire. The set of observations is rationalisable by a quasilinear

utility function if there is a function u : Rℓ
+ → R such that for any k ∈ K, we have

u(xk) + mk ≥ u(y) + n, for all y ∈ Rℓ
+ and n ≥ 0 such that pk · xk + mk = pk · y + n.

Equivalently, the set is rationalisable in the above sense whenever

u(xk) − pk · xk ≥ u(y) − pk · y,

for all y ∈ Rℓ
+ such that pk ·xk+mk ≥ pk ·y. The above objective function very closely

resembles the profit function discussed in Section 3.3. In particular, under some

additional assumptions, Theorem 3.1 can be applied directly to the above context.

Given the observation set {(pk, xk,mk)}k∈K , denote the reduced set of observa-

tions by O := {(xk, pk)}k∈K , and let X be the set of observable demands {xk}k∈K .

Moreover, let X∗ be the smallest (by set inclusion) product lattice containing X ,

while

RX∗ := {(x, y, p) : (x, p) ∈ O and y ∈ X∗}.

Suppose that the set of observations {(pk, xk,mk)}k∈K is such that for all k ∈ K,

we have pk · xk + mk ≥ pk · xl, for all l ∈ K. Clearly, by applying Proposition 3.6,

the data set is rationalisable by a quasilinear utility function if and only if it obeys

cyclical monotonicity. Moreover, without loss of generality we may assume that the

function is concave and increasing.

In a similar manner we can apply Theorem 3.1 in order to determine the nec-

essary and sufficient conditions for the set of observations to be rationalisable by a

supermodular (increasing and supermodular) quasilinear utility function.

Proposition 3.7. Suppose that the set of observations {(pk, xk,mk)}k∈K is such that

for all k ∈ K, we have pk ·xk+mk ≥ pk ·y, for all y ∈ X∗. Then, it is rationalisable by

a supermodular (increasing and supermodular) quasilinear utility function if and only

if set O obeys the supermodular (increasing supermodular) dominance axiom over X∗.



82 Chapter 3: Testing for production with complementarities

Proof. First, we show (⇒). Take any supermodular (increasing and supermodular)

function u : Rℓ
+ → R and any sample {(xs, ys, ps)}s∈S of RX∗ . Since for all k ∈ K, we

have pk ·xk +mk ≥ pk ·y, for all y ∈ X∗, it must be that u(xs)−ps ·xs ≥ u(ys)−ps ·ys,
for all s ∈ S. Define distributions ν and µ over X∗ as in the definition of the axiom.

Whenever µ ⪰s ν (µ ⪰IS ν), then 0 ≥
∑

s∈S u(xs)−
∑

s∈S u(ys) ≥
∑

s∈S p
s · (xs− ys).

In order to show (⇐), note that by Theorem 3.1, whenever set O obeys the

supermodular (increasing supermodular) dominance axiom over X∗, there exists a

supermodular (increasing supermodular) function u : Rℓ
+ → R such that, for any

(x, p) ∈ O, we have u(x) − p · x ≥ u(y) − p · y, for all y ∈ Rℓ
+. In particular, the

condition holds for any triple (xk, pk,mk) in the set of observations and any y ∈ Rℓ
+

such that pk · xk + mk ≥ pk · y.

The assumption stated at the beginning of the proposition is crucial for the re-

sult to hold. Namely it requires that every element in set X∗ is affordable for the

agent at every observation. Equivalently, it implies that the value of the numeraire

is high enough for the budget constraint to be neglected while rationalising the set

of observations. This allows us to treat the consumer optimisation problem in the

exact same way as profit-maximisation discussed in Section 3.3. Once the additional

assumption is dropped, the supermodular (increasing supermodular) dominance ax-

iom remains sufficient for the corresponding form of rationalisation, but is no longer

necessary. This is due to the fact that, for any observation (xk, pk,mk), condition

u(xk) − pk · xk ≥ u(y) − pk · y has to be satisfied only for those y ∈ X∗, for which

pk · xk + mk ≥ pk · y.

3.5 Concluding remarks

In this chapter, we focused on the testable restrictions for profit-maximisation with

production complementarities. Assuming that we observe only a finite number of

demands for input factors and their prices, in the main theorem of this part of the

thesis we determine a necessary and sufficient condition under which the data set can

be rationalised by a supermodular production function. Our axiomatic characterisa-

tion of firms’ behaviour as well as the easy-to-apply method of verifying the condition

provide the foundation for an empirical analysis of “modern manufacturing”. Given
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the importance of the notion of complementarity and its mathematical formalisation

for the economic analysis, we consider the our result to be an important step towards

verifying or refuting the hypothesis on empirical grounds.
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Appendix A

Auxiliary results

In the following chapter we present the auxiliary results that play an important role

in our arguments supporting the main claims discussed in the thesis.

We begin by introducing two lemmas employed in the proof of Theorem 1.1 in

Chapter 1. In particular, we determine some properties of optimal choices of sophis-

ticated consumers with time-dependent preferences. The notation used in the first

two lemmas corresponds to the one presented in Chapter 1.

Lemma A.1. Take any t ∈ T , p̂t ∈ P̂t, and x̂i
t, ŷ

i
t ∈ X̂t such that, for all s ≥ t, we

have ps · yis = ps · xi
s. Then, F

i
t (p̂t, ŷ

i
t) = F i

t (p̂t, x̂
i
t) and V i

t (p̂t, ŷ
i
t) = V i

t (p̂t, x̂
i
t).

Proof. Take any t ∈ T and any two consumption paths x̂i
t, ŷ

i
t ∈ X̂t such that, for all

s ≥ t, we have ps · yis = ps · xi
s. By definition,

F i
t (p̂t, ŷ

i
t) :=

{
(zit, ẑ

i
t+1) ∈ Bt(p̂t, ŷ

i
t) : ẑit+1 ∈ V i

t+1(p̂t+1, ẑ
i
t+1)

}
.

Clearly, by the initial assumption, we have Bt(p̂t, ŷ
i
t) = Bt(p̂t, x̂

i
t), which by the above

definition implies that F i
t (p̂t, ŷ

i
t) = F i

t (p̂t, x̂
i
t). Since V i

t (p̂t, ŷ
i
t) and V i

t (p̂t, x̂
i
t) contain

the ⪰i
t-greatest elements of F i

t (p̂t, ŷ
i
t) and F i

t (p̂t, x̂
i
t) respectively, they are equal.

Lemma A.2. Let x̂i
t ∈ V i

t (p̂t, x̂
i
t). Then, for any ŷit ∈ X̂t such that, for all s ≥ t,

ŷis ∼i
s x̂

i
s and ps · yis = ps · xi

s, we have yit ∈ V i
t (p̂t, x̂

i
t).

Proof. We prove the result by induction. We begin by constructing the base step.

Consider the final period t = T , and let xi
T ∈ V i

T (pT , x
i
T ). Take any yiT ∈ XT such that

yiT ∼i
T xi

T and pT · yiT = pT · xi
T . Clearly, bundle yiT belongs to BT (pT , x

i
T ). Moreover,

since yiT ∼i
T xi

T , it must be that yiT ∈ V i
T (pT , x

i
T ).
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Next, take any t ∈ T and x̂i
t ∈ V i

t (p̂t, x̂
i
t). Let a consumption path ŷit ∈ X̂t be

such that, for all s ≥ t, we have ŷis ∼i
s x̂

i
s and ps · yis = ps · xi

s. In order to construct

the inductive step, suppose that ŷit+1 ∈ V i
t (p̂t+1, x̂

i
t+1). By Lemma A.1, we know

that sets V i
t+1(p̂t+1, ŷ

i
t+1) and V i

t+1(p̂t+1, x̂
i
t+1) are equal. Therefore, it must be that

ŷit+1 ∈ V i
t+1(p̂t+1, ŷ

i
t+1). Moreover, by definition we have

F i
t (p̂t, x̂

i
t) :=

{
(zit, ẑ

i
t+1) ∈ Bt(p̂t, x̂

i
t) : ẑit+1 ∈ V i

t+1(p̂t+1, ẑ
i
t+1)

}
.

