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Abstract

This thesis presents a study of hedging errors caused by model mis-specification,

making use of a Kolmogorov forward equation with δ-function initial conditions. The

method is used to calculate the probability distribution of hedging errors at matu-

rity for a number of realistic examples. An analysis of numerical schemes used to

solve the Kolmogorov forward equation is presented, making particular use of Fourier

transform techniques. Much of the analysis applies to a ‘toy’ model which captures

the main features of the hedging problem. Detailed analysis of a semi-discrete Fourier

numerical method for solving the toy model problem leads to a complete description

of the accuracy and stability behaviour of the scheme. The thesis also includes a novel

time-change method which solves the heat equation with δ-function initial conditions,

using the Crank-Nicolson method, and which demonstrates improved convergence of

the scheme. The numerical analysis included in the thesis explores further aspects of

Fourier transform methods applied to the analysis of Partial Differential Equations

with Dirac data and variable coefficients.
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Chapter 1

Introduction

1.1 Motivation for the thesis

In recent years there has been tremendous growth in the markets for financial deriva-

tives which are sophisticated financial instruments constructed with reference to un-

derlying tradeable financial securities (or other assets) such as bonds, shares, barrels

of oil, etc. These underlyings all have their own risk profiles (e.g. share prices can go

up or down, bonds might default, etc.) and the sellers of derivatives are essentially

re-packaging these risks to make them of interest to buyers of the derivatives. As a

result of this re-packaging, the sellers of derivatives themselves have exposure to a

complicated collection of risks. However, they do not have to passively accept these

risks but can actively manage their portfolios to tailor the risk in their portfolios to

their own requirements. This activity is called risk management .

One of the simplest examples of a financial derivative is the European call option

where the seller (or writer) of the call receives a payment (the premium) from the

buyer (holder) and, in exchange, guarantees to make available for sale to the buyer

one unit of the underlying (one share, say) at a price specified in advance (the strike

price) at a time also specified in advance (the maturity of the option). The buyer of

the call option is not obliged to exercise the option at maturity but will clearly do so

if the price of the underlying is above the strike price at maturity.

In this case, as the future share price is uncertain, the option holder faces some risk

but this is limited, on the downside, to the premium that has to be paid. On the

other hand, the option holder faces unlimited upside exposure which, of course, will

be welcomed. However, the risks to which the option writer is exposed are exactly

1



the opposite and include exposure to unlimited downside risk.

The writer of a call option does not have to passively accept this risk profile but can

implement a trading strategy to mitigate the risks – i.e. he can set up a portfolio

which can then be actively managed up to maturity so that the obligations to the

option buyer can always be met at that time. For example, the seller could simply

buy one share and hold it to maturity.

The cost of that particular strategy (as reflected in the premium that must be paid to

buy it) is not optimal and the trader will still be exposed to risk. In certain circum-

stances, a better trading strategy is available that can eliminate all risk for the trader

while still ensuring that he meets his obligations to the buyer. In the classic setting of

the Black-Scholes model, it is well known that the seller of the option can eliminate

all the risk from his portfolio if he follows a specific trading strategy, delta-hedging,

maintaining a dynamically adjusted portfolio made up of assets and bonds which is

guaranteed to exactly meet his obligations when the option matures.

This particular aspect of risk management is called hedging, and in the idealised case

just discussed, the delta-hedging strategy will provide, in theory, complete insurance

against the risks taken on by the seller of the option.

In practice, however, the option writer will face a number of obstacles to achieving

a perfect hedge. These range from uncertainty about the ‘true’ behaviour of the

underlying, to operational issues that hinder implementation of a particular hedging

strategy. Examples of the latter are frictions due to trading costs, the need to hedge

at discrete time intervals, restrictions on short-selling, liquidity issues, etc.

Although modern mathematical finance provides a number of sophisticated tools that

derivative sellers can use to understand the risks they have taken on and use to de-

vise effective hedging strategies, no such mathematical framework will be perfect. In

practice, there is always the possibility that hedging errors will occur, by which we

mean that the hedging strategy employed fails to provide the expected protection

against the risks in the portfolio.

Model uncertainty (see, for example, [16]), i.e. the lack of complete knowledge of the

law governing the stochastic behaviour of the underlyings, can lead to hedging errors
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for a variety of reasons. In some cases, the trader may believe he knows the true

model when he does not and certain kinds of hedging errors will arise from hedging

with a mis-specified model. In other cases, the uncertainty in the model structure

or parameters may be recognised by the trader and a robust hedging strategy might

have to be employed.

Clearly, there is a need for methods of analysing errors that can or do occur as a

result of model mis-specification and these methods can also be used to guide the

selection of hedging strategies. In order to quantify the range of hedging errors that

might occur, an understanding of the probability distribution of the errors would be

valuable. This probability distribution will be a function of both the hedging strategy

employed and the actual behaviour of the underlyings.

In this thesis we review some of the literature on hedging errors and present a novel

method of estimating probability distributions for hedging errors. This new approach

has been based on the use of a Kolmogorov forward equation (KFE).

Other papers in the literature consider ways in which information on the hedging

error distribution might be used to diagnose model mis-specification errors, such as

in [4]. In these studies, the hedging error distributions are found by Monte Carlo

simulation (though not always by direct simulation of the hedging process). Our new

approach provides an alternative to the Monte Carlo method.

In order to assess this new approach we wanted to explore the novel features of the

KFEs we used and, in particular, the theoretical behaviour of numerical schemes used

to solve them. The difficulty comes from a combination of Dirac data, degeneracy,

and variable coefficients.

Our paper ([36]) co-authored with Christoph Reisinger, and published in 2013, re-

ported on a novel time-change method applied to solving the heat equation with

δ-function initial conditions, using the Crank-Nicolson method. Apart from demon-

strating improved convergence for that scheme, the paper also highlighted the use-

fulness of Fourier transform techniques for these types of problems. These methods

then proved to be useful for our subsequent KFE studies.

3



As it was not possible to perform detailed numerical analysis on our real-life KFE

examples, due to their complexity, we instead concentrated on the study of a ‘toy’

model KFE which captures the main features of our KFE examples.

Apart from the direct relevance to the KFE problem, the toy model Partial Differ-

ential Equation (PDE) (for which Kolmogorov gives an early reference in [25]) is

significant in its own right and has a long history. More recently, the equation has

been studied in a paper by Porretta and Zuazua [34] (where further references can be

found) in which they investigate both discrete and semi-discrete numerical schemes

for the solution of the PDE. Their main interest is in the late-time behaviour and

decay rates of the solution.

We stress, however, that these references in the literature to the Kolmogorov PDE do

not address the case of δ-function initial conditions, which we have analysed in this

thesis.

Our motivation for the numerical analysis we performed was to explore further as-

pects of Fourier transform methods for the KFE, which has variable coefficients, and

to obtain information on the convergence behaviour of the numerical schemes we

developed for the KFE. We were able to establish a complete description of the con-

vergence behaviour for one of the schemes (the semi-discrete Fourier method) and

made some progress with the others.

1.2 Applications and contributions

This thesis has contributed to the study of hedging errors under model mis-specification.

Given a knowledge of both the correct asset model and the erroneous hedging strategy

employed (which may be based on an incorrect asset model), we can study how the

resulting hedging errors evolve over the lifetime of the instrument.

• We have developed a new method of calculating hedging error distributions us-

ing PDE techniques based on the Kolmogorov forward equation. This offers

an alternative to calculating hedging error distributions by using Monte Carlo

simulation.
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• We presented a number of realistic examples of the extended Kolmogorov for-

ward equation which can be used to calculate hedging error distributions in the

presence of model mis-specification.

• The KFEs used have δ-function initial conditions and studies included in this

thesis have contributed to further understanding of the numerical solution of

PDEs with these initial conditions, building on the work of [5].

• In the last part of the thesis, while seeking to analyse the behaviour of the nu-

merical schemes used to solve the KFE, we provide further insight into the use

of Fourier transform methods to investigate stability and accuracy for certain

types of variable-coefficient PDEs, again with δ-function initial conditions. We

hope that this analysis, apart from supporting our specific studies, will encour-

age further use of Fourier transform methods for these kinds of problems.

1.3 Outline

This thesis describes work carried out to develop a new method of calculating the

distribution of hedging errors in the presence of model mis-specification.

A major theme running through the thesis is the necessity to use and understand

the solution of PDEs with δ-function initial conditions. The use of Fourier transform

methods is key to this analysis and the thesis builds on and extends existing litera-

ture. This work lead to the publication of a paper co-authored by Christoph Reisinger.

We give a brief outline of the thesis in the following few paragraphs.

In Chapter 2 we present a natural time-change for the heat equation with a δ-function

initial condition which, when applied to the Crank-Nicolson numerical scheme, re-

stores convergence of the scheme. The chapter makes extensive use of Fourier trans-

form techniques which are a main tool used throughout the thesis.

In Chapter 3 we introduce hedging and describe the behaviour of hedging errors in

the presence of model mis-specification and develop the mathematical framework for
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our further analysis. We find the expected form for the dynamics of hedging errors

and move to on to derive an extended Kolmogorov forward equation which can be

solved to find the hedging error distribution at maturity. We present a number of

examples of the KFE, for various types of model mis-specification. The numerical

results obtained by solving these KFEs are presented in Chapter 6.

As we are not able to find analytical solutions to the KFEs we develop, we resorted to

numerical solution methods and in Chapter 4 we describe and discuss the numerical

methods and schemes we used.

In Chapter 5, we return to our continuing theme of Fourier analysis, and analyse the

stability and accuracy for a ‘toy’ model that captures the essential features of the

KFE and apply Fourier transform techniques to the analysis of the various numerical

schemes used for this model.

In Chapter 6 we present the numerical results of our application of the KFE to various

examples of model mis-specification.

Finally, in Chapter 7 we summarise the main results of the thesis, interpret the

findings and suggest further lines of enquiry that might be investigated.
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Chapter 2

Fourier analysis applied to a locally
refined Crank-Nicolson scheme for
the heat equation with Dirac data

In this chapter we present the material from a paper written with my supervisor,

Christoph Reisinger ([36]), which was published in 2013.

We investigated the stability of the popular Crank-Nicolson scheme as applied to the

heat equation when solved with δ-function initial conditions. It is known that under

those circumstances the Crank-Nicolson scheme fails to converge as the grid is refined

in a very natural way. This behaviour was analysed in [5], making use of Fourier

transform techniques. This chapter presents a simple and natural ‘time-change’ of

the heat equation (a transformation of time variable) which leads to a Crank-Nicolson

scheme that always converges.

Fourier transform techniques were again used in this chapter, reinforcing the useful-

ness of this approach to analysing stability in the presence of δ-function (non-smooth)

initial conditions. We will use similar techniques later in the thesis when we study

the hedging error problem.

2.1 Background

The Crank-Nicolson scheme is a popular time-stepping scheme for the numerical ap-

proximation of diffusion equations and is particularly heavily used for applications in

computational finance.
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This is due to a combination of favourable properties: its simplicity and ease of im-

plementation (especially in one dimension); second order accuracy in the timestep for

sufficiently regular data; and unconditional stability in an L2 sense.

However, there are well-documented problems which arise from the fact that the

scheme is at the cusp of stability in the sense that it is A-stable [see 38] but does not

dampen so-called stiff components effectively (i.e., is not strongly A-stable).

Specifically, a straightforward Fourier analysis of the scheme applied to a standard

finite difference discretisation of the heat equation shows that high wave number com-

ponents are reflected in every time step but asymptotically do not diminish over time.

This gives rise to problems for applications with non-smooth data, where the be-

haviour of these components over time plays a crucial role in the smoothing of solu-

tions.

Examples where this is relevant include Dirac initial data, as they appear naturally

for adjoint equations [see 15], and piecewise linear and step function payoff data in

the computation of option prices [see 46]. There, the situation is exacerbated if sen-

sitivities of the solution to its input data (so-called ‘Greeks’) are needed; see [37] for

an early discussion of issues with time-stepping schemes in this context.

There is a sizeable body of literature concerned with schemes with better stability

properties, in particular L-stable schemes [see 38] which share with the underlying

continuous equation the property that high wave number components decay increas-

ingly fast in time.

Examples for schemes with this property include sub-diagonal Padé schemes based

on rational approximations of the exponential function.

In [35], the author proposes to replace the first 2µ steps of a higher-order Padé

scheme of order (µ, µ) (e.g., the Crank-Nicolson scheme for µ = 1) by a lower-order

sub-diagonal Padé scheme with order (µ− 1, µ) (e.g., backward Euler for µ = 1), and

shows that this restores optimal convergence order for diffusion equations; the case

µ = 1 is already analysed in [26]. We will refer to this latter scheme specifically as
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the Rannacher scheme.

It is demonstrated in [33] how this procedure can be used to obtain stable and accu-

rate approximations to option values and their sensitivities for various non-smooth

payoff functions.

This has been widely adopted in financial engineering practice. [24] extend this to

more general Padé schemes and demonstrate numerically the stability and accuracy

in practice for options with exotic payoffs.

Further adaptations are possible, for instance, [45] give an application to discretely

sampled barrier options, where discontinuities are introduced at certain points in time

and a new ‘start-up’ is needed (see already [35] for the provision of such restarts in

an abstract context).

[5] analyse the behaviour of the Crank-Nicolson numerical scheme when used to solve

a convection-diffusion equation with constant coefficients and Dirac delta function

initial conditions. The numerical solution obtained by this method diverges as the

time step goes to zero with the ratio λ = k/h of the time step, k, to the space step,

h, held constant.

Their analysis in the frequency domain shows that there are errors associated with

high wave numbers which behave as O(h−1) and which will eventually overwhelm the

O(h2) errors associated with low wave numbers as the time step goes to zero, thus

explaining why the errors in this scheme will eventually increase as the time step is

reduced.

Keeping the ratio λ constant is desirable because the Crank-Nicolson central differ-

ence scheme is second order consistent in both space and time and the numerical

scheme is more efficient if this property is exploited.

The authors extended their analysis to show why the incorporation of a small number

of initial fully implicit time steps (i.e., the Rannacher scheme, [26, 35]) eliminates this

divergence.
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2.2 Overview

In this chapter, an alternative method of avoiding the divergence is proposed and

analysed. The idea is to introduce a time change into the partial differential equation

(PDE), ut = 1
2
uxx, by transforming the original time variable, t, to

t̃ =
√
t

and solving the equation numerically using the Crank-Nicolson scheme in the new

variables.

The time change applies to the heat equation (2.1) on R × [0, T ] and can be con-

sidered natural as the heat equation with suitable initial data admits similarity so-

lutions which depend on x/
√
t. From a probabilistic angle, the heat equation is the

Kolmogorov forward equation for the transition density of Brownian motion whose

standard deviation at time t is
√
t.

After the time change, the numerical scheme has a uniform space step, h, in the x

direction, and a uniform step in the t̃ direction, k, so that t̃n = nk, for n = 0, ..., N

and there are N time steps.

The main result of the chapter is given by the following Theorem.

Theorem 2.2.1 The Crank-Nicolson central difference scheme with uniform time

steps exhibits second order convergence (in the maximum norm) for the time-changed

heat equation, with Dirac initial data, as the time step k tends to zero with λ = k/h

held fixed, provided that λ ≤ 1/
√
2. For λ ≥ 1/

√
2 the scheme is still convergent with

order 1/λ2.

The proof of the Theorem is developed in Sections 2.3, 2.4, and 2.5 and concludes

with the proof in 2.5.

The peculiar dependence of the convergence rate on the mesh ratio is in fact seen to

be sharp up to a logarithmic factor.

It also follows from the analysis of the heat equation that the computational com-

plexity under an optimal choice of the mesh ratio is lower than for the Rannacher

scheme in its optimal refinement regime.
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As an added benefit, we obtain experimental second order convergence for the value,

delta and gamma of European and American options.

[12] observe that at-the-money prices of European and American options computed

by a Crank-Nicolson finite difference scheme exhibit a reduced convergence order of

1 in the time step k, which improves to 2 for Rannacher start-up in the case of Eu-

ropean options, but only to 3/2 for American options.

This last observation is rationalised by the square-root behaviour of the value and ex-

ercise boundary for short time-to-expiry. A heuristic adaptive time-stepping scheme

based on this observation is shown there to restore second order convergence.

It is further demonstrated numerically in [41] that a non-uniform scheme with time

points tn = (kn)2 for n = 0, ...,
√
T/k = N , provides a similar remedy. The step size

hence increases in proportion to 2
√
t and the smallest (the first) step is of size T/N2.

This is almost equivalent to the time-changed scheme, introduced above, with con-

stant steps of size
√
T/N .

The only difference between the schemes is in the treatment of the time-dependent

coefficients of the central difference terms in the x-direction after the time change has

been applied. If the time change method is applied in this alternative fashion, it still

leads to the same convergence behaviour

We extend the numerical investigation from [41] to show that in addition to second

order convergence of the values, we also obtain second order for the Delta, and for

the Gamma the order predicted by the analysis of the heat equation with Dirac data,

and that even without Rannacher start-up.

The remainder of this chapter is organised as follows.

In Section 2.3, we apply the time change transformation to the heat equation, de-

scribe the transformed numerical scheme, and calculate the discrete Fourier transform

of the numerical solution.
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Then, in Section 2.4, we perform asymptotic analysis of the error between the trans-

form and the transform of the true solution, identifying four wave number regimes

which will then be used in the later analysis.

In Section 2.5, we use the results of the asymptotic analysis to determine the asymp-

totic behaviour of the errors between the numerical solution and the true solution,

from which we deduce the convergence behaviour of the transformed scheme and

hence Theorem 2.2.1.

Section 2.6 contains numerical results illustrating these findings and compares the

computational complexity to the Rannacher scheme.

In Section 2.7 we introduce two variants of the basic time change scheme, one where

the initial conditions are smoothed and one where the time change scheme is com-

bined with Rannacher time-stepping.

In Section 2.8, the time change transformation is applied to the Black-Scholes equa-

tion and the solution method is used to calculate the gamma of a European call

option. The behaviour of the resulting errors is described and explained in terms of

the values of the strike and volatility.

Finally, in Section 2.9, the time change transformation is applied to a penalty method

used to calculate the price of an American put, as described in [12]. Section 2.10

concludes.

2.3 The Crank-Nicolson scheme applied to the trans-

formed heat equation and its behaviour in the

Fourier domain

To simplify the analysis, we restrict attention to the heat equation (i.e., we do not

consider any convection terms)

ut =
1
2
uxx, (2.1)
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for t ∈ [0, T ], x ∈ R, where the solution, u, satisfies u(x, 0) = δ(x), where δ is the

Dirac delta function and which, after the change of time variable, becomes

ut̃ = t̃ uxx,

where t̃ =
√
t.

The transformed equation is then discretised using the Crank-Nicolson method, lead-

ing to the following numerical scheme

Un+1
j − Un

j

k
=

1

2
t̃n
Un
j+1 − 2Un

j + Un
j−1

h2
+

1

2
t̃n+1

Un+1
j+1 − 2Un+1

j + Un+1
j−1

h2
, (2.2)

where Un
j is the numerical solution at the spatial grid node j at the ‘time’ step n,

and where the space grid, in principle, extends from −∞ to +∞, with xj = jh for

j ∈ Z. In the transformed ‘time’ direction, we have t̃n = nk, for 1 ≤ n ≤ N , where

N is the number of timesteps.

We can simplify this to

(1 + (n + 1)λ2)Un+1
j − 1

2
(n+ 1)λ2Un+1

j+1 −
1

2
(n + 1)λ2Un+1

j−1

= (1− nλ2)Un
j +

1

2
nλ2Un

j+1 +
1

2
nλ2Un

j−1,

where λ = k/h.

To study the behaviour of this scheme in the Fourier domain we apply the discrete

Fourier transform to this equation (e.g., see [5] and [39]). Multiplying equation (2.2)

by eisxj , summing over j and simplifying, we obtain the following recurrence for the

Fourier transform

Ûn(s) = h

j=+∞∑

j=−∞
Un
j e

isxj

at successive time steps,

(
1 + 2(n+ 1)λ2 sin2(sh/2)

)
Ûn+1(s) =

(
1− 2nλ2 sin2(sh/2)

)
Ûn(s).
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The variable, s, appearing in the Fourier transform above, is called the (s-)wave num-

ber.

We use the discrete approximation

U0
j =

δj,0
h

=

{
1/h j = 0,

0 j 6= 0,

to the Dirac delta and note that Û0(s) ≡ 1, so we have

ÛN (s) =
1(1− ξ)(1− 2ξ) . . . (1− (N − 1)ξ)

(1 + ξ)(1 + 2ξ) . . . (1 +Nξ)
, (2.3)

where ξ = 2λ2 sin2(sh/2) and we want to study the behaviour of ÛN (s) as N → ∞
with T̃ :=

√
T = kN and λ = k/h held fixed.

In the subsequent analysis, it is often simpler to describe a condition on s, by stating

the related condition on ξ, but it should be noted that the relationship between s and

ξ depends on h.

In what follows, and to simplify the notation, we will fix T = 1, so that

N =
1

k
=

1

hλ
.

We note that the exact solution of the PDE is given by

u(x, t) =
1√
2πt

exp

(
−x

2

2t

)
(2.4)

and its Fourier transform is given by û(s, t) = exp (−s2t/2). So, for t = t̃ = 1, we

have û(s, 1) = exp (−s2/2).

As in [5] we can estimate the errors in the numerical solution (at time t = t̃ = 1),

i.e., the differences between the values of UN
j and u(xj, 1), by applying the inverse

Fourier transform to ÛN (s)− û(s, 1).

2.4 Asymptotic analysis of the Fourier transform

In this section we identify four wave number regimes for the Fourier transform and

obtain useful asymptotic estimates for ÛN (s), in each of these regimes.
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Initially, we start by identifying three regimes, the low, intermediate and high wave

number regimes (as in [5]), but then find it useful to subdivide the high wave number

regime into two further regimes.

In essence, the wave number regimes are determined by the locations of the real

zeros of the equation

ÛN(s) = 0,

which are at sm, for m = m∗, . . . , N − 1, for some integer m∗ ≥ 1, which depends

only on λ, where

2λ2 sin2(smh/2) =
1

m
.

and we note that m∗ ≥ 1
2λ2 . Note that each sm is a function of h and sm → ∞ as

h → 0, so these wave number boundaries increase in absolute terms while always

being less than or equal to π/h.

The low wave number regime (which we will refer to as regime I) is, in part, defined

by the requirement that all the terms in the numerator of the expression for ÛN (s)

in equation (2.3) should be positive.

This requires that ξ < 1/(N − 1). If we assume the stronger condition that ξ < 1/N ,

we can write a truncated Taylor expansion for

log(ÛN (s)) =

N−1∑

m=1

log(1−mξ)−
N∑

m=1

log(1 +mξ)

from which we can later derive an asymptotic estimate for ÛN (s).

As in [5], the low wave number regime is further restricted by the condition that

s < h−r, for a value r such that r < 1
3
, which ensures that the remainder terms in the

Taylor expansion go to zero as h → 0, so that we can derive a useful approximation

for ÛN (s)− û(s, 1). As this condition also ensures that ξ < 1/N asymptotically, this

condition alone is sufficient to define the low wave number regime.
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Next, there exists an intermediate wave number regime (regime II) defined by the

range of wave numbers for which ξ < 1/N but which are not in regime I (cf. [5]).

The high wave number regime is defined by the requirement that ξ ≥ 1/N . If this

condition on ξ is satisfied then some of the terms in the numerator of the expression

for ÛN(s) in equation (2.3) will be negative. There will be an integer m > 0 such

that ξ ∈ [1/(m + 1), 1/m] and the number of positive terms will remain fixed as N

increases while the number of negative terms will increase with N . A particular neg-

ative factor (1 − rξ) can be rewritten as −rξ(1 − 1/rξ), with 1/rξ < 1, and we can

then write a truncated Taylor expansion for ÛN (s) in terms of 1/ξ which will then

lead to an asymptotic value for ÛN(s).

At first sight, it might seem necessary to treat separately all the ξ-intervals of the

form [1/(m + 1), 1/m], giving rise to an ever-growing set of wave number regimes

but, in fact, it suffices for the results we wish to prove, to treat the last of these in-

tervals, [1/m∗, 2λ2], separately and combine all the other intervals into a single regime.

So we define wave number regime III to correspond to the interval [1/N, 1/m∗] and

wave number regime IV to correspond to the interval [1/m∗, 2λ2]. These ranges are

equivalent to sN ≤ s ≤ sm∗ and sm∗ < s ≤ π/h respectively. We will obtain a uni-

form bound on the magnitude of ÛN(s) for ξ ∈ [1/(m+1), 1/m] in regime III and an

asymptotic value for the magnitude of ÛN (s) in the regime IV.

Table 2.1 summarises the wave number regimes giving their boundaries in terms of

both ξ and s. (Only the regimes for positive wave numbers are shown. By symmetry,

the regimes for the negative wave numbers are just the negatives of these intervals).

The results of carrying out asymptotic expansions in the four wave number regimes are

summarised in the following Lemma which gives the behaviour of the error between

the two transforms, Ê(s) = ÛN(s)− û(s, 1).

Lemma 2.4.1 The following formulae give the errors in the Fourier transform in

each wave number regime (see Table 2.1).

1. In wave number regime I,

Ê(s) = û(s, 1)

(
1

24
s4 − 1

48
λ2s6 +

1

8
λ2s4

)
h2(1 + o(1)).
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Wave number regimes

Regime ξmin ξmax smin smax

I 0 ξr 0 h−r

II ξr
1
N

h−r sN

III 1
N

1
m∗

sN sm∗

IV 1
m∗

2λ2 sm∗

π
h

Table 2.1: Limits of wave number regimes in terms of ξ and s. Here, r < 1/3,
ξr = 2λ2 sin2(h1−r/2), sn are defined by 1/n = 2λ2 sin2(snh/2) for n = N and n = m∗,
and m∗ ≥ 1 is the smallest n for which there exists such sn

2. In wave number regime II,

Ê(s) = o(hq)

for any q > 0.

3. In wave number regime III,

|Ê(s)| ≤ ((m+ 1)!)2(N −m− 1)!

(2m+ 2)(N +m)!

whenever ξ = 2λ2 sin2(sh/2) ∈ [1/(m+ 1), 1/m] and, everywhere in this regime,

Ê(s) = O(h2m
∗+1)

for some m∗ ≥ 1.

4. Finally, in wave number regime IV, there exists a positive, continuous, and

hence bounded, function S(·, m∗) on [1/m∗, 2λ2], such that

|Ê(s)| = S(ξ,m∗)h(1+
2
ξ
)(1 +O(h))).

Proof We first consider wave number regime I. Inspection of equation (2.3) shows

that all the terms in the numerator are positive if ξ ≤ 1/N < 1/(N − 1). We can

then write log(UN (s)) as

log(ÛN (s)) =

N−1∑

j=1

(log(1− jξ)− log(1 + jξ))− log(1 +Nξ) (2.5)
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and expand the component terms, log(1± jξ), by first expanding ξ in powers of h.

The calculations are very similar to those in [5] and we begin by first expanding

ξ = 2λ2 sin2(sh/2) in powers of h to obtain

1− jξ = 1− jλ2s2

2!
h2 +

jλ2s4

4!
h4 − jλ2s6

6!
h6 +

jλ2s8

8!
h8θj ≡

3∑

i=0

Aih
2i + A4h

8,

where |θj| ≤ 1. Setting δ = h2, we define

g(δ) = 1− jξ =
3∑

i=0

Aiδ
i + A4δ

4,

f(δ) = log(1− jξ) = log (g(δ)),

and we can then expand f(δ) in terms of δ to obtain

log(1− jξ) =− jλ2

2!
s2δ +

1

2!

(
2jλ2

4!
− j2λ4

(2!)2

)
s4δ2

+
1

3!

(
−6jλ

2

6!
− 2j3λ6

(2!)3
+

6j2λ4

2!4!

)
s6δ3 + Zjs

8δ4

and we have to ensure that the remainder Zk is well-behaved. We do this by analysing

the behaviour of

f (4)(δ) =
p(δ)

g(δ)4
,

where

p(δ) = g(δ)3g(4)(δ)+2(g(δ))2g′(δ)g(3)(δ)+6(g′(δ))2g(δ)g′′(δ)−3(g′′(δ))2(g(δ))2−6(g′(δ))4.

Then g(δ) → 1 as h → 0 if we ensure that s < h−m, where m < 1
2
, because, for

example,

|A1δ| =
jλ2s2h2

2
<
Nλ2s2h2

2
=
λs2h

2
→ 0.

Then h can be chosen small enough (or N large enough) so that

|1 + A1δ + A2δ
2 + A3δ

3 + A4δ
4| > 1

2

so the denominator of f (4)(δ) is bounded away from zero. Next we can show that

|g(i)(δ)| < αi|Ai|
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for some constants, αi for i = 0, 1, 2, 3 and 4, because of the constraint on s. We can

finally conclude that

|f (4)(ψδ)|δ4 < (2α4|A4|+4α1α3|A1||A3|+48α2
1α2|A1|2|A2|+12α2

2|A2|2+96α4
1|A1|4)h8.

and it follows that we can estimate asymptotically the remainder by just retaining

the term proportional to |A1|4h8 which is, in turn, proportional to j4λ8s8h8.

By changing the sign of j, we can obtain a similar expression for log(1 + jξ) hence

find that

log(1− jξ)− log(1 + jξ)

= −jλ2s2h2 + 1

12
jλ2s4h4 − 1

360
jλ2s6h6 − 1

12
j3λ6s6h6 +Wjj

4λ8s8h8,

where |Wj | < K for some constant, K, and so

log(ÛN (s)) =

(
−λ2s2h2 + 1

12
λ2s4h4 − 1

360
λ2s6h6

)(N−1∑

j=1

j

)
− 1

12
λ6s6h6

(
N−1∑

j=1

j3

)

+

(
−λ

2s2h2

2
+

1

24
λ2s4h4 − 1

720
λ2s6h6

)
N +

1

8
λ4s4h4N2 − 1

48
λ4s6h6N2

− 1

24
λ6s6h6N3 +O(s8h3),

because (
∑j=N

j=1 j
4)λ8s8h8 = O(N5λ8s8h8) = O(λ3s8h3). So

log(ÛN (s)) =

(
−λ2s2h2 + 1

12
λ2s4h4 − 1

360
λ2s6h6

)(
1

2
(N − 1)N +

N

2

)

− 1

12
λ6s6h6

((
1

2
(N − 1)N

)2

+
N3

2

)
+O(s8h3)

as the remaining terms are dominated by O(s8h3). Substituting N = 1
hλ

we get

log(ÛN (s)) =− 1

2
s2 +

(
1

24
s4 − 1

48
λ2s6 +

1

8
λ2s4

)
h2

−
(

1

720
s6 +

1

48
λ2s6 +

1

48
λ4s6

)
h4 +O(s8h3)

and so we find that
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log(ÛN (s)) = −1
2
s2 +

(
1

24
s4 − 1

48
λ2s6 +

1

8
λ2s4

)
h2 +O(s8h3) (2.6)

because the s6h4 term of the expansion is dominated by the term O(s8h3).

We require that the second term converges to zero as h → 0 and the last term is

asymptotically dominated by the second term. These conditions are satisfied by re-

quiring that s < h−r with r < 1
3
and this condition on s defines the upper limit of

the wave number regime I.

We then have, with û(s, 1) = exp(−s2/2),

ÛN (s)− û(s, 1) = û(s, 1)

(
1

24
s4 − 1

48
λ2s6 +

1

8
λ2s4

)
h2(1 + o(1))

as we set out to prove.

We now consider wave number regime II.

The analysis is again similar to that in [5]. The lower limit of wave number regime II

is O(h−r) with r < 1
3
(which corresponds to the upper limit of wave number regime

I) and the upper limit of the regime corresponds to the first zero of ÛN (s), i.e.,

s = (2/h) sin−1
√

(1/2λ2(N − 1)), which is O(h−
1
2 ). In this regime each of the factors

(1−mξ)/(1 + (m+ 1)ξ) in ÛN(s) is positive and decreasing as s increases.

Consequently, the value of ÛN (s) will be less than or equal to its value at s = h−r for

0 < r < 1/3. However, at s = h−r we have, for any q > 0,

ÛN (s)

hq
=
e−

1
2
h−2r

hq
exp

(
h2(1−2r)

(
1

24
+
λ2

8

)
− h2(1−3r) 1

48
λ2 + o(1)

)
→ 0

as h → 0, so ÛN (s) = o(hq) at s = h−
1
3 and so we have ÛN (s) = o(hq) throughout

this regime.

Next we consider the high wave number regime which is split into two parts.

It is in wave number regimes III and IV that our analysis differs significantly from

that in [5] where there are repeated factors in the corresponding expression for ÛN (s),
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which results in a simpler expansion in terms of 1/ξ.

In our case, ÛN (s) is a product of many different factors, so the analysis and ex-

pansion is more complicated. However, we can obtain our key results by breaking

the high wave number regime into two parts and we will find that we only need to

perform an expansion in regime IV.

For wave number regime III, which extends from sN = (2/h) sin−1
√

(1/2λ2N) to

sm∗ , corresponding to ξ running from 1/N to 1/m∗, with m∗ ≥ 1, we investigate

the behaviour of ÛN (s) for values of s corresponding to values of ξ in the intervals

[1/(m+ 1), 1/m], where m∗ ≤ m ≤ N − 1. We write ÛN (s) as

ÛN (s) =

{
1(1− ξ)(1− 2ξ)..(1−mξ)

(1 + ξ)(1 + 2ξ)..(1 + (m+ 1)ξ)

}{
(1− (m+ 1)ξ)..(1− (N − 1)ξ)

(1 + (m+ 2)ξ)..(1 +Nξ)

}
.(2.7)

For the range of values of ξ ∈ [1/(m+1), 1/m] being considered, the expression in the

first set of curly brackets on the right hand side of the equation, is a product of non-

negative factors, (1−νξ)/(1+(ν+1)ξ), for ν = 0, ..., m, each of which is decreasing in

ξ, and so is bounded by its value evaluated at ξ = 1/(m+1), i.e., ((m+1)!)2/(2m+2)!

Similarly, the expression in the second set of curly brackets is a product of factors

(1 − νξ)/(1 + (ν + 1)ξ), for ν = m + 1, ..., N − 1, which are all negative and whose

magnitude is increasing with ξ. So the magnitude of this expression is bounded by the

magnitude of the expression evaluated at ξ = 1/m, i.e., (N−m−1)!(2m+1)!/(N+m)!

Therefore, the magnitude of ÛN (s) for 1/(m+ 1) ≤ ξ ≤ 1/m is bounded by

WN,m =
((m+ 1)!)2(N −m− 1)!

(2m+ 2)(N +m)!
, (2.8)

and we consider the behaviour of this expression as m decreases from N − 1 to m∗.

We have

WN,m−1

WN,m
=

N2 −m2

m(m+ 1)
,
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and this expression is less than one for

N2 −m2 < m(m+ 1),

which corresponds approximately to m > N/
√
2. This implies that, as m decreases

from N − 1, WN,m first decreases, reaching a minimum in the vicinity of N/
√
2 and

then increases. So the maximum of |ÛN (s)| will occur either at m = N − 1 or at

m = m∗.

We now compare the values of WN,m at these values of m, by calculating the ratio

WN,m∗

WN,N−1

=
((m∗ + 1)!))2

(2m∗ + 2)

(N −m∗ − 1)!

(N +m∗)!

(2N)!

(N !)2
.

By Stirling’s formula, we have the approximation

(2N)!

(N !)2
∼ (2N)2N+ 1

2 e−2N

((N)N+ 1
2 e−N)2

∼ 22N+ 1
2

N
1
2

and we see that the exponential term dominates the other powers of N and

WN,m∗/WN,N−1 → ∞ as N → ∞. So, for large enough N , WN,m is maximised at

m = m∗ and it then follows that the expression

((m∗ + 1)!)2

(2m∗ + 2)

(N −m∗ − 1)!

