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We present a constructive derivation of all four-point tree-level holographic correlators for eleven
dimensional supergravity on AdS7 × S4. These correlators correspond to four-point functions of arbitrary
one-half BPS operators in the six-dimensional (2,0) theory at large central charge. The crucial observation
is that the polar part of the correlators in Mellin space is fully captured by a drastically simpler maximally
R-symmetry violating amplitude, while the contact part is fully fixed by superconformal Ward identities
and the flat space limit.
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Introduction.—Correlators of local operators in holo-
graphic conformal field theories (CFTs) are perhaps the
most natural observables to test and exploit the AdS=CFT
duality. In the regime where classical supergravity is a good
approximation the computation is in principle straight-
forward. One needs to compute the effective action on
AdSdþ1, obtained by the Kaluza-Klein reduction of the
corresponding supergravity on SD−d−1, and then sum over
all the relevant Witten diagrams. In practice, however, this
is a very cumbersome task. Recently, powerful methods
have been developed that are inspired by the ones for flat
space scattering amplitude. The analogy becomes manifest
in Mellin space [1,2], where these methods exploit effi-
ciently the symmetries of the problem and the analytic
properties of the Mellin amplitudes. This has led to an
expression for all tree-level correlators in the case of
AdS5 × S5 [3,4] and partial progress for AdS7 × S4

[5,6]. The latter background is particularly interesting, as
the supergravity is the low energy limit of M theory on
AdS7 × S4, and is dual to the 6D (2,0) CFT at large central
charge.
The goal of this Letter is to compute all tree-level

correlators for M theory on AdS7 × S4 by borrowing
another idea from flat space. Consider the four-point
correlator of the super primary of the stress tensor multiplet
[7]. In Mellin space it takes the form

M ¼ Pðs; t; σ; τÞ
ðs − 4Þðs − 6Þðt − 4Þðt − 6Þðu − 4Þðu − 6Þ ;

where sþ tþ u ¼ 16 and Pðs; t; σ; τÞ is a complicated
polynomial. The key observation is that this ampli-
tude simplifies drastically for a specific choice of the
R-symmetry cross ratios

Mjσ¼0;τ¼1¼
ðu−8Þðu−10Þ

ðs−4Þ þðu−8Þðu−10Þ
4ðs−6Þ þðs→ tÞ:

We denote this amplitude as maximally R-symmetry
violating (MRV), in analogy with MHV amplitudes in flat
space. The presence of zeroes in the numerator follows
from the fact that in this configuration low-twist long
operators are not exchanged, and is a feature of all tree-level
correlators. At the level of Witten diagrams the presence of
these zeroes is nontrivial, and it organizes exchange
diagrams into multiplets. This allows us to write the
MRV correlator in terms of a set of already available cubic
scalar vertices. We can further use R symmetry to restore
the σ, τ dependence and recover the full correlator up to the
possible addition of contact terms, which can be fixed by
superconformal Ward identities and the flat space limit.
This procedure then leads to an expression for all tree-level
correlators for M theory on AdS7 × S4.
Kinematics.—We focus on the one-half BPS local

operators OI1;…;Ik
k ðxÞ, Ik ¼ 1;…; 5 in the 6D N ¼ ð2; 0Þ

theory. These operators have protected conformal dimen-
sions Δk ¼ 2k, k ¼ 2; 3;…, and transform in the rank-k
symmetric-traceless representation of the SO(5) R-sym-
metry group. We keep track of the R-symmetry structure by
contracting the indices with a null vector

Okðx; tÞ ¼ OI1;…;Ik
k ðxÞtI1 ;…; tIk ; t · t ¼ 0; ð1Þ

and denote the four-point correlation functions by
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Gðxi; tiÞ ¼ hOk1Ok2Ok3Ok4i: ð2Þ

Invariance under the conformal and R-symmetry group
implies that correlators depend only on the invariant cross
ratios after a kinematic factor is extracted. Without loss of
generality, we order the weights as k1 ≤ k2 ≤ k3 ≤ k4. It is
necessary to distinguish two cases

k1þk4≥k2þk3ðcase IÞ; k1þk4<k2þk3ðcase IIÞ:

It is also useful to define extremality by

E ¼ k1 þ k2 þ k3 − k4
2

ðcase IÞ; E ¼ k1ðcase IIÞ: ð3Þ

The correlators can then be written as

Gðxi; tiÞ ¼
Y
i<j

�
tij
x4ij

�
γ0ij
�
t12t34
x412x

4
34

�
E
GðU;V; σ; τÞ; ð4Þ

where xij ¼ xi − xj, tij ¼ ti · tj, and

U ¼ x212x
2
34

x213x
2
24

; V ¼ x214x
2
23

x213x
2
24

;