Clearly, ŷit ∈ Bt(p̂t, x̂
i
t). Since ŷit+1 ∈ V i

t+1(p̂t+1, ŷ
i
t+1), we have that ŷit ∈ F i

t (p̂t, x̂
i
t).

Hence, it must be that ŷit ∈ V i
t (p̂t, x̂

i
t), which completes the proof.

Next, we concentrate on two distinct variations of the well-known Farkas’ Lemma.

First, we state the so-called Motzkin’s Rational Transposition, to which we refer in

the arguments supporting the results presented in Chapter 2.

Theorem A.1 (Motzkin’s Rational Transposition). Let A be an k×n rational matrix,

B be an l×n rational matrix, and C be an m×n rational matrix. Exactly one of the

following alternatives is true.

(i) There exists x ∈ Rn such that A · x ≫ 0, B · x ≥ 0, and C · x = 0.

(ii) There exist θ ∈ Zk, λ ∈ Zl, and π ∈ Zm such that θ · A + λ · B + π · C = 0,

where θ > 0 and λ ≥ 0.

The proof of the above theorem can be found in Stoer and Witzgall (1970). Our

next result is a specific version of Farkas’ Lemma, which plays a substantial role in

the proof of Proposition 3.4 and Theorem 3.1 stated in Chapter 3.

Theorem A.2 (Farkas’ Lemma). Let A be a m× n rational matrix and let b ∈ Rm.

Exactly one of the following alternatives is true.

(i) There exists x ∈ Rn such that A · x ≥ b.

(ii) There exists λ ∈ Qm, where λ > 0, such that λ · A = 0 and λ · b > 0.

The above result is a special case of the rational version of Farkas’ Lemma. How-

ever, in the above theorem we allow for vector b to be an element of Rm rather than

Qm. This variation on the original result is significant for the main argument of Chap-

ter 3. Clearly, without loss of generality, we can substitute Qm with Zm. We prove

the result using Fourier-Motzkin’s Elimination Theorem. In order to make our thesis
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self-contained, we present a modified version of the theorem below. The original proof

can be found in Fourier (1826) or Motzkin (1951).

Lemma A.3 (Fourier-Motzkin’s Elimination). Define P := {x ∈ Rn : A · x ≥ b},
where A is a m×n rational matrix and b ∈ Rm, and let π : Rn → Rn−1 be a projection

defined by π(x1, x2, . . . , xn) := (x2, . . . , xn). There exists a positive rational matrix Λ

such that

π(P ) = {(x2, . . . , xn) ∈ Rn−1 : Λ · A · (x1, x2, . . . , xn) ≥ Λ · b, for all x1 ∈ R}.

Proof. Denote the entries of matrix A by aij. By definition, set P consists of all the

elements x in Rn that satisfy

ai1x1 + ai2x2 + · · · + ainxn ≥ bi, for all i = 1, . . . ,m.

Define sets G := {i : ai1 > 0}, Z := {i : ai1 = 0}, and L := {i : ai1 < 0}, and

reformulate every inequality k ∈ G such that

x1 ≥ − ak2
|ak1|

x2 − · · · − akn
|ak1|

xn −
bk

|ak1|
.

Moreover, reformulate any inequality in l ∈ L so that

x1 ≤
al2
|al1|

x2 + · · · +
aln
|al1|

xn +
bl

|al1|
,

The above reformulation allows us to reduce |G| + |L| inequalities corresponding to

the indices in sets G and L to just two inequalities defined by

min
l∈L

{
al2
|al1|

x2 + · · · +
aln
|al1|

xn +
bl

|al1|

}
≥ x1 ≥ max

k∈G

{
− ak2
|ak1|

x2 − · · · − akn
|ak1|

xn −
bk

|ak1|

}
.

Observe that vector (x2, . . . , xn) belongs to projection π(P ) if and only if there

exists some real number x1 such that (x1, x2, . . . , xn) ∈ P . This implies that vector

(x2, . . . , xn) has to satisfy all the inequalities in Z as well as

min
l∈L

{
al2
|al1|

x2 + · · · +
aln
|al1|

xn +
bl

|al1|

}
≥ max

k∈G

{
− ak2
|ak1|

x2 − · · · − akn
|ak1|

xn −
bk

|ak1|

}
.

Moreover, vector (x2, . . . , xn) satisfies the above inequality if and only if it satisfies

|G||L| inequalities such that for any k ∈ G and l ∈ L, we have

al2
|al1|

x2 + · · · +
aln
|al1|

xn +
bl

|al1|
≥ − ak2

|ak1|
x2 − · · · − akn

|ak1|
xn −

bk
|ak1|
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or equivalently(
ak2
|ak1|

+
al2
|al1|

)
x2 + · · · +

(
akn
|ak1|

+
aln
|al1|

)
xn ≥

(
bk

|ak1|
+

bl
|al1|

)
.

Define a |G||L| + |Z| by m matrix Λ as follows. For each of the first |G||L| rows,

take the corresponding indices k ∈ G and l ∈ L. Let the k’th entry of that row be

equal to 1/|ak1|, the l’th entry be equal to 1/|al1|, and all the remaining entries be

equal to zero. Finally, in each of the |Z| remaining rows, let the entry corresponding

to element z ∈ Z be equal to 1, and all the remaining entries be equal to zero.

Clearly, Λ is positive. In addition, since A is rational, so is Λ. In order to conclude

the proof, note that, by construction, vector (x2, . . . , xn) solves the above system of

inequalities if and only if (Λ · A) · (x1, x2, . . . , xn) ≥ (Λ · b), for all x1 ∈ R. Hence,

(x2, . . . , xn) ∈ π(P ) if and only if (Λ ·A) · (x1, x2, . . . , xn) ≥ (Λ ·b), for any x1 ∈ R.

We proceed with the proof of Theorem A.2.

Proof of Theorem A.2. We begin by showing (i). Suppose that there is no λ ∈ Qm,

λ > 0, such that λ · A = 0 and λ · b > 0. Define set P := {x ∈ Rn : A · x ≥ b},

where A and b are specified as in the thesis of the theorem. Hence, A · x ≥ b, for

some x ∈ Rn if and only if x ∈ P . Let πℓ : Rℓ → Rℓ−1 be a projection defined by

πℓ(x1, x2, . . . , xℓ) = (x2, . . . , xℓ), for some ℓ > 1. Clearly, set P is non-empty if and

only if set π2 ◦ π3 ◦ · · · ◦ πn(P ) ⊆ R is non-empty.

By Lemma A.3, there is a sequence of positive rational matrices {Λi}ni=2 such that

π2 ◦ π3 ◦ · · · ◦ πn(P ) ={
xn ∈ R : (Λ2 · · ·Λn · A) · (x1, . . . , xn) ≥ (Λ2 · · ·Λn · b),

for all (x1, . . . , xn−1) ∈ Rn−1
}
.

Denote C := (Λ2 · · ·Λn ·A) and d = (Λ2 · · ·Λn · b). Clearly, matrix C has n columns.