(N +m∗)!
= O(N−2m∗−1) = O(h2m

∗+1)

gives a uniform bound on |ÛN (s)| in wave number regime III.

Finally, we consider wave number regime IV.

In this regime, we will find that we must perform an expansion of ÛN (s) from (2.7)

and we write

∣∣ÛN (s)
∣∣ =M(ξ,m∗)

∣∣∣∣
(1− (m∗ + 1)ξ) . . . (1− (N − 1)ξ)

(1 + (m∗ + 1)ξ) . . . (1 + (N − 1)ξ)

∣∣∣∣ (1 +Nξ)−1,

where
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M(ξ,m∗) =

∣∣∣∣
(1− ξ)(1− 2ξ) . . . (1−m∗ξ)

(1 + ξ)(1 + 2ξ) . . . (1 +m∗ξ)

∣∣∣∣ ,
so

log
(∣∣ÛN (s)

∣∣) = log(M(ξ,m∗))+log

{
(1− 1

ξ(m∗+1)
) . . . (1− 1

ξ(N−1)
)

(1 + 1
ξ(m∗+1)

) . . . (1 + 1
ξ(N−1)

)

}
+log((1+Nξ)−1),

(2.9)

and we seek an expansion of the right-hand side of this equation in terms of 1/ξ, as

follows.

We write

log
(1− 1

ξ(m∗+1)
) . . . (1− 1

ξ(N−1)
)

(1 + 1
ξ(m∗+1)

) . . . (1 + 1
ξ(N−1)

)
=

j=N−1∑

j=m∗+1

(
log

(
1− 1

jξ

)
− log

(
1 +

1

jξ

))
.

We can expand the logarithmic terms for ξ ∈ [1/m∗, 2λ2] to get

j=N−1∑

j=m∗+1

(
log(1− 1

jξ
)− log(1 +

1

jξ
)

)
=

j=N−1∑

j=m∗+1

( ∞∑

l=1

(−1)
l(jξ)l

−
∞∑

l=1

(−1)l+1

j(jξ)l

)

= −
∞∑

l=0

2

(2l + 1)ξ2l+1

(
j=N−1∑

j=m∗+1

1

j2l+1

)

and, for any N , this series converges absolutely in 1/ξ as we have just rearranged a

finite sum of absolutely convergent series. We can write this as

j=N−1∑

j=m∗+1

(
log(1− 1

jξ
)− log(1 +

1

jξ
)

)

= −2
ξ

(
j=N−1∑

j=m∗+1

1

j

)
−

∞∑

l=1

2

(2l + 1)ξ2l+1

(
j=N−1∑

j=m∗+1

1

j2l+1

)
(2.10)

= −2
ξ

(
j=N−1∑

j=m∗+1

1

j

)
+ A(ξ,m∗) +B(ξ, N),

where

A(ξ,m∗) = −
∞∑

l=1

2

(2l + 1)ξ2l+1

( ∞∑

j=m∗+1

1

j2l+1

)
,

B(ξ, N) =
∞∑

l=1

2

(2l + 1)ξ2l+1

( ∞∑

j=N

1

j2l+1

)
,
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and we must establish the convergence and size of the functions A(ξ,m∗) and B(ξ, N)

(see below).

We also have

− log(1 +Nξ) = − logNξ − log (1 + 1/Nξ) = − logNξ −
∞∑

l=1

(−1)l+1

l(Nξ)l

= − logNξ − 1

Nξ
+ C(ξ, N),

where

C(ξ, N) = −
∞∑

l=2

(−1)l+1

l(Nξ)l

so that

log
(∣∣ÛN (s)

∣∣)

= log(M(ξ,m∗))− 2

ξ

(
j=N−1∑

j=m∗+1

1

j

)
+ A(ξ,m∗) +B(ξ, N)− logNξ − 1

Nξ
+ C(ξ, N)

(2.11)

= log(M(ξ,m∗))− 2

ξ

(
j=N∑

j=m∗+1

1

j

)
+ A(ξ,m∗) +B(ξ, N)− logNξ +

1

Nξ
+ C(ξ, N)

= P (ξ,m∗)− 2

ξ

(
j=N∑

j=1

1

j

)
+D(ξ, N)− logN +O(N−1),

where

P (ξ,m∗) = log(M(ξ,m∗))− 2

ξ

(
j=m∗∑

j=1

1

j

)
+ A(ξ,m∗)− log ξ

and

D(ξ, N) = B(ξ, N) + C(ξ, N).

Then we can write

log
(∣∣ÛN (s)

∣∣) = P (ξ,m∗)− 2

ξ

(
logN + γ +O(N−1)

)
+D(ξ, N)− logN +O(N−1)

= Q(ξ,m∗)−
(
2

ξ
+ 1

)
logN +O(N−1) +D(ξ, N),

where γ is the Euler-Macheroni constant [see 43], and where

Q(ξ,m∗) = P (ξ,m∗)− 2

ξ
γ.

24



Then using N = 1/(hλ) and assuming for now D(ξ, N) = O(N−1), which we will

show later, we get

log
(∣∣ÛN(s)

∣∣) = R(ξ,m∗) +

(
2

ξ
+ 1

)
log h+O(h),

where

R(ξ,m∗) = Q(ξ,m∗) +

(
2

ξ
+ 1

)
log λ.

Then we finally have

∣∣ÛN (s))
∣∣ = S(ξ,m∗)h(

2
ξ
+1)(1 +O(h))

as we were required to prove. We note that, written out in full, we have

S(ξ,m∗) =M(ξ,m∗)λ(
2
ξ
+1) exp

(
−2
ξ

(
γ +

j=m∗∑

j=1

1

j

))
eA(ξ,m∗)

and we note that S(·, m∗) is continuous and hence bounded on [1/m∗, 2λ2].

We still need to prove that A(ξ,m∗) +B(ξ, N) is a valid rearrangement and proceed

by proving that A(ξ,m∗) is convergent. It will then follow that B(ξ, N) is also con-

vergent. In addition we will show that D(ξ, N) = B(ξ, N) + C(ξ, N) = O(N−2).

Using Proposition 1 of [40], the following result is proved and stated in the abstract

that paper.

For r ≥ 1, we have
j=∞∑

j=m∗+1

1

j2r+1
=

1

2r(m∗ + θm∗)2r

for some θm∗ ≥ 1
2
.
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Therefore,

|A(ξ,m∗)| <

∞∑

l=1

2

(2l + 1)

1

ξ2l+1

1

2l(m∗ + 1
2
)2l

=

(
m∗ +

1

2

) ∞∑

l=1

1

l(2l + 1)

1

(ξ(m∗ + 1
2
))2l+1

<
1

3

(
m∗ +

1

2

)
η3

∞∑

l=0

η2l,

where η = 1/(ξ(m∗ + 1
2
)) < 1 and so A(ξ,m∗) is convergent. It follows that B(ξ, N)

is convergent because A(ξ,m∗) +B(ξ, N) is convergent.

Next we find out how B(ξ, N) depends on N . We have

|B(ξ, N)| < 2
∞∑

l=1

1

(2l + 1)

1

ξ2l+1

1

2l(N − 1 + 1
2
)2l

= 2N

∞∑

l=1

1

(2l + 1)

1

(Nξ)2l+1

N2l

2l(N − 1
2
)2l
,

and as N/(N − 1
2
) ≤ 2, we have

|B(ξ, N)| < 2N

∞∑

l=1

1

(2l + 1)

1

(Nξ)2l+1

22l+1

4l
<

1

12
N

∞∑

l=1

(
2

Nξ

)2l+1

.

Then because we have 2/ξ ≤ 2m∗, we find that for sufficiently large N , we have

2/Nξ < c < 1 for a constant c and the geometric series converges and we find that

|B(ξ, N)| < 1

6
N

(
2

Nξ

)3
1(

1− 2
Nξ

) = O(N−2)

and similarly for C. It then follows that D(ξ, N) = O(N−2).

So then we have

∣∣ÛN (s)
∣∣ = S(ξ,m∗)h(2/ξ+1)(1 +O(h)), (2.12)

where S is a function of ξ and m∗, which is positive and continuous on [1/m∗, 2λ2],

as we wanted to show.
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2.5 Error contributions from the various wave num-

ber regimes

The error in the numerical scheme at xj is found by using the inverse Fourier transform

Ej =
1

2π

∫ π
h

−π
h

Ê(s) exp(−isxj) ds,

where Ê(s) is the error in the Fourier transform.

So decomposing the error, applying the inverse Fourier transform and using symmetry,

we can write

Ej =

4∑

i=1

Ei
j ,

where

Ei
j =

1

π

∫

Ii

Ê(s) cos(sxj) ds, (2.13)

where Ii is the wave number region for i ∈ {I, II, III, IV }. We then have the follow-

ing Lemma which makes use of the results from Lemma 2.4.1.

Lemma 2.5.1 With Ei = (Ei
j)j∈Z defined in (2.13), the contribution to the error of

the numerical scheme from the four wave number regimes is given by

EI = O(h2),
EII = o(hq) for any q > 0,
EIII = O(h2m

∗

) for some m∗ ≥ 1,

EIV = O
(
h

1
λ2 /| log h| 12

)
.

Proof In wave number regime I, the analysis is similar to that in [5]. The key obser-

vation is that the term û(s, 1)( 1
24
s4− 1

48
λ2s6+ 1

8
λ2s4) has a readily identifiable inverse

Fourier transform, and we deduce that the error contribution is O(h2).

In wave number regime II, we again follow the analysis in [5] to conclude that the

error contribution from this regime will be dominated by hq for any q > 0.

In wave number regime III, we can write

∫ sm∗

sN−1

∣∣ÛN (s) cos(sxj)
∣∣ ds ≤

∫ π/h

0

∣∣ÛN (s)
∣∣ ds, (2.14)
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which is π/h · O(h2m∗+1), i.e., O(h2m
∗

).

Finally, we consider the error contribution from wave number regime IV, i.e., where

sm∗ ≤ s ≤ π/h.

We need to determine the behaviour, as h→ 0, of

∫ π
h

sm∗

S(ξ,m∗)h(1+
2
ξ
) cos(sxj) ds,

the magnitude of which is maximised at j = 0 (this is because S is positive in this

wave number regime). So we only need to consider the value of the maximum error,

F (h), given by

F (h) =

∫ π
h

sm∗

S(ξ,m∗)h(1+
2
ξ
) ds.

From ξ = 2λ2 sin2(sh/2), we find that

F (h) =

∫ 2λ2

ξm∗

S(ξ,m∗)h
2
ξ

√
ξ
√
2λ2 − ξ

dξ.

As the lowest (i.e., dominant) order in h from h
2
ξ occurs when ξ = 2λ2 we expect that

this integral will be close to O(h
1
λ2 ).

We want to show that

I| log h| 12 = | logh| 12
∫ 2λ2

ξm∗

S(ξ,m∗)h(
2
ξ
− 1

λ2
)

√
ξ
√
2λ2 − ξ

dξ =
| log h| 12F (h)

h
1
λ2

= O(1)

where S(·, m∗) is continuous and non-negative, so that

F (h) =
h

1
λ2

| log h| 12
O(1).

We make the substitution η2 = | log h|(1− ξ/2λ2) to obtain

I = | log h|− 1
2

∫ η∗

0

S∗(η,m∗) exp

(
−

η2

λ2

1− η2

| log h|

)
dη,

where S∗(η,m∗) = 2S(2λ2(1 − η2

| logh|), m
∗)/
√
(1− η2

| log h|) is a continuous function for

which ∃ S∗
max such that |S∗(η,m∗)| < S∗

max for all η ∈ [0, η∗], and where η∗2 =
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| log h|(1− ξm∗

2λ2 ) = α2| log h| with α =
√

(1− ξm∗

2λ2 ).

We split the integral into two parts, written as

I = I1 + I2,

where

I1 = | logh|−
1
2

∫ η

0

S∗(η,m∗) exp

(
−

η2

λ2

1− η2

| log h|

)
dη

and

I2 = | logh|−
1
2

∫ η∗

η

S∗(η,m∗) exp

(
−

η2

λ2

1− η2

| log h|

)
dη

with η chosen so that, asymptotically, I1 dominates I2, and we can take η = α| log h| 14 .
Firstly, we consider I2. For h < 1, the second factor of the integrand is decreasing in

η, so

|I2| <| logh|−
1
2S∗

max exp


−

α2| logh|
1
2

λ2

1− α2| log h|− 1
2


(α| log h| 12 − α| logh| 14 )

<αS∗
max exp

(
−α

2| log h| 12
λ2

)

where S∗
max is a bound for S∗ on [ξm∗ , 2λ2].

We also find that

lim
h→0

I1| log h|
1
2 = lim

h→0

∫ η

0

2S(2λ2(1− η2

| log h|), m
∗)

√
(1− η2

| log h|

exp

(
−

η2

λ2

1− η2

| log h|

)
dη,

and after noting that η2

| log h| = α| logh|− 1
2 → 0 and η →∞ as h→ 0, we have

lim
h→0

I1| log h|
1
2 =

∫ ∞

0

2S(2λ2, m∗) exp

(
−η

2

λ2

)
dη = O(1),

so that

lim
h→0

∣∣∣∣
I2
I1

∣∣∣∣ = lim
h→0

αS∗
max| log h|

1
2 exp

(
−α

2| log h| 12
λ2

)
= 0
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and we conclude that I| logh| 12 = O(1).

It now follows that the error contribution in regime IV is O
(
h

1
λ2 | log h|− 1

2

)
.

We now give the proof of Theorem 2.2.1, as follows.

Proof of Theorem 2.2.1

From Lemma 2.5.1 we have the following:

• For λ ≤ 1√
2
we have m∗ ≥ 1, so the convergence behaviour of the uniform

time change scheme, with Dirac initial data, is eventually dominated by wave

number regime I and the errors (in the maximum norm) will be O(h2).

• For λ > 1/
√
2, we have m∗ = 1, so the numerical error of the scheme is dom-

inated by wave number regime IV. The scheme still converges but the errors

will now be O
(
h

1
λ2 | log h|− 1

2

)
. The logarithmic factor in this expression is slow

growing and the error will be close to O(h1/λ
2
) which is worse than O(h2).

So for λ ≤ 1√
2
, the uniform time change scheme, with Dirac initial data, exhibits

quadratic convergence (in the maximum norm) as h → 0, with λ fixed. For λ ≥ 1√
2

the scheme is still convergent but with reduced order, 1
λ2 , which is what was to be

proved in Theorem 2.2.1 .

For any value of λ, we get convergence in the transformed numerical scheme whereas,

without the time change, the errors eventually increase as h→ 0, with λ controlling

how small h has to be for the divergence to manifest itself in practice (see [5]).

2.6 Numerical results and complexity considera-

tions

Numerical experiments have been performed to investigate the behaviour of the time-

changed scheme used to solve the heat equation (2.1) with delta-function initial con-

ditions. The analysis used T = 1 and the space domain was truncated at x = ±10.
The numerical scheme was run with a largest value of k = 0.01, i.e., with 100 time

steps in the transformed coordinates. The grid was repeatedly refined by dividing

both h and k by 2.
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The error (in the maximum norm) of the scheme was analysed by comparing the

numerical results with the exact solution given by (2.4).

Figure 2.1: Error plots for the time-changed scheme

10
2

10
3

10
4

10
−8

10
−7

10
−6

10
−5

10
−4

1/h

M
ax

 E
rro

r

λ=0.5: Slope=−2

10
2

10
3

10
4

10
−6

10
−5

10
−4

10
−3

10
−2

1/h

M
ax

 E
rro

r

λ=1: Slope=−1.05

Figure 2.1 shows the log-log plots of the errors versus h for the cases λ = 0.5 and

λ = 1.0, either side of 1/
√
2. The estimated convergence orders of 2 and 1.05, respec-

tively, are in line with Theorem 2.2.1.

The slope of the log-log plot was then plotted against the value of λ in Figure 2.2,

along with the h exponent for the error derived from the analysis above, where we

ignore the effect of the | log h| 12 term on the behaviour of the error in wave number

regime IV and just use the expression min(2, 1/λ2).

Figure 2.2: Convergence order for the time-changed scheme as a function of λ
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We see a good match between theory and experiment with the larger divergences

being seen where λ is closest to the critical value of 1/
√
2.
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It is not possible to determine experimentally the h exponent with complete accuracy

for two reasons.

Firstly, as h → 0, the time required for each solution increases rapidly so, for com-

parison purposes, all the calculations were terminated when the number of time steps

reached 3200.

As the overall error of the scheme is a mixture of errors with different h exponents, the

behaviour of the scheme will not be entirely defined by the asymptotically dominat-

ing h exponent because the calculations terminate early. In particular, for λ slightly

above 1/
√
2, smaller values of h need to be reached before the error from wavenumber

IV clearly dominates the other errors. Note that our analysis does not identify the

weighting factors for the errors of different order in h.

Secondly, the additional term, | logh|− 1
2 , in the error behaviour in wave number regime

IV will distort the error plot and tend to increase the apparent h exponent to some

extent.

For values of λ above the critical value, we expect the asymptotic behaviour of

wavenumber IV to dominate the error, E(h), for small mesh size h. So, asymptoti-

cally, we expect to have E(h)/h
1

2λ2 ∼ | log h|− 1
2 , and a log-log plot between these two

expressions would be expected to reveal a slope of -0.5 for sufficiently small h. Figure

2.3 shows this behaviour as h→ 0 and the numerical results support the asymptotic

behaviour of the | log h|− 1
2 term although the convergence is slow for values of λ near

the critical value.
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Figure 2.3: Time Change Scheme: Slope from plot of log (E(h)/h
1

2λ2 ) against
log | logh| as a function of λ
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We have also carried out a comparison of the error performance between the time

change scheme and the Rannacher scheme. For λ ≤ 1/
√
2, both schemes will show

quadratic convergence and, for small values of h, we can write (as in [5])

ÛN
R (s)− û(s, 1) = û(s, 1)

(
1

24
s4 +

1

8
λ2s4 − 1

96
λ2s6

)
h2(1 + o(1))

and

ÛN
TC(s)− û(s, 1) = û(s, 1)

(
1

24
s4 +

1

8
λ2s4 − 1

48
λ2s6

)
h2(1 + o(1)),

where ÛN
R (s) and ÛN

TC(s) are the Fourier transforms for the Rannacher and time-

changed scheme in wave number regime I.

For m ≥ 1, the mth derivative of the cumulative Normal distribution, N(x), has the

Fourier transform given by

N̂ (m)(s) = (is)(m−1)e−s2/2

so that the Fourier inverse of (is)(m−1)e−s2/2 is (1/
√
2π) N (m)(x). We can then esti-

mate the ratio of the errors of the two schemes (at x = 0) as

ETC

ER
=

3
(

1
24

+ 1
8
λ2
)
− 15 1

48
λ2

3
(

1
24

+ 1
8
λ2
)
− 15 1

96
λ2

=
1
8
+ λ2

16
1
8
+ 7λ2

32

by evaluating N (5)(0) = 3 and N (7)(0) = −15 from
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N (5)(x) =
1√
2π

(x4 − 6x2 + 3)e−x2/2

N (7)(x) =
1√
2π

(−x6 − 15x4 + 45x2 − 15)e−x2/2

The ratio ETC/ER has been plotted as a function of λ in Figure 2.4 and the results

compared to the empirical observations. There is a very good fit to the data and, for

values of λ less than the critical value, there is a modest reduction in the error of the

numerical scheme due to the time change method.

Figure 2.4: Ratio of the Time Change and Rannacher errors in the maximum norm
(for up to 3200 timesteps)
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Experiment
Theory

We are also interested in the computational efficiency of the schemes, so we have

investigated the relative performance of the two schemes when both are subject to

a constraint on the computational cost, C. We can write C ∼ c(1/k)(1/h) for some

constant cost parameter c and we then can approximate the errors as

ER = ((1/8) + (7/32)λ2)h2

= (c/C)((1/8)(1/λ) + (7/32)λ)

and similarly

ETC = ((1/8) + (1/16)λ2)h2

= (c/C)((1/8)(1/λ) + (1/16)λ).
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Here we assume that we use a direct solver for the PDE and do not take advantage

of any special features such as the presence of time-independent coefficients. So for

our analysis we assume that the same cost factor, c, applies to both schemes.

The errors ER and ETC will be separately minimised as functions of λ at

λ∗R =
√

(1/8)(32/7) ∼ 0.76

and

λ∗TC =
√
(1/8)(16/1) ∼ 1.41

Figure 2.5: Plot of ratio of Rannacher to time change optimal error at the same cost
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Rannacher
Time Change

Note that for the time change the analysis is only valid for λ ≤ 1/
√
2, after which

lower order convergence is observed, so the minimum occurs at 1/
√
2.

The plot (Figure 2.5) of the errors for λ ≤ 1/
√
2, with the fixed computational cost,

shows that the time change scheme has the lowest achievable error for the value of

λ = 1/
√
2 and this error is, in turn, better than the error of the Rannacher scheme

at the value λ∗R.

2.7 Further variations of the time change approach

In this section we have investigated two further variants of the time change scheme.
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Smoothed ‘approximations’ of the Dirac data

The first suggestion proposes the use of alternative, ‘smoothed’, approximations to

the Dirac delta function which might be used as the initial condition for the scheme,

e.g.,

Ũ0
j =

∫ ∞

−∞
Φ

(k)
h (xj − x)δ(x) dx,

where Φ
(k)
h is a linear spline centred at 0 and with support (−kh, kh), precisely,

Φ
(k)
h (x) =





0 x /∈ [−kh, kh],
1

k2h2 (kh + x) x ∈ [−kh, 0],
1

k2h2 (kh− x) x ∈ [0, kh].

For k = 1, this reduces to the previous choice of initial condition whereas, for k = 2,

Ũ0
j =





0 j /∈ {−1, 0, 1},
1
4h

j ∈ {−1, 1},
1
2h

j = 0.
(2.15)

The discrete delta is a triangular ramp function with increasing support, and is illus-

trated in Figure 2.6, where the vertical axis is normalised to 1/h and the horizontal

axis is normalised to h.

Figure 2.6: Smoothed discrete delta functions
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Base case
3−point
5−point

The time change scheme was run using the modified initial condition to investigate

whether an improvement in accuracy might result.

We refer to the ‘3-point scheme’ (where the initial condition has non-zero entries at

only 3 grid points) and to the ‘5-point scheme’ (where the initial condition has non-

zero entries at only 5 grid points).
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However, we first present a brief theoretical analysis of the expected performance

based on modifying the Fourier analysis from Sections 2.4 and 2.5.

The Fourier transform of the initial condition (where k > 1) can be written as

̂̃U 0(s) = h

j=∞∑

j=−∞
eisxj Ũ0

j =
h

k2h2

(
k−1∑

m=1

h(k −m)eisx−m + kh+

k−1∑

m=1

h(k −m)eisxm

)

=
1

k2

(
k + 2

k−1∑

m=1

(k −m) cos(msh)

)

so that, for k = 2, we have

̂̃U 0(s) = (2 + 4 cos(sh))/4 = cos2(sh/2)

and for k = 3, we have

̂̃U 0(s) = (3 + 4 cos(sh) + 2 cos(2sh))/9 = (1− 8 cos2(sh/2) + 16 cos4(sh/2))/9.

We can write the Fourier transform of the resulting scheme at T as

̂̃UN (s) = ÛN (s) ̂̃U0(s)

where ÛN (s) is the Fourier transform for the original problem, i.e., with the original

initial conditions.

For the low wavenumber regime, we can expand the two terms separately to obtain

̂̃UN
k (s) ∼

(
ũ(s, 1) + ũ(s, 1)

(
1

24
s4 − 1

48
λ2s6 +

1

8
λ2s4

)
h2
)
̂̃U
0

(s)

so for k = 2 we have

̂̃UN
2 (s) ∼

(
ũ(s, 1) + ũ(s, 1)

(
1

24
s4 − 1

48
λ2s6 +

1

8
λ2s4

)
h2
)(

1− s2h2

4

)

and

̂̃UN
2 (s)− ũ(s, 1) ∼ ũ(s, 1)

(
1

24
s4 − 1

48
λ2s6 +

1

8
λ2s4 − s2

4

)
h2.

Applying the inverse transform to estimate the errors (noting that the Fourier trans-

form for s2e−
s2

2 at x = 0 is given by N (3)(0) = −1/
√
2π) we find that the low
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wavenumber error, E2, of the scheme with the modified initial condition is approxi-

mately

E2 ∼
(
λ2

16
− 1

8

)
h2

and so, recalling the low wavenumber error, E, of the original time change scheme,

we have the error ratio

E2

E
∼

λ2

16
− 1

8
λ2

16
+ 1

8

.

From this we see that for λ near zero, the two schemes have almost identical errors,

differing only by their sign, while for larger values of λ, below the critical value, we

have |E2/E| < 1, and near to the critical value of λ, the ratio of the errors is approx-

imately 0.6.

The empirical behaviour compared with the theoretical behaviour is shown in Figure

2.7 and the scheme with k = 2 does indeed provide some improvement in the error.

Figure 2.7: Ratio of the Time Change and 3-point or 5-point errors in the maximum
norm (for up to 3200 timesteps)
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However, repeating the analysis for k = 3, we find that the smoothed scheme is now

worse than the original scheme. In this case, the expansion of ̂̃U 0(s) has the form

̂̃U 0(s) ∼
(
1− 2s2h2/3 . . .

)

and the low wavenumber error, E3, of the scheme takes the form of
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E3 ∼
(
λ2

16
− 13

24

)
h2

so that

E3

E
∼

λ2

16
− 13

24
λ2

16
+ 1

8

and for λ near zero, the error ratio is approximately 4.33 and the empirical behaviour

is also shown in Figure 2.7.

Turning to wavenumber regime IV, relevant for λ larger than the critical value, we

consider only the case where k = 2. We assume 2λ2 > 1, and study the behaviour of

the integral

I =
F (h)

h
1
λ2

=

∫ 2λ2

1

S(ξ, 1) cos2(sh/2)h(
2
ξ
− 1

λ2
)

√
ξ
√

2λ2 − ξ
dξ,

where we note that cos2(sh/2) = 1 − ξ/2λ2, and S(ξ, 1) is continuous and non-

negative on ξ ∈ [1, 2λ2] and we can show that I = O(1/| logh| 32 ) so that F (h) =

h
1
λ2O(1/| logh| 32 ), as follows.

Using the same substitution as above we obtain

I = | log h|− 3
2

∫ η∗

0

S∗(η, 1)

(
η2 exp

(
−

η2

λ2

1− η2

| log h|

))
dη,

where η∗2 = | log h|(1− 1
2λ2 ) = α2| log h|, with α =

√
(1− 1

2λ2 ).

Again by splitting range of the integration into two parts, we write

I = I1 + I2,

where I1 is the integral from 0 to η (where we take η = α| logh| 14 ) and I2 is the

integral from η to η∗.

We find that for sufficiently small h,

|I2| < | log h|−
3
2S∗

max(α
2| log h| 12 ) exp


−

α2| log h|
1
2

λ2

1− α2| log h|− 1
2


(α| logh| 12 − α| log h| 14 )
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and so

|I2| < α3S∗
max| log h|−

1
2 exp

(
−α

2| log h| 12
λ2

)

where S∗
max is a bound for S∗ on [1, 2λ2].

Again noting that η∗2

| log h| = α| log h|− 1
2 → 0 as h→ 0, we also find that

lim
h→0

I1| log h|
3
2 =

∫ ∞

0

2S(2λ2, m∗)η2 exp

(
−η

2

λ2

)
dη,

and

lim
h→0

∣∣∣∣
I2
I1

∣∣∣∣ = lim
h→0
| log h| exp

(
−α

2| log h| 12
λ2

)
= 0

so we have I| log h| 32 = O(1) as required.

So for 2λ2 > 1, we find that the modified scheme still has the same order of conver-

gence given by 1/λ2, with a different but still slowly varying logarithmic factor.

Once again, for values of λ above the critical value, we expect the asymptotic be-

haviour of wavenumber IV to dominate the error, E(h), for small mesh size h. So,

asymptotically, we expect to have E(h)/h
1

2λ2 ∼ | log h|− 3
2 , and a log-log plot between

these two expressions would be expected to reveal a slope of -1.5 for sufficiently small

h.

Numerical results shown in Figure 2.8 illustrate the asymptotic behaviour for large λ

and we see that the convergence to the theoretical -1.5 slope is less good than for the

basic time change (which approaches quite closely to the theoretical value if -0.5, as

seen in Figure 2.3), presumably as rather more (and smaller) time steps are needed

in this case.

In addition, Figure 2.9 compares the errors of the 3-point scheme to those of the ba-

sic time change scheme which shows a consistent improvement in the errors for large λ.

The 3-point scheme is seen to be beneficial, with error reduction in both the low and

high wavenumber regimes.

40



Figure 2.8: 3-Point Scheme: Slope from plot of log (E(h)/h
1

2λ2 ) against log | log h| as
a function of λ
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Figure 2.9: Comparison of errors of the basic Time Change scheme and the 3-point
scheme
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‘Mixed’ Time Change/Rannacher scheme

We also investigate the potential benefits of combining the time change scheme with

Rannacher start-up.

The impact of the ‘mixed’ (Time Change/Rannacher) scheme was analysed by mod-

ifying the Fourier transform to replace the first two Crank-Nicolson steps with four

appropriate Rannacher steps (taking account of the time change mechanism).

Then the Fourier transform for the mixed scheme is given by
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̂̃UN =

(
1

(1 + ξ)(1 + 2ξ)(1 + 3ξ)(1 + 4ξ)

)(
(1− 2ξ)(1− 3ξ) . . .

(1 + 3ξ)(1 + 4ξ) . . .

)

where the first factor represents the Rannacher steps and the second factor represents

the remaining Crank-Nicolson steps.

This can be written in the form

̂̃UN =

(
1

(1− ξ)(1 + 3ξ)(1 + 4ξ)

)
ÛN ,

where ÛN is the Fourier transform for the original time change scheme.

For the low wavenumber regime we can again make use of the asymptotic expansion

for ÛN and expand the first factor to get an additional contribution to the leading

term of log ̂̃UN from

− log(1− ξ)− log(1 + 3ξ)− log(1 + 4ξ) ∼ 3λ2s2h2.

Incorporating the extra term and applying the inverse Fourier transform, we find the

low wavenumber error, EM , for the mixed scheme is

EM ∼
(
1

8
− 47

16
λ2
)
h2

so the ratio of the errors for the mixed scheme and for the basis time change scheme

can be written as

EM

E
∼ −

47
16
λ2 + 1

8
λ2

16
+ 1

8

and a numerical comparison of the two schemes fits the observations very well up to

the critical value of λ, apart of values of λ near 0.20, as can be seen in Figure 2.10.
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The error in the mixed scheme changes sign there and higher order terms would need

to be taken into account to describe the error ratio more accurately near to λ = 0.20.

Figure 2.10: Ratio of the Time Change and Mixed Scheme errors in the maximum
norm (for up to 3200 timesteps)
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Mixed scheme
Theory

Turning to wavenumber regime IV, we again assume that 2λ2 > 1 so that m∗ = 1.

As before, we study the behaviour of the integral

I =
F (h)

h
1
λ2

=

∫ 2λ2

1

(
1

(1− ξ)(1 + 3ξ)(1 + 4ξ)

)
S(ξ, 1)

√
ξ
√
2λ2 − ξ

h
2
ξ
− 1

2λ2 dξ.

Now we recall, from (2.9) and (2.12), that when m∗ = 1, S(ξ, 1) now has a factor(
1−ξ
1+ξ

)
so that we can write

S(ξ, 1) =

(
1− ξ
1 + ξ

)
S̃(ξ, 1)

where S̃(ξ, 1) is continuous and non-negative on ξ =∈ [1, 2λ2], so we can write the

integral as

I =
F (h)

h
1
λ2

=

∫ 2λ2

1

S∗(ξ, 1)
√
ξ
√
2λ2 − ξ

h
2
ξ
− 1

2λ2 dξ

where the the factors (1+ξ)(1+3ξ)(1+4ξ) have been absorbed in S∗(ξ, 1) and where

S∗(ξ, 1) is continuous and non-negative on ξ ∈ [1, 2λ2].
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Now we have essentially the same behaviour as for the basic time change except that

we will have a different multiplier inside the Gaussian integral

∫ ∞

0

2S∗(2λ2, 1) exp

(
−η

2

λ2

)
dη,

and so h→ 0 we have I| log h| 12 = O(1), as before.

So for 2λ2 > 1, we expect to find that the modified scheme still has the same the

asymptotic order of convergence, given by 1
λ2 , and also has the same slowly varying

logarithmic factor (although the size of the errors will be different).

It has proved difficult to demonstrate this result numerically as convergence to the

expected slope of the log-log plot (analogous to Figure 2.3), is very slow.

In addition, Figure 2.11 compares the errors of the mixed scheme to those of the basic

time change scheme. This plot shows that including the Rannacher steps for large λ

results in smaller errors than for the basic time change scheme.

Figure 2.11: Comparison of errors of the basic Time Change scheme and the Mixed
scheme
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Overall, we see that combining the time change with the Rannacher scheme is only

beneficial for small values of λ, i.e., where λ < 0.30 or for large values of λ, say, where

λ > 0.90 (see Figure 2.10).
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Note that for λ above the critical value, the original Rannacher scheme will have the

best convergence behaviour as it displays quadratic convergence. However, taking

into the account the computational complexity of the schemes suggests that the best

results are obtained by taking λ below the critical value and using the time change

(see 2.6).

Finally, Figure 2.12 shows a comparison of the convergence rates (for λ above the

critical value) for the basic time change scheme, the 3-point scheme and the mixed

scheme and with estimated errors for up to 800 time steps. The curves appear to

converge to the theoretically predicted one as h → 0, however convergence is slow

especially for the mixed scheme.

Figure 2.12: Convergence rates for the three schemes for λ above the critical value
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Time Change
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Mixed
Formula

2.8 The time change applied to the Black-Scholes

equation

In this section, we describe numerical results obtained by applying the time change

to the Black-Scholes equation

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0, S > 0, t ∈ (0, T ]. (2.16)
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This is the equation that can be used to calculate, for example, the price, V , of a

European option.

Here, S is the price of the underlying, σ is the volatility, r is the risk-free rate, and t

is time.

For a call option, the terminal condition is given by the payoff, i.e., V (S, T ) =

max(S −K, 0) for some T > 0, where K is the strike of the option.

Practically important sensitivities of the call price to the initial asset price, used in

risk management, are given by the delta, ∆, and gamma, Γ, defined as

∆ =
∂V

∂S

and

Γ =
∂2V

∂S2

respectively.

Our investigation of convergence for the heat equation was based on Fourier analysis

that relies on the PDE having constant coefficients whereas the Black-Scholes PDE

used to price a European option does not have constant coefficients and so our anal-

ysis is not directly applicable in this case.

Nevertheless we have implemented the natural time change method to study the

convergence behaviour of the gamma calculated with the modified numerical scheme.

In this context the natural analogue to the solution of the heat equation with Dirac

delta initial conditions would be the PDE satisfied by the gamma,

∂Γ

∂t
+

1

2
σ2S2 ∂

2Γ

∂S2
+ (rS + 2σ2)

∂Γ

∂S
+ (r + σ2)Γ = 0,

where the terminal condition for this equation is given by the second derivative of the

payoff with respect to S, i.e., Γ(S, T ) = δ(S −K). Here we have also assumed that
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σ and r are constant.

This PDE could be used to test the performance of the time change approach but

a more useful approach (as it reflects industry practice) is to apply the time change

directly to the Black-Scholes equation and then use finite differences to derive ap-

proximate values for the gamma from the calculated option values. (Note that the

scheme was also tested with the gamma PDE and gave identical results).

