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Abstract Angiogenesis, or capillary growth from pre-existing vasculature, is an
essential component of several physiological processes, both vital and pathological.
These include dermal wound healing and tumour growth, that together pose some
of the most significant challenges to healthcare systems worldwide. Over the last
few decades, mathematical modelling has proven to be a valuable tool for unrav-
elling the complex network of interactions that underlie such processes. Moreover,
theoretical frameworks that describe some of the mechanical and chemical aspects
of angiogenesis inherent in wound healing and tumour growth have revealed in-
triguing similarities between the two processes. In this review, we highlight some of
the significant contributions made by mathematical models of tumour-induced and
wound healing angiogenesis, and illustrate how advances in each field have been
made using insights from the other. We also detail some open problems that could
be addressed through a combination of theoretical and experimental approaches.
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1 Introduction

A wound is a breakdown in the protective function of the skin or underlying
tissues. The failure of certain wounds to heal is a significant socioeconomic burden
worldwide. In the United States alone, the total spending for all wound types
is estimated to be in the range of $28.1 to $96.8 billion per annum
2018). Those who suffer from non-healing wounds experience considerable
pain, immobility, and a decreased quality of life (Thackham et al. 2008). While
non-healing wounds place a major burden on healthcare systems, the total costs
associated with the treatment of cancers has an even greater impact: in the US
alone it is projected to be $173 billion per annum in 2020 (Mariotto et al.,[2011)). It
has long been observed that there are similarities between the biological processes
that underpin wound healing and tumour growth, and this has led to tumours

being described as “wounds that do not heal” (Dvorak, [1986]).

The wound healing process is complex, but is generally thought to consist of
four overlapping and interconnected phases; haemeostasis, inflammation, prolifer-
ation and remodelling (for a detailed review of the biology of wound healing, see
for example [Flegg et al.| (2015b)); [Singer and Clark| (1999))). A schematic timeline
of the four key stages of the wound healing process is displayed in Fig. [1| Briefly,
in cutaneous (skin) wounds, haemostasis lasts a few hours after the initiation of
a full-thickness wound (where both epidermis and dermis are damaged). Blood
from the damaged capillaries carries platelets and fibrinogen into the wound site
(Sheffield and Smith| |[2002)) leading to the creation of a fibrin clot that prevents fur-
ther blood loss, and which acts as a provisional matrix for cell migration
[and Leaper| [2005). The inflammation stage lasts for several days, and sees im-
mune cells such as neutrophils and macrophages attracted to the wound site (by
chemoattractants such as platelet derived growth factor (PDGF) and vascular en-
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Fig. 1 Overview of the main stages of the wound healing process: haemostasis, inflammation,
proliferation and remodelling. The key components of this process are labelled at the approxi-
mate times (post-injury) at which they first play a significant role. Figure adapted from
et al.| (20006).
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dothelial growth factor (VEGF) released earlier) in order to clear debris (Bellingan
et all [1996). During the proliferation phase, which lasts several weeks, fibroblasts
are attracted to the wound site by chemoattractants and produce collagen, which
is a major component of the new extracellular matrix that replaces the fibrin
clot (Enoch et all |2006). Angiogenesis, the process by which new blood vessels
develop from preexisting vasculature (Bauer et al. |2005b)), occurs largely during
the proliferation stage. During angiogenesis, endothelial cells that line the blood
vessels proliferate, rearrange and form new capillary buds; this process is stimu-
lated by growth factors released during the earlier inflammation stage (Thackham
et al., |2008]). The formation of new blood vessels is critical to the healing process
since oxygen, which blood vessels supply to the wound site, controls cellular activ-
ity (Tompach et al.,|1997)) and supports continued angiogenesis (Gordillo and Sen)|
2003). During this stage, pericytes provide structural support to the existing blood
vessels, and help regulate the proliferation and migration of endothelial cells (Bod-
nar et al., 2016)). Angiogenesis is controlled by both chemical and mechanical cues
in the wound site (Shiu et al., |2005). The final remodeling phase lasts for several
months (Sheflield and Smith| [2002) and sees the tensile strength across the wound
increase (Bauer et al., 2005a).

In addition to playing a crucial role during wound healing, angiogenesis is also a
critical component of tumour growth (Folkman) [1995)). While there are similarities
between tumour-induced and wound healing angiogenesis, there are also important
differences. For example, while the need for oxygen and hypoxia (lack of oxygen)
drive angiogenesis in both cases (Dvorak, [1986), the new vessel growth during
wound healing is tightly regulated and organised whereas the network that results
from tumour vessels is unorganized and becomes increasingly tortuous (Chap-
lain and Byrne, [1996; [Forster et al., |2017). Mathematical models have provided
insight into both tumour-induced and wound healing angiogenesis, and have gen-
erated theoretical predictions that have stimulated further biomedical research. In
their 1996 paper, Chaplain and Byrne first noted that tumour growth and healing
wounds could be modeled with similar mathematical frameworks (Chaplain and
Byrne, [1996)), an idea that we will explore throughout this review.

