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The Abelian Chern-Simons theory is considered on a cylindrical spacetime R ×D, in a not necessarily
flat Lorentzian background. As in the flat bulk case with planar boundary, we find that also on the radial
boundary of a curved background a Kaç-Moody algebra exists, with the same central charge as in the flat
case, which henceforth depends neither on the bulk metric nor on the geometry of the boundary. The
holographically induced theory on the 2D boundary is topologically protected, in the sense that it describes
a Luttinger liquid, no matter which the bulk metric is. The main result of this paper is that a remnant of the
3D bulk theory resides in the chiral velocity of the edge modes, which is not a constant like in the flat bulk
case, but it is local, depending on the determinant of the induced metric on the boundary. This result may
provide a theoretical framework for the recently observed accelerated chiral bosons on the edge of some
Hall systems.
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I. INTRODUCTION

Topological field theories (TFT) represent a paradig-
matic example of how boundaries may be relevant in
quantum field theory. In fact TFT are characterized by
the defining property of having global observables only,
and not local. This means that the word “observable” in this
context is a kind of oxymoron, being of geometrical, rather
than physical, nature. Examples are the number of handles
or genus of the manifold on which the TFT are built, or the
classifications of all possible knots compatible with that
particular manifold. These results are quite important, and
motivated the great interest in the community of theoretical
physicists which arose on TFT after a couple of seminal
papers at the end of the eighties of the past century [1,2],
where problems typical of mathematics and mathematical
physics were for the first time successfully faced by
quantum field theory methods. On the other hand, the fact
that TFT have vanishing energy-momentum tensor, hence
vanishing energy density and, above all, vanishing
Hamiltonian, justified as well the colder attitude of the

larger part of less formal physicists toward TFT. The
introduction of boundaries in TFT drastically changed this
scenario. One of the first, and still more important,
examples has been the classification of all known rational
conformal field theories (CFTs), obtained by the introduc-
tion of a boundary in 3D1 topological Chern-Simons (CS)
theory [3]. In that case, the boundary is a circle on a flat
bulk 3D manifold. Later, the introduction of a boundary in
TFT gave a field theoretical predictive description of the
edge modes of the fractional quantum Hall effect (FQHE)
[4–8] and of another kind of topological state of matter, the
topological insulators, both in 3D and 4D [9–12], which are
fermionic, despite the fact that the bulk degrees of freedom
(DOF) are bosonic [13,14]. In particular, the CS coupling
constant has been found to be tightly related to the filling
factor of FQHE [15] and to the central charge of the Kaç-
Moody (KM) algebras [16,17] formed by conserved
currents on the edge of CS theory [18–20]. Similarly,
another class of TFT, the BF models [21–25], which can be
defined on any spacetime dimensions, have been found to
describe the bulk theory of the topological insulators
[26,27]. Hence, the introduction of a boundary in TFT is
the only way to give local, physical and measurable
observables to theories which otherwise show “only”
formal interest [28–30], and major results have been
achieved in condensed matter theory, mainly. Particularly
interesting is the formulation of a quantum field theory with
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boundary developed by Symanzik in [31] for the descrip-
tion of the Casimir effect, which is the textbook example of
the physical consequences of the presence of a boundary. It
is instructive and interesting to remind how a boundary can
be introduced à la Symanzik in a field theory: the presence
of a boundary manifests itself as a “separation” condition
on the propagators of the theory, which vanish if computed
on points lying on opposite parts of the boundary [32,33].
In Symanzik’s case, the bulk theory was not topological,
and consequences of the presence of the boundary have
been studied also in non-TFT [34–38]. One of these, which
motivated this work, is the dependence of the boundary
physics on the bulk manifold. This paper is particularly
concerned with the consequences of the results to con-
densed matter theory, where, usually, all measurable
quantities, like for instance filling factors and velocities
of the edge modes, have been obtained for flat bulk
manifolds, with planar, or radial (in the case of CS on a
disk [39] for instance), boundary. Experiments are pushing
theoretical investigations, since recently (see Sec. IV for
more details) accelerated chiral bosons have been observed
on the edge of some particular Hall systems, which cannot
be explained by the usual flat Chern-Simons with boundary
paradigm. Similar experimental evidence is currently
sought in the other relevant topological states of matter,
i.e., the topological insulators. Hopefully, the procedure
described in our paper might be applied to that case as well,
using as a bulk theory BF instead of Chern-Simons. In all
the cases we mentioned above, the lower dimensional edge
dynamics depends on the bulk only through its parameters,
and the details of the bulk manifold are somehow hidden by
the particular flat choice. It appears interesting and rea-
sonable to ask if, how and where the details of the metric
reveal themselves in the edge observables, to see which are
the quantities depending on the bulk metric and, maybe
even more interestingly, which are the physical quantities
really universal, or topologically protected. The paper is
organized as follows. In Sec. II the CS theory on a
cylindrical spacetime R ×D, in a not necessarily flat
Lorentzian background is introduced, and the equations
of motion (EOMs), together with the most general boun-
dary conditions (BC) are derived. We find the Ward
identity, broken by the boundary, and we study the
existence of a KM algebra, with constant and positive
central charge. In Sec. III we derive the 2D theory,
holographically induced on the boundary of the 3D CS
theory. The holographic contact is imposed, which relates
the parameters of the edge theory to the bulk ones. The
dependence on the bulk through the induced metric on the
boundary is discussed. Our concluding remarks are sum-
marized in Sec. IV.

A. Notations and conventions

In this paper wewill make use of the following notations,
concerning indices and coordinates

μ; ν; ρ;… ¼ f0; 1; 2g ¼ ft; r; θg
i; j; k;… ¼ f0; 2g ¼ ft; θg; ð1:1Þ

x ¼ ðx0; x1; x2Þ ¼ ðt; r; θÞ on the 3Dbulk ð1:2Þ

X ¼ ðx0; x2Þ ¼ ðt; θÞ on the 2Dboundary r ¼ R: ð1:3Þ

The Levi-Civita tensor ϵμνρðxÞ is written in terms of the
Levi-Civita symbol ϵ̃μνρ (taken with the usual normaliza-
tion ϵ̃012 ¼ 1) as

ϵμνρðxÞ ¼ ϵ̃μνρffiffiffiffiffiffiffiffiffiffiffiffi
−gðxÞp ; ð1:4Þ

where gðxÞ is the determinant of the metric tensor gμνðxÞ
with Lorentzian signature. The scalar Dirac delta function
δðnÞðx − x0Þ is written in terms of the flat Dirac delta
δ̃ðnÞðx − x0Þ, which is a scalar density, in the following
way [40]

δðnÞðx − x0Þ ¼ δ̃ðnÞðx − x0Þffiffiffiffiffiffi−gp ; ð1:5Þ

with g≡ gðxÞ, acting on a test function fðxÞ as follows
Z

dnx
ffiffiffiffiffiffi
−g

p
δðnÞðx − x0ÞfðxÞ

¼
Z

dnxδ̃ðnÞðx − x0ÞfðxÞ ¼ fðx0Þ: ð1:6Þ

Hence, the functional derivative of a generic dual vector
field VμðxÞ is the (1,1) tensor