We first note that if we can write our PDE in the form

∂V

∂τ
−LV = 0,

where τ = T − t is the time to maturity and where the spatial differential operator L
has time-independent coefficients, then the transformed equation for t̃ =

√
τ is simply

∂V

∂t̃
− 2 t̃ LV = 0.

If the coefficients in L are time-dependent, then these need to be rewritten in terms

of t̃. This simple change to the equation results in very minimal changes to the solver

code. The calculation done for a single time step in the original variables can be

written as

(I − L)V n+1 = (I + L)V n,

where L is a matrix dependent on k, h, S, σ and r while V n is the solution vector at

time step n. In the case of constant coefficients, and in the time-changed variables,

this calculation simply becomes

(I − 2 t̃n+1L)Ṽ
n+1 = (I + 2 t̃nL)Ṽ

n,

where Ṽ n serves as numerical approximation to Ṽ (·, t̃n) = V (·, T− t̃n2). In particular,

the transformed Black-Scholes equation is

∂Ṽ

∂t̃
− 2 t̃

(
1

2
σ2S2∂

2Ṽ

∂S2
+ rS

∂Ṽ

∂S
− rṼ

)
= 0

with the payoff function as the initial condition.

The transformed equation for Ṽ was solved using the Crank-Nicolson scheme and the

gamma calculated by finite differences.
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Although the scheme does not have the constant coefficients required for the direct

application of Fourier analysis, the errors do behave in a very similar way to those

for the heat equation.

The errors in gamma were computed from the analytic values and the convergence

rate of the numerical error as a function of λ was analysed and is shown in Figure

2.13. The volatility, σ, was set to 20% and the strike, K, was set to 100. The risk-free

Figure 2.13: Convergence order for the gamma calculated from the time-changed
Black-Scholes scheme as a function of λ
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Formula
Observations

rate, r, was set to 5%.

The results of the analysis showed that there was a critical value of λ below which

the error in the maximum norm was O(h2) and above which the h exponent declined

in the same manner as for the heat equation (see Figure 2.2). Also shown in Figure

2.13 is the plot of min(2, 1/(σ2K2λ2)) and it is clear that this gives a reasonable de-

scription of the behaviour of the h exponent although it is not quite as good as with

the heat equation itself.

We can justify the critical value of λ by noting that, in the Black-Scholes equation,

the factor 1
2
σ2S2 plays the same role as the factor 1

2
in the heat equation and we

also observe that if we had written the heat equation in the form ut =
1
2
Duxx, for

some constant diffusivity D, we would have found the critical value of λ to be 1/
√
2D.

Typically, the worst behaviour of a numerical scheme for the Black-Scholes equation

with delta function initial conditions is seen at times close to maturity and in the
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vicinity of the strike and so the strike is an appropriate parameter to use to represent

the coefficient of ∂2V
∂S2 which then determines the critical value of λ.

Even without the precise results available from Fourier analysis, we can still attempt

a partial explanation of how the time change improves the convergence of the Crank-

Nicolson numerical scheme.

One consideration is that the truncation error of the numerical scheme has a leading

order term proportional to the third derivative with respect to time of the European

option price and the behaviour of this derivative is much improved by the time change.

The theta, ΘC , of the call option is given by (see [17], p. 64)

ΘC =
∂C

∂t
=
Sn(d1)σ

2
√
T − t

− rKe−r(T−t)N(d2),

where C is the solution to (2.16) with C(S, T ) = max(S−K, 0), N(x) is the cumulative

Normal(0,1) distribution, n(x) is its first derivative (the Gaussian function) and

d1,2 =
(log(S/K) + (r ± 1

2
σ2)(T − t))

σ
√
T − t

.

Clearly ΘC will become singular at the strike as t → T and any higher derivatives

will also be singular there.

However, if we change the time variable to t̃ =
√
T − t, we find that

Θ̃C =
∂C

∂t̃
= −2t̃∂C

∂t
= −2t̃

(
Sn(d1)σ

2t̃
− rKe−rt̃2N(d2)

)

= −Sn(d1)σ + 2t̃rKe−rt̃2N(d2)

and Θ̃C is then not singular at t̃ = 0.

Carrying on to the second ‘time’ derivative we see that

∂2C

∂t̃2
= −Sn′(d1)σ

∂d1

∂t̃
+ 2rKe−rt̃2(1− 2 t̃ r)N(d2)− 2 t̃ rKe−rt̃2n(d2)

∂d2

∂t̃
,
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where we also have

∂d1,2

∂t̃
= − log

S
K

σ t̃2
+
r ± σ2

2

σ

so there are potentially singular terms to consider, i.e., those featuring inverse powers

of t̃.

However, if S 6= K then both d1 and d2 → ±∞ as t̃→ 0 so that the exponential fac-

tors in n(di) = (1/
√
2π) exp (−d2i /2) will eventually overwhelm the inverse powers of t̃.

Finally, if S = K the term log(S/K) vanishes and the derivative is non-singular at

the strike.

It is clear that this analysis will extend to the higher derivatives of C because the

negative powers of t̃ will now only arise from differentiating N and will then only

appear as multipliers of the Gaussian function.

These powers will only be present for S 6= K where the Gaussian function will decay

rapidly and overwhelm the inverse powers. So the higher derivatives will not become

singular as t̃→ 0.

Although it is not entirely clear how to deduce convergence properties of the trans-

formed numerical scheme directly from the above analysis, and particularly the con-

vergence of derivatives of the solution, it seems plausible that the improved regularity

of the truncation error is advantageous when using initial conditions that are not

smooth.

2.9 American options

[12] investigate the convergence properties of Crank-Nicolson time-stepping when

used to calculate the price of an American put by a penalty method. The penalised

Black-Scholes equation is given by

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV + ρmax(max(K − S, 0)− V, 0) = 0,

50



where ρ > 0 is a penalty parameter. This non-linear equation is solved with the

terminal condition set equal to the option payoff. The penalty term comes into play

when the solution violates the requirement that V should not fall below the payoff.

As the penalty parameter ρ increases, the solution of the equation converges to the

value for the American option satisfying

max

(
∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV,max(K − S, 0)− V

)
= 0.

For the present purposes, we are interested solely in the convergence of the Crank-

Nicolson scheme and choose ρ large enough to make the penalty solution numerically

indistinguishable from its limit.

[12] implemented their solver using the Crank-Nicolson scheme with Rannacher start

up and demonstrated that as the time step was reduced with the ratio of time step

to space step held constant, the error in the calculated at-the-money (ATM) value of

the American put tended to O(h
3
2 ) behaviour.

Their analysis of the problem suggests that non-uniform time-stepping might restore

second order convergence so they went on to describe and implement an adaptive

time-stepping procedure that did indeed yield second order convergence for the op-

tion value.

Their results suggest that the simple time change method described above might also

be able to restore second order convergence.

The penalty code was modified to incorporate the time change and numerical results

were generated.

Second order convergence was observed for the option value and delta for the ATM

option and it was also observed that, for sufficiently small λ, the gamma showed

second order convergence.

Table 2.2 shows the ratios of successive differences for mesh refinements with λ equal

to 0.0125, 0.025 and 0.05. As with the European option discussed above, and with

the strike, K = 100, and the volatility, σ = 20%, the critical value of λ appears to be
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Ratios of successive differences
λ = 0.0125

M N Value Delta Gamma
3200 640 3.98 3.92 3.91
6400 1280 3.97 3.97 3.94
12800 2560 3.97 3.97 3.96
25600 5120 3.99 3.97 3.99

Ratios of successive differences
λ = 0.0250

M N Value Delta Gamma
3200 320 3.84 4.01 3.80
6400 640 3.99 3.93 3.96
12800 1280 3.94 3.93 3.89
25600 2560 3.96 3.97 3.98

Ratios of successive differences
λ = 0.0500

M N Value Delta Gamma
3200 160 3.85 3.65 2.07
6400 320 3.78 3.87 2.08
12800 640 3.89 3.87 2.09
25600 1280 3.89 3.90 2.09

Table 2.2: Ratios of successive differences between numerical solutions for successive
refinements for V , ∆ and Γ; M the number of steps in S, N the number of steps in
t; σ = 0.20, r = 0.05, ρ = 106

in the vicinity of 1/(σK
√
2) = 0.035.

We note, however, that the regularity of the value function for the American option

close to expiry is fundamentally different from the European case. In particular,

the second derivative in S – the Gamma – is bounded in the ‘hold region’ S >

S∗(t) and is seen to approach the bounded value 2rK/(σS∗(t))2 as S approaches

the exercise boundary S∗(t) from the right (by using smooth pasting and the Black-

Scholes PDE). The reduced convergence of the Crank-Nicolson scheme therefore has

to be a consequence of the motion of the exercise boundary. It is shown in [6] that

the asymptotic behaviour of the exercise boundary S∗(t) close to expiry T is given by

S∗(t)−K ∼ −Kσ
√

(T − t)
∣∣∣∣ log

((
8πr2

σ2

)
(T − t)

) ∣∣∣∣.
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Expressed as a function S̃ of t̃ =
√
T − t,

S̃(t̃)−K ∼ −
√
2Kσt̃

√√√√
∣∣∣∣ log

((
8πr2

σ2

) 1
2

t̃

) ∣∣∣∣.

Although the speed ∂S̃/∂t̃ of the boundary for the new time variable t̃ close to zero

is still infinite, this is very barely noticeable numerically.

It was also observed that the plots of the calculated gamma revealed instability around

the exercise boundary, behaviour which was also seen in [12], where the authors found

that their adaptive time-stepping approach resulted in instability of the gamma at

the exercise boundary unless fully-implicit time-stepping was used. This behaviour is

a separate phenomenon independent of the short-time asymptotics addressed here.

In the previous section we suggested that the improved convergence properties of

the Crank-Nicolson scheme might be related to improved regularity of the third time

derivative of the value function of the European put in the vicinity of the strike and

close to maturity.

We would like to be able to perform a similar analysis for the American put but, of

course, no simple closed form expression for the value function is known. However,

[28] do present an asymptotic expansion for the value function which can be decom-

posed into the value function of the European put plus the sum of an asymptotic

series representing the early exercise premium.

In [28], some changes of variable are used to define the final form of the expansion.

We write S = Kex and ξ = x/(2
√
τs), where τs is the rescaled time to maturity, equal

to 2(T − t)/σ2. The transformed value function is then given by

v(x, τs) =
P (S, t) + S −K

K
, (2.17)

where P (S, t) is the value of the American put as a function of the original variables.

We can then write that

v(x, τs) = vE(x, τs) +
∞∑

n=2

∞∑

m=1

τn/2s (− log τs)
−mFm

n (ξ), (2.18)
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where Fm
n are functions of the similarity variable ξ and vE(x, τs) is the value of the

European put expressed in the new variables.

In [28], only a few of the functions Fm
n are fully identified and discussion of those is

restricted to m = 1. Those with n ≥ 2 and m = 1 are, in principle, tractable but

only partial results are known for the cases where m > 1. This limits our ability to

draw conclusions from the behaviour of the derivatives of the early exercise premium.

Nevertheless, we will illustrate some aspects of the behaviour of the derivatives by

describing a single term of the early exercise premium and its form and behaviour

after the time change.

For example we find that the leading order coefficient of the early exercise premium

is given by

F 1
2 (ξ) = µ(ξ exp (−ξ2/2)/

√
π + (2ξ2 + 1)erfc(ξ))

for some constant µ.

After the time change this early exercise term in (2.18) is

G = µt̃2(−2 log t̃)−1F 1
2 (η),

where η = x/(2t̃). At the strike, we have

∂G

∂t̃
= µ(2t̃(−2 log t̃)−1 − 2t̃(−2 log t̃)−2),

∂2G

∂t̃2
= µ(2(−2 log t̃)−1 + 4(−2 log t̃)−2) + 8(−2 log t̃)−3)

and

∂3G

∂t̃3
=
µ

t̃
(4(−2 log t̃)−2 + 16(−2 log t̃)−3) + 48(−2 log t̃)−4).

Acknowledging that this calculation only addresses a single term of the expansion of

the early exercise premium we see that there is an improvement in the regularity of

the derivatives of the put but unfortunately this does not obviously extend to the

third derivative terms such as ∂3G/∂t̃3.

So, although we are encouraged by the empirical performance of the time change

method applied to the American put, further analysis will be required to explain

fully the improvement in convergence.
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2.10 Conclusions

In this chapter we have presented the analysis of a simple and natural change of time

variable that improves the convergence behaviour of the Crank-Nicolson scheme.

When applied to the solution of the heat equation with Dirac delta initial conditions,

the numerical solution of the time changed PDE is always convergent with rate of

convergence determined by the ratio, λ, of time step to space step (held constant

during grid refinement).

This behaviour contrasts strongly to that of the Crank-Nicolson scheme when ap-

plied to the original PDE, which is always divergent and where λ controls how small

the time step must be before the divergence appears. A proof of the behaviour of the

time-changed scheme is given and numerical results presented to support the theo-

retical analysis.

Although the Fourier analysis used to prove this result cannot be applied directly to

the Black-Scholes equation as it does not have constant coefficients, numerical ex-

periments for the price and Greeks of a European call indicate that the time change

method also leads to a convergent Crank-Nicolson scheme for this problem, without

the need to introduce Rannacher steps, and quadratic convergence can be obtained

if λ is chosen appropriately.

The change of convergence order at the value of λ which gives optimal complexity

for given error tolerance is in line with the sensitivity of the error to λ observed in [14].

The present analysis does not support the conjecture made in [14], however, that the

convergence of the Rannacher scheme with non-uniform (square-root) time-stepping is

never of second order, the argument being that for small initial time-steps the smooth-

ing effect diminishes. In fact, we see here that under square-root time smoothing is

not necessary at all.

The experimentally observed second order convergence for the time-changed scheme

extends to the computation of American option values which satisfy a linear comple-

mentarity problem with singular behaviour of the free boundary. These results are

in line with, and extend, those of [41] and [12], for a Crank-Nicolson scheme with
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Rannacher start-up on a locally refined time mesh.

It can be seen as an advantage of the time-changed scheme proposed here that it pro-

vides a remedy for both the reduced convergence order of the Crank-Nicolson scheme

for European and American option values and for the divergence of their sensitivities

by a single, simple modification.

Future work in this area will investigate other applications of the time variable change

to option pricing and elsewhere. Specifically, it would be interesting to incorporate

the square-root time change into a (semi-)Lagrangian approach to drift-dominated

equations for standard European and American options (see [44]) or Asian options of

either European or American type ([8] and [3]).

56



Chapter 3

Using the Kolmogorov forward
equation to calculate hedging error
distributions

3.1 The dynamics of hedging errors

Now we turn to a discussion of the mathematics of hedging errors.

We work in a framework where there is a (d+1)-dimensional vector, Xt, of time-

dependent underlying processes (e.g. asset prices, stochastic volatilities, etc.) and we

are using a specified trading strategy to hedge the exposure of a European option,

V , with payoff FV (XT ), which is a function of values of the underlying processes at

maturity, T .

We will assume that the trader does not know the true model of the underlying pro-

cesses. He then uses a trading strategy based on an incorrect model. This leads to

hedging errors due to model misspecification.

Model misspecification may be due to incorrect estimation of the parameters in the

true model or may be due to the use of a different type of model or a combination

of these effects. In some cases, very little structure might be assumed in the trader’s

model of the market.

Our analysis of the hedging problem uses the idea that in assessing the trader’s hedg-

ing performance, we have more information than the trader has. The true model

applies to a filtered probability space equipped with a filtration, FTrue, whereas the
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model employed by the trader may use a different filtration, FPartial, reflecting the

partial information available. This mismatch of information results in hedging errors.

In the simplest case, model misspecification may be due to misestimation of param-

eters in an otherwise correct model while, in other cases, the difference between the

two filtrations might reflect, in part, different number of noise components in the two

models.

For example, if the true model is a stochastic volatility model and the trader hedges

by using a model with only one source of noise, the true filtration will be larger than

the partial one and this will contribute to the hedging errors.

We will discuss these issues further in later sections of this chapter where we present

specific examples of the hedging problem.

To start our analysis of hedging errors, we write the value of the hedging portfolio

at time t as Πt, where this represents the total value of the holdings in the tradeable

underlyings, along with, where appropriate, any traded derivatives of the underlyings

used for hedging. So, for example, the portfolio might contain cash, stocks, options

on stocks, etc.

As we are trying to study the hedging errors that result from applying our hedging

strategy to the option V , it might seem natural to compare the value of the hedging

portfolio to the ‘true’ value of the option at time t. Indeed, we can do this, especially

if we are interested in the behaviour of the hedging error before maturity. This might

be desirable, for instance, if we wanted to analyse the consequences of liquidating the

portfolio before maturity. In this thesis, however, we will instead compare the value

of the hedging portfolio to a ‘value function’, V̂t, which is only required to match the

price of VT at maturity, i.e. its value at time T equals the payoff FV . We note that,

as a special case, the value function given by the ‘true’ value of the option will have

this property. This approach uses the ideas in [23] where a famous robustness result

for the Black-Scholes model is demonstrated.

The motivation for our choice of value function V̂t is that we will generally take this

to be the price of the option computed using a ‘hedging model’ which differs from

the true model for X t, and will then analyse the hedging errors that result from the
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trader using the mis-specified model.

We define our measure of the ‘hedging error’ to be the stochastic process Yt given by

Yt = e−rt(Πt − V̂t) (3.1)

where V̂t is a process such that V̂T equals the payoff of V at time T .

Here r is the risk-free interest rate which we will always take as constant.

When the trader then hedges according to this ‘incorrect’ model, we will often find

the dynamics of the ‘hedging error’ take on a particularly convenient form.

At maturity, we have YT = e−rT (ΠT − V̂T ) = e−rT (ΠT − FV ), so the final value of

YT is simply a constant times the ‘true’ hedging error at maturity. Analysis of the

process Yt will therefore provide information about the hedging error at maturity.

We investigate the dynamics of the ‘hedging error’, by writing it as

Yt = e−rt(Πt − V̂t) = e−rt(
d∑

i=0

φ
(i)
t X

(i)
t − V̂t), (3.2)

where the X
(i)
t (the components of Xt) are the traded instruments used in the hedging

portfolio and the φ
(i)
t are the hedge ratios used by the trader to control the portfolio.

Here X
(0)
t is the value of a bond.

The portfolio is assumed to be self-financing, so we have

dYt = −re−rt(

d∑

i=0

φ
(i)
t X

(i)
t − V̂t)dt+ e−rt(

d∑

i=0

φ
(i)
t dX

(i)
t − dV̂t). (3.3)

Before we can make further progress with the analysis of the hedging error, we will

need to specify the hedging strategy, the ‘true’ model for X t, and the definition of V̂t.

We can then apply Itô’s lemma to find the dynamics of Yt.

We observe that the terms −re−rtφ
(0)
t X

(0)
t and e−rtφ

(0)
t dX

(0)
t will cancel. This is a

consequence of working with the discounted form of the ‘hedging error’.
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3.2 The Kolmogorov equations

The Kolmogorov equations are a pair of partial differential equations (PDEs) satis-

fied by the transition density of moving from one state of a vector process to another

state. We will assume that the process is Markovian so that we will be able to use

the Kolmogorov equations shown below,

We let the vector process be X t and write the transition density, P (X0, t0;X1, t1), of

the stochastic process as it moves from X0 at time t0 to X1 at time t1.

If the vector process X t satisfies the following stochastic differential equation (SDE)

dX
(i)
t = bi(X t, t)dt+

d∑

j=1

σij(X t, t)dW
(j)
t (3.4)

whereW is a d-dimensional Brownian Motion, then we can associate with this process

an operator A defined by

(Af)(x, t) =
1

2

d∑

i=1

d∑

j=1

aij(x, t)
∂2f(x, t)

∂xi∂xj
+

d∑

i=1

bi(x, t)
∂f(x, t)

∂xi
, (3.5)

where the functions aij(x) are defined to be

aij(x, t) =

d∑

k=1

σik(x, t)σjk(x, t). (3.6)

We can also define the adjoint operator A∗ by

(A∗f)(x, t) =
1

2

d∑

i=1

d∑

j=1

∂2(aij(x, t)f(x, t))

∂xi∂xj
−

d∑

i=1

∂(bi(x, t)f(x, t))

∂xi
. (3.7)

Then the Kolmogorov equations are defined as follows.

The Kolmogorov forward equation (KFE) is

∂P (x0, t0; x, t)

∂t
= A∗P (x0, t0; x, t) for (x, t) ∈ Rd × (0,∞) (3.8)

and the Kolmogorov backward equation (KBE) is

∂P (x, t; x1, t1)

∂t
= AP (x, t; x1, t1) for (x, t) ∈ Rd × (0,∞). (3.9)
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See [22] pp. 281-283. We note that the backward equation is often written so that

the time variable, t, runs backwards (e.g. as in the Black-Scholes equation, where the

variable is the time to maturity).

In this thesis we will only explicitly solve Kolmogorov forward equations. The back-

ward equation will, however, be used in the derivation of the dynamics of the hedging

error process we describe later and also in the calculation of the prices for the financial

instruments we use in our examples.

The solution of the forward equation yields the probability distribution of the vector

process at some future time given the initial state of the process. This distribution

can then be used to evaluate statistics of functions of the future state (e.g. mean,

variance, percentiles, etc.) given the fixed initial conditions. This form of the solution

is useful when statistics of many terminal value functions need to be calculated with

a given fixed initial condition.

On the other hand, the backward equation can be used to derive a PDE for the

expectation of a given function of the terminal position and the solution of the PDE

provides the expected value for a range of initial values and time periods. An example

of this can be seen in European option pricing where the Black-Scholes formula for

the option price is obtained by solving a KBE satisfied by the underlying process.

3.3 The extended Kolmogorov forward equation

The dynamics of the hedging error can be combined with those of X t to give the

dynamics of an ‘extended state vector’ from which we can derive an (extended) KFE.

In the examples we present in this chapter, the dynamics of the process Yt will be

found to consist only of a drift term, where the drift coefficient is independent of Yt,

so that we can write dYt = c(X t, t)dt, where c(X t, t) is the drift coefficient.

We now have an extended vector process, (Xt, Yt)
T , where

dX
(i)
t = bi(X t, t)dt+

d∑

j=1

σij(X t, t)dW
(j)
t (3.10)
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and

dYt = c(Xt, t)dt. (3.11)

We can now derive a KFE for the joint probability, P (x, y, t), of the underlyings and

the hedging error at time t, conditional on the values of x and y at the start of the

time period, and we can then solve the KFE to obtain the joint density at the final

time, i.e. at maturity.

Here we have written the probability density in the form of P (x, y, t), to highlight

the role of the component y.

We will, in general, use lower case letters for the arguments of the probability density

functions.

When we form the extended KFE we find the following:

• The enlarged matrix a does not have any new non-zero terms and no additional

second derivative terms enter the KFE.

• The only additional term in the KFE is given by ∂(c(x,t)P (x,y,t))
∂y

= c(x, t)∂P (x,y,t)
∂y

.

So the extended KFE is just the original KFE for the joint density of x plus one

additional drift term.

3.4 Examples of the extended Kolmogorov forward

equation

3.4.1 Single asset — the El Karoui et al., example

Our first example follows the analysis in El Karoui et al., [23] where the true dynamics

of a single underlying satisfy the SDE

dSt

St
= µtdt+ σtdWt, (3.12)

where σt is some volatility process. Here we have X
(1)
t = St. As we have not fully

specified the volatiliy process σt, it may involve further noise processes apart from

the Brownian motion, Wt.

62



We analyse the situation where the trader instead assumes that the underlying follows

a different process, i.e. mis-specifies the model for S as

dSt

St
= µtdt+ σ̂(St, t)dWt (3.13)

for some local volatility process σ̂(St, t).

We define V̂ to be the price of the European option with payoff F (ST ) based on the

process defined in (3.13) and we assume that the trader will then use hedge ratios

based on V̂ .

We have

dYt = −re−rt(
d∑

i=0

φ
(i)
t X

(i)
t − V̂t)dt+ e−rt(

d∑

i=0

φ
(i)
t dX

(i)
t − dV̂t) (3.14)

where φ
(1)
t is the holding in the asset, and use Itô’s lemma to derive an SDE for V̂t as

dV̂t =

(
∂V̂

∂t
+ µtSt

∂V̂

∂S
+

1

2
σ2
tS

2
t

∂2V̂

∂S2

)
dt+ σtSt

∂V̂

∂S
dWt (3.15)

We note that this SDE depends on the true volatility process, σ.

Substituting this expression into dYt we obtain

dYt = e−rt

(
φ
(1)
t −

∂V̂

∂S

)
St((µt − r)dt+ σtdWt)

−e−rtLσ̂V̂ dt+
1

2
e−rt(σ̂t

2 − σ2
t )S

2
t

∂2V̂

∂S2
dt.

Here Lσ̂V̂ is defined to be

Lσ̂V̂ =
∂V̂

∂t
+

1

2
σ̂t

2S2
t

∂2V̂

∂S2
+ rSt

∂V̂

∂S
− rV̂ ,

and we observe that Lσ̂V̂ = 0 as V̂ is the value of the claim based on the erroneous

volatility, σ̂.

If the trader then uses the hedge ratio ∂V̂
∂S

from V̂ as the delta, we have φ
(1)
t = ∂V̂

∂S

and so

dYt =
1

2
e−rt(σ̂t

2 − σ2
t )S

2
t

∂2V̂

∂S2
dt (3.16)
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as in [23]. This is the famous ‘robustness’ result for the Black-Scholes model.

Here gamma, Γ, is defined by

Γ =
∂2V̂

∂S2

and this sensitivity (‘Greek’) comes from the mis-specified model.

We find that then the dynamics of Yt, the ‘hedging error’, only consists of a drift

term, i.e. there is no Brownian component.

In [23] the authors go on to argue that for a call (or put) option, where the gamma, Γ,

is always positive, then if the volatility used for hedging dominates the true volatility,

i.e. σ̂t ≥ σt for all t, then the hedging errors (or hedging profit and loss (P&L)) can

only increase with time and hedging losses at maturity will not occur if the option

can be sold for at least V̂0, where this is the initial price (premium) calculated, from

the Black-Scholes formula, using the incorrect volatility, σ̂ . This result relies on the

‘convexity’ of the option, as measured by its gamma, not changing sign.

Finally, based on the approach described in Section 3.3 above, we can write down the

extended KFE for this situation.

To simplify the description, we assume that both σ and σ̂ are local volatilities, and µ

is deterministic, so that σ = σ(S, t) and σ̂ = σ̂(S, t) and so we can write (suppressing

the arguments)

∂P

∂t
=

1

2
σ2S2∂

2P

∂S2
+ (2σ2 − µ)S∂P

∂S
+ (σ2 − µ)P − c∂P

∂y
, (3.17)

where

c(S, t) =
1

2
e−rt(σ̂2 − σ2)S2∂

2V̂

∂S2
(3.18)

where P (S, y, t) is the joint density of the asset and the hedging error at time t.

If we were to use an example where the true volatility, σt, incorporated additional

noise components, we would have to include further terms in the KFE corresponding

to these factors.

We give a numerical example of this in Chapter 6, Section 6.1.
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3.4.2 Two assets — incorrect correlation

For our next example, we have a vector of two assets, where (X
(1)
t , X

(2)
t ) = (S

(1)
t , S

(2)
t ) =

St, where we assume that the vector process is driven by a two-dimensional correlated

Brownian Motion with a true correlation coefficient ρ.

So we have
dS

(1)
t = µ1(St, t)dt+ σ1(St, t)dW

(1)
t

dS
(2)
t = µ2(St, t)dt+ σ2(St, t)dW

(2)
t

(3.19)

where d〈W (1)
t ,W

(2)
t 〉 = ρ(St, t)dt.

We assume that the hedging strategy is based on an incorrect model which is of the

same form, but where the correlation coefficient is taken to be ρ̂.

We take V̂t as the price of the option on St based on using the incorrect model and

we ‘double-delta-hedge’ using this incorrect model where the hedge ratios are given

by the first partial derivatives of the value function, V̂ , with respect to S(1) and S(2).

The discounted hedging error is given by

Yt = e−rt(Πt − V̂t) = e−rt(φ
(1)
t S

(1)
t + φ

(2)
t S

(2)
t − V̂t)

and we have

dYt = −re−rt(φ
(1)
t S

(1)
t + φ

(2)
t S

(2)
t − V̂t)dt+ e−rt(φ

(1)
t dS

(1)
t + φ

(2)
t dS

(2)
t − dV̂t)

and we need to obtain an expression for dV̂t by using Itô’s lemma.

We get

dV̂t = Atdt+ σ1
∂V̂

∂S(1)
dW

(1)
t + σ2

∂V̂

∂S(2)
dW

(2)
t

where

At =
∂V̂

∂t
+ µ1S

(1)
t

∂V̂

∂S(1)

+µ2S
(2)
t

∂V̂

∂S(2)
+

1

2
σ2
1(S

(1)
t )2

∂2V̂

∂(S(1))2
+ ρσ1σ2S

(1)
t S

(2)
t

∂2V̂

∂S(1)S(2)
+

1

2
σ2
2(S

(2)
t )2

∂2V̂

∂(S(2))2
.

Substituting this expression into dYt and making use of the PDE that is satisfied by

V̂ where the incorrect correlation, ρ̂, is used, we arrive at the hedging error dynamics
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dYt = c(S
(1)
t , S

(2)
t , t)dt (3.20)

where

c(S
(1)
t , S

(2)
t , t) = e−rt(ρ̂− ρ)σ1σ2S(1)

t S
(2)
t

∂2V̂

∂S(1)∂S(2)
(3.21)

and where the hedge ratios in the portfolio are taken as ∂V̂
∂S(1) and ∂V̂

∂S(2) .

The extended KFE is then given by

∂P

∂t
=
1

2
σ2
1S

(1)2 ∂2P

∂S(1)2
+ ρσ1σ2S

(1)S(2) ∂2P

∂S(1)∂S(2)
+

1

2
σ2
2S

(2)2 ∂2P

∂S(2)2

+ S(1)(2σ2
1 + ρσ1σ2 − µ1)

∂P

∂S(1)
+ S(2)(2σ2

2 + ρσ1σ2 − µ2)
∂P

∂S(2)

+ (σ2
1 + ρσ1σ2 + σ2

1 − µ1 − µ2)P − c(S(1), S(2), t)
∂P

∂y
. (3.22)

We give a numerical example of this in Chapter 6, Section 6.2.

More generally, other versions of this problem could be analysed where different ele-

ments of the correlation matrix could be mis-specified.

3.4.3 Stochastic volatility – implied volatility hedge

For our next example, we assume that the true model for the single asset, St, is given

by a stochastic volatility model of the form

dSt

St
= µtdt+ σtdWt,

dσt = m(σt)dt+ γ(σt)dZt,

(3.23)

where W and Z are correlated Brownian Motions with d〈Wt, Zt〉 = ρ dt and m and

γ are functions of σt.

The trader would like to hedge a ‘target’ European option, V , which has payoff,

VT = F (ST , T ), at maturity.

If the trader does not know the true model, he can employ a hedging strategy (de-

scribed below) based on the use of ‘implied volatilities’ derived from observations of

traded option prices.
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We assume that a suitable traded option Ot (exposed to σt) exists, so that its price

is available at all times.

The trader’s strategy will lead to hedging errors which we seek to quantify.

We summarise the strategy used by the trader in this situation.

• The trader does not know the true model of the underlyings but can observe

the price of the option, O, being traded in the market.

• He chooses a traded option to include in his hedging portfolio as he seeks to

hedge the ‘target’ option, V .

• At each time, t, he observes the traded price of Ot and uses this price to calculate

the instantaneous value of the implied volatility of Ot. This is done by using

the Black-Scholes formula for the option Ot and finding constant volatility that

corresponds to the observed price at the current stock price, St.

• He then uses the instantaneous implied volatility of Ot to calculate Greeks from

a function, V̂ , which satisfies the Black-Scholes formula using the instantaneous

implied volatility as input and such that V̂ matches the payoff of V at maturity.

These Greeks provide the hedge ratios the trader uses in his the hedging portfolio

which is made up of bonds, the stock, St, and the traded option Ot.

In the analysis below we show that a suitable choice of hedge ratios will lead to a

hedging error whose dynamics only involve a drift term and this is the basis of the

trader’s strategy.

The trader sets up a hedge portfolio

Πt = φ
(0)
t Bt + φ

(1)
t St + φ

(2)
t Ot

which includes the traded option Ot. We investigate a ‘value function’ V̂ which

matches the payoff, VT , at maturity and we consider the dynamics Yt of the hedging

error (as discussed in Section 3.1)

Yt = e−rt(φ
(0)
t Bt + φ

(1)
t St + φ

(2)
t Ot − V̂t).
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At this point we have not specified the hedge ratios φ(0), φ(1) and φ(2) or V̂ , and these

will depend on the the choice of V̂ and on the hedging strategy employed.

The hedging strategy requires the calculation, at any time, t, the implied volatility

derived from the observed price of Ot, which is defined implicitly by

Ot = O(t, St, σt) = OBS(t, St, σ̂), (3.24)

so that substituting the instantaneous value of the implied volatility in the Black-

Scholes equation of the option, yields the instantaneous value of Ot.

So, for instance, if Ot is a call, with strike K, we have

OBS(t, St, σ̂) = N(d1)S −N(d2)Ke
−r(T−t)

with

d1 =
1

σ̂
√
T − t

[
log

(
S

K

)
+ (r +

σ̂2

2
)(T − t)

]
.

We note that OBS depends on t, S and σ̂, and σ̂ itself is a stochastic process.

In the calculation of the dynamics of Yt we can replace Ot by O
BS(t, St, σ̂(t, St, σ)),

and then have to compute

dYt = −re−rt(φ
(1)
t St + φ

(2)
t OBS

t − V̂t)dt+ e−rt(φ
(1)
t dSt + φ

(2)
t dOBS

t − dV̂t) (3.25)

(we again note that the bond can be left out of this equation).

As OBS
t and V̂t depend on t, S and σ̂ we have to take care when using Itô’s rule.

We have

dOBS
t =

(
∂OBS

∂t
dt+

∂OBS

∂S
(µtSt + σtStdWt) +

∂OBS

∂σ̂
dσ̂t +

1

2
σ2S2∂

2OBS

∂S2
dt

+
1

2

∂2OBS

∂σ̂2
d < σ̂, σ̂ >t +

∂2OBS

∂S∂σ̂
d < S, σ̂ >t

)
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and

dV̂t =

(
∂V̂

∂t
dt+

∂V̂

∂S
(µtSt + σtStdWt) +

∂V̂

∂σ̂
dσ̂t +

1

2
σ2
tS

2
t

∂2V̂

∂S2
dt

+
1

2

∂2V̂

∂σ̂2
d < σ̂, σ̂ >t +

∂2V̂

∂S∂σ̂
d < S, σ̂ >t

)
..

We have

dσ̂t =
∂σ̂

∂t
dt+

∂σ̂

∂S
dSt +

∂σ̂

∂σ
dσt

+
1

2
σ2
tS

2
t

∂2σ̂

∂S2
dt+

1

2
γ2
∂2σ̂

∂σ2
dt+ ργσtSt

∂2σ̂

∂σ∂S
dt

or

dσ̂t =
∂σ̂

∂t
dt+

∂σ̂

∂S
(µStdt+ σtStdW

(1)
t ) +

∂σ̂

∂σ
(mdt+ γdW

(2)
t )

+
1

2
σ2
tS

2
t

∂2σ̂

∂S2
dt+

1

2
γ2
∂2σ̂

∂σ2
dt+ ργσtSt

∂2σ̂

∂σ∂S
dt

and so

dσ̂t = Atdt+ σtSt
∂σ̂

∂S
dW

(1)
t + γ

∂σ̂

∂σ
dW

(2)
t

where

At =
∂σ̂

∂t
+ µSt

∂σ̂

∂S
+m

∂σ̂

∂σ
+

1

2
σ2
t S

2
t

∂2σ̂

∂S2
+

1

2
γ2
∂2σ̂

∂σ2
+ ργσtSt

∂2σ̂

∂σ∂S
.

