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A motivic integral identity for (—1)-shifted
symplectic stacks

Chenjing Bu

ABSTRACT

We prove a motivic integral identity relating the motivic Behrend function of a
(—1)-shifted symplectic stack to that of its stack of graded points. This generalizes
analogous identities for moduli stacks of objects in 3-Calabi—Yau abelian categories
obtained by Kontsevich and Soibelman, and Joyce and Song, which are crucial in prov-
ing wall-crossing formulae for Donaldson-Thomas invariants. We expect our identity
to be useful in extending motivic Donaldson-Thomas theory to general (—1)-shifted
symplectic stacks.

1. Introduction

1.1.1 Let K be an algebraically closed field of characteristic zero, and let X be a (—1)-
shifted symplectic derived algebraic stack over K, in the sense of Pantev, Toén, Vaquié and
Vezzosi [PTVV13], such that its classical truncation is a classical algebraic 1-stack.

One of the motivating examples of such a stack is the moduli stack X =91, of objects in a
K-linear 3-Calabi—-Yau category 7, such as the category of coherent sheaves on a smooth pro-
jective Calabi—Yau threefold. Such stacks are of great interest in Donaldson—Thomas theory,
and have been studied by Joyce and Song [JS12], Kontsevich and Soibelman [KS08], and many
others.

Starting from X, one can consider the derived mapping stacks

Grad(X) = Map([*/Gy), X),
Filt(%) = Map([A' /G ], %),

called the stack of graded points and the stack of filtered points of X, respectively, as in Halpern-
Leistner [HLa22]. For example, if X = 9, as above, then Grad(X) is the moduli stack of Z-graded
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objects in &7, and Filt(X) is the moduli stack of Z-filtered objects in 7 In particular, there are
inclusions

My x Moy — Grad(My), (1.1.1.1)
SInExact(JaV) %Fllt(aﬁd> (1112)

as open and closed substacks, i.e. disjoint unions of connected components, where Mpyaci (o) 18
the moduli stack of short exact sequences in 7. These substacks can be given by, for example,
graded and filtered objects that only have non-trivial factors in degrees 0 and 1.

1.1.2 We show in Theorem 3.1.6 that there is a (—1)-shifted Lagrangian correspondence
Grad(X) <= Filt(%) =5 x . (1.1.2.1)

When X =91, the morphisms gr and ev; send a filtered object to its associated graded object
and its total object, respectively. In particular, restricting it to the substacks (1.1.1.1) and
(1.1.1.2), this gives the (—1)-shifted Lagrangian correspondence

(P2, P3)

m@/x f)ﬁ@( p1,<_m mExaCt(%) &)Qﬁg{ (1.1.2.2)

as in Brav and Dyckerhoff [BD21], where p1, p2, p3: MExact() = Mo send a short exact sequence
to its three respective terms.

The correspondence (1.1.2.2) has proved to be useful in enumerative geometry. It lies
at the heart of the construction of Hall-algebra-type algebraic structures, including motivic
Hall algebras studied by Joyce [Joy07al, cohomological Hall algebras introduced by Kontsevich
and Soibelman [KS11], and Joyce vertex algebras constructed by Joyce [Joya2l, Joyb]. These
structures are closely related to Donaldson—Thomas invariants and other enumerative invariants.

1.1.3 Following a series of works [Joyl5, BBBBT15, BBD"15, BBJ19, BJM19] by Joyce
and his collaborators, it is known that a (—1)-shifted symplectic stack X can be locally modelled
as derived critical loci of functions on smooth stacks. When X is equipped with orientation
data, one can define an element v°* in the ring of monodromic motives on X, which we call
the motivic Behrend function of X. It is locally modelled by the motivic vanishing cycle defined
by Denef and Loeser [DLO01], and is a motivic enhancement of the Behrend function vx: X —7Z
introduced by Behrend [Beh09] and extended by Joyce and Song [JS12, §4.1] to algebraic stacks.

When X =90, as above, the element 1/5'}{); was considered by Kontsevich and Soibelman
[KS08], and is important in the Donaldson-Thomas theory of <. Given a stability condition on
o, if M, C M, is a component, then the motivic Donaldson—Thomas invariant of the class «

is the monodromic motive given by the motivic integral

DTgwt:/ (LYV2 —L7V2) e - vt (1.1.3.1)
M
where €, is a weight function encoding the data of the stability condition. Similarly, the numerical
Donaldson—Thomas invariant DT, is given by a weighted Euler characteristic

DT, :/ (LY2 ZL712) ey - v d - (1.1.3.2)
m

o

See Joyce and Song [JS12] for more details.
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1.1.4 The main result of this paper, Theorem 4.2.2, states that the motivic Behrend
functions of X and Grad(X) are related, via the correspondence (1.1.2.1), by the identity

gry 0 evi (Vo) = LY P2 ot o, (1.1.4.1)

as an identity of monodromic motives on Grad(X), where vdim Filt(X) is the virtual dimension
of Filt(X). In particular, evaluating this at a graded point v € Grad(X) gives the motivic integral
identity

/ V% (evy () = Ly N2 ot (), (1.1.4.2)
pegr=1(7)
as an identity of monodromic motives over K.

We prove this identity by first proving a local version of it in Theorem 4.1.1, which is, roughly
speaking, the special case of (1.1.4.1) when X = [Crit(f)/Gy] is a derived critical locus, where f
is a G -invariant function on a G,-equivariant smooth K-variety. Our proof of this local version
involves the theory of nearby and vanishing cycles for rings of motives on algebraic stacks, which
we develop in § 2.4, with Theorem 2.4.4 as the main result. We then prove the global version of
the identity by gluing together the local models.

1.1.5  We now explain the relations between the identity (1.1.4.1) and the known results
and conjectures in the literature.

First, this identity can be seen as a global version and a generalization of an integral identity
that was conjectured by Kontsevich and Soibelman [KS08, Conjecture 4] and later proved by Lé
[Lé15]. The local version of our identity, Theorem 4.1.1, is stated in a form similar to Kontsevich
and Soibelman’s identity, and generalizes this identity by removing the assumption that the
torus action only has weights —1, 0, and 1. It is crucial that this assumption is removed in order
for the identity to serve as a local model for (1.1.4.1) for general (—1)-shifted symplectic stacks,
and not only for stacks of the form 9.

Kontsevich and Soibelman then used their identity to prove [KS08, Theorem 8|, which can
be seen as a special case of our identity (1.1.4.1) when X =9, as above. Their theorem is a key
ingredient in proving wall-crossing formulae of motivic Donaldson—Thomas invariants, governing
the behaviour of these invariants under changes of stability conditions.

Secondly, by taking the Euler characteristic of our identity, we obtain numerical integral
identities in Theorem 4.3.3. These identities are direct generalizations of the Behrend function
identities of Joyce and Song [JS12, Theorem 5.11] to general (—1)-shifted symplectic stacks.

Thirdly, the identity (1.1.4.1) is related to a conjecture on perverse sheaves, sometimes known
as the Joyce conjecture, formulated by Joyce and Safronov [JS19, Conjecture 1.1] and by Amorim
and Ben-Bassat [ABB17, §5.3]. One form of this conjecture states that, for an oriented (—1)-
shifted Lagrangian correspondence

xde Ly, (1.1.5.1)
under certain assumptions, there should exist a natural morphism
He: f!Og*(@@)—)yx[—VdimgL (1152)

satisfying certain properties, where &y and Py are the perverse sheaves constructed by Ben-
Bassat, Brav, Bussi and Joyce [BBBB*15, Theorem 4.8], sometimes called the Donaldson—

Thomas perverse sheaves. They can be seen as analogues of the motivic Behrend functions v°*

and V%“’t in cohomological Donaldson—Thomas theory.
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In the special case when the correspondence (1.1.5.1) is taken to be (1.1.2.1), a recent result
of Kinjo, Park and Safronov [KPS24, Theorem B] shows that there is a natural isomorphism
of the form (1.1.5.2), strengthening the Joyce conjecture in this special case. In this sense, the
identity (1.1.4.1) can be seen as a motivic analogue of this version of the Joyce conjecture.

1.1.6 In a series of works in progress [BHLINK25, BINKa25, BINKb], the author and his
collaborators plan to extend the definition of the weight functions e, mentioned in §1.1.3 to
general algebraic stacks, which will enable us to define motivic Donaldson—Thomas invariants for
general (—1)-shifted symplectic stacks equipped with extra data similar to a stability condition,
under mild assumptions.

The integral identity (1.1.4.1) will be crucial in proving wall-crossing formulae for these
general Donaldson—Thomas invariants, which relate the invariants for the same stack under
different stability conditions. Wall-crossing formulae have seen many important applications in
enumerative geometry, since they impose a very strong constraint on the structure of enumerative
invariants, and can sometimes be used to compute them explicitly. See Joyce and Song [JS12]
and Kontsevich and Soibelman [KS08] in the case of motivic Donaldson-Thomas theory, and
[BLM24, Bu23, GJT22, Joya2l], etc., for applications in other contexts. Using wall-crossing
formulae for general stacks, we hope to generalize many of the applications mentioned above to
general (—1)-shifted symplectic stacks.

For example, as a special case of this generalized theory, the author [Bu25| defines the weight
functions for the moduli stack of self-dual objects in certain self-dual K-linear categories. Such
stacks include the moduli stack of principal orthogonal or symplectic bundles on a smooth
projective variety, or a certain compactification of it. When these results are combined with the
contents of the present work, it will become possible to define and study motivic Donaldson—
Thomas invariants for type B/C/D structure groups on a Calabi-Yau threefold, and prove
wall-crossing formulae for them. The author plans to report on this in a future paper.

1.1.7 Conventions Throughout this paper, we will use the following notation, terminology,
and conventions.

— K is an algebraically closed field of characteristic zero.
— A K-variety is a separated K-scheme of finite type.

— A reductive group over K is a linear algebraic group over K that is linearly reductive, and
is allowed to be disconnected.

— All K-schemes, algebraic spaces over K, and algebraic stacks over K are assumed to be
quasi-separated and locally of finite type. Algebraic stacks are assumed to have separated
diagonal.

— A derived algebraic stack over K is a derived stack over K that has an open cover by
geometric stacks in the sense of Toén and Vezzosi [TVO0S8, §1.3.3], and is assumed to be
locally almost of finite presentation. When it is locally of finite presentation, its cotangent
complex is perfect, and the rank of its cotangent complex is called its wvirtual dimension.

— An s-shifted symplectic stack over K, where s € Z, is a derived algebraic stack locally of
finite presentation over K, equipped with an s-shifted symplectic structure in the sense of
Pantev, Toén, Vaquié and Vezzosi [PTVV13, §1].
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2. Motivic vanishing cycles

The main purpose of this section is to define and study the motivic nearby and vanishing cycle
maps on certain rings of motives over algebraic stacks. These are based on the construction of
the motivic Milnor fibre by Denef and Loeser [DL98, DL01, DL02] and Looijenga [Loo02], and
are a generalization of the work of Bittner [Bit05] from the case of varieties to that of stacks.
We define these maps in Theorem 2.4.2, and prove a useful property in Theorem 2.4.4, which
will be used in the proof of our main results.

In §2.5, we discuss the motivic Behrend function introduced by Bussi, Joyce and Meinhardt
[BJM19] and Ben-Bassat, Brav, Bussi and Joyce [BBBB'15], and slightly generalize their
construction by weakening the assumptions on the stack.

2.1 Rings of motives

2.1.1 We provide background on rings of motives over schemes, algebraic spaces, and alge-
braic stacks. The case of stacks was first studied by Joyce [Joy07b], who constructed these rings
of motives, along with several variations, and called them rings of stack functions.

To avoid repetition, we only state the majority of the definitions and results for stacks, with
the understanding that schemes and algebraic spaces are special cases of algebraic stacks.

2.1.2 Stacks with affine stabilizers. Let 2 be an algebraic stack over K. We say that 2~
has affine stabilizers if, for any field k£ and any point = € 2°(k), the stabilizer group of 2" at x
is an affine algebraic group over k.