δVμðxÞ
δVνðx0Þ

¼ δνμδ
ðnÞðx − x0Þ: ð1:7Þ

It is convenient to work in Gaussian normal coordinates
(GNC), where the line element takes the form

ds2 ¼ gμνðxÞdxμdxν ¼ dr2 þ γijðxÞdXidXj: ð1:8Þ

The adoption of the GNC is particularly useful for calcu-
lations in situations where one is given a hypersurface S, i.e.,
an (n − 1)-dimensional embedded submanifold of the
n-dimensional manifold M [41]. In the case treated in this
paper, being M diffeomorphic to a cylinder M ≃R ×D,
this choice is the most natural one, since it immediately
provides the induced metric on the boundary. The GNC are
characterized by the presence of one coordinate (the one
normal to the hypersurface, in our case r) such that grr ¼ 1
and the off-diagonal terms vanish: grt ¼ grθ ¼ 0 [42]. These
are three extra conditions which might be seen (as in [43]
p. 284, and [44] Eq. (13.4)) as “gauge conditions” on the
metric, corresponding to the threefold coordinate freedom
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xμ → x0μ ¼ x0μðxÞ. Simple examples of GNC are the
Cartesian coordinates on Minkowski space, or polar coor-
dinates in Euclidean 2 and 3-space, or the Robertson-Walker
coordinates used in cosmology [43]. Using these coordi-
nates, the determinant of the induced metric on the boundary

γijðXÞ ¼
∂xμ
∂Xi

∂xν
∂Xj gμνðxÞ; ð1:9Þ

is (see (D.30) of [43])

ffiffiffiffiffiffi
−γ

p ¼ ffiffiffiffiffiffi
−g

p
; ð1:10Þ

which, in particular, holds on the boundary r ¼ R. Lastly, in
curved spacetime the Heaviside step distribution is a scalar,
and its derivative, as in flat spacetime, is (see the Appendix)

∇μθðR − rÞ ¼ −nμ
ffiffiffiffiffiffi−γp
ffiffiffiffiffiffi−gp δðR − rÞ ¼ −δrμδðR − rÞ; ð1:11Þ

where in the last equality we used the property (1.10) of
GNC, for which the fractional prefactor is equal to one and
the unit normal vector is nμ ¼ δrμ.

II. CS WITH BOUNDARY AT r =R

A. The action

We consider the Abelian 3D CS theory on a cylindrical
spacetimeR ×D, where the model is confined to the closed
subspace 0 ≤ r ≤ R. This is achieved by introducing a
Heaviside step distribution θðR − rÞ in the action. The CS
bulk term is then

Sbulk ¼
κ

2

Z
d3xθðR − rÞϵ̃μνρAμ∂νAρ. ð2:1Þ

We remark that although the coupling constant κ could be
reabsorbed by a redefinition of the fields, it is useful to
leave it explicit, in order to keep track of the contributions
of the bulk theory to the physics of the boundary. Moreover,
since the CS theory, being topological, has vanishing
energy momentum tensor, there is no constraint on the
sign of κ from requiring a positive energy density. Still, κ
should be a positive constant, as we shall see later. The
gauge fixing term is chosen to be

Sgf ¼
Z

d3x
ffiffiffiffiffiffi
−g

p
θðR − rÞbnμAμ; ð2:2Þ

where nμ ¼ ð0; 1; 0Þ is a unit vector. The field bðxÞ is the
Nakanishi-Lautrup Lagrange multiplier [45,46] which
implements the radial gauge choice

δS
δb

¼ nμAμ ¼ Ar ¼ 0: ð2:3Þ

The choice of the radial gauge-fixing Ar ¼ 0 is analogous
to the choice of the GNC (1.8). Both are the most
convenient choices in presence of the boundary r ¼ R:
the latter on the metric gμνðxÞ and corresponds to the
reparametrization invariance and the former on the gauge
field AμðxÞ and comes from gauge invariance. Both trans-
formations (ordinary gauge symmetry and diffeomorphism
invariance) are broken by the boundary. And, in both cases,
physical results should not depend on them. For instance,
the KM algebra on the boundary of CS theory has been
shown to exist, for flat spacetime, both in covariant [18] and
axial [19] gauge. We expect that the results contained in this
paper can be obtained also without using GNC. We do not
know of an analogous calculation done elsewhere, and
certainly it would be interesting to check this guess.
External sources are coupled to the AμðxÞ field, through
the term

Sext ¼
Z

d3x
ffiffiffiffiffiffi
−g

p
θðR − rÞJμAμ: ð2:4Þ

In addition, the presence of a boundary induces an extra
term in the action, as the most general boundary term
compatible with power counting:

Sbd ¼
Z

d3x
ffiffiffiffiffiffi
−g

p
δðr − RÞ 1

2
TijAiAj; ð2:5Þ

where Tij ¼ Tji is a symmetric matrix. Notice that in a
curved spacetime all the coefficients appearing in the action
may depend on the metric, which is dimensionless, and
hence on the coordinates, but only through the metric. In
particular, Tij in Sbd might depend implicitly on the
coordinates Tij ¼ TijðγðXÞÞ, where γðXÞ is the induced
metric. An explicit dependence of Tij on the coordinates
“outside” the induced metric ðTij ¼ TijðγðXÞ;XÞÞ is for-
bidden, since in the flat limit Tij should reduce to a constant
symmetric matrix: TijðγðXÞÞjγij¼ηij ¼ Tij. Concerning the
lower-dimensional term Sbd (2.5), we follow [31], where
Symanzik added an analogous term to the bulk action in
order to implement the boundary conditions by means of
the action principle. While Symanzik imposes boundary
conditions and then sees which is the boundary term in
the action which implements them, we generalize that
approach not imposing any boundary condition a priori,
but writing the most general boundary term, compatible
with locality and power counting, to find out which are the
most general boundary conditions compatible with it. A
similar boundary term appears also in [47] [Eq. (3.2)] for
CS theory. In both cases, the main reason is to provide, by
means of the modified EOM, the most general boundary
conditions which need to be fixed. The introduction of such
a local functional allows us to introduce the boundary
conditions in a systematic way by means of a variational
principle, and not by hand. Another way to see this, is to
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think about what happens in general relativity, where the
Einstein-Hilbert action is not invariant under general
coordinate transformations, and the Gibbons-Hawking
term needs to be added. In a similar way, here the presence
of the boundary spoils the gauge invariance of the CS
action. The boundary term must only satisfy the general
requirements of power counting and locality. Gauge invari-
ance and/or residual 2D covariance must not be required on
it, otherwise, one would not recover the boundary dynamics
which characterizes TFT (see for instance [47], where the
prescription of introducing a noncovariant boundary term
∝
R
∂Y TrA1A2 is adopted in order to get consistent boun-

dary conditions). Under this respect, an analogy can be
done with massive gravity, where non-Lorentz invariant
terms are proposed in order to generalize the standard
Fierz-Pauli theory [48–50]. Finally, the total action of the
theory, considering the bulk, gauge-fixing, external source
and boundary terms, is