We can then compute

d < σ̂, σ̂ >t=

(
σ2
t S

2
t

(
∂σ̂

∂S

)2

+ 2ργσtSt
∂σ̂

∂S

∂σ̂

∂σ
+ γ2

(
∂σ̂

∂σ

)2
)
dt = Dtdt

and

d < σ̂, S >t=

(
σ2
t S

2
t

(
∂σ̂

∂S

)
+ ργσtSt

(
∂σ̂

∂σ

))
dt = Etdt.

We can now calculate the dynamics of the hedging error as

ertdYt = −r(φ(1)
t St + φ

(2)
t OBS

t − V̂t)dt

+φ
(1)
t (µStdt+ σtStdW

(1)
t )
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+φ
(2)
t (

∂OBS

∂t
dt+

∂OBS

∂S
(µStdt+σtStdW

(1)
t )+

∂OBS

∂σ̂
(Atdt+σtSt

∂σ̂

∂S
dW

(1)
t +γ

∂σ̂

∂σ
dW

(2)
t ) . . .

. . .+
1

2
σ2
tS

2
t

∂2OBS

∂S2
dt+

1

2

∂2OBS

∂σ̂2
Dtdt+

∂2OBS

∂S∂σ̂
Etdt)

−(∂V̂
∂t
dt+

∂V̂

∂S
(µStdt+ σtStdW

(1)
t ) +

∂V̂

∂σ̂
(Atdt+ σtSt

∂σ̂

∂S
dW

(1)
t + γ

∂σ̂

∂σ
dW

(2)
t ) . . .

. . .+
1

2
σ2
t S

2
t

∂2V̂

∂S2
dt+

1

2

∂2V̂

∂σ̂2
Dtdt+

∂2V̂

∂S∂σ̂
Etdt)

using the formulae above. Next we collect terms in dt, dW
(1)
t and dW

(2)
t to find

ertdYt = Rtdt+(φ
(1)
t σtSt−σtSt

∂V̂

∂S
+φ

(2)
t σtSt

∂OBS

∂S
+σtSt

∂σ̂

∂S
(φ

(2)
t

∂OBS

∂σ̂
− ∂V̂
∂σ̂

))dW
(1)
t

+γ
∂σ̂

∂S
(φ

(2)
t

∂OBS

∂σ̂
− ∂V̂

∂σ̂
)dW

(2)
t

where

Rt = φ
(1)
t St(µ− r)

+(rV̂ − ∂V̂

∂t
− 1

2
σ2
t S

2
t

∂2V̂

∂S2
− µSt

∂V̂

∂S
)

−φ(2)
t (rOBS − ∂OBS

∂t
− 1

2
σ2
t S

2
t

∂2OBS

∂S2
− µSt

∂OBS

∂S
)

+At(φ
(2)
t

∂OBS

∂σ̂
− ∂V̂

∂σ̂
)

+Dt(φ
(2)
t

∂2OBS

∂σ̂2
− ∂2V̂

∂σ̂2
)

+Et(φ
(2)
t

∂2OBS

∂S∂σ̂
− ∂2V̂

∂S∂σ̂
).

For the strategy we now want to describe, we choose the hedge ratios and V̂ , so that

the dynamics of Yt consist only of a drift term.

So we set

φ
(2)
t

∂OBS

∂σ̂
− ∂V̂

∂σ̂
= 0

and

φ
(1)
t σtSt − σtSt

∂V̂

∂S
+ φ

(2)
t σtSt

∂OBS

∂S
+ σtSt

∂σ̂

∂S
(φ

(2)
t

∂OBS

∂σ̂
− ∂V̂

∂σ̂
) = 0
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or

φ
(1)
t σtSt − σtSt

∂V̂

∂S
+ φ

(2)
t σtSt

∂OBS

∂S
= 0

so that

φ
(2)
t =

∂V̂
∂σ̂

∂OBS

∂σ̂

(3.26)

and

φ
(1)
t =

∂V̂

∂S
− ∂OBS

∂S

∂V̂
∂σ̂

∂OBS

∂σ̂

. (3.27)

The expressions φ
(1)
t and φ

(2)
t , are called (modified) delta-vega hedge ratios.

Finally, we substitute the hedge ratios into the formulae for the drift term to get

Rt = φ
(1)
t St(µ− r)

+(rV̂ − ∂V̂

∂t
− 1

2
σ̂2
tS

2
t

∂2V̂

∂S2
− rSt

∂V̂

∂S
)− (µ− r)St

∂V̂

∂S
− 1

2
(σ2

t − σ̂2)S2
t

∂2V̂

∂S2

−φ(2)
t (rOBS − ∂OBS

∂t
− 1

2
σ̂2
t S

2
t

∂2OBS

∂S2
− rSt

∂OBS

∂S
) + φ

(2)
t (µ− r)St

∂OBS

∂S

+φ
(2)
t

1

2
(σ2

t − σ̂2)S2
t

∂2OBS

∂S2

+Dt(φ
(2)
t

∂2OBS

∂σ̂2
− ∂2V̂

∂σ̂2
)

+Et(φ
(2)
t

∂2OBS

∂S∂σ̂
− ∂2V̂

∂S∂σ̂
)

and

Rt = (rV̂ − ∂V̂

∂t
− 1

2
σ̂2
t S

2
t

∂2V̂

∂S2
− rSt

∂V̂

∂S
)− 1

2
(σ2

t − σ̂2)S2
t

∂2V̂

∂S2

+φ
(2)
t

1

2
(σ2

t − σ̂2)S2
t

∂2OBS

∂S2

+Dt(φ
(2)
t

∂2OBS

∂σ̂2
− ∂2V̂

∂σ̂2
)

+Et(φ
(2)
t

∂2OBS

∂S∂σ̂
− ∂2V̂

∂S∂σ̂
).

If we then choose V̂ so that
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rV̂ − ∂V̂

∂t
− 1

2
σ̂2
t S

2
t

∂2V̂

∂S2
− rSt

∂V̂

∂S
= 0

so that, at any time, t, V̂ is defined so that it satisfies the Black-Scholes equation

using the instantaneous implied volatility.

Finally, we have

Rt =
1

2
(σ2

t − σ̂2)S2
t (φ

(2)
t

∂2OBS

∂S2
− ∂2V̂

∂S2
)

+Dt(φ
(2)
t

∂2OBS

∂σ̂2
− ∂2V̂

∂σ̂2
)

+Et(φ
(2)
t

∂2OBS

∂S∂σ̂
− ∂2V̂

∂S∂σ̂
).

so the hedging error dynamics are

dYt = e−rt∂V
BS

∂σ̂

(
1

2
(σ2

t − σ̂t2)S2
t

(
∂2OBS

∂S2

∂OBS

∂σ̂

−
∂2V BS

∂S2

∂V BS

∂σ̂

)

+D

(
∂2OBS

∂σ̂∂S
∂OBS

∂σ̂

−
∂2V BS

∂σ̂∂S
∂V BS

∂σ̂

)
+ E

(
∂2OBS

∂σ̂2

∂OBS

∂σ̂

−
∂2V BS

∂σ̂2

∂V BS

∂σ̂

))
dt,

(3.28)

where

D(t, S, σ) = σ2
tS

2
t

∂σ̂

∂S
+ ργtσtSt

∂σ̂

∂σ

and

E(t, S, σ) =
1

2

(
σ2
t S

2
t

(
∂σ̂

∂S

)2

+ 2ργtσtSt
∂σ̂

∂S

∂σ̂

∂σ
+ γ2t

(
∂σ̂

∂σ

)2)
.

The hedge ratios given above in (3.26) and (3.27) resemble those used in delta-vega

hedging where the true form of the model is known and perfect hedging is possible.

Finally, we give an example of the case where the true model is the Heston stochastic

volatility model, defined by the SDE

dSt = µStdt+
√
vtStdWt

dvt = κ(η − vt)dt+ σ
√
vtdZt

(3.29)

where Wt and Zt are correlated Brownian motions with d〈Wt, Zt〉 = ρdt.
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Here vt acts as the variance of the asset price process and this follows a mean-reverting

process, where κ controls the speed of mean-reversion of vt towards the equilibrium

level, η, and where σ is the ‘volatility of volatility’ or ‘vol of vol’. ρ measures the

correlation between the two Brownian motions.

We then get the extended KFE

∂P

∂t
=

1

2
S2v

∂2P

∂S2
+ ρσSv

∂2P

∂S∂v
+

1

2
σ2v

∂2P

∂v2

+ S(2v + ρσ − µ)∂P
∂S

+ (σ2 + ρσv − κ(η − v))∂P
∂v

+ (v + ρσ + κ− µ)P − c∂P
∂y

, (3.30)

with

c(S, t) = e−rt∂V
BS(σ̂)

∂σ̂

(
1

2
(v − σ̂2)S2

( ∂2OBS

∂S2

∂OBS

∂σ̂

−
∂2V BS

∂S2

∂V BS

∂σ̂

)

+D

( ∂2OBS

∂σ̂2

∂OBS

∂σ̂

−
∂2V BS

∂σ̂2

∂V BS

∂σ̂

)
+ E

( ∂2OBS

∂σ̂∂S
∂OBS

∂σ̂

−
∂2V BS

∂σ̂∂S
∂V BS

∂σ̂

))
dt, (3.31)

where

D(t, S, v) = vS2 ∂σ̂

∂S
+ ρσvS

∂σ̂

∂v

and

E(t, S, v) = vS2

(
∂σ̂

∂S

)2

+ 2ρσvS

(
∂σ̂

∂S

)(
∂σ̂

∂v

)
+ vσ2

(
∂σ̂

∂v

)2

We give a numerical example of this in Chapter 6, Section 6.3.

3.4.4 Stochastic volatility — uncertain volatility hedge

In our next example we consider a situation where the model for the volatility is not

known. Instead we might only have beliefs about bounds on the volatility process. A

hedging strategy can then be used that attempts to cope with this level of uncertainty.

The example is based on the well-known model due to Avellaneda et al., [1] and Lyons

[27] in which they assume that the asset price has dynamics given by

dSt

St
= µtdt+ σtdWt
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but where all that is known about the volatility process σt is that it lies within certain

fixed bounds (σmin and σmax), i.e.

0 ≤ σmin ≤ σt ≤ σmax ≤ ∞ for all t.

Then, given a European option with payoff F (ST ), it is possible to define a super-

replication strategy (or super-hedge) so that if this strategy is followed and the process

σt does remain within its bounds, the value of the portfolio at maturity will never fall

below the payoff and no negative hedging errors will occur.

The required delta-hedge can be calculated by solving a non-linear PDE, the Black-

Scholes-Barenblatt (BSB) equation, as referred to in [1], and defined as follows

∂W (S, t)

∂t
+ rS

∂W (S, t)

∂S
+

1

2
σ̂2S2∂

2W (S, t)

∂S2
− rW (S, t) = 0. (3.32)

In the BSB equation for W , σ̂ is defined by

σ̂ =

{
σmax if ∂2W (S,t)

∂S2 ≥ 0

σmin if ∂2W (S,t)
∂S2 < 0

(3.33)

so σ̂ is a function of ∂2W (S,t)
∂S2 . The terminal condition is that W must equal the payoff

of V at maturity.

Then W (S0, 0) is the minimum premium required to set up the super-hedge and
∂W
∂S

is the dynamic hedge ratio required for the hedging portfolio.

We note, in passing, that if the option is convex or concave, the super-hedge can be

carried out by just using a fixed volatility (one of the bounds). Only if the convexity

can change sign might the volatility used in the calculation of the hedge ratios need

to be changed during the hedging period. In the numerical example we give later, we

will use an option of mixed convexity.

For our analysis, we will take for V̂t to be the price process obtained by solving the

BSB equation. and we analyse the dynamics of the hedging as before.

Using Itô calculus which is very similar to the simple Black-Scholes case, we can write

ertdYt =
1

2
(σ̂t

2 − σ2
t )S

2
t

∂2V̂

∂S2
−
(
∂V̂

∂t
+ rSt

∂V̂

∂S
+

1

2
σ̂t

2S2
t

∂2V̂

∂S2
− rV̂

)
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+

(
φ
(1)
t −

∂V̂

∂S

)
((µt − r)Stdt+ σtStdWt)

where σ̂t is the volatility process defined in the BS equation, that switches between

σmin and σmax as the sign of ∂2V̂
∂S2 changes.

However, we know from the BSB equation that

∂V̂

∂t
+ rS

∂V̂

∂S
+

1

2
σ̂2S2∂

2V̂

∂S2
− rV̂ = 0

so if we set φ
(1)
t = ∂V̂

∂S
we arrive at

dYt =
1

2
e−rt(σ̂t

2 − σ2
t )S

2
t

∂2V̂

∂S2
dt (3.34)

where the gamma now comes from the BSB equation.

In other words, if we hedge using the BSB delta and compare the hedging portfolio to

the BSB super-replication price, the process Yt will have dynamics consisting of only a

drift term where the volatility σ̂ in the drift term is that specified in the BSB equation.

We will consider a case where the true model is given by the Heston model and we

write the corresponding extended KFE as

∂P

∂t
=

1

2
S2v

∂2P

∂S2
+ ρσSv

∂2P

∂S∂v
+

1

2
σ2v

∂2P

∂v2

+ S(2v + ρσ − µ)∂P
∂S

+ (σ2 + ρσv − κ(η − v))∂P
∂v

+ (v + ρσ + κ− µ)P − c∂P
∂y

(3.35)

where

c(S, v, t) =
1

2
e−rt(σ̂2 − v)S2∂

2V̂

∂S2
(3.36)

and σ̂ is the volatility process defined by (3.33) and the BSB equation.

If we choose values for the volatility bounds, σmin and σmax, that do not capture the

full volatility range for the true process, then the model mis-specification can lead to

both positive and negative hedging errors, whereas without the mis-specification the

hedging errors will never be negative as we have employed a superhedge. We give a

numerical example of this in Chapter 6, Section 6.4.
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3.4.5 Hedging a barrier option with incorrect volatility

We finally consider an up-and-out barrier option with initial asset price S and a

barrier B and we assume that the true asset price follows the model

dSt

St
= µtdt+ σtdWt.

where µt and σt can be stochastic processes.

We also assume that the trader hedges with the incorrect volatility, σ̂ and we obtain

the same drift coefficient as in Section 3.4.1.

Clearly, if the initial value of S is far away from the barrier, there will be very little

probability of S crossing the barrier and we expect that the KFE, modelling the pres-

ence of the barrier, would give results close to those based on the KFE in Section 3.4.1.

In the presence of the barrier, we must now take account of the non-zero probability

of crossing the barrier, and will need to allow for different boundary conditions (i.e.,

at the barrier) when solving the KFE.

We note that for S > B, the option will have knocked out at some prior time and the

option value will be zero thereafter. As the payoff will then be zero and is known, no

further hedging is needed, and the portfolio will be converted into a bond which will

then continue to grow at the risk-free rate.

There are two parts to the calculation of the hedging error distribution. Firstly, we

consider what happens if the stock price never reaches the barrier for t ∈ [0, T ].

The KFE is defined on S ≤ B and if we assume that both σt and σ̂t (to simplify the

situation) are local volatilities, and µt is deterministic, then the KFE is given by

∂P

∂t
=

1

2
σ2S2∂

2P

∂S2
+ (2σ2 − µ)S∂P

∂S
+ (σ2 − µ)P − c∂P

∂y
(3.37)

where P is zero at S = B and the drift coefficient c is given by

c(S, t) =
1

2
e−rt(σ̂2 − σ2)S2∂

2V̂

∂S2
(3.38)
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where we use the gamma for the up-and-out option, calculated using the incorrect

volatility, σ̂. We recall that c(S, t) is independent of y.

We will show that the solution P , for t > 0, does not integrate to 1, as follows.

We define the marginal density, as function of y, where the barrier is not crossed, as

R(y, t) =

∫ B

0

P (ξ, y, t)dξ

and so

∂R(y, t)

∂t
=

∫ B

0

∂P (ξ, y, t)

∂t
dξ

=

∫ B

0

(
1

2
σ2ξ2

∂2P

∂ξ2
+ (2σ2 − µ)ξ ∂P

∂ξ
+ (σ2 − µ)P − c∂P

∂y

)
dξ

=

[
1

2
σ2ξ2

∂P

∂ξ

]B

0

− σ2

∫ B

0

ξ
∂P

∂ξ
dξ + (2σ2 − µ)

(
[ξP ]B0 −

∫ B

0

Pdξ

)

+ (σ2 − µ)
∫ B

0

Pdξ −
∫ B

0

c
∂P

∂y
dξ

=

[
1

2
σ2ξ2

∂P

∂ξ

]B

0

− σ2

∫ B

0

ξ
∂P

∂ξ
dξ + (2σ2 − µ)([ξP ]B0 −R)

+ (σ2 − µ)R−
∫ B

0

c
∂P

∂y
dξ

=
1

2
σ2B2∂P

∂ξ

∣∣∣∣
B

− σ2

∫ B

0

ξ
∂P

∂ξ
dξ − σ2R−

∫ B

0

c
∂P

∂y
dξ

=
1

2
σ2B2∂P

∂ξ

∣∣∣∣
B

− σ2

(
[ξP ]B0 −

∫ B

0

Pdξ

)
− σ2R −

∫ B

0

c
∂P

∂y
dξ

=
1

2
σ2B2∂P

∂ξ

∣∣∣∣
B

−
∫ B

0

c
∂P

∂y
dξ

using the boundary conditions, P (S = 0, y) = 0 and P (S = B, y) = 0.

We see that the time rate of change of the marginal density has two components, one

representing flow of probability across the barrier, and the other representing drift of

probability in the y-direction.

If we now set

I(t) =

∫ ∞

−∞
R(η, t)dη
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this is the total probability where the barrier has not been crossed.

We have

dI(t)

dt
=

∫ ∞

−∞

∂R(η, t)

∂t
dη

=

∫ ∞

−∞

(
1

2
σ2B2∂P

∂ξ

∣∣∣∣
B

−
∫ B

0

c
∂P

∂y
dξ

)
dη

=
1

2
σ2B2

∫ ∞

−∞

∂P

∂ξ

∣∣∣∣
B

dη −
∫ ∞

−∞

(∫ B

0

c
∂P

∂y
dξ

)
dη

=
1

2
σ2B2

∫ ∞

−∞

∂P

∂ξ

∣∣∣∣
B

dη −
∫ B

0

c

(∫ ∞

−∞

∂P

∂y
dη

)
dξ

=
1

2
σ2B2

∫ ∞

−∞

∂P

∂ξ

∣∣∣∣
B

dη −
∫ B

0

c[P ]∞−∞dξ

=
1

2
σ2B2

∫ ∞

−∞

∂P

∂ξ

∣∣∣∣
B

dη

using the boundary conditions, P (S, y = ±∞)=0.

The total probability from the KFE is not constant and, as ∂P
∂ξ
|B ≤ 0, probability is

continually lost as more paths hit the barrier.

We still have to account for the probability associated with S having crossed the

barrier. When the barrier is hit, the option is knocked out, the portfolio becomes

risk-free and continues to grow at the risk-free of rate of interest, r.

However, as we are calculating the discounted hedging error, and the discounting

exactly offsets the growth of the portfolio, this means that, for each value of y, the

cumulative leakage, at time T , corresponding to paths which have hit the barrier, is

given by

1

2
σ2B2

∫ T

0

∂P

∂ξ

∣∣∣∣
B

dτ

and this accounts for the remainder of the probability distribution of the hedging

error.

We give an example of this calculation in Chapter 6, Section 6.5.
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Chapter 4

Numerical methods used to solve
the extended Kolmogorov forward
equation

In Chapter 3 we developed an extended Kolmogorov forward equation (KFE) which

is satisfied by the joint density probability, P (x, y, t), of x and y at time t, in a situ-

ation where model mis-specification occurs. The KFE can then be solved to give the

probability density of the hedging error at maturity. In this chapter we describe the

numerical methods we have used to solve the KFE. We analyse the methods for a

stylised ‘toy’ problem in Chapter 5 and apply them to hedging applications in Chap-

ter 6.

We have based all our solutions on finite difference methods, where we use equally-

spaced grids on, in principle, infinite domains. In practice, the grids will need to be

truncated for numerical calculations.

We will write our approximate numerical solution as an array of values of P (x, y, t)

defined at discrete grid points. For example, in the one-dimensional case for X, we

write (xj , yk, tm) points of the form (j∆x, k∆y,m∆t), for integers j, k and m, where

(j, k,m) ∈ Z× Z× [0, N ].

Here ∆x, ∆y and ∆t are the grid spacings in the corresponding directions and N is

the largest index in the t-direction.

This can be easily extended to higher dimensions for X .
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The most straightforward approach to solving the KFE might be to simply discretise

the problem in each direction and then solve the resulting system of linear equations.

We will refer to this as using the ‘basic finite difference method’. Unfortunately, this

approach becomes more onerous in higher dimensions and it is helpful to achieve some

reduction of dimension in these problems.

Due the special structure of the KFEs we have in the hedging problem, we are able

to achieve a reduction of dimension because the drift term is independent of y and we

have developed three solution methods that take advantage of this special situation.

First we will introduce the Fourier transforms that we will use in our numerical

calculations and subsequent analysis of the convergence of our numerical schemes

4.1 Some preliminaries on the Fourier transform

In our solution methods and their analysis, we will make use of the Fourier transform

which will be used in two forms, continuous and (semi-)discrete.

Given a function f(x) defined on [−∞,∞], we define the continuous Fourier transform

as

f̂(s) =

∫ ∞

−∞
f(x)eisxdx

with the inverse

f(x) =
1

2π

∫ ∞

−∞
f̂(s)e−isxds

where s is the argument of the transformed function, f̂(s) .

Not all functions have Fourier transforms and/or inverse transforms. For a discus-

sion on the applicability of the Fourier transform see [21]. We will assume that our

solutions are square-integrable, i.e. are in L2 so that the transforms exist.

As we are also dealing with δ-function initial conditions, we also need to be able to

apply the necessary Fourier transforms to these initial conditions. A δ-function is a
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generalised function (or a distribution) that is defined via its effect on any suitable

‘test’ function, φ(x), so that

∫ ∞

−∞
δ(x)φ(x)dx = φ(x)|x=0 = φ(0).

In fact, a δ-function is an example of ‘tempered’ distribution (see [21]), which guar-

antees that it has a Fourier transform and we have

∫ ∞

−∞
δ(x)eipxdx = eipx|x=0 = 1.

Similarly, given a set of values fj on a uniformly-spaced grid xj we also define the

(semi-)discrete Fourier transform

f̂(s) = ∆x

∞∑

j=−∞
fje

isxj

(where ∆x is the grid spacing) and with the inverse

fj =
1

2π

∫ π
∆x

− π
∆x

f̂(s)eisxjds.

We assume that the functions we use are in l2.

We note that alternative definitions of these transforms exist with different possible

scalings of the arguments and of the integrals and sums. However, what matters is

that the transforms and their inverses be consistently defined.

In what follows, we will often refer to the Fourier transform as the ‘z-FT’ where z is

the integration or summation argument in the transform, so as an example, we would

write the continuous x-FT for
∫∞
−∞ f(x)eisxdx.

4.2 The solution methods for the KFE

Three numerical methods have to been used to solve the KFE, as follows:

• A semi-discrete ‘Fourier’ method where we first apply the continuous Fourier

transform in the y-direction to the KFE, and then only discretise in the x

direction, keeping t continuous.
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• A discrete ‘Fourier’ method where we first apply the continuous Fourier trans-

form in the y-direction to the KFE, and then discretise in both the x-direction

and t-directions.

• The semi-Lagrangian method, applied to the original variables.

We will describe these solution methods in turn below but first we define some terms

for later use.

In all the examples described in Chapter 3, the dynamics of the ‘hedging error’ were

represented by a drift term alone, with drift coefficient only a function of x and t,

i.e., independent of y.

The extended KFE can be written as

∂P (x, y, t)

∂t
− LP (x, y, t) + c(x, t)

∂P (x, y, t)

∂y
= 0 (4.1)

where LP is an operator that does not depend on y.

For the examples we study, we will have

LP (x, y, t) =
∑

j,l

Aj,l(x)
∂2P (x, y, t)

∂x(j)∂x(l)
+
∑

j

Bj(x)
∂P (x, y, t)

∂x(j)
+ C(x)P (x, y, t)

where Aj,l, Bj and C are only functions of x.

In passing, we note that we can sometimes make a logarithmic change of variables,

so that the functions multiplying the derivatives become constants. This is not the

case with the drift coefficient which remains a function of x and t. Generally, we have

retained the original variables when applying our numerical methods.

4.3 Discretisation of the numerical schemes – Ap-

proximation of the derivatives

We will use numerical approximations to the derivatives in the KFE in our solutions.

The functions being approximated may be P , defined as a function of y, or the y-FT,

P̂ , defined as a function of p. In what follows below, z will refer to y or p as is appro-

priate. We will use the function F to represent either of these functions in this section.
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We will only need to approximate first and second derivatives in our applications.

If we only discretise in the x-direction, we approximate our function on a uniform

grid with grid entries F̃i1,....,iM(z, t) which are functions of z and t.

To simplify the appearance of the formulae we give below, we first introduce shift

operators applied to grid points, defined by

(S+
k F )i1,......,iM = Si1,...,ik+1...,iM

and

(S−
k F )i1,......,iM = Si1,...,ik−1...,iM

.

For the space variables we write our approximation to a particular first derivative as

the central difference
∂F (x(1), ..., x(M), z, t)

∂x(j)

∼ F̃ (x(1), ..., x(j) +∆x(j), ..., x(M), z, t)− F̃ (x(1), , ..., x(j) −∆x(j), ..., x(M), z, t)

2∆x(j)

or
∂F (x, z, t)

∂x(j)
∼

(S+
j − S−

j )F̃i1,......,iM(z, t)

2∆x(j)

for all the allowable values of i1, i2, ...., iM .

Similarly, we can define approximations to the second derivatives as

∂2F (x, z, t)

∂x(j)∂x(j)

∣∣∣∣
x=(xi1

,...,xiM
)

∼
(S+

j − 2 + S−
j )F̃i1,......,iM(z, t)

(∆x(j))2

for the second derivative with respect to x(j), and

∂2F (x, z, t)

∂x(j)∂x(l)

∣∣∣∣
x=(xi1

,...,xiM
)

∼
(S+

j S
+
l − S+

j S
−
l − S−

j S
+
l + S−

j S
−
l )F̃i1,....,iM(z, t)

∆x(j)∆x(l)

the cross-derivative, (for j 6= l).
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Here the indices ij correspond to the values of x(j) on the grid.

If we also discretise in the t-direction we approximate the time derivatives by

∂F (x, z, tn)

∂t
∼
F̃ n+1
i1,...,iM

(z)− F̃ n
i1,....,iM

(z)

∆t

for all allowable values of i1, i2, ...., iM , and approximate the space derivatives as

∂F (x, z, t)

∂x(j)

∣∣∣∣
x=(xi1

,...,xiM
)

∼
(S+

j − S−
j )F̃

n+1
i1,......,iM

(z)

2∆x(j)

∂2F (x, z)

∂x(j)∂x(j)

∣∣∣∣
x=(xi1

,...,xiM
)

∼
(S+

j − 2 + S−
j )F̃

n+1
i1,......,iM

(z)

(∆x(j))2

and
∂2F (x, z, t)

∂x(j)∂x(l)

∣∣∣∣
x=(xi1

,...,xiM
)

∼
(S+

j S
+
l − S+

j S
−
l − S−

j S
+
l + S−

j S
−
l )F̃

n+1
i1,....,iM

(z)

∆x(j))∆x(l)

for j 6= l and where we use the upper time level in the space derivatives.

For the basic finite difference method, we can approximate the y-derivative by using

central differencing

∂P (x, y, tn)

∂y
∼
F̃ n′

i1,..,iM ,j+1 − F̃ n′

i1,..,iM ,j−1

2∆y

for each allowable value of i1, ...., iM , j and where we may choose the time level, n′,

in various ways.

Alternatively, we may define a variable-direction upwinding method. We will only

use the basic finite difference method for the toy model (see Chapter 5).

For the semi-Lagrangian method we only discretise in the x and t-directions but will

use the ∆y-spacing in calculations between time steps.

We are essentially dealing with a convection-diffusion equation set-up so we may have

to consider the use of upwinding in the numerical scheme to improve its performance.
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In our problems, the drift (convection) coefficients are variable (and functions of x)

and so there may be particular issues with the upwinding definition, particularly if

the convection coefficient changes sign.

However, in effect, the semi-Lagrangian method automatically incorporates a form

of variable-direction upwinding for our problems and the numerical scheme can be

defined to accommodate the necessary upwinding.

4.4 Inverting the y-FT

When we use either of the Fourier methods above to solve the KFE, the final step in

the solution consists of applying the inverse y-FT.

We need to calculate the values of the approximate solution U(xj , yk, tm) at the grid

points, as required, i.e.

U(xj , yk, tm) =
1

2π

∫ ∞

−∞
V (xj, p, tm)e

−ipykdp

but the values of V (xj , p, tm) will only be available for certain, discrete, values of p

so we will need to approximate the inversion by some form of quadrature.

For the semi-discrete Fourier method, we have to find the values of U(xj , yk, T ),

while for the discrete Fourier method we have to find the values of U(xj , yk, tn) where

T = m∆t.

We will use the following simple quadrature rule to approximate the inversion formula

by

U(xj , yk, tm) ∼
∆p

2π

l=lmax∑

l=lmin

V (xj , pk, tm)e
−ipkyk . (4.2)

and we have to calculate this for each grid point.

This is the simplest possible quadrature but we could, if necessary, use more sophis-

ticated methods to improve the accuracy of the inversion.
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We have to choose the set of values of l to use in the summation and this will influence

the final result.

We could use a brute force approach to calculating (4.2) but there is an advantage

to be gained from using the Fast Fourier Transform (FFT) which is provided within

MATLAB, see [10]. This procedure greatly speeds up calculation of a Fourier trans-

form but there are some subtleties to be aware of when using the FFT.

The MATLAB procedure (IFFT - Inverse Fast Fourier Transform) transforms a vector

into its Fourier inverse. In the MATLAB documentation, [29], the IFFT is defined

by the discrete inverse Fourier transform as

Xj =
1

N

N∑

l=1

Ylω
−(j−1)(k−1)
N

where

ωN = e−2iπ/N

and where both X and Y have length N .

This is not quite in the correct form for our inversion formula and we have to modify

it somewhat.

Starting from our inversion formula, for a given i and m, we have

Uj,k,m ∼
∆p

2π

l=lmax∑

l=lmin

Vj,l,me
−iplyk

for a suitable range of l-values, and we choose lmin = −lmax. We write Yk = Uj,k,m

and Xl = Vj,l,m, so that

Yk ∼
∆p

2π

l=lmax∑

l=lmin

Xle
−iplyk
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We then have

∆p

2π

l=lmax∑

l=lmin

Xle
−iplyk =

∆p

2π

l̃=lmax−lmin+1∑

l̃=1

Xl̃+lmin−1e
−i∆p(l̃+lmin−1)∆yk

=
∆p

2π

l̃=lmax−lmin+1∑

l̃=1

Xl̃+lmin−1e
−i∆p∆y(l̃+lmin−1)k

=
∆p

2π

l̃=lmax−lmin+1∑

l̃=1

Xl̃+lmin−1e
− 2πi

N
N∆p∆y

2π
(l̃+lmin−1)k

=
∆p

2π

l̃=lmax−lmin+1∑

l̃=1

Xl̃+lmin−1e
− 2πi

N
(l̃+lmin−1)k.

To make this fit in with the MATLAB procedure, we require

N∆p∆y

2π
= 1

or

N =
2π

∆p∆y

and N = lmax − lmin + 1.

Continuing, we then have

∆p

2π

N∑

l=1

Xl+lmin−1e
− 2πi

N
(l+lmin−1)k =

∆p

2π

N∑

l=1

Xl+lmin−1e
− 2πi

N
(l−1)ke−

2πi
N

lmink

=
∆p

2π

N∑

l=1

Xl+lmin−1e
− 2πi

N
(l−1)(k̃−1)e−

2πi
N

lmin(k̃−1)

=
1

N

N∑

l=1

(
e−

2πi
N

lmin(k̃−1)N∆p

2π

)
Xl+lmin−1e

− 2πi
N

(l−1)(k̃−1)

so that

Yk̃−1 ∼
1

N

N∑

l=1

Wl,k̃e
− 2πi

N
(l−1)(k̃−1) = IFFT (W ) (4.3)

where, for each value of k̃,

Wl,k̃ =

(
e−

2πi
N

lmin(k̃−1)N∆p

2π

)
Xl+lmin−1.
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So we have been able to write our inversion in terms of the MATLAB IFFT.

We now also have

(lmax − lmin + 1)∆p∆y

2π
= 1.

If the p grid values are (lmin∆p, ....., lmax∆p) then we have

prange = pmax − pmin = ∆p(lmax − lmin)

and

∆y =
2π

N∆p
=

2π

(lmax − lmin + 1)∆p
=

2π

prange +∆p
∼ 2π

prange
.

Due to this definition, care has to be taken when applying these procedures to eval-

uate (4.2) above.

If we fix prange and then refine the p-grid, the y-grid resolution will not change. If we

want to provide values of the approximation at more closely-spaced y-values, we will

have to increase the p-range.

Whether this refinement is needed will depend on the application.

Later in this chapter we will consider the interaction between the grid spacing in the

x-direction and that in the p-direction.

4.5 The semi-discrete Fourier method

In this method we apply the continuous y-FT to the KFE in equation (4.1).

Applying the continuous y-FT to P (x, y, t) gives

P̂ (x, p, t) =

∫ ∞

−∞
P (x, y, t)eipydy

and we temporarily suppress the x and t arguments.

Applying the y-FT to the KFE gives
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∂̂P (y)

∂t
+

̂
c
∂P (y)

∂y
= L̂(P (y)).

We use a standard property of the Fourier transform, i.e.

∂̂P (y)

∂y
= −ipP̂ (p),

and so we have

̂∂(cP (y))

∂y
= −ipcP̂ (p)

as the drift coefficient is independent of y, and we also have

L̂(P (y)) = L(P̂ (p))
as L is independent of y.

So we obtain the family of PDEs, indexed by p,

∂P̂ (x, p, t)

∂t
− ipc(x, t)P̂ (x, p, t) = L(P̂ (x, p, t)) (4.4)

that are satisfied by P̂ (x, p, t).

We can now use our approximations to the derivatives in the x-direction, from Section

4.3, while keeping t continuous. We illustrate the case where x is one-dimensional

and obtain the family of ODEs

∂P̂j(p, t)

∂t
= A1,1(xj)

P̂j+1(p, t)− 2P̂j(p, t) + P̂j−1(p, t)

∆x2
+B1(xj)

P̂j+1(p, t)− P̂j−1(p, t)

2∆x

+C(xj)P̂j(p, t) + ipcj(t)P̂j(p, t)

or

∂P̂ (p, t)

∂t
=MP̂ (p, t) (4.5)

where P̂ (p, t) is a vector of functions of p and t and the matrix M satisfies

Mj,j =
−2A1,1(xj)

∆x2
+ C(xj) + ipcj(t)

Mj,j−1 =
A1,1(xj)

∆x2
− 1

2∆x
B1(xj), and (4.6)

Mj,j+1 =
A1,1(xj)

∆x2
+

1

2∆x
B1(xj).
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In principle, the matrix is infinite but, in practice, we will need to truncate the grid

and the matrix.