σ ¼ t13t24
t12t34

; τ ¼ t14t23
t12t34

ð5Þ

are the conformal and R-symmetry cross ratios. The
exponents γ0ij are given by

γ012 ¼ γ013 ¼ 0; γ034 ¼
κs
2
γ024 ¼

κu
2
;

γ014 ¼
κt
2
; γ023 ¼ 0; ðIÞ; γ014 ¼ 0;

γ023 ¼
κt
2
; ðIIÞ ð6Þ

where we have defined the shorthand notations

κs ≡ jk3 þ k4 − k1 − k2j; κt ≡ jk1 þ k4 − k2 − k3j;
κu ≡ jk2 þ k4 − k1 − k3j: ð7Þ

The correlator GðU;V; σ; τÞ is a polynomial of σ and τ of
degree E.
Construction.—The 6D (2,0) theory arises as the world

volume theory for a stack of n M5-branes, where for large
central charge c ∼ 4n3. The four-point functions admit an
expansion in 1=n

G ¼ Gdisc þ n−3Gtreeþ; � � � ; ð8Þ

where the leading Gdisc is given by generalized free field
theory. The subleading Gtree can be computed from tree-
level 11D supergravity on AdS7 × S4, as an expansion of
exchange and contact Witten diagrams

Gtree ¼ GðsÞ
exch þ GðtÞ

exch þ GðuÞ
exch þ Gcon: ð9Þ

The exchanged fields are organized into superconformal
multiplets labeled by the Kaluza-Klein level p, where the
global symmetry quantum numbers of the relevant com-
ponent fields are summarized in the table below.

field sp Ap;μ φp;μν Cp;μ tp rp

l 0 1 2 1 0 0
Δ 2p 2pþ 1 2pþ 2 2pþ 3 2pþ 4 2pþ 2
SO(5) ½p; 0� [p − 2, 2] [p − 2, 0] [p − 4, 2] [p − 4, 0] [p − 4, 4]

We can therefore write

GðsÞ
exch ¼

X
p

VðsÞ
p ; ð10Þ

VðsÞ
p ¼ λsY½p;0�W

ðsÞ
2p;0 þ λAY½p−2;2�W

ðsÞ
2pþ1;1

þ λφY½p−2;0�W
ðsÞ
2pþ2;2 þ λCY½p−4;2�W

ðsÞ
2pþ3;1

þ λtY½p−4;0�W
ðsÞ
2pþ4;0 þ λrY½p−4;4�W

ðsÞ
2pþ2;0; ð11Þ

whereWðsÞ
Δ;l are the s-channel exchange Witten diagrams of

dimension Δ and spin l, and Y½d1;d2� are R-symmetry
polynomials associated with SO(5) Dynkin labels ½d1; d2�
of the exchanged fields. Their detailed expressions are
given in [8]. λfield are numerical coefficients which are
related to the cubic vertices of the effective Lagrangian. R-
symmetry selection rules and finiteness of the effective
action require the summation range of p to be finite, and
even integer spaced

p −maxfjk1 − k2j; jk3 − k4jg ¼ 2; 4;…; 2E − 2: ð12Þ

Exchange contributions in other channels are similar, and
are related to the s-channel by Bose symmetry. Finally, Gcon
consists of contact diagrams with up to four derivatives, and
all possible R-symmetry structures. Clearly, to follow
exactly the standard diagrammatic expansion procedure
is extremely cumbersome, if not impossible. One not
only needs to find all the vertices—most of which are
unknown [10]—but one also faces a proliferation of Witten
diagrams.
In this Letter, we point out a powerful organizing

principle which exploits interesting properties of correla-
tors in a special R-symmetry configuration. This allows us
to constructively derive all four-point functions. To present
our construction, it is most convenient to use the Mellin
representation formalism [1,2]

Gtree ¼
Z

i∞

−i∞

dsdt
ð4πiÞ2U

s=2−asVt=2−atMðs; t; σ; τÞΓfkig; ð13Þ

where as¼k1þk2−2E, at ¼ minfk1 þ k4; k2 þ k3g, and
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Γfkig ¼ Γ
�
2k1 þ 2k2 − s