Denote the number of rows of the matrix and the dimension of vector d by r. Note

that matrix C is rational, with non-zero entries appearing only in the n’th column.

We shall denote the entries of the matrix by cij, and the entries of vector d by di,

where i = 1, . . . , r and j = 1, . . . , n.

Define sets G := {i : cin > 0}, Z := {i : cin = 0}, and L := {i : cin < 0}. Observe

that, for any i ∈ Z, it must be that di ≤ 0. Otherwise, there would exist a row of
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matrix (Λ2 · · ·Λn), denoted by λ, such that λ ·A = 0 and λ · b > 0. Since λ is positive

and rational, this would lead to a contradiction.

Set π2 ◦π3 ◦ · · · ◦πn(P ) is non-empty if and only if minl∈L dl/cln ≥ maxk∈G dk/ckn.

Suppose that minl∈L dl/cln < maxk∈G dk/ckn. Take any l ∈ L and k ∈ K such that

dl/cln < dk/ckn and construct a vector γ ∈ Qr with the l’th and k’th entry equal

to 1/|cln| and 1/|ckn| respectively, while every other entry is equal to zero. Clearly,

λ := γ · Λ2 · · ·Λn ∈ Qm is a positive vector. Moreover, by definition, λ · A = 0 while

λ · b > 0. Contradiction. Therefore, whenever there is no λ ∈ Qm, λ > 0, such that

λ · A = 0 and λ · b > 0, there exists some x ∈ Rn
+ such that A · x ≥ b.

In order to prove the second part of the result, suppose that there is some λ ∈ Qm,

λ > 0, such that λ · A = 0 and λ · b > 0. Whenever there exists some x ∈ Rn such

that A · x ≥ b, we have (λ · b) > (λ ·A) · x ≥ (λ · b), which yields a contradiction.
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Appendix B

Proofs

In the following section we present proofs of the results stated in Chapter 2 that were

not included in the main body of the thesis.

B.1 Proof of Proposition 2.1

In this section we concentrate on the argument supporting Proposition 2.1. Since

the necessity of cyclical consistency for rationalisation of the set of observations was

already discussed in the main body of the thesis, we concentrate on the sufficiency

part of the proposition. We present the argument via three lemmas that follow. In

the first result we show that cyclical consistency axiom implies the existence of a

consistent, mixed-monotone pre-order on O.

Lemma B.1. Whenever the set of observations O is cyclically consistent, it admits

a consistent, mixed-monotone pre-order R over A.

Proof. First, we define an equivalence relation on A. We will say that elements x

and y are related to each other whenever x I∗y. Denote a typical equivalence class by

[x]. We prove our claim by induction on the number of equivalence classes. If there

is a single equivalence class of A, then let xRy for any two elements in A, which

is consistent with the revealed preference relation and mixed-monotone. Otherwise,

there would be some x, y in A such that xR∗y, y R∗x, and x >X y, which would

violate cyclical consistency.

Suppose that the claim holds for L equivalence classes of A. We will show that

it also holds for L + 1 classes. Define a relation ⪰ over the equivalence classes in the

following way. We say that [x]′ ⪰ [x] whenever there exists some x′ ∈ [x]′, x ∈ [x],
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and a sequence {xi}ni=1 in X such that: (i) xi+1R∗xi or xi+1 ≥X xi, (ii) x′R∗x1

or x′ ≥X x1, and (iii) xnR∗x or xn ≥X x. Clearly, the relation is transitive. In

order to show that it is anti-symmetric, assume the opposite, i.e., that there exist

two distinct equivalence classes [x]′ and [x] such that [x]′ ⪰ [x] and [x] ⪰ [x]′. The

first relation implies that there exist some x′ ∈ [x]′, x ∈ [x], and a sequence {xi}ni=1

satisfying conditions (i), (ii), and (iii). The second relation implies that there exist

some y ∈ [x], y′ ∈ [x]′, and a sequence {yi}mi=1 satisfying conditions (i), (ii), and (iii).

Hence, there exists a sequence {zi}ki=1 in A such that every subsequent element of

the sequence dominates the preceding one with respect to R∗ or ≥X , and z1 ≥X zk.

If the elements are ordered only with respect to R∗, then it must be [x]′ = [x]. This

yields a contradiction, since by assumption the two equivalence classes are distinct.

Otherwise, we have z1 >X zk, which violates cyclical consistency.

Given the above argument, it follows that there exists an equivalence class [x] such

that there is no other equivalence class [x] with [x] ⪰ [x]. Moreover, the exclusion

of the equivalence class from A does not affect the relations between the remaining

equivalence classes. Construct the new set of observations O′ in the following way.

Whenever (A, x) ∈ O and x ∈ [x], we have (A, x) ̸∈ O′. For any (A, x) ∈ O such

that x ̸∈ [x], define set A′ := {x ∈ A : x ̸∈ [x]}, and let (A′, x) ∈ O′. Note that

the set of observable choices corresponding to O′ is A′ = A\[x]. Since A′ has only

K equivalence classes, by the induction hypothesis we conclude that there exists a

mixed-monotone pre-order R on A′ consistent with the revealed relations generated

by O′. We can extend the pre-order to the whole set A by letting x′P x for all x′ ∈ A′

and x ∈ [x], and x′I x, for x′, x ∈ [x].

In the following lemma we show that whenever the set of observation admits a

mixed-monotone pre-order over A, there exists a solution to a certain system of linear

inequalities. Recall that Ā := M×T .

Lemma B.2. Let O admit a consistent, mixed-monotone pre-order R on A. There

are numbers {vtm}(m,t)∈Ā such that for any (m, t), (n, s) ∈ Ā, (i) if (m, t) >X (n, s)

or (m, t)P (n, s) then vtm > vsn, and (ii) (m, t)I (n, s) implies vtm = vsn.

Proof. Since O admits a mixed-monotone pre-order R consistent with the revealed

relations, for any two elements x, y in A, we have either xP y or xI y. First, we
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determine numbers {vtm}(m,t)∈A in a recursive manner. Take any (n, s) ∈ A such that

for all (m, t) ∈ A we have (m, t)R (n, s). Clearly, such element exists. Assign any

strictly positive value to vsn and define X1 := {(n, s)} as well as V1 := {vsn, 0}.

For any j ≥ 1, assume that Xj ⊆ A is non-empty, and for all (m, t) ∈ A\Xj,

we have (m, t)R (n, s), for any (n, s) ∈ Xj. Moreover, assume that set Vj is a finite

set of strictly positive real numbers and 0. Take any (n, s) ∈ A\Xj such that for

all (m, t) ∈ A\Xj, we have (m, t)R (n, s). If there exists a (m, t) ∈ Xj such that

(n, s)I (m, t), let vsn = maxVj. Otherwise, set vsn to be any number strictly greater

than maxVj. Denote Xj+1 := Xj ∪ {(n, s)} and Vj+1 := Vj ∪ {vsn}. The algorithm

terminates whenever A = Xj. In this case, denote V := Vj. By construction, for any

(m, t), (n, s) ∈ A, if (m, t)P (n, s) then vtm > vsn, and (m, t)I (n, s) implies vtm = vsn.

In order to complete the proof, we need to determine the values of the remain-

ing elements of {vtm}(m,t)∈Ā. If (m, t) belongs to A, let vtm take the value assigned

previously. Otherwise, let vtm be any number strictly greater than maxV . We de-

termine the remaining numbers in the following way. If (m, t) ∈ A, then vtm takes

the value as determined above. Otherwise, define m+ := min{n ∈ M : n > m} and

t− := max{s ∈ T : s < t}.1 Set vtm = v, where v is any number satisfying

min
{
vtm+ , vt

−

m

}
> v > max

{
v′ ∈ V : min

{
vtm+ , vt

−

m

}
> v′

}
.

