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Abstract

This thesis discusses the hurdles that are frequently encountered in attempts to
quantize gravity or rather, while gravitizing quantum mechanics. Among the issues
we consider here are the lack of observable signatures of the quantum nature
of gravity despite the considerable amount of effort directed towards theoretical
approaches such as string theory and loop quantum gravity, to name a few. Here,
we examine observable consequences of quantum gravity through superpositions
of primordial massive particles and quantum witnesses in table top experiments
involving Bose Einstein Condensates. We compute the decoherence timescales of
a primordial superposition and outline its effects in the form of an interference
pattern, characteristic absorption spectra or entanglement effects. While it is
difficult to conceive of a way to control measurements that occur in the early
universe, such as the measurement of curvature perturbations during inflation, we
have a significant degree of control over quantum systems in the laboratory such as
Bose Einstein Condensates for which we propose a non-Gaussianity based witness
of the quantum nature of gravity. Non-Gaussianities are also discussed in the
context of cosmological observations where it becomes important to distinguish
primoridal non-Gaussianities from secondary effects. While observing any of these
signatures can give credence to the requirement that gravity should be quantum,
insight can also be drawn between conflicts that exist between general relativity
and quantum mechanics. One such anomaly we discuss is the cosmic censorship
conjecture and its reconciliation with quantum information theory. In particular by
employing the complexity-volume conjecture from the AdS/CFT correspondence,
we show that for Kerr black holes, spacetime must continue across the Cauchy
Horizon where solutions to the Einstein field equations break down. Finally, we
introduce a formalism that attempts to bridge the gap between quantum theory and
relativity by putting spacelike and timelike events on the same footing. The notion
of an event, redefined as a correspondence between a system and an apparatus,
gives rise to interesting predictive phenomena and allows us to apply the tools of
quantum information theory in their characterisation.
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The feature of quantum gravity that challenges its very right to be considered as
a genuine branch of theoretical physics is the singular absence of any observed
property of the world that can be identified unequivocally as the result of some
interplay between general relativity and quantum theory.

— Chris J. Isham, Structural Issues in Quantum Gravity
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1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
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1.4 AdS CFT . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4.1 Review . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.5 Events . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.6 Way Forward . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.1 Motivation

A longstanding endeavour since the advent of General Relativity (GR) is the

unification of gravity and quantum mechanics (QM) [1–4], which is expected to

resolve pathologies such as singularities in the big bang or in black holes. Notable

attempts towards a quantum theory of gravity include: String Theory [5] and

Loop Quantum Gravity [6]. However, observable consequences that are uniquely

attributable to these theories to test their validity, remain elusive. In addition,

among the limited signatures predicted, none can be verified with currently available

technology and resources. While strides have been made through model specific

proposals based on these theories, the differences may not be readily observable

at low energy scales.

1
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The common view is that there is no hope of experimental evidence since

we need to probe GR near a very small length scale, the Planck length, where

QM effects of spacetime become relevant. Such observations through collider

physics would require us to build an astronomical scale particle accelerator to

probe these high energy scales.

In this thesis, we will consider classes of observations at a cosmological, Ch.2

and table-top experimental level, Ch.3 to shed insights on the quantum nature

of gravity. Some of these signatures are model dependent while others are model

independent. In particular, we investigate cosmological events that naturally occur

close to the Planck energy scale and table-top experiments on quantum systems

at the Planck mass scale. We will also study conflicts that arise during unification

attempts of quantum theory and gravity from a holographic perspective, Ch.4.

Furthermore, we will investigate a theoretical formalism of events that resolves

the asymmetry between spacelike and timelike events, offering a window into the

requirements and properties of quantum theory of gravity, Ch.5.

1.2 Superpositions

A central tenet of QM is that quantum degrees of freedom can be superposed. A

straightforward extension of this principle to massive particles opens up several

issues that are at the heart of the conflict between GR and QM. Preserving the

unitarity and linearity of quantum mechanics, we expect a massive superposition

to manifest as entanglement with the metric itself which if observed would be a

tell-tale sign of quantum gravitational (QG) effects.

Recent works on table-top experiments have emphasised an important scale

in addition to the Planck length scale – the Planck mass, where gravitational

effects of massive quantum systems become relevant, allowing us to distinguish

quantum gravitational effects from classical gravity. In contrast to the Planck length

≥ 1.6 ◊ 10
≠35

m which requires extraordinarily high energy scales to probe, the

Planck mass ≥ 2.2◊10
≠8

kg corresponds to laboratory scales. Due to the continuing

rapid developments in quantum technology driven by quantum information theory

(QI), this mass scale is hoped to be within experimental reach soon.
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Proposals have been developed by Bose et.al. [7] and Vedral et.al. [8], for an

experiment to detect evidence of QG using techniques of QI and quantum technology.

The Bose-Marletto-Vedral (BMV) proposal considers a witness of the creation of

entanglement between two masses that were initially superposed at two locations to

be a tell tale sign of the quantum nature of the gravitational field mediating their

interaction. Exciting advances in creating massive superpositions, e.g. [9], indicate

that the BMV experiment could be performed in the near future. Other proposals

of a similar nature describing tests of QG motivated by QI insights include [10–13].

A comprehensive review of the advances in experimental and theoretical work on

quantum experiments that will be able to probe relativistic effects of gravity on

quantum properties can be found in [14].

The BMV proposal demonstrates the utility of QI concepts in developing novel

and promising tests of QG. The extension of this analysis to continuous variable QI

(CVQI) to develop a new witness that is motivated by the different ways in which

matter must interact in a QG or CG theory, is a topic of discussion in this thesis.

This new witness is the production or change of non-Gaussianity in the quantum

state of matter. It is complementary to an entanglement witness of QG since it is

applicable to types of tests of QG that are inaccessible to an entanglement witness,

and vice-versa. A particular example we consider is witnessing non-Gaussianity in

systems consisting of gravitationally interacting identical bosons in the same state

and masses whose wavefunctions overlap. This opens new systems to tests of QG

using a promising QI approach. An advantage of this protocol is that it requires a

single quantum system as opposed to two in the BMV prescription. This work adds

to the body of existing literature on gravitational witnesses in condensates, notably

those considered in [15] on phononic excitations in a BEC where they satisfy the

Klein–Gordon equation on a curved background metric. It is shown that changes in

the spacetime metric through a non-uniform acceleration of the BEC cavity trap

produces phononic excitations that can be detected. The effect of an oscillating

gravitational field on BEC phonon modes has been considered in [16] that could

serve as a possible experimental realization of [15].



1. Introduction 4

Another domain where superpositions are considered is in the context of the

early universe. While common laboratory systems are susceptible to decoherence,

cosmology may provide exotic objects that are robust against decoherence. In

particular, the dominant contribution to the mass of the universe comes from dark

matter which does not interact with the standard model sector and can only be

witnessed through its gravitational interactions. This allows for the possibility of

Schrodinger-cat-like states of dark matter in the absence of appreciable interactions.

In this thesis, we study the decoherence of a primordial massive superposition to

shed some insight on the relevant mass scales that would allow for a quantum

superposition from the early universe to survive until present times.

1.3 Early Universe Cosmology

The early universe is often seen as a test bed for quantum effects where primordial

processes such as inflation are assumed to be driven by quantum fields. Inflation

[17–19] is the leading paradigm of the early Universe that was formulated as

a solution to the “big bang puzzles” of standard cosmology, namely the horizon

problem and the flatness problem. As a bonus inflation also proved to be a consistent

theory of structure formation in the Universe, explaining the anisotropies in the

primordial cosmic microwave background (CMB) and the large scale structure

of galaxies through quantum fluctuations in the scalar field driving inflation,

dubbed the inflaton.

One of the most promising places to look for evidence of quantum gravity is

through cosmological observations. In particular, it is hoped that such evidence

could be found in the cosmic microwave background (CMB). If gravity is indeed

quantum mechanical, the fluctuations of the inflaton should lead to the creation

of real gravitational fluctuations from the vacuum. Such fluctuations will modify

the trajectory of photons from last scattering, which (in addition to other effects)

modifies the red-shifting process and leads to temperature fluctuations in the sky.

However, if gravity is always a classical process, then there will be no creation of

gravitational fluctuations from the vacuum and thus no quantum contribution to

the temperature fluctuations due to the inflationary process.



1. Introduction 5

Inflation will only amplify scalar and tensor (spin-2) field quantum fluctuations

in 3+1 dimensions. The inflaton itself (if it is indeed a scalar field) should then have

its quantum fluctuations magnified. These will enter the scalar power spectrum of

the CMB. For the gravitational fluctuations, there are both scalar (essentially the

Newtonian potential) and tensor (gravitons) fluctuations. The gravitons will enter

the tensor power spectrum of the CMB. It is thought that, for consistency of the

theory, the gravitational scalar fluctuations must enter the scalar power spectrum

with the inflaton (in fact these should really be considered as inseparable as these

are related through the perturbed Einstein equations).

The dynamics of the inflaton, provides the negative pressure needed for the

exponential expansion of the Universe. The action governing the simplest models

of inflation is as follows,

S =

⁄
d

4
x
Ô

≠g

C
M

2
pl

2
R ≠ 1

2
g

µ‹
ˆµ„ˆ‹„ ≠ V („)

D

(1.1)

In linear cosmological perturbation theory, the metric tensor and the inflaton are

expanded around a background such that, g
µ‹

= “
µ‹

+ h
µ‹ and „ = „̄ + ”„ where

“
µ‹ and „̄ are the background metric and scalar field respectively. The metric per-

turbations, h
µ‹ can be resolved into scalar, vector and tensor components as follows,

hµ‹ = a
2
(÷)

A
2� ≠B|i

≠B|i 2(Âij ≠ E|ij)

B

(1.2)

The scalar part of the metric perturbation (�) combines with the inflaton

perturbations resulting in a gauge-invariant scalar perturbation ”’ that can be

treated conveniently,

”’ = a

1
”„ + „̄

Õ
(B ≠ E

Õ
) + z�

2
(1.3)

where � is the gauge-invariant Bardeen variable that is identical to the Newtonian

potential � for a particular gauge choice. We have deliberately chosen � to represent

the Newtonian potential and „ to represent the inflaton as these sectors evolve

together under the inflationary action.



1. Introduction 6

The action for the perturbations then reduces to that of a parametric har-
monic oscillator.

Spert =
1

2

⁄
d

4
x

C

”’
Õ2 ≠ c

2
s
(”’,i)

2
+

z
ÕÕ

z
”’

2
D

(1.4)

It has been shown in [20] that at the end of inflation each Fourier mode is
evolved from the vacuum state ¢k |0k, 0≠kÍ into a two-mode squeezed state |ÂsqÍ

which belongs to the wider class of quantum states called Gaussian states,

|ÂsqÍ =
p

k

1

cosh rk

Œÿ

n=0
e

≠2inÏktanh
n

rk |nk, n≠kÍ (1.5)

Where |nkÍ is a number state of mode k with occupation number n and rk, Ïk

are the squeezing parameter and angle respectively. Through this treatment, it
is apparent that quantum field theory (QFT) in curved space time preserves the
Gaussianity of states and non interacting theories do not generate non-Gaussianity.
A more detailed commentary on this generic property of semiclassical gravity is
provided in Appendix A. Also note that one can obtain a direct relation between
the slow roll parameters and the degree of entanglement as shown through the
computation of the Von Neumann entropy and its relation to the scale factor in
[21]. Further, in [22] the entanglement between the modes of a fermionic field in
the FRW universe was studied and found to be lower than the bosonic case. This
suggests that the nature of the quantum field plays an important role in determining
response of entanglement to the dynamics of the expanding universe.

An interesting question to ask at this point would be: if we could perform a
Bell inequality violating experiment in cosmology as the state is highly entangled.
This would confirm that the inflationary fluctuations are of quantum origin and not
simply stochastic in nature. However upon further consideration we note that a
key missing ingredient for Bell violation in cosmology is the lack of non-commuting
observables. While the dominant contribution to the CMB temperature fluctuations
stems from the curvature modes ’(x), its conjugate momentum, �(x) is suppressed
over many e-folds during inflation.

A simple setup would start with two scalar fields „ and ‡ to serve as the
system and the appartus whose joint Hilbert space would be, F = F„¢F‡, where
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F„ and F‡ are the Fock spaces of „ and ‡. Observables are regarded to be

operators on F„ and F‡. In this case, for a quantum state |ÂÍ œ F the expectation

value of an observable O is,

ÈÂ|O|ÂÍ = Tr„[Ofl„] , (1.6)

where

fl„ © Tr‡|ÂÍÈÂ| , (1.7)

is the reduced density matrix, and Tr„ and Tr‡ are the trace operations in F„ and

F‡, respectively. In general, the reduced density matrix fl„ represents a mixed state

due to quantum entanglement between F„ and F‡ unless the quantum state of the

total system is a direct product of a state in F„ and a state in F‡.

The key, seemingly insurmountable hurdle is that, unlike table-top experiments

where we have free reign to manipulate quantum systems, there exists only one

universe which has already chosen a measurement basis. Strides have been made

in [23] to develop baroque models of the early universe involving multiple fields

to replicate a system-apparatus interaction and treating different patches of the

universe as independent runs of an experiment on identically prepared initial

states. These models do accommodate a possibility for Bell inequality violation,

however introducing non minimal assumptions such as additional fields, interacting

in a contrived manner makes distinguishing observable effects a phenomenological

problem. This motivates us to consider the possibility of witnessing quantum

effects due to relics left behind by primordial processes like inflation in Ch.2 and

non-Gaussianity as a quantum witness in Ch.3.

As a side remark, the field of relativistic quantum information has seen several

developments pertaining to the entanglement of the vacuum state of a free field [24–

26]. It is worth stressing at this point that notions of entanglement are underpinned

by the choice of the tensor-product decomposition of the joint Hilbert space of the

whole system. In Minkowski space we could consider decomposing a free scalar

field into plane wave modes or employ a Rindler wedge type decomposition. In

these cases the vacuum state can be expressed as,
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|0Í =
p

k

|0Ík (1.8)

which is a product state of the Fourier modes denoted by k, or the two mode

squeezed state similar to (1.3) in the Rindler wedge decomposition which is bipartite

entangled. For example the Unruh effect [27] is related to the entanglement structure

obtained by decomposing spacetime into two regions, R1 : x < 0 and R2 : x > 0.

The violation of Bell’s inequalities has also been discussed in this context in [24].

While projective measurements work well operationally in non-relativistic

quantum mechanics and are routinely used in the construction of Bell’s inequalities,

in quantum field theory, projective measurements are not compatible with relativistic

causality. In fact, local projectors of finite rank do not exist in QFT [28, 29].

Furthemore, localized ideal measurements such as infinite rank projectors considered

in [28] also suffer from faster-than-light signalling as considered in a work by Sorkin

[30]. Other measurement schemes involve coupling with particle detectors which are

localized non-relativistic quantum systems to quantum fields, including the Unruh-

DeWitt model [31]. These models are used in the characterisation of entanglement

harvesting from the vacuum state [32]. While point like detector models are

compatible with relativistic causality, some divergences emerge due to their singular

nature. To remedy this issue smeared detectors [33, 34] have been considered that

maintain causality within the bounds of the smearing length scale. These results,

together with the fact that detector models can realistically represent the way

fields are measured experimentally [35], make this option especially appealing for

modelling measurements in QFT. Finite-size detectors with a position-dependent

coupling strength were studied in [36] that naturally couple to peaked frequency

distributions of Rindler, Minkowski and Unruh modes. Such models are suitable

to analyze entanglement harvesting in noninertial frames. Some open questions

remain regarding the mechanism of going from a field state and a detector that

are originally decoupled and uncorrelated to a experimental measurement. We will

not be considering projective measurements on fields or particle detector based

measurements in this thesis. The ardent reader is encouraged to refer to the
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collection of papers in [37] for an excellent background on the issues discussed above,

and in general the field of relativistic quantum information.

1.4 AdS CFT

Among recent theoretical frameworks developed for a quantum theory of gravity

is the Anti-de Sitter/Conformal Field Theory correspondence (AdS/CFT) [38].

This correspondence relates quantum gravity in d dimensions to non-gravitational

QFTs in d ≠ 1 dimensions. The QFTs considered are conformally symmetric, hence

UV complete. The states defined in these CFTs like any other quantum state

possess quantum correlations that are well understood from a quantum information

theoretic perspective. These dual states on the CFT side correspond to a spacetime

geometry and gravitating systems on the AdS side. Their dynamics are governed

by the Einstein field equations.

Recall, that in condensed matter systems while studying collective phenomena,

new weakly coupled degrees of freedom emerge dynamically in the study of strongly

coupled systems. These emergent excitations, are in turn described by their own

fields which is akin to the holographic duality [39]. The interesting twist in the

bulk-boundary correspondence for spacetime, however, is that these emergent fields

live in a space with one extra dimension with the dual theory being a theory

of gravity. It seems natural that the first hints of a gauge/gravity duality were

seen in string theory where branes contain a gauge theory living in their world

volume. However, the study of the correspondence has been extended to include very

different domains, ranging from the analysis of the strong coupling dynamics of QCD

and electroweak to applications in condensed matter physics such as holographic

superconductors. For instance the strong-coupling QCD analysis of ultrarelativistic

processes like heavy ion collisions [40, 41] is impossible with the present state of the

QCD theory while some insights can be derived from an AdS/CFT based analysis.

In the following we present a digression to review the AdS/CFT correspondence,

the more familiar reader may skip this section.
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1.4.1 Review

The Bekenstein-Hawking formula for black hole entropy, SBH is given as,

SBH =
1

4G
AH (1.9)

where G is the gravitational constant and AH is the area of the event horizon.

In standard QFT, entropy is an extensive quantity and scales with the volume of a

spatial region i.e. for a spatial region of d≠1 dimensions (Rd≠1), SQF T Ã Vol(Rd≠1).

It is here that we see the first hints of a holographic description, as entropy is no

longer an extensive quantity, in a system with gravitational degrees of freedom.

If one were to treat an Rd≠1 QFT on a lattice with d ≠ 1 spatial dimensions

and spatial extent R, with spacing ‘ to serve as a UV cutoff, the total number of

associated degrees of freedom, N
QF T

“
of the QFT, with “ degrees of freedom

per lattice scales as,

N
QF T

“
=

3
R

‘

4d≠1
“ (1.10)

“ which is also referred to as the central charge characterizes CFTs. For instance

SU(N) gauge CFTs have “ ≥ N
2.

The holographic principle states that given a closed surface in spacetime

enclosing a quantum gravitational system, all information contained in the interior

of the surface can be holographically projected onto the surface. Furthemore, the

gravitational theory governing the bulk physics can be described by a gauge field

theory on the boundary surface. This taken together with the Bekenstein-Hawking

formula suggests that the number of degrees of freedom contained in a certain

region equals the maximum entropy where AH can be reinterpreted as the area

of the region at boundary of AdS in d spatial dimensions.

Comparing (1.10) and (1.9), given that AH =

1
RL

‘

2
d≠1

we have,

“ =
1

4

A
L

lp

B
d≠1

(1.11)

A classical gravity dual to the CFT exists in the limit of large “ which is precisely

why AdS/CFT is formulated in the context of large N for SU(N) gauge theories.
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A theory is regarded to be classical when the coefficient multiplying its action is

large. In this case the path integral is dominated by a saddle point. The action of

a gravitational theory in the AdSd spacetime of radius L, contains a factor L
d≠1

/G.

As the Planck length lp Ã G
d+2, we conclude that the classical gravity theory is

reliable if, “ ∫ 1 which happens when the AdS radius is large in Planck units.

Thus, a QFT has a classical gravity dual when “ is large, or equivalently if there is

a large number of degrees of freedom per unit volume or a large number of species

(which corresponds to large N for SU(N) gauge theories).

The prototypical example of the correspondence was studied in the context of

N coincident D3 branes in String theory. More precisely, type IIB string theory

in AdS5 ◊ S
5 is dual to 4 dimensional N = 4 supersymmetric Yang Mills gauge

theory (SYM) with gauge group SU(N) and coupling constant gSY M which is a

conformal field theory. This duality holds for all values of N and coupling constants,

however it is commonly studied in the limit of large N and finite but small string

coupling constant where, the gravity side reduces to classical type IIB supergravity

which can lending itself to a perturbative analysis but the gauge theory (SYM)

becomes strongly coupled and can not treated perturbatively. This is why AdS/

CFT offers a powerful window into the study of strongly coupled field theories.

There is a one–to–one correspondence between the symmetries, scales, degrees of

freedom and dynamics of the two theories for which we refer the astute reader

to [42] as it is beyond the scope of this thesis.

Since at its heart, AdS/CFT is a correspondence between weakly/strongly

coupled theories, we will conclude our digression with a simple illustration of the

black hole entropy correspondence on both sides of the theory.

The entropy density, s, of an AdSd black hole with Hawking temperature T ,

can be computed from the Bekenstein-Hawking relation and is found to be,

s =
AH

4Gd

=
1

4Gd

3
4fi

d ≠ 1

4
d≠2

L
d≠2

T
d≠2 (1.12)

This in terms of the QFT central charge “ can be expressed as,

s =

3
4fi

d ≠ 1

4
d≠2

“ T
d≠2 (1.13)
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In the case of N = 4 SYM, we take d = 5 and “ = N
2
/2fi and the entropy

density is given as,

sblack hole =
fi

2

2
N

2
T

3 (1.14)

From the expression of the entropy density in (1.14) we can obtain the value

of the pressure related to the entropy by s =
ˆp

ˆT
,

p =
fi

2

8
N

2
T

4 (1.15)

Hence from the first law of thermodynamics, E = ≠p + Ts, where the en-

ergy density E is,

E =
3fi

2

8
N

2
T

4 (1.16)

Having obtained the values of s, p and E in the strong coupling limit, let us

consider a gas of non-interacting massless relativistic bosons and fermions which

corresponds to the weak coupling limit. The partition function in the canonical

ensemble for bosons and fermions respectively is,

log Zb

V3
=

fi
2

90
T

3 (1.17)

and,

log Zf

V3
=

7fi
2

720
T

3 (1.18)

The entropy density is therefore,

s =
ˆ

ˆT

5
T

log Z

V3

6
= 4

log Z

V3
(1.19)

It follows that,

sb =
2fi

2

45
T

3 (1.20)

sf =
7fi

2

180
T

3 (1.21)
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In N = 4 SYM there are 2 gauge bosons and 6 scalar fields which brings the

total boson number to 8N
2 while the number of fermions corresponding to 4 Weyl

Spinors is 8N
2 as well due to the supersymmetric nature of the theory.

Therefore, the total entropy density sgas of N = 4 SYM when the coupling

constant is zero is,

sgas = 8N
2

5
2fi

2

45
+

7fi
2

180

6
T

3
=

2fi
2

3
N

2
T

3 (1.22)

We immediately observe that the entropy for the ideal gas is related to the

black hole entropy as follows,

sblack hole =
3

4
sgas (1.23)

A similar analysis calculation can be made for p and E which demonstrates

that the AdS/CFT correspondence predicts that the values of s, p and ‘ at infinite

coupling differ from their values at zero coupling by a multiplicative factor 3/4.

These reductions of the entropy, pressure and energy density as the coupling is

increased are in very good agreement with the results obtained in lattice simulations

for different gauge theories [43].

While AdS/CFT consists of many conjectures [42] that are yet to be experimen-

tally verified, they offer a window into the properties of candidate quantum gravity

theories. CFTs themselves are better understood and are routinely discussed in

condensed matter physics. Observables on both sides of the theory are translated by

a dictionary mapping. For instance, the spin 2 generator of translational symmetry

is mapped to the metric tensor, CFT scalars to scalar fields gravitating in the

bulk with a correspondence between their respective correlation functions [42]. The

simplest example is that of a thermal state on the CFT side which is mapped

to a black hole in AdS where the thermal entropy of the CFT state corresponds

to the Bekenstein entropy of the black hole.

