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A motivic integral identity for (−1)-shifted

symplectic stacks

ChenjingBu

Abstract

We prove a motivic integral identity relating the motivic Behrend function of a
(−1)-shifted symplectic stack to that of its stack of graded points. This generalizes
analogous identities for moduli stacks of objects in 3-Calabi–Yau abelian categories
obtained by Kontsevich and Soibelman, and Joyce and Song, which are crucial in prov-
ing wall-crossing formulae for Donaldson–Thomas invariants. We expect our identity
to be useful in extending motivic Donaldson–Thomas theory to general (−1)-shifted
symplectic stacks.

1. Introduction

1.1.1 Let K be an algebraically closed field of characteristic zero, and let X be a (−1)-
shifted symplectic derived algebraic stack over K, in the sense of Pantev, Toën, Vaquié and
Vezzosi [PTVV13], such that its classical truncation is a classical algebraic 1-stack.

One of the motivating examples of such a stack is the moduli stack X=MA of objects in a
K-linear 3-Calabi–Yau category A, such as the category of coherent sheaves on a smooth pro-
jective Calabi–Yau threefold. Such stacks are of great interest in Donaldson–Thomas theory,
and have been studied by Joyce and Song [JS12], Kontsevich and Soibelman [KS08], and many
others.

Starting from X, one can consider the derived mapping stacks

Grad(X) =Map([∗/Gm],X),

Filt(X) =Map([A1/Gm],X),

called the stack of graded points and the stack of filtered points of X, respectively, as in Halpern-
Leistner [HLa22]. For example, if X=MA as above, then Grad(X) is the moduli stack of Z-graded
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objects in A, and Filt(X) is the moduli stack of Z-filtered objects in A. In particular, there are
inclusions

MA ×MA ↪→Grad(MA), (1.1.1.1)

MExact(A ) ↪→Filt(MA ) (1.1.1.2)

as open and closed substacks, i.e. disjoint unions of connected components, where MExact(A ) is
the moduli stack of short exact sequences in A. These substacks can be given by, for example,
graded and filtered objects that only have non-trivial factors in degrees 0 and 1.

1.1.2 We show in Theorem 3.1.6 that there is a (−1)-shifted Lagrangian correspondence

Grad(X)
gr←− Filt(X)

ev1−→X . (1.1.2.1)

When X=MA, the morphisms gr and ev1 send a filtered object to its associated graded object
and its total object, respectively. In particular, restricting it to the substacks (1.1.1.1) and
(1.1.1.2), this gives the (−1)-shifted Lagrangian correspondence

MA ×MA
(p1, p3)←− MExact(A )

p2−→MA (1.1.2.2)

as in Brav and Dyckerhoff [BD21], where p1, p2, p3 : MExact(A )→MA send a short exact sequence
to its three respective terms.

The correspondence (1.1.2.2) has proved to be useful in enumerative geometry. It lies
at the heart of the construction of Hall-algebra-type algebraic structures, including motivic
Hall algebras studied by Joyce [Joy07a], cohomological Hall algebras introduced by Kontsevich
and Soibelman [KS11], and Joyce vertex algebras constructed by Joyce [Joya21, Joyb]. These
structures are closely related to Donaldson–Thomas invariants and other enumerative invariants.

1.1.3 Following a series of works [Joy15, BBBB+15, BBD+15, BBJ19, BJM19] by Joyce
and his collaborators, it is known that a (−1)-shifted symplectic stack X can be locally modelled
as derived critical loci of functions on smooth stacks. When X is equipped with orientation
data, one can define an element νmot

X in the ring of monodromic motives on X, which we call
the motivic Behrend function of X. It is locally modelled by the motivic vanishing cycle defined
by Denef and Loeser [DL01], and is a motivic enhancement of the Behrend function νX : X→Z

introduced by Behrend [Beh09] and extended by Joyce and Song [JS12, § 4.1] to algebraic stacks.
When X=MA as above, the element νmot

MA
was considered by Kontsevich and Soibelman

[KS08], and is important in the Donaldson–Thomas theory of A. Given a stability condition on
A, if Mα ⊂MA is a component, then the motivic Donaldson–Thomas invariant of the class α
is the monodromic motive given by the motivic integral

DTmot
α =

∫
Mα

(L1/2 −L−1/2) · εα · νmot
MA

, (1.1.3.1)

where εα is a weight function encoding the data of the stability condition. Similarly, the numerical
Donaldson–Thomas invariant DTα is given by a weighted Euler characteristic

DTα =

∫
Mα

(L1/2 −L−1/2) · εα · νMA
dχ . (1.1.3.2)

See Joyce and Song [JS12] for more details.
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1.1.4 The main result of this paper, Theorem 4.2.2, states that the motivic Behrend
functions of X and Grad(X) are related, via the correspondence (1.1.2.1), by the identity

gr! ◦ ev∗1(νmot
X ) =Lvdim Filt(X)/2 · νmot

Grad(X), (1.1.4.1)

as an identity of monodromic motives on Grad(X), where vdim Filt(X) is the virtual dimension
of Filt(X). In particular, evaluating this at a graded point γ ∈Grad(X) gives the motivic integral
identity ∫

ϕ∈gr−1(γ)

νmot
X (ev1(ϕ)) =Lvdim Filt(X)/2 · νmot

Grad(X)(γ), (1.1.4.2)

as an identity of monodromic motives over K.
We prove this identity by first proving a local version of it in Theorem 4.1.1, which is, roughly

speaking, the special case of (1.1.4.1) when X= [Crit(f)/Gm] is a derived critical locus, where f
is a Gm-invariant function on a Gm-equivariant smooth K-variety. Our proof of this local version
involves the theory of nearby and vanishing cycles for rings of motives on algebraic stacks, which
we develop in § 2.4, with Theorem 2.4.4 as the main result. We then prove the global version of
the identity by gluing together the local models.

1.1.5 We now explain the relations between the identity (1.1.4.1) and the known results
and conjectures in the literature.

First, this identity can be seen as a global version and a generalization of an integral identity
that was conjectured by Kontsevich and Soibelman [KS08, Conjecture 4] and later proved by Lê
[Lê15]. The local version of our identity, Theorem 4.1.1, is stated in a form similar to Kontsevich
and Soibelman’s identity, and generalizes this identity by removing the assumption that the
torus action only has weights −1, 0, and 1. It is crucial that this assumption is removed in order
for the identity to serve as a local model for (1.1.4.1) for general (−1)-shifted symplectic stacks,
and not only for stacks of the form MA.

Kontsevich and Soibelman then used their identity to prove [KS08, Theorem 8], which can
be seen as a special case of our identity (1.1.4.1) when X=MA as above. Their theorem is a key
ingredient in proving wall-crossing formulae of motivic Donaldson–Thomas invariants, governing
the behaviour of these invariants under changes of stability conditions.

Secondly, by taking the Euler characteristic of our identity, we obtain numerical integral
identities in Theorem 4.3.3. These identities are direct generalizations of the Behrend function
identities of Joyce and Song [JS12, Theorem 5.11] to general (−1)-shifted symplectic stacks.

Thirdly, the identity (1.1.4.1) is related to a conjecture on perverse sheaves, sometimes known
as the Joyce conjecture, formulated by Joyce and Safronov [JS19, Conjecture 1.1] and by Amorim
and Ben-Bassat [ABB17, § 5.3]. One form of this conjecture states that, for an oriented (−1)-
shifted Lagrangian correspondence

X
f←−L

g−→Y, (1.1.5.1)

under certain assumptions, there should exist a natural morphism

μL : f! ◦ g∗(PY)−→PX[−vdimL], (1.1.5.2)

satisfying certain properties, where PX and PY are the perverse sheaves constructed by Ben-
Bassat, Brav, Bussi and Joyce [BBBB+15, Theorem 4.8], sometimes called the Donaldson–
Thomas perverse sheaves. They can be seen as analogues of the motivic Behrend functions νmot

X

and νmot
Y in cohomological Donaldson–Thomas theory.
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In the special case when the correspondence (1.1.5.1) is taken to be (1.1.2.1), a recent result
of Kinjo, Park and Safronov [KPS24, Theorem B] shows that there is a natural isomorphism
of the form (1.1.5.2), strengthening the Joyce conjecture in this special case. In this sense, the
identity (1.1.4.1) can be seen as a motivic analogue of this version of the Joyce conjecture.

1.1.6 In a series of works in progress [BHLINK25, BINKa25, BINKb], the author and his
collaborators plan to extend the definition of the weight functions εα mentioned in § 1.1.3 to
general algebraic stacks, which will enable us to define motivic Donaldson–Thomas invariants for
general (−1)-shifted symplectic stacks equipped with extra data similar to a stability condition,
under mild assumptions.

The integral identity (1.1.4.1) will be crucial in proving wall-crossing formulae for these
general Donaldson–Thomas invariants, which relate the invariants for the same stack under
different stability conditions. Wall-crossing formulae have seen many important applications in
enumerative geometry, since they impose a very strong constraint on the structure of enumerative
invariants, and can sometimes be used to compute them explicitly. See Joyce and Song [JS12]
and Kontsevich and Soibelman [KS08] in the case of motivic Donaldson–Thomas theory, and
[BLM24, Bu23, GJT22, Joya21], etc., for applications in other contexts. Using wall-crossing
formulae for general stacks, we hope to generalize many of the applications mentioned above to
general (−1)-shifted symplectic stacks.

For example, as a special case of this generalized theory, the author [Bu25] defines the weight
functions for the moduli stack of self-dual objects in certain self-dual K-linear categories. Such
stacks include the moduli stack of principal orthogonal or symplectic bundles on a smooth
projective variety, or a certain compactification of it. When these results are combined with the
contents of the present work, it will become possible to define and study motivic Donaldson–
Thomas invariants for type B/C/D structure groups on a Calabi–Yau threefold, and prove
wall-crossing formulae for them. The author plans to report on this in a future paper.

1.1.7 Conventions Throughout this paper, we will use the following notation, terminology,
and conventions.

− K is an algebraically closed field of characteristic zero.

− A K-variety is a separated K-scheme of finite type.

− A reductive group over K is a linear algebraic group over K that is linearly reductive, and
is allowed to be disconnected.

− All K-schemes, algebraic spaces over K, and algebraic stacks over K are assumed to be
quasi-separated and locally of finite type. Algebraic stacks are assumed to have separated
diagonal.

− A derived algebraic stack over K is a derived stack over K that has an open cover by
geometric stacks in the sense of Toën and Vezzosi [TV08, § 1.3.3], and is assumed to be
locally almost of finite presentation. When it is locally of finite presentation, its cotangent
complex is perfect, and the rank of its cotangent complex is called its virtual dimension.

− An s-shifted symplectic stack over K, where s∈Z, is a derived algebraic stack locally of
finite presentation over K, equipped with an s-shifted symplectic structure in the sense of
Pantev, Toën, Vaquié and Vezzosi [PTVV13, §1].
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2. Motivic vanishing cycles

The main purpose of this section is to define and study the motivic nearby and vanishing cycle
maps on certain rings of motives over algebraic stacks. These are based on the construction of
the motivic Milnor fibre by Denef and Loeser [DL98, DL01, DL02] and Looijenga [Loo02], and
are a generalization of the work of Bittner [Bit05] from the case of varieties to that of stacks.
We define these maps in Theorem 2.4.2, and prove a useful property in Theorem 2.4.4, which
will be used in the proof of our main results.

In § 2.5, we discuss the motivic Behrend function introduced by Bussi, Joyce and Meinhardt
[BJM19] and Ben-Bassat, Brav, Bussi and Joyce [BBBB+15], and slightly generalize their
construction by weakening the assumptions on the stack.

2.1 Rings of motives

2.1.1 We provide background on rings of motives over schemes, algebraic spaces, and alge-
braic stacks. The case of stacks was first studied by Joyce [Joy07b], who constructed these rings
of motives, along with several variations, and called them rings of stack functions.

To avoid repetition, we only state the majority of the definitions and results for stacks, with
the understanding that schemes and algebraic spaces are special cases of algebraic stacks.

2.1.2 Stacks with affine stabilizers. Let X be an algebraic stack over K. We say that X
has affine stabilizers if, for any field k and any point x∈X (k), the stabilizer group of X at x
is an affine algebraic group over k.

2.1.3 Rings of motives. Let X be an algebraic stack over K with affine stabilizers. Define
the Grothendieck ring of varieties over X to be the abelian group

Kvar(X ) =
⊕̂
Z→X

Z · [Z]
/
∼, (2.1.3.1)

where we run through all morphisms Z→X with Z a K-variety, and ⊕̂ means we take the
set of locally finite sums, that is, possibly infinite sums

∑
Z→X nZ · [Z], such that for each

quasi-compact open substack U ⊂X, there are only finitely many Z such that nZ 
= 0 and
Z ×X U 
=∅. The relation ∼ is generated by [Z]∼ [Z ′] + [Z \Z ′] for closed subschemes Z ′ ⊂Z.

One can define multiplication on Kvar(X ) by taking the fibre product over X , making it
into a commutative ring, which may be non-unital when X is not an algebraic space. It is also
a (possibly non-unital) commutative Kvar(K)-algebra, where Kvar(K) =Kvar(SpecK), with the
action given by the product.

Let L= [A1]∈Kvar(K), and define rings of motives over X ,

M(X ) =Kvar(X ) ⊗̂
Kvar(K)

Kvar(K) [L−1]
/
(L− 1)-torsion, (2.1.3.2)

M̂(X ) =Kvar(X ) ⊗̂
Kvar(K)

Kvar(K) [L−1, (Lk − 1)−1], (2.1.3.3)

where ⊗̂ means we take the set of locally finite sums, that is, possibly infinite sums
∑

Z→X[Z]⊗
aZ , such that the family of Z with aZ 
= 0 is locally finite on X , and, in (2.1.3.3), we invert
Lk − 1 for all k� 1.
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2.1.4 Motives of algebraic spaces and stacks. Let X be as above. For an algebraic space Z
and a morphism Z→X of finite type, one can also assign a class [Z]∈Kvar(X ), extending the
usual definition for varieties, since Z can be stratified by varieties.