The aim of this paper is to highlight some of the main contributions of mathe-
matical models of angiogenesis in the contexts of wound healing as well as tumour
growth, and to outline how the evolution of each field has the potential to be
informed by concurrent developments in the other. The paper is structured as
follows: in the next section we compare and contrast wound healing angiogenesis
with tumour-induced angiogenesis. We then highlight important contributions to
the literature on mathematical models of wound healing and tumour-induced an-
giogenesis. Finally, we discuss some open problems in the field, before concluding
with a discussion.

2 Wound healing and tumour-induced angiogenesis: two sides of the
same coin

Generally speaking, angiogenesis is initiated in a wound healing or tumour context
when cells in the vicinity of blood vessels are stimulated to release pro-angiogenic
chemicals, such as VEGF, due to hypoxic conditions (Takenaga) 2011; [Thackham
et al.l 2008]). We note that while there are many isoforms of VEGF and other
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Fig. 2 Schematic illustration of events of angiogenesis (here shown for tumour-induced an-

giogenesis), modified from (2007).

chemical stimulants involved in angiogenesis, this distinction is not crucial for the
current discussion and indeed most existing mathematical models consider a sin-
gle, generic angiogenic factor which can be viewed as a theoretical composite of the
multiple angiogenic factors that act during angiogenesis. The release of these chem-
icals stimulates the degradation of the basement membrane that lines the blood
vessels, leading to endothelial cells being able to break free of their parent vessel
and migrate towards sources of pro-angiogenic chemicals (Bauer et al.,|2005b). As
illustrated in Fig. 2] these cells actively migrate through the extracellular matrix
(ECM) by extending filopodia in the direction of the source of angiogenic stimuli
and “crawling” towards it (Gerhardt et al., |2003)). The activity of cells during
angiogenesis is controlled largely by cell signalling, whereby receptors on the sur-
face of the cell receive extracellular molecules that provide external signals to the
cell to, for example, promote migration or produce a growth factor. The collective
migration of endothelial cells results in the formation of a capillary bud from the
parent blood vessel, led by a migrating tip cell (Adams and Alitalo| 2007). The
extension of the capillary tip is facilitated by further migration of endothelial cells,
as well as their proliferation which is largely confined to the region just behind
the tip (see Fig. [2)) (Gerhardt et al., |2003)). After a sufficient degree of tip
growth, tip-to-tip and tip-to-vessel joinings occur (referred to as “anastomoses”),
which facilitates blood flow through the extended network (Mantzaris et al, [2004)
and hence supply nutrients to the newly vascularised tissue. This process continues
with the emergence of new tips and capillaries elongating to form an extensive vas-
cular network that penetrates further into the stroma (the supportive framework
for the surrounding tissue, including connective tissue, nerves, ducts etc).

Wound healing and tumour growth differ significantly in a number of ways, not
least in terms of their physiological impact. However, the process of angiogenesis
follows a similar course in both cancer and healing tissues, both of which are also
characterised by the presence of a fibrin clot and inflammatory cells
2018)). Additionally, cells in tumours and wounds express VEGF which
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increases vascular hyperpermeability, and thereby causes vessels to leak plasma
fibrinogen (Dvorakl 2015). This stimulates angiogenesis and provides a matrix on
which the vessels can develop (Ribatti and Tamma) [2018). Over time, the fibrin
clot is degraded by inflammatory cells that are recruited into the tissue, and is
subsequently replaced with a largely collagen-based matrix (Dvorak, [1986)).

In wounds, the initial release of fibrinogen is a consequence of vessel injury,
while in tumours it is driven by vascular hyperpermeability (Dvorak, 2015)). Fur-
thermore, VEGF production in wounds stops after the tissue is healed and hy-
poxic cues have been relieved, while in tumours these stimuli persist and promote
further angiogenesis (Dvorak, [1986)). The vessels associated with tumours are ab-
normally thick and leaky, while the cessation of VEGF signalling in wounds leads
to a restoration of the normal basement membrane thickness and results in non-
leaky vessels (Ribatti and Tammay [2018]). The hallmarks of tumour vasculature
are poor blood flow and leakage, whereas mature vessels in successfully healed
tissue are fully functional. While the initial fibrin clot in healed wounds will be
completely degraded and replaced with a mature extracellular matrix (Thackham
et al.| 2008), leaky tumour blood vessels continue to supply the stroma with fib-
rinogen, leading to further fibrin clotting (Dvorak} [1986)). In order to support the
increased metabolic needs of a healing tissue, the vascular density in wounds is
higher than that of normal tissue. Finally, excess vessels in wounds regress once
healing is complete, resulting in a final vascular density similar to that of normal
skin (DiPietro, 2016)), which is not the case in tumours due to the persistence of
the angiogenic stimulus.