2.1.3 Rings of motives. Let 2 be an algebraic stack over K with affine stabilizers. Define
the Grothendieck ring of varieties over 2" to be the abelian group

Kul(2)= D Z-(2] /N, (2.1.3.1)
Z—Z
where we run through all morphisms Z — 2 with Z a K-variety, and & means we take the
set of locally finite sums, that is, possibly infinite sums ), , ,nz-[Z], such that for each
quasi-compact open substack % C 2, there are only finitely many Z such that nz #0 and
Z X g% # . The relation ~ is generated by [Z] ~[Z'] 4 [Z \ Z'] for closed subschemes Z' C Z.
One can define multiplication on Ky, (Z2") by taking the fibre product over 2, making it
into a commutative ring, which may be non-unital when 2" is not an algebraic space. It is also
a (possibly non-unital) commutative Ky, (K)-algebra, where Ky, (K) = Ky, (Spec K), with the
action given by the product.
Let L = [A!] € K. (K), and define rings of motives over 2,

M(2) = Kyar (Z) . ®(K) Kar(K) [L7'] /(L — 1)-torsion, (2.1.3.2)
M(2) = Kear(2) ®(K) Kvar (K) [L71, (LF = 1)71], (2.1.3.3)

where & means we take the set of locally finite sums, that is, possibly infinite sums Y, , ,{Z] ®
az, such that the family of Z with az #0 is locally finite on 27, and, in (2.1.3.3), we invert
LF—1forall k>1.
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2.1.4 Motives of algebraic spaces and stacks. Let Z be as above. For an algebraic space Z
and a morphism Z — 2 of finite type, one can also assign a class [Z] € Ky (Z), extending the
usual definition for varieties, since Z can be stratified by varieties.

Furthermore, as in Joyce [JoyO7b] or Ben-Bassat, Brav, Bussi and Joyce [BBBB'15, §5.3],
for any finite type morphism of algebraic stacks Z— 2| where Z has affine stabilizers, one can
assign a class [Z] € 1\7[(% ), which agrees with the usual one when Zis a variety, and satisfies the
relation [2] = [27] + [2\ 2] for closed substacks 27 C % In particular, the class [27] € M(Z)
is the multiplicative unit of the ring M(2").

For an algebraic stack 2 over K of finite type, with affine stabilizers, one thus has a class
(2] € M(K), called the motive of 2.

2.1.5 Pullbacks and pushforwards. Let Z,% be algebraic stacks over K with affine
stabilizers, and let f: Z'— % be a morphism.
There is a pullback map

5 M(%) — M(Z)
which is an M(K)-algebra homomorphism, given on generators by f*[Z] = [Z x4 2], where the
right-hand side is defined as in §2.1.4. Pulling back respects composition of morphisms. If,
moreover, f is representable, then there are pullback maps
f* : Kvar<@) — Kvar(f%)a
[T M%) — M(2),
which are Ky, (K)- and M(K)-algebra homomorphisms, respectively, and are defined similarly.
On the other hand, if f is of finite type, then there are pushforward maps
f!: Kvar('%) — KVar(@%
Jre M(Z) — M(%),
which are Ky, (K)-, M(K)-, and M(K)—module homomorphisms, respectively, given on generators
by fi[Z] = [Z]. Pushing forward respects composition of morphisms.

In particular, when 2 is of finite type, pushing forward along the structure morphism 2 —
Spec K is sometimes called motivic integration, and denoted by

/ (=): M(2) — M(K) .
z

2.1.6 Base change and projection formulae. Suppose we have a pullback diagram

g‘/ f, /
— s ?

g’J(rf lg
X — Y

where 2, %, 27, %" are algebraic stacks over K with affine stabilizers, and f is of finite type.
Then we have the base change formula

g ofi=flog"” (2.1.6.1)
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on M(—), as in [Joy07b, Theorem 3.5]. Moreover, if g is representable, then this also holds for
Kyar(—) and M(—).
Let f: 2Z'— % be as above. We have the projection formula

fila- £ (6) = fila) -b (2.1.6.2)

for all a € M(2") and b€ M(%), which can be verified directly on generators. Moreover, if f is
representable, then this also holds for Ky, (—) and M(—).

2.1.7 Motives of principal bundles. Following Serre [Ser58, §4], an algebraic group G over
K is special if all principal G-bundles over a K-scheme are Zariski locally trivial. For example,
the groups GL(n) and G, are special; semidirect products of special groups are special; and
disconnected groups are not special. See also Joyce [Joy07b, Definition 2.1] for related discussions.

For a special group G and a principal G-bundle 7: #— % where 2" is an algebraic stack
over K with affine stabilizers, we have the relation

mon*=[G]-id (2.1.7.1)
in Kear(2), M(2), and M(.2"), which can be deduced from the definition of a special group.
In particular, we have [#] = [G] - [2] in M(2).
Note, however, that such a principal G-bundle 7 itself is not necessarily Zariski locally trivial,
but it becomes so after a base change to any scheme.
The relation (2.1.7.1) is not necessarily true if G is not special. For example, consider the

principal Zo-bundle Gy, — Gy, given by ¢+ 2. Then the equality cannot hold, since [G,]#
2 [Gp.

2.1.8 The Euler characteristic. As in Joyce [Joy07b, Example 6.3], there is a ring map
x: M(K) — Z,

sending each generator [Z] to its Euler characteristic, and sending IL to 1. This extends naturally
to amap x: M(K) = QU {oco}, sending 1/(1 + L+ - - - + L¥1) to 1/k for each k > 1, and sending
elements not in M(K)[(1+L+---+ L)~ : k> 1] to co.

For an algebraic stack 2" over K of finite type, with affine stabilizers, we have a map

/y_(—) dx: NI(2) — QU {0}

defined by pushing forward along 2 — Spec K and then taking the Euler characteristic. We have
J,adx€Z for all a € M(Z).

2.1.9 Constructible functions. For an algebraic stack 2" over K, a constructible function on
% is a map of sets
a: | 2] —Z,

where | 2] is the underlying topological space of 2, such that for any ¢ € Z, the preimage a~!(c)
is a locally constructible subset of |Z]. The abelian group of constructible functions on 2" is
denoted by CF(Z").

There is an Euler characteristic map

x: M(2) — CF(Z),
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where M(2") € M(2") is the M(K)-subalgebra generated by classes [2] for representable mor-
phisms Z'— %, and x is given by taking the fibrewise Euler characteristic, as in Joyce [Joy07b,
Definition 3.2], where this map was denoted by 7.

One can also define pullback and pushforward maps on CF(—) for representable morphisms,
where pushing forward also requires the morphism to be of finite type. These maps are compatible
with the map x, and satisfy the base change and projection formulae as in § 2.1.6 for representable

morphisms.

2.1.10 Rings of monodromic motives. Let i =1lim u, be the projective limit of the groups
1y, of roots of unity. For a K-scheme Z, a good fi-action on Z is one that factors through u,, for
some n such that each orbit is contained in an affine open subscheme.

Let 2 be an algebraic stack over K with affine stabilizers. Define the monodromic
Grothendieck ring of varieties over 2 to be the abelian group

KL (2)= @ Z-(2)" /N, (2.1.10.1)
Z—=X
where @ indicates taking locally finite sums as in §2.1.3, and we sum over all morphisms Z — 2~
with Z a K-variety with a good ji-action that is compatible with the trivial fi-action on 2.
The relation ~ is generated by [Z]* ~ [Z')* +[Z \ Z'|" for ji-invariant closed subschemes Z’ C Z,
and [Z x V] ~[Z x A"/ for a fi-representation V of dimension n, where the projections to 2~
factor through Z, and i acts on A™ trivially. See Looijenga [Loo02, §5] and Ben-Bassat, Brav,
Bussi and Joyce [BBBB'15, §5].
Using the Ky (K)-module structure on Kfy(2), we define rings of monodromic motives
over %,

MAU2) =KL (Z) & Ke(K)[L/(L - 1)-torsion, (2.1.10.2)
Koar(K)

M) =KL (2) & KeurlK) L7 (LF - 1)*1}/% (2.1.10.3)
Kyar (K)

where & indicates taking locally finite sums as in §2.1.3. The ring structures and the relation ~
are defined below. )

We consider the multiplication on K (2") denoted by ‘@’ in [BBBB'15, Definition 5.3]; see
there for the definition. We will denote this by - . This makes K\’,A‘ar(,%" ) into a ring, possibly non-
unital when 2" is not an algebraic space. Note that this is not given by the fibre product, although
the latter does define a different ring structure. The relation ~ is defined as in [BBBB'15,
Definitions 5.5 and 5.13], denoted there by ‘I;;ﬂ’, and is imposed so that the map Y in §2.1.11
below respects the tensor product.

There is an element

LY2 =1 —[ug)* € K

VaI'(K)7
where /i acts on up non-trivially. It satisfies (L'/2)2 =IL. We also write L=1/2=L"1.LY2 ¢
MA(K).

There are natural maps
P Ko (2) — K2

var

(Z), " M(Z)— MM, P M) — M2,

given on generators by [Z]+— [Z], with the trivial fi-action on Z. These are Kyar(K)-, M(K)-,
and M(K)-algebra homomorphisms, respectively.
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One can define pullback and pushforward maps on Kf.(—), MA(—), and M#(—), similar
to the cases of Kyar(—), M(—), and M(—) These maps satisfy the base change and projection
formulae in §2.1.6, and the principal bundle relation in §2.1.7.

There is also the Euler characteristic map x: M#(K) — Z, which is a ring homomorphism,
defined by taking the Euler characteristic of the underlying non-monodromic motive. From
this, one can define analogues of the operations in §§2.1.8 and 2.1.9 for M#(—) and M#(—). In
particular, we have y(LY/?)=—1.

2.1.11 Motives of double covers. For a principal po-bundle & — 2 there is a class
Y(2) =L (2] - [2]") e MM (2),

where i acts on &2 via the us-action and the class [Z2]" is defined in a similar way to §2.1.4
when £ is not a variety. See [BBBB*15, Definitions 5.5 and 5.13] for more details.
Note that T commutes with pullbacks, by definition. Also, we have the relation

(P @ Py) =T (D) - Y () (2.1.11.1)

for principal pe-bundles 1, P9 — 2, where 1 ® HP5 is also a principal pe-bundle. See
[BBBB™ 15, Definitions 5.5 and 5.13].

2.2 Descent of motives

2.2.1 We now discuss the descent properties of the rings of motives defined above. While
constructible functions CF(—) descend under any reasonable topology, descent for rings of
motives such as M(—) is more restrictive. For example, pulling back along the double cover
(=)?: Gy — Gy, is not injective on motives, since the classes of the trivial double cover
G X po — Gy, and the non-trivial double cover Gy, — Gy, get identified after pulling back.
Therefore, rings of motives do not satisfy étale descent.

However, we show in Theorem 2.2.3 below that these rings of motives do satisfy descent
under the Nisnevich topology.

2.2.2 The Nisnevich topology. Recall that for an algebraic space X, a Nisnevich cover of
X is a family of étale morphisms (f;: X; — X);ez, such that for each point z € X, there exists
i€l and a point 2’ € X; such that f;(2') =z, and f; induces an isomorphism on residue fields
at 2’ and z.

Let 2 be an algebraic stack. Define a Nisnevich cover of 2 to be a representable étale
cover (fi: Zi — 2 )ier such that its base change to any algebraic space is a Nisnevich cover of
algebraic spaces. See also Choudhury, Deshmukh and Hogadi [CDH23, Definition 1.2 ff.].

For example, for an integer n > 1, the morphism * — [*/u,] is not a Nisnevich cover, since
its base change Gy, — Gy, t—t" is not a Nisnevich cover.

Algebraic spaces over K (assumed locally of finite type) admit Nisnevich covers by affine
K-varieties, as can be deduced from Knutson [Knu71, I, Theorem 6.4].

2.2.3 Theorem. Let Z be an algebraic stack over K with affine stabilizers, and let (f;: Z; —
2 )ier be a Nisnevich cover. Then the map

(s M) —ea( T = T] (23 2)))

i€l ijel
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s an isomorphism, where the right-hand side is the equalizer of the two maps induced by pulling
back along projections from each Z; x oo Z; to Z; and Z;, respectively.