Furthermore, as in Joyce [Joy07b] or Ben-Bassat, Brav, Bussi and Joyce [BBBB+15, § 5.3],
for any finite type morphism of algebraic stacks Z→X, where Z has affine stabilizers, one can
assign a class [Z ]∈ M̂(X ), which agrees with the usual one when Z is a variety, and satisfies the
relation [Z ] = [Z ′] + [Z \Z ′] for closed substacks Z ′ ⊂Z. In particular, the class [X ]∈ M̂(X )
is the multiplicative unit of the ring M̂(X ).

For an algebraic stack X over K of finite type, with affine stabilizers, one thus has a class
[X ]∈ M̂(K), called the motive of X .

2.1.5 Pullbacks and pushforwards. Let X,Y be algebraic stacks over K with affine
stabilizers, and let f : X→Y be a morphism.

There is a pullback map

f∗ : M̂(Y )−→ M̂(X )

which is an M̂(K)-algebra homomorphism, given on generators by f∗[Z] = [Z ×Y X ], where the
right-hand side is defined as in § 2.1.4. Pulling back respects composition of morphisms. If,
moreover, f is representable, then there are pullback maps

f∗ : Kvar(Y )−→Kvar(X ),

f∗ : M(Y )−→M(X ),

which are Kvar(K)- and M(K)-algebra homomorphisms, respectively, and are defined similarly.
On the other hand, if f is of finite type, then there are pushforward maps

f! : Kvar(X )−→Kvar(Y ),

f! : M(X )−→M(Y ),

f! : M̂(X )−→ M̂(Y ),

which areKvar(K)-, M(K)-, and M̂(K)-module homomorphisms, respectively, given on generators
by f![Z] = [Z]. Pushing forward respects composition of morphisms.

In particular, when X is of finite type, pushing forward along the structure morphism X→
SpecK is sometimes called motivic integration, and denoted by∫

X
(−) : M̂(X )−→ M̂(K) .

2.1.6 Base change and projection formulae. Suppose we have a pullback diagram

X′ Y′

X Y

f ′

g′ �
g

f

where X,Y,X ′,Y ′ are algebraic stacks over K with affine stabilizers, and f is of finite type.
Then we have the base change formula

g∗ ◦ f! = f ′
! ◦ g′∗ (2.1.6.1)

6



A motivic integral identity for (−1)-shifted symplectic stacks

on M̂(−), as in [Joy07b, Theorem 3.5]. Moreover, if g is representable, then this also holds for
Kvar(−) and M(−).

Let f : X→Y be as above. We have the projection formula

f!(a · f∗(b)) = f!(a) · b (2.1.6.2)

for all a∈ M̂(X ) and b∈ M̂(Y ), which can be verified directly on generators. Moreover, if f is
representable, then this also holds for Kvar(−) and M(−).

2.1.7 Motives of principal bundles. Following Serre [Ser58, § 4], an algebraic group G over
K is special if all principal G-bundles over a K-scheme are Zariski locally trivial. For example,
the groups GL(n) and Ga are special; semidirect products of special groups are special; and
disconnected groups are not special. See also Joyce [Joy07b, Definition 2.1] for related discussions.

For a special group G and a principal G-bundle π : Y→X, where X is an algebraic stack
over K with affine stabilizers, we have the relation

π! ◦ π∗ = [G] · id (2.1.7.1)

in Kvar(X ), M(X ), and M̂(X ), which can be deduced from the definition of a special group.
In particular, we have [Y] = [G] · [X ] in M̂(X ).

Note, however, that such a principal G-bundle π itself is not necessarily Zariski locally trivial,
but it becomes so after a base change to any scheme.

The relation (2.1.7.1) is not necessarily true if G is not special. For example, consider the
principal Z2-bundle Gm→Gm given by t �→ t2. Then the equality cannot hold, since [Gm] 
=
2 · [Gm].

2.1.8 The Euler characteristic. As in Joyce [Joy07b, Example 6.3], there is a ring map

χ : M(K)−→Z,

sending each generator [Z] to its Euler characteristic, and sending L to 1. This extends naturally
to a map χ : M̂(K)→Q∪ {∞}, sending 1/(1 +L+ · · ·+Lk−1) to 1/k for each k� 1, and sending
elements not in M(K)[(1 +L+ · · ·+Lk−1)−1 : k� 1] to ∞.

For an algebraic stack X over K of finite type, with affine stabilizers, we have a map∫
X
(−) dχ : M̂(X )−→Q∪ {∞}

defined by pushing forward along X→ SpecK and then taking the Euler characteristic. We have∫
X a dχ∈Z for all a∈M(X ).

2.1.9 Constructible functions. For an algebraic stack X over K, a constructible function on
X is a map of sets

a : |X| −→Z,

where |X| is the underlying topological space of X , such that for any c∈Z, the preimage a−1(c)
is a locally constructible subset of |X|. The abelian group of constructible functions on X is
denoted by CF(X ).

There is an Euler characteristic map

χ : M̃(X )−→CF(X ),
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where M̃(X )⊂ M̂(X ) is the M(K)-subalgebra generated by classes [Z ] for representable mor-
phisms Z→X, and χ is given by taking the fibrewise Euler characteristic, as in Joyce [Joy07b,
Definition 3.2], where this map was denoted by πstk

X .
One can also define pullback and pushforward maps on CF(−) for representable morphisms,

where pushing forward also requires the morphism to be of finite type. These maps are compatible
with the map χ, and satisfy the base change and projection formulae as in § 2.1.6 for representable
morphisms.

2.1.10 Rings of monodromic motives. Let μ̂= lim μn be the projective limit of the groups
μn of roots of unity. For a K-scheme Z, a good μ̂-action on Z is one that factors through μn for
some n such that each orbit is contained in an affine open subscheme.

Let X be an algebraic stack over K with affine stabilizers. Define the monodromic
Grothendieck ring of varieties over X to be the abelian group

K μ̂
var(X ) =

⊕̂
Z→X

Z · [Z]μ̂
/
∼, (2.1.10.1)

where ⊕̂ indicates taking locally finite sums as in § 2.1.3, and we sum over all morphisms Z→X
with Z a K-variety with a good μ̂-action that is compatible with the trivial μ̂-action on X .
The relation ∼ is generated by [Z]μ̂ ∼ [Z ′]μ̂ + [Z \Z ′]μ̂ for μ̂-invariant closed subschemes Z ′ ⊂Z,
and [Z × V ]μ̂ ∼ [Z ×An]μ̂ for a μ̂-representation V of dimension n, where the projections to X
factor through Z, and μ̂ acts on An trivially. See Looijenga [Loo02, § 5] and Ben-Bassat, Brav,
Bussi and Joyce [BBBB+15, § 5].

Using the Kvar(K)-module structure on K μ̂
var(X ), we define rings of monodromic motives

over X ,

Mμ̂(X ) =K μ̂
var(X ) ⊗̂

Kvar(K)
Kvar(K) [L−1]

/
(L− 1)-torsion, (2.1.10.2)

M̂μ̂(X ) =K μ̂
var(X ) ⊗̂

Kvar(K)
Kvar(K) [L−1, (Lk − 1)−1]

/
≈, (2.1.10.3)

where ⊗̂ indicates taking locally finite sums as in § 2.1.3. The ring structures and the relation ≈
are defined below.

We consider the multiplication on K μ̂
var(X ) denoted by ‘�’ in [BBBB+15, Definition 5.3]; see

there for the definition. We will denote this by ‘ · ’. This makes K μ̂
var(X ) into a ring, possibly non-

unital when X is not an algebraic space. Note that this is not given by the fibre product, although
the latter does define a different ring structure. The relation ≈ is defined as in [BBBB+15,

Definitions 5.5 and 5.13], denoted there by ‘Ist,μ̂X ’, and is imposed so that the map Υ in § 2.1.11
below respects the tensor product.

There is an element

L1/2 = 1− [μ2]
μ̂ ∈K μ̂

var(K),

where μ̂ acts on μ2 non-trivially. It satisfies (L1/2)2 =L. We also write L−1/2 =L−1 ·L1/2 ∈
Mμ̂(K).

There are natural maps

ιμ̂ : Kvar(X )−→K μ̂
var(X ), ιμ̂ : M(X )−→Mμ̂(X ), ιμ̂ : M̂(X )−→ M̂μ̂(X ),

given on generators by [Z] �→ [Z], with the trivial μ̂-action on Z. These are Kvar(K)-, M(K)-,
and M̂(K)-algebra homomorphisms, respectively.
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One can define pullback and pushforward maps on K μ̂
var(−), Mμ̂(−), and M̂μ̂(−), similar

to the cases of Kvar(−), M(−), and M̂(−). These maps satisfy the base change and projection
formulae in § 2.1.6, and the principal bundle relation in § 2.1.7.

There is also the Euler characteristic map χ : Mμ̂(K)→Z, which is a ring homomorphism,
defined by taking the Euler characteristic of the underlying non-monodromic motive. From
this, one can define analogues of the operations in §§ 2.1.8 and 2.1.9 for Mμ̂(−) and M̂μ̂(−). In
particular, we have χ(L1/2) =−1.

2.1.11 Motives of double covers. For a principal μ2-bundle P→X, there is a class

Υ(P) =L−1/2 · ([X ]− [P ]μ̂)∈ M̂μ̂(X ),

where μ̂ acts on P via the μ2-action and the class [P ]μ̂ is defined in a similar way to § 2.1.4
when P is not a variety. See [BBBB+15, Definitions 5.5 and 5.13] for more details.

Note that Υ commutes with pullbacks, by definition. Also, we have the relation

Υ(P1 ⊗P2) =Υ(P1) ·Υ(P2) (2.1.11.1)

for principal μ2-bundles P1,P2→X, where P1 ⊗P2 is also a principal μ2-bundle. See
[BBBB+15, Definitions 5.5 and 5.13].

2.2 Descent of motives

2.2.1 We now discuss the descent properties of the rings of motives defined above. While
constructible functions CF(−) descend under any reasonable topology, descent for rings of
motives such as M̂(−) is more restrictive. For example, pulling back along the double cover
(−)2 : Gm→Gm is not injective on motives, since the classes of the trivial double cover
Gm × μ2→Gm and the non-trivial double cover Gm→Gm get identified after pulling back.
Therefore, rings of motives do not satisfy étale descent.

However, we show in Theorem 2.2.3 below that these rings of motives do satisfy descent
under the Nisnevich topology.

2.2.2 The Nisnevich topology. Recall that for an algebraic space X, a Nisnevich cover of
X is a family of étale morphisms (fi : Xi→X)i∈I , such that for each point x∈X, there exists
i∈ I and a point x′ ∈Xi such that fi(x

′) = x, and fi induces an isomorphism on residue fields
at x′ and x.

Let X be an algebraic stack. Define a Nisnevich cover of X to be a representable étale
cover (fi : Xi→X )i∈I such that its base change to any algebraic space is a Nisnevich cover of
algebraic spaces. See also Choudhury, Deshmukh and Hogadi [CDH23, Definition 1.2 ff.].

For example, for an integer n> 1, the morphism ∗→ [∗/μn] is not a Nisnevich cover, since
its base change Gm→Gm, t �→ tn is not a Nisnevich cover.

Algebraic spaces over K (assumed locally of finite type) admit Nisnevich covers by affine
K-varieties, as can be deduced from Knutson [Knu71, II, Theorem 6.4].

2.2.3 Theorem. Let X be an algebraic stack over K with affine stabilizers, and let (fi : Xi→
X )i∈I be a Nisnevich cover. Then the map

(f∗
i )i∈I : M̂(X )−→ eq

(∏
i∈I

M̂(Xi)−→−→
∏
i,j∈I

M̂(Xi ×X Xj)

)

9
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is an isomorphism, where the right-hand side is the equalizer of the two maps induced by pulling
back along projections from each Xi ×X Xj to Xi and Xj , respectively.

The same also holds for M̂μ̂(−) in place of M̂(−). Moreover, if X is an algebraic space,

then the same holds for Kvar(−), M(−), K μ̂
var(−), and Mμ̂(−).

Proof. We give the proof for M̂(−); the other cases are similar.
We first consider the case when X is an algebraic space. In this case, one can stratify X

into locally closed pieces Sk ⊂X, such that the map
∐

i Xi→X admits a section sk over each
Sk. After a base change to each Sk, we can assume that

∐
i Xi→X admits a global section, in

which case the result is clear.
For the general case, by Kresch [Kre99, Proposition 3.5.9], X can be stratified by quotient

stacks of the form [U/G], where U is a quasi-projective K-variety acted on by G�GL(n) for some
n. Therefore, we may assume that X= [U/G] is of this form. Let π : U → [U/G] be the projection.
Then for all a∈ M̂([U/G]), we have a= [G]−1 · π! ◦ π∗(a), so that π∗ is injective. Its image consists
of elements ã∈ M̂(U) such that π∗ ◦ π!(ã) = [G] · ã. We call such elements G-invariant . In other
words, we may identify M̂([U/G]) with the subring of M̂(U) consisting of G-invariant elements.
Writing Ui =U ×X Xi, it suffices to show that M̂(U)

∼→ eq
(∏

i∈I M̂(Ui)⇒
∏

i,j∈I M̂(Ui ×U Uj)
)
,

since taking G-invariant elements on both sides gives the desired result. We are now reduced to
the already known case of algebraic spaces. �

2.2.4 Quotient stacks and fundamental stacks. We now discuss classes of algebraic stacks
that can be covered by quotient stacks, which will be used in the sequel. See § 2.2.5 below for
examples of stacks satisfying these properties.

