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Abstract

Embeddings of infinite groups into Banach spaces.
David Hume, St Cross College.

Submitted for the degree of Doctor of Philosophy, Hilary 2013.

In this thesis we build on the theory concerning the metric geometry of relatively

hyperbolic and mapping class groups, especially with respect to the difficulty of em-

bedding such groups into Banach spaces.

In Chapter 3 (joint with Alessandro Sisto) we construct simple embeddings of closed

graph manifold groups into a product of three metric trees, answering positively a

conjecture of Smirnov concerning the Assouad-Nagata dimension of such spaces. Con-

sequently, we obtain optimal embeddings of such spaces into `p spaces. The ideas here

have been extended to other closed 3-manifolds and to higher dimensional analogues

of graph manifolds.

In Chapter 4 we give an explicit method of embedding relatively hyperbolic groups

into `p spaces, which yields optimal bounds on the compression exponent of such

groups relative to their peripheral subgroups. From this we deduce that the funda-

mental group of every closed 3-manifold has Hilbert compression exponent 1.

In Chapter 5 we prove that relatively hyperbolic spaces with a tree-graded quasi-

isometry representative can be characterised by a relative version of Manning’s bottle-

neck property. This applies to the Bestvina-Bromberg-Fujiwara quasi-trees of spaces,

yielding an embedding of each mapping class group of a closed surface into a finite

product of simplicial trees. From this we obtain explicit embeddings of mapping

class groups into `p spaces and deduce that these groups have finite Assouad-Nagata

dimension. It also applies to relatively hyperbolic groups, proving that such groups

have finite Assouad-Nagata dimension if and only if each peripheral subgroup does.
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Chapter 1

Introduction

This year our members have put more things on top of other things than

ever before. But, I should warn you, this is no time for complacency. No,

there are still many things, and I cannot emphasise this too strongly, not

on top of other things. I myself, on my way here this evening, saw a thing

that was not on top of another thing in any way.

Crowd: Shame!! Shame!!

President of the Royal Society for Putting Things on Top of Other Things

– Monty Python

Given two metric spaces (X1, d1) and (X2, d2) it is a natural question to ask whether

X1 is a metric subspace of X2, specifically, is there an isometric embedding of X1 into

X2? This has increased significance when we wish to study the metric geometry of

X1 and X2 is a space (or more generally, a class of spaces) which are geometrically

well understood, for example Hilbert spaces. Of course, it is highly unlikely that

interesting spaces X1 will actually isometrically embed so the next question would

be, how ‘close’ is X1 to being a metric subspace of X2? This leads to what might be

described as a metric representation theory.

Embeddings of discrete metric spaces into Banach spaces have been an important

topic in computer science for many years [LLR95, HLW06, BDG+05] and more re-

cently became so in geometric group theory, combinatorics and K-theory.

To apply this to questions in geometric group theory, we will consider X1 as the Cay-

ley graph of a finitely generated group and X2 as a class of `p spaces or finite products

of metric trees. In the first case, knowing that a group admits even a rather weak

metric representation inside some `p space - a coarse embedding - has strong conse-

quences for rigidity conjectures in topology, K and L-theory [Yu00, KY06, GTY12].
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Gromov outlined a construction of a group which fails to satisfy this property, lead-

ing to generalisations of small cancellation techniques and to some extent, to the

study of lacunary hyperbolic groups [Gro00, Oll06, AD08]. Better metric representa-

tions - those with sufficiently large compression exponent - lead to information about

amenability properties of the group and the nature of random walks on the Cayley

graph [GK04, NP08, ANP09].

At the other extreme, admitting quasi-isometric embeddings into Hilbert spaces is

conjecturally a highly restrictive condition, satisfied only by virtually abelian groups

[dCTV07].

Moreover, obtaining quasi-isometric embeddings into finite products of trees - or

more general finite dimensionality conditions - have a strong connection to the stable

rigidity of manifolds, as well as links to embeddability of such groups into `p spaces,

topological dimension controls on asymptotic cones and Lipschitz extension proper-

ties [GTY12, Gal08, LS05, BH09].

The purpose of the thesis is to construct embeddings of two well-studied, important

classes of groups into `p spaces and finite products of trees, which are optimal in a

strong sense and to show such groups are metrically ‘finite dimensional’.

The first of the two classes of groups we consider are mapping class groups. Due to

their close connections with geometry, topology and group theory and their similari-

ties with lattices in higher rank semi-simple Lie groups and Out(Fn), mapping class

groups are one of the most interesting classes of finitely generated groups to study.

Much more detail on these links can be found in [Iva02, FM12] and references therein.

Secondly, we study relatively hyperbolic groups; introduced by Gromov [Gro87], as

a generalisation of hyperbolic groups which includes geometrically finite Kleinian

groups. This wide class of groups includes: hyperbolic groups, amalgamated prod-

ucts and HNN-extensions over finite subgroups, fully residually free (limit) groups

- which are key objects in solving the Tarski conjecture [Sel01, KM10] - and fun-

damental groups of non-geometric closed 3-manifolds with at least one hyperbolic

component [Dah03a].

The understanding of such groups is a hugely active area of modern research and in

this thesis we complete the solutions of the aforementioned questions for these groups:

how well they embed into `p spaces and finite product of trees and the common notions

of finite dimensionality they satisfy.
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1.1 Main results

This section is split according to where the results appear. Chapter 2 is concerned

only with background, so we begin with the results of Chapter 3.

1.1.1 Embeddings of graph manifolds

As mentioned previously, many compact 3-manifolds have relatively hyperbolic fun-

damental group. More specifically, they are hyperbolic relative to a collection of

virtually polycyclic groups and to fundamental groups of graph manifolds. In order

to better control embeddings of graph manifold groups into `p spaces and to give

bounds on their dimensions, I proved the following with Alessandro Sisto:

Theorem 1. (Theorem 3.1.1 and Corollary 3.1.2)

Let M be a graph manifold which does not have the Nil geometry. Then the universal

cover of M (denoted M̃) quasi-isometrically embeds in the product of three metric

trees. In particular, the universal cover of any graph manifold has Assouad-Nagata

dimension at most 3.

This answers a conjecture of Smirnov, who was able to prove such groups have asymp-

totic Assouad-Nagata dimension at most 7 [Smi10].

Since this work was completed, Smirnov has produced a generalisation to higher di-

mensional manifolds satisfying a notion analogous to that of a non-geometric flip

graph manifold [Smi12].

This result was also used by Mackay-Sisto to calculate dimension bounds on funda-

mental groups of 3-manifolds.

The results of this chapter appear in the paper [HS11].

1.1.2 Embeddings of relatively hyperbolic groups

These results are contained in Chapter 4. We develop the techniques required to

construct explicit embeddings of relatively hyperbolic groups from given embeddings

of the peripheral subgroups. The statements given here are weaker than what is

actually proved in the thesis, but these statements are approachable without too

much prior knowledge of the area. First we give explicit embeddings of hyperbolic

spaces with very little compression.
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Theorem 2. (Theorem 4.3.2)

Let X be a countable uniformly discrete Gromov hyperbolic metric space with bounded

geometry. Then given any p ≥ 1 there exists a map φ ∶X →⊕n∈N `p(X) such that for

all x, y ∈X and all α ∈ (0,1),

(dX(x, y))α ⪯ ∥φ(x) − φ(y)∥p ⪯ dX(x, y).

In particular, for every p, the `p compression exponent of X is 1.

The conclusion of this theorem is not new, but all previous proofs rely in a key way

on major theorems of Bonk-Schramm or Buyalo-Schroeder [BS00, BS05]. It is the

fact that this embedding is direct and easily constructed which is the main interest

here as it allows the possibility of extending such a result to relatively hyperbolic

spaces. The proof is short and has various generalisations which are discussed in

Section 4.6. In particular, the same result is shown to hold for hyperbolic spaces

satisfying a tight geodesic property defined by Bowditch, which is modelled on the

Masur-Minsky notion of tight geodesics in curve complexes [MM00, Bow08]. This

also applies, importantly in Chapter 5, to coned-off graphs of relatively hyperbolic

groups.

The second step is to provide optimal embeddings of tree-graded spaces from given

embeddings of the pieces.

Theorem 3. (Theorem 4.4.2 and Corollary 4.4.3)

Let Γ be the 0-skeleton of a connected countable simplicial graph which admits a

tree-grading P = {Γi}i∈I . Fix some p ∈ [1,∞). If there exists a collection of coarse

embeddings ψi ∶ Γi → `p(Xi) and a constant c > 0 such that for all x, y ∈ Γi,

c(dΓ(x, y))α ≤ ∥ψi(x) − ψi(y)∥p ≤ dΓ(x, y),

then α∗p(Γ) ≥ α. In particular, if G,H are finitely generated groups and F is a finite

subgroup of G and H then

α∗p(G ∗F H) = min{α∗p(G), α∗p(H)} and α∗p(HNN(G,F )) = α∗p(G).

This is optimal as peripheral subgroups are undistorted, and improves previous results

of Dreesen [Dre10]. Together with the previous result for hyperbolic spaces, this will

motivate the method for the final result in this chapter.
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Theorem 4. (Theorem 4.5.4 and Corollary 4.5.10)

Let X be the 0-skeleton of a connected simplicial graph with bounded geometry which

is asymptotically tree-graded with respect to a collection of pieces P = {Xi}i∈I . Fix

some p ∈ (1,∞). If there exists a collection of coarse embeddings ψi ∶Xi → `p(Yi) and

a constant c > 0 such that for all x, y ∈Xi,

c(dΓ(x, y))α ≤ ∥ψi(x) − ψi(y)∥p ≤ dΓ(x, y),

then α∗p(X) ≥ α. In particular, if G is relatively hyperbolic with respect to a collection

of subgroups {H1, . . . ,Hn} then

α∗p(G) = min{α∗p(Hi)} .

From this we deduce the following corollary for fundamental groups of closed 3-

manifolds.

Corollary 5. (Corollary 4.5.11)

Let M be a closed 3-manifold. For all p > 1 and all α ∈ (0,1), there exists a map φ

from π1(M) into some `p space, such that for all x, y ∈ π1(M),

(d(x, y))α ⪯ ∥φ(x) − φ(y)∥p ⪯ d(x, y).

In particular π1(M) has compression exponent 1 for all p > 1.

These results answer the question of how well relatively hyperbolic groups can be

embedded into `p spaces but only when p > 1. This can be remedied if we instead

consider embeddings into L1([0,1]).

Corollary 6. (Corollary 4.5.12)

Let X be the 0-skeleton of a connected simplicial graph with bounded geometry which

is asymptotically tree-graded with respect to a collection of pieces P = {Xi}i∈I . If there

exists a collection of coarse embeddings ψi ∶ Xi → `2(Yi) and a constant c > 0 such

that for all x, y ∈Xi,

c(dΓ(x, y))α ≤ ∥ψi(x) − ψi(y)∥2 ≤ dΓ(x, y),

then the L1 compression exponent of X is at least α.

The reliance of L1 compression on embeddings of pieces into Hilbert spaces is unsat-

isfactory as the situation for L1 spaces should be better than for other values of p,

since all hyperbolic groups quasi-isometrically embed into `1 spaces [BS00]. This is

addressed in the next chapter, though the techniques there are principally motivated

by the study of mapping class groups.

The results of this chapter appear in the paper [Hum13].
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1.1.3 Quasi tree-graded spaces

A major breakthrough in the study of the metric geometry of mapping class groups

of compact surfaces was obtained by Bestvina-Bromberg-Fujiwara in their construc-

tion of a finite collection of hyperbolic spaces (quasi-trees of spaces) which contain a

quasi-isometric image of a given mapping class group. However, this construction has

ramifications for other groups, for instance to relatively hyperbolic groups, where the

quasi-trees of spaces constructed are certainly not hyperbolic. Chapter 5 is motivated

by the desire to understand embeddings and dimension controls on these spaces in

full generality.

At the same time, Theorems 3 and 4 show that local finiteness is an important dis-

tinction between trying to embed tree-graded and asymptotically tree-graded spaces.

In general, quasi-trees of spaces are locally infinite; for instance, in the mapping class

group case, they contain curve complexes.

This motivates one particular question: under what circumstances is a (geodesic)

metric space quasi-isometric to a tree-graded space. We prove that this question is

answered by a relative version of Manning’s bottleneck property.

Theorem 7. (Theorem 5.1.1)

A geodesic metric space X satisfies the relative bottleneck property with respect to a

collection of sets {Xi ∣ i ∈ I } if and only if it is quasi-isometric to some tree-graded

space T (X) with pieces Ti uniformly quasi-isometric to Xi. In particular, all quasi-

trees of spaces are quasi tree-graded spaces.

The conclusion that the pieces of T (X) are uniformly quasi-isometric to the pieces Xi

is a crucial point for the corollaries we obtain for mapping class groups and relatively

hyperbolic groups.

Using this we can obtain embeddings of the mapping class group into `p spaces by

applying Theorem 3. Moreover, we show the following.

Theorem 8. (Theorem 5.1.2)

The mapping class group of any compact surface quasi-isometrically embeds into a

finite product of trees.

Consequently, mapping class groups have finite Assouad-Nagata dimension, and hence

they have `p compression exponent 1 for all p ≥ 1. Applying Theorem 3 and a

generalisation of Theorem 2 given in Section 4.6.1, we obtain explicit embeddings of
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mapping class groups into `p spaces exhibiting compression exponent 1.

This answers many of the questions concerning embeddings and dimension controls

raised in the introduction for mapping class groups.

Moving to relatively hyperbolic groups, we use Theorem 7 to extend Theorem 4 in

the case p = 1 and deduce bounds on dimension.

Corollary 9. (Corollary 5.1.3)

Let G be a finitely generated group, which is hyperbolic relative to a collection of

subgroups {Hi ∣ i ∈ I }.

• G has finite Assouad-Nagata dimension if and only if each Hi does.

• G can be quasi-isometrically embedded into `1(N) if and only if each Hi can.

• For each p ∈ [1,∞), G admits an explicit embedding into some `p space which

exhibits the optimal compression exponent α∗p(G) = mini {α∗p(Hi)}.

For the final one of these results we require constructive embeddings of the coned-off

graph of G into `p spaces. This is done in Section 4.6.1 using the fact that such graphs

admit systems of tight geodesics.

The results of this chapter appear in [Hum12].

1.2 Plan of the Thesis

In Chapter 2, we give an overview of the background required to approach the re-

maining chapters. Section 2.1 presents the groups and metric spaces which appear

throughout the document. The next section (2.2) gives a motivation for studying

coarse embeddings and dimension controls on finitely generated groups via the Borel

conjecture. The presentation here is mathematically clean and entirely suitable for

our purposes, but is not historically justifiable, as notions of dimension for finitely

generated groups have been studied for much longer than their connections with these

topological conjectures have been known. Having motivated the two topics, we recall

the fundamentals of metric embeddings in Section 2.3, including links to amenability

and random walks, and we present a variety of notions of asymptotic dimension in

Section 2.4, providing links with embeddings and a range of examples to distinguish

the different dimension estimates.

Chapter 3 presents an efficient proof of Theorem 1 and discusses the optimality of
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the obtained result as well as subsequent work which uses this.

The main theorem of Chapter 4 (Theorem 4) is technically demanding, so is ap-

proached via Theorems 2 and 3. The presentation of these proofs will motivate the

final result, where we also explain the limitation which prevents the proof applying in

the case p = 1. The extensions to Theorem 2 presented in Section 4.6.1 do not appear

in the paper [Hum13], but are needed in the following chapter, while the study of

strong fellow-traveller properties in Section 4.6.2 is linked intricately with the gap in

the isoperimetric spectrum.

Chapter 5 introduces the relative bottleneck property and gives an explicit construc-

tion of a tree-graded space (Section 5.3) which is proved to be quasi-isometric to a

given space satisfying the relative bottleneck property in Section 5.4. The converse

of Theorem 7 and the link with quasi-trees of spaces is explored in Section 5.2.
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Chapter 2

Preliminaries

This book was written using 100% recycled words.

– Sir Terry Pratchett (Wyrd Sisters)

The first section of this chapter introduces the principal objects of study. In the

second we motivate the study of metric embeddings via the Borel conjecture and

results relating it to the coarse geometry of metric spaces. Section 2.3 introduces

notions of metric embeddings, while section 2.4 is primarily concerned with various

concepts of large-scale dimension.

It is not envisaged that the reader should attempt to read this chapter from beginning

to end, rather for it to function as a detailed overview of the necessary definitions

and results which are required in future chapters but which may disrupt the flow of

the reader familiar with such topics.

2.1 Groups and spaces

In this section we introduce the key objects of the thesis and summarise preliminary

results needed in later chapters.

2.1.1 Graphs and groups as metric spaces

This brief section recalls the notions of shortest path metric for a graph and the

Cayley graph of a finitely generated group.

Definition 2.1.1. The shortest path metric

Let Γ be a simplicial graph. A path P = {p1, p2, . . . , pn} in Γ is a finite collection of

directed edges such that, for each i, the terminal vertex of pi is the initial vertex of
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pi+1. We define the length of P , ∣P ∣ to be its cardinality as a set.

The initial vertex of P , ι(P ) is the initial vertex of p1 and the terminal vertex of P ,

τ(P ) is the terminal vertex of pn.

The shortest path metric d ∶ Γ × Γ→ R is given by

d(x, y) := min{∣P ∣ ∣ ι(P ) = x, τ(P ) = y} .

A path P is called a geodesic if ∣P ∣ = d(ι(P ), τ(P )).

In the remainder of the document we will implicitly assume that any graph is a metric

space equipped with the shortest path metric. We will denote the set of geodesics

between any two points x and y by [[x, y]].

To consider finitely generated groups as metric spaces, we introduce Cayley graphs.

Definition 2.1.2. Cayley graphs of finitely generated groups

Let G be a finitely generated group with finite generating set S, with the properties that

S is symmetric with respect to inversion and does not contain the identity element.

The Cayley graph Cay(G,S) of G with respect to S is the simplicial graph with vertex

set G and undirected edge set

E := {gh ∣ g, h ∈ G, h = gs for some s ∈ S } .

We consider Cayley graphs as metric spaces by assigning the shortest path metric,

which coincides with the word metric dS on S. The length of an element g ∈ G is

given by lS(g) := dS(idG, g).

A metric space X is called a Cayley graph of G if there is some finite generating set

S of G such that X is isometric to Cay(G,S).

As our results concern the large-scale geometry of metric spaces, we consider spaces

to be equivalent if they are quasi-isometric.

Definition 2.1.3. Quasi-isometries

Let (X,d) and (Y, d′) be metric spaces. If there exists a map φ ∶X → Y and constants

K ≥ 1, C ≥ 0 such that for all x1, x2 ∈X,

K−1d(x1, x2) −C ≤ d′(φ(x1), φ(x2)) ≤Kd(x1, x2) +C,

and for every y ∈ Y there is some x ∈ X such that d′(φ(x), y) ≤ C, then we say that

X and Y are quasi-isometric and that φ is a (K,C) quasi-isometry.
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For any given finitely generated group G, all Cayley graphs of G are quasi-isometric,

so it now makes sense to refer to the group G as a metric space, where we understand

that the choice of Cayley graph does not matter up to quasi-isometry.

Two major facets of geometric group theory are to determine when two finitely gener-

ated groups are quasi-isometric, and to study the properties shared by quasi-isometric

groups.

Finally in this section, we give the definitions of bounded geometry and uniformly

discrete spaces.

Definition 2.1.4. Bounded geometry

Let (X,d) be a discrete metric space. X is said to have bounded geometry if for

every k > 0 there is some constant N(k) such that for every x ∈X,

∣B(x;k)∣ ≤ N(k),

where B(x;k) := {y ∈X ∣ d(x, y) < k}.

Definition 2.1.5. Uniformly discrete

A metric space (X,d) is uniformly discrete if

inf{d(x, y) ∣ x ≠ y} > 0.

The 0-skeleton of every Cayley graph of a finitely generated group has bounded

geometry and is uniformly discrete.

Now that we have introduced groups as metric spaces, we move onto the metric spaces

we wish to consider embeddings into, starting with Banach spaces.

2.1.2 Banach spaces

Stefan Banach first introduced these spaces during the 1920’s. Together with Hans

Hahn and Eduard Helly, he made a systematic study of them which appears in

[Ban93]. Since then they have become fundamental objects in functional analysis.

We first recall the definition.

Definition 2.1.6. Banach spaces

Let X be a real vector space. A function ∥⋅∥ ∶X → R is called a norm on X if

(i) ∥x∥ ≥ 0 for all x ∈X, with equality if and only if x = 0,
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(ii) for all λ ∈ R and x ∈X, ∥λx∥ = ∣λ∣ ∥x∥,

(iii) for all x, y, z ∈X, ∥x − y∥ + ∥y − z∥ ≥ ∥x − z∥.

A pair (X, ∥⋅∥) where X is a vector space and ∥⋅∥ is a norm on X is called a normed

vector space.

A complete normed vector space (X, ∥⋅∥) is called a Banach space.

Before proceeding, we introduce an important class of examples.

Example 2.1.7. `p and Lp spaces

Given a countable set X and some p ∈ [1,∞), `p(X) is defined to be the set of all

functions f ∶X → R such that

∥f∥p := (∑
x∈X

∣f(x)∣p)
1
p

< ∞.

Furthermore, we define `∞(X) to be the set of all functions f ∶X → R such that

∥f∥
∞

:= sup
x∈X

∣f(x)∣ < ∞.

The spaces (`p(X), ∥⋅∥p) are Banach spaces. Notice that `p(X) is isomorphic to `q(Y )
if and only if ∣X ∣ = ∣Y ∣ ∈ {0,1} or there exists a bijection ψ ∶X → Y and p = q.

Generalising this, we define Lp([0,1]) to be the set of all functions f ∶ [0,1] → R such

that

∥f∥p := (∫
1

0
∣f(x)∣p dx)

1
p

is defined and finite. Again, we define L∞([0,1]) to be the collection of all functions

f ∶ [0,1] → R such that

∥f∥
∞

:= sup
x∈[0,1]

∣f(x)∣ < ∞.

Again (Lp([0,1]), ∥⋅∥p) is a Banach space.

These spaces are related by the following proposition.

Proposition 2.1.8. Let X = {x0, x1, . . .} be a countable set. For every p ∈ [1,∞]
there is an isometric embedding of `p(X) into Lp([0,1]).
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Proof: We begin with the case p ≠ ∞. Consider φ ∶ `p(X) ↪ Lp([0,1]) as the linear

extension of the mapping xn ↦ fn given by

fn(x) =
⎧⎪⎪⎨⎪⎪⎩

2
n+1
p if x ∈ (2−(n+1),2−n)
0 otherwise

We now prove this is an isometric embedding. Firstly we notice that it is certainly

injective.

Now consider y = ∑
n

anxn ∈ `p(X),

∥φ(y)∥pp = ∥∑
n

anfn∥
p

p

= ∫
1

0
∑
n

∣anfn(x)∣p dx = ∑
n

∣an∣p∫
1

0
∣fn(x)∣p dx

= ∑
n

∣an∣p ∥fn∥pp = ∥y∥pp ,

where the final step follows from the observation:

∥fn∥p := (∫
2−n

2−(n+1)
(2

n+1
p )

p
dx)

1
p

= 1.

Moving on to the case p = ∞, we achieve the same result by defining

fn(x) =
⎧⎪⎪⎨⎪⎪⎩

1 if x ∈ (2−(n+1),2−n)
0 otherwise.

Since our eventual goal is to obtain useful consequences for metric spaces by consider-

ing embeddings into Banach spaces it is necessary to choose a target space carefully,

as illustrated by the following proposition.

Proposition 2.1.9. Every countable metric space X isometrically embeds into

`∞(X).

Proof: Fix a basepoint e ∈X and consider the following embedding φ ∶X → `∞(X):

(φ(x))(y) = d(x, y) − d(y, e).

Notice that ∥φ(x)∥
∞

:= supy∈X {∣d(x, y) − d(y, e)∣} = d(x, e) < ∞, by the triangle in-

equality, so φ(x) is certainly an element of `∞(X).
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Moreover,

∥φ(x1) − φ(x2)∥∞ := sup
y∈X

{∣d(x1, y) − d(x2, y)∣} = d(x1, x2).

The upper bound on ∥φ(x1) − φ(x2)∥∞ is due to the triangle inequality, while the

lower bound is obtained by setting y to be x1 or x2.

One simple condition which can be imposed on Banach spaces to avoid the above

situation is to ask that they are reflexive.

Definition 2.1.10. Reflexive Banach spaces

A Banach space (X, ∥⋅∥) is reflexive if and only if the natural inclusion of X into its

double dual

ι ∶X →X ′′ defined by (ι(x))(f) = f(x)

is surjective.

One subtle point about this definition is that it is not sufficient to ask merely that

there exists a linear (isometric) isomorphism between X and X ′′, indeed James pro-

vides an example of a non-reflexive space with this property [Jam51].

For reasons which become apparent later in this chapter, (cf. Theorem 2.3.3), we

wish to restrict our attention even further. With this in mind we will now define uni-

formly convex spaces - first studied by Clarkson [Cla36] - and super-reflexive spaces,

introduced by James, though the definition we present is due to Enflo [Jam72, Enf72].

Definition 2.1.11. Uniformly convex and super-reflexive Banach spaces

A Banach space (X, ∥⋅∥) is uniformly convex if for each ε > 0 there exists some δ > 0

such that given x, y ∈X with ∥x∥ = ∥y∥ = 1

∥x + y
2

∥ ≤ 1 − δ whenever ∥x − y∥ ≥ ε.

A Banach space (X, ∥⋅∥) is super-reflexive if it admits a biLipschitz equivalent norm

∥⋅∥0 such that (X, ∥⋅∥0) is uniformly convex.

The Milman-Pettis Theorem [Mil38, Pet39] ensures that every uniformly convex Ba-

nach space is reflexive. It follows more readily from the original definition of James

that super-reflexive Banach spaces are reflexive.

Returning to Example 2.1.7, Hanner’s inequalities

2p (∥f∥pp + ∥g∥pp) ≥ (∥f + g∥p + ∥f − g∥p)
p + ∣∥f + g∥p − ∥f − g∥p∣

p
, for p ∈ [1,2] and
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∥f + g∥pp + ∥f − g∥pp ≤ (∥f∥p + ∥g∥p)
p + ∣∥f∥p − ∥g∥p∣

p
, for p ∈ [2,∞)

prove that Lp([0,1]) is uniformly convex when p ∈ (1,∞) and give optimal values

of δ in terms of ε, simplifying the earlier proof of Clarke [Cla36, Han56]. Uniform

convexity passes to subspaces, so all `p sequence spaces with p ∈ (1,∞) are also

uniformly convex, and hence super-reflexive.

The extremal cases L1([0,1]) and L∞([0,1]) are not reflexive, while the spaces `1(X)
and `∞(X) are reflexive if and only if X is finite, in which case they are super-reflexive,

as all norms on finite dimensional vector spaces are biLipschitz equivalent, but they

are not uniformly convex.

In the following figure, we present counter-examples to uniform convexity - x1, y1 and

x∞, y∞ - in the cases of `1 and `∞ spaces, while x2, y2 gives the the corresponding

situation in `2.

0
a

b

∥x∥1 = 1

∥x∥2 = 1

∥x∥
∞
= 1

x1

y1

x1+y1
2

x2

y2

x2+y2
2

y∞

x∞

x∞+y∞
2

Figure 2.1: Uniform convexity for `p({a, b}) with p ∈ {1,2,∞}

One collection of examples of infinite dimensional reflexive Banach spaces which are

not super-reflexive, is the Hilbertian sum

∞

⊕
i=1

`pi(Ni)

where {pi}∞i=1 is an increasing real sequence, with p1 ≥ 1 and pi → ∞ as i → ∞ and

each Ni is a non-empty finite set.

The optimality of the constants in Hanner’s inequalities is sufficient to prove that such

spaces are not uniformly convex, since although each `pi(Ni) is uniformly convex, for
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fixed ε the constants δ(p, ε) tend to 0 as p→∞.

The other spaces we will wish to consider embeddings into are finite products of

metric trees; such spaces are also the first step towards a definition of asymptotically

tree-graded spaces.

2.1.3 Trees and quasi-trees

The first class of metric spaces we consider are trees and those metric spaces quasi-

isometric to a tree.

Definition 2.1.12. Trees and quasi-trees

A tree (T, d) is a geodesic metric space satisfying the four point property:

d(x, y) + d(z, t) ≤ max{d(x, z) + d(y, t), d(x, t) + d(y, z)} (2.1)

for all x, y, z, t ∈ T .

A geodesic metric space (Q,d) is called a quasi-tree if it is quasi-isometric to a tree

in the sense of Definition 2.1.3.

x

t

z

y

Figure 2.2: The four point property

One worthwhile point to note here is that the four point property clearly forbids the

existence of geodesic loops, as shown by the next figure.

x

t

z

y

Figure 2.3: Loops fail the four point property

The main examples of trees considered here are simplicial trees, for instance the

binary tree of depth k, which has as its vertex set the collection of all binary strings

of length at most k − 1 and edges ab if and only if b = a0 or b = a1.
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Another example is the Cayley graph of a free group with respect to a minimal

generating set. To ensure we consider this as a property of the group rather than just

a single Cayley graph it can be preferable to work with quasi-trees.

Before continuing, we give one non-trivial example of a quasi-tree.

Example 2.1.13. The Farey graph

Figure 2.4: The Farey graph

The Farey graph F is a simplicial graph with vertex set

V := {(z, n) ∣ z ∈ Z ∖ {0} , n ∈ N ∖ {0}} ∪ {(1,0), (0,1)}

and (undirected) edge set E = ⋃n∈NEn constructed as follows.

E0 := {(1,0)(0,1)} and En is the union of En−1 with the set of all (z0, n0)(z1, n1) and

(z1, n1)(z2, n2) such that

• (z0, n0), (z1, n1) and (z2, n2) are distinct,
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• (z0, n0) ≠ (1,0),

• (z0, n0)(z2, n2) ∈ En−1 and either

(z2, n2) = (1,0) and n1 = n0, z1 = z0 ± 1 or

(z2, n2) ≠ (1,0) and n1 = n0 + n2, z1 = z0 + z2.

The first explicit occurrence of this definition in the literature seems to be in a paper

of Hurwitz, on the reduction of quadratic binary forms [Hur94]. Figure 2.4 - obtained

from [Ago] - illustrates this definition; it should be mentioned that the outer circle is

not part of the Farey graph.

We sketch a proof that the Farey graph is a quasi-tree. Consider the tree T obtained

from F by carrying out the following procedure.

• Replace each vertex (z, n) ∈ V by two vertices (z, n)±, (we will ignore (0,1)−
and (1,0)−).

• Replace each edge (z1, n1)(z2, n2) ∈ E ∖E0 by

(z1, n1)+(1,0)+ if (z2, n2) = (1,0), or

(z1, n1)+(z2, n2)− if n1, n2 ≠ 0 and z1/n1 < z2/n2.

The tree obtained from this procedure is simplicial and every vertex has countably

infinite degree.

We define d and d′ to be the shortest path metrics on F and T respectively, notice

that d′((z, n)+, (z, n)−) ≤ 3 for all z ∈ Z ∖ {0} and n ∈ N ∖ {0}. This can be seen

by traversing the unique triangle in F where (z, n) is the middle vertex by vertical

co-ordinate in Figure 2.4.

The map φ ∶ (F , d) → (T, d′) defined by (z, n) → (z, n)+ satisfies the inequalities

d(t1, t2) ≤ d′(φ(t1), φ(t2)) ≤ 4d(t1, t2).