S ¼ Sbulk þ Sgf þ Sext þ Sbd: ð2:6Þ

B. Equations of motion and boundary conditions

From the action S (2.6) we get the EOM

δS
δAλ

¼ θðR − rÞðκϵλμν∂μAν þ bnλ þ JλÞ

þ δðR − rÞδλj
�
κ

2
ϵi1j þ Tij

�
Ai ¼ 0: ð2:7Þ

Applying the operator limϵ→R

R
R
ϵ dr to the EOM (2.7), the

following BC can be derived

�
κ

2

ϵ̃1ijffiffiffiffiffiffi−gp þ Tij

�
Aj

����
r¼R

¼ 0: ð2:8Þ

In a more compact way, the BC can be written in matricial
form

MijAj ¼ 0; ð2:9Þ

where

M ¼
�

c1 c2 − κ̃

c2 þ κ̃ c3

�
; ð2:10Þ

having defined

c1 ≡ T00; c2 ≡ T02 ¼ T20; c3 ≡ T22 ð2:11Þ

and

κ̃ ≡ κ

2

ϵ̃012ffiffiffiffiffiffi−gp : ð2:12Þ

Even though in (2.12) the value of the 012-component of
the Levi-Civita symbol is ϵ̃012 ¼ 1, we choose to keep it
explicit, to enhance the fact that κ̃ðXÞ is a scalar, and not a
scalar density, as it would appear by hiding ϵ̃012. The most
general solution of the BC (2.9) which does not involve
vanishing components of the gauge field is

At þ vAθ ¼ 0; ð2:13Þ

where the coefficient vðXÞ in (2.13) must be different from
zero and is not constant, since it depends on the parameters
appearing in the action S (2.6) according to the following
relations

c1 ¼ 0; c2 ¼ κ̃; c3 ≠ 0; 2κ̃At þ c3Aθ ¼ 0⇒ v¼ c3
2κ̃

;

ð2:14Þ

c1 ≠ 0; c2¼−κ̃; c3¼ 0; c1At−2κ̃Aθ ¼ 0⇒ v¼−
2κ̃

c1
;

ð2:15Þ

c1 ≠ 0; c2 ≠�κ̃; c3 ≠ 0;

c1c3−c22þ κ̃2¼ 0;

8>><
>>:
c1Atþðc2− κ̃ÞAθ ¼ 0 ⇒ v¼ c2−κ̃

c1

or

ðc2þ κ̃ÞAtþc3Aθ ¼ 0 ⇒ v¼ c3
c2þκ̃ :

ð2:16Þ

The parameter v appearing in the boundary condition
(2.13) depends on ci (2.11), which are the components
of the boundary parameter Tij appearing in Sbd (2.5), and
on κ̃ (2.12). Hence, v may depend on the coordinates
through the induced metric γij and on its determinant γ
(which in GNC is equal to g). No explicit dependence on
the coordinates X ¼ ft; θg is possible because, as we said,
in the flat limit Tij should be constant. The boundary
condition (2.13) is of the same type of that derived in [51]
by an action principle, in analogy to our approach. The
difference is that in [51] the analogue of the matrix Tij is
constant, which can be obtained after a rescaling by

ffiffiffiffiffiffi−gp
.

As a consequence, the parameter v appearing in the
boundary condition in [51] is constant. In other words, it
is always possible to rescale v to a constant by means of a
coordinate choice. The main goal of this paper, as we shall
see, is that we will be able to relate the parameter v to a
measurable quantity, which is the velocity of the chiral edge
modes. For this reason we do not rescale v to an arbitrary
constant value, but we let v to be determined by a
phenomenological input. It is important not to rescale v
to a constant value in order to be able to account for
accelerated chiral bosons on the edge of certain Hall
systems, as we shall see, which are not explained by a
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constant v. This is an important point, which concerns two
different perspectives. Our approach is the same to the
Abelian CS description of the Hall systems. From a pure
field theoretical point of view, Abelian CS model is a free
theory, with no coupling constant, for the simple reason that
it can be reabsorbed by a rescaling of the gauge field. It is
only the non-Abelian extension of CS theory which dis-
plays a true coupling constant. In condensed matter theory
the perspective is different, somehow opposite. The cou-
pling constants are not rescaled by field redefinitions, but
are fixed by external phenomenological inputs. This
reflects even in a different terminology. For instance, the
Abelian CS “coupling constant,” which is oxymoric in field
theory, is often called “CS level” by a condensed matter—
oriented reader, because it is fixed by its relation to the
filling factor of Landau levels: κ ¼ 1

2πν. In curved spacetime
the metric plays the role of a dynamical field, which we
treat exactly in the same way: we do not rescale the metric
by choosing a particular coordinates set, but we let the
parameter v to be constrained by the observed chiral
velocities of the edge modes. We have seen that v depends
on the induced metric and its determinant, and hence we
relate the induced metric (which depends on the bulk metric
of CS theory) to an observable quantity. And this is the only
way, so far, to take into account the observed accelerated
chiral velocities, which are not explained by a flat back-
ground of CS theory alone. If we were not interested in a
phenomenological interpretation of our model, we would
rescale κ to one and v to whatever value, including zero,
which would correspond to a Dirichlet condition on one
component of the gauge field.

C. Ward identity

The covariant derivative of the EOM (2.7) is

∇λ
δS
δAλ

¼ θðR − rÞ½κϵλμν∇λ∇μAν þ∇λðbnλÞ þ∇λJλ�

− δðR − rÞðκϵ1kj∂kAj þ bþ JrÞ ¼ 0; ð2:17Þ

where the BC (2.8) have been used to cancel the δðR − rÞ
term on the right-hand side (rhs) of (2.7). Noting that

ϵμνρ∇μ∇νAρ ¼ 0; ð2:18Þ

we find

θðR− rÞ∇λðbnλþJλÞ−δðR− rÞðκϵ1kj∂kAjþbþJrÞ¼ 0:

ð2:19Þ

Keeping in mind that the covariant divergence is

∇μVμ ¼ 1ffiffiffiffiffiffi−gp ∂μðVμ ffiffiffiffiffiffi
−g

p Þ ; ∇kVk ¼ 1ffiffiffiffiffiffi−gp ∂kðVk ffiffiffiffiffiffi
−g

p Þ;