A natural line of inquiry follows from attempting to relate the interior of black

holes to their CFT state. In particular, it is well known that in the interior of

an eternal black hole space and time invert roles. Subsequently, just as the way
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time flows forward in the exterior of a black hole its interior region must continue

growing. More precisely, by this growth of the interior, we mean that the length of a

spacelike curve at a fixed interior radius grows towards the singularity. Proponents

of AdS/CFT including Susskind have advocated that the growth of the interior

region (a gauge invariant observable) must be captured by a corresponding CFT

quantity, which eventually was found to be best represented by the quantum state

complexity [44–46]. Interestingly, the complexity continues to grow even after the

black hole has reached thermal equilibrium.

In Ch.4, we will consider a particular application of the complexity theory of gates

in the context the AdS/CFT correspondence to provide new insights on GR effects in

rotating black holes. In particular it is interesting to see how insights from quantum

theory can change our viewpoint on the pathologies that emerge in GR such as

singularities in rotating black holes and the related cosmic censorship conjecture [47].

1.5 Events

At an experiential level, time is one of the most intuitive physical concepts. However,

its precise characterisation is still a very much an open problem in the foundations

of physics, in particular in quantum theory [48–52]. Relativity introduces the

notion of events as coordinates in spacetime where every observer has their own

clock. The transformations between different observers and reference frames also

transforms clock time itself, which suggests that time behaves dynamically. However,

in quantum mechanics, time is an independent parameter with respect to which

the Schrodinger evolution of quantum systems takes place.

In the description of multi-systems, the quantum state of each subsystem lives in

a separate Hilbert space (e.g. fli œ Hi) and the full state description, fl is achieved

through a tensor product such that fl œ H =
o

i Hi. The tensor product indicates

that these systems can be treated separately while the joint state description also

exists and is well defined at each instant of time. An equivalent notion does not

generalize to state descriptions over an extended period of time due to the lack

of a tensor product space. In fact one would expect such notions to generalise

over a spatio-temporal tensor product.
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To resolve this conflict, in Ch.5, we extend the classical concept of an event to the

quantum domain by defining an event as a transfer of information between physical

systems. This allows us to describe spacelike and timelike (causally connected)

events on an equal footing by utilizing detectors coupled to timers that store

information about a given system and the moment of measurement.

This approach has some semblances to the Page Wootters picture [53], where

time emerges from a stationary universe. Here we recover the Schrodinger equation

for a system, from the correlation between that system S and the rest of the universe

R [54]. In this case, the environment serves as the system’s clock and since the

clock does not interact with the system, S evolves with respect to a variable —

that labels the eigenvalues of a suitable clock observable. This motivates us to

develop a formalism of events that incorporates measurement records. In fact the

distinguishable states of the record are responsible for the emergence of time.

By tracing out the system and focusing on the detectors’ and timers’ states,

events are represented by a tensor product structure. Furthermore, including a

time register gives rise to a temporal superposition analogous to the familiar

spatial superposition in quantum mechanics. We verify that the presence of

coherence can ensure a causal connection between events. We also propose a

causal correlation function involving the detection times to characterize the type

of events. Our formalism allows us to extend quantum information concepts to

spacelike and timelike events. For instance, similar to measurements on spatially

entangled systems, we observe that in the limit of “instantaneous” measurements, a

deterministic relationship emerges between causally connected events; i.e. observing

the state of one of the systems (in our case, knowing a previous event), enables us

to learn precisely the state of the other system (we delineate a later event).

1.6 Way Forward

The issues discussed in the previous sections must not be treated in isolation. Several

approaches to quantum gravity rely heavily on novel theoretical insights alone.

Approaches to quantum gravity must bridge the gap between theory and observation

to make falsifiable predictions and to guarantee consistency with all observed
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phenomena. Experimental proposals at the frontiers of quantum information
theory and gravity aim to do precisely this Ch.2, 3. A complementary mode of
investigation is to examine the conflicts between classical GR and QM in greater
detail to gain insight into the ways conventional pathologies can be resolved Ch.4.
Finally, establishing generic notions such as that of an event, can be readily carried
forward to any theoretical framework of quantum gravity Ch.5.



So, the good news is that all seems fine with quantum gravity in the
standard Heisenberg field theoretic approach. We can use the lowest order to
experimentally confirm that gravity must be quantum ... The bad news might
be that we may never be able to test most of them. Unless, of course, some
observations from the early universe, or extreme astronomical objects like black
holes and neutron stars come to rescue.
— Vlatko Vedral Are There Any Real Problems With Quantum Gravity?
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This chapter is based on a paper written in collaboration with Gowtham

Neppoleon, Yi Wang and Vlatko Vedral. The author of this thesis computed

the decoherence time of a primordial massive superposition and investigated the

observational implications.

2.1 Introduction

A first step in the search of quantum effects in the early universe is to investigate

the relics left behind by primordial processes i.e., primordial massive particles.

Examples of primordial massive particles include dark matter candidates that may

be created in the reheating era, or primordial black holes (PBHs) that are sourced

by primordial fluctuations that re-enter the horizon. In the radiation dominated

17
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era of the universe these primordial particles interact with the photon background

leading to decoherence in their positional degree of freedom. This leads to the

interesting question of whether such primordial particles can persist in a superpo-

sition up to current times and their associated quantum signatures. In ordinary

macroscopic systems often seen in the laboratory, interactions with the surrounding

environment, such as interactions with matter or spurious electromagnetic effects

lead to decoherence. The environmental degrees of freedom effectively perform

a measurement on the sub system of interest. The large number of degrees of

freedom of the environments accelerates the process of decoherence often occurring

on timescales less than seconds. In this chapter we will compute the decoherence

timescale associated with a superposed state of a primordial massive particle and

the range of masses for which the superposition persists to present time.

Recent literature has investigated the gravitational decoherence of light dark-

matter for well-chosen initial states, through the study of scattering processes with

the environment, both in a Newtonian [55] and general relativistic context [56,

57]. While Ref. [56] has considered decoherence by a single scattering particle

in terms of the decay of the system’s off-diagonal density matrix elements, with

a special focus of light dark matter with coherent oscillations, we consider heavy

dark matter and decoherence due to a thermal environment of particles interacting

with the system through gravity. This analysis is performed for an arbitrary initial

state of the system. Furthermore, we investigate the implications of a coherent

massive superposition for the quantum nature of gravity. In particular, we outline

observational consequences relating to interference patterns produced by such

superpositions, quantum gravitational bound states, and entanglement witnesses.

2.2 Coherence of the Superposition

Primordial massive particles are sourced as early as during reheating and propagate

to the radiation and matter dominated universe up to present times. In the following,

we will consider decoherence due to photons as a representative example of the
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interactions that persist during the early universe. The massive particle is modeled
by a scalar field ‰ which interacts with the photon bath, described by the Lagrangian,

L =
1

2
ˆµ‰

†
(x) · ˆ

µ
‰(x) ≠ 1

2
M

2
‰

2
+

1

4
F

µ‹
(x)Fµ‹(x) ≠ V, (2.1)

where M is the mass of the massive particle and Fµ‹ is the electromagnetic stress
energy tensor. Note that we have employed natural units, ~ = c = G = 1. In these
units, the gravitational potential of interaction, V between these fields is,

V =

⁄
d

3x d
3x Õ

M

|x ≠ xÕ|‰
†
(x)‰(x) Í(xÕ

). (2.2)

Here, Í(x) is the photon energy density at x which is defined in terms of the
energy of single photon, ‘k = k as,

Í(x) =

⁄
d

3k e
i k·x

‘k b
†

kbk. (2.3)

In Eq.(2.2) we have employed the Newtonian approximation as opposed to a
weak field GR approach. However, the difference due to this is expected to be an
order 1 deviation from our result for the decoherence time scales which we calculate
here. As we are interested in an order of magnitude comparison of this time to
the age of the universe as a preliminary illustration, the Newtonian approximation
would suffice. Secondly, while decoherence has been studied extensively in QED,
mostly in the context of quantum optics, these studies focus either on the absorption
and emission of photons in a cavity, or interactions with vacuum fluctuations, as
opposed to their gravitational effect on a scalar particle.

The decoherence of the state of the massive particle is studied in Appendix B
in terms of the decay of tr fl

2 where fl is its reduced density matrix. For brevity,
we begin by considering the Fourier transformed interaction Hamiltonian,

Hint =

⁄
d

3p d
3k ‹(k) ‘k a

†

pap+k b
†

kbk, (2.4)

where ‹(k) = M/fik
2 is the Fourier transform of gravitational potential „(x) =

M/|x|, derived as follows,

‹(k) =
1

2fi

⁄
d

3x e
≠ i k·x

„(x)

=
M

2fi

⁄
Œ

0
dx x

sin kx

kx
. (2.5)
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We see that this integral is oscillatory and thus does not converge. Hence, we

modify the potential to include a Yukawa term e
≠⁄x for ⁄ > 0 and set it to

0 after integration. That is,

„(x) =
M

x
e

≠⁄x
. (2.6)

Then,

‹(k) =
M

2fi

⁄
Œ

0
dx x

⁄ 1

≠1
dt e

≠ i kxt≠⁄x (2.7)

=
M

fi

1

k2 + ⁄2
⁄æ0
=

M

fik2 ,

A resemblance can immediately been seen to scattering processes in Eq.(2.4).

Let flT be the density matrix of the system and environment combined, and flE

be the reduced density matrix of the environment. The unitary evolution of flT

under Hint interaction is given by, flT (t) = exp (≠ i Ht) flT (0) exp (i Ht). Since we

are interested in the description of the primordial particle (in terms of its reduced

density matrix fl), we trace out the photon environment and obtain the well-known

Lindblad form for the master equation [58],

dfl

dt
�t = i[trE(U1flE) ≠ trE(BflE), fl]+

trE

3
U1flT U1 ≠ 1

2
U

2
1 flT ≠ 1

2
flT U

2
1

4
, (2.8)

where U1 = ≠
s

Œ

≠Œ
dt Hint(t) is the time evolution operator, and B is some Hermitian

operator which drops out in the one particle sector. Here, �t is the timescale over

which we study the evolution of fl. This timescale is small compared to the

evolution of the system but large compared to the evolution of the environment.

The right hand side of this equation is also proportional to �t, details of which

can be found in Ref. [58].

We now represent the density matrix as the function fl(k, kÕ
) := Èk|fl|kÕÍ,

and compute the rate of change of tr fl
2 as an indicator of the purity of the

state. We obtain,

d(tr fl
2
)

dt
= ≠ 1

fi

⁄
d

3q |‹(q)|2 ‘
2
q nq(nq + 1) �(q), (2.9)
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where �(q) is defined by,

�(q) := tr fl
2 ≠ Re

⁄
d

3k d
3s fl(k, s)fl(s ≠ q ẑ, k ≠ q ẑ). (2.10)

Having shown that �(q) œ [0, tr fl
2
], we obtain,

d(tr fl
2
)

dt
= ≠� tr fl

2
, (2.11)

where the decay rate � œ [0, �0], with,

�0 =
4M

2

fi2

⁄
Œ

0

dq

q2 ‘
2
qnq(nq + 1). (2.12)

Further details of this calculation can be found in Appendix B. Setting ‘q = q,
and nq to be the number density corresponding to the Planck distribution, the
integral can be explicitly evaluated to yield,

�0 =

S

U

Q

a 16

15fi2 ≠ 96’(5)

fi6

R

b 1

—5 +
8’(3)

fi4
1

—3

T

VM
2
. (2.13)

where ’(x) is the Riemann zeta function. Thus, we have derived an upper bound
on the rate of decoherence of the massive particle due to the photons that scales
as the squared mass. Note that our approach of using tr fl

2 to quantify purity
is basis-independent, although we have used the momentum basis to perform
intermediate calculations for simplicity.

We neglect the decoherence due to baryonic matter in our estimate. While, the
source of gravitational decoherence comes from both the background density of
matter and radiation, we argue that radiation is the main source of decoherence.
This is trivial in the radiation dominated era. In the matter dominated era, the
matter has already formed localised distributions such as stars and galaxies. While
the gravitational field due to these large structures could potentially become strong,
it is homogeneous in the small spatial region around the particle. This homogeneous
gravitational field is equivalent to acceleration by the equivalence principle and
does not contribute to any significant decoherence.

That being said, the result in Eq.(2.12) is also generally applicable to decoherence
caused by the baryonic matter with ‘q = m

2 and nq taken to be the Fermi-Dirac
distribution (1 + exp —q

2
/2m)

≠1 in the non-relativistic limit. However, in this case
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Figure 2.1: Plots of the maximum decoherence rate �0 and time taken for 1% decoherence
due to background photons t0.01 of a 1 kg primordial particle as a function of the
temperature of the universe. Note that �0 scales as M2 while t0.01 scales as M≠2.

the integrand in Eq.(2.12) is Ã q
≠2 in the IR limit, and hence the integral diverges.

We resolve this issue by using a better upper bound than tr fl
2 in the derivation of

Eq.(2.12). We show in Appendix B that indeed in the IR limit, this introduces a

factor Ã q
2 that alleviates the divergence. It must be noted that this argument also

holds for photons and will yield a better bound �0 in place of Eq.(2.13).

We observe in Figure 2.1 that for a range of temperatures spanning the current

temperature (2.7 K) of the universe to that at the time of recombination (3000 K)

the decoherence rate is mild enough such that even a single percentage drop in

purity (the corresponding time taken is t0.01 = ≠ ln(0.99)/�0) occurs at timescales

several orders greater than the age of the universe for M = 1kg. Considering

the M
≠2 dependence of this time, we can safely neglect decoherence for particles

at a mass scale of order 10
7

kg or lower. While we can extend our discussion to

more massive candidates of dark matter, such as Massive Compact Halo Objects

(MACHOs) [59–61], they decohere rather quickly as calculated above. However, it

is still possible to observe effects of quantum spread as their localization in position

can only be of order of the wavelength of the CMB photons.
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Similarly, we also compute the minimum spread associated with a primordial

particle in the time when decoherence is negligible. For demonstration, we consider

an initial Gaussian state of the primordial particle with initial spread s0. After

time t the spread of the wavefunction is,

s(t) =

ı̂ıÙs
4
0 + (~t/m)2

s
2
0

. (2.14)

This can be minimized in s0 to give the minimum value of s(t) to be,

smin(t) =

Û
2~t

m
. (2.15)

For instance, for a primordial particle of mass 10
11 GeV formed during early universe,

t ¥ 14 billion years and we get the minimum spread today as smin ¥ 0.72 m. Note

that this is only the minimal wave function spread considering the uncertainty

principle. The initial condition of the particle may allow more dramatic spread of the

wave function, depending on the production mechanism of the primordial particle.

2.3 Observable Consequences

Having shown that a class of massive particles do not decohere significantly since their

formation, through the interaction with photons in the radiation dominated universe,

we will discuss how a superposition of massive particles and its QG effects can be

observed. We will consider three classes of observations — (i) Experiments that

distinguish between classical spreads and quantum superpositions of the stress energy

tensor, (ii) stationary states and transitions, and (iii) signatures of entanglement.

The quantum nature of gravity, unlike standard field theory, comprises two

distinct aspects — whether the metric can exist in a superposition, and whether

there is a quantized force carrier for gravity – the graviton. Of the three proposed

signatures, the first allows us to probe the quantum nature of the metric. The second

signature explores the existence of atom-like bound states for superpositions with a

discrete absorption spectrum hinting at the existence of gravitons. Finally, detecting

entanglement between the components of the bipartite system interacting gravitation-

ally demonstrates that the gravitational field mediating the interaction is quantum.
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2.3.1 Superposition Effects

One of the key questions we wish to answer about the nature of quantum gravity is,
how superpositions of matter affect the construction of the stress-energy tensor and
in turn affect the associated gravitational field. In a semi-classical treatment of QFT
in curved space time, one might consider a background value of the stress energy
tensor which is in actuality an expectation value over possible quantum states of
the universe, effectively treating the stress energy tensor classically. Alternatively,
in a fully quantum approach [62], one may consider a many-worlds scenario – one
for each distribution of matter and all of them superposed linearly.

As an illustration consider the following – It is well known that massive objects
distort the path of passing light around them giving rise to gravitational lensing.
We investigate how this phenomenon will occur with a massive object (such as
primordial black hole (PBH) or a heavy particle) with a spread in wave function.
Consider a detector on Earth that measures the angular intensity I(◊, „) of radiation
coming from different azimuths ◊ and declinations „. Let Tµ‹ be the stress energy
tensor associated with the superposed massive object with its center described by
a wavefunction Â(x), and let –(◊, „, Tµ‹) be the corresponding angular amplitude
of radiation from a distant source, lensed by Tµ‹ and observed on Earth in that
direction. Then, we may compute a semi-classical average Tµ‹ defined by,

ÈTµ‹(x)Í =

⁄
d

3x Õ|Â(xÕ
)|2·µ‹(x ≠ xÕ

), (2.16)

where ·µ‹(x) is the the energy momentum tensor at x of the massive object centered
at the origin. In the semi-classical picture, we will expect to observe a lensing
pattern due to this expectation value, ÈTµ‹Í whose intensity Icl is given by,

Icl(◊, „) =

----–
3

◊, „, ÈTµ‹Í
4----

2
. (2.17)

However, we can alternatively consider a coherent sum over the amplitudes given by,

Iqg(◊, „) =

----
⁄

d
3x Õ

Â(xÕ
)–(◊, „, SxÕ·µ‹)

----
2
, (2.18)

where SxÕ·µ‹ is the shifted energy momentum tensor, SxÕ·µ‹(x) = ·µ‹(x + xÕ
).

We will expect these intensities Icl and Iqg to be qualitatively different which
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would in turn be an observable signature. Icl would be equivalent to the lensing

pattern produced by an extended object, while Iqg would show the emergence of

a diffraction pattern corresponding to the interference of Einstein rings generated

by each individual branch of the PBH superposition.

This effect resembles Feynman’s thought experiment [63] to witness the quantum

effects of gravitational field through a double slit experiment with single particles

in presence of gravitational field. It has been argued that this does not prove the

existence of non-commuting complementary observables of the gravitational field

[11] and thus does not prove that the gravitational field is quantum in the quantum

information theoretic sense. However, in this work, we have demonstrated that a

cosmological massive particle can persist in a superposition. Thus, in the case of a

coherent sum over amplitudes in Eq.(2.18), we are adding geodesics corresponding to

different stress energy tensors, rather than only considering the effect of gravitational

field on the phase. While, this is still not conclusive evidence of quantum nature in

the quantum information theoretic sense, we expect the interference pattern to be

more exotic than a simple double slit pattern that could be reasonably produced

by an alternative classical mechanism. A more rigorous signature of the quantum

nature of the gravitational field could be constructed by considering the role of

entanglement, as discussed subsequently under entanglement effects.

2.3.2 Stationary States and Transitions

A quantum system of heavy massive particles, possibly belonging to the dark

matter sector can now exist in a quantum bound state [64, 65]. As an illustration,

consider a pair of such particles of mass M bound by mutual gravitation. We

expect that this system would not emit gravitational waves as long as it is in a

stationary quantum state. However, similar to atoms, this system would absorb

and emit gravitational waves during transitions.

First, we compute the spectrum of energies by quantizing the total angular

momentum similar to the Bohr atom. The total energy of a state with principal
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quantum number n is,

En = ≠G
2
M

5

4~2n2 = ≠1.84 ◊ 10
≠32

Q

a Mc
2

1011 GeV

R

b
5

1

n2 J. (2.19)

The corresponding orbit radius from the common center of mass is,

rn =
~2

n
2

GM3 = 29.1

Q

a10
11

GeV

Mc2

R

b
3

n
2

pm. (2.20)

Note that the radius of this orbit is much smaller than the minimal uncertainty

in position of a 10
11

GeV mass, calculated using Eq.(2.15). Similarly, the velocity

of the particle in orbit is given by,

vn =
Gm

2

2n~ = 10.1

Q

a Mc
2

1011 GeV

R

b
2

1

n
(nm/s). (2.21)

Note that this approximation is only valid when vn π c, or correspondingly

M π 10
19

GeV/c
2, which is expected generally of dark matter particles. Imagine

the scenario when a gravitational wave passes through a cloud of these bound states.

As the spectrum of energies is discrete, we would expect to see absorption lines similar

to the Hydrogen atom spectrum. The frequencies of such lines can be expressed in

terms of the principal quantum numbers of initial and final states n and m as,

‹nm =
E0
~

Q

a 1

m2 ≠ 1

n2

R

b

= 174

Q

a Mc
2

1011 GeV

R

b
5 Q

a 1

m2 ≠ 1

n2

R

b Hz. (2.22)

The gravitational cross section for absorption has been calculated to be of the

order l
2
p

[64]. Although this is very small, we can consider the augmenting effect

of dark matter prevalent over astronomical distances. While we may not observe

very dark lines like the EM atoms, we could expect dips in the GW spectrum.

Furthermore, this effect will depend on whether we can get a small enough line

width, corresponding to a large intensity drop at specific frequencies. Despite the

significant observational challenge this poses, it is worthwhile to investigate this

possibility thoroughly as it is among the few known direct indicators of the graviton.
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2.3.3 Entanglement Effects

Having shown that a primordial massive particle can exist in a coherent quantum

state, it is natural to expect the emergence of entanglement in superpositions of

composite systems. For instance, similar to the entanglement between the proton

and electron of the hydrogen atom, constituent primordial particles of binary

systems will also be entangled.

The entangled pair would undergo interference which is markedly different from

the unentangled case [11, 66]. However, it remains a challenge to identify the

complementary observables [67–69] that need to be measured on the subsystems to

construct an entanglement witness. We also remark that the transfer of entanglement

effects between the primordial entangled pair and other interacting species that

scatter off the pair or interact gravitationally with it could be witnessed through

the correlation functions of the scattered particles. We emphasize the importance

of this effect as the creation of entanglement between particles whose interaction

is mediated solely by gravity is a direct witness of the quantum nature of the

gravitational field [11, 66].

Generalizing the above arguments to many body systems, one could consider

a massive condensate of primordial particles, similar to axion stars. A class of

witnesses predicated on the non-Gaussianity [70] of the state can be used as a probe

of the quantum nature of the self-gravitational effects.

Furthermore, we can consider a stationary state of two particles as discussed

earlier. We may assume that the total state of the two-particle system is pure,

which is reasonable given that there is limited decoherence from the environment.

As an entanglement witness, we may measure the tr fl
2
1, where fl1 is the reduced

density matrix of one of the particles (labelled as 1). We can then conclude that

the particles are entangled if the value of tr fl
2
1 deviates significantly from unity.

2.4 Discussion

The early universe forms a natural test bed for QG phenomena. A promising place

to look for signatures is in primordial massive particles that include relics generated
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from the inflationary universe during reheating and persist onto the radiation and

matter dominated eras. Since primordial particles occur at various mass scales we

have chosen the representative example of 10
7

kg whose decoherence timescale scales

as M
2. This further yields an upper bound of on the mass of primordial particles

that we expect to survive in a coherent state till present time upon interacting

with the various constituents of the universe across its evolutionary history. This is

significant from the standpoint of quantum gravity where massive superpositions

are expected to get entangled to the gravitational field probing its quantum nature.

We remark here that while gravitationally induced state reduction can occur due

to a conflict between the superposition principle of QM and equivalence principle

of GR, the timescales involved are much larger than the decoherence timescales

we consider here for the range of masses discussed.