3 Advances in the modelling of tumour-induced and wound healing
angiogenesis

There have been numerous advances in the mathematical modelling of angiogen-
esis over the last 35 years, as illustrated in the timeline displayed in Fig.[3] As a
detailed description of all significant models of angiogenesis is beyond the scope of
this review, we restrict attention to models that introduced new theoretical frame-
works for investigating angiogenesis in the contexts of wound healing and tumour
growth. For a recent review that systematically elucidates the principles underlying
the development of reaction-advection-diffusion models for wound healing angio-
genesis, see |[Flegg et al.|(2015b). We also note that there have been several reviews
of mathematical modelling of tumour-induced angiogenesis including |[Plank and
Sleeman| (2003b)); [Mantzaris et al.[ (2004); Chaplain et al. (2006]), although there
have been more recent developments not reviewed in those papers.

Chaplain and Byrne| (1996) drew attention to the fact that the mathematical
modelling of wound healing angiogenesis could benefit from insights gained from
models of tumour-induced angiogenesis and vice-versa. Although a single mathe-
matical model of angiogenesis would be unable to capture all relevant physiological
details in each process, Chaplain and Byrne| (1996]) proposed a unifying framework
that opened up new perspectives for the development of such models. In particular,
they outlined an approach through which the steps involved in angiogenesis could
be described through a system of partial differential equations (PDEs). As we shall
discuss, there have been several subsequent models of wound healing angiogenesis
that have incorporated ideas from models of tumour-induced angiogenesis, and
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Fig. 3 Timeline of some of the significant works that triggered advances in the mathematical
modelling of angiogenesis in the contexts of wound healing and tumour growth.

vice versa. In the following, we discuss some of the significant models of angiogen-
esis highlighted in Fig. |3} and focus in particular on the novelty of the modelling
framework in each case.

3.1 Early influential mathematical models

Some of the earliest theoretical frameworks developed to describe tumour-induced

vascularization were the models of [Saidel et al.| (1976) and |Liotta et al.| (1977).
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[Saidel et al.| (1976) proposed a spatially-averaged model to describe tumour growth
and vascularization, introducing different compartments to represent different cell
types (e.g. proliferating tumour cells and tumour vascular cells). By contrast,
[Liotta et al|(1977) used what they referred to as a “diffusion model” to simulate
the random motion of these quantities in space and time through a diffusion term.
Using a diffusion-reaction model, |Zawicki et al.| (1981)) proposed what we consider
to be the first model for neovascularization in normal tissue, looking at vessels,
tissue, and debris and comparing to their own experimental results. While these
models provided a simple and robust approach for studying neovascularization,
they did not explicitly consider the growth of capillary tips.

One of the first models to explicitly do so was proposed by [Balding and McEIl
(1985). As illustrated in Fig. [d] this model was motivated by a mathemat-
ical model for fungal growth developed by . Fungal hyphae are
branched filaments that exhibit similar characteristics to capillaries and which,
through a process similar to that observed during neovascularization, extend through
growth at the tips. described this mechanism using a model in-
volving two dependent variables representing the hyphal and tip densities, respec-
tively. The model explicitly accounts for an array of hyphal-tip interactions such
as branching and anastomosis. Building upon this work, [Balding and McElwain|
developed a one-dimensional (1-D) model that described tumour-induced
capillary growth in terms of two continuous variables: the densities of the sprout
tips and capillaries. In addition, they accounted for tip creation and anastomosis
through a partial differential equation (PDE) that governs the evolution of capil-
lary density. In contrast to|Edelstein| (1982), who assumed a constant tip extension
rate, [Balding and McElwain| (1985) assumed that tips move via chemotaxis to-
wards a source of Tumour Angiogenesis Factor (TAF). The resulting model, which
comprises a system of coupled PDEs, described the “snail-trail” of capillaries that
form behind the tips cells. They considered a case in which the source of TAF was
instantaneously removed, and observed that while this causes angiogenic activity
to cease within a few days, vascular decay occurred over a much longer time scale.
These results were found to be consistent with independent experimental obser-
vations and, as we discuss below, the simplicity and generality of this modelling
approach was highly influential on numerous subsequent models of angiogenesis.