The same also holds for Mﬂ(—) in place of M(—) Moreover, if 2 is an algebraic space,
then the same holds for Kyx(—), M(=), Kfw(=), and MA(=).

Proof. We give the proof for M(—); the other cases are similar.

We first consider the case when 2" is an algebraic space. In this case, one can stratify 2~
into locally closed pieces Sy C Z, such that the map [[, Z; — £ admits a section sj over each
Si. After a base change to each Sy, we can assume that [ [, 2; — 2 admits a global section, in
which case the result is clear.

For the general case, by Kresch [Kre99, Proposition 3.5.9], 2" can be stratified by quotient
stacks of the form [U/G|, where U is a quasi-projective K-variety acted on by G ~ GL(n) for some
n. Therefore, we may assume that 2'= [U/G] is of this form. Let 7: U — [U/G] be the projection.
Then for all a € M([U/G]), we have a = [G] ™! - m o m*(a), so that 7* is injective. Its image consists
of elements @ € M(U) such that 7* o m(a) = [G] - @. We call such elements G-invariant. In other
words, we may identify M([U/G]) with the subring of M(U) consisting of G-invariant elements.
Writing U; = U X 42, it suffices to show that M(U) = eq(ILies M(U;) = [Ljer M(U; X7 U;)),
since taking G-invariant elements on both sides gives the desired result. We are now reduced to
the already known case of algebraic spaces. O

2.2.4 Quotient stacks and fundamental stacks. We now discuss classes of algebraic stacks
that can be covered by quotient stacks, which will be used in the sequel. See §2.2.5 below for
examples of stacks satisfying these properties.

A quotient stack over K is an algebraic stack of the form [U/G], where U is an algebraic
space over K acted on by an algebraic group G~ GL(n) for some n. Equivalently, one can
allow G to be any linear algebraic group, since if one chooses an embedding G < GL(n) then
[U/G] ~[(U x% GL(n))/GL(n)].

A fundamental stack over K is a quotient stack of the form [U/G|, where U is an affine
K-variety acted on by an algebraic group G ~ GL(n) for some n. Equivalently, one can allow
G to be any reductive group, by a similar argument to that above; see the proof of [AHR20,
Corollary 4.14]. This terminology is from Alper, Hall and Rydh [AHR25].

An algebraic stack over K is Nisnevich locally a quotient stack if it admits a Nisnevich cover
by quotient stacks. This class of stacks is also discussed by Choudhury, Deshmukh and Hogadi
[CDH23], who call them cd-quotient stacks.

An algebraic stack over K is Nisnevich locally fundamental if it admits a Nisnevich cover by
fundamental stacks. This implies being Nisnevich locally a quotient stack.

Similarly, we define stacks that are étale locally a quotient stack or étale locally fundamental
by requiring representable étale covers with the corresponding properties.

These properties are satisfied by a large class of stacks, which we discuss below.

2.2.5 Local structure theorems. A series of local structure theorems for algebraic stacks by
Alper, Hall and Rydh [AHR20, AHR25] can be used to produce covers of algebraic stacks by
quotient and fundamental stacks.

THEOREM. Let 2" be an algebraic stack with affine stabilizers.

(i) If every point of 2 specializes to a closed point, and closed points of 2  have reductive
stabilizers, then 2" is étale locally fundamental.

10



A MOTIVIC INTEGRAL IDENTITY FOR (—1>—SHIFTED SYMPLECTIC STACKS

(i) If 2 admits a good moduli space in the sense of Alper [Alp13], then 2" is Nisnevich locally
fundamental.

The first result follows from [AHR20, Theorem 1.1], and is stated in Alper, Halpern-Leistner
and Heinloth [AHLH23, Remarks 2.6 and 2.7]. The second result is [AHR25, Theorem 6.1].

2.3 Motivic vanishing cycles for schemes
2.3.1 Idea. The motivic nearby and vanishing cycle maps considered below are based on the
idea of Milnor fibres. It is perhaps more straightforward to explain this in the analytic setting.
For this purpose, let X be a complex manifold, with a smooth metric d: X x X — Ry,
and let f: X — C be a holomorphic function. Let = € X be a point such that f(x)=0. Let
0 < d < e <k 1 be small positive numbers, and consider the map

X}(x) = Bo(x) n (D) 5 D,

where D ={z€C|0<|z|<d}. This map is a topological fibration, and its fibre MFy(z) is
called the Milnor fibre of f at x. The cohomology of MF f(x) carries the action of the monodromy
operator induced by this fibration.

We will consider below the motivic analogue of the above construction, with X a smooth
variety over a field K. The Milnor fibre is then replaced by the motivic Milnor fibre of Denef
and Loeser [DL98, DLO1, DL02], which is a monodromic motive on Xy. This construction is
closely related to Donaldson-Thomas theory; see Behrend [Beh09], Joyce and Song [JS12, §4],
and Kontsevich and Soibelman [KS08, §4] for more details.

2.3.2 The motivic Milnor fibre. Let X be a smooth, irreducible K-variety, and let
f: X —A! be a morphism. Write Xo= f~1(0). Following Denef and Loeser [DL98, DLOI,
DL02], we define the motivic Milnor fibre of f, which is an element

MF; € MF(X,p),

as follows.

If f is constant, define MF;=0. Otherwise, choose a resolution 7: X =X of f, in the
sense that X is a smooth, irreducible K-variety, 7 is a proper morphism that restricts to an
isomorphism on 7~ (X \ Xp), and 7~ 1(Xj) is a simple normal crossings divisor in X. See, for
example, Kollar [Kol07] for the existence and properties of such resolutions.

Let (E;);cs be the irreducible components of 771(Xy), and write N; for the multiplicity of
E; in the divisor of for on X. For a non-empty subset I C.J, write ES = Mier Ei\Uigr Ei
Let m; = ged;c; Ni, and define an my-fold cover E° — E7 as follows. For each open set U C X
such that fom =wuv™ on U for u: U — A!\ {0} and v: U — A, define the restriction of E2 on
E;NU as

E}|pru = {(2,y) €A x (B} NU) | 2™ =u"'} . (2.3.2.1)
Since E} can be covered by such open sets U, (2.3.2.1) can be glued together to obtain a cover

E}’ — E7, with a natural i, -action given by scaling the z-coordinate, which induces a fi-action
on E7. The motivic Milnor fibre MF is then given by

MF = Y (-t B (2.3.2.2)
o#ICT
It can be shown [DLO01, Definition 3.8] that this is independent of the choice of the resolution .

11
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2.3.3 Nearby and vanishing cycles. Let X be a K-variety, and let f: X — Al be a morphism.
Write Xo = f~1(0).
Define the nearby cycle map of f, denoted by
Ty M(X) — MA(Xo),
to be the unique M(K)-linear map such that for any smooth, irreducible K-variety Z and any
proper morphism p: Z — X, we have
V£ ([2]) = (po)t (MF o) € M (Xo),

where po: Zy — X is the restriction of p to Zy = (f o p)~1(0), and MF f,, € M#(Zp) is the motivic
Milnor fibre of f o p. It follows from Bittner [Bit05, Claim 8.2 that the map ¥ is well-defined.
Define the vanishing cycle map of f to be the map
Op=Up— 1M oi*: M(X) — MA(X),

where i: X < X is the inclusion, and ¢#: M(X) — M#(Xy) is as in §2.1.10.

2.3.4 For algebraic spaces. We now generalize the above construction from varieties to
algebraic spaces.

As in Bittner [Bit05, Theorem 8.4], the nearby and vanishing cycle maps are compatible
with pulling back along smooth morphisms. In particular, they define morphisms ¥, ®: M(—) —
M#((—)o) of sheaves on the category of K-varieties over A, with the Nisnevich topology. Since
algebraic spaces admit Nisnevich covers by affine K-varieties, as mentioned in §2.2.2, these
morphisms of sheaves induce maps on their evaluations on algebraic spaces over K.

In other words, for an algebraic space X over K and a morphism f: X — A!, we have defined
nearby and vanishing cycle maps

s, &y M(X) — MA(X) .

We state some of their properties below.

2.3.5 Theorem. Let X,Y be algebraic spaces over K.

(i) Let g: Y — X be a proper morphism, and f: X — A' a morphism. Then we have the
following commutative diagram.

M(Y) —2— M(X)
‘I’ngl l‘y'f (2.3.5.1)

MA(Yy) —2— MA(X,)

(i) Let g: Y — X be a smooth morphism, and f: X — A' a morphism. Then we have the
following commutative diagram.

M(X) —L 5 M(Y)
qui lq’fog (2.3.5.2)
MP(Xg) —L— MA(Y)

12
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Proof. The case when X and Y are K-varieties was proved by Bittner [Bit05, Theorem 8.4]. The
verification of (ii) for algebraic spaces is completely formal, by passing to Nisnevich covers by
K-varieties.

We now prove (i) for algebraic spaces. Again, passing to a Nisnevich cover, we may assume
that X is a K-variety. We claim that Ky, (Y") is spanned over Z by classes [Z] of proper morphisms
Z —'Y, where Z is a smooth K-variety. Indeed, let u: U — Y be an arbitrary morphism, where U
is an integral K-variety. By Nagata compactification, as in Conrad, Lieblich and Olsson [CLO12,
Theorem 1.2.1], u can be factored as a dense open immersion U < V followed by a proper
morphism V' — Y, where V is an integral algebraic space over K. By Chow’s lemma for algebraic
spaces, as in Knutson [Knu71, IV, Theorem 3.1], there exists a K-variety W and a projective
birational morphism W — V. Applying a resolution of singularities, we may assume that W
is smooth. Now W — Y is proper, and the difference [W] — [U] is a sum of lower dimensional
classes. Induction on the dimension of U verifies the claim.

Now let h: Z—Y be a proper morphism, where Z is a smooth K-variety. Passing to a
Nisnevich cover of Y by K-varieties, one can show that W.4([Z]) = hi(MF fog0r). On the other
hand, we have W¢([Z]) = (g0 h)1(MF fog0n) by definition. This completes the proof since such
classes [Z] span Ky, (Y), so they also span M(Y') over M(K). O

2.4 Motivic vanishing cycles for stacks

2.4.1 Assumptions on the stack. From now on, we assume that 2 is an algebraic stack
over K that is Nisnevich locally a quotient stack in the sense of §2.2.4.

Note that this assumption is weaker than that in Ben-Bassat, Brav, Bussi and Joyce
[BBBB™ 15, §5], where the stack was assumed to be Zariski locally a quotient stack.

2.4.2 Theorem. Let 2 be as in §2.4.1, and let f: Z'— Al be a morphism. Write 2y =
f~X0). Then there is a unique M(K)-linear map

Wy () — N2,

called the nearby cycle map of f, such that for any K-variety Y and any smooth morphism
g: Y = Z we have a commutative diagram

v [vres (2.4.2.1)

where the right-hand map is defined in § 2.5.5.
We then define the vanishing cycle map of f to be the map

Op=U;—iloi*: M(Z) — MA(20),
where i: Xy — 2 and o M(20) —= MA(23) are the inclusions.
Proof. Let (j;: Zi; — Z)ier be a Nisnevich cover, where each Z; ~ [U;/G;], with U; an algebraic
space over K, acted on by a group G; ~ GL(n;) for some n;. Let m;: U; — Z; be the projection.
First, note that the condition on Wy implies that the same condition holds when Y is an

algebraic space, with the right-hand map in (2.4.2.1) defined in §2.3.4. This can be seen by
passing to a Nisnevich cover of Y by K-varieties, and applying Theorem 2.2.3 to this cover.