The first of these is clear from the construction, for the second given any edge

(z, n)(z′, n′) in F with ∣z/n∣ > ∣z′/n′∣ there is a path of length at most 3 from (z, n)+
to (z, n)− and an edge connecting (z, n)− to (z′, n′)+ in T,

One more important collection of quasi-trees - projection complexes - are introduced

in Section 2.1.8.

We finish this section with the following theorem of Manning, which classifies quasi-

trees and provides a key motivation for the results obtained in Chapter 5.
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Theorem 2.1.14. Manning’s Bottleneck Property [Man05]

A geodesic metric space X is a quasi-tree if and only if there exists some constant ∆

such that given

• any two points x and y ∈X

• any geodesic g from x to y with midpoint m

every path from x to y in X intersects B(m; ∆) := {z ∈X ∣ d(z,m) < ∆}.

x ym

Figure 2.5: Manning’s Bottleneck Property

In particular, this says that every tree in the sense of Definition 2.1.12 is quasi-

isometric to a simplicial tree.

The constant ∆ is called the bottleneck constant of X. We sketch the construction of

a simplicial tree T which is quasi-isometric to X.

The figure below demonstrates the first few steps of this construction.

e′

v1
1

v1
2

v1
3

v1
4

v2
1

v2
2

v2
3

v2
4

v2
5

v2
6

v2
7

Q

Figure 2.6: The construction of a tree T quasi-isometric to X
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Proof: Choose M ∈ N with M ≥ 20∆ and fix some basepoint e ∈X. Denote the set

of connected components of X ∖B(e;kM) by Ck.

The tree T = ⋃k∈NTk is constructed as follows

• T0 := {e},

• T1 is obtained from T0 by adding a single vertex vC for each C ∈ C1 and con-

necting it to e by a simplicial path of length M ,

• finally, we build Tk from Tk−1 by adding a vertex vC′ for each C ′ ∈ Ck and

connecting it to vC by a simplicial path of length M , where C is the unique

element of Ck−1 such that C ′ ⊂ C.

2.1.4 Hyperbolic groups and spaces

The metric definition of hyperbolicity, introduced by Gromov [Gro87] as a generalisa-

tion of negative curvature for Riemannian surfaces, is now a key concept in geometric

group theory, with a wealth of powerful consequences obtained for finitely generated

groups whose Cayley graphs satisfy this metric property. The definition we give now

is the ‘slim triangles’ condition, generally attributed to Rips.

Given a metric space (X,d) and two points x, y ∈X we denote the set of all geodesics

from x to y in X by [[x, y]].

Definition 2.1.15. Gromov hyperbolicity

A geodesic metric space (X,d) is δ-hyperbolic if, given any three points x, y, z ∈ X
and any three geodesics g1 ∈ [[x, y]], g2 ∈ [[y, z]] and g3 ∈ [[x, z]],

g1 ⊆ Nδ (g2 ∪ g3) ,

where Nδ(Y ) := {x ∈X ∣ d(x,Y ) < δ}.

A geodesic metric space (X,d) is said to be Gromov hyperbolic (or just hyperbolic)

if it is δ-hyperbolic for some δ. A finitely generated group G is hyperbolic if some

(equivalently all) of its Cayley graphs are.

Such a triple (g1, g2, g3) will be referred to as a geodesic triangle.
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x

y

z

Nδ(g1)Nδ(g2)

g3

Figure 2.7: A δ-slim triangle

We now present some examples.

Example 2.1.16. Hyperbolic spaces

(i) A geodesic metric space is a tree if and only if it is 0-hyperbolic. This is easily

proved by showing the four-point condition (cf. Definition 2.1.12) is equivalent

to having g1 ⊆ (g2 ∪ g3) for all geodesic triangles (g1, g2, g3). Moreover, all quasi-

trees are δ-hyperbolic, where δ depends only on the bottleneck constant ∆ from

Theorem 2.1.14.

(ii) There are many hyperbolic groups whose Cayley graphs are not quasi-trees,

indeed this is true of all one-ended hyperbolic groups, for instance fundamental

groups of Riemannian manifolds with strictly negative curvature and hence of

fundamental groups of surfaces with non-negative complexity [Gro87]. The

second of these examples is explored in more detail in Section 2.1.7.

(iii) Three key classes of hyperbolic spaces: coned-off graphs of relatively hyperbolic

groups, curve complexes and projection complexes - which do not (necessarily)

have bounded geometry - will be introduced in Sections 2.1.6, 2.1.7 and 2.1.8

respectively.

To finish this section we give a different definition of hyperbolicity in terms of Dehn

functions, which we now define.
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Let G = ⟨S ∣R⟩ be a finitely presented group, then there is a natural surjection

π ∶ F(S) → G with kernel ⟨⟨R⟩⟩ .

Therefore, every w ∈ F(S) which represents the identity in G can be written as a

finite product of G-conjugates of elements of R:

w =
F(S)

n

∏
i=1

g−1
i rigi, where each gi ∈ G and ri ∈ R.

The area of w, A(w) is the minimum value of n such that w can be written in the

above form.

We then define the Dehn function of G = ⟨S ∣R⟩ as

D(n) := max{A(w) ∣ lF(S)(w) ≤ n, w =
G

1} .

To regard the Dehn function as an object dependent on a group rather than a given

presentation we appeal to the following proposition.

Proposition 2.1.17. ([Alo90], a full proof in English can be found in [BH99])

Let G = ⟨S ∣R⟩ and H = ⟨S′ ∣R′ ⟩ be finite presentations of quasi-isometric groups G

and H. Define the Dehn functions of ⟨S ∣R⟩ and ⟨S′ ∣R′ ⟩ as D and D′ respectively.

There exist constants a ≥ 1 and b ≥ 0 such that

D(n) ≤ aD′(an + b) + an + b and D′(n) ≤ aD(an + b) + an + b.

An equivalent definition of hyperbolicity for finitely generated groups can be given in

terms of Dehn functions, before this we require the following theorem.

Theorem 2.1.18. Hyperbolic groups are finitely presented.

This is attributed to Rips. We present a method of proof here, omitting some details.

For a complete proof see [CDP90, Théorème 2.3]. We give a full proof of this in

Proposition 4.6.6.

Let G be a finitely generated group and let S be a fixed finite generating set for G.

For each natural number n we set

Xn := {g ∈ G ∣ dS(1, g) ≤ n} ,

so Xn is the closed ball of radius n around the identity in the Cayley graph of G with

respect to S.
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For each collection Xn we define a collection of relations

Rn := {xyz ∈ F (S) ∣ x, y, z ∈Xn and xyz =G 1} ∪ {xx−1 ∣ x ∈Xn} .

Despite the fact that the second collection of relations hold automatically, it is nec-

essary to include them here.

If we now define Gn = ⟨Xn ∣Rn ⟩ we obtain a sequence of finitely presented groups

G1 → G2 → ⋅ ⋅ ⋅ → G∞ = G.

where each of these maps is a surjective homomorphism. It remains to show that

under additional assumptions - hyperbolicity is more than sufficient [Bri93] - the

homomorphism GN → GN+1 is injective for all N sufficiently large, so G = GN and is

finitely presented.

Hyperbolicity for a finitely presented group is completely determined by its Dehn

function.

Theorem 2.1.19. All hyperbolic groups have linear Dehn function. In addition, a

finitely presented group G is Gromov hyperbolic if and only if it has a subquadratic

Dehn function with respect to some (equivalently all) finite presentations.

Proof: See [Gro87, Ol′91, Bow95].

Moreover, this is the only gap in the isoperimetric spectrum [BB00].

We now move on to a different generalisation of trees.

2.1.5 Tree-graded spaces and Stallings’ theorem

Heuristically, a tree-graded space is a metric space made up of a collection of pieces

arranged in a tree-like manner. More formally, the notion is defined as follows:

Definition 2.1.20. Tree-graded spaces

Let X be a geodesic metric space and let X = {Xi ∣ i ∈ I } be a collection of subsets of

X. The space X is said to be tree-graded with respect to X if and only if

(i) X covers X: that is, ⋃i∈IXi =X,

(ii) pieces meet in at most one point: given i, j ∈ I with i ≠ j, ∣Xi ∩Xj ∣ ≤ 1,

(iii) the arrangement of pieces is ‘tree-like’: every simple geodesic triangle is con-

tained in a single piece.
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The following figure illustrates this definition.

Figure 2.8: A tree-graded space

One important example of this is a free product of finitely generated groups. Let G

and H be finitely generated groups with finite generating sets SG and SH respectively.

Then the Cayley graph of G ∗H with respect to the generating set SG ⊔ SH is tree-

graded with respect to the collection of G ∗H translates of the Cayley graphs of G

and H with respect to SG and SH respectively.

Stallings’ Theorem is a strong converse of the above fact.

Theorem 2.1.21. Stallings’ Theorem [Sta68, Sta71]

Let G be an infinite finitely generated group. If a Cayley graph X of G admits a bot-

tleneck, that is, there exists some metric ball B in X such that X ∖B is disconnected

then one of the following holds:

(i) G splits as an amalgamated product A ∗C B where C is a finite subgroup of A

and B, A ≠ C and B ≠ C,

(ii) G is a HNN extension G = HNN(A,C, θ) := ⟨A, t ∣ t−1Ct = θ(C)⟩, where C is a

finite subgroups of A and θ ∶ C → A is an isomorphism onto its image.

The original notion of Stallings was that of relative ends. Phrasing this theorem in

terms of bottlenecks will link it closely with the results of Chapter 5, which proves a

metric analogue of Stallings’ Theorem.

It follows from results of Gromov and Papazoglou-Whyte that any Cayley graph of a

group satisfying the hypotheses of Stallings’ Theorem is quasi-isometric to a Cayley

graph of a free product [Gro87, PW02].
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Another example comes from a tree-grading of R3 equipped with the metric

dZ((x, y, z), (x′, y′, z′)) =
⎧⎪⎪⎨⎪⎪⎩

∣x − x′∣ + ∣y − y′∣ if z = z′

∣z − z′∣ + x + x′ + y + y′ if z ≠ z′

Figure 2.9: A tree-grading of R3

With respect to the metric dZ , R3 is tree-graded with respect to the collection of

hyperplanes

{Xz := {(x, y, z) ∣ x, y ∈X } ∣ z ∈ R} ,

each one of which is equipped with the usual `1 metric.

A more detailed study of the shortest-path metric on tree-graded graphs is carried

out in Section 4.4, while Theorem 7 gives a characterisation of spaces quasi-isometric

to tree-graded graphs.

Extending the previous two sections, we continue with a natural class of spaces which

includes both hyperbolic and tree-graded spaces.

2.1.6 Relatively hyperbolic groups and asymptotically tree-
graded spaces

Relatively hyperbolic groups were introduced by Gromov as a generalisation of hy-

perbolic and geometrically finite Kleinian groups (cf. Example 2.1.28(ii)) [Gro87].

Relative hyperbolicity has many different characterisations: in terms of group actions

[Bow12], group-theoretic structure [Far98] [Dah03b] [Osi06], dynamics on the bound-

ary [Yam04] and metric geometry [DS05].

We will present approaches of Bowditch and Druţu-Sapir, both of which will be nec-

essary at different points in future chapters. For the first of these, we require the

definitions of the coned-off graph and fine graphs.

Definition 2.1.22. Coned-off graphs

Let Γ be a simplicial graph and let {Γi ∣ i ∈ I } be a collection of (not necessarily
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disjoint) subgraphs of Γ. The coned-off graph of Γ with respect to {Γi ∣ i ∈ I } is the

graph Γ̂ with vertex set V (Γ) ⊔ I and edge set

{xy ∣ x, y ∈X and xy ∈ E(Γ)} ∪ {xi ∣ x ∈X, i ∈ I and x ∈ Γi}

When the collection of subgraphs {Γi} is clear from the context we will refer simply

to the coned-off graph of Γ.

Definition 2.1.23. Fine graphs

Let Γ be a simplicial graph. Γ is called fine if, for each n ∈ N, every edge of Γ is

contained in only finitely many simple loops (paths P such that no two edges in P

have the same initial vertex and ι(P ) = τ(P )) of length at most n.

All locally finite graphs are fine. The coned-off graph of Cay(Z2,{a, b}) with respect

to the subgraphs corresponding to the cosets of ⟨b⟩ is a quasi-tree but is not fine, since

for every n ≥ 1 there is a simple loop {id→ a, a→ abn, abn → bn, bn → id} of length 6.

i0

i1

id

a

bn

abn

Figure 2.10: A quasi-tree which is not fine

It is important to note that the requirement that such loops are simple is necessary.

For instance, taking the coned-off graph of the Cayley graph of Z ≅ ⟨a⟩ with respect

to itself is fine, but the collection of loops

0→ 1,1→ i, i→ n,n→ n + 1, n + 1→ i, i→ 0

all have length 6.

0 1 n n + 1

i

Figure 2.11: A coned-off copy of Z
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We now have all the terminology necessary to introduce the first definition of relative

hyperbolicity for groups.

Definition 2.1.24. Relatively hyperbolic groups [Bow12]

A pair (G,{H1, . . . ,Hn}) is relatively hyperbolic, and G is called a relatively hyper-

bolic group, if G is a finitely generated group, each Hi is a subgroup of G and the

coned-off graph Ĝ of a Cayley graph of G with respect to the collection of all Hi cosets

in G is hyperbolic and fine.

With this definition it is easy to see that any hyperbolic group is hyperbolic relative

to the trivial subgroup. Z2 is not hyperbolic relative to Z as mentioned previously:

although the coned-off graph is a quasi-tree, and hence hyperbolic, it is not fine.

Example 2.1.25. Free products

In this example we prove that a free product of finitely generated groups G = A ∗B
is hyperbolic relative to {A,B} in the sense of Definition 2.1.24.

We equip G with a finite generating set SA⊔SB, where SA and SB are finite generating

sets of A and B respectively. The coned-off graph Ĝ of G is a quasi-tree - bottleneck

constant ∆ = 1 in Theorem 2.1.14 will suffice - so it just remains to prove Ĝ is fine.

Fix some n ∈ N and let e be any edge in Ĝ. We show there are only finitely many

simple loops in Ĝ of length n containing e.

Firstly, we assume both end vertices of e, labelled x and y, lie in G. If x and y do not

lie in a common coset of A or B in G then there are no simple loops in Ĝ containing

e. As every simple loop in G is contained in a piece, any simple loop containing e only

meets the coset, gA say, containing e and its cone-point vgA. A simple loop P meets

vgA at most once so if we write BG
n (x) := {zz′ ∈ E(G) ∣ d(z, x), d(z′, x) ≤ n − 2}, we

see that

P ⊆ BG
n (x) ∪ {vgAz ∣ z ∈ BG

n (x)}

and hence there are only finitely many possible choices of P , as A and B have Cayley

graphs with bounded geometry. The case where e = vgAz for some coset gA can be

handled in a similar manner.
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vgA

e

gA

Figure 2.12: Simple loops in Ĝ containing e

When introducing hyperbolicity (Definition 2.1.15), we first presented a metric def-

inition and then applied it to Cayley graphs of groups. The analogous approach

for relatively hyperbolic groups is given by the notion of asymptotically tree-graded

spaces. One of the major conditions is to ensure that any non-hyperbolic behaviour

(like ‘fat’ triangles) is contained in the collection of pieces in some way.

Definition 2.1.26. Asymptotically tree-graded spaces [DS05]

Let (X,d) be a geodesic metric space and let A = {Ai ∣ i ∈ I } be a collection of subsets

of X. We say X is asymptotically tree-graded with respect to A if and only if the

following three conditions are satisfied.

(i) For every δ > 0 the diameters of the intersections of δ-neighbourhoods Nδ(Ai) ∩
Nδ(Aj) are uniformly bounded for all i, j ∈ I with i ≠ j.

(ii) For every θ ∈ [0, 1
2
) there exists some constant M = M(θ) > 0 such that for

every geodesic q of length l and every A ∈ A with q(0), q(l) ∈ Nθl(A) we have

q([0, l]) ∩NM(A) ≠ ∅.

(iii) For every k ≥ 2 there exists a constant χ > 0 such that every ‘sufficiently fat’

k-gon P in X with geodesic edges satisfies P ⊂ Nχ(A) for some A ∈ A.

We will not give the full definition of a fat polygon here, the intuition is that it should

be the negation of the slim triangle property (cf. Definition 2.1.15) and its natural

extension to polygons. In what follows we will use the terminologies “asymptotically

tree-graded space” and “relatively hyperbolic space” synonymously, where by either

we are referring to a space satisfying Definition 2.1.26. The main result concerning

such spaces is the following:

Theorem 2.1.27. [DS05, Theorem 8.5 and Appendix A]

A finitely generated group G is asymptotically tree-graded with respect to the set of

cosets of subgroups {gHi ∣ g ∈ G, i = 1, . . . ,m} if and only if G is hyperbolic relative

to {H1, . . . ,Hm} in the sense of Definition 2.1.24 and each Hi is finitely generated.
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As we have already seen, the class of relatively hyperbolic groups includes hyperbolic

groups, and a small extension to Example 2.1.25 proves that amalgamated products

A ∗C B and HNN-extensions HNN(A,C, θ) over finite subgroups are hyperbolic rela-

tive to {A,B} and {A} respectively.

The full class of relatively hyperbolic groups is much richer than this.

Example 2.1.28. More relatively hyperbolic groups

(i) A finitely generated group G is said to be fully residually free, if given any finite

set F ⊂ G ∖ {idG} there is a surjection φF from G onto a free group F, which is

injective on F and idF /∈ φF (F ). Such groups are also called limit groups.

For each n, Zn is fully residually free, so these groups are not hyperbolic in

general, however, they are hyperbolic relative to a finite collection of maximal

free abelian subgroups [Dah03a, Ali05].

These groups are key objects in the solution of the Tarski conjecture [Sel01,

KM10].

(ii) A Kleinian group - a discrete subgroup of PSL(2,C) ≅ Isom(H3) - is geometri-

cally finite if it admits a fundamental polyhedron (in hyperbolic 3-space) with

finitely many sides. The origins of this definition stem from Greenberg, who

proved that this is not an automatic consequence of being a finitely generated

subgroup of PSL(2,C) [Gre66].

Geometrically finite Kleinian groups are hyperbolic relative to their maximal

parabolic (in the sense of linear groups) subgroups. This was a key motivation

for the original definition of relative hyperbolicity.

(iii) Fundamental groups of non-geometric closed 3-manifolds with at least one hy-

perbolic component are hyperbolic relative to the fundamental groups of a finite

collection of graph manifolds, tori and Klein bottles [Dah03a]. This will be dis-

cussed in greater detail in Section 2.1.9.

We now move on to the other key collection of groups considered in this thesis,

mapping class groups.
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2.1.7 Surfaces and mapping class groups

Before progressing to the definition of mapping class groups we recall the classification

of oriented compact surfaces. Although this was known by both Jordan and Möbius,

the first rigorous proof was given by Brahana, building on earlier work of Von Dyck

and Dehn-Heegard.

Theorem 2.1.29. Classification of surfaces [Bra21]

Let S be a compact orientable 2-manifold, then there exist unique integers g, n ≥ 0

such that S is homeomorphic to

Sg,n := (S1 × S1)# . . .#(S1 × S1)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

g copies

∖
n

⊔
i=1

Di

where # denotes the connect sum and {Di ∣ i = 1, . . . , n} is a disjoint collection of

open 2-discs.

⋯ ⋯

Figure 2.13: The surface Sg,n

With the classification theorem, we can now define the Euler characteristic of a surface

S as χ(S) := 2g + n − 2 and the complexity of S as ζ(S) := 3g + n − 4. In what follows

we will just identify a surface with its unique homeomorphism class representative

Sg,n.

There are many possible choices of metrics which can be given to the surface Sg,n.

We now give a construction of a very particular metric which is useful in Chapter 3.

Proposition 2.1.30. Let S be a compact (but not closed) surface with ζ(S) ≥ −1

and boundary components ∂1, ∂2, . . . , ∂n, equipped with a Riemannian metric. There

exists a biLipschitz equivalent metric d′ such that the lengths of boundary components

are maintained and there is a metric retraction from the universal cover of (S, d′) to

a tree T which is an isometry when restricted to any boundary component and such

that the distance between each point and its retraction is at most 1.
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The restriction on complexity is necessary as it is clear this cannot possibly hold

for any S homeomorphic to S0,2 for which the boundary components are of different

lengths. The insistence on there being a boundary component ensures that π1(S) is

free. Without loss of generality we will assume that the boundary components are

ordered so that the length are non-decreasing, so ∣∂1∣ ≤ ∣∂2∣ ≤ ⋅ ⋅ ⋅ ≤ ∣∂n∣.

We first deal with the easier case of positive genus.

Proof of Proposition 2.1.30 in positive genus cases

We start by considering genus 1. Take a rectangle R of height h = ∣∂1∣ /4 and length

l = 1
2 (∑n

i=1 ∣∂i∣ − 2nh) > 0 and divide it into n rectangles Ri of height h and length

li = 1
2 (∣∂i∣ − 2h), so Ri has perimeter ∣∂i∣.

For each i we let Di be a closed disc contained in the interior of Ri and give each

Ri ∖ (Di)o the metric coming from a cylinder of length 1 and boundary perimeter

∣∂i∣. We then identify the edges of R in the usual way to obtain the required metric

surface

S = R ∖
n

⊔
i=1

(Di)o / ∼ .

We set Γ to be image of the union of the boundaries of the Ri in S. This is a metric

graph.

This is illustrated by Figure 2.14 below in the specific case of two boundary compo-

nents.

∂1

∂2

∂1

∂2

Figure 2.14: A metric surface of genus 1 with 2 boundary components

This process yields an oriented manifold S of genus 1 with n boundary components

and an embedded graph Γ.

We now extend to genus g ≥ 2, dealing initially with the case of 1 boundary com-

ponent. Take a regular 4g-gon P of circumference ∣∂1∣ and let D be a closed disc

contained in the interior of P . We give P ∖Do the metric of a cylinder of length 1
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and boundary perimeter ∣∂1∣.

Identifying the edges of P ∖Do in the usual way, we obtain a metric surface (S, d′)
of genus g with one boundary component. We set Γ to be the image of the boundary

of P in S. In this case, Γ is a metric rose, with 2g edges of length ∣∂1∣ /4g.

The case of genus 2 is pictured below in Figure 2.15.

∂1 ∂1

Figure 2.15: Metric surfaces of positive genus with 1 boundary component

The final case of positive genus (g, n ≥ 2) is a union of the above two. Start with a

regular 4g − 2-gon P1 of perimeter ∣∂1∣ with one marked edge e (of length ∣e∣) and a

rectangle R of height h = ∣e∣ and length l = 1
2 (∑n

i=2 ∣∂i∣ − 2(n − 1)h), identifying one

edge of P1 with one of the appropriate length in R, to obtain a 4g-gon P . We divide

R into (n − 1) rectangles Pi of height h and length 1
2 (∣∂i∣ − 2h).

Let D1, . . . ,Dn be closed discs contained in the interiors of P1, P2, . . . , Pn respectively.

Each region Pi ∖ (Di)o is given the metric of a cylinder of height 1 and boundary

perimeter ∣∂i∣. We then identify the edges of P ∖⊔ni=1(Di)o in the usual way - ensuring

the edges of R of length l are identified - to obtain a metric surface (S, d′) of genus

g with n boundary components.

We set Γ to be the image of the union of the boundaries of the Pi in S. Γ is a metric

graph with 2g + (n − 1) edges.

We must now prove that this new metric, d′, on S is biLipschitz equivalent to a

Riemannian metric d. Since S (equipped with either metric) is compact it suffices to

prove that (S, d′) is locally biLipschitz equivalent to open balls in R2. This is obvious

except at a single point where we have cone-angle kπ, for some k ≥ 3. Neighbourhoods

of such points are shown in Figure 2.1.7.
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πcπc πc

Figure 2.16: Small open neighbourhoods Dkπ of points with cone angle kπ, k ≥ 2

It remains to prove that such neighbourhoods are locally biLipschitz to the open unit

disc (D,d) in R2. As a set one can identify Dkπ with {reiθ ∣ 0 ≤ r ≤ 1, θ ∈ [0, kπ)}.

We prove that the map

ψk ∶ (D,d) → (Dkπ, d
′) given by ψk(reiθ) = rei

k
2
θ

is biLipschitz.

Lemma 2.1.31. The map ψk is biLipschitz.

Proof: It is clear that ψk does not decrease distances. By homogeneity it suffices

to prove an upper bound for the images of pairs of points r = ri0 and (r′)iθ where

r′ ≥ r and θ ∈ [0, π].

If r′ ≥ 3
2r, then d(r, reiθ) ≥ r′ − r ≥ r′/3 while d′(r, rei k2 θ) ≤ r + r′ ≤ 2r′, hence

d′(r, rei k2 θ) ≤ 6d(r, reiθ).

Now suppose r′ ∈ [r,3r/2] and θ ∈ [2π/k, π]. This implies that kθ/2 ≥ π, and therefore

d′(r, r′ei k2 θ) = r + r′ ≤ 5r/2.

Moreover, d(r, r′eiθ) ≥ d(r, reiθ) which is equal to 2rsin(θ/2). Combining these we see

that

d′(r, r′ei k2 θ) ≤ 5

4sin(π/k)d(r, r
′eiθ).

Finally, suppose r′ ∈ [r,3r/2] and θ ∈ [0,2π/k]. Then d′(r, r′ei k2 θ) ≤ d′(r′, r′ei k2 θ) =
2r′sin(θ/2). As above, d(r, r′eiθ) ≥ 2rsin(θ/2). Within the range θ ∈ [0,2π/k],

k

2π
sin(2π/k)θ ≤ sin(θ) ≤ θ.

Combining these gives

d′(r, r′ei k2 θ) ≤ 3k

π
sin(2π/k)d(r, r′eiθ).
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In the universal cover, Γ lifts to a tree T and the extension of the map which collapses

all cylinders to circles defines a metric retraction of S̃ onto T which is isometric when

restricted to any boundary component, completing the positive genus case.

We now move to the genus 0 case. This requires a different approach. We construct

an n-holed sphere S from n metric cylinders Ci = S1×[0,1] of height 1 and boundary

circumferences ∣∂i∣. We identify each S1×{1} with the boundary component ∂i. Each

S1 × {0} is glued to the boundary of a face in a planar metric graph Γ such that the

union of these cylinders is homeomorphic to S. We then prove the new metric is

biLipschitz equivalent to the original metric.

Lemma 2.1.32. Let n ≥ 3 and let r1, r2, . . . , rn be a collection of positive real num-

bers with r1 ≤ r2 ≤ ⋅ ⋅ ⋅ ≤ rn. There exists a metric planar graph Γ with the following

properties:

• There are n−1 internal faces F1, . . . Fn−1 in Γ whose boundaries ∂Fi have length

ri.

• The external boundary of Γ has length rn.

Proof: We proceed by induction on n. In the case n = 3 the figure below deals

with the situations r2 ≤ r3 < r1 + r2, r3 = r1 + r2 and r3 > r1 + r2 respectively.

(i)

F1 F2

(ii)

F1 F2

(iii)

F1 F2

Figure 2.17: Three metric planar graphs with two interior faces

The thick lines in the first and third pictures have length 1
2 ∣r3 − (r1 + r2)∣.

Now we attack the general case. Let r1, r2, . . . , rn be a collection of positive real

numbers satisfying the above hypotheses and let Γ′ be a metric graph satisfying the

conclusion for the sequence r2, r3, . . . , rn. To obtain Γ we simply choose an arc α on

the external boundary of Γ′ of length r1/2 and connect an additional edge β of length

r1/2 ≤ rn with the same endpoints as α in the external face of Γ′.

Proof of Proposition 2.1.30 for genus 0 surfaces

Consider a genus 0 surface with n ≥ 3 boundary components ∂i of lengths ∣∂1∣ ≤ ∣∂2∣ ≤
⋅ ⋅ ⋅ ≤ ∣∂n∣.
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Let Γ be a graph obtained from Lemma 2.1.32 with ri = ∣∂i∣ for each i. To each

internal face Fi we glue one end of a metric cylinder of height 1 and circumference

∣∂i∣, and we glue a metric cylinder of height 1 and circumference ∣∂n∣ to the external

boundary. The resulting space S is homeomorphic to the surface S0,n presented in

Figure 2.13. To see this, notice that S is homeomorphic to a thickening of Γ in the

plane.

Γ

Figure 2.18: A metric surface of genus 0

With respect to the new metric d′, S is a compact surface which, by Lemma 2.1.31,

is locally biLipschitz equivalent to R2.

To complete the proof of Proposition 2.1.30, we notice that in the universal cover,

as in the positive genus case, Γ lifts to a tree T and the extension of the map which

collapses all cylinders onto cycles in Γ defines a metric retraction of S̃ onto T which

is isometric when restricted to any boundary component.

Definition 2.1.33. Mapping class groups of surfaces

Let S = Sg,n be a surface. The mapping class group of S, MCG(S) is the quotient of

the group of orientation-preserving diffeomorphisms of S which fix each component

of the boundary ∂S by the normal subgroup of all such diffeomorphisms which are

isotopic to the identity map.

MCG(S) := Diff+(S, ∂S)/Diff+0(S, ∂S).

The highly non-trivial Dehn-Lickorish Theorem states that such groups are finitely

generated by a collection of Dehn twists around a finite collection of curves [Lic64].

Any curve γ on a surface admits a neighbourhood homeomorphic to the product

S1×[−1,1] where γ is identified with S1×{0}. The Dehn twist around γ is defined as

the following diffeomorphism on S1 × [−1,1] extended smoothly to S by the identity:

Dγ(θ, y) = (θ + yπ, y), where θ ∈ R/2πZ and y ∈ [1−,1].
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γ Dγ
γ

Figure 2.19: Applying a Dehn twist Dγ about the curve γ

Elements of the mapping class group are characterised by the following classification.

Theorem 2.1.34. Nielsen–Thurston classification [Thu88]

Let [g] ∈ MCG(S), there is a map f ∈ [g] such that at least one of the following

holds:

(i) f is periodic,

(ii) f is reducible, i.e. it preserves some finite union of disjoint simple closed curves

on S,

(iii) f is a pseudo-Anosov; there exists a transverse pair of measured foliations on

S, Fs and Fu, and a real number λ > 1 such that the foliations are preserved (up

to Whitehead equivalence) by f and their transverse measures are multiplied by

1/λ and λ respectively.

The results we obtain for relatively hyperbolic groups will not pass to mapping class

groups immediately by the following theorem.

Theorem 2.1.35. [BDM09]

Let S be a surface with positive complexity. The mapping class group of S is not

relatively hyperbolic with respect to any collection of infinite index subgroups.

By contrast, surfaces with non-positive complexity have virtually free mapping class

groups, (cf. [Beh04]). Mapping class groups are often studied through their actions

on curve complexes.

Definition 2.1.36. Curve complexes

Let S = Sg,n. A simple curve γ on S is the image of any smooth embedding of S1 into

S. γ is said to be essential if it does not bound a disc in S and non-peripheral if it

is not isotopic to a boundary component of S.
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The minimal intersection number of a surface S, ι(S) is defined to be

ι(S) := min{∣γ ∩ γ′∣ ∣ γ, γ′ essential, non-peripheral, non-isotopic, simple curves} .

The curve complex of S, C(S) is the simplicial complex whose vertex set is the set

of isotopy classes of essential, non-peripheral curves on S where a finite set of such

classes of curves {[γ1], [γ2], . . . , [γn]} spans a simplex if and only if, for each i ≠ j
there are representatives

γ′i ∈ [γi] and γ′j ∈ [γj] such that ∣γ′i ∩ γ′j ∣ = ι(S).