Our work provides a natural foray into the foundations of quantum gravity and

helps ascertain the necessary postulates expected in candidate theories of quantum

gravity. There are a host of issues that deserve further consideration. In particular

the difference between semiclassical and quantum gravity can be explored through

the discrepancy between the interference patterns Icl and Iqg introduced in Eq.(2.17)

and Eq.(2.18) which warrant a more involved calculation. We have discussed the

possibility of absorption lines due to gravitationally bound states which deserve

further investigation. For instance, a more realistic resonant absorption model can

be setup for the absorption lines and the detailed signatures that ensue can be

explored. If the constituent particles have mass of order 10
11 GeV, the dark lines

will lie in the observable frequency range of the LIGO. While the gravitational

cross-section for the absorption of radiation is small (estimated to be of the order l
2
p

[71]), the observability would depend on proximity and concentration of dark matter

clouds. If observed, this effect could constitute a direct evidence of the graviton.

In our future work, we aim for a complete treatment of this problem involving,

assessing the spatial distribution of dark matter, the line widths of the transitions

and the location of the source of gravitational waves. In addition, we would also

consider bound systems consisting of more than two particles. Overall, these
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studies will provide an estimate of the sensitivities required for various detection
methods employed to observe this effect.



But aside from that possibility [that quantum mechanics fails], if you believe in
quantum mechanics up to any level then you have to believe in gravitational
quantization in order to describe this experiment.

— Richard Feynman, Chapel Hill Conference
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This chapter is based on a paper written in collaboration with Richard Howl,

Vlatko Vedral, Devang Naik, Marios Christodoulou and Carlo Rovelli. The author

of this thesis worked on the theoretical characterisation of Non-Gaussianity as a

witness of the quantum effects of gravitational self interaction, both in condensates

and potentially the early universe.

3.1 Introduction

As early as the Chapel hill conference of 1957, Feynman proposed a thought

experiment to witness the quantum nature of gravity. This involved the interference

30
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of a massive object that was prepared in a superposition of two different positions

and interacting with the background gravitational field. However, it is well known

now, that the phase differences required to witness interference effects can be induced

by an entirely classical gravitational field as well such as the familiar gravitational

redshift effect. In order to demonstrate the quantum nature of gravity it is necessary

to show that the gravitational field itself can exist in a superposition. This principle

of requiring two non-commuting observables motivated several entanglement based

tests of QG including the BMV experiment.

An assumption frequently used in entanglement based witnesses is that classical

gravity (CG) acts as a local operations and communication channel (LOCC) [68].

It follows then, that as a local classical-information mediator [11, 66], CG can never

create entanglement. However, it is in theory possible that CG could cause two

spatially separated quantum matter systems to directly couple with one another,

invalidating the LOCC and classical-information mediator arguments and leading to

entanglement generation in experiments. For instance, such direct CG interactions

could be due to non-local effects associated with CG, or even quasi-local CG effects,

such as tunnelling between two quantum matter systems.

An illustrative example was discussed in the previous chapters where, modes of

a quantum field such as the inflaton could become entangled even in a classically

expanding universe [72–74]. This motivates us to consider other approaches besides

entanglement as a witness of QG [75, 76]. One such witness that we will develop

further here is the creation of non-Gaussianity in the quantum field of matter, when

we promote classical gravitational degrees of freedom to quantum operators.

Quantum information is encoded in discrete variables, such as qubits, or contin-

uous variables, like the eigenstates of a harmonic oscillator. The continuous variable

equivalent of encoding quantum information (CVQI), is generically applicable to

quantum field theory where fields can be considered as collections of harmonic

oscillators, thereby allowing us to analyse their information theoretic properties

(such as entropy). Here we apply CVQI to QG, and show that a true signature

of QG would be the creation of non-Gaussianity, a continuous-variable resource

that is necessary for universal quantum computation [77]. Non-Gaussianity is
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(a)
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1

(b)
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1

Figure 3.1: (a) Basic Feynman diagram for matter interacting with QG where matter
emits a graviton, which is associated with ĥµ‹ . For simplicity, we represent matter by
a real scalar field such that â† and â are the creation and annihilation operators of
matter. The interaction is then associated with three quantum operators and, therefore,
can induce non-Gaussianity. (b) We can illustrate the analogous interaction between
matter and classical gravity with a similar diagram except that now the gravitational
leg represents a classical gravitational wave hµ‹ rather than a graviton. Since this CG
interaction is associated with just two quantum operators â† and â, it cannot, in contrast
to the QG interaction, induce non-Gaussianity. Note that, although these diagrams
represent weak-field, perturbative gravitational interactions, the fact that CG cannot
create non-Gaussianity also applies to the strong-field, non-perturbative regime of gravity,
as shown in Section 3.2.

generated through non-quadratic quantum operators in the interaction Hamiltonian

of quantum systems [78, 79] which in the context of gravity implies that only

QG, compared to CG, can generate it (provided the usual suspects of quantum

interactions such as electromagnetic effects are suppressed).

The simplest illustration of this effect is to consider the gravitational interaction

between matter to be mediated by gravitons. While we do not delve into the

properties of the graviton itself, it is representative of a perturbative weak field

theory. As illustrated in Figure 3.1, the corresponding Feynman diagram contains

three quantum operators and, therefore, induces non-Gaussianity. On the other

hand, in CG, we consider an expectation value of the gravitational interaction that

leaves a quadratic Hamiltonian, which preserves Gaussianity [80].

Yet another advantage of using non-Gaussianity as indicator is that unlike

entanglement based witnesses that are reliant on LOCC or classical-information

mediator arguments, it is not reliant on the non-existence of direct CG interactions.

Therefore, as long as we are working in an experimental situation where non-

gravitational quantum interactions can be neglected (just as in tests based on

entanglement [11, 66, 68]), non-Gaussianity can be used as a signature of QG in
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experimental tests without the need for the additional assumption of there being

no direct CG interactions [11, 66, 68]. A further advantage of a non-Gaussianity

signature is that a single system can be non-Gaussian, allowing for tests of QG

that are based on just a single rather than multi-partite system. We illustrate

this with a table-top test of QG that uses a single Bose-Einstein condensate

(BEC) in a single location.

In addition to being just a single quantum system without any spatial superpo-

sition, our experimental proposal also uses a type of quantum technology (BECs)

for which certain massive quantum states have already been created [81, 82]. This

is in contrast to proposals based on opto-mechanical setups where massive non-

classical states have yet to be generated. BECs also offer a contrasting method to

distinguish the QG signal from electromagnetic noise. As with previous table-top

proposals, it is vital that we can attribute the searched for QG effect from the

analogous effect that is generated through electromagnetic interactions. For the

BMV this effect is entanglement, which electromagnetic as well as gravitational

interactions will naturally generate, whereas, in the test proposed here this is

non-Gaussianity, which electromagnetic interactions would also naturally generate

since they are fundamentally quantum interactions. However, electromagnetic

interactions (unlike gravity which couples to everything) can be screened out

by exploiting Feshbach resonances that generically occur in BECs. Optical and

magnetic Feshbach resonances can be used in BEC experiments to control the

strength of the electromagnetic interactions between the atoms by the application

of an external magnetic or optical field [83].

By completely suppressing the electromagnetic interactions without affecting the

strength of the gravitational interactions, a non-Gaussian signal can be attributed to

only to gravity. This method contrasts with that used in opto-mechanical proposals

where the distance between micro-objects is increased to a level where gravitational

interactions are greater than the electromagnetic van der Waals interactions. In

that case, both the electromagnetic and gravitational interactions are suppressed

by increasing the distance, whereas applying an external magnetic or optical field

to a BEC only affects the former.
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3.2 Non-Gaussianity as a Signature of Quantum
Gravity

The Wigner function [84] is an equivalent representation of a quantum system like
the density operator fl̂. The Wigner function can be regarded as a quasi-probability
distribution over phase space, much in the same way probability distributions
are used in classical statistical mechanics (canonical ensembles etc...). A key
difference, however lies in the fact that the Wigner function can take on negative
values which is an indicator that a system is quantum mechanical without an
equivalent classical description.

An explicit example of the Wigner function construction can be seen in the
following. For a free scalar field, the Hamiltonian can be written as a collection of
quantum simple harmonic oscillators: Ĥ =

q
k ~Êk[â

†

k
âk + 1/2], where â

†

k
and âk

are creation and annihilation operators of mode k; Êk is the angular frequency; and
we have assumed a discrete mode spectrum for simplicity [85]. Furthermore, the
standard quadrature operators that are position and momentum-like operators can
be defined as follows, x̂k := âk + â

†

k
and p̂k := i(â

†

k
≠ â). These observables posess

a continuous eigenspectra: x̂k|xÍk = xk|xÍk and p̂k|pÍk = pk|pÍk. The eigenvalues,
xk and pk, in turn span a continuous phase space which we encodes quantum
information [80]. Configurations in the this phase space describe the entire quantum
system. A similar approach can be extended to general bosonic and fermionic
quantum fields [86]. For a field with one degree of freedom (single mode), the
Wigner function is given by the following transformation,

Wfl̂(x, p) =
1

2fi

⁄
dy e

≠iypÈx + y|fl̂|x ≠ yÍ. (3.1)

The only states that have negative Wigner functions are non-Gaussian states,
such as Fock states or Schrodinger cat states. Gaussian states, on the other hand,
such as coherent states, squeezed states and thermal states, have only positive Wigner
functions. Here a Gaussian state of a quantum field is defined as one for which its
Wigner function is a Gaussian distribution [80]. Such a state is fully characterized
by the first and second moments of the quadrature operators, or, equivalently, by
the one and two-point correlation functions of the quantum field [78–80].
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The distinction between Gaussian and non-Gaussian states can also be seen

in the form of the Hamiltonian that they evolve under. Hamiltonians where the

highest order of the interaction terms is quadratic in the quadrature operators

(position, momentum etc...), or equivalently in annihilation and creation operators,

in the second quantized picture, preserve the Gaussian nature of states. That

is, the Hamiltonian must be of the form,

Ĥ =
ÿ

k

⁄k(t)x̂k +
ÿ

k,l

x̂T

k
µ

kl
(t)x̂l, (3.2)

where x̂T

k
:= (x̂k, p̂k), and ⁄k(t) and µ

kl
(t) are 2 ◊ 1 and 2 ◊ 2 real-valued matrices

of arbitrary functions of time. Although we have assumed a discrete, finite mode

spectrum here for simplicity, the extension to infinite and continuous modes is

straightforward [78, 79].

The Hamiltonian Eq.(3.2) preserves Gaussianity since it is associated with

a general Bogoliubov transformation, which is a linear transformation of the

quadratures (and, therefore, phase space) that preserves their commutation relations

[80]. Any other Hamiltonian, i.e. one that is not linear or quadratic in quantum

operators, will in general create non-Gaussianity [77, 80].

Note that a free quantum field has a Hamiltonian that is of the form Eq.(3.2)

since it only contains the kinetic and mass terms, and so is necessarily quadratic in

the field. For example, the free Hamiltonian for a real scalar quantum field „̂ is [85],

Ĥ =
1

2

⁄
d

3r
Ë
(ˆt„̂)

2
+ (Ò„̂)

2
+ m

2
„̂

2
È

(3.3)

where m is the mass of the field. Expanding the field in annihilation and creation

operators „̂ =
q

k[uk(t)âk +v(t)â
†

k
], results in a Hamiltonian of the form Eq.(3.2) [85].

Now consider interacting this quantum field with a classical entity G, which

could depend on space and time. Taking the classical interaction to not induce

quantum self-interactions of „̂, then G and „̂ can only interact through Hamiltonian

terms that are linear or quadratic in „̂. For example, the classical interaction

could occur through a Hamiltonian term such as (Ò„̂)
2
f [G], where f is a real

functional of G. Then, expanding „̂ in annihilation and creation operators, we
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would still find a Hamiltonian that is of the form Eq.(3.2), with G just absorbed into

the time-dependent coupling constants. That is, the Hamiltonian of the classical

interaction preserves Gaussianity, and this would apply to a classical interaction

with any type of quantum field, not just a real scalar field „̂.

In contrast, if we quantize G, such that we interact „̂ (or any other type

of quantum field) with a quantum entity, then it is possible for the resulting

Hamiltonian to be higher order than quadratic in quantum operators, and thus

induce non-Gaussianity. Therefore, any sign of the creation of non-Gaussianity in

the state of a quantum field would be evidence of a quantum interaction.

Due to the universal coupling of gravity, we can apply this argument to determine

whether gravity obeys a quantum or classical theory. In this case, if we are working

in a situation where all other quantum interactions can be neglected, the matter

Hamiltonian contains only the kinetic and mass terms of the matter quantum field,

to which gravity couples. If there were terms that were neither linear nor quadratic in

the quantum matter field, and which thus induce quantum self-interactions of matter,

then these would have to be associated with a non-gravitational force since these

terms must also be present in flat space. Therefore, as we are assuming a situation

where all interactions other than gravity can be ignored, these terms are not present.

For example, if, for simplicity, we used a real scalar field „̂ to describe matter and

ignored a possible quadratic Ricci scalar coupling term then the Hamiltonian of CG

would be Eq.(3.3) but with Ô
g multiplying each term, where g is the determinant of

the spatial metric [87]. This Hamiltonian would preserve Gaussianity. In contrast,

in QG there must be an operator associated with the gravitational field, which

would result in Gaussianity no longer being preserved. For instance, in loop QG, g

would be quantized in this example [87], and in linearized QG, we would perturb the

gravitational metric around a classical spacetime background metric and quantize

only the perturbation [88]. Similarly, in the non-relativistic Newtonian limit, only

the temporal component of the perturbed metric would be used, which is quantized

and associated with the Newtonian gravitational potential �.

In summary, creation of non-Gaussianity would provide evidence for a quantum

theory of gravity. In fact, since all known fundamental interactions with matter, such
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as electromagnetism, have interaction Hamiltonians with terms that are quadratic

in matter fields. [85], non-Gaussianity could also be used to evidence that these

are indeed quantum interactions.

3.3 Testing Quantum Gravity with a Single Quan-
tum System

Like in the previous chapter, we will now consider the observable signatures of

quantum gravity. We turn to the application of a Wigner Negativity witness in a

table-top test of QG (Figure 3.2) involving a BEC prepared at a single location.

It is worth emphasising that the experiment considered is not amenable to an

entanglement based witness of QG.

3.3.1 Signatures in a Bose-Einstein condensate

Bose Einstein Condensation is a quintessentially quantum phenomenon where, for

low enough temperatures, the ground state of a quantum system is macroscopically

occupied. For simplicity, we describe our condensate with a non-relativistic scalar

quantum field �̂(r), which creates an atom at position r. Here, �̂(r) ¥ Â(r)â,

where Â(r) is the wave-function of a condensed atom, and â is the annihilation

operator for the condensate [83].

On account of the system being composed of massive atoms we expect them to

interact gravitationally with each other. In the following, we will employ the non-

relativistic (Newtonian) approximation of gravity. The fully classical interaction

Hamiltonian for Newtonian gravity is,

Hint =
1

2

⁄
d

3rfl(r)�(r), (3.4)

where �(r) is the classical Newtonian potential and fl(r) is the classical mass density.

If gravity is indeed quantum, it is necessary to quantize both the matter

source fl(r) and the potential �(r). However in CG, one quantizes only the

source fl(r). This difference gives rise to the following respective QG and CG
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interaction Hamiltonians,

ĤQG =
1

2
m

⁄
d

3r : �̂
†
(r)�̂(r)�̂(r) : (3.5)

ĤCG = m

⁄
d

3r�̂
†
(r)�̂(r)�[Œ ](t, r), (3.6)

Here we have taken fl̂(r) = m�̂
†
(r)�̂

†
(r) and :: refers to normal ordering, m is

the mass of the atoms, and we have made explicit that the classical potential � can
be a functional of the quantum state Œ of the BEC, for which we have dropped a
factor of 1/2. Solving the quantized version of Poisson’s equation, we have,

�̂(r) = ≠Gm

⁄
d

3rÕ �̂
†
(rÕ

)�̂(rÕ
)

|r ≠ rÕ| , (3.7)

where G is the gravitational constant. In contrast, depending on the chosen
CG theory, � is a certain quantum average of this expression (for example, in
the CG Schrodinger-Newton theory, which is the Newtonian limit of the semi-
classical CG theory, � = È�̂Í.

Using �̂(r) = Â(r)â, the above interaction Hamiltonians for the BEC reduce to,

ĤQG =
1

2
⁄QGâ

†
â

†
ââ, (3.8)

ĤCG = ⁄CG[Œ ]â
†
â, (3.9)

where,

⁄QG := ≠Gm
2

⁄
d

3r d
3rÕ |Â(rÕ

)|2|Â(r)|2
|r ≠ rÕ| , (3.10)

⁄CG[Œ ](t) := Gm

⁄
d

3r|Â(r)|2�[Œ ](t, r). (3.11)

The QG interaction Hamiltonian Eq.(3.8) can also be derived as the non-
relativistic limit of linearized QG where we consider the four-point Feynman
diagram with a single virtual graviton propagator, and then effectively integrate
out gravitational degrees of freedom [89–91]. All QG theories must limit to the
above quantum version of Newtonian gravity and so Eq.(3.8) is the Hamiltonian
for general QG self-interactions of a BEC. Likewise, all CG theories must limit
to Eq.(3.9) for CG self-interactions of a BEC in the Newtonian limit, such that
Eq.(3.8) – Eq.(3.9) are not dependent on a specific model of CG or QG. Similar
Hamiltonians have been derived using cold atoms in a double-well potential [92].
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Figure 3.2: Illustration of the proposal outlined in Section 3.3 for a table-top test of QG.
(a) A single spherical BEC of 109 atoms and radius R = 200 µm is left to self-interact
gravitationally for around t = 2 s. If QG acts, non-Gaussianity is induced in its quantum
state, whereas, if CG acts, Gaussianity is preserved. Each atom is equally delocalized
across the extent of the BEC but, since the BEC is in a spherical harmonic trap, the
density of the BEC is greatest at its centre and drops off to zero asymptomatically, as
illustrated. The BEC is initially in a Gaussian state, and (b) displays its Wigner function
W . Here, for simplicity, a coherent state |–Í is assumed, but this can also be squeezed
to improve the signal-to-noise ratio, as discussed in Section 3.3. If QG acts, and the
interaction time were long enough, then gravity could even force the coherent state to a
Yurke-Stoler cat state (|–Í + i| ≠ –Í)/

Ô
2. The Wigner function for such a non-Gaussian

state is illustrated in (c). If, however, CG acts, then the state will remain Gaussian.
In the non-relativistic CG limit, the state will in fact remain a coherent state, whereas,
relativistic CG effects would, in principle, squeeze the state but keep it Gaussian. In
practice, the interaction time would not be long enough for such a dramatic effect as a
coherent state changing to a Yurke-Stoler state, and instead smaller deviations from a
Gaussian distribution are looked for (see Section 3.3). Note that – = 2 is used in the
plots, whereas, in practice, the BEC will have an amplitude of around |–| = 104.5, the
square-root of the number of atoms.

From the Hamiltonians Eq.(3.8) – Eq.(3.9), we can see that, as long as all

other quantum interactions can be neglected, only the QG Hamiltonian Eq.(3.8)

can induce non-Gaussianity in the quantum state of the BEC field, with the

CG Hamiltonian Eq.(3.9) preserving Gaussianity since it is quadratic in quantum

operators. Therefore, any sign of non-Gaussianity being created in the BEC would

be evidence of QG. Note that entanglement cannot be used as a witness here since

this is just a single-mode system. In fact, the QG Hamiltonian is analogous to the

Kerr interaction, which induces non-Gaussianity in quantum optics.

3.3.2 Measurement Scheme

As shown above, measuring creation of non-Gaussianity in the BEC would provide

evidence of QG. In order to detect non-Gaussianity, we consider measurements

of high-order cumulants [93]. For a Gaussian distribution, all cumulants higher

than second order vanish and, therefore, a non-zero value of such cumulants is a
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signature of non-Gaussianity. Here we concentrate on the fourth-order cumulant
Ÿ4, since Ÿ3 is also zero for a symmetric non-Gaussian distribution. Defining a
generalized quadrature as q̂(Ï) = âe

≠iÏ
+ â

†
e

iÏ, we have,

Ÿ4 := Èq̂4Í ≠ 4Èq̂ÍÈq̂3Í ≠ 3Èq̂2Í2
+ 12Èq̂2ÍÈq̂Í2 ≠ 6Èq̂Í4

. (3.12)

In an experiment, only a finite sample can be used to estimate Ÿ4 and we desire
unbiased estimators, which are the k statistics: ÈknÍ = Ÿn. The noise in the
estimation of Ÿ4 is then the standard deviation of k4, such that the signal-to-noise
ratio (SNR) for the measurement is,

SNR = |Ÿ4|/
Ò

Var(k4), (3.13)

where, for a large number of independent measurements M, Var(k4) Ã 1/M.
In order to make the SNR as large as possible, we use quantum metrology,

where highly quantum states can improve the estimation of parameters that are
not associated with observables. This is also effectively used in the BMV proposal
where the initial quantum states are N00N-like states [94]. However, rather than
using a N00N state, here we consider a squeezed state, which is a Gaussian state
that often provides similar performance in quantum metrology to N00N states
but which is usually far less demanding to create. Assuming that QG acts, i.e.
that the gravitational interaction has the Hamiltonian of QG Eq.(3.8), and taking
the limit that ‰ := |⁄QG|/~ is small and that the number of atoms N of the
BEC is large, the SNR can be of order ‰tN

2ÔM, where t is the interaction time.
Assuming a weakly interacting BEC of mass M in a spherical harmonic trap with
frequency Ê0, the BEC wavefunction is [83],

Â(r) =
1

fi3/4R3/2 e
≠r

2
/(2R

2)
, (3.14)

where R :=

Ò
~/(mÊ0) is the effective radius of the spherical BEC and r := |r|.

Using Eq.(3.10), this results in [94]:

‰tN
2 ©

Û
2

fi

GM
2
t

~R
, (3.15)

which is t/~ times the gravitational self-energy of the BEC. Note that, with the
replacement of R with d, and neglecting the numerical factor, this expression
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is the same as the relative phase generated in the BMV proposal between the

two microspheres that are separated by the smallest possible distance d that,

when ignoring all other distances, leads to an entangled state [11, 66, 68]. It is

demonstrated in the BMV proposal that a value of order one for this phase is

achieved when d = 200 µm, t ¥ 2 s and M = 10
≠14

kg [68, 69]. However, since the

SNR here scales with
Ô

M, we can lower the total mass required by increasing the

number of measurements. For example, to achieve an SNR of 5 for a 133
Cs BEC, we

could use R = 200 µm, t = 2 s and M = 10
≠15

kg with around 40,000 measurements.

Such a mass corresponds to around 4 ◊ 10
9 atoms, which is only a little larger than

what has been achieved so far: in 1998 a 1
H BEC was created with over 10

9 atoms

[95], and in 2006 a 23
Na BEC had over 10

8 atoms [96]. However, the number of

atoms required can be reduced by further increasing M.

It is worth noting the relation of the quantities computed to the Planck mass.

Using Eq.(3.15), we can write the SNR for one measurement in this case as [97],

M

MP

”·

tP

, (3.16)

where MP is the Planck mass, tP is the Planck time, and ”· :=

Ò
2/fiGMt/(Rc

2
).

This expression can also be derived by dividing the BEC into two halves, considering

the gravitational interaction of one with the other and the time dilation ”· induced in

GR in the centre of each half. If we fix the SNR of one measurement, then Eq.(3.16)

illustrates that as M gets closer to MP , it seems that we can probe more minute

gravitational field intensities and thus further access its possible quantum properties.