13
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To define the map ¥y, by Theorem 2.2.3 it is enough to define it on each Z;, and then verify
that they agree on overlaps. Let a € M(.2) be an element. We define the element ¥ (a) € MA(2%)
by giving its pullbacks ¥¢(a); = j; o ¥y(a) € Mﬂ(%’o) for each i, where 2 0= 2 x 2 Z0. The
condition on W forces

Vp(a)i=jioWs(a)=[Gi| ™" (m)rom} o ji o Ws(a)
=[G () 0 Wsgiom, o 7 05 (), (24.2.2)
where [G;] € M(K) is the class of G; and is invertible in M(K), and we applied (2.1.7.1) to m;,
using the fact that Gj is special. This shows that if the map Wy exists, then it is unique.

To check that the elements W¢(a); agree on overlaps, let 1,2 € I be two indices, and form the
pullback squares

U U, U
r r
W’l’J{ ﬁiJ{ l‘ﬂ'l
Uj —2 219 —25 23
r r ‘ (2.4.2.3)
jﬁ’l ]{J l]l
Uy —2 5 & —2 5

where U7, Uj, U” are algebraic spaces. We need to show that (75)*(V¢(a)1) = (51)* (¥ s(a)2). We
have

(72)" (¥ s (a)1)

=[Gi1]” ! (Jé)*o(ﬂl)'oquwlom (j1om)*(a)

=[G (7)o (55)" 0 Yojiom © (j10m)(a)

=[G (7)) O‘I’foglomoj” o (j1om ©j3)*(a)

=[G [Go] - ()i ()10 (75)* 0 W pojiomogy © (101 © j5) " (a)

g

=[G1]7" - [Ga] ! (mh o )1 0 W poj,omyojyomy © (1071 0 5 0 Th)*(a), (2.4.2.4)
where we applied (2.1.6.1) in the second step, Theorem 2.3.5 (ii) in the third and fifth steps,
and §2.1.7 in the fourth step. This expression is now symmetric in the indices 1 and 2, so the
element W¢(a) is well-defined.

It now remains to show that the map W satisfies the required condition. Let Y be a K-variety
and 7: Y — 2 a smooth morphism. For each i € I, write Y; =Y X 2 %Z;. Then (k;: Y; = Y);er is
a Nisnevich cover by algebraic spaces, and it suffices to show that

kiogtoWs=kioWs,o0g" (2.4.2.5)

for each ¢. Consider the diagram

Vi sy, — Y

oo . (2.4.2.6)
i © el

Q

Ui*>5[ *>5[

where all squares are pullback squares. In particular, p; is a principal G;-bundle. For any a €
M(Z"), we have

14
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kiog*oWs(a)
=9; (¥y(a)i)
=[Gi|™" gf o (mi)1 0 poj.0m, 0 (ji 0 m;)*(a)
[Gi) ™" (pi)io (9))* © ¥ ojom, © (ji o mi)* (a)
[Gi] ™ - (pi)r 0 ¥ pojiomiog; © (Ji 0 i © g7)" (a)

I
-

[Gi] ™1 (93)1 0 W fogoksop, © (g © ki o pi)*(a)
]—1

1

[Gi] ™ - (pi)ro P} © W fogor, © (g © ki)"(a)
= U pogor, 0 (9 0 ki)"(a)
=ki oV sog0g™(a), (2.4.2.7)
where we applied (2.1.6.1) in the third step, Theorem 2.3.5 (ii) in the fourth, sixth, and eighth
steps, and §2.1.7 in the seventh step. This proves the desired identity (2.4.2.5). O

2.4.3 The motivic Milnor fibre. Let 2 be asin §2.4.1, and let f: 2 — A' be a morphism.

Write 2o = f~1(0). The motivic Milnor fibre of f is the element

MF; = w;([2]) € NIF(27) |
When 2 is smooth, this is closely related to the construction of Ben-Bassat, Brav, Bussi and
Joyce [BBBBT15, §5.4], which we will further discuss and generalize in §2.5.4 below. The main
difference is that the latter construction starts from the critical locus of f instead of 2", and can
be generalized to stacks glued from such critical loci; it uses ®; instead of ¥, and introduces a
twist by a power of L'/2 to make gluing possible.

We relate this to the description of the motivic Milnor fibre for schemes in §2.3.2. Suppose
that we are given a resolution of f, which is a representable proper morphism 7: X = 2 such
that it restricts to an isomorphism on 7~1(2°\ 2p) and 7~!(2p) is a simple normal crossings
divisor in Z; in the sense that it is so after pulling back along smooth morphisms from schemes.
Let (&)ies be the family of irreducible components of 771(2p), and define &7 and £~IO for non-
empty I C J similarly to §2.3.2, where éN"IO carries a natural ji-action. We then claim that

~0

MF;= Y (-L)-1 & (2.4.3.1)
SF#ICT
Indeed, this can be shown by a similar argument to that used in the proof of Theorem 2.4.2, by
first passing to a Nisnevich cover by quotient stacks, then using the relation (2.1.7.1) to further
reduce to the case of algebraic spaces, and finally passing to a Nisnevich cover again to reduce
to the case of affine varieties.

2.4.4 Theorem. Let Z,% be algebraic stacks as in §2.4.1.

i) Let g: — 2 be a proper morphism, and f: Z— Al a morphism. Then we have the
g pbrop P s P
following commutative diagram.

~

M(%) —F— M(Z)
Ufog i\pf (2.4.4.1)

15
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(i) Let g: #— 2 be a smooth morphism, and f: 2 — A' a morphism. Then we have the
following commutative diagram.

qffl l@ fos (2.4.4.2)
MA (%) —— MA(%p)

In particular, we have MF o4 = g*(MF ).

Proof. For (i), we first restrict to the case when ¢ is representable. By Theorem 2.4.2, the map
U is determined by pullbacks along smooth morphisms from K-varieties to 27, so we may
assume that 2 is a K-variety and % is an algebraic space that is proper over 2. This case is
covered by Theorem 2.3.5 (i).

For the general case, similarly, we may assume that 2'= X is a K-variety. It suffices to show
that g1o Wsog([Z]) = ¥sogi([Z]) for smooth K-varieties Z mapping to %, as these classes span
M(%) over M(K). Since & is proper over X and has affine stabilizers, it has finite inertia, and
admits a coarse space my: #— Y by the Keel-Mori theorem [KM97, Con]. The morphism 7z is
a proper universal homeomorphism.

By Rydh’s compactification theorem for representable morphisms of Deligne-Mumford stacks
[Ryd, Theorem B], we may choose a relative compactification 2 of Z over % such that there is a
dense open immersion i: Z < Z and a proper representable morphism h: Z— % In particular,
% also has finite inertia, and admits a coarse space m: Z— Z, which can be seen as a relative
compactification of Z over Y. We have a commutative diagram

TZ

VA i

W
<= N

_

- (2.4.4.3)
N !
X

where g and h are the induced morphisms, and all morphisms except i are proper. It is then
enough to show that (1210 W ogon([Z]) = ¥ sz © (m21([2)), (2.4.4.4)

since the compatibility with pushing forward along h and go h is covered by the previous case.

We now apply Bergh-Rydh’s divisorialification theorem [BR19, Theorem A] to a desingu-
larization of the pair (2, 2\ Z) (see, for example, [EV98]), which gives a representable proper
morphism Z— 2 that is an isomorphism on the preimage of Z, such that 2\ Z = 2 is a simple
normal crossings divisor on Z, with smooth irreducible components &; C Z, and for each x € Z,
writing I, = {i € I | x € Z;}, étale locally around z, one has 2~ [;c; [A!/pn,] X Ad=1 where
d=dim Z, each u,, acts on A! by scaling, and Z; corresponds to the locus where the ith factor
is zero; the number n; is the order of the generic stabilizer of %;.

From now on, we assume that 2= Z, since, again, pushing forward along the representable
morphism Z— 2 and the corresponding morphism of coarse spaces is already dealt with.
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Now, choose a resolution 7: %— % for the morphism Z— A!, which is a composition of
blow-ups along smooth centres. Then Z still has the same local description as before. The local
description implies that the coarse space of f»’:‘”, denoted by Z , is a smooth algebraic space, and
can be seen as a resolution for the morphism Z — Al.

For each i €1, let 9; CZ be the strict transform of 2;, which is a smooth divisor, and let
(6" Ca@”) jeJ be the family of irreducible components of Q’b Then, by construction, all the divisors

Z;, & CZ have simple normal crossings, and % \ Uic I@ is an algebraic space. Let D;, E; C Z
be the corresponding divisors in the coarse spaces. For I' C I, write 9 = Nicrr i and D =
ﬂz‘e I .@i, with the convention that Z5 = Zand .@@ =% Then each 921/ can be seen as a resolution
for the morphism 25 — Al. By §2.4.3, we have

(72)10 W ogon([Z]) = > (=)' (7)1 0 W ogon([21])

rcr
=S ) S - 8 g
I'cl g#£J'CJ
— Z (1-L)'I= 1[ \U@]
@#J'CJ i€l
S AT
@#J' CJ iel

— 0, o (ro)(Z)).

where the second last step used the fact that each @5}) \ Uie I@i is an algebraic space.

For (ii), similarly, the case when g is representable follows from Theorem 2.3.5 (ii). For the
general case, we may assume that 2" is a K-variety. Since W ¢, is determined by pullbacks along
smooth morphisms from schemes to %, we can also assume that % is a K-variety, and the result
follows from Theorem 2.3.5 (ii).

The final statement follows from applying (ii) to the element [27] € M(2). O

2.4.5 Remark. The length of the proof of Theorem 2.4.4 is primarily due to the case of
pushing forward along proper morphisms that are not necessarily representable. We will indeed
need this general case in the proof of one of our main results, Theorem 4.1.1, where g will be
taken to be a weighted blow-up in the sense of §4.1.2.

2.5 The motivic Behrend function

2.5.1 Shifted symplectic and d-critical stacks. Let X be a (—1)-shifted symplectic stack over
K (see §1.6.1), and let 2= X be its classical truncation. Assume that 2 is an algebraic stack
over K.

Ben-Bassat, Brav, Bussi and Joyce [BBBB'15, §3.3] define a d-critical structure on 2~
induced from the shifted symplectic structure on X, so that 2" is a d-critical stack. See BBBB™15
and Joyce [Joyl15] for the precise definitions. For our purposes, it suffices to know the following
properties:

(i) For a smooth K-variety U and a morphism f: U — Al the critical locus Crit(f) C U carries
a canonical d-critical structure.

(ii) d-critical structures can be pulled back along smooth morphisms of algebraic stacks
over K.

17
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(iii) If a K-scheme X carries a d-critical structure, then it can be covered by open subschemes
called critical charts, each of which, with the induced d-critical structure, has the form
Crit(f) as in (i). We denote such a critical chart by i: Crit(f) — X.

2.5.2 Orientations. Let X be an s-shifted symplectic stack over K, where s is odd. An
orientation of X is a line bundle K 316/ 2 X, together with an isomorphism (K 316/ 2)®2 ~ Ky, where
K% is the canonical bundle of X, defined as the determinant line bundle of the cotangent complex
of X.

Note the unfortunate clash of terminology with the unrelated notion of orientations in the
sense of Pantev, Toén, Vaquié and Vezzosi [PTVV13, Definition 2.4]. The latter notion will not
be used in this paper except in the proof of Theorem 3.1.6.

Now let s = —1, and let 2" be the associated d-critical stack of X, as in §2.5.1. Ben-Bassat,
Brav, Bussi and Joyce [BBBB115, Theorem 3.18] show that the restriction Kx|g+a is deter-
mined by the d-critical structure on 2, where 279 is the reduction of 2". We denote this
restriction simply by K ¢, and call it the canonical bundle of the d-critical stack 2 . Similarly, as
in [BBBB ™15, Definition 3.6], an orientation of a d-critical stack 2" is a line bundle K;K/-Q — gred)
together with an isomorphism (K %2)‘82 ~ K 4.

1/2

The d-critical scheme Crit(f) in §2.5.1 (i) has a canonical orientation given by K v =

Ku|crit(fyrea-
By [Joyl5, Lemma 2.58], for a smooth morphism g: #— 2 of d-critical stacks, compatible

with the d-critical structures, an orientation K %2 of 2" induces an orientation of % given by

K% = g* (K% ® det Loy g]grea.

