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Abstract— This paper describes a model predictive control
(MPC) algorithm for Deep Brain Stimulation (DBS) implants
that are used to treat common movement disorders. DBS
is currently used in clinical practice in open-loop with con-
stant stimulation, which shortens the effective lifespan of the
treatment and can lead to unpleasant side-effects. The goal
of closed-loop control is to alleviate symptoms with minimal
stimulation. The controller is based on a model of the amplitude
of beta-band (13-30 Hz) oscillations of population-level neural
activity at the site of the implant, which is a bio-marker
related to the presence of symptoms of Parkinson’s Disease.
We present a two-stage approach in which a dynamic model
for bio-marker activity is identified from data after applying
a linearizing transformation, followed by a regulation stage
using the identified model together with a model of response
to stimulation based on average patient data. A Kalman filter
is used to estimate the state of both the stimulation response
and the nominal beta activity. The controller is compared
to thresholded on/off (bang-bang) and proportional-integral
(PI) feedback controllers, which are the most advanced form
of control tested in vivo to date. Simulations demonstrate
reductions in control input for similar levels of tracking error.

Keywords— neuromodulation, model predictive control, state
estimation, system identification

I. INTRODUCTION

Deep Brain Stimulation (DBS) is a neuromodulation tech-
nique used to treat Parkinson’s Disease (PD) and other
motion and affective disorders such as essential tremor and
dystonia [1]. The treatment involves surgically implanting
electric leads in deep brain structures (e.g. the subthalamic
nucleus for PD), and locally stimulating groups of neurons
with pulses of electric activity. Conventionally, DBS is
delivered using a constant stimulation pattern with fixed
amplitude, frequency, and pulse width, which leads to stim-
ulation being active even during periods of healthy brain
activity [2]. This results in a faster decline in efficacy of
the treatment due to habituation to the stimulation, and
more extensive side-effects than what could be achieved with
targeted stimulation [3].

Increased amplitude in so-called beta-band (13-30Hz) os-
cillations of Local Field Potentials (LFP) recorded at the site
of the implant are a regular feature of PD, and suppression
of this activity is associated with improvement of motor
symptoms [4], [5]. This motivates the use of beta activity
measured as a feedback signal for closed loop control of
DBS [3]. The goal of the controller is to regulate activity
to the baseline level while minimizing applied stimulation.
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Until now, only simple algorithms such as bang-bang (i.e.
on/off) control, and proportional or dual-threshold control
algorithms based on beta activity feedback have been tested
in Parkinsonian patients (see e.g. [6], [7], [8]).

A wider range of control algorithms have been investi-
gated in simulation-based studies. Some approaches employ
different control objectives, such as only suppressing bursts
of beta-band activity that exceed a certain duration [9].
Other approaches use additional control signals such as
patient muscle activity together with a bank of PI controllers
tuned for various operating points [10]. Several studies
have proposed optimal predictive control schemes; some use
nonlinear models [11], while others identify linear models
(e.g. ARX or using subspace methods) of beta-band activity
suppression online [12], [13]. However, to the best of the
authors’ knowledge, none of the predictive control schemes
aim to model the dynamics of nominal bio-marker activity,
(e.g. beta-band bursting activity in PD), and only model the
response to stimulation.

We use a model of the LFP response to stimulation derived
from averaged patient data [14] to develop a strategy for
model predictive control (MPC) with online state estimation.
We propose a two-stage approach, first applying a linearizing
transformation and identifying a linear model of the beta
activity, and then employing this model in a regulation phase,
using MPC to suppress bursting activity. Crucially, this
approach anticipates short-term variations in beta activity,
allowing more effective control interventions than existing
DBS strategies. It also optimizes the balance of regulation
and stimulation effort while keeping stimulation parameters
within safe limits. With this approach, the controller can
adapt to the nominal activity of specific patients, and the
procedure can be reinitialized to adapt to disease progression
or different patient states, such as waking or sleeping.