If the drift is independent of t, then the matrix, M , is also independent of t and, in

that case, the matrix ODE can be solved by using matrix exponentials to get

P̂ (x, p, t) = P̂ (x, p, 0)eAt

for each value of p.

An example of this will be described for the toy model discussed in Chapter 5, where

the drift is independent of t.

To find the approximate numerical solution in the original variables x, y and t, we

apply the inverse y-FT to P̂ (xj , p, t). as discussed in Section 4.4.

4.6 The discrete Fourier method

In this method we again use the system of PDEs in (4.4),

∂P̂ (x, p, t)

∂t
− ipc(x, t)P̂ (x, p, t) = L(P̂ (x, p, t))

which are indexed by p.

For this method, we discretise in the x-direction and also in the t-direction, using the

discretisations given in Section 4.3, obtaining a set of linear equations to be solved

for each value of p.

With this method we have

P̂ n+1
j (p)− P̂ n

j (p)

∆t

= A1,1(xj)
P̂ n+1
j+1 (p)− 2P̂ n+1

j (p) + P̂ n+1
j−1 (p)

∆x2
+B1(xj)

P̂ n+1
j+1 (y)− P̂ n+1

j−1 (p)

2∆x

+C(xj)P̂
n+1
j (p) + ipcn+1

j (t)P̂ n+1
j (p)

if the drift term is treated implicitly.
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This gives the system of linear equations

Mn+1P̂ n+1(p) = P̂ n(p) (4.7)

where the matrices, Mn+1, satisfy

Mn+1
j,j =(1 + 2A1,1(xj)λ)− C(xj)∆t− ipcnj∆t

Mn+1
j,j−1 =− A1,1(xj)λ+

µ

2
B1(xj), and (4.8)

Mn+1
j,j+1 =− A1,1(xj)λ−

µ

2
B1(xj)

with λ = ∆t
∆x2 and µ = ∆t

∆y
and we again note that, in general, the matrices, Mn, are

time dependent.

As for the semi-discrete method, to find the approximate numerical solution in the

original variables x, y and t, we apply the inverse y-FT to P̂ (xj , p, t) and we use the

Fast Fourier Transform (FFT) for this stage of the solution process.

4.7 The semi-Lagrangian method

The semi-Lagrangian method ([8], [31]) is suitable for problems which involve a drift

(or convection) term in the PDE. It solves the KFE by reducing it to the solution of

a system of lower-dimensional PDEs, one for each of the y-grid values.

The hedging problem KFEs have a convenient form in which the drift coefficient,

c(x, t), is independent of y, which offers a computational advantage with the semi-

Lagrangian method.

The solution process is as follows

• Set up the initial conditions for the problem. These will consist of an approxi-

mation to a delta-function centred at the initial values in x and the initial value

of y which is normally taken to be zero.

We arrange the grids so that the numerical approximation to the delta-function

is located at a grid point, and the initial value of the numerical approximation

at that grid point is then given by

P (j0, 0, 0) =
1

∆x∆y
,
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P (j, k, 0) = 0 , for (j, k) 6= (0.0)

(for the one-dimensional case), where xj0 is the initial position of x. This ensures

that the initial probability density has the correct mass.

• At each time step, m, we first calculate the array of ‘shifts’ in y using y′k =

yk − c(xj , tm)∆t, where ∆t is the time step. These shifts do not depend on y

so can be calculated for all the y, simultaneously, at the current time step. In

general, the shifted values of y will not be found at grid points.

• For each value of y, we calculate, by interpolation, the adjusted values for

P (xj, y
′, tm − ∆t) at the start of the time step. This depends on the grid

spacing in the y-direction. We use linear interpolation, although more complex

interpolation schemes could be used.

• We then apply a PDE solver, based on discretisation in the x and t-directions,

to the interpolated adjusted values at the start of the time step, for each value

of y.

• We advance to the next time step.

Here we give further details of the discretisation method.

One-dimensional case

Interpolating between grid points at the start of the time step we define

RHSn+1
j,k = P n+1

j,k − A1,1(xj)∆t
P n+1
j+1,k − 2P n+1

j,k + P n+1
j−1,k

∆x2
−∆tB1(xj)

P n+1
j+1,k − P n+1

j−1,k

2∆x

−∆tC(xj)P n+1
j,k = (1− α)P n

j,⌊k−cj
∆t
∆y⌋ + αP n

j,⌊k−cj
∆t
∆y⌋+1

for cj > 0 and where α = (k − cj ∆t
∆y

) −
⌊
k − cj ∆t

∆y

⌋
, using the floor function. If we

make α = cj
∆t
∆y

small enough we have

RHSn
j,k = (1− α)P n

j,k−1 + αP n
j,k

i.e. using linear interpolation in the immediate grid cell with a y-grid spacing of ∆y

and we can derive have a similar expression for cj < 0, except that the ‘upwinding’

reverses direction.
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So for the case of small α, the method is identical to an upwind finite difference

method which is described in Appendix A.

This leads to a system of equations similar to those used in the Fourier methods,

except that the drift coefficient does not feature in the matrix, M , i.e.

MP n+1
j,k = RHSn+1

j,k (4.9)

where the matrix, M , satisfies

Mn+1
j,j =(1 + 2A1,1(xj)λ)− C(xj)∆t

Mn+1
j,j−1 =A1,1(xj)λ− B1(xj)

µ

2
, and (4.10)

Mn+1
j,j+1 =A1,1(xj)λ+B1(xj)

µ

2

where λ = ∆t
∆x2 , µ = ∆t

∆x
, and the right-hand side values are the interpolated values

from the previous time step.

Two-dimensional case

The general form of the operator (with y fixed) in the KFE will then be

LP (x, y, t) = A1,1
∂2P (x(1), x(2), y, t)

∂x(1)∂x(1)
+A1,2

∂2P (x(1), x(2), y, t)

∂x(1)∂x(2)
+A2,2

∂2P (x(1), x(2), y, t)

∂x(2)∂x(2)

+B1
∂P (x(1), x(2), y, t)

∂x(1)
+B2

∂P (x(1), x(2), y, t)

∂x(2)
+ CP (x(1), x(2), y, t)

and we will discretise in the x(1), x(2) and t-directions.

For this case we need to include the approximation of the cross-derivatives.

We have some additional issues to consider.

Firstly, due to the increased dimensionality we have different choices for organising

the solution into vector form. We have used the lexicographic ordering for the compo-

nents of x in our calculations. Secondly, the presence of cross-derivatives complicates

the structure of the matrixM , considerably increasing the bandwidth. Consequently,

alternative solution methods might be sought to deal with the cross-derivatives.

A popular alternative is to use an alternating-direction implicit solution (ADI) method

and this is what we have used for our KFE examples. These methods will be described
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in more detail below. Without using ADI we would, for the fully implicit case, get a

system of equations which we could write as

(I +∆tM0 +∆tM1 +∆tM2)P
n+1(y) = RHSn(y)

where we have written the left-hand side matrix as a sum of three separate matrices.

Here M1 contains the discretised terms arising from ∂2P (x(1),x(2),y,t)

∂x(1)∂x(1) , M2 contains the

discretised terms arising from ∂2P (x(1),x(2),y,t)

∂x(2)∂x(2) and M0 contains the discretised terms

arising from the cross-derivative, ∂2P (x(1),x(2),y,t)

∂x(1)∂x(2) .

These separate matrices are then used in the ADI method, see the following section.

4.8 ADI splitting

In the simplest cases we have presented, the simple Black-Scholes case, and after

order reduction using the semi-Lagrangian method, we need to solve a collection of

one-dimensional PDEs which are straightforward to treat by standard finite difference

methods.

However, in other examples given above, we will need to solve a collection of two-

dimensional PDEs which are essentially the KFEs for the underlying processes, i.e.

the PDEs that give the transition densities of the vector x.

In particular, we have examples of a two-dimensional asset process and also a case

where a stochastic volatility process is present.

So we see that calculation of the hedging error distributions is an extension of the

method for calculating of these transition densities where the drift in the ‘hedging

error’ results in the need to solve a collection of such problems.

For the two-dimensional problems, an alternating-direction implicit solution (ADI)

method has been used to solve each of the resulting two-dimensional PDEs.

There are a number of ADI schemes available; in this work only the simplest, the

Douglas-Rachford scheme, has been used. A brief description of the method follows.
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The key numerical step in solving the two-dimensional PDE is the solution of a set

of linear equations, obtained by discretising the PDE and using an approximation to

the θ-scheme, that can be written as

(I − θ∆tM1 − θ∆tM2)u
n+1 = (I +∆tM0 + (1− θ)∆tM1 + (1− θ)∆tM2)u

n.

Here the solution at time step n is written as un, the time step is ∆t, the matrix M0

is made up of the finite difference terms corresponding to the mixed second derivative

terms in the PDE.

The matrix M1 is made up of the finite difference terms corresponding to the spatial

derivatives with respect to the first independent variable and the matrix M2 is made

up of the finite difference terms corresponding to the spatial derivatives with respect

to the second independent variable.

We see that the scheme is not quite the θ-scheme as the M0 term is treated fully

explicitly, appearing only on the right hand side of the equation. A consequence of

this is that the error in this equation is only as good as O(∆t3) ifM0 = 0 and θ = 0.5.

A more complex ADI method, the Craig-Sneyd scheme ([7]), can be used to achieve

a higher order of accuracy but has not been used in this study. See [19] and [20] for

papers on the relative performances of various ADI schemes.

The idea behind the ADI scheme (which is an example of a splitting scheme) is to

replace the direct solution of this system of equations by the solution of related sub-

problems where solutions are found in the separate directions of the first and second

independent variables.

Dropping the error term, the original problem can be written as as

(I − θ∆tM1 − θ∆tM2 + θ2∆t2M1M2)u
n+1

= (I+∆tM0+(I−θ)∆tM1+(I−θ)∆tM2+θ
2∆t2M1M2)u

n+θ2∆t2M1M2(u
n+1−un)

or to the same order of accuracy

(I − θ∆tM1 − θ∆tM2 + θ2∆t2M1M2)u
n+1

= ((I − θ∆tM1)(I − θ∆tM2) + ∆tM0 +∆tM1 +∆tM2)u
n
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In the Douglas-Rachford scheme ([32],[9]) this can be written as

(I−θ∆tM1)(I−θ∆tM2)u
n+1 = (I+∆tM0+(I−θ)∆tM1)u

n−(I−θ∆tM1)θ∆tM2u
n

which allows the solution to be broken down into the following steps,

(I − θ∆tM1)Y = (I +∆tM0 + (I − θ)∆tM1 +∆tM2)u
n

(I − θ∆tM2)u
n+1 = Y − θ∆tM2u

n

where Y is an intermediate solution. These two steps are, in effect solving first in

the direction of the first independent variable and then in the direction of the second

independent variable. Each step requires a matrix inversion and so has at least a

partially implicit nature, hence the name, ‘alternating direction implicit’, for this

scheme.

4.9 Properties of numerical solutions

Conservation of probability

At any time step we can calculate an estimate of the probability represented by the

solution and we need to monitor this to ensure that we are neither gaining or losing

significant amounts of probability due to the numerical approximations used.

Conservation of probability depends on the properties of the matrices used in the

numerical solution. Essentially, we can expect probability to be conserved if the col-

umn sums of the matrices are all equal to one. Some analysis of the matrices used

has been carried out and it is clear that these sums are not always exactly equal to

one but the errors appear to be small enough to lead to only small errors in the total

probability. It may be possible to improve the preservation of probability by using a

discretisation scheme for the PDE that is specifically designed to be conservative.

The requirement for conservation of probability also has implications for the form

of the boundary conditions to be applied to the solution. In the examples shown

above, the simple Dirichlet boundary condition with the probability being zero at the

‘underlying’ boundaries has been used. This is not quite correct but appears to have

little impact in the cases considered.
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Note that the stochastic volatility (Heston) cases are such that the Feller condition

applies. When the Feller condition is not satisfied, the variance process can reach

zero, so we cannot set the probability of this event to zero. If an example of this type

were to be studied, greater care would need to be taken with the definition of the

boundary condition at zero variance.

Finally, conservation of probability relies on the grid being sufficiently extensive to

capture the likely range of hedging errors that are reached as time passes. It has been

found that if the grid is too restrictive, probability is not conserved.

Positivity of the solutions

Another issue which arises especially in the solution of two-dimensional problems is

that of the positivity of the solutions.

We start with non-negative initial conditions and, because we are dealing with proba-

bility distributions, expect that the solution at any time step should be non-negative.

However, when solving the linear systems arising from discretisation, the positivity

of the solution is determined by the properties of the matrices involved.

The linear equations to be solved can typically be written in the following form, i.e.

K1u
n+1 = K2u

n

where un is the solution vector at time step n and K1 and K2 are matrices. Attention

needs to be paid to the matrices on both the left and right-hand sides of the equations

to be solved. As we are dealing with vectors un that represent probability distribu-

tions, we will achieve positivity if we can ensure that all the elements of K2 and

K−1
1 are positive. The first condition can often be achieved by making the timestep

sufficiently small and the second condition will be satisfied if K1 is an M-matrix ([2]).

In this study, it appears that some of the left-hand side matrices encountered do not

satisfy the conditions required for them to be M-matrices (this is most obvious in

the case of the correlated two-asset example). In the solutions obtained above some

negative values appear in certain ranges of hedging error but generally these are where

the probability is very small.
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Convergence of the numerical schemes

Apart from the issues of probability conservation and positivity, there is also a need

to understand how the accuracy of the solution depends on the grid resolution.

The numerical solution may indeed be converging to the true solution but in order to

gain confidence in this behaviour, it is desirable to have some supporting theoretical

analysis of the convergence behaviour. For our general problem this analysis will be

hard to achieve, so instead, in a later part of the thesis, we will study a ‘toy’ model

which captures the key features of these problems and investigate the convergence of

a simpler model.

4.10 Validation of the KFE approach by Monte

Carlo simulation

We can assess the performance of our numerical schemes by comparing the numerical

solution from the KFE against a Monte Carlo simulation of the (erroneous) hedging

stratgey.

This is most convincingly achieved by running a Monte Carlo simulation of the hedg-

ing process in which the portfolio is dynamically rebalanced using the hedge ratios

calculated from erroneous model at each time step (see the next section).

An alternative method of validating the KFE results would be to perform a Monte

Carlo simulation based on the SDE representing the joint behaviour of x and y as in

(3.10) and (3.11) of Chapter 3.

These two approaches will give the same results, up to a discretisation error, but the

first approach more clearly illustrates the actual behaviour of the trader.

Monte Carlo simulation of hedging errors

We have estimated the hedging errors by Monte Carlo simulation. The calculation is

illustrated by the following piece of pseudocode, Algorithm 1.

This example has been based on the KFE in Section 3.4.1.
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Algorithm 1 Monte Carlo Simulation of Hedging Errors

1: procedure Monte Carlo ⊲
2: -Set up the parameters for µ, σ, r and the time step, ∆t
3: -Set up the initial condition for S=S0

4: -Set up the number of paths to simulate (NPaths)
5: -Set up the number of time steps in each path (NTimeSteps)
6: for i = 1 to NPaths do
7: -Initialise the path
8: S Old ← S 0
9: -Calculate the premium and the initial hedge ratio from mis-specified

model (function call)
10: Premium←Initial Price
11: Asset Holding Old ← Initial Hedge Ratio Old*S Old
12: Cash Old←Premium-Asset Holding Old
13: Portfolio Old←Cash Old+Asset Holding Old
14: for j = 1 to NTimeSteps do
15: -Sample the path for S using the correct model (function call)
16: S New←S Old*(1+µ∆t+σ

√
∆t*Normal Variate Sample)

17: -Update hedge ratio from SNew using the mis-specified model
18: -Recognise interest in the cash balance
19: Cash New←(1+r∆t)*Cash Old
20: Update the holding in S and rebalance portfolio
21: Asset Holding New←Hedge Ratio New*S New
22: Cash From Rebalancing←Hedge Ratio Old*S New-

Asset Holding New
23: Cash New←Cash New+Cash From Rebalancing
24: Portfolio New←Cash New+Asset Holding New
25: -Prepare for next time step
26: Asset Holding Old←Asset Holding New
27: Cash Old←Cash New
28: S Old←S New
29: Hedge Ratio Old←Hedge Ratio New
30: end for
31: end for
32: -Calculate the payoff (function call)
33: -Calculate the difference between the final portfolio and the payoff and apply

the discounting
34: Discounted Hedging Error ← e−rT*(Portfolio New-Payoff)
35: end procedure
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The key points to observe are that

• we are using a very simple Euler method for simulation of the SDE for S,

• the premium (initial price) and hedge ratios are calculated using the mis-

specified model, and hence mimicking the behaviour of the trader, and

• the parameters used to update the path for S come from the correctly specified

model.

Clearly, there is scope for a more sophisticated approach which might be more appro-

priate for, say, the barrier option example where the simulated paths might ‘stray’

over the barrier.

Accuracy of the Monte Carlo simulation results

We have generally obtained reasonable fits between the finite difference and Monte

Carlo outputs but some comments are in order.

Firstly, the accuracy of the Monte Carlo simulation of the ‘hedging error’ will depend

on the frequency of hedging, i.e. there will be a discretisation error. Of course, the

KFE method also has a discretisation error so it is necessary to make both these

errors small enough before trying to compare the distributions.

Secondly, when using Monte Carlo simulation, the finite sample size always results

in uncertainty about the simulation results. When using Monte Carlo simulation to

calculate an expectation, such as the value of an option, the standard error of the

result can be estimated from the variance of the simulated values. However, in our

application, we are trying to simulate the entire probability distribution and it is

unclear how to assess the match. This clearly complicates the issue of comparing

the Monte Carlo results against the KFE results, particularly for the tails of the

distribution.
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Chapter 5

Numerical analysis for a toy model
of the Kolmogorov forward
equation

In this chapter, we investigate the stability and accuracy of the numerical schemes

used to solve our KFE problems.

We have seen in Chapter 2 and in [5], that Fourier transform methods are very useful

in the analysis of stability for constant coefficient linear PDEs with δ-function initial

conditions and we would like to apply these methods to the KFE.

The KFE for the joint probability density, P (x, y, t), of x, y and t is in the form

∂P (x, y, t)

∂t
− LP (x, y, t) + c(x, t)

∂P (x, y, t)

∂y
= 0 (5.1)

where L is an operator that does not depends on y or its derivatives. The initial

condition is given by

P (x, y, 0) = δ(x)δ(y).

For our KFE problems, T will be the time at maturity of the financial instrument

studied.

We note the stylised features of the model:

• There is no diffusion term in the y-direction.

• The hedging error drift coefficient, c(x, t), is independent of y.
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• The PDE has variable coefficients in x (and these may change sign).

• At time t = 0, we have a δ-function initial condition.

We cannot expect to analyse fully even the simplest KFE problem as the equation is

complex. Instead we have studied a ‘toy’ model based on the stylised features of the

KFE.

5.1 Introduction to the toy model

5.1.1 The toy model

The toy model we have selected for study is

ut + xuy = uxx (5.2)

u(x, y, 0) = δ(x)δ(y).

For our theoretical analysis, we prefer to call the solution of the PDE u(x, y, t), to

avoid any confusion between the probability density, P , in the KFE and the argu-

ment, p, in the Fourier transform that we will use later.

For the toy model, the drift coefficient takes the simplest possible variable form,

namely x, and the initial condition is taken to be a δ-function which represents the

initial condition of the KFE.

5.1.2 Comments on the suitability of the toy model selection

We readily acknowledge that the toy model does not capture all the features of the

KFE problems we have studied. In particular, in our real-life KFE problems the drift

coefficient, c(x, t), may be a complicated function of time and of x.

The toy model drift coefficient is independent of t. As we are mainly interested in

the interplay of the Dirac initial data and the variable coefficient in the hyperbolic

y-direction, we will ignore this limitation in this thesis. Put another way, we are

mainly interested in the early time behaviour of the solution which is caused by the

δ-function initial condition, so we will ignore the time dependence in the drift.
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The KFE drift coefficient often has a strong dependence on x and so the toy model

can only represent a first, linearising, step in our analysis. As we use δ-function ini-

tial conditions, we feel there is some justification for considering only first two terms

of the Taylor expansion of c as the behaviour of the solution will initially be quite

localised. The leading order term would then correspond to constant drift (a familiar

convection-diffusion problem which can be analysed by standard Fourier techniques)

whereas the linear term, proportional to x would, in the short term, represent the

main variable element of the drift.

Consequently, we have investigated a toy model where the drift is simply proportional

to the underlying. Even with this simpler problem formulation, involving a PDE with

variable coefficients, the Fourier analysis is not straightforward and is incomplete, for

some of the schemes we used, insofar as it relates to the analysis of stability and

accuracy for the numerical methods.

5.1.3 Analytical solution of the toy model

The toy model PDE has a closed form solution which is as follows

u(x, y, t) =

√
3

2πt2
exp

(
− 1

4t
x2
)
exp

(
− 3

t3

(
y − t

2
x

)2
)
.

To show that this is the solution we can simply substitute this expression into the

PDE. We also need to check that the δ-function initial condition is satisfied by in-

tegrating out the solution for t > 0 in the x and y directions and showing that

the integral remains equal to 1 for all t > 0. We also need to show that for any

(x, y) 6= (0, 0), u(x, y, t)→ 0 as t→ 0. Figure 5.1 shows the true solution at t = 1.

103



Figure 5.1: True solution for the toy model at t = 1

This PDE has a considerable history; one of its earliest appearances is in [25] and

there are a number of recent papers that report on the long-time behaviour of the

numerical solution of the equation, e.g. [34]. However, we stress that these references

in the literature do not address the case of δ-function initial conditions.

The fundamental solution of the PDE (i.e., one for a δ-function initial condition) can

be obtained by using Fourier methods as follows. We first apply the y-FT to the PDE

and define v(x, p, t) as the result of the transform. Using standard properties of the

Fourier transform, we obtain

vt(x, p, t)− ixpv(x, p, t) = vxx(x, p, t). (5.3)

We then apply the x-FT to this equation and define w(x, p, t) as the result of per-

forming the transform.

We note that

∂

∂s

∫ ∞

−∞
v(x, p, t)eisxdx =

∫ ∞

−∞
ixv(x, p, t)eisxdx

and so

∂w(s, p, t)

∂t
− p∂w(s, p, t)

∂s
= −s2w(s, p, t). (5.4)

The initial condition is then w(s, p, 0) ≡ 1 and we solve the PDE for w(s, p, t) to

obtain

w(s, p, t) = exp (−s2t− spt2 − 1

3
p2t3). (5.5)
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We will refer to w as the double Fourier transform (double-FT) in our later work

where we have applied Fourier transforms in both directions.

Figure 5.2: The analytic double Fourier Transform at t = 1
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We note that after applying the two transforms, we have a function that is smooth

for t ≥ 0. Figure 5.2 shows the form of the double-FT at t = 1.

To obtain our solution for u, we invert the two Fourier transforms to obtain the so-

lution given above.

Applying the inverse x-FT first gives

v(x, p, t) =
1

2π

∫ ∞

−∞
w(s, p, t)e−isxds

=
1

2π

∫ ∞

−∞
exp

(
−s2t− spt2 − 1

3
p2t3

)
e−isxds

=
1

2π
exp

(
− 1

3
p2t3

)∫ ∞

−∞
exp (−s2t− spt2 − isx)ds

=
1

2π
exp

(
− 1

3
p2t3

)
exp

(
t

(
pt+ ix

t

2

)2)∫ ∞

−∞
exp

(
− t
(
s− pt+ ix

t

2

)2)
ds

=
1

2π
√
t
exp

(
− 1

12
p2t3

)
exp

(
ipxt

2
− x2

4t

)∫ ∞

−∞
exp (−ω2)dω

where ω =
√
t

(
s− pt+ ix

t

2

)
, or
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v(x, p, t) =
1

2
√
tπ

exp

(
− 1

12
p2t3

)
exp

(
ipxt

2
− x2

4t

)
.

A similar calculation using the inverse y-FT then leads to the solution for u(x, y, t)

given above. We note that v is complex while u and w are real as a result of the

choice of the initial conditions.

We will use the analytical solution to assess the behaviour of the numerical schemes

we use to solve the toy model PDE.

5.2 The analysis of stability and accuracy for the

toy model numerical schemes

We have considered the following solution methods for the toy model PDE

• the semi-discrete Fourier method,

• the discrete Fourier method,

• the semi-Lagrangian method,

as described in Chapter 4.

In this section we discuss the general features of the analysis we will carry out for

each of our numerical schemes. For each of the schemes we will discuss

• the discretisation of the scheme,

• the numerical results from the scheme,

• the time-evolution of the double-FT, and

• progress made towards analysing the error between the true and numerical

double-FT and what this tells us about the performance of the numerical scheme

in the original variables.

The finite difference approximations to the functions u, v and w will be written using

upper case letters, U , V and W .
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5.2.1 Discretisation

When solving the toy model numerically, we will restrict attention to finite difference

methods and will discretise the problem by defining the numerical approximation, U ,

to u on an unbounded uniform grid with spacings, ∆x, ∆y and ∆t, where appropriate.

That is, we will define a numerical approximation to the solution of the PDE by find-

ing the values, U(j, k,m), of the approximation at the grid points (xj , yk, tm), where

j ∈ Z, k ∈ Z and m is a integer in [0, N ], where T = N∆t is the largest time value

for the PDE.

For numerical calculations, we will have to truncate the grids in the x and y direc-

tions, as appropriate, although, in our Fourier analysis, we will ignore the truncation.

Depending on the scheme under consideration, we will not need to discretise in all

directions although our final numerical implementations will inherently involve a dis-

cretisation process.

The discretisations for the various methods we use have been described in Chapter

4, Section 4.3 and for the toy model, correspond to the choices, A1,1 ≡ 1, B1 ≡ 0,

C ≡ 0. We also have c(x, t) ≡ x.

5.2.2 The time evolution of the double-FT

Our approach is to start with an analysis of the error between the numerical and true

double transforms and understand the behaviour of the error as ∆t → 0 in Fourier

space. To do this we apply Fourier transforms in the appropriate directions to derive

an expression for the time evolution of the numerical double-FT.

In some cases, this time evolution is in the form of a PDE depending on t while in

other cases it is in the form of recursion for the double-FT at consecutive time steps.

This latter recursive behaviour is familiar from the case of a constant-coefficient PDE

where a closed form solution for the numerical transform at time t (see [5]) can be

found.
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In the constant-coefficient case we can study the time evolution of the double-FT,

analyse the error between the numerical and true transforms and also analyse the

error, expressed in the original variables, as the grid is refined in an appropriate way

and demonstrate the convergence, or otherwise, of the numerical scheme. See, for

example, [5] and [36]. For the toy model, which has variable coefficients, the time

evolution we observe is more complicated and closed form solutions for the numerical

double-FT are not generally available.

In the case of the semi-discrete Fourier method, however, we have been able to com-

plete the analysis and have solved the accuracy problem. We have been less successful

with the discrete Fourier method, where we lack a full understanding of the wavenum-

ber analysis and still need to complete the stability analysis.

For the semi-Lagrangian method, it is not possible to apply the Fourier transform

techniques used for the two Fourier methods. If we assume that the grid step sizes

are chosen suitably, however, then the semi-Lagrangian scheme can be considered

as a variable-direction upwinding version of the basic finite difference scheme. In

Appendix A we give some analysis of the recursion and convergence analysis for the

latter scheme. Unfortunately, it has been too difficult to complete this analysis but,

nevertheless, the progress made has been reported in Appendix A.

5.3 The semi-discrete Fourier method

With this method, we apply the y-FT to the original problem, taking advantage of

the fact that the drift coefficient, x, is independent of y. We then discretise in the

x-direction keeping the problem continuous in time.

5.3.1 The numerical scheme for the semi-discrete Fourier
method

Applying the Fourier transform in y-direction to the toy model PDE we get

vt − ipxv = vxx,

where

v(x, p, t) =

∫ y=∞

y=−∞
u(x, y, t)eipydy
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and then discretise only in the x-direction, using central differencing, to obtain

∂Vj(p, t)

∂t
− ipxjVj(p, t) =

Vj+1(p, t)− 2Vj(p, t) + Vj−1(p, t)

∆x2
(5.6)

so that the functions Vj(p, t) satisfy this equation for each j and, as a result, and we

have a family of ODEs parametrised by p.

The initial condition for this system is Vj(p, 0) = 0 for j 6= 0 and V0(p, 0) =
1
∆x

, for

all p.

5.3.2 Solving the numerical scheme

The system of equations above can be written as

∂V (p, t)

∂t
=MV (p, t) (5.7)

where M =M1 + ipM2, with

M1 =
1

∆x2




. . . . . . . . . . . . . . . . . . . . .

. . . −2 1 0 0 0 . . .

. . . 1 −2 1 0 0 . . .

. . . 0 1 −2 1 0 . . .

. . . 0 0 1 −2 1 . . .

. . . 0 0 0 1 −2 . . .

. . . . . . . . . . . . . . . . . . . . .




and

M2 = ∆x




. . . . . . . . . . . . . . . . . . . . .

. . . −2 0 0 0 0 . . .

. . . 0 −1 0 0 0 . . .

. . . 0 0 0 0 0 . . .

. . . 0 0 0 1 0 . . .

. . . 0 0 0 0 2 . . .

. . . . . . . . . . . . . . . . . . . . .




.

As the matrix, M , is independent of t, (5.7) has the obvious solution

V (p, t) = V (p, 0)eMt. (5.8)

After solving the ODE problem, we can invert the y-FT, obtaining an approximation

to the values u(xj, y, t).
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5.3.3 Numerical output for the semi-discrete method

In this section we give the results of applying this solution method to the toy model.

We have used MATLAB to compute the solution of (5.7), as it provides an imple-

mentation of the matrix exponential function. MATLAB uses the ‘the scaling and

squaring method’, see [18].

The solution for (5.7) can, in principle, be found for any value of p but, in practice

we will only be able to calculate a discrete set of values for Vj(pk, T ). To complete

the solution in the original variables, we need to numerically invert the y-FT, using

the grid values, Vj(pk, T ). In order to perform the inversion efficiently, it is advisable

to use the Fast Fourier Transform (FFT), which is also available as a function in

MATLAB. By using this method, we appear to have avoided the discretisation in the

y-direction but, in effect, this is replaced by a discretisation in the p-direction.

The numerical solution, U , at time T , is calculated at grid points (xj , yk) and is then

numerically integrated over x to give the marginal probability distribution for y and

its features are then plotted.

Figure 5.3 shows a 2-dimensional plot of the error between the two solutions.

Figure 5.4 plots the true and numerical marginal densities while Figure 5.5 shows the

difference between the marginal densities of the true and numerical solutions.

We took x ∈ [−20, 20] and p ∈ [−20, 20] with 80 grid points in the p-direction and

up to 2560 grid points in the x-direction.
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Figure 5.3: Toy Model - Semi-discrete Fourier method using the matrix exponential
- Difference between the solutions. x ∈[-20,20], p ∈[-20,20], np=80, nx=1800.

Figure 5.4: Toy Model - Semi-discrete Fourier method using the matrix exponential
– Marginal Density – Comparison of solutions. x ∈[-20,20], p ∈[-20,20], np=80,
nx=1800.
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Figure 5.5: Toy Model - Semi-discrete Fourier method using the matrix exponential
- Difference between solutions. x ∈[-20,20], p ∈[-20,20], np=80, nx=1800.
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Finally, Figure 5.6 shows the convergence rate for the solution as ∆x → 0. We ob-

serve second order convergence in ∆x, in the maximum norm.

Figure 5.6: Toy Model - Semi-discrete Fourier method using the matrix exponential
- Convergence Plot. x ∈[-20,20], p ∈[-20,20], np=80.
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5.3.4 The time evolution of the numerical double transform
for the semi-discrete Fourier scheme

At after applying the y-FT and discretising in the x-direction we have, as in (5.6),

∂Vj(p, t)

∂t
− ipxjVj(p, t) =

Vj+1(p, t)− 2Vj(p, t) + Vj−1(p, t)

∆x2
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for each value of p and for each j.

The initial condition is Vj(p, 0) = 0 for j 6= 0 and V0(p, 0) =
1
∆x

, for all p.

We apply the discrete x-FT by writing

∆x(

j=∞∑

j=−∞

∂Vj(p, t)

∂t
eisxj − ip

j=∞∑

j=−∞
xjVj(p, t)e

isxj)

=∆x

j=∞∑

j=−∞

Vj+1(p, t)e
isxj − 2Vj(p, t)e

isxj + Vj−1(p, t)e
isxj

∆x2

=∆x

j=∞∑

j=−∞

e−is∆xVj(p, t)e
isxj − 2Vj(p, t)e

isxj + eis∆xVj(p, t)e
isxj

∆x2

=W (s, p, t)
e−is∆x − 2 + eis∆x

∆x2

=W (s, p, t)
2(cos (s∆x)− 1)

∆x2

so that we have the following PDE for the numerical double transform, W (s, p, t),

∂W (s, p, t)

∂t
− p∂W (s, p, t)

∂s
= −W (s, p, t)

4 sin2 ( s∆x
2
)

∆x2
(5.9)

or

∂W (s, p, t)

∂t
− p∂W (s, p, t)

∂s
= −W (s, p, t)(s2 − g(s)) (5.10)

where

g(s) = s2 − 4 sin2 ( s∆x
2
)

∆x2
. (5.11)

We can now use the analysis above to investigate the relationship between the nu-

merical and true double transforms, as follows.

From (5.4) we have that the true double transform satisfies the PDE

∂w

∂t
(s, p, t)− p∂w

∂s
(s, p, t) = −s2w(s, p, t). (5.12)

The two PDEs above, (5.10) and (5.12), can be written as
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∂ log (W (s, p, t))

∂t
− p∂ log (W (s, p, t))

∂s
= −(s2 − g(s))

and

∂ log (w(s, p, t))

∂t
− p∂ log (w(s, p, t))

∂s
= −s2.

So by defining

Z(s, p, t) = log

(
W (s, p, t)

w(s, p, t)

)

we have

∂Z(s, p, t)

∂t
− p∂Z(s, p, t)

∂s
= g(s),

which we can solve to obtain

Z(s, p, t) =
1

p

∫ s+pt

s

g(σ)dσ.

by using the initial conditions for W and w, so that Z(s, p, 0) = log (W (s,p,0)
w(s,p,0)

) = 0.

Hence we have

W (s, p, t) = w(s, p, t) exp

(
1

p

∫ s+pt

s

g(σ)dσ

)
(5.13)

an expression for the numerical double transform (reflecting the x-discretisation) in

terms of the true double transform, w.
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We can also write this as

W (s, p, t) = w(s, p, t) exp

(
1

p

∫ s+pt

s

g(σ)dσ

)

= w(s, p, t) exp

(
1

p

∫ s+pt

s

σ2dσ

)
exp

(
−1
p

∫ s+pt

s

4

∆x2
sin2 (

σ∆x

2
)dσ

)

= w(s, p, t)w(s, p, t)−1 exp

(
− 2

p∆x2

∫ s+pt

s

(1− cos (σ∆x))dσ

)

= exp

(
− 2

p∆x2
[σ − sin (σ∆x)]s+pt

s

)

= exp

(
− 2t

∆x2
(1− sinc (ξ∆x) cos (η∆x))

)
(5.14)

where η = s+ pt
2
, ξ = pt

2
, and sinc is the unnormalised sinc function, defined to be

sinc (x) =
sin (x)

x

for x 6= 0 (see [30]).

We also have

w(η, ξ, t) = exp (−η2t− 1

3
ξ2t)

in the new variables, η and ξ.

These expressions will be used below in the convergence analysis.