Finally, we show that, for any (m, t), both vtm < vtm+ and vtm < vt
−
m . If (m, t) does

not belong to A, the claim holds by construction. Therefore, it suffices to consider the

case when (m, t) ∈ A. We prove the claim by contradiction. Suppose that vtm ≥ vtm+

or vtm ≥ vt
−
m . This would imply, that there exists some n ≥ m and s ≤ t such

that (n, s) ∈ A and vsn ≤ vtm. By construction of {vtm}(m,t)∈A, this would mean that

(m, t)R (n, s). However, unless (m, t) = (n, s), we have (n, s) >X (m, t). Since R is

mixed-monotone, this yields a contradiction.

Clearly, any sequence that satisfies the properties discussed in the previous lemma

automatically determines a utility function defined over Ā that rationalises the set of

observations. In the following lemma we show how to extend the function to X.

1That is, m+ is the immediate successor of m, while t− is the immediate predecessor of t (with
respect to the increasing order on M and T respectively).
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Lemma B.3. Set O is rational if there exists a sequence of numbers {vtm}(m,t)∈Ā

such that, for any (m, t), (n, s) ∈ Ā, whenever (m, t) >X (n, s) then vtm > vsn, and

(m, t) R∗(n, s) implies vtm ≥ vsn.

Proof. Whenever m ̸= 0, construct a decreasing sequence {vt0}t∈T such that, for all

t ∈ T , we have vt0 < vtm. Similarly, whenever t ̸= 0, let {v0m}m∈M be a decreasing

sequence with v0m > vtm, for all m ∈ M. If both m ̸= 0 and t ̸= 0, let v00 be such that

vt0 < v00 < v0m. Finally, denote M0 := M∪ {0} and T0 := T ∪ {0}.

For any m ∈ M0\{m}, define m+ := min{n ∈ M : n > m}. Similarly, for

any t ∈ T0\
{
t
}

, let t+ := min{s ∈ T : s > t}. We begin by defining function

w :
[
0,m

]
×

[
0, t

]
→ R. For any m ∈ M0\{m} and t ∈ T0\

{
t
}

, take any (n, s) in

[m,m+] × [t, t+] and let

w(n, s) := n−m
m+−m

· s−t
t+−t

· vtm +
(
1 − n−m

m+−m

)
· s−t
t+−t

· vtm+

+ n−m
m+−m

·
(
1 − s−t

t+−t

)
· vt+m +

(
1 − n−m

m+−m

)
·
(
1 − s−t

t+−t

)
· vtm+ .

Clearly, the function is defined by a bi-linear combination of the elements that belong

to the sequence {vtm}M0×T0 . In particular, the function is continuous and monotone

with respect to ≥X .

Let w̄ : R+×R+ → R be an extension of function w to R+×R+, defined as follows.

For any (n, s) ∈
[
0,m

]
×

[
0, t

]
, let w̄(n, s) := w(n, s). Let {λt}t∈T0 be any strictly

increasing sequence of strictly positive real numbers, while {µm}m∈M0 denotes any

strictly decreasing sequence of strictly negative real numbers. For any t ∈ T0\
{
t
}

,

and any s ∈ [t, t+], n ≥ m, define

w̄(n, s) := s−t
t+−t

·
(
vtm + λt(n−m)

)
+
(
1 − s−t

t+−t

)
·
(
vt

+

m + λt+(n−m)
)
.

Analogously, for any m ∈ M0\{m}, and any n ∈ [m,m+], t ≥ t, define

w̄(n, s) := n−m
m+−m

·
(
vtm + µm(s− t)

)
+
(
1 − n−m

m+−m

)
·
(
vtm+ + µm+(s− t)

)
.

Finally, for any n ≥ m and s ≥ t, let w̄(n, s) := vtm + λt(n−m) + µm(s− t). Clearly,

the above function is continuous and strictly increasing with respect to the partial

order ≥X . Moreover, for any (m, t) ∈ Ā, we have w̄ = vtm. In particular, whenever

xR∗y then w̄(x) ≥ w̄(y). In order to complete the proof, let v : R+ × N → R be

defined by v(m, t) := w̄(m, t), for any point (m, t) in its domain. Obviously, function
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v is mixed-monotone and for any (m, t) ∈ Ā, we have v(m, t) = vtm. Hence, xR∗y

implies v(x) ≥ v(y). The proof is complete.

Note that Lemmas B.1, B.2, and B.3 imply that whenever a set of observations

is cyclically consistent it is possible to construct a mixed-monotone utility function

v : X → R that rationalises O. Hence, cyclical consistency is a sufficient condition

for this form of rationalisation. Moreover, note that Lemma B.2 allows to verify the

cyclical consistency axiom by finding a solution to a system of linear inequalities.

This plays an important role for the applicability of our result.

B.2 Proof of Theorem 2.1

In this section we prove the sufficiency part of Theorem 2.1. That is, we show that

the dominance axiom is a sufficient condition for the set of observations to be ratio-

nalisable by a discounted utility function. We start with the following lemma.

Lemma B.4. Whenever O obeys the dominance axiom there is a strictly increasing

sequence {ϕm}m∈M and a strictly decreasing sequence {φt}t∈T of real numbers such

that (m, t)R∗(n, s) implies ϕm + φt ≥ ϕn + φs.

Proof. Enumerate the elements of R∗ so that it is equal to {(xj, yj)}j∈J , where we

denote xj = (mj, tj) and yj = (nj, sj). Let µm ∈ {0, 1}|M|, m ∈ M, be a vector

equal to 1 at the coordinate corresponding to m and 0 elsewhere. Analogously define

τt ∈ {0, 1}|T |, t ∈ T .

Let I be a |M| + |T | by |M| + |T | identity matrix. Moreover, let B denote a

|J | times |M| + |T | matrix such that, for any j ∈ J , the j’th row of the matrix is

equal to
(∑

k≤mj µk −
∑

k≤nj µk,
∑

k≥tj τk −
∑

k≥sj τk
)
. We claim that if O obeys the

dominance axiom, there are vectors ξ ∈ R|M| and ϑ ∈ R|T | such that I · (ξ, ϑ) ≫ 0

and B · (ξ, ϑ) ≥ 0.

Suppose that O obeys the axiom, but there are no such vectors. By Theorem A.1

(see Appendix A), there are some θ ∈ Z|M|+|T | and λ ∈ Z|J | such that θ·I+λ·B = 0 (⋆),

with θ > 0 and λ ≥ 0. Take any such θ and λ, and let λ = (λj)j∈J .

For all j ∈ J , take λj copies of pair (xj, yj) ∈ R∗ and construct a sample

{(xi, yi)}i∈I , where xi = (mi, ti) and yi = (ni, si). Since θ > 0, for equation (⋆) to hold
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it must be that
∑

i∈I
∑

k≤mi µk ≤
∑

i∈I
∑

k≤ni µk and
∑

i∈I
∑

k≥ti τk ≤
∑

i∈I
∑

k≥si τk

is satisfied, with at least one inequality being strict. This is possible only if

|{i ∈ I : mi ≥ m}| ≤ |{i ∈ I : ni ≥ m}| and |{i ∈ I : ti ≤ t}| ≤ |{i ∈ I : si ≤ t}|,

for all m ∈ M and t ∈ T , while for at least one m or t the inequality is strict.