The curve complex is flag, that is, whenever the 1-skeleton of an n-simplex lies in

C(S), so does the entire n-simplex.

We begin by looking at low complexity cases. When g = 0 and n ≤ 3 the curve complex

is empty, while the curve complexes of S1,0, S1,1 and S0,4 are all isomorphic to the

Farey graph (cf. Example 2.1.13 and Figure 2.4). Here ι(S1,0) = ι(S1,1) = 1, while

ι(S0,4) = 2. In all situations of positive complexity ι(S) = 0, so simplexes correspond

to collections of disjointly realisable curves.

In general, curve complexes are not locally finite, as the following example shows.

α γ

β

Figure 2.20: Neighbours of [α] in C(S2,0)

For each n ∈ N, Dn
γ (β) and α are disjoint, so are at distance 1 in C(S). It remains to

see that Dn
γ (β) is isotopic to Dm

γ (β) if and only if m = n. This is done by checking

that the minimal intersection number of the isotopy classes Dm
γ (β) and Dn

γ (β) is

∣m − n∣.

We require two key theorems concerning curve complexes, the Masur-Minsky Theo-

rem and the existence of a collection of tight geodesics.

Theorem 2.1.37. The Masur-Minsky Theorem [MM99]

Let S be a surface. C(S) is Gromov hyperbolic.

A very recent proof of this theorem gives an upper bound of 17 on the hyperbolicity

constant of the curve complex, independent of S [HPW13].
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Theorem 2.1.38. Tight geodesics [MM00, Bow08]

For every pair of vertices x, y ∈ C(S) there exists a finite non-empty set of tight

geodesics [[x, y]]T such that for each k0 sufficiently large the following properties hold:

(i) There is some K0 depending only on ζ(S) such that if a, b ∈ C(S) and c ∈
T (a, b) := ⋃

g∈[[x,y]]T

g, then

∣T (a, b) ∩B(c;k0)∣ ≤K0.

(ii) There are constants k1 and K1, which depend only on ζ(S) such that if a, b ∈
C(S), r ∈ N and c ∈ T (a, b) with d(c,{a, b}) ≥ r + k1, then

T (a, b; r) := ⋃
d(x,a),d(y,b)≤r

T (x, y),

contains at most K1 elements of B(c;k0).

Any hyperbolic space satisfying Theorem 2.1.38 will be said to have Bowditch’s tight

geodesic property. In particular, coned-off graphs of relatively hyperbolic groups have

this property, but it is not true in general for fine hyperbolic graphs [Bow08].

The hyperbolicity of C(S) is sufficient to ensure that for sufficiently large k0, every

geodesic in [[a, b]]T meets B(c;k0) under the hypotheses of Theorem 2.1.38. This

theorem is therefore a strong local finiteness property for these tight geodesics, which

holds automatically in the case of hyperbolic groups. We will exploit this facet of

curve complexes to construct good embeddings into `p spaces in section 4.6.

Another important notion is that of subsurface projections, before we can approach

this however, we will need to introduce the arc complex.

Definition 2.1.39. Arc and curve complex

Let S be a surface. An arc α is the image of any smooth embedding α ∶ [0,1] → S such

that boundaries are mapped to boundaries, i.e. α−1(∂S) = {0,1}. α is non-peripheral

if it is not isotopic (relative to its boundary) to a subarc of a boundary component of

S.

The arc and curve complex of S, AC(S), is the simplicial complex with vertex set

given by isotopy classes of non-peripheral arcs and essential, non-peripheral curves,

where a finite set of arcs and curves spans a simplex if they admit representatives

with minimal possible number of crossings in S.
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Importantly, the 1-skeleton of the arc and curve complex, often known as the curve

graph is hyperbolic and admits a collection of tight geodesics [MM00, Bow08].

Now we move on to projections onto subsurfaces, this notion, originally defined by

Masur-Minsky inspires the definition of projection complexes which will appear in

Section 2.1.8 [MM00].

Definition 2.1.40. Subsurface projections

Suppose that X is an essential non-simple subsurface of S, so π1(X) is non-trivial

and injects into π1(S). Let [α] ∈ AC(S) and choose an isotopy representative γ ∈ [α]
such that ∣γ ∩ ∂X ∣ is minimised.

We define the subsurface projection πX which maps elements of AC(S) to subsets of

AC(X) according to the following trichotomy.

• If γ ∈X we define πX([α]) = {[α]}.

• If γ ∩X = ∅, we define πX([α]) = ∅.

• Now suppose γ ∩ ∂X ≠ ∅. Define Xγ to be the set of all connected components

of γ contained in X. For each γ′ ∈ Xγ set Nγ′ to be a closed neighbourhood of

γ′ ∪ ∂X in S.

πX([α]) is the set of all isotopy classes in AC(X) with a representative γ′ ∈Xγ

(to find arcs), or coming from a component of ∂(Nγ′) for some γ′ ∈Xγ (to find

curves).

The projection of one essential non-simple subsurface Y onto another X, is given by

πX(Y ) := ⋃
[α]∈∂Y

πX([α]) ⊆ AC(S).

The remarkable feature of this definition, is that despite there being many cases where

πX(Y ) is infinite, it always has bounded diameter in AC(S). A stronger statement is

true in restricted situations and this will be crucial in the set-up of Section 2.1.8.

2.1.8 Quasi-trees of spaces

There are many possible definitions of a quasi-tree of spaces, perhaps as a space

quasi-isometric to a tree-graded space; as a relatively hyperbolic graph whose coned-

off graph is a quasi-tree; or we may just consider a simplicial graph which admits a

coned-off graph which is a quasi-tree.
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The first of these we will call a quasi tree-graded space in analogy with Definition

2.1.12. We have seen in Figures 2.10 and 2.11 that the second and third of these

definitions lead to vastly different collections of spaces.

The connection between the first two suggestions is explored more fully in Section

5.2.3.

In their recent paper Bestvina-Bromberg-Fujiwara introduce the following list of ax-

ioms from which they define a projection complex.

Let Y be a set and suppose that for every Y ∈ Y we have a function

dY ∶ (Y ∖ {Y })2 → [0,∞)

such that the following conditions are satisfied:

(i) for all Y ∈ Y and all X,Z ∈ Y ∖ {Y }, dY (X,Z) = dY (Z,X),

(ii) for all Y ∈ Y and all W,X,Z ∈ Y ∖ {Y }, dY (X,W ) ≤ dY (X,Z) + dY (Z,W ),

(iii) there exists a positive constant η such that for any three distinct elements

X,Y,Z ∈ Y at most one of dX(Y,Z), dY (X,Z), dZ(X,Y ) is greater than η,

(iv) there exists some K0 such that for any X,Z ∈ Y,

∣{Y ∈ Y ∖ {X,Z} ∣ dY (X,Z) >K0}∣ < ∞.

The example which is of most interest here is that of projections on subspaces. Given

a metric space M and a collection of subspaces of M

{C(Y ) ∣ Y ∈ Y} ,

and notions of projection between spaces C(Y ), πY which, on input X ∈ Y ∖ {Y },

outputs a subset πY (X) ⊆M , such that the function

dY (X,Z) := diam(πY (X) ∪ πY (Z))

satisfies the axioms (i)-(iv) above.

We now give two examples of collections of spaces satisfying the above axioms with

respect to projections.

Example 2.1.41. Curve complexes
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Let S be a surface, and let Y be a collection of isotopic subsurfaces which pairwise

intersect (considered up to equivalence by maps in Diff+0(S)) and let C(Y ) be the

curve complex of Y . Projections between such subsurfaces are defined as in Definition

2.1.40.

Example 2.1.42. Relatively hyperbolic groups

Let (G,{Hi}) be a relatively hyperbolic group. Define Y to be the set of all Hi cosets

in G. The projection πY (X) is defined as a closest point projection of the coset C(X)
onto C(Y ). This does not - in general - determine a unique point on the Cayley graph,

but a set of uniformly bounded diameter.

This is a consequence of the coned-off graph being fine in Definition 2.1.24, or of

condition (i) in Definition 2.1.26.

Definition 2.1.43. Projection complex

Given projections {dY ∣ Y ∈ Y} satisfying axioms (i) − (iv) above and a constant

K > 0 we define the projection complex PK(Y) to be the simplicial graph (Y,E),

where two elements X,Y ∈ Y span an edge if and only if

dY (X,Z) <K for all Y ∈ Y ∖ {X,Z} .

It is not at all obvious from the construction, but there is some K ′ > 0 such that

for all K ≥ K ′ the graph PK(Y) is connected, and moreover, it is a quasi-tree with

bottleneck constant independent of K [BBF10, Lemma 2.4 and Theorem D].

To do this, it is shown that given X,Z ∈ Y ∖ {Y }, with X ≠ Z, the sets

YK(X,Z) := {Y ∈ Y ∣ dY (X,Z) ≥K } ,

which are certainly finite, in view of axiom (iv) above, come with a natural order

{X,Y1, . . . , Yn, Z} which defines a path in PK(Y) between X and Z.

Notice that every PK(Y) contains PK0(Y) as a subgraph and for each X and Z,

YK(X,Z) ⊆ YK0(X,Z).

Moreover, such paths are minimal in the sense that given any other path P from X

to Z in PK(Y), and any Yi ∈ YK(X,Z),

distP(Y)(Yi, P ) ≤ 2,

where distP(Y) is the shortest path metric on PK0(Y), for some fixed, but suitably

large K0.
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Whenever a projection complex is defined as a collection of subspaces with notions of

projection satisfying axioms (i)-(iv), we can “blow up” vertices of PK(Y) to obtain

a quasi-tree of spaces C(Y) in the following way.

Definition 2.1.44. Quasi-trees of spaces

Given a fixed constant L ≥ K, CL(Y) is built from the disjoint union of the spaces

{C(Y ) ∣ Y ∈ Y}, where for every edge XZ ∈ E, we add an edge of length L from

every vertex in πX(Z) ∈ C(X) to every vertex in πZ(X) ∈ C(Z).

If L is sufficiently large in comparison to K, then each C(Y ) is totally geodesically

embedded in CL(Y). In what follows, we will assume that this is the case and drop

the L from the notation.

A space C(Y), constructed in this way (with suitably large choices of K and L) is

called a quasi-tree of spaces {C(Y ) ∣ Y ∈ Y}, in the terminology of [BBF10].

The importance of such spaces in the geometric understanding of mapping class

groups is underlined by the following result.

Theorem 2.1.45. [BBF10, Theorem B]

Let S be a compact orientable surface. There exist a finite number of collections of

subsurfaces of S, Y1, Y2, . . . ,Yn and an equivariant quasi-isometric embedding

φ ∶ MCG(S) ↪
n

∏
i=1

C(Yi),

where each C(Yi) is a quasi-tree of curve complexes of isotopic subsurfaces C(Y ) with

projections given by Definition 2.1.40.

The proof that there is a coarse embedding of the above form is a major part of

[BBF10]. This extension is given using the Masur-Minsky formula for word length in

the mapping class group.

Theorem 2.1.46. The Masur-Minsky formula [MM00]

Let g ∈ MCG(S) then for all sufficiently large M ,

l(g) ≍ ∑
Y ⊆S

{{dY (α, g(α)}}M

where the sum is taken over the set of all subsurfaces Y of S, and

{{x}}M = { x if x >M
0 otherwise.
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The authors remark that this extension may be of independent interest, this additional

restriction is necessary for the results we prove.

The study of such spaces in motivated by obtaining consequences for the geometry

of the mapping class group. In particular, it inspires study of quasi-trees of spaces

with curve complex pieces, which are hyperbolic and of finite asymptotic dimension

[BBF10].

A more general study of these spaces is required in light of the following result.

Theorem 2.1.47. [MS12, Theorem 4.1]

Let G be a finitely generated group which is hyperbolic relative to a collection of

subgroups {H1, . . . ,Hn}. Then there is a quasi-isometric embedding

φ ∶ G→ C(H) × Ĝ,

where Ĝ is the coned-off graph of G and C(H) is a quasi-tree of spaces {C(H)} which

are Cayley graphs of Hi-cosets in G.

In this situation, the quasi-tree of spaces is almost never hyperbolic. A geometrically

more enlightening feature is given by the following lemma [BBF10]:

Lemma 2.1.48. Let C(Y) be a quasi-tree of spaces {C(Y ) ∣ Y ∈ Y}. If there exists

some ∆ > 0 such that every C(Y ) is a quasi-tree with bottleneck constant ∆, then

C(Y) is also a quasi-tree.

The results of chapter 5 are principally inspired by this lemma. In that chapter we

prove that given any quasi-tree of spaces C(Y), we may construct a quasi-isometric

tree-graded space T (Y) with pieces {C(Y ) ∣ Y ∈ Y}. This places the definition of

Bestvina-Bromberg-Fujiwara as being at least as restrictive as any suggestion made

at the start of the section.

2.1.9 3-manifolds and the Geometrisation Theorem

The study of 3-manifolds up to homotopy is a major area in topology, which has re-

cently seen many long-standing conjectures resolved. We concentrate in this section

on a classification (to some extent) of fundamental groups of compact 3-manifolds.

This requires the Thurston-Perelman Geometrisation Theorem and Dahmani’s com-

bination theorem in essential ways. Before embarking on this, we introduce Seifert

fibre surfaces - first introduced in [Sei33] - via fibred solid tori.
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Definition 2.1.49. Fibred solid torus

Let (a, b) be a pair of coprime integers with a > b ≥ 0. Denote by D the closed unit

disc in the complex plane C and define

ψa,b ∶D →D by ψa,b(z) = ze2πi(b/a).

The fibred solid torus Ta,b of type (a, b) is the quotient of the product space D × [0,1]
by the relation (z,0) ∼ (ψa,b(z),1).

This is called a fibred solid torus because it admits a decomposition into a disjoint

union of circles Oψ(z) × I where Oψ(z) is the orbit of z under the action of the finite

cyclic group ⟨ψa,b⟩ on D. These circles are called fibres.

Definition 2.1.50. Seifert fibre space

An orientable compact 3-manifold M is a Seifert fibre space if it is can be written as

a disjoint union of circles (called fibres) such that each fibre S has a closed neighbour-

hood T which is itself a union of fibres and admits a fibre-preserving homeomorphism

to a standard fibred torus.

The set of fibres B of a Seifert fibre space M can be viewed with an orbifold structure

in such a way that the universal cover of M decomposes as a product

M̃ = B̃ ×R.

We continue with the definition of graph manifolds.

Definition 2.1.51. (Non-geometric) Graph manifolds

An orientable 3-manifold M is a graph manifold if it admits a decomposition into

Seifert fibre spaces when cut along essential (π1-injective) embedded tori. A graph

manifold is non-geometric if it is not a Seifert fibre space, that is, any decomposition

must be non-trivial.

In particular, a graph manifold is a Seifert fibre space or it decomposes into a collection

of Seifert fibre spaces with boundary. As such, it has a graph of groups decomposition,

so comes equipped with a Bass-Serre tree which encodes the way the component

surfaces are attached. This is exploited in Chapter 3.

Lemma 2.1.52. Let M be a non-geometric graph manifold with Bass-Serre tree

T = (V (T ),E(T )). The universal cover of M is obtained by gluing a collection of

metric spaces {Xv = Fv ×R ∣ v ∈ V (T )} along embedded copies of R2. Moreover, each

Fv is a quasi-tree.
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Each Fv is the universal cover of an orbifold Bv as mentioned above. Full details of

this can be obtained from, for example [BN08].

We are interested in graph manifolds where copies of Xv are glued in the following

way.

Definition 2.1.53. Flip graph manifolds

Let M be a non-geometric graph manifold M and let T = (V (T ),E(T )) be the Bass-

Serre tree corresponding to a decomposition of M into Seifert fibre spaces.

M is called a flip graph manifold if for every vv′ ∈ E(T ) there exist parametrisations

γv ∶ R→ Fv, γv′ ∶ R→ Fv′ of boundary components of Fv, Fv′ so that (γv(t), u) ∈ Fv ×R
is identified with (γv′(u), t) ∈ Fv′ ×R for each t, u ∈ R.

Flip graph manifolds are in some ways representative of the entire collection via the

following result [KL98].

Theorem 2.1.54. Let M be a non-geometric graph manifold, equipped with a Rie-

mannian metric. There exists a non-geometric flip graph manifold N and a Rieman-

nian metric on N such that M̃ is quasi-isometric to Ñ .

Using Proposition 2.1.30 we ensure that, up to biLipschitz equivalence, Fv admits a

metric retraction onto a tree Tv

rv ∶ Fv → Tv such that for each x ∈ Fv, dFv(x, rv(x)) ≤ 1.

In addition, each rv is an isometry when restricted to any boundary component of Fv.

It is important to note that applying this proposition metrically preserves boundary

components, so preserves the flip structure.

Finally in this section we give a description of the class of fundamental groups of

compact 3-manifolds, which uses the Thurston-Perelman Geometrisation Theorem

and a Combination Theorem of Dahmani.

Theorem 2.1.55. Let M be a compact 3-manifold. π1(M) can be expressed as a

free product of

(i) virtually polycyclic groups,

(ii) fundamental groups of graph manifolds,

(iii) groups hyperbolic relative to a collection of the above groups.
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Taking a prime decomposition of M equates, at the level of fundamental groups,

to taking free factors by Van Kampen’s Theorem. The result then follows from

the Geometrisation Theorem [Thu82, Per02, Per03a, Per03b, CZ06a, CZ06b, KL08,

MT07, MT08] and the Combination Theorem [Dah03a].

Much more detailed and specific versions of this theorem hold, see for instance [MS12],

but this is more than sufficient for our purposes.

Now that we have introduced the spaces and groups we wish to study, we move onto

a section which motivates the study of metric embeddings and dimension controls.

2.2 The Borel Conjecture and related questions

The Borel conjecture and various related questions have done much to motivate the

study of embeddings and notions of dimension for finitely generated groups. We will

present a few of these questions and explain how they can be approached in many

cases through techniques of geometric group theory. This will inspire the following

two sections on coarse embeddings and large-scale dimension. The Borel conjecture

itself focuses on rigidity results, so we start with the definition of a rigid manifold.

Definition 2.2.1. Topologically rigid manifolds

A closed manifold M is said to be topologically rigid if given any closed manifold N

such that M is homotopy equivalent to N , then M and N are homeomorphic.

It is, in general, very difficult to prove that even the simplest manifolds are topologi-

cally rigid, for instance the rigidity of the sphere Sn is equivalent to the Generalised

Poincaré Conjecture. To find an example of a non-rigid manifold we consider Lens

spaces,

L(p, q) := S3/ ∼p,q,

where (z1, z2) ∼p,q (z3, z4) for two elements (z1, z2), (z3, z4) ∈ S3 ⊂ C2 if they have the

same image under the map hp,q defined as

hp,q(z, z′) := (exp(2πi

p
) z, exp(2πiq

p
) z′) .

The Lens spaces L(7,1) and L(7,2) are homotopy equivalent but not homeomorphic,

so obviously neither is a rigid manifold. Notice that both these manifolds have S3 as

a universal cover, and both have finite fundamental group Z/7Z.
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Such situations are avoided by restricting to aspherical manifolds, those whose uni-

versal covers are contractible. The Borel conjecture states that this is a sufficient

restriction for closed manifolds.

Conjecture 2.2.2. The Borel Conjecture

All aspherical closed manifolds are topologically rigid.

The origins of the conjecture, as formulated in letters between Borel and Serre are

explained in a text by Ranicki [Ran09].

There are now many variants of this conjecture, based on finding homotopy invariants

of manifolds and developing links with K and L-theory, the first of these we present is

the stable Borel conjecture. More information on the Borel Conjecture can be found

in [Far02].

Conjecture 2.2.3. The stable Borel Conjecture

Let M and N be homotopy equivalent aspherical closed manifold. There exists some

n such that M ×Rn and N ×Rn are homeomorphic.

Any closed manifold M which satisfies the conclusion of the stable Borel conjecture

is said to be stably rigid. It is clear that the stable Borel Conjecture is implied by the

original.

The first powerful link with geometric group theory is given by the following theorem.

Theorem 2.2.4. [GTY12] Let M be an aspherical closed manifold whose funda-

mental group has finite decomposition complexity. Then M is stably rigid. Moreover,

in almost all cases it is sufficient to set n = 3.

We will formally introduce the notion of finite decomposition complexity later (cf.

Definition 2.4.2), however, for the moment it suffices to think of it as a relatively

weak notion of finite dimensional.

The Novikov conjecture, often regarded as one of the most important unsolved prob-

lems in topology, can be considered as a “linearisation” of the Borel conjecture. To

state this conjecture we will first present some notation.

Let M be a smooth closed oriented n manifold and let G be a discrete group with

classifying space BG.

Given any smooth map f ∶ M → BG, and some rational cocycle x ∈ Hn−4i(BG,Q)
we obtain an element of Hn(M,Q) by considering f∗(x) ∪Li(M) where ∪ is the cup
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product in cohomology and Li is the ith Hirzebruch polynomial, which can be ex-

pressed in terms of the rational Pontryagin classes of the tangent bundle of M . For

more details on these polynomials, we refer the reader to [Hir54].

Conjecture 2.2.5. The Novikov conjecture

Let M and N be smooth closed oriented n-manifolds, let G be a discrete group with

classifying space BG and let f ∶ M → BG be a smooth map. Given any orientation

preserving homotopy equivalence h ∶ N → M , any i with 4i ≤ n and any cocycle

x ∈Hn−4i(BG,Q), we have the following equality of higher signatures:

⟨f∗(x) ∪Li(M), [M]⟩ = ⟨(f ○ h)∗(x) ∪Li(N), [N]⟩ ,

where ⟨⋅, [M]⟩ denotes taking the cap product with the standard class [M] ∈Hn(M,Q),

yielding an element of H0(M,Q) ≃ Q, since M is connected.

We give another statement of this conjecture using assembly maps shortly.

The Hirzebruch (or Hirzebruch-Riemann-Roch) Theorem, which was a key motivation

for this conjecture, proves Novikov’s conjecture in the case i = 0 [Hir54].

Over the course of many papers between 1965 and 1970, Novikov proves that these

higher signatures are topological invariants, so if M and N are homeomorphic, their

rational Pontryagin classes are equivalent. The major advances appear in [Nov66,

Nov70].

We will say that a finitely generated group G satisfies the Novikov conjecture if the

conjecture holds whenever the discrete group is chosen as G. Gromov recognised that

the existence of a coarse embedding of G into a Hilbert space should provide an insight

into the Novikov conjecture, this result was proved by Yu and then generalised by

Kasparov-Yu [Gro93, Yu00, KY06].

Theorem 2.2.6. Let G be a group which admits a coarse embedding into some

uniformly convex Banach space. Then G satisfies the Novikov conjecture.

Yu’s original proof assumed that G could be coarsely embedded into a Hilbert space.

The statement can be seen as a strengthening of this in light of results of Johnson-

Randrianarivony and Randrianarivony [JR06, Ran06] which prove that there are uni-

formly convex Banach spaces which cannot be coarsely embedded into any Hilbert

space.

As with finite decomposition complexity, coarse embeddings will be introduced for-

mally in the next section.
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This theorem actually proves the stronger coarse Baum-Connes Conjecture for such

groups; to phrase this we will require assembly maps. Generically, assembly maps are

considered (from the point of view of homotopy invariance) as a universal approxi-

mation of a homotopy invariant by a suitable notion of homology, or (from a more

geometric point of view) as a ‘local-to-global’ tool (assembling local information to

build a global picture). We give some specific cases below (cf. [FRR95]).

(i) The Novikov Conjecture can be expressed as requiring that the assembly map

in integral L-theory is a rational split injection, while, within this terminology,

the Borel conjecture states this map is an isomorphism.

(ii) The Baum-Connes Conjecture states that an assembly map for C∗ algebras

(acted on by a groupoid G) in terms of the topological K-theory of the C∗

algebra of G is an isomorphism. There are known to be exceptions for groupoids,

but no group counterexample is yet known [HLS02]. There is a variant of this

called the coarse assembly map, and the conjecture requiring that this is an

isomorphism is called the coarse Baum-Connes Conjecture.

(iii) There are also equivariant versions of these questions which make up the Farrell-

Jones conjectures (cf. [Lüc10]).

More information on the Novikov Conjecture can be found in [FRR95, KL05].

The above results - particularly Theorem 2.2.6 - motivated the study of coarse em-

beddings of groups into Hilbert spaces and then into uniformly convex Banach spaces,

which is the subject of the next section.

2.3 Embeddings

This section builds on the motivation provided by the previous section, introducing

the notion of coarse embeddings and stronger variants, compression exponents and

finally quasi-isometric embeddings. Later in the section we mention equivariant em-

beddings and the link between embeddings, amenability and dynamics on Cayley

graphs.

2.3.1 Coarse embeddings

Coarse (sometimes called uniform) embeddings provide a weak way of asking for one

metric space to be representable within another.
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Definition 2.3.1. Coarse embeddings

Let (X1, d1) and (X2, d2) be metric spaces. A map φ ∶X1 →X2 is a coarse embedding

if there exist two functions ρ± ∶ R≥0 → R≥0 such that ρ±(r) → ∞ as r →∞ and for all

x, y ∈X1,

ρ−(d1(x, y)) ≤ d2(φ(x), φ(y)) ≤ ρ+(d1(x, y)).

We have seen that while this may seem like a very weak requirement it has powerful

consequences (cf. Theorem 2.2.6). There are, however, examples of finitely generated

groups which do not coarsely embed into any Hilbert space. This is because they

coarsely contain a family of expander graphs.

Definition 2.3.2. Expander graphs

Let {Γn = V (Γn),E(Γn)) ∣ n ∈ N} be a collection of finite d-regular graphs such that

∣V (Γn)∣ → ∞ as n→∞. {Γn} is called a family of expander graphs if

inf
n∈N

(ch(Γn)) > 0,

where the Cheeger constant of a finite graph Γ is given by

ch(Γ) := inf {∣∂(A)∣
∣A∣ ∣ ∣A∣ ≤ ∣V (Γ)

2
∣} ,

and the boundary of A is given by ∂(A) := {e ∈ E(Γ) ∣ ι(e) ∈ A, τ(e) /∈ A}.

Gromov demonstrated the existence of a finitely generated (and even finitely pre-

sented) group which coarsely contains a family of expanders (Gromov’s monster),

using a collection of expanders which cannot coarsely embed into any `p space with

p ∈ [1,∞) [Gro00, Gro03, AD08]. The method is to use graphical small cancellation

techniques which rely on the girth of the expander graphs (length of the shortest cy-

cle) growing at the same rate as the diameter [Gro03, Oll06]. It is not known whether

this family of expanders can be coarsely embedded into some other uniformly convex

Banach space. There are, however, other families of expanders which cannot [Laf08],

though there is no proof as yet that they can be coarsely embedded into any finitely

generated group as they have uniformly bounded girth.

However, if we drop the assumption that the Banach spaces we are embedding into

are super-reflexive, the following theorem shows that such examples above are not an

obstruction.
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Theorem 2.3.3. [BG05] - with extensions in [Kal07]

Every metric space with bounded geometry admits a coarse embedding into the Hilber-

tian sum ⊕p∈N `p(N).

Finally in this section, we give two conditions which guarantee the existence of a

coarse embedding of a given group into a Hilbert space.

Example 2.3.4. Spaces admitting coarse embeddings

(i) Yu introduced property (A) as a non-equivariant form of amenability satisfied

by both amenable and free groups [Yu00]. In the same paper he proves that

any group with property (A) admits a coarse embedding into a Hilbert space.

(ii) Spaces with finite decomposition complexity have property (A), so coarsely

embed into Hilbert spaces [GTY12].

To distinguish between groups admitting coarse embeddings, we can ask for additional

conditions on the maps ρ± given by the definition of a coarse embedding. The first such

work on this was that of Guentner and Kaminker in defining compression exponents

[GK04].

2.3.2 Compression functions

Before giving any general definitions, we stop for a key example, non-abelian free

groups.

Example 2.3.5. Embeddings of free groups into `p spaces

The Cayley graphs of free groups are infinite regular trees (up to quasi-isometry).

In this situation we have a very good understanding of exactly which functions can

appear as ρ− in coarse embeddings (cf. Definition 2.3.1). Namely, given a function

f ∶ N→ R≥0 and some p ≥ 2 there exists a coarse embedding φ ∶ Fn → `p(N) with

f(d(x, y)) ⪯ ∥φ(x) − φ(y)∥p ⪯ d(x, y),

if and only if f satisfies Tessera’s property (Cp),

∑
n

1

n
(f(n)

n
)
p

< ∞. (2.2)

For p ∈ (1,2) any function satisfying property (Cp) appears as a compression func-

tion of some coarse embedding, while trees admit biLipschitz embeddings into `1(N)
[Tes11, Gal08, Bou86, Bau07].
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Definition 2.3.6. Compression exponents

Given two metric spaces (X,d1) and (Y, d2) the Y compression exponent of X, α∗Y (X)
is given by the supremum of α ∈ [0,1] such that there is a map φ∶X → Y and constants

K ≥ 1, C ≥ 0 such that

K−1d1(x, y)α −C ≤ d2(φ(x), φ(y)) ≤Kd1(x, y) +C,

for all x, y ∈X.

The affine upper bound given here is no restriction in the situation where X is a

geodesic metric space. To see this, suppose that we are given a coarse embedding

ψ ∶ (X,d1) → (Y, d2), such that for every x, y ∈X,

ρ−(d1(x, y)) ≤ d2(ψ(x), ψ(y)) ≤ ρ+(d1(x, y).

We let x, y ∈ X with d1(x, y) ∈ [n,n + 1) and consider a geodesic g ∈ [[x, y]] with

x1, x2, . . . , xn ∈ g arranged so that d1(x,xm) =m, then

d2(ψ(x), ψ(y)) ≤ d2(ψ(x), ψ(x1)) + d2(ψ(x1), ψ(x2))
+ ⋅ ⋅ ⋅ + d2(ψ(xn), ψ(y))

≤ ρ+(1)d1(x, y) + ρ+(1).

Definition 2.3.6 can be generalised to embeddings of X into a family of spaces Y by

setting α∗
Y
(X) := sup{α∗Y (X) ∣ Y ∈ Y }. Most work on this constant focuses on the

situation where X is the Cayley graph of a finitely generated group and Y is the

family of all `p spaces for a fixed p ∈ [1,∞), where the values are denoted by α∗p(X).
Recall that for `∞ spaces there is no variety (Proposition 2.1.9).

It is known that every value in the interval [0,1] occurs as the `p compression exponent

of a finitely generated group for all p ∈ (1,∞) [ADS09]. The case for amenable groups

is very different, as we shall see in Example 2.3.7.

A principal motivation for the work in Chapters 4 and 5 was to calculate the `p

compression exponents of relatively hyperbolic and mapping class groups. We now

provide some examples.

Example 2.3.7. Groups with known values of α∗p

(i) Example 2.3.5 proves that every free group has compression exponent 1 for all

p ∈ [1,∞).
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(ii) Finitely generated virtually abelian groups A have α∗p(A) = 1 for all p ∈ [1,∞),
this can obviously be obtained from the standard facts that A is virtually Zn for

some n, so the groups A and Zn are quasi-isometric, and the standard inclusion

of Zn into `p({e1, . . . , en}) is a quasi-isometry for each p.

(iii) Much less obviously, all polycyclic groups G - solvable groups with no infinitely

generated subgroups - have α∗p(G) = 1 for all p ∈ [1,∞) [Tes11].

(iv) There are solvable groups G with α∗2(G) = 0, though the free solvable group Sr,d

of rank r and derived length d has α∗p(Sr,d) ≥ 1
d−1 max{1

2 ,
1
p} [Aus11, Sal12].