An experimental implementation of this scheme would be to use a spin-1 BEC

where the mF = ±1 states are prepared in large coherent states and then a magnetic

field is used to drive spin-mixing collisions to generate a quadrature squeezed state

in the mF = 0 condensate. In a spin-1 BEC, the interaction Hamiltonian is [98],

Ĥ = ~Ÿ

5
â

2
0â

†

+â
†

≠ +

1
â

†

0
22

â+â≠

6

+ ~Ÿ

3
â

†

0â0 ≠ 1

2

4 1
â

†

+â+ + â
†

≠â≠

2

+ ~q

1
â

†

+â+ + â
†

≠â≠

2
, (3.17)
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where â0 is the annihilation operator of the mF = 0 mode and â± are the annihilation

operators of the mF = ±1 modes. By dynamically tuning q with a magnetic field, the

quadratic Zeeman shift (third term) cancels collisional shifts due to s-wave scattering

of the three modes (second term) [99]. Taking the mF = ±1 modes to be in large

coherent states (N± ∫ 1) so that â± ¥
Ô

N±, Eq.(3.17) then acts as effectively,

Ĥ = ~NŸ

5
â

2
0 +

1
â

†

0
226

, (3.18)

where N :=
Ô

N+N≠, which results in a single-mode quadrature squeezed state

for the mF = 0 mode. Spin-squeezing experiments have already been performed

in cold atoms and BECs [100], where normally it is the mF = 0 mode that

is taken to be the large coherent mode and then a two-mode squeezed state is

created for the mF = ±1 modes.

After the system has evolved for a time t, the non-Gaussianity of the BEC field

would then be measured. To achieve this, a homodyne or heterodyne scheme could

be used [101, 102], where moments up to fourth order are looked for in the intensity

difference, providing a direct map for obtaining Ÿ4. Observing a non-zero value for

Ÿ3, which only requires the third-order moment in homodyne detection, would be

sufficient for detecting non-Gaussianity, and the third-order correlation function

of atoms due to electromagnetic self-interactions has already been measured in

experiments [103]. However, Ÿ3 is predicted to be zero if the initial state of the

BEC is a squeezed vacuum state, in which case Ÿ4 needs to be analysed. For Ÿ4, the

techniques used in [103] could be extended to measure the fourth-order correlations

to obtain Ÿ4 through homodyne detection. This would require single-atom counting

in a quantum gas with high efficiency on small length scales, and recent advances

have opened up very promising approaches to single-atom counting. Rather than

performing a homodyne or heterodyne measurement, another option would be to

determine the Wigner function of the BEC, either using full state tomography with

projective measurements (see e.g. [104] for such measurements on cold atoms and

BECs), or through ‘direct’ measurement with weak measurements of the position

quadrature and projective measurements of the momentum quadrature (this has so

far been achieved with photons [105, 106], but could be extended to atoms [105]).
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3.3.3 Characterizing other interactions

In the following we will discuss the various sources of noise that may affect the
non-Gaussian signal and possible ways to distinguish them. An advantage to
considering a non-Gaussian signal is that we can immediately neglect all processes
generating Gaussian noise since these will not affect the non-Gaussian measurement.
The largest contributing non-Gaussian noise would be expected to come from
the electromagnetic interactions between the atoms of the BEC. A BEC is very
dilute and the atoms are neutral overall, but there are still, in general, weak
electromagnetic interactions between the atoms due to van der Waals and magnetic
dipole dipole interactions (MDDIs). At the low temperatures at which BECs
operate, the Hamiltonian for a BEC with electromagnetic interactions is [107, 108],

Ĥ =

⁄
d

3r

C

≠ ~2

2m
�̂

†
(r)Ò2

�̂(r) + VT (r)�̂
†
(r)�̂(r)

+
1

2

⁄
d

3rÕ
5
�̂

†
(r)�̂

†
(rÕ

)�̂(r)�̂(rÕ
)

3
gs”

(3)
(r ≠ rÕ

)

+ gd

1 ≠ 3 cos
2

Ë

|r ≠ rÕ|3
46D

, (3.19)

where the first term is the kinetic part, VT (r) = mÊ
2
0r

2
/2 is the spherical trapping po-

tential, gs := 4fi~2
as/m is the s-wave scattering coupling constant, gd := µ0µ

2
/(4fi)

parametrizes the strength of the MDDIs, and Ë is the polar angle of r≠rÕ, with as the
s-wave scattering length, µ the magnetic moment of the atom and µ0 the permeability
of free space. Using �̂(r) = Â(r)â and Eq.(3.14), the above Hamiltonian reduces to:

Ĥ = ~Êâ
†
â +

1

2
⁄sâ

†
â

†
ââ, (3.20)

where,

~Ê := ~Ê0 +
3

4
mÊ

2
0R

2
, (3.21)

⁄s :=
g

2
Ô

2fi3/2R3 ©
Û

2

fi

as~2

mR3 . (3.22)

Note that the MDDIs have cancelled out due to the spherical symmetry of the BEC,
leaving behind only the s-wave interactions. This interaction term has the same
form as the quantum gravitational interaction Eq.(3.8), and so we need to be able
to distinguish between the electromagnetic and gravitational interactions in order to
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attribute non-Gaussianity to only gravitational interactions. One way to achieve this

is to use magnetic or optical Feshbach resonances, which are extraordinary processes

particular to cold atom and BEC experiments. Here an external magnetic or optical

field is used to resonantly couple a molecular bound state to a colliding atom pair,

enabling the strength of the electromagnetic interactions to be controlled [83].

Usually Feshbach resonances are used to increase the electromagnetic interaction

strength between atoms in BECs. However, they also allow for the electromagnetic

interaction to be in principle switched off, i.e. ⁄s = 0, without affecting the

strength of the gravitational interaction. This is achieved by applying a magnetic

field of strength B to the BEC, which results in the s-wave scattering length

becoming a function of B [83],

as(B) = a
bg

s

5
1 ≠ �

B ≠ B0

6
, (3.23)

where a
bg

s
is the background scattering length, B0 denotes the resonance position

and � is the resonance width. The s-wave interactions can then be minimized

by setting B æ B0 + �. The experimental goal is to attribute non-Gaussianity

largely to QG interactions in the BEC. However, in reality the applied magnetic

field is B = B0 + � + ”B where ”B is the error in setting its value which we

shall equate to the resolution limit. It is up to this limit in tuning B that we

can distinguish gravitational non-Gaussianity from the electromagnetic. In this

case the error, ”as in as is given by,

”as = a
bg

s

C
”B

�

D

(3.24)

This in turn affects the value of the coupling constant ⁄s given in Eq.(3.22).

SQUID sensors [109] and atomic magnetometers [110] can achieve femtotesla scale

magnetic field resolutions. For 133
Cs, the ideal scenario where as = 0 is when

B = 17 G [111], leaving behind only the QG interactions which are unaffected

by the applied magnetic field. However, considering the resolution limit and

Eq.(3.24), we note that for ⁄QG to be comparable to ⁄s, ”B ≥ 10
≠14

G which

is 3 orders of magnitude below the current state of the art [112]. While 133
Cs

has a
bg

s
= 1720 a0 (where a0 is the Bohr radius), one can consider condensates
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of 39
K with a

bg

s
= ≠29 a0 [113] or 88

Sr with a
bg

s
< 13 a0 [114]. In this case it

follows from Eq.(3.24) that ”B ≥ 10
≠12

G, which looks to be within technological

reach. We can further reduce this value by considering larger condensates with

R > 200 µm. The small s-wave scattering length of 88
Sr is also controllable through

an optical Feshbach resonance [115].

Rather than working with a spherical BEC where MDDIs cancel, we could

alternatively use a harmonic trap to create a quasi-1D or quasi-2D geometry

(extreme pro-late or oblate spheroidal geometries) [83]. In this case, instead of

tuning the s-wave scattering length to zero, we can tune it to cancel the MDDIs

such that we again have small electromagnetic interactions. We could also use pure

2D or 1D Bose gases where the trapping geometry has one or two dimensions with

characteristic size much smaller than both two- and three-body length scales [83],

leading to a drastic reduction in collisional electromagnetic effects [83], but not

gravitational effects. In this case, there may be no phase transition to a BEC but

there can still be macroscopic occupation of the ground state.

Furthemore, instead of eliminating the noise from the electromagnetic inter-

actions, we could use distinguishing features between the electromagnetic and

gravitational interactions, such as how their strengths vary with the trapping

potential and the magnitude of an applied magnetic field. For example, for a

spherical trap, the effective strength of the electromagnetic interaction scales as

1/R
3, whereas gravity scales as 1/R - see Eq.(3.22) and Eq.(3.15). The different

scaling is due to the fact that the electromagnetic interactions are already partially

screened due to the atoms having overall neutral charge, whereas the coupling of

gravity is universal and so cannot be screened. With an applied magnetic field, it is

even possible to change the s-wave interactions from being repulsive to attractive

and vice-a-verse, which is clearly impossible to achieve with gravity

We also note other effects such as three-body elastic collisions, that often limit

the size and lifetime of condensates. These are usually neglected in comparison

to two-body elastic collisions, which need to be accounted for while computing

the SNR. Three-body recombination occurs when three atoms in the condensate

collide to form a molecule (diatomic bound state) and a single atom, both of
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which can escape the trap due to their large kinetic energy. The corresponding
interaction Hamiltonian can be written as,

Ĥ3 =

⁄
d

3r
Ë
�̂

3
(r)�̂

†

F
(r)�̂

†

F

3
(r) + h.c.

È
(3.25)

where �F and �F are the annihalation operators for the free atom and the
free molecule respectively.

3.4 Classical Interaction Effects

A classical interaction can create entanglement if this involves the respective quantum
systems directly interacting with each other. For example, consider two BECs
that are in the two spatial arms of a double-well potential. In the two-mode
approximation, we can write the full quantum field of the atoms as �̂(r) = ÂL(r)âL+

ÂR(r)âR where âL and âR respectively destroy an atom in the left and right
well, and ÂL and ÂR are the corresponding mode wavefunctions [83]. In the
case of CG, and taking the Newtonian approximation for simplicity, there will,
in principle, be terms of the form ⁄LRâ

†

L
âR + h.c., in the Hamiltonian, where

⁄LR := m
s

d
3rÂ

ú

L
(r)ÂR(r)�[Œ ](r, t). These are beam-splitting terms such that,

if ⁄LR is non-zero due to, for example, the mode wavefunctions overlapping, and
either BEC is in a non-classical state, then the terms will induce entanglement
between the BECs. There is an electromagnetic analogue of this effect where a
double-well trapping potential, which is approximated to be classical, causes or
contributes to entanglement between the two wells. This entangling process is often
referred to as “quantum tunnelling” in cold atom experiments [83]. However, since
the entangling-inducing terms are quadratic, they will not induce non-Gaussianity,
illustrating that, although a direct classical interaction with matter can create
entanglement, it cannot create non-Gaussianity in the quantum field of matter.

Note that here we are working with “mode” entanglement, i.e. entanglement
between modes of a quantum field. If instead we attempted to use a first-quantization
picture and describe the full system using a many-body wave-function, then it is
possible to argue that the initial state of the full system is already entangled and
that Newtonian CG is not creating entanglement in this picture [81, 82]. This is
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because there is so-called “particle” entanglement before and after the effective CG

beam splitter. For example, the initial state could be |–ÍL|›ÍR, with |–Í a coherent

state and |›Í a squeezed state, which, in a quasi first-quantization picture, is particle

entangled but not mode entangled. This occurs because, in the first quantization

picture, a beam splitter does not couple the left and right wells. However, in the

relativistic CG limit we would also have, in principle, two-mode squeezing operations

such as âLâR + â
†

L
â

†

R
, that can result in a two-mode squeezed state, which is particle

entangled. Therefore, in full generality and in either picture, CG can, in principle,

create entanglement. In contrast, in the first-quantization picture, it is possible for

Newtonian CG to create non-Gaussian “particle” Wigner functions. For example,

the many-body wavefunction of our single-well BEC experiment could start off

Gaussian but become non-Gaussian under CG. However, in the more fundamental

second quantization picture, the state of matter i.e., the state of the quantum field

of matter, always remains Gaussian under CG.

3.5 Alternative Theories of Gravity

Einstein’s GR can be formulated as an action theory with the action principle being

used to derive the field equations. The action S of GR can be decomposed into the

Einstein-Hilbert action SEH , that only contains gravitational degrees of freedom,

and the matter action SM , which tells us how matter and gravity interact,

S = SEH + SM , (3.26)

where:

SEH =
c

4

16fiG

⁄
d

4
x
Ô

gR, (3.27)

with R the Ricci scalar; and for a real scalar matter field „,

SM =
1

2

⁄ Ô
g

5
g

µ‹
ˆµ„ˆ‹„ ≠ (m

2
+ ÁR)„

2
6
, (3.28)

with Á a numerical factor. The matter actions for spin-1/2 and spin-1 fields

are provided in Appendix A.



3. Non-Gaussianity as a Signature of Quantum Gravity 48

The argument that we have presented for non-Gaussianity being an indicator of

QG only uses the matter action SM and says nothing of the purely gravitational

action SEH . It relies on the fact that SM must be, in the absence of all non-

gravitational quantum interactions, quadratic in the matter fields such that a

classical theory of gravity will preserve Gaussianity. If SM had terms that coupled

gravitational degrees of freedom with non-linear or non-quadratic functions of the

matter fields then, in flat spacetime, such terms would still exist and this would

result in a new non-gravitational interaction, which we have excluded.

Many theories of gravity have been suggested as alternatives to Einstein’s GR

[116]. These tend to consider alternative forms for the gravitational action SEH . For

example, in f(R) theories of gravity, the R in SEH is replaced with some function

of the Ricci scalar f(R). Using the argument above, as long as we can exclude all

other relevant quantum interactions, non-Gaussianity can still be used as evidence

of a quantum rather than classical version of these alternative theories of gravity.

3.6 Non-Gaussianity in Cosmology

Cosmological correlation functions are extrapolated through satellite probes of the

CMB such as the Planck experiment. Among the various signals studied in the

early universe, it is expected that temperature fluctuations of the cosmic microwave

background (CMB) could follow a non-Gaussian distribution. Precision studies of

the power spectrum have indicated that the temperature fluctuations in the CMB

are consistent with a Gaussian distribution. However with better technology and

increasing resolution, it is possible that non-Gaussianity could be detected in the

near future, providing important insights into structure formation in our Universe.

The inflationary perturbations laid down the seeds of the temperature fluctua-

tions expressed in the CMB at the surface of last scattering. While tracking the

quantum origin of these perturbations it is imperative to keep track of quantum

mechanical effects that occur at or before horizon exit, and classical non-linear/

decohering effects after horizon exit.

The simplest models of inflation are ruled out by current observations of the

CMB, necessitating the investigation of multiple fields driving the inflationary
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process and the phenomenology associated with different inflationary potentials.

The Hamiltonians for these models are similar to those which are used to illustrate

that non-Gaussianity in the quantum state of matter can be used as evidence of QG

(Eq.(A.5)). An important difference, however, is that realistic models of inflation

incorporate a non-quadratic potential V („̂) due to self-interactions of the inflaton.

Cosmological non-Gaussian signatures may occur as the scalar sector of the

metric couples with the inflaton which in turn evolves with the inflationary potential.

It is in principle possible for purely classical gravitational effects to enhance non-

Gaussianity inflation if the scalar sector coupling to the inflaton is chosen to be

classical. Unlike our experimental proposal we have no control over this phenomenon

where it is impossible to screen out other interactions besides gravity. Even if future

probes of the CMB discover non-Gaussian signatures, a proper measure of non-

Gaussianity such as the SNR considered in Eq.(3.13) needs to be applied to the CMB

statistics, where each patch of the sky is treated as an independent measurement.

Yet another issue we have no control over in cosmology is the time of production

of non-Gaussianity. Inflationary perturbations exit the horizon and classicalize

owing to the accelerated expansion of the universe. Non-Gaussian statistics for

the curvature perturbations maybe observed due to other classical effects upon

horizon re-entry. These effects are in turn imprinted in the CMB as the curvature

perturbations source gravitational wells that redshift radiation by varying degrees

(an entirely classical phenomenon). Furthemore, candidate models of inflation may

involve multiple fields that interact with each other and indeed cosmologists expect

non-Gaussianity to be a probe into the various types of inflationary models.

There are many other mechanisms responsible for creating a non-Gaussian

distribution of temperature fluctuations in the CMB besides the inflationary ones.

Secondary effects such as, the scattering of photons and classical gravitational

effects, occur between the last scattering surface and the observer [117]. Although

detection of these non-primordial effects would provide important information for

distinguishing structure formation scenarios, they are often regarded as noise of

the primary inflationary effects.
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We can also turn our attention to tensor modes due to quantum fluctuations

of the gravitational field during inflation. Measurement of polarization of the

cosmic microwave background due to a long wavelength stochastic background of

gravitational waves from inflation in the early Universe would provide additional

signatures for the quantization of gravity [118]. Other possibilities have also been

suggested, such as using measurements of the scalar modes of the temperature

fluctuations to try and access quantum measures of the primordial curvature

perturbations, such as violation of Bell inequalities [119] or quantum discord. The

issue, as we have pointed out before is that, the conjugate momentum of the field

modes decay with the expanding universe. There then does not seem to be enough

information to rule out classical curvature perturbations [23], and instead baroque

inflationary models need to be assumed for evidence of QG.

3.7 Discussion

We have provided a proposal for a table-top test of QG that uses non-Gaussianity

as a QG witness which should be achievable in the near future. This proposal uses

a 4 ◊ 10
9 atoms BEC in a single-well potential and demonstrates a lot of promise as

10
9 atomic BECs have already been created in single wells [95]. The most promising

proposal so far for a table-top test of QG is considered to be the BMV proposal,

which, in contrast to our quantum gas experiment, uses an opto-mechanical setup

and entanglement as a witness of QG. Notably the mass required for our experiment

is at least an order of magnitude lower than that used the BMV proposal [68],

aiding the prospect of its experimental realization.

Our work suggests that what makes a theory of gravity quantum from a

QI perspective is the fact that it can create non-Gaussianity in matter. While

entanglement can even be created by classical effects (see Section 3.4), CG can

never create non-Gaussianity in the quantum field of matter. An important

assumption is that other quantum interactions such as electromagnetic effects

are suppressed. Similarly, even though a classically expanding spacetime metric

can create entanglement in the quantum field of matter [72–74], it cannot create
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non-Gaussianity. Furthermore unlike entanglement, a single system suffices to
witness this effect.

BECs and cold atoms have been found to be very effective in tests of classical
gravity, and experiments using these are now becoming the state-of-the-art for
many types of classical gravity measurements [120]. Their effectiveness can be
attributed to the extraordinary degree of control that BECs and cold atoms provide
in exploring the fundamental behaviour of quantum matter in various settings. In
particular, Feshbach resonances enable control of the electromagnetic interactions
between atoms, providing a key tool that has led to several scientific breakthroughs
[83]. Given their great success in classical gravity measurements and the degree
of control offered by these systems, it is perhaps not surprising that we find that
BECs could also be very useful for measuring quantum gravitational effects.



We often say that the earth is a sphere, but to be precise, the term sphere refers
only to the surface. The correct mathematical term for the solid earth is a ball.

— Leonard Susskind, The Cosmic Landscape
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This chapter is based on a paper written in collaboration with Alexander Yosifov
and Vlatko Vedral. The author of this thesis conceptualised the problem statement
and investigated the growth of complexity in cold hyperbolic black holes.

4.1 Introduction

While we have explored observational signatures of quantum gravity in the past
chapters, an interesting discussion arises when similar considerations are applied to
the pathologies that frequently arise in GR. One such overlap between QI and GR is

52



4. Quantum Information Theory and the C
0-formulation of the Strong Cosmic

Censorship Conjecture 53

investigated in the following chapter, through the analysis of the cosmic censorship

conjecture in the context of the holographic correspondence, as seen in Kerr black

holes. This line of inquiry sheds insight on the possible ways a fully quantum theory

of gravity would change long held (albeit well motivated) notions in classical GR.

The strong cosmic censorship conjecture [121] was proposed to overcome the

inconsistencies that arise during the application of Einstein’s field equations to black

holes. This was made mathematically explicit while modeling the evolution of space-

time inside a rotating black hole. In fact the proponent of the censorship conjecture,

Roger Penrose, expected that the lack of predictability could be disregarded as a

mathematical novelty as opposed to a statement about the physical world. In the

following chapter, we note how ideas from quantum information theory provide

physical insights into the recent invalidations of the strong cosmic censorship

conjecture. Specifically, we will be invoking insights from AdS/CFT as introduced

in Sec.1.4. We have seen that there is a duality between a black hole in asymptotically

anti de-Sitter spacetime and a thermal state of a CFT, in which the entropy of the

black hole is dual to ordinary thermal entropy. Here we will consider the relation

between the black hole interior and the physics of the CFT through the “CV-

duality” [45, 46], according to which the complexity at a given boundary/CFT time

is proportional to the volume of the maximal slice enclosed within the corresponding

Wheeler- DeWitt patch, i.e., within the domain of dependence of a spacelike bulk

hypersurface that asymptotes to the given boundary time slice.

4.2 Black Hole Interiors
4.2.1 Volume of a Black Hole

In flat space the volume of a spherical object is well known to be ≥ 4fi

3 R
3. This does

not serve as a reasonable estimate of the volume of a spherical black hole owing to the

curved geometry of the interior. In fact, black holes have large interiors [122, 123].

The interior volume of a black hole of mass M is ≥ M
5, while its lifespan is

≥ M
3. In vacuum, the only non-trivial static, spherically symmetric solution is the

Schwarzschild blackhole for which even though the horizon area is time translation

invariant for an asymptotic observer, its interior volume, defined in a geometrically
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covariant way as the maximal spacelike hypersurface bounded by a two-sphere

foliating the horizon, is dynamical, and keeps growing. According to classical general

relativity, the interior volume continues to grow unbounded. For the simplest case of

a Schwarzschild metric, expressed in advanced Eddington-Finkelstein coordinates,

ds
2

= ≠
3

1 ≠ 2M

r

4
dv

2
+ 2dvdr + r

2
sin

2
◊d„

2
+ d◊

2 (4.1)

where v = t +
s

dr

1≠2M/r
, and t is Schwarzschild time, the interior volume grows

linearly in the advanced time v, where up to a prefactor of 3
Ô

3fi it reads

V (v) = M
2
v (4.2)

The maximum of Eq.(4.2) is obtained by extremizing the integral

V =

⁄
v

⁄

S2

C

r
2

3
2M

r
≠ 1

43/2D

sin ◊d◊d„dv (4.3)

which maximizes at rmax = 3M/2 and S
2 denotes the two-sphere foliating the

horizon.

This non-trivial relation between horizon area and interior volume was further

examined in Ref. [124] where it was argued that for a Schwarzschild black hole the

volume of the maximal bounded spacelike hypersurface behind the horizon continues

to grow until the black hole reaches the Planck scale. Without loss of generality,

the results were expanded [125] for the rotating a ”= 0 subextremal |a| < M

two-parameter family of stationary axisymmetric solutions in asymptotically flat

spacetime (i.e. Kerr black hole). Where assuming M ∫ 1, and the metric curvature

is weak at both r = 2M and r = 3M/2, then similar reasoning to that in a = 0

Schwarzschild geometry was shown to be valid. Namely, for a subextremal Kerr

black hole the leading contribution to the interior volume is due to the maximal

Cauchy development of initial data defined on a spacelike hypersurface which lies

just barely within the black hole.