ð2:20Þ

where we used (1.10) in the second identity, multiplying
(2.19) by

ffiffiffiffiffiffi−gp
and integrating along the coordinate normal

to the boundary, we get2

0 ¼
Z

∞

0

drθðR − rÞ½∂rðb
ffiffiffiffiffiffi
−g

p Þ þ ∂λðJλ
ffiffiffiffiffiffi
−g

p Þ� −
Z

∞

0

drδðR − rÞ½κϵ̃1kj∂kAj þ ðbþ JrÞ ffiffiffiffiffiffi
−g

p �

¼
Z

∞

0

drf∂r½θðR − rÞb ffiffiffiffiffiffi
−g

p � þ δðR − rÞb ffiffiffiffiffiffi
−g

p þ ∂λ½θðR − rÞJλ ffiffiffiffiffiffi
−g

p � þ δðR − rÞJr ffiffiffiffiffiffi
−g

p g

−
Z

∞

0

drδðR − rÞ½κϵ̃1kj∂kAj þ ðbþ =JrÞ ffiffiffiffiffiffi
−g

p �

¼
Z

∞

0

dr½θðR − rÞ∂kðJk
ffiffiffiffiffiffi
−g

p Þ − δðR − rÞκϵ̃1kj∂kAj� − ½ðbþ JrÞ ffiffiffiffiffiffi
−g

p �r¼0

¼
Z

∞

0

dr
ffiffiffiffiffiffi
−g

p ½θðR − rÞ∇kJk − δðR − rÞκϵ1kj∂kAj�; ð2:21Þ

where in the second line we integrated by parts and in the
third line we used the fact that, evaluating the EOM (2.7)
for λ ¼ r and then going at r ¼ 0, we have
½bðxÞ þ JrðxÞ�r¼0 ¼ 0. In fact, (2.7) at r ¼ 0 (λ ¼ r)
reads

½bþ Jr − 2κ̃ð∂θAt − ∂tAθÞ�r¼0 ¼ 0; ð2:22Þ

and we notice that AθðxÞ necessarily vanishes at r ¼ 0,
together with its time derivatives, while AtðxÞ, which in
principle might not vanish at r ¼ 0, at the origin must have
vanishing angular derivatives, in order to be well defined,

2Notice that in general for an integration along r we should use
the invariant measure

ffiffiffiffiffiffi
grr

p
dr in order to preserve the trans-

formation properties under diffeomorphisms, but grr ¼ 1 in
GNG (1.8).
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hence the result. Therefore, the contribution involving the
Lagrange multiplier and Jr cancel out, leaving only

Z
R

0

dr
ffiffiffiffiffiffi
−g

p ∇kJk ¼ κϵ̃1kj∂kAjjr¼R: ð2:23Þ

Equation (2.23) is the Ward identity of the theory, broken at
its rhs by the presence of the boundary. As we shall see, it
will be crucial for the determination of the boundary
algebra and of the 2D theory holographically induced on
the boundary. Notice that it holds for any bulk metric, and it
is simply the curved extension of its flat counterpart [52].
From (2.23), at vanishing external sources JkðxÞ ¼ 0 (i.e.,
going on-shell), we find

ϵ1kj∂kAjjr¼R;J¼0
¼ 0; ð2:24Þ

which describes a conserved current on the closed boun-
dary r ¼ R, whose most general solution is [53,54]

AiðXÞ ¼ ∂iΦðXÞ þ δi2C; ð2:25Þ

where C is a constant (which we will show shortly being
equal to zero), and ΦðXÞ is a scalar field that will play the
role of DOF of the 2D boundary theory. The components of
the gauge field on the boundary are then

Atðt;θÞ¼ ∂tΦðt;θÞ ; Aθðt;θÞ¼ ∂θΦðt;θÞþC: ð2:26Þ

Since we are considering a closed boundary, we also have
to impose periodicity conditions on the fields:

Aiðt;θÞ¼Aiðt;θþ2πÞ⇒Φðt;θÞ¼Φðt;θþ2πÞ: ð2:27Þ

The value of the constant C in (2.25) is found by applying
the mean value theorem for holomorphic functions, which
states that if f is analytic in a region D, and a ∈ D, then
fðaÞ ¼ 1

2π

H
CðaÞ f, where CðaÞ is a circle centered in a. In

our case (3D) taking for C the circular boundary r ¼ R
centered at r ¼ 0 allows us to write

I
ringR

AθðxÞ ¼ Φðt; θÞjθ¼2π
θ¼0 þ 2πC; ð2:28Þ

where we used the periodicity condition of the boundary
field ΦðXÞ (2.27). This is the value of the bulk field
at the center of the ring, and using the fact that
Aθðt; r ¼ 0; θÞ ¼ 0, we finally get

C ¼ 0: ð2:29Þ

D. Algebra

The generating functional of the connected Green
functions Zc½J� is defined, as usual, in the following way

eiZc½J� ¼
Z

DADbeiS½A;b;J�; ð2:30Þ

where S is the total action (2.6). From (2.30) we get the 1-
and 2-points Green functions

δZc½J�
δJiðxÞ

����
J¼0

¼ hAiðxÞi ð2:31Þ

δð2ÞZc½J�
δJiðxÞδJjðx0Þ

����
J¼0

≡ Δijðx; x0Þ ¼ ihTðAiðxÞAjðx0ÞÞi;

ð2:32Þ

where the time-ordered product is defined as

hTðAjðxÞAlðx0ÞÞi≡ θðt − t0ÞhAjðxÞAlðx0Þi
þ θðt0 − tÞhAlðx0ÞAjðxÞi: ð2:33Þ

The algebra is obtained by making the functional derivative
with respect to Jlðx0Þ of the Ward identity (2.23), and then
going on-shell, i.e., putting J ¼ 0:

δ

δJlðx0Þ
Z

R

0

dr
ffiffiffiffiffiffi
−g

p ∇x
kJ

kðxÞ¼κϵ̃1kj∂x
k

δð2ÞZc

δJlðx0ÞδJjðxÞ
����
r¼R;J¼0

:

ð2:34Þ

Therefore, the first step is to compute

δ

δJlðx0Þ∇
x
kJ

kðxÞ ¼ δ

δJlðx0Þ
�

1ffiffiffiffiffiffi−gp ∂x
kðJk

ffiffiffiffiffiffi
−g

p Þ
�

¼ 1ffiffiffiffiffiffi−gp ∂x
l δ̃

ð3Þðx − x0Þ; ð2:35Þ

where we used the relation (1.5) between the scalar and
density delta function and the fact of working in GNC
(1.10). Using (2.35) on the left-hand side (lhs) of (2.34), we
obtain

∂lδ̃
ð2ÞðX − X0Þ ¼ iκϵ̃1kj∂x

khTðAjðxÞAlðx0ÞÞijr¼R: ð2:36Þ

Choosing l ¼ θ in (2.36) we have:
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∂θδ̃
ð2ÞðX − X0Þ ¼ iκϵ̃1kj∂X

k ½θðt − t0ÞhAjðXÞAθðX0Þi þ θðt0 − tÞhAθðX0ÞAjðXÞi�
¼ iκϵ̃102ð∂tθðt − t0ÞÞðhAθðXÞAθðX0Þi − hAθðX0ÞAθðXÞiÞ
þ κϵ̃1kj½iθðt − t0Þh∂X

k AjðXÞAθðX0Þi þ iθðt0 − tÞhAθðX0Þ∂X
k AjðXÞi�; ð2:37Þ

where we used the on-shell condition (2.24). By defining

½AjðXÞ; AθðX0Þ�≡ hAjðXÞAθðX0Þi − hAθðX0ÞAjðXÞi; ð2:38Þ

we get

∂θδ̃
ð2ÞðX − X0Þ ¼ −iκϵ̃012ð∂tθðt − t0ÞÞ½AθðXÞ; AθðX0Þ�:

ð2:39Þ

Finally, integrating over time we find the equal time
commutator

ϵ̃012½AθðXÞ; AθðX0Þ�jt¼t0 ¼
i
κ
∂θδ̃ðθ − θ0Þ; ð2:40Þ

By applying the same procedure to the case l ¼ t of (2.36),
we find the equal time commutator

½AθðXÞ; AtðX0Þ�jt¼t0 ¼ 0: ð2:41Þ

Equation (2.40) represents an Abelian KM algebra identical
to the one found in the case of CS theory with planar
boundary in flat space. We see that the existence of a KM
algebra and its central charge depends neither on the bulk
metric nor on the details of the boundary. The central charge

c ¼ 1

κ
ð2:42Þ

must be positive (for the unitarity of the associated CFT
[55,56]), and for this reason the coupling constant of the CS
theory has to be positive as well

κ > 0: ð2:43Þ

Notice that this algebraic method is the only way to
determine the sign of the CS coupling constant, since this
theory, being topological, has vanishing stress-energy
tensor, and hence the usual argument based on the
positivity of the energy density cannot be applied here.

III. 2D BOUNDARY THEORY

A. The 2D action

In Sec. II C, we identified the solution of the conserved
current equation (2.24) as the boundary DOF. This will
allow us to find the 2D dynamics on the boundary, in fact
we can express the equal time commutation relation (2.40)
in terms of the boundary field ΦðXÞ, by using (2.26)

½∂θΦðXÞ; ϵ̃012∂θ0ΦðX0Þ� ¼ i
1

κ
∂θδ̃ðθ − θ0Þ; ð3:1Þ

which, rewritten as

½ΦðXÞ; κϵ̃012∂θ0ΦðX0Þ� ¼ iδ̃ðθ − θ0Þ; ð3:2Þ

can be interpreted as a canonical commutation relation in
curved spacetime

½qðt; xÞ; pðt; x0Þ� ¼ iδ̃ðx − x0Þ; ð3:3Þ

with pðt; xÞ a density (see (9.87-90-91) of [43]), provided
that we match the canonical variables of the 2D theory as
follows

qðXÞ≡ΦðXÞ ; pðXÞ≡ ϵ̃012κ∂θΦðXÞ: ð3:4Þ

Here again, the presence of the ϵ̃012 factor in (3.4) is of great
importance, since it makes pðXÞ a scalar density, according
to the standard definition [57]. Once identified the canoni-
cal variables, we can begin the search for the induced
boundary theory, by writing the most general Lagrangian
compatible with power counting. Noting that the scalar
field has vanishing mass dimension, we find

L2D ¼ ffiffiffiffiffiffi
−γ

p ðaij∂iΦ∂jΦþ bi∂iΦþ cÞ; ð3:5Þ

where the coefficients aij, bi, c
(1) must be tensor quantities, i.e., symmetric tensor of

rank (2,0), contravariant vector and scalar respec-
tively, in order that the Lagrangian (3.5) is a scalar
density;

(2) must have mass dimension 0, 1 and 2, respectively;
(3) may depend on the scalar field ΦðXÞ, the metric

γijðXÞ and/or its determinant γðXÞ (but not on their
derivatives), since in 2D the scalar field ΦðXÞ, like
the metric, is dimensionless, and thus the power
counting is preserved. In other terms, the 2D action
(3.5) is written as a derivative expansion.

We also notice that the scalar field ΦðXÞ is defined by
means of (2.26) up to a shift transformation

δshiftΦ ¼ α; ð3:6Þ

with α constant, which implies that the action
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S2D ¼
Z

d2XL2D ð3:7Þ

describing the boundary theory should possess the same
symmetry as well, i.e.,

δshiftS2D ¼ 0: ð3:8Þ

An immediate consequence of the shift symmetry (3.8) is
that aij and c must be constant with respect to Φ. For what
concerns bi, it is easily seen that it may admit a linear
dependence on the scalar field. In fact, if bi ¼ bi1 þ bi2Φ,
where bi1 and bi2 do not depend on Φ, but may depend
on the induced metric γij and on its determinant γ, we have
that

δshift

Z
d2X

ffiffiffiffiffiffi
−γ

p
bi∂iΦ ¼

Z
d2X

ffiffiffiffiffiffi
−γ

p ∂bi
∂Φ α∂iΦ ¼ α

Z
d2X

ffiffiffiffiffiffi
−γ

p ∇i

�∂bi
∂ΦΦ

�
; ð3:9Þ

which is a vanishing boundary term. Therefore, the corresponding term in the 2D Lagrangian (3.5) does not contribute,
being a boundary term as well.

Z
d2X

ffiffiffiffiffiffi
−γ

p
bi∂iΦ ¼

Z
d2X

ffiffiffiffiffiffi
−γ

p ðbi1∂iΦþ bi2Φ∂iΦÞ ¼
Z

d2X
ffiffiffiffiffiffi
−γ

p ∇i

�
bi1Φþ 1

2
bi2Φ2

�
: ð3:10Þ

The most general 2D action satisfying the shift symmetry is

S2D ¼
Z

d2X
ffiffiffiffiffiffi
−γ

p ðaij∂iΦ∂jΦþ cÞ ¼
Z

d2X
ffiffiffiffiffiffi
−γ

p ða0∂tΦ∂tΦþ 2a1∂tΦ∂θΦþ a2∂θΦ∂θΦþ cÞ; ð3:11Þ

where a0 ≡ a00, a1 ≡ a02, and a2 ≡ a22. The last term does not contribute to the EOM of the scalar field Φ and will be
omitted. The most general dependence of the dimensionless aij on the induced metric γij is

aij ¼ αijðγÞ þ βðγÞγij; ð3:12Þ

where αijðγÞ and βðγÞ may depend at most on the metric
determinant. What is left now is to verify under which
conditions the Lagrangian L2D is compatible with the
canonical variables identified from the KM algebra through
(3.4). This is reached by requiring

∂L2D

∂ _q ¼ p ¼ ϵ̃012κ∂θΦ: ð3:13Þ

The lhs of (3.13) is

∂L2D

∂ _q ¼ ∂L2D

∂ð∂tΦÞ ¼
ffiffiffiffiffiffi
−γ

p ð2a0∂tΦþ 2a1∂θΦÞ; ð3:14Þ

therefore we must ask

a0 ¼ 0 ; a1 ¼ κ̃ ða2 freeÞ; ð3:15Þ

where κ̃ is the scalar function related to the CS coupling
constant through (2.12). Equation (3.15) represents a
constraint on the metric dependence of aij in (3.12), in
fact it must be