However, this violates the dominance axiom.

To complete the argument, take any vectors ξ and ϑ such that I · (ξ, ϑ) ≫ 0 and

B · (ξ, ϑ) ≥ 0. Define sequences {ξm}m∈M and {ϑt}t∈T by ξm := µm ·ξ and ϑt := τt ·ϑ.

By construction, (m, t) R∗(n, s) implies
∑

k≤m ξk +
∑

k≥t ϑk ≥
∑

k≤n ξk +
∑

k≥s ϑk.

Let ϕm :=
∑

k≤m ξk and φt :=
∑

k≥t ϑk, for all m ∈ M and t ∈ T . Since sequences

{ξm}m∈M and {ϑt}t∈T are strictly positive, both {ϕm}m∈M and {φt}t∈T are strictly

monotone. Moreover, (m, t)R∗(n, s) implies ϕm + φt ≥ ϕn + φs.

In the next lemma we show how to construct a discounted utility function that

rationalises the set of observations

Lemma B.5. Set O is rationalisable by a discounted utility function whenever there

is a strictly increasing sequence {ϕm}m∈M and a strictly decreasing sequence {φt}t∈T
of real numbers such that (m, t)R∗(n, s) implies ϕm + φt ≥ ϕn + φs.

Proof. Take any number ϕ0 < ϕm whenever m ̸= 0, and let ϕ0 = ϕm otherwise.

Denote M0 = M∪ {0}. In addition, for any m ∈ M∪ {0} different from m, define

the immediate successor of m by m+ := min{n ∈ M : n > m}. Let ϕ : R → R be

specified by

ϕ(n) :=
∑

m∈M0

[ϕm + λm(n−m)]χNm(n), (B.1)

where χ is the indicator function,2 λm := (ϕm+ − ϕm)/(m+ −m) for all m different

from m, λm is any strictly positive number, while Nm := [m,m+) for m ̸= m, and

Nm := [m,∞). Clearly, the function is continuous and strictly increasing. Moreover,

for any m ∈ M, we have ϕ(m) = ϕm.

If t = 0, define sequence {φ̃t}t∈T by φ̃t := φt − φt. Otherwise, let φ̃t := φt.

Denote φ̃0 = 0, T0 := T ∪ {0}, and let the immediate successor of t in T be defined

2That is, for any set Y , we have χY (x) = 1 whenever x ∈ Y , and χY (x) = 0 otherwise.
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by t+ := min{s ∈ T : s > t}, for any t ̸= t. Define function φ : N → R− by

φ(s) :=
∑

t∈T ∪{0}

[φ̃t + vt(s− t)]χSt(s)

where χ is the indicator function, vt := (φ̃t+ − φ̃t)/(t+− t) for all t ∈ T ∪{0} different

from t, vt is any strictly negative number, while St := {s ∈ N : t ≤ s < t+} for t ̸= t,

and St := {s ∈ N : t ≤ s}. Note that the function is strictly decreasing and takes

only negative values with φ(0) = 0. Moreover, we have φ(t) = φ̃t, for any t ∈ T .

Define functions u : R+ → R+ and γ : N → (0, 1] by u := exp(ϕ) and γ := exp(φ).

Clearly the two functions are strictly monotone, while γ(0) = 1. Finally, for any

element (m, t) in A, we have v(m, t) = exp(ϕm + φ̃t). Hence, whenever we have

(m, t) R∗(n, s) then v(m, t) ≥ v(n, s).

Lemmas B.4 and B.5 imply that whenever the set of observations obeys the dom-

inance axiom, we can construct an instantaneous utility function u : R+ → R+ and

some discounting function γ : N → (0, 1] such that v(m, t) := u(m)γ(t) rationalises

O. Clearly, this completes the argument supporting Theorem 2.1.

B.3 Proof of Proposition 2.3

We devote this section to the proof of Proposition 2.3. The following result states an

important property of anchored experiments. We apply the following lemma in the

proof of Proposition 2.3, which is presented in the remainder of this section.

Lemma B.6. Let E be an anchored experiment. Whenever O is rationalisable by a

discounted utility function, there is a strictly increasing sequence {nt}t∈T in R+ such

that (m, t) R∗(m∗, t∗) implies m ≥ nt, and (m∗, t∗) R∗(m, t) implies nt ≥ m.

Proof. As set O is rationalisable by a discounted utility function, there is some strictly

increasing u : R+ → R+ and a strictly decreasing γ : N → (0, 1], with γ(0) = 1, such

that (m, t) R∗(m∗, t∗) implies u(m)γ(t) ≥ u(m∗)γ(t∗), and (m∗, t∗) R∗(m, t) implies

u(m∗)γ(t∗) ≥ u(m)γ(t). Let u∗ := u(m∗) and γ∗ := γ(t∗), while for all t ∈ T ,

nt = min{m ∈ R+ : u(m) ≥ u∗γ∗/γ(t)}.
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Since u is continuous and strictly increasing, number nt is well defined with u(nt) =

u∗γ∗/γ(t), for all t ∈ T . Moreover, since γ is a strictly decreasing function, {nt}t∈T
is a strictly increasing sequence.

Suppose that (m, t) R∗(m∗, t∗). This implies that u(m)γ(t) ≥ u(m∗)γ(t∗). There-

fore, u(m) ≥ u∗γ∗/γ(t) = u(nt). By strict monotonicity of u, it must be that m ≥ nt.

Analogously, we show that (m∗, t∗) R∗(m, t) implies nt ≥ m.

Before we proceed with the proof Proposition 2.3, we need to introduce one addi-

tional notion. We will say that collection {(xi, yi)}i∈I , where we denote xi = (mi, ti)

and yi = (ni, si), is a dominant sample of R∗, if for all m ∈ M and t ∈ T , we have

|{i ∈ I : mi ≤ m}| ≥ |{i ∈ I : ni ≤ m}| and |{i ∈ I : ti ≤ t}| ≤ |{i ∈ I : si ≤ t}|.

We say that a sample is strictly dominant, whenever it is dominant, and there exists

no subset J ⊆ I, such that for all m ∈ M and t ∈ T , we have

|{i ∈ J : mi ≤ m}| ≤ |{i ∈ J : ni ≤ m}| and |{i ∈ J : ti ≤ t}| ≥ |{i ∈ J : si ≤ t}|.

Clearly, whenever the sample is dominant and such subset exists, then {(xi, yi)}i∈I\J is

also a dominant sample. It is straightforward to show that for any dominant sample

{(xi, yi)}i∈I such that either |{i ∈ I : mi ≤ m}| > |{i ∈ I : ni ≤ m}|, for some

m ∈ M, or |{i ∈ I : ti ≤ t}| < |{i ∈ I : si ≤ t}|, for some t ∈ T , has a strictly

dominant sub-sample. We proceed with the proof of Proposition 2.3.

Proof of Proposition 2.3. We prove (i) ⇒ (ii) by contradiction. Suppose that the

set of observations is O is cyclically consistent, but there is a sample {(xi, yi)}i∈I ,
where xi = (mi, ti) and yi = (ni, si), such that for all m ∈ M and t ∈ T , we have

|{i ∈ I : mi ≤ m}| ≥ |{i ∈ I : ni ≤ m}| and |{i ∈ I : ti ≤ t}| ≤ |{i ∈ I : si ≤ t}|,
where at least one inequality is strict. In particular, this implies that there exists a

strictly dominant sub-sample {(xj, yj)}j∈J , J ⊆ I.