The remainder of this paper is structured as follows:
Section II describes the model of the beta biomarker and
the control objective, Section III describes the design of an
MPC strategy for the Closed Loop DBS system, Section IV
presents a numerical comparison of the proposed controller
against a PID controller and a bang-bang controller.

II. PROBLEM FORMULATION

As a basis for controller design and testing via simulations,
we make use of the model of LFP beta oscillation response
described in [14]. The important features of this model are
summarized in Sections II-A and II-B.



A. Beta-Oscillation Envelope Model

The envelope of the beta-band activity in the subthalamic
nucleus at time t is denoted z(t) ∈ R+. This envelope
is related to the nominal activity, zβ(t), the DBS attenua-
tion effect η(t) and bounded, zero-mean independent and
identically distributed (i.i.d.) measurement noise ζ(t) as
follows [14]

z(t) = zβ(t) · e−η(t) + ζ(t). (1)

The stimulation effect η(t) is governed by a dynamical
system which has the instantaneous power of electrical
stimulation at time t as its input.

B. Stimulation Effect

The stimulation response is modelled as the output of a
second order continuous-time system,

ẋc(t) =

[
−1/τ1 0
k/τ2 −1/τ2

]
xc(t) +

[
k/τ1
0

]
u(t)

η(t) =
[
0 1

]
xc(t),

(2)

where the control input u(t) represents the voltage applied to
the stimulator, which is constrained to lie in the range u ∈
[0, umax]. The nominal values of the stimulation response
parameters in the model (2) are given by

k = 62.11, τ1 = 0.05, τ2 = 0.25.

These constants are derived based on averaged data from
multiple patients [14]. In practice these values will differ
across patients, and will also vary across as a result of disease
progression, and of shorter time-scale fluctuations.

C. Control Objective

The goal of CLDBS is to suppress bursts of Parkinsonian
activity with the minimum possible control input. Typically
bursts exceeding 200ms in duration are correlated with motor
symptoms. Some existing methods for attempting to predict
the onset [15] and duration [16] of bursts rely on neural
networks which require significant computational resources.
These methods will not be considered in this work, since
the processing power on DBS hardware is low, and there are
significant constraints on energy usage due to the fact that
the power supply is provided by batteries implanted in the
patient [17]. Therefore, the goal of the controller will be to
suppress beta activity which exceeds the baseline level z0.
This suggests a quadratic cost index for the optimal control
law defined over a horizon T of the form∫ T

0

(
ϕ([z(t)− z0]≥0) +Ru(t)2

)
dt (3)

[z(t)− z0]≥0 =

{
z(t)− z0, if z(t) ≥ z0

0, otherwise
(4)

where ϕ : R≥0 → R≥0 is a monotonically increasing
function, and R is a positive control weighting.

III. CONTROL DESIGN

A. Linearization

We reformulate the model in (1) so that the effect of beta
bursts appears as an additive disturbance in the stimulation
response system. This can be done by defining a new mea-
surement variable y(t) = ln(z(t)). When the measurement
noise component of the beta envelope is small, the effect of
ζ(t) on y(t) can be modelled (to first-order approximation)
as an additive noise term v, which is i.i.d. and zero mean,
but with a different magnitude than ζ,

y(t) = β(t)− η(t) + v(t), (5)

where β = ln(zβ) and β0 = ln z0. This formulation allows
the use of MPC with a linear model and additive disturbance
compensation. In discrete-time, the stimulation effect model
(2) with a zero-order hold at the input is

xη,k+1 = Aηxη,k +Bηuk

ηk =
[
0 1

]
xη,k

(6)

where k = 0, 1, . . . is the discrete time index.

B. Linear Model of Nominal Beta Activity

We propose a linear, autoregressive integrated (ARI)
model for the dynamics of the beta-band activity bursts. This
model expresses the change in the activity ∆βk = βk−βk−1

as a finite weighted sum of nβ past values:

∆βk =

nβ∑
i=1

αi ·∆βk−i + δk (7)

where δk is a bounded, stochastic, i.i.d. disturbance.