(v) A wreath product G ≀H is defined as

⊕
h∈H

Gh ⋊H,

where H acts on the normal subgroup by translation of the copies of G.

The wreath product (Z)≀1 := Z ≀Z has Hilbert compression exponent 2
3 [ANP09].

By iterating this wreath product, i.e. defining (Z)≀n = (Z)≀n−1 ≀ Z, groups of `2

compression exponent (2 − 21−n)−1 for each n are obtained [Èrs03, NP08].

(vi) The wreath product Z2 ≀Z has `2 compression exponent 1
2 [NP08].

The above list is exhaustive for currently known values the Hilbert compression ex-

ponent can take for amenable groups.

When specifically considering embeddings of groups, we can also consider the equiv-

ariant compression exponent, α#
Y (G), which is the same supremum as in Definition

2.3.6, but where we only consider G-equivariant embeddings, φ ∶ G → (Y, d2) coming

from some action of G on Y , i.e.

φ(g) = g(y) for some fixed y ∈ Y.

It is clear that α#
Y (G) ≤ α∗Y (G) for all G and Y but in the particular case of amenable

groups G embedded into Hilbert spaces they are equal [AMM85, dCTV07].

These values are closely linked to the speed of random walks and amenability.

Definition 2.3.8. Speed of random walks

Let G be a finitely generated group and let S be a finite generating set. The speed of

random walks β∗S(G) on G (with respect to S) is the supremum over all β ∈ [0,1] such

that there exists a constant cβ with

E(∣Wt∣) ≥ cβtβ,

53



where E(∣Wt∣) is the expected length of a random walk of length t, i.e. the average

distance from the identity in Cay(G,S) of a concatenation of t independently chosen

generators with repeats.

The speed of random walks β∗(G) on G, is the supremum of β∗S(G) over all finite

generating sets S.

There is no known example where the choice of finite generating set yields different

values of β∗S(G). The link between speed of random walks and compression exponents

is given by the following theorem.

Theorem 2.3.9. Let G be a finitely generated group

(i) If G is amenable, then α∗p(G) ≤ 1
qβ∗(G)

, where q = max{p,2}, [ANP09].

(ii) α#
p (G) ≤ 1

qβ∗(G)
, where q = max{p,2}, [NP08].

Both of these inequalities are sharp, but neither is an equality, as the examples of

Austin prove [Aus11].

This yields the following powerful link between amenability and compression expo-

nents, coming from the fact that β∗(G) < 1 ensures G is amenable, though the

converse does not hold.

Theorem 2.3.10. [GK04, Yu00] Let G be a finitely generated group.

(i) If α#
p (G) > max{1

p ,
1
2} then G is amenable.

(ii) If α∗p(G) > max{1
p ,

1
2} then G has Yu’s property (A).

Many groups have compression exponent 1 for all p ∈ [1,∞), as displayed in Example

2.3.7(i)-(iii), so we may ask which groups attain compression exponent 1. This is the

subject of the next section.

2.3.3 Quasi-isometric embeddings

The following conjecture is due to de Cornulier-Tessera-Valette,

Conjecture 2.3.11. [dCTV07, Conjecture 1.1]

Let G be a finitely generated group which quasi-isometrically embeds into a Hilbert

space. Then G is virtually abelian.
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This conjecture states that although Hilbert compression exponent 1 is achieved by

many groups, admitting a quasi-isometric embedding (i.e. attaining compression ex-

ponent 1) is highly restrictive. Proposition 2.1.9 states that no such restriction occurs

for `∞ spaces, while all hyperbolic groups quasi-isometrically embed into `1 spaces

[BS00, BDS07], for instance, free groups Fn := ⟨s1, s2, . . . , sn⟩ admit the isometric

embedding

φ ∶ Fn → `1(Fn) given by φ(x) = ∑
y∈V (gx)

y,

where gx is the unique geodesic from x to e in the Cayley graph of Fn := ⟨s1, s2, . . . , sn⟩.

One of the major tools used to approach this conjecture is the following metric inter-

pretation of superreflexivity in terms of embeddings of rescaled - so every edge has

length λn - finite depth binary trees λnT bn, due to Bourgain [Bou86].

Theorem 2.3.12. A Banach space (X, ∥⋅∥) is not super-reflexive if and only if

there exist constants K ≥ 1 and C ≥ 0 and maps φn ∶ λnT bn → X - from (rescaled)

finite binary trees of depth n, (λnT bn, dn), into G - such that for all v,w ∈ V (T bn),

K−1dn(v,w) −C ≤ ∥φn(v) − φn(w)∥X ≤Kdn(v,w) +C.

Therefore any group admitting such a collection of well-embedded binary trees fails

to have a quasi-isometric embedding into any uniformly convex Banach space.

Probabilistic combinatorial techniques of Benjamini-Schramm prove that every non-

amenable group admits a quasi-isometrically embedded infinite binary tree, while

results of de Cornulier-Tessera prove that every solvable group of exponential growth

contains a quasi-isometrically embedded subsemigroup, so again such groups admit no

quasi-isometric embedding into any uniformly convex Banach space [BS97, dCTV07,

dCT08].

The case of nilpotent groups can currently only be resolved for Hilbert spaces, using

results of [dCTV08]. We give a few details here. Any finitely generated nilpotent

group G admits a torsion-free finite index subgroup. Either this subgroup is abelian,

in which case, G is virtually abelian, or there is some element

z ∈ Z(G) ∩ [G,G] such that ⟨z⟩ ≅ Z.

Using the fact that `2 compression is the same as `2 equivariant compression for

finitely generated amenable groups - expressed in terms of functions, rather than
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just compression exponents [AMM85, Gro00, dCTV07] - we can instead consider 1-

cocycles b ∈ Z1(G,π) where π is a unitary representation of G in a Hilbert space H.

We split H into the subspace preserved by π(Z(G)) and its orthogonal complement

H = HZ ⊕H⊥Z

and obtain corresponding decompositions of π = π1 + π2 and b = b1 + b2.

Proving that G admits no quasi-isometric embedding is then equivalent to proving

that ∥b(g)∥ has sublinear growth. To do this, it is proved that b1(z) = 0 and that b2(z)
is approximated by bounded cocycles, and hence has sublinear growth. The first of

these requires z ∈ [G,G] and the second that it is central and of infinite order.

There is no complementary result for other values of p, however, it is known that the

discrete Heisenberg group does not embed into any `1 or `2 space [Pau01, CK10b,

CK10a].

2.4 Coarse notions of dimension

In [GTY12] (cf. Theorem 2.2.4), it was proved that any group with finite decompo-

sition complexity satisfies the stable Borel conjecture. This notion can be thought of

as a “constructive” coarse embedding, linking it with the previous section, or as a

weakening of finite asymptotic dimension. This correlation with large-scale notions

of dimension is the focus of the current section.

Over the course of the section we provide many definitions, gradually becoming more

restrictive. We then give a collection of examples (2.4.10), some of which will be

required later in proceedings and others which highlight distinctions between the

various methods of defining dimension.

2.4.1 Finite decomposition complexity

Here, we give the definition of this property and explain why it can be thought of

as a “constructive” coarse embedding condition. In the following section (2.4.2) we

show that it can also be considered as a notion of “finite dimensional”.

Definition 2.4.1. Separated decompositions

Let X be a metric space. For a fixed constant r > 0, a collection of subspaces

{Xij ∣ i = 0,1, . . . , n − 1} of X is called an n-piece, r-separated decomposition of X

if and only if
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• the subspaces cover, so X = ⋃i,jXij,

• subspaces with the same i-index are r-separated, i.e. given i ∈ {0,1, . . . , n − 1},

d(Xij,Xij′) ≥ r, whenever j ≠ j′.

This can be extended by saying that a collection of subspaces Xm of X is an n-piece,

r-separated decomposition of another collection of subspaces Xm−1 of X if and only

if every Xm−1 ∈ Xm−1 admits an n-piece, r-separated decomposition as above, and

Xm = {Xm−1
ij }.

We denote this Xm−1 rÐ→
n
Xm.

Definition 2.4.2. Finite decomposition complexity

A metric space X has finite decomposition complexity if, given any finite sequence

(ri)n−1
i=0 of natural numbers there is some set X (r0,...,rn−1) such that X () =X and

X (r0,...,rn−1) rnÐ→
2
X (r0,...,rn),

such that given any infinite sequence (ri)∞i=1 there is some m satisfying

sup{diam(Y ) ∣ Y ∈ X (r0,...,rm−1)} < ∞.

The next theorem places this new definition in the context of the previous section

[GTY11].

Theorem 2.4.3. Let X be a metric space with bounded geometry and finite decom-

position complexity. Then X has property (A), in particular, for each p ∈ [1,∞) it

admits a coarse embedding into some `p space.

This gives no bound on compression exponent, even for groups, as every solvable -

and indeed every elementary amenable - group has finite dimensional complexity, but

there are solvable groups with compression exponent 0 [GTY11, Aus11]. As with

coarse embeddings, our main focus will be to prove stronger constraints on groups,

so we now move on to asymptotic dimension.

2.4.2 Asymptotic dimension

Originally introduced by Gromov as a coarse invariant of finitely generated groups,

the notion of asymptotic dimension has since been extended to general metric spaces

[Gro93].
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Definition 2.4.4. Asymptotic dimension

Let (X,d) be a metric space. We say X has asymptotic dimension at most n,

asdim(X) ≤ n if for every r > 0 there is an (n + 1)-piece, r-separated decomposi-

tion

X
rÐÐ→
n+1
X ,

such that all subsets of X are uniformly bounded.

There is a a suprising degree of subtlety in the proof that any space with asymptotic

dimension at most n has finite decomposition complexity [GTY12].

Although finite asymptotic dimension is more restrictive than finite decomposition

complexity (cf. Example 2.4.10) it still gives no bounds on compression exponent,

given the family of groups (Gα)α∈[0,1] with compression exponent α constructed in

[ADS09] all have asymptotic dimension 2.

This is to be expected, as asymptotic dimension is a coarse invariant, and compres-

sion exponents were specifically designed to distinguish between behaviours of coarse

embeddings [Gro93]. As we will use this fact later in the thesis, we now enumerate it

as a point of reference.

Proposition 2.4.5. Let φ ∶ X → Y be a coarse embedding, then asdim(X) ≤
asdim(Y ).

2.4.3 (Asymptotic) Assouad-Nagata dimension

Assouad-Nagata dimension is a linearly controlled version of asymptotic dimension,

so is more restrictive. The asymptotic version (2.4.6) is a quasi-isometry invariant

and allows some wild localised behaviour, the same is not true of Assouad-Nagata

dimension (2.4.7) which observes the dimension on all scales. First we give the defi-

nitions.

Definition 2.4.6. Asymptotic Assouad-Nagata dimension

Let (X,d) be a metric space. We say X has asymptotic Assouad-Nagata dimension

at most n - denoted asdimAN(X) ≤ n - if there exists a constant C, such that for

every r > 0 there is an (n + 1)-piece, r-separated decomposition

X
rÐÐ→
n+1
X ,

such that all subsets of X have diameter at most Cr +C.
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Definition 2.4.7. Assouad-Nagata dimension

Let (X,d) be a metric space. We say X has Assouad-Nagata dimension at most n -

denoted dimAN(X) ≤ n - if there exists a constant C, such that for every r > 0 there

is an (n + 1)-piece, r-separated decomposition

X
rÐÐ→
n+1
X ,

such that all subsets of X have diameter at most Cr.

It is clear from this that, given any metric space X,

asdim(X) ≤ asdimAN(X) ≤ dimAN(X),

but in the case of discrete metric spaces the second of these inequalities is actually

an equality [BDHM09].

Finite Assouad-Nagata dimension implies many useful properties for a group, namely,

it bounds the topological dimension of asymptotic cones [DH08], it provides certain

Lipschitz extension properties [BDHM09, LS05] and it guarantees `p compression ex-

ponent 1 for all p ≥ 1 [Gal08].

While Assouad-Nagata dimension is a more restrictive condition than asymptotic

Assouad-Nagata dimension, it is not a quasi-isometry invariant of a space, for in-

stance, the universal cover of S1 × Sk has asymptotic Assouad-Nagata dimension 1,

but Assouad-Nagata dimension k + 1. We will see a proof of this in Lemma 2.4.11.

It is, however, a quasi-isometry invariant of finitely generated groups by the above

note.

We progress now to an even more restrictive condition.

2.4.4 Embeddings into products of trees

Although, this is not usually considered as a dimension, any space admitting a quasi-

isometric embedding into a finite product of simplicial trees is finite dimensional in a

strong sense. This becomes more apparent if we think of trees as a natural generali-

sation of the typical 1-dimensional space, the real line.

Any group admitting a quasi-isometric embedding into a product of n metric trees has

asymptotic Assouad-Nagata dimension at most n, while any group with finite asymp-

totic Assouad-Nagata dimension quasi-symmetrically embeds into a finite product of

trees, in particular, it coarsely embeds into a finite product of trees [LS05].

A useful example, which will reoccur later, is that of right-angled Artin groups.
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Example 2.4.8. Right-angled Artin groups

First, we recall the definition: let Γ = (V (Γ),E(Γ)) be a finite simplicial graph. The

right-angled Artin group of Γ is given by the finite presentation

AΓ := ⟨V (Γ) ∣R⟩ where R = {[x, y] ∣ xy ∈ E(Γ)} .

Every virtually special group and every limit group (cf. Example 2.1.28(i)) can be

quasi-isometrically embedded into a right-angled Artin group [HW08, Wis11].

The right-angled Coxeter group of Γ, is the quotient of AΓ by ⟨⟨{x2 ∣ x ∈ V (Γ)}⟩⟩, so

has presentation

RΓ := ⟨V (Γ) ∣R⟩ where R = {x2 ∣ x ∈ V (Γ)} ∪ {[x, y] ∣ xy ∈ E(Γ)} .

Every right-angled Artin group AΓ is a finite index subgroup of some right-angled

Coxeter group RΓ′ [DJ00]. Γ′ is obtained by taking two disjoint copies of Γ, Γ1 and

Γ2 with their vertex sets enumerated coherently - so the map v1
i ↦ v2

i is a graph

isomorphism - then adding the edges v1
i v

2
j whenever i ≠ j. The map φ ∶ AΓ → RΓ′

given by φ(vi) = v1
i v

2
i is a monomorphism onto a finite index subgroup of RΓ′ .

The figure below gives two examples of this construction in simple cases.

u

v

AΓ = Z2

u1

v1

u2

v2

(D∞)2 = RΓ′

u

v

AΓ = F2

u1

v1

u2

v2

D∞ ∗D∞ = RΓ′

Figure 2.21: Constructing a commensurable Coxeter group

Here, D∞ ≅ Z2 ∗Z2 is the infinite dihedral group.

Then, we use the fact that right-angled Coxeter groups quasi-isometrically embed

into a finite product of trees to deduce that the same is true of right-angled Artin

groups [DJ99].

It is possible to take this one step further and ask which groups quasi-isometrically

embed into Rn for some n. This is a (very) restricted case of Conjecture 2.3.11 where

the conclusion is known to hold.
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Proposition 2.4.9. Let G be a finitely generated group which quasi-isometrically

embeds into Rn equipped with some norm ∥⋅∥. Then G has a finite index abelian

subgroup A of rank at most n.

Proof: As every norm on Rn is biLipschitz equivalent, we may assume that we

have a quasi-isometric embedding

φ ∶ G→ (Rn, ∥⋅∥2).

By considering the growth of balls in Rn and applying Gromov’s polynomial growth

theorem, we deduce that G is virtually nilpotent (with growth bounded by dn for

some d) [Gro81].

On the level of asymptotic cones this descends to a biLipschitz embedding of a nilpo-

tent Lie group into Rn, which is only possible if the Lie group is abelian [Gro81,

Pau01]. If the asymptotic cone of G is abelian, then G is virtually abelian, so the

result follows [Pan83].

The same method can be used to prove that any virtually nilpotent group which

quasi-isometrically embeds into a Hilbert space is virtually abelian, except that we

require the characterisation of inner product spaces given by Jordan and Von Neu-

mann, to ensure that the asymptotic cone of a Hilbert space is itself a Hilbert space

[JVN35].

2.4.5 Relationship between different notions of dimension

The primary purpose of this section is to provide illuminating examples to distinguish

between the various notions of dimension previously introduced.

Example 2.4.10. Groups with various dimensional behaviour

(i) Any bounded metric space X has finite decomposition complexity (in 0 steps),

asymptotic and asymptotic Assouad-Nagata dimension equal to 0 but can take

any value of Assouad-Nagata dimension, for instance a closed ball in Rn has

Assouad-Nagata dimension n. Naturally, X also quasi-isometrically embeds

into a product of 0 trees.

(ii) A metric tree (one satisfying the 4-point property (cf. Definition 2.1.12) has

Assouad-Nagata dimension 1 (unless it is of bounded diameter), it also quasi-

isometrically embeds into a product of 1 simplicial tree (cf. Theorem 2.1.14).

Quasi-trees have asymptotic Assouad-Nagata dimension 1 but can take any

value of Assouad-Nagata dimension at least 1.
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(iii) As asdimAN(X × Y ) ≤ asdimAN(X) + asdimAN(Y ) any metric space X which

quasi-isometrically embeds into a product of n trees has asdimAN(X) ≤ n [LS05].

(iv) asdim(Rn) = dimAN(Rn) = n and Rn quasi-isometrically embeds into a product

of n trees, but no fewer.

(v) The discrete Heisenberg group H3 has asdim(H3) = asdimAN(H3) = 3, but fails

to quasi-isometrically embed into any finite product of trees, or indeed any other

CAT(0) space [DH08, Pau01].

(vi) If G is finite and non-trivial, then the wreath product G ≀ H (cf. Example

2.3.7(v)) has finite Assouad-Nagata dimension if and only if H has at most

linear growth, while asdim(G ≀H) = asdim(H) [Now07, BDL06].

(vii) The wreath product Z ≀Z has infinite asymptotic dimension (as it coarsely con-

tains Zn for each n), but it does have finite decomposition complexity [GTY11].

We give one more instructive lemma here, to help place the difference between

Assouad-Nagata and asymptotic Assouad-Nagata dimensions. This is required in

a subtle way during Chapter 3.

Lemma 2.4.11. Let M̃ be the universal cover of a smooth compact n-manifold,

then

dimAN(M̃) = max{asdimAN(M̃), n} .

Proof: The lower bound on dimAN(M̃) is clear. As any discrete ε-net X of M̃

has dimAN(X) = asdimAN(M̃) and any sufficiently small ball in M̃ is biLipschitz

equivalent to a closed subset of Rn, combining the definitions of asymptotic Assouad-

Nagata dimension for X and Assouad-Nagata dimension for Rn yields the upper

bound.

2.4.6 Linking dimensions and embeddability

We present two results here which show that controls on the dimension of a space

ensure the existence of coarse embeddings. The first concerns finite decomposition

complexity.

Theorem 2.4.12. Let X be a metric space with bounded geometry and finite de-

composition complexity. Then, for every p ∈ [1,∞), X admits a coarse embedding

into `p(N).
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Proof: Every space with bounded geometry and finite decomposition complexity

has property (A) [GTY12] and every space with property (A) admits a coarse em-

bedding into `p(N) [Yu00].

In particular, this holds for any metric space with bounded geometry and finite asymp-

totic dimension, as such spaces have finite decomposition complexity. However, there

are interesting spaces with finite asymptotic dimension which do not have bounded

geometry, for instance curve complexes. We can bypass bounded geometry in the this

case using the following theorem [HR00].

Theorem 2.4.13. Let X be a metric space with finite asymptotic dimension. Then,

for every p ∈ [1,∞), X admits a coarse embedding into `p(N).

There are examples of spaces which admit coarse embeddings into Hilbert spaces but

do not have finite dimensional complexity [AGŠ12]. In the other direction, there are

solvable groups of compression exponent 0 which have finite dimensional complexity

(as they are elementary amenable), and non-amenable groups of asymptotic dimen-

sion 2 and any given compression exponent α ∈ [0,1] [Aus11, GTY11, ADS09].

There is a strengthening of this result in the specific case of spaces with finite asymp-

totic Assouad-Nagata dimension [Gal08].

Theorem 2.4.14. Let X be a metric space with finite asymptotic Assouad-Nagata

dimension. Then, for all p ≥ 1, α∗p(X) = 1.

The link between finite Assouad-Nagata dimension and `p compression exponent 1 is

less clear. A natural question given a space or construction which has or preserves

one of the above properties is to ask how it behaves with respect to the other. Free

products preserve finite Assouad-Nagata dimension [BH09], in fact,

asdimAN(G ∗H) = max{asdimAN(G),asdimAN(H),1} ,

while understanding the behaviour of `p compression under free products is the main

aim of Section 4.4. In the same spirit, it is known that all polycyclic groups have

`p compression exponent 1 [Tes11], but the corresponding result for Assouad-Nagata

dimension remains, at present, a folklore theorem.
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Chapter 3

Assouad-Nagata dimension of
graph manifolds

It’s people like that who make you realize how little you’ve accomplished.

It is a sobering thought, for example, that when Mozart was my age, he

had been dead for two years.

– Tom Lehrer

This brief chapter concerns joint work completed with Alessandro Sisto [HS11].

An introduction to the necessary details concerning graph manifolds can be found

in Section 2.1.9, while the various definitions of dimension and their basic properties

can be found in Section 2.4. We will recall the essential features of this discussion as

we progress.

3.1 History and results

The main result of this chapter is the following:

Theorem 3.1.1. (cf. Theorem 1)

Let M be a graph manifold which does not have the Nil geometry. Then the universal

cover of M quasi-isometrically embeds in a product of three metric trees.

This result is optimal for the following reasons. The asymptotic dimension of uni-

versal covers of closed non-geometric graph manifolds is known to be 3. This follows

from bounds obtained in [BD08], the details of which are presented in [Smi10], so

three metric trees are indeed necessary. Also, the Heisenberg group does not quasi-

isometrically embed into any finite product of trees, so this exclusion is also needed

[Pau01].
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In addition, it is known that the Sol geometry quasi-isometrically embeds into H2×H2

[Gro93], and hence into a product of four trees but it is not known whether this can

be improved to three [dC08, HP13].

As an application of this result, we determine the Assouad-Nagata dimension of the

universal cover of closed graph manifolds.

Corollary 3.1.2. Let M be a closed graph manifold. Exactly one of the following

holds:

(i) M is geometric of type S3, dimAN(M̃) = 3 and asdimAN(M̃) = 0,

(ii) M is geometric of type S2 ×R, dimAN(M̃) = 3 and asdimAN(M̃) = 1,

(iii) dimAN(M̃) = asdimAN(M̃) = 3.

Smirnov [Smi10], showed that non-geometric graph manifolds have Assouad-Nagata

dimension at most 7 and conjectured that it actually equals 3. Corollary 3.1.2 an-

swers his conjecture positively.

Proof: The first two cases are self-explanatory, given Lemma 2.4.11. In all remain-

ing cases, we prove that asdimAN(M̃) = 3 and apply Lemma 2.4.11. If M̃ has the

Nil geometry, then asdimAN(M̃) = 3 by [DH08]. In other geometric situations, R3,

H2 ×R and S̃L2, the asymptotic dimension is at least 3 and this provides the lower

bound on asymptotic Assouad-Nagata dimension.

In the non-geometric situation, asymptotic dimension provides a lower bound on

asymptotic Assouad-Nagata dimension, so this value is at least 3 [BD08]. Results in

[LS05] prove asdimAN(X) ≤ n when X is an n−fold product of trees and asdimANA ≤
asdimANB whenever A admits a quasi-isometric embedding into B, so we get the

upper bound on asymptotic Assouad-Nagata dimension via Theorem 3.1.1. This is

deduced from the fact that any unbounded tree has asymptotic Assouad-Nagata di-

mension 1, and this value is sub-additive under taking Cartesian products of spaces

[LS05].

We now move on to the proof of the main theorem of this chapter.

3.2 Proof of Theorem 3.1.1

We begin with the case of geometric graph manifolds. The universal covers of these

are quasi-isometric to either S3, S2×R, R3 or H2×R. The first three of these obviously
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quasi-isometrically embed into a product of 0, 1 and 3 trees respectively, but no fewer.

H2 quasi-isometrically embeds into a product of two trees by [BS05], so H2×R quasi-

isometrically embeds into a product of three trees.

In what follows, we only have to consider non-geometric flip graph manifolds (cf.

Definition 2.1.53), by Theorem 2.1.54. We recall the necessary consequences of this

definition here.

Let M be a non-geometric flip graph manifold and let T be its Bass-Serre tree.

The universal cover M̃ of M is constructed by suitably gluing certain metric spaces

{Xv := Fv ×R ∣ v ∈ T }. Each Fv is the universal cover of a compact surface with

non-empty boundary. Applying a bi-Lipschitz transformation to M̃ if necessary, we

may assume - using Proposition 2.1.30 - that each Fv admits a metric retraction

rv ∶ Fv → Tv, where Tv ⊆ Fv is a tree, with the further properties that rv is an isometry

when restricted to any boundary component of Fv and such that for each x ∈ Fv we

have dFv(x, rv(x)) ≤ 1. In particular, this implies that each Fv is a quasi-tree with

bottleneck constant 2, (cf. Theorem 2.1.14).

Finally, the spaces are glued together in the following manner. Let v,w be adjacent

vertices. There exist parametrisations γv ∶ R → Fv and γw ∶ R → Fw of boundary

components of Fv, Fw so that (γv(t), u) ∈ Fv ×R is identified with (γw(u), t) ∈ Fw ×R
for each t, u ∈ R. (cf. Definition 2.1.53)

Step 1: Defining the three trees

The first tree will just be the Bass-Serre tree T0 = T . We define the other two trees

T1 and T2 as follows.

Subdivide the vertices of T into disjoint families V1, V2 such that if v, v′ ∈ Vi then

dT (v, v′) is even and set T ′
i = ⊔v∈Vi Tv.

We now define an equivalence relation ∼ on T ′
i . Suppose that v, v′ ∈ Vi, v ≠ v′ and

there exists w such that dT (v,w) = dT (v′,w) = 1. Given x ∈ Tv and x′ ∈ Tv′ we write

x ∼d x′, if there exist points y ∈ Fv and y′ ∈ Fv′ with the following properties

(i) rv(y) = x and rv′(y′) = x′,

(ii) the points in Fw ×R identified with (y,0) ∈ Fv ×R and (y′,0) ∈ Fv′ ×R have the

same R−coordinate.

Such a relation is clearly reflexive and symmetric. To ensure an equivalence relation,

we set ∼ to be the transitive closure of ∼d. The fact that these manifolds are flip
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means that the R factors of Fv ×R and Fv′ ×R are both mapped into Fw ×R with a

fixed second co-ordinate. The equivalence relation just identifies lines in T ′
i for which

this value is the same.

We define Ti := T ′
i / ∼, this is a metric tree with countably many branching points. In

fact, it can be described as the increasing union of metric spaces {Yk}k∈N such that Y0

is a tree and Yk+1 is obtained from Yk by identifying a line in Yk with a line in some

tree.

We denote the `1 product metric on T0 × T1 × T2 by d.

Step 2: The components of the embedding

Define f0 ∶ M̃ → T0 to be any map such that for all x ∈ M̃ , x ∈ Ff0(x) × R. Now we

define fi ∶ M̃ → Ti.

For each v, we let πv ∶ Fv ×R→ Fv be the projection on the first factor, and as usual

denote the equivalence classes of ∼ with square brackets.

If x ∈ Fv ×R for some v ∈ Vi, then set fi(x) = [rv(πv(x))].

Otherwise we have x ∈ Fw × R for w ∉ Vi. Let v ∈ Vi be any vertex such that

dT (v,w) = 1. Set fi(x) = [p] where p ∈ Tv is such that (p,0) has, as a point in

Fw ×R, the same R−coordinate as x. The equivalence relation states that this does

not depend on the choice of v.

We now prove that the map

f ∶ M̃ →
2

∏
i=0

Ti given by f(x) = (f0(x), f1(x), f2(x))

is a quasi-isometric embedding.

Step 3: Metric comparisons

The easier inequality is d(f(x), f(y)) ≤ KdM̃(x, y) + C: the maps πv and rv are

1-Lipschitz, so the same is true of f1 and f2, while f0 satisfies dT0(f0(x), f0(y)) ≤
dM̃(x, y)/ρ + 1 where

0 < ρ := inf {dM̃(x,x′) ∣ x ∈Xv, x
′ ∈Xv′ , dT0(v, v′) = 2} .

For the other inequality we start with a geodesic δ in ∏Ti connecting f(x) to f(y)
and construct a path γ in M̃ connecting x to y such that l(γ) ≤Kl(δ) +C. Let δ1, δ2

be the projections of δ on the factors T1 and T2 respectively.

Suppose that x ∈ Xv0 , y ∈ Xvn and let v0, . . . , vn be the vertices of T in the geodesic
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connecting v0 to vn.

For j = 0, . . . , n let i(j) ∈ {1,2} be such that vj ∈ Vi(j) and choose αj ⊆ δi(j) so that

αj ⊆ [rvj (Fvj)].

We require that the final point of αj is the starting point of αj+2, that the starting

point of α0 is fi(0)(x) and that the final point of αn is fi(n)(y). This is easily arranged

using the fact that each [rv(Fv)] is convex in the corresponding Ti.

For j = 0, . . . , n−1, let tj be the R−coordinate as a point in Fvj ×R of (pj,0) ∈ Fvj+1×R,

where pj is the starting point of αj+1. Let tn be the R−coordinate of y ∈ Fvn ×R.

For j = 0, . . . , n let γj be the path αj × tj in Xvj , i.e. the path with fixed R coordinate

tj. Notice that the distance between the final point of γj and the starting point of

γj+1 is at most 2µ, so we can concatenate the paths γj with n geodesics of length at

most 2µ to obtain a path γ from x to y. Clearly l(γj) = l(αj) so

l(γ) ≤ ∑ l(γj) + 2nµ

= l(δ1) + l(δ2) + 2nµ

= d(f1(x), f1(y)) + d(f2(x), f2(y)) + 2nµ.

Finally, as d(f0(x), f0(y)) ≥ n − 2 we have

l(γ) ≤ d(f1(x), f1(y)) + d(f2(x), f2(y)) + 2µd(f0(x), f0(y)) + 4µ,

and we are done.

3.3 Subsequent results

Since this work was carried out, two extensions have been made to it by Smirnov and

Mackay-Sisto. The first of these defines a class of higher dimensional manifolds called

orthogonal graph manifolds for which the above method can be generalised. The or-

thogonality condition is to avoid requiring a higher dimensional analogue of the reduc-

tion to flip graph manifolds ensured by [KL98] (cf. Theorem 2.1.54). Smirnov’s main

result is to prove that n-dimensional orthogonal graph manifolds quasi-isometrically

embed into a product of n metric trees [Smi12].

The controls obtained in Theorem 1 and Corollary 3.1.2 are used in a key way by

Mackay-Sisto when calculating bounds on the Assouad-Nagata dimension and eco-

dimension (eco-dim(X): the minimal number of trees such that X quasi-isometrically

embeds into a product of n metric trees) for 3-manifold groups [MS12].
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Chapter 4

Embeddings of relatively
hyperbolic spaces with optimal `p

compression exponent

When I use a word, it means just what I choose it to mean — neither

more, nor less.

Through the Looking-Glass, and What Alice Found There

– Lewis Carroll

4.1 Introduction and statement of results

Recall that a coarse (or uniform) embedding is a map φ ∶ (X,d) → (Y, d′) for

which there are functions ρ± ∶ R≥0 → R≥0, such that ρ±(r) → ∞ as r → ∞ and

ρ− (d(x1, x2)) ≤ d′(φ(x1), φ(x2)) ≤ ρ+(d(x1, x2)).