The model of |Balding and McElwain| (1985) led to several subsequent studies
that attempted to capture aspects of tumour-induced angiogenesis. The model
developed by |Chaplain and Stuart| (1993) explicitly described the uptake of the
TAF by proliferating endothelial cells, and this was generalized to assume that
endothelial cells underwent random motion (modelled with a diffusion term) in
a density-dependent manner and also included the effects of budding and anas-
tomosis (Chaplain} 1995] [1996). A similar approach was employed by
[Chaplain| (1996 |1997) who investigated the contribution of haptotaxis to the for-
mation of capillary buds and the migration of sprouts towards the tumour source
in both 1-D and 2-D geometries. This was extended by |[Anderson and Chaplain|
to include chemotaxis towards TAF, in order to investigate why tips stop
migrating in the absence of mitosis. A modified version of the model of
[and McElwain| (1985) was considered by Byrne and Chaplain| (1995, who repro-
duced the experimentally-observed ‘brush border’ effect (Gimbrone Jr et al.| [1974;
[Ausprunk and Folkman)| [1977)), where the frequency of branching increases in the
vicinity of the tumour. More recently, |Connor et al.| (2015) extended the work of
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Fig. 4 Schematics illustrating the similarities between the growth of fungal hyphae (left,
modified from |Campbell et al| (2009)) and capillaries that extend away from the basement
membranes of blood vessels towards a solid tumour (right, modified from (2000)).
Both processes lead to the development of a branched network that extends through growth at
the tips. [Balding and McElwain| (1985) drew upon this similarity to develop the first mathe-
matical model of tumour-induced angiogenesis, utilizing concepts from a previously developed

model for fungal growth (Edelstein) [1982)).

[Balding and McElwain| (1985) to develop a PDE model of angiogenesis, directed
by two angiogenic factors, VEGF-A and basic fibroblast growth factor (bFGF).
Another influential mathematical model that was developed around this time
was that of [Sherratt and Murray| (1990) who provided the first theoretical de-
scription of epidermal wound closure. This model assumed that the epidermis
was sufficiently thin that the wound could be described over a 2-D domain. Un-
der the assumption of radial symmetry, the model described the spatio-temporal
distribution of cell density, which changes due to cell migration (described by a
nonlinear diffusion term) and cell proliferation (described by a logistic growth
term). The parameter p controls the nature of the diffusive term that models
the random motility of cells as linear (p = 0, referred to as the Fisher or Kol-
mogorov—Petrovsky—Piskunov (KPP) equation or Fisher-KPP equation) or non-
linear (p > 0, referred to as the porous Fisher equation). The model was extended
to include the effect of a diffusible chemical that regulates cell proliferation, leading
to a set of coupled PDEs. While this model did not explicitly describe angiogene-
sis, the idea of using the principle of conservation to develop coupled PDE models

of wound healing was later extended to include angiogenesis (e.g.
(19964); (Olsen et al. (1998); [Schugart et al.| (2008); [Flegg et al.| (2012)).

3.2 Stochastic models of angiogenesis

While the model by Balding and McElwain| (1985)) captured a number of macro-
scopic features of tumour-angiogenesis, it did not consider the movement of in-
dividual capillary tips, or the conditions under which anastomosis of tips would
occur. A probabilistic model of angiogenesis that took this into account was devel-
oped by |Stokes and Lauffenburger| (1991). Their model described bud formation
from pre-existing parent vessels, and the subsequent migration of sprouts in the
presence of a chemoattractant source (see Fig. . Each sprout ¢ has a density
pi that varies as their tips extend away from the parent vessel. The evolution of
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Fig. 5 Schematic illustrating the probabilistic model of |St0kes and Lauffenburger| (IlQQlI),
which described capillary tip growth towards a chemoattractant source of radius R. In the
displayed schematic, which is modified from the one in [Stokes and Lauffenburger| (1991)), the
leading cell of the blood vessel tip moves in a direction given by the angle 6 from the vertical.
The angle between the direction the cell moves and that of the chemoattractant is ¢. The
leading cell uses membrane receptors to detect the direction of the chemoattractant source,
and consequently the cell attempts to change its direction of motion by an angle ¢.

each p; was described using an ordinary differential equation that depended on the
rate of proliferation of cells in the sprout, the rate at which the sprout elongates,
the transfer of cells to the sprout from its parent vessel, and the transfer of cells
from the sprout to any sprout that may branch away from it. When the density
of a sprout exceeds a critical value pmax, it was assumed that cells within that
sprout stop proliferating, while if it drops below a value pmin the sprout cannot
elongate further. The velocity v; of each sprout tip was assumed to evolve via
an Orstein-Uhlenbeck process, and was modelled using a stochastic ordinary dif-
ferential equation that included a white noise process, a drift term for the bias
of motion in the direction of the chemoattractant source, and a deterministic de-
cay term. Furthermore, it was assumed that new tips may bud from an existing
sprout ¢ if p; > pmin, While if an existing sprout intersects with another, anasto-
mosis occurs and v; is set to zero. Results obtained using their model suggested
that the directed growth of the network of sprouts required a moderate chemo-
tactic response. The authors validated their model through a comparison with
experimental data (Stokes et al.,|1991), and concluded that an Orstein-Uhlenbeck
process provides a reasonable description of tip migration. This modelling frame-
work hence offered a robust approach to describe the conditions that facilitate
vessel formation. Only a few subsequent studies have used stochastic differential
equations to model vascular growth induced by the presence of a tumour such as
the work of |(Capasso and Morale| (2009). Thus, this approach remains a relatively
under-utilised mathematical tool in this field.