C. Nominal Beta Activity Model Parameter Identification

The effects of the nominal activity β and the stimulation
effect η can be temporarily separated by holding the con-
trol input uk = 0 over some identification window k =
0, 1, . . . , Nβ , thereby ensuring ηk = 0 for k = 0, 1, . . . , Nβ .
This allows allows an estimate of the parameter vector

θβ =
[
α1 α2 · · · αnβ

]⊤
to be computed for the model in (7) using a least squares
ARI identification approach.

D. Augmented model

The models of the stimulation effect (6) and beta activity
bursts (7) can be combined into a single model for use within



a predictive control strategy:

χk+1 = A(θβ)χk +Buk + wk

yk =
[
Cη Cβ

]
χk

A(θβ) =



Aη 02×nβ

0nβ×2


1 α1 α2 . . . αnβ

0 α1 α2 . . . αnβ

0 1 0 . . . 0
...

. . . . . . . . .
...

0 . . . 0 1 0




B =

[
Bη

0nβ×1

]
Cη =

[
0 −1

]
Cβ =

[
1 01×nβ−1

]
χk =

[
x′
η,k βk ∆βk . . . ∆βk−nβ+1

]⊤

(8)

Here wk is an unknown disturbance input, the main purpose
of which is to model the effect of the disturbance δk in the
incremental beta burst model (7). Therefore we assume wk

to be bounded and i.i.d. with zero mean.

E. State Estimation

Given the estimated parameters θβ in Section III-C, we
propose using a Kalman filter to construct an estimate χ̂k of
the augmented model state χk based on (8). We formulate
the Kalman Filter such that the estimated state, χ̂k is updated
using the latest measurement yk [18].

We consider the same dynamic model as in (8), with an
additional process noise term w̄k that helps to account for
wk and the error caused by inaccuracies in the models for
the nominal beta activity and stimulation response

χk+1 = A(θβ)χk +Buk + Γw̄k. (9)

Here Γ is a diagonal matrix whose elements typically cor-
respond to the covariance of process noise. In the current
context Γ can be used to tune the filter to the relative
uncertainty affecting the different elements of χk. In this
case, the third element, which corresponds to the uncertainty
on βk is given a higher value to account for the effect of δk.

F. Model Predictive Control

To avoid steady-state errors we design the MPC controller
in velocity form, with ∆uk = uk−uk−1 as the control vari-
able. We therefore introduce a further augmented nominal
model with state χ∆

k :

χ∆
k+1 = A∆(θβ)χ

∆
k +B∆∆uk

yk = CAugχ
∆
k

A∆(θβ) =

[
A(θβ) B
01×nχ 1

]
B∆ =

[
B
1

]
CAug =

[
Cη Cβ 0

]
χ∆
k =

[
χk

uk−1

]
(10)

The values predicted at time k of the state and control input
of (10) at time k+j are denoted χ∆

j|k and ∆uj|k, respectively.
Given the form of the instantaneous cost in (3), we define

the following quadratic MPC cost function over an N -step
prediction horizon

Jmpc(∆u, χ∆
k ) =

N−1∑
j=0

(
Q[yj|k−β0]

2
≥0+R∆∆u2

j|k+Ru2
j|k

)
.

(11)
Here Q and R are positive scalar weights and the term
Q[yj|k − β0]

2
≥0 ensures that only the predicted values of

yj|k = CAugχ
∆
j|k that exceed the reference threshold β0 are

penalized.
We apply the control input uk = uk−1 + ∆u∗

0|k, where
∆u∗

0|k is the first element of the optimal sequence ∆uk =
{∆u0|k, . . . ,∆uN−1|k} for the MPC optimization problem:

∆u∗
k = argmin

∆u
Jmpc(∆u, χ∆

k ) (12)

subject to the augmented nominal model dynamics (10) with
χk+j = χj|k and ∆uk+j = ∆uj|k, and subject to the input
constraints uj|k ∈ [0, umax], for all j = 0, . . . , N − 1.