2.5.3 Definition for schemes. Let X be an oriented d-critical K-scheme. Its motivic Behrend
function V3°" € MA(X) is defined by the following property:

— For any critical chart i: Crit(f) < X, where f: U — A! and U is a smooth K-variety, we
have

() = —L U2 ((U]) - T (% (K3?) @ K cninyren) s (2.5.3.1)

in MA(Crit(f)), where ®¢ is the vanishing cycle map defined in §2.3.3, and ®([U]) is
supported on Crit(f). The map T is as in §2.1.11, and the part inside Y(---) is a line
bundle on Crit(f)™d whose square is trivial, so it can be seen as a pp-bundle.

This is well-defined, from the result of Bussi, Joyce and Meinhardt [BJM19, Theorem 5.10].
For X as above, and a smooth morphism ¢: Y — X of relative dimension d, where Y is
equipped with the induced oriented d-critical structure, we have the relation

gF (o) =LU2 . et (2.5.3.2)
which follows from [BBBB* 15, Theorem 5.14].

2.5.4 Definition for stacks. Let %2 be an oriented d-critical stack over K, and assume that
Z is Nisnevich locally a quotient stack in the sense of §2.2.4.

We define the motivic Behrend function of 2, slightly generalizing the construction of Ben-
Bassat, Brav, Bussi and Joyce [BBBB'15, Theorem 5.14], who only considered stacks that are
Zariski locally quotient stacks.
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THEOREM. Let 2 be as above. Then there exists a unique element
vyt e MA(2),

called the motivic Behrend function of %2, such that for any K-variety Y and any smooth
morphism f:Y — % of relative dimension d, we have

f ( mot) ]Ld/2 Vmot (2541)
in 1\71“( Y'), where Y is equipped with the induced oriented d-critical structure.
In particular, we write V3" = v'3°" if the d-critical structure on 2" comes from a (—1)-shifted

symplectic stack X with 3&”_ X

Proof. We first show that the theorem holds when 2= X is an algebraic space. Indeed, this fol-
lows formally from Theorem 2.2.3 and the relation (2.5.3.2) for schemes, since X has a Nisnevich
cover by affine varieties.

Also note that if the element v°" exists, then the relation (2.5.4.1) must also hold for smooth
morphisms from algebraic spaces Y to Z’, by passing to a Nisnevich cover of Y by affine varieties.

Now, the proof of [BBBB" 15, Theorem 5.14] can be repeated word-for-word to show that
the theorem is true when 2~ [S/G| is a quotient stack, where S is an algebraic space over K
and G = GL(n) for some n.

For the general case, let (j;: Z; < 2 );cr be a Nisnevich cover by quotient stacks. The con-
dition on »%°" means that j;(v3°") —Vi}gf‘)t for all 7. We show that the elements l/i’?}Ot agree
on overlaps. Indeed, let 1,2 €I be two indices, and let 272 = 21 X o Z2. Then 279 is also
a quotient stack, so the theorem holds for 27 . Let ji: 272 — Z; be the projections, where
i=1,2. Then we have (j)*(v mOt) = 1/3}0'“ for i =1, 2, since the left-hand side satisfies the char-
acterizing property of VmOt By Theorem 2.2.3, it then follows that the elements VmOt for

i1 €I glue to a unique element V"ggﬁ"t, and a standard argument verifies that it satlsﬁes the

relation (2.5.4.1). O

2.5.5 Compatibility with smooth pullbacks. We now show that the smooth pullback relation
(2.5.4.1) holds for all smooth morphisms of d-critical stacks.

THEOREM. Let X2, % be oriented d-critical stacks over K that are Nisnevich locally quotient
stacks, and let f: % — 2 be a smooth morphism of relative dimension d which is compatible
with the oriented d-critical structures. Then we have the relation

FHRet)y =142 . ymot (2.5.5.1)

Proof. Tt is straightforward to verify that the element L=%2 . f *(V3°") satisfies the characterizing
property of v5°". O

2.5.6 The numerical Behrend function. Let 2 be an algebraic stack over K that is
Nisnevich locally a quotient stack, equipped with an oriented d-critical structure. The Behrend
function of 2 is the constructible function

vy =x(v3") € CF(Z),

where x denotes taking the pointwise Euler characteristic, as in §2.1.9.
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In fact, one can still define vy even if 2 is only étale locally a quotient stack, and without
the orientability assumption. Indeed, the relation (2.5.5.1) implies that the numerical Behrend
function is compatible with smooth morphisms preserving the d-critical structure (not necessarily
orientations), up to a sign (—1)?, where d is the relative dimension. This is because changing
the orientation only affects the term Y(---) in (2.5.3.1), which always has Euler characteristic 1,
and the sign is due to the fact that X(Ll/z) = —1. Now, to define v, one can pass to a smooth
cover of 2" by K-varieties, and apply smooth descent of constructible functions.

When K = C, the Behrend function v 4 agrees with the original definitions of Behrend [Beh09]
and Joyce and Song [JS12, §4.1]. This follows from the compatibility of both versions with
smooth pullbacks, namely Theorem 2.5.5 and [JS12, Theorem 4.3], and the case of critical loci
on smooth varieties, which follows from [DL02, Theorem 3.10] and [JS12, Theorem 4.7].

3. Graded and filtered points

We discuss the stack of graded points and the stack of filtered points of algebraic stacks and
derived algebraic stacks, following Halpern-Leistner [HLa22], and study their interactions with
shifted symplectic structures. Then, in § 3.2, we give local descriptions of these stacks using étale
covers of the original stack by quotient stacks.

3.1 Definition and deformation theory

3.1.1 Definition. Let 2 be an algebraic stack over K. Following Halpern-Leistner [HLa22],
we define the stack of graded points and the stack of filtered points of X, respectively, as the
mapping stacks over K,

Grad(Z") =Map([*/Gn], Z),
Filt(2") = Map([A'/G], 2,

where Gy, acts on Al by scaling.
Consider the morphisms

— T

1 G, [+/Gu] p& (A /Gl % «

where pr is induced by the projection A! — %. These morphisms induce morphisms of stacks

tot

evo

o» (. Grad(2) <g—:> Filt(Z) —= &

evy

where the notation ‘op’, ‘gr’, ‘sf’, and ‘tot’ is used for the opposite graded point, the associated
graded point, the split filtration, and the total point, respectively.

The stacks Grad(2") and Filt(.2") are algebraic stacks over K. If, moreover, 2" has affine
stabilizers, then so do Grad(%2") and Filt(.2"), and, by [HLa22, Lemma 1.3.8], the morphism gr
is quasi-compact, and induces a bijection mo(Filt(2")) = mo(Grad(Z)).
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3.1.2 The derived version. Now, consider a derived algebraic stack X over K. Similarly, we
can consider the derived mapping stacks

dGrad(X) = dMap([*/Gn], X),
dFilt(%) = dMap([A'/G,,], X),

where dMap(—, —) denotes the mapping stack in the oo-category of derived stacks. These
are again derived algebraic stacks over K, by Halpern-Leistner and Preygel [HLP23, Theorem
5.1.1] or Halpern-Leistner [HLb21, Theorem 1.2.1]. Moreover, they are locally finitely presented
whenever X is, by an argument similar to that in [HLP23, §5.1.5].

We use the same notation (gr, evy, etc.,) as in §3.1.1 for the induced morphisms between
these derived stacks.

We often write Grad(X), Filt(X) for dGrad(X), dFilt(X) when there is no ambiguity. We adopt
the convention that Grad(Z2") and Filt(2") refer to the classical versions when 2" is assumed to
be classical, and the derived versions otherwise.

Note that for a classical algebraic stack 27, the stacks dGrad(Z") and dFilt(Z") can
have non-trivial derived structure. See [HLb21, Example 1.6.4] for an example of this phe-
nomenon. However, we always have dGrad(2")q ~ Grad(Z") and dFilt(Z2")q ~ Filt(Z"), where
(—)c denotes the classical truncation. More generally, by [HLa22, Lemma 1.2.1], for a derived
algebraic stack X, we have dGrad(X)q ~ Grad(X.) and dFilt(X)q ~ Filt(Xq).

3.1.3 For quotient stacks. Let 2= [U/G] be a quotient stack, where U is an algebraic space
over K, acted on by a reductive group G. The stacks of graded and filtered points of 2" can be
described very explicitly, following Halpern-Leistner [HLa22, §1.4].

Let A: G, — G be a cocharacter, that is, a morphism of algebraic groups. Define the Lewvi
subgroup and the parabolic subgroup of G associated to A by

Ly={g€G|g=At)gAt)™" for all t},
Py={geqG| %in(l) A(t) g M) ™! exists},
—
respectively. Define the fized locus and the attractor associated to A by
UM = Map®=(x, U),
UMt =Map® (A", U),
where MapG’"(—, —) denotes the Gy,-equivariant mapping space; Gy, acts on U via A, and on
A'! by scaling. These are algebraic spaces by Drinfeld and Gaitsgory [DG14, Proposition 1.3.4
and Theorem 1.5.2] or Halpern-Leistner [HLa22, Proposition 1.4.1]. There is a closed immersion
UM < U, an unramified morphism UM — U given by evaluation at 1, and an affine morphism
UM — UM given by evaluation at 0.

The G-action on U induces a Py-action on UMT and an Ly-action on UMY, Moreover, by
[HLa22, Theorem 1.4.8], we have

Grad(2)~ [[ [©UM/L,
A G —G

Filt(2)~ [[ [©wM/P,
A G—G

where the disjoint union is over all conjugacy classes of cocharacters A.
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3.1.4 Deformation theory. For a derived algebraic stack X locally of finite presentation
over K, one can express the tangent complexes of Grad(X) and Filt(X) in terms of that of X.
Concretely, by Halpern-Leistner and Preygel [HLP23, Proposition 5.1.10] or Halpern-Leistner
[HLa22, Lemma 1.2.2], we have

Taraa(x) = tot™ (Tx)o, (3.1.4.1)

Trig(x) = g« 0 ev™ (Tx), (3.1.4.2)

where (—)o denotes the weight 0 part with respect to the natural Gy-action, ev: [Al/Gy,] x
Filt(X) — X is the evaluation morphism, and ¢: [A!/Gy,] x Filt(X) — Filt(X) is the projection.

3.1.5 Oriented Lagrangian correspondences. Let X and ) be oriented s-shifted symplectic
stacks over K, as in §2.5.2, where s is odd, and let

xl e %y (3.1.5.1)

be an s-shifted Lagrangian correspondence, in the sense of [CHS22, § 2.4]. We thus have an exact
triangle

of perfect complexes on £. An orientation of the shifted Lagrangian correspondence (3.1.5.1) is

an isomorphism K¢ ~ f*(K 316/ 2) ® g*(K%/ 2) such that it squares to the canonical isomorphism
K3? ~ f*(Kx) ® g*(Ky) induced by the exact triangle (3.1.5.2).

3.1.6 Theorem. Let X be an s-shifted symplectic stack over K, with symplectic form w.
Then we have an induced s-shifted symplectic structure tot*(w) on Grad(X), and an s-shifted
Lagrangian correspondence

Grad(X) <= Filt(%) 25 x . (3.1.6.1)
Moreover, if s is odd and X has an orientation K31€/2a then Grad(X) has an induced orientation
K(l;/rid(ae)v and the Lagrangian correspondence is oriented.

Proof. The stacks Grad(X) and Filt(X) are derived algebraic stacks locally of finite presentation
over K, as mentioned in §3.1.1.

To prove that (3.1.6.1) is an s-shifted Lagrangian correspondence, by Calaque [Call5,
Theorem 4.8] it is enough to show that the cospan

[/ Gr] = [A1/Gr] — # (3.1.6.2)

is a 0-oriented cospan, in the sense of [Call5, §4.2] and [CHS22, §2.5]. Indeed, * carries a natural
O-orientation, and the O-orientation on [#/Gy] is given by the isomorphism RI'(0, g, 1) = K.
To see that this is indeed a 0-orientation, we check the condition in [PTVV13, Definition 2.4].
For Ae CdgAE0 and a perfect complex &€ Perf(Spec A x [*/Gy,]), one has p,(&Y)Y ~p.(&) on
Spec A, where p: Spec A X [*/Gp] — Spec A is the projection, since both sides are the weight 0
part of the induced Gy,-action on 7*(&’), where m: Spec A — Spec A x [x/Gy,] is the projection.