A quotient stack over K is an algebraic stack of the form [U/G], where U is an algebraic
space over K acted on by an algebraic group G�GL(n) for some n. Equivalently, one can
allow G to be any linear algebraic group, since if one chooses an embedding G ↪→GL(n) then
[U/G]� [(U ×G GL(n))/GL(n)].

A fundamental stack over K is a quotient stack of the form [U/G], where U is an affine
K-variety acted on by an algebraic group G�GL(n) for some n. Equivalently, one can allow
G to be any reductive group, by a similar argument to that above; see the proof of [AHR20,
Corollary 4.14]. This terminology is from Alper, Hall and Rydh [AHR25].

An algebraic stack over K is Nisnevich locally a quotient stack if it admits a Nisnevich cover
by quotient stacks. This class of stacks is also discussed by Choudhury, Deshmukh and Hogadi
[CDH23], who call them cd-quotient stacks .

An algebraic stack over K is Nisnevich locally fundamental if it admits a Nisnevich cover by
fundamental stacks. This implies being Nisnevich locally a quotient stack.

Similarly, we define stacks that are étale locally a quotient stack or étale locally fundamental
by requiring representable étale covers with the corresponding properties.

These properties are satisfied by a large class of stacks, which we discuss below.

2.2.5 Local structure theorems. A series of local structure theorems for algebraic stacks by
Alper, Hall and Rydh [AHR20, AHR25] can be used to produce covers of algebraic stacks by
quotient and fundamental stacks.

Theorem. Let X be an algebraic stack with affine stabilizers.

(i) If every point of X specializes to a closed point, and closed points of X have reductive
stabilizers, then X is étale locally fundamental.

10
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(ii) If X admits a good moduli space in the sense of Alper [Alp13], then X is Nisnevich locally
fundamental.

The first result follows from [AHR20, Theorem 1.1], and is stated in Alper, Halpern-Leistner
and Heinloth [AHLH23, Remarks 2.6 and 2.7]. The second result is [AHR25, Theorem 6.1].

2.3 Motivic vanishing cycles for schemes

2.3.1 Idea. The motivic nearby and vanishing cycle maps considered below are based on the
idea of Milnor fibres. It is perhaps more straightforward to explain this in the analytic setting.

For this purpose, let X be a complex manifold, with a smooth metric d : X ×X→R�0,
and let f : X→C be a holomorphic function. Let x∈X be a point such that f(x) = 0. Let
0< δ� ε� 1 be small positive numbers, and consider the map

X×
δ,ε(x) =Bε(x)∩ f−1(D×

δ )
f−→D×

δ ,

where D×
δ = {z ∈C | 0< |z|< δ}. This map is a topological fibration, and its fibre MFf (x) is

called the Milnor fibre of f at x. The cohomology of MFf (x) carries the action of the monodromy
operator induced by this fibration.

We will consider below the motivic analogue of the above construction, with X a smooth
variety over a field K. The Milnor fibre is then replaced by the motivic Milnor fibre of Denef
and Loeser [DL98, DL01, DL02], which is a monodromic motive on X0. This construction is
closely related to Donaldson–Thomas theory; see Behrend [Beh09], Joyce and Song [JS12, § 4],
and Kontsevich and Soibelman [KS08, § 4] for more details.

2.3.2 The motivic Milnor fibre. Let X be a smooth, irreducible K-variety, and let
f : X→A1 be a morphism. Write X0 = f−1(0). Following Denef and Loeser [DL98, DL01,
DL02], we define the motivic Milnor fibre of f , which is an element

MFf ∈Mμ̂(X0),

as follows.
If f is constant, define MFf = 0. Otherwise, choose a resolution π : X̃→X of f , in the

sense that X̃ is a smooth, irreducible K-variety, π is a proper morphism that restricts to an
isomorphism on π−1(X \X0), and π−1(X0) is a simple normal crossings divisor in X̃. See, for
example, Kollár [Kol07] for the existence and properties of such resolutions.

Let (Ei)i∈J be the irreducible components of π−1(X0), and write Ni for the multiplicity of
Ei in the divisor of f ◦ π on X̃. For a non-empty subset I ⊂ J , write E◦

I =
⋂

i∈I Ei \
⋃

i/∈I Ei.

Let mI = gcdi∈I Ni, and define an mI -fold cover Ẽ◦
I →E◦

I as follows. For each open set U ⊂ X̃
such that f ◦ π= uvmI on U for u : U →A1 \ {0} and v : U →A1, define the restriction of Ẽ◦

I on
E◦

I ∩U as

Ẽ◦
I |E◦

I∩U =
{
(z, y)∈A1 × (E◦

I ∩U)
∣∣ zmI = u−1

}
. (2.3.2.1)

Since E◦
I can be covered by such open sets U , (2.3.2.1) can be glued together to obtain a cover

Ẽ◦
I →E◦

I , with a natural μmI
-action given by scaling the z-coordinate, which induces a μ̂-action

on Ẽ◦
I . The motivic Milnor fibre MFf is then given by

MFf =
∑

∅ 	=I⊂J

(1−L)|I|−1
[
Ẽ◦

I

]μ̂
. (2.3.2.2)

It can be shown [DL01, Definition 3.8] that this is independent of the choice of the resolution π.

11
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2.3.3 Nearby and vanishing cycles. LetX be aK-variety, and let f : X→A1 be a morphism.
Write X0 = f−1(0).

Define the nearby cycle map of f , denoted by

Ψf : M(X)−→Mμ̂(X0),

to be the unique M(K)-linear map such that for any smooth, irreducible K-variety Z and any
proper morphism ρ : Z→X, we have

Ψf ([Z]) = (ρ0)! (MFf◦ρ)∈Mμ̂(X0),

where ρ0 : Z0→X0 is the restriction of ρ to Z0 = (f ◦ ρ)−1(0), and MFf◦ρ ∈Mμ̂(Z0) is the motivic
Milnor fibre of f ◦ ρ. It follows from Bittner [Bit05, Claim 8.2] that the map Ψf is well-defined.

Define the vanishing cycle map of f to be the map

Φf =Ψf − ιμ̂ ◦ i∗ : M(X)−→Mμ̂(X0),

where i : X0 ↪→X is the inclusion, and ιμ̂ : M(X0) ↪→Mμ̂(X0) is as in § 2.1.10.

2.3.4 For algebraic spaces. We now generalize the above construction from varieties to
algebraic spaces.

As in Bittner [Bit05, Theorem 8.4], the nearby and vanishing cycle maps are compatible
with pulling back along smooth morphisms. In particular, they define morphisms Ψ,Φ: M(−)→
Mμ̂((−)0) of sheaves on the category of K-varieties over A1, with the Nisnevich topology. Since
algebraic spaces admit Nisnevich covers by affine K-varieties, as mentioned in § 2.2.2, these
morphisms of sheaves induce maps on their evaluations on algebraic spaces over K.

In other words, for an algebraic space X over K and a morphism f : X→A1, we have defined
nearby and vanishing cycle maps

Ψf ,Φf : M(X)−→Mμ̂(X0) .

We state some of their properties below.

2.3.5 Theorem. Let X, Y be algebraic spaces over K.

(i) Let g : Y →X be a proper morphism, and f : X→A1 a morphism. Then we have the
following commutative diagram.

M(Y ) M(X)

Mμ̂(Y0) Mμ̂(X0)

g!

Ψf◦g Ψf

g!

(2.3.5.1)

(ii) Let g : Y →X be a smooth morphism, and f : X→A1 a morphism. Then we have the
following commutative diagram.

M(X) M(Y )

Mμ̂(X0) Mμ̂(Y0)

g∗

Ψf Ψf◦g
g∗

(2.3.5.2)

12
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Proof. The case when X and Y are K-varieties was proved by Bittner [Bit05, Theorem 8.4]. The
verification of (ii) for algebraic spaces is completely formal, by passing to Nisnevich covers by
K-varieties.

We now prove (i) for algebraic spaces. Again, passing to a Nisnevich cover, we may assume
thatX is aK-variety. We claim thatKvar(Y ) is spanned over Z by classes [Z] of proper morphisms
Z→ Y , where Z is a smooth K-variety. Indeed, let u : U → Y be an arbitrary morphism, where U
is an integral K-variety. By Nagata compactification, as in Conrad, Lieblich and Olsson [CLO12,
Theorem 1.2.1], u can be factored as a dense open immersion U ↪→ V followed by a proper
morphism V → Y , where V is an integral algebraic space over K. By Chow’s lemma for algebraic
spaces, as in Knutson [Knu71, IV, Theorem 3.1], there exists a K-variety W and a projective
birational morphism W → V . Applying a resolution of singularities, we may assume that W
is smooth. Now W → Y is proper, and the difference [W ]− [U ] is a sum of lower dimensional
classes. Induction on the dimension of U verifies the claim.

Now let h : Z→ Y be a proper morphism, where Z is a smooth K-variety. Passing to a
Nisnevich cover of Y by K-varieties, one can show that Ψf◦g([Z]) = h!(MFf◦g◦h). On the other
hand, we have Ψf ([Z]) = (g ◦ h)!(MFf◦g◦h) by definition. This completes the proof since such
classes [Z] span Kvar(Y ), so they also span M(Y ) over M(K). �

2.4 Motivic vanishing cycles for stacks

2.4.1 Assumptions on the stack. From now on, we assume that X is an algebraic stack
over K that is Nisnevich locally a quotient stack in the sense of § 2.2.4.

Note that this assumption is weaker than that in Ben-Bassat, Brav, Bussi and Joyce
[BBBB+15, § 5], where the stack was assumed to be Zariski locally a quotient stack.

2.4.2 Theorem. Let X be as in § 2.4.1 , and let f : X→A1 be a morphism. Write X0 =
f−1(0). Then there is a unique M̂(K)-linear map

Ψf : M̂(X )−→ M̂μ̂(X0),

called the nearby cycle map of f , such that for any K-variety Y and any smooth morphism
g : Y →X, we have a commutative diagram

M̂(X) M̂(Y )

M̂μ̂(X0) M̂μ̂(Y0)

Ψf

g∗

Ψf◦g

g∗

(2.4.2.1)

where the right-hand map is defined in § 2.3.3 .
We then define the vanishing cycle map of f to be the map

Φf =Ψf − ιμ̂ ◦ i∗ : M̂(X )−→ M̂μ̂(X0),

where i : X0 ↪→X and ιμ̂ : M̂(X0) ↪→ M̂μ̂(X0) are the inclusions.

Proof. Let (ji : Xi→X )i∈I be a Nisnevich cover, where each Xi � [Ui/Gi], with Ui an algebraic
space over K, acted on by a group Gi �GL(ni) for some ni. Let πi : Ui→Xi be the projection.

First, note that the condition on Ψf implies that the same condition holds when Y is an
algebraic space, with the right-hand map in (2.4.2.1) defined in § 2.3.4. This can be seen by
passing to a Nisnevich cover of Y by K-varieties, and applying Theorem 2.2.3 to this cover.
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To define the map Ψf , by Theorem 2.2.3 it is enough to define it on each Xi, and then verify

that they agree on overlaps. Let a∈ M̂(X ) be an element. We define the element Ψf (a)∈ M̂μ̂(X0)

by giving its pullbacks Ψf (a)i = j∗i ◦Ψf (a)∈ M̂μ̂(Xi,0) for each i, where Xi,0 =Xi ×X X0. The
condition on Ψf forces

Ψf (a)i = j∗i ◦Ψf (a) = [Gi]
−1 · (πi)! ◦ π∗

i ◦ j∗i ◦Ψf (a)

= [Gi]
−1 · (πi)! ◦Ψf◦ji◦πi

◦ π∗
i ◦ j∗i (a), (2.4.2.2)

where [Gi]∈ M̂(K) is the class of Gi and is invertible in M̂(K), and we applied (2.1.7.1) to πi,
using the fact that Gi is special. This shows that if the map Ψf exists, then it is unique.

To check that the elements Ψf (a)i agree on overlaps, let 1, 2∈ I be two indices, and form the
pullback squares

U ′′ U1 U1

U ′
2 X1,2 X1

U2 X2 X

π′′
2

π′′
1

�

j′′2

π ′
1

�
π1

π′
2

j′′1
�

j′2

j′1
�

j1

π2 j2

(2.4.2.3)

where U ′
1, U

′
2, U

′′ are algebraic spaces. We need to show that (j′2)∗(Ψf (a)1) = (j′1)∗(Ψf (a)2). We
have

(j′2)
∗(Ψf (a)1)

= [G1]
−1 · (j′2)∗ ◦ (π1)! ◦Ψf◦j1◦π1

◦ (j1 ◦ π1)∗(a)
= [G1]

−1 · (π′
1)! ◦ (j′′2 )∗ ◦Ψf◦j1◦π1

◦ (j1 ◦ π1)∗(a)
= [G1]

−1 · (π′
1)! ◦Ψf◦j1◦π1◦j′′2 ◦ (j1 ◦ π1 ◦ j′′2 )∗(a)

= [G1]
−1 · [G2]

−1 · (π′
1)! ◦ (π′′

2)! ◦ (π′′
2)

∗ ◦Ψf◦j1◦π1◦j′′2 ◦ (j1 ◦ π1 ◦ j′′2 )∗(a)
= [G1]

−1 · [G2]
−1 · (π′

1 ◦ π′′
2)! ◦Ψf◦j1◦π1◦j′′2 ◦π′′

2
◦ (j1 ◦ π1 ◦ j′′2 ◦ π′′

2)
∗(a), (2.4.2.4)

where we applied (2.1.6.1) in the second step, Theorem 2.3.5 (ii) in the third and fifth steps,
and § 2.1.7 in the fourth step. This expression is now symmetric in the indices 1 and 2, so the
element Ψf (a) is well-defined.