At first glance a resemblance can be seen with the increase of entropy, but it

would be premature to come to this conclusion which doesn’t hold under further

scrutiny. In fact, black hole interiors grow much beyond thermal equilibriation. This
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growth of the interior is quantified in the context of AdS/CFT, where the volume

of a black hole in d-dimensional asymptotically AdS spacetime was conjectured to

be dual to the complexity of a thermal state CFT living on the (d ≠ 1)-dimensional

AdS boundary, hence ”complexity=volume” (CV). Interestingly, it was then argued

in Ref. [44] that complexity, similar to entropy, admits a Second law.

4.2.2 Cosmic Censorship

In the 1970s, Penrose conjectured that although naked singularities are compatible

with GR, any singularities arising in gravitational collapse cannot be visible to

observers situated at infinity [121]. That is to say, under physically realistic

situations they will be hidden behind an event horizon. This forms the basis of

the weak cosmic censorship conjecture. The strong cosmic censorship conjecture

stems from the argument that the predictive power of GR as a complete theory of

gravity remains unaffected, whether the singularity is visible from infinity or if it

can be observed at some finite distance from. Thus, if cosmic censorship were true,

then it should forbid the appearance of locally naked singularities, i.e., singularities

that lie to the future of some point on an observer’s world line and to the past of

another point on the same world line. The precise mathematical condition of the

strong cosmic censorship conjecture that excludes the locally naked singularities is

the demand that space-time be globally hyperbolic. Furthermore, the strong cosmic

censorship conjecture requires that the maximal Cauchy development of a generic

solution to Einstein’s equations with physically realistic matter or asymptotically

flat initial data is locally inextendible as a regular Lorentzian manifold.

Note, the existence of a partial Cauchy surface S with an asymptotically simple

past ensures that singularities occurring in space-time arise from an initially regular

state and that any Cauchy horizons arising to the future of S are not artifacts of a

bad choice of the initial surface but rather are a result of the genuine breakdown of

global hyperbolicity. For example, a partial Cauchy surface in an asymptotically

simple and empty space-time (a globally hyperbolic space) with an edge on past

null infinity J ≠ or future null infinity J + would contain a Cauchy horizon.
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In a series of extraordinary mathematical results, [47, 126–128] have demon-

strated that for a maximal Cauchy development of suitable initial data, considered

on a spacelike hypersurface � inside a subextremal Kerr (or Reissner-Nordstrom)

black hole, the metric is C
0-stable. This implies that while spacetime is extendable

to a larger Lorentzian manifold M̃ \ M across a non-trivial part of the Cauchy

horizon, the extension is not smooth enough to qualify as a valid solution of the

Einstein’s equations. This however, invalidates the C
0 form of Penrose’s celebrated

SCC while saving the Einstein equations from outputting non unique solutions.

We immediately note the implications of these mathematical results on the

predictions of QG at the level of soft singularities especially pertaining to the

structure of spacetime. Building on Ref. [47], in this chapter, we revisit the C
0-

formulation of the SCC from a quantum complexity-theoretic perspective. We

consider an illustrative example of the low-temperature limit of a hyperbolic AdSd+1

black hole dual to a CFT living on a (d ≠ 1)-dimensional hyperboloid to investigate

the C
0 formulation of the SCC. We demonstrate that if the metric terminates

at the Cauchy horizon, then the CV-duality (i.e. gauge/gravity correspondence)

will be violated at late times. In light of this, we propose a novel conjecture

relating the C
0-stability of the metric to the complexification of the system, and

suggest the extendability of the black hole interior is bounded from below by

the classical recurrence time.

The chapter is organized as follows. In Section 4.3 we review the Kerr geometry,

and focus on the role of the Cauchy horizon. We then look at the C
0-formulation

of Penrose’s SCC and its implications for the interior Kerr black hole region. In

Section 4.4 we examine the implications of the C
0-instability of the metric for

Kerr-AdS spacetime. Section 4.5 is dedicated to the study of the inconsistencies

in the bulk/boundary duality yielded by a hypothetical inextendability of the

interior metric beyond the Cauchy horizon.

4.3 The Kerr Metric and C
0-inextendability

In GR, black holes are completely characterised by three parameters: mass, rotation

(spin) and charge. The Kerr metric is a generalization of the Schwarzschild metric
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to a rotating body. The subextremal |a| < M Kerr family of solutions describes a

metric whose line element, in Eddington-Finkelstein coordinates is given by,

ds
2

= ≠� ≠ a
2

sin
2

◊

fl2 dv
2

+ 2dvdr + fl
2
d◊

2
+

A sin
2

◊

fl2 d„
2

≠ 2a sin
2

◊drd„ ≠ 4aMr
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◊dvd„ (4.4)
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2
+ a

2
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2
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A © (r
2

+ a
2
)

2 ≠ a
2
� sin

2
◊

(4.5)

Here, a = J/M is the rotation parameter which gives the spin-to-mass ratio

of the black hole, where the extremal case corresponds to a ≥ O(1). The metric

admits two horizons, respectively at r± = M ±
Ô

M2 ≠ a2, where r≠:={r = CH+}

is the inner (Cauchy) horizon and r+:={r = H+} is the outer (event) horizon. In

the following we will focus on the inner horizon, namely the Cauchy horizon.

In Kerr geometry the maximal Cauchy development of generic asymptotically

flat initial data, defined on a spacelike hypersurface � within the black hole (i.e. the

non-empty complement of M \ J
≠

(I+
)), is non-uniquely extendable as a solution

to the vacuum Einstein equations. This means lack of future determinism for

all infalling timelike geodesics “ which reach M̃ \ M. Thus, the region beyond

the Cauchy horizon CH+ cannot be uniquely determined, implying a breakdown

of global hyperbolicity of the metric, as predicted by classical general relativity.

Upon maximal evolution of the initial data on the spacelike hypersurface � to a

larger Lorentzian manifold M̃ \ M, � will no longer be the Cauchy hypersurface

for M̃ which extends across CH+.

This globally non-hyperbolic future development of the initial data found in

Kerr (and also Reissner-Nordstrom) solutions is in sharp contrast to the simple one-

parameter Schwarzschild subfamily of solutions, where the maximal Cauchy evolu-

tion is future inextendable as a C
0 Lorentzian manifold across CH+. In Schwarzschild
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the future is uniquely determined, namely for r < r+ all timelike geodesics “ are

incomplete, and asymptote to a spacelike boundary in finite proper time.

In an attempt to preserve the global hyperbolicity of the metric Penrose proposed

[129] the so-called strong cosmic censorship conjecture which, generally, reads

Conjecture 1 (the C
0-form of the SCC): The maximal Cauchy evolution

of generic asymptotically flat (AdS) vacuum initial data is inextendable to a larger

C
0 Lorentzian manifold M̃ across the Cauchy horizon CH+.

The role of the C
0-formulation of the SCC is to bring uniqueness to the solutions of

the vacuum Einstein equations, and hence make the future of all infalling timelike

geodesics deterministic. The C
0-inextendability conjecture restores the predictability

of the vacuum equations inside dynamical black holes by introducing a spacelike

finite boundary across which the metric cannot be extended even as a (continuous)

C
0. Recent advancements, however, see Refs. [47, 130], suggest Conjecture 1 is

false, where the main results relevant to us can be summarized by the following

theorem

Theorem 1 (Dafermos-Luk): Consider general vacuum initial data corresponding

to the expected induced geometry of a dynamical black hole settling down to Kerr

(with parameters 0 < |a| < M) on a suitable spacelike hypersurface �0 in the

black hole interior. Then the maximal future development of the spacetime (M, g)

corresponding to �0 is globally covered by a double null foliation and has a non-

trivial Cauchy horizon CH+ across which the metric is continuously extendable.

The theorem suggests that general exterior subextremal spacetimes, emerging from

initial data sufficiently close to Kerr data, have C
0-stable non-trivial Cauchy horizons

in their interiors. This, together with the global existence statement in the exterior

(weak cosmic censorship), are already a strong argument against Conjecture 1. In

fact, the weak cosmic censorship (i.e. the completeness of null infinity I+) makes

an even stronger statement as it implies the entire Penrose diagram is nonlinearly
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stable for solutions to Rµ‹ = 0. So given stability in the Kerr exterior J
≠

(I+
), we

can infer similar properties to hold in the non-empty complement of M \ J
≠

(I+
)

as well. Moreover, C
0-stability results of CH+ have also been derived for a broader

class of systems, e.g. for Reissner-Nordstrom solutions to the Einstein-Maxwell-

real-scalar-field equations [126–128], while in Ref. [131], assuming polynomial decay

rate, for suitable initial data of the Einstein-Maxwell-Klein-Gordon equations in

a Reissner-Nordstrom background, the spacetime was shown to be continuously

extendable. It should be noted, however, that although the metric may admit

continuous C
0-extendability across the Cauchy horizon, it may still be inextendible

as a C
2 Lorentzian manifold, assuming higher regularity conditions are imposed.

Hence, the Christoffel symbols can still fail to be square integrable.

On a linear level, the C
0 SCC, being the strongest inextendability statement, has

been shown not to admit a blow up at CH+ even for the simpler Kerr or Reissner-

Nordstrom solutions in asymptotically flat spacetime, given that the polynomially

decaying scalar waves solving the Klein-Gordon equation propagate to the black hole

interior. Similarly, boundedness at CH+ has also been demonstrated [132] for Kerr

(and Reissner-Nordstrom)-dS spacetime with the decay rate here being exponential.

Despite the growing interest in the subject of spacetime extendability in black hole

interiors, all C
0 SCC formulations rely on classical geometric arguments and scalar

wave decay rate estimations, making the SCC one of the few big problems in gravity

yet to receive the quantum treatment. As such, Sections 4.4 and 4.5 constitute

the first application of quantum complexity in this context.

4.4 Quantum Complexity and the C
0-stability

In the following we offer a brief introduction to quantum complexity and review the

CV-duality in the context of AdS/CFT. We outline a newly-developed methodology

of measuring complexity in terms of the flux of a conserved volume current. Having

reviewed the C
0-formulation of the SCC (Conjecture 1), we study its implications

on the interior of a Kerr-AdS black hole. Although some of the original results were

derived for the case of an eternal two-sided Schwarzschild-AdS black hole, Figure

4.1, they have been shown to be valid for a large class of solutions.
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4.4.1 Quantum Complexity

Black holes are efficient information scramblers. Quantum circuits models for black

hole physics were first developed by Hayden and Preskill [133] to capture their

chaotic dynamics. Comparison between black hole scrambling and circuit scrambling

motivates us to think of black holes with entropy S as quantum circuits of size K

such that K ≥ S. Quantum computations are the application of unitary operators

to a K-qubit system with the complexity of the task, C defined as the minimum

number of gates that it takes to implement the operation.

Quantum complexity increases linearly for time exponential in the entropy

tmax ≥ e
S, known as the classical recurrence time. At this point it saturates and

remains at its maximum Cmax = e
S for tqr ≥ e

e
S , known as the quantum recurrence

time, and then fluctuates back to its initial low value [45].

The CV-duality [46] suggests the complexity of the boundary CFT is dual to

the volume of the maximal spacelike hypersurface (i.e. codimension-one submani-

fold) which asymptotes to some time, anchored at the conformal AdS boundary,

see Figure 4.1,

C ≥ V

~GN l
, (4.6)

where l is the characteristic AdS length scale, ~ = h/2fi is the reduced Planck

constant, and GN denotes Newton’s constant, where we assume c = ~ = GN = 1.

The CV-duality has been shown to hold for a wide class of theories and in

arbitrary number of dimensions. Its validity has been demonstrated for the simplified

setting of a (1+1)-dimensional Reissner-Nordstrom background in JT gravity [134],

as well as for a d = 3 spherically symmetric BTZ-AdS black hole [135, 136]. Recently,

a novel way for calculating the volume of maximal spacelike hypersurfaces in the

bulk in terms of the flux of the volume current was suggested [137],

Vt =

⁄

�t

v · ‘, (4.7)

where ‘ is the spacetime volume element, and v denotes the unit timelike vector

field orthogonal to the t = constant hypersurfaces anchored at the boundary. The
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Figure 4.1: A diagram of an eternal two-sided Schwarzschild-AdS black hole. The
black lines, denoted by t, describe the boundary Cauchy foliation by slices which are
orthogonal to an asymptotic Killing flow yielding time translations, the blue lines indicate
the horizons, and the red lines are the singularities. Throughout the chapter we will only
focus on the upper (t > 0) part of the diagram.

way we think about t in this context is in terms of asymptotic time, i.e. null

coordinate which is connected to the Minkowski polar coordinates as t = r + · at

past infinity, where · denotes coordinate time, and r is the radial coordinate [122].

Here, V (�t) is simply the flux of the volume flow through the hypersurface � at

boundary time t. The volume current method is valid under the assumption that

the whole asymptotically AdS spacetime is foliated (without gaps) by a family of

maximal spacelike hypersurfaces (i.e. Cauchy slices �ti) induced by the boundary

foliation. As is well known, the CV-duality is intrinsically ill-defined and diverges

at asymptotic infinity. This divergence, however, can easily be dealt with by (i)

counting only the volume growth within the black hole interior, and (ii) focusing

on the volume’s time dependence. Following this prescription, one can formulate

a pathology-free Second law of complexity and demonstrate that by calculating

the volume change between neighboring Cauchy slices behind the horizon in terms

of the flow of the volume current (in the black hole interior r < r+ the volume

flow is a future-pointing timelike vector, orthogonal to the maximal foliation) as

we go to later slices, the interior volume can only grow, bounded from above by

the complexity of the holographic CFT.
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Figure 4.2: Maximum Cauchy evolution of asymptotically flat initial data on a spacelike
hypersurface �. The region beyond the Cauchy horizon CH+ corresponds to the larger
Lorentzian manifold. The figure was taken from [47].

4.4.2 C
0-instability: What if?

In light of this, the question we address is: What would a hypothetical validity of

Conjecture 1 imply from a quantum complexity-theoretic perspective? As is well

known, the inextendibility of the metric to a larger Lorentzian manifold M̃ beyond

CH+ even as a continuous C
0 suggests the Cauchy evolution is spacelike. Namely,

the metric terminates at a singular finite boundary, meaning the region beyond

CH+ does not exist. Essentially, this is the statement that timelike geodesics

“ cannot reach M̃ \ M.

Loosely speaking, the spacelike finite boundary, corresponding to the maximal

Cauchy evolution, could effectively be interpreted as a migrated singularity, where

the singularity now lies at some larger r, closer to the outer horizon H+. In

[139], examining AMPS’ firewall argument, Susskind proposed that black holes

which have evaporated less than half of their initial entropy retain their regular

horizon structures but have non-standard singularities instead. In particular, it

was suggested that the growing von Neumann entropy of the Hawking radiation is

what drives the singularity to migrate, and at late times coincide with the event

horizon. This way, by migrating the spacelike finite boundary to coincide or be

arbitrarily close to the maximal slice �max and CH+, the Kerr solution obtains the

well-defined determinism of the Schwarzschild subfamily.
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Figure 4.3: A zoomed portion of the upper t > 0 part (region II from Figure 1 in [138])
of a maximally-extended two-sided Kerr-AdS black hole, depicting CH+ as a migrated
singularity. Here, tmax denotes the boundary foliation corresponding to CH+, where “max”
refers to the latest slice (i.e. CH+), assuming Conjecture 1 is true and the spacetime
terminates. Note that CH+ is depicted as a spacelike boundary for illustrative purposes
only; in light of its interpretation as a migrated singularity.

To be more precise, suppose we have a subextremal Kerr-AdS black hole, where

we require M > 0, a ”= 0 and |a| < 1/l
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l
2

= ≠�/3 is the AdS curvature radius for negative cosmological constant � < 0,

and (r, t, ◊, „) œ R2 ◊ S2 denote the coordinates which cover the black hole interior

and the near-horizon region just outside the black hole. Here, the polynomial,

�r = (r
2

+ a
2
)(1 + l

2
r

2
) ≠ 2Mr, (4.10)

vanishes at H+, where H+ is a Killing horizon, and M

�2 is the ADM mass. Assuming

the weak cosmic censorship, let (M, a) œ R2
>0 be non-degenerate for |a| < 1/l. Then,
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Eq.(4.10) has 2 real roots for 0 < r≠ < r+, and the metric has both axial ˆ„ and

timelike ˆt Killing fields whose relation to the Killing vector field is the standard,

› = ˆt + �H+ˆ„, (4.11)

where �H+ is the angular velocity of H+. Let us now consider Figure 4.3.

Given CH+ lies at some macroscopic distance from the ringlike curvature sin-

gularity rs, we get,

rs < rc < M ≠
Ô

M2 ≠ a2, (4.12)

where rc denotes the region between CH+ and the ringlike singularity. Then,

assuming the validity of Conjecture 1, a non-negligible macroscopic region of the

black hole interior will, essentially, be cut off. As we show in Section 4.5 below,

this interior region cut off is very problematic.

4.5 Probing the C
0-instability

In this Section we study low-temperature black holes with hyperbolic horizons

in asymptotically AdS spacetime, dual to CFTs living on hyperboloids. In this

setting, we examine the C
0-form of the SCC from a quantum complexity-theoretic

perspective and argue that if Conjecture 1 is true, then the CV-duality would be

violated at late times. We demonstrate that the leading contribution to the interior

volume comes from a Cauchy slice which lies in the rc region between rs and CH+,

see Eq.(4.12). Given the generic quasi-periodic behavior of quantum complexity,

the evolution of the black hole interior will be non-trivially modified. While a

macroscopic part of the interior region is cut off, the corresponding complexity of

the holographic CFT is expected to continue to evolve until it saturates, hence

yielding a deviation from the standard bulk/boundary duality. Therefore, while the

complexity of the boundary CFT continues to grow in time, the dual bulk volume

will be prematurely saturated. To preserve the CV-duality, we conjecture that the

metric must be C
0-extendable at least for as long as quantum complexity increases.
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The gravitational dual of a CFT on a (d ≠ 1)-dimensional hyperboloid Hd≠1

is an AdSd+1 black hole with hyperbolic horizon geometry. We investigate the

C
0-form of the SCC in the low-temperature limit of these solutions which have

been shown to exhibit interesting thermodynamic features. Consequently, we

demonstrate that inextendability of the interior metric as a C
0 beyond CH+ (as

suggested by Conjecture 1) violates the CV-duality as it leads to O(1) variation

in the bulk/boundary correspondence at late times. The hyperbolic AdSd+1 black

hole has R2 ◊ S
d≠1 topology and is given by the metric,

ds
2

= ≠f(r)dt
2

+
dr

2

f(r)
+

r
2

l2 d�
2
d≠1, (4.13)

where for the hyperbolic CFT metric,

f(r) = ≠1 +
r

2

l2 ≠ M

rd≠2 , (4.14)

and

d�
2
d≠1 = l

2
dH

2
d≠1, (4.15)

where dH
2
d≠1 is the unit metric on the Hd≠1 hyperboloid. Here it is convenient

to use the convention that lengths are measured in units of the curvature radius

(i.e. l = 1) for simplicity of notation. The black hole’s mass M and temperature

T are defined, respectively as,

M = r
d≠2
0 (r

2
0 ≠ 1), (4.16)

and

T =
r0
4fi

A

d ≠ d ≠ 2

r
2
0

B

., (4.17)

where for M = 0 we get T = (2fi)
≠1. In this set of coordinates, r0 is the horizon,

and in the near-horizon region f(r) = 4fiT (r ≠ r0), while in the asymptotic limit,

f(r) æ r
2
/l

2. We are interested in low-temperature T = 0, hyperbolic black holes

for which there are solutions that admit regular r≠ and r+ horizons for a family of

≠M terms. Interestingly, T = 0 hyperbolic black holes have global structure whose
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interior region resembles that of Reissner-Nordstrom, and has two well-defined

horizons, similar to Eq.(4.8). We should note that in this respect the negative

mass family is special since not all hyperbolic solutions have well-defined black hole

configurations, and some have even been shown to break down at r+. For instance,

the M = 0 solution only covers part of the manifold (the outside black hole region),

and hence is not useful for our considerations. For T = 0, in the hyperbolic scenario,

there are minimum values for ≠M and r+ which are defined, respectively, as,

Mmin = ≠ 2

d ≠ 2

A
d ≠ 2

d

B
d/2

l
d≠2

,

rmin =

A
d ≠ 2

d

B3/2

l,

(4.18)

where for d = 4 they read,

Mmin = ≠ l
2

4
,

rmin =
lÔ
2

.

(4.19)

Motivated by the CV-duality, the volume of a maximal spacelike hypersurface in T =

0 hyperbolic black hole background can be estimated by dividing the hypersurface

�ri into individual segments, and approximating the local maximum of the radial

function f(r) (to be defined below) on each segment. Where in the hyperbolic

AdSd+1 background Eq.(4.13), for r ∫ rmin, the metric asymptotes to an empty

AdSd+1 solution, while in the near-horizon region, just outside the black hole, the

metric is AdSd+1 ◊ Hd≠1. In this setting, each spacelike hypersurface decomposes as,

�ti = �in fi �out. (4.20)

.

Although in [140], �out ≥ �R fi �CQM fi �UV, for our analysis we need not

consider the details of the exterior components, and will focus only on the interior.

As is the standard procedure in the literature, the volume of maximal r = constant

spacelike hypersurfaces is generally given as,

r
d≠1

Ò
|f(r)|, (4.21)
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where f(r) is a “placeholder,” and depends on the region whose contribution

to the volume we wish to estimate. For the interior region of Eq.(4.13), f(r)

takes the form [141],

r
d≠1

Û----1 ≠ r2 +
Mmin
rd≠2

----, (4.22)

and is maximized in the region rc, Eq.(4.12). It is important to note that for massive

non-extremal black holes the region rc can be arbitrarily big. Therefore, a significant

part of the interior volume of low-temperature hyperbolic black holes is contributed

by the region rc, i.e. between CH+ and the ringlike singularity. The overall

complexity of this family of solutions has been demonstrated to evolve as [140],

�C(t) =
2–Ô

d
S log(lT )

≠1
, (4.23)

for small t, and at late times as,

�C(t) =
2–Ô

d
S log(lT )

≠1
+

4fi–Ô
d

STt. (4.24)

Evidently, the growth rate of complexity is consistent with the classical predictions.

Hence, as time goes on the bulk volume will saturate much earlier than the complexity

of the dual CFT, yielding a discrepancy in the bulk/boundary description which will

only accumulate at late times. Therefore, we conjecture that in order to preserve the

complexity-theoretic gauge/gravity black hole framework, the interior metric must

be extendable to a larger Lorentzian manifold across CH+ (i.e. Conjecture 1 must be

false) for at least a classical recurrence time. Finally, we ought to draw the readers’

attention to some conflicting recent results in the literature for different spacetimes.

In [142, 143] the uniform boundedness and the continuity across the Cauchy

horizon were demonstrated to remain valid in Reissner-Nordstrom-AdS spacetime

for massive scalar waves solving the massive Klein-Gordon equation, assuming

a sharp logarithmic decay rate. Despite these promising results invalidating the

C
0 SCC, however, the question of boundedness remained open for other general

spacetimes. On the other hand, a rigorous proof was presented recently [144],

suggesting that if the black hole’s mass and angular momentum satisfy some
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non-Diophantine conditions, then linear scalar perturbations (solving the Klein-

Gordon equation) blow up at the Cauchy horizon. Thus, pointing towards a

positive resolution of the C
0 SCC for a Kerr-AdS black hole, given the parameters

admit Baire genericity. Interestingly, this instability was shown not to result

from mere superradiance or blueshift effects but instead from a novel resonance

phenomenon (i.e. relation between Diophantine approximation and black hole

interiors) found in axisymmetric solutions.