To see that (3.1.6.2) is a 0O-oriented cospan, we check the condition in [CHS22, Lemma
2.5.5]. For any A € CdgAE0 and &¢ Perf(Spec A x [A!/G,]), we need to show that the induced
commutative diagram
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4x(&) — p. 0 0%(&)

J, J (3.1.6.3)

14(&) —— (&)Y

in Perf(A) is cartesian, where p and ¢ are the projections from Spec A X [*/Gy,] and Spec A x
[A'/G] to Spec A, respectively. Indeed, as in Halpern-Leistner [HLb21, Proposition 1.1.2 ff.],
such an object & can be seen as a filtered object in Perf(A), that is, a sequence of maps

---—>E>1—)E>Q—)E>,1—)-'-

in Perf(A), where all but finitely many arrows are isomorphisms, such that E>, =0 for n>> 0.
Write E, = cofib(E>,41 — E>y), and write E = colim,,—, _oc E>y,. Then 0°(&) ~ ,, E\, with the
natural G,-action having weight n on E,,. One can deduce from [HLb21, Proposition 1.1.2 ff.]
that we have natural identifications

where E¢o = cofib(E>1 — E), and the arrows in the diagram (3.1.6.3) are the natural ones. This
implies that (3.1.6.3) is cartesian.
For the final statement, observe that
tot*(Kx) ~ det(tot*(Lx)?) ® det(tot*(Lx) ") ® det(tot™ (Lx) ™)
~ KGrad(x) @ det(tot*(Lx) ") ® det((tot*(Lx) )Y [~s])
~ K(rad(x) @ det(tot*(Lx) )2,
where (—)°, (—)*, (=)~ denote the parts with zero, positive, and negative weights, respectively,

with respect to the natural Gp-action. Therefore, we may define

Kéﬁd(x> = tot” (Ky/*) @ det (tot* (Lx) ") ™", (3.1.6.4)

and this gives an orientation on Grad(X). To see that the s-shifted Lagrangian correspondence
is oriented, consider the cartesian diagram

Tritex) — 8" (Taraa(x))

l r l (3.1.6.5)

evi(Tx) — Lpigx)[s]

in Perf(Filt(X)), witnessing the s-shifted Lagrangian correspondence structure. Write
&=ev*(Tx), where ev: [Al/Gy,] x Filt(X) — X is the evaluation morphism. As in the argument
above, & can be seen as a filtered object in Perf(Filt(X)), and the terms in (3.1.6.5) can be iden-

tified with E>o, Eo, E, and Ego, respectively. In particular, one has Kpjj(x) ~ gr*(Ké/rid(x)) &

evy (K;/Q), as both sides can be identified with det(E>o)~!. O

See also Kinjo, Park and Safronov [KPS24, Corollary 3.18] for a more detailed proof of the
first part of this theorem.
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3.1.7 Lemma Let X be an s-shifted symplectic stack over K. Then we have an isomorphism

st*(Tritg(x)) =~ op™ o st™ (Lpie(x)[5])
of perfect complexes on Grad(X).

Proof. By Halpern-Leistner [HLa22, Lemma 1.2.3], we have sf*(Tpjq(x)) =~ tot*(Tx)>0, where
(—)>0 denotes taking the part with non-negative weights with respect to the natural Gy,-
action. Consequently, we have op* o sf*(Tgyy(x)) =~ tot*(Tx)<o. Its dual shifted by s becomes
tot™(Lx[s]) >0 ~ tot™(Tx) 0. O

3.2 Local structure

3.2.1 We now study the stacks of graded and filtered points of algebraic stacks admitting
étale covers by quotient stacks in the sense of §§2.2.4 and 2.2.5, and give local descriptions of
these stacks using such étale covers.

3.2.2 Theorem. Let Z be an algebraic stack over K, and let (Z; — X )icr be a representable
étale cover, where each Z; ~[S;/G;], with S; an algebraic space over K, and G; a reductive group.
Then there are commutative diagrams

[SM/Lip] «— [S}F/Pis] —— [Si/Gil

l . l l (3.2.2.1)

Grad(¥) «2— Filt(¥) —— &

where all vertical arrows are representable and étale, \: Gy — G; is a cocharacter, and the
left-hand square is a pullback square. Moreover, the families

(1S°/L; 2] — Grad(2))
(IS} /Pis] — Filt(2))

i€l, A: Gm—Gy”

i€l, A: GG,
are representable étale covers of Grad(Z) and Filt(Z"), respectively.

Proof. By Halpern-Leistner [HLa22, Corollary 1.1.7], we have Grad(.2;) = Grad(2") x o~ Z; for
all i. Therefore, the family (Grad(%Z;) — Grad(Z"))ers is a representable étale cover of Grad(Z").
By Lemma 3.2.4 below, the family (Filt(2;)— Filt(:2")):cr is a representable étale cover of
Filt(2"). The rest of the theorem follows from the description of Grad(.2;) and Filt(.2;) in
§3.1.3. That the left-hand square in (3.2.2.1) is a pullback square follows from Lemma 3.2.4
below. ]

3.2.3 Al-action retracts. We define a notion of Al-action retracts for algebraic stacks, which
are A'-deformation retracts that also give rise to Al-actions. This will help us to prove Lemma
3.2.4 below.

More precisely, for a morphism 7: #— 2 of algebraic stacks, the structure of an A'-action
retract consists of a monoid action r: A! x #— %, a section s: 2 — % of 7, and an equivalence
7(0, —) ~ s o 7. Here, the monoid structure on A! is given by multiplication, and we note that
a monoid action requires extra coherence data. We say that 7 is an Al-action retract if such a
structure exists.
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3.2.4 Lemma. Let Z,% be algebraic stacks over K with affine stabilizers, and let f: #— X
be an étale morphism. Then there is a pullback diagram as follows.

Filt(¥%) — Filt()
grl r lgr (3.2.4.1)
Grad(¥) — Grad(Z)

Proof. By Halpern-Leistner [HLa22, Proposition 1.3.1], the horizontal arrows in (3.2.4.1) are
étale, and by [HLa22, Lemma 1.3.8], the vertical arrows are Al-action retracts. In particular, the
induced morphism Filt(#) — Filt(.2") X Graa(2) Grad(#) is étale, and both sides are A'-action
retracts onto Grad(%/), so they are isomorphic by Lemma 3.2.5 below. O

3.2.5 Lemma. Let Z,%,%5 be algebraic stacks over K, and let

% — Z

N

be a commutative diagram such that p; and py are Al-action retracts and f is A'-equivariant
and étale. Then f is an isomorphism.

Proof. Tt is enough to show that f is representable and bijective. Choose a point y € %(K), and
form the pullback diagram

!

U—"— %
f’i ; J(f

AIL?Q

where g is given by g(t)=t-y. Then % admits an A'-action retract to a point, and f’ is
Al-equivariant and étale. It is enough to show that f’ is an isomorphism.

The morphism f’ is surjective since its image is a Gy,-equivariant open subset of A! containing
0, and hence all of A!. Let u € % (K) be a point such that f’(u)=1. Then the map h: Al = %
given by h(t) =t - u is a section of f’, and hence is also étale. Moreover, such a point u is unique,
since another point u/ with f’(u/) =1 would give a section h': A' — % with h/(t)=t-u/, but h
and h’ agree on an open neighbourhood of 0, and hence everywhere. It follows that f’ is bijective
on K-points, and it is enough to show that % is an algebraic space.

Consider the fibre product V = Al x h b A, which is an algebraic space. Then V also admits
an Al-action retract to a point, and the projection f”: V — Al to either factor is étale and Al-
equivariant. Repeating the above argument with V in place of %, we see that f” is bijective
on K-points, and hence an isomorphism. It follows that K-points of % cannot have non-trivial
automorphisms. O

This lemma is based on a joint piece of work [BHLINK25] with D. Halpern-Leistner, A.
Ibanez Nunez, and T. Kinjo, and is an improvement of a similar result in a previous version of
this paper.
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4. The main results

We now present the main results of this paper, in three different versions. First, in §4.1, we prove
a local version of the main theorem, using the theory of motivic nearby and vanishing cycles for
stacks developed in §2.4. Then, in §4.2, we glue the local versions together to prove the global
version of our main result, Theorem 4.2.2. Finally, in §4.3, we take Euler characteristics in the
main identity, and obtain integral identities involving the numerical Behrend functions.

4.1 The local version
4.1.1 Theorem. Suppose that we are given the following data:

— A finite-dimensional Gy, -representation V over K. Let
V-

be the decomposition into weight spaces. Write Vo = @.o Vi

— A K-variety U acted on by Gy, and a Gy -equivariant étale morphism v: U — V. Write
U =US for the fized locus, and Ut =Map®= (AL, U) for the attractor as in § 3.1.3. For
a point ug € U%(K), write

U+(u0):{u€U‘%i£{1)t-u:uo}

for the fibre of the limit map UT — U° at ug. We have a canonical isomorphism U™ (ug) ~ V.
by Lemma 3.2.5.

— A G -invariant function f: U — Al with f(ug)=0.

Then we have the identities

[ oD@ =L (0] o), (41.1.1)
ueU (ug)

[ @wpe =1 ey ) (411.2)
ueU (uo)

Moreover, these hold as identities in MA(UY), where we vary ug € U°.

This theorem can be seen as a generalization of the integral identity conjectured by
Kontsevich and Soibelman [KS08, Conjecture 4], and proved by Lé [Lél5], who restricted to
the case when the Gp-action on V' only has weights —1, 0, and 1. Compare also Joyce and Song
[JS12, Theorem 5.11], where a similar identity involving Euler characteristics is proved, with the
same restriction on the weights.

The rest of this subsection is devoted to the proof of Theorem 4.1.1. In the following, we
first provide preliminaries on weighted projective spaces and weighted blow-ups, and prove some
preparatory results. Then, in Lemma 4.1.8, we establish a weaker version of the theorem, using
the theory of motivic nearby cycles for stacks developed in § 2.4. Finally, in §4.1.9, we show that
the weaker version implies the stronger version.

4.1.2 Weighted projective spaces. Let V be a finite-dimensional G,-representation over K,
with only positive weights. The weighted projective space of V is the quotient stack

PV) =[(VA{0})/Gum] -
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This is a proper Deligne-Mumford stack over K, since we have the identification
dim V

rv) /11 u] ,
k=1

where P(V') is the usual projective space, and, using a basis of eigenvectors of V', each ny is the

weight of the kth coordinate and p,, acts by scaling the kth coordinate.

By §2.1.7, the motive of YP(V) is given by
. - ]LdirnV -1
ME(V) =

and is independent of the choice of weights on V.
We also consider the coarse space “VP(V') of YIP(V'), which is given by

YP(V) =Proj K[V],

where K[V] is the free polynomial algebra on V', with Z-grading given by the weights of V. It is
an integral, normal, projective K-variety.

VP(V) ~

(4.1.2.1)

4.1.3 Weighted blow-ups. Let V be a finite-dimensional Gy,-representation over K, with
only positive weights. Let U be a smooth K-scheme and Uy C U a reduced closed subscheme,
and let p: U — V be a smooth morphism such that Uy = p~1(0).

Define the weighted blow-up of U along Uy, with weights given by those of V', as the quotient
stack

“Bly, (U) = [{(t,v,u) € A x (V\{0}) x Ulp(u) =t - v}/Gul,

where t - (—) denotes the Gp,-action naturally extended to ¢ € A', and G, acts with weight —1
on A, with the given weights on V, and trivially on U. Note that we have an isomorphism
WBIU0 (U) ~U Xy WBI{O} (V)

The natural projection ¥Bly, (U) — U is proper. It restricts to an isomorphism over U \ U,
and has fibres WP(V') over points in Up. In particular, we have the relation

- LdimV -1

["Bly, (U)] = I_1 [Uo] + [U\ Uo] (4.1.3.1)

of motives on U.