5.3.5 Convergence analysis for the semi-discrete Fourier method

We will analyse the behaviour of the difference (error) between the numerical and

true solutions for the PDE, using the semi-discrete method. It should be noted that

this analysis only relates to the exact solution of (5.7) and its subsequent exact y-FT

inversion. In particular we want to see how rapidly the error reduces as ∆x→ 0.

We approach this task by applying inverse Fourier transforms to the error between

W and w, and then performing wavenumber analysis of the resulting integrals to

establish convergence. This method is based on the same kind of ideas used in [5]

and [36].
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Applying the inverse transforms to the error term we obtain an equation for the error

in (x, y)-space, i.e.

(2π)2(U(x, t, y)− u(x, y, t)) =
∫ ∞

−∞

∫ π
∆x

− π
∆x

(W (s, p, t)− w(s, p, t))e−isxe−ipydsdp

and by changing the variables we get

2π2t(U(x, t, y)− u(x, y, t)) =
∫ ∞

−∞

∫ π
∆x

+ξ

− π
∆x

+ξ

(W (η, ξ, t)− w(η, ξ, t))e−i(η−ξ)xe−i 2y
ξ dηdξ

We will replace the infinite integration limits by ±∆x−r for some suitable r > 0,

chosen so that the integral converges (see below), and we consider

I =

∫ ∆x−r

−∆x−r

∫ π
∆x

+ξ

− π
∆x

+ξ

(W (η, ξ, t)− w(η, ξ, t))e−i(η−ξ)xe−i 2y
ξ dηdξ

Breaking this into suitable wavenumber regimes, we write I as

I =

k=5∑

k=1

∫

Ωk

(W (η, ξ, t)− w(η, ξ, t))e−i(η−ξ)xe−i 2y
ξ dηdξ

where

Ω1 = [−∆xp−1,∆xp−1]x[−∆xq−1,∆xq−1]

Ω2 = [−∆xp−1,∆xp−1]x[− π

∆x
+ ξ,−∆xq−1]

Ω3 = [−∆xp−1,∆xp−1]x[∆xq−1,
π

∆x
+ ξ]

Ω4 = [∆xp−1,∆x−r]x[− π

∆x
+ ξ,

π

∆x
+ ξ]

Ω5 = [−∆x−r,−∆xp−1]x[− π

∆x
+ ξ,

π

∆x
+ ξ].

The first integral, I1, relates to the joint low wavenumber regime, and is given by

I1 =

∫ ∆xp−1

−∆xp−1

∫ ∆xq−1

−∆xq−1

((W (η, ξ, t)− w(η, ξ, t))e−i(η−ξ)xe−i 2y
ξ dηdξ

where we need to determine suitable exponents p and q to define the wavenumber

regime.
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We can also write

I = I1 +

k=5∑

k=2

∫

Ωk

W (η, ξ, t)e−i(η−ξ)xe−i 2y
ξ dηdξ

−
k=5∑

k=2

∫

Ωk

w(η, ξ, t)e−i(η−ξ)xe−i 2y
ξ dηdξ

and apart from the joint low wavenumber regime, we will perform separate calcula-

tions on W and w. We will find that all but the first term can be made exponentially

small, while the first term is O(∆x2).

We start with the joint low wavenumber analysis.

Joint low wavenumbers

We have to determine exponents p and q, for 0 < p, q < 1, such that in Ω1

|η∆x| < ∆xq → 0

and

|ξ∆x| < ∆xp → 0

and certain Taylor expansions can be usefully truncated.

We can write expansions

cos (η∆x) = 1− 1

2!
(η∆x)2 +

1

4!
(η∆x)4 +O((η∆x)6)

then

sinc (ξ∆x) = 1− 1

3!
(ξ∆x)2 +

1

5!
(ξ∆x)4 +O((ξ∆x)6)

so then

− 2t

∆x2
(1− sinc (ξ∆x) cos (η∆x))

= −η2t− 1

3
ξ2t+

2t

4!
η4∆x2 +

2t

5!
ξ4∆x2 +O(η6∆x4) +O(ξ6∆x4).

So then if we write I1 as
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∫

Ω1

exp

(
−η2t− 1

3
ξ2t

)(
exp

(
2t

4!
η4∆x2 +

2t

5!
ξ4∆x2 + o(∆x2)

)
−1
)
e−i(η−ξ)xe−i 2y

ξ dηdξ

=

∫

Ω1

exp

(
−η2t− i(η − ξ)x− 1

3
ξ2t− i2y

ξ

)(
exp

(
2t

4!
η4 +

2t

5!
ξ4 + o(∆x2)

)
−1
)
dηdξ

= ∆x2
∫

Ω1

exp

(
−η2t− i(η − ξ)x− 1

3
ξ2t− i2y

ξ

)(
2t

4!
η4∆x2 +

2t

5!
ξ4∆x2

)
dηdξ+o(∆x2)

= ∆x2F (x, y, t) + o(∆x2)

where

F (x, y, t) =

∫

Ω1

exp

(
−η2t− i(η − ξ)x− 1

3
ξ2t− i2y

ξ

)(
2t

4!
η4 +

2t

5!
ξ4
)
dηdξ

and

|F (x, y, t)| ≤
∫ ∞

−∞

∫ ∞

−∞
exp

(
−η2t− 1

3
ξ2t

)(
2t

4!
η4 +

2t

5!
ξ4
)
dηdξ

or

|F (x, y, t)| ≤
∫ ∞

−∞

2t

4!
η4 exp (−η2t)dη

∫ ∞

−∞

2t

5!
ξ4 exp (−1

3
ξ2t)dξ

so that |F (x, y, t)| is bounded by a product of fourth moments of the Gaussian func-

tion.

We require

∆x2(η8 + ξ8)→ 0

for the remainders to be valid. So we can take p, q > 3
4
to define the joint low

wavenumber regime because we have, for example,

η∆x < ∆xq

so that

η4∆x4 < ∆x4q
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and

η4∆x < ∆x4q−3 → 0

for q > 3
4
.

Next we look at the remaining terms involving W . There are two cases to consider.

Low ξ-wavenumbers and high η-wavenumbers.

We consider the terms

I2 =

∫

Ω2

W (η, ξ, t)e−i(η−ξ)xe−i 2y
ξ dηdξ +

∫

Ω3

W (η, ξ, t)e−i(η−ξ)xe−i 2y
ξ dηdξ

so that

|I2| ≤
∫

Ω2

W (η, ξ, t)dηdξ +

∫

Ω3

W (η, ξ, t)dηdξ

For these wavenumbers we have η ∈ [− π
∆x

+ ξ, π
∆x

+ ξ] and so η∆x ∈ [−π +

ξ∆x, π + ξ∆x] and for small ξ this interval only contains the single point η = 0

where cos (η∆x) = 1.

We have

sin2

(
θ

2

)
≥
(
θ

π

)2

for θ ∈ [−π, π], so then

cos (η∆x) = 1− 2 sin2

(
η∆x

2

)
≤ 1− 2

(
η∆x

π

)2

= 1− 2

π2
(η∆x)2

with equality at η = π
∆x

. So we can then chose α < 2
π2 such that we will have

cos (η∆x) < 1− α(η∆x)2

for η∆x on [−π+ǫ, π+ǫ], and ǫ small enough, so this will hold for η ∈ [− π
∆x

+ξ, π
∆x

+ξ]

as ξ∆x < ∆x3/4 → 0 as ∆x→ 0.

Also, for ξ∆x small enough, and hence for low ξ-wavenumbers, we can ensure that

1

2
< sinc (ξ∆x) ≤ 1.
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So then

sinc (ξ∆x) cos (η∆x) ≤ 1− α(η∆x)2

and

α(η∆x)2 ≤ 1− sinc (ξ∆x) cos (η∆x),

so that

exp

(
− 2t

∆x2
(1− sinc (ξ∆x) cos (η∆x))

)
≤ exp (− 2t

∆x2
α(η∆x)2)

= exp (−2αtη2)
≤ exp (−2αt∆x− 1

2 )

as η∆x > ∆x3/4 we have η > ∆x−1/4 and η2 > ∆x−1/2, so the contribution to the

integral satisfies

|I2| ≤
∫

Ω

W (η, ξ, t)dηdξ

=

∫

Ω

exp

(
− 2t

∆x2
(1− sinc (ξ∆x) cos (η∆x))

)
dηdξ

≤
∫

Ω

exp (−2αt∆x− 1
2 )dηdξ

≤(2∆xp−1)(2π∆x−1) exp (−2αt∆x− 1
2 )

≤4π∆xp−2 exp (−2αt∆x− 1
2 )

=o(∆xm)

for all m > 0, where Ω = Ω2 ∪ Ω3.

So this contribution to the integral is exponentially small as ∆x→ 0.

High ξ-wavenumbers.

Next we consider the terms

I3 =

∫

Ω4

W (η, ξ, t)e−i(η−ξ)xe−i 2y
ξ dηdξ +

∫

Ω5

W (η, ξ, t)e−i(η−ξ)xe−i 2y
ξ dηdξ

so that
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|I3| ≤
∫

Ω4

W (η, ξ, t)dηdξ +

∫

Ω5

W (η, ξ, t)dηdξ

and

|I3| ≤
∫

Ω4

exp

(−2t
∆x2

(1− sinc (ξ∆x) cos (η∆x))

)
dηdξ

+

∫

Ω5

exp

(−2t
∆x2

(1− sinc (ξ∆x) cos (η∆x))

)
dηdξ

and we will show that each of these integrals is exponentially small, as ∆x→ 0.

We observe that sinc (ξ∆x) is decreasing from ξ = ∆x−1/4 to some ξ = ξ0, if we make

∆x small enough. The first local minimum of the sinc function satisfies

d sinc (ξ∆x)

dξ
=
d sin (ξ∆x)

ξ∆x

dξ

=
ξ∆x2 cos (ξ∆x)− sin (ξ∆x)∆x

(ξ∆x)2
=
ξ∆x cos (ξ∆x)− sin (ξ∆x)

ξ2∆x
= 0

and hence define ξ0 as the smallest positive solution to tan (ξ0∆x) = ξ0∆x and

then | sinc (ξ0∆x)| = α and where α < 0.3, say, and for values of ξ > ξ0, we have

| sinc (ξ∆x)| < α.

This is illustrated in Figure 5.7, where we see that for values of x = ξ∆x less than

ξ0∆x we also have

sinc (ξ∆x) < 1− 1

100
(ξ∆x)2.
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Figure 5.7: Plot of the sinc(x) = sin (x)
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For ξ0∆x < ξ∆x we have

| sinc (ξ∆x)| ≤ α

and, for β = 1− α,

−(1− β) = −α < sinc (ξ∆x) ≤ α = 1− β.

So for ∆x
3
4 < ξ∆x < ξ0∆x we have

sinc (ξ∆x) ≤ 1− 1

100
min (∆x

3
2 , 100β)

and

sinc (ξ∆x) ≥ −
(
1− 1

100
min (∆x

3
2 , 100β)

)

for small enough ξ∆x.

We have −1 < cos (η∆x) < 1 so we now have two cases to consider.

The first case is where 0 < cos (η∆x) < 1 so that

sinc (ξ∆x) cos (η∆x) < 1− 1

100
min (∆x

3
2 , 100β)

so that

1

100
min (∆x

3
2 , 100β) < 1− sinc (ξ∆x) cos (η∆x)
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and

1

100
min (∆x

3
2 , 100β) < 1− sinc (ξ∆x) cos (η∆x)

or

−2t
∆x2

1

100
min (∆x

3
2 , 100β) >

−2t
∆x2

(1− sinc (ξ∆x) cos (η∆x))

so that

exp

(−2t
∆x2

(1− sinc (ξ∆x) cos (η∆x))

)
≤ exp

(
− t

50∆x2
min (∆x

3
2 , 100β)

)

≤ exp

(
− t

50∆x
1
2

min (1, 100β∆x−
3
2 )

)
≤ exp

(
− t

50∆x
1
2

)

for small enough ∆x.

The last string of inequalities also holds for the case where −1 < cos (η∆x) < 0 using

sinc (ξ∆x) ≥ −
(
1− 1

100
min (∆x

3
2 , 100β)

)
.

Then we have

|I3| ≤
∫

Ω′

exp

(−2t
∆x2

(1− sinc (ξ∆x) cos (η∆x))

)
dηdξ

≤(2∆x−r)(2π∆x−1) exp

(
− t∆x−

1
2

50

)
= o(∆xm)

for all m > 0, where Ω′ is the set of values of (η, ξ) such that ξ ∈ [−∆x−r ,∆x−r],

η ∈ [− π
∆x

+ ξ, π
∆x

+ ξ] and |ξ∆x| > ∆x
3
4 .

So this contribution to the integral is exponentially small as ∆x→ 0.

We note that for the high ξ-wavenumber integration range to exist, we need

∆x−1/4 < ξ < ∆x−r

or

∆xr−
1
4 < 1

with ∆xr−
1
4 → 0 as ∆x→ 0. So we require r > 1

4
.
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If r < 1
4
, there is only a low ξ-wavenumber regime, but this is irrelevant for the com-

putations, and the derivations show that quadratic convergence is guaranteed for any

r ∈ (0, 1).

Finally, we need to estimate the value of the error contribution for the remaining

terms which involve w. We write

I4 = −
k=5∑

k=2

∫

Ωk

w(η, ξ, t)e−i(η−ξ)xe−i 2y
ξ dηdξ

so that

|I4| ≤
k=5∑

k=2

∫

Ωk

w(η, ξ, t)dηdξ

so that

|I4| ≤
∫ ∞

−∞

∫ −∆xq−1

−∞
w(η, ξ, t)dηdξ +

∫ ∞

−∞

∫ ∞

∆xq−1

w(η, ξ, t)dηdξ

+

∫ ∆x−r

∆xp−1

∫ ∞

−∞
w(η, ξ, t)dηdξ +

∫ −∆xp−1

−∆x−r

∫ ∞

−∞
w(η, ξ, t)dηdξ

and hence

|I4| ≤
∫ ∞

−∞

∫ −∆xq−1

−∞
w(η, ξ, t)dηdξ +

∫ ∞

−∞

∫ ∞

∆xq−1

w(η, ξ, t)dηdξ

+

∫ ∞

∆xp−1

∫ ∞

−∞
w(η, ξ, t)dηdξ +

∫ −∆xp−1

−∞

∫ ∞

−∞
w(η, ξ, t)dηdξ.

As we have

∫ ∞

−∞
w(η, ξ, t)dη = exp

(
− 1

3
ξ2
)∫ ∞

−∞
exp (−η2)dη =

√
π exp

(
− 1

3
ξ2
)

and

∫ ∞

−∞
w(η, ξ, t)dξ = exp (−η2)

∫ ∞

−∞
exp

(
− 1

3
ξ2
)
dξ =

√
3π exp (−η2)

so

|I4| ≤
√
3π

∫ −∆xq−1

−∞
exp (−η2)dη +

√
3π

∫ ∞

∆xq−1

exp (−η2)dη

+
√
π

∫ ∞

∆xp−1

exp

(
− 1

3
ξ2
)
dξ +

√
π

∫ −∆xp−1

−∞
exp

(
− 1

3
ξ2
)
dξ.
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Lemma 3 in the Appendix of [13] proves that each of these integrals are O(∆xm), for

any m > 0, and so |I4| is exponentially small as ∆x→ 0.

Collecting the above results together we find that

|I| ≤ |I1|+ |I2|+ |I3|+ |I4|

and we find that for small enough ∆x we have

|I| ≤ O(∆x2) + o(∆xm)

for all m > 0 and so long as the integration range for high ξ-wavenumbers is restricted

to ξ ∈ [−∆x−r ,∆x−r] and where r > 1
4
.

Consequently, and in practice, the numerical inversion in the solution method leads

to quadratic convergence for the semi-discrete method.

5.3.6 The interaction between the x− and p-discretisations

When we solve the KFE using the semi-discrete method, we need to consider the

effect of the numerical inversion of the y-FT in the final step of the solution. As

the inversion is only approximate, we have to decide how to set the parameters for

the inversion, i.e. the range of p-wavenumbers to use and the p-step to choose. See

Chapter 4, Section 4.4.

Figure 5.8: Toy Model - Semi-discrete Fourier method. Effect of np on the y-FT and
the resulting convergence in ∆x.
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As ∆x is reduced we will find that we need to also reduce ∆p to maintain the quadratic

convergence. This behaviour is demonstrated in Figure 5.8. Here we define the x-

range as [−10, 10] and the p-range as [−20, 20] and then monitor the convergence as

∆x→ 0 for a range of values of ∆p, which correspond to np = 36, 40, 44, 48, 52.

We see that, for a given value of ∆p, quadratic convergence only continues to hold, as

∆x→ 0, up to a critical value of ∆x, beyond which convergence stops. It follows that

in order to use this method we need to reduce ∆p appropriately in order to achieve

a satisfactory degree of accuracy.

We can also see that as np increases towards the value where the error approaches

the log-log line of quadratic convergence in x, the convergence in p is very fast. This

behaviour is a feature of quadrature using the trapezoidal rule which converges ex-

ponentially for smooth, periodic integrands.

For a real function on a finite interval periodicity refers to the periodic extension, so

what matters is whether the derivatives on the left and right boundaries match up to

make the periodic extension analytic.

In our case the solution and its derivatives vanish so rapidly for large p, and the

function truncated to, say, p between +/-20 is very close to the analytic/periodic

case and for reasonable accuracy levels we observe exponential convergence of the

p-quadrature. See [42] for further discussion of this behaviour.

5.4 The discrete Fourier method

5.4.1 The numerical scheme for the discrete Fourier method

Applying the y-FT to the toy model PDE (5.2), as before, we have

vt − ipxv = vxx. (5.15)

We then discretise in the x− and t-direction. We will always use implicit central

differencing for the diffusion term but have considered two alternative treatments of

the drift term.
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5.4.1.1 Explicit drift case

Here we treat the drift term explicitly so that after discretisation, we have the scheme

V n+1
j (p)− V n

j (p)

∆t
− ipj∆xV n

j (p) =
V n+1
j+1 (p)− 2V n+1

j (p) + V n+1
j−1 (p)

∆x2
. (5.16)

We define a shape factor, λ = ∆t
∆x2 , and rearrange the scheme to get

−λV n+1
j−1 (p) + (1 + 2λ)V n+1

j (p)− λV n+1
j+1 (p) = (1 + ipj∆t∆x)V n

j (p). (5.17)

We solve this system of linear equations, as a function of the parameter, p, noting

that V n
j (p) is complex and we will only determine the values of V n

j (p) for selected

values of p.

We note that the truncation error of the scheme is O(∆x2) +O(∆t), so it is compu-

tationally efficient to keep the shape factor, λ, fixed as the grid is refined. We do this

in our numerical calculations using the scheme.

5.4.1.2 Implicit drift case

For the second case, we treat the drift term implicitly and write

V n+1
j (p)− V n

j (p)

∆t
− ipj∆xV n+1

j (p) =
V n+1
j+1 (p)− 2V n+1

j (p) + V n+1
j−1 (p)

∆x2
(5.18)

and we obtain the numerical scheme

−λV n+1
j−1 (p) + (1 + 2λ− ipj∆t∆x)V n+1

j (p)− λV n+1
j+1 (p) = V n

j (p). (5.19)

5.4.2 Numerical results from the Fourier method

We now solve the system of linear equations (either (5.17) or (5.19)) and apply the

inverse y-FT as described in Chapter 4, Section 4.4.

We present the results found by applying the two methods above to the toy model

PDE.

As with the semi-discrete Fourier method, the solution for U is first integrated over

x, before being plotted against y.

We took x ∈ [−20, 20] and p ∈ [−20, 20] with 1800 grid points in the x-direction, 80

grid points in the p-direction and up to 1800 grid points in the x-direction and 10240
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grid points in the t-direction.

We first present the results obtained by treating the drift explicitly.

5.4.2.1 Explicit drift case

Figure 5.9 shows the difference between the true and numerical solutions. The nu-

merical solution itself closely resembles the result in Figure 5.4.

Figure 5.9: Toy Model - Discrete Fourier method : Difference between solutions -
Explicit Drift. x ∈[-20,20], p ∈[-20,20], np=80, nx=1800, nt=10240.
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Finally, Figure 5.10 shows the convergence rate for the solution as the grid is refined

with λ = ∆t
∆x2 held constant.

We observe first order convergence in time where the error is evaluated in the maxi-

mum norm. The slope of the last two points of the log-log plot is 1.00.
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Figure 5.10: Toy Model - Discrete Fourier method : Convergence plot of the discrete
Fourier scheme - Explicit Drift. x ∈[-20,20], p ∈[-20,20], np=80.
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For this method, it is interesting to note that the maximum error in this case is

approximately four times the corresponding error of the semi-discrete method (see

Figures 5.5 and 5.9) and we observe upwards ‘bumps’ at around ±2 in the latter case.

5.4.2.2 Implicit drift case

Next we present the results based on treating the drift implicitly.

Figure 5.11 shows the difference between the true and numerical solutions. Once

again, the numerical solution itself closely resembles the result in Figure 5.4.
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Figure 5.11: Toy Model - Discrete Fourier method : Difference between solutions -
Implicit Drift. x ∈[-20,20], p ∈[-20,20], np=80, nx=1800, nt=10240.
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Finally, Figure 5.12 shows the convergence rate for the solution as the grid is refined.

We observe first order convergence in time where the error is evaluated in the maxi-

mum norm. The slope of the last two points of the log-log plot is 1.00.

Figure 5.12: Toy Model - Discrete Fourier method : Convergence plot of the discrete
Fourier scheme - Implicit Drift. x ∈[-20,20], p ∈[-20,20], np=80.
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We observe that the maximum error in this case is approximately twice the corre-

sponding error of the explicit drift case (see Figures 5.11 and 5.9).
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5.4.3 The time evolution of the numerical double transform
for the discrete Fourier schemes

We now define recursions for the numerical double-FT, showing the time evolution

of the transform. The objective is to use these results to investigate convergence of

these numerical schemes.

5.4.3.1 Explicit drift case

First we analyse the case where the drift is treated explicitly. From (5.17) above, we

have

−λV n+1
j−1 (p) + (1 + 2λ)V n+1

j (p)− λV n+1
j+1 (p) = V n

j (p) + ip∆txjV
n
j (p)

and we apply the discrete x-FT to this system of equations.

We use the fact that

∆x

j=∞∑

j=−∞
ip∆txjV

n
j (p)e

isxj = p∆t
∂W n(s, p)

∂s

and obtain the recursion

f(s)W n+1(s, p) =W n(s, p) + p∆t
∂W n(s, p)

∂s
(5.20)

where

f(s) = (1 + 2λ)− 2λ cos (s∆x) = 1 + 4λ sin2

(
s∆x

2

)
.

This is a ‘differential recursion’, i.e. one where recursion involves a differential oper-

ator, L, defined by

LF (s, p) = 1

f(s)

(
F (s, p) + p∆t

∂F (s, p)

∂s

)
.

so that

W n+1(s, p) = LW n(s, p)
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and to ‘solve’ to the recursion, i.e. find the form of W at time T = n∆t, we need to

understand the iterated form of the operator, L.

We can also write the recursion in another form by first introducing an integrating

factor

I(s, p) = exp

(
s

p∆t

)

so that we have

f(s)(I(s, p)W n+1(s, p)) = p∆t
∂(I(s, p)W n(s, p))

∂s
.

Defining

Zn(s, p) = I(s, p)W (n)(s, p)

we have

f(s)Zn+1(s, p) = p∆t
∂Zn(s, p)

∂s
.

If we set

ψ = s∆x,
1

η
= p∆x∆t , and r(s) =

1

f(s)
=

1

(1 + 2λ)− 2λ cos (ψ)

then we have

Zn+1(ψ, η) = r(ψ)
1

η

∂Zn(ψ, η)

∂ψ
.

We also note that

Z0(s, p) = I(s, p)W (0)(s, p) = exp

(
s

p∆t

)
= exp (ψη).

So we write the recursion in the form

ηnZn(ψ, η) = r(ψ)
∂

∂ψ

(
. . . r(ψ)

∂

∂ψ

(
r(ψ)

∂Z0(ψ, η)

∂ψ

)
. . .

)
.
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5.4.3.2 Implicit drift case

We next analyse the case where the drift is treated implicitly. The calculation steps

are very similar to the explicit drift case and we obtain the recursion

f(s)W n+1(s, p) + p∆t
∂W n+1(s, p)

∂s
= W n(s, p). (5.21)

The recursion again involves a differential operator but, this time, it acts on the upper

time level.

In this case we would have to ‘solve’ the recursion by solving a sequence of first-order

linear ODEs, to find the form of W n(s, p) at time T = n∆t. At each time step, we

would need to find a ‘constant of integration’, to determine W n(s, p).

5.4.4 Convergence analysis for the discrete Fourier method.

Ideally, we would have ‘closed-form’ solutions for the recursions above (in (5.20) and

(5.21)) which might allow to us to analyse the behaviour of the solution in particular

wavenumber regimes (as found with the semi-discrete Fourier method).

Then we would hope to be able to use Fourier inversion to transfer this analysis to

the original domain and study the convergence of the scheme in the original variables.

For the discrete Fourier method, however, we have not been able to completely solve

the recursions or complete the convergence analysis, but will describe what can be

said about the two cases above.

5.4.4.1 Explicit drift

Then, as above in (5.20), the recursion is given by

W n+1(s, p) = r(s)

(
W n(s, p) + p∆t

∂W n(s, p)

∂s

)

where

r(s) =
1

f(s)
.

The recursion starts with W 0(s, p) = 1, because of the δ-function initial condition.
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So we get

W 1(s, p) = r(s)

(
W 0(s, p) + p∆t

∂W 0(s, p)

∂s

)
= r(s)

and

W 2(s, p) = r(s)

(
W 1(s, p) + p∆t

∂W 1(s, p)

∂s

)
= r(s)2 + (p∆t)r(s)

∂r(s)

∂s
.

Then we have

W 3(s, p) = r(s)

(
W 2(s, p) + p∆t

∂W 2(s, p)

∂s

)

= r(s)(r(s)2 + (p∆t)r(s)
∂r(s)

∂s
+ (p∆t)

∂(r(s)2 + (p∆t)r(s)∂r(s)
∂s

)

∂s

= r(s)3 + (p∆t)

(
r(s)2

∂r(s)

∂s
+ r(s)

∂(r(s)2)

∂s

)
+ (p∆t)2r(s)

∂(r(s)∂r(s)
∂s

)

∂s

= r(s)3 + (p∆t)

(
r(s)2

∂r(s)

∂s
+ 2r(s)2

∂(r(s))

∂s

)
+ (p∆t)2r(s)

∂(r(s)∂r(s)
∂s

)

∂s

= r(s)3 + 3(p∆t)r(s)2
∂r(s)

∂s
+ (p∆t)2r(s)

((
∂r(s)

∂s

)2

+ r(s)
∂2r(s)

∂s2

)
.

Clearly, there are some patterns developing here but it difficult to see how to deal

with the case for general n.

The calculations involve the derivatives of r(s) = 1
(1+2λ)−2λ cos (s∆x)

and, for low

wavenumbers, we would need to expand these derivatives in s.

To analyse the error between W n and the true solution,

wn = exp

(
− s2T − spT 2 − 1

3
p2T 3

)
,

where T = n∆t, we would like to find a relationship between these two functions (as

was achieved with the semi-discrete method). To some extent, the above expansion

can help with this, giving the leading terms of this relationship although not much

more progress can then be made with the formulation above.

Instead of using the iterated derivative method above, we can use another approach

to developing an expansion for W n, which tries to apply logarithms to the problem,

as suggested by the analysis of constant-coefficient problems in [5] as in [36].

Here we will only focus on the low wavenumber analysis.
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5.4.4.2 Low wavenumbers

We define Y n by W n = exp (Y n), to obtain, from (5.20)

f(s) exp (Y n+1) = exp (Y n) + p∆t
∂ exp (Y n)

∂s
=

(
1 + p∆t

∂Y n

∂s

)
exp (Y n).

Taking logs we get

Y n+1 = Y n − log f(s) + log

(
1 + p∆t

∂Y n

∂s

)

or the expansion

Y n+1 = Y n − log f(s) + p∆t
∂Y n

∂s
− 1

2
(p∆t)2

(
∂Y n

∂s

)2

. . . (5.22)

which we hope will apply for, as yet undefined, low p-wavenumbers. We also define

g(s) = log f(s).

For n = 0, we have W 0 = 1, so Y 0 = 0 and we can calculate, in succession,

Y 1 = g(s),

Y 2 = −2g − p∆t∂g
∂s
− 1

2
(p∆t)2

(
∂g

∂s

)2

− 1

3
(p∆t)3

(
∂g

∂s

)3

. . .

and

Y 3 = −3g−3p∆t∂g
∂s
−(p∆t)2

(
−5

2

(
∂g

∂s

)2

−∂
2g

∂s2

)
−(p∆t)3

(
−3
(
∂g

∂s

)3

−2∂g
∂s

∂2g

∂s2

)
. . .

From this we can develop an ansatz of the form

Y n =− ng − p∆tAn∂g

∂s
(5.23)

− (p∆t)2
(
Bn

(
∂g

∂s

)2

+ Cn∂
2g

∂s2

)

− (p∆t)3
(
Dn

(
∂g

∂s

)3

+ En

(
∂g

∂s

)(
∂2g

∂s2

)
+ F n∂

3g

∂s3

)

− (p∆t)4
(
Gn

(
∂g

∂s

)4

+Hn

(
∂g

∂s

)2(
∂2g

∂s2

)
+ In

(
∂g

∂s

)(
∂3g

∂s3

)
+ Jn∂

4g

∂s4

)
. . .
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where the term in (p∆t)m is a linear combination of products of derivatives of g,

where the sequences An, Bn, have to be determined.

For each m, the allowed products of derivatives of g are ‘homogeneous’, in the sense

that in each term exactly m derivatives have been applied.

If we substitute this expression in (5.22) and equate powers of p∆t, we will obtain

recursions for the sequences above.

We substitute the formula for Y n+1 and Y n into the recursion to get

Y n+1 = −(n+ 1)g − p∆tAn+1∂g

∂s
− (p∆t)2

(
Bn+1

(
∂g

∂s

)2

+ Cn+1∂
2g

∂s2

)
. . .

= −ng − p∆tAn∂g

∂s
− (p∆t)2

(
Bn

(
∂g

∂s

)2

+ Cn∂
2g

∂s2

)
. . .− g

+ (p∆t)

(
∂

∂s

(
− ng − p∆tAn∂g

∂s
− (p∆t)2

(
Bn

(
∂g

∂s

)2

+ Cn∂
2g

∂s2

)
. . .

))

− 1

2
(p∆t)2

(
∂

∂s

(
− ng − p∆tAn∂g

∂s
− (p∆t)2

(
Bn

(
∂g

∂s

)2

+ Cn∂
2g

∂s2

)
. . .

))2

. . .

so that

Y n+1 = −(n+ 1)g − p∆tAn+1∂g

∂s
− (p∆t)2

(
Bn+1

(
∂g

∂s

)2

+ Cn+1∂
2g

∂s2

)
. . .

= −(n+ 1)g − p∆tAn∂g

∂s
− (p∆t)2

(
Bn

(
∂g

∂s

)2

+ Cn∂
2g

∂s2

)
. . .

+ (p∆t)(
∂

∂s

(
− ng − p∆tAn∂g

∂s
− (p∆t)2

(
Bn

(
∂g

∂s

)2

+ Cn∂
2g

∂s2

)
. . .

))

− 1

2
(p∆t)2

(
∂

∂s

(
− ng − p∆tAn∂g

∂s
− (p∆t)2

(
Bn

(
∂g

∂s

)2

+ Cn∂
2g

∂s2

)
. . .

))2

. . .

We then equate coefficients to find

An+1 = An + n, Bn+1 = Bn +
1

2
n2 , and Cn+1 = Cn + An.

From the starting values A0 = 0, B0 = 0 and C0 = 0 we find

An =
1

2
(n− 1)n, Bn =

1

12
(n− 1)n(2n− 1), and Cn =

1

6
(n− 2)(n− 1)n.
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So the leading terms of Y n are

Y n = −ng − p∆t1
2
(n− 1)n

∂g

∂s

−(p∆t)2
(

1

12
(n− 1)n(2n− 1)

(
∂g

∂s

)2

+
1

6
(n− 2)(n− 1)n

∂2g

∂s2

)
. . .

Clearly, further terms could be derived but the calculations become quite involved

and a general formula is hard to find.

To complete the calculation we need to develop an expansion of g(s), i.e.

g(s) = log f(s) = log ((1 + 2λ)− 2λ cos (s∆x)) = log (1 + 2λ(1− cos (s∆x)))

which can be expanded to give

g(s) = s2∆t−
(
1

2
+

1

12λ

)
s4∆t2 +O(∆t3)

Then we have, symbolically, i.e. assuming the derivatives of the O(∆t3) terms are

also O(∆t3),

∂g

∂s
= 2s∆t−

(
2 +

1

3λ

)
s3∆t2 +O(∆t3)

and

∂2g

∂s2
= 2∆t−

(
6 +

1

λ

)
s2∆t2 +O(∆t3)

Using these expressions above we get

Y n =− ng − p∆t1
2
(n− 1)n

∂g

∂s

− (p∆t)2
(

1

12
(n− 1)n(2n− 1)

(
∂g

∂s

)2

+
1

6
(n− 2)(n− 1)n

∂2g

∂s2

)
. . .

=− n
(
s2∆t−

(
1

2
+

1

12λ

)
s4∆t2 +O(∆t3)

)

− p∆t1
2
(n− 1)n

(
2s∆t−

(
2 +

1

3λ

)
s3∆t2 +O(∆t3)

)

− (p∆t)2
1

12
(n− 1)n(2n− 1)

(
2s∆t−

(
2 +

1

3λ

)
s3∆t2 +O(∆t3)

)2

. . .

+
1

6
(n− 2)(n− 1)n

(
2∆t−

(
6 +

1

λ

)
s2∆t2 +O(∆t3)

)
+ . . .
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or, using T = n∆t,

Y n =−
(
s2T −

(
1

2
+

1

12λ

)
s4T∆t+O(∆t2)

)

− p∆t1
2
(n− 1)

(
2sT −

(
2 +

1

3λ

)
s3T∆t+O(∆t2)

)

− (p∆t)2
1

12
(n− 1)n∆t2(2n− 1)

(
2s−

(
2 +

1

3λ

)
s3∆t +O(∆t2)

)2

. . .

+
1

6
(n− 2)(n− 1)

(
2T −

(
6 +

1

λ

)
s2T∆t+O(∆t2)

)
+ . . .

so that

Y n =− s2T +

(
1

2
+

1

12λ

)
s4T∆t +O(∆t2)

− pT
(
sT −

(
1 +

1

6λ

)
s3T∆t+O(∆t2)

)

+ p∆t

(
sT −

(
1 +

1

6λ

)
s3T∆t+O(∆t2)

)

− (p∆t)2
1

12
(n− 1)n∆t2(2n− 1)

(
4s4 − 4s

(
2 +

1

3λ

)
s3∆t+O(∆t2)

)
. . .

+
1

3
(n− 2)(n− 1)

(
T −

(
3 +

1

2λ

)
s2T∆t +O(∆t2)

)
+ . . .

and then

Y n =

(
− s2T − spT 2 − 1

3
p2T 3

)
+

(
1

2
+

1

12λ

)
s4T∆t

−
(
1 +

1

6λ

)
ps3T 2∆t+O(∆t2) + psT∆t+O(∆t2)

− p2T 3∆t
1

12

(
1− ∆t

T

)(
2− ∆t

T

)(
4s4 − 4s

(
2 +

1

3λ

)
s3∆t +O(∆t2)

)
. . .