3.3 Mechanochemical models

The first mathematical model that integrated mechanical aspects into a model of
wound closure was developed by [Tranquillo and Murray| (1992). They considered
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Fig. 6 Schematic illustrating the components of the model of angiogenesis developed by |Pettet
(1996al), which considered the role of oxygen in the formation of new capillaries, as well
as the proliferation of fibroblasts.

the interaction of fibroblasts and ECM during healing as well as the displacement
of their composite. They employed a force balance for the cell/ECM composite
that included the traction forces that fibroblast cells exert on the ECM. Central
to this model was the idea that the cell/ ECM composite could be described as a
linear viscoelastic solid.

While the work of Tranquillo and Murray| (1992) neglected consideration of an-
giogenesis, the pioneering theoretical framework proposed in their paper inspired
numerous subsequent mechanochemical models. For instance, Olsen and coworkers
built upon this modelling approach to describe the role of myofibroblasts in fibro-
contractive diseases (Olsen et al., [1995), the growth factor mediated responses
that are associated with fibro-proliferative disorders such as keloid and hyper-
trophic scars (Olsen et all, |1996), as well as the process through which collagen
fibres of the ECM are realigned by invading cells that exhibit directed migration,
or haptotaxis (Olsen et al., [1998). Importantly in the context of this review paper,
[Olsen et al (1997) included the concepts of haptotaxis and haptokinesis (random
migration mediated by the ECM) in a model of the spatio-temporal evolution
of the endothelial cell density during wound healing angiogenesis (without con-
sidering cell alignment). Another contemporaneous work that incorporated the
reorganization of the ECM was by [Dallon et al| (1999), who modelled discrete
fibroblast cells in a wound and allowed fibroblasts to produce collagen fibres and
change the direction of the fibres to follow the local ECM already laid down. Later
work built on the idea of modelling the ECM as a viscoelastic material, including
the model of wound angiogenesis developed by Xue et al. (2009)), which we will
discuss in the following section.

In the context of tumour angiogeneis, one of the first mechanochemical models
was developed by |[Holmes and Sleeman| (2000). They built upon the model of
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lain and Stuart| (1993), and used the frameworks of Murray and Oster| (1984) and
Manoussaki et al.|(1996) to incorporate cellular traction and to describe the ECM
as a 2-D viscoelastic material. In addition to considering haptotaxis and chemo-
taxis of endothelial cells, their model described a mechanism by which endothelial
cells reoriented the collagen fibres of the ECM through traction forces, leading
to deformations of the ECM and a subsequent feedback on the direction of cell
migration. More recently, [Zheng et al.| (2013) developed a mechanochem-
ical model of angiogenesis that considered the regulating mechanisms
of VEGF during initial vessel outgrowth, sprout extension and vessel
maturation.

3.4 Modelling the role of oxygen

One of the first models of wound healing angiogenesis that considered the role
of oxygen in mediating chemoattractant production, as well as the proliferation
of fibroblasts, was developed by |Pettet et al.| (1996a). This model incorporated
the ‘snail trail’ mechanism of [Balding and McElwain| (1985) and described the
wound healing process as a set of six coupled PDEs that modelled the spatio-
temporal evolution of capillary tips, capillary sprouts, ECM, oxygen, fibroblasts
and chemoattractants (as illustrated in Fig. @ Simulation results agreed well with
experimental results in that low oxygen regions were needed in the wound to drive
healing and that excess levels lead to the cessation of angiogenesis.

As blood supply to vascular beds is essential for successful wound healing,
situations where blood flow is impeded (for instance due to arterial diseases) can
greatly disrupt the wound healing process. To this end, developed
a model (outlined in Fig. E[) to investigate the impact of ischemic conditions on
wound closure. While the role of tissue oxygenation on dermal wound healing had
been previously studied (Pettet et al.| [1996a; [Schugart et al.| |2008]), the model by
Xue et al.| (2009)) described the ECM as a growing viscoelastic material (similar to
Tranquillo and Murray] (1992)), and was hence one of the first mechanochemical
models of wound angiogenesis. Using this model, which comprised a system of
PDEs, they examined the role that ischemic conditions play on wound closure.