4.1.4 Lemma. Let U be a separated algebraic space of finite type over K, acted on by a torus
T ~ G}, for some n, such that points in U have finite stabilizers. Let &= [U/T) be the quotient
stack.

Then Z admits a coarse space w: X — X which is a proper universal homeomorphism, and
we have an isomorphism

m= (")t M(2) = M(X) . (4.1.4.1)
A similar statement holds for MA(.Z).
Proof. Since U is separated, the inertia £y is a closed substack of H x %2 for some finite group
H C T, and is thus finite over 2. It then follows from the Keel-Mori theorem [Con, KM97] that
Z admits a coarse space w: 2 — X and that « is a proper universal homeomorphism.

To prove (4.1.4.1), stratifying U by locally closed subspaces with constant stabilizers, we may
assume that all points in U have the same stabilizers H C T', so that X ~U/(T/H). To show
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that m o n* =1id, it is enough to show that, for any K-variety Z and any morphism ¢g: Z — X,
we have [2]=[Z] in M(X), where 2= [Z xx 2. Writing V = Z x x U, we have % ~ [V/T]
and Z~V/(T/H), so that [2'] = (L — 1)~4m7T . [V] = [Z], where we used the fact that T/H is
a torus of the same dimension as T'. A similar argument shows that 7* o m =id. O

4.1.5 Lemma. In the situation of Theorem 4.1.1, the locus in U where the morphism
preserves Gy, -stabilizers is open.

Proof. For each n>1, let ¢, € G, (K) be a primitive nth root of unity. It is enough to show
that the locus of w € U such that (,-u#wu and ¢({, - u) =¢(u) is closed. The latter condition
is equivalent to t(u) € V), where V(;,y =@.cy Vin C V. Write Uy, = L_l(‘/(n)), which is étale
over V), with a uy-action on its fibres, induced from the Gy-action on U. The locus where this
action is trivial is open in U(,), proving the claim. O

4.1.6 Lemma. In the situation of Theorem J.1.1, suppose that U is affine, and ¢ preserves
G -stabilizers and sends closed Gy, -orbits to closed Gy -orbits. Then the affine GIT quotient
U /|Gy, is normal.

Proof. By Alper [Alp13, Theorem 5.1], since ¢ is étale and preserves Gy,-stabilizers, the induced
morphism : U//Gy, — V /Gy, is étale at [u] € (U)/Gp)(K) for points u € U(K) such that the
Gu-orbits of u and ¢(u) are closed. By the assumption on closed orbits, it is enough to require
that the Gp-orbit of u is closed. Since every S-equivalence class in U contains a closed orbit,
the morphism 7 is étale, and it is enough to check that V /Gy, is normal. This follows from a
standard fact in toric geometry, as in Cox, Little and Schenck [CLS11, Theorem 1.3.5], since
V /|Gy ~ Spec K[S] for a saturated submonoid S ¢ Z4™V, O

4.1.7 Lemma. Let f: X =Y be a morphism of integral K-varieties. If f is bijective on
K-points and Y is normal, then f is an isomorphism.

Proof. By generic flatness and generic reducedness, f is flat over a dense open subset U CY
with fibres SpecK, and hence étale, hence an isomorphism f~1(U) = U. It follows that f is
birational. Now, a version of Zariski’s main theorem [Gro, IV-3, Corollary 8.12.10] implies that
f is an open immersion, and hence an isomorphism. [l

4.1.8 Lemma In the situation of Theorem 4.1.1, write V_ =@, o Vi, and for a point ug €
UY(K), consider the repeller

U_(uo):{uEU}tliglot-u:uo},

defined in the same way as U™ (ug) for the opposite Gy,-action on U.
Then we have the identity

/‘I’f([U])(U)— /‘I’f([U])(U)Z(LdimV*—Ldimv)"I’f([UO])(Uo)- (4.1.8.1)
ueU (uo) uelU~ (uo)

Moreover, this holds as an identity of monodromic motives on U°, where we vary ug € U°.

Proof. Since U is smooth, by Sumihiro [Sum74, Corollary 2|, U admits a Gy,-invariant affine
open cover. We may thus assume that U is affine. Moreover, we apply this result whenever we
shrink U, so we may assume that U is affine and connected throughout the proof.
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Write U™, U~ for the attractor and repeller of the G,-action on U. By Halpern-Leistner
[HLa22, Propositions 1.3.1 and 1.3.2], the morphism U+ — /= }(V, x Vj) is étale and a closed
immersion, and hence an open immersion. We may thus remove the closed subsets ¢! (V x
Vo)\U™T and +=1(V_ x V) \ U~ from U, and assume that U* =~ (V4 x V). The morphism ¢
now sends closed Gy,-orbits to closed Gy,-orbits.

By Lemma 4.1.5, we may also assume that ¢ preserves Gy,-stabilizers, by replacing U with a
Gp-invariant open neighbourhood of Uo.

Let Us =U\ U, and let Ul =U"\ U° C Ug. Consider the weighted blow-up

ot Ug ="Bly: (Us) — Us,

with weight k along the V_g-direction for k > 0, and write fe = f omg. Explicitly, as in §4.1.3,
we may write

We ={(t,v-,u) € Al x (V- \{0}) x Usl(u)- =71 -v_},
Us = [We/Gul,

where ((u)_ is the projection of +(u) to V_, and Gy, acts on Wg by s- (t,v_,u) = (s~ 1t,s7*
v_,u). Note that Wy is smooth over A x (V_\ {0}), and hence over K. For any u € UZ, by
Theorem 2.4.4 (i), we have

—‘I’f([ ol)(w)
=T (["P(V2) x US]+ [Us \ UZ]) ()
= ("P(V2)] = 1) - @4 ([UZ]) (w) + ¥ ¢ ([Us]) (w)
LdimV, -1
B ( L-1 1) - ([US]) () + W ([U]) (u), (4.1.8.2)

and this holds as an identity of monodromic motives on Uér .
Define p*: UJ — U° by p*(u) =limy_ot-u. Then f(u)= f(pT(u)) for all w€ UZ, and by
Theorem 2.3.5 (ii), we have
U ([UZ])(w) = U4 ([U°) (0" (u)) (4.1.8.3)

for all u e Ug . Again, this holds as an identity of monodromic motives on Ug , where the right-
hand side means (p™)* o ¥ ;([UY]).
Now, consider the quotient stack

Us=[Ws/G2), (4.1.8.4)

where G2, acts on Wg by (s1,82) - (t,v-,u) = (s7't,s7 89 - v_, 89 -u). There is, by definition, a
principal Gy-bundle 7 : U@ — Us. There is a morphism fs: Us — Al induced by f@
Let U//Gyy, be the affine GIT quotient, and consider the reduced closed subscheme

UCVP(Vy) x VP(V2) x (U//Gm)

consisting of points ([¢(u)+], [t(u)-], [u]) and ([v4], [v-], [uo]) for u € U, vy € VL \ {0}, and ug €
U°. There is a morphism f: U — A! induced by f.
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Consider the projection 7¢: Us — U given by (t,v_,u)+— ([t(u)+], [v_], [u]). One can check
that fibres of the composition Wg — U are single G2 -orbits. We thus have an induced morphism
We//G2, = U, which is an isomorphism by Lemma 4.1.7. Here, we used the fact that U is normal
by Lemma 4.1.6, and the fact that Wg is integral since it is smooth and connected. In other
words, the morphism 7 is a coarse space map. In particular, it is proper by Lemma 4.1.4.

Since the projection 7g : 0@ — Ug is smooth and 7 is proper, by Theorem 2.4.4 and Lemma
4.1.4, for any u € UZ and [v_] € VP(V_), we have

U (O)0, v u)) = ¥ ([Ta])([0, v, u))
— ([0 ()], [o-], [p* (), (4.1.85)

where [u] = [pT(u)] in U//Gy,. Moreover, this holds as an identity of monodromic motives on
VP(V_) x UZ.
Combining (4.1.8.2), (4.1.8.3), and (4.1.8.5), we obtain the identity

[v_]evB(V_)
]Ldim Vo 1 0 N
- ) W UDe" @), (4.1.8.6)
where u € U and [v_] € YP(V_). Integrating over u € U (ug) \ {uo}, we obtain
/ V([UD(uw) = (L —-1)- / VA ([ON([o], [o-], [uo])
ueU* (uo)\{uo} (o4l -DEVP(Va)xP(V-)

) dim V_ __
LAy ). (1 _ u> (U (ug).  (4.1.8.7)

Subtracting the analogous identity for integrating over U_(ug) \ {uo}, we arrive at the desired
identity (4.1.8.1). O

4.1.9 Proof of Theorem 4.1.1. Consider the Gy,-representation V/ =V x Al with the G-
action on V as given, and on A! by scaling. Let U’ =U x A!, with the Gy-action on U as
given, and on A! by scaling, and let f’ = f opr;: U’ — Al, where pry: U’ — U is the projection.
Let uf, = (ug, 0) € U =U° x {0}. By Theorem 2.3.5 (i), we have U ([U’]) = pr} o¥;([U]), and
similarly, U ¢ ([U"]) = pr} o¥ ¢([UY]).

Applying Lemma 4.1.8 to this new set of data, and simplifying the expression by the
observations above, we obtain

L- /‘I’f([U])(u)— /‘I’f([U])(U)Z(LdimV+H—Ldimv‘)"l’f([Uo])(UO)-
uweU (uo) uweU~ (uo)

Subtracting the original identity (4.1.8.1) from this, and dividing by I — 1, we obtain the desired
identity (4.1.1.1).
Finally, (4.1.1.2) follows from (4.1.1.1) by the definition of ®;. O
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4.2 The global version

4.2.1 Assumptions on the stack. In the following, we assume that X is an oriented (—1)-
shifted symplectic stack over K, with classical truncation 2= X.

We assume that 2" is an algebraic stack that is Nisnevich locally fundamental in the sense
of §2.2.4. For example, as in §2.2.5, this is satisfied if 2~ admits a good moduli space, or can be
covered by open substacks with good moduli spaces.

4.2.2 Theorem. Let X, Z be as in §4.2.1. Consider the (—1)-shifted Lagrangian
correspondence

Grad(X) <= Filt(%) <% x (4.2.2.1)
given by Theorem 3.1.6. Then we have the identity

gry o evi(VEoh) = [ vdim Filt(X)/2 . Vglf;d(x) (4.2.2.2)

in MA(Grad(2)), where vdim Filt(X) is the virtual dimension of Filt(X), seen as a function
mo(Grad(X)) ~ mo(Filt(X)) — Z.

We will prove the theorem in two steps. First, in Lemma 4.2.3, we show that the theorem holds
for a stack if it holds for a Nisnevich cover of the stack, reducing it to the case of fundamental
stacks. Then, we deduce the case of fundamental stacks from the local version, Theorem 4.1.1.

4.2.3 Lemma. Let X, 2 be as in §4.2.1. Let (Z; — 2 )icr be a Nisnevich cover, and write
X;=Zi x2X, with the induced (—1)-shifted symplectic structure and orientation. Then, if
Theorem 4.2.2 holds for each X;, it holds for X.

Proof. For each 7, consider the diagram

Grad(Z;) & Filb(Z;) —— &

l n l l (4.2.3.1)

Grad(Z) <= Filt(¥) &

where the left-hand square is a pullback square by Lemma 3.2.4. Therefore, there is a
commutative diagram

N (Grad(2;)) &8 NAFilN(2;)) « NIA(;)

I I I (4.2.3.2)

M (Grad(2)) &5 NAFIlN()) 0 NA(E)

where the vertical maps are the pullback maps.