+ (pT )2
1

3

(
1−

(
1− 2∆t

T

)(
1− ∆t

T

))
T . . .

− (pT )2
1

3

(
1− 2∆t

T

)(
1− ∆t

T

)(
−
(
3 +

1

2λ

)
s2T∆t +O(∆t2)

)
+ . . .

and finally

Y n =

(
− s2T − spT 2 − 1

3
p2T 3

)
+ F (s, p, T, λ)∆t+O(∆t2) (5.24)

where

F (s, p, T, λ)

=

(
1

2
+

1

12λ

)
s4T −

(
1 +

1

6λ

)
ps3T 2 + psT − 2

3
p2s4T 3 − p2T + p2s2T 3

(
1 +

1

6λ

)

(5.25)
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so long as this expansion converges, i.e. for sufficiently low wavenumbers.

We recall that

log (wn) = −s2T − spT 3 − 1

3
p2T 3

so

log (W n)− log (wn) = F (s, p, T, λ)∆t+O(∆t2) . . .

and hence

W n = wn(1 + F (s, p, T, λ)∆t+O(∆t2)) (5.26)

The error between the solutions, in Fourier space, is then given by

En =W n − wn = wn(F (s, p, T, λ)∆t+O(∆t2)). (5.27)

The relationship in (5.26) between the true and numerical solutions, in Fourier space,

can then be used to analyse the difference between the schemes in the original vari-

ables. This is done by inverting the two Fourier transforms and using the fact that

the product wnF (s, p, T, λ) is easy to invert (cf. the techniques in [5]).

However, this analysis remains incomplete because we still need to

• show that there are no other terms of O(1) in F ; this requires further analysis

of the expansion in equation 5.23 above,

• identify and bound the remainder in the ‘low’ wavenumber expansion, i.e., the

term of the form wnO(∆t2), and

• properly define ‘low’ s− and p-wavenumber regimes.

5.4.4.3 High wavenumbers

At present, we do not know how to analyse the high wavenumber regime. We

note that, for the heat equation, and for the semi-discrete method above, the high

wavenumber analysis does not involve an expansion in high wavenumbers but, rather,

seeks to determine a bound on the solution (see [5] and Section 5.3.5 above).
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5.4.4.4 Error analysis for the explicit drift case

In order to finish the analysis of the error in the original variables (as in, say, [5]) we

would need to

• complete the expansion of the numerical double-FT in low (s,p)-wavenumbers;

• determine the behaviour of the double numerical transform for high (s,p)-

wavenumbers.

5.4.4.5 Implicit drift

Next, we analyse the recursion (5.21) where the drift is treated implicitly

f(s)W n+1(s, p)− p∆t ∂
∂s
W n+1(s, p) = W n(s, p)

and we write the integrating factor

I(s, p) = exp (−ρ(s)
p∆t

)

where

f(s) = 1 + 4λ sin2

(
s∆x

2

)
= (1 + 2λ)− 2λ cos (s∆x)

and

ρ(s) = (1 + 2λ)s− 2λ

∆x
sin (s∆x).

We have

∂

∂s
(I(s, p)W n+1(s, p)) = −f(s)

p∆t
I(s, p)W n+1(s, p) + I(s, p)

∂

∂s
W n+1(s, p)

so that

p∆t
∂

∂s
(I(s, p)W n+1(s, p)) =− f(s)I(s, p)W n+1(s, p) + p∆tI(s, p)

∂

∂s
W n+1(s, p)

=− I(s, p)(f(s)W n+1(s, p)− p∆t ∂
∂s
W n+1(s, p))

=− I(s, p)W n(s, p)

and so

∂

∂s
(I(s, p)W n+1(s, p)) = − 1

p∆t
I(s, p)W n(s, p).
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We now solve the single-step ODE to get

[I(s, p)W n+1(σ, p)]ss0 = −
∫ s

s0

1

p∆t
I(σ, p)W n(σ, p)dσ.

for an arbitrary s0 where we need to determine the constant of integration. We do

this by using the boundary conditions, which we obtain from the periodicity of the

double transform.

We can write

[I(s, p)W n+1(σ, p)]s− π
∆x

= −
∫ s

− π
∆x

1

p∆t
I(σ, p)W n(σ, p)dσ

to get

I(s, p)W n+1(s, p)− I(− π

∆x
, p)W n+1(− π

∆x
, p) = −

∫ s

− π
∆x

1

p∆t
I(σ, p)W n(σ, p)dσ

and

I(− π

∆x
, p)−1I(s, p)W n+1(s, p)−W n+1(− π

∆x
, p)

= −I(− π

∆x
, p)−1

∫ s

− π
∆x

1

p∆t
I(σ, p)W n(σ, p)dσ.

Similarly we get

I(
π

∆x
, p)−1I(s, p)W n+1(s, p)−W n+1(

π

∆x
, p)

= −I( π
∆x

, p)−1

∫ s

π
∆x

1

p∆t
I(σ, p)W n(σ, p)dσ.

By periodicity we have

W n+1(
π

∆x
, p) = W n+1(− π

∆x
, p)

and using this equality obtain

I(
π

∆x
, p)−1I(s, p)W n+1(s, p)− I(− π

∆x
, p)−1I(s, p)W n+1(s, p)

= −I( π
∆x

, p)−1

∫ s

π
∆x

1

p∆t
I(σ, p)W n(σ, p)dσ+I(− π

∆x
, p)−1

∫ s

− π
∆x

1

p∆t
I(σ, p)W n(σ, p)dσ
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so that

W n+1(s, p)

=
−I( π

∆x
, p)−1

∫ s
π
∆x

I(σ, p)W n(σ, p)dσ + I(− π
∆x
, p)−1

∫ s

− π
∆x

I(σ, p)W n(σ, p)dσ

p∆t(I( π
∆x
, p)−1I(s, p)− I(− π

∆x
, p)−1I(s, p))

so we have a formula for W n+1(s, p) in terms of W n(s, p).

In principle, we can obtain W n+2(s, p) from W n(s, p) by substituting the formula for

W n+1(s, p) into the formula for W n+2(s, p). This, however, would result in an expres-

sion consisting of four double integrals. Clearly, extending this approach to give a

formula W n(s, p) in terms of W 0(s, p) would result in a formula for W n(s, p) made

up of many multiple integrals and would become extremely cumbersome.

By rearranging the order of integration in these multiple integrals, it is possible to

replace the formula for W n(s, p) by one just using two single integrals plus additional

terms determined by a recursive algorithm. The analysis is cumbersome so only the

final result will be given here. It can be obtained by checking that the solution sat-

isfies the recursion, using mathematical induction.

We find that the solution for W (n)(s, p), takes the form

I

(
γ

η
, η

)
W (n)(s, p) = α

∫ γ+ηπ

0

1

(n− 1)!
(ω − γ − ηπ)n−1G(ω)dω

+α(−1)n−1

∫ −γ+ηπ

0

1

(n− 1)!
(ω + γ − ηπ)n−1G(−ω)dω

+
n−1∑

m=0

1

m!
γmAm

n (η)

where

γ =
s

p∆t
,

η =
1

p∆t∆x
,

α =
1

2 sinh (η(1 + 2λ)π)
,
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ρ(s) = (1 + 2λ)s− 2λ

∆x
sin (s∆x),

I

(
γ

η
, η

)
= exp

(
− ρ(s)

p∆t

)
,

and

G(ω) = exp

(
− ((1 + 2λ)ω + 2λη sin (

ω

η
))

)
.

Here the functions Am
n (η) of η can be calculated recursively using the relationships

−A1
n+1(η) = A0

n(η)

−A2
n+1(η) = A1

n(η)

. . .

and

A0
n = α(−I(−π, η)αηn

∫ 2π

0

1

(n− 1)!
(ξ − 2π)n−1G(ηξ)dξ

+I(π, η)α(−1)n−1ηn
∫ 2π

0

1

(n− 1)!
(ξ − 2π)n−1G(−ηξ)dξ

−(I(−π, η) + I(π, η))ηπA1
n − (I(−π, η)− I(π, η))1

2
(ηπ)2A2

n . . .))

so we can find A0
n+1, as the functions Ak

n+1 for k > 0 are known from the previous

value of n. We also find that A0
1 = 0.

Although this formula for W (n)(s, p) avoids the multiple integrals mentioned above,

it is still very difficult to get much further with the wavenumber analysis needed to

demonstrate convergence of the numerical scheme.

It does seem likely that the wavenumber regimes will be more easily described in

terms of the variables γ and ζ given above. This analysis has similarities with the

analysis of the semi-discrete method where the wavenumbers are best described in

terms of the variables s+ pt
2
and pt

2
.
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5.4.4.6 Error analysis for the implicit drift case

Although we now have a ‘solution’ for the recursion, it is an open question how to

carry out wavenumber analysis of this result.

5.5 The semi-Lagrangian method

5.5.1 The numerical scheme for the semi-Lagrangian method

When we apply this method to the toy model, we obtain a system of PDEs in x and

t which we discretise in the x and t directions. The drift coefficient is just x.

The initial condition for the scheme is given by

U(0, 0, 0) =
1

∆x∆y

and

U(j, k, 0) = 0 for (j, k) 6= (0, 0).

This ensures that the initial probability density has the correct mass.

At the current time step we calculate an array of ‘shifts’ as

y′k = yk − xj∆t

and we note that the shifts are independent of k. In general, k′ will not be an integer.

We interpolate the solution values from the previous time step, using the y-grid values

y′k. The interpolation makes use of the grid spacing in the y-direction. We use linear

interpolation but other methods are possible.

Finally, we use the interpolated values of the solution U(j, k, t,m−1) at the previous

time step, as the right-hand side for the discretisation scheme based on the x grid

and then solve the resulting linear system to find the values for U(j, k,m).

We discretise the problem using an equally spaced grid of points, (j∆x, k∆y) and

interpolate between grid points at the start of the time step and then define

RHSn+1
j,k = Un+1

j,k −∆t
Un+1
j+1,k − 2Un+1

j,k + Un+1
j−1,k

∆x2
= (1−α)Un

j,⌊k−xj
∆t
∆y⌋+αU

n
j,⌊k−xj

∆t
∆y⌋+1
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for xj > 0 and where α = (k − xj ∆t
∆y

) −
⌊
k − xj ∆t

∆y

⌋
, using the floor function. If we

make α = xj
∆t
∆y

small enough and we have

RHSn
j,k = (1− α)Un

j,k−1 + αUn
j,k.

We can derive a similar expression for xj < 0, except that the ‘upwinding’ reverses

direction.

Then the numerical scheme can then be written as

−λUn+1
j+1,k + (1 + 2λ)Un+1

j,k − λUn+1
j−1,k = (1− xjν)Un

j,k + xjνU
n
j,k+lj

reflecting the interpolation, so that

−λUn+1
j+1,k + (1 + 2λ)Un+1

j,k − λUn+1
j−1,k = Un

j,k − xjνUn
j,k + xjνU

n
j,k−lj

for j > 0 and

−λUn+1
j+1,k + (1 + 2λ)Un+1

j,k − λUn+1
j−1,k = Un

j,k + xjνU
n
j,k − xjνUn

j,k+lj

for j < 0 where lj determines how far the interpolation moves from Un
j,k, and where

λ = ∆t
∆x2 and ν = ∆t

∆y
.

5.5.2 Numerical output for the semi-Lagrangian method

We have solved the toy model problem using the semi-Lagrangian method and show

a plot of the numerical solution at T = 1.0.

We have also studied the rate of convergence (in the maximum norm) of the scheme

when the grid is refined with λ = ∆t
∆x2 and ν = ∆t

∆y
are held constant.

Figure 5.13 shows a convergence rate of slightly less than ‘first order’; the time and

space variables (y) are tied together, as ν is held constant . The slope between the

last two points of the log-log plot is 0.98.
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Figure 5.13: Semi-Lagrangian method: Convergence Plot
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5.5.3 The time evolution of the numerical double transform
for the semi-Lagrangian scheme

We would like to derive a recursion for the semi-Lagrangian method but the com-

plexities of the interpolation make this difficult. This is because, for large values of

the drift, the extrapolation might skip a number of grid cells. For the toy model,

the drift increases with x. We will, in any case, need to truncate the grid and, for a

sufficiently small time step (relative to ∆y), we could arrange that the interpolation

is limited to the immediate grid cell.

To investigate the analysis of the numerical scheme, we will assume linear interpo-

lation and only consider the situation where the interpolation shift is limited to the

immediate grid cell.

We then assume |xj∆t

∆y
| small enough so that

−λUn+1
j+1,k + (1 + 2λ)Un+1

j,k − λUn+1
j−1,k = Un

j,k − xjν(Un
j,k − Un

j,k−1)

for j > 0 and

−λUn+1
j+1,k + (1 + 2λ)Un+1

j,k − λUn+1
j−1,k = Un

j,k + xjν(U
n
j,k − Un

j,k+1)

for j < 0.
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In this case we see that the scheme coincides with the variable-direction upwinding

basic finite difference scheme with explicit drift.

In Appendix A we present some analysis of the latter case, leading to a recursion for

the double-FT.

5.6 Conclusions from the analysis of the solution

methods

Our objective in studying the toy model was to investigate the stability and accu-

racy of the numerical schemes we employed for our KFE problems. As these problems

incorporated δ-function initial conditions, we hoped to use the Fourier transform tech-

niques as seen in [5] and [36], in the absence of other ways of demonstrating stability.

This plan has only been partially successful.

For the semi-discrete method, and subject to using the inverse Fourier transform to

complete the solution, we have been able to use the techniques from [5] to demon-

strate convergence of the method.

For the Fourier method we have been able to derive some results about the behaviour

of the recursion but we lack a full wavenumber analysis and, what is more, do not

have a clear demarcation between the possible wavenumber regimes.

For the semi-Lagrangian method, when the grid step sizes are chosen appropriately,

the scheme can be viewed as a variable-direction upwinding version of the basic finite

difference scheme. As explained in Appendix A it very difficult to find stability results

for that scheme using Fourier techniques. The alternative of using energy techniques,

or appealing to a maximum principle does not appear to give any insight for the Dirac

data case.

5.7 Further toy models – multi-dimensional prob-

lems – the use of the Fourier method

It is straightforward to extend the toy model by introducing diffusive terms and/or

adding multiple drift terms.
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5.7.1 Multiple diffusive terms

We consider the case where the (single) drift coefficient is a linear combination of the

components of x. Hence we investigate the PDE

ut + (γ1x1 + γ2x2)uy = a11ux1x1 + 2a12ux1x2 + a22ux2x2

which extends the toy model to one containing two independent variables, x1 and x2.

The semi-discrete model for this example is given in Appendix B.1 along with a nu-

merical example.

For the semi-discrete case, we expect that the stability analysis will follow along the

same lines as in the one-dimensional case.

5.7.2 Multiple drift terms

Another extension of the models would be a model of the form

ut + xuy1 + xuy2 = uxx

where we have two drift terms and neither of the drift coefficients depend on x.

An example of this situation is also given in Appendix B.2.
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Chapter 6

Examples of numerical solution of
the extended KFE

In this chapter we present some examples of the numerical solution of the extended

KFE and compare the output from our finite difference methods with output from

the corresponding Monte Carlo simulations.

6.1 A simple Black-Scholes case

In this first example we work in a simple Black-Scholes set-up where the true volatility

is a constant, σ, but we delta-hedge using a different constant volatility σ̂. See (3.4.1).

The KFE is given by (see (3.17))

∂P

∂t
− 1

2
σ2S2∂

2P

∂S2
− (2σ2 − µ)S∂P

∂S
− (σ2 − µ)P + c(S, t)

∂P

∂y
= 0, (6.1)

with

c(S, t) =
1

2
e−rt(σ̂2 − σ2)S2∂

2V̂

∂S2
(6.2)

where the gamma is calculated using the erroneous volatility.

The KFE has been solved using the following parameters, σ = 0.1, σ̂ = 0.2, µ = 0.05,

and r = 0.05.

Referring to the general form of the KFE (see 4.1) we have
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A1,1 =
1

2
σ2S2

B1 = (2σ2 − µ)
C = σ2 − µ.

We have T = 1.0, S0 = 125, and the option being hedged is a spread with payoff

defined as

FV (T ) = (ST − 100)+ − (ST − 150)+,

and we note the convexity of this option payoff changes sign as S varies.

To find the univariate density of the discounted terminal hedging error, the joint den-

sity was integrated over the S direction.

Two univariate distributions have been calculated by finite differences, one using

the semi-Lagrangian method, and a second by the Fourier method. A Monte Carlo

hedging simulation was also performed where the asset price was simulated according

to the true asset model (which used the true volatility) while the hedged portfolio

was controlled by delta-hedging using the Black-Scholes equation with the erroneous

volatility.

Figure 6.1 shows how the three distributions compare. The fit is good. The two finite

difference solutions compare very well except near the left-hand tail. The shape of

the hedging error distribution can be rationalised by noting that the positive drift,

µ, implies that the stock price is more likely to move into a regime where the option

gamma is negative, resulting in a preponderance of negative hedging errors. Note

that in these calculations, we assume that the option is sold for a price consistent

with σ̂ so that Y starts from zero. If some other price were initially realised, it would

result in the densities being shifted by this amount.

For the semi-Lagrangian method, we used S ∈ [5, 300], y ∈ [−30, 30] with nS = 2000,

ny = 8000 and nt = 200.
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For the discrete Fourier method (developed later), we used S ∈ [5, 245], y ∈ [−20, 20]
and p ∈ [−20, 20] with nS = 400, ny = 150, np = ny and nt = 100.

Figure 6.1: Black-Scholes model with mis-specified volatility. Comparison of the KFE
and Monte Carlo results.
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6.2 Two correlated assets

In our next example, we have a vector of two assets, where (X
(1)
t , X

(2)
t ) = (S

(1)
t , S

(2)
t ) =

St, and we assume that the asset process is driven by a two-dimensional correlated

Brownian Motion with a true correlation coefficient ρ. See (3.4.2).

The KFE in this case is given by

∂P

∂t
−1
2
σ2
1S

(1)2 ∂2P

∂S(1)2
− ρσ1σ2S(1)S(2) ∂2P

∂S(1)∂S(2)
− 1

2
σ2
2S

(2)2 ∂2P

∂S(2)2

− S(1)(2σ2
1 + ρσ1σ2 − µ1)

∂P

∂S(1)
− S(2)(2σ2

2 + ρσ1σ2 − µ2)
∂P

∂S(2)

− (σ2
1 + ρσ1σ2 + σ2

1 − µ1 − µ2)P + c(S(1), S(2), t)
∂P

∂y
= 0. (6.3)

with

c(S(1), S(2), t) = e−rt(ρ̂− ρ)σ1σ2S(1)
t S

(2)
t

∂2V̂

∂S(1)∂S(2)
.

We apply this to hedging a quotient call option V , i.e. one that has payoff at maturity

T given by

FV (S
(1)
T , S

(2)
T ) = (S

(1)
T /S

(2)
T −X)+.
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A pricing formula for this option is given in Haug [17] who in turn refers to [47] as

the original source of the formula. The call price is given by

Ct = e−r(T−t)[FtN(d1)−XN(d2)]

where the ‘adjusted forward’ Ft is given (in the case where neither stock pays divi-

dends) by

Ft =
S
(1)
t

S
(2)
t

exp[(σ2
2 − ρσ1σ2)(T − t)],

where

d1 =
ln(Ft/X) + 1

2
(T − t)σ̂2

σ̂
√
T − t

d2 = d1 − σ̂
√
T − t,

and

σ̂2 = σ2
1 + σ2

2 − 2ρσ1σ2.

Then the delta-hedge ratios for the two assets are given by

∂C

∂S(1)
= e−r(T−t)N(d1)

∂F

∂S(1)

and
∂C

∂S(2)
= e−r(T−t)N(d1)

∂F

∂S(2)
,

so that

∂2C

∂S(1)∂S(2)
= e−r(T−t)

(
N(d1)

∂2F

∂S(1)∂S(2)
+ n(d1)

∂F

∂S(2)

∂d1
∂S(1)

)
,

which after some further manipulation leads to

∂2C

∂S(1)∂S(2)
= − exp (−r(T − t) + (σ2

2 − ρσ1σ2)(T − t))

(
N(d1) +

n(d1)

σ̂
√
T−t

)

S(2)2
,

so we see that
∂2C

∂S(1)∂S(2)
≤ 0.

In these formulae, N(x) is the standard cumulative Normal distribution and n(x) is
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the density of the standard Gaussian distribution.

We apply this to the case where V̂ is a quotient call hedged with incorrect correla-

tion ρ̂. If ρ̂ < ρ, we will always have dYt ≥ 0, so no negative hedging errors will occur.

We use the parameters S
(1)
0 = 130, S

(2)
0 = 100, σ1 = 0.1, σ2 = 0.4, ρ = 0.5,

µ1 = µ2 = 0.05, r = 0.03, T = 0.25 and X = 1.3, while the hedging is done us-

ing the mis-specified ρ̂ = −0.5. As ρ̂ < ρ, we expect to find that the hedging errors

at maturity are positive.

Referring to the general form of the KFE (see 4.1) we have

A1,1(S
(1), S(2)) =

1

2
σ2
1S

(1)2

A1,2(S
(1), S(2)) = ρσ1σ2S

(1)S(2)

A2,2(S
(1), S(2)) =

1

2
σ2
2S

(2)2

B1(S
(1), S(2)) = S(1)(2σ2

1 + ρσ1σ2 − µ1)

B2(S
(1), S(2)) = S(2)(2σ2

2 + ρσ1σ2 − µ2)

C(S(1), S(2)) = (σ2
1 + ρσ1σ2 + σ2

1 − µ1 − µ2).

We found the KFE solution by the semi-Lagrangian method and also performed a

Monte Carlo simulation to check the results.

In the simulation, we allowed the process (S
(1)
t , S

(2)
t ) to evolve according to the (true)

model (with ρ = 0.5), while we hedged the portfolio using the two deltas from the

incorrect model, which has ρ = −0.5. We note that the mis-specification of the cor-

relation parameter is quite severe in this case.

Figure 6.2 compares the KFE solution to the Monte Carlo results. We see that no

negative errors occur.

6.3 Stochastic volatility – The implied volatility

hedge

In this example we show the numerical results from solving the extended KFE for the

case where
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Figure 6.2: Mis-specified correlation between two assets - Distribution of discounted
terminal hedging error – MC and KFE (semi-Lagrangian) solutions; 100000 simula-
tion and 2500 time steps for Monte Carlo simulation. 150 time steps for the KFE,
S1
max=400, S2

max=400, 100 space steps in each direction, y ∈[-0.1,0.1], 200 steps in
y-direction.
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• the true model is the Heston stochastic volatility model (see (3.29)),

• a traded option Ot exists in the market from which an instantaneous implied

volatility process is deduced,

• and hedging is carried out using Black-Scholes Greeks for V and O based on

this implied volatility process.

The KFE is

∂P

∂t
=

1

2
S2v

∂2P

∂S2
+ ρσSv

∂2P

∂S∂v
+

1

2
σ2v

∂2P

∂v2

+ S(2v + ρσ − µ)∂P
∂S

+ (σ2 + ρσv − κ(η − v))∂P
∂v

+ (v + ρσ + κ− µ)P − c∂P
∂y

, (6.4)

with

c(S, t) = e−rt∂V
BS(σ̂)

∂σ̂

(
1

2
(v − σ̂2)S2

( ∂2OBS

∂S2

∂OBS

∂σ̂

−
∂2V BS

∂S2

∂V BS

∂σ̂

)

+D

( ∂2OBS

∂σ̂2

∂OBS

∂σ̂

−
∂2V BS

∂σ̂2

∂V BS

∂σ̂

)
+ E

( ∂2OBS

∂σ̂∂S
∂OBS

∂σ̂

−
∂2V BS

∂σ̂∂S
∂V BS

∂σ̂

))
dt, (6.5)

where

D(t, S, v) = vS2 ∂σ̂

∂S
+ ρσvS

∂σ̂

∂v
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and

E(t, S, v) = vS2

(
∂σ̂

∂S

)2

+ 2ρσvS

(
∂σ̂

∂S

)(
∂σ̂

∂v

)
+ vσ2

(
∂σ̂

∂v

)2

where the Greeks used in the calculation of the drift coefficient, and used in hedging,

are calculated using the implied volatility process, σ̂ (see Chapter 3).

The parameters used the Heston model were µ = 0.05, κ = 2.0, η = 0.2 and σ = 0.3.

Referring to the general form of the KFE (see 4.1) we have we have

A1,1(S, v) =
1

2
S2v

A1,2(S, v) = ρσSv

A2,2(S, v) =
1

2
σ2v

B1(S, v) = S(2v + ρσ − µ)
B2(S, v) = (σ2 + ρσv − κ(η − v))
C(S, v) = (v + ρσ + κ− µ).

The traded option O was a call with maturity T = 1.5 years, struck at K = 125 and

the option V was again taken to be the spread with payoff at maturity (T = 1.0 year)

given by

FV (T ) = (ST − 100)+ − (ST − 150)+.

We that note the convexity of this option can change sign.

In this example we have used the semi-Lagrangian method for the KFE and also

ran a Monte Carlo simulation of the erroneous hedging strategy. The Monte Carlo

simulation calculated the evolution of St and vt and then performed dynamic hedging

of the portfolio, using the Greeks computed with the implied volatility, to find the

distribution of the hedging errors.

Figure 6.3 shows the result obtained by solving the KFE for the joint density of S, v

and Y and then integrating out in the S and v directions to get the density of the dis-

counted terminal hedging error and was based on the following settings; S ∈ [0, 800],
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Figure 6.3: Implied Volatility Hedging with Heston model - Distribution of discounted
terminal hedging error – MC and KFE (semi-Lagrangian) solutions.
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v ∈ [0, 5] with S0 = 100 and v0 = 0.2. We used nS = 100, nv = 200 and nt = 60.

For this kind of model mis-specification, where the trader might not have a view on

the underlying model, he may be still prepared to price and hedge the option, by

using the implied volatilities derived from the traded option to provide the hedge ra-

tios. As a result of this lack of knowledge of the true model, hedging errors will occur.

We assume that the trader will calculate the initial premium for V by using the im-

plied volatility, derived from the traded option at time t = 0, in the Black-Scholes

model.

We also note that, in this case, although we know the initial value of the underlying,

we do not know the initial value of the hidden volatility process, v, and we assumed

that v0 = 0.2. So this introduces an additional element of uncertainty into the

evaluation. We could evaluate a range of starting values of v to assess the impact of

this additional uncertainty.

6.4 The uncertain volatility model

In this example we suppose that the true model of the process is the Heston model

as used in the previous section.
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We will consider what happens if we hedge an option V assuming only the existence of

volatility limits, σmin and σmax, such that the unknown volatility process, σt, satisfies

0 < σmin ≤ σt ≤ σmax <∞

for all t, as per the set-up from Section 3.4.4.

If this assumption holds, a superhedge can be constructed, using the BSB PDE (see

(3.32) above) and we would not expect negative hedging errors to occur. If the con-

dition σmin ≤ σt ≤ σmax, is not satisfied by the underlying volatility process, negative

hedging errors may arise from this hedging strategy.

The KFE is

∂P

∂t
=

1

2
S2v

∂2P

∂S2
+ ρσSv

∂2P

∂S∂v
+

1

2
σ2v

∂2P

∂v2

+ S(2v + ρσ − µ)∂P
∂S

+ (σ2 + ρσv − κ(η − v))∂P
∂v

+ (v + ρσ + κ− µ)P − c∂P
∂y

(6.6)

where

c(S, v, t) =
1

2
e−rt(σ̂2 − v)S2∂

2V̂

∂S2
(6.7)

σ̂ is the volatility process defined by the BSB equation.

Referring to the general form of the KFE (see 4.1) we again have

A1,1(S, v) =
1

2
S2v

A1,2(S, v) = ρσSv

A2,2(S, v) =
1

2
σ2v

B1(S, v) = S(2v + ρσ − µ)
B2(S, v) = (σ2 + ρσv − κ(η − v))
C(S, v) = (v + ρσ + κ− µ).

This is illustrated by Figure 6.4 which shows the distribution of discounted terminal

hedging errors for a butterfly spread option with payoff defined as

(S − 100)+ − 2(S − 150)+ + (S − 200)+
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Figure 6.4: Uncertain Volatility Hedging with Heston model. Distribution of dis-
counted terminal Hedging Error for KFE and MC solutions. σ between 0.1 and 0.3.
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with maturity at T = 1.0. Using the parameters σmin = 0.1 and σmax = 0.3, we have

calculated the distribution of discounted terminal hedging errors using the KFE and

by a Monte Carlo simulation. As expected, we find that both positive and negative

hedging errors can occur. There is a reasonable match between the two distributions.

The stationary distribution, P (σH), for the square root of the variance process σH =
√
v, is given by

P (σH) =
2αα

Γ(α)

σ2α−1

ηα
e−ασ2

H
/α

where

α =
2ηκ

σ2
.

This can be derived from the Kolmogorov forward equation for the Heston process

by setting the time term ∂P
∂t

to zero and solving the resultant PDE.

In Figure 6.5 we show the stationary distribution for the volatility process used in

the Heston model.

For this choice of parameters, we have α = 8.89. In this case we see that very little

of the density relates to the uncertainty range [0.1, 0.3]. As a consequence, we expect

to see a high proportion of negative hedging errors, as observed in Figure 6.4.
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Figure 6.5: Heston Stationary Distribution. κ=2.0, η=0.2 and σ=0.3.
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This rather extreme example was chosen to show that very significant hedging errors

could arise if the assumed volatility range was badly chosen.

6.5 Hedging a barrier option with incorrect volatil-

ity

Finally, we consider an up-and-out barrier option with initial asset price S and a

barrier B where we assume that the true asset price follows the simple Black-Scholes

model and we assume that the trader hedges with the incorrect volatility, σ̂.

The KFE is defined on S ≤ B and is given by

∂P

∂t
=

1

2
σ2S2∂

2P

∂S2
+ (2σ2 − µ)S∂P

∂S
+ (σ2 − µ)P − c∂P

∂y

where P is zero at S = B (see Section 3.4.5) and the drift coefficient c is given by

c(S, t) =
1

2
e−rt(σ̂(S, t)2 − σ2(S, t))S2

t

∂2V̂

∂S2
.

where we use the gamma for the up-and-out option, calculated using the incorrect

volatility, σ̂.

The required option price calculations for the erroneous model (i.e. price, delta and

gamma) were derived from formulae in [17].
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We still have to account for the probability associated with S having crossed the

barrier (as discussed in 3.4.5). When the barrier is hit, the option is knocked out,

the portfolio becomes risk-free but then continues to grow at the risk-free of rate of

interest, r.

However, as we are calculating the discounted hedging error, this means that the

probability of the hedging error of the liquidated portfolio only changes over time by

the rate of ‘leakage’ of probability defined by

1

2
B2σ2∂P

∂ξ

∣∣∣∣
B

.

So to calculate the hedging error distribution, at time t, we need to

• solve the KFE for (S, y, t), applying the boundary condition at S = B, and

integrate the solution over S ∈ [0, B],

• calculate the cumulative ‘leakage’ of probability

1

2
σ2B2

∫ T

0

∂P

∂ξ

∣∣∣∣
B

dτ

corresponding to those paths that reach the barrier, and then

• add the two probability contributions to give the overall hedging error distribu-

tion.

An example of these calculations is given for the case when the true value of σ is 0.1

while the hedging is done with σ = 0.2. We have µ = 0.05 and r = 0.03.

Referring to the general form of the KFE (see 4.1) we again have we have

A1,1 =
1

2
σ2S2

B1 = (2σ2 − µ)S
C = σ2 − µ.

The option is a call with strike K = 95 and the initial value of S = 90. The barrier

is set at B = 100.
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Figure 6.6 shows the joint density for S and y at maturity for the paths that have

not hit the barrier. As the strike is set at K = 95, more significant hedging errors

can start to occur once the option is in the money.

Figure 6.6: Barrier Option - Mis-specfied volatility - Joint Density of S and the
discounted terminal hedging error (barrier not crossed). σ = 0.1 and σ̂ = 0.2

A Monte Carlo simulation was been performed to verify these results, i.e. a simulation

has been done to model the asset price paths, delta-hedge the position and observe

the resultant hedging errors.

Separate plots are shown for the two components of the hedging error distribution at

t = T (Figures 6.7 and 6.8). Figure 6.9 shows the total hedging error distribution.
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Figure 6.7: Barrier Option - Mis-specfied volatility - Distribution of discounted ter-
minal hedging error (barrier not crossed) - KFE and MC solutions. σ = 0.1 and
σ̂ = 0.2
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Figure 6.8: Barrier Option - Mis-specfied volatility - Distribution of discounted ter-
minal hedging error (barrier crossed) - KFE and MC solutions. σ = 0.1 and σ̂ = 0.2
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Figure 6.9: Barrier Option - Mis-specfied volatility - Distribution of Total discounted
terminal hedging error - KFE and MC solutions. σ = 0.1 and σ̂ = 0.2. 1000 S steps,
1000 y steps, 200 t steps.
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There are some discrepancies between the KFE and Monte Carlo results which would

warrant further investigation.

We note that if the the initial value of S were to be far below the barrier, the first

component of P would be very close to the results from Section 6.1.

6.6 Interpretation of the hedging error distribu-

tions

Our analysis using the KFE yields a hedging error distribution (at maturity) that

results from model mis-specification.

For example, applying this to the simple Black-Scholes case, given above in Section

6.1, we obtain the hedging error distribution shown in Figure 6.10. However, we

need to put the overall range of errors into some context. Is the range large or small?

If the range is ‘small’ then perhaps the model mis-specification is not of much concern.

One approach to ‘normalising’ the distribution could be to compare the ‘width’ of the

distribution (perhaps measured by its the standard deviation) to a reference value for

the option. Alternatively, some other measure of ‘risk’ could be used, e.g. ‘value at

risk’, VaR.
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Figure 6.10: Black-Scholes model with mis-specified volatility. Comparison of the
KFE and Monte Carlo results
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In the example shown, the ‘true’ price of the option is 26.7 (per unit of the underly-

ing) as estimated by the trader. If he had the correct model, he would then expect

the hedging errors to be small. Our analysis shows that the standard deviation of the

hedging error is 2.02 (also per unit), which gives an indication of the relative hedging

risk.

Figure 6.11: Sensitivity of Standard Deviation of Hedging Error Distribution to Pa-
rameter Uncertainty.
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Another approach to this issue would be to consider the sensitivity of the ‘width’ of

the distribution to the amount of parameter uncertainty. In Figure 6.11 we plot the

standard deviation of the hedging error distribution against the difference between

the hedging volatility and the true volatility. This could indicate how much effort
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might be invested in firming up the volatility estimates. If the risk measure is small,

there would not be much to be gained from such efforts.
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Chapter 7

Future work on the extended KFE
and the toy model

We have established a PDE-based method for generating hedging error distributions.

As we have only presented a limited number of applications of the method there is

scope for further investigations into the method.

The thesis has also presented our attempts to analyse the convergence of the numeri-

cal schemes used to solve the KFE. Our focus has been on the use of Fourier transform

techniques which are particularly suitable for PDE problems with non-smooth initial

conditions.

As we have been dealing with a PDE which has variable-coefficients, the Fourier anal-

ysis we have performed has not been completely successful, but some good progress

has been made, particularly with the semi-discrete Fourier method.

Further studies on these convergence analyses would be worthwhile.

We list some of these possible areas of further study below.

7.1 Extensions to other option types

The examples given in this thesis are all for options of European type and, with the

exception of the the barrier option example, with path-independent payoffs.