4.6 Discussion

The application of quantum information theory to black holes provides novel

insights that overturn widely held notions in GR. For instance, the classical Black

hole area theorem states that surface area of a black hole does not decrease with

time. We know now, however, that this doesn’t hold when considering quantum

phenomena such as Hawking radiation that violates the positive energy condition.

Similar insights were garnered in attempts to reconcile GR with QM with the

black hole information paradox and the firewall problem. In fact, a framework

founded on quantum information theory is expected to play a central role in gravity

and the emergence of spacetime.

In this spirit, our work examining the C
0 formulation of the SCC from an

information theoretic perspective revisits ideas of complexity applied to black hole

interiors in the same way quantum entropy redefined horizon area. By means of an

example, we showed that in the low-temperature limit of a hyperbolic AdSd+1 black

hole dual to a CFT living on a (d ≠ 1)-dimensional hyperboloid Hd≠1, a significant

contribution to the interior volume comes from the region past the inner horizon.

Hence, the inextendability of the metric across CH+ if we imposed Conjecture 1,

would lead to late-time violation of the CV-duality as proposed in AdS/CFT. To

retain the CV-duality and save the bulk/boundary correspondence, we conjectured

imposing a lower bound on metric extendability of order the classical recurrence time.

The AdS/CFT correspondence has also motivated several proposals of “gravitis-

ing” quantum mechanics. Notable proposals using the building blocks of quantum

information to give rise to an emergent spacetime include [145, 146]. Furthermore,
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holographic entropy inequalities directly put constraints on the geometries which
can emerge through entanglement in AdS/CFT. In future work we can derive
insights on QG not only by treating emergent spacetimes by studying regions of
allowed entropy space but also complexity space.
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This chapter is based on a paper written in collaboration with Eduardo Dias

and Vlatko Vedral. The author of this thesis applied quantum information theoretic

measures to an event, defined as the moment of coincidence between detectors

and the system.

5.1 Introduction

A recurrent theme in quantization efforts of gravity is the commensurate treatment of

space and time. In standard quantum mechanics, position is an operator while time

is an independent parameter. This asymmetry between space and time is further

manifested in the absence of a tensor product description of temporally separated

states. The former admits a description that utilizes the tensor product of Hilbert

70
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spaces of the subsystems, while an equivalent notion does not exist for the latter.

Furthermore, recall that this tensor product structure, along with the quantum

superposition principle, yields the property of entanglement between distinct physical

systems. Nevertheless, despite the lack of an analogous mathematical construction

in the treatment of time, QM also predicts nonclassical temporal correlations [51,

147–150]. These correlations — understood as an entanglement in time — concern

timelike events, which refers to measurements performed at different times on

the same physical system.

Many ascribe the conflicts between general relativity and QM to the asymmetric

formulation discussed above and to our lack of awareness about the very nature of

time. In this context, the identification of entanglement in time further encourages

the search for a more balanced formulation of QM. Since temporal quantum

correlations can also be accessed via Bell-like inequalities [150], one can expect

QM to incorporate a tensor product structure for both spacelike events (SLE) and

causally connected timelike events (TLE).

Following the above reasoning, proposals for a more symmetric approach

to QM involve, for e.g., quantized instances of time called chronos [48], the

framework of consistent histories [49, 51], pseudo-density matrices [50], super

density operators [52], local event operators that act on Hilbert sub-spaces that are

local in spacetime [151], and a quantum formalism of events [152]. It is worth noting

that all these works, apart from [152], assume “instantaneous” measurements, so

that unlike position, the considered events do not present any time-measurement

uncertainty. In fact, for the instant of a measurement to be intrinsically uncertain,

it is sufficient if the system under consideration were to travel a certain distance

until it reaches the apparatus. A second possibility is that if the interaction time

between the detector and the system is not short enough to neglect the evolution

that the system would have undergone in the absence of measurements. The former

consideration is known as the arrival time problem. It is worth noting that there

is still no consensus on the best strategy to determine the arrival time, and that

the formalism presented here can be applied to compute it. In addition, none of
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these formalisms exploit the tensor product structure to study quantum information

theoretic aspects of events, especially the causally connected ones

With these motivations in mind, in contrast to previous approaches, barring

Ref. [152], we describe spatial and temporal entanglement in the same theoretical

framework: via a tensor product structure. We take into account the proba-

bilistic character of the instant at which a measurement (or event) takes place.

Although these two features were addressed in Ref. [152], here we use a slightly

distinct approach, which encapsulates the super density operators of Ref. [52]

as a particular case.

Our strategy lays impetus on the records obtained via the measurements

performed by detectors and timers. These registers encompass information about

the system under consideration, and of the moment this information was recorded

respectively. As our formalism treats all events (measurements) on an equal footing,

we will propose methods to characterize and even distinguish SLE and TLE. We

reiterate that TLE are restricted to consecutive measurements of the same physical

system. In contrast, the spacelike ones refer to independent measurements of two

different systems (entangled or otherwise).

We utilize elements of Ref. [152] to recover a tensor product for TLE. Ref. [152]

defines states of events by using the Hilbert spaces of the measured system, detectors

and timers. Here however, we obtain an equivalent description for SLE and

TLE by tracing out the system under measurement and focusing only on the

detectors and timers. As a result, in departure from previous approaches, the

theoretical framework used here allow us to extend quantum information (QI)

tools [153, 154] to events as follows.

Firstly, in this chapter, we will revisit measures of coherence, applied in the

context of events, to serve as an indicator of causality when one does not have

information about the moment when the events occurred. We will also propose

a correlation function of time operators that serves as an indicator of causality.

While Ref. [50] outlines a measure of causality, their proposed extension of QM

to include a tensor products description of temporally separated events — the so-

called pseudo-density matrices (PDM) — results in states with negative eigenvalues.
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Here, in contrast, we remain within the scope of traditional QM, with the simple

addition of timers and detectors to our description. Secondly, we extend measures

of classical correlation [54] and state discrimination criteria [155, 156] to events

to quantify, for causally connected events, how much information we know about

the outcomes of future events. In the limit of “instantaneous” measurements,

we will verify a deterministic property that allows us to predict future events in

the specific case of two TLE. Finally, the application of Bell’s inequalities in our

theoretical framework will also be addressed.

5.2 Describing Events in QM

Consider an event to be a measurement carried out by a detector D (micro/macro-

scopic), coupled with a timer T , on a system S. Let ĤS be the Hamiltonian

of S associated with the degrees of freedom under measurement. In SLE, S is

composed of two systems SA and SB (entangled or otherwise) that are measured

once, independently. We denote the measurement on SA (SB) by event A (event

B). On the other hand, in TLE, we investigate causally connected events such

that a single system S is measured twice. We call the first measurement “event

A” and the second “event B.” In both SLE and TLE, the observables of S are

–̂j =
q

–j
–j|–jÍSj È–j|, with j = A, B.

To record the moment of occurrence of an event, one can consider a Salecker-

Wigner-Peres-like timer T [157]. However, instead of being coupled with the system

S, as in Ref. [157], here T interacts with the detector in such a way T stops running

when D measures S. Thus, while D “is” in a ready state |0ÍD, T evolves as an ideal

clock by the Hamiltonian HT . We also assume that the time scale of the interaction

between the timer and detector is significantly smaller than the characteristic time

�tSD of the measurement of S by D. An interaction between T and D that models

this physical picture is V̂T D = S ¢ ĤT ¢ |0ÍDÈ0| [157], and the total Hamiltonian is

Ĥ = ĤS ¢ T D + V̂SD + V̂T D, where V̂SD is the interaction potential between S and

D. Also, let the timer’s observable T̂ be such that T̂ |tÍT = t|tÍT and [T̂ , ĤT ] = i~.

By considering a pair of T D to perform two measurements, regardless of the

type of events, the initial condition of the full state is,
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|Â(t0)Í = |Ï(t0)ÍS ¢ |t0, 0ÍA ¢ |t0, 0ÍB (5.1)

Here, |Ï(t0)ÍS is the initial state of S and |t0, 0Íj = |t0ÍTj ¢ |0ÍDj (j = A, B),

with |t0ÍTj being the initial state of the timer Tj and |0ÍDj the ready state of the

detector Dj. Notice that TjDj register information associated with the event j:

for SL events, event j represents the measurement of Sj, whereas for TL events,

event j represents the measurement j of S (with A happening first). To avoid

dense notation, we will refrain from using ¢.

To compute |Â(t)Í = exp{≠i(t≠t0)Ĥ/~}|Â(t0)Í, let us break up the Schrodinger

evolution into infinitesimal steps ”t π �tSD, so that the eigenvalues of T (denoted

t) in this discrete evolution are t0, t(1), . . . , t(N), . . ., with ”t = t(k+1) ≠ t(k). Now,

in order to describe two SLE, we model two independent measurements of two

systems SA and SB such that in the first step t(1), the full initial state splits

into four branches given by

|Â(t(1))Í =

Ò
q

A

(1)q
B

(1) e
i(ÏA

(1)+Ï
B
(1))|Ï(t(1))ÍS |t(1), 0ÍA|t(1), 0ÍB

+

Ò
”p

A

(1) q
B

(1) e
iÏ

B
(1)

ÿ

–A

M̂
A

–A
|Ï(t(1))ÍS |t(1), –AÍA|t(1), 0ÍB

+

Ò
q

A

(1) ”p
B

(1) e
iÏ

A
(1)

ÿ

–B

M̂
B

–B
|Ï(t(1))ÍS |t(1), 0ÍA|t(1), –BÍB

+

Ò
”p

A

(1)”p
B

(1)
ÿ

–A,–B

M̂
AB

–A,–B
|Ï(t(1))ÍS |t(1), –AÍA|t(1), –BÍB,

(5.2)

where ”p
j

(1) π 1 (qj

(1) = 1 ≠ ”p
j

(1)) is the probability of Sj being (not being)

measured in the interval (t0, t(1)]. Ï
j

(1) is the phase associated with the undetected

branch of Sj. Here M̂
A

–A
= M̂–A ¢ B, M̂

B

–B
= A ¢ M̂–B , M̂

AB

–A,–B
= M̂–A ¢ M̂–B ,

with M̂–j = |–jÍjÈ–j|. Also, |Ï(t(1))ÍS = ÛS(t(1), t0)|Ï(t0)ÍS where ÛS(t(1), t0) =

exp{≠i(t(1) ≠ t0)ĤS/~}. For simplicity we consider that the detectors interact

equally with both systems and also with each state |–jÍSj .

Inspecting Eq.(5.2), we note that in the first branch the detectors do not

record any information about S = SA + SB with a high probability q
A

(1)q
B

(1) =

(1 ≠ ”p
A

(1))(1 ≠ ”p
B

(1)). Thus, the timers will continue to evolve as an ideal quantum

clock. In the second branch, with probability ”p
A

(1)(1 ≠ ”p
B

(1)), DA measures SA and
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DB does not measure SB, thus TA stops running and records the instant of the

event A, t(1). In the third branch, the opposite happens. In the last branch both

systems are measured in the interval (t(0), t(1)] and both timers register t(1).

Before proceeding to the next steps of the evolution, we note that the Stern-

Gerlach’s experiment fits the description of Eq.(5.2). Here, a particle (system S)

is subjected to a magnetic field [interaction encompassed in ÛS(t(1), t0)] and then

detected. For two events, we have two independent Stern-Gerlach’s devices, one for

each particle. In this context, the branches of |Â(t(1))Í in which the particle is not

measured arise from both the uncertainty of the particle’s arrival time at the detector

and the moment of the detector click, whose duration depends on its interaction

with the particle. The click can simply be the transition from the initial state of

the detector to an orthogonal one, at which moment, the timer stops running.

We are interested in |Â(t)Í from the moment we can guarantee both SA and

SB have been measured. Thus, we evaluate |Â(t(N))Í when t(N) ' t0 + ta.t. + �tSD,

where ta.t. is the typical arrival time at the detector. Here, in the continuous

limit, WLOG we take t(N) æ Œ [|ÂeÍ © |Â(t(N) æ Œ)Í] to ensure that the system

has completed its interaction with the detector. Note that, we do not invoke

environment induced decoherence and consider the complete unitary description

of the system-detectors-timers’ interactions. Now,

|ÂÁÍ =
ÿ

–A,–B

⁄
Œ

t0

⁄
Œ

t0
dtAdtB |�Á(tA, –A; tB, –B)ÍS

¢|tA, –AÍA |tB, –BÍB, (5.3)

where Á=SL labels SLE. As our interest lies in measurement outcomes recorded

by TADA and TBDB, we trace out HS , yielding

fl̂Á =
ÿ

–A,–B

⁄
Œ

t0

⁄
Œ

t0
dtAdtB

ÿ

–
Õ
A,–

Õ
B

⁄
Œ

t0

⁄
Œ

t0
dt

Õ

A
dt

Õ

B

TrS

;
|�Á(tA, –A; tB, –B)ÍSÈ�Á(t

Õ

A
, –

Õ

A
; t

Õ

B
, –

Õ

B
)|

<

|tA, –AÍA |tB, –BÍB AÈtÕ

A
, –

Õ

A
| BÈtÕ

B
, –

Õ

B
|, (5.4)
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which describes the events A and B with

|�SL(tA, –A; tB, –B)ÍS = ‰SL(tA, tB)

5
�(tB, tA)ÛS(t(N), tB)M̂

B

–B
ÛS(tB, tA)M̂

A

–A
ÛS(tA, t0)

+�(tA, tB)ÛS(t(N), tA) M̂
A

–A
ÛS(tA, tB)M̂

B

–B
ÛS(tB, t0)

+”(tB ≠ tA) ÛS(t(N), tA) M̂
AB

–A,–B
ÛS(tA, t0)

6
|Ï(t0)ÍS .

(5.5)

Here t(N) æ Œ, ‰SL(tA, tB) = ‰A(tA)‰B(tB), ‰j(tj) is the probability density
amplitude for Sj to be measured at the instant tj, regardless of the outcome –j,
and �(tx, ty) = 1 for tx > ty, or 0 otherwise. Note, in general situations, ‰SL(tA, tB)

is non-separable. Inspecting Eqs. (5.4) and (5.5), we observe a superposition of
measurements of SA and SB in an indefinite order. In the second (third) line of
Eq.(5.5), SA (SB) is measured first. In the last branch, SA and SB is measured
“simultaneously” in accordance with the coarse-grained nature of the evolution.

In Eq.(5.5), ‰j(tj) is the continuous limit of the amplitude

‰̃j(t(k), t(k≠1)) =

Ú
”p

j

(k)

k≠1Ÿ

¸=1

Ú
1 ≠ ”p

j

(¸) e
iÏ

j
(¸) , (5.6)

whose modulus squared is the probability of Sj being measured in the interval
(t(k≠1), t(k)]. Notice that the outcome of the product operator in (5.6) represents
the probability for Sj not to be measured in the interval (t0, t(k≠1)]. To obtain the
continuous limit ‰j(tj), we can use the relation |‰j(t(k))|2 dt = |‰̃j(t(k+1), t(k))|2.

For the simplest case where ”p
j

(k) = ”pj π 1, the relation |‰j(t(k))|2 dt =

|‰̃j(t(k+1), t(k))|2 becomes

”pj(1 ≠ k”pj) ¥ |‰j(t(k))|2 ”t

∆ (”pj/”t)e
≠k”pj ¥ |‰j(t(k))|2 (5.7)

By defining ”pj = “j”t and recalling that t(k) ≠ t0 = k”t, we have,

‰j(tj) =

Y
]

[

Ô
“je

≠“j(tj≠t0)/2
for tj Ø t0

0 otherwise.
(5.8)

Equation (5.8) is the time probability amplitude for the measurements of a
decay photon. To understand this exponential dependence of ‰, first recall that
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from standard calculations in QM, the probability for an atom initially excited

measured at time tj to be found in the ground state is Ã 1 ≠ e
≠“j(tj≠t0)/2. Then,

as it is an irreversible process, the time probability density of decay is simply Ã

≠d(e
≠“j(tj≠t0)/2

)/dt, i.e., Ã |‰j(tj)|2 above. In this specific example, the computation

of |‰j(tj)|2 is straightforward since the decay is not affected by both the photon

measurement and register of the time at which this detection happens.

We note that Eqs. (5.4) and (5.5) can describe, e.g., polarization measurements

(and the instant at which these detections occur) of spontaneous decays. Here

entangled atoms can emit photons that pass through beam splitters (interaction

encompassed in ĤS) before the measurement. Besides, the polarization can also

change via HS during its measurement. If the entanglement did not affect the decay

times, ‰SL(tA, tB) = ‰A(tA)‰B(tB). The first reason for this last statement is that

the probability for an excited atom to decay in the interval (t0, t(k)] is proportional

to |‰j(tj)|2. Then, as it is an exponential function, the time probability density

of decay is also Ã |‰j(tj)|2. It is worth pointing out that in this specific example,

the computation of |‰j(tj)|2 is straightforward since the decay is a irreversible

process and not affected by both the photon measurement and register of the

time at which this detection happens.

Finally, one can verify that fl̂Á of Eq.(5.4) can also be applied to TLE (Á =TL),

specifically, in the situation where a single system S is measured twice [152].

Assuming the second measurement (event B) begins soon after the first measurement

(event A), we have

|�TL(tA, –A; tB, –B)ÍS = ‰TL(tA, tB)�(tB > tA)

ÛS(t(N), tB)M̂–B ÛS(tB, tA)M̂–AÛS(tA, t0)|Ï(t0)ÍS , (5.9)

where ‰TL(tA, tB) = ‰B(tB|tA) ‰A(tA), with ‰A(tA) as previously discussed. ‰B(tB|tA)

is the probability amplitude for the second event to take place at time tB, given

the first measurement happens at tA. Analogous to SLE, Eqs. (5.4) and (5.9) also

describe the experiment involving Stern-Gerlach devices, as well as the spontaneous

decay discussed above. However, for TLE, we should have two consecutive SG

setups (or beam splitters) measuring the same system S. In the simpler case where
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the uncertainty in detection time is negligible (‰j is a Dirac delta function), the
timers can be neglected and we recover the formalism of super-density operators [52].

5.3 Signatures of Causality in QM

We analyze the simpler case in which the uncertainty in the detection time (or the
duration of the measurement) is negligible. In this case, ‰j is sharp enough
to be taken as a Dirac delta function, and ĤS can be neglected during the
measurement; as a result, fl̂Á is represented at a single well-defined instant of time.
This time-independent description is also observed when S is stationary during the
measurement (‰j ”= 0). In these situations the timers can be neglected. It is worth
mentioning that in this limit, we recover the formalism of super-density operators [52].
Nevertheless, we will investigate this case in a context different from that of Ref. [52].

In the absence of timers, the detector could be as simple as a two-level atom
prepared in the ground state and positioned in one of the arms of the Stern-Gerlach
apparatus. For instance, in a specific branch of |ÂÁÍ, the atom is excited by coupling
to the spin-up particle, and it is left in the ground state in the other branch where
the particle is in the spin-down configuration.

We proceed to juxtapose SLE and TLE with only the information gleaned from
DA and DB. For two SLE, Eq.(5.4) becomes,

fl̂SL =
ÿ

–A.–B

È–A, –B|fl̂S |–A, –BÍ|–A, –BÍABÈ–A, –B|, (5.10)

where |–A, –BÍ = |–AÍSA|–BÍSB . Henceforth, we drop the label Sj in |–jÍSj . In
the absence of timers, the detector could be a simple two-level atom prepared in
the ground state, positioned in an arm of the SG apparatus.

Similarly, utilizing the same picture for two TLE, and allowing the system to
evolve between measurements via the unitary operation Û = ÛS , Eq.(5.4) becomes

fl̂TL =
ÿ

–A,–
Õ
A

ÿ

–B

È–B|Û |–AÍÈ–A|fl̂S |–Õ

A
ÍÈ–Õ

A
|Û †|–BÍ

|–A, –BÍABÈ–Õ

A
, –B|. (5.11)

From Eqs. (5.10) and (5.11), the distinction between SLE and TLE becomes appar-
ent: fl̂SL is diagonal in the eigenbasis of the measured observable Âj, whereas fl̂TL
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contains off-diagonal terms associated with the Hilbert subspace of DA. Obviously,

for fl̂TL to maintain its coherence, one should prevent the detectors from decoherence.

We are led to the striking conclusion that by simply analyzing the state of the

detector (without any information of when and how the events happened), the

presence of coherence in fl̂Á indicates a causal relation between the events. Note

that it is possible to choose a unitary Û that destroys these coherence terms in the

case of TLE, thereby rendering SLE and TLE indistinguishable. In Ref. [50], the

trace norm of the PDM reveals a causal relation between the events. In a similar

fashion, here, measures of coherence such as the relative entropy of coherence

serve the analogous purpose.

We now proceed to augment the discussion on causality to take into account

the uncertainty of the moment of measurement. If the events have non-negligible

temporal uncertainty and S is non-stationary, but the experimentalist lacks access

to information recorded by the timers, we should trace the timers out from fl̂Á.

Here one can confirm that coherence still only exists for Á = TL. See Eqs. (D.1)

and (D.5) in the Appendix D for a visualization.

Finally, for the general event in Eq.(5.4), where the experimentalist learns what

the timers register, we consider the following correlation function to differentiate

SLE from TLE,

C
Á

AB
(T̂ ) =

e
(T̂A ≠ ÈT̂AÍÁ)(T̂B ≠ ÈT̂BÍÁ)

f

Á
. (5.12)

C
Á

AB
(T̂ ) is computed for the state of Eq.(5.4) as follows,

C
TL
AB

(T̂ ) =

⁄
Œ

t0
dtAtA|‰A(tA)|2 E(T̂B|tA)

≠
⁄

Œ

t0
dtA tA|‰A(tA)|2 ◊

⁄
Œ

t0
dtA|‰A(tA)|2 E(T̂B|tA)

© ÈfgÍ‰A ≠ ÈfÍ‰AÈgÍ‰A Ø 0 (5.13)

where E(T̂B|tA) =
s

Œ

tA
dtBtB|‰A(tB|tA)|2 > tA ’tA, f = tA, and g = E(T̂B|tA).

In the final line of Eq.(5.13), we apply the Chebyshev-Harris inequality [158]

for the distribution ‰A.
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In SLE with a separable ‰SL(tA, tB) = ‰A(tA)‰B(tB), the measure is trivially 0

as the probability amplitude of the second event is not conditional upon the moment

of occurrence of the first event. In this case the normalization of the probability am-

plitude coupled with the above independence yields straightforwardly C
SL
AB

(T̂ ) = 0.

We verify C
Á

AB
(T̂ ) > 0 for TLE and is zero for SLE discussed above. To elaborate

this suggests, in two causally connected measurements, if the first measurement

occurs earlier (later) than its expected time of occurrence, the second one will also

(on average) happen earlier (later), resulting in a positive C
TL
AB

(T̂ ).

5.4 QI of Events and Determinism in QM

In spatially entangled systems, one can quantify the information gained about one

subsystem given some measurement of the other. Our focus on detectors and timers

allows us to similarly quantify, for causally connected events, how much information

we know about the future (spatial analogue of the unobserved system) given some

information about the past (analogous to observed spatial subsystem). For SLE,

the standard interpretation [54, 153, 154, 156] holds.