Subsequently, Flegg and coworkers developed a set of mathematical models
using reaction-advection-diffusion equations inspired by works such as|Pettet et al|
(1996blJa)) and Byrne et al.| (2000) to consider non-healing, chronic wounds and
investigated how certain treatments might stimulate healing in an otherwise non-
healing wound. This included the effect of changing oxygen supply/demand
@ , supplemental oxygen through hyperbaric oxygen therapy
2009, [2010), compression bandages (Flegg et al) [2015a)), and the interaction of
dermal and epidermal cells (Menon et al., [2012]).

3.5 Discrete models of angiogenesis

While most models of wound healing angiogenesis developed during the 1990s
used continuum approaches, several contemporaneous discrete models of tumour-
induced angiogenesis attempted to capture behaviour at the level of individual
cells. Most notably, the model of |[Anderson and Chaplain| (1998al) described the
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formation of a network of capillary sprouts in response to TAF. This approach
differed from that of [Stokes and Lauffenburger| (1991) in that the development
of the model involved the discretization of a continuum model for the rate of
change of endothelial cell density. The continuum model, which also captured the
‘brush border’ effect, consisted of a system of PDEs that described the chemotactic
response of endothelial cells to cytokines, as well as their directed migration into
the ECM via haptotaxis. More recently, [Jain and Jackson| (2013]) modelled
the chemotactic sensitivity of the leading tip cells in the brush border
to VEGF stimulus.

The modelling framework introduced by [Anderson and Chaplain| (1998a) led
to several subsequent models of angiogenesis including those by [McDougall et al.|
(2002}, [2006)); [Alarcén et al.| (2006) and [Owen et al.| (2009). McDougall et al.| (2002
extended the approach of /Anderson and Chaplain| (1998al) to incorporate fluid flow
through the vascular network. Specifically, they computed the flow rate of a fluid
across each element of the growing capillary network using Poiseuille’s law. This
modelling approach allowed the authors to investigate the conditions under which
injected chemotherapeutic drugs may bypass the tumour as a consequence of the
highly interconnected nature of the vascular network. Their results suggested that
the structure of the vasculature in the vicinity of the tumour needs to be taken
into account when developing chemotherapeutic strategies. This approach was
later extended to describe flow in 3-D networks (Stephanou et all 2005), where
it was demonstrated that drug uptake could be enhanced by random removal of
vessels. While these studies assumed that the spatial and temporal evolution of
the vascular network proceeded in a manner independent of the fluid flow,
[Dougall et al| (2006) considered a dynamic adaptive tumour-induced angiogenesis
(DATTA) model, which incorporated flow-mediated vessel adaptation and capil-
lary remodelling. They predicted that the blood plasma viscosity does not play
an appreciable role in determining the final network structure, whereas decreasing
intravascular pressure would reduce the density of the resulting network. The role
of flow-mediated vessel adaptation was also considered by |Alarcén et al.| (2006)
and |[Owen et al.| (2009).

In contrast to the model of [Anderson and Chaplain| (1998a)), which focused on
the development of capillaries from pre-existing sprouts, the model of
investigated the changes within the existing vessels that are neces-
sary for the initiation of angiogenesis. Their model consisted of a coupled system
of ordinary and partial differential equations, and used the theory of reinforced
random walks to describe the motion of endothelial cells as well as a Michaelis-
Menten mechanism to describe the production of proteolytic enzymes. This work
was extended in [Levine et al.|(2001a)) to incorporate the migration of endothelial
cells through the ECM towards the tumour. The idea of modelling tumour an-
giogenesis as a reinforced random walk was also employed by [Sleeman and Wallis|
and [Plank and Sleeman| (2003a) to describe the chemotactic and hapto-
tactic response of endothelial cells towards a source of TAF, and their modelling
approach was subsequently extended to describe the motion of cells (Plank and

Sleeman, [2001).
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Fig. 7 Schematic illustrating the various components of the mechanochemical model of dermal

wound healing developed by (2009). The labelled arrows indicate the interactions

between the components of the model.

3.6 Multiscale models of angiogenesis

In addition to continuum and discrete modelling approaches, each of which have
their advantages, several multiscale models of angiogenesis have integrated mod-
elling techniques across several spatial scales. The first multiscale models of tu-
mour angiogenesis were those developed by |Alarcén et al. (2006) and McDougalll
who integrated a model of individual endothelial cell migration with
a network flow model. A similar framework was used by |[Owen et al.| (2009), who
developed a multiscale model of vascular tissue growth that incorporated blood
flow and vessel remodelling. Macklin et al.| (2009) developed a multiscale model of
an expanding tumour that combined the discrete modelling of vessel growth from
[Anderson and Chaplain| (1998a) and McDougall et al.| (2006).