We might also want to investigate whether KFEs can be derived and solved for fur-

ther option types, such as other exotic and American options.
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In the case of an American option, an interesting feature arises. Suppose we are

considering a simple American put under the Black-Scholes model with constant

volatility. If we are hedging using an incorrect value of the volatility we have an

incorrect expectation of when the option will be exercised by the holder (the exercise

boundary can be computed in advance). If we assume that the option holder has

the same erroneous estimate of the volatility (this perhaps being confirmed by the

price at which we can sell the option) then until the asset price hits the exercise

boundary, it is likely that the ‘hedging error’ process follows the El Karoui formula

(as with the knock-out call). Once it hits the boundary, we can assume that the

option is exercised and thereafter we have dYt = 0 so this scenario is similar to the

knock-out call but with a more complex (but pre-computable) exercise boundary. So

we would hope that the study of the knock-out call would guide us with this example.

This approach assumes that the option holder never changes his mind about the

location of the exercise boundary. However, in practice, observation of the actual

volatility of the asset could provide information on the volatility to the option holder

so that this assumption may no longer be valid.

7.2 Extensions to other underlying dynamics

Many popular models of asset dynamics incorporate jump processes and we want to

investigate how hedging error dynamics behave under these conditions. We will first

have to consider the hedging strategies that are available when the market exhibits

this form of incompleteness.

Some investigations of hedging errors in this kind of environment have been made by

Elder [11] who uses the Kolmogorov backward equation in his researches. We can

expect that the KFE, if it can be defined, will take the form of a partial-integro-

differential equation (PIDE).

7.3 Extensions to other hedging strategies

We might also want to investigate how the KFE approach can be applied to a variety

of other hedging strategies, e.g. vanna-volga hedging, quantile hedging and mean-
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variance hedging.

For example, in the case of quantile hedging where the premium has been set to

achieve a specified target probability of avoiding a hedging error, we would expect

that the KFE method would generate a probability distribution for the ‘hedging er-

ror’ that is consistent with the target. At the same time, the availability of the entire

probability distribution should provide additional information about the characteris-

tics of this hedging method.

We could also investigate how this probability distribution changes if, say, the volatil-

ity were to be mis-specified.

7.4 Hedging errors from model calibration

The models used for hedging are often derived from a calibration process. In this case

the derived model is not expected to precisely fit the data used for calibration (e.g.

observed option prices). So one line of research is to consider how the KFE might be

applied when this imperfect fit is present.

Another possible approach is to look at the Bayesian method for model calibration.

In this approach, a family of possible models is identified each with a probability

weighting (discrete or continuous). We can imagine applying the KFE approach to

each candidate model and then combining the hedging error distributions using the

probability weights of the model family members. This is likely to be very com-

putationally intensive and so would benefit from improvements in the basic KFE

algorithms.

7.5 Further work on the toy model

The purpose of the toy model was to investigate the stability of the numerical schemes

we used for the KFE problems.

The main difficulty was originally thought to be the complication arising from the

non-smooth initial conditions and we had hoped to use the techniques from [5] to

make progress with the analysis.
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However, the approach via Fourier analysis has only been partially successful. This

is because the time evolution of the double-FT used in our analysis is more complex

than expected and has not yielded to complete analysis.

For the case of the semi-discrete Fourier method, a satisfactory solution was found

but in the case of the discrete Fourier method, we obtained a ‘differential recursion’

recursion that looked quite simple and yet proved to be to difficult to analyse.

We found ourselves dealing with the behaviour of an iterated differential operator

(which depended on the timestep ∆t) and where the number of iterations, n, tends

to infinity while ∆t tends to zero with the product T = n∆t held constant.

It is surprising that the solution of this kind of problem does not seem to be readily

found in the literature.

It would be pleasing to get further with understanding the behaviour of this kind

of problem and perhaps finish the analysis of the toy model, at least for one of its

time-stepping variants.
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Chapter 8

Conclusions

The work described in this thesis was primarily motivated by the problem of analysing

hedging errors under model mis-specification.

We developed an extended Kolmogorov forward equation (KFE), a partial differential

equation (PDE) which can be solved to obtain the joint probability distribution for

the underlying and the hedging error at maturity.

Notable features of the KFE we have used are that, typically, the hedging error

only features as a convection/drift term (in the hedging error direction) in the PDE

whereas the underlying appears in an ‘orthogonal’ diffusion term and the drift coeffi-

cient of the hedging error derivative only appears as a function of the underlying and

of time.

These special features of the KFE made it easier to implement certain types of nu-

merical solutions for the hedging problems and we implemented various numerical

schemes for a selection of model mis-specification types.

In the KFE problems we studied, the initial conditions took the form of a δ-function,

which can make it difficult to analyse the stability of numerical schemes used to solve

the PDE and we sought a theoretical explanation for the behaviour of the numerical

schemes we used.

The literature includes examples of the analysis of the stability of numerical schemes

for PDEs with δ-function initial conditions and, indeed, as a part of the thesis we

include a chapter which makes a further contribution to this literature ([36]).
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Motivated by these examples in the literature, we attempted to apply similar meth-

ods of analysis to the KFE problem and, to simplify the analysis, we have done this

by investigating a toy model that aims to capture the main features of the KFE model.

The main difficulty stems from the fact that the PDE has variable coefficients and

so Fourier analysis would not normally be very useful in this case. In the case of the

toy model, however, we have employed Fourier transform techniques to investigate

stability and have made some good progress.
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Appendix A

The basic finite difference method

For the basic finite difference method we discretise in all directions. As mentioned

above we have alternative, more efficient, solution methods that can take advantage

of the special structure of the KFE so we would not expect to use this method for

‘real-life’ problems. However, we will provide some analysis of this method to allow

some comparison with the the semi-Lagrangian method. We define two versions of

the scheme, one with and one without variable-direction upwinding. The basic finite

difference scheme without variable-direction upwinding does not perform well and

this will be explained in the section on solving the recursions.

A.0.1 The numerical scheme for the basic finite difference
method with variable-direction upwinding

The variable-direction unwinding scheme is defined as

Un+1(j, k)− Un(j, k)

∆t

+xj

((
1 + sgn(xj)

2

)
Un(j, k)− Un(j, k − 1)

∆y
+

(
1− sgn(xj)

2

)
Un(j, k + 1)− Un(j, k)

∆y

)

=
Un+1(j + 1, k)− 2Un+1(j, k) + Un+1(j − 1, k)

∆x2

where we have treated the drift term explicitly. This is written in a compact form
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that applies for all values of j by using the signum function (sgn), where

sgn(x) = x, for x > 0,

sgn(x) = −x, for x < 0, and

sgn(x) = 0, for x = 0.

In this form we see that we have an overall upwinding term that changes sign with x.

Alternatively, we can write the scheme in two parts, i.e.

Un+1(j, k)− Un(j, k)

∆t
+ xj

(
Un(j, k)− Un(j, k − 1)

∆y

)

=
(Un+1(j + 1, k)− 2Un+1(j, k) + Un+1(j − 1, k))

∆x2

for j ≥ 0, and there is a similar expression for j < 0.

We define the two ‘shape’ factors, λ = ∆t
∆x2 and ν = ∆t

∆y
and can write the scheme as

−λUn+1(j + 1, k) + (1 + 2λ)Un+1(j, k)− λUn+1(j − 1, k) (A.1)

= Un(j, k)− xjν(Un(j, k)− Un(j, k − 1))

for j ≥ 0 and where we have a similar expression for j < 0.

A.0.2 The numerical scheme for the basic finite difference
method without variable-direction upwinding

For this scheme we replace the separate upwinding terms and use central differencing

instead, so the numerical scheme is somewhat simpler.

We have

Un+1(j, k)− Un(j, k)

∆t
+ xj

(
Un(j, k + 1)− Un(j, k − 1)

2∆y

)

=
Un+1(j + 1, k)− 2Un+1(j, k) + Un+1(j − 1, k)

∆x2
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and this now applies for all j.

We can write the scheme as

−λUn+1(j + 1, k) + (1 + 2λ)Un+1(j, k)− λUn+1(j − 1, k) (A.2)

= Un(j, k)− 1

2
xjν(U

n(j, k + 1)− Un(j, k − 1))

for all j.

A.0.3 Numerical output for the basic finite difference method

A.0.3.1 With variable-direction upwinding

Figure A.1 shows the solution with variable-direction upwinding.

Figure A.1: Basic finite difference method - Variable-direction upwinding solution

A.0.3.2 Without variable-direction upwinding

Figure A.2 shows the solution without variable-direction upwinding. Noticeable in-

stabilities are apparent in this case. The reasons for this will be explained in Section

A.0.4.2.
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Figure A.2: Basic finite difference method - No upwinding solution showing instability

A.0.4 The recursions for the basic finite difference scheme

A.0.4.1 The recursion with variable-direction upwinding

For the scheme with variable-direction upwinding we have

−λUn+1
j+1,k + (1 + 2λ)Un+1

j,k − λUn+1
j−1,k = Un

j,k − xjν(Un
j,k − Un

j,k−1)

for j > 0 and

−λUn+1
j+1,k + (1 + 2λ)Un+1

j,k − λUn+1
j−1,k = Un

j,k − xjν(Un
j,k − Un

j,k+1)

for j < 0.

We first apply the discrete FT in the y-direction and write

∆y
k=∞∑

k=−∞
(−λUn+1

j+1,k + (1 + 2λ)Un+1
j,k − λUn+1

j−1,k)e
ipyk

= ∆y
k=∞∑

k=−∞
(Un

j,k − xjνUn
j,k + xjνU

n
j,k−1)e

ipyk

for j > 0, which gives
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−λV n+1
j+1 (p) + (1 + 2λ)V n+1

j (p)− λV n+1
j−1 (p) =V n

j (p)− xjνV n
j (p) + eip∆yxjνV

n
j (p)

=V n
j (p)− xjν(1 − eip∆y)V n

j (p)

and there is a similar expression for j < 0. Here we have defined V n
j (p) to be the

y-FT of U .

We next define two half-transforms

W n
1 (s, p) = ∆x

(
1

2
V n
0 (p) +

j=∞∑

j=1

V n
j (p)e

isxk

)

and

W n
2 (s, p) = ∆x

(
1

2
V n
0 (p) +

j=−1∑

j=−∞
V n
j (p)e

isxk

)

so that the numerical double-FT is given by

W n(s, p) =W n
1 (s, p) +W n

2 (s, p).

Due to the change in direction of the upwinding terms, we have to derive separate

recursions for W n
1 (s, p) and W n

2 (s, p). However we will find, below, that they are

complex conjugates.

Firstly, we develop a recursion for W n
1 (s, p) by summing over j > 0, to get

∆x

j=∞∑

j=1

(−λV n+1
j+1 (p) + (1 + 2λ)V n+1

j (p)− λV n+1
j−1 (p))eisxj

=∆x

j=∞∑

j=1

V n
j (p)e

isxj −∆xν(1 − eip∆y)

j=∞∑

j=1

xjV
n
j (p)e

isxj

=∆x

j=∞∑

j=1

V n
j (p)e

isxj + iν(1 − eip∆y)
∂

∂s

(
∆x

j=∞∑

j=1

V n
j (p)e

isxj

)
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The first term on the left-hand side is

−λ∆x
j=∞∑

j=1

V n+1
j+1 (p)e

isxj =− λe−is∆x∆x

j=∞∑

j=1

V n+1
j+1 (p)eisxj+1

=− λe−is∆x∆x

j=∞∑

j=2

V n+1
j (p)eisxj

=− λe−is∆x

(
W n+1

1 (s, p)− 1

2
∆xV n+1

0 (p)−∆xV n+1
1 (p)eis∆x

)
.

Similarly, we find the second term is

(1 + 2λ)∆x

j=∞∑

j=1

V n+1
j (p)eisxj = (1 + 2λ)

(
W n+1

1 (s, p)− 1

2
∆xV n+1

0 (p)

)
.

Finally, we find the third term is

−λ∆x
j=∞∑

j=1

V n+1
j−1 (p)eisxj =− λeis∆x∆x

j=∞∑

j=1

V n+1
j−1 (p)eisxj−1

=− λeis∆x∆x

j=∞∑

j=0

V n+1
j (p)eisxj

=− λeis∆x

(
W n+1

1 (s, p) +
1

2
∆xV n+1

0 (p)

)
.

Also, in the right-hand side the first term is

∆x

j=∞∑

j=1

V n
j (p)e

isxj = W n
1 (s, p)−

1

2
∆xV n

0 (p).

So we have

−λe−is∆x

(
W n+1

1 (s, p)− 1

2
∆xV n+1

0 (p)−∆xV n+1
1 (p)eis∆x

)

+(1 + 2λ)

(
W n+1

1 (s, p)− 1

2
∆xV n+1

0 (p)

)
− λeis∆x

(
W n+1

1 (s, p) +
1

2
∆xV n+1

0 (p)

)

=W n
1 (s, p)−

1

2
∆xV n

0 (p) + iν(1 − eip∆y)
∂W n

1 (s, p)

∂s
.

After defining f(s) = (1 + 2λ)− 2λ cos (s∆x) = 1 + 4λ sin2 ( s∆x
2
) we get

f(s)W n+1
1 (s, p) + λ∆xV n+1

1 (p)−∆xV n+1
0 (p)

(
1

2
(1 + 2λ) + iλ sin (s∆x)

)
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= iν(1− eip∆y)
∂W n

1 (s, p)

∂s
+W n

1 (s, p)−
1

2
∆xV n

0 (p)

We can also make use of the scheme definition at x = 0 by writing

V n+1
0 (p)− V n

0 (p)

∆t
=
V n+1
1 (p)− 2V n+1

0 (p) + V n+1
−1 (p)

∆x2

to express V n
0 (p) as

V n
0 (p) = −λV n+1

1 (p) + (1 + 2λ)V n+1
0 (p)− λV n+1

−1 (p)

and use this to obtain

f(s)W n+1
1 (s, p) + λ∆xV n+1

1 (p)−∆xV n+1
0 (p)

(
1

2
(1 + 2λ) + iλ sin (s∆x)

)

= iν(1−eip∆y)
∂W n

1 (s, p)

∂s
+W n

1 (s, p)−
1

2
∆x(−λV n+1

1 (p)+(1+2λ)V n+1
0 (p)−λV n+1

−1 (p))

which leads to

f(s)W n+1
1 (s, p)− i∆xV n+1

0 (p)λ sin (s∆x) +
1

2
λ∆x(V n+1

1 (p)− V n+1
−1 (p)) (A.3)

=W n
1 (s, p) + iν(1 − eip∆y)

∂W n
1 (s, p)

∂s

which is the recursion for W n
1 (s, p).

Similarly, we develop a recursion for W n
2 (s, p) by instead summing over j < 0 and

proceeding as above.

So, for general p the recursions are

f(s)W n+1
2 (s, p) + Cn+1(p) = W n

1 (s, p) + iν(1 − eip∆y)
∂W n

1 (s, p)

∂s
and

f(s)W n+1
2 (s, p) + Cn+1(p) =W n

2 (s, p)− iν(1 − e−ip∆y)
∂W n

2 (s, p)

∂s
where

Cn+1(p) = −1
2
λ∆x(V n+1

1 (p)− V n+1
−1 (p)) + i∆xV n+1

0 (p)λ sin (s∆x).

(A.4)

We observe that
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V n
j (p) = ∆x

∞∑

−∞
Un
j,ke

ipk∆y = ∆x

∞∑

−∞
Un
j,ke

−ipk∆y = ∆x

∞∑

−∞
Un
−j,−ke

−ipk∆y = V n
−j(p)

where we have the reality and the symmetry of the solution U and so

V n
0 (p) = V n

0 (p)

and hence V n
0 (p) is real and V

n
j (p) and V

n
−j(p) are complex conjugates.

It follows that W n+1
2 (s, p) = W n+1

1 (s, p) and, finally, W n+1(s, p) = W n+1
1 (s, p) +

W n+1
2 (s, p) is real, as expected.

For the special case where p0 =
π
∆y

we have can use symmetry to show that V n+1
1 (p0)−

V n+1
−1 (p0) = 0, so that we have

f(s)W n+1
1 (s, p0) + i∆xV n+1

0 (p0)λ sin (s∆x)

=W n
1 (s, p0) + 2iν

∂W n
1 (s, p0)

∂s

so the recursion is a little simpler for this value of p. Here, p0, is the highest wavenum-

ber for p.

A.0.4.2 The recursion without variable-direction upwinding

.

For the scheme without variable-direction upwinding we have

−λUn+1(j + 1, k) + (1 + 2λ)Un+1(j, k)− λUn+1(j − 1, k)

= Un(j, k)− 1

2
xjν(U

n(j, k + 1)− Un(j, k − 1))

and this now applies for all j.

We now apply the discrete y-FT to get

−λV n+1(j + 1, p) + (1 + 2λ)V n+1(j, p)− λV n+1(j − 1, p)

= V n(j, p)− 1

2
xjν(exp (−ip∆y)V n(j, p)− exp (ip∆y)V n(j, p))

= V n(j, p) + ixjν sin (p∆y)V
n(j, p).
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Then we apply the x-FT to get

−λ exp (−is∆x)W n+1(s, p) + (1 + 2λ)W n+1(s, p)− λ exp (−is∆x)W n+1(s, p)

= ((1 + 2λ)− 2λ cos (s∆x))W n+1(s, p)

=W n(s, p) + ν sin (p∆y)
∂W n(s, p)

∂s
.

We can write the recursion as

f(s)W n+1(s, p) =W n(s, p) + ν sin (p∆y)
∂W n(s, p)

∂s
. (A.5)

If we consider the particular high p-wavenumber case where p = π
∆y

, we find

f(s)W n+1(s,
π

∆y
) = W n(s,

π

∆y
)

and if we choose s = 0, so that f(s) = 0, we get

W n+1(0,
π

∆y
) ≡ W n(0,

π

∆y
) = 1

and so the numerical transform cannot converge to the true solution for high p-

wavenumbers. This behaviour is illustrated in Figure A.3.

Figure A.3: Basic finite difference method – Fourier space – Solution without up-
winding
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As a result, the no-upwinding scheme will behave poorly and induce oscillations in

the numerical solution due to the lack of damping of the high wavenumbers, as seen

in Figure A.2 above.

A.0.5 Convergence analysis for the basic finite difference method

In this section we will only consider the variable-direction upwinding version of this

method as the method without upwinding clearly causes instability, as indicated

above.

For general p we have written the recursions as

f(s)W n+1
1 (s, p) + Cn+1(p) = W n

1 (s, p) + iν(1 − eip∆y)
∂W n

1 (s, p)

∂s

and

f(s)W n+1
2 (s, p) + Cn+1(p) = W n

2 (s, p)− iν(1 − e−ip∆y)
∂W n

2 (s, p)

∂s

where

Cn+1(p) = −1
2
λ∆x(V n+1

1 (p)− V n+1
−1 (p)) + i∆xV n+1

0 (p)λ sin (s∆x).

We note that

Cn+1(p) =− 1

2
λ∆x(V n+1

1 (p)− V n+1
−1 (p))− i∆xV n+1

0 (p)λ sin (s∆x)

=− 1

2
λ∆x(V n+1

−1 (p)− V n+1
1 (p))− i∆xV n+1

0 (p)λ sin (s∆x)

by the symmetry properties of the solution.

So we find that Cn+1(p) + Cn+1(p) = 0.

Clearly, solution of this recursion is rather daunting with a particular complication

arising from the ‘matching condition’ at s = 0, i.e. the presence of the term Cn+1(p)

which is like an internal ‘boundary condition’.

If we were able to ignore the matching conditions we would be seeking to solve a

recursion of the form
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f(s)W n+1
1 (s, p) =W n

1 (s, p) + iν(1− eip∆y)
∂W n

1

∂s
(s, p)

and observe that our solution would arise from a repeated process of differentiation

and we would make use of the initial condition W 0
1 (s, p) =

1
2
.

We need to identify the additional terms in the recursion to make progress. We can

start by adding the two recursions to get

f(s)W n+1
1 (s, p) + Cn+1(p) + f(s)W n+1

2 (s, p) + Cn+1(p)

=W n
1 (s, p) + iν(1 − eip∆y)

∂W n
1 (s, p)

∂s
+W n

2 (s, p)− iν(1 − e−ip∆y)
∂W n

2 (s, p)

∂s

or

f(s)W n+1(s, p) =W n(s, p) + iν(1− eip∆y)
∂W n

1 (s, p)

∂s
− iν(1− e−ip∆y)

∂W n
2 (s, p)

∂s

and

W n+1(s, p) =
W n(s, p)

f(s)
+
iν(1 − eip∆y)

f(s)

∂W n
1 (s, p)

∂s
− iν(1− e−ip∆y)

f(s)

∂W n
2 (s, p)

∂s
.

Multiplying by e−isj∆x and integrating from − π
∆x

to π
∆x

we get

1

2π

∫ π
∆x

− π
∆x

W n+1(s, p)e−isj∆xds

=
1

2π

∫ π
∆x

− π
∆x

W n(s, p)

f(s)
e−isj∆xds+

1

2π

∫ π
∆x

− π
∆x

iν(1− eip∆y)

f(s)

∂W n
1 (s, p)

∂s
e−isj∆xds

− 1

2π

∫ π
∆x

− π
∆x

iν(1− e−ip∆y)

f(s)

∂W n
2 (s, p)

∂s
e−isj∆xds.

We recognise the first term as V n+1
j (p) so we have

V n+1
j (p) =

1

2π

∫ π
∆x

− π
∆x

W n(s, p)

f(s)
e−isj∆xds+

1

2π
iν(1−eip∆y)

∫ π
∆x

− π
∆x

1

f(s)

∂W n
1 (s, p)

∂s
e−isj∆xds

− 1

2π
iν(1− e−ip∆y)

∫ π
∆x

− π
∆x

1

f(s)

∂W n
2 (s, p)

∂s
e−isj∆xds.
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In principle, we could now calculate V n+1
j (p) from the solution values at time step n.

So, for example, we can take j = 0 and write

V n+1
0 (p) =

1

2π

∫ π
∆x

− π
∆x

W n(s, p)

f(s)
ds+

1

2π
iν(1 − eip∆y)

∫ π
∆x

− π
∆x

1

f(s)

∂W n
1 (s, p)

∂s
ds

− 1

2π
iν(1 − e−ip∆y)

∫ π
∆x

− π
∆x

1

f(s)

∂W n
2 (s, p)

∂s
ds.

For the first time step we can write

V 1
0 (p) =

1

2π

∫ π
∆x

− π
∆x

1

f(s)
ds

V 1
1 (p) =

1

2π

∫ π
∆x

− π
∆x

1

f(s)
e−is∆xds

V 1
−1(p) =

1

2π

∫ π
∆x

− π
∆x

1

f(s)
eis∆xds.

In passing, we see that V 1
0 (p) is real and V

1
1 (p) and V

1
−1(p) are complex conjugates.

Also at the first time step, there is no dependence on p.

At the next time step we can calculate, for example,

V 2
0 (p) =

1

2π

∫ π
∆x

− π
∆x

W 1(s, p)

f(s)
ds+

1

2π
iν(1 − eip∆y)

∫ π
∆x

− π
∆x

1

f(s)

∂W 1
1 (s, p)

∂s
ds

− 1

2π
iν(1− e−ip∆y)

∫ π
∆x

− π
∆x

1

f(s)

∂W 1
2 (s, p)

∂s
ds

and use integration by parts to write

V 2
0 (p) =

1

2π

∫ π
∆x

− π
∆x

W 1(s, p)

f(s)
ds− 1

2π
iν(1 − eip∆y)

∫ π
∆x

− π
∆x

(
1

f(s)
)′W 1

1 (s, p)ds

+
1

2π
iν(1− e−ip∆y)

∫ π
∆x

− π
∆x

(
1

f(s)
)W 1

2 (s, p)ds
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which uses periodicity of W .

The overall scope of the calculation would consequently lead to a requirement to per-

form repeated integration and differentiation to find an expression for W n.

It has not been possible to obtain a closed-form solution, but it may be worth revis-

iting the problem in the future.

A.0.5.1 Convergence of the scheme

We have not been able the complete the solution of the recursion or analyse the

wavenumber behaviour for this scheme. So we have not been able to establish con-

vergence of the scheme.
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Appendix B

The use of the Fourier method for
multi-dimensional problems –
further toy models

It is straightforward to extend the toy model to more higher dimensions by introduc-

ing multiple diffusive terms and/or multiple drift terms.

For the semi-discrete case, we expect that the stability analysis will be similar to that

carried out for the one-dimensional case.

B.1 Multiple diffusive terms

B.1.1 An example with a single drift coefficient which is a

linear combination of the components of x

We consider the case of a PDE with a single drift coefficient which is a linear combi-

nation of the components of x.

ut + (γ1x1 + γ2x2)uy = a11ux1x1 + 2a12ux1x2 + a22ux2x2

which extends the toy model to one containing two independent variables x1 and x2.

We apply the y-FT to get

vt − ip(γ1x1 + γ2x2)v = a11vx1x1 + 2a12vx1x2 + a22vx2x2.

Now for the true solution we next apply the x1-FT and the x2-FT in turn to get
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wt − p
(
γ1
∂w

∂s1
+ γ2

∂w

∂s2

)
v = −(a11s21 + 2a12s1s2 + a22s

2
2)w.

Now we can solve this directly but we can also use an ansatz by writing

w(s1, s2, p, t) = exp (−b11s21t− 2b12s1s2t− b22s22t− B1s1pt
2 −B2s2pt

2 − Cp2t3)

and then finding the coefficients that fit the PDE. We have already used the assump-

tion that

w(s1, s2, p, 0) = 1.

So we have

wt = (−b11s21 − 2b12s1s2 − b22s22 − 2B1s1pt− 2B2s2pt− 3Cp2t2)w

∂w

∂s1
= (−2b11s1t− 2b12s2t− B1pt

2)w

∂w

∂s2
= (−2b12s2t− 2b22s2t− B2pt

2)w

So then

(−b11s21 − 2b12s1s2 − b22s22 − 2B1s1pt− 2B2s2pt− 3Cp2t2)

−p(γ1(−2b11s1t−2b12s2t−B1pt
2)+γ2(−2b12s1t−2b22s2t−B2pt

2)) = −(a11s21+2a12s1s2+a22s
2
2)

and by comparing coefficients we have

b11 = a11

b12 = a12

b22 = a22

B1 − γ1b11 − γ2b12 = 0

B2 − γ1b12 − γ2b22 = 0

and

3C +B1 +B2 = 0.
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So we get

B1 = γ1b11 + γ2b12 = γ1a11 + γ2a12

B2 = γ1b12 + γ2b22 = γ1a12 + γ2a22

and

C = −1
3
(γ1a11 + γ2a12 + γ1a12 + γ2a22)

= −1
3
(γ1(a11 + a12) + γ2(a12 + a22))

so we have the true solution in Fourier space. We could, if necessary, invert all these

transforms but we will instead concentrate on the effect of discretisation in the x1

and x2 directions.

So we now start with the PDE

vt − ip(γ1x1 + γ2x2)v = a11vx1x1 + 2a12vx1x2 + a22vx2x2

and discretise this as follows by writing

Vt(x1,j, x2,k)− ip(γ1x1,j + γ2x2,k)V (x1,j , x2,k)

= a11
V (x1,j+1, x2,k)− 2V (x1,j, x2,k) + V (x1,j−1, x2,k)

∆x21

+2a12
V (x1,j+1, x2,k+1)− V (x1,j+1, x2,k−1 − V (x1,j−1, x2,k+1) + V (x1,j−1, x2,k−1)

4∆x1∆x2

+a22
V (x1,j , x2,k+1)− 2V (x1,j, x2,k) + V (x1,j , x2,k−1)

∆x22

and we can then apply the Fourier transforms to get

Wt − p(γ1
∂W

∂s1
+ γ2

∂W

∂s2
)

= (a11
4

∆x21
sin2

(
s1∆x1

2

)
+
2a12
4

2

∆x1

2

∆x2
sin (s1∆x1) sin (s2∆x2)+a22

4

∆x22
sin2

(
s2∆x2

2

)
)W

= (a11
4

∆x21
sin2

(
s1∆x1

2

)
+

2a12
∆x1∆x2

sin (s1∆x1) sin (s2∆x2)+a22
4

∆x22
sin2

(
s2∆x2

2

)
)W.

Now we have
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1

W
Wt − p

(
γ1

1

W

∂W

∂s1
+ γ2

1

W

∂W

∂s2

)

= (a11
4

∆x21
sin2

(
s1∆x1

2

)
+

2a12
∆x1∆x2

sin (s1∆x1) sin (s2∆x2)+a22
4

∆x22
sin2

(
s2∆x2

2

)
)

or, with Z = log (W )

∂Z

∂t
− p(γ1

∂Z

∂s1
+ γ2

∂Z

∂s2
).

= (a11
4

∆x21
sin2

(
s1∆x1

2

)
+

2a12
∆x1∆x2

sin (s1∆x1) sin (s2∆x2)+a22
4

∆x22
sin2

(
s2∆x2

2

)
).

For the true solution we have

wt − p
(
γ1
∂w

∂s1
+ γ2

∂w

∂s2

)
= −(a11s21 + 2a12s1s2 + a22s

2
2)w

and with z = log (w) we get

∂z

∂t
− p
(
γ1
∂z

∂s1
+ γ2

∂z

∂s2

)
= −a11s21 − 2a12s1s2 + a22s

2
2

so if we write F = Z − z = log (W
w
) we have

∂F

∂t
− p
(
γ1
∂F

∂s1
+ γ2

∂F

∂s2

)

= a11s
2
1 + 2a12s1s2 + a22s

2
2

−a11
4

∆x21
sin2

(
s1∆x1

2

)
− 2a12

∆x1∆x2
sin (s1∆x1) sin (s2∆x2)− a22

4

∆x22
sin2

(
s2∆x2

2

)

= a11g11(s1) + 2a12g12(s1, s2) + a22g22(s2)

where

g11(s1) = s21 −
4

∆x21
sin2

(
s1∆x1

2

)

g12(s1, s2) = s1s2 −
1

∆x1∆x2
sin (s1∆x1) sin (s2∆x2)

and

g22(s2) = s22 −
4

∆x22
sin2

(
s2∆x2

2

)
.
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To solve this equation we change variables by writing

η1 = λ11s1 + λ12s2

and

η2 = λ21s1 + λ22s2

where we have to determine the λij.

We have

∂F

∂S1
=
∂F

∂η1

∂η1
∂S1

+
∂F

∂η2

∂η2
∂S1

and

∂F

∂S2

=
∂F

∂η1

∂η1
∂S2

+
∂F

∂η2

∂η2
∂S2

so that

∂F

∂S1
= λ11

∂F

∂η1
+ λ21

∂F

∂η2

and

∂F

∂S2
= λ12

∂F

∂η1
+ λ22

∂F

∂η2
.

The equation

∂F

∂t
− p
(
γ1
∂F

∂s1
+ γ2

∂F

∂s2

)
= a11g11(s1) + 2a12g12(s1, s2) + a22g22(s2)

becomes

∂F

∂t
− p
(
γ1

(
λ11

∂F

∂η1
+ λ21

∂F

∂η2

)
+ γ2

(
λ12

∂F

∂η1
+ λ22

∂F

∂η2

))

= a11g11(η1, η2) + 2a12g12(η1, η2) + a22g22(η1, η2)

or

∂F

∂t
− p
(
(γ1λ11 + γ2λ12)

∂F

∂η1
+ (γ1λ21 + γ2λ22)

∂F

∂η2

)

= a11g11(η1, η2) + 2a12g12(η1, η2) + a22g22(η1, η2).
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We now chose λ21 and λ22 such that we have

γ1λ21 + γ2λ22 = 0

and then we have

∂F

∂t
− p(γ1λ11 + γ2λ12)

∂F

∂η1
= a11g11(η1, η2) + 2a12g12(η1, η2) + a22g22(η1, η2).

Then we have the solution

F =
1

p(γ1λ11 + γ2λ12)

∫ η1+p(γ1λ11+γ2λ12)t

η1

(a11g11(σ, η2)+2a12g12(σ, η2)+a22g22(σ, η2))dσ

which we can check by calculating ∂F
∂t

and ∂F
∂η1

.

We note that we can choose λ12 and λ11 such that γ1λ11 + γ2λ12 = 1 so we have

F (η1, η2) =
1

p

∫ η1+pt

η1

(a11g11(σ, η2) + 2a12g12(σ, η2) + a22g22(σ, η2))dσ

and hence we have the solution for the double transform

W (η1, η2) = w(η1, η2) exp

(
1

p

∫ η1+pt

η1

(a11g11(σ, η2) + 2a12g12(σ, η2) + a22g22(σ, η2))dσ

)
.

(B.1)

We can then investigate the low and high wavenumber behaviour in terms of the new

variables.

The analysis would match that for the one-dimensional semi-discrete method. All we

have really done is to make an appropriate change of variables to get the solution into

a familiar form.

To sum up, for the semi-discrete case, stability can be investigated by a simple change

of variables and is a straightforward extension of the one-dimensional problem.

B.1.2 A numerical example of a 2D toy model

We used the Fourier solution technique to solve the 2D toy model

ut + (x1 + x2)uy = ux2
1
+ ux2

2
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with a δ-function initial condition

u(x1, x2, y, 0) = δ(x1 = 0)δ(x2 = 0)δ(y = 0).

The true solution of this problem is given by

u(x1, x2, y, t) =

√
6

8π3/2t5/2
exp

(
− (x21 + x22)

4t

)
exp

(
− 3

2t3

(
(x1 + x2)t

2
− y
)2)

.

After applying the y-FT to the problem, we have discretised the problem in the x1,

x2 and t-directions and obtained the approximate solution for v(x1, x2, p, t), where p

is a Fourier argument.

We then applied the inverse FFT to obtain the approximate solution for u(x1, x2, y, T )

and compared it with the true solution above.

To simplify the comparison we integrated u over x1 and x2 to obtain a plot of this

integral against y.

Figure B.1: 2D Toy Model by Fourier Method - KFE and True solutions
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B.2 Multiple drift terms

Another extension of the models would be a model of the form

ut + xuy1 + xuy2 = uxx

192



where we have two drift terms and neither of the drift coefficients depend on y.

An example of a model with two drift terms is where we have a stochastic volatility

model such as the Heston model

dSt = µStdt+
√
vtdWt

dvt = κ(vt − η)dt+ σ
√
vtdZt.

If we then define the realised variance

Rt =

∫ t

0

vtdt

so that we have

dRt = vtdt.

We then have an extended state vector which includes the underlyings, the realised

volatility and the hedging error

d




St

ṽt
R̃t

y


 =




µSt

κ(vt − η)
vt
Ct


 dt+




dWt

dZt

0
0


 .

In this example, we have two ‘x’ coordinates as well, but for simplicity we focus here

on the effect of the two ‘y’s.

If we then set up and solve the extended KFE and integrate over the underlyings,

we will then have a two-dimensional representation of the relationship between the

hedging error and the realised volatility at time T .

For a toy model representing the type of set-up in B.2, we can apply the y1-FT and

the y2-FT to get

vt − ip1xv − ip2xv = vxx

where p1 and p2 are wavenumbers. Here the y-variables would be appropriately scaled

to represent the linearisation about starting point.

To find the true solution we apply the x-FT to get
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wt − p1
∂w

∂s
− p2

∂w

∂s
= −s2w

or

wt − (p1 + p2)
∂w

∂s
= −s2w.

The analysis would then continue as before but with p1 + p2 as a joint wavenumber

but in this situation, the wavenumbers have to be handled differently. For example,

we can have separately large values of p1 and p2 but the value of p1+p2 can be small.

194



Bibliography

[1] M. Avellaneda, A. Levy, and A. Paras. ‘Pricing and Hedging Derivative Securities

in Markets with Uncertain Volatilities’. Applied Mathematical Finance, Vol.2,

Issue 2, pages 73–88, 1995.

[2] A. Berman and R. Plemmons. ‘Nonnegative matrices in the mathematical sci-

ences’. Academic Press, 1979.
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