Again, for simplicity, let us consider the case where ‰ is very short allowing us

to neglect the timers. To analyze equations Eqs. (5.10) and (5.11) in the context

of QI [54, 156], we rewrite them in the format

fl̂Á =
ÿ

–B

p
Á

–B
‡̂

Á

A,–B
¢ |–BÍBÈ–B|, (5.14)

where, for SLE, we have

‡̂
SL
A,–B

=
1

pSL
–B

ÿ

–A

---È–A, –B|Ï(t0)ÍS

---
2

|–AÍAÈ–A|, (5.15)

with p
SL
–B

=
q

–A

---È–A, –B|Ï(t0)ÍS

---
2
, and for TLE, we have

‡̂
TL
A,–B

= |⁄–B ÍAÈ⁄–B |, (5.16)

with |⁄–B ÍA = 1/

Ò
pTL

–B

q
–A

È–B|Û |–AÍÈ–A|Ï(t0)ÍS |–AÍA and

p
TL
–B

=
q

–A
|È–B|Û |–AÍ|2 |È–A|Ï(t0)ÍS |2. Notice that p

Á

–B
is the probability of

DB measuring –B regardless of the value of –A measured by DA.
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Now, recall Eq.(5.14) and consider that Alice observes DA in her laboratory

to learn the state of S while being agnostic to the causal nature of the events.

As long as DA does not undergo decoherence, Alice can measure DA in a basis

different from {|–AÍA}, which stores information about the states {|–AÍ} of S.

Assuming that Bob always measures DB in the basis {|–BÍB}, we observe from

Eq.(5.14) that Alice can infer the eigenvalue –B measured by Bob by trying to

discriminate between the different states ‡̂
Á

A,–B
of her detector. In particular, for

two level systems –B = 1, 2, Alice’s highest probability of success is given by

psuc = 1/2(1 + Tr|pÁ

2‡̂
Á

A,1 ≠ p
Á

1‡̂
Á

A,2|) according to Helstrom’s discrimination criteria.

The projection operators with the highest probability of success satisfy constraints

outlined in [156]. Note that we are employing QI tools to characterize the detectors’

states, instead of the usual application on the systems under measurement. As

we will discuss below, this approach allows us to extend the existing information

measures and QI protocols to TLE.

Reference [54] provides a way to compute the largest amount of information

gained by Alice about Bob’s observation. This quantity is a classical correlation

function which when employed to our case yields CA(fl̂
Á

B
) = max

M̂
†
A,iM̂A,i

{S(fl̂
Á

B
) ≠

q
i pi S(fl̂

Á

B,i
)}, where fl̂

Á

B
= TrAfl̂Á, fl̂

Á

B,i
= TrA(M̂A,ifl̂ÁM̂

†

A,i
)/pi is the state of DA

after the outcome i is observed by Alice, and pi = TrAB(M̂A,ifl̂ÁM̂
†

A,i
). In [54], CA

was proposed only for SLE, in which its evaluation involved the state of the system

under detection [i.e., CA(fl̂SB )] and not the states of the detectors as considered

here. In SLE, the primary difference between CA here and that from Ref. [54] is

that we compute the correlations between measurement records of subsystems of

S [CA(fl̂
Á

B
)] and not correlations between subsystems of S. We give an example

of Eq.(5.14) and CA for SLE and TLE as follows.

Consider a spin-half system S, initially in the state |Ï(t0)ÍS = |+xÍ, evolving

according to Û = exp{ifi‡x/4}, and subsequently measured in the Ŝy basis by

DB. By knowing this configuration, Alice can predict the outcome measured

by DB (seen by Bob) by setting DA to previously measure S in the basis Ŝz

so that |⁄+yÍA = |+zÍA and |⁄≠yÍA = |≠zÍA. Thus, Eq.(5.14) becomes fl̂TL =

1/2(|+zÍAÈ +z | ¢ |+yÍBÈ +y | + |≠zÍAÈ ≠z | ¢ |≠yÍBÈ ≠y |), where we verify that,
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before (after) Bob’s observation, if Alice measures |±zÍA, she knows Bob will

measure (measured) |±yÍB. In this manner, Alice looks at a past record in such a

way as to precisely learn about a future record. Finally, in Appendix D we show

that if the events have non negligible ‰ but Alice and Bob lack access to the timers,

the previous discussion about Alice’s predictions still hold.

For SLE, consider |Ï(t0)ÍS =
q

– c–|–AÍ|–BÍ. Thus, Eq.(5.14) becomes fl̂SL =

q
– |c–|2|–AÍAÈ–A| ¢ |–BÍBÈ–B|. Thus clearly the best measurement is in {|–AÍ}A

of DA, which results in CA(fl̂
SL
B

) = ≠ q
– |c–|2log|c–|2. Analogously for TLE this

happens when, e.g., the initial condition is |Ï(t0)ÍS =
q

– c–|–Í, Û = , and the

same observable is measured twice.

We present an interpretation of Alice’s prediction for TLE in the following.

Recall that for TLE, DA and DB in Eq.(5.14) record information about the same

system S at an earlier and later time, respectively. Thus, we can say that Alice’s

guess about the state measured by Bob is a prediction of a future measurement of S,

which refers to the knowledge Bob gains while measuring DB in the basis {|–BÍB}.

Recall that DB records the value –B of S. In this manner, by fixing the evolution Û

and the observables of S measured by DA and DB, Alice can predict the future event

of S (measurement performed by DB and checked later by Bob) by measuring DA (by

observing a past record) in the basis {|⁄–B ÍA}, with a probability of success given by

psuc. Unlike ‡̂
SL
A,–B

, ‡̂
TL
A,–B

is a pure state and hence psuc for a two-level system becomes

the original Helstrom’s discrimination psuc = 1/2(1 +

Ò
1 ≠ 4p1p2|AÈ⁄1|⁄2ÍA|2) [155].

In general the states of the set {|⁄–B ÍA} are not orthogonal.

If AÈ⁄–B |⁄–
Õ
B

ÍA = ”–B ,–
Õ
B
, psuc = 1 and Alice can predict deterministically

what Bob will learn, or learned, about S. Taking a different perspective from

the above point of view, let us consider that the observable measured by DA

is not predetermined. So, given ÛS and the basis measured by DB, Alice can

always set DA to measure an observable of S prior to Bob’s measurement such

that AÈ⁄–B |⁄–
Õ
B

ÍA = ”–B ,–
Õ
B
, thus having a deterministic prediction. This striking

feature is similar to classical determinism if we assume that the information stored

by DA defines the initial condition of S. This behaviour comes from the fact that
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DA and DB become maximally correlated for TLE when AÈ⁄–B |⁄–
Õ
B

ÍA = ”–B ,–
Õ
B

[see Eqs. (5.14) and (5.16)].

5.5 Bell’s Inequalities

Bell’s theorem demonstrates that under a wide class of conditions pertaining to
locality and causality, no other theory can completely reproduce the probabilistic
predictions of quantum mechanics. A particular manifestation of Bell’s theorem is
the fact that entangled states i.e., quantum states of composite systems that cannot
be expressed as a (mixtures of) product state, violate Bell’s inequalities (BIs).

Since quantum correlations can be accessed by Bell like inequalities, we investi-
gate the extension of BIs to events in our formalism. Traditionally, for a bipartite
system S = SA + SB living in HSA ¢ HSB , the correlation functions of BIs are
given by Tr(fl̂SÂ ¢ B̂), i.e., they involve the expectation values of observables Â

and B̂ of a spatially separated bipartite system (S) chosen to be measured by Alice
(A) and Bob (B). Although BIs have been applied to TLE in Ref. [150], due to
the space-time asymmetry of QM, the calculation of correlations via Tr(fl̂SÂ ¢ B̂)

limits BIs to spacelike measurements (or SLE).
In this work, on the other hand, as we focus on the detectors’ states and not

on the states of S, BIs are calculated identically for SLE and TLE. For a pair of
observables Â and B̂, the correlation function is given by Tr(fl̂ÁÂDA ¢B̂DB ), with ÂDA

(B̂DB ) taken to be the observable of DA (DB) whose eigenstates record information of
Â (B̂). Here, Â (B̂) is either the observable of SA (SB) or the observable of the first
(second) measurement of S. For example, in CHSH inequality, one has to compute
four different density matrices fl̂Á, one for each pair of observables that Alice and Bob
have chosen for DA and DB to measure. This procedure is faithful to the standard
CHSH inequality on a bipartite state and is extendable to subsequent measurements
on the same system when we utilize the event state description provided in Eq.(5.4).

5.6 Discussion

Underpinning attempts at a fully quantum theory of gravity is the resolution of the
asymmetric treatment of space and time in quantum mechanics, with the former
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described as an observable while the latter, a parameter. We develop a formalism to
describe spacelike and timelike (causally connected) events on an equal footing by
utilizing detectors coupled to timers, whose joint state serves as the descriptor of an
event. In addition to recovering the notion of a tensor product structure for timelike
events our formalism allows for temporal superpositions analogous to the familiar
spatial superposition in quantum mechanics. We utilize well known measures from
quantum information theory such as coherence and mutual information to indicate
and characterize the causal connection between events. Furthermore, we extend
the parallel between spacelike and timelike events by illustrating a deterministic
relationship between causally connected events (similar to that in spatially entangled
physical systems) where observing a previous event (one subsystem), enables us
to delineate a later event (the other subsystem).

A future investigation would be the application of QI tools to the timers, i.e.,
to the case where Alice and Bob have access to when the events take place. It is
also interesting to study decohering effects on the detectors in the context of Alice’s
predictions of Bob’s measurements. Another extension of our work is to consider
entangled detectors and analyze the properties of S from the perspective of these
quantum observers. It is worth remarking that the temporal superpositions of fl̂Á

can naturally give rise to indefinite causal orders, similar to those seen via quantum
gates [159–161]. Finally, we believe that the space-time-symmetric description of
events presented here, which encompasses indefinite temporal orders, can pave
the way forward for a possible quantum theory of gravity, where it is expected
to obtain superposition of space-time geometries.
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6
Summary and Further Work

Since all matter is composed of quantum elementary particles that gravitate, it

stands to reason that the mediator of gravitational effects is likely to be quantum

as well. A consistent quantum theory of gravity is hoped to overcome pathologies

that arise in QFT such as small scale (UV) divergences and singularities in GR.

Theories of quantum gravity may possibly revise the most fundamental concepts of

space, time and substance. In this thesis, we have explored various problems that

merit attention in the treatment of quantum gravity. Our work provides a natural

foray into the foundations of quantum gravity and helps ascertain the necessary

postulates expected in candidate theories of quantum gravity.

The early universe is regarded as a promising test bed to observe quantum

gravitational effects. The paradigm of inflation explains cosmic structure as vacuum

fluctuations, stretched to Hubble scales in the expanding universe, amplified by

gravitational instability. While inflation indeed places the Bunch-Davies vacuum in

the strongest known two-mode squeezed state, probing its quantum nature through

conventional methods like the violation of Bell inequalities are tedious due to the

lack of conjugate observables. This motivated us to propose other witnesses of

quantumness such as non-Gaussianity, which we explored in greater detail for a

table-top experiment involving BECs.

We investigated relics of the early universe, primordial massive particles, and

showed that they can persist in a superposed state, which in a consistent quantum

85
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theory of gravity would manifest as entanglement with the metric itself. Thus

gravitationally lensed light would exhibit an interference pattern due to a coherent

sum over superpositions of geodesics, in contrast with the classical lensing pattern

due to an averaged energy-momentum tensor. In our future work, we will study

the qualitative and quantitative differences more precisely. We will resolve the

challenges due to the small size of the lensing particles by considering their proximity

to Earth and examining alternative lensing systems such as condensates.

We also saw that, similar to the Bohr atom’s interaction with light, the interaction

of gravitationally bound states of massive particles with gravitational waves (GWs)

reflects the quantum nature of gravity and implies the existence of gravitons. We

expect that stationary states will absorb or emit GWs in discrete frequencies due

to transitions. These absorption lines could be detected by GW detectors. A future

direction is to study a complete treatment of this problem and overcome the low

absorption cross-section of GWs, by considering the spatial distribution of dark

matter, the line widths of the transitions, the location of the source of GWs, and

bound systems consisting of more than two particles. Overall, our studies will

provide an estimate of the measurement sensitivities required to detect this effect.

The temperature fluctuations of the CMB provide an important probe of the

primordial perturbations generated during the inflationary era. By virtue of the

coupling between the inflaton and gravity, these are thought to provide information

on the quantum state of the primordial gravitational field. If we were able to measure

the non-Gaussianity of the quantum state of the CMB radiation and robustly claim

that this is due to gravitational interactions, then this would provide evidence of

QG through an indirect means of analysing the quantum state of radiation, with

no knowledge of the state of the primordial gravitational field required. However

owing to the rich phenomenology of non-Gaussianities and the secondary effects

involved, further studies are necessary to examine the role of gravitational couplings

in the generation of non-Gaussian effects.

In proposing a tabletop experiment involving non-Gaussianity witnesses for

a BEC we showed that the quantum self interactions of the gravitational field

could be probed. In contrast to entanglement based witnesses, we demonstrated
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that a single quantum system i.e. a single well BEC alone is sufficient to witness

quantum effects of gravity, so long as other non-gravitational quantum interactions

can be excluded. The advantage to considering a non-Gaussian signal is that we

can immediately neglect all processes generating Gaussian noise, since these will

not affect the non-Gaussian measurement.

While non-Gaussianity is a very important resource in QI [77], it is not sufficient

for universal speed-up over classical computation. For this, we need negative Wigner

function states, and in the case of mixed states, it is possible for a non-Gaussian

state to have a positive Wigner function. Given that it is Wigner negative states that

are generically associated with non-classicality, it is interesting from a fundamental

point-of-view that, it appears to be non-Gaussianity that is a universal indicator of

QG, rather than Wigner negativity. Perhaps non-Gaussianity in matter, especially

its broader definition as states outside the Gaussian convex hull, is connected with

a fundamental property of quantum gravitational degrees of freedom, such as non-

commuting variables or quantum contextuality, which will be studied in future work.

As well as proving that gravity obeys a quantum theory if non-Gaussianity

is observed, the BEC experiment could also teach us something about QG. For

example, the Newtonian interaction used to predict the size of the non-Gaussian

signal is derived from the gravity-matter interaction of GR. A measurement of non-

Gaussianity would therefore, for instance, provide evidence that the determinant

g of the 3-metric is quantized and that spatial volume is a quantum variable.

This of course would not, however, point us to the appropriate quantization

procedure to be followed. Note that in loop QG, volume is a quantum variable

with discrete spectrum.

An avenue for future work is apparent if we would like to consider the repre-

sentation of matter in more fundamental theories like String Theory. In our work,

treating gravitating matter as a quantum field allows us to consider non-Gaussianity

in its quantum state as a witness of quantum gravity. This description of matter

is perfectly extendable to theories like, loop QG, group field theory [162] and

asymptotically safe QG [163]. However, this may be considered as an effective

field theory description in some candidates for fundamental theories, such as string
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theory. A future investigation can be to consider non-Gaussianity in the context
of these theories. Some semblance with the EFT action being quadratic in the
matter terms can be seen in the Polyakov action in curved space [5], suggesting
that our notion of non-Gaussianity in matter could also be generalized to strings.
Yet again this is something that we do not expect to see in tabletop experiments
but is perhaps visible in high energy processes of the early universe.

It was also interesting to examine general relativistic issues from the perspective
of quantum information theory. We examined the C

0-formulation of the Strong
Cosmic Censorship conjecture from a quantum complexity-theoretic perspective
and argued that for generic black hole parameters as initial conditions for the
Einstein equations, corresponding to the expected geometry of a hyperbolic black
hole, the metric is C

0-extendable to a larger Lorentzian manifold across the Cauchy
horizon. To demonstrate the pathologies associated with a hypothetical validity
of the C

0 SCC, we proved that it violates the “complexity=volume” conjecture
for a low-temperature hyperbolic AdSd+1 black hole dual to a CFT living on a
(d ≠ 1)-dimensional hyperboloid Hd≠1, where in order to preserve the gauge/gravity
duality we imposed a lower bound on the interior metric extendability of order
the classical recurrence time.

Finally, we defined events from the perspective of a quantum measurement.
Any measurement can be modeled as an establishment of correlations between two
random variables: one random variable represents values of a quantity pertaining to
the system to be measured, while the other random variable represents states of the
apparatus used to measure the system. It is by looking at the states of the apparatus
and discriminating between them that we infer the states of the system, or even
ascertain that an event has indeed happened. This act of introducing detectors and
timers into the formalism of events allowed us to unify the description of spacelike
and timelike events with notable repercussions to the notion of entanglement in
time and in the construction of Bell’s inequalities for temporal events. In this
quantum formalism of events it is certainly worth extending our results to the
case when the detectors or the system decoheres.
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A
Non-Gaussianity in Quantum Gravity

In the following we demonstrate that the preferential quantization of matter fields

while coupling to classical gravity i.e. semi-classical approaches preserve state

non-Gaussianity. The Lagrangian densities for a real scalar „, spin-1/2 Â, and

spin-1 field Aµ, which follow from the Einstein Hilbert action, are [74],

L„ =
1

2

Ô
g[g

µ‹
ˆµ„ˆ‹„ ≠ m

2
„

2
] (A.1)

© 1

2
e[÷

–—
e

µ

–
ˆµ„e

‹

—
ˆ‹„ ≠ m

2
„

2
], (A.2)

LÂ =
Ô

g

3
1

2
i[Â“

µÒµÂ ≠ (ÒµÂ)“
µ
Â] ≠ mÂÂ

4
, (A.3)

LA = ≠1

4

Ô
gg

µ‹
g

‹‡
FµflF‹‡, (A.4)

where the tetrads e
µ

–
(x) are related to the metric tensor by, g

µ‹
(x) =: e

µ

–
(x)e

‹

—
(x)÷

–—,

with ÷
–— taken to be the Minkowski metric.

The electromagnetic stress energy tensor is, Fµ‹ := ˆ‹Aµ ≠ ˆµA‹ and Aµ is

the electromagnetic four-potential. In the fermionic sector, Òµ is the covariant

derivative; “
µ

:= e
µ

–
“

– are the curved space counterparts of the gamma (Dirac) “

matrices, satisfying the anti-commutation relation {“
µ
, “

‹} = 2g
µ‹ .

The corresponding Hamiltonian (constraint) densities for the above Lagrangian
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densities are given by,

H„ =
1

2

A
fi

2
Ô
g

+
Ô
ggab

ˆa„ˆb„ +
Ô
gm

2
„

2
B

, (A.5)

HÂ =
1

2
Ô
g

E
a

j

5
i’·

jDa› + Da(’·
j
›) +

1

2
iK

j

a
‡› + c.c.

6
, (A.6)

HA =
1

2
Ô
g
gab

Ë
EaEb

+ BaBb
È

. (A.7)

Here spacetime has been split into spatial slices and a time axis M = R ◊ ‡.

Taking n
µ to be the normal vector field of the time slices ‡, the tetrad can be

written as e
µ

–
= eµ

–
≠ n

µ
n–, with ÷

–—
n–n— = ≠1 an internal unit timelike vector

(which we may choose to be n– = ≠”–,0), so that eµ

–
is a triad, where eµ

–
= (0, eµ

i
)

and we further define E
a

i
= | det ea

i
|ea

i
with i, a = 1, 2, 3. The conjugate momenta

to the densitized triad E
a

i
is the chiral spin connection A

i

a
:= �

i

a
+ K

i

a
, where

�
i

a
= �ajk‘

jki and K
i

a
= Kabebi, with �ajk the spin-connection and Kab the extrinsic

curvature. In (A.5)-(A.7), g is then the determinant of the induced spatial metric

gab © ea

i
eb

j
”

ij on the spatial slices; fi :=
Ô
gn

µ
ˆµ„ is the momentum conjugate to „;

Ea
:=

Ô
ggab

n
µ
Fµb is the electric field; Ba

:= ‘
abc

Fbc is the magnetic field; ·i are the

generators of the Lie algebra su(2) with the convention [·i, ·j] = ‘ijk·k; › =
Ô
gÂ,

with Â a Grassman-valued fermion field; ’ is the momentum conjugate to ›; and

Da› := (ˆa + ·jA
j

a
)›. For simplicity, we have also assumed that the scalar and

fermionic fields are singlets under any internal group symmetry.

In the simplest field theories without additional interactions, it is manifest that

the Hamiltonians are quadratic in matter fields consisting only of the kinetic and

mass terms. This quadratic scaling generalises to higher spins as well [164].

As shown in the main text the dynamics of the state of these fundamental fields

resemble that of the parametric oscillator. Thus without additional source terms and

interactions non-Gaussianity is not generated in the semiclassical picture of gravity.

However, if gravity is indeed quantum and admits an operator description we

would expect interaction terms involving three or more quantum operators and that

create non-Gaussianity in the state. This is made explicit in the following when

considering the weak-field and non-relativistic limits of gravity.
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A.1 Weak-field limit

In the weak-field limit of gravity typically employed in cosmological perturbation
theory the metric can be written as,

gµ‹ = ÷µ‹ + hµ‹ (A.8)

where hµ‹ is a perturbation around a space-time background with metric ÷µ‹ .
Thus the non-leading interaction term follows as, [91],

Hint = ≠1

2

⁄
d

3r T
µ‹

hµ‹ , (A.9)

where,

⇤hµ‹ =
16fiG

c4

3
1

2
÷µ‹÷

‡fl
T‡fl ≠ Tµ‹

4
, (A.10)

with ⇤ the d’Alembert operator, T
µ‹ the stress-energy tensor for matter, and we

have chosen the Lorentz gauge. The stress-energy tensor for a field of arbitrary
spin in curved spacetime can be obtained by variation of the action with respect
to the metric [74],

Tµ‹(x) =
2Ô
≠g

”S

”gµ‹(x)
© e–µ(x)

e(x)

”S

”e
µ
–(x)

. (A.11)

For example, when neglecting all other interactions, for a real scalar, spin-1/2 and
spin-1 field, the curved space stress-energy tensors are (before taking a weak-
field limit) [74],

T
„

µ‹
= (1 ≠ 2Á)ˆµ„ˆ‹„ + (2Á ≠ 1

2
)gµ‹g

fl‡
ˆfl„ˆ‡„ ≠ 2Á(Òµˆ‹„)„ +

1

2
Ágµ‹„⇤„

(A.12)

≠ Á

5
Rµ‹ ≠ 1

2
Rgµ‹(1 ≠ 3Á)

6
„

2
+

1

2

5
1 ≠ 3Á

6
m

2
gµ‹„

2
, (A.13)

T
Â

µ‹
=

1

2
i[Â“(µÒ‹)Â ≠ [Ò(µÂ]“‹)Â], (A.14)

T
A

µ‹
=

1

4
gµ‹F

fl‡
Ffl‡ ≠ F

fl

µ
Ffl‹ , (A.15)

where we have ignored any gauge fixing or ghost terms in T
A

µ‹
[74]. Since we

have neglected all other interactions, all stress-energy tensors are necessarily just
quadratic in matter fields.
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In a QG theory we add a hat to both Tµ‹ and hµ‹ . This then results in an
interaction Hamiltonian that is cubic in field operators. For example, for a complex
scalar field we have terms of the form „̂

†
„̂ĥµ‹ , where we have suppressed any

derivatives. On the other hand, for a CG theory, the interaction Hamiltonian
contains terms only quadratic in quantum field operators. For example, in the
semi-classical theory of gravity with complex scalar matter fields, we have terms
of the form „̂

†
„̂hµ‹ , where hµ‹ is given by the expectation value of the right-hand

side of (A.10). Therefore, this weak-field limit of CG cannot produce or change
non-Gaussianity in the state of matter, whereas QG can, as expected from the
general discussion of GR and QG in the previous section.