2

�
Γ
�
2k3 þ 2k4 − s

2

�
Γ
�
2k1 þ 2k4 − t

2

�

× Γ
�
2k2 þ 2k3 − t

2

�
Γ
�
2k1 þ 2k3 − u

2

�
Γ
�
2k2 þ 2k4 − u

2

�
; ð14Þ

with sþ tþ u ¼ 2Σ≡ 2ðP4
i¼1 kiÞ. In this language, Wit-

ten diagrams have simple analytic structures. The exchange
diagrams are a sum of simple poles

MðsÞ
Δ;lðs; tÞ ¼

X
m

Qm;lðt; uÞ
s − Δþ l − 2m

; ð15Þ

where Qm;lðt; uÞ are degree-l polynomials in t and u. For
AdS7 × S4, the above sum over m always truncates, as a
result of self-consistency at large n [4]. Contact diagrams
with 2L derivatives are polynomials in the Mandelstam
variables of degree L. We should point out that the division
into exchange and contact, such as in (9), is ambiguous. We
can choose different on-shell equivalent cubic vertices in
the spin-l exchange, and the difference is only contact
diagrams with up to 2ðl − 1Þ derivatives. In Mellin space,
(9) and (10) read

Mðs;t;σ;τÞ¼MðsÞ
exchþMðtÞ

exchþMðuÞ
exchþMcon;

MðsÞ
exchðs;t;σ;τÞ¼

X
p

SðsÞ
p ðs;t;σ;τÞ

SðsÞ
p ¼ λsY½p;0�M

ðsÞ
2p;0þλAY½p−2;2�M

ðsÞ
2pþ1;1

þλφY½p−2;0�M
ðsÞ
2pþ2;2þλCY½p−4;2�M

ðsÞ
2pþ3;1

þλtY½p−4;0�M
ðsÞ
2pþ4;0þλrY½p−4;4�M

ðsÞ
2pþ2;0:

ð16Þ

Our key observation is that Mðs; t; σ; τÞ simplifies
drastically in a configuration where t1 and t3 are aligned.
This corresponds to setting σ ¼ 0, τ ¼ 1. In analogy with
scattering in flat space, we term this limit MRV. The MRV
amplitude

MRVðs; tÞ≡Mðs; t; 0; 1Þ ð17Þ

has the following two distinguishing features: (i) there are
only poles in the s and t channels, and (ii) there is a factor of
zeros ðu−u0Þðu−u0−2Þ with u0¼2maxfk1þk3;k2þk4g.
The absence of u-channel poles is due to the R-symmetry

suppression in the MRV configuration, where the u-
channel R-symmetry polynomials vanish identically. The
zeros manifest the decoupling of u-channel low-twist
unprotected long multiplets in the MRV limit [12]. The
zeros cancel one of the double poles from the Γfkig factor,

rendering logarithmic singularities in position space absent.
Such singularities are tied to anomalous dimensions.
Remarkably, the zeros are satisfied individually by each

super multiplet SðsÞ
p (and similarly SðtÞ

p ). This gives us the
following simple strategy to compute correlators from
Witten diagrams, which we outline below. Setting σ ¼ 0,
τ ¼ 1 and t ¼ 2Σ − u − ðΔ − lþ 2mÞ in (15) [13], the
requirement of the u-channel zeros fixes all λfield in (16) in
terms of λs. This succinctly implements superconformal
symmetry within each multiplet. Note that eliminating
t in terms of u and the pole values of s, gives special
Witten diagrams known as the “Polyakov-Regge blocks”
[14,15] (see also [16–18]). Such diagrams have improved
u-channel Regge behavior (s → ∞ keeping u fixed).
The coefficients λs can be computed using the three-
point coupling of sk1sk2sk3 obtained in [19,20] [21]. The
MRV amplitude is then simply the sum of s-channel and
t-channel MRV amplitudes from each multiplet with no
additional contact terms [23]

MRVðs; tÞ ¼
X
p

SðsÞ
p ðs; t; 0; 1Þ þ ðt channelÞ: ð18Þ

However, we learn much more than just the MRV limit.
Since all R-symmetry polynomials in SðsÞ

p are nonvanishing
in the MRV limit, we can substitute the λfield values into
(16) and obtain all the singular part of the Mellin amplitude.
It further turns out that there is a special choice of the
polynomial residues such that no explicit contact terms are
needed. This leads to a simple formula for the full Mellin
amplitude, as we now present.
All four-point Mellin amplitudes.—TheMellin amplitude