0 ¼ a0 ¼ a00 ¼ α00 þ βγ00 ð3:16Þ

κ̃ ¼ a1 ¼ a02 ¼ α02 þ βγ02: ð3:17Þ

Since we do not want to impose any unnecessary
condition on the components of the induced metric γij,
that leads to the request

β ¼ 0; ð3:18Þ

therefore

a2 ¼ a22 ¼ α22ðγÞ; ð3:19Þ

which means that a2 is a free parameter depending at most
on the metric determinant: a2 ¼ a2ðγÞ. Hence, up to terms
which do not contribute to the equation of motion of the
scalar field Φ, the action S2D (3.7) is

S2D ¼
Z

d2X
ffiffiffiffiffiffi
−γ

p ðκ̃∂tΦþ a2∂θΦÞ∂θΦ: ð3:20Þ
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B. Holographic contact

From the action S2D (3.20) we get the following EOM

∂θ

�
∂tΦþ a2

κ̃
∂θΦ

�
¼ 0; ð3:21Þ

where we divided by the CS coupling constant κ. Our task
is now to find under which conditions the BC (2.13),
written in terms of the boundary field ΦðXÞ by means of
(2.26) [with C ¼ 0 (2.29)]

∂tΦþ v∂θΦ ¼ 0; ð3:22Þ

can be related to the EOM (3.21). The BC (3.22) is the
equation of a chiral boson whose velocity v, defined by
(2.13), may depend on the induced metric γij through the
coefficients Tij appearing in Sbd (2.5). We recover here the
physical interpretation of the parameter v appearing in
the boundary conditions (2.13) as the chiral velocity of the
edge modes living on the boundary of CS theory, which are
known, in the framework of FQHE, to be measurable
quantities. In most Hall systems, the observed chiral
velocity is constant, and this is achieved by a CS theory
built on a flat 3D spacetime with planar boundary [52].
The novelty we are finding here, is that v is now a local
quantity, in particular depending on time, which is a
consequence of considering the CS theory on a curved,
instead of flat, spacetime. This corresponds to accelerated
edge chiral bosons, which have been indeed recently
observed (see Sec. IV for more details), and which cannot
be explained by putting a boundary on a flat background.
The fact that v is a phenomenological parameter requires
that it should be determined by experimental inputs, hence
a choice of coordinates, which would set v to an arbitrary,
possibly constant, or even vanishing, value, should not be
done a priori. We might rather say that the right choice of
coordinates is that of the laboratory frame where the chiral
accelerated velocity is measured. Compatibility between
the BC (3.22) and the EOM (3.21) is reached if we require
that EOM≡ ∂θBC, or introducing, as in [51], the field
nðt; θÞ≡ 1

2π ∂θΦðt; θÞ. In any case, the following condition
must hold

v ¼ a2
κ̃
: ð3:23Þ

Equation (3.23) relates the parameters of the two theories,
thus establishing a (holographic) link between the bulk
(v; κ̃) and the induced boundary (a2). From (3.23) we see
that, because of (3.19), the holographic contact makes v
depend only on the determinant γ of the induced metric γij,
and not on its components. This constitutes a restriction on
all possible v appearing in the BC (2.13), which, instead,
might depend on the determinant of the induced metric and
on its components as well. This constraint, however, does

not spoil the possible local character of v. Equation (3.23)
is a condition on the parameters which appears in Sbd for
the holographic bulk-boundary contact to be possible.
Therefore the edge velocity depends on the boundary
conditions for the Chern-Simons gauge field. The issue
of the determination of the chiral velocities has been
discussed in details by Wen (in [58,59] for instance),
who remarked that it cannot be determined from the bulk
action (nor be rescaled to an arbitrary value), and that it is
thus appropriate to take the velocity v as a phenomeno-
logical parameter. This is the phenomenological counter-
part of the considerations made in [60]: CS theory provides
merely an effective large-distance description which cap-
tures the general symmetries of the many-body theory and
has, as such, intrinsic limitations. For instance, it should not
be expected to capture certain details such as the velocity of
the edge chiral bosons. In [60] it is correctly argued that the
determination of the chiral velocity should come from
gauge-breaking terms present in the full Lagrangian,
which, however cannot be identified with the gauge fixing
term, since physical results should not depend on the gauge
choice, hopefully. In our approach, it is clear that gauge-
breaking term present in the full Lagrangian thanks to
which the TFT acquires local degrees of freedom is Sbd
(2.5). The chiral velocity v depends on the boundary
condition (2.13) which, in turn, depends on the parameters
appearing in Sbd. It is the breaking of the gauge symmetry
which starts the game: the breaking of the gauge symmetry
due to the boundary manifests itself in the breaking of the
Ward identity (2.23), which yields the irrotationality con-
dition (2.24), which identifies the local bosonic boundary
degrees of freedom. It is from the broken Ward identity that
the algebra (2.40) is derived, and then all the rest follows, as
described in this paper. None of these results depend on the
particular gauge choice, as we already remarked. The 2D
action (3.20) can now be entirely written in terms of the
parameters appearing in the 3D bulk theory (2.6) as follows

S2D ¼ κ

2

Z
d2Xϵ̃012ð∂tΦþ v∂θΦÞ∂θΦ; ð3:24Þ

where κ is the CS coupling constant and vðt; θÞ, appearing
in the BC (2.13), depends on the parameters of the
boundary action Sbd (2.5) and, through κ̃, on the determi-
nant of the induced metric γðt; θÞ. We observe that the
only dependence of the action S2D on the bulk metric is
concealed in vðt; θÞ. We might say that, in this sense, the
metric form of (3.24) is protected, and it would be
interesting to study whether this property holds in higher
dimensions. Physically, the 2D action (3.24) can be
immediately identified with the Luttinger theory [61],
relevant example of the bosonization phenomenon, for
which the density operator nðt; θÞ, written in terms of chiral
fermions, is
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nðt; θÞ≕ψ†ðt; θÞψðt; θÞ∶: ð3:25Þ

Bosonization, i.e., fermion/boson correspondence, is
achieved through the identification

nðt; θÞ ¼ 1

2π
∂θΦðt; θÞ; ð3:26Þ

whereΦðXÞ is just the chiral boson (3.22) found as the edge
state of the CS theory. The density operator (3.25) satisfies
the following commutation relation

½nðt; θÞ; nðt; θ0Þ� ¼ i
ν

2π
∂θδðθ − θ0Þ; ð3:27Þ

where ν is the filling factor of the FQHE. Equation (3.27),
with the bosonization relation (3.26), is exactly the KM
algebra we found in (3.1), by means of which we can
physically interpret the field Aθðt; θÞ as the density operator
nðt; θÞ (3.25). We also notice how the boundary theory
makes sense for any dependence of v on X. Indeed, from
the perspective of (3.22), the EOM derived from the action
(3.20) reads