More specifically we measure how ‘faithfully’ a group embeds into a space using

compression exponents, α∗Y (G) which is defined to be the supremum of those values

α ∈ [0,1] for which there exists some Lipschitz coarse embedding φ ∶ G → Y with

ρ−(n) ≥ C−1nα −C for some constant C.

A more thorough overview of this can be found in Sections 2.3.1 and 2.3.2.

In [Gro87], Gromov introduced relatively hyperbolic groups as a generalisation of hy-

perbolic groups. The class of relatively hyperbolic groups includes: hyperbolic groups,

amalgamated products and HNN-extensions over finite subgroups, fully residually free

(limit) groups [Dah03a, Ali05] - which are key objects in solving the Tarski conjec-

ture [Sel01, KM10], geometrically finite Kleinian groups and fundamental groups of

non-geometric closed 3-manifolds with at least one hyperbolic component [Dah03a].
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Relative hyperbolicity has many different characterisations: in terms of group actions

[Bow12], group-theoretic structure [Far98] [Dah03b] [Osi06], topology [Yam04] and

metric geometry [DS05]. Two definitions of relative hyperbolicity are given in Sec-

tion 2.1.6.

Our main result in this chapter is the following:

Theorem 4.1.1. (cf. Theorem 4)

Let G be a finitely generated group which is hyperbolic relative to a collection of

subgroups {Hi}. For all p > 1, α∗p(G) = min{α∗p(Hi)}.

In fact, we obtain this result in greater generality (Theorem 4.5.4), and use it to

calculate the `p compression of closed 3-manifolds.

Corollary 4.1.2. (Corollary 5)

Let M be a closed 3-manifold, then for all p > 1 and all α ∈ (0,1), there exists a map

φ from π1(M) into some `p space, such that for all x, y ∈ π1(M),

(d(x, y))α ⪯ ∥φ(x) − φ(y)∥p ⪯ d(x, y).

So α∗p(π1(M)) = 1 for all p > 1.

Some estimates on compression exponents are already known for particular kinds

of relatively hyperbolic groups. Indeed, Sela proved in [Sel92] the coarse embed-

dability of hyperbolic groups into Hilbert spaces, his direct methods yielding a lower

bound of 1
2 on compression exponent. For free groups, compression exponent 1 was

determined by Guentner and Kaminker, with refinements by Brodskiy and Higes

and optimal results on compression obtained independently by Gal and Tessera

[GK04, BS08, Gal08, Tes11]. A proof that general hyperbolic groups have `p com-

pression exponent 1 for all p ∈ [1,∞) can be obtained using major theorems from

[BS00] and [BS05, BDS07] or from [Tes11].

All relatively hyperbolic groups admit coarse embeddings into Hilbert spaces (pro-

vided that their maximal peripheral subgroups do) [DG07], (previous results can be

found in [CDGY03, DG03]), but their methods do not generalise to `p spaces and

provide no bound on compression exponent so a completely different technique is

required to progress here. However, bounds are available in restricted cases. Dreesen

[Dre10], proves that given finitely generated groups A, B and C, where C is a finite

subgroup of A and B, min{α∗2(A), α∗2(B), 1
2
} ≤ α∗2(A ∗C B) and min{α∗2(A), 1

2
} ≤

α∗2(HNN(A,C, θ)).
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For limit groups Theorem 4.1.1 also follows from work of Wise, who proves that limit

groups embed quasi-isometrically into right-angled Artin groups, so these specific rel-

atively hyperbolic groups have `p compression exponent 1 for all p ≥ 1 [Wis11, DJ00,

DJ99, GK04] (cf. Examples 2.1.28(i) and 2.4.8).

In order to make the intricate proof of Theorem 4.1.1 more transparent, we approach

it via new results for two key sub-collections. The methods presented aid the intuition

and clarify the strategy behind the final proof. In Section 4.3 we provide a new, direct,

self-contained proof that the `p compression of any hyperbolic group is 1. This uses

ideas from [Tu01] to construct weighted cylinders around geodesics which have good

cancellation conditions imposed by the hyperbolic structure. Then we find embed-

dings of amalgamated products and HNN-extensions over finite groups displaying the

exact compression exponent (Section 4.4), by applying a careful weighting procedure

to Dreesen’s method. A näıve implementation of these two methods will never yield

a Lipschitz embedding in the general situation, so for the final proof we are required

to refine these two arguments and ensure that a suitable combination of them also

provides an optimal lower bound on compression exponent.

4.2 Preliminaries

Here we define collections of functions that will be used throughout this paper as

lower bounds to the coarse embeddings we construct, following this we present some

initial facts about them. Definitions and results are modelled on similar ideas found

in [Tes11], (cf. Example 2.3.5).

Definition 4.2.1. Concave functions and property (Cc
p)

We will call a function f ∶ N → [0,∞) concave if f is non-decreasing and for all

m,n ∈ N with n ≥m:

f(n +m) − f(n) ≤ f(n) − f(n −m).

This is based on the usual concavity condition f ′′ ≤ 0 given for smooth functions.

Let f ∶ N→ [0,∞) be a concave function satisfying Tessera’s property (Cp),

∞

∑
n=1

1

n
(f(n)

n
)
p

< ∞.

f is said to satisfy (Cc
p) if, in addition, f(n)p

n is non-decreasing for all n sufficiently

large.
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We observe here that the class of functions satisfying (Cc
1) is empty, but for all ε > 0

and all p > 1,

f(n) = n

(log2(n + 2)(log2 log2)1+ε(n + 2))
1
p

has property (Cc
p).

We now present two technical lemmas which will later explain the necessity of the

preceding definition. Lemma 4.2.2 will provide information about the lower bounding

function ρ− in the coarse embeddings we construct, while Lemma 4.2.3 is used to

ensure the defined embeddings are Lipschitz.

Lemma 4.2.2. Let M be a finite subset of N such that M = {m1,m2, . . . ,m2k} with

mi <mi+1 and m1 ≥ 1.

Let p ≥ 1 and let f ∶ N→ [0,∞) be a concave function such that f(n)p

n is non-decreasing.

Then

∑
i

f(m2i)p
m2i

(m2i −m2i−1) ≥ (1

2
)

3+p

f (∑
i

m2i −m2i−1)
p

.

Proof: For ease of notation we set m =
k

∑
i=1

m2i −m2i−1.

As f(n)p

n is non-decreasing,

k

∑
i=1

f(m2i)p
m2i

(m2i −m2i−1) ≥
m

∑
n=1

f(n)p
n

.

We then rewrite
m

∑
n=1

f(n)p
n

as follows

m

∑
n=1

f(n)p
n

≥
m

∑
n=m/2

1

n
f([m/2])p

≥ 1

4
f([m/2])p ≥ (1

2
)

3+p

f(m).

Lemma 4.2.3. Let M be a finite subset of N such that M = {m1,m2, . . . ,m2k} with

mi <mi+1 and m1 ≥ 1.

Let p ≥ 1 and let f ∶ N→ [0,∞) be a concave function with property (Cp). Then there

exists some uniform constant C such that

∑
i

(f(m2i)
m2i

)
p
m2i −m2i−1

m2i

≤ C.
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Moreover, if for each i, m2i ≤ 2m2i−1, then

∑
i

(f(m2i−1)
m2i−1

)
p
m2i −m2i−1

m2i−1

≤ 2p+1C.

Proof: As f is concave f(n)
n is non-increasing. Hence, for each i,

(f(m2i)
m2i

)
p

(m2i −m2i−1) ≤
m2i

∑
n=m2i−1+1

(f(n)
n

)
p

.

Therefore,

∑
i

(f(m2i)
m2i

)
p
m2i −m2i−1

m2i

≤
∞

∑
n=1

1

n
(f(n)

n
)
p

which is uniformly bounded as f has property (Cp).

For the second part just notice that m2i−m2i−1
m2i−1 ≤ 2m2i−m2i−1

m2i
and as f is non-decreasing,

(f(m2i−1)
m2i−1

)
p

≤ 2p (f(m2i)
m2i

)
p

.

With this complete, we now move to the first step towards proving Theorem 4.1.1:

building an explicit embedding of hyperbolic groups with optimal compression expo-

nent.

4.3 Hyperbolic metric spaces

In this section we provide a short, self-contained and explicit method of embedding

uniformly discrete hyperbolic metric spaces with bounded geometry into `p spaces

with optimal compression exponent.

We first require the following basic lemma in hyperbolic geometry.

Lemma 4.3.1. Let X be a δ-hyperbolic metric space and let e ∈X. Let n ≥ 3δ and

let x, y ∈ X with d(x, e) ≥ n and d(x, y) ≤ n
4 . For all geodesics g0 ∈ [[x, e]], g ∈ [[y, e]]

and points p ∈ g([n,2n]),

d (p, g0([n/2,5n/2])) ≤ 3δ.

Proof: We use the Rips definition of hyperbolicity, so in a geodesic triangle any

edge is contained in the union of the δ-neighbourhoods of the other two. Select

p ∈ g([n,2n]), if p lies within the δ-neighbourhood of g0 then we are done as a

sufficiently close point must lie within the required range.
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Alternatively, p must lie within the δ-neighbourhood of any geodesic in [[x, y]].

Let z be a point on some geodesic in [[x, y]] with d(p, z) < δ, then

d(x, p) ≤ d(x, z) + d(z, p) ≤ n
4
+ δ.

However, d(x, p) ≥ d(y, p) − d(x, y) ≥ 3n
4 , which is a contradiction as n ≥ 3δ.

e x

B(x; n4 )
g0

y

nn

N(g0([n/2,5n/2]),3δ)

Figure 4.1: The conclusion of Lemma 4.3.1

Theorem 4.3.2. (cf. Theorem 2)

Let X be a countable uniformly discrete δ-hyperbolic metric space with bounded ge-

ometry. Then given any p ≥ 1 and any concave function f with property (Cp) there

exists a map φ ∶X →⊕n `p(X) such that for all x, y ∈X,

f(dX(x, y)) ⪯ ∥φ(x) − φ(y)∥p ⪯ dX(x, y).

In particular, for all p ≥ 1, α∗p(X) = 1.

Throughout this chapter, any direct sum of `p spaces is equipped with the `p norm,

so all such spaces are isometric to `p(N). We include the additional detail to more

clearly define how each embedding is constructed.

Proof: We can reduce our problem to the case where X is the 0-skeleton of a

connected simplicial graph, using [Tu01, Lemmas 4.1 and 7.3]. As X has bounded

geometry (cf. Definition 2.1.4) we can define N(k) to be a bound on the cardinality

of any ball of radius k.

Fix a basepoint e ∈X. Given the following collection of restricted geodesics

Gx,k,n := {g([n,2n]) ∣ g ∈ [[y, e]] for some y with d(x, y) ≤ k} ,

we define Fx,k,n to be the set of all points in X lying on some g ∈ Gx,k,n but not in

B(e; 3δ) and set F (x, k, n) to be the characteristic function of Fx,k,n. We use the

bounded geometry of X to ensure that Fx,k,n is a finite set, thus F (x, k, n) ∈ `p(X).
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We then average these functions over all suitable values of k,

H(x,n) = 1

n
∑
k≤n

4

F (x, k, n).

For increasing values of k, the collection of all points on a geodesic in the set Gx,k :=
{g ∈ [[y, e]] ∣ dX(x, y) ≤ k} forms a sequence of ‘trumpets’.

⋰

k = 5
k = 4

k = 3
k = 2

k = 1

k = n
4

e x

k = 0

Figure 4.2: A weighted sum of hyperbolic ‘trumpets’

The restriction of these to the desired interval (after rescaling) gives the function

H(x,n):

e x

Figure 4.3: Restriction to the function H(x,n)

The following three lemmas provide bounds on the p-norms of these functions.

Lemma 4.3.3. There exists some constant C such that for all x ∈ X, k ≤ n
4 and

n ∈ N ∖ {0}, ∥F (x, k, n)∥pp ≤ Cn.

If, in addition, d(x, e) ≥ 2n, then n − 3δ ≤ ∥F (x, k, n)∥pp

Proof: The first inequality is obvious as ∣Fx,k,n∣ ≥ n − 3δ. For the second we use

Lemma 4.3.1 and the bounded geometry of X,

∥F (x, k, n)∥pp = ∥F (x, k, n)∥1 ≤ (2n + 1)N(3δ) ≤ 3N(3δ)n ≤ Cn

completing the proof.

Lemma 4.3.4. If d(x, y) ≤ R then ∥H(x,n) −H(y, n)∥p ≤ 2C(R + 1)n−
p−1
p .
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Proof: Choose x, y ∈X with d(x, y) ≤ R. Then as Fx,k,n ⊆ Fy,k+R,n,

∑
0≤k≤n

4

F (x, k, n) ≤ ∑
n
4
−R≤k≤n

4

F (x, k, n) + ∑
0≤k<n

4
−R

F (y, k +R,n)

≤ ∑
n
4
−R≤k≤n

4

F (x, k, n) + ∑
0≤k≤n

4

F (y, k, n).

Switching x and y in the above argument we conclude that

∥H(x,n) −H(y, n)∥pp ≤ 1

np
∑

n
4
−R≤k≤n

4

∥F (x, k, n)∥pp + ∥F (y, k, n)∥pp

≤ 1

np
(2C(R + 1))n ≤ (2C(R + 1))n−(p−1).

Notice we have made no assumption that H(x,n), H(y, n) ≠ 0.

Lemma 4.3.5. ∥H(x,n)∥pp ⪯ n, and whenever d(x, e) ≥ 2n, ∥H(x,n)∥pp ≍ n.

Proof: For the lower bound on ∥H(x,n)∥pp we notice that given any fixed geodesic

g ∈ [[x, e]], g([n,2n]) ⊆ F (x, k, n) for all k.

Hence, the function H(x,n) has at least n−3δ points on which it takes value at least
1
4 , so the lower bound is justified.

As an upper bound,

∥H(x,n)∥p ≤ n−1 ∑
k≤n

4

∥F (x, k, n)∥p ≤ n−1 (n
4
+ 1) (Cn)

1
p ⪯ n

1
p .

With these three lemmas we are now in a position to define our embedding φ ∶ X →
⊕n `p(X).

φ(x) := ∑
n≥1

f(2n)
2

n
p

H(x,2n).

To show φ is Lipschitz, consider x, y ∈X with d(x, y) ≤ R. Then, using Lemma 4.3.4:

∥φ(x) − φ(y)∥pp ⪯
∞

∑
n=1

f(2n)p
2n

∥H(x,2n) −H(y,2n)∥pp

⪯
∞

∑
n=1

(f(2
n)

2n
)
p

.

As f is concave and has property (Cp), f(2n)p ≤ 2p+1
2n+1

∑
i=2n+1

1

i
f(i)p. Thus

∥φ(x) − φ(y)∥pp ⪯
∞

∑
n=1

(f(2
n)

2n
)
p

⪯
∞

∑
n=1

2−np
2n+1

∑
i=2n+1

1

i
f(i)p ⪯

∞

∑
i=1

1

i
(f(i)

i
)
p

⪯ 1.
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For the lower bound on φ, consider two points x, y ∈ X, with d(x, y) > 12δ. We

assume, without loss of generality, that d(x, e) ≥ d(y, e).
We wish to find a value kx such that 2kx ≍ d(x, y) and for all n ∈ {1,2, . . . , kx}, the

functions H(x,2n) and H(y,2n) have disjoint support. Lemma 4.3.1 implies that

setting

kx := ⌊log2 ((x.y)e − 5δ)⌋

suffices, where (x.y)e = 1
2 (d(x, e) + d(x, y) − d(y, e)) is the Gromov product.

Then, by Lemma 4.3.5,

∥φ(x) − φ(y)∥pp ⪰
kx

∑
n=1

f(2n)p
2n

∥H(x,2n)∥pp ⪰
kx

∑
n=1

f(2n)p ⪰ f(d(x, y))p.

The final step is due to the fact that f is concave and has property (Cp).

4.4 Tree-graded spaces

During this section, we prove that the compression exponent of amalgamated products

and HNN extensions over finite groups depend only on the compression of the initial

groups. Specifically we prove that any tree-graded graph (cf. Definition 2.1.20)

can be metrically ‘decomposed’ into a collection of pieces and an underlying tree.

Embeddings of tree-graded spaces are found by embedding the two ‘components’

separately, in such a way as to preserve the metric of the original space.

We begin with the definition of a tree-graded graph.

Definition 4.4.1. Let Γ = (V (Γ),E(Γ)) be a connected simplicial graph. We say Γ

is tree-graded (in the sense of Druţu and Sapir, [DS05]), with respect to a collection

of non-empty connected subgraphs P ∶= {Γi}i∈I if the following properties the satisfied.

(i) Every vertex and every simple loop of Γ is contained in some Γi.

(ii) If i ≠ j, then Γi /⊆ Γj and ∣V (Γi) ∩ V (Γj)∣ ≤ 1.

In particular, given two finitely generated groups A and B with finite generating sets

SA and SB respectively, the Cayley graph Cay(A ∗ B,SA ⊔ SB) is tree-graded with

pieces given by the cosets of A and B in G.

The main result of this section is
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Theorem 4.4.2. Let Γ be a simplicial graph which is tree-graded with respect to the

collection of pieces P = {Γi}i∈I . Suppose we are given a concave function ρ′ ∶ N→ R≥0

and a collection of coarse embeddings of pieces ψi ∶ Γi → `p(Xi) such that for all

x, y ∈ Γi,

ρ′(dΓ(x, y)) ≤ ∥ψi(x) − ψi(y)∥p ≤ dΓ(x, y).

If p = 1, then there is a coarse embedding φ of Γ into an `1 space with

ρ′(dΓ(x, y)) ⪯ ∥φi(x) − φi(y)∥p ⪯ dΓ(x, y).

For p > 1, given any function f ∶ N→ R≥0 satisfying (Cp) there is a coarse embedding

φ of Γ into an `p space with

ρ(dΓ(x, y)) ⪯ ∥φi(x) − φi(y)∥p ⪯ dΓ(x, y),

where ρ(n) = min{ρ′(n), f(n)}.

We will provide a detailed set-up of the problem which makes the final proof rather

short.

Notice that we have made no assumption that Γ has any finiteness property, in par-

ticular, we have not assumed I is countable. This means that to be absolutely techni-

cally accurate we are viewing `p(X) as the space of all countably supported functions

f ∶ X → R with ∥f∥pp := ∑i∈I ∣f(i)∣p < ∞. For our purposes, finitely supported will

suffice.

Theorem 4.4.2 allows us to calculate compression exponents of certain groups. The

list of immediate consequences below is exhaustive by Stallings’ Theorem (cf. Theo-

rem 2.1.21 and [Sta68, Sta71]).

Corollary 4.4.3. (cf. Theorem 3)

Let G and H be finitely generated groups and let F be a finite subgroup of G and H.

For all p ≥ 1,

(i) α∗p(G ∗F H) = min{α∗p(G), α∗p(H)} and

(ii) α∗p(HNN(G,F, θ)) = α∗p(G).

Proof: It is an obvious consequence of Theorem 4.4.2 that (i) holds whenever F is

the trivial group.

If G and H are both finite, then G ∗F H and HNN(G,F ) are both hyperbolic by
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[Gro87], so the result holds. If G is infinite then HNN(G,F ) is quasi-isometric to

G ∗ Z, similarly, if at least one of G or H is infinite then G ∗F H is quasi-isometric

to G ∗H [PW02]. Z isometrically embeds into any non-trivial `p space, so we may

choose ρ′(n) = n, completing the result.

The following lemma is a key tool in this section.

Lemma 4.4.4. Let Γ be a tree-graded graph with respect to the collection of sub-

graphs P ∶= {Γi}i∈I and fix a basepoint e ∈ V (Γ). For each x ∈ V (Γ) there are finite

sets Ix = {i0, i1, . . . , ik} and {x0, . . . , xk = x} such that any geodesic g ∈ [[e, x]] can be

decomposed into a concatenation of subgeodesics

g = g0 g0 g1 . . . gk−1 gk,

such that for each j,

(i) gj ⊆ Γj, where ι(gj) = ej is the unique vertex of Γj at minimal distance from

e0 = e and τ(gj) = xj,

(ii) ∣gj ∣ ≤ 1.

Proof: g intersects a finite number of pieces, {Γi ∣ i ∈ Ix} and gi := g ∩ Γi is con-

nected, so is a sub-geodesic. gi and gi+1 have at most one vertex in common, by

definition 4.4.1(ii). If they are disjoint, then there is a path of length 1 between them

(otherwise Γ must meet another piece, or Ix has been ordered incorrectly). This then

gives a decomposition satisfying (i) and (ii).

Now take the above decomposition of any other geodesic in [[e, x]]. Any counterex-

ample to this lemma forces there to be a simple loop which is not contained in a single

piece.

In what follows we will assume, by applying a translation if necessary, that ψi(ei) = 0

for all i ∈ I.

Returning to the free product example G = A ∗ B, if we are given some word

x = a0b1a2 . . . an−1bn, where ai ∈ A ∖ {1A} and bi ∈ B ∖ {1B}, each gj is just the

vertex xj = a0b1 . . . cj, where c ∈ {a, b} depends only on the parity of j. Let us assume

c = a, the other case is similar. Each gj is a geodesic in the coset xj−1A from xj−1

to xj, although there may be many choices of such geodesic, they have the same end

points.
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Definition 4.4.5. Let Γ be a tree-graded graph with pieces {Γi ∣ i ∈ I } and let e ∈
V (Γ). The e-distance tree of Γ is the simplicial tree T eΓ, obtained from Γ by identifying

vertices under the relation x ∼ y if and only if x, y ∈ Γi for some i ∈ I and d(ei, x) =
d(ei, y).

This is not analogous to the coned-off graph of a relatively hyperbolic group, where

we imagine collapsing each Γi to a point, instead we are projecting them to rays.

This leads to a slightly non-trivial tree: even in simple situations like the free product

of two groups it yields a tree which does not have bounded geometry, though it is

locally finite. What matters here is that geodesics with e as one end vertex inject

isometrically into T eΓ under the obvious graph quotient. This motivates the name

e-distance tree, as that is precisely what it preserves. We will drop the e notation as

we have already prescribed a fixed basepoint.

We now introduce a new metric d′ on V (Γ) which splits distances into a “tree part”

and a “pieces part”. d′ is the sum of two pseudo-metrics σT and σI where σT (x, y)
is the distance between the projections of x and y on the tree TΓ and σI(x, y) =
∑i d(x′i, y′i) where z′i = zi if i ∈ Iz and ei otherwise, so d(x′i, y′i) = 0 for all but finitely

many values of i.

Checking that d′ is a metric only requires showing that d′(x, y) = 0 implies x = y.

Assume d′(x, y) = 0, which ensures φT (x, y) = 0 and d(x′i, y′i) = 0 for all i. The first

of these implies that x and y lie in a common piece Γj, and therefore, by definition,

x′j = x and y′j = y. Thus d(x, y) = d(x′j, y′j) = 0 and, as d is a metric, x = y.

The following lemma greatly reduces the workload of proving Theorem 4.4.2.

Lemma 4.4.6. Let d be the shortest path metric on Γ. d and d′ are 2 bi-Lipschitz.

Proof: It is clear that σI(x, y) and σT (x, y) are bounded from above by d(x, y), so

d′(x, y) ≤ 2d(x, y).

For the other bound suppose that for all i, d(x′i, y′i) < 1
2d(x, y), if this is not the case

then the result is clear. We show σT (x, y) ≥ 1
2d(x, y).

Fix j ∈ Ix ∩ Iy = {i0, . . . , j = il} with d(e, ej) maximal. As 0 < d(x′j, y′j) < 1
2d(x, y), in

the tree TΓ the images of geodesics in [[xj, x]] and [[yj, y,]] have at most one vertex in

common.

Moreover, every geodesic in [[e, x]] (resp. [[e, y]]) meets xj (resp. yj) by Lemma 4.4.4,

so σT (x, y) ≥ d(x,xj) + d(y, yj) ≥ 1
2d(x, y).
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Proof of Theorem 4.4.2: Results of Tessera and Gal [Tes11, Gal08] imply that

for every p > 1 and every function f with property (Cp) there is a map φT ∶ V (Γ) →
`p(V (TΓ)) such that

f(σT (x, y)) ⪯ ∥φT (x) − φT (y)∥p ⪯ σT (x, y). (4.1)

While for p = 1, the above works with f(n) = n.

By Lemma 4.4.6, this embedding satisfies the conclusion of Theorem 4.4.2 whenever

d(x′i, y′i) < 1
2d(x, y) for all i. To deal with the other situation, we consider the map

φI ∶ V (Γ) → ⊕i∈I `p(V (Γi)) given by

φI(x) = ∑
i∈I

ψi(x′i).

By definition, ∥φI(x) − φI(y)∥p ≤ σI(x, y), so this is also Lipschitz. Moreover, given

x, y ∈ V (Γ) such that there exists some i with d(x′i, y′i) < 1
2d(x, y), then

∥φI(x) − φI(y)∥p ⪰ ρ(d(x′i, y′i)) ⪰ ρ(d(x, y)).

Hence the theorem follows for the embedding φ = φI + φT .

However, the embedding φT does not have a good analogue in the relatively hyperbolic

case, and as the role of this section is to motivate the methods employed there, we

now present another map φT ∶ V (Γ) → `p({ei ∣ i ∈ I }).

(φT (x))(ek) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

f(d(ek, x))(
d(ek, ek+1)
d(ek, x)

)
1
p

if k ∈ Ix and ek ≠ x,

0 otherwise.

(4.2)

This only works for functions f satisfying property (Cc
p), and hence only when p > 1,

as it requires Lemma 4.2.3 to prove that it is Lipschitz and Lemma 4.2.2 to provide

a lower bound as in Equation (4.1). We will not give full details here as they are

presented in greater generality later.

We now adapt the methods presented so far in this chapter to the relatively hyperbolic

situation.

4.5 Relatively hyperbolic spaces

In this section we mimic the ideas of the previous section, splitting our embedding

into two pieces φs and φl which perform the same function as φT and φI in Section
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4.4 respectively. We also require the averaging techniques from Section 4.3. In most

of what follows, trying to directly embed an amalgamated product A ∗C B where C

is finite and non-trivial is sufficient to see why the proof of Theorem 4.5.4 is so much

more intricate than anything previously undertaken in this chapter.

We begin with an outline of various properties which are necessary for the method

of proof we give. This is a highly notation-heavy process, something we attempt to

offset using various informative figures. Once this is complete we formally describe

(Definition 4.5.2) the collection of simplicial graphs we are considering and prove

that asymptotically tree-graded simplicial graphs with bounded geometry satisfy this

definition (Proposition 4.5.3).

We assume in what follows that X is the 0-skeleton of a simplicial graph with bounded

geometry equipped with the shortest path metric d, e ∈X is a fixed basepoint and

A = {Ai ∣ i ∈ I }

is a countable collection of subsets - which we will refer to as pieces - of X which

cover, i.e. ⋃
i∈I

Ai =X.

In the case of a relatively hyperbolic group, we add the trivial subgroup to the list

of peripheral subgroups and take A to be the set of K-neighbourhoods of cosets of

these peripheral subgroups, for some fixed K ≥ 1.

Firstly, we impose some restrictions on geodesics in X, in what follows we assume

that g ∈ [[x, e]], where e is the fixed basepoint of X and x ∈X ∖ {e}:

Interactions between geodesics and pieces:

We define the i-domain of g, denoted g∣i, to be the convex hull (in g) of g ∩Ai and

considering g∣i as a directed path, we denote its initial vertex ι(g∣i) by g∣+i and its

terminal vertex τ(g∣i) by g∣−i .

e x
Ai

g∣−i g∣+ig∣i

Figure 4.4: The i-domain of a geodesic

The i-length of g is defined to be li(g) := d (g∣−i , g∣+i ) + 1.

We require a result analogous to Lemma 4.3.1 to ensure an averaging technique like

the one in Section 4.3 can be applied. Hence we impose the following two conditions

on X and A.
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(C1) There exists a constant K > 0 such that for every i ∈ I and any two geodesics

g1 and g2 which intersect Ai,

d (g1∣−i , g2∣−i ) ≤K.

(C2) There exists a constant K > 0 such that for every i ∈ I, every pair of points x, y

with d(x, y) ≤ max{d(x,Ai)

4 ,1} and any two geodesics gx ∈ [[x, e]] and gy ∈ [[y, e]],
which intersect Ai,

d(gx∣+i , gy ∣+i ) ≤K.

Moreover, if gy ∩Ai = ∅, then li(gx) ≤K.

It is a simple consequence of these two conditions that ∣li(gx) − li(gy)∣ ≤ 2K under the

hypotheses of condition (C2).

We illustrate the above conditions with the following figure.

e x

B(x; n4 )
gy

gx

y

nAi

Figure 4.5: A relative version of Lemma 4.3.1

For relatively hyperbolic groups, both these conditions follow from the bounded coset

penetration property, originally defined by Farb [Far98].

We will also need various finiteness conditions to ensure Lipschitz upper bounds for

the averaging procedures.

Finiteness conditions:

Figure 4.5 illustrates a key finiteness issue we will have to address, namely, if we

consider the collection of all geodesics from a ball of radius k around x to the origin

Gx,k := ⋃
d(x,y)≤k

[[y, e]],

then, within pieces where such geodesics have large i-domains, this collection of

geodesics may meet a large number of other pieces. As a result, any embedding

we make taking the form of those in Sections 4.3 and 4.4 will fail to be Lipschitz in

general. We remedy this by discounting pieces whose i-domains lie ‘deep inside’ some
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large j-domain

For a given x ∈X ∖{e} we restrict the collection of considered pieces in the following

way:

Given a collection of geodesics G, and a constant K ≥ 1 we define the i-boundary of

G, ∂Ki (G) to be the set of g∣+i which satisfy the following condition.

For all g′ ∈ G and any j ∈ I with lj(g′) ≥ 5K,

d(e, g∣+i ) ∉ [d(e, g′∣−j ) + 2K,d(e, g′∣+j ) − 2K] . (4.3)

This unpleasant-looking restriction discounts those i-domains which lie ‘deep’ inside

some j-domain. In Figure 6 one can imagine that by taking Ai to be a copy of Z2 in

some free product, the collection of all geodesics from a fixed x to e with i-domain of

length n meet around n2 different pieces while inside Ai. This restriction - equation

(4.3) - throws out all but a uniformly bounded number of such domains and is crucial

in showing that the two maps we will construct are Lipschitz, which we do in Lemmas

4.5.8 and 4.5.9.

Then when we consider the analogue of the “hyperbolic trumpets” considered in

Section 4.3, we collect all suitable boundary points of relevant i-domains into the set

∂Ki (x) := ⋃
k≤d(x,Ai)/4

∂Ki (Gx,k) .

We define the set of x-relevant i-domains - Ix(K) - to be the set of i ∈ I which are

crossed by some geodesic in a “trumpet” around x, but not too close to the basepoint.

More formally, we require that

∂Ki (x) ≠ ∅ and d(e, ∂Ki (x)) ≥ 3K.

It is far simpler - and thus very tempting - to consider only pieces with a sufficiently

large i-domain. However, simply considering the situation of a hyperbolic (but not

free) group as hyperbolic relative to the trivial group, we obtain an empty collection

of pieces.

As in the hyperbolic case, we dismiss any piece which is too close to the basepoint.

The subset I ′x(K) ⊆ Ix(K) consists of those i ∈ Ix(K) such that x ∉ Ai.