is the sum over three channels

M ¼
X
i;j

σiτj½Mi;j
s ðs; tÞ þMi;j

t ðs; tÞ þMi;j
u ðs; tÞ�: ð19Þ

The three channel are related by Bose symmetry

Mi;j
t ðs; tÞ ¼ Mi;E−i−j

s ðt; sÞjk2↔k4 ; ð20Þ

Mi;j
u ðs; tÞ ¼ ME−i−j;j

s ðu; tÞjk2↔k3 ; ð21Þ

and each channel is a sum over simple poles

Mi;j
s ðs; tÞ ¼

Xhmax

h¼hmin

Ri;j
h ðt; uÞ
s − 2h

; ð22Þ
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where hmin ¼ maxfjk1 − k2j; jk3 − k4jg þ 2, hmax ¼
minfk1 þ k2; k3 þ k4g − 1. The residues Ri;j

h ðt; uÞ are a
sum over supergravity multiplets labelled by the Kaluza-
Klein level p in the finite set (12)

Ri;j
h ðt;uÞ¼

X
p

Ri;j
p;mðt;uÞ; pþm¼h; m∈N: ð23Þ

As outlined above, we first use the MRV limit and scalar
cubic couplings to determine λfield from each multiplet.
Then in SðsÞ

p we will use the Regge-improved Polyakov
blocks for the exchange amplitudes MðsÞ

Δ;l, i.e., with t
eliminated in terms of u and m. Since we have at most
spin-2 exchanges, the residues depend on u quadratically in
the form

u2 þ αði; j;m;pÞuþ βði; j;m;pÞ: ð24Þ

We can restore the Bose symmetry in t and u by eliminating
m from α and β using t and u. This prescription gives the
following compact answer

Ri;j
p;mðt; uÞ ¼ Ki;j

p ðt; uÞLi;j
p;mN

i;j
p ; ð25Þ

where no sum over indices is intended. The first building
block is a degree-2 polynomial in t and u

Ki;j
p ¼ 2ið2iþ κuÞt−tþ þ 2jð2jþ κtÞu−uþ

þ 2jð1 − κuÞtþu− þ 2ið1 − κtÞuþt−

þ 1

4
ð2p − κt − κuÞð2p − 2þ κt þ κuÞðu−t− þ 16ijÞ

þ ðκu þ κt − 2pÞðκu þ κt þ 2p − 2Þðit− þ ju−Þ
þ 8ij½tþðκu − 1Þ þ uþðκt − 1Þ� − 8ijtþuþ; ð26Þ

where u� ¼ u� κu − Σ, t� ¼ t� κt − Σ. The second
factor,

Li;j
p;m ¼ Γ½k1þk2−pþ1

2
�Γ½k3þk4−pþ1

2
�Γ½k1þk2þp

2
�

π3=2m!i!j!
Q

4
a¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2ka − 2Þ!p
Γ½2pþm�

×
ð−1Þiþjþð1=4Þð2p−κt−κuÞΓ½k3þk4þp

2
�

Γ½k1 þ k2 −m − p�Γ½k3 þ k4 −m − p� ; ð27Þ

implements the truncation of poles mmax ¼ minfk1 þ
k2; k3 þ k4g − p (also of Kaluza-Klein (KK) levels p).
Finally, the last factor reads

Ni;j
p ¼ 2Σð2p − 1ÞΓ½2ðp−1ÞþΣ−κs−4l

4
�

26Γ½κuþ2þ2i
2

�Γ½2ðpþ2Þ−Σþκsþ4l
4

�Γ½κtþ2þ2j
2

�
; ð28Þ

where iþ jþ l ¼ E. Remarkably, Eq. (19) with (25) gives
the full answer for the Mellin amplitudes. We have tested it
against many examples obtained using the bootstrap

method [5,6], finding perfect agreement. The absence of
extra regular terms can be understood in terms of super-
conformal symmetry and the flat space limit, as we will
explain below. Let us mention that the sum over multiplets
p can also performed in closed form, and gives hyper-
geometric series up to 8F7. In the MRV limit, the residues
can be expressed in terms a single very well-poised 7F6

function. However, we leave the result as a sum to better
manifest the analytic structure.
Flat space limit.—It is illuminating to study the Mellin

amplitude in the flat space limit s; t → ∞. In this limit we
expect to recover the 11D graviton amplitude, for a
particular choice of orthogonal kinematics. For a detailed
discussion of the flat space limit in the 11D context, see
[24,25]. From our explicit results we find

lim
s;t→∞

Mðs; t; σ; τÞ ¼ N fkig
Θflat

4 ðs; t; σ; τÞ
stu

Pfkigðσ; τÞ;

where

Θflat
4 ðs; t; σ; τÞ ¼ ðtuþ tsσ þ suτÞ2; ð29Þ

with sþ tþ u ¼ 0 in the flat space limit. Pfkigðσ; τÞ is a
polynomial explicitly given by