Take any element (xj, yj) of the sub-sample. Since it is strictly dominant, it cannot

be that xj ≥X yj. Otherwise, we would have

|{i ∈ {j} : mi ≤ m}| ≤ |{i ∈ {j} : ni ≤ m}|

and |{i ∈ {j} : ti ≤ t}| ≥ |{i ∈ {j} : si ≤ t}|,
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for all m ∈ M and t ∈ T , which would violate that {(xj, yj)}j∈J is strictly dominant.

On the other hand, since O is cyclically consistent, it cannot be that yj >X xj.

Otherwise, this would imply that xj R∗yj and yj >X xj, which would violate the

axiom. Hence, for any element (xj, yj) of the sample, xj and yj must be unordered

with respect to the partial order ≥X . Therefore, either (i) mj > nj and tj > sj, or

(ii) mj < nj and tj < sj. Finally, since E is an anchored experiment, for any element

of the sample, we have either xj = x∗ and yj ̸= x∗, or xj ̸= x∗ and yj = x∗. Take any

pair (xj, yj) from the sample and consider the following claims.

Claim 1: If xj = x∗, nj > (<) m∗, and sj > (<) t∗, then there is some (xk, yk) in the

sample such that mk ≥ (≤) nj and tk > (<) sj, or mk > (<) nj and tk ≥ (≤) sj.

We prove the claim outside the brackets. Since the sample is dominant, it contains

some (xk, yk) such that tk ≥ sj. Since E is an anchored experiment, this implies that

yk = x∗. First, suppose that tk ≥ sj and mk < nj. Then yj >X xk. However, since

xk R∗ x∗ R∗yj, this would violate cyclical consistency. On the other hand, whenever

mk = nj and tk = sj, we have xk = yj and yk = xj. In particular, this implies that for

all m ∈ M and t ∈ T , we have |{i ∈ {j, k} : mi ≤ m}| = |{i ∈ {j, k} : ni ≤ m}| and

|{i ∈ {j, k} : ti ≤ t}| = |{i ∈ {j, k} : si ≤ t}|, which contradicts that {(xj, yj)}j∈J
is strictly dominant. Therefore, it must be either mk ≥ nj and tk > sj, or mk > nj

and tk ≥ sj. In order to prove the version in the brackets, note that the sample must

contain some (xk, yk) such that mk ≤ nj. The rest of the argument is analogous.

Claim 2: If yj = x∗, mj > (<) m∗, and tj > (<) t∗, then there is some (xk, yk) in

the sample such that nk ≥ (≤) mj and sk > (<) tj, or nk > (<) mj and sk ≥ (≤) tj.

We prove the claim analogously to Claim 1. Given Claims 1 and 2, there exists a

sequence {xk}Kk=1 in A such that for any two subsequent elements xk = (mk, tk) and

xk+1 = (mk+1, tk+1), we have mk ≥ mk+1 and tk ≥ tk+1, where at least one of the

above inequalities is strict. Clearly, since A is finite, there exists the final element

xK of the sequence, for which there is no y = (n, s) in A such that mK ≥ n and

tK ≥ s (with at least one inequality being strict). However, by Claims 1 and 2, this

contradicts the existence of a properly embedded sample of R∗. Therefore, given that

O obeys cyclical consistency, there is no dominant sample {(xi, yi)}i∈I of R∗ such

that, for some m ∈ M or t ∈ T , we have |{i ∈ J : mi ≤ m}| > |{i ∈ J : ni ≤ m}|
or |{i ∈ J : ti ≤ t}| < |{i ∈ J : si ≤ t}|. Hence, the dominance axiom is satisfied.
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By Theorem 2.1, this implies that the set of observations O is rationalisable by a

discounted utility function.

To show (ii) ⇒ (iii), assume that (ii) holds. By Lemma B.6, there exists a strictly

increasing sequence of numbers {nt}t∈T such that for any x ∈ A, where x = (m, t),

whenever xR∗x∗ then m ≥ nt, and x∗R∗x implies m ≤ nt. Take any number u∗ > 0

and a discounting function γ : N → (0, 1], with γ(0) = 1. Let γ∗ := γ(t∗) and

ut := u∗γ∗/γ(t). As γ is strictly decreasing, sequence {ut}t∈T is strictly increasing

and positive.

Whenever nt ̸= 0, set n0 = 0, and let u0 be any strictly positive number such that

u0 < ut. Otherwise, let n0 = nt and u0 = ut. Denote T0 := T ∪ {0}. Finally, for all

t ∈ T0 different from t, let the immediate successor of t be t+ := min{s ∈ T : s > t}.

We define function u : R+ → R+ by

u(m) :=
∑
t∈T0

[ut + λt(m− nt)]χNt(m),

where λj = (ut+ − ut)/(nt+ − nt) for all t ̸= t, λt is any strictly positive number, and

Nt := [nt, nt+), for all t ̸= t, while Nt := [nt,∞). Clearly, the function is continuous

and strictly increasing. Moreover, by construction, for all t ∈ T , we have u(nt) = ut.

To complete this part of the proof, suppose that for some x ∈ A, we have xR∗x∗,

where x = (m, t). By assumption, it must be that m ≥ nt. By monotonicity of u, we

have u(m) ≥ u(nt) = u∗γ∗/γ(t), which implies that u(m)γ(t) ≥ u∗γ∗ = u(m∗)γ(t∗).

Analogously, we show that if x∗ R∗x then u(m∗)γ(t∗) ≥ u(m)γ(t).

In order to complete the proof, note that implication (iii) ⇒ (i) holds trivially,

since any set rationalisable by a discounted utility function is rationalisable.

B.4 Proof of Theorem 2.2

In the following two lemmas we prove the sufficiency of the cumulative dominance

axiom for rationalisation by a weakly present-biased discounted utility function.

Lemma B.7. Let O obey the cumulative dominance axiom. There is a strictly in-

creasing sequence {ϕm}m∈M, a strictly decreasing sequence {φt}t∈T , and a strictly

negative sequence {vt}t∈T of real numbers such that whenever (m, t)R∗(n, s) then

ϕm + φt ≥ ϕn + φs, while for all t ∈ T , we have φt + vt(s− t) ≤ φs, for all s ∈ T .
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Proof. Enumerate the elements of R∗ such that it is equal to {(xj, yj)}j∈J , where

xj = (mj, tj) and yj = (nj, sj). In addition, define the immediate successor of t in T
by t+ := min{s ∈ T : s > t}, for all t ∈ T different from t, while t̄+ := t + 1.

For any m ∈ M, let µm ∈ {0, 1}|M| be a vector that takes the value of 1 at

the coordinate corresponding to m, and 0 elsewhere. Moreover, for any t ∈ T , let

τt ∈ {0, 1}|T | be a vector taking the value of (t+ − t) at the coordinate corresponding

to t, and zero in all the remaining entries.

By I we denote a |M| + |T | by |M| + |T | identity matrix. Moreover, let B1 be a

|J | times |M| matrix such that, for any j ∈ J , the j’th row of the matrix is equal to(∑
k≤mj µk −

∑
k≤nj µk

)
. Similarly, let B2 be a |J | by |T | matrix where the j’th row

is equal to
(∑

k≥tj τk −
∑

k≥sj τk
)
. Define B3 as a |T |−1 times |M| matrix with every

entry equal to 0. Finally, B4 is a matrix of dimensions |T | − 1 by |T |, where each

column corresponds to one element in T and each row corresponds to an element in

T \{t}. Moreover, for each row corresponding to time-delay t, the entry in the column

corresponding to t is equal to 1, while the entry in the column corresponding to t+

is equal to −1. We set all the remaining entries to be equal to 0. We use the above

matrices to construct a |J | + |T | − 1 times |M| + |T | matrix B, defined by

B :=

[
B1 B2

B3 B4

]
.