It now remains to show that the map Ψf satisfies the required condition. Let Y be a K-variety
and π : Y →X a smooth morphism. For each i∈ I, write Yi = Y ×X Xi. Then (ki : Yi→ Y )i∈I is
a Nisnevich cover by algebraic spaces, and it suffices to show that

k∗i ◦ g∗ ◦Ψf = k∗i ◦Ψf◦g ◦ g∗ (2.4.2.5)

for each i. Consider the diagram

Vi Yi Y

Ui Xi X

ρi

g′i
�

ki

gi
� g

πi ji

(2.4.2.6)

where all squares are pullback squares. In particular, ρi is a principal Gi-bundle. For any a∈
M̂(X ), we have
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k∗i ◦ g∗ ◦Ψf (a)

= g∗i (Ψf (a)i)

= [Gi]
−1 · g∗i ◦ (πi)! ◦Ψf◦ji◦πi

◦ (ji ◦ πi)∗(a)
= [Gi]

−1 · (ρi)! ◦ (g′i)∗ ◦Ψf◦ji◦πi
◦ (ji ◦ πi)∗(a)

= [Gi]
−1 · (ρi)! ◦Ψf◦ji◦πi◦g′

i
◦ (ji ◦ πi ◦ g′i)∗(a)

= [Gi]
−1 · (ρi)! ◦Ψf◦g◦ki◦ρi

◦ (g ◦ ki ◦ ρi)∗(a)
= [Gi]

−1 · (ρi)! ◦ ρ∗i ◦Ψf◦g◦ki
◦ (g ◦ ki)∗(a)

=Ψf◦g◦ki
◦ (g ◦ ki)∗(a)

= k∗i ◦Ψf◦g ◦ g∗(a), (2.4.2.7)

where we applied (2.1.6.1) in the third step, Theorem 2.3.5 (ii) in the fourth, sixth, and eighth
steps, and § 2.1.7 in the seventh step. This proves the desired identity (2.4.2.5). �

2.4.3 The motivic Milnor fibre. Let X be as in § 2.4.1, and let f : X→A1 be a morphism.
Write X0 = f−1(0). The motivic Milnor fibre of f is the element

MFf =Ψf ([X ])∈ M̂μ̂(X0) .

When X is smooth, this is closely related to the construction of Ben-Bassat, Brav, Bussi and
Joyce [BBBB+15, § 5.4], which we will further discuss and generalize in § 2.5.4 below. The main
difference is that the latter construction starts from the critical locus of f instead of X , and can
be generalized to stacks glued from such critical loci; it uses Φf instead of Ψf , and introduces a
twist by a power of L1/2 to make gluing possible.

We relate this to the description of the motivic Milnor fibre for schemes in § 2.3.2. Suppose
that we are given a resolution of f , which is a representable proper morphism π : X̃→X such
that it restricts to an isomorphism on π−1(X \X0) and π−1(X0) is a simple normal crossings
divisor in X̃, in the sense that it is so after pulling back along smooth morphisms from schemes.
Let (Ei)i∈J be the family of irreducible components of π−1(X0), and define E ◦

I and Ẽ
◦
I for non-

empty I ⊂ J similarly to § 2.3.2, where Ẽ
◦
I carries a natural μ̂-action. We then claim that

MFf =
∑

∅ 	=I⊂J

(1−L)|I|−1
[
Ẽ
◦
I

]μ̂
. (2.4.3.1)

Indeed, this can be shown by a similar argument to that used in the proof of Theorem 2.4.2, by
first passing to a Nisnevich cover by quotient stacks, then using the relation (2.1.7.1) to further
reduce to the case of algebraic spaces, and finally passing to a Nisnevich cover again to reduce
to the case of affine varieties.

2.4.4 Theorem. Let X,Y be algebraic stacks as in § 2.4.1 .
(i) Let g : Y→X be a proper morphism, and f : X→A1 a morphism. Then we have the

following commutative diagram.

M̂(Y) M̂(X)

M̂μ̂(Y0) M̂μ̂(X0)

g!

Ψf◦g Ψf

g!

(2.4.4.1)
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(ii) Let g : Y→X be a smooth morphism, and f : X→A1 a morphism. Then we have the
following commutative diagram.

M̂(X) M̂(Y)

M̂μ̂(X0) M̂μ̂(Y0)

g∗

Ψf Ψf◦g

g∗

(2.4.4.2)

In particular, we have MFf◦g = g∗(MFf ).

Proof. For (i), we first restrict to the case when g is representable. By Theorem 2.4.2, the map
Ψf is determined by pullbacks along smooth morphisms from K-varieties to X , so we may
assume that X is a K-variety and Y is an algebraic space that is proper over X . This case is
covered by Theorem 2.3.5 (i).

For the general case, similarly, we may assume that X=X is a K-variety. It suffices to show
that g! ◦Ψf◦g([Z]) =Ψf ◦ g!([Z]) for smooth K-varieties Z mapping to Y , as these classes span

M̂(Y ) over M̂(K). Since Y is proper over X and has affine stabilizers, it has finite inertia, and
admits a coarse space πY : Y→ Y by the Keel–Mori theorem [KM97, Con]. The morphism πY is
a proper universal homeomorphism.

By Rydh’s compactification theorem for representable morphisms of Deligne–Mumford stacks
[Ryd, Theorem B], we may choose a relative compactification Z of Z over Y such that there is a
dense open immersion i : Z ↪→Z and a proper representable morphism h : Z→Y . In particular,
Z also has finite inertia, and admits a coarse space πZ : Z→Z, which can be seen as a relative
compactification of Z over Y . We have a commutative diagram

Z Z Z

Y Y

X

i

h

πZ

h

πY

g g

(2.4.4.3)

where g and h are the induced morphisms, and all morphisms except i are proper. It is then
enough to show that (πZ)! ◦Ψf◦g◦h([Z]) =Ψf◦g◦h ◦ (πZ)!([Z]), (2.4.4.4)

since the compatibility with pushing forward along h and g ◦ h is covered by the previous case.
We now apply Bergh–Rydh’s divisorialification theorem [BR19, Theorem A] to a desingu-

larization of the pair (Z,Z \Z) (see, for example, [EV98]), which gives a representable proper
morphism Z→Z that is an isomorphism on the preimage of Z, such that Z \Z =D is a simple
normal crossings divisor on Z, with smooth irreducible components Di ⊂Z, and for each x∈Z,
writing Ix = {i∈ I | x∈Di}, étale locally around x, one has Z∼∏i∈Ix [A

1/μni
]×Ad−|Ix|, where

d=dimZ, each μni
acts on A1 by scaling, and Di corresponds to the locus where the ith factor

is zero; the number ni is the order of the generic stabilizer of Di.
From now on, we assume that Z=Z, since, again, pushing forward along the representable

morphism Z→Z and the corresponding morphism of coarse spaces is already dealt with.
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Now, choose a resolution π : Z̃→Z for the morphism Z→A1, which is a composition of
blow-ups along smooth centres. Then Z̃ still has the same local description as before. The local
description implies that the coarse space of Z̃, denoted by Z̃, is a smooth algebraic space, and
can be seen as a resolution for the morphism Z→A1.

For each i∈ I, let D̃i ⊂Z̃ be the strict transform of Di, which is a smooth divisor, and let
(Ej ⊂Z̃)j∈J be the family of irreducible components ofZ̃0. Then, by construction, all the divisors

D̃i, Ej ⊂Z̃ have simple normal crossings, and Z̃ \⋃i∈ID̃i is an algebraic space. Let D̃i, Ej ⊂ Z̃

be the corresponding divisors in the coarse spaces. For I ′ ⊂ I, write DI′ =
⋂

i∈I′ Di and D̃I′ =⋂
i∈I′D̃i, with the convention that D∅ =Z andD̃∅ =Z̃. Then eachD̃I′ can be seen as a resolution

for the morphism DI′→A1. By § 2.4.3, we have

(πZ)! ◦Ψf◦g◦h([Z]) =
∑
I′⊂I

(−1)|I′| · (πZ)! ◦Ψf◦g◦h([DI′ ])

=
∑
I′⊂I

(−1)|I′| ·
∑

∅ 	=J ′⊂J

(1−L)|J
′|−1

[
Ẽ
◦
J ′ ∩D̃I′

]μ̂

=
∑

∅ 	=J ′⊂J

(1−L)|J
′|−1

[
Ẽ
◦
J ′

∖⋃
i∈I

D̃i

]μ̂

=
∑

∅ 	=J ′⊂J

(1−L)|J
′|−1

[
Ẽ◦

J ′

∖⋃
i∈I

D̃i

]μ̂

=Ψf◦g◦h ◦ (πZ)!([Z]),

where the second last step used the fact that each Ẽ
◦
J ′ \⋃i∈ID̃i is an algebraic space.

For (ii), similarly, the case when g is representable follows from Theorem 2.3.5 (ii). For the
general case, we may assume that X is a K-variety. Since Ψf◦g is determined by pullbacks along
smooth morphisms from schemes to Y , we can also assume that Y is a K-variety, and the result
follows from Theorem 2.3.5 (ii).

The final statement follows from applying (ii) to the element [X ]∈ M̂(X ). �

2.4.5 Remark. The length of the proof of Theorem 2.4.4 is primarily due to the case of
pushing forward along proper morphisms that are not necessarily representable. We will indeed
need this general case in the proof of one of our main results, Theorem 4.1.1, where g will be
taken to be a weighted blow-up in the sense of § 4.1.2.

2.5 The motivic Behrend function

2.5.1 Shifted symplectic and d-critical stacks. Let X be a (−1)-shifted symplectic stack over
K (see § 1.6.1), and let X=Xcl be its classical truncation. Assume that X is an algebraic stack
over K.

Ben-Bassat, Brav, Bussi and Joyce [BBBB+15, § 3.3] define a d-critical structure on X
induced from the shifted symplectic structure on X, so that X is a d-critical stack . See BBBB+15
and Joyce [Joy15] for the precise definitions. For our purposes, it suffices to know the following
properties:

(i) For a smooth K-variety U and a morphism f : U →A1, the critical locus Crit(f)⊂U carries
a canonical d-critical structure.

(ii) d-critical structures can be pulled back along smooth morphisms of algebraic stacks
over K.
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(iii) If a K-scheme X carries a d-critical structure, then it can be covered by open subschemes
called critical charts, each of which, with the induced d-critical structure, has the form
Crit(f) as in (i). We denote such a critical chart by i : Crit(f) ↪→X.

2.5.2 Orientations. Let X be an s-shifted symplectic stack over K, where s is odd. An

orientation of X is a line bundle K
1/2
X →X, together with an isomorphism (K

1/2
X )⊗2 �KX, where

KX is the canonical bundle of X, defined as the determinant line bundle of the cotangent complex
of X.

Note the unfortunate clash of terminology with the unrelated notion of orientations in the
sense of Pantev, Toën, Vaquié and Vezzosi [PTVV13, Definition 2.4]. The latter notion will not
be used in this paper except in the proof of Theorem 3.1.6.

Now let s=−1, and let X be the associated d-critical stack of X, as in § 2.5.1. Ben-Bassat,
Brav, Bussi and Joyce [BBBB+15, Theorem 3.18] show that the restriction KX|X red is deter-
mined by the d-critical structure on X , where X red is the reduction of X . We denote this
restriction simply by KX, and call it the canonical bundle of the d-critical stack X . Similarly, as

in [BBBB+15, Definition 3.6], an orientation of a d-critical stack X is a line bundleK
1/2
X →X red,

together with an isomorphism (K
1/2
X )⊗2 �KX.

The d-critical scheme Crit(f) in § 2.5.1 (i) has a canonical orientation given by K
1/2
Crit(f) =

KU |Crit(f)red .
By [Joy15, Lemma 2.58], for a smooth morphism g : Y→X of d-critical stacks, compatible

with the d-critical structures, an orientation K
1/2
X of X induces an orientation of Y given by

K
1/2
Y = g∗(K1/2

X )⊗ detLY/X|Y red .

2.5.3 Definition for schemes. LetX be an oriented d-critical K-scheme. Itsmotivic Behrend
function νmot

X ∈Mμ̂(X) is defined by the following property:

− For any critical chart i : Crit(f) ↪→X, where f : U →A1 and U is a smooth K-variety, we
have

i∗(νmot
X ) =−L−dimU/2 ·Φf ([U ]) ·Υ(i∗(K1/2

X

)⊗K−1
U |Crit(f)red

)
, (2.5.3.1)

in Mμ̂(Crit(f)), where Φf is the vanishing cycle map defined in § 2.3.3, and Φf ([U ]) is
supported on Crit(f). The map Υ is as in § 2.1.11, and the part inside Υ(· · ·) is a line
bundle on Crit(f)red whose square is trivial, so it can be seen as a μ2-bundle.

This is well-defined, from the result of Bussi, Joyce and Meinhardt [BJM19, Theorem 5.10].
For X as above, and a smooth morphism g : Y →X of relative dimension d, where Y is

equipped with the induced oriented d-critical structure, we have the relation

g∗(νmot
X ) =Ld/2 · νmot

Y , (2.5.3.2)

which follows from [BBBB+15, Theorem 5.14].

2.5.4 Definition for stacks. Let X be an oriented d-critical stack over K, and assume that
X is Nisnevich locally a quotient stack in the sense of § 2.2.4.