By Halpern-Leistner [HLa22, Corollary 1.1.7], we have Grad(.2;) = Grad(2") x o %; for all
i. Therefore, the family (Grad(Z%;) — Grad(Z"));cr is a Nisnevich cover. By Theorem 2.2.3, it is
enough to check the identity (4.2.2.2) after pulling back to each Grad(Z;). But this follows from
the identity (4.2.2.2) for each .27, the commutativity of (4.2.3.2), the relation (2.5.5.1) establish-
ing the compatibility of the motivic Behrend function with smooth pullbacks, and the fact that
the rank of the tangent complex of Filt(X;) agrees with that of Filt(X) on the corresponding
components, which follows from (3.1.4.2). O
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4.2.4 Lemma. Suppose we have a pullback diagram of d-critical stacks

f’l - lf (4.2.4.1)

where all morphisms are smooth and compatible with the d-critical structures.

Let K1/2 — 2 and K1/2 — % be orientations, not necessarily compatible with f. Let K 4
2" and KI/2 — %' be the orientations induced by K%Q and Kaly/ , respectively, as in § 2.5.2.
Then we h(we

g oM (K% @ f*(K,?) @ det(Layp) ") = T(KY @ f*(K,M) @ det(Layjp) ") (4.2.4.2)

mn Mﬂ(@’), where Y is the map from §2.1.11, and the parts in Y(---) are line bundles with
trivial square, and can be seen as ug-bundles.

1/2

Proof. These line bundles have trivial square by Joyce [Joy15, Lemma 2.58]. We have
g (K} @ 1*(K,'%) @ det(Lays) )
~q (KW) © f*og* (K,?) @ det(y *(Lyya)) ™
~ Kl/ & det(L@//g) & f,*( _1/2) ® f/* o det(L%//y) & det(L@//%/) 1
01(}//2 ® (K, K\ ) @ det(Lyrg)~"
and applying T gives the desired identity. O

4.2.5 Proof of Theorem 4.2.2. By Lemma 4.2.3, we may assume that 2 is fundamental. Let
2~ [S/G], where S is an affine K-variety, and G = GL(n) for some n. The classical truncation
of the correspondence (4.2.2.1) can be written as

[T s I 9 /m =15/
A Gn—G A Gn—G

with notation as in §3.1.3. The assumption on G implies that all the groups L) and Py are
special groups.

We fix a cocharacter A\: Gy, — G, and prove the identity on the component [S*F/Py]. We
may assume that SM # @.

By Joyce [Joyl5, Remark 2.47], shrinking S if necessary, we may assume that there exists
a smooth affine K-scheme U acted on by G, and a G-invariant function f: U — A!, such that
4 is isomorphic as a d-critical stack to the critical locus [Crit(f)/G], and S ~ Crit(f). We now
have the following commutative diagram.

L VA —— (425.1)
[UM/L)] «—— [UM /P —= [U/G]

Let 0 € SM be a K-point, and let V = Ty|o be the tangent space. Consider the G,-actions on
U and V via the cocharacter A\. By Luna [Lun73, Lemma in § II1.1], shrinking U if necessary, we
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may choose a Gp,-equivariant étale morphism ¢: U — V such that ¢+(0) =0. Applying Theorem
4.1.1 gives the identity

proi* o ®([U]) =LYV . &, ([UM)), (4.2.5.2)

where Vﬁ C V is the subspace where G, acts with positive weights. Note that ®;(U) is supported
on S by its definition. Let Ké/ ? be the orientation of the d-critical scheme S induced from that
of X. One computes that

gr o eVl(VE?Ot)
=[P grom o (1)  oevi(vy™)
= [P/\]_l -7r9 oproi* o (VEer)

:LdimG’/Q . [P)\]_l . 7_‘_!0 opro i*(nglOt)

— _dimG/2—=dimV/2 [P)\]—l '7T!0 o oi*((bf([U]) ) T(Kl/z ® K= 1‘ ))
_ _LdimG/2—dimV/2 . [P)\]_l .

W![)op!(i*oi'f([ E i*on’*oT(Kl/2®K_/G]|x))
__LdimG/QfdimV/Q [P)\] 1,

7o pi(i* 0 ®p([U]) - (1) o evi o Y (KY* @ Kl ] 2))
7LdimG/2—dimV/2 [P)\] 1

m opi(i* o ®f([U]) - (") ogro T(Ké/rid(x> @ Ko lisvo/2.1))
_ . dimG/2—dimV/2 [Pt
% * * 1/2 —
m opi(i* 0 @ ([U]) - p* o (x°) OT(KG/rad( ) ® Ko lisrosra)
_]LdimG/QfdimV/Z [P)\] 1

m (proi® o ®p([U]) - (7°)" o T(Ky ) ® Kighayrls20/2))
— _ . dim G/2—dim V/24+dim V} | [P)\]_l

* 1/2 —
T (@([UM) - ()" 0 Y (K lmaey @ Kighoyiyliso/24))
_ . dim G/2—dim V/2+dim v [P)\]_l

a2 (@ ([UM]) - YKL © Kilolso))

— [ dim G/2—dim V/2+dim V} —dim V3} /2 | [ )\] 1, 7T|0 (Vénxog)

:L(dim G—dim Ly)/2+(dim V} —dim V2)/2 | [P/\]_l . 71-0 ° (71'0) (Vglfatd( ))

_ 1,(dim G—dim Ly)/2+(dim V} —dim V) /2 | [P ] - [Ly] - VGrad(ae)

_ L(dlm V)—dimV2>)/2 Vglf;d(x) )

Here, the first step uses (2.1.7.1); the third uses (2.5.4.1); the fourth uses (2.5.3.1); the fifth
uses Lemma 4.2.4, where the morphism f there is taken to be an isomorphism; the seventh uses
the fact that the shifted Lagrangian correspondence (4.2.2.1) is oriented, and the fact that the
orientation for Grad([Crit(f)/G]) induced by the canonical one Kjy/q is given by Kiyro/r,);
the ninth uses (2.1.6.2); the tenth is the key step, and uses (4.2.5.2); the eleventh is analogous
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to the fifth; the twelfth uses (2.5.3.1) again; the thirteenth uses (2.5.4.1) again; the fourteenth
uses (2.1.7.1) again; and the final step uses the relation [Py] = [L,] - L(dim G—dim Lx)/2

Finally, we verify that vdim Filt*(X) = dim V}* — dim V?, where Filt*(X) C Filt(X) is the open
and closed substack corresponding to the cocharacter . Indeed, let X’ = [Crit(f)/G] as a derived
critical locus, with the natural (—1)-shifted symplectic structure, so X/, ~ 2. For z € SM(K),
by Lemma 3.1.7, one has

Tank(LFilt*(as) |2) = rank(! (LFilt*(as) |2) — rank(! (LFﬂrA(x) |z)

= rank[! (LFilt*(%) |2) — rank(®! (LFﬂt—*( ) |z)

= rank(Lpjjer (21 ]2): (4.2.5.3)
where rank®!l = dim H® — dim H'. We have a presentation
Ly|z >~ (g — Tuls — Luls — ¢") (4.2.5.4)

with degrees in [—2, 1], where g is the Lie algebra of G. By Halpern-Leistner [HLa22, Lemma
1.2.3], we have sf*(Lpjje» (x)) = tot* (Lx ) <o, where (—)<o denotes the part of non-positive weights
with respect to the natural Gy-action. This now gives

Liiier (2l e = (P — Ton- o — Lot |e — b)), (4.2.5.5)

where p) is the Lie algebra of Py, and —\ is the opposite cocharacter of X\. Note that dim Py =
dim P_, and that dim UM =dim V + dim V. It follows that vdim Filt(X), which is equal to
the rank of (4.2.5.5) by (4.2.5.3), is dim V — dim V2. O

4.3 The numerical version

4.3.1 Assumptions on the stack. In the following, we assume that X is a (—1)-shifted sym-
plectic stack over K, with classical truncation 2= X.. Note that we no longer assume that X
is oriented.

We assume that 2 is an algebraic stack that is étale locally fundamental in the sense of
§2.2.4. For example, as mentioned in §2.2.5, this is satisfied if 2~ has affine stabilizers and has
reductive stabilizers at closed points.

4.3.2 For a graded point v € Grad(Z)(K), write

P (1) = ([+/Gn] _x  Fil(2)) \ {sf(n)},
Grad(Z")
where the map [x/Gy,] — Grad(Z) is given by the tautological Gy,-action on 7. The K-point
sf(7) is closed in the fibre product, which can be seen from the étale local description in Theorem
3.2.2, and {sf(y)} denotes the corresponding closed substack. The space P(gr~1(v)) can be seen
as the projectivized space of filtrations of a given associated graded point.

As a remark, as mentioned in the proof of Lemma 3.2.4, the morphism gr is an Al-action
retract, so the fibre gr=!(y) = Spec(K) X Grad(2) Filt(Z) is an Al-action retract to the point
sf(7). The stack P(gr—'(v)) is the quotient of gr=1(v) \ {sf(y)} by the G-action which is part
of this Al-action.

4.3.3 Theorem Let X, 2 be as in §4.3.1. Let v € Grad(Z)(K) be a graded point, and let
~ =op(y) be its opposite graded point.
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Then we have the numerical identities

v (tot(7)) = (_1)rank[°’”(LFm<sx>\sf<w>)—raﬂk[°‘”(LFnc(%)\sf(a)) Varad(2) ()5 (4.3.3.1)
voenie)d- [ vrten(o) dx
pEP(gr=1(v)) pEP(gr=1(%))
= (dim H (Lpie(2)lst()) — dim HY (Lpig () lse5))) - v (b08(7)), (4.3.3.2)

where rank!®! = dim H? — dim H.
This theorem is a generalization of Joyce and Song [JS12, Theorem 5.11], who considered
the case when Z" is the moduli stack of objects in a 3-Calabi—Yau abelian category.

4.3.4 Proof of Theorem 4.3.3. By a similar argument as in the proof of Lemma 4.2.3,
passing to a representable étale cover of 2™ by fundamental stacks, which induces representable
étale covers of Grad(Z") and Filt(2") by Theorem 3.2.2, it is enough to prove the theorem when
2~ [S/G] is fundamental, where S is an affine K-scheme acted on by a reductive group G. Here,
we are using étale descent for constructible functions, instead of Nisnevich descent for rings of
motives.

As in §4.2.5, shrinking S if necessary, we may assume that there exists a smooth affine K-
scheme U acted on by G, and a G-invariant function f: U — A!, such that .2 is isomorphic as a
d-critical stack to the critical locus [Crit(f)/G]. Now, 2" comes with a natural orientation, and
the motivic Behrend function v%°" is defined.

Applying Theorem 4.2.2, then evaluating the Euler characteristics at v, we obtain the
identity

/ va(evi(p)) dx = (=1)" " ) vaay (7) - (4.3.4.1)

pegr=(v)
Let ¢ =sf(7y). Then the left-hand side of (4.3.4.1) is equal to va{evi(po)) =rva(tot(y)), since
the integrand is Gp-invariant and ¢q is in the closure of all Gy,-orbits. Also, by Lemma 3.1.7,
we have
vdim,, Filt(X) = I‘ank[o’”LFﬂt(%) lst(y) — rank[o’l]]LFﬂt(gg) lst(5) - (4.3.4.2)

This verifies (4.3.3.1).
For (4.3.3.2), apply Theorem 4.2.2 again, then take the difference of the evaluations at v and
7. This gives the identity

L-n-| [ - [ ento)
peP(gr=1(v)) peP(gr=1(%))
_‘_LdimHl(LGrad(%')"y) . (L—dim H' Loy lse)) L—dim Hl(LFilt(%)ISf(’V))) 'V;?Ot(tot(’)/))
= (Lraﬂk(LFuux)lsf(w))/? _ L—rank(LFa1c<x>\sfm))/Q) ) Vglf;d(x)(w (4.3.4.3)

of monodromic motives over K. Here, we used the fact that the stabilizer group G, of v in
gr=1(7) is special and has motive L4™ & | since G, is a subgroup of the fibre of the projection
P, — L), and can be obtained by repeated extensions of G,. All of this can be seen by, for
example, equivariantly embedding S into an affine space with a linear G-action.
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Starting from (4.3.4.3), we divide both sides by I — 1, and then take the Euler characteristic,
which sets L'/2 to —1. We then apply the identity (4.3.3.1) to convert Varad(2) () to va{tot(y)).
This gives the desired identity (4.3.3.2).
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