A.2 Newtonian limit

We now consider a Newtonian theory of gravity with matter quantized. This can be
obtained by starting from Newton’s theory and quantizing matter or from taking
the non-relativistic limit of the weak-field theory. For the latter, we consider a closed
system and only the components T00 and h00. This results in Poisson’s equation,

Ò2
�(r) = 4fiGfl(r) (A.16)

=∆ �(r) = ≠G

⁄
d

3rÕ fl(rÕ
)

|r ≠ rÕ| , (A.17)

and the Newtonian interaction Hamiltonian,

Hint =
1

2

⁄
d

3rfl(r)�(r), (A.18)

where � := ≠c
2
h00/2 is the Newtonian potential, and fl := T00/c

2 is the matter
density. Irrespective of the spin of the field, fl again contains two copies of the
matter field, e.g., for a single non-relativistic scalar matter field �, fl = m�

ú
�.

The interaction Hamiltonians for quantum and classical Newtonian gravity (with
quantized scalar matter fields) are then (3.5)-(3.6),

Ĥ
int

QG
=

1

2
m

⁄
d

3r : �̂
†
(r)�̂(r)�̂(r) : (A.19)

= ≠1

2
Gm

2
⁄

d
3rÕ

d
3r

�̂
†
(rÕ

)�̂
†
(r)�̂(rÕ

)�̂(r)

|r ≠ rÕ| ,

Ĥ
int

CG
= m

⁄
d

3r�̂
†
(r)�̂(r)�[Œ ](t, r), (A.20)
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where :: refers to normal ordering, and we have made explicit that � may depend
on the quantum state of matter Œ in a CG theory, which can result in single-
particle gravitational self-interaction, for which we have dropped a factor of 1/2.
For example, for the Schrodinger-Newton equations (the non-relativistic limit of
semi-classical gravity), � is given by the expectation value of the right-hand side of
the quantized version of (A.17). Expanding the non-relativistic field in annihilation
operators, �̂(r) =

q
k Âk(r)âk, we again find CG is only quadratic in quantum

operators and so cannot change the degree of quantum non-Gaussianity in the
state of matter, whereas QG can.

First quantization

The interaction Hamiltonian of classical Newtonian gravity is given by (3.4). The
Hamiltonian of QG and CG in the Newtonian limit can then be derived by quantizing
the matter density fl(r) and, in the QG case, the gravitational potential �(r). In
the previous section we took matter to obey a non-relativistic quantum field �̂, such
that fl̂ = m�̂

†
�̂, assuming a single type of matter. Since �̂ is linear in annihilation

operators, and so also in quadratures, the interaction Hamiltonian for CG is at most
quadratic, such that an initial Gaussian state of the matter field will always remain
Gaussian. However, in the case that we always have definite particle number, which
can only be possible in the Newtonian approximation of the respective theories not
the full relativistic theories, we could also view QG and CG in a first-quantized
form. In this case, assuming a single type of particle, we may quantize fl(r) through,

fl̂(r) = m

Nÿ

i=1
”

(3)
(r ≠ r̂i), (A.21)

where N is the total number of particles in the matter system. The respective
QG and CG Hamiltonians would then be,

Ĥ
int

QG
=

1

2
m

Nÿ

i=1
�̂(r̂i), (A.22)

Ĥ
int

CG
= m

Nÿ

i=1
�[Œ ](r̂i). (A.23)

Since �(r) does not need to be a quadratic function of r, it is possible here
for CG to create non-Gaussianity in the first-quantization picture. For example,
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in the Schrodinger-Newton equations, where �(r) = È�̂(r)Í with �̂(r) obeying
Poisson’s equation (A.16), the many-body wavefunction of N massive particles
would evolve as,

i~ˆtÂN(t; r1, . . . , rN) =

3
≠ ~2

2m

Nÿ

i=1
Ò2

i
+ V (r1, . . . , rN)

≠ Gm
2

Nÿ

i,j=1

⁄
d

3rÕ

1 · · · d
3rÕ

N

|ÂN(t; rÕ

1, . . . , rÕ

N
)|2

|ri ≠ rÕ

j
|

4
ÂN(t; r1, . . . , rN),

(A.24)

where V is a trapping potential. Although a Gaussian approximation is expected
to be very good for table-top experiments, the evolution of ÂN (and hence its
corresponding Wigner function) can, in principle, be non-Gaussian. Therefore, in
the BEC experiment proposed in the main text, although the state of the BEC
in the second-quantization picture must stay Gaussian under CG, its many-body
wave-function need not. Note also that, just as particles tend to automatically get
“entangled” in the first-quantization picture when we have identical particles, an
identical particle system also tends to become automatically non-Gaussian. That is,
if we have two identical particles in positions r1 and r2 and two different states a

and b, then the many-body wavefunction is ÂN = [„a(r1)„b(r2) ± „a(r2)„b(r1)]/
Ô

2,
depending on whether the particles are bosons or fermions. The system looks
entangled just because of the exchange symmetry of the identical particles (it is
so-called “particle” entangled). Similarly, even if each single-particle wavefunction
„a and „b is Gaussian, ÂN will, in general, be non-Gaussian due to the exchange
symmetry (and the corresponding Wigner function will be non-Gaussian also).
However, there has been much discussion on whether this “particle” entanglement
is really physical [165].



B
Decoherence of a Massive Particle

B.1 Decoherence in a Photon Bath

We study the decoherence rate of the model from Eq.(2.1) and Eq.(2.2). We can

introduce creation and annihilation operations a
†

k and ak for ‰, and b
†

k and bk for

photons respectively, and define ‹(k) to be the Fourier transform of gravitational

potential „(x) = M/|x|,

‹(k) =
1

2fi

⁄
d

3x e
≠ i k·x

„(x) =
M

fik2 . (B.1)

Then,

Hint =

⁄
d

3p d
3k ‹(k) ‘k a

†

pap+k b
†

kbk. (B.2)

We define the Fourier transformed number density of massive particle as,

Nk =

⁄
d

3p a
†

pap+k. (B.3)

Then,

Hint =

⁄
d

3k ‹(k) ‘k Nk b
†

kbk. (B.4)

Evolution of density matrix — We now study the evolution of the reduced

density matrix fl of the massive particle to calculate the time of decoherence under
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this interaction. The master equation has been studied in Ref. [58] and takes

the Lindblad form given as follows,

dfl

dt
�t = i[trE(U1flE) ≠ trE(BflE), fl]+

trE

3
U1flT U1 ≠ 1

2
U

2
1 flT ≠ 1

2
flT U

2
1

4
, (B.5)

where B is an arbitrary Hermitian operator, which would not be relevant in the slow

motion approximation where time evolution of Nk is neglected in comparison to

the rapidly evolving environment, and U1 is the time evolution operator defined by,

U1 = ≠
⁄

Œ

≠Œ

dt Hint(t) ¥ ≠
⁄

d
3k ‹(k) ‘k Nk b

†

kbk. (B.6)

Here, �t is the timescale over which we study the evolution of fl. This timescale is

small compared to the evolution of the system but large compared to the evolution

of the environment. The right hand side of this equation is also proportional

to �t as calculated in Ref. [58]. We then obtain the following differential

equation describing fl,

dfl

dt
= ≠ i

5
H0 ≠

⁄
d

3k d(k)NkN
†

k, fl

6
+

⁄
d

3k c(k)

Q

aNkflN
†

k ≠ 1

2
N

†

kNkfl ≠ 1

2
flN

†

kNk

R

b. (B.7)

Here, H0 is the free Hamiltonian of the massive particle, d(k) is some function of

k which depends on the operator B in Eq.(B.5), and c(k) is a function describing

the photon environment given by,

c(k) =
1

2fi
|‹(k)|2 ‘

2
k Èb†

kbkb
†

kbkÍE

=
1

2fi
|‹(k)|2 ‘

2
k nk(nk + 1). (B.8)

Here, we have used the thermal density of photons nk in place of Èb†

kbkÍ. Notice

that the integral containing d(k) in Eq.(B.7) is a c-number due to the slow motion

approximation and its commutator with fl vanishes. We further restrict our focus

to the one particle sector for the massive particle. Then the density matrix in
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Eq.(B.7) reduces to a function fl(k, kÕ
) := Èk|fl|kÕÍ of two momenta, k and kÕ.

In this representation,

Èk|[H0, fl]|kÕÍ =

K

k
------

k
2

2M
fl ≠ fl

k
Õ2

2M

------
kÕ

L

=
k

2 ≠ k
Õ2

2M
fl(k, kÕ

). (B.9)

Further, as NkN
†

k acting on the one particle state is a c-number, the commutator
of s

d
3k d(k)NkN

†

k with fl vanishes for any function d(k). Likewise,

Èk|NqflN
†

q|kÕÍ = Èk ≠ q|fl|kÕ ≠ qÍ = fl(k ≠ q, kÕ ≠ q), &

Èk|N †

qNqfl|kÕÍ = Èk|flN
†

qNq|kÕÍ = Èk|fl|kÕÍ = fl(k, kÕ
). (B.10)

Also, as ‹(k) only depends on the magnitude k, we shall write ‹(k) to denote it.
With these simplifications, Eq.(B.7) becomes,

dfl

dt
(k, kÕ

) = ≠ifl(k, kÕ
)

k
2 ≠ k

Õ2

2M
+

1

2fi

⁄
d

3q |‹(q)|2 ‘
2
q nq(nq+1)

5
fl(k≠q, kÕ≠q)≠fl(k, kÕ

)

6
.

(B.11)
Master equation for tr fl

2 — We now derive a master equation for tr fl
2. First,

in the function form fl(k, kÕ
), fl

2 is given by,

fl
2
(k, kÕ

) =

⁄
d

3s fl(k, s)fl(s, kÕ
). (B.12)

The evolution of tr fl
2 is given by,

d(tr fl
2
)

dt
=

⁄
d

3k d
3s

A

fl(k, s)
dfl(s, k)

dt
+

dfl(k, s)

dt
fl(s, k)

B

=
1

2fi

⁄
d

3q |‹(q)|2 ‘
2
q nq(nq + 1)

S

U ≠ 2 tr fl
2

+ 2 Re

⁄
d

3k d
3s fl(k, s)fl(s ≠ q, k ≠ q)

T

V.

(B.13)

For the purpose of the integrals over s and k, the direction of q is arbitrary and
can be chosen to be along the z-axis. In other words, the integral only depends
on the magnitude of q. We can define,

�(q) := tr fl
2 ≠ Re

⁄
d

3k d
3s fl(k, s)fl(s ≠ q ẑ, k ≠ q ẑ). (B.14)

Then,
d(tr fl

2
)

dt
= ≠ 1

fi

⁄
d

3q |‹(q)|2 ‘
2
q nq(nq + 1) �(q). (B.15)
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Bounds on �(q) — To calculate bounds on �(q) define,

–(q) :=

⁄
d

3k d
3s fl(k, s)fl(s ≠ q ẑ, k ≠ q ẑ) = tr fl fl̃q, (B.16)

where fl̃q(s, k) := fl(s ≠ q ẑ, k ≠ q ẑ) is the “displaced” density matrix. It has

been shown [166] that for any real symmetric n ◊ n matrix B and any arbitrary

real n ◊ n matrix A,
nÿ

i=1
⁄

Õ

i
µn≠i+1 Æ tr(AB) Æ

nÿ

i=1
⁄i µi. (B.17)

Here, ⁄i, ⁄
Õ

i
and µi denote the i-th eigenvalue of A, the transpose of A and B

respectively when arranged in ascending order.

Now, let A = fl, and B = fl̃q. A and its transpose have the same set of eigenvalues,

say {⁄i}, and let the set of eigenvalues of B be {µi}. Further, A and B are both

valid density matrices and their eigenvalues represent probability to be found in

some pure quantum state. Thus, they must all be positive. Thus, the lower bound in

Eq.(B.17) is 0. We note that tr A
2

= tr B
2

= tr fl
2, tr A

2
=

q
i ⁄

2
i

and tr B
2

=
q

i µ
2
i
.

Then, the upper bound can be obtained using the Cauchy-Schwartz inequality as,

tr(AB) Æ
nÿ

i=1
⁄i µi Æ

ı̂ıÙ
3 ÿ

i

⁄
2
i

43 ÿ

i

µ
2
i

4
= tr fl

2
. (B.18)

Thus,

–(q) œ [0, tr fl
2
]. (B.19)

and,

�(q) = tr fl
2 ≠ –(q) œ [0, tr fl

2
]. (B.20)

Evolution of tr fl
2 — All the terms in Eq.(B.15) only depend on the scalar

magnitude of q. Thus, we can integrate out the solid angle to 4fi, and substitute

‹ from Eq.(B.1) and the bounds on �(q) to get,

d(tr fl
2
)

dt
= ≠� tr fl

2
, (B.21)

where the decay rate � œ [0, �0], with,

�0 = ≠4M
2

fi2

⁄
Œ

0

dq

q2 ‘
2
qnq(nq + 1). (B.22)
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For a thermal bath of photons, ‘q = q is the photon energy and nq is the number
density corresponding to the Planck distribution,

nq =
q

2

fi2(e—q ≠ 1)
, (B.23)

in natural units with — = (kBT )
≠1. However, this derivation holds for any species

of thermal particles in the background with the right choice of nq and ‘q, and
combinations of them with �0 being additive.

B.2 Decoherence due to Fermions

We begin by computing a better bound for �(q) in place of Eq.(B.20). Observe
that when q = 0, flq = fl, –(0) = tr fl

2 and thus �(0) = 0. Also, as �(q is an
even function its first derivative must vanish. Then, in the small q limit, it will
be approximated by a Taylor expansion with leading term Ã q

2. To calculate this
approximation, consider the density matrix expressed in terms of its eigenvectors
|ÂiÍ and corresponding eigenvalues ⁄i as,

fl =
ÿ

i

⁄i|ÂiÍÈÂi|. (B.24)

Then,
fl

2
=

ÿ

i

⁄
2
i
|ÂiÍÈÂi|. (B.25)

Define Sq to be the shift operator in momentum exp(i qZ), which acts on momentum
eigenstates as Sq|pÍ = |p + qẑÍ. Here Z is the z-component of the position
operator. Then,

flq =
ÿ

i

⁄
2
i
Sq|ÂiÍÈÂi|S≠1

q
. (B.26)

Now, �(q) can be written in terms of ⁄i, |ÂiÍ and Sq,

�(q) =
ÿ

i,j,k

⁄i⁄jÈÂk|ÂiÍÈÂi|Sq|ÂjÍÈÂj|S≠1
q

|ÂkÍ ≠
ÿ

i

⁄
2
i
. (B.27)

We expand Sq to second order in q and use orthonormality of |ÂiÍ to get,

�(q) =
1

2
q

2 ÿ

i”=j

⁄i⁄j|ÈÂi|Z|ÂjÍ|2

Æ 1

2
q

2Èx2Ífl Æ q
2Èx2Ífl tr fl

2
. (B.28)
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Here, Èx2Ífl is the expectation value of x
2 under the density matrix fl. The last

inequality is because, we are only interested values of tr fl
2 close to 1. This,

approximation however is only valid in the low q limit, q . 1/

Ò
Èx2Ífl tr fl2. Let D :=

Èx2Ífl tr fl
2. Then, Eq.(2.12) for decoherence due to fermions of mass m becomes,

�0 =
4M

2
m

2

fi2

S

U
⁄ 1Ô

D

0
dq Dnq(nq + 1)+

⁄
Œ

1Ô
D

dq

q2 nq(nq + 1)

T

V. (B.29)



C
Evolution under Classical Gravity

Here we consider how a single BEC evolves under CG compared to QG. We start

with the general Newtonian expressions (3.5) and (3.6). Working in the Schrodinger

picture, for QG the evolution of our state vector |�Í is given by,

i~d |Œ(t)Í
dt

= Ĥ
BEC

QG
|Œ(t)Í , (C.1)

where,

Ĥ
BEC

QG
:=

⁄
d

3r
5

≠ ~2

2m
�̂

†
(r)Ò2

�̂(r) + V (r)�̂
†
(r)�̂(r) +

1

2
m : �̂

†
(r)�̂(r)�̂(r) :

6

(C.2)

=

⁄
d

3r
5

≠ ~2

2m
�̂

†
(r)Ò2

�̂(r) + V (r)�̂
†
(r)�̂(r) (C.3)

≠ 1

2
Gm

2
⁄

d
3rÕ �̂

†
(r)�̂

†
(rÕ

)�̂(r)�̂(rÕ
)

|r ≠ rÕ|

6
, (C.4)

with V (r) the trapping potential. In contrast, for CG, we have,

i~d |Œ(t)Í
dt

= Ĥ
BEC

CG
[Œ ](t) |Œ(t)Í , (C.5)

where,

Ĥ
BEC

CG
[Œ ](t) :=

⁄
d

3r
5

≠ ~2

2m
�̂

†
(r)Ò2

�̂(r) + V (r)�̂
†
(r)�̂(r) + m�̂

†
(r)�̂(r)�[Œ(t)](r)

6
.

(C.6)
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In the Schrodinger-Newton example of CG, this is,

Ĥ
BEC

CG
[Œ ](t) =

⁄
d

3r
5

≠ ~2

2m
�̂

†
(r)Ò2

�̂(r) + V (r)�̂
†
(r)�̂(r) (C.7)

≠ Gm
2

⁄
d

3rÕ �̂
†
(r)�̂(r) ÈŒ(t)| �̂

†
(rÕ

)�̂(rÕ
) |Œ(t)Í

|r ≠ rÕ|

6
. (C.8)

Note that the evolution of |ŒÍ in CG is, in general, ‘non-linear’ in that |ŒÍ is

needed to determine �. This is often referred to as a wavefunction ‘self-interaction’

since, in the first quantization picture, the wavefunction of a single-particle will

now interact with itself, something that can never occur in a quantum theory of

gravity, where (C.1) is said to be ‘linear’.

Neglecting any explicit time dependence, the evolution of |ŒÍ in QG can, in

principle, be solved as,

|Œ(t)Í = e
≠iĤ

BEC
QG t/~ |Œ(0)Í . (C.9)

In contrast, it may not be possible to find an analytic solution in CG due to the

potential non-linearities. However, the evolution will still take the form,

|Œ(t)Í = T̂

;
e

≠
i
~

s t

0 d·Ĥ
BEC
CG [Œ ](·)

<
|Œ(0)Í , (C.10)

where T̂ is the time-ordering operator. Despite the potential non-linearity, since

Ĥ
BEC

CG
is quadratic in matter field operators, it is still a Gaussian process. For

example, consider the single-mode BEC experiment introduced in the main text

where we assume �̂(r) = Â(r)â. Neglecting the trapping potential and free

dynamics, we then have,

|Œ(t)Í = T̂

;
e

≠
i
~

s t

0 d·⁄CG[�](t)â†
â

<
|Œ(0)Í , (C.11)

with,

⁄CG[Œ ](t) = m

⁄
d

3r|Â(r)|2�[Œ ](t, r). (C.12)

Equation (C.11) can be written as,

|Œ(t)Í = e
≠

i
~�CG[�](t)â†

â |Œ(0)Í , (C.13)
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where,

�CG[Œ ](t) :=

⁄
t

0
d·⁄CG[Œ ](·). (C.14)

The evolution of |ŒÍ in this case is then, in general, a non-linear Gaussian process.
However, it need not always be non-linear. For instance, in the Schrodinger-
Newton case we have,

⁄CG[Œ ](t) = ≠Gm
2 ÈŒ(t)| N̂ |Œ(t)Í

⁄
d

3rd
3rÕ |Â(rÕ

)|2|Â(r)|2
|r ≠ rÕ| , (C.15)

where N̂ := â
†
â. Since N̂ is a constant of motion (it commutes with Ĥ

BEC

CG
), we have,

⁄CG = ≠Gm
2
N

⁄
d

3rd
3rÕ |Â(rÕ

)|2|Â(r)|2
|r ≠ rÕ| , (C.16)

where N := ÈN̂Í. Therefore, |Œ(t)Í evolves as,

|Œ(t)Í = e
≠

i
~“CGâ

†
ât |Œ(0)Í , (C.17)

where,

“CG :=

⁄
d

3r
5

≠ ~2

2m
Â

ú
(r)Ò2

Â(r) + V (r)|Â(r)|2
6

≠ ⁄CG, (C.18)

such that |Œ(t)Í evolves under a Gaussian phase-shift channel. For example, if
the BEC were initially in a coherent state |–Í, it would then stay a coherent state
but with just a time-dependent phase,

|Œ(t)Í = |–e
≠i“CGt/~Í , (C.19)

with N = |–|2.



D
Fuzzy Time Events without Observing the

Timers

We considered events of a long duration where it was necessary to include a

timer to record the instance of measurement. Here we consider the situation

where the experimentalist does not have access to the information stored in the

timers for which we obtain

fl̂TL =
ÿ

–A,–B

ÿ

–
Õ
A

⁄
Œ

t0

⁄
Œ

tA

dtAdtB |‰B(tB|tA)|2|‰A(tA)|2

È–B|ÛS(tB, tA)|–AÍ È–A|ÛS(tA, t0)|Â(t0)ÍS

SÈÂ(t0)|Û †

S
(tA, t0)|–Õ

A
ÍÈ–Õ

A
|Û †

S
(tB, tA)|–BÍ

|–A–BÍABÈ–Õ

A
–B|. (D.1)

By rewriting this equation in the notation of Eq. (5.14), with p
Á

–B
‡̂

Á

A,–B
=

s
dtB

s
dtA p

ÕÁ

–B
(tA, tB) fl̂

ÕÁ

–B
(tA, tB), we obtain

p
ÕTL
–B

(tA, tB) =
ÿ

–A

|È–B|ÛS(tB, tA)|–AÍ|2

|È–A|ÛS(tA, t0)|Â(t0)ÍS|2 (D.2)

and

fl̂
ÕTL
–B

(tA, tB) = |⁄–B (tA, tB)ÍÈ⁄–B (tA, tB)|, (D.3)
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with

|⁄–B (tA, tB)Í =
1

Ò
pÕTL

–B
(tA, tB)

ÿ

–A

È–B|ÛS(tB, tA)|–AÍ

È–A|ÛS(tA, t0)|Â(t0)ÍS|–AÍ. (D.4)

Similarly, for SLE, we have

fl̂SL =
ÿ

–A,–B

⁄
Œ

t0

⁄
Œ

t0
dtAdtB |‰B(tB)|2|‰A(tA)|2

---È–A–B|ÛSA(tA, t0) ¢ ÛSB (tB, t0)|Â(t0)ÍS

---
2

|–A–BÍABÈ–A–B| (D.5)

where we assume the separable evolution of the system ÛS(t, t0) = ÛSA(t, t0) ¢

ÛSB (t, t0) that stops after their measurements, i.e., ÛSj (t, tj) = 0 with tj being
the detection time of Sj .

Now the notation of Eq. (5.14) yields

p
ÕSL
–B

(tA, tB) =

ÿ

–A

---È–A–B|ÛSA(tA, t0) ¢ ÛSB (tB, t0)|Â(t0)ÍS

---
2

(D.6)

and

fl̂
ÕSL
–B

(tA, tB) =
1

pÕSL
–B

(tA, tB)

ÿ

–A

---È–A–B|ÛSA(tA, t0) ¢ ÛSB (tB, t0)|Â(t0)ÍS

---
2
|–AÍÈ–A|.

(D.7)

Note that in the SL case we need to consider three terms corresponding to the order
of the measurements. Furthermore, from the above results it is evident that the
coherence is retained in the state describing TLE while it is absent in SLE.



Extraordinary claims require extraordinary evidence
— Carl Sagan, Cosmos
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