We define the motivic Behrend function of X , slightly generalizing the construction of Ben-
Bassat, Brav, Bussi and Joyce [BBBB+15, Theorem 5.14], who only considered stacks that are
Zariski locally quotient stacks.
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Theorem. Let X be as above. Then there exists a unique element

νmot
X ∈ M̂μ̂(X ),

called the motivic Behrend function of X , such that for any K-variety Y and any smooth
morphism f : Y →X of relative dimension d, we have

f∗(νmot
X ) =Ld/2 · νmot

Y (2.5.4.1)

in M̂μ̂(Y ), where Y is equipped with the induced oriented d-critical structure.
In particular, we write νmot

X = νmot
X if the d-critical structure on X comes from a (−1)-shifted

symplectic stack X with X�Xcl.

Proof. We first show that the theorem holds when X=X is an algebraic space. Indeed, this fol-
lows formally from Theorem 2.2.3 and the relation (2.5.3.2) for schemes, since X has a Nisnevich
cover by affine varieties.

Also note that if the element νmot
X exists, then the relation (2.5.4.1) must also hold for smooth

morphisms from algebraic spaces Y to X , by passing to a Nisnevich cover of Y by affine varieties.
Now, the proof of [BBBB+15, Theorem 5.14] can be repeated word-for-word to show that

the theorem is true when X� [S/G] is a quotient stack, where S is an algebraic space over K

and G=GL(n) for some n.
For the general case, let (ji : Xi ↪→X )i∈I be a Nisnevich cover by quotient stacks. The con-

dition on νmot
X means that j∗i (ν

mot
X ) = νmot

Xi
for all i. We show that the elements νmot

Xi
agree

on overlaps. Indeed, let 1, 2∈ I be two indices, and let X1,2 =X1 ×X X2. Then X1,2 is also
a quotient stack, so the theorem holds for X1,2. Let j′i : X1,2→Xi be the projections, where
i= 1, 2. Then we have (j′i)

∗(νmot
Xi

) = νmot
X1,2

for i= 1, 2, since the left-hand side satisfies the char-

acterizing property of νmot
X1,2

. By Theorem 2.2.3, it then follows that the elements νmot
Xi

for

i∈ I glue to a unique element νmot
X , and a standard argument verifies that it satisfies the

relation (2.5.4.1). �

2.5.5 Compatibility with smooth pullbacks. We now show that the smooth pullback relation
(2.5.4.1) holds for all smooth morphisms of d-critical stacks.

Theorem. Let X,Y be oriented d-critical stacks over K that are Nisnevich locally quotient
stacks, and let f : Y→X be a smooth morphism of relative dimension d which is compatible
with the oriented d-critical structures. Then we have the relation

f∗(νmot
X ) =Ld/2 · νmot

Y . (2.5.5.1)

Proof. It is straightforward to verify that the element L−d/2 · f∗(νmot
X ) satisfies the characterizing

property of νmot
Y . �

2.5.6 The numerical Behrend function. Let X be an algebraic stack over K that is
Nisnevich locally a quotient stack, equipped with an oriented d-critical structure. The Behrend
function of X is the constructible function

νX = χ(νmot
X )∈CF(X ),

where χ denotes taking the pointwise Euler characteristic, as in § 2.1.9.
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In fact, one can still define νX even if X is only étale locally a quotient stack, and without
the orientability assumption. Indeed, the relation (2.5.5.1) implies that the numerical Behrend
function is compatible with smooth morphisms preserving the d-critical structure (not necessarily
orientations), up to a sign (−1)d, where d is the relative dimension. This is because changing
the orientation only affects the term Υ(· · ·) in (2.5.3.1), which always has Euler characteristic 1,
and the sign is due to the fact that χ(L1/2) =−1. Now, to define νX, one can pass to a smooth
cover of X by K-varieties, and apply smooth descent of constructible functions.

When K=C, the Behrend function νX agrees with the original definitions of Behrend [Beh09]
and Joyce and Song [JS12, § 4.1]. This follows from the compatibility of both versions with
smooth pullbacks, namely Theorem 2.5.5 and [JS12, Theorem 4.3], and the case of critical loci
on smooth varieties, which follows from [DL02, Theorem 3.10] and [JS12, Theorem 4.7].

3. Graded and filtered points

We discuss the stack of graded points and the stack of filtered points of algebraic stacks and
derived algebraic stacks, following Halpern-Leistner [HLa22], and study their interactions with
shifted symplectic structures. Then, in § 3.2, we give local descriptions of these stacks using étale
covers of the original stack by quotient stacks.

3.1 Definition and deformation theory

3.1.1 Definition. Let X be an algebraic stack over K. Following Halpern-Leistner [HLa22],
we define the stack of graded points and the stack of filtered points of X, respectively, as the
mapping stacks over K,

Grad(X ) =Map([∗/Gm],X ),

Filt(X ) =Map([A1/Gm],X ),

where Gm acts on A1 by scaling.
Consider the morphisms

[∗/Gm] [A1/Gm] ∗0
(−)−1

pr 1

0

where pr is induced by the projection A1→∗. These morphisms induce morphisms of stacks

Grad(X) Filt(X) X

tot

op
sf

gr ev0

ev1

where the notation ‘op’, ‘gr’, ‘sf’, and ‘tot’ is used for the opposite graded point , the associated
graded point , the split filtration, and the total point , respectively.

The stacks Grad(X ) and Filt(X ) are algebraic stacks over K. If, moreover, X has affine
stabilizers, then so do Grad(X ) and Filt(X ), and, by [HLa22, Lemma 1.3.8], the morphism gr
is quasi-compact, and induces a bijection π0(Filt(X ))

∼→ π0(Grad(X )).
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3.1.2 The derived version. Now, consider a derived algebraic stack X over K. Similarly, we
can consider the derived mapping stacks

dGrad(X) = dMap([∗/Gm],X),

dFilt(X) = dMap([A1/Gm],X),

where dMap(−,−) denotes the mapping stack in the ∞-category of derived stacks. These
are again derived algebraic stacks over K, by Halpern-Leistner and Preygel [HLP23, Theorem
5.1.1] or Halpern-Leistner [HLb21, Theorem 1.2.1]. Moreover, they are locally finitely presented
whenever X is, by an argument similar to that in [HLP23, § 5.1.5].

We use the same notation (gr, ev1, etc.,) as in § 3.1.1 for the induced morphisms between
these derived stacks.

We often write Grad(X), Filt(X) for dGrad(X), dFilt(X) when there is no ambiguity. We adopt
the convention that Grad(X ) and Filt(X ) refer to the classical versions when X is assumed to
be classical, and the derived versions otherwise.

Note that for a classical algebraic stack X , the stacks dGrad(X ) and dFilt(X ) can
have non-trivial derived structure. See [HLb21, Example 1.6.4] for an example of this phe-
nomenon. However, we always have dGrad(X )cl �Grad(X ) and dFilt(X )cl �Filt(X ), where
(−)cl denotes the classical truncation. More generally, by [HLa22, Lemma 1.2.1], for a derived
algebraic stack X, we have dGrad(X)cl �Grad(Xcl) and dFilt(X)cl � Filt(Xcl).

3.1.3 For quotient stacks. Let X= [U/G] be a quotient stack, where U is an algebraic space
over K, acted on by a reductive group G. The stacks of graded and filtered points of X can be
described very explicitly, following Halpern-Leistner [HLa22, § 1.4].

Let λ : Gm→G be a cocharacter , that is, a morphism of algebraic groups. Define the Levi
subgroup and the parabolic subgroup of G associated to λ by

Lλ = {g ∈G | g= λ(t) g λ(t)−1 for all t},
Pλ = {g ∈G | lim

t→0
λ(t) g λ(t)−1 exists},

respectively. Define the fixed locus and the attractor associated to λ by

Uλ,0 =MapGm(∗, U),

Uλ,+ =MapGm(A1, U),

where MapGm(−,−) denotes the Gm-equivariant mapping space; Gm acts on U via λ, and on
A1 by scaling. These are algebraic spaces by Drinfeld and Gaitsgory [DG14, Proposition 1.3.4
and Theorem 1.5.2] or Halpern-Leistner [HLa22, Proposition 1.4.1]. There is a closed immersion
Uλ,0 ↪→U , an unramified morphism Uλ,+→U given by evaluation at 1, and an affine morphism
Uλ,+→Uλ,0 given by evaluation at 0.

The G-action on U induces a Pλ-action on Uλ,+ and an Lλ-action on Uλ,0. Moreover, by
[HLa22, Theorem 1.4.8], we have

Grad(X )�
∐

λ : Gm→G

[Uλ,0/Lλ],

Filt(X )�
∐

λ : Gm→G

[Uλ,+/Pλ],

where the disjoint union is over all conjugacy classes of cocharacters λ.
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3.1.4 Deformation theory. For a derived algebraic stack X locally of finite presentation
over K, one can express the tangent complexes of Grad(X) and Filt(X) in terms of that of X.
Concretely, by Halpern-Leistner and Preygel [HLP23, Proposition 5.1.10] or Halpern-Leistner
[HLa22, Lemma 1.2.2], we have

TGrad(X) � tot∗(TX)0, (3.1.4.1)

TFilt(X) � q∗ ◦ ev∗(TX), (3.1.4.2)

where (−)0 denotes the weight 0 part with respect to the natural Gm-action, ev : [A
1/Gm]×

Filt(X)→X is the evaluation morphism, and q : [A1/Gm]×Filt(X)→Filt(X) is the projection.

3.1.5 Oriented Lagrangian correspondences. Let X and Y be oriented s-shifted symplectic
stacks over K, as in § 2.5.2, where s is odd, and let

X
f←−L

g−→Y (3.1.5.1)

be an s-shifted Lagrangian correspondence, in the sense of [CHS22, § 2.4]. We thus have an exact
triangle

TL −→ f∗(TX)⊕ g∗(TY)−→LL[s]−→TL[1] (3.1.5.2)

of perfect complexes on L. An orientation of the shifted Lagrangian correspondence (3.1.5.1) is

an isomorphism KL � f∗(K1/2
X )⊗ g∗(K1/2

Y ) such that it squares to the canonical isomorphism

K⊗2
L � f∗(KX)⊗ g∗(KY) induced by the exact triangle (3.1.5.2).

3.1.6 Theorem. Let X be an s-shifted symplectic stack over K, with symplectic form ω.
Then we have an induced s-shifted symplectic structure tot∗(ω) on Grad(X), and an s-shifted
Lagrangian correspondence

Grad(X)
gr←− Filt(X)

ev1−→X . (3.1.6.1)

Moreover, if s is odd and X has an orientation K
1/2
X , then Grad(X) has an induced orientation

K
1/2
Grad(X), and the Lagrangian correspondence is oriented.

Proof. The stacks Grad(X) and Filt(X) are derived algebraic stacks locally of finite presentation
over K, as mentioned in § 3.1.1.

To prove that (3.1.6.1) is an s-shifted Lagrangian correspondence, by Calaque [Cal15,
Theorem 4.8] it is enough to show that the cospan

[∗/Gm]
0−→ [A1/Gm]

1←−∗ (3.1.6.2)

is a 0-oriented cospan, in the sense of [Cal15, § 4.2] and [CHS22, § 2.5]. Indeed, ∗ carries a natural
0-orientation, and the 0-orientation on [∗/Gm] is given by the isomorphism RΓ(O[∗/Gm])

∼→K.
To see that this is indeed a 0-orientation, we check the condition in [PTVV13, Definition 2.4].
For A∈ CdgA�0

K
and a perfect complex E∈ Perf(SpecA× [∗/Gm]), one has p∗(E∨)∨ � p∗(E ) on

SpecA, where p : SpecA× [∗/Gm]→ SpecA is the projection, since both sides are the weight 0
part of the induced Gm-action on π∗(E ), where π : SpecA→ SpecA× [∗/Gm] is the projection.

To see that (3.1.6.2) is a 0-oriented cospan, we check the condition in [CHS22, Lemma
2.5.5]. For any A∈ CdgA�0

K
and E∈ Perf(SpecA× [A1/Gm]), we need to show that the induced

commutative diagram
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q∗(E) p∗ ◦ 0∗(E)

1∗(E) q∗(E∨)∨

(3.1.6.3)

in Perf(A) is cartesian, where p and q are the projections from SpecA× [∗/Gm] and SpecA×
[A1/Gm] to SpecA, respectively. Indeed, as in Halpern-Leistner [HLb21, Proposition 1.1.2 ff.],
such an object E can be seen as a filtered object in Perf(A), that is, a sequence of maps

· · · −→E�1 −→E�0 −→E�−1 −→ · · ·
in Perf(A), where all but finitely many arrows are isomorphisms, such that E�n = 0 for n� 0.
Write En = cofib(E�n+1→E�n), and write E = colimn→−∞E�n. Then 0∗(E )�⊕n En, with the
natural Gm-action having weight n on En. One can deduce from [HLb21, Proposition 1.1.2 ff.]
that we have natural identifications

q∗(E )�E�0,

p∗ ◦ 0∗(E )�E0,

1∗(E )�E,

q∗(E∨)∨ � ((E∨)�0)
∨ �E�0,

where E�0 = cofib(E�1→E), and the arrows in the diagram (3.1.6.3) are the natural ones. This
implies that (3.1.6.3) is cartesian.