We claim that whenever O obeys the cumulative dominance axiom, there exist vectors

ξ ∈ R|M| and ϑ ∈ R|T | such that I · (ξ, ϑ) ≫ 0 and B · (ξ, ϑ) ≥ 0.

We prove the claim by contradiction. Suppose that O obeys the cumulative domi-

nance axiom, but there are no such vectors. Theorem A.1 implies that there are some

θ ∈ Z|M|+|T | and λ ∈ Z|J |+|T |−1 such that θ ·I+λ ·B = 0, where θ > 0 and λ ≥ 0. Take

any such vectors and denote λ = (λ, λ), where λ = (λj)j∈J and λ = (λt)t∈T \{t}, so

that every coordinate of λ corresponds to a single element in R∗, while each entry of

λ corresponds to a time-delay t ̸= t. Moreover, let B := [B1 B2], while B := [B3 B4].

Clearly, we have θ · I + λ ·B + λ ·B = 0 (⋆).

Construct a sample {(xi, yi)}i∈I of R∗ by taking λj copies of pair (xj, yj) from the

directly revealed preference relation, for each j ∈ J . Since vector θ is strictly greater

than zero, for condition (⋆) to hold, it must be that λ · B < −λ · B. In particular,

this implies that
∑

i∈I
∑

k≤mi µk ≤
∑

i∈I
∑

k≤ni µk. Hence, for all m ∈ M, we have

|{i ∈ I : mi ≤ m}| ≥ |{i ∈ I : mi ≤ m}|.
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Moreover, we require that λ · B ≤
∑

i∈I
∑

k≥si τk −
∑

i∈I
∑

k≥ti τt. Note that by

definition,
∑

i∈I
∑

k≥ti τt =
∫ t+

t
|{i ∈ I : ti ≤ z}|dz, for all t ∈ T . Hence, in particular,

the initial condition implies that

λt ≤
∫ t+

t

|{i ∈ I : si ≤ z}|dz −
∫ t+

t

|{i ∈ I : ti ≤ z}|dz.

Since λt ≥ 0, we have
∫ t+

t
|{i ∈ I : ti ≤ z}|dz ≤

∫ t+

t
|{i ∈ I : si ≤ z}|dz. Denote

the immediate predecessor of t in T by t− := max{s ∈ T : s < t}. Take any t ∈ T ,

different from t, and suppose that

λt− ≤
∫ t

t

|{i ∈ I : si ≤ z}|dz −
∫ t

t

|{i ∈ I : ti ≤ z}|dz. (B.2)

For inequality (⋆) to hold, we require that

λt − λt− ≤
∫ t+

t

|{i ∈ I : si ≤ z}|dz −
∫ t+

t

|{i ∈ I : ti ≤ z}|dz.

Given the initial condition (B.2), this implies that

λt ≤
∫ t+

t

|{i ∈ I : si ≤ z}|dz −
∫ t+

t

|{i ∈ I : ti ≤ z}|dz.

Since λt+ ≥ 0, we have
∫ t+

t
|{i ∈ I : ti ≤ z}|dz ≤

∫ t+

t
|{i ∈ I : si ≤ z}|dz. By

induction, we conclude that the condition holds for all t ∈ T .

Recall that θ > 0. Therefore, for (⋆) to hold, it must be that at least one of the

above inequalities is strict. However, this violates the cumulative dominance axiom.

Therefore, there exist vectors ξ and ϑ such that I · (ξ, ϑ) ≫ 0 and B · (ξ, ϑ) ≥ 0.

Take any pair (ξ, ϑ) satisfying the above system of inequalities. Define sequences

{ξm}m∈M and {ϑt}t∈T by ξm := µm · ξ and ϑt := τt · ϑ respectively. Clearly, both

sequences are strictly positive. Moreover, whenever we have (m, t) R∗(n, s), then∑
k≤m ξk +

∑
k≥t ϑk ≥

∑
k≤n ξk +

∑
k≥s ϑk. Define {ϕm}m∈M by ϕm :=

∑
k≤m ξk.

Given that {ξm}m∈M is strictly positive, the above sequence is strictly increasing.

Similarly, construct a strictly decreasing sequence {φt}t∈T by φt :=
∑

k≥t ϑk. By the

previous argument, whenever (m, t) R∗(n, s) then ϕm + φt ≥ ϕn + φs.

In order to complete the proof, define vt := −ϑt/(t+ − t), for all t ∈ T . By

definition of {ϑt}t∈T , sequence {vt}t∈T is strictly negative and (weakly) increasing.
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We need to show that for all t ∈ T , we have φt +vt(s− t) ≤ φs, for all s ∈ T . Clearly,

the inequality holds whenever s = t. Assume that s > t. By definition of φt, we have

φt + vt(s− t) = −
∑
r≥t

(r+ − r)vr + vt(s− t)

= −
∑
r≥t

(r+ − r)vr + vt
∑
s>r≥t

(r+ − r)

=
∑
s>r≥t

(r+ − r)(vt − vr) −
∑
r≥s

(r+ − r)vr

≤ −
∑
r≥s

(r+ − r)vr

=
∑
r≥s

ϑr

= φs,

where the inequality follows form the fact that {vt}t∈T is an increasing sequence.

Using a similar argument, we can show that the condition holds for any s < t.

Given the above lemma, we can show how to construct a weakly present-biased

discounted utility function that rationalises the set of observations.

Lemma B.8. Set O is rationalisable by a weakly present-biased discounted utility

function, whenever there is a strictly increasing sequence {ϕm}m∈M, a strictly de-

creasing sequence {φt}t∈T , and a strictly negative sequence {vt}t∈T of real numbers

such that (m, t)R∗(n, s) implies ϕm + φt ≥ ϕn + φs, while for all t ∈ T , we have

φt + vt(s− t) ≤ φs, for all s ∈ T .

Proof. Define function ϕ : R+ → R as in (B.1). Whenever t = 0, construct a sequence

{φ̃t}t∈T , where φ̃t := φt − φt. Otherwise, let {φ̃t}t∈T be equal to {φt}t∈T . Moreover,

denote φ̃0 = 0 and T0 := T ∪ {0}. Define function φ̄ : R → R−, by

φ̄(s) := max
t∈T0

{φ̃t + vt(s− t)}.

Note that, by definition of {φ̃t}t∈T and {vt}t∈T , the above function is strictly decreas-

ing, and convex. Hence, function ϑ(t) := φ(t)−φ(t+ 1) is also decreasing. Moreover,

we have φ̄(t) = φ̃t, for all t ∈ T . Finally, the above properties hold once we restrict

the domain of φ̄ to N.

Define functions u : R+ → R+ and γ : N → (0, 1] by u := exp(ϕ) and γ := exp(φ̄)

respectively. Clearly, the two functions are strictly monotone, while γ is log-convex
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with γ(0) = 1. Moreover, we have v(m, t) := u(m)γ(t) = exp(ϕm + φ̃t), for any

(m, t) ∈ A. Therefore, whenever (m, t) R∗(n, s) then ϕm + φ̃t ≥ ϕn + φ̃s, which

implies that v(m, t) ≥ v(n, s).

Lemmas B.7 and B.8 imply that whenever the set of observation satisfies the

cumulative dominance axiom, it is always possible to construct a utility function

u : R+ → R+ and a weakly present-biased discounting function γ : N → (0, 1] such

that v(m, t) := u(m)γ(t) rationalises O. This concludes the proof of Theorem 2.2.