Around the same time, Bauer et al| (2007) proposed a multiscale model of
tumour-induced angiogenesis, that described the dynamics of the extracellular
environment using a PDE, and the interactions between endothelial cells and the
stroma using the cellular Potts model. The processes captured at the extracellular
level included the release of VEGF from hypoxic tumours, as well as the binding
of VEGF to endothelial cells through receptors. At the cellular level the model
included migration and proliferation of endothelial cells through the ECM, as well
as the degradation of the ECM and VEGF-stimulated mitosis of cells. This model
was later extended to incorporate stalk cell chemotaxis and cell recruitment
et al.l[2009). Subsequent multiscale models of tumour angiogenesis include those by
Frieboes et al.| (2010), who investigated the conditions that impact the morphology

of an invading tumour, and (2011)) who incorporated the role of blood

perfusion.
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3.7 Three-dimensional models of angiogenesis

In recent years, there have been efforts to extend existing mathematical models
into 3-D. For example, Milde et al.| (2008) and [Shirinifard et al.| (2009), followed a
similar approach to that of |Bauer et al.| (2007) to develop 3-D multiscale models,
using the cellular Potts model, in order to simulate the coupled cellular behaviour
during tumour-induced angiogenesis. More recently, Bookholt et al. (2016) mod-
elled angiogenesis in vitro using a cell-based model in 3-D, where the tip cells are
the leading cells of the new blood vessel and the stalk cells follow behind the tip
into the fibrin matrix. This model accounted for several mechanisms, including
adhesion to the basement membrane, contact mechanics between cells, haptotaxis
and chemotaxis. Around the same time, Buganza Tepole and Kuhl| (2016]) devel-
oped a model to identify the chemical, biological, and mechanical mechanisms of
scar formation in the remodeling phase of wound healing. They considered the
evolution of a generic inflammatory chemical signal, fibroblasts, collagen and the
mechanical properties of tissue in a 3-D wound space. Other recent advances in-
clude the development of open software for simulating vascularised tissues in 3-D
(Grogan et al., |2017)), a tool that has been applied to model corneal angiogene-
sis (Grogan et al.| |2018). |Grogan et al,| (2017)) found that using a 3-D geometry
is important in recreating vascular patterning consistent with experiments. Con-
temporaneously, [Perfahl et al.| (2017) developed an agent-based model in a 3-D
multiscale model of vasculogenesis, the de novo formation of blood vessels from
endothelial progenitor cells, generating simulations that were consistent with both
in-vitro and in-vivo experiments.

In this section, we have highlighted some of the contributions to the field
of mathematical modelling of angiogenesis in wound healing and tumours. It is
beyond the scope of this paper to review every contribution made to this field. The
more recent models have drawn heavily on the earlier works and have culminated
in complicated models in 3-D. While 3-D models are a natural extension of the
existing models that have been reviewed in this section and have the benefit of
being more realistic biologically, there are drawbacks of higher dimensional models.
These include the requirement of more sophisticated techniques to approximate
the numerical solution. Moreover, the required computational time increases with
the complexity of structure and/or geometry of the process being modelled, and is
hence significantly greater for higher dimensional systems. As we shall discuss in
the “Open Problems” section, this leads to difficulties in determining the optimal
values of the model parameters.

4 Open Problems

As detailed in the previous section, recent decades have seen significant advances
in the mathematical modelling of angiogenesis in the contexts of wound healing
and tumour growth. However, there remain unresolved questions, including those
listed below.

Model parameter estimation
In order for any mathematical model to have predictive capabilities, it is im-
portant that the values of the associated model parameters are appropriately



Modelling wound healing and tumour-induced angiogenesis 15

sourced. Historically, formal statistical methods have not been employed to es-
timate parameter values for mathematical models of tumour growth or wound
healing, although this has changed recently (see, for example, [Flegg et al.
(2015b); |Jin et al.| (2018)). An added difficulty here is that it is typically not
possible to infer all wound healing (or tumour) model parameters from a single
experiment (laboratory or clinical). Consequently, parameter values are often
estimated from a variety of sources. For example, Sherratt and Murray| (1990)
compared their model predictions to in vivo rabbit studies whileTranquillo and
Murray| (1992)) used data from in vivo rat experiments. More recently, Jin et al.
(2018) formally fitted model results to in vitro cell experiments, while Flegg
et al.| (2015b) fitted to data from human clinical trials. Data from each of these
sources are typically associated with different statistical observational models
and error structures. An open problem in this field is to use modern applied
statistical techniques, which have gained favour in other areas of mathematical
biology, to infer the model parameter values in models of wound healing and
tumour-induced angiogenesis. These include Bayesian approaches, which allow
different error structures from varying data sources to be naturally accounted
for (Gelman et al., |2013)). To do this, there needs to be access to good quality
data for parameter estimation (and model validation), which is an open prob-
lem that mathematicians and experimentalists need to work closely together to
address, for example using mathematical models to guide experimental design.
For model parameter estimation, the time it takes to simulate the model for
a single set of parameter values can be a limiting factor in the quality of the
parameter estimation and should be considered during the model development
stage. There are also related questions around model selection and model com-
parison. That is, when comparing competing models, which one/s would the
data best support?