∂tnþ ∂θðvnÞ ¼ 0; ð3:28Þ

which represents the continuity equation of a 1D fluid of
velocity v and density n, as already remarked in the case of
flat bulk metric in [62]. This, again, confirms that v, from
the perspective of the CS theory, is simply a free phenom-
enological parameter. As a consequence, we can associate
the parameters of the action S2D (3.24) to physical
quantities. In particular, by matching through (3.26) the
algebra (3.1), written in terms of the boundary field ΦðXÞ,
with the algebra (3.27) written in terms of the density
operator nðt; θÞ, we obtain the well-known relation between
the filling factor ν and the coupling constant of the CS
theory κ [62,63]

κ ¼ 1

2πν
: ð3:29Þ

Hence, from (3.22), we can identify vðt; θÞ as the space-
time-dependent velocity of the chiral boson ΦðXÞ. Notice
that, because of (3.23), the chiral boson turn left or right
depending on the sign of a2 in (3.24), being κ̃ positive due
to the positivity of the central charge. This is in agreement
with [64], where the edge excitations were studied on a
disc and on a cylinder, i.e., on curved boundaries in flat
spacetime, which belong to the cases studied in this paper.
It is interesting to remark that we recover those results, in
particular the algebra and the Luttinger theory, in a quite
different way. The Luttinger liquids considered in [64] on
curved boundaries contain both right moving and left
moving excitations, which corresponds to the possibility
we mentioned of having a both left and right chiral boson.

IV. SUMMARY OF RESULTS AND DISCUSSION

The aim of this paper is to understand if the geometry of
the bulk spacetime affects in some way the boundary
physics of CS theory, which, in the flat case, is known to
reproduce on the boundary the theory of edge states of the
FQHE. But if and how the details of the bulk metric have
consequences on the physical observables has not been
clarified yet. Naively, starting from a TFTone would expect
a mild dependence on the bulk metric. Instead, our analysis
shows that the velocity of the edge chiral boson indirectly
depends on the bulk metric, through the determinant of the
induced metric. Our work might therefore be the first step
toward a theoretical framework for the recently observed
accelerated chiral boson on the edge of particular Hall
systems, which cannot be explained by the usual descrip-
tion in terms of flat CS theory with boundary. On the other
hand, on the boundary of CS theory we find the usual KM
algebraic structure of the flat background case, with the
same central charge proportional to the inverse of the CS
coupling. Therefore, the KM algebra appears to be insen-
sitive to both the bulk metric and the type of boundary (at
least, it is the same for planar and radial boundary).
A few remarks are in order.
(i) The determinant of the metric depends on the

coordinates that are chosen, and locally one might
always find coordinates such that the determinant is
a constant. Moreover, in 2þ 1 dimensions the
boundary of CS theory is well known to be a
CFT, hence depends only upon the conformal class
of the boundary metric, and in every conformal class
there is a metric of constant determinant. This would
correspond to choosing a reference frame where the
velocity of the chiral boson is normalized at a given
constant value. This represents a good, physical
reason for not choosing a metric with constant
determinant. Starting with a not necessarily flat bulk
Lorentzian metric, we recover on the boundary of
CS theory two well-known results: the KM algebra
(2.40) and the Luttinger theory (3.24). The boundary
conformal structure is ensured by the existence of an
algebraic structure of the KM type. Had we finished
here, we would not have a good reason for not
choosing, among the metrics in GNC, those with
constant determinant. This would have been a
without loss of generality choice, and we would
have achieved our result as far as only the conformal
structure described by the boundary algebra is
concerned. But this is only half of our results: on
the planar boundary of CS theory with flat bulk
metric it is known to exist the Luttinger theory of the
chiral boson. We derived the corresponding action
following the procedure described in Sec. III. 2. The
action (3.24) is not invariant under change of
coordinates, which hence is not allowed at this
stage, and it was not evident, at least to us, to
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recover the same action, with the same noncovariant
metric as the one emerging from a flat bulk space-
time. Nonetheless, the Luttinger theory which we
found on the boundary of the CS theory with nonflat
metric is not independent from its bulk counterpart.
We would not have found this result if, in the
previous step, we had frozen the bulk metric by
choosing coordinates with constant determinant (or
a reference frame where the chiral velocity is
constant). Instead, a memory of the bulk metric
survives, in the velocity of the chiral boson, which
depends only on the determinant of the bulk metric.
Not having made the choice of constant determinant
leaves therefore the possibility of highlighting the
residual dependence on the bulk metric, and also of
selecting the bulk metric by means of a physical
input, which is the velocity of the edge chiral
bosons, which is a physical observable. This is
not so different from what is usually done with
the CS coupling constant, which is fixed by means
of the physical requirements of the incompressible
Hall fluid, by normalizing the external current
coupled to the electromagnetic gauge field to the
known relationship between CS coupling constant
and filling factor κ ¼ 1

2πν. Yet, speaking of a coupling
constant for the abelian CS theory is rather inappro-
priate, since it is always possible to reabsorb the
coupling constant by means of a redefinition of the
gauge fields. Only in the non-Abelian case a true
coupling constant for CS theory exists. Nevertheless,
normalizing to one the CS coupling constant would
be equivalent to loosing the entire structure of
Landau levels of (F)QHE, and for that reason we
keep it alive. We see an analogy between the two
situations: as we do not normalize to one the CS
coupling constant in the Abelian case in order to
describe the filling factors of the FQHE, for the same
reason we do not choose coordinates such that the
determinant is constant, in order to keep the pos-
sibility of fixing the bulk metric by measuring the
(possibly time dependent) velocity of the edge
chiral boson.

(ii) The literature on CS theory, and, more in general, on
TFT with boundary, is huge, and a comprehensive
list of references on the subject is out of reach.
Nevertheless, we did not find any derivation of the
measurable quantities characterizing the Hall sys-
tems, like in particular the edge chiral velocities, in
non-flat backgrounds.One reasonmight be the lack of
experimental motivations: in most cases, the edge
chiral velocities are constant, and these are already
well explained by flat CS theory with planar boun-
dary. However, similar results to the ones achieved in
this paper can be found in [51], where the boundary
degrees of freedom of Abelian Chern-Simons theory

are studied on a generic manifold, implementing, in a
way similar to what we did, the boundary condition
by means of a lower dimensional term in the action.
The 2D Floreanini-Jackiw action is found, coinciding
with (3.24), which leads to the equation for a chiral
boson, but with constant chiral velocity. An interest-
ing relation to the abelian Wess-Zumino-Novikov-
Witten theory for a scalar field coupled to the gauge
field [65] is suggested, which certainly deserves
careful attention.