IV. NUMERICAL EXAMPLES

This section describes simulations in which the perfor-
mance of the model predictive control law defined in Sec-
tion III is compared with that of a bang-bang controller and
a PI controller. In Section IV-A we discuss the identification
of an ARX model representing the dynamics of beta-band
activity. Then, in Section IV-B, we compare the closed
loop performance of the three controllers. To represent the
variability in the response of different patients, these closed
loop simulations were run multiple times with the same
trajectory for the nominal beta activity, but with the initial
parameters for the stimulation response model (2) disturbed
from their nominal values after discretization by up to 30%.

The first set of closed loop tests in Section IV-B use a
simulated nominal beta activity pattern with various levels
of power in the injected measurement noise ζ. This makes
it possible to compare the robustness of the controllers to
varying levels of noise. The second set of tests use the beta
activity extracted via in vivo recordings from a Parkinsonian
patient to provide more realistic test conditions.

A. Linear Nominal Activity Model Identification

A linear model for the nominal beta activity was identified
as described in Sections III-B and III-C using beta activity
from in vivo recordings from a Parkinsonian patient. The
sampling interval was Ts = 0.02 s. Figure 1 shows the one-
step-ahead prediction accuracy of the estimated model after
a 5 second identification period, with model order nβ = 5.
Here the estimated signal β̂k is obtained by adding ∆βk

generated by the model (7) to the signal yk−1 = ln
(
z((k −

1)Ts)
)

observed at the previous time step. Figure 2 shows the
mean-square one-step-ahead prediction error of the model (7)
when the parameter identification is performed with varying
levels of noise power.
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Fig. 1: Comparison of actual and estimated nominal beta
activity. The blue plot shows yk = ln

(
z(kTs)

)
, where z(t) is

the LFP signal observed in vivo with no stimulation (η(t) =
0). The red plot shows the one-step-ahead estimate β̂k =
yk−1 +∆βk, where ∆βk is the output of the model (7).
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Fig. 2: Beta activity estimation error after identification of
the parameters of the model (7) at various noise levels.

B. Comparison with bang-bang and PI Controllers

The bang-bang controller, uBB,k, provides a constant level
of stimulation whenever the measured beta activity exceeds
some threshold, and zero stimulation otherwise:

uBB,k =

{
umax if yk > yBB,threshold

0 otherwise
(13)

The PI controller is implemented in difference form: uPI,k =
uPI,k−1 +∆uPI,k using the error signal ek = z(kTs)− z0:

∆uPI,k = KP∆ek +KITsek (14)

Simulations were run with various levels of perturbation
applied to the parameters of the stimulation response model,
with parameters perturbed according to a uniform distribu-
tion at the beginning of each simulation run. Only parameter
perturbations resulting in an open-loop stable model and
causing a change in static gain of no more than 30% relative
to the nominal model were considered.

The same nominal beta trajectory was used test MPC,
bang-bang and PI controllers. The nominal stimulation re-
sponse model was used to tune the bang-bang and PI con-
trollers, as well as to define the MPC prediction model. The
performance metrics used for comparison are the normalized
difference in mean squared positive error ē and normalized
difference in total control input ū.

ē{BB,PI} =

∑Nsim
j=0

(
[yj,{BB,PI}−β0]

>0
−[yj,MPC−β0]>0

)
∑Nsim

j=0 [yj,MPC−β0]>0

(15)

ū{BB,PI} =

∑Nsim

j=0

(
uj,{BB,PI} − uj,MPC

)∑Nsim

j=0 uj,MPC

. (16)

Therefore, positive values for these metrics indicate better
performance achieved by MPC than the alternative controller.