For the final statement, observe that

tot∗(KX)� det(tot∗(LX)
0)⊗ det(tot∗(LX)

+)⊗ det(tot∗(LX)
−)

�KGrad(X) ⊗ det(tot∗(LX)
+)⊗ det((tot∗(LX)

+)∨[−s])
�KGrad(X) ⊗ det(tot∗(LX)

+)2,

where (−)0, (−)+, (−)− denote the parts with zero, positive, and negative weights, respectively,
with respect to the natural Gm-action. Therefore, we may define

K
1/2
Grad(X) = tot∗

(
K

1/2
X

)⊗ det(tot∗(LX)
+)−1, (3.1.6.4)

and this gives an orientation on Grad(X). To see that the s-shifted Lagrangian correspondence
is oriented, consider the cartesian diagram

TFilt(X) gr∗(TGrad(X))

ev∗1(TX) LFilt(X)[s]

� (3.1.6.5)

in Perf(Filt(X)), witnessing the s-shifted Lagrangian correspondence structure. Write
E= ev∗(TX), where ev : [A1/Gm]×Filt(X)→X is the evaluation morphism. As in the argument
above, E can be seen as a filtered object in Perf(Filt(X)), and the terms in (3.1.6.5) can be iden-

tified with E�0, E0, E, and E�0, respectively. In particular, one has KFilt(X) � gr∗(K1/2
Grad(X))⊗

ev∗1(K
1/2
X ), as both sides can be identified with det(E�0)

−1. �

See also Kinjo, Park and Safronov [KPS24, Corollary 3.18] for a more detailed proof of the
first part of this theorem.
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3.1.7 Lemma Let X be an s-shifted symplectic stack over K. Then we have an isomorphism

sf∗(TFilt(X))� op∗ ◦ sf∗(LFilt(X)[s])

of perfect complexes on Grad(X).

Proof. By Halpern-Leistner [HLa22, Lemma 1.2.3], we have sf∗(TFilt(X))� tot∗(TX)�0, where
(−)�0 denotes taking the part with non-negative weights with respect to the natural Gm-
action. Consequently, we have op∗ ◦ sf∗(TFilt(X))� tot∗(TX)�0. Its dual shifted by s becomes
tot∗(LX[s])�0 � tot∗(TX)�0. �

3.2 Local structure

3.2.1 We now study the stacks of graded and filtered points of algebraic stacks admitting
étale covers by quotient stacks in the sense of §§ 2.2.4 and 2.2.5, and give local descriptions of
these stacks using such étale covers.

3.2.2 Theorem. Let X be an algebraic stack over K, and let (Xi→X )i∈I be a representable
étale cover, where each Xi � [Si/Gi], with Si an algebraic space over K, and Gi a reductive group.
Then there are commutative diagrams

[Sλ,0
i /Li,λ] [Sλ,+

i /Pi,λ] [Si/Gi]

Grad(X) Filt(X) X

�
gr ev1

(3.2.2.1)

where all vertical arrows are representable and étale, λ : Gm→Gi is a cocharacter, and the
left-hand square is a pullback square. Moreover, the families(

[Sλ,0
i /Li,λ]−→Grad(X )

)
i∈I, λ : Gm→Gi

,(
[Sλ,+

i /Pi,λ]−→Filt(X )
)
i∈I, λ : Gm→Gi

are representable étale covers of Grad(X ) and Filt(X ), respectively.

Proof. By Halpern-Leistner [HLa22, Corollary 1.1.7], we have Grad(Xi)
∼→Grad(X )×X Xi for

all i. Therefore, the family (Grad(Xi)→Grad(X ))i∈I is a representable étale cover of Grad(X ).
By Lemma 3.2.4 below, the family (Filt(Xi)→Filt(X ))i∈I is a representable étale cover of
Filt(X ). The rest of the theorem follows from the description of Grad(Xi) and Filt(Xi) in
§ 3.1.3. That the left-hand square in (3.2.2.1) is a pullback square follows from Lemma 3.2.4
below. �

3.2.3 A1-action retracts. We define a notion of A1-action retracts for algebraic stacks, which
are A1-deformation retracts that also give rise to A1-actions. This will help us to prove Lemma
3.2.4 below.

More precisely, for a morphism π : Y→X of algebraic stacks, the structure of an A1-action
retract consists of a monoid action r : A1 ×Y→Y , a section s : X→Y of π, and an equivalence
r(0,−)� s ◦ π. Here, the monoid structure on A1 is given by multiplication, and we note that
a monoid action requires extra coherence data. We say that π is an A1-action retract if such a
structure exists.
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3.2.4 Lemma. Let X,Y be algebraic stacks over K with affine stabilizers, and let f : Y→X
be an étale morphism. Then there is a pullback diagram as follows.

Filt(Y) Filt(X)

Grad(Y) Grad(X)

gr � gr
(3.2.4.1)

Proof. By Halpern-Leistner [HLa22, Proposition 1.3.1], the horizontal arrows in (3.2.4.1) are
étale, and by [HLa22, Lemma 1.3.8], the vertical arrows are A1-action retracts. In particular, the
induced morphism Filt(Y )→Filt(X )×Grad(X ) Grad(Y ) is étale, and both sides are A1-action
retracts onto Grad(Y ), so they are isomorphic by Lemma 3.2.5 below. �

3.2.5 Lemma. Let X,Y1,Y2 be algebraic stacks over K, and let

Y1 Y2

X

f

p1 p2

be a commutative diagram such that p1 and p2 are A1-action retracts and f is A1-equivariant
and étale. Then f is an isomorphism.

Proof. It is enough to show that f is representable and bijective. Choose a point y ∈Y2(K), and
form the pullback diagram

U Y1

A
1 Y2

g′

f ′ �
f

g

where g is given by g(t) = t · y. Then U admits an A1-action retract to a point, and f ′ is
A1-equivariant and étale. It is enough to show that f ′ is an isomorphism.

The morphism f ′ is surjective since its image is a Gm-equivariant open subset of A1 containing
0, and hence all of A1. Let u∈U (K) be a point such that f ′(u) = 1. Then the map h : A1→U
given by h(t) = t · u is a section of f ′, and hence is also étale. Moreover, such a point u is unique,
since another point u′ with f ′(u′) = 1 would give a section h′ : A1→U with h′(t) = t · u′, but h
and h′ agree on an open neighbourhood of 0, and hence everywhere. It follows that f ′ is bijective
on K-points, and it is enough to show that U is an algebraic space.

Consider the fibre product V =A1 ×h,U ,h A
1, which is an algebraic space. Then V also admits

an A1-action retract to a point, and the projection f ′′ : V →A1 to either factor is étale and A1-
equivariant. Repeating the above argument with V in place of U , we see that f ′′ is bijective
on K-points, and hence an isomorphism. It follows that K-points of U cannot have non-trivial
automorphisms. �

This lemma is based on a joint piece of work [BHLINK25] with D. Halpern-Leistner, A.
Ibáñez Núñez, and T. Kinjo, and is an improvement of a similar result in a previous version of
this paper.
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4. The main results

We now present the main results of this paper, in three different versions. First, in § 4.1, we prove
a local version of the main theorem, using the theory of motivic nearby and vanishing cycles for
stacks developed in § 2.4. Then, in § 4.2, we glue the local versions together to prove the global
version of our main result, Theorem 4.2.2. Finally, in § 4.3, we take Euler characteristics in the
main identity, and obtain integral identities involving the numerical Behrend functions.

4.1 The local version

4.1.1 Theorem. Suppose that we are given the following data:

− A finite-dimensional Gm-representation V over K. Let

V =
⊕
k∈Z

Vk

be the decomposition into weight spaces. Write V+ =
⊕

k>0 Vk.

− A K-variety U acted on by Gm, and a Gm-equivariant étale morphism ι : U → V . Write
U0 =UGm for the fixed locus, and U+ =MapGm(A1, U) for the attractor as in § 3.1.3 . For
a point u0 ∈U0(K), write

U+(u0) =
{
u∈U ∣∣ lim

t→0
t · u= u0

}
for the fibre of the limit map U+→U0 at u0.We have a canonical isomorphism U+(u0)� V+

by Lemma 3.2.5 .

− A Gm-invariant function f : U →A1, with f(u0) = 0.

Then we have the identities∫
u∈U+(u0)

Ψf ([U ])(u) =Ldim V+ ·Ψf ([U
0])(u0), (4.1.1.1)

∫
u∈U+(u0)

Φf ([U ])(u) =Ldim V+ ·Φf ([U
0])(u0) . (4.1.1.2)

Moreover, these hold as identities in Mμ̂(U0), where we vary u0 ∈U0.
This theorem can be seen as a generalization of the integral identity conjectured by

Kontsevich and Soibelman [KS08, Conjecture 4], and proved by Lê [Lê15], who restricted to
the case when the Gm-action on V only has weights −1, 0, and 1. Compare also Joyce and Song
[JS12, Theorem 5.11], where a similar identity involving Euler characteristics is proved, with the
same restriction on the weights.

The rest of this subsection is devoted to the proof of Theorem 4.1.1. In the following, we
first provide preliminaries on weighted projective spaces and weighted blow-ups, and prove some
preparatory results. Then, in Lemma 4.1.8, we establish a weaker version of the theorem, using
the theory of motivic nearby cycles for stacks developed in § 2.4. Finally, in § 4.1.9, we show that
the weaker version implies the stronger version.

4.1.2 Weighted projective spaces. Let V be a finite-dimensional Gm-representation over K,
with only positive weights. The weighted projective space of V is the quotient stack

wP(V ) = [(V \ {0})/Gm] .
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This is a proper Deligne–Mumford stack over K, since we have the identification

wP(V )�
[
P(V )

/ dim V∏
k=1

μnk

]
,

where P(V ) is the usual projective space, and, using a basis of eigenvectors of V , each nk is the
weight of the kth coordinate and μnk

acts by scaling the kth coordinate.
By § 2.1.7, the motive of wP(V ) is given by

[wP(V )] =
Ldim V − 1

L− 1
, (4.1.2.1)

and is independent of the choice of weights on V .
We also consider the coarse space cwP(V ) of wP(V ), which is given by

cwP(V ) = ProjK[V ],

where K[V ] is the free polynomial algebra on V , with Z-grading given by the weights of V . It is
an integral, normal, projective K-variety.

4.1.3 Weighted blow-ups. Let V be a finite-dimensional Gm-representation over K, with
only positive weights. Let U be a smooth K-scheme and U0 ⊂U a reduced closed subscheme,
and let p : U → V be a smooth morphism such that U0 = p−1(0).

Define the weighted blow-up of U along U0, with weights given by those of V , as the quotient
stack

wBlU0
(U) = [{(t, v, u)∈A1 × (V \ {0})×U |p(u) = t · v}/Gm],

where t · (−) denotes the Gm-action naturally extended to t∈A1, and Gm acts with weight −1
on A1, with the given weights on V , and trivially on U . Note that we have an isomorphism
wBlU0

(U)�U ×V
wBl{0}(V ).

The natural projection wBlU0
(U)→U is proper. It restricts to an isomorphism over U \U0,

and has fibres wP(V ) over points in U0. In particular, we have the relation

[wBlU0
(U)] =

Ldim V − 1

L− 1
· [U0] + [U \U0] (4.1.3.1)

of motives on U .

4.1.4 Lemma. Let U be a separated algebraic space of finite type over K, acted on by a torus
T �Gn

m for some n, such that points in U have finite stabilizers. Let X= [U/T ] be the quotient
stack.

Then X admits a coarse space π : X→X which is a proper universal homeomorphism, and
we have an isomorphism

π! = (π∗)−1 : M̂(X )
∼−→ M̂(X) . (4.1.4.1)

A similar statement holds for Mμ̂(X ).

Proof. Since U is separated, the inertia IX is a closed substack of H ×X for some finite group
H ⊂ T , and is thus finite over X . It then follows from the Keel–Mori theorem [Con, KM97] that
X admits a coarse space π : X→X and that π is a proper universal homeomorphism.

To prove (4.1.4.1), stratifying U by locally closed subspaces with constant stabilizers, we may
assume that all points in U have the same stabilizers H ⊂ T , so that X �U/(T/H). To show
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that π! ◦ π∗ = id, it is enough to show that, for any K-variety Z and any morphism g : Z→X,
we have [Z ] = [Z] in M̂(X), where Z= [Z ×X X ]. Writing V =Z ×X U , we have Z � [V/T ]
and Z � V/(T/H), so that [Z ] = (L− 1)−dim T · [V ] = [Z], where we used the fact that T/H is
a torus of the same dimension as T . A similar argument shows that π∗ ◦ π! = id. �

4.1.5 Lemma. In the situation of Theorem 4.1.1, the locus in U where the morphism ι
preserves Gm-stabilizers is open.

Proof. For each n> 1, let ζn ∈Gm(K) be a primitive nth root of unity. It is enough to show
that the locus of u∈U such that ζn · u 
= u and ι(ζn · u) = ι(u) is closed. The latter condition
is equivalent to ι(u)∈ V(n), where V(n) =

⊕
k∈Z Vkn ⊂ V . Write U(n) = ι−1(V(n)), which is étale

over V(n), with a μn-action on its fibres, induced from the Gm-action on U . The locus where this
action is trivial is open in U(n), proving the claim. �

4.1.6 Lemma. In the situation of Theorem 4.1.1, suppose that U is affine, and ι preserves
Gm-stabilizers and sends closed Gm-orbits to closed Gm-orbits. Then the affine GIT quotient
U//Gm is normal.

Proof. By Alper [Alp13, Theorem 5.1], since ι is étale and preserves Gm-stabilizers, the induced
morphism ῑ : U//Gm→ V //Gm is étale at [u]∈ (U//Gm)(K) for points u∈U(K) such that the
Gm-orbits of u and ι(u) are closed. By the assumption on closed orbits, it is enough to require
that the Gm-orbit of u is closed. Since every S-equivalence class in U contains a closed orbit,
the morphism ῑ is étale, and it is enough to check that V //Gm is normal. This follows from a
standard fact in toric geometry, as in Cox, Little and Schenck [CLS11, Theorem 1.3.5], since
V //Gm � SpecK[S] for a saturated submonoid S ⊂Zdim V . �

4.1.7 Lemma. Let f : X→ Y be a morphism of integral K-varieties. If f is bijective on
K-points and Y is normal, then f is an isomorphism.