(iii) One of the main results of this paper is that the
measurable chiral velocity v of the edge modes is
related not only to the CS level κ, as it is known
already for a flat background, but also to the
determinant of the metric, through which v can
acquire a time dependence, which can be measured.
It is indeed possible to detect time dependent edge
chiral velocity, as well as the investigation of
nonstandard geometries (for what concerns the
QHE). In [66] the boundary of a Hall system with
ν ¼ 2 is considered. The two channels (left and
right) interact, and the problem diagonalizes into one
fast and one slow mode, and the velocity is not
constant and is measured. For what concerns non
conventional bulk geometries, recently, in [67], the
FQHE has been observed in graphene. Here, the
electrons live on a two-dimensional “suspended”
membrane made by carbon atoms. There are some
differences with respect to the standard case (Dirac-
type linear dispersion relation rather than quadratic,
presence of an additional degree of freedom like a
pseudospin, for instance), which makes the phe-
nomenology similar to that of FQHE, but with
different values of the plateaux. The nice thing is
that graphene technically allows us to make samples
with various shapes like Corbino discs, and obser-
vations seem sensitive to the bulk geometry. More-
over, always using graphene, there are attempts to
realize QH systems in curved space, like described
in [68] and in [69]. Now, we do not know if the
results presented in this paper can immediately be
applied to these particular experimental sets, but the
remarkable fact is that a recent experimental re-
search activity exists, which concerns the main topic
of our paper: the possibility of having boundary
chiral modes whose time dependent velocities are
sensitive to the bulk geometry.

(iv) It is useful to make a comparison with the approach
usually adopted in the Literature to describe non-
constant velocities of the edge excitations in the Hall
systems. It is known that the fermions in a quantum
Hall droplet are constrained by a confining potential
whose gradient determines the velocity of the chiral
edge modes [70]. For instance, the confinement may
involve potentials that depend on space and/or time
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due to deformations or interactions in the sample
[71] and typically, in the phenomenological frame-
work, one can invoke these considerations in order
to take into account nonconstant chiral velocities,
which therefore, in the microscopic model, depend
on the different possible potentials in the sample. In
general, the paradigmatic way to describe the edge
excitations has been illustrated by Wen [58,59,72],
and well summarized in [70]. One starts with a 3D
Chern-Simons action in flat spacetime, from which
the bulk DOF are eliminated by integrating out the
time-component of the gauge field A0ðxÞ. Then, the
irrotational constraint on the spatial components of

the gauge field is imposed: ∇⃗ × A⃗ ¼ 0. The boun-
dary DOF is then identified by the scalar field

characterizing the solution A⃗ ¼ ∇⃗Φ. Finally, the
“appropriate effective action” at the edge is written
as the sum of two terms: the Luttinger action,
describing a chiral boson with constant velocity,
to which is possibly added an interaction term,
which depends on the form of the edge confining
potential and on the details of the electron-electron
interactions. If this latter interaction is assumed to be
local, this obviously implies nonconstant velocities.
Usually, to simplify the description, the interactions
are taken as piecewise functions, in order to take into
account, for instance, the screening effects which are
present in the leads. More details can be found in
[73] and in [74]. This latter paper is related to an
interesting experiment [75]. Other experiments are
described in [76,77]. To make it short, the total
interaction is split into two parts: a constant velocity
piece v contained in the Luttinger action and an
additional local velocity term in the interaction. This
is the framework for the description of edge ex-
citations with non-constant velocities. Alternatively,
according to our approach, there is no need of
imposing the irrotational condition which gives rise
to the scalar boundary degree of freedom. Rather, it
emerges as the breaking term of the Ward identity
(2.23), evaluated on shell. Similarly, the 2D action
(3.24) is not chosen as an effective action, but is
recovered by means of a general procedure which
we described as an “holografic contact” between the
boundary conditions on the bulk gauge field and the
EOM of the 2D scalar field. Finally, we showed that
a bulk CS model on curved spacetime yields a
possible nonconstant chiral velocity, where the
locality property is inherited solely from the induced
metric determinant from a bulk-boundary correspon-
dence. An intriguing way to interpret this fact, in
relation to the microscopic models, is to consider it
as an equivalent description: a change of potential
can be effectively encoded in the CS theory by a
bulk metric. As the CS coupling constant κ encodes

all the possible values of the filling factor ν, similarly
the CS bulk metric encodes the spacetime properties
of the (confining) potential, in terms of the induced
metric determinant. What is certainly true is that the
CS bulk theory in flat spacetime, when considered
with a boundary, generates local DOF on the 2D
induced theory, corresponding to the edge states of
FQHE, with constant chiral velocities. The possibil-
ity of local velocities is not captured by the flat
approach alone.
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APPENDIX: DERIVATIVE OF THE HEAVISIDE
STEP DISTRIBUTION

The Heaviside theta distribution is used to describe a
boundary. Its general form is θðfðxÞÞ, where fðxÞ ¼
fðt; r; θÞ ¼ 0 describes the equation of the hypersurface
∂M of the manifold M, i.e.,

θðfðxÞÞ ¼
�
1; if x ∈ M

0; if x ∉ M
: ðA1Þ

On the other side, Stokes theorem states that if the n-
dimensional manifold M has a boundary, then

Z
M
dnx

ffiffiffiffiffi
jgj

p ∇μVμ ¼
Z
∂M

dn−1y
ffiffiffiffiffi
jγj

p
nμVμ; ðA2Þ

where nμ is the vector normal to the boundary and γ is the
determinant of the induced metric. The presence of the
boundary fðxÞ ¼ 0 in the lhs of (A2) can be implemented
through the introduction of the step distribution (A1):

Z
M
dnx

ffiffiffiffiffi
jgj

p ∇μVμ ¼
Z

dnx
ffiffiffiffiffi
jgj

p
θðfðxÞÞ∇μVμ

¼ −
Z

dnx
ffiffiffiffiffi
jgj

p ∇μθðfðxÞÞVμ: ðA3Þ

The integration on the rhs of (A3) is performed over all
spacetime (i.e., boundary at infinity), then, when integrat-
ing by parts on the second line, the boundary term vanishes.
We can also observe, from (A3), that the step function is a
scalar quantity. Identifying the rhs of (A2) and (A3) we get
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−
Z

dnx
ffiffiffiffiffi
jgj

p ∇μθðfðxÞÞVμ ¼
Z
∂M

dn−1x
ffiffiffiffiffi
jγj

p
nμVμ; ðA4Þ

where nμ ≡� ∂μfðxÞffiffiffiffiffi
gμν

p ∂μf∂νf and the sign depends on the

orientation of the hypersurface. In (A4) we can identify
∇μθðfðxÞÞ as a scalar Dirac delta δ∂M3

−nμδ∂M ≡∇μθðfðxÞÞ: ðA5Þ

To see it explicitly and deduce how this distribution acts,
we insert (A5) back in (A4)

Z
dnx

ffiffiffiffiffi
jgj

p
δ∂MnμVμ ¼

Z
∂M

dn−1x
ffiffiffiffiffi
jγj

p
nμVμ; ðA6Þ

and since in the case we consider in this paper the boundary
is at fðrÞ ¼ R − r ¼ 0, and by virtue of the GNC (1.10),
we have

δ∂M ¼
ffiffiffiffiffijγjp
ffiffiffiffiffijgjp δðR − rÞ ¼ δðR − rÞ: ðA7Þ

Finally from (A5), (A7) and, for this boundary in GNC
(1.10),

nμ ¼ δrμ; ðA8Þ

we deduce

∇μθðR − rÞ ¼ −δrμδðR − rÞ: ðA9Þ
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