1) Simulated Beta Activity: Simulations were run at a
sampling rate of 50Hz, for a duration of 20 seconds. The
nominal β estimation period was set to 5 seconds and signal
to noise ratios of 50, 30, 20 and 10 dB were used to define
the measurement noise ζ in (1) and the process noise w
in (8). For each noise level, 50 simulations were performed.
We compare the performance of bang-bang and PID control
with that of MPC in Fig. 3. The trajectories show that
MPC reaches steady state faster and with fewer oscillations
than the PI controller, while bang-bang suppresses activity
below the threshold due to noise-induced triggering of the
maximum input.
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Fig. 3: Beta response for MPC, bang-bang and PI controllers
with 30% parameter disturbance, 12dB signal to noise ratio,
and nominal beta activity defined by a simulation model.

Figure 5 shows that MPC results in significant reduction
in tracking error and total stimulation compared to bang-
bang controller across all noise and initial parameter error
conditions. When compared with PI, MPC shows a reduction
in required control input except at the lowest tested noise
condition, and a consistent reduction in error across all test
conditions.



Fig. 4: Beta response for MPC, bang-bang and PI controllers
with 30% parameter disturbance and with nominal beta
activity defined using patient data.

2) Patient Data: The performance of the controllers was
also compared using beta power extracted from 220 seconds
of data taken from a Parkinsonian patient recorded from
an implanted DBS electrode with stimulation turned off as
the nominal beta activity. Again, the nominal beta activity
estimation period was 5 seconds, and the stimulation effect
model parameters were perturbed by varying amounts. All
controllers used the same tuning as for the simulated runs,
and the threshold level was set as the 75th percentile of the
measured beta LFP power.

The comparison of MPC and bang-bang control trajec-
tories in Fig. 4 show that again, MPC shows smoother
steady state behaviour around the reference. Fig. 6 shows
a significant improvement in both control input and tracking
error across a range of parameter error values. The com-
parison with PI control shows consistently lower control
input, but a greater error for MPC for parameter errors of
20% and higher. For greater parameter errors, the increase in
error remains on average lower than the reduction in control
input, which exceeds 25%. These results indicate that the
performance benefits of MPC are smaller at higher levels
of modelling error. In addition, the performance of the PI
controller was more robust to variations in the threshold
β0. The trajectories for the various controllers are shown
in Fig. 5. The MPC controller results in smoother tracking
of the reference, and lower oscillations around the steady
state behaviour. The trajectories for the Bang-Bang and PI
controllers show greater oscillations around steady state,
indicating the advantage of predicting the beta activity.

V. CONCLUDING REMARKS AND FURTHER WORK

The simulation results presented in this paper show that
MPC provides improvements over bang-bang and PI con-
trollers in terms of both energy efficiency and error tracking
for up to 20% error in model parameters. These results
warrant further investigation of the use of model predictive
control in this context, including testing in patients. We note
that large initial parameter errors have a significant impact on
the performance of MPC, suggesting the need to investigate
adaptive control strategies which can recursively update the
stimulation response model parameters to fit each patient,

as well as robust controllers that can account for model
uncertainty characterised in terms of bounds on parameters
and external disturbances.
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Fig. 5: Differences in error and control input between MPC
and bang-bang (blue, etotal,{BB} and utotal,{BB}) and be-
tween MPC and PI (orange, etotal,{PI} and utotal,{PI}), for
various levels of measurement noise ζ in the envelope of
beta-band activity, with nominal beta activity defined by
a simulation model (positive values indicate better MPC
performance).
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(b) PI

Fig. 6: Differences in error and control input between MPC
and bang-bang (blue, etotal,{BB} and utotal,{BB}) and be-
tween MPC and PI (orange, etotal,{PI} and utotal,{PI}), for
various levels of initial error in parameters of the stimulation
response model with nominal beta activity defined using pa-
tient data (positive values indicate better MPC performance).