Technical point: Unlike the hyperbolic situation (cf. Lemma 4.3.4), it is not in

general true that ∂Ki (Gx,k) ⊆ ∂Ki (Gy,k+R) whenever d(x, y) ≤ R. However, we do have

the following result.
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Lemma 4.5.1. For each a ∈ X define nx,i(a) := ∣{k ∣ a ∈ ∂Ki (Gx,k)}∣. Then, for

any two points x, y ∈X with d(x, y) ≤ R,

∣nx,i(a) − ny,i(a)∣ ≤ ∣{k ∣ a ∈ ∂Ki (Gx,k) △ ∂Ki (Gy,k)}∣ ≤ 4R,

where △ denotes the symmetric difference A△B := (A ∖B) ⊔ (B ∖A).

Proof: We bound the number of possible values of k such that

a ∈ ∂Ki (Gx,k) ∖ ∂Ki (Gy,k)

For this to occur, either a is not an end point of any i-domain of a geodesic in Gy,k,

or it is, but there is some g′ ∈ Gy,k and some j ∈ I such that Equation (4.3) fails to

hold.

In the second situation, a /∈ ∂Ki (Gx,m) ∪ ∂Ki (Gy,m) for any m ≥ k +R.

In the first situation we are only interested in the case where a /∈ ∂Ki (Gy,k+R), which

only occurs when the second situation holds for k +R. Thus,

∣{k ∣ a ∈ ∂Ki (Gx,k) ∖ ∂Ki (Gy,k)}∣ ≤ 2R,

and the bound on ∣nx,i(a) − ny,i(a)∣ follows.

This lemma will be sufficient to develop an analogue of Lemma 4.3.4, once we have

the following finiteness properties.

(C3) There exists a constant K such that 1 ≤ ∣{i ∣ x ∈ Ai}∣ ≤ K for all x ∈ X and

diam(Ai ∩Aj) ≤K for all i, j ∈ I with i ≠ j.

(C4) There exists a constant K such that ∣{i ∈ Ix(K) ∣ d(x,Ai) = t}∣ ≤ K, for each

t ∈ N.

We are now ready to define the collection of spaces considered.

Definition 4.5.2. SPQR relatively hyperbolic graphs

Let X be the 0-skeleton of a simplicial graph with bounded geometry and a fixed

basepoint e ∈ X. Let A = {Ai ∣ i ∈ I } be a collection of subsets of X. The triple

(X,A, e) is SPQR relatively hyperbolic if it satisfies conditions (C1)-(C4) for a fixed

constant K.
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Intuitively, what this says is that X appears to be a relatively hyperbolic graph if all

we can see is geodesics to the basepoint e, i.e. all those roads that lead to Rome.

The main examples of SPQR relatively hyperbolic spaces are given by the following

proposition.

Proposition 4.5.3. Let X be a simplicial graph of uniformly bounded degree which

is asymptotically tree-graded in the sense of [DS05], with set of pieces A′. Then

(X,A, x) is SPQR relatively hyperbolic where A is a set of M-neighbourhoods of

elements of A′ and M-balls around points and x ∈X is arbitrary.

Proof: Suppose X is asymptotically tree-graded with respect to a collection of

subsets, which we will label {Ai ∣ i ∈ I }. Then we set A to be the collection of all

M -neighbourhoods of these pieces and all M balls centred at points not lying in

some Ai, where M is the constant obtained in the proof of the Rips’ hyperbolicity of

saturations [DS05, Corollary 4.27].

Property (C1) is the conclusion of [DS05, Corollary 8.14]. Suppose that (C2) fails,

and choose a collection of counterexample triples (xn, yn,An) such that d(xn, yn) ≤
d(xn,An)/4 and there are geodesics gxn ∈ [[xn, e]] and gyn ∈ [[yn, e]] such that

d(gxn∣+i , gyn∣+i ) ≥ n.

Quadrilaterals with vertex set (xn, gxn∣+i , g
y
n∣+i , yn, xn) are either uniformly pinched - in

the sense of Figure 4.6 below - or increasingly fat - in the sense of Definition 2.1.26.

xn

yn

gxn∣+i

gyn∣+i

→∞ An

xn

yn

gxn∣+i

gyn∣+i

≤ C An

Figure 4.6: Fat and ‘pinched’ quadrilaterals

If they are increasingly fat, then we obtain a contradiction to [DS05, Theorem 4.1(α3)]

as such polygons are certainly not contained in a uniform neighbourhood of a sin-

gle piece. However, if they are pinched we obtain a contradiction to [DS05, Lemma

4.11], which can be thought of as a quasi-geodesic version of property (C1). Here we

are using the quasi-convexity of pieces in an asymptotically tree-graded space [DS05,
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Lemma 4.3].

Property (C3) follows verbatim from [DS05, Theorem 4.1(α1)]. Finally, property (C4)

follows from the other three properties and the bounded geometry of X. Properties

(C1) and (C2) ensure that we only need consider points in uniformly bounded neigh-

bourhood of any fixed geodesic gx ∈ [[x, e]] - here the restriction to i ∈ Ix(K) is crucial.

This contains a uniformly bounded number of points at any fixed distance from x,

each of which lies in only finitely many pieces, by (C3).

In particular, Cayley graphs of relatively hyperbolic groups with finitely generated

peripheral subgroups are SPQR relatively hyperbolic [DS05, Appendix A].

Now we present the main theorem of the paper in its most general form.

Theorem 4.5.4. (cf. Theorem 4.5.10)

Let (X,A, e) be SPQR relatively hyperbolic, where A = {Ai ∣ i ∈ I }. Suppose we are

provided with maps ψi ∶ Ai → `p(Xi) and a concave function ρ′ ∶ R≥0 → R≥0 such that

for all x, y ∈ Ai,
ρ′(d(x, y)) ≤ ∥ψi(x) − ψi(y)∥p ≤ d(x, y).

Then, for all p > 1 and all functions f ∶ N → R≥0 with property (Cc
p) there exists a

coarse embedding φ of X into some `p space such that for all x, y ∈X,

ρ(d(x, y)) ⪯ ∥φ(x) − φ(y)∥p ⪯ d(x, y),

where ρ(n) = min{ρ′(n), f(n)}.

We define ei to be some closest point of Ai to e, by condition (C3), the diameter of

the set of possible choices for ei is at most K. Without loss of generality we may

assume ψi(ei) = 0 for each i ∈ I. As the constant K is now fixed we will write Ix and

I ′x in place of Ix(K) and I ′x(K) respectively. Similarly, we drop the K in the notation

∂Ki .

The proof is now split into three parts, in the first two we introduce two maps from X

into `p spaces with the equivalent roles of φT and φI in Section 4.4 and prove they are

Lipschitz. In the third (4.5.3) we prove their sum satisfies the conclusion of Theorem

4.5.4.
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4.5.1 Embedding small pieces

We construct an embedding with the role of identifying and separating points whose

geodesics spend most of their time in pieces they see very little of.

It is important to note that this uses the technique of replacing each piece by a ray

like in the construction of the e-distance tree (Definition 4.4.5). We then use the

averaging method from Section 4.3 to ensure a Lipschitz map. Crucially, in what

follows, we can only average a length proportional to the distance between a point

x and a piece Ai - in the hyperbolic case we take geodesics of length n at distance

approximately n from x. For this reason, we define the following capped version of

the hyperbolic trumpets Fx,k seen in Section 4.3.

For each i ∈ I ′x, we define functions Fi(x, k) ∈ `p(X) as follows:

Fi(x, k)(y) =
⎧⎪⎪⎨⎪⎪⎩

min{d(x,Ai), dX(y, ei) + 1}
1
p if y ∈ ∂i(Gx,k)

0 otherwise.

As a necessary shorthand we set dx,i(y) := min{d(x,Ai), dX(y, ei) + 1}. We then

define

Hi(x) =
1

d(x,Ai)
∑

k≤
d(x,Ai)

4

Fi(x, k).

The following three lemmas (mirroring Lemmas 4.3.3, 4.3.4 and 4.3.5) provide useful

information on these new objects.

Lemma 4.5.5. For all x ∈X, g ∈ [[x, e]], i ∈ I ′x and k ≤ d(x,Ai)

4 ,

dx,i(g∣+i ) ≤ ∥Fi(x, k)∥pp ≤ ∣∂i(Gx,k)∣ (dx,i(g∣+i ) +K) ⪯ dx,i(g∣+i ).

Moreover, if g∣+i ∈ ⋂
k≤d(x,Ai)/4

∂i(Gx,k), then

∥Fi(x, k)∥pp ≥ dx,i(g∣+i ).

Proof: By assumption, g∣+i ∈ ∂i(Gx,k) for all k ≤ d(x,Ai)

4 , so the first bound is

satisfied.

For the second bound,

∥Fi(x, k)∥pp ≤ ∑
y∈∂i(Gx,k)

dx,i(y) ≤ ∣∂i(Gx,k)∣ (dx,i(g∣+i ) +K).

The final inequality holds as X has uniformly bounded valency and the diameter of

∂i(Gx,k) is at most K, by condition (C2).
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Lemma 4.5.6. For all x ∈X, i ∈ I ′x and g ∈ [[x, e]],

∥Hi(x)∥pp ≤ ∣∂i(x)∣ (dx,i(g∣+i ) +K) .

Moreover, if g∣+i ∈ ⋂
k≤d(x,Ai)/4

∂i(Gx,k), then

∥Hi(x)∥pp ≥
1

4
dx,i(g∣+i ).

Proof: The upper bound follows from Lemma 4.5.5, as g∣+i ∈ ∂i(Gx,k) for all

k ≤ d(x,Ai)

4 , so

∥Hi(x)∥p ≤
1

d(x,Ai)
d(x,Ai) + 1

4
∥Fi (x,

d(x,Ai)
4

)∥
p

.

For the lower bound, we evaluate the contribution to ∥Hi(x)∥p coming from the point

g∣+i :

∥Hi(x)∥p ≥
1

d(x,Ai)
d(x,Ai) + 1

4
dx,i (g∣+i )

1
p .

Lemma 4.5.7. There exists some constant C > 0 such that for all x, y ∈ X with

d(x, y) ≤ 1, all g ∈ [[x, e]] and all i ∈ I ′x ∪ I ′y,

∥Hi(x) −Hi(y)∥pp ≤ C
dx,i(g∣+i )
d(x,Ai)p

.

Proof: We first bound the absolute value of Hi(x) − Hi(y) at some point a ∈
∂i(x) ∪ ∂i(y).

Recall that nz,i(a) ∶= ∣{n ≤ d(z,Ai)

4 ∣ a ∈ ∂i(Gz,k)}∣. By Lemma 4.5.1, we know that

whenever d(x, y) ≤ 1, ∣nx,i(a) − ny,i(a)∣ ≤ 4, for all a. Therefore,

∣(Hi(x) −Hi(y)) (a)∣ = ∣ nx,i(a)
d(x,Ai)

dx,i(a)
1
p − nx,i(a)

d(x,Ai)
dx,i(a)

1
p ∣ ,

If i ∈ I ′x ∖ I ′y then Hi(y) = 0, and nx,i(a) ≤ 2. Again, we use the fact that ∣∂i(x)∣ is

uniformly bounded by condition (C2) and the uniformly bounded valency of X, so

we are done. The case i ∈ I ′y ∖ I ′x is treated in the same way.

Suppose now that i ∈ I ′x ∩ I ′y, so d(x,Ai), d(y,Ai) ≥ 1. Notice that dx,i(a) = dy,i(a)
unless one (or both) are equal to d(x,Ai) (respectively d(y,Ai)). Therefore,

∣dx,i(a)
1
p − dy,i(a)

1
p ∣ ≤ min{d(x,Ai), d(y,Ai)}−

p−1
p ≤ 2d(x,Ai)−

p−1
p .

At this point it is crucial that we capped the lengths considered before defining the

embedding.
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Finally, combining these observations we have

∣(Hi(x) −Hi(y)) (a)∣ =
d(y,Ai)nx,i(a)dx,i(a)

1
p − d(x,Ai)ny,i(a)dy,i(a)

1
p

d(x,Ai)d(y,Ai)
.

By the triangle inequality, we can bound this from above by

nx,idx,i(a)
1
p ∣d(x,Ai) − d(y,Ai)∣

d(x,Ai)d(y,Ai)
+ d(x,Ai)dx,i(a)

1
p ∣nx,i(a) − ny,i(a)∣

d(x,Ai)d(y,Ai)

+
d(x,Ai)ny,i(a) ∣dy,i(a)

1
p − dx,i(a)

1
p ∣

d(x,Ai)d(y,Ai)
.

Applying all the previous deductions and noticing that nx,i(a) ≤ d(x,Ai) we obtain a

uniform constant C ′ such that

∣(Hi(x) −Hi(y)) (a)∣ ≤ C ′
dx,i(a)

1
p

d(x,Ai)
.

Finally, we use condition (C2) again to deduce that the set ∂i(x)∪∂i(y) has uniformly

bounded cardinality and the lemma follows.

We are now ready to define the first part of our embedding:

φs(x) ∶= ∑
i∈I′x

f(d(x,Ai))
d(x,Ai)

1
p

Hi(x).

Lemma 4.5.8. φs ∶X → `p(X) is Lipschitz for all p > 1.

Proof: Consider two points x, y ∈X with d(x, y) ≤ 1.

Firstly, suppose i ∈ I ′x ∖ I ′y. Then by Lemma 4.5.7,

∥Hi(x)∥pp ≤ C
dx,i(g∣+i )
d(x,Ai)p

,

for any geodesic g ∈ [[x, e]], but by condition (C2), li(g) is uniformly bounded, so

∥Hi(x)∥pp ⪯
1

(d(x,Ai) + 1)p .

The case i ∈ I ′y ∖ I ′x is treated similarly and as ∣d(x,Ai) − d(y,Ai)∣ ≤ 1,

∥Hi(y)∥pp ⪯
1

(d(x,Ai) + 1)p .

By the triangle inequality, the contribution made to ∥φs(x) − φs(y)∥ by those pieces

Ai with i ∈ I ′x ∩ I ′y is at most

∑
i∈I′x∩I′y

f(d(x,Ai))p
d(x,Ai)

∥Hi(x) −Hi(y)∥pp (4.4)
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+ ∑
i∈I′x∩I′y

⎛
⎝
f(d(x,Ai))
d(x,Ai)

1
p

− f(d(y,Ai))
d(y,Ai)

1
p

⎞
⎠

p

∥Hi(x)∥pp . (4.5)

As f(n)(n
−1
p ) is non-decreasing (cf. Definition 4.2.1) we may use the same argument

as in the tree-graded case to deduce that (4.5) is bounded from above (up to some

uniform multiplicative constant) by

∑
i∈I′x∩I′y

min{diam(∂i(x)) + 1, d(x,Ai)}
d(x,Ai)

(f(d(x,Ai))
d(x,Ai)

)
p

.

Also, by Lemma 4.5.6 and the fact that f is concave, (4.4) is bounded from above

(up to some uniform multiplicative constant) by

∑
i∈I′x∩I′y

min{diam(∂i(x)) + 1, d(x,Ai)}
d(x,Ai)

(f(d(x,Ai))
d(x,Ai)

)
p

.

Hence,

∥φs(x) − φs(y)∥pp ⪯ ∑
i∈I′x∪I′y

min{diam(∂i(x)) + 1, d(x,Ai)}
d(x,Ai)

(f(d(x,Ai))
d(x,Ai)

)
p

which is uniformly bounded. To see this notice that by conditions (C3) and (C4)

we can partition I ′x ∪ I ′y into a uniformly bounded number of subsets in such a way

that the above sum restricted to any such subset satisfies the hypotheses of Lemma

4.2.3.

4.5.2 Embedding large pieces

For the second part of the embedding we make a complementary construction, set the

task of identifying long pieces using the existing embeddings of pieces (ψi)i∈I . The

difficulty here is in ensuring the map is Lipschitz. To do this we combine geodesics

using the averaging methods from Section 4.3, normalised so that each ‘thick geodesic’

has suitable weight.

We define ax,i :=
d(x,Ai)

4

∑
k=0

∣∂i(Gx,k)∣ and define kx,i = min{ax,i,1 + d(x,Ai)

4 }. This will be

the normaliser of our thick geodesic.

Recall that we made the convention ψi(ei) = 0 for each i ∈ I.

We then proceed towards the definition of the second part of the embedding, by

defining

F ′
i (x, k) := ∑

a∈∂i(Gx,k)

ψi(a).
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We then normalise using kx,i,

H ′
i(x) =

1

kx,i
∑

k≤
d(x,Ai)

4

F ′
i (x, k).

The second part of the embedding φl ∶X →⊕i∈I `p(Xi) is defined as

φl(x) = ∑
i∈Ix

H ′
i(x).

Lemma 4.5.9. For all p > 1, φl is Lipschitz.

Proof: Let x, y ∈X ∖B(e; 3K) with d(x, y) ≤ 1. We show that for each i ∈ Ix ∪ Iy,

∥H ′
i(x) −H ′

i(y)∥p ≤
C

d(x,Ai) + 1
,

for some C > 0 not depending on i. This suffices by the finiteness conditions (C3)

and (C4).

Initially, suppose kx,i = ax,i and ky,i = ay,i. Then notice that the function

1

kx,i
∑

k≤
d(x,Ai)

4

χ(∂i(Gx,k))

where χ(S) is the characteristic function of the set S, is non-negative and has `1 norm

exactly 1, as kx,i = ∑
k≤

d(x,Ai)
4

∣∂i(Gx,k)∣.

Moreover,

1

kx,i
∑

k≤
d(x,Ai)

4

χ(∂i(Gx,k)) −
1

ky,i
∑

k≤
d(y,Ai)

4

χ(∂i(Gy,k)) (4.6)

has `1 norm at most C′
d(x,Ai)

for some uniform constant C ′, and the sum of its entries

is 0.

The second of these claims follows from the fact that this is a difference of non-

negative functions of `1 norm 1. Recall that ∣nx,i(a) − nyi(a)∣ ≤ 4 for all a, by Lemma

4.5.1 and the set ∂i(Gx,k) ∪ ∂i(Gy,k) has uniformly bounded cardinality (independent

of k). Hence, ∣kx,i − ky,i∣ is uniformly bounded by some constant C ′′.

Next, fix any point a ∈X. The contribution to (4.6) coming from a is at most

∣nx,i(a)
kx,i

− ny,i(a)
ky,i

∣ .
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As ny,i(a) ≤ ky,i,

∣nx,i(a)
kx,i

− ny,i(a)
ky,i

∣ ≤ ∣nx,i(a)
kx,i

− ny,i(a)
kx,i

∣ + ∣ny,i(a)
kx,i

− ny,i(a)
ky,i

∣

≤ ∣nx,i(a) − ny,i(a)∣
kx,i

+ ny,i(a) ∣kyi − kx,i∣
ky,ikx,i

≤ 1

kx,i
+ C ′′

kx,i
≤ C ′

d(x,Ai) + 1
,

with the final step coming from the fact that kx,i ≥ 1 + d(x,Ai)

4 . Now we return our

attention to H ′
i(x) −H ′

i(y), which we deduce from our previous arguments can be

written in the following way:

H ′
i(x) −H ′

i(y) = ∑µnψi(bn),

where each bn ∈ ∂i(x) ∪ ∂i(y) and µn is the value of the function (4.6) at bn. From

the above argument we know that ∑µn = 0 and ∑∣µn∣ ≤ C′
d(x,Ai)+1 .

But for any two points a, b ∈ ∂i(x) ∪ ∂i(y), ∥ψi(a) − ψi(b)∥ ≤ 2K, by conditions (C1)

and (C2) and the fact that each ψi is 1-Lipschitz. Therefore,

∥H ′
i(x) −H ′

i(y)∥p ≤
2KC ′

d(x,Ai) + 1
.

Instead, assume without loss of generality that kx,i > ax,i, then ∂i(Gx,k) = ∅ for some

k and by condition (C2) the length of any i-domain of any considered geodesic is

bounded from above by K.

Hence, using the fact that ∣kx,i − ky,i∣ ≤ K, we deduce in the same way as above that

(4.6) has `1 norm bounded by C′
d(x,Ai)+1 for some uniform constant C ′.

Again writing

H ′
i(x) −H ′

i(y) = ∑µnψi(bn),

we see that as each ψi is 1-Lipschitz,

∥H ′
i(x) −H ′

i(y)∥p ≤ ∑∣µn∣ ∥ψi(bn)∥p ≤
2KC ′

d(x,Ai) + 1
,

completing the lemma.
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4.5.3 The proof of Theorem 4.5.4

Now we are ready to prove Theorem 4.5.4 using the embedding

φ ∶X → `p(X) ⊕⊕
i∈I

`p(Xi) given by φ(x) = φs(x) + φl(x).

This is Lipschitz by Lemmas 4.5.8 and 4.5.9.

Consider x, y ∈ X with d(x, y) ≥ CK (C is chosen such that ρ′(CK) ≥ 35K and

C ≥ 35).

Fix geodesics gx ∈ [[x, e]] and gy ∈ [[y, e]].

Set xy to be the closest point px,y on gx to e such that d(px,y, gy) ≥ 5K and define yx

similarly.

Notice that if xy, yx ∈ Ai for some i, then that i is unique, as the intersection of any

two pieces has diameter at most K, by condition (C3).

Let Jx = {j ∈ Ix ∣ gx∣[[x,xy]] ∩Aj ≠ ∅} and J ′x = Jx ∩ I ′x. We define Jy and J ′y similarly.

Jx ∩ Jy has cardinality at most 1, by condition (C1).

We now deal with the cases where there x and y are separated by a large piece. To

detect this, we will be using the embedding φl.

Suppose ∣Jx ∩ Jy ∣ = 1, label that index i and suppose d(gx∣+i , gy ∣+i ) ≥ 1
7d(x, y), then

∥φ(x) − φ(y)∥pp ≥ ∥H ′
i(x) −H ′

i(y)∥
p
p .

We notice that the sets ∂i(x) and ∂i(y) are disjoint as ∂i(x) has diameter at most K,

so the function defined in the proof of Lemma 4.5.9, (4.6) has `1 norm 2 in this case.

Therefore, we can write

H ′
i(x) −H ′

i(y) = ∑
n

µnH
′
i(x).χ({bn}) −∑

m

µmH
′
i(y)χ({bm})

with µa again being the value of (4.6) evaluated at ba. Notice that ∑n µn = ∑m µm = 1

and the sets {bm} and {bn} are disjoint. Pairing up the µn and µm and applying

condition (C2) we see that

∥H ′
i(x) −H ′

i(y)∥p ≥ ρ′(d(gx∣+i , gy ∣+i )) − 4K ≥ 1

35
ρ′(d(x, y)),

where the last step comes from the concavity of ρ′ and the upper bound on d(x, y).

If Jx ∩ Jy = {i} we now set xy = gx∣+i and yx = gy ∣+i . Otherwise we leave xy and yx as
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before. In particular, d(xy, yx) ≥ 6
7d(x, y) − 2K.

Without loss of generality, suppose that d(x,xy) ≥ d(y, yx). From this we deduce that

d(x,xy) ≥ 3
7d(x, y) −K. If there exists some j ∈ Jx ∖ Jy with lj(gx) ≥ 1

7d(x, y), then

∥φ(x) − φ(y)∥p ≥ ∥H ′
j(x) −H ′

j(y)∥p = ∥H ′
j(x)∥p

≥ ρ′(lj(gx)) − 2K ≥ 1
35ρ

′(d(x, y)).

If this does not happen, then we use the embedding φs to detect the distance between

x and y.

∥φ(x) − φ(y)∥pp ≥ ∑
j∈J ′x∖Jy

f(d(x,Ai))p
d(x,Ai)

∥Hj(x)∥pp .

As every point p lying on gx at distance between 2
3d(x,xy) and d(x,xy) from x lies in

some Aj with j ∈ J ′x ∖ Jy, we use Lemma 4.2.2 and the lower bound of Lemma 4.5.6

to deduce

∥φ(x) − φ(y)∥pp ⪰ f (1

3
d(x,xy) − 1)

p

.

Finally, f is concave and d(x,xy) ≥ 3
7d(x, y) −K, so this gives

∥φ(x) − φ(y)∥p ⪰ f (1

7
d(x, y) − (K + 1)) ⪰ f(d(x, y)).

Corollary 4.5.10. Let G be a finitely generated group which is hyperbolic relative to

a collection of subgroups {Hi}. Given any p > 1, any collection of coarse embeddings

of Hi into `p spaces with associated concave lower bounding functions ρi− and any

function f with property (Cc
p) there is a map φ from G into an `p space such that for

all x, y ∈ G,

ρ(d(x, y)) ⪯ ∥φ(x) − φ(y)∥p ⪯ d(x, y),

where ρ(n) = min{ρi−(n), f(n)} .

Proof: This follows from Theorem 4.5.4, Proposition 4.5.3 and Appendix A of

[DS05].

In particular, we obtain an embedding result for all closed 3-manifolds.

Corollary 4.5.11. (cf. Corollary 5)

Let M be a closed 3-manifold, then for all p > 1 and all f satisfying property (Cc
p),

there exists a map φ from π1(M) into some `p space, such that for all x, y ∈ π1(M),

f(d(x, y)) ⪯ ∥φ(x) − φ(y)∥p ⪯ d(x, y).

So α∗p(π1(M)) = 1 for all p > 1.
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Proof: Consider first the geometric manifolds. The fundamental groups of these

are quasi-isometric to one of eight Thurston geometries, which are either compact,

Euclidean, hyperbolic or have a suitable embedding via [Tes11, Theorem 1].

In the non-geometric case, we decompose the manifold along tori using the Geometri-

sation Theorem [Per02, Per03b, CZ06a, CZ06b, KL08, MT07, MT08]. If M has

no hyperbolic part then it is a graph manifold and Smirnov proves this has finite

Assouad-Nagata dimension [Smi10]. A theorem of Gal then gives suitable bounds on

compression [Gal08]. For an explicit embedding, one can use Theorems 1 and 4.4.2.

Finally, if it has a hyperbolic part, then π1(M) is hyperbolic relative to the funda-

mental groups of a finite collection of graph manifold groups and virtually polycyclic

groups [Dah03a]. Using [Tes11, Theorem 1] and [Gal08] again and applying Corollary

4.5.10 completes the result.

By way of complete contrast, Sapir [Sap11] proves the existence of a closed aspherical

4-manifold M where π1(M) coarsely contains expanders and hence admits no coarse

embedding into any Hilbert space. This uses Gromov’s proof [Gro00] of the existence

of a group coarsely containing expanders.

Finally, we also obtain an estimate for Lp compression using proposition 2.1.8.

Corollary 4.5.12. (cf. Corollary 6)

Let X be an asymptotically tree-graded simplicial graph of uniformly bounded degree

and let {Ai ∣ i ∈ I } be a suitable choice of pieces. Suppose we are given a collection

of maps ψi ∶ Ai → Lp([0,1]) and a concave function ρ′ ∶ N→ R≥0 such that for all i ∈ I
and all x, y ∈ Ai,

ρ′(d(x, y)) ≤ ∥ψi(x) − ψi(y)∥p ≤ d(x, y).

For each function f satisfying property (Cc
q) where q = max{p,2} there exists a map

φ of X into Lp([0,1]) with

min{f(d(x, y)), ρ′(d(x, y))} ⪯ ∥φ(x) − φ(y)∥ ⪯ d(x, y).

Proof: By Proposition 2.1.8, `p(X) isometrically embeds into Lp([0,1]). The

remainder then follows by recalling the fact that L2([0,1]) isometrically embeds into

Lp([0,1]) when p ∈ [1,2] [Woj91] and applying Theorem 4.5.4.
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4.6 Extensions

Here we review a few extensions which can be made to the above results, particularly

those of Section 4.3. We construct explicit embeddings of hyperbolic metric spaces

with Bowditch’s tight geodesic property into `p spaces in Section 4.6.1, and give an

extension away from hyperbolic metric spaces in situations where the space satisfies

some weakened version of Lemma 4.3.1.

4.6.1 A step away from bounded geometry

Here we show how to extend Theorem 4.3.2 to curve complexes of surfaces and coned-

off graphs of relatively hyperbolic groups, (cf. Sections 2.1.7 and 2.1.6).

Theorem 4.6.1. Let X be a hyperbolic simplicial graph satisfying Bowditch’s tight

geodesic property (cf. Theorem 2.1.38). Then for every concave function f ∶ N → R
satisfying Tessera’s property (Cp) there is an embedding φ of X into an `p space with

f(d(x, y)) ⪯ ∥φ(x) − φ(y)∥p ⪯ d(x, y).

In what follows we only deal with geodesics which are tight in the sense of Bowditch

[Bow08]. We recall here Bowditch’s notation. LT (a, b) denotes the set of all tight

geodesics connecting a and b, of which there are finitely many (and at least one

[MM00]). Moreover, we set

LT (A, b) = ⋃
a∈A

LT (a, b).

Fix a basepoint e ∈X, we define the set of restricted geodesics

Gx,k,n = ⋃
g∈LT (B(x;k),e)

{g([n,2n])} .

We define Fx,k,n to be the set of all points in C(X) lying on some g ∈ Gx,k,n but not

in B(e; 3δ) and set F (x, k, n) to be the characteristic function of Fx,k,n.

Lemma 4.6.2. There exists some n0 such that for all n ≥ n0, Fx,k,n is a finite set,

so F (x, k, n) ∈ `p(X).

Proof: This follows from [Bow08, Theorem 1.1] and Lemma 4.3.1.

Next define

H(x,n) = 1

n
∑
k≤n

4

F (x, k, n).

The following lemma captures the necessary properties of these functions.
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Lemma 4.6.3. There exists some constant C such that for all x, y ∈ X, k ≤ n
4 and

n ≥ n0,

(i) ∥F (x, k, n)∥pp ≤ Cn, and if d(x, e) ≥ 2n, then ∥F (x, k, n)∥pp ≥ n − 3δ,

(ii) ∥H(x, k, n)∥pp ≤ Cn, and if d(x, e) ≥ 2n, then ∥H(x, k, n)∥pp ≥ n−3δ
4 ,

(iii) if d(x, y) ≤ R, then ∥H(x,n) −H(y, n)∥p ≤ 2C(R + 1)n−
p−1
p .

The proofs are so similar to those of Lemmas 4.3.3, 4.3.4 and 4.3.5 respectively that

we omit additional details here.

We can now define our embedding φ ∶X →⊕n `p(X), by setting

φ(x) = ∑
n≥log2(n0+3)

f(2n)
2

n
p

H(x,2n).

The result then follows in exactly the same way as Theorem 4.3.2.

4.6.2 Strong fellow-traveller properties

One may view the conclusion of Lemma 4.3.1 - we will give a full statement momen-

tarily to avoid long-distance cross-checking - as a strengthening (albeit an enormous

one) of the fellow-traveller property for automatic groups. We can grade these strong

fellow-traveller properties as follows:

Definition 4.6.4. The g fellow-traveller property

Let Γ = (V (Γ),E(Γ)) be a simplicial graph and let g∶N∖{0} → N∖{0} be a function.

We say Γ satisfies the g fellow-traveller property if, for some point e ∈ V (Γ) there

exist a collection of geodesics (in other terminology, a normal form) gx ∈ [[x, e]] for

all x ∈ V (Γ) such that for all n sufficiently large (n ≥ n0), there exists some constant

K ≥ 0 such that for all

• x, y ∈ V (Γ) with dΓ(x, y) ≤ g(n),

• geodesics g0 ∈ [[x, e]] and g ∈ [[y, e]],

• points p ∈ g([n,2n]),

dΓ (p, g0([0,3n])) ≤K.

98



We note first that g(n) ⪯ n. The case where g is a constant function defines the

ordinary fellow-traveller property, while the conclusion of Lemma 4.3.1 is the situation

where g(n) ⪰ n.