Proof. By generic flatness and generic reducedness, f is flat over a dense open subset U ⊂ Y
with fibres SpecK, and hence étale, hence an isomorphism f−1(U)

∼→U . It follows that f is
birational. Now, a version of Zariski’s main theorem [Gro, IV-3, Corollary 8.12.10] implies that
f is an open immersion, and hence an isomorphism. �

4.1.8 Lemma In the situation of Theorem 4.1.1, write V− =
⊕

k<0 Vk, and for a point u0 ∈
U0(K), consider the repeller

U−(u0) =
{
u∈U ∣∣ lim

t→∞ t · u= u0
}
,

defined in the same way as U+(u0) for the opposite Gm-action on U .
Then we have the identity∫
u∈U+(u0)

Ψf ([U ])(u)−
∫

u∈U−(u0)

Ψf ([U ])(u) = (Ldim V+ −Ldim V−) ·Ψf ([U
0])(u0) . (4.1.8.1)

Moreover, this holds as an identity of monodromic motives on U0, where we vary u0 ∈U0.

Proof. Since U is smooth, by Sumihiro [Sum74, Corollary 2], U admits a Gm-invariant affine
open cover. We may thus assume that U is affine. Moreover, we apply this result whenever we
shrink U , so we may assume that U is affine and connected throughout the proof.
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Write U+, U− for the attractor and repeller of the Gm-action on U . By Halpern-Leistner
[HLa22, Propositions 1.3.1 and 1.3.2], the morphism U+→ ι−1(V+ × V0) is étale and a closed
immersion, and hence an open immersion. We may thus remove the closed subsets ι−1(V+ ×
V0) \U+ and ι−1(V− × V0) \U− from U , and assume that U± = ι−1(V± × V0). The morphism ι
now sends closed Gm-orbits to closed Gm-orbits.

By Lemma 4.1.5, we may also assume that ι preserves Gm-stabilizers, by replacing U with a
Gm-invariant open neighbourhood of U0.

Let U� =U \U−, and let U+
� =U+ \U0 ⊂U�. Consider the weighted blow-up

π� : Ũ� = wBlU+
�
(U�)−→U�,

with weight k along the V−k-direction for k > 0, and write f̃� = f ◦ π�. Explicitly, as in § 4.1.3,
we may write

W� = {(t, v−, u)∈A1 × (V− \ {0})×U�|ι(u)− = t−1 · v−},
Ũ� = [W�/Gm],

where ι(u)− is the projection of ι(u) to V−, and Gm acts on W� by s · (t, v−, u) = (s−1t, s−1 ·
v−, u). Note that W� is smooth over A1 × (V− \ {0}), and hence over K. For any u∈U+

� , by
Theorem 2.4.4 (i), we have∫

[v−]∈wP(V−)

Ψf̃�
([Ũ�])([v−], u)

=Ψf ([Ũ�])(u)

=Ψf

(
[wP(V−)×U+

� ] + [U� \U+
� ]
)
(u)

=
(
[wP(V−)]− 1

) ·Ψf ([U
+
� ])(u) +Ψf ([U�])(u)

=

(
Ldim V− − 1

L− 1
− 1

)
·Ψf ([U

+
� ])(u) +Ψf ([U ])(u), (4.1.8.2)

and this holds as an identity of monodromic motives on U+
� .

Define p+ : U+
� →U0 by p+(u) = limt→0 t · u. Then f(u) = f(p+(u)) for all u∈U+

� , and by
Theorem 2.3.5 (ii), we have

Ψf ([U
+
� ])(u) =Ψf ([U

0])(p+(u)) (4.1.8.3)

for all u∈U+
� . Again, this holds as an identity of monodromic motives on U+

� , where the right-
hand side means (p+)∗ ◦Ψf ([U

0]).
Now, consider the quotient stack

Ǔ� = [W�/G2
m], (4.1.8.4)

where G2
m acts on W� by (s1, s2) · (t, v−, u) = (s−1

1 t, s−1
1 s2 · v−, s2 · u). There is, by definition, a

principal Gm-bundle π̃� : Ũ�→ Ǔ�. There is a morphism f̌� : Ǔ�→A1 induced by f̃�.
Let U//Gm be the affine GIT quotient, and consider the reduced closed subscheme

Ũ ⊂ cwP(V+)× cwP(V−)× (U//Gm)

consisting of points ([ι(u)+], [ι(u)−], [u]) and ([v+], [v−], [u0]) for u∈U , v± ∈ V± \ {0}, and u0 ∈
U0. There is a morphism f̃ : Ũ →A1 induced by f .
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Consider the projection π̌� : Ǔ�→ Ũ given by (t, v−, u) �→ ([ι(u)+], [v−], [u]). One can check
that fibres of the composition W�→ Ũ are single G2

m-orbits. We thus have an induced morphism
W�//G2

m
∼→ Ũ , which is an isomorphism by Lemma 4.1.7. Here, we used the fact that Ũ is normal

by Lemma 4.1.6, and the fact that W� is integral since it is smooth and connected. In other
words, the morphism π̌� is a coarse space map. In particular, it is proper by Lemma 4.1.4.

Since the projection π̃� : Ũ�→ Ǔ� is smooth and π̌� is proper, by Theorem 2.4.4 and Lemma
4.1.4, for any u∈U+

� and [v−]∈ wP(V−), we have

Ψf̃�
([Ũ�])([0, v−, u]) =Ψf̌�

([Ǔ�])([0, v−, u])

=Ψf̃ ([Ũ ])([ι(u)+], [v−], [p+(u)]), (4.1.8.5)

where [u] = [p+(u)] in U//Gm. Moreover, this holds as an identity of monodromic motives on
wP(V−)×U+

� .
Combining (4.1.8.2), (4.1.8.3), and (4.1.8.5), we obtain the identity

Ψf ([U ])(u) =

∫
[v−]∈wP(V−)

Ψf̃ ([Ũ ])([ι(u)+], [v−], [p+(u)])

+

(
1− Ldim V− − 1

L− 1

)
·Ψf ([U

0])(p+(u)), (4.1.8.6)

where u∈U+
⊕ and [v−]∈ wP(V−). Integrating over u∈U+(u0) \ {u0}, we obtain∫

u∈U+(u0)\{u0}
Ψf ([U ])(u) = (L− 1) ·

∫
([v+],[v−])∈wP(V+)×wP(V−)

Ψf̃ ([Ũ ])([v+], [v−], [u0])

+ (Ldim V+ − 1) ·
(
1− Ldim V− − 1

L− 1

)
·Ψf ([U

0])(u0). (4.1.8.7)

Subtracting the analogous identity for integrating over U−(u0) \ {u0}, we arrive at the desired
identity (4.1.8.1). �

4.1.9 Proof of Theorem 4.1.1. Consider the Gm-representation V ′ = V ×A1, with the Gm-
action on V as given, and on A1 by scaling. Let U ′ =U ×A1, with the Gm-action on U as
given, and on A1 by scaling, and let f ′ = f ◦ pr1 : U ′→A1, where pr1 : U

′→U is the projection.
Let u′0 = (u0, 0)∈U ′0 =U0 × {0}. By Theorem 2.3.5 (ii), we have Ψf ′([U ′]) = pr∗1 ◦Ψf ([U ]), and
similarly, Ψf ′([U ′0]) = pr∗1 ◦Ψf ([U

0]).
Applying Lemma 4.1.8 to this new set of data, and simplifying the expression by the

observations above, we obtain

L ·
∫

u∈U+(u0)

Ψf ([U ])(u)−
∫

u∈U−(u0)

Ψf ([U ])(u) = (Ldim V++1 −Ldim V−) ·Ψf ([U
0])(u0) .

Subtracting the original identity (4.1.8.1) from this, and dividing by L− 1, we obtain the desired
identity (4.1.1.1).

Finally, (4.1.1.2) follows from (4.1.1.1) by the definition of Φf .
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4.2 The global version

4.2.1 Assumptions on the stack. In the following, we assume that X is an oriented (−1)-
shifted symplectic stack over K, with classical truncation X=Xcl.

We assume that X is an algebraic stack that is Nisnevich locally fundamental in the sense
of § 2.2.4. For example, as in § 2.2.5, this is satisfied if X admits a good moduli space, or can be
covered by open substacks with good moduli spaces.

4.2.2 Theorem. Let X,X be as in § 4.2.1 . Consider the (−1)-shifted Lagrangian
correspondence

Grad(X)
gr←− Filt(X)

ev1−→X (4.2.2.1)

given by Theorem 3.1.6. Then we have the identity

gr! ◦ ev∗1(νmot
X ) =Lvdim Filt(X)/2 · νmot

Grad(X) (4.2.2.2)

in M̂μ̂(Grad(X )), where vdim Filt(X) is the virtual dimension of Filt(X), seen as a function
π0(Grad(X))� π0(Filt(X))→Z.

We will prove the theorem in two steps. First, in Lemma 4.2.3, we show that the theorem holds
for a stack if it holds for a Nisnevich cover of the stack, reducing it to the case of fundamental
stacks. Then, we deduce the case of fundamental stacks from the local version, Theorem 4.1.1.

4.2.3 Lemma. Let X,X be as in § 4.2.1 . Let (Xi→X )i∈I be a Nisnevich cover, and write
Xi =Xi ×X X, with the induced (−1)-shifted symplectic structure and orientation. Then, if
Theorem 4.2.2 holds for each Xi, it holds for X.

Proof. For each i, consider the diagram

Grad(Xi) Filt(Xi) Xi

Grad(X) Filt(X) X

gr ev1

�
gr ev1

(4.2.3.1)

where the left-hand square is a pullback square by Lemma 3.2.4. Therefore, there is a
commutative diagram

M̂μ̂(Grad(Xi)) M̂μ̂(Filt(Xi)) M̂μ̂(Xi)

M̂μ̂(Grad(X)) M̂μ̂(Filt(X)) M̂μ̂(X)

gr! ev∗1

gr! ev∗1

(4.2.3.2)

where the vertical maps are the pullback maps.
By Halpern-Leistner [HLa22, Corollary 1.1.7], we have Grad(Xi)

∼→Grad(X )×X Xi for all
i. Therefore, the family (Grad(Xi)→Grad(X ))i∈I is a Nisnevich cover. By Theorem 2.2.3, it is
enough to check the identity (4.2.2.2) after pulling back to each Grad(Xi). But this follows from
the identity (4.2.2.2) for each Xi, the commutativity of (4.2.3.2), the relation (2.5.5.1) establish-
ing the compatibility of the motivic Behrend function with smooth pullbacks, and the fact that
the rank of the tangent complex of Filt(Xi) agrees with that of Filt(X) on the corresponding
components, which follows from (3.1.4.2). �
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4.2.4 Lemma. Suppose we have a pullback diagram of d-critical stacks

Y′ Y

X X

f ′

g′

�
f

g

(4.2.4.1)

where all morphisms are smooth and compatible with the d-critical structures.

Let K
1/2
X →X and K

1/2
Y →Y be orientations, not necessarily compatible with f . Let K

1/2
X ′ →

X ′ and K
1/2
Y ′ →Y ′ be the orientations induced by K

1/2
X and K

1/2
Y , respectively, as in § 2.5.2 .

Then we have

g′∗ ◦Υ(K1/2
Y ⊗ f∗(K−1/2

X )⊗ det(LY/X)−1
)
=Υ

(
K

1/2
Y ′ ⊗ f ′∗(K−1/2

X ′ )⊗ det(LY ′/X ′)−1
)

(4.2.4.2)

in M̂μ̂(Y ′), where Υ is the map from § 2.1.11 , and the parts in Υ(· · ·) are line bundles with
trivial square, and can be seen as μ2-bundles.

Proof. These line bundles have trivial square by Joyce [Joy15, Lemma 2.58]. We have

g′∗
(
K

1/2
Y ⊗ f∗(K−1/2

X

)⊗ det(LY/X)−1
)

� g′∗
(
K

1/2
Y

)⊗ f ′∗ ◦ g∗(K−1/2
X

)⊗ det(g′∗(LY/X))−1

�K
1/2
Y ′ ⊗ det(LY ′/Y)

−1 ⊗ f ′∗(K−1/2
X ′

)⊗ f ′∗ ◦ det(LX ′/X)⊗ det(LY ′/X ′)−1

�K
1/2
Y ′ ⊗ f ′∗(K−1/2

X ′
)⊗ det(LY ′/X ′)−1 ,

and applying Υ gives the desired identity. �

4.2.5 Proof of Theorem 4.2.2. By Lemma 4.2.3, we may assume that X is fundamental. Let
X� [S/G], where S is an affine K-variety, and G=GL(n) for some n. The classical truncation
of the correspondence (4.2.2.1) can be written as∐

λ : Gm→G

[Sλ,0/Lλ]
gr←−

∐
λ : Gm→G

[Sλ,+/Pλ]
ev1−→ [S/G],

with notation as in § 3.1.3. The assumption on G implies that all the groups Lλ and Pλ are
special groups.

We fix a cocharacter λ : Gm→G, and prove the identity on the component [Sλ,+/Pλ]. We
may assume that Sλ,+ 
=∅.

By Joyce [Joy15, Remark 2.47], shrinking S if necessary, we may assume that there exists
a smooth affine K-scheme U acted on by G, and a G-invariant function f : U →A1, such that
X is isomorphic as a d-critical stack to the critical locus [Crit(f)/G], and S �Crit(f). We now
have the following commutative diagram.