B.5 Proofs of Propositions 2.5 and 2.6

In the following section we present two lemmas that support the sufficiency of the

strong cumulative dominance axiom for rationalisability by a quasi-hyperbolic dis-

counted utility function. At the same time, the two results complete the proof of

Proposition 2.5. In the second part of the section we prove Proposition 2.6.

Lemma B.9. Whenever O obeys the strong cumulative dominance axiom for some

t′ ∈ T , there exists a strictly increasing sequence {ϕm}m∈M and numbers β̂, δ̂ < 0

such that (m, t)R∗ (n, s) implies ϕm + min{t, t′}β̂ + tδ̂ ≥ ϕn + min{s, t′}β̂ + sδ̂.

Proof. Take any t ∈ T for which O obeys the strong cumulative dominance axiom.

Enumerate the elements of R∗ so that it is equal to {(xj, yj)}j∈J , where xj = (mj, tj)

and yj = (nj, sj). For any m ∈ M, let µm ∈ {0, 1}|M| be a vector that takes

the value of 1 at the coordinate corresponding to m, and 0 everywhere else. Let I
denote a |M| + 2 by |M| + 2 a diagonal matrix, where for the first |M| rows the

corresponding entries are equal to 1, while for the last two are equal to −1. Let B

be a |J | times |M| + 2 matrix such that, for any j ∈ J , its j’th row is equal to

(
∑

k≤mj µk−
∑

k≤nj µk, t
j−sj, min{tj, t′}−min{sj, t′}). We claim that there exists a

vector ξ ∈ R and real numbers β̂ and δ̂ such that I · (ξ, δ̂, β̂) ≫ 0 and B · (ξ, δ̂, β̂) ≥ 0.

We prove the claim by contradiction. Suppose that there are no such vectors. By

Theorem A.1 (see Appendix A), there is some θ ∈ Z|M|+2 and λ ∈ Z|J | such that

θ · I + λ · B = 0 (⋆), where θ > 0 and λ ≥ 0. Take any such vectors and denote

λ = (λj)
J
j=1. Construct sample {(xi, yi)}i∈I by taking λj copies of pair (xj, yj) from of

R∗, for all j ∈ J . Since vector θ is strictly greater than zero, for condition (⋆) to hold,

it must be that
∑

i∈I
∑

k≤mi µk ≤
∑

i∈I
∑

k≤ni µm, as well as
∑

i∈I t
i ≥

∑
i∈I s

j, and
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∑
i∈I min{ti, t′} ≥

∑
i∈I min{si, t′}, with at least one inequality being strict. However,

this contradicts the strong cumulative dominance axiom.

Take any ξ and δ̂, β̂ satisfying I ·(ξ, δ̂, β̂) ≫ 0 and B ·(ξ, δ̂, β̂) ≥ 0. Define sequence

{ξm}m∈M by ξm := µm ·ξ. By construction of matrix B, whenever (m, t) R∗(n, s) then∑
k≤m ξk+tδ̂+min{t, t′}β̂ ≥

∑
k≤n ξk+sδ̂+min{s, t′}β̂. Define sequence {ϕm}m∈M by

ϕm :=
∑

k≤m ξk. Since {ξm}m∈M is strictly positive, {ϕm}m∈M is strictly increasing

and satisfies the property specified in the lemma.

Given the above lemma, the following result completes the sufficiency part of

Proposition 2.5.

Lemma B.10. Set O is rationalisable by a quasi-hyperbolic discounting function if

there is some t′ ∈ T , a strictly increasing sequence {ϕm}m∈M and numbers β̂, δ̂ < 0

such that (m, t)R∗ (n, s) implies ϕm + tδ̂ + min{t, t′}β̂ ≥ ϕn + sδ̂ + min{s, t′}β̂.

Proof. Construct function ϕ : R+ → R as in (B.1). Recall that the function is

continuous and strictly increasing. Moreover, for any m ∈ M, we have ϕ(m) = ϕm.

Define function u : R+ → R+ by u := exp(ϕ). Moreover, let δ := exp(δ̂), β := exp(β̂),

and t◦ := t′. Define function γ : N → (0, 1] by γ(t) := βtδt, whenever t < t◦, and

γ(t) := βt◦δt otherwise. Clearly, we have γ(0) = 1. Moreover, for any prize-time pair

(m, t) ∈ A, we have v(m, t) := u(m)γ(t) = exp(ϕm + tδ̂ + min{t, t◦}β̂). Therefore,

whenever (m, t) R∗(n, s) holds, then v(m, t) ≥ v(n, s). The proof is complete.

We complete this section with the argument supporting Proposition 2.6 which is

presented in Section 2.4.3.

Proof of Proposition 2.6. We can show the necessity of the conditions stated in the

proposition analogously to the quasi-hyperbolic case. In order to show sufficiency,

enumerate the elements of R∗ such that it is equal to {(xj, yj)}j∈J , where xj = (mj, tj)

and yj = (nj, sj). For each m ∈ M, let µm ∈ {0, 1}|M| be a vector with all entries

equal to zero, apart from the one corresponding to m equal to 1. Moreover, denote

the immediate successor of m in M by m+ := min{n ∈ M : n > m}, for all m ̸= m.

Let A be a |M| by |M| + 1 matrix constructed as follows. Each of the first |M| − 1

rows is equal to (µm+ − µm, 0), while the |M|+ 1’th entry of the |M|’th row is equal

to −1. Let B be a |J | by |M| + 1 matrix, where for each j ∈ J , its j’th row is equal
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to (µmj −µnj , tj−sj). We claim that whenever mathcalO obeys the condition stated

in the proposition, there is a vector ϕ ∈ R|M| and a number δ̂ such that A · (ϕ, δ̂) ≫ 0

and B · (ϕ, δ̂) ≥ 0.

We prove the claim by contradiction. Suppose that O obeys the condition, but the

above system of inequalities has no solution. By Theorem A.1, there exists θ ∈ Z|M|

and λ ∈ Z|J |, with θ > 0 and λ ≥ 0, such that θ · A + λ · B = 0 (⋆). Take any such

vectors and denote λ = (λj)
J
j=1. Construct a sample {(xi, yi)}i∈I of R∗, by taking λj

times each pair (xj, yj). By definition of matrices A and B, whenever (⋆) is satisfied,

the above sample can be partitioned into subsets {(xk, yk)}k∈K of R∗ such that, for

all m ∈ M, we have |{k ∈ K : mk ≤ m}| ≥ |{k ∈ K : nk ≤ m}|. Moreover, it must

be that
∑

i∈I t
i ≥

∑
i∈I s

i. Finally, as θ > 0, at least one of the above inequalities

must be strict. However, this contradicts the condition stated in the axiom.

Take any ϕ and δ̂ such that A · (ϕ, δ̂) ≫ 0 and B · (ϕ, δ̂) ≥ 0, and define sequence

{ϕm}m∈M by ϕm := µm · ϕ. Clearly, it is strictly increasing, while (m, t) R∗(n, s)

implies ϕm + δ̂t ≥ ϕn + δ̂s. Construct function ϕ : R+ → R as in (B.1), which

is continuous and strictly increasing and, for any m ∈ M, we have ϕ(m) = ϕm.

Define function u : R+ → R+ by u := exp(ϕ), and let δ = exp(δ̂). Clearly, for any

(m, t) ∈ A, we have v(m, t) := δtu(m) = exp(ϕm + tδ̂). Hence, (m, t) R∗(n, s) implies

v(m, t) ≥ v(n, s). The proof is complete.
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