Theorem 4.3.2 can be extended to all simplicial graphs satisfying some version of this

fellow-traveller property. Unfortunately, but also unsurprisingly, this says nothing

about automatic groups in general.

Theorem 4.6.5. Let Γ be a simplicial graph with bounded geometry satisfying the g

fellow-traveller property for some function g. For every function f ∶ N→ N such that

f(n) n
g(n) is concave and has property (Cp) there exists an embedding φ∶Γ→⊕n∈N `p(Γ)

such that for all x, y ∈ V (Γ),

f(dΓ(x, y)) ⪯ ∥φ(x) − φ(y)∥p ⪯ dΓ(x, y).

Proof: This follows the exact method of the proof of Theorem 4.3.2 with the

following adjustments:

• the definition of Gx,k,n is restricted to the collection of prescribed geodesics

{gx ∣ x ∈ V (Γ) ∖ {e}},

• we define H(x,n) := 1
g(n) ∑k≤g(n)F (x, k, n),

• the conclusion of Lemma 4.3.4 is replaced with

∥H(x,n) −H(y, n)∥p ≤ 2C(R + 1) n

g(n)−p .

However, for finitely generated groups nothing new is gained, as shown by the follow-

ing proposition.

Proposition 4.6.6. Let Γ = (V (Γ),E(Γ)) be the Cayley graph of a finitely gener-

ated group G. If Γ satisfies the g fellow-traveller property for some function g where

g(n) → ∞ as n→∞, then G is hyperbolic.

To prove this, we will show that G has subquadratic Dehn function and apply Theo-

rem 2.1.19. First, we show that such a group is necessarily finitely presented. Groups

satisfying weaker fellow travelling properties are explored in much greater detail in

[Bri93]. Notice that all automatic groups have g(n) uniformly bounded, so the result

is optimal in that sense.

Proof of Proposition 4.6.6 First we prove that G is finitely presentable, the
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method here will also imply (once we know finite presentability) that the Dehn func-

tion of G is at most quadratic. Given any loop L in Γ of length at most m originating

at the identity e, we enumerate vertices on that loop as A := {e = a0, a1, . . . , am−1} and

label the geodesics given by the definition as gi ∈ [[ai, e]] for all i ≥ 1.

Applying the g fellow-traveller property to n = n0, we see that the distance between

gi(k) and gi+1(k) is uniformly bounded independent of k, so adding geodesics between

all such pairs of points we fill L using at most m2 loops of uniformly bounded length.

Hence, every relation in G can be written as product of uniformly bounded length

loops, so G is finitely presentable and the Dehn function of G is at most quadratic.

This proof is illustrated by Figure 4.7 below.

e

1

≤ C

n0

a1

a2

a3

L

Figure 4.7: Finite presentability and quadratic Dehn function

We now use this to prove subquadratic Dehn function. This time we take a loop

of length at most m ≥ (n0)2 in Γ and consider a subset {e = ai0 , ai1 , . . . , aij} of A

where j ≤ 2m/g(√m) and 1 ≤ ik+1 − ik ≤ g(√m). Applying the g fellow-traveller

property to
√
m ≥ n0, we see that the distance between gi(k) and gi+1 is uniformly

bounded independent of k for all k ≥ √
m. Again, adding geodesics between all such

pairs of points we fill L using at most 2m/g(√m) loops of length at most 4
√
m and

(2m/g(√m))2 loops of uniformly bounded length. As the Dehn function of G is at

most quadratic, A(G) ⪯m2/g(√m).

We illustrate this proof by Figure 4.8 below.
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e

≤ g(√m)

≤ C

√
m

ai1

ai2

ai3

L

Figure 4.8: Sub-quadratic Dehn function

This yields the following definition.

Theorem 4.6.7. Gromov hyperbolicity

A finitely generated group G is Gromov hyperbolic if and only if it satisfies the g

fellow-traveller property for some function g such that g(n) → ∞ as n→∞.

Proof: Follows from Lemma 4.3.1 and Proposition 4.6.6.

4.7 Subsequent work

In [MS12], (cf. Theorem 2.1.47) the authors prove that a relatively hyperbolic group

quasi-isometrically embeds into a finite product of trees if and only if its peripheral

subgroups have this property, this gives an optimal bound on compression exponent

- including the seemingly elusive p = 1 case - in this restricted setting. Using this,

they prove that every closed 3-manifold group has finite Assouad-Nagata dimension

(cf. Definition 2.4.7) giving an optimal version of Corollary 4.5.11 in light of results

of [Gal08].
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Chapter 5

Embedding mapping class groups
into finite products of trees

Let’s think the unthinkable, let’s do the undoable, let’s prepare to grapple

with the ineffable itself, and see if we may not eff it after all.

– Douglas Adams

5.1 Introduction

As mentioned previously, mapping class groups are one of the most interesting classes

of finitely generated groups, due to their close connections with geometry, topology

and group theory and their similarities with lattices in higher rank semisimple Lie

groups and Out(Fn).

In this chapter, we study these groups from the viewpoint of their quasi-isometric

embeddings into finite products of (locally infinite) simplicial trees and coarse em-

beddings into `p spaces.

Trees occur naturally as an important and well-studied subclass of Gromov hyper-

bolic metric spaces. Many finitely generated groups are already known to admit

quasi-isometric embeddings into a finite product of trees: Hyperbolic, Coxeter, right-

angled Artin and virtually special groups are all examples, (cf. Example 2.4.8 and the

following references contained therein [BDS07, DJ99, DJ00, HW08]). By contrast: the

discrete Heisenberg group, Thompson’s group and wreath products of infinite finitely

generated groups admit no such embedding, (cf. Example 2.4.10 and [Pau01]).

Quasi-isometric embeddability into a finite product of trees is an important metric

constraint, which is in general not easy to verify. Within this setting it is of course

sufficient to consider embeddings into products of spaces quasi-isometric to trees.
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The quasi-isometry classes of hyperbolic spaces with tree representatives provides an

important subclass characterised by Manning’s bottleneck property, (cf. Theorem

2.1.14 and [Man05]):

A geodesic metric space X satisfies the bottleneck property (BP) if and only if there

is some constant ∆ > 0 such that given any two distinct points x, y ∈ X and some

geodesic g from x to y with midpoint m, every path from x to y in X intersects

B(m; ∆) = {z ∈X ∣ dX(z,m) < ∆}.

Within the collection of relatively hyperbolic spaces, (cf. Definition 2.1.26 and [DS05])

the analogue of a tree is the notion of a tree-graded space (cf. Section 2.1.5. We recall

(Definition 2.1.20) that a geodesic metric space X is tree-graded with respect to a

collection of subsets {Xi ∣ i ∈ I } (called pieces) if and only if

• for all i ≠ j, ∣Xi ∩Xj ∣ ≤ 1 and

• every simple geodesic triangle (a simple loop consisting of three geodesic edges)

is contained in a single piece.

These occur as a subclass of relatively hyperbolic spaces, one of the simplest (and

most natural) non-degenerate examples being a free product of groups. Moreover,

every asymptotic cone of a relatively hyperbolic space is tree-graded [DS05].

Spaces contained in quasi-isometry classes of relatively hyperbolic spaces with tree-

graded representatives have additional structural properties not present in the general

class of relatively hyperbolic spaces. If a space X is quasi-isometric to a tree-graded

space T (X) with pieces {Ti ∣ i ∈ I }:

• X has asymptotic dimension at most n/asymptotic Assouad-Nagata dimension

at most n/quasi-isometrically embeds into a product of at most n trees if and

only if the same is uniformly true for the collection of pieces {Ti ∣ i ∈ I } [BH09].

• The `p compression exponent of X - the supremum over all α ∈ [0,1] with

the property that there is some Lipschitz embedding φ of X into `p(N) with

∥φ(x) − φ(y)∥p ≥ K−1dX(x, y)α − C for all x, y ∈ X - equals the uniform `p

compression exponent of {Ti ∣ i ∈ I }, i.e. the supremum over α for which K,C

can be chosen independent of i, by Theorem 3.

• X is a quasi-tree if and only if there is some ∆ such that each Ti satisfies (BP)

with constant ∆.
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The first two of these conditions have some analogues for general relatively hyperbolic

groups [Osi05, MS12] and Theorem 4, but almost nothing is known once we leave the

realm of spaces with bounded geometry.

The recent paper of Bestvina-Bromberg-Fujiwara represents an important advance-

ment in understanding the geometry of mapping class groups and its axiomatic ap-

proach has since been used to study embeddings of relatively hyperbolic groups into

products of trees [MS12]. An overview of this construction is contained in Section

2.1.8, but we will recall the key features here.

In [BBF10], starting with a general list of axioms concerning a collection of metric

spaces {C(Y ) ∣ Y ∈ Y} and notions of projection

πY ∶ Y ∖ {Y } → C(Y ),

a quasi-tree Q with vertex set Y is produced. This can be enlarged to a quasi-tree of

spaces C(Y) by “blowing up” each vertex Y of Q by the corresponding space C(Y ).
The main theorem of this paper is that mapping class groups coarsely embed into a

finite product of such spaces, the authors then note that the Masur-Minsky formula

(cf. Theorem 2.1.46) implies that this embedding is quasi-isometric.

We prove that this construction always yields a space quasi-isometric to a tree-graded

space. Moreover, we prove that the quasi-isometry class of tree-graded spaces is

characterised by a relative bottleneck property, (Definition 5.2.1) and all quasi-trees

of spaces satisfy this property. Moreover, we do this in a constructive way, so that

the collection of pieces of the tree-graded space are naturally twinned with selected

‘pieces’ of the original metric space.

Theorem 5.1.1. (cf. Theorem 7)

A geodesic metric space X has the relative bottleneck property with respect to a collec-

tion of sets {Xi ∣ i ∈ I } if and only if it is quasi-isometric to some tree-graded space

T (X) with pieces Ti uniformly quasi-isometric to Xi.

From this we deduce several consequences for mapping class groups of compact sur-

faces and relatively hyperbolic groups.

Corollary 5.1.2. (cf. Corollary 8)

Mapping class groups quasi-isometrically embed into a finite product of simplicial (but

locally infinite) trees. In particular, they
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• have finite Assouad-Nagata dimension,

• can be quasi-isometrically embedded into `1(N),

• admit explicit embeddings into `p spaces which exhibit compression exponent 1.

The first two of these are consequences of the embedding into a product of trees but

the third is more subtle and builds on the work in Chapter 4.

Previously there was little information concerning how mapping class groups may

embed into Banach spaces. Finite asymptotic dimension does imply coarse embed-

dability into Hilbert spaces, so mapping class groups satisfy the Novikov and Coarse

Baum-Connes conjectures - the Novikov conjecture had already been granted indepen-

dently by work of Hamenstädt, Kida and Behrstock-Minsky. Kida, moreover, proves

that mapping class groups are exact and hence have Yu’s property (A). This follows

from finite asymptotic dimension [BBF10, HR00, Yu00, Ham09, Kid08, BM11].

The conclusions of Corollary 5.1.2 were previously only known in low complexity

cases, where the mapping class group is virtually free, see for instance [Beh04].

Corollary 5.1.3. (cf. Corollary 9)

If G a finitely generated group, which is hyperbolic relative to a collection of subgroups

{Hi ∣ i ∈ I } then

• G has finite Assouad-Nagata dimension if and only if each Hi does.

• G can be quasi-isometrically embedded into `1(N) if and only if each Hi can,

• for each p, G admits explicit embeddings into `p spaces which exhibit compression

exponent min{α∗P (Hi) ∣ i ∈ I }.

The first of these was previously known for asymptotic dimension [Osi05], the other

two are generalisations of results contained in [MS12] and an extension of Theorem

4.

We obtain Corollaries 5.1.2 and 5.1.3 from Theorem 5.1.1 in the following way.

Using the results of [BBF10] (cf. Section 2.1.8) together with Theorem 5.1.1 we obtain

quasi-isometric embeddings of mapping class groups into finite products of tree-graded

spaces, each of which have pieces uniformly quasi-isometric to a particular curve graph

of a subsurface.

MCG(S) →
k

∏
i=1

C(Y) →
k

∏
i=1

T (Y).
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A version of the theorem of Mackay and Sisto (cf. Theorem 2.1.47 and [MS12]),

together with Theorem 5.1.1 implies that: given a group G, which is hyperbolic

relative to {Hi} we can quasi-isometrically embed G into the product of a tree-graded

space T (H) with pieces quasi-isometric to subgroups Hi with its coned-off graph Ĝ.

G→ C(H) × Ĝ→ T (H) × Ĝ.

These two corollaries then descend from studying embeddings of quasi-trees of spaces

to instead studying embeddings of curve graphs, coned-off graphs and subgroups Hi

[BH09]. It follows from work of Buyalo [Buy05], that curve graphs and coned-off

graphs can be quasi-isometrically embedded into a finite product of trees. This re-

quires the Masur-Minsky Theorems that curve complexes are hyperbolic and admit

a family of tight geodesics, Bowditch’s results on tight geodesics in coned-off graphs

and the Bell-Fujiwara bounds on asymptotic dimension of such spaces [MM99, MM00,

Bow08, BF08]. (cf. Sections 2.1.7 and 2.1.6)

Layout of the Chapter: Section 5.2 gives the precise definition of the relative

bottleneck property and proves that it is satisfied by all quasi-trees of spaces con-

structed from the axiomatisation in [BBF10]. We also prove that the property is a

quasi-isometry invariant, which completes the reverse implication of Theorem 5.1.1.

Section 5.3 gives the construction of a tree-graded space T (X) from a space X sat-

isfying the relative bottleneck property and in Section 5.4 we prove that T (X) is

quasi-isometric to X completing the forwards implication of Theorem 5.1.1. The

final section (5.5) gives the full proof of Corollaries 5.1.2 and 5.1.3.

5.2 Relative Bottleneck Property

In this section we introduce the relative bottleneck property, prove it is a quasi-

isometry invariant, deduce some immediate consequences of the definition and give

one technical lemma which is essential for the proof of Theorem 5.1.1 in its most

general guise. Following this we give the two key examples of spaces satisfying this

property, tree-graded spaces and quasi-trees of spaces satisfying the axiomatic con-

struction defined in [BBF10].

Formally, the relative bottleneck property is defined as follows:

Definition 5.2.1. Relative Bottleneck Property

Let X be a geodesic metric space. We say X has the relative bottleneck prop-

erty (RBP) if there exists a collection of pieces {Xi ∣ i ∈ I } with X = ⋃i∈IXi and
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a constant M > 0 such that given i, j ∈ I with i ≠ j there is a finite ordered set

Ii,j = {i = i0, i1, is = j} and for all r ∈ {0, . . . s − 1} there is some point wr ∈ Xir ∩Xir+1

such that every path from Xi to Xj in X passes through

B(wr;M) := {x ∈X ∣ dX(wr, x) <M } .

The following figure presents this definition in a more intuitive format. The focus of

Section 5.2.1 is to justify the extent to which this picture is a valid approximation.

Xi

Xi1

Xi2

Xj
w0

w1
w2

Figure 5.1: The relative bottleneck property

As a simplification to notation, given Ii,j = {i = i0, i1, . . . , is = j} we define the collec-

tion of bottlenecks between Xi and Xj to be

Wi,j := {wr ∣ r = 0, . . . , s − 1} .

Theorem 5.1.1 implies that (RBP) is a quasi-isometry invariant, however, this is a

straightforward consequence of the definition given by the following proposition.

Proposition 5.2.2. Let (X,dX) and (Y, dY ) be geodesic metric spaces. If X and

Y are quasi-isometric and X has (RBP) then so does Y . Moreover, one can ensure

pieces are uniformly quasi-isometric.

Proof: We assume X has (RBP) with respect to a collection of pieces {Xi ∣ i ∈ I }
and some constant M > 0. Let q ∶X → Y be a (K,C) quasi-isometry. We will show Y

has (RBP) with respect to {Yi := NC(q(Xi)) ∣ i ∈ I } and constant M ′ =M ′(M,K,C).
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It is clear that ⋃i∈I Yi = Y as q is C-onto. Notice also that each Yi is uniformly quasi-

isometric to Xi.

Let i, j ∈ I with i ≠ j and let wk ∈ Wi,j. We compute the distance between q(wk) ∈
Yk ∩ Yk+1 and some path P from Yi to Yj in Y .

The pre-image under q of P defines a subset of X whose C neighbourhood contains

a path from NKC+C(Xi) to NKC+C(Xj). Hence, NKC+2C(q−1(P )) ∩ B(wk;M) ≠ ∅.

Applying q we see that dY (P, q(wk)) ≤K(KC + 2C +M) +C.

Another property which should be present in any sensible definition of a relative bot-

tleneck property is a notion of convexity for pieces. This is inherent in our definition

via the following lemma.

Lemma 5.2.3. Suppose X has the bottleneck property relative to the collection of

pieces {Xi ∣ i ∈ I } and some constant M > 0, then each Xi is 4M quasi-convex.

Specifically, if x, y ∈ NC(Xi) and g ∈ [[x, y]], then g is contained in the 2(M +M ′)
tubular neighbourhood of Xi, where M ′ := max{M,C}.

Proof: We define M ′ := max{M,C}. Let x′, y′ be the end points of any component

of g outside NM ′(Xi), so d(x′,Xi), d(y′,Xi) =M ′ and let m be the mid-point of this

component. As pieces cover X, m ∈ Xk for some k ∈ I. Let x′′, y′′ ∈ Xi be points at

distance exactly M ′ from x′, y′ respectively. By (RBP) there is some point w ∈ Xi

such that every path from Xi to Xk meets B(w;M), in particular this occurs for the

paths from m to x′′ and y′′ via x′ and y′ respectively.

Hence d(x′′, y′′) < 4M . Therefore g is contained in the 2M + 2M ′ tubular neighbour-

hood of Xi.

x′′ y′′

x′ y′m

Xi

NM ′(Xi)

< 4M + 2M ′

Figure 5.2: Quasi convexity of pieces
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5.2.1 Unwanted bottlenecks

Most of the arguments presented in this paper revolve around setting up a contra-

diction to (RBP) by constructing pairs of paths between common pieces but at large

Hausdorff distance. To make finding paths easy we want to be in a situation where

pieces are connected in some strong sense: it is not even apparent from the definition

that the pieces Xi are connected. This is easily dealt with by Lemma 5.2.3.

Moreover, we want no bottlenecks inside the pieces Xi on the same scale as those

between different pieces. No such claim is made in the definition, but a simple quasi-

isometric transformation of the space achieves this. The robustness of the resulting

connectivity is parametrised by a constant b and - crucially - the bottleneck constant

of the transformed space does not depend on b.

Proposition 5.2.4. Let X ′ be a geodesic metric space satisfying (RBP) with respect

to a collection of subsets {X ′
i ∣ i ∈ I } and constant M

9 . X ′ is quasi-isometric to a space

X satisfying (RBP) with respect to subsets {Xi ∣ i ∈ I } and constant M such that Xi

is uniformly quasi-isometric to X ′
i and

• there is a point e (which will become the basepoint) contained in a unique piece

Xe,

• given any metric ball B and any i such that B∩Xi has diameter bounded by 2b,

Xi ∖B is (path-)connected.

Proof: Each piece X ′
i is 4M

9 quasi-convex by Lemma 5.2.3, so the 4M
9 tubular

neighbourhood of X ′
i (which we will label X ′′

i ) is connected. Moreover, X ′ has the

relative bottleneck property with respect to {X ′′
i ∣ i ∈ I } with constant M (cf. Figure

5.3).

We then achieve the first additional claim by defining a new point e and attaching it to

a unique piece X ′′
e by a line of length 1 (this line is added to X ′′

e ). The resulting space

under this construction so far is (1,1) quasi-isometric to the original with uniformly

(1, 8M
9 + 1) quasi-isometric pieces and has (RBP) with constant M .

Now to achieve the second additional property we make the following construction.

We define Xi =X ′′
i × [0,2b+ 1] with the supremum product metric where the interval

is given the standard Euclidean metric. Then we set

X = ⊔
i∈I

Xi/ ∼ where (x, a) ∼ (y, b) iff a = b = 0 and x = y.
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X ′′
e

X ′′
i

Xe

Xi

w we

Figure 5.3: The process in Proposition 5.2.4

It is clear that Xi cannot be disconnected by a metric ball of diameter at most 2b

with centre inside Xi. A ball centred outside Xi which intersects this piece in a set

of diameter at most 2b completely misses X ′′
i × {2b + 1} so any two points (x′′1 , r1)

and (x′′2 , r2) can be connected via (x′′1 ,2b+ 1) and (x′′2 ,2b+ 1) taking geodesics in the

[0,2b+1] direction and using the fact that X ′′
i is connected. Also, as pieces only meet

when the component of [0,2b + 1] is 0 we have not changed the constant M .

The natural injection of X ′ into X is a (2b + 2)-onto isometric embedding.

For completeness we note that b = 15M suffices for all arguments in this paper.

5.2.2 Examples

The two key examples of spaces satisfying (RBP) are tree-graded spaces and quasi-

trees of spaces satisfying the axioms of [BBF10].

Proposition 5.2.5. Let X be tree-graded with respect to a collection of pieces

{Xi ∣ i ∈ I }. Then X has (RBP) with respect to {N1(Xi) ∣ i ∈ I } and constant M = 2.

This may seem a little unnecessary at first glance, but there is no reason to assume

that pieces intersect in a tree-graded space. Also, we must be wary of pieces accu-

mulating as we require the sets Ii,j to be finite. This is exhibited by the tree-grading

of R3 with respect to the set of hyperplanes {z = a ∣ a ∈ R} given in Figure 2.9.

Proof: Let i, j ∈ I, i ≠ j. Pick any geodesic g from Xi to Xj and set I ′i,j to be

the set of pieces met by g at integer distance points from the start taking repetitions

wherever possible. If a point lies in multiple pieces (none of which the geodesic has

previously met) we simply choose one. When required we suffix I ′i,j by j and define

this to be Ii,j = {i = i0, i1, . . . , in = j}.

Given k ∈ {0, . . . , n − 1} there is some minimal t ∈ N such that g(t) ∈ Xik . But then

any path from Xi to Xj must pass within distance 2 of g (t − 1
2
) ∈ N1(Xik−1)∩N1(Xik)

completing the proof.
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Combined with Proposition 5.2.2 this proves the easier direction of Theorem 5.1.1.

Notice that there is no need for any form of ‘continuity’ - or, more accurately, con-

sistency - in the choice of Ii,j in terms of i and j.

The second class of examples are the quasi-trees of spaces defined axiomatically in

[BBF10] (cf. Section 2.1.8). We recall the properties of such spaces required here for

convenience:

• C(Y) is a geodesic metric spaces in which the subsets {C(Y ) ∣ Y ∈ Y} are totally

geodesically embedded.

• There are projections πY which map any X ∈ Y∖{Y } to a subset of C(Y ) with

diameter bounded by some uniform constant L.

• There exist standard paths between any two pieces, the internal pieces of which

are written as a finite ordered set YK(X,Z) where two spaces C(X) and C(Z)
are joined by a complete bipartite graph with edges of length L between πZ(X)
and πX(Z) if and only if YK(X,Z) = ∅.

More importantly they also satisfy the relative bottleneck property:

Proposition 5.2.6. Let C(Y) be a quasi-tree of spaces satisfying the axioms of

[BBF10]. Then X satisfies (RBP) with respect to {NL(C(Y )) ∣ Y ∈ Y} and constant

M = 10L. Specifically, let X,Z ∈ Y with X ≠ Z and let Y ∈ YK(X,Z)∪{Z}. There is

some point wY ∈ πY (X) such that all paths from C(X) to C(Z) pass within distance

9L of wY .

Proof: For Y ∈ YK(X,Z) the result follows directly from [BBF10, Lemma 3.9] with

wY ∈ πY (X). We now deal case Y = Z.

Suppose first that YK(X,Z) = ∅. Using precisely the same thickening technique

as in Lemma 5.2.4 we may assume the space C(Z) is of sufficiently large diameter

that we may choose a point z ∈ C(Z) such that YK(X,z) = {Z}, using the axiom

diam(πZ(X)) ≤ K. Take any path P from some x ∈ C(X) to z. By [BBF10, Lemma

3.9] there is a point w lying on P such that dC(Y)(w,πZ(X)) ≤ 7L. As any C(X)
to C(Z) path not meeting N7L(πZ(X)) can be extended to a paths from C(X) to z

which also misses this set and the Hausdorff distance between πZ(X) and πX(Z) is

L, we are done in this case.

For the next part we require the fact that the set YK(X,Z) admits a total order

[BBF10, Theorem 2.3 (G)].
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Suppose Y is the maximal element of YK(X,Z)∖{X,Z}, so YK(Y,Z) = ∅. We apply

[BBF10, Lemma 3.9] to Y and in doing so deduce that every path from C(X) to C(Z)
meets N7L(πY (Z)). As diam(πY (Z)) ≤ L and the Hausdorff distance between πZ(Y )
and πY (Z) is L the result is complete.

To obtain a suitable point wX we simply flip the roles of X and Z in the above

argument.

Therefore, C(Y) satisfies (RBP) with pieces {NL(C(Y )) ∣ Y ∈ Y} and constant M =
10L.

5.2.3 Groups satisfying (RBP)

The relative bottleneck property is already well understood for finitely generated

groups, via Stallings’ Theorem (Theorem 2.1.21), which states that Cay(G,S) has

(RBP) with respect to some subsets (in a non-trivial way) if and only if G splits as

an amalgam or HNN extension G = A ∗C B or G = HNN(A, θ) (in a non-trivial way)

[Sta68, Sta71]. Moreover, the graph of groups decomposition induced by a collection

of subsets which satisfy the relative bottleneck property for a fixed constant M is

accessible via results of Linnell [Lin83], as the cardinality of subgroups over which we

may amalgamate is uniformly bounded (cf. Section 2.1.5).

5.3 Construction of the tree-graded space

Here we will assume that X has (RBP) with respect to pieces {Xi ∣ i ∈ I } and a

constant M with a basepoint e contained in a unique piece Xe such that no metric

ball which intersects Xi in a set of diameter at most 2b disconnects Xi.

As M does not depend on b results from here on will just assume that b is sufficiently

large, though b = 15M will suffice.

Our goal is to construct a suitable tree-graded space T (X) which has the collection

of pieces {N4M(Xi) ∣ i ∈ I }.

For each i ∈ I∖{e} we define ei ∈Xi to be the point w0 given by the bottleneck property

such that all paths from Xi to Xe meet B(ei;M). Notice that d(e, ei) ≤ d(e,Xi)+M .

We think of ei as a basepoint of Xi.

Our construction relies on organising pieces into strata parametrised by a (large)

constant R which will be determined later, (R = 160M will suffice). To this end we

define a collection of strata In := {i ∈ I ∣ d(e, ei) ≤ nR} and set In := In ∖ In−1. The
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level of i, lv(i) is the unique n such that i ∈ In. By assumption I0 = {e}.

At this point we fix for each Xi with i ∈ In+1, with n ≥ 0, a geodesic gi ∈ [[ei, e]] and

define ci to be the point on gi at distance exactly nR from e.

Xj

Xe

Xi

e

ei
cigi

Figure 5.4: R-separated strata, in this example i ∈ I4 and j ∈ I1

The next two lemmas collect observations which will prove useful later. In what

follows, we call a path P with endpoints x and y a K-slack geodesic if ∣P ∣ ≤ d(x, y)+K.

We denote the reverse direction of a path P by P and denote concatenation of paths

by P1 ○ P2, whenever the terminal point of P1 agrees with the initial point of P2.

Lemma 5.3.1. For each x ∈ N4M(Xi) with i ∈ In+1 there is some 10M-slack geodesic

qix ⊆ N4M(Xi) ∪B(e;nR).

Xi

e

ei

x

x′

qix

B(e;nR)

Figure 5.5: 10M -slack geodesics

Proof: Say x ∈ N4M(Xi) with i ∈ In, then there is some x′ ∈Xi with d(x,x′) ≤ 4M .

We define the quasi-geodesic qix as the concatenation of some g1 ∈ [[x,x′]], g2 ∈ [[x′, ei]]
and gi.
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AsXi is 4M quasi-convex by Lemma 5.2.3 and ei ∈ B(e;nR), qix ⊆ N4M(Xi)∪B(e;nR).
Every geodesic from x to e passes withinM of ei by (RBP). Hence, ∣qix∣ ≤ 4M+d(x′, e)+
2M ≤ dX(x, e) + 10M .

Lemma 5.3.2. Let i, j ∈ I, i ≠ j. If dX(ei, e) ≥ dX(ej, e) then every path from Xi to

Xj in X passes through B(ei; 4M).

Proof: Suppose there is a path P from x ∈ Xi to y ∈ Xj which avoids the ball

B(ei;M). If d(ei, ej) ≥ 2M then any geodesic in [[ej, e]] avoids this ball, and as we

may assume Xj has no small cut-sets there is a path from y to e also avoiding this

ball (for instance extend a path from y to ej by gj) contradicting (RBP).

Now consider a path P of length at most 2M from ei to ej, some point on this path

lies on a bottleneck for paths between Xi and Xj and hence P contains a point within

B(ei; 4M).

ei
ej

e

x

y

Xi Xj

Figure 5.6: Passing to lower levels when d(ei, ej) ≥ 2M

One key element of this paper is deciding when pieces in the same level should have

an immediate common ancestor. We introduce the following equivalence relation on

each level In+1 to determine this:

ei ej

B(e;nR)
B(e;nR + 11M)

Xi Xj

Xk′′

Figure 5.7: The equivalence i ∼ j
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Given i, j ∈ In+1 we write i ∼ j if and only if there exists some path from Xi to Xj in

X such that P ∩B(e;nR + 11M) is contained in some N4M(Xk) with k ∈ In.

Such a path intersects the 4M ball around ei by Lemma 5.3.2. The fact that this

does define an equivalence relation is not obvious so we provide a proof.

Lemma 5.3.3. The relation ∼ is an equivalence relation.

Proof: We need only check transitivity. Suppose i ∼ j ∼ l with ∣{i, j, l}∣ = 3. There

is nothing to prove unless the paths P1 from Xi to Xj and P2 from Xj to Xl both

meet different pieces N4M(Xk),N4M(Xk′) with k, k′ ∈ In. In this situation we look at

two paths from N4M(Xk) to N4M(Xk′).

• gk ○ gk′ (contained in B(e;nR)),

• P (avoids B(e;nR + 11M)): follow P1 from N4M(Xk) to Xj then take any

path in Xj from the terminal point of P1 to the initial point of P2 avoiding

B(e;nR + 11M) and follow P2 to N4M(Xk′).

These paths are at Hausdorff distance at least 11M ≥ 6M , which contradicts (RBP).

We have tacitly used here the fact that B(e;nR + 11M) intersects Xj in a set of

diameter less than 30M , thus Lemma 5.2.4 ensures such a path P exists.

ek ek′

gk ○ gk′B(e;nR)
B(e;nR + 11M)

Xk Xk′

Xi

Xj
Xl

P1 P2
P

Figure 5.8: Transitivity of the relation ∼

The following lemma is another key step in the construction we will shortly make. It

ensures that we have suitable candidate pieces in lower levels to glue each member of

an equivalence class of pieces to.

Lemma 5.3.4. Let i ∈ In+1 with n ≥ 0. For all k ∈ Ii,e ∩ In such that one bottleneck

w ∈Xk ∩Wi,e for paths from Xi to Xe satisfies dX(e,w) ≥ nR −M ,

{cj ∣ j ∈ [i]} ⊆ N4M(Xk).
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It will not necessarily be the case that k ∈ Ij,e for all j ∈ [i], however, the conclusion

of this lemma is that it will still satisfy the same property. The condition governing

the distance between the bottleneck point and e is purely to avoid looking at pieces

which geodesics heading towards e have not yet interacted with in any way.