Uλ,0 Uλ,+ U

[Uλ,0/Lλ] [Uλ,+/Pλ] [U/G]

π0

p i

π+ π

gr ev1

(4.2.5.1)

Let 0∈ Sλ,0 be a K-point, and let V =TU |0 be the tangent space. Consider the Gm-actions on
U and V via the cocharacter λ. By Luna [Lun73, Lemma in § III.1], shrinking U if necessary, we
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may choose a Gm-equivariant étale morphism ι : U → V such that ι(0) = 0. Applying Theorem
4.1.1 gives the identity

p! ◦ i∗ ◦Φf ([U ]) =Ldim V λ
+ ·Φf ([U

λ,0]), (4.2.5.2)

where V λ
+ ⊂ V is the subspace where Gm acts with positive weights. Note that Φf (U) is supported

on S by its definition. Let K
1/2
S be the orientation of the d-critical scheme S induced from that

of X. One computes that

gr! ◦ ev∗1(νmot
X )

= [Pλ]
−1 · gr! ◦ π+

! ◦ (π+)∗ ◦ ev∗1(νmot
X )

= [Pλ]
−1 · π0

! ◦ p! ◦ i∗ ◦ π∗(νmot
X )

=LdimG/2 · [Pλ]
−1 · π0

! ◦ p! ◦ i∗(νmot
S )

=−LdimG/2−dim V/2 · [Pλ]
−1 · π0

! ◦ p! ◦ i∗
(
Φf ([U ]) ·Υ(K1/2

S ⊗K−1
U |S

))
=−LdimG/2−dim V/2 · [Pλ]

−1 ·
π0
! ◦ p!

(
i∗ ◦Φf ([U ]) · i∗ ◦ π∗ ◦Υ(K1/2

X ⊗K−1
[U/G]|X

))
=−LdimG/2−dim V/2 · [Pλ]

−1 ·
π0
! ◦ p!

(
i∗ ◦Φf ([U ]) · (π+)∗ ◦ ev∗1 ◦Υ

(
K

1/2
X ⊗K−1

[U/G]|X
))

=−LdimG/2−dim V/2 · [Pλ]
−1 ·

π0
! ◦ p!

(
i∗ ◦Φf ([U ]) · (π+)∗ ◦ gr∗ ◦Υ(K1/2

Grad(X) ⊗K−1
[Uλ,0/Lλ]

|[Sλ,0/Lλ]

))
=−LdimG/2−dim V/2 · [Pλ]

−1 ·
π0
! ◦ p!

(
i∗ ◦Φf ([U ]) · p∗ ◦ (π0)∗ ◦Υ(K1/2

Grad(X) ⊗K−1
[Uλ,0/Lλ]

|[Sλ,0/Lλ]

))
=−LdimG/2−dim V/2 · [Pλ]

−1 ·
π0
!

(
p! ◦ i∗ ◦Φf ([U ]) · (π0)∗ ◦Υ(K1/2

Grad(X) ⊗K−1
[Uλ,0/Lλ]

|[Sλ,0/Lλ]

))
=−LdimG/2−dim V/2+dim V λ

+ · [Pλ]
−1 ·

π0
!

(
Φf ([U

λ,0]) · (π0)∗ ◦Υ(K1/2
Grad(X) ⊗K−1

[Uλ,0/Lλ]
|[Sλ,0/Lλ]

))
=−LdimG/2−dim V/2+dim V λ

+ · [Pλ]
−1 ·

π0
!

(
Φf ([U

λ,0]) ·Υ(K1/2
Sλ,0 ⊗K−1

Uλ,0 |Sλ,0

))
=LdimG/2−dim V/2+dim V λ

+−dim V λ
0 /2 · [Pλ]

−1 · π0
! (ν

mot
Sλ,0)

=L(dimG−dimLλ)/2+(dim V λ
+−dim V λ

− )/2 · [Pλ]
−1 · π0

! ◦ (π0)∗(νmot
Grad(X))

=L(dimG−dimLλ)/2+(dim V λ
+−dim V λ

− )/2 · [Pλ]
−1 · [Lλ] · νmot

Grad(X)

=L(dim V λ
+−dim V λ

− )/2 · νmot
Grad(X).

Here, the first step uses (2.1.7.1); the third uses (2.5.4.1); the fourth uses (2.5.3.1); the fifth
uses Lemma 4.2.4, where the morphism f there is taken to be an isomorphism; the seventh uses
the fact that the shifted Lagrangian correspondence (4.2.2.1) is oriented, and the fact that the
orientation for Grad([Crit(f)/G]) induced by the canonical one K[U/G] is given by K[Uλ,0/Lλ];
the ninth uses (2.1.6.2); the tenth is the key step, and uses (4.2.5.2); the eleventh is analogous
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to the fifth; the twelfth uses (2.5.3.1) again; the thirteenth uses (2.5.4.1) again; the fourteenth
uses (2.1.7.1) again; and the final step uses the relation [Pλ] = [Lλ] ·L(dimG−dimLλ)/2.

Finally, we verify that vdim Filtλ(X) = dim V λ
+ − dim V λ− , where Filtλ(X)⊂ Filt(X) is the open

and closed substack corresponding to the cocharacter λ. Indeed, let X′ = [Crit(f)/G] as a derived
critical locus, with the natural (−1)-shifted symplectic structure, so X′

cl �X. For x∈ Sλ,0(K),
by Lemma 3.1.7, one has

rank(LFiltλ(X)|x) = rank[0,1](LFiltλ(X)|x)− rank[0,1](LFilt−λ(X)|x)
= rank[0,1](LFiltλ(X )|x)− rank[0,1](LFilt−λ(X )|x)
= rank(LFiltλ(X′)|x), (4.2.5.3)

where rank[0,1] =dimH0 − dimH1. We have a presentation

LX′ |x �
(
g−→TU |x −→LU |x −→ g∨

)
(4.2.5.4)

with degrees in [−2, 1], where g is the Lie algebra of G. By Halpern-Leistner [HLa22, Lemma
1.2.3], we have sf∗(LFiltλ(X))� tot∗(LX)�0, where (−)�0 denotes the part of non-positive weights
with respect to the natural Gm-action. This now gives

LFiltλ(X′)|x �
(
pλ −→TUλ,− |x −→LUλ,+ |x −→ p∨−λ

)
, (4.2.5.5)

where pλ is the Lie algebra of Pλ, and −λ is the opposite cocharacter of λ. Note that dim Pλ =
dim P−λ and that dimUλ,± =dim V λ± +dim V λ

0 . It follows that vdim Filt(X), which is equal to
the rank of (4.2.5.5) by (4.2.5.3), is dim V λ

+ − dim V λ− .

4.3 The numerical version

4.3.1 Assumptions on the stack. In the following, we assume that X is a (−1)-shifted sym-
plectic stack over K, with classical truncation X=Xcl. Note that we no longer assume that X
is oriented.

We assume that X is an algebraic stack that is étale locally fundamental in the sense of
§ 2.2.4. For example, as mentioned in § 2.2.5, this is satisfied if X has affine stabilizers and has
reductive stabilizers at closed points.

4.3.2 For a graded point γ ∈Grad(X )(K), write

P(gr−1(γ)) =
(
[∗/Gm] ×

Grad(X )
Filt(X )

)∖
{sf(γ)},

where the map [∗/Gm]→Grad(X ) is given by the tautological Gm-action on γ. The K-point
sf(γ) is closed in the fibre product, which can be seen from the étale local description in Theorem
3.2.2, and {sf(γ)} denotes the corresponding closed substack. The space P(gr−1(γ)) can be seen
as the projectivized space of filtrations of a given associated graded point.

As a remark, as mentioned in the proof of Lemma 3.2.4, the morphism gr is an A1-action
retract, so the fibre gr−1(γ) = Spec(K)×Grad(X ) Filt(X ) is an A1-action retract to the point
sf(γ). The stack P(gr−1(γ)) is the quotient of gr−1(γ) \ {sf(γ)} by the Gm-action which is part
of this A1-action.

4.3.3 Theorem Let X,X be as in § 4.3.1 . Let γ ∈Grad(X )(K) be a graded point, and let
γ̄ = op(γ) be its opposite graded point.
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Then we have the numerical identities

νX (tot(γ)) = (−1)rank[0,1](LFilt(X )|sf(γ))−rank[0,1](LFilt(X )|sf(γ̄)) · νGrad(X )(γ), (4.3.3.1)∫
ϕ∈P(gr−1(γ))

νX (ev1(ϕ)) dχ−
∫

ϕ∈P(gr−1(γ̄))

νX(ev1(ϕ)) dχ

=
(
dimH0(LFilt(X )|sf(γ))− dimH0(LFilt(X )|sf(γ̄))

) · νX (tot(γ)), (4.3.3.2)

where rank[0,1] =dimH0 − dimH1.
This theorem is a generalization of Joyce and Song [JS12, Theorem 5.11], who considered

the case when X is the moduli stack of objects in a 3-Calabi–Yau abelian category.

4.3.4 Proof of Theorem 4.3.3. By a similar argument as in the proof of Lemma 4.2.3,
passing to a representable étale cover of X by fundamental stacks, which induces representable
étale covers of Grad(X ) and Filt(X ) by Theorem 3.2.2, it is enough to prove the theorem when
X� [S/G] is fundamental, where S is an affine K-scheme acted on by a reductive group G. Here,
we are using étale descent for constructible functions, instead of Nisnevich descent for rings of
motives.

As in § 4.2.5, shrinking S if necessary, we may assume that there exists a smooth affine K-
scheme U acted on by G, and a G-invariant function f : U →A1, such that X is isomorphic as a
d-critical stack to the critical locus [Crit(f)/G]. Now, X comes with a natural orientation, and
the motivic Behrend function νmot

X is defined.
Applying Theorem 4.2.2, then evaluating the Euler characteristics at γ, we obtain the

identity ∫
ϕ∈gr−1(γ)

νX(ev1(ϕ)) dχ= (−1)vdimγ Filt(X) · νGrad(X )(γ) . (4.3.4.1)

Let ϕ0 = sf(γ). Then the left-hand side of (4.3.4.1) is equal to νX(ev1(ϕ0)) = νX(tot(γ)), since
the integrand is Gm-invariant and ϕ0 is in the closure of all Gm-orbits. Also, by Lemma 3.1.7,
we have

vdimγ Filt(X) = rank[0,1]LFilt(X )|sf(γ) − rank[0,1]LFilt(X )|sf(γ̄) . (4.3.4.2)

This verifies (4.3.3.1).
For (4.3.3.2), apply Theorem 4.2.2 again, then take the difference of the evaluations at γ and

γ̄. This gives the identity

(L− 1) ·
[ ∫
ϕ∈P(gr−1(γ))

νmot
X (ev1(ϕ))−

∫
ϕ∈P(gr−1(γ̄))

νmot
X (ev1(ϕ))

]

+LdimH1(LGrad(X )|γ) · (L−dimH1(LFilt(X )|sf(γ)) −L−dimH1(LFilt(X )|sf(γ̄))
) · νmot

X (tot(γ))

=
(
Lrank(LFilt(X)|sf(γ))/2 −L−rank(LFilt(X)|sf(γ))/2

) · νmot
Grad(X)(γ) (4.3.4.3)

of monodromic motives over K. Here, we used the fact that the stabilizer group Gγ of γ in
gr−1(γ) is special and has motive LdimGγ , since Gγ is a subgroup of the fibre of the projection
Pλ→Lλ, and can be obtained by repeated extensions of Ga. All of this can be seen by, for
example, equivariantly embedding S into an affine space with a linear G-action.
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Starting from (4.3.4.3), we divide both sides by L− 1, and then take the Euler characteristic,
which sets L1/2 to −1. We then apply the identity (4.3.3.1) to convert νGrad(X )(γ) to νX(tot(γ)).
This gives the desired identity (4.3.3.2).
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The author would like to thank Andrés Ibáñez Núñez, Dominic Joyce, and Tasuki Kinjo for help-
ful discussions and comments. The author also thanks the anonymous referee for their valuable
suggestions.

Conflicts of Interest

None.

Journal Information

Moduli is published as a joint venture of the Foundation Compositio Mathematica and the
London Mathematical Society. As not-for-profit organisations, the Foundation and Society
reinvest 100% of any surplus generated from their publications back into mathematics through
their charitable activities.

References

J. Alper, D. Halpern-Leistner and J. Heinloth, Existence of moduli spaces for algebraic
stacks , Invent. Math. 234 (2023), 949–1038.
J. Alper, J. Hall and D. Rydh, The étale local structure of algebraic stacks, Preprint (2019),
arXiv:1912.06162v4.
J. Alper, J. Hall and D. Rydh, A Luna étale slice theorem for algebraic stacks , Ann. Math.
191 (2020), 675–738.
J. Alper, Good moduli spaces for Artin stacks , Ann. Inst. Fourier 63 (2013), 2349–2402.
L. Amorim and O. Ben-Bassat, Perversely categorified Lagrangian correspondences, Adv.
Theor. Math. Phys. 21 (2017), 289–381.
K. Behrend, Donaldson–Thomas type invariants via microlocal geometry , Ann. Math. 170
(2009), 1307–1338.
O. Ben-Bassat, C. Brav, V. Bussi and D. Joyce, A Darboux theorem for shifted symplectic
structures on derived Artin stacks, with applications, Geom. Topol. 19 (2015), 1287–1359.
D. Bergh and D. Rydh, Functorial destackification and weak factorization of orbifolds ,
Preprint (2019), arXiv:1905.00872v1.
F. Bittner, On motivic zeta functions and the motivic nearby fiber , Math. Z. 249 (2005),
63–83.
A. Bojko, W. Lim and M. Moreira, Virasoro constraints for moduli of sheaves and vertex
algebras , Invent. Math. 236 (2024), 387–476.
C. Brav, V. Bussi, D. Dupont, D. Joyce and B. Szendrői, Symmetries and stabilization for
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T. Pantev, B. Toën, M. Vaquié and G. Vezzosi, Shifted symplectic structures , Publ. Math.
Inst. Hautes Étud. Sci. 117 (2013), 271–328.
D. Rydh, Compactification of tame Deligne–Mumford stacks , https://people.kth.
se/∼dary/tamecompactification20110517.pdf.
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