The available data leads to questions about the level of detail that one would
need to include in the model. That is, does one require resolution at the
level of individual blood vessels or individual endothelial cells, or would a
course-grained tissue-scale model suffice? Alternatively, one may ask whether
a combination of scales might be appropriate? Indeed, there are mathemat-
ical techniques that have been applied in an angiogenesis context that allow
the relationship between models at different spatial scales to be combined, see
for example [Pillay et al.[ (2017, |2018). However, we note that even when
experimental data is available, there is no guarantee it would be
sufficient to parameterise the model and there may, in addition, be
significant parameter identifiability issues that could stem from the
quality and quantity of the data.

Treatment of wounds and tumours

In addition to gaining insights into the mechanisms that underpin angiogenesis
in wounds, mathematical modelling can also be used to assess novel treatment
strategies, such as hyperbaric oxygen therapy and alternative designs for com-
pression bandages (Flegg et al. |2015b| 2009, [2010]), and there is further work
that can be done in this research area. This includes investigating how negative
pressure and electric fields, both of which may affect angiogenesis, might aid
in the treatment of wounds. Treatments at the cellular scale in the contexts of
both wounds and tumours can also be further investigated from a theoretical
point of view, including the role of immune cells in regulating angiogenesis,
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and the manipulation of VEGF or delta-notch signalling pathways to promote
or inhibit angiogenesis (Carmeliet], 2003} Bentley et al., [2008]).

Angiogenesis in other contexts
Just as the mathematical modelling of wound healing angiogenesis has drawn
upon work in tumour-induced modelling, there are other contexts in which
angiogenesis is relevant. These include eye disease such as age-related macular
degeneration and their treatment (Witmer et al., [2003), which has been mod-
elled mathematically (Hutton-Smith et al., 2018} |2016)), menstruation, arthri-
tis, atherosclerosis and embryogenesis. It is possible that these fields could
benefit from advances made in the context of modelling tumour/wound angio-
genesis (or vice versa). There have been mathematical models of angiogenesis,
vasculogensis and vascular remodelling that are not specific to wound heal-
ing or tumour angiogenesis (see, for example |Godde and Kurz| (2001)); |Secomb
et al.| (2013)) of which researchers in both fields should be aware. [Peirce| (2008)
provides an excellent review of mathematical modelling of angiogenesis across
various contexts.

Addressing unanswered questions relating to angiogenesis
Mathematical modelling can help answer questions related to the an-
giogenesis process. These include, but are not limited to: do blood
vessels collapse due to cell apoptosis or cell migration away from the
vessel? Why are some capillaries larger in diameter than others?
Does internal blood flow drive angiogenic growth? While existing
multiscale models of vascular tumour growth, for example |Alarcon
et al.| (2006), account for changes in vessel radius and vessel prun-
ing in response to both biochemical and mechanical stimuli, it is
likely that a discrete mathematical model framework would be help-
ful in addressing some of these questions at the cellular level. These
include the cell-based simulation software, Chaste (Cancer, Heart
and Soft Tissue Environment), see https://www.cs.ox.ac.uk/chaste/,
and Microvessel Chaste which can be used to explicitly model vas-
cularised tissues (Grogan et al., [2017)). Recently developed experi-
mental techniques have led to the availability of data that can be
used to parameterise such mathematical models of 3-D microvessel
formation (see for example |Jeon et al. (2014))).

5 Discussion

In this paper, we have highlighted how progress in the mathematical modelling of
wound healing angiogenesis and tumour-induced angiogenesis have been possible
through a cross-pollination of ideas over the last 35 years, and how further ad-
vances may be acheived in each area. In summarising the research area, we have
identified several issues where more work is required to move this field forward,
including the estimation of model parameters, extending these ideas to model an-
giogenesis in other contexts, and the use of modelling to address questions related
to the treatment of abnormal wounds. The aim of the paper was not to system-
atically cover an exhaustive list of studies that have modelled wound healing or
tumour-induced angiogenesis. Rather our goal was to comprehensively summarise
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the overlapping fields of mathematical modelling of wound healing and tumour-
induced angiogenesis.

With large amounts of biological data becoming available at fine-scale spatio-
temporal resolutions, there is an increased need for mathematical models to keep
pace with experimental observations, as well as the parameter inference methods
being adopted. The analysis of detailed models of increased complexity will require
significant computational resources, as well as a broad range of expertise. Hence it
will be important to involve a suitably skilled interdisciplinary team (including, for
instance, biologists, applied mathematicians, clinicians, physicists, computer scien-
tists and applied statisticians) to address such problems. Ultimately, this requires
a common language for communication between these different scientists; we hope
this review can contribute to developing that common language by highlighting
the progress of the field to date.
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