In some sense Lemma 5.2.3 states that this result is as much as could be hoped for.

Proof: We first prove ci ∈ N4M(Xk). Set B := B(w;M). By hypothesis and (RBP),

gi ∩B ≠ ∅ so let mi ∈ gi ∩B.

If dX(e,w) ≤ nR + 2M then dX(mi, e) ∈ (nR − 2M,nR + 3M), which implies that

dX(w, ci) ≤ dX(w,mi) + dX(mi, ci) <M + 3M = 4M.

Otherwise, dX(e,w) > nR+2M . Then all paths from Xi to e meet B(ek;M), because

there is a path from Xj to Xi avoiding this ball, moreover, dX(ek, e) ≤ nR since k ∈ In.

Then, considering the position of ci on the geodesic gi, we see that ci ∈ N4M(Xk) by

Lemma 5.2.3.

ei

ci

w

ekB(e;nR)
B(e;nR + 2M)

Xi

Xk

Figure 5.9: Proving ci ∈ N4M(Xk)

We now deal with the general case.

Suppose first that there is some path P inferring the relation i ∼ j which does not

meet B, then ej ∈ B or P can be extended to a path P ′′ from Xi to ej avoiding B.
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w
ej

e

x

y

Xi Xj

Xk

Figure 5.10: A contradiction of (RBP) when gj ∩B = ∅

In either case gj ∩B ≠ ∅ as all paths from Xi to e intersect B. We are then in the

same situation as the special case above and the same argument holds.

Otherwise, B meets every path P with this property. We now show k ∈ Ij,e =
{j = j0, . . . , jt = e}. Consider the collection of paths from Xj to e defined below:

• start at the end of P contained in Xj and follow it until it meets y ∈ N4M(Xk),

• take a fixed path of length at most 4M to some y′ ∈Xk ∖B(e;nR + 11M),

• follow some path in Xk from y′ to ek,

• follow gk to e.

ej

B(e;nR)

B(e;nR + 11M)

Xi Xj

Xk
y

y′

?
ek

e

P

Figure 5.11: Paths satisfying these properties

As we cannot cut Xk by any ball of diameter at most 2M it follows from the above

that dX(w, e) ∈ [0, nR +M] ∪ [nR + 6M, (n + 1)R + 2M] for all w ∈Wj,e.

In particular, there is some s ≥ 1 such that dX(wjs , e) ≤ nR +M and dX(wjs−1 , e) ≥
nR+6M . To ease notation we set w1 := wjs−1 and w2 := wjs . Both points lie in a unique

piece Xl by (RBP). This implies that dX(el, e) ≤ dX(el,w2) + dX(w2, e) < nR + 3M .
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Suppose l ≠ k then there are two paths P1 and P2 (see below) from Xl to Xk at

Hausdorff distance at least 2M , which contradicts (RBP). Note here that ej = w0 so

dX(ej, e) ≥ nR + 6M .

• P1 (avoids B(e;nR+5M)): follow any path from w1 to ej avoiding B(e;nR+5M)
(using the fact that gj meets B(w1,M)), then join this via a path in Xj to the

end of P contained in Xj, follow P to N4M(Xk) and take any path of length at

most 4M into Xk.

• P2 (contained in B(e;nR + 3M)): gl ○ gk.

B(e;nR + 3M)

B(e;nR + 5M)
ekel P2 = gl ○ gk

XkXl

Xj

y

y′

ej

w1

P1

Figure 5.12: Paths P1 and P2

Hence k = l ∈ Ij,e. Using the same argument as in the special case we deduce that

cj ∈ N4M(Xk).

We complete this section by giving the definition of the tree-graded space T (X)
associated to X.

We define a level-decreasing function c ∶ I ∖ {e} → I with the following properties:

• if i ∼ j then c(i) = c(j),

• if c(i) = k, then there exists some i′ ∼ i and some bottleneck point w ∈Xk∩Wi′,e

such that for all w′ ∈ ⋃
j∼i

Wj,e ∩ ⋃
lv(k′)<lv(i)

Xk′ , dX(w′, e) ≤ dX(w, e).

In particular, cj ∈ N4M(Xc(i)) for all j ∼ i by Lemma 5.3.4. Intuitively, Xc(i) is the

piece in a lower level which “works hardest” to approach {ej ∣ j ∈ [i]}.
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This definition may seem awkward at first, but the following lemma shows it has

merits.

Lemma 5.3.5. If lv(i) := n + 1 > lv(j) and there exists some path P from some

xi ∈Xi to some xj ∈Xj avoiding B(e;nR + 7M) then c(i) = j.

Proof: We are required to prove two things. Firstly we show j ∈ Ii,e, the method

used here will also imply that ci ∈ N4M(Xj). Following this, we prove that no other

suitable piece has a bottleneck further from e.

Consider the collection W = {w0,w1, . . . ,ws} of bottlenecks defined by the set Ii,e. As

Xj ∖B(wr;M) is connected for each r ∈ {0, . . . , s}, we deduce that

W ∩ (B(e;nR + 6M) ∖B(e;nR +M)) = ∅.

Therefore there is some r such that wr+1 ∈ B(e;nR +M) and wr ∉ B(e;nR + 6M),
and wr,wr+1 ∈Xk for some k ∈ Ii,e.

Then k = j, as otherwise there are two paths P1, P2 from Xk to Xj at Hausdorff

distance at least 2M contradicting (RBP): (cf. figure 5.12)

• P1 (contained in B(e;nR + 3M)): concatenate gk with gj,

• P2 (avoids B(e;nR + 5M)): take a path of length at most M from wr to some

mi ∈ gi, follow gi to ei, then take some path from ei to xi contained in Xi and

finally follow P to xj ∈Xj.

Now suppose c(i) = k′ ≠ j, so there is some i′ ∼ i and k′ ∈ Ii′,e ∩ In such that

c(i′) = c(i) = k′. By definition, Xk′ contains a bottleneck point w ∈Wi′,e for all paths

from Xi′ to Xe such that dX(w, e) ≥ nR + 6M .

Let P0 be some path from yi ∈ Xi to yi′ ∈ Xi′ which induces the relation i ∼ i′ and

consider the paths P3, P4 from Xj to Xk′ given below:

• P3: (contained in B(e;nR)) concatenate gj with gk′ ,

• P4: start at wr and take a path of length at most M to some mi ∈ gi then follow

the reverse of qiyi to yi, take P0 to yi′ , qi
′
yi′ to some mi′ ∈ gi′ ∩B(w;M) then take

some path of length at most M to w.

119



ei

qiyi

ei′

qi
′
yi′

ej ek′
B(e;nR) B(e;nR + 6M)

B(e;nR + 11M)
wr w

yi
yi′

yk′′
xk′′

Xi Xi′

Xk′′

Xk′Xj

P3 = gj ○ gk′

P4

ek′′

Figure 5.13: Paths P3 and P4

These paths are at Hausdorff distance at least 2M - contradicting (RBP) - unless

P0 passes within 2M of P3. Such a meeting must occur inside B(e;nR + 11M), and

therefore within N4M(Xk′′) for some k′′ ∈ In by the definition of the equivalence

relation ∼.

In this situation we prove j = k′′ = k′, we present only the first of these, the second

follows using the same method. To do this we give two paths P5 and P6 from Xj to

Xk′′ at Hausdorff distance at least 5M (cf. figure 5.13).

• P5: (contained in B(e;nR)) concatenate gj with gk′′ .

• P6: (avoids B(e;nR + 5M)) follow P4 from wr to a point yk′′ ∈ P0 ∩N4M(Xk′′)
but outside B(e;nR + 10M) then take any path of length at most 4M to some

point xk′′ ∈Xk′′ .

This completes the proof.

T (X) is defined inductively with base space T (X)0 = N4M(Xe). We construct T (X)k
from T (X)k−1 by gluing on a copy of N4M(Xi) for each i ∈ Ik. To do this we attach

ei ∈ N4M(Xi) to ci ∈ N4M(Xc(i)) by a path of length dX(ei, ci).

Defining T (X) = ⋃k∈N T (X)k gives rise to a tree-graded space, as each T (X)k is

tree-graded and the collection of such spaces is nested. The set of pieces of T (X) is

{Ti := N4M(Xi) ∣ i ∈ I }. We denote the natural metric on T (X) by dT (X).

The underlying tree T for this construction is defined to have vertex set I and ij is

an edge if and only if c(i) = j or c(j) = i. The simplicial graph metric on T is denoted

by dT .

We make one important observation at this point. If X is a simplicial graph, then
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it is easy to give T (X) the structure of a simplicial graph by dividing the (integer

length) edges eici into edges of length 1.

5.4 The proof of Theorem 5.1.1

Here we show that the natural collapse φ ∶ T (X) → X which maps each Ti onto

N4M(Xi) in the obvious way defines a quasi-isometry.

From the construction it follows immediately that φ is 1-Lipschitz.

We denote by e′i and c′i the unique points in T (X) contained in φ−1(ei) ∩ Ti and

φ−1(ci) ∩ Tc(i) respectively.

To prove the other inequality we take any two points x ∈ Ti and y ∈ Tj and write the

T -geodesic between i and j as

i = i0, i1, . . . , ia = l = jb, jb−1, . . . , j0 = j,

where l is the piece along this geodesic of minimal level.

Without loss of generality we may assume dX(ei, e) ≥ dX(ej, e).

We firstly deal with the case where at least one of a, b = 0. By our above assumption,

it must be the case that b = 0. To achieve this we present a base case (Lemma 5.4.1)

and then apply an inductive process on a (Lemma 5.4.2).

Lemma 5.4.1. Suppose in the above situation a ≤ 1 and b = 0, then

dT (X)(x, y) ≤ dX(φ(x), φ(y)) + 2R + 40M.

Proof: If a = 0 then i = j and the result is obvious as Xi is 4M quasi-convex. For

a = 1, lv(j) < lv(i) so Lemma 5.3.2 yields

dX(φ(x), φ(y)) ≥ dX(φ(x), ei) + dX(ei, φ(y)) − 24M.

Hence,

dT (X)(x, y) ≤ (dX(φ(x), ei) + 8M) + dX(ei, ci) + (dX(ci, φ(y)) + 8M)
≤ dX(φ(x), ei) + dX(ei, φ(y)) + 16M + 2R.

The result follows by combining the two inequalities.

Our first inductive step completes the proof in the case b = 0.
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Lemma 5.4.2. Suppose a ≥ 2 and b = 0. Then

dT (X)(x, y) ≤ dX(φ(x), φ(y)) + 2R + 58Ma + 16M.

Proof: Note that by construction there is some i′ ∼ i such that c(i) = i′s+1 ∈ Ii′,e,
with s ≥ 1.

Our first step is to prove that every geodesic from φ(x) to φ(y) intersects B :=
B(ws; 5M).

Suppose some geodesic g ∈ [[φ(x), φ(y)]] avoids B. If dX(ej,ws) > 10M , then as

lv(j) < lv(i) g can be extended to a path from φ(x) to e also avoiding B, by taking

some path within N4M(Xj) to ej then following the geodesic from ej to e.

Using the proof of Lemma 5.3.4 we see that either there is some path avoiding B from

Xi′ to Xi provided by the relation i ∼ i′ or c(i) ∈ Ii,e which also yields the claim.

ej
e

e
ws

φ(y)

φ(x)
Xi

Xi′

Xc(i)

Xj

gi

ec(i)

Figure 5.14: A path avoiding B(ws; 5M)

However, if dX(ej,ws) < 10M , then lv(c(i)) = lv(j) + 1. Moreover, it follows that

dX(ci, ec(i)) ≥ R − 12M so the geodesic from ei to ci extended by any path of length

at most 4M from ci into Xc(i) still avoids B. This can be extended to a path from ei

to e avoiding B (and hence contradicting Lemma 5.2.3) unless gc(i) meets B.

If gc(i) ∩B ≠ ∅, then dX(ej,Xc(i)) < 10M . This ensures

dX(ec(i), e) < (lv(c(i)) − 1)R + 10M.

But then Wi,e is contained within the 5M -neighbourhood of gi restricted to the sub-

paths C1 from ei to ci and C2 from some point in B to e as any metric ball of radius

M in between can be bypassed using paths inside Xc(i).

In particular there is some t such that wt ∈ N5M(C1) and wt+1 ∈ N5M(C2). Set i′′ = ijt .
We now construct two paths from Xc(i) to Xi′′ :
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• P1: (contained in B(e; (lv(c(i))−1)R+15M)) concatenate gc(i) with a geodesic

in [[e,wt+1]].

• P2: (avoids B(e; lv(c(i))R − 6M)) take a path of length 4M from Xc(i) to ci,

then follow gi to a point in B(wt+1;M), then take a path of length at most M

to wt ∈Xi′′ .

As these paths are at Hausdorff distance at least 2M , we deduce via (RBP) that

i′′ = c(i) and therefore s = t. But then 10M > dX(ws, ej) ≥ R − 7M , which is a

contradiction.

Hence, every geodesic from φ(x) to φ(y) meets B, so they also must meet B′ =
B(ec(i); 9M) by Lemma 5.3.2. We then obtain a 68M -slack geodesic q from φ(x)
to φ(y) by following q

φ(x)
i from φ(x) to some point in B′, if this sub-path meets ci

then we take a path of length at most 16M inside B′ to meet up with some point

on a geodesic g ∈ [[φ(x), φ(y)]] and follow that to φ(y). This provides a 50M -slack

geodesic.

If this sub-path does not meet ci then as dX(ec(i), e) ≤ dX(ci, e) we see that ci lies in

B(ec(i); 18M), in this case we follow the path q
φ(x)
i from φ(x) to ci, take a path of

length at most 27M to some point in g and follow that to φ(y). In this situation we

obtain a 68M -slack geodesic.

ej e

B′

B

φ(y)

φ(x)
ciXi

Xc(i)

Xj
g

q
φ(x)
i

q

ei

Figure 5.15: The 68M -slack geodesic q

Importantly, q meets ci, so

dX(φ(x), φ(y)) ≥ dX(φ(x), ci) + dX(ci, φ(y)) − 68M.

We recall that by the inductive hypothesis,

dT (X)(c′i, y) ≤ dX(ci, φ(y)) + 2R + 76M(a − 1) + 16M.
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Finally, by Lemma 5.3.1, dT (X)(x, c′i) = dX(φ(x), ei) + dX(ei, ci) ≤ dX(φ(x), ci) + 8M ,

so combining these we see that

dT (X)(x, y) = dT (X)(x, c′i) + dT (X)(c′i, y)
≤ dX(φ(x), φ(y)) + 2R + 76M(a − 1) + 68M + 8M + 16M

= dX(φ(x), φ(y)) + 2R + 76Ma + 16M.

Now we come to the case b ≥ 1. Again we start with a base case before progressing

to the general result.

Lemma 5.4.3. Suppose a = b = 1. Then

dT (X)(x, y) ≤ dX(φ(x), φ(y)) + 7R + 80M.

Proof: Recall that l = c(i) = c(j). Without loss of generality we assume d(ei, e) ≥
d(ej, e), so in particular, n := lv(i) ≥ m := lv(j). By Lemma 5.3.2, every path from

φ(x) to N4M(Xj) passes through B(ei; 8M). If some geodesic in [[φ(x), φ(y)]] meets

B(ej; 16M), then

dX(φ(x), φ(y)) ≥ dX(φ(x), ej) + dX(ej, φ(y)) − 32M

≥ dX(φ(x), ei) + dX(ei, ej) − 16M + dX(ej, φ(y)) − 32M.

Combining these bounds we see that

dT (X)(x, y) = dT (X)(x, e′i) + dT (X)(e′i, c′i) + dT (X)(c′i, c′j)+
dT (X)(c′j, e′j) + dT (X)(e′j, y)

≤ dX(φ(x), ei) + dX(ci, cj) + dX(ej, φ(y)) + 2R + 32M

≤ dX(φ(x), ei) + dX(ei, ej) + dX(ej, φ(y)) + 4R + 32M

≤ dX(φ(x), φ(y)) + 4R + 80M.

Now suppose all geodesics avoid B(ej; 16M). By Lemma 5.3.2 we know that geodesics

must also avoid ⋃k∈Im N12M(Xk), so, in particular they avoid the set N8M(gci ) where

we define gci to be the restriction of gi to a geodesic in [[ci, e,]]. Moreover, all

geodesics must also avoid N8M(gj) otherwise one can find a path from Xj to e avoid-

ing B(ej;M).

Hence, the bottleneck w0 ∈ Wj,i lying in Xj must be within M of some point of

gi∖B(e;nR+8M). In particular there is a path from Xi to Xj avoiding B(e;nR+7M).
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e
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φ(y)

ej

ei

cj

ci

B(e;nR + 7M)

Xi

Xj

Figure 5.16: A path from Xi to Xj

If n > m then c(i) = j, by Lemma 5.3.5, which contradicts the assumption that

a = b = 1. However, if n =m then dX(w, ej) ≤ R + 2M . Hence,

dX(ci, cj) ≤ dX(ci,w) + dX(w, ej) + dX(ej, cj)
≤ (R +M) + (R + 2M) +R = 3R + 3M,

while dX(ei, ej) ≤ dX(ei,w) + dX(w, ej) ≤ (R − 7M) + (R + 2M) = 2R − 5M .

Therefore,

dT (X)(x, y) ≤ dX(φ(x), ei) +R + (3R + 3M) +R + dX(ej, φ(y)) + 16M

≤ dX(φ(x), ei) + dX(ei, φ(y)) + (2R − 5M) + 5R + 19M

≤ dX(φ(x), φ(y)) + 7R + 14M.

The final step uses Lemma 5.3.2.

This leads to the final lemma required for the proof of Theorem 5.1.1.

Lemma 5.4.4. Suppose a, b ≥ 1 and dT (i, j) = a + b ≥ 3, then

dT (X)(x, y) ≤ dX(φ(x), φ(y)) + 9R + 80M(a + b).

Proof: We proceed by induction on a + b using the previous three lemmas as base

cases, we do not include the extra +16M as we will not require the situation a = b = 0

in our inductive step. To ease notation we set lv(i) := n + 1 and lv(j) := m + 1, by

assumption lv(i), lv(j) ≥ 1.

If some 45M -slack geodesic from φ(x) to φ(y) meets {ci, cj}, (we deal with the case of

ci, the other case is very similar) then dX(φ(x), φ(y)) ≥ dX(φ(x), ci) + dX(ci, φ(y)) −
45M .

Lemma 5.3.1 gives dX(φ(x), ci) ≥ dX(φ(x), ei) + dX(ei, ci) − 10M , while by the induc-

tive hypothesis

dT (X)(y, c′i) ≤ dX(φ(y), ci) + 9R + 80M(a + b − 1).
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Combining these we see that

dT (X)(x, y) = dT (X)(x, c′i) + dT (X)(c′i, y)
≤ dX(φ(x), ei) + dX(ei, ci) + 8M + dX(ci, φ(y))

+9R + 80M(a + b − 1)
≤ dX(φ(x), φ(y))9R + 80M(a + b).

So far we have not supposed that dX(e, ei) ≥ dX(ej, e), but from this point on we will

assume that this is the case.

Now suppose every 45M -slack geodesic from φ(x) to φ(y) avoids {ci, cj}, then every

geodesic in [[φ(x), φ(y)]] misses N15M(gci ∪ gcj), where we recall gck is the restriction

of gk to a geodesic in [[ck, e]]. If this is not the case then it is easy to find a suitable

slack geodesic q which hits either ci or cj.

e

φ(x)

φ(y) ej

ei

cj

ci

Xi

Xj

g
q

Figure 5.17: Finding slack geodesics meeting ci

We now have two paths from N4M(Xi) to N4M(Xj) given by gi ○ gj and some g ∈
[[φ(x), φ(y)]].

As g ∩N15M(gci ∪ gcj) = ∅, we deduce that the collection of bottlenecks Wi,j given by

(RBP) is contained in

(NM(gi) ∖B(e;nR + 13M)) ∪ (NM (Xj ∪ gj) ∖B(e;mR + 13M)) .

We label the first of these two sets A and the second one B. Here we are using Lemma

5.2.4 to ensure that Xj is (path-)connected.

If A ∩ B ≠ ∅ then it is clear that i ∼ j if lv(i) = lv(j) or c(i) = j, by Lemma 5.3.5,

if lv(i) > lv(j), both of which contradict the assumption that dT (i, j) ≥ 3. This

situation is similar to that of figure 5.16.
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Now we may assume that they are disjoint, then there is some piece Xk, with k ∈ Ii,j
containing two bottlenecks, one in each of A and B. We label the bottleneck point

in A by w1 and the one in B by w2.

From here on we split into a number of cases depending on the relationship between

lv(i), lv(j) and lv(k).

Case 1: lv(i) = lv(j) It follows immediately from the above that i ∼ j, regardless

of lv(k), contradicting the assumption that dT (i, j) ≥ 3.

From now on we assume lv(i) > lv(j).

Case 2: lv(k) > lv(i) In this situation we prove that c(i) = j.

w1,w2 ∈ Xk, so dX(w1, e), dX(w2, e) ≥ (n + 1)R −M . Hence there is a path from Xi

to Xj avoiding B(e; (n + 1)R − 2M).

Thus, c(i) = j by Lemma 5.3.5 as there is a path from Xi to Xj avoiding B(e;nR +
6M).

w1 w2

Xi Xj

Xk B(e;nR + 11M)

w1

w2
Xi

Xj

Xk

Figure 5.18: Cases 1 (left) and 2 (right)

Case 3: lv(k) = lv(i) Here we prove that either c(i) = j or contradict the assumption

that no 45M -slack geodesic from φ(x) to φ(y) meets ci.

The fact that i ∼ k is immediate from the location of bottleneck w1.

If dX(ek, ck) ≥ 9M then there is a path from Xk to Xj (via w2) avoiding B(e;nR+6M),
so c(k) = j by Lemma 5.3.5. Hence, c(i) = j.

Now suppose dX(ek, ck) < 9M , then gi ∩B(ek;M) ≠ ∅ as otherwise we would obtain

(via w1 and gi) a path from Xk to e avoiding B(ek;M), which contradicts (RBP).

Notice that here we have used the fact that dX(w1, ek) ≥ dX(w1, e) − dX(ek, e) ≥
11M − 9M ≥ 2M .
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Let mi ∈ gi ∩B(ek;M). Then,

dX(ek, ci) ≤ dX(ek,mi) + dX(mi, ci) <M + 9M +M = 11M.

As every path from φ(x) to φ(y) meets B(w1;M) it also meets B(ek; 5M) by Lemma

5.3.1. Thus every such path meets B(ci; 16M). In particular, there is some 32M -slack

geodesic from φ(x) to φ(y) which meets ci, contradicting the initial assumption.

w1

w2

Xi

Xj

Xk

B(e;nR + 11M)

Figure 5.19: Case 3: c(i) = j

From here on we assume lv(i) > lv(k), from this and the location of the bottleneck

w1 we know that c(i) = k.

Case 4: lv(k) > lv(j) As in case 3 we find a 45M -slack geodesic meeting ci.

Immediately we see that dX(w2, ek) ≤ 2M as the bottleneck must cut the path gk ○gj.
But as every path from φ(x) to φ(y) meets N5M(Xk) we see that such paths meet

B(ek; 9M) by Lemma 5.3.1.

Fix some g ∈ [[φ(x), φ(y)]]. We obtain a 45M -slack geodesic q from φ(x) to φ(y)
passing through ci by following q

φ(x)
i to a point mi ∈ B(ek; 9M)∩g - if this restriction

of q
φ(x)
i does not include ci we include a diversion of length at most 18M along q

φ(x)
i

to ci and then back again - then follow g to φ(y).

As every path meets B(ek; 9M),

dX(φ(x), φ(y)) ≥ dX(φ(x), ek) + dX(ek, φ(y)) − 18M

≥ (dX(φ(x),mi) − dX(mi, ek)) + dX(ek, φ(y)) − 18M

≥ l(q) − 18M − 9M − 18M.

(The first −18M comes from the possible detour to ci.) This contradicts the assump-

tion made at the start. (cf. Figure 5.17.)
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Case 5: lv(j) > lv(k) In this situation we prove that c(i) = c(j) = k contradicting

the assumption that dT (i, j) ≥ 3.

We already know that c(i) = k. It is immediate from the location of w2 that

dX(e,w2) ≥ mR + 10M , so there is a path from Xj to Xk avoiding B(e;mR + 7M)
and we apply Lemma 5.3.5 to deduce that c(j) = k.

Case 6: lv(i) > lv(j) = lv(k) Here c(i) = k ∼ j, so dT (i, j) = m + n = 3. We deal

with this case directly.

j ∼ k, as the bottleneck between Xj ∪gj and Xk yields a path from Xj to Xk avoiding

B(e;nR+11M). To avoid contradicting RBP for paths between Xj and Xk it follows

that w2 ∈ B(ej; 3M) ∪B(ek; 3M). If this is not the case then the path of length M

from w2 to Xj and gk ○ gj are at Hausdorff distance at least 2M .

If w2 ∈ B(ej; 3M), then

dX(ej, ek) ≤ dX(ej,w2) + dX(w2, ek) ≤ 3M + (R + 5M)

and if w2 ∈ B(ek; 3M), then

dX(ej, ek) ≤ dX(ej,w2) + dX(w2, ek) ≤ (R + 7M) + 3M.

Here we are using the fact that any geodesic from w2 to e meets B(ek;M) or

B(ej; 2M). In either situation, dX(cj, ck) ≤ 3R + 10M .

Hence, as any path from φ(x) to φ(y) meets B(ek; 5M) or B(ej; 5M), by Lemma

5.3.2,

dX(φ(x), φ(y)) ≥ dX(φ(x), ek) + dX(ej, φ(y)) − 2(R + 10M) − 10M.

Using Lemma 5.4.1 we see that

dT (X)(x, e′k) ≤ dX(φ(x), ek) + 2R + 40M

Then as dT (X)(x, y) ≤ dT (X)(x, e′k) + dT (X)(c′k, c′j) + dT (X)(e′j, y) + 2R,

dT (X)(x, y) ≤ (dX(φ(x), ek) + 2R + 40M) + (3R + 10M + 16M)+
(dX(ej, φ(y)) + 8M) + 2R

≤ dX(φ(x), φ(y)) + 9R + 104M.

Proof of Theorem 5.1.1: The easier implication follows from Lemma 5.2.2 and
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Proposition 5.2.5. From Lemmas 5.4.1, 5.4.2, 5.4.3 and 5.4.4 we know that for all

x ∈ Ti and all y ∈ Tj

dT (X)(x, y) ≤ dX(φ(x), φ(y)) + 9R + 80MdT (i, j) + 16M.

Now, dT (X)(x, y) ≥ R(max{T (i, j) − 2,0}), so setting R = 2(80M) = 160M we see

that

dT (X)(x, y) ≤ dX(φ(x), φ(y)) + 9R + 1

2
dT (X)(x, y) + 320M + 16M.

Hence,

dT (X)(x, y) ≤ 2dX(φ(x), φ(y)) + 18R + 672M = 2dX(φ(x), φ(y)) + 3552M.

5.5 Consequences

In this Section we prove Corollaries 5.1.2 and 5.1.3.

Corollary 5.5.1. Mapping class groups of compact surfaces quasi-isometrically em-

bed into a finite product of trees.

This construction is not equivariant, even for finite index subgroups. Such an equiv-

ariant construction would provide a proof that mapping class groups do not have

Kazhdan’s property (T).

Proof: Consider the surface S = Sg,n. If 3g + n − 4 ≤ 0 then MCG(S) is virtually

free and the result follows [Beh04]. We now assume 3g + n > 4, from [BBF10] and

Theorem 5.1.1 we have a quasi-isometric embedding of MCG(S) into a finite product

of tree-graded spaces as follows:

MCG(S) →
k

∏
i=1

C(Y)i →
k

∏
i=1

T (C(Y)i).

where in each T (C(Y)i) the pieces are uniformly quasi-isometric to the curve complex

of a fixed subsurface Ui of S.

There are only finitely many subsurfaces of S up to homeomorphism, so their curve

complexes can be uniformly (K,C) quasi-isometrically embedded into a product of l

trees, for some K,C, l depending only on S [Buy05, MS12].

To complete this corollary we now outline a simple argument which states that if

each piece in a tree-graded space (K,C) quasi-isometrically embeds (for some fixed
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K and C) into a product of l trees then so does the whole tree-graded space. We

simply replace each piece Ti in the tree-graded space T (X) by the appropriate ordered

product of trees, Ti1 × Ti2 × ⋅ ⋅ ⋅ × Til to obtain the new tree-graded space T (X)′. It is

clear that T (X) quasi-isometrically embeds into T (X)′. The natural mapping

T (X)′ →
l

∏
j=1

Tj

where each Tj is the tree obtained by collapsing each piece of T (X)′ to the jth tree

is a quasi-isometry. Certainly, distances are not decreased by this map, but also the

map onto each tree is Lipschitz. Thus we obtain a quasi-isometric embedding

MCG(S) →
k

∏
i=1

l

∏
j=1

Tjl,

completing the proof.

Up to another quasi-isometry, each Tjl can be assumed to be a simplicial (but still

locally infinite) tree [Man05].

We move now to consequences for relatively hyperbolic groups.

Corollary 5.5.2. Relatively hyperbolic groups have finite Assouad-Nagata dimen-

sion or quasi-isometrically embed into an `1 space if and only if each maximal parabolic

subgroup of G does.

Proof: Given a group G which is hyperbolic relative to {Hi}, combining Theorem

5.1.1 with [MS12] we obtain a quasi-isometric embedding:

G→
k

∏
i=1

C(H)i × Ĝ→
k

∏
i=1

T (C(H)i) × Ĝ,

where T (C(H)) is a tree-graded space whose pieces are uniformly quasi-isometric to

parabolic subgroups of G, also Ĝ quasi-isometrically embeds into a finite product of

trees [Buy05, MS12]. The result then follows from [BH09] and Theorem 3.

We now come to the final result, displaying explicit embedding of mapping class

groups and relatively hyperbolic groups into `p spaces exhibiting the optimal com-

pression exponent. We have the following embeddings already

MCG(S) →∏C(Y) →∏T (C(Y)), and

G→∏C(H) × Ĝ→∏T (C(H)) × Ĝ.
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It follows from Theorem 3 that a tree-graded space (with countably many pieces) can

be explicitly embedded into an `p space displaying compression exponent α whenever

this is uniformly true for all the pieces. Therefore, the result for mapping class groups

follows from Theorem 4.6.1. Notice that this theorem applies to both curve graphs

and coned-off graphs [MM99, MM00, Bow08], so we can also apply that theorem in

the relatively hyperbolic case to deduce the final part of Corollary 5.1.3.
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[Ali05] Emina Alibegović. A combination theorem for relatively hyperbolic

groups. Bull. London Math. Soc., 37(3):459–466, 2005.
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bords. Prépublication de l’Institut de Recherche Mathématique Avancée
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143(3):559–602, 2008.

[Lic64] W. B. R. Lickorish. A finite set of generators for the homeotopy group of

a 2-manifold. Proc. Cambridge Philos. Soc., 60:769–778, 1964.

[Lin83] P. A. Linnell. On accessibility of groups. J. Pure Appl. Algebra, 30(1):39–

46, 1983.

[LLR95] Nathan Linial, Eran London and Yuri Rabinovich. The geometry

of graphs and some of its algorithmic applications. Combinatorica,

15(2):215–245, 1995.

[LS05] Urs Lang and Thilo Schlichenmaier. Nagata dimension, quasisymmetric

embeddings, and Lipschitz extensions. Int. Math. Res. Not., (58):3625–

3655, 2005.

141
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