Pfkig ¼
X

iþjþk¼E−2
0≤i;j;k≤E−2

ðE − 2Þ!σiτj
i!j!k!ðiþ κu

2
Þ!ðjþ κt

2
Þ!ðkþ κs

2
Þ! :

Note that up to a normalization factor, this is the same
polynomial as would enter in the flat space limit in the
AdS5 × S5 case [3]. The normalization factor N fkig can in
principle be fixed from our result, but its form will
not be important for us. The appearance of the factor
Θflat

4 ðs; t; σ; τÞ can be understood in different ways. From
the 11D perspective, it follows from the form of the
supergravity tree amplitude

A11
R;treeðpi; ζiÞ ¼ l9

11K̂
26

stu
; ð30Þ

with K̂ as a universal kinematic factor, which depends on
the 11D graviton polarization vectors ζμ and momenta pμ.
As explained in [25], for 11D gravitons in the appropriate
polarization K̂ should contain the factor Θflat

4 . From the 6D
perspective, this factor was shown to follow from the flat
space limit of the 6D superconformal Ward identities. In
[25] the case ki ¼ kwas analyzed. Here we see these results
extend to arbitrary ki.
Absence of contact terms.—Let us now explain the

absence of extra contact terms in our final result. It turns
out that in all cases the Mellin amplitude can be recovered
from a “reduced” Mellin amplitude
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Mðs; t; σ; τÞ ¼ Θ̂M̃ðs; t; σ; τÞ; ð31Þ

with M̃ðs; t; σ; τÞ a polynomial of degree E − 2 in σ, τ,
and Θ̂ a complicated difference operator defined in [5].
Although its explicit form will not be needed here, one can
explicitly check that in the flat space limit Θ̂ acts multi-
plicatively and reduces to

Θ̂ ∼ stuΘflat
4 ðs; t; σ; τÞ: ð32Þ

This in particular implies that in the flat space limit the
reduced amplitude must take the form

M̃ðs; t; σ; τÞ ¼ P̃fkigðσ; τÞ
ðstuÞ2 þ P̃slðs; t; σ; τÞ þ � � � ; ð33Þ

where P̃fkigðσ; τÞ ¼ ÑPfkigðσ; τÞ for an exactly comput-

able overall factor Ñ . The subleading correction
P̃slðs; t; σ; τÞ is a polynomial in σ, τ of degree E − 2,
and has degree -7 in s, t. Now here comes the interesting
part. Plugging this expansion back in (31) we obtain

Mðs; t; σ; τÞ − Θ̂
P̃fkigðσ; τÞ
ðstuÞ2 ¼ Θ̂P̃slðs; t; σ; τÞ þ � � � :

In particular, expanding the lhs around the flat space limit
we find that the leading term vanishes, and the subleading
term should contain a factor Θflat

4 ðs; t; σ; τÞ. We have
checked that this is indeed the case for our explicit
expression for Mðs; t; σ; τÞ, for many cases. The addition
of any contact term, of the form hðσ; τÞsþ crossed, would
spoil this property. Had we chosen a different representa-
tion of the polar part of the Mellin amplitude, then this
condition would fix precisely which contact term we need
to add [26].
Discussion.—In this Letter, we obtained all tree-level

AdS7 × S4 four-point functions by following a constructive
procedure which starts from the zeros in the MRV limit.
This procedure is, in a way, similar to the amplitude
bootstrap from soft limits [27]. Our method can be applied
to a variety of other backgrounds to construct, e.g., all M
theory four-point functions in AdS4 × S7 [28], which was
initiated in [6]. Moreover, we can use the procedure to give
a constructive proof the general result in AdS5 × S5 [3,4]. It
would also be interesting to explore similar simplifying
limits of R-symmetry configurations for higher-point cor-
relation functions [29].
Our procedure did not make much use of the details of

the reduced amplitude. In fact, when translating our results
to the reduced amplitude, on a case by case basis, no extra
structure appears to emerge. This is perhaps an indication
that a slightly different definition of the reduced amplitude
is needed. It would be interesting to study this in detail and
see if hidden structures emerge, which is akin to what
happens in related contexts [30–33]. On a more practical

level, (25) contains a wealth of CFT data. These data are
useful for comparing with the numerical superconformal
bootstrap [34], and are also essential for constructing more
general one-loop correlators [35].
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